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Abstract:
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product of the Cantor Set and the interval cannot be tamely embedded into a near homeomorphism of
the disk. We strengthen this result to cover the case of “temperate embeddings." When f is a “block
permuting” Cantor set homeomorphism, we show there exists a continuously differentiable
Kupka-Smale diffeomorphism F of the disk without sources or sinks and an F-invariant Cantor set A
such that F restricted to Λ is conjugate to f. All k-symbol adding machines and finite products of such
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A BSTR A CT

We show that the shift map on the inverse limit space of a surjective positive 

entropy map of the cross product of the Cantor Set and the interval cannot be tamely 

embedded into a near homeomorphism of the disk. We strengthen this result to 

cover the case of “temperate embeddings/’' When /  is a “block permuting” Cantor 

set homeomorphism, we show there exists a continuously differentiable Kupka-Smale 

diffeomorphism F  of the disk without sources or sinks and an F-invariant Cantor set 

A such that F  restricted to A is conjugate to / .  All A;-symbol adding machines and 

finite products of such are “block permuting.”
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CHAPTER I

In trod u ction

In 1990 M. Barge and J. Martin [BM90] proved the shift map on the inverse 

limit space (/, / )  for any map /  : [0,1] -> [0,1] can be “realized as a global attractor 

in the plane.” The main goal of this thesis is to show that analogous techniques for 

maps -F1 : (7 x [0,1} C x [0,1] where C is a Cantor set, F{x, y) =  (Fi(x), F2(Xjy)) 

is a surjective map with positive topological entropy (Definition 1.4), and F1 is a 

homeomorphism, do not work,

In Chapter 2 we show that if E  : C x [0,1} —> (7 x [0,1] is a surjective map such 

that F(x, y) =  (F1(X), F2(x, y)), F1 is a homeomorphism and F2(x0, ■) : [0,1] —» [0,1] 

is nonmonotone (Definition 1.2) for some xq, then there exists no “embedding” of 

F  into a near homeomorphism (Definition 1.1) of the disk. We will show this by 

assuming such a near homeomorphism does exist and then obtaining a contradiction 

using a result of S. Schwartz [Sch92] (Theorem 1.3) concerning non monotone maps. 

Unless otherwise specified X  and Y  are metric spaces.

Definition 1.1 A map f  : X  Y  is called a near homeomorphism provided there 

exists a sequence {/& : X  —» Y}if=l of homeomorphisms which uniformly converge to 

/• _

Definition 1.2 A map /  : A  —> T  is monotone provided / -1(U) is connected, 

whenever V  G Y  is connected.

Theorem 1.3 (S. Schwartz [Sch92]) Suppose that A is a locally connected com­

pact metric space. If /  : A —̂ A is a near homeomorphism then /  is monotone.
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In Chapter 3 we will show that if .F : (7 x [0,1] —> C x [0,1] is a surjective map 

with positive topological entropy (Definition 1.4), which is tamely embedded in the 

disk (Definition 3.2,[Bin54]), then F  cannot be extended to a near homeomorphism of 

the disk. The proof uses theorems of R. Bowen (Theorem 1.5) [Bow71] and M. Barge 

(Theorem 1.6) [Bar87]. Throughout tti and Tr2 on X  x F  are the first and second 

coordinate projection maps.

Definition 1.4 (Topological Entropy) Assume that X ,  Y  are compact metric 

spaces. Suppose that F ■. X  x Y  —> JY x Y" is a surjective map and has the form 

F(x,y) = (Fi(^)1F2(re, I/)). Fix and let e > 0. A set F  C F  is in. eKseparated 

by F l7r-I0lo) if for all t/0,2/i e E, y0 ^  yx, d{^2F k{xQ, t/0), Tf2F fc(^0, ^1)) > e for some 

k 6 [0, n), where d is the F-metric. Since F  is compact and n < oo, card F  < oo. 

Let the maximum number of (n, e)-separated orbits for each e be

s(n, e) =  max{card F  | F  C F  such that F  is (n, e) — separated by FI7r-I^ o))-.

Now, let the growth rate of s(n, e) (or e-topological entropy) be

The topological entropy Jitop (F1) of the homeomorphism Fi is defined similarly 

(See [Bow71]).

T heorem  1.5 (R. Bowen[Bow71]') I fF p J Y x F  —> JY x F  has the form F(x, y)  =  

(Fi(x), F2(x , y)) then Jitop (F) < Jitop (F1)Asup {Zitop (Fl^-i^)) }. If Jitop (F1) = 0 then

Lastly we let e —> 0 and define topological entropy for F l7r-^ xo).
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Theorem 1.6 (M. Barge [BarST]) If F  : X  x [0,1] ^  X  x [0,1] has the form 

F{x, y) =  (Fi(x), F2(XyI))), F(x, •) : [0,1] —> [0,1] is monotone for each x  and 

hop (Fi) =  0 then hop (F) =  0.

In Chapter 4 we will prove a strengthened version of Theorem 3.1 from Chapter 

3. We. modify Theorem 3.1 by weakening, the condition that the embedding of the 

Cantor set cross the interval is tame. Instead, we assume that each fiber of the 

embedded Cantor set cross the interval makes only “one crossing from near ,the bottom 

to near the top.” We call such embeddings “temperate.”

Chapter 5 addresses another aspect of homeomorphic extension onto disks. 

In 1962, S. Smale asked whether there exist Cr diffeomorphisms of the 2-sphere 

(r > I) without periodic sources or sinks such that i) all periodic orbits are hyperbolic 

and ii) all intersections of stable and unstable manifolds are transverse ([Sma62]). 

DifiFeomorphisms satisfying (i) and (ii) are now called “Kupka-Smale” and are known 

to be Cr generic on compact manifolds ([Kup63], [Sma63]). In 1976, R. Bowen and 

J. Pranks answered Smale’s question in the affirmative for r  =  I  [BF76]. Their 

Kupka-Smale sphere diffeomorphism has a saddle fixed point and two saddle orbits of 

minimum period 2 \  for each k, but no periodic sources or sinks (see Figure 16). It has 

an attractor/ repeller pair of Cantor sets which carry the dynamics of the 2-symbol 

adding machine. (See Chapter 5 Section 4 for the definition of the ^-symbol adding 

machine.) J. Franks and L-S. Young subsequently constructed a C2 model ([FY80]), 

and more recently J. Gambaudo, S. van Strien, and C. Tresser applied renormalization 

theory to demonstrate the existence of a Cco example ([JGT89]). In Chapter 5 we 

will exhibit a class of C1 disk diffeomorphism that answers S. Smale’s question in the 

affirmative. We first define a class of homeomorphisms of the Cantor set which we 

call “block permuting.” All A;-symbol adding machines and finite products of such 

are block permuting (Lemma 5.5).
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E, Moise has shown-that every homeomorphism between two Cantor sets in 

the disk can be extended to a homeomorphism of the whole disk (fMoi77],). However, 

there exist many homeomorphisms of the Cantor set which have infinite topological 

entropy. But by B. Kushnirenko’s theorem ([Kus67]), G1 disk maps have bounded 

topological entropy. Thus there exists no C1 version of Moise’s theorem even if one 

is free to choose how the Cantor set is embedded in the disk.

M. Barge and R. Walker have shown that no homeomorphism of the two disk, 

F, has an invariant set A homeomorphic to the Cantor set cross the interval, such that 

FIjv is semi-conjugate to a 2-symbol adding machine ([BW93]). However, (2-symbol 

adding machine) x (Identity) on the C x C is a block permuting homeomorphism 

of the Cantor set. Therefore large diameter Cantor sets can be “shuttled” over a 

2-symbol adding machine by C1 disk diffeomorphism (See Corollary 5.6).
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CHAPTER 2

N o n m o n o to n e  M aps o f th e  C antor S et C ross th e
Interval

Prelim inaries

Let C C [0,1] be a Cantor set. Let E =  C x [0,1] and Ece =  {a} x [0,1] C R2 

for a  G C. The goal of this chapter is to prove Theorem 2.1 to follow. But first some 

preliminaries.

2.1.1 Assume F  : E —> E is a surjective map that has the form

F(a,y) = (Fi(Oi)j F2 (a, I/))

where Fi : C —> C is a homeomorphism. Furthermore for a given Qi0 E C, F2(Cr0) y) = 

t(y) where t : [0,1] —» [0,1] is a continuous nonmonotone map (see Figure I for an 

example). Let A0 =  F i (Cr0).

Figure I: Example of a nonmonotone map
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2.1.2 Since t is nonmonotone and continuous, there is an a e (0 ,1) such that t_1(o)

is closed and not connected. Thus, there is an interval (m, M) c  [0,1] \  t_1(a) such 

that a = t(m) =  t(M), and t([m, M]) — [a, b] (or [6, a}) for some b ^  a. Without loss 

of generality we will assume that a < b. Let T E t_1(6). By the intermediate value 

theorem, Now choose c =  |  (o + 6). Since t is continuous

there are S1 G (m ,r )  and S2 E( TyM)  such that c =  t ( s i )  =  t ( s 2) (See Figure I).

2.1.3 By the continuity of F, for any e > 0 there is a =  S1(C) > 0 such that 

F (x ,y )  G Se(Ao,£(y)) when d(a0,x) < S1 and y G [0,1]. Suppose K1 =  K1(C) G N is 

such that < S1.

Let K =  {(a;, y) G E 2[x2 +  y2 <  4}. Now let Kq : E —> D  be. an arbitrary ' 

topological embedding. Then there is a homeomorphism Zi1 : K —> D such that 

{hi o ho){a.Q,y) =  {a0, y)  and (Zi1 o h0){X0, y)  =  ( \ Q,y)  for all y  G [0,1]. So Zi1 

“straightens, out” Zi0(ao x I) and Zi0(A0 x /)  in a strong sense. Notice that S —» D.

2.1.4 By the uniform continuity of Zi1 o Zio, for all e > 0 there is a S2 =  S2(e) > 0 

such that for all y G [0,1], Zi1 o hQ{x,y) G Be{a0,y) and Zi1 o hQ{x',y) G Be(\o,y), for 

all (x,y) G Bs2(e){oio,y) and (x',y) G %(«)(Ao,2/) . Let K2 =  K2(e) G N besuch that

2.1.5 With a, b defined as in [2.1.2], let d = min{a, I — 6, [a — S|}. For 0 < eq < ^  

choose 0 <  Sq < min Is1(C0), S2(e0), So in particular [2.1.3] and [2.1.4] are

satisfied. Note that t([m,M]) C [c0, 1 — e0]. Let K0 > max{K1(e0), K2(e0)} be 

such that ^  < 5q. Then there is a Sequence {%} C C such that 0% —> aq as 

fc —> oo, and Eafc C AZs0(Eao), for all k > K0. Let Xk =  K1(Oqc). It follows that 

At —̂ Aq as A; —̂ oo and EAfc c  AC0(E^0) for all k > K 0. For a possibly larger K0, 

also called K 0, and ok G Seo(A0, c), Zc > K0, there exist qi(k) and g2(Ze) such that
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{<h(k), Sr2(Ai)) C F  1 (ojfc), gi(A;) G S6o (a 0, Si) and ^2(Aj) G S60 (Cu0, S2).

