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ABSTRACT

We show that the shift map on the inverse limit space of a surjective positive
entropy map of the cross product of the Cantor Set and the interval cannot be tamely
embedded into a near homeomorphism of the disk. We strengthen this result to
cover the case of “temperate embeddings.”’ When f is a “block permuting” Cantor
set homeomorphism, we show tht;re exists a continuously differentiable Kupka-Smale
diffeomorphism F of the disk without sources or sinks and an F-invariant Cémtor set
A such that F restricted to-A is conjugate to f. All k—sjﬁlbbl adding machineé and

finite products of such are “block permuting.”




CHAPTER 1

Introduction

In 1990 M. Barge and J. Martin [BM90] proved the shift map on the inverse
limit space (I, f) for any map f:[0,1] — [0,1] can be “realized as a global attractor
in the plane.” The main goal of this thesis is to show that analogous techniques for
maps F': C x [0,1] — C x [0, 1] where C is a Cantor se"o, F(z,y) = (Fi(z), F>(z,y))
is a surjective map with positive topological entropy (Definition 1.4), and Fj is a
homeomorphism, do not work.

In Chapter 2 we show that if F': C'x [0, 1] — C %[0, 1] is a surjective map such
that F(z,y) = (Fi(z), Fg(x,yj), F is a homeomorphism and Fy(zg, -) : [0,1] — [0,1]
is nonmonotone (Definition 1.2) for some %o, then there exists no “embedding” of
F into a near homeomorphism (Definition 1.1) of the disk. We will show this by
assuming such a near homeomorphism does exist and then obtaining a contradiction
using a result of S. Schwartz [Sch92] (Theorem 1.3) concerning nonmonotone maps.

Unless otherwise specified X and Y are metric spaces.

Definition 1.1 A map f: X — Y is called a near homeomorphism provided there

exists a sequence {f5: X — Y}, of homeomorphisms which uniformly converge to

f.

Definition 1.2 A map f : X — Y is monotone provided FYV) is connectéd,,

whenever V C Y is connected.

Theorem 1.3 (S. Schwartz [Sch92]) Suppose that X is a locally connected com-

pact metric space. If f: X — X is a near homeomorphism then f is monotone.
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In Chapter 3 we will show that if F: C'x[0,1] — C x[0,1] is a,.surjective map '

with positive topological entropy (Definition 1.4), which is tamely embedded in the
disk (Definition 3.2,[Bin54]), then F' cannot be exténaed to a near homeomorphism of
the disk. The proof uses theorems of R. Bowen (Theorem 1.5) [Bow71] and M. Barge
(Theorem 1.6) [Bar87]. Throughout 7 and 73 on X x Y are the first and second‘

coordinate projection maps.

Definition 1.4 (Topological Entropy) Assume that X, Y are compact metric

spaces. Suppose that F': X XY — X x Y is a surjective map and has the form

F(z,y) = (Fi(z), F5(z,y)). Fix o and let e > 0. A set E C Y is (n,€)-separated
by Flo—1¢g0 if for all yo, 91 € E, yo # y1, d(m2F*(0, y0), T2F*(20,91)) > € for some
k € [0,n), where d is the Y—metric. Since Y is compact and n < oo, card E < oo.

Let the maximum number of (n, €)-separated orbits for each € be
s(n,€) = max{card E | E C Y such that E is (n, €) — separated by F|7r1-1(m0)}.

Now, let the growth rate of s(n, €) (or e-topological entropy) be

, log s(n, €)
Ptop (F|7r1—1(m0),' 6) = lim sup —

n—oo

Lastly we let € — 0 and define topological entropy for F|,-1(,.

htOp (F|7‘_:—l—1(m0)) = ]e_jf)% h:top (Flﬂ']__l‘(mO)’ 6) .
The topological entropy hop (F1) of the homeomorphism Fj is defined similarly
(See [BowT1]).

Theorem 1.5 (R. Bowen[Bow71]) If F: X xY — X x ¥ has the form F(z,y) =

(Fy(%), Fa(z, v)) then hegp (F) < heop (Fl)—l—sgg{htop' (Flecie) b I op (F1) = 0 then

htop (F) = 22)13 {h’tOP (F|7F1_1(93))} ,
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Theorem 1.6 (M. Barge [Bar87]) If F : X x [0,1] — X x [0,1] has the form
F(z,y) = (Fi(z), Fy(z,v)), F(z,-) : [0,1] — [0,1] is monotone for each z ahd
Piop (F1) = O then he,p (F) = 0.

In Chapter 4 we will prove a strengthened version of Theorem 3.1 from Chapter
3. We.modify Theorem 3.1 by weakening the condition that the embedding of the
Cantor set cross the interval is tame. Instead, we assume that each fiber of the
embedded Cantor set cross the interval makes only “one érossiﬁé from near the bottom
to near the top.” We call such embeddings “temperate.”

Chapter 5 addresses another aspect of homeomorphic extension onto disks.
In 1962, S. Smale asked whether there exist C" diffeomorphisms of the 2-sphere
(r > 1) without periodic sources or sinks such that i) all periodic orbits are hyperbolic
and ii) all intersections of stable and unstable manifolds are transverse ([Sma62]).
Diffeomorphisms satisfying (i) and (ii) are now called “Kupka-Smale” and are known
to be C" generic on compéct‘ manifolds ([Kup63], [Sma63]). In 1976, R. Bowen and
J. Franks énswered Smale’s question in the affirmative for r = 1 [BF76]. Their
Kupka—Smale sphere diffeomdrphism has a saddle fixed point and two saddle orbits of
minimum period 2%, for each k, but no periodic sources or sinks (see Figure 16). It has
-an attractor/repeller pair of Cantor seﬁs Whigh carry the dynamics of the 2-symbol
adding machine. (See Chapter 5 Section 4 for the definition of the k-symbol adding
machine.) J. Franks and L-S. Young subsequently constructed a C? model ([FY80]),
and more recently J. Gambaudo, S. van Strien, and C. "I‘resser applied renormalization
thedry to demonstrate the existence of a C® example ([J GT89])V.‘ In Chapfer 5 we
will exhibit a class of C* disk diffeomorphism that answers S. Smale’s question in the
aﬂirmative.. We first define a class of homeomorphisms of the Cantor set which we
call “block permuting.;’ All k-symbol adding machines and finite products of such

are block permuting (Lefnma 5.5).
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E. Mpise has shown-that every homeomorphism between two Cantor sets in
the disk can be extended to a homeomorphism of the whole disk ([Moi77]). However,
there exist many homeomorphisms of the Cantor set which have infinite topological
entropy. But by B. Kushnirenko’s theorem ([Kus67]), C! disk maps have bounded
topological entropy. Thus there exists no C! version of Moise’s theorem even if one
is free to choose how the Cantor set is embedded in the disk.

M. Barge and R. Walker have shown that no homeomorphism of the two disk,
F', has an invériant set A homeomorphic to the Cantor set cross the interval, such that
F'|a is semi-conjugate to a 2-symbol adding machine ([(BW93]). However, (2-symbol
adding machine) x (Identity) on the C x C is a block permuting homeomorphism
of the Cantor set. Therefore large diameter Cantor sets can be “shuttled” over a

2-symbol adding machine by C* disk diffeomorphism (See Corollary 5.6).




CHAPTER 2

Nonmonotone Maps of the Cantor Set Cross the
Interval

Preliminaries

Let C C [0,1] be a Cantor set. Let E= C x [0,1] and Ee= {a} x [0,1] C R2
for a G C. The goal of this chapter is to prove Theorem 2.1 to follow. But first some
preliminaries.

2.1.1 Assume F : E —E is a surjective map that has the form

F(a,y) = (Fi(Ci)jF2(a, I)

where Fi : C —C is a homeomorphism. Furthermore for a given Q0 E C, F2(Q0)y) =
t(y) where t : [0,1] —» [0,1] is a continuous nonmonotone map (see Figure | for an

example). Let A0= Fi(Q0).

Figure I: Example of a nonmonotone map
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2.1.2 Since ¢ is nonmonotone and continuous, there is an a € (0, 1) such that t~(a)
is closed and not connected. Thus, there is an interval (m, M) C [0,1] \ ¢t~(a) such
that a = t(m) =t(M), and t([m, M]) = [a,b] (or [b,a]) for some b # a. Without loss
of generality we will ass{lme that ¢ < b. Let 7 € t~1(b). By the intermediate value
theorem, t([m, M]) = [t(m),t(T)]. Now choose ¢ = £ (a+b). Since ¢ is continuous

there are s; € (m,7) and sy €.(1, M) such that ¢ = #(s;) = #(s2) (See Figure 1).

2.1.3 By the continuity of F, for any ¢ > 0 there is a §; = 61(¢) > 0 such that
F (z,y) € Be(Xo,t(y)) when d(ag,z) < 6; and y € [0,1]. Suppose K1 = K;(¢) € N is
such that "KII < 6. _ ‘

Let D = {(z,y) € R*2? + y? < 4}. Now let hy : ¥ — D be. an arbitrary
topological embedding. Then there is a homeomorphism A; : D — D such that
(h1 o ho)(v,y) = (ao,y) and (hy o ho)(No,y) = (Xo,y) for all y € [0,1]. So Ay

“straightens out” ho(ap % I) and ho(Ag X I) in a strong sense. Notice that ¥ — D.

2.1.4 By the uniform continuity of h; o hg, for all € > 0 there is a s = a(e) > 0
such that for all y € [0, 1], hy 0 ho(z,y) € Be(an,y) and hy o ho(2',y) € Be(o,y), for
all (z,y) € Bsye)(an,y) and (2, y) € Bsye)(Ao,y) - Let Ky = Ky(e) € Nbe such that

1
E<52'

2.1.5 With a,b deﬁned as in [2.1.2], let d = min{a,1— b, |a — b|}. For 0 < ¢ < %
choose 0 < & < min {51(60),62(60),%}. So in particular [2.1.3] and [2.1.4] are
satisfied. Note that #([m, M]) C [eo,1 — eo]. Let Ko > max{K(e), Ka(eo)} be
such that KLO < 8. Then there is a sequence {ay} C C such that ax, — ap as
k — oo, and X, C N5, (Zay), for all k& > Ky. Let A, = Fi(ag). It follows that
A — Ag as k — oo and Iy, C N, (Ex,) for all k > K. For a possibly larger Ko,

also called Ky, and o € B, (Mo, ¢), k > Ky, there exist ¢i(k) and go(k) such that
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{a:(k), Q2T(k)} C F~" (or), q1(k) € Bs, (o, $1) and Q2(7§) € Bs, (v, 52)-

We now state our first theorem.

