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Abstract We study a new combinatorial problem based on the famous Mini-
mum Common String Partition (MCSP) problem, which we call Permutation-
constrained Common String Partition (PCSP for short). In PCSP, we are given
two sequences/genomes s and ¢ with the same length and a permutation 7 on
[4], the question is to decide whether it is possible to decompose s and ¢ into
¢ blocks that can be matched according to some specified requirements, and
that conform with the permutation 7. Our main result is that PCSP is FPT
in parameter £ + d, where d is the maximum number of occurrences that any
symbol may have in s or t. We also study a variant where the input specifies
whether each matched pair of block needs to be preserved as is, or reversed.
With this result on PCSP, we show that a series of genome rearrangement
problems are FPT k + d, where k is the rearrangement distance between two
genomes of interest.

Keywords Genome rearrangement - Permutation-constrained common
string partition - Minimum common string partition - FPT

1 Introduction

Computing the distance between genomes is a fundamental problem in biol-
ogy; in fact, the reversal and the corresponding breakpoint concept on sec-
tions of some chromosome (when a whole genome was not obtainable) were
studied as early as in 1926 by Sturtevant and Dobzhansky (Sturtevant, 1926;
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Sturtevant and Dobzhansky, 1936). The signed reversals were confirmed in
the radish genome in 1988 (Makaroff and Palmer, 1988). Since then, a lot of
rearrangement operations were studied, for instance, reversals, transpositions
and block interchanges, etc. Here we focus more on operations on unichro-
mosomal genomes — singleton genomes, each being a sequence; and we skip
the details for genomic operations applied on multichromosomal genomes, like
translocation and the more general double-cut-and-join operations. We refer
the reader to (Fertin et al., 2009) for more information on string distances and
their applications in understanding genome rearrangement.

Let us first describe some popular string operations. A transposition takes
two adjacent substrings and swaps them. A block-interchange takes two non-
overlapping substrings and swaps them. The recent p-cut partitions a string
into p substrings and permutes them in any way (Bulteau et al., 2021b). On
signed alphabets, which are alphabets with an involution acting on them, a flip
switches the sign of each symbol of a chosen substring. A reversal first applies
a flip to a substring, and then reverses the order of the characters. An unsigned
reversal only reverses the order of the characters of a chosen substring. If P
is a set of string operations, dp(s,t) is the minimum number of operations
from P needed to transform s into t. We also call dp(s,t) the corresponding
distance under operations in P.

Computing most of these distances is NP-hard under different circum-
stances. The transposition distance problem (Bulteau et al., 2012) and the
unsigned reversal distance problem (Caprara, 1999) are NP-hard even if s and
t are permutations (i.e., 1-occurrence strings). The block-interchange distance
problem is polynomially solvable for permutations (Christie, 1996); however,
when s and ¢ are sequences over a fixed-size alphabet the problem becomes
NP-hard (Christie and Irving, 2001). Other types of distances that remain to
be incorporated into our framework have recently been studied, including the
NP-hard tandem duplication distance (Lafond et al., 2022b) and the copy-
number distance (Qingge et al., 2018; Lafond et al., 2020).

In many practical applications, the value k = dp(s,t) is small, and it
makes sense to consider the FPT (fixed-parameter tractable) complexity of
these problems — using parameter k. When s and t are permutations, both
the transposition distance problem and the unsigned reversal distance problem
are FPT since each such operation reduces at most three breakpoints (Mahajan
et al., 2006). When s and ¢ are d-occurrence sequences (i.e., each letter appears
at most d times in s and t), whether the other distance problems are FPT in
parameter k + d is unknown, to the best of our knowledge. The d-occurrence
variant is of practical interest in bioinformatics, since in genome comparison,
repeated occurrences represent duplicated genes. Duplication is a rare event
and the number of duplicates is usually less than a dozen. For instance, plants
have undergone up to three rounds of whole genome duplications, resulting in
a number of duplicates bounded by eight (see e.g. Zheng et al. (2009)).

Using a general framework first stated in Mahajan et al. (2006), if k& op-
erations can be applied on s to obtain ¢, then we can partition s and ¢ into
¢ € O(k) substrings, hereafter called blocks, such that the blocks of ¢ are a per-
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mutation of the blocks of s. It turns out that the problem of decomposing s and
t (possibly with letter duplications) into a minimum set of common blocks was
studied in another context called ortholog assignment (Chen et al., 2005). The
problem was formally coined as Minimum Common String Partition (MCSP),
which received quite some algorithmic attention due to its NP-hardness status
(Goldstein et al., 2005; Chrobak et al., 2005). The best known approximation
(to minimize the number of blocks) has a factor of O(logn) (Ganczorz et al.,
2018). For these reasons, the fixed-parameter tractability of MCSP was con-
sidered in 2008 (Damaschke, 2008). For d-occurrence strings, the problem was
first shown to be FPT in parameter £ + d in (Jiang et al., 2012b; Bulteau
et al., 2013a), where £ is the solution size. In 2014, it was remarkably shown
that MCSP is FPT when parameterized only by the solution size £ (Bulteau
and Komusiewicz, 2014). Also note that common string partition problems
with minimum length requirements on the blocks also received attention re-
cently (Wang and Zhu (2010); Jiang et al. (2012a); Bulteau et al. (2013b);
Lafond et al. (2022a)).

Although MCSP has been used to approximate various string distances,

the applications of MCSP to compute exact distances is not always clear.
When trying to solve, for instance, the transposition distance problem using
MCSP, different string partitions with the same number of blocks lead to
different transposition distances. It would seem necessary to enumerate all
MCSP solutions to compute our string distances exactly. In fact, we show
that restricting an MCSP instance to find blocks ordered according to a set of
possible permutations II is sufficient.
Our results. In this paper, we thus first establish a precise relationship
between MCSP and string distance problems in terms of fixed-parameter
tractability. We propose a string operation that generalizes all the ones men-
tioned above. We then define a variant of MCSP where the number ¢ of desired
blocks is known, but the matched substrings in the partitions must satisfy a
given block permutation 7. We also allow the matched substrings to be affected
by specified simple string functions, such as reversal or sign flips (allowed func-
tions are defined precisely later on).

We call this variant of MCSP the Permutation-constrained Common String
Partition problem (PCSP for short). We then show that deciding whether,
under our general string operations, the distance between two strings s and
t is at most k can be achieved by making a bounded number of calls to an
algorithm that solves PCSP on the same input strings. The specified number
of blocks ¢ in these calls is O(k) for a fixed set of allowed operations, and the
number of calls depends on the allowed operations and can be exponential
in k, but not in the length of the strings. In particular, if PCSP is FPT in
parameter £ 4 d, then computing our distances is FPT in k + d.

We then show that PCSP is indeed FPT in ¢ + d if the allowed opera-
tions can reverse and/or flip the sign of permuted blocks, making the result
applicable to several combinations of allowed operations. The recent results
by Bulteau et al. imply that PCSP, parameterized by the number of blocks
¢ only, is W[1]-hard (Bulteau et al., 2021a), thereby motivating the need for
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two parameters ¢ and d. Our algorithmic framework is strongly inspired by the
work of Bulteau et al. (2013a), who showed that MCSP is FPT in £+ d. Their
algorithm uses a match graph that depicts which characters could be corre-
sponding in a block partition. A branching strategy finds exactly one match
per block in a solution. Our approach relies on a similar strategy, but requires
non-trivial extensions to the framework. First, we want to find a block parti-
tion that uses a specific permutation 7, and so our branching algorithm must
maintain a set of matched substrings that always agrees with w. Moreover, we
cannot assume that we want to find a partition of s and ¢ that minimize the
number of blocks as in MCSP, since 7 specifies the number of desired blocks
(or, said more precisely, even though a minimum common string partition
could be a solution to PCSP since we allow empty blocks, the set of minimum
common string partitions may all fail to satisfy 7). This prevents us from us-
ing structural results on optimal solutions (see e.g. Lemma 2 in Bulteau et al.
(2013a)), which in turn requires a deeper case analysis. Finally, in our general
framework, some matched substrings in a solution might be the reverse of one
another. We develop novel machinery in the match graph to ensure that char-
acters are matched consistently, i.e. that our branching matches all characters
in a common substring in a forward or reverse manner, and not both.

As a consequence of our results, we show that several string distances are
FPT in k+d since they reduce to PCSP. The main results that can be derived
from this PCSP reduction is that for strings s and ¢ in which each symbol
occurs at most d times, and with a pair of strings at distance at most k,

— the transposition distance can be computed in time k©*)J6k+2p,

— the block interchange distance can be computed in time k©®) @8k+2p,

— the flip, reversal and unsigned reversal distances can be computed in time
LO (k) gak+2,,

— the p-cut distance can be computed in time (pk)P®*) g2kP—D+2g,

— for any subset P of operations among transpositions, block interchanges,
reversals, unsigned reversals or flips, computing dp(s,t) can be done in
time kOK) q8k+2y

where n is the length of the input strings.

This paper is organized as follows. In Section 2 we give necessary defini-
tions. In Section 3 we present the definition and properties of the aforemen-
tioned simple string functions and the reduction to PCSP. In Section 4 we
give the FPT algorithms for d-occurrence sequences (genomes). In Section 5
we conclude the paper. We comment that an extended abstract of this paper
was presented as a conference paper (Lafond and Zhu, 2021), but due to space
constraints, most of the proofs were omitted there.

2 Preliminary notions

For ¢ € N, we denote [¢] = {1,...,¢}. If X = (x1,...,2;) is an ordered
sequence of arbitrary elements, we denote set(X) = {x; : ¢ € [l]}. The empty
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string is denoted A. For a string s, we write |s| for its length and s[i] for its
i-th character. For two integers a and b, we denote by s[a,b] the substring
of s containing positions a to b, inclusively. If b < a, then s[a,b] = A. The
concatenation of strings s; and s, is denoted sjsy. For clarity, a string s
may be denoted s = (a1, as,...,a,), where each a; is an individual symbol.
We denote a partition of a string s by s1|sz2]...|se, where s is equal to the
concatenation siss...sy. We allow any of the s;’s to be the empty string,
which will have implications later on. Each s; substring is called a block of the
partition. Moreover, for each non-empty s;, the position of the last character
of s; in s is called a breakpoint. Observe that position n is always a breakpoint.

A marker is a specific character of a string s. Each character s[i] is a distinct
marker, even if other positions contain the same symbol. For concreteness, one
may think of a marker as a character s[i] accompanied with a unique identifier.
Two markers are adjacent (in s) if they are at consecutive positions in s, in
either order. If a marker x of s is positioned before another marker y of s,
we write © <, y, or just x < y if s is clear from the context. We also write
x 2sy (or x X y) if z = y is possible. For a marker x and an integer i, we
write = +, ¢ to denote the marker located 7 positions to the right of x in s,
and x —; ¢ for the marker ¢ positions to the left of x in s (if x +5¢ or x —4 ¢
do not exist because they go beyond the bounds of their sequence, then they
are left undefined). In most cases, s will be clear from the context and we will
write 2 4+ ¢ and x — 4. For markers x < y, we write s[x, y] for the substring that
starts at = and ends at y, inclusively (we will ensure that no confusion occurs
with the notation s[a,b] with a, b integers).

A string function is a function h : X* — X* that maps strings to strings.
We require that h(X) = A. We say that h is length-preserving if |h(s)| = |s]
for any string s. Unless stated otherwise, we shall assume that h(s) can be
computed in time O(]s|), in which case we say that h is linear-time computable.
The identity function is denoted id and satisfies id(s) = s for all s. Other
functions of interest include those that apply on an alphabet in which each
symbol z has a negation —z, and —(—z) = = (which includes the possibility
of fixed-points, i.e. x = —x):

— the flip function negates every symbol of s;
flip({ay,...,an)) = {(—a1,...,—an);

— the rev function flips and reverses each symbol;
rev({ay,...,an)) = (—apn,...,—a1);

— the urev function reverses the symbols;
urev({a,...,an)) = (an,...,a1).

In the general Permutation-constrained Common String Partition (PCSP),
we receive strings s and ¢, an integer ¢, a permutation 7 of [¢] and string
functions fi, ..., fr. We must partition s and ¢ in a way that the i-th block of
t is equal to the m(7)-th block of s after applying the f; function to that block.

