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Abstract:

The Feynman's path integral in space-time is closely related, via classical Lagrangian theory, to Dirac's
formulation of quantum mechanics. The essential point of this approach is in making use of the
Lagrangian function in space-time and Hamilton's first action principle to construct the probability
amplitude in conventional quantum mechanics. This formulation has, as mentioned by Feynman,
mathematical and physical incompleteness. We have investigated a part of the physical incompleteness,
which can be treated by using the classical technique of eliminating ignorable. coordinates.

The corresponding conjugate momenta will then provide constraint relations, which can be used to
reduce the Lagrangian function and the path integral to a modified form. The paths are now restricted,
via the constraint relations, to limited configuration spaces. A general modified formulation is
constructed for paths in a limited space-time region. An important special case is demonstrated. In the
special case, Jacobi's action principle is employed to replace Hamilton's action principle, therefore, the
paths thus formulated are in space-energy rather than in space-time.
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ABSTRACT

The I‘g}rhmarl"y path intégral in ppuce=timé 18 ulUbuly‘
related, via classical Lagrangian theory, to Dirac's formula-
tion of quantum mechanics. The essential point of this
approach is im making use of the Lagrangian function in space-
time and Hamilton's first action principle to construct the
probability amplitude in conventional quantum mechanics. This
formulation has, as mentioned by Feynman, mathematical and
physical incompleteness. We have investigated a part of the
physical incompleteness, which can be treated by using the
classical technique of eliminating ignorable coordinates.

The corresponding conjugate momenta will then provide
constraint relations, which can be used to reduce the
Lagrangian function and the path integral to a modified form.
The paths are now restricted, via the constraint relations,

to limited configuration spaces A general modified formula-
tion is constructed for paths in a limited space-time region.
An important special case is demonstrated. 1In the special
case, Jacobi's actilon principle is employed to replace
Hamilton's action principle, therefore, the paths thus
formulated are in space-energy rather than in space-time.




I. INTRODUCTION

The path integral approach to quantum mechanies which
(1,2,3)

)

has been developed by Dirac and Feynman(4¢5) repre?
sents a point’of view which has proven useful for the solu-
tion of important physical problems.(6) Of equal importance,

howéver, is the conceptual picture it provides of quantum

mechanics. .In conventional quantum mechanics one customarily

starts with stationary states and obtains the dynamical

" behavior only through the application of time-dependent

perturbation.theory. By contrast, the primitive concept of

Feynman's approach is the probability amplitude (or propa-

~gator) for the dynamical evolution of a system. Moreover,

the quantum dynamics of Feynman is closely related to the
dynamics of the corresponding classical system, since the
classical Lagranéian is employed to construct the probabiiity
amplitude in its path integral form.,

The solution of problems in classical mechanics is often

facilitated by transforming the Lagrangian to eliminate the

. so-called ignorable coordinates which.do not appear explicitly

in the Lagrangian, The modified Lagfangian, thus obtained,

‘can be used to obtain equations of motion for the reduced

problem. It is the purpose of this work to discuss the manner
in which this procedure of classical mechanics can be related

to the corresponding quantum mechanical problem. Our method
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employs the modified classical Lagrangian to construct a path
integral for the probability amplitude. The discussion is
restricted thTOUghoﬁt to non-relativistic quantum me;hanics
and to system§ with a classical analogue. |

Our development proceeds in complete analogy with the
rlogic of Dirac and Feynman. For this reason we have included
in this introduction several logical ouélines by means of
which the analogy may be compared, step by step.

In Sectién Il we review and summarize the relevant parts
of the work of Dirac and of Feynman, in order to make clear
" the relation of classical mechanics to the original (or
standard) space-time path.integral method.

The correspondence relationship between the probability
amplitude for infinitesimal times and the classical action
ﬁéﬁ first derived,by Dirac in 1933. For a finite time
interval ty -t the correspondence relation can be extended
to calculate the probability amplitude by means of the path
integral method, which was formulated by Feynman in 1948. ;
‘This probability ,amplitude (or kernel or propagator) in spéée-
time is nothing But the Green's fuﬁgtion of the time%depeﬁdent'
Schroedinger's equation in conventional quantum mechqnics,i We
summarize in Outline I the logical relations which 1éad from
classical mecﬁanics'to the probability amplitude .in quantuﬁ

mechanics.
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Outline I’

The Classical Motion can be considered as the continuous

development of a contact transformation. Dirac's search for
a quantum analpgue of this led to a correspondenée relation
between the probability'amplitude and the c}assical action,
which is: |

t

- ) . b .
<qy tblqa t)> v exp [%-Jt L(q,q;t)dt]
a

‘For an infinitesimal time interval, e, this becomes

<qy t, +a|qa t > = exp[% L(q,d;ta)e]

For a fiﬁite“time interval, ty -t the probability

v

amplitude may also be calculated using the classical
. Y . '

Lagrangian function by means of:
. et 1

"~ Feynman's Path Integral, which gives the probability

amplitude as a sum over all paths from s t, to qp, ty.

That is, Y
t \
L. X 1 Li P
<qp tyla, t,* = allkpaths " explz t_L(q,q;t)dt]
The probability amplitude hés the physical meaning of a

propagator (of'kefnel) for ‘the time development of the wave

-function:

; ¥

w{qb tb) = J<qb tblqa ta> w(qé ma)dqa'




-
The probability amplitude is identical in:

Conventional Quantum Mechanics to the Green's function

of the time-dependent Schroedinger's equation

R St

| 3 _ _ & -
(- T, qu)<qb tplag ta> = - 38(ay-dy) 8 (ty-t,)

This outline forms the basic theoretical formulation of
the space-time path integral in dealing with quantum mechanics

and other fields of physics. Section II is devoted to a more

fcomplete review of this standard approach.

There is.an "incompleteness' of.this formulation as
mentioned in Feynman's original paperﬂ(4) We quote his

comments about the path integral method as follows:

It is also incomplete from the physical stand-

point. ...The present formulation, can be mathe-

. matically demonstrated to be invariant under the

. unitary transformation. However, it has not been
formulated in such a way that it is physically
obvious that it is invariant. No direct procedure
has been outlined to describe measurements of
quantities other than position. ... It is to be
expected that the postulates ‘can be generalized
by the replacement of the idea 'paths in a region
of space-time R' to 'paths of class R', or 'paths
having property R.' But which properties correspond
to which :physical measurements has not been formulated
in a general way.

1 §

This comment motivated the present work, which we hope

may contribute something to completing and generalizing the
, ' , R ' 5

path integral'method:
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Relating;to another effort in this direction, an addi-
tional historical remark will bé made. In recent years,
Davies .and Garrodc7’8) (1962, 1966) have followed the same
‘iaeas as Dirac and Feynman, but have used Hamiltgn's
‘principle of Ehe second kind to formulate ;be path integral
in -space-momentum rafher fhan in space-time. This may be
seen as one kind of gemeralization of thé.path integral to
paths‘in ”spa¢e—ﬁomentum” or phase space. |

It is a'well known fact in classical mechanics, that'when
a conjugafe momentum is a constant of the motion, the corfes-
ponding coordinate is missing in the Lagrangian function.
This missing coordinate is called an ignorable (or cyclic)
coordinate. The -physical meaning of this for the path
integral methed is that the conserved quantity, say ﬁomentum
-of\some sort, will provide a constraint relation to limit
"paths to possible regions which conserve that quantity."

In section III, we exploit this-fact and show how this
procedure may be carried out. The amalysis is general in
that we consider ja_general constant .of the gotion and do mnot
'specialize.to a particular dynamicay variable such as energy,
angular momentum,.etc. |

Fpllowing:th§ general method of eliminating ignorable
coordinates aﬁd tﬁeif conjugate momenta, the Lagrangian

function and Hamilton's action principle are reduced to
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modified forms which contain the non-ignorable coordinates

and the corresponding momenta only. The conserved quantities -

provide constraint rélatiofnis. The logical development of
this procedure is summarized in Outline II, which may be

compared with Outline I.

b
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Outline II

" The Modified Clessical Motion can be considered as the

. continuous development of a contact transformation in a
limited'region (restricted by the constraint relations) of
snace-time. The quantum analogue of this leads to a
correspondence relation between the modlfled probability

amplltude and the modified action, ‘which is
.. oy
Ty 11T, t> v enpld | T@m0E]
t
o a
where q are non-ignorable coordinates only.

For an 1nf1n1te51ma1 time 1nterva1 €, this becomes

.
—

—_ — 1 =
fqb ta+e|qa t > = exp[ﬁ-L( q,9; ta)e]
For a .finite time interval, to-t,, the modified proba-
© bility amplitnde may also be calculated using the modified

-
Lagrangian function by means of:

The Modified Fe&nman's Path Integral, which gives the

modified probability'emplitude as a sum over limited paths

from qa’ t, to aﬁ, ty. -That is
. . .

b .
— — , T 1 2 -
<qn tolq. t.> = k . == expl J L( q q;t)dt]
b "b™"a a" all limited 3§E h a T
} paths v .

The modified probablllty amplltude has the physical

meanlng of a propagator (or kernel) for the time- development

1

of the wave functlon in limited regions
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v(q, ty) = j<€fb tyla, t,> v(q, t )dq,

The modified probability amplitudeé is identlical in:

Conventional Quantum Mechanics to the modified Green's

function of the time-dependent Schroedinger's equation

=

P —_ - — _ o= = :
gfg - qu)<qb tb|qa t,> = - Tscqb‘qa)s(tb‘ta)

(-
where the ignorable coordinates are miséing; and their
»conjugate momenta are constant. |

Outline ii gives the modified formulation of a limited -
space-time path integral (in rggionsirestricted by conéerqu
quantities) which is developed in detail in Section III.

In Sectién IV we treat an important special case of the
modified path integral method using a special modified
ﬁaérangian.

When the Hamiltonian of the system is a constant of the
motion, the time "t'" is an ignorable coordinate. Therefore,
e may be eliminated as an independent variable. After the
elimination of "t'", the classical Lagrangian function is
‘réduced to a function of space and enérgy, where the energy is
a coﬂstant. Then we must use as thg independent variable,
an érbitrary parameter v, which pérémeterizes the paths that

conserve energy; ‘i.e., ''paths having the property that they

conserve energy.' Moreover, this parameter can be chosen to
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be one of the space coordinates, which are now free from "t",
but are functions of the parameter. In this case the modified
Hamilton's principle, due to Jacobi, is called Jacobi's
action principle of the first kind. |
We again employ an outline to display Fhe logic of the
path integral aﬂalysis of this special case of energy

conservation.

-\
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Outline III

The Modified Classical Path can be considered as the

continuous development of a4 spetial contact transformation in
a limited region of space-energy. The quantum analogue of
this leads to a correspondence relation between the modified

probebility amplitude and the modified action, which is
A _ sV ' de
<qy vy |ag vy> v exP[ﬁJ F(q,4,-E;v)dv]; 4 = 3o
v .

‘The time does not appear, but the energy appears as a constant.

For an infinitesimal parameter interval, ¢, this becomes
o 1 4 .
<qy v *olq, v,> = explz F(q,q,-E;v,)o]

For a finite parameter interval, V=V the modified
probability amplitude may also be calculated using the
modified Lagrangian function by means of:

The Modified Feynman's Path Integral, which gives the

energy conserving probability amplitude as a sum over limited

paths (that conserve energy) from q,s V, to qy, Vvy. That is

z 1
<qy. V. lq, v > = k — expl J F(q,q4,-E;v)dv].
b "b'a "at .11 1imited & n v, o
paths

The modlfled quantum amplitude has the physical meanlng
of the kernel for the spatial development of the wave functlon

of constant energy,
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0(ay Vp) = [<ay Vpla, v 9(a, vp)da,
The energy cénServing probability amplitude is identical .
Cin:

Conventional Quantum Mechanics to the Green's function

of the time-independent Schroedinger's equation:

ko

(H - Eb)<qb Vblqa Va> =7 (qb_qa) s(Eb—Ea)

; This special case of the energy-conserving spatial
propagator is the subject of Section IV, and serves as a
specific illustration of the use of a modified Lagrangian
in‘the construction of a modified quantum amplitude.

