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ABSTRACT

Physical experimentation has shown nitrogen carryover in livestock
pastureland fertilization to be of considerable importance. Little
attempt has been made to evaluate the economic significance of nitrogen
carryover., The present paper utilizes an implicit method of estimating
nitrogen carryover to provide quantitative information for a dynamic
programming analysis of the economic decision-making problem. The 1esults
of the study demonstrate the potential for increases in economic ef-
ficiency through use of non-zero nitrogen fertilization policies.




INTRODUCTION

Returns to the agricultural production activity are low relative
to some other forms of prqductive endeafor in our society. In response,
ambitious agricultural'researph programs have been initiated.to search
out potential return-increasing technology. One such area of reseafch
interest has been nitrogen fertilization of.livestock pasture lands in
semi-arid areas as a means of increasing livestock output. |

Physical research has indicatgd that grasses growing in the
northern great plans usually respond to applications of nitrogen ferti-
lizer [1,2,3]. 1In addition, such grasses have shown a residual response
to nitrogen applied in previoﬁs years [3,4,5). The latter result im-
plies that nitrogen fertilizer in the soil is‘carried over from produc-~
tion period to production pe;iqd.in a plant—-available form. The observed
possibility of nitrogen carryover brings forth.significant implications
for economic decision-making.

If the carryover effect is important, optimal decisions pertaining
to management of plant available nitrogen in the soil will depend
heavily upon levels of nitrogen carried over from past production per-
iods. Also, when consideration is gi&eh to initiating a nitrogen fer-
tilization program, knowledge of expected nitrogen carryover levels are
required to weigh the total discounted value marginal products .against
the total current costs for each alternative rate of nitrogen applica-

tion.
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A compliéating factor to the decision process is the stocﬁaétic ‘
character of nitrogen carried over into succeeding production years.
This stems from the established fact that nitr&gen fertilizer recovery
and plant growth are directly related to precipitation levels [2]. |

Prior econoﬁic analy;es have failed to evaluate the.stochéstic and,
dynamic propensities of the ﬁroblem. Black [1] emphasized comparisons
of expected returns under alternative rates of nitrogen application,
but did not consider the carryover effect of nitrogen fertilization.
Stauber and Burt [6] provided a more sophisticated approach to the
problem using én implicit estimate of nitrogen carryover in a determin-~
istic framework to determine an optimal level of nitrogen to maintain in
the soil.

It was the intent of this étudy to provide a meaningful economic
analysis.of the nitrogen fertilization of pasture land. The approach
taken incorporates the stochaétic and dynamic chafacteristics of the
problem into an appropriately formulated“ecﬁnomic decision model. The
major objective is to provide a set of policy guidelines which 1ivestdck
producers in the general study area can utilize in determining the

proper decisions for their individual situation.
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OPTIMAL APPLICATION OF NITROGEN
FERTILIZER WHEN CARRYOVER IS SIGNIFICANT
Dynamic programming possesses features which lend themselves
readily to problems similar to the one currently under consideration¢-
Typically, dynamic pfogramming is concerned with multistage decision |
processes where a gifen set of decisions recurrs at eéch stage of the
process. The objective is to find the sequence of decisioné which maxi-
imizes (or minimizes) some appropriately defingd eriterion function for
all possible combinations of states and stages. The selectgd decision
sequence is then termed the optimal policy for the multistage process.
The optimal policy depends upon two‘primaﬁy factors: 1) the
procéss length and 2) the initial state of the system. In regard to
the length of the process, a grassland livestock-producing firm with a
one stage or a single production year planning horizon would likely-
pursue a different fertilization policy than if the expected process
length were infinite. This cénclusion follows from the apparent in-
ability of the firm, under a one stage planning constraint, to capture
all of the expected benefits attributable to a decision optimal under an'
infinite planning horizon. In addition, the optimal policy is dependent
upon the initial state of the system,.where a state is defined as the
sum total of all relevant information pertaining to the process of‘con-
cern. For example, decisions relatiﬁe to the amount of nitrogen to apply
will likely depend upon the current levels of plant~available nitrogen

in the soil.
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A decision madé at a given stage will generally change the state
of the process in the succeeding stage. The nature of the change brought |
about by a specific decision will either Ee deterministic or stochastic
depénding upon the inherent characteristics of the process considered.
If decisions made at a given initial state enaﬁle one to predict ex-
actly the subsequent new state, the nature of the process change is
deterministic. Obviously, the inclusion of weather, as a relevant var—
iable in the determination of nitrogen carryover requ;res a stochastic
approach to the problem at hand.

In view of the foregoing discussion, it would seem appropriate to
formally define the essential dynamic progrémming components in terms
of the decision problem currently under consideration. Accordingly,
define the state of the process to be the Cufrent level of plant-
available nitrogen in the present stage, the decision variable to be the
alternative rates of nitrogen which can be applied, and each stage in
the process to be equivalent to one production year.

Note that our state variable definition must satisfy the Markovian
requirement of dynemic programming [7]. Specifically, it requires the
optimal policy beginning in a partiéular state to bé dependent on that
state and not upon how the state was attained. The state variable
as defined above, complies quite readily with fhe reqﬁirements.

In order to-cpnstruct the appropriate dynamic proéramming model, or

recurrence relation, some justification is required with regard to
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linkage of the n-stage process to the (n-1) stage process of a given
multistage activity. To determine the optimal policy for an n-stage
process, we consider the sun of the immediate exﬁected return in the
nth stage at some initial state "i" and the optimal expected return
from the (n-1) stage process, which begins at some new state which may
or may not be different from "i%, The above procedure is firmly sup-
ported by the dynamic programﬁihg pfinciple of optimality. Said prin-
ciple states, "an optimal policy has the property that whatever the
initial state and the initial decisions are, the remaining decisions
must constitute an optimal policy with reggrd to the state résulting
from the first decision [7]. '

The discrete stochaétic recurrence relation, below,-(l) was se-

lected -for use in the dynamic programming analysis of the nitrogen

fertilization decision problem.

X m x : |
fn(Y) = Max [RY +8 I Py fn_l(V)], Y =1, 2, eee 4 M _ (1)
k . J=l
where
fn(Y) = total discounted expected returns under an optimal policy

from an n-stage process when the initial state if wye,
R§ = expected immediate return under decision X when the initial state
is "Y" .