The Permutation-constrained Common String Partition (PCSP) problem
Input. Strings s and t of equal length, integer ¢, permutation = of [{], and a
sequence of string functions F' = (f1, fa,. .., f¢).
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Question. Does there exist partitions s1]...|sy and t1|...[t; of s and ¢, re-
spectively, such that ¢; = fi(sr(;)) for each i € []?

=5
f1=1d, fo =rev, f3 =rev, fy = rev, f5 = id
(1) =17n(2) =4,7(3) =3,7(4) =5,7(5) =2

1 23 4 5
s:at bt ctdta= dt bt ¢ ot b lcldT ald™ b+ ¢
t:at bt at d ¢t b= d et ot btlat dllet b= d— e

1 2 3 4 5

Fig. 1 An example of a PCSP instance, with a solution that satisfies t; = fi(s,r(i)) for each
i € [5] on the right (the numbers correspond to the 4 subscripts). For example, t2 = rev(s4)
because f2 = rev and 7(2) = 4. Note that s3 and t3 are empty strings.

Note that in terms of notation, we will usually reserve fi,..., f; to denote
string functions that are used to transform the blocks of s to those of ¢, and
use the letter h for string functions with other purposes. An example of PCSP
is shown in Figure 1. The ¢ parameter therefore refers to the desired number
of substrings in our partitions. Recall that in the introduction, we used param-
eter k as the distance between two genomes. The exact relationship between
¢ and k depends on the specific distance of interest, as we shall detail later
in the paper. Notice that in the classical MCSP problem, 7 and the f; func-
tions are not present (i.e. each f; is the identity). The incorporation of string
functions allows blocks to be affected by operations such as flips or reversals.
As we mentioned, PCSP is W[1]-hard in parameter ¢ even if each f; is the
identity (Bulteau et al., 2021a).

Generic string operations

One of our goals is to establish a relationship between PCSP and string dis-
tances based on certain types of operations. We focus on operations that,
given a string s, can (1) partition the string; (2) apply a string function on
each block; and (3) apply a permutation on the blocks from a given list. Note
that a similar string operation was proposed in Bulteau et al. (2021b), but
without string functions and permutation list.

To define this more precisely, let p be an integer, let H = (hi,...,hp) be
a sequence of p string functions, and let IT be a set of permutations of [p]. We
call the triple (p, H, IT) an operation. Given a string s, applying (p, H, IT) on
s modifies the string by applying the following steps:
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— partition s into a set of p substrings si|sz|...|s, (some of which may be
A);
— for each i € [p], let s, = hi(s;);

— choose 7 € IT and return the string s’ = 5;(1)3;(2) . s;(p).

More succinctly, we can write 8" = hr(1)(8) (1)) - - - hir(p) (8 )- Intuitively,
the f1,..., f¢ functions from the PCSP problem definition will correspond
to the composition of H functions that affected each relevant substring in a
sequence of operations.

Let P be a set of operations, which can be thought of as a set of moves that
are permitted. If, for each (p', H, II) € P, we have p’ < p, then we call P a set

of p-operations. Let us write s Pyt if there exists (p,H,IT) € P that can be
. . . Pk, . . .

applied on s to obtain t. Also write s —— t if there exist strings sa,...,sk_1

such that s £> So z> 1) Sk—1 £> t. Given strings s and ¢, we denote by

dp(s,t) the minimum value of k that satisfies s Proy.

Relationship with known string operations

The (p, H, IT)-operations generalize several well-known string operations. For
instance, a transposition takes two consecutive substrings and exchanges them.
This takes the form s;|sa|s3|s4 — $1]83]82|84, which can be modeled by putting
p =4, H = {id}*, and IT only allowing to exchange blocks 2 and 3 (recall that
s1 and s4 can be empty, allowing to move the ends of the strings). Simi-
larly, a block interchange swaps two arbitrary substrings. This takes the form
s1|s2|83|54]85 — s1]54]83|52|85, which takes p = 5, H = {id}" and II allowing
to swap blocks 2 and 4 . The p-cut defined in Bulteau et al. (2021b), which al-
lows cutting into p pieces and permuting them in any way, can also be modeled
similarly.

For examples that do not use the identity function, the reversal operation,
takes the form s1|sa|ss — si|rev(sz2)|ss, hence p = 3, H = (id, rev,id) and
IT only allowing the identity permutation. As another example, the tandem
duplication replaces a substring s[a, b] by s|a, b]s|a, b]. We can apply s1|s2]s3 —
s1|8282|s3, with p = 3 and ha(s2) = s282 (and h; = hs = id). Note however
that ho is not length-preserving and will not be supported in the results that
follow.

Also note that our model allows several possible operations in a single
move. It is possible that several mutations occur in parallel across independent
locations on a genome. For instance, we may want to allow two (or more)
reversals to occur at once on non-overlapping substrings, i.e. s1]s2|s3|s4|s5 —
s1|rev(ss2)|ss|rev(sy)|ss.

Operations that cannot be modeled here include those that require some
dependency between the substrings of the partition. For instance, in the gen-
eral duplication operation, we take an arbitrary substring s[a, b] and copy-paste
it elsewhere. This could take the form si|sa|ss|sa|ss — s1|s2|s3|sa82s5, but
our H functions do not allow hs and hy to “communicate” the contents of ss.
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3 Reduction to PCSP for simple string functions

We will show that if the H functions allowed in the operations are “simple”,
computing dp(s,t) reduces to PCSP. We will need the ability to list all strings
at distance at most k from s.

Lemma 1 Let P be a set of p-operations that only use length-preserving string
functions that are linear-time computable, let k € N, and let s be a string of
length n. Define N := (|P|p)*(n+p— 1)@= Then in time O(nN), one can
obtain a list R of size O(N) such that t is in R if and only if |t| = n and
d'p(s, t) < k.

Proof We can simply brute-force recursively on every sequence of at most k
operations on s that we can apply, and store each string encountered in a list

(with possible duplicates). When listing the possible operations, there are |P|
n+p71) _ (ntp—-1)!

p—1 - nl(p—1)!
since empty substrings are allowed (note that the string changes after we apply

some operations on it, but not its length — therefore we can use n here). Once
the operation from P is chosen, there is only one way to apply the H functions.
There are then up to p! permutations to choose from. Thus each step has

to choose from, then ( possible partitions to choose from,

(n+p—1)!
nl(p —1)!

ways to modify a string, which we bound by O(|P|p(n+p—1)P~1). This yields
a recursion tree of depth at most k and degree at most O(|P|p(n+p—1)P~1),
and thus the recursion tree has at most O((|P|p)*(n +p — 1)*®=1D) = O(N)
nodes, thereby bounding the size of the list. Moreover, it can be seen that
the processing time in each node of the recursion tree is O(n), to compute
the result of the string function and permutation that yields its input. Note
that a node can spend more than linear time to generate the inputs to all the
recursive calls that it makes — however the (linear) processing time needed to
generate each input passed to the recursive calls can be charged to the edges
of the recursion tree. Hence the time to obtain the list is O(nN). O

(n+tp-—1)

!
[P p! = |P| p=|Plp(n+p—-1)(n+p—-2)...(n+1)

n!

Note that the list R above may contain duplicates. Later on, we will iterate
over the entries of R, so in practice it may be more efficient to remove such
duplicates, although this would add to the complexity without improving our
theoretical guarantees. If needed, such duplicates could be removed in time
O(nN) with high probability by inserting each entry in a hash table, with
each insertion costing O(n) for hash computations. For our purposes, what
matters is that each string at distance at most k is present in R, and that only
such strings are present.

We can now define our notion of simplicity.

Definition 1 A string function h is simple if h is length-preserving and either:

— h(s182) = h(s1)h(s2) for any string s and any partition s;|sg of s; or
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— h(s182) = h(s2)h(s1) for any string s and any partition s1|ss of s.

Clearly, id, flip, rev and urev are simple. Note that if s1]...|s, is a parti-
tion of s, then h(s) = h(s1)...h(sy) or h(s) = h(sg)...h(s1). In particular, if
s = (x1,%2,...,&p), then h(s) € {(h(z1),...,h(zn)), (h(zy),...,h(z1))}, ie.
the function is applied to each character individually, and we decide to reverse
or not. String functions with the h(s1s2) = h(s1)h(s2) or h(s152) = h(s2)h(s1)
property are sometimes called morphisms and anti-morphisms, respectively,
although length-preservation is not a requirement, see e.g. (Lothaire, 1997).

Since they can be applied on single symbols, simple functions can be rep-
resented as a lookup table that maps each symbol of X' to another symbol,
plus one bit that distinguishes whether to reverse or not. Moreover, assuming
a total order on X', such a lookup table can be represented as a string of length
|Z| (plus the reversal bit), where the i-th symbol of the string indicates where
the function maps the i-th symbol of the alphabet. In what follows, we shall
assume that each simple string function is given as a string of size |X| + 1,
where the last symbol is reserved for whether the string is reversed or not.

Definition 2 Let H be a set of simple string functions. We say that an oper-
ation (p, H, IT) is H-restricted if set(H) C H.

Let H = {hq,..., h.} be a set of simple string functions. By H(k), we mean
the set of functions obtained by composing any k functions or fewer from H:

k
H(k) = {id} U U {ha,, 0ha,,_,0...0hg, ta1,...,ar € [r]}.
B=1

By convention, put H(0) = {id}. By H(k)*, we mean the set of vectors of
¢ functions from H(k). Before proceeding, we must show that H(k) functions
are simple, and that their corresponding strings can be computed easily.

Lemma 2 Let H be a set of linear-time computable and simple functions on
alphabet X. Then H(k) can be computed in time O(|X|log [H(k)|-|H||H(k — 1)]).
Moreover, any h € H(k) is simple and, for any string s, h(s) can be computed
in time O(|s]).

Proof Let us first argue inductively that any function in H(i) fori =0,...,k is
simple. For ¢ = 0, H(0) = {id} and this is obvious. Assume 0 < ¢ < k and that
the statement holds for H{: — 1). Then any function in H(¢) is obtained from
hoh/, where h € H and A’ € H{i — 1). Note that h is simple by assumption
and b’ € H(i — 1) is simple by induction. It is not hard to see that composing
two simple functions ho i’ yields a simple function. We argue this here for the
completeness of the argument. Consider a string s and any partition s1|sy of s
into two parts. We get four cases, depending on which of h and/or h' reverses
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its input string or not:

None reverses: ho h'(s) = h(h'(s152)) = h(h (s1)h'(s2)) = h(R/(s1))h(} (s2))
I reverses: ho h'(s) = h(h'(s1s2)) = h(h'(s2)R'(s1)) = h(I (s2))h(h'(s1))

h reverses: h o h'(s) = h(h'(s182)) = h(h'(s1)l (s2)) = h(I (s2))h(h'(s1))
Both reverse: ho h'(s) = h(h'(s152)) = h(h'(s2)h'(s1)) = h(R'(s1))h(} (s2))

In each case, using the simplicity of h and h’/, we get that h o I/ satisfies
the desired properties of simple functions. Thus h o b’ € H(i) is simple.

Now for the algorithm, recall that we represent each h’ € H(k) as a string of
length O(|X]). Moreover for h € H, the string corresponding to hoh' can then
easily be computed in time O(|X]). Consider the algorithm that starts with
known H(0) and H(1), and then for each i = 2,...,k in order, computes H{s)
from H(i — 1). To do this, notice that it is sufficient to start from H(i — 1),
and add the new functions that are found in the set {hoh’ : h € H,h' €
H(i — 1)\H(i — 2)}. Therefore, for each ¢ = 2, ..., k, our algorithm will assume
knowledge of both H(i — 1) and H(i — 1) \ H{i — 2), and compute both H{s)
and H(:) \ H(i — 1). We simply store these sets of strings in balanced binary
trees. Assuming a total order on X, inserting and searching strings of length
O(]X]) in a set with m elements can be done with O(log m) comparisons, each
taking time O(|X]). We thus assume complexity of O(|X|logm) for search
and insertion operations. Note that we could use a hashmap instead to obtain
complexities O(]|X]), but only with high probability.

Notice that initially for ¢ = 2, the sets for H(1) and H(1) \ H(0) can be
obtained in time O(|H] - | X|log |H]).

