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Abstract:
A numerical method for nonlinear Fredholm first kind integral equations is presented. These equations
are ill-posed, ie., small perturbations in the data may give rise to large perturbations in the solution. To
obtain stable, accurate solutions, the method of Tikhonov Regularization is used. We develop a
quasi-Newton/trust region algorithm to solve the unconstrained minimization problem which arises
when regularization is used. This algorithm is applied to an ill-posed inverse problem arising in
geophysics. We present results of a numerical study of the effects of discretization, error in the data,
choice of the regularization parameter, and parameters in the physical model on the stability and
accuracy of the approximate solutions. 
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A B S T R A C T

A numerical method for nonlinear Fredholm first kind integral equations is 
presented. These equations are ill-posed, Le., small perturbations in the data may 
give rise to large perturbations in the solution. To obtain stable, accurate solutions, 
the method of Tikhonov Regularization is used. We develop a quasi-Newton/trust 
region algorithm to solve the unconstrained minimization problem which arises 
when regularization is used. This algorithm is applied to an ill-posed inverse prob­
lem arising in geophysics. We present results of a numerical study of the effects 
of discretization, error in the data, choice of the regularization parameter, and 
parameters in the physical model on the stability and accuracy of the approximate 
solutions.
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C H A P T E R  I  

IN T R O D U C T IO N

In this thesis we consider the numerical solution of a nonlinear ill-posed Hilbert 

space operator equation

(1.1) K{f )  = g

which arises in geophysics. One wants to determine the shape of the boundary 

between the magnetized rock and unmagnetized sediments which cover it, from 

the air-borne measurements of the magnetic field [I]. The mathematical model de­

scribing this problem consists of a system of nonlinear Fredholm integral equations 

of the first kind. Similar problems are frequently encountered in other applications. 

Examples include geophysics [l], [21], inverse scattering [2], remote sensing of the 

atmosphere [12], [29] and biology [20] to mention only a few.

The ill-posedness of the problem means that small perturbations in the data 

g on the right hand side of (I.I) may cause big changes in the solution / .  This is 

manifested in the frequently observed fact that simple discretization or collocation 

methods do not give satisfactory approximate solutions to (I.I). Any consistent 

discretization of the system will be ill-conditioned and, as n —> oo, any norm 

of the approximate solution typically becomes unbounded. This phenomenon is 

especially pronounced when the data g is error contaminated. Thus to numerically 

solve problem (L i) special methods are required. They are called regularization 

methods. In this thesis, we apply the Tikhonov regularization method [3], [4], [5] 

to the problem (1.1).
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In the Tikhonov regularization method the problem (I.I) is replaced by the 

minimization problem

(1.2) min{(IJf(Z) -  g||2 +  OiJ(f)},

where a  is a positive, parameter called the regularization or smoothing parameter, 

and J  is a penalty functional. Different penalty functionals can be used [4], [14]. 

In this thesis the penalty term is

Jr(Z) =  ii/ir

where || • || is an appropriate Hilbert space norm.

Tikhonov regularization is probably the most popular regularization method 

currently used for nonlinear ill-posed problems. Other regularization methods 

which are frequently discussed in the literature include the method of quasi­

solutions [3], [4], and, for linear problems, the truncated singular value decom­

position method, which is often called the method of spectral cut-off [6], [7], [8], 

[9], and the Landweber-Fridman iterative method [10], [ll], [5].

An important and difficult practical problem is the choice of the regularization 

parameter a. If a  is too large the approximate solution does not correspond to 

the data g; if a  is too small, the norm of the approximate solution will be unduly 

large. There are a number of studies concerned with the choice of the parameter 

a  [22], [23], [24]. In this thesis we use the Generalized Cross Validation (GCV) 

method [13] to choose a.

To numerically solve the regularized problem (1.2) we first discretize it. A 

quasi-Newton iterative method with the trust region approach [15] is then used. 

In this way global convergence is achieved, and the fast convergence of the quasi- 

Newton method is retained close to the solution. At each iteration the resulting
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system of equations is diagonalized using the Singular Value Decomposition. This 

ensures numerical stability, allows easy computation of the GCV estimate for the 

optimal value of the regularization parameter, and gives a characterization of the 

degree of ill-posedness of the problem.

The thesis is organized as follows: Chapter 2 contains some background the­

ory for compact operators, and in particular, integral operators of the first kind. 

Necessary ideas such as weak compactness, weak continuity, ill-posedness, and reg­

ularization are reviewed. Chapter 3 describes in detail the geophysical inverse 

problem considered in the thesis. A derivation of the system of nonlinear integral 

equations of the first kind for this problem is given. Then a stable and efficient 

numerical method for solving the regularized problem is presented in Chapter 4 . 

Chapter 5 gives a linearized stability analysis for the geophysical inverse prob­

lem and numerical results. Both a simplified one-dimensional (I-D) version of the 

problem and the more complicated two-dimensional (2-D) case are presented.
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C H A P T E R  2

T H E O R E T IC A L  B A C K G R O U N D

H ilb ert Spaces

Let X  be a Hilbert space with inner product denoted by

(u,y), u,v e  X,

and induced norm

\u\\ = y / (u,u), u (E X.

E xam ple 2.1: We introduce important Hilbert spaces used in this thesis

(i) L2 (fi) is the set of all equivalence classes of functions /  : $1 —> J?, f2 C IZn , 

such that / / 2 (x) dx exists and is finite. The inner product is defined as
Jn

(f,9) ■■= [  f{x)g{x)da 
Jn

(ii) The Sobolev space H 1 (H) (see [25], [26]) is the set of all functions f  : ft 

R  such that e  L2(O), i =  1,2, ...,n. The standard inner product is defined as

(2 .2) {f,g) := f  f g d x +  [  V f - V g  dx. 
Jn Jn

An inner product yielding a norm equivalent to the norm induced by (2.2) is

(f,g) = [  f g d s +  f  V f - V g d x .
Jon Jn
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The subspace of functions from H 1 (f2) vanishing on the boundary will be denoted 

by Hl  (0). On this subspace we will use the inner product

D efinition 2.4: If A : .X" —► Y, where X,  Y  are Hilbert spaces, is a bounded

linear operator, then A* : Y —> X  is called the adjoint operator of A if for all z G X 

and y G Y,

D efinition 2.5: The set of all continuous linear functionals on X, that is, the

set of all z* : X  —> .R such that x* is linear and continuous, is called the dual of X 

and is denoted by X *.

In a Hilbert space X, the dual space X* is isometrically isomorphic to X. 

D efinition 2.6: We say that a sequence {zn} C X converges to z if

This convergence is also called norm, or strong, convergence, and is denoted by

D efinition 2.7: We say that a sequence {zn} C X converges weakly to z and

write zn z if

(2.3)

(Az, y) =  (x,A*y).

W eak Convergence an d  W eak C ontinu ity

Ve > 0 3N  Vn > N'  ||zn — z|| < e.

Vz* EX* x*[xn) -> x* (z).
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In case of d i mX  < oo, weak convergence coincides with (strong or norm) 

convergence. However in an infinite dimensional vector space a sequence may 

converge weakly but fail to converge.

E xam ple 2.8: Consider any orthonormal sequence {en} C X,  where X is a

Hilbert space. We show that e„ ^  0 but does not converge strongly. We have

Vz € X  ^2 KxJeJ')!2 5: IIx II2 (Bessel’s inequality)
J = I

so Iim (z, ey) — 0 is a necessary condition for convergence of the series. From the
J - .  OO

Riesz Theorem [16], z* (e, ) =  (ey, z) so Vz* G X* x* (ey) = (g, ,z) -* O = x* (O). 

On the other hand {en} is not a Cauchy sequence because

Vn,m ||e„ -  em ||2 = (en -  em ,en -  em) = ||en ||2 +  ||em ||2 =  2.

Thus the sequence is not convergent.
I

D efinition 2.9: F : X  —* Y  is weakly continuous if

Vz„ — z F( xn) F ( x ) .

E xam ple 2.10: Let X  =  H01 (H), Y  = L2(H), H = (0,1), X  = X ^  Y,  and

[X(z)](s) := f  k(s,t ,x(t)) dt 
Jo

where k : C l x U x R - ^ R  has a continuous partial derivative with respect to the 

third argument. Then Ff is a weakly continuous operator.