We now state our first theorem.

Nonmonotone Nonexte'nsion Theorem

Theorem 2.1 Let F  : £  —> E be a map of the form F(a, y) = (Si (a), S12(a, y)) where 

Si : C —> C is a homeomorphism. Furthermore, assume S12 (ao, •) : [0,1] —> [0,1] is 

surjective but not monotone for some a0. Then there exists no extension of hQoF oHq1 

to a near homeomorphism of the disk £>, for any topological embedding Hq -.Y, D.

Proof: Assume h, K 0, e0,60, {a0}, { \ k}, qi(k), and q2(k) are defined as in [2.1.1-5]. 

Suppose that H0 -:D —> S  is a near homeomorphism such that UoIft0(E) =  HqoF oHq1. 

And let Ui : D —* D be given by Hi — hi o U0 o h i 1. Thus Ui is also a near 

homeomorphism. So the diagram in Figure 2 commutes.

h0

hi

D D

Figure 2: Commuting Diagram

2.1 .6  Let Aa =  h iofig (Ea) for all a e C. By [2.1.3] hioh0 is a homeomorphism and 

if Ea Q Dx =  0 (when a  ^  A), then Aa fj Aa =  0. Let be the horizontal line {y =  /3}. 

And let £%(k) = Aak fj £p and £p(k) =  Axfc Because hx o h0 (a.k, 0) G S6o(ao, 0), 

hi o ho (a*;, I) G S6o(CKo, I), and Aak is connected, then Ijg(fc) ^  0 and all k > K 0 (See 

Figure 3 and [2.1.2]). Similarly £p(k) ^  0, for all /3 G [e, I — e] and k > K 0. Note that
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if p G Zxp(k) for given k >  K 0 then p e  Seo (A0, f3).

S%(o!o,0) . Beo(Ao,0)

Figure 3: Intersection of Aê  with 1$

Denote by 7r* : R2. E  ,, the ith coordinate projection map, i =  1 ,2. Lemma 

[2.2] follows from the continuity of hi, ho, and tti.

Lemma 2.2 Choose p& G Zp(k) for each k. Then TTipfc ^  a0 as k ^  oo.

Notice that Tri (hi o ho) (ak, ckq for sufficently large k. So either -

card I k TTi (hi o ho ( d a ,,-) )  > Oi0 I =  oo

card < k TTi ( hi o h0 ( ak, -  ) ,) < Oi0 I =  oo.
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2.1.7 So without loss of generality we may assume there exist distinct {kn}™=1 such 

that. oo as % —» oo, and

TTl Zi1 o h0 > QfQ.

2.1.8 For the sake of simplicity we denote Oikn by a n , Aakn by Aan, AXkn by Axn and

4 "  by 9 -  ■ . .

Lem m a 2.3 Let N0 be such that kn > K 0 for all n > N0. Then

Ar n { (4 x < a0\  —

Proof: Fix n > N0 and assume there exists pi G Aan fl { (^, | )  % < «o}., and let 

p2 =  (hi o h0 (o&n, I ) )  . By [2:1.7] 7ri(p2) > 0. Let A  be the arc in Aan with end 

points pi and p2. By [2.1.6], pi,p2 G S eo (a0, l ) .  So by [2.1.5],

h((hi o h0) 1^ i) ,.(hi o h0) ^ p 2)) < S0.

Since Aan H Aao =  0, then using a Jordan Curve argument, it follows

'4 H {(“ o,2/)|l/> I or p < 0} ^  0.

Let p3 G A n{(0 ,p)|p  > I or p < 0}. So d(pi,p3) > But because p3 G A, either

Tr2 o (hi o h0) 1Cpi) < Tt2 o (hi o h0) 1(p3) < Tr2 o (hi o h0) ^ p 2)

or ■

TT2 O (hi O ho)_1(p2) < TT2 O (hi O ho)_1(p3) < TT2 O (hi O ho)-1(pi).

In either case d((hi o h0) 1̂ i ) ,  (hi o h0) 1(pa)) < <S0. And so d(pi,p3) < e0 which is

a contradiction. n
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2.1«9 Assume n > N q,. Let gn : [0,1] —> Kan be the parameterization of Kan defined 

by gn(P) = K1 OftQ (an,(3). Using r, m  from [2.1.2] Kan fl 4  ^  0 and Kan f| tm #  0 

(see Figure 4) so by Lemma [2.3] and the connectivity of Kan there is a largest /?, call 

it /?“ , such that Qn(Pn) e Let are =  9n{Pn) (See Figure 4). Similarly there- is a 

smallest /?, call it such that yn(/?+) 6 ^m. Let bn =  ^ (/?+).

A

a n — 9 n {P n  )

Figure 4: First and Last Intersections

2.1.10 If necessary, renumber the A:n’s so that if kn < kn+i then Tri (Un) > 7Ti(an+1). 

It follows by an argument similar to that of Lemma [2.3] that Tr1(Sn) > Tr1(Sn^ 1). 

Considering [2.1.10] and [2.1.7] and to simplify the notation assume

card I^Itt1 (hi o h 0) ( a k, ^  > Oi0 j =  oo

and Tr1(Ufc) > Tr1(ufc+1) for all k.

Using [2.1.9], for k > N0 define the four curves I  (k, m ) I  (k, r), Jjt-I, and 

Jfc^1 in the following manner (see Figure 5). Let I  (k,m) be the line segment in I7n. 

between Ufc+i and and I  ( k , T)  be the line Segment in l T between 6fc+1 and 6fc_1. 

Let

Jk-I — \^9k-l(P) Pk-I "K P ^  Pk-I } > and Jfc+1 — \^9k+l{P') PkjTl — — Pk+1 } •
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Figure 5: The Boundary of Rk-

Lem m a 2.4 I  (k, r) U J&_i U I  (k, m) U Jk+i is a simple closed curve.

Proof: Since fl Aafc+1 =-0 we have Jfc-I A Jk+i = 0- By [2.1.6] I  (k, m)C\I (k, r) =

0. And by [2.1.9] we have that

— Jk—l f̂ l F (^, TTT,) and ftfe+i =  Jjk+i f)  I  (k, m)

and

h - i  = Jk-i P | J (-fc, t) and bk+1 = Jk+1 p) J  (fc, r ) . • -

And so the lemma follows. □

Let R k be the closed and bounded set with boundary 

J (k, m) U  Jjt-I U I  (k, T) U  Jfc+i

(See Figure 5). Recall from [2.1.2] that Si G [m,r] and from [2.1.6] that 1“ (k) =  

Actfc A 4 i (See Figure 3). .

Lem m a 2.5 %  A ^ (F )  ^  0.

Proof: Let ^k be the arc |y fc.(/3)|0 < /) < /?^}. Let Ffe =  P fe AttT1 [s i, t] (See Figure 

6). So SFfe D I  (fc, t) and by [2.1.10] bk e I  (k, r). But bk is not an endpoint of I  (k, r)
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because the endpoints of I  (k,r) are and 6&+i- And so there is an 77 > 0 such 

that if p E and Tr2(p) < r  then p E int Sk. Now, if g E 7* \  {bk} then Tr2(g) <

And since ^k connects hi 0  H0 (ak, 0) to bk, we have that (7*. fl Bv(bk)) \  {6fc} ^  0. Thus 

there exists p0 E Jk f] Bv (bk) OintSk. Let A k C 7% be the arc with endpoints'p0 and 

' hi 0  ho- (a*,, 0) (See Figure 6).

Figure 6: The Arc Ak

Because po E intS^ and hi 0 Zi0 (Cxfcj 0) ^  Srfc then Afc f| dSk ^  0. Since Afc Q AQ:fc_1 =  0, 

Afc 0  Aafc+1 =  0, AfcPl/  (w,r) =  0 and ^si C SSrfcj we have that Afc f j t Sl fl-^kf  0>

o r a fcflC i(& )f 0- ' O

2.1.11 Note that since ^ ( k )  fl SRk =  0 then 1“ (fc) C IntiJfc.

Lem m a 2.6 Ti1 1 (hi 0 h0 (Afcj 2/))] 0  Aai =  0 for k ^ l .

Proof: Suppose that p E H1,.1 (hi 0 - ho (Afc, y)) fl Aai for k ^  I. Then Hi{p) =  

hi 0 h0 (Afc, p) But HiAai =  Av  Thus Hi (p) E AXi So hi 0 ho (Afcj p) E Aai Or 

(Afcj p) E Cxi. Which contradicts, [2.1.6] since h ^  I: □
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P ro o f of T heorem  [2.1] continued. By Lemma [2.5] there exists P1(Iz) G Rk Q1“ (k) 

for all k > N0. By [2.1.5] (hi o h0)~1{pi{k)) G S5o (Qz0j S1). Using [2.1.5], let 

ok =  S1o(hioho)-1(pi(A:)). So there exists {qi(k), 92(h)} C F^(O k) such that 91(h) G 

S5o (ao, si) and 92(h) G S5o (ao, s2). Choose 91(h) so that pi(h) — hi 0 h0(91(h)). 

And let pg(h) = Ii1 0  ho(92(h)) and r& =  hi 0 ho(ot) (see Figure 7). Because 

H1 0  K1 0  H0 =  hi 0 ho 0 F  then {pi(h),p2(h)} G ILf1̂ ) .  By the size of 80 cho­

sen in [2.1.5], p2(h) G S5o («0, s2) (Z S fe-

Recall that Lf0 and H1 are near homeomorphisms. Near homeomorphisms are 

monotone on locally connected compact metric spaces ([Sch92]). Thus pre-images of 

connected sets under H1 are connected. So H11̂ k) is a connected set which contains 

p2(h) 0 R k and by [2.1.11] pi(h) G mtRk. Then H1 1̂ k) f \ d R k ^  0. By Lemma 

[2.6] either H11̂ k) fl /  (h ,r) 7̂  0 or H11Irk) fl-f (h,m) 7̂  0. So there is an infinite 

sequence {pkj} such that either pk. G I  (k,T) f] H11Irkj) or pkj G I  (h,m) Cl H1 1̂ kj) 

for all j  (See Figure 7).

Figure 7: Subsequence and Pre-image

Now by Lemma [2.2] either pkj —> hi 0 h0 (o;o, t ) or pkj Ii1 Oh0 (a0,m) as 

j  —> 00. Since S ri is continuous for all j , either

H1Pkj H1Oh1Oh0 (ao, r) or H1Pkj -> Hx 0 hi 0 h0 (a0, m ).
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Because H1 o A1 o Zt0 == Zt1 o Zi0 o F r then either

■ rk. A1 o Ao (A0, t(r)) or r.k. A1 o A0 (A0, t(m )). 

