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Abstract:
This investigation resulted from the belief that programmed materials written to supplement regular
classroom instruction of beginning calculus would significantly improve the final achievement of
students studying these materials in addition to their regular classroom instruction, The author
consulted pertinent literature as a means of investigating the extent to which the general area of the
problem had been explored. The literature revealed no evidence which supported or denied that
programmed materials of the type specified would significantly effect the learning of beginning
calculus. Hence an experiment was designed to measure the effect on final achievement in a beginning
calculus course resulting from the study of programmed materials written to supplement regular class
room instruction. The first step of the experiment was the preparation of a set of preliminary
programmed materials written to cover the critical areas of beginning calculus which cause students the
greatest learning problems. These preliminary materials were used in a pilot study to detect flaws in
construction as well as to provide the author with experience in conducting the experiment. Following
the pilot study the materials were revised to correct discovered inadequacies.

An experimental group was then selected to use the revised materials as a supplement to regular
classroom instruction. The students of the experimental group were volunteers from the beginning
calculus course and were chosen on the basis of their mathematical achievements in previous college
mathematics courses. For one college quarter the programmed materials were administered to the
experimental group in addition to their regular classroom instruction. At the end of this quarter the final
examination scores earned by members of the experimental group were recorded as a measure of
individual student achievement.

The control group was next selected. Standards for admission into this group were similar to those for
the experimental group with the exception that the control group did not have access to the
programmed materials. The measure of the final achievements of the members of the control group was
by means of the same final achievement examination taken by members of the experimental group. The
final achievement scores of the two groups were compared by appropriate statistical tests.

As a result of reviewing literature the author concluded: (1) Modern scientific-technological pressures
have brought about many changes in the emphasis and content of current mathematics. Since these
changes have influenced the teaching of calculus, a need has developed for more effective calculus
teaching techniques. (2) The results of research done on the effectiveness of supplementing class-room
teaching of mathematics by using programmed materials has been inconclusive. From his investigation
the author concluded that the effect on the final achievement of students in a beginning calculus course
resulting from the study of programmed materials prepared by the author was not significantly above
the corresponding achievement of students not studying such materials. 
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• A C K N O W LED G M EN T
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T h e w r ite r  is  d e e p ly  g r a te fu l to  th e  m a n y  p e o p le  w ith ou t
'

w h o se  h e lp  and in s p ir a t io n  th is  in v e s t ig a t io n  w ou ld  not h a v e  b e e n  

p o s s ib le .  In p a r t ic u la r  h e  i s  d e e p ly  in d eb ted  to  th e  s tu d e n ts  who  

c o o p e r a te d  in  co n d u ctin g  th e  stu d y , th e  fa c u lty  m e m b e r s  w ho  

a s s i s t e d  in  th e  stu d y , and th e fa c u lty  m e m b e r s  w ho w e r e  s o  c o n ­

s id e r a te  in  th e ir  g u id a n ce  and  s u g g e s t io n s .

■ W. A . S.
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T h is  in v e s t ig a t io n  r e s u lt e d  fr o m  th e  b e l i e f  th a t p r o g r a m m e d  m a t e r ­
ia l s  w r it te n  to  su p p le m e n t r e g u la r  c la s s r o o m  in s tr u c t io n  o f b eg in n in g  
c a lc u lu s  w ou ld  s ig n if ic a n t ly  im p r o v e  th e  f in a l a c h ie v e m e n t  of s tu d en ts  
stu d y in g  th ese  m a te r ia ls  in  addition  to  th e ir  reg u la r  c la ss ro o m  in stru c tio n . 
T h e au th or c o n su lte d  p e r t in e n t  l i t e r a tu r e  a s  a m e a n s  of in v e s t ig a t in g  th e  
e x te n t  to  w h ic h  th e  g e n e r a l a r e a  of th e  p r o b le m  had  b e e n  e x p lo r e d . T he  
l i t e r a tu r e  r e v e a le d  no e v id e n c e  w h ich  su p p o r ted  or d e n ie d  th a t p r o g r a m ­
m e d  m a t e r ia ls  o f th e  ty p e  s p e c if ie d  w o u ld  s ig n if ic a n t ly  e f f e c t  the le a r n in g  
of b eg in n in g  c a lc u lu s . H e n c e  an  e x p e r im e n t  w a s  d e s ig n e d  to  m e a s u r e  the  
e f f e c t  on f in a l a c h ie v e m e n t  in  a b e g in n in g  c a lc u lu s  c o u r s e  r e s u lt in g  fr o m  
th e  stu d y  o f p r o g r a m m e d  m a t e r ia ls  w r it te n  to  su p p le m e n t r e g u la r  c l a s s ­
r o o m  in s tr u c t io n . T he f i r s t  s te p  o f th e  e x p e r im e n t  w as th e  p r e p a r a t io n  
of a s e t  o f p r e l im in a r y  p r o g r a m m e d  m a t e r ia ls  w r it te n  to  c o v e r  the c r i t i ­
c a l  a r e a s  o f b eg in n in g  c a lc u lu s  w h ich  c a u se  s tu d en ts  th e  g r e a t e s t  le a r n in g  
p r o b le m s . T h e s e  p r e l im in a r y  m a t e r ia ls  w e r e  u s e d  in  a p ilo t  stu d y  to  
d e te c t  f la w s  in  c o n s tr u c t io n  a s  w e ll  a s  to  p r o v id e  th e a u th o r  w ith  e x ­
p e r ie n c e  in  co n d u ctin g  th e e x p e r im e n t . F o llo w in g  th e  p ilo t  stu d y  th e  
m a t e r ia l s  w e r e  r e v i s e d  to  c o r r e c t  d is c o v e r e d  in a d e q u a c ie s .

A n  e x p e r im e n ta l grou p  w a s th en  s e le c t e d  to  u s e  th e  r e v is e d  
m a t e r ia l s  a s  a. su p p le m e n t to  r e g u la r  c la s s r o o m  in s tr u c t io n . T h e s tu d e n ts  
of th e  e x p e r im e n ta l grou p  w e r e  v o lu n te e r s  fr o m  th e b e g in n in g  c a lc u lu s  
c o u r s e  and w e r e  c h o se n  on th e  b a s i s  of t h e ir  m a th e m a t ic a l  a c h ie v e m e n ts  
in  p r e v io u s  c o l le g e  m a th e m a t ic s  c o u r s e s .  F o r  one c o l le g e  q u a r ter  the  
p r o g r a m m e d  m a t e r ia ls  w e r e  a d m in is te r e d  to  th e  e x p e r im e n ta l grou p  in  
a d d itio n  to  th e ir  r e g u la r  c la s s r o o m  in s tr u c t io n . A t th e  end  o f th is  
q u a r te r  th e  f in a l e x a m in a t io n  s c o r e s  e a r n e d  b y  m e m b e r s  o f th e  e x p e r i ­
m e n ta l grou p  w e r e  r e c o r d e d  a s  a m e a s u r e  of in d iv id u a l s tu d en t a c h ie v e ­
m e n t.

T h e c o n tr o l grou p  w a s  n ex t s e le c t e d .  S ta n d a rd s fo r  a d m is s io n  in ­
to  th is  g r o u p .w e r e  s im i la r  to  th o se  fo r  th e  e x p e r im e n ta l g rou p  w ith  th e  
e x c e p t io n  th a t th e  c o n tr o l grou p  d id  n o t h a v e  a c c e s s  to  th e  p r o g r a m m e d  
m a t e r ia l s .  T h e m e a s u r e  of th e  f in a l a c h ie v e m e n ts  o f th e  m e m b e r s  of 
th e  c o n tr o l grou p  w a s  b y  m e a n s  of th e  sa m e  f in a l a c h ie v e m e n t  e x a m i­
n a tio n  ta k e n  b y  m e m b e r s  of th e  e x p e r im e n ta l grou p . T h e f in a l a c h ie v e ­
m e n t  s c o r e s  o f th e  tw o  g ro u p s  w e r e  c o m p a r e d  b y  a p p r o p r ia te  s t a t i s t ic a l  
t e s t s .

A s  a r e s u l t  of r e v ie w in g  l i t e r a t u r e  th e  au th or  co n c lu d ed : (I)-
M o d ern  s c ie n t i f i c - t e c h n o lo g ic a l  p r e s s u r e s  h a v e  b ro u g h t ab ou t m a n y  
c h a n g e s  in  the e m p h a s is  and co n ten t o f c u r r e n t  m a th e m a t ic s .  S in ce  
th e s e  c h a n g e s ,h a v e  in f lu e n c e d  th e  te a c h in g  of c a lc u lu s , a n e e d  h a s  d e ­
v e lo p e d  fo r  m o r e  e f f e c t iv e  c a lc u lu s  te a c h in g  te c h n iq u e s . (2) T he  
r e s u l t s  of r e s e a r c h  done on the e f f e c t iv e n e s s  of su p p le m e n tin g  c l a s s ­
r o o m  te a c h in g  of m a th e m a t ic s  b y  u s in g  p r o g r a m m e d  m a t e r ia l s  h a s  
b e e n  in c o n c lu s iv e .
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From his investigation the author concluded that the effect on the 
final achievement of students in a beginning calculus course resulting 
from the study of programmed materials prepared by the author was not 
significantly above the corresponding achievement of students not 
studying such materials.



C H A P T E R  I

IN TR O D U C TIO N

T h e r e  h a s  b e e n  good  r e a s o n  to  r e f e r  to  th e p r e s e n t  a g e  a s  a 

s c ie n t i f ic - t e c h n o lo g ic a l  e r a . N e v e r  b e fo r e  in  the h is t o r y  o f m an  h a s  

th e  d e s t in y ' of the fu tu re  b e e n  so  c lo s e ly  c o n tr o lle d  b y  s c ie n t i f i c  t e c h ­

n o lo g y . In the p a s t  tw e n ty  y e a r s  s in g le  n a tio n s  h a v e  c o m e  to  p o s s e s s ,  

th ro u g h  s c ie n t i f ic  m e a n s ,  th e  m a c h in e s  of w a r  ca p a b le  of d e s tr o y in g  

e n t ir e  c iv i l i z a t io n s .  In fa c t  the g r a sp  of m o d e r n  s c ie n c e  h a s  r e a c h e d  

in to  the l i v e s  of p eo p le  e v e r y w h e r e  in  th e fo r m  of t e le v is io n ,  a u to m o b ile s ,  

s a t e l l i t e s ,  e l e c t r ic  d is h w a s h e r s ,  m e d ic a l  d r u g s , and d o z e n s  of o th er
J

a r e a s  o f e v e r y d a y  l i f e .  T h u s fo r  th e c i t iz e n  o f  to m o r r o w  to  u n d e rsta n d , 

a p p r e c ia te ,  and  p r o p e r ly  u s e  th e s e  t o o ls  h e  m u st  b e  w e l l  q u a lif ie d  to  

ju d ge th e m  and m u s t  p o s s e s s  th e  t e c h n ic a l  a b ility  to  d e v is e  o th er  e f f i ­

c ie n t  m a c h in e s  w h ich  w i l l  h e lp  h im  d e s ig n  a m o r e  c o m p a tib le  to m o r r o w .

H o w e v e r , th e  a b il i ty  to  p r o p e r ly  ju d g e , u se ,a n d  d e s ig n  the c o m ­

p le x  s c ie n t i f ic  d e v ic e s  of th is  m o d e r n  e r a  h a s  b e e n  found  to  b e  s tr o n g ly  

d ep en d en t upon th e  d e g r e e  of c o m p r e h e n s io n  o f th e  su p p o rtin g  s c i e n c e > 

m a th e m a t ic s .  W ith th e  c u r r e n t  sh ift  to  an in c r e a s in g ly  a u to m a ted  w o r ld  

w h e r e  to le r a n c e  fo r  e r r o r  h a s  b e e n  found  to  be j jm a ll ,  th e  s o c ie t y  of 

to d a y  h a s  tu rn ed  to  th e tr u th s  o f m a th e m a t ic s  to  g u id e  th e  w ay  to  s c i e n ­

t i f i c  u n d e r sta n d in g  and u t il iz a t io n .

N a tu r a lly  th is  h e a v y  c o n c e n tr a t io n  on m a th e m a t ic s  h a s  had f a r -  

r e a c h in g  e f f e c t s .  In fa c t , so  m u ch  p r e s s u r e  h a s  b e e n  b ro u g h t to  b e a r  

on th e su b je c t  th a t th e  r e s u lt in g  v a s t  c h a n g e s  in  m a th e m a t ic s  h a v e  b e e n  

a p tly  d e s c r ib e d  a s  a tr u e  r e v o lu tio n . T h is  p o in t w a s c l e a r ly  s ta ted  in
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1961 b y  m a th e m a t ic ia n  G. B a le y  P r i c e ,  C h a irm a n  o f  th e  D e p a r tm e n t  

of M a th e m a tic s  a t th e  U n iv e r s ity  of K a n s a s , w hen  he w ro te :

T he c h a n g e s  in  m a th e m a t ic s  in  p r o g r e s s  at the p r e s e n t  
t im e  a r e  so  e x te n s iv e ,  so  f a r - r e a c h in g  in  th e ir  im p lic a t io n s ,  
and s o  p ro fou n d  th a t th e y  can  b e  d e s c r ib e d  on ly  a s  a r e v o lu ­
tio n . I ,

W ith su ch  in te n s e  fo c u s  oh m a th e m a t ic s  b y  m a th e m a t ic ia n s  and  

n o n -m a th e m a t ic ia n s  th ro u g h o u t th is  co u n try , th e  im p a c t  on e d u ca tio n  

h a s  b e e n  in e s c a p a b le . In th e p a s t  fe w  y e a r s  m a th e m a t ic ia n s  and 

e d u c a to r s  h a v e  found  it  n e c e s s a r y  to  w o rk  in  c lo s e  h a r m o n y  in  a t te m p t­

in g  to  d e v is e  e f fe c t iv e  te a c h in g  p r o g r a m s  ca p a b le  of m e e t in g  m o d ern  

n e e d s . W ith th e  a c c e le r a t io n  in s c ie n t i f i c  a d v a n c e m e n ts , m a th e m a t ic s  

e d u c a to r s  h a v e  b e e n  p r e s s e d  to  p r e s e n t  th e su b je c t  to  th e  le a r n e r  in  

th e  m o s t  e f f e c t iv e  w a y  p o s s ib le  so  th a t th e  su b je c t  m a tte r  p r e s e n te d  

w il l  be in  h a r m o n y  w ith  fu tu re  e x p a n s io n  of m a th e m a t ic a l  k n o w led g e . 

N u m e r o u s  in s tr u c t io n a l im p r o v e m e n t  p r o je c t s  h a v e  b e e n  put into  

o p e r a tio n  th r o u g h  f e d e r a l ly  sp o n s o r e d  in s t itu te s  fo r  t e a c h e r s ,  in -  

s e r v ic e  e d u c a tio n  c o u r s e s ,  le c tu r e  s e r i e s ,  e d u c a tio n a l t e le v is io n  p r o ­

g r a m s , and w h a te v e r  o th e r  m e a n s  h a v e  s e e m e d  a p p r o p r ia te .

A c tu a lly  th is  r e v o lu t io n  h a s  r e p e a te d ly  c o m p lic a te d  i t s e l f  b e ­

c a u s e  n o t o n ly  h a s  e a c h  m a jo r  a d v a n c e m e n t in  m a th e m a t ic s  im p lie d

P r i c e ,  G. B a le y, 1lP r o g r e s s  in  M a th e m a tic s  and I ts  Im p lic a t io n s  
fo r  th e  S c h o o ls , 11 in  T he R e v o lu t io n  in  S c h o o l M a th e m a t ic s , A  R e p o r t  of 
R e g io n a l O r ie n ta tio n  C o n fe r e n c e s  IrT M ath em atics by th e  N a tio n a l C o u n c il 
o f T e a c h e r s  o f M a th e m a t ic s , p. I.
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a n eed  fo r  a c u r r ic u lu m  r e v is io n  a t g ra d u a te  l e v e l  stu d y , but ea ch  

c u r r ic u lu m  r e v is io n  at th e  g ra d u a te  l e v e l  h a s  in  tu rn  im p lie d  a n e e d  

fo r  c u r r ic u lu m  r e v i s io n  a t a l l  p r e r e q u is i t e  l e v e l s .  T h is  sn o w b a llin g  

e f fe c t  S e v e r e ly  c h a lle n g e d  e d u Gfttidnal e f fo r ts  td k e e p  te a c h in g  

u p - to -d a te  and in  l in e  w ith  fu tu re  n e e d s .

S in ce  th e p r im a r y  p r o b le m  h a s  b e c o m e  one of p r e p a r in g  m o r e  

and m o r e  s tu d e n ts  w ith  a b r o a d e r  m a th e m a t ic a l  b a ck g ro u n d , it  h a s  

b e c o m e  in c r e a s in g ly  c le a r  th a t w a y s  n e e d  to  b e  found to  im p r o v e  th e  

t r a n s m is s io n  of m a th e m a t ic a l  k n o w led g e  fr o m  th e in s tr u c to r  to  the  

stu d en t a t a l l  l e v e l s .  • One c r i t ic a l  l e v e l  w h ich  h a s  b e e n  found to  d em an d  

su c h  im p r o v e d  le a r n in g - te a c h in g  e f f e c t iv e n e s s  i s  a t th e  e a r ly  c o l le g e  

l e v e l  w h e r e  th e  b eg in n in g  c a lc u lu s  i s  e n c o u n te r e d .

S ta te m e n t of th e  P r o b le m

T h e p r o b le m  of th is  stu d y  w a s to  d e te r m in e  the e f f e c t  on f in a l  

a c h ie v e m e n t  o f s tu d e n ts  in  a b eg in n in g  c a lc u lu s  c o u r s e  w ho had w o rk ed  

th ro u g h  a s  s e r i e s  of l e s s o n s  of p r o g r a m m e d  in s tr u c t io n  w h ich  had b e e n  

w r it te n  to  t e a c h  c e r ta in  b a s ic  id e a s  in  th e  c a lc u lu s .

T h e e x is t e n c e  of th e  p r o b le m  in v e s t ig a te d  had  i t s  o r ig in  in the  

'fa c t  th a t th e le a r n in g  of b e g in n in g  c a lc u lu s  b y  the s tu d en t h a s  b een  

■ r e c o g n iz e d  to  b e la r g e ly  g o v e r n e d  b y  th e  te a c h in g  h e r e c e iv e s  in c l a s s ,  

b y  th e  re a d in g  h e  d o e s  out of c l a s s ,  and  b y  h is  h o m e w o r k . S in ce  so  

m a n y  s tu d e n ts  h a v e  fa i le d  to  p e r fo r m  s a t is f a c t o r i ly  in  c a lc u lu s ,  the  

le a r n in g  in  g e n e r a l h a s  e ith e r  b e e n  in c o m p le te  or th e  in fo r m a tio n  

' le a r n e d  h a s  b e e n  in c o r r e c t .  In v ie w  of th is  le a r n in g  p r o b le m  th e  ■
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q u e stio n  w a s  p o sed : to  w hat e x te n t  w ou ld  p r o g r a m m e d  m a t e r ia ls  

w r it te n  to  c o v e r  the a r e a s  o f c a lc u lu s  w h ich  c a u se  th e g r e a t e s t  le a r n in g  

p r o b le m s  b e a s ig n if ic a n t  le a r n in g  a id  to  th e  s tu d en t?  T h is  q u e s tio n  in  

tu r n  le d  to  the s ta te m e n t  of the h y p o th e s is  (Hq) w ith  w h ich  th is  in v e s t i ­

g a tio n  w a s  c o n c e r n e d : th e r e  is  no s ig n if ic a n t  d if fe r e n c e  in  th e f in a l
' ' f

a c h ie v e m e n t  o f s tu d e n ts  in  a b e g in n in g  c a lc u lu s  c o u r s e  w ho h ave
C

stu d ied  p r o g r a m m e d  m a t e r ia l s  a s  a su p p le m e n t to  c o n v e n tio n a l c l a s s ­

r o o m  " in stru ction  of to p ic s  w h ich  o r d in a r i ly  c a u se  le a r n in g  p r o b le m s  

o v e r  ’s tu d e n ts  w ho h a v e  n o t s tu d ied  su c h  m a t e r ia ls .

P r o c e d u r e s

In o r d e r  to  d e te r m in e  if  p r o g r a m m e d  m a t e r ia ls  s p e c i f i c a l ly  

w r it te n  to  c o v e r  the to p ic s  w h ich  c a u s e  le a r n in g  p r o b le m s  fo r  the  

stu d en t in  a b eg in n in g  c a lc u lu s  c o u r s e  w ou ld  b e  a fa v o r a b le  s u p p le m e n ta r y  

le a r n in g  a id  fo r  the s tu d en t the fo llo w in g  p r o c e d u r e s  w e r e  u sed :

1. P e r t in e n t  l i t e r a tu r e  w a s  e x a m in e d  to  p r o v id e  b a ck g ro u n d  in ­

fo r m a t io n  w h ich  w ou ld  o r ie n t  th e stu d y  in  t e r m s  o f p a s t  and p r e s e n t  

p r a c t ic e s  and p r o b le m s  in v o lv e d  in  te a c h in g  b eg in n in g  c a lc u lu s  and to
I

s u m m a r iz e  o th er  in v e s t ig a t io n s  w h ich  h a v e  d e a lt  w ith  th e  e f f e c t s  of p r o ­

g r a m m e d  m a t e r ia ls  w h ich  h a v e  r e s u lte d  fr o m  th e ir  u s e s .

2. A n  id e n t if ic a t io n  w a s  m a d e  o f th e  to p ic s  of b e g in n in g  • 

c a lc u lu s  w h ic h  c a u s e  s tu d e n ts  le a r n in g  p r o b le m s .

3. . A  set. o f p r o g r a m m e d  m a t e r ia l s  w a s  w r it te n  w h ic h  p o s s ib ly  

w o u ld  a s s i s t  th e  s tu d en t in  le a r n in g  t h e s e  d if f ic u lt  t o p ic s .

' i
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4. A n e v a lu a tio n  of the- e f f e c t iv e n e s s  of the p r e l im in a r y  p r o ­

g r a m m e d  m a t e r ia ls  w a s  m a d e  fo llo w in g  th e  a d m in is tr a t io n  o f th e s e  

m a t e r ia l s  to  a p ilo t  grou p . T h is  e v a lu a t io n  in v o lv e d  a r a tin g  s y s te m  

w hereby itexns e£ the pyogratom ed m a te r ia ls  w ere  ranheti Aeedrding to 

th e ir  e f f e c t iv e n e s s .

5 . S e c t io n s  o f th e  p r e l im in a r y  p r o g r a m m e d  m a t e r ia l s  w h ich  "in­

d ic a te d  la c k  o f te a c h in g  e f f e c t iv e n e s s - w e r e  r e w r it te n .

6. T he r e w r it te n  p r o g r a m m e d  m a t e r ia ls  w e r e  a d m in is te r e d  to  

a c a r e fu l ly  c h o s e n  and r e g u la te d , e x p e r im e n ta l grou p .

7. A  stu d y  of th e  e f f e c t  o f the p r o g r a m m e d  m a t e r ia l s  on f in a l  

a c h ie v e m e n t  w a s  m a d e  b y  s t a t i s t ic a l ly  c o m p a r in g  th e  f in a l a c h ie v e d  

s c o r e s  of an  e x p e r im e n ta l grou p  w h ic h  u s e d  th e p r e p a r e d  m a te r ia ls  

w ith  th e f in a l a c h ie v e d  s c o r e s  o f a c o n tr o l group  w h ich  d id  n o t u s e  the  

p r e p a r e d  m a t e r ia ls .

T h e c o n tr o l and e x p e r im e n ta l g ro u p s  w e r e  in it ia l ly  o f c o m p a ra b le  

b a ck g ro u n d  and a b il i ty .

In o r d e r  to  d e te r m in e  th e  a r e a s  o f .b e g in n in g  c a lc u lu s  w h ich  

c a u s e  s tu d e n ts  le a r n in g  p r o b le m s , a l i s t  of to p ic s  c o v e r e d  in  a ty p ic a l  

f i r s t  quarter' c a lc u lu s  s e q u e n c e  w a s  n r e p a r e d . . T h is  l i s t  w a s  g iv e n  to  

tw e lv e  p e o p le  w e l l  q u a lif ie d  to  ju d ge th e  le a r n in g  p r o b le m s  of s tu d en ts  

in  a b e ginning"  c a lc u lu s  s e q u e n c e . T h is  sa m e  ju r y  th en  ra n k ed  th e  

to p ic s  w h ich  in  th e ir  ju d g m e n t caused, th e  g r e a t e s t  le a r n in g  p r o b le m s .

T h e to p ic s  of the l i s t  w e r e  th en  ta b u la ted  a c c o r d in g  to  th e  fr e q u e n c y
■ f k'li-Qf i t e m s  m a r k e d . B y  c o n s id e r in g  p o s s ib le  a v a ila b le  s tu d en t t im e  i t  w a s
Ir:'  .

d e c id e d  th a t no m o r e  th an  s e v e n te e n  e v e n in g  m e e t in g s  c o u ld  b e e x p e c te d
:!}j ' ■ '

•
-1 ■



of s tu d en ts  d e s ir in g  to  w o rk  th ro u g h  th e  p r o g r a m m e d  m a t e r ia l s  w h ich  

w o u ld  b e  w r it te n . T h u s th e  s e v e n te e n  to p ic s  m o s t  fr e q u e n t ly  in d ica te d  

w e r e  d en o ted  and p r o g r a m m e d  m a t e r ia ls  w e r e  -w ritten  to  c o v e r  ea ch  o f 

th e s e  a r e a s .

T he s e v e n te e n  p r o g r a m m e d  le s s o n s  w e r e  a d m in is te r e d  to  s tu d e n ts  

r e q u e s t in g  a s s i s t a n c e  in  a b e g in n in g  c a lc u lu s  c o u r s e .  T h e s e  stu d en ts  

k ep t a r e c o r d  of th e  i t e m s  of the p r o g r a m m e d  m a t e r ia ls  w ith  w h ich

th e y  had d if f ic u lty . B y  u s in g  H o lla n d 's  10 p e r c e n t  p e r m is s ib le  e r r o r
2 . -

r a t io  th o s e  i t e m s  of th e  m a t e r ia ls  w h ic h  d is p la y e d  o v e r  10 p e r c e n t  

e r r o r  w e r e  r e w r it te n  to  in s u r e  g r e a te r  c la r if ic a t io n  o f su b je c t  m a tte r .

In o rd er  to  t e s t  th e  h y p o th e s is  (H q) an  e x p e r im e n ta l grou p  w as- 

n e x t  s e le c t e d  fr o m  the fo llow in g ' q u a r te r 's  b eg in n in g  c a lc u lu s  seq u e n c e  

e n r o llm e n t  a t M ontana S ta te  C o lle g e . On a w e e k ly  sc h e d u le  d u rin g  the  

q u a r ter  th e s e  s tu d e n ts  w e r e  p r o v id e d  w ith  f if te e n  l e s s o n s  of p r o g r a m m e d  

m a t e r ia ls  w r it te n  to  c o r r e c t  the fa u lts  o f th e  o r ig in a l s e v e n te e n  l e s s o n s .  

A t th e  end  of the q u a r ter  th e e n t ir e  b e g in n in g  c a lc u lu s  c l a s s  w a s  g iv e n  

th e  s a m e  c o m p r e h e n s iv e  f in a l e x a m in a tio n  fo r  th e c o u r s e .  S c o r e s  on 

th is  f in a l e x a m in a t io n  w e r e  r e c o r d e d  and s t a t i s t ic a l ly  s tu d ie d  to  t e s t  

th e  h y p o th e s is  (H ) th a t th e r e  w a s no s ig n if ic a n t  d if f e r e n c e  in  th e f in a l  

a c h ie v e m e n t  of s tu d e n ts  in  a b e g in n in g  c a lc u lu s  c o u r s e  w ho  h a v e  s tu d ied  

p r o g r a m m e d  m a t e r ia ls  a s  a su p p le m e n t to  c o n v e n tio n a l c la s s r o o m  in ­

s tr u c t io n  o f  to p ic s  w h ic h  o r d in a r i ly  c a u s e  le a r n in g  p r o b le m s  o v e r . 

s tu d en ts  w ho h a v e  n ot s tu d ie d  su ch  p r o g r a m m e d  m a t e r ia l s .  T e a c h in g

F r y ,  E . G . ,  T e a c h in g  M a c h in e s  and P r o g r a m m e d  In s tr u c t io n , p„ 4
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of a l l  of the b eg in n in g  c a lc u lu s  s tu d en ts  w as done by f iv e  e x p e r ie n c e d  

and  w e l l  q u a lif ie d  in s t r u c t o r s ,  and g e n e r a l  s u p e r v is io n  o f a l l  te a c h in g  

w a s  c a r e fu l ly  c a r r ie d  out b y  one in d iv id u a l w h o se  e x te n s iv e  q u a lif ic a t io n s  

in c lu d e d  fo r ty  y e a r s  of c o l le g e  m a th e m a t ic s  te a c h in g  and f i f t e e n  y e a r s  

a s  h ea d  of a m a th e m a tic s ' d ep a r tm en t.

■ L im ita t io n s

T he fo llo w in g  l im ita t io n s  w e r e  im p o s e d  on the in v e s t ig a t io n :

1. T h e n u m b er  of s tu d e n ts  in  th e  e x p e r im e n ta l and c o n tr o l g ro u p s  

w a s  l im it e d  to  .tw en ty -o n e  and tw e n ty -tw o  r e s p e c t iv e ly .  T h e s e  sa m p le

s i z e s  w e r e  ju d ged  la r g e  en ou gh  to  g iv e  th e  s t a t i s t ic a l  t e s t s  su ff ic ie n t
/

d is c r im in a t io n  p o w e r .

2. T h e e x p e r im e n ta l p o r tio n  of th e  in v e s t ig a t io n  w a s  l im ite d  in  

t im e  to  th e d u ra tio n  of th e  w in te r  q u a r ter  o f th e  196 4 -6 5  c o l le g e  a c a d e m ic  

y e a r .  T h is  p e r io d  of in v e s t ig a t io n  w a s  ju d g ed  s u ff ic ie n t  b e c a u s e  d u rin g  

th a t q u a r te r  th e  e x p e r im e n ta l grou p  had  a m p le  t im e  to  c a r e fu l ly  study  

en o u g h  p r o g r a m m e d  m a t e r ia l s  to  m a s t e r  th o se  to p ic s  s e le c t e d  a s  b e in g  ' 

e s s e n t ia l  to  s u c c e s s  in  b eg in n in g  c a lc u lu s .

3. T he to p ic s  of b e g in n in g  c a lc u lu s  w h ic h  w e r e  p r o g r a m m e d  fo r  

u s e  b y  the e x p e r im e n ta l g rou p  w e r e  f i f t e e n  in  n u m b er . T h e  c h o ic e  of 

t h e s e  p a r t ic u la r  f if t e e n  t o p ic s  w a s  ju d g ed  a p p r o p r ia te  b e c a u s e  a

r a t in g  s y s t e m  w a s  U sed x to  id e n t ify  th e m  a s  b e in g  c r i t ic a l  to  th e  le a r n in g
- ' % (

of b e g in n in g  c a lc u lu s .  ^

4. T h e r e g u la r  c la s s r o o m  in s tr u c t io n  o f the e x p e r im e n ta l and



c o n tr o l g rou p  w a s  l im it e d  to  in s tr u c t io n  b y  f iv e  e x p e r ie n c e d  and c o m ­

p e te n t  m e m b e r s  of the m a th e m a t ic s  s ta f f  at M ontana S ta te  C o lle g e .  

S u p e r v is io n  o f th e  in s tr u c t io n  w a s  k ep t u n ifo r m  and o f h ig h  q u a lity  by  

a c o m p e te n t  and e x p e r ie n c e d  s u p e r v is o r .

5. T he me a s u r e m e n t  o f th e  f in a l a c h ie v e m e n ts  b y  th e  m e m b e r s

o f the e x p e r im e n ta l and c o n tr o l g ro u p s  w a s  l im ite d  to  one c o m p r e h e n s iv e  

e x a m in a t io n . T h is  l im ita t io n  w a s n e c e s s a r y  in  o r d e r  th a t the in v e s t i -  

c a t io n  co u ld  b e  c a r r ie d  out w ith in  the s tr u c tu r e  o f e x is t in g  m a th e m a t ic s  

d e p a r tm e n ta l p o l ic ie s  a t M ontana S ta te  C o lle g e .

6. T h e le v e l  of s ig n if ic a n c e  fo r  th e  s t a t i s t ic a l  t e s t s  w a s  s e t

a t 5 p e r c e n t .  T h is  l e v e l  w a s  ju d ged  a p p r o p r ia te  in  v ie w  o f th e  n a tu re  

of th e in v e s t ig a t io n .

U n d er t h e s e  l im it a t io n s  the in v e s t ig a t io n  w a s  m a d e  to  d is c o v e r  

th e  e f f e c t s  on f in a l a c h ie v e m e n t  of s tu d e n ts  in  a b eg in n in g  c a lc u lu s  

c o u r s e  w ho h a v e  s tu d ied  p r o g r a m m e d  m a t e r ia ls  a s  a su p p le m e n t to  

c o n v e n tio n a l c la s s r o o m  in s tr u c t io n  of t o p ic s  w h ich  o r d in a r i ly  ca u se  

le a r n in g  p r o b le m s  o v e r  s tu d e n ts  w ho h a v e  n o t s tu d ied  su c h  p r o g r a m m e d  

m a t e r ia l s .  T he f i r s t  s te p  of th is  in v e s t ig a t io n , a r e v ie w  o f r e la te d  

l i t e r a t u r e ,  i s  r e p o r te d  n ex t. '



C H A P T E R  II

.R E V IE W  OF L IT E R A T U R E

T he p u r p o se  of th e  r e v ie w  o f l i t e r a tu r e  Was to  p r o v id e  b a c k - . ' ■ 

grou n d  in fo r m a tio n  w h ich  w ou ld  o r ie n t  th e  stu d y  in  t e r m s  of p a s t  and  

p r e s e n t  p r a c t ic e s  and  p r o b le m s  in v o lv e d  in  te a c h in g  b e g in n in g  c a lc u lu s  

an d  to  s u m m a r iz e  o th er  in v e s t ig a t io n s  w h ich  h ave  d e a lt  w ith  the e f f e c t s  

of p r o g r a m m e d  m a t e r ia ls  r e s u lt in g  fr o m  th e ir  a p p lic a tio n  u nder s im ila r  

c ir c u m s t a n c e s  and fo r  p u r p o se s  s im ila r  to  th o se  of th is  stu d y . In 

o r g a n iz in g  th e  r e s u l t s  of th e  l i t e r a tu r e  r e v ie w e d  fou r m a jo r  to p ic s  

w e r e  s e le c t e d  and c o r r e s p o n d in g ly  d e v e lo p e d  th ro u g h  r e f e r e n c e  to  

p e r t in e n t  l i t e r a tu r e :  (I )  r e c e n t  ch a n g e s  in  th e  co n ten t and s p ir it  of 

b eg in n in g  c a lc u lu s ,  (2) le a r n in g  p r o b le m s  a s s o c ia t e d  w ith  c u r r e n t  

b e g in n in g  c a lc u lu s ,  (3) th e  r o le  of p r o g r a m m e d  in s tr u c t io n  in  le a r n in g ,  

c u r r e n t  b e g in n in g  c a lc u lu s ,  and (4) a b r ie f  su m m a r y  of in v e s t ig a t io n s  

s im i la r  in  m a n n er  and p u r p o se  to  th a t o f th is  stud y . T he f i r s t  to p ic  

i s  d e v e lo p e d  in  th e fo llo w in g  s e c t io n .

R e c e n t  C h a n g es  in  th e  C on ten t and S p ir it  o f .B e g in n in g  C a lc u lu s
x

In th e 11 9 5 0 ’s s e r io u s  ch a n g es  b e g a n  to  tak e  p la c e  in  th e  m a th e ­

m a t ic s  c u r r ic u lu m  w h ich  had b e e n  e s ta b l is h e d  in  the U n ited  S ta te s  
3

s in c e  th e  1 8 9 0 's . One o f  th e  f i r s t  m a jo r  b r e a k s  w ith  th e  tr a d it io n a l  

m a th e m a t ic s ,  c u r r ic u lu m  c a m e  in  1951 w h en  th e M a th e m a tic s  D ep a r tm e n t

D y e r , H .. S. ; K a lin , R o b ert; and  L o rd ,. F . M . ; P r o b le m s  in  
M a th e m a tic a l E d u c a tio n , pp. 1 8 -1 9 . • 1

3



10

at the U n iv e r s ity  of I l l in o is  r e a c te d  to  th e p o o r  m a th e m a t ic a l  p r e p a r a tio n  

of s tu d e n ts  in  th e  e n g in e e r in g  c u r r ic u lu m  b y  fo r m in g  a c o m m itte e  to  

s p e c i f i c a l ly  lo o k  in to  c o l le g e  p r e p a r a to r y  m a th e m a t ic s .  ^ T y p ify in g  

th e  r e p o r ts  of th e  so  in v e s t ig a t io n s  w a s th e  fo llo w in g  o b se r v a t io n :

F e w  fr e s h m a n  s tu d e n ts  had  an y  in s ig h t  in to  th e s tr u c tu r e  
of m a th e m a t ic s ;  th e y  r e g a r d e d  the su b je c t  a s  a c o l le c t io n  o f u n ­
r e la te d  and o ften  in c o n s is te n t  r u le s .  . . \ .  T extb ook s w e r e  o ften  
w r it te n  a s  th ou gh  m a th e m a t ic s  w e r e  a c o m p le te d  th in g , th e r e  
to  b e le a r n e d , r a th e r  th an  a g ro w in g  su b je c t  in  w h o se  d e v e lo p ­
m e n t  one m ig h t  ta k e  p a rt. 5

In an a tte m p t to  c o r r e c t  th is  s h o r tc o m in g  th e  U n iv e r s i t y  o f  

I l l in o is  C o m m itte e  on S c h o o l M a th e m a t ic s , u s u a lly  r e f e r r e d  to  a s  th e  

U . I. C. S. M. , w a s  fo r m e d  w ith  M ax B e b e r m a n  a s  it s  d ir e c t o r .  Soon th is  

a c t iv e  g rou p  w a s  b u sy  w r it in g  t e x t s  and d e v is in g  a c u r r ic u lu m  to  m e e t  

th e  m o d e r n  m a th e m a t ic a l  n e e d s  of s o c ie ty .  It w a s  s ig n if ic a n t  th a t the  

U . I. C. S. M. s in g le d  out th e  im p o r ta n c e  of stu d en t u n d e r s ta n d in g  th ro u g h  

d is c o v e r y  of m a th e m a t ic a l  fa c t s  as a m a jo r  fa c to r  in  le a r n in g  m a th e ­

m a t ic s .  T h e e m p h a s is  on th is  a s p e c t  of le a r n in g  m a th e m a t ic s  can  be  

t r a c e d  th ro u g h o u t th e  w r it in g s  of th is  g rou p  in  su ch  p la c e s 'a s  th e f i r s t  

s e n te n c e  o f the f i r s t  p a g e  o f th e ir  H igh  S c h o o l M a th e m a tic s  w h ere  th e y  

s ta te  to  th e  t e a c h e r :  11We b e lie v e , th a t s tu d e n ts  should b e  g iv e n  an

R en d e r  son , K. B . ,  e t 'a l .  , M a th e m a tic a l N e e d s  of P r o s p e c t iv e  
S tu d e n ts , p. 5. : ----------------------- ;-----

^ A m e r ic a n  A s s o c ia t io n  fo r  th e A d v a n c e m e n t o f S c ie n c e ,  S c ie n c e  
E d u ca tio n 'N ew s,' M is c e l la n e o u s  P u b lic a t io n  N o. 6 5 -7 , c it in g  one of th e  

■ m e m b e r s  o f th e  U n iv e r s ity  of I l l in o is  C o m m itte e  on S c h o o l M a th e m a tic s ,  
p. I. . .
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o p p o rtu n ity  to  d is c o v e r  a g r e a t  d e a l o f  m a th e m a t ic s  w h ich  th e y  a re  

e x p e c te d  to  le a r n ,

S h o r tly  a f te r  the U. I. C. S. M. b e g a n  i t s  a tte m p t to  d e s ig n  a

b e t te r  m a th e m a t ic s ,  c u r r ic u lu m  oth er g r o u p s  aftd a g e n c ie s .b e g a n  to

sh o w  in t e r e s t  in  th e s e  sa m e  a r e a s .  In 1952 th e  B o a r d  of G o v e r n o r s  o f

th e  M a th e m a tic a l A s s o c ia t io n  o f A m e r ic a  a p p o in ted  a C o m m itte e  on the

U n d er g ra d u a te  P r o g r a m  to  lo o k  at w hat th e  u n d e rg ra d u a te  p r o g r a m  in
7

m a th e m a t ic s  sh ou ld  b e  l ik e .  A m on g  th e ir  r e c o m m e n d a t io n s  w h ich  

la t e r  b e c a m e  p u b lish e d  in  t e x t  fo r m  fo r  th e  f i r s t  y e a r  c o l le g e  c a lc u lu s  

s tu d e n ts  w a s  the u n iq u e fe a tu r e  of an in tu it iv e  a p p ro a ch  to  c a lc u lu s  to  

a id  th e  s tu d en t g a in  good  in s ig h t  in to  w h at w a s  b e in g  p r e s e n te d . S e c o n d ly ,  

th e y  a g r e e d  on a c a r e fu l ly  w r it te n  fo r m a l d e v e lo p m e n t  of th e  c a lc u lu s  

th ro u g h  d e f in it io n s , a x io m s , t h e o r e m s , and m a th e m a t ic a l ly  c o m p le te  . 

p r o o fs .  ®

T h e s e  e a r ly  e f fo r t s  b y  th e  C o m m itte e  on th e U n d er g ra d u a te  

P r o g r a m  in  M a th e m a tic s  and th e U . I. C. S. M. s e t  th e  s ta g e  fo r  m u c h  o f  

th e  m a th e m a t ic a l  s p ir i t  and  c u r r ic u lu m  co n ten t w h ich  w a s  so o n  to  

b lo s s o m  fo r th  in to  w h at m a n y  w r it e r s  r e f e r r e d  to  a s  a r e v o lu t io n  in  

s c h o o l m a th e m a t ic s .  F r o m  th is  b e g in n in g  th e e m p h a s is  on u n d e rsta n d in g

^ U n iv e r s ity  o f I l l in o is  C o m m itte e  on S ch o o l M a th e m a t ic s , U nit I:
: A r ith m e tic :  o f .R e a l N u m b er-s , H igh  S c h o o l M a th e m a t ic s , T e a c h e r 's ' ~  
E d itio n , p. Tl

7B e g le ,  E . G. ; M a c L a n e , S a n d e r s ;  P r i c e ,  G. B . ; L e c tu r e s  on  
E x p e r im e n ta l P r o g r a m s in  C o lle g ia te  M a th e m a t ic s , p. 4. '

' 8 I b id : , p. 17. ‘ '
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th ro u g h  in tu it io n  and d is c o v e r y  and th e  c a r e fu l a tten tio n  p a id  to  m a th e ­

m a t ic a l  s tr u c tu r e  h a s  con tin u ed  to  d o m in a te  th e  m a th e m a t ic a l  s c e n e  

in  c u r r ic u lu m  r e v is io n  up to  th e t im e  th is  stu d y  w a s m a d e .

A  la t e r  grou p  w h ich  w a s  v e r y  in f lu e n t ia l in  co n tin u in g  and  

e m p h a s iz in g  th is  sa m e  s p ir i t  of m o d e r n  m a th e m a t ic s  w a s  th e S ch o o l 

M a th e m a tic s  S tudy G roup . It w a s  fo r m e d  in  1958 by th e  p r e s id e n t  of 

th e  A m e r ic a n  M a th e m a tic a l S o c ie ty  w ith  th e  a p p r o v a l o f th e  N a tio n a l'

C o u n c il of th e  T e a c h e r s  o f M a th e m a tic s  and th e M a th e m a t ic a l A s s o c ia t io n

9o f A m e r ic a .  T h e S c h o o l M a th e m a tic s  S tudy  G roup s in g le d  out the  

im p o r ta n c e  of m a th e m a t ic a l  s tr u c tu r e  a s  one o f th e ir  p r im a r y  c o n c e r n s .  

In fa c t  s tr u c tu r e  w a s  id e n t if ie d  a s  b e in g  th e ir  m a jo r  o b je c t iv e  in  the  

f i r s t  s e n te n c e  in  th e  ’’P r e f a c e  o f th e  T e a c h e r 's  C o m m en ta r y "  of the ■. 

F i r s t  C o u r se  in  A lg eb ra :

T h e p r in c ip a l o b je c t iv e  of th is  F i r s t  C o u r se  in  A lg e b r a  
i s  to  h e lp  th e  s tu d en t d e v e lo p  an u n d e r sta n d in g  andFappre c ia t io n  
of so m e  of the a lg e b r a ic  s tr u c tu r e  e x h ib ite d  b y  th e r e a l  n u m b er  
s y s t e m , and the u s e  of th is  s tr u c tu r e  a s  a b a s is  fo r  th e  t e c h n i­
que o f a lg e b r a . *

W ith th is  s tr o n g  e m p h a s is  on s tr u c tu r e  and c o m p le te  u n d e r ­

sta n d in g  a t a l l  a c a d e m ic  l e v e l s  a s  th e  s p ir i t  of m o d e r n  m a th e m a t ic s  

th e  co n ten t o f m a th e m a t ic s  c o u r s e s  w a s  ch an ged  fr o m  th e  p r o b le m  

o r ie n te d  a p p ro a ch  to  a lo g ic a l  d e v e lo p m e n t  w ith  stu d en t a w a r e n e s s

W a g n er , John, "The O b je c tiv e s  and A c t iv i t ie s  o f th e  S ch o o l  
M a th e m a tic s  Study G roup , " The M a th e m a tic s  T e a c h e r  5 3 :4 5 4 , O c to b er ,  
I960 .

S c h o o l M a th e m a tic s  Study G rou p , F i r s t  C o u r se  in  A lg e b r a , p. i.
10
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a p p ro a ch . T h is  w a s  p a r t ic u la r ly  tr u e  a t th e  c o l le g e  c a lc u lu s  le v e l .  

Agnew., P r o f e s s o r  of M a th e m a tic s  a t C o r n e ll  U n iv e r s i t y  and w e ll  

know n c a lc u lu s  a u th o r , a p tly  p o r tr a y e d  th e  s p ir it  and co n ten t of 

c a lc u lu s  p r io r  to  1900 b y  sta tin g : " P r o b le m s  w e r e  th e  im p o r ta n t ,

th in g s , and m e a n in g fu l fo r m u la t io n s  o f  a x io m s , p o s tu la te s ,  d e f in it io n s ,  

h y p o th e s e s ,  c o n c lu s io n s ,  and th e o r e m s  e ith e r  w e r e  n ot w r it te n  or 

p la y e d  m in o r  r o l e s .  " ^  A g n ew  w en t on to  d e s c r ib e  the tr a n s it io n  

w h ic h  to o k  p la c e  d u rin g  th e  n e x t  f if ty  y e a r s  a s  a d ir e c t  c o n tr a s t  to  the  

e a r l ie r  a tt itu d e s :

T h rou gh  m o s t  of th e  f i r s t  h a lf  of th e  tw e n tie th  c e n tu r y ,  
e le m e n ta r y  te x tb o o k s  in  our su b je c t  tau gh t u n e x p la in e d  but 
nW ell m o t iv a te d 11 in tu it iv e  id e a s  along, w ith  th e ir  p r o b le m s .  
E n th u s ia sm  fo r  th is  a p p ro a ch  to  c a lc u lu s  w an ed  w hen  it  w a s  
r e a l iz e d  th at s tu d e n ts  w e r e  n o t n o u r ish e d  b y  s te w s  in  w h ic h  ■ 
p r o b le m s , m o t iv a t io n s , fu z z y  d e f in it io n s , and fu z z y  th e o r e m s  
a l l  b o ile d  to g e th e r  w h ile  so m e th in g  a p p ro a ch ed  so m e th in g  
e l s e  w ith o u t e v e r  q u ite  g e tt in g  th e r e .  A bout the m id d le  of 
th e  tw e n tie th  c e n tu r y , p r e c i s e  fo r m u la t io n s  of b a s ic  c o n c e p ts  
b eg a n  to  o c c u p y  m in o r  but in c r e a s in g ly  im p o rta n t r o le s .

F in a l ly  A g n ew  in d ir e c t ly  c h a r a c te r iz e d  th e  c u r r e n t  s p ir i t  and 

co n ten t of m o d e r n  c a lc u lu s  b y  s ta t in g  in  h is  1962 c a lc u lu s  tex t:

E a c h  stu d en t i s  e x p e c te d  to  r e a d  th e  te x t  and p r o b le m s  
of e a c h  s e c t io n  a s  c a r e fu l ly  a s  an  a le r t  p h y s ic is t  r e a d s  an  
a cco u n t of a n e w ly  d e v e lo p e d  n u c le a r  r e a c t io n , and to  le a r n  
a s  m u ch  a s  he can . . . . T h e te x t ,  p r o b le m s , and r e m a r k s  
fr e q u e n t ly  g iv e  s tu d e n ts  qu ite  u n u su a l o p p o r tu n it ie s  and in ­
c e n t iv e s  to  th in k  and to  b e c o m e  g en u in e  a u th o r it ie s  on d e -  ^  
y e lo p m e n ts  o f id e a s ,  t e r m in o lo g ie s ,  n o ta t io n s , an d  t h e o r ie s .

A g n e w , R . P .  , C a lc u lu s , p. v . 

^ I b id .  , p. v.

Ib id . , p p . v - v i .
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A s  to  th e fu tu re  o f m a th e m a t ic a l  c o u r s e  co n ten t and s p ir it  so m e  

e x tr a p o la t io n s  h a v e  b e e n  m a d e . In 1963 u n der the f in a n c ia l  su p p o rt of 

th e  N a tio n a l S c ie n c e  F o u n d a tio n  tw e n ty - f iv e  p r o m in e n t and w e 11 - 

q u a lif ie d  m a th e m a t ic ia n s  a s s e m b le d  a t C a m b r id g e , M a s s a c h u s e t t s  to  

a s s e s s  the p o te n t ia l o f m a th e m a t ic a l  le a r n in g  and to  s e t  t e n ta t iv e  g o a ls  

to w a r d s  w h ich  m a th e m a t ic a l  e d u c a tio n  sh o u ld  a ttem p t to  d ir e c t  i t s  

e f fo r t s  in  th e  n e x t th ir ty  y e a r s .  T he g o a ls  o f p a r t ic u la r  c o u r s e s  w e r e  

s p e c i f i c a l ly  s p e lle d  out, and the r o le  of s tr u c tu r e  p e r m e a te d  the  

e n t ir e  s y s t e m  a t a l l  l e v e l s  a s  w a s  in d ic a te d  b y  the s ta te m e n t:

We h op e to  m a k e  e a c h  stu d en t in  th e  e a r ly  g r a d e s  tr u ly  
fa m il ia r  w ith  th e  s tr u c tu r e  of th e  r e a l  n u m b er  s y s t e m  and the  
b a s ic  id e a s  o f g e o m e tr y . . . . M o r e o v e r , w e w ant to  m a k e
stu d en ts  fa m il ia r  w ith  p a r t  of th e  g lo b a l s tr u c tu r e  of m a t h e ­
m a t ic s .

%

F u r th e r m o r e ,  th e  C a m b r id g e  g rou p  e n d o r se d  th e m e th o d  of 

te a c h in g  m a th e m a t ic s  w h ich  r e s u l t s  in  d is c o v e r y  b y  the s tu d en ts:

E v e n  m o d e s t ly  en d ow ed  s tu d e n ts  can  r e c r e a t e  la r g e r  
p a r ts  of m a th e m a t ic s  if  th e y  can  r e m e m b e r  ju s t  a few  b a s ic  
id e a s .  T h is  fa c t  r e p e a te d ly  h a s  b e e n  d e m o n str a te d  in  the- 
c la s s r o o m  b y  th e p r o p o n e n ts  of th e  s o - c a l l e d  d is c o v e r y  
m eth o d . T he b u ild in g  o f c o n fid e n c e  in  o n e 's  own a n a ly t ic a l  
p o w e r s  i s  a n o th er  g o a l of m a th e m a t ic s  ed u ca tio n . ^

H e n c e , a stu d y  o f th e  l i t e r a tu r e  "pointed out th a t th e  s p ir it  of 

c o n te m p o r a r y  m a th e m a t ic s  at th e  l e v e l  o f b eg in n in g  c a lc u lu s  a s  w e ll  a s

E d u c a tio n a l S e r v ic e s  In c o r p o r a te d , The R e p o r t  o f the C a m b r id g e  
C o n fe r e n c e  on S c h o o l M a th em a tics^  G o a ls  fo r  S c h o o l M a th e m a t ic s , p. 8.

15I b id . , p. 9. - ' "

14
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at a l l  l e v e l s  h a s  b e e n  la r g e ly  a s s o c ia t e d  w ith  c o m p le te  m a th e m a t ic a l  

u n d e r s ta n d in g  of the su b je c t  fr o m  a s tr u c tu r a l v ie w p o in t . T hat i s ,  the  

m o d e r n  tr e n d  in  m a th e m a t ic s  h a s  p la c e d  a p r e m iu m  on c le a r  in s ig h t  

in to  the s tr u c tu r e  o f m a th e m a t ic s  ■ f a t h e r  than  on m a th e m a t ic a l  a b ili ty  

w ith o u t u n d e r s ta n d in g . S tudent d is c o v e r y  and d e v e lo p m e n t  of m a th e ­

m a t ic a l  tr u th s  w e r e  fr e q u e n t ly  r e f e r r e d  to  a s  the b e s t  m e a n s  o f d e ­

v e lo p in g  th is  s tr u c tu r a l a w a r e n e s s .
■

In the n e x t  s e c t io n  th e  c u r r e n t  p r o b le m s  a s s o c ia t e d  w ith  le a r n in g  

m a th e m a t ic s  w ith  th is  e m p h a s is  on s tr u c tu r e  b y  m e a n s  bf stu d en t  

d is c o v e r y  a r e  d is c u s s e d .

L e a r n in g  P r o b le m s  A s s o c ia t e d  w ith  C u r r e n t B e g in n in g  C a lc u lu s

T h e l i t e r a tu r e  r e v ie w e d  c le a r ly  r e f le c t e d  a r e c e n t  sw in g  to  

e m p h a s is  on m a th e m a t ic a l  s tr u c tu r e  and stu d en t d e v e lo p m e n t of m a th e ­

m a t ic a l  id e a s .  A  c o n s id e r a b le  n u m b er  o f a u th o rs  of th e  p r e s e n t  w id e ly
16

u s e d  c a lc u lu s  t e x t s  h a v e  a g r e e d  to  th is  p r in c ip le .  . H o w e v e r  , not a ll  

of th e s tu d e n ts  c u r r e n t ly  e n r o lle d  in  b eg in n in g  c a lc u lu s  h a v e  had a 

b a ck g ro u n d  in  m a th e m a t ic s  w h ich  e m p h a s iz e s  s tr u c tu r e  to  th e  d e g r e e

^ R a n d o lp h , J. E . , C a lc u lu s  and A n a ly t ic  G e o m e tr y , pp. v -v i i ;  
P r o t t e r , M . H . and M o r r e y , C. B . ,  C o lle g e  C a lc u lu s  w ith  A n a ly tic  
G e o m e tr y , pp. v - v i i ;  A g n e w , op . c i t . , pp. v - v i i ;  A p o s to l, T . M. , 
C a lc u lu s , V o l. I, pp. v i i - ix ;  G o o d m a n ,. A . W. , A n a ly t ic  G e o m e tr y  arid 
th e C a lc u lu s ’, 1 pp. v - v i i ;  T h o m a s , G. B . , C a lc u lu s  and A n a ly t ic  
G e o m e tr y , pp. v - v i .
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m o d e r n  c a lc u lu s  c o u r s e s  d em an d . H e n c e , the s tu d en t w h o se  b ack g ro u n d  

i s  e n t ir e ly  t r a d it io n a l o ften  h a s  had  d if f ic u lty  ca tch in g  th e  s p ir it  of 

m o d e r n  m a th e m a t ic s .  T h is  fa c t  w a s  w e l l  su b s ta n tia te d  w h en  Zant, in  

d is c u s s in g  p r o b le m s  fa c in g  b eg in n in g  c o l le g e  m a th e m a t ic s  s tu d en ts  in  

O k lah om a, sta ted :

A n o th er  p r o b le m . . . i s  th a t o f th e  good  stu d en t w ho h a s
s tu d ied ’ o n ly  tr a d it io n a l m a th e m a t ic s  c o u r se s ' in  h igh  s c h o o l.  
S o m eh o w  and a s  q u ick ly  a s  p o s s ib le ,  t h e s e  s tu d e n ts  m u s t  be  
tau gh t th e p o in t o f v ie w  to w a r d s  m a th e m a t ic s  and the b a s ic  
con cep t' in v o lv e d  in  a m o d e r n  p r o g r a m  in  s e c o n d a r y  m a th e m a t ic s .  
If our c o l le g e  c o u r s e s  b eg in n in g  at the a n a ly t ic s - c a lc u lu s  le v e l  
h a v e  b e e n  m o d e r n iz e d , th en  th e s e  s tu d e n ts , ev en  though  th ey  
h a v e  s tu d ie d  tr a d it io n a l m a th e m a t ic s  fo r  th r e e  or m o r e  y e a r s  
in  h ig h  s c h o o l,  a r e  n o t p r e p a r e d  to  e n r o l l  in  su ch  a c o u r s e .

A lo n g  w ith  th is  e m p h a s is  on s tr u c tu r e  th e m a jo r  u n ify in g  id e a s  . 

■of m a th e m a t ic s  h a v e  o ften  b e e n  e x p r e s s e d  u s in g  n o ta tio n  n o t co m m o n ly  

found in  th e  tr a d it io n a l m a th e m a t ic s .  F o r  e x a m p le , R an d o lp h  of th e  

U n iv e r s ity  of R o c h e s te r  in  h is  1961 c a lc u lu s  t e x t  h a s  s ta ted :

T he in tr o d u c tio n  in to  e le m e n ta r y , c o u r s e s  o f th e  w e l l -  
e s ta b lis h e d  n o ta tio n  fo r  the s e t  of e le m e n t s ,  ea ch  s a t is fy in g  
a g iv e n  co n d itio n  i s  lon g  o v erd u e  and r a p id ly  fin d in g  fa v o r .

■■ E v e n  th ou gh  so m e  b o o k s  s ta te  on ce  and fo r  a l l  th a t 'the lin e  
x -  -2 '  m e a n s  'a p o in t (x , y) i s  on th e  l in e  if  and o n ly  if  
x = - 2 ' ,  s o m e  s tu d e n ts  w i l l  b e  c o n fu se d  ab ou t how  x  and y

Z ant, J. H. , " E ffe c ts  o f N ew " 'M athem atics P r o g r a m s  in  th e  
S c h o o ls  on C o lle g e  M a th e m a tic s  C o u r s e s ,  " T he A m e r ic a n ' M a th e m a tic a l  
M on th ly  6 3 :2 0 0 , F e b r u a r y , 1963. • —— —— —  —
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can  b e  b oth  x  = -2  and y  = 4x  in  th e s a m e  p r o b le m . A fte r  
g r a d u a lly  b e c o m in g  a cq u a in ted  w ith  th e  s y m b o lis m , th en  
{  (x , y) I x  = -2 }a n d  -^(x, y) J y  = 4 x j  f o r c e s  a r e a d in g  and  

q u ick  c o m p r e h e n s io n  w h e r e  e q u iv a le n t w o rd ed  s ta te m e n ts  
on ly  a n n oy  and m u d d le . ^

T he n et r e s u l t  of th is  e m p h a s is  on s tr u c tu r e  w hen  a c c o m p a n ie d  

w ith  c o r r e sp o n d in g  m o d e r n  n o ta tio n  h a s  o ften  com p ou n ded  n e w n e ss  and  

d if f ic u lty  th u s  r e s u lt in g  in  le a r n in g  p r o b le m s  fo r  the s tu d en t.

T he w id e  sp e c tr u m  of stu d en t n e e d s  and a b i l i t ie s  w e r e  also , r e ­

p o r te d  a s  a le a r n in g  p r o b le m . E v id e n c e  w a s  p le n t ifu l w h ic h  p o in ted  out 

th a t not a l l  s tu d e n ts  r e q u ir e  th e sa m e  ty p e  of c a lc u lu s  c o u r s e .  T he  

m a th e m a t ic s  m a jo r s  n e e d  a f ir m  u n d e r s ta n d in g  o f th e  th e o r y  a s  w e l l  a s  

a m a s t e r y  o f m e c h a n ic a l  c o m p e te n c y  o r ie n te d  a lw a y s  to  th e ir  p a s t  and  

fu tu r e  tr a in in g . On th e o th er  hand  th e  e n g in e e r  i s  r e q u ir e d  to  m a s te r  

th e  a p p lic a t io n  o f m a th e m a t ic a l  fa c t  to  p h y s ic a l  p h en o m en o n  w h ich  he  

w il l  l ik e ly  e n c o u n te r  in  e n g in e e r in g  p r o b le m s . A  th ir d  e x tr e m e  i s  the  

s tu d en t w ho ta k e s  c a lc u lu s  m o r e  for  c u ltu r a l im p r o v e m e n t  than  a s  a 

p r e r e q u is i t e  fo r  fu tu re  u s e .  In th is  l a s t  c a s e  th e c a lc u lu s  i s  not p r o b le m  

o r ie n te d  but in s te a d  b a s e d  on a d e v e lo p m e n ta l s c h e m e  v ia  a r ig o r o u s  

se q u e n c e  of d e f in it io n s , a x io m s , t h e o r e m s ,  and p r o o fs .

T he l i t e r a tu r e  fu r th e r  r e v e a le d  th a t m a n y  a tte m p ts  h a v e  b e e n  m a d e  

to  m e e t  th is  p r o b le m . In g e n e r a l the r e p o r te d  tren d  w a s  to w a rd  s p e c ia l  

s e c t io n s ,  h o n o r s  c o u r s e s ,  a d v a n ced  p la c e m e n t , r e g u la r  c o u r s e s ,  and

18 R an d olp h , op. c it .' ,  p. v i.
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c u ltu r a l c o u r s e s  g e a r e d  to  f i t  th e  n e e d s  and a b i l i t ie s  of the s tu d e n ts .  

H o w e v e r , ev en  w ith  su ch  v a r ie d  a lt e r n a t iv e s  th e  p r o b le m  of d iffe r in g  

stu d en t n e e d s  s t i l l  h a s  c a u se d  c o n c e r n . F o r  e x a m p le , B r o w n  d e s c r ib e d  

a s  fo llo w s  the b eg in n in g  c a lc u lu s  p r o b le m  a t D a rtm o u th  w h e r e  in sp ite  

o f a lte r n a t iv e  o f fe r in g s  of r e g u la r  c a lc u lu s  c l a s s e s ,  a d v a n ced  p la c e ­

m e n t , and h o n o r s  m a th e m a t ic s ,  s tu d en ts ' n e e d s  ‘ w e r e  n ot b e in g  m et:

"It s e e m s  to  m e  th a t th e  f i r s t  c o u r s e  . . . sh o u ld  be. a s  b r o a d  a s

p o s s ib le .  A d m itte d ly  w e h a v e  to  s t e e r  b e tw e e n  b r e a d th  and s u p e r ­

f ic ia l i t y .  "^9

T h u s, s in c e  th e  in s tr u c to r  in  th e  a v e r a g e ' c l a s s  h a s  b e e n  c h a lle n g e d  

to  d ir e c t  h is  te a c h in g  a c c o r d in g  to  the c la s s  n e e d s , t r e a tm e n t  of a 

p a r t ic u la r  to p ic  h a s  o ften  n o t b e e n  a s  c o m p le te  fo r  in d iv id u a l n e e d s  a s  

w ou ld  b e  d e s ir a b le .  T h a t i s ,  s tr u c tu r a l d e v e lo p m e n t o f th e  ca lcu lu s '  

m a y  h a v e  b e e n  h a n d led  to o  e x t e n s iv e ly  fo r  so m e  s tu d e n ts  w h e r e a s  it  w a s  

found  b y  o th e r s  to o  sh a llo w .

In th is  s a m e  a r e a  o f th ou ght, s tu d en t a b i l i t ie s  w ith in  a p a r t ic u la r  

c l a s s  h a v e  b e e n  know n to  ra n g e  w id e ly  d e s p ite  a tte m p ts  to  grou p  h o m o ­

g e n e o u s ly . J o n e s  and P in g r e y  m a d e  th is  p o in t c le a r  b y  s ta tin g : !'S tudents

in  any c la s s r o o m , e v e n  in  th o se  w h e r e  a b il i ty  g rou p in g  i s  u se d , w il l  

d if fe r  w id e ly  in  b o th  g e n e r a l  b a ck g ro u n d  and s p e c ia l  a b i l i t i e s  and b a c k ­

g r o u n d s . "^9 H e n c e , s in c e  ", . . it  i s  s t i l l  the in d iv id u a l c la s s r o o m

19B ro w n , B . H. , " O ffer in g s  fo r  F r e s h m e n ,  " A m e r ic a n  M a th e ­
m a t ic a l  M on th ly  6 8 :Z62 , M a rc h , 1961. :

20 J o n e s , R . S. and P in g r y , R . E . , " In s tr u c tio n a l A r ith m e t ic "  in  
T h e T w e n ty -F if th  Y e a r b o o k  of the N a tio n a l C o u n c il o f th e  T e a c h e r s  of 
M a th e m a tic s , 19601 pi TZZl
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te a c h e r  w ho m u s t  ad ap t in s tr u c t io n  to  th e  d if f e r e n c e s  h e  f in d s  am ong  
2 1 '

h is  p u p ils , 11 th e in s tr u c to r  h a s  b e e n  c h a lle n g e d  to  d e v e lo p  th e  c a lc u lu s  

in  a w ay  w h ic h  i s  b oth  in s p ir a t io n a l to  e x c e l le n t  s tu d e n ts  and w ith in  th e  

g r a s p  of p oor  s tu d e n ts . F r e q u e n t ly  in  an  a ttem p t to  s a t i s f y  one p a r t i ­

c u la r  a b il i ty  l e v e l  th e  in s tr u c to r  h a s  s a c r i f ic e d  th e o th e r  e x t r e m e s .

T h u s le a r n in g  p r o b le m s  fo r  the n e g le c te d  s tu d e n ts  h a v e  r e s u lte d .

T he r o le  p r o g r a m m e d  in s tr u c t io n  can  p la y  in  m e e t in g  th e s e  

le a r n in g  p r o b le m s  i s  d is c u s s e d  n ex t.

T h e  R o le  of P r o g r a m m e d  I n s tr u c t io n  in  L e a r n in g  
C u r r e n t B e g in n in g  C a lc u lu s

A  s e a r c h  of the l i t e r a tu r e  r e v e a le d  th a t le a r n in g  p r o b le m s  in  

b eg in n in g  c a lc u lu s  "are in  g e n e r a l fo u rfo ld : (I) u n fa m ilia r  n o ta tio n  h a s

p r o v id e d  r e a s o n  fo r  lo w  a c h ie v e m e n t , (2) n ew  s p ir it  of m o d e r n  m a th e ­

m a t ic s  h a s  b e e n  u n fa m ilia r  to  m a n y  s tu d e n ts , (3) in d iv id u a l stud en t 

d if f e r e n c e s  h a v e  c a u se d  te a c h in g  p r o b le m s , and (4) d if fe r in g  stu d en t  

n e e d s  h a v e  b e e n  fou n d  to  in f lu e n c e  te a c h in g  e f f e c t iv e n e s s .  T h e p u r p o se  

of th is  s e c t io n  w i l l  be to  sh ow  th e  r o le  o f p r o g r a m m e d  m a t e r ia ls  a s  

a s s o c ia t e d  w ith  t h e s e  n e e d s ;

U n fa m ilia r  n o ta tion :' R e s e a r c h  h a s  e s ta b lis h e d  th a t s tu d en ts  can

22le a r n  e f f e c t iv e ly  b y  p r o g r a m m e d  in s tr u c t io n . H e n c e , s in c e  the  

p r o b le m  of u n fa m ilia r  m a th e m a t ic a l  n o ta tio n  h a s  b e e n  sh ow n  to  be a

Ib id . , pp . 1 4 5 -6 .

S c h r a m m , W ilb u r , T h e R e s e a r c h  on P r o g r a m e d  In s tr u c t io n , p. 3.

' I
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h in d e r a n ee  to  le a r n in g , it  fo l lo w s  th a t s tu d e n ts  sh o u ld  b e  a b le  to  le a r n  

th is  tr o u b le s o m e  n o ta tio n  and w hat it  m e a n s  b y  m a t e r ia ls  p r o g r a m m e d  

fo r  th a t s p e c i f ic  p u rp o se .'

T he s p ir it  of m o d e r n  m a th e m a tic s :-  A lth ou gh  th e  q u e s tio n  of 

b e in g  a b le  to  le a r n  u n fa m ilia r  m a th e m a t ic a l  n o ta tio n  b y  stu d y  of p r o p e r ly  

w r it te n  p r o g r a m m e d  m a t e r ia l s  w a s  found  to  h a v e  b e e n  p o s s ib ly  a n sw e r e d ,  

th e  q u e s tio n  o f b e in g  a b le  to  c a tc h  th e  p r o p e r  s p ir it  o f m o d e r n  m a th e ­

m a t ic s  w as n ot c o n c lu s iv e ly  a n sw e r e d . T h at i s ,  the .p r o b lem  a s  to  the  

a b il i t y  o f s tu d e n ts  to  p r o p e r ly  c o n n e c t  an u n d e r sta n d in g  of m a th e m a t ic a l  

s tr u c tu r e  w ith  lo g ic a l  r e a s o n in g  to  p ro d u ce  n ew  m a th e m a t ic a l  fa c ts  w a s  

found  to  b e u n a n sw e r e d  in  th e  l i t e r a tu r e .  D if fe r in g  o p in io n s  and s t a t e ­

m e n ts  w e r e  abundant. " '

R e la t iv e  to  th is  q u e s tio n  the D e p a r tm e n t of A u d io v is u a l '  In s tr u c t io n  

of th e  N a tio n a l E d u c a tio n  A s s o c ia t io n  and th e  N a tio n a l S o c ie ty  fo r  P r o -  

g r a m m e d  In s tr u c t io n  in  r e f e r e n c e  to  r e s e a r c h  b y  C a r t ie r  sta ted :

nF r a n c is  C a r t ie r  p o in ts  out th a t a n u m b er  o f a s p e c t s  of r a t io n a l th in k in g
23

(e . g. fo r m a l lo g ic )  can  b e tau gh t b y  p r e s e n t  p r o g r a m m in g  te c h n iq u e s . 11

B u t in  the n e x t  l in e  the t e x t  rea d : " F o r m a l lo g ic  a c c o u n ts  fo r  on ly  a p a r t
24

of th e  r a t io n a l and c r e a t iv e  p r o c e s s e s  w e  c a l l  th in k in g . 11

A  c o n s id e r a b le  am o u n t of s k e p t ic is m  a s  to  th e v a lu e  of p r o g r a m m e d  

in s tr u c t io n  in  te a c h in g  m a th e m a t ic a l  th in k in g  o f the ty p e  d e s ir e d  in  

m o d e r n  m a th e m a t ic s  w a s  found in  M a y 's  P r o g r a m e d  L e a r n in g  and M a th e - 23 24

23 . 'O fie sh , G. D. and M e ie r h e n r y , W. C. , e d ito r s ,  T r e n d s  in  P ro^
g r a m m e d  I n s tr u c t io n , D e p a r tm e n t of A u d io v isu a l I n s tr u c t io n  of th e -N . E . A .
and th e  N a tio n a l S o c ie ty  fo r  P r o g r a m m e d  In s tr u c t io n , p . 415.

24Ib id ; , p. 415.
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m a t ic a l 'E d u ca tio n : M ay s ta te d  e m p h a tic a lly :  " P r o g r a m e d  m a t e r ia ls

a r e  in c a p a b le  /_of e l ic i t in g  the fu ll  range" o f  b e h a v io r  in c lu d e d  in  the  
'h. 25 •

o b je c t iv e s  of c o l le g e  m a th e m a t ic s .  " In p a r t ic u la r  M a y  w a s c o n ­

c e r n e d  th a t p r o g r a m m e d  m a t e r ia ls  do n o t c a u se  th e  s tu d en t to  "get out 

an d  grub" fo r  m a th e m a t ic a l  truth; in s te a d  h e  co n ten d ed  th a t th e  stu d en t

" is  fe d  id e a s  in tr a v e n o u s ly  d rop  b y  drop"  w h ich  i s  n ot th e  s p ir i t  of

26'm o d e r n  m a th e m a t ic s .  "

■ B u ck  w a s  found  to  a g r e e  w ith  M ay in  th is  o b s e r v a t io n  b e c a u s e  he  

s ta te d  th a t p r o g r a m m e d  in s tr u c t io n  d o e s  n o t d e v e lo p  c r e a t iv e  a b ili ty  

but m e r e ly  e x e r c i s e s  th e  stu d en t in  d r i l l .  In p a r t ic u la r  h e  sa id :

In th is  I f e e l  th a t a g r a v e  m is ta k e  h a s  b e e n  m a d e: to  put
it  b lu n tly , c .r e a tiv ity  is  th e  h e a r t  and s o u l of m a th e m a t ic s  at 
a l l  l e v e l s .  T h e c o l le c t io n  of s p e c ia l  s k i l l s  and te c h n iq u e s  is  
o n ly  th e  ra w  m a t e r ia l  out o f w h ich  the su b je c t  i t s e l f  g r o w s .
T o lo o k  a t m a th e m a t ic s  w ith o u t the c r e a t iv e  s id e  o f it ,  i s  to  
lo o k  a t  a b la c k -a n d -w h ite  p h o to g ra p h  o f a C ezan n e; th e  o u t lin e s '  
m a y  b e  th e r e ,  but e v e r y th in g  th a t m a t t e r s  i s  m is s in g .   ̂̂  z

H e n c e , the q u e s tio n  o f p r o g r a m m e d  in s tr u c t io n  b e in g  a b le  to  

s a t i s f a c t o r i ly  c a u se  th e  s tu d en t to  g r a s p  th e s p ir it  o f m o d e r n  m a th e m a t ic s  

w a s  found to  b e  op en  to  q u estio n .. * 27

p. 5.
’M ay, K . O . ,  P r o g r a m e d  L e a r n in g  and' M a th e m a tic a l E d u c a tio n ,

' Ib id .', p. 7.
27

B u ck , R . C. , " T ea ch in g  M a c h in e s  and M a th e m a tic s  P ro g r a m s-, " 
A m e r ic a n  M a th e m a tic a l M on th ly  6 9 :5 5 4 , J u n e -J u ly , 1962.
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In d iv id u a l d i f f e r e n c e s : A  lo g ic a l  q u e s tio n  o ften  a s k e d  w a s: can

p r o g r a m m e d  m a t e r ia ls  s u f f ic ie n t ly  s o lv e  th e  in d iv id u a l d if f e r e n c e s  p r o b ­

le m  w h ich  r e s u l t s  fr o m  in s tr u c t io n  b e in g  b e a m e d  a t c la s s  a v e r a g e  h e n c e  

c a u s in g  the s lo w e r  stu d en t to  b e u n a b le  to  fo llo w  the m a t e r ia l s  b e in g  

p r e s e n te d  in  c la s .s?