For ¢ > 2, we calculate all the h o A’ functions with h € H, h’' € H{i — 1) \
H(i — 2). This requires computing h(h/(c)) for each o € X in order to yield
the string corresponding to h o h’, which takes time O(|X|). For each such
function h o h’, we check whether it is already in the set H(i — 1) in time
O(|X|log |H(i — 1)|) = O(|X|1log |H(k)|). We insert each new hoh’ into H{i — 1),
and so it becomes H(i) for the next iteration. Moreover, each new hoh’ is in-
serted into a new set, thus forming H(3) \ H(i — 1). Overall, the i-th iteration
requires performing O(|H|(|H(: — 1) \ H(i — 2)|)) searches and insertions, each
in time O(|X|log|H(k)|), for a total time of O(|X|log [H({k)||H|(|H( — 1) \
H(i — 2)))

The total time taken throughout the k iterations can be bounded, up to
constant factors, by

k
[HI - |Z|log [H| + » _ [H||X| log [H(k)|([H(i — 1) \ H(i - 2)|)
1=2

k
= [|H|- |Z|log [H| + [H|| 2| log [H(k)| ) H(i — 1) \ H(i — 2)|
=2

[H] - |2 log |H]| + [H]| 2| log [H(k)|[H(k — 1)|

IN



Permutation-constrained Common String Partitions 11

which justifies the claimed complexity. The final set storing H(k) can be used
to output all the string for the desired functions in time O(|X||H(k)|) =
O(|X||H|H(k — 1}]). Finally, since this computation gives access to the string
of each h € H(k), it is clear that h(s) can be computed in time O(]s|). O

We can now show that distances that use any combination of operations
based on simple string functions reduce to PCSP. Beforehand, we need tools
to represent permuted matches between a common partition in a succinct
manner. We define a special alphabet for this purpose. Let F be the set of all
simple string functions (which includes id). We will treat the set X = N x F
as a special alphabet, each symbol consisting of a pair with an integer and a
function. For any f € F and any (i,h) € Xr, we define f((¢,h)) = (i, f o h)
(noting that (i, f o h) € N x F since f o h is simple by Lemma 2).

Computing distances based on simple string functions reduce to finding
partitions on this alphabet. Although the next lemma requires some tedious
detail handling, it has a clear intuition. If dp(s,t) < k, then each of the k
operations creates at most p — 1 breakpoints, and there are at most 1+ k(p —
1) of them (counting the last position which is always a breakpoint). These
breakpoints define a partition of s and ¢ into ¢ < 1+ k(p — 1) corresponding
blocks, and if this partition into ¢ substrings is known, we could replace each
i-th block by the symbol (i,id) in s, and by (7(4), f;) in t. Figure 2 illustrates
this intuition.

ot vlctlat a[dt bt ¢ (1,id) (2,id) (3,id) (4,id) (5,id)

ot btlat dlleTdt bt ] (1,id) (4,rev) (3,rev) (2,rev) (5,id

ot btlat dllet o= d-Ict]  (1,id) (4,7ev) (3,rev) (5,rev) (2,id)

Fig. 2 An illustration of Lemma 3 in the case that H = {rev}. Here s can be transformed
into t using two reversals. Given that the solution and its blocks are known, block ¢ can be
replaced by (7,id) and, because the functions are simple, the same sequence of operations
can be applied to the single symbols instead of the whole blocks.

Lemma 3 Let H be a set of simple string functions and let P be a set of
H-restricted p-operations.

Then dp(s,t) < k if and only if there exists a partition si|...|sy of s, a
partition t1] ... |ty of t, a permutation w of [¢], and fi,..., fo € H{k) such that
all the following conditions hold:

1. 0=1+k(p—-1);
2. ti = fi(8x(:)) for each i € [(];
3. dP(<(1vzd)7 (2a Zd)v L) (ﬁ,ld», <(7T(1)7 f1)7 (W(2)’ f2)7 ] (W(é)v fl)>) < k.

Proof (=) Assume that dp(s,t) = k' < k for some k' (note that k' = 0 is
possible). Let Dy,..., Dy be a sequence of operations transforming s into
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t, and for j € [k'], let s/ be the string obtained after applying the first j
operations. Define s° = s and note that s*" = ¢.

We first argue that adjacent markers of s that are never separated by a
breakpoint created by an operation remain adjacent in each s*. Although this is
usually obvious under string operations used in genomics such as transpositions
or block interchanges, this requires care when dealing with string functions; in
particular, markers change their symbols and are moved by the D;’s, so one
must keep track of the correspondence between markers. For each j € [k], we
will use s7(i) to refer to the marker at position i of s7 (to distinguish it from
the symbol s7[i]). We will think of each marker s/ (i) of s7 as changing symbol
and moving from s/ to s7*!, but remaining “the same” marker. One may think
of assigning a unique id to each marker, and this id remains unchanged after
each move.

To be a bit more specific, consider s/ for some j € {0,1,...,k" — 1}. The
operation Dj first chooses a partition s1|...|s],, then applies some function
hi(sf ) to each substring sZ , and then applies a permutaton 7. This results in
the string

s/t = hw(l)(si(1))hw(2) (Si(z)) e h‘“’(P/)(szr(p’))

Consider some substring sf and its marker s{ (q) at position ¢. If h; does not
reverse its input, then the corresponding marker in 5711 is the one at position ¢
of the h;(s]) substring in s7T1. If h; reverses its input, then the corresponding
marker is the one at position |s/| — ¢ 4 1 of the h;(s?) substring in s7*1. For a
marker x of s/, we write x ~» y if y is the unique marker of s7*! corresponding
to = as described above.
For a marker x of s and a marker o’ of s/, j € {1,...,k'}, we say that 2’
is a descendant of x if there are markers z1,x2,...,%;—1 such that z ~» z; ~
.~ xj_1 ~ z'. Note that each marker of s has a unique descendant in each
s7. Consider two adjacent markers z and y of s, with = occurring before y,
and let j € [k']. We say that z is separated from y in s’ if, denoting by 2’ and
' the respective descendants of « and y in s7, either

— @/ occurs before ¥ in s/, and the partition used by operation D; has a
breakpoint at the position containing z’; or

— 4/ occurs before 2’ in s/, and the partition used by operation D; has a
breakpoint at the position containing y'.

Note that 2 and y can be separated in multiple s7’s, but only the fact that
at least one separation exists is relevant. Next, consider the partition @y =
s1|s2|...|se of s such that there is a breakpoint at position ¢ if and only if
there exists j € [k] such that the marker s(i) is separated from s{i + 1) in s.

We claim that ¢/ < 14+k(p—1). To see this, observe that at most p—1 pairs
of markers are separated in s/, for each j € [k’], because the partition used by
operation D; has at most p — 1 breakpoints aside from the one at position n,
which does not separate markers. Hence, at most k(p — 1) pairs are separated
in some s/ and Qg contains at most 1 + k(p — 1) breakpoints and no empty
substrings, and therefore ¢/ <1+ k(p — 1).
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Then, consider the partition @ := s1|s2|...|s¢|s¢41]. .. |s¢ obtained from
Qo by appending ¢ — ¢’ empty strings sp11,...,8¢ = A. We use the partition
Q@ for the rest of the proof. Note that Condition 1 of the lemma is satisfied by
Q.

We argue Conditions 2 and 3 by induction on j. More precisely, we argue
that for each j € {0,1,...,k'}, there is a partition 3|...|3, of s/, a permuta-
tion 7 of [¢], and hy, ..., hy € H(j) such that 5; = h;(s,(;)) for each i € [£], and
such that the distance between ((1,id), ..., (¢,id)) to ((7(1), h1),..., (7 (€), he))
is at most j.

As a base case, when j = 0, we can choose 7 as the identity, as well as each

hi1 = ... = hy = id. The conditions clearly hold in this case.
Assume that j > 0. By induction, there is a partition Q := §1|...|8
of 771 a permutation 7, and functions hi,...,h, € H{j —1) such that

5; = hi(sz(y) for each i € [f]. Consider operation D; := (p/, H',II') and
the partition

57— 57|

j—1

sy
of s7~1 that is uses. Furthermore, let 7/ € II’ be the permutation applied
by the operation. Note that for each ¢ € [{], §; is a substring of one of
s{_l,sg_l,...,s;,_l (otherwise there would be a breakpoint at a marker x
of 3; adjacent to x + 1 also in 3;, making = and x + 1 separated in s7 and
contradicting our initial partition of s). This means that each 33_1 is the con-
catenation $,,84,+41 - - - 8, of substrings of Q, for some sequence of consecutive
indices a;,a; +1,...,b;. Note that some of the 3,,, substrings may be empty
(corresponding to the ¢ —¢" empty substrings we initially appended). Also note
that some s -1 may itself be empty, in which case we define b, = a; — 1, so
that the concatenation yields the empty string.

Denote H' = (b}, ..., hy,), which is the list of functions used by D;. Then
after applying D;, we get

Now let us focus on some substring h;,(i)(sifé)), where i € [p]. To ease nota-

tion slightly, denote i’ = #’/(i). This is equal to
- o A

R (s77) = hi(8a, 8a,+1 - - 8b,,)
which, depending on whether h}, reverses its input or not, is equal to one of

h{L‘/ (§ai’)h;,(§ai’+1) . e h;/ (ébb,) or

h,/L-/ (§bz’ ) o h,:/ (§ai’+1)h;/ (éai/ )
by simplicity. Note that this holds even if there are empty substrings in the
above concatenations, since they remain empty under string functions. Since
this is true for every sg_l, we see that s/ is a concatenation of substrings

of the form A, (3;) for some h, € H',i € [{]. Recall that 3; = h(sx(;)) for
each ¢ € [{], so that h (3;) = h, (hi(sz@))). This means that there is some
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permutation 7 of [(] and h},..., hj € {hl, ohs,... k., ohs} such that s7 can
be written as _

s’ = by (szr1))h3(Spr(2)) - - g (Smrrey).
which includes the possible empty strings that were affected by some h; and
relocated. We note that for each ¢ € [f], there is some ¢ such that h} =
hy, o hq € H(j). Thus s’ has the desired form.

We also know by induction that the distance between ((1,id), ..., (¢,id))
and v/~ := ((7(1),h1),...,(m(€), he)) is at most j— 1. Let us mimic operation
D; on w/~'. That is, define 21,. .., 2, as follows for each i € [p/]:

— if 3{71 = A, then z; = A;
— otherwise, z; = ((w(a;), ha,), (m(a; + 1), ha,41)s - (0(b:), hw,))-
1

where we recall that s = 34, ... 35, = ha,(Sx(a;)) - - - "o, (Sr(v,))- We apply
operation D; to v/ —! using the partition

ujfl = 2’1‘22| |Zp/

which turns it into
’LL] = h;r’(l) (Zﬂ/(l))h;_/@) (Zﬂ/(Q)) e h;,(p,)(z,r/(p,))

Notice that this is identical to s7, but with each h/,(s/,”") substring replaced
by Rl (z;) (recall that i = 7' (7)).
Let us focus on one h}, (z;;) with ¢ € [p]. Then

hi (zir) = hiy (7 (air), hay, ), -5 (7 (ab,, ), By, )
which, depending on whether h/, reverses its input or not, is equal to either
(his (7 (air), hay))s - i ((w(av,, ), by, )
= ((m(ai),hiy 0 ha,, )y, (m(bir), hy 0 )
or to

(R ((m(bi), b)) - - - b (((as), B, )
= <(7T(b2)7 h;' o hbi)’ R (Tr(ai)v h;' o hai)>

In either case, this substring is the same as h, (sz,_l), but with each h}, (54, 44)
replaced by (7(i),h}, o ha, 4+q). Because this is true for every i € [p/], and
becagse the h;,(i)(zﬂ/(i)) substrings of u/ appear in the same order as the
K, (sgfl) substrings of s7, we get that u/ can be obtained from s7 by replacing
each hj (s (;)) substring by (7 (i), h}). It follows that

w = ((n" (1), ), (2" (2), B5), ., (" (), b))

and that the distance from ((1,4d), ..., (¢,id)) to this string is at most j. This
completes the induction step.
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To conclude the proof, note that the induction works up to j = k’. Since
s¥" = t, the forward direction of the proof is complete. That is, we have
shown that there exists a partition ¢;|... |t of ¢, a permutation 7 of ¢, and
fi,..., fo € H(K') C H(k) such that t; = fi(sx(;) for each i € [¢], and such
that the distance between ((1,id), ..., (¢,id)) and (7 (1), f1),..., (7w (£), f¢)) is
at most k' < k. This satisfies Conditions 2 and 3 of the lemma.