Since A1 o Ao is a homeomorphism either

okj (A0, 6) or okj -*• (A0, a ) .

which is a contradiction ,since {okj} C Beo (A0, c).
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CHAPTER 3

P o sitiv e  E ntropy M aps o f  Tam e E m b ed d in gs o f  a 
C antor Set P ro d u ct th e  Interval

Introduction

Let (7 C E be a Cantor set and I  =. [0,1] C E. In this chapter we use the 

results of Chapter 2 to prove the following:

Theorem 3.1 Let E i C x I - ^ C f X J b e a  surjective map such that F(a,y) =  

(Ei(a), E2(a, 2/)), where E1 : C —> C is a homeomorphism. If Ktop (E) > 0 then there 

exists no tame topological embedding (Definition 3.2) L0 : Cf x /  —*■ E  C R2 such that 

ho o F  o Hq1 extends to a near homeomorphism of the disk D.

Recall that Tr1 : C x I  —> C is the projection map onto the first coordinate. By- 

work of R. Bowen [Bow71] we know that htop (E) < htop (E1) +  sup ^htop (-Fl71.-1̂ )) }- 

It has been shown by M. Barge and R. Walker [BW93] that any near homeomorphism 

that extends Zi0 ° E  o h^1 to the disk must preserve a certain local order on the set 

of fibers {ho (a x I) fa E C }. But we will show that if htop (E1) > 0 no such local 

order is preserved. So in fact htop (E1) =  0. Using [Bow71] and a result of M. Barge 

[Bar87], if htop(F) > 0 then for some a E C, E2 (a, •) is a nonmonotone map. We 

know that when h0 is tame there is a fiber map that is nonmonotone, so by Theorem 

2.1, ho o E o h^1 cannot be extended to a near homeomorphism of the disk.
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P roof of Theorem  3.1

Definition 3.2 (Tame Embedding) h0 : C x I  D C R is a, tame p.mheHHinp- 

provided there is a homeomorphism H1 : D D such that for all a e C, hi o 

h0 ({a} x I) — ({a7} x I) for some {a7}. Using E. Moise’s theorem [Moi77] we can 

also require that hi o ho({a}, {%}) =  ({o'}, {^}) for all a and z =  0 ,1.

Proof of Theorem 3.1

3.2.1 Let hi be as in Definition 3.2. Denote by A the set hi o Zi0 (C x I) and by A (a) 

the set hi o h0(a x I). Note that tti (A(a)) =  a' for some a1 G R. Assume there is a 

near homeomorphism H  : D D such that on C x I, h ioh0oF = H o h io h 0. Before 

continuing with the proof, we stop to define a local ordering on A =  {A(a) \a G C}  

and prove a lemma.

Order Definitions and Lemmas

Here we show that H  preserves the local order of fibers as defined by M. Barge and 

R. Walker [BW93], which we will write as <&%,. And it will follow that El : C —> C is 

a “local order preserving homeomorphism.”

Note: Since h0 is tame, in this chapter, one could use the order of {A(a)|a G C} 

induced by Tiq instead of the <bW. That is, A(a) < A(b) if 7riA(a) < TTiA(Z)). This is 

equivalent to the <&%, order, and any extension of hi o h0 o A1 o (Zi1 o ho)""1 to D must 

preserve this order on A(a). However, in the next chapter since the embedding is not 

tame we will need local preservation of the <&%, order to the complete the proof of 

Theorem 4.8.

Barge-Walker Ordering For a,b E C suppose that and 7+ are arcs in the 

plane with the properties:
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7- has endpoints hi o Zl0 (a, 0) and Zi1 o Zio (6, 0), and 7_ is otherwise disjoint 

from A(o) U A(6); 7+ has endpoints Zii 0 h0 (a, I) and Zi1 0 Zi0 (6,1) and 7+ is otherwise 

disjoint from A(a)UA(&); and (7, U 7+) A ('[0, 2] x =  0. Such arcs 7_ and 7+ 

will be called admissible arcs joining A(a) and A(6). Here A(a) =  {a'} x I  and 

A(Zj) =  {6'} x. I  and A(a) <&%, A(Z)) if and only if a! < b'.

D efinition 3.3 Given a,b e. C, a ^  b, then A (a) <iw A(Z)) if there are admissible 

arcs joining A (a) and A(Z)), as above, and the orientation 7_ —» A(Z)) 7+ A(o) is

positive (counterclockwise) on the simple closed curve 7_ U A(Z)) U 7+ U A(a).

D efinition 3.4 < x  is local ordering on AT if for all x £ X  there is a 5 such that <x  

is an order relation on Be(x). (X, <x ) is a locally ordered metric space.

In [BW93] it is shown that if a and b are sufficiently close, a ^  b, then such 

admissible arcs exist. So either A (a) <&%, A(Z)) or A(Z)) <&%, A(a). Furthermore let 

is a local ordering on A =  {A(a) |a G C }  where we use the metric d(A(a), A(Z))) =  

d(a, Z)).

D efinition 3.5 Let a,b £ C. Then a <c b provided A(a) A(Z)).

It follows from the proceeding remark Zii0 Zi0 is uniformly continuous, that < c  

is a local ordering on C. Because C x  7 is tamely embedded, if a and b are sufficiently 

close then a <c b if and only if a' < Z/ where a' =  7TiA(a) and b' =  TTiA(Z)).

D efinition 3.6 Let (X,.<x ) and (Y, <y) be locally ordered metric spaces. Let G :

(X, <%) —> (Y", <y) be a homeomorphism. G is a local order preserving homeomorphism. 

if there is a 5 > 0 such that if xq, xi £ X, |zo — %i\ < 5, and Zo <x  x\, then 

G(Xo) <y G(xi).

Denote by [x, y] — {z £ C\x <c z <c y}- We next show <c on C is E-like in 

the following sense.
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.7%

A(o)

A(6)

7-TTi (A(a)) = T (a) ' Tri (A(6)) -  T(b)

Figure 8: Barge-Walker Ordering on Cantor Fibers

Lem m a 3.7 Given e > 0 there is a 5 > 0 such that ii x ,y  E C and \x — y\ < 8, then 

for all z 6 [x, y], \x — < e and \y — z\ < e.

Proof: Suppose throughout that x ,y , z  G C and x <c z <c y. By Definition 3.5 

there are admissible arcs y f , 72", and 7^ such that A(z) —> Ji —> A(a;) —>• 7F 

and A(y) 72" —> A(z) —> 7̂ " have positive orientation.

Sublemma 3.8 For e > 0 there is a Si > 0 such that If A(z) H AZs1 ( A ( 2O ) 7̂  0 then 

|z — z| < e

Proof: By the continuity of (hi 0 Zi0)-1, if e > 0 there is a Si > 0  such that

if d(p,q) <  81 where p,.q G A then d((hi 0  ho)-1(p), (^1 0 Zio)_1(?)) <  e. So if 

A(z) HAZtf1 (A(aj)) 7̂  0 there is p G A(a;), g G A(z) such that d(p, q) < Si. Thus 

\ x - z \  =  |7ri((/i1o /i0) - 1( p ) ) - 7 r 1((/i1o h 0) “ 1(?))l <  d((h1oh0) - 1(p), ( h i o h 0)_1(?)) < e

□

Choose 5i > 0 smaller so that if A(F) H AZs1 (A(a:)) 7̂  0 and A(z) H AZs1 (A(p)) ^  . 

0 then \x — z\ < e and \y — z\ < e.
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By the continuity of {hi o Zi0) there is 5 > 0 such that \x -  y\ < 8 then 

A(®) C M 1(ACzz)) and K{y) C M5l{k{x)).

Suppose that A(z) H M i (A(a;)) flM i (A(z/)) =  0- So either 7Ti A(z) < 7TiA(rr) 

or TT1A(Zz) < TT1A(Z). Thus either A(z) —> T1- A(a:) —> 7-f has negative orientation

or A(z) 72" —> A(zz) —> 7̂™ has positive orientation which contradicts x. <c z <c y.

Thus A(z) DM i (A(a:)) ^  0 and A(z) f |M 1(ACzz)) ^  0. So by the choice of 8 

then \x — z| < e and \y — z\ < e &s desired. _ □

Lemma 3.9 Let /  : (C, <c) —> (C, <c) be a local order preserving homeomorphism. 

Then there is a 5 > 0 such that if \x — y\ < 8 then f([x, y]) =  [f(x), f(y)]

Proof: By Definition 3.6 there is an e > 0 such that for any x ,y  E C ii \x — y\ < e, 

and x <c y then f{x)  <c f{y)- By Lemma 3.7 there is a 6 > 0 such that if 

x <c z <c y and \x — y\ < 8 then \x — zj < e and \y — z\ < e. Thus f (x)  <c f(z)

aud /(z ) < c /(%/)- Q

The proof of the following lemma was suggested by M. Barge.

Lemma 3.10 Let /  : (C, <) —> (C, <) be a local order preserving homeomorphism. 

Then htop ( /)  =  0.

Proof: Recall that 5  C C is an (n. e)-spanning set, for /  if for all a: G C there is a 

y E S  such that \ f k(x) -  f k(y)\ < e for all /c =  0 ,1,2,.. .n  -  I. Then (Htop)e ( /)  =  

limsup loScard -S1Crti e)  ̂ and Iltop (y) =  lim (Zitop)e (/).
n^>oo Tl e—»0

Choose 8 as in Lemma 3.9 and suppose that S  C C is an (n, e)-spanning set 

where 0 < e < 5 (6 from the lemma). Let X  be a finite set of C that is e-dense, say 

card X  — N. Before proceeding with the proof of Lemma 3.10 we prove the following

sublemma.
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Sublemma 3.11 S [ J f  n(X) is an (n +  I, e)-spanning set.

Proof: Let x E C. Suppose that y 6 S' is such that \ f k{x) — / fc(t/)| < e for 

k =  0 ,1 ,2 ,... M — I. There is a ^ G JT such that either z G ( /n(a:), / ra(y)] or z G 

[/"■(?/), / n(a:)], and such that \ f n(x)—z\ < e. Then we have that f ~ n(z) G S U / _n(JT) 

and z satisfies \ f k[x) — f k(z)\ < e for A: =  0 ,1,2 ,.. .  n as desired. □

Continuing with proof of Lemma 3.10, it follows from Sublemma 3.11 that 

there exists a constant K  > 0 such that for all n, card S(n.e) < K  + nN.  Thus,

htop i f)  = lim(htop)E i f)
logcard Sin, e) .

