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ABSTRACT

A numerical method for nonlinear Fredholm first kind integral equations is
presented. These equations are ill-posed, i.e., small perturbations in the data may
give rise to large perturbations in the solution. To obtain stable, accurate solutions,
the method of Tikhonov Regularization is used. We develop a quasi-Newton/trust
region algorithm to solve the unconstrained minimization problem which arises
when regularization is used. This algorithm is applied to an ill-posed inverse prob-
lem arising in geophysics. We present results of a numerical study of the effects
of discretization, error in the data, choice of the regularization parameter, and
parameters in the physical model on the stability and accuracy of the approximate

solutions.




CHAPTER 1
INTRODUCTION -

In this thesis we consider the numerical solution of a nonlinear ill-posed Hilbert

space operator equation

(1.1) K(f)=g
which arises in geqphysics. One wants to determine the shape of the boundary
between the magnetized rock and unmagnetizéd sediments which cover it, from
the air-borne measurements of the magnetic field [1]. The mathematical model de-
scribing this problem consists of a system of nonlinear Fredholm integral equations
of the first kind. Similar problems are frequently encountered in other applications.
Examples include geophysics (1], [21], inverse scattering {2], remote sensir_llg of the
atmosphere [12], [29] and biology {20] to mention only a few.

The ill-posedness of the problem means that small perturbations in the data
g on the right hand side of (1.1) may cause big changes in the solution f. This is
manifested in the frequently observed fact that simple discretization or collocétion
methods do not give satisfactory approximate solutions to (1.1). Any consistent
discretization of the system will be ill-conditioned and, as n. — 00, any nofm
of the approximate solution typically becomeé unbounded. This phenomenon is
especially pronounced when the data g is error cont;,minated. Thus to numeric.ally
solve problem (1.1) special methods are réquired. They are called regularization
methods. In this thesis, we apply the Tikhonov regularization method (3], [4], [5]

to the problem (1.1).
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In the Tikhonov regularization method the problem (1.1) is replaced by the

minimization problem

(1.2) min{[| K(f) — g|* + I (1)},

where « is a positive, parameter called the regularization or smoothing parameter,
and J is a penalty functional.- Different penalty functionals can be used [4], [14].

In this thesis the penalty term is

J(H) =117

where || - || is an appropriate Hilbert space norm.

Tikhonov regularization is probably the most popular regularization method
currently used for nonlinear ill-poséd problems. Other regularization methods
which are frequently discussed in the literature include the method of quasi-
solutions [3], [4], and, for linear problems, the truncated singular value decom-
position method, which is often called the method of spectral cut-off [6], 7], (8],
[9], and the Landweber-Fridman iterative method {10], {11], [5].

An important and difficult practical problem is the choice of the regularization
parameter a. If « is too la;'ge the approximate sol.ution does not correspond to
. the data g; if & is too small, the norm of the approximate solutioﬁ will be unduly
large. There are a number of studies concerﬁed with the choice of the parameter
a [22], [23], [24]. In this thesis we use the Generalized Cross Validation (GCV)
method [13] to choose a.

To numerically solve the regularized problem (1.2) we first discretize it. A
quasi-Newton iterative method with the trust region ‘approagh [15] is then used.
In this way global convergence is achieved, and the fast convergence of the quasi-

Newton method is retained close to the solution. At each iteration the resulting
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system of equations is diagonalized using the Singular Value Decomposition. This
ensures numerical stability, allows easy computation of the GCV estimate for the
optinia.l value of the regularization parameter, and gives a characterization of the
degree of ill-posedness of the problem.

The thesis is organized as follows: Chapter 2 contains some background the-
ory for compact operatqrs, and in particular, integral operators of the first kind.
Necessary ideas such as weak compactness, weak ‘gontinuity, ill-posedness, and reg-
ularization are reviewed. Chapter 3 describes in detail the gedi)hysical inverse
problem considered in the thesis. A deriva.tign of the system of nonlineér integral
equations of the first kind for this problem is given. Then a stable and efficient
numerical method for solving the regularized problem is presented in Chapter 4.
Chapter 5 gives a linearized stability analysis for the geophysical inverse prob-
lem and numerical results. Both a simplified oné—dimensional (1-D) version of the

problem and the more complicated two-dimensional (2-D) case are presented.




CHAPTER 2

THEORETICAL BACKGROUND

Hilbert Spaces

Let X be a Hilbert space with inner product denoted by
(u,v), u,v€X,

and induced norm
lull| = V(uv,u), ueEX.

Example 2.1: We introduce important Hilbert spaces used in this thesis
(i) L?(Q) is the set of all equivalence classes of functions f : @ — R, 1 C R",

such that / f?(z) dz exists and is finite. Th_e- inner product is defined as -
0

(f,9) = /n f(2)g(z) do.

(ii) The Sobolev space H* (£2) (see [25], [26]) is the set of all functions f : (2 —

R such that 2L € L*(0), i =1,2,...,n. The standard inner product is defined as

(2.2) (= fedes / Vi Vgds.

An inner product yielding a norm equivalent to the norm induced by (2.2) is

<f,g>=/zm fgd-f+-/(]'vff$7gdm.
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The subspace of functions from H* () vanishing on the boundary will be denoted

by H}(f2). On this subspace we will use the inner product

(2.3) (f,g)=/an-ng:v.

3

Definition 2.4: If A: X - Y, where X, Y are Hilbert spaces, is a bounded

linear operator, then A* : Y — X is called the adjoint operator of A if for all 2 6 X

andy€eY,
(Az,y) = (z, A" y).
Weak Convergence and Weak Continuity
Definition 2.5: The set of all continuous linear functionals on X , that is, the

set of all z* : X — R such that z* is linear and continuous, is called the dual of X

and is denoted by X*.
In a Hilbert space X, the dual space X* is isometrically isomorphic to X.
Definition 2.6:  We say that a sequence {z,} C X converges to if
YVe>0 AN Vn> N |z, —z| <e

This convergence is also called norm, or strong, convergence, and is denoted by

z, — .

Definition 2.7: We say that a sequence {z,} C X converges weakly to z and
write z,, — z if .

V* € X*  z*(z,) — =" (z).
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In case of dimX < oo, weak convergence coincides with (strong or norm)

convergence. However in an infinite dimensional vector space a sequence may

converge weakly but fail to converge.

Example 2.8: Consider any orthonormal sequence {e,} C X, where X is a

Hilbert space. We show that e, — 0 but does not converge strongly. We have
Vz € X Z Iz, e;)[* < ||z|? (Bessel’s inequality)
‘ i=1 - :
so lim (z,e;) = 0 is a necessary condition for convergence of the series. From the
J— oo i .
Riesz Theorem [16], z*(e,;) = (e;, ) so Vz* € X* z*(e;) = {e;,z) — 0 = z*(0).

On the other hand {e, } is not a Cauchy seqﬁence because
Vn,m ”en ~€m ”2 = (en —€my€p — em) = ”en”2 + ”em ”2 = 2.

Thus the sequence is not convergent.

!

Definition 2.9: F: X — Y is weakly continuous if

Ve, =z F(z,) — F(z).
Example 2.10: Let X = H;(),Y = L*(Q), 2= (0,1), K: X — Y, and
where k£ : (1 X 2 X R — R has a continuous partial derivative with respect to the

third argument. Then K is a weakly continuous operator.