Proof: Let xn —»■ z. We need to show that K (xn ).—> K (z) in L2 norm. For
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every s (E fi, we have

H ^K )](s) -  [K(a:)](5)| < f  |A;(a,t,xB(i)) -
Jo
f 1 dk

= J  l ^ ( M > M t) ) I K ( t )  - x { t ) \ d t

C f  \xn (t) -  x(i)| dt 
Jo

<

< c sup |x„(i) -  x(f)|. 
te[o,i]

However, weak convergence in ($1) implies uniform convergence. Therefore we 

see that K ( x n) converges uniformly to K(x).  Since the uniform norm is stronger 

than the L2 norm the proof is complete.

C om pactness, W eak C om pactness an d  C om pact O pera to rs

D efinition 2.11: Let X  be a normed space. A set M  C X  is called compact if

every sequence {xn } C M  has a subsequence converging to an element x £ M.  A 

set M  is called relatively compact if its closure M  is compact.

D efinition 2.12: Let X  be a normed space. A set M  C X is called weakly

compact if every sequence {xn} C M  has a subsequence weakly converging to an 

element x  £ M.  A set M  is called weakly relatively compact if its closure M  is 

weakly compact.

T heorem  2.13: Let X  be a Hilbert space. Then M  is bounded if and only if

M  is weakly relatively compact.

Proof: See [18].
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D efinition 2.14: Let X  and Y  be Hilbert spaces. Ah operator A : X —> y  is

called a compact operator if A is continuous, and for every bounded subset A4 of 

X, the image A(M) is relatively compact.

T heorem  2.15: If X  is a weakly continuous operator, then K  is compact.

Proof: Let {xn} C X  be bounded. We need to show that {K(xn)} has a

convergent subsequence. By Theorem 2.13 every bounded sequence possesses a 

weakly convergent subsequence. Let us denote it by {xn .}:

Bx0 G X  xn . —>• x0.

Since K  is weakly continuous, K( x n .) -> K ( x 0). Also, if X  is weakly continuous, it 

is continuous because taking xn -* x we obtain xn ^  x and hence K(xn) -*■ K(x).

E xam ple 2.16: We give the following examples of linear and nonlinear compact

integral operators

(i) Let K  : X  Y  where X =  L2(H), Y  =  L2 (H), H =  (0 , 1), and define

where k is any square integrable function, that is, Ic2 is integrable over H x H. Then 

X  is a linear compact operator. For a proof see [27].

(ii) Let X  : X  —> F  where X  = X 1(H), Y  =  L2 (H), K  : X  —>Y,  and define

where —  is continuous. By Example 2.10 and Theorem 2.15 X  is a compact

[X(x)](s) = /  k(s,t ,x(t)) dt

dk
dx

operator.
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Frechet D erivative

D efinition 2.17: Let A : X  —> Y  be &n arbitrary operator, and let X  and Y

be Banach spaces. We say that A is differentiable at X 0 if there exists a continuous 

linear mapping A'(x0) : X  -> Y  such that

A(x0 + h) — A(x0) =  A'(x0)h +  r(h)

where Iim
h —► 0

IkNII — 0. A' {x0) is called a strong or Frechet derivative of A  at the

point Z0-

The derivative of a continuous linear operator as well as the derivative of the 

Hilbert space norm will be used frequently in the sequel. We derive them in the 

following examples.

E xam ple 2.18: Let A : JY" —► y  be a linear bounded operator. Then

A^x0 A Ax0 — Ah,

Therefore r{h) — 0 and A1 (x0) = A.

E xam ple 2.19: Let T  : X  ^  R  where X  is a Hilbert space and T(x)  ||%||-.

We have

Iko +  h\\2 -  Ikoll2 =  Ikoll2 + 2(x0,h) +  Ikll2 -  Ikoll2 =  2(x,h) + Ikll2.

Therefore r(h) =  |k ||2 and Iim/i —► 0
T' (x0) =  2 z0.

Ilr MII'
Ikii

0 . We get T' (x0)h — {2x0,h),  so
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C om pact Self-A djoint L inear O p era to rs

D efinition 2 .20 : Let B : X  X  he & bounded linear operator on a Hilbert

space X.  B  is called a self-adjoint operator if B* =  B.

T heorem  2.21  (Spectral Theorem for Compact Self-Adjoint Linear Operators): 

Let B : AT —> .X" be a self-adjoint compact linear operator. Then

where the \ ' { s  are eigenvalues of B,  the V1i S  are corresponding orthonormal eigen­

vectors, and I  is an index set for the eigenvalues. Since B  is compact, J  is a 

countable set (possibly finite). If I  is infinite, 0 is a limit point of the spectrum of 

B. Each Ai is repeated in the sum according to its multiplicity.

Proof: See [17].

We denote by o(B)  the spectrum of a linear operator B.

T heorem  2.22: If B is a compact linear self-adjoint operator and /  : a(B) —> R 

is continuous, then o (/(B )) =  f (a(B)).

Proof: See [18].

E xam ple 2.23: Given a compact linear self-adjoint operator B : AT —> X" and

its spectrum cr(B), we can find the spectrum of the operator B + a l  by applying 

Theorem 2.22. We have

cr(B +  al)  =  <t(B) + a.
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S ingular Value D ecom position

Let A : X  —> Y  (X, Y  Hilbert spaces) be a compact linear operator. We 

denote by Vi the orthonormal eigenvectors of A* A

A* Av1- = Ay V1-.

All eigenvalues X1- are nonnegative because

(2.24) X1- = X1- (vy ,Vs) = {A* A v1- ,V1-) = [Av1 ,Avj ) > 0.

Therefore one can introduce the singular values Oj of the operator A: For X1- > 0,

(2.25) ' O1 = y/XJ.

Now define U1- := - A v j . One can show easily that
Oj

AAt U1 = X1-U1-, . (Uj j Uk) = Sj k ,

Av1 = O1U1, and A* U1- = Oj Vj .

The triple (u,-',Oi ^vi ) is called a singular system for A.

To discuss the representation of A  in terms of singular values we need to 

introduce the following:

D efinition 2.26: Let A : AT —> Y. The image of X  under A (range of A) will

be denoted by R (A). In other words

R(A)  := {y 6  Y : 3a: E AT A(x) = y}.

Also the kernel (null space) of A is the inverse image of 0 E Y under A, that is,

A/(A) := {a; E AT : A(x) = 0}.
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It can be shown using the Spectral Theorem 2.21 that the set {%, } is a complete 

orthonormal set for £(A) and the set {u;} is a complete orthonormal set for the 

orthogonal complement of M(A), denoted by M(A)1 . Using this we can represent 

any x E X  as x =  X0 +  X1, where X0 E M(A) j X1 E M(A)-1 and

The last equality follows from the fact that. Z0 E M(A) and hence it is orthogonal 

to all v, . We now get a representation for Ax:

D efinition 2.27 (Singular Value Decomposition of a Matrix): If d imX  =  n

and d imY  =  m  then the singular system of A consisting of the vectors Ui , Vi and 

singular values Oi may be described in the following way. Vectors Vi can be treated 

as n columns of an n X n matrix V . Vectors u, make up an m x m matrix U . 

Both matrices are orthogonal. The singular values er,- lie on the main diagonal of 

an m x n matrix D, which in the case of m > n means

Then the matrix representing the operator A  has the singular value decomposition

Ax  =  A i ^ l (XjVi)Vi +  X0)

=  ^ ( Z 1Vi)Avi

(2.28)

(SVD):

(2.29) A =  U D V t  .
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M oore-Penrose G eneralized Inverse

D efinition 2.30: Let A : X  -> Y  (X, Y  Hilbert spaces) be a bounded linear

operator. We say that / i s  a least squares solution of the equation Ax = g if A f  is 

a best approximation to g from £  (A), that is,

V x e X  \ \ A f - g \ \ < \ \ A x - g \ \ .

T heorem  2.31: Let P  be the orthogonal projection of Y  onto R{A). Then the

following conditions are equivalent:

(i) f is a least squares solution to Ax  =  g

(ii) A f  = Pg

(iii) A* A f  = A* g.

Proof: See [17].

A least squares solution does not always exist. We see from Theorem 2.31 

that a necessary and sufficient condition for it to exist is Pg e  £(A). Hence we 

define the following set

W : = { g e Y :  Pg e  Z(A)}.

T heorem  2.32: W = R(A)  © R(A)1 .

Proof: See [17].