Nonmonotone Nonextension Theorem

Theorem 2.1 Let F': 3 — ¥ be a map of the form F(a, y) = (Fi (@), Fa(a, y)) where
Fy : ¢ — C'is a homeomorphism. Furthermore, assume Fy(a,-) : [0,1] — [0,1] is
surjective but not monotone for some ay. Then there exists no extension of hgo Fohy*

to a near homeomorphism of the disk D, for an)} topological embedding hy : & — D.

Proof: Assume h, Ky, €9, 6o, {0}, {Mr}, q1(k), and ga(k) are defined as in [2.1.1-5].
Suppose that Hy © D — D is a near homeomorphism such that HOI ho(x) = hooFohy L
Andlet H, : D — D bé given by Hy = hy o Hyo hl_l. Thus H; is also a near

homeomorphism. So the diagram in Figure 2 commutes.

F
Yy — .3
ho ho
Hy
D - D .
hi hy
H,
D D

Figure 2: Commuting Diagram

2.1.6 Let A, = hyjohg (X,) for all @ € C. By [2.1.3] hyohg is a homeomorphism and
if $q N Sx = 0 (when o # ), then Aq YAy = 0. Let £5 be the horizontal line {y = £}.
And let £3(k) = Ao, N¥p and 3(k) = Ay, N 4. Because fy o o (ax,0) € B (e, 0),
hy o hg (a, 1) € By, (0, 1), and Ag,, is connected, then £3(k) # 0 and all £ > K (See
Figure 3 and [2.1.2]). Similarly £3(k) # 0, for all § € [¢,1 —¢] and k > Ko. Note that
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if p € £3(k) for given k > K, then p € B, (Mo, £).

Bay(@0,0) - Bo(),0)

PR N PN

Bgo (Olov, 1) | BGO(AO’ 1)

Figure 3: Intersection of A,, with /g

Denote by m; : R* — R, the i coordinate projection map, i = 1,2. Lemma

[2.2] follows from the continuity of Ay, ho, and 7r1.‘
Lemma 2.2 Choose p;, € £3(k) for each k. Then mpy, — ap as k — oo,

Notice that Wl(hi o hy) (ak, %) # ay for sufficently large k. So either-

Ty (hl o hg (ak,%)> > Ol()} = OO
ca,rd{k

it (hl o ho (Oék, %)) < Ot()} = CO.

card {k

or
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2.1.7  So without loss of generality we may assume there exist distinct {k,}°2, such

that k, — oo as n — oo, and

1 .
T <h1 o hy <a’kn, 5)) > Op.

'2.1.8 For the sake of simplicity we denote o, by an, Aa,, by Aa,, Ay, by Ay, and
Egn by £5.

Lemma 2.3 Let Ny be such that &, > K, for all n > Ny. Then
Aq ﬂ{(m 1)!:1: < ozo} = 0.
T .7 2 3
Proof: Fix n > Ny and assume there exists p; € Ay, N { (a:, %)|x < ao}_, and let

Dy = (hl o hg (akn, %)) . By [2:1.7] m1(p2) > 0. Let A be the arc in A,, with end
points p; and ps. By [2.1.6], p1,D2 € B, (ao, %) So by [2.1.5],

d((hyo ho)_l(pl)a‘(ﬁl o h;))_l(Pz)) < 8.
Since Ag, N Ag, = 0, then using a Jordan Curve “argument‘, it follows
AN {0, w)ly > 1 or y < 0} 10,
Let p3 € AN{(0,y)|y > 1 017 Y < 0}. So d(p1,ps) > % But because p3 € A, either"
mg 0 (hy 0 ho) H(p1) < 7T:2 o(hio ho)_l(Pa) <m0 (hyohy) (py)

or

my 0 (hy 0 ho) " (p2) < m é (hyo ho)_l'(ﬂ;,)' < m 0 (hy 0 ho) " (p1).

In either case d((hy o ko)~ (p1), (b1 0 ho)~1(ps)) < . And so d(p1,ps) < € which is

a contradiction. . O
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2.1.9 Assumen > Ny. Let g, : [0,1] — A, be the parameterizétion of A,,, defined
by ga(B) = 1 o hy (o, B). Using 7, m from [2.1.2] Au, N4, # B and Ay, ()£, 5 0
(see Figure 4) so by Lemma [2.3] and the connectivity of A,, thereis a iargest 8, call
it B, , such that g,(8;) € £m. Let a, = gn(B;) (See Figure 4). Similarly there is a

smallest f, call it BF, such that ga(8) € fm. Let by = gn(BF).

k an = gn(By)

Figure 4: First and Last Interséctions

2.1.10 If necessary, renumber the k,’s so that if &, < kpq1 then 71(ar) > T (@na1)-
It follows by an argument similar to that of Lemma [2.3] that m1(bn) > m1(bny1)-

Considering [2.1.10] and [2.1.7] and to simplify the notation assume

card {k|7r1 (hy o ho) (ozk, %) > ao} =00

and 7 (ax) > mi(ags1) for all k.

Using [2.1.9], for k& > Ny define the four curves I (k,m); I (k,7), Jr_1, and
Jr+1 in the following manner (see Figure 5). Let I (k,m) be the line segment in £,
between ay.1 and ax_; and I (k,7) be the line segment in £, between byy1 and by_;.
Let

Jp-1 = {gk—l(ﬁ) |/8k_—1 <p< ﬂlj—l} y and Jgq1 = {9k+1(ﬁ) ‘ﬂlc_—l-l <B< ﬂl_c'_+1} :




br+1 \i(kl;ﬂ—)/ bkfl
Jp+1 Jp—1
Ok+1 , \ ap—1

I(k,m)
‘Figure 5: The Boundary of Ry.

Lemma 2.4 [ (k, YU Je—1U I (k,m) U Jx+1 is a simple closed curve.

Proof: Since Ag,_, NAg,., =0 wehave Jp_1 N Jpp1 =0. By [2.1.6] I (k,m)N I (k,7) =
0. And by [2.1.9] we have that |

akil :'-Jk—l ﬂ](k,m) and Qg1 = Jk+1 ﬂI (k‘,m)

and
bk—l = Jk_lﬂI(‘]{},T) and bk,_|_1 = Jk+1ﬂ[(lﬁ,’7') —

A}ld so the lemma follows. _ o

Let Ry, be the closed and bounded set with boundary -

106m) U Jes UT (5, 7) U s

(See Figure 5). Recall from [2.1.2] that s; € [m, 7] and from [216] that £2 (k) =

1

A, N L5, (See Figure 3).
Lemma 2.5 R N£2 (k) #0.

Proof: Let v be the arc {gk‘(ﬁ)|0 <p< ,B,j} Lef Sy = Ry, ﬂ7r2_‘1 [$1, 7] (See Figure
6). So 8Sg D I (k,7) and by [2.1.10] b € I (k, 7). But by is not an endpoint of I (k, )
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because the endpoints of I (k,7) are bk_l- and byy1. And so there is an 7 > 0 such
that if p € B, (bx) and 72 (p) < 7 then p €-int Sy, ‘Novv, if ¢ € v\ {bx} then m3(q) < 2.
And sihée v connects hqohg (ozk? 0) to bg, we have that (yx N B,(0x)) \ {bx} # 0. Thus
there exists joo € 1N By(br) NintSk. Let Ay C v be the arc with endpoints p, and
“hy o hg (g, 0) (See Figure 6). |

Ao,

B

Figure 6: The Arc Ay

Because pg € intSy and hy o hg (ag, 0) & Sy, then Ay N 0Sk # 0. Since AxNAq,_, =0,
AN Aoy, =0, AcNI(n,7) =0 and £, N Ry, C 05y, we have that Ax N 45, N By # 0,
or Ry N4 (k) # 0. ‘ ' ‘o

2.1.11 Note that since £3, (k) N ORy, = 0 then £3 (k) C intRy.
Lemma 2.6 [H;* (b0 ho (A, )| NAg, =0 for k #1.

Proof: Suppose that p € Hi ' (hy o ko Ok, ¥))NAg, for £ # 1. Then Hi(p) =
h1 o ho(Ar,y) But Hilg, = Ay. Thus Hi(p) € Ay, So hy 0 ho(M,y) € Ag, Or
(A, y) € Cy,. Which contradicts, [2.1.6] since &k # . , | o
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Proof of Theorem [2.1] continued. By Lemma [2.5] there exists p1 (k) € Ry N2 (k)
for all k > Np. By [2.1.5] (b o ho) ' (p1(k)) € Bs, (g, s1). Using [2.1.5], let
o = Fo(hyohg) " (p1(k)). So there exists {q:1(k), g2(k)} C F~(o1,) such that ¢ (k) €
Bs, (a0, 51) and go(k) € Bs, (q, 82). Choose gi(k) so that pi(k) = h1 o ho(gi(k)).
And let pa(k) = hi o ho(ge(k)) and 7% = hy o ho(ox) (see Figure 7). Because
Hyohygohyg = hyohgolF then {pi(k),p2(k)} € Hy'(r). By the size of § cho-
sen in [2.1.5], p2(k) € By, (o, 52) € Ry

Recall that Hy and H; are near homeomorphisms. Near homeomorphis’ms are
monotone on locally connected compact metric spaces ([Sch92]). Thus pre-images of
connected sets under H; are connected. So H. f Y(ry) is a connected set which éontains
pa(k) & Ry and by [2.1.11] py(k) € intRy. Then Hy'(ry)(10Rs # 0. By Lemma
[2.6] either Hy (&) NI (k,7) # @ or Hy'(re) NI (k,m) # 0. So there is an infinite
sequence {py, } such that either py, € I (k,7) N Hi (rs,) or px; € I (B, m) N Hi(rs,)

for all j (See Figure 7).