In Section V, a conclusion is given.




II. THE FEYNMAN (OR ORIGINAL) PATH
INTEGRAL IN SPACE-TIME

In 1933, Dirac took up the question of whdt corresponds
in quantum mechanics to the Lagrange equations of classical
mechanics. A little consideration shows, however, that one
cannot expect to be able to take over the classical Lagrange
equations in any very direct way. These equations involve
partial derivatives of the Lagrangian with respect to the
,coordinates and velocities and no meaning can be given to
such derivatives in quantum mechanics.

We must therefore, seek the quantum analogue of the

Lagrangian theory in an indirect way. We must try to take

over the igggi, but not the equations of the classical
theory. Dirac's main point of view 1s briefly reviewed as
foIlows:*
In classical mechanics, the action functipn S and the
Lagrangian function L are related by fhe expression,
ty. . ‘ L
s = | Phey,dgse)ar e

ta

. where q; are the generalized coordinates and &i are the

~generalized velocities, which are all functions of the time

)
t.

* .
For detail, see Dirac's original work cited -in Ref. (1).
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Hamilton's first action prinCiple\states that the system
follows a path such that thevvariation of the action function
(2.1) £or £ixed ty, and ty is zexe. Ih accordance with the
method of the calculus of variations, with the variations

Sqi(tb) = qu(ta) = 0 at the ends points, we then obtain from

}

i

o |
s J ® L(qy,q;3t)dt = 0 ' (2.2)

t a . _ l

¢S

n

the Lagrangefequations of motion in the familiar form

d
o (5o

5L 5L _ ' '
) o vl 0o . | (2.3)

For an infinitesimal time interval, Lagrangian theory is
closely related to the theory of contact transformations in
classical mechanics. We shall therefore begin with a brief
discuséion of the analogue between classical and quantum
‘cgntact transformations.

Let two setg of variables be ;s Py and Qi’ Pi%
(i=1,2,...n)t and suppose the q's and Q's to be all indepén-
dent, so that any function of the dynamical variables can be

expressed in terms of them. In classical mechanics, the

contact transformation equations for this case can be put in

In classical mechanics, q. Q. represent usually two different
‘coordinate systems, say re&tangular and spherical, but here,
we consider them as the same coordlnate at dlfferent times.
This will be seen more clearly as we follow the development .

[v
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the form -

_ 98 _ . _8S
Pi 7 7q;° P, = 7Q; | (2.4)

where d;, p; are coordinates and momenta at time t, say, and

Q;» P

5 ; are coordinates and momenta at another time, say t

'bn

.S is some function of the gq's and Q's as defined in (2.1).

This connection of the action function with the contact
transforﬁation in classical mechanics can be carried over
into quantum mechanics in the following way.

We take the dynamical variables in classical mechanics
to correspond with the operators q, Q in quantum mechanics.
In addition we consider two representations in which the q{s
and Q's are diagonal respectively. There will be a trans-
formation function <q'|Q'> (or matrix element of a unitary
mé%rix) connecting the two representations, which in the
present case are.actually the same representation taken at,
different times. The q', Q' are numerical values (eigenvalues)
of the corresponding operators q, Q.

We shall now show that this unitary transformation in
quantum mechanics is the quantum analogue of exp[%g] , where
S as:defined in (2.1) is the classical action function.

If o is any function of‘thé dyﬂamical variables in
quantum theory, it will have a '"mixed" matrix representation

<qf|ulQﬂ> which may be defined in terms of the usual

f : 4 v l
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representation of either <q'[a|q”> or <Q”|a|Q'> by
1 1 1 1" 1" 11 1 1 1 1A 1" !
<q |a]Q > = j<q lalq >dq <q |Q > = J<q |Q »dQ <Q [a]Q >.

From the first of these definitions we obtain,

1 1

<q'lag1Q"> = a;'<q' Q"> | (2.5)

<| Lot . 9 t,1 \'
q |Pi|Q > - 1A 5 <q lQ > ~ (2.6)

and from the second:

<q Q410> = Q;<q [Q'> o (2.7)

+ iﬁ—i,—<q'|Q'> ' (2.8)
°Q

Note the difference in sign in (2.6) and 2.8).

! 1
<q |PilQ >

]
Equation (2.5) and (2.7) may be generalized as follows:
Let £(q) .be anylfunction of the q's and g(Q) ény function of

the Q's. Then
<q £ (@Qg@] > = fj<q'|f(q)|q9dq"<q"LQ">dq"<Q"chQ)lQ'>
= f(q')g(Q')<q'|Q'>

" Further, if fk(q) and_gk(Q), (k=1,2,...m) denote two sets of

functions of the q's and Q's respectively,

<q' |25 (@eg (1Q> = I,6 (4 )g (Q)<q |Q'>
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Thﬁs.ifﬁa is any function of the dynamical variables and we

“,suppose it to be expressed as a function a(q,Q) of the q's

. * < N " o " . = + .
and Q's in a "'well-ordered" way, that is, so that it consists

of a sum of all terms of the form f(q)g(Q), ﬁe have:
. 1 ’ ' 1 v t t .
<q |a(q,Q[Q > =alq ,Q )<q [Q > . ’ (2.9)

ﬂ -~ This  is a rather remarkable equation, giving us a

connection between 0(q,Q), which is a function of operators,

N . 1 1 .
rand a(q ,Q ), which is a function of numerical variables.

Moreover, it provides the basis for carrying over the contact

':transformation between dynamical variables in classical
'mechanics into a contact transformation between operators in
quantum mechanics. We demonstrate this immediately below.
- In conventional quantum mechanics, <q'|Q'> is the matrix
elément of a ﬁniﬁary transformation between two representa-

tions. In this analysis, we postulate that
1 1 '
1 1 . . H
\ o ‘ <q IQ _,> = exp [_];Ii%%_’_g._)] . _ (2.10)

since the right-hand side also amounts to a unitary trans-
' cooe o
formation. Later we prbve that.thérfunction U defined by

(2.10) 'is the analogue of the'claési%al action function S,

!

% ' o .
See Ref. (2,3) for a discussion of the importance of "well-
ordered" functions in quantum mechanics.

PR
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thus linkiﬁg our unitary transformation with the classical
action. -
| .If in equation (2.9) we choose a = p;, and apply (2.10)
'Wé:get from (2.6) ‘ .

C v
1 1 aU 9 !2 | t \.
A <q IpilQ > = 3( T ) <q |Q> : ‘
. qi

~,

By'comparing this - with (2.9) we obtain
b, = 2U(a.Q)
i
aqi |
as an equation between operators or dynamical variables,

which holds ﬁrovided BU(q,Q)/aqi is well ordered. Similarly,

we get
b = . 3U(q,Q)
1 .BQi

which holds provided BU(q,Q)/BQi is well-ordered. These
equations are of the same form as (2.4) and show that U
- defined by (2.10) 1is tﬂe analogue of the classical action S,
which is what we had to prove. We proceed to examine this
analogy in more detail. |

The equations of motion of classical mechanics cause the
dynamical variables to vary in such a way that their values
q,» P, at any time ty are connectedxwiéh their values A5 Py
at another time t, by a contact transformation, which may be

put into the form




_ 3S _ 35 - P
Pi 7 3q; Pi = 3, . . _ (2.4

QU

where q, p = Ay s> Pps Q, P = d,, Py and S is the time integral

of the Lagrangian over the range t_, to tb along the classical

peth;
%y i , .
§ = J L(q;,q55t)dt . - (2.1)
t, x ‘

In quantum mechanics, the dps Py, will still be connected
-'with the d,» p by a contact transformatlon (or unltary trans-
. formation) and there will be a transformatlon functlon
<y, blqa t,> connectlng the two representations in which IR
at ty and q, at t; are diagonal respectively. The work of
the preceding section now shows that|the'contact transforma-
tions in classical mechanics and in quantum mechanics have

the relationship,
K t
: i b . *
<q, tblqa t_ > corresponds to exp[ﬁJtL(qi,qi;t)dt] (2.}1)
l § s - . a - t
where L 1is the Lagrangian functioii. 'If we take t, to differ
by the infinitesimal e from tB, we gett

<qy, ta+e|qa t > corresponds to ‘eXpE%-Le]v C(2.12)

P
H

ES ' . . \
‘Dirac's original work.uses h instead of A. '
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The transformation functions, i.e., <q tb|qa t,> are'
very fundamental things in quantum mechanics, and it is
satisfactory to find that they have their classical analogues,
expressible simplf in terms of fhe Lagrangian. .

We have here the natural extension of;the ﬁell—known
g )

result that the phase of the wave function corresponds to

vt
Hamilton's principle function (i.e., S =f det) in classical

t
) a
mechanics.

The analogy (2.12) suggests that we ought to consider the
classical Lagrangian, not as a function of the coordinafes
and velocities, but rather as a function.of.the coordinates
at t and the coordinateslat t, e, where eﬂis an infinitesimal
time interval,

For simplicity, we shall take the case of a single degree
of‘freedom, although the argument applies to theugeneral case.
We shall use the notation,

i(%b
exp[ﬁJ Ldt] = A(tb,ta)
' an

A

. so that Alty,t ) is the classical analogue of <qy tylaq, t.>.

Suppose we d1v1de the time 1nterva1 t -ty into a 1arg§
- number of small intervals t +ti, t1+t2, ceeto 17ty tn'tb’
“by the introduction of a sequence of intermediate times
tl’

t .tn. T%en

2, o e

A(tb,ta) = A(t t )A(tn n- 1) .. A(té,tl)A(tl,ta).§2;13)
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Now in the quantum theory we have

) sqb -tblqa ta> - J 'J<qban>dqﬁ<qnlqn-l>dqfn-l'“

<qyla;>dag<apla,> - (2.14)

where q; denotes q at the intermediate time t (k=1,2,...n).
(This is exéctly the probability amplitqde in Feynman's path
integral method which will be seen later.) |

| Equation (2.14) at first sight does not seem to corres-
\pon& properly to‘the'equation (2.13);'since on the right-hand'
side of (2.14) we must in?egrate after doing the multipliéa—
tion while on the right-hand side of (2.13) there is no .
integration. |

Let psvexamine this discrepancy by seeing what becomes

l o€>(2.14) when we regard t as extremely small. From the
results of 2.11) and (2.12) we see that the integrand in
(2.14) must be of the form exp[%gﬂwhere G is a function of
qé, d{> dgs ---dys 9y which remains finite as i tends to zero.
Let us now plcture one of the intermediate q's, say di, as
varying contlnuously wh11e the others are fixed. Owing to -the.
smallness of i, we shall then in general have G/ﬁ vafyipg
extremely rapidly. This means that\exp[%?] will oscillate
with a very high frequency about the value zero, as a result
of which its integral will be practically zero. The only

important part in the domain of integration of Ay is thus
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that for which a comparatively large variation of q) produces
only a very small variation in G. This part is the neighbor-
hood of a point for which G is stationary with respect to
small variations in q . | .
We can apply thig argument to each of‘the variabies of
integration on the right-hand side of [2.14) and obtain the
lresult that the only important part in the domain of integra-
tion is that for which G is stationary for small variations in

,all the intermediate q's. But, by applying (2.11) to each of

the small time sections, we see that G has for its classical

analogue
Ja n 2 1 %
Ldt + J Ldt + ... J Ldt +‘J Ldt = J Ldt
A th ‘ th-1 ty , ta ta ’

whiéh is just the action function S, that classical mechanics
réquires to be stationary for small variations  in all the
intermediate q's. (Here Hamilton's action principle plays its
roie.)' This shows the way in which (2.14) goes over into the
cléssical resﬁlt (2.13) when h becomes extremely small.
We now returﬂ’to the genergl case when A is not small.
We see.that, for comparison with quantum theory, equétion
(2.13) must be interpreted in the following way. Each of the
1A(tn;tn_lj must be considered as a fﬁnction of the q's at the
two times to ﬁhich it refers. Theﬁright-hand side of (2.13)
is then a fun;tion, not only of ay, and a, but also of

q1; dy5 -¢. qy, and in order to get from it a function of a,
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and q only, which we can equate to the left-hand side, we
must substitute for d15995+--qy their values given by
Hamilten's £irst action principle. This process of substitu-
tion for the intermediate q's then éorresponds to the process
of integration over all values of q's in (2.14). (In
Féynman's path integral language, this corrésponds to the

Equatibn (2.14) contains the quantum analogue of the
action'principle, as may be seen more explicitly frpm the
following argument. From (2.14) we can extract the statement
(a rather ;rivial one) that, if we take specified values for
a, and s, » then the importance of our considering any set of
values for the intermediaté q's i; Qetermined by the impor-

tance of this set of values in the integration on the right-

hand side of (2.14). If we now make K tend to zero, this

statement goes over into the classical statement that, if we
take specified values for q, and qb; then the importance of
our consideriﬁg any set of values for the intermediate q's

is zero unless these values make the action function station-
ary. This statement is one way of formulating thé classical
Hamilton's first action principle.