(<) Let s1|...|s¢ and t1]...|t; be partitions of s and ¢, respectively, and
let 7 be a permutation and fi,...,f, € H(k) satisfying the three condi-
tions of the statement. The reader may bear in mind that some of the s;’s
and t;’s can be empty. Let us denote u = ((1,id), (2,4d),..., (¢, id)) and
v={(r(1), f1), (7(2), f2),- .., (7(£), f¢))). Thus we have

dp(u,v) = k' <k.

The idea is simply to replace (¢, id) by s; in the sequence of transformations
from u to v. Let Dq,..., Dy be a sequence of operations that transform u to
v, and for j € [k'] let v’ be the string obtained after applying Dy, ..., D; to
u, with «® = u.

Note that for each j € {0,1,...,k}, there is some permutation 7 and
functions hq, ..., hy € H(j) such that

w = <(7Ar(1)a hl)v (ﬁ(Q)v h2)a ) (7%(6)3 hZ)>

because simple functions affect individual characters and our special alphabet
stores the composition of the functions applied in its second coordinate. We
claim that for any such u/, there is a sequence of j operations that transform
s into

! = hl(Sﬁ—(l))hQ(s.ﬁ—(Q)) . hg(Sﬁ.(g))

The proof is by induction on j. For j = 0, this is trivial, since we can take 7 as
the identity and each h; = id. Assume j > 0. Let # and hq,...,h; € H{j — 1)
be such that

uj_l = <(7AT(1), h1)7 (ﬁ(2)7 h2)7 e (ﬁ(€)7 hl)>
By induction, we can write

Sj_l = hl(S,ﬁ.(l))hQ(Sfr(Q)) s h[(sﬁ—(f))

Assume that the D; operation partitions v/~! into

ui " fu

where each  non-empty uf s a substring of the form
((7(ai); ha,), (7t(ai + 1), ha41), -5 (7(0i), b, ). Let H = (b4, ..., hy,) and 7/
be the list of functions and the permutation used by D;, respectively. After
applying D;, u/~! becomes

j j—1 j—1 j—1
= Ry (g ) e o) (U7 )+ oy (U3 )
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If we focus on one non-empty substring h;,(i)(ui,_é)), and denote i’ = 7'(i), it
is equal to

Wy () = by (((air) By ), - (F(ab, ) hay, )
which, depending on whether k!, reverses its input or not, is equal to either
<h;’ ((ﬁ—(ai’% h‘a,-/ )), T h;’ ((ﬁ(abi/ )7 habi, ))>
= ((7(ay),hjyr o ha,),. .., (@(bir), hi o hy,))

or to

(hp (7 (bir), hw,y))s - (7 (@), hayy )
= <(7}(bi’)ahé/ohbi/) . ( ( )7 z’oha /)>

Now let us apply D; on 5771 on the partition

—1y j—1 j—1
s1 sy sy
where, for each u] " = A, we have si = = )\, and for each non-empty u] 1, we
have 577" = hg, (s ﬂ(ai)) - h, (8#(b;))- This results in s/, which becomes

= o) (5700 Wi (29 () -+ Pl ) (5T )

If we focus on a non-empty h;,(i)(sfr,_é)) and denote ¢’ = 7/(4), it is equal to

h;/(Sg/_l) = h;/(hai, (37}(@2)) ce hbi/ (Sﬁ-(bé)))
which, depending on whether h}, reverses its input or not, is equal to either

Ry (ha, (S#(a,))) - - - hir(he, (S7b,))) OF to
h;/ (hbi/ (Sﬁ(bi,))) “en h;, (hai, (Sﬁ(aﬂ)))
In either case, the result is identical to hg/(qulL but with every (7(a; +
q), by © ha,, +q) replaced with hj, (ha,, 1q(87(a,))-
To summarize, as in the previous direction, we see that the h (hi(szx;))
substrings of s7 appear in the same order as the (7 (i), k., o h;) characters of

» e

u?. Therefore, there is a permutation 7" and functions A}, ..., h} such that
w! = ((x"(1),h)), (7"(2), B3), - .., (7" (€), hp))
Sj = hT(Sﬂu(l))hg(Sﬂu(g)) ce hz (Sﬂ.//([))

Since the induction argument holds up to &', and because u*" = ((7(1), f1), ..., 7(£), fo)),
there is a sequence of k' operations that transform s into

fi(se) fa(8r(2)) - fe(snp) =tata. ..ty =1t

which concludes the proof. O
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Lemma 3 shows that the exact content of the matched blocks does not truly
matter, as we may reduce to computing a distance between strings of length
£. This allows us to relate distances and PCSP using Algorithm 1. The idea
is simply to start from v = ((1,4d), ..., (¢,id)), get every string at distance at
most k from it, and check if they correspond to a string that satisfies Lemma 3.
Note that in this algorithm, the brute-force procedure from Lemma 1 is used
on u, which is on alphabet [¢] x H(k). The lemma also assumes that string
functions are linear-time computable, although it must work on strings with
symbols of the form (i, h) and transform them into the form (i, h' o h) in O(1)
time. To achieve this, we assign a distinct identifier «(h) to each function
h € H(k) and we pre-compute a composition table p that, for h € H and
h' € H(k), gives access to the identifier a(h o h’) quickly (if h o b’ ¢ H(k), we
do not store it). This is detailed in the proof of complexity of Algorithm 1.

Let us also note that the proof would work if we required the blocks of s
and t to be non-empty, except that we would need to consider blocks of length
at most £ (and thus we would add a loop for lengths from 1 up to ¢). However,
we need to allow PCSP to output empty blocks, as it is unknown how to solve
PCSP if blocks are required to be non-empty. This is explained in more detail
in the next section.

function computeDistance(s,t,P, k)
Compute H(k) and assign a distinct integer a(h) to each h € H(k)
Compute p(a(h),a(h’)) :=a(hoh’) for h € H,h' € H(k)
Let £ =1+k(p—1)
Let u = ((1,id), (2,id), ..., (£, id))
Compute the list R such that v is in R if and only if dp(u,v) < k,
using p and Lemma 1
foreach element {(i1, f1), (i2, f2)s- .-, (i¢, f¢)) of R do
Let 7 be the permutation such that m(1) = iy,...,m(£) =iy
Let F'=(f1,..., fe)
Compute PCSP on input (s,t,¢, 7, F)
if the answer is yes then return yes
end
return no

Algorithm 1: Main dp algorithm

Theorem 1 Let H be a set of simple string functions, and let P be a set of H-
restricted p-operations. Assume that any PCSP instance (s,t, ¢, 7, F) satisfying
F € H(k)* can be solved in time g({,n). Then Algorithm 1 decides whether
dp(s,t) < k in time

O(nH|H(E)[* + (IP[p)* (k(p — 1) + p)* "~V - g(1 + k(p — 1), n)).

Proof Consider Algorithm 1 and let us argue that it correctly solves the prob-
lem. The algorithm checks whether the three conditions of Lemma 3 can be
satisfied, which is equivalent to checking whether dp(u,v) < k. Assume that
this is the case. Then with £ = 1+k(p—1), by Condition 3 of the lemma, there
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must be v = {(7w(1), f1), ..., (7w(£), fe)) such that dp(u,v) < k, and such that
s,t can be partitioned so as to satisfy Condition 2 of the lemma. By Lemma 1,
v is in R, so the algorithm will eventually consider it. Then, since Condition
2 can be satisfied, PCSP must return yes on input s,¢,¢,m, F' (unless Algo-
rithm 1 returns yes before even getting to v, which is correct). We thus also
correctly return yes. If dp(u,v) > k, then for each v of R, Condition 2 cannot
be satisfied, and so PCSP must return no, in which case we also return no.

As for the complexity, we know by Lemma 2 that H(k) can be computed in
time O(| X log |H(k)| - |H||H(k — 1)|). Here, we may assume that X' is the set
of symbols used by s and ¢, or that can be obtained from those by composing
at most k functions from H. We will therefore assume that |X| < n|H(k)|,
so that Lemma 2 takes time O(n|H(k)|log [H(k)| - |H||H{k — 1)|). We crudely
upper bound this by O(n|H||[H(k)|?).

Next, define the extended alphabet X' = [£] x H(k), with which the brute-
force algorithm from Lemma 1 must work. We compute p as defined in the
algorithm to guarantee linear-time computability of string functions over this
alphabet. For h € H(k), we may simply assign «(h) as the order of enumeration
of h in H(k) as returned by Lemma 2. Then for each h € H and b’ € H(k), we
compute the function string corresponding to hoh’ and scan every element of
H(k) to search for its identifier, if it exists. This takes time O(|X||H(k)|). If
hoh' does exist, we associate the pair a(h), a(h’) with a(h o h'). This results
in the desired composition table p, which can be represented as a 2D table of
dimension |H|[H(k}|. Filling this table takes total time O(|H||H(k)||X||H(k)|),
which we can bound by O(n|H||H(k)|?).

Then the brute-force algorithm applies P operations on strings over the
extended alphabet X’. It needs to calculate h(c) in linear time, where o =
(i,h') € X' (note that only operations in H are used at each step of the
brute-force algorithm, since P is H-restricted). This in turn requires computing
h((i,h")) = (i,hoh’) in constant time, which can be done using u. This allows
achieving the bound of Lemma 1. Notice that since the brute-force algorithm
has recursion depth of at most k, it composes at most k functions on each
character in the explored strings, ensuring that all enumerated strings only
use functions in H(k).

We have argued that the steps prior to obtaining R can be done in time
O(n|H||H(k)|?). Then by Lemma 1, the time required to compute R from a
string of length ¢ is bounded by O(£(|P|p)* (¢+p—1)k®~1), which is executed
only once by the algorithm. Since ¢ = 1+k(p—1), we may replace £+p—1 with
E(p—1) 4 p in this expression. Defining N := (|P|p)*(k(p — 1) + p)*®=1 the
brute-forcing time is O(¢N) and, as stated in Lemma 1, the number of elements
in R we iterate on is O(N). Then, inside the while loop of Algorithm 1,
recovering the permutation 7 and constructing F' take time O(¢), and then we
take time g(¢,n) to call PCSP. We assume that PCSP takes time 2({) (one
way to see this is that ¢/ < n should hold, and PCSP takes time at least n to
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read its input). It follows that the time of Algorithm 1 is
O(n|H||H(k)[> + N + N - g(¢,n))
= O(n|H|[H(k)[* + N (€ + g(¢,n)))
= O(n|H|[H(K)[* + N - g(£,n))
= O(n[H[[H)|* + (|Pp)* (k(p = 1) + p)* P~ Vg(1 + k(p — 1), n))
as desired. O

4 FPT algorithms for d-occurrence PCSP with reversals

In this section, we show that if F' only contains d, flip, rev and urev, and
if each symbol occurs at most d times in the input strings, then PCSP is
FPT in parameter d + £. Since empty blocks are allowed, we do not have the
obligation of satisfying the given permutation exactly, provided that the order
of the non-empty blocks agrees with 7.

For the rest of this section, we assume that we are given strings s and ¢, an
integer ¢, a permutation 7, and functions F' = (f1,..., fo). We will say that
the partitions s = s1|...[s; and t = t1]...[t, form a solution if t; = fi(sx(;))
for each ¢ € [¢]. In the rest of the section, for a marker = of s or ¢, we reserve
the notations z + 4 and x — ¢ with respect to s or ¢, that is, if x is in s (resp.
in ¢), then @ +14 = +4 4 (resp. x ++ 7).

For a string w, a numbered partition of w is a sequence of ordered pairs
(Way,01), ..., (Wa,,a,) where we,|...|w,, is a partition of w into non-empty
substrings, all the a;’s are distinct, and ay,...,a, € [¢]. Note that r < £ is
implicit, but that r < £ is possible. We denote a numbered partition by P,, =
(Way,01)| - |(Wa,,ar). M a; < ag <...<a. </ then P, is called an ordered
partition. Let Py = (Sqy,01)|...|(8a,.,ar) and Py = (tp,,b1)]...|(ts,,br) be
ordered partitions of s and ¢, respectively. We say that (Ps, P;) agrees with
m and F if, for each j € {b1,...,b,}, we have 7(j) € {a1,...,a,} and t; =
Fi(sx(p)-

Roughly speaking, an ordered partition allows us to “tag” each block with
its position in a solution to PCSP. There may be holes between some a; and
a;+1, which correspond to empty blocks in a solution.

