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ABSTRACT

This thesis explores the rotational and thermal dynamics of neutron stars. All
neutron stars exhibit irregularities in their spin rates, which may be evidence of
coupling between the solid crust and liquid components in the interior. We study
short-time scale correlations in the stochastic variations in spin rate, timing noise, in
32 pulsars. Upon subtraction of low frequency wander, we find that in two stars a
fluctuation in rotational phase at a given time is correlated with past fluctuations over
a correlation time of ∼ 10−40 d; over longer times, the fluctuations are uncorrelated.
We interpret this result as the signature of a damped rotational mode in the star,
excited by the noise process, and likely due to friction between the crust and interior
liquid. In the second part of this thesis, we investigate the thermal and magnetic evo-
lution of highly magnetized neutron stars, magnetars. We explore a thermo-resistive
instability in the outer crusts of magnetars wherein a perturbation in temperature
increases ohmic heating. We show that magnetars of characteristic age τage ∼ 104

yr are unstable over timescales as short as days if strong current sheets are present
in the outer crust. This instability could play an important role in the thermal and
magnetic field evolution of highly magnetized neutron stars, and may be related to
bursting activity in magnetars.
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1. INTRODUCTION

1.1. History and Observation

Since their discovery in 1967, neutron stars have been used as astrophysical lab-

oratories for testing theories of physics under the most extreme conditions in the

universe. With approximately the same mass as the Sun and a radius of around 10

kilometers, the central density may be up to 10 times that of nuclear matter. The

gravitational acceleration at the surface of such a compact object is ∼ 1011 times

larger than on Earth. Magnetic fields may exceed 1014 G, seven orders of magnitude

higher than can be produced in a terrestrial laboratory. Observations of neutron

star behavior under such conditions may give insight into questions of fundamental

physics from a wide variety of fields, including general relativity, ultra-high density

matter, elementary particle physics, and stellar evolution.

The theory behind neutron stars began to develop soon after the discovery of the

neutron itself in 1932. Baade and Zwicky theorized that a compact star made up of

neutrons might might be produced in supernovae explosions (Baade & Zwicky 1934).

It took over 30 for the first neutron star to be discovered in 1967 by Jocelyn Bell,

part of a Cambridge team of scientists studying interplanetary scintillation (Hewish

et al. 1968). Within a year, Gold (1968) proposed that a rotating neutron star

approximately 10 km in radius possessing a magnetic field of ∼ 1012 G could explain

the observed emission. He speculated that torque on the star from the rotating
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magnetic field would cause a slowing down of the star’s spin rate. This conjecture

was soon verified by observations of the Crab pulsar, and the identification of pulsars

as rotating neutron stars quickly became well established. Since the identification

of the first neutron star, more than 2000 have been discovered. Their masses are

calculated using binary systems to be between 1− 2M", and radii range from 8− 15

km, based on fits to observed spectra (see below). Rotation periods span a larger

range, from ∼ 1.4 ms to ∼ 12 s. The precision of their rotation rate is astonishing -

some pulsar rotation rates are known to 1 part in 1013, making them comparable in

precision to atomic clocks.

Like black holes and white dwarfs, neutron stars represent the final stage of evo-

lution for main sequence stars. For the smallest stars (M ! 8M"), gravitational

collapse occurs gradually as nuclear fusion ceases, resulting in a white dwarf. In these

stellar remnants the gravitational force is balanced by electron degeneracy pressure.

Stars more massive than " 25M" end in supernova explosions and produce black

holes. Neutron stars form in type II supernovae, enormously energetic explosions

resulting from the collapse of intermediate mass stars (8M" ! M ! 25M"). During

such a collapse, the temperature and pressure in deeper layers of the star increase

rapidly, forming a neutron core. Once the core reaches a sufficient density the collapse

is abruptly stopped due to the degeneracy pressure of the neutrons, sending out a

shockwave which expels the outer layers of the star, leaving only the dense core.
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After their formation, neutron stars may manifest themselves in a number of

ways. The majority of neutron stars discovered to date, including the first, are seen

from our vantage point in the universe as sources of pulsed radio emission. Charged

particles are accelerated from the surface of the star at the polar caps by strong elec-

tric fields. A secondary plasma of electrons and positrons is formed above the polar

caps through a cascade process and their acceleration around the magnetic field lines

lead to radiation (Julian & Goldreich 1969). The polar cap region is small compared

to the stellar radius, so emission leaves the star in a narrow beam. Rotation of the

neutron star creates a ”lighthouse effect”, as the beam is observed once every rotation

period. Pulsed emission has been observed in all wavelength bands of the electromag-

netic spectrum, from radio frequencies through gamma rays. The dispersion of pulsed

emission can be used to estimate the distance to pulsars, using multi-frequency ob-

servations of pulse arrival times, together with a model of the interstellar medium

through which the pulse travels.

The fastest pulsars, known as millisecond pulsars are typically old (109 − 1010

years), and have relatively weak magnetic fields (B ∼ 108−1010 G). These properties

have led to their identification as ”recycled” pulsars (Bhattacharya & van den Heuvel

1991). Recycling occurs as slowly rotating pulsars in binary systems accrete matter

from companion stars, spinning up the star and decreasing the magnetic field strength.

Soft Gamma Repeaters (SGRs), and occasionally Anomolous X-ray Pulsars, re-

veal themselves through energetic explosions. These bursts produce emission in x-rays
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and soft gamma rays. The energy released in burst events likely spans a continuum,

but SGRs have exhibited peak luminosities > 1047erg s−1, making them some of the

most energetic explosions in the universe. The energetics of SGR bursts indicate that

their sources are likely highly magnetized neutron stars, magnetars, possessing mag-

netic fields greater than 1014 G, inferred from measurements of P and Ṗ . Relatively

long rotation periods (" 2 s) are common in these objects, due to rapid spin-down.

Other neutron stars reveal themselves to the observer only by quiescent thermal

emission from the surface, usually in X-rays or optical frequencies (e.g., Pavlov &

Zavlin 2003). Some thermal emitters are associated with supernova remnants, pro-

viding an accurate age estimate (e.g., Zavlin et al. 1999). These objects provide

a unique opportunity to constrain theories of the cooling process of neutron stars,

which is still uncertain (see, for example, Page et al. 2004). After an initial cooling

period of around 100 years, the surface temperature will mirror the temperature of

the core, but will be ∼ 100 times lower. In this connection, observations of the sur-

face temperature of thermal emitters with known ages can give important clues as

to the nature of cooling processes in the core. We discuss neutron star temperature

evolution further in Section 4.1.

A neutron star in a binary system may produce emission due to the accretion of

matter from the companion star, such as the Hercules X-1 system (Brecher 1972).
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Neutron stars which are actively accreting material are bright X-ray sources. Accre-

tion can also lead to thermonuclear burning of the outer layers of the star, producing

a flare of X-ray emission, a Type I X-ray burst (e.g., Bildsten 1998) .

Due to their small sizes and luminosities, the global properties of neutron stars

are difficult to measure directly. A pulsar’s age can be inferred in several ways: from

associated supernova remnants, or from measurements of the spin period P and its

derivative, Ṗ . Under the assumption that the dipolar magnetic field radiates energy

in vacuum, the characteristic age τc is

τc =
P

2Ṗ
. (1.1)

The magnetic field strength can be inferred from the spin characteristics using similar

assumptions. A dipolar magnetic field of strength B at the magnetic pole rotating

with angular velocity Ω in vacuum radiates energy at a rate given by (Shapiro &

Teukolsky 1983)

Ė = −
B2R6Ω4 sin2 α

6c2
, (1.2)

where R is the radius of the star, α is the angle between the magnetic dipole moment

and the rotation axis, and c is the speed of light. The rotational energy of the star,

Erot = IΩ2/2, is the source of energy for the dipole radiation, where I is the moment

of inertia of the star. The magnetic field strength B can be estimated once the spin

parameters are known by equating the right hand side of Eq ( 1.2) with the time
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derivative of Erot . The magnetic field strength estimated using the dipole model is

B & 3.2× 1019
(

PṖ

s

)1/2

, (1.3)

giving typical values in the range 109 to 1014 G.

Accurate measurements of neutron star masses have been made based on orbital

parameters of neutron star binary systems. Several dozen systems with at least one

neutron star have been analyzed, with the most precise measurements giving a narrow

range for the neutron star mass, from ∼ 1.2 − 1.6Msun (Lattimer & Prakash 2005).

In principle, once the mass and equation of state are known for a given neutron

star, the radius can be calculated. However, the equation of state of high density

matter is uncertain, leading to a wide range of mass-radius relationships which are not

constrained by direct measurements. Radii can be inferred from quiescent emission

spectra of low mass X-ray binaries (Guillot et al. 2011), or by fitting burst models

to observations of thermonuclear flashes observed as type I X-ray bursts (Özel et al.

2012, Zamfir et al. 2012). Though these estimates are model dependent, they place

upper limits on the neutron star radius of ∼ 9− 13 km.

1.2. Structure

A theoretical neutron star is commonly divided into several distinct parts: a thin

atmosphere, a rigid crust and a liquid interior made up primarily of neutrons. A cross

section of the current theoretical picture 1.4 Msun neutron star is shown in Figure 1

. Near the surface the crust is made up of a lattice of iron-like nuclei surrounded by
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Figure 1. Neutron Star structure, reproduced from Shapiro & Teukolsky (1983).

a gas of relativistic electrons. Deeper in the crust, as the density increases the nuclei

are increasingly neutron rich as it becomes energetically favorable for protons and

electrons to combine to form neutrons via inverse beta decay.

At a density of ∼ 4 × 1011 g cm−3, a sea of neutrons begins to form around the

lattice as neutrons ”drip” from the nuclei. This neutron drip line distinguishes the

outer crust from the inner crust. Several peculiar states of matter exist in the inner

crust region. Within the inner crust free neutrons, by way of the attractive strong
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nuclear force, are expected to form a neutron superfluid. As in liquid Helium (Migdal

1959), neutrons form up pairs of particles in two-body states, similar to Cooper pairs

in the BCS theory. Pairs of neutrons, which are fermionic particles, behave like

bosons. Below some critical temperature threshold, the neutron pairs condense into

the lowest energy state, forming a viscosity-free fluid. This fluid moves through the

coexisting nuclear lattice independently from the normal matter, allowing its rotation

to be decoupled from the solid portions of the star. Additionally, nuclei begin to

elongate to form exotic shapes near the crust-core boundary, the so called ”pasta”

phases (Ravenhall et al. 1983).

