MONTANA

STATE UNIVERSITY

The effect on final achievement in a beginning calculus course resulting from the use of programmed
materials written to supplement regular classroom instruction
by William Albert Stannard

A thesis submitted to the Graduate Faculty in partial fulfillment of the requirements for the degree of
DOCTOR OF EDUCATION

Montana State University

© Copyright by William Albert Stannard (1965)

Abstract:

This investigation resulted from the belief that programmed materials written to supplement regular
classroom instruction of beginning calculus would significantly improve the final achievement of
students studying these materials in addition to their regular classroom instruction, The author
consulted pertinent literature as a means of investigating the extent to which the general area of the
problem had been explored. The literature revealed no evidence which supported or denied that
programmed materials of the type specified would significantly effect the learning of beginning
calculus. Hence an experiment was designed to measure the effect on final achievement in a beginning
calculus course resulting from the study of programmed materials written to supplement regular class
room instruction. The first step of the experiment was the preparation of a set of preliminary
programmed materials written to cover the critical areas of beginning calculus which cause students the
greatest learning problems. These preliminary materials were used in a pilot study to detect flaws in
construction as well as to provide the author with experience in conducting the experiment. Following
the pilot study the materials were revised to correct discovered inadequacies.

An experimental group was then selected to use the revised materials as a supplement to regular
classroom instruction. The students of the experimental group were volunteers from the beginning
calculus course and were chosen on the basis of their mathematical achievements in previous college
mathematics courses. For one college quarter the programmed materials were administered to the
experimental group in addition to their regular classroom instruction. At the end of this quarter the final
examination scores earned by members of the experimental group were recorded as a measure of
individual student achievement.

The control group was next selected. Standards for admission into this group were similar to those for
the experimental group with the exception that the control group did not have access to the
programmed materials. The measure of the final achievements of the members of the control group was
by means of the same final achievement examination taken by members of the experimental group. The
final achievement scores of the two groups were compared by appropriate statistical tests.

As a result of reviewing literature the author concluded: (1) Modern scientific-technological pressures
have brought about many changes in the emphasis and content of current mathematics. Since these
changes have influenced the teaching of calculus, a need has developed for more effective calculus
teaching techniques. (2) The results of research done on the effectiveness of supplementing class-room
teaching of mathematics by using programmed materials has been inconclusive. From his investigation
the author concluded that the effect on the final achievement of students in a beginning calculus course
resulting from the study of programmed materials prepared by the author was not significantly above
the corresponding achievement of students not studying such materials.
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"ABSTRACT

This investigation resulted from the belief that programmed mater -
ials written to supplement regular classroom instruction of beginning
calculus would significantly improve the final achievement of students
studying these materials in addition te their regular classroom instruction.
The author consulted pertinent literature as a means of investigating the
extent to which the general area of the problem had been explored. The
- literature revealed no evidence which supported or denied that program-
med materials of the type specifiéd would significantly effect the learning
of beginning calculus. Hence an experiment was designed to measure the
effect on final achievement in a beginning calculus course resulting from
the study of programmed materials written to supplement regular class-
room instruction. The first step of the experiment was the preparation
of a set of preliminary programmed materials written to cover the criti-
cal areas of beginning calculus which cause students the greatest learning
problems. These preliminary materials were used in a pilot study to
detect flaws in construction as well as to provide the author with ex-
perience in conducting the experiment. Following the pilot study the
materials were revised to correct dlscovered 1na.dequa.c1es.

An experimental group was then selected to use the revised
materials as a.supplement to regular classroom instruction. The students
of the experimental group were volunteers from the beginning calculus '
course and were chosen on the basis of their mathematical achievements
in previous college mathematics courses. For one college quarter the
programmed materials were administered to the experimental group in
addition to their regular classroom instruction. At the end of this
quarter the final examination scores earned by members of the experi-
mental group were recorded as a measure of individual student achieve-
ment.

The control group was next selected. Standards for admission in-
to this group were similar to those for the experirnental group with the
exception that the control group did not have access to the programmed
materials. The measure of the final achievements of the members of
" the control group was by meéans of the same final achievement exami-
nation taken by members of the experimental group. The final achieve-
ment scores of the two groups were compared by approprlate statistical
tests.

As a result of reviewing literature the author concluded: (1)-
Modern scientific-technological pressures have brought about many
changes in the emphasis and content of current mathematics. Since
these changes have influenced the teaching of calculus, a need has de-
veloped for mdre effective calculus teaching techniques. (2) The
results of research done on the effectiveness of supplementing class-
room teaching of mathematics by using programmed materials has
been inconclusive, . '
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From his investigation the author concluded that the effect on the
final achievement of students in a beginning calculus course resulting
from the study of programmed materials prepared by the author was not
significantly above the corresponding achievement of students not

studying such materials.




CHAPTER I

INTRODUCTION

‘There has been good reason to refer to the present age as a
scientific-technological era. Never before in the history of man has
the destiny of the future been so closely controlled by scientific tech-
nology. In the past twenty years single nations have come to posseés,
through scientific means, the machines of war capable of destroying
entire civilizations. In fact the grasp of modern science has reached
into the 1iv-es of people everywhere in the form of television, automobiles,
satellites, electric dishwashers, medical drugs, and dozens of other

)

‘areas of everyday life. Thus for the citizen of tomorrow to understand,
appreciate, and properly use these tools he must be well qualified to
judge them and must possess the technical ability to devise other effi-
cient machines which will help him design a more compatible tomorrow.

However, the ability to properly judge, use,and design the com- \
plex scientific devices of this modern era has been found to be strongly ‘
dependent upon the degree of comprehension of the supporting science,
mathematics. With the current shift to an increasingly automated world
where tolerancé for error has been founa to be _ﬁhall, the society of
today has turned'to the truths of mathematics to guide the way to scien-
tific understanding and utilization.

Naturally this heavy concentration on mathematics has had far-
reachi-ng effects. In fact, so much pressure has been brought to bear

on the subject that the resulting vast changes in mathematics have been

aptly described as a true revolution. This point was clearly stated in

L .
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1961 by rr;athematician G. Baley Pr.ice, Chairman of the Department
of Ma’_chemafics at the Univei'sity of Kansas, when he wrote:
The changes in mathematics in progre.ss at the present
time are so extensive, so far-reaching in their implications,
and so profound that they can be described only as a revolu—
tion. .

With .su_ch intense focus on mathema;cics by mathematicians and
non-mathematicians througi'lout this country, the impact on edu'cation
has been inescapable. In the past few years mathematicians and
educators have found it nécessary to work in close harmony in attempt-
ing to devise effective teaching progréms capable of meeting mod‘ern
needs. With the acceleration in scientific advancements, ‘mathematics
educators have been pressed to present the subject to the learner in-
the most effective way possible so that the: subjec? matter presented
will be in harmony with future ex_pansion of mathematical knowledge. ‘

‘Numerous instructionallimprovement projec;ts have been put into
operation through federally sponsored institutes for teachers, in-‘
service édu_cation courses, lecture seriqs, educational television pro-
grams, and Whatevc‘er other means hav.e seemed appropriate.

Actually this revolution has repeatedly complica,tgd itself be-

cause not only has each major advancement in mathematics implied

Price, G. Baley, "Progress in Mathematics and Its Impllcatlons
for the Schools, " in The Revolution in School Ma.thematlcs, A Report of
Regional Orientation Conferences in Mathematics by the National Council
of Teachers of Mathematics, p. I
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a need for a curriculum revision at.graduate level study, but each
curriculum re%fisio'n at the g'ra.dua‘.te level has in turn implied a’need
for curriculum revision at all prerequisite levels. This snowballing
effect has seversly challenged eduéaﬁcio‘nal efforts to keep teaching
up-to-date and in line with future needs.

Since the primary problem has become one of preparing more
and more students with a broader mathematical background, it has
become _increasingly cléar that ways need to Be found to improve the
transmission of mathematical knowledge fr orn'the' instructor to ti'le
student at all levels. - One critical level Which.ha.s been found to demand
such improv.ed learning-teaching effectiveness is at the early collége

level where the beginning calculus is encountered.

Statement of the Proiolém

. The problem of this study was to determine the effect on finé.l
:achievement of students in a beginning calculus course who had worked
through asseries of.lessons of programrﬁed instruction wﬂich had been
written to teach certain basic ideas iﬁ the calculus.

The existence of the problem investigated had its origin in the
'fact that the learning of beginning ca,lc\.ulus by the studeﬁt has been
:recognized to be largely governed by the tea,c-hing'he receives in class,
by the reading he does out of class, and 1.3y his horﬁework. Since so
many students have failed to perform satisfactorily in calculus, the
learning in general has either been incompllete or the information

‘learned ha's been incorrect, In view of this learning problem the -
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question was posed: to what extent would programmed materials
wrltten to cover the areas of calculus which cause the grea.testllea.rnmg
problems be ’a”s1gn1flcant learnmg aid to the.student'? This question in
turn led to the statem‘cfmt of the hypothesis (H,) with which thi 8 investi~
gation was concerned: there is no significant dilfference in the final

vy

achievement of students in a beginning calculus course who have
e
g

studi_‘éd programmed materials as a supplement to conventional class-
room instruction of topics which ordinarily cause learning problems

over ‘students who have not studied such materials.

Procedures

In order to determine if programmed material s specifically
wriﬁt_en to cover the topics which éa.use learning problem’s for the
student in a beginning calculus coursc—;-, would be a favorable supplementary
learning aid for the student the f‘ollowing p;:o.cet"lures were used:

1. Pertinent literature was examined to provide background in-
fofrnation which would orient the study in terms of past and pres'ent
practices and problems involved in teaching beginning calculus and to

) A
summarize other investigations which have dealt with the effects of pro-
grammed materials which have resulted from their 1J:se S.

2. An identifi(.:atior} was made of the topics of beginning -

calculu's which cause students learning pro'blems.' |

3. A set of programmed materials was written which possibly

would assist the student in learning these difficult topics.
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4, An evaluation' of the effectiveness of the preliminary pro-
grammed m'aterials'was made following the administration of these
materials to a pilot group. This evaluation involved a rating system
whezaeby itewss of the pr@g:@amfned mé.’céxia,ls were ranked aceording to
their effectiveness. -

5. Sections of the preliminary programmed rna.teria.ls which in-
dicated lack of teachihg effectiveness were x.'ewritten.

6. The rewritteﬂ programmed materials were administered to
a carefully chosen and regulated. experimental group.

7. A study pf the effect of the programmed materials on final
achievement .Wa.s made by' statistically comparing the final achieved
gcores of an experimental group which used the prepared materials
with the final achieved -scores of a control group whicI:L did not use the
prepared materia.ls..

The control and experimental grdupﬁ were initially of comparable
background and ability.

In order t’o determine the areas ofl,beginning calcﬁlus which
cause students 1earniﬁg problems, a list of topics covered in a typicél
first quarter calculus sequence was nrepared. This list was given to
tvvel%re people well qualified to judge the learning problems of students
in a beginning':'?.c'..:é.lculus sequence. This sa.mé jury then ranked the
topics which in their judgment caused the greate‘;stll.ea.r:ning problems.
| ’i‘he topiés of the list were then tabulated according to thé frequency

1

CEif,
-of items marked. By considering possible available student time it was
i .

.l.’,‘;_:‘ . -

decided that no more than seventeen evening meetings could be expected
e . .

bt o

5]
A
' T
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of students desiring to work through the programmed materials which
would be written. Thus the seventeen topics most frequently indicated

were denoted and programmed materials were wr itten to cover each of
these areas. |

The seventeen programmed lessons were administered to students
requesting a..ssistance in a beginning calculus course. These student‘s
kept a record of the items of the programmed materials with which |
they had difficulty. By using Holland's 10 per centjpermis sible error
ratioz those items of the materiéis which dispiayéd over 10 percent |
error were rewritten to insure greater clarification of subject mattelr\.

In order to test the hypothesis (H_) an experimental group was-
next selected from the following quarter's beginning calculus sequence
enfollrnent at Montana State College. On a weekly schedule during the
quarter these students were nroyided with fifteen lessons of programmed
materials written to correct the faults of the original seventeen lessons.
At the end of the quarter the entire beginning calculus class \x.ras given
the same comprehensive final examination 'for the (;ourse. Scores on
this final examination were recorded and statistically studied to test
the hypothesis (H_) that there wa"s no significant difference in the‘ final
achievement of students in a beginning calculus coulrse who have studied
programmed materials as a supplernent to conventional classroom’in-
struction of topics which ordinarily cause 1éarning problems overi
students who have not studied sncn programmed materials. Tea..ching

‘..

Eal

ZFry, E. G., Teaching Machines and Programmed Instruction, p. 4.
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of all of the beginning calculus students was done by five experienced
and well qualified instructor s, and general supervision of all tea’chi.ng
was carefully carried out by one individual whose extensive qualifications
included forty year's of college mathematics teaching and fiAfteen years

as head of a mathematics department.

. Limitations

- The following limitations were imposed on the investigation:

1. The number of'stu.dents in the experimental and control groups
was limited to ..twenty-.one and twenty—t\;vo respectively, These sample
sizes were judged large enough to give the statistical tests sufficient

! _ :
dis.crirn_ina.tion power,.

2. The experimental portion of the inve stigation wa s limited in
time to the duration of the winter quarter of the 196;1:—65 college academic
year. This period of investigation was judge;ﬂ. sufficient because during
that ﬁ_uarter the experimental group had ample time to caréfg.lly study
enough programmed materials to master those topics sele ctéd as being"
essential to success in beginning calculus.

3. The topics of beginning calculus which were programmed for
use by the experimental group Wére fifteen in number. The choice of
these particular fifteen topics was judg'ed appropriate because a
rating system was used, to identify them as being critical to the leallning
of beginning calculus. . o {

4. The regular classroom instruction of the experimental and
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control gr.oup wa.s limifed to instruction by five experienced and com-
petent members of the mathematics s£aff at Montana State College.
Supervision of ;che instruction was Rept uniform and of high quality by .
a competent and experienced supervisor. |

5. The me asurement of the final achievements by the members
of the exéerimental and control groups was limited to one comprehensive
examination. This limitation was necessary in order that the investi- .
cation could be carried out within the sti'ucture of existing mathematics
departmental policies at Montana State College.

6. The level of significance fqr-the sta.tistica.l.t,ests was set
at 5 percent.. This level was jq_dg;ed appropriate in view of the nature
of the investigation.

Under these limitations the investigation was made to discover
the effects on final achievement of students in a beginning calculus
course who have studied programmed materials as.a supp‘l\ement to

conventional classroom instruction of topics which ordinarily cause

learning problems over students who have not studied such programmed

~materials., The first step of this .investiga.tion, a review of related

literature, is reported next.

I




CHAPTER II

REVIEW OF LITERATURE

The purpose of the review of literature was to provide back-
ground information which would orient the study in terms of past and
present practices and problems involved in teachipg beginnin.g calculus
and to summarize other investigations which have dealt with the effects
of programmed materials resulting from their appllication. under similar
circumstances and for purposes similar to those of this study. In
organizing the results of the literature reviewed four major topics
were selected and correspondingly deyeioped through reference to
pertinent literature: (1) re'cent changesv in the content and spirit of
beginning calé:ulus,l (2) learning problems associated Witlf.l current
beginning ca,liculus, (3) the role.of programmed instruction in learning.
current beginning calculus, and (4) a brief sumnmary of investigatiorlls
similar in manner and purpose to that of this study. The first topic

is developed in the following section.’

Recent Changes in the Content and Spirit of Beginning Calculus

in the'1950's serious changés began to take place in the mathe-
matics curriculum which had been established in the United States
3 _
since the 1890's, One of the first major breaks with the traditional

mathematics. curriculum came in 1951 when the Mathematics Department

~

3Dyer, I—I S. ; Kalin, Robert; and Lord,. F M. Problems 1n
Mathematical Education, pp. 18-19.
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at the University of Illinois reacted to the poor mathematical preparation
of students in the engineering cuxl‘r‘iculum'by forming a committee to
specifically look into college preparatory mathematics. 4 Typifying

&

the reporte of these investigations was the following observation:

Few freshman students had any insight into the structure
of mathematics; they regarded the subject as a collection of un-
related and often inconsistent rules.. ... Textbooks were often
written as though mathematics were a completed thing, there
to be learned, rather than a growing subject in whose develop-
ment one might take part. ' :

In an attempt to correct this shortcoming the University of
Il1linois Committee on School Mathematics, usually referred to as the
U.L C.S.M., was formed with Max Beberman as its director. Soon this
active group was busy writing texts and devising a curriculum to meet
the modern mathematical needs of society. It was significant that the
U.I.C.S. M. singled out the importance of student understanding through
discovery of mathematical facts as a major factor in learning mathe-
matics. The emphasis on this aspect of learning mathematics can be

traced throughout the writings of this group in such places as the first

sentence of the first page of their High School Mathematics where they

state to the teacher: "We believe that students:shoeuld be given an

l

Henderson, K. B., et al., Mathematical Needs.of Prospective
Students, p. 5. - —

5American’ Association for the Advancement of Science, Science
Education News, Miscellaneous Publication No. 65-7, citing one of the
members of the University of Illinois Committee on School Mathematics,

5. 1. .
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opportunity to discovér a great deal of mathematics which they are
expected to learn. 16
Shortly after the U.I.C.S. M. began its attempt to de s~ign.a,
better i‘nathema.t’ics_' cu.r:riculum other groups and agencies.began to
show interest in these same areas. In 1952 the Board of Governors of
the Mathematical Association of America appointed a Committee on the
Undergraduate Program to look at what the undergraduate program in
m.atheﬁatiC's should be like. ! Among their recommendé.tions which
later became published in text form for the first year college calculus
students was the unique feature of an intuitive approach‘ to calculus to
aid the student gain good insight into what was being presented. Secondly,
they agreed on a c.a,refully written formal development of the calculus
through definitions, axioms, theorems, and mathematically complete .
proofs. 8
These early gfforts by the Committee on the Underg‘radua;fe
Program in Mathematics and the U.I C.S. M. set the stage for much of
t’he mathematical spirii: and curriculum content which was soon to

blossom forth into what many writers refefi‘ed to'as a revolution in

school mathematics. From this beginning the emphasis on understanding

6Univer sity of Illinois Committee on School Mathematics, Unit I:
- Arithmetic of Real Numbers, High School Mathematics, Teacher's
Edition, p. L

7Begle, E. G.; MacLane, Sanders; Price, G. B.; Lectures on
Experimental Programs in Collegiate Mathematics, p. 4.

81pids, p. 17




12 . ‘ .
through intuition and discove; ry and the careful attention paid to mathe-
matical structure ﬂas continued to dominate the mathelmatica.l scene
in curriculurﬁ revision up to the time this study was rna_de.

A- later group which was very influential in contii';uiﬁg and
emphasizing this same spirit of mode;ﬁ mathematics was the School
Mathematics Study Group. It was formed in 1958 by the president of
the American Mathematical Society with the approval of the National
Council of the Teachers of Mathematics and the Mathematical Association
of America. 9 The School Mathématics Study Group singled out the
importance of mathematical structure as one of their primary concerns.
in fact structure was identified as being their major objective in the
first senten;:e in the "Preface of the Teacher's Commentary' of the

First Course in Aigebra: _

The principal objective of this First Course in Algebra
is to help the student develop an understanding and appreciation
of some of the algebraic structure exhibited by the real number
system, and the &sé of this structure as a basis for the techni-
que of algebra. 1

With this strong emphasis -on structure and complete under-
standing at all academic levels as the spirit of modern mathematics
the content of mathematics courses was changed from the problem

oriented approach to a logical development with student awareness

9Wagner, John, "The Objecfives and Activities of the School
Mathematics Study Group, '" The Mathematics Teacher 53:454, October,
1960. .

0 ’ .
! School Mathematics Study Group, First Course in Algebra, p. i.

1
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approach. This was particularly true at the college calculus level.

. Agnew, Professor of Mathematics at Cornell University and well
1<_1’10\)Nn calcul.us author,. aptly po.rtra.y.ed the spirit and content of
calculus prior to 1900 by stating: “'Pro.blems‘virere thé irhpor"tant .
things, and meaningful formulations qf axioms, postulates, definitions,
hypotheses, conclusions, and theorems either were not written or
played minor roles. ntl Agnew went on to describe the transition

which took place during the next fifty years as a direct contrast to the

\

earlier attitudes:

Through most of the first half of the twentieth century,
elementary textbooks in our subject taught unexplained but
"well motivated' intuitive ideas along with their problems.
Enthusiasm for this approach to calculus waned when it was
realized that students were not nourished by stews in which
problems, motivations, fuzzy definitions, and fuzzy theorems
all boiled together while something approached something
else without ever quite getting there. About the middle of
the twentieth century, precise formulations of basic concezpts '
began to occupy minor but increasingly important roles. 1

Finally Agnew indirectly characterized the current spirit and

content of modern calculus by stating in his 1962 calculus text:

Each student is expected to read the text and problems
of each section as carefully as an alert physicist reads an
account of a newly developed nuclear reaction, and to learn
as much as he can.... The text, pr’oblems, and remarks
frequently give students quite unusual opportunities and in-

- centives to think and to become genuine authorities on de-
velopments of ideas, terminologies, notations, and theories.

11Agnew, R. P., Calculus, p. v.
12Ibid., p. V..

13114, » Pp. v-vi.
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As to the future of mathemelttical course content and spirit some
extrapolations havé been made. In 1963 under the financial support of
thie National Science Foundation tWenty—five prominent and well-:
qualified mathematicians assembled at Cambridge, Massachusetts to
assess the potential of mathematical learning and to set’tentative goals
towards which mathematical education should attempt to direct its
efforts in the next thirty years. The goals of parti'cular courses were
specifically spelled out, and the role of structure permeated the
entire system at all levels as was indicated by the statement:

We hope to make each student in the early grades truly
familiar with the structure of the real number system and the

basic ideas of geometry. . . . Moreover, we want to make
students familiar with part of the global structure of mathe-
matics. ! o

Furthermore, the Cambridge group endorsed the method of

teaching mathematics which results in discovery by the students:

Even modestly endowed students can recreate larger
parts of mathematics if they can remember just a few basic
ideas. This fact repeatedly has been demonstrated in the.
classroom by the proponents of the so-called discovery
method. The building of confidence in one's own aréalytical
powers is another goal of mathematics education. 1

Hence, a study of the 1itefature‘pointed out that the spirit of

contemporary mathematics at the level of beginning calculus as well as

1z"Educationa.l Services Incorporated, The Report of the Cambridge
Conference on School Mathematics; Goals for School Mathematics, p. 8.

omid., p. 9.
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at all levels has been largely associated with complete mathematical
understanding of the subject from a structural viewpoint. That is, the
modern trend in mathematics has placed a premium on clear insight
into the structure of mathemati.cs ‘rather than on matlmém@tical abili‘éy
without under standing. Student crlis covery and development of mathe-
ﬁatical truths were frequently referred to as the be'st means of de-
vélopiné this structural awareness.

In the next section the current problems associated with 1earniné
mathematics with this emphasis on structure by means of s.tudent

-

discovery are discussed.

Learning Problems Associated with Current Beginning Calculus

The literature reviewed clearly reflected a recent swing to
emphasis on math'ema:tical structure and sfudént development of mathe-
matical ideas. A considerable number of auLthors of the present widely
used calculﬁs texts have agreed to this principle, 16 .However, not all

of the students currently enrolled in beginning calculus have had a

background in mathematics which emphasizes. structure to the degree

16Ra.ndolph, J. E., Calculus and Analytic Geometry, pp. v-vii;
Protter, M. H. and Morrey, C. B., College Calculus with Analytic
Georhetry, pp. v-vii; Agnew, op. cit., pp. v=-vii; Apostol, T. M.,
Calculus, Vol. 1, pp. vii-ix; Goodman,. A. W., Analytic Geomeétry and
the ‘Calculus, pp. v-vii; Thomas, G. B., Calculus and Analytic
Geometry, pp. v-vi. ' -
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modern calculus courses demand. Hence, the.student whose background
is entlrely tradltlonal often has had dlfflculty catching the spirit of
‘modern mathematlcs. This fact was well subs‘tantlated when Zant, in

discussing problems facing beginning college mathematics students in

Oklahoma, stated:

Another problem. . . is that of the good student who has
studied only traditional mathematics courses in high school.
Somehow and as quickly as possible, these students must be
taught the point of view towards mathematics and the basic
concept involved in a modern program in secondary mathematics.
If our college courses beginning at the analytics-calculus level
have been modernized, then these students, even though they
have studied traditional mathematics for three or more yeaxns, .
in high school, are not prepared to enroll in such a course.

[

Along with this empha sis on structure the major unifying ideas .
-of mathematics have often been expressed using notation not commonly
found in the traditional mathematics. For example, Randolph of the
Univ.ersity <;f Rochester in his 1961 calculus text has stated:
The introdu..c‘tionl into elementary courses of the vx.rell—
established notation for the set of elements, each satisfying

a given condition is long overdue and rapidly finding favor.
Eveiw though some books state once and for all that 'the line

x = -2' means 'a point (x,y) is on the line if and only if
x = -2', some students will be confused about how x and y
\ :
17
Zant, J. H., "Effects of New Mathematics Programs in the

- Schools on College Mathematlcs Courses, " The American Mathematical
Monthly 63:200, February, 1963.
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can be both x - -2 and yZ = 4x in the same p'r'oblern. After
g{r(a;‘lua)llly Ze_co—r;}zlfda-({:?;ai;l’iedzwitz t'?e fsy:mbolis:cn, dt.hen .
quic]:.(Ycompr-ehehsion Wh’ege eéui\ial}e{nt w%i%?& aétiiirri:itzn
only annoy and muddle. 18

The net r'eisult of this emphasis on Istructure when accompanied
with corresponding modern notation has oft-en compounded newness and
difficulty thus resulting in learning problems for the student.

The wide spectrum of student needs and abilities were alsq re-
ported as a learning problem. Evidence was plentiful which pointed out
that not all students require the same type of calculus course. The
mathematics majors need a firm understanding of the theory as well as
a mastery of mechanical competency oriented always to their past and
future training. On the other hand thé engineer is required to master
the application of mathematical fact to‘ physical phenomenon which he
will likely encounter in engineering problems. A third extreme is the
student who takes calculus more for culturai improvement than as a
prerequisite for future use. In this last case the calculus is not problem
oriented but instead based on a developmental scheme via a rigorous
sequence of definitions, axioms, theorems, and proofs. )

The literature fﬁrther revealed that many attémpts have been made

to meet this problem. In general the reported trend was toward special

sections, honors courses, advanced placement, regular courses, and

18R andolph, op. cit., p. vi.
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cultural eourses geared to fit the needs and abilities of the. etudents.
However, even Witl’;. such varied alterpa.tives the problem of differing

" student needs still has ceﬁsed concern. For eXample, Brown described
as follows the beginning calculus problem at Darﬁmoufh where in spite

of alternative offerings of i'egular ca.iculus cla.s‘lses, edvanced_ﬁlace—

ment, and ’honors mathema.tice, etudents" needs.were not being met:

"It seems to me that the first course . ’, . should be.as broad as

possible. Admittedly we have to steer between breadth and super-
ficiality, 119

Thus, eince the instructor in tllle aver.age class has been challenged '
to direct his teaching according to the class needs, treatment of a
particular topic has oftep not been as complete for individual needs as
would be desirable. That is, structural development of tile calculus’
may have been handled too extensively for some students whereas it was
found b3.r others too shallow.

In this same area of thought, student abilities within a particular
class have been knc;wn to range widely despite attempts to group homo-
geneouely. ‘Jones and Pingrey made this point clear by stating: !'Students
in any classroom, even in those where ability grouping-is used, will

differ widely in both general background and special abilities and back-

grounds. " 0 Hence, since ', . . it is still the individual classroom

................

19Brovvn, B. H. ”Offerlngs for Freshmen " Amerlcan Mathe-
matical Monthly 68: 262 March, 1961,

20.]'ones, R. S. and Pingry, R. E., "Instructional Arithmetic' in
The Twenty-Fifth Yearbook of the Natlonal Council of the Teachers of
Mathematics, 1960, p. 122.
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teacher who must adapt instruction to the differences he finds among
his pupils, n2l the instructor ha.s' been challenged to develop the calculus
in a way which ié both inspirational to excellent stud,enlts and within the
grasp of poor students. Frequently in an attempt to s;atisfy one parti-
cular ability level the instructor has sacrificed the other extremes.
Thus learning problems for the neglected students have resulted.

The role programmed instruction can play in meéting these

learning problems is discussed next.

The Role of Programmed Instruction in Learning
' Current Beginning Calculus '

A search of the literature revealed that learning problerr;s in
beginning calculus are in general fourfold: (1) unfamiliar notation has
provided reason for low achievement, (2) new spirit of modern mathe -
matics has been unfamiliar to many students, (3) individual student
differences have caused teaching problems, and (4) differing student
needs have been found to inﬂuence.teaching effectiveness. The purpose
of this section will bé to show the role of programmed materials as
associated with fhese needé;

Unfamiliar notation:” Research has established that students can

learn effectively by programmed instruction. 2z Hence, since the

problem of unfamiliar mathema.ticallnotatlion has been shown to be a

21 .
Ibid., pp. 145-6.

2Sch'ra,rnrn-, Wilbur, The Research on Programed Instruction, p. 3.
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hinderance to learning, it follows that students should be able to learn
. this troublesome -noltation and what it _Iheans by materi.als programmed
for that specific purpose.

The spirit of modern mathematics: Alfh'.ough the question of

being able to learn unfamiliar mathematical notation by study of properly
written programmed materials was found to have been possibly ans\:veréd,
the question of being able to catch the proper spirit of modern mathe™
matics was not conclusively answered. That is, the problem as to the
ability of students to properly connect .an understanding of mathematical
structure with logical reasoning to produce new mathematical facts was
found to be unanswered in the literature. Differing opinions and state-
ments were _a,bunda.nt. .

Relative to this question the Department of Audiovisual Instruction
of the National Education Association and tl.le National Society for Pro-
grammed Instruction in reference to research by Cartier stated: \
"Francis Cartier points out that a number of aspects of rational thinking
(e.g. formal logic) can be taught by preseht programming techniques. "
But in the next line the text read: "Formal logic accounts for only a part
of the rational and creative processes we call thinking. ”24

A cohsiderable amount of s.kepticism as to the value of programmed
instruction in teaching mathematical thinking of the type desired in

\

-modern mathematics was found in May's Programed Learning and Mathe -

23Ofiesh, G. D. and Meierhenry, W. G., editors, Trends in Pro-
grammed Instruction, Department of Audiovisual Instruction of the N. k. A.
and the National Society for Programmed Instruction, p. 415.

241pid,, p. 415,
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matical Education; May stated emphatically: "Programed materials -

a1:e incapable -of eli‘citing the full range of behavior included in the
objectives of ébllege.maithematics. u25 In particular May was con-
cerned that progra;mrned materials do no.t cause the st‘ude‘nt to "get out
and g'ijub” for mathematical truth; instead he contended that the student
.”is fed ideas intravenously drop by drop! which is not the spirit of
mode;';:n mathematics. “2'6' _

: ..:Buck was found t<.> agree with May in this observation because he

stated that programmed instruction does not develop creative ability

but merely exercises the student in drill. In particular he said:

In this I feel that a grave mistake has been made: to put
it bluntly, creativity is the heart and soul of mathematics at
all levels. The collection of special skills and techniques is
only the raw material out of which the subject itself grows.
To look at mathematics without the creative side of it, is to
look at a black-and-white photograph of a Cezanne; the outlines-
may be there, but everything that matters is rnissing.,27 ‘

Hence, the question of programmed instruction being able to
satisfactorily cause the student to gi‘asp the spirit of modern mathematics

was found to be open to question..

..............

25May, K. O., Programed Learning and Mathematical Education,

p. 5.
2
'6Ibid.", P 7.

5 . .
7Bu.ck, R. C., "Teaching Machines and Mathematics Programs, "
American Mathematical Monthly 69:554, June—July, 1962.
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Individual differences: A logical question often ask'edlwas: can
programmed materials suffi'ciently s§lve the individual differences prob-
lem which results from instruct'ioln being béa,.méd at class average hence
causing the sloweyr student to be unable i'-o follow fhe raterials being
presented in class? |

In man.y sources the reasoning has followed the logical line that
pfogrammed instruction "tends to 1e\,re1 the differences in learning
capacities among students; while all students exposed 1';0 the program may
demonstrate a‘chievement, the gain seems to be more conspicuous among
the lower portion of the class distribution. "28 One.of the first experi-
mental efforf;s_ which verified this belief was reported .in 1934 when

Little published in The Journal of Experiment.al Education the '"Results

of Use of Machines for Testing and for Drill Upon Learning in' Edu-
cational Psycholog;lr. 129 Then in 1959 Porter confirmed the belief by
ex‘perirnenting with sPHéllling and programmed instruction.

Howe‘}er, here again evidence was plentiful in the literature
which indicated that individual differences are not signifi(i,a.ntly satisfied
by a slow but sure pace due to programmed instruction. In summarizing

the evidence Ma,y declared:

........

,28Lysa.ught, J. P. and Williams, C. M., A Guide to Programmed

Tnstruction, p. 15.

29F_ry, E. B., op. cit., p. 84

30Porter, D., "Teaching Machines, " Harvard Graduate School

* of Education Association Bulletin 3:1-5, March, 1958.
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Numerous studies have indicated that self-pacing is

not as helpful as ene might imagine. . . . It appears that

pacing is not a very. important issue and that self-pacing

has no neceﬁsary or unique connection with programmed

materials. o )

As added substantiation of this point Schramm has pointed out

seven studies which show there is no significant difference attributable

to internal or external pacing.

Different student needs: The final learning problem which was

evident in the literature was differirng student needs. Regarding mathe-
matics and programmed learning May declares:
The real possibilities for using programmed materials

to cope with individual differences lie in different directions.

One is the development of large libraries of brief units focused

on narrow problems, beamed to specific student difficulties,

and utilizing 'programin% devices most appropriate to the

audience and difficulty. 3 : ‘

Thus in summary it is clear that there has been much evidence

to indicate the use of prografnmed materials can be beneficial in helping
students learn. However, the degree to which programmed materials
can be beneficial has been contested and the areas where it is of benefit
has not been in total agreement.

In the next section research .will be reviewed which has a bearing

on learning Beginning calculus by programmed materials.

31May, op. cit., p. 6.

32‘Schramm, - op. - cit., p. 12.

33May, op. cit., pp. 6-7.




24

Survey of Investigatnions Similar in Manner
and Purpose to This Study

A search of the literature revealed that no other experimental
work had been carried.out which'measured the effect on achievement
of be'ginni.ng‘calculus student’s when.their conventional classroom
instx.'uction was supplemented with programmed instrﬁction. " However,
a number of studies had been completed which were related to the
investigation with which this writer was concerned. One par.ticular
investigation reported by Lane which was of interest.was concerned
' with different means of supplementiné conventional classroom
instruc;cion of mathematics. : : o

In 1962 Lane experimented ':Nith three means of supplementi\ng
instruction by closed circuit television of a basic mathematics course
at the Georgel Peabody Clollege for Teache;‘s: Lane used three types
of supplementary instruction: film of assigned homework shown to
students daily, daily classroom question-answer periods, and
programmed instruction bc;oklefs‘prepared to cover the topic presented
on television. The results of the study indicated that achievemenf
of the group using programmed ins;cruction was significantly better
at the 5 percent level than the groups whose means of supplementing

the televised instruction was by film or class question-answer periods,34

_34Lane, B. R., "An Experiment with Programmed Instruction
as a Supplement to Teaching College Mathematics by Closed .Circuit
Television," The Mathematics Teacher 57: 395, October, 1964.
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Numerous other inve stigatio‘né have been made into the effec -
tiveness of teaching college fﬁ'a,t}}_ematics and mathematics related_"
courses by prograir.nmec.l ingtruction. In reviewing the li’c‘erature the -
following investigations have been fouﬁd to reveal results pertinent
to this study. |
Sharpe reported at the Univer éity of Buffalo on the effectiveness
of using Skinner programmed m-a;terials in place of texts in pre-calculus
courses: ’
To date, the experiment as it has been conducted
indicates a probability that programed materials may do
an equivalent job, but presents no evidence that programed
materials are superior. . . . Students in this experiment

had programs ’Backed up by good instructors, yet no records
weTe broken. :

At the United States Air Force; Ac.ade'my Smith has studied the
teaching of elementary statistics by the com_rentioﬁai classroom méthod '
versus the method of programmed-instruction. The net re sult of the‘
inve‘stigation has shown that 1eax.'niI‘1g achieved through study of statisti-cs
by a scramblc—';:d'book pr'ogram,as compared to learning via conventional
classroom tea.ching produced no significant difference in perférrn'ance

between experimental and control groups.

Sl

35Ma.y op. cit., p. 5, citing Sharp, B., '"Programed Mathe-
matlcs, A Two Year I Experlment 1962~ 1964 1 place and date unknown.
. 36Sm:.th H. N. "The Teaching of Elementary Statistics by
" the Conventional Classroom Method Versus the Method of Programed
Instruction,” Journal gz_f Educational Research 55:417-20, 1962,
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One of the first studies of the effectiveness of programmed
learniﬁg in logic was done by Blyth at Hamilton College. Blyth
reported fhe preliminary results of his investigation as encouraging.
Contact hours with studer}ts were reduced by one third, level of
subject matter mastery was raised, anci'the amount of material
covered was increased. > ¢

An :':rnpo\rtant study was done during the fall of 1962 by Dobyns
who reported on an experiment in the teaching of college algebra.
Dobyns compared teaching certain topics of college algebra by conﬁen-
tional “methods to teaching by programmed instruction. Among his

conclusions were the following:

‘ /
. There was no significant difference between the mean
scores for the two teaching methods. . . . Significant gains
made by the students using the programmed booklet covering
inequalities, absolute value, coordinate systems,. functions,
and their graphical representations were lost after a time
lapse. '

‘Kellems also reported on the effectiveness of programmed
teaching in college algebra. His study was conducted during three

semesters at Indiana State College during which time he administered

prograrhmed materials in three ways. For his control group Kellems

37B1y1:h J. W., "Teaching Machines and Logic, " Amerlcan
Mathematical Monthly 67:285-7, March,. 1960. ,

38Dobyns R. A., "An Experlment in the Teaching of College
Algebra,™ The Mathernatics Teacher 57:86,. February, 1964.

N
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Another related study; was done by Heimer who conducted an
experiment in which he measured the effects on achievement brought
about by using different methods of instruction'on college students in .
a beginning mathematics course. .In particular he‘coﬁpared the
effects of exté_:rnal nand self-pacing when teaching was done by teaching
machines, pr"’clbgrammed textbooks, filmstrips, and conventional
classroom teaching. No significant differences were revealed on

. . . ' 41
final examination scores.

:"’::In addition to this experiment by Heimer was one conducted by
Lotfes, ‘ Palrher, an;i O@ke,s who compared the effects ‘on achievement
- due t.o differential rate of pacing programmed mathematics. No
signi:ficant differences were observed in student performance or
attitude s. towards progra.mmed 1ea1:ning when pacing was varied as

much as 20 percent below and 10 percent above the average time

required by a group of self-pacing students

Hyeimer, R. T., The Preéparation of a Program in Contemporary
Algebra and a"Study of Its Eifectiveness for Group Instruction Under
Paced Conditions, Doctoral Dissertation, as reviewed in Dissertation -

Abstracts, Vol. XXIII, No. 10,. April, 1963, pp. 3813-4.