Lemma 4 The instance (s,t,m, ¢, F) is a Yes-instance of PCSP if and only
if there exist ordered partitions (Sq,,a1)|...|(Sq,,ar) and (tp,,b1)|...|(ts,,b:)
that agree with m and F.

Proof (=): Assume that (s,t,m, ¢, F) is a Yes-instance of PCSP, and consider
asolution s1]...|sg and t1]. .. |t,. These may contains empty strings. Note that
t; = Xif and only if s.(;y = A, since t; = f;(sx(;)) and string functions map A
to A. In particular, the number of empty substrings in both partitions is the
same. Let aq,...,a, € [£] be the indices for which s,, is non-empty, ordered so
that a; < ... < a,. Likewise, let by,..., b, be the indices for which #;, is non-
empty, with b; < ... <b,. Then (s4,,a1)|...|(Sa,,ar) and (tp,,b1)] ... |(ts,.,br)
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are ordered partitions that agree with 7 and F, since t; = f;(sx(;)) for each
€ (b, b}

(«=): Suppose that there are ordered partitions (S4,,a1)|- .. |(Sa,,ar) and
(tpy,b1)] ... |(ts,, by) that agree with m and F. Consider the partition s7|s5|. .. s}
of s where, for each i € [{],

, {si ifie{ay,...,ar}

S R —
1 .
A otherwise

Similarly, define the partition t|t5]...|t, of ¢ where for each j € [¢],

o= t; iij{bl,...,bT}
J A otherwise

Consider t7, j € {b1,...,b,}. Thus ¢, =t; and, since the ordered partition
agrees with m, t; = fj(sx(;) with 7(j) € {a1,...,a,}. In this case, s;(;) =
sl (;)» and thus we have ¢} = f;(s] ;). Now consider ; with j & {b1,...,b,}.
Then t; = A. Moreover, 7 restricted to {by,...,b.} forms a bijection with
{a1,...,ar}, and thus 7 (j) cannot be in {a1, ..., a,}. It follows that s ;) = A,
and once again t}; = f;(s] ;) (here we use the fact that f;(A) = A). Since

t; = [fi(s} ;) for every j € [¢], we have constructed a solution to the PCSP
instance. O

4.1 Bounded occurrences and reversal functions

Note that just like Theorem 1, Lemma 4 holds for any set of linear-time com-
putable simple functions F' and without restrictions on the number of occur-
rences. From now on, we assume that each symbol occurs at most d times in
s, and at most d times in t. We also assume that s and ¢ are on an alphabet
X where each symbol z has a unique reverse —z, where —(—z) = x, and that
each function of F is in {id, flip, rev,urev}. For a marker x of s or ¢, denote
by S(z) € {s,t} the string that contains x. Our goal is to find an ordered
partition that agrees with 7 and F'.

Our algorithm is based on the approach of Bulteau et al. (2013a) for the
classical common string partition problem in which there is no permutation or
function constraint (although we note that the approach also allows deletions
of “extra” symbols). This algorithm guesses a pair of matching markers in
each block of a solution. We apply the same idea here, but develop new tools
to account for the permutation 7 and the F' functions.

A fized-match is a tuple (x,y,1,j) where x is a marker of s, y is a marker
oft,i,j €[f],i=m(j), and y = f;(x) (this is slightly abusing notation, since
x and y are markers, not strings — it is understood here that x and y are
treated as their symbols in this equality). The interpretation of (z,y,1,J) is
that in the desired ordered partition, 2 belongs to block (s;,) of s, y belongs
to block (t;,7) of t, and t; = f;(sx(;)). Of course, the blocks are unknown, but
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x and y serve as a witness of their existence. Also note that ¢ is redundant in
the definition of a fixed-match, since it is given by 7(j). However, it will help
making some notions clearer later on.

A fized-match set is a set M of fixed-matches such that, for any distinct
(x,y,1,9), (',y',p,q) € M, we have x # 2,y # ¢/, and j # ¢ (which implies
i # p). The idea is that a fixed-match set provides at most one match per
block, and our goal is to eventually find ezactly one fixed-match per block
of a solution, if such a solution exists. With the following, we ensure that
fixed-match sets can satisfy the requirements of an ordered partition.

Definition 3 A fixed-match set M is order-consistent if, for any (z,y,1,7),
(«',y',p,q) € M, z < 2’ implies i < p and y < ¢’ implies j < q.

Let Ps = (Say,a1)| .- |(Sa,sar), P = (to,,01)|...|(ts,,br) be ordered par-
titions that agree with 7 and F'. We know which substring ¢; corresponds to
which f;(s;) substring. However, we also need a way to determine which mark-
ers are in correspondence, which depends on whether f; reverses the string or
not.

Let j € {b1,...,b.}, so that t; = f;(sx(;)). For each i € [|sr(;|], if f; €
{id, flip}, match the i-th marker of s;(;) with the i-th marker of ¢;, and
otherwise match the i-th marker of s;(;) with the (|t;| — 4 4 1)-th marker
of t;. Two markers x of s;(;) and y of ¢; matched as described above are
said to be matched by (Ps, P;). Note that each marker = of s is matched to a
distinct marker y of ¢ by (Ps, P;). Therefore, the graph in which the vertices
are the markers of s and ¢, with an edge between markers matched by (Ps, P;),
forms a perfect matching. In essence, this matching simply indicates the new
location of the x marker after applying f;. We next relate fixed-match sets
with numbered partitions (which are not necessarily ordered).

Definition 4 Let M be a fixed-match set with r elements. We say that M is

complete for s and t if there exist numbered partitions Ps = ($4,,0a1)| ... |(Sa,.,ar)

of s and P = (ts,,b1)|...|(ts,,br) of ¢ such that all the following conditions

hold:

1. for each j € {b1,...,b.}, t; = fi(5:¢j));

2. for each (z,y,1,7) € M, it holds that i € {ay,...,a,} and j € {by,...,b,}.
Moreover, z is in the s; substring, y is in the ¢; substring, and z,y are
matched by (Ps, P).

We call (Ps, P;) a completion of M. Furthermore, we say that M is com-
pletable if there exists a fixed-match set M’ D M such that M’ is complete.

For short, we say that M is complete to mean that it is complete for s
and t. Note that the definition of complete depends not only on s and ¢, but
also on m and F. We only mention s and ¢ since, in what follows, the notion
of complete always refers to m and F' as fixed in the beginning of the section,
whereas the nature of s and ¢ may change in some of the proofs. Also note that
the definition of complete does not require a; < ... < a, nor by < ... < b,.
In fact, not all complete fixed-match sets correspond to a solution, as order-
consistency is required.
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Lemma 5 There exist ordered partitions of s and t that agree with © and F
if and only if there exists a complete and order-consistent fixed-match set M.

Proof (=) Suppose there are ordered partitions Ps = (Sq,,a1)| ... |(Sq,,ar) of
sand Py = (tp,,b1)|...|(ts,.,br) of t that agree with m and F. We construct a
complete and order-consistent fixed-match set M. Let j € {b1,...,b,}, and let
y be the first marker of ¢;. If f; € {id, flip}, let = be the first marker of s,
and if f; € {rev,urev}, let = be the last marker of s, ;). Since t; = f;(s(;)),
we observe that x,y are matched by (Ps, P;). Then add to M the fixed-match
(z,y,7(j),j) (note that y = f;(z), as required). We repeat this for every
je by, .. b}

Note that no two fixed-matches of M share a marker x,y or block index
i,7. Thus M satisfies the definition of a fixed-match set. To see that M is
complete, note that Ps = (s4,,a01)|...|(Sq,,ar) and P, = (tp,, 1) ... |(ts,,br)
is a numbered partition that satisfies every condition of completeness. That
is, Condition 1 is satisfied since t; = fj(sz(;)) for each j € {b1,...,b.}, by
agreement; Condition 2 is also satisfied by our construction of M since we
chose exactly one match per numbered block, and for each s; and t; substring,
we chose one of their markers that were matched by (Ps, P;).

It only remains to argue that M is order-consistent. Let
(x,y,1,7), (',y',p,q) € M be distinct. Suppose that < z’ but ¢ > p. Note
that by construction, ¢ # p, so we have ¢ > p. Since P; is ordered, Ps has the
form ... |(sp,p)|...|(si,i)|.... This contradicts x < ', since z is in s; and '
in sp. Similarly, suppose that y < 3’ but j > g. As we know, j # ¢ and thus
j > ¢. Thus P, has the form ...|(¢4,q)|...|(¢;,4)|..., contradicting y < ¢/
since y is in t; and 3’ is in t,. Since both possibilities lead to a contradiction,
we deduce that M must be order-consistent.

(«<=) Let M be an order-consistent and complete fixed-match set. Let
Ps = (S4y,01)|...|(8a,.,ar) and Py = (tp,,b1)|-..|(ts,,br) be the numbered
partitions of s and ¢, respectively, that satisfy all conditions of complete-
ness. By Condition 1 of complete fixed-match sets, t; = f;(sx(;)) for each
j € {b1,...,b.}. Therefore, the numbered partitions agree with = and F'. We
need to argue that Ps and P, are ordered partitions. For that, it remains to
show that a1 <as < ...<a, and by < by <...<b,.

As we show, this follows from the fact that M is order-consistent. First
consider blocks ¢, and ty,,, of P;, where j € [r — 1]. By Condition 2 of com-
pleteness, M contains fixed-matches (z,y,7(b;),b;) and (2',y', 7(bjy1),bj+1)
such that y is in ¢, and ¢’ is in t;,,,. By our partitioning of ¢, we know that
y < y'. The fact that M is order-consistent implies that b; < bj11. Since this
is true for every j, by < ... < b, holds. Now consider blocks s,, and sg,,,
of Py, where i € [r — 1]. As before, there are fixed-matches (x,y,a;,b;) and
(«',y',a;41,br) in M. By our partitioning of s, we have z < 2’ and, since M
is order-consistent, a; < a;41, which implies a1 < ... < a,. O
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4.2 Constructing a complete and order-consistent fixed-match set

In the rest of the section, we aim to construct a complete and order-consistent
fixed-match set. We adopt a branching strategy that adds one fixed-match at
a time. If, at any point in the search tree, we reach a fixed-match set M that
is not order-consistent, it cannot lead to the desired numbered partitions and
we can stop trying to complete M (this is because we can only add elements
to a fixed-match set, which cannot repair the lack of order-consistency).

Termination rule. If M is not order-consistent, then terminate, since there
exists no complete and order-consistent fixed-match set M’ such that M’ D M.

This is where we extend the framework of Bulteau et al. (2013a). Let M be
a fixed-match set, and let u be a marker of s or ¢ that is not in any fixed-match
of M. Let ls s p(u) (vesp. rsear(u)) be the closest marker to the left (resp.
right) of u that belongs to some fixed-match of M. We may write [5;(u) and
ry(u) if s and t are clear from the context. Note that Ip;(u) or ra(u) may
not exist, in which case they are left undefined. If u is in a fixed-match, we
also leave [pr(u) and rps(u) undefined. Let (z,y,4,j) € M. We are interested
in pairs of markers that could belong to the same block as x and y. For this
purpose, let {u,v} be a pair of markers such that v is in s and v is in ¢. There
are four types of matches that are represented in Figure 3.

— (LL match) {u,v} is a left-left match of (x,y,4,j) if f; € {id, flip},

rav(u) = z,ry(v) =y and t[v,y] = f;(s[u, z]);
— (RR match) {u,v} is a right-right match of (x,y,1,7) if f; € {id, flip},

Iy (u) =,y (v) =y and tly, v] = f;(s[z, u]);
— (LR match) {u,v} is a left-right match of (x,y,4,7) if f; € {rev,urev},
rar(u) =z, Ly (v) = y and tly,v] = f;(s[u, z]);
— (RL match) {u,v} is a right-left match of (x,y,1,75) if f; € {rev,urev},
I (w) = @,ry(v) =y and t[v, y] = f;(s[z, u]).