The above review gives the basic idea of the formulation

.of a quantum analogue of classical Lagrangian theory by Dirac.

In the following, we show the close relationship of

Dirac's ideas and Feynman's path integral method.
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Feynman's path integral method contains as its essential
idea the concept of a probability amplitude witthotion‘te;
tweeil twd spocified space=time points., This éan bBe clossely
related to Dirac's idéa in the following way. | .

From (2.14) we have

<4 tblqa ta>'=j''J<qblqn+l>dqn+1<qn+llqn>dqn

<Cl2‘lq1>dql<ql[q >y (2.14)

"and this probability amplltude in quantum mechanics has been

proved to be related to the c1a551ca1 action function by -

using the corresponndence relation.

: - c oty
<y tpla, tp> v explE] P Lia,a5e)dt] (2.11)
a . .

What Feynman did in his workc4) was to show that for amn

infinitesimal time interval t -t =c¢€ this is an identity,

n+l n
if a proper normalization factor.,which depends on the system
under consideration is included, that is:
1‘ tn+1
Sdpey tpepldn 7 = exp [ﬁj L(q,q;t)dt] (2.15)

where A is the normalization factor.

The classical action function is expressed in the form
! \

S= I " 5(q,,71,9,) o . (2.16)




-24-
where

tn+1
S(dy41595) = Minjt L(qg,q;t)dt (2.17)
n

If we put (2.15) into (2.14) and use Hamilton's first:
action principle as expressed in (2.17), which is the exact

argument given by Dirac, we get
dd,.1 da
1
-0 S(qn+1’qn)] X An°"

. (2.18)
This 'is the probability amplitude in its path integral

18

‘ Lim i
@ tyla, tp> = €+0L{eXPEﬁ' n=

form, since the integration is taken over those values
Ads9n472 « - whicﬂ lie in a region R. Figure 1 shows this
schematically‘for paths in space-time. ‘

We proceed to show the equivalence of this path iﬁtegral
formulation and the conventional formulation ‘of quantum
mechanics.

How is the wave function defined from the new point.of
view? Does,the wave function satisfy Schfoedinger's equation?
These two.questions are answered in the following way.

We shall see that it is the'possibility of expressing
S as the sum as given in (2.16), and hence the amplitude as
~a product of.contributions from successive sectioné of the
path, which leads.,to the possibility: of defining a quantity
having the properties of a wave function. -

1 1"
In Figure 1, we may divide the .region R into R and R ,
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The sum over paths is defined as a limit, in which at
first the path is specified by giving only its coordinate
q at a large number of specified times separated by a
very small intervals. The path sum is then an integral
over‘all these specific coordinates. The 1limit is

taken as €~0.
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‘so tﬁat (a) a region R', arbitrarily restriated in space, but
lying entirely earlier in time than some t', such that t'<t;
(b) a region R arbitrarily restricted in space but lying
later in time than t",vsuch that t”>t; (c) the region
"between t' and t” in which all the values of q coordinates
are unrestricted. The region (c) is not absolutely necessary,
it is convenient for letting us vary t a\little without having
to redefine R"and R”.
Considering t as the present, we can express
|<qB tb]qa ta>l2 as the probability (or relative probability -
after renormaiization) that the path had been in region R‘
~and will be in region R
Let us suppose in'(Z.lé) that the time t is labelled by |
.k, i.e., assume t=ty in Figure 1, the index k, of course, '

depending upon the subdivision €., Then the exponential may

be split into a product of two factors.

explz I S(a,,;,9.)] = expl# £ S(q_,;,9.)]
h ol n+l’"*n ho - n+l’"n
. k-1 -
v explz T S(q,q,9,)] - (2.19)
; . n=—-00

The first factor contains only\coordinates-with index k
.or higher, while the second factor contains only coordinates
with index k-1 or loWer. This split  is possible because of

(2.16), which results essentially from the fact that the
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Lagrangian is.a function of position at different times. Now

the probability amplitude can be written

P )
<qp tpla, t,> = Jx (Ayeo ty W (ag >ty dday ‘ (2.20)
where . | |
- . L k-1 dq dg,
Lim 1 k-1 k-2
Vlag &) = EiOJR' exp[%- I Slap,psap)y —3 K
. ) . n=_oo '
| t'<t (2.21)
; L e d d
x Lim x+1 “9x+2
: . ‘ n=k A
1" '
t >t ’ (2.22)

The. symbol R' is placed on the intégral for ¥ to indicate
that the coqrdina%es are integrated over region R', and, for
ttftn<t, o&er all space. In a like manner, the integral for
x*ﬁis over R”, for t<tn<t”, over all space.

- The wave function w(qk,tk) is sufficient to define those
attributes which-are left from past history which determine
future behavior.

The probability will then be I[XWqulz. These results.
.agree with the principlés'of conventional quantum mechanics.

We approach the time-development of the system by noting
that, for finite e, equation (2.21) permits a simple recur-
give relation to be develéped. Consider the appearance of

(2.21) if we compute it at the next instant of time 1t E
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of i X dag dag_4
w(qk+1,tk+€) Z;jk' exp[ﬁ nz_ws(qn+1:qn)]"ﬂ— —— (2.23)

This is similar to (2.21) except for the integration over 'the
additional variable Qg and the extra term in_ .the sum 'in the

exponent. From this we obtain 1

_ i daye
. _w(qk+l’tk+€) = jeXp[ﬁS(qlﬁl’qk)N(qk’tk) -

oT
= J<qk+1 tk+l|qk tk>w(qk,tk)qu (2.24)

. . rt
The quantity <qk+1tk+1lqk ty>= % exp[%J k+1L(q,q;t)dt]
) ' t
" is the kernel (or propagator) for the in%initesimal time

develobment of the wave function. This kernel is the Feynmah
identity given in (2.15), which is nothing but the probability .
amplitude or the;unitary transformation of the same ‘representa-

tion q at two different times, when tys1 T = € is infinitesi-

\
i

mal.

We illustrate the relation of (5.24) to the Schroedinger's
equation in two cases: | |

For the first case, we take a particle moving freely in
a one—dimeﬁsionél space. In this case, the action function

can be chosen as

X -X :
_ . me n+l “n.2
S(x,,1,%x) = 7= (=) | _ (2.25)
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U51ng (2. 25), equation (2. 24) becomes an integral

equatlon

| o 2 d

: . k+1 %k k

. lp(xlc+1,tk+s) = J exp[ﬁ—(ma . 2 L) T (xp , ty ) (2.26)

- . : . - a4 - . (5)*
Following the same calculation as Feynman did in his text,
We'are able to obtain

' N \\ .

R 3, _ 1 A5 2 * | -

- T oayEd < 75'(T )V . (2.27)
'which i1s the Schroedinger's equation for the free particle
case, However,'it is obtained directly from the~path
integral method.

For the second case, .we take a particle moving in a
potential V(x). In this case, the action function can be
chosen as

X X,
: _ me , n+l et

S(x,, 1:%,) = 2—(————-)2 - eV(xn+1) ] (2.25)

. Using (2.25)'; equation (2.24) becomes an integral equation

dx

\ 1 -x ’
b Orepstyre) = ol 2 vcxk+1)}1w(xk, k)-——li‘
a (2.26)
From this equation, Feynman obtains
d 1 A3 ' '
R RGN vyt e

- :
For the calculation see Ref. (5), pp. 76-78.

ThlS form is a good approx1mat10n for further discussion’
see Ref. (4). '
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which is the Schroedinger's equation for the problem in

question.

These two cases show that most of the contribution to
w(xk+1,t +g) comes from values of Xy in w(xk,t) ﬁhich are
quite close to X412 SO that the integral equation (2.26) or.
(2.26)'—can, in the limit e+0, be replaced by a differential
equation. )

In order to appreciate the concrete meaning of Féynman's
amplitude, we next show that it is the Green's function of
the time-dependent Schroedinger's equation, and hence the
kernel whichiappears in the integral equation correspondiﬁg
to the Schroedinger's equation. We choose the special case
of a time—independent Hamiltonian, which relates to some .
subsequent investigations in this work.

T As we have shown, the Schroedinger's equétion obtained
by usiﬁg the path integral method,‘has the conventional form,

(assume in one-dimension).

A8y _ 14 9 ' I ' t
- " I3t 75(5 g;) ¢7+ V(x)y ‘ - (2.27)
or - . .
3y . o . :
ok Hy - . oo ” ! , (2.28).

We try a, special solution of the form

v = £(t)¢(x) . : (2.29)
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Substitution into (2.28) gives us

t

% %r = \% Hp . . , (2,30)

Since the variables are completely -separated, so each side

must be a constant, let us call this constant E. Thus the

special solution is of the form

4 Bt | |
P(x,t) = £(t)¢(x) = e & ¢ (x) (2.31)
.where ¢(x) satisfies | .« -
HO(x) = B¢ (x) | ENCET

That is, for this special solution the wave function
~oscillates with a definite frequency, namelyw= E/fi. We know
that the frequency with which a wave function oscillates
corresponds, in classical physics, to the energy E. For each
value,of'E, a différent particular function ¢, a solution of
N t2.32), must be sought.
The probability that a particle is at x is the_absolute'
.square, of the wave function y. That is |w12.= |¢l2 which does
not depend upon the time./ We say under these circumstances
that the system is in a stationary state.

Now suppose that E1 is a possible energy for‘which
equation (2.32) has a solution ¢1(x), and EZ cofrespénds to

$,, etc. The general solution can be written at any time t as




A

-i
> £ Bpt
Y(x,t) = nfl c, e ¢n(x) (2.
From this, we may put
. -1
© = t oo
- A n"1
flxq) = ¥(xy,ty) = Z c_ e ¢ (x;)= ¥ a ¢ (x;)
1 1’71 n=1 R n :l n=i DR 1
' ‘ (2.
since we can always make the expansion, .
£0x) = I ane, (e B (2.
So we conclude
+i
..Cc_ = a_ e Font1 (2.
D Tn n
Putting this into (2.33), we have, for time t,
. o +1 ’
= =E_(t,-t,)
_Wsz,tz) = ﬁzl a, e h 1 "2 ¢n§x2) . (2.
' From the orthonormality condition
N ()dx = 6 2
0 (e Gadx = 8, (2.
and equation (2.35), we obtain
® % ® %
an = j_mcbn(xl))ccxl)‘dxl = [_mcbn(xl)w(xl’tl)dxl (2
Substituting into (2.37) we obtain »
. ‘ (® @ ‘ % —_];En(tz_tl)
P0xy,t,) = j_wnzl o (x) 00 (x,)e T Gty )dx,

(2.

33)

34)

35)

36)

37)

38)

.39)

40)
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Comparing this with (2.24), we finally obtain the

desired expression for-the space-time kernel, that is

¢

o % i -
<x, tzlxl tl> nzl ¢n(x2)¢n(xl)e-ﬁ n(tZ ?1)_for.t

2”7ty

0 for t. <t

<ty (2.41)

“This kérnel is identical to the Green's function of the
corresponding time-dependent Schroedinger's equation as can
be shown by direct calculation as- follows.

We cénsider the time-dependent Schroedinger's equation

for the Green's function

-9
(- 52, Hy ) <X

s = b - 3
T 5T . > = ié(xz xl)d(tzvt

(2.42)

2 talxq tg 1) .