[3: the épﬁropriate discount rate.
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R§V'= the probability of moving from state "Y" in stage n to state "V¢
in stage n-~1, given that decision X ié éelected; this is common-—

ly termed a transition probsbility.

fnrl(V) = total discounted expected return under an optimal policy
from an (n-1) stage process when the initial state is "V©.

Clearly, (1) has been formulated in a manner consistent with the
principle of optimality. .

It will be npted that n, in (1), denotes the number of stages
;emaining in the decision process. This is the_résult of the unique
dynamic programming computational teéhnique of driving optimal poli-
cies by beginning at the last staée of the process and, theﬁce, working
back, stage by stage, to the present. Note further that thiﬁal poli~
cies, resulting froﬁ (1), tend to converge to a constant decision rule
for large n. Although a systematic proof of convergence will‘not be
offered here, reference can be made to several published sources for

detailed presentations of the proof [8,9].

Physical Data
As indicated within the recufrence relation, two primary types
‘of information are required to determine the optimal policies of dy-—
namic programming. Specifically, knowledge is necessary relative to

the expected immediafe returns and the transition probabilities.

wE e




7

!
The data requirements for computation of these vital components

include determination of a production~response relétionship which
adequately describes grass hay yield as a function of plant available
nitrogen and cuentitative information pertaining to the stochastic
carryover effect of nitrogen fertilizer. |

The yield and carryover relationships used in this paperlwere
estimated by Stauber and Burt [6]. Basically, the estimated yield
response relationship attempts to explain the relationship between '
grass yield and the ‘two independent Variables; plant—avaiiable nitrogen
and weather. Equally as imﬁortan%, the model provides an implicit esti-
mate of carryover nitrogen. The data set used in their analysis was
derived from an'experimeﬁt sife in western South Dakota near Newell,
approximately 30 @iles southeast of the Montana border [10]. The study
evaluated the interrelationships of nitrogen, phosphorus and seasonal
“precipitétion and their relafive influences on the yield and composition
of bromegrass-crested wheatgrass hay. The effects of.residual nitrogen
were also examined.

The yield model was hypothesized to be

Yy = _f(Ut, wt)

where

Y, = hay yield in pounds per acre in year "t". (2)
U, = N, + R = total plant availaﬁlg nitroégﬁ in year "%,

N, = pouﬁds of nitrogen applied in year "t'".

ot
I
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Rt = residual nitrogen, where Rt is assumed to be a measqrerf nitrogen
carried over from applications in previous yeérs.
Rt was estimated in first order difference equation form as
Ry = p(My_q + B, )/, t =1, '2, 3y oee o ‘(3)
where

p = the proportion of nitrogen available in year t carried over to year

t+1.
Hj = a standardized measure of seasonal precipitation adjusted for
temperature in the jth year. Or,
P.
W, = [4]/ux
J T,
where
Pj = total precipitation in the jth growing season.
Tj = mean daily maximum temperature in the jth growing seascn.

= the sample mean of the ratio of growing,seasoh precipitation to

-t

=y
*
|

growing season mean daily maximum temperature.

The logic of the weafher variable's formulation is based on the
adverée effect of high temperatures on plant growth. Division of adjusted
' seasonal precipitation by the sample mean of adjusted éeasonal precipi-
tation results in a standardized weather &ariable which reflects ﬁeather
deviations from the sample mean. Specifically, wj values greater than
unity depict situations of above average adjusted seasonal precipitation

while values less than unity are indicative of the converse.
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Returning to residual ﬁitrogen as hypothesized earlier (3),
assuming R = N_ = O and iterating (3), the following sequence of

equations results

m =0
Ry = Pl /Wy
Ry'= p[N, + R0, = pNz/w2 + p2Nl/WiW2
- o _ - 3w el v
R, = pFN3 + BT = /iy p2N2/w2w3 + PN fH
Ry = PN,y + Ry ;1= N o/i, ) + p, /i W, o+
M, MW M, o+
I VA T L . B R
It follows that total plant available nitrogen can be expressed
as '
= = f T .
U, =N, + R =N+ pl /0 + pZN,g_z/wt_l.Jt_2 + (L)

PH_ofil, iy My g+ e
or total plant available nitrogen is the sum of nitrogen applied in
year t and a weighted sum of nitrogen applied in years prior to "t%,
Previously, in (2) yield (Yt) was defined as a function of total
plant available nitrogén (Ut) and adjusted seasonal precipitation (Wt).
In explicit form, yield was hypothesized to be a polynomial considering
Both the individual and interactive influences of nitrogen and weather.

Ixpressed mathematically

N\




10
Y, = .U, + b, + b,U7 4 b UL + b UW + b U + b UHS 4 (5)
t 17t 3% Lt 57t7t 6t 7Tttt t
e£ = random error term assumed to be normally distrlbuted.
b, = the contribution of the ith variable to yield.

Estimates of the forementioned parameter, including p, were de—'
rived by nonlinear regression techniques. These coefficiénts plus the
values of other statistical indicators are listed in Table I,

As emphasized earlier, p (the proportion of Ut cérried over to
year t+l under average weather conditions) is of particular interest
from a decisionmaker's standpoint. The estimated valué of p, approxi-
mately 62 percent, points out the ihportant influence of residu;l nitro-
gen on hay yields in years subsequent to the year of appiication.

The R2 coefficient of .906 indicates the model is capable of fairly
accurate hay yield predictions. Also, it will be noted the model
possesses diminishing marginal returns of hay yields with respect to
additions of either precipitation or nitrogen. This is evidenced by

" the second order mixed derivative of the yield eﬁuation.

3%y

t = 18.04 -"036hUt - 5'70Wt

aUtBWt

To quote Stauber and Burt [ 6], "the marginal effect of precipita-
tion on the marginal yield response of nitrogen or the marginél effect
of nitrogen on the marginal yield response of precipitation is seen to

diminish with increases in usage of either variable."
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TABLE I. STATISTICAL RESULTS OF THE REGRESSION ANALYSIS.