4ZSchramm, Wilbur, op. cit., p. 32 citing Lottes, J. J.,
_Palmer, G., and Oakes, H.,, "An Experimental Comparison of
Differential Rates 6f Pacing Programed Math, '' published by the Uni-
versity Division of Instructional Serv1ces, the Pennsylvania State
University, 1963.
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Although numerous investigations have been carried out at the
high. school and junior high school level, the problem of motivation
often makes the results of the investigations difficult to interpret. 43
However, one such study at the high school level which h.a,d no
mention of motivation problems and which was somewhat parallel |
to that of this study was done by Brown. Using the programmed
booklets written by the U I.C.S. M. Brown compared the test scores |
of an experimenfal group using p;ograrhmed instructional materials
with a control group not using programmed instructional mater_ials'. '
. The experimental group in this'study ha.ci conventional classroom -
teaching along with the i)rogrammed materials whereas the .control
group had only conventional classroom instruction. From this
study the conclusion was rwea‘ched that:
The experimental group proved to be significantly
-superior to the control in a test of general ability, and
. about the same level of superiority was maintained in
eight out of nine achievement tests given during the school
term. The author concludes that 'no student was penalized -

in his level of mathematics achievement because of having
used programmed material. '

43Randolph, P. H., "An Experiment in Programmed Instruction
in Junior High-School, " The Mathematics Teacher 57:160-162, March,
1964; Jordy, J. L., "A Comparative Study of Methods of Teaching
Plane Geometry, " The 'Mathematics Teacher 57:472-8, November,
1964; Smith, W. I. and Moore, J. W., "Programed Materials in
Mathematics for Superior Student in Rural Schools, ' published by
IB\_’l;lclgnellqcUniversity, undated, p. 9L
4%Séhramm, op. cit., p. 26, citing Brown, O. Robert, "A
Comparison of Test Scores of Students Using Programed Instructional
Materials with Those of Students Not Using Programed Instructional
‘Materials, "' mimeographed by the University of Tllinois in 1962.
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The reviewlof literature has shown that there is evidence ‘to |
indicate value of using programmed instructior; in place of or as-a
supplement to conventional classroom instruction. However, there '
was also ev‘idence which indicated the gains re spltin.g from us.iflg such
programmed rﬁayterials are often not significant. Also, when differén- .
ces do occur, they are sometimes in favor of the conventional méthod
or disappear ‘with’a timne lapse.

A summary of this entire chapter is presented next.

Summary

In summarizing the literature reviewed four points stand out:

(1) beginning calculus has experienced a radical change in the past

eight years frém a problem-solution oriented attack to a careful
structural attack achieved through student understanding and logical
development, (2)'rﬁany of the learning problerﬁs in beginning calculus
have been brought abouf by the swing from a traditional type back-
ground to a modern approach thus léaving many students ill prepared
for the degree of rigor reqﬁired in moder.n matl;lema,tics, (3) the use
of programmed instruction may reduce the imbalance in background
experienced by traditionally prepared students through development
of proper notation but may not enti‘rely.fill‘ the gap in proper mathe-
ma’cical attitude such a.is is often required in mathematical reasoning,

and (4) the investigations into the usefulness of programmed instruc-

.tion do not consistently point to its unswerving value but instead
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the majority of comparisons of its value over conventional classroom

instruction indicate the differences in final learning achieved through

programmed instruction are not significantly greater than those
achieved by conventional classroom teaching.
In the next chapter the procedures and results of the investi-

gation will be presented.




CHAPTER III

INVESTIGATIONAL PROCEDURES
AND STATISTICAL METHODS APPLIED

The reséarch described in this chapter w;a,s conducted as a
means of investigating the effect on final achievement in a beginning
calculus course resulting from the use of a series of programmed
instruction written to supplement the regular clas.sroom instruction
on the topics which ordinarily cause learning problems. In reporting
the investigational procedures and statistical analysis the following
topics were considered to be of major importance: .(1).selection of
topics to be programmed, (2) preliminary writing o"f the programmed
materials and associated student participati’ox'l, (3) final writing of
the programmed materials and associated student participa.,tion, (4)
means of instruction of the experimental and control groups, and
(5) statistical analysis used to evaluate the results of the investigation.

Each of these topics is discussed in the remainder of this chapter.

Selection of Topics to be Programmed

Prior to the fall quarter of 1964 a study was conducted by the
writer to esta.b'lish the conditions under which topics from beginning
calculus would be sele ct;ed and programmed for use by students in an
experimental group. This investigation included three areas: identi-
fication of topics taught in a beginning calculus course, ident.ification
of those topics which cause student learning problems, and an estima-

tion of a logical number of programmed learning sessions which would
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be convenient for the students to attend and yet woold be extensive
enough to guarante.e an adequate coverage of material.
| The first problem was to identify the.topics taughvt in a
beginning caleulus course. This was done by compering the develop-
ment of the calculus in five vxlridely' useo. calculus texts. 45 In each of
these texts the following topics appeared as introductory meterialz
absolute value and inequalities; functions and functional notation;
intersections of pairs of curves; limits; continuous functions; the
derivative; simple differentiation formulas; differentiation of the
product, ciuotient, and higher order derivatives; differentiation of the
composite functions; implicit differentiation; application of the
derivative to linear motion, motion under gravity, and related rates;
sketching a.s related to increasing and decreasing functions; critical
values, and extreme values of a function; 'Rolle's Theorem and the
- Mean Value Theorem; applications involving the theory of extremes;
approximations by differentials; the indefinite integral; computat"ion

of area by infegration; the definite integral; area as the limit of a

sum; fundamental theorem of calculus; and mathematical induction.

45Protter, M. H. and Morrey, C. B., College Calculus'-with
Analytic Geometry; Taylor, Angus E., Calculus with Analytic Geometry
- Thomas, George B., Calculus and .Analytic Geometry; Johnson, R. E.
and Kiokemeister, F .., Calculus with Analytic Geometry, Goodman,
A. W.,. Analytic Geometry and the Calculus.
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In order to identify which of the above topics cause student
learning problenlsa:quesﬁonnaire'was prepared which listed all of
the above topics and briefly described the iﬁtent of the investigation. %6
The éersonsito whom the questionnaire was airect-eél were asked to
select seventéen areas which in their opinion cause beginning ’calculus
students the greatest learning problems. |

Two factors necessitated limiting the number of areas to
seventeen: (1) only a limited number of meetings could be expected
of the.volunteering students during the quarter, and (2) there was a
potential difficulty of correlating the programmed materials with |
different clas; rates. -The first factor which limited the areas to be
covered to seventeen was judged essential since most of the students
volunteering for the program were carrying full academic loads. . Hence,
it was unreasonable to expect them to meet.ﬁore than twice weekly for
the purposes of studying the prepared materials. The second factor
was likewise judged necessary beca.usel the possibility existed that the
topics selected by the jury of experienced teachers could be of the
nature that course stud-).r of these topics would not occur at the beginning
of the course but instead mieht be grouped timewise toward thé end of
the quarter. Hence, the decision was made to limit the potential topics
selected to severnteen in number with the understanding that some
modification of title and content might be necessary as the study )

progressed..

46See Appendix A.
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This questionnaire was then given to twelve college educators -
well-qualified to judée the learning problemé éf students in a beginning
calculus class. Ten of these persons were prominent membérs of the
mathematics department at Montana State College wi'th'ex’tensiv’e experi-
ence in teaching beginning calculus. Their experience was judged by
their teé.ching assignments and duties 'as mathematicians at Montana
State College. The group included one department head, three super-
visors of téachers of elementary mathematics courses (oné of whom was .
also a retired departmental head and supervisor of the; beginning cal-
cuius sequence), an acting departmental head, a full professor, two
associate profes sors, one assistant professc;r, and one -instrluctor.

The two non-mathematics departmental members w‘ho filled in
the questionnaire were chosen from the physics and chémistry depaxfﬂ-
ments. Their responsibilities in their areas indicated concern for and
knowledge c.)f learning problems of students in their fields as would be
reflected by inability in different phaseﬂs of calculus.

Upon receiving the results of the que—stionn'aire a frequency
tabulation was made to identif’y thése areas of beginning calculus which
cause the students the greatest learning problems. -The seventeen topics
which were most frequently identified were:

1. Inequalitie s. and Absolute Value

2. Limits

3. Continuity

4. The Derivative -

5. Composite Functions and the Chain Rule

6. Implicit Differentiation
7. Increasing and Decreasing Functions
8.
9.

Velocity and Related Rates
Rolle's Theorem and the Mean Value Theorem
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10. Maximum and Minimum Problems
11. Differentials
. 12. Indefinite Integral
13. Definite Integral
14. Area by Integration
15. Mathematical Induction
16. Area as the Limit of a Sum
17. Fundamental Theorem of Integral Calculus

Preliminary Writing of the Proérammed Materials
and Associated Student Participation

Three factors influenced the sclleduling of the meetings during
which the students would study the programmed materials. Flrst, on
exam-ining the seve"nteen areas selected by the experienced jury it was
apparent that the topics for which the programmed materials had to be
written occurre.d during the development of the course about two weeks
after the quarter began Hence‘ the first meeting with the volunteering
students was not pos31ble until at least two weeks of the quarter had
elapsed Second since the amount of class time ordinarily devoted to
some m‘ the 1n1t1a.l topics.was compara.t1vely longer than for la.ter topics,
a more liberal time schedule was anticipated at the start of the quarter
than at the end of the quarter. Third, there was no guarantee that all
of the instructors could hold closely to the day-by-day schedule of |
topics to be taught. These three factors suggested tha.t a certain
amount of flexibility was needed in the admyinistration of the programmed
materials. With these problems in mind a calendar was drawn up

scheduling the programmed meetings on each available Tuesday and
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Thursday o.f each week throughout fall quarter. By allowing for holi-
days and fina,i examinations exactly seventeen such Tuesdays and
Thursdays were found to be available. |
| Having determined the topics to be prog.rammed and the number
of meetings available, it was then possible to start writing the prelimi-
nary programmed materials. Preliminary. to writing. each section,
the topic in question was studied carefully from the point of view of
the author of the textbook from which the students would be required to
read their daily assignments. Then the supervisor of the beginning
calculus sequence was contacted to verify the teaching techniques to be
used in presentin.g the topic. Finally, a close contact was maintained
with individual il;lstructors to be certain as to presentation of the topic
in different classes. By combining these factors with the knowledge
gained as a result of consulting literature about pr‘ogr"arnrning,‘ the
topics were then developed by writing appropriate programmed materials.
" Each topic was developed in harmony \.Nith the theory and
vocabulary used in class presentation. In most cases the topic had ii;s
foundation in a,'certa,in.degree of mathematical théory. Consequentlly‘,
a sea,r(ch forva clear, precise, intuitive presentaﬁion was made by the
writer in various calcﬁlus texts. .Upon examina;gion of numerous
leading calculus texts a harmonious development of the topic in con-

junction with notation familiar to the students and in conjunction with a

sufficient background of factual information evolve'd; :
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In cases where theory was presented an intuitive prelude was
programmed into the materials which made the principle in question
seem plausible. In other cases where procedure was the paramount
idea the development of the procedure was gradually introduced to the
student with frequent reference to the overall systernatic approach. In
the event variations of pr.ocedure *;fere needed, each major variation
was carefully identified and systematically developed.

During the preliminary writing of the materials care was
exercised to insure a careful balance arnong available student time,
proper presentation of the topic, and sufficient development of the idea
. to guarantee learning. In fact it was deemed appropriate to write
materials which could be satisfactorily covered by the average student
in an hour or less. |

Atter the first writing of the rnater.ials for each topic the author
" proceeded to other duttes. Later.he returned to the first writing and

systematically worked through these materials. As seemingly incomplete

or inappropriate sections of the materials were encountered, these

sections were rewritten to correct possible faults Eventually, as the
‘materials became quite polished they were typed up and dittoed for

-

student use.
As a rneans' of checking the quality of these preliminary v'vriting's,
a pilot group of students was invited to use them on specified dates

durlng the £all quarter of 1964. This pllot group consisted of all students

from all sections of the beginning calculus sequence who desired
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additional help in calculus. 1In order to keep the number of volunteer
participants in the pilot group of reasonable size no special efforts
were made to encourage student participation. .The ava.ila.biiity of the
materials was announced in class and from this brief invitation a
sufficient number of student volunteers was obtained to accomplish the
purpose of the pilot study. Because of the volunteer nature of the...
pilot investigation, the number of participants was not consistent .‘
throughout the quarter. However, the nu.'mbe;c was always above ten
and below forty except for the last lesson when only five students com-
pleted the materials. In investigating the reason for the small interest
in the last 1es.son it was found that the pres sure of examinations at the i
end of the quarter and the fact that not all classes had yet covered this
topic in class accounted for the poor attendance. '

The purpose of the pilot study was -to identify weaknesses.in the
preliminary writing of the programmed materials and to perfect the
investigator's 'technique of writing programmed 'rnat'eria.ls. TI;.e weak-
nesses in the preliminary writing were identified by instructing the
student volunteers to denote by a chemck. those items of the materials
which they were unable to complete in accordance withthe indicated
response which followed each ite_m. .'Also, ‘a check was kept of tirr}e
consumed by students in working the rna.teri.als. Upon the completion of '
: each lesson a check list was made of those items which shox;ved 10 percent
erro:;' ratio by student participa‘.nt‘s.' The 10 percent figure was uséd
in accordance Eo the tolerance spec;ified by Holland. 47_ |

‘

4“'7Fry, E. B., op. cit.;p. 4.
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In addition to a tabulation of error frequency a close contact
was maintained Wi£h student participants to gain student opinions of
‘partic'ular phases of the materials. These opinions were noted and/
evaluated so that the final writing could reflgct valid c':riticism.

Final Writing of the Programmed Materials and
Associated Student Participation

’

During the winter quarter of 1965 at Montana State College
the final writing and use of the progral"nmed materials was ca.rried out.
| The final writing and administration of the materials were .
based on the experiences gained from the use of the Prelimir}ary -
materi‘als. Modifications of the preliminary materials in the main
consisted of three types: (1) modification of items ;Nhich reflected a
10 percent error ratio; (2) mddif.ication of two lessons to facilitate
efficient use of the Ir;a;terials; and (3) modification of the administration .
of the materials.

The first type of modificalfion of the materials was one of
content and was focused on individual items of the materials. That is,
those items which reflected over a 10 percen;: error ratio were |
rewritten to insure greater clarit;lr and thus reduce the e‘zrror frequency.
Sometimes th'iJé‘simply involved changes in wording or the addition of
a sketch. .In a few cases it was ﬁound desirable to redevelop the con-
cept involved by introducing smaller steps and by including more

0t

'expla};x}atory passages. Considerable discussion was used to be certain
the tépics were clear and complete. To guard against possible
R . ,

“:,‘ {
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incomp.lete reasoning and to insure a clear and favorable development
in the rewritten portions, the sections when rewritten were presented
to various members of the mathematics staff at Montana State College
familiar with the program for comment and ¢riticism. inn agreamaeant
of a clear and consistent revision the rewritten portions were then
included in{ the final version.

The sec;ond £ype of majdr modification of the materials also
involved content. However, in this modification the focus was on
efficient use of the materials from the standpoint of complete lessons.
Three changes of this type were found necessary. |

First, it Wé.s deemed advisable to use two meetings of the
students for the first lesson because of the desirability of lengthening
the time available for the introductory 1ess<$n. This was judged
appropriate so as to better acquaint stude‘znts with the purpose of the
study and to better correlate the programmed materials with the '
contiguity of,clas-s presentation of corresponding topics.

Second, it was found necessary to eliminate the lesson
"Fundamental Theorem of Integrai Calculus" since, class discussion
of that lesson in the preceeding quarter was found to occur too late
in the quarter to be satisfactorily supplemented by programmed
instruction.

A third modification of the lessons was foun(i necessary as
the quarter progressed because class presentation fell behind the |
biweekly programmed materials sessions. Hence, the necessity

presented itself during the quarter of dropping back one lesson. . As
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a means of compensating for this the topic ratings by the panel of
. experts was r'eview"ed'and it was four'ld that the indefinite integral
was one of the tobics least in need of supplementary work. Further-.,
more, the definite integwal was a topic in grea‘t need of supplementary
work. A ca_.reful examination of the preliminary writing showed that
both of these goals could be best attained by altering the contents of
the chapter on ""Area by Integration'! to inclu'de the defihit_e integral
and dropping the cl.la.pter on '""The Indefiri;lte and Definite-Integral.”.
With this final modification, which was accomplished without loss
of continuity.to the materials and without loss of purpose of tﬁe
investigation, the writing of the materials was completed.~48

The third major change in the final use of the materials
over their preliminary use involved the administration of the materials.
The most significant administrative change was that t’he materials
were used by only a select group of students, the experimental group.

The selection of this experimental g;:oup took place at the
beginning of Winter quarter in 1965 after the instructors volf the
beginning calculus sequence at Montana State College were carefully
briefed on the purpose of the forthcoming study into the effect on
achievement of using programmed materials as a supplement to
classroom instruction of beginning .ca,lc'ulus. Upon agreement to the
procedures of administration of the materials ‘thie instructors were

asked to announce the purpose of the investiga,tion to their classes

"_LSSee Appendix B.
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‘and to invite undergraduate students to volunteer for the program
who had as their final mark in college algebra or college trigonometry
grades of B, C,or D. Students were reminded. that the nature of |
their participation was etrictly voluntary and tlr;at no obhligation to
volunteer or to finish the program after starting existed. However,
it Was;’pointed out that of those starting the program the investigator
desired as many to finish thé program as could.‘ Furthermore, it
was n'oted that only students participating in the program would have
access to the materials and application to start the program could not
be accepted after the initial lessons had been completed.

Under these conditions students applied for acceptance into
the experimental group. Screening of the candidates was carefully
done on the basis of the criteria set up and an experimental group
was chosen,. .Which‘con'sisted of all qualified students. The accepted
students W'e.‘re r.mtified of their acceptance and directed to report
during the second week of classes for their orientation to the materials
and their first lesson. At this first meeting a brief orientation was
given as to how to use the materials and questions were answered
regarding the program. A’n agreement was entered into whereby
evening meetings would be held regularly twice weekly so that the
scheduled lessons would all be worked. Also it was explained that
each of these evening.meetings would probably last about an hour and

Lwould be flexible enough to allow for different working rates of indi-

vidual students. For a few students with conflicts on the scheduled
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evenings it was necessary to schedule a third night a week so that
these students would also be able to complet-e all of the lessons.

From that time on reguiarly scheduleci meetingé were held,
progress recoxds were kept, and individual contacts were maintained
to keep students up to date with their lessons. When students dropped
behind in their lessons, reminder's were sent them of their delinquency
and they were encouraged to make up their missed lessons. 49

In an effort to keep student advisors informed about the
program and the progress of their advisees, explanations of the
program and progress reports of a.dvisées were sent to-advisors at
appropriate ‘times. 50

At no time during the quarter were the programmed materials
allowed to be taken from the supervision of the investigator. In the
event a student needed more time to make‘up a lesson or do extra
work, special arrangements were made with the investigator to do
the materials under his supervision. In this way the materials were
caf;fully monitored and kept av;a,iiable 01:11y to the experirhental group.

At the end of the quarter the students who had completed the
entire program were noted and their names recorded so that their

final records would be easily obtained for purposes of statistical

- comparisons.
i

w . .
sl 495ee Appendix C.

50See Appéndix D. .
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Alé.o, at the end of the quarter the -entire class roll of
students completiﬁg the beginning calculus sequence was searched
to id:entify members of the control grou?. That is, the backgrounds .
of a‘lll unldergra.duate students in the beginning calculu's seqﬁence were
-examined to determine those not in the experimental group who had
taken as their last mathehlatics course college algebra or college
trigono;’netry and had received a B, C, or D in.that course. By
restricting eligibility for selection i;ato the control group to these
standards a control group was ébtained which. was' composed of stu-
dents with backgrounds similar to those of the experimental group
since that group.was chosen by cbrresponding standa,vrds.

After carefully.searching the student records all students

meeting the above stated conditions were listed and were accepted

as members of the control group.

Means of Instruction of the Experimental and Control Group

In order to be certain that instruction in the different
beginning calculﬁs classes was kei)t constant, the supervisor of
instruction held weekly meetings with iﬁstructors to check on class
progress and lesson presentation. In this way it was assured that

: !

all classes were quite uniform in the material presented and in the

demands rﬁade of the student.
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Because special mathematical notation facilitated the
writing of the materials on various occasions,. at \each of these weekly
meetings the investigatér met w;ch the instructors and supervisor”

‘to describe the progréss of the sfudy and to indicate notational usage
in the materials which needed to be practiced in class to guarantee
uniform familiarity.

In describing the progress of the s'tudjr, the instructors and
supervisor were notified of student participation by a p;rogress chart
which indicated the number of 1e‘ssons each student had completed. 51
In addition to the progress sheets the instructors, .s.l‘J.pervisor, and
department he adlwere sx.:Lpplied weekly with thé lessons currently
. being used by the experimental group. |

Through: (1) the careful moniﬁorin'g of the teachin'g by the
supervisor, (2) the competency of the inst'ructors, (3) the close
cooperation among the investigator, instructors, supervisor, and
department head, and (4) the fact that the members -of the experimental
and control group were scattered'a.t random throughout all sections

of the beginniﬁg'calculus sequence,it was assumed that uniform instruc-

tion for both experimental group and control group resulted.

Slgee Appendix E.
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Meésureme nt of the Final Achievements
of the Experimental and Control Groups

The measuremen’t of the final achievement o;”ﬁ' the experimeﬁtal
and control groups was accomplished by the same compréhensive
final examination taken by all students who had completed the begin-
ning calculus course the qu:a.rter during which this study was made.
This single test was used to measure the final achievemerﬁ?s for two
reasons. First, the testing of the control group had to be accomplished
within the structure of ex.isting p:i”actices at Montana State College.
Second, it was judged possible to design a valid and reliable test which
would measure the final achievements of students completing the .
beginning calculus course that qua.rte_r.

In order to carefully cont’rol the de—sign of this examination
an experienced and weli—qualifiea committee of calculus instructors
was appointed by the supervisor of instruction to write an apioropriate .
test which would measure the final achievement of the étudents com\—
pleting the course. The exeucm'.nation52 was then prepared aﬁd
presented to the entire group of instructors of the beginning calcuius
sequence for their inspection and a_.pproval. With final happroval
;announceci by the supervisor of instruction, who was particularly well
qu.alified to judge the validity and reliability of the test (having had \

over forty years of college mathematics teaching experience which

E_’ZSee Appendix F.
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included_exteﬁsive administrative responsibilities), the examination
was accepted as an accurate measure of the final achievement of‘
members of the experimental and control groups.

As a means of holding the scoring of this examination uniform,
a committee was appo.inted by the superx}isor of the beginning calculus
sequence and was directed to prepare a sheet on criteria for grading -
each problem of the examination. This criteria for grading sheet
was then given ’lco each instructor of the beginning calculus class and
he or she used it according to its purpose.

\

Statistical Analysis Used to Evaluate the Effect
Resulting from the Use of the Programmed Materials

The problem of measuring the effect on the final achievement
resulting from the use of progfammgd materials which were written
to supplement classroom instruction invo.lving topi‘c-s which usually
cause learning problems in beginning calculus was carried out by
first carefully stating‘ the hypothesis to be tested. Then appropria.te.
statistical methods were used to test the hypothesis by comparison
of final examination scores at the end of the quarter. |

Statement of the hypothesis. As a prelude to actual statistical

comparison of the achievement by the experimental and control groups
the null hypothesié, Ho, was stated. This hypothesis was: there is no
significant difference in the final achievement of students in a beginning
cé.lculus course who have studied from programmed materials written

to supplement conventional classroom instruction of topics which
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ordinarily ;:ause learning problems over students who ll'la've not
studied such progrémmed materials. The alternative hypothesis,
 Hj, was: there is a significant difference in the final achievement
of students in a beginning calculus course who have studied from
programmed materials written to supplement conventional classroom
instruction of topics'whicl.l ordinarily cause learning problems over
students who have not studied such programmed materials. To test
the se hypotheses appropriate statistical methods were selected and

applied.

Selection of statistical methods. In order to test the null
hypothesis, .I—IO, the question of comparability of the experiménta.l and
control groups had to be first answered. Hence, in the fiﬁal anallys'is
two major questions presented themselves: (1) were the experimental
and control groups comparable as far as rﬁathematical and intellectual
backgrounds concerned? and (2) was the achie;rement in beginniﬁg
calculus of the experimental group superior to that of the control
group in view of the possible differences in mathematical and
intellectual backgrounds? |

In order to ansvs./er the first question the backg‘rounds ~of the
students in both the experimental and control groups had to be com-
pared. In searching fo:;' such a comparison it was found that Montana
State .College had devised a criterion f;or placement of studehté in the
beginning calculus sequence according to their mathe'ma.t.ical and

intellectual backgrounds. This criterion was a predicted grade in

beginning calculus and was a composite score based upon the following
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sources: the score of the American Council of Education Psycho-
logical Examinatioh, the Iscore of the Minnesota Scholastic Aptitude
Test (a éhortllform of the Ohio P‘sychélogical Examination), the
sc‘ore on'the Mechanical Comprehension Test. - Forrﬁ CC, a set of
scores on examinatioﬁs in arithmetic, a.lgel'ara. I,-and algebra II -
(examinaiéions prepared by the Mathematics Depart‘rnent at Montana
State College), and the high school grade point a.ve‘ra.ge. 53 The fact
that this scheme of predicting grades in mathematics had been used
at Montana State Coliége for over 30 years with some modification
but without major revision attested to its accept\ed value.

Hence by using these predicted grades in the beginning
calculus sequence as calculated by the formula adopted by Montana
State Collége, it was pc.)ssible to assign a numerical score to each
member of th,(.a_ experimental and c;ontrol g;'oup. For .the purposes of
this investiga;’giic)n this score was considered to be a comprehensive
measure of the mathematical and intelle ctual backgrounds of the
students. Thus only a statistical means was needed whereby the

'matﬁ;matical and intellectual backgrounds as indicated by the
pred:icted scores could be compared.
.; Both of the ma.;]"o:-l." problems to be iﬁve stigated were kept in

mind in the selection of this statistical test. Namely: (1) were the

'53Suva.i<,. Albert, (unpublished research at the Montana State
College Testing and Counseling Service).

54Brookha,rt, M. E., (unpublished statement by M. E. Brook-
hart, Director of the Montana State College Testing and Counseling
Service). : ,
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experin’iental and control groups comparable as far as mathematical
and intellectual ba;:kg_rounds concefned? and (2) was the final
achievement of the experimental group above that of the control group?
Because both the question of background and the question of final
achievement invol've‘d similar comparisons between the same two
populations, a common statistical treatment of both questions was
judged appropriate.

A de;'gision was made to use the parametric t-test on both
questions rati;e£ than non—pa,liametric methods. This decision was
based on the fact vthat the t-test iS'stroﬁger than the alternative non-
parametric methods in that the t-test is more likely to reject Ho when
Ho 1s false. 55 Furthermore, the conditions required of the populations
to bg‘ compared met the standards neces sat'r_y for application of the
t-test. These standards consisted mainly of--being- able to assume that
the variances of the two populations being compared \x}ere equal. 56
Other standaré.s of secondary importance such as being able to assume
that the sampling was independent57.presentea no problem and were
systematicélly accépted.' Preliminal"y statistical investigations were
necessary, however, in order to assume equality of variances of the
two poPﬁlations both in the case of comparing mathematical and

intellectual backgrounds as well as comparing final achievement.

55Siege1, Sidney, Nonparametric Statistics for the Behavorial
Sciences, p. 19.° '

56
5

Ibid., p. 19.
"thid., p. 19.
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Such statistical investigation did show that one -could not reject
the hypothesis that lthe variances of the experimental and control
populations iln the case of comparing.mathemati.cal and intellectual

58

backgrounds differed significantly. Similarly, the same statistical

procedure revealed that one could not reject the hypothesis that the
variances of the experimental and control populations in the case
of comparing final achievements dlffered.51gn1flcant1y 59

A condition found listed as being essential to application of
the t-test was that the populations being compared must both be
normally distributed. 6 However, statistician Cochran in investigating
this problem stated:

The consensus from these investigations is that no
serious error is introduced by non-normality in the 51gn1f1—
cance levels of the F-test or the two-tailed t-test . . . .-
If a guess may be made about the limits of error, the true

probability corresponding to the tabular 5 percent signifi-
cance level mavy lie between 4 and 7 percent.

585¢e P. 63

598ee p. 65

6OSiegel, op. cit., p. 19.

61Cochran, W. G., '"Some Consequences When the Assumptions

for the Analysis of Variance Are Not Satisfied, "' Biometrics Bulletin,
Vol. III, No. 1, December, 1946, p. 24.

\

-
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Although the case is not quite so solid for the one-tailed
t-test, the permissi\}eness of non-normality is much the same. Kendall

in summarizing the results of other statisticians who had studied this ,

problem stated that:

Their results may be broadly summarized by the
statement that. . . tests on population means (i.e. ""Stu-
dents'' t-tests for the mean of a normal population and for
the difference between the means of two normal populations

© with the same varianc%& are rather insensitive to departures
from normality. . . .

Both arguments that non-normality is not essential for one or
two-tailed t-testing stem from the fact that the t-test is based on
calculations -involving sample means and one would be concerned not so
much with the normality of the population, but instead with the normality
of the distribution of these sample means. ‘But by the Central Limit
Theorem, these sample means are themselves approximately normally

. A 3 v
distributed. 6 >

Hence, the question of normality was not considered of major
importance. Furthermore, the data tended to cause the investigator
to believe the two populations to be normally distributed. Therefore,
the t-test was judged appropriate for investigating the two questions:

(1) were the experimental and control groups of comparable mathematical

and intellectual backgrounds? and (2) was the final achievement of the

experimental group significantly above from that of the control group?

: 62.'Kenda11, Maurice, The Advanced Theory of Statistics,
Vol. II, p. 465. —_

63Freund, John E., Modern Elementary Statistics, p. 205.
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Application of statistical methods. In order to best test the

question of compa.r'ability of the experimental and control groups a
null hypothesis, H,, was formulated: there is no significant difference
in mathematical a;nd intellectual backgrounci of the ex;éerimental group
as comparéd to the control group. The significance level was set at
5 .percent and the test, because of the nature of the null hypothesis,
was a two-tailed test.
The null hy}'pothe sis was tested BV application of the t-test
which involved calculation of the/t' statistic using thelz prédicted scores
in beginning calculus as measures of the mathematical and intellectual
b'ackgrounds.of members of the experimental and control groups. - Since
the number of students in the experimental group was 21 and the number
of students of the control group was 22, the t—distributiog table was
consulted at the 5 percent level with t(. 025', 41y = 2, Q195.. |
For the calculated t less than 2. 0195 or greater than -2, 0195
the null hypothesis that there was no significant difference in mathe-
matical and intellectual backgrouna of the experirnentallas. -compared
to the control group could not be rejected.
Next, the second major.question was investigated. Namely,
a statistical study was made to investigate the relative final achievement
of the experimental group as compared to the control group.

| Upon receiving the scores of the students of the experimental
and control groups earned'on the final examination at the end of the

quarter the statistical problem of comparison of the final achievement
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of the experimental and control group was investigated. In recalling
the null hypo’gll_jit?sis;. Ho: there is no ‘significa,nt difference in tiae
fina.Ll achieveziierit of students ’in a beginning calculus coxirse who have,
studied from proérammed materials written to supplément conven~
tional classroom instruction of topics which ordinarily cause learning
probiems over students who have ni)t studied from such programmed
matéi:ials, it was clear that there too the Student t-test could be used.
Hoﬁévef, this time the t-test was one-tailed. |

| Aga.in the level of significance was set at 5 percent and
t(. 05, 41) = 1. 6829 was the critical value. That is, for the calculated
t less than 1. 6829 the null hypothesis could not ioe rejected that there
is no significant difference in the finail achievement c;f students in a
beginniiig calculus course who have studied from prog'ra,mnied materials
written to supplement conventional classr(iom instruction of topics
which ordinarily cause learning problems over studernlts‘ who liave not

studied from such programmed materials.

Summary

{

In order to investigate the effect on iihal achievei'nent ina
beginning calculus course resulting from the use of a series of
programmed instruction Writtei'l to supplement the i’egular classroom
instruction on the topiecs which ordinarily cause 1earping problems a
poll was made of well-qualified mathematicians and scientists familiar

with the content and learning problems of a beginning calculus course.
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This survey was in turn tabulated to identify the areas of begiﬁning
calculus which ca.ﬁse learning probléms to students.

The- identification of a.rea.s causihg le‘;arning‘.problems led
to the preparation of a series of lessons of programmed instruction
written to supplement the regular classroom instrucéion of the topics
identified aé causing learning problems. 'These lessons were made
a.'vailable: to studeﬁts enrolled in the beginning ‘calculus class_a;t
Montana State College during the fall quarter of 1964.

The students were instructed to note passages of the pro-
grammed materials which they could not satisfactorily complete.'
Using a permissible error ratio of 'lO percent the passages causing
trouble to student participants were identified.’ .

Prior to the winter quarter of 1965 decisions were made as
.to appropriate modifications of the prelimlinary Writing. These modi-
‘fications ir;cluded: (1) rewriting passages and supplying necessary
sketches to reduce the error ratio on troublesome passages below
10 percenf;, (2) alterations of the lessons by lengthening the time avail-
able for the introductory lesson by droi)ping a lesson which came tc.>o
late in the quarter to be of benefit, and by condensing the content of
two chapters into one, and (3) revising the administration of the
materials such that a close control could be_éssured over the use of
the materials by the experirnenta.l group. ,

At the beginning of winter quarter an experimental group was
chosen from students volunteering for the investigation. The criteria

for selection of the experimental group involved selection of students
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of demonstrated moderate achievement. Extreme levels of achievement
were not allowed because of the possible skewing of final achievemen‘.c
results.

Duriﬁg the quarter as the students of the experimental group
met twice weekly to complete the prepared programmed-mate rials, a
constant contact was maintained with instructors of the students and
others concerned to assure uniform classroom instruction and notational
usage.

At the end of the quarter a search was made of the records
of all students completing the cour’se to .de‘,cermine which students were
qualified as r‘nembeirs of a control —group under the same criteria
imposed on the admission into the experimental group. All such
g qualifyihg students were selected and the control group was thereby
formed.

Also,‘*i}?_é.t' the end'of the quarter a final examination meeting the
apprqval of all instructors of the beginning calculus sequence was
written and administered to all memb'er‘s of both the? control and experi-

‘mental group. This examination was scored in a uniform manner
a5

acco#’ding to grading standards pr’evioﬁély set down by a committee
appoir}lted by the supervi"soi' of the beginning'calculus sequence.

As a mea.ns- of comparing the mathematica'l and intellectual
backgrounds of students in thé control group to thosé in the experimental
group, the placement figures obtained by the Testing and Counseling

Service at Montana State College were used. Since Montana State

College had adopted a predictor of success in beginning calculus based
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on previ‘ous mathematical and inteilectual background, this predictor
was used as a means of comparing the backgrounds of thg experi-
mental and control group. The statistical test used to compare the
two groups was the Student t-test. This test was chosen dué to its
applicab'ili‘cy to the data and its strelr'l.gth.

‘ Similarly at the end of the quarter the null hypothesis, Hy:
there is no significant difference in the final achiévement of students
in a beginn_iné calculus course who have stuaied from }Sr ogrammeci
materials written to supplement convéntiona.l classroom instruction
of topics which ordinarily cause leal"ning problemé over stddents.not
studying from such programmed ma.feria.ls, was tested by the Student
t-test. The raw data for this test was supplied by the scores of the
final examination given ;co all members of the experimental and
control group.

The results of the investigation are presented in the

next chapter.




CHAPTER IV
EFFECT ON FINAL ACHIEVEMENT IN BEGINNING CALCI;TLUS
RESULTING FROM THE USE OF PROGRAM'MED MATERIALS-

In order to ﬁresent the results of the investigation of the effect
on final achievement by s'tudents in a beginning calculus course re-
sulting from use of programmed materials administered as a supple‘-
ment to classroom instruction of topics which ordinarily cause learning
problems three areas were considered. These areas were:' (1)
selection of the experimental and control groups, (2) comparability
of the experimental and control groups, and (3) the effect on final

achievement resulting from the use of the programmed materials., -

Selection of the Experimental and Control Groups

The experimental g,J.:'_oup was selected from student volunteérs
from the begi;lning calculus class at Montana State College during the
winter quarter of 1965. 6‘_1 Fifty-five students rn'ade al;plication for
admittance into' the. exper imental group. Forty-seven of these
applicants were selected under the adopted crite‘ria65 as participants
in the programmed instruction investiga'.tion. Participation in the
program was strictly voluntary. Twenty-one of these forty-seven
students remained Witﬁ the program throughout the quarter and

systematically worked all of the programﬁed materials. Statistical

bdgee p. 43

55ce p. 42 and 43
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measurements involving the effect. of programmed materials were
based on the final achievements of the twenty-one stu(‘ilents who com -
pleted the en;cire sequence of programmed lessons.

The entire roll of students whp. completed the beginning calculus
course was survéyed at the end of the quarter to identify those students
eligible for the control group. Criteria for selection of the ;:ontrol
g.‘rou.pé6 reduced the potential membership to twenty-two students.

Since all twenty-two of these students qualified as members of the
control group, all were selected as control group members.

Thus the comparison of the final achievement of the experirhental
and control éroups involved forty—thxl'ee students. The twenty-one
st'udents.in ;che experimenta.l group had completed the beginning calculus
course and-in addition had completed all of the programmed materials. -
The twenty-two students in the control gfoﬁp had studied ;the same cal-
culus courée but their classroom instruction was not supplemented with
programmed materials. |

It was recognized by the author that the voluntary nature of the
experimental group might introduce' two biases which could effect the
results of the ipvestigatidn, First, itlwas foreseen that student
voluﬁteers may have applied fgr acceptance into the experimental
group with the intent of learning calculus while not exerting a’normal

effqrt. Second, it was foreseen that the .student volunteers who applied

for acceptance into the experimental group might be compé.ra.tively

66
See p. 45
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more enthusiastic students Wi;ch more tha..n the average desire to learn
the subject matter.A |

Both of these biases were beyond the control of the experimenter.
However, it was hoped that the number and duration (Iaf intensive s‘tudy
sessions would reduce the number of students that anticipated learning
calculus with little or no effort. Since twenty-six students dropped the
program, there was reason to believe that those ‘students seeking
learning without effort were substantially eliminated from the experi-
mental group.

If the second bias were present, it was not evident in the resuits

of the investigation.

Comparability' of the Experimental and Control Groups

In orde_r- to study the effect resulting from the use of progfa{nmed

materials on final achievement of the experimental and control groups
N .

it was first necessary to determine the comparability of the two groups.
This comparability was based on a study of composite scores which
indicated the mathematical and intellectual backgrounds of the students.

Nearly all of these scores had been previously calculated by the

Testing and Counseling Service at Montana, State Gollege and appeared

in the Montana State College Placement Test Scores and Indices,
s .