Approximately 1 kilometer below the surface, the density reaches that of nuclear

matter, ρ = 2.8 × 1014 g cm−3. It is at this point that the crust dissolves, while

the neutron fluid remains along with a few percent protons by mass, and an equal

number of electrons. The neutrons are predicted to be superfluid, and the protons

are expected to be superconducting (Baym et al. 1971). For low mass neutron stars,

this region extends inward to the center of the star. For larger stars, significant

uncertainty remains as to the nature of the inner core. Because the equation of state

of supernuclear matter is still uncertain, theoretical predictions of the central density

and pressure cover a wide range. Various models of the neutron star equation of state

predict that exotic states of matter, such as hyperons, meson condensates, and quark

matter might constitute the inner core region (e.g., Sawyer & Scalapino 1973).
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Though the surface represents a tiny fraction of a neutron star’s mass, under-

standing the surface layers is key to understanding neutron star emission. For most

neutron stars, outside the solid surface lies a thin atmospheric layer approximately 1

cm in thickness (Zavlin & Pavlov 2002). For stars with a low surface magnetic field,

there may be an iron ocean above the solid lattice, outside of which is a partially

ionized plasma atmosphere around 1 cm in depth. For highly magnetized or very hot

stars, there is likely no atmosphere. In accreting stars, the picture is different, as

there is an ocean full of impurities from accretion, and an accreted H/He atmosphere

(Chamel & Haensel 2008).

Above the stellar surface strong magnetic fields create an electric field which strips

charged particles from the surface, creating the magnetosphere, a plasma which is in

corotation with the star (Goldreich & Julian 1969). This region is bounded by the

light cylinder, defined by Ω · r = c. The radiation beam observed in radio pulsars

originates near the surface, at a height of ∼ 50 stellar radii for a pulsar with period

P = 1s.

1.3. Plan of this Thesis

In this thesis, we will explore two topics related to the thermal and rotational

dynamics of neutron stars. In chapter 2, we present details of timing irregularities

observed in the spin rates of pulsars. In chapter 3, we will present evidence for

time-correlated structure in pulsar timing noise. The correlations we observe may
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be evidence of variable coupling between superfluid and solid components of neutron

stars, similar to that observed in the post-glitch spin behavior of pulsars. In chapter

4, we summarize the thermal and magnetic evolution of neutron stars. In chapter 5,

we show that a thermo-resistive instability may operate in the outer crusts of highly

magnetized neutron stars. Such an instability leads to runaway heating of the crust,

and may be related to flare activity in Soft Gamma Repeaters.
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2. TIMING IRREGULARITIES IN PULSARS

Many important properties of neutron stars have been discovered through preci-

sion timing of their spin rates. This information comes from studies of pulse times

of arrival (TOAs). Precision measurement of TOAs is a complex process: the pulse

profile of each pulsar is unique, and varies from one pulse to the next (Figure 2). To

accurately measure TOAs for a given pulsar, several minutes of pulses are recorded

and subsequently folded at the assumed rotation period to arrive at a stable pulse

profile which can be used for subsequent observations (Hobbs et al 2004). An accu-

rate timing model for each pulsar is the product of many observing sessions, often

spanning years. Several parameters are inferred from long term monitoring: the pul-

sar’s rotational frequency and first derivative, position, proper motion, dispersion

measure, and in the case of a binary system, orbital parameters and masses (Hobbs

et al. 2004).

2.1. Glitches

All neutron stars observed to date have exhibited departures from determinis-

tic spin-down. Two distinct types of irregularities have been observed: glitches and

timing noise. Glitches are sudden increases in the star’s spin frequency, often ac-

companied by a decrease in the spin-down rate (Figure 3). Glitch magnitudes from

10−10 ! ∆Ω/Ω ! 10−6 have been observed. Though over 300 glitches have been

detected do date (Espinoza et al. 2011), many pulsars have exhibited only a single
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Figure 2. Several hundred individual pulses from PSR B1133+16. The thick line at
the top represents the integrated profile for the observing session. From Honnappa
et al. (2011).
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Figure 3. Glitches observed in magnetar 1RXS J1708-4009 (Kaspi et al. 2003).

glitch. For the more active objects, waiting times between glitches range from months

to years. The spin-up occurs very quickly - a glitch in the Vela pulsar was unresolved

even though pulse arrival times were sampled every minute (Dodson et al. 2002).

Immediately after a glitch, relaxation of the spin rate is often observed, characterized

by decay over timescales from days to years (Table 1, and Figure 3). The healing

parameter Q, the fraction of the glitch magnitude which is eventually recovered after
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Name Epoch (MJD) ∆ν/ν̇(10−9) τ (d) Q Ref
J1048-5832 49034 2995 100 .025 d
J1048-5832 50788 771 400 .245 d
J1341-6220 48645 990 75 .02 d
J1341-6220 50008 1636 300 .004 d
J1709-4428 48778 2012 1420 .133 d
J1731-4744 49387 135 263 .079 d
J1731-4744 50703 2.6 250 .25 d
J0835-4510 40280 2340 - .030 a
J0835-4510 42683 1990 - .088 a
J0835-4510 43693 3060 - .024 a
J0835-4510 44888 1145 - .183 a
J0534+2200 40493 4 5 .94 a
J0534+2200 41250 2 15.2 .96 b
J0534+2200 41163 2.2 5.7 .92 c
J0534+2200 42448 44 15.5 .70 a
J0534+2200 43023 1.1 8 .70 c
J0534+2200 43768 2.8 8 .70 c
J0534+2200 46664 4.1 9.3 .10 a
J0534+2200 47768 85 18 .89 a

Table 1. Glitch characteristics of selected pulsars. References: [a] (Lyne et al. 2000),
[b] (Lohsen 1975), [c] (Lohsen 1981), [d] (Wang et al. 2000).

the glitch varies widely from one pulsar to another. Some objects, such as the Crab

pulsar often show almost complete recovery, while others like the Vela pulsar recover

only a fraction of the glitch spin-up.

Early glitch models attributed the unusual spin behavior to starquakes (Ruder-

man 1969), which produce an abrupt change to the star’s moment of inertia. As the

star spins down under the influence of electromagnetic torque, stress builds on the

solid crust leading to eventual fracture. The decrease in moment of inertia leads to

an increase in rotation rate, as angular momentum is conserved. However, pulsars
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exhibit glitches too frequent and large in amplitude to be caused by starquakes, and

the starquake model is not viable.

More recent models attribute glitch activity to the transfer of angular momentum

from the superfluid components of the star to the crust (Anderson & Itoh 1975, Link

et al. 1993, Larson & Link 2002). In this model, the fluid interior spins faster than

the crust, acting as an angular momentum reservoir which is episodically tapped to

spin up the crust. Angular momentum transfer may be triggered by starquakes, or

the sudden unpinning of superfluid vortices, as we now explain.

The bulk superfluid must be irrotational; the rotating fluid has an array of quan-

tized vortices, or microscopic filaments of normal matter around which the superfluid

circulation will be non-zero. The macroscopic velocity field of the superfluid is then

determined by the number and spatial distribution of the vortices. When free to move

throughout the superfluid, vortices will form an arrangement which brings the fluid

into co-rotation with the normal matter. However, in some regions of the star an

attractive force exists between the vortices and normal nuclei which may fix them in

place (Donati & Pizzochero 2003, Avogadro et al. 2008). As the crust spins down due

to magnetic braking, the velocity lag between vortices and the superfluid creates an

outward directed lift force, or Magnus force. If the pinning force is greater than the

Magnus force on the vortices, the fluid component will maintain a constant angular

velocity and differential rotation will develop between the crust and liquid. In the

event of catastrophic unpinning, the angular momentum stored in the vortex lattice
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may be transferred to the crust, resulting in a glitch (Anderson & Itoh 1975, Alpar et

al. 1984, Link et al. (1993), Larson & Link 2002) . Many of the observed properties

of glitches are well fit by the glitch models of Alpar et al. (1984), Link et al. (1993),

and Larson & Link (2002).

2.2. Timing Noise

Though not all pulsars have exhibited glitches, all pulsars observed to date ex-

hibit variations in their pulse times of arrival with respect to predicted arrival times.

These variations, timing noise, often appear to take the form of quasi-periodic wander

(Figure 4).

Early study of the statistics of timing noise in pulsars was performed by Boynton

et al (1972) using two years of observations of the Crab pulsar. After attempting

to fit a timing model to the observations, the authors determined that no simple

function could fit the observed timing variations. Later efforts attempted to classify

timing noise as a random walk in either the rotational phase, frequency, or frequency

derivative (Cordes, Helfand 1980). Further studies determined that the strength of

timing noise is correlated with the rotation period derivative (Arzoumanian et al.

1994). Hobbs et al. (2010) have produced the most extensive timing noise study

to date, analyzing 366 pulsars covering 36 years of data. They conclude that the

complexity of timing noise cannot be explained by high frequency random walks in

the pulsar spin parameters, as had been assumed in the past.
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Figure 4. Representative sample of timing residuals, from Hobbs et al. (2010).
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The timing noise process is very complex. The source of timing noise is still

not understood, and may reside originate inside the neutron star, outside, or both.

Possible sources within the star include precession of the neutron star crust (Link

& Epstein 2001) , variable coupling between the fluid and crust components (Alpar

et al. 1986), and changes in the star’s shape (Cordes 1993). Additionally, small

amplitude glitch-like events may contribute to timing noise. Hobbs et al. (2010) find

that recovery from past glitches may explain many features of timing noise in young

(τc < 105 yr) pulsars.

Variations in the external electromagnetic spin-down torque on the star may also

contribute (Cheng 1987a, Cheng 1987b, Urama et al. 2006), associated with dynamics

in the magnetosphere. Lyne et al. (2010) find that for several pulsars, timing noise is

correlated with changes in the pulse shape. Since the pulsed radio emission originates

several hundred kilometers above the surface of the star, they conclude that changes

in the pulsar magnetosphere may be responsible for timing noise. Accretion of matter

onto the stellar surface, and the effects of asteroids on the magnetosphere may also

play a role in timing noise (Cordes & Shannon 2008) .

While theories on the source of timing noise abound, several possible sources of

timing noise have been ruled out (Hobbs et al. 2010). Coincident observations of pul-

sars from multiple sites, using several different timing analysis methods, indicate that

timing noise does not originate from observing hardware or data processing. Timing

observations at multiple frequencies reveal that changes in interstellar dispersion are
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not responsible for long term features. This result is confirmed by evidence that tim-

ing noise is not correlated with height above the galactic plane. Pulse shape changes

are also not a likely source of timing noise, as timing residuals are often much larger

than the pulse width.

Timing noise is therefore thought to represent variations in the spin rate of the

neutron star. A more complete understanding of timing irregularities in pulsars may

give insight into neutron star evolution and the structure of their interiors. In Chap-

ter 3, we present evidence of time-correlated structure in pulsar timing noise. We

interpret these correlations as the signature of a relaxation timescale between the

crust and fluid components of the star.



20

3. TIME CORRELATED STRUCTURE IN PULSAR TIMING NOISE

In this chapter, we explore several methods that can be used to look for structure

in pulsar timing noise. We show that analysis methods in the time domain are best

suited for revealing structure in noisy time series, as is typically the case for pulsar

data. We develop two methods of analysis, the discrete correlation function and

the lagged dispersion function, and analyze timing data of 32 pulsars. These methods

reveal clear correlations over a timescale τ = 10−40 d in timing noise for two pulsars:

PSR B1133+16 and B1933+16. We interpret the correlation as the signature of a

relaxation mode of the star, indicating a coupling timescale between the fluid and

crust components. Material in this chapter is in preparation for publication.