Proof:  Let z, — z. We need to show that K(z,) — K(z) in L? norm. For




every s € {1, we have

K e))e) = K@IE < [ 6,70 () Ko, a(0)
= [ 12t e @l @)~ 20

< [ fant) - ott)]

< C sup |z,(t) —z(t)].
tef0,1] .

‘However, weak convergence in H} (1) implies uniform convergence. Therefore we
see that K(z,) converges uniformly to K(z). Since the uniform norm is stronger

than the L? norm the proof is complete.

Compactness, Weak Compactness and Compact Operators

Definition 2.11: Let X be a normed space. A set M C X is called compact if
every sequence {z,} C M has a subsequence converging to an element z € M. A

set M is called relatively compact if its closure M is compact.

Definition 2.12: Let X be a normed space. A set M C X is called weakly
compact if every sequence {z, } C M has a subsequence weakly converging to an
element £ € M. A set M is called weakly relatively compact if its closure M is

weakly compact.

Theorem 2.13: Let X be a Hilbert space. Then M is bounded if and only if
M is weakly relatively compact.

Proof: See [18].
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Definition 2.14: Let X and Y be Hilbert spaces. An operator A : X — Y is
called a compact operator if A is continuous, and for every bounded subset M of

X, the image A(M) is relatively compact..- .~ . .. -

Theorem 2.15: If K is a weakly continuous operator, then K is compact.
Proof: Let {z,} C X be bounded. We need to show that {K(z,)} has a
convergent subsequence. By Theorem 2.13 every bounded sequence possesses a

weakly convergent subsequence. Let us denote it by {z., }:
dz, € X Tp; — To.

Since K is weakly continuous, K(z,,) — K(z,). Also, if K is weakly continuous, it

is continuous because taking z, — z we obtain z, — z and hence K(z,) — K(z).

Example 2.16: We give the following examples of linear and nonlinear compact

integral operators

(i) Let K : X — Y where X = L?(2), Y = L*(02), 2 = (0,1), and define

(K2)() = /0 (s, t)a(t) de

where k is any square integrable function, that is, k2 is integrable over Q x . Then

K is a linear compact operator. For a proof see [27].

(if) Let K : X — Y where X = H*(Q),Y = L*(), K : X — Y, and define
KE@)(E) = [ klostua(e) d,
0

ok
where 32 is continuous. By Example 2.10 and Theorem 2.15 K is a compact

operator,

~
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Frechet Derivative

Definition 2.17: Let' A : X — Y be an arbitrary operator, and let X and ¥
be Banach spaces. We say that A is differentiable at z, if there exists a continuous

linear mapping A’'(z;) : X — Y such that
A(.’Eo + h) — A(xo) = A’ (xo)h + T(h)

where lim ” ( )”
n—o [[B]

point z,.

= 0. A'(z) is called a strong or Frechet derivative of A at the

The derivative of a continuous linear operator as well as the derivative of the
Hilbert space norm will be used frequently in the sequel. We derive them in the

foilowing examples.

Example 2.18: Let A: X — Y be a linear bounded operator. Then
Az, + h) — Az, = Ah.

Therefore (k) = 0 and A'(z,) = A.

Example 2.19:  Let T : X — R where X is a Hilbert space and T'(z) := ||z||*.
We have “

1o + AII* —llzo|I* = llooll* + 2(zo, b} + [IR]* — llzoI* = 2(z, ) + [|A]*.

Therefore r(h) = ||h||*> and lim I H(h”)” 0. We get T'(z¢)h = (2z9,h), so
h—0 .

T’ (zo) == 2.'270.
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Compact Self-Adjoint Linear Operators

Definition 2.20: ~Let B : X — X be a bounded linear operator on a Hilbert

space X. B is called a self-adjoint operator if B* = B.

Theorem 2.21 (Spectral Theorem for Compact Self-Adjoint Linear Operators):
Let B : X — X be a self-adjoint compact linear operator. Then |
Bz = Z Az, v; )y,
i€l .
where the Als are eiéenvalues of B, the v}s are corresponding orthonormal ‘eigenA-
vectors, and I is an index set for the eigenvalues. Since B is compact, I is a
countable set (possibly finite). If I is infinite, O is a limit point of the spectfum of

B. Each J; is répeated in the sum according to its multiplicity.

Proof: See [17].
We denote by o(B) the spectrum of a linear operator B.

Theorem 2.22: If B is a compact linear self-adjoint operator and f : o(B) — R
is continuous, then o(f(B)) = f(o(B)).
Proof:  See [18].

Example 2.23: Given a compact linear self-adjoint operator B : X — X and
its spectrum U(B), we can find the spectrum of the 6perator B + ol by apply&ng
Theorem 2.22. We have ' .. |

o(B + al) = o(B) + a.
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Singular Value Decomposition

Let A : X — Y (X, Y Hilbert spaces) be a compact linear operator. We

denote by v; the orthonormal eig'envectors: of A*A
A" Av; = Ajv;.
All eigenvalues A; are nonnegative because -
(2.24) A = }\Ji(vj,vj) = (A" Apj,v_,~) = (Av;, Av;) > 0.
Therefore one can introduce the singular values o; of the operator A: For A; > 0,
(2.25) : ' o; = \/5‘; .

1
Now define u; := — Av;. One can show easily that
; :

AA*'U'J':)‘juja . (uj"uk>=5'k’

)

— * —
Av; = ojuy, and A u; = 0,v;.

The triple {u;;0;;v;} is called a singular system fqr A.

To discuss the repre_sentation of A m terms of singular values we need to
introduce the following: 4
Definition 2.26: Let A: X — Y. The image of X under A (range of A) will
be denoted by R(A). In other 'words- | | |

R(4) ={yeY: IJreX Alz)=y}.
Also the kernel (null space) of A is the inverse image of 0 € Y under 4, that is,

N(A):={z€ X: A(z)=0}.
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It can be shown using the Spectral Theorem 2.21 that the set {u;} is a complete
orthonormal set for R(A) and the set {v;} is a complete orthonormal set for the
orthogonal complement of N(A), denoted by N (A)*. Using this we'éan represent
any £ € X as £ = &, + 1, where z, € N(A4),z, € N(A)* and

I, = Z(xlavi>vi = Z(z,viﬁe-
i€l C ier |

The last equality follows from the fact that.z, € N(A) and hence it is orthogonal

to all v;. We now get a representation for Az: _

Az = A(E(-’Q, vi)?ﬁ ‘.i'xo)

el

= Z(:z:, v; ) Av;

i€l

= Zoi (z,v;)u,.

i€l

Definition 2.27 (Singular Value Decomposition of a Matrix): If dimX =n
and dimY = m then the singular system of A cons‘isti‘ng of the vectorsl u,-,.v_i and
singular values o; may be described in the foliowing way. Vectors v; can be treatgd
as n columns of an n x n matrix V. Vectors u,-l make up an m X m Iﬁafrix U.
Both matrices are orthogonal. The singularuvalues o; lie on the main diagonal of
an m X n matrix D, which in the case of m2n means

_Joi, fe=75<m;
(2.28) [Dls; = {0, . otherwise.

Then the matrix representing the operator A ha_é the singular value decomposition

(SVD):

(2.29) A=UDV?.