September, 1964. 67 -The student scores needed for the study which

.67Brookhart, M.-E. and Suvak, Al‘bert, Montana State College
Placement Test Scores and Indices, September, 1964, 52 pp.
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did not appear in the Montana S_tate'College test index booklet were
calculated using the. same formula as was regularly used to calculate
these scoreeo 68 |

The appropriateness of the t-test was investigated as a means of
comparing these scores®9 ‘which v&ere. measures of the mathematical
and intellectual backgroun&s of students in the experiinental and
control greups Establishment of the appropriateness of the t-test
was dependent upon permissiveness of assuming equality of variances
of the two sample populations 70 Hence, ihe question of assurning
equality of variances was investigated by testing the hypothesis: the
variances of the scores measuring the mathematical ai1d intellectual

backgrounds of the experimental and control populations were the same

at the 5 percent level.

68]:'>J:edic1:ed Mathematics 121 score - .00416 (total score on A.C.
E.) - .013151 (Minn. Schol. Apt. Test) +.00012 (M., S, C. . Arithmetic

,Test) +. 02755 (M. S. C. Algebra I Test) +02061 (M. S. C. Algebra II Test)

.01250 (Mech. Comp. Test) +. 06899 (High School G.P.A.) ~-1. 16826.
(This formula was developed by Albert Suvak of the Montana State
College Testing and Counseling Service to predict achievement of
students enrolling in Mathematics 121.)

69See Appendix G , Table 1.

7OSiegel,_9__E>. cit., p. 19
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T he test applied to this hypothesis was the two-taiied F -test. 71
The calculated F statistic was . 65516. Since this value was between
F(.975,20, 21) = . 40816 and F(. 025,20, 21) = 2. 42, it was not possible
to reject the hypothesis that the variances were equal at the 5 percent
level. Thus it was concluded that the variances of scores measuring
the mathematical and intellectual backgrounds.of the experimental and
control populations do not differ significantly.

The conclusion that the variances of the two populations did not
" differ significantly enabled the investigator to contend that the t-test
was appropriate for testing the hypothesis: there was no significant
difference -in the mathematical and intellectual backgi‘qunds of the

experimental and control groups. This test was a two-talled test

and was accomplished by comparing the means of the sample popu-

71The steps used in computing the two-tailed F statistic at the
5 percent level are as follows:

1. Determine the number of cases in groups I and II being com-
pared. Denote them nj and 27 respectively. '
2. Denote the observations in groups I and II by y3j and y 2;

respectively where i = 1, 2, ..., ny and j =1, 2, ..., np. -

oy Bo
3. Calculate: 1 =zyu/n1 and T, = Zy2,j/n2
i=1 3=l
n

4, Calculate:

) . 2 |
r- Eiwli-‘flf/cnl—l) 5 (73,Tp)%/ (ageL)
i= j=1 S

: J
5. The F statistic of (4) is distributed as an F with vi=nj-1
and vy = ny -1 degrees of freedom.

6. Accept the null hypothesis if the calculated F in (4), Fo, is
such that: F(.975, v1, vp) <Fg < F(.025, vy, v,), otherwise reject the
" null hypothesis. (Ostle, Bernard, Statistics in Research, pp. 91-93.)
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lations according to the procedure of calculating the t statistic.
It was found that the t statistic calculated from the data listed

in Table A was -.69982. Since this value was smaller than t(. 025, 41)

+2.0195 and larger than -t(025, 41) = ~2. 0195, the hypothesis was
acéepted. That is, the investigator elxpected that .95 percent of all
samples compared (the samples each consisting of an experimenta.lland _
a control grbup) would have no significant difference in their mathemati-

cal and intellectual background‘s.

The Effect on Final Achievement Re sulting
From the Use.of Programmed Materials

After establishing the comparability of the experimental and

72'The steps used in computing the two-tailed t statistic at the
5 percent level were as follows:

1. Determine the number of cases in groups I and II being com-
pared. Denote them nj and n, respectlvely

2. Denote the observa.tlons in groups Iand II by y;; and YZJ

respectively where i = 1, 2, oo, a.nd is1l, 2, ..., np.
ny - : .
T, =>: yli/nl and Y, =Z?ygj/n2. \

3. Calculate: i=1 J=1 '

26’1'0 +Z (7,52

l—.

n, + n2 - 2
‘ 5. The t statistic of (4) is distributed as a t with n;+n,-2 degrees

of freedom.

6. If the calculated t statistic, to, is such that: —1:( 025,n1+np-2)<
to <t(.025,n;+n,-2), accept the null hypothesis, Otherwise regect the
null hypothe51s {Mood, A.M. and Graybill, F.A., Introduction to
ithe Theory of Statistics, pp. 306 307.) o

4. Calculate:

2 (T,-T,)

nl+n2
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control gréup by stqtistica.l means .it was then possible. to begin 'investi-
gation of the main ‘hypothe sis: there-is no significant difference in the
achievement of students in a beginning calculus course who have studied
prégrammed learning as a supplemen/t to conventional classroom in- .
struction of topics which ordinarily cause learning problems over
students who have not studied such programmed materials.

Again it was desirable to use the parametric t-test in comparing
the final achievements of the control and experimental groupse Again
the appropriateness of the test had to be justified by demonstrating
reason for dssuming equality of variance for‘the final achievements of
the control and experimental populations. This assumption was
_justified as a result of studying the achieved s;:or'es of thé two saﬁple

populations. 73

That is, in order to show reason for assuming equality
of variances for the two populations a test was made of the Bypothesis:‘
there is no significant difference between the variances of the final
achievement scores in beginning calculus for the experimental popu-
1ation. and the control population. The test was a two-tailed F -test
and resulted in the F statistic being calculated as 1. 267. Since this
value Was.between F(. 975, 20,21) = . 40816 and F(.025, 20, 21) = 2.42,
it was not possible to reject the hypothesis that the variances were
equal at the.5 percent level. Thus it was assumed that the variances

.of the final achievement scores of the experimental and control -

populations did not differ significantly.

73See Appéndix G, Table 2.
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By assuming that the variances of the two populationé were not
significantly different the investigator was then able to contend that the
t-test was appropriate for testing the main hyp.othesis: there is no
- significant difference in the final achievement of students in a beginning
calculus course who have studied programmed materials written to
supplement conventional classroom instrI'J.ction of topics which ordinarily ’
cause learning problems over students who ha,,lve not studied such pro-
grammed materials,

The t-test was one-tailed because of the nature of the hypothesis.
On this basis the t statistic was calculated’? from the data of Table B
and was found to be t = . 60602. Since this vailu‘c_a was less than t{. 05, 41)
= 1. 6829, the hypothesis was accepted. That is, fhe investigator ex-
pected that in 95~percent of all samples studied (the samples each °
consis’.ced‘ of one experimental and one control group) the experimental
group would not have a final achievement mean greater than the mean
of the final achievement of the control group.

1

-Summary

Experimental and control groups were selected from the popu-

'latio;i'lzof students in a beginning calculus course to compare the effect
:,'." . '
on final achievement in beginning calculus due to the use of programmed

1

B 74’I‘he calculation of the one-tailed t statistic followed the
procedure of calculating the two-tailed t statistic. = (Ostle, op. cit. ,
pp. 98-102.) '
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mat;rials. Twenty~one of forty-seven students in the experimental
group completed tl’.le programmed materials. The'finé,l achiévemen‘c
of .t};ese students was con;lpared to the fihal achievement of the control
group, ;;onsisting of t\;venty—two stx;Ldents, in order to provide reason |
for stating conclusions about the experimental and control éopulations.

In order to’ compar.e the final achievements o’f'the experimental
and control groups the comparability of the two groups had 'to be first
established. This was done by appli_cation of the two-tailed t-test to
the pfedicted achievement scofes of the individuals in-the control and
experimental groups. These scores were calculated by using the
formula \developed and approved by the Montana Staté College Testing
and Counseiing Service... The appropr‘i‘ateness. of the test was previously
established by demonstrating pe f]éni'ssivehess of assuming equality of
" variances for the two .popula',tions by F -test.

After establishing the comparability of the two groups the major
hypothesis was considered: there is no significa,n‘t difference in the
achievement of students in a béginning calculus cour se who have .
studied programmed learning as a supplement to conventional class-
‘room inst‘ruction of topics which ordina.rily cause learning problems
over students not studying such programmed materials.

This:time the one-tailed t-test was needed for testing the hypo-
thesis and hence was shown appropfiate by establishing permis<iveness
of assuming equality of variance for the two groups by F.étest.. Since
the one-tailed t-test was appropriate, it was applied and subsequently

demonstrated the acceptability of the hypothesis:




CHAPTER V

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS

.The pm‘rpéﬁ:é of this invéstiga,ti.on was to compare the results
obtained from the use of programmed materials as a supplement to
classroom instruction of topics in a begiﬁning calculus course which
ordinarily cause learning problems with results obtained in' classes
not using programmed ma’-cerials,

The néed fo.r such a study was in part'due to the changes in
mathematical ernp'hasﬁs which have accompanied the transition into a
modern scientific-technological era. These samé changes in mathe-
matical emphasis have serio.usly effected the need for more effective
means of increasing mathematical learning —téa.ching effectiveness.
As one means of increasing the effectiveness, this investiga’cion
concentrated on the pfoblems aésocia.ted ﬁth teaching beginning
calculus at the early college level. It was believéd b-y the author that
apéropriate programmed materials could be used effectively by students
in a beginning calculus course to supplement their regular classroom
instruction and hence improve their final a.chieveme nt. The purpose

of this study was to investigate this belief. -

Summary

Four major points became clear to the author from the review
of the literature which was carried out as a preliminary step in this

investigation.
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I. Beginning calculus has experienced a radical change in the
past eight years fr.om a development depending héa.vily on solving
pa.rticular problems to a careful structural development achieved .
through student understanding and logical réasoning.

2. Many of the learning problems in beginning calculus have
been brought about by a recent change from traditignal mathematics to
modern mathematics.. ’ This change ha§_ been accompanied by revolu-
tionary teaching methods ana emphasis. Thus many students whose
preparation has been fraditionally oriented have been unsuccessful
in making a transition to the type of thinking and rigox; expected in
modern mathematics.

3. The use of programmed instruction pbssibly can facilitate
correction of the imbalance in ba.c;kground experienced by traditionally
prepared stud,gnts through development of proper notation, but evi-
dence indicaté.d. considerable disagreeme nt as ;co whether programmed .
instruction could éntirely fill the gap in developing proper mathematiqal
attitqc?.e such as is required in mathernat:ical reasoning.

’4 The reports of the investigations into the learning value of
programmed instruction have not con sisten’gly described it as being
infall'ible., Instead, a n;,.lmber of comparisons of its value over con-
venti'onalrclassroc‘)m instruction indicated-that the differences in final
learning achieved through programmed instruction were not signifi-
cantly gfeater than those differences' a.chieve;i by Ic_onventional class-
room teaching. |

In the course of reviewing the literature no reports of investi-

gations were found which described efforts to study the effect on final




70
achievement of students in a beginning calculus course which had
_supplemented their. conventional clas‘.éroom'instruction with programmed
instruction. Hence, the author proceeded to iﬁvestigate this problem.
The first step in the inve'étiga‘n;ion was the identifiéation of those aw eas
in beginning calculus which ordinarily cause learning. problems. This
was done by polling twelve college irll.struclztors familiar with the
learning problems of students in calculus. Then a schedule of lesson
involving supplemevntary programmed materials was drawn up to
cover the topics which were identified a;s being troublesome.

The .a.'l_:LthOl‘ consulted various standard calculus texts in. order

to assure a complete and effective presentation of each topic. Then he
- N

developed each topic by carefully writing a preliminary set of pro-

-grammed materié,ls. The preliminary materials were then tested for

effectiveness by conductil;lg a pilot study'.' This study pointed out

spe cific needs for improved,w:c;iting of certain passages, improved

administrative techniques, and imprc;vements regardinhg arrangements’

of topics to be covered. With these factors in mind the final writing

of the materials was accomplishea'.

The author selected an experimental group during the winter
quarter of 1965 at Montana State College on the basis of their previous
mathematical achievement.’ A‘ schedule of méetings was drawn up, and '
the experimental group began using the programmed materialsras a

supplement to regular classroom instruction. At the conclusion of

the quarter a control group was chosen using criteria similar to those
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used to select the experimental group. Then a final achievement
examination was a,dmi;niste'r'ed to both the control and expe'rimental
groups. Appropriate statistical procedures were applied to the test
scores. |

The statistical comparisons indicated that although the experi-
mental and control populations were of comparable mathematical and
intellectual backgrounds, the final achievements of students in a
beginning calculus course studying programmed materials administered
as a supplement to a conventional classroom instruction of topics which
ordinarily cause learning problems were not significantly above the

final achievements of students not studying such materials.

Conclusions

The foilowirig conclusions regarding the teaching.of a beginning
calculus course were evident to the investigator as a result of reviéy(ring
the literature:

1. Because scientific-technological advancements have placed
a greater emphasis on the ma.therha.tical pr efaration of students and
this emphasi's has in turn influenced the manner of teaching mathematics,
students in the beginning calculus courses are having trouble learning
the concepts of mathematics. Hence, a need exists to improve the

teaching of the basic concepts of beginning calculus.
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" 2. The research done on the effective‘ﬁess of supplementing
' class:room teaching of mathemat.ics by the use of pl"ogra.mméd.
mat‘erialls is inconclusive and additional research needs t§ be done.

The author concluded as a result of his inve stigation that
statistically there is vell‘y little reason tol believe that the effect on
the final a.chievern.ents of.students in a beginning calculus course re-
sulting from the study of programmed materials a.dmi_niste'red as a
supplement to conventional clas sroor'n'instruction of topics which
ordinarily cause learning probléms Would"be significa.nﬂy above the

corresponding achievements by students not studying such materials.

Recommendations

As a result of this investigation four recommendations were
formulated:

1. Because a greater number of students fail to satisfactoril'y
learn the material in a beginning calculus course, mpré research is
needed to identify the factors contributing to this lack of learning.

In pai‘ticular', research needs to be done in this area with full under-

) \
standing of the changing mathematical background of the students. That

is, the background of the entering college students is currently changing

from being oriented in traditional mathematics to an orientation in-

volving modern mathematics.
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2. Research needs to be done to find ways of improving the
teaching of beginniﬁg calculus. The average beginning calculus student
: ‘ :
was found to be interested in learning the material but in many cases the
learning by these same students was found to be incomplete. Thus,
re searc’h into the improvement of teaching calculus and hence into
the improvement of mat'hematica-i communication at Athe level of ' i
beginning calculus was found desirable.

3. First, evidence was found in the literature to indicate that
students can learn some things by stuaying appropriate pr(;grammed
materials. : Resear ch needs to be carried out which will identify the
areas of beginning calculus which can be effectively learned by
-studying prog.ramme(i materials.

Second, once the areas of beginning calculus which ca:ﬁ effect:}vely
be taught through the ﬁ.se of programmed materials have been identified,
research needs to be done to discover the m ost efficiént way to use pro-
grammed materials so that maximum learning of beginning ca_l.cﬁlus will
result.

4, The background of students in the beginning calculus course af
the time of this étudy was in general traditionally oriented. With the
curr entl emphasis on a modern str;'uctural approach to mathematics at
all levels of éit::i.ﬁcation, learning problems of beginning calculus will
likely change as students' backéround reflect the modern emphasis
involving notation, the structure of mathematics, and the patterns of
' thoﬁggt essential in successful reasoning in .rhat_hema,‘tics. Eence, the

investigator makes the recommendation that this investigation be

1
S
2,

$
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repliéated at a future date when experimental and control groups can
be chosen from a population of students whose background is molded

by modern mathematical training.
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Selected the Topics to be Programmed
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Instructions to the Panel of Judges Which
Seleécted the Topics to be Programmed

Certainly there are topics which students enrolled in the beginnihg
calculus sequence are expected to master. Obviously an' ina.ppropria.te.

- amount of d:;fficulty is experienced by many students in a.tfaining these
goals. This situation has perpetuated itself despite attempts to match
student ability with course content and to improve classroom teaching.
However, despite attempted solutions ’the problem of too many un-
successful students still exists. Hence i’e is clear that further investi- .
gation into ways to improve student learning and thus success 'aire in
order. I have chosen su"ch an invéstigation as a problem for my
doctoral thesis and reque st your opin.ion on one important point.

You see, as a means L)f aiding student learning, I intend to prepare
a set of programmed materials which will be focused on the critical
areas of beginning calculus which display t}ie greatest learning problems.
It is intencied that such supplementéry materials will do much to clear
up the major concepts which stand before understanding in these vital
areas.

Since student time is limited, so too mlist the selection of topics
prepared be ii;nited. Hence, the following list of topics studied in the
beginning calculus sequence is presented f_qr y'our inspection. In order
that the most vital :;reas can be concentrated on, it is fequested that

you select the seventeen areas which you feel deserve the greatest

emphasis. In addition to you, other individuais well qualified to judge




86

the learning proble'ms of students in calculus will be similarly polled,
Then those topics which indicate the heaviest need for concentration
will ioe selected as the areas to be deveéloped.

Please check the seventeen tdpicsv which you feel are most
(iifficult for students to ma.ster:

1. The locus problem.
What is the graph of an equation and what is the equation of a
graph; slope; equations of straight lines, parallel lines,
perpendicular lines; distance formula and circle; parabola; -
ellipse; hyperbola; related problems.

2. Functions and functional notation. -
' Cartesian cross product; relation; function; associated
notation; related problems.

3. Intersections of pairs of curves.
Sets of points satisfying equations individually and snnultaneously,
introduction of extraneous solutlon points; related problems.

4. Inequalities and ab solute value.
Definition of inequality symbols; basic theorerns of 1nequa.11t1es,
definition of absolute value; triangular inequality; related
graphing; related problems.

5. Limdits. :
Algebraic 1nterpretat10n, geometric interpretation; basic theorems
of 11m1ts, related problems.

6. Continuous functions..
Definition of continuity at a p01nt definition of continuity over an
interval; meaningful examples of continuous and discontinuous
functions; related problems.

7. The derivative.
Average rates of change; instantaneous rates of change; slope of
a curve-at'a point; average and exact velocity; definition of the
derivative; mechanics of differentiation when proceding from
the definition; related problems.

8. Simple differentiation formulas.

Dy ¢ ; Dycx®; Dy (u+v); D uv; Dy "u/v; related problems.

i s y .




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
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Differentiation of the product, quotient, and highe‘lr order

derivatives. '
Development of product and quotient formulas; higher order
derivatives; related problems.

Differentiation of composite functions. :
Proof of chain rule; use of chain rule; related problems.

Implicit differentiation.
Discussion of _implicit functions; related problems.

Appllcatlon of the derivative to 11near motion, motion under
gravity, and related rates.
Linear motion; motion under gravity; related rate dlscu551on,
related problems.

Sketching as related to increasing and decreasing functions,
critical values, and extreme values of a function.
Relation of the derivative to increasing and decreasing
functions; use of the first derivative to isolate critical
points; the use of the second derivative test; curve plotting
using theé derivatives; related problems.

Rolle's Theorem and Mean Value Theorem.
Statement and proof of Rolle's Theorem; statement and
proof of Mean Value Theorem; application of Mean Value
Theorem to prove other basic theorems; related problems.

Applications involving the theory of extremes.
Max -~ min problem types; problems.

Approximation by differentials.
Definition of differentials; geometric interpretation of
differentials; approximate change and differentials; related
problems. -

The indefinite integral. -
Meaning of indefinite integral; integration a,nd differentiation
formulas; constant of integration; related problems.

Computation of area by integration.
Concept of area; relation of the integral to area under a
curve; computation of areas bounded by more complicated
curves; related problems.

The definite integral.
Meaning of the definite integral; geometrlc interpretations;
important properties of the definite. integral; computation of
the definite integral; related problems. .




20.

21,

22.
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Area as the limit of a sum.
Proof that area is the limit of a sum; related problems

Fundamental theorem of calculus.

© Proof of the fundamental theorem; related problems.

Mathematical induction. -
Discussion of nature of mathematical induction; examples of
mathematical induction properly and improperly a.pplled
related proofs by mathematical induction. :
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Appendix B

Programmed Materials Studied by
the Experimental Group




J.esson I

INEQUALITIES

Frequently you will find it necessary to use and understand the
symbols: >, <, » , and ¢ in connection with the real numbers
(the numbers which signify the distances to the right or left of

0 on the number line). The first symbol, > , is read: 'is
greater than'. The second symbol, <, is read: "is less than''.
How would ''"a > b' be read?

- e e - - - e m e e . T . T T S

"a is greater than b'.

How would '"a { b' be read?

—_ R - — s e e Em e e v em e we e L ] T —

'"a, is less than b''

The s"ymbol > is read: "is greater than or equal to'. Corresponding-
ly £ is read: ‘s less than or equal to. How would "a 2> b" be read?

- am - . - - e e e e - - — - e sm e e b e e e e me s me e s s e e

'"a is greater than or equal to'b',

How would "a £ b" be read?

- e e o w e - e - as e - = - - - - - e = e R L - - -

"a is less than or eqﬁal to b

Translate the following true statements into symbolic représentation:
(1) 4 is greater than L, : (4) 6 is greater than or equal to 6.
(2) 4 is less than 5. . (5) 5 is less than or equal to 7.

(3) 6 is greater than or equal to 5. (6) 5 is less than or equal to 5.

R T T T R e T T B )
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Translate the following symbolic representation into true state-
ments:

(1) 7> 4 (4) 2<3

(2) 6<8 (511323

(3) 32 ( ) 2 =2

"7 is greater than 4'', "2 is less than or equal to 3'

"6 is less than 8'. "3 is greater than or equal to 3'\.
'3 is greater than or equal to 2'. ''2 is less than or equal to 2'.

Often such symbols are used in conjunction with variables and the
value of the variable can be indicated graphically on the number
line. For example 'x >2'" could be sketched as follows:
) - %
o P2 4 &  The symbol ) separates the point
2 from the rest of the set of points to the right of 2. Indicate
graphically y < 4,

y fé
RN N
1 -7 P2 3 by
sl % )
Similarly one could sketch x £ 6 as: ‘ .

5 7 Z 73 i
Here the symbol ) indicates that 6 is included in the set of points.
Indicate graphically x > 2.

’
R

Sometimes in writing mathematical statements it saves time to
group two statements involving inequality into one statement. For
example, 6 <x and x ¢ 7 could be written: 6 <x < 7. Then reading
from left to right: "6 is less than x is less than or equal to 7'\,

Or to indicate that both conditions are fulfilled often this statement
is read: '6 is less than x and x is less than or equal to 7", or
simply: ''x is greater than 6 but less than or equal to 7'. What
would '3 ¢ x < 5" mean?

x is greater than or equal to 3 but less than 5.
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Now combining both symbols in one statement the sketch of
-2 £ x <1 would appear:

Sketch: 1< x €3,

. erte S0
=4 =5 ) PR

What would you conclude about x if: y<¢ x gy?

X =Y )

Could it be true that x < y g x? Why?

No. This would state that x is less than itself which is not
possible for real numbers.

For purposes of mathematical proof it will be convenient to take
as a definition that x <y and y> x are equivalent statements and
that both mean that y - x is positive or y - x> 0. What does

c <d mean?

- e e e - - - - - - - - e e - - . . e - - - - - . e . - -

d=-ec>0;

From this simple definition and the basic properties of real
numbers (the sum of two positive reals is again a positive real,
the associative laws for real numbers, the commutative laws for
real numbers, etc.) many facts can be proven. We shall prove
that: '"if a> b and ¢ > d, then a+c > b+d''.

Why is the argument that 3 <4 and 5< 6 and surely 345 < 446 not a
valid proof of the stated theorem?

This argument is only good for one special case - not for every
case as is desired.

In order to prove the theorem, start as follows: if a > b, then
a-b> 0. Also, if ¢ >d, then c-d > 0. Why is each statement true?

According to definition (13)




16.

170.

18.

19.

20.

21,
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 But from (15):- (a-b) + (c=d) > 0. Why?

- I - mem em o m pm me e em e ea s e wmw e e e e - s o aw e e

The sum of 2 positive real numbers is again a positive real

‘number,

Hence :Erom (16): (a+c) = (b+d) >0, Why?

(a-b) + (c—d) is the same as (a+c) - (B+d) by permissible algebraic
operations on real numbers., ( Actually this involves associative
and commutative laws and the properties of -.)

But (17) contends that: a+c > b+d. Why?

- - e am e - e = - - . - - - e ~ - e e e e

~The definition (13) contends that y-x > 0 means y > x.

Supply the reasons.

Hence you have verified the theorem you set out to prove., A
similar theorem is: "if a> b and c is any real number, than
a+c>b+c", The statements for the proof of this theorem follow.

Statements . Reasons

l. a >b implies a-b> 0 1
2.+c-c =z O 2
3. a~b+c-c >0 3.
4, (a+c)-(b+c)> 0 4
5. a+c) b+c 5

1. Definition of >
2, Properties of real numbers
3, Properties of real numbers
4, Properties of real numbers
5.. Definition of »

Suppose you were asked to préve: "if a> b and c¢c> 0 where a, b, and :
c are real numbers, ac> ba!', a good place to start would be with
the given fact a >b. What can be concluded from: a>b?

- e e Em e e em  we  ma me - e e e -

a>b means a-b> 0.

How would you reason from the facts: a~b> 0 and c> 0, to get
c(a. b)> 07

- e o e am e e em e e e = ume B R e

c(a-b)> 0 because two p051t1ve real numbers have a positive product

[ . T R
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23,

24,

25,

26.

27,

e el | DR T IO -
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"Why is it true that c(a-b) = ac-bc?

- _ e e - - - - um e e e e N - - - - e e - e e e

- Permissible algebraic operations on real numbers are used,
/(The reason really depends on the dlstrlbutlve and commutative
dlaws for real numbers.)

- e em wm e - - - e e e e e - I . e )

~:+Definition 13 says that y—x >0 means y > x.

An interesting twist to the theorem stated in (20) is achieved by
setting c negative instead of positive. What would happen to the
relationship between ac and bc ifa=z4, bz3, andc = ~1%?

— e e m e ew me we T T R T T e -

ac <bc

On the basis of step (24) complefe the theorem: "if a >b and ¢ <0,
11l

e . T ] T A T - ee et e em e as we I R R -

ac < bc

The proof of this theorem could be made to closely follow that of
theorem (20) by one small step: if ¢ <0, then -c >0 by the
properties of real numbers. Using this innovation prove: if a> b
and ¢ <0, ac<bc. :

- e e e e o e e P T L L T T R I R

1. a>b implies a-b > 0 ’ " 1, Definition of >
2, c<0 implies -c> 0 . * 2. Properties of real numbers -
3. . ~c(a-b)>0 negative of a negative is
4 ‘© -ac + bc> 0 or o positive
bc -ac>0 3. Product of two positives is
5. .. bc:iyac or ac< bc - - positive

4. Properties of real numbers -
distributive and commutatlve
laws for reals

5. Definition of > -

Now you shouid"prove one. alone to be sure you have the technique
down solid. Prove: if a<b and b <c, thena <c:

- m e ot e s em G am e e owe e - e e e wm m w w- L e me e me e w ek e e

:




28.

29.

30.

31,

32,

33,
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l. a<b meansb-a>0 1. Definition of <

b < c means c-b >0 2, Sum of 2 positives is positive
2o  J . (b-a) + (c-b)> 0 3. Slmphflca.tlon of step 2 ~
3. S, ¢-a>0 actually involves the idea of an
4, J. C¢>a or ) additive inverse .

a<c 4, D¢f1n1t1on of >

" From the three theorems:

() if a > b and c are real numbers, a+c > b+c,

(b} ifa>band ¢ >0, ac > bc;

(c) ifa>band ¢ <0, ac < bc; :

many inequalities of a single variable can be solved Use theorem :
(a) to solve: 'x-3 > 4.

x>

Solve by using theorem (b): 3x< 5,

- e e e em e e ee e wa ' ms wm wm ww b s s an ek m e e e em e em  mm am wE em em

x<5/3

Solve: -2x + 7 >4x - 5,

P . T T R P R . e T - o L. . - -

x &£ 2

Of course there are many proofs involving inequalities which await
investigation by the curious student: Let's look at another general

type.

Suppose you were asked to prove: '"if a and b are p051t1ve numbers,
a% +b2 3 -2ab", You mlght start by wrltlng {a+b)2 3 0. Why would -

this be true?

— e e e am M em e e e e am e - - e e o e e e em S em s - -

The square of any real number is positive or zero.

2.
Of course this is equivalent to stating az +2abb 2 0. But from
this statement one can easily conclude af +b? > -Zab Why?

—-——-———-—_—.—,-—.—‘y L T T S P -

x-y 2 0 implies x2 vy, *
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-
Now you try one. Prove: a +b = 2ab.
1. (a-b g‘& 8 1. Square of any real is positive
2. ..a +b"2 2ab 24

x-y 2 0 means x 2 vy.

By now you should have the general notion as to how inequality
proofs proceed. So let's turn our attention now to a two dimensional
geometric interpretation of inequalities. For example consider

y > x. One might wonder if such a condition could be geometrically
represented - and the answer is yes. First, sketch y = x.
'}A\
» X
B el D e Sl R

Now look at the sketch. Every point on that line is located such
that the ordinate is exactly the same as the abscissa. On the
following sketch consider in particular the point indicated on

y = x at x = Xg. On the line x = x_ shade in those points where
the ordinates are greater than x,. (i.e. Shade in those points
where y » Xo and y is on the line x = %.)

4 |
(Ko, )
: >%
|
¢ ks 1%=pe
|
i
______%J__--_..---_-..--__....--__..
(%0,%0)
e
- > %
| e
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39.

40.
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Of course there is nothing special about the particular position
of (xqos yo) on the line - it could be anywhere on the line. But
what is important is the relative position of the points where

y > x. Where would all such points be?

Above the line y - x.

Let's get a little more variety in our analysis. Consider any
straight line on the coordinate system - except the vertical lines.
t is a well known fact from high school mathematics that every
such line can be represented with an equation of the form

y = mx + b. Our goal is to discover those points where y> mx+ b.
To do so suppose the sketch of y = mx + b is as follows:

A
X%

2 mysb

Again consider the arbitrary point (x,, y_,) on the line and sketch

in those points where y > y, = mx, - b. (Again consider y to be on
the line x =.x4.)

73 'y

(40

=miLth

Now go one step further and answer the general question: where
are the points which cause the inequality y > mx + b to be true?

Above the line y = mx + b,

Correspondingly you should be able to answer the question: where
are the points where y<mx + b? Do so.

Below the line y = mx + b.
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Although we have neglected the case of the vertical line in our
consideration, it comes as a bonus to our one-dimensional work.
That is, whereas in one dimension when we wanted all points such
that x > a, we considered the points to the right of the real number
line. Now we want a two dimensional consideration of the
phenomenon x > a. Shade the area where x> a.

tA

Also, you should be able to conclude the position of the points where
x ¢ a. Where would they be?

- - e e e o R T - - - - = - - - e -

On the line x = a and to the left of the line x = a.

You see! Any straight line y - mx + b separates the plane into
two halves where the points on one side satisfy the inequality
y 7 mx + b. What inequality do the points on the other side
satisfy?

y< mx + b.

}r‘tk
Sketch y <2x - L




A
(\\i\\\\ ks

But what are we to do with other inequalities like y » xz? To
simplify our work let's just consider simple polynomial curves:

n-2
+

y = ax® + bx™ 1 ¢+ cx ... + k. Suppose we had sketched

Yy = ax" + bxn_1 + o +k, %Elthe point (x4, y,) on the curve
where would y > axg + bx +... + kbe? Sketch it in.
(Consider only ordinates on x = %)

7)\ o

Now be a bit more general and specify where all points y > ax"
+ bxP-1 4+ .. 4 k would be.

Above the curve y = ax® Bl bl e

2 N =%
Sketch: y>x . L b %
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Z

H:)(

NN
N

> %

Now let's tie this sketching idea to specific problems involving
inequalities. Suppose you are asked to solve: x% - 4x -5 <0,
This problem could be easily transformed into an analysis

of y« x% - 4x - 5. Simply set y - x% - 4x - 5, sketch it,
determine what values of x force y< x“ - 4x - 5, and in
particular find what values of x force y< 0. Do so.

14

Y {

\\'/1’{-14;« B

In the same manner solve: x2 -bx +6>0,

A
1 \(7 \'\L_ X {+2 or x> +3
e

Naturally all such inequality problems can be conveniently handled
by non-geometric means. However, a simple geometric inter-
pretation often leads one to a more solid understanding.

To illustrate this consider thg task of finding the integral x and y
where both y <x + 2 and y > x“, This is not too easy without a
little geometry, but with geometry it is not at all hard. Do.it.







ILesson II

ABSOLUTE VALUE

A very useful concept in mathematics is that of absolute value.
The symbol || is used to indicate absolute value and effects the
quantity contained according to the following definition:

|al

a if a is positive;

= '-a if a is negative;
= 0if a is zero.
That is, the symbol 'l serves to convert,.if necessary, the value ‘

contained within them to a positive quantity - unless the contained
value is zero in which case it retains that value., Evaluate each
of the following: '

(a) |-5] = 2
(b) i+5l - ?
(C) IOI - ?
(a) +5
(b) +5
(c) O

Since |x| > 0, would it be legitimate to make a statement like:
|y-31 < =37 Why? - '

No, since |y-3l3 0. —

Now that you see how the absolute value symbol effects the quantity
it contains, you should be able to define [ x| without looking back
to step No. 1. Do so. _ . '

Il x if x is positive; -

-x if x is negative;

0 if x is zero.

Let's try your understanding in one more instance. What is the
numevrical difference between |3x-7] and 17-3xl] ?

|3%-71 - (7-3x] = o.
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Simplify if possible:

(a) lxl (c) Ix (e} I=x-7!

() Ix"1 (Q) |7-x]

(a) X22Ll8 (c) x| (e) same as (d) B
(b) (d) [ 7-x! or |x-7|

In case a problem involves a statement like |x-al you must be
able to properly interpret this, Consequently, let's dwell on it

for a moment.

In case x>a you should be able to express the value [x-al
without the absolute value symbol. Do so.

-~ - - - - . -~ - - - - - - e e we  am em e me e me Y -

|x-al - x-aif x> a.

In case x<a you should be able to express the value |x-al w1thout
the absolute value symbol. Do so. :

|x-al = - (x-a) = a-xif x<a.

Now as an application of this knowledge suppose you are confronted

with solving the inequality |x-3|<{. Initially you should concentrate

on Ix-3/ and reason as follows:

l. If one presumes x> 3, the absolute value symbol can be
simply dropped (since x-3> 0) and the resulting inequality
x-3 < 1 can be solved. :

2, If one presumes x <3, the absolute value syxnbol on [x-3lcan
be removed only by prefixing (x-3) with a minus 51gn
={x~-3) = 3-x. In this case the solution of [x-3l< 1 is b01led
down to the solution of 3-x < L,

- In the event x > 3 solve |x-31< 1.

- m m e e e s o me wm mm M bm em em WA em m W mm es m me e s M e W e o

- - - - - O ) - e e - - - - -y o e e - . — -

x> 2
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But what if both conditions (x > 3 and x < 3) are possible values
for x!!! Then you must ask yourself what values of x would make
both x-3 < 1 and 3-x<1true, What are these values?

- - - - - - - - e - - - - - - - - - - - - - - - o w - - -

2<x <4

As a compa.rable problem with only a skeleton of explanation the
solution of [2x-5| < 11 proceeds:

if 2x> 5, then 2x-5 ¢11 and x< 8;

if 2% <5, then 5 - 2x <11 and x> -3, )

Thus -3 < x< 8. OK. Using this method solve 15-3x|l < 3,

f5 >3x, then 5 - 3x<3 andx >2/3

if 5 < 3x, then 3x-5< 3 and x < 8/3.

Thus 2/3 ¢<x <8/3

Perhaps an easier consideration of the above type of problem is
that of a geometric argument. Namely if 1x-3} < 1 this means
the difference between x and 3 in absolute value must be less than
1. Or stated differently it means x can't get as far as 1 unit on
either side of 3. On the number line this means x must take on
real values only as is indicated:
2

1 Z 3 4 5

Sketch the inequality |x-3| ¢ 2.

Pursuing this a step further consider |x-2| ¢ 6. This means the
magnitude of the distance from x to 2 must always be less than 6.
What are the upper and lower bounds which limit the values x can
assume? '

-4 ¢x<«8

In fact you can state that in general if |x-al < b, then the values
x can take on are between and .

a-b and a+b
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A particular inequality which is of great importance in calculus
is the following: Ix-al <§ . What values can x assume ?

a~dJ¢ x¢ca+ 8

Often in calculus one needs two dimensional sketches of absolute
value phenomenon. Sometimes the problems are simple enough
to be analyzed only in view of the definition and this gives
sufficient insight to sketch the curve. Let's consider one such
problem now: y = |x“-1|

The sketch of y* - x2-1 (no absolute value signs) is as follows:

7
N/ o
N

Now, concentrate on the fact that y must be equivalent to Ixz-ll >
What is the smallest value y can assume ?

{:Z{/

zero

Thus y must always be no lower than the x-axis. But you can see
y*< 0 when -1 < x< 1. What then must happen to y over this same
interval?

y = | x2-1| > 0 over this same interval.

In fact over this interval since |[y*| - y you should be able to
specify the relationship between y and y* by not using the absolute
value symbol. Do so. !

y zI-y*

Using all the foregoing argumer}ts sketch y = 'xz-ll
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f: //Zi//

'/ > L

You see! The absol
flect all the curve b
ite

Sketch: y = |xl|

ute value symbol on x2 - 1 just served to re-
elow the x-axis from below the axis to above

AY

Thus if one has y equated to the absolute value of some expression

involving x, it is sa

fe to simply sketch the curve as though no

absolute symbol were present and then reflect the positions of the
curve below the x-axis across the line.

Sketch y = - | sin xl over 0 ¢ x £7.
44,
%
+ y v
'—l
i
-/ Notice the minus sign in front
of the absolute value symbol!
'%_ # This means y is non-positive!

% Now you must reflect every-
thing below the x-axis.

e
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However, the task isn't always so simple.
happen that y is a simple absolute value.

It doesn't always
It could be that y is

a combination of an absolute value and a linear term. For

example: y =1 - | x|
according to cases.
(1} x>0y s 1=x
(2) fx<0, y = lex N
(3) Ifx -0, y=1.
|

Sketchy =1- Ix

In such a situation one must proceed

What three cases would you consider in
And what would 'y be in each case?

Xo

-4-x.

ey A5

15 > -2,y
& < -2; v
- = =2 y

C

sketching y =

| x+2]

:
Sketchy = [x + 2] -2. 1
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Sketch: y = 1- )2-x| %
‘A
x,fL
”"'""'i}('""-""'""'
(2,0) x > 2 implies y = 1+2-x,
/,\ 2 x < 2 implies y = 14x-2,
/ \x:Zimpliesy;l.

The problem types could be even further varied. So far we have
not considered the case where y is enclosed by the absolute value
symbol. Let's try one.

In case you are confronted with the problem: |x-yl = 1, the pro-
cedure is much the same as before. That is, examine cases.
First, consider the case where x > y. This is the region to the
right of x = y. %1 sgated

yhoals o

In this area lx-)-rl“ .= lbecomes x-y = 1 and should be plotted
accordingly. In what part of the plane would one work if x < y?

To the left of x - y.

Sketch: |x-yl - 1. Use the coordinate system of number 22.

p
e

An even more complicated problem would involve two absolute
values in the same equality: Ixl + |yl = 1. Again the attack
would be piecemeal - first consider x and y to be positive. What
part of the coordinate system would be under consideration?

First quadrant
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What would the resulting equation in this area be? Sketch it.

_4{_'&__ wil 1t i
A X+Y:1

‘

Now consider the case where x is negative but y positive. What
part of the coordinate system would be involved?

