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Abstract:
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identifying the failure mechanism. The reactions in the connection were determined by the direct
stiffness method. The weld stiffness coefficients were derived by applying Castigliano's second
theorem to a curved beam model of the weld and the contact stiffness coefficient was determined from
misaligned roller bearing equations. Stresses in the weld were estimated from the curved beam
formula. It was discovered that stresses at the inner radius of the weld were high.

The failure mechanism was identified as the low rotational stiffness of the root contact reaction which
allowed the weld to rack. The higher rotational stiffness of the weld then carried a larger proportion of
the moment which induced high stresses at the inner radius.
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~ ABSTRACT

An analytical study of a statically indeterminate welded connection was performed
for the purpose of identifying the failure mechanism. The reactions in the connection
were determined by the direct stiffness method. The weld stiffness coefficients were de-
rived by applying Castigliano’s second theorem to a curved beam model of the weld and
the contact stiffness coefficient was determined from misaligned roller bearing equations.

Stresses in the weld were estimated from the curvéd beam formula. It was discovered

that stresses at the inner radius of the weld were high.

The failure mechanism was identified as the low rotational stiffness: of the root con-

tact reaction which allowed the weld to rack. The higher rotational stiffness of the weld
then carried a larger proportion of the moment which induced high stresses at the inner
radius. - _ _ .




“INTRODUCTION

Thé Rapids Machinery Company of Marion, lowa, designs and manufactures mixers
for the chemical processing. industries. Mixers mahqfécfured by the company‘ have per-
formed satisfactorily. Howeyer, the shafts'of a few mB_cers have failed after extended per-
iods of service. Such fa’ilﬁres are infrequent, but costly, siﬁce the Rapids Machinery Com-

pany must modify the mixer to accept a redeéigned shaft.

A shaft that failed in service is shown in Figure 1. The shaft was mounted in a contin-

uous r_nixer which operated approximately 8.5 million revolutions. An approximate analy-
sis of the shaft revealed that the major principal.stress in the shaft was 45 ksi, which ex-

ceeded the material’s endurance limit of 39 ksi {Graham, 1978). The diameter of the

shaft was increased from 2-7/8 inches to 3% inches; unfortunately, the larger shéft also”

failed in service, Failufe of the larger shéft suggested that the failure mechanism was not
caused by an undersized main shaft. o

The purpose of this project is to identify the failurel mechanism and to suggest alter-
native designs that would increase the shaft life.

First, the fracture surface was inspected for clues to the failure mechanism. Figure 2
shows the top of a hole that accepts a mixer arm. The mixer arm is attached by bringing

it to bear against the side of the hole and welding.it to the shaft. Faint beach marks that

radiate from the top of the hole are visible in Figure 2a. These marks suggested that the

. failure mechanism was initia;_ced at the point of contact between the arm and the rim of
" the hole. The contact stress, ‘When combined with the torsiqnal and flexﬁral stresses in the
shaft, could have developed a maximum normal stress that exceeded the endurénce limit.
| The broportion of the total load supported by the contact stress depends on the rela-

tive stiffnesses of the shaft and weld. The relative stiffnesses of the weld were estimated




Figure 1. Interior of a typical continuous mixer.




Figure 2.

Cross section of a failed shaft.



Figure 2a. Beach marks on the failed cross section.
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wnth curved beam equatlons modlfled for the circular shape of the weld. The analogy of a
roller bearing provided an estlmate of the contact stlffness with the hole rlm The misal-
ligned roller bearlng analogy was also used to estimate the contact force at the hole root.
Compatibility equations ‘were derlved assuming that the arm segment wuthm the hole
rotated and translated asa r|g|d body

“The- force and dlsplacement equatlons were solved snmultaneously and the contact .
stress calcullated from the contact force. The contact stress at the hole rim was fo_und to
be insignificant. | |

Although the .ct)ntact stress was small, it was evident that the weld stresses from arm
rotation and displacement cou ld be high enough to mltlate failure. The weld stresses were

' determlned by imposing the dlsplacements at the critical section on a umt Iength curved -
beam The stlffness coefflments for the unit length curved beam were calculated and mul-
tiplied by the di_sp'lacements to provide forces and moments. The stress at the inner radius
was calculated by the :curved'beam formula. It was found that weld racking does proddce
stresses of sngmfncant magmtude to cause yielding and ultlmately failure.

The second moment area theorem was applled to the freebody diagram to determlne
the influence of arm flexure on weld rackmg. It was determined that flexure did con-
tribute to the fallure |

Two factors comblned to produce the fallure mechanism. Flrst the root contact de- _
flection allowed the arm to-r‘otate rigidly which induced high stresses ln the weld. Second,
elastic flexure of the arm rotated the arm in the weld which induced additional stresses -

" in the weld.




MECHANICAL PROPERTIES OF STAINLESS STEEL

Types 304 and 316 austenitic stamless steel a.re USed in chemlcal processing mlxers
Both types are easily welded ( Lmnert 1977:232). Type 308 stainless steel rod is used
to ‘join type 304 base metal and type 316 rod is used to join type 316 base Ametal. The
submerged metal arc welding method is commonly hsed,and' provides joints'that with- . .

stand heavy fatigue loads (Zapfee, 1977:9). o
‘ Research has mdlcated that the weld metal generally has better fatigue reslstance than
the base metal (Shahinian, 1972:5325). The fatlgue reslstance is attributed to the high
tensile strength, ductility, and hardness of the metal (Zapfee, 1977:9). .