3.1. Introduction

The response of a complex system to stochastic perturbations can reveal much

about the dynamical properties of the system. In this connection, a complete charac-

terization of the stochastic spin variations seen in isolated neutron stars has been of

considerable interest since the discovery of pulsars in 1967. As described in Section

2.2, timing noise is likely due to many contributing processes, each acting on the neu-

tron star crust to produce a complex response of the spin rate. From the standpoint

of doing neutron star seismology, the complexity of timing noise is an advantage;

regardless of its origin, timing noise will excite at some amplitude all of the rotational

modes of the system, such as, damped differential rotation, rotational modes in the
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superfluid interior (such as Tkachenko modes), precession (nutation) and resonances

such as crust shear modes. Hence, the presence of any structure in the noise that has

a timescale would serve as a probe of the dynamics of the combined system of solid

crust and liquid interior. As a simple analogy, in an RC circuit driven by thermal

fluctuations, the time constant can be determined by constructing a time series of the

current through the resistor as a function of time. Though the circuit never relaxes

to equilibrium, the relaxation mode is excited by the noise in the circuit, allowing

measurement of the RC constant.

The coupling between the crust and core probably occurs through a combination

of magnetic stresses and dissipative torques associated with the motion of quantized

vortices, giving a complicated spectrum of damped modes and possibly resonances.

Resonances might be detectable as peaks in the power spectrum of fluctuations, broad-

ened by damping processes. For a system with a purely damped differential rotation

mode, associated with, for example, friction between the crust and a portion of the liq-

uid interior, stochastic perturbations from rotational equilibrium by the noise process

would never relax completely. In this case, decoupling by fluctuations at frequencies

higher than the damping frequency τ−1
d would increase the spectral power for all fre-

quencies above τ−1
d by a magnitude determined by the ratio of moments of inertia of

the crust and the liquid to which it is imperfectly coupled (Lamb et al. 1978). Past

studies of timing noise power spectra have not, however, revealed structure beyond

the power-law that is the hallmark of a noisy process. That is, no deviations from
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rigid-body rotation have yet been revealed (Boynton & Deeter 1979, Boynton 1981,

Boynton et al. 1984). The only evidence to date that neutron stars do not rotate

rigidly comes from glitches, whose occurrence and subsequent recovery have been at-

tributed to variable coupling between the crust and the liquid interior (Alpar et al.

2004, Link et al 1993, Pizzochero 2011, see Section 2.1). Why neutron stars have

not shown evidence for deviations from rigid body rotation as they are constantly

perturbed by timing noise has been an important unanswered question in neutron

star physics for over three decades.

Here we report the first evidence for temporal correlations in pulsar spin fluctu-

ations. We find that excursions of the phase from the mean are correlated over a

timescale of ∼ 10 − 40 d in two pulsars. Over timescales less than this correlation

time, the size of a phase excursion is correlated with previous excursions; over longer

time scales the phase excursions become decorrelated.

3.2. Analysis Methods

3.2.1. High Pass Filtering

Timing noise typically appears as wander on timescales of months to years, as

shown in Figure 5 for PSR B1818-13. The relaxation timescales of pulsars during

post-glitch recovery range from days to months. To best search for similar timescales

in timing noise data, we found it necessary to “whiten” these data by applying a high

pass filter.
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Figure 5. Timing Residuals for PSR B1818-13. Long period wander evident in the
object is typical for timing noise in the pulsars we study.

To illustrate the whitening method, we construct simulated timing residuals δt(t)

consisting of periodic functions, quasi-periodic wander and gaussian noise,

δt(t) =
∑

i

(

Ai

ωi
sin(ωit + φi)

)

+ P (t) +N(t), (3.1)

where Ai, ωi, and φi are the amplitude, frequency, and phase of the sine waves,

respectively, P (t) is an arbitrary polynomial function, and N(t) is gaussian noise. Ai

and φi are randomly generated values. The sine waves are weighted by the frequency

ωi to produce a red power spectrum, similar to that of typical pulsar data. An example

of a simulated time series is shown in Figure 6, using a sum of 10 sine waves. In this

example, the frequencies ωi are harmonically related, with a maximum frequency

ω1 = 0.32, and minimum frequency ω10 = 6.25× 10−4.
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Figure 6. Simulated timing residuals consisting of 10 sine waves, an arbitrary 5th
order polynomial, and Gaussian noise.

We divide the time series into blocks of width W and calculate the average value

of the residuals in each block. Using unweighted least squares fitting, we use a cubic

spline function to smoothly fit the average residual values for each block. Blocks

are contiguous but non-overlapping so as to not introduce correlations. We then

calculate the values of the fitting function at the original time series sampling times

by interpolation. The fitting function is then subtracted from the original time series

to produce whitened residuals. Several examples of fitting functions are shown in

Figure 7 for the simulated time series shown in Figure 6.

The effect of whitening for different values of the filter width W can be seen by

calculating the autocorrelation function of the whitened residuals. The autocorrela-

tion function measures the similarity of a time series to itself upon translation in time
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Figure 7. Examples of fitting functions used to whiten the simulated timing residuals.
Top panel - simulated timing residuals. 2nd panel - fitting function using W = 300.
3rd panel - fitting function using W = 150. Bottom panel - fitting function using
W = 75. Diamonds represent the average values of the residuals in each data block
of width W used for the cubic spline fitting.
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Figure 8. Top panel - Timing residuals after whitening for W = 300. Bottom panel
- Autocorrelation function of the time series. Significant long period wander is still
evident.

by a given lag τ ,

ACF (τ) =
∑

t

(Xt − µ)(Xt+τ − µ)

σ2
, (3.2)

where Xt is the value of the time series at time t, µ is the mean of Xt, and σ is the

square root of the variance of Xt. In this example, for W = 300 the polynomial has

been removed well, but significant periodicity remains in the time series (Figure 8).

For W = 150, some of the periodicity has been removed, but high frequency compo-

nents are still apparent (Figure 9). Using a filtering parameter W = 75 removes all
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Figure 9. Top panel - Timing residuals after whitening for W = 150. Bottom panel
- Autocorrelation function of the time series. Periodicity remains in the time series.

the wander in the time series, leaving a correlation function consistent with Gaussian

noise (Figure 10).

Anti-correlations arise if our choice of W is too small. When W becomes compa-

rable to the characteristic time over which the whitened time series changes sign, the

fitting function begins to fit the noise. This results in a whitened time series which

is anti-correlated for lags τ < W (Figure 11), as fitting the noise produces residuals

which are more likely to be of opposite sign. To see this, consider the limiting case in

which each box of width W contains only two points. The average value of each box

is subtracted from the time series, resulting in data that are perfectly anti-correlated
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Figure 10. Top panel - Timing residuals after whitening for W = 75. Bottom panel
- Autocorrelation function of the time series. All wander and periodicity has been
removed by the whitening process, leaving a correlation function consistent with noise.

for a lag τ = 1. In general, the anti-correlation due to overwhitening is strongest for

a lag τ & W/2. This distinct signature allows us to easily determine if the filtering

parameter we use is too small.

3.2.2. Time Domain Techniques

Power spectrum analysis is often poorly-suited for the analysis of noisy data (or

signal with noise-like properties); the FT of rapidly-varying data spreads the power

over a large range of frequencies, producing a power law or white noise spectrum from
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Figure 11. Autocorrelation function of the time series in Figure 6, after whitening
with W = 20, revealing anti-correlation at low lag, the signature of overwhitening.
The anti-correlation is strongest for lags ∼ W/2.

which it can be difficult or impossible to identify structure with any confidence. (The

complex FT does not destroy data, of course; in principle correlations not seen in the

power spectrum could be detected from the phase information contained in the FT).

For example, Fourier analysis of timing noise in PSR B1933+16 reveals only red noise

(Figures 12).

To illustrate the effectiveness of time domain versus frequency domain analysis,

we consider an example based on a simple physical model for a neutron star with an

internal degree of freedom. The interaction between the fluid component and crust

component of the star is described by

IcΩ̇c = Next −
Ic(Ωf − Ωc)

τc
, (3.3)
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Figure 12. Power spectrum for PSR B1933+16.

If Ω̇f =
Ic(Ωf − Ωc)

τc
, (3.4)

where Ic and If are the moments of inertia for the crust and fluid, respectively, Ωc and

Ωf are the rotation rates of the crust and fluid, τc is the coupling timescale between

the crust and fluid, and Next is the external torque on the crust. Combining Eqs. (

3.3) and ( 3.4) to eliminate Ωf gives the differential equation for the crust component,

Ω̈c +
1 + Ic/If

τc
Ω̇c =

Ṅ(t)

Ic
+

N(t)

Ifτc
. (3.5)

To construct a simple model of neutron star spin behavior, we consider crust and

fluid components initially in co-rotation, with a ratio of moments of inertial Ic/If = 1
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for illustration. We perturb the crust with a series of δ-functions,

N(t) =
∑

i

Aiδ(t), (3.6)

where Ai are randomly generated amplitudes. This model for the external torque

represents a series of instantaneous transfers of angular momentum to the crust,

regardless of the exterior source or sources. In between impulses, the crust rotation

rate can be solved exactly,

Ωc(t) = Ω1
If
Itot

e−t/τ + Ω2, (3.7)

where Ω1 and Ω2 are constants depending on initial conditions, Itot = If + Ic, and

τ = (If/Ic)τc. Using this model, we construct a time series of frequency residuals

shown in Figure 13.

The frequency response of the crust to the external torque Next is found by Fourier

transforming Eq. ( 3.5), giving

|Ωc(ω)|
2 =

1

ω2τ 2c

[

(ωτc)2 + (Ic/If )2

(ωτc)2 + (I/If)2

]

|Next(ω)|
2 (3.8)

At frequencies higher than ωτ = 1, only the crust responds to the external torque.

At lower frequencies, the entire moment of inertia of the star Itot is perturbed by

the torque, resulting in a lower response. We define the response function as the

frequency dependent term in brackets, shown in Figure 14. This term gives in a

“knee” in the spectrum around ωτ = 1. Such a knee is evident in the power spectrum

of the simulated phase residuals (Figure 13 - bottom panel).
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Figure 13. Top panel - Simulated frequency residuals with data correlated over a
timescale τ = 1. Bottom panel - The power spectrum of the frequency residuals,
indicating a “knee” at ωτ ∼ 1 .

In Figure 15, we have added gaussian noise to the time series to simulate noisy

data. In this case, the knee in the spectrum revealing the coupling timescale τc

becomes buried beneath the noise. Time domain analysis is better suited for this

noise-dominated time series. We calculate the autocorrelation function of the time

series shown in Figure 15 for various lags. The autocorrelation function (Figure 16)

is still easily able to identify the coupling timescale buried beneath the noise.
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Figure 14. Frequency dependent response function of the crust to external torque.
The knee in the center of the plot represents the transition from coupled to uncoupled
components of the star as the star is perturbed at various frequencies.