Hi () —

£R (k)

Ao,

Figure 7: Subsequence and Pre-image

Now by Lemma [2.2] either py; — Ry o ho (g, T) o1 pr; — hy o ho (o, m) as

g — oo. Since Hj is continuous for all 7, either

Hipy; — Hyohyohg(ag,7) or Hipy — Hyohyohg(ao,m).
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Because H1 ohiohg=h;ohyoF, then either

Thy = hy 0 ho (Mo, (7)) or Tr; — h1 0 o (Ao, t(m)) .
Since hy o hg is a homeomorphism either
O; — (Ao, 0)  or ox; — (Mo, a).

which is a contradiction since {ox;} C Be, (Ao, c).
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CHAPTER '3

Positive Entropy Maps of Tame Embeddings of a
Cantor Set Product the Interval

Introduction

‘Let C C R be a Cantor set and 7 = [0,1] CR. In this chapter we use the

results of Chapter 2 to prove the following:

Theorem 3.1 Let F' : C x I — C x I be a surjective map such that F(a,y) =
(Fi(a), Fy(a,y)), where Fy : C — C'is a homeomorphism. If Ay (F) > 0 then there
exists no tame topological embedding (Definition 3;2) ho : Cx I — D C R? such that

hoo Fohg! extends to a near homeomorphism of the disk D.

Recall that my : C x I — C' is the projection map onto the first coordinate. By
work of R. Bowen [Bow71] we know that heop (F') < huop (F1) + sug {htop <F|7r1-1(a)) }
It has been shown by M. Barge and R. Walker [BW93] tha,f any sza,r honﬁeoniorphism
that extends hg o F' o hy' to the disk must preserve a certain local or(ier on the éet
of fibers {ho (a x I)]a € C'}. But we will show that if hsp (Fi) > 0 no such local
order is preserved. So-in fact hyp (F1) = 0. Using [BowT71] and a result of M. Barge
[Bar87], if Aty (F) > 0 then for some a € C, Fy(a,-) is a nonmonotone map. We
know that when hg is tame there is a fiber map that is nonmonotone, so by Theorem

2.1, hg o F o hy! cannot be extended to a near homeomorphism of the disk.
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Proof of Theorem 3.1

Definition 3.2 (Tame Embedding) ho : ' xI — D C Ris a tame embedding
provided there is a homeomorphism A; : D — D such that for all @ € C, hyo
ho ({a} x I) = ({a'} x I) for some {a'}. Using E. Moise’s theorem [Moi77] we can
also require that hy o ho({a}, {i}) = ({a'}, {i}) for all a and 'z' =0, 1.

Proof of Theorem 3.1

3.2.1 Let hy be as in Definition 3.2. Denote by A the set hyohy (C x I) and by A(a)
the set hy o hy (@ x I). Note that 7f1 (A(a)) = @ for some o/ € R. Assume there is a
near homeomorphism H : D — D such that on C'x I, hjohgo F' = H ohj o hy. Before
continuing with the proof, we stop to define a local ofdering on A ={A(a)]a € C}

and prove a lemma.

Order Definitions and Lemmas

Here we show that H preserves the local order of fibers as defined by M. Barge and
R. Walker [BW93], which we will write as <g,. And it will follow that Fy : C — C'is
a “local order preserving. homeomorphism.”

Note: Since hg is tame, in this chapter, one could use the order of {A(a)]a € C}
induced by 7y insfead of the <b;1,. That is, A(a) < A(b) if miA(a) < mA(b). This is
equivalent to the <, order, and any eX;cension of hyohgo Fo(hyohg)™ to D must
preserve this order on A(a). However, in the next chapter since the embedding is not
tame we will need local preservation of the <y, order to the complete the proof of

Theorem 4.8.

Barge-Walker Ordering For a,b € C suppose that y_ and 4 are arcs in the

plane with the properties:
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v~ has endpoints h; o hg (a,0) and hy o kg (b,0), and v_ is otherwise disjoint
from A(a) UA(b); 74 has endpoints %1 o kg (a,1) and hy o hg (b, 1) and -, is otherwise
disjoint from A(a) ,UA(b); and (v-Uvy+)N (‘[0,‘2] X {%}) = (. Such arcs y_ and 7,
will be called admissible arcs joining A(a) and A(b). Here A(a) = {da'} x I and
A(b) = {t'} x I and A(a) <p, A(D) if and only if o’ < V'.

Definition 3.3 Given a,b € C, a # b, then A(a) <py A(D) if there are admissible
arcs joining A(a) and A(b), as above, and the orientation v_ — A(b) — v, — A(a) is

positive (counterclockwise) on the simple closed curve v_ UA(b) Uvs UA(a).

Definition 3.4 <x is local ordéring on X if for all z € X there is a 6 such that <x

is an order relation on Bs(z). (X, <x) is a locally ordered metric space.

In [BW93] it is shown that if a and b are sﬁfﬁc;ently close, a # b, then such
admissible arcs exist. So either A(a) <py, A(D) or A(D) <py A(a). Furthermore let <p,
is a local ordering on A = {A(a)|a € C'} where we use the metric d(A(a),A(b)) =
d(a,b). u

Definition 3.5 Let a,b € C. Then a <¢ b provided A(a) <y A(D).

It follows from the proceeding remark h; o hg is uniformly continuous, that <¢
is a local orderiﬁg on C. Because C x I is tamely embedded, if @ and b are sufficiently

close then a <¢ b if and only if @’ < b where @/ = mA(a) and b = w1 A(D).

Definition 3.6 Let (X,<x) and (Y, <y) be locally ordered metric spaces. Let G :

(X, <x) — (Y, <y) be a homeomorphism. G is alocal order preserving homeomorphism,
if there is a § > 0 such that if zg,z1 € X, |z¢ — 21| < §, and zy <x zi, then

G(zo) <y G(z1).

Denote by [z,y] = {z € Clz <¢ 2z <¢ y}. We next show <¢ on C is Rlike in

the following sense.
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1
v=3)
A(b)
TN
m1(Aa)) =T(a) m1(A(b)) = T'(b)

Figure 8: Barge—Walker Ordering on Cantor Fibers

Lemma 3.7 Given ¢ > 0 there is a § > 0 such that if z,y € C and |z - y| < 8, then

forall z€ [z,y], |zt — 2| <eand |y — 2| <e.

Proof: Suppose throughout that z,y,2z € C and z <¢ 2z <¢ y. By Definition 3.5
there are admissible arcs i, 77, 75, and 75 such that A(2) — v — A(z) — 71

and A(y) — 74 — A(2) — v, have positive orientation.

Sublemma 3.8 For ¢ > 0 there is a §; > 0 such that If A(2) N N5, (A(z)) # 0 then

|z — 2| <€

Proof: By the continuity of (h; o hg)™%, if € > 0 there is a §; > 0 such that
if d(p,q) < 6; where p,g € A then d((hy o ho)~*(p), (h1 © ho)*(g)) < e. So if
A(z) NG, (A(z)) # 0 there is p € A(z), q.e A(z) such that d(p,q) < 6. Thus
|z — 2| = |m1((h1 0 o)™ (p)) = m1((hr 0 o) ™ (9))] < d((hroho) ™ (p), (R oho)™H(g)) < €
O

Choose §; > 0 smaller so that if A(z) VNG, (A(z)) # 0 and A(z) NNs, (A(y)) # .

() then |z — 2| < e and |y — 2| < e.
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By the continuity of (k1 o ho) there is § > 0 such that if |z — y| < & then
A(z) C N, (Ay)) and A(y) C Np, (A(2)).

Suppose that A(z) NN, (A(z)) NN, (A(y)) = 0. So either WlA(é) < mA(z)
or mA(y) < mA(2). Thus either A(z) — 7§ — A(z) — 4, has negative orientation .
or A(z) — v5 — Ay) —> 7, has positive orientation which contradicts z <¢ z <¢ .

Thus A(2) N Ns, (A(z)) # 0 and A(2) N6, (A(y)) # 0. So by the choice of 6

then |z — z| < € and |y — 2| < € as desired. .o,

Lemma 3.9 Let f: (C,<¢) — (C, <¢) be alocal order preserving homeomorphism.

Then there is a § > 0 such that if |z —y| < § then f([z,y]) = [f (=), f(¥)]

Proof: By Definition 3.6 there is an ¢ > 0 such that for any z,y € C if |z — y| < ¢,
and z <¢ y then f(z) <¢ f(y). By Lemma 3.7 there is a § > 0 such that if
z <gcz<cyand|z—y| <éthen |z — 2| < eand |y — 2| < e Thus f(z) <¢ f(2)

and f(z) <c f(y). : - a

The proof of the following lemma ‘was sugges;sed‘ by M. Barge.

Lemma 3.10 Let f : (C,<) — (C, <) be a local order preserving homeomorphism.
Then hyop (f) = 0. |

Proof: Recall that S C C is an (n, €)-spanning set, for f if for all z € C there is a

y € S such that |f*(z) — f¥(y)| < efor all k = 0,1,2,...n — 1. Then (htp)e (f) =
log card S(n,€) .

p BT i by () =l (e (1)

Choose § as in Lemma 3.9 and suppose that S C C is an (n, ¢)-spanning set

lim su
n—o0

where 0 < € < § (6 from the lemma). Let X be a finite set of C that is e-dense, say
card X = N. Before proceeding with the proof of Lemma 3.10 we prove the following

sublemma.
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Sublemma 3.11 S| J f7(X) is an (n + 1, €)-spanning set.

Proof: Let z € C. Suppose that y € $'is such that If*(z) — fR*w)] < € for
k=0,1,2,...n — 1. There is a z € X such that either z € [f*(z), f*(y)] or z €
[f™(y), f™(x)], and such that |f™(z)—2z| < e. Then we have that f~"(z) € SUf™X)

and 2 satisfies |f¥(z) — f¥(2)| < e for k =0,1,2,...n as desired. O

Continuing with proof of Lemma 3.10, it follows from Sublemma 3.11 that

there exists a constant K > 0 such that for all n, card S(n.c) < K 4+ nN. Thus,

htop (f) = ]éjﬁ%(h’top‘)e (f)
log card S(n,e) .