Second quadrant

What equation would be considered here?

X +yal

Sketch this portion of the figure.

Proceeding according to the above format complete the entire
sketch of | x| + |yl =1

Vi
s

One very useful inequality in calculus is the special "triangular

inequality': |x+yl ¢ x| + \y| . This inequality can be made
plausable by the geometric consideration of the triangle whose
sides are taken to be vectors. > .
7,
xty

If two of the sides are denoted X and ¥, it is clear (using the
familiar addition of vector facts) that the remaining side is X+y.
If one designates the lengths of the three vectors by Ixi , 1yl ,
and (x+y] , upon what plane geometry theorem does the in-
equality Ix| » 1yl >Ix+y| depend?
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The sum of two sides of a triangle is greater than the third.

In case x and y are in the same direction the triangle degenerates

into a straight line. In this case Ix| +-}yl has what relationship
to |x+yl 27 ’

The algebraic proof of the triangular inequalityis a b1t more in-
volved and less intuitive, It starts with: (x+y)“ + 2XY + yz.
But x% 4 2xy + y& £ ix1% 4 21xi 1yl + 1y Why? .

x or y may be negative hence forcing 2xy < 0.

Clearly lxlz
Thus: (x+y)
Butlx + Y8 = (x+y) Why‘?

Both are the same p051t1ve value when squared despite the fact
that (x+y) may have been - |x + yl before squaring.

2
+ 2 Ixliyl « l%l - (]xl-r lyvi) .

' 2
Considering step (33) it is clear that lx‘+ylz$ (Ixl +1yl) .
Taking the positive square root of both sides yields |x+yl ¢ix!l + 1yl.
Why ?

If 0 < a¢b and n is any positive 1nteger, then a < W’

Verify the triangular inequality by choise of various values for
x and vy.

One such verification might be: x = =3, y = -2 ( 3 2)( -3+ 1- Zl

Under .-what coﬁditions would x| + l.y\ = Ixeyl 2
(1) X= Y= 0

(2) x>0and y> O

(3) x<0and y< 0

C 2
2 i 2xy+ yegixté v 2uxity) +ayi% (v iyi)




Lesson III

LIMITS

Undoubtedly the most important yet least understood concept in
beginning calculus is the idea of limit. Consequently, the following
material is planned to give you a better insight into this vital area.

What concept will this material be about?

Limits

Suppose we consider the curve y = x% and draw a secant line PQ
across this curve through the points (1, 1) and (2, 4).

p 44
I\f:’x L Q

-

t P

{ %2
Surely PQ is not a tangent to the curve at P However, 1f one lets
Q slide down the curve from (2, 4) towards P, the resultant secant
PQ will more closely approach a position of tangency at P. As a
matter of fact we could say that the closeness of the secant line to
the true tangent depends on how close Q is to

52

In brief: the difference in position between the tangent and the
secant is dependent upon the closeness of Qto

3

As a second illustration consider the old story of the frog that hops
half the remaining distance to the pond's edge each day. The first
day he is perhaps 16 feet away; the second day 8 feet; the third 4;
etc. Although he never actually arrives at the water (since there
.is always half the previous remaining distance before him), he

can be said to get as close as you please. In fact the frog-to-pond
distance can be made as small as you please by simply insisting
on a sufficient number of i)

Jumps or days
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The idea of a limit is much the same. The easiest consideration
is a geometric one. Take y - f(x) to be a simple continuous curve
over an acceptable domain and take (x4, y,) and (%1, y1) to be two
points on the curve over this same domain.

‘X ()‘I)?l)

Xl >
! —> X
The magnitude of the difference of the ordinates at X, and Xy would
be

[£(x1) - f(xo)] orly, - v,

The amount of this difference can be controlled in our example by
insisting on proximity of X, and

Xo

The mathematician usually specifies the amount of difference to be
tolerated between y, and y in terms the Greek letter € , epsilon.
That is, to be certain that The magnitude of the difference could
never exceed a positive number € , one could insist that:

| y1 - yol<€ . In words this inequality reads ... .

The absolute value of the difference between y] and y is less than € .,

To satisfy this tolerance the reader is confronted with the task of
specifying the distance x, is from x_. Let us suppose such a
distance exists and let us call this distance 4 , delta. Then we are
saying that when |x; -x |< & then |y; - yo]<e.

If the distance x] is from xp is less than § , what must be the
restriction on the difference in distances of Y, and ¥1?

|v1 - yol<e .

Formally the mathematician frequently chooses to define a limit
using this very idea. That is, V1 approaches y, as a limit if and
only if for any positive € (no matter how small) there always
exists a positive § such that lf(xl) - f(xo)l {€ whenever

|x; -x |]< § . How large can ¢ be?

As large as is desired.
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How small can € be?

Arbitrarily small but positive.

If Py yo( —> is read "approaches'') as a limit, and € is

arbitrarily chosen to be 3, according to the definition in (9) what
must be the role of & ?

4§ must specify a safe range of variation d x; about X such that

when |x; - xo| 'S | thenly; - y0'< 1.

To indicate that f(x) approaches a limit L asx approaches '"a'' the
mathematician writes: lim f(x) = [_ . This is read: "the limit of

f(x) as x approaches '"a' is Lo,
Translate: lim g(y) = M.

The limit of g(y) as y approaches b is M.

Suppose the straight line y = 3 is defined over all values of x.
What would lir_r: y be? (A sketch may help.) 41
x

i >%

What § would satisfy €« 1? (Hint: since )1(1312 y = 3 there

must be a § such that Iy—3l(l whenever |x-2[<J§ . Your problem
is to find the § which will force |(y-3| ¢| it

Any § since ly-3|] = 0 for every § .

What § would satisfy any € ?

Any § because no matter where the x values are chosen the
difference between the ordinates, y and 3, must be zero which is
always less than € since €>0,
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As a second example consider y = f(x) = x. Suppose we are
asked to prove: 1im f(x) = 3
-3 ey

We must show that for any €>0
there exists a § such that lf(x)-3l < €  whenever

i J-x-3l-< -J/ ;

Or for any €> 0 we must show the existence of a J such that
whenever |x-3| ¢§ then

T ix)-31< €

In particular suppose € is chosen to be 1. What § will satisfy this
€ ? Why? (Hint: a sketch may help you decide.)

0<[€ 1 since 1x-3l<| implies |f(x)-31<€ =1.

If € is chosen arbitrarily, what value of & can be chosen to
satisfy € ?

Simply pick & £ €

1
Suppose f(x) = x2 and we are asked to prove: xl_l;nz f(x) - 4. We

must show that for € > 0 there exists a 4 such that whenever
| x-21<d then |f(x)-4] <€ . If € =1, this means

| f(x)-4| <1 when - p.t;AL_-.e‘EI.-_

43—
€zl ||
3 - -¥- :
2 e

2- | ] ;

y:Z i E 3'//2+
hich oy b
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To find & sketch the curve y = f(x) = xz. Now take an interval
one unit on either side of y = 4. That is, sketch y = 3 and y = 5.
Now it must be true that the tops of the ordinates to the parabola
be contained between these two lines.

Obviously you can force this restriction on the ordinates by
simply insisting that only ordinates whose bases are close to
= 2 be chosen. For example, you could be certain that all the

~ ordinates would always be shorter than 5 by insisting that x

move no further to the right of x - 2 than to x <. - .

- - - - - - - - . - - - - - - em m - e - e - wm e e e om o -

Correspondingly you could be certain that all ordinates would be
longer than 3 by insisting that x move no further to the left of
= 2 than x > . e

- e - - - - - - - - - e - - - - - - -~ - - - - - - - -

V3

Now put the rlght bound and the left bound together such that
whenever x is within these bounds then -[f(x)- 4|/ <] . That is, what
variation could you insist on which would guarantee that |£(x)- 4} <I ?

—- e - - - - - - - - - - . - - - - - - - - -

ﬁ(x(‘r_

But notice that V3 :21.732and V5 I 2.236 are different distances
from 2 ( Y 3 % 1.732 is about . 268 units from. 2 while V5 2 2.236
is only about . 236 units from 2). ‘

.Consequently: 2 -.268 { x & 2+ .236.

So actually we could force both 2 - .268 ( xand x < 2 4.236 by

simply insisting that {(x-2] ¢ .
. 236 )
You see! Whenever Ix-2} < .236 (the shorter of the interval on

the left and the interval on the rlght) then |x%-4l<1. Notice
that you had to choose &~ from two values: 2 - Y 3 and Y5-2.
Why would it have been incorrect to chose 5§ as 2- Y 32

- .- - o W m M o m e s wa e w m wm B M M e e R e e - -

§ could not be 2- T’i since the ordlnate at 2+(2- Y 3) is
(Z2+2- H)Z or (4- 3) = 5.14. Thus at this abscissa it is not
true that )xz - 4l<| .
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Now suppose you are asked to prove that ,1{113;3 XZ = 9. In particular
suppose you are asked to demonstrate the existence of a § which
will confirm that |x2-9l { € where € is chosen to be l. Find
the value § such that whenever |x-3[(< § then |x2-9l LR

- - - - - - - - - - - - - - - -

| x-3]¢< Y10 forces |(x2-9)' <| Thus 4 ¢ Y10.

However, the problem of proving that a variable approach a
limit does not fix the value of € as we have done so far. Instead
it is left as in the definition - arbitrarily small but positive.
Hence, the above examples would not be complete proofs that
lim 2 lim 2

e - 4 or that sz - cap A W

Instead one would have to show the 4 to satisfy any arbitrarily
small but positive

€

But again this can be done nicely by the same geometric argument.
This time just draw lines parallel to y = 4 but a distance of €
units on both sides of y = 4. As before, ask yourself what values
of x would keep the tops of the ordinates within these parallel
boundaries., You should decide on an abscissa on the right which
will force.x™ < 4 +€ and an abscissa on the left which will force

4- € <'x7 Ay
What are these bounds you must place on x? L T
Hi€ 4
M€ —T—p|- =~ - - -
3

e
&N
\
.-\
vV
R

Nd gl g isps g { 4+¢

And as before it could be the case (and in fact is) that the

variation allowed x is not of equal disﬁance from x = 2. Hence,

one could certainly be sure that | x“ - 4! {€ by simply picking
] x-21 ¢ or whichever .is smaller.

2 4-¢ Yy g
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To wrap it up tight you could say that | x2-4] < € whenever
V=2 g 4+ € -2 (which is in fact the smaller of the two!).
What is the value of J in this problem ?

CE AR s

OK. Now you prove ?133 x2 = 9 by finding A/ such that when

| x-31 < & then |x%-9[Z €.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

§= V9+e -3 ( Y9+€ -3 is smaller than3- Y 9-€ .)

The above considerations of limit proofs have all been geometric.
We shall now prove some limits by using an algebraic attack.

Our procedure for limit proofs in the following section shall be
entirely

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

algebraic

2

To algebraically prove = 4, consider Ix® - 4l<€, 1Is

1
Se =P
the insistence that |x%-4] < € the same as the demand that

|x-21 = | x¢2| < € ? Why?
Yes, since: the product of absolute values i the same as the
absolute value of the product.

Now: [x-21 | x+2|4¢€ isthe same as |x-2|< €/1x+2] . Why?

Ifa<bandc > 0, a/c ¢ b/c.

Thus if x is close to 2 (so close that |x-21<1 ), |x+2] must
certainly be less than . Hint: Sketch in one dimension
| x-2]<] , and consider the upper bound for | x+2|

%
2
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-But under the restriction cited in (23), the mequallty in (22)
becomes |x 2} < 6/5

I

i But this means { has been found! To see why, fill in reasons
for the followmg steps. '

Statements :
- - ] _ ~ Reasons
_*1' Sln-'ce I x+2] < ?, 1/5 (F{;m A T
* € € , 2.
2, ., ¢/5¢< FrAN _
3. . So, forcing Ix-2| < €/5 forces . 3.
I x-21 < €/ x4+21 l
4, °, \=x-2) x Ix-21< € - 4,
,5.'01' .Ix2-4l<€ . 5,

- - - . - -~ - - - - - - - am e wm - -

1. 0 <a <bimplies 1/b <1/a.’

2. a<b, ¢c> 0 implies ac < bc )
3. a<b,b<cimpliesa<c

4. see (2)

5

tal ib) = iab)

-

Inltthe above argument what value is £ if |x-2] <l

?

§ =

€/5

- - - - - . - e - - - - - - - - - ™~ - - - - - -

Force lx 2] <1 o

However, the entire previous argument depends on the fact:

| x-2] <1 We must be assured that our choice -of § not only
implies | x%-4]< € but in fact | x-2| < & must guarantee that

{ x- 2‘41 . Indeed, if |x-2| l; 1 , we could never content -
that |x%-4|<€ ! Hence, we must insist that \x-21< 1 .

In the previous argument if €/5 > 1, what simple value could we
insist that .| x-21 be less than such thatboth {x-21<4 ! and
\x-2| < € /5‘? :

- - - - - - [ - - - - - - - - - -~ - . e e e e

..........
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27. As a further example suppose y = f(x) = x%-3x+1. To prove:
xli__,né (x2-3x+i) - =1, it must be shown that for any
there exists a § (which is positive) such that whenever |[x-21<
then < ) ) :

€, li(x)+1l , €.

28.- Since we must shovs) lxz - 3x+1+1| < € , focus attention on this.
Is | x2-3x+¢1+1l £ € the same as [x-2] * |x-11<€ ? Andis
this equivalent to {x-2| <& &fx-1/ ?

Yes. Yes.

29. 'If x is close to 2 (so close that Ix-2/ <1 ), then | x-1] <

- - - - = - - - - - - - - - = e - — - e e e o o - - - - - -

2

30. Thus for | x-21<1,2< 1 . whye
_-________Z_L*s-li-___'}_r__-..___-__-__
0 £a {b implies1l/b <1/a. .

31l. Hence, € € v Why?

-2 L TR

- - - - - - - - - - - - - - - e - - - o - s - - - - - .

32.  So, |x:2)< €/2 implies |x-2} < €/ | x-1] . Why?

a <b, b <cimpliesa < c.

Q

33, ), | x-2]x1Ix-11 <€ . Why?

.........

34, Solx?-4]< & . Why?

- - e - - - - - e - - - - - - m m o e o= -~ -, o= e e =

-\al (bl -\-ab\"
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Now if it is not certain as to the magnitude of €/2, What va.lue
should one pick for § such that when |x-2]< & then

,(X-)x+1)-(-1_)|<e? Ll
pick § to be the smaller of €/2 and 1.

Now you try one all alone. ‘Prove 11133 - 9 by the algebraic
method., (Find the 5 .) ‘
1. lx2-9l<€ implies . |x-31l¢ e

2, for |x-31¢1 , Ix#3l<¢ 7

! implies € < € :
%43 ] P 7 ETER

3. L.
7

4. 1x-31 < €/7 implies Ix-3l, €

\

. ‘x+
5.  °. - 1x%:9] <€ if |x-3] < €/7 or 1, whichever is smaller.
6. Sopick § = €/7 orl, whichever is smaller,

Define -what is meant by: ijf)na f(x) =~ L.

1ima f(x) = L if and only if for every €>0 there exists a positive
x> :

J such that lf(x) -] <e \}vhe'never |x-al ¢ § .

Frequently the beginning calculus student has need for seven
theorems. ‘having to do with limits. The proofs of these theorems
are rather involved and depend on the definition of a limit. Henece,
these proofs are usually omitted in a beginning calculus class

and will be omitted here. However, they are stated below for
your reference since they will be used in the followirig work:

ee lim o lim . lim
(a) If .xlaa f(x) = L and ora g(x) = M, ‘then L, (f(x)-og(x)) -

L+ M.

lim S . S . lim
(b) If xsa f(x) L , then for a.-ny const.ant c: S ci(x) = cl .
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. . ) g 14 ' .
() 1f UM £ 2 [oand DT g(x) « M, xoa 00 gx) 2 Lo

X-=>a .
(@) 1€ Hm f(x) = [ and ilf gx) z Mand M # 0, ;o0 f(x)/g(x) -
IL/M. ' '
(e) 1‘ciri71a.x;.= a.
(f) If P(x) z agx™ - alxn'l, - -:an—lx - a_, :]Eina P(x) - P(a).

- (g) If £(x) = N(x)/D(x) where N(x) and D(x) are polynomials -and

D + 0,
(a)m Hm f(x) = N(a)/D(a).
If £(x) =% and &) = x2, HMo (f(x) + glx)) = . Why?

- - - - - - -~ - - e e - - - - - - = e - - - - - - - [ - -

- 6, Theorem (a) or (f).

iz 2 . lim ,
If (x) - x .-3 and g(x) = x-1, < f(x) Why?

':-'":'1. Theorem (g) or (d).

39. Tlm  x%-4 - Lim (x+2) = 4. It may seem that the division
’ x—>2 <=2 X7 2
%2 4 . .
is unallowed since when x=- 2 both numerator and
x-2

denominator are zero. However, notice that the division is not
taken when x = 2! The division is taken for values of X a8 X2
(not as x = 2). Hence, the division is a.llowed
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Sketch: vy = x%-4

x=-2
for x = 2? Why?

tt/\

6

over 0 £ x £ 4. What value does y take

The point (2, 4) is not on the line.

s
4i
24
. G Ry
(2, 4) is not on the line since y is undefined for x = 2.
Prove: dim x%-4
R A R

- - - - - - - - - - - - - - - - - - - - - - - - - - - - -

(1) lim x2-4
x=2 x-2

such that x%-4 X 4' < € when |x-2] ¢ e
x-2

= 4 only if for every €>0 there exists a §

: 2
(2) 11m2 _f__,‘zi - 4 only if for every €»0 there exists a §
x—>2 X~

such that |x+2-4| < € when |x-2|< 5

(3) Simply pick J << .

But hold on-notice that the point (2, 4) was not even on the line!

Yet 32‘312 x%-4 ' was 4. This means that x need not actually attain
X~ i .
1
the position x = 2 and still ;r.r.lz x%-4 = 4. This gives us reason

x—
to slightly modify the definition we have previously accepted. Now

it can be said that }lclina f(x) = [ if and only if for every €>0 there
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exists a &> 0 such that lf(x)- Ll { € whenever 0 ¢ |x-al< ¥ .
Notice the change is in adding the restriction that | x-al be
positive. That is, x now takes on values within a- § to a+ d

(one & unit either side of a) except that x does not assume the
value a. :

Sketch: 0 < |x-al<§¥ a.-f o at+td

A 1 >
0

This point is not in set of acceptable values for x.

by

a-§ o at § '
Now, define: lim f(x) = L in view of the above modification.
X =-ra

lim  f(x) = [ if and only if for every €>0 there exists a >0
X=>a

such that If(x)- L., { € whenever 0 < |x-a |« 5

There are many limit problemsthat cause students trouble. One
. lim 5% ' -3
such type is: x.y0 ———— . To solve this problem simply
10x7-1 :
divide both numerator and denominator by x' and get:
3
: o
lim -dot Notice that the division is permissible for all
@
X > 10 ==
e fon 3 -7
specific values of x as x> @ . Thus x o 229x . 1z,
10-x~7
R L R e
i x%-1 8
Solve i x3—2x ? Hint: Try division by x2 ar;d by x3
: g int:
X -» @ __;2'?;—_ Y Y
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lim x3-2x  _ lim x-2/x . ' - o. Notice the
x> €0 23 T ox»wo -TR374

division is by xz', the largest power of x in the denominator.

46. . A very important type of limitproblems is the folldwing:

lim (x+ a x)7 -x _ plim 2x ax+ EFC -
Ax—>0 ax - ax—=>0 AX -
lim (2x+ Ax) = 2x. ‘
ax-r 0 3 .3 -
. Solve: lim (x+ Aax)’-x - ?
" ax—> 0. AX ’ '
2 ,z::',
3x
o
i
£
i
A
o




Lesson IV

CONTINUOUS FUNCTIONS

The ability of the beginning calculus student to identify situations
when permissible operations can be performed is one the be-
ginner often takes too lightly. It is because of this casual
attitude that trouble is often encountered. Hence, the importance
of awareness and application of the fine points of continuous
functions is of paramount importance and thus basic to the de-
velopment of theory which is to follow,

What is this lesson to concentrate on?

Continuous functions.

In order to define continuous functions, let us first concern our-
selves with function. By way of review: a function is a set of
ordered pairs such that no two distinct elements of the set have
the same first term. Or perhaps you heard it this less distinct
way: a function is a rule connecting x and y which assigns one
and only one value to y for every different value of x. In either
case y = x“ is a good example of a function since for every value
of x there is implied one and only one value of y.

Is y = x a function?

Yes. For every value of x there is one and only one value for y.

Is x = yz a function?

No. vy is bivalued for all x > 0.

Isy = | x| a function? Hint: consider the sketch of y = | x| .

wk\
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Is |y} =x a function? Hint: consider the sketch of lyl = =x.
A
i
=g 2

No. vy is bivalued for all x » 0.

n-1, . are real numbers and n

+e+ + apn where a;

Isy=ax"+ax

is a positive integer a function?

Yes.

1 if x is even
Is ¥y =12 if x is odd a function? Hint: locate a few points on

the coordinate system. Consider the domain (replacement values

of x) to be only integral.
'7 A

- " " A A It A i L.
» %

Yes. For every integral value of x one and only one value of y
is implied.

1 when x is rational

$ o : ion? int: 1 f f
18y el it iwhien < is terstionale ™ function? Hint: locate a few o

these points. At

- - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Yes. Pick a value for x. vy is then uniquely defined as either & 1.
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e A . .
Isy -y == if x¥ 2 a function? Hint: try a sketch.
6if x = 2 T4

4

2]

—0

Sl L NG v o R 1 L DR DT S

Yes. vy is uniquely defined for all values of x.

b :{1 when x is rational and greater than 1 , g0 4i000

-1 when x is irrational and less than 1
Consider the domain (replacement values of x) to be all reals.

No. vy is undefined for x = 1; y is undefined for x > 1 but irrational;
y is undefined for x <1 but rational.

A frequently used example for instructive purposes and for

statistics is y = [x) where [x]is the greatest integer less than

or eciual to x. For example: [21] - 2; [1.999] =1; [4.001] - 4;
[-ZE = -3; [3J - 3.

04 = v

Isy = [x] a function?

Yes. vy is defined uniquely for every value of x.
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- Now let's proceed to continuous functions., First consider the

definition of continuity at a point: a function y - £(x) is sa1d to be
cont:muous at the point a if and only if;

\
-

I.. v = f(x)is defined at x = a. :
5~ lim f(x) exists.
' x-a

lim f(x) - f(a).
X—>a '

:"Actually, conditions (1) and (2) are implied in condition (3) since
sithe presence f(a) in condition (3) demands that £ be meaningful
rat x = a and since 11m f(x) = f(a), this implies hma. f(x) exists.

Thus the test of contmulty depends u1t1rna.te1y upon the concept of
© limit.

. The definition of cont1nu1ty is essentially an apphcatlon of what
idea ?

The idga of limit.

Thus if you are asked to prove that y = f(x) is a continuous function
at x = a you must eventually prove: li:rn f(x) - f(a).

What must one prove to demonstrate that y = f(x) is continuous at
x z b?

- - - - - - - - - - - - - - - e e - - . - - - - - - - . - - -

lim f(x) = f(b).
X=ra

i

However, to prove that_'a function is discontinuous at a point one
might be able to simply show lim £(x) + f(a) because f(a) does
X-> a .

not even exist! This is always the first check when one wants to
inve stlgate continuity.

What is the first prerequisite for a function to be continuous at a
point ? : -

- - - e e - - - - - - - - - . . - - - - - . - - - - -t m e - -

The function must be defined at that point.

Suppose you are asked to investigate the contlnulty of y =
Is y = 1/x continuous at x = 07

No.

t
famt
-~
. ¥
»
ot
]
]
o
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Why ?

y = 1/x does not exist at x - 0.

To prove that y - x is a continuous function at x = a it would be

lim i
necessary to prove that x-»a LX) = f(2). And to prove this one

would have to recall that: lim f(x) - f(a) if and only if for every
X-—ra

€ > 0 there exists a J > 0 such that \f(x)-f(a)' &€ whenever
0 < Ix*a‘ < 3’ .

Find such a § for the function y = x if one exists. Refer to the
figure below. AM

fal—

0 < $<e¢

Suppose y = xz. Is y continuous at x - 27

Yes.

To prove it using the algebraic approach one would proceed as
follows:

I must show the existence of a § such that: |x2-22l { € whenever
< |x-2(< ¥,
If {x-21< 1, |x+21¢ 5,
Now | x%2-22| < € implies Ix-21 < €/ |xs2l
From (1): if px+2) < 5, €/5 < €[\ x4+2\
Thus if I force |x-21 < €/5 certainly Ix-21 < €/ ) x+2l .
Therefore pick fas €/5 or l,whichever is smaller.

MW= O

Now you prove that y = x2 is continuous at x = 3.

1. I must show the existence of a £ such that: lx -9| < € whenever
0¢) x=31¢ ¢ ,
25 TE ey Vet b aes ST
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€

i

+5
/1 2

¢
bt Ve
y : e o

Using a similar geometric approach prove . _, i

3. Now |x2-9|<€ implies |x-3l+ |x-3I<€ or |x-31< [x+3] .
4. T
7 1%+ 3]
ot T o implies | x2-9/<.€ ,
6. So pick § the smaller of 1 and €/7,
21. Using a geometric approach one could prove L x% s 4:
! S Y x-r2 =
4
It '
'k I
: " 5: \]44-6 "2 .
|

e = - - - -

1}

e = e e = =

dth s " {:1272—1

S

|
2 l
|
I

7l

iz

1 if x is rational
22. Clearly y = 9§ .1 if x is irrational

lim  fx) £ f(a).

is not a continuous function since

x—>a
Why?
lim  f(x) :..’- f(a) since there is no § that would satisfy any €< 2.
X—»a
Ddgese s, : :
23, Is y 0 1f x ! 1 a continuous function at x = 1? Why?

No. h};nl f(x) # 1 since no § will satisfy an €<1 when x
x

approaches 1 from the left.
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Is y - [x] a continuous function at x = 1? Why? ( [x] is
largest integer < x)

N lim f(x) #f(a) = 1 since there is no restriction on how x
° x-a

approach a. If x approaches 1 from the right, any d <1 will
satisfy any € . But if x approach 1 from the left any 0<e€< 1
cannot be satisfied no matter how small § is chosen.

Is |yl = x a continuous function at x = 1. Why? (Sketch it.)

¥ i

No. |y} = =xis not a function at x = 1.

2
xX& .
Is y = —x-3— a continuous function when x = 3? Why? (Check

the three criteria for continuity. )

No. f£(x) does not exist at x - 3.

2
18-V %3(2‘ when x # 3 a continuous function at x - 3?
N

5 when x - 3 7’
(Sketch it, ) ]

y is discontinuous at x - 3 since }1123 f(x) & B Why does the

limit fail?

There exists no § which will satisfy an 0<€< 1.




28.

29.

30,

310

32,

33.

34,

132

The big hurdle is over. You are now ready to define continuity
over an interval. It is simple: for a function to be continuous
over an interval, it must be continuous at every point of that
interval. Thus the problem becomes one of examining continuity
at a

Point.

Is y = x2 a continuous function over -7 & x < 9?

Yes - since it is continuous at every point over this interval.
Is y = | x| a continuous function over -5 £ x & 57?2
Yes - since it is continuous at every point over this interval.

Is |yl = x a continuous function over 0 £ x £ 17

No - since |y| = x is not a function!

Is y _{1 when x is tationai a continuous function over all x?

-1 when x is irrational

No - since y is discontinuous at every x.

Isy - [x] a continuous function over 2 ¢x <3? (Sketch it.)

>

/

Yes. Note: y is continuous to the immediate right of x - 2 since

limz [x] exists when x approaches 2 from the right.
X=> N

[x]a. continuous function over 2 (¢ x &£ 37

Is y

No - since y = [ x]is not continuous at x = 3.
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S
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Isy:—fxf-:;g—forx#3

a continuous function over all x? (Sketch it.)
7 for x = 3 e

o

b

z L

e

No - setting y = 7 when x - 3 puts the point (3, 7) onto the coordinate
system but not on y - x - 3 as is desired. Hence there is a dis-
continuity at x = 3.

.
Isy_—_ xx_:;) for x #3

a continuous function for all x?

6 for x' =3

Yes - setting y = 6 when x - 3 puts (3, 6),into the line y - x - 3 and
the line is then continuous.

As a quick review: continuity over an interval depends on continuity
at a of the interval.

Point.

Continuity at a point depends on the definition of a

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Eamait.

s ; : lim
f(x) is discontinuous at x = a whenever . f(x) #

f(a)

lim  fx) # f(a) if there does not exist a >0 such that
X—ra s

whenever 0 ¢ | x-al¢ then | f(x)-f(a.)' < for every
> 0.




Lesson V

THE DERIVATIVE

Basic to the calculus is the derivative. It is through this notion
that critical studies of velocity, acceleration, maximum-minimum,
related rate applications, and thousands of practical problems are
attacked. Without the derivative there would be no calculus.

What is this lesson concerned with ?

. The derivative.

Actually the derivative is really nothing more than a limit. Perhaps

one of the quickest insights into this topic is via geometry. Let us

consider the continuous curve y - f(x). Evaluated at any fixed

point x , y takes a fixed value f(x ). Then at a different abscissa,

Xoth, y takes a new value { (xo¢h?. If one is interested in the

tangent to the curve y - f(x) at x,, one need only consider the

position approached by the secant line through (x_, f(x )) and

(xo+h, f(x,+h)) ash= 0 - - - oras xooh approaches the position

xo, 48 ‘L
(Xo th Fixorh))

/
7=Rn {(x,vt/,)- fixo)

b
(lo)ﬂXg))

A e

To find the tangent to the curve y - f(x) at (x_, f(x,)) we will be
concerned with the position of the rough (x_,y_) and
as the point slides along the curve closer
and closer towards e e

Secant, (xofh,- f(x;d-l)), (-xo-ol':, f(xoeh);, (xo, f(x5)).

f(x,+h) - f(x
In fact the slope of this secant would be given by: (X0} (xol

(xg,+h) - Xg

at any time when x4 and x,+h do not coincide.

o
What would be the slope of the secant line through (x,, f(xo)) and
(xo+h, f(x5+h)) when x5 # x_th? .

f(xg0h) - f(x)

Slope of the secant =
(xo+h) - x
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Now it merely remains for us to consider the limiting position of - '

the secant as h -0 if we desire to discover the condition of
tangency. That is, let us consider: jij, f(xo+h) - f(xo)
: ' h—0

(xo+h) - X, .
This limit gives the slope of the tangent -to the curve at (xo, f(xo)),
What is the slope of the tangent to the curve at (xqs f(xo)) ?

lim  f(xo+h) - f(x,)
h—0 h

It may seem to the casual observer that the quotient referred to
in No. 4 is undefined since h— 0. However this is not the case
since f(x,+h) - f(x ) also approaches zero. And as was shown in

-the lesson on limits, such expressions as lim x2-4

x—>2 x-2

are quite meaningful despite the fact that the denominator approaches

Zero.
lim f(x,+h) - f(xo)

h—>0 h

- - - e - - - - B - - - - - - - - - - - - - - - - - .- - - -

Can the expression: ’ exist even thbugh h-—=07.

Yes.

" Let us consider a simple example to test our belief. Suppose we

want to find the slope of the straight line y - x whenx_ - 2, We
realize by previous experiences of analytic geometry fhat this.
line has a slope of 1. Now let's check it by the limiting idea.
lim f(x0+h) - f(xo-)

_sloée
h—0 g h

e

1iIn xo"'h - xo' \ - '. Lo }

h—0 e e - 1 -

It works-as was anticipated! Now you find the slope of y - 2x-1 at
Xo fd 2. ’ - '

. lim  £(2+h) = £(2)

~ h—-0 h

lim  2(2+h)-1 - (2(2)<1)
h-0 - h o

slope

‘2‘0" 3
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ST . Since it works for the straight line, let's consider a tougher test;
cons:tder v = x% and find the slope at x, = 3. =

o =
lim . f(x +h) - £(xc) N

slope - h -0
_ lim (3+h)% - (3)2
- h=>0 h
_ lim | 9+6h+h? - 9
- h-0 h
= 6

- Since the curve is symmetric with respect to the y-axis we would
expect the slope at x_ = -3 tobe -6. Prove this to the case.

- - - - L. - - - - - - - - - - - - - - - - L - - - - - - L - -

-

slope = lim ) f.(xo-'h) - f(xo)‘
- lim (-3+n)% - (3)%
h—-rO . h
lim 9-6h+h%-9 - = -6,
- h->0 ~h
8. . As a matter of fact, the value: Lim _f(XO"h) ) f(xo)r

h—0 A

.is so important that it is labeled for easy reference. Pe0p1e in
calculus call this limit the derivative (if the limit exists) and call
the process whereby this limit is found dlfferentlatlon.

What is ’rhe derivative of 'y = f(x) at the point X, ?

- ~— -~ - o e e - - - e we - - - ~ - - e me - - - L -
.

lim f(x +h) - f(xo)

.if the limit exists.

’What is the process of finding the derivative called?

=-. L . T T R L

H lefe T ent1a.t1on. :

- .
41




10.°

11

. the slope of the curve in question at x = 2 is

137

. Let's try just one moie example to be sure we really understand - ‘

'the process. ‘If y = x° # 2x-1,” find the derivative 'of y at Xy z 1t

lim  f(xg+h) - £(xg)
"h~0 m

. 2 .
lim (xo+h)z + Z(xo-rh) - on --2x0¥1 -

h—0 . h
lim tho+h2+2h
h -0 h

= 2x 42:2-‘-2:4
o

Now you try: if y - 3x2-2x+1, at x_ = 0 the derivative of y is ? ? ?
3 2 ». 2
lirm (x%,1h) -2(;c6+h)+1-3x0 +2x0—1
h—0 h
lim 3x Z+6x h+3h%-2x; -2ha1-3x 242x -1
o o %o o o

- = 6X —2 = -2
h=0 . h °

“

Actually (as we have seen) where one" spec1£1es the derivative at
a point, one is ispecifying the slope of the curve at t%lat point.

Thus, if one finds the derivative to appear as 2x,-x_“ when X, = 2,

- — - - - - - e - - - - - e m -t wm e - - - - - - - -

Zero

.On the other hand if one carries through‘ the process of differentia-

tion without regard for fixing x at a particular point - but instead
work with the arbltrary point P(x,y), then one is}finding an
algebraic expression which represents the slope of the turve at
the general point. Because the result of such differentiation re-
sults in a derived algebraic expre3510n, the result is called the

. derlved function.

' | ' 2
For example, to find the derlved functlon 1f y=x. one proceeds as

: follows
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lim  f(x+h) - £(x)
&

h->0
_  lim (x+h)2-xz
h—0 . *h
o lim 2xh+h2 . 2%
h—~>0 h

Find the derived function of (or d1fferent1ate) v = 3.

- - e e - - . - - - e m - - - n.---—.-_—.--- - - e e - -
. ;

lim . f(x+h) - £(x) }

" h->0 h
(x+h)3-x3
= h—0 h
_ lim x3+ 3xzh+ 3xh2+h3 -x3
=~ h-—=0 h )
. 3x2 '

.Probably at this stage you are anxious to know if there isn't a

faster way to differentiate. Well, in fact there frequently are
general rules which allow one to simply write down the answer.
However, the beginner should never lose sight of what is behind

' these general rules - and each general rule depends upon the

definition considered in the preceding steps. °

In fact the derived function (or derivative as it is usually called)

can be defined in general as: 1lim f(x+h)-f(x) when the limit
h—0

exists and every derivative (or derived function) can be shown to

ultimately depend on this definition.

_Define theé derivative of y - {(x). ' J

- - - e - - . - - - - o e e - — - - - - - - m = - -

- lim f_(x"h_._.__).ﬁf_(_’f_). wl}en the limit exists.

h--0

. Suppose you are asked to find the derivative of y - | x| atx = 0.

Of course your response should be:- there is no derivative of

vz )x)atx-0. Why?

| %:I'EO ‘..9:._13_'__}:1._'_.9.; does not exlst. : If you don't believe this, sketch: ...

I hl | y on an h-y axis.

TR T
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. Sometimes notation connected with differentiation is incorrectly

interpreted by the student. Hence, let's take a short look at

. some notation and clear the air.

Perhé,ps the most common notation dénoﬁng the derivative of
y = f(x) is dy
. dx

gi&

to be anything but a symbol for the derivative. Above all the
student has no right at this sta.ge of the game to believe that

dy is a quotient.
ax

Sometimes slight variations of this notation occur. Some such are:

d d d f(x)
e = - f -
dx Y dx (%) = dx

Another common notation is the use of primes to indicate the
derived function: y' =z f'(x). And a further variation but still of

considerable use is the following: ny = Dy i(x).

Each of these notations mean the same thing: the derivative of y
with respect to x and should not be interpreted as products or

" quotients.

write o e1gh1: notations meaning: the derivative of y with respect
to x if y = £(x). '

dy = d- a d f (x) C i) o i
bt/ —_— f(x) - =y o= 3y o= fY(x) = D_y zD._£(x).
dx ,dx.,( b= x.y dx S * *

To indicate that the derivative is being evaluated at a point x the
dy ' o

‘notation dx | x = Xq is frequently used where the subscript type

X = X, indicates the point where the derivative is evaluated. * Of

course an equa.lly serviceable notation is f'(x )e

Could you invent a similarly serviceable notation to show that the
derivative y' is being evaluated at x = x,?7 The same for £'(x); Dyy?
vl ) or £1(x) ' D,y

XzX, s A P R P Xz X
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As you may expect, the derivative can be interpreted in many
ways, Whereas our approach was at first geometric, let us now
take a physical situation and develop the idea of the derivative
from it.

- Suppose for example we were concerned with the problem of

finding the velocity of a freely falling body two seconds after it
dropped. We might proceed as follows: let s, be the distance
traversed at the end of t seconds and consider the formula
v = st/t where average velocity is computed by dividing the
distance traveled in t seconds by the time elapsed. The problem
is to find the exact velocity at the end of two seconds. Tabulating
the distance traveled by a freely falling body in t seconds by 8y =
161:2 one can calculate the average velocity for the period S
tz2tot- 3. This is: :

L83 = 16(9) = 144, s, - 16(4) - 64
_ s3-s5p _ 144-64
-AVEV = = 80'/sec.
t3:‘_"f_t_3'2 . ‘3-2 '
What is the average velocity over t = 2tot = 2. 17

: 2 '
SZ,'l Sy 16(2 1) -64 - 70 57 64 L 656
- tZ. l‘tz . 2. 1"‘2 . . . 1 )

Do you see how we are procedlng‘? We are calculating the average
velocity by dividing the increase of s by the increment on t.”. Often
these increments are denoted 4s and 4t respectively, Using
A s and At write a general formula for the average veloc1ty over
the At time interval.
A As
avg veloc1ty = At

.............

Use the preceding notatlon to ca.lculate the vacant spaces of the
table below'

1

e it e
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" . . B . AS
;_{'s t t+ A t 8t. .2 e+ A s At ' As at
2 3 64 144 . 1 80  80/1:80
2 2.1 64 70.57 o1 6. 56 65. 6
2 2.01 " 64 64.6416 .01 . 6416 64. 16
2 2? 0_01, 64

e e e T NS GO

64. 064016 .001 .064016 64. 016

.19, Now consider what would happen if smaller and smaller increments
on t are taken. Can you guess at the velocity attained whent - 2?