It is clear that the solution depends only on Xo=Xq,

ty=ty, therefore, we can, without loss of'generality{ set

=0, t; = 0, gnd

It ™8
Y

<X, to|xq ty> =
. ) n

Cptp) oy (xda () (2.43)

- and using the Fourier Transform,

1 o iwt2
l.gn(w) = J_an(tz) e dt,
0 —iwt2
Gn(tz) = J .gn(w) e dw
Therefore
. iwt2

™~ 8

<X, tzlxl ty> = J_wgn(w)e dw ¢n(x2)-an(x1) (2.44)

n=1

-
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Substituting (2.44) into (2.42) and using
-iwt2

[es] % (o]
6(x2—xl) = nzl ¢n(x2)¢n(xl7, 6(t2—tl) = %TJ we dw
We have
ol % slut,
[(_T)(-lw) 7 En]ij-ﬁn(“)e £ ¢n(X2)an(xl)
4 ﬁ l ) * 'iwtz ;
= T7r & J_mq)n(xz)cbn(xl)e Ay
» Therefore
AR
(ho - B g (@] -+ a (x) = -3 5= ¢_(x;)
or ..
Quali7/ a5 (61 )
8, (0) = - 77T -E_/R)
Then its Fourier Transform gives
! % o
Q (Xl) P 1wt2
= 0

i n o S e
6p(ty) = Iz =yl ZHiI_w(w—En/ﬁ) dul ty>t)
To -evaluate the contour integral under the condition t2>t1=0,

we choose the contour as shown:

:
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By using Cauchy's theorem, we have

o1 t2 e—iwtz
I w-E_/h dw + J ' (W-E_/A) G
cq e n

or
-iwty -iwt?
1 = dw = s dw
Cq1 iw—En7h5 C' Iw—En7hi

and Cauchy's formula:

f(Zo) S Z-2

1 j f(z)dz
i i C'

Therefore, we get
-iEntz
dw = 2mi e ol

e—iwtz

J e-iwtz 0
- dw = -J =
c Iw-En7ﬁ) o w—bn )
Finally we get
Gn(tz) 5 anixli ¢ %

Thus the Green's function is

ST el S RS DR T
i * Bnce -t0)
g o (x2)0,(x1) ¢ TH 72 717 for t >ty
= 0 for t, <t (2.45)

ki k
which 1s the result that we obtained before. Thus the kernel

is the Green's function of the time-dependent Schroedinger's

equation in conventional quantum mechanics.




III. THE MODIFIED PATH INTEGRAL IN
LIMITED SPACE-TIME

o As mentioned in the introduction, we would like to make
séme modification of the space-time path integral method to
have some characteristics .of '"paths of class R", or 'paths
héﬁing'property R". This can be done in the following
fashion.

We modify the Lagrangian function, and the action'func—
tion as well. After this is done, the m&dified form of the
path integral is constructed, since it depends upon the
Léérangian function. The modified form of the Lagrangian
function has obviously some constraint relations associated
with it. These constraiht relations provide limitations on
the paths, thus providing 'paths of some class R" or ''paths
having property R". We exhibit this in detail as follows.

In classical mechanics, the Lagrangian function L is

_generally a function of all position coordinates a; and the

velocities ii (i=1,2,...m). However, it may happen that a

certain variable Ay does not appear in the Lagrangian function,

although &k is present. In such a case, qg is called an
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ES
ignorable (cyclic or kinosthenic) coordinate. When we

‘introduce the ''conjugate momentum",

P; = 5e. ' - (3.1)

° aL

P: = == . (3.2)
1 -aqi

Now if Qe is an ignorable coordinate,

3L _ '

= =0 ., 3.3
o, (5.3)

So
Py = comstant = ¢, (3.4)

This is the well-known fact that the momentum connected with
an- ignorable coordinate is a constant during the motion.

Let us examine what happens to Hamilton's first action

principle, We have given the action integral in (2.1)

s

*

E. J. Routh, Dynamics of Rigid Bodies K (Macmillan, 1877)
calls them '"absent coordinates'; H. V. Helmholtz, Journal
of Math. 97 (1884) 111, calls them '"cyclic coordinates";
Thomson refers to them as "kinosthenic'" or "speed
coordinates"; Whittaker uses the name "ignorable variables",
see Ref. (9), p. 125.
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°

o ° Q *
S = j L(ql,qz...qi,...qm;ql,qz,...qi,...qm;t) dt. (3.5).

+ » - 8ince a certain wvariable Ay is not present in the partial
derivative P = (BL)/(qu), but qk is present, wé can obtain
qk from (3.4) as a function of non-ignorable coordinates and
velocities.

For simplicity, we restrict our discussion to one single
ignorable coordinate, the generalization to any number being
‘obvious.

We arrange q; in such a manner that the last coordinate

adp is- the ignorable coordinate, so that

3L :
p = =<C * (3-6)
m . qu m ‘ '
and hence
qp = £(Aqs- Ay 1391~ +Adp_1>Cp3t) (3.7)

Hamilton's first action principle requires that the
action integral (3.5) vanish for arbitrary variations of the
q; between definite limits. Equation (3.6) or (3.7) actually

provide the constraint relation for the system under

v

ANpte here q. is different from q, as before in (2.15), q.
stands for different coordinates, each one of which can be
divided into q_ which represent the same coordinate at '
different times.
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consideration. If we eliminate ém by means of (3.7), our
problem is reduced from m to m-1 degrees of freedom, so our
path integral for the modified Lagrangign will be reduced by
one degree of freedom. | B

Therefore, we can actually simplify the given variation
ﬁroblem by eliminating in advance all the ignorable coordi-
nates. However, we have to keep in mind that the constraint
relation (3.7) makes dm a function of the non-ignorable
,‘Variablés in the sense that we assume the relation (3.7) to
hold not only for the actual motion but for the varied motion
as well. |

fhere‘is'no objection to this restriction of the varia-
tions of all the q; - However, the condition that the varia-
tion of ém must Qanish‘at the two ends points of the range is
violated because &m is obtained from (3.7) by a quadrature.

Hence, froml(3.5) we have,

t
ty b &
88 = GJ Ldt = (pméqm)t - (3.8)
t a
a
But P, = Spo the ignorable momentum, is constant everywhere

*
along the C -curve (a curve in configuration space). Hence

we can write

b b . :
(pqum)ta = pmGJta qmdt = Gjt cmgmdt . (3.9)

* ,
See Ref. (9).
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So that (3.8) becomes

t .
_ b o _ ,
§S = Gjta (L - cmqm)dt =0 . (3.10?
Let us put T =1L - cm&m ; (3.115\'

and call L the "modified Lagrangian functiop:for the
ignorable coordinate qm.” The result of our deduction can
be stated as follows: h

The minimizing of the original action integral S with
» the igangble variable q, can be reducgd to the minimizing
of the modified action integral |

—_ t'b —_— o, ‘

S = J L(qr,qr;t)dt (3.12)

t
a

without the ignorable variable Ay > after eliminating dm with
the help of the constraint rglation Pp = Sy
The process of eliminating an ignorable coordinate may
be divided into three steps:
a. Write down the equation for the conjugate momentum

of the ignorable coordinate,

= 8L _ . - . < (@)
Pn qu m " :
b. Modify the given Lagrangian function to

L=L-caq . o | (8)

c. Eliminate the ignorable velocity &m by solving
equation (o) for &m and substituting into equation (B8). Then

the modified L does not depend on the ignorable variable and
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the original variational problem of m degrees of freedom is
reduced to a new variational problem of m-1 degrees of
freedom. o
This reduction process remains the same if fhe'given
problem contains more than one ignorable coordinate. The

modified Lagrangian function has now to be defined by

\-

S
T=L-5 c,q (3.13)
9=1 218
with the constraint relations:’
_ oL
P 2 mg =¢p , (4= 1,2,...5) : (3.14)

The sum in the second term of (3.13) is extended over all the
ignorable coordinates.’

The modified Lagrangian L will contain all the non-
'ighorable coordinates after the substitution of &2, which
are obtained by solving the constraint relations (3.14).

This process will reduce the Lagrangian to a function of
the non;ignorable coordinates Qplf, Such’ a Lagrangian may
have advantages for the calculatién of the path integral,
siﬁce it will reduce the integration from m to m—S'degrees‘
of freedom.

Using the modified.Lagrangian énd its action function,
we follow the same argument, step by steg, as given by Dirac

and Feynman, to formulate the modified path integral as




~472-
follows:

The contact transformation now becomes

ag (3.15)
in its classical form, where the dynamic yariable qr’ﬁr’
etc., represent the non-ignorable variables only, and L
in (3.13) is the modified Lagrangian function with the
constraint relationé (3.14) associated with it.

We start with these relations and follow the logic

of Dirac to obtain the gquantum mechanical contact trans-

formations, which are equations between operators. That is

. — - % .
5 - Ugggg) , P = _E%éiig) ‘ (3.16)

T

provided (aﬁ)/(aqr) and (aﬁ)/(aér) are well-ordered functions.

In classical mechanics, the equations of motion causing

'a set of variables qr’ﬁr to vary from one time to another

can be described by a contact transformation, which may be

put into the form as before

_ 98 =

= _ 23S o= - 3S
pI‘ qr > T mr ‘ |

R R '
We have postulated that £ LQ > = exp{il(g ,Qt))/ﬁ]as we did
before in (2.10), all § , Q', represent the numerical values
of the non-ignorable coordinates. '
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- p—y — — * — b~ - — o—— ' ‘ -
with 9> Py = G » Py, at time' tb’ Qr’ Pr =4y, b, at time t,s

where S is the modified action function:

— t — o
5 = J P T(q,,q,;t)dt. | (3.12)

ta

In quantum mechanics, this can be représented by a
unitary (or contact) transformation <§b,tb|ﬁa,ta>, connecting
~the same representatioﬁ‘at different times in which ab at tb
and aa.at t, arerdiégonal respectively.

The previous arguments suggest a modified correspondence

relationship,

i tb

<q, tyla, t,> v exp [ﬁ[t 1(a,,4,;t)de] (3.17)

. , a
where L is the modified Lagrangian as defined in (3.13). If

we_take a small time interval e, we get
<Gy t, *elq, t,> o explz Lel. o (3.18)
We use the notation
%

- explz Jta (q,,q,;t)dt] = A(t,,t.)

so that K(tb,ta) is the classical analogue of <@ tbl'qa t >

* ! .
qb = q.p, stand for all non-ignorable coordinates:

1
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Suppose we divide the time interval tyrt, into a large

number of small intervals'ta+t1, ti7ty,, ...t

Then
K(tb,ta) = K(t t) Rt ,t . 1) K(tz,tl)ﬂ(tl‘,ta).(3.19)

Now the quantum expression 1is

<qb tblqa ta> = J"J<qb\an>dqn<qnlqn—l>dqn—l
. .<q2|ql>dql<q1[qa>* (3.20)

Here the q are. the non-ignorable coorainates, while ﬁk's
1abe11ed them at different times. These q afe related to
the 1gnorable coordlnates through the modlfled Lagrangian and
the constraint relations given by the conservation of the
momenta conjugafe'to the ignorable coordinates. Therefore,
ar~are not so free as ;> since the motion of ﬁr have to
conserve ''something' but the q; do not necessarily do so.

We next use the same reasoning of Dirac to show that
(3.20) goes over to (3.19) by using ;he modified Hamilton's
first action principle in the form,

t

- tb - .
§S = f Ldt = 0 : (3.21)
a ' .