D efinition 2.33: The Moore-Penrose generalized inverse of A, denoted by At ,

is the operator with the domain P(At ) — R(A)  © R{AY  which assigns to each 

g e W  the minimum norm least squares solution to the equation Ax = g.
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By Theorem 2.32 the domain of At is well-defined. Also since the set of all least 

squares solutions is convex and closed, it possesses a unique element of minimum 

norm, so the generalized inverse is well-defined.

The next theorem gives an explicit representation of the Moore-Penrose gen­

eralized inverse of a compact operator.

T heorem  2.34: Let A : X  Y  be a, compact linear operator. If fir £ P(At ),

D efinition 2.35: Let X  and Y  be Hilbert spaces and consider A : X  —> Y.

The problem

is well-posed provided that

(i) for any g G Y ,  there exists a solution f  € X  such that A (/) =  fir;

(ii) the solution /  is unique;

(iii) the solution /  depends continuously on the data g, i.e., suppose /  solves 

A( f )  = fir and /  solves A( f )  = g, then

then

Proof: See [5].

III-Posedness

(2.36) A (/) =  g

II/.— /11 -* O whenever ||g — g|| —> 0 .

Problem (2.36) is called ill-posed if it is not well-posed.
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We discuss the ill-posedness of the problem Ax = g, where A is a compact 

linear operator with infinite dimensional range.

If A is a compact linear operator, A* A is also compact. If the index set I  is 

an infinite subset of the positive integers, by Theorem 2.21 Iim Ay = 0 . This also
oo

means that

lira Oy = 0 .y —► oo

T heorem  2.38: Let A : X  —> y  be a compact linear operator. At is bounded

if and only if R(A)  is closed.

Proof: See [17].

T heorem  2.39: Let A : X  —> F  be a compact linear operator. At is bounded

if and only if HmR(A)  < oo.

Proof: If dimR(A) < oo, then R(A)  is closed, since it is a finite dimensional,

vector subspace. From Theorem 2.38 At is bounded.

Now assume At is bounded. Obviously AAt = J l j . If At is bounded and 

A is compact, then AAt is compact. However by the Riesz Lemma [16] an identity 

operator is compact if and only if its domain is finite dimensional.

Theorem 2.39 shows that the equation Ax — g where A is linear and compact 

is ill-posed except in trivial cases. The analysis of the general nonlinear case is 

more complicated. A discussion of the ill-posedness of the system of nonlinear 

integral equations solved in the thesis is presented in the next chapter.

(2.37)

I/
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Tikhonov R egu larization

The compact operator equation

(2.40) K { f ) = g

is, except in trivial cases, an ill-posed problem. Therefore its solution cannot 

be obtained directly. A procedure called Tikhonov regularization is applied. It 

consists of solving the following problem:

Find a minimum of the functional

(2.41) Ta {f) := \ \ K ( f ) - g \ \ * + a J ( f ) ,  f  e  X.

J  is a nonnegative functional on X,  called a penalty functional. The scalar a  is 

a positive parameter called the regularization parameter. A solution /„ to this 

minimization problem is called a regularized solution of the operator equation 

(2.40).

E xam ple 2.42: Consider X  — Hq (Cl) introduced in Example 2.1 (ii) and

J (f )  =  ll/ll2 =  f  V f - V f d x .

This will be the penalty functional actually used in the thesis.

The following two theorems characterize regularized solutions, showing that 

under certain assumptions they exist. Moreover, an appropriate sequence of regu­

larized solutions converges to the solution of the problem (2.40).

T heorem  2.43: If K  is weakly continuous, J( f )  is coercive, i.e.,

Iim J ( f )  — oo,
11/ Il-OO - •
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and weakly lower semicontinuous (for definition and properties see [28]), then there 

exists an element f a minimizing the functional (2.41). If J ( f )  is defined as in 

Example 2.42, then f a satisfies .

VTa (Z) = K ' ( f y ( K ( f ) -  g ) + a f  = 0 .

P roof: Ta > 0 so Ta (%) is bounded below by zero and therefore inf Ta (f)
/ e x

exists. Denote m — ynf Ta ( /) . From the definition of infimum and coercivity of 

J  there exists /? > 0 and a sequence f k E X  such that

Iim Ta (Zfc) = m , and \\fk \\<P-
fc —► CO'

Since f k is bounded we can select a weakly convergent subsequence, i.e.,

3 /  U j -  I

Using the property that the norm in a Hilbert space is weakly lower semicontinuous 

[28] as well as the assumption that K  is weakly continuous and J  is weakly lower 

semicontinuous we have that Ta is weakly lower semicontinuous. Therefore

m  =  IiminfTa (fk ) > T a (f) > m
] — > OO

so Z is a minimizer for (2.41).

T heorem  2.44: Let gn —> g as n —> oo and assume that K( f )  = g has the

unique solution f ,  where K  is weakly continuous. If a  =  a(n) = an is chosen so

that

Iim a{n) — 0 and l | X ( / )  — S n

a{h) Q,

then for f n minimizing the functional (2.41) with J(Z) defined as in Example 2.42 

we have f n f .
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Proof: First we show that /„ —>■ f .  Denote Ta,n) by Tn . Since

= TM.) -  \\x(f.) -  g.r < 'TM.) K IUfi
Oin ~  OCn ~  OCn

I W f i -9 »  I + ii/ir
{/„} is bounded. Thus { /n} has a weakly convergent subsequence, i.e.,

Sn3- 3 f  G X  f n -^ /  as j  oo.

But

Ilir(Zn) -  Jnll2 < Tn(Zn) <  T .( f i  =  ||JT(Z)-g „ ||=  +  a „ | | / | |2 -  0 

as n —> oo, since o:„ 0 and fif„ —> =  K{f ) ,  and hence,

II-^(Zn) -  l̂l < II-K-(Zn) -  Arre Il +  Ilfifrt -  ff|| 0.

Thus

I I ^ ( Z n y )  -  y|| ^  0 as j  -> oo.

Now, since f n . /  we have K ( f n .) —>• K( f )  because K  is weakly continuous. We 

also showed that K ( f nj ) —> g. Therefore K{f )  =  g and from uniqueness of the 

solution we get f  — f .  Thus f n . —=■ f .  By the same argument, we can show that 

any weakly convergent subsequence of { /„} 'converges weakly to /•. Since {/„ } is 

bounded, Z n  —̂ Z -
Since X  is a Hilbert space, the weak convergence together with convergence 

of { | | Z n  | | }  implies strong convergence [19]. To get convergence of {\\fn | | } ,  consider 

the inequality

nz„r < l|K(/-)~ g“112-+ Iizii2,
a,n .
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which yields

liminf | |/n Il < limsup ||/„ || < ||/ ||,

since -— -----> 0. Also since the norm in a Hilbert space is weakly lower

semicontinuous [28] and /  we have ||/ || < liminf ||/„ ||. Thus ||/n || -  

n oo and, consequently, /„ —> / .

Tikhonov Regularization in the Linear Case

Let us consider now Tikhonov regularization for K f  =  g where i f  is a compact 

linear operator. In (2.40) we take </(/) =  | | / | |2. This means that we look for a 

minimizer of the functional

(2-45) Ta (f) = \ \ K f - g f + a \ \ f \ \ \  f  e  X.

From the Examples 2.18 and 2.19 we know that Ta is differentiable and

(2.46) Ta {f )h = 2 ( Kf  -  g, Rh)  + 2a{f,  h) =  2(K* [ R f  -  g) +  a / ,  h).

A necessary condition for Ta to have a minimum at f a is

Vh £ X  2(R* [R f a — g) + Cifa ,h) = 0 

or R* ( R f a - g )  + a f a = 0

which is equivalent to

(2.47) . (R* R + al)  f a =R*g.

We wish to show that (2.47) is a well-posed problem.
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Since by (2.24) K* K  has nonnegative eigenvalues, the Example 2.23 shows 

that K* K  + cd  has all its spectrum contained in |o:,oo), a  > 0 . This means that 

0 ^  o (K*K + od). In other words, the operator K* K  + a l  is invertible on X.  

Therefore (2.47) becomes

(2.48) fa =  { K ' K  + a i y ' K ' g .

Now the Banach Theorem on Isomorphisms (see [16]) states that a continuous 

linear isomorphism of two vector spaces is a homeomorphism. Therefore (K* K  + 

oc i y 1 is continuous and finding a minimum of the Tikhonov functional (2.44) is a 

well-posed problem.

fa determined by (2.48) is the minimum of Ta because T " ( f )  = K* K  + a l  is 

a positive definite operator.