In m a n y  s o u r c e s  th e  r e a so n in g  h a s  fo llo w e d  the lo g ic a l  l in e  th a t  

p r o g r a m m e d  in s tr u c t io n  " ten d s to  le v e l  the d if f e r e n c e s  in  le a r n in g  

c a p a c i t ie s  am on g  s tu d e n ts ;  w h ile  a l l  s tu d e n ts  e x p o s e d  to  th e  p r o g r a m  m a y  

d e m o n s tr a te  a c h ie v e m e n t , th e  g a in  s e e m s  to  b e  m o r e  c o n sp ic u o u s  am on g  

th e  lo w e r  p o r tio n  of th e  c l a s s  d is tr ib u t io n , O n e .o f th e  f i r s t  e x p e r i ­

m e n ta l e ffo r ts , w h ic h  v e r i f ie d  th is  b e l i e f  w a s  r e p o r te d  in  1934 w hen  

L it t le  p u b lish e d  in  T h e  J o u rn a l of E x p e r im e n ta l E d u c a tio n  th e " R e su lts  

of U s e  of M a c h in e s  fo r  T e s t in g  and fo r  D r i l l  U pon L e a r n in g  in 'E d u ­

c a t io n a l P s y c h o lo g y .  T h en  in  1959 P o r t e r  c o n f ir m e d  th e  b e l ie f  b y
" ■ 30

e x p e r im e n t in g  w ith  s p e ll in g  and p r o g r a m m e d  in s tr u c t io n .

H o w e v e r , h e r e  a g a in  e v id e n c e  w a s  p le n tifu l in  th e  l i t e r a tu r e  

w h ic h  in d ic a te d  th a t in d iv id u a l d if f e r e n c e s  a r e  not s ig n if ic a n t ly  s a t i s f ie d  

b y  a s lo w  b u t su r e  p a c e  due to  p r o g r a m m e d  in s tr u c t io n . In su m m a r iz in g  

th e  e v id e n c e  M ay d e c la r e d :

• " 1 1 '  1 1 — — — — — — —

2ft. . L y sa u g h t, J . P . and W ill ia m s , C. "M. , A  G uide to  P r o g r a m m e d
In s tr u c t io n , p . 15. . “  ’ : 30

^ F r y ,  E . B . , op . c it .  , p. 84.

30 P o r t e r ,  D. , " T ea ch in g  M a c h in e s , " H a rv a rd  G r a d u a te 1 S ch o o l 
v o f E d u c a tio n  A s s o c ia t io n  B u lle t in  3 :1 -5 ,  M a rch , '
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i N u m e r o u s  s tu d ie s  h a v e  in d ic a te d  th a t s e l f -p a c in g  i s  
n ot a s  h e lp fu l a s  one m ig h t  im a g in e . . . .  It a p p e a r s  th a t  
p a c in g  i s  n o t a v ery , im p ortan t- i s s u e  and th a t s e l f -p a c in g  
h a s 'n o  n e c e s s a r y  or u n iq u e c o n n e c tio n  w ith  p r o g r a m m e d  
m a t e r ia ls .

A s  ad d ed  su b s ta n t ia t io n  of th is  p o in t S ch ra m m  h a s  p o in ted  out

s e v e n  s tu d ie s  w h ich  sh ow  th e r e  i s  no s ig n if ic a n t  d if fe r e n c e  a ttr ib u ta b le

32to  in te r n a l or e x te r n a l p a c in g .

D if fe r e n t  stu d en t n e e d s:  T he f in a l le a r n in g  p r o b le m  w h ich  w a s

ev id en t, in  the l i t e r a tu r e  w a s  d if fe r in g  stu d en t n e e d s . R e g a r d in g  m a th e ­

m a t ic s  and p r o g r a m m e d  le a r n in g  M ay d e c la r e s :

T h e r e a l  p o s s i b i l i t i e s  fo r  u s in g  p r o g r a m m e d  m a t e r ia ls  
to  cop e w ith  in d iv id u a l d if f e r e n c e s  l i e  in  d if fe r e n t  d ir e c t io n s .  
One i s  th e  d e v e lo p m e n t  of la r g e  l ib r a r ie s  of b r ie f  u n its  fo c u s e d  
on n a r r o w  p r o b le m s , b e a m e d  to  s p e c i f ic  stu d en t d i f f ic u l t ie s ,  
and u t i l iz in g  p r o g r a m  in  
a u d ien ce  and d if f ic u lty .

g d e v ic e s  m o s t  a p p ro p r ia te  to  th e

T h u s in  su m m a r y  it  i s  c le a r  th a t there" h a s  b e e n  m u c h  e v id e n c e  

to  in d ic a te  th e  u s e  of p r o g r a m m e d  m a t e r ia ls  can  b e b e n e f ic ia l  in  h e lp in g  

s tu d e n ts  le a r n . H o w e v e r , th e  d e g r e e  to  w h ich  p r o g r a m m e d  m a te r ia ls  

ca n  b e  b e n e f ic ia l  h a s  b e e n  c o n te s te d  and th e  a r e a s  w h e r e  i t  i s  of b e n e f it  

h a s  n ot b e e n  in  to ta l  a g r e e m e n t .

In th e  n e x t s e c t io n  r e s e a r c h - w i l l  b e  r e v ie w e d  w h ic h  h a s  a b e a r in g  

on le a r n in g  b eg in n in g  c a lc u lu s  b y  p r o g r a m m e d  m a t e r ia ls .  * 32 33

^ M a y , op. c it; , p. 6.

32 S c h r a m m , op. - c it .  , p. 12.

33 M ay, op. c it .  , pp. 6 -7 .
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S u r v e y  of In v e s t ig a t io n s  S im ila r  in  M anner  
and P u r p o s e  to  T h is  S tudy

'A
■ A  s e a r c h  of th e  l i t e r a tu r e  r e v e a le d  th a t no o th er  e x p e r im e n ta l  

w o r k  had  b e e n  c a r r ie d  out w h ich  m e a s u r e d  th e  e f f e c t  on a c h ie v e m e n t

in s tr u c t io n  w a s  su p p le m e n te d  w ith  p r o g r a m m e d  in s tr u c t io n . ' H o w e v e r ,  

a n u m b er  o f s tu d ie s  had  b e e n  c o m p le te d  w h ich  w e r e  r e la t e d  to  the  

in v e s t ig a t io n  w ith  w h ic h  th is  w r ite r  w a s  c o n c e r n e d . One p a r t ic u la r  

in v e s t ig a t io n  .rep o r ted  b y  L a n e  w h ic h 'w a s  of in te r e s t -w a s  c o n c e r n e d  

w ith  d if fe r e n t  m e a n s  o f su p p le m e n tin g  c o n v e n tio n a l c la s s r o o m  

in s tr u c t io n  of m a th e m a t ic s .

In 1962 L ane e x p e r im e n te d  w ith  th r e e  m e a n s  of su p p le m en tin g  

in s tr u c t io n  b y  c lo s e d  c ir c u it  t e le v is io n  o f a b a s ic  m a th e m a t ic s  c o u r s e  

at th e  G e o r g e  P e a b o d y  C o lle g e  fo r  T e a c h e r s .  L an e u s e d  th r e e  ty p e s  

of su p p le m e n ta r y  in s tr u c t io n :  f i lm  o f a s s ig n e d  h o m e w o r k  show n to  

stu d en ts  d a ily , d a ily  c la s s r o o m  q u e s t io n -a n s w e r  p e r io d s ,  and  

p r o g r a m m e d  in s tr u c t io n  b o o k le ts  p r e p a r e d  to  c o v e r  th e  to p ic  p r e s e n te d  

on t e le v is io n .  T he r e s u l t s  of th e  s tu d y  in d ic a te d  th at a c h ie v e m e n t  

of th e  g rou p  u s in g  p r o g r a m m e d  in s tr u c t io n  w a s  s ig n if ic a n t ly  b e tte r

a t th e  5 p e r c e n t  le v e l  th an  th e  g ro u p s w h o se  m e a n s  o f su p p le m e n tin g
■ • ■ 34

th e  t e l e v i s e d  in s tr u c t io n  w a s  b y  f i lm  or c la s s  q u e s t io n -a n s w e r  p e r io d s .

^ L a n e 5 B . R . , "An E x p e r im e n t  w ith  P r o g r a m m e d  In s tr u c t io n  
a s  a S u p p lem en t to  T e a c h in g  C o lle g e  M a th e m a tic s  b y  C lo s e d  -C ircu it  
T e le v is io n , ."  T he M a th e m a tic s  T e a c h e r  57: 395 , O c to b e r , 1964.

of b e g in n in g  c a lc u lu s  student's w hen, th e ir  c o n v e n tio n a l c la s s r o o m
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N u m e r o u s  o th er  in v e s t ig a t io n s  h a v e  b e e n  m a d e  in to  the e f f e c  - 

t iv e n e s s  of te a c h in g  c o l le g e  m a th e m a t ic s  and m a th e m a t ic s  r e la te d  

c o u r s e s  b y  p r o g r a m m e d  in s tr u c t io n . In r e v ie w in g  th e  l i t e r a tu r e  th e  ' 

fo llo w in g  in v e s t ig a t io n s  h a v e  b e e n  found to  r e v e a l  r e s u l t s  p e r t in e n t  

to  th is  stu d y .

S h a rp e  r e p o r te d  a t th e  U n iv e r s i ty  of B u ffa lo  on th e  e f f e c t iv e n e s s  

o f u s in g  S k in n er  p r o g r a m m e d  m a t e r ia ls  in  p la c e  of t e x t s  in  p r e - c a lc u lu s  

c o u r s e s :

T o d a te , th e  e x p e r im e n t  a s  it  h a s  b e e n  co n d u cted  
in d ic a te s  a p r o b a b ility  th a t p r o g r a m e d  m a t e r ia ls  m a y  do 
an e q u iv a le n t  job , b u t p r e s e n t s  no e v id e n c e  th a t p r o g r a m e d  
m a t e r ia l s  a r e  s u p e r io r . . . . S tu d en ts  in  th is  e x p e r im e n t
h ad  p r o g r a m s  b a c k e d  up b y  good  in s t r u c t o r s ,  y e t  no r e c o r d s  
w e r e  b r o k en . .

A t th e  U n ited  S ta te s  A ir  F o r c e  A c a d e m y  S m ith  h a s  s tu d ied  the  

te a c h in g  of e le m e n ta r y  s t a t i s t i c s  b y  th e  co n v e n tio n a l c la s s r o o m  m eth o d  

v e r s u s  the m eth o d  o f p r o g r a m m e d 'in s tr u c t io n . T he n e t  r e s u l t  o f the  

in v e s t ig a t io n  h a s  sh ow n  th at le a r n in g  a c h ie v e d  th ro u g h  stu d y  o f s t a t i s t i c s  

b y  a s c r a m b le d  b o o k  p r o g r a m , a s  c o m p a r e d  to  le a r n in g  v ia  c o n v e n tio n a l

c la s s r o o m  te a c h in g  p r o d u c e d  no s ig n if ic a n t  d if fe r e n c e  in  p e r fo r m a n c e

36b e tw e e n  e x p e r im e n ta l and c o n tr o l g r o u p s .

'''f35M ay, op. c it .  , p. 5 , c it in g  S h a rp , B . , " P r o g r a m e d  M a th e ­
m a t ic s ,  A  T w o- Y e a r  E x p e r im e n t  1 9 6 2 -1 9 6 4 , " p la c e  and d a te  unknow n.

S m ith , H . N . , "T he T e a c h in g  o f E le m e n ta r y  S t a t i s t ic s  b y  
- th e  C o n v e n tio n a l C la s s r o o m  M eth od  V e r s u s  th e  M eth od  of P r o g r a m e d  

In stru ctio n ,"  J o u r n a l of E d u c a tio n a l R e s e a r c h  55 :417  -2 0 ,  1962.

36
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One of the f i r s t  s tu d ie s  of th e  e f f e c t iv e n e s s  o f p r o g r a m m e d  

le a r n in g  in  lo g ic  w a s  done b y  B ly th  a t H a m ilto n  C o lle g e . B ly th  

r e p o r te d  th e  p r e lim in a r y , r e s u l t s  of h is  in v e s t ig a t io n  a s  e n c o u r a g in g .  

C o n ta c t h o u r s  w ith  s tu d e n ts  w e r e  r e d u c e d  b y  one th ir d , l e v e l  of

su b je c t  m a tte r  m a s t e r y  w a s  r a is e d ,  an d 'th e  am ou n t o f m a te r ia l

37c o v e r e d  w a s  in c r e a s e d .  1

A n im p o r ta n t stu d y  w a s  done d u rin g  th e fa ll  of 1962 b y  D ob yn s  

w ho r e p o r te d  on an e x p e r im e n t  in  the te a c h in g  o f c o l le g e  a lg e b r a .  

D o b y n s c o m p a r e d  te a c h in g  c e r ta in  to p ic s  of c o l le g e  a lg e b r a  b y  co n v e n ­

t io n a l  'm e th o d s  to  te a c h in g  b y  p r o g r a m m e d  in s tr u c t io n . A m ong  h is  

c o n c lu s io n s  w e r e  th e  fo llo w in g :

. T h e r e  w a s  no s ig n if ic a n t  d if fe r e n c e  b e tw e e n  the m e a n  
s c o r e s  fo r  th e tw o  te a c h in g  m e th o d s . . . . S ig n if ic a n t  g a in s  
m a d e  b y  the s tu d e n ts  u s in g  th e  p r o g r a m m e d  b o o k le t  c o v e r in g  
in e q u a li t ie s ,  a b s o lu te  v a lu e , c o o r d in a te  s y s t e m s , ,  fu n c t io n s ,  
and th e ir  g r a p h ic a l r e p r e s e n ta t io n s  w e r e  lo s t  a f te r  a t im e  
la p s e .  38

K e lle m s  a ls o  r e p o r te d  on the e f f e c t iv e n e s s  o f p r o g r a m m e d  

te a c h in g  in  c o l le g e  a lg e b r a . H is  s tu d y  w a s  co n d u cted  d u rin g  th r e e  

s e m e s t e r s  a t In d iana  S ta te  C o lle g e  d u r in g  w h ich  t im e  h e a d m in is te r e d  

p r o g r a m m e d  m a t e r ia ls  in  th r e e  w a y s . F o r  h is  c o n tr o l g rou p  K e lle m s

3^ B ly th , J. W. ,. " T ea ch in g  M a c h in e s  and  L o g ic ,  11 A m e r ic a n  
M a th e m a tic a l'M o n th ly  6 7 :2 8 5 -7 , M a rch ,. I960 .

38D o b y n s , R . A .,  "An E x p e r im e n t  in  th e T e a c h in g  o f C o lle g e  
A lg e b r a ,"  T h e M ath errtatics T e a c h e r  5 7 :8 6 ,. F e b r u a r y , 1964.
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A n o th er  r e la te d  stu d y  w a s done b y  H e im e r  w ho co n d u cted  an  

e x p e r im e n t  in  w h ich  h e m e a s u r e d  the e f f e c t s  on a c h ie v e m e n t  b rou gh t  

ab ou t b y  u s in g  d if fe r e n t  m e th o d s  o f in s tr u c t io n 'o n  c o l le g e  s tu d en ts  in . 

a b eg in n in g  m a th e m a t ic s  c o u r se ;  ,In p a r t ic u la r  h e  c o m p a r e d  the  

e f f e c t s  of e x te r n a l  and s e l f -p a c in g  w h en  te a c h in g  w a s  done b y  te a c h in g  

m a c h in e s ,  p r o g r a m m e d  te x tb o o k s , f i lm s t r ip s ,  and c o n v e n tio n a l  

c la s s r o o m  t e a c h in g .  N o s ig n if ic a n t  d if f e r e n c e s  w e r e  r e v e a le d  on  

f in a l e x a m in a tio n  s c o r e s .

' In a d d itio n  to  th is  e x p e r im e n t  b y  H e im e r  w a s  one co n d u cted  b y  

L o t te s ,  P a lm e r ,  and O ak es w ho c o m p a r e d  the e f f e c t s  on a c h ie v e m e n t  

due to  d if f e r e n t ia l  r a te  of p a c in g  p r o g r a m m e d  m a th e m a t ic s .  N o  

s ig n if ic a n t  d if f e r e n c e s  w e r e  o b s e r v e d  in  stu d en t p e r fo r m a n c e  or 

a tt itu d e s  to w a r d s  p r o g r a m m e d  le a r n in g  w h en  p a c in g  w a s  v a r ie d  as  

m u c h  a s  20 p e r c e n t  b e lo w  and 10 p e r c e n t  a b o v e  th e a v e r a g e  t im e

r e q u ir e d  b y  a grou p  of s e l f - p a c in g  students."
' .4 2

41H e im e r , R. T . , T h e P r e p a r a t io n  o f a P r o g r a m  in  C o n te m p o r a r y  
A lg e b r a  abd' a S tudy of Its  E f f e c t iv e n e s s  for" C ro u p  In s tr u c t io n  U nder  
P a c e d  C o h 3 iH o n s , D o c to r a l D is s e r ta t io n ,  a s  r e v ie w e d  in  D is s e r ta t io n ' • 
•A b s tr a c ts ;  T oI.~ X X IH , N o . 10,. A p r il ,  1963, pp. 3 8 1 3 -4 . 42

4 2 S c h r a m m , W ilb u r , op. c it .  , p. 32 c itin g  L o t te s ,  J. J. ,
P a lm e r ,  G. , and O a k es , H. , "An E x p e r im e n ta l C o m p a r iso n  of 
D if f e r e n t ia l  R a te s  o f P a c in g  P r o g r a m e d  M ath, " p u b lish e d  b y  the U n i­
v e r s i t y  D iv is io n  of I n s tr u c t io n a l S e r v ic e s ,  th e  P e n n s y lv a n ia  S ta te  
U n iv e r s ity ,  1963.
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A lth o u g h  n u m e r o u s  in v e s t ig a t io n s  h a v e  b e e n  c a r r ie d  out at the

high , s c h o o l and ju n io r  h ig h  s c h o o l le v e l ,  th e  p r o b le m  o f m o tiv a t io n
43

o ften  m a k e s  th e  r e s u l t s  o f th e  in v e s t ig a t io n s  d if f ic u lt  to  in te r p r e t .

H o w e v e r , one su c h  stu d y  at the h ig h  s c h o o l l e v e l  w h ic h  had  no  

m e n tio n  of m o t iv a t io n  p r o b le m s  and w h ic h  w a s  so m e w h a t p a r a l le l  

to  th a t of th is  stu d y  w a s  done b y  B ro w n . U s in g  th e  p r o g r a m m e d  

b o o k le ts  w r it te n  b y  th e U. I. C. S. M. B ro w n  c o m p a r e d  th e  t e s t  s c o r e s  

of an e x p e r im e n ta l grou p  u s in g  p r o g r a m m e d  in s tr u c t io n a l m a t e r ia ls  

w ith  a c o n tr o l grou p  n o t u s in g  p r o g r a m m e d  in s tr u c t io n a l m a t e r ia ls .

T h e e x p e r im e n ta l g ro u p  in  th is  stu d y  had c o n v e n tio n a l c la s s r o o m  ■ 

te a c h in g -a lo n g  w ith  the p r o g r a m m e d  m a t e r ia ls  w h e r e a s  th e  c o n tr o l  

g rou p  h ad  on ly  c o n v e n tio n a l c la s s r o o m  in s tr u c t io n . F r o m  th is  

stu d y  th e  c o n c lu s io n  w a s  r e a c h e d  that:

" - X  .

T h e e x p e r im e n ta l group  p r o v e d  to  b e  s ig n if ic a n t ly  
su p e r io r  to  th e  c o n tr o l in  a t e s t  of g e n e r a l a b ili ty ,  and  
about th e  sa m e  le v e l  o f s u p e r io r ity  w a s  m a in ta in e d  in  
e ig h t  out o f n in e  a c h ie v e m e n t  t e s t s  g iv e n  d uring  th e  s c h o o l  
t e r m . T he a u th o r  c o n c lu d e s  th a t 'no s tu d en t w a s  p e n a liz e d  
in  h is  l e v e l  of m a th e m a t ic s  a c h ie v e m e n t  b e c a u s e  of h a v in g  
u s e d  p r o g r a m m e d  m a t e r ia l .  * 44

^ R a n d o lp h , P . H. , "An E x p e r im e n t  in  P r o g r a m m e d  In s tr u c tio n  
in  J u n io r  H ig h -S ch o o l, " T h e M a th e m a tic s  T e a c h e r  5 7 :1 6 0 -1 6 2 , M a rch , 
1964; J o r d y , J. L . , "A C o m p a r a tiv e  S tudy of M eth o d s o f  T e a c h in g  
P la n e  G e o m e tr y , " T h e 'M a th e m a tic s  T e a c h e r  5 7 :4 7 2 -8 , N o v e m b e r ,  
1964; S m ith , . W. I. and M o o r e , J. W. , " P r o g r a m e d  M a te r ia ls  in  
M a th e m a tic s  fo r  S u p e r io r  S tu dent in  R u r a l S c h o o ls , 11 p u b lish e d  b y  
B ’u c k n e ll  .U n iv e r s ity , u n d ated , p. 91.

44. S c h r a m m , op. c it .  , p. 26 , c it in g  B ro w n , O. R o b e r t , "A 
C o m p a r iso n  of T e s t -S c o r e s  of- S tu d en ts  U s in g  P r o g r a m e d  I n s tr u c t io n a l  
M a te r ia ls  w ith  T h o se  o f S tu d en ts  N o t U s in g  P r o g r a m e d  I n s tr u c t io n a l  
M a te r ia ls ,  " m im e o g r a p h e d  b y  th e  U n iv e r s i ty  of I l l in o is  in  1962.
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T he r e v ie w  of l i t e r a tu r e  h a s  show n  th a t th e r e  i s  e v id e n c e  to  

in d ic a te  v a lu e  of u s in g  p r o g r a m m e d  in s tr u c t io n  in .p lace  o f or a s  a 

su p p le m e n t  to  c o n v e n tio n a l c la s s r o o m  in s tr u c t io n . H o w e v e r , th e r e  

w a s  a ls o  e v id e n c e  w h ich  in d ic a te d  the g a in s  r e s u lt in g  fr o m  u s in g  su ch  

p r o g r a m m e d  m a t e r ia ls  a r e  o ften  n ot s ig n if ic a n t . A ls o ,  w hen  d if f e r en  

c e s  d o  o c c u r , th e y  a r e  s o m e t im e s  in  fa v o r  o f th e  c o n v e n tio n a l m eth o d  

o r  d isa p p e a r  w ith  a t im e  la p s e .

A  s u m m a r y  o f th is  e n t ir e  c h a p ter  is  p r e s e n te d  n ex t.

S u m m a r y

In s u m m a r iz in g  th e l i t e r a tu r e  r e v ie w e d  fo u r  p o in ts  s ta n d  out:

(I) b e g in n in g  c a lc u lu s  h a s  e x p e r ie n c e d  a r a d ic a l  ch an ge in  the p a s t  

e ig h t  y e a r s  fr o m  a p r o b le m -s o lu t io n  o r ie n te d  a tta c k  to  a c a r e fu l  

s tr u c tu r a l a tta c k  a c h ie v e d  th ro u g h  s tu d en t u n d e r s ta n d in g  and lo g ic a l  

d e v e lo p m e n t , (2) m a n y  of th e  le a r n in g  p ro b lem 's  in  b e g in n in g  c a lc u lu s  

h a v e  b e e n  b ro u g h t ab ou t b y  th e sw in g  fr o m  a tr a d it io n a l ty p e  b a c k ­

grou n d  to  a m o d e r n  a p p ro a ch  th u s le a v in g  m a n y  s tu d e n ts  i l l  p r e p a r e d  

fo r  th e  d e g r e e  of r ig o r  r e q u ir e d  in  m o d e r n  m a th e m a t ic s ,  (3) th e  u s e  

o f p r o g r a m m e d  in s tr u c t io n  m a y  r e d u c e  th e  im b a la n c e  in  b a ck g ro u n d  

e x p e r ie n c e d  b y  tr a d it io n a l ly  p r e p a r e d  s tu d e n ts  th ro u g h  d e v e lo p m e n t  

of p r o p e r  n o ta tio n  b u t m a y  n o t e n t ir e ly  f i l l  the gap in  p r o p e r  m a th e ­

m a t ic a l  a ttitu d e  su c h  a s  i s  o ften  r e q u ir e d  in  m a th e m a t ic a l  r e a s o n in g ,  

an d  (4) th e  in v estig a tio n s"  in to  th e u s e f u ln e s s  o f p r o g r a m m e d  in s t r u c ­

t io n  do not c o n s is t e n t ly  p o in t to  it s  u n sw e r v in g  v a lu e  but in s te a d
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th e  m a jo r ity  o f c o m p a r is o n s  of it s  v a lu e  o v e r  c o n v e n tio n a l c la s s r o o m  

in s tr u c t io n  in d ic a te  th e d if f e r e n c e s  in  f in a l le a r n in g  a ch iev ed  th rou gh  

p r o g r a m m e d  in s tr u c t io n  a r e  n o t s ig n if ic a n t ly  g r e a te r  th an  th o se  

a c h ie v e d  b y  c o n v e n tio n a l c la s s r o o m  te a c h in g .

In th e  n e x t  ch a p ter  th e  p r o c e d u r e s  and r e s u lt s  o f th e  in v e s t i ­

g a tio n  w il l  b e  p r e s e n te d .



CHAPTER III

• IHVES TIG A T IO N A L P R O C E D U R E S  
A N D  ST A T IS T IC A L  M ETH O D S A P P L IE D

T h e r e s e a r c h  d e s c r ib e d  in  th is  ch a p ter  w a s  co n d u cted  a s  a 

m e a n s  o f in v e s t ig a t in g  the e f f e c t  on f in a l a c h ie v e m e n t  in  a b e g in n in g  

c a lc u lu s  c o u r s e  r e s u lt in g  fr o m  the u s e  o f a s e r ie s  o f p r o g r a m m e d  

in s tr u c t io n  w r it te n  to  su p p le m e n t th e  r e g u la r  c la s s r o o m  in s tr u c t io n  

on th e  to p ic s  w h ic h  o r d in a r i ly  c a u se  le a r n in g  p r o b le m s . In r e p o r tin g  

.the in v e s t ig a t io n a l  p r o c e d u r e s  and s t a t i s t ic a l  a n a ly s is  th e  fo llo w in g  

to p ic s  w e r e  c o n s id e r e d  to  b e of m a jo r  im p o r ta n c e :  .(I) s e le c t io n  of 

to p ic s  to  b e  p r o g r a m m e d , (2) p r e l im in a r y  w r it in g  of th e  p r o g r a m m e d  

m a t e r ia ls  and a s s o c ia t e d  stu d en t p a r t ic ip a t io n , (3) f in a l w r it in g  of 

th e  p r o g r a m m e d  m a t e r ia ls  and a s s o c ia t e d  stu d en t p a r t ic ip a t io n , (4) 

m e a n s  of in s tr u c t io n  o f th e  e x p e r im e n ta l and co n trp l g r o u p s , and  

(5) s t a t i s t ic a l  a n a ly s is  u s e d  to  e v a lu a te  th e  r e s u l t s  o f th e  in v e s t ig a t io n .  

E a c h  of th e s e  to p ic s  i s  d is c u s s e d  in  th e  r e m a in d e r  o f th is  ch a p ter .

S e le c t io n  o f T o p ic s  to  b e P r o g r a m m e d

P r io r  to  th e  f a l l  q u a rter  o f 1964 a stu d y  w a s co n d u cted  b y  the  

w r ite r  to  e s t a b l is h  th e co n d itio n s  u n d er  w h ich  to p ic s  fr o m  b eg in n in g  

c a lc u lu s  w ou ld  b e  s e le c t e d  and p r o g r a m m e d  fo r  u s e  b y  s tu d en ts  in an  

e x p e r im e n ta l gro u p . T h is  in v e s t ig a t io n  in c lu d ed  th r e e  a r e a s :  id e n t i­

f ic a t io n  of to p ic s  tau gh t in  a b eg in n in g  c a lc u lu s  c o u r s e ,  id e n t if ic a t io n  

of th o se  to p ic s  w h ic h  c a u s e  s tu d en t le a r n in g  p r o b le m s ,-  and an  e s t im a ­

t io n  of a lo g ic a l  n u m b er  o f p r o g r a m m e d  le a r n in g  s e s s io n s  w h ich  w ou ld
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b e c o n v e n ie n t fo r  th e  s tu d e n ts  to  a tten d  and y e t  w ou ld  b e  e x te n s iv e  

en ou gh  to  g u a r a n te e  an a d eq u ate  c o v e r a g e  o f m a te r ia l .  .

T h e f i r s t  p r o b le m  w a s  to  id e n t ify  th e .to p ic s  ta u g h t in a

b eg in n in g  c a lc u lu s  c o u r s e .  T h is  w a s  d on e b y  c o m p a r in g  th e  d e v e lo p -
45m e n t of th e  c a lc u lu s  in  f iv e  w id e ly  u s e d  c a lc u lu s  t e x t s .  In ea ch  o f  

th e s e  t e x t s  th e  fo llo w in g  to p ic s  a p p e a r e d  as in tr o d u c to r y  m a te r ia l:  

a b so lu te  v a lu e  and in e q u a li t ie s ;  fu n c tio n s  and fu n c tio n a l n ota tion ;  

in t e r s e c t io n s  of p a ir s  of c u r v e s ;  l im it s ;  con tin u o u s fu n c tio n s;  th e  ■ 

d e r iv a t iv e ;  s im p le  d if fe r e n t ia t io n  fo r m u la s ;  d if fe r e n t ia t io n  of the  

p r o d u c t, q u o tien t, and h ig h e r  o r d e r  d e r iv a t iv e s ;  d if fe r e n t ia t io n  of th e  

c o m p o s ite  fu n c tio n s ;  im p lic i t  d if fe r e n t ia t io n ;  a p p lic a t io n  of th e  

d e r iv a t iv e  to  l in e a r  m o tio n , m o tio n  u n d er  g r a v ity , and r e la te d  r a te s ;  

sk e tc h in g  a s  r e la t e d  to  in c r e a s in g  and d e c r e a s in g  fu n c tio n s ;  c r i t ic a l  

v a lu e s ,  and  e x tr e m e  v a lu e s  of a fu n ctio n ; R o l le 's  T h e o r e m  and th e  

M ean  V a lu e  T h e o r e m ; a p p lic a t io n s  in v o lv in g  th e  th e o r y  of e x tr e m e s ;  

a p p r o x im a tio n s  b y  d if f e r e n t ia ls ;  the in d e f in ite  in te g r a l;  co m p u ta tio n  

of a r e a  b y  in te g r a tio n ;  th e d e fin ite  in te g r a l;  a r e a  a s  the l im it  of a 

sum ; fu n d a m en ta l th e o r e m  of c a lc u lu s ;  and m a th e m a t ic a l  in d u ctio n .

4 5 P r o t t e r ,  M . H. and M o r r e y , C. B .,  C o lle g e  C a lc u lu s 'w ith  
A n a ly t ic  G e o m etry ; T a y lo r , A ngu s E . , C a lc u lu s  w ith  A n a ly t ic ' G e o m e tr y  
T h o m a s , G e o r g e  B . , C a lc u lu s  and A n a ly t ic  G e o m e try ; Joh n so n , R . E . 
and  K io k e m e is t e r ,  F . L . , 'C a lc u lu s  w ith 'A n a ly tic  G e o m e tr y ;  G oodm an, 
A . W. ,. A n a ly t ic  G e o m e tr y  and th e  C aT cu lu s. ■ .
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In o r d e r  to  id e n t ify  w h ich  of th e  ab o v e  to p ic s  c a u s e  stu d en t  

le a r n in g  p r o b le m s  a q u e s t io n n a ir e  w a s  p r e p a r e d  w h ich  l i s t e d  a ll  of
46th e  ab o v e  to p ic s  and b r ie f ly  d e s c r ib e d  th e  in te n t o f th e  in v e s t ig a t io n .

T h e p e r s o n s  to  w h om  th e q u e s t io n n a ir e  w a s  d ir e c te d  w e r e  a sk e d  to  ■ 

s e l e c t  s e v e n te e n  a r e a s  w h ich  in  th e ir  o p in io n  c a u se  b eg in n in g  c a lc u lu s  

s tu d e n ts  th e  g r e a t e s t  le a r n in g  p r o b le m s .

T w o fa c to r s  n e c e s s i t a t e d  l im it in g  th e n u m b er o f a r e a s  to  

s e v e n te e n :  (I) o n ly  a l im it e d  n u m b er  of m e e t in g s  cou ld  b e e x p e c te d

of th e v o lu n te e r in g  s tu d e n ts  d u rin g  th e q u a r te r , and  (2) th e r e  w a s  a 

p o te n t ia l d if f ic u lty  o f c o r r e la t in g  the .p r o g ra m m ed  m a t e r ia l s  w ith  

d if fe r e n t  c la s s  r a t e s .  T h e f i r s t  fa c to r  w h ic h  l im ite d  th e  a r e a s  to  be  

c o v e r e d  to  s e v e n te e n  w a s  ju d g ed  e s s e n t ia l  s in c e  m o s t  o f th e  s tu d en ts  

v o lu n te e r in g  fo r  th e p r o g r a m  w e r e  c a r r y in g  fu ll  a c a d e m ic  lo a d s . . H e n c e ,  

it  w a s  u n r e a so n a b le  to  e x p e c t  th e m  to  m e e t -m o r e  than  tw ic e  w e e k ly  fo r  

th e  p u r p o se s  of stu d y in g  th e  p r e p a r e d  m a t e r ia ls .  T he se c o n d  fa c to r  

w a s  l ik e w is e  ju d ged  n e c e s s a r y  b e c a u s e  th e  p o s s ib i l i t y  e x is t e d  th at the  

t o p ic s  s e le c t e d  b y  th e  ju r y  o f e x p e r ie n c e d  t e a c h e r s  co u ld  b e  o f th e  

n a tu re  th a t c o u r s e  stu d y  of th e s e  to p ic s  w ou ld  not o ccu r  a t th e  b eg in n in g  

of th e  c o u r s e  but in s te a d  m i edit b e  g ro u p ed  t im e w is e  to w a r d  th e  end of 

th e  q u a r te r . H e n c e , th e  d e c is io n  w a s m a d e  to  l im it  th e  p o te n t ia l to p ic s  

s e le c t e d  to  se v e r ite e n  in  n u m b er  w ith  th e u n d e rsta n d in g  th a t so m e  

m o d if ic a t io n  o f t i t l e  and co n ten t m ig h t b e  n e c e s s a r y  a s  th e stu d y
■ •

p r o g r e s s e d .

5S e e  A p p en d ix  A .
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T h is  q u e s t io n n a ir e  w as th en  g iv e n  to  tw e lv e  c o l le g e  e d u c a to r s  ' 

w e ll -q u a l i f ie d  to  judge th e le a r n in g  p r o b le m s  o f s tu d e n ts  in  a b eg in n in g  

c a lc u lu s  c l a s s .  T en  o f th e s e  p e r s o n s  w e r e  p r o m in e n t m e m b e r s  of the

l.:, m a th e m a t ic s  d e p a r tm e n t at M on tan a  S ta te  C o lle g e  w ith  e x te n s iv e  e x p e r i -

e n c e  in  te a c h in g  b eg in n in g  c a lc u lu s . T h e ir  e x p e r ie n c e  w a s  ju d g ed  b y  

th e ir  te a c h in g  a s s ig n m e n ts  and d u tie s  a s  m a th e m a t ic ia n s  a t M ontana  

S ta te  C o lle g e . T h e grou p  in c lu d ed  one d e p a r tm e n t h e a d , th r e e  s u p e r ­

v i s o r s  o f t e a c h e r s  of e le m e n ta r y  m a th e m a t ic s  c o u r s e s  (on e o f w hom  w a s  

a ls o  a r e t ir e d  d e p a r tm e n ta l h ea d  and s u p e r v is o r  of th e  b eg in n in g  c a l ­

c u lu s  s e q u e n c e ) , an a c t in g  d e p a r tm e n ta l h ea d , a fu ll p r o f e s s o r ,  tw o  

a s s o c ia t e  p r o f e s s o r s ,  one a s s i s t a n t  p r o f e s s o r ,  and one in s tr u c to r .

T h e tw o n o n -m a th e m a t ic s d e p a r tm e n ta l m e m b e r s  w ho f i l le d  in  

th e  q u e s t io n n a ir e  w e r e  c h o s e n  fr o m  th e  p h y s ic s  and c h e m is t r y  d e p a r t­

m e n ts .  T h e ir  r e s p o n s ib i l i t i e s  in  th e ir  a r e a s  in d ic a te d  c o n c e r n  fo r  and  

k n o w led g e  o f le a r n in g  p r o b le m s  of s tu d e n ts  in  th e ir  f ie ld s  a s  w ould  be  

r e f le c t e d  b y  in a b il ity  in  d if fe r e n t  p h a s e s  of c a lc u lu s .

U pon r e c e iv in g  th e  r e s u l t s  o f th e  q u e s tio n n a ir e  a fr e q u e n c y  

ta b u la tio n  w a s  m a d e  to  id e n t ify  tho'se a r e a s  of b eg in n in g  c a lc u lu s  w h ich  

c a u s e  th e  s tu d e n ts  th e  g r e a t e s t  le a r n in g  p r o b le m s . T h e s e v e n te e n  to p ic s  

w h ic h  w e r e  m o s t  fr e q u e n t ly  id e n t if ie d  w e r e :

1. I n e q u a lit ie s  and A b so lu te  V a lu e
2. L im its
3. C o n tin u ity
4. T h e D e r iv a t iv e
5. C o m p o s ite  F u n c t io n s  and th e  C hain  R u le
6. I m p lic it  D if fe r e n t ia t io n
7. I n c r e a s in g  and D e c r e a s in g  F u n c t io n s
8. V e lo c i t y  and R e la te d  R a te s
9. R o l le 's  T h e o r e m  and th e M ean  V a lu e  T h e o r e m
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10. M a x im u m  and M in im u m  P r o b le m s
11. D if f e r e n t ia ls
12. In d e fin ite  In te g r a l
13. D e f in ite  I n te g r a l
14. A r e a  b y  In te g r a tio n
15. M a th e m a tic a l In d u ction
16. A r e a  a s  th e  L im it  of a Sum
17. F u n d a m e n ta l T h e o r e m  of I n te g r a l C a lc u lu s

■ P r e l im in a r y  W ritin g  of th e  P r o g r a m m e d  M a te r ia ls  
and A s s o c ia t e d  S tu dent P a r t ic ip a t io n

T h r e e  fa c to r s  in f lu e n c e d  the sc h e d u lin g  of th e  m e e t in g s  d u rin g  

w h ic h  th e  s tu d e n ts  w o u ld  stu d y  the p r o g r a m m e d  m a t e r ia l s .  F i r s t ,  on 

e x a m in in g  the' s e v e n te e n  a r e a s  s e le c t e d  b y  th e  e x p e r ie n c e d  ju r y  it  w a s  

a p p a ren t th a t th e  to p ic s  fo r  w h ich  the p r o g r a m m e d  m a t e r ia l s  had  to  be  

w r it te n  o c c u r r e d  d u rin g  th e  d e v e lo p m e n t of th e  c o u r s e  about tw o w e e k s

a fte r  th e q u a r te r  b eg a n . H e n c e , th e  f i r s t  m e e t in g  w ith ,th e  v o lu n te e r in g
*

student's w a s  n ot p o s s ib le  u n til at l e a s t  tw o  w e e k s  of th e  q u a r te r  had
r

e la p s e d . S eco n d , s in c e  th e  am ou n t o f c la s s  t im e  o r d in a r i ly  d e v o te d  to
'i ■

so m e  th e  in it ia l  to p ic s , w a s  c o m p a r a t iv e ly  lo n g e r  than  fo r  la t e r  t o p ic s ,  

a m o r e  l ib e r a l  t im e  s c h e d u le  w a s a n t ic ip a te d  a t th e  s ta r t  o f  th e  q u a r ter  

th an  at th e  en d  o f th e  q u a r te r . T h ird , th e r e  w a s  no g u a r a n te e  th at a ll  

of th e  in s t r u c to r s  co u ld  h o ld  c lo s e ly  to  th e  d a y -b y -d a y  s c h e d u le  of 

t o p ic s  to  b e  ta u g h t. T h e s e  th r e e  fa c to r s  s u g g e s te d  th a t a c e r ta in  

a m ou n t of f le x ib i l i t y  w a s  n e e d e d  in  th e  a d m in is tr a t io n  o f  th e  p r o g r a m m e d  

m a t e r ia ls .  W ith th e s e  p r o b le m s  in  m in d  a c a len d a r  w a s  d raw n  up 

sc h e d u lin g  th e  p r o g r a m m e d  m e e t in g s  on e a c h  a v a ila b le  T u e s d a y  and
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T h u r sd a y  o f  e a c h  w e e k  th ro u g h o u t f a l l  q u a r te r . B y  a llo w in g  fo r  h o l i ­

d a y s  and f in a l e x a m in a t io n s  e x a c t ly  s e v e n te e n  su ch  T u e s d a y s  and  

T h u r sd a y s  w e r e  found to  b e a v a ila b le .

H av in g  d e te r m in e d  the to p ic s  to  be p r o g r a m m e d  and th e n u m b er  

of m e e t in g s  a v a ila b le ,  it  w a s th en  p o s s ib le  to  s ta r t  w r it in g  th e p r e l im i ­

n a r y  p r o g r a m m e d  m a t e r ia l s .  P r e lim in a r y ,  to  w r it in g  e a c h  s e c t io n ,  

th e  to p ic  in  q u e s tio n  w a s  s tu d ie d  c a r e fu l ly  fr o m  th e p o in t o f v ie w  of 

th e  au th or o f the te x tb o o k  fr o m  w h ich  th e s tu d e n ts  w ou ld  b e  r e q u ir e d  to  

r e a d  th e ir  d a ily  a s s ig n m e n ts .  T h en  th e  s u p e r v is o r  o f th e  b eg in n in g  

c a lc u lu s  s e q u e n c e  w a s  c o n ta c te d  to  v e r i f y  th e  te a c h in g  te c h n iq u e s  to  b e  

u s e d  in  p r e s e n t in g  th e  to p ic . F in a l ly ,  a c lo s e  co n ta c t w a s  m a in ta in e d  

w ith  in d iv id u a l in s t r u c to r s  to  be c e r ta in  a s  to  p r e s e n ta t io n  of the to p ic  

in  d if fe r e n t  c l a s s e s .  B y  co m b in in g  th e s e  fa c to r s  w ith  th e  k n o w led g e  

g a in e d  a s  a r e s u l t  o f c o n su lt in g  l i t e r a tu r e  about p r o g r a m m in g , th e  

to p ic s  w e r e  th en  d e v e lo p e d  b y  w r it in g  a p p r o p r ia te  p r o g r a m m e d  m a t e r ia ls .

E a c h  to p ic  w a s  d e v e lo p e d  in  h a r m o n y  w ith  th e  th e o r y  and  

v o c a b u la r y  u s e d  in  c la s s  p r e s e n ta t io n . In m o s t  c a s e s  th e  to p ic  had i t s

fo u n d a tio n  in  a c e r ta in  d e g r e e  o f m a th e m a t ic a l  th e o r y . C o n se q u e n tly ,
(

a s e a r c h  fo r  a  c le a r ,  p r e c i s e ,  in tu it iv e  p r e s e n ta t io n  w a s  m a d e  b y  the  

w r it e r  in  v a r io u s  c a lc u lu s  t e x t s .  U pon e x a m in a t io n  of n u m e r o u s  

le a d in g  c a lc u lu s  t e x t s  a h a r m o n io u s  d e v e lo p m e n t  o f th e  to p ic  in  c o n ­

ju n c tio n  w ith  n o ta tio n  f a m il ia r  to  the s tu d e n ts  and in  co n ju n c tio n  w ith  a  

s u ff ic ie n t  b a ck g ro u n d  o f fa c tu a l in fo r m a tio n  e v o lv e d . ■
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In c a s e s  w h e r e  th e o r y  w a s  p r e s e n te d  an in tu it iv e  p r e lu d e  w a s  

p r o g r a m m e d  in to  th e m a t e r ia l s  w h ich  m a d e  th e  p r in c ip le  in  q u estio n  

s e e m  p la u s ib le .  In o th er  c a s e s  w h e r e  p r o c e d u r e  w a s th e  p a ra m o u n t . 

id e a  th e  d e v e lo p m e n t  o f th e  p r o c e d u r e  w a s  g r a d u a lly  in tr o d u c e d  to  the  

stu d en t w ith  fr e q u e n t  r e f e r e n c e  to  th e o v e r a l l  s y s t e m a t ic  a p p ro a ch . In  

th e  e v e n t  v a r ia t io n s  of p r o c e d u r e  w e r e  n e e d e d , e a c h  m a jo r  v a r ia t io n  

w a s  c a r e fu l ly  id e n t if ie d  and s y s t e m a t ic a l ly  d e v e lo p e d .

D u r in g  the p r e l im in a r y  w r it in g  o f th e  m a t e r ia ls  c a r e  w a s  

e x e r c is e d  to  in s u r e  a c a r e fu l  b a la n c e  a m o n g  a v a ila b le  s tu d e n t t im e , ' 

p r o p e r  p r e s e n ta t io n  of th e  to p ic ,  and s u ff ic ie n t  d e v e lo p m e n t  o f th e  id e a  

. to  g u a r a n te e  le a r n in g . In fa c t  it  w a s  d e e m e d  a p p r o p r ia te  to  w r ite  

m a t e r ia ls  w h ich  co u ld  b e s a t i s f a c t o r i ly  c o v e r e d  b y  th e  a v e r a g e  stu d en t  

in  an  h ou r or l e s s .

A fte r  th e  f i r s t  w r it in g  of th e  m a t e r ia l s  fo r  e a c h  to p ic  th e  au th or  

p r o c e e d e d  to  o th er  d u t ie s .  L a te r  h e  r e tu r n e d  to  the f i r s t  w r it in g  and  

s y s t e m a t ic a l ly  w o rk ed  th ro u g h  th e s e  m a t e r ia l s .  A s  s e e m in g ly  in c o m p le te  

or in a p p r o p r ia te  s e c t io n s  of th e  m a t e r ia ls  w e r e  e n c o u n te r e d , th e s e  

s e c t io n s  'w e r e  r e w r it te n  to  c o r r e c t  p o s s ib le  fa u lts .  E v e n tu a lly ,  a s  the  

m a t e r ia ls  b e c a m e  q u ite  p o lis h e d  th e y  w e r e  ty p ed  up and d itto e d  fo r  

stu d en t u s e .

A s  a m e a n s  o f c h e c k in g  th e q u a lity  of th e s e  p r e l im in a r y  w r it in g s ,  

a p ilo t  grou p  of s tu d e n ts  w a s  in v ite d  to  u s e  th e m  on s p e c if ie d  d a te s  ‘ 

if. d u r in g  th e  f a l l  q u a r ter  of 1964. T h is  p ilo t  g rou p  c o n s is te d  o f a l l  s tu d en ts
; ■ I it,,

fr o m  a l l  s e c t io n s  of th e  b e g in n in g  c a lc u lu s  se q u e n c e  w ho d e s ir e d  
‘ - •
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a d d it io n a l h e lp  in  c a lc u lu s .  'In o r d e r  to  k e e p  th e  n u m b er  o f v o lu n te e r  

p a r t ic ip a n ts  in  th e p ilo t  g rou p  of r e a s o n a b le  s iz e  no s p e c ia l  e f fo r ts  

w e r e  m a d e  to  e n c o u r a g e  s tu d en t p a r t ic ip a t io n . -The a v a ila b i l i ty  of the  

m a t e r ia l s  w as an n ou n ced  in  c la s s  and fr o m  th is  b r ie f  in v ita t io n  a 

s u f f ic ie n t  n u m b er  o f s tu d en t v o lu n te e r s  w a s  ob ta in ed  to  a c c o m p lis h  the  

p u r p o se  of th e  p ilo t  stu d y . B e c a u s e  o f th e  v o lu n te e r  n a tu r e  o f th e  . 

p ilo t  in v e s t ig a t io n , th e  n u m b er  of p a r t ic ip a n ts  w a s n o t c o n s is te n t  • 

th ro u g h o u t th e  q u a r te r . H o w e v e r , th e  n u m b e r  w a s  a lw a y s  ab ove ten  

and b e lo w  fo r ty  e x c e p t  fo r  th e  la s t  l e s s o n  w hen  on ly  f iv e  s tu d e n ts  c o m ­

p le te d  th e  m a t e r ia ls .  In in v e s t ig a t in g  th e  r e a s o n  for  th e  s m a ll  in t e r e s t  

in  th e  la s t  l e s s o n  it  w a s  found  th a t the p r e s s u r e  o f e x a m in a t io n s  at th e  * 

en d  o f th e  q u a r ter  and th e  fa c t  th a t n ot a l l  c l a s s e s  had  y e t  c o v e r e d  th is  

to p ic  in  c la s s  a c c o u n te d  fo r  th e p o o r  a tte n d a n c e .

T he p u r p o se  o f th e  p ilo t  stu d y  w a s  to  id e n tify  w e a k n e s s e s ,  in  th e  

p r e l im in a r y  w r it in g  of th e  p r o g r a m m e d  m a t e r ia ls  and to  p e r fe c t  the  

in v e s t ig a t o r 's  te c h n iq u e  of w r it in g  p r o g r a m m e d  m a t e r ia l s .  T he w e a k ­

n e s s e s  in  th e  p r e l im in a r y  w r it in g  w e r e  id e n t if ie d  b y  in s tr u c t in g  the  

stu d en t v o lu n te e r s  to  d en o te  b y  a c h e c k  th o s e  i t e m s  of th e  m a t e r ia ls  

w h ic h  th e y  w e r e  u n ab le  to  c o m p le te  in  a c c o r d a n c e  w ith  th e  in d ic a te d  

r e s p o n s e  w h ich  fo llo w e d  e a c h  ite m . . A ls o ,  a c h e c k  w a s  k ep t of t im e  

c o n su m e d  b y  s tu d e n ts  in  w o rk in g  th e  m a t e r ia ls .  U pon th e  c o m p le t io n  of 

e a c h  l e s s o n  a c h e c k  l i s t  w a s  m a d e  of th o s e  i t e m s  w h ich  sh o w ed  10 p e r c e n t

e r r o r  r a t io  b y  stu d en t p a r t ic ip a n ts .  T he 10 p e r c e n t  f ig u r e  w a s  u s e d
V'* • 47

in  a c c o r d a n c e  t o  th e  to le r a n c e  s p e c if ie d  b y  H o llan d . .

'Fry, E . B . , op. c it .  ,- Vpi. .4,

* r ,
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In a d d itio n  to  a ta b u la tio n  of e r r o r  fr e q u e n c y  a c lo s e  co n ta c t  

w a s  m a in ta in e d  w ith  s tu d en t p a r t ic ip a n ts  to  g a in  s tu d en t o p in io n s  of 

p a r t ic u la r  p h a s e s  of th e  m a t e r ia l s .  T h e s e  o p in io n s  w e r e  n o ted  and  

e v a lu a te d  s o  th a t th e  f in a l w r it in g  cou ld  r e f le c t  v a lid  c r i t ic i s m .

F in a l W ritin g  o f th e  P r o g r a m m e d  M a te r ia ls  and  
A s s o c ia t e d  S tudent P a r t ic ip a t io n

D u r in g  th e w in te r  q u a r ter  of 1965 a t M ontana S ta te  C o lle g e  

th e  f in a l w r it in g  and u s e  o f th e  p r o g r a m m e d  m a t e r ia ls  w a s  c a r r ie d  out.

T he f in a l w r it in g  and a d m in is tr a t io n  of th e  m a t e r ia ls  w e r e  . 

b a s e d  on th e  e x p e r ie n c e s  g a in ed  fr o m  th e  u s e  of the p r e l im in a r y  . 

m a t e r ia l s .  M o d if ic a t io n s  of th e  p r e l im in a r y  m a t e r ia ls  in  the m a in  

c o n s is t e d  o f th r e e  ty p e s :  (I) m o d if ic a t io n  o f i t e m s  w h ich  r e f le c t e d  a

10 p e r c e n t  e r r o r  ra tio ;  (2) m o d if ic a t io n  o f tw o  l e s s o n s  to  fa c i l i t a t e  

e f f ic ie n t  u s e  o f th e  m a t e r ia ls ;  and (3) m o d if ic a t io n  o f th e  a d m in is tr a t io n  . 

of th e m a t e r ia ls .

T h e f i r s t  ty p e  o f m o d if ic a t io n  o f th e  m a t e r ia ls  w a s  one of 

co n ten t and w a s fo c u s e d  on in d iv id u a l i t e m s  of the m a t e r ia l s .  T hat i s ,  

th o se  i t e m s  w h ich  r e f le c t e d  o v e r  a 10 p e r c e n t  e r r o r  r a t io  w e r e  

r e w r it te n  to  in s u r e  g r e a te r  c la r ity  and th u s r e d u c e  th e  e r r o r  fr e q u e n c y .

S o m e t im e s  th is  s im p ly  in v o lv e d  ch a n g e s  in  w o rd in g  or th e a d d itio n  of 

a sk e tc h . In a fe w  c a s e s  it  w a s  found d e s ir a b le  to  r e d e v e lo p  the c o n ­

cep t in v o lv e d  b y  in tr o d u c in g  s m a lle r  s t e p s  and b y  in c lu d in g  m o r e  

e x p la n a to r y  p a s s a g e s .  C o n s id e r a b le , d is c u s s io n  w a s  u s e d  to  be c e r ta in

th e  to p ic s  w e r e  c le a r  and c o m p le te . T o  guard  a g a in s t  p o s s ib le

>:1 -  ■
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in c o m p le te  r e a s o n in g  and to  in s u r e  a c le a r  and fa v o r a b le  d e v e lo p m e n t  

in  th e r e w r it te n  p o r t io n s , th e  s e c t io n s  w hen  r e w r it te n  w e r e  p r e s e n te d  

to  v a r io u s  m e m b e r s  of th e  m a th e m a t ic s  s ta ff  a t M on tan a  S ta te  C o lle g e  

fa m il ia r  w ith  the p r o g r a m  fo r  c o m m e n t and c r i t ic i s m .  U pon a g r e e m e n t  

of a c le a r  and c o n s is te n t  r e v is io n  the r e w r it te n  p o r t io n s  w e r e  th en  

in c lu d e d  ini th e  f in a l v e r s io n .

T h e se c o n d  ty p e  of m a jo r  m o d if ic a t io n  o f  th e  m a t e r ia ls  a l s o  

in v o lv e d  co n ten t. H o w e v e r , in  th is  m o d if ic a t io n  th e fo c u s  w a s  on 

e f f ic ie n t  u s e  o f th e  m a t e r ia ls  fr o m  th e  s ta n d p o in t o f c o m p le te  l e s s o n s .  

T h r e e  c h a n g e s  o f th is  typ e  w e r e  found n e c e s s a r y .

F i r s t ,  i t  w a s  d e e m e d  a d v is a b le  to  u se  tw o m e e t in g s  of the 

s tu d e n ts  fo r  th e  f i r s t  l e s s o n  b e c a u s e  of th e  d e s ir a b i l i t y  of le n g th e n in g  

th e  t im e  a v a ila b le  fo r  th e in tr o d u c to r y  le s s o n .  T h is  w a s  ju d ged  

a p p r o p r ia te  s o  a s  to  b e t te r  a c q u a in t s tu d e n ts  w ith  th e  p u r p o se  of the  

stu d y  and to  b e t te r  c o r r e la t e  th e  p r o g r a m m e d  m a t e r ia ls  w ith  the  

co n tig u ity  o f .c la s s  p r e s e n ta t io n  of c o r r e sp o n d in g  to p ic s .

S eco n d , it  w a s  fou n d  n e c e s s a r y  to  e l im in a te  th e  l e s s o n  

’’F u n d a m e n ta l T h e o r e m  of In te g r a l C a lc u lu s " s in ce , c l a s s  d is c u s s io n  

of th a t l e s s o n  in  th e p r e c e e d in g  q u a r ter  w a s  found to  o ccu r  to o  la te  

in  th e q u a r ter  to  be s a t i s f a c t o r i ly  su p p le m e n te d  b y  p r o g r a m m e d  

in s tr u c t io n .

A  th ir d  m o d if ic a t io n  of th e  l e s s o n s  w a s found n e c e s s a r y  a s  

th e  q u a r ter  p r o g r e s s e d  b e c a u s e  c la s s  p r e s e n ta t io n  f e l l  b eh in d  the  

b iw e e k ly  p r o g r a m m e d  m a t e r ia l s  s e s s i o n s .  H e n c e , th e  n e c e s s i t y  

p r e s e n te d  i t s e l f  d u rin g  th e  q u a r ter  of d rop p in g  b a c k  one le s s o n .  . A s
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a m e a n s  o f c o m p e n sa t in g  fo r  th is  th e  to p ic  r a t in g s  b y  the p a n e l of 

e x p e r ts  w a s  r e v ie w e d 'a n d  it  w a s  found  th a t th e  in d e f in ite  in te g r a l  

w a s  one of th e  to p ic s  l e a s t  in n eed  of su p p le m e n ta r y  w o rk . F u r t h e r ­

m o r e ,  th e  d e fin ite  in te g r a l w a s  a to p ic  in  g r e a t  n eed  of su p p le m e n ta r y  

w o rk . A  c a r e fu l e x a m in a t io n  o f th e  p r e l im in a r y  w r it in g  sh ow ed  that 

b oth  of th e s e  g o a ls ' co u ld  b e b e s t  a tta in e d  by a lte r in g  th e  c o n te n ts  o f 

th e  ch a p ter  on " A rea  b y  In te g ra tio n "  to  in c lu d e  th e  d e f in ite  in te g r a l  

and d rop p in g  the ch a p ter  on "The In d e fin ite  and D e f in ite  In te g ra l" .

W ith  th is  f in a l m o d if ic a t io n , w h ich  w a s  a c c o m p lis h e d  w ith o u t lo s s

of c o n tin u ity  to  th e  m a t e r ia ls  and w ith o u t l o s s  of p u r p o se  o f the

48in v e s t ig a t io n , th e  w r it in g  of the m a t e r ia ls  w a s  co m p le te d .-

T h e th ir d  m a jo r  ch an ge in  th e  f in a l u s e  o f th e  m a t e r ia ls  

o v e r  th e ir  p r e l im in a r y  u s e  in v o lv e d  the a d m in is tr a t io n  o f the m a t e r ia ls .  

T h e m o s t  s ig n if ic a n t  a d m in is tr a t iv e  ch an ge w a s  th at the m a t e r ia ls  

w e r e  u s e d  b y  o n ly  a s e le c t  grou p  o f s tu d e n ts , th e  e x p e r im e n ta l grou p .

T he s e le c t io n  o f th is  e x p e r im e n ta l group  to o k  p la c e  a t the  

b eg in n in g  of w in te r  q u a r ter  in  1965 a fte r  th e in s tr u c to r s  of th e  

b e g in n in g  c a lc u lu s  s e q u e n c e 'a t  M ontana S ta te  C o lle g e  w e r e  c a r e fu l ly  

b r ie fe d  on th e p u r p o se  of th e  fo r th c o m in g  stu d y  in to  th e e f f e c t  on 

a c h ie v e m e n t  o f  u s in g  p r o g r a m m e d  m a t e r ia l s  a s  a su p p le m e n t to  

c la s s r o o m  in s tr u c t io n  of b eg in n in g  c a lc u lu s .  U pon a g r e e m e n t  to the  

p r o c e d u r e s  of a d m in is tr a t io n  of th e  m a t e r ia l s  the in s t r u c t o r s  w e r e  

a s k e d  to  an n ou n ce th e  p u r p o se  o f th e  in v e s t ig a t io n  to  th e ir  c l a s s e s  48

48 S e e  A p p en d ix  B .
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and to  in v ite  u n d e r g r a d u a te  s tu d e n ts  to  v o lu n te e r  fo r  th e  p r o g r a m  

w ho had a s  th e ir  f in a l m a r k  in  c o l le g e  a lg e b r a  or c o l le g e  tr ig o n o m etry -  

g r a d e s  of B , C, or D . S tu d en ts  w e r e  r e m in d e d .th a t  the n a tu re  of 

■their p a r t ic ip a t io n  w a s  s t r ic t ly  v o lu n ta r y  and th at no o b lig a t io n  to  

v o lu n te e r  or  to  f in is h  th e  p r o g r a m  a fte r  s ta r t in g  e x is te d .  H o w e v e r ,  

it  w a s 'p o in te d  out th a t of th o se  s ta r t in g  th e  p r o g r a m  the. in v e s t ig a to r  

d e s ir e d  a s  m a n y  to  f in is h  th e  p r o g r a m  a s  co u ld . F u r th e r m o r e , it  

w a s  n o ted  th a t on ly  s tu d e n ts  p a r t ic ip a t in g  in  th e  p r o g r a m  w ou ld  h a v e  

a c c e s s  to  th e m a t e r ia ls  and a p p lic a tio n  to  s ta r t  th e  p r o g r a m  cou ld  not 

be a c c e p te d  a f te r  th e in it ia l  l e s s o n s  had  b e e n  c o m p le te d .

U n d er  th e s e  c o n d it io n s  s tu d e n ts  a p p lied  fo r  a c c e p ta n c e  in to  

th e  e x p e r im e n ta l group .. S c r e e n in g  o f  th e  c a n d id a te s  w a s  c a r e fu l ly  

done on th e b a s i s  of th e  c r i t e r ia  s e t  up and an e x p e r im e n ta l grou p  

w a s  c h o se n  w h ic h  c o n s is t e d  o f a l l  q u a lif ie d  s tu d e n ts . T h e a c c e p te d
V-

s tu d e n ts  w e r e  n o t if ie d  o f th e ir  a c c e p ta n c e  and d ir e c te d  to  r e p o r t  

d u rin g  th e  se c o n d  w e e k  of c l a s s e s  fo r  th e ir  o r ie n ta t io n  to  the m a t e r ia ls  

and th e ir  f i r s t  l e s s o n .  A t th is  f i r s t  m e e t in g  a b r ie f  o r ie n ta t io n  w as  

g iv e n  a s  to  h ow  to  u s e  th e  m a t e r ia ls  and q u e s t io n s  w e r e  a n sw e r e d  

r e g a r d in g  th e  p r o g r a m . A n a g r e e m e n t  w a s  e n te r e d  in to  w h e r e b y  

e v e n in g  m e e t in g s  w ou ld  b e  h e ld  r e g u la r ly  tw ic e  w e e k ly  s o  th a t the  

s c h e d u le d  le s s o n s  w ou ld  a l l  b e  w o rk ed . A ls o  it w a s  e x p la in e d  th at  

e a c h  of th e s e  e v e n in g  m e e t in g s  w ou ld  p r o b a b ly  la s t  about an  h ou r and  

w ou ld  b e  f le x ib le  en ou gh  to  a llo w  fo r  d if fe r e n t  w o rk in g  r a te s  of in d i­

v id u a l s tu d e n ts . F o r  a fe w  s tu d e n ts  w ith  c o n f l ic t s  on th e  sc h e d u le d
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e v e n in g s  it  w a s  n e c e s s a r y  to  s c h e d u le  a th ir d  n igh t a w e e k  so  that

th e s e  s tu d e n ts  w ou ld  a ls o  be a b le  to  c o m p le te  a ll  of the l e s s o n s .

F r o m  th a t t im e  on r e g u la r ly  sc h e d u le d  m e e t in g s  w e r e  h e ld ,

p r o g r e s s  r e c o r d s  w e r e  k ep t, and in d iv id u a l c o n ta c ts  w e r e  m a in ta in e d

to  k eep  s tu d e n ts  up to  d ate  w ith  th e ir  l e s s o n s .  W hen s tu d e n ts  d rop p ed

b eh in d  in  th e ir  l e s s o n s ,  r e m in d e r s  w e r e  s e n t  th e m  of t h e ir  d e lin q u e n c y

49and th e y  w e r e  e n c o u r a g e d  to  m a k e  up th e ir  m is s e d  l e s s o n s .

In an e f fo r t  to  k eep  stu d en t a d v is o r s  in fo r m e d  about the  

p r o g r a m  and th e p r o g r e s s  of th e ir  a d v is e e s ,  e x p la n a t io n s  of the  

p r o g r a m  and p r o g r e s s  r e p o r t s  o f a d v is e e s  w e r e  se n t  to  a d v is o r s  at 

a p p r o p r ia te  t im e s .  ^^

A t no t im e  d u r in g  th e q u a r ter  w e r e  th e  p r o g r a m m e d  m a t e r ia ls  

a llo w e d  to  b e ta k en  fr o m  th e  s u p e r v is io n  of the in v e s t ig a to r .  In the  

e v e n t a s tu d en t n e e d e d  m o r e  t im e  to  m a k e  up a l e s s o n  o r  do e x tr a  

w o rk , s p e c ia l  a r r a n g e m e n ts  w e r e  m a d e  w ith  th e  in v e s t ig a to r  to  do 

th e  m a t e r ia l s  u n der h is  s u p e r v is io n . In th is  w ay  th e m a t e r ia ls  w e r e  

c a r e fu l ly  m o n ito r e d  and k ep t a v a ila b le  o n ly  to  the e x p e r im e n ta l grou p .

A t tb e  end  of th e  q u a rter  th e s tu d e n ts  w ho had c o m p le te d  th e  . 

e n t ir e  p r o g r a m  w e r e  n o ted  and th e ir  n a m e s  r e c o r d e d  s o  th a t th e ir

f in a l r e c o r d s  w ou ld  be e a s i l y  o b ta in ed  fo r  p u r p o se s  of s t a t i s t ic a l
V

c o m p a r is o n s .
4"

'S e e  A p p en d ix  C. 

S e e  A p p en d ix  D .
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' A ls o ,  a t th e  en d  of the q u a r ter  t h e • e n t ir e  c la s s  r o l l  of 

s tu d e n ts  c o m p le t in g  th e  b eg in n in g  c a lc u lu s  se q u e n c e  w a s  s e a r c h e d  

to  id e n t ify  m e m b e r s  of th e  c o n tr o l gro u p . T hat i s ,  th e  b a ck g ro u n d s  . 

of a l l  u n d e rg ra d u a te  students, in  th e  b eg in n in g  c a lc u lu s  s e q u e n c e  w e r e  

■ exam ined to  d e te r m in e  th o se  not in  th e  e x p e r im e n ta l grou p  w ho had  

ta k en  a s  th e ir  la s t  m a th e m a t ic s  c o u r s e  c o l le g e  a lg e b r a  or c o l le g e  

tr ig o n o m e tr y  and had  r e c e iv e d  a B , C, or  D in  th a t c o u r s e .  B y  

r e s t r ic t in g  e l ig ib i l i t y  fo r  s e le c t io n  in to  th e  c o n tr o l g rou p  to  th e s e  

s ta n d a r d s  a c o n tr o l grou p  w a s o b ta in ed  w hich , w as c o m p o se d  of s tu ­

d en ts  w ith  b a ck g ro u n d s  s im ila r  to  th o se  of th e  e x p e r im e n ta l group  

s in c e  th a t g r o u p ,w a s  c h o se n  b y  c o r r e sp o n d in g  s ta n d a r d s .

A fte r  c a r e fu l ly ,  s e a r  ch ing  th e stu d en t r e c o r d s  a l l  s tu d en ts  

m e e t in g  th e  a b o v e  s ta te d  c o n d it io n s  w e r e  l i s t e d  and w e r e  a c c e p te d  

a s  m e m b e r s  o f th e  c o n tr o l grou p .

M ea n s of In s tr u c t io n  of th e  E x p e r im e n ta l and C o n tr o l G roup

In o r d e r  to  b e c e r ta in  th at in s tr u c t io n  in  the d if fe r e n t  

b e g in n in g  c a lc u lu s  c l a s s e s  w a s  k ep t c o n s ta n t , th e  s u p e r v is o r  of 

in s tr u c t io n  h e ld  w e e k ly  m e e t in g s  w ith  in s tr u c to r s  to  c h e c k  on c la s s  

p r o g r e s s  and le s s o n  p r e s e n ta t io n . In th is  w a y  it w a s  a s s u r e d  th at
I

a l l  c l a s s e s  w e r e  qu ite  u n ifo r m  in th e  m a t e r ia l  p r e s e n te d  and in  the  

d em a n d s  m a d e  o f th e  s tu d en t.
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B e c a u s e  s p e c ia l  m a th e m a t ic a l  n o ta tio n  fa c i l i t a t e d  the  

w r it in g  o f the m a t e r ia ls  on v a r io u s  o c c a s io n s , . at ea ch  o f  th e s e  w eekly- 

m e e t in g s  th e  in v e s t ig a to r  m e t  w ith  th e  in s t r u c to r s  and s u p e r v is o r  

to  d e s c r ib e  th e  p r o g r e s s  o f th e  stu d y  and to  in d ic a te  n o ta tio n a l u sa g e  

in  th e  m a t e r ia ls  w h ich  n e e d e d  to  b e p r a c t ic e d  in  c la s s  to  g u a ra n tee  

u n ifo r m  fa m il ia r ity .

In d e s c r ib in g  the p r o g r e s s  o f th e  stu d y , the in s t r u c to r s  and  

s u p e r v is o r  w e r e  n o t if ie d  of s tu d en t p a r t ic ip a t io n  b y  a p r o g r e s s  ch a rt  

w h ich  in d ic a te d  th e  n u m b er  o f l e s s o n s  e a c h  stu d en t had  c o m p le te d . 1 

In a d d itio n  to  the p r o g r e s s  s h e e t s  th e  in s t r u c t o r s ,  s u p e r v is o r ,  and  

d e p a r tm e n t h ea d  w e r e  su p p lied  w e e k ly  w ith  th e le s s o n s  c u r r e n t ly  

• b e in g  u s e d  by th e  e x p e r im e n ta l grou p .

T h rou gh : (I) th e  c a r e fu l m o n ito r in g  of th e  te a c h in g  b y  th e  

s u p e r v is o r ,  (2) th e  c o m p e te n c y  of th e  in s t r u c t o r s ,  (3) th e  c lo s e  

c o o p e r a t io n  a m o n g  th e in v e s t ig a to r ,  in s t r u c to r s ,  s u p e r v is o r ,  and  

d e p a r tm e n t  h e a d , and (4) th e  fa c t  th a t th e  m e m b e r s  o f th e  e x p e r im e n ta l  

and c o n tr o l g rou p  w e r e  s c a t te r e d  a t ra n d o m  th ro u g h o u t a l l  s e c t io n s  

of th e  b e g in n in g 'c a lc u lu s  s e q u e n c e ,i t  w a s  a s s u m e d  th a t u n ifo r m  in s t r u c ­

t io n  fo r  b o th  e x p e r im e n ta l  g ro u p  and c o n tr o l grou p  r e s u lt e d .

I ^ S e e  A p p en d ix  E . '
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M e a s u r e m e n t  of th e  F in a l A c h ie v e m e n ts  
of th e  E x p e r im e n ta l and C o n tr o l G roup s

T he m e a s u r e m e n t  o f th e  f in a l a c h ie v e m e n t  of th e  e x p e r im e n ta l  

and c o n tr o l g r o u p s  w a s a c c o m p lis h e d  b y  the sa m e  c o m p r e h e n s iv e  

f in a l e x a m in a tio n  ta k en  b y  a l l  s tu d e n ts  w ho had c o m p le te d  the b e g in ­

n in g  c a lc u lu s  c o u r s e  th e  q u a r ter  d u rin g  w h ich  th is  stu d y  w a s  m a d e .

T h is  s in g le  t e s t  w as u s e d  to  m e a s u r e  th e f in a l a c h ie v e m e n ts  fo r  tw o  

r e a s o n s .  F i r s t ,  th e  t e s t in g  of th e  c o n tr o l grou p  had to  b e a c c o m p lis h e d  

w ith in  th e s tr u c tu r e  of e x is t in g  p r a c t ic e s  at M ontana S ta te  C o lle g e .  

S eco n d , it  w a s  ju d ged  p o s s ib le  to  d e s ig n  a v a lid  and r e l ia b le  t e s t  w h ich  

w ou ld  m e a s u r e  th e  f in a l a c h ie v e m e n ts  of s tu d e n ts  c o m p le t in g  the  

b e g in n in g  c a lc u lu s  c o u r s e  th a t q u a r te r .