Standard
Parameter Variable Estimate Error
P 0.6194 0.0389
b U, . -6.3136 2.2124
*h u2 0.0029 0084
3 t - VeV - .
*by ‘ ‘wﬁ -19.7000 126.3052
b5 utwt : 17.0422 3.3473
2 :
b6 Utwtv -0.0173 _ 0.0068
'2 ) N v
+*% R - .
_b7 , | Utwt 2.8495 | 1.6496

Standard error of the estimate 214.43
Coefficient of determination 0.906

* Variable insignificant at the 5% probability level.
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DERTVATION OF TMMEDIATE EXPECTED RETURNS AND TRANSITIONAL PROBABILITIES
| ”Té.derive the'éxpected ihmediafe feturns; it was neqeséarj to
.reducé the yield equation to a function of plant available nitrogen in~
dependent of the stochastic weather effects. Taking the expectation of
the yield équation with respect to weather gave the desired result.

In functional form, we have

E(Y,|U.) = -6.3136 U, + 614.0656 E(H,) + .0029 Uﬁ - 19.700 E(wf) +

17.0422 UB(W,) - 0173 UZE(W,) - 2.8495 UtE(wi)

Estimates for E(Wt) and E(Wi) were obtained through use of available
weather history daté for Newell, South Dakota. These values, 1.1418
end 1,5761 for B(W,) and E(wﬁ), respectively, were then substituted into
the yield equation giving the expected yield response function

E(Y, U,) = 670 + 8.65 U, - 0.0167 U7

As noted earlier, Ut is the sum of nitrogen épplied in production
year t (Nt) and nitrogen carried over into year t from applications made
in prior productionmyears (Rt)' Similarly, these componenﬁs of Ut cor-
respond to "Y" and "X within the dynamic programming framework.

Computétion of the expected immediate réturné, in a manner consis-
tent with the discrete dynamic programming approach, required the
assignment of incremental values for "Y" and "X". 1In order to provide

increased clarity and interpretative Qaiue in the dynamic programming
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results, the state variable was divided into five-pound intervals while
the decision variable was assﬁmed to take on discrete values of five
pounds per acre. Consideration was given to a 0 to 300 pound range of

total nitrogen (U This range was felt to be more than adequate in

2
view of the fact that the yield equation under expected weather condi-
tions attains a maximum at 259 pounds of total nitrogen per acre. Con-
sequently, 61 p0551ble decisions (X = 0O, 5, 10 cee 300) and 60 potentlal
inditial states (¥ = 0-5, 5-10, 10-15, ... , 295-300) were defined.

In equation form the expected immediate returns are expressed as

B

PH.E(Y't]Ut-) - PpX - ¢

PL670 + 8.65(y,+x,) = 0.0067(y,+x,)° = Py = ¢

where "Y" and "X" are defined above and,

y; = Midpoint corfeéponding to Yth initial state for i = 1, 2, ... ; 60:
X = kth amount of nitrogen applied for k = 1, 2, ..., 61,

H = Price per pound for hay

Py = Price per pound for nitrogen

¢ = Costs of spreading fertilizer

A set of immediate expected returns was subsequently determined for
all meaningful combinations of states and decisions using a range of cost
and price parameters.

The primary function of transition probabilities is to explain

changés in the level of plant available soil~nitrogen as movement occurs
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from production stage to production stage. Specifically, their basic
concern is definition of the probability distribution associated with
future levels of nitrogen carried over from the current production
period. Since it is within the decisionmaker's power to influence the
amount of nitfogen carried over by varying the quantitie; of nitrogen
fertilizer applied in the present production stage, the4probabilistic

statement is necessarily conditional in form. In terms of the current

problem, transition probabilities can, therefore, be represented as

P%V = ProbEVj < anlﬂﬁ‘v5+l‘lxn = X " ="yi] ' : (5)

Where

v Carryover nitrogen in stage n-l.

™o Car:&over nitrogeﬁ in stage n.

X = Amount of nitrogen applied in sﬁage n.

vj = an endpoint corresponding to the Vth state interval for stage
n-1, (3 =1, 2, voey 61),

y; = ith midpoint corresponding to state interva} for stage n,'(ial,
2y eesy 61)s

x, = kth level of nitrogen applied in stage n (k=1, 2, caoy 61).

Quaﬁtitative estimates of the transition probabilities were derived
through.uéé-of the céfryb#er equation (3). Specifically, (3) was reform- .
ulated in terms ofRt+l 's0 as to reflect nitrogen carnyovef one pro-
duction year into the future. Restatement of R£ + 1 within the context

of dynamic programming gave
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R
E_ =.P(anf n) (6)
n

Redefining (6) according to the notation set forth in (5) and sub-

stituting the resulting expression into (5) yields

P%V = Prob [vj < P(th+ Ii) < vj+1] for X = x, and (7)
n

"= Yis ﬁhere k = 1 corresponds to zero ppunds of nitrogen applied per
acre, j = 1 is equivalent to zero pounds per acre of carryover nitrogen
and 1 = 1 is associated with 2.5 pounds per acre of carryover nitrogen.
The remaining integer-state and decision varisble correspondences follow
in ascending numérical order.

Computation of the transition probabilities was achieved through use
of a range of Wn vglues derived from a 32-year weather reqord for Newell,
South Dakota. Coefficients for the individual probability elements were
computed by determining the proportion of years in which Wn satisfied
the above inequality for every meaningful combination of initial state,
decision and staﬁe of carryover nitrogen in stage n-1l.

To clarify the above discussion, let US consider a numerical
exampié. Assume we entered stage n with plant available nitrogen between
O and 5 pounds per acre. Also, assume 20 pounds of nitrogen fertilizer
was immediately applied in response to this low level of soil nitrogen.
It is our desire to determine the probability of carryover nitrogen
being between 5 and 10 pounds per acre in the next succeeding pfoduétion

years,
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To begin, we approximate the level of nitrogen carried over from
past &ears by selecting the midpoint of our initial state interval,
or 2.5 pounds per acre. Substituting this value plus-the given magnitudes

of the decision and new state variable into (7) yields

P = Prob [5 < p(20 + 2.5) < 10] for X = x 5= 20 and -

™ = y; = 2.5. Utilizing our estimate for p(.6194) andhsolving.fhe
' inequality for W, gives P.i{v Prob [2.7873 > W > 1.3937].. |

Scanning Table II, we see that in ten out of the past thlrty-two
years, weather would have been favorable enough to induce the stated
level of nitrogen carryover. Hence, on the basis of past weather ex—~
perieﬁce, we say that the prdbébility of nitrogen carryover falling with—
in the inter#alléf 5 and 10 pounds per acre is 10/32, given we have an
initial state of zero to five pounds of nitrogen per acre and that we
apply 20 pounds per acre in the current production year.