Discrete Correlation Function. Time domain techniques maximize our ability to

identify subtle correlations, as shown in the previous section. Our pulsar timing data

are unevenly sampled, however, the typical situation for astronomical data. It is

desirable to measure autocorrelations without having to bin the data, which would

restrict our analysis to a timescale no shorter than the longest gap in the data and

entail a severe loss in time resolution. Unevenly-sampled data is readily handled with

the discrete correlation functionDCF (τ) (Edelson & Krolik 1988). For a set of arrival

time residuals δti this quantity is calculated as follows. We first construct the matrix

DCFij =
(δti − δt)(δtj − δt)

σ2
, (3.9)
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Figure 15. Top panel - Identical frequency residuals to Figure 13, but with Gaussian
noise added to each data point. Bottom panel - The power spectrum of the frequency
residuals. After the addition of noise to the time series, the coupling timescale is no
longer evident.

where δt is the mean of the data set and σ is its standard deviation (the choice of

normalization is arbitrary). This matrix is calculated for all possible pairs (δti, δtj),

each of which is associated with a pairwise lag ∆tij ≡ tj − ti. Suppose that there are

M pairs that satisfy the condition

τ −∆τ/2 ≤ ∆tij < τ +∆τ/2, (3.10)

where ∆τ is the width of the sampling window. Averaging over the M pairs that

satisfy Eq. ( 3.10), gives

DCF (τ) =
1

M

∑

DCFij. (3.11)
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Figure 16. The autocorrelation function for the time series shown in Figure 15 (top
panel), revealing the intrinsic relaxation time of the system that is not visible in the
power spectrum.

Points that do not fall in the sampling window do not contribute to DCF (τ). The

window size is minimized so as to maximize resolution without loss of good statistics;

in practice, ∆τ can be taken to be almost as small as the average sampling time. This

procedure uses every data point, without any significant penalty in resolution due to

occasional large gaps in the data. The values of τ that are used are binned in units

of ∆τ , but the data remain unbinned. The standard uncertainty in the DCF (τ) is

(Edelson & Krolik 1988)

σDCF(τ) =
1

M − 1

{

∑

[DCFij −DCF (τ)]2
}1/2

. (3.12)



36

S
aw

to
o

th
 F

u
n

ct
io

n

Time

Figure 17. Schematic of the sawtooth function. Each impulse decays linearly over a
timescale of 10 units. Impulses are randomly spaced in time, with random amplitudes
of either sign drawn from a Gaussian distribution with a standard deviation of unity.

Figure 18. Simulated residuals consisting of periodic functions, a polynomial, Gaus-
sian noise, and a sawtooth function. Several gaps are added to simulate real data.
The sawtooth function, with average amplitude ±1, is too small to be seen by eye.
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To illustrate that the DCF can distinguish between correlations due to wander

and those due to a relaxation process, we add a series of 10 “sawtooth” functions to

the simulated time series shown in Figure 6. Each sawtooth consists of a discontinuous

jump of random magnitude, followed by a linear decay over 10 time units. The jumps

are randomly spaced over the time series, with magnitudes drawn from a Gaussian

with a standard deviation of unity, such that the jumps of average magnitude ±1 are

undetectable to the eye (Figure 18). An illustrative representation of the sawtooth

function we use is shown in Figure 18. We have also added gaps to simulate real data.

Upon removal of the red noise, several DCFs for this time series are shown in

Figure 19. For W = 75, only positive correlations over ∼ 10 time units are found

(top panel), as the low-frequency wander has been almost completely subtracted. This

DCF signature is easily differentiated from that of short timescale wander, which

contains both correlations and anti-correlations. At lower values of W , the fitting

function begins to remove correlations in the data (middle and bottom panels); the

data have been overwhitened. For a broad range in W , we can see the correlations.s

We conclude that high-pass filtering of the time series followed by calculation of

the DCF is a robust method for identifying an intrinsic relaxation timescale tcorr,

provided the following condition is satisfied:

tsamp < tcorr < twander, (3.13)

where tsamp is the mean sampling interval and twander is the shortest timescale of the

wander. If the first inequality is not satisfied, then the time resolution of the data is
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Figure 19. DCFs for whitened simulated residuals using W = 75, 50, 25, after adding
a “sawtooth” function to the simulated residuals shown in Figure 6. The relaxation
timescale of 10 units is easily identified for W = 75, with low-frequency wander nearly
completely subtracted by the high-pass filter. For W = 50, the fitting function begins
to subtract the correlations. At W = 25, the time series is overwhitened, resulting in
reduction of the relaxation signature and anticorrelations from lags of ∼ 5− 25.
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not sufficient to resolve the correlation timescale. If the second condition is not met,

then the correlation cannot be disentangled from the wander.

Lagged Dispersion. As another statistic to measure correlations, we define the

lagged distribution function, LDF{δt, τ}, the distribution of fluctuation differences

separated in time by a lag τ . We denote the dispersion of LDF{δt, τ} as LD(τ). The

LD has the following properties for a data set that is correlated over a timescale τc

(and without a resonance). Because the time series will resemble itself to some extent

upon time translation by times τ < τc, the LDF{δt, τ} will be relatively narrow, and

hence LD(τ) will be relatively small. For τ > τc, the dispersion is larger because the

data around time t + τ are uncorrelated with the data around time t; in this case

LDF{δt, τ} is broader than at low lag, and LD(τ) asymptotes to some maximum

value as τ is increased. If the data series is simply noise, there will be no statistically-

significant variations in LD(τ) with τ , since the data contain no timescale. Hence, our

approach is to look for statistically-significant variations in LD(τ) as τ is increased.

To account for unequal sampling, we construct LD(τ) in the same way as the

DCF (τ):

LD(τ) ≡
1

M − 1

∑

(∆tij −∆t)2, (3.14)

where, as before, the sum is over the set of M elements that satisfies Eq. ( 3.10), in

which each element of the set is associated with the lag value τ . The mean ∆t in Eq.

( 3.14) is defined as

∆t ≡
1

M

∑

∆tij . (3.15)
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The standard uncertainty in LD(τ) follows the same form as for the DCF, and is

σLD(τ) =
1

M − 1

[

∑

(∆tij −∆t)2 − LD(τ)
]1/2

. (3.16)

The LD for the simulated sawtooth function shown in Figure 18 is shown in

Figure 20. To assess the statistical significance of these results, we decorrelated the

data through random shuffling of the points. For 100 such shufflings, we calculated the

average LD(τ) to establish the base LD(τ) one would expect under the null hypothesis

that the data are completely uncorrelated; these values are shown as the horizontal

lines in each figure, LD(τ) is normalized in terms of this average value. This method

has the advantage that nothing is assumed about the underlying statistics of the data,

rather, the data themselves are used to evaluate LD(τ) for the null hypothesis. The

LD reveals that the data are correlated over a timescale of 10 time units, consistent

with results of the DCF for this simulated time series (Figure 19).

3.3. Data

We have applied our analysis techniques to the 32 radio pulsars of Table 2. In this

section, we show results of our analysis applied to data for PSRs B0525+21, B1556-54,

B0950+08, B1133+16, and B1933+16 as particularly interesting examples.

3.3.1. PSR B0525+21

For several objects, we find no evidence, or marginal evidence for correlation

timescales. Timing residuals for PSR B0525+21 are shown in Figure 21 (top panel).

The wander in the timing noise occurs over timescales " 300 days. Upon whitening



41

Figure 20. LD of the time series shown in Figure 18, after whitening with W = 75.
The relaxation process occurring over 10 time units is evident, confirming the results
of the DCF shown in Figure 19.

Name Name
B0136+57 B1642-03
B0329+54 B1749-28
B0355+54 B1818-04
B0525+21 B1822-09
B0628-28 B1831-03
B0736-40 B1859+03
B0740-28 B1911-04
B0818-13 B1919+21
B0823+26 B1929+10
B0835-41 B1933+16
B0950+08 B1946+35
B1133+16 B2016+28
B1237+25 B2020+28
B1508+55 B2045-16
B1556-44 B2111+46
B1641-45 B2217+47

Table 2. Complete list of pulsars which we have studied using the analysis techniques
described in this chapter.
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Figure 21. Top panel - Timing residuals for PSR B0525+21, in microseconds. Bottom
panel - DCF of PSR B0525+21 residuals after whitening with W = 100 days. There
is marginal evidence for quasi-periodicity.

with a boxcar width W = 100 days, the DCF (bottom panel) shows marginal evidence

for quasi-periodicity.

3.3.2. PSR B1556-54

Some pulsars show large amplitude wander over timescales shorter than 100 days,

such as PSR B1556-54. Timing residuals are shown in Figure 22 (top panel). DCFs for

this object are shown in Figure 22 for W = 100 (middle panel) and 50 days (bottom

panel). For W = 100 days, the DCF shows quasi-periodic oscillations, possibly due to
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magnetospheric changes. With W = 50, more wander is removed, but quasi-periodic

oscillations are still evident (bottom panel).

3.3.3. PSR B0950+08

Timing residuals for PSR B0950+08 are shown in Figure 24. The DCF reveals

periodic wander on short timescales, similar to that seen in PSR B1556-54 (Figure

23). However, the pulse profile for this object is known to change from one “mode” to

another over similar timescales to those identified in the DCF (Shabanova & Shitov

2004). Correlations observed for this object may be due to changes in the magneto-

sphere which also affect the pulsar beam (Lyne et al 2010).

3.3.4. PSR B1133+16 and PSR B1933+16

We now focus on PSR B1133+16 and B1933+16, two particularly interesting

pulsars. Our analysis reveals strong evidence of a relaxation process.

Aside from being one of the brightest radio pulsars in the northern hemisphere,

the characteristics of PSR B1133+16 are typical for an old pulsar. It has a spin period

of 1.19 s, an inferred dipole magnetic field of & 2× 1012 G, and the spin-down age is

& 5 × 106 yr. 4000 days of timing residuals for PSR B1133+16 are shown in Figure

25 (top panel). These data were obtained by the 12.8 m telescope at Jodrell Bank,

with monitoring nearly daily, usually at 610 MHz.

PSR B1933+16 is also unremarkable in most parameters, with a spin period of

0.36 s, an inferred dipole field of ∼ 1012 G, and spindown age of ∼ 9 × 105 yr.



44

Figure 22. Top panel - Timing residuals for PSR B1556-54. Middle panel - DCF
for PSR B1556-54, using W = 100 days. Quasi-periodic fluctuations are evident.
Bottom panel - DCF for PSR B1556-54, using W = 50 days. More wander has been
removed, but some quasi-periodicity is still evident.
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Figure 23. DCF for PSR B0950+08. This behavior may be due to torque variability
caused by changes in the magnetosphere. Our techniques allow us to distinguish this
behavior from relaxation processes.

Approximately 6000 days of timing residuals for PSR B1933+16 are shown in Figure

26 (top panel). These data were also obtained by the 12.8 m telescope at Jodrell

Bank, with monitoring almost daily, usually at 610 MHz.