* .
The notations are simplified, ﬁk = gy for all the non-
ignorable coordinates G, at time-ty 1s labelled by Qqk
instead of qyy.
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‘ which is now applied to the non-ignorable coordinates only.
From the relationships'(3.17) and (3.18), we find that
the integrand of (3.20) must be of the form exp(iG/#), where
G i§ a function of §a, qq1s Gy ..ﬁn; ﬁb; which remains
finite as 1 tends to zero. If we look at'apy one of the
intermediate G's, say Qe » the main contribution comes from a
point for which G is staéionary with respect to small varia-
“tion in ak‘ Thig can be applied to each factor in the
rintegrand, so that the only contributian in the domain of
integration of (3.20) is that for which—é is stationary for
small variation in all the intermédiéte/ak‘s. Buf using the
result of (3.17) for each of the small time intervals, we see
G has for its classical analogue .
] ftb Ldt +[tﬁ Ldt + ..Jtz 1dt lirjtl Ldt =th Lat
n th-1 ty ta
which is just the modified action.function 'S, and the above
argument 1s nothiﬁg'buf the statement of (3.21); that is the
modified Hamilton's first action primciple. This shows (3.20)
~goes over.iﬂto-(3.19) when h becoﬁesnextremely small.
Since Feynman's argument is directly related té Dirac;s,
his replacement of the correspondence relation with an

identity becomes for the modified formulation,

-~ V] el 1 i Il+‘1"' - L.
<qn+itn+1lqﬁ t> =3 exp[% Jt : L(qr,qr;t)dt] CS.?Z)

n
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with A changed to B. The normalization must be changed to

a suitable form in the system of non-ignorable coordinates.
The modified action function can be éxpressed as

o

S= & 8(q -9, o - (3.23)
n=-c *
5
where
— N 'tn+l~ . N
S (A 1,0,) = Min|, L@@, 8 50)dt (3.24)
n N

L ‘The general modified path integral then becomes

) . dg dq
— — _ leJ 1 = e — n+1l n ...
<qb tb ]‘qa,ta> - e+ .ﬁ exp[ﬁ' E~6° S(qn+1’qn) ]"‘"‘“—"B """""B
) (3.25)

w@ere the integration is taken over ":an’qn+l"" which 1lie
in a limited region R. This is shown schematically in Figure
2. for paths in limited spate—time.

: The modified probability amplitude as expressed in (3.25)

{5 is a constrained one. That is, it is a probability amplitude

N for a physical event in which the possible paths lie in a

region R, which is 1imited by the constraint relations (3.14).

1 ~

In the one-dimensional case, the effect can.hardly be se€n,
since if the corresponding momentum is a constant, the only

,coordinate is the ignorable ome, which is missing in our

~,

) . .
formulation. However, for more than one dimension, the
’ 1 ] »

“technique can obviously be applied, and we will givé a concrete

example later. .In‘general; the éValuation of the reduced path

X
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Fig. 2 Paths in Limited Space-Time:

The paths of this picture are different f£rom Fig. 1

in that, here the paths are limited by the constraint
relations, so that they conserve some quantities.

The path sum extends over the non-ignorable coordinates
only. In cases of two-dimensions, with one ignorable
coordinate, the reduced paths will be in one-dimension
only. Later, we will give a concrete example.
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integral may not be easy. This is the price we have to pay
under this modified formulation, since tﬁe eliminatioﬂ of the

-« dignorable éoor&inates may reduce the kinetic energy from a
quadratic form in velocities (for which the evaluation of
the path integral is easy)* to a linear foxm in velocities.
This change may make our modified.path integral hard to solve,
if not unselvable.. In the following we illustrate how this
may come about in tﬁe modified Lagrangian.

' Suppose the kinetic energy Trof the original system can

be written as follows.

1 m . . 1 m-1 .
T=3 t,i=la1’k 9 9% = 7 15§=M 41,k 91 %k
m—l ‘ °© ° 1 92 ! . ‘ v
* izl &om 4 9 T 7 %m,m %m : (3.26)

. .
We" have separated here the corresponding,ignorable velocity

from the other velocities. Now the ignorable momentum becomes

m-1

Pp = §aﬁ'= izl #i,m 9 +lam,m ?m = “m (3.27)

if the potential V(qi,t) is independent of the velocities.
We obtain for the modified Lagrangian function,

m-1

°2

. \
2 %« Y4 % " 7 %;,m 9p - Ve (3.28)

— o 1 -
L = L-c_'q_ = 5 )
momo 2 k=1

i
3

i
5 . :
A:general discussion is given in Ref. (5) pp. 58-61.
1 i
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The reduction process is not yet'accomplished since we have

to eliminate Ay with the help of the constraint relation

(5.27). After the elimination of q,, we obtain

' 1 ' " m-1
1 & . 1 2 .2
-7 f?&l i,k 91 9k ° Zay n isi ai',m 43
< m-1 : . |
+ ' a. q. - V 3.29
am,m i=1 i,m 9 ? . ( )

where V may be called an effective potential, which contains

two terms,

0
=3

V=V~ . (3.30)

N[
'm
4

, 1

The remaining terms, in L, however, are of an unusual nature.

‘They can be considered as part of the kinetic energy T,

however, T instead of being quadratic is now linear in
velocities.

In our modified path integral method, we are dealing

~

~

to the form of (3 29). If the velocity-dependent part can
be reduced to a quadratic form again, then the evaluation of
the modified bathvintegral of the remaining non-ignorable |
coordinates can be done easily, and we wili'get aidefinite
answer to the:préblem under study. “Otherwise, the modified
path integral..is hard to evaluate.

We next examine Feynman'é i&eas to formulafe‘the modified

wave function. Using the same argument as given 'in Section II,

¥ : . 11
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we may divide R into three regions as shown in Figure 2. The

integrand in (3.25) can be rewritten as
i Y ws = i
explz I 5(9,,,,9,)] = explg

n= -
. . k-1
- explzg T S(3,,;,q,0] (3.31)
n:

- 00

L e I

This split, is possible because of (3.23), which results from
the fact that the modified Lagrangian is also a function of
position at different times. Therefore, equation (3.25) can

bQ written as

- _ 5 _ B .
Gy ty [T, t,> =[x ety ¥ (@ ty) day (3.32)
whére
- : . k-1 : dg, . dg
o L Sre ~ 1 k-1 k-2
vy ) = eiﬁ>j§' explg I 8(d,,1,3,)5] 3 5
- n:—w
£ <t (3.33)
- . o dq dq
x I e k+1 $k+2
X (Gy,ty) = gi%JRH explz 2 8G5,1,8,)] —5 3
b - n= R R
£t . (3.34)

* The wave fupction w(qk,t) is .sufficient to define those
attributes which are left from past history which determine
future behavior for all these non-ignorable coordinates.

The probébility of finding the 'system in region R is
" defined by ]Jx*w aqLZﬂ These results agree with'the

principles of conventional quantum mechanics.
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For an infinitesimal time interval, the change of the
wave function w(qk,t) of (3.33) in the configuration space
of non-ignorable coordinates can be written as

W(qk+1:tk+€) = jqu<qk+l tk+1[qk tk>¢(qkstk) - (3.35)

where the kernel in the limited space is:
- e 1 i (terle -
SAy+1 tk+l|qk tk> Y exp[ﬁ tk L(qr,qr;t)dt] (3.36)

‘this is the same equation as given in Feynman's identity
(3.22). |
' Conseqﬁently, we will also be able to get the result
thét this modifiea kernel is identical to the modified Green's
fgncfion of thé time-dependent Schroedinger's equation in a

modified form, since the Hamiltonian of the. system will be

modified as well as the Lagrangian. . We obtain

AP L _ A - |
(- 7 5?5 - qu)<qb tb|qa t > = —Id(qb—qa)6(tb-ta) (3.37)

where H(_i is'the modified Hamiltonian, in which the ignorable
b .
coordinates are completely eliminated. Thus the modified

path integral formulation and conventional quantum mechanics

are equivalent. g
3

The above formal construction of the modified path infe—

gral in a limited region of configuration space can be seen

explicitly in the fdlloWing concrete sample.
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Let us consider the motion of a particle in a uniform-
gravitational field in two-dimensions.

The ordinary Lagrangian function expressed in Cartesian

coordinates is in the fornm

*2 o2 .
L =2 (x°+y°) - mgy (3.38)

The wave function in the ordinary path integral method

should be written in the form
dx dy . tk+€
]. o o
Y (Xyp1oYpepstite) = fo’Kipr*k eXP[%jtk L(x,y,x,y;t)dt]”
~wt

Y v ). (3.39)

.

From (3.38) we see that x is an ignorable coordinate.
Therefore, we will be able to employ our modified path
integral method. This enables us to reduce the ordinary
path integral from‘two-dimensions to one-dimension.

Following tﬁé procedure of eiimination as given

previously, we obtain

Py = 7% = mMX = c T (3.40)

(3.41)
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The modified Lagrangian function has the form

o m “x.2 s 2 “x
L=L~CKX=§[(m~—~) +yj‘ng“CX(ﬁ"‘)
m .2 “x 1 .2
=z Yy -mgy - -z =5my - V(y), (3.42)
Here we see our effective potential V(y)
/
V(y) = mgy + 5 - (3.43)

Therefore, the wave function in the modified path

integral formulation has the form
‘ Jw dyk . tk+e o
P On B®) b =% exp [ﬁftk Liy,¥3t0dt 10 (yy ©)
' (3.44)

Note the ignorable coordinate x is completely eliminated.

The quantum meéhanics, just like the corresponding
classical mechanics describes a motion in whi&h the momentum
conjugate to the ignorable coordinate has a fixed, constant
value. _

If we use (3.42) aﬁd put it into (3.44); it is a
completely one-dimensional problém. Following the same
calculation as done by Feynman, we éet the Schroedinger's

equation in a modified form,

_ 1
L (=

po] X
>

R0 12, . = - '
T —y) v o+ V(y)y | (3.45)

@
(x)
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where 2 2
xr CX CX
V(y) = mgy + o0 = V{y) + ;= (3.46)

OQur constralnt reiation (3.40) is built into the

. effective potential V(y), which in this case contain an
additional constant térm in comparison with the original
potential V(y).

The modified Hamiltonian is of the form

CZ

—_ — 1 °
Hy =T+V =5my” + mgy +

5 (3.47)

We proceed now to illustrate by a specific example the
calculation of the path integral, both in the standard (or
original) form of Feynman and in our modified form containing
constraints.

For this purpose, we choose -again the case of a particle
moving in a uniform'gravitational?field in two-dimensions.

The ordinary Lagrangian function for this case as givén

in (3.38), that is

L= 2m(x*+ 3% - mgy : (3.48)

Using the general expression

93-95-1 944951 FiFPiog s

T (3.49)

N .
See Ref.(5), p. 38.
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we can express the sum of (2.17)

< 00

S = .E chiJQi,lg. (3,50)
i=-c0

For our present case, we get from (2.18) the probability

amplitude
< | , . Lim (im_ z (x; - K
Xp Yp Bpl¥g Yo 87 T el | SXP Zhe [ i-1
} N
2 - € '

+ (yi—yi_l) 11 expl 1?% izl (yi+yi—1)}dxl"dXN~l“

2nihe -N/2 2mihe\-N/2

(Zrihey N/2 gy gy (ZniBeyN/ (3.51)

We first evaluate one of the integrals and develop a

recursive relation.

2 (xl-xa)zj}*

¥ 2mifiey-2/2 i
<1> = J_w(—ﬂﬁﬂi) / dx, exp {E%E{(X2~X1)

'i fo (2ﬂiﬁé)—2/2,dyl exp {%%_[(yz_yljz f iy, )Zj}x
exp - 1mg [(YZ+Y1) * (Y1+Y )]}

The first factor can be intégrated over X, by using the

formula

+

[_mexp[a(xl—x)z +B(x2—x)2]dx =/ élgl exp[ggg(xl—xzﬂz
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We get for the first factor in <1>

<O 2' - e
[ o

Z Cxahlezl}

2mih -2
= [—j%-—E] 1/2 exp {%%775 (xz—xa)z}

Now we proceed to evaluate the second factor in <1>. After
a simple calculation by integrating over Yy, we get
© 2mifieq-2/2 . im 2 2
Jo["_ﬁ*”] [ayy explagz [y ) "1+ (ry7y) 7]

_ img E[(y2+y1) . (y1+y )13= % [Zﬂii'ZEJ—l/Zx

exp{j%gjg (yz—ya) - ——————{YZ Vg )}exp{ 1$%?3}
Therefore, we obtain
<1> =[§E%ﬁi£5]_l/2 exp{Zh Ze(X xa)z}x
' Lp2nif 2e)-1/2 exp{zﬁ%%g(?z'ya)z ME2E (y vy ) b

exp 1 1mce g€y

We-mulfiply'this by the factor

2miheq-1/2 im 2.r2wikeq-1/2 ,
=1 707 e Aggg(xgmxp) =1 707

1mg€

exp{El (v, -y,) %} - exp{ (y4+y )

And integrating again, this time over Xo,Yy, We get the

result
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L =1/2
[2ﬂ1ﬁ 381

m

<2> = eXp{fﬁ%%E(xg'Xa)z}x

Ak s "1/2 i 3.
L p27ihs3c __im v V2 _ img:3e
22[ T xplapise (3 y)" - S rg+y,)

. 3
- imge” (5,033

We continue this kind of calculation for N-steps. Finally
we obtain

. e -1/2

) _ Lim r2winh°Ne

“Xp Vp Cbi,xa Ya > T ev0 [T ]

) . -1/2
. im 2 2N 2miti-Ne
eXp {ZﬁoNe(Xb_xa) b ox ;N L m ]

in _ 2 _ img-Ne
exp {op e (v v,) " - =Sty )} x

. - 3 .
exp{'lmi; (... 15+10+6+3+1)}

After taking the limit e+»0, we obtain for the probability
amplitude in space-time,
n 4t im 2
X Yy 1% Va tp” 7 Lgmmrer!  explggyl Oy oxy)
2 -img-T .
+ (v ) "1 expl =y 4y )} . (3.52)

where T = ty-t, = Ne.