The endurance limits are 35,000' pounds per square inch for type 304 stainless steel
" and 39,000 po(mds per square inch for type 316 stainless steel (Zapfee, 1977:11). The |
endurance limit is defined as 'the stress at which 50% of the‘test specim'ens will survive ten
million strees re\‘/ersals (Boresi, 1978:147). |

Ih general, the fatigue. mechanism involves cyclic strain hardening until all of the duc-
tility is expended. The brittle fracture takes place as microscopie shear failqres (Sandor, ‘
1972:142). | | |

.Table 1 provides the static mechanical properties of.. stainless steel used for mixer

shafts (Shahinian, 1972:5288; Parker, 1977:96).




Table 1. Mechanical Properties

Compression
0.2% Yield Ultimate Reduction Uniform
Temperature Strength Strength of Area Elongation  Poissons

Material F . ksi ksi % % Ratio
304 Plate 77 - 370@  gzglal 65 57(b) 24
316Plate - 77 441l gl 70 . eslb) 26
308 Weld 77 - 66.0 1074 65 plate 65

316 Weld 77 50.9 98.1 , 73

(8) Tensile data. . 3 : ‘
Tensile total elongation.




APPROXIMATE LOAD ANALYSIS

Thé loads on thé mixer blades are not krioWn. However, a plausible load distrib'utiori_

can be estimated from the following parameters:
1. Motor horsepower

Shaft speed

| Length, diameter and density of the mainshaft

Bearing locations |

Disfance from the shaft center to the blade tib
"Number of blades

Blade locations

® N O o A N

BI_agle pitch

9. Gear reducer weight

A typical torque arm reducer is shown in Figure 3. Thq.mixer had a ten horsepower
motor mot_mteci on a 380 pound reducer drive. The enfire drive weight was.carried by the
2-7/8 inch diameter mainshaft into the bearings. The mainshaft was driven at 33 revo-
lutions per minute.

The torque on the shaft Was calculated from the motor horsepower and shaft rota-
tional speed. The equation is

33000 ft-lbs 1 Rev _
HP minute RPM 27 radians

Torque = horsepower

5252 horsepower/RPM
5252 (10/33)

Torque = 1591 ft-bs




Figure 3. Torque arm reducer drive.
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A plan view of the shaft that failed in service is shown in Figure 4. The position in

" Figure 4 shall be considered to be a datum position. The loads on each blade depend on

the o'rientati‘on of the shaft. Each 90° 180°, and 270° rotation of the shaft from the

datum position provides a separate Ioad posrtlon The shaft rotatlon is clockwise when

one views the shaft from the keyway in Flgure 4

The materlal to be mlxed is dropped in at station 15. Blades 15 and 14 are pltched at '

45°\so that the material moves from right to left. Blade 13 is pltched so that the flow is

reversed. Each set of three blades contmues the process until the mlxed material dis- =

charges out of the bottom at statlon one.

It was assumed that the forces on blades sweeping downward and across the bottom

balanced a major portion of the apphed torque. Forces on blades sweeping upward and

across the top balanced a minor portion of the torque.

The'shaft was not symm.'.etrical because there were three blades in one quadrant and
fodr hlades in the three remaining qu.adrants.' Intuitively, one would expect that three
downsweeping blades wou Id carry more force per blade than four downsweeping blades.
The following method was used in order to obtain such a load dietribution.

The datum position in Figure 4 ,shows four bIades sweeping downward. The- total

1591 ft-lb torque was distributed to the four blades, which resulted in 397.7 ft-lbs per

blade. There were three blades sweeping across the bottom. The total 1591 ft-lbs torque-

was distributed to the three blades and resulted in 530 ft-lbs per blade.

One wouid also expect the upward sweeping and topward sweeping blades to carry .

comparatively smaller loads. Those loads were estimated by dividing the total 1591 ft-lbs




4 5 6 7 8 9 10 11 312 13 14 5

14 SPACES AT 8 is/32° {

< o 5 5 = < o o o & o o

i3-67/16"

Figure 4. Machinist’s drawing of a shaft that failed in service.
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torque by fifteen blades, which pfovided 106 ft-lbs per blade. The 106 ft-lbs average
was assigned to the eight upward and topward sweeping blades. |
The'total torque on the shéf‘t was summed and the result was 4030 ft-Ibs. Since 1591
ft-lbs wés the maximum possible torque, a reduction factor was calculated by dividing
1691 by 4030 which equals‘..?..95. The 397.7, 530 and 106 ft-lbs per. blade torques were
multiplied by the .395 reduction’ factor to give the final torques for each blade. They
were | '
167 ft-lbs downsweep
209 ft-lbs bottomsweep
41.8 ft-lbs upsweep
41.8 ft-lbs topsweep
The distance from the shaft center to tﬁe extreme blade edge was 12 inches. It was as-

sumed the force on the blade was applied two inches from the extreme edge, which is 10

inches from the shaft center. The component of the blade force that acts perpendicular to

the mainshaft was the blade torque divided by the 10/12 ft moment arm. The blade

forces are given in Table 2.

Table 2. Perpendicular Blade Forces for the Datun Position

Torque per Blade Moment Arm Blade Force
Sweep Position - (ft-Ibs) - (ft) (Ibs)
Down : 157 ' 10/12 189
Bottom 209 10/12 : 250
Up - 418 10/12 - - 50

Top : 418 . 10/12 50
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'fhe blades were pitched 45°. Therefore, there were force components parallel té the
mainshaft. The magnifude of the force parallel to the main shaft was assumed equal to
the force berpendicular to the mainshaft. Forces parallel to the mainshaft contribute to
mainshaft Eending but do not affect the total torque.
Similar calculations were carried out for the three remaining load bositioﬁs so that the
horizontal and vertical bearing reactions could be determiﬁed. Table 3 gf\)% the arm loads

and bearing reactions for the four load positions. The stationary shaft coordinate system,

applied loads, and bearing reactions are shown in Figure 5 for the 270° load position.