Now let {u;} be orthonormal eigenvectors of K* K  and {A,} the associated
I

eigenvalues. For f (x)  = -------we get, using Theorems 2.21 and 2.22,
Z +  CK

( K ' K  + a I ) - ‘K-g  = f ( K ‘ K) IC g  = J ^ f M ( I C g tVi )Vi
• ei

(2.49) = E  =  E  ^  = : V eVtfT* .'Cf * 1

One can prove (see [4] or [5]) that

Iim K l g  = g.
> 0 +

Linearization of a Nonlinear Problem

When K  : X  Y  is nonlinear, we handle the minimization of the functional

(2.50) =  +HlZll2
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by using a quasi-Newton procedure. We assume that the current approximate 

minimizer of Ta in (2.50) is /„ and we wish, to find a step s„ such that

(2.51) / n  + i :=  /„  +  sn

is our new approximation. We assume that the affine model of K

(2.52) M{s)-.= K { f n) + K ' { f n)s

describes K  in some neighborhood of /„ reasonably well. From Taylor’s formula 

it follows that

||j r ( /n +  s ) -A fM II = \ \ K V . + s ) - K ( f . ) - K 1V M  < C M ' 

that is, the error =  0 ( ||s ||2). The quadratic model for (2.50) becomes

(2.53) m(s) =  WK1(In)S + K ( f n) -  y ||2 +  a ||/„  +  s ||2

Example 2.54: 

is continuous. Then

Let K  : X  Y  and K(f ) (s)  := /  k(s , t , f ( t ) )  dt where
Jq

dk
Bf

K ( f  h)(s) — K(f ) (s)  = f  { k ( s , t , ( f + h)(t)) -  k (s , t , f ( t ) ) }d t
Jq

F1 Bk

where ||iE2(/i)|| < C ||h ||2. Since

0 < Iim 11 < Iim */i—0 ||/l|| /1—0

= Wl = 0
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we have

Z*1 fik
(2.55) [K' i fMs)  = Jo ^{s, t , f( t ))h(t)dt .

In the sequel we will need the gradient and the Hessian of the model (2.53). 

We derive them here.

Using Examples 2.18 and 2.19 we have

m'(s)h =  2(K' ( fn)s + K( U)  - g,K' (U)h)  +  2 a (/„  +  s,h)

so the gradient is

(2.56) GW = 2 { jr(/.)-(K '(/„ )S+ Jf(/„) - 9) + « (/„  + s )} 

and the Hessian is obtained easily as

(2-57) H(s) = 2K ' (UYK ' (U)+2ec I .

Choice of the Regularization Parameter

So far we have considered the equation K\ f )  = g, in which the right-hand 

side (the data) was assumed to be known exactly. Denote the solution to this 

problem by / .  In practice the data usually comes from measurements so it is 

known approximately, at discrete points only. Taking that into account we arrive
, V

at the model equation

(2.58) K(f ) (si )  = g{si) + e,- =: g(st ) for i=l,2,...,m.

where the e,- are the errors of measurements taken at S1,..., sm .
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Minimizing the Tikhonov functional we obtain an approximate solution f a . It 

is desirable to find a  such that | | /  — /„ || is as small as possible. One method to 

estimate such an a  is the method of Generalized Cross Validation (GCV). It gives 

a statistical measure of the magnitude of the residual \ \Kfa -  g||, which is related 

to 11/ — fa ||- By finding a  which minimizes the GCV functional

(2.59) V (a) =  -------------------- = \\K ( f ° ) - 9 \ \ _______________ _
Trace{I  -  K ' {fa ){K'{/„)*K>(fa)  +  aI]- 'K>(fa)}

we estimate the d* which minimizes the residual.

Theoretical analysis of the GCV method is beyond the scope of the thesis. For 

references see [13]. The numerical procedure allowing us to find a is discussed in 

Chapter 4.
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CH APTER 3

THE M AGNETIC RELIEF PROBLEM

Experimental evidence suggests that in certain situations variations in the 

magnetic field of the earth depend primarily on the shape of the boundary between 

magnetized igneous rock and unmagnetized sediments which cover the rock. One 

wishes to determine this shape from airborne magnetic data. The mathematical 

formulation of the relationship between the variations in the magnetic field and 

the shape and location of the boundary leads to a system of nonlinear first kind 

integral equations.

Derivation of the System

Let the z-axis be chosen so that the positive z direction is downward, and 

the measurements of the magnetic field H take place in the plane z = 0. Let the 

boundary surface a have the parametrization

(3.1) a = {(x,t/,z) : z = h + f (x ,y) ,  —oo < x < oo, —o o < y <  oo}.

We refer to A as the characteristic depth of the surface and we refer to /  as the 

relief function (see Figure I).
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x

Figure  I .  Geometry of the Magnetic Relief Problem 

The underlying physical principles are:

(i) Since the magnetic field is produced by microcurrents flowing in the igneous 

rock, the intensity H of the magnetic field can be derived from the scalar magnetic 

potential U by

(3.2) H = - V pC/.

The subscript p means that the gradient is taken with respect to the variables 

(s, t, u) which indicate the position of the point where the field is measured (see



Figure 2).

(ii) The potential at the point p, created by the volume dV of the igneous 

rock, is

(3-3) dZ7(p) =  M (r) • Vr - - 1 „ dV.
F - P l l

Therefore, the total magnetic potential at the point p  is

(3.4) E/(p)= /
Jv F - p H

where V  is the volume occupied by igneous, rock. The magnetization vector M  = 

[M1 ,M y,M z] has the property

26

(3.5) th'vM =  0

(Recall that ch’uM = dMx dMy dM
dx dy dz

p ( s , t , 0)  p o in t  
—  o f  o b se r v a tio n

dV=dxdydz

ign eou s rock

F igure  2 . Definition of the Vectors r  and p
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Using the identity

(3.6) <Z£u(u/M) =  Viy • M  +  tvdzvM

where w is any differentiable function we obtain from Stokes’ Theorem and (3.4)

u = l div' iM{t)w h i )dv 

=L M{r)' n V k i d s '

and consequently, from (3.2)

=  -  /  M (r)
Jav

• nV, Ir-Pll dS.

n is the outward unit normal to the boundary dV  of the volume of igneous rock. 

Because most rock formations are large and extend very deep, the integral can 

be approximated by an integral over the top surface <7 given in (3.1) only. The 

outward normal n  to the surface a is

n  =
\1L M. _ i l  Ids 9 By * J

V d f  )2 + ( i f  )2 + 1

and

d S = d x d y \ l l + ( ^ \  ■

Then the first component of H  =  [Hx ,H y iH3.] is

Hx = -  [  (Mx 
J a al + M<di - M* l v k A \ dxiv

^  I K x , ! , , t , 0)||
dx dy

x — s
-  I j m - J + M *f y -  -  (> - + (A+■/(,.,))■]» -

dx dy.
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If we repeat these calculation for the other two coordinates in an analogous way and 

let 3x,gy ,3z denote measurements of the components of H  we obtain the following 

system of nonlinear first kind integral equations to be solved for f

(3.7) Qx ( 5 ) ( )  — f  ( M t f f + M y J J - M j ( x - s )  t f
Jer [ ( x  -  s)2 + (y -  t)2 + (h + f(x,y))2}* V

(3.8) Qy ( 5 ) ( )  — f  ' ,
h  \ {x- s ) 2 + ( y - t )2 + (h + f(x,y))2]* X V

(3.9) Qz ( S ) t) — f  ( M t  +  M /  I f -  -  Mz)(h + f(x,y)) I 
h  [(x -  s)2 + (y- t ) 2 + (h + f(x,y))2]i V

Since the relief function f  depends on two variables, we refer to this case as the 

2-D magnetic relief problem.

A less realistic but computationally much simpler problem arises when the 

relief function /  is assumed to be independent of the y coordinate. In other words 

let
f & y )  =  /( s )

M (x,y ,z) =  M (x, y).