In Fig. 27 we show the DCFs for B1133+16 and B1933+16, where the error bars

were obtained from Eq. ( 3.12). (All error bars in this chapter are 1-σ). The DCF

for B1133+16 shows highly significant, non-periodic correlations over a timescale

τc ∼ 10 d, with the distinct structure of a relaxation process. B1933+16 shows

similar correlations, over a timescale τc ∼ 40 d. To determine the significance of the

correlation signature in the DCF for each object, we shuffle the whitened residuals
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Figure 24. Timing residuals for PSR B0950+08, in microseconds. Timing residuals
are shown before whitening in the upper panel, and after whitening with a boxcar
width W = 100 days in the lower panel.

randomly in time and calculate the correlation significance DCF (τ)/σ(τ) for each

data point. The total correlation significance for each object is

S =
∏

i

DCF (τi)

σ(τi)
, (3.17)

where the sum is over all values of τi < τc, the inferred correlation timescale. If

the correlation significance of the unshuffled data is less than that for the shuffled

data, we conclude that the correlation is statistically insignificant. In 10,000 such

shufflings for each data set, the null result is never realized. We therefore estimate
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Figure 25. Timing fluctuations in PSR B1133+16. The bottom panel shows the
residual timing fluctuations after subtraction of the long-term wander evident in the
top panel. The uncertainties are comparable in magnitude to the fluctuations, and
are not shown for clarity. The gaps in the data sets are on account of equipment
upgrades; our analysis techniques enable us to use data on both sides of the gaps..
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Figure 26. Timing fluctuations in PSR B1933+16. The bottom panel shows the
residual timing fluctuations after subtraction of the long-term wander evident in the
top panel. The uncertainties are comparable in magnitude to the fluctuations, and
are not shown for clarity. The gaps in the data sets are on account of equipment
upgrades; our analysis techniques enable us to use data on both sides of the gaps.

the statistical significance of the detected correlations to exceed 1− 10−4, consistent

with the uncertainties given in Figure 27.

In Figure 28 we show LD(τ) for each pulsar. We see lower dispersion out to a

lag of ∼ 10 d for B1133+16, and ∼ 40 d for B1933+16. For B1133+16, we find that

LD(τ) is significantly lower than what we expect from the null hypothesis out to
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Figure 27. The DCF of the two time series in Figures 25 and 26 (bottom panels) For
B1133+16, we use W = 400. For B1933+16, W = 120.

τ & 10 d, in support of the DCF result. B1933+16 is very similar, but indicates a

relaxation timescale τ & 40 d, as in the DCF.

The power spectra of these objects do not show the correlations that our time-

domain analysis has revealed. Gaps in observations of 4-5 days are frequent for

B1133+16, and several gaps of 8-16 days are present. To obtain a power spectrum

without interpolating data, we have chosen a span of data approximately 1700 days in

length, with gaps no longer than 4 days. The power spectrum of the timing residuals

are shown in Figure 29 (top panel), using 4 day binning with uniform weighting.

The spectrum indicates that the signal is composed of white noise, with excess power
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Figure 28. Dispersion of the lagged distribution function (LD), normalized by its
average value for many shufflings of the time series. The curve corresponds to the
data, while the horizontal line corresponds to the dispersion of the data under the
null hypothesis of no correlations (see text). As with the DCFs, W = 400, 120 for
B1133+16 and B1933+16, respectively.

at low frequencies. No high frequency features or spectral breaks are evident. For

PSR B1933+16, we select a section of data spanning 1400 days to analyze with

Fourier techniques, following the technique described for PSR B1133+16. The data

are binned to 4 day wide bins, with the resulting power spectrum shown in Figure 29

(bottom panel). The red spectrum corresponds to the low-frequency wander visible

in the timing residuals (Figure 26).

In Figure 30 we show the probability distribution functions of the fluctuations

about the mean, PDF{δt} for B1133+16 and B1933+16. Interestingly, the time series
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Figure 29. Top panel - Power spectrum of B1933+16 residuals. Bottom panel - Power
spectrum of B1933+16 residuals. No frequency dependent structure is evident.

of neither pulsar is well-described by a random Gaussian process. This is especially

striking for B1133+16, whose distribution falls somewhere between a Gaussian and a

Cauchy-Lorentz distribution.

3.4. Robustness Tests

To ensure that the correlations found using the DCF are not introduced by the

whitening method, we compare our results to those found using other techniques,

using PSR B1133+16 for illustration. In the case of this object, the wander in the

timing noise can be well removed with a 5th order polynomial. Applying the DCF
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Figure 30. PDFs of observed fluctuations in pulse arrival times after high pass filter-
ing, corresponding to data sets in Figures 25 and 26 (bottom panels). We also show
the best fits of Gaussian (solid line) and Cauchy-Lorentz (dashed line) functions.

analysis to the data whitened using this technique, results are very similar to those

we find using the technique described in Section 3.3 (Figure 31 middle panel). We

also apply the DCF to unwhitened data for PSR B1133+16, and then whiten the

correlation function, rather than the time series, to remove the signature of low-

frequency wander from the DCF. Results using this technique for PSR B1133+16

are shown in the bottom panel of Figure 31. These three whitening techniques give

nearly indistinguishable results.

A large difference in timescales exists for B1133+16 between the relaxation timescale

(∼ 10 d) and the characteristic wander (∼ 1000 d). This allows a wide range of high-

pass filter widths W for which our results remain unchanged. The wander is not well

removed for W " 600 days, and the fitting function begins to subtract the relaxation



53

Figure 31. DCF for PSR B1133+16, using three different whitening methods. In the
top panel, the whitening method described in section 3.3 is used. For the middle
panel, timing residuals were whitened using a fifth-order polynomial. For the bottom
panel, the DCF function itself was whitened (see text).
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Figure 32. DCFs for PSR B1133+16 for several values of W . Top panel - W = 600
days. Middle panel -W = 200 days. Bottom panel -W = 80 days. ForW ∼ 100−500
days, the DCFs are nearly indistinguishable.
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Figure 33. DCFs for PSR B1933+16 for several values of W . Top panel - W = 140
days. The wander is not yet completely removed. Middle panel - W = 100 days. This
time series is properly detrended. Bottom panel - W = 60 days. This time series
has begun to be overdetrended, though positive correlations for τ < 20 are clear. For
W ∼ 80− 120 days, the DCFs are nearly identical.

correlations for W ! 100 days. We show DCFs for PSR B1133+16 for several values

of W in Figure 32.

The characteristic timescale of the wander is much shorter for B1933+16, ∼ 300

d. We plot several DCFS for B1933+16 for different values of W (Figure 33). In
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order to successfully remove the wander, W must be a factor of smaller than the

shortest characteristic timescales of the wander. We also ensure that W is a factor

of 2-3 higher than the relaxation timescale we identify for each object. In the case

of B1933+16, this leaves little room to vary W . To reveal the relaxation timescales

shown in Figures 27 and 28, we use a cutoff frequency of 400 days−1 for B1133+16,

and 120 days−1 for B1933+16.

3.5. Discussion

The two complementary and independent statistics, DCF (τ) and LD(τ), that

we have used here measure different properties of the data. The DCF measures the

extent to which the data resemble themselves upon translation in time, while the

LD measures the extent to which the PDF of fluctuation differences widens as the

data decorrelate upon translation in time. The shape of the DCF also indicates the

form of the correlation. That these different statistics give the same results gives

us confidence that we have identified correlations in both data sets. The correlation

found in B1133+16 cannot be an artifact of the whitening process. The character-

istic timescale of the whitening function was ∼ 500 d, and its subtraction could not

introduce spurious correlations over a time scale as low as ∼ τc, nearly two orders of

magnitude shorter.

We consider it unlikely that correlations we have detected are due to mode changes

in the pulsar magnetosphere of the kind identified by Lyne et al. (2010). PSR
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B1133+16 and PSR B1933+16 show no evidence for such modes changes. Moreover,

timing correlations due to mode changes would show both correlations and anti-

correlations, while B1133+16 and B1933+16 show only correlations. Timing residuals

for PSR B0950+08, a pulsar known to exhibit mode changes (Shabanova & Shitov

2004), are shown in Figure 24. Upon whitening the data, the DCF of this object

reveals both correlations and anti-correlations (Figure 23). This may be evidence of

magnetospheric effects contributing to timing noise. Our analysis techniques afford

a powerful method with which to differentiate between this behavior and relaxation

processes in the star.

The correlations also cannot be due to time variability of the interstellar medium.

The delay in the arrival time of a pulse of frequency νMHz due to dispersion in the

interstellar medium is (Lyne & Graham-Smith 2005)

∆tISM = 4.15× 106MHz2 pc−1ms × ν−2
MHz × DM, (3.18)

where DM is the dispersion measure (cm−3 pc). The dispersion measure is cal-

culated during multi-wavelength observations for B1133+16 and B1933+16, and

used to subtract the delay as part of the timing model. Long term monitoring of

these pulsars allows calculation of the time derivative of the dispersion measure,

d(DM)/dt ∼ 8× 10−4cm−3 pc yr−1 for B1133+16, and ∼ 2.3× 10−3 cm−3 pc yr−1 for

B1933+16 (Hobbs et al. 2004). This variability of the electron density produces

small fluctuations in the arrival time delay, on the order of 10µs yr−1. To estimate

the maximum effect of variations of the interstellar medium, we superimposed a sine
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wave of amplitude 10µs with period 10 d on our whitened data. No detectable signal

is introduced into either the DCF or the LD.

For most of the pulsars in Table 2, we find no evidence of relaxation behavior. we

find no evidence of non-periodic correlations over short timescales. We have identified

several factors that could inhibit detection. Some of the objects we have analyzed

have been observed on a weekly basis. In order to resolve correlation timescales of

∼ 10 d, we find that nearly daily sampling is required. In addition, many data sets

have an insufficient number of points to enable us to make an identification of any

correlations. We estimate that to successfully identify non-periodic short-timescale

correlations in inherently noisy pulsar timing data, it is necessary to monitor objects

nearly daily for 10 years or longer. For data which contain relaxation and periodicity

over similar timescales, it is not possible to remove the wander without removing any

non-periodic correlations that may exist.

We interpret the correlations found in PSRs B1133+16 and B1933+16 as evidence

of a damped rotation mode that is frequently excited by the noise process. This is the

first evidence for differential rotation apart from glitches, a result that supports the

expectation that most of the neutron star interior is a fluid. This discovery was made

possible with 1) high-resolution data collected over decades, only possible now, 2)

proper whitening of the timing residuals, as developed in this thesis, and 3) analysis

of the data in the time domain.
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The analysis methods described in this chapter may be usefully applied to other

data analysis problems. Our techniques are well suited for seeking time correlated

structure in noisy time series. In particular, our methods may be used to detect

timing noise fluctuations due to magnetospheric effects, such as those described by

Lyne et al. (2010). These techniques may also be used to detect precession and

oscillation modes in pulsar timing data. We hope introduction of these methods will

stimulate research in this area, and motivate further high resolution monitoring of

pulsars.
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4. NEUTRON STAR THERMAL AND MAGNETIC EVOLUTION

In this chapter, we review the factors that determine the thermal and magnetic

evolution of neutron stars. We discuss relevant cooling processes at early and late

thermal times, and review several possible internal heating mechanisms. We outline

several factors that may lead to evolution of the magnetic field on timescales short

compared to the observable lifetime of a neutron star.

4.1. Thermal Evolution

At the time of its formation, the temperature of a neutron star is ∼ 1011 K.