= limlim sup
6—>0' 71— 00 n
log(K N) -
— lim lim sup og(—+n) =0
e—0 poco n

Lemma 3.12 Either H or H? locally preserves <p, on {A(a)|a € C}.

Proof: By Lemma 2.1, H|s(, is monotone for all ¢ € C. Fix ap € C and as-
sume that hy o ho({a} X {i}) C ¢; and H o hy o ho({ao} x {3}) C ¢; for ¢ = 0 or 1.
(The other cases are similar.) For all a # ag there exists an admissible arc, v,
linking Ay o ho({ag} x {0}) to hy o ho({a} x {0}) and an admissible arc, v} linking
hioho({ag}x{1}) to hyoho({a}x{1}). Now H is monotone on the simple closed curve
I' = Alao) Uy, UA(a)U~}. Thus H can be approximated by a homeomorphism
H':D — D such that H'A(a) = H(A(ag)), H'A(@) = H(A(a)), Hy; = H(y;), and
Hyt = H(y}). So the orientation of H(T') is identical to the orientation of H'(T").

For a sufficiently close to ag H'. (or (H')?) preserves <p, between A(ag) and A(a)

\
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[BW93]. Thus H (or (H)?) does as well. o

Proof of Theorem 3.1 continued We now complete the proof of Theorem
3.1. We need only consider two cases. First suppose that F} does not locally preserve
<¢. Then by Definition 3.5 H cannot locally preserve <y, on the fibers {A(a)| a € C},
this contradicts Lemma 3.12 . |

Next suppose F; does locally order preserve <g. Then by Lemma, 3.10 we have
that Aep (F) = 0. And 50 by [Bow71] Auop (F) = haop (F1) + sup {hiap (Ploziw)} =
ilelg {htop (F| 7r.1-1(a)) } Thus if hyep (F') > O thereisan ag € C 51:10h that hzep (F |t (ao)) >
0. Then by Theorem 1.6 ([Bar87]) Fj|sxs is not monotone. So by Théorem 2.1 no -

such near ’homeomorphism extension H of hy o hgo F o (hy o hy)™! exists. O
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CHAPTER 4

Positive Entropy Maps of Temperate Embeddings
of a Cantor Set Cross the Interval

The goal of this chapter is to prove Theorem 4.8 a strengthened version of
Theorem 3.1 where the tame embedding hypothesis is weakened. First we need to |

classify ‘non—topol‘ogically transverse intersections.

Topological Embeddings and Transversality

' 1
Let D = {(m,y)| o TR 4}. Alsolet J = [-2, 2]><{§} CDand«y:[0,1] —
D be a topologlcal embedding. '
Deﬁnltlon 4.1 Letty € (0,1). vis topologlcally transverse to J at y(to) € J, if there

is an € > 0 such that 75 o (’Y|(to 5t0+€)> is one to one. 7y is tODOlOElC&HV transverse to

J, or yMJ, if v is topologically transverse to J at all p € yN J.

Definition 4.2 (Nontransverse Intersection Types) Assume that y(%) € J for

to € (0,1) and v is not topologically transverse to J at v(to).

1. 7 has type I intersection with J at 7y(fo) if there exists g > 0 such that either

Y (vt — €0, 0] NJT) or v (7[to, to 4 €] NJ) is an interval.

2. « has type 11 intersection with J at v(to) if there is an € > 0 such that

Y[to — € to + e ()7 = {v(t)}.




\
a //

.Y (to) | v(to)

Figure 9: Type I intersections

’Y(to)/ o 7(750)/ hS

Figure 10: Type II inter;sec;sioﬁs ‘

3. v has type III intersection with J at y(to) if for all € > 0,
card {7_1(7([t0 — €t -}—'e])} >1

and there exists ¢g > 0 such that B.y(ty) does not contain any type I or II

intersections.

Figure 11: Type III intersections

4. ~ has type IV intersection provided (to) is not type LII, or III

The next lemma. is automatic.
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N

’)’(to) _ ’Y(tﬂ)

Figure 12: type IV intersection

Lemma 4.3 If y(%;) € J then either v is topologically transverse to J at () or

has type LI, III, or IV intersection with J at (o).

4.1.1 Again let C C [0,1] be a Cantor set with order < inherited form R. Let
ho : CxI — C X I be a topological embedding. Again £y, = {(x,y)|y = 0} and
¢ = {(z,y)ly = 1}. By E. Moise ([Mo0i77]), there is a surjective homeomorphism
hi : D — D such that hy o ho(a,0) € &5 and hy o ho(a,1) € £ for all a € C. Let
A = hyoho(C xI)and A(a) = hyohe(axI). Alsolet A, : [0,1] — A (a) be given by

Ao(t) = hy o ho(a,t). Lastly let
S = {a € C|A (a) has a type I, IL, or IV intersection with J at some p € J}.
Lemma 4.4 S is countable.

Proof: Here 71, m9; D — [—2,2] are the coordinate projection map. If a # b then
A(a) A (D) =0. If A (a) hés a type I intersection with J then A (a)NJ contains an
interval with nonzero length. J contains only a countable number of intervals with
nonzero length [Roy88]. So the set of a € C such that A (a) has type I intersection

with J is countable.
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Assume that A (ao) has type II intersection with J at p = )., (to) and assume
that e > 0 such that Ag(ty — €0, %o + €)1 J = p. Then either 5 (Aag(fo — &, to))
and 7 (Ag, (%o, to + €)) C [O, %) or both ate cpntained in <%, 1]. Otherwise A (ao) is
transverse to J at p. Assume the first. The other case is similar. Let £, = [-2,2] x
1 1

{5 — ﬁ} Then there exist ng such that £,,N Xao (t;) —€,tg) # 0 and £,y N Ag, (to, to +

€) # 0. So there exists ¢5(no) and £ (ng) such that Mg, (tg (70)), Aeo(tg (10)) € £ng
but for all ¢ € (5 (no), toj U(to, 8 (m0)), Aa(t) & £no. We call £~ (ng) (resp. t+(ng)) the
“previous” (resp. “next”) intersection of A (a) with £,,. Now let £,,(ag) C £y, be the
line segment with nonzero length which has endpoints Ay, (5 (no).) and g, (£t (no))-
So the type II intersection of A (ao) with J has determined the nonzero line segment
Lo (o) in £y .

We now argue that this assignment is unique in the following sense: Assume
for a; # ag, A(ay) has type II intersection with J at A4, (1) with corresponding
&1 > 0. And assume ln, A, [(t1 — €1,81)] # 0 and €ny N Ay [(f1, 1 + €1)] # 0. Then
there exists £,,(a1) C £n, with the endpoints Ay, (7 (1)) and g, (¢7 (1)), as before.
That £ng(a0) N 4no(a1) = @ follows from the fact that A (ag) N A (a1) = 0, the choice
of previous and next intersections, and the J ordém Curve Theorem [Mun75].

Let A, C C be the set of a € C such that £,(a) has been determined by the
above procedure. Since each En(a) has nonzero length( because h; o kg is an embed-
ding). A, is clountable for each n. But as noted, if A (a) has type II intersection with

J then a € A, for some n. Since arbitrarily near all tyf)e IV intersections there exist

type I and II intersections of A (a) with J, the proof follows. O

Temperate Embedding

The following conjecture is apparently open.
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Conjecture 4.5 All topological embeddings, Ay : C X [0,1] — D, are tame (Defini-
tion 3.2).

However, In this chapter we prove a stronger version of Theorem 3.1 for so-
called temperate embeddings of C' X I into D. All tame embeddings of C' x I are

“temperate.”

Definition 4.6 If for a given a € C there exist unique tpouom(a) and t,(a) such

that m(Aa(tip(@))) = 1, ma(As(tportom(a))) = 0, and me(A,(f)) € 72_1(0,-1) for all

toottom (@) < t < tiop(a), then A (a) makes one crossing from near the bottom to near the top.

A(a)

s

Aa(tiop) . @ .
Ba) —

Figure 13: Temperate Embedding

Definition 4.7 A topological embedding, hy : C x I — D is a temperate embedding
if there exists h; : D — D such that for all a € C, hyohg(a,0) € £y, hiohg(a,1) € £y

and each A (a) makes one crossing from near the bottom to near the top.

Theorem 4.8 Let F' : ¥ x I — ¥ x I be a surjective map such that F(a,y) =
" (Fi(a), F3(a,y)) and F; : C — C is a homeomorphism. If Ay (F7) > O then there
exists no temperate embedding hg : C X I — D such that hgo F'o hy ! extends to a

near homeomorphism of the disk D.
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Proof: Assume hy is a temperate embedding. .That is (as in Definition 4.7), let
hy : D — D be such that hy o Ay (C % {0}) C £, by 0 by (C x {1}) C 4y, and each
A(a) = hy o ho(a x I) makes one crossing form near the bottom to near the top.
Assume there exists a near homeomorphism such that Hi|n,ene(cxr) = B1 0 hgo F o
hotoh ‘

We need to show that the <y, order on fibers {A (a)} is “R-like” in the same
sense as Lemma 3.7. To do this we will produce an arc  : [0,1] — D which crosses
the fibers one at a time (although 7 may follow along a counta,ble number of {ibers).
More discussion of this scheme follows Lemma 4.12

Let E(a) C A (a) be given by FE(a) = {Aa(i(a))| thottom (@) < t < tigp(a)}. Again
let J =[-2,2] x {%} We will need closed sets J, C J, where each J, is J,_1 with a
certain open interval removed. We will use the notation K,(a) = minm(E(a) N Jn)
which always exists. And Ly(a) = minmi(E(a)fiJa), if it exists. (Note: i denotes
topologically transverse intersection.) For each a, let g, : [0,1] — E(a) be given by
£4(t) = Aa((top (@) — toottom (@)t +thottom (a)). S0 €4(0) € £y and €,(1) € 41. Let to(a, n)

be given such that £,(to(a,n)) = (Kn(a), 3). Now define t;(a,n) as follows:

4.1.3 If K,(a) # L,(a), choose t1(a,n) such that
ea(t(a,m)) = <max 1 (B(@) () ), %) .
4.1.4 If K,(a) = Ly(a), then t;(a,n) = to(a,n).