Table 3. Blade Forces and Bearing Reactions for All Load Positions

Sweep ‘ . .
Down Bottom  Up Top Bearing Reactions, Ibs

Load ' Station 1 Station 15

Position Force lbs Fx Fy - Fx Fy

Datum . 189 250 50 50 277 -65 272 480

90° 194 194 51 . b1 368 -54.3 204 401

180° 194 194 51° 51 334 36 289 363

270° 250 289 50 50 260 - 3 306 418

Consider the 270° load position. The’ perpendicular blade forces are translated to the
mainshaft in Figure 6 with t-he associated equivalent couples omitted for clarity. In the
YZ plane the down-sweeping blades forced the shaft into negative curvature. The weight
of the reducer drive increased the negative curvature and blade forces parallel to the main-
shaft applied concentrated couplés to the shaft. The weight of the shaft acted to reduce

the negative curvatire and consequently the negative moment.




Reducer _
I5 Weight _¢
14 g 380

12 :
I Bearing ot %
s 10 i Reaction f> -lbs
'

14}

>

— 189

Lgearing Reaction

Figure 5. Applied loads and bearing reactions for the 270 degree load position (pounds).
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Figure 6. Perpendicular blade forces translated to the mainshaft (pounds).




16
. In the XZ plane the boﬁom-sweeping blades forced the shaft into negative éurvature.
: C;)ncentrated coup'les were also present but the shaft weight and gear reducer weight wefe
" not. |
Bendi'né moments were summed at each arm for thé four load positions. ‘Tﬁe maxi-
mum bending moments were, in general, at station 9. Table 4 lists the bending moments

about the'stationary X and Y axis for each load position.

Table 4. Bending Moments at Station 9

. Load Position . Mx (in-lbs) My {in-Ibs)
Datum ' _ : 2548 . - - 14200 -
a0° ' _ 9264 9531 -
180° o 9108 13200

270°- : 8278 : 14400 -




THE CONTACT STRESS FAILURE MECHANISM

The contact force and corresponding contact stress in the weld was 6alculated at
station 9. A crcéss section of the welded arm-to-shaft cbnnection is shown in Figure 7. Tﬁe
mainshaft was drilled .o;'\e_i_nch deep and reamé’d to accept a one inch diarﬁeter arm. A
force was abplied to the blédé so that the arm would firmly contact the hole rim and hole
foot‘ while the arm was Weld‘,ed' into pllace. Several passes _Weré made with_ the welding rod
to build up a fillet;ppro*irhatelhy the size and shabe éf that shown in Figure 7. The weld
flux was cf\ipped off ~and the weld was wire brushed bétweeﬁ passes.

Tﬁé weld force and root contact force act as an indeterminate system of reéctions
that balance the blade force. The Blade fofce and weld reactions perpendicular to the
shaft are shown in Figure 8. The circular shape of the weld is the primary r'egson for the
complexify of the system. |

Part of the weld reaction is transverse. In Figure 8 the transverse reaction is labeled

tension and compression. Due to symmetry, the force.in tension and compression are -

equal.and will be discussed cdllectively as tension in:the weld.

Part of the weld force acts parallel to thg blade force. That portion of the weld is
labled as horizontal shear in Figure 8 Horizontél shear acts primarily at the location
. shown in Figure 8a, which is adjacent to the critical section.

" A vertical shea|; reaction occurs when the arm rotates under load. Vertical shear re-
sists the rotation by forming a couple.
. Arm rotation also induces a rotation of the weld faces. An analogous problem is the

application of a c.once'ntrated moment to the end of a cantilevered curved beam.




Blade Force }"_ b _—‘l

Fillet Weld
SARRGE NG
3/16"Curved

Beam lement B | Contact
Element A
B
v 332"
Root
Contact ;
Force

Figure 7. Cross section of the arm to mainshaft welded connection.
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Horizontal

Moment

Tension

Contact and
Weld Compression

Horizontal

Shear

Figure 8a. Plan view of the weld.

Vertical Vertical
Shear i _~Shear
o

Contact and
s eld Compression

Tension

S \Jorizontal
I Shear

o L, 8
Contact
Force

Figure 8b. Cross section of the weld.

Figure 8. Possible weld reactions.
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A contact force between the arm and hole rim is induced when the bl'ade'i.slloaded. It
acts at only one point. A contact force also acts at the hole root. Its action resists rotation
of the arm by forming a moment ebodt the weld.

| "The total horuzontal reactlon in the weld is the sum of the horlzontal shear, tension,
and contact reactlons All of the reactlons are related: by the arm dlsplacement W|th|n the
weId The amount of force each reactuon accepts is determined by its stiffness relatlve to
the total weId stiffness. It was anticipated that the contact stress would be hlgh, whlch

' implied that the contact force was also high. This would require that the contact force
must have a stiffheee_ coefficient greater than the tension and shear coefficients.

"The stiffness coefficiente ‘of the weld were determined by epplying Castigliano’s
second theo.rem to a curved beam. The contact stiffness for the weld and root contact
teactions were derived from misaligried roller bearing equations. | |

A planar analogy of the arm reactions is given in Figure 9. Summing moments about
.'Pc yields the first equation and summing horitontal and vertical forces ‘the second and

. third equations.

ZMP, =l0'= -We + PyD + 2Vr + M | A
EFx =0=W-P+Q S (2)
Fy =0=V -V o ' - @3

The equilihrium eguations are statically indeterminate and were rewritten.in terms of
the stlffness coefficients and dlsplacements

—W!z.+(|<s+Kt+|< ) 8,,D + 2rK 8, +Kmo,,, 0 (1a)

w)sw + Kb =0 ' (2a)

Equation 3 does not:provide additional information.
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Blade Force W .