In o r d e r  to  c a r e fu l ly  c o n tr o l th e  d e s ig n  o f th is  e x a m in a tio n  

an e x p e r ie n c e d  and w e l l -q u a l i f ie d  c o m m itte e  of c a lc u lu s  in s tr u c to r s  

w a s  ap p o in ted  b y  th e s u p e r v is o r  of in s tr u c t io n  to  w r ite  an a p p ro p r ia te  

t e s t  w h ich  w ou ld  m e a s u r e  th e  f in a l a c h ie v e m e n t  o f th e  s tu d e n ts  c o m -  

p le t in g  the c o u r s e .  T h e e x a m in a t io n  w a s  th en  p r e p a r e d  and  

p r e s e n te d  to  th e e n t ir e  grou p  of in s t r u c to r s  of the b e g in n in g  c a lc u lu s  

s e q u e n c e  fo r  th e ir  in s p e c t io n  and a p p r o v a l. W ith f in a l a p p ro v a l 

,a n n ou n ced  b y  th e  s u p e r v is o r  of in s tr u c t io n , w ho w a s  p a r t ic u la r ly  w e l l  

q u a lif ie d  to  ju d ge th e  v a l id ity  and r e l ia b i l i t y  of th e  t e s t  (h av in g  had  

o v e r  fo r ty  y e a r s  of c o l le g e  m a th e m a t ic s  te a c h in g  e x p e r ie n c e  w h ich

^ S e e  A p p en d ix  F .
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in c lu d e d  e x te n s iv e  a d m in is tr a t iv e  r e s p o n s ib i l i t i e s ) ,  th e  e x a m in a tio n  

w a s  a c c e p te d  a s  an a c c u r a te  m e a s u r e  of the f in a l a c h ie v e m e n t  of 

m e m b e r s  o f  th e  e x p e r im e n ta l and c o n tr o l g r o u p s .

A s  a m e a n s  o f h o ld in g  th e  s c o r in g  of' t h i s ' e x a m in a tio n  u n ifo r m ,  

a c o m m it te e  w a s  a p p o in ted  b y  th e  s u p e r v is o r  o f th e  b e g in n in g  c a lc u lu s  

s e q u e n c e  and w a s  d ir e c te d  to  p r e p a r e  a s h e e t  on c r i t e r ia  fo r  g ra d in g  . 

e a c h  p r o b le m  of the e x a m in a tio n . T h is  c r i t e r ia  fo r  g ra d in g  s h e e t  

w a s  th en  g iv e n  to  e a c h  in s tr u c to r  o f th e  b eg in n in g  c a lc u lu s  c la s s  and  

h e  or  sh e  u s e d  it  a c c o r d in g  to  i t s  p u r p o se .

S t a t is t ic a l  A n a ly s is  U se d  to  E v a lu a te  the E f fe c t  
R e s u lt in g  fr o m  th e U se  of th e  P r o g r a m m e d  M a te r ia ls

T h e p r o b le m  of m e a s u r in g  th e  e f f e c t  on th e f in a l a c h ie v e m e n t  

r e s u lt in g  fr o m  the u s e  of p r o g r a m m e d  m a t e r ia ls  w h ich  w e r e  w r it te n  

to  su p p le m en t c la s s r o o m  in s tr u c t io n  in v o lv in g  to p ic s  w h ic h  u s u a lly  

c a u s e  le a r n in g  p r o b le m s  in  b e g in n in g  c a lc u lu s  w a s  c a r r ie d  out b y  

f i r s t  c a r e fu l ly  s ta t in g  th e h y p o th e s is  to  b e  t e s t e d .  T h en  a p p r o p r ia te  

s t a t i s t i c a l  m e th o d s  w e r e  u s e d  to  t e s t  th e  h y p o th e s is  b y  c o m p a r is o n  

of f in a l e x a m in a tio n  s c o r e s  a t th e  end  of th e  q u a r te r .

S ta te m e n t  of th e  h y p o th e s is .  A s  a p r e lu d e  to  a c tu a l s t a t i s t ic a l  

c o m p a r is o n  o f th e  a c h ie v e m e n t  b y  the e x p e r im e n ta l and c o n tr o l g ro u p s  

th e  n u ll h y p o th e s is ,  H 0 > w a s  s ta te d . T h is  h y p o th e s is  w a s:  th e r e  i s  no  

s ig n if ic a n t  d if f e r e n c e  in  th e  f in a l a c h ie v e m e n t  of s tu d e n ts  in  a  b eg in n in g  

c a lc u lu s  c o u r s e  w ho h a v e  s tu d ie d  fr o m  p r o g r a m m e d  m a t e r ia l s  w r it te n  

to  su p p le m e n t c o n v e n tio n a l c la s s r o o m  in s tr u c t io n  o f to p ic s  w h ich
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o r d in a r i ly  c a u se  le a r n in g  p r o b le m s  o v e r  s tu d en ts  w ho h a v e  n ot  

s tu d ied  su c h  p r o g r a m m e d  m a t e r ia l s .  T h e a lte r n a t iv e  h y p o th e s is ,

H p  w a s: th e r e  i s  a s ig n if ic a n t  d if f e r e n c e  in  the f in a l a c h ie v e m e n t  

of s tu d en ts  in  a b eg in n in g  c a lc u lu s  c o u r s e  w ho h ave  s tu d ied  fro m  

p r o g r a m m e d  m a t e r ia ls  w r it te n  to  su p p le m e n t c o n v e n tio n a l c la s s r o o m  

in s tr u c t io n  o f to p ic s  w h ich  o r d in a r i ly  c a u se  le a r n in g  p r o b le m s  o v e r  

s tu d e n ts  w ho h a v e  n ot s tu d ie d  su ch  p r o g r a m m e d  m a t e r ia l s .  T o  t e s t  

th e s e  h y p o th e se s  a p p r o p r ia te  s t a t i s t ic a l  m e th o d s  w e r e  s e le c t e d  and  

a p p lied .

S e le c t io n  o f s t a t i s t ic a l  m e th o d s . In o r d e r  to  t e s t  th e  n u ll 

h y p o th e s is ,  H 0 , th e  q u e s tio n  of c o m p a r a b il ity  of th e  e x p e r im e n ta l and  

c o n tr o l g ro u p s  had  to  b e  f i r s t  a n s w e r e d . H e n c e , in  th e f in a l a n a ly s is  

tw o  m a jo r  q u estio n s' p r e s e n te d  th e m s e lv e s :  (I) w e r e  th e  e x p e r im e n ta l

and c o n tr o l g ro u p s c o m p a r a b le  a s  fa r  a s  m a th e m a t ic a l and in te l le c tu a l  

b a ck g ro u n d s  c o n c e r n e d ?  and (2) w a s  th e a c h ie v e m e n t  in  b eg in n in g  

c a lc u lu s  of th e  e x p e r im e n ta l group  su p e r io r  to  th at o f th e  c o n tr o l  

g rou p  in  v ie w  of th e  p o s s ib le  d if f e r e n c e s  in  m a th e m a t ic a l  and  

in t e l le c t u a l  b a c k g r o u n d s ?

In o rd er  to  a n sw e r  the f i r s t  q u e s tio n  the b a c k g r o u n d s  of the  
v - ; : .

s tu d e n ts  in  b oth  th e e x p e r im e n ta l and c o n tr o l g ro u p s h ad  to  b e  c o m ­

p a r e d . In s e a r c h in g  fo r  su c h  a c o m p a r is o n  it w a s found  th a t M ontana  

S ta te  C o lle g e  had d e v is e d  a c r i t e r io n  fo r  p la c e m e n t  o f s tu d e n ts  in  th e  

b eg in n in g  c a lc u lu s  s e q u e n c e  a c c o r d in g  to  th e ir  m a th e m a t ic a l  and  

in t e l le c t u a l  b a c k g r o u n d s . T h is  c r i t e r io n  w a s  a p r e d ic te d  g ra d e  in  

b e g in n in g  c a lc u lu s  and w a s  a c o m p o s ite  s c o r e  b a s e d  upon  the fo llo w in g
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s o u r c e s :  the s c o r e  of the A m e r ic a n  C o u n c il of E d u c a tio n  P s y c h o ­

lo g ic a l  E x a m in a tio n , th e  s c o r e  of the M in n e so ta  S c h o la s t ic  A ptitud e  

T e s t  (a sh o r t  fo r m  of th e O hio P s y c h o lo g ic a l  E x a m in a tio n ) , th e  

s c o r e  on th e  M e c h a n ic a l C o m p r e h e n s io n  T e s t . - F o r m  C C, a s e t  of 

s c o r e s  on e x a m in a t io n s  in  a r ith m e t ic ,  a lg e b r a  !, and a lg e b r a  II - 

(e x a m in a t io n s  p r e p a r e d  b y  th e  M a th e m a tic s  D e p a r tm e n t a t M ontana  

S ta te  C o lle g e ) ,  and th e  h ig h  sc h o o l g ra d e  p o in t a v e r a g e . ^  -phe fa c t  

th a t th is  s c h e m e  of p r e d ic t in g  g r a d e s  in  m a th e m a t ic s  h ad  b e e n  u se d

at M ontana S ta te  C o lle g e  for  o v e r  30 y e a r s  w ith  so m e  m o d if ic a t io n
' ’ 5 4

b u t w ith ou t m a jo r  r e v is io n  a t te s te d  to  i t s  a c c e p te d  v a lu e .

H e n c e  b y  u s in g  t h e s e  p r e d ic te d  g r a d e s  in  th e b e g in n in g  

c a lc u lu s  se q u e n c e  a s  c a lc u la te d  b y  th e fo r m u la  ad op ted  b y  M ontana  

S ta te  C o lle g e , it  w a s  p o s s ib le  to  a s s ig n  a n u m e r ic a l s c o r e  to  e a c h  

m e m b e r  of th e  e x p e r im e n ta l and c o n tr o l grou p . F o r  th e  p u r p o se s  of 

th is  in v e s t ig a t io n  th is  s c o r e  w a s  c o n s id e r e d  to  be a c o m p r e h e n s iv e  

m e a s u r e  o f  th e  m a th e m a t ic a l  and in t e l le c t u a l  b a ck g ro u n d s  of the

s tu d e n ts . T h u s o n ly  a s t a t i s t ic a l  m e a n s  w a s  n e e d e d  w h e r e b y  the
' '!

m a th e m a t ic a l  and in t e l le c tu a l  b a ck g ro u n d s  a s  in d ic a te d  b y  the  

p r e d ic te d  s c o r e s  co u ld  b e co m p a red .

B o th  of th e  m a jo r  p r o b le m s  to  b e  in v e s t ig a te d  w e r e  k ep t in  

m in d  in  th e  s e le c t io n  o f th is  s t a t i s t ic a l  t e s t .  N a m e ly : (I) w e r e  the

^Suvak,. A lb e r t ,  (u n p u b lish ed  r e s e a r c h  at th e  M ontana S ta te  
C o lle g e  T e s t in g  and C o u n se lin g  S e r v ic e ) .

54
B r o o k h a r t , M. E . , (u n p u b lish ed  s ta te m e n t  b y  M. E . B r o o k -  

h a r t , D ir e c to r  o f th e  M on tan a  S ta te  C o lle g e  T e s t in g  and C o u n se lin g  
S e r v ic e ) .
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e x p e r im e n ta l and c o n tr o l g ro u p s c o m p a r a b le  a s  fa r  a s  m a th e m a t ic a l  

and in t e l le c tu a l  b a ck g ro u n d s  c o n c e r n e d ?  and (2) w a s  th e  f in a l  

a c h ie v e m e n t  o f th e  e x p e r im e n ta l grou p  a b o v e  th a t of th e  c o n tr o l g ro u p ?  

B e c a u s e  b o th  th e q u e s tio n  of b a ck g ro u n d  and the q u e s tio n  o f f in a l  

a c h ie v e m e n t  in v o lv e d  s im i la r  c o m p a r is o n s  b e tw e e n  th e  sa m e  tw o  

p o p u la tio n s , a co m m o n  s t a t i s t ic a l  t r e a tm e n t  o f b oth  q u e s t io n s  w a s  

ju d g ed  a p p r o p r ia te . ■

A  d e c is io n  w a s  m a d e  to  u s e  th e p a r a m e tr ic  t - t e s t  on both

q u e s t io n s  r a th e r  th an  n o n -p a r a m e tr ic  m e th o d s . T h is  d e c is io n  w a s

base'd  on th e  fa c t  th a t th e  t - t e s t  i s  s tr o n g e r  than  th e  a lte r n a t iv e  n on -

p a r a m e t r i c  m e th o d s  in  th a t  th e  t - t e s t  is  m o r e  l ik e ly  to  r e j e c t  Ho w hen  
55

H 0 i s  f a l s e .  F u r th e r m o r e ,  th e  c o n d it io n s  r e q u ir e d  of th e  p o p u la tio n s

to  b e  c o m p a r e d  m e t  th e  s ta n d a r d s  n e c e s s a r y  fo r  a p p lic a t io n  o f  th e

t - t e s t .  T h e s e  s ta n d a r d s  c o n s is te d  m a in ly  of being' a b le  to  a s s u m e  th a t

th e  v a r ia n c e s  of the tw o p o p u la tio n s  b e in g  c o m p a r e d  w e r e  eq u a l. ^

O th er s ta n d a r d s  of s e c o n d a r y  im p o r ta n c e  su ch  a s  b e in g  able- to  a s s u m e
57

th a t the sa m p lin g  w a s  in d ep en d en t p r e s e n te d  no p r o b le m  and w e r e  

s y s t e m a t ic a l ly  a c c e p te d . ■ P r e l im in a r y  s t a t i s t ic a l  in v e s t ig a t io n s  w e r e  

n e c e s s a r y ,  h o w e v e r , in  o r d e r  to  a s s u m e  e q u a lity  of v a r ia n c e s  of the 

tw o  p o p u la tio n s  b o th  in  th e  c a s e  of c o m p a r in g  m a th e m a t ic a l  and  

in t e l le c t u a l  b a ck g ro u n d s  a s  w e l l  a s  c o m p a r in g  f in a l a c h ie v e m e n t .

S c ie n c e  s
^ S i e g e l ,  S id n e y , N o n p a r a m e tr ic  S t a t is t ic s  fo r  th e B e h a v o r ia l  
, p. 19.'
5 A

Ib id . , p. 19. '

Ib id . , p. 19.'
57
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Such  s t a t i s t ic a l  in v e s t ig a t io n  d id  show  th a t one cou ld  n ot r e j e c t

th e  h y p o th e s is  th a t th e v a r ia n c e s  o f th e  e x p e r im e n ta l and c o n tr o l

p o p u la tio n s  in  the c a s e  of c o m p a r in g  m a th e m a t ic a l  and in te l le c tu a l

b a c k g r o u n d s  d if fe r e d  s ig n if ic a n t ly . S im ila r ly ,  th e  sa m e  s t a t i s t ic a l

p r o c e d u r e  r e v e a le d  th a t one co u ld  not r e j e c t  th e  h y p o th e s is  th a t the

v a r ia n c e s  o f th e  e x p e r im e n ta l and c o n tr o l p o p u la tio n s  in  th e c a s e

o f c o m p a r in g  f in a l a c h ie v e m e n ts  d if fe r e d , s ig n if ic a n t ly . ^

A  c o n d itio n  found l i s t e d  a s  b e in g  e s s e n t ia l  to  a p p lic a t io n  of

th e  t - t e s t  w a s  th a t th e  p o p u la tio n s  b e in g  c o m p a r e d  m u s t  b o th  be
60n o r m a lly  d is tr ib u te d . H o w e v e r , s t a t i s t ic ia n  C o ch ra n  in  in v e s t ig a t in g  

t h is  p r o b le m  sta ted :

T h e c o n s e n s u s  fr o m  th e s e  in v e s t ig a t io n s  i s  th a t no  
s e r io u s  e r r o r  i s  in tr o d u c e d  b y  n o n -n o r m a lity  in  th e s ig n i f i ­
c a n c e  l e v e l s  of th e  F - t e s t  or th e t w o - ta i le d  t - t e s t  . . ■
If a g u e s s  m a y  b e m a d e  about th e l im it s  o f  e r r o r ,  the tr u e  
p r o b a b ility  c o r r e sp o n d in g  to  th e  ta b u la r  5 p e r c e n t  s ig n i f i ­
c a n ce  l e v e l  m a y  l i e  b e tw e e n  4  and 7 p e r c e n t .  b ^

5 8 S e e  p . 63

5 ^ S ee p. 65- 

6o S ie g e l ,  op. c it .  , p. 19.

5 ^ C och ran , W. G. , "Som e C o n s e q u e n c e s  W hen th e  A ss u m p tio n s  
fo r  the A n a ly s is  o f V a r ia n c e  A r e  N ot S a t is f ie d ,  " B io m e t r ic s  B u lle t in ,  
V o l. I l l ,  N o. I , . D e c e m b e r ,  1946, p . 24 .
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A lth o u g h  th e  c a s e  i s  n o t q u ite  s o  s o lid  fo r  th e one - ta i le d  

t - t e s t j  .th e  p e r m is s iv e n e s s  o f n o n -n o r m a lity  i s  m u ch  th e  s a m e . K e n d a ll  

in  s u m m a r iz in g  th e r e s u l t s  o f o th er  s t a t i s t ic ia n s  w ho had  s tu d ied  th is  . 

p r o b le m  s ta te d  that:

T h e ir  r e s u l t s  m a y b e  b r o a d ly  s u m m a r iz e d  b y  th e  
s ta te m e n t  th a t. . . t e s t s  on p o p u la tio n  m e a n s  ( i. e . "Stu­
d e n ts '1 t - t e s t s  fo r  th e  m e a n  of a n o r m a l p o p u la tio n  and fo r  
th e d if fe r e n c e  b e tw e e n  th e  m e a n s  o f tw o  n o r m a l p o p u la tio n s  

■ w ith  th e  sa m e  v a r ia n c g l  a r e  r a th e r  in s e n s it iv e  to  d e p a r tu r e s  
fr o m  n o r m a lity .  . . .

B o th  a r g u m e n ts  th a t n o n -n o r m a lity  i s  not e s s e n t ia l  fo r  one or  

tw o - ta i le d  t - t e s t in g  s te m  fr o m  th e fa c t  th a t the t - t e s t  i s  b a s e d  on 

c a lc u la t io n s  in v o lv in g  sa m p le  m e a n s  and one w ou ld  b e  c o n c e r n e d  n ot so  

m u ch  w ith  the n o r m a lity  of th e  p o p u la tio n , but in s te a d  w ith  th e  n o r m a lity  

of the d is tr ib u t io n  o f  t h e s e  sa m p le  m e a n s .  B ut b y  th e  C e n tr a l L im it  

T h e o r e m , th e s e  sa m p le  m e a n s  a r e  t h e m s e lv e s  a p p r o x im a te ly  n o r m a lly  

d is tr ib u te d . ^

H e n c e , th e  q u e s tio n  o f n o r m a lity  w a s  n o t c o n s id e r e d  of m a jo r  

im p o r ta n c e . F u r th e r m o r e ,  the data  ten d ed  to  ca u se  th e  in v e s t ig a to r  

to  b e l i e v e  th e  tw o  p o p u la tio n s  to  b e n o r m a lly  d is tr ib u te d . T h e r e fo r e ,  

th e  t - t e s t  w a s  ju d ged  a p p r o p r ia te  fo r  in v e s t ig a t in g  th e  tw o  q u e s tio n s:

(I) w e r e  th e  e x p e r im e n ta l and c o n tr o l g r o u p s  of c o m p a r a b le  m a th e m a t ic a l  

and in te l le c tu a l  b a c k g r o u n d s?  and (2) w a s  th e  f in a l a c h ie v e m e n t  of the 

e x p e r im e n ta l grou p  s ig n if ic a n t ly  a b o v e  fr o m  th at of th e  c o n tr o l grou p ?

.K en d a ll, M a u r ic e , T he A d v a n ce d  T h e o r y  of S t a t is t ic s ,  
V o l. II, p. 46 5 . ------------------------------------------------------------

Z  O

3F r e u n d , J o h n E . ,  M o d ern  E le m e n ta r y  S t a t i s t ic s ,  p. 205 .
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A p p lic a t io n  of s t a t i s t ic a l  m e th o d s . In o rd er  to  b e s t  t e s t  the  

q u e s tio n  of c o m p a r a b il ity  o f th e  e x p e r im e n ta l and c o n tr o l g ro u p s a 

n u ll h y p o th e s is ,  H 0 , w a s  fo r m u la te d : th e r e  is -n o  s ig n if ic a n t  d if fe r e n c e  

in  m a th e m a t ic a l  and in te l le c tu a l  b a ck g ro u n d  of the e x p e r im e n ta l group  

a s  c o m p a r e d  to  th e  c o n tr o l gro u p . T h e s ig n if ic a n c e  l e v e l  w a s  Set a t  

5 p e r c e n t  and th e  t e s t ,  b e c a u s e  of the n a tu r e  o f th e  n u ll h y p o th e s is ,  

w a s  a tw o - ta i le d  t e s t .

T h e  n u ll h y p o th e s is  w a s  t e s t e d  b y  a p p lic a tio n  o f th e  t - t e s t  

w h ic h  in v o lv e d  c a lc u la t io n  of th e  f' s t a t i s t ic  u s in g  th e p r e d ic te d  s c o r e s  

in  b eg in n in g  c a lc u lu s  a s  m e a s u r e s  of th e  m a th e m a t ic a l and  in te l le c tu a l  

b a ck g ro u n d s  o f m e m b e r s  o f th e  e x p e r im e n ta l and c o n tr o l g r o u p s . ■ S in c e  

th e  n u m b er  of s tu d e n ts  in  the e x p e r im e n ta l grou p  w a s  21 and  th e n u m b er  

of s tu d e n ts  of th e  c o n tr o l grou p  w a s  22 , th e  t - d is tr ib u t io n  ta b le  w as  

c o n su lte d  a t  th e  5 p e r c e n t  le v e l  w ith  t ( .  0 2 5 , 41) — 2. 0195.

F o r  th e c a lc u la te d  t l e s s  than  2 . 0195 or g r e a te r  th an  -2 . 0195 

th e n u ll h y p o th e s is  th a t th e r e  w a s  no s ig n if ic a n t  d if f e r e n c e  in  m a th e ­

m a t ic a l  and in t e l le c tu a l  b a ck g ro u n d  of th e  e x p e r im e n ta l a s  co m p a red  

to  th e  c o n tr o l grou p  co u ld  not b e  r e je c te d .

N e x t , th e  se c o n d  m a jo r  q u e s t io n  w a s  in v estig a ted '. N a m e ly ,  

a s t a t i s t ic a l  stu d y  w a s  m a d e  to  in v e s t ig a te  the r e la t iv e  f in a l a c h ie v e m e n t  

of th e  e x p e r im e n ta l grou p  a s  c o m p a r e d  to  th e c o n tr o l gro u p .

U pon r e c e iv in g  th e  s c o r e s  of th e  s tu d e n ts  o f th e  e x p e r im e n ta l  

and c o n tr o l g r o u p s  e a r n e d 'o n  th e f in a l e x a m in a tio n  a t th e  end of the  

q u a r te r  th e s t a t i s t ic a l  p r o b le m  of c o m p a r is o n  of th e  f in a l a c h ie v e m e n t
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of th e e x p e r im e n ta l and c o n tr o l grou p  w a s  in v e s t ig a te d . In r e c a l l in g  

th e  n u ll h y p o th e s is , .  H 0 : th e r e  is  no s ig n if ic a n t  d if fe r e n c e  in  the  

f in a l a c h ie v e m e n t  o f  s tu d e n ts  in  a  b e g in n in g  c a lc u lu s  c o u r s e  w ho h a v e  

s tu d ie d  fr o m  p r o g r a m m e d  m a t e r ia l s  w r it te n  to  su p p le m e n t c o n v e n ­

t io n a l c la s s r o o m  in s tr u c t io n  of to p ic s  w h ich  o r d in a r ily  c a u s e  le a r n in g
U

p r o b le m s  o v e r  s tu d e n ts  w ho h ave  n o t s tu d ie d  fr o m  su ch  p r o g r a m m e d

m a t e r i a l s ,  i t  w a s  c l e a r  th a t  t h e r e  too  th e  S tu d e n t  t - t e s t  cou ld  be u sed .

H o w e v e r , th is  t im e  th e  t - t e s t  w a s  one - ta i le d .

A g a in  th e  l e v e l  o f  s ig n if ic a n c e  w a s  s e t  a t 5 p e r c e n t  and

t(. 05 , 41) = I. 6829 w a s  th e  c r i t ic a l  v a lu e . T hat i s ,  fo r  the c a lc u la te d

t  l e s s  than  I. 6829  th e  n u ll h y p o th e s is  co u ld  not b e  r e j e c t e d  th a t th e r e

i s  no s ig n if ic a n t  d if f e r e n c e  in  th e  f in a l a c h ie v e m e n t  of s tu d e n ts  in  a

b e g in n in g  c a lc u lu s  c o u r s e  w ho h a v e  s tu d ied  fr o m  p r o g r a m m e d  m a t e r ia ls

w r it te n  to  su p p le m e n t c o n v e n tio n a l c la s s r o o m  in s tr u c t io n  of to p ic s

w h ic h  o r d in a r i ly  c a u se  learn in g ' p r o b le m s  o v e r  s tu d e n ts  w ho  h ave  n o t
‘

s tu d ie d  fr o m  su ch  p r o g r a m m e d  m a t e r ia ls .
. !

S u m m a r y

1
In o r d e r  to  in v e s t ig a te  the e f f e c t  on f in a l a c h ie v e m e n t  in  a 

b e g in n in g  c a lc u lu s  c o u r s e  r e su lt in g , fr o m  th e  u s e  of a s e r i e s  of 

p r o g r a m m e d  in s tr u c t io n  w r it te n  to  su p p le m e n t th e r e g u la r  c la s s r o o m  

in s tr u c t io n  on th e  to p ic s  w h ic h  o r d in a r i ly  c a u se  le a r n in g  p r o b le m s  a 

p o ll  w a s  m a d e  of w e l l -q u a l i f ie d  m a th e m a t ic ia n s  and s c ie n t i s t s  f a m il ia r  

w ith  th e  co n ten t and le a r n in g  p r o b le m s  o f a b e g in n in g  c a lc u lu s  c o u r s e .

/



T h is  s u r v e y  w a s  in  tu rn  ta b u la ted  to id e n t ify  th e a r e a s  o f b eg in n in g  

c a lc u lu s  w h ic h  c a u se  le a r n in g  p r o b le m s  to  s tu d en ts .

T h e id e n t if ic a t io n  o f  a r e a s  c a u s in g  le a rn in g , p r o b le m s  le d  

to  th e  p r e p a r a t io n  o f a s e r i e s  o f  l e s s o n s  of p r o g r a m m e d  in s tr u c t io n  

w r it te n  to  su p p le m e n t the r e g u la r  c la s s r o o m  in s tr u c t io n  o f th e  to p ic s  

id e n t if ie d  a s  c a u s in g  le a r n in g  p r o b le m s . T h e s e  l e s s o n s  w e r e  m a d e  

a v a ila b le  to  s tu d e n ts  e n r o l le d  in  th e  b eg in n in g  c a lc u lu s  c l a s s .a t  

M ontana S ta te  C o lle g e  d u rin g  th e  fa l l  q u a r ter  of 1964.

T h e s tu d en ts  w e r e ' in s t r u c te d  to  n o te  p a s s a g e s  of the p r o ­

g r a m m e d  m a t e r ia ls  w h ic h  th e y  cou ld  not s a t i s f a c t o r i ly  c o m p le te .

U s in g  a p e r m is s ib le  e r r o r  r a t io  of 10 p e r c e n t  the p a s s a g e s  ca u s in g  

tr o u b le  to  s tu d en t p a r t ic ip a n ts  w e r e  id e n t if ie d . '

P r io r  to  th e  w in te r  q u a r ter  of 1965 d e c is io n s  w e r e  m a d e  a s  

to  a p p r o p r ia te  m o d if ic a t io n s  of th e  p r e l im in a r y  w r it in g . T h e s e  m o d i­

f i c a t i o n s  in c lu d ed : (I) r e w r it in g  p a s s a g e s  and su p p ly in g  n e c e s s a r y

s k e tc h e s  to  r e d u c e  the e r r o r  r a t io  on tr o u b le s o m e  p a s s a g e s  b e lo w  

10 p e r c e n t ,  (2) a lt e r a t io n s  of th e  l e s s o n s  b y  le n g th en in g  th e t im e  a v a i l ­

a b le  fo r  th e  in tr o d u c to r y  l e s s o n  b y  d rop p in g  a l e s s o n  w h ic h  ca m e  to o  

la te  in  th e  q u a r te r  to  b e  o f  b e n e f it ,  and b y  c o n d e n s in g  th e  c o n t e n t  of 

tw o  c h a p te r s  in to  on e, and (3) r e v is in g  th e  a d m in is tr a t io n  of the  

m a t e r ia l s  su ch  th a t a c lo s e  c o n tr o l co u ld  b e a s s u r e d  o v e r  the u s e  of 

th e  m a t e r ia ls  b y 'th e  e x p e r im e n ta l grou p .

A t th e  b e g in n in g  of w in te r  q u a r te r  an e x p e r im e n ta l grou p  w a s  

c h o s e n  fr o m  s tu d e n ts  v o lu n te e r in g  fo r  th e  in v e s t ig a t io n . T h e c r i t e r ia  

fo r  s e le c t io n  o f the e x p e r im e n ta l g rou p  in v o lv e d  s e le c t io n  of stu d en ts

56
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of d e m o n str a te d  m o d e r a te  a c h ie v e m e n t . E x tr e m e  l e v e l s  o f a c h ie v e m e n t  

w e r e  n o t a llo w e d  b e c a u s e  o f th e  p o s s ib le  sk ew in g  of f in a l a c h ie v e m e n t  

r e s u l t s .

D u r in g  th e q u a r ter  a s  the s tu d e n ts  of the e x p e r im e n ta l group  

m e t  tw ic e  w e e k ly  to  c o m p le te  th e  p r e p a r e d  p r o g r a m m e d  m a t e r ia ls ,  a 

c o n sta n t co n ta c t w a s m a in ta in e d  w ith  in s t r u c to r s  of th e  s tu d e n ts  and  

oth ers c o n c e r n e d  to  a s s u r e  u n ifo r m  c la s s r o o m  in s tr u c t io n  and n o ta tio n a l 

u s a g e .

A t th e  en d  of th e  q u a r ter  a s e a r c h  w a s  m a d e  o f th e  r e c o r d s  

of a l l  s tu d en ts  c o m p le t in g  th e  c o u r s e  to  d e te r m in e  w h ic h  s tu d e n ts  w e r e  

q u a lif ie d  a s  m e m b e r s  of a c o n tr o l grou p  u n d er  the sa m e  c r i t e r ia  

im p o s e d  on th e a d m is s io n  in to  th e  e x p e r im e n ta l grou p . A l l  su ch  

q u a lify in g  s tu d e n ts  w e r e  s e le c t e d  and th e c o n tr o l grou p  w a s  th e r e b y  

fo r m e d .
.'v-

A lso /', a t th e  end  o f th e  q u a r ter  a  f in a l e x a m in a t io n  m e e t in g  th e  

a p p r o v a l o f a l l  in s t r u c t o r s  o f th e  b e g in n in g  c a lc u lu s  se q u e n c e  w a s  

w r it te n  and a d m in is te r e d  to  a l l  m e m b e r s  o f both  the c o n tr o l and e x p e r ir
!;■ I

m e n ta l grou p . T h is  e x a m in a t io n  w a s  s c o r e d  in  a u n ifo r m  m a n n er
>?•

a c c o r d in g  to  g ra d in g  sta n d a rd s  p r e v io u s ly  s e t  dow n b y  a c o m m itte e
■ '!

a p p o in ted  b y  th e  s u p e r v is o r  of th e  b e g in n in g  c a lc u lu s  s e q u e n c e .

A s  a m e a n s  o f c o m p a r in g  th e  m a th e m a t ic a l  and in te l le c tu a l  

b a c k g r o u n d s  of s tu d e n ts  in  th e  c o n tr o l g ro u p  to  th o se  in  th e  e x p e r im e n ta l  

g ro u p , th e  p la c e m e n t  f ig u r e s  o b ta in ed  b y  th e  T e s t in g  and C o u n se lin g  

S e r v ic e  a t M ontana S ta te  C o lle g e  w e r e  u s e d . S in ce  M ontana S tate  

C o lle g e  h ad  ad op ted  a p r e d ic to r  of s u c c e s s  in  b eg in n in g  c a lc u lu s  b a s e d
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on p r e v io u s  m a th e m a t ic a l  and in t e l le c tu a l  b a ck g ro u n d , th is  p r e d ic to r  

w a s u s e d  a s  a m e a n s  o f c o m p a r in g  th e  b a ck g ro u n d s  of th e  e x p e r i ­

m e n ta l and c o n tr o l grou p . T h e s t a t i s t ic a l  t e s t  u s e d  to  co m p a r e  the  

tw o  g ro u p s  w a s  th e  S tu dent t - t e s t .  T h is  t e s t  w a s c h o s e n  due to  its  

a p p lic a b il ity  to  th e d ata  and it s  s tr e n g th .

S im ila r ly  a t th e  end o f the q u a r te r  th e  n u ll h y p o th e s is ,  H 0 : 

th e r e  i s  no s ig n if ic a n t  d if fe r e n c e  in  th e  f in a l a c h ie v e m e n t  of s tu d en ts  

in  a b eg in n in g  c a lc u lu s  c o u r s e  w ho h a v e  s tu d ied  fr o m  p r o g r a m m e d  

m a t e r ia ls  w r it te n  to  su p p le m e n t c o n v e n tio n a l c la s s r o o m  in s tr u c t io n  

of to p ic s  w h ic h  o r d in a r i ly  c a u se  le a r n in g  p r o b le m s  o v e r  s tu d e n ts  not 

stu d y in g  fr o m  su ch  p r o g r a m m e d  m a t e r ia l s ,  w a s  t e s t e d  b y  the S tu dent  

t - t e s t .  T h e ra w  data  fo r  th is  t e s t  w a s  su p p lie d  b y  th e  s c o r e s  of th e  

f in a l e x a m in a t io n  g iv e n  to  a l l  m e m b e r s  of th e  e x p e r im e n ta l and  

c o n tr o l grou p .

T he r e su lts -  of th e  in v e s t ig a t io n  a r e  p r e s e n te d  in  the  

n e x t  ch a p ter .



C H A P T E R  IV

E F F E C T  ON F IN A L  A C H IE V E M E N T  IN B E G IN N IN G  C A L C U L U S  
R E SU L T IN G  FR O M  TH E U SE  OF P R O G R A M M E D  M A T E R IA L S

In o rd er  to  p r e s e n t  the r e s u l t s  of th e  in v e s t ig a t io n  o f th e  e f f e c t  

on f in a l a c h ie v e m e n t  b y  s tu d e n ts  in  a  b eg in n in g  c a lc u lu s  c o u r s e  r e ­

su lt in g  fr o m  u s e  of p r o g r a m m e d  m a t e r ia ls  a d m in is te r e d  a s  a s u p p le ­

m e n t  to  c la s s r o o m  in s tr u c t io n  of t o p ic s  w h ich  o r d in a r i ly  c a u s e  le a r n in g  

p r o b le m s  th r e e  a r e a s  w e r e  c o n s id e r e d . T h e s e  a r e a s  w e r e :  (I)

s e le c t io n  o f th e  e x p e r im e n ta l and c o n tr o l g r o u p s , (2) c o m p a r a b il ity  

of th e  e x p e r im e n ta l and c o n tr o l g r o u p s , and (3) th e  e f f e c t  on f in a l  

a c h ie v e m e n t  r e s u lt in g  fr o m  th e u s e  o f th e  p r o g r a m m e d  m a t e r ia ls .

S e le c t io n  o f th e  E x p e r im e n ta l and  C o n tr o l G rou p s

T h e e x p e r im e n ta l g ro u p  w a s s e le c t e d  fr o m  stu d en t v o lu n te e r s

fr o m  th e b eg in n in g  c a lc u lu s  c la s s  a t M on tan a  S ta te  C o lle g e  d u rin g  th e
64 .

w in te r  q u a r te r  o f 1965. F i f t y - f iv e  s tu d e n ts  m a d e  a p p lic a t io n  for

a d m itta n c e  in to  the. e x p e r im e n ta l  grou p . F o r t y - s e v e n  of th e s e

a p p lic a n ts  w e r e  s e le c t e d  u n d er  th e  a d o p ted  c r i t e r i a ^  a s  p a r t ic ip a n ts

in  th e p r o g r a m m e d  in s tr u c t io n  in v e s t ig a t io n .  P a r t ic ip a t io n  in  th e

p r o g r a m  w a s  s t r ic t ly  v o lu n ta r y . T w e n ty -o n e  of t h e s e  f o r t y - s e v e n

stu d e n ts  r e m a in e d  w ith  th e  p r o g r a m  th ro u g h o u t th e  q u a r te r  and

s y s t e m a t ic a l ly  w o r k e d  a l l  of th e  p r o g r a m m e d  m a t e r ia l s .  S t a t is t ic a l

^ S e e  p . 43  

65 S e e  p . 4 2  and 43
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m e a s u r e m e n ts  in v o lv in g  th e e f fe c t , o f p r o g r a m m e d  m a t e r ia l s  w e r e  

b a s e d  on th e  f in a l a c h ie v e m e n ts  of th e  tw e n ty -o n e  s tu d e n ts  w ho  c o m ­

p le te d  th e  e n t ir e  s e q u e n c e  of p r o g r a m m e d  le s s o n s .

T h e e n t ir e  r o l l  o f s tu d e n ts  w ho  c o m p le te d  th e  b eg in n in g  c a lc u lu s  

c o u r s e  w a s s u r v e y e d  a t th e  end  of th e  q u a r ter  to  id e n t ify  th o s e  s tu d e n ts  

e l ig ib le  fo r  th e  c o n tr o l grou p . C r it e r ia  fo r  s e le c t io n  o f th e  c o n tr o l  

groupk^  r e d u c e d  the p o te n t ia l m e m b e r s h ip  to  tw e n ty -tw o  s tu d en ts .

S in c e  a l l  tw e n ty -tw o  of th e s e  s tu d en ts  q u a lif ie d  a s  m e m b e r s  o f the  

c o n tr o l gro u p , a l l  w e r e  s e le c t e d  a s  c o n tr o l grou p  m e m b e r s .

T hus th e  c o m p a r is o n  of th e  f in a l a c h ie v e m e n t  of th e  e x p e r im e n ta l  

and c o n tr o l g ro u p s in v o lv e d  f o r ty - th r e e  s tu d e n ts . T he tw e n ty -o n e  

s tu d e n ts  in  th e  e x p e r im e n ta l grou p  h ad  c o m p le te d  th e  b e g in n in g  c a lc u lu s  

c o u r s e  and in  a d d itio n  had  c o m p le te d  a l l  of th e  p r o g r a m m e d  m a t e r ia ls .  

T h e tw e n ty -tw o  s tu d e n ts  in  th e  c o n tr o l grou p  had  s tu d ied  th e  sa m e  c a l ­

c u lu s  c o u r s e  but th e ir  c la s s r o o m  in s tr u c t io n  w as n o t su p p le m e n te d  w ith  

p r o g r a m m e d  m a t e r ia ls .

It w a s  r e c o g n iz e d  b y  th e au thor th a t th e v o lu n ta r y  n a tu r e  o f the  

e x p e r im e n ta l grou p  m ig h t in tro d u ce  tw o b ia s e s  w h ich  c o u ld  e f fe c t  th e  

r e s u l t s  of th e  in v e s t ig a t io n . F i r s t ,  i t  w a s  f o r e s e e n  th a t stu d en t  

v o lu n te e r s  m a y  h a v e  a p p lie d  fo r  a c c e p ta n c e  in to  th e  e x p e r im e n ta l  

g rou p  w ith  th e in te n t o f le a r n in g  c a lc u lu s  w h ile  not e x e r t in g  a-1 n o r m a l  

e f fo r t .  S eco n d , it  w a s  f o r e s e e n  th a t th e  stu d en t v o lu n te e r s  who a p p lied  

fo r  a c c e p ta n c e  in to  th e  e x p e r im e n ta l g rou p  m ig h t b e  c o m p a r a t iv e ly

66
S e e  p . 45
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m o r e  e n th u s ia s t ic  s tu d e n ts  w ith  m o r e  th an  the a v e r a g e  d e s ir e  to  le a r n  

th e  su b je c t  m a tte r .

B o th  of th e s e  b ia s e s  w e r e  b ey o n d  th e c o n tr o l o f th e  e x p e r im e n te r .  

H o w e v e r , it  w a s  h op ed  th a t th e  n u m b er and d u ration  o f in te n s iv e  stud y  

s e s s i o n s  w ou ld  r e d u c e  th e n u m b er  of s tu d e n ts  th at a n t ic ip a te d  le a r n in g  

c a lc u lu s  w ith  l i t t le  or no e ffo r t . S in c e  tw e n ty -  s ix  s tu d e n ts  d rop p ed  th e  

p r o g r a m , th e r e  w as r e a s o n  to  b e l ie v e  th a t th o se  s tu d e n ts  s e e k in g  

le a r n in g  w ith o u t e f fo r t  w e r e  s u b s ta n t ia lly  e l im in a te d  fr o m  the e x p e r i ­

m e n ta l grou p . -

If th e  se c o n d  b ia s  w e r e  p r e s e n t ,  it  w a s  n ot e v id e n t  in  th e  r e s u l t s  

of the in v e s t ig a t io n .

C o m p a r a b ility  of th e  E x p e r im e n ta l and C o n tr o l G ro u p s

In o r d e r  to  stu d y  th e  e f f  e ct r e  su it in g  fr o m  the u s e  of p r o g r a m m e d

m a t e r ia l s  on f in a l a c h ie v e m e n t  of th e  e x p e r im e n ta l and c o n tr o l g ro u p s

it  w a s  f i r s t  n e c e s s a r y  to  d e te r m in e  th e c o m p a r a b il ity  o f th e  tw o g r o u p s .

T h is  c o m p a r a b il ity  w a s  b a s e d  on a stu d y  o f c o m p o s ite  s c o r e s  w h ich

in d ic a te d  th e  m a th e m a t ic a l  and in te l le c tu a l  b a ck g ro u n d s o f th e  s tu d e n ts .

N e a r ly  a l l  o f th e s e  s c o r e s  h ad  b e e n  p r e v io u s ly  c a lc u la te d  b y  the

T e s t in g  and C o u n se lin g  S e r v ic e  a t M ontana S tate  C o lle g e  and a p p ea red

in  the M on tan a  S ta te  C o lle g e  P la c e m e n t  T e s t  S c o r e s  and I n d ic e s ,
S •

S e p te m b e r , 1964 . ^  T he stu d en t s c o r e s  n ee d e d  fo r  th e  stu d y  w h ich

B r o o k h a r t , M. - E . and Suvak, A lb e r t ,  M ontana S ta te  C o lle g e  
P la c e m e n t  T e s t  S c o r e s  and I n d ic e s ,  S e p te m b e r !  1964, 52 pp.
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d id  n o t a p p ea r  in  th e  M on tan a  S tate  C o lle g e  t e s t  in d ex  b o o k le t  w e r e

c a lc u la te d  u s in g  the sa m e  fo r m u la  a s  w a s  r e g u la r ly  u s e d  to  c a lc u la te

t h e s e  s c o r e s . ^  "

The a p p r o p r ia te n e s s  of th e  t - t e s t  w a s  in v e s t ig a te d  a s  a m e a n s  of

c o m p a r in g  th e s e  s c o r e s ^  w h ich  w e r e  m e a s u r e s  of th e  m a th e m a t ic a l

and  in t e l le c tu a l  b a ck g ro u n d s  of s tu d en ts  in  th e  e x p e r im e n ta l and

c o n tr o l g r o u p s . E s ta b lis h m e n t  of the a p p r o p r ia te n e s s  of th e  t - t e s t

w a s  d ep en d en t upon  p e r m is s iv e n e s s  o f a s s u m in g  e q u a lity  o f  v a r ia n c e s
70

of the tw o sa m p le  p o p u la tio n s . H e n c e , th e  q u e s tio n  o f a s su m in g  

e q u a lity  of v a r ia n c e s  w a s  in v e s t ig a te d  b y  t e s t in g  the h y p o th e s is :  the  

v a r ia n c e s  of th e  s c o r e s  m e a s u r in g  the m a th e m a t ic a l  and in te l le c tu a l  

b a c k g r o u n d s  o f th e  e x p e r im e n ta l and c o n tr o l p o p u la tio n s  w e r e  th e  sa m e  

at th e 5 p e r c e n t  le v e l .  '

^ P r e d i c t e d  M a th e m a tic s  121 s c o r e  - ‘.0 0 4 1 6  ( to ta l s c o r e  on A . C. 
E . ) - .0 1 3 1 5 1  (M inn. S c h o l. A pt. T e s t )  + .0 0 0 1 2  (M. S. C. .A r ith m e t ic  
T e s t )  +. 02755  (M . S. C. A lg e b r a  I T e s t )  +.02061 (M. S. C. A lg e b r a  II T e s t )  
A 01250  (M ech . O om p. T e s t )  4 .0 6 8 9 9  (H igh  S ch o o l G. P . A . ) - I. 16826. 
(T h is  fo r m u la  w a s  d e v e lo p e d  by A lb e r t  S u vak  o f th e  M on tan a  S ta te  
C o lle g e  T e s t in g  and C o u n se lin g  S e r v ic e  to  p r e d ic t  a c h ie v e m e n t  of 
s tu d e n ts  e n r o ll in g  in  M a th e m a tic s  121. )

^ S e e  A p p en d ix  G , T a b le  I.

7 0 S ie g e l ,  op. c it . , p. 19
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T he t e s t  a p p lie d  to  th is  h y p o th e s is  w a s  th e  tw o - ta i le d  F - t e s t . 71

T h e c a lc u la te d  F  s t a t i s t i c  w a s  . 65 5 1 6 . S in c e  th is  v a lu e  w a s  b e tw e e n

F ( .  97 5 , 20, 21) = . 4 0 8 1 6  and F ( .  025 , 20 , 21) = 2. 42 , it  w a s  n o t p o s s ib le  

to  r e j e c t  th e  h y p o th e s is  th a t th e  v a r ia n c e s  w e r e  eq u a l a t  th e  5 p e r c e n t  

l e v e l .  T h u s i t  w a s  c o n c lu d e d  th a t th e v a r ia n c e s  o f  s c o r e s  m e a s u r in g

c o n tr o l p o p u la tio n s  do not d if fe r  s ig n if ic a n t ly .

T h e c o n c lu s io n  th a t th e  v a r ia n c e s  o f the tw o p o p u la tio n s  d id  n o t  

d if fe r  s ig n if ic a n t ly  e n a b le d  the in v e s t ig a to r  to  con ten d  th a t th e  t - t e s t  

w a s  a p p r o p r ia te  fo r  t e s t in g  th e h y p o th e s is :  th e r e  w a s  n o  s ig n if ic a n t  

d if fe r e n c e  in  the m a th e m a t ic a l  and in te l le c tu a l  b a c k g r o u n d s  o f th e  

e x p e r im e n ta l and c o n tr o l g r o u p s . T h is  t e s t  w a s  a t w o - ta i le d  t e s t  

and w a s  a c c o m p lis h e d  b y  c o m p a r in g  th e  m e a n s  of the s a m p le  p op u-

7 I T he s te p s  u s e d  in  co m p u tin g  th e  tw o - ta i le d  F  s t a t i s t i c  a t th e  
5 p e r c e n t  l e v e l  a r e  a s  fo llo w s :

1. D e te r m in e  th e n u m b er  of c a s e s  in  g ro u p s I and II b e in g  c o m ­
p a r e d . D en o te  th e m  n^ and 2  ̂ r e s p e c t iv e ly .

2. D e n o te  th e  o b s e r v a t io n s  in  g r o u p s  I and II b y  y  n  and y  gj 
r e s p e c t iv e ly  w h e r e  i  = I, 2, . . . , n^ and j = I , 2, . . . , n^. ■

5. T h e F  s t a t i s t ic  o f (4) i s  d is tr ib u te d  a s  an  F  w ith  V ^ n 1 - I  
and  V2 = ^ - I  d e g r e e s  of fr e e d o m .

6. A c c e p t  the n u ll h y p o th e s is  i f  th e  c a lc u la te d  F  in  (4 ), F o, i s  
su c h  that: F ( .  9 7 5 , v j ,  v 2 ) < F 0 < F ( . 0 2 5 , V1, v 2 ), o th e r w is e  r e j e c t  th e  
n u ll h y p o th e s is .  (O s t le , B e r n a r d , S t a t is t ic s  in  R e s e a r c h , pp. 9 1 - 9 3 .)

th e  m a th e m a t ic a l  and  in t e l le c t u a l  b a c k g r o u n d s .o f  th e  e x p e r im e n ta l and

4. C a lc u la te :

3. C a lc u la te :
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72la t io n s  a c c o r d in g  to  th e  p r o c e d u r e  of c a lc u la t in g  the t s t a t i s t ic .

It w a s  found th a t the t  s t a t i s t ic  c a lc u la te d  fr o m  th e  d a ta  l i s t e d  

in  T a b le  A  w a s  6 9 9 8 2 . S in c e  th is  v a lu e  w a s  s m a lle r  than  t(„ 02 5 , 41) - 

+ 2. 0195  and la r g e r  th an  -t(*025, 41) = -2 .  0 1 9 5 , the h y p o th e s is  w a s  

a c c e p te d . T hat i s ,  th e  in v e s t ig a to r  e x p e c te d  th at 95 p e r c e n t  o f a ll  

s a m p le s  c o m p a r e d  (the s a m p le s  e a c h  c o n s is t in g  o f an  e x p e r im e n ta l and  

a  c o n tr o l group) w ou ld  h a v e  no s ig n if ic a n t  d if fe r e n c e  in  th e ir  m a th e m a t i­

c a l  and in t e l le c tu a l  b a c k g r o u n d s .

T he E f fe c t  on F in a l  A c h ie v e m e n t  R e s u lt in g  
F r o m  th e  U se  o f P r o g r a m m e d  M a te r ia ls

A fte r  e s ta b lis h in g  th e c o m p a r a b il ity  of th e  e x p e r im e n ta l and

T he. s t e p s  u s e d  in  com p u tin g  th e  tw o - ta i le d  t s t a t i s t ic  a t the  
5 p e r c e n t  l e v e l  w e r e  a s  fo llo w s :

1. D e te r m in e  th e  n u m b er  of c a s e s  in  g ro u p s I and II b e in g  c o m ­
p a r e d . D en o te  th e m  n^ and n% r e s p e c t iv e ly .

2. D en o te  the o b s e r v a t io n s  in  g ro u p s I and  II b y  y  ^  and  y^j
r e s p e c t iv e ly  w h e r e  i

C a lc u la te :

I, 2,
nI

and j ns I , 2,
■ n,

y I iZ n I  and  Y2
x = l

4. C a lcu la te :!
^  W l  I G l

I +I ky-y2
n2I

“l  + n2 -  2
5. T h e t  s t a t i s t i c  o f (4) i s  d is tr ib u te d  a s  a t  w ith  n^+n^-Z d e g r e e s  

o f fr e e d o m .
6. If th e  c a lc u la te d  t s t a t i s t ic ,  t Q, i s  su ch  that: - t ( .  0 2 5 ,n ^ tn 2 -2 )<  

t 0 < t ( .  02 5 , n ji+n2"2), a c c e p t  th e n u ll h y p o th e s is .  O th e r w ise  r e j e c t  the  
n u ll h y p o th e s is ;  (M ood , A . M . and G r a y b i l l ,  F .A .  , In tr o d u ctio n  to
th e  T h e o ry  of S t a t i s t i c s , pp. 3 0 6 -3 0 7 . )
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c o n tr o l grou p  b y  s t a t i s t ic a l  m e a n s  it  w as th en  p o s s ib le  to  b e g in  in v e s t i ­

g a t io n  of th e  m a in  h y p o th e s is :  the r e - i s  no s ig n if ic a n t  d if fe r e n c e  in  the  

a c h ie v e m e n t  o f s tu d e n ts  in  a b eg in n in g  c a lc u lu s  c o u r s e  w ho h ave  s tu d ied
t .

p r o g r a m m e d  le a r n in g  a s  a su p p le m en t to  c o n v e n tio n a l c la s s r o o m  in -  . 

s tr u c t io n  o f to p ic s  w h ich  o r d in a r i ly  c a u s e  le a r n in g  p r o b le m s  o v er  

s tu d e n ts  w ho h a v e  n o t s tu d ie d  su c h 'p r o g r a m m e d  m a t e r ia l s .

A g a in  it  w a s  d e s ir a b le  to  u s e  th e  p a r a m e tr ic  t - t e s t  in  co m p a r in g  

th e  f in a l a c h ie v e m e n ts  of the c o n tr o l and e x p e r im e n ta l g r o u p s . A g a in  

th e  a p p r o p r ia te n e s s  of th e  t e s t  had  to  b e  ju s t i f ie d  by d e m o n str a t in g  

r e a s o n  fo r  a s s u m in g  e q u a lity  of v a r ia n c e  fo r  th e f in a l a c h ie v e m e n ts  of 

th e  c o n tr o l and e x p e r im e n ta l p o p u la tio n s . T h is  a s su m p tio n  w a s  

j u s t i f ie d  a s  a r e s u l t  of s tu d y in g  the a c h ie v e d  s c o r e s  of th e  tw o sa m p le  

p o p u la tio n s . T h at i s ,  in  o r d e r  to  sh ow  r e a s o n  for  a s su m in g  e q u a lity  

of v a r ia n c e s  fo r  th e tw o p o p u la tio n s  a t e s t  w a s  m a d e  of th e  h y p o th e s is :  

th e r e  i s  no s ig n if ic a n t  d if f e r e n c e  b e tw e e n  th e  v a r ia n c e s  of the f in a l  

a c h ie v e m e n t  s c o r e s  in  b e g in n in g  c a lc u lu s  fo r  th e e x p e r im e n ta l p o p u ­

la t io n  and the c o n tr o l p o p u la tio n . T h e t e s t  w a s  a tw o - t a i l e d  F - t e s t  

and r e s u lt e d  in  the F  s t a t i s t i c  b e in g  c a lc u la te d  a s  I. 26 7 . S in c e  th is  

v a lu e  w a s  b e tw e e n  F ( .  9 75 , 20, 2 I) = . 408  16 and F ( .  0 2 5 , 20 , 21) = 2. 42 , 

it  w a s  n ot p o s s ib le  to  r e j e c t  the h y p o th e s is  th a t the v a r ia n c e s  w ere  

e q u a l at th e  5 p e r c e n t  le v e l .  T h u s it  w a s  a s s u m e d  th a t th e  v a r ia n c e s  

.o f th e  f in a l a c h ie v e m e n t  s c o r e s  of th e  e x p e r im e n ta l and c o n tr o l ■ 

population 's d id  n ot d if fe r  s ig n if ic a n t ly .

73 S e e  A p p en d ix  G, T a b le  2.
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B y  a s s u m in g  th at th e  v a r ia n c e s  of the tw o  p o p u la tio n s  w e r e  not 

s ig n if ic a n t ly  d if fe r e n t  the in v e s t ig a to r  w a s  th en  ab le  to  co n ten d  that th e  ' 

t - t e s t  w a s a p p r o p r ia te  fo r  t e s t in g  the m a in  h y p o th e s is :  th e r e  is  no 

s ig n if ic a n t  d if fe r e n c e  in  th e  f in a l a c h ie v e m e n t  of s tu d en ts  in  a b eg in n in g  

c a lc u lu s  c o u r s e  who h a v e  s tu d ie d  p r o g r a m m e d  m a t e r ia ls  w r it te n  to  

su p p le m e n t c o n v e n tio n a l c la s s r o o m  in s tr u c t io n  of t o p ic s  w h ich  o r d in a r ily  

c a u s e  le a r n in g  p r o b le m s  o v er  s tu d e n ts  w ho h a v e  not s tu d ie d  su ch  p r o ­

g r a m m e d  m a t e r ia l s .

T h e t - t e s t  w a s  one - ta i le d  b e c a u s e  of the n a tu re  o f th e  h y p o th e s is .

7 4*On th is  b a s i s  the t  s t a t i s t i c  w a s  c a lc u la te d ' fr o m  th e  d a ta  of T a b le  B 

and w a s found to  b e t = . 6 0 6 0 2 . S in c e  th is  v a lu e  w as l e s s  than  t(. 05 , 41)

= I. 6 8 2 9 , the h y p o th e s is  w as a c c e p te d . T hat i s ,  the in v e s t ig a to r  e x ­

p e c te d  th a t in  95 p e r c e n t  o f a l l  s a m p le s  s tu d ied  (the s a m p le s  e a c h  

con sisted "  o f one e x p e r im e n ta l and one c o n tr o l group) th e  e x p e r im e n ta l  

g rou p  w o u ld  n ot h a v e  a f in a l a c h ie v e m e n t  m e a n  g r e a te r  th an  th e  m e a n  

of the f in a l a c h ie v e m e n t  o f  th e  c o n tr o l grou p .

<■"
■ S u m m a r y

E x p e r im e n ta l and c o n tr o l g ro u p s  w e r e  s e le c t e d  fr o m  th e p op u -

' la t io h  o f  s tu d e n ts  in  a b eg in n in g  c a lc u lu s  c o u r s e  to  c o m p a r e  th e  e f f e c t
if

on f in a l a c h ie v e m e n t  in  b eg in n in g  c a lc u lu s  due to  the u s e  o f p r o g r a m m e d

r y  A

a h e  c a lc u la t io n  o f th e  o n e - ta i le d  t  s t a t i s t ic  fo llo w e d  the  
p r o c e d u r e  o f c a lc u la t in g  th e  tw o - ta i le d  t  s t a t i s t ic .  ' (O s t le ,  op. c it . , 
pp. 9 8 -  102. )
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m a t e r ia ls .  T w e n ty -o n e  of f o r t y - s e v e n  s tu d e n ts  in  th e  e x p e r im e n ta l  

grou p  c o m p le te d  the p r o g r a m m e d  m a t e r ia l s .  T he f in a l a c h ie v e m e n t  

of th e s e  s tu d e n ts  w a s  c o m p a r e d  to  the f in a l a c h ie v e m e n t  o f th e  c o n tr o l  

gro u p , c o n s is t in g  of tw e n ty -tw o  s tu d e n ts , in  o rd er  to  p r o v id e  .rea so n  

fo r  s ta t in g  c o n c lu s io n s  about th e e x p e r im e n ta l and c o n tr o l p o p u la tio n s .

In o r d e r  to 'c o m p a r e  th e  f in a l a c h ie v e m e n ts  o f the e x p e r im e n ta l  

and c o n tr o l g r o u p s  th e c o m p a r a b il ity  of the tw o g ro u p s had  to  be f i r s t  

e s ta b lis h e d . T h is  w a s  done by a p p lic a t io n  of th e  t w o - ta i le d  t - t e s t  to  

the p r e d ic te d  a c h ie v e m e n t  s c o r e s  of th e  in d iv id u a ls  in  th e  c o n tr o l and  

e x p e r im e n ta l g r o u p s . T h e s e  s c o r e s  w e r e  c a lc u la te d  b y  u s in g  the  

fo r m u la  d e v e lo p e d  and a p p ro v ed  b y  th e  M ontana S ta te  C o lle g e  T e s t in g
V . -

and  C o u n se lin g  S e r v ic e ..  T he a p p r o p r ia te n e s s  of th e  t e s t  w a s  p r e v io u s ly  

e s ta b lis h e d  b y  d e m o n str a t in g  p e r m is s iv e n e s s  of a s su m in g  e q u a lity  of 

v a r ia n c e s  fo r  the tw o  p o p u la tio n s  b y  F - t e s t .

A fte r  e s ta b lis h in g  th e  c o m p a r a b il ity  o f the tw o g ro u p s  th e  m a jo r  

h y p o th e s is  w a s  c o n s id e r e d :  th e r e  is  no s ig n if ic a n t  d if f e r e n c e  in  the  

a c h ie v e m e n t  o f s tu d e n ts  in  a b eg in n in g  c a lc u lu s  c o u r s e  w ho h a v e  

s tu d ie d  p r o g r a m m e d  le a r n in g  a s  a su p p le m e n t to  c o n v e n tio n a l c l a s s ­

r o o m  in s tr u c t io n  o f to p ic s  w h ich  o r d in a r i ly  ca u se  le a r n in g  p r o b le m s  

o v e r  s tu d e n ts  n ot s tu d y in g  su ch  p r o g r a m m e d  m a t e r ia l s .

T h is  t im e  the o n e - ta i le d  t - t e s t  w as n ee d e d  fo r  t e s t in g  th e h y p o ­

t h e s i s  and h e n c e  w a s  sh ow n  a p p r o p r ia te  b y  e s ta b lis h in g  p e r m is s iv e n e s s  

o f a s su m in g  e q u a lity  o f  v a r ia n c e  fo r  th e  tw o g ro u p s b y  F - t e s t .  . S in ce  

th e  o n e - ta i le d  t - t e s t  w a s  a p p r o p r ia te , i t  w a s  a p p lie d  and su b se q u e n tly  

d e m o n s tr a te d  the a c c e p ta b il i ty  of th e  h y p o th e s is ;



C H A P T E R  V

.SUM M ARY, C O N CLU SIO N S, A N D  R E C O M M E N D A T IO N S

T h e p u r p o se  o£ th is  in v e s t ig a t io n  w a s  to  c o m p a r e  the r e s u lt s  

o b ta in ed  fr o m  th e u s e  of p r o g r a m m e d  m a t e r ia ls  a s  a su p p le m e n t to  

c la s s r o o m  in s tr u c t io n  o f to p ic s  in  a b e g in n in g  c a lc u lu s  c o u r s e  w h ich  

o r d in a r i ly  c a u se  le a r n in g  p r o b le m s  w ith  r e s u l t s  o b ta in ed  in  c l a s s e s  

n ot u s in g  p r o g r a m m e d  m a t e r ia ls .

T he n e e d  fo r  su ch  a stu d y  w a s  in  p a r t  due to  th e  c h a n g e s  in  

m a th e m a t ic a l  e m p h a s is  w h ic h  h a v e  a c c o m p a n ie d  the t r a n s it io n  in to  a  

m o d e r n  s c ie n t i f i c - t e c h n o lo g ic a l  e r a . T h e s e  sa m e c h a n g e s  in  m a th e ­

m a t ic a l  e m p h a s is  h a v e  s e r io u s ly  e f f e c t e d  the n e e d  fo r  m o r e  e f f e c t iv e  

m e a n s  of in c r e a s in g  m a th e m a t ic a l  le a r n in g - te a c h in g  e f f e c t iv e n e s s .

A s  one m e a n s  of in c r e a s in g  th e e f f e c t iv e n e s s ,  th is  in v e s t ig a t io n  

c o n c e n tr a te d  on th e p r o b le m s  a s s o c ia t e d  w ith  te a c h in g  b e g in n in g  

c a lc u lu s  a t th e  e a r ly  c o l le g e  le v e l .  It w a s  b e l ie v e d  b y  the au th or th a t  

a p p r o p r ia te  p r o g r a m m e d  m a t e r ia ls  c o u ld  b e  u s e d  e f f e c t iv e ly  b y  stu d en ts  

in  a b e g in n in g  c a lc u lu s  c o u r s e  to  su p p le m e n t th e ir  r e g u la r  c la s s r o o m  

in s tr u c t io n  and h e n c e  im p r o v e  th e ir  f in a l a c h ie v e m e n t . T h e p u rp o se  

of th is  stu d y  w a s to  in v e s t ig a te  th is  b e l ie f .  -

S u m m a r y

F o u r  m a jo r  p o in ts  b e c a m e  c le a r  to  th e  au thor fr o m  the r e v ie w  

of the l i t e r a tu r e  w h ich  w a s  c a r r ie d  out a s  a p r e l im in a r y  s te p  in  th is  

in v e s t ig a t io n .
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1. B e g in n in g  c a lc u lu s  h a s  e x p e r ie n c e d  a r a d ic a l ch an ge in  th e  

p a s t  e ig h t y e a r s  fr o m  a d e v e lo p m e n t d ep en d in g  h e a v ily  on so lv in g  

p a r t ic u la r  p r o b le m s  to a c a r e fu l s t r u c tu r a l  d e v e lo p m e n t a c h ie v e d  

th ro u g h  s tu d en t u n d e r s ta n d in g  and lo g ic a l  r e a so n in g .

2. M any of the le a r n in g  p r o b le m s  in  b eg in n in g  c a lc u lu s  h ave  

b e e n  b ro u g h t about b y  a r e c e n t  ch an ge fr o m  tr a d it io n a l m a th e m a t ic s  to  

m o d e r n  m a th e m a t ic s .  T h is  ch an ge h a s  b een  a c c o m p a n ie d  b y  r e v o lu ­

t io n a r y  te a c h in g  m e th o d s  and e m p h a s is .  T hus m a n y  s tu d en ts  w h o se  

p r e p a r a t io n  h a s  b e e n  tr a d it io n a l ly  o r ie n te d  h a v e  b e e n  u n s u c c e s s fu l

in  m a k in g  a t r a n s it io n  to  th e  ty p e  of th in k in g  and r ig o r  e x p e c te d  in  

m o d e r n  m a th e m a t ic s .

3. T he u s e  o f  p r o g r a m m e d  in s tr u c t io n  p o s s ib ly  can  fa c i l i t a t e  

c o r r e c t io n  of the im b a la n c e  in  b a ck g ro u n d  e x p e r ie n c e d  b y  tr a d it io n a lly  

p r e p a r e d  s tu d e n ts  th ro u g h  d e v e lo p m e n t o f p r o p e r  n o ta tio n , but e v i -
i -  v

d e n c e  in d ic a te d  c o n s id e r a b le  d is a g r e e m e n t  a s  to  w h eth er  p r o g r a m m e d  

in s tr u c t io n  co u ld  e n t ir e ly  f i l l  the gap in  d e v e lo p in g  p r o p e r  m a th e m a t ic a l  

a ttitu d e  su c h  a s  is  r e q u ir e d  in  m a th e m a t ic a l  r e a s o n in g .

: 4 .  T h e 'r e p o r t s  of th e  in v e s t ig a t io n s  in to  th e le a r n in g  v a lu e  of 

p r o g r a m m e d - in s tr u c t io n  h a v e  not c o n s is t e n t ly  d e s c r ib e d  it  a s  b e in g  

in fa l l ib le .  In ste a d , a n u m b er  o f c o m p a r is o n s  of i t s  v a lu e  o v e r  c o n ­

v e n t io n a l c la s s r o o m  in s tr u c t io n  in d ic a te d -th a t  the d if f e r e n c e s  in  f in a l  

le a r n in g  a c h ie v e d  th ro u g h  p r o g r a m m e d  in s tr u c t io n  w e r e  n o t s ig n i f i ­

c a n t ly  g r e a te r  than  th o se  d if f e r e n c e s  a c h ie v e d  b y  c o n v e n tio n a l c l a s s ­

r o o m  te a c h in g .

In th e  c o u r s e  of r e v ie w in g  the l i t e r a t u r e  no r e p o r t s  of in v e s t i ­

g a t io n s  w e r e  found w h ich  d e s c r ib e d  e f fo r t s  to  stu d y  th e  e f f e c t  on f in a l
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a c h ie v e m e n t  of s tu d e n ts  in  a b eg in n in g  c a lc u lu s  c o u r s e  w h ich  had  

su p p le m e n te d  th e ir  c o n v e n tio n a l c la s s r o o m 'in s t r u c t io n  w ith  p r o g r a m m e d  

in s tr u c t io n . H e n c e , th e  au th or p r o c e e d e d  to  in v e s t ig a te  th is  p r o b le m . 

T h e f i r s t  s tep  in  the in v e s t ig a t io n  w a s  th e  id e n t if ic a t io n  of th o se  a t1 ©as 

in  b e g in n in g  c a lc u lu s  w h ic h  o r d in a r ily  c a u s e  le a r n in g  p r o b le m s . T h is  

w a s  done b y  p o llin g  tw e lv e  c o l le g e  in s t r u c t o r s  fa m il ia r  w ith  th e  

le a r n in g  p r o b le m s  of s tu d e n ts  in  c a lc u lu s .  T hen  a s c h e d u le  of l e s s o n  

in v o lv in g  su p p le m e n ta r y  p r o g r a m m e d  m a t e r ia ls  w a s  d raw n  up to  

c o v e r  th e  to p ic s  w h ich  w e r e  id e n t if ie d  a s  b e in g  tr o u b le s o m e .

T h e au th or c o n s u lte d  v a r io u s  s ta n d a rd  c a lc u lu s  t e x t s  in. order'

to  a s s u r e  a c o m p le te  and e f fe c t iv e  p r e s e n ta t io n  o f  e a c h  to p ic ;  T h en  h e
v

d e v e lo p e d  e a c h  to p ic  b y  c a r e fu l ly  w r it in g  a p r e l im in a r y  s e t  of p r o ­

g r a m m e d  m a t e r ia l s .  T he p r e l im in a r y  m a t e r ia ls  w e r e  th en  t e s t e d  for  

e f f e c t iv e n e s s  b y  co n d u ctin g  a p ilo t  stu d y . T h is  stu d y  p o in ted  out 

s p e c if ic  n e e d s  fo r  im p r o v e d .w r it in g  of c e r ta in  p a s s a g e s ,  im p r o v e d  

a d m in is tr a t iv e  te c h n iq u e s , and im p r o v e m e n ts  r e g a r d in g  a r r a n g e m e n ts  ' 

of to p ic s  to  b e c o v e r e d . W ith th e s e  f a c to r s  in  m in d  the f in a l w r it in g  

of the m a t e r ia ls  w a s  a c c o m p lis h e d .

T he author s e le c t e d  an e x p e r im e n ta l group d u rin g  th e  w in ter  

q u a r ter  of 1965 a t M on tan a  S ta te  C o lle g e  on the b a s i s  o f  th e ir  p r e v io u s  

m a th e m a t ic a l  a c h ie v e m e n t . A  sc h e d u le  of m e e t in g s  w a s  d raw n  up, and  

th e  e x p e r im e n ta l grou p  b e g a n  u s in g  th e  p r o g r a m m e d  m a t e r ia l s  a s  a  

su p p le m e n t to  r e g u la r  c la s s r o o m  in s tr u c t io n . A t the c o n c lu s io n  of 

th e  q u a rter  a c o n tr o l group  w a s  c h o se n  u s in g  c r i t e r ia  s im ila r  to  th o se



71 ,

u s e d  to  s e le c t  th e  e x p e r im e n ta l grou p . T hen a f in a l a c h ie v e m e n t  

e x a m in a tio n  w a s  a d m in is te r e d  to  both  th e  c o n tr o l and e x p e r im e n ta l  

g r o u p s . A p p r o p r ia te  s t a t i s t i c a l  p r o c e d u r e s  w e r e  a p p lie d  to  th e t e s t  

s c o r e s .

T he s t a t i s t ic a l  c o m p a r is o n s  in d ic a te d  th a t  a lth o u g h  th e e x p e r i ­

m e n ta l and c o n tr o l p o p u la tio n s  w e r e  o f c o m p a r a b le  m a th e m a t ic a l  and  

in t e l le c tu a l  b a c k g r o u n d s , the f in a l a c h ie v e m e n ts  of s tu d e n ts  in  a 

b eg in n in g  c a lc u lu s  c o u r s e  s tu d y in g  p r o g r a m m e d  m a t e r ia l s  a d m in is te r e d  

a s  a su p p le m en t to  a c o n v e n tio n a l c la s s r o o m  in s tr u c t io n  o f  to p ic s  w h ic h  

o r d in a r i ly  c a u se  le a r n in g  p r o b le m s  w e r e  n ot s ig n if ic a n t ly  ab ove the  

f in a l a c h ie v e m e n ts  of s tu d e n ts  not s tu d y in g  su ch  m a t e r ia l s .

C o n c lu s io n s

T h e fo llo w in g  c o n c lu s io n s  r e g a r d in g  th e  te a c h in g , of a b eg in n in g  

c a lc u lu s  c o u r s e  w e r e  e v id e n t  to  the in v e s t ig a to r  a s  a  r e s u l t  of r e v ie w in g  

th e  l i t e r a tu r e :

I. B e c a u s e  s c ie n t i f i c - t e c h n o lo g ic a l  a d v a n c e m e n ts  h a v e  p la c e d  

a g r e a te r  e m p h a s is  on th e  m a th e m a t ic a l  p r e p a r a t io n  o f s tu d en ts  and  

th is  e m p h a s is  h a s  in  tu rn  in f lu e n c e d  th e  m a n n e r  of te a c h in g  m a th e m a t ic s ,  

s tu d e n ts  in  th e  b eg in n in g  c a lc u lu s  c o u r s e s  a r e  h a v in g  tr o u b le  le a r n in g  

th e  c o n c e p ts  o f m a th e m a t ic s .  H e n c e , a  n e e d  e x i s t s  to  im p r o v e  the  

te a c h in g  o f th e  b a s ic  c o n c e p ts  o f  b eg in n in g  c a lc u lu s .
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' 2. T he r e s e a r c h  done on the e f f e c t iv e n e s s  of su p p le m en tin g  

c la s s r o o m  te a c h in g  of m a th e m a t ic s  b y  th e u se  of p r o g r a m m e d  

m a t e r ia ls  i s  in c o n c lu s iv e  and a d d itio n a l r e s e a r c h  n e e d s  to  be done.