Note that a pair {u,v} can be multiple types of matches simultaneously.
Also note that we defined {u, v} as an unordered pair, and assumed that « was

a b ¢ a ¢ b -a b ¢ -b
k&\\&i\\%
b a c a c - -b a -

Block no 3 Block no 5
f3=1id fs =rev

Fig. 3 A simple example depicting the four types of matches. The black edges represent
fixed-matches, red edges are LL matches, green are RR, pink are LR and blue are RL.
Hypothetically, the leftmost black edge belongs to some fixed-match (z,vy,1,j) satisfying
j = 3 (its block number), and f3 = id. Similarly, the rightmost black edge belongs to a
fixed-match (z/,y’, p, q) with ¢ = 5 and f5 = rev.
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in s and v was in ¢. This means that if {u,v} is a left-right match, for instance,
then {v,u} is also a left-right match. This is an important notational detail:
when a pair {u,v} of markers from s and ¢ is given, u could be in s and v in
t, or vice-versa. In most cases, this will not matter, but since this may impact
the LR and RL types, we will need to specify the strings of origin of v and v
when required.

We will view the markers and matches as a bipartite edge-colored multi-
graph. Given a fixed-match set M, the graph G, (M) contains one vertex for
each marker in s or ¢t. We will not make the distinction between markers and
vertices from now on, and will omit the s, subscript when they are clear from
the context. We add one edge for each match of any type, and label the edge
by the type. That is, for each (x,y,¢,j) € M, add an edge {u,v} labeled LL
(respectively RR, LR, RL) if {u,v} is a left-left (resp. right-right, left-right,
right-left) match of (z,y,1,j). We will call (x,y,1, ) the fized-match of {u,v}.
Furthermore, for each (x,y,14,j) € M, add the edge {z,y} and label it fized.

Note that it is possible that an edge {u, v} is present more than once, but
each has a distinct label. Hence, given an edge {u, v} and its label, the fixed-
match of {u,v} is uniquely defined. The basic properties of G(M) are listed
in the following.

Lemma 6 Letu be a vertex of G(M). Then u is incident to at most two edges
and, in addition, the following holds:

— if u is a marker of s, then u is not incident to two edges whose labels are
both in {LL, LR}, or whose labels are both in {RR, RL};

— if u is a marker of t, then u is not incident to two edges whose labels are
both in {LL, RL}, or whose labels are both in {RR, LR};

— if w is in a fired-match in M, then u is incident to exactly one edge, which
1s labeled fized.

Proof Let u be a marker of s that is not in a fixed-match of M. Thus u is not
incident to a fixed edge. Notice that u cannot be incident to two edges with
the same label, since only lj/(u) and rj(u) “give” a single label to an edge
with w, and lp(u) and rpr(u) must give a different label. Also, u cannot be
incident to both an LL edge and an LR edge. Indeed, being in an LL edge
requires ras(u) to be in a fixed-match (rar(v), y,,j) € M with f; € {id, flip},
whereas an LR edge requires f; € {rev,urev}. By a symmetric argument, u
cannot be incident to both an RR and an RL edge because of the requirements
on Ipr(u). Thus w is incident to at most one edge with label in {LL, LR}, and
at most one edge with label in {RL, RR}. Thus u is incident to at most 2
edges.

Assume that u is a marker of ¢ instead. Using the same arguments, w is
not incident to two edges with the same label, and cannot be incident to both
an LL edge and an RL edge because of the function requirements on the fixed
match with 7p7(u). By the same reasoning, it cannot be incident to both an
RR edge and an LR edge because of 15 (u).
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Finally, for a marker u that is in a fixed-match of M, it is clear from the
construction that u is incident to exactly one fixzed edge (since by definition,
u cannot be in an LL, RR, LR or RL match). O

It follows from the above that G(M) has maximum degree 2 and consists
of a collection of disjoint cycles and paths. As in Bulteau et al. (2013a), our
goal is to identify a subset of vertices that prevents us from extending M to a
complete fixed-match set.

Definition 5 Let M be a fixed-match set, let M’ D M be a complete fixed-
match set and let (Ps, P;) be a completion of M'. Let u be a marker of s or ¢.
Then u is unseen by M in (Ps, P;) if, for any (x,y,4,j) € M, u is not in the
same substring as x in P; and w is not in the same substring as y in P;.

Lemma 7 Let M be a fixred-match set and suppose that, for any complete
M’ 2> M and any completion (Ps, P;) of M', there exists a marker unseen by
M in (Ps, P;). Then M is not complete.

Proof We prove the statement by contraposition. Assume that M is complete
and let r = |M/|. Then there are numbered partitions Py and P, each with r
substrings, that satisfy all the conditions of Definition 4, and such that (Ps, P;)
is a completion of M. By definition, for each distinct (z,y,14,7), (z',9',p,q) €
M, x and 2’ belong to distinct substrings in Ps (because ¢ # p) and y, 3" belong
to different substrings in P; (because j # ¢q). Because M has r elements and
P, P; each have r substrings, it follows that the substring of Ps (resp. P;) are
in bijection with the fixed-matches of M. Consequently, for any marker u of s
or t, u is in the same substring as some marker of M. Thus v is not unseen by
M in (Ps, P;). As this holds for any u, there does not exist an unseen marker
by M in (P, P;), which proves the lemma. O

An odd path is a connected component of G(M) with an odd number of
vertices. Note that because G(M) is bipartite and because each vertex has
degree at most 2, such a connected component must be a path. Also note
that a vertex of degree 0 is an odd path. By Lemma 6, such a path cannot
contain fized edges, and does not contain two consecutive edges with the same
label. Moreover, we show that for any odd path uy, ..., u, and any completion
(P, P;) of a superset of M, there is at least one vertex u,. of the path unseen
by M in (Ps, P;). The idea of the proof is that if we assume that each w, is
not unseen by some completion (Ps, P;), u; must be matched with ug, then
ug with u4, and so on until u; cannot be matched with any marker.

Lemma 8 Suppose that M is completable, and suppose that there is an odd
path (uy,...,up) in G(M). Then for any complete M’ O M and any comple-
tion (Ps, Py) of M', at least one of uq,...,up is unseen by M in (Ps, P;).

Proof Assume that (uq,...,up) is an odd path but that the statement is false.
That is, there is M’ O M and a completion (Ps, P;) of M’ in which no u, of
the path is unseen by M in (Ps, P;). Denote Py = ($q,,a1)]...|(Sq,,a,) and
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P = (tp,,01)] ... |(ts,, br). As we know, the graph G’ in which each marker
of s or t shares an edge with the marker that it is matched with by (Ps, P;),
forms a perfect matching.

Consider a vertex u. on the odd path. We claim that wu. is matched with
a marker v by (Ps, P;), such that v is a neighbor of u. in G(M). Because u,
is not unseen by M, then u. is in the same substring as some marker of a
fixed-match of M. Moreover, u. can only be in the same substring as either
Inr(ue) or mag(ue). Suppose first that u, is in the same substring as {5/ (u.). By
the definition of a completion, we know that {5 (u.) is part of a fixed-match
(2,y,1,7) such that x and y are matched by (Ps, P;) (here, Ips(u,.) is either z
or y, depending on whether u.. is in s or t). If u. is in the same substring as
x, then v is in the same substring as y, and if u. is with y, then v is with x.
Either way, {u.,v} forms either an RR, RL, or LR match and forms an edge
in G(M). Likewise, suppose that u. is in the same substring as rps(u.). The
latter is in a fixed-match (z,y,1,j) with ,y matched by (Ps, P;). Then u, is
in the same substring as x and v in the substring as y, or vice-versa, but either
way, {u,v} form either an LL, LR or RL match and forms an edge in G(M).

It follows that in the perfect matching G’, each vertex u. of the odd path
is matched with one of its neighbors in G(M). This is a contradiction, since
no perfect matching exists in a graph that contains a connected component
that is an odd path. O

This leads to our main branching rule.

Branching rule. If there is an odd path (uq,...,uy), branch into all ways of
adding a fixed-match that contains one of uy,...,u, to M.

Note that because our functions are id, flip, rev, and urev, if in an odd
path (uq,...,up) the uy marker corresponds to symbol w € X, then each of
U1,...,up is a marker that corresponds to symbol w or —w. Since each has
at most d occurrences in s and in ¢, the maximum number of vertices in an
odd path is 4d. Also, if only id and urev are allowed, negated symbols are not
present and there are at most 2d vertices on such an odd path. Either way,
the number of possible vertices on such a path to add to a fixed-match of M
is bounded by a function of d, as well as the number of “partners” of these
vertices in a fixed-match. In fact, this is the only reason why our branching
algorithm does not work for any given sequence of simple string functions F,
since if F' has arbitrary simple functions, we cannot guarantee that the number
of vertices on an odd path is a function of d only.

Our next step is to show that once all odd paths have been handled, we
have reached a complete fixed-match set. At a high level, this can be shown
by induction: if we find a fized edge {x,y} that has an LL, RR,LR or RL
edge next to it, we can assume that this latter edge can belong to the same
substring as = and y in a solution. We will need the following definition.

Definition 6 Let {u,v} be an edge of G(M) such that u is a marker of s and
v is a marker of ¢. Let (z,y,4,j) be the fixed-match of {u,v}. We say that
{u,v} is next to its fized-match if one of the following holds:
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— {u,v}isan LLedgeand u+1=z,v+1=y;
— {u,v} isan RRedge and u — 1 =z,v — 1 =y;
— {u,v}isan LRedge and u+1=z,v —1=y;
— {u,v}isan RLedgeandu—1=z,0+1=y.

Our goal is to implement the following strategy. We would like to show that
if G(M) has no odd path, there is always an edge {u, v} next to its fixed-match
such that, after removing u and v, the resulting graph still has no odd path. As
a first step, this requires showing that the edges of G(M) remain unchanged
after removing v and v (except {u, v} itself, see Lemma 10). This edge removal
process could be repeated until only fixed-matches remain, showing that M is
complete (as can be deduced from Lemma 11). However, removing an arbitrary
edge next to its fixed-match may create odd paths. For instance, if G(M) has
an even path, then an edge removal could split it into two odd paths. We will
thus show that if G(M) has an even path, then there is some degree one vertex
whose edge is next to its fixed-match. Removing that edge is harmless. Let us
proceed with the details.

We state a basic result first without proof, as it follows from the definition
of the match types.

Lemma 9 Let {u,v} be an edge of G(M), where S(u) = s and S(v) = t.
Then

— if {u,v} is labeled LL, then {u+ 1,v + 1} is either labeled LL or fized;
— if {u,v} is labeled RR, then {u — 1,v — 1} is either labeled RR or fized;
— if {u,v} is labeled LR, then {u+ 1,v — 1} is either labeled LR or fixed;
— if {u,v} is labeled RL, then {u — 1,v+ 1} is either labeled RL or fixed.

Lemma 10 Let {u,v} be an edge of G(M) next to its fized-match, where
S(u) = s and S(v) = t. Let s’ and t' be the strings obtained by removing
marker w from s and v from t. Then Gy p (M) is the graph obtained from
G5, (M) by removing u,v and their incident edges.

Proof Note that v and v are not in a fixed-match of M, and so the left and right
fixed-match markers of any marker w of s’ or ¢’ cannot change by removing u
and v. To be precise, this means that for any marker w of s’ or ¢/, Iy ¢ pr(w) =
lse.m(w) and 7g p pr(w) = rs 4 pr(w).

Let v’ and v' be markers of s’ and ¢, respectively. Suppose that {u’, v’} is an
edge of Gy (M), and let (z,y,1,7) € M be the fixed-match of {u/, v'}. Assume
that {u’,v'} is an LL edge of Gy (M) (hence, f; € {id, flip}), but not of
G5, (M). This is caused by the removal of u and v, so we must have v’ < u <z
or v/ < v < y. If the former holds, because {u, v} is chosen to be next to a fixed-
match, it must be that u+1 = x, since u—1 is not in a fixed-match. Thus {u, v}
is labeled LL or LR, but it cannot be labeled LR since f; € {id, flip}. This
implies that {u,v} is an LL edge in G,¢(M). But then, f;(s[u/,z]) = t[v',y]
holds because f;(s'[v/,z]) = ¢'[v/,y] and f;(s[u,z]) = t[v,y], implying that
{u/,v"} should also be an LL edge in G5 (M) as well. The reasoning is identical
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if v is between v’ and y, and the case in which {u/,v'} is an RR edge is
symmetric.