- e - - - ™ - m - -~ - - LI - - . m - - L L

v = 64'/sec.

m e e -~ L ]

20. | You see, in effect you have argued that the exact velocity is
nothing more than the limiting value of the average velocity.

Now represent symbolically the exact velocity if bAs/ At
represents the average velocity.

-~ lim AS . exact velocity.
At—>0 - At

- - - - - - - - - - - -

21. Now let's tie this result up with the first idea of a derivative we
came across. You should see in the fallmg body: problem that
= £f(t). Then s+ a s - f(t+ at).

..Express A s in terms of £(t) and £(t+ & t). °

As = £(t+ S t) - £(b).

Now express T" in a similar manner.:

pst _ f{t+ bt) - (1) ,
At bt

Finally, if the average velocity is At and the exact ve10c1ty is
_calculated as the limiting values of _AS , express the exact

A .
velocity in terms of the answer above.

exact . lim’ as . lim f{t- & t) - (1)
vel. = aAt— 0 .“‘E“A at—>0" . at
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But haven't you seen this before? This is abstractly the same as
the derivative you developed at the start of this lesson.

Consequently could you now calc%late the velocity at t =- 2 using
the derived function s = f(t) = 16t“? Do so.

ds lim f(2+ 4 t) - £(2)
velocity = tlt-2 -A4t—0 At }
lim  16(24 4t)? - 16(2)%
= At—0 At
_ lim 644t - 16( at)?
T At =0 ' 'At.
= 64

Good. The derivative you see was evaluated at a point t - 2. Now
calculate the derived function which will result in the exact velocity
when calculated at any time t.

- - - - - - - - - - e - - - - - - - w - - - - T - - -

lim  f(t+ Aat) - £(t)

s' = At —>0 AT
lim  16(t+ at)% - 16t%
= At—=>0 At ,
. lim .32tat +16( 4 t)°
At~ O AT

= 32t

It should now be.clear what a derivative is and what differentiation
is. To nail it down solid, define what is meant by:

dy- . .
=3 x, y )
dy - lim f(x_+h) - f(x
~a~3£- ]x-x > h—=>0 ( ° ) { o) if the limit existg.

- o _ h

. What important geometr-icprobl’em. can be solved by direct

application of. dy o ceo \
dx I x = x ) S

o

Finding the slope of the curve y = f(x) at x - X .
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What 1mporta.nt phys1cs problem is d1rect1y related to ds/dt?

F1nd1ng the ve1001ty of a moving body 1f s = f(t).

Of course there are many other applications of the derivative

but each is abstractly identical to the ideas already presented. It
only remains for the reader to apply the idea of the derivative
when the situation so demands. But here is where the rub comes
in! (1) How do you know when the derivative should be used?

(2) And if it should be used, when can it be used? In general
this first question is not easy to answer since different situations
demand different interpretations. However, if the change of a
dependent variable is dependent upon the change of an independent
variable (or variables), the exact change of the dependent
variable as it is related to the independent variable(s) is calculated
as a limit - this limit being the derivative.

The second question is easier. You can apply the derivative when
the limit (as it is desired) exists.

Suppose the growth of a t1ssue 1s deendent upon time in the
following manner: - f(t) = + 1. Could one conclude that
the rate of tissue growth could be expressed as a derived function?

Yes.
Could one discuss the slope of y = | x] at x - 0 by using the
derivative ?
No.
Why?
lim Jax|l goes not exist. In case this is still bothering you, see
Ax->0 ax 8T
the sketch below. -
71\
[ — e s et o wem s
1AX]
=55 ) AX>o
» A%

R iy PR T <~
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Lesson VI

COMPOSITE FUNCTIONS AND THE CHAIN RULE

Often the beginning student in calculus is thrown for a loss when
the instructor or author uses notation which is quite convenient but
unfamiliar to the student. One such situation in calculus which
reputedly gives the student trouble is in connéction with composite
functions. Consequently, this lesson covers {in part) that problem
area. : :

- What is one thing this lesson has to do with?

- - - - - - . - - - - - - - - . - - e e o - - e - - - . - - -

Composite functions and related notation.

Let's start with an example: vy - sin ‘l %¥." You can see we could
just as easily have expressed this ideaas: y --sinuandu = Y x.

. Then clearly y is a function of u and u in turn 'is a function of x. In

brief: y - f(u) and u = g(x). We could write this as: y - f(g(x)). This
is read: "f of g of x'" or '"the composition of f on g of x''.

Suppose v =, @ (u) and u - 6(x). Express symbolically the compo-

sition function y of ¢ on 8 of x.

y = @ (8(x)).

" where y = 6(u)

Sometimes the composition of functions- can exceed two in number.
For example: = 8(u), u =z G(v), v - U(x). Such a composition
would be expressed y z ) ((é(]U(x))) An-example of such a
composition would be: , .

sin (tan ‘{'-}—c)'1
sin u
ta'n v = @(v)

= U (x).

'

e
oo

\"_"Express as a s1ng1e equatlon the particular comp osition denoted by

9(¢(TfI (X))) if:

Booyzemzu  n
* u =z §(v) = Sinv
vz W(X)

. <
N
.
s
[»]
e
¥
R
oy
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: Also note that whenever there is a composltlon of functions, say

= f(g(h(x))), for the entire system to be meaningful each h,. g,
a.nd f must be meaningful in that order.

What values of x in the composition y = f(g(h(x))) where f(u) - u1/-3'

uz g(v) = vz, v = h(x) = 1-x” would guarantee y to be real?

- - e - e e - - - - - - - - - - - - - - - - - - - —

I x| € 1, .

But now let's move on to an application: of the 1dea. of comp osite
functions as related to differentiation.

Recall that dy . lim if the 11rn1t ex1sts. What wouid
' 4 dx AX —9-0 AX .
A
-a.-ﬁ be ?

dy _ lim Ay

Ta.5 M0 oo if the limit exists.

Now let's suppose y = f(g(x)). The question we wish to examine is
this: How can one conveniently compute dy/dx when such a
composition is encountered? The answer lies in an understanding
of the behavior of g as it relates to x. That is, notice that if y -
f(u) and u = g(x), as x changes then u'and consequently y changes.
To be more_specific, suppose a particular example is chosen: . Let
y = f(u) = .uz and u - g(x) = %2, .

What happens to u when x takes an increment Ax?

- - - - - - - o me - - = - - - e ae m m em am ome - = - - -

u takes an increment Au =z 2x Ax + ( Ax)z.

And what happens to y if u takes a corresponding increment Aau?

'y takes an 1ncrement y - 2u-au + du)-.

.......

. Le;c s actually calculate the change in Y if v =z f(u) = u2 and u = g(x) =
' If xzta.kes on an 1ncrement Ax, then y is cha.nged toy+ A y = (x+ & x)

+2x Ax+( ax)2 or A'y_ o v

C2x Ax+(Ax)2-.
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You see! In general if y - f(g(x)) where u - g(x), if x is changed
y is correspondingly changed through the intermediate change of
u.

Calculate the chan;e of y in terms of the change of x if y = f(g(x))
where u = g(x) and f(u) = ud,

v+ ay =f(u+ a u) - ((x+ A x)z)2 4+4x IS x+6x2( A x) +4x(A x)3
+{( B x)*

3 2 2 3 4 _ 5

Thus Ay = 4x” A x+6x” (Ox)7+4x( &x) 7 +(bx) .

. Since

- With that as a background we are ready to look at an important

consideration, namely the comparison of Ay/ Aautody/du.

lim = ay- dY  this means that for any €> 0 (no matter

au—>07ag ' T Tdu Ty
how smalll) there'exists a §>0 such that —2—1%- ) —d% 1<€

Whenev‘er 0 <l A u—OI < 4o

Certainly this can be interpreted as: - A4Y = 9V  + e

Au du

where € denotes the correctlon factor necessary to balance the

.equation.

. Perhaps the idea can be made clearer yet.. Consider Ay/ Auto

be the slope of the secant through the curve u ='f(u) at some point
(u, y) whereas dy/du represents the slope of the - to the
same curve at the same point (u, y). Then

Ay - _dvl/e when 0<I A u- 0’4 § spe01£1es that the difference

Au Tdu
of the slopes of the "and the © - * . at the point (u, y) can

- be made as small as is desired by 51mpIy Torcing to be

less than ~ but positive.

- - - - - - - . - - - - - - - - - - e - - - - -

tangent, secant, tangent, 1'Aul, 5 .

.............

i

Thus it is clear that 4y/ Au -dy/du +€ isa fair appraisal of
the physical representations of the graph. Indeed Ay/ 4 uand

- dy/du are fixed numbers for the/ slopes at any given pomt (u, y)

Consequently, Ay = dy/du Au < eauy, W’hy’?

: Multlply both sides of by/ Au = dy/du X- by Au, a numer1ca1
"change 1n . o . o
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But keep the air clear. We are interested in the change of y with
respect to the.change in x when the intermediate composition of
functions is known. That is, we want as a final statement dy/dx.
Now, how can you proceed from an expression of 4y to dy/dx?

L lim Ay
Divide Ay by ax and take pxw—3 0" A%

. Thus if Ay -dy/du Au+e Au, get ay/ A:;.

ay/ ox -dy/du Au/Ax + e au/ Aox.

Now insist that Ay/ Ax proceed to a limit as Ax—> 0., But this

means you are proceeding from lim AV to the resultant 9
Ax—>0"4Ax CESE

. Of course on the right hand side this means 1im ' _dy au 44
. g Ax->0"du Ax eAx

becomes gy, P du_ + e U with a sufficient application of limit
du dx dx

theorems. But focus on e du/dx. What is, the fate of this term?
(Remember that e can be made as small as is desired by

- adjusting Ax.)

- - - - - e . - - - - - - - e - . T T T - - - . . - -

It goes to zero.

But let's look even deeper. Remember we are evaluating these
derivatives at points. Thus you see that du/dx is merely a fixed
number depending on the point at which it is evaluated. In fact
then € du/dx is nothing more than a number as well. But this
number is regulated in magnitude by the value of € . And in turn
€ can be made as small as is desired by insisting on the
proximity of Ax to 0. Consequently it follows that

' le %111_ ’ can be made arbitrarily small by adjusting Ax toward 0.
X

From this previous sentence what do you conclude of
lim Ay o,

- - e - - e ime e mm om wm e ou e m e e m cam o=

-
-

dy d
Ax—>0 “Ax du dx

. Say, let's set edul. ¢
dx , » .
Hey, this means du _ dy Au e by insisting that 0 < | Axl<¢{.
dx du ax '
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As you have learned in class, this is an important fact. So
important it is named: Chain Rule. The applications are indeed
far reaching. However, belore we proceed to them let's consider
once again the source of the previous argument.

In step (10) we stated.that ay/ 4u = dy/du + e . Technlcally
speaking this equation may be meaningless since Au =z O0is
quite p0551b1e when u z £(x).

Consider for example: u z f(x) = 5. Clearly u never changes even
though x may vary at will. Hence au = 0 always.

; Give another value for u = ;f(x) such that Au is always 0.

Let u = f(x) be any constant.

~

~But hold on! We stated that Ay/ Au - dy/du + € in the initial
- considerations which eventually blossomed into the chain rule,
 Perhaps all of our arguments were built on sand because surely

"" Ay/ A u is meaningless if Au = O.

"i'As a means of avoiding this trap and salvaging our. work we can

_; ‘enjoy freedom of mind by insisting merely that Ay = dy/du 4 u +e€4U.
i - Then using this as a point of departure we can now contend

.- that Ay/z\x- dy/du » au/ Ax + eAu/Ax.

i Why can we d1v1de by Ax with a clear_conscience whereas division
by Au caused us problems‘?

Au could be zZero but {Ax\ > 0.

Now let's use this new found fact. Suppose y_= (1+x2)2. Certainly
one could calculate y' by simply squaring l+x“. and differentiating
the resultant product. However, consider y = f(g(x)) where g(x) =
1 + x% and f(u) = u?, You should notice that we can use the chain
rule. :

That is: dy/dx = dy/dy ¢ du/dx _
' - 2u - 2x = &(l+x%) » Bx

Suppose you are encountered with the task of differentiating y -
(2x-3)71 and you elect to cons1der V= f(g(x) What would you take
to be g(x)?- '

- - e - - - - - - - - - - - - - - - - - e e - - - - - - - -

g(x) - |l 2%-3
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Whé.t would you assign f(u) to be if y = £f(u)?

----- 7‘1"" - - - - - - - - - - - - - - - - - - - - - bl -

OK. Now use dy/dx = dy/du du/dx to differentiate y - (2x--3)71

- - - - - - - - - - - - - - - - e wm "~ - - ) - e - -

y' = 71 (2%- 3)70(2) This is an easier way to differentiate
(Zx 3)71 than to first expand the binomiall )

You see, the object of the game is to choose u such that this choice
simplifies y = f(g(x)) to a simple relationship y = f(u) which is
immediately differentiable, Then when £'(u) is calculated one can
turn to the choice of u and apply the same thinking to it. -

Con51der the composition y - f(g(h(x)))

~ where v = h(x) = 2x- 1,
u =z g(V) = Y'-é
y = fu) = u/

oty _( I——‘zx )7/8

To get dy/dx we first apply dy/dv = 'dy/du du/dv:

dy/dv "',_-7_41171 8 1/2v71/2,
.87

1As a final step we proceed on as:
dy/dx = dy/dv dv/dx or
dy/dx - _;_ju-l/s . 1/2V-1/2'f 2

Puttlng it all together

:,. dy/ax = 778 ( V2ud) "8 1/2 (2x-1) V2. 2.

Now you try one. Find y' if y - (3x ~1) (Don't simplify
it before you start to differentiate.) ~

"As a further appllcatlon of the chain rule consider the 51tuat10n
where vy = 3x2-2x+1 a.ndx = 3t-1.

- This is the usual form of parametlc representation used so
frequently in many situations.. In this case the equalities simply
state that the ordinate is dependent upon' the abscissa but the
abscissa in turn is dependent upon t (which could be time).

Al
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To find dy/dt, use the chain rule: dy/dt - dy/dx dx/dt or dy/dt -
(6x-2) 3. o - |

Now you try. Suppose z = y21-3y+1 and y = 4%%+3 find dz/dx.

20 _

dz/dx = dz/dy dy/dx = (21y“°-3) . (8x).

An application of this idea might be: a point moves so that its

_ordinate is always twice the cube of the abscissa yet the abscissa

is always the cube of the time elapsed diminised by 3. Find the
change of the ordinate with respect to the time when t = 1,

v = 2x3; x - t3-3‘

JJdy/dt --dy/dx dx/dt = 6:94:2 . 31:2 6(t3—%)2v 31:2
: 6(-2)° + 3(1)

72.

Now you try: A moving point receded from the x-axis directly -
as the square of the abscissa less 2, and the abscissa increasesg
according to the 4th power of the time. .Find the change of the
ordinaté with respect to the time when t = 2.

Y = xz-Z;x:t4

—

Ldyldt = (2x)-(47) = 2(th)(atd) = 210,

&

'




Lesson VII

IMPLICIT DIFFERENTIATION

. A necessary skill for every beginning calculus student i the

ability to differentiate. Certainly one very important differentiation
skill is the ability to differentiate "implicitly'.. Consequently this
lesson is designed to make you more competent at differentiating
"implicitly' and focuses in particular on the reasons why one can
differentiate "implicitly", ~

This lesson concentrates on the mechanics and reasoning behind

Implicit differentiation

Recall that if y = f(u) where in turn u - g(x), then by the chain rule

©odf(u) , du dv/dx - Gf(u) dg(x) ‘o aes
dy/dx = T e or dy/dx - —In —dx . It is this

important idea upon which "implicit' differentiation is based. Conse-
quently keep the principle of the chain rule fresh in your mind.

What important idea is behind "implicit" differentiation?

chain rule

.Suppose y = f(x)™ Letting u = f(x) we see that V= u”, Then y!

nu’ du/dx where the /du/dx owes 1ts existence to the chain rule.
Similarly if y = (g(x))

-p/a- g(x)‘(p/Q) dg(x)/dx. Why must the term dg(x)/dx be a
fa.ctor of the answer ?

- - - - - - - - - - - - - - - - - - e - - - - - - m - - -

chain rule

el ;

- - 3 :
. Now suppose y = f(x). Clearly y~ - ﬂxf.a and for that matter any

rational power of y is in turn reflected by this same rational power
of f(x). Indeed, y® : f(x)". Of course an express1on 1nv01v1ng

dy/dx is inherent in the derivative of £(x)". That is: gx‘f(x)
n: f(x) . df(x)/dx - n f(x)* 1 dy/dx. '
Why is dy/dx a factor in the answer ?

.glglain rule
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d ¢ .
But this means that —a)—{-f(x)S is 3f(x)? dy/dx. Thus if -y3 = f(x)3,

d y3 must likéwise be’ 3y2dy/dx .
& sere
If y5 = f(x)5 find 35 f(x) and similarly find a— ys.

5

4
'%j;{“ﬂx} ..5f(x) df(x)/dx and 'HJTY = 5y dy/dx.

. But remember vV = f(x) to start with in (4).  Thus you .see that 3

dy n n-1 dy

" , .
D dx (f(x)) n(f(x)) @ Y dx . Now you try writing

down a; y7 if y = £(x). (First use {(x) in your answer and not y.)

6 4 £(x)
ax

Now use y in your answer and not £(x).

AN 3
. d ’
Now consider the last answer above: i.e.: T 7 = 7y6 d}}; .

You should see that dy/dx is a factor of the derivative and must be
explicitly written down. Why is dy/dx a factor of the answer ?
Chain rule

1

In the foregoing steps y was explicitly denoted to be a function of x.
That is, .it was declared at the outset that y - f(x). However, in
many cases the fact that y is a function of x is not explicitly stated
but instead it is implied by the nature of the algebraic relationship
involved. In.such cases y is saz1d 1:0 be ”1£np11c11:1y” defined as a
function of x. For example: x . Clearly y is not
denoted as an explicit function of x, but surely y can be expressed

a = '
5Y +\§r2-x2 ory = - 4 rz--xz, and these equations do repre-

sent y as a function of x (and for certain sgecﬁted domains and
ranges these equations are equivalent to x
which functional value y takes on is not nearly so important to
us now as the fact that y can be represented-as a functlon of x.

Would you say that y is 1mp11c1t1y or exp11c1t1y a functlon of x J_f' '
(a) y 23x2 - 9x + 1? :

= r2, . Specifically ‘
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explicit

() x%y? - y* 4 12

implicit

(c) vy =s8inx - tan x4?

explicit

(d) sinxy = 3x - 1?

implicit.

So, if y is explicitly represented as a function of x, one encounters
no unusual problem regarding differentiation. .Our concern centers
on implicit representation. Let's look again at the idea. In the
implicit case y is not specifically solved for in terms of x. However,
the solution of y in terms of x is implied just as x% +y& o r '
implies that y can be solved for in terms of x alone. That is, even
though y is not solved for explicitly in terms of x, we are of the
belief that given proper algebra it would be possible to transform

the expressions until y is explicitly represented as a function of x:

y = {(x). ' S
Solve for y explicitly as a function.of xt:x + y = 1

- - - - - - - - - - - em e - - - - e - - - e e m - - -

ry=1-x

X2y2:1

L.\ 1 1
Y2tz =+ x

Do you see? Even though y is not explicitly represented as a
function of x, we have a right to think that this could be the case
if enough algebra were invoked.. Hence, y = f(x) is implied by
algebraic expressions involving x, y;-and constants. And this

is the key to the idea of implicit differentiation: When you see y
in the €xpression, you havea right to think of this'y as béing -

" What should you consider -in place of the'y in x7y6 + 5y4 +3a17?

- mm m m wm w w m m Em im m e m e e m Lm W e o
; ’ «
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vV = f(x).”

Now you are ready. You should see that if y is considered to_be
f(x) in an algebraic expression, then y7 is thought of as (f(x))7.

1 .
What is y2 thought of as?

(£(x)) %

From here the problem becomes one of easy manipulation. To
differentiate y? one simply considers (f(x))™ and applies the
proper rules of differentiation to (f(x))™. Thus if y is implicitly
a function of x and dy/dx is desired where y° is encountered,

one simply considers (J‘.'(x)-)5 and differentiates accordingly to

get 5(£(x))? d f£(x) :
: dx

Or, as it is usually written, 5 y4 dy/dx.

Suppose it is 'imoplied that y is a function of x and it is desired to
differentiate yl Do . so, writing your answer in terms of £(x).

af
10(£(x))? -—-c—1(;’5-)~

Do so wrif:ing your answer in the usual form not'involving f(x).

P

9

10y’ dy/dx

Now let's try our luck on some specific problems. Suppose

%% 4 yz = 2 is encountered and we desire y', Differentiating -
implicitly one can directly conclude: 2x + 2yy' = 0. Thus }.r' =
-x/y or y'-= - x_ '+ where the sign is chosen to fit the

4+ jJr- -:x

particular value of y desired.

I %3 e y3 = 1, find y'. | -

- - - - - - - - - - - m e e = ow - e o e mm t oaw s -~ - - e e - 2

3x% 4 3y2y' - 0. Thus, y"'-_?’-xz‘/'yz.'.ﬁif. you missed this answer go’
back and redo #11. . L . : : : ,
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In ca.se of a product such asxy - 1, one proceeds as follows:
xy' + y = 0. Where the left hand meimber results directly.from
the product formula. Consequently:
y' = -y/x
x = 5, find y'. (Remember thatx“y"~ is a product.)

5x% 4 4x3_'y2y v 4y - 15y2y
-(5x% + 4y )

Thus yv' -
4 12xy - 15y4 '

As a particular application of implicit differentiation find the slope

of the tangent to th TV :
e tangen e curve 2 Xy, + Yz ot (1, 2).
. . 2x-y
2 ! z ! = 0. h [ ! = ——
x.+xy +y+‘yy .: Thus y Y2y

Hence m at (1, 2) is -4/5,

Now let's prove a theorem using implicit differ.e',,m":iation to show its

power, ] _ - :
Let's prove' ify = -xpld; then y' = p/q- x(p/q) ! where p and q are-
any 1ntegers (g # 0). o .

First, y = x P/q is equivalent to yq-: xP. - Now differentiate
implicitly, simplify your result, and complete the proof..

-1 -1 e "‘“““‘ ) |
L . p/q X(P 1) - (Ib'P/‘EL)

=plq. xp/q "1 b
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17.  In the previous problem where did the y' come from?

e

chain rule

' 18. Good. Now let's check our proce éu‘e by investigating from a
different direction. Get y' from x = 1 implicitly,

2% 4 2yy' = 0. Thus y' = -x/y.

19. * Now prove that x% 4 yz

1 (which leads one to the expression

V= d 1_,_7-..x2 if one considers the top half of the circle)
‘has dy/dz = -x/y also. (Do this by explicitly differentiating
v = Yi-x2.) ‘ '

y' = 21 -x?)73(-2x) = -x/(1 - x2)F - -x/y.

e
e
o

, ‘

20. i.",Notice that both methods give the same result., But the implicit
F-differentiation is often times.faster and more accurate-~

# particularly in cases where non-linear equations are involved.

R

y Which method of differentiation (explicit or implicit) would you use

“to get y! if: a.) V= (x - 3x)4’? ¢

exp];c;t

b) XZ Z 2. 2

m e e e e m m e m m e o e m m e w = e e e e e e e e e e e - -

implicit

o) (x+y)? - ez xt -y

- - - - - - o - - - - - -~ - -~ - - - - - - - - . - - " - - -

S

.........

- implicit
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'22. ". As a final consideration of implicit differentiation observe that

~*one can differentiate y - f(x) explic¢itly-and obtain dy/dx = f'(x) or
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. As a slight extension of the foregoing arguments one can easily
see the application to higher order derivatives. For example,
suppose ..y is desired if '

%2 - xy + y2 = 3,

Clearly: 2x - xy" -y + 2yy! = 0 and thus,

2 = xy" -y -y e 2yy" & 2y (y') = O,

So  y"z 2.2y 4 2(y")%
' X - 4y

‘. Evaluate y' and y" when x = 1: %3y + xy? = 2

- - - . - - - - - - e o em - - - - - - - e e - - = - £ -

: 2 = 43
x3y’ + y‘?:xz + x3yzy' +y3 -0 ory'- -_-%x—-z——-lz-—
x~ +.3xy

"Since x = 1 means y = 1, y' = -4/4 - -1,
;‘:E‘Or Y“.,-‘ x3-y-ll + Y|3x2 2

) I .
Ilor x“y" 4 3x2y' +. 3x2

4 y6x + 3x%y' 4 3xyZym 4 3y'(xy?)' 4 3y2y' - O

y' o+ bxy + 3xy2y” + bxy(y' )2' + 3y2y' + 3y2y' +

;,—:‘33’23’ =0;y":- 0.

’

one can differentiate thé sam@ function y = f(x) unpllcltly and
obtain 1. dy/dx = £'(x).

Notice that both results are equivalent.
Differentiate y - x2 both implicitly. and explicitly.

-Explicit: ‘dy/dx = 2x

 Implicit: 1 dy/dx = 2x

. But herein lies an important insight - yoﬁ ‘see, all explicit

differentiation can indeed be done implicitly! Thus all
differentiation - be it implicit in nature or expllclt in nature -
can be done implicitly, '

. Can one differentiate all explicit functions, in an implicit manner?-

L m e e e s e o R o o W wm m e -‘--—-—.-'-.—-—c—_—

. Yes.




Lesson VIII

VELOCITY AND RELATED RATES -

The beginning calculus student is always confronted with problems
involving application of the ideas of differentiation to certain
physical problems. It is the purpose of this lesson to carefully
look at the method of solution of these problems and apply the
method to illustrative examples - particularly we will be concerned
with velocity problems and related rate problems.

This lesson covers the method of solution of two major types of
problems involving the ideas of d1fferent1at10n. What are these

pr oblem types? '

related rate and velocity

. Suppose a particle is moved from its initial position by a force

such that the distance the -particle is from its initial position is
entirely dependent upon time. Letting s be the distance in
question and t the elapsed time, you can see that s - £(t).

Indeed, suppose the distance the object is from its initial position
is k times the square of the elapsed time in seconds. Under this

-~ hypothesis represent the particular distance the object is from its

initial position at the end of t seconds.

"Szktz

In the case of a freely falling body the constant of proportionality,

.k, becomes 16. Now represent the d1stance a freely falling body

falls in t seconds.

5:16t2 ’

Now let's turn our attention to an important problem. Suppose"
we desire to find the velocity of a freely falling body at a particular
instant - say when t 1.

Perhaps we could - (usmg the fact s - 16t ) come up with the

" following ana1y51s

We could calculate the average velocity over any given time
interval., Then we could cut the time interval smaller and smaller
such that the average velocity approaches in fact the exact
velocity at that point. How does one, calculate average velocity if
the distance, s, a.nd tlme, t,.a.re known? (Remember: ‘distance -
rate x time. ) ‘ '

- - - . - - - - - - - - - - - - - - - Ee e cem e ww oW e e - -
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v - s/t

5. OK. Let's start our approximation. Find out the total distance
I - traveled during the time interval: 1 second to 2 seconds.
| (Remember: s = 16t2,)

| s = 16(2)2 - 16(1)° - 48

6.' Since distance traveled after 1 second represent increments on
. the distance, let's call these increments As. If At corresponding-
ly represents the time interval traversed, what expression would
best represent the average velocity over this given time interval?

avg vel. = As/ At

7.  “Calculate the ave'ra,ge velocity over the time interval 1 second to
2 seconds.

- - e e - - - - - - - - - - - - - - - - - - - - e o - -

Ds) Otz 48/1 - 48

7

8. Now calculate As if the time interval is decreased from the
interval 1 second to 2 seconds to the interval 1 second to 1.1
seconds. '

As = 16(1.1)% - 16(1)% = 19.36 - 16 = 3.36

Now calculate the average velocity -over this interval.

- - e o o - - - - - - - - N - - - om - - - - - - - - - -

avg vel. = As/ At',: 3.36/.1 = 33.6

9. Let's tabulate our results in a table to facilitate quick and easy
" observation, . Fill in the blank part of the table.
. A5
s fort -1 t +at "8 + A S Ag At v
16 (12) = 16 1+1 16(22) = 64 64-16=48. 1 48/1
16 ST P 19.36 . 19.36-16 .1, = 33.6
16 1.01 16, 3216 16.3216-16 .01 = 32,16
16 ‘ 1.001 " _ Do '

“16.032016 )

T.0832016°

¢
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10, If we keep this up in the manner we have started, do you see we
will be forcing

1im AS o . lim 4s 5
At 0 S ? What is B0 AT

ds/dt (which in this case turns out to be 32)

11, ' In fact you see that ds/dt is the exact veloc1ty when evaluated
catt = 1.

" What quotient represents the average velocity over a time
", interval = £t?.
Ill - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

// os/ At
r

l

] Hence, the secret of exact velocity problems becomes one of
f', i evaluation of ds/dt when s = £(t).

;. Calculate the exact velocity of a freelX fa.lllng stone at the end
of one second by using ds/dt if s = 16t4,

- - - - - - - - - - - - - - - - - - - - - - - - - - . m ~ -

: . ds/dt = 32t = 32 ft/secatt - 1

13, Suppose a freely falling body is inhibited in its flight by the
presence of a more dense atmosphere which retards its descent
5 ft/sec. Incorporate this factor into the mathematical repre-
sentation of the dlstance traversed in t seconds by a freely
falllng body (s = 16t2 ). ‘ -

- - - - - - - - - e - - - - - - - - e - - - = = - e o - o -

s = 16t% - 5t |

14, Using thls new formula find the - eXact veloc1ty of the falling
body after 3 seconds. :

- - - - - .- - - - - o e s - e - . e e - - - e - - - - -

ds/dt = 321: - 5 =91 ft/sec.

i
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16.

17,
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You see that in each of the foregoing consideration s was
dependent upon t - - - 5 =z £(t) - .- - and the velocity was in

fact the exact rate of cha.nge of s with respect to t.

What is exact velocity if s = £(t) ?

Ve10011:y is the exact rate of change of s with respect to the change
in t.

exact velocity - Llim as _ lim f(t«At) - £(t) ds
Y2 pt—0 At T at—0 At &

Now instead of a freely falling body let's consider the flight of
a projectile. Suppose the object is pushed upward with an
initial velocity of 32 ft/sec. With no gravity or air resistance,
how far upward would this object rise after 1 second? .

- - - . - - - - - - . - - = - - - - . - e = - - -

32 feet

2 seconds?

t seconds?

32 t feet

18.

Now we have the positiv'e vertical compo'ﬁent of the distance from °
ground zero, 32 t. But we must consider gravity for surely

-gravity will pull it back towards earth. But with what force?

(When it falls back to earth, it is a freely falling body. )’

. the force of the freely falling body: -1_6t2'

Putting the components of-the discussion together we see that
the p051t1ve vert1ca1 component.is 32 t and the negative vertical
component is 16t2, You can now represent the height of the
object at any time t after launching. : Do 80,

----...._..-;--_---.. _____ -, o m m om e m e

8.5 32t~ ‘16t‘2 T
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20.

21.

22,

T 23,

24,

i,
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L.“-However, we can still represent the velocity at any given time t
by ds/dt. Can we use this velocity for any purpose‘? Let's see,
+ As the object is climbing surely the velocity is decreasmg, and
; as the object is descending surely the velocity is increasing. But

what must be true of the velocity at the exact instant the object
is at the top of its flight?

- . - - - - - e = T . - - - - - e - - e s ! - L ]

' . The velocity must be zero.

What condition must be true if ds/dt - 0?

The object must be at the top of its flight. -

So, if you force ds/dt - 0, .you are 1n effect formng a restriction

on t. You are 1n51st1ng that at t = seconds ds/dt = 0 or the

velocity be zero. For what value o?t is ds/dt = 0 if s = 32t - 16t2?

- - - e W .= - - - - - - - o - - - m oam e - - - - o e e
’

t = 1 since 32 - 32t = ds/dt =

.So at What time after launch is the object in'the prev1ous argument

at the top of its flight?

- - - - - - - R ™ - - - . - - e - - - - - - - -

t=1

.As a corollary to the problem, suppose you wish to know the

maximum height attained by the object. You can see that this is
easily calculated by imposing the time of maximum helght on -’
s = 32t - 16t2, Do so. :

- - _ o e - - - - - - - - - - - - - e e - - - - - e e -

= 32(1) - 16(12) = 16~

Now let's be more: general. Suppose the initial velocity is not
+32 ft/sec but instead is vq. . If again the negative vertical .
component is gravity alone, represent the height of the obJect
above ground zero at time t. o

.._......-.............‘..“.,-......,.........‘._..“-..-‘.._..

RS —'16'1:2 B
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Using s = vt - 16t% calculate the time at which the maximum
height is reached. :

ds/dt = v, - 32t. Thus at t = vo/32 the maximum height is
reached. :

Now calculate the maximum height reached when t = v_/32.

= vo(vo/32) - 16(vo/32)?

Hence, if one needs to have the object rise to a height h,, a
meaningful question is: with what initial velocity must the
object be pr Zpelled upward? Find this velocity., (Remember:
s = vot - 16t is the distance above ground zero.) ' -

- - - - - - o - - - - - - - - = - - - - - = - - -

. 2
h /32) - 16(vo/32)% so vy~ = 64 hy or vo = 8(H,

8 z hy = vo(vo

The answers to two interesting questions can be obtained with
little additional effort. First, at what velocity would the obje ct
strike ground zero?- Second, how much time is involved in the
ascent? the descent?

To find the answer to the first of these questions consider the '
§n1tude of s when the object strikes ground zero if s - v_t - :
16t Then calculate the time which would elapse before the
object returns to ground zero. Do this, :

0 = vot.- '16t2 means t -Oort-: v0/16. Thus at t = vo/16 the
object réturns to ground zero..

However, recall that ds/dt is always v,~32t. Hence, what would
be the velocity at the instant of impact? '

- L w e e we e e 8 o m w m e M m m e e e o e M o m em e =

 Since ds/dt = v -32t, ds/dt at the instant of 1mpact (t = v0/16)
¢ois v - 32(vg /16) =

i

Do you see! The 1r'npa',ct velocity is always the same in magnitude
as the launch ve1001ty. Now go after the second question of (28).

- - e - R . - e - . - - - - - e e - - -

e




30.

31I.

32.

33.
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t -0andt = v,/16 are the times when the obJect is at ground
zero. Hence, vo/16 seconds elapse over the complete flight.

-~ Simply calculate the time -when the object is at the apex of the
flight:

ds/at =0 = Vo © 32t.

But thlS means t = v_/32 is . the time elapsed in the upwa.rd

'fllght Consequently vo/16 - vo/32 - Vo /32 is the t1me consumed

in the return flight. .

How about that! Not only is the initial velocity the same in
magnitude as the terminal velocity but the time for ascent is
the same as that of descent! Now for a final consideration.

. Suppose the projectile is launched not at ground zero 'but at a

height h feet above ground zero. Now you must insist that
s - h whent = 0. How can you do this if the initial velocity
again is v, and the pull of gravity is still present? Do so.

- - - - - - - - - - - e e - - - - - - - - - e o - - - -

s = vgt - 16t + b | SR

Attack the questions.in ordér. How'high will the projectile rise? -

This question is equivalent to: _When is the velocity 07?
Thus ds/dt = 0 = vg - 32t. -
Consequently, t=v,/32is the time of maximum height.

.80 5 = vo(v,/32) - 16(v /3?) + h is the maximum height reached.

‘the response in (26).

How should the answer in (31) compare with the answer to the
corresponding question if the projectile is fired from ground zero?

When fired from gr'ound zero the maximum height should be h
feet less than when fired from h feet above ground zero.. Check

Of course, the discussion above has been entirely centered about .
projectiles, etc. However, the application is not restricted
there. . Indeed, the idea is much more far reaching because
thousands of problems identical in nature to this c0ns1derat10n
merely await the investigation 6f the reader.




34.

35
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Let's take a few examples and see how the nature of solution is'
identical to the thinking we've just experienced.

First, consider the growth of a plant. Suppose the growth is
dependent entirely upon time. Notice that G = £(t).

In fact let's insist (for the sake of a problem) that the growth is
twice the square of the time diminished by } the cube of the time.
(perhaps the natural growth characteristics account for the

2t2 and the soil food depletion accounts for t2,)

Represent the growth of the plant, G, at any given time t.

G = 2t% - i3,

Now calculate the time at which the plant ceases to grow.

dG/dt - 4t - 3t2/2 = 0. Thus the plant ceases to grow when
t - 8/3.

Assuming G is measured in centimeters, how tall does the plant
get to be?

G = 2(8/3)% - L8/3)3.

You see! The problem is exactly the same as the one involving
projectiles! Now try one involving a little geometry and trig-
onometry. Suppose a ship launches a torpedo at an angle 6 from the
course of the ship. Take the speed of the torpedo to be 60 ft/sec
and the speed of the ship to be 40 ft/sec. The question we ask is:
how fast are torpedo and ship separating after five seconds?

First, draw a figure and label the relevant facts.

Distance ship has traveled
Distance torpedo has traveled
Distance from ship to torpedo
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OK. In most related rate problems, such as this, it is usually
to the advantage of the problem solver to first draw a figure
representing the physical facts, label the figure with convenient
notation, and then answe r the question''what am I looking for?"
in terms of the figure. In this case if D is the distance between
the torpedo and the ship, in mathematical symbolism just what
is it you are after?

dD/dt

Now that you know what it is that you are after, let's proceed
to get it in an orderly manner. Obviously the question is: how
could I get dD/dt? The answer lies at first in representing the
physical situation in terms of a mathematical relationship.

Let's take stock of what we know. First, the angle 6 is fixed
for a particular problem. But what of the distance the torpedo
and the ship travel? These distances constantly change - but in
a specified manner. Can you represent the distance the ship
and the torpedo are from launch point at any given time? Do so.

S = distance of ship from launch point - 40t, t in seconds
T =distance of torpedo from launch point = 60t, t in seconds

Indeed, in this case you need to know the relationship of three
sides of a triangle when two sides and the included angle are
known.

N

[
>
s

First, is the traingle well defined
triangle defined for 6, S, and T?

Yes

That is, is one and only one

But there is a trigonometric fact which relates D, S, T, and 6.
It is the law of cosines: a’ = b%4c2-2bc cos A. Represent our
problem by stating the relationship 6,S, T, and D have to one
another.
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D% .8% 4 T2 28T cos 8 D A

41. Expressing the relationship in terms of time alone one has ... .

- e e m m m m m e e m m m m e o o s m e m e e e o e mow

= (40t)2 + (60t)% - 2(40t)(60t) cos ©

42. Remember, 0 is a constant for a given launching. Now you
should be able to get dD/dt. Do so. (leferentlate 1mp11c1tly )

(2D) dD/dt = 2(401:)40 + 2(60t)60 - 2 cos 6 [401:(60) ' 60t(40)]
or -dD/dt = 40t(40) + 60t(60) - cos © (2400t + 2400t) .

D )
1600t ¢+ 3600t - 4800t cos ©

-

NT20E)2+ (60t)2 - 2(40%) (60%) cos ©
5200t - 4800t.cos O

PR -

V52002 - 4800t2 cos

Y 5200 - 4800 cos ©
-‘l‘]\
Ji R
I
43, /% But dD/dt represents the rate at which the distance between the
"* torpedo and ship are separatmg Since the value dD/dt is
;'. 7 independent of t (i.e. is constant), how fast are the ship and the

o # torpedo separating after 5 seconds?

v E

" Y5200 - 4800 cos © ft/sec

44, Now let's slightly modify the problem. Suppose the ship drops a
‘marker in the sea, travels 100 feet, and fires.the torpedo as -
before. Now the question becomes: how fast are the torpedo and
the stationary marker seéparating at any glven time - say one second

later ?
Draw a figure representmg the physlcal s1tuat1on,

———————————————————
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>
>

Again take D to be the distance from the torpedo to marker, and
again use the law of cosines to establish the proper relationship

among the variables.