=  Iim hm sup -------=------ ----- -
6—>0 7i—>oO Th

, =  HmHm3Up l0 g (g  +  nAf) = 0e-̂ 0 n̂ -oo n

Lemma 3.12 Either H  or H 2 locally preserves <bw on {A(a)|a G C}.

Proof: By Lemma 2.1, LT|a(c) is monotone for all c G C. Fix &o G C and as­

sume that Zi1 o Zi0({a} x {%}) C and Lf o Zi1 o Zi0({n0} x {%}) C for f =  0 or I. 

(The other cases are similar.) For all a ^  a0 there exists an admissible arc, 7“ 

linking Zi1 0 Zi0 ({a0} x {0}) to Zi1 0 Zi0({a} x {0}) and an admissible arc, 7+ linking 

Zi10Zi0({a0} x {1}) to Zi10Zi0({a} x {1}). Now i f  is monotone on the simple closed curve 

T =  A(a0) U 7a U A(u) U Tah- Thus i f  can be approximated by a homeomorphism 

H 1: D ^  D  such that Lf7A(U0) =  Lf(A(U0))j Lf7A(u) =  Lf(A(u)), Lf7^ =  if(7a )> an^ 

Lf7+ =  Lf(7+). So the orientation of Lf(T) is identical to the orientation of Lf7(T). 

For a sufficiently close to U0 Lf7. (or ( if7)2) preserves < 6iy between A(U0) and A(u)
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[BW93]. Thus H  (or (H)2) does as well. □

Proof of Theorem 3.1 continued We now complete the proof of Theorem 

3.1. We need only consider two cases. First suppose that F1 does not locally preserve 

<c- Then by Definition 3.5 H  cannot locally preserve' Cinti on the fibers {A(o) | a 6 C}, 

this contradicts Lemma 3.12 .

Next suppose F1 does locally order preserve <c- Then by Lemma 3.10 we have 

that htop (F1) = 0. And so by [Bow71] Ktop (F) =  Ktop (Pi) +  sup [htop } =

sup \ h top (-Fj7r- 1O)) T]lus htoP (F) > 0 there is an O0 G C such that Ktop .(F|T-i(ao)) > 

0. Then by Theorem 1.6 ([BarSY]) P jIooxj is not.monotone. So by Theorem 2.1 no ■ 

such near homeomorphism extension H  of L1 o /i0 o F  o (L1 o Lq) -1 exists. □
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CHAPTER 4

P o sitiv e  E ntropy M aps o f  T em perate E m b ed d in gs  
o f a C antor Set C ross th e  Interval

The goal of this chapter is to prove Theorem 4.8 a strengthened version of 

Theorem 3.1 where the tame embedding hypothesis is weakened. First we need to 

classify non-topologically transverse intersections.

Topological Em beddings and Transversality

Let D — |(a?, y)\ x 2 +  y2 < 4 } . Also let J  =  [—2,2] x  | ^ |  C  D  and 7 : [0,1] —» 

D be a topological embedding.

Definition 4.1 Let to € (0 ,1). 7 is topologically transverse to J  at 7 (to) € J, if there 

is an e > 0 such that Tr2 0 ^7|(to_e>to+e)j is one to one. 7 is topologically transverse to 

J, or 7ffiJr, if 7 is topologically transverse to J  at all p G 7 fl =T

Definition 4.2 (Nontransverse Intersection Types) Assume that 7 (to) G J  for 

t0 G (0 ,1) and 7 is not topologically transverse to J  at 7(t0).

1. 7 has type I intersection with J  at 7 (to) if there exists e0 > 0 such that either

-  e0,to] n  J) or 7~1(7[to,to +  e0] PU) is an interval.

2. 7 has type II intersection with J  at 7(t0) if there is an e > 0 such that

7 [to — e, t0 +  e] Pl J  — {7(^0)}-
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Figure 10: Type II intersections 

3. 7 has type III intersection with J  at 7(^0) if for all e > 0,

card {rr~1('y([t0 -  e, t0 +  e])} > I

and there exists e0 > 0 such that does not contain any type I or II

intersections.

Figure 11: Type III intersections

4. 7 has type IV intersection provided 7 (to) is not type I,II, or III

The next lemma is automatic.
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Figure 12: type IV intersection

Lemma 4.3 If 7 (to) G J  then either 7 is topologically transverse to J  at 7 (to) or 

has type I,II, III, or IV intersection with J  at 7(^0).

4.1.1 Again let C C [0,1] be a Cantor set with order < 0  inherited form E. Let 

Zi0 : <7 x 7 (7 x I  be a topological embedding. Again I0 =  {(x,y)\y =  0} and

Ii =  {(x,y)\y =  1}. By E. Moise ([Moi77]), there is a surjective homeomorphism 

hi : D —> D such that hi 0 h0(a, 0) £ Iq and hi 0 h0(a, I) £ Ii for all a £ C. Let 

A =  hi 0 ho(C x 7) and A (a) =  hi 0 h0(a x 7). Also let Aa : [0,1] —> A (a) be given by 

Aa(£) =  hi ° ho(a,t). Lastly let

<S =  {a £ CjA (a) has a type I, II, or IV intersection with J  at some p £ 7}. 

Lemma 4.4 S  is countable.

Proof: Here Tri , Tr2; Tl —» [—2,2] are the coordinate projection map. If 0 7̂  6 then

A (a) H A (6) =  0. If A (a) has a type I intersection with J  then A (a) fj 7 contains an 

interval with nonzero length. 7 contains only a countable number of intervals with 

nonzero length [Roy88]. So the set of a £ C such that A (a) has type I intersection 

with 7 is countable.
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Assume that A (a0) has type II intersection with J  at p =  Aao (t0) and assume 

that e0 > 0 such that Xao(t0 -  e0,to +  e0) A =7 = P- Then either Tr2 (Aao(t0 -  e,tQ))

and TT2 (A00(t0, to +  e)) C 0, - )  or both are contained in I
. 2 / \2 ' . Otherwise A (a0) is

transverse to J  at p. Assume the first. The other case is similar. Let Hn = [—2,2] x 

Then there exist n0 such that Hno A A00(to -  e, t0) ^  0 and Hno A AO0(t0, t0 + 

e) ^  0. So there exists to (n0) and (n0) such that A00(t^(n0)), AO0(t^(n0)) G Hno 

but for all t G (t^(n0),to) U(^o,^(%)): A0(t) 0  Hno. We call t~(n0) (resp. t+(n0)) the 

“previous” (resp. “next”) intersection of A (a) with Hno. Now let Ino (ao) C Hno be the 

line segment with nonzero length which has endpoints A0o(ty (^o)) and A00(to"(n0)). 

So the type II intersection of A (no) with J  has determined the nonzero line segment 

Hno (ao) in Hno.

We now argue that this assignment is unique in the following sense: Assume 

for Ui do, A (di) has type II intersection with J  at A01 (ti) with corresponding 

ei > 0. And assume Hno A A01 [(ti -  ei,^)] ^  0 and 4 0 A A0l[(ti,ti +  ei)] ^  0. Then 

there exists Ino (czi) C Hno with the endpoints A01 (ti (n0)) and A01 ( ti(n 0)), as before. 

That -̂no (do) A-̂ n0 (ai) =  0 follows from the fact that A (a0) A A (di) =  0, the choice 

of previous and next intersections, and the Jordan Curve Theorem [Mun75].

Let An C C be the set of d G C such that Hn(a) has been determined by the 

above procedure. Since each Hn(a) has nonzero length( because hi o h0 is an embed­

ding). An is countable for each n. But as noted, if A (a) has type II intersection with 

J  then a G An for some n. Since arbitrarily near all type IV intersections there exist 

type I and II intersections of A (a) with J, the proof follows. □

Tem perate Em bedding

The following conjecture is apparently open.
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C onjecture 4.5 All topological embeddings, h0 : C x  [0,1] —» D, are tame (Defini­

tion 3.2).

However, In this chapter we prove a stronger version of Theorem 3.1 for so- 

called temperate embeddings of C x I  into D. All tame embeddings of C x /  are 

“temperate.”

D efinition 4.6 If for a given a e C there exist unique tboUom(a) and ttop(a) such 

that 7r2(Aa(ttop(a))) =  I, 7r2(Aa(f6oitom(ti))) =  0, and TT2(A*(t)) G Tr̂ 1(Oj I) for all 

hottomio) < t  < ttop(a), then A (a) makes one crossing from near the bottom to near the top

D efinition 4.7 A topological embedding, Zt0 : C1 x /  —> D is a temperate embedding 

if there exists Ii1 : D ^  D such that for all a E C, hi oh0 (a, 0) G lo, hi ° ho (&, I) G £i 

and each A (a) makes one crossing from near the bottom to near the top.

T heorem  4.8 Let . F : E x / —> E x / b e a  surjective map such that F(a, y) = 

(F1(O), F2(a, y)) and F1 : C C is a, homeomorphism. If htop(F) > 0 then there 

exists no temperate embedding Hq : C x I  D such that ho o F  o h^1 extends to a 

near homeomorphism of the disk D.

A (a)

Figure 13: Temperate Embedding
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Proof: Assume Zt0 is a temperate embedding. That is (as in Definition 4.7), let

hi \ D D be such that Hx o A0 (C x {0}) C 4 ,  Ai o h 0(C x  {!}) C £x, and each 

A (a) =  Ai o Aq (a x /)  makes one crossing form near the bottom to near the top. 

Assume there exists a near homeomorphism such that Hi !/I1Oh0(Cxr) =  Ai o A0 o F  o 

Aq"1 ° Af1.

We need to show that the <&%, order on fibers {A (a)} is "E-like" in the same 

sense as Lemma 3.7. To do this we will produce an arc 7 : [0,1] —> D which crosses 

the fibers one at a time (although 7 may follow along a countable number of fibers). 

More discussion of this, scheme follows Lemma 4.12

Let E  (a) C A (a) be given by E  (a) = {Aa(i(a))| Zbotiom (a) < t  < Ztop (a)}. Again 

let J  =  [—2, 2] x | | | .  We will need closed sets Jn C J, where each Jn is Jra_i with a 

certain open interval removed. We will use the notation K n(a) — m intti(S(Ct) f| Jn) 

which always exists. And Ln{a) =  mintti(F (a)(TjJn), if it exists. (Note: ifi denotes 

topologically transverse intersection.) For each 0, let ea : [0,1] —» E (a) be given by 

(z) =  Aa((Ztop(a) Zjotiom(a.))Z+Zsotiom(a)). So ca(0) G ^md Ca(I) G I i . Let Zq(n, n) 

be given such that ca(Z0(a, n)) =  (Kn(a), |) .  Now define Zi(a, n) as follows:

4.1.3 If Kn(O) ^  Ln(a), choose Zi (o, n) such that

ea(Zi(o, n)) =  ^maxTTi(F(O)P) Jn) , ^  .