A \/V
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Moore-Penrose Generalized Inverse

Definition 2.30: Let A: X — Y (X, Y Hilbert spaces) be a bounded linear
operator. We say that f is a least squares solution of the equation Az =g if Af is

a best approximation to g from R(A), that is,

Vee X [Af gl <|Az - g].

Theorem 2.31:  Let P be the orthogonal projection of ¥ onto R(A). Then the
following conditions are equivalent: o |
(i) f is a least squares solution to Az = ¢
(i) Af = Pg Y
(ili) A*Af = A*g.
Proof:  See [17].

A least squares solution does not always exist. We see from Theorem 2.31
that a necessary and sufficient condition for it to exist is Pg € R(A). Hence we

define the following set

W= {gEY: Pg e R(A)}.

Theorem 2.32: W = R(4) ® R(4)*.
Proof:  See [17].

Definition 2.33: The Moore-Penrose genéralized inverse of A, denoted by At,

is the operatof with the domain D(A').= R(A) & R(A)* which assigns to each |

g € W the minimum norm least squares solu_.tion to the equation Az =g. |
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By Theorem 2.32 the domain of At is well-defined. Also since the set of all least -

squares solutions is convex and closed, it possesses a unique element of minimum
norm, so the generalized inverse is well-defined. g

The next theorem gives an gxplicit représehtatjon of the Moore-Penrose gen-

eralized inverse of a compact operator.

Theorem 2.34; Let A: X — Y be a compact linear operator. If g € D(AT),
thén | |

Atg=y @),
ier ¢

Proof:  See [5].

T1l-Posedness

Definition 2.35: Let X and Y be Hilbert spaces and consider 4 : X — Y.

The problem
(2.36) A(f) =g

is well-posed provided that 4
(i) for any g € Y, there exists a solution f € X such that A(f) = g;
(ii) the solution f is unique; S A
(iii) the solution f depends continuously on the da;ta g, i.e., supf)ose f solves

A(f) = g and f solves A(f) =g, then
|f—f|l =0 whenever |g—g|| —O.

Problem (2.36) is called ill-posed if it is not well-posed.
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We discuss the ill-posedness of the problem Az = g, where A’is a compact
linear operator with infinite dimensional range.
If A is a compact linear operator, A* 4 is also compact. If the index set Iis
an 1nﬁn1te subset of the pos1t1ve integers, by Theorem 2.21 lim ), = 0 Thls also

J—+ oo

means that

(2.37) ' ' lim o; = 0.
. J— 00
Theorem 2.38: Let A: X >Y bea compact linear operator. Al is bounded

if and only if R(A) is closed.
Proof:  See [17].

Theorem 2.39: Let A: X — Y bea compact ‘1inear operator. A'! is bounded
if and only if dimR(A) < co. - -
Proof:  If dimR(A) < oo, then R(A) is closed since 1t is a finite dlmenslonal.
vector subspace. From Theorem 2.38 A is bounded } |

Now assume A' is bounded. Obviously AAt =T l;z(A)‘ If A" is bounded and

A is compact, then AA" is compact. However by the Riesz Lemma [16] an identity

operator is compact if and 'onlfr if its domain is finite dimensional.

Theorem 2.39 shows that the equation Az = g where A is linear and comi)act '
is ill-posed except in trivial cases. The analysis of the general nonlinea.r case is
more comphcated A d1scussxon of the 1ll-posedness of the system of nonlmear

integral equations solved in the thes1s is presented in the next chapter.




16

Tikhonov Regularization

‘The compact operator equé,tiqn
(2.40) | K(f)=g

is, except in trivial cases, an ill-posed problem. Therefore its solutxon cannot
be obtained directly. A procedure called T1khonov regulanzatlon is apphed It
consists of solving the followmg problem:

Find a minimum of the functional
(2.41) T.(f) = K () ~ ol +ed(f), feX.

J is a nonnegative functional on X, called a penalty functional. The scalar « is
a positive parameter called the regularization parameter. A solutlon fo to this
minimization problem is called a regularized solution of the operator equation

(2.40).
Example 2.42:  Consider X = H} (1) introduced in Example 2.1 (ii) and
) =S = [ V5-9ds
a .

This will be the penalty functional actually used in the thesis.
The following two theorems characterize regularized solutions, showing that
under certain assumptions they exist. Moreover, an @ppropiiate se&uence of regu-

larized solutions converges to the solution of the problem (2.40).

Theorem 2.43: If K is weakly continuous, J(f) is coercive, i.e.,

lim J(f)

s 1= o0
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and weakly lower semicontinuous (for definition and properties see [28]), then there

exists an element f,, minimizing the functional (2.41). If J (f) is defined as in

Example 2.42, thgn fa. satisfies
VI.(f) = K'(f)" (K(f) — 9) + of =0.

Proof: T. > 0 so T, (X) is bounded below by zero and therefore " inf T, (f)
: - fex
exists. Denote m = fin£ T.(f). From the definition of infimum and coercivity of
€ X . .

J there exists § > 0 and a-sequence f, € X such that

k — oo’

lim T,(fi) =m . and  |fi] <B.

Since f, is bounded we can select a weakly convergent subsequence, i.e.,

dk; 3f - fr, — f.
Using the property that the norm in a Hilbert space is weakly lower semicontinuous
[28] as well as the assumption that K is weakly continuous and J is weakly lower
semicontinuous we have that T, is weakly lower semicontinuous. Therefore

m = liminf T, (fi,) > T. (f) > m

j— o0

so f is a minimizer for (2.41). -

Theorem 2.44: Let g, — g as n — oo and assume that K(f) = g has the
unique solution f, where K is weakly continuous. If @ = a(n) = @, is chosen so-

that

1&() =gl

nl_l});lo a(n) =0  and R—

then for f, minimizing the functional (2.41) with J(f) defined as in Example 2.42

we have f, — f.
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Proof: First we show that f, — f. Denote T, (n) by T,.. Since

”fn”2 _ Tn(fn) — ”K(fn) ’"gn”2 < T,,(fn) < Tn(f) )

@, a, ay,

KD —-gl® .-
KD =0l |y,

n

{f.} is bounded. Thus {f,} has a weaklyy convergent subsequence, ie.,
dn; 3feX fnj—tf '_a.s J — oo.
But |
1K (£2) = all” STu(fa) STuld) = IK() = 0ul + e IFI7 — 0
as n — oo, sincea, - 0andg, —§= K(f)-, apd h(-::nce,

IK(f.) = all < 1K(fa) = gl + 9w — all = O.

Thus

”K(fn,) —$7|| -0 é,S ]' — 00.

Now, since f,, — f we have K(fa,;) = K(f) because K is weakly continuous. We

also showed that K(f, ) — g. Therefore K(f) = g and from uniqueness of the

solution we get f = f. Thus fa, = f. By the same argument, we can show that

any weakly convergent subsequence of {f, }:com}erges weakly to f. Since {f,} is

bounded, f, — f.

Since X is a Hilbert space, the weak convergence together with convergence

of {||f. |} implies strong convergence [19]. To get convergence of {||f, ||}, consider

the inequality

K() =gl | 510
e < U 20l e,

n
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which yields

limin |5, | < timsup 17, | < 171,

n-= 0o

since

1K (f) — g

semicontinuous (28] and f, — f we have ||f|| < iminf||f.||. Thus ||f.| — ||| as

— 0. Also since the norm in'a Hilbert space is weakly lower

n — oo and, consequently, f, — f.