This is the explicit expression for the probability
amplitude, which i1s obtained directly from the standard (or
original) space-time path integral calculation.

. i .
We now introduce the constraint of constant momentum

conjugate to the x coordinate and evaluate the path integral
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in our modified formulation.

The modified Lagrangian function for tnls case as given

in (3.42), ‘that is

2
=~ _ 1 2 “x
L = 5> my”-mgy - 5= (3.53)

We get from (3.25) the modified probability amplitude

for our present case

. . N .
_ Lim im 28 %
Yy tply, t> - e+0J"[eXP{7ﬁE iilcyi“yi-l) }
. N -1c2 Ne’

° exp imge -Zl (y- itV l)}x expl ]dyl

1':

2 ' ‘
2mihe N/ N ) :
dyy. 1[ = ] °27 _ (3.54)

After making a calculation as we did before, we are able

to obtain the modified probability amplitude in the form,

0 -1/2 . -icZeT
Yy tplva ty> “lormmer! expl —pg—t*
explogiely, -v,) ° x expl BE Ly +y )} (3.55)

“where T E'tb—ta = Ne.

This is the explicit expression for the modified
probability amplitude, which is obtained directly ffom
the modified space-time path integral calculation.

In comparing (3.52) with (3.55j,'we see thaf the

normalization factors are different, in addition, equation

(3.55) does not contain the ignorable coordinate x, by
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contrast, it contains the factor provided by the constraint
relation.

Notice that equétion (3.52) is the probagiiity
amplitude (or propagator) in two-dimensional space-time,
which amounts to the unitary transformation between Yy X
at ty and Y, X, at t, . However, equation (3.55) is the
.modified probability amplitude (or propagator) in limited
one-dimensional space-time, which amounts to the unitary
transformation between Yy 2t ty and Yy 2t t, of the non-
ignorable coordinate. The.ignorable coordinate X provides a
constraint, which has already been built into the modified
probability amplitude through the additional factor containing

) .

C
X

The normalized probability amplitudes are

2nif-T L : ‘ im 2 2
L ﬂ; ]<beb Cblya Xq a7 e¥p£2%°T (Xb—xa) +(Yb_ya) box

exp{HBE L1y 1y )3 (3.52)'
STiR T +1/2‘ 1c2 T
(2L ey by, 1y = expt g texp gty y,) U X
expl 22 L (y vy )} - (3.55)

respectively. These results are what we desired to obtain.
We will réturn to this special example problem at the

end of Section IV, where -it is used to illustrate the
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probability amplitude with the constraint of constant

| total energy.




IV. THE IMPORTANT SPECIAL CASE OF THE MODIFIED
PATH INTEGRAL IN SPACE-ENERGY

There is an important special case to which we will'’
apply the modified path integral method. This is the case
when the Hamiltonian of the system uﬁder consideration is a
constant of the motion. Then, the time "t does not appear
explicitly in the Hamiltonian, so 't" is an ignorable
hcoordinate, Therefore, '"t'" may be eliminated. as an indepen-
dent variable. After the elimination of "t", the classical
Lagrangian function and comnsequently the modified pafh |
integral are reduced to a function of space-energy instead of
space-time. |
’ Standard mechanics uses the time '"t" as an independent
variable or parameter, and ignorable coordinates must be
dependent variables. Therefore, we first show how the time
"t" may be treated as a dependent variable if an additional
parameter is introduced. .

Let us consider all m+l variables, Qis+--4d qumy and

iv®
t, as given functions of some arbitrary parameter v. The
system has now m+1 degrees of freedom. Denoting derivatives

with respect to v by a prime, the action integral appears as

follows:

2 . ' q.? i t ?
= ' T et gy, 28t _dg;
S —J-\)l L(qqs.--qy; %T,...t,) t dv; t =3c, q @ (4.1)




|
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The time '"'t" is an ignorable coordinate in L, since only t'
appears, but not "t" itself.

We make use of the theorem that the conjugate momentum
associated with an ignorable coordinate is a comstant of the
motion to construct the modified action integral.

For this purpose, let us form P the momentum, which is

conjugate to the time "t",

! m q . m .
P, = QLEETl =L -( 2 %£ =)t =L -3 p. q
3t i=1 %93 i=1
m ) *
= ~(izlpl q; L) (4.2)

The expression in the last parenthesis of (4.2) is exactly
the total energy of the system under consideration. We
denote it by A. For the usual mechanical system A 1s the sum
of kinetic energy and potential energy, T + V. We then have
the important fheorem - which holds whether the system 1s
conservative or not -- that the momentum associated with the
time '"t" is the negative of the total energy.

If "t" is ignorable, i.e., if our system is conservative,

then A is a constant, and we obtain from (4.2),

p, = -A = -E = constant. ' (4.3)

*
Our Lagrangian in a new form Lm+1—Lt our.new conjugate

momentum is pi= (aLm41)/(8ql), thei= m+1 th coordlnate is t,
so that the i= mvl th momentum is -—(8Lm+1)Kat y= (5Lt y(at ),

§i=(dqi)/(dt); qi=(da;)/(av); pi= CBL)/(BQI)
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Therefore, we can eliminate "t" from the original variational

problem and obtain a new one which results in an equation

that .termines the path in space-but says nothing about the

time-development of the motion, since the time '"t" appears:

nowhere.

According to the general scheme of eliminating ignorable

coordinates we first modify the Lagrangian function.

the present case, equation (B) will be in the form

7 1 m t

—- ! .
. L=1Lt -p .t = (L—pt)t = _Zl p; q; t
1:

where we get the last equality from (4.2).

The modified action integral becomes

V .

2 m ;

S =J T p. q. t dv .
Vi i=1 * 7

From the relation that T is quadratic in Qi, i.e.,

oT

%1,k 4 % Py T oy, T

°

1 m
T =-2- E ai,k qk’

i

=

1 k=1

we obtain

For

(4.4)

(4.5)

(4.6)

1 (4.7)
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In the literature of the eighteenth century, this

integral frequently appears in the form

I A . |

S =_J, 2T dt,. (4.8)

1
But Jacobil pointed out that this is not satisfactory, because
the time "t' may not be used as an independent variable in
the present variational problem, when the total energy is a
constant of the motion, and "t" is the ignorable coordinate.
" 'Indeed, our process of reduction is not finished yet.

We have to eliminate the conjugate momentum Py of "t" by

using the constraint relation,

'pt =-E=-(T~+V) (4.9)

|
Without the last step of elimination by using (4.9), the

modified action function (4.7) cannot be employed directly
in the variational problem. The elimination is done as
follows:

We may choose a symbolic C-point to represent the
mechanical system in configuration space. The kinetic energy
of the systém point can be written as the kinetic energy of a

kS
single particle of mass = 1.

. . | :
This imaginary particle is the C'point-in the configuration
space which symbolizes the position of the mechanical
system. '
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m

" : °© =
T=7. Z~ ai,k(ql""qm)qi g =
i,k=1

N =
jaF el
S0
N

( (4.10)

where d5 is a line-element of the configuration space. We

thus define the line-element ds as

as? =

i,

=]

1 ai,k dqi dqi . (4.11)

The quantities a5 1o which are given functions of the qi's,
2 «
are the elements of a metric tensor.
For our present case, the independnnt variable of the

system is no longer t but v, so we write
Jt 2, ‘ ‘ (4.12)

Making use of the constraint relation (4.9), we get

(égg ~
! dv (ds/dv)
t = = 4,13
on /2 T (Z(E-V)11/2 (4.13)
Finally. the modified action becomes,
2 . Vo 52
S = Jvl 2T t dv= Jvl VZ(E-T) Io dv (4.14)
oT (v, - '
= Jv Y2 (E-V)ds , : : (4.15)
1
We may define
? ) ds .
F(q,q ,-EB;v) = v2(E-V I (4.16)

*
See Ref. (9), pp. 17-24.
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as a modified Lagrangian function. Then

v
— 2 v % ) ‘
5 =[, Fa. a', -Bsvav | (4.17)
1

We have now completed the elimination process, and obtained
the action integral in a modified form. We call this last
form, equation (4.17), Jacobi's action integral.

The time '"t" does not appear in S. Moreover, the line-

%

-~ & .
element ds is not a complete differential and it would be

. quite wrong to believe that the integrand of S is YZ(E-V);
ds corrgspondé to the differential of the independent variable.
In order to prevent this misunderstanding we put a tilde above
ds. Some parameter must be chosen as an independent variable.
In particulay, we may take v to be one of the qa; > which are
now functions of v instead of t.

The principle of minimizing the integral (4.145 or (4.17)
in order to find the paths of the mechanical system is called
Jacobi's first action principle. This principle determines
the paths of the C-point in configuration space at constant

energy, but says nothing about the time-development of the

‘k
See- Ref. (10), p. 234.
kkaé represents a non-integrable differential, which can not
be considered as the infinitesimal change of something,
like dgq is "d of q'". ds has to be conceived as an ~
infinitesimal expression and not as "d of s". See Ref.
(9), p. 18, footnote for more details.

“
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motion since '"'t'" appears nowhere.

Putting 2y 4 ~Ms g, Wwe get from (4.11) the line-element

~ ' dg.d
ds = m q‘l qk s
Ji LM ay WY (4.18)

Therefore, the modified action integral is '

v
V2 (E-V) =— dv - (4.19)
vl. i,k—l i,k dv dv

S =
or .
- 2 . dq. )
— ? . = 1
S= [, Flagap,Ewavs qp = g5t (4.20)
where
— [ m dqg. dqj
= i .tk
E *JZ(E"V) i 1Z<=1mi’m v 4y (4—.21)

Applying Jacobi's first action principle, the paths of

the system are determined by the vanishing of the variation

N
8 '(4.22)

§S = Fdv = 0,
1

Finally, we get the modified Euler-Lagrange equations in

parametric form:

d OF 9F  _
S5 (5313 " 5q, " 0 (4.23)

Therxre is a question, what is  the reason that allowed us
to use the Euler-Lagrange equations when only paths of

constant energy are allowed in variations?
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Let us examine the line-element as given'in,(4.19),
which does not contain time t. E 1is a constant and V is a
function of 4y only. ‘Therefore, the time "t does not appesr
in the modified action integral (4.20). Hence Jacobi's first
"action principle can be used to furnish differential equations
for the path. Moreover, in the present case, the parameter
"yt is a geometrical property of the paths which conserve
energy. Therefore, it can be so chosen as to be constant
during the displacements which characterize the 6—variationk
with respect fo v. In confrast, in Hamilton's first action
principle, "t" is the time-development of the motion, there-
fore, it can be so chosen as to be constant during the dis-
placements which characterize the §-variation with respect
to time t.

Wé now make use of the modif@ed action integral and
Jacobi's first action principle to formulate the path integral
in space-energy.

Dirac's idea can be applied to this special case. The
contact transformation, in classical mechanics and quantum

mechanics, connect two sets of dynamical variables at

different parameters instead of at different times.