4.1.4 If Kn(0) =  Ln(0), then Z;(o, n) =  Z0 (0, n).

Now we will recursively define {Jn} and arcs {yk : [0,1] —» D} and ultimately show 

that {7^} converges uniformly. Let 70 : [0,1] -* J  be given by 70 (t) =  (4r -  2, §).

4.1.5 Then there are To, Ti : C [0,1] such that 70(10(0)) =  ea(Zo(o, I)) =  

(Ki(o), I) and 70( ^ (0)) =  ca(Zi(o,l)) =  (L i(o ),|) . Notice t0(o) < Ti (0)) and 

Ti (70(10(0))) < TTi (p) for all p G E{a) f) J  (see Figure 14).
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By Lemma 4.4 5 ' is countable so let, S  = {ak}^L0. First set Ji =  J. Assume 

there exists a first a E S  call it % such that A1(Cii) A1(U1) (otherwise let jj. =  70 

for all k). We now modify 70 by following E  (O1) as follows. Let j i  : [0,1] —»■ E2 be 

defined as follows:

i  -  T o W  +  I)) ; T e  [To(O1) ^ 1(O1)]
\  7o(r) ; elsewhere

ToWd!)) 7o(To(dl)) i Vo^^d!))

Figure 14: Creating 73.

Let Ii C J1 be the open line segment from 70 (Tq(U1)) to 70 (T1 (O1)). Now set 

J2 =  J1 \  J1. Assume there exists a next a E S  call it Og such that A g ^ )  ^  L2(Ci2) , ' 

otherwise 7*, =  73. for all k > 2. Adjust r0 and T1 so that T0(O2) and T1(O2) are 

such that 7o(T0(O2)) =  £ a 2 ( t o ( d 2 , 2)) =  (a 2(o2), | )  and 70^ ( 02)) =  (^(O2, 2)) = ’

[L2{a2), (Note: T0(O2) < T1(O2)). Now we modify 73. by following along E  (o2) as 

follows. Let J2 : [0,1] —> R2 be defined as follows:

-  T0(O2)) +  Z0(d2, 2)) ; T 6  [T0(O2), T1(O2)]
73 (r) ; elsewhere

4.1.8 If necessary, recursively define 7% as follows: Let J ^ 1 C Jk-i be the open 

line segment from 7 o ' ( T o ( a fe_ 1 ) )  to 70(T1(o&_1)). (Note that Ii ClIj = $ Hi ^  j  .) Let 

Jk = J ^ 1 \  I k_i. Assume there exists another a E S  call it ak such that K k(ak) ^  

Lk(Qlk) , (otherwise set 7 „  =  7 ^ - 3 .  for n >  A: -  I). Then adjust T 0  and T 1 such that
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7o(7b(o&)) =.Ea*(Zo(ot,&)) and 7o(Ti(%)) =  e**(%((%,&)). (Note: To( î) < 7i(o() for

all i < k). Let % : [0,1] —> R2 be defined as follows:

^ (T ) =  (  ^  -  T o N ) +  f o N  &)) ^ e  [To(at), Ti(%)]
I Tfc-i CO ; elsewhere

So we may assume [4.1.4] holds for each a such that a Next we

show that {%} uniformly converge to a topological embedding 7. Each 7% has been 

formed by removing a segment from jk-i ,  then linking the two end points via an arc 

from E  (%). Thus, the following lemma is clear.

Lem m a 4.9 For all k, 7* : [0,1] —> R2 is a topological embedding.

Lem m a 4.10 The sequence {7&(t)} is uniformly convergent.

Proof: Let e > 0 be given. See Lemma 4.4 for the construction of {a^kLi- As­

sume a < Ti < m By construction if n < m then 'yn(j) =  rYmij) for r  G I  \
/  m  X OO

U  h ) N i  7I 1N ]  ■ Because {[T0(afe), Tf((Ufc)I)^zl a r e  disjoint and ^  |ro(afc) -
yfct=n+l J fc=l

T1(Ufc)I < 4 then |T0(ufc) — T1(Ufc)I —» 0 as A —> 00. Thus for all 8  there exists K  such

that IT0(ufc) — T1(Ufc)I < 8  for all k > K. Assume thoughout that n >  K.

We need only to consider t G [T0(u fc) , T1(Ufc)] for some n + I < k < m. Then

by construction ym(T) G E  (ufc) (recall that since m > n, (t0 (ufc)), (T1 (ufc)) G

E  (ufc)). And since Ti1 0 Zi0 is uniformly continuous [Mun75] then for all e > 0 there is

& 8 1  = 8 i{e) > 0 such that if IT0(Ufc)-T 1(Ufc)] < S1 then ||7m(7O^fc))-7 ™ ^ )|| < f  • Also

by [4.1.6] Tn(T) G J  and so Tr1 (7»(-T0(Ufc))) < Tr1(TkM) < Tr1 (TnM(Ufc))). Thus there

is a S2 =  S2(e) > 0 such that if |T0(ufc) -  T1(Ufc)] < S2 then ||Tra(T) -  7ra(T0(ufc))|| < f .

For e > 0 choose S =  5(e) < min{S1(e), S2(e)} and K  large enough that for n >

K  and n +  l < k  < m  then |T0(ufc) -  T1(Ufc)] < 5. Thus since Tm M(Ufc)) =  TnM M )),

we have

IhmM -  TnMII = IhmM ~ TmMN)+TmM(Ufc)) -  TnMH
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=  I h m ( T )  - 7 m ( r 0 (O fc)) + 7 n ( r o ( a f c ) )  -  7 n ( T ) | |  <

IhmM -  7m(7o(afc))|| +  ||7m(To(fflfc)) "  7nM || <  6 

And so {7/5} is uniformly Cauchy. - □

Let 7 =  Iim 7%.
A:—>00

Lem m a 4.11 For all r  € [0,1], there is a AT such that 7(7-) =  7%(A) for all & > iL.

Proof: Let r  be fixed. Either for all k, rYk(rT). G J  and so 7fc(r) =  70( t ) ,  and 

7 ( t )  =  7 o ( t ) .  Or there is a AT > 0 such that 7^(7-) G E  (a^) \  J- In such case t  G 

bo (a#)) Al (art)] • So assume r  G ho (u&), To (&&)]- But then by construction i i k  > K
(  k  \  k

then 7k(t) =  7^ (r) for r G /  \  ( j  [T0(Ui), T1(Ui)] • Since t ^ ]J [T0(Ui)jTi(Ui)],
\« = 7 C + 1  J i = K + l

7kM  =  rYK(rT) for all k > K.  □

Lem m a 4.12 7 is a topological embedding.

Proof: By Lemma 4.10 {7%} uniformly converges to 7. Thus 7 is continuous. Sup­

pose that there is T0 ^  T1 and 7 (T0) =  rY(rTi)- By Lemma 4.11 there are AT0 =  Ar0(T0) 

and AT1 =  Af1(T1), such that 7 (t0) =  Jh(To) and j (t i ) = 7*,(T1), if fc =  max{Af0, Af1). 

Thus j k ( r o )  =  7k(T1) =  7 (tq) =  j (t i ) and so j k  is not one-to-one, which contradicts 

Lemma 4.9 ' n

Lem m a 4.13 If E  (b0) ?fi J  at 70 ( ( t0(60), then T0(Z)0) is continuous at b0.

Proof: Let q0 = A(u) =  A (u )^ i and p0 =  (A1 0 A0)_1(?)- Define the following 

sequences {p+}, {p” >, {p+k> and {p~k} as follows:

Pn Po such that p+ G (A1 0 A0)_1A(u) and 7r2p+ > TTgp0,
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Pn Po such that p~  G (Zi1 o  Zi0 ) - 1  A  (a) and tf2p ~ <  Tr2P0,

Pn,k -»• Pn such that p + k e  (Zi1 O Zio)“ 1A ( a fc) ,  and

Pn,k P n  such that E (Zi1 O Zio)” 1A ( a fc)

Let g+>fc =  (Zi1OZioXp +^) and q~k =  (h 1 o h 0) ( p ~ k). For large enough k  and n,  7r2g+fc >  
I I
-  and qn k <  For any e >  O there is large enough k  and n  such that \q^k — g01 < e 

and X“fc -  go I <  e. Thus there are subsequences {q+. k . =  qlf}, {q~h k . =  q j }  such 

that q^ —> % and q j  —̂ g0- Thus for large enough k and n, [?+ -  g^|e.

Since Tr2^L > ^ and Tr2gj" < ^ there is point oq E A(akj) Q  and between g+ 

and gj" on A(u^.). Now by the continuity of the inverse

TT2 g /  <  TT2 (Zl1 O Zl0 ) - 1  ( a T') <  T i g f

and thus % E Beg0 for all j.

■ Let Po =  (7O) |) -  It follows from Definition 4.1 that for all e > 0, both

Se(Po)H H s ( W f  0

and

Sc(Po) H H s W f  0.

By the uniform continuity of Zi1 o Zi0 and the connectivity of each E  (b), if bk —> h  

then there exists p& E E (bk) f| J  such that pk Po- So Tr1(Pfc) —»Tr1(P0) and by [4.1.5] 

Tr1 o T(T0(Z)fc)) < Tr1 ( P fc)  for all k.

Assume there is e0 > 0 and that T0 (Z)fc) < T0 (Z)0) -  e0 for k sufficiently large. 

By passing to a subsequence, if necessary, assume (Tr1 o y (T0 (Z)fc)) )  converges to 

X0 (or that (-Tr1 o T(T0(Z)fc)), -> (x0, | ) )  where T0 < Tr1 o THo(Z)0)) -  e0. Define

B n =  Bi (t0,! )  Ti > I. Then for sufficiently large k, E  (Z)fc) f| B n ^  0. But by 

uniform continuity of Zi1 o Zi0 and that ak —»■ Z)0, we have that E(Z)0) fl En ^  0 for 

all Ti > I. Let g„ E E (Z)0) QEn. Then qn (%o, §). But E  (Z)0) is closed so
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(%o, | )  6 E  (b0) where X0 < T0(^0) — e0 contradicting the choice of T0(S0). Similarly 

assuming T0(Sfe) > T0(S0) +  e0 for large k leads to a contradiction. □

Lem m a 4.14 Assume E  (S0) has type III intersection with J  at (V0(S 0) ,  and 

E  (S0). If {Sfc} -T S0,, then there exists (xk, (Sfc) f) J  such that Tfc —>■ T0(S0).

Proof: Let X0 — T0(S0). So there exists e0 > 0 such that for all 0 < e < e0,

p e E  (S0) n Ee (x0, and p ^  | ) ,  E  (u0) is topologically transverse to J  at p.

For otherwise either Ar0, is isolated (thus not type III) in E  (S0) H ^ or S  (a0) has 

a type I or II intersection with J.