P,, Vertical

,/// Shear

Tj [_.___ 2 Weld Reaction
D & M Moment

Av}._Zr ._ﬁ

Root Contact Pc

Figure 9. Planar analogy of the arm and blade force reactions.
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Independent variables:

w = Perpendicular blade force

Kg = Stlffnes coefflcnent for horizontal shear
Ky = tension

Kew = " " " - weld contact

Ky = " " " vertical shear

Km = " " " weld moment

Ke = " " " root contact

Dependent variables:

By = Dlsplacement of the weld-contact reaction
¢ = " " root contact reaction
by = " " " vertical shear reaction -
6m = Rotation of the arm. at the weld _
8¢ = Theangle of contact between the arm and hole.

The unknown displacements were related by assuming the armtrénslated and rotated
as a rigid body.. Figure 10 iIIQstrates the rigid body rotation and displacemen‘.c of the weld
and réot contact force. It was assumed that the weld displacement does np"c contribute
significantly tothe rigid"body rotation at the,arrr;. This assumption was verified to b‘é cor-
rect later in the analysis. |

The variable 0, has been defined as the angle of contact between the a_rl‘n'and‘ hole.

Later in the analysis it will be demonstrated that 0 is a variable required for the stiffness

coefficient in contact. The variable T is the difference of the hole and arm diameters. This -

analysis assumes that T is equal to .002 inch.
The variable 6, is the rigid rotation of the arm in radians and 3, is the vertical shear
displacement. The rotation and displacement variables were derived in terms of the root

contact displacement § ..
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5,

Pcn“

] TR

Figure 10. Rigid body relationships of the weld and contact reactions.
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m =3

SCT'
8 =

The radius of the arm is the ‘constant r and D is the distance from the root contact-

force added to the radius of the curved beam model of the weld.
The compatibility equations' for "’.m and §,, Were substituted ._into Equation (1a) a'ﬁd
Equation (1b), which resulted in two-equations in two unknowns. -
| K5,

. . ' m-~c e
.—Wsz + (Kg+ K+ Ky ) 8D + 2rPK 5, + -5 =0 (1c)

W - (Kg+Ky+ Koy 8y + Kebg =0 - ‘(2c)

The independent variables are the weld displacement I and the root contact dis-

placement & .

Derivation of the Stiffness C'oef;ﬁcientsl

Castigliano’s second theorem as applied to curved beams was used to determine the

stiffness coefficients (Boresi, 1978:354).

Figure 11 shows a curved beam with an outer radius of 3/16 placed within the fillet.

weld. The inner" segment is. filled, but inactive due to the tolerance so the inner radius
chosen was .002 inch. Neglecting the inner segment probably underestimated t.he stiffness
of fche weld, which, in turn, underestimated the vshear force and moment that the weld

" carried. |
The total strain energy-fdr a curved beam was derived fc'>r the condition of plane stress.

An element of weld is actually a slice of a toroid which is more closely a condition of
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.002"
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Figure 11. Curved beam representation of a fillet weld.




26 .
blain strain. The effect is that the stiffness coefficients were probably underestimated and
~ the weld actually carried more shear force and moment than predicted.

The total strain energy U for a curved beam is given' by Equation 4 (Boresi, 1978:

U = KV? Rdo }N’ Rdé Amiix2ds foNdB )
- 2AG 2AE 2A(RAm-A)E EA T

The material constants 'are:" shear 'modulus, G =11.1 x.10¢ psi; Young's modulué, E =28

356).

x 10° psi; shear factor for a rectangular cross section, K = 1.5. The shear, normal force,
“and bending ﬁlomgnt are denoted to be .V., N, and Mx. '
The int'e'gral was 'takgﬁ over the arc of the beam. For this analysis the .ar'c was zero to
/2. . | ’
The geomet.ric constants are illustrated in Figure 12.

The deflection of the free end is equal to the strain energy differentiated with respect

to thg applied load at the freeend. -

L
L)Y/
. _au
N 3N

.U
0m=.__.._

oMo

This analysis treated each applied Idad separately to obtain the individual stiffness

coefficients.

.
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A=b (c=-a)
Am=bln(c/a)
R=(a+c) /2

o =12

max

Figure 12. Curved beam geometry.
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Stiffness Coefficient in Tension. The stiffness coefficient for tension on the weld was

derived from the freebody diagram of Figure 13a. The equations for shear force, normal

force, and bending moment at a section are

\'%
N
Mx

Psing
Pcosé

-PR(1 - cosd).

Substituting into Equation 4 and integrating over n/2 yields the total strain energy, U.

Differentiating the energy with respect to P yields the deflection, sp,

the direction of P.

Algebraically the sequence is

of the free end in

n/2 /2 /2
. {KRP’sin’O do  (RP?cos’0 do  (‘AmP’R’(1-cos9)’ do
A E 2AE (RAm - A)E
o 2AG 5 2A G2AE (RAm - A)
n/2
SP’ Rcosé do
EA
n/2 n/2 n/2
oU _ . _ (KRPsino do fnmmwda+fAmeu-medo
ap P AG AE AE (RAm - A)
0 0
/2

4 $2PRcoso (1-.cosd) do

EA

0

nKRP i 1.215 RP

3rAmPR?

% = aAG

-+
AE 2AE (RAm - A)




Y
My
\'4 v
©
b 4 _
V=Psiné V=P, cose&
N=Pcoseé N=vaina
Mx=-PR(l-coso) My,=-PyRsine
Figure 13a. Tension Figure 13b. Vertical Shear

Figure 13c. Moment

Figure 13. Freebody diagrams for the derivation of weld stiffness coefficients.