D2 . (60t)% + (100)2

2(100) (60t) cos (180° - 8)

Since cos (180o -A) = - cos A, the relationship in (45) can be
simplified to: ... .

D2 - (60t)% + (100)2 + 2(100) (60t) cos ©

-

Again you want dD/dt,so go get it. (Differentiate implicitly, )

2D dD/dt
So dD/dt

2(60t)60 « 2(100)60 cos 6.
(60t)60 + (6000) cos ©

Y (60t)2 + (100)2 + 60t(100) cos @

Notice that this time dD/dt - f(t) is not a constant as was
experienced before. So the question is: what is dD/dt at the
instant t = 1? Do you see? It is merely f(1). Find dD/dt at
t-1.

dD/dt - 3600 + 6000 cos ©

Y TO000 + 3600 + 6000 cos 6.

Finally let's try one more type of problem. Suppose a fluid is
being poured into a conical reservoir --- the dimensions of
which are indicated in the diagram. If the fluid runs into the
tank at the rate of 3 cu. ft/min, we want to know how fast the
fluid level is rising. (See figure on next page)




Since you are interested in the volume at an arbitrary time, you
probably will want to look at a figure depicting the volume of the
fluid at an arbitrary time. Such a figure is:

S5

v

Now using this figure, represent the volume in terms of r and h.

V = 17/3 rzh

50. Now in terms of t‘he variables in this formula, what do you want ?

dh/dt

51. At this stage of the game you can proceed one of two ways. Let's
take the direct route first. Since the radius of the top of the cone
is 10 feet and the depth of the cone is 20 feet, what is the ratio

of r to h? (Notice that this ratio remains constant for any depth

of fluid.)
r/h - %
52. Thus you should be able to solve for r in terms of h. Do so.
r = h/Z
53. But this gives you a way to represent V, the volume of fluid, as

a function of h alone. Do so.

V= (®/3)(h/2)%h - ( T/12)-h3
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54. Hence V z i(h), Can you proceed to get dh/dt from the above

formula ? Do so.

av/dt = ( Tr/4)h? dh/dt or dh/dt - 4/( #n?)- dV/dt

" BB, You are in the home stretch. What is the numer1ca1 value of
: dV /dt?

56,7 Now calculate dh/dt at the instant h - 5.

;© dh/dt =(4/25®).3 = 12/257

57. Going backto V = /3 rzh you should notice that V, r, and h
' are all functions of t. Thus you see that each of these variables
is differentiable in terms of t. Now differentiate V - ( #/3)r2h
implicitly using the product formula on the right side.

- - - - - - - - - - - - - - - = e - - - - - - - - - - o = -

av % dh -, 0 dr ),

'\_Ht_-s'“a? ot

58. Again call on geometry to verﬁ'y r = h/2. But can you solve for
’ dr/dt in terms of dh/dt using r - h/2'? Do so.

- - - - - - - = - - - - - - L - - - = - - - - - - e e - -

dr/dt = 1/2 dh/dt

59. By comb‘ihirig the results of 57 and 58 you are now able to
calculate dh/dt at any instant. Do so when h = 5.

e T @ 2 (3)2)-& s
!rpr dh/dt - 12/2517’ . The results thus prove both methods to be
"of equal effectiveness. .

-~ 60, To summarize the- method of solution of related rate problems
’ “ 1. Draw a figure. representmg the phys1ca1 situation and label it
kX appropriately. :
. 2. Decide what result you want in terms of the figure and
' ‘formulate this result in terms of a derivative.
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3. Select mathematical relationships which ‘involve your given
facts and will lead to the result you desire.

" 4. Differentiate the proper mathematical rela.tlonshlps so as
to involve the rates of change.

5. Substitute into the formula derived from the differentiation
‘such that proper initial conditions are satisfied

Using no more than two or three words for each step, reproduce
. the main idea of the above steps. :

1. Sketch figure. : .

2. Identify desired result. o A
3. Get math relationships. ' ' :
4. Differentiate.

5

Substitute for- condltlons.

"
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Lesson IX .

INCREASING AND DECREASING CONTINUOUS FUNCTIONS

The knowledge of the manner in which functions behave is of

. crucial importance to one who must be able to think and reason
- in terms of functions. Consequently, this lesson is designed to

cover some ma.jor aspects of functional behavior.

This lesson is written to instruct you on some of the major aspects
of :

functional behavior

j';-To start with let's straighten out some notations and definitions.
‘First, there is the open interval and the closed interval. The

;“,bpen interval from a to b is denoted (a,b) whereas the closed
“interval from a to b is denoted [a,b). Algebraically (a, b) means
»all real numbers, x, from a to b exclusive of each: a 4 x < b; and
" {a, b} means all real numbers, x, from a to b 1nclus:Lve of each:

ca ¢ xX ¢ b,

.Using thése straight lines as number iin_es'-sketch-(a,-b) and [a., b .

. (a,b): ' Coo
. a b -
la,H
a b
. (a,Db): ) (. e ¢ —)
a b ' a b

Now what is a decreasing function or an increasing function? Let's
define an increasing function and the other should be easy. Suppose
we have y = f(x) defined over fa,b] . Then we say that y = f(x) is
an increasing function over Ea.,b] if and only if for.all x

[a,b] andallx, in [a,h] wherea ¢ x;< % ¢ b %ollow's
that f(xz) > £(x, ). Technically it sounds tough but con51der the
geometric counterpart (flgure 1) , ‘




/\u‘ Fise. I
te>
P
‘F(h) ﬁ*l)
o x' X, b ; ,t

Now you look at figure II and define a decreasing function over
(a, b).

y = f(x) is a decreasing function over (a, b) if and only if for
all xj in (a,b) and all x, in (a,b), f(x;) < f(x;) whenever
X1 < X2.

Once we have a definition of an increasing or decreasing function
over an interval it is an easy matter to nail down what we mean
by an increasing or decreasing function at a point. Let's do it.
We say y = f(x) is a decreasing function at a point X, if and only
if there exists a positive real number § such that f(x) is
decreasing over (x - ' X+ G

Now you define an increasing function f(x) at the point x.

f(x) is an increasing function at X if and only if there exists a
positive real number & such that® f(x)-is increasing over
R ERCT S S O

What we really need now is a convenient test which we can impose
on a function y = f(x) to see if it is increasing or decreasing at a
point. So let us design such a test. Again seek the test through
the geometric consideration: b

P

& Xo b
Do you see that according to our definition of increasing functions
at a point that we really want the slope to be positive? Or stated
slightly differently, we want the to be positive at that
point.

derivative

Indeed, it would seem that a positive derivative at a point would
imply an increasing function. Let's try to prove this. Suppose
y = f(x) is defined over (a,b) where a < x 4 b and f' (x)) > 0.
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. Let's prove y = f(x) is increasing at xq.

. What are the hypothe sis and conclusion of this theorem? What

is "given' and what is '"'to be proven' ?)

- - m e e m e = = o= e I R I - -

Hypothesis: 1., y - f(x) is defined over (a, b) where a < x5 4 b

2. f'(xo) >0
Conclusion: = f(x) is an 1ncreas1ng functlon at - Ko
But f'(x,) > 0 means: (1)‘ - lim -+  f(xg+h) - f(xe) 5 0 and
. f(xg+h) - £(x)
(2) lim | o > 0.
h—0- h

- . In the first case h > 0 means f(xo+h) - £(x5) > O too.

But what does this mean as far as the relative size of f(x +h)
and f(xg) are concerned?

f(xg+h) > £(x,).

. In case h 4 0, what is the condition imposed on the relative size

of f(x,+h) and f(x) if lim f(xg+h) - £(x4)
' h—>0" 1y 7 0?

£(xg+h) < £(x,).

Now put the results of steps 5, 6, 7, and 8 together and state the
size of interval which is insisted on in step 4 and which is

. guaranteed by:

lim  f{x +h) - f(x,)
h—=0 S h

‘exists and is positive. Remember:

lim  £(x) = £(a) if and only if there exists a § > 0 such that
X -¥a '

- [ £(x)- f(a)l L€ (a.rbltrary but p051t1ve) whenever 04 x- a\( s .

- - ~ em m e mm e em e o CLwm e B em  wa ' me m e owa s owm e - - - - - - -

N

We are a.ssured of the 1nterva.1 (xo-' f s xo + § ). Thus the .

:f_lnterva.l is 2 & units wide.
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You see! It all goes back to the definition of a limit. That is, if
lim f(xoh) - f(x)

h-=0"*- »0, this means there exists an interval to
h
. f(x_+h) - f(x . '
the right of x, where (o +h) - £xo) > 0 (in fact.we are sure this
h

interval is § units wide where the §.is the same § guaranteed in
the definition of the limit.) Certainly, if f(x +h) - £(x)
and h > 0 this means f(x +h) - f(x,) > 0 or f(x_+h) > f(x

ol

. Over what interval are we sure that f(x_+h) » f(x ) if

lim f(xo+h) - £(x,)

Correspondingly lim _ f(x_+h) - f(x) X
h-0"" iR >0 implies the existence

of an interval to the ' of xo,' the width being Yy
- i(xgth) - £(xg)

h
denominator is and hence the numerator f(xo +h) -

such that )OII also. But on this side of x the

f(xy) is . Which means is smaller than

left, f s negativé, negative, f(xo+h), f(xo).

All in all it is clear there exists an 1nterva1 of K un1ts wide on

each side of x| where f(x) is increasing.

How wide is the interval on ea.ch suie of x, where f(x) is known to
be-increasing? : :

- e me s e e e we e m m om m me e L em m w mm w s  m oml ok m m m em m e
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Clearly we have analytically proven that a positive derivative at’
a point implies the condition of an increa sing function at that
point! True, you may say that the whole argument is pointless
since obviously a positive slope indicates an increasing function.
' Solid, logical reason
must be used to prove the fact. Don't be led to accept even the
seemingly obvious without proof! The person who accepts the
above theorem without proof as being obvious is using

and is not dependmg on the cold, ha.rd truth which

delivers. :

intuition, logic or reason

‘that for increasing functions.

Of course, the argument for decreasing functions is parallel to
Recall that:

(1) £(x) is defined over (a,b) where a <xg < b

(2) f' (xo) > O

given:

results in: y = f(x) is an increasing function at x.

Now you state the ''given' and ''to prove' of the correspondlng
case for a decreas1ng function at x ..

Given: (1) v - f(x) is defined over (a,b) where a & X, ¢ b
(2) f'(xo) <0
to prove: y - f(x) is a decreasing function at X,

-~

Since the proof to the suggested theorem is exactly parallel to the
one previously given, we'll not retrace the steps. Let's merely
apply our understanding of increasing and decreasing functions to
entire intervals instead of merely at points - such as x,. To do
this we merely demand that for f(x) to be increasing over (a,b).
it must be increasing at every point xj where a < x; < b. How
would you insist that f(x) be decreasing over (a, b)?

f(x) must be decreasing at every point X, where a < xi < b.

)

You see! We first got increasing functions at a point and then we

- expanded the thinking to cover an interval, just as we did with the

derivative and just as we did with .continuity! Very frequently this
is the pattern with analysis of functions: first we get a property
of the function at a point and then we expand the property to cover
an interval. : :

What is a common approach when one attempts to prove a property
of functlons'?
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First get the property at a point. Then expand the property to
cover an interval.

Now let's move on to another topic. Let's take a look at some of
the critical values which a function may achieve. Indeed, consider
the extreme values which may be assumed by the function. In
order to be certain of precise thinking let's carefully define what
we mean.,

By a relative (or local maximum) we shall mean any one of the
ordinates of y - f(x) which obeys the following prerequisite:

if f(x,) is a relative maximum, there must exist some {> 0
suth that f(x) > f(x) for all x in a - neighborhood of x .

That is, there must exista & - neighborhood about X0 such that
f(xo) 3> f(x) for all x in the &- neighborhood of x .

As a simple graphical illustration consider:
0’{(\‘&)

f(x.) > f(x) forallxina §-
neighborhood of x .

%~ § % Kot &

Now you define a relative minimum.

f(xo) is a relative minimum if there exists some §> 0 such that
f(xo) ¢ f(x) for all x ina £ - neighborhood of x.

As a final thought consider f(x) to be defined over the interval

[a,b] . Certainly f(x) may have an ordinate at x - a which is
greater than the ordinates to its right. We would thus like to
consider f(a) to be a relative maximum. Therefore let us amend
our definition in (16) to include the special case of a relative
maximum at x = a: in case f(a) > f(x) for all x in a right-handed

§ - neighborhood to x = a, then f(a) is denoted to be a relative
maximum.

Now you state an amendment which will cover the case where f(b)
is a relative maximum. (The situation where f(b) is a relative
minimum is similarly worded.)




18.

178

In case f(b) » f(x) for all x in a left-handed §- neighborhood to
x = b, then f(b) if denoted to be a relative maximum.

Consider a few preliminary questions to be sure you have the idea

well in mind.
(a) for y = x“ over [-1,1] what is a relative minimum ?
(Sketch it, ) )\7

- x2 over (-1, 1) what is a relative minimum ?

*D
L)
o
H

A
1

x over [0, 1] , what is a relative maximum? (Sketch

4A

0
S
Hh
o]
=
<
1

it.

(d) for y = x over (0, 1), what is a relative maximum? Careful!

There is none since for 0 < x4 < 1 there always exists x; where
0 ¢ X, <% ¢1 and f(xy) > f(xg).

2 ;
(e) for y = x over [-1,1) , isthere a relative maximum and
where does it occur ?

relative maximum is at x - -1 and is 1
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Now we are ready to state and prove a theorem. Suppose f(x) is
differentiable over (a,b). (Certainly this implies continuity over
(a,b).) Suppose our function y - f(x) does in fact achieve a
relative maximum or minimum somewhere in (a,b). Consider
this graphically. What would happen to the slope at the relative
maximum or minimum ?

B = e
@« R = s

The slope should be zero.

Now consider the converse: if the slope is zero, the curve should
achieve a relative maximum or relative minimum. This would
intuitively seem to be true at first glance. Furthermore, this
would be a good way to analyze a function if it would work. So,
let's see if we can get it. Complete the theorem you wish to
have: if y - f(x) has a continuous derivative over (a, b) and if
f'(xo) - 0 for some a < Xq ¢ byathen: . i

f(xp) is a relative maximum or minimum.

But hold on. The theorem may not be true! It takes only one
counter example to prove its invalidity., Consider y = x3. 3Surely
y' = 3x2 is zero at x - 0. But what about the slope of y = x” for
all non-zero x?

- - - - - - - - - - - - - - - - - - - - - - - - - - - -

slope of y - x3 is always positive except at x - 0.

Thus did the theorem of (20) hold? Certainly £'(0) - 0.

- Theorem did not hold. £(0) is not a relative maximum or minimum.

Well, we lost or intended theorem, but don't lose faith. Perhaps
we can salvage the converse. Finish the statement of it: if y -
f(x) achieves a relative maximum (minimum) at x, when f(x)

has a continuous derivative over (a,b), then f'(x,) = and
f(x,) is the

0, relative maximum (minimum)
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Now for the proof. Suppose f(x) achieves a relative maximum at
Xo. This means: f(xg +h) - f(x;) € 0 for all h < § where the ¢
is the same § guaranteed by the derivative. Now consider:

lim f(xo+h) - f(x_) 1i 1 h) - £
(1) h _'0* s ¥ and (2) 1:1_,0' (xo’ ) (XO)
h h
In ca 1yt h) - 1
fosnae: (At dixg )h (*o) ¢ 0. Why? Remember: h—>0*.

\
- - - - - - - - - - - - - - - - - - - - - -

f(xo+h) - f(x;) € 0 and h > 0 implies  f(xy+h) - f(x,) P

0
h
lim f(x,+h) - f(x,)
e h->0* - o 2 ¢0. Now focus on case (2):
lim f(xo+h) - f(xg) : ‘
¥R v h ° .  Certainly f(xg+h) - f(x,) <0 again.

But this time h < 0. So what do you conclude about f(x,+h) - f(xo) "
h

f(xo+h) - f(xo)

-
h

Now what statement can you make regarding lim _ f(x_+h) - f(x)
h=>0 &

lim f(xgy+h) - £(xo)
h=-0" R ke

- - - — - - - - - - - - - - -

But in the general derivative the left hand limit and right hand
limit must be the same! Consequently, what can you conclude with
respect to lim f(x,+h - f(xo)

h->0
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lim f(xo+h) ~ £(xg)
h=>0 T -

Stated slightly differently what must you conclude about f'(x)? .

- .. - . - - - . - e - e - e - - - - = = - - s e - = - - -

OK. Let's review ourrle.arning. (Assume f(x) to be’differentiable

over (a,b) anda < x, < b. ) '

1. If £'(xo) = 0, this does not necessarlly mean f(x.) is a
relative maximum (or m1n1mum)

2, Iff(x.) is a relatlve maximum (oxr m1n1mum) then f'(xo)

If f'(x,) = 0, certainly it could be-true. that f(x,) is a relative
maximum (or minimum). Give an example of such a case,

2 over (-1, 1).

On the other hand if f'(xo) = 0, it may not be true that f(x.) is a
relative maximum (or m1n1mum) lee an example of such a

. case.

Yy = x3 over (-1, 1).

However, one can always claim that if f(x ) is a relative maximum
or minimum then

£1(x0) = O.

. Now let's apply what we've learned to a few problems. If given

y = £(x) over [a,b] ., our first inclination is to differentiate
so as to get f'(x). By setting £'(x) = 0 we may find some critical
points - but each has to be checked out. F"i?fally, we check f(a)
and f(b) for relative maximum and relative minimum values.

. Using this as a basis find: a11 relative maximums and all

relative minimums of y'= x /3 - 4x + 2/3 over [-4,4] .
Sketch the curve. :
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Rel. max: 6(occurs at x = -2, 4)

Rel. min: -14/3 (occurs at x - -4,

2)

Modlfy your answers in (30) if the interval is changed to (-4, 4).

Rel. max: 6 (occurs at x - -2 only)
Rel. min: -14/3 (occurs at x = 2 only)

Modify your answers in (30) if the interval is changed to [ 3, ‘ﬂ

Rel. max: 6 (occurs at x - -2, 4)
Rel. min: 3 2/3, - 14/3 (occurs at x = -3, 2)

Modify your answers in (30) if the interval is changed to (-3, ‘g

Rel. max: 6 (occurs at x - -2, 4)
Rel. min: -14/3 (occurs at x = 2)

Modify your answers in (30) if the interval is changed to (-3, 4).

Rel. max: 6 (occurs at x = -2)
Rel. min: -14/3 (occurs at x = 2)

Modify your answers in (30) if the interval is cha.nged to [ S5 3]

Rel. max: -2 1/3, 6 (occurs at x - 3 -2)
Rel. min: 3 2/3, -14/3 (occurs at x = -3, 2)

So far in our discussion we have been careful to insist that f(x) be
differentiable over (a,b) and that our consideration of maxima and
minima be restricted to this well-behaved region. However,
suppose f(x) is not differentiable over (a,b). We should wonder
how the maxima-minima situation could then be altered.
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Consider y = | x| over (-1, 1). Certalnly this curve is not
d1f£erent1ab1e ‘at (0, 0) and yet £(0) is certamly a relative minima,

Can relative maxima (or minima) occur at a point x, even though
f'(xo) ¥ 07 :

- - - - - - - - - - - - - - - - em - - - - - e s s -

Yes.

How?

- - - - - o = - - - - e - - e — R - - - - - e e - -

If the function is not differentiable at a point, it could very easily
happen that f evaluated at this point is a.relative maximum (or
minimum).

Give an example of a function which has a relative maximum at
(0, 0) but whose derivative is-not zero at this point. -(Hint:
consider y = | x1 .)

N

One such example is y = ~ | x|

Thus, we should summarize our findings so far:
1. If yv - f(x) is differentiable over (a, b) and if f'(xo)
when a<xo< b, then f(x ) ... ..

LUB
o

need not but may be a relative maximum or minimum.

2. If y = £(x) is differentiable over (a,b) and if £(x,) is a
relative maximum or minimum when a <« Xo < b, then
what is true of £'(x,)? -

CE' (XO) = 0

3. If f(x) is a continuous curve over (a,b) under what conditions
could a relative maximum or minimum occur at Xo where
a <x0 < bandf'(x ) x 07

Only if f(x) is not differentiable at x.
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Whereas it is true that setting the first derivative equal to zero |,
may or may not lead one to the discovery of relative maxima

or minima one should hot discount the process as ent1re1y
valueless. For example 1fy = (x- 3) (x 4) (x~- 5) » possible
candidates for relative maxima or minima are x =3, 4,5
because as x takes on these values, f'(x) = 0.

‘What are potential maxima or minima if y' = (x—Z)3 (x-3)4 (x+4)5?

- 2’ 3, "4

Now we must see if we can devise a means whereby maxima and
minima can be identified if the f1§st der1vat1ve51s known. Again
consider the example: y!' = (x-3) (x 4) (x- 5) Clearly the

slope of the curve at the point x is given by y'. Now let's examine"
this slope around each of the points 3, 4, and 5.

Our procedure is to e,valuate'theslbpe just to the right and left
of each value of x which causes the first derivative to be

- - - - - - - - - - - - e - - - - e w - - - om wm = - - -

zero,

-

Consider x < 3,
If x £ 3, x-3 <0, Hence (x- 3) < O
Ifx < 3, x-4 < 0. Hence (x- 4)
If x <3, x-5 <0, Hence (x- 5)5< o
hus (x- 3)3 (x- )4 (%-5)5 is . than zero.

- - - - - - - - - - - - - - - - - - - - - - e - e = - -

greater

What is the slope of the curve in question to the left of x = 3?

e

m >0

Now for 3 < x
Ifx > 3, x- 0. Hence (x- 3)3> 0.
Ifx < 4, x- 0. Hence (x- 4) > 0
fx <4, x- 0. I—Ience (x-5)

Thus (x- 3)3 (- 4)% (x- 5) - thah zero.
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What is the slope of the curve in question to the immediate
right of x = 3?

m«<20

If the slope to the left of x = 3 is positive, to the rlght of x = 3 is
negative, and is zero at x = 3, what do you conclude must be the
nature of the curve at x = 37

The curve must achieve a relative maximum at x= 3.

. What about the slope to the right of x = 57

Now let's try x = 4.
If 3 <x <4, we have already found the slope to be negative
from (43).

4 <x< 5 (x-3)35>0, x-4%>0, (x-5)°< o.

Y

Thus the slope of the curve to the right of x = 4 is .

- L Y - - - - - - = - - - - - - - - - - o = e - - - - -

negative

But if the slope to the right of x = 4 is negative, to the left of
= 4 is negative, and the slope is zero at x = 4, what can we

conclude about the nature of the curve at x = 4?

We cannot assert that a relative maximum or minimum is

achieved at x = 4.

- - e e e e - o e e - o - - - — - - - - - L - e e e - -~

The slope to the right of x =.5 is positive.

What can you conclude about the nature of the curve at x = 5°?

5.

The curve has a relative minima at 'x

Use the foreg01ng method go discover relative maxima and minima
iy s (2-2)3 (234 (evd)

R . L I T T - - o be . wm am o ke lamt s S e W e e e - -
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Since m at x < -4 is positive and m at -4 <x < 2 is negative,
the curve in que stlon must achieve a relative maximum at

"X = -4,

- Since m at 2 < x < 3 is positive, the curve in questlon must
-achieve a relative minimum at x - 2.

Since m at x > 3 is positive, we cannot assert the curve
achieves either a relative maximum or minimum at x - 3.

So - despite the fact that setting the first derivative equal to
zero may be fruitless, in attempting to identify relative
maximum or minimum points, an analysis based on the first
derivative may sometimes clearly identify such critical points.
Hence we should make certain we clearly understand the role

. of the first derivative in determ1n1ng relative maxima and

minima.

1. Does finding those values which make the first derivative
equal to zero guarantee that each of these values is
either a relative max or a relative min?

no

2. If a relative max -or min occurs at a point x_(where
a <x,<b and £(x) is differentiable over (a,qb)), does
this mean the derivative must be zero at x,?

- . - - - - e - - - - - - - . - - e m - - e = - - - -
' 3

yes L '

3. - Can a relative max or min occur at a point and the
derivative not be zero at that point?

yes

4. ' State two ways this could occur.

1. A rel. max or min could occur at the end of a closéd
interval where the derivative is not zero.

2. . A function may be continuous but not differentiable at
a point and thus a rel. max or min could exist at the
point despite the fact that the derivative is not zero' at

" the point. ~
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5. Can you sometimes use the first derivative to find
relative max or min at points where the first derivative

is zero,

yes

- - - - - - - - - - - - - - - - - -

6. How?

- e - . e - - - - e e = - - - - o= e e

Examine the slope to the right and left of the point to
determine relative max or min conditions.




Lesson X

ROLLE'S THEOREM AND THE MEAN VALUE THEOREM

A foundation stone to a great deal of theory in the calculus is the
Mean Value Theorem. It is a key to many important concepts
which are basic to the calculus. Consequently we will point

our investigation in this lesson towards a comp lete mastery of
this vital theorem.

What theorem is this lesson concerned with?

Mean Value Theorem

However, in order to prove the Mean Value Theorem one needs a
lemma. This lemma is called Rolle's Theorem. Rolle's Theorem
is in fact a special case of the Mean Value Theorem and it is
through Rolle's Theorem that the truth of the Mean Value Theorem
can be deduced.

Upon what theorem does the Mean Value Theorem depend?

Rolle's Theorem

So let's start with Rolle's Theorem. Let's prove it first and then
dispense with the real object - the Mean Value Theorem.

What theorem are we ultimately interested in proving in this lesson?

Mean Value Theorem

Very loosely stated, Rolle's theorem says: if a continuous function
has the starting and ending ordinates both zero, then there must
exist at least one place somewhere between the starting and
finishing points where the slope of the curve is zero - providing

the curve has no sharp peaks. Geometrically the picture is:

N LN
| 4 T

where the starting and ending ordinates are at (a, o) and (b,0). You
will notice that the curve seems to be continuous over the interval.
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Where would you pick the abscissa(s) such that the slope(s) of
the curve evaluated at this (these) point(s) would satisfy Rolle's
theorem ?

Do so on the previous figure.

KM‘D/. I ; Xy [E\(L'O)>x
l % ML *3

Although we need to fully understand all three of the conditions of
Rolle's Theorem, we shall first concentrate on those which are

least obvious: (1) f(x) must be continuous over [a, b); and (2) f(x)
must be differentiable over (a,b). Let's consider continuity first.
Suppose y = f(x) were discontinuous at X, where a < x, < b as is
illustrated

Pick points at
x1’ Xz, X3-

In this case is there a point ( § » 0) between a and b where f'( § )
=07 ;

no

Second, the curve will have to be a smooth curve possessing a
derivative everywhere over (a,b). Suppose for purposes of
illustration that f(x) were not everywhere differentiable over (a, b)
even though continuous over fa, b].

Certainly this could happen as is illustrated:

%—/\67 o

What is the value of the derivative (slope) at the poirt of the cusp?
(Remember, we seek a point between a and b where the slope of
y = f(x) is zero.)

The derivative (slope) does not exist at the point of the cusp.
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Thus in the illustration is there a p01nt ( "f' » 0) where f'( ? )= O

and yet a < ? <b?

no

So, technically stated Rolle's Theorem says:
If (1) v = f(x) is continuous over [a, b}, :
(2) v = £(x) is differentiable over (a b),
(3) f(a) = f(b) - 0; ‘

then there exists a number E where a< % ¢ b such that £( %)
= 0,

What are the hypothesis of Rolle's Theorem? (Refer back to the -
above figures if you need to).

1. vy = {(x) is continuous over (a,b).

2. vy = f(x) is differentiable over (a,b),

3. f(a) = f(b) = O.°

What is the conclusion of Roll(e's theorem ?

There exists a point ( § ,0) where a < ¥ < b such that £'( §) = 0.

.Now reconsider the hypothesis and conclusion in the spirit of

honest evaluation. You will see that although figures aid the
understandlng really no figure is needed for the theorem. The
theorem can in fact be stated with no reference to a figure at all.

. Indeed, the argument can be made entlrely on the basis of the
¢+ real numbers alone.

. Is a figure really needed to state Rolle's Theorem?

- No

Now let's get the proof. On the basis of the hypotheses clearly
either one of two cases exist: (1) f(x) 2 0 for all x over [a,b} or
. (2) £(x) $ 0 for all x over (a,b] .

What could be the nature of f(x) under the. hypotheses ?

(1) f(x) = or-all x over [a,B) or ;

" (2) £(x) $ for all x over (a, bJ.
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If f(x) = 0 for all x over (a,b] then § can be very easily chosen.
Where could you choose % such that f'( ¥ ) - 0?

Choose § anywhere between a and b.

If f(x) ¥ O then our task is a wee bit more touchy. If f(x) £ O
then either f(x) > 0 or f(x) < 0 somewhere over (a,b). But in
either case f(x) must achieve at least one maximum or one
minimum value over (a,b). (Actually this statement itself begs
to be proven- - - and can be! - - -but the proof is beyone our
present means. However, intuition can be called upon to
guarantee its plausibility. If you don't believe it, go to step lla.
If you do believe it, continue with this step.)

What must be true of f(x) if f(x) is continuous over (a,b) and f(a) =
f(b) = 07 3

f(x) must achieve a minimum or maximum value somewhere over
(a, b).

Consider y - f(x) starting at (a, 0) and ending at (b, 0). Remember
y = f(x) is entirely differentiable over (a,b) so no cusps can be
encountered. Indeed, y - f(x) is a well-behaved curve. Draw a
curve from (a, 0) to (b, 0) such that it is continuous, a function,
and has a derivative everywhere between (a, 0) and (b, 0).

X

(@ 0) (b, 0)

/\"/\./?a possible curve satisfying the

(a, 0) (b, 0) conditions

11b.

You can see that no matter how you try to draw the curve it must
take on a maximum or minimum value somewhere within (a, 0) to
(b, 0). '

Can the curve take on both a maximum and a minimum valu€e over
(a, b) neither of which is zero?

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

yes
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Sketch such a curve.

a possible

/\ .
(a, 0) NG (b, 0) solution curve

llc. Return now to remainder of step (11).

12. But f(x) is everywhere differentiable over (a,b)! So what does this
mean about f'(x) at the abscissa where f(x) did achieve the maximum
or minimum value ?

f'(x) must be zero!

13.  So simply pick ; to be that abscissa where f'(x) - 0. What numerical
value is f'( ¥ ) equal to?
f'(g)=0

14. Where is § located with respect to a and b?

a €% ¢bh,

15. Do you see? We have proven the existence of a ¥ between a and b
such that f' ( £ ) - 0. Now restate the hypothesis and conclusion
of Rolle's Theorem to make sure you have it firmly in mind.

If (1) f(x) is continuous over (a,b)
(2) f(x) is differentiable over (a,b)
(3) f(a) = f(b) = 0
then there exists a number § where a < F <b such that f'( §) - O.
16. With this as a tool let's go after the big game - - - let's prove

the Mean Value Theorem. You ask what it is about? Well, loosely
worded it states that a continuous curve over some closed interval
the curve possessing a slope everywhere within the interval - has
at least one point on it within the interval where the tangent to the
curve at that point is parallel to the secant across the curve from
its starting point to its ending point. It's easy to see in terms of a
figure so let's design one.
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(1) Pick two points (a, f(a)) and (b, f(b)), in the space below.
(Pick them about 2" apart and not vertical or horizontal
since such a choice is most rewarding in terms of
illustration. Label the points with coordinates (a, f(a))
and (b, f(b)).

(2) Draw a smooth curve representing a function which is:
continuous over [_a,b] (has no breaks); and differentiable
over (a,b) (no cusps).

(3) Draw a secant line from (a, f(a)) to (b, f(b)).

‘})\

>z
A possible figure is:
4 4 (b,f®)
(a,f0)
>X

Now on your figure locate a point ( ¥, 0) where a < < b such that
the slope of the curve is parallel to the slope of the secant from
(a, f(a)) to (b, f(b)). Draw the tangent.

A possible solution is:

44 (4, Av)

(@, f@ '/ (5,

|
|

What is the slope of the secant from (a, f(a)) to (b, f(b))?

f(b) - f(a)

-a




194

19. What must the slope of the ‘tangent be at ( ¥, £{( ¥ )) (in terms of the
" derivative)? . '

- - - - - - - - - - - - - - - - -, - - - - - - - - - - - - -

£1 (%)

20. Now you should be ready to carefully state the Mean Value
Theorem. What hypotheses would you insist on?
(1) £(x) is continuous over (a,b)
(2) f(x) is differentiable over (a,b).

" 21. What would the conclusion be?
There exists a point ( ¥ ,0) where a< F < b such that:

f(b) - £
£(EY - _(__),E)___aiil.

22. Now state the -entire Mean Value Theorem.

- - . - - - - - - - - - - - - - e e - - - N ] - - -

I (1) £(x) is contim;.ous over {a,b]
and (2) f(x) is differentiable over (a, b), then
f (§) = _f(b) - f(a) where a < F < h.
—Bb-ma . '

23. 'Now for a proof. We shall reduce the entire argument to Rolle's
Theorem by carefully designing a function which fits the hypotheses
-of Rolle's Theorem but which in turn proves the Mean Value
+Theorem, So the task we face is to design such a function. Be-
'fore we actually design this mystery function-(let's call it F(x)
1. from here on), let's recall what its properties must be.
What three things must be true of F(x)?
(1) F(x) must be continuous- over {a,b),
. (2) F(x) must be dlfferentla.ble over (a,b), _
-~ (3) F(a) = F(b) =
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Now suppose we select F(x_,) to be the vertical distance between
the point (x,, f(x5)) on the curve y = f(x) and the corresponding
point on the secant line connecting (a, f(a)) and (b, f(b)) as the
figure below describes. Remember that y - f(x) is continuous
over (a,b) and differentiable over (a, b).

y b (%, Foxg) (b, Fie)

(a, 1)

I
|
What is F(x)? ;

A " B X

The length of the segment between the curve and the secant line.

Using a two-point form write the equation of the line joining
(a, f(a)) and (b, f(b)) and solve for y.

Now if y = f(b) + (x-b)

-a

or y = f(a) + (x-2a)

f-(b-) Y f(-a)- = y - £(b) f(b) - f(a) - f(a)
b-a x-b % b-a yx-a
hence
y = £(b) + (x-b) f(b) - f(a) |or y = f(a) +(x +a) f(b) - £(a)
-a =Y
f(b)-f(a) f(b) - f(a)

-a

represents the equation of the secant line, at xj what is the
ordinate to the secant line?

f(b)-f(a)
Yoo f(b) «+ (xo-b) b-a

f(b)-f(a)

or y, = f(a) + (x,-2) 2

Calculate F(xo) as (24) defines it.

F(xg) = f(xg) - £(b) - (x5-Db)

f(b) -f(a)
e D

or 'f(xo) - f(a) - (x4-a)

£(b)-f(a)
o T WA
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But let's look at F(x_,) more carefully., If X, were at a (xo - a),
what would be the value of F(x,)?

0 since F(xg) = F(a) - f(a) - f(b) - (a-b) f(b)_':(a) B

(Using the other equation for the line gives the same result.)

If x  were at b(xg, - b), what would be the value of F(x,)?

- - - - - - - - - - - - - - - - — - - - - - - - - - - - - - -

0 since F(x,) = F(b) = f(b) - f(b) - (b-b) f(b) -af(a) =10

(Using the other equation for the line gives the same result.)

It may be that F is the function we seek! To find out for sure,
define y = f(x) carefully over (a,b]. (We want a function which
satisfies Rolle's Theorem. )

f(b) - f(a)
F(X) = f(x) = f(b) = (X—b) ——m——— or.
Flx) o+ flx) - EaY < (xa). 22 :af(a)

Perhaps it may even be worthwhile to sketch y - F(x). Suppose

y = f(x) is as it appears in the sketch on the left. Now you sketch

y = F(x) on the right. y
(b, fib) 1

A

=
o
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OK. It appears from the sketch that y - F(x) will in fact fit the
Rolle's Theorem conditions. Let's check them one at a time.

- (1) First is y - F(x) a function over [a,b]'?

- - - - - - - - -~ - - - - - - e - e - - - - - - e e - -

yes

(2) Is y = F(x) continuous over fa, b)?

yes

(3) Is y = F(x) differentiable over (a, b)?

e e e s e e e e e m e e e e e e e e e R e m e m e e e - - -

Yes, because £(x) - £(b) - (x-b) £(b) - f{a)
-a

or f(x) - f(a) - (x_-'a) _f_(lo.zr'a_fﬁ 1(&; d;fferentia.ble over

(4) B F(a) = F(b) z 07

Yes, see steps 27 and 28.

So since y = F(x) fits Rolle's Theorem we are sure there exists a ¥
where a < §< b such that F'( ¥ ) = 0. But this means:

d/dx [ £(x) - £(b) - (xib) £(b) - £(a) |

5 a :‘Owhenx=f and a ¢§<b

or d/dx [£(x) - f(a) - (x-a) ﬂh%_aﬂ%l_] -Owhenx: ¥ anda <F< b

" Carry out the differentiation and substitution and ‘see what results.

- e e ma e e ma M e mm omm e M em e, w  @m e w M o o e M am m m m  m w=

£(F)-4b) -fa) _ o

-2

+Clearly f' ( ¥ ) = .ﬂ%—_{afj')— . for the exact ¥ that is guaranteed by

- Rolle's Theorem! The key ideas in the proof are two in number:
(1) we manufactured a function F(x) which obeyed. the conditions

of Rolle's Theorem; (2) we applied Rolle's Theorem to the
manufactured function to be assured of the ¥ where a <¥<b. Of
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particular interest is the fact that the whole argument can be
done entirely independent of any geometric consideration. When

- one departs from the concrete visualization to the abstract

analytic approach, .one becomes aware of the power of this id,ea. :

Can this theorem be proven :Lndependently of geometric con-
siderations ? :

yes

Well, 'you have proven the ¥ exists 1f given the function and the
interval. Let's see if you can find it. Suppose y - f(x) - x over

[l 3] Where is the ¥ guaranteed by the Mean Value Theorem ?

- - - - - - - - - - - - - - - - - - - - - - - e - - -

a¢< ¥ <b thus 1 < F<3 [anywhere in (1,3):(

Ify = f(x) = %% over (1,3), where is the § guaranteed by the
Mean Value Theorem? . Sketch the curve on scratch paper and
reconsider the problem. -

- slope of secant is 4 since (9- 1)/2 4

VoY x) = 2x .
ThusZ?: nd ?:2.

2
Now prove that for the parabola y - x over {a,b] the ¥ is always
midway between a and b. Sketch the curve on scratch paper and
reconsider the problem. -

bz 2 b+a.
f'(x) = 2x s "} z 2(b- aj -

|l

So you can find the ¥ given a proper function and interval. However,
the beginning calculus student may wonder as to the real value of
this theorem. Well, its use is largely theoretic. The Mean Value
Theorem is mainly used as a springboard to other 1mportant

theory. :

What is the main use of the Mean Value Theorem‘?