Then the system (3.7)-(3.9) becomes

9x

3y

9z

(s,t) = J  (Me^  - M z) 

(s, ~ J  (Mt — M=)

(s,^  = J  (Mt ^  -  Mt)

[(* -  s)2 +  {y - 1)2 + (h + f  (x))2 ] i
_____________ y - t _____________
[ ( s - s ) :  +  ( y - f )2 +  (A+ /(%))2]}
___________ h +  f{x)____________
[(x - 5)2 +  ( y - t )2 +  (h +  /(x ))2]t

dx dy 

dx dy

dx dy

Integrating first with respect to y we obtain

2(x — s)

dy} dx

- L
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and analogously

(m- E -m- irx.-.̂ +{/+/(*))a
gy (s, i) =  0 because the integrand is odd with respect to t — y.

One can see that now the components of g =  \gx igy,gz] do not depend on t 

and we have a new system

(3.10) 9,  W  / ( % ) ) '  *=

(3.11) 9, W = I  - M ' )  (x  _ ^ Z ( / Z / ( x ) ) :  dx

If for simplicity we neglect the component gx , the problem is reduced to a single 

integral equation with an unknown relief function / ,  dependent on one variable 

only, which we refer to as the I-D magnetic relief problem. The scalar analogue of 

the system (3.7)-(3.9) is then

(3.12) w  = _2 r  -  ix
J-O (s -  x)2 +  {h + f (x) )2 

where the integration is now performed over the x-axis.

We will assume that /  is identically zero outside a smooth bounded domain 

fl, and that measurements of g(s,t) are taken at points (s,t) 6  12 only. The 

components of g can be suitably modified so that the integration above takes place 

over this restricted domain 12 rather than over the entire x-y plane (or x-axis, in 

I-D case). Thus, the problem can be formulated as a nonlinear operator equation 

(1.1) with

(3.13) K { f ) : =  f  k { ;x , f { x ) )d x .
Jn

The components of the kernel k are given in the 2-D case by the right-hand sides in 

(3.7)-(3.9) and in the I-D case by the right-hand side in (3.12). g is a function whose
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components represent measurements of the magnetic field H . The characteristic 

depth h now gives the depth of the surface a  relative to the size of the region fi.

IlI-Posedness o f the Problem

The geophysical problem derived in the previous section has the mathematical 

form of a system of nonlinear integral first kind equations. More conveniently it 

can be written as

(3.14) JT(Z) =  g

with JT(/) given by (3.13).

The well-posedness of this particular problem depends on the choice of the 

spaces X  and Y.  From the physical point of view it seems appropriate to assume 

that the solution f  is ’’smooth” in the sense that f  is differentiable and ||Z||2 ■:=

I V  f ( x ) 'V  f (x)  dx is bounded. Since we have also assumed that f  vanishes outside 
Jo
fi, we choose the Hilbert space X  to be (f2) (Example 2.1 (ii)).

On the other hand the components of g come from measurements at discrete 

points in 0 . One cannot assume that the derivatives of these components are 

available. Thus an appropriate choice of Y  in the I-D case is L2 (fl) (see Example 

2.1 (i)). In the 2-D case, since measurements have 3 components, we will consider 

Y  = [Jz5(^)I3 := L2{n) x L2{n) x L2(fi).

With this physically reasonable choice of spaces X  and Y", problem (3.14) is 

ill-posed. Clearly the components of the kernel k given in the 2-D case by the 

right-hand sides in (3.7)-(3.9) and in the I-D case by the right-hand side in (3.12) 

are continuous, and hence for any f  G X ,  the components of JT(Z) are continuous 

(see [19, p 159]). Therefore there exist elements g G Y" for which (3.14) has no
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solution. Perhaps a more serious difficulty is that small perturbations in the data 

g € Y  may give rise to arbitrarily large perturbations in the solution f  G X.  As 

Example 2.16 (ii) shows, is a compact operator with an infinite dimensional 

range. Therefore the inverse image of an e-neighborhood may have diameter that 

is arbitrarily large. This means that any stable procedure of finding a solution to

(3.14) must involve regularization.
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CH APTER 4

NUM ERICAL OPTIMIZATION

To solve the problem (3.14) described in Chapter 3. we need to use a regulariza­

tion method. The method considered in this thesis is the Tikhonov Regularization 

method, discussed already in Chapter 2. Since the 2-D case is more complicated 

we first consider the I-D case.

I-D  Case

To obtain approximate solutions to the ill-posed problem (3.14) with K  given 

by (3.13) and the kernel given by the right-hand side in (3.12) we replace it by a 

sequence of regularized problems:

Find f* & X  such that Ta (/*) =  min Ta (/)  where

(41) T M )  =  \ \K(f) -  g R  +  a \ i m

and K  : X  —* Y t X  = ^f01 (fi), Y  = L 2(U)t and fl =  (0,1).

The norms || • ||x and || • ||r  are defined as

(4 .2) ll/ll* = v'/o /'to ' d*
(4 3) M r  =  \ / /„  S2 M  the.

To numerically solve problem (4.1), we must deal with finite dimensional 

spaces. Thus we introduce the following discretization.



33

Let {&}"=1 be a set of basis functions, and define 

X n = S p a n ^ ! , <j)n } c  X.  For any /„  6  X n,

. 7 , - E W  ■
J = I

c := is treated as an element Of-RrV

The functions <£f(x) can be any numerically appropriate basis functions. For 

example these could be splines (for definition see [30]). The results for the particu­

lar geophysical problem described in the thesis are obtained using cubic B-splines.

Given the choice of the <^’s, the discretized version of the (4,2) is obtained as 

follows:

Il/" Ilx =  [  f'n (xY  dx = f  ( Y :  Cjfii (z))(y^  Cjfii (%)) dx
Jo Jo .=X y=x

= X ] C,- ( /  <t>i (z) (f)'. (x) dx) Cy =: cr  B n c
.=Xj=I

where B n is a symmetric and positive definite h X n matrix with entries

(4-4) [-Bnki =  /  t i ixW jix )  dx, I < i , j  < n.
Jo

Thus after discretization, the penalty term ||/ | |^  in (4.1) yields the quadratic form

Il/" Ilx =  cT-B„c

with B n defined in (4.4).

Since g comes from measurements and is known at some points S i,S2, - , Sm 

only, it is natural to introduce the following discretized version g of g:

S where gi = gfa),  for t = I ,...,m .

We assume m  > n. The norm ||g||y in (4.3) is replaced by the weighted discrete

I m
fill2 ==

i — X

sum
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The discretized version K m n : R n -+ R m of the operator K  is

[Kmn(C)],- := [K(^cy^,.)](s,.), i  =
n

Thus the finite dimensional analogue of the problem (4.1) is: 

Find c* € R n such that Tciin (c*) =  min Tctin(C) where

»=i
For notational convenience, we drop the subscripts and the tilde, and multiply 

the objective function in (4.5) by y .  The norm “|| • ||” will indicate the usual 

Euclidean norm in R n or R m. Also, since B  is symmetric and positive definite, 

it has a Choleski factorization B  = Rt R,  where R  is an upper triangular matrix. 

Then the objective function for the problem (4.5) becomes

(4.6) (c) := j{IWc) -  ell2 + "Hl-Rcll*}.

2-D Case

In the 2-D case we minimize the objective function Ta in (4.1) with

K  : X  ->Y, X  =  K01 (D),

Y  = L2[n) XL2(D) XL2(D), and D = (0,1) x (0,1).

We let {Vv(x>J/)}f=i be a set of basis functions such that

S p a n f y j . ,..., il}N }  =  X n  C X .

For any f N G X n

N

(4.7)
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c := (ci,...,Cjv) is treated as an element of R n .