T h e au th or  co n c lu d e d  a s  a r e s u l t  o f h is  in v e s t ig a t io n  that 

s t a t i s t ic a l ly  th e r e  i s  v e r y  l i t t le  r e a s o n  to  b e l ie v e  th at th e  e f fe c t  on 

th e  f in a l a c h ie v e m e n ts  of s tu d en ts  in  a b e g in n in g  c a lc u lu s  c o u r s e  r e ­

su lt in g  fr o m  th e  stu d y  o f p r o g r a m m e d  m a t e r ia ls  a d m in is te r e d  a s  a 

su p p le m en t to  c o n v e n tio n a l c la s s r o o m  in s tr u c t io n  of to p ic s  w h ich  

o r d in a r ily  c a u se  le a r n in g  p r o b le m s  w ou ld  b e  s ig n if ic a n t ly  ab o v e  the 

c o r r e sp o n d in g  a c h ie v e m e n ts  b y  s tu d en ts  not studying, su c h  m a t e r ia ls .

• R e c o m m e n d a tio n s

A s  a r e s u l t  o f th is  in v e s t ig a t io n  fou r r e c o m m e n d a t io n s  w e r e  

fo r m u la te d :

I. B e c a u s e  a g r e a te r  n u m b er o f s tu d e n ts  f a i l  to  s a t i s f a c t o r i ly  

le a r n  the m a t e r ia l  in  a b e g in n in g  c a lc u lu s  c o u r s e ,  m o r e  r e s e a r c h  i s  

n e e d e d  to  id e n t ify  the fa c t o r s  co n tr ib u tin g  to  th is  la c k  o f le a r n in g .

In p a r t ic u la r , r e s e a r c h  n e e d s  to  b e  done in th is  a r e a  w ith  fu ll  u nder - 

sta n d in g  of th e  ch an g in g  m a th e m a t ic a l  b a ck g ro u n d  of th e  s tu d e n ts . T hat 

i s ,  th e  b a ck g ro u n d  of th e  e n te r in g  c o l le g e  s tu d e n ts  i s  c u r r e n t ly  ch an g in g  

fr o m  b e in g  o r ie n te d  in  tr a d it io n a l m a th e m a t ic s  to  an o r ie n ta t io n  in ­

v o lv in g  m o d e r n  m a th e m a t ic s .
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2. R e s e a r c h  n e e d s  to  b e  done to  fin d  w a y s  of im p r o v in g  the  

te a c h in g  of b eg in n in g  c a lc u lu s .  T he a v e r a g e  b e g in n in g  c a lc u lu s  stu d en t  

w a s  found to  b e  in te r e s t e d  in  le a r n in g  th e  m a te r ia l  but in  m a n y  c a s e s  the  

le a r n in g  b y  th e s e  sa m e  s tu d en ts  w a s  found to  b e  in c o m p le te .  T h u s, 

r e s e a r c h  in to  th e im p r o v e m e n t  of te a c h in g  c a lc u lu s  and h e n c e  in to

th e  im p r o v e m e n t  of m a th e m a t ic a l  c o m m u n ic a tio n  at the le v e l  of 

b e g in n in g  c a lc u lu s  w a s  found  d e s ir a b le .

3. F i r s t ,  e v id e n c e  w a s  found in  th e  l i t e r a tu r e  to  in d ic a te  that 

s tu d e n ts  can  le a r n  s o m e  th in g s  b y  stu d y in g  a p p r o p r ia te  p r o g r a m m e d  

m a t e r ia l s .  ; R e s e a r c h  n e e d s  to  b e c a r r ie d  out w h ich  w i l l  id e n tify  th e  

a r e a s  o f b eg in n in g  c a lc u lu s  w h ich  can b e  e f f e c t iv e ly  le a r n e d  b y  

■studying p r o g r a m m e d  m a t e r ia ls .

S eco n d , on ce  the a r e a s  of b e g in n in g  c a lc u lu s  w h ich  can  e f f e c t iv e ly  

b e tau gh t th ro u g h  th e  u s e  of p r o g r a m m e d  m a t e r ia ls  h a v e  b e e n  id e n t if ie d ,  

r e s e a r c h  n e e d s  to  b e  done to  d is c o v e r  th e  m o s t  e f f ic ie n t  w a y  to  u s e  p r o ­

g r a m m e d  m a t e r ia ls  so  that m a x im u m  le a r n in g  of b e g in n in g  c a lc u lu s  w i l l  

r e s u l t .

4. T he b a ck g ro u n d  of s tu d en ts  in  th e  b eg in n in g  c a lc u lu s  c o u r s e  at 

th e  t im e  of th is  stu d y  w a s  in  g e n e r a l t r a d it io n a lly  o r ie n te d . W ith th e  

c u r r e n t  e m p h a s is  on a m o d e r n  s tr u c tu r a l a p p ro a ch  to  m a th e m a t ic s  at 

a l l  l e v e l s  o f ed u c a tio n , le a r n in g  p r o b le m s  o f b eg in n in g  c a lc u lu s  w i l l  

l ik e ly  ch a n g e  a s  s tu d e n ts ' b a ck g ro u n d  r e f l e c t  th e  m o d e r n  e m p h a s is  

in v o lv in g  n o ta tio n , the s tr u c tu r e  of m a th e m a t ic s ,  and th e  p a tte r n s  of 

th ou ght e s s e n t ia l  in  s u c c e s s f u l  r e a s o n in g  in  m a th e m a t ic s .  H e n c e , the
V

in v e s t ig a to r  m a k e s  th e r e c o m m e n d a tio n  th a t th is  in v e s t ig a t io n  be

, ■ : '  ■- '

' !'■ ■



74

r e p l ic a te d  at a fu tu re  d ate  w hen  e x p e r im e n ta l and c o n tr o l g ro u p s can  

b e  c h o s e n  fr o m  a p o p u la tio n  of s tu d en ts  w h o se  b a ck g ro u n d  is  m o ld ed  

b y  m o d e r n  m a th e m a t ic a l  tr a in in g .

■■•r

r
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I n s tr u c t io n s  to  th e P a n e l of J u d g e s  w h ic h  
S e le c te d  th e  T o p ic s  to  b e P r o g r a m m e d
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I n s tr u c t io n s  to  th e P a n e l  of J u d g e s  W hich  
S e le c te d  th e  T o p ic s  to  b e P r o g r a m m e d

C e r ta in ly  th e r e  a r e  to p ic s  w h ich  s tu d e n ts  e n r o l le d  in  th e  b eg in n in g  

c a lc u lu s  s e q u e n c e  a r e  e x p e c te d  to  m a s t e r .  O b v io u s ly  an  in a p p r o p r ia te  

am ou n t of d if f ic u lty  i s  e x p e r ie n c e d  b y  m a n y  s tu d en ts  in  a tta in in g  th e s e  

g o a ls .  T h is  s itu a t io n  h a s  p e r p e tu a te d  i t s e l f  d e s p ite  a tte m p ts  to  m a tc h  

stu d en t a b il i ty  w ith  c o u r s e  co n ten t and to  im p r o v e  c la s s r o o m  te a c h in g .  

H o w e v e r , d e s p ite  a tte m p te d  so lu t io n s  th e  p r o b le m  of to o  m a n y  u n ­

s u c c e s s f u l  s tu d e n ts  s t i l l  e x i s t s .  H e n c e  it  i s  c le a r  th a t fu r th e r  in v e s t ! -  . 

g a tio n  in to  w a y s  to  im p r o v e  stu d en t le a r n in g  and th u s  s u c c e s s  a r e  in  

o r d e r . I h a v e  c h o se n  su c h  an  in v e s t ig a t io n  a s  a p r o b le m  fo r  m y  

d o c to r a l t h e s i s  and r e q u e s t  y o u r  o p in io n  on one im p o r ta n t p o in t.
r

Y ou s e e ,  a s  a m e a n s  of a id in g  s tu d e n t le a r n in g , I in ten d  to  p r e p a r e  

a s e t  of p r o g r a m m e d  m a t e r ia ls  w h ich  w i l l  b e  fo c u s e d  on th e  c r i t ic a l  

a r e a s  of b e g in n in g  c a lc u lu s  w h ich  d is p la y  th e  g r e a t e s t  le a r n in g  p r o b le m s .  

It i s  in ten d ed  th a t su c h  su p p le m e n ta r y  m a t e r ia ls  w i l l  do m u c h  to  c le a r  

up th e  m a jo r  c o n c e p ts  w h ich  stan d  b e fo r e  u n d e rsta n d in g  in  th e s e  v i ta l  

a r e a s .

S in c e  s tu d en t t im e  i s  l im it e d ,  s o  to o  m u st  th e  s e le c t io n  of to p ic s  

p r e p a r e d  b e  l im ite d .  H e n c e , th e  fo llo w in g  l i s t  of t o p ic s  s tu d ied  in  the ' 

b e g in n in g  c a lc u lu s  s e q u e n c e  is  p r e s e n te d  fo r  your in s p e c t io n . In o r d e r  

th a t th e m o s t  v i t a l  a r e a s  can  b e c o n c e n tr a te d  on, it  i s  r e q u e s te d  th a t  

you  s e le c t  th e  s e v e n te e n  a r e a s  w h ich  you  f e e l  d e s e r v e  th e  g r e a te s t  

e m p h a s is .  In a d d itio n  to  you , o th er  in d iv id u a ls  w e l l  q u a lif ie d  to  ju d ge
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th e  le a r n in g  p r o b le m s  of s tu d en ts  in  c a lc u lu s  w i l l  b e  s im i la r ly  p o lle d .  

T h en  th o se  to p ic s  w h ic h  in d ic a te  the h e a v ie s t  n e e d  fo r  c o n c e n tr a t io n  

w il l  b e  s e le c t e d  a s  the a r e a s  to  be d e v e lo p e d .

P le a s e  c h e e k  the s e v e n te e n  to p ic s  w h ich  you  f e e l  a r e  m o s t  

d if f ic u lt  fo r  s tu d e n ts  to  m a s te r :

1. T he lo c u s  p r o b le m .
W hat i s  th e  g ra p h  o f an eq u a tio n  and w hat is  th e  eq u a tio n  o f a 
graph; s lo p e ;  e q u a tio n s  of s tr a ig h t  l in e s ,  p a r a l le l  l in e s ,  
p e r p e n d ic u la r  l i n e s ; d is ta n c e  fo r m u la  and c ir c le ;  p a ra b o la ; • 
e l l ip s e ;  h y p erb o la ;  r e la te d  p r o b le m s .

2. F u n c t io n s  and fu n c tio n a l n o ta tio n . ■
C a r te s ia n  c r o s s  p rod u ct; r e la t io n ;  fu n ction ; a s s o c ia t e d  
n o ta tio n ; r e la te d  p r o b le m s .

3. I n te r s e c t io n s  of p a ir s  of c u r v e s .
S e ts  of p o in ts  s a t is fy in g  e q u a tio n s  in d iv id u a lly  and s im u lta n e o u s ly ;  
in tr o d u c tio n  o f e x tr a n e o u s  so lu t io n  p o in ts ;  r e la te d  p r o b le m s .

4. I n e q u a lit ie s  and a b so lu te  v a lu e .
D e f in it io n  of in e q u a lity  sy m b o ls ;  b a s ic  th e o r e m s  of in e q u a lit ie s ;  
d e f in it io n  of a b so lu te  v a lu e ; tr ia n g u la r  in eq u a lity ; r e la te d  
g rap h in g ; r e la te d  p r o b le m s .

5. L im it s .
A lg e b r a ic  in te r p r e ta t io n ;  g e o m e t r ic  in te r p r e ta t io n ;  b a s ic  t h e o r e m s  
of l im it s ;  r e la te d  p r o b le m s .

6. C on tin u ou s fu n c tio n s ..
D e f in it io n  o f co n tin u ity  a t 'a p o in t; d e f in it io n  of co n tin u ity  o v e r  an  
in te r v a l;  m e a n in g fu l e x a m p le s  o f co n tin u o u s and d is c o n t in u o u s  
fu n c tio n s ;  r e la te d  p r o b le m s .

7. T h e d e r iv a t iv e .
A v e r a g e  r a te s  of ch an ge; in s ta n ta n e o u s  r a te s  o f ch a n g e; s lo p e  of 
a c u rv e  a t 'a  p o in t; .a v e r a g e  and e x a c t  v e lo c ity ;  d e f in it io n  o f th e  
d eriva tive-; m e c h a n ic s  of d if fe r e n t ia t io n  w hen  p r e c e d in g  fr o m  

. th e  d e fin it io n ; r e la te d  p r o b le m s .

S im p le  d if fe r e n t ia t io n  fo r m u la s .

!; D x  c ; Dx c x n ; D x  (u+v); D x  uv; Dx  ' u /v ;  r e la te d  p r o b le m s .

8.
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9. D if fe r e n t ia t io n  o f th e  p ro d u ct, q u o tien t, and h ig h e r  o r d e r  
d e r iv a t iv e s .

D e v e lo p m e n t  of p ro d u ct and q u o tien t fo r m u la s ;  h ig h e r  o r d e r  
d e r iv a t iv e s ;  r e la te d  p r o b le m s .

10. D iffeirefttiatiQ n o f c o m p o s ite  fu n c t io n s .
P r o o f  o f ch a in  r u le ;  u s e  o f ch a in  r u le ;  r e la te d  p r o b le m s .

11. I m p lic i t  d if fe r e n t ia t io n .
D is c u s s io n  of im p lic i t  fu n c tio n s ;  r e la te d  p r o b le m s .

12. A p p lic a t io n  of th e  d e r iv a t iv e  to  l in e a r  m o tio n , m o tio n  u n der  
g r a v ity , and r e la te d  r a t e s .

L in e a r  m o tio n ; m o tio n  u n d er  g r a v ity ;  r e la te d  r a te  d is c u s s io n ;  
r e la te d  p r o b le m s .

13. S k e tch in g  a s  r e la te d  to  in c r e a s in g  and d e c r e a s in g  fu n c tio n s , 
c r i t ic a l  v a lu e s ,  and e x tr e m e  v a lu e s  of a fu n ctio n .

R e la t io n  of th e  d e r iv a t iv e  to  in c r e a s in g  and d e c r e a s in g  
fu n c tio n s ;  u s e  of the f i r s t  d e r iv a t iv e  to  is o la t e  c r i t i c a l  
p o in ts ;  the u s e  o f the s'econd d e r iv a t iv e  t e s t ;  c u r v e  p lo ttin g  
u s in g  th e  d e r iv a t iv e s ;  r e la te d  p r o b le m s .

14. R o l l e 's T h e o r e m  and M ean  V a lu e  T h e o r e m .
S ta te m e n t and p ro o f of R o lle  's T h e o r e m ; s ta te m e n t  and  
p r o o f  of M ean  V a lu e  T h e o r e m ; a p p lic a tio n  o f  M ean  V a lu e  
T h e o r e m  to  p r o v e  o th er  b a s ic  th e o r e m s ;  r e la t e d  p r o b le m s .

15. A p p lic a t io n s  in v o lv in g  th e th e o r y  o f e x tr e m e s .
M ax - m in  p r o b le m  ty p e s ;  p r o b le m s .

16. A p p r o x im a tio n  b y  d if f e r e n t ia ls .
D e f in it io n  of d if f e r e n t ia ls ;  g e o m e t r ic  in te r p r e ta t io n  of 
d if fe r e n t ia ls ;  a p p r o x im a te  ch a n g e  and d if f e r e n t ia ls ;  r e la te d  
p r o b le m s . •

17 . T h e in d e fin ite  in te g r a l .
M ean in g  of in d e f in ite  in te g r a l;  in te g r a t io n  and d if fe r e n t ia t io n  
fo r m u la s ;  c o n sta n t  of in te g r a t io n ;  r e la te d  p r o b le m s .

18. C o m p u ta tio n  of a r e a  b y  in te g r a t io n .
C o n cep t of a r e a ;  r e la t io n  of th e  in te g r a l to  a r e a  u n d er  a  
cu r v e ; c o m p u ta tio n  of a r e a s  b ou n d ed  b y  m o r e  c o m p lic a te d  
c u r v e s ;  r e la t e d  p r o b le m s .

T h e d e f in ite  in te g r a l .
M ean in g  of th e  d e fin ite  in te g r a l;  g e o m e tr ic  in te r p r e ta t io n s ;  
im p o r ta n t p r o p e r t ie s  o f th e  d e f in ite  in te g r a l;  c o m p u ta tio n  of 
th e  d e f in ite  in te g r a l;  r e la t e d  p r o b le m s .

19.
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20. A r e a  a s  th e  l im it  of a su m .
P r o o f  th a t a r e a  i s  th e  l im it  o f a sum ; r e la t e d  p r o b le m s .

21 . F u n d a m e n ta l th e o r e m  of c a lc u lu s .
P r o o f  o f th e  fu n d a m en ta l th e o r e m ; r e la te d  p r o b le m s .

22. M a th e m a tic a l in d u ctio n .
D is c u s s io n  o f n a tu re  of m a th e m a t ic a l  in d u ctio n ; e x a m p le s  of 
m a th e m a t ic a l  in d u ctio n  p r o p e r ly  and im p r o p e r ly  a p p lied ;  
r e la te d  p r o o fs  b y  m a th e m a t ic a l  in d u ctio n .
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A p p en d ix  B

P r o g r a m m e d  M a te r ia ls 'S tu d ie d  b y  
th e  E x p e r im e n ta l G roup



L e s s o n  I

I ' IN E Q U A L IT IE S

. I. F r e q u e n t ly  you  w il l  fin d  it  n e c e s s a r y  to  u se  and u n d e r s ta n d  th e  
sy m b o ls :  > , < , % , and -5 in  c o n n e c tio n  w ith  th e r e a l  n u m b e rs  
(th e n u m b e r s  w h ich  s ig n ify  th e  d is ta n c e s  to  th e  r ig h t or  le f t  o f 
0 on th e  n u m b er  l in e ) .  T h e f i r s t  sy m b o l, > , i s  rea d : "is
g r e a te r  than" . T he se c o n d  s y m b o l,  <  , i s  read : " is  le s s -  th an " .
H ow  w ou ld  "a ^ b" b e  r e a d ?

"a i s  g r e a te r  th an  b".

2. H ow  w ou ld  "a < b" b e  r e a d ?

"a i s  l e s s  than  b".

3. T h e sy m b o l ^ i s  read:- " is g r e a te r  than  or eq u a l to" . C o r r e sp o n d in g ­
ly  6  i s  rea d : " is  l e s s  th an  o r  e q u a l to .  H ow  w o u ld  "a ^ b" b e  r e a d ?

"a is  g r e a te r  th an  o r  eq u a l to  b".

4 . H ow  w ou ld  "a i  b 1.1 b e  r e a d ?

"a is  l e s s  than  o r  eq u a l to  b"

5. T r a n s la te  th e fo llo w in g  tr u e  s ta te m e n ts  in to  s y m b o lic  r e p r e se n ta t io n :
(I )  4 i s  g r e a te r  than  I. (4) 6 i s  g r e a te r  than  or e q u a l to  6.

, (2) 4 i s  l e s s  th an  5 . (5) 5 i s  l e s s  th an  or eq u a l to  7 .
(3) 6 i s  g r e a te r  th an  o r  eq u a l to  5., (6) 5 i s  l e s s  th an  or eq u a l to  5 .

4  > I 6 > 6
4  < 5 5 4  7
6 % 5 5 4  5
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T r a n s la te  the fo llo w in g  s y m b o lic  r e p r e s e n ta t io n  in to  tr u e  s t a t e -  
m en ts:
(1) 7 > 4 (4) 2 6 3
(2) 6 < 8 ( 5 )  3 * 3
( 3 )  3 * 2  (6) 2 s  2

"7 i s  g r e a te r  than 4". 
"6 is  l e s s  than  8

"2 is  l e s s  than  o r  eq u a l to  3"
"3 is  g r e a te r  than  o r  eq u a l to  3".

'3 i s  g r e a te r  than o r  eq u a l to  2". "2 i s  l e s s  than  o r  eq u a l to  2".

O ften  su ch  s y m b o ls  a r e  u se d  in co n ju n ctio n  w ith  v a r ia b le s  and th e  
v a lu e  of th e  v a r ia b le  can  be in d ic a te d  g r a p h ic a lly  on the n u m b er  
l in e .  F o r  e x a m p le  "x > 2 "  co u ld  b e  sk e tc h e d  a s  fo llo w s :
_________) _
~~o z  ^  6 &  T he sy m b o l ) s e p a r a te s  th e  poin t

2 fr o m  th e r e s t  o f th e  s e t  o f p o in ts  to  the r ig h t o f 2. In d ica te  
g r a p h ic a l ly  y <  4.

-4

4S im ila r ly  one co u ld  sk e tc h  x  == 6 a s :  __ _______ _______ i__
o  Z. 4. 6

H e r e  th e  s y m b o l ) in d ic a te s  th a t 6 i s  in c lu d ed  in  th e s e t  of p o in ts  
In d ica te  g r a p h ic a l ly  x  ^  2.

■>

(r 4 - X

S -5-

S o m e t im e s  in w r it in g  m a th e m a t ic a l  s ta te m e n ts  it  s a v e s  t im e  to  
g rou p  tw o  s ta te m e n ts  in v o lv in g  in e q u a lity  in to  one s ta te m e n t . F o r  
e x a m p le , 6 < x  and x   ̂ 7 cou ld  b e  w r itten : 6 < x  5 7. T hen  re a d in g
fr o m  le f t  to  r igh t: "6 is  l e s s  th an  x  i s  l e s s  than  or  eq u a l to  7".
Or to  in d ic a te  th a t both  c o n d it io n s  a r e  fu lf i l le d  o fte n  th is  s ta te m e n t  
i s  read: "6 i s  l e s s  than  x  and x  i s  l e s s  than or  e q u a l to  7", or
s im p ly :  "x i s  g r e a te r  thaiT lT but l e s s  than  or  e q u a l to  7". W hat
w ou ld  "3 4 x  < 5" m e a n  ?

x  i s  g r e a te r  than or  eq u a l to  3 but l e s s  than  5.
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10. N ow  co m b in in g  both  sy m b o ls  in o n e  s ta te m e n t  the sk e tc h  o f 
-2   ̂ x  < I w ou ld  ap p ea r:

)—  x — ^

ts ' 2  %

S k etch : I <: x  4 3.

11. W hat w ou ld  you  c o n c lu d e  about x  if: y   ̂ x  < y  ?

x  = y

12. C ould  it  be tr u e  th a t x  < y ^ r x ?  W hy?

N o. T h is  w ou ld  s ta te  th at x  i s  l e s s  than  i t s e l f  w h ich  is  not 
p o s s ib le  fo r  r e a l  n u m b e r s .

13. F o r  p u r p o se s  o f m a th e m a t ic a l  p r o o f  it  w il l  be c o n v e n ie n t  to  ta k e  
a s  a d e fin it io n  th a t x  < y and y  > x  a r e  e q u iv a le n t  s ta te m e n ts  and  
th a t both  m e a n  th a t y -  x  is  p o s i t iv e  or  y - x  > 0 . W hat d o es  
c < d m e a n ?

d -  c > 0.

14. F r o m  th is  s im p le  d e f in it io n  and th e  b a s ic  p r o p e r t ie s  of r e a l
n u m b e r s  (th e su m  o f tw o p o s it iv e  r e a l s  i s  a g a in  a p o s it iv e  r e a l ,  
th e  a s s o c ia t iv e  la w s  fo r  r e a l  n u m b e r s , th e  c o m m u ta tiv e  la w s  fo r  
r e a l  n u m b e r s , e tc .  ) m a n y  fa c ts  can  b e p r o v e n . We s h a ll  p ro v e  
that: " if a > b and c > d, th en  a + c >  b + d".

W hy i s  the a r g u m e n t th a t 3 < 4 and 5 < 6 and s u r e ly  3*5 < 4*6  not a 
v a lid  p ro o f of the s ta te d  th e o r e m ?

T h is  a rg u m en t i s  o n ly  good  fo r  one s p e c ia l  c a s e  - n o t fo r  e v e r y  
c a s e  a s  is  d e s ir e d .

15. In o r d e r  to  p r o v e  th e  th e o r e m , s ta r t  a s  fo llo w s :  if  a > b , th en
a -b  > 0. A ls o ,  i f  c > d , th en  c - d  > 0. Why is  e a c h  s ta te m e n t  tr u e ?

A c c o r d in g  to  d e fin it io n  (13)
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16. B u t fr o m  (15): (a -b )  ■+ (c -d )  > 0 . W hy?

T h e su m  of 2 p o s it iv e  r e a l  n u m b e r s  i s  a g a in  a p o s it iv e  r e a l  
'n u m b er .

17. H e n c e  fr o m  (16): (a+ c) -  (b+d) > 0 .  W hy?

(a -b ) t  (c -d )  i s  th e  sa m e  a s  (a+c) -  (b+d) b y  p e r m is s ib le  a lg e b r a ic  
o p e r a t io n s  on r e a l  n u m b e r s . ( A c tu a lly  th is  in v o lv e s  a s s o c ia t iv e  
and c o m m u ta tiv e  la w s  and th e  p r o p e r t ie s  o f - .  )

18. B u t (17) co n ten d s that: a+ c  > b+d. W hy?

T h e d e fin it io n  (13) co n ten d s  th a t y - x  > 0 m e a n s  y  > x .

19. H e n c e  you  h a v e  v e r i f ie d  th e  th e o r e m  you s e t  out to  p r o v e . A  
s im i la r  th e o r e m  is :  " if a :> b and c i s  an y  r e a l  n u m b e r , than
a 4 c >  b + c". T h e  s ta te m e n ts  fo r  th e  p r o o f  o f  th is  th e o r e m  fo llo w .  
S u p p ly  th e  r e a s o n s .

S ta te m e n ts

I. a > b  im p lie s  a - b >  0 I.
2. + 0 1 O M O 2.
3. a -b  + c - c > 0 3.
4 e (a + c )-(b + c ) > 0 4„
5. a+ c>  b-ic 5;

1. D e f in it io n  o f  >
2. P r o p e r t ie s  o f r e a l  n u m b e r s
3. P r o p e r t ie s  o f  r e a l  n u m b e r s
4 . P r o p e r t ie s  o f  r e a l  n u m b e r s  
5.. D e f in it io n  of >

20. S u p p o se  you  w e r e  a sk e d  to  p ro v e : " if a >  b and c >  0 w h ere  a , b , and
c a r e  r e a l  n u m b e r s , a c  t- be,", a  good  p la c e  to  s ta r t  w ou ld  be w ith  
th e  g iv e n  fa c t  a  > b . W hat can  b e  co n c lu d ed  fr o m : a > b ?

a > b m e a n s  a -b  > 0.

21 . H ow  w ou ld  you  r e a s o n  fr o m  th e fa c ts :  a -b  > 0 and c > 0 , to  get  
c ( a - b ) > 0 ?

c (a -b )  > 0 b e c a u s e  tw o  p o s it iv e  r e a l  n u m b e r s  h a v e  a  p o s it iv e  p r o d u c t
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22. W hy is  it  tr u e  th a t c (a -b )  = a c -b c ?

. P e r m is s i b le  a lg e b r a ic  o p e r a t io n s  on r e a l  n u m b e r s  a r e  u se d .  
'(T h e  r e a s o n  r e a l ly  d ep en d s on th e  d is tr ib u t iv e  and  c o m m u ta tiv e  
■laws fo r  r e a l  n u m b e r s . )

23 . N ow  u s in g  (21) and (22) one can  say: a c  > b e . W hy?  

; D e f in it io n  13 s a y s  th a t y - x  > 0 m e a n s  y  > x .

24 . A n  in te r e s t in g  tw is t  to  the th e o r e m  s ta te d  in  (20) i s  a c h ie v e d  by  
s e t t in g  c n e g a t iv e  in s te a d  of p o s i t iv e .  W hat w ou ld  h ap pen  to  the  
r e la t io n s h ip  b e tw e e n  a c  and b e  if  a  = 4 , b = 3, and c = - I ?

a c  < b e

25. On th e  b a s i s  o f  s te p  (24) c o m p le te  th e th e o r e m : " if  a > b and c < 0,
11

a c  < b e

26 . T h e p ro o f of th is  th e o r e m  co u ld  b e  m a d e  to  c lo s e ly  fo llo w  th a t o f  
th e o r e m  (20) b y  one s m a ll  step : i f  c ^ 0 , th en  - c  > 0 b y  the
p r o p e r t ie s  o f r e a l  n u m b e r s . U s in g  th is  in n o v a tio n  p ro v e : i f  a > b 
and c < 0 , a c  < b e . •

I. a > b im p lie s  a -b  > 0 I. D e f in it io n  o f >
2. c < 0 im p lie s  - c  > 0
3. /„  - c ( a - b ) > 0
4. / .  - a c  v- b e  > 0 or

2. P r o p e r t ie s  o f  r e a l  n u m b e r s  -  
n e g a t iv e  o f  a n e g a t iv e  i s  
p o s it iv e

b e  -  a c  > 0 3. P r o d u c t  o f  tw o p o s it iv e s  i s
5. A  b c  .> a c  or a c  < b e

4.
p o s it iv e
P r o p e r t ie s  o f  r e a l  n u m b e r s  -  
d is tr ib u t iv e  and c o m m u ta tiv e
la w s  fo r  r e a l s

5. D e f in it io n  o f > ■

27 . N ow  you  sh o u ld  p r o v e  one, a lo n e  to  b e  su r e  you  h a v e  th e  te c h n iq u e  
dow n s o lid . P r o v e :  if  a < b and b < c ,  th en  a < Ci
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I.' a < b m e a n s  b - a  > 0 I,
b < c m e a n s  c -b  > 0 2

•2. .. (b -a ) 4 (c -b )  > 0 3
3. G-a > 0
4. c > a or

a < c 4,

D e f in it io n  o f  <
Sum  of 2 p o s i t iv e s  i s  p o s it iv e  
S im p lif ic a t io n  o f s te p  2 -  
a c tu a lly  in v o lv e s  th e  id e a  o f an  
a d d itiv e  in v e r s e  
D e fin it io n  o f >

28. ' F r o m  th e th r e e  th e o r e m s :
(a) i f  a > b and c  a r e  r e a l  n u m b e r s , a + c  > b + c;
(b) i f  a > b and c > 0 , a‘c > be;
(c) i f  a > b and c  < 0 ,  a c  < b e; i •
m a n y  in e q u a li t ie s  o f a s in g le  v a r ia b le  ca n  b e  s o lv ed . U s e  th e o r e m  .
(a) to  s o lv e :  ■ x - 3  > 4 .

x  > 7

29. S o lv e  b y  u s in g  th e o r e m  (b): 3x < 5 . 

x  < 5 / 3

30. S o lv e  b y  u sing , th e o r e m  (c): - 3 x  < 5. 

x  > - 5 / 3

P-,

31 . S o lv e :  - 2 x  + 7 ^ 4 x  -  5. 

x  6  2

32 . Of c o u r s e  th e r e  a r e  m a n y  p r o o fs  in v o lv in g  in e q u a li t ie s  w h ich  a w a it  
in v e s t ig a t io n  b y  th e c u r io u s  s tu d en t. L e t 's  lo o k  a t a n o th er  g e n e r a l  
ty p e .

S u p p o se  you  w e r e  a s k e d  to  p r o v e :  " if  a and b a r e  p o s it iv e  n u m b e r s ,
a^ +b^ ^ -2 a b " . Y o u m ig h t  s ta r t  b y  w r it in g  ( a +b)2 0 . W hy w o u ld
th is  b e  tr u e  ?

T he sq u a r e  o f an y  r e a l  n u m b er  i s  p o s it iv e  o r  z e r o .

33. 2 2Of c o u r s e  th is  i s  e q u iv a le n t  to  s ta t in g  a f 2ab»b  % 0. 
th is  s ta te m e n t  one can  e a s i ly  c o n c lu d e  a +b^ Z -2 a b .

B ut fr o m  
W hy?

x - y  £ 0 im p lie s  x  % y . •
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34 . N ow  you tr y  on e. P r o v e :  a +b -? 2ab.

1. ( a - b ^   ̂ I . S q uare o f any r e a l  i s  p o s it iv e
2. a +b & 2ab 2. x - y  ^ 0 m e a n s  x )  y.

35 . B y  now  you sh o u ld  h a v e  th e  g e n e r a l  n o tion  a s  to  h ow  in e q u a lity
p r o o fs  p r o c e e d . So le t ' s  tu rn  o u r  a tten tio n  now  to  a tw o d im e n s io n a l  
g e o m e tr ic  in te r p r e ta t io n  of in e q u a li t ie s .  F o r  e x a m p le  c o n s id e r  
y  > x . One m ig h t  w o n d er  if  su c h  a co n d itio n  co u ld  be g e o m e t r ic a l ly  
r e p r e s e n te d  -  and th e  a n sw e r  i s  y e s .  F i r s t ,  sk e tc h  y  -  x .

n

36 . N ow  lo o k  a t th e  sk e tc h . E v e r y  p o in t on that l in e  is  lo c a te d  su ch  
th a t th e o rd in a te  is  e x a c t ly  th e  sa m e  a s  the a b s c i s s a .  On the  
fo llo w in g  sk e tc h  c o n s id e r  in  p a r t ic u la r  th e  p o in t in d ic a te d  on
y  = x  a t x  = Xq. On the l in e  x  = Xq sh a d e  in  th o se  p o in ts  w h e r e  
th e  o r d in a te s  a r e  g r e a te r  than  x Q. ( i .  e . S hade in  th o se  p o in ts  
w h e r e  y  ? X0  and y i s  on th e lin e  x  = X q . )
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37. Of c o u r s e  th e r e  i s  n oth in g  s p e c ia l  about the p a r t ic u la r  p o s it io n  
of (x 0 , y Q) on the l in e  -  it  cou ld  be a n y w h ere  on th e  l in e .  B ut 
w hat i s  im p o r ta n t i s  th e  r e la t iv e  p o s it io n  o f th e  p o in ts  w h ere  
y  > xJ W here w ou ld  a l l  su ch  p o in ts  b e ?

A b o v e  th e lin e  y  - x .

38 . L e t 's  g e t  a l i t t le  m o r e  v a r ie ty  in  ou r  a n a ly s is .  C o n s id e r  any
s tr a ig h t  line on th e c o o r d in a te  s y s t e m  -  e x c e p t  th e v e r t i c a l  l in e s .
It i s  a w e ll  know n fa c t  fr o m  h ig h  s c h o o l m a th e m a t ic s  th at e v e r y  
su ch  lin e  can  b e r e p r e s e n te d  w ith  an eq u a tio n  o f th e  fo r m  
y  = m x  + b . Our g o a l i s  to  d is c o v e r  th o se  p o in ts  w h e r e  y > m x  t b. 
T o  do so  su p p o se  th e  sk e tc h  o f y  = m x  + b i s  a s  f o l l o w s :

A g a in  c o n s id e r  the a r b itr a r y  p o in t (x0, y  ) on the l in e  and sk e tc h  
in  th o se  p o in ts  w h e r e  y > y 0 = m x 0 - b . (A ga in  c o n s id e r  y to  b e  on  
the l in e  x  = x 0 . )

39 . N ow  go one s te p  fu r th e r  and a n s w e r  th e  g e n e r a l q u estio n : w h e r e  
a r e  th e  p o in ts  w h ich  c a u s e  th e in e q u a lity  y > m x  + b to  b e  tr u e ?

A b o v e  th e  lin e  y  = m x  + b. 40 * *

4 0 . C o r r e sp o n d in g ly  you  sh ou ld  b e  a b le  to  a n sw e r  th e  q u estio n : w h e r e
a r e  th e p o in ts  w h e r e  y  < m x  •# b ?  D o so .

B e lo w  th e  l in e  y  = m x  + b.



98

41 . A lth o u g h  w e  h a v e  n e g le c te d  th e c a s e  o f  th e  v e r t i c a l  l in e  in  our
c o n s id e r a t io n , it  c o m e s  a s  a b on u s to  our o n e -d im e n s io n a l  w o rk . 
T h at i s ,  w h e r e a s  in one d im e n s io n  w hen we w an ted  a l l  p o in ts  su c h  
th a t x  > a, w e c o n s id e r e d  the p o in ts  to  th e r ig h t  o f th e  r e a l  n u m b er  
l in e .  N ow  w e w ant a tw o  d im e n s io n a l c o n s id e r a t io n  o f the 
p h en o m en o n  x  > a . Shade th e a r e a  w h er$  x  > a .

4 2 . A ls o  , you  sh ou ld  b e  a b le  to  c o n c lu d e  th e p o s it io n  o f th e  p o in ts  w h e r e  
x  £ a . W h ere w ould  th ey  b e?

On th e l in e  x  = a and to  th e le f t  o f 'fche lin e  x  = a. 43

4 3 . Y ou s e e !  A ny  s tr a ig h t  l in e  y  = m x  + b s e p a r a te s  th e  p lan e  in to  
tw o h a lv e s  w h e re  th e p o in ts  on one s id e  s a t is fy  th e  in e q u a lity  
y  7  m x  t- b. W hat in e q u a lity  do the p o in ts  on th e  o th e r  s id e
s a t is fy ?

y  < m x  4- b.

S k e tch  y  < 2x -  L



99

45 . B ut w hat a r e  w e to  do w ith  o th er  in e q u a lit ie s  l ik e  y  > ? T o
s im p lify  our w o rk  l e t ' s  ju s t  c o n s id e r  s im p le  p o ly n o m ia l c u r v e s :

y r a x 11 + b x 11 * +■ ex'1  ̂ . . .  k . S u p p o se  w e had  sk e tc h e d

y r a x  + b x 11 * * *h *k. A t ^the p o in t (x 0 , y 0 ) on th e  cu rv e  
w h e r e  w ou ld  y > a x 0 * b x 0  ̂ 4 k  b e ?  S k e tc h  it  in .
(C o n s id e r  o n ly  o r d in a te s  on x  = X0^

4 6 . N ow  b e a b it  m o r e  g e n e r a l and s p e c if y  w h e r e  a l l  p o in ts  y  > a x 11 
4 b x n ~ 4 . . .  4 k w ou ld  b e .

A b o v e  th e  c u r v e  y  = a x 11 4 bx11""* 4 . . .  4 k.
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4 8 . N ow  le t ' s  t ie  th is  sk e tc h in g  id e a  to  s p e c if ic  p r o b le m s  in v o lv in g
in e q u a li t ie s .  S u p p o se  you  a r e  a s k e d  to  so lv e :  -  4 x  -  5
T h is  p r o b le m  cou ld  be e a s i ly  tr a n s fo r m e d  in to  an a n a ly s is  
of y < x 2 -  4x  -  5 . S im p ly  s e t  y  z  *  -  4 x  -  5 , s k e tc h  it ,
d e te r m in e  w hat v a lu e s  of x  fo r c e  y  ■< x 2 -  4x  -  5 , and in  
p a r t ic u la r  fin d  w hat v a lu e s  o f x  f o r c e  y  < 0. D o s o .

< 0 .

In th e  s a m e  m a n n e r  so lv e :  x  -  5 x  f  6 > 0

x  < +2 or x  > +3

5 0 . N a tu r a lly  a l l  su ch  in e q u a lity  p r o b le m s  can  b e c o n v e n ie n t ly  h a n d led  
by n o n -g e o m e tr ic  m e a n s .  H o w e v e r , a s im p le  g e o m e tr ic  in t e r ­
p r e ta t io n  o fte n  le a d s  one to  a m o r e  s o lid  u n d e r s ta n d in g .

T o  i l lu s t r a t e  th is  c o n s id e r  the ta s k  of fin d in g  th e  in te g r a l x  and y  
w h e r e  b oth  y < x  + 2 and y > x  . T h is  i s  not to o  e a s y  w ith ou t a 
l i t t l e  g e o m e tr y , but w ith  g e o m e tr y  it  i s  not a t a l l  h a rd . D o it .

■>■ %
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( 0 , 1) • 
(I, 2)
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L e s s o n  II

A B SO L U T E  V A L U E

A  v e r y  u s e fu l c o n c e p t in  m a th e m a t ic s  is" th a t o f  a b s o lu te  v a lu e . ■ 
T h e sy m b o l I ) i s  u s e d  to  in d ic a te  a b so lu te  v a lu e  and e f f e c t s  the  
q u an tity  c o n ta in e d  a c c o r d in g  to  th e fo llo w in g  d e fin it io n :

|a l = a if  a i s  p o s it iv e ;
= -a  i f  a i s  n e g a tiv e ;
= 0 i f  a i s  z e r o .

T h at i s ,  th e  s y m b o l I I s e r v e s  to  c o n v e r t , . i f  n e c e s s a r y ,  th e  v a lu e  
c o n ta in e d  w ith in  th e m  to  a p o s it iv e  q u an tity  - u n le s s  th e  co n ta in ed  
v a lu e  i s  z e r o  in  w h ich  c a s e  i t  r e ta in s  th a t v a lu e . E v a lu a te  e a c h  
of th e  fo llo w in g :
(a) |-5 | - ?
(b) 1+51 - ?
(c) IQl :  ?

(a) +5
(b) +5
(c) 0

S in c e  |x | ^ 0 , w o u ld  i t  b e  le g it im a te  to  m a k e  a s ta te m e n t  lik e :  
I y -3  I < -3 ?  W hy?

N o , s in c e  f y - 3 l  £ 0 .

N ow  th a t you  s e e  h ow  th e  a b so lu te  v a lu e  sy m b o l e f f e c t s  th e  q u an tity  
i t  c o n ta in s , you  sh ou ld  b e  a b le  to  d e f in e  I x l  w ith o u t lo o k in g  b a c k  
to  s te p  N o. I. D o  s o .

I x l  -  x  i f  x  i s  p o s it iv e ;
- - x  i f  x  i s  n e g a tiv e ;
-  0 i f  x  i s  z e r o .

L e t 's  t r y  you r u n d e r s ta n d in g  in  o n e  m o r e  in s ta n c e .  W hat i s  th e  
n u m e r ic a l  d if f e r e n c e  b e tw e e n  13 x -7 ) and 17-3x1 ?



S im p lify  i f  p o s s ib le :

(a) I x^l  (c) I x 3 I.  (e) I x - 7 1
(b) I x ltiI (d) I 7 - x |

(a.) X 18 (c) | x  I (e) s a m e  a s  (d),
(b) x  (d) I 7 - x l  or  Ix - 7 1

In c a s e  a p r o b le m  in v o lv e s  a  s ta te m e n t  l ik e  I x - a |  y o u  m u s t  b e  
a b le  to  p r o p e r ly  in te r p r e t  t h is .  C o n se q u e n tly , l e t ' s  d w e ll on it  
fo r  a m o m e n t.

In c a s e  x > a  you  sh o u ld  b e  a b le  to  e x p r e s s  the v a lu e  I x -a l  , 
w ith o u t th e  a b s o lu te  v a lu e  sy m b o l. D o so .

I x - a l  - x - a  i f  x  > a.

In c a s e  x  < a y o u  sh ou ld  b e a b le  to  e x p r e s s  th e  v a lu e  lx -a | w ith o u t  
th e  a b s o lu te  v a lu e  sy m b o l. D o so . 1

I x - a l  - - (x-a)  = a - x  i f  x < a .

N o w  a s  an a p p lic a t io n  o f th is  k n o w led g e  su p p o se  y o u  a r e  co n fro n ted  
w ith  s o lv in g  th e  in e q u a lity  I x - 3 1 . I n it ia lly  you  sh o u ld  c o n c e n tr a te
on Ix - 3 /  and r e a s o n  a s  fo llo w s :

1. I f  on e p r e s u m e s  x  > 3, th e  a b s o lu te  v a lu e  s y m b o l can  b e  
s im p ly  d ro p p ed  ( s in c e  x - 3  > 0) and th e  r e s u lt in g  in e q u a lity  
x - 3   ̂ I can  b e  so lv e d .

2. I f one p r e s u m e s  x  < 3, th e  a b s o lu te  v a lu e  s y m b o l on I x -3 l can  
b e  r e m o v e d  o n ly  b y  p r e f ix in g  (x -3 )  w ith  a  m in u s  sign :
•-(-x-3) -_ 3 - x .  In th is  c a s e  th e  so lu t io n  o f 1 x -3 l i  i s  b o ile d  
dow n to  th e  so lu t io n  o f 3 - x  < I.

• In th e  e v e n t x  > 3 s o lv e  |x - 3 l  < I .

x  < 4

In th e  e v e n t x  < 3 s o lv e  | x - 3 1 - c l -
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9. B u t w h at i f  b o th  c o n d itio n s  (x  > 3 and x  < 3) a r e  p o s s ib le  v a lu e s
fo r  x JJJ T hen  you  m u s t  a s k  y o u r s e lf  w hat v a lu e s  of x  w ou ld  m a k e  
both  x - 3  < I and 3 - x  < I tr u e . W hat a r e  th e s e  v a lu e s ?

2 < x  < 4

10. A s  a c o m p a r a b le  p r o b le m  w ith  o n ly  a  s k e le to n  o f e x p la n a tio n  th e  
so lu tio n  o f 12 x -5 | < 11 p r o c e e d s :  
i f  2 x>  5 , th en  2 x -5  < 11  and x <  8; 
if  Zx < 5, th en  5 - 2 x  < 1 1  and x  > - 3.
T h u s -3  < x < 8 . OK. U sin g  th is  m e th o d  s o lv e  15-3x1 < 3.

If 5 > 3x , th en  5 - 3x  < 3 and x  > 2 /3 ;  
i f  5 < 3x , th en  3 x -5  < 3 and x  < 8 /3 .  
T h u s 2 /3  < x  < 8 /3

11. P e r h a p s  an e a s ie r  c o n s id e r a t io n  o f  th e  a b ove ty p e  o f p r o b le m  is  
th a t of a  g e o m e tr ic  a r g u m e n t. N a m e ly  i f  I x - 3  J < I th is  m e a n s  
th e d if fe r e n c e  b e tw e e n  x and 3 in  a b so lu te  v a lu e  m u s t  b e  l e s s  th an
I. Or s ta te d  d if fe r e n t ly  i t  m e a n s  x  c a n 't g e t  a s  fa r  a s  I u n it on  
e ith e r  s id e  of 3. On th e n u m b er  l in e  th is  m e a n s  x  m u s t  ta k e  on  
r e a l  v a lu e s  o n ly  a s  i s  in d ica ted :

)--------%------ (
I 2  3 I  5

S k e tch  th e in e q u a lity  l x - 3 1 4 2.

I  2 3 4 5

12. P u r s u in g  th is  a  s te p  fu r th e r  c o n s id e r  lx - 2 | < 6. T h is  m e a n s  th e
m a g n itu d e  of th e  d is ta n c e  fr o m  x  to  2 m u st  a lw a y s  b e  l e s s  than  6. 
W hat a r e  th e  u p p er  and lo w e r  b ou n d s w h ich  l im it  th e  v a lu e s  x  can  
a s  su m e  ?

-4  < x  4 8

In fa c t  you  can  sta te , th a t in g e n e r a l  i f  I x -a l -4 b , th en  th e v a lu e s  
x  can  ta k e  on a r e  b e tw e e n  and

a -b  and a+b

13.



105

14. A  p a r t ic u la r  in e q u a lity  w h ich  i s  of g r e a t  im p o r ta n c e  in  c a lc u lu s  
i s  th e  fo llo w in g : I x  - a I < /  . W hat v a lu e s  can  x  a s s u m e ?

a . - J  < x  < a t

15. O ften  in c a lc u lu s  on e n e e d s  tw o  d im e n s io n a l s k e tc h e s  o f a b so lu te  
v a lu e  p h en o m en o n . S o m e t im e s  th e p r o b le m s  a r e  s im p le  enough  
to  be a n a ly z e d  o n ly  in v ie w  o f th e  d e fin it io n  and th is  g iv e s  
s u ff ic ie n t  in s ig h t  to  s k e tc h  the c u r v e . L e t 's  c o n s id e r  one su ch  
p r o b le m  now: y = | x  - 1| .

2
T he sk e tc h  o f y* = x  - I  (no a b so lu te  v a lu e  s ig n s )  i s  a s  fo llo w s:

N ow , c o n c e n tr a te  on the fa c t  th a t y m u st  be e q u iv a le n t  to  |x  -I  I 
W hat i s  the s m a l le s t  v a lu e  y can  a s s u m e ?

z e r o

T h u s y m u st  a lw a y s  be no lo w e r  than  the x - a x i s .  B u t you  can  s e e  
y* < 0 w hen  - 1 < x  < I. W hat th en  m u s t  h appen  to  y o v e r  th is  sa m e  
in te r v a l?

y = j x^ - 1| > 0 o v e r  th is  sa m e  in te r v a l .

In fa c t  o v e r  th is  in te r v a l s in c e  | y* | z y you  sh o u ld  be a b le  to  
s p e c ify  the r e la t io n s h ip  b e tw e e n  y  and y* b y  n ot u s in g  th e a b so lu te  
v a lu e  sy m b o l. D o so .

y = |-y * l

U sin g  a l l  th e  fo r e g o in g  a r g u m e n ts  sk e tc h  y =
I t

L 2-Il .

4-x.
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16. Y ou se e .1 T h e a b so lu te  v a lu e  s y m b o l on x  - I ju s t  s e r v e d  to  r e ­
f le c t  a l l  th e  c u r v e  b e lo w  th e x - a x i s  fr o m  b e lo w  th e a x is  to  ab ove

S k etch : y

17. T h u s if  one h a s  y  eq u a ted  to  the a b so lu te  v a lu e  of so m e  e x p r e s s io n  
in v o lv in g  x , i t  i s  sa fe  to  s im p ly  sk e tc h  th e cu r v e  a s  though no  
a b so lu te  s y m b o l w e r e  p r e s e n t  and th en  r e f l e c t  th e  p o s it io n s  o f th e  
c u r v e  b e lo w  th e  x - a x i s  a c r o s s  th e  l in e .

S k etch  y = - I s in  x | o v e r  O ^ x  .

%

N o tic e  th e  m in u s  s ig n  in  fr o n t  
of the a b so lu te  v a lu e  sy m b o l!  

y  T h is  m e a n s  y i s  n o n -p o s it iv e .'  
^  N ow  you  m u s t  r e f l e c t  e v e r y ­

th in g  b e lo w  the x - a x i s .

- / I
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18. H o w e v e r , the ta s k  is n 't  a lw a y s  so  s im p le .  It d o e s n 't  a lw a y s  
happen  th at y i s  a s im p le  a b so lu te  v a lu e . It cou ld  b e th at y is  
a co m b in a tio n  o f an a b so lu te  v a lu e  and a l in e a r  t e r m . F o r  
e x a m p le :  y = I - J x |  . In su ch  a s itu a tio n  one m u s t  p r o c e e d
a c c o r d in g  to  c a s e s .

(1) If x  > 0, y = 1 -x .
(2) If x  < 0, y  z  1+x.
(3) If x  = 0 , y  = I.

S k etch  y = I - I x l  .

19. W hat th r e e  c a s e s  w ou ld  you  c o n s id e r  in  sk e tc h in g  y  = j x  + Z l  - 2 ?  
A nd w hat w ou ld  y  b e in e a c h  c a s e ?

1. x  > -2 ; y  - x .
2. x  < -2 ; y  - - 4 - x .
3. x  - -2 ; y - -2 .

S k etch  y2 0 .
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S ketch : y = I -

x  > 2 im p lie s  y  = 1 + 2 -x .  
x  < 2 im p lie s  y = l+ x -2 .  
x  = 2 im p lie s  y  - I.

2 2 . T he p r o b le m  ty p e s  cou ld  b e e v e n  fu r th e r  v a r ie d . So fa r  w e h ave  
n ot c o n s id e r e d  th e  c a s e  w h e r e  y  i s  e n c lo s e d  by th e  a b so lu te  v a lu e  
sy m b o l. L e t ' s  t r y  one.

In c a s e  you  a r e  c o n fr o n te d  w ith  th e p r o b le m : I x - y I = I , th e  p r o ­
c e d u r e  is  m u c h  the sa m e  a s  b e fo r e . T h at i s ,  e x a m in e  c a s e s .

► y . T h is  is  the r e g io n  to  the
r ig h t  of x  = y.

. V - - ----- -fig. * -*•
. . v - V . ;

Z  * "

In th is  a r e a  I x - y l  = I b e c o m e s
a c c o r d in g ly . In w hat p a r t  of th e  p la n e  w ou ld  one w o rk  if  x   ̂ y  ?

T o  the le f t  of x  = y.

23 . S k etch : Ix - y l  -  I. U se  th e  c o o r d in a te  s y s t e m  of n u m b er  22.

24 . A n e v e n  m o r e  c o m p lic a te d  p r o b le m  w ou ld  in v o lv e  tw o a b so lu te  
v a lu e s  in  th e  sa m e  eq u a lity : I x | f I y | = 1 .  A g a in  the a tta ck  
w ou ld  b e  p ie c e m e a l  - f i r s t  c o n s id e r  x  and y to  be p o s it iv e .  W hat 
p a r t of the c o o r d in a te  s y s te m  w ou ld  b e  u n der c o n s id e r a t io n ?

F i r s t  q u adrant
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25. W hat w ould  th e  r e s u lt in g  eq u a tio n  in  th is  a r e a  b e ?  S k etch  it.

- >  X X t y  r  I

26 . N ow  c o n s id e r  the c a s e  w h e re  x  i s  n e g a t iv e  but y p o s it iv e .  W hat 
p a rt of the c o o r d in a te  s y s te m  w o u ld  b e  in v o lv e d ?

S eco n d  quadrant

27 . W hat eq u a tio n  w ou ld  be c o n s id e r e d  h e r e ?

- x t y -  I

28 . S k e tch  th is  p o r tio n  of the f ig u r e .

29 . P r o c e e d in g  a c c o r d in g  to  th e a b o v e  fo r m a t  c o m p le te  the e n tir e  
s k e tc h  o f | x l  + | y |  = I

30. One v e r y  u s e fu l  in e q u a lity  in  c a lc u lu s  is  the s p e c ia l  " tr ia n g u la r  
in eq u a lity " : I x+y| < \ x l  + \y |  . T h is  in e q u a lity  can  be m a d e
p la u s a b le  b y  th e  g e o m e tr ic  c o n s id e r a t io n  o f th e  tr ia n g le  w h o se  
s id e s  a r e  ta k en  to  b e v e c t o r s .  t *

If tw o  o f  th e  s id e s  a r e  d en o ted  x  and 3F, it  i s  c le a r  (u s in g  the___
fa m il ia r  a d d itio n  o f v e c to r  fa c t s )  th a t the r e m a in in g  s id e  i s  x  + y.
If one d e s ig n a te s  th e le n g th s  of the th r e e  v e c t o r s  b y  I x i  , 1 y | , 
and Ix+yj , upon w hat p lan e  g e o m e tr y  th e o r e m  d o e s  th e in ­
e q u a lity  I x  I f l y )  >1 x * y | d ep en d ?
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T he su m  o f tw o  s id e s  o f a t r ia n g le  i s  g r e a te r  th an  th e  th ird .

31 . In c a s e  x  and y  a r e  in  th e  sa m e  d ir e c t io n  th e  t r ia n g le  d e g e n e r a te s  
in to  a s tr a ig h t  l in e .  In th is  c a s e  Ix l + ' I y l  h a s  w hat r e la t io n s h ip  
to  I x  + yl ? ?

/ x  / t  l y l  - /x+ y l

32. T h e a lg e b r a ic  p r o o f  of th e  tr ia n g u la r  in e q u a lity  i s  a b it  m o r e  in ­
v o lv e d  and l e s s  in tu it iv e . It s ta r t s  w ith: (x+y)^  = x^  + 2xy  + y^.
B u t x^ + 2 xy  + y2 |x |^  + 2 | x I I y| + iy |2„ W hy?

x  or y  m a y  b e  n e g a t iv e  h e n c e  fo r c in g  2x y  < 0 .

7 7 2
33 . C le a r ly  I x l T" t 2 Ix lly l f Iyl - (| x  / + |y  I ) . 2

T h u s: (x+y)^ = x 2 + 2 x y  + y2 ^ |x  I 2 +r 2 ix |  I y  I + I y| 2 - ( I x l + I y l ) 
B u tlx  + y|2 = (x+y) . W hy?

B o th  a r e  th e sa m e  p o s it iv e  v a lu e  w h en  sq u a r ed  d e s p ite  the fa c t  
th a t (x+y) m a y  h a v e  b e e n  - Ix  + y) b e fo r e  sq u a r in g .

34 . C o n s id e r in g  s te p  (33) it  i s  c le a r  th a t I x + y l2 ( |x |  + Iyl ) .
T a k in g  th e p o s it iv e  sq u a r e  r o o t  o f b o th  s id e s  y ie ld s  I x+yl $ |x l + |y | .  
W hy?

If 0 < a  < b and n i s  an y  p o s it iv e  in te g e r ,  th en  Y a  <£ Y~b ,

35 . V e r ify  th e  tr ia n g u la r  in e q u a lity  b y  c h o is e  o f v a r io u s  v a lu e s  fo r  
x  and y.

One su ch  v e r i f ic a t io n  m ig h t  be: x  = -3 ,  y  = -2 ;  ( - 3 - 2  ] ^ |- 3 |  + |- 2 ( .

36 . U n d er  w hat c o n d it io n s  w ou ld  )x | + I yl = |x + y l ?

(1) x  = y  = 0
(2 ) x  > 0 and y  > 0
(3) x  < 0 and y  < 0



Lesson III

LIM ITS

U n d ou b ted ly  the m o s t  im p o rta n t y e t  l e a s t  u n d e r s to o d  c o n cep t in 
b eg in n in g  c a lc u lu s  i s  th e  id e a  of l im it .  C o n se q u e n tly , the fo llo w in g  
m a t e r ia l  i s  p la n n ed  to  g iv e  you a b e t te r  in s ig h t  in to  th is  v ita l  a r e a .  
W hat c o n c e p t w il l  th is  m a te r ia l  b e  a b ou t?

L im its

S u p p o se  w e c o n s id e r  th e  c u r v e  y  = and d ra w  a s e c a n t  lin e  P Q  
a c r o s s  th is  c u r v e  th ro u g h  th e p o in ts  ( I ,  I) and (2, 4).

Q s l id e  dow n the c u r v e  fr o m  (2, 4) to w a r d s  P , the r e s u lta n t  s e c a n t  
P Q  w il l  m o r e  c lo s e ly  a p p ro a ch  a p o s it io n  o f ta n g e n c y  a t  P . A s  a 
m a tte r  of fa c t  w e cou ld  sa y  th at th e c lo s e n e s s  of the s e c a n t  l in e  to  
th e  tr u e  ta n g en t d ep en d s on h ow  c lo s e  Q i s  to

In b r ie f:  th e  d if fe r e n c e  in p o s it io n  b e tw e e n  the ta n g en t and the  
s e c a n t  i s  d ep en d en t upon the c lo s e n e s s  o f  Q to

A s  a se c o n d  i l lu s tr a t io n  c o n s id e r  th e  o ld  s to r y  of the fr o g  th at h o p s  
h a lf  the r e m a in in g  d is ta n c e  to  the p o n d 's  ed ge  e a c h  d a y . T he f ir s t  
day h e  i s  p e r h a p s  16 f e e t  aw ay; the s e c o n d  day 8 fe e t;  th e  th ird  4; 
e tc .  A lth ou gh  he n e v e r  a c tu a lly  a r r iv e s  at the w a te r  ( s in c e  th e r e  
i s  a lw a y s  h a lf  th e  p r e v io u s  r e m a in in g  d is ta n c e  b e fo r e  h im ), he  
can  b e sa id  to  g e t  a s  c lo s e  a s  you  p le a s e .  In fa c t  th e  fro g -to .-p o n d  
d is ta n c e  can  b e  m a d e  a s  s m a ll  a s  you  p le a s e  b y  s im p ly  in s is t in g  
on a s u f f ic ie n t  n u m b e r  o f .

J u m p s o r  d a y s
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5. T he id e a  o f a l im it  i s  m u ch  the sa m e . T he e a s i e s t  c o n s id e r a t io n  
i s  a g e o m e tr ic  on e. T ak e y = f(x) to  b e a s im p le  co n tin u o u s c u r v e  
o v e r  an a c c e p ta b le  d o m a in  and ta k e  (x 0 , y 0 ) and (x p  y^) to  be tw o  
p o in ts  on the cu r v e  o v e r  th is  sa m e  d om ain .

T he m a g n itu d e  o f th e  d if fe r e n c e  of th e  o r d in a te s  a t  x  and x ,  w ould

6. T he am ou n t o f th is  d if fe r e n c e  can  be c o n tr o lle d  in  ou r e x a m p le  b y  
in s is t in g  on p r o x im ity  of x^ and

7. T he m a th e m a t ic ia n  u s u a l ly  s p e c i f i e s  the am ou n t of d if fe r e n c e  to  be  
to le r a te d  b e tw e e n  y  ̂ and y in t e r m s  th e  G r e e k  le t t e r  E , e p s ilo n .
T hat i s ,  to  be c e r ta in  th a t She m a g n itu d e  of the d if f e r e n c e  cou ld  
n e v e r  e x c e e d  a p o s it iv e  n u m b er e , one cou ld  in s i s t  that:

I y i  - y o |< €  . In w o rd s  th is  in e q u a lity  r e a d s  . . .  .

T he a b so lu te  v a lu e  of th e  d if fe r e n c e  b e tw e e n  y % and y 0 i s  l e s s  than  ^ .

8. T o  s a t is f y  th is  to le r a n c e  the r e a d e r  i s  co n fro n ted  w ith  the ta s k  o f 
s p e c ify in g  th e d is ta n c e  x^ i s  fr o m  x^. L e t  us su p p o se  su ch  a 
d is ta n c e  e x i s t s  and le t  u s  c a l l  th is  d is ta n c e  , d e lta . T hen  w e a r e
sa y in g  th at w hen  Jx^ - x 0 | < /  th en  | y^ - yo I < € .

If the d is ta n c e  x% is  fr o m  x 0 i s  l e s s  than  f  , w h at m u s t  be the  
r e s t r ic t io n  on th e d if fe r e n c e  in d is ta n c e s  of y o and y  ̂?

I y i  - Y o U f c -

9. F o r m a l ly  th e m a th e m a t ic ia n  fr e q u e n t ly  c h o o s e s  to  d e fin e  a l im it  
u s in g  th is  v e r y  id e a . T hat i s ,  y  ̂ a p p r o a c h e s  y 0 a s  a l im it  if  and  
o n ly  if  fo r  any p o s it iv e  £ (no m a tte r  how  s m a ll)  th e r e  a lw a y s  
e x i s t s  a p o s it iv e  {  su ch  th at | f(x^) - f (x 0)| <€. w h e n e v e r  

I X} - x o | < t  . H ow  la r g e  can  € b e ?

A s  la r g e  a s  i s  d e s ir e d .
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H ow  s m a ll  can  fc b e  ?

A r b itr a r i ly  s m a ll  but p o s it iv e .

10. If f  y o ( —> is  rea d  " a p p r o a c h e s") a s  a l im it ,  and €. i s
a r b it r a r i ly  c h o se n  to  b e y , a c c o r d in g  to  the d e fin it io n  in  (9) w hat 
m u st  be th e r o le  o f d" ?

m u st  s p e c ify  a sa fe  ran g e  o f v a r ia t io n  of about x  su ch  th at  
w hen  I x 1 - x j  < /  th en  Iy1 - y j  < j .

11. T o  in d ic a te  th a t f(x) a p p r o a c h e s  a l im it  L  a s  x  a p p r o a c h e s  "a" the
m a th e m a t ic ia n  w r ite s :  Iim  f(x) = /  . T h is  i s  read : "the l im it  of

f(x) a s  x  a p p r o a c h e s  "a" i s  L  " .

T r a n s la te :  I im  g (y ) = M.

T he l im it  o f g(y) a s  y a p p r o a c h e s  b i s  M.

12. S u p p o se  th e  s tr a ig h t  l in e  y  = 3 i s  d e f in e d  o v er  a l l  v a lu e s  o f x . 
W hat w ould  I im  b e ?  (A sk e tc h  m a y  h e lp . )  ̂a

S

3
t t r-J

j— >%

W hat y w ou ld  s a t is f y  6 - I?  (H int: s in c e  Y =  ̂ th e r e
m u s t  be a su ch  th a t | y - 3/< I w h e n e v e r  |x -2 (  < /  . Y our p r o b le m  
i s  to  fin d  th e S  w h ich  w il l  fo r c e  I y -3  | < | . )

A ny £  s in c e  I y -  3 J = 0 fo r  e v e r y  .

W hat  ̂ w ould  s a t is f y  any £ ?

A ny f  b e c a u s e  no m a tte r  w h e r e  th e  x  v a lu e s  a r e  c h o s e n  the  
d if fe r e n c e  b e tw e e n  the o r d in a te s , y  and 3, m u st  b e  z e r o  w h ich  i s  
a lw a y s  l e s s  than  fe s in c e  £> 0.
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13. A s  a se c o n d  e x a m p le  c o n s id e r  y = f(x ) - x . S u p p o se  w e  a r e
a sk e d  to  p r o v e . Iirn f(x ) = 3. We m u st  sh ow  th at fo r  an y  6 > 0 

x  -»3
th e r e  e x i s t s  a /  su ch  th at I f(x) -3  I < 6 w h e n e v er  

I x - 3 /  < <f

Or fo r  an y  6 > 0 w e  m u s t  sh ow  th e  e x is t e n c e  of a /  su ch  that 
w h e n e v e r  J x -3 | < ^ th en

lf (x ) -3 |<  6

In p a r t ic u la r  su p p o se  £ i s  c h o se n  to  b e I. W hat £  w i l l  s a t is f y  th is  
€  ? W hy? (H int: a sk e tc h  m a y  h e lp  you  d e c id e . )

o<&  < I s in c e  I x - 3  |< I im p lie s  |f ( x ) - 3  I < €

If €  i s  c h o se n  a r b it r a r i ly ,  w hat v a lu e  o f £  can  be c h o se n  to  
s a t i s f y  €  ?

S im p ly  p ic k  & £  €  .

14. S u p p o se  f(x) - x  and w e  a r e  a sk e d  to  p ro v e:
Iim  

x  2 4. We

m u st  sh ow  th a t fo r  C > 0 th e r e  e x i s t s  a 
J x - 2 1 < f  th en  | f ( x ) - 4 |  < e  . If €
I f ( x ) - 4  I < I w hen ___________________ .

su ch  th a t w h e n e v e r

I x - 2 I < /
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T o fin d  <T s k e tc h  the c u rv e  y  = f(x ) = x  . N ow  ta k e  an in te r v a l  
one u n it on e i th e r  s id e  of y = 4. T h at i s ,  sk e tc h  y  = 3 and y  = 5. 
N ow  it  m u s t  b e  tr u e  th a t the to p s  o f  th e  o r d in a te s  to  the p a ra b o la  
be c o n ta in ed  b e tw e e n  th e s e  tw o l in e s .

O b v io u s ly  you  can  fo r c e  th is  r e s t r ic t io n  on the o r d in a te s  b y  
s im p ly  in s is t in g  th a t o n ly  o r d in a te s  w h o se  b a s e s  a r e  c lo s e  to  
x  = 2 b e  c h o se n . F o r  e x a m p le , y o u  c o u ld  b e  c e r ta in  th a t a l l  the  
o r d in a te s  w ou ld  a lw a y s  be s h o r te r  th an  5 b y  in s is t in g  th a t x  
m o v e  no fu r th e r  to  th e r ig h t  of x  = 2 th an  to  x  <C

Yi
C o r r e sp o n d in g ly  you  co u ld  b e  c e r ta in  th a t a l l  o r d in a te s  w ould  b e  
lo n g e r  than  3 b y  in s is t in g  th at x  m o v e  no fu r th e r  to  th e  le f t  of 
x  = 2 th an  x  > _____ ,_____________________. .
“ rf ............ - - - - - - ............. - ...........
N ow  put th e  r ig h t  b ou nd  and th e le f t  bound to g e th e r  su c h  th at  
w h e n e v e r  x  i s  w ith in  th e s e  b ou nd s th en  • I f ( x ) - 4 |  < I . T hat i s ,  w hat 
v a r ia t io n  co u ld  you  in s i s t  on w h ich  w ou ld  g u a r a n te e  th a t | f ( x ) - 4 j  < / ?

'T i < x  < i i

B u t n o t ic e  th a t 'Ti = I. 732 and V~5 = 2. 236 a r e  d if fe r e n t  d is ta n c e s  
fr o m  2 ( 'T3 = I. 732 i s  about . 268 u n its  fr o m  2 w h ile  N-S = 2. 236
i s  o n ly  about . 236 u n its  fr o m  2).

C o n seq u en tly : 2 - . 268 < x  < 2 4 . 236.
So a c tu a lly  w e  cou ld  fo r c e  b o th  2 - . 268 < x  and x  < 2 -t,. 236 b y  
s im p ly  in s is t in g  th a t \ x - 2 |  < _______________ .

. 2 3 6

15. Y ou se e .1 W h en ev er  I x - 2 1 < . 236  (the s h o r te r  of th e  in te r v a l  on  
th e  l e f t  and th e  in te r v a l  on th e  r ig h t)  th en  l x  - 4 l  < I . N o t ic e  
th a t you  h ad  to  c h o o s e  S ' fr o m  tw o  v a lu e s :  2 -  'i 3 a n d  -2 . ■ 
W hy w ou ld  it  h a v e  b e e n  in c o r r e c t  t o  c h o s e  /  a s  2 -  "V 3?

6  cou ld  n ot b e  2 -  "j 3 s in c e  th e  o r d in a te  a t 2 + (2 -  >p 3 )  i s  
(2 * 2 -  >T~3)2 or (4 -  H 3)^ = 5 .1 + . T h u s a t th is  a b s c i s s a  it  i s  not 
tr u e  th a t Jx^ - 4 J<  / .
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16. N ow  su p p o se  you  a r e  a sk e d  to  p r o v e  that = 9. In p a r t ic u la r
su p p o se  you  a r e  a sk e d  to  d e m o n str a te  the e x is t e n c e  of a <f w h ich  
w ill  c o n f ir m  th a t |x ^ - 9 |  < € w h e r e  t  is  c h o s e n  to  b e I. F in d  
th e v a lu e  S' su c h  th a t w h e n e v e r  lx - 3 |  < t  th en  |x ^ - 9 l  < e

I x - 3 | <1 ^ T o  f o r c e s  |( x 2 -9 ) | <1 . T hus fhO.

17. H o w e v e r , the p r o b le m  of p ro v in g  th a t a v a r ia b le  a p p ro a ch  a
l im it  d o e s  not f ix  th e  v a lu e  o f €. a s  w e  h a v e  done s o  fa r . In ste a d  
it  i s  le f t  a s  in th e d e fin it io n  - a r b it r a r i ly  s m a ll  but p o s it iv e .  
H e n c e , the ab o v e  e x a m p le s  w ou ld  not be c o m p le te  p r o o fs  that

l im  x 2 - 4 o r  th a t x 2 = 9.
x  -*■ 2 x  ~ J
In ste a d  one w ou ld  h a v e  to  sh ow  th e  <T to  s a t i s f y  an y  a r b itr a r i ly  
s m a ll  but p o s it iv e __________ .

e

18. B u t a g a in  th is  can  b e  done n ic e ly  b y  the sa m e  g e o m e tr ic  a r g u m e n t. 
T h is  t im e  ju s t  d ra w  l in e s  p a r a l le l  to  y = 4 but a d is ta n c e  o f £  
u n its  on b oth  s id e s  o f y  = 4. A s  b e fo r e ,  a s k  y o u r s e l f  w hat v a lu e s  
of x  w ould  k e e p  th e  to p s  o f the o r d in a te s  w ith in  t h e s e  p a r a lle l  
b o u n d a r ie s . 2 You sh ou ld  d e c id e  on an a b s c is s a  on th e r ig h t w h ich  
w il l  f o r c e  x  < 4 + € and an a b s c i s s a  on th e  le f t  w h ich  w il l  fo r c e

W hat a r e  th e s e  b ou n d s you  m u s t  p la c e  on x ?  * .
: 4  -

R T g  < x  < I 4+6

A nd a s  b e fo r e  it  co u ld  be the c a s e  (and in  fa c t  i s )  th a t the  
v a r ia t io n  a llo w e d  x  i s  not o f eq u a l d is ta n c e  fr o m  x  = 2. H e n c e , 
one co u ld  c e r ta in ly  b e su r e  th a t | x  - 4 1 < e  b y  s im p ly  p ick in g  

J x - 2 |  < or w h ich ev er  ,is  s m a l le r .

2 - N 4 - 7 I Y 4 7 ?  - 2
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T o  w rap  it  u p t ig h t you cou ld  s a y  th at I x ^ - 4 / < £  w h e n e v e r  
I x - 2  I < \ J 4 * € .  -2  (w h ich  i s  in  fa c t  the s m a lle r  of the tw o.* 1).

W hat i s  the v a lu e  o f f  in  th is  p r o b le m  ?

<r -  c -2

19. OK. N ow  you p ro v e  ^ ^ 3  = 9 b y  fin d in g  ^  su ch  that w hen

I x - 3 1 < i f  th en  J x ^ -9 /  ^ ^ •

y  = \^9 + €  -3 .  ( f 9+ 6 -3  i s  s m a lle r  than  3 -  f  9 -  6 . )

20 . The ab ove c o n s id e r a t io n s  of l im it  p r o o fs  h a v e  a l l  b e e n  g e o m e tr ic .  
We s h a ll  now  p ro v e  so m e  l im it s  b y  u s in g  an a lg e b r a ic  a tta ck .
Our p r o c e d u r e  fo r  l im it  p r o o fs  in  th e fo llo w in g  s e c t io n  s h a ll  be  
e n t ir e ly _____________.

a lg e b r a ic

21 . T o  a lg e b r a ic a l ly  p ro v e  x^ = 4 , c o n s id e r  I x^ - 4 | < e . Is

the in s is t e n c e  th a t 1 x ^ -4  I < € th e  sa m e  a s  the d em a n d  that 
I x - 2 |  '  I x + 2 | < 6  ? W hy?

Y e s , s in c e :  th e  p ro d u ct of a b s o lu te  v a lu e s  i s  the sa m e  a s  the  
a b so lu te  v a lu e  o f the p ro d u ct.

22 . N ow : I x - 2  I I x + 2 | < €. i s  th e  sa m e  a s  I x - 2  l< £" /  l x t 2 |  . W hy?

If a < b and c > 0 , a / c  < b / c .