- - - e e - - - - - e - - - - - - e - cme - - o - - - .

‘A background of fact for other important theory.
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38. . Let's prove one very useful theorem by using the Mean Value
Theorem as a platform. Consider a function y - £(x) which
has a continuous derivative over [a,b] and which has a second
derivative existing over (a,b). The claim is that these conditions
when united with the fact that £'"(x) > o over (a b) are sufficient .

to guarantee that the sketch of y f(x) is concave upward over
(a,b).

What are the hypotheses of this theorem?

(1) vy = i(x) has a continuous derivative over [a, b]
(2) f"(x) exists over (a, b) .

(3) £'(x) > 0 for a < x < Db,

What is the conclusion?

: vy =z f(x) is concave upward over (a, b).

39. . On the ba51s of the Mean Value Theorem it can be said:

) - ) - £xp) ’
£(3) - 2 ! where a ¢ x7 < X2 £ b. Where is
S X2 - X
-ifi'vgr ¥ located?
T T e I
i
B IR

. 40.. Now consider the derived,funcfion. It can also be. said:
; £11( V\ ) = fY(x2)-£'( f—)
x2 - F
This is the mean value theorem applied to the first derived
function over [% ,x] .

Where f y V\< Xy. Why?

41. Order by using inequality signs a, b, X1s XZ’ ) Vl .as used in the
preceeding steps.

a & x3<F} < V\<x2 £ b
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Now in step 40 solve for f'( %)

f(g)-f(x)-f'wv\)(xz-; 3.

Taking this value of f'( § ) substitute it for f'( § ) in the equality
of step 39.

- - - - - - - - - - - - - - - - - - - - - - - - - — - - - - -

f(x;) - £(x;)

= f'0xp) - £ W) (xp- B )

XZ-XI

But by the third hypothesis of (38) f''( v\ )> 0. Moreover x, - g 0.
So what of f" (W) (x2 5 )'?

210 ) (xp- §) > 0.

Consequently if we remove the product f'( V\) (x2- § ) from the
right hand side of the result in step 43, it appears that an inequality
would result. State the inequality.

f(xp) - f(x,)

e K dtx,)

But this says the slope of the secant from (x,, f(x )to (x2, f(x5))
is always less than the slope of the tangent at (x2,¥(x2)) where

a £ x] < xp £ b,

Look at it graphically:

a & o
1 X e
So, you see, as x, and x, take on d1fferent values over [a b} so that

X £ X, it is clear the curve is always bending upward. Thus the
theorem is proved. Suppose one desires to show: if f'" < 0 over
the interval (with the same restrictions on f), than the curve .is
concave downward., The proof would go the same with one change:

f(x,) - £(x,)

- f'(xz)v - f" (V\) (xZ— j ) would be transformed into

XZ-Xl

f(x2) - £(x;) ! f(x,). (Which sign: > or ¢ ?
X5 - %] 4 i . .
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2

In effect this would mean the slope of the secant from (x., f(xl))
to (x5, f(x )) would be alwa.ys greater than the slope of tllme
tangent to %he curve at (x,, That is, the curve is bending
downward as one proceeds fror% left to right.

Sketch a representative figure to assure yourself of this fact.

A%
o

2

%y ¥z

But since you have the theorem, let's try to use it. Suppose when

given y = f(x) it is apparent that f'(x ) - 0 and f'"(x_) < 0. What
would you conclude of f(x,)?

f(x,) is a relative maximum

If f(x) is given and f' (x ) = 0 and {" (x5) > O, what would you
conclude of f(xg)?

f(x,) is a relative minimum

Use this test to find the relative maxima and minima for y - x3/3 - x.

f'(x) - x% - 1
so x = + 1 implies f'(x) =m - 0,
But f''(x) - 2x
and f''(1) =2 > 0
£''(-1) =-2 <K 0.

Thus (1) is a relative minimum and f(-1) is a relative maximum.
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. Nail it down solid by once more stating this 2nd derivative test.

. ' .
~— - - - - I - - - - - -~ - e, o= - - - - - - - - - [ -

'If Y= f(x) has f(x ) =0 and f" (x ) > 0, then f(xo)' is a relative
minimum. ©

If v - f(x) has f(xo)

0 and f''(xg) < 0, then f(xg) is a relative
maximum. . - , "
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Lesson XI

APPLICATIONS OF DIFFERENTIATION TO MAX-MIN PROBLEMS

. A type of problem which is nicely solved by the calculus is the
max-~min problem. Since problems of this type frequently are
very important in application, let's look at them here.

What kind of problems which .a,re nicely handled by the calculus
will we look into in this lesson?

- - . - -~ - - - - - - - - - - - - - - - -

Max-min problems.

------

Actually each of the problems is ultimately reducible to an analysis
of a sketched curve. So let's focus on clurve sketching briefly.

N

Max-min problems ultimately Become problems in analysis of

curve sketching.

For example, suppose v = x3/3 - 4%. ‘Let us assume we are pressed
to find the sketch of the curve. To start with find the interval(s) in
which the slope is increasing.

2

dy/dx = m - x“.- 4

[

S, m >0 over x| > 2.

Where is the slope decreasing? .

Where is the slope 0°?

- tm e o w e m m m e m m m m o e m em m o m m e e e mm a = e o e
.

fxl = 2

- {

B S
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Already we have established some important facts. Now let's
get the intercepts. Do so.

(x2/3 - 4) which implies x = 0 or %% - 12 in which case

y:-xXx
x-i 2‘3.

Now sketch the curve onu‘the coordinate system.
A

N ol
T L

Now look at the sketch and answer these questions.

If y= x3/3 - 4%, where is a relative maximum?

at x = -2

Where is a relative minimum ?

at x = 2

Sure, these are easy. But now let's complicate matters a bit.
Let's find a relative max over [—3, OJ o

Clearly the relative max is at x = -2.
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11.

12.
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What about a relative max over [O, 3J ?

- - e - - im o= - - - - e - - - - - e - - - - - - o e -

"00

K
A relative max occurs at x - 3 and at x

. You see! The max can occur at the end of the interval. Indeed,
suppose the same question is asked for {2, 3).

i 4 . - - e e e e e -
;No relative max exists since x - 3 is not in the interval.
I : *
.'-,;;‘

How about a relative max over (-3, 3)?

Rela.t:'%ve max exists at x = -2 only.

As a last consideration suppose a relative max is to be determined
over (-3,3]. Where is it (or are they}?

Relative max occurs at x = -2 and at x - 3.

In the previous problem what is the largest value y takes on over
-3, 37

Now one must make a choice of the relative max values. In this
case f(-2) > £(3). Thus f(2) is the answer. -

Now, you see frequently the answer to the question '"where does
the maximum (minimum) value occur?' is answered not within
the interval but at the end of the interval. Indeed, whereas many
solutions of the first equation may tell you where potential max-
min points exist, one needs a strong test to really examine which
points actually result in max values and which min values. You
have such a test. It is the second derivative test. '

State the second derivative test.
If £'(x,) > 0, the curve is concave up at x, if f'(xg) < 0 th_t_a curve

is concave down at Xoe

+
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This is where the beginning student usually falls in error in
working max-min problem - - - he usually forgets to apply

the second derivative test. .

In what respect does the beginning student usually fail to
become competent as far as the solution of max-min problems .
are concerned?

In testing solutions with the second derivative test.

Now that you know of the big pitfall, let's go after a few typlca.l
problems to get a view of the procedure.

First, consider a simple one. Suppose we are asked to find
two real numbers whose sum is 4 and whose product is a maximum.

Let's make sure we know wha.t it is we want to maximize. What
is it?

- -~ - . - - - - - - - - - - - - EY - - - - - - o - -

the product of the two numbers.

All right, Now use common sense for a moment. . Silpposé one of
the numbers were 4. What would the other factor have to be?

P . . .. M T . . T T T T P L

zero

In this case the product would be .

zero

Now if the other number were 0, what Woulél the first factor be?
The product?

4, zero. .

The influence of the ’size of either factor influences not orly the
other factor, but, more important, influences the magnitude of
the product. Let us say it again: the change in a factor induces
a corresponding change in the product. Furthermore, given a

" value for a factor, one and only one value of the product is

impliedy
Technlca.lly it 1/\ lear that the product is a function of either

s
factor
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Let's see if we can actually design the function in question.
represent the product P'in terms of the two factors x and vy.

P = xy

Fir st

The problem also specifies that the sum of the factors must be 4.

Translate this condition into mathematical language.

X +y=4

Now put steps (19) and (20) together to get P - f(x).

P - f(x) = x(4-%) = 4x - x°

You see! Now it is an easy problem to maximize P in terms of x.

Do so.

dP/dx - 4 - 2x

.
L

1
o

dP/dx - 0 means 2x - 4 or x -

As a further consideration sketch P = f(x) -4x - x

PA

See! The problem is ultimately reducible to an analysis of a
geometric sketch! Furthermore, we know (even without sketching)

that P = f(x) has a max at x = 2 since P'"(2) < 0.
is concave down.
Calculate P'(2).

Thus the curve
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P'(x) = -2

Suppose we further restrict x according to: 1 ¢ x g1

Now what value of x will maximize the product P?

- - - - - - - T e . - - - - - - . T T - - - - - -

Y
X:lz

Since P!" < 0 oveér 1 £x sl%andP' -m>0over 1 §x ¢ 1%,
.P(13) > P(x) for all other x in {1, 13]. .

As a slight modification of the above problem, suppose x is
defined only over [1, 1%). What of the maximum value of P now?

- - - - - - - - - - - - - - - - = . - - - - - - o= -

No maximum value of P exists.

N

In retrospect we see that at first P was expressed in terms of
two variables and eventually P was expressed in terms of one
variable due to a side condition which allowed one variable to
depend on the other. This is usually the case in max-min
problems. So keep this in mind: (1) decide on what it is you
-want to maximize or minimize; (2) express this variable as a
function of only one variable; (3) roughly sketch the relationship
in (2); (4) apply the calculus to_get results you desire; (5) check
;your answers in (4) by using d?x/ dy to be sure you have the.
‘proper response. .

' What should be your scheme of solution?

- - - - - —- - - - - - - - - P - - - - - = = -

- (1) Decide on what you want to maximize or minimize.

.(2) Express the variable as a function of only one variable.
(3) Roughly sketch the relationship in (2).
(4) Apply the calculus to get the results you desire.
(5) Check your answers in (4) by using the second derivative.

With this method of procedure go after the following problem: a
right triangle of fixed hypotenuse is to be rotated about one of its
legs to generate a cone of maximum volume. What does the ..

height of the cone have to be to produce the desired results? @

(1') What do you want to maximize ?

T
- - - e - me  wm e - e e o o - - - - - - - .- - . - am

Volume of cone.- ' R
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(2) F ormulate the function

AT At G B gl T T SN S SRS S R L

il
Vv 1/3 'z h, a o %W

2
Sl e v - rr(az-h )h.

(3) Roughly sketch the functim. Vi
(i,o)>):
it i 1o e Bl e R T e e o
Ve
(a0} i

Now use the calculus to achieve the desired result.

(4) Apply the derivative dV/dh= /3 « (a®-h%) +  7/3 . [n(-2n]

2 2
e Moy, -hZ:Zh2 or 3h :az
'°.h= a J3
—

(5) Check the answer with dzy/dx2

Vi e W] 4A2hY - | P13 (4h)

s (a 3) £ 0. Thus max.
—
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As a final test consider the éaga of the wire bender. The problem
is to form a square and a circle from. a piece of wire of length

‘I, such that the enclosed area is maximized., Find the dimensions

of the figures which will do the joﬁ. This time proceed under your
own power. But beware! ) '

- - - . - - - - - - - - - - - - - - e - -, . - - - e m - - -

‘L =45 + 27 r hencer = iz-—,,rﬁi
A = 52 + T r2
Lg%, L2 - 8Ls + 1682
- -4
dA/ds = 2s - 2L /¢ + 8s/i which means s = L/(7 +4)

" that s = L/ ( # +4) results in a maximum area.

Did you finish with s = L/ (7 «+4? 'If so, you are right only in that
you know how to differentiate. But you are wrong if you conclude
Indeed, A" = 2 % -
8/f > 0. So'what do you conclude about s = L /(7 +4 now?

s = L/(7 +4 results in a minimum area - not a maximum.

So the problem still remains. We must still discover the dimensions
of the figures which result in maximum area. Remember, this is

a problem infunctional analysis. So the task is really no different
from finding the extreme points of a function - but over a closed
interval! What values of s are permissible for our problem?
(Remember the length of the wire is L.)

0£&s ¢ L/4.

Consequently we need to examine the ‘end points of the curve A = {(s)

to be sure of their nature. Do so.

A = f(O) =L2/ 47 . ' . - 2
2 2 s F 16 (F)

A = f(L/4) = L%/16 + L - 8L & + 106 :

47

L2/16
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But since L%/47 > L2/16, it appears s = 0 is a better candidate
for the desired dimension than is L./4.

As a final thought consider A' once again. Notice that A" = 2 +
8/m > 0 indicates the nature of the curve as being concave
over (0, L/4].

upward

Roughly sketch the dependence of A on s.

(Use steps 30, 32, and 33.) A A
% "
v W
4
. LA
A
_l:z 7
47
L
%f 1/1\}‘.4’

Let's consider another type of max-min problem - geometric.
Suppose we wish to inscribe a right circular cone within a sphere
of fixed radius. Our problem may be to find the largest cone
which can be so positioned. If so, our first task is to identify
what we want to maximize. Do so.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

We want to maximize the volume of the cone.

Considering the figure on the right, express the volume
of the cone in terms of the radius of the sphere, R,

B

the height of the cone, h.




B
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2
Volume of cone - 4 (VRZ B (h-R)Z)h
3

7/3 (2h°R-b3)

Roughly sketch the cone's volume against its height.
VA

2R
> %

Find the change in the cone's volume with respect to its height.

dv/dh = m/3 (4hR-3h%).

Maximize the volume.

dvV/dh = 0 /3 (4hR-3h%) impliesh = 0 or h = 4R/3

Now check your result in No. 39 to be sure it gives a maximum
volume.

V'' = T/3 (4R-6h) implies V' (4R/3) - /3 (4R-8R) < 0 which

guarantees h - 4R/3 to be a relative maximum

You see. The procedure remains constant despite the variation of
problem type.

Using three or four words to describe each step which one uses in
solving max-min problems outline the procedure.
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Identify quantity to be maximized.
Express quantity in one variable.
Roughly sketch relationship.
Differentiate and maximize.
Check answer by y'’,

As a final problem supzp we are presented with the task of

ose
yz = 1 which are nearest (4, 0).

J

,‘Pickiﬁg (%, y) to be an arbitrary point on the curve, what are you
r-to minimize?

. You must minimize the distance, d, from (x,y) to (4, 0).

43,

44,

45,

Now express d as a function of x alone.

d= Y(x-4)2 + x5-1

Hold on. You may now see a faster route to the solution. Notice
that minimizing d is equivalent to minimizing d?. Hence, since

" the differentiation of d¢ is easier than the differentiation of d,

what will you now minimize ?

- - - - - - - - - - - - - - - - e e - - - - - - - e = -

d% - (x-4)2 .+ x%-1

Complete the .problem.:

- - - - - - - - - - - e e - - - - N - - - - - - . - -

.dd%/dx - 2(x-4) + 2x = 4x-8.

Thus x - 2 seems to be the desired abscissa.

 d23%/dx% - 4 > 0. THus x = 2 is the desired abscissa

Thus the distance from (4, 0) to (2, Y 3) is the desired distance or

the distance is )/224-(-‘{—3)2 - ‘{ 7.




Lesson XII
Differentials

The differential is an important topic in calculus which thé student
often fails to recognize as vital. Consequently, we shall concern
ourselves in this lesson with the theory and use of differentials.

What is this lesson about?

. . P I e . T R T TSR O R - em e o e me -

Differentials.

To start with we should recall that prior to this topic the symbol
' lim flx+ax) - f(x)

dy/dx has been interpreted by us as A4x—>0O AX . In
other words we have specifically associated with dy/dx a function
of some type. In fact the notation y', f'(x), and D,y has probably
been used by your instructor--and in each case you have inter-
preted this symbol as a function of x (the derived function of x).
The point to be made clear is that dy/dx has been referred to as a
derived function and has never been interpreted as a fraction with

numerator dx and denominafor dy.

——

In the past dy/dx has been referred to as a

Under no circumstance have you considered it to be a

- . - e W= — e me  me e me - e e e T . T T )

derived function, fraction.

However, the time has come for us to give new meaning to dy/dx.
Now we want to show that it can in fact be divided into parts which
do give it meaning as a fraction.

In this lesson we intend to broaden our interpretation of
so that we can consider it to be a .

- N . . T T - ma em e e Em o Am mm mm m me e we as me  em Ga wm  ms e

dy/dx, fraction.

We shall do.the above job by convenient definitions. First,. we shall
.. define dx, By dx we shall mean Ax where the Ax is the same aAx

as a ars in 1i A . .
s appears xr?o _,_A.___l.' What is dx?

O - em e em e e e e e W em M s e em ke mm e e e e ma  mr e s me v

‘,'dx S Ax . )
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dx shall be referred to as ''the differential of x''. Translate ''dx''.

- - - - - - - o . - - - - - - - R - - - e - - - - - -

"dx'' is ''the differential of x''.

But shall we define dy as & y? No. The story is not that simple.
You see, we want our definitions to be consistent with all we have
done so far--and, in fact, what we will do. Thus we must be
cautious in proceeding.

Should we define dy as &y?

no

To get a clear meaning of the problem let's go to a geometric
interpretation. In the figure below notice that as an increment
A x is taken past x , a corresponding increment is noted in y.

According to the figure what would you call this increment?
+
/(xo ray, }0*47—)

But now let's see where the dx and dy fit into the picture. To
accomplish this recall that dy/dx is the tangent to the curve. Also
recall that dx = A x.

Now label on the figure below the segment you would choose to be
dy such that consistency with previous mathematics is achieved.
Also label the segment denoted dx.

Lf X (Xt DX, #o J-Af)
i >z
S I e L g R S
%4\ r(x,,fax,?. fAf)
[ ek >
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Now you will notice that dy is not in general the same qua.ntlty as
A y. In fact, in the geometric interpretation above Ay is
than dy

greater

But we are still faced with the problem of a proper definition of
dy such that this definition is consistent with the rest of the
calculus. Of course, in a definition we.are free to describe as
we see fit just so the consequences do not in any way conflict with
the remainder of our mathematical structure. So here we go.
We'll just arbitrarily (but carefully) assign a mea.ning to dy--and
it shall be up to us to make sure no conflicts arise Wlth work we
have done or with work we do come upon.

By definition: dy = f' (x)dx. What is the meaning of dy?

- R ] - e em o e e - mm me e - e em - - m wm o e = e -

= f'(x)dx

But hold on. We may be pulling a fast one. If dy = f'(x)dx; the
observant student may say: 'dy = dy  dx; cancel out dx; and

thus dy = dy. Hence, you've not defined dy at all'', But such is

not the case! I wrote f'(x) intentionally rather than dy/dx to guard
against just such an interpretation. . You see, when we definé some~
thing new, we must always define it in terms of something we under-.
stand and are familiar with already.

What is the meaning of f'(x) in the definition of dy?

- e e e e we  am e e e e W e ee  m me - m m ew e e - - R R

f'(x) = Ax-—-=>O : A x or is the derived function of f(x).

So you see dy = f'(x)dx is a meaningful definition in the sense that
we already know the meaning of f'(x) and dx.

Now you define dy again but this tlme explain the meaning of each
part of the definition.

- - - = - - - - - -, - -~ - - - - - L - - - - - e Em we o e

dy = f’(x)dx where f'(x) is the derlved function a.nd dx = AX.




13.

14,

15,

16.

217

Let's look at it from a different angle now, Let's compare dy and
: lim ay .= dy

» Ay. Certainly we know ax>0 2 x dx. But this means that

AY

for small values of A x:

In fact the approximation can be eliminated by adding an error
factor, € , to the right side of the ''inequation''. That is,
A .

y

= dy
Ax dx

2

Now since 4 x is a non-zero quantity we are within accepted rights
to multiply both sides of the resultant equation by A x. Do so,

-— - - - - - - e - =] - - - ] - -~ - - - e - o - - - - - - - - -

Since Ax = dx and since dy/dx = f'(x) we could rewrite Ay
using this new notation. Do so. '

- - - e e e - e em Em e e em aw w em we  wm e e g e em  ms e e ms e e es e

Ay = f'(x)dx + € dx

Now recall that dy = £'( x)dx, Hence, what must the difference of
dy and Ay be? :

. Clearly as A x goes to 0, € 4 x will approach zero faster since

@ too is dependent upon A& x, Hence esx is of the second order of
r.smallness and'is likely to become small much faster than is either
e ar A x.

[ -': Suppose for illustration that € = -__1_"' and Ax = 1100 . What
! . - 10
‘would be the value of & Ax? '
e Ax = L which is indeed less than either L or 1 .

1000 | _ 10 100

. d . d '
approximates Y or Ay ¢ &Y
Ax 2PP o G AL
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Again go back to the geometry of the problem. In the light of the
foregoing argument can you assign a correct value label for the
length of the line segment 2 ? Do so.

tA , +OX, 7.,*1-\’)
,2,
oy Rk
. S B R 7 N B R o L g

e dx or e€ax.

Now we have dx and dy within our sphere of meaningful mathematics.
Now we can think 'fraction' when we see dy/dx. Thus such things

as the familiar chain rule become even more meaningful since

g-z-:- - %%: -gll— can now be thought of in a fractional manner and

o 1
we can cancel the du's to get true equality. Also, ny = D;x—
can now be handled from the fractional consideration: dy _ 1
dx dx
dy

to lend new confidence to the equality.

Express D Ay using the differentials dy, dx, du, and dv in chain
rule fashlon

D > dy du dv dy dv du
%) - du dv a&x °F av du dx

Furthermore the derivative formulas once learned by the student
now can be considered in briefer differential notation. For example:

da (u+v) & g};" % %‘;{ , where u and v are differentiable

dx .
functions of x now becomes d(u+v) = du + dv.

Write the differential equivalent for the product formula and the
quotient formula.

(8 dfuv) & wdv vovidn i odade il S T

(b) d(u/v) = vdu -udv

&
v
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21.

22.

23.

24.
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That completed the theory. You ask for applications? OK, Let's
turn to applications. Recallthatdy = Ay; y+ &8y = f(x + A %)
when y = f(x).

How would y + & y =f(x+ & x) compare to y + dy?

y +boy=-f(x+ox)2 ye+dy

If y=f(x), dy = f'(x)dx = f'(x) A x. Thus y + f'(x) A x=

flx+Ax)ory+ ay

Taking a specific case, suppose we desire to approximate y + & y if
y = x“. From the definition y + f'(x) Ax Z y+ A y. Hencey +
Ry .S

xz*ZxAx

1
»
-+
W)
»
14
S
+
4

L
LN
=
o 5
)
ot
[
w
ot
o'
o
o
(=3
o
o
H
=
o]
H

Buty + Ay = (x+AX)2_
in the approximation?

edx - ( o x)

In terms of a geometric figure let's see what tl}e whole argument
means. We have a square of side x and area x“.
ax

x
X AX

We consider a growth of the sides of the squgre to size x + A_x.
The resultant area is certainly (x+ A x)“ = x” + 2x Ax + (Ax)z.
But our approximation of (x+ 4 x)“ was x“ + 2x & x.

In terms of the figure what is the magnitude of €dx, the error?

edx = (ax)?
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To get the full force of the argument, try it with numbers on the 2
corresponding problem. Suppose we desire to approximate (20. 01)°,

. You see- - - we.could set the side of the square to be 20 and take

dx - Ax - .01." Then the approximation is:

%%+ £1(x)dx

x5 + £ (x) & x

X+ 2xax
. (20)2 4 2(20) (. 01)

400 + .40 = 400.4
By how muich does the approximation differ from the true value?

y +ay £ vy dy

- e me ew - ew, me e em am - b e e - e e e e e e

You see!l” Differentials can be used to get approximations for certain
numerical quantities. However, in each case the student should not
lose sight of the principle argument:

ay = dy = f'(x)dx or f'(x)A x.
thus v+ AV =Y +dy = v + £'({x) &x,

An approximation for y + Ay is -

y+dy y+£‘(x) A X,

.l ' ) . - - '. . -
In each problem where an approximation is desired, one is first

confronted with the problem of selecting f(x) which will fit the

‘’situation at hand. Recall the case where we approx1 fted (20, 01)

We used as our function here y = x®. You see ~ - . fits the
‘idea of squaring 20.01. Furthermore, Ax = .01 flts conveniently
the increment of . 01 on 20,

Suppose we needed to calculate N 26. Here we need a function which
will reflect the argument of taklng the square root. Express such a
function.

i T e T R T T R I I

Suppose the problem were to a.pprox1ma.te Q . What functional
relatlonshlp would you choose?

I . - e et e - . e - e e e e e e me aw  ew W e o e
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Lastly, suppose you are to calculate sin 31°. What functional
relationship would -you use?

- - e e wm e - e s s e e e e e M e M e w wa e - e e e e

You see! The functional relationship is chosen to fit the problem.
But what of Ax? It must be chosen too. But this i5 the job of the |
problem solver - to choose Ax convenient for easy solution of the
problem and yet small such that a sufficlent degree of accuracy
can be enjoyed.

Clearly if one needs to approxirn'at‘e \N'26, one would insist on
Ax being 1 such that convenient calculation of £'(25) could be
accomplished.

Go ahead and approx1ma.te V26 by using dlfferentla.ls.

1
y=- x2
,’,y+Ay.’:Z,+dy-_- +f‘zf)Ax_
- 75 - "2y (1)
4 5 .= b,1
.1‘0

Now let's check this approximation to see how close it was. Square
5. 1.

- me e e e e et e - - e e . . T R S = - e e me e o

26.01

Not too bad considering that dx was chosen so large, 1. You may
wonder what happens when one makes a mistake and accidentally
chooses dx and x inconveniently. ILet's look and see. Suppose in
the last problem x is chosen not as 25 but as 23. Now try to
calculate an approximation of Y 26. '

Y+,Ay§ y + dy = \23 & 3/2 {23 ', You see! You are in
worse trouble than when you started.

How about the situation where one selects x conveniently but Ax is
correspondingly too large? Let's again look at such a problem.
Suppose you are asked to approximate Y 24. Certainly gne could
proceed by setting y = xz, consider y Ay y 4+ dy = Xa + 1 dx;
23x
then set x = 16 and dx = 8. What is the resultant approximation?

- \
- - em Cew e - - e L - A s e @ e e e L T ) e ew e, e - el e e -
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y+dy = Y16 +8/af16 =4 +1=5

True, 5 isn't too far off. But let's use a little common sense and
select dx to be of smaller magnitude. Remember the error in -
these approximations is €dx. Hence if dx is chosen small in -
magnitude then € is small in magnitude. and so €dx will be even
smaller in magnitude yet. But how could you choose dx in
approximating VY 24 such that £'(x) would still be easy to
calculate and yet dx would be smaller than before ?

- e ww ma e e R ] P - - T Y S R ) - e e - am aw e m wd e we

OK. With dx = . 1 approximate V24,

(24 yvay: y+dy - v+ fi{x)dx
- V25 & 1faNE L
= 5-1
10
z 4.9

Now square 4. 9 to check it#s'-accura.cy;

- e ew  km m e e e wm N N - T T I ) - - - e e we ew s o em em e w

'See! By a choice of dx = -1 instead of 8 we are much closer to

the desired result- - - in fact 100 times closer!

Notice also that dx can be chosen to be a negative number. It need

not be positive.

With these pitfalls in mind specify the function you would set up and
the choice you would make for dx so as to approximate the following:

- me e e e e b em s e sm em aw Am e e s L T T R R R et
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V= sinx,dxaloor flf

L |
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With this you should have a fairly good feeling for approximations
by using differentials.. To rnail it down solid let's work a couple
more problems.,

Calculate an approximation of (1. 001)7.

- e e am o  ww e mr Em e s e o e S ma e W e b M em M6 e ew  am  Am w9,

fl
(s 7((’3))66’{(.001)
14+.007
1,007

ooy

OK. Now try ah approximation of (. 999)7°

- e e A e e - e e e e e e e D . T T Rt - o e o e e am e mm e

y+Oys: y+dy = v+ fY{x)dx
- 17 4+ 7(1)6 (-.001)
= ‘1 -.007
= .993

True, differentials can be used for a good purpose in their
application to approximations. However, the most important
use they serve is theoretical in that meaning is clearly attached
to dx and dy even when 'they are considered separately and not
as dy/dx. '

Is there any contradittion to our pi‘evious under standing of 'dy/dx
when we consider the dy and dx as terms of a fraction?

I R - . T T I T A T T P e
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Define dy and dx.




Lesson XIII

AREA BY INTEGRATION

In class we learned that /f(x dx - F(b)- F(a) where dF(x) =
f(x )dx.

What is /f(x)dx‘?

a/f’(x)dx - F(b)-F(a) where dF(x) - f(x)dx.

In this lesson we want to tie the idea of the definite integral to a
corresponding geometric area. We will accomplish the job by
solving a simple differential equation.

In this lesson we intend to associate the integral to a
corresponding geometric

definite, area.

So let's get on with the task. Suppose y - f(x) is a continuous,
positive, function over the closed interval from a to b.

Now consider an arbitrary point x where x is between a and b.

?)\ = £

>~

Now consider the area bounded by x = a on the left, by the ordinate
at x on the right, above by the curve y - f(x), and below by y = 0.
Clearly the position of x dictates the amount of area so described.
in fact for each value of x that is taken between a and b one specific
area is denoted.

Suppose one now considers the set of ordered pairs, (x, A(x)),
formed by taking as the first term x, an abscissa between a and b,
and by taking as the second term A(x), the amount of area cut off
by the ordinates at a and x, above by y = f(x), and below by y = 0.

Is this set of ordered pairs a function?

yes
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Shade in A(xg) in the figure below.
A
k)~

y continuous over (a, b)

Ifyex, az2, ba=4; what is (x, A(x)) atx = 3? Sketch it.

/

T 7 > X

(-x, A-(x;) _is-(3-, 2%)—

You should now see clearly that A is truly a function of x. Our
next task is to design a situation which will result in the solution
of a differential equation, the solution of which will relate

/J f(x)dx and A(x).

We will relate ff(x)dx and A(x) by the solution of a

differ ential equation

To accomplish the job consider x to be at some arbitrary position
between a and b. Take &x to be some increment (positive to
start with) on x. Obviously such an increment on x will produce
a corresponding increment on A(x), A A(x).

If x + A x is positioned as is indicated on the figure below, shade
in the A A(x) area.
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A
y continuous over (a, b)
>z
A
=fx)
aRA
a P

Now recall the important fact about a continuous function over a
closed interval: a continuous function over a closed interval
attains a maximum and a minimum value, M and m respectively,
over thé same interval. At R

Since y - f(x) is continuous over (a,b) , is y - f(x) continuous
over (x, x+ & )7

yes

Since y is continuous over (x, x+ & X), is y bounded above and
below over (x, x+ & xX)?

yes

In the following diagram sketch and label an ordinate m such that
y 2 m for all xin [x, x+ a x). Also do the same for an ordinate
M such that ¥ < M for all x in [x, x+ & x].

1)\ =fw

X L XpDK




228

> K

IR X+O%

That is all we need! Now notice the area A A(x).

3
5 M
| A

Circumscribe a rectangle about 4 A(x). What is its area?

M A x, where M is the maximum ordinate over (x, x+ A x].

Inscribe a rectangle in AA(x). What is its area?

m A x, where m is the minimum ordinate over (x, x+ AX).

Clearly AA(x) is caught between m Ax and M A x! Represent
this fact in terms of inequalities.

mazx L AA(xX) < M ax

Since A x is positive we can divide the inequality in ('10) by Ax
and obtain: ....

V)
>
¥

/

AAA(X) <L Mas Ax—> 0, Geometrically

~

Now take the limit of m g %
what will happen to m and M as ax—0? Remember the ordinate
ati asiiix)e

They will become closer and closer together --- and in fact will
both approach f(x). :
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a A(x)
AX s
in the limit as Ax—07?

A(x)

' ' A
Again look at m¥ M. What will become of —x—

14.

lim AA(x) . dA(x)
Ax~>0 A X T dx
But if m—{(x), M—»1f(x), and’ _‘i__A;{(ic.)__. dA(x) , what(can you
X
"conclude will be the net result of lim AA(x) M - 2
mg ————— < :
Ax—90 ~ A X ~

dAa(x)
—_H—}E:ic_— = 1(x).

15,

That's it! We now have the differential equation we were after.
Clearly' dA(X) = f(x)dx so jdA X) = /f(x)dx Integra.te fdA(x)

/ dA(x) =

A(x) + ¢

16.

17.

18.

Thus you can connect ff (x)dx and A( }. Do so,

- - - e - - - - - - - - - - - - - - - - - -

/f(x)dx = A(x) 4+ c

You see! /f(x)dx is the area function. In order to calculate
the area for any specific value of x we will now need only to
calculate the constant of integration. To do so we will use an
initial condition. Indeed, what reasonable condition should we
imapose on the area functlon, Jff(x)dx, when x = a? (Refer to the
sketch in No. 3.)

- - - - - - e e — - e - - - - - - - - - - - - - - - - - - -

We would like to have _/f(x)'d'x be zero.

But this means when x z a, 0 = A(a) + c. What must the constant of
integration for the area function turn out to be?

C = —A(a)
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That's the story. The area between abscissas a and x must be
Ax) - A(a). Now if one let's x take the position at b, clearly the
area from the abscissa at a to the abscissa at b is ;

- m m m o e e m e e o e me em - - — e ew s m e e e e m e om wm

A(b) - A(a)

Only one hole remains to be patched up. We insisted at first
that Ax be positive. However, we must now make certain A x
could be either positive or negative., (After all, there is no

- restriction on how 4 x-» 0 in lim = “2A(x) )

Ax~>0 A X

When one divides the result of step. 10 by a negatlve A x, the

1nequa,11ty is changed. How?

- - - - -~ - - - - - L - - - -

aAx) - . M

- - = e - - - - - - = e - -

'

.However, when we agam take the limit as 4 x—> 0, we are forced

dA(x)

j':"to the conclusion: = f(x). In either case the d1f£erent1a.1

,\fequatlon dA(x)/dx - f(x) ultlmately b01ls down in solution to soo o
*(solve the differential equation.’)

.dA(S)/dX = f(x) implies fdA(x) ff x)dx

or A(x) + ¢ = _/f(x)dx

To put the icing on the cake recall that /f(x)dx = F(b) - F(a).
Clearly in our case /dA( ) = jf(x)dx or dA(x)/dx - f(x) implies
that the A(x) is exactly the same F(x) which we flrst learned about.

So in terms of the area function can you represent [f(x dx? Do so.

- - - - - - - e - - . - - - - - - - - - - - -

[ f(x)dx - A(b) - A(a)

In review we see four important facts were used to prove the
relation between the integral and the area: .
1. A continuous function over a closed interval achieves a
maximum and a minimum value within the interval.
2. An inequality can be set up involving m, M, Ax; and A A(x).
3. The limit of the 1nequa.11ty results in a solveable differential
equatlon -
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4. The initial condition on the area function at x - a can be
used to evaluate the constant of integration and hence
give a formula for the area under the curve over the

closed interval.

What is the result of the first two facts?

mAx € AA(x) & M4 x

~

What is the result of the third fact?

dA(x)/dx - f(x) or A(x) + ¢ = f £(x)dx

What is the result of the fourth fact?

./-X(a) +c=0o0rc:=-A(a)

X

Hence f(x)dx = A(x) - A(a)
b

or Ji(x)ax = A(b) - Ala)

Now let's put the theorem to use. Let's find the area bounded by
x.l,x:Z,y-O,andy:xz. ‘j
J

ks

N

2

2 4 RS P
Area - fxzdx = 3 R 3 3 >%
/ / / 7

Now you find the area bounded by y = x3, x =1y x5 2, and yi= 0,

04711 SRt e - N
Area = /x3dx - x4/;1 =16/4 -1/4 -15/4
!

You see, even slight modifications of the principles allow a much
wider application. For example, consider the area bounded
between y = x2 and y = x3. Clearly oneé could calculate the area
under x% and subtract from it the area under x3. Do so. (Watch
the limits of integration.) Sketch the problem.
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-2
/x dx -/ 3dx- 173200 % afle
2 o
26,y Of course you may wonder in the above case if /x dx - x dx =

o
! (x2 x3)dx. Let's examine this in the general case since it
seems obvious in the particular case. We wish to prove (or
disprove): /f (x)dx + /g(x dx = a/(f(x) + g(x))dx.
Suppose /f(x)dx - F(b) - F(a) and /g(x)dx = G(b) - G(a).
In order to establish the truth of the suspected fact we must show

that:
i /(f + g(x))dx = ... . (Get your answer in terms of F and G.)

We need /(f(x) + g(x))dx = (F(b) + G(b)) - (F(a) + G(a)).

27. With the given information and the knowledge of what you need to
complete the proof, write Ehc essential steps of the proof. Start

b b
a/f(x)dx - a/ g(x)dx F(b) - F(a) + G(b) - G(a)
(b) + G(b)) - (F(a) + G(a))

/(f(x + g(x))d

se the theorem you have just proven to write / (x -2x)dx -
/ x“+x)dx as one integral. /

/(Zx -x)dx
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Now we need to extend our horizons again. Remember that the
restriction on f(x) in all previous arguments was that f(x) be
positive. We now want to see if we could calculate the area
bounded by y - f(x), y = 0, x - a, and x = b if f(x) is negative

over the closed interval from a to b. To get the measure of the
area by our previous method we could merely consider the mirror
image of the curve across the x-axis. If y = f(x) is negative over
(a,b), what is the equation of the reflection of y - f(x) across

2
the x-axis nf ﬂpe "/ecfrom e 7C ‘)CCX)
I

: Qo b

(2 ¥
]
|}

y = -f(x)

6
Using this idea we can evalute a./ -f(x)dx to get the measure of

the area in questlon But again this suggests a genera.l theorem:
b
a/—bf(x)dx = - /f(x dx Or even stronger yet: a/cf(x)dx =
c /(x)dx Take _/f(x dx - F(b) - F(a) and prove:
b

b
ﬁ: f(x)dx = ¢ /f ydx. (Sta.rt with ¢ /f(x)dx o )

c a/;f(x)dx o o [F(b) . a)]

c F(b) - c F(a)

/ : £{3)dac,

Use the theorem you have just proven to find the area bounded by
y = x2-1 and the x-axis. (Sketch the figure involved. )

I

/ {
A 3
Area - /(l-x )dx = x - x /3i L2l 3 Ay e s,
-l -
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Hence it appears that one can conveniently evaluate areas
bounded by y - f(x), x = a, x = b, and the x-axis by mere
integration. But some problems involve a wee bit of insight

- - - don't become too mechanical. For example, if you are
asked to find the area bounded by y = x%4-1, x = 0, x = 2 and the
x-ax';s, the solution is not

/(xz-l)dx - [x3/3 - x} = 2/3: Sketchy - x2-1 over
Q

c

[0, 2] and this should show you the error in a '""mechanical-
without-thought'' approach.
A

L

You see! The mechanical method automatically subtracted the
area below the x-axis from the positive area! You need to
calculate the magnitude of the area beilow the x-axis in_terms of a
separate integral by considering - (x“-1) rather than x“-1.
Now find the area bounded by x = 0, x =2, y -0, and y = x2-1.