-k

Goldstein uses A-variation with respect to v, to distinguish
it from §-variation with respect to time t. See Ref. (10)
pp. 228-234. ’
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The classical transformation equations for the present

case can be put into the same forms as before
35 55
p; = 39, ° P. = - 3G. (4.24)

Now S .is defined in (4.19), and P (V)5 a (V)5 Py (v),Q (),
are all functions of the parameter? . Later we will choose
qk(v) and Qk(v) to be the same representation at different
parameters.

There is also a quantum mechanical transformation func-
tion <qle7> connecting two representations, in which g*s and
Q?s are aiagonal respectively.

We shall @emonstrate_that fhis transformation function
is the quantum analogue of exp (iS/4), where S is defimed in
(4.19).

Suppose o is any function (or functional) of dynamical
variables. It will hafe a "mixed" representation <qvla|Q'>5
which may be defined in terms of either of the usual
representations <q'la|q”>, <Q1|u|Q”>, (from now on all the
g's and Q's are functions of‘the parameter v instead of time
t).

That is

<a'lala'>z] <a'lalq">dq"«a"[Q">=[<q10">a0"«Q" [al>-

(4.25)
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Brom the first of these definitions we obtain

t

1 13 H 1
a;la > dg <q |Q > .

1 i 1
<q laglQ > = |<q
Since
1y

] 11 1 !
<q lasla > =q; 8(qa - q)

therefore
1 i ¥ 1 " 1" 1" i i t ? - .o
<q |q;lQ > = qifé(q -q )dq <q |Q > = q;<q [Q > (4.26)

Similarly, one obtains the following relations for the

other mixed matrix representations:

v 1 A s 1 1 " 1 1 . 9 ] 1
<q [p;lQ > = ;Jé(q -q )dq <q |Q > = -ih g1 <q [Q>(4.27)
' . 1
1"

<q'1Q1Q > = Q;J<q'lQ">dQ" 6 -Q) = Qi<q |Q'>  (4.28)

1 1 . ﬁ ] 1 T 2 ? rr ) a ' '
<q. ‘PiiQ > = "-:-L—J<q IQ >dQ GCQ -Q ) = .{.l""ﬂ _S_Q—T<q_ IQ >
: ‘ * (4.29)
"Note the different sign in (4.27) and (4.29).

Consequeﬁtly, for two functioms f(q) and g(Q) of

dynamical variables, we obtain
<a'1f@e@10'>[[<a £ a > " 10" a0 <" [g(@ 1>
= £(q )g(Q )<q [Q'>

Furthermore, for two sets of functions fk(q) and'gk(Q),

(k=1,2,...1), the result is




-71-
<q 25, () g (Q1Q> = 2.£.(a Vg (@ )<q Q">

Tuus, tor a function o{g,Q) of the dynamical variables,
which expressed in a ''well-ordered'" way, so that it consists

a sum of terms like f£(gq)g(Q), we obtain the result

1 t t i 1 1 :
<q la(q,Q|Q > = a(q ,Q )<q |Q > - (4.30)
This relation connects a(q,Q), which is a function of
t 1
operators, and a(g ,Q ), which is a function of numerical
variables. The underlying parameter of transformation is
VvV instead of t.

We follow Dirac to make the postulate that
— 1 1
ial iU (g, :
<g |Q > = exp[l Qﬁ Q )] (4.31)

since each side amounts to a unitary transformation, where i
is a new function of the g°®s and é’s.

Using this postulation, we get from (4.27) fora= Pi
T ' ! 7
3U(g s Q)

1 1 1
<q |p;|Q > = o <q |Q >
. l ) -

By comparing with (4.30), we obtain a relation between

operators,

b, = 30 (q.Q)
i aqi

which holds provided aﬁCq;Q)/qu is well-ordered, where v is
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the indgpendent variable (parameterj.
Similarly, applying the result of (4.29) for o = Pi and
comparing with (4.30), we obtain another relation between

operators.

p. - . 8U(q,Q)
1 aQi

which holds provided (BU(q,Q))/(aQi) is well-ordered in the
modified space.

These equations are of the same form as (4.24), thus
showing thatiﬁ defined by (4.31) is the classical analogue

of the action function S, that is

v — —
O/ m dq. dq
= T / Y i k
U=zS = J\) ZCE V) JZ mik-_d-i)—._—d\) dv
1 i,k ’ :
We find therefore, the result that the classical

equation of the path causes the dynamical variables to vary

from one parameter v, to another Qb in accordance with the
contact transformation relations p. = 35 , P o= 35
. i 90 ; i, BQi

a,p = a(v), p(v)5 QP = a(v,), p(vy). Here q(v,), q(v,)

, with

are the same representation at different parameters, and S

is the modified action function, i.e., the integral over the

parameter of thé modified LagrangianiF over a range ﬁa and V.
The quanfum mechanical contact fransformation functions

<qy vblqava> connect two representations in which q(va) and

q(vb) are diagonal respectively.
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The work of the preceding section'shows a correspondence
relationship of the classical and quantum mechanical contact
transformation, '
: - ‘ A ‘ :
<qy vplay, vy> exPL% Jva Fdv]. ‘ (4.32)
For Vg differing infinitesimally from Vy, We obtain

<qy, va+dlqa v, > = exp[% Fo] . (4.33)

where ¢ is the infinitesimal change in parameter v. 

It is satisfactory to find that the quantum transforma-
tion functions have their classical analogues, which can be
. exXpressed simply as a modified aétion integral. This is a
manifestation‘of the well-known result, familiar f€from the
" JWKB method, that the phase of the"wavé function corresponds
fo~Jaéobi's action integral.

For simplicity, we continue using one-dimension. We

adopt the notation,
; [
exp(z 7, Fdv) = B(vy,v,)
a

so that B(vb,va) is the classical analogue of'<qb vblqa vy

Using the same treatment as given before, we divide

> > :
17V Ym Vb

v, i1 ctions v _-v Vo Vo s esaV
pTV, into small ge t S V7V, V1TV, m-

then

B(vb,va) = E(vb ,vm)B(vm,Qm_i)'... B(vz,vljB(vl,Qa)(4.34)
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In quantum mechanics, we have.

“p Vplag va¥ = J’*Jéqb]qm>dqm<qm}qm-i>dqm—l
<q‘21ql>dql<;qllqa> (4.35)~

where’qk denote g at the intérmediate Vi (k=1,2,...m).

Now we show how in the correspondence limit (4.35) goeé
over into (4.34) by means of Jacobi's action‘principle. From
its appearance (4.35) does not give us the confidence that
it corresponds properly to (4.34); for on the right—hand
side of (4.35) we have to'integrate after performing the
multiplication while on the right-hand side of (4.34) there
is no integration.

Let us examine this discfepancy~by asking what becoﬁes

of (4.35) when we take v as extremely small. From the relation-

ship of (4.32) and (4.33) we find the integrand in (4.35)

has to be the forﬁ exp(%g) where G is a function of q(va),'
q(vl)...q(vm)gqﬁvb), which rémains fin;te as A tends to zero.
Consider one of the intermédiate q’s, say q(vk), more
carefully. On account of the smallness of H, we shall have
G/ha varying extremely,rapidly. This indicates Fhat éxp(%g
will oscillate rapidly abouttzero. ‘As a result; the integral
of this kind of integrand is obviously zero. Therefore, the

only important contribution comes from the domain of the
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q(vk) integration for which a compax ratively large variation
in q(vk) produces only a very small variation'in G. This is
the contribution f£rom the neighborhood of the point for
which G is stationary with respect to small varia%ioh in
Q(Vc)' In other words, for small 4, the only contribution
to the 1ntegra1 comes from the range q(vk) on or near the
classical path.

This argument applies to any one of the intermediate q's
in the right-hand side of (4.35) and we obtain the result that
the only important contribution to the integral comes from
the path for Wthh G is statlonary for small variations in
,all the intermediate q's. But by applying (4 33) to each of
the small parameter sections,-we find that G has for its
classical analogue

Vb (Vm Vo V1 " (Vb
Fdv + v Fdv + ... Fdv + v Fdv = Fdv

’m m-1 V1 a Va
. which is just the modified action function S, which Jacobifs
first action principle requires to be stationary for small
variation in all the q's. We thus prove (4.35) goes over
into the classical result of (3.34) when H becomes extremely
small. For the general case, wheﬁ A is not small,.we have to
explain (4.34) in the following way.

Each of the quantities B(qk,qk 1) has to be considered

as a function- of the q's at the two ‘ends - parameters to which
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it refetrs. The right-hand side is therefore a function of

all the q(va),q(vl),...q(vm),q(vb). In order to obtain

from it a function of q(va),q(vb) only, we have to substitute
for q(vl),q(vz),...q(vm) their values given by Jacobi's

action principle. This’proéess of substitution for the
intermediate g®s then corresponds té the integratioﬁ over

all values of the g’s in (4.35).

Equation (4.35) contains the quantum analogue of Jacobi's
éction principle, as may be seen more explicitly from the
following'argument. |

From (4.35), we exfract a statement that, 1f values of
q(va),q(vb) are specified, then fﬁe importance of our
considering any set of values for the intermediate q’s
is determined by the importance of that set of values in
the integration on the right-hand siae of (4.35).

If we now let A tend to zero, this statément‘goes over
into the classical statement that, if the values of q(va),
q(vb) are specified, then the importance of our considering
any set of the values for the'intgrmediate q*s 1s zero unless
these values make the ﬁddified acﬁion function S sfationary.
This statement is one way of formulating the classical
Jacobi's action principle.

So far, we have repeated the contents of Dirac's work.

The only Variety was to replace the time 't by a parameter
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v, now t(v) can be seen as an additional dependent coordinate.

But "t" is an ignorable coordinate in the conservative system

under consideration. After the reduction, '"t" is not

contained in the modified Lagrangian function F at all.

Therefore, the action principle can be written

Vo,
85 = a[ " Fdv = 0; with
V1

instead of the more familiar

t

§S = SJ Ldt = 0; with
tl .

Now F satisfies the modified

oF

= e—— =O
qu

d ,oF

T (535)

d qu
which are the consequence of
And L satisfies the ordinary

d_
dt

3L 3L
9Ly . 9L _
G, o %ay

" which are the consequence of

Moreover, in Jacobi's action

F = F(q,q,-E;V)
form,
L =L(q,q;t).

Euler-Lagrangé equations

Jacobi's action principle.

Euler-Lagrange equations

-

Hamilton's action principle.

principle, we may let the

parameter v be any one of the coordinates, which are now

. free from the, time "t'.

We -have thus established a.correspondence relation -

between a time-free quantum mechanics and Jacobi's action

principle.
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We now pfoceed to use Feynman's idea in formulating a
modified path integral in space-energy.
Feynman's identity can be taken over by using a new
normalization fdctorcﬁfinstead of)A. That is |
1 ks '
<qnﬁl’vnﬁllqnfvn? EJ§5eXP [-ﬁJvn1 F(q,q ,—E;v}dv] (4.36)

The modified action function is expressed in the form

'S- = Z gC%:l’qu() ' (4.37)
m=-eo - ‘ , _ ,
where
'_ m+1 '
$(qpe129y) = MinJgn F(q,q9 ,-E;v)dv : (4.38)

We put (4.36) into (4.35) and use the Jacobi's first
action principle as expressed in (4l38), which is the
argument. we gave .above. We obtain the modified path
integral 1in space-energy

Lim i ooz ne1 d9n

<ay vy la, v> =.0+Ojﬁgexp[ﬁfn2—w8(q +129p) 17— A

‘ (4.39)

This is a probability amplitude, which is ‘now expressed
in a path integral fofm, since the integration is taken
over these values U 9meto which lie in a special region
o+

Figure 3 shows this schematically for’paths in space-

energy configuration.
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We continue to illustrate the equivalence of this
special forhulation and the conventionai formulation of
guantum mechanics.

We first_give the definition of the wave function in’
the new formulation and then show. that it satisfies the
time-independent Schroedinger's equation.

" We shall find that is is possible to express S as the
sum given in (4.37), and hence the’probability amplitude
as a product of contributions from successive sections of
the path, which allows us to define a quantity having the
"properties of a ﬁave function.