30

v = .26 poissons ratio
K = 1.5 shape factor

4.183 RP A 4.712 AmPR?
R AE AE (RAm - A)

Solving for the form

# (RAm - A) AE :] s

8 =P
P [4.183 R(RAm - A) +4.71 AmR? ;-
Substituting Am, A and R from Figure 12 yields
)
(%—blnS— b(c-a)) b(c-a)E _]
4 att atc ¢ arer o i
4,183 — (— bin—- b(c-a)) +4.712 — bIn-
ool a 4 a
bp = by
+C
bE (c—a)(a—— InE - c+a)
< 8 s (5a)
dw = P,

+
2.09 (a+c)(‘12—° InS- cta) +1.18 (a+c)? InS
a a

The stiffness coefficient in tension, Ky is the quantity within the brackets. It is
valid for a straight weld and was modified for a circular weld by substituting
b = 2ar
for the weld length. The variable r is the radius of the arm.
The displacement &, was for a circular weld and was also modified. Figure 14 shows

a toroidal segment of weld and the rigid arm displacement in the radial direction. The
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Axis of Rotation

§=4 cosd
-
Toroidal Weld . ik ,
Segment : ,’/
S_+_
-4
0 " » L

Figure 14. Displacement relationship for a toroidal weld segment.

-
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radial displacement for the segment is
& = &, cosp
Since each segment of weld, rd¢ is translated differently, an effective displacement for
the entire weld length was calculated. That effective displacement was the square root

of the mean of the squares, commonly referred to as the RMS value. The RMS value is

\2

5eff = —2— 5w.
Substituting the weld length and effective weld displacement into Equation 5a yields the

stiffness coefficient in tension for a circular weld.
atc
4.44r(c-a) E (2—In E;— - c+a)

Sw atc ¢ c ks
2.09 (a+c)(TIn ;— c+a) + 1.18(a+c)’|n;

o (5b)

4.44r(c-a) E (i;iln %— c+a)
1 i atc ¢ c (5c)
2.09 (a+c)(—2—ln o c+a) + 1.18 (a+c)? In;

Stiffness Coefficient in Vertical Shear. The stiffness coefficient for vertical shear on

the weld was derived from the freebody diagram of Figure 13b. The equations for shear

force, normal force, and bending moment at a cross section are

vV = Pvcoso
N = vaino
Mx = —PvRsino
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Substituting into Equation 4, integrating over n/2 and differentiating with respect to Py

yields the simplified equation

: 4AE (RAm - A) -
v [21.3R (RAm - A) + TAmR? v

Substituting Am, A, and R

4b(c-a) E(c+—alnf - c+a)
2 a

) =P
v cta cta ¢ (cta)? c| 'V ()
213 — (—In—-c+a) +n In—

25 il a a

The stiffness coefficient K, is the quantity within the brackets of Equation 6a. It is
valid for a straight weld and was modified for a circular weld by substituting
b = nr
for the weld length. The length is for only half the weld because it was coupled with the
remaining half through the effective moment arm.
The effective displacement is also the root-mean-square value of the maximum dis-

placement
Suett " (gl
substituting into Equation 6a the weld length and the effective displacement yields the

stiffness coefficient in vertical shear for a circular weld.

cta ¢
8.88r(c-a) E (—2 In; - c+a)
8y ot (6b)
cta ¢ c
10.65 (c+a)(—2— In; - c+a) +.785 (c+a)? In-a—
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+
8.88r(c-a) E (%ilng - ct+a)
Aty cta ¢ c (Ge)
10.65 (c+a)(—2—— In - c+a) + .785 (c+a)? In s

The vertical shear in Figure 9 was replaced by an equivalent system of a forceand a
couple, In the planar analogue of Figure 9, the couple arm was assumed to equal 2r
which is no longer valid and must be replaced with the effective radius. Figure 14 demon-
strates that the distance from the axis of rotation to a toroidal segment is the cosine
function

r' = rcosp

The effective radius is again the RMS value.

\2

it ™ 5
The vertical shear force from one-half the weld was coupled with the adjacent half

through twice the effective radius.

2V2 }
2
d = VE r

Equation 1c was modified later in the analysis to reflect the new vertical shear couple.

Q.
]

Stiffness Coefficient for Moment. The stiffness coefficient for moment on the weld

was derived from the freebody diagram of Figure 13c. The equations for shear force, nor-
mal force, and bending moment at a section are

V=20

N =0
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Mx= Mo.
Substituting into Equation 4 and integrating over n/2 yields the total strain energy, U.

Differentiating the energy with respect to Mo yields the simplified equation

2AE (RAm - A)
=M
Om [ mAm ] g

Substituting Am, A, and R

AT g F O
2 a

Om . = Mo (7a)
mlin—
a

The stiffness coefficient, K ,,, is valid for a straight weld and was modified by substituting
b = 2ar
for the weld length.
The effective rotation also follows the root-mean-square value as with the previous

derivations.

V2

Omeff = 5 m
Substituting the weld length and effective rotation into Equation 7a yields the stiffness

coefficient for moment applied to a circular weld.

+
2.83r(c-2) Ef= InS - c+a)‘]
2 a

0
i c
In — J
a

+
2.83r(c-a) E(-(Ez—a In;c - c+a)
K = S (7c)
In -
a

= Mo (7b)
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Stiffness Coefficient for Horizontal Shear. The horizontal shear stiffness coefficient

was developed from Figure 15 (Oakberg, 1979). A displacement, U,, induced by the

shear force Ph is assumed to be linear with 0.

The other displacement components are assumed to be zero. There is only one non-

zero strain component if cylindrical coordinates are employed.

191 auz auz
60 B e — — e c—
z 2| Ra6 0z

U,
e T 8
200
The shear strain reduces to
& [}
9, ~ 2R

The shear stress is related to the shear strain by the shear modulus, G.