23 . T h u s if  x  i s  c lo s e  to  2 ( s o  c lo s e  th at I x - 2 |  < J ), | x  + 2| m u s t
c e r ta in ly  b e l e s s  th an  . H int: S k etch  in  one d im e n s io n

I x - 2 / <  I , and c o n s id e r  the u p p er  bound fo r  I x + 2 I

4----- >----- jZ-----*-----S----- »

Q /  Z 3 4
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24 . B u t u n d er  the r e s t r ic t io n  c ite d  in  (2 3 ), th e  in e q u a lity  in  (22) 
b e c o m e s :  | x - 2 J  ^ £ / 5

25 . ; B u t th is  m e a n s  ^  h a s  b e e n  found.' T o  s e e  w hy, f i l l  in  r e a s o n s
'for th e  fo llo w in g  s t e p s .

S ta te m e n ts

I. S in c e  l x + 2 )  < 5, 1 /5  < — 17-
jX  + /l I I.

2. £/5<iJzr 2.

3. So , fo r c in g  [ x - 2 1 < e /5  f o r c e s  
I x - 2 | < e /  j x  + 2 1

3.

I
4. \ x -2 1  * l x - 2 l < e 4.

5. or  . I x ^ - 4 I < £ 5.

1. 0 < a  < b im p lie s  I /b  < l / a .
2. a < b , c > 0 im p lie s  a c  < b e
3. a < b , b < c im p lie s  a < c
4. s e e  (2)
5 . | a |  I b l  = l a b |

In .the a b o v e  a r g u m e n t w hat v a lu e  i s  if  I x - 2  I < I ?

/  = €  /5

26. H o w e v e r , th e  e n t ir e  p r e v io u s  a r g u m e n t d ep en d s on th e  fa ct:
I x - 2 1 4 I  . W e m u s t  b e  a s s u r e d  th a t our c h o ic e  o f ^ n o t on ly  

im p lie s  I x ^ -4  I < e  b u t in  fa c t  | x - 2 |  < f  m u s t  g u a r a n te e  that 
( x - 2  ( -Cl  . In d eed , i f  | x - 2  I ^  I  , w e  cou ld  n e v e r  con ten t  

th a t I x% -4 I < 6 .' H e n c e , w e m u s t  in s i s t  th a t \ x - 2  \ < I  .

In th e  p r e v io u s  a r g u m e n t if  e  /5  > I, w hat s im p le  v a lu e  co u ld  w e 
in s i s t  th a t I x-21 b e  l e s s  th an  su ch  th a t b oth  Vx - 2 1 4. I and  

\ x - 2 \  < e / 5 ?

F o r c e  ) x - 2  I < I
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27 . A s  a fu r th e r  e x a m p le  su p p o se  y  = f(x) = x ^ - 3 x + l .  T o  p ro v e:

x^-5z (x^ -3x-t I)  ̂ - 1, it  m u s t  be sh ow n  th a t fo r  any
th e r e  e x i s t s  a (w h ich  i s  p o s it iv e )  su ch  th a t w h e n e v e r  |x - 2 |  < <T 
t h e n _________________< ' _________.

£  , I f(x ) +11 , € . .

28 . S in c e  w e  m u s t  sh ow  I x  - 3x+l - * l |  < £  , fo c u s  a tte n tio n  on th is .
Is  I x ^ -3 x *  I t < £  the sa m e  a s  ( x - 2 1 f | x -1  I < € ? A nd i s
th is  e q u iv a le n t  to  { x - 2  | <  ^ f x - I /  ?

Y e s . Y e s .

29 . If x  i s  c lo s e  to  2 ( s o  c lo s e  th a t 1x^2 I .< i  ), th en  I x -1  I < 

2

30 . T h u s fo r  I x - 2  I < I , —L.—  ■ . W hy?
_ _ _ _ _ _ _ _ _ _  - I s - I l  - _ _
0 4 a < b  im p lie s  l / b  < l / a j  .

31 . H e n c e , 6  ' £  . W hy?
2 I x - l  f

a < b , c >  0 im p l ie s  a c  < ab.

■

32. So , I x - 2  I < ^ / 2  im p lie s  | x - 2 |  < ^  /  j x - 1 1 . W hy?

a  4  b , b <  c im p l ie s  a < c.

33 . / ,  I x - 2 |  x  I x - I l  < € . W hy?

a >  b , c >  0 im p l ie s  a c  > b e .

34 . So I x 2 - 4 /  < 6  . . .  W hy?  

I a I ( b I = \ ab \ '

I

I
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35. N ow  it  i s  n o t c e r ta in  a s  to  th e  m a g n itu d e  o f s / 2 ,  w hat v a lu e  
sh o u ld  one p ic k  fo r  & su c h  th at w h en  j x - 2  / < f  th en

J  (^2 :  5x _+ i ) _ - ( - i J  L < _ e _ ? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
p ic k  i  to  b e  th e s m a lle r  o f ^ /2  and I.

36 . N ow  you  t r y  one a l l  a lo n e . P r o v e  - 9 b y  th e  a lg e b r a ic

m eth o d . (F in d  th e  /  . )

1. |x ^  - 9 I < 6  im p lie s  . | x - 3  |>  €

■ I x + i  /
2. for  I x - 3 1 < j_ , )x+3( < 7

3. —  < ----------  im p lie s  — 7------ <■ » ---.T i
7 |x + 3  I ^

4. I x - 3 1 < e Z7 im p lie s  I x -3 |^  €
I x T T f  x

5. ' t I x ^ -9  I < € if  (x -3  I < 6 /7  or I, w hich ever  i s  smaller, .

6. S o  p ic k  S' = € /7  or  I, w h ic h e v e r  i s  s m a lle r .

37 . D e f in e  w h at i s  m e a n t  by: ^ x ) - L •

I im  f(x ) = L. if  and o n ly  if  fo r  e v e r y  6>0 th e r e  e x i s t s  a  p o s it iv e  
x-? a

/  su ch  th a t |f (x )  - U l  < €  w h e n e v e r  | x - a I 4 ^  .

38 . F r e q u e n t ly  th e  b e g in n in g  c a lc u lu s  s tu d en t h a s  n e e d  fo r  s e v e n
th e o r e m s , 'having to  do w ith  l im it s .  T he p r o o fs  o f t h e s e  th e o r e m s  
a r e  r a th e r  in v o lv e d  and d ep en d  on the d e fin it io n  o f a l im it .  H e n c e ,  
th e s e  p r o o fs  a r e  u s u a l ly  o m itte d  in  a  b eg in n in g  c a lc u lu s  c la s s  
and w i l l  b e  o m itte d  h e r e .  H o w e v e r , th e y  a r e  s ta te d  b e lo w  fo r  
y o u r  r e f e r e n c e  s in c e  th e y  w i l l  b e  u s e d  in  the fo llo w in g  w ork:

(a) Tf l im  f(x ) = U  and  l im  g (x ) '= M , th en  x ^ a  (f (x H g tx )) =x-»a x -?  a ^

L  * M .

(b) I f f(x ) s L ,  , th en  fo r  an y  c o n s ta n t c: c f(x ) = c  JL .
2C 3* 2C 3»

/



(c) If £(x) : L  and g (x ) = M » x ^ a  f (x ) g(x ) = L  Mt-x  ->a

(d) I f l im  f(x ) = L  and g(x) = M and M ^ 0 , £ (x ) /g (x )  =
x -»  a

L / m .
x-=c a x -{? a

(f) If P (x )  = a 0x n - S q x ^ -I  - an _ 1x  - a^, p (x ) = p (a )«

. (g) I f f(x ) = N (x ) /D (x )  w h e r e  N (x) and D (x) a r e  p o ly n o m ia ls  and  

D (a), . /  0 ’ x ^ a  f(x) = N (a ) /D (a ) .

If f (x) = x  and g(x) = x 2 , (f (x ) ^ g(x )) =_ . W hy?

■ 6. T h e o r e m  (a) or (f).

If f(x ) = x 2 - 3  and g(x) x -1 , l im
x - * 2 £(x)

g(x)

■; I. T h e o r e m  (g) or  (d).

W hy?

39 . ' l im  x 2 - 4  ‘ • l i m  
x ^ 2 = x > 2 (x+2) = 4 . It m a y  s e e m  th a t th e d iv is io n

x 2 - 4'
x - 2

is  u n a llo w e d  s in c e  w h en  x= 2 b oth  n u m e r a to r  and

d e n o m in a to r  a r e  z e r o .  H o w e y e r , n o t ic e  th a t th e  d iv is io n  i s  not 
ta k en  w h en  x  = 21 T he d iv is io n  i s  ta k en  fo r  v a lu e s  o f x  a s  x-f-2  
(not a s  x  - 2). H e n c e , th e  d iv is io n  i s  a llo w e d ,

l im  X2 - I  ■ ■ •
X-J=I ------------— — '— *
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40. Sketch: y  = x  o v e r  0 4 x  (  4. What v a lu e  d o e s  y take
x  - 2

fo r  x  = 2?  Why?
V
6

4

I  '

T h e  po in t  (2, 4) i s  n ot  on the l in e .

(2, 4) i s  not on the  l in e  s in c e  y  i s  u n d e f in ed  fo r  x  = 2.

41. P r o v e : I im  x ^ -4  
x - *  2 ~ ^ 7 z ~ 4.

(1) —-----—  r 4 on ly  i f  fo r  e v e r y  6 > 0 th e r e  e x i s t s  a f
x ^ 2  x -  2

■p *
su c h  th at  I x 4 - 4  _ 4 I <  € w hen  | x - 2  J <  /  .

I x -  2 1

(2) x  : 4 on ly  i f  fo r  e v e r y  ^ > 0  th e r e  e x i s t s  a f
x —> 2 x -2

s u c h  that I x - t2 -4  I < € w hen  | x - 2 | < ^

(3) S im p ly  p ic k  /  < < . 42

42. B ut h o ld  on -  n o t ic e  that the po in t  ( 2 ,4 )  w as  not e v e n  on the l i n e .1

Y et  w a s  4. T h is  m e a n s  that x  n e e d  n ot  a c tu a l ly  a t ta in
x - 2  ^

the  p o s i t io n  x  = 2 and s t i l l  x -> 2  x  = 4. T h is  g i v e s  u s  r e a s o n
x - 2

to  s l ig h t ly  m o d i fy  the d e f in it io n  w e h a v e  p r e v i o u s ly  a c c e p te d .  N o w  

it can  be  sa id  th at  f(x) = /_ i f  and on ly  i f  fo r  ev er y  £> 0 th e r e
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e x i s t s  a £ >  O su ch  that lf(x) - L /   ̂ ^ w h e n e v e r  O < I x - a  \ < f  . 
N o t ic e  the ch an ge  i s  in add ing the r e s t r i c t io n  that I x - a l  be 
p o s i t iv e .  T hat i s ,  x  now ta k e s  on v a lu e s  w ith in  a -  <f to  a-# /
(one /  u n it  e i th e r  s id e  of a) e x c e p t  that x  d o e s  not a s s u m e  the  
v a lu e  a.

Sketch: 0 < I x - a l  < t CLt (  
____ I_____

T h is  po in t i s  not in  s e t  of a c c e p t a b le  v a lu e s  fo r  x .

a -  f

43. N ow , d e f in e :  f(x) = L  in  v ie w  of the a b o v e  m o d if ic a t io n .
x  -»a

l im  £(x ) : if  and on ly  if fo r  e v e r y  6>0 th e r e  e x i s t s  a / > 0
x -»  a
su ch  that I f (x ) -  L - I  <  € w h e n e v e r  0 < | x - a  I < /  .

T h e r e  a r e  m a n y  l i m i t  p r o b le m s  th a t  c a u s e  s tu d e n ts  t r o u b le .  One 
l im  5x 7 -3

su ch  type  is :  x —)-oo ------------ . T o  s o lv e  th is  p r o b le m  s im p ly
IOx7 - I

d iv id e  both  n u m e r a to r  and d e n o m in a to r  b y  x  and get:
3

- y
Iim  —  . N o t ic e  that the  d iv i s io n  i s  p e r m i s s i b l e  for  a l l
x -y  oo I

1 0 -

s p e c i f i c  v a lu e s  of x  a s  x -y  of . T h u s  x - r  a> 

l i m  Zx^-Zx -
X-> to ------------ ------  -

5 - 3 x ~ 7
1 0 - x -7

x 2 - l

1/ 2 .

2 .

? 3? H int: T r y  d iv i s io n  by x^ and b y  x  .
l im

x -y  OD
X3 -Zx

-x%-3



I im  
x->- <0

x ^ - 2x I im  _ x  -  2 / x  
X-?- CD - I - 3 / x 2

co . N o t ic e  the
-X^ -3

d iv i s io n  i s  b y  x 2 the l a r g e s t  p o w e r  of x  in  the d e n o m in a to r .

A  v e r y  im p o r ta n t  typei of I im i t .p r o b le m s  i s  the  fo llo w in g :
Iim  
A x —>

( x f  A  x )  - X I im  
’a x  -»

2 x  A x +  A  X ^

I im
A x  —7 0 
S o lv e :

(2x + A  x) 

I im
A  X  —> 0  .

- 2x.

(x f  A x)^ -X ^  
A  X

?



L e s s o n  IV

C O N TIN U O U S F U N C T IO N S

I. T he a b ili ty  of the b e g in n in g  c a lc u lu s  s tu d en t to  id e n t ify  s itu a t io n s  
w hen  p e r m is s ib le  o p e r a t io n s  can  be p e r fo r m e d  i s  one th e b e ­
g in n er  o ften  ta k e s  to o  lig h t ly .  It i s  b e c a u s e  of th is  c a s u a l  
attitu d e  th a t tr o u b le  is  o ften  e n c o u n te r e d . H e n c e , th e  im p o r ta n c e  
of a w a r e n e s s  and a p p lic a tio n  of the fin e  p o in ts  of co n tin u o u s  
fu n c t io n s  i s  o f  p a ra m o u n t im p o r ta n c e  and th u s b a s ic  to  the d e ­
v e lo p m e n t  of th e o r y  w h ich  i s  to  fo llo w .
W hat is  th is  l e s s o n  to  c o n c e n tr a te  on?

C on tin u ou s fu n c tio n s .

In o r d e r  to  d e fin e  co n tin u o u s fu n c t io n s , le t  u s  f i r s t  c o n c e r n  o u r ­
s e lv e s  w ith  fu n ctio n . B y  w a y  o f r e v ie w : a fu n ctio n  is  a s e t  o f
o r d e r e d  p a ir s  su ch  th a t no tw o  d is t in c t  e le m e n t s  o f th e  s e t  h ave  
the sa m e  f i r s t  t e r m . Or p e r h a p s  you  h ea rd  it th is  l e s s  d is t in c t  
w ay: a fu n c tio n  is  a r u le  c o n n e c tin g  x  and y w h ich  a s s ig n s  one
and o n ly  one v a lu e  to  y fo r  e v e r y  d if fe r e n t  v a lu e  o f x . In e ith e r  
c a s e  y = x^ i s  a good  e x a m p le  o f a fu n ctio n  s in c e  fo r  e v e r y  v a lu e  
of x  th e r e  i s  im p lie d  one and o n ly  one v a lu e  of y.

Is  y = x  a fu n c tio n ?

Y e s .  F o r  e v e r y  v a lu e  of x  th e r e  i s  one and o n ly  one v a lu e  fo r  y .

2
Is x  = y  a fu n c tio n ?

N o. y  i s  b iv a lu e d fo r  a l l  x  > 0 .

Is  y  r I x  I a fu n c tio n ?  H int: c o n s id e r  the sk e tc h  o f y = | x \

I

Y e s .
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5. Is |y I = x  a fu n c tio n ?  Hint: c o n s id e r  the sk e tc h  o f | y ( - x .

N o . y i s  b iv a lu e d fo r  a ll  x  > 0.

6 . Is  y = a 0x n + a ^x11" 1 t- . . . ♦ an w h e r e  a  ̂ a r e  r e a l  n u m b e r s  and n 
i s  a p o s it iv e  in te g e r  a fu n c tio n ?

Y e s .

Cl if  x  i s  e v e n
I s Y = |2  if  x  i s  odd a fu n c tio n ?  Hint: lo c a te  a few  p o in ts  on  
th e  c o o r d in a te  s y s t e m . C o n s id e r  the d o m a in  (r e p la c e m e n t  v a lu e s  
of x) to  be on ly  in te g r a l .

I f

I

/  ■

Y e s . F o r  e v e r y  in te g r a l v a lu e  o f x  one and o n ly  one v a lu e  of y 
i s  im p lie d .

8. f I w hen  x  i s  r a t io n a l  
*s y =1  - I w hen  x  is  ir r a t io n a l  
th e s e  p o in ts .

a fu n c tio n ?  H int: lo c a te  a few  o f

f  %

Y e s . P ic k  a v a lu e  fo r  x . y  i s  th en  u n iq u e ly  d e fin e d  a s  e ith e r  ± I.
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i f  X ^  2 a fu n c tio n ?  H int: t r y  a sk e tc h .Is y =
6 if  x

Y e s . y i s  u n iq u e ly  d e fin e d  fo r  a l l  v a lu e s  of x .

f  I w hen  x  i s  r a t io n a l and greater than  I _ nr , o
Is y = ( - l  w hen  x  is  ir r a t io n a l  and l e s s  than I C ‘
C o n s id e r  th e d o m a in  (r e p la c e m e n t  v a lu e s  of x ) to  be a l l  r e a ls .

N o . y i s  u n d e fin ed  fo r  x  = I; y i s  u n d efin ed  fo r  x >  I but ir r a t io n a l;  
y is  u n d efin ed  fo r  x  < I but r a t io n a l.

11. A  fr e q u e n tly  u s e d  e x a m p le  fo r  in s tr u c t iv e  p u r p o se s  and for
s t a t i s t i c s  i s  y = [ x ]  w h e r e  [ x ] i s  th e  g r e a te s t  in te g e r  l e s s  than
or eq u a l to  x . F o r  e x a m p le :  [_2^J = 2; ^ l. 999J = I; .̂4. 001] : 4;

C~2 21 = "3 * [ 3]  = 3 '

Pti _=_?. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
7.

C-.  OOOll : ? 

- I .

[ 5 ]  :  ?

5.

12. Is  y  = Cx I  a fu n c tio n ?

Y e s .  y i s  d e f in e d  u n iq u e ly  fo r  e v e r y  v a lu e  o f x .
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13. N ow  l e t ' s  p r o c e e d  to  co n tin u o u s fu n c t io n s . F i r s t  c o n s id e r  th e
d e f in it io n  o f  co n tin u ity  a t a poin t: a fu n ctio n  y  - f(x ) i s  sa id  to  b e  
co n tin u o u s a t th e  p o in t a i f  and  o n ly  if:

I* y  = f(x ) i s  d e fin e d  a t x  = a .

2 ' I im  f(x ) e x i s t s .  
x-»  a
Iim  f(x ) = f(a ).

I * ;  ' -a. x - > a

|,!A ctually , c o n d it io n s  ( I )  and (2) a r e  im p lie d  in  c o n d itio n  (3) s in c e  
^ th e  p r e s e n c e  f(a) in  c o n d itio n  (3) d em a n d s  th a t f  b e  m e a n in g fu l  
',.''at x  = a and s in c e  I im  f(x ) = f(a ), th is  im p lie s  iim _ f(x ) e x i s t s .

T h u s th e  t e s t  o f  co n tin u ity  d ep en d s u lt im a te ly  upon th e  c o n cep t o f  
■' l im it .  i ,
, , T h e  d e f in it io n  o f co n tin u ity  is' e s s e n t ia l ly  an a p p lic a t io n  of w hat 

id e a ?

T he id e a  o f l im it .

14. T h u s if  you  a r e  a s k e d  to  p r o v e  th a t y  = f(x) i s  a co n tin u o u s fu n c tio n  
at x  = a you  m u s t  e v e n tu a lly  p r o v e : I im  f(x ) - f(a ).

X SL

W hat m u s t  one p r o v e  to  d e m o n s tr a te  th a t y - f(x ) i s  co n tin u o u s a t  
x  = b.?

- I im  f  (x) = f(b ).
a

15. H o w e v e r , to  p r o v e  th a t a fu n ctio n  i s  d is c o n t in u o u s  a t  a  p o in t one
m ig h t  b e  a b le  to  s im p ly  sh ow  I im  f(x ) ^  f (a ) b e c a u s e  f(a) d o e s

x-#- a
n ot e v e n  e x is t ]  T h is  i s  a lw a y s  th e f i r s t  c h e c k  w h en  one w an ts to  
in v e s t ig a te  co n tin u ity .
W hat i s  the f i r s t  p r e r e q u is i t e  fo r  a  fu n ctio n  to  b e  co n tin u o u s a t a 
p o in t?

T h e fu n c tio n  m u s t  b e  d e fin e d  at th a t p o in t.

16. S u p p o se  you  a r e  a sk e d  to  in v e s t ig a te  th e  c o n tin u ity  o f  y  r; l / x  a t x  5 0. 
Is  y  : 1 /x  co n tin u o u s  a t x  = 0 ?

N o .
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Why?

y r l / x  d o e s  not e x i s t  at x  : 0 .

17. T o  p r o v e  that y = x  i s  a co n t in u o u s  fun ction  at x  = a it  w ould  b e

n e c e s s a r y  to  p r o v e  that x-^ a - ^(a )' And to  p r o v e  th is  one
w ould  h a v e  to  r e c a l l  that: I im  f(x ) _ f (a ) i f  and on ly  i f  for  e v e r y

x - r  a
€. > 0 th e r e  e x i s t s  a -T > 0 su ch  that I f (x ) - f (a ) |  < €  w h e n e v e r  

0 | x - a |   ̂ f

F in d  s u c h  a i  fo r  the  fu n ct io n  y  = x  i f  one e x i s t s .  R e f e r  to  the
f ig u r e  b e lo w .

0 <

2
18. S u p p o se  y  = x  . Is  y co n t in u o u s  a t  x  = 2?  

Y e s .

19. T o  p r o v e  it  u s in g  th e  a lg e b r a ic  a p p r o a c h  one w o u ld  p r o c e e d  a s  
fo l lo w s :
I m u s t  sh ow  th e  e x is t e n c e  o f a X su c h  that: | x  -2  | C < w h e n e v e r  
0 < / x -2  / <
1. If | x - 2 l  < I,  I xv2j  < 5.
2. N ow  I x -  2  ̂ I < e im p lie s  I x - 2 1 2. e /  j x  + 21
3. F r o m  (1): i f | x - » 2 | <  5,  f / 5  < */  \ x t 2 \  .
4. T h u s i f  I fo r c e  | x - 2 | <  C / 5  c e r ta in ly  l x - 2  I -2 € /  I x  + 21 .
5. T h e r e fo r e  p ic k  t  a s  € /5  or !^ w h ich ev er  i s  s m a l le r .

2 0 . N ow  you p r o v e  th at  y = x^ i s  co n t in u o u s  at x  = 3.

1. I m u s t  sh ow  the e x i s t e n c e  o f  a /  s u c h  that: I
0 < \ x - 3  I < .

2. I f  | x - 3 | < i  , I x+31 < 7.

x 2 - 9  I < € w h e n e v e r
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3.

4.

5.

6.

7 , t
N ow  |x  - 9 | < £  im p l i e s  I x - 3 l  • I x - 3 l<  C or  |x - 3 |< :  / x  + 3| .

_ £   g
7 i x f  31

„* , Ix - 3  I < —^—  im p l i e s  l x 2 - 9 l < e  .

So  p ic k  /  the  s m a l l e r  of I and € /7 .

U s in g  a g e o m e tr ic  a p p ro a ch  one co u ld  p ro v e

U sin g  a s im ila r g e o m e tr ic  a p p ro a ch  p ro v e

2 2 . C le a r ly  y {I if  x  i s  r a t io n a l  
-I  i f  x  i s  ir r a t io n a l

l im  f(x) t  f(a ). 
x  -*■ a

i s  n ot a co n tin u o u s fu n ctio n  s in c e

W hy?

I im  f(x) ^  f(a ) s in c e  th e r e  i s  no i  th a t w ould  s a t is f y  an y  € < 2 . 
x  a

23 . Is y = i f  x  I a c o n tin u o u s  fu n ctio n  at x  = I?  W hy?

N o . f(x ) ^  I s in c e  no C  w i l l  s a t is fy  an  e  < I w hen  x

a p p r o a c h e s  I fr o m  th e le f t .

/
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24 . Is  y - Cx J  a  co n tin u o u s fu n ctio n  a t x  r I?  W hy? ( [x j  i s  
la r g e s t  in te g e r  ^ x)

N o , x ^ a  ^  ^(a ) = I s in c e  th e r e  is  no r e s t r ic t io n  on how  x

a p p ro a ch  a . If x  a p p r o a c h e s  I fr o m  th e r ig h t, an y  ( f6 I w il l  
s a t is f y  any e  . B ut if  x  a p p ro a ch  I fr o m  the le f t  an y  0 < € < I  
can n ot b e  s a t i s f ie d  no m a tte r  how  s m a ll  S  i s  c h o se n .

25 . Is  Iy j  : x  a c o n tin u o u s  fu n ctio n  a t  x  = I. W hy? (S k etch  it. )

N o . I y I x  i s  n ot a fu n ctio n  at x

Is y  = — £ 73— a co n tin u o u s fu n ctio n  w h en  x  = 3 ?  W hy? (C h eck

the th r e e  c r i t e r ia  fo r  co n tin u ity . )

d o e s e x i s t

w hen  xIs y  - a co n tin u o u s fu n ctio n  at x  - 3?

w hen  x

(S k etch  it. )

N o.

y  i s  d is c o n t in u o u s  at x  = 3 s in c e  x^-?3 ^  W hy d o e s  the

l im it  fa i l?

T h e r e  e x i s t s  no f  w h ich  w il l  s a t i s f y  an  0 < I .

X
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28 . T h e b ig  h u rd le  is  o v e r . Y ou a r e  n ow  r e a d y  to  d e fin e  c o n tin u ity  
o v e r  an in te r v a l .  It i s  s im p le :  fo r  a fu n ctio n  to  b e co n tin u o u s  
o v er  an in te r v a l ,  it m u s t  be co n tin u o u s a t e v e r y  p o in t o f that 
in te r v a l .  T h u s th e p r o b le m  b e c o m e s  one o f ex a m in in g  c o n tin u ity  
at a

P o in t .

2
29. Is  y  z x  a c o n tin u o u s  fu n ction  o v e r  -7  < x  < 9 ?

Y e s  - s in c e  it  i s  c o n tin u o u s  at e v e r y  p o in t o v e r  th is  in te r v a l.

30 . Is  y  = I x t a  co n tin u o u s fu n c tio n  o v e r  -5  £  x  f  5 ?

Y e s  - s in c e  it  i s  co n tin u o u s at e v e r y  p o in t o v e r  th is  in te r v a l.

31. Is  | y |  = x  a co n tin u o u s fu n ctio n  o v e r  0 £  x   ̂ I ?

N o  - s in c e  | y |  = x  i s  not a function .'

32. Is y
I w hen  x  is  r a t io n a l  
- I  w hen  x  i s  ir r a t io n a l

a co n tin u o u s fu n ctio n  o v e r  a ll  x ?

N o  - s in c e  y  i s  d is c o n t in u o u s  at e v e r y  x .

33. Is y  % [ x ]  a co n tin u o u s fu n ctio n  o v e r  2 ^ x  < 3 ?  (S k etch  i t . )

Y e s . N o te: y  is  co n tin u o u s to  th e im m e d ia te  r ig h t  o f x  = 2 s in c e  
ExJ e x i s t s  w h en  x  a p p r o a c h e s  2 fro m  the r ig h t .

Is y = [  x ]a  co n tin u o u s fu n ctio n  o v e r  2 £ x  £  3?  

N o  - s in c e  y  = [ x j i s  not co n tin u o u s a t  x  = 3.

34.
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Is y -
a co n tin u o u s fu n c tio n  o v e r  a l l  x ?  (S k etch  it . )

fo r  x  r

N o  - s e t t in g  y  = 7 w h en  x  = 3 p u ts the p o in t (3 , 7) on to  th e  c o o r d in a te  
s y s t e m  but n ot on y = x  - 3 a s  i s  d e s ir e d .  H en ce  th e r e  i s  a d i s ­
c o n tin u ity  at x  z  3.

36. I s  y -9  
x -  3 fo r  x  ^  3

< a co n tin u o u s fu n ctio n  fo r  a l l  x ?

6 fo r  x  % 3

Y e s  - se t t in g  y  : 6 w hen  x  - 3 p u ts (3 , 6), in to  the lin e  y = x  - 3 and  
th e  lin e  i s  th en  co n tin u o u s.

37 . A s  a q u ick  r e v ie w :  co n tin u ity  o v e r  an in te r v a l d ep en d s on c o n tin u ity
at a of the in te r v a l .

P o in t .

38 . C o n tin u ity  at a p o in t d ep en d s on th e  d e f in it io n  o f a 

L im it .

39. f(x) i s  d isc o n t in u o u s  a t x  = a w h e n e v e r  ^

f(a)

4 0 . f(x ) ^ f(a ) if  th e r e  d o e s  not e x i s t  a
x -*  a ----
w h e n e v e r  0 < | x -a |<  th en  | f (x ) - f (a ) | <
__________ > o .

/, e ,6

> 0 su c h  th at

for  e v e r y



L e s s o n  V

TH E D E R IV A T IV E

B a s ic  to  the c a lc u lu s  i s  the d e r iv a t iv e .  It i s  th ro u g h  th is  n otion  
th a t c r i t ic a l  s tu d ie s  o f v e lo c it y ,  a c c e le r a t io n ,  m a x im u m -m in im u m ,  
r e la te d  r a te  a p p lic a t io n s , and th o u sa n d s  of p r a c t ic a l  p r o b le m s  a r e  
a tta c k e d . W ithout th e d e r iv a t iv e  th e r e  w ou ld  b e n o  c a lc u lu s .

W hat i s  th is  l e s s o n  c o n c e r n e d  w ith ?

T he d e r iv a t iv e .

A c tu a lly  th e  d e r iv a t iv e  i s  r e a l ly  n o th in g  m o r e  than  a l im it .  P e r h a p s  
one o f th e  q u ic k e s t  in s ig h ts  in to  th is  to p ic  i s  v ia  g e o m e tr y . L e t  u s  
c o n s id e r  the co n tin u o u s  c u r v e  y - f(x ). E v a lu a ted  a t an y  f ix e d  
p o in t Xq , y ta k e s  a f ix e d  v a lu e  f(x  ). T h en  a t a d if fe r e n t  a b s c i s s a ,  
x 0 -th, y  ta k e s  a n ew  v a lu e  f  (x 0 +n). If one i s  in t e r e s t e d  in  the  
ta n g en t to  the c u r v e  y  -  f(x) at x 0 , on e n eed  o n ly  c o n s id e r  the  
p o s it io n  a p p ro a ch ed  b y  th e s e c a n t  lin e  th ro u g h  (x  , f (x  )) and 
(x 0 +h, f (x 0 -fh)) a s h - *  0 - -  - or  a s  x^+h a p p r o a c h e s  file  p o s it io n
Lo* I t (Xe f (A0^ i )

+ - Ax,)

T o  find  the ta n g en t to  the cu r v e  y  - f(x) a t (x  , f (x Q)) w e w il l  b e  
c o n c e r n e d  w ith  the p o s it io n  o f th e  B irou gh  (x n , y ) and

a s  the p o in t s l id e s  a lo n g  the c u r v e  c lo s e r
and c l o s e r  to w a r d s  .

S e c a n t, (x 0 -th, f (x 0 *h)), (x ^ th , f (x 0 -»h)), (x 0 , f (x c )).

3. In fa c t  th e  s lo p e  of th is  s e c a n t  w o u ld  be g iv e n  by:
f (x 0 4h) - f (x 0)

(x O4h) - x o
at an y  t im e  w hen  Xq and x 0 +h do n o t c o in c id e .
W hat w ou ld  be th e s lo p e  of th e  s e c a n t  lin e  th ro u g h  (x 0 , f (x Q)) and  
(x 0 4h , f (x 0 4h)) w hen  X 0  ^  x ^ th ?

S lo p e  of th e  s e c a n t  = ~f(X°^ h) " f(Xo)
(x o 4h) - x O
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4. N ow  it  m e r e ly  r e m a in s  fo r  u s  to  c o n s id e r  th e l im it in g  p o s it io n  o f  
th e  s e c a n t  a s  h  ->■ 0 i f  w e  d e s ir e  to  d is c o v e r  th e  c o n d it io n  o f 
ta n g e n c y . T hat i s ,  le t  u s  c o n s id e r :  l im  f(x 0 +h) - f ( x 0 )

h  -P1O --------------------------
(x 0 +h) - x o

T h is  l im it  g iv e s  th e s lo p e  o f th e  ta n g en t to  th e c u r v e  a t (x^, f (x o )). 
W hat i s  th e  s lo p e  o f the ta n g en t to  the cu rv e  at (x Q, f(x^ )) ?

• l im  f (x 0 +h) - f (x 0 ) 
h ->0 E “

5. It m a y  s e e m  to  th e  c a s u a l o b s e r v e r  th at the q u otien t r e f e r r e d  to  
in  N o. 4  i s  u n d e fin ed  s in c e  h  0 . H o w ev er  th is  i s  n o t the c a s e  
s in c e  f (x 0 4h) - f ( x 0 ) a l s o  a p p r o a c h e s  z e r o . A nd a s  w a s  show n  in  
th e  l e s s o n  on l i m i t s ,  su ch  e x p r e s s io n s  a s  Iim  x ^ - 4

x -»2  x -2
a r e  q u ite  m e a n in g fu l d e s p ite  the fa c t  th a t th e d e n o m in a to r  a p p r o a c h e s  
z e r o .
C an th e  e x p r e s s io n :  ' ^ x o"f'*1  ̂ ^ x ô  e x i s t  e v e n  th ou gh  h -# -0?

h ->0  ------------- E----------

Y e s .

6 . L e t  u s  c o n s id e r  a s im p le  e x a m p le  to  t e s t  our b e l i e f .  S u p p ose  w e  
w ant to  fin d  th e  s lo p e  o f  th e  s tr a ig h t  l in e  y  - x  w h en  x  = 2. We 

\ r e a l i z e  b y  p r e v io u s  e x p e r ie n c e s  o f a n a ly t ic  g e o m e tr y  ^hat th is  
l in e  h a s  a  s lo p e  of I . N ow  l e t ' s  c h e c k  it  b y  th e  l im it in g  id ea .

s lo p e  - l im
h -*0

f (x o +h) -  f ( x Q)

lim  
h —> 0 *o+ h

It w o r k s  a s  w a s  a n tic ip a ted .' N ow  y o u  fin d  the s lo p e  o f y  - 2 x - 1 a t
x 0 = 2.

s lo p e  - l im
h ->0

f ( 2 th ) - f ( 2)
..........  jlj-- —

2 (2 + h )-l - (2( 2 ) - I)
" ' ' ■■■■ ■■- ■■■■■ ■■ -■ ■■■« 1Z- w,

l im

h -^0 h
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7. - S in c e  it  w o r k s  fo r  th e s tr a ig h t  l in e ,  l e t ' s  c o n s id e r  a to u g h e r  t e s t ;
c o n s id e r  y  = and fin d  th e  s lo p e  a t = 3.

s lo p e  = I im  
h -*-0

I im
h ->0

I im  
h 0

f (x 0 +h) -_ f(x 0)

(3->h)2 - (3)2

h
9 +6h+h2 - 9

S in ce  th e  c u r v e  i s  s y m m e tr ic  w ith  r e s p e c t  to  th e  y - a x i s  w e w ou ld  
e x p e c t  th e  s lo p e  a t Xq = -3  to  b e  - 6 . P r o v e  th is  to  the c a s e .

s lo p e  = l im  .. fJ3V h ) - f <x 0 ) 
h ^ O  h  ^

= l im  (-3 -th )2 - (3 )2
h-*-0 h
l im  9-6h+h2-9 - 

- h-9-0 h

8 . . A s  a m a tte r  of fa c t ,  th e  v a lu e : f (x o +h) f x̂ o)
h ^ 0 '-------------h— :

. i s  so  im p o r ta n t th a t it  i s  la b e le d  fo r  e a s y  r e f e r e n c e .  P e o p le  in  
c a lc u lu s  c a l l  th is  l im it  th e  d e r iv a t iv e  ( if  the l im it  e x i s t s )  and c a l l
th e  p r o c e s s  w h e r e b y  th is  l im it  i s  found  d if fe r e n t ia t io n .

x :------
W hat i s  th e  d e r iv a t iv e  of y  - f(x ) a t  th e  p o in t Xq ?

l im  f (x 0 *h) - f (x Q)
.......L......  ................... i f  th e  l im it  e x i s t s .

h ->0  h

,IiWhat i s  th e  p r o c e s s  of fin d in g  th e  d e r iv a t iv e  c a l le d ?
--------------------------------  -  -  -  -  - - - - - -

^ D iffe r e n tia t io n .
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9. . L e t ' s  t r y  ju s t  one m o r e  e x a m p le  to  b e  su r e  w e r e a l l y  u n d e r s ta n d
the p r o c e s s .  If y  = XT'  ■# 2 x - l /  f in d  th e  d e r iv a t iv e  lo f  y  a t  x@ = I:

I im  f ( x 0 th) - f ( x G) =
h ->0 TE T ‘

I im  (x 0 * *h)^ + 2 (x 0 th) - I - X q - 2 x ^ f l  -

h —>0 ! h  r ~

I im  2h x 0 +h2 -t2h
h -»0 h

c 2x  ■+ 2 — 2 +2 — 4 o
2

N o w  you  try :  i f  y  = 3x - 2 x + l ,  a t  x q - 0 the d e r iv a t iv e  of y  i s  ? ? ?

I im  3 (x 0 +h ) 2 - 2 ( x ^ +h) + l - 3 x o 2 + 2 x o - l
h -* 0  h

I im  3 x C)2 + 6x oh  + 3h 2 - 2 x 0 - 2 h + I - 3 x 0 2 4 2x0 - I
— ------------------------------------------ 1-------------------  - 6x  -2  = -2

h - tO  h °

10. A c tu a lly  (a s  w e  h a v e  s e e n )  w h e r e  on e s p e c i f i e s  th e  d e r iv a t iv e  at 
a p o in t, one i s  's p e c ify in g  th e  s lo p e  o f  th e  c u r v e  a t th a t p o in t. 
T hus, if  one f in d s  th e  d e r iv a t iv e  to  a p p e a r  a s  2 x 0 - x o w h en  x Q = 2, 

. th e  s lo p e  o f th e  c u r v e  in  q u e s tio n  a t X0 = 2 i s  ■ ' :

z e r o

H i . On th e  o th er  hand  i f  one c a r r ie s  th ro u g h  th e p r o c e s s  of d if f e r e n t ia ­
t io n  w ith o u t r e g a r d  fo r  f ix in g  x  a t a p a r t ic u la r  p o in t - b u t in s te a d  
w o rk  w ith  th e  a r b itr a r y  p o in t P(x> y ), th en  one i:s,!finding an  
a lg e b r a ic  e x p r e s s io n  w h ich  r e p r e s e n t s  th e  s lo p e  o f th e  b u rve at 
th e  g e n e r a l  p o in t. B e c a u s e  the r e s u l t  of su ch  d if fe r e n t ia t io n  r e ­
s u lt s  in  a d e r iv e d  a lg e b r a ic  e x p r e s s io n , '  th e  r e s u lt  i s  c a l le d  th e

• d e r iv e d  fu n ctio n .

F o r  e x a m p le , to  fin d  th e  d e r iv e d  fu n c tio n  if  y  = x  ,, one p r o c e e d s  a s  
fo llo w s :  ' ■"
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Iim  f(x+h) - £(x)
h-*-0 TH

I im  (x » h )2 - x 2
h -*0  h  •

I im  2xh +h 2 - 2x  
h -^ O h

F in d  th e d e r iv e d  fu n ctio n  o f (o r  d if fe r e n t ia te )  y  z  x^.

I im  . f(x+h) - f(x)
■ h ->0 h

I im  ' (x-th )^ -x^
- h ->0  h  '

I im  x^ + 3 x 2h +3xh ^ + h ?-x^  
h —>0 H

12. P r o b a b ly  a t th is  s ta g e  you  a r e  a n x io u s  to  know  if  th e r e  is n 't  a  
f a s t e r  w a y  to  d if f e r e n t ia te .  W ell, in  fa c t  th e r e  fr e q u e n t ly  a re  
g e n e r a l r u le s  w h ich  a llo w  one to  s im p ly  w r ite  dow n the a n sw e r .  
H o w e v e r , the b e g in n e r  sh o u ld  n e v e r  lo s e  s ig h t  of w hat i s  b eh in d  

1 th e s e  g e n e r a l r u le s  - and e a c h  g e n e r a l  r u le  d ep en d s upon the  
d e f in it io n  c o n s id e r e d  in  th e p r e ced in g  s t e p s .  ■

In fa c t  th e  d e r iv e d  fu n c tio n  (o r  d e r iv a t iv e  a s  it  i s  u s u a l ly  c a lle d )  
can  b e  d e fin e d  in  g e n e r a l a s: I im  f(x + h )-f(x )  w h en  th e  l im it

h - f  0 Ti ‘
e x i s t s  and e v e r y  d e r iv a t iv e  (o r  d e r iv e d  fu n ctio n ) can  b e show n  to  
u lt im a te ly  d ep en d  on th is  d e f in it io n .
D e fin e  th e  d e r iv a t iv e  o f y  = f(x ) . J

f(x»h ) -f(x )  w h en  th e l im it  e x i s t s .  
h -^0  ■ h  . • • - * I

13. . S u p p o se  you  a r e  a s k e d  to  fin d  th e  d e r iv a t iv e  o f y  - } x |  a t x  = 0 .
Of c o u r s e  y o u r  r e s p o n s e  sh o u ld  b e: th e r e  i s  n o  d e r iv a t iv e  of 
y  = I x  I a t x  - 0 . W hy?

-^m  ~ I ^ ( d o e s  n ot e x is t .  If you d o n 't b e l ie v e  t h is ,  sk e tch :
h ->0 H

I N  = y  on an  h - y  a x is .
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14* . S o m e t im e s  n o ta tio n  c o n n e c te d  w ith  d if fe r e n t ia t io n  i s  in c o r r e c t ly
- in te r p r e te d  b y  th e  s tu d en t. H e n c e , l e t ' s  ta k e  a  sh o r t  lo o k  at 

. s o m e  n o ta tio n  and c le a r  th e  a ir .

P e r h a p s  th e  m o s t  co m m o n  n o ta tio n  d en o tin g  th e  d e r iv a t iv e  of 
Y = f(x ) i s  dy .

^  ■ . dv
. B u t b e w a r e , th e  s tu d en t h a s  no r ig h t  a t th is  t im e  to  c o n s id e r

to  b e an yth in g  but a sy m b o l fo r  the d e r iv a t iv e .  A b o v e  a l l  the  
stu d en t h a s  no r ig h t  a t th is  s ta g e  o f th e  g a m e to  b e l ie v e  th at  
dy i s  a q u o tien t.

■as
S o m e t im e s  s l ig h t  v a r ia t io n s  o f th is  n o ta tio n  o c c u r . S o m e su ch  a r e :

- i - v -  - I  f(x ) = A M  .dx dx dx
A n o th er  co m m o n  n o ta tio n  is  th e  u s e  o f p r im e s  to  in d ic a te  th e  
d e r iv e d  fu n ction : y ' = f '(x ) . A nd a  fu r th e r  v a r ia t io n  but s t i l l  o f
c o n s id e r a b le  u s e  i s  th e  fo llo w in g : D ^y - Dx f(x ).

E a c h  o f th e s e  n o ta tio n s  m e a n  th e  sa m e  th ing: th e d e r iv a t iv e  o f y  
w ith  r e s p e c t  to  x  and sh o u ld  not be in te r p r e te d  a s  p r o d u c ts  or  
q u o tie n ts .

W ^ite » e ig h t  n o ta t io n s  m ea n in g : th e  d e r iv a t iv e  of y  w ith  r e s p e c t  
to  x  i f  y  = f(x ).

^ =  J L  f(x ) - —  y  = .A L M . = y' = f '(x )  = D y  -D . f(x ). 
dx . . d x . .  " d x /  dx  ' . x x

15. T o  in d ic a te  th a t th e  d e r iv a t iv e  i s  b e in g  e v a lu a te d  at a p o in t x  th e  
d y  I °

n o ta tio n  d x  | x  = x Q i s  f r e q u e n t ly  u s e d  w h e r e  th e  s u b s c r ip t  ty p e
x  = Xq in d ic a te s  th e  p o in t w h e r e  th e  d e r iv a t iv e  i s  e v a lu a te d . Of 
c o u r s e  an e q u a lly  s e r v ic e a b le  n o ta tio n  i s  P(Xq ).

C ou ld  you  in v en t a  s im i la r ly  s e r v ic e a b le  n o ta tio n  to  sh o w  that th e  
d e r iv a t iv e  y ' i s  b e in g  e v a lu a te d  a t x  = x Q? T he sa m e  fo r  f '(x); Dx y ?

y' I ■ , £ '(x0 ) or  P (x ) I D x y )
f X = X ,  Ix  = x 0 I x  = X

. « ,  k . 1 . . .  ■ / « » , » .  < . . . • ,  1 L.' * •
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16. A s  you  m a y  e x p e c t ,  th e  d e r iv a t iv e  ca n  b e  in te r p r e te d  in  m an y
w a y s . W h e r e a s  our a p p ro a ch  w a s  a t f i r s t  g e o m e t r ic ,  l e t  u s  now  
ta k e  a p h y s ic a l  s itu a t io n  and d e v e lo p  th e id e a  o f th e  d e r iv a t iv e  
fr o m  it.

S u p p o se  fo r  e x a m p le  w e  w e r e  c o n c e r n e d  w ith  th e  p r o b le m  of 
fin d in g  th e v e lo c i t y  o f a f r e e ly  fa ll in g  b od y  tw o s e c o n d s  a fte r  it  
d ro p p ed . We m ig h t  p r o c e e d  a s  fo llo w s :  le t  s^ b e th e d is ta n c e  
t r a v e r s e d  a t the end o f t s e c o n d s  and c o n s id e r  the fo r m u la  
v  = s^ /t  w h e r e  a v e r a g e  v e lo c i t y  i s  co m p u ted  b y  d iv id in g  th e  
d is ta n c e  t r a v e le d  in  t  s e c o n d s  b y  th e  t im e  e la p s e d . T h e p r o b le m  
i s  to  fin d  th e  e x a c t  v e lo c i t y  a t the end  of tw o s e c o n d s . T a b u la tin g  
th e  d is ta n c e  t r a v e le d  b y  a f r e e ly  fa l l in g  b o d y  in  t s e c o n d s  b y  s t - 
16t^ one can  c a lc u la te  th e  a v e r a g e  v e lo c i t y  fo r  th e  p e r io d  
t  = 2 to  t  - 3. T h is  is :

-'' Sg " 16(9) z 144, 

/ .  a v S v  : S3 ' s 2 _ 

* 3 ,-  t z  ,

s 2 - 16(4) : 64  
1 4 4 -6 4
—----- -—  - 80 ' /  s e c .

3 -2

W hat i s  th e  a v e r a g e  v e lo c i t y  o v e r  t  = 2 t o t  = 2 . 1 ?

avg  v
s 2. I "s 2 

t 2. I - t 2

16(2 . l ) 2 -6 4  _ 70 . 5 7 -6 4

7  2. 1-2 . Tl
65. 6

17. D o  you  s e e  h ow  w e a r e  p r e c e d in g ?  W e a r e  c a lc u la t in g .th e  a v e r a g e  
v e lo c i t y  b y  d iv id in g  th e  in c r e a s e  of s b y  the in c r e m e n t  on t. O ften  
th e s e  in c r e m e n ts  a r e  d en o ted  A s and At r e s p e c t iv e ly .  U sin g  

A s and A t  w r ite  a g e n e r a l fo r m u la  fo r  the a v e r a g e  v e lo c i t y  o v e r  
th e  A t  t im e  in te r v a l .

A S
a v g  v e lo c i t y  = A t

18. U s e  th e p r e c e d in g  n o ta tio n  to  c a lc u la te  th e  v a c a n t s p a c e s  o f th e  
ta b le  b e lo w : . .

4
v
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a s

t t+ A t s t= 2 S f  A s . A t A S At

2 3 64 144 I 80 8 0 / 1 = 8 0
2 . 2. I 64 70. 57 . I 6 . 56 65. 6
2 2 . 01 64 64. 6416 .0 1 . 6416 64. 16
2 2^001 64

64. 0 6 4 0 1 6 . 001 . 064016 6 4 .0 1 6

19. N o w  c o n s id e r  w hat w ou ld  hap pen  i f  s m a l l e r  and s m a l l e r  in c r e m e n t s  
on t a r e  ta k en . Can you  g u e s s  at th e  v e l o c i t y  a t ta in e d  w h en  t  -  2 ?

v  = 6 4 '  /  s e c .

20 . , Y ou s e e ,  in  e f f e c t  you  h ave  a r g u e d  th a t th e e x a c t  v e lo c i t y  i s
n o th in g  m o r e  th an  th e  l im it in g  v a lu e  o f  th e  a v e r a g e  v e lo c it y .  
N o w  r e p r e s e n t  s y m b o l ic a l ly  th e  e x a c t" v e lo c ity  i f  A s /  A t 
r e p r e s e n t s  the a v e r a g e  v e lo c ity .

l i m  A  8 r e x a c t  v e lo c i t y .
A t  0 At

21 . N ow  le t ' s  t ie  th is  r e s u l t  up w ith  th e  f i r s t  id e a  o f a d e r iv a t iv e  w e  
c a m e  a c r o s s .  Y ou sh ou ld  s e e  in  th e  fa ll in g  b od y  p r o b le m  that 
s z f(t) . T h en  s+ A s  = f(t+ A t ) .

. E x p r e s s  A s in  t e r m s  o f f(t) and f(t+  A t ) .

A s =  f(t+ A t )  - f(t).

A s
N ow  e x p r e s s  *-%-£-  in  a s im ila r  m a n n e r .

AS ~ _ f(t4 A t)  - f(t)
A t  A t

A s
F i n a l ly ,  i f  the  a v e r a g e  v e l o c i t y  i s  At and th e  e x a c t  v e l o c i t y  i s  
c a lc u la t e d  a s  th e  l im i t in g  v a lu e s  o f  AS , e x p r e s s  th e  e x a c t

■ " A r .
v e l o c i t y  in  t e r m s  of th e  a n s w e r  a b o v e .

e x a c t  _ l i m  a s  -  l i m  f ( t -  A t )  - f(t)
v e l .  A t —> 0 A t  At —> 0 A t
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22. B u t h a v e n 't  you  s e e n  th is  b e fo r e  ? T h is  is  a b s tr a c t ly  th e  sa m e  a s  
th e  d e r iv a t iv e  you  d e v e lo p e d  a t th e  s ta r t  of th is  le s s o n .
C o n se q u e n tly  co u ld  you  n ow  c a lc u la te  th e v e lo c it y  a t t  = 2 u s in g  
th e  d e r iv e d  fu n c tio n  s = f(t) - l 6t  ? D o so .

d s j
v e lo c i t y  = rH t l t  = 2

I im f ( 2 + /I t) - f (2 )
4 1 —F 0 A t

I im 1 6 ( 2 4  A t ) 2  - 16(2)2
- A t  —F 0 At

I im 64 A t  - 16( At)2
-  A t  - * 0

- 64

A t

23.

24.

G ood. T he d e r iv a t iv e  you  s e e  w a s  e v a lu a te d  a t a  p o in t t = 2. N ow  
c a lc u la te  th e  d e r iv e d  fu n c tio n  w h ic h  w i l l  r e s u lt  in  the e x a c t  v e lo c i t y  
w h en  c a lc u la te d  a t an y  t im e  t.

Iim f(t+ A  t) - f(t)
s '  = A t  - F O At

Iim l 6(t+ A t ) 2 - I6t 2
r At-FO At

= Iim
2

32t A t  4 16( A t) '

. AtS- Oy A t

r 32t

It sh o u ld  now  be- c le a r  w hat a d e r iv a t iv e  i s  and w h a t d if fe r e n t ia t io n  
i s .  T o  n a il  it  dow n so lid , d e f in e  w h a t is  m e a n t by:

- S - L : i f  y  = f(x) .

d y ' 
“clx* x

I im  f (x o +h) - f ( x 0 ) 
h  -FO --------- --------------- i f  th e  l im it  e x i s t s .

25 . W hat im p o r ta n t g e o m e tr ic  p r o b le m  can  b e  s o lv e d  by1 d ir e c t  
a p p lic a t io n  of. dy I „

- a r l x  = x 0 ?

F in d in g  the s lo p e  of the cu rve  y = f(x) a t x  - x q.
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W hat im p o rta n t p h y s ic s  p r o b le m  i s  d ir e c t ly  r e la te d  to  d s /d t ?

F in d in g  the v e lo c i t y  of a m o v in g  b od y  if  s :  f(t).

2 6 . Of c o u r s e  th e r e  a r e  m a n y  o th er  a p p lic a t io n s  of th e  d e r iv a tiv e
but e a c h  is  a b s tr a c t ly  id e n t ic a l to  the id e a s  a lr e a d y  p r e s e n te d . It 
o n ly  r e m a in s  fo r  th e r e a d e r  to  ap p ly  the id ea  o f th e  d e r iv a t iv e  
w hen  th e s itu a t io n  so  d e m a n d s . B u t h e r e  is  w h e r e  th e  rub c o m e s  
in .1 (I )  H ow  do you  know  w hen  the d e r iv a t iv e  sh o u ld  be u se d ?
(2) A nd if  it sh o u ld  be u se d , w hen  can  it  be u se d ?  In g e n e r a l  
th is  f i r s t  q u e s tio n  i s  n ot e a s y  to  a n s w e r  s in c e  d if fe r e n t  s itu a t io n s  
d em an d  d if fe r e n t  in te r p r e ta t io n s . H o w e v e r , i f  th e  ch an ge of a 
d ep en d en t v a r ia b le  i s  d ep en d en t upon the ch an ge of an in d ep en d en t  
v a r ia b le  (o r  v a r ia b le s ) ,  th e  e x a c t  ch an ge of th e  d ep en d en t  
v a r ia b le  a s  it  i s  r e la te d  to  th e in d ep en d en t v a r ia b le ( s) i s  c a lc u la te d  
a s  a l im it  - th is  l im it  b e in g  the d e r iv a t iv e .

T he se c o n d  q u e s tio n  i s  e a s ie r .  Y ou  can  ap p ly  the d e r iv a t iv e  w hen  
th e l im it  (a s  it  i s  d e s ir e d )  e x i s t s .

S u p p o se  th e g ro w th  of a t i s s u e  i s  d ep en d en t upon t im e  in  the  
fo llo w in g  m a n n er : G - f(t) = t^ - t^  4 I . C ould  one co n c lu d e  th a t
th e r a te  o f t i s s u e  g ro w th  cou ld  be e x p r e s s e d  a s  a d e r iv e d  fu n ctio n ?

Y e s .

27 . C ould  one d is c u s s  th e  s lo p e  of y  = | x |  a t x  : 0 b y  u s in g  the
d e r iv a t iv e  ?

N o.

W hy?

I im  I a x l  
A  x - >  ( I  a x

d o e s  n ot e x is t .  In c a s e  th is  i s  s t i l l  b o th e r in g  you , s e e

th e s k e tc h  b e lo w .

A X > o



L e s s o n  VI

C O M PO SIT E  FU N C T IO N S AND  T H E  CHAIN R U L E

O ften  th e  b e g in n in g  stu d en t in  c a lc u lu s  i s  th row n  fo r  a l o s s  w hen  
th e  in s tr u c to r  or a u th or  u s e s  n o ta tio n  w h ich  i s  q u ite  c o n v e n ie n t but 
u n fa m ilia r  to  the s tu d en t. One su c h  s itu a t io n  in  c a lc u lu s  w h ich  
r e p u te d ly  g iv e s  th e  s tu d en t tr o u b le  i s  in  c o n n e c tio n  w ith  c o m p o s ite  
fu n c t io n s . C o n se q u e n tly , th is  l e s s o n  c o v e r s  (in  p a r t) th a t p r o b le m  
a r e a .  " "

. W hat i s  one th in g  th is  l e s s o n  h a s  to  do w ith ?

C o m p o s ite  fu n c tio n s  and r e la te d  n o ta tio n .

L e t 's  s ta r t  w ith  an ex a m p le : y  = s in  Y x . You can  s e e  w e cou ld  
ju s t  a s  e a s i l y  h a v e  e x p r e s s e d  th is  id e a  a s :  y  = s in  u and u =  ̂ x . 
T h en  c le a r ly  y  i s  a  fu n ctio n  o f u and u in  tu rn  is  a  fu n c tio n  o f x . In 
b r ie f :  y  - f(u) and u = g (x ). We co u ld  w r ite  th is  a s: y  % f(g (x )) . T h is  
i s  read : "f of g of x"  or  "the c o m p o s it io n  o f f  on g o f  x" .

S u p p o se  y  = 0 (u) and u  z ®(x )* E x p r e s s  s y m b o l ic a l ly  th e c o m p o ­
s it io n  fu n c tio n  y  of 0 on  9 of x .

y  = 0 (9 (x )).

S o m e t im e s  th e  c o m p o s it io n  o f fu n ctio n s- can  e x c e e d  tw o  in  n u m b er . 
F o r  e x a m p le :  y  = 9 (u ), u  = 0 ( v ) ,  v  = lfr(x). Such  a  c o m p o s it io n  
w o u ld  b e  e x p r e s s e d :  y  = 8 ( 0 ( J & (x ) ) ) .  A n e x a m p le  o f su ch  a 
c o m p o s it io n  w o u ld  b e:

y  z  s in  (tan  >Tx) ' 
w h e r e  y  = 0 (u) = s in  u

u = ta n  v  - 0 (v)
. v = V~x = itr (x ).
s in g le  eq u ation  th e  p a r t ic u la r  c o m p o s it io n  d en o ted  b y

if: j. .
y  = 8 (u) = u 2 rt.
u = 0 (v) z  s in  v  
V = W(X) = I -X zl

•E x p r e s s  a s  a
■y .= e(fi(i»  (x » )

■ ' ; r .

y  = s in  ( l-x ^ )

v.i
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4. A ls o  n o te  th a t w h e n e v e r  th e r e  i s  a c o m p o s it io n  o f fu n c t io n s , sa y  
Y = f(g (h (x ))) , fo r  the e n t ir e  s y s t e m  to  b e m e a n in g fu l e a c h  h, g, 
and f  m u s t  be m e a n in g fu l in  th a t o r d e r .

W hat v a lu e s  o f x  in  th e  c o m p o s it io n  y  = f(g (h (x ))) w h e r e  f(u) 
u = g(v) = v 2, v  - h(x) - 1- x 2 w ou ld  g u a ra n tee  y  to  b e  r e a l?

u1 /3 ,

| x | ^  I.

5. B u t n ow  l e t ' s  m o v e  on to  an a p p lic a tio n  o f  th e  id e a  o f  c o m p o s ite  
fu n c tio n s  a s  r e la te d  to  d if fe r e n t ia t io n .

Recall that
dy

“Hu b e ?

i x
dx s 0 4 y. if the limit exists. What would

dy _ I im  Ay 
du> ~ Au-^O Au if  th e  l im it  e x i s t s .

6 . N ow  le t ' s  su p p o se  y  = f(g (x )) . T h e q u e s tio n  w e  w is h  to  ex a m in e  is  
th is :  H ow  can  one c o n v e n ie n t ly  co m p u te  d y /d x  w h en  su ch  a 
c o m p o s it io n  i s  e n c o u n te r e d ?  T h e a n sw e r  l i e s  in  an u n d e rsta n d in g  
of th e  b e h a v io r  o f  g a s  it  r e l a t e s to  x . T h at i s ,  n o t ic e  th a t if  y  - 
f(u) and u = g (x ), a s  x  ch a n g e s  th en  u and c o n se q u e n tly  y  ch an ged . 
T o  b e  m o r e  s p e c i f i c ,  su p p o se  a p a r t ic u la r  e x a m p le  i s  c h o se n : . L e t  
y  = f(u) = u^ and u = g(x) = x 2 .
W hat h a p p en s  to  u w hen  x  ta k e s  an in c r e m e n t  A x ?  

u ta k e s  an in c r e m e n t  A u = Z x A x t ( A x ) .

A nd  w hat h a p p e n s  to  y  if  u  ta k e s  a c o r r e sp o n d in g  in c r e m e n t  Au? 

y  ta k e s  an in c r e m e n t  y  = Zu A u *( A u ) .

2
7. . L e t 's  a c tu a lly  c a lc u la te  the ch a n g e  in  y  i f  y  = f(u) = u and u = g (x ) '= Xg

If x  ta k e s  on ah  in c r e m e n t  A x , th e n  y  i s  ch a n g ed  to  y* A y -  (x t  A x) 
s X2 +Zx A x t (  A x)^  o r  A y s

Zx A x  f ( A x ) 2 .
: j
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8 . You s e e j  In g e n e r a l  if  y  - f(g (x )) w h e r e  u  = g (x ), i f  x  i s  ch an ged  
y  i s  c o r r e s p o n d in g ly  ch a n g ed  th ro u g h  th e in te r m e d ia te  ch an ge of
u.

C a lc u la te  th e  ch a n g e  of y  in  t e r m s  of th e  .change o f  x  if  y  - f(g (x ))  
w h e r e  u = g(x) = x^ and f(u) = u 2 .

y+ a  Y  = f (u f  A u )  - ((x+ a  x ) 2)2 = x 4 +4x 3 £> x + 6x 2 ( A x ) 2 + 4x (A  x ) 3 
+ ( A x )4.

T h u s h  y  - 4 x 3 A  x  + 6x 2 ( A x)^  + 4x( A %)3 + ( A x)^ .

9.

\

W ith th a t a s  a b a ck g ro u n d  w e a r e  r e a d y  to  lo o k  at an im p o rta n t  
c o n s id e r a t io n , n a m e ly  th e c o m p a r is o n  o f A y / A u t o  d y /d u .

■ S in ce  = —j X. th is  m e a n s  th a t fo r  an y

h o w  s m a l l ! ) th e r e  e x i s t s  a su c h  th a t j

w h e n e v e r  0 < | A u -0  j < ^

€ > 0 (no m a tte r

< e

C e r ta in ly  th is  can  b e  in te r p r e te d  a s :  A.Y.. = ^7 + 6
Au du

w h e r e  £ d e n o te s  th e  c o r r e c t io n  fa c to r  n e c e s s a r y  to  b a la n c e  the  
eq u a tio n .

P e r h a p s  th e  id e a  ca n  b e  m a d e  c le a r e r  y e t . • C o n s id e r  A y /  A  u to  
b e the s lo p e  o f th e  s e c a n t  th ro u g h  th e  c u rv e  u = f(u) a t so m e  p o in t  
(u, y) w h e r e a s  d y /d u  r e p r e s e n t s  th e  s lo p e  o f th e  t o  th e
s a m e  c u r v e  a t th e  s a m e  p o in t (u, y ). T h en  ' '
I ..4y. -  .. d.y[ /  <?. w h en  0< I A  u - 0 |<  % s p e c i f ie s  th at th e  d if f e r e n c e  
I Au duj

of th e  s lo p e s  of th e  ' and th e ' , a t  th e  p o in t (u, y) can
be m a d e  a s  s m a l l  a s  i s  d e s ir e d  b y  s im p ly  fo r c in g  to  b e
l e s s  th an  ' ' b u t p o s it iv e .  ' ~

ta n g e n t, s e c a n t ,  ta n g en t, ) A u|, I)

10. T h u s it  i s  c le a r  th a t A y / A u -  d y /d u  + 6  i s  a f a ir  a p p r a is a l  o f  
th e  p h y s ic a l  r e p r e s e n ta t io n s  of th e  gra p h . In d eed  A y /  A u and  
d y /d u  a r e  f ix e d  n u m b e r s  fo r  th e  s lo p e s  a t an y  g iv e n  p o in t (u, y).

I ‘ J ■ . ,
? * 1 C o n se q u e n tly , A y  = d y /d u  Au * e  a  u . ■. W hy?

M u ltip ly  b o th 's id e s  o f A y /  A  u - d y /d u .+ e b y  Au, a  n u m e r ic a l  
ch a n g e  in  u .

\
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11. B u t k e e p  th e  a ir  c le a r .  We a r e  in te r e s t e d  in  th e ch an ge o f y, w ith  
r e s p e c t  to  t h e , ch a n g e  in  x  w hen  th e  in te r m e d ia te  c o m p o s it io n  o f  
fu n c tio n s  i s  know n. T h at i s ,  w e  w an t a s  a f in a l s ta te m e n t  d y /d x .  
N ow , h ow  can  you  p r o c e e d  fr o m  an e x p r e s s io n  o f A y t o  d y /d x ?

_  „ I im  a  y
D iv id e  Ay b y  A x and ta k e  O ZTx

12. . T h u s if  A y. - d y /d u  Au 4- e  A u , g e t  a y /  A x .

AyZ A x  = d y /d u  A u / A x  * 6* A u / A x .

13. N ow  in s i s t  th a t A y / A x  p r o c e e d  to  a l im it  a s  A x —» 0. B ut th is  
m e a n s  you  a r e  p r o c e e d in g  fr o m  1Jm tQ ^  r e a u lta n t

AX-»-0 A x  UX «
. Of c o u r s e  on th e  r ig h t  hand s id e  th is  m e a n s  + e -

A x —>-0 3u A x  A x

b e c o m e s  f  e  w ith  a s u f f ic ie n t  a p p lic a t io n  o f l im it
du d x d x -

t h e o r e m s . B u t fo c u s  on g d u /dx. W hat is . t h e  fa te  of th is  t e r m ?  
(R e m e m b e r  th a t e  can  b e  m a d e  a s  s m a ll  a s  i s  d e s ir e d  b y  

■ a d ju stin g  A x . )

It g o e s  to  z e r o .

14. B ut l e t ' s  lo o k  e v e n  d e e p e r . R e m e m b e r  w e are  e v a lu a tin g  th e s e  
d e r iv a t iv e s  a t p o in ts .  T h u s you  s e e  th a t d u /d x  i s  m e r e ly  a f ix e d  
n u m b er  d ep en d in g  on th e p o in t a t w h ic h  i t  i s  e v a lu a te d . In fa c t  
th en  6  d u /d x  i s  n o th in g  m o r e  th an  a n u m b er a s  w e ll .  B u t th is  
n u m b er  i s  r e g u la te d  in  m a g n itu d e  b y  th e  v a lu e  of e  . A nd in  tu rn  

m a d e  a s  s m a ll  a s  i s  d e s ir e d  b y  in s is t in g  on the  
of A x  to  0. C o n se q u e n tly  it  fo l lo w s  th a t
can  b e m a d e  a r b it r a r i ly  s m a ll  b y  a d ju st in g  A x  to w a rd  0.

e  can  be  
p r o x im ity

' k  S I
S ay , l e t ' s  s e t  

H e y , th is' m e a n s
dx  

du 
dx

dy A u 
A x

<6 b y  in s is t in g  th a t 0 4 | A x ) < £

F r o m  th is  p r e v io u s  s e n te n c e  w hat do you  c o n c lu d e  o f
I im  A y Y -

A x-* 0 Ax

Iim  AY _  d y   ̂ du 
Ax-* O - A x  " du ' Hx
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15. A s  you  h a v e  le a r n e d  in  c l a s s ,  th is  i s  an im p o rta n t fa c t . So
im p o r ta n t it  i s  n am ed : C h ain  R u le . T he a p p lic a t io n s  a r e  in d eed  
fa r  r e a c h in g . H o w e v e r , b e fo r e  w e p r o c e e d  to  th em  le t ' s  c o n s id e r  
o n ce  a g a in  th e s o u r c e  of the p r e v io u s  a rg u m en t.

In s te p  (10) w e sta ted , th a t A y /  A u =  d y /d u  -t Gt . T e c h n ic a lly  
sp e a k in g  th is  eq u a tio n  m a y  b e  m e a n in g le s s  s in c e  Au = 0 is
q u ite  p o s s ib le  w h en  u = f(x ).

C o n s id e r  fo r  e x a m p le :  u = f(x ) = 5 . C le a r ly  u  n e v e r  ch a n g e s  e v e n  
th ou gh  x  m a y  v a r y  a t  w i l l .  H e n c e  Au = 0 a lw a y s .

G iv e  a n o th er  v a lu e  fo r  u = / ’f(x ) su c h  th a t Au i s  a lw a y s  0.

L e t  u = ,£(x) be a n y  c o n sta n t.

16. B u t h o ld  on.' We s ta te d  th a t A y /  A u =  d y /d u  ^  in  th e in it ia l  
c o n s id e r a t io n s  w h ic h  e v e n tu a lly  b lo s s o m e d  in to  th e  ch a in  r u le .  
P e r h a p s  a l l  o f our a r g u m e n ts  w e r e  b u ilt  on san d  b e c a u s e  s u r e ly  

/'i A y / A u i s  m e a n in g le s s  if  A u  = 0.
Iiii

' I A s  a m e a n s  o f  a v o id in g  th is  tr a p  and sa lv a g in g  our. w o r k  w e  can  
f;ien joy  fr e e d o m  of m in d  b y  in s is t in g  m e r e ly  th a t A y =  d y /d u  A u  
/  ‘ T h en  u s in g  th is  a s  a p o in t o f  d e p a r tu r e  w e can  now  content)
■ , th a t A y /  A x  = d y /d u  ♦ A u /  a x + g  A u /  A x .

. i W hy can  w e  d iv id e  b y  A x  w ith  a  c le a r  c o n s c ie n c e  w h e r e a s  d iv is io n  
b y A u  c a u s e d  u s  p r o b le m s ?

A u cou ld  b e z e r o  but | A x |  >  0 . * I

17. N o w  l e t ' s  u s e  th is  n ew  found fa c t . S u p p ose  y  = (1+x^)^. C e r ta in ly  
one co u ld  c a lc u la te  y ' b y  s im p ly  sq u a r in g  1+x -and d if fe r e n t ia t in g  
th e  r e s u lta n t  p ro d u ct. H o w e v e r , c o n s id e r  y  = f(g (x )) w h e r e  g(x) =
I + x^ and  f(u) = u^« Y ou sh o u ld  n o t ic e  th a t w e can  u s e  the ch a in  
r u le .

T hat is : d y /d x  = d y /d u  * d u /d x

2u * 2x  = £ ( U x 2) •' 2x

S u p p o se  you  a r e  e n c o u n te r e d  w ith  th e ta s k  o f d if fe r e n t ia t in g  y  = 
(2x - 3 ) 7 I and y o u  e l e c t  to  c o n s id e r  y  = £ (g (x ). W hat w o u ld  you  ta k e  
to  b e g (x )?

g(x) » ' 2 x -3
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W hat w ou ld  you  a s s ig n  f(u) to  be i f  y  = f(u) ?
" " '  " " T l . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .y  = f(u) = u  .

1 8 / OK. N ow  u se  d y /d x  = d y /d u  d u /d x  to  d if fe r e n t ia te  y  -  (2 x -3 )^ ■*".

y' = 71 (2x -3 )^ ® (2 ). T h is  i s  an e a s ie r  w ay  to  d if fe r e n t ia te  
(2x -3 )71  than  to  f i r s t  exp an d  th e b in o m ia l .1 '

19. Y ou s e e ,  th e  o b je c t  of th e  ga m e i s  to  c h o o se  u  su ch  th a t th is  c h o ic e  
s im p l i f i e s  y  s f(g (x )) to  a  s im p le  r e la t io n s h ip  y  = f(u) w h ic h  is  
immediately differentiable. Then when £'(u) is calculated one can 
tu rn  to  the c h o ic e  o f u and a p p ly  th e same th in k in g  to  it .

C o n s id e r  th e  c o m p o s it io n  y  = f(g (h (x )))  
w h e r e  v  = h (x) = 2x - 1, 

u = g(v) : ^QF1.
Y  = f(u) = u 

■ ->_______ 7 / q
Or y  : ( N Zx- I )

T o  g e t  d y /d x  w e f i r s t  a p p ly  d y /d v \=  d y /d u  d u /d v :
d y /d v  = . _ L u " 1 /8  l / 2v r l / ^

■i'As a f in a l s te p  w e  p r o c e e d  on a s:
I: d y /d x  s d y /d v  d v /d x  o r  .

fit d y /d x  = - £ j u "l / 8  • 1/ 2v ' 1 /2 » 2
i  ■ ■

: ■ P u ttin g  it  a l l  to g e th e r :

d y /d x  = 7 /8  ( >j 2 x - I ) ' 1 / 8 '* 1 /2  (2 x - l )" l / 2 ' 2.

N ow  you  t r y  on e . F in d  y' if  y  - (S x2 - I ) 2^ (D o n 't s im p lify
it  b e fo r e  you  s ta r t  to  d if f e r e n t ia te .  )

y' = 1 /3  ^ i(S x 2 - I ) 21]  3 - 21 (3 x 2 - 1 ) 2^6x .

20 . A s  a fu r th e r  a p p lic a t io n  o f th e  c h a in  r u le  c o n s id e r  th e  s itu a tio n
w h e r e  y  = 3 x ^ -2 x + l and  x  = 3 t - 1.

-
■ T h is  i s  th e  u s u a l fo r m  of p a r a m e t ic  r e p r e s e n ta t io n  u s e d  so  

fr e q u e n t ly  in  m a n y  s itu a t io n s .. In th is  c a s e  th e e q u a lit ie s  s im p ly  
s ta te  th a t th e  o r d in a te  i s  d ep en d en t upon' th e a b s c i s s a  b u t th e  
a b s c i s s a  in  tu rn  i s  d ep en d en t upon  t  (w h ich  co u ld  b e  t im e ) .
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T o  fin d  d y /d t , u s e  th e  ch a in  ru le : d y /d t  = d y /d x  d x /d t  or d y /d t  - 
(6 x -2 )  3. '

N ow  you  tr y . S u p p o se  z : y  -3 y + l  and y  = 4x^4-3 fin d  d z /d x .

d z /d x  = d z /d y  d y /d x  = ( 2 l y ^ ^ - 3 )  » (8x) .