The argument of the classification J7, into three
regions is-the same as given before, the only change made
is to replace t by v. This is shown on the Figure 3.
Then' the exponential relation in (4.39) may be put into
the form

o

exp[%— % —Sﬂ(qvm_{_l,qm)] = exp[— Z S(q’,ﬂ 1,qm)]

m:-oo
. -1 .
explg I S(ag,;,d.)] . (4.40)
m:..oo .
This split is possible because of (4.37), which results from
the fact that the modified function F is a function of

positioné at different parameter vk's. Therefore we obtain

the probability amplitude in the following form
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% ' :
<qb \)b I‘qa Va> = j X (qk Vk)W(qk Vk)qu (4.41)
_where

vlay Vi) = LimJ expld 3 s(q a) ]
k "k g0 9% h"m . m+1

1 dayp.q dayp g v ,

R v o< v (4.42)
K lay v = B[ expld 3 s(qq,a)]
9 Yk’ T 00 %" Pty 2 7 9me 1 9m
dq_ dq_ 1
k+1 k+2 N v' > vy ‘ (4.43)

o
The %’ indicates that the coordinates are integrated

t ! . 7
<v_<v, over limited space; and & s

over the region %’ for v
over 72°, for v”>vnfv; over limited space.

The probabiiity of finding the system at a certaln
position will be ljkadqlz. All these results agree with the
principies of conventional quantum mechanics.

We approach the evolution of the path of the system point
in configuration space (qow in space-energy) by seeiné that,
for a small finite o, equation (4.42) permits us to constrﬁct
a recursive relation. That is

. . ko "
. _Vqu+1?vk+o) #mJ IeXp[%- z S(qk+l,qk)]
& m=-

a0

day day_q day_,

A & F

1
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In comparing (4.42) with (4.42)' we immediately find

iz \ qu
(2 qu.,_-lé\)k*gJ = eXP[ﬁ"{ gqu_ﬁ:iaqul‘w(qksvksl _”"""JEF'”“
or
=. J<qk+l ’\)k+l|qk’\)k> qu’vk)qu (4.44)

The quantity

1 i (Vk*O '
<qk+l7\)k+1lqk9\)k> =§3¢ exp[ﬁj\)k P(an D—E;\))d\)]

is the kernel {or propagator) for the change of the wave
function when the parameter changes infinitesimally. This
kernel 1s Feynman's identity as defined in (4.36), which is
exactly the unitary tran;formatipn of the same representation
q at two—different parameters, ifAthe difference of them
vk+1-vk = 0 is small but finite.

We give here two concrete examples as we did in Section
II, in order to show thét relationship of (4.44) and the
corresponding Schroedinger's équation.

For the free particle case (using one dimension): the
}pafameter v is chosen to be the coordiﬁate X, therefore

(4.44) becomes an integral equation of the form

o0 . X ) )
¢ (x) =’J’;% exp{%-J / 2mE dv}¢(y)dy ‘ (4.45)
. Yy .

-0

since F =.l2 E.
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Using the fact that %XJX Gdo = G, we obtain
: y

d i “1 i (X
E% = %‘ 2mE [w@ exp [% jy‘IZmE dv]-¢(y)dy (4.46)
=‘%\)2mE d(x) = %-px¢(x); with Dy = 2mE

Therefore

dx(x) = p () | ' (4.45)

PR
o
-

Taking the derivative of (4.46) with respect to x again,

we obtain

[oe)

2 ' ) . X

d 2 1

E;c-% = [ J 2nE] Lﬁ explz Jy ZmE dv]'cb(V-) dy
Zm

= - 2B E 4 (x)
EZ
Thgfefore
2 .2 |
- %ﬁ i_ii%l = E ¢(x) (4.48)
X

a result we expect to have, since it is the time-independent

Schroedinger's eqpation of a free pérticle moving in one-

dineﬁsion, when the energy is a constant E. Consequently

(4.48j gives us a desired result:without time "t" involved.
For the second example, consider a particle moving in

a one-dimensional potential V(x):

Then (4.44) will become an integral equation
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. .x .
o) = | Lexplh [ /amlBve)T avl e0day  (4.49)

~C0

sifnice F wa]ém[E—V(v]j'.
For this cése, if the interval x-y = o is extremely'

small, as it is in our formulation, we may take

12 = [2m E-V(x) to be a constant.

If this is achieved, then

¢ (x) = J j;%‘ éxp{%— 2m[E-V(x) 1" (x-y)}o (y)dy (4.50)

After differehxiating'(4.50) once with respect to X, we

obtain

20i=1
DalQ—-
~

6(x) ='py ¢(x); with p, = Jom[E-v(x)] (4.51)

And differeﬁtiating (4.50) twice with respect to X, we

obfain

[av

h-
2m

)y v(x)o(x) = E ¢(x) (4.52)

~  This is the desired time-indepeﬁdent Schroedinger's
eqpation;-uWhen the energy is cOnserﬁed in the}system,‘the
time '"'t'" does not appear. |

"~ _The apparent inconsistency of considering x-y = o small,
" and infegrating over y with x fixed may be resolved by
récalling that the rapid oscillations of the expénential

factor eliminate contributions except ‘in the immediate
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neighborhood of x.

From these two examples, we see, the integral equations
(4.45) and (4.49) are equivalent to the corresponding
Schroedinger’s équations (4.48) and (4.52), respectively,

" a direct consequence of the space—ehergy path integral
formulation. l

For the sake of completenéss, we exhibit the explicit
form of ‘the space-energy kérnel, which can also be showﬁ to
be the Green's function of the timq—indepéndent Schroedinger's
equation.

We have shown in Section II that, for a consténf

Hamiltonian, the kernel in space-time is in the form of

(2.41)
oo N -i/RE_(t,-t,)
<%2 tylxg ty> = nf '¢n(Xz)?n(X;) e for ¢,
= 0 , for t,<ty (4.41)

We want to eliminate the time coordinate, therefore, the
space-time kernel will be reduced to the space-energy kernel.
If the time variable only is transformed but not the

spatial ones, we obtain by‘definition
' : x i/RE_t,
<x, E(\)Z)]x1 E(vy)> EJJe
_ < / -i/’ﬁEntl
e dt, dt

<X, t,[xg ty>

1 (4.53)
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% . . q s
<X, Ezjxl B, >=<x, E(v2)|xl E(v,)> is the probability
amplitude or the kernel, which is a unitary transformation

.0of the same representation at different parameter vy and vs;

which conserve energy E.

Substituting (2.41) into (4.53), we obtain

0 ® +i/ﬁEnt2
<X, E(vz)!xl E(vl)? = dty . dt, e
—c 1

—i/ﬁEn(tz-tl)

' -1/RE_t4 .
¢n(x2)~¢ncxl)e A < :

I8
bt

n

Making the substitution t, = t; + 1, dt2 = dt, keeping ty
fixed

: G i/ﬁ(Ez-El)tl
<X, E(v23|x1 E(v)> = J dty e

«© i/":ﬁ.EzT %
- J dt e ¢n(xz) ¢nﬁx1}

,0 n

™M 8
=

o 1/H(E,-E )T
0nCp) onCxd| e 2 an

0

= 218 §(B(vy)-E(v;))

et 8
)

n
After the evaluation of the last factor, we obtain the kernel

in space-energy.
<X, E(vz)lxl E(v1)> = Zﬂ‘hid[ﬁ(yz)-E(vln

b3
,nfl [nE(VZ)I“lE(\l),l)H'.e] for VoPVq (4.“45)

=0 for Vo<vyg
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This can be shown to be the Green's function of the time-
independent Schroedinger's equation in the form

2 12 ’
%°d : S % . .
- 7 + V- By)<x, E2|x1 B> = + 78(x,-x4)8(Ey-Ey).

C Zmdx2

(4.ssj

Letting

<x, Bylx; Bp> = <xy B(v,)|x; BE(vy)> = Ioan()on ().

(4.56)
Substituting (4.56) into (4.55), we get
_.h
Zan(xl)(En—E2)¢n(x2) = +T 6(x27x1)6(E2-E1) (4.57)'
since 2 .2
h® 4™ .
- — + V1o _(x,) = E_ ¢_(x,).
Zmdxg n- 2 n 'n+2
Recall
) . .
AG(xz-xl) = i ?n(x2)¢n(xl) . : , (4.58)
Substituting (4.58) into (4.57), we get
. ' . & "
fl an(xl) (EH-E‘Z) q)n(xz) - '+T fl ¢n(X1)6(E2'El) . (4-59)

Compafing both sides, we have .
*
) ¢_ (xq)
1 LEZ—En+i§J

a,(x;) = igh'scEz—E

Finally, we obtain from (4.56)
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<x, E(vz)lxl_E(Vl)> = i ﬁ[5E(V2)-E(V1)]

:
© 0n ()0, (xy) \
nzl [E(v,)-E(v J+ie] for v2>v1‘

. 0 : - for Vo<vg | (4.60)
This is exactly equation (4.54).

'Wé have, therefore, shown the close relationship of
tﬁe space-energy pafh integral method and conventional |
guantum mechanics.

It is desireable to calculate the path integral
directly in the new formulation, and compare it with the
old ones. For this purpose, we choose the example of
Seétioﬁ IITI. That is the motion of a particle in a
uniform gravitational field in two—dimensioné.

The ordinary Hamiltonian function expressed in

Cartesian coordinates is in the form:

H = Zn(x*+y%) + mgy

For a conservative system, the Hamiltonian H = E is a
constant of the motion, the modified Lagrangian function
'F is

F=/2m(E-V) =/2n(E-mgy)

The special probability amplitude should be given by

the expression: .
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) ' Li i N TR
. ’ L X
' <yb \)bl}’a \)a> = O_J;]SJJ..JGXP{E% iglA/PZ‘nl'('IS-mgc_l 21+ )}}

dyy er a0V  (4.61)

The calculation should be carried out as follows:

. - . y i y
<> = [ ayy (%7 oxp| X[ onlmng (2]
. 0 ‘

2

We have tried to calculate this, but have not been abie
-fo'get a definite answer. Therefore, we have to leave it
.open. That is the price we have to pay for the modified
path integral formulgtion. However, the physics of this
formulation is quite cledr, and provides in principle a
direct extension of the standard ﬁath integral method to
obtain the time-independent quantum mechanics of energf

conserving systems.




V. CONCLUSION

Thea éeveiapmént 6£ the path integrel mezhed in spdce-
time was reviewed briefly following the ideas of Dirac and
Feynman. We found the physical "incompleteness' of that
formulation, mentioned by Feynman, can be treated by using
the classical technique of eliminating ignorable coordinates
in the system under consideration. That is, whenever there
is an ignorable coordinate in the Lagrangian functiomn, the
corresponding conjugate momentum ﬁill provide a congtraint
relation. With the help of this relation, the Lagrangian
function can be reduced to a modified form. This new
Lagrangian function can then be taken to form a modified
action function, which together with the corresponding action
principle can be employed to forﬁ a modified path integral
constructed of - "the paths in a limited region'" or "the
paths having some property." ."That region' or '"some
property" is clearly related to the constraint relation
provided by the conservation of the conjugate momentum
associated with'the ignorable coordinate.

It is to be ﬁoted that the generai modified form of path
integral uses the time "t" as an independent variable in the
variational problem, even though the modified Lagrangian
reduces the freedom of the paths to some degree. Consequently
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the characteristics of the space-time path integral are not
changed too much. A concrete example of a particle moving
in tWO—dimen;ions under a uniform gravitational field was
given to illustrate this method.

Since for systems with a constant Hamiltonian the
time ''t" may be considered as an ignorable coordinate, we
applied our techmnique to this case to derive the time-
independent Schroedinger's equation via the path integral
method. This special .case illustrates the close connection
established with classical mechanics because the point of
departure is Jacobi's action principle instead of Hamilton's
action principle. The time "t' is missing in this formula-
tion, but instead we must introduce a parameter ''y' which
parameterizes tihe energy conserving paths of the system.

Our technique clarifies the relation of classical
mechanics to quantum mechanics, since we found that not only
the customary space-time Lagrangian may be used to quantize
a system via the path-integral method; but also any trans-
formed or modified Lagrangian, obtained by the elimination of
ignorable coordinates, can equally well serve in the path-

integral method to quantize the systen.
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