Tikhonov Regularization in the Linear Case

Let us consider now Tikhonov regularization for K f = g where K is a compact
linear operator. In (2.40) we take J(f) = || fII>. This means that we look for a

minimizer of the functional
(245) T.(f) = |Kf - g|” + alfI?, FeX.
From the Examples 2;18 'and 2.19 we know thaf T, is diﬁgpentiqble and
(2.46) T (f)h =2(Kf —g, Kh) + 2a(f,h) = 2(K’f (Kf‘— g)- + gf, h).
A necessary condition for T, to have a minimum at f, is

Vhe X 2(K'(Kf,—g)+ afa,h) =0

or  K'(Kfo—g)+afa=0

which is equivalent to -

(2.47) (KK +al)f. =K.

We wish to show that (2.47) is a well-posed problem.
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Since by (2.24) K* K has nonnegative eigenvalues, the Example 2.23 shows
that K* K + af has all its spectrum contained in [a,oo), a > 0. This means that
0¢o(K*K+ al). In other words, . the operator K*K + ol is invei'ti’ole'on X.
Therefore (2.47) becomes | I o

(2.48) fo = (K*K +al)"*K*g. .

Now the Banach Theorem on Isomorphisms (see [16]) states that a continuous
linear isomorphism of two vector spaces is a homeomorphism. Therefore (K* K +
al)™?! is continuous and finding a minimum of {:he Tikhonov functional (2.44) is a
well-posed pro-blem. |

fo determined by (2.48) is the minimum of T, because T;’(f) =K*K+alis
a positive definite operator.

Now let {v;} be orthonormal eigenvectors of K* K and {);} the associated
eigenvalues. For f(z) = ZIC?& we get, using Theorems 2.21 and 2.22, |

(KK +al) " K*g = f(K"K)K"g = ) f(M)(K"g,0:)0
iel
2

1 g; , Uy
(2.49) =) m(g,Kva)v: = <.g >v,- =1 Klg
er "t -

o’ +a o
ier ¢

One can f)rove (see [4] or [5]) that .

lim K!lg= Kt'g.
a—0t -

Linearization of a Nonlinear Problem

When K : X — Y is nonlinear, we handle the minimization of the functional

(2.50) T, () = IK(7) = ol + ol 1
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by using a quasi-Newton procedure. We assume that the current approxifnate

minimizer of T, in (2.50) is f, and we wish to find a step s, such that
(2.51)  fari=fa ko

is our new approximation. Wg assume that the affine model of K
(2.52) M(s) := K(f,,)+K'(f,,)§

describes K in some neighborhood of f,, reasonably well. From Taylor’s formula

it follows that
1K (fo +5) = M(s)[| = [ K (fo + ) = K(fa) = K'(£a)s]| < Clls]|”
that is, the error = O(||s||?). The quadratic model for (2.50) becomes

(253  mls) = |K'(f)s + K(f.) —gll” + allfu + I

Example 2.54: Let K : X —» Y and K(f / k( s,t,f dt where —fg

is continuous. Then

K(f +h)(s) - K(f)(s) = /01 {k(s,t, (f + R)(2)) — k(s,2, f(2))} dt

/{ (5., FB))A(t) + Ra(h)} dt

where ||R; (k)] < C||k||?. Since

h) dt Ry (
o< tim Lo BBl R R )
o T o h]

L ;
h||? dt
r—o  |[R]| . h—o0
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we have

1 3k Ny .
(2.55) (K (1)hl(e) = | 57 (ot FEDACE) d.

| o 9

In the sequel we will need the gradient z«ind the Hessian of the model (2.53).

We derive them here.

Using Examples 2.18 and 2.19. Qe have
! (& = 2K (1 )s + K(fa) = 0, K (1)) + 20(f, + 8,1)
so the gradient is
256)  Gle) = 2K L) ()4 K(5) - 0)+ al +9)
and the Hessian is obtainéd easily as

(2.57) H(s) =2K'(f,)* K'(f,) + 2al.

Choice of the Regularization Parameter

So far we have considered the equation K(f) = g, in which the right-hand
side (the data) was assumed to be known exactly. Denote the sﬁo.lution to this
problem by f In practice the data usually comes fi‘orﬁ measurements s§ it is
known approximately, at discrete points only. Taking that. into account we arrive

i

at the model equation

(2.58) K(f)(s,-) =g(s:) + & =: §(s‘-)" for'i=1,2,....m.

where the ¢; are the errors of measurements taken at s, ..., sy, .
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Minimizing the Tikhonov functional we obtain an approximate solution fao It
is desirable to find a such that ||f — f,|| is as small é.s péssible. One method to
estimate such an « is the method of Generalized Cross Valldatlon (GCV). It gives
a statlstlcal measure of the magnitude of the residual || K fo — gl|, which is related
to ||f — £, |- By finding & which minimizes the GCV fupctlonal

AR ~
Trace{l ~ K'(F)[K'(7) K'(F.) + oI 1K' (1.))

(2.59) V(a) =

we estimate the o which minimizes the residual.
Theoretical analysis of the GCV method is beyohd the scope of the thesis. For

references see [13]. The numerical procedure allowing us to find & is discussed in

Chapter 4.
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CHAPTER 3
THE MAGNETIC RELIEF PROBLEM

Experimental evidence suggests that in certain situations variations in the
magnetic field of the earth depend primarily on the shape of the boundary between
magnetized igneous rock and unmagnetized sediments which cover the rock. One
wishes to determine this shape from airborne magnetic data. The mathematical
formulation of the relationship between the variations in the magnetic field and _
the shape and location of the boundary leads to a system of ‘nonlinearAﬁrst kind

integral equations.

Derivation of the System

Let the z-axis be chosen so that the positive z direction is downward and
the measurements of the magnetic field H take place in the plane z = 0. Let the

boundary surface o have the parametrization
(3.1) o={(z,y,2) : z=h+ f(z,y),—00 < £ < 00,~00 < y < c0}.

We refer to h as the characteristic depth of the surface and we refer to f as the

relief function (see Figure 1).
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Figure I. Geometry of the Magnetic Relief Problem

The underlying physical principles are:
(i) Since the magnetic field is produced by microcurrents flowing in the igneous
rock, the intensity H of the magnetic field can be derived from the scalar magnetic

potential U by
(3.2) =-V pa.

The subscript p means that the gradient is taken with respect to the variables

(s, t, u) which indicate the position of the point where the field is measured (see
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Figure 2).
(ii) The potential at the point i), created by the volume dV of the igneous

rock, is

— T)- I- 1
(3.3) dU(p) = M(r) - V, e

Therefore, the total magnetic potential at the point p is

(3.4) 0e) = [ M), av

where V' is the volume occupied by igneous rock. The magnetization vector M =
[M,,M,, M,] has the property
(3.5) | divM = 0

oM, oM, oM,
+ + -

(Recall that divM =

oz - Oy a;-*

p(s,t,0) point
of observation

' igneous rock-

Figure 2. Definition of the Vectors r and p
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Using the identity
(3.6) div(wM) = Vw - M + wdivM
where w is any differentiable function we obtain from Stokes’ Theorem and (3.4)

U=/wmmmﬁ%ﬂ

/'M w-ws

) dv

and consequently, from (3.2)

1
=- [ M) -nV, ——dS
LV () 0Ve 5

n is the outward unit normal to the bouﬁdary AV of the volume of igneous rock.
Because most rock formations are large and extend very deep, the integral can
be approximated by an integral over the top surface o given in (3.1) only. The

outward normal n to the surface o is

and

ds = d:z:dy\/1+ (%) +<g—’;> .