Subsequent cooling is determined by neutrino emission from the interior and photon

emission from the surface. Within just a few days, neutrino emission cools the star to

below 1010 K. Neutrinos continue to dominate the cooling trajectory for ∼ 104 years,

at which time the interior of the star reaches an isothermal state. At a characteristic

age of ∼ 105 years, cooling is dominated by photon emission from the surface. Heat

is liberated from the core by conduction through the outer layers of the star. As-

suming no heat sources in the stellar interior, the surface temperature and the core

temperature are closely tied, following the approximate relation (Gudmundsson et al.

1982)

Tb8 = 1.288

(

T 4
s6

gs14

)0.455

, (4.1)
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where Tb8 is the temperature at the base of the crust in units of 108 K, Ts6 is the

surface temperature in units of 106 K, and gs14 is the surface gravity in units of

1014 cm s−2.

The precise trajectory of a neutron star’s temperature evolution depends on the

composition of the interior, relevant cooling processes, and heating processes (if any).

Neutrino emission is dominated by Urca processes, during which particles emit neu-

trinos by beta decay and inverse beta decay. The direct Urca process is the most

efficient for cooling the neutron star core, given by

n → p + e− + ν̄e, (4.2)

p → n+ e+ + νe. (4.3)

The proton to neutron ratio determines whether the direct Urca process is attainable,

or whether the much less efficient modified Urca process operates, given by

n+ (n, p) → p+ (n, p) + e− + ν̄e, (4.4)

p+ (n, p) → n+ (n, p) + e+ + νe. (4.5)

Additionally, the existence of superfluidity suppresses neutrino emission at early times

by limiting the effectiveness of Urca processes, and enhances cooling at later times

by lowering the specific heat (Maxwell 1979).

Sources of internal heating may include friction between the crust and superfluid

components and decay of the magnetic field. As we illustrated in section 2.1, fluid

components in the interior may rotate at a different rate than the crust, resulting in
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heat generation from friction between the two components. Ohmic dissipation of the

magnetic field may also be a relevant heating process in the crusts of neutron stars,

where the electrical conductivity is orders of magnitude lower than in the core. Field

decay may be especially important in highly magnetized neutron stars. Kaminker et.

al (2006) find that standard cooling models significantly underestimate the surface

temperature of such stars (Figure 34). They conclude that a heating layer near the

base of the outer crust is consistent with the observed temperatures of magnetars.

Such heating could be produced by ohmic decay of strong magnetic fields found in

magnetars, thus coupling their thermal and magnetic evolution.

4.2. Magnetic Fields

The magnetic field is the distinguishing feature of a neutron star, dividing mil-

lisecond pulsars from standard pulsars, and quiescent emitters from bursters. The

field is born, or rather reborn, during the supernova event that produces the neutron

star. As the progenitor star collapses, the magnetic flux already present is unable

to be expelled from the star due to flux freezing. Currents that exist in the interior

cannot decay quickly because the induced EMF produced by a change in the current

works to support the existing current, similar to a simple R-L circuit. The decay

time of such a circuit is very long, thus keeping the magnetic flux constant even in a

plasma. The neutron star has a radius ∼ 105 times smaller than the main sequence

star from which it was born. Because the flux is held constant during collapse, the
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Figure 34. Observed magnetar surface temperature vs. age. The solid line repre-
sents a standard cooling model with no superfluidity, the dashed line included proton
superfluidity in the core. From Kaminker et al. (2006) .

magnetic field is ∼ 1010 times larger. For a typical giant star with magnetic field

strength ∼ 100 G, this produces a ∼ 1012 G neutron star. In magnetars, the ini-

tial field strength may be augmented by a dynamo process soon after neutron star

formation (Thompson & Duncan 1993).

The global structure of the magnetic field is likely composed of poloidal and

toroidal components. Magnetic field models indicate that the poloidal component,
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inferred from spin-down measurements, may be smaller than the toroidal component

by an order of magnitude (Braithwaite 2009). The recent discovery of a Soft Gamma

Repeater with a relatively small (B < 7.5 × 1012G) dipole field supports this idea.

SGR 0418+5729 was discovered in 2009 after emitting two magnetar-like bursts (van

der Horst et al. 2010), after which it became detectable as a pulsating source of

X-rays. Spin-down measurements indicate that the emission cannot be powered by

decay of the dipole field, but must rely on a very large (< 1016G) internal field as a

source of energy (Dall’Osso et al. 2011).

Estimates of the magnetic field strengths in young and old pulsars indicate that

the field evolves over timescales short compared to a neutron star’s observable lifetime.

For a model in which charged particles move due to electromagnetic forces relative to

a neutral background, evolution of the magnetic field in the core is governed by the

equation (Goldreich & Reisenegger 1992)

∂B

∂t
= ∇× (v×B) + γ∇×

(

−
j

nee
×B

)

−∇×
( c

σ
j
)

, (4.6)

where v is the weighted average velocity of charged particles, j is the electric current,

ne is the number density of electrons, e is the elementary charge, σ is the conductivity,

and γ is a dimensionless factor that parameterizes the coupling between the charged

particles and the neutral background. The terms on the right hand side correspond

to physical processes, known as ambipolar diffusion, Hall drift, and ohmic diffusion

(from left to right).
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Ambipolar diffusion allows the magnetic field to move through a flow of the

charged particles to which the field is coupled, due to bouyancy-like forces. This

process is not likely to be effective in normal neutron stars, as it creates chemical po-

tential gradients that quench the bulk flow (Reisenegger 2003). However, in strongly

magnetized neutron stars, this process can cause a flow of charged particles along with

the magnetic field from the core to the crust/core boundary. The Hall drift term is

not dissipative in itself, but can lead to small scale structures in the magnetic field.

Magnetic structures with smaller scales decay faster under the influence of ohmic

diffusion, the familiar dissipative term resulting from resistivity of a medium to the

flow of charged particles. Ohmic diffusion has a very long decay timescale for typical

neutron star parameters, so is not likely to have a large effect on the global field. The

decay time due to ohmic diffusion can be estimated by dimensional analysis,

τd =
σL2

c2
, (4.7)

where σ is the electrical conductivity and L is a characteristic length scale. Inserting

L = R, the stellar radius ∼ 10 km, and a typical conductivity of σ = 1023s−1 gives a

decay time of ∼ 106 yr. This is longer than the age of most observed pulsars, so is not

likely to have a considerable effect on the global field. However, ohmic diffusion may

be important to magnetic and thermal evolution in neutron star crusts, where the

conductivity is orders of magnitude lower. We explore a thermo-resistive instability

in the crusts of highly magnetized neutron stars in Chapter 5.
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5. THERMO-RESISTIVE INSTABILITY IN MAGNETAR CRUSTS

5.1. Introduction

Soft gamma repeaters (SGRs) are a class of highly magnetized neutron stars

(magnetars) that exhibit persistent X-ray emission, interrupted periodically by short

bursts of gamma rays. The more frequently occurring short bursts have typical du-

rations of 0.01 - 1s, with peak luminosities of ∼ 1042 erg s−1. Giant flares are much

more rare and energetic outbursts, with peak luminosites 102− 105 times larger than

the short bursts. Three giant flares have been observed to date: from SGR 0526-66

on March 5, 1979 (Helfand & Long 1979; Mazets et al. 1979), SGR 1900+14 on Au-

gust 27, 1998 (Hurley et al. 1999), and SGR 1806-20 on December 27, 2004 (Hurley

et al. 2005). SGR 1806-20 has produced the largest observed giant flare, releasing

∼ 1046 erg of energy over 380 s. Precursors to two of the three giant flares have been

identified. The 2004 giant flare was preceded by a 1s long event, 140 s prior to the

initial hard spike (Hurley et al. 2005) . A similar precursor to the August 27 giant

flare was observed (Ibrahim et al. 2001), with duration ∼ .05 s preceding the initial

spike by 0.4 s.

SGR flares are thought to represent the release of magnetic energy, though the

trigger mechanism remains uncertain. Thompson & Duncan (1995) propose that

the short bursts observed from SGRs are the result of fracturing the crust of the

neutron star by magnetic stresses. Recent calculations indicate that neutron star
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crusts fail catastrophically under stress (Horowitz & Kadau 2009). The rigid crust

could act as a gate, releasing magnetic energy when magnetic stresses cause the crust

to fail. Larger events such as giant flares could be caused by large scale readjustment

of the magnetic field due to magnetic instability (Thompson & Duncan 1995). As

the field readjusts, magnetic reconnection leads to the formation of a pair plasma

which is injected into the magnetosphere (Thompson & Duncan 1995). Alternatively,

Lyutikov (2006) argued that the short rise time of the 2004 giant flare requires that the

magnetic energy be stored in the magnetosphere rather than the stellar interior. In

this scenario, slow untwisting of the internal magnetic field eventually leads to sudden

relaxation of the twist in the magnetospheric field, releasing the energy necessary to

power the flare.

The initial configuration and subsequent evolution of magnetic fields in highly-

magnetized neutron stars is a complicated problem. The field evolves continuously

due to the effects of ohmic decay, ambipolar diffusion, and Hall drift. Recently, Pons

& Geppert (2007) studied the evolution of magnetic fields in neutron star crusts, em-

phasizing the importance of Hall drift. Their results indicate that Hall drift of crustal

fields can create small-scale magnetic field structures, and that those structures can

drift to regions of higher resistivity. The simulations of Pons & Geppert (2007) were

restricted to magnetic fields in the inner crust.

In this chapter, we focus on the outer crust, and show that large currents can lead

to a thermo-resistive instability, affecting the thermal evolution of the star. As the
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instability evolves, large portions of the crust may melt, allowing the magnetic field to

evolve on a timescale much faster than the average ohmic decay and Hall timescales.

The enhanced magnetic evolution resulting from instability may be related to flare

activity in magnetars.

This chapter is organized as follows. In Section 5.2, we describe the relevant

physics of the thermo-resistive instability in neutron star crusts. We describe the

physical processes that lead to evolution of the neutron star magnetic field in Section

5.3. In Section 5.4, we describe our neutron star model and give details of calculations

of the instability growth rate. Section 5.5 contains discussion and our conclusions.

Material in this chapter was published in the Monthly Notices of the Royal Astro-

nomical Society (Price et al. 2012).

5.2. Thermo-Resistive Instability

The dipole fields of magnetars are inferred to be in the range ∼ (0.5− 20)× 1014

G, based on spindown measurements of SGRs and AXPs (see Mereghetti 2008 for

a review). In order for the magnetic field to be stable in neutron stars, it must

contain both toroidal and poloidal components (Markey & Tayler 1973). The toroidal

component in a stable configuration may be an order of magnitude larger than the

poloidal component (Braithwaite 2009).

Large crustal currents associated with the toroidal field would produce significant

ohmic heating due to the relatively high resistivity in the outer crust. Ohmic heating
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can account for the observed trend of surface temperature that increases with surface

field observed in neutron stars with B > 1013 G (Pons et al. 2007). Cooling simula-

tions show that a heating layer in the outer crust, as would arise from current decay,

can explain the high surface temperatures of magnetars (Kaminker et al. 2006).