In the thesis the two-dimensional basis functions were taken to be the 

tensor products of the one-dimensional.basis functions i.e., each i/){x,y) is a 

product of two one dimensional basis functions <£(x) and <f>(y). To be more exact, 

we need to introduce some ordering. We will assume the following:

V'i =  <f>i{x)<t>i{y) 

02 (a?, y) =  <̂2 (y)

(4.8) 0„ (x, y) =  (j>n (x)0i (y)

0 n+ l (x, J/) =  01 (X)02 (!/) 

0 jv (% ,% ) =  0 « ( a : )0 n ( y )

where N  = n2. Thus (4.7) can be represented as

/ jv (®, y) = 5 3 5 3  (*)0 j (y)
i= iy=i

with coefficients (Iij- equated to appropriate coefficients ck in (4.7).
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The norm

W f W x
'  0 J O 9£ ^ + { f y ^ dxdy

}

becomes after discretization

U n W2x = f  [
Jo Jo

=L I  

=L L

a / jv (z ,y )) + ( ^ j r & y ) dxdy

k = I k = l

dx dy

. Xfc= I
H  Cfĉ (*) (y)J +

W V i
Y  (* )^ (fc) (y) I dx dy
fc = I /

N N  Z Z"1 f l= Y Y 0k ( ^(k)W^p(Z)M^ / <Ay(fc)(y)<A»(l)(y)^y+
Jb=H=I Vo

Jo <f>Hk){x)<f>Pv){x )dx  J^ <f>'Hk){y)^q{l){y) dy^ c,

=  ICt B n C

where Bjv is a symmetric positive definite matrix with entries

(4.9)

Ib n ]fc, =  /  (x)4>'p(n (x) dx /  ŷ(Jb) (y)^,(i) (y) dy
Jo Jo

+ f  <̂ Hk){x )(f>p(i){x )dx f  <£'•(*) (y)<%(,)(y) dy, l < k J < N  
Jq Jo

and the subscripts of the one-dimensional basis functions depend on the subscript 

of the two dimensional basis function In the case of the ordering (4.8)

k =  n(j  — I) +  * and i(k) = k — \
k - 1

, 3{k) =
fc — I

n + I.
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H denotes the greatest integer function. Thus in the 2-D case the penalty term 

ll/llx in (4.1) yields, after discretization, the quadratic form

with Bn defined now in (4.9).

In the 2-D case we are presented with three equations (3.7)-(3.9) with left 

hand sides gx,gy,gz corresponding to the measurements of the components of 

the magnetic field. If we assume that the measurements are taken at the points 

Si,s2,. . . ,sm3 6  fl =  (0 ,1) x (0,1) such that

The norm ||g||y in (4.3) is replaced, as in I-D case, by the weighted discrete sum

If we call the right-hand sides of (3.7)-(3.9) K x, K y., K z respectively, then the

Wfx I l x  =CtBnC

then g will be represented by the M  = 3m2 dimensional vector g

S (fl̂  (^l ) j •••) 9a (̂ m 3 ) I fl1!/ ("®1)) •••) Sy (̂ m 3 )) (^l )) (sm 3 ))

=  {Qi i —i Qm ) G R m .

I M
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discretized version K m N : R n -> R m of the operator K  becomes

Z J L

K m n {c)

I ^ ( E c- A ) I K . )
J = I

[ ^ ( ^ c y ^ O K s i )
j= l

\K„ (5 2
3=1

j=i

JV

K ( E c- A ) I k . ) -  
V 3=1 y

Thus in the 2-D case, although details become more complicated, we still obtain 

a finite dimensional analogue of the problem (4.1) which is similar to (4.5) in the 

I-D case.

Globally Convergent M inim ization Algorithm

In order to minimize Ta defined in (4.6) a quasi-Newton method together 

with a trust region approach is applied. We move in a descent direction, which is 

determined by a quasi-Newton step unless the length of the step is greater than 

the size of the region in which we believe that the functional is well described
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by its quadratic model. In- that case the solution to a constrained minimization 

problem determines the step. Because the possibility of taking the unconstrained 

quasi-Newton step is checked first, the procedure retains fast local convergence.

We replace the objective functional Ta in (4.6) with its quadratic model (com­

pare Linearization of a Nonlinear Problem, Chapter 2)

= IdlJir(C)SH-Jr(C1)-Sii= + a ||s(cfc+s)r} .

Consider the iteration

Cfc +1 := Cfc + s ,

where Cfc is the current approximate minimizer of Ta and s is the minimizer of the 

current model m. Now the necessary condition for a minimum of m  becomes (see 

(2.47))

m'(s) =  K ' (cfc)T [K'(ck)a + K (cfc) -  g] + a R TR{ck +  s)

= K'{ck)T [K'{ck)s + K{ck) -  g] +  aB(cfc + s) = 0.

Therefore, solving for s,

(4.10) cfc+1 = c fc-  [K1 (cfc )T (cfc) +  aB]" 1 ( K '(cfc)T [K(ck) -  g] + aBck }.

The approach above is equivalent to the following quasi-Newton method [15]. 

A necessary condition for (4.6) to have minimum, the gradient equal to zero, is

(4.11) G{c) := K'{c)T [Jf(C) -  g] +  ccBc =  0,

The Hessian of the objective function is

H(c) := Jf"(c)r [Jf(c) — g] + K ' (c)T K 1 (c) + a B .(4.12)
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To solve the equation C?(c) =  0 by the Newton method we would consider the 

iteration

C* + 1 = c k -  H ( c k)~1 G(cfc), k  =  0 ,1,....

Due to expense in computing K " ( c ) ,  the Hessian is approximated by the symmetric 

positive definite matrix

(4.13) H ( c )  := K 1(C)t K i (C) + a B  

and the quasi-Newton iteration

(4.14) cfc+1 = c k -  H(Ck ) - 1 G(Ck ),  k =  0,1,... 

is equivalent to (4.10).

It should be noticed that the quasi-Newton step s =  - H -(Cfc)- 1Gr(Cfc) is in a 

descent direction of the model m. By a descent direction we mean a direction s 

such that

m(cfc + s )  < m(cfc). 

s is a descent direction if it satisfies

Sr Vm <0.

In our case we have

[ - F ( c i ) - 1G(ct )]T G(Ct ) =  -G (c t f  ( I (C t ) - 1^G (C t ) < 0,

since H ( c k ) symmetric and positive definite implies {H(cfc) - 1 }r  is positive definite 

as well.

The quasi-Newton method (4.14) will converge to the local minimizer c* of 

(4.6) provided H ( c * )  is positive definite and the initial guess C0 is sufficiently close
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to c*. Otherwise, the iteration may not converge or it may converge to a solution 

of G(c) = 0 which is not a local minimizer. To obtain convergence to a minimizer 

under much weaker conditions, a trust region approach [15] is used. Iteration (4.14) 

is replaced by

(4.15) ck+1 =  Ck + S fc 

where sk solves the constrained minimization problem

(4.16) min ^([[.K(Cfc) +  /T (cfc)s -  g||2 + a\\R{ch +  s)||2}
BGRn Z

subject to ||jRs || < 6fc,

and the trust region radius 8k is chosen to obtain sufficient decrease in Ta (c) at 

each iteration to guarantee convergence.

To solve the problem (4.16), we first diagonalize it using the Singular Value 

Decomposition (SVD). Consider first the change of variables s =  R s. Then the 

objective function in (4.16) becomes

l{ | |A S -b ||= + a ||c  +  i||3}

where A  := K f(Cfc) S " 1, b := g -  K(cfc), and c := Rck . Let A  have the following 

SVD:

A = UDVt , Umxm, Vnxn orthogonal,

and
r n  i f <%, if i = j  and i < n;
I m x n jtj I  o, otherwise,

where the <7,- are the singular values introduced in Definition 2.27, and consider the 

second change of variables

(4.17) s =  V r s.
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Since U is orthogonal, \\Ux\\ =  ||x|| and U~1 = Ut , and the same holds for V,  we 

obtain the diagonalized problem

(4.18) min ^{\\Ds -  b||2 +  a ||c  +  s||2}

subject to ||s ||2 < 62,

where c := V t Rck , b := Ut b ,  which is equivalent to (4.16).

The theory of constrained minimization allows us to find the unique solution 

to (4.18). If the norm of the minimizer of (4.18) is less than 6k then the constraint 

is not active (does not play a role). Otherwise, by the Kuhn-Tucker criterion [31], 

there exists a Lagrange multiplier n > 0  such that

Dt (Ds -  b) + a(c +  s) +  /is =  0 .

s is found in terms of (J,

(4.19) S(Ai) = {DTD + {cc + ( i ) !} -1 [Db - a c )

and substituted to the active constraint, ||s ||2 =  6£, yielding the equation for /z

(4.20) gfa) := ||s(/z)||2 -  ^  =  0.

Notice that the inverse operator in (4.19) always exists because <% +  /z > 0 . Clearly, 

if the constraint is not active then

S = R - 1VsiO)

solves the minimization problem (4.16), otherwise

s = s(fi) = R - 1Vsifi).
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The idea of the trust region approach can be described in the following way. 