Then the first component of H=[H,H,,H,] is

~ of . of 9 1
Ho= - [ 0n g e MG M sy |
' of f N 1 4
- _ hat Al —_ . dz d
/U(M 5z " Moy “M=)as (@02~ @600 Y

“ 32 6 , [(z _‘.s)z _*_‘ (y - t)2 (h + f(:l:, y)) ]
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If we repeat these calculation for the other two coordinates in an analogous way and

let g,,9,,9. denote measurements of the components of H we obtain the followihg

system of nonlinear first kind integral equations to be solved for f

_ (Mo 3L+ M, 3L — M) (z—s)
(3.7) g, (s,8) = / [(z TS ey Ty T dz dy
(ML ML M) (y - t)
(3.8) (s, ) [ T ) P dz dy
ars af
(3.9) g (s,8) = M. 5% + M — M.)(h + f(=,y))

i [(x_s) 00Tt fmap Y

Since the relief function f depends on two variables, we refer to this case as the

2-D magnetic relief problem.

A less realistic but computationally much simpler problem arises when the

relief function f is assumed to be independent of the y coordinate. In other words

let
f(:l:, y) = f(z)

M(z,y,2) = M(x? y).’

Then the system (3.7)-(3.9) becomes

. Bf xT—s : .
6= 0 M T T T
_ of _ um y ¢t .
0t = [0 i i g e R
) _ af h+ f(z) .
060 = [0 M) S e 7
Integrating first with respect to y we bbt;,in -
;- (s, '= b -3 dy} dz
6.0 = 015 {/m[z—s S+ G @R

Y A of . 2(z —s) ‘ i
‘/_w(_M’az_ M = ok Fay
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and analogously

~2(h + f(z))

P+ o+ @)

(s, t)—/ 0. 37~ M)

g, (s,t) = 0 because the mtegrand is odd w1th respect tot—y.
One can see that now the components of g = [9-59y,9:] do not depend on ¢

and we have a new system

(3.10) g:(s) = /_i (1, g_i - M.) (z = 8)22“(: (—hzi @y *
(3.11) g:(s) = /_ o; (Mzgﬁ - M) (z —;;(}:L?hffrx})(l‘))z “

If for simplicity we neglect the component g, the problem is reduced to a single
integral equation with an unknown relief function f, dependent on one variable
only, which we refer to as the 1-D magnetic relief problem. The scalar analogue of
the system (3.7)-(3.9) is then |

* (M. f'(z) - M.)(h + f(2))
3.12 L (8) = —2 : dz
(8.12) @)=z (—2) + (h+ (@)

where the integration is now performed over the x-axis. -

- We will assume that f is identically zero outside a smooth bounded domain
2, and that measurements of g(s,t) are taken at points (s,t) E 0 only The
components of g can be suitably modified 50 that the mtegratmn above takes place
over this restricted domain rather than over the ent;re X-y plane (or x-axis, in
1-D case). Thus; the problem can be for%nﬁlaﬁed as a nonlinear operator equation

(1.1) with

(3.13) K(f) == /n K2, f(2)) da

The components of the kernel k are given in the 2-Dcase by the right-hand sides in

(3.7)-(3.9) and in the 1-D case by the right-hand side in (3.12). gis afunction whose .
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components represent measurements of the magnetic field H. The characteristic

depth ~ now gives the depth of the surface o relative to the size of the region (1.

Ill-Posedness of the Problem

The geophysical problem derived in the previous section has the mathematical
form of a system of nonlinear integral first kind equations. More conveniently it

can be written as
(3.14) - K(f)=g¢

with K(f) given by (3.13).

The well-posedness of this pé.rticular proBlem depends Ion the choice of the
spaces X and Y. From the physical point of view it seems appropriate to assume
that the solution f is ”smooth” in the sense that f is differentiable and AP <=
/ Vf(z)-V f(z) dz is bounded. Since we have also assumed that f vanishes outside
Q(: we choose the Hilbert space X to be H? (f2) (Example 2.1 (ii)). |

On the other hand the components of g come from measurements at discrete
points in §). One cannot assume that the derivatives of these components are
available. Thus an appropriate choice of Y in the 1-D case is L?(Q?) (see Example
2.1 (i)). In the 2D case, since measurements have 3 components, we will consider
Y =[L2(0)P = L*(Q) x L*(9) x L*(Q).

With this physically reasdna.ble choice of spaces X and Y, problem (3.14) is
ill-posed. Clearly ‘the components of the kernel k given in the 2-D case by the
right-hand sides in (3.7)-(3.9) and in the 1-D case by the right-hand side in (3.12)
are continuous, and hence for any f € X, the_ coinponents of K(f) are continuous

(see [19, p 159])." Therefore there exist elements ¢ € Y f01:' which (3.14) has no
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solution. Perhaps a more serious difficulty is that small perturbations in the data
g € Y may give rise to arbitrarily la.rge.peri;urbations in the solution f € X. As
Example 2.16 (ii) shows, K is a compact operator with an infinite dimensional
range. Therefore the inverse image of an e-neighborhood may have diameter that
is arbitrarily large. This means that any stable procedure of finding a éolution to

(3.14) must involve regularization.
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CHAPTER 4
NUMERICAL OPTIMIZATION

To solve the problem (3.14) described in Chapter 3.we need to use a regulariza-
tion method. The method considered in this thesis is the Tikhonov Regularization
method, discussed already in Chapter 2. Since the 2-D case is more complicated

we first consider the 1-I) case.
1-D Case

To obtain approximate solutions to the ill-posed problem (3.14) with K given
by (3.13) and the kernel given by the right-hand side in (3.12) we replace it by a
sequence of regularized problems: o

Find f* € X such that T, (f*) = }21}1{1 T, (f) where

(4.1) T.(f) = IK() = oll} +alfl

and K: X —» Y, X = H}(Q), Y = L*(Q)), and Q = (0,1).

The norms || - ||x and || - ||y are defined as -

(4.2) | I£llx =+/Jq f_'(-’v_)"’- dz -
(4.3) alle = /1, () da.

To numerically solve problem (4.1), we must deal with finite -dimensional

spaces. Thus we introduce the following diéc;et’izétiqn'.




33

Let {¢:}" , be a set of basis functior;s, and aeﬁne

X, = Span{dy,...,¢.} C X. For any f, € X,,

k= Z“’i‘ﬁf‘
=1
¢ :=(¢1,...,¢,) is treated as an element of R"*.’