Now we will recursively define {J,} and arcs {yx : [0,1] — D} and ultimately show

that {7z} converges uniformly. Let 7o : [0,1] — J be given by vo(7) = (47- -2, %)

4.1.5 Then there are 79,71 : C — [0,1} such that fyo('ro('a))‘: eq(to(a, 1)) =
(Ki(a), %) and yo(r(a)) = ea(ti(a, 1)) = (La(a),}). Notice 7o(a) < 7i(a)) and '
71 (Y0(10(a))) < mi(p) for all p € E(a) N J (see Figure 14).
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By Lemma 4.4 S'is countable so let, S = {a;}$,. First set J; = J. Assume
there exists a first o € S call it a; such that Ki(a;) # Li(a1) (otherwise let v, = %o

for all k). We now modify 7, by following E (a;) as follows. Let 7y, : [0,1] — R? be

defined as follows:

i (7) = { €as (%Z(T — 1o(a1)) + to(as, 1)) ; 7 € [10(a1), 7(a1)]
' ' Yo(T) " elsewhere

"o 2ff€,fxf 75?};}

W) ) w@) ;o wme)

Figure 14: Creating 11
Let I; C Jy be the open line segment from ~yo(7o(a1)) to yo(71(a1)). Now set
Jo = Jy \ I;. Assume there exists a next a € S call it ag such that Ky(as) # Lo(az),”
otherwise v, = vy for all k& > 2. Adjust 7o and 71 so that 7o(as) and 7y (ag) are
such that 0(7o(a2)) = €a, (fo(az, 2)) = (Ka(a2), %) and 70(1(a2)) = €a,(t1(a2,2)) =
(L2(a2), %) (Note: 7o(as) < T1(az)). Now we modify -y, by following along E (az) as
follows. Let 73 : [0,1] — R? be defined as follows:

o(r) = | G (Blopiiafiadd (7 — m(2) +t0(02,2)) 5 7 € [1o(@), Ta(a2)]
1(T) ; elsewhere
4.1.6 If necessary, recursively define -y as follows: Let Iy_; C Jx—1 be the open
line segment from yy(1o(ax—1)) t0 Yo(71(ax—1)). (Note that ;NI; =0 ifi# j.) Let
Jy = Jp—1 \ Iy_1. Assume there exists another a € S call it ay such that Ky(ax) #

Li(ay), (otherwise set v, = -1 for n > k —1). Then adjust 7o and 7; such that
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Yo(T0(ar)) = €, (toar, k)) and vo(71(ar)) = €4, (t1(ar, k). (Note: 7(a;) < 71(a;) for
all 1 < k). Let 4 : [0, 1] — R? be defined as follows:

7i(ag)—70(ar) -
Ye—1(T) : elsewhere

() = { Eap (BLER=00L0) (- _ 1 (04)) + to(ag, k) 7 € [ro(ar), 72 (ar)]

So we may assume [4.1.4] holds for each a such that a & {az}32,. Next we
show that {7} uniformly converge to a topologiéa,l embedding v. Each -; has been
formed by removing a segment from 7,_1, then linking the two end points via an arc

from E (az). Thus, the following lemma, is clear.
Lemma 4.9 For all &, ; : [0,1] — R? is a topological embedding.
Lemma 4.10 The sequence {x(t)} is uniformly convergent.

Proof: Let ¢ > 0 be given. See Lemma 4.4 for the construction of {ax}52;. As-

sume ¢ < n < m By construction if n < m then v,(7) = () for 7 € I\

() ro(as), @) | Because {[ro(a), m((ax)]}s are disjoint and kim(ak) -
k=n-+1 : -1

11(ax)| < 4 then |79(ax) — 1 (ax)| — 0 as k& — oco. Thus for all § there exists K such
that |mo(ax) — T1(ax)| < 6 for all k > K. Assume thoughout that n > K.

We need only to consider 7 € [ro(ax), T1(ax)] for some n+1 < k < m. Then
by construction v,(7) € E (ag) (recall that since m > n, ’Ym(To(a,k)),’)’m(Tl(a,k,)) €
F (a3)). And since hy o hy is uniformly continuous [Mun75] then for all € > 0 there is
a b = 6:1(e) >0 such that if |To(ax) —71(ax)] < &1 then ||vm(T0(ar)) —vm(7)|| < §. Also
by [4.1.6] 1 () € J and so m1(ya(70(ax))) < mi(va(T)) < 71 (Yn(71(ax))). Thus there
is a 6y = 65(€) > 0 such that if |(ax) — 71 (ax)| < 62 then ||vn(7) — Yn(7o(ar))ll < 5.

For € > 0 choose § = §(e) < min{61(e), b2(€)} e;nd K large enough that for n > |
K and nt1< k < m then |ro(ag) — 71 (a)] < 6. Thus since 7m(ro(as)) = 7o(7o(ax)),

we have

() = (I = [n(r) = Yon(70(01)) + o (r0(@)) = (7
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= [ (T) = Ym(10(az)) + Va(ro(az)) —Ya(T)]| <
17m () = Yim(T0 (@)l + l|m(70(ar)) — W(T)[| < €

And so {vx} is uniformly Cauchy. : , o o

Let v = lim .
k—oo
Lemma 4.11 For all 7 € [0, 1], there is a K such that v(7) = y(7) for all £ > K.

Proof: Let 7 be fixed. Either for all &, y(7) € J and so y(7) = Y(7), and °
¥(T) = (7). Or there is a K > 0 such that yx(7) € E{ax) \ J. In such-case 7 €

[0(ax), T1{ak)]. So assume 7 € [ro(ax), To(ax)]. But then by construction if k& > K

then vx(7) = yx(7) for 7 € I'\ U [To(&i),Tl(ai)]). Since T & U [70(a:), 71(a:)],
‘ i=K+1 =K1
(1) = g (7) for all k > K. | a

Lemma 4.12 v is a topological embedding.

Proof: By Lemma 4.10 {y;} qniformly converges to . Thus v is continuous. Sup-
pose that there is 7o # 71 and y(7o) = y(71). By Lemma 4.11 there are Ky = Ko(7o)
and K; = Ky(r1), such that y(70) = v(70) and y(n) = fyk(%l), if k& = max{Ky, K}
Thus x(10) = (1) = v(m) = y(71) and so -y, is not one-to-one, which contradicts

Lemma 4.9 - o

Lemma 4.13 If E (b)) @ J at v ((Tg(bo), %)) then 79(bo) is continuous at by.

Proof: Let g = ﬂ£1 = A(a)Mly and pg = (hy o hg)~Y(g). Define the following

sequences {p;}}, {py}, {p};} and {pn «} as follows:

pt — po such that p; € (hy o ho) "A(a) and mp;} > mapo,
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P, — po such that p;, € (hy 0 ko)™ A(a) and myp; < mape,
pf{,k — pyt such that p:{’k € (hy o ho) *A(ag), and
Dy — Pn such that Py, € (hy © ho) " A(ay,)

Let gy, = (haoho)(pty) and ¢, = (h1oho)(p}, ;). For large enough k and n, Tagp s, >
% and g, , < % For any € > 0 there is large enough k and n such that |g;, — qo| < €
and g, — | < e. Thus there are subsequences {q;:ﬁkj = ¢/}, {¢r. 4, = ¢j } such
that q;“ — ¢o and ¢; — go. Thus for large «enoug]_l k and n, |‘q;'.—— q; |e.

. 1 1 . .
Since 7ag; > 3 and myq; < 3 there is point a; € A(ay;) ﬂéé and between ¢;

and ¢; on A(az;). Now by the continuity of the inverse
7r2qj_ < 71'2(]7,1 o ho)_l(aj) < 7r2qf

and thus o; € Bego for all j.
- Let pg-= (7'0, %) It follows from Definition 4.1 that for all € > 0, both

BN [ ((5:1))]NE @) #0
and

BN [ ((0.5))|NE @) #0.
By the uniform continuity of hy o hg and the conuectivity of each E (b), if by — bs
then there exists p; € F (bx) N J such that p;; — Dg. S0 ™ (pk) — 71(po) and by [4.1.5]
m1 0 ¥(10(bx)) < m1(Pr) f(-)r all k.

Assume there is g > 0 and that 79(bs) < 7o(bo) — €o for k sufficiently large.

By passing to a subsequence, if necessary, assume {m o y(7o(bx))} converges to
zo (or that '(7r1 o v(1o(bx)), %) — (:z:o, %)) where 2o < m o y(1o(by)) — €. Define
B, = By (xo,%) n > 1. Then for sufficiently large k, E (bs)\ B, # 0. But by
uniform 'continuity of hy o hy and that az — by, we have that E (by) N B, # 0 for

all n > 1. Let q, € E(by)NB,. Then g, — '(xo,%). But E (bg) is closed so
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(a:o, %) € E (by) where zo < 79(by) — € contradicting the choice of 79(b). Similarly

assuming 7o(bx) > 70(bo) + € for large k leads to a contradiction. w

Lemma 4.14 Assume F (by) has type III intersection with J at (To(b0>, %) and

E (bo_). If {by} — bo, then there exists (wk, %) € E (bx) N J such that x5 — 7(bp).

Proof: Let zqg = 75(bg). So there exists ¢ > 0 such tﬁat for all 0 < € < ¢,
p € E (b)) N Be (mo, %) and p # (xo, %), E(ay) is topologically transverse to J at p.
For otherwise either (:1:'0, —%) is isolated (thus not typé IIT) in E (bg) N J or E (ap) has
a type I or II intersection with J.
Bach F (bx)NJ # 0. Therefore it is enough to show for all € > 0, there is

K = K(e) such that E ()N J N Be (xo, %) # (. By our type IIT assumption there

exists p. € F (b)) NJ N B (a:o, %) such that F (bo) is topologically transverse to J at
| Pe. Then | |

wt [0,5) B B (z,5) #0

and

! (% 1| N2 @) N5 (0, %) 4.