Each E  (Sfc) H J  ^  0- Therefore it is enough to show for all e > 0, there is 

K  =  K{e) such that E  (Sfc) fj T flS e | )  ^  0- By our type III assumption there 

exists Pe & E  (S0) f ]J f ]B e (x 0, ^  such that E  (S0) is topologically transverse to J  at 

pe. Then

TT-i
2 n  e  (&o) n  ^  ( ajO, 2) ^  ®

and
-1

n # ( w n % f  0.

Furthermofe, there exists t f ,  Se G [0,1] such that

P+ =  £b0(t+) G Tr21 0, ^  f |  E  (S0)P lS e (%0, ^  f  0,

P =  ^^(t ) G T2  ̂ (^-,1 Q S  (S0) p |S e (%0, - j  f  0,

and pe G sbo[tt,K] C Se (t0, | ) .  Therefore, by the uniform continuity of H1 0  H0 for 

k sufiicent large, there is a point

Pfe e Tr21 0 ,5 ) 0 ®  w  n s .  p .  5 )  #-0
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and

# 0.

Let pk = eh (tk ) <md p^ = ebk(4) .  Since S6o[#,£*] C Be (x0, for k larger,

P ro o f of T heorem  4.8 continued Next we define two special functions g 

and T. The function g is used to “crush out” the sections of 7, which follows along 

fibers of {E(a,k)}, to a single points. The function T  will be a “local order preserving” 

topological embedding of (C, <c) (Definition 3.5) into ([0,1], <). Let g : [0,1] —» [0,1] 

be an onto, continuous function that is constant on each [r0(afc), Ti (a*,)], for all k, and 

strictly increasing elsewhere. Define T : Cf —> R by T (a) =  p(r0(a)).

Lem m a 4.15 T : C -> R is a topological embedding.

Proof: All that is necessary is to show that T  is continuous and injective. First we 

will show that T  is continuous. Let e > 0 be given. By the continuity of g there is a 

Si such that if '|ri(a) - r 0(6)| < S1 or |r0(a) - r i(6 ) | < Su then ^ (r^ a ))  - y ( r 0(5))| < e 

or \g(r0(a)) — g(T1(S))] < e. Also by the continuity of 7 there is a S2 such that if 

17(71 (a)) -  7(70(6))I < S2 or .|7(r0(a)) -  Jir1(S))] < S2 then |ti(o) -  T0(S)] < S1 or 

IT0(a) -  T1 (S)I < Si. There is a S3 such that d(a, S) < S3 then E(a) C M 2 (S1(S)). By 

4.1.3-4] and 7(^(4)) =  ea(ti(a)) for z =  0 ,1 we have that |7(ri(a)) -  7 (t0(S))| < S2 

or !7(7-0(a)) —7 (ti(S))| < S2. And so if d(a, S) < S3 then IfiM(a)) _  9(To(b))\ < e or 

\g(r0(a))—g(T1(S))\ < e. Since (a)) =  ^(T0(a)) for all a, then |#(To(a))-p(To(&))| < 

e. Thus |T(a) -  T(S) | < e. And T  is continuous.

bk]tt,tk] C Be (x0, 1). But each E(Sk) is path connected. So

has the desired property. □
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Next we will show that T  is one-to-one. Suppose that T(c) =  T(d) then 

0 (7-0(c)) =  g(ro(d)). Then r0(d) G [t0(c) , ti(c)]. Then either we have a contradiction 

or by definition of 7, £d(to(d)) G E(c). But £d(to(d)) G T'(d). And so E(c) = E(d) or

O rder

Next it is necessary to show that T  preserves <c which is induced by the Barge- 

Walker order of fibers (See Definition 3.5).

Lem m a 4.16 If 71-17(70(a)') < 7ri7(r0(h)) then 0(ro(a)) < g(T0(b)).

Proof: Using the final choice of r(a) we know that 7o(to(o)) =  7(r0(a)) then 7ri7o(r0(a)) < 

7ri7o(ro(&)). Since Tri. 070 is increasing then ro’(a) < T0(5). Because g is nondecreasing 

and r0(6) ^  T0(a) then g(T0.(a)) < g(T0(b)). □

Lem m a 4.17 T : (C, < c ) —> (K, <) is a local order preserving embedding.

Proof: Suppose that a <c b. Then by Definition 3.5, E (a) <bw E(b). So as in 

Definition 3.3, there exist admissible arcs 7̂  and 7% such that the simple closed curve 

E(^b) —> 7% —> E {a) 7; is positively oriented (counterclockwise).

For brevity, let the projection of the “first’ and “last” intersections of E{a) 

and E{b) with J  be m =  TTiea(t0(a)), m =  7ri£b(t0(6)), M  = 'Kisa{t1{a)), and M  = 

7Tie&(ti(&))._

To apply Lemma 4.16 we need to show that E{a) < btu E(b) implies m < rh. 

We will do this by considering all possible real line orderings of four points. But, 

because m < M  and m < M  we need only consider six possibilities for the order
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of to, M, to, and M.  The conclusion is automatic for either rn < M  < fn < M  or 

m < rh < M  < M.

Next let us consider possibilities that may occur. First assume either to < 

M  < m < M  ox m < m < M < M .  In both cases the path 7Z —> E(b) — —> E(a) 

has negative orientation. Thus E{b) <bw E (a) which is' not allowed.

Lastly, assume or to < to < M < M. Here we make use of our assumption 

one crossing from near the bottom to near the top of Definition 4.6. Let H~ and H + 

be sets such that H~ U H + =  Thj"1 [0,1] and H~ f] H + =  E(b). (See Figure 15.)

M  M  rafh

Figure 15: H + and. H

Since m  >  m  then £a(to(a)) G H ~ . And since M  <  M  then ea(*i(tt)) G H + . 

By a Jordan curve agument and the connectivity of E (a),  we know E (a) f ] d H ~  ^  0. 

Then there is a t2(a) such that 0 < t Q(a) <  t 2(a) < t i ( a )  < I and the possibilities 

Ea(Ma)) n^ i f  0, ea(t2(ffl))n^o 0, or Eo(Mffl)) A #(6) f  0- This is a contradiction, 

since E ( b ) C \ £ i  =  C0(I) and S(F)A lo =  eo(0) and E ( a ) f ] E ( b )  =  0. So we have that

TO < TO.

By Lemma 4.16 and the fact that to =  Tiy o £a(t0(a)) =  Tr1 (^(t0(a)), to =  

TTi o £b(t0(b)) =  TTi(7 (7 0 (6 )),we conclude that T (a) =  g ( r 0(a))  < g(T0(b)) = T (b). □
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4.2.5 Recall that F r E x J - +  E x  / is a homeomorphism such that F(o, y) =  

(F1 (a), F2(a, y)). Let /  '- T(C) —» F(Cf) be defined by /  =  F  o F1 o F -1.

The proof of the next lemma follows similarly that of Lemma 3.12 using the 

observation that homeomorphism JZ1 : F  —> F  preserves <&%, on {E(a)\a G C}.

Lem m a 4.18 Either Jf1 or (Jf1)2 locally preserves <&%, on {F(a)ja G C}.

P ro o f of T heorem  4.8

This proof now follows similarly the proof of Theorem 3.1.

If F1 does not locally preserves <c, then by Definition 3.5, Jf1 does not preserve 

the Cinu order on fibers {F(n)} this contradicts Lemma 4.18. And, thus F  cannot be 

extended to a near homeomorphism of F .

So assume that F1 is a local order preserving homeomorphism. Then by Lemma 

4.17 /  : R -+ R is a local order preserving homeomorphism. By Lemma 4.15, /  and 

F1 are conjugate. To apply 3.10 we need 3.7. Notice that it is necessary for the proof 

of 3.7 that E(x), E(y), and E(z) are “straight;” it is not necessary that A be tamely 

embedded. This can be done composing with a homeomorphism h2 : D ^  D such 

that K2(Eix)) = x' x J, h2(E(y)) = y '  x I, and K2̂ E(Z)) =  F x J ,  then applying the 

needed theorems. Now, by Lemma 3.10 Ktop (F1) =  Ktop (f)  =  0. And by [Bow71] 

0 < Ktop(F) < sup { j top (F l7r-Iw ) J. Thus by [Bar87] there exists an a0 such that 

F2|7r-i(ao) is not monotone. By Theorem 2.1 we cannot extend J 0 ° F  o Kq1 to a near 

homeomorphism of the disk. D
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C H A P T E R  5

K upka-Sm ale E xten sion s o f  C antor Set 
H om eom orp h ism s w ith ou t Sources or Sinks

Introduction

In this chapter we consider the Cantor set C and a function, F  : C ^  C which 

is a type of “generalized adding machine.” It is then shown that F  can be extended 

to a Kupka-Smale homeomorphism of the disk without periodic source or sinks. To 

do this we first divide the unit disk into a center disk and a finite number of annuli. 

In each annulus we create a new collection of disks so that when an iterate of F  is 

applied to the each disk the inner disks are permuted; after enough applications of 

F  each inner disk returns to where it started. We then recursively define similar 

behavior inside each of these inner disks At the intersection of these nested disks lies 

a Cantor set that supports a “generalized adding machine.” Next we adjust F  so that 

this Cantor set is an attracting set. This we do by forcing each inner disk to be an 

attracting disk. So to create these attracting disks it is necessary to have a periodic 

saddle point. The main result of Chapter 5 is the following:

T heorem  5.1 Let /  be a block permuting homeomorphism of the Cantor set without 

periodic orbits. Then there exists a C1 Kupka-Smale diffeomorphism F  of the 2-disk 

without periodic sources or sinks, and an invariant Cantor set A such that A|a is 

conjugate to / .
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This result is a partial generalization of the result of R. Bowen and J. Franks 

([BF76]), which answers the question, posed by S. Smale ([Sma62]), as to whether Cr 

diffeomorphisms of the 2-sphere, (r > I) must have periodic sources or sinks.

Later J. Franks and L. Young built a C2 version the Bowen-Franks model. 

For specific block permuting homeomorphisms, Franks and Young’s techniques can 

be modified to create analogous C2 models. However there is no reasonable modifi­

cation of Franks and Young’s scheme suitable for arbitrary block permuting homeo­

morphisms. Regardless of / ,  each of the disk diffeomorphism we construct must have 

at least one invariant Cantor set supporting a 2-symbol adding machine.

C onjecture 5.2 Every C1 Kupka-Smale diffeomorphism of the 2-disk without peri­

odic sources or sinks has an invariant Cantor set which supports a 2-symbol adding 

machine.

The author would like to acknowledge the valuable assistance Charles Pugh 

provided which made the generality of Theorem 5.1 possible. The author would also 

like to thank John Fanks for suggesting Conjecture 5.2.

Prelim inaries

Term inology

For dynamical systems terminology the reader should consult [Rob95],[GH83] or 

another basic text.