The functions ¢;(z) can be any numerically appropriate basis functions. For
example these could be splines '(for definition see [30]). The results for the particu-
lar geophysica.l. problem described in the thesis are obtained using cubic B—s‘plines.‘ ,

Given the choice of the ¢;s, the discretized version of the (4.2) is obtained as

follows:

10 = [ 1@ de= [ et et o) do

-3 3. (/01 (26} (2) da)e; =: €7 B, e

i=1j=1

where B, is a symmetric and positive definite 7 X n matrix with entries -

1
(4.4) B.]; = /0 #()d(z) dz, 1<ij<n.
Thus after discretization, the penalty term | fll% in (4.1) yields the quadratic form
Al =B
with B, defined in (4.4). |
Sin'ce g comes from measurements and is known at some points s, , s;, ey S
' iny, it is natural to introdﬁce the following glisc;el}ized vérsibh gg.of g

g:=(9:1,92,..,9m) whereg; =g(s;), fori=1,...,m.

We assume m > n. The norm lglly in (4.3) is replaced by the weighted discrete

sum

. 1 & '
I8P = > gt
.od=1 0
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The discretized version K,,, : R* — R™ of the operator K is
[Kpmn (€)]; [K(Ec ¢,)](s i=1,..,m.

Thus the finite dimensional a.na.logue of the problem (4.1) is:’

Find ¢* € R" such that T, ,(c*) = m}izn T, (c) where
c€E n

(4.5) =—71;§: ((Kmw (€)]: —g.) + ac” B, c.

For notational convenience, we drop the subscripts and the tilde, and multiply

the objective function in (4.5) by 2. The norm “|| - || will indicate the usual

)

Euclidean norm in R or R™. Also, since B is symmetric and positive definite
it has a Choleski factorization B = RT R, where R is an upper triangular matrix.

Then the objective function for the problem (4.5) becomes

(1) | Tu(e) = S {IK(e)  8ll* + maBe?}.

2-D Case

In the 2-D case we minimize the objective function T, in (4.1) with
K:X->Y, X=H(®),
Y = L*(Q) x L*(0) x L*(Q), - z;,nd 0 =(0,1) x (0,1).
We let {¢;(z,y)}]_, be a set of basis functions such that

Span{ty,...¥w } = Xn C X.

-For any fy € Xy

(47) T (my) = 3 e (2,0).

EMz
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c:= (¢1,...,¢x ) is treated as an element of RY .
In the thesis the two-dimensional basis functions t); were taken to be the
tensor products of the one-dimensional. Basis functions &, i.e., each ¢(z y) is a
product of two one dimensional basis functions ¢(:z:) and ¢( ). To be more exact,

we need to introduce some ordermg We will assume the followmg:

¥1(z,9) = ¢1(z) ¢ (v)
¥a(2,8) = 62 ()1 (1)

(4.9 n (2,8) = 6 ()61 0)
Ynt1(z, y) = ¢y (z):¢z (v).

¥n (2,9) = ¢ (2)n (¥)

where N = n?. Thus (4.7) can be represented as

fur ( ZZd.m(z )65 (y)

11]1

with coefficients d;; equated to appropriate coefficients ¢, in (4.7).
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The norm
1 p1 P 2 3. 2 | L
I fllx = {/0 /0- [(-a—:;(z,y)) f(gi(z,y_)) } da:dy}
becomes after discretizatién
1 p1 [ dfy 2 afy 2

Il = [ (—(.{;(x,y),) + (g;(z,y)) ] dody

:/0' /0 ( ch‘/’k ’y) + (%ch%(z,y)) } dz dy

:/0 /0 [(Z (k) z)‘i’,(k)(y))

(Z c"¢f'(k) (.‘B)(ﬁ;(k) (y)) } dxdy

.°’|Q>

N 1 k=1 1
k=11l=1 0 0 . )
[ bim@bn @z [ 008,06 ) @
= CT BNC . . l

where By is a symmetric positive definite matrix with entries .
(4.9) | |
1 . i 1
[By e = /0 () (2) 8,1 (2) dz/o ;) (¥)ba( (v) dy -

+ [ b @b @) b [ S 000y, 1SEISN

and the subscripts of the one-dimensional basis functions ¢ depend on the subscript

of the two dimensional basis function ¢Inthe case of the ordering (4.8)

k=n(j~1)+7 and i(H ={c—'__r»[’°‘ ) -'a"_(k) - [&2 ]+

n n
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[-] denotes the greatest integer function. Thus in the 2-D case the penalty term

|fI% in (4.1) yields, after discretization, the quadratic form
lfwll% =" Bye

with By defined now in (4.9).

In the 2-D case we are presented with three equations (3.7)-(3.9) with left
hand sides g,,9,,9. corresponding to the measurements of the components of
the magnetic field. If we assume that the measurements are taken at the points

51,8250y 8m1 € = (0,1) x (0,1) such that

(8103 Spa) = ((tl,tl),(t_z,tl)} .-..,.-(t,,, 181)s eoes (b s tm))s

then g will be represented by the M = 3m? dimensional vector &

&=1(9:(51) 9 (smaj,gy (;sl), cees Gy (s;na),gz (81)5-+29:(Sm3))

= (gl,...,gM') € RM .
The norm ||g|ly in (4.3) is replaced, as in 1-D case, by the weighted discrete sum
1 n
2i==) 4.
ol = 57 >

If we call the right-hand sides of(3.7)-(3.9) K., K,, K, respectively, then the
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discretized version Kpy : RN — R™ of the operator K beco_mes

([K, (Z cj"'/)f)](-sl.i)_ \

Ky w (c) :=

Thus in the 2-D case, although details become more complicated, we still obtain
a finite dimensional analogue of the problem (41) which is similar to (4.5) in the’

1-D case.

Globally Convergent Minimization Algorithm

In order to minimize T, deﬁned in (4. 6) a qua51-Newton method together
with a trust region approach is apphed We movein a descent direction, which is
determlned by a qua.51-Newton step unless the length of the step is greater than

the size of the region’ in whlch we beheve that the functlonal is well descrlbed
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by its quadratic model. In.that case the solution to a constra.ined minimization

problem determines the step. Beca.use the possibility of ta.klng the unconstramed

qua51-Newton step is checked first, the procedure retalns fast local convergence
We replace the objective functional T, in (4.6) with 1ts quadra.tlc model (com-

pare Linearization of a Nonlinear Problem, Chapter 2)
1., | .
m(s) = S{[ K (cx)s + K(cx) — g* + af| R(cx +5)||°}.

Consider the iteration

Crt+1 = C; + 8,

where ¢, is the current approximate minimizer of T,, and s is the minimizer of the
current model m. Now the necessary condition for a minimum of m becomes (see

(2.47))

m'(s) = K'(c. )" [K'(c4)s + K(cs) — g] + a7 R(c, +5)

= K'(cx)" [K'(ck)s + K(ci) — 8] + aB(ci +5) = 0.
Therefore, solving for s,
(4.10)  cppq1 =c,p — [K'(ci)TK'(ci) + aB]‘l{K'(ck)T [K(ck) — g] + aBc,}.

-The approach above is equivalent to the following quasi-Newton method [15].

A necessary condition for (4.6) to have mi_nin}um,' the gradient equal to zero, is
(4.11) G(c) := K'(c)T [K(c) - g] + aBc = 0.
The Hessian of the objective function is

(4.12) H(e) = K" (e [K() — 8] + K' (@) K'(c) + &B.
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To solve the equation G(c) = 0 by the Newton method we would consider the
iteration A

Cri1 = — H(c,) 'G(cr), _k =0,1,....