2 1 . A n  a p p lic a tio n  of th is  id e a  m ig h t b e : a  p o in t m o v e s  so  th at i t s
o r d in a te  i s  a lw a y s  tw ic e  th e cube o f th e  a b s c i s s a  y e t  th e  a b s c i s s a  
i s  a lw a y s  th e cube o f th e  t im e  e la p s e d  d im in ise d  b y  3. F in d  the  
ch an ge of th e  o r d in a te  w ith  r e s p e c t  to  th e  t im e  w h en  t =  I ,

y  - 2x^; x  -  t^ -3

/ , d y / d t  = d y /d x  d x /d t  = 6x^ - 3t^ = 6(t^ -3 )^ «  3t^
= 6 (-2 )Z  , 3(1)

= 72 .

N ow  you try : A  m o v in g  p o in t r e c e d e d  fr o m  the x - a x i s  d ir e c t ly  < 
a s  th e  sq u a r e  of th e  a b s c i s s a  l e s s  2 , and th e  a b s c i s s a  in c r e a se 's  
a c c o r d in g  to  th e  4th  p o w e r  o f  th e  t im e . . F in d .th e  ch a n g e  o f the  
o r d in a te  w ith  r e s p e c t  to  th e  t im e  w h e n  t  = 2 .

y  = x 2 - 2 ; x  - t4

/ . d y / d t  r (2 x )..(4 t3) = 2 (t4 ) - (4 t3) = . 2 10.

v - ' . . '



L e s s o n  VII

IM P L IC IT  D IF F E R E N T IA T IO N

. A  n e c e s s a r y  s k i l l  fo r  e v e r y  b e g in n in g  c a lc u lu s  stu d en t is  th e  
a b il i ty  to  d if fe r e n t ia te .  C e r ta in ly  one v e r y  im p o r ta n t d if fe r e n t ia t io n  
s k i l l  i s  th e  a b il i ty  to  d if fe r e n t ia te  " im p lic it ly " . . C o n se q u e n tly  th is  
l e s s o n  i s  d e s ig n e d  to  m a k e  you  m o r e  c o m p e te n t a t d if fe r e n t ia t in g  
" im p lic it ly "  and f o c u s e s  in  p a r t ic u la r  on th e  r e a s o n s  w hy one can  
d if fe r e n t ia te  " im p lic it ly " . ' —

T h is  l e s s o n  c o n c e n tr a te s  on the m e c h a n ic s  and r e a s o n in g  b eh in d

I m p lic it  d if fe r e n t ia t io n

R e c a l l  th a t i f  y  = f(u) w h e r e  in  tu rn  u - g (x ), th en  b y  th e ch a in  r u le

d y /d x  ,  - t o . ,  o r  d y /d x  . It thi=

im p o r ta n t id e a  upon w h ich  " im p lic it"  d if fe r e n t ia t io n  i s  b a se d . C o n s e ­
q u en tly  k e e p  th e  p r in c ip le  o f the ch a in  ru le  f r e s h  in  you r m in d .

W hat im p o rta n t id e a  i s  b eh in d  " im p lic it"  d if fe r e n t ia t io n ?  

ch a in  ru le

S u p p o se  y  : f (x )n . L e tt in g  u = f(x ) w e s e e  th a t y  = u11. T h en  y' =
nu11  ̂ d u /d x  w h e r e  the ydu/dx o w es  i t s  e x is t e n c e  to  th e  ch a in  r u le .  
S im ila r ly  i f  y  = (g (x))P

y' r p/q. d g (x ) /d x . W hy m u s t  th e  t e r m  d g (x ) /d x  be a
fa c to r  of th e  a n sw e r  ?

ch a in  r u le

N ow  su p p o se  y  = f(x ). C le a r ly  y 3 = and fo r  th a t m a tte r  any
r a t io n a l p o w e r  o f y  i s  in  tu rn  r e f l e c t e d  b y  th is  s a m e  r a t io n a l p ow er  
of f(x ). In d eed , y n = f(x )n . Of c o u r s e  an  e x p r e s s io n  in v o lv in g
d y /d x  i s  in h e r e n t  in  th e  d e r iv a t iv e  o f f (x )n . T h at is :  _5L f(x )^  -

dx
n ‘.,f(x)n  ̂ ' d f (x ) /d x  = n f ( x ) n ~  ̂ d y /d x .
'Hf -
W h y  i s  d y /d x  a  fa c to r  in  th e a n s w e r ?
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B u t th is  m e a n s  th a t -g^ -f(x )^  i s  3f(x)^  d y /d x . T h u s i f  - f(x )^ ,

^ y^ m u s t  l ik e w is e  b e  3 y ^ d y /d x .
HX" d .c d
If y^ = f(x)® , fin d  ^  ^(x ) and s im i la r ly  fin d

d f (x ) f
TGT

5 f(x )^  d f (x ) /d x  and * ^ -y ^  = 5 y 4 d y /d x .

B u t r e m e m b e r  y  = f(x) to  s ta r t  w ith  in  (4 ). . T h u s you s e e  th a t
n -1  dy  n v  —

d x .'  N ow  y o u  tr y  w r it in g
, 0 . 7

dow n r̂-  y i f  y  = f(x ) . ( F i r s t  u s e  f(x ) in  y o u r  a n s w e r  and not y . )

"a5T(f(x ))n = Hif(X)Jn " 1 
d
H5?

-H r  y 7 = 7(f(x)) d f(x)

N ow  u s e  y  in  you r a n sw e r  and n ot f(x ).

d '
H5T

7 „ 6 dy
Y - 1Y 1Hx

N ow  c o n s id e r  th e  l a s t  a n sw e r  a b o v e: i. e .  :
7 „ 6 dy

y  = 7Y -asr

Y ou sh ou ld  s e e  th a t d y /d x  i s  a fa c to r  o f the d e r iv a t iv e  and m u st  be  
e x p l ic i t ly  w r it te n  dow n. W hy i s  d y /d x  a fa c to r  of th e  a n s w e r ?

C h ain  r u le

In th e fo r e g o in g  s te p s  y  w a s e x p l ic i t ly  d en o ted  to  b e a fu n c tio n  o f x . 
T h at i s ,  it  w a s  d e c la r e d  a t  th e  o u tse t  th a t y  - f(x ). H o w e v e r , in  
m a n y  c a s e s  th e fa c t  th at y  i s  a fu n c tio n  o f x  is  n ot e x p l ic i t ly  s ta te d  
but in s te a d  it  i s  im p lie d  b y  th e n a tu re  of th e  a lg e b r a ic  r e la t io n s h ip  
in v o lv e d . In su ch  c a s e s  y  i s  sapd. to  b e  " im p lic it ly 11 d e fin e d  a s  a 
fu n ctio n  of x . F o r  ex a m p le :  x  + y  = r . C le a r ly  y  i s  not 
d en o ted  a s  an e x p l ic i t  fu n ctio n  o f x ,  b u t s u r e ly  y  can  b e e x p r e s s e d  
a s  y  -

r^ -x ^  or y  = - I r^-x^ and  th e s e  e q u a tio n s  do r e p r e ­
se n t  y  a s  a fu n c tio n  o f x  (and fo r  c e r ta in  s p e c if ie d  d o m a in s  and  
r a n g e s  th e s e  e q u a tio n s  a r e  e q u iv a le n t  to  x% * y  - r^ . S p e c if ic a l ly  
w h ic h  fu n c tio n a l v a lu e  y  ta k e s  on i s  n o t n e a r ly  so  im p o r ta n t to  
u s  now  a s  th e  fa c t  th a t y  can  b e r e p r e s e n te d  a s  a  fu n c tio n  o f x .

W ould  you  sa y  th a t y  i s  im p lic i t ly  o r  e x p l ic i t ly  a  fu n c tio n  o f  x  if:
(a) y  s 3 x 2 - 9 x  » I ?

E-
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e x p l ic i t

(b) x 2 ; y 4  + I ? 

im p lic it

(c) y  = s in  x  - ta n  x^ ?

e x p l ic i t

(d) s in  x y  = 3x  - I ? 

im p lic it .

8 . S o , i f  y  i s  e x p l ic i t ly  r e p r e s e n te d  a s  a fu n ctio n  of x , one e n c o u n te r s  
no u n u su a l p r o b le m  r e g a r d in g  d if fe r e n t ia t io n . Our c o n c e r n  c e n te r s  
on im p lic i t  r e p r e s e n ta t io n . L e t 's  lo o k  a g a in  a t  th e  id e a . In the  
im p lic i t  c a s e  y  i s  n ot s p e c i f i c a l ly  so lv e d  fo r  in  t e r m s  o f x . H o w e v e r ,  
th e  so lu t io n  o f y  in  t e r m s  of x  i s  im p lie d  ju s t  a s  x% + 
im p lie s  th a t y  ca n  b e  s o lv e d  fo r  in  t e r m s  of x  a lo n e . T h a t .is ,  e v e n  
th ou gh  y  i s  n o t s o lv e d  fo r  e x p l i c i t ly  in  t e r m s  o f x ,  w e  a r e  o f th e  
b e l i e f  th a t g iv e n  p r o p e r  a lg e b r a  it  w ou ld  be p o s s ib le  to  tr a n s fo r m  
th e  e x p r e s s io n s  u n til y  i s  e x p l ic i t ly  r e p r e s e n te d  a s  a  fu n ctio n  o f x: 
y  r f(x ).
S o lv e  fo r  y  e x p l ic i t ly  a s  a fu n c tio n  o f x: : x  y  r I

y  = I - x

x 2 y 2 = I

y  = + I
x

9. D o  you  s e e ?  E v e n  .though y  i s  n ot e x p lic it ly  r e p r e s e n te d  a s  a
fu n c tio n  of x , w e  h a v e  a r ig h t  to  th in k  th at th is  co u ld  b e th e c a s e  
i f  en o u g h  a lg e b r a  w e r e  in v o k ed . H e n c e , y  = f(x ) i s  im p lie d  b y  
a lg e b r a ic  e x p r e s s io n s  in v o lv in g  x , y* and c o n s ta n ts .  A nd th is  
i s  th e  k e y  to  th e  id e a  o f  im p lic i t  d if fe r e n t ia t io n :  W hen you  s e e  y  
in  th e e x p r e s s io n ,  you  h a v e  a r ig h t  to  th in k  o f t h is  y  a s  b e in g

W hat sh o u ld  you  c o n s id e r  in  p la c e  o f th e  y  in  x 7 y ^  i  B y  + 3 * 1 ?
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y  z f(x ).

10, . N ow  you  a r e  r e a d y . Y ou sh ou ld  s e e  th a t i f  y  i s  c o n s id e r e d  to  be  
f(x) in  an  a lg e b r a ic  e x p r e s s io n ,  th en  y? i s  th ou gh t o f a s  (f(x ))^ .

I  . ‘
W hat i s  y 2 th ou gh t o f a s ?

(f (x ))2

11. F r o m  h e r e  th e  p r o b le m  b e c o m e s  on e o f e a s y  m a n ip u la tio n . T o  
d if fe r e n t ia te  y n one s im p ly  c o n s id e r s  (f(x ))n and a p p lie s  th e  
p r o p e r  r u le s  of d if fe r e n t ia t io n  to  (f(x ))n . T h u s i f  y  i s  im p lic i t ly  
a fu n c tio n  o f x  and d y /d x  i s  d e s ir e d  w h e r e  y^ i s  e n c o u n te r e d ,  
one s im p ly  c o n s id e r s  ( f (x )F  and d if f e r e n t ia te s  a c c o r d in g ly  to  
g e t  5 ( f (x ))4 d f(x ) , 

dx
O r, a s  it  i s  u s u a l ly  w r it te n , 5 y^  d y /d x .

S u p p o se  it  i s  im p lie d  th a t y  i s  a fu n c tio n  of x  and it  i s  d e s ir e d  to  
d if fe r e n t ia te  y l^ .  D o  s o , w r it in g  y o u r  a n s w e r  in  t e r m s  o f f(x ).

i o ( f ( x » 9 A p l  
dx

D o s o  w r it in g  y o u r  a n s w e r  in  th e u s u a l fo r m  n ot in v o lv in g  f(x ).

IOy9 d y /d x

12. N ow  l e t ' s  t r y  our lu c k  on so m e  s p e c i f i c  p r o b le m s . S u p p ose

x^ + y^ = r^ i s  e n c o u n te r e d  and w e  d e s ir e  y 1. D if fe r e n t ia t in g  ■

im p l ic i t ly  one can  d ir e c t ly  co n c lu d e : 2x  •» Z yy1 = 0 . T h u s y' -
- x / y  or  y ' = - y  • w h e r e  th e  s ig n  i s  c h o s e n  to  f it  th e

; t V - J  -

j p a r t ic u la r  v a lu e  o f y  d e s ir e d .

■ . If x^ + y^ = I, f in d  y 1. -

Sx^ + S y ^ y 1 = 0. T h u s , y 1 ^ -x ^ /y ^ . ; If you  m is s e d  th is  a n s w e r  go  
b a c k  and r e d o  # 11 .

I ~ ..............I ------------------------

(
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13. In c a s e  of a p ro d u ct su c h  a s  x y  = I , one p r o c e e d s  a s  fo llo w s :
x y ' * y  .= 0 . W h ere th e  le f t  hand  m e m b e r  r e s u l t s  d ir e c t ly  .from  
the p r o d u c t fo r m u la . C o n seq u en tly :

y ' :  - y / x .  "

If x ^ y  ̂ = 5 , f in d  y '. (R e m e m b e r  th a tx  ^y^ i s  a  p ro d u ct. )

X2 Z yy1 + y Z2x  = 0 . T h u s y' = - 2 x y 2 / 2 x 2 y  = - y / x .

, 14. N ow  t ie  th e  id e a s  a b o v e  to g e th e r  to  fin d  y* if: ,
' 5 o c ■

-Sr:''"';: x  + 4 x y  -  3y = 2.
- - - - - - - - ..................................... ........................... .... ................................ v

5x 4

T h u s y'

t 4 x 3 y 2y ' f 4y^ - 15 y ^ y 1 
-(S x ^  + 4 y 2)

IZ xy2 - 15y4 *

-  0 . ' ■/<

15. A s  a p a r t ic u la r  a p p lic a t io n  o f  im p l ic i t  d if fe r e n t ia t io n  fin d  the s lo p e  
o f th e  ta n g e n t to  th e  c u r v e  ^  ^  f y 2 .  :T. a t (1) 2). •

2x  + x y ' + y  4 Z yy1 s 0 . T h u s y ' = -------=Z
. x  t 2y

H e n c e  m  a t (1 ; 2) i s  - 4 / 5 .

16. N ow  l e t ' s  p r o v e  a th e o r e m  u s in g  im p l ic i t  d if fe r e n t ia t io n  to  sh ow  i t s

L e t 's  p ro v e : if  y  = x ^ ’̂  th en  y ' = p / q ,.  ̂ w h e r e  p and q a r e
' ' an y  in t e g e r s  (q  0 ).

F i r s t ,  y  = x  ^ ^  i s  e q u iv a le n t  to  xP. - N o w .d if fe r e n t ia te
im p lic i t ly ,  s im p lify  y o u r  r e s u lt ,  and c o m p le te  th e p r o o f .

^ y9 - V  = PXp " 1. T h u s y' = q y .l-,1 ' = x ! p ( q - I ) / q ,
= P / 1  -  ( s - P / q )

..................  ■ ■ ■  ;  -.
V / . ' T  ' i :

. /



156

17, In the p r e v io u s  p r o b le m  w h e r e  d id  the y' co m e fr o m ?

ch a in  r u le

18. G ood . N ow  l e t ' s  c h e c k  our p r o c e d u r e  b y  in v e s t ig a t in g  fr o m  a
y ' fr o m  x 2 •» y 2 - I im p lic it ly .d if fe r e n t  d ir e c t io n . G et y ' fr o m  x 2 ■* ^

2x  4 Z yy1 - 0 . T h u s y ' = - x / y .

2 9
19. ' N ow  p ro v e  th a t x  t y  = I (w h ich  le a d s  one to  th e e x p r e s s io n

Y s  i I x^ i f  one c o n s id e r s  th e  to p  h a lf  of the c ir c le )
; h a s  dy /d x  V  - x / y  a ls o .  (D o th is  b y  e x p l ic i t ly  d if fe r e n t ia t in g

Y =  V T x 2.)

y' r f t  I -X2)" 2(-2x) = - x / ( l  - x 2) 2 - - x / y .

. ■ / £ ----------------------------------- -------------:------------------ ----------------------------- :----------------------- -

20. N o t ic e  th a t b oth  m e th o d s  g iv e  th e sa m e  r e s u lt .  B u t th e im p lic it  
.' d if fe r e n t ia t io n  i s  o ften  t im e s . f a s t e r  an d  m o r e  a c c u r a t e - -  

p a r t ic u la r ly  in  c a s e s .w h e r e  n o n -lin e a r , e q u a tio n s  a r e  in v o lv e d .

. W hich  m e th o d  o f d if fe r e n t ia t io n  ( e x p l ic i t  or  im p lic it )  w ould  you  u s e

iT to  g e t  y ' if:  a) y  = ( x 2 -  3x )^ ?  <

' e x p lic it '  ;. . . ,............... . . ................ , .

im p lic it

c) (x + y ) 3 - ( x - y )3 = x 4  - y 4  

 ̂■ im p lic i t
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21 . A s  a  s l ig h t  e x te n s io n  o f th e  fo r e g o in g  a r g u m e n ts  one can  e a s i ly  
s e e  th e  a p p lic a t io n  to  h ig h e r  o r d e r  d e r iv a t iv e s .  F o r  e x a m p le ,  
su p p o se  ',.-y" i s  d e s ir e d  if

x^ - x y  + y% = 3.

C le a r ly :  2x - x y ' - y  + Z yy1 = 0 and th u s. • ' '

1 2 - xy"  - y ' - y ' + 2yy" 4- Z y1 (y ') - 0.

S o  • > ’ = 2 -  Z y' t 2 (y ')2  
x  - ^ y  “

' . E v a lu a te  y ' and y" w h en  x  = I: x ^ y  + xy^ = 2

xTy' + y3x^  t x 3 y  y ' 4- y J = 0 o r  y ' - 3 x 2y  - y^ 

x^ 4 3 x y 2

S in c e  x  = I m e a n s  y  •= I, y ' = - 4 / 4  - - 1.

IjFor y1Y) x^y" 4 y '3 x 2 4 y6x  4 3x2y 1 4 3xy^y" 4 3 y '(x y 2) 1 4 3y^y' - Oj 

hl'oT x^ yn 4 3x^y' 4 3x^ y ' 4 6xy 4 3xy2y" 4 6x y (y ')2 4 3y^ y' 4 3y^y' 4 

I ^ y 2y ' = 0; y" : 0. .

22 . -A s  a  f in a l c o n s id e r a t io n  of im p l ic i t  d if fe r e n t ia t io n  o b s e r v e  th a t  
: ; on e can  d if fe r e n t ia te  y  = f(x) e x p lic it ly -  and ob ta in  d y /d x  = f '(x) o r  

one can  d if fe r e n t ia te  th e  s a m e  fu n c tio n  y  = f(x) im p l ic i t ly  and  
\  ob ta in  I. d y /d x  = f '(x).
- '  *

N o t ic e  th a t b o th  r e s u l t s  a r e  e q u iv a le n t .
D if fe r e n t ia te  y  = x% b oth  im p lic it ly .a n d  e x p lic it ly .

I

E x p lic it :  d y /d x  = 2x.

Im p lic it:  I d y /d x  = 2x

B u t h e r e in  l i e s  an  im p o r ta n t in s ig h t  - you  s e e ,  a l l  e x p lic it  
d if fe r e n t ia t io n  ca n  in d e e d  b e  d on e im p lic it ly .' T h u s a l l  
d if fe r e n t ia t io n  - b e  it  im p lic i t  in  n a tu r e  or e x p l ic i t  in  n a tu re  - 
can  b e  d on e im p lic i t ly .
C an  one d if fe r e n t ia te  a l l  e x p l ic i t  fu n c tio n s , in  a n  im p l ic i t  m a n n e r  ?

Y e s .



L e s s o n  VIII

. '
V E L O C IT Y  A ND  R E L A T E D  R A T E S

I. T he b e g in n in g  c a lc u lu s  s tu d en t i s  a lw a y s  co n fro n ted  w ith  p r o b le m s  
in v o lv in g  a p p lic a t io n  o f th e  id e a s  o f d if fe r e n t ia t io n  to  c e r ta in  
p h y s ic a l  p r o b le m s . It i s  the p u r p o se  of th is  l e s s o n  to  c a r e fu l ly  
lo o k  at th e  m eth o d  o f  s o lu t io n  o f th e s e  p r o b le m s  and a p p ly  th e  
m e th o d  to  i l lu s t r a t iv e  e x a m p le s  - p a r t ic u la r ly  w e w i l l  b e  c o n c e r n e d  
w ith  v e lo c i t y  p r o b le m s  and r e la te d  r a te  p r o b le m s .

T h is  l e s s o n  c o v e r s  th e  m eth o d  o f s o lu t io n  o f tw o m a jo r  ty p e s  of 
p r o b le m s  in v o lv in g  th e id e a s  o f d if fe r e n t ia t io n . W hat a r e  th e s e  
p r o b le m  ty p e s ?

r e la te d  r a te  and v e lo c i t y

2 . . S u p p o se  a p a r t ic le  i s  m o v e d  fr o m  i t s  in it ia l  p o s it io n  b y  a  fo r c e  
su ch  th a t th e  d is ta n c e  th e p a r t ic le  i s  fr o m  i t s  in it ia l  p o s it io n  i s  
e n t ir e ly  d ep en d en t upon  t im e .  L e tt in g  s b e  the d is ta n c e  in  
q u e stio n  and t th e  e la p s e d  t im e ,  you  can  s e e  th a t s - f(t) .

In d eed , su p p o se  th e  d is ta n c e  th e  o b je c t  i s  fr o m  i t s  in i t ia l  p o s it io n  
i s  k  t im e s  the sq u a r e  o f the e la p s e d  t im e  in  s e c o n d s . U nd er th is  <

• h y p o th e s is  r e p r e s e n t  th e  p a r t ic u la r  d is ta n c e  th e  o b je c t  i s  fr o m  i t s  
in i t ia l  p o s it io n  a t th e  end  o f t  s e c o n d s .

•' s = k  t 2 '

3. In th e  c a s e  of a f r e e ly  fa ll in g  b od y  th e c o n sta n t o f p r o p o r t io n a lity ,  
. k, b e c o m e s  16. N ow  r e p r e s e n t  th e  d is ta n c e  a f r e e ly  fa ll in g  b o d y  

f a l l s  in  t  s e c o n d s .

CO
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4. N o w  l e t ' s  tu rn  our a tte n tio n  to  an im p o r ta n t p r o b le m . S u p p ose  ' 
w e d e s ir e  to  fin d  th e  v e lo c i t y  of a  f r e e ly  fa ll in g  b o d y  a t a p a r t ic u la r  
in s ta n t  - s a y  w hen  t  = I.

ZP e r h a p s  w e co u ld  (u sin g  the fa c t  s. - l6 t  ) co m e  up w ith  the  
fo llo w in g  a n a ly s is :

. ■

We co u ld  c a lc u la te  the a v e r a g e  v e lo c i t y  o v e r  a n y  g iv e n  t im e  
in te r v a l .  T h en  w e cou ld  cut th e t im e  in te r v a l s m a l le r  and s m a lle r  
su ch  th a t th e  a v e r a g e  v e lo c i t y  a p p r o a c h e s  in  fa c t  th e  e x a c t  
v e lo c i t y  a t th a t p o in t. H ow  d o e s  on e c a lc u la te  a v e r a g e  v e lo c i t y  if  
th e  d is ta n c e ,  s ,  and t im e ,  t , a r e  kn ow n ? (R e m e m b e r :  d is ta n c e  -  
r a te  x  t im e .  ) .



OK. L e t ' s  s ta r t  our a p p r o x im a tio n . F in d  out th e to ta l  d is ta n c e  
t r a v e le d  d u rin g  th e  t im e  in te r v a l:  I s e c o n d  to  2 s e c o n d s .  
(R e m e m b e r :  s = l6 t2 . )

s = 16(2 )2  _ 1 6 (1 )2 = 48

S in ce  d is ta n c e  t r a v e le d  a f te r  I s e c o n d  r e p r e s e n t  in c r e m e n ts  on  
th e  d is ta n c e ,  l e t ' s  c a l l  th e s e  in c r e m e n ts  A s ;  If A t c o r r e s p o n d in g ­
ly  r e p r e s e n t s  the t im e  in te r v a l t r a v e r s e d ,  w hat e x p r e s s io n  w ou ld  
b e s t  r e p r e s e n t  th e a v e r a g e  v e lo c i t y  o v e r  th is  g iv e n  t im e  in te r v a l?

a v g  v e l .  r A g /  A t

C a lc u la te  th e a v e r a g e  v e lo c i t y  o v e r  th e  t im e  in te r v a l I se c o n d  to  
2 s e c o n d s .

A g /  A t  = 4 8 /1  = 48

N ow  c a lc u la te  A s i f  th e  t im e  in te r v a l  id d e c r e a s e d  fr o m  th e  
in te r v a l I s e c o n d  to  2 s e c o n d s  to  th e  in te r v a l I s e c o n d  to  I . I 
s e c o n d s .

A s  = 16(1. I )2 - 16(1)2 19. 36 16 = 3. 36

N o w  c a lc u la te  th e  a v e r a g e  v e lo c i t y  o v e r  th is  in te r v a l .

a v g  v e l .  = A s /  A t =  3. 3 6 / .  I = 3 3 .6

L e t 's  ta b u la te  our r e s u l t s  in. a  ta b le  to  fa c i l i t a t e  q u ick  and e a s y  
o b s e r v a t io n . . F i l l  in  th e  b la n k  p a r t  o f the ta b le .

4. s-
s for  t - I t  <■ A t S + A S A g  At At
16 ( I 2 ) = 16 1 + 1 16(22) _ 64 6 4 -1 6 = 4 8 . I 4 8 /1

16 I . I 19. 36 1 9 .3 6 -1 6  .1 , = 33. 6
16 1 .0 1 16. 3216 16. 3 2 1 6 -1 6  .0 1 . = 32. 16
16 I . 001

' 16. 0 3 2 0 16 .0 3 2 0 1 6  .0 0 1 3 2 .0 1 6
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10. If w e k e e p  th is  up in  th e  m a n n er  w e  h a v e  s ta r te d , do you  s e e  w e 
w il l  be fo r c in g

ii™ o 7 whatis i£o 4 f-7
d s /d t  (w h ich  in  th is  c a s e  tu r n s  out to  b e 32)

t ' V' "  ,
11. In fa c t  "you s e e  th a t d s /d t  i s  th e  e x a c t  v e lo c i t y  w h en  e v a lu a te d  

at t  = I.

W hat q u o tien t r e p r e s e n t s  th e a v e r a g e  v e lo c it y  o v e r  a t im e  
in te r v a l A t?

.................................. • .........................................................................................
Ifl A s /  M

f t - - - - :- - - - - - - - - - - - - - - - - - - - - - - - - - - - - '- - - - - - - - - - - - -
1 2 . ; , I H e n c e , th e  s e c r e t  o f e x a c t  v e lo c i t y  p r o b le m s  b e c o m e s  one of

■ 1 e v a lu a tio n  o f d s /d t  w hen  s = f(t) .
. ■

; . C a lc u la te  th e e x a c t  v e lo c i t y  of a f r e e ly  fa ll in g  s to n e  a t the end  
" qf one s e c o n d  b y  u s in g  d s /d t  if  s = l6 t  .

f d s /d t  = 32t s 32 f t / s e c  a t  t  = I

' 13. S u p p o se  a f r e e ly  fa ll in g  b od y  i s  in h ib ite d  in  i t s  f l ig h t  b y  the
p r e s e n c e  o f a m o r e  d e n s e  a tm o s p h e r e  w h ich  r e ta r d s  i t s  d e s c e n t  
5 f t / s e c .  In c o r p o r a te  th is  fa c to r  in to  th e  m a th e m a t ic a l  r e p r e ­
se n ta t io n  o f  th e  d is ta n c e  t r a v e r s e d  in  t s e c o n d s  b y  a f r e e ly  
fa ll in g  b o d y  (s  = l6 t^ ).

s = I 6 t2 - 5 t • ‘ ,

14. U s in g  th is  n ew  fo r m u la  fin d  th e e x a c t  v e lo c i t y  o f th e  fa ll in g  
b od y a f te r  3 .s e c o n d s .

d s /d t  = 32t - B r 91 f t / s e c .

)



Y ou s e e  th a t in  e a c h  o f th e  fo r e g o in g  c o n s id e r a t io n  s w a s  
d ep en d en t upon t  - - - S =  f(t) - -  - and th e  v e lo c i t y  w a s  in  
fa c t  the e x a c t  r a te  of ch an ge of s w ith  r e s p e c t  to  t.

W hat i s  e x a c t  v e lo c i t y  i f  s = f(t) ?

V e lo c i ty  i$  the e x a c t  r a te  of ch an ge of s w ith  r e s p e c t  to  the ch a n g e  
in  t.

e x a c t  v e lo c i t y  - I im  
A t —

/k s 
•A t

Iim  f(t»  A t)  - f(t) _ ds  
A t A t dt

N ow  in s te a d  o f a f r e e ly  fa ll in g  b o d y  l e t ' s  c o n s id e r  th e  f lig h t  o f  
a p r o j e c t i le .  S u p p o se  th e o b je c t  i s  p u sh ed  u p w ard  w ith  an  
in i t ia l  v e lo c i t y  o f 32 f t / s e c .  W ith no g r a v ity  o r  a ir  r e s i s t a n c e ,  
h ow  fa r  u p w ard  w ou ld  th is  o b je c t  r i s e  a f te r  I s e c o n d ?

32 f e e t

2 s e c o n d s ?

64 f e e t

t s e c o n d s?

32 t f e e t

N ow  w e h a v e  th e  p o s it iv e  v e r t i c a l  com p o n en t o f th e  d is ta n c e  fr o m  
grou n d  z e r o , 32 t . B u t w e m u s t  c o n s id e r  g r a v ity  fo r  s u r e ly  
g r a v ity  w i l l  p u ll it  b a c k  to w a r d s  e a r th . B ut w ith  w hat fo r c e ?  
(W hen it  f a l l s  b a c k  to  e a r th , it  i s  a f r e e ly  fa ll in g  body . )

th e  fo r c e  o f th e  f r e e ly  fa ll in g  b ody: -16t^

P u ttin g  th e  co m p o n e n ts  o f-th e  d is c u s s io n  to g e th e r  w e s e e  th at  
th e  p o s it iv e  v e r t i c a l  c o m p o n e n t .is  32 t  and th e  n e g a t iv e  v e r t ic a l  
co m p o n en t i s  16t^. Y ou can  now  r e p r e s e n t  th e  h e ig h t  o f the- 
o b je c t  a t  an y  t im e  t  a fte r  la u n c h in g . ; D o so .
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19. H o w e v e r , w e can  s t i l l  r e p r e s e n t  th e  v e lo c i t y  a t  a n y  g iv e n  t im e  t 
b y d s /d t .  C an w e  u s e  th is  v e lo c i t y  fo r  a n y  p u r p o se  ? L e t ' s  see.

> A s  th e  o b je c t  i s  c lim b in g  s u r e ly  th e v e lo c i t y  i s  d e c r e a s in g ,  and  
,as th e  o b je c t  i s  d e s c e n d in g  s u r e ly  the v e lo c ity  i s  in c r e a s in g .  B ut 
w h at m u s t  b e  tr u e  of th e  v e lo c i t y  a t  th e  e x a c t  in stan t' the o b jec t  
i s  at th e  top  o f  i t s  f l ig h t?

T h e v e lo c i t y  m u s t  b e  z e r o .

20 . W hat c o n d itio n  m u s t  b e  tr u e  i f  d s /d t  -  0 ?

T he o b je c t  m u s t  b e  a t the top  o f i t s  f l ig h t .

21 . S o , i f  you  fo r c e  d s /d t  = 0 , you  a r e  in  e f f e c t  fo r c in g  a  r e s t r ic t io n  
on t. Y ou a r e  in s is t in g  th a t a t t  = t  s e c o n d s  d s /d t  = 0 or  th e . 
v e lo c i t y  be z e r o .  F o r  w hat v a lu e  ox t  i s  d s /d t  = 0 i f  s = 32t - 16t^?

t  = I s in c e  32 - 32t «= d s /d t  = 0.

2 2 . . So at w hat t im e  a f te r  la u n ch  i s  the o b je c t  in  th e p r e v io u s  a r g u m e n t
at th e  to p  o f i t s  f lig h t?

t  = I

23 . A s  a c o r o l la r y  to  th e  p r o b le m , su p p o se  you  w is h  to  know  the
m a x im u m  h e ig h t  a tta in e d  b y  th e o b je c t . You can  s e e  th at th is  i s  
e a s i l y  c a lc u la te d  b y  im p o s in g  th e  t im e  o f  m a x im u m  h e ig h t  on • 
s = 32t - l 6 t 2 . D o  so .

s = 32(1) - 16 (12 ) = 1 6

24 . N ow  l e t ' s  b e  m o r e  g e n e r a l .  S u p p o se  th e  in it ia l  v e lo c i t y  i s  n ot  
+ 32 f t / s e c  but in s te a d  i s  v 0 . . If a g a in  the n e g a t iv e  v e r t i c a l  . 
co m p o n en t i s  g r a v ity  a lo n e , r e p r e s e n t  th e  h e ig h t  o f the o b jec t  
a b o v e  grou n d  z e r o  a t  t im e  t.

s  r V0 t  - I 6 t2

r
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35i 2U sin g  s = Vq t  - l6 t  c a lc u la te  th e  t im e  a t  w h ic h  th e  m a x im u m  
h e ig h t  i s  r e a c h e d .

d s /d t  = v 0 - 32t. T h u s a t t  = V0 /3 2  th e  m a x im u m  h e ig h t  is  
r e a c h e d .

2 6 . N ow  c a lc u la te  th e  m a x im u m  h e ig h t  r e a c h e d  w hen  t = Vq /3 2 .

s = v 0(v 0 /3 2 )  - l 6 ( v 0 / 3 2 ) 2

27 . H e n c e , i f  one n e e d s  to  h a v e  th e  o b je c t  r i s e  to  a h e ig h t  h 0 , a 
m e a n in g fu l q u e s tio n  is :  w ith  w h at in it ia l  v e lo c i t y  m u st  the  
o b je c t  b e  p r o p e lle d  u p w ard ?  F in d  th is  v e lo c it y .  (R e m e m b e r :  
s = v 0t  - 16t^  i s  th e  d is ta n c e  ab o v e  ground  z e r o .)

s - h 0 = v 0 (v0 /3 2 )  - 16(v 0 / 3 2 ) 2 so  v Q2 = 64 h Q or v Q = 8 fh ^

28 . T he a n s w e r s  to  tw o  in te r e s t in g  q u e s t io n s  can  b e  o b ta in ed  w ith
l i t t le  a d d it io n a l e f fo r t . F i r s t ,  a t w h a t v e lo c i t y  w o u ld  the o b je c t  
s tr ik e  grou n d  z e r o ?  S eco n d , h ow  m u ch  t im e  i s  in v o lv e d  in  th e  
a s c e n t?  th e  d e s c e n t?
T o  fin d  the a n s w e r  to  th e  f i r s t  o f th e s e  q u e s t io n s  c o n s id e r  the  
m a g n itu d e  o f s w hen  th e  o b je c t  .s tr ik e s  grou n d  z e r o  i f  s = v Qt -  
l6 t^ . T h en  c a lc u la te  th e  t im e  w h ic h  w ou ld  e la p s e  b e fo r e  the  
o b je c t  r e tu r n s  to  grou n d  z e r o .  D o  th is .

N.
0 = v 0tr.r  l 6 t 2 m e a n s  t = .0 or t  = v 0 / l 6 .  T h u s a t t  - v Q/ 16 the  
o b je c t  r e tu r n s  to  grou n d  z e r o .

H o w e v e r , r e c a l l  th a t d s /d t  i s  a lw a y s  v 0 -3 2 t .  H e n c e , w hat w ou ld  
b e  th e  v e lo c i t y  a t  th e  in s ta n t  of im p a c t?

1110'
Ilfl S in c e  d s /d t  = V q - 32t, d s /d t  a t  th e  in s ta n t  o f  im p a c t  (t = V q /  16) 
fir i s  v 0 - 3 2 (v 0 / l 6 )  = -v  .

. 11]  '  ________________________________________________  -  '_______________________________________________________________

29. D o  y o u  se e .1 T h e  im p a c t  v e lo c i t y  i s  a lw a y s  the sa m e  in  m a g n itu d e  
a s  th e  la u n ch  v e lo c i t y J N ow  g o  a f te r  th e  se c o n d  q u e s t io n  o f (28 ).

z
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t - O and t  - V0 / 16 a r e  th e t im e s  w h en  th e  o b je c t  i s  a t grou n d  
z e r o .  H e n c e , V0 / 16 s e c o n d s  e la p s e  o v e r  th e  c o m p le te  f lig h t .

• S im p ly  c a lc u la te  the t im e  w hen  the o b je c t  i s  at th e  a p e x  of the  
f lig h t:

d s /d t  = O s V  - 32t. o

B u t th is  m e a n s  t  s v Q/ 32 i s  th e  t im e  e la p s e d  in  th e  up w ard  
f l ig h t . C o n se q u e n tly  v 0 / 16 - v 0 /3 2  = v Q/3 2  i s  th e  t im e  c o n su m e d  
in  th e  r e tu r n  f lig h t .

30 . H ow  about that.' N o t o n ly  i s  th e  in it ia l  v e lo c i t y  th e  sa m e  in
m a g n itu d e  a s  th e  t e r m in a l  v e lo c it y  but th e  t im e  fo r  a s c e n t  is  
th e  sa m e  a s  th a t o f d e sc e n t .1 N o w  fo r  a  f in a l c o n s id e r a t io n .  
S u p p o se  th e p r o j e c t i le  i s  la u n ch ed  n ot at ground  z e r o  but a t a  
h e ig h t  h  f e e t  a b o v e  ground  z e r o .  N ow  y o u  m u s t  i n s i s t  th a t  
s = h  w h en  t  = 0. H ow  can  you  do th is  if  th e  in i t ia l  v e lo c i t y  
a g a in  i s  v Q and th e  p u ll o f g r a v ity  i s  s t i l l  p r e s e n t?  D o so .

s = v Qt - l6 t^  + h

f  ■

31 . A t t a c k  th e  q u e s t io n s .in  o r d e r . H ow  h ig h  w i l l  the p r o je c t i le  r i s e ?

T h is  q u estio n  i s  e q u iv a le n t  to: w h en  i s  th e  v e lo c i t y  0?
T h u s d s /d t  = 0 = v 0 - 32t.
C o n se q u e n tly , t  = v 0 /3 2  i s  th e  t im e  of m a x im u m  h e ig h t.
So s = v 0(v 0 /3 2 )  - I 6(v q / 3 2 /  + h  i s  th e  m a x im u m  h e ig h t  r e a c h e d .

32 . H ow  sh ou ld  th e  a n s w e r  in  (31) c o m p a r e  w ith  th e  a n sw e r  to  th e
c o r r e sp o n d in g  q u e s tio n  if  th e  p r o je c t i le  i s  f ir e d  fr o m  ground  z e r o ?

W hen f ir e d  fr o m  grou n d  z e r o  th e  m a x im u m  h e ig h t  sh o u ld  b e  h  
f e e t  l e s s  th an  w h en  f ir e d  fr o m  h  f e e t  ab ove gro u n d  z e r o .  . C h eck  
the r e s p o n s e  in  (2 6 ).

33 . Of c o u r s e ,  th e  d is c u s s io n  ab ove h a s  b e e n  e n t ir e ly  c e n te r e d  about  
p r o j e c t i le s ,  e t c .  H o w e v e r , th e  a p p lic a t io n  i s  not r e s t r ic t e d  
th e r e .  In d eed , th e  id e a  i s  m u c h  m o r e  fa r  r e a c h in g  b e c a u s e  

I ; th o u sa n d s  o f p r o b le m s  id e n t ic a l  in  n a tu re  to  th is  c o n s id e r a t io n  
; m e r e ly  a w a it th e  in v e s t ig a t io n  6 f  th e  r e a d e r .
I
: ’ -

I ■ ' ' - -
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L e t 's  ta k e  a fe w  e x a m p le s  and s e e  how  th e n a tu re  of so lu tio n  is  
id e n t ic a l to  the th in k in g  w e 'v e  ju s t  e x p e r ie n c e d .

F i r s t ,  c o n s id e r  the grow th  o f a p lan t. S u p p ose th e g ro w th  is  
d ep en d en t e n t ir e ly  upon t im e . N o t ic e  th at G = f(t).

In fa c t  l e t ' s  in s i s t  (fo r  the sa k e  of a p r o b le m ) th a t th e  grow th  i s  
tw ic e  the sq u a r e  o f the tim e  d im in ish e d  by j  the cu b e  o f th e  t im e ,  
(p erh a p s  th e n a tu r a l g ro w th  c h a r a c t e r is t ic s  a c c o u n t fo r  the  
Zt^ and th e s o i l  food  d e p le t io n  a c c o u n ts  fo r  ^t . )
R e p r e s e n t  th e gro w th  o f th e  p la n t, G, a t any g iv e n  t im e  t.

G = 2 t2 - } t 3 .

34 . N ow  c a lc u la te  the t im e  at w h ich  th e  p la n t c e a s e s  to  g ro w .

2
d G /d t r 4t - 3t /2  = 0. T h u s th e  p la n t c e a s e s  to  g r o w  w hen  
t = 8 /3 .

35 . A ss u m in g  G is  m e a s u r e d  in c e n t im e t e r s ,  how  t a l l  d o e s  the p lan t 
g e t  to  b e  ?

G = 2 ( 8 /3 ) 2 - i ( 8 / 3 ) 3 .

36 . You see.' T he p r o b le m  i s  e x a c t ly  th e  sa m e  a s  the one in v o lv in g  
p r o j e c t i le s !  N ow  tr y  one in v o lv in g  a l i t t le  g e o m e tr y  and t r i g ­
o n o m e tr y . S u p p o se  a sh ip  la u n c h e s  a to r p e d o  at an a n g le  9 fr o m  the  
c o u r s e  of the sh ip . T ake the s p e e d  of the to r p e d o  to  b e 60 f t / s e c  
and the sp e e d  of the sh ip  to  b e 40 f t / s e c .  T he q u e s tio n  w e a s k  is :  
h ow  fa s t  a r e  to r p e d o  and sh ip  s e p a r a t in g  a fter  f iv e  s e c o n d s ?
F i r s t ,  d ra w  a f ig u r e  and la b e l th e  r e le v a n t  fa c t s .

S r D is ta n c e  sh ip  h a s  tr a v e le d  
T  ̂ D is ta n c e  to r p e d o  h a s  t r a v e le d  
D r D is ta n c e  fr o m  sh ip  to  to r p e d o
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37 . OK. In m o s t  r e la te d  r a te  p r o b le m s , su ch  a s  th is ,  i t  i s  u s u a lly  
to  the ad va n ta g e  of the p r o b le m  s o lv e r  to  f i r s t  d ra w  a f ig u r e  
r e p r e s e n t in g  the p h y s ic a l f a c t s ,  la b e l  th e  f ig u r e  w ith  co n v e n ie n t  
n o ta tio n , and th en  a n s w e r  th e  q u e s t io n  "what am  I lo o k in g  fo r ? "  
in  t e r m s  o f th e  f ig u r e . In th is  c a s e  i f  D is  the d is ta n c e  b e tw een  
th e to r p e d o  and th e  sh ip , in  m a th e m a t ic a l  s y m b o lis m  ju s t  what 
i s  it  you a r e  a f te r ?

38. N ow  th a t you  know  w hat it i s  th a t you a re  a f te r ,  l e t ' s  p r o c e e d
to  g e t  it  in  an o r d e r ly  m a n n er . O b v io u s ly  th e q u e s tio n  is :  h ow  
co u ld  I g e t d D /d t?  T he a n sw e r  l i e s  a t  f i r s t  in r e p r e s e n t in g  th e  
p h y s ic a l  s itu a t io n  in t e r m s  of a m a th e m a t ic a l  r e la t io n s h ip .

L e t 's  ta k e  s to c k  of w hat w e know . F i r s t ,  th e  a n g le  0 is  f ix e d  
fo r  a p a r t ic u la r  p r o b le m . B ut w hat o f the d is ta n c e  th e  to rp ed o  
and th e sh ip  t r a v e l?  T h e s e  d is ta n c e s  c o n s ta n t ly  ch an ge - but in  
a s p e c if ie d  m a n n er . Can you  r e p r e s e n t  th e d is ta n c e  th e  sh ip  
and th e to r p e d o  a r e  fr o m  la u n ch  p o in t at any g iv e n  t im e  ? D o so .

S = d is ta n c e  o f sh ip  fr o m  la u n ch  p o in t - 4 0 t, t in  s e c o n d s  
T = d is ta n c e  o f to r p e d o  fr o m  la u n c h  p o in t = 60t, t in  s e c o n d s

39. In d eed , in  th is  c a s e  you  n eed  to  know  the r e la t io n s h ip  o f th r e e  
s id e s  of a t r ia n g le  w hen  tw o s id e s  and th e  in c lu d e d  a n g le  a r e  
know n.

F i r s t ,  i s  th e  tr a in g le  w e ll  d e f in e d ?  T hat i s ,  i s  one and o n ly  one  
tr ia n g le  d e fin e d  for  0, S, and T ?

d D /d t

\
\

\

Y e s

It i s  th e  la w  o f c o s in e s :  a  ̂ = b^ + c -2 b c  c o s  A . R e p r e s e n t  our  
p r o b le m  b y  s ta t in g  th e  r e la t io n s h ip  0 , S, T , and D h a v e  to  one  
a n o th e r .
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D 2 = S 2 + T 2 -2ST ' c o s  6

4 1 . E x p r e s s in g  th e  r e la t io n s h ip  in  t e r m s  of t im e  a lo n e  one h a s  . . . .

D 2 = (4 0 t)2 + (6 0 t)2 - 2 (4 0 t)(6 0 t) c o s  6

4 2 . R e m e m b e r , 0 i s  a c o n s ta n t  fo r  a  g iv e n  la u n ch in g . N ow  you
sh o u ld  b e  a b le  to  g e t  d D /d t . D o so . (D if fe r e n t ia te  im p lic i t ly .  )

(2D ) d D /d t  = 2 (4 0 t)4 0  + 2 (6 0 t)6 0  - 2 c o s  6 [4 0 t(6 0 ) t 60t(40)j

or  d D /d t  = 4 0 t(40 ) + 60t(60) - c o s  0 (2 4 0 0 t + 2 4 0 Ot) . .
. _

l6 0 0 t  + 36001: - 4 8 0 0 t c o s  0 -

Nj (4 0 t)2  + ( 60t)Z _ 2(40t) (60t) co s  0 

/y;.. .  5 2 0 0 t - 4 8 0 0 t c o s  0

^ 5 2 0 0 t2 - 4 8 0 Ot2 c o s  0 

V 5 2 0 0  - 4800  c o s  0

P-4 3 . it  B u t d D /d t  r e p r e s e n t s  th e  r a te  a t  w h ic h  th e d is ta n c e  b e tw e e n  th e  
,Pi to r p e d o  and sh ip  a r e  s e p a r a t in g . S in c e  the v a lu e  d D /d t  is  
i • in d ep en d en t o f t  ( i. e .  i s  c o n s ta n t) , h ow  fa s t  a r e  th e  sh ip  and th e  

to r p e d o  s e p a r a t in g  a f te r  5 s e c o n d s ?

nI 5200 - 4800  c o s  0 f t / s e c  44 * * * *

4 4 . N o w  l e t ' s  s l ig h t ly  m o d ify  the p r o b le m . S u p p o se  th e  sh ip  d r o p s  a
■ m a r k e r  in  th e  s e a ,  t r a v e ls  100 f e e t ,  and f ir e s . t h e  to r p e d o  a s
b e fo r e .  N ow  th e  q u e s tio n  b eco m es .:  how  fa s t  a r e  th e  to r p e d o  a n d
th e  s ta t io n a r y  m a r k e r  se p a r a t in g  a t  a n y  g iv e n  t im e  -  s a y  one se c o n d  
la te r  ?
D ra w  a  f ig u r e  r e p r e s e n t in g  th e  p h y s ic a l  s itu a tio n .

<
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45 . A g a in  tak e  D to  b e  th e  d is ta n c e  fr o m  the to r p e d o  to  m a r k e r ,  and 
a g a in  u s e  th e  la w  of c o s in e s  to  e s t a b l is h  the p r o p e r  r e la t io n s h ip  
a m o n g  th e  v a r ia b le s .

D 2 = (6 0 t)2 ♦ (IOO)2 - 2 (100) (60t) c o s  (1 8 0 °  - 0)
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- --------- ,

46 . S in ce  c o s  (1 8 0 °  - A) ■ - c o s  A , th e  r e la t io n sh ip  in  (45) can  be  
s im p lif ie d  to: . . .  .

D 2 = (6 0 t)2 ♦ (IOO)2 ♦ 2 (100) (60t) c o s  0

4 7 . A g a in  you  w ant d D /d t, s o  go  g e t  it . (D if fe r e n t ia te  im p lic it ly .  )

2D d D /d t  - 2 (60 t)6 0  + 2 (1 0 0 )6 0  c o s  0. 
So d D /d t  = (6 0 t)6 0  ♦ (6000 ) c o s  0

M 6 0 t)2 4 (IOO)2 * 60t( 100) c o s  0

4 8 . N o t ic e  th a t th is  t im e  d D /d t  = f(t) i s  not a c o n sta n t  a s  w a s
e x p e r ie n c e d  b e fo r e . So the q u e s t io n  is :  w hat is  d D /d t  at the  
in s ta n t  t = I?  D o you  s e e ?  It i s  m e r e ly  f ( I). F in d  d D /d t at 
t = I.

d D /d t  - 3600 4 6000  c o s  0

nI 10000 + 3600 + 6000 c o s  0 . 49

49 . F in a l ly  l e t ' s  t r y  one m o r e  typ e  of p r o b le m . S u p p o se  a flu id  i s
b e in g  p o u red  in to  a c o n ic a l  r e s e r v o i r -----th e d im e n s io n s  o f
w h ich  a r e  in d ic a te d  in  the d ia g r a m . If th e  flu id  ru n s  in to  the  
tan k  a t th e  r a te  o f 3 cu. f t /m in ,  w e  w ant to  know  h ow  f a s t  the  
f lu id  le v e l  i s  r i s in g .  (S ee  f ig u r e  on n ex t page)



S in c e  you  a r e  in t e r e s t e d  in  the v o lu m e  a t an a r b itr a r y  t im e ,  you  
p ro b a b ly  w i l l  w ant to  lo o k  a t a f ig u r e  d e p ic tin g  th e  v o lu m e  of the  
f lu id  a t an a r b itr a r y  t im e . S u ch  a f ig u r e  is :

N ow  u s in g  th is  f ig u r e ,  r e p r e s e n t  th e v o lu m e  in  t e r m s  o f r and h . 

V = 1*73 r 2h

5 0 . N ow  in t e r m s  of the v a r ia b le s  in  th is  fo r m u la , w hat do you w a n t?  

d h /d t

51 . A t th is  s ta g e  of the gam e you  can  p r o c e e d  one of tw o w a y s . L e t ' s  
tak e  the d ir e c t  r o u te  f i r s t .  S in c e  the r a d iu s  o f  th e  top  of the con e  
i s  10 f e e t  and the d ep th  of the con e is  20 f e e t ,  w hat i s  th e  r a tio  
of r to  h? (N o tic e  th a t th is  r a t io  r e m a in s  c o n s ta n t  for  any d ep th  
of flu id . )

H
 (NI

1 
M

' 
A

I 
M

52 . T h u s you  sh o u ld  b e a b le  to  s o lv e  fo r  r in t e r m s  o f h. 

r = h /2

D o so .

53 . B u t th is  g iv e s  you  a w a y  to  r e p r e s e n t  V , the v o lu m e  
a fu n c tio n  of h  a lo n e . D o so .

of f lu id , a s

V = ( TT / 3 ) ( h /2 ) 2h = ( 1T /I2).h 3
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54 . H e n c e  V = £(h). C an you  p r o c e e d  to  g e t  d h /d t  fr o m  th e ab ove  
fo r m u la  ? D o so .

d V /d t  = ( 7T/4)h* 2 d h /d t  or  d h /d t  = 4 / (  ^ h 2)- d V /d t

55 . Y ou a r e  in  th e h o m e  s tr e tc h . W hat i s  th e  n u m e r ic a l  v a lu e  of 
d V /d t?

d V /d t  = 3

5 6 . N ow  c a lc u la te  d h /d t  a t the in s ta n t  h  -  5.

d h /d t  = ( 4 /2 5  771 3 = 1 2 / 2 5 / T

2
5 7 . G oing  b a c k  to  V z fT/3 r h , you  sh o u ld  n o t ic e  th a t V , r ,  and h  

’ a r e  a l l  fu n c tio n s  o f t . T h u s you  s e e  th a t ea ch  o f th e s e  v a r ia b le s  
i s  d if fe r e n t ia b le  in  t e r m s  of t . N ow  d if fe r e n t ia te  V = ( H ' / 3 ) r ^ h  
im p lic i t ly  u s in g  th e  p ro d u ct fo r m u la  on  th e r ig h t s id e .

dV
- a r  :

dh
- a r

+ Zr ■at

58 . A g a in  c a l l  on g e o m e tr y  to  v e r i f y  r .= h / 2 .  B u t can  y o u  so lv e  for  
d r /d t  in  t e r m s  o f d h /d t  u s in g  r, - h /2 ?  D o  so .

d r /d t  = I /2  d h /d t

59 . B y  co m b in in g  th e  r e s u l t s  of 57 and 58 you  a r e  now  a b le  to  
c a lc u la te  d h /d t  a t  a n y  in s ta n t . D o s o  w hen  h = 5.

|o r  d h /d t  - 1 2 / 2 5 1 ?  . T h e r e s u l t s  th u s  p r o v e  b oth  m e th o d s  to  b e
I"of  eq u a l e f f e c t iv e n e s s .

60 . , T o  s u m m a r iz e  th e  m e th o d  o f so lu t io n  of r e la te d  r a te  p r o b le m s:
' I. D ra w  a  f ig u r e  r e p r e s e n t in g  th e p h y s ic a l  s itu a t io n  and la b e l  it  

; a p p r o p r ia te ly .
2. D e c id e  w hat r e s u lt  you  w ant in  t e r m s  o f .th e  f ig u r e  and  

fo r m u la te  th is  r e s u l t  in  t e r m s  o f a  d e r iv a t iv e .
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3. S e le c t  m a th e m a t ic a l  r e la t io n s h ip s  w h ich  in v o lv e  you r g iv e n  
f a c t s  and w i l l  le a d  to  the r e s u l t  you  d e s ir e .

4. D if fe r e n t ia te  the p r o p e r  m a th e m a t ic a l  r e la t io n s h ip s  so  a s
to  in v o lv e  th e  r a te s  of ch a n g e . . ''

5. S u b stitu te  in to  th e  fo r m u la  d e r iv e d  fr o m  th e d if fe r e n t ia t io n  
su ch  th a t p r o p e r  in it ia l  c o n d it io n s  a r e  s a t is f ie d .

U s in g  n o  m o r e  th an  tw o  o r  th r e e  w o r d s  fo r  e a c h  s te p , r e p r o d u c e
th e m a in  id e a  of the a b ove s t e p s .

1. S k e tch  f ig u r e .
2. Id en tify  d e s ir e d  r e s u lt .
3. G et m a th  r e la t io n s h ip s .
4. D if f e r e n t ia te .
5. S u b stitu te  fo r  c o n d it io n s .

r  .

i"
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■ L e s s o n  IX .

IN C R E A SIN G  A N D  D E C R E A SIN G  C O N TIN U O U S F U N C T IO N S

T h e k n o w led g e  o f th e  m a n n er  in  w h ich  fu n c tio n s  b e h a v e  i s  of 
. c r u c ia l  im p o r ta n c e  to  one w ho m u s t  b e  a b le  to  th in k  and r e a s o n  
in  t e r m s  o f fu n c t io n s . C o n se q u e n tly , th is  l e s s o n  i s  d e s ig n e d  to  
c o v e r  so m e  m a jo r  a s p e c t s  o f fu n c t io n a l b e h a v io r .

• . V

T h is  l e s s o n  i s  w r it te n  to  in s tr u c t  you  on so m e  of th e  m a jo r  a s p e c t s  
of

fu n c t io n a l b e h a v io r

'To s ta r t  w ith  l e t ' s  s tr a ig h te n  out s o m e  n o ta tio n s  and d e f in it io n s .  
F ir s t , '  th e r e  i s  th e  open  in te r v a l and th e c lo s e d  in te r v a l .  T he  

',open in te r v a l  fr o m  a to  b i s  d en o ted  (a , b) w h e r e a s  th e  c lo s e d  
.' in te r v a l fr o m  a  to  b i s  d en o ted  [a , b}. A lg e b r a ic a l ly  (a , b) m e a n s  
■ a l l  r e a l  n u m b e r s , x ,  fr o m  a to  b e x c lu s iv e  of each : a  < x  < b; and  

(a , b} m e a n s  a l l  r e a l  n u m b e rs,, x , fr o m  a to  b in c lu s iv e  o f each :
- a  < x  6 b .

U s in g  t h e s e  s tr a ig h t  l in e s  a s  n u m b er  l in e s  sk e tc h  (a , b) and ^a, b3 .

(a , b): ____________ ___________  ̂ ' : '
~ a  S

\a ,b ]  _______________  \
a  E

(a , b):
a ¥

[a ,b j
a

-)
F

N ow  w h at i s  a d e c r e a s in g  fu n c tio n  or an in c r e a s in g  fu n c tio n ?  L e t ' s  
d e fin e  an  in c r e a s in g  fu n ctio n  and th e  o th er  sh o u ld  b e  e a s y .  S u p p o se  
w e h a v e  y  «= f(x ) d e f in e d  o v e r  Ca, bj . T hen  w e s a y  th a t y  = f(x ) i s  
an in c r e a s in g  fu n c tio n  o v e r  .Ca, b ] i f  and on ly  i f  f o r .a l l  Xi in  

Ca, b j and a l l  in  [ a ,  b% w h e r e  a  4 x^ < Xg 4 b it  fo l lo w s  
th a t f (x 2 > > f(x ^ ). T e c h n ic a l ly  it  so u n d s tou gh  b u t c o n s id e r  th e  
g e o m e t r ic  c o u n te r p a r t  ( f ig u r e  I ).
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N ow  you  lo o k  a t f ig u r e  II and d e fin e  a d e c r e a s in g  fu n ctio n  o v e r  
(a , b).

y  r f(x ) i s  a d e c r e a s in g  fu n ctio n  o v e r  (a, b) if  and o n ly  i f  for  
a l l  x i  in  (a , b) and a l l  Xg in  (a , b ), ffxg ) <  f(x^) w h e n e v e r  
x i  <  x 2 .

O nce w e h a v e  a d e f in it io n  o f an in c r e a s in g  or d e c r e a s in g  fu n ctio n  
o v e r  an in te r v a l it  i s  an e a s y  m a tte r  to  n a il dow n w hat w e m ea n  
b y  an in c r e a s in g  or  d e c r e a s in g  fu n c tio n  at a p o in t. L e t 's  do it. 
We sa y  y  = f(x ) i s  a d e c r e a s in g  fu n ctio n  at a p o in t x q  if  and o n ly  
i f  th e r e  e x i s t s  a p o s it iv e  r e a l  n u m b er  £  su ch  th a t f(x ) i s  
d e c r e a s in g  o v e r  (x 0 -  (  , x q + ^ ).

N ow  you d e fin e  an in c r e a s in g  fu n c tio n  f(x) a t th e  p o in t x  .

f(x ) i s  an  in c r e a s in g  fu n ctio n  at x  if  and on ly  if  th e r e  e x i s t s  a 
p o s it iv e  r e a l  n u m b er  /  su ch  th at°f(x ) i s  in c r e a s in g  o v er  
(x 0 -  £  , x 0 4 ^ ).

W hat w e r e a l ly  n e e d  now  i s  a c o n v e n ie n t  t e s t  w h ich  w e  can  im p o s e  
on a fu n ctio n  y = f(x) to  s e e  if  it  i s  in c r e a s in g  or d e c r e a s in g  a t a 
p o in t. So le t  u s  d e s ig n  su ch  a t e s t .  A g a in  s e e k  th e t e s t  th rou gh  
th e  g e o m e tr ic  c o n s id e r a t io n :

D o you  s e e  th a t a c c o r d in g  to  our d e f in it io n  of in c r e a s in g  fu n c tio n s  
at a p o in t th at w e r e a l ly  w ant th e  s lo p e  to  be p o s i t iv e ?  Or s ta te d
s l ig h t ly  d if fe r e n t ly ,  w e w ant the _____________to  be p o s it iv e  at th a t
p o in t.

d e r iv a t iv e

In d eed , it  w ou ld  s e e m  th at a p o s it iv e  d e r iv a t iv e  a t a p o in t w ou ld  
im p ly  an  in c r e a s in g  fu n c tio n . L e t ' s  t r y  to  p ro v e  th is .  S u p p ose  
y = f(x ) i s  d e f in e d  o v e r  (a , b) w h e re  a < x Q < b and f ' (Xq) > 0.



. L e t 's  p r o v e  y  = £(x) i s  in c r e a s in g  a t x 0 .

■ W hat a r e  th e  h y p o th e s is  and c o n c lu s io n  o f th is  t h e o r e m ? W hat 
i s  " g iv e n ” and w hat i s  "to be p ro v en "  ?)

H y p o th e s is :  I . y  = £(x) i s  d e fin e d  o v e r  (a, b) w h e r e  a  ^  x Q < b
2.  f ' (x q ) > 0

C o n c lu s io n : y  = f(x ) i s  an  in c r e a s in g  fu n ctio n  a t  ̂ Xq.

B u t f ( X 0) > 0 m e a n s :  (I )  I im  f (x 0 +h) - f ( x 0 )  ̂ ^
h-^-O4- Z  >

(2) I im  f (x 0 .h )  - f (x Q)

h -^ 0 "  h

In th e f i r s t  c a s e  h  > 0 m e a n s  f (x 0 +h) - f (x 0) > 0 to o .

> 0.

B u t w h at d o e s  t h is ,m e a n  a s  fa r  a s  the r e la t iv e  s i z e  o f f (x 0 +h) 
and £(x0 ) a r e  c o n c e r n e d ?

f (x 0 +h) > f ( x 0 ).

In c a s e  h  < 0, w h a t  i s  t h e  c o n d i t i o n  i m p o s e d  o n  t h e  r e l a t i v e  s i z e  
o f  f ( x 0 4 h ) a n d  f ( x )  i f  I i m  f ( x 0 +h) -  f ( x 0 )

h^-0" ------- TT-----  ^ ° ?

f (x Q+h) < f (x 0 ).

N ow  put th e  r e s u l t s  o f s te p s  5, 6, 7, and 8 to g e th e r  and s ta te  th e  
s i z e  of in t e r v a l  w h ic h  i s  in s i s t e d  on  in  s te p  4 and w h ich  is  
g u a r a n te e d  by:

I im  f (x 0 +h) - f (x 0 )
I1 ? q ------------------------ e x i s t s  and i s  p o s it iv e .  R e m e m b e r :

I im  f(x) : f(a ) i f  and  o n ly  i f  th e r e  e x i s t s  a f  > 0  su ch  th a t  
x  -»a

I f (x ) - f (a ) l  < ^ (a r b itr a r y  but p o s it iv e )  w h e n e v e r  0 < I x - a \<  /

■ U ,

/rWe a r e  a s s u r e d  of th e  in te r v a l:  (x Q- f  , x Q ^  ) .  T h u s th e
T

ll:
in te r v a l  i s  2 Z u n its  w id e .
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10. Y ou see.' It a l l  g o e s  b a c k  to  th e d e f in it io n  o f a l im it .  T h at i s ,  i f  
I im  f ( x 0 th ) - f(x  ) I
h -> 0  _________________ > 0 , th is  m e a n s  th e r e  e x i s t s  an  in te r v a l to

th e  r ig h t  o f x Q w h e r e  ^ x Q ~ £ X̂ô  ^  0 (in  fa c t-•we a r e  su r e  th is

in te r v a l  i s  f  u n its  w id e  w h e r e  th e  / . i s  th e  sa m e  /  g u a r a n te e d  in  

th e d e f in it io n  o f th e  l im it .)  C e r ta in ly , if  f (x 0 +h) - f (x  )

and h  > 0 th is  m e a n s  f(x^+h) - f (x Q) > 0 or f (x Q4h) > f ( x 0 ).

O ver w hat in te r v a l a r e  w e su r e  th a t f (x 0 +h) ^ f(x Q) i f  

I im  f (x 0 *h) - f (x 0 )
h -> 0  + >  0?

(x0 » x 0 + ^ ).

C o r r e s p o n d in g ly  I im  _ f (x 0 +h) - f(x )
h-e-0 ■ ' H > 0 im p lie s  the e x is t e n c e

of an in te r v a l  to  the of Xq, th e  w id th  b e in g

su c h  th a t  ̂  ̂ >0 a ls o .  B u t on th is  s id e  o f Xq th e

d e n o m in a to r  i s  

f (x 0) i s _________

_____ and h e n c e  the n u m e r a to r  f(x Q+h) -

W hich  m e a n s  i s  s m a lle r  than

le f t ,  £  , n e g a t iv e ,  n e g a t iv e , f ( x D+h) , f (x 0).

11. A l l  in  a l l  i t  i s  c le a r  th e r e  e x i s t s  an  in te r v a l of & u n its  w id e  on 
e a c h  s id e  o f Xq w h e r e  f(x) i s  in c r e a s in g .

H ow  w id e  i s  th e  in te r v a l  on e a c h  s id e  of Xq w h e r e  f(x ) i s  know n to  
b e  in c r e a s in g ?

(  '

. I '■■■'' *
-J
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12. C le a r ly  w e h a v e  a n a ly t ic a l ly  p r o v e n  th at a  p o s it iv e  d e r iv a t iv e  a t  
a p o in t im p lie s  th e  co n d itio n  o f an in cr ea  s in g  fu n c tio n  a t th a t  
p oin t.1 T r u e , you  m a y  sa y  that th e w h o le  a r g u m e n t i s  p o in t le s s  
s in c e  o b v io u s ly  a p o s it iv e  s lo p e  in d ic a te s  an in c r e a s in g  fu n ctio n .

. B u t you  a r e  u s in g  in tu it io n  - n o t r e a s o n . ' S o lid , lo g i c a l  r e a s o n  ■ 
m u s t  b e  u s e d  to  p r o v e  th e  fa c t . D o n 't  b e  le d  to  a c c e p t  ev en  the  
s e e m in g ly  o b v io u s  w ith o u t proof.' T he p e r s o n  w ho a c c e p ts  the  
a b o v e  th e o r e m  w ith o u t p r o o f  a s  b e in g  o b v io u s  i s  u s in g  
and i s  n ot d ep en d in g  on th e  c o ld , h a r d  tru th  w h ich  
d e l iv e r s .

in tu it io n , lo g ic  o r  r e a s o n

13. Of c o u r s e ,  th e  a r g u m e n t fo r  d e c r e a s in g  fu n c tio n s  i s  p a r a l le l  to  
th a t fo r  in c r e a s in g  fu n c tio n s . R e c a l l  that:

g iv en : (I )  f(x ) i s  d e f in e d  o v e r  (a , b) w h e r e  a  .< x  < b
(2) f ' ( x 0 ) > 0

r e s u l t s  in: y  = f(x ) i s  an in c r e a s in g  fu n c tio n  a t  Xq.

N ow  you s ta te  th e  " g iven"  and "to p ro v e"  o f th e  c o r r e sp o n d in g  
c a s e  fo r  a  d e c r e a s in g  fu n c tio n  a t Xq.

G iven : (I )  y  = f(x) i s  d e f in e d  o v e r  (a , b) w h e r e  a  4. x  4 b
(2) f ' ( x 0 ) < 0

to  p ro v e : y  :  f(x ) i s  a  d e c r e a s in g  fu n ctio n  a t x q .

14. S in c e  th e  p r o o f  to  th e  s u g g e s te d  th e o r e m  is  e x a c t ly  p a r a l le l  to  th e  
one p r e v io u s ly  g iv e n , w e ' l l  n o t r e t r a c e  th e  s te p s .  L e t ' s  m e r e ly  
a p p ly  our u n d e r s ta n d in g  of in c r e a s in g  and d e c r e a s in g  fu n c tio n s  to  
e n t ir e  in t e r v a ls  in s te a d  o f m e r e ly  a t p o in ts  - su c h  a s  x Q. T o  do  
th is  w e m e r e ly  d em a n d  th a t fo r  f(x ) to  b e in c r e a s in g  o v e r  (a , b ) . 
it  m u s t  b e  in c r e a s in g  a t  e v e r y  p o in t x i  w h e r e  a < x^ <  b. H ow  
w o u ld  you  in s i s t  th a t f(x ) b e  d e c r e a s in g  o v e r  (a , b )?

f(x ) m u s t  b e  d e c r e a s in g  a t  e v e r y  p o in t x^ w h e r e  a < x^ <4 b.

15. Y ou see.' W e f i r s t  go t in c r e a s in g  fu n c tio n s  at a p o in t and th en  w e  
ex p a n d ed  th e  th in k in g  to  c o v e r  an  in te r v a l ,  ju s t  a s  w e  d id  w ith  th e  
d e r iv a t iv e  and ju s t  a s  w e d id  w ith  c o n tin u ity i V e r y  fr e q u e n t ly  th is  
i s  th e  p a tte r n  w ith  a n a ly s is  o f fu n c tio n s :  f i r s t  w e g e t  a p r o p e r ty  
o f th e  fu n c tio n  at a  p o in t and th en  w e  expand  th e  p r o p e r ty  to  c o v e r  
an  in te r v a l .

W hat i s  a  c o m m o n  a p p r o a c h  w h en  one a tte m p ts  to  p r o v e  a  p r o p e r ty  
of fu n c t io n s?
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F i r s t  g e t  the p r o p e r ty  at a p o in t. T h en  expand  th e  p r o p e r ty  to  
c o v e r  an  in te r v a l .

16. N ow  le t ' s  m o v e  on to  a n o th er  to p ic . L e t ' s  tak e  a lo o k  a t so m e  o f
th e  c r i t ic a l  v a lu e s  w h ich  a fu n ctio n  m a y  a c h ie v e . In d eed , c o n s id e r  
th e e x tr e m e  v a lu e s  w h ich  m a y  b e a s s u m e d  b y  the fu n ctio n . In 
o r d e r  to  b e c e r ta in  of p r e c i s e  th in k in g  l e t ' s  c a r e fu l ly  d e f in e  w hat 
w e m e a n .

B y  a r e la t iv e  (o r  lo c a l  m a x im u m ) w e s h a ll  m e a n  any one o f the  
o r d in a te s  o f y  = f(x) w h ic h  o b e y s  th e  fo llo w in g  p r e r e q u is i t e :

i f  f (x 0 ) i s  a r e la t iv e  m a x im u m , th e r e  m u s t  e x i s t  so m e  i>  0

su th  th a t f (x 0 ) & f(x ) fo r  a l l  x  in  a i -  n e ig h b o rh o o d  o f Xq.

T h at i s ,  th e r e  m u s t  e x i s t  a 4  -  n e ig h b o rh o o d  about x Q su ch  that 
f (x 0 ) > f(x ) fo r  a l l  x  in  th e  / -  n e ig h b o rh o o d  of x Q.

A s  a s im p le  g r a p h ic a l i l lu s tr a t io n  c o n s id e r :

Z \

%o

f (x 0) % f(x) fo r  a l l  x  in  a 
n e ig h b o rh o o d  o f x Q.

N ow  you  d e fin e  a r e la t iv e  m in im u m .

/ -

f(x  ) i s  a r e la t iv e  m in im u m  if  th e r e  e x i s t s  so m e  £> 0 su c h  that 
f (x 0 )  ̂ f(x ) fo r  a l l  x  in  a 6 - n e ig h b o rh o o d  o f Xq.

17. A s  a f in a l th ou gh t c o n s id e r  f(x) to  b e d e fin e d  o v e r  th e  in te r v a l
[  a , b J . C e r ta in ly  f(x ) m a y  h a v e  an o rd in a te  a t x  = a w h ich  is  

g r e a te r  th an  the o r d in a te s  to  it s  r ig h t . We w ould  th u s  l ik e  to  
c o n s id e r  f(a) to  b e a r e la t iv e  m a x im u m . T h e r e fo r e  le t  u s  a m en d  
our d e f in it io n  in  (16) to  in c lu d e  the s p e c ia l  c a s e  of a r e la t iv e  
m a x im u m  at x  = a: in  c a s e  f(a) > f(x) fo r  a l l  x  in a r ig h t-h a n d e d  

n e ig h b o rh o o d  to  x  = a , th en  f(a ) i s  d en o ted  to  be a r e la t iv e  
m a x im u m .

N ow  you s ta te  an a m en d m en t w h ich  w i l l  c o v e r  the c a s e  w h e r e  f(b) 
i s  a r e la t iv e  m a x im u m . (T he s itu a t io n  w h e r e  f(b) i s  a  r e la t iv e  
m in im u m  i s  s im i la r ly  w o r d e d .)
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In c a s e  f(b) % f(x) fo r  a l l  x  in a le ft -h a n d e d  i -  n e ig h b o rh o o d  to  
x  = b , th en  f(b) i f  d en o ted  to  b e a r e la t iv e  m a x im u m .