Taz s ZGGOZ
AR
Toz == G 'ﬁ

The force per unit length is equal to the shear integrated over the radius

F C

z =a{10zdn
Cc

F=Gébln-
a

The weld displacement, U,, is §,, at 6 equal to n/2. Dividing the force by the relative dis-

placement yields the stiffness coefficient




Y, ERA

Figure 15. Horizontal shear relationships.




Gébins
a
h S /2
2Gb In &
a
0 e N (8a)

The adjustment for a circular weld is identical to the tension and moment coefficient ad-

justment.
b = 2ar
_\2
Sweff = 5 Sw
c —

by [283Grin | = Py (8b)

c
K¢ = 2.83Grin — (8c)

a

Stiffness Coefficient for Contact. The stiffness coefficient for contact was developed

from misaligned roller bearing equations originally derived to determine the maximum
equivalent line load between the bearing and race (Daring, 1964:177). In this analysis
the arm acts as the bearing and the hole acts as the race.

Figure 16 illustrates the misaligned roller bearing geometry. The first equation deter-
mines the minimum deflection of the two contacting surfaces. Since the arm and hole
lose contact, the minimum deflection Yo, is equal to zero.

AP, 0,.L

i A
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¥ Y Shaft

Wpgy

Figure 16. Misaligned roller bearing geometry.
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_8(1-v?)
nE

The equation was solved for L, the length of contact. The variables are

v = poissons ratio, .26
0. = Angular misalignment between arm and hole
P, = Resultant concentrated force
2AP,
L= (9a)
O¢

The second equation determines the equivalent maximum line load.

Pk
Wiriay .= 1 T (9b)

Substituting Equation 9a into 9b and simplifying produces

2P0
c’c
Wmax = A (9c)
The maximum deflection of the entire system is
8¢ = AWnax
2P0
cvc
P A (9d)

Equation 9d was solved for the force P in terms of the stiffness coefficient and the maxi-

mum displacement.

(9e)

PR [ A (9f)
¢ 16 (1-v?)
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The quantity within the brackets is the contact stiffness K¢ The contact angle 6,

was substituted into Equations 1c and 2c in terms of the independent variable § c

Order of Magnitude Study of the Stiffness Coefficients: Summing forces th the weld
results in the equatibn .

) 2

Kew w.

+ (Kt+Ks)6w_= 'Pw.

Oc
‘ It was evident that the contact force in the weld Was a higher order terrh of the weldl
deflection. Higher order terms of small numbers may often be disregarded .becau.se of
their sm'all influehée. It Wés desirable to check if the contact force in the weld was in-

significant before solving Equations 1c and 2c so that the weld contact force could be

omitted. Substituting values for the stiffness coefficients of the approximate order of-

magnitude will provide an estimate of the force carried by contact in the weld.

All of the stiffnesses contained Young’s modulus or the shear modulus so an approx-

imate stiffness was 1 X 107 psi for K¢ K¢, and Kc.' The angle, 6 ;, was dominated by the
tolerance term. An approximation from machining capability was 0.001 radians. A weld

displacemént of 10~ was the only practical value for the weld displacement. A weld

displacement of 10 will resuit in a total weld force greater than what is phyéically :

‘possible. _
107 (1075 )2

e 107 +1X 107)10% = P

w

1 + 200 = P,
The contact force was ‘apparently insignificant and was disregarded in the solution

of Equations 1c and 2c.
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Solution of the Equilibrium Equations

Neglecting the contact force in the weld and substituting the compatibility equations

into Equations 1c and 2c results in Equations 11 and 12.

5 K Ky or2|2
c'm V' C
-We + (Kt+Kc)&wD + 5 + = =0 (11)
Kchsc2
Ak + siasnapniiesuianics I
W - (K¢ Ks)zsW + BT 0 (12)

Equation 12 was solved for 5,,, the weld displacement

W, +T)+K8.2D

K+ K+ oW i

Equation 13 was substituted into Equation 11 and Equation 11 was solved for 5, the

root contact displacement.

_-B +\[B? - aAC

5¢ 5 (14)
A= KD’ +Ky+K,s V2
B = DW(D-2) +T(Ky,+K,r? V2)
C= WTD(D-¢)

The positive root of Equation 14 provides the physical solution.
The weld material for the fractured shaft was type 316 stainless steel with the fol-
lowing material constants obtained from Table 1: E = 28 X 10° psi; G = 11.1 X 10° psi;

v =0.26.
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The geometry of the weld was discussed previously: it has an outer radlus of 3/16
iinch and an inner radius of .002 inch. Substltutmg this mformatlon into Equatlons 5¢, 6¢,
7c, 8c, and of resulted in the_ following stlffnoss coefflolents.

= 9.75% 10° Ibs/in;

K =
K, "= 1.81X 107 Ibs/in;
Ky, = 3.96 X 10° in-lbs/rad;
K, = 7.13% 107 lbsfin;
'K, = 589X 105 Ib-radfin2.

The independent variables have the following valuos: .

r = 1/2 inch
D= 13/32 inch
2= 95 inch
w= 250 lbs

The 250 pound blade force at station 9 occurs at the 270° load position. .
Solving Equétions 13 and 14 resulted in a root contact displacement and weld dis-

placement respectively. of

5 .000295 inch

Cc
5y = 00000611 inch

[}

The weld deflectio_n is on the order of 107 , which verified that the contact force in

the weld vyas insignificant.