Instead of minimizing the functional Ta in (4.6) the minimization of its model 

around the current point ck is considered. Depending on the geometry of the level 

curves of Ta , the model is adequate in a smaller or bigger neighborhood of cfc. This 

determines what length of the step ||s*.|| from c& to cfc+1 is acceptable to create a 

globally convergent procedure. We are then led to the following algorithm.

For A; =  1, 2,... do

1. Find the quasi-Newton step s(0)

2. If ||s(0)|| < 8k then go to 5, else

3. Approximately solve ||s(^)||2 — 62 = 0  for //.

4. Find s(/i) and compute s(/z) =  .R- 1Fs(^t).

5. Decide whether cfc+1 = C fc+  sfc (/w) is an acceptable new approximation.

If yes go to 7, else

6 . Decrease the trust region radius 8k, go to 3

7. If the stopping criteria are satisfied, then END, else

8. Find 5fc+1, i.e., retain, increase or reduce 8k , go to I

To do step 3, i.e., to solve (4.20) approximately we used the so called “hook” 

method described in [15,p 134], which requires g{n) and its derivative g'(f^). In 

terms of the singular values <7< and the components of b and c,

so both g(n) and g'(fi) can be obtained easily.

The condition for accepting the new iterate cfc + 1 in step 5 and the method of 

reducing the new trust region radius 8k in step 6 are described in [15,p 144]. The

(4.21)



basic idea is to obtain sufficient decrease in the objective function Ta , Le., so that 

(4-22) Ta (ck + s) < Ta (cfc ) + eVTa (cfc)r s

where e is a small positive parameter and VTa (cfc)Ts < 0 since s is in a descent 

direction. We used e =  10 4, so that the condition (4.22) was hardly more stringent 

than Ta (cfc + s) < Ta (cfc). If the condition (4.22) is riot satisfied, we reduce the 

trust region radius by a factor between and j  in step 6 and return to step 3 . 

The reduction factor is determined by finding the minimum of the quadratic model 

that fits Ta (cfc), Ta (cfc + 1) and the directional derivative VTa (cfc)Ts. We then let 

the new trust radius 5fc+1 extend to the minimizer of this model.

If the condition (4.22) is satisfied, and the last step was not a quasi-Newton ■ 

step, we still compare the actual reduction in the objective function with the pre­

dicted one. Good agreement probably means that the current 8k is an underesti­

mate of the radius in which our model adequately describes the objective function. 

So rather then move directly to cfc+1, we save it, double the 6k and find the new 

step using the current model. If the new step does not satisfy the condition (4 .22) 

we drop back to the old cfc+1 but otherwise we consider doubling 6k again. This 

may save a significant number of gradient computations.

In step 8 of the algorithm we update 8k allowing three possibilities: doubling, 

halving, or retaining the current value. If the quadratic model predicts the actual 

objective function reduction sufficiently well, we take 5fc+1 =  28k . If the model 

greatly overestimates the decrease in Ta , we take 8k+1 =. <5fc/2. Otherwise 8k+1 = 

8k . This approach allows us to increase the size of the step whenever it is possible, 

thereby decreasing the number of iterations needed to minimize Ta .

The GCV functional in (2.59), used to estimate the optimal regularization

44
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parameter a, is computed using

(4.23) V{a) = ) - g |
f m — n I V • g___ | g 5
I m I, <7® + ma J

where Ca minimizes the objective function (4 .6).

The approach presented in this thesis is numerically stable, quite efficient, and 

it allows easy computation of the GCV functional V (a). The singular values a, can 

also be used to obtain (linearized) stability estimates. They are used in the next 

section to quantify the “degree of ill-posedness” of the magnetic relief problem.
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CH APTER 5

NUM ERICAL RESULTS 

FOR M AGNETIC RELIEF PROBLEM

The numerical results for the I-D and the 2-D magnetic relief problems de­

scribed in Chapter 3 are presented. The computations for the I-D problem were 

performed on a Zenith (IBM-compatible) PC. The 2-D problem is conceptually 

quite similar to the I-D problem but computationally much more difficult due to 

two dimensional integration and the greater number -of basis functions required to 

represent the solution. The 2-D computations were performed on the CRAY X-MP 

supercomputer located at the San Diego Supercomputer Center.

For computational purposes the domain of the operator K in (2.40) was taken 

to be D =  (0 ,1) in I-D case and D =  (0, 1) x (0 , 1) in 2-D case, and the magneti­

zation vector was M  = [Mx,M y,M z}T =  [ I , I , l]T.

Linearized Stability Analysis

From physical arguments, one might expect quite accurate numerical solutions 

for small characteristic depth h, and more difficulty in recovering the shape of the 

relief function for increasing h. Numerically this corresponds to solving a system 

for which ill-conditioning increases as the depth h increases. Since

(5.1) K { f  + A /)  & K ( f )  + IT (Z )A /

the derivative operator FC (/) was analyzed.
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In the I-D case, the derivative operator K '( f )  : X  -+ Y  is defined by

™ m  =  2 / 0 ( T ^ f

- h  -  f (x)

+2  f
Jo IIs

+ (h + / (x ))2 

- Q s -  x)2 + (/i + / ) 2

MxU1 (x)dx 

u(x)dx.
x )2 + [h + f ix ) )2}*

The derivative is expressed as the sum of two linear integral operators. Given 

u 6  H 1(U)1 the first is applied to u'(x) while the second is applied to u(x). Figure

3 shows plots of minus one-half the kernel of the first term of K ' ( f )  for depth 

h = 0.1 and 0.2 (solid and dotted line respectively) at fixed s and at /  =  0 . Figure

4 corresponds to minus one half the kernel of the second term of K' ( f ) .  One sees 

from these two plots that the kernels become more “flat” and less “delta-like” as 

the depth h increases.

x — axis

F igu re 3. Derivative Kernel for h = 0.1 and h =  0.2.
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x — axis

Figure  4. Derivative Kernel for h = 0.1 and h — 0 .2.

A quantitative description of how increasing depth reduces the resolution is 

given in Figures 5. It shows singular values in order of decreasing magnitude for 

both h =  0.1 (stars) and h — 0.2 (circles) for the first term of K'{f) .  Singular 

values appear to decay exponentially (note logarithmic scale), i.e., the ith singular 

value Oi appears to be

a, «  c exp(—»'/?), i = 1, 2..., c > 0 , /? > 0 .

As the depth h increases, the constant (3 increases. Thus the singular values decay
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more rapidly in case of greater characteristic depth h. This causes the unregularized 

linear operator K '[ f )  on the right hand side of (5.1) to possess a larger condition 

number.

IO9 

10°

IO3 

10°

IO-3 

IO ' 6 

10-9
o 5 10 15 20 25 30 35 40 45 50

Index i

Figure  5. Singular Values of the Derivative

Tikhonov Regularization filters out the components of solution related to small 

singular values. Therefore it comes as no surprise that the amount of detail the 

numerical solution may possess decreases with increasing h. A similar analysis was 

done for the 2-D case. Since the results are analogous to the I-D case the graphs 

are not presented here.
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Com putational Results

To obtain approximate solution to (3.9) and (3.12) using the implementation 

of Tikhonov Regularization described in Chapter 4 we generated synthetic data

Qi = K ( J ) ( S i ).

The true magnetic relief function was taken to be linear combination of Gaussians. 

In I-D case

f (x)  =  ai e x p ( - d 1(x -  X1)2) +  O2 e x p ( - d 2(x -  x2)2).

The parameters O1 =  0.05, a2 = 0.025 control the magnitude of the solution, 

di =  60, d2 — 40 determine the rate of decay of the Gaussians, and X1 = 0.33 , 

x2 = 0.66 specify the location of the peaks. We generated m =  50 data points 

9i — ^(^»); 5t =  ml  j  j i = 0 ,1 ,...,m — I. To the data we added a pseudo­

random error vector e ~  AT(0,a2/) , i.e., the components e< of the error vector are 

independent, identically distributed Gaussian random variables which satisfy

£ ( , > = 0  * ( * « , ) - { £ • ,  s < m .

E(-) denotes mathematical expectation. The standard deviation a was picked so

that
\ /E

I M I
0 .01.

We used n =  20 piecewise cubic spline (B-spline) basis functions each 

satisfying the boundary conditions <£,(0) =  ^  (I) =  0 to approximate the true 

solution. The resulting finite dimensional minimization problem (4,6) was solved 

for a decreasing sequence of regularization parameters a -  10~p,p =  0 , 1, . . . ,5 .
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The approximations obtained for h = 0.1 are shown in Figure 6 , and for h = 0.2 in 

Figure 7. In both pictures the + ’s represent the true solution, the o’s represent the 

regularized solution for a  = 1.0, the solid curve represents the regularized solution 

for a = 0 .1, and the dotted curve represents the regularized solution for a = 10” 5. 