5.1.1 Let C be a Cantor set. Throughout we will assume that there exist collections 

Cn = {C^lk ̂  , n =  1,2 ,3 ,. . . ,  called the nth level of blocks with these properties:

N(n)
i.) C = I J  Cn for each n where N(n) < oo.

k=l
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ii.) C* is closed for each n and I < k < N(n). 

in.) Clnf ) C Jn = 0 j  where I < i , j  < N(n).

iv. ) For each n and I < k  < N(n) there exists j  = j  (k, n) such that C C ^ 1.

v. ) max Idiam Cf:) —» 0 as n, —> oo.
y l< k < N ( n )  I n )

Let JC3n^1 =  |A: : C* C C ^ 1J, and N(n -  I, j)  =  card /C£_i-

5il.,2 For each Cantor set with blocks (Cn)Jfl1 call /  : C —> C block permuting 

provided for each n — I and I < j  < N(n  — I) there is a least positive integer 

m — m{n  — I , jf) such that

i. ) / mC ^ 1 =  C L i, and

there exists a permutation a : /Cn_i ^ h - i  such that

ii. ) if Cn C C L i then

r c %  =  c f )  c  c%_i.

5.1.3 It follows that there exists a permutation

o-n : (I , 2 , . . . ,  N{n)} -> { 1 ,2 ,..., N(n)}

cr =  as the product of cycles, <j  =  sL i( l)sL i(2 )  • • • sL iL n -i)-  So

j ,  if c ; c  C L i, then

( t i - i ) =  ICLi - Write

So r'L i is the

s L f I < * < f v

Always assume sn_i(l) < sL i (2) < < S L fK - i)

5.1.4 Notice we have the following relationship between m(n, k) and m(n — I, j) . If 

C^ C C L i then for some I < i < ^ L 1, m (n, k) =  sL i(0  - m i n -  l , j ) .
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Before proceeding with the proof of the theorem, we now describe the construction 

at an intuitive level by way of example. First we describe a particular block permut­

ing homeomorphism f .  Then we use this description to start the construction of a 

diffeomorphism F1: D2 —>• D2 as required in Theorem 5.1. .

The 0th level is Cj =  C. Assume that C has five blocks at the first level 

Ci =  {Ci, Cf , . ,  Cf}, and that /  permutes these blocks according to a top level 

permutation ay =  (12) (345). So the number of cycles of aq is z/J — 2. These are 

Sq(I) =  (12) and sj(2) =  (345). The lengths of these cycles are |sj(l)| =  2 and 

|sq(2)| =  3. And so / mC-1)Cf =  C f,. . .  , / mC-5)Cf =  Cf where m (l, I) =  m (l,2) — 2 

and m (l, 3) - m (l, 4) =  m (l, 5) =  3.

At the second level let’s assume we have twenty-two blocks,

C2 = Ic J1C!,. . . , c f } ,

and that /  permutes these blocks according to the second level permutation,

(j2 =  (I 2 3 4)(5 6 7 8 9 10)(11 12 13 14 15 16 17 18 19 20 21 22).

Furthermore, AZf =  {!,3,5,7,9}, /Cf =  {2,4,6,8,10}, /Cf =  {11,14,17,20}, /Cf =  

{12,15,18,21}, and /Cf =  {13,16,19,22}. These sets indicate which blocks of level 

two are contained in each block of level one; that is, C | C Cf for k G /Cf. Notice 

that / mCg =  C0S1C) where m =  and furthermore <j™CJ )/Cf =  /Cf for j  =

I, 2,3,4, 5. Each cr^*J’)| js product of cycles:

( j ^  =  sf(l)sf(2) =  (1 3)(5 7 9) 

o-rC'2) =  sf(l)si(2) =  (2 4)(6 8 10)

a m(l ,3)  =  =  1̂1 M  17 20)

O-mCd) =  sf(l) =  (12 15 18 21)

E xam p le
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ov?(1,5) =  sf(l) =  (13 16 19 22)

Now, by definition, m(2, k) is the least positive integer m such that / mC| =  Ccr" . 

(We will write A: e (i) when s{ [i) =  (&1&2 • • • A:s) and k = Ici for some I < i < s.) If 

k £ JC{ then C | C C{ and c  C{. But if also k 6  s{(i), then f m(2<k)C% =  C |

where m(2, A) =  s{(i) •

We now describe construction of a C1 Kupka-Smale diffeomorphism F  of the 

unit disk D2 C R2, without sources or sinks, which permutes levels of blocks of a 

Cantor set A C D2 in the same way /  permutes the blocks of C. Figure 16 depicts 

how this is done for f  as in the current example.

Figure 16: Bowen-Franks Model [BF76]

F  fixes <9D2, rotates an outer annulus by |7r, and an inner annulus by tt. At 

the center of D2 lies a fixed copy of the Bowen-Franks model (See Figure 17).

All rotations are bumped off across collar neighborhoods of these annuli. There
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Bowen
Franks.

OOO OO O OOO

Figure 17: The Example

are five level one sub disks. F  cyclically permutes {D}, Df} and also {Df, Df, Df}. On 
5

D2 -  p | Df, F  is Morse-Smale (See Figure 17). Df, for example, contains four second 

level disks {D^1, D |4, D^7, D |0}. F 3Df =  Df but F 3 rotates an annulus containing 

{Dg7, Dg4, Dg7, Dgp by |  thereby cyclicly permuting these. Df contains five second 

level disks {D4,Df ,D3,D7,D9}. For j  e JC11 = {1,3,5,7,9}, one has F 2Dj2 =  D2y) 

where a — erf (^i =  (I 3) (5 7 9). These two cyclic permutations are accomplished by 

bumped off rotation of Df by F 2. F 2 has a fixed copy of the Bowen-Franks model at 

the centers of Df and Df. Similarly F 3 has fixed copies of the Bowen-Franks model 

in Df, D4, and Df.
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P roof o f Theorem  5.1

C reating  th e  “Disks” of D 2

We now proceed with the construction of F. We assume a block permuting 

homeomorphism /  and all permutations {crn}, cycles and return iterations

{m{n — are given as described in (5.1.1-4). Let A be the unit disk centered at

(Q, 0). First construct a set of reference diffeomorphisms Ta =  Ta(n — l , j , i )  : A —» A 

for each n — I, j  and I < i  < vh-v The exact form of Ta(n — l , j ,  i) depends on the 

lengths df the cycles, j  Sjn^ i )  j.

Lemma 5.3 Assume 2tv >  ̂ = X -I -  Then

there exists 0 = r0 < ^ — R q < Ti < Ri < .. .  .< T1, < R v < ^ and P =  ^ _ 1 : [0,1] —̂ 

[0, 27t] such that

I. P[rh E i] =  |^ j|, P fr0, E 0] =  27r and p [ |,  l] =  0.

2. P is strictly decreasing on

3. \P'(x)\ < 18, for all x.

0, — (J Iri, Ei]. 
2=0

Proof: First let 0O : [0,1] -> [0,27r] be a CflTunction such that

Po .0, -■ =  Stt,
v 5 I O J

Po 2’ =

Po is strictly decreasing otherwise, and |/%(%)] < 17. For each ^ j ,  let Ti = Pq1 

The key observation is the following: if for each i, Ei is sufficiently close to r* then 

there exist P3n^  as desired. This is because p0 can be modified near each ri in such 

away that the new map, /%_i, is constant on Iri jE i], but (X _i) (x) < \Po(x) \ +  I, 

for all x. n

I
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5.2.1 Let Ta = Ta(n — l, j, i) be the time-a map of the flow on A generated by the 

system in polar coordinates,

p =  0

 ̂ =  P3n-1 0 )

So-“  Particular, r d  =  L  + ^  (p) ) .  Write

(Tt -  Id)

Let IJ-IJcI denote the C1 norm on the space Diff1 (D2) given (in this case) by 

WTt - I d W ci. =  llptll +  ||'0t||. Here we use ||p|J =  sup |p(p)| +  sup \g'{p)\. Because
0 < p < l  0 < p < l

each P ^ 1 is constant for p G (0, |], our |H |c i is equivalent to the usual C1 norms on 

D2. By Lemma 3.1 ||pi(p, 0)|| =  0 and |J0t(p, 0)|| < 25 | t | .

5.2.2 Thus we have these useful estimates

||Ta(n — l , j ,  i) — Id ||c i < K - a

and similarly

C 1
<  K - a

for all I <  ̂ < z4_i when re =  25.-

- For each 0 < r, E, and s define the reference sector

S  (r, R, s)
—TT TT

: ----< 0 < —, r < p < R
s s

5.2.3 By (5.2.1) T\s^\  = I d o n S  (Tu Ri, |s(i)|) where |s(z)|
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. N(n)
5.2.4 Our F-invariant Cantor set is A =  f]  (J  D^, where each D* is a round

n > l  k = l

disk yet to be specified. We now construct these disks. For each I < "% < 

specify a round reference sink disk Az C int S  (r%, Ri, Si) C |p  < | |  with center 

(xi, 0), Ti K x i < R i. By (5.2.3) Tjŝ iA z =  Az.

5.2.5 We will find the following terminology useful: Let D C D2 be any closed 

round disk. A round disk orbit of the diffeomorphism g on D2 is a collection O = 

{g9(D) I g G Z} such that for some p G N,

i. ) {gq : 0 < g < p} are pairwise disjoint., y

ii. ) f ( D ) = D .

We will call p the period of 0.

5.2.6 Call O a round disk TL orbit if also

iii.) there are affine diffeomorphisms a, a! such that Figure 18 commutes.

A
Ti

A

a
9

g W  —

a'

Figure 18: Ti o a' — ao g
P

So in particular gp =  Id  on '<9D.

From (5.2.5,6) and the fact that T01 leaves <9A pointwise fixed, we have that pp|D 

is a replica of T1 for all q\ that is pp|D is conjugate to T1 via an affine conjugacy.
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5.2.7 Now assume O =  [G 9(D ^ 1)I has been defined and is a round disk Ta orbit 

of period m  =  m(n — l , j )  for the diffeomorphism G, where Ta — Ta(n — l , j ,  i) is the 

reference diffeomorphism associated with a permutation a =  a™. We now proceed 

to define subordinate nth level round disk orbits. For v =  vJn_i embed Subordinate 

orbits O1, O2, . . . , O v as follows: For each D =  G9D ^ 1 fix an affine diffeomorphism 

a : A D. Each cycle S3n^ i )  has the form (kik2.. Let r}(i) — ^n-iW be

the smallest such k.

5.2.8 Label the disks of Oi by D^9W) =  UTgAi (again where a =  a™, m — m(n -  

I J ) ,  and O < $ < |4 - i ( ^ |) .  So by (S.2.6-7) and thus =

D f 7̂ ). It follows then that GmD^ =  Dan̂  and Gm'9D^ =  for all I < k <

N(n), and all q > 0 .