It was’ also assumed that the weld displacement did not affect the rlgud body rotation - -

of the arm. The ngld body rotation was found from the compatibility equatlon for weld-

rotation.
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5
D

Om
o'ﬁ., = 00027 radians -

The actual rigid body'rotation was

6., = 0003011 radians
The Idif'ference between the rigid body rotations was 2.03% which verifies that the
'assumption‘ was correct. |
Although the contact for_ce in the weld is small, the éontact stress may be Ia‘rg-;e. The
contact fbrcé in-t!xe weld was calculated from Equation 9e to be .105 pounds and the |

maximum equivalent line load, w,,,.., was calculated from Equation 9c. -

o \lz(.ms)(.oozm)
max 8.48 X 1078
Wiax = 7211 los/in

The equation for the maximum normal stress between two cylinders in contact was

_.modif'ied for this analysis into the form of Equation 15 (Radzimovsky, 1953:11).

Pmax 7 (1-v?) ' .
Pmax = 1174 psi

" The contact stress does not appear to be critical. However, the additional stresses due

to mainshaft b_énding and torsion remain to be calculated.
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Stress Components from Mainshaft Bending

The stress components from mainshaft bending were calculated for the 270° load
position. The moments at station 9 were calculated previously and are repeated for con-

venience in the mainshaft coordinate system on the positive z plane.

Mx = 8278 in-lbs

My = 14400 .in-lbs

The ¢,, normal stress was calculated from the flexure stress equation for bénding
multi.plied by a stress concentration factor for a transverse hoie in a round bar (Peterson,
1974:235). The flexure equation is

Ktn Mc

%2z - 71
in which Ky, represents the stress concentration factor for the net section, M denotes
the bending moment about the X and Y axis, ¢ is the distance from the neutral axis to
the weld contact point, andiI represents the net moment of inertia about the neutral axis.
' Figure 17 illustrates the cross section gebmetry for computing T, and Iy./The wela
and the triangular drill point were omitted because of their small contributions. The
moments of inertia about the X and Y axes are 3.27 inches* and 2\.\43 inches?.
The'stress concentration factor for the net section was estimated to be 1.8 about the
Y axis and 2 about the X axis.

The combined stress, o

72, from bending about the X and Y axis for element A was

estimated to be

_ 1.8(14400)1.5  2(8278).5
2z 2.43 3.27




Do lement B
Element A /EA :
™ . 5" e _~Contact Point

Shear Stress

2.

l 1.28"

2 7/8" e

Figure 17. Geometry of the drilled cross section.
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0,2 = 13470 psi
The stress at the weld contact poil"yt on element B was

. 1.8(14400)(1.5)  2(8278).5
Oz T +
- 243 3.27

I

04, = 18530 psi.

Shear Stress Components from Torsion

The tofsional stress on tHe z plane was estimated by the torsion formﬁla
Ky Te
T Tl
" in which 'T de‘note§ the torque, ¢ i; the radius from the neutral axis to element B, Kin
represents the stress concentration factor for shear-(Petersdn, 1974:244). Jo is the polar-
moment of inertia, and r denotes the shear stress. |

The moments of inertia- were summed ;co produce the polar'moment of.vinertia.Jo.
There was prébably some error in this opération, becauée the moments of inertia Were
based upbn an open section. The weld and arm-probably close the section which would

raise the polar momént of .inértia an_d‘lo{mér the shearing stress. The open cfpss section
assu'mbtion ‘was conservative.

The values substituted into the torsion formula were 11280 in-lbs for the torque, -
1.68 in for the radius, 1.5 for the stress' conc.entratioh factor, and 5.7 in* for the polar :
moment of.inertia. The shear stress was .

7 = 4690 psi

The circumferential shear stress r was broken into_. components by the'triﬁonometric' ‘

relationships
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Ty = T8ING

Tzy =: Tcoéo .

The angle theta, shown in Eigufe 17, is equal to 17.6°. Substituting into the relation-

~ ships yielded-component stresses of 1415 psi for r,, and 4471 psi for Tzy ON element B.

The stress state on element B is shown in Figure 18a and the principal stresses In Figure
18b. | o

Thévm'aximum hqrmal stress was 19590 psi. fhe méximum shearing stress was 10,880 -

psi ‘w_hich provided é safety factor-o.f 1.8. Ti1e maximum octaﬁedral §heéring. stress wés

9800 psi which prov'ided a safety faétor of 1.9 (Boresi, 197'6:123). it was’appare_nt that

the contact, torsional, and bending stresses did not combine to produce a critical stress

state.
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4471 psif 1174 psi_

1415 psi

Figure 18a. Stress state in the weld.

e 2168 PSi

19592 psi 1

61 psi

Figure 18b. Principal stresses in the weld.

Figure 18. Stress states in the weld at the contact point.




WELD RACKING FROM ARM ROTATION

A second failure mechanism became evident from the first analytsis. The freebody dia-
grem -of Figure 19 shows that the weld supplied 1832 in-lbs of rotational resistance and
the toot eontact fotée-eupplied‘ 267 in-Ibs of rotational resistance. This occurred because
the weld rotatlonal stlffness was greater than the root contact rotatlonal stlffness The ro-
tatlonal reSIstance of ‘the weId was supplled mainly from vertlcal shear whlch racks the ,
“weld. |

‘A method ;/vas required to estimete stre'sées in the weld at elements A and B to check
if weld rac.kling \tvas the major failure mechahism. The method used was to impose the.
displacements at element A on a one .inch long curved heam representation of the weld.
A one inch long weld ptovided a convenient means to calculate the stiffness correspond--

ing to the displacements and eventually the stresses on element A.