Current decay is determined primarily by electron-phonon interactions for a tem-

perature T below the melting temperature Tmelt. In this regime, the electrical re-

sistivity scales as T , so that a small increase in temperature leads to increased heat

dissipation (Figure 35). The additional heating raises the temperature further, and

a temperature runaway may develop if thermal transport is unable to quench the

feedback process. As we will show in this chapter, this instability can occur in the

outer crusts of neutron stars, where the electrical resistivity is relatively high and the

thermal conductivity is low.

5.3. Ohmic Decay and Hall Drift

The evolution of the magnetic field in neutron stars after birth is determined

primarily by ohmic decay and Hall drift. The ohmic decay timescale is τohm = η−1L2,

where L is the typical magnetic field length scale and η is the electrical resistivity. A

typical value for the outer crust at temperature T = 108 K is

τohm = 3× 105
(

L

1 km

)2
( η

10−3 cm2 s−1

)−1
yr. (5.1)
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Figure 35. Resistivity of the crust at a density of 109 g cm−3. The melting temperature
at this density is ∼ 3× 108K.

For a magnetar of age 104 yr, crustal currents from the initial field should still be

present. (We note that the τohm was smaller early in the star’s life, since the temper-

ature and resisitivity were higher.)

Hall drift creates small scale magnetic structures in the crust over the Hall

timescale (Pons & Geppert 2007), given by

τHall =
4πneeL2

cB
, (5.2)

where ne is the electron density and B is the magnetic field strength. A typical value

for the outer crust is

τHall ∼ 6

(

L

1 km

)2( B

1015G

)−1

yr, (5.3)
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Hall drift can concentrate currents in the crust. The induction equation, neglecting

ohmic dissipation, is

∂B

∂t
= −∇×

(

c

4πnee
(∇×B)×B

)

. (5.4)

As a simple example to illustrate how Hall drift may affect the magnetic field, consider

a field in cylindrical coordinates, with only an azimuthal component which depends

on r,

B = Bφ(r)ϕ̂. (5.5)

Eq. ( 5.4) becomes

∂B

∂t
= ∇×

(

c

4πnee

Bφ
r

∂(rBφ)

∂r
r̂

)

. (5.6)

Since the magnetic field has only r dependence, and the quantity inside the parenthesis

is in the r̂ direction, the curl is zero, and the field is stationary.

Outward drift of the field can replenish currents in the outer crust that are de-

caying through ohmic diffusion. In order to get an outward drift of the field, the field

must have z-dependence, as considered by (Pons & Geppert 2007). This corresponds

to a field strength that varies from the magnetic pole to the magnetic equator. The

induction equation for the φ-component of the field gives

∂Bφ
∂t

=
2

τHall

L2

r

∂Bφ
∂z

. (5.7)

If ∂B/∂z is positive, the field in the crust will increase over a typical timescale of

τHall.
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We assume henceforth that strong currents exist in the crust at an age of ∼ 104

years, and explore the consequences.

5.4. Calculations

5.4.1. Equations and Boundary Conditions

We model the outer crust as an infinite slab, with x̂ pointing into the star (Figure

36). The thermal evolution of the neutron star outer crust is described by the energy

conservation equation,

cv(ρ, T )
dT (x)

dt
=

4πη(ρ, T )

c2
j2 +∇ · [κ(ρ, T )∇T (x)]−Qν(ρ, T ), (5.8)

where ρ is the density, cv is the specific heat, j is the electric current, Qν is the

neutrino emissivity, and κ is the thermal conductivity. The magnetic field evolution

is described by the induction equation

∂B(x)

∂t
= −∇× (η(ρ, T )∇×B(x)) , (5.9)

where the magnetic field is related to the current by

j(x) =
c

4π
∇×B(x). (5.10)

As justified below, we work in an approximation in which magnetic induction can

be ignored, so we need not specify boundary conditions on B. The slab consists of 3

regions - an atmosphere with no magnetic dissipation, an outer crust, and an isother-

mal inner crust/core. The atmosphere extends from a density of 104 g cm−3 at the
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Figure 36. Neutron Star model. The shading represents the region of ohmic heating.

stellar surface to 106 g cm−3, the outer boundary of the crust. For the atmosphere and

outer crust zones, we employ the density model of Friedman & Pandharipande (1981).

The inner crust/core zone is assumed to be an infinite heat reservoir, beginning at a

density of ρ = 1011 g cm−3.

Boundary conditions. At the stellar surface we choose the unperturbed tempera-

ture to be,

T = Ts, (5.11)

and require that the heat flux at the boundary equal the blackbody emission rate at

temperature Ts,

κ
dTs

dx
= σT 4

s . (5.12)
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As a simple model of the toroidal component of the neutron star magnetic field,

we introduce to the outer crust zone a current sheet of width L:

j(x) = j0 e
−((x−x0)/2L)

4

ẑ, (5.13)

where j0 is the amplitude of the current, and x0 the location of the peak current. This

analytic form allows a large, nearly uniform current near the heating peak, falling off

sharply for |x − x0| > L (Figure 37). The magnetic field resulting from the current

lies in the y-z plane, with variation in the x̂ direction. In our models, the heating

region is near the center of the outer crust, with characteristic width much smaller

than the crust thickness to ensure negligible heating at the boundaries. We note that

this current model leads to large pressure gradients in the crust. To form a stable

current model, a complex geometry is required, such as that of Braithwaite (2009). We

use the simplified current model described here to demonstrate the thermo-resistive

instability.

5.4.2. Input Physics

For the electrical and thermal conductivities in the crust, we use the analytical

expressions of Potekhin (1999) for electron-ion collision frequencies in Fe matter. We

ignore the effects of the magnetic field on the conductivities. Small jumps in the

conductivities occur at T = Tmelt, which we smooth to avoid numerical problems.

The heat capacity of the crust has contributions from ions and relativistic electrons.

The specific heat due to ions for solid matter (γ > 150) is given by van Riper (1991),
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Figure 37. Sample current sheet and associated magnetic field. The current peaks at
x0 = 100m,approximately at the center of the outer crust.

cionv = ni
3

2
kb

[

1 +
log(γ)

log(150)

]

erg cm−3K−1, (5.14)

where

γ ≈
22.75Z2

T6

(ρ6
A

)1/3
(5.15)

is the Coulomb plasma parameter, ρ6 is the density in units of 106g cm−3, T6 is the

temperature in units of 106 K, Z is the ionic charge, and A the atomic weight. The

contribution from relativistic, degenerate electrons to the specific heat is

cev = 5.4× 1019
(

ne

n0

)2/3

T9 erg cm−3K−1, (5.16)

where n0 = 0.16 fm−3 is the nuclear saturation density. The specific heat of ions and

electrons are shown in Figure 38 at 108 K.

In strongly-magnetized neutron star crusts, the neutrino luminosity is dominated

by neutrino synchroton emission (Aguilera et al. 2008). The rate of emission is given
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Figure 38. The specific heat at 108K. The solid line is ionic specific heat, and the
dashed line is electronic specific heat.

by Bezchastnov et al. (1997)

Qν = 1019B2
15T

5
9 erg cm−3 s−1, (5.17)

where B15 is the magnetic field strength in units of 1015 G, and T9 is the temperature

in units of 109 K. The ratio of neutrino emission Qν to ohmic heating H is given by

Qν
H

= 7× 10−5B2
15 T

5
8

( η

10−4 cm s

)−1
(

j

1021 (erg cm−3 s−2)1/2

)−2

. (5.18)

For the range of temperatures and magnetic fields we consider, the energy lost through

neutrino emission is negligible compared to the ohmic heating rate and we neglect it

in this analysis.

Using these boundary conditions, we integrate Eq.( 5.8) to the boundary of the

outer crust. An example of a typical equilibrium crust temperature profile is plotted

in Figure 39, corresponding to the current model shown in Figure 37. The heat

current for a typical crust model is shown in Figure 40. Most of the energy flux is
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Figure 39. A sample temperature profile, with Ts = 106 K, Bmax = 5× 1015 G. The
dashed curve is the melting temperature of the lattice. Shading indicates the heated
region. This model indicates that a portion of the crust is molten, but the heated
region is solid.

into the star, in the direction of increasing thermal conductivity. The energy is then

lost to neutrino emission from the core.

5.4.3. Stability Analysis

We now examine the stability of the equilibrium state . We perform a stability

analysis of the outer crust using Eq. ( 5.8), substituting T (t) = T0+ δTeγt, where δT

is the perturbation mode and γ is the growth (decay) rate. For the range of heating

models we consider, instability growth rates are fast compared to magnetic diffusion

and we neglect evolution of the magnetic field in our calculations. The following

section contains further justification of this approximation. Neglecting magnetic evo-

lution and neutrino emission, the perturbed energy balance equation is given by

∂2δT

∂x2
=

1

κ

[

cvγ −
4π

c2
η′j20 −

∂κ′

∂x

∂T0

∂x
− κ′

∂2T0

∂x2

]

δT −
1

κ

[

∂κ0
∂x

+ κ′
∂T0

∂x

]

∂δT

∂x
, (5.19)
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Figure 40. Absolute value of the heat current for a sample crust model. The heat
current flows towards the surface and the core from the heating peak. Most of the
flux is lost to the core .

where primes indicate differentiation with respect to T at fixed x.

5.4.4. Magnetic Induction

To determine the relevance of magnetic induction to the instability growth rate

we perform a local, plane-wave analysis of Eqs. ( 5.19) and ( 5.9). The perturbed

energy conservation equation including magnetic induction is given by

κ
∂2δT

∂x2
=

[

cvγ −
4π

c2
η′j20 −

∂κ′

∂x

∂T0

∂x
− κ′

∂2T0

∂x2

]

δT−

[

∂κ0
∂x

+ κ′
∂T0

∂x

]

∂δT

∂x
−

[

8π

c2
η j0

]

δj.

(5.20)

The magnetic induction equation (Eq. 5.9) can be written in terms of the current

j,

∂j

∂t
= −∇× (∇× ηj). (5.21)
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Upon linearizing the induction equation, we have

η0
∂2δj

∂x2
=

[

γ −
∂2η0
∂x2

]

δj − 2
∂η0
∂x

∂δj

∂x
−

[

2
∂η′

∂x

∂j0
∂x

+ η′
∂2j0
∂x2

+
∂2η′

∂x2
j0

]

δT

−

[

2
∂η′

∂x
j0 + 2η′

∂j

∂x

]

∂δT

∂x
− η′j0

∂2δT

∂x2
. (5.22)

Magnetic induction can be neglected if the induction term is small compared to

the ohmic heating term in Eq. ( 5.20), integrated over the heating region:

∫

V

4π

c2
η′j20 ,

∫

V

8π

c2
η0 j0 f(x), (5.23)

where f(x) ≡ δj/δT . We find an approximate expression for f(z) using plane wave

solutions for δT and δj in Eq. ( 5.22) and solving for δj:

δj =

[

k2η0 + γ −
d2η0
dx2

− 2ik
η0
dx

]−1

×

[

2
dη′

dx

dj0
dx

+ η′
d2j0
dx2

+
d2η′

dx2
j0 + 2ik

dη′

dx
j0 + 2ikη′

dj0
dx

− η′j0k
2

]

δT. (5.24)

We take for the wavenumber k = 1/L, the characteristic width of the heating

region. We approximate the induction term by evaluating the variables at the heating

peak,

∫

V

8π

c2
η0 j0 f(x) &

8π

c2
Lηp jmax f(x), (5.25)
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where L is the heating length scale, ηp is the resistivity at the heating peak, jmax is

the maximum current, and f(x) is evaluated at the heating peak in the plane wave

approximation. We approximate the heating term in the same way,

∫

V

4π

c2
η′j20 &

4π

c2
Lhη

′

pj
2
max, (5.26)

where η′p is ∂η
∂T evaluated at the peak. Using Eqs. ( 5.25) and ( 5.26), Eq. ( 5.23)

becomes

4π

c2
Lhη

′

pj
2
max ,

8π

c2
Lh ηp jmax f(x). (5.27)

For the range of magnetic field models we consider, the heating term is much

larger than the induction term. We plot the ratio of the heating term to induction

term in Fig. 41 for several models. We conclude that magnetic induction is negligible

for the large fields of interest.