Furthermote, there exists tf,¢; € [0, 1] such that
+ by o1 ] 1
vt = en(t) €1t [0,5) (VB Go) B (20, 5) #0,
_ o /1 1
r=en(t) €t (5,1 NEENB (50,5) #9,

and p. € ep[tT, 1] C B. (xo, %) Therefore, by the uniform continuity of h; o hg for

€27

k sufficent large, there is a point

pf€my” [0, %) N E (bo) ) Be (xo, %) £0
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and

_ /1 1
Dx € 7{'21 (5’1J ﬂE(bo)ﬂBe (.’Eo,§> #@
Let py = ep, (t;) and pf = &, (7). Since ey, [t, 1] C Be (xo, —;—), for k larger,

e [T, 5] C Be (mo, %) But each E (by) is path connected. So

(mk%) = &y, (t,j,t;) () J () Bezo, g # 0

has the desired property. |

Proof of Theorem 4.8 continued Next we define two spécial functions g
and T'. The function g is used to “crush out” the sections of -y, which follows along
fibers of {E(a)}, to a single points. The function T will be a “local order preserving”
topological embedding of (C, <¢) (Definition 3.5) into ([0, 1], <). Let g : [0,1] — [0, 1]
be an onto, continuous function that is constant on each [7o(ax), 71 (ax)], for all k, and

strictly increasing elsewhere. Define T': C' — R by T'(a) = g(10(a)).
Lemma 4.15 T : C — R is a topological embedding.

Proof: All that is necessary is to show that T' is continuous and injective. First we
will show that T is continuous. Let € > 0 be given. By the continuity of g there is a
61 such that if 17'1((1;)‘—.7'0(6” < 6y or |ro(a) = 71(b)| < 61, then |g(mi(a)) — g(10())| < €
or |g(ro(a)) — g(m1(b))] < e. Also by the continuity of vy there is a 6, such that if
[7(71(a)) = ¥(70(B))] < & or |y(re(a)) — ¥(71(b))] < & then |ri(a) — 7o(b)| < &1 or
7o(a) — 71(b)| < 8,. There is a 65 such that d(a,b) < 8 then E(a) C N, (E(b)). By
4.1.3-4] and y(%(a)) = 6a(ti(a)) for 4 = 0,1 we have that |y(71(a)) — y(70(b))| < &2
or |y(ro(a)) —y(m(b))] < 8. And so if d(a,b) < 83 then |g(m1(a)) — g(70(b))| < € or
|9(10(a)) —g(ra(B)] < e. Since g(r1(a)) = g(ro()) for all a, then |g(ro(a)) =g (70 (b))] <
e. Thus |T'(a) — T'(b)| < e. And T is continuous.
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Next we will show that T' is one-to-one. Suppose that T(c) = T(d) then
g(m0(e)) = g(10(d)). Then 14(d) € [10(c), 71(c)]. Then either we have a contradiction
or by definition of 7, £4(to(d)) € E(c). But g4(to(d)) € E(d). And so E(c) = E(d) or

c=d. o . .

Order

Next it is necessary to show that T preserves <¢ which is induced by the Barge—

Walker order of fibers (See Definition 3.5).
Lemma 4.16 If m1y(m(a)) < my(10(b)) then g(mo(a)) < g(70(d)).

Proof: Using the final choice of 7(a) we know that yo(79(a)) = ¥(7e(a)) then my5(7o(a)) <
- m170(70(b)). Since 7y 0y is increasing then 79(a) < 79(b). -Because g is nondecreasing

and 75(b) £ To(a) then g(1o(a)) < g(10(b)). o

Lemma 4.17 T : (C,<¢) — (R, <) is a local order preserving embedding.

Proof: Suppose that a <¢ b. Then by Definition 3.5, F(a) < FE(b). So as in
Definition 3.3, there exist admissible arcs -y, and vy, such that the simple closed curve
E(b) — v, — E(a) — v is positively oriented (counterclockwise).

For brevity, let the projectioh of the “first’ and “last” intersections of F(a)
and E(b) with J be m = mea(to(a)), 7 = mes(to()), M = mea(t(a)), and M =
mi€p(t1(b)).

To apply Lemma 4.16 we need to show that F(a) <y, E(b) implies m < 7.
We will do this by considering all possible real line orderings of four points. But,

because m < M and m < M we need only consider six possibilities for the order
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of m, M, 7, and M. The conclusion is automatic for either m < M < 7 < M or
m<m<M< M.

Next let us consider possibilities that may occur. First assume either m <
M<m<Morm<m<M< M. In both cases the path vy, — E(b) — v, — E(a)
has negative orientation. Thus E(b) <p, F(a) which is not allowed.

Lastly, assume or m < m < M < M. Here we make use of our assumption

one crossing from near the bottom to near the top of Definition 4.6. Let H~ and H+

be sets such that H~ U H* = n;1[0,1] and H~N H+ = E(b). (Sée"Figufe 15.)

E( a,v)

H—l—

MM mm
Figure 15: H* and. H™

Since m > 7 then e4(to(a)) € H™. And since M < M then g,(t1(a)) € H*.
By a Jordan curve agument and the connectivity of E(a), we know E(a) NOH™~ # 0.
Then there is a #3(a) such that 0 < to(a) < t2(a) < tl(aj < 1 and the possibilities
a(ta(a)) Ny # 0, ea(ta(a)) Ny # 0, or €4(ta(a)) N E(b) # 0. This is a contradiction,
since E(b) N 41 = &4(1) and E(b) N4 = €4(0) and E(a) N E(b) = 0. So we have that
m < m. ‘

By Lemma 4.16 and the fact that m = m1 o g,(to(a)) = mi(v(n(a)), m =
11 0 e5(to(b)) = m(7(ro(B)),we conclude that T'(a) = g(ro(a)) < g(ro()) =T()). O
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4.2.5 Recall that F : ¥ x I — X x [ is a homeomorphism such that F(a,y) =
(Fi(a), Fa(a,y)). Let f: T(C) — T(C) be defined by f =T o Fy o T,

The proof of the next lemma follows similarly that of Lemma 3.12 using the

observation that homeomorphism H; : D — D preserves <p, on {E(a)|a € C}.

Lemma 4.18 Either H; or (H;)? locally preserves <y, on {E(a)|a € C}. |

Proof of Theorem 4.8

This proof now follows similaﬂy the proof of Theorem 3.1.

If F} does not locally preserves <¢, then by Definition 3.5, H; does not preserve
the <y, order on fibers {F(a)} this contradicts Lemma 4.18. And, thus F' cannot be
extended to a near homeomorphism of D.

So agssume that Fj is a local order preserving homeomorphism. Then by Lemmé
4.17 f : R — R s a local order preserving homeomorphisﬁ. By Lemma 4.15, f and
Fy are conjugate. To apply 3.10 we need 3.7. Notice that it is necessary for the proof
of 3.7 that E(z), E(y), and E(z) are “st;raight;” it is not necessary that A be tamely -
embedded. This can be doné composing with a homeomorphism hy : D — D such
that he(E(z)) =2 X I, ho(E(y)) =y x I, and hy(E(2)) = 2’ X I, then applying the
needed theorems. Now, by Lemma 3.10 hsop (F1) = hiop (f) = 0. And by [BowT71]

c 0 < b (F) < SUp {htop <FI7‘_1—1(( a))}. Thus by [Bar87| there exists an ag such that
F2|ﬂf1(ao) is not monotone. By Theorem 9.1 we cannot extend fg o F o hy' to a near -

homeomorphism of the disk. w
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CHAPTER 5

- Kupka-Smale Extensions of Cantor Set
Homeomorphisms without Sources or Sinks

Introduction

In this chapter we consider the Cantor set C' and a function, F' : C' — C which
is a type of “generalized adding machine.” It is then shown that F' can be extended -
to a Kupka—Smale homeomorphism of the disk without periodic source or s/inks. To
do this we first divide the unit disk into a center disk and a finite number of annuli.
In each annulus we create a new collection of disks so that when an iterate of F' is
applied to the each disk the inner disks are permuted; after enough applications of
F each inner disk returns to where it started. We then recursively define s‘imilar’
" behavior inside each of these inner disks At the intersection of these nested disks lies
a Cantor set that supports a “generalized adding machine.” Next we adjust F' so that
this Cantor set is an attracting set. This we d'o by forcing each inner disk to be an
attracting disk. So to create these attracting disks it is necessary to have a periodic

saddle point. The main result of Chapter 5 is the following:

Theorem 5.1 Let f be a block permuting homeomorphism of the Cantor set without
periodic orbits. Then there exists a C* Kupka-Smale diffeomorphism F of the 2-disk
without periodic sources or sinks, and an invariant Cantor set A such that F'|, is

conjugate to f.
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"This result is a partial generalization of the result of R, Bowen and J. Franks
([BE76]), which answers the question, posed by S. Smale ([Sma62]), as to whether C"
diffeomorphisms of the 2-sphere, (r > 1) must have periodic sources or sinks.

Later J. Franks and L. Young built a C? version the Bowen—Franks model.
For specific bloc_:k permuting homeomorphisms, Franks and Young’s techniques can
be modified to create analogous C? models. Howe\}er there is no reasonable modifi-
cation of Franks and Young’s scheme suitable for arbitrary block permuting homeo-
morphisms. Regardless of f, each of the disk diffeomorphism we construct must have -

at least one invariant Cantor set supporting a 2-symbol adding machine.

Conjecture 5.2 Every C! Kupka-Smale diffesmorphism of the 2-disk without peri-
odic sources or sinks has an invariant Cantor set which supports a 2-symbol adding

machine.

The author would like to acknowledge the valuable assistance Charles Pugh
provided which made the generality of Theorem 5.1 possible. The author would also

like to thank John Franks for suggesting Conjecture 5.2.

Preliminaries

Terminology

For dynamical systems terminology the reader should consult [Rob95],[GH83] or

another basic text.

5.1.1 Let C be a Cantor set. Throughout we will assume that there exist collections

Cn = {Cﬁ}l,ji) , n=1,2,3,..., called the n** level of blocks with these properties:

N(n)
i) C= (] CE for each n where N(n) < co.
k=1
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ii.) CF is closed for each n and 1 < k < N(n).
ii4.) Ch[CL =0 ;i j where 1 <4,j < N(n).

iv.) Foreach n and 1 <k < N(n) there exists j = j (k, n) such that C}; C .
v.)  max {diam CZ} 0 asn — oo, |

1<k<N(n)

Let K3, = {k : Ck C Cfl_l}, and N(n —1,7) = card KI_,.