Equivalent Forces on a Unit Length Weld

The critical elements A and B of Figure 7 were at points where the displacements cor-'
respondmg to tension, vertical shear, and moment were a maximum. Multiplying the dis-
placements by the correspondmg stiffnesses for a one mch long curved beam resulted in
the forces applied to the weld. Recalling Equations ba, 6a, 7a, and 3/ 16 inch for the outer

' radius and .002 inch for the inner radius produced the following stiffness coefficients:

By A31X10° = Py
5, 8175X 10° = P,
6 1782X 10° = Mo

The vertical shear deflection 8, and weld rotation b,m were evaluated from the com-

patibility equations. The results were




244 1bs 2471bs

(;;11832 in-1bs
FD

94 1bs

Figure 19. Freebody diagram of the arm and mainshaft connection.
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| S
| &y = ,000135 inch
'om = .00027 radian
| .T'hg forces :applied to thé ulnit Iength_bf weld are shown in Figure 20.
~ The maximum circumferential stress was fouﬁd from the ICl-lI'\_Ied beam equation
(Boresi, 1978:332). | | |

N  Mx(A-¢Am)

%0 = A * Ar(RAm- Al (16a)

The maxirﬁum stress. ¢y OCCUrs at the inner radius (f ="002) at the fixed base of

“ the weld. The normall stress N is 1104 pounds and the bending moment ié 52.9 inch-

pounds. Substituting into Equation 1éa the values of ¢ = 3/16,a=.002, ¢t =.002;, b= 1,

arid Am = b In c¢/a produces

: | Mx ((c-a) - § InE)
) N : : a
- %08 " ¢ 3 *

(c—,a){(iié—!n-g— c+a) -
o 2 a

0gp = 5950 + 103000

ogg = 109000 psi.
| It appears that the stress on the ihner' padius is greater than the yield stress. Sblving

Equation 16a for ¢ provided a means of determining the extent of yieldi'r'\g.

- MxA -

S‘:

N ‘ . (16b)
 {ogg - ) ARAM - A} + MxAm o

Substifuting the vield stress of 44,000 psi into Equation 16b gives the following yield

radius:
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1104 1bs.

E}» 2653 lbs,

48.1 inch-lbs.

Element A
P e e 52 i

—

52.9 inch-1bs. w2653 1bs,

1104 1bs

Figure 20. Maximum forces on a unit length weld.
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Mx(c-a) -
.~ 'N cta - -
ogg - —)c-a) oINS - ¢ +a) +Mx In =
.c-a 2 . a : a

¢ .= .005 inch

Equation 16b indicates that a small area from the inner radius to a .005 inch radius
may have a circumferential stress greater than the yield stress. Element B on the opposite

side of the arm has'the same property.

Influence of Arm Flexure

It was assumed at the beginning of the analysis that the arm rotated as a rigid body.
The validity of the assumption was-checked by applyiﬁg the second moment area theo-
rem to the freebody diagram of Figure 19. The slope of the elastic curve at the weld was

P.D*
BEL 9 flexure

.0000354 radians = 0ga,re

The elastic flexural rotai:ion was an order of magnitude less than the rigid body ro-
tation of the arm. The overall effect is to raise the moment and vertical shear forces on

the unit weld, which increases the yield radius.




CONCLUSION

This paper presented a planer analogy .of a three dimensional proélem. The an'élogy
did not account for the stresses resultin'g from'the blade force parallel to the mainshaft or
the frictional force on the mixer blade. Including these forces complicates the ar{alysis
and overshadows the burpo's;e of identifying the failure mechanism. |

The énalysis cqnsidered .'t\.N.O .failure mechgnisms. The_ﬁr:;'t failure 'mecha‘nis»m as:sumed
that tﬁe contact stress in the weld was high and contributgd to the torsional and behding
stresses, which may have produced a critical stress state. The contact stress in tﬁe weld
was determined to be low and ﬁot ;che cause of failure.

"The second failure mechanism was identified in the course of in\'/es'tigating the first
faiiure mechanisr‘n. It was determined that t,he r‘ofational stiffness of the weld was much
greater than the rotqtional stiffness of fhe root contact reaction. The higher weld stiffnéss
'required the weld tdlcarry a large preparation of moment.which racked'the weld énd '
induced high stresses at the inner radius.- |

The predictio'n.that stresses are high at the inner rédius is ;upborted by research éon¥ ‘

| ducted on fillet welds,(Bisseli, 1950:885). It was foundthat fillet weIds developed épﬁroxl
imately forty peré:ent of the-fatigue strength that a butt weld could uﬁder_ the same load
conditions (Bissell, 1950:897). |

Flexure of the arm was also identified as a possible contributor to weld racking; :




RECOMMENDATIONS

It was concluded that hiéh stresses in the weld were caused by a shift of the rotational
resistance from the root contact force to the stiffer shear qouplé in the weld. In order to
eliminate tﬁis problem, it is recommended that th'e mainshaft be drilled completely
through. | |

Drilling through the mainshaft has several benefits. First, it eliminates the root con-
tact reaction and replaces it with a weld. A stiff weld on both sides of the shaft will ﬁre-
vent the rigid body motion of the arm and thereby lessen erxuré in the welds. Second, -
the double-welded joint allqw§ the use of a rational design procedure. Once a blade load
has been determined, thelarm can be sized with the elastic fiexure formula and a large
safety factor to providé a stiff arm. The mainshaft could be sized by choosing an arm-to-
mainshaft diameter ratio tﬁat will limit the stress concentration factors to practical . -
values. Third, welaing on both sides of the mainshaft may eliminate some of the warping " -
céused by differentiél heating. Fourth, it would be‘ber.\eficial to bevel the hole rim to pro- .
vide a larger effectivq weld.

Most c;f the recommendations would lead to a larger and heavier mainshaft. The larger
dead weight would counteract the gear reducer weight aﬁd reduce the uplift on the main-
shaft. The result would be a rgduced bending moment about fhe X axis, which would
lower the maximum bending stress in the mainshaft. | |

Although the added weight lowers the bending stresses, it also raises thé cost of the
shaft. A.thick walled tube would lower the weight While providing a large moment of ’
inertia. Unfortunately, thick walled tubing is not available in the su_r‘fa'ce;finish required

for this applicaiion.
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