18. C o n s id e r  a fe w  p r e l im in a r y  q u e s t io n s  to  be su r e  you h a v e  the id e a  
w e ll  in  m in d .
(a) fo r  y  = xT o v e r  £- I, l] w hat is  a r e la t iv e  m in im u m ?
(S k etch  it. ) ^

> i I

■ 1

0

/

2
(b) fo r  y  i  x  o v e r  ( - 1, I) w hat i s  a r e la t iv e  m in im u m ?

0

(c) fo r  y  : x  o v e r  Q), l | , w hat i s  a  r e la t iv e  m a x im u m ? (S k etch  it . )

-------------------------------- — I—

i

(d) fo r  y  = x  o v e r  (0 , I ), w h at is  a r e la t iv e  m a x im u m ? C arefu l.'

T h e r e  i s  none s in c e  fo r  0 * X0 < I th e r e  a lw a y s  e x i s t s  Xj w h ere  
0 < Xq < Xj 4 1 and ^ x 1) > f (x 0).

(e) fo r  y  z x  o v e r  [ - 1 ,  l) , i s  th e r e  a r e la t iv e  m a x im u m  and  
w h e r e  d o e s  it  o c c u r ?

r e la t iv e  m a x im u m  i s  a t x  = - I  and i s  I
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19. N ow  w e a r e  r e a d y  to  s ta te  and p r o v e  a th e o r e m . S u p p o se  f(x ) i s  
d if fe r e n t ia b le  o v e r  (a , b ). (C e r ta in ly  th is  im p lie s  c o n tin u ity  o ver  
(a , b ). ) S u p p o se  our fu n ctio n  y  = f(x ) d o e s  in  fa c t  a c h ie v e  a 
r e la t iv e  m a x im u m  o r  m in im u m  s o m e w h e r e  in  (a , b ). C o n s id e r  
th is  g r a p h ic a lly . W hat w ou ld  h ap p en  to  the s lo p e  a t th e  r e la t iv e  
m a x im u m  or m in im u m ?

T h e s lo p e  sh ou ld  be z e r o .

20 . N ow  c o n s id e r  the c o n v e r s e :  if  th e  s lo p e  i s  z e r o ,  the c u r v e  sh o u ld
a c h ie v e  a r e la t iv e  m a x im u m  or r e la t iv e  m in im u m . T h is  w ould  
in tu it iv e ly  s e e m  to  be tr u e  a t  f i r s t  g la n c e . F u r th e r m o r e ,  th is  
w ou ld  b e a good  w ay to  a n a ly z e  a fu n c tio n  if  it  w ould  w ork . So , 
l e t ' s  s e e  if  w e can  g e t  it . C o m p le te  th e th e o r e m  you w is h  to  
h a v e: i f  y  r f(x ) h as a co n tin u o u s d e r iv a t iv e  o v e r  (a , b) and if  
F(X 0 ) - 0 fo r  so m e  a < Xq < b , th en  . . .

f (x Q) i s  a  r e la t iv e  m a x im u m  or m in im u m .

21 . B ut h o ld  on. T he th e o r e m  m a y  n ot b e true.' It t a k e s  o n ly  one
c o u n ter  e x a m p le  to  p ro v e  it s  in v a lid ity . C o n s id e r  y = x  . S u r e ly  
y' = 3x^ i s  z e r o  at x  = 0. B u t w hat about th e s lo p e  o f  y  = x^ fo r  
a l l  n o n - z e r o  x ?

s lo p e  of y  = x j  i s  a lw a y s  p o s it iv e  e x c e p t  at x  - 0.

22 . T h u s d id  th e  th e o r e m  of (20) h o ld ?  C e r ta in ly  f '(0 )  = 0.

T h e o r e m  d id  not h o ld . f(0) i s  n ot a r e la t iv e  m a x im u m  o r  m in im u m .

23. W ell, w e  lo s t  or in ten d ed  th e o r e m , but d on 't lo s e  fa ith . P e r h a p s  
w e can  sa lv a g e  th e  c o n v e r s e .  F in is h  th e s ta te m e n t  of it: if  y  = 
f(x) a c h ie v e s  a r e la t iv e  m a x im u m  (m in im u m ) a t x Q w hen  f(x)
h a s  a  co n tin u o u s d e r iv a t iv e  o v e r  (a , b ) , th en  f ' ( x 0 ) -  ________and
f (x Q) i s  t h e ______________ .

0 , r e la t iv e  m a x im u m  (m in im u m )
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24. N ow  fo r  th e p r o o f. S u p p o se  f(x ) a c h ie v e s  a r e la t iv e  m a x im u m  at  
x 0 . T h is  m e a n s :  f (x 0 4h) - f (x 0 ) 6  0 fo r  a l l  h < f  w h e r e  the /  
i s  th e  sa m e  /  g u a r a n te e d  by the d e r iv a t iv e .  N ow  c o n s id e r :

In c a s e  (1):

f (x 0 +h) - f (x 0 ) 

h

f (x o 4h) - f (x 0 )
h

and (2)
Iim  _ f (x 0 th ) - f(x 0 )

< 0 . W hy? R e m e m b e r :  h  -> 0* .

f (x 0 + h) - f (x 0 ) 5 0 and h > 0 im p lie s  f (x Q+h) - f ( x 0 )  ̂ ^

h

2 5 . T h u s li^ 0 .  f(X° lh )  '  f(Xo) 4 0 . N ow  fo c u s  on c a s e  (2):

I im  f (x 0 4h) - f (Xq) 
h - > 0 ----------------- H

C e r ta in ly  f (x 0 -*h) - f (x Q) 6  0 a g a in .

B u t th is  t im e  h < 0 .  S o  w hat do you  c o n c lu d e  ab ou t f (x 0 -*h) - f (x 0 ) ^

f (x o +h) - f (x 0 )

h
£  0.

26 . N ow  w hat s ta te m e n t  ca n  you  m a k e  r e g a r d in g  I im
h —»0

f (x o + h ) - f (x o) 

h

Iim

h -> 0
f(x o +h) " f (x o)

E 3= 0.

27 . B u t in  th e g e n e r a l d e r iv a t iv e  th e  le f t  hand  l im it  and r ig h t  hand
l im it  m u s t  b e  the s a m e J C o n se q u e n tly , w hat can  you  c o n c lu d e  w ith  
r e s p e c t  to  I im  f(x_.th  -  f (x  I

?
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I im  f (x 0 +h) - f (x 0 ) 

' h -> o  -------------h----------

28 . S ta te d  s l ig h t ly  d if f e r e n t ly  w hat m u s t  you  co n c lu d e  ab ou t f '(X q ) ?

f ' W  = 0 ................................. ..................................................................... "

29 . OK. L e t 's  r e v ie w  our le a r n in g . (A ss u m e  f(x) to  b e / d if fe r e n t ia b le  
o v e r  (a , b) and a < x Q <. b . )

1. If f ' ( x 0) = 0 , th is  d o e s  not n e c e s s a r i l y  m e a n  f (x Q) i s  a  
r e la t iv e  m a x im u m  (o r  m in im u m ).

2. If f ( x 0 ) i s  a r e la t iv e  m a x im u m  (o r  m in im u m ) th en  f ' ( X q ) = 0.

If f '(x 0 ) = 0 , c e r t a in ly  it  co u ld  b e  tr u e .th a t  f (x 0 ) i s  a  r e la t iv e  
m a x im u m  (or m in im u m ). G ive an  e x a m p le  o f su c h  a  c a s e .

One e x a m p le  w ou ld  b e  y  = x^ o v e r  ( - 1 ,  I).

On the o th er  h an d  if  f ' ( x 0 ) = 0 , it  m a y  not b e  tr u e  th a t f (x Q) i s  a  
r e la t iv e  m a x im u m  (o r  m in im u m ). G iv e  an e x a m p le  of su ch  a  
c a s e .

y  = x 3 o v e r  ( - 1 ,  I).

H o w e v e r , one can  a lw a y s  c la im  th a t i f  f ( x 0) i s  a  r e la t iv e  m a x im u m  
or m in im u m  th en  .

f '(x o )  = 0.

30 . . N ow  l e t ' s  a p p ly  w hat w e 'v e  le a r n e d  to  a  few  p r o b le m s . If g iv e n
y  - f(x ) o v e r  La,bJ •, our f i r s t  in c lin a t io n  i s  to  d if fe r e n t ia te  

i so  a s  to  g e t  f '(x ) .  B y  se tt in g  f '(x )  -  0 w e m a y  fin d  so m e  c r i t ic a l  
i p o in ts  - but e a c h  h a s  to  b e  c h e c k e d  out. F in a l ly ,  w e c h e c k  f(a)
; and f(b) fo r  r e la t iv e  m a x im u m  and r e la t iv e  m in im u m  v a lu e s .

U s in g  th is  a s  a b a s i s  find: a l l  r e la t iv e  m a x im u m s and a l l  
r e la t iv e  m in im u m s o f y  = x 3 /3  - 4 x  + 2 /3  o v e r  H -4 ,  4 j  .
S k e tc h  th e  c u r v e .
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R e l .  m ax:

R e l.  m in :

6 (o c c u r s  a t x  = -2 ,  4) 

- 1 4 /3  (o c c u r s  a t x  = -4 ,  2)

31 . M o d ify  you r a n s w e r s  in  (30) if  th e  in te r v a l i s  ch a n g ed  to  ( - 4 ,  4).

R e l. m ax: 6 (o c c u r s  a t x  = -2  on ly)
R e l. m in : - 1 4 /3  (o c c u r s  a t x  = 2 on ly )

32 . M o d ify  you r a n s w e r s  in  (30) if  th e  in te r v a l i s  ch a n g ed  to  £ -3 ,  4 ]

R e l. m ax: 6 (o c c u r s  a t x  : -2 ,  4)
R e l. m in : 3 2 / 3 ,  -  1 4 /3  (o c c u r s  a t x  = -3 ,  2)

33. M od ify  you r a n s w e r s  in  (30) if  th e  in te r v a l i s  ch a n g ed  to  ( - 3 ,  4].

R e l.  m ax: 6 (o c c u r s  a t x  = -2 ,  4) 
R e l. m in : - 1 4 /3  (o c c u r s  at x  = 2)

34 . M o d ify  y o u r  a n s w e r s  in  (30) if  th e  in te r v a l i s  ch a n g ed  to  ( - 3 ,  4).

R e l. m a x : 6 (o c c u r s  a t x  = -2 )  
R e l. m in : - 1 4 /3  (o c c u r s  at x  = 2)

35 . M o d ify  you r a n s w e r s  in  (30) if  th e  in te r v a l i s  ch a n g ed  to  [_-3, 3

R e l. m ax: -2  I /3 ,  6 (o c c u r s  a t x  = 3 , -2 )
R e l. m in : 3 2 / 3 ,  - 1 4 /3  (o c c u r s  a t x  = -3 ,  2)

36 . So fa r  in  our d is c u s s io n  w e h a v e  b e e n  c a r e fu l to  in s i s t  th at f(x ) b e  
d if fe r e n t ia b le  o v e r  (a , b) and th a t o u r  c o n s id e r a t io n  o f m a x im a  and  
m in im a  be r e s t r ic t e d  to  th is  w e ll-b e h a v e d  r e g io n . H o w e v e r ,  
su p p o se  f(x ) i s  n ot d if fe r e n t ia b le  o v e r  (a , b ). We sh o u ld  w on d er  
h ow  the m a x im a T m in im a  s itu a tio n  co u ld  th en  b e a lt e r e d .
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- C o n s id e r  y  = I x  I o v e r  ( - 1 , I ) . C e r ta in ly  th is  c u r v e  i s  not 
d if fe r e n t ia b le  a t (0 , 0) and y e t  f(0 ) i s  c e r ta in ly  a  r e la t iv e  m in im a .

C an r e la t iv e  m a x im a  (o r  m in im a ) o c c u r  a t a  p o in t x 0 e v e n  though  
f '(x o )  +  0 ?  °

Y e s .

H ow ?

If th e  fu n ctio n  i s  n ot d if fe r e n t ia b le  a t a  p o in t, it  co u ld  v e r y  e a s i ly  
h ap p en  th a t f  e v a lu a te d  at th is  p o in t i s  a .r e la t iv e  m a x im u m  (o r  
m in im u m ).

37 . G ive  an e x a m p le  of a fu n c tio n  w h ic h  h a s  a r e la t iv e  m a x im u m  at 
(0 , 0) but w h o se  d e r iv a t iv e  i s  n o t z e r o  a t th is  p o in t. (Hint: 
c o n s id e r  y  = ) x  I . ) .

One su ch  e x a m p le  i s  y  = - I. x  I .

38 . T h u s, w e  sh o u ld  s u m m a r iz e  our f in d in g s  so  far:
I. If y  = f(x ) i s  d if fe r e n t ia b le  o v e r  (a , b) and if  f '(x 0) = 0 

w h en  a  < x 0 <£ b , th en  f(x@) '.............

n e e d  n ot b u t m a y  be a r e la t iv e  m a x im u m  or m in im u m .

2. If y  = f(x ) i s  d if fe r e n t ia b le  o v e r  (a , b) and if  f ( x 0 ) i s  a  
r e la t iv e  m a x im u m  o r  m in im u m  w h en  a ■< X0 < b , th en  
w h at i s  t r u e  o f f ' ( x 0 ) ?

f ' K )  = o 3

3. If f(x) i s  a  co n tin u o u s c u r v e  o v e r  ( a , b) u n d er  w h at c o n d it io n s  
co u ld  a r e la t iv e  m a x im u m  or m in im u m  o c c u r  a t Xq w h e r e  
a  < x 0 4 b and P (X q) -Iv 0 ?  .

O nly  i f  f(x) i s  n o t d if fe r e n t ia b le  a t  x Q.
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39. ' W h e r e a s  it  i s  tr u e  th a t s e t t in g  th e  f i r s t  d e r iv a t iv e  eq u a l to  z e r o  
m a y  or m a y  n o t le a d  one to  th e  d is c o v e r y  of r e la t iv e  m a x im a  
or m in im a  one sh o u ld  h o t d isc o u n t  the p r o c e s s  a s  e n t ir e ly  
v a lu e l e s s .  F o r  e x a m p le  i f  y 1 - ( x - 3 ) 3 (x -4 )^  ( x - 5 ) 3 , p o s s ib le  
c a n d id a te s  fo r  r e la t iv e  m a x im a  o r  m in im a  a r e  x  = 3 , 4 , 5 
b e c a u s e  a s  x  ta k e s  on th e s e  v a lu e s ,  f ( x )  = 0.

W hat a r e  p o te n t ia l  m a x im a  or m in im a  i f  y '  - (x -2 )^  (x -3 )^  (x+4)^ ?

x  = 2 , 3 , - 4

4 0 . N ow  w e m u s t  s e e  i f  w e can  d e v is e  a m e a n s  w h e r e b y  m a x im a  and  
m in im a  can  b e  id e n t if ie d  if  th e  f i r s t  d e r iv a t iv e  is  know n. A g a in  
c o n s id e r  th e  e x a m p le :  y! - (x -3 )  ( x -4 )4  (x -5 )  . C le a r ly  the
s lo p e  o f th e  c u r v e  a t th e  p o in t x  i s  g iv e n  b y  y 1. N ow  l e t ' s  e x a m in e  ' 
th is  s lo p e  arou n d  e a c h  o f the p o in ts  3 , 4 , and 5.

Our p r o c e d u r e  i s  to  e v a lu a te  th e  s lo p e  j u s t  to  th e  r ig h t  and le f t  
of e a c h  v a lu e  of x  w h ic h  c a u s e s  th e  f i r s t  d e r iv a t iv e  to  b e

z e r o .

41 . C o n s id e r  x  < 3.
If x  * 3 , x - 3  < 0 . H en ce  (x -3 )  <  0 .
If x  < 3 , x - 4  < 0 . H e n c e  (x -4 )^  > 0.
If x  < 3 , x - 5  < 0 .  H en ce  ( x - 5 ) 3 < 0.

- Thus ( x - 3 ) 3 ( x - 4 ) ^ ( x - 5 ) 3 i s  _________ than  z e r o .

g r e a te r

4 2 . W hat i s  th e  s lo p e  of th e  c u r v e  in  q u e s t io n  to  th e  l e f t  of x  - 3?

m  > 0

4 3 . N ow  fo r  3 < x  < 4.
If x  > 3, x - 3  > 0 . H en ce  ( x - 3 ) 3 >■ 0 .
I f x  < 4 , x - 4  4 0 . H en ce  (x -4 )^  > 0.
If x  < 4 , . x - 5  < 0 . H e n c e  ( x - 5 ) 3 < 0.

T h u s ( x - 3 ) 3 (x -4 )^  (x -5 )^  i s ___ ________ ^_than z e r o .

l e s s

/



W hat is  the s lo p e  o f th e  c u r v e  in  q u e s tio n  to  th e  im m e d ia te  
r ig h t of x  = 3 ?

m  < 0

If th e  s lo p e  to  th e  le f t  of x  = 3 i s  p o s it iv e , ,  to  th e  r ig h t  o f x  = 3 is  
n e g a t iv e , and i s  z e r o  a t x  = 3, w hat do you  c o n c lu d e  m u s t  b e  th e  
n a tu re  o f th e  c u r v e  a t x  = 3?

T he cu r v e  m u s t  a c h ie v e  a r e la t iv e  m a x im u m  at x= 3.

N ow  l e t ' s  t r y  x  = 4.
If 3 < x  < 4 ,  w e h a v e  a lr e a d y  found  th e s lo p e  to  b e  n e g a t iv e  
fr o m  (43 ).

If 4  < x  < 5: (x - 3 )3  > 0,. (x -4 )^  > 0 , (x-5)®  < 0 .

T h u s th e s lo p e  o f  th e  c u rv e  to  th e  r ig h t  o f x  -  4  i s  

ne g a tiv e

B u t i f  th e  s lo p e  to  th e  r ig h t of, x  = 4  i s  n e g a t iv e , to  th e  le f t  of 
x  = 4  i s  n e g a t iv e , and th e s lo p e  i s  z e r o  a t x  = 4 , w hat can  w e  
c o n c lu d e  ab ou t th e  n a tu re  o f th e  c u r v e  at x  = 4 ?

We can n ot a s s e r t  th a t a r e la t iv e  m a x im u m  or m in im u m  i s  
a c h ie v e d  a t x  = 4.

W hat about th e  s lo p e  to  th e  r ig h t  o f  x  = 5 ?

T h e s lo p e  to  th e  r ig h t  of x  = 5 i s  p o s i t iv e .

W hat can  you  c o n c lu d e  about th e n a tu re  o f  th e  c u r v e  a t x  = 5 ? 

T h e c u rv e  h a s  a  r e la t iv e  m in im a  a t x  = 5 .

U s e  th e fo r e g o in g  m eth o d  to  d is c o v e r  r e la t iv e  m a x im a  and m in im a
if  y ' = (x - 2 )3  (x - 3 ) 4  (x +4)^
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S in c e  m  at x  <f - 4  i s  p o s it iv e  and m  a t - 4  < x  < 2 i s  n e g a t iv e ,  
th e c u r v e  in  q u e s tio n  m u s t  a c h ie v e  a r e la t iv e  m a x im u m  at 
x  = - 4 .

S in c e  m  a t 2 < x  < 3 i s  p o s i t iv e ,  th e  cu r v e  in  q u e s tio n  m u st  
a c h ie v e  a r e la t iv e  m in im u m  at x  - 2.

S in c e  m  a t x  > 3 i s  p o s i t iv e ,  w e ca n n o t a s s e r t  th e  c u rv e  
a c h ie v e s  e i th e r  a r e la t iv e  m a x im u m  o r  m in im u m  a t x  - 3.

K ;

5 1 . So - d e s p ite  th e  fa c t  th a t s e tt in g  th e  f i r s t  d e r iv a t iv e  eq u a l to  
z e r o  m a y  b e  f r u i t l e s s ,  in  a tte m p tin g  to  id e n t ify  r e la t iv e  
m a x im u m  or m in im u m  p o in ts , an  a n a ly s is  b a s e d  on th e f ir s t  
d e r iv a t iv e  m a y  s o m e t im e s  c le a r ly  id e n t ify  su ch  c r i t i c a l  p o in ts .  
H e n c e  w e  sh o u ld  m a k e  c e r ta in  w e  c le a r ly  u n d e r s ta n d  th e  r o le  

. o f th e  f i r s t  d e r iv a t iv e  in  d e te r m in in g  r e la t iv e  m a x im a  and  
m in im a .

I. D o e s  fin d in g  th o se  v a lu e s  w h ic h  m a k e  th e  f i r s t  d e r iv a t iv e  
eq u a l to  z e r o  g u a r a n te e  th a t e a c h  of th e s e  v a lu e s  is  
e ith e r  a r e la t iv e  m a x  or a  r e la t iv e  m in ?

no

2. If a r e la t iv e  m a x  or m in  o c c u r s  a t a p o in t X (w h ere  
a  < Xq < b and f(x ) i s  d if fe r e n t ia b le  o v e r  (a,% )), d o e s  
th is  m e a n  th e  d e r iv a t iv e  m u s t  b e  z e r o  a t x 0 ?

y e s

3. C an a r e la t iv e  m a x  or m in  o c c u r  a t a  p o in t  and  the  
d e r iv a t iv e  n ot b e  z e r o  a t  th a t p o in t?

y e s

4. S ta te  tw o  w a y s  th is  c o u ld  o c c u r .

1. A  r e l .  m a x  or m in  co u ld  o c c u r  a t  th e  en d  o f a  c lo s e d  
in te r v a l w h e r e  th e d e r iv a t iv e  is  n ot z e r o .

2 .  : A  fu n c tio n  m a y  b e  co n tin u o u s but not d if fe r e n t ia b le  at
a p o in t and th u s  a  r e l .  m a x  o r  m in  c o u ld  e x i s t  a t  th e  
p o in t d e s p ite  th e  fa c t  th a t th e  d e r iv a t iv e  i s  n o t zero ' a t  
th e  p o in t.
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5. Can you  s o m e t im e s  u s e  th e f i r s t  d e r iv a t iv e  to  fin d
r e la t iv e  m a x  or m in  a t p o in ts  w h e r e  th e  f i r s t  d e r iv a t iv e  
i s  z e r o .

y e s

6. H ow ?

Exam ine" th e  s lo p e  to  th e r ig h t  and le f t  of th e  p o in t to  
d e te r m in e  r e la t iv e  m a x  or m in  c o n d it io n s .

I



L e s s o n  X

R O L L E 'S  TH E O R E M  A N D  THE M EA N  V A L U E  TH E O R E M

A  fou n d ation  s to n e  to  a g r e a t  d e a l o f th e o r y  in the c a lc u lu s  is  the  
M ean V a lu e  T h e o r e m . It i s  a k e y  to  m a n y  im p o r ta n t c o n c e p ts  
w h ich  a r e  b a s ic  to  th e  c a lc u lu s . C o n se q u e n tly  w e w il l  poin t  
our in v e s t ig a t io n  in  th is  l e s s o n  to w a r d s  a c o m p le te  m a s t e r y  o f  
th is  v ita l  th e o r e m .

W hat th e o r e m  i s  th is  l e s s o n  c o n c e r n e d  w ith ?

M ean  V a lu e  T h e o r e m

H o w e v e r , in o r d e r  to  p r o v e  the M ean  V a lu e  T h e o r e m  one n e e d s  a 
le m m a . T h is  le m m a  i s  c a l le d  R o l le 's  T h e o r e m . R o l le 's  T h e o r e m  
i s  in  fa c t  a s p e c ia l  c a s e  o f the M ean  V a lu e  T h e o r e m  and it i s  
th ro u g h  R o l le 's  T h e o r e m  th at th e tru th  o f the M ean  V a lu e  T h e o r e m  
can  b e d ed u ced .

U pon w hat th e o r e m  d o e s  th e M ean  V a lu e  T h e o r e m  d ep en d ?

R o l le 's  T h e o r e m

So le t ' s  s ta r t  w ith  R o l le 's  T h e o r e m . L e t 's  p ro v e  it  f i r s t  and th en  
d is p e n s e  w ith  the r e a l  o b je c t  - the M ean V a lu e  T h e o r e m .

W hat th e o r e m  a r e  w e u lt im a te ly  in te r e s t e d  in  p ro v in g  in  th is  l e s s o n ?

M ean  V a lu e  T h e o r e m

V e r y  lo o s e ly  s ta te d , R o l le 's  th e o r e m  sa y s:  if  a c o n tin u o u s  fu n c tio n
h a s  th e  s ta r t in g  and en d in g  o r d in a te s  both  z e r o , th en  th e r e  m u st  
e x i s t  at l e a s t  one p la c e  so m e w h e r e  b e tw e e n  th e  s ta r t in g  and  
f in is h in g  p o in ts  w h e r e  th e s lo p e  o f the cu r v e  i s  z e r o  - p ro v id in g

w h e r e  th e  s ta r t in g  and en d in g  o r d in a te s  a re  at (a , o) and (b, 0). You  
w il l  n o t ic e  th a t th e  c u r v e  s e e m s  to  be co n tin u o u s o v e r  th e  in te r v a l .
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W h ere  w ou ld  you  p ic k  the a b s c is s a ( s )  su ch  th a t th e s lo p e (s )  of 
th e c u r v e  e v a lu a te d  at th is  ( th e se )  p o in t(s )  w ou ld  s a t is f y  R o l le 's  
th e o r e m  ?

D o s o  on th e p r e v io u s  f ig u r e .

P ic k  p o in ts  at
x I , x 2> X3 .

5. A lth o u g h  w e n e e d  to  fu lly  u n d e r s ta n d  a ll  th r e e  of th e  c o n d it io n s  o f  
R o lle 's  T h e o r e m , w e s h a ll  f i r s t  c o n c e n tr a te  on th o se  w h ich  a r e  
l e a s t  o b v io u s: ( I )  f(x) m u s t  be co n tin u o u s o v e r  (a .b j ;  and (2) f(x) 
m u st  be d if fe r e n t ia b le  o v e r  (a , b ). L e t 's  c o n s id e r  co n tin u ity  f i r s t .  
S u p p o se  y = f(x ) w e r e  d is c o n t in u o u s  a t x Q w h e r e  a < Xq < b a s  is  
i l lu s tr a te d

*

In th is  c a s e  i s  th e r e  a p o in t ( E ,0 )  b e tw e e n  a and b w h e r e  f '(  ?  ) 
= 0?

no

S eco n d , th e  c u r v e  w i l l  have to  b e a sm o o th  c u rv e  p o s s e s s in g  a 
d e r iv a t iv e  e v e r y w h e r e  o v e r  (a, b). S u p p ose  fo r  p u r p o s e s  of 
i l lu s tr a t io n  th a t f(x) w e r e  not e v e r y w h e r e  d if fe r e n t ia b le  o v e r  (a, b) 
e v e n  th ou gh  c o n tin u o u s  o v e r  f a ,  b ].

C e r ta in ly  th is  co u ld  h ap pen  a s  i s  il lu s tr a te d :

W hat i s  th e  v a lu e  of th e  d e r iv a t iv e  (s lo p e )  a t th e  p o iit  o f th e  c u sp ?  
(R e m e m b e r , w e s e e k  a p o in t b e tw e e n  a and b w h e r e  the s lo p e  of 
y = f(x ) i s  z e r o . )

T he d e r iv a t iv e  ( s lo p e )  d o e s  n ot e x i s t  a t the p o in t of th e  cu sp .



T h u s in  th e  i l lu s tr a t io n  i s  th e r e  a p o in t ( " 2 , 0 )  w h e r e  £'( ^  ) : 0 
and y e t  a < ^ < b ?

ho

S o , t e c h n ic a l ly  s ta te d  R o l le 's  T h e o r e m  sa y s:
If (I )  y  s f(x ) i s  co n tin u o u s o v e r  fa , h ],

(2) y  = f(x) i s  d if fe r e n t ia b le  o v e r  (a , b ),
( 3) f(a) = f(b) : 0;

th en  th e r e  e x i s t s  a  n u m b er  ^ w h e r e  a <  ̂ b  su c h  th a t f '( )
= 0.

W hat a r e  th e  h y p o th e s is  o f R o l le 's  T h e o r e m ?  (R e fe r  b a c k  to  the  
a b o v e  f ig u r e s  i f  you  n e e d  to ).

1. y  = £(x) i s  co n tin u o u s o v e r  (a , b ],
2. y  = f(x) i s  d if fe r e n t ia b le  o v e r  (a , b ),
3. f(a) = f(b) = 0.

W hat i s  th e  c o n c lu s io n  of R o l le 's  th e o r e m  ?

T h e r e  e x i s t s  a p o in t ( ^ , 0) w h e r e  a  < ?  < b su ch  th a t f'( ^ )  = 0 .

.N o w  r e c o n s id e r  th e h y p o th e s is  and c o n c lu s io n  in  th e  s p ir i t  of 
h o n e s t  e v a lu a t io n . Y ou w il l  s e e  th a t a lth ou gh  f ig u r e s  a id  th e  
u n d e r sta n d in g  r e a l ly  no f ig u r e  i s  n e e d e d  fo r  th e th e o r e m . T he  
th e o r e m  can  in  fa c t  b e  s ta te d  w ith  no r e f e r e n c e  to  a f ig u r e  at a l l .  
In d eed , th e  a r g u m e n t can  b e  m a d e  e n t ir e ly  on the b a s i s  of the  
r e a l  n u m b e r s  a lo n e .

Is  a f ig u r e  r e a l ly  n e e d e d  to  s ta te  R o l le ' s  T h e o r e m ?

no * 1

N ow  l e t ' s  g e t  th e  p r o o f . On th e b a s i s  of th e  h y p o th e se s  c le a r ly  
e ith e r  one of tw o c a s e s  e x is t :  ( I )  f(x) £  0 fo r  a ll  x  o v e r  (a , bj or

. (2) £(x) 0 fo r  a l l  x  o v e r  (a , b) .

W hat co u ld  b e  th e  n a tu re  of f(x) u n d er  the. h y p o th e se s  ?

(1) f(x ) = 0 fo r  a l l  x  o v e r  [a , 15} or  /
(2) f (x )  $  0 fo r  a l l  x  o v e r  (a , bj.
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10. If f(x) =  0 fo r  a l l  x  o v e r  fa, bj[ th en  f  can  be v e r y  e a s i l y  c h o se n .  
W h ere co u ld  you  c h o o s e  ^ su ch  th at f'( ^ ) = 0 ?

C h o o se  ^ a n y w h ere  b e tw e e n  a and b.

11. If f(x) i  0 th en  our ta s k  i s  a w ee  b it  m o r e  to u ch y . If f(x) £  0 
th en  e ith e r  f(x) > 0 or  f(x) < 0 s o m e w h e r e  o v e r  (a , b ). B u t in 
e ith e r  c a s e  f(x) m u s t  a c h ie v e  at l e a s t  one m a x im u m  or one 
m in im u m  v a lu e  o v e r  (a , b ). (A c tu a lly  th is  s ta te m e n t  i t s e l f  b e g s  
to  be p r o v e n -  - - and can  be.1 - - -b u t the p r o o f  i s  b e y  one our  
p r e s e n t  m e a n s .  H o w e v e r , in tu it io n  can  be c a l le d  upon to  
g u a r a n te e  i t s  p la u s ib il i ty .  If you  d on 't b e l ie v e  it , go  to  s te p  11a.
If you  do b e l ie v e  it , co n tin u e  w ith  th is  s te p . ) ,

W hat m u st  b e  tr u e  o f f(x ) if  f(x) i s  co n tin u o u s o v e r  fa , b} and f(a) = 
f(b) = 0?

f(x) m u st  a c h ie v e  a m in im u m  or m a x im u m  v a lu e  s o m e w h e r e  o v er  
(a , b ).

11a. C o n s id e r  y - f(x) s ta r t in g  a t (a , 0) and en d in g  a t (b , 0 ). R e m e m b e r  
y  - f(x ) i s  e n t ir e ly  d if fe r e n t ia b le  o v e r  (a , b) so  no c u sp s  can  b e  
e n c o u n te r e d . In d eed , y  = f(x) i s  a w e ll-b e h a v e d  c u r v e . D ra w  a 
c u r v e  fr o m  (a , 0) to  (b, 0) su ch  th a t it  i s  co n tin u o u s, a fu n ctio n , 
and h a s  a d e r iv a t iv e  e v e r y w h e r e  b e tw e e n  (a , 0) and (b , 0 ).

x
(a , 0) (b, 0) ^

(a , 0) (b ,0 )
a p o s s ib le  c u r v e  s a t is fy in g  the  
c o n d itio n s  I

I lb . Y ou can  s e e  th a t no m a tte r  how  you  tr y  to  d raw  th e  c u r v e  it  m u s t  
tak e  on a m a x im u m  or m in im u m  v a lu e  so m e w h e r e  w ith in  (a , 0) to  
(b ,0 ) .
C an th e c u r v e  ta k e  on both  a m a x im u m  and a m in im u m  v a lu e  o v er  
(a , b) n e ith e r  o f w h ich  i s  z e r o ?

y e s
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S k etch  su c h  a c u r v e .

a p o s s ib le  
so lu t io n  cu rv e

11c. R e tu rn  now  to  r e m a in d e r  o f s te p  (11 ).

12. B u t f(x ) i s  e v e r y w h e r e  d if fe r e n t ia b le  o v er  (a , b).1 So w hat d o e s  th is
m ea n  ab ou t f'(x ) a t the a b s c is s a  w h e r e  f(x ) did a c h ie v e  the m a x im u m  
or m in im u m  v a lu e  ?

f'(x ) m u s t  b e  zero.'

13. So s im p ly  p ic k  ^  to  be th at a b s c i s s a  w h e r e  f'(x ) - 0. W hat n u m e r ic a l  
v a lu e  i s  f'( ^  ) eq u a l to ?

f'( £  ) = 0

14. W h ere i s  £ lo c a te d  w ith  r e s p e c t  to  a and b?  

a < ^ < b.

15. D o you  s e e  ? We h a v e  p ro v en  th e e x is t e n c e  of a £ b e tw e e n  a and b 
su ch  th a t f' ( £ ) : 0 . N ow  r e s ta te  th e h y p o th e s is  and c o n c lu s io n  
of R o lle  's T h e o r e m  to  m a k e  su r e  you  have it  f ir m ly  in m in d .

If (I) f(x ) i s  co n tin u o u s  o v e r  fa , bj
(2) f(x) i s  d if fe r e n t ia b le  o v e r  (a , b)
(3) f(a) = f(b) = 0

th en  th e r e  e x i s t s  a n u m b er £ w h e r e  a <- Y  < h  su ch  th a t f'( J ) ; 0.

16. W ith th is  a s  a to o l l e t ' s  go a f te r  th e  b ig  gam e - - - l e t ' s  p ro v e
th e  M ean  V a lu e  T h e o r e m . You a s k  w hat it i s  a b o u t? W ell, lo o s e ly  
w o rd ed  it  s ta t e s  th a t a co n tin u o u s c u r v e  o v e r  s o m e  c lo s e d  in te r v a l - 
th e c u r v e  p o s s e s s in g  a s lo p e  e v e r y w h e r e  w ith in  th e  in te r v a l - h a s  
at l e a s t  one p o in t on it  w ith in  th e  in te r v a l  w h e r e  th e  ta n g en t to  th e  
c u r v e  a t  that p o in t i s  p a r a l le l  to  th e  s e c a n t  a c r o s s  th e  c u r v e  fr o m  
i t s  s ta r t in g  p o in t to  it s  en d in g  p o in t. I t 's  e a s y  to  s e e  in  t e r m s  o f a 
f ig u r e  s o  l e t ' s  d e s ig n  on e .
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(1) P ic k  tw o  p o in ts  (a , f (a) ) and (b, f(b )), in  the sp a c e  b e lo w . 
(P ic k  th em  about Zn a p a rt and not v e r t ic a l  o r  h o r iz o n ta l  
s in c e  su c h  a c h o ic e  is  m o s t  r e w a r d in g  in t e r m s  of 
i l lu s tr a t io n .  L a b e l the p o in ts  w ith  c o o r d in a te s  (a , f(a )) 
and (b, f(b )).

(2) D ra w  a sm o o th  cu r v e  r e p r e s e n t in g  a fu n ctio n  w h ich  is :  
c o n tin u o u s  o v e r  (a , b] (h as no b r e a k s );  and d if fe r e n t ia b le  
o v e r  (a ,b )  (no  c u s p s ) .

(3) D ra w  a s e c a n t  l in e  fr o m  (a , f(a )) to  (b, f(b )).

A p o s s ib le  f ig u r e  is :

17. N ow  on you r f ig u r e  lo c a te  a p o in t ( 0) w h ere  a b su ch  that
the s lo p e  o f th e  c u r v e  is  p a r a l le l  to  th e s lo p e  o f th e  s e c a n t  fr o m  
(a , f(a )) to  (b, f(b )). D ra w  th e  ta n g en t.

A  p o s s ib le  so lu t io n  i s  :

18. W hat is  th e  s lo p e  of th e  s e c a n t  fr o m  (a , f(a)) to  (b , f(b)) ?

f(b) - f(a) 
b - a
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19. What must the slope of the -tangent be at ( ?',£(£ )) (in terms of the 
derivative) ? ■

f t ? )

20 . N ow  you sh o u ld  b e  r e a d y  to  c a r e fu l ly  s ta te  th e  M ean  V a lu e  
T h e o r e m . W hat h y p o th e se s  w ou ld  you  in s i s t  on?

(1) f(x ) i s  c o n tin u o u s  o v e r  {a,H}
(2) f(x ) i s  d if fe r e n t ia b le  o v e r  (a , b ).

2 1 . W hat w ou ld  th e  c o n c lu s io n  b e ?

T h e r e  e x i s t s  a p o in t ( f  , 0) w h e r e  a < f  <  h  su ch  that:

f (  f  )
f(b) - f(a) 

b-a

22 . N o w  s ta te  the e n t ir e  M ean  V a lu e  T h e o r e m .

" If (I) f(x ) i s  co n tin u o u s o v e r  {a, b]
and (2) f(x ) i s  d if fe r e n t ia b le  o v e r  (a , b ), then

/:■■.£'( i  ) = f(b) - f(a ) w h e r e  a < T < b.
B^a

23 . ' N ow  fo r  a  p ro o f. We s h a ll  r e d u c e  th e e n t ir e  a r g u m e n t to  R o lle  1 s
T h e o r e m  b y  c a r e fu l ly  d e s ig n in g  a fu n ctio n  w h ic h  f i t s  th e  h y p o th e se s  
of R o l le ' s  T h e o r e m  b u t w h ic h  in  tu rn  p r o v e s  th e M ean  V a lu e  

/T h e o r e m .. So th e  ta s k  w e fa c e  i s  to  d e s ig n  su c h  a  fu n c tio n . B e -  
-\'fore w e a c tu a lly  d e s ig n  th is  m y s t e r y  fu n ctio n  ( l e t ' s  c a l l  it  F (x )  
/.'from  h e r e  on), l e t ' s  r e c a l l  w hat i t s  p r o p e r t ie s  m u s t  b e .

W hat th r e e  th in g s  m u s t  b e  tr u e  o f F ( x ) ?
----------------- . ----------:  ----------------
( I) F (x )  m u st  b e  c o n t in u o u s■ o v e r .fa ,b } ,

. (2) F (x )  m u s t  b e  d if fe r e n t ia b le  o v e r  (a , b ),
" (3 )  F (a )  = F (b ) = 0.

\
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24. N ow  su p p o se  we s e le c t  F (X q) to  be the v e r t i c a l  d is ta n c e  b e tw een  
th e  p o in t (x 0 , f (x 0 )) on the cu rv e  y = f(x) and th e c o r r e sp o n d in g  
p o in t on the s e c a n t  lin e  c o n n ec tin g  (a , f(a )) and (b, f(b)) a s  the  
f ig u r e  b e lo w  d e s c r ib e s .  R e m e m b e r  th at y = f(x) i s  co n tin u o u s  
o v e r  £a, b} and d if fe r e n t ia b le  o v e r  (a, b).

W hat i s  F (x ) ?

T he le n g th  of th e  se g m e n t  b e tw e e n  th e c u r v e  and th e se c a n t  l in e .

U s in g  a tw o -p o in t  fo r m  w r ite  th e  eq u a tio n  o f th e  l in e  jo in in g  
(a , f(a)) and (b ,f(b ))  and s o lv e  fo r  y .

f(b) - f(a) - y  - f(b) 
b - a x -b

or f (b ) - f (a ) _ Y - f(a) 
b - a  - x - a

h e n c e

Y = f(b) ■* (x -b )  f(b) - f(a)
b - a

or y  : f(a) *(x +a) f(b) - f(a)
b - a

25 . N ow  if  y  % f(b) ♦ (x -b )
f(b )-f(a )

b - a o r  y  = f(a) + (x -a )
f(b) - f(a) 

b - a

r e p r e s e n t s  th e  e q u a tio n  o f the s e c a n t  l in e ,  a t x Q w h at i s  th e  
o rd in a te  to  the s e c a n t  l in e ?

f(b )-f(a )
y 0 = f (b) ♦ (x 0 -b) b -a

r x , 1 f (b )- f(a )
or y 0 : f(a ) + (x 0 -a ) ^ a

26. C a lc u la te  F ( x q) a s  (24) d e f in e s  it .

F (X 0 ) f (x 0 ) - f(b) - (x 0 -b)
f(b )-f(a )

b - a

or £(x0 ) - f(a ) - (x 0 -a ) f (b )- f(a )
b - a
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27 . But let's look at F (x  ) more carefully. If X q were at a (x  = a), 
what would be the value of F(Xq) ?

0 s in c e  F (x 0 ) = F (a ) = f(a) - f(b) - (a -b )  — -  = 0

(U sing th e  o th er  eq u a tio n  fo r  the l in e  g iv e s  th e s a m e  r e s u l t . )

28 . If x q w e r e  at b (xQ : b ), w hat w ould  be th e v a lu e  of F(Xq) ?

0 since F(Xq) = F(b) = f(b) - f(b) - (b-b) = 0
(Using the other equation for the line gives the same result.)

29 . It m a y  b e  th at F  i s  the fu n ctio n  w e seek.' T o  fin d  out fo r  s u r e ,  
d e fin e  y = f(x) c a r e fu l ly  o v e r  (a , b j. (W e w ant a fu n c tio n  w h ich  
s a t i s f i e s  R o l le 's  T h e o r e m . )

F (x ) = f(x ) - f(b) - (x -b )  

F (x ) = f (x) - f(a ) - (x -a )

30. P e r h a p s  it  m a y  e v e n  b e  w o r th w h ile  to  sk e tc h  y -  F (x ) . S u p p ose
y r f(x) i s  a s  it  a p p e a r s  in  the s k e tc h  on the le f t .  N ow  you sk e tc h
y = F (x ) on th e r ig h t.

f(b) - f(a) 
b - a

f(b) - f(a) 
b -a
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31 . OK. It a p p e a r s  from , th e  sk e tc h  th a t y  = F (x ) w i l l  in  fa c t  f i t  the  
R o l le ' s  T h e o r e m  c o n d it io n s . L e t ' s  c h e c k  th em  on e a t a t im e .  
(I )  F i r s t  i s  y  - F (x )  a fu n ctio n  o v e r  (a , bj| ?

y e s

(2) Is  y  = F (x ) c o n tin u o u s  o v e r  ti} ?

y e s

(3) Is  y  = F (x ) d if fe r e n t ia b le  o v e r  (a, b) ?

Y e s ,  b e c a u s e  f(x ) - f(b) - (x^b) f(b) - f(a)
b — a

i s  d if fe r e n t ia b le  o v e r  
(a , b ).

(4) Is F (a) - F (b ) = 0?

Y e s , s e e  s te p s  27 and 28.

or f(x ) - f(a ) - (x -a )  _a~ " '

32 . . So s in c e  y  = F (x ) f i t s  R o l le 's  T h e o r e m  w e a r e  su r e  th e r e  e x i s t s  a ^ 
w h e r e  a -t ^ < b su c h  th at F 1( ^ ) = D .  B ut th is  m e a n s :

d /d *  [ f(X) -  f(b ) - .(X-b) = Q w h e n x  = p and a  < b

or d /d x  r f (x )  - f(a) - (x -a )  ~ = 0 w hen  x  = J  and a < ^ < b

C a r r y  out the d if fe r e n t ia t io n  and su b s t itu t io n  and s e e  w hat r e s u l t s .

f' ( £  ) - f(b) - f(a) _ n 
V b - a  -

^^■>. " C le a r ly  f' ( ^ ) = I  . fo r  th e  e x a c t  p th a t i s  g u a r a n te e d  b y

• R o l le 's  T h e o r e m ] T h e k e y  id e a s  in  th e  p ro o f a r e  tw o  in  n u m b er:  
(I )  w e  m a n u fa c tu r e d  a fu n ctio n  F (x )  w h ic h  obeyed , th e  c o n d itio n s  
of R o l le ' s  T h e o r e m ; (2) w e a p p lie d  R o l le ' s  T h e o r e m  to  the  
m a n u fa c tu r e d  fu n c tio n  to  b e a s s u r e d  o f th e  1= w h e r e  a  < b .  Of

' i

f
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p a r t ic u la r  in t e r e s t  i s  th e  fa c t  th a t th e w h o le  a r g u m e n t can  be  
done e n t ir e ly 'in d ep en d en t of any g e o m e tr ic  c o n s id e r a t io n . W hen  
one d e p a r ts  fr o m  th e c o n c r e te  v is u a l iz a t io n  to  th e  a b s tr a c t  
a n a ly t ic  a p p ro a ch , one b e c o m e s  a w a r e  o f th e  p o w e r  o f th is  id e a . '

C an th is  th e o r e m  b e p r o v e n  in d ep e n d e n tly  of g e o m e tr ic  c o n ­
s id e r a t io n s  ?

y e s

34. W ell, you  h a v e  p r o v e n  the f  e x i s t s  i f  g iv e n  the fu n ctio n  and th e  
in te r v a l .  .L e t 's  s e e  if  you  can  fin d  it . S u p p o se  y  = f(x ) - x  o v e r  
P ,  3J. • W here i s  th e  £ g u a r a n te e d  b y  th e M ean  V a lu e  T h e o r e m ?

a 4 £  < b th u s  I < 3 [a n y w h e r e  in  (1 ,3 )J

35 . If y  = f(x ) r x  o v e r  ( I ,  3), w h e r e  i s  th e  f  g u a r a n te e d  b y  the  
M ean  V a lu e  T h e o r e m ?  . S k etch  the c u r v e  on s c r a tc h  p a p er  and  
r e c o n s id e r  th e  p r o b le m .

■ s lo p e  of s e c a n t  i s  4 s in c e  (9- I)/2 = 4 . ■

y ' = f '(x )  = Z x .
T h u s 2 y  - 4 and ^ = 2.

36. N ow  p r o v e  th a t fo r  th e  p a ra b o la  y  = x  o v e r  (a , tQ th e  ^ i s  a lw a y s  
m id w a y  b e tw e e n  a and  b . S k etch  th e  c u r v e  on s c r a tc h  p a p er  and  
r e c o n s id e r  th e  p r o b le m .

b -a  Qi-a-
f '(x )  = 2 x  j  Z 2 (b -a )  =

37. So you  can  fin d  th e  ' f  g iv e n  a p r o p e r  fu n ctio n  and in te r v a l .  H o w e v e r ,  
th e  b eg in n in g  c a lc u lu s  stu d en t m a y  w o n d er  a s  to  th e  r e a l  v a lu e  o f  
th is  th e o r e m . W e ll, i t s  u s e  i s  la r g e ly  th e o r e t ic .  T h e M ean  V a lu e  . 
T h e o r e m  i s  m a in ly  u s e d  a s  a sp r in g b o a r d  to  o th e r  im p o rta n t  
th e o r y . "
W hat i s  th e  m a in  u s e  o f th e  M ean  V a lu e  T h e o r e m ?  '

A  b a ck g ro u n d  of fa c t  fo r  o th er  im p o r ta n t th e o r y .
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38. . L e t 's  p r o v e  one v e r y  u s e fu l th e o r e m  b y  u s in g  the M ean  V alu e
T h e o r e m  a s  a p la tfo r m . C o n s id e r  a fu n ctio n  y  - f(x ) w h ich  
h a s  a co n tin u o u s d e r iv a t iv e  o v e r  fa , KJ and w h ich  h a s  a  seco n d  
d e r iv a t iv e  e x is t in g  o v e r  (a , b ). T h e c la im  i s  th at th e s e  co n d itio n s  
w hen  u n ited  w ith  the fa c t  th a t f" (x) > o o v er  (a , b) a r e  s u ff ic ie n t  
to  g u a r a n te e  th a t th e sk e tc h  o f y  = f(x ) i s  co n ca v e  u p w ard  o v e r  
(a , b).

W hat a r e  th e  h y p o th e se s  o f th is  t h e o r e m ?

(1) y  : f(x ) h a s  a co n tin u o u s d e r iv a t iv e  o v e r  [a , K)
(2) f  "(x) e x i s t s  o v e r  (a , b)
(3) f "(x) > 0 fo r  a < x  < b .

W hat i s  th e  c o n c lu s io n ?

y  = f(x ) i s  c o n c a v e  u p w ard  o v e r  (a , b).

39 . ' On th e  b a s i s  o f th e  M ean  V a lu e  T h e o r e m  it  can  b e  sa id :

£ ' (  J  ) = f (x 2) " f (x l)

x 2 " x i
w h e r e  a ^ Xj < Xg ^ b . W here is

-Ir "6 lo c a te d ?

I'........
N-x I < J < x 2

4 0 .  : N ow  c o n s id e r  th e d e r iv e d ,fu n c t io n . It can  a ls o  be. sa id :

' yj X _ £ '(x2 )~ f'( ^ ) ■
' \ ” ------------- —- —=— W h ere ? 4 "Â  x o . W hy?

x 2 - }  J X

T h is  i s  th e  m e a n  v a lu e  th e o r e m  a p p lie d  to  th e f i r s t  d e r iv e d  
fu n c tio n  o v e r  f  J , x g ]  • 41 * *

41 . O rd er  b y  u s in g  in e q u a lity  s ig n s  a , b , x ^ , x^ , ^  . a s  u s e d  in  the
p r e c e e d in g  s t e p s .

5 X1 < J < x g  4 ba
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42 . N ow  in s te p  40 s o lv e  fo r  f '( ^ ).

f ' (  f  ) = f ' ( x 2) - f" (  ) (X2 - ^ )

43 . T ak in g  th is  v a lu e  of f '(  ^ ) su b s t itu te  it  fo r  f '( J ) in  th e eq u a lity  
of s te p  39.

f (x 2) - f ( x i )

----- - T T ------- :  £'(x 2l -  £"( "\ > Ix 2 " ? I'

44 . B ut b y  the th ir d  h y p o th e s is  of (38) f"( iA ) >  0. M o r e o v e r  x 2 - t  > 0. 
So w hat of f" ( vy ) (x 2 ~ ^ ) ?

f"( V\ ) (x 2 - f  ) >  0.

45 . C o n se q u e n tly  if  w e r e m o v e  th e p ro d u ct f"( vy ) (x 2 - J ) fr o m  th e
r ig h t hand s id e  o f th e  r e s u lt  in  s te p  4 3 , it  a p p e a r s  th a t an in e q u a lity  
w ou ld  r e s u lt .  S ta te  th e  in e q u a lity .

f (x 2 ) - I(X 1) 

x 2 - x I * So,
< f ' ( x 2)

4 6 . B u t th is  s a y s  th e  s lo p e  o f th e  s e c a n t  fr o m  (X1, f (x ,  )) to  (x 2 , f ( x 2 )) 
i s  a lw a y s  l e s s  than  the s lo p e  of the ta n g en t at (x 2 , f ( x 2)) w h ere
a  4 x i  < X2 4  
L ook  a t it  g r a p h ic a lly :

So , you  s e e ,  a s  X1 and X2 tak e  on d if fe r e n t  v a lu e s  o v e r  [a, b} so  th a t  
X1 < X2 it  i s  c le a r  th e  c u rv e  is  a lw a y s  b en d in g  u p w ard . T hus the  
th e o r e m  is  p r o v e d . S u p p ose  one d e s i r e s  to  show : i f  f" < 0 o v er  
th e  in te r v a l  (w ith  th e  sa m e  r e s t r ic t io n s  on f), th an  th e  cu rv e  is  
c o n c a v e  d ow n w ard . T he p ro o f w ou ld  go the sa m e  w ith  one ch an ge:

f (x 2) - f (Xi1)

x 2 - X 1
- f '(X2) -  f " ( v \) (x ^ - ^ ) w ou ld  b e  t r a n s fo r m e d  in to

f(x 2) “ f x̂ 1) ? f ' ( x 7). (Which sign: >  or ^ ?)
.  x 2. - . x I .  ...........................................................................
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4 7 . In e f f e c t  th is  w ou ld  m ea n  the s lo p e  o f th e  s e c a n t  fr o m  (x  , f(x^)) 
to  (xg , f (x 2 )) w ou ld  be a lw a y s  g r e a te r  than the s lo p e  of tne  
ta n g en t to  the cu rv e  a t (x^. f(x  )). T h at i s ,  the c u r v e  i s  bending  
d ow n w ard  a s  one p ro cee c fs  fr o m  le f t  to  r ig h t.

S k e tch  a r e p r e s e n ta t iv e  f ig u r e  to  a s s u r e  y o u r s e lf  o f th is  fa c t .

4 8 . B u t s in c e  you  h a v e  the th e o r e m , l e t ' s  t r y  to  u se  it . S u p p o se  w hen
g iv e n  y = f(x) it  i s  a p p a ren t that I 1(X q ) - 0 and f" (x Q) < 0. W hat
w ou ld  you  co n c lu d e  of f (x Q) ?

f (x 0 ) i s  a r e la t iv e  m a x im u m

If f(x) i s  g iv e n  and f '(x Q) = 0 and f" (x^) > 0, w hat w ou ld  you
c o n c lu d e  o f f (x Q) ?

f (x Q) i s  a r e la t iv e  m in im u m  49

4 9 . U se  th is  t e s t  to  find  th e  r e la t iv e  m a x im a  and m in im a  fo r  y - x ^ /3  - x . 

f '(x )  z x 2 - I

so  x  = -f I im p lie s  f '(x) -  m  = 0.

B u t f" (x) -  2x

and f" ( l )  :  2 > 0

f " ( - l )  - - 2  < 0.

T h u s f( I) i s  a r e la t iv e  m in im u m  and f ( - 1) i s  a r e la t iv e  m a x im u m .
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50 . . N a il  i t  dow n s o l id  b y  on ce  m o r e  s ta t in g  th is  2nd d e r iv a t iv e  t e s t .

If y  - f(x) h a s  f (x 0 ) = 0 and f u (x  ) > 0 , th en  f (x Q) i s  a r e la t iv e  
m in im u m .

If y  = f(x ) h a s  f (x 0 ) = 0 and I 11(X 0 ) <  0 , th en  f (x Q) i s  a  r e la t iv e  
m a x im u m . •



L e s s o n  XI

A P P L IC A T IO N S  OF D IF F E R E N T IA T IO N  TO  M A X -M IN  P R O B L E M S

I. . A  ty p e  o f p r o b le m  w h ic h  i s  n ic e ly  s o lv e d  b y  th e  c a lc u lu s  i s  th e  
m a x -m in  p r o b le m . S in ce  p r o b le m s  o f  th is  ty p e  fr e q u e n t ly  a re  
v e r y  im p o r ta n t in  a p p lic a t io n , l e t ' s  lo o k  a t th em  h e r e .

W hat k ind  o f p r o b le m s  w h ich  a r e  n ic e ly  h an d led  b y  th e . c a lc u lu s  
w ill  w e  lo o k  in to  in  th is  le s s o n ?

M a x -m in  p r o b le m s .

2. A c tu a lly  e a c h  o f th e  p r o b le m s  i s  u lt im a te ly  r e d u c ib le  to  an a n a ly s is  
of a sk e tc h e d  c u r v e . So l e t ' s  fo c u s  on c lirv e  sk e tc h in g  b r ie f ly .

M a x -m in  p r o b le m s  u lt im a te ly  b e c o m e  p r o b le m s  in  a n a ly s is  of 

c u r v e  sk e tc h in g .

O
3. F o r  e x a m p le , su p p o se  y  = x^ /3  -  4 x . L e t  u s  a s s u m e  w e  a r e  p r e s s e d  

to  fin d  th e  sk e tc h  o f th e  c u r v e . T o  s ta r t  w ith  fin d  th e  in te r v a l( s )  in  
w h ic h  th e  s lo p e  i s  in c r e a s in g .

d y /d x  : m  = - 4

/ .  m  > 0 o v e r  Jx | > 2.

W h ere  i s  th e  s lo p e  d e c r e a s in g ?  ■

|x l  <  2

W h ere  i s  th e  s lo p e  0?

I x  I - 2
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4. A lr e a d y  w e h a v e  e s ta b lis h e d  so m e  im p o r ta n t f a c t s .  N ow  le t ' s  
g e t th e in te r c e p t s .  D o so .

y  - x ( x ^ / 3 - 4 ) w h ich  im p lie s  x  - 0 or x^ = 12 in  w h ic h  c a s e  
x  .  + 2 'T‘ 3.

N ow  sk e tc h  th e c u r v e  on th e  c o o r d in a te  s y s t e m .

6. N ow  lo o k  a t  th e  s k e tc h  and a n s w e r  th e s e  q u e s t io n s .  

If y  r x ^ /3  - 4 x , w h e r e  is  a r e la t iv e  m a x im u m ?  

at x  = - 2

W h ere  i s  a r e la t iv e  m in im u m ?

at x  = 2
__________________________________

7. S u r e , t h e s e  a r e  e a s y .  B ut now  l e t ' s  c o m p lic a te  m a t t e r s  a b it . 
L e t 's  fin d  a r e la t iv e  m a x  o v e r  [ - 3 ,  Oj

C le a r ly  th e r e la t iv e  m a x  is  a t  x  = -2 .
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W hat about a  r e la t iv e  m a x  o v e r  [b , s] ?

A  r e la t iv e  m a x  o c c u r s  a t x  = 3 and at x  = 0.

8 . . Y ou see.' T h e m a x  can  o c c u r  at th e  en d  of th e  in te r v a l .  In deed ,
su p p o se  th e  s a m e  q u e s tio n  i s  a sk e d  fo r  [2, 3).

.'■;’N o  r e la t iv e  m a x  e x i s t s  s in c e  x  - 3 i s  n ot in  th e  in te r v a l .

9. '.,How about a  r e la t iv e  m a x  o v e r  ( - 3 ,  3 )?

R e la t iv e  m a x  e x i s t s  a t x  = -2  o n ly .

10. A s  a l a s t  c o n s id e r a t io n  su p p o se  a  r e la t iv e  m a x  i s  to  b e d e te r m in e d  
o v er  £ -3 , 3j. W h ere i s  it  (or  a r e  th e y  )'?

R e la t iv e  m a x  o c c u r s  a t x  = -2  and a t x  - 3.

11. In th e p r e v io u s  p r o b le m  w hat i s  th e  la r g e s t  v a lu e  y  ta k e s  on o v e r
C-3, 3 ?

N o w  one m u s t  m a k e  a c h o ic e  of th e  r e la t iv e  m a x  v a lu e s .  In th is  
c a s e  f ( -2 )  > f ( 3). T h u s f(-2) i s  th e  a n s w e r .

12. N ow , y o u  s e e  fr e q u e n t ly  th e  a n s w e r  to  th e  q u e s tio n  " w h ere d o es  
th e  m a x im u m  (m in im u m ) v a lu e  o c c u r ? "  i s  a n s w e r e d  n o t w ith in  
th e  in te r v a l  but a t th e  end of th e  in te r v a l .  In d eed , w h e r e a s  m a n y  
s o lu t io n s  o f th e  f i r s t  eq u a tio n  m a y  t e l l  you  w h e r e  p o te n t ia l m a x -  
m in  p o in ts  e x is t ,  one n e e d s  a s tr o n g  t e s t  to  r e a l ly  e x a m in e  w h ich  
p o in ts  a c tu a lly  r e s u l t  in  m a x  v a lu e s  and w h ich  m in  v a lu e s .  Y ou  
h a v e  su c h  a t e s t .  It i s  th e  se c o n d  d e r iv a t iv e  t e s t .

S ta te  th e  s e c o n d  d e r iv a t iv e  t e s t .

If f" (x 0) > 0, th e  c u r v e  i s  c o n c a v e  up a t Xq* if  f" (x 0) < 0 the c u rv e  
i s  c o n c a v e  dow n a t X q . ' ■
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13. T h is  i s  w h e r e  th e  b eg in n in g  stu d en t u s u a l ly  f a l l s  in  e r r o r  in  
w o rk in g  m a x -m in  p r o b le m  - - -  h e  .u su a lly  f o r g e t s  to  ap p ly  
th e  se c o n d  d e r iv a t iv e  t e s t .  ,

In w hat r e s p e c t  d o e s  th e  b eg in n in g  stu d en t u s u a l ly  fa i l  to  
b e c o m e  c o m p e te n t  a s  fa r  a s  th e so lu t io n  of m a x -m in  p r o b le m s  
a r e  c o n c e r n e d  ?

(I1Tr-V In t e s t in g  s o lu t io n s  w ith  th e se c o n d  d e r iv a t iv e  t e s t .

14. N ow  th a t you  know  o f th e  b ig  p it fa ll ,  l e t ' s  go  a fte r  a few  ty p ic a l  
p r o b le m s  to  g e t  a v ie w  of the p r o c e d u r e .

F i r s t ,  c o n s id e r  a s im p le  one. S u p p o se  w e a r e  a sk e d  to  find
tw o  r e a l  n u m b ers' w h o se  su m  i s  4 and w h o se  p r o d u c t i s  a  m a x im u m .
L e t 's  m a k e  su r e  w e know  w hat it  i s  w e  w ant to  m a x im iz e .  W hat 
i s  it?

th e  p ro d u ct of th e  tw o n u m b e r s .

15. A l l  r ig h t . N ow  u s e  co m m o n  s e n s e  fo r  a  m o m e n t. S u p p o se  one o f  
th e  n u m b e r s  w e r e  4. W hat w o u ld  the o th er  fa c to r  h a v e  to  be?.

z e r o

16. In th is  c a s e  th e  p ro d u c t w ou ld  b e

z e r o

17. ' N ow  i f  th e  o th er  n u m b er  w e r e  0 , w h at w ou ld  th e  f i r s t  fa c to r  b e ?  
T h e p ro d u ct?  • .

4 , z e r o .

1 8 .. T h e in f lu e n c e  of th e  's iz e  o f e ith e r  fa c to r  in f lu e n c e s  n o t on ly  th e  
o th er  fa c to r ,  bu t, m o r e  im p o r ta n t, in f lu e n c e s  th e m a g n itu d e  of 
th e  p ro d u ct. L e t  u s  sa y  i t  aga in : th e  ch an ge in  a fa c to r  in d u c e s  
a c o r r e sp o n d in g  ch an ge in th e  p r o d u c t. F u r th e r m o r e ,  g iv e n  a  

' v a lu e  fo r  a  fa c to r ,  one and o n ly  one v a lu e  o f th e  p r o d u c t is
im p lied ;'

T e c h n ic a l ly  i t / f s ^ c le a r  th a t th e  p ro d u c t i s  a fu n c tio n  of e ith e r

\

I

fa c to r
\ .  Z *
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19. L e t 's  s e e  i f  w e can  a c tu a lly  d e s ig n  th e  fu n ctio n  in  q u e s tio n . F i r s t  
r e p r e s e n t  the p ro d u ct P  in  t e r m s  o f th e  tw o fa c to r s  x  and y.

P  = x y

20 . T h e p r o b le m  a ls o  s p e c i f i e s  th a t the su m  of the f a c to r s  m u st  be 4. 
T r a n s la te  th is  co n d itio n  in to  m a th e m a t ic a l  la n g u a g e .

x  + y  = 4

21 . N ow  put s te p s  (19) and (20) to g e th e r  to  g e t  P  = f(x ). 

P  r f(x ) = x (4 -x )  - 4 x  -

22 . You se e .1 N ow  it i s  an e a s y  p r o b le m  to  m a x im iz e  P  in  t e r m s  of x . 
D o so .

d P /d x  = 4 - 2x

d P /d x  = 0 m e a n s  2x = 4 o r  x  - 2.

2
23 . A s  a fu r th e r  c o n s id e r a t io n  sk e tc h  P  = f(x ) %4.x - x

P a

24. SeeJ T he p r o b le m  i s  u lt im a te ly  r e d u c ib le  to  an a n a ly s is  of a
g e o m e tr ic  sketch .' F u r th e r m o r e , w e know  (ev en  w ith ou t sk e tch in g )  
th a t P  z f(x) h a s  a m a x  a t x  z 2 s in c e  P " (2) <  0 . T h u s th e cu rv e  
i s  c o n c a v e  dow n.
C a lc u la te  P " (2 ).
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P n(x) = -2

25 . S u p p o se  w e fu r th e r  r e s t r i c t  x  a c c o r d in g  to: I ^ x  ^ 1 ^ .

N ow  w hat v a lu e  o f x  w i l l  m a x im iz e  th e  p ro d u ct P ?

x  = 1|-

S in c e  P "  <  0 o v e r  I 5 x  S I and P ' - > 0 o v e r  1 ^ x 6  l j ,
P ( l - |)  > P (x ) fo r  a l l  o th er  x  in  [ I ,  1-£J.

26 . A s  a s lig h t  m o d if ic a t io n  o f th e  a b o v e  p r o b le m , su p p o se  x  i s
d e fin e d  o n ly  o v e r  [ I , l |- ) .  W hat of th e  m a x im u m  v a lu e  o f P  n ow ?

N o  m a x im u m  v a lu e  of P  e x i s t s .

27 . In r e t r o s p e c t  w e s e e  th at at f i r s t  P  w a s  e x p r e s s e d  in  t e r m s  of 
tw o  v a r ia b le s  and e v e n tu a lly  P  w a s  e x p r e s s e d  in  t e r m s  of one 
v a r ia b le  due to  a s id e  co n d itio n  w h ic h  a llo w e d  one v a r ia b le  to  
d ep en d  on the o th e r . T h is  is  u s u a l ly  the c a s e  in  m a x -m in  
p r o b le m s . So k e e p  th is  in  m in d : (I) d e c id e  on w hat it  i s  you  

•want to  m a x im iz e  or  m in im iz e ;  (2) e x p r e s s  th is  v a r ia b le  a s  a 
fu n c t io n  of o n ly  one v a r ia b le ;  (3) ro u g h ly  sk e tc h  th e  r e la t io n s h ip  
in  (2); (4) a p p ly  th e  c a lc u lu s  to  g e t r e s u l t s  you  d e s ir e ;  (5) c h e c k  
y o u r  a n s w e r s  in  (4) b y  u s in g  d ^ x / dy^ to  be su r e  you  h a v e  the. 

[p ro p er  r e s p o n s e .  -
; W hat sh o u ld  b e  y o u r  s c h e m e  o f so lu t io n ?

( 1 )
( 2 )

( 3 )
(4)
( 5 )

D e c id e  on w hat you  w ant to  m a x im iz e  or  m in im iz e .  
E x p r e s s  th e  v a r ia b le  a s  a fu n c tio n  o f  o n ly  one v a r ia b le .  
R o u g h ly  s k e tc h  th e r e la t io n s h ip  in  (2).
A p p ly  th e c a lc u lu s  to  g e t  th e  r e s u l t s  you  d e s ir e .
C h e ck  y o u r  a n s w e r s  in  (4) b y  u s in g  th e  se c o n d  d e r iv a t iv e .  * (I)

28 . W ith th is  m e th o d  of p r o c e d u r e  go  a f te r  the fo llo w in g  p r o b le m : a
r ig h t  tr ia n g le  of f ix e d  h y p o te n u se  i s  to  b e  r o ta te d  about one o f  i t s  /  
l e g s  to  g e n e r a te  a co n e  of m a x im u m  v o lu m e . W hat d o e s  th e  • . /
h e ig h t  o f th e  c o n e  h a v e  to  b e to  p ro d u c e  the d e s ir e d  r e s u l t s ?  0V &

( I ) W hat do you  w ant to  m a x im iz e  ? /

V o lu m e  o f co n e .
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(2) F  o r m u la te  th e  fu n ctio n  

V = 1 /3  ' i r r  h, ♦ h \

V : 1 /3  • ir (a2 - h 2)h.

(3) R o u g h ly  sk e tc h  th e function .

N ow  u se  th e c a lc u lu s  to  a c h ie v e  th e d e s ir e d  r e s u lt .

(4) A p p ly  the d e r iv a t iv e  d V /d h  = ^ / 3  • (a^ -h ^ ) ♦ ^ / 3 • [h (-2 h )|

• 2 U2 9U2 ^ 2 2, .  a - h - 2h o r  3h : a

• h = a V~3

2 2(5) C h eck  the a n s w e r  w ith  d ^ y /d x

V" = - ^ / 3  (2h) - ^ /3  (4h)

V" [  a  f~3) ^ 0 . T h u s m a x .
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29 . A s  a f in a l t e s t  c o n s id e r  th e  sa g a  o f  th e  w ir e  b en d er .' T he p r o b le m  
i s  to  fo rm  a sq u a r e  and a c ir c le  from , a p ie c e  o f w ir e  o f len g th  
L su ch  th a t the e n c lo s e d  a r e a  i s  m a x im iz e d . F in d  th e  d im e n s io n s  
of th e  f ig u r e s  w h ich  w il l  do th e job . T h is  t im e  p r o c e e d  under y o u r  
ow n p o w e r . B u t bew are.' '

■ L  : 4 s  + 2 7/ r h e n c e  r =

A  = s^ + IT

-  S 2 4 L 2 - S L s 4 l6 s '

■ L “ 4 s

■ 4 Tf

d A /d s  = 2 s  - 2 L /tf + Ss/fT' w h ich  m e a n s  s = L/(Vt 4 4)

30 . D id  you  f in is h  w ith  s = L /  (vt +4)? If so , you  a r e  r ig h t  o n ly  in  th at  
you  k n ow  how  to  d if fe r e n t ia te .  B u t you  a r e  w ron g  i f  you  co n c lu d e  
th a t s = L /  ( V  44) r e s u l t s  in  a m a x im u m  a r e a . In d eed , a " = 2 4 
8 //Iy > 0 . So w hat do you  co n c lu d e  about s - L / ( ft 4 4) now ?

s r L/CTT' 4 4) r e s u l t s  in  a m in im u m  a r e a  - not a m a x im u m .

31 . So th e  p r o b le m  s t i l l  r e m a in s .  We m u s t  "still d is c o v e r  th e d im e n s io n s  
of th e f ig u r e s  w h ich  r e s u lt  in  m a x im u m  a r e a . R e m e m b e r , th is  i s  
a p r o b le m  in  fu n c tio n a l a n a ly s is .  So th e  ta s k  i s  r e a l ly  no d if fe r e n t  
fr o m  fin d in g  th e  e x tr e m e  p o in ts  o f a  fu n c tio n  - but o v e r  a c lo se d  
in te r v a l.1 W hat v a lu e s  of s a r e  p e r m is s ib le  fo r  our p r o b le m ?  
(R e m e m b e r  th e  le n g th  o f the w ir e  i s  L . )

, 0 ^  s < D /4 .

32. C o n se q u e n tly  w e n e e d  to  e x a m in e  th e  end p o in ts  o f  th e  c u rv e  A  = f ( s )  
to  be su r e  o f th e ir  n a tu r e . D o so .

A  = f(0) = L 2 /  4 f  L L 2

A  = f (L /4 )  = L 2 / 16 4 - L 2 - SL 4' 16 (~ y ) .

= L 2 / 16

- 4  IT
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? 233. B u t s in c e  /4/7' > L / 16, it  a p p e a r s  s = O is  a b e t te r  can d id a te
fo r  the d e s ir e d  d im e n s io n  than  i s  L /4 .

A s  a f in a l th ou ght c o n s id e r  A" o n ce  a g a in . N o t ic e  th a t A" = 2 + 
8 / tt > 0  in d ic a te s  th e n a tu re  of th e  c u r v e  a s  b e in g  co n ca v e  
_____________o v e r  £0, L /4 ] .

up w ard

34 . R o u g h ly  sk e tc h  th e d ep en d en ce  o f A  on s .

35 . L e t 's  c o n s id e r  a n o th er  ty p e  o f m a x -m in  p r o b le m  - g e o m e tr ic .
S u p p o se  w e w ish  to  in s c r ib e  a r ig h t  c ir c u la r  con e w ith in  a sp h e r e  
of f ix e d  r a d iu s . Our p r o b le m  m a y  be to  find  th e  la r g e s t  cone  
w h ich  can  be so  p o s it io n e d . If so , our f i r s t  ta s k  i s  to  id e n tify  
w hat w e w ant to  m a x im iz e .  D o so .

W e w ant to  m a x im iz e  th e  v o lu m e  o f th e  co n e .

36 . C o n s id e r in g  th e f ig u r e  on the r ig h t , e x p r e s s  th e v o lu m e
of th e con e in  t e r m s  of th e  r a d iu s  o f th e  sp h e r e , R , and  
th e  h e ig h t  of th e  co n e , h . /



V o lu m e  of con e - 77 h

= 77/3 (Zh2R - h 3 )

R o u g h ly  sk e tc h  th e c o n e 's  v o lu m e  a g a in s t  i t s  h e ig h t.
v>

T-K

F in d  the ch an ge in  th e  c o n e 's  v o lu m e  w ith  r e s p e c t  to  it s  h e ig h t.  

d V /d h  = 77/3 (4 h R -3 h 2).

M a x im iz e  th e  v o lu m e .

d V /d h  = O -  77/3 (4 h R -3 h 2) im p l ie s  h = 0 or h = 4 R /3

N ow  c h e c k  you r r e s u lt  in  N o. 39 to  be su r e  it  g iv e s  a m a x im u m  
v o lu m e .