As a second test, we evaluate the ohmic decay time of the magnetic field by

dimensional analysis. Dimensionally, the ohmic decay time is

τd ∼
L2

4πη
, (5.28)

where η is the resistivity at the heating peak, and L is a characteristic length scale.

Ohmic diffusion can be neglected if the ohmic decay timescale is much longer than

the instability growth timescale, τd , τg. Fig. 42 shows the ratio τd/τg for several

heating models.
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Induction Significance

Magnetic Field (10    G)15

Figure 41. Ratio of induction term to heating term in the energy balance equation.
Induction can be neglected for small values of this ratio .

Magnetic Field (10    G)15

Ratio of Timescales

Figure 42. Ratio of instability growth timescale to ohmic decay timescale for several
heating models. Magnetic induction can be neglected for τg/τd % 1 .
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5.4.5. Perturbation Mode Boundary Conditions.

To determine the perturbation mode gradient at the outer boundary, (ρ = 106g cm−3),

we integrate through the atmosphere for several values of Ts to determine the depen-

dence of the temperature gradient on the temperature. Because there is no ohmic

heating in the atmosphere section, the temperature at the outer boundary Tob and the

temperature gradient dTob/dx are uniquely defined for a given surface temperature.

Therefore, dTob/dx is a function of Tob:

dTob

dx
= f(Tob) (5.29)

Allowing perturbations to the temperature at the outer boundary for Eq. ( 5.29)

gives

d(Tob + δTob)

dx
= f(Tob + δTob). (5.30)

Since the function f(Tob) is well behaved, Eq. ( 5.30) to first order in δTob is

d(Tob + δTob)

dx
= f(Tob) + f ′(Tob)δTob, (5.31)

where primes indicate differentiation with respect to Tob. Using Eq. ( 5.29) we can

solve for f ′(Tob),

f ′(Tob) =
d

dTob

(

dTob

dx

)

. (5.32)

Keeping only perturbed terms of Eq. ( 5.32) we arrive at the outer boundary condi-

tion,
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dδTob

dx
=

d

dTob

(

dTob

dx

)

δTob. (5.33)

We assume the inner crust/core of the neutron star to be an infinite heat reser-

voir. Therefore, at the inner boundary we require that the temperature perturbation

vanish,

δTib = 0. (5.34)

We solve Eq. ( 5.19) simultaneously for the temperature perturbation mode δT (x) and

the mode growth rate γ for a given crust temperature profile and current distribution,

given by Eq. ( 5.13). We satisfy the set of mixed boundary conditions through a

shooting algorithm. A sample temperature perturbation mode for the heating model

presented previously is plotted in Figure 43. The instability growth rate γ as a

function of the maximum field in the crust due to crustal currents is plotted in Figure

44.

To see the scalings of γ with the parameters of the problem, it is useful to perform

a local plane wave analysis to obtain an approximate analytical expression. Solving

Eq. ( 5.19), assuming that κ has only weak dependence on T and x and keeping only

the dominant terms (determined by numerical experiment), we obtain

∂2δT

∂x2
=

1

κ

[

cvγ −
4π

c2
η′j20

]

δT. (5.35)

Substituting plane-wave solutions for δT with k = 1/L gives an approximate expres-

sion for the mode growth rate,
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Figure 43. Sample unstable temperature perturbation mode, corresponding to the
same crust model as Fig. 6. Dashed curve indicates the (normalized) electric current
amplitude. Units are arbitrary.
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Figure 44. Instability growth rate γ vs maximum field in the crust, for heating peaked
at ρ = 3× 109g cm−3. The minimum field required for instability is B = 3× 1015 G.
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γ ∼
1

cv

[

4π

c2
η′pj

2
p −

κp
L2

]

, (5.36)

where all parameters are evaluated at the heating peak. Eq. ( 5.36) shows the com-

petition between the ohmic heating (the first term), and cooling through thermal

diffusion (the second term). Changing the surface temperature affects the growth

rate by changing the crust temperature at the heating location. If the crust tem-

perature is much greater than Tmelt, the temperature sensitivity of the resistivity

η becomes negligible and the heating feedback effect is lost, thereby stabilizing the

system. Increasing the current amplitude gives more thermal energy to drive the

instability. The growth rate is somewhat insensitive to the choice of L. However, the

relationship between the magnetic field and the current (Equation 5.10) indicates

that for a fixed magnetic field, j0 varies inversely with L. To obtain crust models

with realistic magnetic field amplitudes, the electric current must be concentrated in

a relatively small region of the crust. Finally, the instability growth rate is highly

dependent on the heating location x0 due to the spatial variation of both the thermal

conductivity and the electrical resistivity. A fixed current will produce the most heat

in regions of high resistivity. Heat produced in regions of low thermal conductivity is

most likely to lead to instability, as the heat is not efficiently carried away. For these

reasons, heating near the surface of the star is most unstable.

We calculate the instability growth rate for a wide range of heating models -

characteristic heating widths range from 5m < L < 50m, and heating peak locations
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108 g cm−3 < ρ0 < 1010 g cm−3. In this range, the current amplitude is virtually zero

at the inner and outer boundaries. We consider current amplitudes corresponding to

maximum magnetic fields from 1015 G to 1016 G. The steady state surface temperature

Ts is not the same for each heating model. We calculate crust temperature profiles

with 106 K < Ts < 107 K, seeking models for which the temperature in the heating

region is less than or equal to the melting temperature, and the temperature at the

inner boundary is 107 K < Tib < 108 K. Maintaining a crust temperature below

Tmelt ensures that the resistivity feedback is operating at the heating location, and

107 K < Tib < 108 K ensures that the core temperature is in the appropriate range

for a magnetar with a characteristic age of 104 yr (Aguilera et al. 2008) . These

conditions lead to a narrow range of values for the surface temperature. Fig. 45

illustrates the region of instability for given values of the maximum field, Bmax, and

the core temperature of the neutron star for fixed heating width and location. Subject

to the conditions mentioned above, our results show that a minimum crustal field of

B = 3×1015 G is required to destabilize the crust. Instability growth rates for several

models are plotted in Fig. 46. To find an approximate expression for the critical field

required to give instability (γ > 0), we substitute j ∼ cB0/4πL in Eq. ( 5.36) and

solve for the critical field,

Bcrit = 2.5× 1015
(

κ

2× 1018 erg s−1 cm−1K−1

) (

η′

4× 10−12 cm2 s−1

)−1

G. (5.37)

This estimate agrees well with our numerical solutions.
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Figure 45. Diamonds represent values of the crust magnetic field and the neutron
star core temperature for which unstable modes are found. The solid line indicates
the approximate boundary between unstable and stable parameter space. All models
use a heating width of 20 m, with heating location ρ0 = 3× 109gcm−3.
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Figure 46. The instability growth rate as a function of the neutron star core temper-
ature and the crust magnetic field. All models used a heating width of 20 m, with
heating location ρ0 = 3× 109gcm−3.
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5.5. Discussion and Conclusions

Large crustal currents associated with the magnetic field of magnetars may lead

to a thermo-resistive instability in the crust. Calculations of the instability growth

time for a model neutron star crust give typical growth times of weeks to months.

These timescales are short compared to the ohmic diffusion timescale of the magnetic

field.

We conclude that the instability identified in this chapter may operate in neutron

star crusts for a wide range of physical parameters relevant to magnetars. Heating

may be located anywhere in the outer crust, while magnetic length scales need only

be comparable to the crust thickness or smaller. Instability occurs for crust tem-

peratures Tcrust ∼ 5 × 108 K or lower, characteristic of relatively young magnetars,

τage ∼ 104 yrs (Aguilera et al. 2008) . This result coincides with the inferred age

of magnetar candidates associated with supernova remnants (see Mereghetti (2008)

for a review) . Additionally, we find that only heating models that produce large

magnetic fields (B > 1015 G) will produce instability, so this instability is specific to

magnetars. The characteristic temperatures and magnetic fields at which the thermo-

resistive instability occurs suggest an intriguing connection between this instability

and magnetars. We note that our simplified treatment of the current sheet is likely

to overestimate the critical field required for instability by a factor of order unity. A

stable current sheet necessarily has a more complicated structure than assumed here.

The components of the current that we have neglected will lead to further heating.
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Model B (G) Q̇(ergs−1) EB (erg)
1 1015 2× 1035 5.7× 1045

2 5× 1015 1036 1.4× 1047

3 1016 2× 1036 5.6× 1047

Table 3. Magnetic field, heat deposition rate and magnetic energy in the crust for 3
heating models..

While we restrict our models to heating in the outer crust, instability in the inner

crust could arise in the same way. Heat and charge transport mechanisms are no

different, and we expect the scaling of Eq. ( 5.36) for the growth rate to apply to

inner crust heating. However, because of the larger thermal conductivity in the inner

crust, deeper crustal currents would have to be larger to produce similar instability

growth rates to those calculated here. As the heating is moved to deeper layers, the

minimum magnetic field required for instability becomes greater than 1016 G.

The magnetic energy in the crust for our higher heating models is sufficient to

power even the largest giant flares. The magnetic energy contained in the magnetic

field in the crust is given by

EB = 4π

∫

r2
B(r)2

8π
dr, (5.38)

where we integrate from the inner boundary to the stellar surface. We calculate the

maximum field in the crust, the rate of energy deposition due to crustal currents,

and the magnetic energy in the outer crust for several heating models (Table 3). The

energy released during the largest giant flare to date was approximately 1046 erg.
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Future work is required to determine the nonlinear evolution of the magnetic field

once an instability is triggered. Solving the coupled energy conservation and mag-

netic induction equations as a function of time will give insight into this problem.

Our solutions for the steady state temperature indicate that a portion of the crust

is molten. As the instability grows, higher density regions of the crust may melt,

reducing the maximum magnetic stress that could be supported by the crust. Simu-

lations of the magneto-thermal evolution could provide a link between the instability

we have identified and glitch behavior in magnetars.
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