In several cases, non—-zero probability elements were associated
with nitrogen carryover levels of greater than 100 percént. This pecu—
liarity occurred whenever the combuted Wt values were less than the
estimate for the carryover parameter "p". Since, for every positive
value an even smaller Wt is possible,-gfeater than 100 percent carnyo&ef
predictions could occur regardless of our estimate for "p".

To brevent carryover estimates greater than 100 percénf:all W

t

values less than "“p" were assigned magnitudes equal to "p". 1In Table II,
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TABLE II. COMPUTED W, VALUES FOR THE PERIOD 1938-1969.

Year wn . Year W
1938 7745 1954 1.1461
1939 .5986 1955 .6151
1940 1.0334 1956 7669
1941 2.1381 1957 1.2724
1942 1.6932 1958 1.4245
1943 7292 1959 .6202
1944 | 1.4303 1960 4426
1945 1.2570 - 1961 6567
1946 2.4922 1962 ' 2.0834
1947 1.2019 1963 1.4273
1948 1.2593 1964 1.3479
1949 6339 1965 1.7780
1950 7422 1966 5476
1951 9458 . 1967 1.5362
1952 4540 . 1968 L7764

1953 1.7321 | 1969 | .9791
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we see that five yeérs fall into this category hence, it was necessary
to adjust these values to .6194 (the estimate for ﬁhe carryover para-

meter "p"),

Numericél Results

To begin our discussion of the dynamic programming solutions, let
us cohsider the optimal policies pertaining to the parameter set where
the price of hay equals $15 per ton, the price of nitrogen is $.10 per
pound and the interest rate appropriate for discouﬁting is ten percent,
Within this basic situation two variations related to spreading costs are
examinéd. In the first casé the fertilizer is assumed to be custom
spread at a cost of $1,50 per acre. In the second case it is assumed
the operator owns thé necessary equiphent to spread the fertilizer and
a charge of $.25 is made which representé the operating costs for a
typical farm situation. These policies and their associated expected
returns are listed in Table III for stages prior to policy convergence
and a fifty stége planﬁing horizon. ‘

From Table III, the optimal application rates and the lowest state -
level.at wﬁich nifrogen is applied are noted to increase as the length
of the planning horizon increases. This result can be attributed to the
enhanced ability of the process to cépture a greater share of the distri—
buted value marginal products associated with each application decision.
In addition, the lower ownership costs of spreading eﬁcourage %itrbgen

applications earlier in the process than custom spreading costs,
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To illustrate the decision rule, examine the optimal solutions corres—
bonding to stage fifty under spreading costs of $1.50 per acre. Heré,
we see that the.level of total nitrogen (nitrogeh applied plus the
initial state of nitrogen) is maintained between 105 and 110 pounds per
acre for the five lowest initial states of nitrogen. For higher initial
state levels, the optimal fertilization policies recommend that nitrogen
not be applied. The decision rule implied by this behavior indicates
that if the level of plant available nitrogen in the soil falls'below
25 pounds, the optimal response is to apply enough nitrogen to bring
soll nitrogen up to at least 105 pounds per acre. On the other hand,
if carryover nitrogen is greater than 25 pounds, expected returns will
be maximized by not applying any nitrogen.

The decision rule described is identical to the structure of (s,s)
policies of inventory systems analysis [15].

Using inventory theory terminology, s is defined as the reorder
level of the item currently in stock where as "S" represents the reorder
level of said -item. The decision rule propose& By (s,S) policies étates
that if the amount on'hand of the given item falls below a specified
level (s), the appropriate policy response is to restock the inventory
of that item until a previously determined upper level is reached (S).
On the other hand, if the inventory level falls somewhere between s and
"Sﬁ, the proper optimizing decision is to meke no further édditions to

éhé inventory in question. In terms of current problem, s represents
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TABLE II1. DYNAMIC PROGRAMMING OPTIMAL POLICIES FOR STASES N* = 3, 4, 5, 6, and 50 WHEN THE PRICE OF HAY EQUALS $15/TON, THE PRICE
OF NITROGEN IS $.10/LB AND APFRUPRIATE INTEREST RATE EJUALS TEN PERCENT.