5.1.2 For each Cantor set with blocks {C,}.-; call f + C — C block permuting
provided for each n — 1 and 1 < j§ < N(n — 1) there is a least positive integer
m =m(n —1,7) such that
i) fmCi =0l and
there exists a permutétion c: K, — le;_l such that

#.) if CkF < C/_; then

fmCh=Ci® c Cl .

5.1.3 It follows that there exists a permutation
0n:41,2,...,N(n)} — {1,2,...,N(n)}

such that fCF = C%(®)  Congequently for all n — 1 and j, if C¥ C C’_,, then
FmCE = Cem®) < CF_, where m = m(n — 1,7). That is, o (Kﬁ;_l) = K _,. Write
o = o™ as the product of cycles, o = s _(1)sh_1(2)...s8_1(¥2_1). So vl_; is the
number of cycles in 0™. Denote the length of each cycle by |sf;_1(i)’ L 1<i<il_,.

Always assume ‘s%_1(1)| < lsf,,__l(2)j’ <...< |sf;_1(yf;_1)|.

5.1.4 Notice we have the following relationship between m(n, k) and m(n —1, 7). If

CE c CJ_, then for some 1 < i< v)_i, m(n,k) = lsfb_l(i)i -m(n—1,7).
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Example

Before proceeding Witﬁ the proof of the theorem, we now describe the construction
at an intuitive level by way of example. First we describe a particﬁlar block permut-
ing homeomorphism f. Then we use this description to start the construction of a
diffeomorphism F' : D? — D? as required in Theorem 5.1.

The 0% level is‘C% — C. Assume that C has five blocks at the first level
C; = {C}C3,...,C}}, and that f permutes these blocks according to a top level
permutation o3 = (12)(345). So the number of cycles of o1 is 1§ = 2. These are
sk(1) = (12) and si(2) = (345). The lengths of these cycles are |s3(1)] = 2 and
|s5(2)] = 3. And so fmBICE = C,..., fm8CE = Cf where m(1,1) = m(1,2) = 2
and m(1,3) = m(1,4) =m(1,5) = 3. .

At the second level let’s assume we have twenty-two yblocks‘,
¢ ={C},C,...,C8},
and that f permutes these blocks according to the second level permutation,
o, =(1234)(5678910)(11 121314 15 16 17 18 19 20 21 22).

Furthermore, K1 = {1,3,5,7,9}, K? = {2,4,6,8,10}, K¢ = {11,14,17,20}, K =
{12,15,18,21}, and K% = {13,16,19,22}. These sets indicaltte Which blqcks of level
two are contained in each block of level one; that is, C¥ ¢ ¢ for k € K. Notice
that fmCE = CF®) where m = m(1,4), and furthermore op DKl = K for j =

1,2,3,4,5. Each o7& x is the product of cycles:

ot = Gl(1)sh(2) = (13)(579)
o) — ‘sg(l) = (11 14 17 20)

o = g4(1) = (12 15 18 21)
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o P = §5(1) = (13 16 19 22)

Now, by definition, m(2, k) is the least positive integer m such that fmck = CeF.
(We will write & € sJ(i) when &) (i) = (k1ks ... k) and k = k; for some 1 < i < s.) If
k € KJ then Ck c CJ and fmUA)CE ¢ Cf. But if also k € s{(4), then fm™KCk = Ck
where m(2, k) = |s1(3)| - m(1, ).

We now describe construction of a C* Kupka-Smale diffeorﬁorphism F of the

unit disk D? C R?, without sources or sinks, which permutes levels of blocks of a

Cantor set A C D? in the same way f permutes the blocks of C. Figure 16 depicts

how this is done for f as in the current example.

Figure 16: Bowen-Franks Model [BF76]

F fixes OD?, rotates an outer annulus by %w, and an inner annulus by 7. At
the center of D? lies a fixed copy of the Bowen-Franks model (See Figure 17).

All rotations are bumped off across collar neighborhoods of these annuli. There
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Figure 17: The Example

are five level one subdisks. F cyclically permutes {D3, D?} and also {D3%, Df,D3}. On
D2 — ﬁ DI, F is Morse-Smale (See Figure 17). D3, for example, contains four second
level Jc;;ks {D}',D}*, D37, D3’} F°D} = D} but F?* rotates an annulus containing
{Di*,D3*, D7, DX} by I thereby cyclicly permuting these. D] contains five second
level disks {D},D3,D3, DI, D§}. For j € K} = {1,3,5,7,9}, one has F2D} = D5
where o = o3|i2 = (1 3)(5 7 9). These two cyclic permutations are accomplished by
bumped off rotation of D} by F2. F2 has a fixed copy of the Bowen-Franks model at
the centers of D} and D2. Similarly F*® has fixed copies of the Bowen-Franks model

D3 DA 5
in D3, Df, and D3.
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Proof of Theorem 5.1

Creating the “Disks” of D?

We now proceed with the construction of F. We assume a block permuting

homeomorphism f and all permutations {o,}, cycles { sl l(z)} and return iterations

{m(n —1,7)}, are given as described in (5.1.1-4). Let A be the unit disk centered at -

(0,0). First construct a set of reference diffeomorphisms T, = T (n—1,7,4) : A — A
foreach m—1, jand 1 <4 < uJ_,. The exact form of Tp(n — 1, ,4) depends on the

lengths of the cycles, {|s%_1(z)|}

Lemma 5.3 Assume 27 > ]s(1)| > |s2(72“)| > ... > IS(V)I > 0, where v ='v;_;. Then

thereexistsO=7"0<%=R0<7"1<R1<...,<7",,<R,,<§andﬂ:ﬂ%_l:[o,l]‘e

- [0, 27] such that
1. Bri, B = 2, Blro, Ro] = 2r and B[}, 1] =0.
2. B is strictly decreasing on [ ,;] U [rs, Ri
=0
3. |6'(z)] < 18, for all .
Proof: First let f, : [0,1] — [0,27] be a Cl-function such that
1
, /60 [07 g:\ = 27T,
)60 [1) 1:| = Oa
Bo is strictly decreasing otherwise, and |fy(z)] < 17. For each 75y ()I let s = By (ifg)l).

The key observation is the following: if for each 4, R; is sufficiently close to r; then

there exist ,Bf;_l as desired. This is because By can be modified near each r; in such

(69-1) (=)

away that the new map, Bi_,, is constant on [r;, R, but

for all z. O

<|Bo()| + 1,
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5.2.1 Let T, =Tu(n—1, j,‘i) be the time-« rhap of the flow on A generated by the

system in polar coordinates,

p =0
0 = 7{—1 (p)
. e ey p .
So, in particular, T; ( f > = ( 0+, () ) Write

| p 0 p: (p,6) )
T, —1d = ; = .
w-10(5) =l )= (405
Let ||-||o: denote the C* norm on the space Diff* (D?) given (in this case) by
[|Te — Idllga = |lpell + ||0¢]|. Here we use |{gl] = sup |g(p)| + sup |g'(p)|. Because
) ’ 0<p<l 0<p<1
each f2_; is constant for p € (0, 3], our ||-||c: is equivalent to the usual C* norms on

D2. By Lemma 3.1 ||p:(p, 0)|| = 0 and ||8:(p, 0)|] < 25 J¢].

5.2.2 Thus we have these useful estimates
[ Ta(n —1,4,1) = 1d||ea < K-

and similarly

< K-

ITt (= 1,4,5) — 1| ,

forall1 << Z/ﬁ;_l when xk = 25..

-For each 0 < 7, R, and s define the reference sector

S_(T,R,s)={(p,9) : :82 <6< g, rgpgR}

5.2.3 By (5.2.1) Tisw = Id on S (ri, Ry, |5(3)]) where |s(3)| = [s5_,(3)|-




45

5.2.4 Our F-invariant Cantor set is A = (1) |) Df, where each D is a round
n>1 k=1

disk yet to be specified. We now construct these disks. For each 1 <3 < 1/%_1

specify a round reference sink disk A° Cint S (riy Ry 83) C {,0 < %} with center

(z;,0), 7 < z; < R;. By (5.2.3) T]s(m.Ai = A%

5.2.5 We will find the following termlnology useful: Let D C D? be any closed
round disk. A round disk orbit of the diffeomorphism g on D? is a collection O =

{g4(D) | ¢ € Z} such that for some p € N,
i) {g%:0 < g < p} are pairwise disjoint.. _ .
ii.) ¢?(D)=D

We will call p the period of O.

5.2.6 Call © a round disk T,, orbit if also

iii.) there are affine diffeomorphisms a,a’ such that Figure 18 commutes.

Ty

A —— A

e

g
¢'D N gq+1D

Figure 18: Troa' =aoyg
. D
So in particular g? = I'd on 0D.

From (5.2.5,6) and the fact that T, leaves A pointwise fixed, we have that ¢|p

is a replica of Ty for all ¢; that is ¢?|p is conjugate to T} via an affine conjugacy.
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5.2.7 Now assume O = {Gq(Di_l)} has been defined and is a round disk T, orbit
of period m = m(n — 1, ) for the diffeomorphism G, where T, = T, (n — 1, 4,1%) is the
reference diffeomorphism associated with a permutation o = UTT‘. We now proceed
to define subordinate n'® level round disk orbits. For v = v/, embed subordinate
 orbits OL 0% ...,0" as foilows: For each D = GD?_, fix an affine diffeomorphism
a: A — D. Bach cycle s/_,(7) has the form (klkg . -'k[s(i)j)- Let 7(3) = 1 _1(i) be

the smallest such k.

5.2.8 Label the disks of O by DZ"® = oT,A; (again where ¢ = o7, m =m(n —
1,4), and 0 < g < |s4_1(3)]). So by (5.2.6-7) GmDJ) = D" and thus G™DH) =
Do Tt follows then that G™DE = DZ»®) and G™IDE = DZ*®) for all 1 < k <
N(n), and all ¢ > 0.