£

Reflection of the
area below x-axZ,

/2 —E?—’ x3 - X
-o](x-l)cb“ e pat e b ,
: Pl s g U0 S e S
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As a ma.ttezr of vocabulary a distinction is made between the

: '
values of(xz-l)dx and - oj(xz-l)dx + ,/(xz—'l-)dx. The first
accounts for the negative area by automatically subtracting this
area from the positive area. Hence this result which reflects _
concern for sn.gned areas is called the algebraic area. Onthe

other hand - ,,./ (x7-1)dx « l (x —l)dx results in the magnitude
of the area defined. Hence 11: is strictly a geometric approach
and the so found area is called the geometric area.

Find the algebraic area bounded by y = x3, x ==-1, x=1, y = 0.

e m e m e e e e o e o w e mm wm em, wm m  mm m m e Mm o o e e e o

/

/x3dx= 0 '
-~/ .

Now find the geometric area bounded by y - x”, y = 0, x = -1.

.X=+1.

- . - - - - - - - - - - - - - - - - - - - - - -

=
.

"3
2 x dx =
o
As a 1ast thought we should prove a final but important theorem.
Suppose y - f(x) is continuous over g:he larger of the closed °

intervals {a, 1), and (&, d It ./f (x)dx = F(b) - F(a), prove

b P b L .
g_/_f(_x):ix—:%[f(}f)d;x _+ cjf(}_c)_dx. Start with the right hand side.

- - P - - - - - - - - - - - - e - - -

e .
;ff(x)dx +cf f(x) dx = (F(c) - F(a)) + (F(b) - F(c))
= F(b) 4 F(c) - Flc) - F(a)

= F(b) - F(a) .

= a/bf(x)dx

37.

You see. The theorems are all similar in proof and all depend on

/f (x)dx = F(b) - F(a) ; 4

Use the theorem you have just proven to write /f(x)dx * /f(x)dx
as a single integral. 37 ’

____4____________L_--_;_____.._..__

T4 .
/f(x)dx .
[ L A
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- Lesson XIV

SUMMATION NOTATION AND MATHEMATICAL INDUCTION

One important phase of beginning calculus has to do with summation
notation. This notation is frequently used by staticians and computer
programmers as well as other people in mathematically oriented
fields. Hence, we want to look into this new notation in this lesson.

What important notation will be examined in this lesson?

summation notation

Actually the notation is simply an abbreviated way of expressing a
sum, the abbreviation being the Greek letter = which means: !'the
sum of''. Of course, you may ask, 'the sum of what?" and the
answer lies in the expression following = . For example: = k
means: ''the sum of k', But again you may ask, "What values does
k take on?" and the answer is given by limits on the summation |
symbol. For example: = k means: form the sum’of k as k takes on

K=/
integral values k= 1,.2, 3, ..., n.
3 :
Find = k.
k =t
1 + 2 + 3 = 6

Actually the sum need not alwéys start at 1 or terminate at n. It
could start at.any integral value and end at any 1ntegra.1 value. For

example Z: k would mean: forrn the sum of 3, 4 and 5.

k =3.
12 .

Find = k.
K=r0

10 + 11 + 12 = 33

Of course the serious person expects more versatility from notation
than has so far been exhibited. And indeed we insist on this. After

all, we could desire to sum values other than consecutive 1ntegers
Hence, let's define 2 f(k) as f(a) + f(arl) + f{ar2) + f(a+3) 4 ... + £(b),

where the a and b are integral with b » a

Ay
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3 .
What would Eff(k) be?
' k=1,

£(1) '+ £(2) + £(3)

Actually the real versatility comes in the degpgn of £. You see, £(x)
could be xz, nx, tanx, ... = 2
Calculate T f(k) if f(x) = x“.

22 432 ,4%2_ 29

. . o
As a final thought with respect to the notation notice that 2 (i) and
e=/

-

Z’ f(k) are.exactly the same. Write out the first two terms of each
sum to verify this. , .

- - - - - - - - - - - - - - - - - - - - - - - - - - -

2§ﬂ1=_f1 PE2) e SEHK) = £(1) 4 £(2) v ...

A=l

Yo'tll‘.f see! The role of the i or k is simply to carry the proper S~
nuinerical label for f. ' These "index' numbers simply keep track
of the manner in which f progresses.

Does the letter j occur in the expanded sum ff (3)?

no

Now let's look at some of the properties of summation notation.
First, it is true that -%j cf(i) = ¢ L=1f(i). Write out a proof of this

fact using expansions of each notatlon

e e e
.g? (i) = cfu)+cf() coecf(m) =l (1) 4£(2) +... 4 f(n)) :
c Zi

. v-

n [
"Consider 2/( f(i) + £(i)). It seems reasonable to believe the sum

could be con51dered Zﬂf (i) +2Zg(i). Use expansions of the notation
 to prove the theorem. < ' ' :

- - e

zaﬂ1+gn (1) + g(1) + £(2) ¢ g(2) 4 .. +£(n) + g(n)
(£(1) + £(2) 4. « . + £(n)) + (g(1) + g(2) + ... + g(n)

Z ) ¢ 2 el

s &=/ .
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. y“ 7
(i)? Could this be 2 £() fg(i) ?
&y &=/

Expand to the first two terms of each sum before you answer.
[

Now what about Z, £(i

£=/

ff(i) g(i) = £(1) g(1) + £(2) g(2) +. . .
a=y/ .}, . ]
S i) = £(1) 4 £(2) ...

%
:;
1

g(1) + g(2) +...

Now you should be able to judge the truth of the conjecture.

ff(l)gl)# fgmfg

L-/

Do so.

You see! It doesn't'always pay to act without thinking. -
aware -of the consequences of your assertion!
judge. the truth of:

L2 P

fr
”

S f”

W L*
K=/

Here's an easy one. . If 1 < j<n, prove: ff (k) « 2 f(k) - ff(k)
k=4t

2 Z -

Azt

« £(n) = Z’ £(k).

K=/

, You must be
With this hand-slapping

and prove your assertion.

2

.+n:u:n-1 = Z ppese

K=s

1 2

-g;-{ (%7 +x + xn) - 1+Zx+3x2 + o

£(1) + £(2) ¢ £(3) + ...+ £) # £(jr1) + £(je2) + ..

M=/

Also, one often finds that the’ advantage of changlng limits of summation
is important. §7f(x) - Zf(k 1) since = (k-1)

£(2-1) + £(3-1) # ... » £(nel-1) = gf(k)
change the limits of jf(l to run not from-l to n but from -1 to n-2.

For example,

‘Snppose one ‘wished to

Express.such a sum using proper notation.

- - - - - - - - - - S — - - - - - - - - . - - - - - - - -

-

.
S
G A
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n-Z

ff 2 (.i+2) |

==/

m+/ .
14. Try one more of this type. If you desire to change Zf to the same
sum but with summation limits starting at 3, what wgl}/ld you have ?'
(Hint: write outthe first term and the last term of = (i) and of

. =6
your answer. )

ff(l) f (1¢3)

15. Now for an application of summation notation. Frequently the
mathematician finds he must simplify an expression involving
sums in Wthh summa,tlon notation is used. One such expression

might be:: 2 , é (yJ - Of course it would be‘ea..sier to

work with the entire expres sion if it were written as one term - not
as two. Do so using as the sum: 27

k=3

(w"’z

) ntl,
Z(Xi)z + Z(YJ f( (202 + (yr-1)7).

16. As a last exercise in summation notation consider the sum: -

ng(h 1) -f(i). ' Write out the first two and last two elements
of this sum. o ‘

/)

'Z(f(i-l)-f(i)): £(2)-£(1)+£(3)-£(2) + ... +f(n)-£(n-1)+i(n+1)-1(n)

H 'Now looking at this sum carefully you should see that it collapses To
what value does it collapse?

' . .
- - - - e = = - - - - - e e e - - - - I S

f(n+l) - £(1)

..............

NS
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We are now ready to turn ou attention to proofs by mathematical
induction. Such proofs are entirely dependent upon the positive

.integers. 'That is, if you agree (1) there is a first positive integer

and (2) that every positive integer has a successor, you must admit
the validity of proofs by mathematical induction.

Proofs by mathematical induction are dependent upon the properties
of the

positive. integers

You see, we will assert the truth of a statement. Then we will:
(1) prove our assertion true in the first case (Pq).
(2) prove that the truth of the assertion in the general kth case (Py)
implies the truth of the assertion in the k plus first case (Pk, 1)
It's very simple. You see, if we have two-arguments on our side:
(1) the assertion is true in case 1,
(2) the truth of the assertion in case k implies the truth of the
assertion in case k + 1;’ )
we can claim the truth of the assertion in every case.

If an assertion is true in the first case and it has been established
that the truth of the kth proposition implies the truth of the (k+1)st .
proposition, why would the assertion be true in the second case?

The truth of case I implies the truth of case II.

But then if case Il is true, why would case III be true?

- - - - - - - - e - - - = . - - - e - - - - - - - - - - - -

The truth of case II implies the truth of case IIL

But then if case III is true, wﬁy would case IV be true ?

- - - - - o, = - - - - e - - - - - - G - - - A R N - -

The truth of case III implies the truth of case IV.

You see! Because the positive integers each have a successor, the
assertion will be true in every" case.

"To lend even more credibility to the argument let the proposition
~ which you desire to prove be denoted by P and the instance in which

it is considered by a. subscript on P. That is, P, is the proposition
in the first case; Py in the second case; Pk in the kth case.

.Suppose: (1) - 'i'is true; (2) the truth of Pk 1mplles the truth of Pr.1 -

for all positive 1ntegra.1 k.
We now claim P is true for all k.
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By indirect proof: 1. Either P is true for all k or P is not true
: for all k. :

2. Suppose P is not true for all k.

3. . Suppose the first case in which P fails is n.
(That is, P is true for allm < n. )

4. But then P is true for n-1.

5. We claim P is now true for n. Why?

- - - - - - - - - - - - - - - - - - - - - . — - - - - - - - -

By the second accepted fact: the truth of P, implies the truth of
Py, means the truth of P, _1 implies the truth of P_,.

6. Hence since this argument produced a
contradiction to the hypothesis that P was
not true in the nth case it follows that P is
true for all k.

List the two conditions upon which proofs by mathematical induction
depend.

1. P; must be true. '
2. The truth of Pj must imply the truth of Py ;.

In order to make a proof by mathematical induction you must prove
two things. What are they?

- - - - - - - - - - - - - - - - - - e e - - - - - - - - -

’ ‘1. P; must be true.

2, The truth of P, must imply the truth of Pk+1'

Let's look at a couple of examples of incorrect application of

- mathematical induction. First, consider P to be: every two

consecutlve positive integers are equal.

-

BJ;OOf. the truth of Py implies the truth of Pk+1 since:
' , Cif vk z kel '
and certainly 1= 1,

then k. + 1 = k+1)-(1
'I‘hus every positive 1nteger 1s equal to its successor.

Yes! If Pr is true,- Pk 1 is true also. But the proof 'fails in one -

important respect.

"What is it?

-Every proof by mathematical 1nduct10n must show P; to be true, but

1 £ 2. Hence Py fails to be true.
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Consider P to be the proposition: Z
=7 £ 2
Certainly P is true. 'I‘ha.t is, ﬁ =1 1.
=/
But to prove P true one must also show that the truth of Py 1mp11es
the truth of Pk 1" Let's try it. -

. . 2
Assume Py true. L e, assume é’:. g kK

Now to show the truth of Pk 1 follows, what must we prove?
-_.._--_2__----..- f e e e e e e e a A e e -
Sl (k1)

i/ .

But this is not a true mathematical consequence of Pk since if

2'1-k then 21- which is not (k+1)2.
a-—l = e = e e e e e e e e e e e e e e e -
k2+k+1

Hence you see that every proof by mathematlcal induction must

include two steps: e . -
(1) P, must be proven true. :
(2) if K is true, the truth of Py, 1 must be a consequence.
n
Why could t P 2’ b1 ; “41. 27 (When i
y could one no prove (abk)” = aj ik ( en in

=/ <
doubt, write out a few terms “of ’che sura. ) k=

- - - - - - - - - - - e - - - - - - - - - - - . - - - - - - -

Although P holds, the truth of P, does not imply the truth of Py .

k

Usually the tough part in a proof by mathematical induction is the
proof of the transitive property, that is, to prove: Pj. implies

lPk+1 true. . So let's look at this a little closer.

We always assume Pj to be true and try to (Show the truth Pk+1

follows. "Hence if Py is the proposition: 221 = k(k+1), what
must we show to be true?

- - - o e - - - - - - - - - = - - - - - - - - -

T ket

Zzl = (kel) ((k+1) 1) -

Do so. (Remember you must proceed from 521 to 221. To do
=21 L

this you must add one term to‘
e,
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By assumptlon 521 = k(kr1) = k2,+k‘

" but

- es/
But (kfl) = 2(k+1)
K74 >
Thus 2’21 = k%43k+2 = (kel) ((k+1)+1).
. - - ." — '
Once more, 'if P is the prop081t10n 2 1 n , what
= (3i- 2)(31+l)-— 3n-1 ‘
is Pk'? And what must Pks+] be?
_-—K——--.--———------—--—--_--_--—
Py 2 . 1 ' . _ k
(31-2) (3i+¢1) = 3k+l
&=/
K
Py, 1 kil
(31=2Y (31 1) = 3kid
7l ,
Prove the proposition P in (26) is true. | .
/
Pl' is true since:Z 1 -1
< (3i-2) (3i+1) . 1(4)
éx=
1 - 1
and =
3T+ T 4
K,
Now assume Py true: 2 1 - _k
. . (31-2) (31i+1) -~ 3k+1
Kl

f-~ 1 P 1 koo 1
UW) Gy oo D BRI BR A 3R T T 3R (355 D)

C K(3k#4)w 1 (3KP4dkel) | (3k+1) (kel) - _ kel
T (3ke1) (31<+4) ~(3k+1) (3k+d)  (3k+1) (3krd) - 3ked.

° 0
« o P is true.

As a last algebraic problem con51der as the proposition P: Zn >2n + 1.

This time the assertion is that Pi- and P are false, but tha.t P is true
for all other values of n > 2,

To prove Py and P, false is easy: 2 $ 2+ 1 and 22 } 4 5 1. .And it

is as easy to show P true: 23 > 6+ 1.
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Y But to prove the transitive property is not qu1te so easy. That is,

Sl 2K 5 2k 4 1 you must prove

_——-—-——-——_'_..——_—__—_‘..A-.———'_--.

> 2k + 3 or 2(k+1) + 1 -

Do so using the hint: Zk ? 2. (Surely this is true for k > 3.)

Since 25 > 2k + 1, zk+1 > 2k + 3

Slnce unequals (Zk > 2k+1) added to unequa.ls (2 > 2) in the same
order results in unequals (2k+1> Zk + 3) in tha.t same order.

Now let's try one problem which is geometric in nature. Suppose
we desire to prove P: a straight line is divided into nt+1 segments
by n distinct points of division. ' First, is P, true?

Yes.

Now assume Pk true. Does Pk 1 follow ?

Yes. If the line is divided by k distinct points into k+1 pieces, the
addition of one more distinct point introduces one more segment.

: So k+1 dlstlnct pomts yield k+2 parts of the line.

Has P been proven true on the basis of the foregomg argument‘?

- -~ - - - - - - - - - - - - - - - - - - - - - - - - - ™ -

.As a quick review, state the two conditions which must be verified

when one makes a proof by mathematical induction.

1. P1 must be true.
2. The truth of Pk must Jrnply the truth of Pk 10

...............
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-Lesson XV

AREA AS THE LIMIT OF A SUM

In this lesson we want to demonstrate that area under a curve can
be expressed as the limit of a sum. Since this interpretation is
essential for the true understanding of the definite integral, we
want to examine it with care.

In this lesson we want to show that area under a curve can be
expressed as the limit of a : .

- . - -~ - - - - - - - - - - - - e - - - - - - - - e -

sum

To start, let us consider a continuous function, y - f(x), over.
the closed interval a to b. Furthermore, assume y to be positive
over (a, b) for simplicity. - '

- What restrictions have we imposed so far on y?

- - - = - - - - - - - - - - - - - e = - - - - - - - - - -

y is continuous over {a, b}, y is positive over {a, bj.

Now insert abscissas a = xg¢ X1 Xy 4 34 ... = b such tha.t

# %j-%xj.1 = xfori-1, 2, ..., n. Thatis, insert élv151on points

along (a,b] which divide {a, b) into n equal pieces.
How long'is Ax? '

Iength of Ax is (b-a)/n.

.Now since y is continous over (a, b}, clearly y is continuous over

'-i-[xl 1, x:} wherei- 1, 2, ..., n. From this we can use the

i fa.ct that a continuous -function over a closed interval must assume
'a maximum and a minimum value somewhere over the same
1nterva.1 .

" In particular (with'this fact in mind) what can you say about f over
[a' = Xq X].]? : . . . . ) )

- - - - - - - - - - - - - - - - - - - - = - . - - -

f must achleve a ma.x1murn and a minimum value some Where over

,Xﬂ
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What of f over (xi-l' x;]?

f must achieve a maximum and a minimum value somewhere
over (xi_l, xi)e

In fact let's name the maximum and minimum ordinates which
exist in each subinterval. Let's call the minimum ordinate in
{%i.1, x;) by m; and let's call the maximum ordinate in

(Xi-l’ Xl) by Ml'
What is the minimum ordinate in (x4, x5} ? The maximum ordinate

in (x12, x13}?

That did it! Now we can proceed with full steam. As a means of

illustration consider the figure below. In each sector bounded by

y=0, v =-£f(x), x= Xi X oz X5 4 inscribe a rectangle (i:=1, 2, ...,
ns

What must the area of the ith rectangle be? /
AL AR L AR s Vi N eSS s

€ RN IAEENY A XTI NS

Area of rectanglei =m; A x.

Call the sum of all such inscribed rectangles, S. Calculate S.
g
O = m, A X
- 2 , i

(=4

Now reconsider y - f(x) with its partitions as described previously.
This time circumscribe a rectangle about each sector bounded
byy=0, y=£x), x=x_1, x=2%;(iz1, 2, ..., n)
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What must the area of the ith rectangle be?

1

e e N S N AG

Area of the ith rectangle is: M; a x.

Calculate the sum of all such circumscribed rectangles, S .

Clearly S £ true area. Cleabrly S 2 true area.
But we know: true area is j £ (52)2 dxi
a
Express in one statement of inequality the relationship of S to

b
/f(x)dx to S.
-a— - - - - - -

S £ f(x)dx ¢ 8.

é
There, we have boxed in ,a/f(x)dx by S and S. File this for
reference since we will need it shortly.

Now let's turn our attention again to f(x). Clearly if f(x) is
continuous over (a, b}, then f(x) is continuous over (x;j_j, xi) and
there exists a maximum ordinate, M;, and a minimum ordinate,
m;, over (xi_l, Xi] (g 1y 2 a)s

—

However, suppose £iis any point in Cxi-i’ xi], (3= .1, 2, 88N n):

What must be the relationship of m; to f( ¥i) to M;?

m; ¢ f( Fi) £ M..

1

Butifm; ¢ f( $i) €My, i:1 2, ... , n, thenm,; & x & £ Fi)-
ax £€M; A x. Why?

Both sides of an inequality may be multiplied by the same positive
value and the state of inequality remains constant.
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13, Butagainifm; ax £f( Fi)ax ¢ M, axforeachi-1, 2, ...,
n, then one could form the sum of thése inequalities as i = 1,
2, ..., n. Do so. . -

e
%miAx' éﬁ(}i)&x%AiAx.
' -I ‘.:/ ,

14.  But this result involves our familiar S a.nd . Express the
result of (13) using S and S. '

¢ =/

15. With this result we have boxed off 1) A x inby S and S also,

L=,
. We will now show n—>m | -8 l < € , where € is a positive,
4%->0 .
arbitrarily small value.

b Lo
If we can do this, what must be true of: jl{( i) ax - / xjdxl
o

!ff i) Ax - /f x)dx, L€ where €is a p051t1ve,

Co arbltrary small value,

16. This would be a worthy result indeed for then we could state:
lim b o '
n»e S f( f iy Ax = f(x)dx., Why?
Ax=>0k 7 :

1 8

- - - - - ~ - - - - - - - - = - - -

If for any positive € no matter how small there exists a positive S
(in this case n> N or ax < § ) such that Jf(x) - L)<e

whenever 04 | x-aj< § (whenn>Nor Ax <« § ),

then lim £(x) = S :

X>a
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17. So here we go-, . We must show: lim ’ -
\ noo ]E - 8 = 0 or
. : ax— 0
equivalently lim lim
' n>e S - nye S

ax->0  ax=0
Consider_S_'—'g. S=m; Ax+m, Ax+...+mI‘1Ax
§=Ml Ax+M2Ax+...+Mn’Ax.

Calculate |3.- 5] .

§-8  =(M;-mj) ox+(My-mp) Ax + (Mg-Mg) 8% 4+ ... +
(Mp-m,) 4x.

18. However, since f(x) is continuous over each subinterval of [a, b}
we can force the difference between each M; and m; to be as
small as we please by simply forcing the number of subdivisions
to be large enough! It seems worth our effort to force this

- difference between Mj and m; to be the constant ¢'for each i -
1, 2, ..., n.

Using this fact: M; - fni Z €' for eaéh i-1, 2, .«., n, how
small can the difference |S - 8| be made?

- - e - v - - - = e - - - - - - - e - - - - - - e - - - -

— / t C
IS -s]ceax's ¢nx +... +¢ax - ne'ax

19. But look again at n €'Ax. This can be written &' (n Ax). Consult
the figure in (6) and state 'a substitute value for n ax.

— - - - - - - - - - e - - - - - - - - - - - - - - - - - - -

naAax =b-a

20. Using this substitute value for n Ax how small can’|§ - S|be made?

|5 -5l ¢ e'b-a).
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21. 3 Remember: lim ‘1im .
i "nye S = n»® S if for every€>0 there exists
Ax=>0 Ax-—->0

an N such tlnat ifn 7N then |S - S!LC

It is highly desirable ‘'at this stage fo rename the value € (b a.)
. What label would you affix to it?

- e e m e e e mm e e oms e e e e e s e wm . e e = e

5. €'(b-a) - €, the epsilon in the definition of a limit.
i .
22. “:That dld it. Now we know lim

- - - -

lim
n— S - n-»wo S
s Ax—>0 . " ax~>0
* But hold on. We have shown lim lim and vyet
n~—>o S = n-e S
ax—=0 ax->0

What conclusion can you draw with respect to

lim lim | <> o I
n> S .and n-—ve Z i $1) A x and
ax— 07 ax>0 (=1 :
lim : b _ T
n+w S and / f(x)dx?
2x->0 : A )

{
i

These limits are all equal:

23. How do you know that lim ' b

There exists a number N such that-when n > N then | § - S'l(é ,

r€ arbltrary but positive. Thus when challenged with a pa.rtlcula.r

b
€ in proving \S - /fx)dx l(& or lim b
. ) n-7® S - /f(x)dx , simply
AX"}O - (9 . .

pick the same N which satisfied this same € in showing ¢




24,

25,

26.
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| §- S <€ . (Or simply pick the number of divisions large

enough such that 4x<4 where § is the value referred to in
No.' 21:)

b
How do you know that lim s
n—»eo 2 fFi) ax = / f(x)dx?

ax=r 0 a

There exists a number N such that whenn > N then |5 - Sl<€ 5
€ arbitrary but positive. Thus when challenged with a particular

_ . =] 6
€ in proving ]Z flFi)ax -a/ f(x)dx } <€ » simply pick

L=/

the same N which satisfied this e in showing |S -S| <e.

b
Now let's take a special case and show S = a/f(x)dx. Consider
y = X over [0,1] and divide [0,1] into n equal subdivisions.

How wide is each subdivision ?

1/n

Next we must calculate the height of the rectangles over each

[xi-1x] - A4
| &

| g /
What is the altitude of the rectangle over [0,

l/n] ?

zZero

Over [1/n, Z/n_] ?

1/n

Over [i , ZJ ?
ol

i/n

Find S as a sum. Express in summation notation.
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28.

29,

30.

PR
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O/nsYin + 1/8 s 1/8 o 2008 Y/ e v

m=/
1 Z .
Z L -
n g
¢ =0

|n
"

+-1/n) 1/n.

n n=7

; =i n(n+1) s, s
Since i1 —o— calculate e,
_—,,,—-/----_----"-_---_---__------

N )

i=0

2

80 8 = % (Bob) (n) Calculate lim 8.

i n 2 e

n
lim nz-n _ 1
n-w 2 = e
2n

Of course S can be calculated in a similar manner. Do it for
practice.
1
e 7
S=1/n1/n+1/n2/n+1/n 3/n¢ ... » 1/nn/n -= 132
i=/

= o1 atgsl) = n%vn 9 Um ;g i

nz 2 znz 3 v e _2_ .

If you really understand it, you shguld be able to spot the difficulties
in calculating the area under y - x“ from x = 0 to x = 2. Let's see
if you are that good. Using n equal subdivision of [0, 2] , how
wide is each subdivision? (A sketch may help.)

2/n




31.

32,

© 33,

34,

35.
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.Suppos.e we want 5. What are the successive heights of the
‘rectangles? : ‘ ‘

(2/?1)2; (4/n)2, (6/n)2, cees (Zn/n)z‘.

Represent S in summation notation.

R R T Rt - T -

kd | n
- _/<_ 2/n . (2i/m)% = 8/n3- 2 %
. i=4

S
=7
_ (
, = o2 . ] ’ .

Using the fact that Z, ? n(2n+l1) (n+1l) =~ we can now

i=¢ = v .

lim s

calculate N> Do so.
. : 3 2 . .
lim 8 . 2n° 4+ 3n” in - 8/3.
n-~>co n_3~ 6 ,
But what of = £ F i) A x? We haven't used it yet? On the

contrary we have calculated this sum three times! But-each time
we selected the F ito be in a very special position. For instance
in inscribing the rectangles inside the sectors of y - x, we picked
the ¥ i on the of the interval [xji.1, %3] .

- - - - - - - - - - - - - —- - - e e - - - - - - - -

left

Similarly in circumscribing rectangles about the sectors of y = x,

we picked the F i on the of the interval [xli_l, xi]

right

Now let's turn our attention to a slight - but important - modification
of the above arguments. Suppose that [ a,b] is again partitioned
by a =x54 X7 < xp < X3 € ... <Xp .= b, but this time the points of
division are not taken to be equally spaced but are arbitrarily

spaced over [a, bJ :

1f [a, b] is [0, 20], would it be possible to have x; - x;_1 z 10
(for some i°)? o :

- - - - - - - - - - e - - - - - = - - - - - - - e - - -




36,

S

egy Justipiclkix: 40y 152, M L ii=1 " to occturin [O, 1}
Then pick X 1z iy 1Rl . i o focatr (in [19, Z(ﬂ ’

This will certainly do the job!

As a means of notation call the interval from x;_; to x; by 4 x. ,
i-1, 2, ..., n. How would the interval from X to Xg be denoted?

Again suppose f(x) is continuous and positive over [a,b] . Clearly
we are assured as before of minimum and maximum ordinates in

L X:_1» Xi] . Call them m; and M, respectively. Using this
information calculate the area of the inscribed rectangles, S, and
the area of the circumscribed rectangles, S. e

‘31\ .3
PPN . g . e TR T s RS S % % gy 5 o S
n
S=mj Ax; +mp BXy *ans *mnAXn_: Z-:,; m; & x;

- n
S:Mlelf Myaox, +# .00 + M AX = ZMiAxi
izt

387

b
Again S ¢ [f(x)dx £ S. Solet's see if S and S again converge to
z‘gf(x)—dx even with the subdivisions of unequal size. To test this
we must examine a slightly different limit than before. This time

we must insist on more than before because lim only assures
us of the fact that more divisions are feee
being imposed on[a,b] . They could in &x-0

fact all be imposed onto (x7, xg). Then
surely S and S would not converge!

Why could all the new points of division be imposed on (x4, xg)?

There exists an infinity of points on (x7, x8).
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40.

41.

42.

43,

1i — —
. or ";ﬁo (S-S) - 0. To do this consider S - S. Calculate:
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- To remedy this malady let's insist that the divisions are always

taken so that the largest remaining subdivision is the recipient
of the next division point. Let's indicate this sly choice .of

division as follows: 'lulklﬁqw> where Wbl  is read 'the norm of
O

" & " and indicates that we are taking the limit as the largest

subdivision, A x5 where i ¢z 1, 2, e+, 1, is to approach 0.

Translate into English and tell the meaning of lim
' lialro

-_—\

1im i ) ' .
hagyo S is read: '"limit of S as the norm of A goes to 0'' and
means we are to consider the limit of S as the largest sub-’
division of [ a,b] goes to zero. -

Thus we now are ready fo S and S. We must show lim S =

Ao iAo

S --S as a sum.

- - - - - - - - - - - e - - - - - - - - - - - - -~ - - - -

S-S = (My-my) Axy ot (Mp-mj) LKy F X (Mn—mn) A.xn.

lim S

But again Mj-mj, i =1, 2, ..., n, can be made as small as is

desired by insisting that #Al»o . If M.-mj, iz1, 2, ..., n, is"~

in fact made less than ¢’ , what is the-limitation on § - S§?
(Express the difference in summation notation. ) -

/7 . . ‘ . .
S"‘_S_.: €Axl-r é’AXZ.+';" +€/Axn:

. ;o - e Axs . ) .
But clearly Z'GAX¢ = cZ/ ¢ .- Now refer to the figure in
z =

-

No. 37 and evaluate T ax;.

So, you see! We can now specify that [s- S| < e’ (b-a) or

better yet (since €’can be made arbitrarily small by controlling

the size of nAll ) we can set e€’(b-a) = € . But this means that
1S -814€ --- where €itself is any arbitrarily small but

. positive number. Of course we can effect this restriction on
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|5 - §_) by forcing |{all to be less than some positive number s

Under these circumstances what conclusion must one reach about

lim . lim :
usi»o S . and Jause -8 o

lim lim |
isi=>e 5 = llanso S

b . ] . .
44, ° But since S £ / f(x)dx € S by the precise ¢ argument used
when the subd1v151ons were of equal length, it is a sure bet that
1im lim
iatso S = HAl»e S = f(x)dx.
- a.
Indeed to show that lim

. Al-ro S = /f(x)dx it sufflces to say that
s - a-/f(

dxl can be made less than an arbitrary € by simply
forcing lah to be less than & where the § can be chosen to be
the same delta which forced | S -8 |<€ , where € is the same
€ as appeared before - .
lim
fape  § _/f (x)dx we only need to demonstrate

l S - / f(x)dx [ ‘< by chosing a suitable restriction. What is
this restrlctlon? -

'I‘o prove:

: b _ .
l S - a/f(x)dx | <€ if ua<E where 4 is the same ¢
appearing in the|S - S|<¢ argument for that particular € .

45, Finally we must show that desplte arbitrary partitioning of {a, b)

" . we have a finite sum which is analagous to the = #(F)AX in the
case of equal divisions. Obviously our new sum “will grow out
of the same arguments as the old one. That is, for x;_1 < } isg
%, =1, 2, ... , n, the followmg is truer my; € £( ¥ i) € M;.
But this means m; & x, € f(F1 )t>x1 M; Axs;foriz-1, 2, ...,

‘ n. (Notice: this 1nequ1a11ty is different from the case of equal
divisions in that & x previously was a constant multiplief for
‘every m; £ Fi)s M;. In the present case the m. € £( Fij= M;
is multiplied through by the corresponding & x; subintervall)

' Now represent the sum. of the inequalitie’s mj A-x ¢ f(Fi)sx ¢
M; & xj using summation notation. :

- - - - - - - - e e - - - - - - me e e i = - e - - = - - - -
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i ‘ 4 R ‘ -
, 2, my A% £ 2/{}4)4&; < 2 M ax;

=/ . PEY] =17

See.it! The outsidé sums are our old friends S and § respectively.

" Thus we've found the sum analogous to the corresponding sum in
~the case of equal d1v151ons Now we only need to show that

1im lim . . lim
TN EY) E lial>o f((F i) & x; - Ao G
But we already know 11m lim T
y Wallso S = NAlwo G,
o lim '
Hence, since Al=ro ‘ _/<_ £( 1) A x5 is boxed in by these values,

what can we conclude?

zl

lim lim - ) T S lim .
= . f i) Ax, - g
lHAll-»0 § hAjl—~e £ ( } £) *i = A\ o S

o=/

As a kst observation we can use the result of (46).and the

. statement in (44) to pull all the threads together.” Do so,

- e e e e o e o R e ek e e e e e m s e e e om e = = e =

lim lim 1im j . ‘
isime 2T alve S T jan—e ‘ (F 1) ax= [ {x)dx

iz/ 4

|

So the argument is.complete. To nail'it up solid let's review the
main points. .4 '

1. Define /f(x)dx.

4

- - e . - - - - - - - - - - - - e = - = - - - = -

6 lim -
/f(x)dx-; 1 &l >0 f( 1) ax; where:
a =l
1. a=%x <4< %x;4 ... ¢&%x =-Db

, "CONT,
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4, nan = max. of Axy

2. If t]réere exists a function F(x) such that F'(x) = f(x), then

Zf(x)dx =

- - - - - - - - - - - - — - - - - - - - - - - —

F(b) - F(a)
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Appendix C .

‘Notices Sent to Students Missing Classes During
Which Programmed Materials Were Studied
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No‘_c.ices Sent to Students Missing Classes Dﬁring
Which Programmed Materials were Studied

I notice that you were unable to attend the programmed ma,’.cerials
class  Monday __ Tuesday _ Thursday evening. I hope you
can drop by my office to érrange to go over this lesson you missed.
I want to caution you that AI will be unable to allow students to arbitrarily
come to these classes. |

ASo ——— if you miss a qiass,:,be sure to see me about it. I
realize that on special occasion‘s certain ﬁn‘iJ..su.al cir cum‘stances may
not permit you to. be in class. If and when such prqblems do arise, I

will do all I can to arrange a make-up time which will fit both your

schedule and my free time.

W. A, Stannard
Office 212 New Chem Bldg
Office hours: 2-5 daily
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Appendix D

Notices Sent to Student Advisors Indicating

-Advisee Progress with Programmed Materials




Student
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Notices Sent to Student Advisors Ihdicating Advisee

Progress with Programmed Materials

Math 121 Programmed Materials Report

Instructor

Advisor

. Class Hour-

Lessons Completed

'3 4 5 6 7 8 9 .10 11 12 13

14 15

16
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Appendix E

P'rogress Chart of Students Studying
. Programmed Materials




264

" Progress Chart of Students Studying
" Programmed Materials

To: -Advisor No. 1 Instructoxr No. 1 . Instfuctor No. 4
© Advisor No. 2 - Instructor No. 2 Instructor No., 5
Department Head Instructor No. 3 Supervisor

The following students in the Mathematics 121 classes are involved in
the programmed materials investigation. I will keep this progress
chart up to date and in your hands weekly.

Meeting Number
1 23 45 6 7 8 9 10 11 12 13 14 15 16

Student No.

D bt b et pet e -

DN N
w N =

[\S]
12N

[\
Ul

[\
o

[\Y)
~3

W NN
QO 0 © ~

45
46
47
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Appendix F

Final Examination Taken by the Experimental
and Control Groups
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Final Examination Taken by the
Experimental and Control Groups

Wintexr 1965

Math 121 ° Name

Final

Instructor

Show all work neatly. Indicate answers clearly. Do no work on backs

of pages.

I. Find an equation of the straight line through (2, 4) and (-3, 0).
Simplify your answer to the form Ax + By » C = O.

II. Write an equa.tion satisfied by the coordinates of a point that moves

. so that it is equidistant from the line x - 4 and the p01nt (0, -4).
Sketch this curve. . ,

ITI. Given y = %2 - 2x find dy/dx from the deflnltlon ( & - process).
Show all steps clea.rly, '

IV. Given Lim (-2x + 1) = 7 find a § that will satisfy the definition of a

x—=>-3 .
limit when € 2 2/3.

V. For each of the following find dy/dx by nse of a.pproprla.te formulas.,

Y:(X+1) (2X+ 1) Y = —-zi—.‘-——l- ’
3X + 2

VI. A rancher wishes to fence off a recta.néulér area from a corner of
a larger rectangular fenced field. If he has 1000 linear feet of
fencing material what should be the dimensions of this corner piece
to enclose a maximum area? (Show test Verlfylng that this is a
maximum).

VIL Given y = 3x%, 0 ¢ x ¢ 2, Subdivide the interval into 4 equal
subintervals and compute the upper sum (Sn) and the lower sum
(sn)-

VIIL. Eva.luate each of the ‘following: ,

f?;(tz + 4) dt - K /(4- * 313.2)2 u du =
IX. Prove d/dx x® -.nx™"1, where n is a positive intege?, by mathe-

matical induction on n. . (Assume it is known that for y = x, dy/dx -

1.)
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(Also yoﬁ may assume. any other derivative formulas from this
course. ) .o ‘ '

2

X. Find the area bounded by the curves y = x“ and y = x.
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Appendix G '
Tables
. i
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TABLE 1. PREDICTED SCORES OF STUDENTS IN THE EXPERIMENTAL
AND CONTROL GROUPS ENROLLING IN MATHEMATICS 121%

Experimental Group . Control Group |,
Student Predicted . Student Predicted
number , Math 121 number Math 121

Score - Score
1 AL 1 1 39
2 26 2 29
3 15 . .3 24
4 26 C 4 26
5 26 5 19.
6 33 . 6 29
7 1T 7 21
8 ) 21 - 8 20
9 : 20 . 9 : 26
10 17 : 10 ' 18
11 - 21 11 14
12 : 24 12 27
13 : ' 13 13 26
14 22 14 - - 20
15 19 ' 15 : : 12
16 23 16 - 29
17 - N 28 17 ' . 24
18 23 18 : 23
19 ' 25 - 19 18
.20 ' 30 _ 20 - 27
21 19 21 33

22 . ' 20

#See footnote on p.62 for procedure of calculating these predicted
scores by the Montana State College Testing and Counseling Service.

#%These scores were calculated to predict the grade of the student in
Mathematics 121 according to: A as 40, B as 30, C as 20, D as 10,
.and F as 00. The usual interpretation is: A as 4.0, B as 3.0, C as -
2.0, Das 1.0, and F as 0.0; however, decimal points were not- .
reported in the Montana State College Testing and Counseling Service
figures so do not appear in the table. ’ '
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TABLE 2. FINAL ACHIEVEMENT SCORES IN MATHEMATICS 121 OF
STUDENTS IN THE EXPERIMENTAL AND CONTROL GROUPS

Experimental Group . C Control Group
Student - Achieved Student ~Achieved
number L Score - number ' score

1. 1693 1. 133 .
2 122 2 135
3" o 110 3 119
4. , 181 4 170
5 ' ~ 120 5 143
6 140 6 125
-7 - 136 7 80 .
8 157 8 134,
9 : 126 -~ - 9 134
10 : 141 10 ' 144
11 X - 103 11 , 131
12 ' 174 12 152
S 13 . 104 : 13 - 151
14 ) 85 14 138
15 155 15 : 147
16 172 16 - , 134
17 147 , 17 . 140
18 144 18 : © 147
19 ' 139 19° . 109
20 . 140 . 20 142
21 134 21 : 14

22 158

-

#*These achieved scores were reported on the basis of a total score
of 200., ‘

S
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