Each O1 is a round disk orbit of period m(i) — m(n — I, j) 4 - i  (*) for

some i (See 5.1.4). We now proceed to make these round disk T-orbits where T =  

T i (ra - I, j,i) .
m ( i )

5.2.9 For each q choose surjective affine diffeomorphisms u9_i : A —> G9D ^ 1. 

Replace the rigid map G|Dj= by a replica T 1 of T, followed by G. The replacement is 

the map G = G o T 1 which makes Figure 19 commute.

For each i and q, T' leaves a neighborhood of <9G9D^ pointwise fixed so G =  

G oT '  glues smoothly to G along the boundary circle. G is the composition of G1 

diffeomorphisms and has round disk T  orbits O1, O2, . . . ,  Ou for is =  *4-1 as desired.

5,2.10 By equation (5.2.2) and the fact that G1 scales replicas correctly (See the 

Norms Rescaling Lemma of ([JGT89]) we have

G -G K
C 1 < m(i)

and t-l i-i
O1 < m(i)
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T_i_
A ™W .A ------ » A

n q nq“n—I “n—I
T'

GqiDkn ------ - GqDkn

G

Gq+1Dk = GqD ^

Figure 19: Commuting Diagram

5.2.11 By (5.2.9) for each Dk C D ^ 1 we have that Gm-qDk = for I  <  i <

u^-i, m  =  m(n -  l , j )  and a =  am. Thus it follows that G9D^ =  D^n

Now start with G0. =  T1(O5TG) where I < i < and iterate the preceding 

construction. This gives a sequence of diffeomorphisms

|G m : A —> A | ^  =  1 ,2 ,3, . . . | .

By (5.2.10), I Gyttj’ converge uniformly to a G1 diffeomorphism G : D2 D2 as 

jU —> oo.

5.2.12 Clearly each round disk Ta-Orbit of Gfi is a round disk Ta-Orbit for G. So for

each n, k, | G9D^j is a round disk twist orbit. Thus GmD ^ 1 =  D9 _x and GmDk = 

D^(fc) for (J = (Jn where m — It follows that for all n,. and k, GDk = D9™(fe).

Kupka-Smale Modification

OO N ( n )

Let A =  f) y  Dn. Then in fact G|A is conjugate to / .  But before exhibiting this
n = l  fc=l _

conjugacy we first modify G away from A creating a Kupka-Smale diffeomorphism F

which has no sources or sinks.
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For each n —I and j  define a vector field X  = X (n — l , j )  on A that has these 

properties on each sector S  =  Siri jRi, ) C A. (See Figure 20) (Here again

IsWI =  sn-i{i) are generated by /  as in Section 2.) On a collar neighborhood of <9AZ, 

X  is purely radial (toward Az) except on <9AZ where A  =  0. On a collar neighborhood 

of dS, X  is purely radial (toward (0,0)) and |A| = I. Lastly the A-flow is Morse 

-Smale and has only the dynamics indicated in Figure 20.

Figure 20: S i r i jRij |s(i)|)

Now extend A to the rest of A by first requiring that A be invariant under DTq{n -  

I, j, i) for each g > 0 and I < i < ^ _ x. Then require that A  be purely radial (toward 

(0,0)) on a. collar neighborhood of <9A but that A  =  O only on <9A. Also require 

A  =  0 on the subdisk {p < |} . Elsewhere (between the annuli) A  is purely radial 

(toward (0,0)) and A  ^  0.

For all % - I and j  use the tangent map of each affine map o{_i : A —> D ^ 1 

to push X { n -  I, j)  onto D^_x. This creates a C1 vector field Y  on D2. Let (j)t be the 

y-flow . Notice that Gofa = ^ o G fo r  all t. Let == G o^1. $ 0 is not Kupka-Smale 

yet but we will make it so.

Let =  c&-i ({p < |} )- Then < (n™1J) fixes since K = O there.
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Furthermore <E>o is translation followed by rotation by ^  on each E ^ 1. R.

Bowen and J. Franks [BF76] built a C1 diffeomorphism Fq : A —> A which is Kupka- 

Smale without sources or sinks and fixes <9A (See Figure 20). We now glue a replica 

of F0 into each F ^ 1. The new diffeomorphism T =  T0 off (J F ^ 1. But on F^_1; 

$  =  $o o 4 -1  O fb o (4-i)""'. Thus o o ( 4 _ i ) ^

Let T : D2 D2 be a diffeomorphism which fixes <9D2 but pushes radially 

inward on a small collar neighborhood of each <9D* and each SF^. If F  =  T o then 

H  and <E> have identical dynamics except near each dD\  and each dE* where H  pushes 

radially inward. Furthermore, F  is a C1 diffeomorphism and except for saddles and
oo N (r i)

separatrices, the a-limit sets lie in <9A and the w-limit sets in A =  Q  (J or in
ra= l k = l

one of the disks supporting a Bowen Franks model(which are Kupka-Smale without 

sources or sinks). Finally apply the Kupka-Smale theorem [GH83] in the noncompact 

setting, D2 — A, to break all saddle connections without significantly changing the 

dynamics on A. Call the perturbed diffeomorphism F. Since F  has no periodic orbits 

on A we have the following:

5.3.1 F  is Kupka-Smale without sources or sinks and F |a =  G|a.

Conjugacy between F |a and /
OO

Next we need to show that F |A % / .  Let p G C then p 6 Q  for some sequence
n = l

{kn}. By (5.1.1.2%) and (5.1.1 .v) C ^ 11 C C%", and diam O as n ^  oo. Thus
OO

P| is the singleton p. So by (5.1.Tm) for each p there exists a unique sequence
n = l oo
{kn} = {kn(p)} such that p = Q  on F ^ 1.

n= l

Let x e  A. Then by (5.2.4) there exists a sequence {ln} such that a: G Q  ( p 1* Q  A).
n = l

By (5.2.4) and (5.2.8) , D ^ 11 C D^, and diam D ^ 11 < |diam  < .. .  < ^ r ,  so
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/ 0 0  \  OO

diam 0 as n —> oo. Thus a; — f Q  I Q A =  Q . And since QjD^
X n=I / n = l

when i /  j ,  there exists a unique sequence {Z„} =  {ln{x)} such that a: =  Q DQ
n = l

5.4.1 Define / i : C ^  A by h(p) =  Q D^n We have shown that h is well defined
re=I

and is a bijection. We next show that h is a homeomorphism and F\jy oh  = ho f .

Let d be the metric on C defined by d(p, g) =  ^  ^^(re)”^ ^  where N(n)

is as in (4.1.1.%). The proof of the following lemma is routine and is left to the reader.

Lem m a 5.4 Let p, g € C, and let e > O and K  be such that e < - If d(p, q) < e

then p, g G C^f.

To show the continuity of h, let e > 0, and choose K  large enough that ^  < e. 

Choose 5 such that 5 < So if d(p, g) < 8 then by Lemma 3.2, p, g G Thus

/i(p), h(g) G and d(h(p), h{q)) < diam < ^  < e by (4.2.4). Since C and A 

are compact Hausdorlf spaces, h is  a homeomorphism.

Lastly we need to verify that h o /  =  T1Ia o h. From (4.1.3) /C^n =  C ^ fcroX
/  CO \  OO

So /(p) =  /  n  =  Q C ^ .  Let A (^) =  D ^ nA . By (4.4.1) hĈ " =
V n= I _ /  re=I _

A(IL). By (4.2.12) =  D^(^) and by (4.3.1) F |A =  <%. Thus f | A (A(L)) =
OO

A(crn(L))- Since {F |A (A(L))} are pairwise disjoint, we have h o/(p ) =  h o / Q C^n =
n = l

oo • oo oo oo
h p | C p (fcn) =  Pl A(crra(L )) =  T1Ia Pl A(L) =  -Pa o h Q C ^ =  F\A o h(p).

re= l re= l n = l  n = l

Finite Products of Adding Machines

In this section we prove that finite products of “k-symbol adding machines” are block 

permuting. First we have the following useful lemma.

Lem m a 5.5 Let / ,  p : C -» C be block permuting homeomorphisms. Then /  x g : 

C x C - ^ C x C i s  block permuting.
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Proof: Let C1 and C2 be Cantor sets. C1 has blocks and C2 has blocks

(C2)^L1 as in (4.1.1). For each n, form

N  X X C%(2) : C^') € C f )  E C^} .

Clearly (C)t x C2J-^1 satisfies (4.1.1). Let C f{  x C f{  E C f 1 x C f 1. There are least 

positive integers m (l) and m(2) such that / m^ ) c f ! =  C f 1 and p™(2) c f  { =  C f 1. 

Let m = Icm (m(l), m(2)). Then

( /  X tT  (CS X O S ) r c jW X S">C„j(2 ) rd(i)u n-l x c i « .

Also m(n  — l , j )  must be a multiple of m (l) and of m(2). Thus m{n — I, j)  =

■ Icm (m(l),m(2)).

It remains to verify (4.2.5.#). Let C ^1) x C^2) C C f 1 x C f 1 and let m  =  

m(n -  l , j )  = nim(l) =  a2m(2) where a2 G N. Then

( /  X g)m ( O S  x C S )  =  f C S  X f C S

_  Jtaim(I) Qk(I )  x  gazm(2)  Qk(2)

—  V n  X  V n  ;

where a1 = i(o'1) f 1̂ : /C f1 —̂ /C f1 and where a 2 =  (cr2)’f 2) : /C f1 -> /C f1. So 

a 1 x a 2 on /C f1 x /C f1 is the desired permutation. □

Next we define what is meant by a “k-symbol adding machine”. Let S fc =  

(0,1, 1}N and let Sg =  (0 ,1 ,. . . ,  & -  i f  for &>2.  The k-symbol adding machine

Afc : S fc —> Sfc is defined as follows: for each n > I let Ag : S fc —> Sg by 

Ag (ui, u2, . . . ;  un) — (pi, i>2 , ■ ■ ■, bn) where

G1 =  ui +  I mod k and when i>  I
_  f Ui +  I mod k if Uj_i =  fc — I and 6j_i =  0.

* ^  ( Uj otherwise
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i

Then (a) =  b where. (61, b2, ■ ■ ■, bn) =  A ^ a 1, a2, . . . ,  ara) for all n.

That all adding machines are block permuting is routine and left to the reader. 

Using Lemma 4.1 we have the following corollary to Theorem 5.1.

C orollary 5.6 Suppose that /  : C —> C, where C is a Cantor set, is a homeOmor- 

phism conjugate to a finite product of adding machines. ■ Then there exists a C1 

Kupka-Smale diffeomorphism F  of the 2-disk without periodic sources or sinks, and 

an invariant Cantor set A such that F \ a  is conjugate to / .
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