Assume next that {u/,v'} is an LR edge of G4 (M), but not in G, +(M).
Again, © must be between v’ and z or v between y and v’. If the former holds,
we must have v’ < u < 2 and = uw+ 1. Then {u, v} must be next to z and y,
and thus {u,v} must form an LR edge. In this case, {u’,v'} must also be an
LR edge of G (M), since f;(s[u/, z]) = t[y, v'] because f;(s'[v,z]) = t'[y, V']
and f;(s[u,z]) = t[y,v]. The same holds if v is between y and v’, and the
reasoning is symmetric if {u’,v'} is an RL edge.

Therefore, every edge of Gy (M) is in Gy ¢(M).

Now, consider an edge {u',v'} of G, (M) where S(u') = s, S(v') =t, and
u’ and v’ are distinct from uw and v. Assume that {«’, v’} is not in Gy (M).
Suppose that in G, (M), {v/,v'} is a match of (z,y,4,j) € M. Let us first
consider the case where {u/,v'} is an LL edge of G, (M). Then u must be
between v’ and x or v between v' and y. If ' < u < z, it must be that {u,v}
is next to x and y (since there is no other fixed-match that {u,v} can be next
to). This implies z = v + 1 and y = v + 1. By the simplicity of f;, we have
that

fi(sl,z]) = fi(s[u',u— 1)) fi(s[u,u]) fj(s[z,x]), which equals
tlo,y] = t[o',v — 1] tv,v] t[y,y]

Since f; is simple, it follows that

Fi(s'T s al) = £ (sl u = 10) f (s, ) = 2o’ v = 1tfy, y] = 0", gl

Thus {v/,v'} is an LL match of (z,y,4,j) in Gs . The same holds if v is
between v’ and y, and the case in which {v/,v'} is an RR edge is symmetric.
Suppose instead that {u’,v'} is an LR edge of G, +(M). If u is between v’ and
x, then v’ < u < z and again, {u,v} must be next to x and y. This implies
u+ 1 =x and v — 1 = y. Using the same approach as in the previous case, by
removing u and v, v’ and v’ will still form an LR edge. The same holds if v’
is between y and v, and the case in which {u/, v’} is an RL edge is symmetric.

Therefore, every edge of G (M) not incident to w or v is in Gg v (M). O

Lemma 11 Let {u,v} be an edge of G(M) next to its fized-match, where
S(u) = s and S(v) = t. Let s’ and t' be the strings obtained by removing
marker u from s and v from t. If M is complete for s’ and t', then M is also
complete for s and t.
Proof Let Py = (s,,,a1)|---|(s,,,a;) and Py = (t; ,b1)|...[(t;, ,b;) be or-
dered partitions of s’ and t', respectively, such that (Py, Py) is a comple-
tion of M. We construct ordered partitions Py = (Sq,,01)| ... |(Sa,,ar), Pt =
(toy,b1)] ... |(ts,,br) of s and t, respectively, such that (Ps, P;) is a completion
of M. Since the values a1, ..., a,, b1,...,b, are the same as in Py, Py, it only
remains to define the s; and ¢; substrings, i € {a1,...,a,} and j € {by,...,b,}.
Let (x,y,1,7) be the fixed-match of {u,v}. Let (2',y',p,q) € M be a fixed-
match other than (z,y,1, j). Consider the substring s}, = s'[wy, w2] as defined
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in Py. Note that s), contains ' and no other marker in a fixed-match. In s,
w1 = u = ws is not possible, for it would imply that u is next to x’ instead
of z. Likewise, for the substring t; = t'[21, 22|, we cannot have z; < v < z5 in
t since v would be next to y'. Thus s}, and t; are both substrings of s and ¢,
respectively. In this case, we define s, = s}, and t, = t;, so that t, = fy(sp).
It only remains to define s; and ¢;. Consider the substrings s} = s'[w, w2] of
Py and t; = t'[z1, z2] of Py, which respectively contain z and y. We have two
cases, depending on whether f; reverses its input or not.

Case 1: suppose that f; € {id, flip}. Then {u, v} is either labeled LL or RR.
Since z and y are matched by (Py, Py), we have t'[z1,y] = f;(s'[w1,z]) and
t'[y, z2) = f;(s'[z,w2]). Note that {w1, 21} and {wa, 22} are edges of Gy v (M),
and thus of G (M) by Lemma 10 (note that these could be fixed edges, if
wy =x,21 =y, or if wy =z, 20 = y). It follows that t[z1,y] = f;(s[wi,z]) and
tly, z2] = f;(s[z, wa]). Hence, t[z1, 22] = f;(s[wr, ws]).

Assume that {u,v} is an LL edge, so that u+1=2,v+1=y. If wy < z,
then z; < y and s[wy,ws] and t[z1, 23] contain w and v, respectively. In this
case, putting s; = s{wy,ws],t; = t[z1, 22] shows that (Ps, P;) is a completion
of M. It is possible that w; = x, in which case we put s; = s[u,ws] and
t; = t[v, z2]. Since v = f;(u), this also results in a completion of M. Assume
instead that {u,v} is an RR edge, i.e. z =u— 1,y = v — 1. If < wa, then
y < zo and s; = [wy, wa],t; = [#1, 22] contain v and v and result in a completion
of M. If x = wy, then s; = [wq,ul,t; = [z1, v] results in a completion of M.

Case 2: suppose that f; € {rev,urev}. Then {u,v} is labeled LR or RL.
Since z and y are matched by (Py, Py), we have t'[z1,y] = f;(s'[z, w2]) and
t'[y, z2) = f;(s'|w1,x]). Here, {z1,ws} and {z2,w:} are edges of G (M) and
Gs,+(M). It follows that t[z1,y] = f;(s[z, w2]), tly, z2] = f;(s[w1,z]), and hence
that t[z1, 22] = f;(s[w1, wa]).

Suppose that {u,v} is an LR edge, i.e. u+1=z,0—1=y. If w; < x,
then y < 22 and w, v are in s[wy, ws], t[z1, 22], respectively. In this case, these
two latter substrings form our completion. If wy = x, then 2o = y and putting
s; = [u, w2, t; = [21,v] results in our completion. Finally, suppose that {u,v}
is an RL edge, ie. u—1 = z,v4+1 = y. If x < wsq, then z; < gy, and
s[wy, wa), t[21, 22] form our completion since they contain u and v. If z = ws,
then y = z1, and here s; = s[wy, u],t; = [v, 22] form our completion. O

We can then handle degree 1 vertices of even paths.

Lemma 12 Suppose that G(M) has a degree 1 vertex that is not in an edge
labeled fixed. Then G(M) has a degree 1 vertex u with neighbor v, such that
{u,v} is an edge of G next to its fized-match.

Proof Let u be a degree 1 vertex of G(M), and let v be its neighbor. Let
(x,y,1,7) be the fixed-match of {u,v}. We handle four separate cases depend-
ing on whether {u,v} is an LL, RR, LR, or RL edge. Note that u could be in
s or t.
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Case 1: {u,v} is an LL edge. Suppose that u is a marker of s. If u +1 =
x,v+ 1 =y, we are done, so suppose otherwise. Note that for each ¢ such that
u<u+i=<xz, {uti,v+i}isan LL edge by Lemma 9. We claim that for each
such 7, u + 7 also has degree 1. Suppose this is false, and let ¢ be the smallest
value for which w + 7 has degree 2.

Then u + ¢ has a neighbor w, with whom it forms an RR or RL edge
(recall that u 4 ¢ cannot be adjacent to two edges with a label in {LL, LR},
by Lemma 6). If it is an RR edge, then {u + ¢ — 1,w — 1} is either fixed or
RR, and if it is an RL edge, then {u + ¢ — 1,w + 1} is fixed or RL (both by
Lemma 9). These edges cannot be fixed, so both contradict our choice of i,
and hence this ¢ does not exist.

Suppose next that u is a marker of ¢. Assume that 7 is the smallest value for
which u+1 has degree 2, again assuming that such an ¢ exists. Then u+: forms
an RR or LR match with some w by Lemma 6. In both cases, by Lemma 9
u—+1—11is fized or in an RR or LR edge, with the same contradiction.

We can thus choose i such that {uv +i,v+ i} = {z —1,v — 1} is an LL
edge, which is next to its fixed-match with u + i of degree 1, as desired.

Case 2: {u,v} is an RR edge. Suppose that wisin s. fu—1=z,0—1 =y,
we are done, so suppose otherwise. Note that for each i such that * < u—i < u,
{u —i,v — i} is an RR edge. We claim that for each such ¢, u — i also has
degree 1. Suppose this is false, and let ¢ be the smallest value for which v — i
has degree 2. Then u — i has a neighbor w, with whom it forms an LL or LR
edge. In both cases, u — ¢ + 1 is labeled fixed, LL, or LR, contradicting our
choice of 1.

If w— i is in t, then again assume there is some smallest ¢ such that u — ¢
has degree 2. Then w — ¢ is in an LL or RL edge. In both cases, u — i + 1
is fixzed or in an LL or RL edge, with the same contradiction. Thus we can
choose u — 7 of degree 1 in an edge next to its fixed-match.

Case 3: {u,v} is an LR edge or an RL edge. Since the proof is analogous
to the previous cases, we handle them both at once (note that all cases could
be handled in one single generic case, but readability would greatly suffer).
Define § = 1 if {u,v} is an LR edge (respectively, § = —1 if {u,v} is an RL
edge). Suppose that u isin s. If u+§ = x,v — § = y, we are done. If not, let
be the smallest value for which w4+ §i has degree 2, with u < u+ di < x (resp.
x < u+ 0t < u). Then u + i has a neighbor w with whom it forms either an
RR edge or RL edge (resp. LL or LR). In both cases, u+ §i — ¢ is in an edge
labeled fized, RR, or RL (resp. LL, or LR). Both contradict the choice of 1,
so no such ¢ exists. Thus we can choose u + §i of degree 1 next to z. If u is in
t, let i be the smallest value for which u — d7 has degree 2, with y < u—di < u
(resp. u < u — 0% < y). Then u — d7 has a neighbor w with whom it forms an
LL or RL edge (resp. RR or LR). In both cases, u — di + § is labeled fized,
LL, or RL (resp. fized, RR or LR), contradicting our choice of i. Thus we
can choose u — §i next to y. O

Lemma 13 A fized-match set M is complete if and only if G(M) has no odd
path.
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Proof We already know, by combining Lemma 7 and Lemma 8, that if G(M)
has an odd path, then M is not complete. We focus on the converse direction,
i.e. that if G(M) has no odd path, then M is complete. We show that this is
true for any pair of strings s and ¢ that contain all the markers that are in a
fixed-match of M. We proceed by induction on the number of markers of s and
t that are not included in a fixed-match of M. As a base case, suppose that
all the markers of s and ¢ are in a fixed-match. Then M gives the partition
directly. That is, for each fixed-match (x,y,1,j) € M, we add (z,4) and (y, 7)
to the numbered partitions. By definition, the resulting partition will agree
with 7 and F.

Now assume that the statement is true for any s’ and ¢’ with fewer markers
not in a fixed-match of M than s and ¢, i.e. that if G4 (M) has no odd path,
then M is complete for s’ and t'.

Since G(M) has maximum degree 2, we know that G(M) has only even
paths (i.e. with an even number of vertices) and cycles. First assume that
G(M) contains an even path that does not consist of a fixed-match edge.
Then G(M) has a degree 1 vertex in that path and, by Lemma 12, there is
an edge {u,v} next to its fixed-match such that v has degree 1. Consider the
strings s’ and t’ obtained by removing u and v from their respective string.
By Lemma 10, Gy (M) is the same as G (M) but with the s and ¢ vertices
removed. Thus each connected component of G (M) that does not contain
w or v is unchanged in Gy y(M). Furthermore, we have removed {u, v}, the
start of an even path. Thus the connected component containing v and v in
G5, (M) is still an even path in Gy (M), but with two less vertices (possibly
0). It follows that G4 (M) has no odd path. We can thus apply induction
and deduce that M is complete for s’ and ¢’. Then by Lemma 11, we deduce
that M is complete for s and ¢ as well.