Due to expense in computing K"’ (c), the Hessian is approximated by the symmétric

positive definite matrix '

(4.13) H(c) := K'(c)T k’(c) + aB

and the quasi-Newton iteration |

(4.14) Cps =€ — H(c) *G(c), k=0,1,...

is equivalent to (4.10).

It should be noticed that the quasi-Newton step s = ~H(c, ) 'G(c;) is in a
descent direction of the model m. By a descent direction we mean a direction s
such that )

m(c, +8) < m(cy).

8 is a descent direction if it satisfies
s"Vm < 0.
In our case we have
[~ Erte) " 6(en)]” Glex) = ~Glen)” {Bles)™ 7 Glen) <0,

since H(c, ) symmetric and positive definite implies { H (¢, )~*}7 is positive definite
as well.
The quasi-Newton method (4.14) will converge to the local minimizer ¢* of

(4.6) provided H(c*) is positive definite and the initial guess ¢, is sufficiently close
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to c¢*. Otherwise, the iteration may not converge or it may coﬁverge to a solution
of G(c) = 0 which is not a local minimizer. To obtain convergence to a minimizer
under much weaker conditions, a trust region approach [15] is used. Iteration (4.14)

is replaced by
(415) Cr+1 — Ck + Sk

where s, solves the constrained minimization problem

(4.16) min 2K (es) + K'(ex)s — gl + ol Rlex + )|}

subject to || Rs|| < &,

and the trust region radius 6§, is chosen to obtain sufficient decrease in T, (c) at
each iteration to guarantee convergence. |

To solve the problem (4.16), we first diagonalize it ﬁsing the Singular Value
Decomposition (SVD). Consider first the change of variables & = Rs. Then the

objective function in (4.16) becomes
1 2 2 < =2
(145 — b + e +5]7)

where A := K'(c,)R™*, b := g — K(ci), and € := Rc,. Let A have the following
SVD: N
A=UDVT, U,xm,Vaxn orthogonal,

and

'[D iy = o;, ifi=7and:<m;
mxnli ™ 10, otherwise,

where the o; are the singular values introduced in Definition 2.27, and consider the

second change of variables

0>
il
<
-
we

(4.17)
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Since U is orthogonal, ||Uz|| = ||z and U~ = UT, and the same holds for V, we.

obtain the diagonalized problem
. _ 1 R .
(4.18) min —{||D8 — b||® + «af|& + §||*}
icr™ 2 : o
subject to ||§||2 <&,

where & := VT Re,, b := UTb, which is equivalent to (4.18).

The theory of constrained minimization allows us to find the unique solution
to (4.18). If the norm of the minimizer of (4.18) is less than §, then the constraint
is not active (does not play a role). Other&ise, by the Kuhn-Tucker criterion [31],

there exists a Lagrange multiplier x > 0 such that
D¥ (D8 — b) + (e +8) + s = 0.
§ is found in terms of
(4.19) 3(k) = {D" D + (a + w)1}~* (Db - aé)'. .
and substituted to the qctive constraipt, |87 = §,f, yieidiqg the équation' for u
(4.20) ) =l -5 =0

Notice that the inverse operator in (4.19) always exists because o+ u > 0. Clearly,

if the constraint is not active then
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The idea of the trust region approach can be described in the following way.
Instead of minimizing the functional T, in (46) the minimization of its model
around the current point c, is considered. Depending on the geomet;ry of the level
curves of T, , the model is adequate in a sr;laller or bigger neighborhood af cr. This
determines what length of the step ”.s,c || from ¢, to Cry1 IS aéceptable to cfea.te a
globally convergent procedure. We are then led to the following algorithm.
For k=1,2,...do |

1. Find the quasi-Newton step §(0)

(3]

. If ||8(0)|| < 6 then go to 5, else

w

. Approximately solve  ||8(u)][? —6; =0 for p.
4. Find §(z) and compute s(u) = R~V §(u).
5. Decide whether ¢, = ¢, I+ Sk (/.l.) is an acceptable new approximation.
If yes go to 7, else |

6. Decrease i;he'trust, region radius g, éo to 3

7. If the stopping criteria are satisfied, then END, else

8. Find 6; 4., i.e., retain, increase or reduce 6, go to 1

To do step 3, i.e., to solve (4.20) approximately we used the so called “hook”
method described in [15,p 134], which requ'ires .g(p.)-and its deri:\rative g'(1). In
terms of the singular values o; and the components of b and é,

' n 7 A 1% .
(4.21) 9(k) =) [%;—f—u-] ~ 62,

1=

so both g(u) and ¢'(x) can be obtained easily. ‘
The condition for accepting the new iterate ¢, , in step 5 and the method ‘pf .

reducing the new trust region radius §; in stép 6 are described in [15,p 1'44]. The
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basic idea is to obtain sufficient decrease in the objective function T,, i.e., so that
(4.22) Ta(ck +8) < Tolck) + VT, (c;)"s

where ¢ is a small positive parameter and VT, (c, )Ts < 0 since s is in a descent
direction. We used € = 10~ *, so that the condition (4.22) was hardly more stringent

than T, (cx +s) < T,(ci). If the condition (4.22) is not satisfied, we reduce the

trust region radius by a factor between L and in step 6 and return to step 3.

10
The reduction factor is determined by ﬁnding the minimum of the quadratic model
that fits T, (cx), Tu(Ck 1) and the directional derivative VT, (cx ).T s. We then let

the new trust radius 8, ., extend to the minimizer of this model.

If the condition (4.22) is satisfied, and the last step was not a quasi- Newton :

step, we still compare the actual reduction in the objective functlon ‘with the pre-
dicted one. Good agreement probably means that the current Jk is an underesti-
mate of the radius in which our model adequately descrlbes the ob_]ectlve function.
So rather then move directly to ¢, ., we save it, double the 6, and find the new
step using the current model. If the new step does not satisfy the condition.(4.22)
we drop back to the old ¢, ,; but otherwise we consxder doubllng 6k agaln This
may save a s1gn1ﬁcant number of gradient computatlons

In step 8 of the algorithm we update 6, allowing three ‘ppssibilities: doubling,
halving, or retaining the current value. If the quadratic model pre(_licts the actual
objective function reduction sufﬁciently well, we teke 5k.+1 = 26,;'. " If the model
greatly overestimates the decrease in T, we take i1 = 6k /2. Otherw1se Orer =
O . Th1s approach allows us to increase the size of the step whenever it is p0551ble,

thereby decrea,smg the number of 1terat10ns needed to minimize T

The GCV functional 'in (2.59), used ‘to estlmate the optlmal_regula.rization :
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parameter «, is computed using

=K (ca) — g|?

[’m":”' + Z:ln=1 a".’-';(ma ]2 ’

(4.23) V(a) =

where ¢, minimizes the objective function (4.6).