These results show that on one hand the numerical solution improves, as it should, 

for decreasing values of the regularization parameter a  but on the other hand too 

small values give rise to the oscillations in the solution for the error contaminated 

data. This behavior is more strongly demonstrated for bigger depth h.

- 0.01

x — axis

F igu re 6. Approximate Solutions for h — 0.1.
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,VO O O O „  0

+  +  +  T :

- 0.02

-OOd

I  — O IT S

Figure  7. Approximate Solutions for h = 0.2.

Figure 8 shows the norm of the true error ||ea || = | |/a -  / | |  (indicated by o’s) 

and the GCV functional (indicated by stars) as functions of a. The true error 

increases sharply as a  becomes very small. On the other hand, the GCV stays 

very flat.
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JL_JLJU_l I L
I  I  I M

ct — axis

Figure  8 . ||e(a)|| and F (a) vs a  (1-D case).

In the 2-D case the true magnetic relief function was taken to be 

f { x , y )  =  O 1 exp(—di (z -  I 1 ) 2 -  C1 ( y  -  t / , ) 2 ) +  

o2 e x p ( - d 2(x -  X2)2 — e2 (y — y2)2),

with parameters O 1 =  0.05, o2 = 0.03, d, =  d2 = C1 =  e2 =  60,Z 1 =  y ,  =  0.4, 

x2 = y2 = 0.6. The error was chosen as in the I-D case. We took basis functions 

to be tensor products of cubic splines. A total of 100 = IO2 basis functions and
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225 =  152 data points were used. The results for the depth h =  0 .2, the decreasing 

values of the regularization parameter a  =  10 ? ,p =  0 , 1,...,4  and true solution 

are shown in Figure 9. As in the I-D case too small values of the regularization 

parameter a  cause the numerical solution to oscillate.

h = 0.2

a  =  1.0 a  =  0.1

a  —  0.01 a  =  0.001

F igu re 9. Approximate Solutions.
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The solutions on the diagonal x =  y are shown in Figure 10. The + ’s represent 

the true solution, the dotted curve corresponds to the regularized solution with 

a  = IO-4 , and the solid line represents the regularized numerical solution, which 

is the best in the sense of the H 1 norm.

Figure 11 shows the norm of the true error ||ea || =  ||/„ -  f\\ (indicated by o’s) 

and the GCV functional V (a) (indicated by stars) as functions of a. Note that the 

true error at first decreases with decreasing a , but then increases noticeably as a 

becomes small. V[a) follows this behavior somewhat, but it stays flat for small a 

and has no well-defined minimizer.

0 .0 6

- 0.01

x=y

F igu re 10. Approximate Solutions on Diagonal x = y.
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oc — axis

Figure  11. ||e(a)|| and V (a) vs a  (2-D case).



57

REFERENCES CITED

1. Koch, I. and Tarlowski, C. “The Magnetic Relief Problem ”, The 1986 Work­
shop on Inverse Problems., R.S. Anderssen and G.N. Newsam, Eds., Centre 
for Mathematical Analysis, Australian National University, Canberra ACT 
2601.

2. Kristensson, G. and Vogel, C.R. “Inverse Problems for Acoustic Waves Using 
the Penalised Likelihood Method” , Inverse Problems 2 (1986) pp. 461-479.

3. Tikhonov, A.N. and Arsenin, V.N. Solutions of Ill-Posed Problems, John 
Wiley, New York, 1977.

4. Morozov, V.A Methods for Solving Incorrectly Posed Problems, Springer Ver- 
. lag, New York, 1984.

5. Groetsch, C.W. The Theory of Tikhonov Regularization for Fredholm Equa­
tions of the First Kind, Pitman Boston, 1984.

6. Vogel, C.R. “Optimal Choice of a Truncation Level for the Truncated SVD 
Solution of Linear First Kind Integral Equations when Data are Noisy” , SIAM  
J. Numer. Anal. 23 (1986) pp. 109-117.

7. Baker, L., Fox, D.F., Meyer, D.F. and Wright, K. “Numerical Solution of 
Fredholm Integral Equations of the First Kind” , Comput.. J. 7 (1964) pp. 
141-148.

8. Hanson, R.J. “A Numerical Method for Fredholm Integral Equations of the 
First Kind Using Singular Values” , SIAM J. Numer. Anal. 8 (1971) pp. 
616-622.

9. Lee, J.W. and Prenter, P.M. “An Analysis of the Numerical Solution of 
Fredholm Integral Equations of the First Kind” , Numer. Math. 30 (1978) pp. 
1-23.

10. Fridman, V. “Method of Successive Approximations for Fredholm Integral 
Equations of the First Kind”, Uspehi Mat. Nauk 11 (1956) pp. 233-234.



58

11. Landweber, L. “An Iteration Formula for Fredholm Integral Equations of 
the First Kind”, Amer. J. Math. 73 (1951) pp. 615-624.

12. O’Sullivan, F. and Wahba, G. “A Cross Validated Bayesian Retrieval Al­
gorithm for Nonlinear Remote Sensing Experiments” , J. Comput. Phys. 59 
(1985) pp. 441- 455.

13. Wahba, G. “Practical Approximate Solutions to Linear Operator Equations 
when the Data are Noisy” , SIAM  J. Numer. Anal. 14 (1977) pp. 651-667.

14. Locker, J. and Prenter, P.M. “Regularization with Differential Operators. I. 
General Theory” , J. Math. Anal, and Appl. 74 ( 1980) pp. 504-529.

15. Dennis, J.E. and Schnabel, R.B. Numerical Methods for Unconstrained Op­
timization and Nonlinear Equations, Prentice Hall, New Jersey, 1983.

16. Kreyszig, E. Introductory Functional Analysis with Applications, Wiley, New 
York, 1978.

17. Groetsch, C.W. Elements of Applicable Functional Analysis, Dekker, New 
Y ork,1980.

18. Yosida, K. Functional Analysis, Springer Verlag, New York, 1971.

19. Dieudonne, J.A. Foundations of Modern Analysis, Academic Press, New 
York, 1969.

20. Bowman, J.D. and Aladjem, F. “Method for the Determination of Hetero­
geneity of Antibodies” , J. Theoret. Biol. 4 (1963) pp. 242-259.

21. Glasko, V.B., Gushchin, G.V. and Starostenko, V.I. “Tikhonov Regulariza­
tion Applied to the Solution of Nonlinear Systems of Equations” , USSR Comp. 
Math. Phys. 16 (1973) pp. 1-10.

22. Cullum, J. “Numerical Differentiation and Regularization” , SIAM  J. Numer. 
Anal. 8 (1971) pp. 254-265.

23. Gordonova, V.I. and Morozov, V.A. “Numerical Parameter Selection Algo­
rithms in the Regularization Method” , Z. Vycisl. Mat. i Mat. Fiz. 13 (1973) 
pp. 539-545.



59

24. Strand, O.N. and Westwater, E.R. “Statistical Estimation of the Numerical 
Solution of a Fredholm Equation of the First Kind”, J. Assoc. Comp. Mach. 
15 (1968) pp. 100-114.

25. Adams, R.A. Sobolev Spaces, Academic Press, New York, 1975.

26. Axelsson, O. and Barker, V.A. Finite Element Solution of Boundary Value 
Problems, Academic Press, New York, 1984.

27. Taylor, A.E. and Lay, D.C. Introduction to Functional Analysis, second edi­
tion, Wiley, New York, 1980.

28. Halmos, P.R. A Hilbert Space Problem Book, Van Nostrand, New Jersey, 
1967.

29. O’Sullivan, F. “A Statistical Perspective on Ill-Posed Linear Problems”, Sta­
tistical Science I (1986) pp. 502-527.

30. De Boor, C. A Practical Guide to Splines, Springer Verlag, New York, 1978.

31. Gill, RE., Murray, W. and Wright, M.H. Practical Optimization, Academic 
Press, New York, 1981.



MONTANA STATE UNIVERSITY LIBRARIES

I l l l l l l l l l l l l l l l lI I I I I I i
3 762 10047794 O