Spreading Costs = Soreacint Costs = Spreading Costs = Spre:mg?'r:‘osts .
Inftial State §.25/4 ) Initfal State - S.?:/-‘_ 1.8 %
of Optimal  tasczested €2t 31 zxrected of Optimal txoected ptimgl| txoected
Carryover ditrocen Policy ROTITRS snlics Caturns Carryover “litroten Palicy Returns Folicy Paturns
To/A T6/A 3 To/A H Tb/7A TosA 3 Tb/A 3
N=3 N=50
0L 7 14.51 0 14.18 0- § 9% 65.38 105 59.86
s- 10 65 15.01 0 14.66 s- 10 85 65.88 100 60.36
0- 15 60 15.51 0 15.30 10- 15 80 66.33 95 60.86
15- 20 55 16.01 0 15.85 15- 20 75 66.88 90 61.36
20- 25 % 16.51 0 15.42 2. 25 70 67.38 85 61.86
2%- % e 17.01 0 17.01 25 - 30 65 67.88 0 62.48
0- 3 0 17.59 0 17.59 20 - 135 60 68.38 0 63.12
45 - 50 0 19.21 0 19.21 35 - 40 55 68.88 0 63.73
95 - 100 0 23.96 0 23.95 40 - 45 50 69.38 0 64.37
145 - 150 0 2N 0 2N 45 - 50 a5 69.83 0 64.95
195 - 200 0 30.e8 0 .47 50 - 55 40 70.38 0 65.57
245 - 250 0 32.21 0 2.21 55 - 60 3 70.88 0 66.16
295 - 300 0 32.89 0 2.88 60 - 65 0 71.43 0 66.79
6 - 70 0 7.01 0 67.31
x4 70 - 75 0 72.54 0 68.01
6 8 85 19.23 0 18.08 75 - 80 0 73.02 0 68.52
$- 10 80 19.23 0 18.58 80 - 85 0 73.48 0 69.13
0- 15 75 20.23 0 19.26 85 - 90 0 7a.1 0 63.71
15- 20 2 20.73 0 19.85 90 - 95 0 74.63 0 70.26
20- 25 65 21.23 0 .48 95 - 120 0 75.06 0 70.62
2%- 2 60 21.73 0 21.13 100 - 105 0 75.62 0 7.3
- 3 55 22.23 0 21.78 105 - 110 0 76.11 0 71.86
- 0 50 22.73 0 22.38 110 - 115 0 76.55 0 72.33
0 - 45 a5 23.23 0 23.01 1S - 120 0 76.59 0 72.80
45 - 50 0 23.73 0 21.57 120 - 125 0 77.49 0 723.33
§0 '« '35 35 24.23 0 2¢.15 125 - 130 0 77.97 0 73.85
55 - 60 0 24.76 0 28.72 130 - 135 0 78.40 0 78.29
95 - 100 0 22.89 0 23.88 135 - 120 0 78.79 0 74.71
145 - 150 0 33.16 0 3,15 180 - 145 0 79.29 0 75.25
195 - 200 0 36.40 9 %.40 145 - 150 0 79.64 0 75.61
245 - 250 0 38.55 0 33.55 150 - 155 0 80.10 0 76.10
295 - 30 ° 9.60 0 .59 155 - 160 0 20.48 0 76.50
163 - 135 2 .37 ) 7o.92
= 165 - 170 0 81.25 0 77.31
1 - :;3 0 81.53 0 77.66
5 82.03 0 78.13
0- & % 23.47 100 22.08
s- 10 8s 23.97 95 22.58 o : _ 3 Lo
10- 15 8 24.47 20 21.08 190 - 195 0 82.99 0 79.18
15- 20 75 24.97 85 21.58 Iy = e - g : 4yl
20- 25 70 25.47 0 24.10 oo - e - g
25- 2 65 25.97 0 24.78 L Bl 3 g g 3¢
- % 60 26.47 9 .46 210 - 21 0 84.21 0 30.43
- sy B A - 215 - 220 0 s 0 s
0- 45 50 27.47 0 26.76 4 o+ s g - gt
45 - 50 45 27.97 0 27.35 e : ey . i
50 - 55 40 28.47 0 27.97 o4 o o 5 3
Sl B - By s 235 - 210 0 8553 0o 8l
8. 6 : BN g o 2 240 - 245 0o 87 o 8208
95 - 100 0 3115 0 32.56 v g 8 544 ° e
145 - 150 0 37.63 0 27.59 o S bl 3 -
195 - 200 0 41.15 0 e - : i - e
245 - 250 0 43.58 0 43.57 il H o+ H by
95 - 30 0 “.as 0 “.w 265 - 270 0 86.74 0 80
~ ' 270 - 275 0 83.24 0 86.87
¢ 275 - 280 0 83.47 0 87.08
-2 9w mE wm  ma mowm 8% ¢ By
$- 10 85 27.83 100 26.15 %0 - 295 ° o H oo
10- 15 80 28.32 95 . - S g TS
15- 20 75 28.82 90 21.15 . .
20- 25 70 29.32 85 27.65
%- 0 65 29.82 0 .20
- 3 60 30.32 0 28.87
- 0 s5 30.82 [} 29.48
0- 45 50 N2 0 .14
45 - 50 a5 .82 0 2.73
% - 5§ 40 2.2 0 31.35
55 - 60 35 32.82 0 31.9
95 - 100 0 37.00 0 36.53
145 - 150 0 454 0 a.n
195 = 200 0 45.18 0 45.05
245 - 250 0 .74 0 87,67
295 - 300 0 9.7 0 .12

® Non-zero application rates did not appear until stage 3.
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the lowest level to which plant available nitrogen will be allowed to
fall before non-zero applications are required to haintaip optimality,
Similarly, "S" would denote the amount of nitrogen‘which must be attained
when non—zefo'application decisions are implemented. Consequently, in
reference to the results listed in Table ITII, the (s,S)‘policies are
(57.5, 87.5) and (22.5, 107.5) for spreading costs .of $0.25 and $1.50
per acre, respectively.

Since this approach allows a much more concise expression of the
dynamic programming results, further discussion of the optimal decision

rules will be confined to (s,S) definition.

Sensitivity Analysis

The changes in the optimal inventory of plant available nitrdgen
with regard to variations in the economic environment are summarized in
Table 1V,

Movements in the relationship between the price of hay and the
price of nitrogen are seen to exert a strong influence on the relative
magnitudes of s and "S". Specifically, more favorable price relation-
ships tend to increaée'both the réorder point, s, and the reorder level,
S, for plént available nitrogen. The increased returns to nitrogen
fertilization indicate the desirability of maintaining higher overall

levels of nitrogen in the soil.
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Increases iﬁ the fertilizer spreading costs resulted is higher
levels for "Sﬁ and lower levels for s. It is clear that increases in
spreading céété penalize applications throughout a given planning horiion°

Hence, with the prices of hay and nitrbgen remaining constant,
fewer applications in conjunction with heavier amounts of nitrogen ap-
plied, at each application point is. a logical consequence,

Fluctuations in the rate of interest influeﬁce the relative post-
ponement of non-zero nitrogen application decisions. This conclusion is
consistent witP the human behavioral assumption that fﬁture returns
are worth less in the present period than théir realizable values at
future production stages.

As the interest fatevrises the value of future returns decreases;
therefore investment for future benefits (and hence both "S" and s) would

be expected to diminish. As shown in Table IV, this result was observed.

Comparison of Dynamic~Stochastic -and ﬁoantochastic Solutions
‘A non-stochastic evaluation of the nitrogen fertilization decision
problem when nitrogen carryover is significant was given by Burt and
Stauber [6]. Their approach begins by noting that under staficlsingle
period aésumptions, marginal economic analysis ensures the optimal emp}oy—
ment of a given variable by equating value marginal product of that re~
source with the resourcé's uni£ cost. The condition of optimality in

terms of the problem at hand is represented as

[_PMPP]




TABLE IV.