Thus, if G(M) has an even path other than those formed by fixed-match
edges, we can find a numbered partition of s and ¢t. Assume that G(M) has
no such even path. Since the base case was covered, s and ¢ have at least one
marker not in a fixed-match of M. Then every such marker is in a cycle and
thus has degree exactly 2. Let {u/, v’} be any non-fixed edge of G(M). We can
deduce from Lemma 9 that some edge {u,v} is next to its fixed matched (if
{v/,v'} is LL or RR, then this is true for some u’ + i,v" 4+ ¢ with ¢ possibly
negative, and if {v/,v’'} is LR or RL, then this is true for some u' + i,v" — 7).
We know that {u,v} is in a cycle of G(M). Consider s’ and ¢’ obtained by
removing v and v. By Lemma 10, the connected components of Gy /(M) are
the same as in G, (M), except the one that contains u and v. Since this
connected component is a cycle in G (M), it is now either an even path in
G (M), or the connected component was removed altogether (in the case
that w,v formed a 2-cycle). Thus G4 (M) has no odd path. As before, we
can apply induction to deduce that M is complete for s’ and ¢/, and thus also
complete for s and ¢ by Lemma 11. O
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The main consequence is that branching over odd paths is all that is re-
quired. We can now put everything together in Algorithm 2 (with M =
initially).

function PCSP(s,t, ¢, m,F, M)
if M is not order-consistent then return “No solution”
if G(M) has an odd path (uy,...,up) then
if |[M| = ¢ then return “No solution”
foreach u on the path and each marker v with the same symbol
or negated symbol, such that S(v) # S(u) and v is not in a
fixed-match of M do
foreach j € [{] not already in a fized-match of M do
01 =U,09 =0
if u is int then o1 =v,00 =u
if fj(gl) = 02 then
Call PCSP(s,t, 0,7, F, M U{(01,02,7(4),7)})
if a positive answer was returned then
| return “Yes”

end
end
return “No solution”

else
‘ return “Yes”

Algorithm 2: Main PCSP algorithm

Theorem 2 If F is a subset of {id,urev}, then PCSP can be solved in time
O(d?(2¢)n).

Furthermore, if F is a subset of {id, flip,rev,urev}, then PCSP can be
solved in time O(d?¢(4€)n).

Proof Algorithm 2 implements all the ideas discussed above. We argue its
correctness inductively on the height of the search tree. At the terminal cases,
if M is not order-consistent, by Lemma 5 we know that M cannot lead to
a solution so we can return. If G(M) has no odd path, we know that M is
complete (and order-consistent) and so we may return that a solution exists,
by Lemma 13. If G has an odd path, then by Lemma 7, M is not complete. If
|M| = ¢, then we cannot add any more block, so M cannot lead to a solution.
This takes care of the terminal cases.

If Algorithm 2 makes a recursive call, it is because there is an odd path and
we branch over every possible unseen vertex on it. If M is not completable,
then by induction, all the recursive calls return a negative answer, and so
we also correctly return that there is no solution. Suppose instead that M
is completable. That is, there exists a complete and order-consistent fixed-
match set M’ O M with completion (P, P;). By Lemma 8, some vertex u on
the odd path is unseen by M in (Ps, P;). Since M’ is complete, Ps and P; have
substrings s; and ¢;, respectively, with ¢ = 7(j) and t; = f;(s;), such that one
of s; or t; contains u. Again because M’ is complete, there is (z,y,1,j) € M’
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such that = is in s;, y is in ¢;, and z,y are matched in (P;, P;). Let v be
the unique marker of s or ¢ such that u and v are matched in (Ps, P;). Let
M, = (u,v,4,7) if wis in s, and M,, = (v,u,1,j) otherwise. It is not hard to
see that M" := (M’ \ {(z,y,1,7)}) U{M,} is also a fixed-match set satisfying
M" D M, and that (Ps, P;) is a completion of M" (we have merely changed
the witness of s;,t;). Now, while iterating over recursive PCSP calls, MU{M,}
is among the possible fixed-match sets that it can branch into (in particular, if
uis in s, then v = f;(u) must hold, and if w is in ¢, then v = f;(v) must hold,
as verified by the algorithm). Thus, the algorithm will either return “Yes”
correctly before branching into M U {M,}, or eventually branch into it. We
know that M U{M,} leads to solution M" and, by induction, we may assume
that this recursive call will return a positive answer. Thus the algorithm will
also return the correct positive answer in this case.

Consider the complexity of the algorithm. We can argue that each recursive
call takes time O(n). First, we must check that M is order-consistent. Note
that M has O(n) fixed-matches, and that we can sort M with respect to the
order of appearance of their markers of s, from left to right, in time O(n) (using
e.g. bucket sort on the position of the markers). In this sorted order, we can
then check that the ¢ integers appear in strictly increasing order, as required
by Definition 3. We can do the same sorting procedure for the markers of ¢,
thereby checking order-consistency in time O(n). The construction of G(M)
can also be done in time O(n). Indeed, the values of each I/ (v), rpr(v) can be
computed in linear time for each marker v in one pass through s and ¢. We can
then find the LL edges as follows. For each fixed-match of (z,y, 1, j) of M that
uses ¢d or flip, we check whether {x —h,y —h} should be an LL edge, starting
with h = 1 and increasing it iteratively by 1. As long as fj(z —h) =y — h,
we mark {z — h,y — h} as an LL edge, and we stop iterating when either:
fj(x —h) #y— h; one of x — h or y — h does not exist because it is out of the
bounds of s or t; or one of them is in another fixed-match of M. Since f; is
simple, this process of extending to the left as far as possible guarantees that
{z — h,y — h} is labeled LL if and only if f;(s[z — h,z]) = tly — h, z] for the
valid values of  — h and y — h. This finds LL edges in time O(n), since every
marker is considered by at most one fixed-match edge. A similar process can
be used to find LR, RR, and RL edges. Checking for odd paths in G(M) can
be done in linear time since it has O(n) edges. Then, the linear time spent to
generate each input sent to the recursive calls can be charged to the edges of
the recursion tree. Finally, note that there is no additional complexity hidden
in the PCSP algorithm.

Let us now bound the number of recursive calls made. When branching
on an odd path, there are at most 2d markers on the path if F' C {id, urev},
i.e. at most d in s and at most d in ¢ that are all markers with the same
symbol. If F' C {id, flip, rev,urev}, there are at most 4d markers on the path,
since we must count the symbol and its negation. Moreover, we assign j as
one of the ¢ possible block numbers for the next fixed-match to be formed.
Once this block number is chosen, we match u with at most d possible markers
from the other string (this is true whether f; € {id,urev} or whether f; €
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{flip, urev}). Therefore, we always branch into at most 2d - ¢ - d possibilities
when F' C {id, urev}, and at most 4d-¢-d otherwise. We never make more than
¢ matches, so we have a search tree of degree at most 2d>¢ and depth at most
¢ in the first case, and degree at most 4d%¢ and depth at most ¢ in the second
case. Since each call takes time O(n), we get the claimed complexity. O

4.3 Consequences.

Theorem 1 and Theorem 2 can be combined to deduce that several distances
can be computed in FPT time with respect to parameter k + d. It suffices to
express these distances as operations and plug in the complexity values.

Theorem 3 Assume that s and t have at most d occurrences of the same
character and let k be the distance between s and t, for a given distance. Then
the following results hold:

the transposition distance can be computed in time kO*) d0k+2n,
— the block interchange distance can be computed in time kO¥) d8k+2p,

the flip, reversal and unsigned reversal distances can be computed in time
kO(k)d4k+2n

— the p-cut distance can be computed in time (pk)C PR @2k(p=1+2p,
for any subset P of operations among transpositions, block interchanges,

reversals, unsigned reversals or flips, dp(s,t) can be computed in time
ko(k)d8k+2n,

where the constants in the O(k) exponent depend on the specific type of dis-
tance.

Proof We use Algorithm 1 to compute the distances, which in turn uses Al-
gorithm 2 as a PCSP solver. Notice that Algorithm 1 only returns yes or no
answers. To find the actual distance between s and ¢, we iterate from ¢ = 1
to k and ask whether dp(s,t) < 4 for each such 4. This requires k calls to
Algorithm 1, which multiplies the complexity by k. We ignore this factor in
our analysis and hide it in the k°) factor that is present in the complexity
statements.

As for the claimed time bounds, first take notice that in every case, we will
argue that |H(k)| has constant size. We will therefore ignore the n|H|[H(k)|3
term in the complexity stated in Theorem 1, as the (|P|p)* (k(p—1)+p)*®P=Dg(¢,n)
term will always dominate by assuming that g(¢,n) € £2(n).

For the transposition distance, as we mentioned it can be modeled as an
operation of the type s1|sa|s3|sq — s1|$3]$2]84. This is an operation that uses
p = 4 and H = {id} (which implies |H(k)| = 1). Given that PCSP can be
solved in time O(d?(2¢)’n), we can plug in the values in the statement of
Theorem 1, using ¢ = 1+ k(p—1) = 3k+1, and decide whether dp(s,t) < k in
time O(4% (3k+4)3Fq2(3k+1)(2.(3k+1))3**1n). This complexity is k°*) @6k+2p,

For block interchange distances, we model them with operation s1|s2|s3|s4|s5 —
$1|84|83]82|85. This is the same as above, but with p = 5, which changes the
complexity to kOF) g2#h+1)p,
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For flips and reversals, we use the operation si|sa|ss — s1|f(s2)|s3, where
f e {flip,rev,urev}. Here, p = 3 and |H| = 2 since each block is either affected
by id or f. We thus use ¢ = 2k + 1 and the O(d?*(4¢)’n) time algorithm for
PCSP. Moreover, |H(k)| = 2 since composing i¢d and f functions can only yield
the identity or the reverse, for each of f € {flip,rev, urev}. Theorem 1 gives
a complexity of O(3%(2k 4 3)%kd*+2(4- (2k 4 1))?t1n), which is kO*) d*+2p,

For the more general p-cut distance, we have |H| = |H(k)| = 1 and ¢ =
1+ k(p —1). We can plug in the values in Theorem 1 to get O(p*(k(p — 1) +
p) =D @20+EE=1) (2. (1 + k(p — 1)))'+*P=Dpn). Assuming k > 0, aside from
the exponential factor with base d, the other factors can be upper-bounded by
(2pk)P*, which makes the contribution of these factors (pk)©®*),

Finally, allowing P to contain any subset of transpositions, block inter-
changes, reversals, unsigned reversals and flips, we get that each operation P is
a 5-operation. We thus use p = 5 and ¢ = 4k+1. Moreover, |P| < 5, and |H(k)|
is bounded by a constant b < 4 since composing id, flip, rev and urev can only
transform a string in at most four possible ways (it can be seen that the four
functions listed form a subgroup, so that from s only id(s), flip(s), rev(s),
or urev(s) can be attained by composition). Plugging into Theorem 1, the
complexity is bounded by O((25)*(4k + 5)*d8*+2(4 - (4k + 1))**+1n). This is
ko(k)d8k+2n. O

5 Conclusion

We studied a new version of the famous Minimum Common String Parti-
tion problem, called the Permutation-constrained Common String Partition
(PCSP), where we are given two sequences s and ¢ with the same content and
a permutation 7 on [¢], and the problem is to decide whether the two sequence
can be decomposed into ¢ blocks while agreeing with . Although PCSP is
W][1]-hard when parameterized by ¢, we show that it is FPT for parameters £
and d, i.e. if s and t are both d-occurrence sequences. Moreover, we have shown
that computing the distance between genomes exactly reduces to PCSP under
several well-known string operations. This leads to FPT algorithms in param-
eters k and d, where k is the distance between the genomes. Our framework
is general and support any finite combination of rearrangements that can be
represent as permutations of blocks affected by simple string functions.

Let us mention that our PCSP algorithm made implicit use of the fact
that some substrings of the partition could be empty. Indeed, this allowed us
to stop branching immediately after finding a complete set of fixed-matches,
even if the size of the common partition was strictly below ¢. Although this
is inconsequential for the rearrangement distances of interest in this work,
requiring a partition into exactly ¢ non-empty substrings is an interesting
question. It is not obvious that our algorithm could be extended to this case,
as one would need a post-processing step to disentangle the missing blocks of a
complete fixed-match set. We leave this question open, as well as the question
of extending our framework to string functions that are not simple.
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