The approach presented in this thesis is numerically stable, quite efficient, and
it allows easy computation of the GCV functional V(). The singular values o; can
also be used to obtain (linearized) stability estimates. They are ﬁse_d in the next

section to quantify the “degree of ill-posedness” of the magnetic relief problem. '
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CHAPTER 5

NUMERICAL RESULTS
FOR MAGNETIC RELIEF PROBLEM -

The numerical results for the 1-D and the 2-D magnetic relief problems de-
scribed in Chapter 3 are presented. The computations for the I;D problem were
performed on a Zenith (IBM-compatible) PC. The 2-D problem is conceptually
quite similar to the 1-D problem but computationally much more difficult .due to
two dimensional integration and the greater number of basis functions required to
represent the solution. The 2-D computations were performed on the CRAY X-MP
supercomputer located at the San Diego Supercomputer Center. |

For computational purposes the domain of the operator K in (2.40) was taken
to be 1 = (0,1) in 1-D case and £ = (0,1) x (0,1) in 2-D case, and the magneti-
zation vector was M = [M,, M, ,M,]" = [1,1,1]". |

Linearized Stability Analysis

From physical arguments, one might expect quite accurate numerical solutions
for small characteristic depth h, and more difficulty in recovering the shape of the
relief function for increasing h. Numerically this corresponds to solving a system

for which ill-conditioning increases as the depth h increases. Since
(5.1) K(f +Af) ~ K(f) + K'(/)AS

the derivative operator K'(f) was analyzed.

4
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In the I-D case, the derivative operator K'(f) : X -+ Y is defined by

“h - f(x) U

WM mo=2/0 (T A+ (h+/(x))2PUION

o | Qs X2+ (1402
Jo lIs  x)2+ [h+fix))2¥

The derivative is expressed as the sum of two linear integral operators. Given
u 6 H1(U)Llthe first is applied to u'(x) while the second is applied to u(x). Figure
3 shows plots of minus one-half the kernel of the first term of K*(f) for depth
h = 0.1 and 0.2 (solid and dotted line respectively) at fixed s and at / = 0. Figure
4 corresponds to minus one half the kernel of the second term of K*(f). One sees
from these two plots that the kernels become more “flat” and less “delta-like” as

the depth h increases.

X —axis

Figure 3. Derivative Kernel for h = 0.1 and h = 0.2.
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X —axis

Figure 4. Derivative Kernel forh =0.1 and h —0.2.

A quantitative description of how increasing depth reduces the resolution is
given in Figures 5. It shows singular values in order of decreasing magnitude for
both h = 0.1 (stars) and h — 0.2 (circles) for the first term of K'{f). Singular
values appear to decay exponentially (note logarithmic scale), i.e., the ith singular

value O appears to be
a, « ¢ exp(—r), i=12., ¢c>0, ?>0.

As the depth h increases, the constant (3 increases. Thus the singular values decay
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more rapidly in case of greater characteristic depth h. This causes the unregularized
linear operator K'[f) on the right hand side of (5.1) to possess a larger condition

number.

109

10°

103

10°

10-3

0 5 10 15 20 25 30 35 40 45 50

Index i

Figure 5. Singular Values of the Derivative

Tikhonov Regularization filters out the components of solution related to small
singular values. Therefore it comes as no surprise that the amount of detail the
numerical solution may possess decreases with increasing h. A similar analysis was
done for the 2-D case. Since the results are analogous to the 1-D case the graphs

are not presented here.
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Computational Results

To obtain approximate solution to (3.9). and (3.12) using the implementation

of Tikhonov Regularization described 1n ‘Chapter 4 we generated s'ynth.etic data
g = K(f)(s:).-

The true magnetic relief function was taken to be linear combination of Gaussians.

In 1-D cése

f(z) = a1 exp(—di(z — 2,)%) + a2 exp(—ds(z — 7,)?). -

The parameters a; = 0.05, a, = 0.025 control the magnitude of thg solution.
d; = 60, d; = 40 determine the rafe of decay of the Gaussians, and z, = 0.33,
z; = 0.66 specify the location of the peaks. We genera,t'etri m = 50 data poini';s
g = g(&), & = i = 0,1,..,m — 1. To the data g; we addéd a pseudo-
random error vector € ~ N(0,0%1), i.e., the components ¢; of the error vector are
independent, identically distributed Gaussian random variables which sa;tisfy
E(e)=0 and E(ge;) = {02’ =7,
' o 0, i#j, 1<4j<m
E(-) denotes mathematical expectation. Theist_an.da,rd deviation ¢ was picked so

that ' . h
; .
VEIEP® _ o or
lgll :

We used n = 20 piecewise cubic spline (B-spline) basis functions ¢, each

satisfying the boundary conditions $;(0) = ¢;(1) = 'O.to--. ap‘proxin.la,te’ the true

solution. The resulting finite dimensional minimization problem (46) was solved

for a decreasing sequence of regularization parameters a = 10%,p = 0,1,...,5.

T
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The approximations obtained for h = 0.1 are shown in Figure 6, and for h = 0.2 in
Figure 7. In both pictures the +’s represent the true solution, the o’s represent the
regularized solution for a = 1.0, the solid curve represents the regularized solution
for a = 0.1, and the dotted curve represents the regularized solution for a = 10”5.
These results show that on one hand the numerical solution improves, as it should,
for decreasing values of the regularization parameter a but on the other hand too
small values give rise to the oscillations in the solution for the error contaminated

data. This behavior is more strongly demonstrated for bigger depth h.

- 0.01

X —axis

Figure 6. Approximate Solutions for h —0.1.
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,Voooo, 0

+ + + T

- 0.02

-O0d

I — OITS

Figure 7. Approximate Solutions for h = 0.2.

Figure 8 shows the norm of the true error |lea| = ||/a - /|| (indicated by 07s)
and the GCV functional (indicated by stars) as functions of a. The true error
increases sharply as a becomes very small. On the other hand, the GCV stays

very flat.
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¢ —axis

Figure 8. |le(a)|| and F (a) vs a (1-D case).

In the 2-D case the true magnetic relief function was taken to be

f{x,y) = o1 exp(—di(z- 11)2 - c1(y - t/,)2)+

02 exp(-d2(x - X2)2 —e2(y —Y2)2),

with parameters o1 = 0.05, 02 = 0.03,d, = d2=C = e2 = 60,z1 = y, = 04,
x2 = y2 = 0.6. The error was chosen as in the I-D case. We took basis functions

to be tensor products of cubic splines. A total of 100 = 102 basis functions and
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225 = 152 data points were used. The results for the depth h = 0.2, the decreasing
values of the regularization parameter a = 10 ?,p = 0,1,...,4 and true solution
are shown in Figure 9. As in the I-D case too small values of the regularization

parameter a cause the numerical solution to oscillate.

a — 0.01 a = 0.001

Figure 9. Approximate Solutions.
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The solutions on the diagonal x = y are shown in Figure 10. The + s represent
the true solution, the dotted curve corresponds to the regularized solution with
a = 10-4, and the solid line represents the regularized numerical solution, which
is the best in the sense of the H1 norm.

Figure 11 shows the norm of the true error |lea| = ||/,, - f\\ (indicated by 0%)
and the GCV functional V (a) (indicated by stars) as functions of a. Note that the
true error at first decreases with decreasing a, but then increases noticeably as a
becomes small. V[a) follows this behavior somewhat, but it stays flat for small a

and has no well-defined minimizer.

0.06

- 0.01

X=y

Figure 10. Approximate Solutions on Diagonal x =y.
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@ —axis

Figure 11. |le(a)|| and V (a) vs a (2-D case).
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