OPTIMAL (S,s) POLICIES UNDER VARIED PARAMETER AND PLANNING HORIZON ASSUMPTIONS.

Expected

Returns
for
Initial
- Parameter Values State
Inter— . : Stapes of Production (0~5 1b/A)
est Price/Cost 1 2 "3 A 5 50 at Stage
Rate Hay Nitrogen Spreadin S___s S 8 S S S 8 S s 5 8 50
% $/T $/LB $/A LB/A LB/A LB/A 1B/A 1B/A LB/K t/A
10 10 0.10, 1.50 0,0 0,0 0,0 0,0 0,0 0,0 37.71
10 10 0,0° 25 0,0 0,0 0,0 0,0 0,0 . 0,0 37.71
10 10 0.05 150 0,0 0,0 127.5,22.5  142.5,47.5 . 152.5,47.5 177.5,42.5 a/
10 10 0.05 .25 0,0 72.5,32.5  127.5,82.5 127.5,87.5 142.5,92.5 142,5,92,5 41.59
100 15 0.05 1.50 0,0 . 142,5,57.5 187.5,92.,5 187.5,92.5 187.5,92.5 187.5,92.5 87.68
10 15 0.05 .25 57.5,17.5 142.5,112.5 117.5,137.5 177.5,142.5 177.5,142,5 177.5,142.5 95.89
10 15 0.10 1.50 0,0 0,0 0,0 . 0,0 147,5,22,5 107.5,27.5 b/ 59.82
100 15 0.10 .25 0,0 0,0 72.5,32.5  87.5,57.5  92.5,57.5  92.5,62.5 65.28
5 15 0.10 1.50 0,0 0,0 0,0 102.5,22,5 127.5,37.5 127.5,32.5 ¢/ 110,10
15 15 0.10 1,50 0,0 0,0 0,0 0,0 0,0 102.5,12.5 d/ 40.65

a/ Optimal policy converges in Stage 9.
b/ Optimal policy converges in Stage 16.
¢/ Optimal policy converges in Stage 7.

4/ Optimal policy converges in Stage 8.

X




where ¢

PN = Price per pound of nitrogen.

‘g
1

Price per pound of hay.

MPP,, = Marginal physical product of nitrogen applied in year t.

However, this criterion assumes all returns attributable to the
factor employed are received within the immgdiate production period., A
more suitable condition for the optimal employment 6f nitrogen would be
to .increase the rate of nitrogen application in year t until ﬁhe sum of
the discounted value marginal products equals the marginal cost of
nitrogen in year t.

In order to secure an optimal solution to the problém, knowledge
of future marginal products and, hence, future soil nitrogen le&els are
required. This impossible task can be-avoided somewhat ‘be deriving
solutions based on the aséumption of a constant rate of nitrogen appli-
cation.

In modified form, the condition of optimality is redefined as

© . MPPN
Py = z Py [ t] , - (8)
=0 ‘\t
. (1+7)
-where

t = Time in discrete units.

r = The appropriate interest rate for discounting.
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The maréinal physical pr&duct of nitrogen applied is'givén by the
partiél derivative of yield in year t with respect to nitrogen applied
in year zero. It follows from (4) and (5) that;

oY, _ Y, U, _ oY

= t  t (9)
3N 30 ,
[o]

P
BNO BUt

t
where all variables including "p", the carryover proportion, are.defined
as previously.

Substituting (9) into (8) yields

=]

9Y .
VT oo By P Tm (10)

Under the assumption that No = Nl = N2 = v.. , and its direct im-

plication that Uo = Ul = U2 = .o+ ; the optimality condition resolves to

one variable. Further, given Ut = Uo’ aYt is a constant independent of
oU :
t

t. With these modifications, (10) becomes

9 ot ’
v = Py Yo I (<R )t ' ‘ - (11)
50, =0 L+ |

=]

Since I (_B_)t is the sum of the terms of a geometric progression,
t=0 "l+r '

(11) can be written as

oY
v = Py 5‘ﬁ__o_ / (1 - p/l+r)
o

P

Substituting in the necessary informational items including the

first derivative of the yield equation under'expected weather conditions
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and solving for Uo gives -the profit maximizing level of total plant
availabie nitrogen. Table V lists the economic results for total nitro-
gen levels ranging frém O to 110 pounds per acre, under pricing and
interest rate assumptions of $.0075 per pound for hay, $.10 per pound
for nitrogen, and a ten perceﬁt rate of interest.

As readily apparent, returns are maximized at approximately 100
pounds per acre. The associated expected optimal application rate and
the expected amounf of nitrogen carryover at this level are 33.1 and
66.9 pounds per acre, respectively.

The decision rule, advocated by this rather simple-~minded decision
model, recommends maintenance of 100 pounds of nitrogen in the soil eacﬂ
growing season. Since nitrogen consumed in any production year is re-
placed in the immediately succeeding production year, the corresponding
(s,8) solution is (100,100).

The state of equivalence between "s" and "S" is attributable to the
omission of spreading costs from the nén;stochésfic decision model. Upon
reflection we observe that costs of spreading fertilizer are attached
directly to the application of nitrogen. Conventional economic theory
dictates that spreading costs will inhibit the applications of nitrogen
in any given growing season. Subsequently, we would expect to apply nitro-
gen less and less frequently over time as spreading costs become greater.
Furthér, given non-stochastic nitrogen carryover, such expectations would

© imply existence of a well defined time interval between applications, - It
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TABLE V. DETAILED ECONOMIC DATA FOR NON-STOCHASTIC ANALYSIS ASSUMING
THE PRICE OF HAY IS $15/TON, THE.PRICE.OF NITROGEN EQUALS
$.10/1B, AND THE INTEREST RATE (r) IS TEW PERCENT.