Each % is a round disk orbit of period m(i) = m(n — 1,7) - lsﬁb_l(z)l for
some % (See 5.1.4). We now proceed to make these round disk T-orbits where T' =

T (n—1,75,5).

m(@)

5.2.9 For each g choose surjective affine diffeomorphisms af_; : A — Gqu,,_l
Replace the rigid map G|pi by a replica T" of T', followed by G. The replacement is

the map G = G o T' which makes Figure 19 commute.

For each i and ¢, T" leaves a neighborhood of OGIDE pointwise fixed so G =

G o T' glues smoothly to G along the boundary circle. G is the composition of C* ‘

diffeomorphisms and has round disk T orbits O, ©0?,..., O for v = 1/;’;_1 as desired.

5.2.10 By equation (5.2.2) and the fact that G scales replicas correctly (See the

Norms Rescaling Lemma of ([JGT89]) we have

and ”G‘ — G |

o) <m@
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T
m(%)
A — A
g | q
a’n—l' p—1
T

G4+ DE = GIDg»(®)

Figure 19: Commuting Diagram

5.2.11 By (5.2.9) for each DE C DJ_, ‘we have that G™DE = DZ*®) for 1 < i <
v2_,m=m(n—1,7) and 0 = ¢™. Thus it follows that G4DE = Dan k),
Now start with G = T1(0,1,4) where 1 < 4 < v} and iterate the preceding

construction. This gives a sequence of diffeomorphisms
{éu:A—>A|u=1,2,3,...}.

By (5.2.10), {G’u} converge uniformly to a C* diffeomorphism G : D? — D? as

U — 00.

5.2.12 Clearly each round disk T,-orbit of éu is a round disk T,-orbit for G. So for
each n, k, {GquL} is a round disk twist orbit. Thus G™DJ_; = D._; and G™D} =

DZ® for ¢ = o™ where m = m(n—1, ). It follows that for all n, and k, GDf, = D»(*).

Kupka-Smale Modification

oo N(n)

Let A = N U DF. Then in fact G|, is conjugate to f. But before exhibiting this

n=1 k=1 _
conjugacy we first modify G away from A creating a Kupka-Smale diffeomorphism F'

which has no sources or sinks.
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For each n —1 and j define a vector field X = X(n—1,5) on A that has these

properties on each sector S = S(r;, R;,

sﬁl_l(z)|) C A. (See Figure 20) (Here again
|s(3)| = |3¥L_1(z')l are generated by f as in Section 2.) On a éollar neighborhood of JA?,
X is purely radial (toward At) except on OA! where X = 0. On a collar neighborhood
" of 88, X is purely radial (toward (0,0)) and |X| = 1. Lastly the X-flow is Morse

-Smale and has only the dynamics indicated in Figure 20.

Figure 20: ‘S (73, Ri, |s(9)])

Now extend X to the rest of A by first requiring that X be invariant under DT, (n —
1,7,1) for éach g>0and1 <1< 1/,’;_1. Then require that X be purely radial (toward
(0,0)) on a. collar neighborhood of A but that X = 0 only on OA. Also require
X = 0 on the subdisk {p < 3}. Elsewhere (between the annuli) X is purely radial
(toward (0,0)) and X # 0.

For all n — 1 and j use the tangent map of each affine map afl‘_l A - DI,
to push X (n—1,5) onto D%_;. This creates a C* vector field Y on D?. Let ¢; be the
Y-flow . Notice that Go¢g; = ¢,0G for all t. Let &y = Go¢y. Py is not Kupka-Smale
yet but we will make it so.

Let BY_, = a_, ({p < —é—}) Then &7 ) fixes EJ_, since Y = 0 there.
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Furthermore ®, is translation followed by rotation by on each Ef;_l. R.

Bowen and J. Franks [BF76] built a C* diffeomorphism Fy : A — A which is Kupka-
Smale without sources or sinks and fixes A (See Figure 20). We now glue a replica
of Fy into each EJ_,. The new diffeomorphism ® = &, off UEZ_l. But on E,”;_l,.
& =®g0al_y0Fyo(al ;) . Thus 8™~ =al_, o B0 (af )7

Let ¥ : D? — D? be a diffeomorphism which fixes dD? but pushes radially
inward on a small collar neighborhood of each D% and each 8E*. If H = ¥ o ® then
H and ® have ideﬁtical dynamics except near each 8D* and each OEF where H pushes
radially inward. Furthermore, H is a C' diffeomorphism and except for saddles and
separatrices, the a-limit sets lie in A and the w-limit sets in A = ﬁ NL(j) D¥ or in

n=1 k=1
one of the disks supporting a Bowen Franks model(which are Kupka-Smale without

sources or sinks). Finally apply the Kupka-Smale theorem [GH83] in the noncompact °

setting, D? — A, to break all saddle connections without significantly changing the
dynamics on A. Call the perturbed diffeomorphism F'. Since F' has no periodic orbits

on A we have the following:
5.3.1 F is Kupka-Smale without sources or sinks and F|y = G/a.

Conjugacy between F|x and f

- .
Next we need to show that F|y ~ f. Let p € Cthenp € ﬂ CFr for some sequence

n=1

{k}. By (5.1.1.iv) and (5.1.1 .v) Cfb’fll C Cf», and diam Ck — 0 asn — co. Thus

oo .
ﬂ CFn is the singleton p. So by (5.1.1.i44) for each p there exists a unique sequence

n=1 .
00

{kn} = {kn(p)} such that p= () Ci on E_,.

n=1

oo}
Let z € A. Then by (5.2.4) there exists a séquence {l,} such that z € () (Dﬁ{‘ N A).
n=1

By (5.2.4) and (5.2.8) , D4 € Dir, and diam D} < idiam D% < ... < g, 80
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00 ) o
diam D% — Qasn — oo. Thusz = (ﬂ Df;‘)ﬂA: () Di. And since D} (D}, =0

n=1 n=1

when 7 # 7, there exists a unique sequence {I,} = {l,(z)} such that z = () D&.

n=1

5.4.1 Define h:C — A by h(p) = (| DE*®. We have shown that A is well defined
n=1
and is a bijection. We next show that h is a homeomorphism and F|yoh="ho f.

Let d be the metric on C defined by d(p,q) = ) |kn(p;N—(nl)€n(q)| where N(n)
n=1

is as in (4.1.1.7). The proof of the following lemma, is routine and is left to the reader.

Lemma 5.4 Let p,q € C, and let € > 0 and K be such that € < 2N+K) If d(p,q) < €

then p,q € C]}{K.

To show the continuity of h, let € > 0, and choose K large enough that 2—},{— < e.
Choose § such that § < 2—1\,%7{7 So if d(p,¢) < 6 then by Lemma 3.2, p,q € C*%. Thus
h(p),h(q) € D and d(h(p), h(g)) < diam D} < -k < e by (4.2.4). Since C and A
are compact Hausdorff spaces, h is a homeomorphism.

" Lastly we need to verify that ho f = F|j o h. From (4.1.3) fCk» = Cgn(kn),
So f(p) = f (ﬁ cf;) = ﬁ Conlhn) Let A(k,) = DN A. By (4.4.1) hCh» =

n=1

n=1 . _
A(k,). By (4.2.12) GDEn = DZn(n) and by (4.3.1) F|s = G|a. Thus Fla (A(kn)) =
A(on(kn)). Since {F|a (A(k,))} are pairwise disjoint, we have hof(p) = hof [ Ch =

n=1

B () 2 = () Aon(kn)) = Fla () Aka) = Flaoh () Ck = Fls 0 h(p).
n=1 n=1 n=1

n=1

~ Finite Pfoducts of Adding Machines

In this section we prove that finite products of “k-symbol adding machings”‘ are.block

permuting. First we have the following useful lemma.

Lemma 5.5 Let f,g: C — C be block permuting homeomorphisms. Then f x g :

C x C — C x C is block permuting.
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Proof: Let C! and C? be Cantor sets. C! has blocks {C1} >, and C? has blocks
{C2}> | asin (4.1.1). For each n, form

{chxcl}” ={ChV x k. kW el CiP e ch).

Clearly {C1 x C2}>7 | satisfies (4.1.1). Let G x i ect | X C2_,. There are least
positive integers m(1) and m(2) such that D = I and g = i)

Let m = lem (m(1), m(2)). Then
(Fxg™ (CJ(l)1 X CZL(ED = f"‘Ci;(Pl % gmci(f)l _ sz(—l)l « Cf;(f)l.

Also m(n — 1,5) must be a multiple of m(1) and of m(2). Thus m(n — 1,7) =

lem (m(l), (2))-

It remains to verify (4.2.5.44). Let CE x C¥® c CI14 1) % 73 and let m =

m(n —1,7) = aym(1l) = aym(2) where a;,a; € N. Then
(f x )™ (Ch x CiP) = fmCi x g"Ci®
_ pam kD) gam(z) GhO)
alerrlm) | e (k)

1l

where o! = (¢1)™ : K0 — KXY and where o2 = (6™ : KI®) — KK So

o x a2 on K38 x K7®) is the desired permutation. : o

Next we define what is meant by a “k-symbol adding machine”. Let ¥ =
(0,1,...,k =1} andlet 5 = {0,1,. ..,k — 1}" for k > 2. The k-symbol adding machine
A+ I — X is deﬁnéd as follows: for each n > 1 let A7 : X — X% by
A? (a1, a9, .. .,an) = (b1, D, ..., b,) where '

bi = a1+ 1modk and when z">1

b — a; +1mod k ifa;_1 =k—1and b, =0.
¢ a; otherwise




| 52
Then Ay (a) =2 where. (b1, b2, ...,0,) = A%(ay, as, ..., a,) for all n.
That all adding machines are block permuting is routine and left to the reader.

Using Lemma 4.1 we have the following corollary to Theorem 5.1.

Corollary 5.6 Suppose that f : C — C, where C is a Cantor set, is a homeomor-

phism conjugate to a finite product of adding machines. - Then there exists a C*

Kupka-Smale diffeomorphism F' of the 2-disk without periodic sources or sinks, and

an invariant Cantor set A such that F'|5 is conjugate to f.
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