Total Nitrogen Nitrogen Average
Nitrogen Carryover a/ Applied b/ Profits c/
1b/A 1b/A ' $
0 0 0 5.025
5 3.34 1.66 5.147
10 6.69 3.31 5.263
15 10.03 4.97 5.373
20 13.37 6.63 5.476
25 16.72 8.28 5.573
30 20.07 9.93 5.664
35 23.41 11.59 5.749
40 . 26.76 13.24 '5.827
45 30.10 14.90 5.900
50 33.45 16.55 5.965
55 36.79 18.21 6.025
60 40.13 19.87 6.078
65 43.48 21.52 " 6.126
70 46.83 23.17 6.166
75 50.17 24.83 6.201
80 53.52 26.48 6.229
85 56.86 28.14 6.251
90 60.21 29.79 6.267
95 63.55 31.45 6.277
100 66.90 33.10 6.280
105 70.24 34.76 6.277
110 ' 73.58 36.42 6.268
a/ Carryover Nitrogen = P/W.[U.]
b/ WNitrogen applied = 1 - P/Wt [Ut] =1-[.619, (1.08) (Ut)]
¢/ Computed by the functional relationship, average profits =

Py . E(Yt/Ut) ~ Py [Nt + r.Rt] where all variables are as defined

earlier.
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follows thét the appropriate decision rule, when spreading costs are
non-zero, must consider two distinct levels of nitrﬁgen or, in other
words, a (s,S) solution structure.

To derive an optimization model which provides adequate evaluation
of the impact of spreading co;ts upon the optimal non-stochastic fertili-~
zation policies, consideration mﬁst be given to application cycle length.
Because this factor could be expected to vary with spreading costs, it is
of sufficient importance to be included as important variable withiﬁ the
appropriate optimizing relationship. The resulting relation would be
optimized with respect to nitrogen level and the application cycle length.

A mathematical model endowed with these desirable 'qualities has been
formulated [11]. However, the work has yet to.be published‘and, therefore,
is unavailable for'use in the current paper by reason of professional
ethics. In substitution, we will utilize a method which yields approxi-
mate solutions to the present problem.

To begin, we note that when spreading costs are non-zero, the indi-
viduai decision—makef must decide whether average returns can be increased
by applying nitrogen, given he has an accurate estimate of carryover
nitrogen. Specifically, application of nitrogen must yield a large enough
increase in,average returns to cover the costs of spreading in order to
allow fertilization in any givén pfoduction year. If increased average
returms exceed spreading costs, the appropriate pblicy response is to

apply enough nitrogen to reach the maximum average return level.
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" Alternatively, if spreading costs cannot be covered by increased average

returns, no attempt should be made to apply nitrogen.

Returning to Table V, let us aésume spreading costs are $0.25 per
acre. To determine "s", we deduct $0.25 from maximum averagelprofits
and relate the resulﬁiﬁg average profits to the corfesponding level of
nitrogen. . Using this procedure, we find the (s,S) decision rule to be
(55,100) when spreading costs are $0.25 per acre.

To provide a basis on which to evaluate the relative merits of the
non-stochastic and dynamic programming analyses, we need to determine
the effect of spreading costs upon maximum average profits. In orderAto
achieve this result, it'is necessafy to ascertain average spreadiﬁg costs
by obtaining an estimate of the proportion of years in wﬁich we would
expect to apply nitrogen.

Recall in our discussion of the derivation of transition probabili-~

ties, we redefined nitrdgen carryover in year t+1 as
R, = p/u, [0, + R] = p/iiy I;Ut]

By setting R, . equal to 55 pounds and letting U, equal the average

profit maximizing level of total nitrogen and solving for W,, the rela-

t’
tive value of Wt which would be expected to induce a cérryover amount of

55 pounds-can be determined. Completing this operation, we obtain Wt
equal to 1.126,
Since we are concerned with years in which weather is relatively

favorsble, we would be most interested in years which have weather values
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greater than 1.126. Analysis of the 32~year weather record (Table III)
for the experimental site indicates that the value of the weather vari-
able was greater than 1.126 in 16 years. Thus, we would expect to apply
nitrogen in fifty percent of the years éonétituting a given plaﬁning
horizoﬁ. Consequently, the average spreading costs for any given year
would be in the neighborhood of $0.125.

Subtracting average spreadiﬁg costs from maximum average profits,
we have average profits under $0.25 spreading costs equal to $6.155. By
discounting this value over thé appropriate planning horizon and summing
the result, we obtain the desired basis for comparison with dynamic
programming.,

Before proceéding, we might point out two major inadequacies of
the preceding analysis. First, although emphasis was given £o the
determination of "s", "S" was assumed to remain constant (100 pounds).
Prior experience ﬁiﬁh &yhamic programmiﬁg sﬁggests that both #3" and "s"
are readjusted when spreading costs are non-zero. Specificaliy; mgn
tends downward while "S" inclines upward. ' Second, when spreading'costs
exceed $1.25 per acre; the approximately method proposes that nitrogén
fertilization is not feasible. In as much as the nbn-stochastic approach
closely approximates the stochastic consideration, we would not expect
substantial differences in their ultimate solutions. Examination of
Table IV will reveal significant disagreement between the approximate

ﬁon—stéchastic solutions and the stochastic dynamic programming results.
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In general, both descrepancies can be attributed to lack of effec-
tive consideration of the applicatiop.cycle length as determined by the
relative magnitudes of spreading costs.

Table VI presents the dynamic programming and approximate non-
stochéstic solutions ﬁnder listed price/cost assumptions ana a twenty
year planning horizon.

Contrasting the solutions derived under $.25 spreading costs, we
observe the (s,5) decision rule recommended by the approximate non-
.stochastic analysis advocates fewer applications over plaﬁning horizons -
of specified lengths than dynamic programming. In present value terms,
pursuance of the latter policy would yield $4.69 greater discounted ex—
pected returns than the latter. '

Similarly, if we make the same comparison using discountea expected
returns from the non—stochéstic analysis under zZero spreading costs, we
note greater returns are obtainable through use of dynamic programming.

Hence, it is apparent that consideration of the problem's dynamic
and stochastic chéracteristics does offer an economic advantage over the

simpler non-stochastic method.

Practical Implementation of Dynami; ?rogramming
To demonsfrate how an individual livestock producer might utilize
the d&namic programming decision rules, let us begin by assuming the
typical parametric situation, with spreading costs of $1.50 per acre.

That is, we assume the price of hay to be $§15 per ton, the price of
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TABLE VI. COMPARISON OF APPROXIMATE. NON-STOCHASTIC AND STOCHASTIC
DYNAMIC PROGRAMMING SOLUTIONS UNDER A TWENTY-YEAR PLANNING
HORIZON ASSUMPTION. &/ R - -

Method . — ' ~Discounted
of - (5,8} Spreading Expected
Anzlysis Policy Costs . Returns
Ibs/A $ $
Non-Stochastic ' T
Approx. (55,100) . 0.25 o 57.58

Stochastic-Dynamic (62.5, 92.5) 0025 62.27 b/

Non=Stochastic -
Optimal (100,100) , 0 58.75

a/ Parameter assumptions: Py = $15/ton, Py = $.10/1b, and r = 10%.

' g/ Discounted expected returns when initial state is 0-5 pounds of
nitrogen per acre. '
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nitrogen to be $.10 per ppund and the appropriate rate of interest for
discouﬁting to 5e ten percent. In addition, assume the nitrogen ferti-~
lization program was initiated ih 1965 and that the producers expects
to conduct firm operations for at least thirty more years. The latter
assumption allows the use of a constant decision rule which'in turn
simplifies the following discussion.

Since the corresponding decision rule in (s,S) terms is (22.5,
107.5), we appl& 107.5 pounds of nitrogen in 1965, To determine the
proper policy response for 1966, we need to ascertain the level of nitro-
gen carried over from 1965,

Recall from Chapter 2, the proportion of carryover under average
weather conditions was represented by the parameter "p" with the expected
value of fhe weather variable equal to 1,0, Estimation of nitrogen
carnyovér for any specific year can be accomplished through use of the
formula
R, = p_(Nt-lw+ B 1)

t-1

where all variableé‘are defined as in Chapter II, The variable which
distinguishes one year's carryover from the neit -is'weather° Computation
of Wt—l requires knowledge of the precipitation and average daily maximum
temperature for the year tfl. In 1965, for example, these readings were
- 10.48 inches and 63.&2:fahrenheit. Dividing this quotient by the average

preéipitafion and temperature quotient for the sample period yields
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wt = 63.42 = ,16L0 = 1.7780

-1 775520 oo

Applying the ratio of p/'L-'It_l to total plant available nitrogen in 1965

(v + R, .) we have
t-1 t-1

R, = p/w,c__'1 [Nt_l + R,o_l] =(1§°%§h§ [107.5] = 37.44

our estimate of nitrogen carried into 1966,

As this value is above 22.5 pounds per acre, the optimal decision ié
not to apply fertilizer in 1966,

The weather in 1966 was considerably below normal such that a carry-
over proportion of 131 ﬁercent was estimated. Since the probability of
the event is very near zero, we adjust predictgd carryovef downward to
100%. The optimal policy resfonse for 1967 is, consequently, the same as
in 1966. |

Favorable climatic conditions iﬁ 1967 reduced nitrogen carryover to

. L0.3 percent of plant available nitrogen in 1967, or 15 pounds per acre.

The appropriate decision, then, for 1968 is to applyhthe difference be~
tween 107.5 and 15 pounds per acre as the initial.state of nitrogen has
fallen beléw 22.5 pounds.

Hence, we apply 92.5 pounds of nitrogen fertilizer at the beginning

of the 1968 growing season.
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In this manner, optimal policy responses can be derived for any’
produétion year, However, each individual livestoék producer would
likely need to modify the decision rules in accordance with his own

specific situation.




SUMMARY AND CONCLUSIONS -

The foregoing analysis has indicated potential for increases in
economic efficiency obtainable under non~zero nitrogen fertilization
policies. However, it must be re-emphasized that 2 multiproduction per-
iod viewpoint is a virtual necessity for the individual decision~maker
considering a nitrogen fertilization program. A very short.run approach
to the problém will generally not be a fair assessment of nitrogen ap-
‘plication decisions due to the significance of nitrogen carryover from
production period to production period. Another considefation, whiéh
has negative implications for the lattef point, is the importance of
return variability.. Given the unstable nature of seasonal precipitation
in semiarid continental type climates, the variation of returns can become
quite pronounced over the span of a few short years. This is especially
- true when contemplation is given to maintenance of high nitrogen levels
in the soil [12]. In light of the narrow return margins faced by the
agricultural producfion sector, tﬂe extent of return_variability is a
decisive factor influencing the choice among alternative decisions.

Extrapolation of agriculture research findings, to areas other than
that in which the study was specifically located, has been and will con—
tinue to be a very contestable issue among the different concerned re-
search disciplines. The criticisms relating to such extrapolations are

not unfounded as significant fluctuations in results are apparent over

even the smallest of geographical regions. However, the value of

>k
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agricultural research is not contained within its ability to make‘ve:y
specific recommendations to each and every decision-maker, but rather
to provide some general information which the individual farmer or
rancher can utilize in making decisions most appropriéte for his parti-
cular circumstance. It is upon this pretext that I base justifications
for broader geographiéal generalizations of research conclusions.

Clearly, as revealed in Chapter II,‘effective,seasonal precipita-
tion is of péramount importance in deférmining pasture grass yields.
Consequently, for any region to qualify as having extrapolation poten-
tial, similar precipitation patterns must be present. In addiﬁion, like
soil types and grass species.are necessary requisiteé.

Oof the regions considered, those areas included in the extreﬁe
southeastern portion of Montana appeared tolhold the most promising
similiarities. As well as comparablé precipitation levels, the general
soil type of the area is closely related to that‘existing at Newell [13].
Also, both crested wheat grass and bromegrass possess traits compatible
with their establishment in the area [14].

As a final noﬂe,_I would like to suggest some possibilities for
future research in the area of range land fertilization,

First, and foremostly, more extensive research following experi-
mentai designs similar to that used by Thomas and Osenbrug is badly
needed to effectively evaluate the.econbmic feasibility of range land

fertilization over the northern great plains as a whole, Such
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experimentation should consider not only nitrogen, but also other plant
growth enhancing chemicals,

Secondly, economic research concerned with the integration of
range land fertilization into the overall progrem of range management
is worth future consideration.

And third, both physical and economic research might do we}l fo
consider potential externalities assoclated with livestock pastureland -
fertilization., Nitrate poisoning and iong—run effects of fertilization

on productivity are two possible areas for future exploration,

L
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