V" = 77/3 (4 R -6 h ) im p lie s  V" (4 R /3 )  = 7T/3 (4 R -8 R ) < 0 w h ic h

g u a r a n te e s  h = 4 R /3  to  b e  a r e la t iv e  m a x im u m

You see.' T he p r o c e d u r e  r e m a in s  c o n sta n t d e s p ite  th e  v a r ia t io n  of 
p r o b le m  ty p e .

U s in g  th r e e  o r  fou r  w o r d s  to  d e s c r ib e  e a c h  s te p  w h ich  one u s e s  in  
s o lv in g  m a x -m in  p r o b le m s  o u tlin e  the p r o c e d u r e .
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1. Id en tify  q u an tity  to  be m a x im iz e d . 1
2. E x p r e s s  q u a n tity  in  one v a r ia b le .
3. R o u g b ly  sk e tc h  r e la t io n s h ip .
4. D if fe r e n t ia te  and m a x im iz e .
5. C h eck  a n s w e r  b y  y ",

42 . A s  a f in a l p r o b le m  su  
fin d in g  the. p o in ts  on x

g p o s e  w e  a r e  p r e s e n te d  w ith  th e  t  
-  I w h ic h  a r e  n e a r e s t  (4 , 0).

ta s k  of

P ic k in g  (x, y) to  be an  a r b itr a r y  p o in t on th e  c u r v e , w hat a r e  you  
r, to  m in im iz e ?

■ Y ou m u s t  m in im iz e  th e d is ta n c e , d, fr o m  (x , y) to  (4 , 0 ).

4 3 . N o w  e x p r e s s  d a s  a fu n c tio n  o f x  a lo n e .

d = Y cx- 4 ) 2 + X2 - I

44 . H old  on. Y ou m a y  now  s e e  a f a s t e r  r o u te  to  th e  s o lu t io n . N o t ic e  
th a t m in im iz in g  d i s  e q u iv a le n t  to  m in im iz in g  d^. H e n c e , s in c e  
th e  d if fe r e n t ia t io n  o f  d^ i s  e a s ie r  than  th e d if fe r e n t ia t io n  o f d, 
w hat w i l l  you  now  m in im iz e ?

d 2 = ( x - 4 ) 2 + X2 - I

4 5 . ' C o m p le te  th e  p r o b le m .

■ d d 2 / dx r 2 (x -4 )  + 2x = 4 x -8 .

T h u s x  = 2 s e e m s  to  be th e d e s ir e d  a b s c is s a .

d^d2 /d x 2 r 4  > 0. T h u s x  = 2 i s  th e  d e s ir e d  a b s c i s s a

T h u s th e  d is ta n c e  fr o m  (4 , 0) to  (2, N 3) i s  th e  d e s ir e d  d is ta n c e  or

/ 2 2 +(- T l ) 2 : T T .th e  d is ta n c e  i s
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D if fe r e n t ia ls

T he d if f e r e n t ia l  i s  an  im p o r ta n t to p ic  in  c a lc u lu s  w h ich  the s tu d en t  
o ften  f a i l s  to  r e c o g n iz e  a s  v ita l .  C o n se q u e n tly , w e  s h a ll  c o n c e r n  
o u r s e lv e s  in  th is  l e s s o n  w ith  th e  th e o r y  and u s e  o f  d if f e r e n t ia ls .

W hat i s  th is  l e s s o n  a b o u t?

D if f e r e n t ia ls .

T o  s ta r t  w ith  w e sh o u ld  r e c a l l  th a t p r io r  to  th is  to p ic  th e sy m b o l
Iim  f(x4- a x ) -  f(x)

d y /d x  h a s  b e e n  in te r p r e te d  b y  u s  a s  A x->0  A x  . In
o th er  w o r d s  w e  h a v e  s p e c i f i c a l ly  a s s o c ia t e d  w ith  d y /d x  a fu n c tio n  
of so m e  ty p e . In fa c t  the n o ta tio n  y ', f '(x ) , and D x y  h as p ro b a b ly  
b e e n  u s e d  b y  y o u r  in s t r u c t o r - - a n d  in  e a c h  c a s e  you  h a v e  in t e r ­
p r e te d  th is  s y m b o l a s  a fu n c tio n  o f x  (the d e r iv e d  fu n c tio n  of x ). 
T h e p o in t to  b e  m a d e  c le a r  i s  th a t d y /d x  h a s  b e e n  r e f e r r e d  to  a s  a  
d e r iv e d  fu n c tio n  and h a s  n e v e r  b e e n  in te r p r e te d  a s  a  fr a c t io n  w ith  
n u m e r a to r  dx an d  d en o m in a to r  d'y.

In th e  p a s t  d y /d x  h a s  b e e n  r e f e r r e d  t o  a s  a 
U n d er  no c ir c u m s ta n c e  h a v e  y o u  c o n s id e r e d  i t  to  b e  a

d e r iv e d  fu n ctio n , fr a c t io n .

H o w e v e r , th e  t im e  h a s  co m e fo r  u s  to  g iv e  n ew  m e a n in g  to  d y /d x .  
N ow  w e w ant to  sh o w  th a t i t  can  in  fa c t  b e  d iv id e d  in to  p a r ts  w h ic h  
do g iv e  it  m e a n in g  a s  a fr a c t io n .

In th is  l e s s o n  w e in ten d  to  b r o a d e n  ou r in te r p r e ta t io n  o f 
so  th a t w e  can  c o n s id e r  it  to  b e  a  . ”

d y /d x ,  ,fr a c t io n .

' f

We s h a ll  d o .th e  a b o v e  job b y  c o n v e n ie n t  d e f in it io n s .  F i r s t , - w e  s h a l l  
d e f in e  dx . B y  dx w e  s h a ll  m e a n  A x  w h e r e  th e  A x  i s  th e  sa m e  & x  
a s  a p p e a r s  in  I im  A  y

ax-?- O ,a. x- W hat i s  dx?
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5. dx s h a ll  be r e f e r r e d  to  a s  "the d if fe r e n t ia l  o f x" . T r a n s la te  "dx".

"dx" i s  "the d if f e r e n t ia l  o f x" .

6. B u t s h a ll  w e  d e fin e  dy a s  & y  ? N o . T he s to r y  i s  not th a t s im p le .  
Y ou s e e ,  w e w an t our d e f in it io n s  to  b e  c o n s is te n t  w ith  a l l  w e h a v e  
done so  f a r - - a n d ,  in  fa c t , w hat w e w il l  do. T h u s w e m u st  be  
c a u tio u s  in  p r o c e e d in g .

S hould  w e d e fin e  dy a s  y?

no

7. T o  g e t  a  c le a r  m ea n in g  o f th e  p r o b le m  le t ' s  go to  a g e o m e tr ic  
in te r p r e ta t io n . In th e  f ig u r e  b e lo w  n o t ic e  th at a s  an in c r e m e n t  
A  x  i s  ta k en  p a s t  Xq, a c o r r e sp o n d in g  in c r e m e n t  i s  n o ted  in  y.

A c c o r d in g  to  th e f ig u r e  w hat w ould  you  c a l l  th is  in c r e m e n t?

a y

8. B ut now  l e t ' s  s e e  w h e r e  th e dx and dy f it  in to  th e  p ic tu r e . T o
a c c o m p lis h  th is  r e c a l l  th at d y /d x  i s  th e  ta n g en t to  th e  c u r v e . A ls o  
r e c a l l  th a t dx = A x .

N ow  la b e l on th e  f ig u r e  b e lo w  th e  s e g m e n t  you  w ou ld  c h o o se  to  b e  
dy su ch  th a t c o n s is t e n c y  w ith  p r e v io u s  m a th e m a t ic s  i s  a c h ie v e d .  
A ls o  la b e l th e  s e g m e n t  d en o ted  dx.
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9. N ow  you w il l  n o t ic e  th a t dy i s  not in  g e n e r a l th e  s a m e  q u an tity  as" 
A  y. In fa c t , in  th e  g e o m e tr ic  in te r p r e ta t io n  a b o v e  A y  is  

 than  dy.

g r e a te r

10. B ut w e  a r e  s t i l l  fa c e d  w ith  the p r o b le m  o f a p r o p e r  d e f in it io n  o f 
dy su ch  th a t th is  d e f in it io n  is  c o n s is t e n t  w ith  th e  r e s t  o f  th e  
c a lc u lu s .  Of c o u r s e ,  in  a d e f in it io n  w e .a r e  f r e e  to  d e s c r ib e  a s  
w e s e e  f it  ju s t  so  th e  c o n s e q u e n c e s  do n ot in  an y  w a y  c o n f lic t  w ith  
th e r e m a in d e r  of ou r  m a th e m a t ic a l  s tr u c tu r e . So h e r e  w e go . 
W e 'll  ju s t  a r b it r a r i ly  (but c a r e fu lly )  a s s ig n  a m e a n in g  to  d y - -a h d  
i t  s h a ll  b e  up to  u s  to  m a k e  s u r e  no c o n f l ic t s  a r i s e  w ith  w o rk  w e  
h a v e  done or  w ith  w o rk  w e  do c o m e  upon. \

B y  d e fin itio n : d y  = f' (x )d x . W hat i s  th e  m e a n in g  o f  d y?

dy = f'(x )d x

11.' B u t h o ld  on. We m a y  b e p u llin g  a fa s t  on e . I f d y  = f '(x )d x , th e  
o b se r v a n t  s tu d en t m a y  say : "dy = dy dx; c a n c e l  out dx; and

dx"
th u s dy B dy. H e n c e , y o u 'v e  n ot d e f in e d  d y  a t a ll" . B u t su ch  i s  
n ot th e  c a s e !  I w r o te  f'(x ) in te n t io n a lly  r a th e r  th an  d y /d x  to  gu ard  
a g a in s t  ju s t  su ch  an in te r p r e ta t io n . . Y ou s e e ,  w h en  w e  define s o m e ­
th in g  n ew , w e m u s t  a lw a y s  d e fin e  i t  in  t e r m s  o f so m e th in g  w e u n d e r -  . 
sta n d  and a r e  fa m il ia r  w ith  a lr e a d y .

W hat i s  th e  m e a n in g  o f f '(x) in  th e  d e fin it io n  of d y?

lira  ■ f (x  + xA x) -  f  (x)
f '(x )  = A x -erQ A x  o r  i s  the d e r iv e d  fu n ctio n  o f f (x ) .

12. So you  s e e  dy = f '(x )d x  i s  a m e a n in g fu l d e f in it io n  in  th e s e n s e  th at 
w e a lr e a d y  know  th e m ea n in g  of f '(x )  and dx.

N o w  you  d e fin e  d y  a g a in  but th is  t im e  e x p la in  th e  m e a n in g  o f e a c h  
p a rt o f  th e  d e f in it io n .

■ dy a  f ’(x )d x  w h e r e  f '(x )  i s  th e  d e r iv e d  fu n ctio n  and d x  = A x,
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13. L e t 's  lo o k  a t it  fr o m  a d if fe r e n t  a n g le  now . L e t 's  c o m p a r e  d y  and
Iim  a y  dy

- A y . C e r ta in ly  w e know  ax->0 a  x  ' dx. B u t th is  m e a n s  th a t

fo r  s m a ll  v a lu e s  o f A x : - ^ r -  a p p r o x im a te s  ^  o r  :

In fa c t  th e  a p p r o x im a tio n  can  b e  e l im in a te d  b y  ad d in g  an  e r r o r  
fa c to r ,  6  , to  th e  r ig h t  s id e  of th e  " in eq u ation " . T h at is ,
A Y
A x

= dy  
d x v- e  . .

dy
dx

N ow  s in c e  A  x  i s  a n o n -z e r o  q u a n tity  w e a r e  w ith in  a c c e p te d  r ig h ts  
. . to  m u lt ip ly  b oth  s id e s  of th e  r e s u lta n t  eq u a tio n  b y  A x ,  D o so .

A y
d y
dST A  x  Il e  Ax

14. S in c e  A x  -  dx and s in c e  d y /d x . - f '(x ) w e  co u ld  r e w r it e  A y
u s in g  th is  n ew  n o ta tio n . D o s o .

A y  c f '(x )d x  + e  dx

15. N ow  r e c a l l  th a t dy = f '(x )d x . H e n c e , w h at m u s t  th e  d if fe r e n c e  o f  
dy and A y  b e ?

A y -'/dy S  dx o r  e  A x

16. • C leA r ly  a s  A x  g o e s  to  0 , G A x  w i l l  a p p ro a ch  z e r o  f a s t e r  s in c e
G to o  i s  d ep en d en t upon  A x .  H e n c e  sax i s  o f th e  se c o n d  o r d e r  of 

- s m a l ln e s s  and i s  l ik e ly  to  b e c o m e  s m a ll  m u ch  f a s t e r  than  i s  e i th e r  
'■ <2 or A x .
I';
/' S u p p o se  fo r  i l lu s t r a t io n  th a t Q =  _L  and A x  = ■ — . W hat

10 100
■ w o u ld  b e  th e  v a lu e  o f  S  A x?

, A  x  -  -------------- w h ich  i s  in d e e d  l e s s  th an  e i th e r  —  o r
1000 101000 100
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17. A g a in  g o  b a c k  to  th e  g e o m e tr y  o f  th e  p r o b le m . In th e l ig h t  o f th e  
fo r e g o in g  a r g u m e n t can  you  a s s ig n  a c o r r e c t  v a lu e  la b e l  fo r  th e
le n g th  o f the l in e  s e g m e n t  J t  ? D o so .

j/V y<(X , v-xix,

€? dx or  e  A x.

18. N ow  w e h a v e  dx and dy w ith in  our sp h e r e  of m e a n in g fu l m a th e m a t ic s .  
N ow  w e can  th in k  " fra c tio n "  w hen  we s e e  d y /d x . T h u s su ch  th in g s  
a s  th e  fa m il ia r  ch a in  r u le  b e c o m e  e v e n  m o r e  m e a n in g fu l s in c e

Hx ** Hu ~33T" can  now  3̂e th ou ght o f in  a fr a c t io n a l m a n n er  and
w e can  c a n c e l th e  d u 's  to  g e t tr u e  e q u a lity . A ls o ,  D ^y -

Y
can  now  b e h a n d led  fr o m  the f r a c t io n a l  c o n s id e r a t io n :  dy _ %

■H5T ■ -HT

to  le n d  n ew  c o n fid e n c e  to  the e q u a lity .
W

E x p r e s s  D ^y u s in g  th e d if f e r e n t ia ls  d y , dx, du, and dv in  chain  
r u le  fa sh io n .

dy du dv dy dv du
HH W  "H3T or ‘Hv" "HF ~3k

19. F u r th e r m o r e  th e d e r iv a t iv e  fo r m u la s  o n ce  le a r n e d  b y  th e  stu d en t
now  can  be c o n s id e r e d  in b r ie f e r  d if f e r e n t ia l  n o ta tio n . F o r  e x a m p le :

—  (u + v) - + , w h e r e  u and v  a r e  d if fe r e n t ia b le
dx ~ Hx dx

function 's o f x  now  b e c o m e s  d(u*v) = du + dv.

W rite  th e d if f e r e n t ia l  e q u iv a le n t  fo r  th e  p rod u ct fo r m u la  and the  
q u o tien t fo r m u la .

(a) d(uv) = u d v  * v  du
(b) d (u /v )  -  v  du - u dv
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20 . T hat c o m p le te d  th e th e o r y . You a s k  fo r  a p p lic a t io n s  ? OK. L e t 's  
tu rn  to  a p p lic a t io n s . R e c a l l  th a t d y  = A y ;  y  + A  y  = f (x  + A x )  
w hen  y  -  f(x ).

H ow  w ould  y + a  y  =f(x+ A x) c o m p a r e  to  y + dy?  

y  + A- y  - f(x  + a x )= y + dy

21 . If y r f (x ), dy - f '(x)dx = f'(x ) A x . T h u s y + f '(x) A x z

f(x+ A x) or y + A y

22 . T ak in g  a s p e c i f ic  c a s e ,  su p p o se  w e  d e s ir e  to  a p p r o x im a te  y  + A  y  i f  
y  r x  . F r o m  th e  d e fin it io n  y  + f '(x) A x  = y + A y . H en ce  y  +

Ay = _______________.

x 2 + 2x  A x

2 2 223. But y  + A y  = (x+ A x )  :  x  ♦ 2x Ax  + (Ax) . W hat m u s t  b e  th e  e r r o r  
in  th e  a p p r o x im a tio n ?

-

G d x   ̂ ( A x)

24 . In t e r m s  o f a g e o m e tr ic  f ig u r e  l e t ' s  s e e  w hat th e  w h o le  a rg u m en t  
m e a n s . W e h a v e  a sq u a r e  of s id e  x  and a r e a  x  .

X

We c o n s id e r  a g ro w th  of th e  s id e s  o f the sq u a r e  to  s i z e  x  + A x . 
T he r e s u lta n t  a r e a  i s  c e r ta in ly  (x+ A x )  = x  + 2 x  A x  f  (A x )2 . 
B u t ou r a p p r o x im a tio n  o f (x+A  x)^  w a s  x^ + 2x A x .
In t e r m s  o f th e  f ig u r e  w hat i s  th e  m a g n itu d e  of S d x ,  th e  e r r o r  ?

G  dx ( AX) '
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2 5 . T o  g e t  th e  fu ll  f o r c e  of th e  a r g u m e n t, t r y  it w ith  n u m b e r s  on the  ̂
c o r r e sp o n d in g  p r o b le m . S u p p ose  w e d e s ir e  to  a p p r o x im a te  (20 . 01) .

. Y ou s e e -  -  -  w e .c o u ld  s e t  th e  s id e  o f th e  sq u a r e  to  b e  20 and ta k e  
dx 2 A x -  . 0 1 .  T h en  th e  a p p r o x im a tio n  is :

2y + A y  = y * d y  - x  + f'(x)dx
=' x^ + Y 1(X) A x  
= x^ + 2x A x  
= ■ (20)2  + 2 (2 0 ) ( . 0 1 )
= 400 + . 4 0  :  4 0 0 . 4

B y  how  m uch d o e s  th e  a p p r o x im a tio n  d if fe r  fr o m  th e  tr u e  v a lu e ?

. 0001 .

26 . Y ou see.'"  D if f e r e n t ia ls  can  b e  u s e d  to  g e t  a p p r o x im a tio n s  fo r  c e r ta in  
n u m e r ic a l  q u a n t it ie s . H o w e v e r , in  e a c h  c a s e  th e  s tu d en t sh ou ld  n o t  
l o s e  s ig h t  o f th e  p r in c ip le  a rg u m en t:

Ay £ dy = f '(x)dx or f '(x)A x.  
thus y  + A y =. y  + dy = y  + f'(x) A-x.

,

'A n a p p r o x im a tio n  fo r  y + A y  i s  ■
i ----------------- ------------------------------- -  ......................................................

y  +- dy = y  + f'(x) A x .

. 27 . In e a c h  p r o b le m  w h e r e  an a p p r o x im a tio n  is  d e s ir e d ,  one i s  f i r s t
co n fro n ted  w ith  th e  p r o b le m  of s e le c t in g  f(x ) w h ic h  w i l l  f i t  th e  g 

: ; s itu a t io n  a t hand. R e c a l l  th e  c a s e  w h e r e  w e  a p p r o x im a te d  (20 . 01) . 
W e u s e d  a s  our fu n c tio n  h e r e  y  = x  . Y ou s e e  -  -  - s r  f i t s  th e  
id e a  o f sq u a r in g  20. 0 1 . F u r th e r m o r e ,  A x =  .0 1  f i t s  c o n v e n ie n t ly  
th e in c r e m e n t  o f . 01 on  20 .

S u p p ose  w e n e e d e d  to  c a lc u la te  26 . H e r e  w e n e e d  a  fu n ctio n  w h ic h  
w il l  r e f l e c t  th e  a r g u m e n t of ta k in g  th e  sq u a r e  r o o t . E x p r e s s  su c h  a  
fu n c tio n .

—  V  " ™ - ™ ..........................................................................................................
Y Y x2 '

28 . S u p p o se  th e  p r o b le m  w e r e  to  a p p r o x im a te  
r e la t io n s h ip  w o u ld  you  c h o o se ?

W hat fu n c tio n a l

1 /3
y  = x

■J



L a s t ly ,  su p p o se  you  a r e  to  c a lc u la te  s in  31°. W hat fu n c tio n a l  
r e la t io n s h ip  w ou ld -y o u  u s e ?

y  -  s in  x

Y ou see .1 T he fu n c tio n a l r e la t io n s h ip  i s  ch o se n  to  f it  th e  p r o b le m .  
B u t w hat o f  A x ?  It m u st  b e  c h o se n  to o . B u t th is  i s  th e  job  o f  th e  
p r o b le m  s o lv e r  -  to  c h o o s e  A x c o n v e n ie n t  fo r  e a s y  so lu tio n  o f  th e  
p r o b le m  and y e t  s m a ll  su ch  th a t a  s u ff ic ie n t  d e g r e e  o f a c c u r a c y  
can  b e  en jo y ed .

C le a r ly  i f  one n e e d s  to  a p p r o x im a te  Y 26 , on e w ou ld  in s i s t  on  
A x  b e in g  I su ch  th a t c o n v e n ie n t c a lc u la t io n  o f f '(2 5 )  co u ld  be 

a c c o m p lis h e d .

G o a h ea d  and a p p r o x im a te  'I 26 b y  u s in g  d if f e r e n t ia ls .

y  z x2
y  + A y  = + d y  = Vx + f '(x) A x  . 

-irTrftr ( I )

= 5 . I

N ow  l e t ' s  c h e c k  th is  a p p r o x im a tio n  to  s e e  h ow  c lo s e  it  w a s . S q u a re  
5. I .

2 6 .0 1  '

N o t to o  bad  c o n s id e r in g  th at dx w a s  c h o se n  so  la r g e ,  I. Y ou m a y  
w o n d er  w h at h a p p e n s  w hen  on e m a k e s  a  m is ta k e  and  a c c id e n ta l ly  
c h o o s e s  dx and x  in c o n v e n ie n t ly . L e t 's  lo o k  and s e e .  S u p p ose  in  
th e  la s t  p r o b le m  x  i s  c h o se n  n o t a s  25 but a s  23 . N ow  tr y  to  
c a lc u la te  an  a p p r o x im a tio n  o f \ 2 6 .

y  + A  y  5 y  + dy = Nf23 + 3 / 2 ^ 2 3  . Y ou see.' Y ou  a r e  in
w o r s e  tr o u b le  th an  w hen  you  s ta r te d .

H ow  about the s itu a t io n  w h e r e  one s e le c t s  x  c o n v e n ie n t ly  but A x  i s  
c o r r e s p o n d in g ly  to o  la r g e  ? L e t ’s a g a in  lo o k  a t su c h  a  p r o b le m .  
S u p p o se  you  a r e  a sk e d  to 1 a p p r o x im a te  24 . C e r ta in ly  qne co u ld
p r o c e e d  b y  s e t t in g  y  = x z ; c o n s id e r  y  •#- A y  = y  -#• d y  -  x2  + i  dx;

th en  s e t  x  -  16 and  dx -  8 . W hat i s  th e  r e s u lta n t  a p p r o x im a tio n ?
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s# \ ~

Y + dY sfT6 + 8/d/T6 =.4 + 1 = 5

34 . T r u e , 5 is n 't  to o  fa r  off. B u t l e t ' s  u s e  a l i t t le  co m m o n  s e n s e  and  
s e l e c t  dx to  b e  o f s m a lle r  m a g n itu d e . R e m e m b e r  th e  e r r o r  in  
th e s e  a p p r o x im a tio n s  i s  S dx. H e n c e  i f  dx i s  c h o se n  s m a ll  in  ■ 
m a g n itu d e  th en  & i s  s m a ll  in  m a g n itu d e , and so  € d x  w il l  b e  e v e n  
s m a l le r  in  m a g n itu d e y e t . B u t how  co u ld  you  c h o o s e  dx in  
a p p ro x im a tin g  \  24  su ch  th a t f'(x ) w ou ld  s t i l l  b e  e a s y  to  
c a lc u la te  and y e t  dx w ou ld  b e  s m a l le r  than  b e fo r e  ?

T ak e dx -  -  I

35 . OK. W ith dx = _ I a p p r o x im a te  V 24.

 ̂ 24  y  4- A y  = y  + dy -  y  + f '(x )d x

- f Z5  4- ' - 1 / 2  V25

= 5 - 1
ID

4 .  9

36 . N ow  sq u a r e  4 . 9 to  c h e c k  i t s  a c c u r a c y ;

2 4 .0 1

37. SeeJ B y  a c h o ic e  o f  dx = - I  in s te a d  o f 8 w e a r e  m u c h  c lo s e r  to  
the d e s ir e d  r e s u l t -  - -  in  fa c t  100 t im e s  c l o s e r J

N o t ic e  a ls o  th a t dx can  b e c h o s e n  to  b e  a n e g a tiv e  n u m b e r . I t n e e d  
n o t b e  p o s it iv e .

W ith  th e s e  p it fa l l s  in  m in d  s p e c ify  th e  fu n ctio n  you  w o u ld  s e t  up and  
th e  c h o ic e  you  w o u ld  m a k e  fo r  d x  s o  a s  to  a p p r o x im a te  th e fo llo w in g :  

3
y  ZF*

Y  -  Y x " ' ,  dx = I

_ _ ( I -QOlJJ ,

y  = x 7,  d x ’s  . 00 1 .
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3
Y - TTZS

y  - xy —  ̂ dx -  .0 0 1

s in  3 1 °

Y z s in  x . dx a T L
180

38 . W ith  th is  you  sh o u ld  h a v e  a f a ir ly  good  fe e l in g  fo r  a p p r o x im a tio n sr 
b y  u s in g  d if f e r e n t ia ls .  T o  /n a i l  i t  dow n s o lid  l e t ' s  w o rk  a co u p le  
m o r e  p r o b le m s .

7
C a lc u la te  an  a p p r o x im a tio n  o f (1 .001) .

.7

K V , .  0 0 1 ,
I + . 0 0 7  
I. 007

7
39 . OK. N ow  t r y  ah a p p r o x im a tio n  o f (. 999) .

Y + A y - r d y  =

y + i x y r  y  -t dy  r y  + f '(x )d x
I * 7 40 + 7(1)° ( - .  001)
I -  . 007
. 9 9 3

4 0 . T r u e , d if f e r e n t ia ls  can  b e  u s e d  fo r  a good  p u r p o se  in  th e ir
a p p lic a t io n  to  a p p r o x im a tio n s . H o w e v e r , th e  m o s t  im p o rta n t  
u s e  th e y  s e r v e  i s  t h e o r e t ic a l  in  th a t m ea n in g  i s  c l e a r ly  a tta ch ed  
to  dx and d y  e v e n  w hen  th e y  a r e  c o n s id e r e d  s e p a r a t e ly  and not 
a s  d y /d x .

Is  th e r e  an y  c o n tr a d ic t io n  to  o u r  p r e v io u s  u n d e r s ta n d in g  o f "dy/dx  
w hen  w e c o n s id e r  th e  d y  and dx a s  t e r m s  of a  fr a c t io n ?
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D e fin e  d y  and dx.

dx r ^  x  ■ 
dy r £'(x) A x„

z



L e s s o n  XIII

A R E A  BY  IN T E G R A TIO N

In c la s s  w e le a r n e d  th a t V^f(x)dx - F (b ) -F (a )  w h e r e  dF (x)  
f(x )d x . M a
W hat is  y  f(x )d x ?

>/ f ( x ) d x  r F (b ) -F (a )  w h e re  d F (x) = £(x)dx.

In th is  l e s s o n  w e w ant to  t ie  the id e a  of the d e fin ite  in te g r a l to  a 
c o r r e sp o n d in g  g e o m e tr ic  a r e a . W e w il l  a c c o m p lis h  the job  b y  
so lv in g  a s im p le  d if fe r e n t ia l  eq u a tio n .
In th is  l e s s o n  w e in ten d  to  a s s o c ia t e  th e  in te g r a l to  a
c o r r e sp o n d in g  g e o m e tr ic ___________ .

d e f in ite ,  a r e a . So

So l e t ' s  g e t  on w ith  the ta sk . S u p p o se  y = f(x) i s  a co n tin u o u s, 
p o s it iv e ,  fu n c tio n  o v e r  the c lo s e d  in te r v a l fr o m  a to  b.

N ow  c o n s id e r  an a r b itr a r y  p o in t x  w h e r e  x  is  b e tw e e n  a and b.

N ow  c o n s id e r  the a r e a  bounded  by x  - a on the le f t ,  b y  the o rd in a te  
at x  on the r ig h t, a b o v e  b y  th e c u r v e  y - f(x ), and b e lo w  by y = 0. 
C le a r ly  the p o s it io n  of x  d ic ta te s  th e  am ount o f a r e a  so  d e s c r ib e d ,  
in  fa c t  fo r  e a c h  v a lu e  of x  th at i s  ta k en  b e tw e e n  a and b one s p e c if ic  
a r e a  i s  d en o ted .

S u p p o se  one now  c o n s id e r s  th e  s e t  of o r d e r e d  p a ir s ,  (x , A (x )), 
fo r m e d  b y  tak in g  a s  th e  f i r s t  t e r m  x , an a b s c i s s a  b e tw e e n  a and b , 
and b y  ta k in g  a s  the se c o n d  te r m  A (x ), th e  am ou n t o f  a r e a  cut o ff  
by the o r d in a te s  at a and x , a b ove  b y  y = f(x ), and b e lo w  b y  y = 0 .

Is th is  s e t  of o r d e r e d  p a ir s  a fu n c tio n ?



226

4. Shade in A (x 0 ) in  th e f ig u r e  b e lo w .

y co n tin u o u s o v e r  (a, b)

a  = 2 , b - 4; w hat i s  (x , A (x )) a t x  = 3 ? S k etch  it .

H

(x , A (x)) i s  (3 , 2 | )

6. Y ou sh ou ld  now  s e e  c le a r ly  th at A  i s  tr u ly  a fu n ctio n  of x . Our 
n ex t ta s k  i s  to  d e s ig n  a s itu a t io n  w h ich  w ill  r e s u l t  in  the so lu tio n  
of a d if fe r e n t ia l  eq u a tio n , th e  so lu t io n  of w h ich  w il l  r e la te  
J  f(x )d x  and A (x ).

We w il l  r e la t e  J f(x)dx and A (x) by th e so lu tio n  o f a

d if f e r e n t ia l  eq u ation

7. T o  a c c o m p lis h  th e  job  c o n s id e r  x  to  b e  a t so m e  a r b itr a r y  p o s it io n  
b e tw e e n  a and b. T ak e A-x to  b e  so m e  in c r e m e n t  (p o s it iv e  to  
s ta r t  w ith) on x . O b v io u s ly  su ch  an in c r e m e n t  on x  w il l  p ro d u ce  
a c o r r e sp o n d in g  in c r e m e n t  on A (x ) , A A (x).

If x  t A x i s  p o s it io n e d  a s  i s  in d ic a te d  on the f ig u r e  b e lo w , sh a d e  
in  th e  A  A (x) a r e a .



227

8. N ow  r e c a l l  th e  im p o r ta n t fa c t  ab ou t a co n tin u o u s fu n ctio n  o v e r  a 
c lo s e d  in te r v a l:  a co n tin u o u s fu n ctio n  o v e r  a c lo s e d  in te r v a l
a tta in s  a m a x im u m  and a m in im u m  v a lu e , M and m  r e s p e c t iv e ly ,  
o v e r  the" sa m e  in te r v a l?

S in ce  y - f(x ) i s  co n tin u o u s o v e r  (a , bj , i s  y = f(x) co n tin u o u s  
o v e r  (x, x* <a- x) ?

y e s

S in ce  y  i s  co n tin u o u s o v e r  (x , x-t A x ) , i s  y  bou nd ed  ab o v e  and  
b e lo w  o v e r  (x , x+ A x ] ?

y e s

In th e  fo llo w in g  d ia g r a m  sk e tc h  and la b e l  an o r d in a te  m  su ch  that 
y > m  fo r  a ll  x  in  (x , x+ a x ) . A ls o  do the sa m e  fo r  an ord in a te  
M su ch  th at y  6 M fo r  a l l  x  in  [x , x+ 6. x ].
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9. T h at i s  a l l  w e need .1 N ow  n o t ic e  th e  a r e a  A A (x ).

C ir c u m s c r ib e  a r e c ta n g le  about & A (x ). What is  it s  a r e a ?  

M A x , w h e r e  M i s  th e  m a x im u m  o r d in a te  o v e r  (x , xt- A x}.

I n sc r ib e  a r e c ta n g le  in  A A (x ). W hat i s  it s  a r e a ?  

m  A x , w h e r e  m  i s  th e  m in im u m  o r d in a te  o v e r  (x , Xf A x ) .

10. C le a r ly  A  A (x) i s  cau gh t b e tw e e n  m  Ax x  and M A x.' R e p r e s e n t  
th is  fa c t  in  t e r m s  o f in e q u a li t ie s .

m  A x  A A (x) ^ . M a x

11. S in c e  A x i s  p o s i t iv e  w e can  d iv id e  th e  in e q u a lity  in  (1IO) b y  A x  
and obtain : . . . .

m  < ^A (X ) ^ M
'  A x  <

12. N ow  ta k e  th e l im it  o f m -—g-A—------A M a s  A x — 0.  G e o m e tr ic a l ly
w hat w il l  h ap pen  to  m  and M a s  a x —> 0 ? R e m e m b e r  the o rd in a te  
at x  is  f(x)J

T h e y  w i l l  b e c o m e  c lo s e r  and c lo s e r  t o g e t h e r -----and in  fa c t  w il l
b oth  a p p ro a ch  f(x ).
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A g a in  lo o k  a t -
in  th e  l im it  a s  A  x — 0 ?

■ ^ M . W hat w il l  b e c o m e  of
A A (x)
A  X

I im a A ( x ) - dA(x)
A x - ^  0 a x  dx

14. B n t i f  m -> f(x ) ,  M—> f(x ), and dA (x) , w hat can  you

c o n c lu d e  w il l  b e  th e n e t r e s u l t  of I im y aA(x )
A x - 4 0  a  x

dA (x) = £(x).

15. T h a t 's  i t J We now  h a v e  th e  d if f e r e n t ia l  eq u a tio n  w e  w e r e  a f te r .
C le a r ly :  dA (x) = f(x )d x  so  ^ d A (X ) = J ~ f(x )d x . In te g ra te :  J d A (x).

J dA(x) = A (x) + c

16. T h u s you  can  c o n n e c t ^/"f(x)dx and A (x ). D o so .

J  f(x )d x A (x) -f c

17. Y ou see.' ^ /^ f(x )d x  is  th e  a r e a  fu n c tio n . In o r d e r  to  c a lc u la te  
th e  a r e a  fo r  an y  s p e c i f ic  v a lu e  of x  w e w il l  now  n e e d  o n ly  to  
c a lc u la te  th e c o n s ta n t  of in te g r a t io n . T o do so  w e  w il l  u s e  an  
in i t ia l  co n d itio n . In d eed , w hat r e a s o n a b le  c o n d itio n  sh ou ld  w e  
im p o s e  on th e  a r e a  fu n ctio n , f(x )d x , w hen  x  = a ?  (R e fe r  to  th e  
s k e tc h  in  N o . 3. )

We w ou ld  l ik e  to  h a v e J f(x jd x b e z e r o .

18. B u t th is  m e a n s  w h en  x  = a , 0 = A (a) + c. W hat m u s t  th e  c o n sta n t o f  
in te g r a t io n  fo r  th e  a r e a  fu n c tio n  tu rn  out to  b e ?

c _
.Xi

I
U

f i

-A (a )

■6*



230

19. T h a t's  th e  s to r y . T h e a r e a  b e tw e e n  a b s c i s s a s  a and x  m u st  b e
A(x) - A (a ). N ow  if  one l e t ' s  x  ta k e  th e  p o s it io n  a t b , c le a r ly  the  
a r e a  fr o m  the a b s c i s s a  a t a to  th e  a b s c is s a  at b i s

A (b) - A (a)

20 . - O nly one h o le  r e m a in s  to  be p a tch ed  up. We in s i s t e d  a t f i r s t
th a t A x  be p o s it iv e .  H ow ever,, w e m u s t  n ow  m a k e  c e r ta in  A  x  
co u ld  b e  e ith e r  p o s it iv e  or  n e g a t iv e .  (A fter  a l l ,  th e r e  i s  no  

. r e s t r ic t io n  on how  A x  -?■ 0 in  I im  'A A (x) J)
, A x-^rti a  x

W hen one d iv id e s .th e  r e s u l t  of s te p  10 b y  a  n e g a t iv e  A x , the  
in e q u a lity  i s  ch a n g ed . H ow ?

.m £
A A (x) '
A  X

> M

21. /H o w e v e r , w h en  w e  a g a in  ta k e  th e  l im it  a s  A  x —> 0 , w e  a r e  fo r c e d

"to th e  c o n c lu s io n :  = f(x ) . In e ith e r  c a s e  th e  d if fe r e n t ia l

, eq u a tio n  d A (x ) /d x  - f(.x) u lt im a te ly  b o i l s  dow n in  so lu t io n  to  . . .  . 
'!- .(so lv e  th e  d if f e r e n t ia l  eq u a tio n . )

■ .dA (s) /d x  r f(x ) im p l ie s  J dA (x) = ^ f(X )dx
or A (x) + c =  /  f(x )d x

T o  put th e ic in g  on the ca k e  r e c a l l  th a t _ /f(x )d x  = F (b ) - F (a ) .  
C le a r ly  in  our c a s e  _ /d A (x ) = f(x )d x  or  d A (x ) /d x  = f(x ) im p lie s  

•that th e A (x) i s  e x a c t ly  th e  sa m e  F (x ) w h ich  w e f i r s t  le a r n e d  about.

So in  t e r m s  o f th e  a r e a  fu n ctio n  ca n  you  r e p r e s e n t  /  f(x )d x ? D o s o .

y f ( x ) d x  z A (b) -  A (a)

23 . In r e v ie w  w e s e e  fou r  im p o r ta n t f a c t s  w e r e  u s e d  to  p r o v e  the  
r e la t io n  b e tw e e n  th e in te g r a l and th e  a r e a :

1. A  co n tin u o u s fu n c tio n  o v e r  a c lo s e d  in te r v a l  a c h ie v e s  a 
.m a x im u m  and a  m in im u m  v a lu e  w ith in  ^he in te r v a l .

2. A n in e q u a lity  ca n  b e  s e t  up in v o lv in g  m , M , A. x; and A  A (x ) .
3 .  T h e l im it  o f the in e q u a lity  r e s u l t s  in  a s o lv e a b le  d if fe r e n t ia l

eq u a tio n . . ■ •'
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4. T he in it ia l  co n d itio n  on th e a r e a  fu n ctio n  a t  x  = a can  be  
u se d  to  e v a lu a te  th e  c o n s ta n t o f in te g r a t io n  and h e n c e  
g iv e  a fo r m u la  fo r  the a r e a  u n der the c u r v e  o v e r  the  
c lo s e d  in te r v a l .

W hat i s  the r e s u lt  o f th e  f i r s t  tw o  fa c t s ?

m  A x  A A(x) /  M A x

W hat is  the r e s u l t  o f th e  th ir d  fa c t?  

d A (x ) /d x  : f(x ) or  A (x) + C =  J  f(x )d x

W hat i s  the r e s u lt  o f th e  fo u rth  fa c t?

A (a) + c = 0 o r  c = -A (a )  
/*

H e n c e  ^ f ( x ) d x  = A (x) - A (a)

o r  ^ /f (x )d x  r A (b) - A (a)

24 . N ow  l e t ' s  put th e th e o r e m  to  u s e .  
x  - I , x  = 2, y  - 0, and y = x^.

A r e a
8_ _  _1_ 

3 3

N ow  you  fin d  the a r e a  bounded  b y  y

L e t 's  fin d  th e  a r e a  bou nd ed  b y

A r e a  =
/ ■

^dx - x ^ /4 = 1 6 /4  - 1 /4  = 1 5 /4

25 . Y ou s e e ,  e v e n  s lig h t  m o d if ic a t io n s  of the p r in c ip le s  a llo w  a m u c h  
w id e r  a p p lic a t io n . F o r  e x a m p le , c o n s id e r  the a r e a  bounded  
b e tw e e n  y = x 2 and y  = x 3 . C le a r ly  one cou ld  c a lc u la te  th e a r e a  
u n d er x 2 and su b tr a c t  fr o m  it  th e  a r e a  u n der x 3 . D o  so . (W atch  
th e  l im it s  o f in te g r a t io n . ) S k e tch  the p r o b le m .
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x^ d x  z 1 /3  - 1 /4  = 1 /1 2

26. ( '  2 C '  3Of c our se  you  m a y  w o n d er  in  th e  a b ove c a s e  if  J  x  dx - /  x  dx =aJ  (x ^ -x ^ )d x . L e t 's  e x a m in e  th is  in  th e g e n e r a l  c a s e  s in c e  it  
s e e m s  o b v io u s  in  th e  p a r t ic u la r  c a s e .  We w is h  to  p r o v e  (or  
d isp r o v e ):  ^ y * f(x )d x  * ^>Z'g(x)dx = (f(x) + g (x ))d x .

S u p p o se  ^ y f ( x ) d x  3 F (b ) - F (a ) and ^ y ^ g (x )d x  = G(b) - G (a).

In ord er^ to  e s t a b l is h  th e tru th  o f th e  s u sp e c te d  fa c t  w e m u s t  sh ow

f (x) ■* g (x ))d x  = . . . . (G et y o u r  a n sw e r  in  t e r m s  o f F  and G. )

We n e e d  ^ ( f ( x )  ■* g (x ))d x  = (F (b ) -t G(b)) - (F (a ) * G (a)).

27 . W ith th e g iv e n  in fo r m a tio n  and th e Im ow led ge of w hat you  n eed  to  
c o m p le te  th e p ro o f, w r ite  th e  e s s e n t ia l  s te p s  o f th e  p ro o f. S ta r t  
w ith  the d e fin it io n  o f / f(x )d x  and / g ( x ) d x .

v/ f ( x ) d x  + f  g (x )d x  = F (b ) - F (a )  + G(b) - G(a)

= (F (b ) t G(b)) - (F (a ) 4 G (a))

= I  (f(x) + g (x ))d x . 
a ^

28 . U se  the th e o r e m  you  h a v e  ju s t  p r o v e n  to  w r ite  
Z (x ^ 4x )d x  a s  one in te g r a l .

J  ( x ^ - 2x)d x

/ < 2x  -x )d x
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29. N ow  w e n e e d  to  ex ten d  our h o r iz o n s  a g a in . R e m e m b e r  that th e  
r e s t r ic t io n  on f(x) in  a l l  p r e v io u s  a r g u m e n ts  w as th at f(x) be  
p o s it iv e .  We now  w ant to  s e e  i f  w e co u ld  c a lc u la te  th e  a r e a  
bounded  by y  : f (x ) , y  = 0 , x  = a , and  x  = b if  f(x ) i s  n e g a tiv e  
o v e r  the c lo s e d  in te r v a l  fr o m  a to  b. T o  g e t  th e  m e a s u r e  of the  
a r e a  b y  our p r e v io u s  m eth o d  w e cou ld  m e r e ly  c o n s id e r  th e m ir r o r  
im a g e  o f th e  c u r v e  a c r o s s  th e x - a x i s .  If y = f(x) i s  n e g a t iv e  o v e r  
(a , b ), w hat i s  th e  eq u a tio n  o f th e  r e f le c t io n  of y = f(x) a c r o s s  
th e  x - a x i s  ?

y  = -f(x )

/6
30 . U s in g  th is  id e a  w e can  e v a lu te  - f(x )d x  to  g e t  th e  m e a s u r e  of

th e a r e a  in q u e s tio n . B u t a g a in  th is  s u g g e s t s  a g e n e r a l th e o r e m :

a V '-f (x )d x  r - a J H * .)dx. Or e v e n  s tr o n g e r  yet: a>/c f ( x ) d x  =

c £(x)dx. T a k e  aV/f(x )d x  = F (b ) - F (a ) and p ro v e :

aJo. f(x) dx = c y' f(x )d x . (S ta rt w ith  c J  f(x )d x  = . . .  . )

c / f(x )d x  :  c  f  F (b ) - F (a)J  = c F (b ) - c F (a )

= y  C f(x )d x .

31. U s e  the th e o r e m  you  h a v e  ju s t  p r o v e n  to  find  th e  a r e a  bounded  b y  
y  = x^ -1  and th e x - a x i s .  (S k etch  th e  f ig u r e  in v o lv e d . )

t

- /

A r e a  -
I

( l - x 2 )dx x
I

3x /3
- /

= 2 /3  - ( - 2 /3 ) 4 /3 .
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32. H e n c e  it  a p p e a r s  th at one can  c o n v e n ie n t ly  e v a lu a te  a r e a s  
bounded  b y  y  - f (x ) , x  = a , x  = b , and the x - a x i s  b y  m e r e  
in te g r a t io n . B ut so m e  p r o b le m s  in v o lv e  a w ee  b it  o f in s ig h t  
- - - d o n 't b e c o m e  to o  m e c h a n ic a l .  F o r  e x a m p le , if  you  a re
a sk e d  to  fin d  th e a r e a  bounded  b y  y  = x"
x - a x i s ,  the so lu t io n  is  not

.2

- I ,  x  = 0 , x  = 2 and the

/ (x  - l)d x  = [ x 3 / 3 - x j = 2 /3 :  S k etch  y - x ^ -1  o v er

[ 0 , 2]  and th is  sh ou ld  sh ow  you  th e e r r o r  in a " m e c h a n ic a l- 
w ith o u t-th o u g h t"  a p p ro a ch .

Y ou s e e .1 T he m e c h a n ic a l m eth o d  a u to m a t ic a lly  su b tr a c te d  th e  
a r e a  b e lo w  th e x - a x i s  fr o m  the p o s it iv e  areaJ Y ou n eed  to  
c a lc u la te  th e m a g n itu d e  o f th e  a r e a  b e lo w  the x - a x i s  in  t e r m s  of a 
s e p a r a te  in te g r a l by c o n s id e r in g  - (x  - I )  r a th e r  than  x  - 1.

N ow  fin d  th e a r e a  bounded  b y  x  =

R e f le c t io n  o f the  
a r e a  b e lo w  x -a x is .

(x  - l)d x  - x -(x  - I )dx

= 2 /3  4 8 /3  - 2 - 1 /3  + I

> > ' f '  ' •
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34. A s  a m a tte r  o f v o c a b u la r y  a d is t in c t io n  i s  m a d e  b e tw e e n  the

v a lu e s  Q J  (x 2 - l)d x  and - ,  ^ ( x 2 - l ) d x .  T h e f i r s t
a c c o u n ts  fo r  th e  n e g a t iv e  a r e a  b y  a u to m a t ic a lly  su b tr a c tin g  th is  
a r e a  fr o m  th e p o s it iv e  a r e a . H e n c e  th is  r e s u lt  w h ic h  r e f l e c t s  
c o n c e r n  fo r  s ig n e d  a r e a s  is  c a l le d  th e a lg e b r a ic  a r e a .  On the

2 g i'
o th er  hand  - (x  - l)d x  + , J  (x  - 'l)d x  r e s u l t s  in  the m a g n itu d e  
of th e a r e a  d e fin e d . H e n c e  it  i s  s t r ic t ly  a g e o m e tr ic  a p p ro a ch  
and th e  so  found  a r e a  i s  c a l le d  th e  g e o m e tr ic  a r e a .

F in d  th e  a lg e b r a ic  a re a ,b o u n d e d  b y  y  = x  , x  = - I ,  x  = I , y - 0 .

0

35. N ow  fin d  th e  g e o m e tr ic  a r e a  b ou n d ed  b y  y  = x 2 , y  - 0 , x  =. - I. 
X =  4 I .

2 J  -X. d-x. -
o

36 . A s  a l a s t  th ou gh t w e sh o u ld  p r o v e  a f in a l but im p o r ta n t th e o r e m .  
S u p p o se  y  - f(x ) i s  co n tin u o u s o v e r  th e  la r g e r  of th e  c lo s e d  ' 
intervals Caj I3 , and (a. 3  : H J  i(x)dx , F(b) „ F(a)> .prove

^ y rf(x )d x  - jT f(x)d x  + J f(x )d x . S ta r t  w ith  the .r ig h t hand s id e .

£ ( x ) d x  ,  A x ,  d x  = (F (c )  - F (a )) t (F (b) - F (c ))

= F (b ) +"F(c) - F (c )  - F (a ) •

= F (b ) - F (a )

= Z  f (x )dx-

37 . Y ou se e ]  T h e  th e o r e m s  a r e  a l l  s im i la r  in  p r o o f  and a l l  d ep en d  on  
rJ>f  i { x ) & x  = F (b ) - F (a ) .

(2zv
U s e  th e  th e o r e m  y o u  h a v e  ju s t  p r o v e n  to  w r ite

z
......................... L _________

a s  a  s in g le  in te g r a l .
J  £ { x ) d x  + / f(x )d x

Z  f(x )d x



L e s s o n  XIV

SU M M A TIO N  N O T A T IO N  A ND  M A T H E M A T IC A L  IND U CTIO N

One im p o r ta n t p h a se  of b eg in n in g  c a lc u lu s  h a s  to  do w ith  su m m a tio n  
n o ta tio n . T h is  n o ta tio n  is  fr e q u e n tly  u s e d  b y  s ta t ic ia n s  and co m p u ter  
p r o g r a m m e r s  a s  w e l l  a s  o th er  p e o p le  in  m a th e m a t ic a l ly  o r ie n te d  
f ie ld s .  H e n c e , w e w ant to  lo o k  in to  th is  n ew  n o ta tio n  in  th is  le s s o n .

W hat im p o r ta n t n o ta tio n  w il l  b e  e x a m in e d  in th is  l e s s o n ?

su m m a tio n  n o ta tio n

A c tu a lly  the n o ta tio n  is  s im p ly  an a b b r e v ia te d  w ay  of e x p r e s s in g  a
su m , the a b b r e v ia t io n  b e in g  th e  G r e e k  le t t e r  iS  w h ich  m e a n s:  "the
su m  of". Of c o u r s e ,  you  m a y  a sk , "the su m  of w h a t? "  and the
a n s w e r  l i e s  in  th e e x p r e s s io n  fo llo w in g  3  . For' e x a m p le :  ^  k
m e a n s :  "the su m  of k". B u t a g a in  you  m a y  a sk , "W hat v a lu e s  d o e s
k  ta k e  o n ? "  and th e  a n sw e r  i s  g iv e n  b y  l im it s  on th e  su m m a tio n
sy m b o l. F o r  e x a m p le :  «7 k  m e a n s: fo r m  the su m  of k  a s  k  ta k e s  on

«* ■ '
in te g r a l v a lu e s  k  = I , . 2, 3, . . . , n.

3 ,
F in d  -S ?  k.

k  =/

I + 2 + 3 = 6

A c tu a lly  the su m  n e e d  n o t a lw a y s  s ta r t  a t I or  t e r m in a te  at n. It 
cou ld  s ta r t  a t .a n y  in te g r a l v a lu e  and en d  at an y  in te g r a l  v a lu e . F o r

.JL--,
e x a m p le  k  w ou ld  m ea n : fo r m  th e  su m  o f 3, 4, and  5.

k  =3.
12 .

F in d  k.
K z/o

10 4 11 4 12 s 33

Of c o u r s e  th e s e r io u s  p e r s o n  e x p e c t s  m o r e  v e r s a t i l i t y  fr o m  n o ta tio n  
th an  h a s  so  fa r  b e e n  e x h ib ite d . A nd in d eed  w e in s i s t  on th is .  A fte r  
a ll ,  w e co u ld  d e s ir e  to  su m  v a lu e s  o th e r  than  c o n s e c u t iv e  in t e g e r sJ 

- T t 7
H e n c e , l e t ' s  d e fin e  S ?  f(k) a s  f(a) + f(a*  I) + f(a*2 ) -t f(a  + 3) ■» . . .

k=a
w h e r e  the a and b a r e  in te g r a l w ith  b ^ a.

4 f(b ),
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W hat w ou ld  b e ?
k = I ,

f ( l )  '+ f(2) 4 f ( 3)

5. A c tu a lly  th e r e a l  v e r s a t i l i t y  c o m e s  in  th e  d e s ig n  of £. Y ou s e e ,  £(x) 
cou ld  b e x^ , n x , ta n  x , . . .  /. n - ^ n  x .r r/  ̂ 2

C a lc u la te  f(k) if  f(x) = x
Kr ^

v- 3Z , 4  ̂ = 29

6 . A s  a f in a l th ou gh t w ith  r e s p e c t  to  th e  n o ta tio n  n o t ic e  th a t f(i)  and

f(k) a h e .e x a c t ly  th e s a m e . W rite  out th e f i r s t  tw o  t e r m s  of e a c h  
su m  to  v e r i t y  th is .

f(i)  = f ( l )  f f ( 2 )  ̂ ; ^ f ( k )  = f ( l )  ,  f ( 2) ,  . . .
/= / /f=/

7. You see.' T h e r o le  o f th e  i  or k  i s  s im p ly  to  c a r r y  th e  p r o p e r
n u m e r ic a l  la b e l  fo r  f . ' T h e s e  " index"  n u m b e r s  s im p ly  k e e p  tr a c k  
of th e  m a n n e r  in  w h ic h  f  p r o g r e s s e s .  ^
D o e s  th e  le t t e r  j o c c u r  in  th e  exp an d ed  su m  ^ T f(j )  ?

................................._ J j t ....................................................

no

N ow  l e t ’s lo o k  a t so m e  o f th e  p r o p e r t ie s  o f su m m a tio n  n o ta tio n . 
F i r s t ,  it  i s  tr u e  th a t c f (i) = c f ( i) .  W rite  out a p r o o f of th is

— /  6  =  /
fa c t  u s in g  e x p a n s io n s  of e a c h  n o ta tio n .

n .
. f(i) = c f ( I) + c f (2) + . . . <■ c f  (n) = c (f (I) 4 f (2) ■(■... + f(n )) :

C - i

C
■i'r/

' C o n s id e r  _ ^ / (f(i) + f ( i) ) .  It s e e m s  r e a s o n a b le  to  b e l ie v e  th e su m  
co u ld  b e con sid ered : f(i)  v - U s e  e x p a n s io n s  o f th e  n o ta tio n

y to  p r o v e  th e theorem'."'' ^  "

* g (i))  = £ (l)  + g ( l )  f(2) + g (2) 4 ... . + f(n) •* g(n)
'i-/

= (f( I) *• £(2) 4 . . .  4 f(n)) 4 (g ( l)  4 g (2) 4
'n, .

= ^  f( i)  * ^  g(i)-

■* * g(n))



10 . N ow  w hat about f(i)  g (i) ? C ould  th is  b e  f(i)  g(j) ?

E xpand  to  th e  f i r s t  tw o  t e r m s  of e a c h  su m  b e fo r e  you' a n sw e r . ■ 

'------------------------------------------------ " - - ..........................................
^  f( i)  g (i) = f ( l )  g ( l )  * f ( 2 ) g (2 ) + . . .

^ f ( i )  = f ( l )  4 f (2 ) + . .  .

: g ( I) + g(Z) + - - -
6 = /

N ow  y o u  sh ou ld  be a b le  to  ju d g e  th e  tru th  of the c o n je c tu r e . D o so .

^  f( i)  g (i) J= ^  g (i)
i= /  L-J L - *

11. Y ou s e e .1 ' It d o e s n 't  a lw a y s  p ay  to  a c t  w ith o u t th in k in g . ■ You m u s t  b e  
a w a r e  of th e  c o n s e q u e n c e s  o f y o u r  a s se r t io n .' W ith  th is  hand  -s la p p in g  
judge., the tru th  of:

d k ^ l
I 3- x  = k  x  and p r o v e  you r a s s e r t io n .

d

K - t

d . I 2 n. o 2(x  + x  . . . + x  ) - l*Z x+ 3x + . . . tn x " - * 1 .  ^ x k - 1

12. H e r e 's  an e a s y  on e. . If I < j < n, p ro v e : J ^ k ) +  j f f ( k )  = ^  f(k),
^  « i & /

f(k) 4 ^ f ( k )  = f ( l )  4 f(2 ) f f(3) + 
h f  -Tjf '

+ f(n) = J ? ?  f(k ).
A"=/

4 f(j) 4 f ( j t l )  4 f ( j t2 )  4 . . .

13. A ls o ,  one o ften  f in d s  th a t th e  a d v a n ta g e  of ch an g in g  l i m i t s  of su m m a tio n  
i s  im p  or an . ^ or e x a m p le , f(x ) = ^ 5  f (k -  I) s in c e  f (k -  I) =

K S /  K=Z- K - I

f (2 - l )  f f ( 3 - l )  4 . . 

ch an ge th e  l im it s

. t  f(n<-l-l) 

o f ^ ^ f ( i)  to

= f(k ). S u p p ose  one w ish e d  to
«=/

run n o t fr o m  I to  n but fr o m  - I to  n -2 .

E x p r e s s .s u c h  a su m  u s in g  p r o p e r  n o ta tio n .
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2=/ c-=-/
2)

14. T r y  one m o r e  o f th is  ty p e . If you  d e s ir e  to  ch an ge f(i)  to  th e s a m e
l=e>

su m  but w ith  su m m a tio n  l im it s  s ta r t in g  a t 3, w hat w ou ld  you  h a v e ?
(H int: w r ite  out th e  f i r s t  t e r m  and th e la s t  t e r m  of £(i) and of 

. - 6—6 ' y o u r  a n s w e r . )

+L m y !  .
^  f ( i )

2 = 4  . i - 3

15. N ow  fo r  an a p p lic a t io n  of su m m a tio n  n o ta tio n . F r e q u e n t ly  th e  
m a th e m a tic ia n  fin d s  h e m u s t  s im p lify  an  e x p r e s s io n  in v o lv in g  
su m s  in  w h ic h  su m m a tio n  n o ta tio n  is' u s e d . One su ch  e x p r e s s io n

z  Z  Z 'm ig h t be: / ,  (xj) + (y i) • Of c o u r s e  it  w ou ld  b e  e a s ie r  to
> J= /  J

w o rk  w ith  th e  e n t ir e  e x p r e s s io n  if  it  w e r e  w r it te n  a s  one t e r m  - n ot
a s  tw o . D o so  u s in g  a s  the sum : < 7

/  / - *" •
>r=j

/ , - /

2 ? cnZ 1 ' ? 2
5  -  X  ((x k - 2 )2 + (Y k -l)  )•

K=3

16. A s  a la s t  e x e r c i s e  in  su m m a tio n  n o ta tio n  c o n s id e r  th e  sum : •

__________
g i - j  f(i-t I) - f ( i) .  W rite  out th e  f i r s t  tw o  and l a s t  tw o  e le m e n ts
o f th is  su m .

J t i
X ( f ( i - l ) - f ( i ) ) =  f ( 2 ) - f ( l ) * f ( 3 ) - f (2 )  + . . .  t f (n ) - f (n  -l)< -f(n + l)-f(n )  

L=/

N ow  lo o k in g  a t th is  su m  c a r e fu l ly  you  sh ou ld  s e e  th a t it  c o l la p s e s .  T o  
w hat v a lu e  d o e s  it  c o l la p s e ?

f(n+l) - f ( l )
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17. We a r e  n ow  r e a d y  to  tu rn  ou a tte n tio n  to  p r o o fs  b y  m a th e m a t ic a l  
in d u ctio n . S u ch  p r o o fs  a r e  e n t ir e ly  d ep en d en t upon th e p o s it iv e  
in t e g e r s .  T hat i s ,  i f  you  a g r e e  (I) th e r e  i s  a f i r s t  p o s it iv e  in te g e r  
and (2) th a t e v e r y  p o s it iv e  in te g e r  h a s  a s u c c e s s o r ,  you  m u st  a d m it  
the v a l id ity  of p r o o fs  b y  m a th e m a t ic a l  in d u ctio n .

P r o o f s  b y  m a th e m a t ic a l  in d u ctio n  a r e  d ep en d en t upon the p r o p e r t ie s

p o s it iv e , in t e g e r s

18. You s e e ,  w e w i l l  a s s e r t  th e  tru th  of a s ta te m e n t . T h en  w e  w ill:
(1) p r o v e  our a s s e r t io n  tr u e  in  the f i r s t  c a s e  (P^).
(2) p r o v e  th a t th e  tru th  o f th e  a s s e r t io n  in  the g e n e r a l kth c a s e  (P^.) 

im p lie s  th e  tru th  o f th e  a s s e r t io n  in  the k  p lu s  f i r s t  c a s e  (P k + l)*
I t 's  v e r y  s im p le . Y ou s e e ,  i f  w e h a v e  tw o  a r g u m e n ts  on our s id e :

(1) th e  a s s e r t io n  i s  tr u e  in  c a s e  I,
(2) th e  tru th  of th e  a s s e r t io n  in  c a s e  k  im p lie s  th e  tru th  o f th e  

a s s e r t io n  in  c a s e  k  + I;
w e can  c la im  th e  tru th  o f th e  a s s e r t io n  in  e v e r y  c a s e .

If an  a s s e r t io n  i s  tr u e  in  th e f i r s t  c a s e  and it  h a s  b e e n  e s ta b lis h e d  
th a t th e  tr u th  o f th e  k th  p r o p o s it io n  im p lie s  th e  tru th  o f th e  (k+ l ) s t  . 
p r o p o s it io n , w hy w o u ld  th e a s s e r t io n  b e  tr u e  in  th e s e c o n d  c a s e ?

T he tru th  of c a s e  I im p lie s  th e  tru th  of- c a s e  II.

B ut th en  if  c a s e  II i s  tr u e , w hy  w o u ld  c a s e  III be tr u e ?

T he tru th  of c a s e  II im p lie s  th e  tru th  of c a s e  III.

B u t th en  i f  c a s e  III i s  tr u e , w hy w ou ld  c a s e  IV b e  tr u e  ?

T he tru th  of c a s e  III im p lie s  th e  tru th  of c a s e  IV.

19. Y ou see.' B e c a u s e  th e  p o s it iv e  in t e g e r s  e a c h  h a v e  a s u c c e s s o r ,  th e  
a s s e r t io n  w il l  b e  tr u e  in  e v e r y  c a s e .
T o len d  e v e n  m o r e  c r e d ib i l i t y  to  th e a r g u m e n t le t  th e  p r o p o s it io n  
w h ich  you  d e s ir e  to  p r o v e  b e  d e n o te d  b y  P  and th e in s ta n c e  in  w h ic h  
it  i s  c o n s id e r e d  b y  a. s u b s c r ip t  on P .  T h a t i s ,  P^ i s  th e  p r o p o s it io n  
in. th e  f i r s t  c a s e ;  P 2 in  th e  se c o n d  c a s e ;  P-^ in  th e  k th  c a s e .

■ S u p p ose: (I )  ' P i s  tr u e ;  (2) the tr u th  o f  P-^ im p l ie s  th e  tr u th  o f P ^ + ^

fo r  a l l  p o s it iv e  in te g r a l k.
We now  c la im  P  i s  tr u e  fo r  a l l  k.
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B y  in d ir e c t  proof: 1. E ith e r  P  i s  tr u e  fo r  a l l  k  o r  P  i s  n ot tr u e  
fo r  a l l  k.

2. S u p p o se  P  i s  n o t tr u e  fo r  a l l  k.
3. . S u p p o se  the f i r s t  c a s e  in  w h ic h  P  f a i l s  i s  n.

(T h at i s ,  P  i s  tr u e  fo r  a ll  m  <• n. )
4„ B u t th en  P  i s  tr u e  fo r  n - 1 .
5. We c la im  P  .is now  tr u e  fo r  n . W hy?

B y  the se c o n d  a c c e p te d  fa ct: the tru th  o f P ^  im p lie s  th e  tru th  of 
P -^   ̂ m e a n s  th e tru th  of P n _ im p lie s  th e  tru th  of P n .

6. H en ce  s in c e  th is  a rg u m en t p r o d u c e d  a
c o n tr a d ic t io n  to  th e  h y p o th e s is  th a t P  w a s  
n ot tr u e  in  th e  nth  c a s e  it  fo l lo w s  th a t P  i s  
tr u e  fo r  a l l  k.

L is t  th e  tw o  c o n d it io n s  upon  w h ic h  p r o o fs  b y  m a th e m a t ic a l  in d u ctio n  
d ep en d .

1. P  i m u s t  b e  tr u e .
2. T he tru th  of Pjc m u s t  im p ly  the tru th  of Pjct j .

20 . In. o r d e r  to  m a k e  a p r o o f  b y  m a th e m a t ic a l  in d u ctio n  y o u  m u s t  p r o v e  
tw o th in g s . W hat a r e  th e y ?
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

■ ’ Z .  .
1. P j  m u s t  b e  tr u e .
2. T h e tru th  of Pjc m u s t  im p ly  th e tru th  of Pjc t J-

21 . L e t 's  lo o k  a t  a co u p le  o f e x a m p le s  o f in c o r r e c t  a p p lic a t io n  of 
■ • m a th e m a t ic a l  in d u ctio n . F i r s t ,  c o n s id e r  P  to  b e: e v e r y  tw o

c o n s e c u t iv e  p o s it iv e  in te g e r s  a r e  eq u a l.

P r o o f:  th e  tru th  of P ^  im p lie s  th e  tr u th  o f Pjc tJ s in c e :

' i f  k  = k f l
and c e r ta in ly  1= I , ■

th e n  k. + I = (k+l )  + l .
T h u s e v e r y  p o s it iv e  in te g e r  i s  eq u a l to  i t s  s u c c e s s o r .

Y e sI If P jc i s  t r u e ,  Pj^t I i s  tr u e  a ls o .  B ut th e p r o o f  f a i l s  in  one  
im p o r ta n t r e s p e c t .

W hat i s  it?

E v e r y  p r o o f  b y  m a th e m a t ic a l  in d u ctio n  m u st  sh ow  P j  to  b e tr u e , but 
I £  2. H en ce  P j  f a i l s  to  b e  tr u e .
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22 . C o n s id e r  P  to  be th e p r o p o s it io n :Z i  = n^
C e r ta in ly  i s  tr u e . T hat i s ,  = 1 ^ - 1 .

B u t to  p r o v e  P  tr u e  one m u s t  a ls o  sh ow  th a t th e tru th  o f Pjc im p lie s
th e  tru th  o f P

k  + I' L e t 's  t r y  it .

A ss u m e  P , tr u e . i. e . a s s u m e  i  e

N ow  to  sh ow  th e  tru th  o f P jc j fo llo w s , w hat m u s t  w e p r o v e  ?

c.-/
( k + 1 )

B u t th is  i s  n ot a t r u e  m a th e m a t ic a l  c o n se q u e n c e  o f  P . s in c e  if  

^ i r k  th en  i  = w h ich  i s  not (k+ 1)^. . .
L=/ /-•-/

k  + k  + 1

23 . H e n c e  you  s e e  th a t e v e r y  p r o o f  b y  m a th e m a t ic a l  in d u ctio n  m u st
in c lu d e  tw o s te p s :  __

(1) P j  m u s t  b e  p r o v e n  tr u e .
(2) if  P , i s  tr u e , th e  tru th  of P-, 1 m u s t  b e  a c o n se q u e n c e .

\  3  2  Z 1 2 y ^ 2

W hy co u ld  one n ot p r o v e  P : ^ r, (apby) : ak / ^ k   ̂ (W îen
K -/ K=/ gZi

doubt, w r ite  out a fe w  t e r m s  of th e  su m . )

A lth o u g h  P   ̂ h o ld s , th e  tru th  o f P ^  d o e s  not im p ly  th e  tru th  of P jcv.-) •

24 . U s u a lly  th e tou gh  p a r t  in  a p r o o f  b y  m a th e m a t ic a l  in d u c tio n  i s  th e  
p r o o f  of th e  t r a n s it iv e 'p r o p e r ty ,  th a t i s ,  to  p r o v e : P jc im p lie s

j ' P jc4i j tr u e . . So l e t ' s  lo o k  a t th is  a  l i t t l e  c lo s e r .

W e a lw a y s  a s s u m e  Pjc to  be tr u e  and tr y  to^show  th e tru th  Pjc t J
fo l lo w s .  H e n c e  if  P jc i s  the p r o p o s it io n :  2 i = k ( k t l ) ,  w hat
m u s t  w e sh ow  to  b e tr u e ?

J 5  2 i = (k+1) ((k+1) + I) •
I - I  ..................... ; • • •

, ..................... 1 ^  1 “  p ?
25 . D o  so . (R e m e m b e r :  you  m u s t  p r o c e e d  fr o m  . 2 1 2 i  to  2 i. T o  do  

th is  you  m u st  add one t e r m  to  2 i. )
lIv .
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B y  a ssu m p tio n :  2 i = k (k ^ l)  = k ^ fk
• /

B u t

T hus

2 ( k t l )  = 2 (k t I)
K f l  I

2 ?  2 i  = k 2 43k+2 = ( k f l )  (fk+ I) + I). 
I= ./

26 . O nce m o r e ,  i f  P  i s  th e  p r o p o s it io n :  y  ______I
4 /  (3 i-2 ]( 3 i - 2 ) ( 3 i + l )  = 3 n - 1

, w hat

i s  P ^ ?  A nd w hat m u s t  P k + I h e ?

C - /

( 3 i - 2 )  ( 3 i + l)
k

3 k + I

Ktb
P k + I  = Z  I k+1

X /  ( 3 i - 2 )  ( 3 i t I) " 3k+4  
6"/

P r o v e  th e p r o p o s it io n  P  in  (26) is  tr u e .

/„

P  2 i s  tr u e  s in ce:

<?-/
( 3 i - 2) ( 3 i +l ) 1(4)

and
(^JTTT —

<  i
N o w  a s s u m e  P k  tr u e : ^  V S i - Z f  T S Tn T  

K+> J - S l

^ ( 3 1 - 2 )  ( 3 i + l )

k
' 3k+ I 

I k  ■
TTPITT) / / ( '3 1 - 2 )  "(3f;I)" ' ( 3k+1) (3k+4) = TETTT + ( 3 k + I) ( 3 k : 4)

k(3k+4) + r  • (3k^ + 4k+T) ( 3 k+1) (k+1) ' _ ' k+1
( 3 k + 1) (3 k + 4 )T (3 k + l) (3k+4) '  ( 3k+1) (3k+4) T  3k+4

, P  i s  tr u e .

28 . A s  a la s t  a lg e b r a ic  p r o b le m  c o n s id e r  a s  the p r o p o s it io n  P : 2n >  2n + I .
T h is 't im e  th e a s s e r t io n  is  th at P^..and P g  a r e  f a l s e ,  but th at P  i s  tr u e  
fo r  a l l  o th er  v a lu e s  of n > 2.

T o  p r o v e  P^ and P ^  f a l s e  i s  e a sy :  2 ^ 2  + 1 and 2^ jj> 4 + I . . A nd it

i s  a s  e a s y  to  sh ow  P g  tru e: 2 > 6 + 1 .3
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i
I-:

r .

B u t to  p r o v e  th e  t r a n s it iv e  p r o p e r ty  i s  not q u ite  s o  e a s y .  
■ if  2^ > 2k + I you  m u s t  p r o v e  .

T h at i s ,

2k * * 1 2 ? 2k 4 3 or 2(k+l ) '  4 I

kD o s o  u s in g  th e  h in t: 2 > 2 .  (S u r e ly  th is  i s  tr u e  fo r  k  3. )

S in c e  2k  > 2k + I , 2k + 1 > 2k + 3

TcS in c e  u n e q u a ls (2^  > 2 k t I) ad d ed  to  u n e q u a ls  (2  > 2) in  th e sa m e
o r d e r  r e s u l t s  in  u n e q u a ls (2k  ̂ > 2k + 3) in  th a t sa m e  o r d e r .

29 . N ow  l e t ' s  t r y  one p r o b le m  w h ich  i s  g e o m e tr ic  in  n a tu r e . S u p p o se  
w e d e s ir e  to  p r o v e  P : a s tr a ig h t  l in e  i s  d iv id e d  in to  n+I s e g m e n ts
b y  n d is t in c t  p o in ts  of d iv is io n . ' F i r s t ,  i s  t r u e ?

Y e s .

N ow  a s s u m e  P ^  tr u e . D o e s  P k+1 fo llo w  ?

Y e s .  If th e  l in e  i s  d iv id e d  b y  k  d is t in c t  p o in ts  in to  k+1 p ie c e s ,  th e  
a d d itio n  of one m o r e  d is t in c t  p o in t in tr o d u c e s  one m o r e  se g m e n t .  
So k+1 d is t in c t  p o in ts  y ie ld  k+2 p a r ts  of th e  l in e .

H a s P  b een  p r o v e n  tr u e  on th e  b a s i s  of th e  fo r e g o in g  a rg u m en t?

Ye s .

30. . A s  a q u ick  r e v ie w , s ta te  the tw o c o n d it io n s  w h ich  m u s t  b e  v e r i f ie d  
w hen  one m a k e s  a p r o o f  b y  m a th e m a t ic a l  in d u ctio n .

1. P   ̂ m u s t  b e  tr u e .
2. T he tru th  of P k  m u s t  im p ly  th e  tru th  of P k ^



■ L e s s o n  XV

A R E A  A S TH E LIM IT OF A  SUM

In th is  l e s s o n  w e w ant to  d e m o n str a te  th a t a r e a  u n d er  a cu rv e  can  
b e e x p r e s s e d  a s  the l im it  o f a su m . S in c e  th is  in te r p r e ta t io n  is  
e s s e n t ia l  fo r  th e tr u e  u n d e r s ta n d in g  o f th e  d e f in ite  in te g r a l ,  w e  
w ant to  e x a m in e  it  w ith  c a r e .

In th is  l e s s o n  w e w ant to  sh ow  th a t a r e a  u nder a c u r v e  can  be  
e x p r e s s e d  a s  th e l im it  of a

su m

T o  s ta r t ,  l e t  u s  c o n s id e r  a co n tin u o u s fu n ctio n , y  = f (x ) , o v er  . 
th e  c lo s e d  in te r v a l a to  b . F u r th e r m o r e ,  a s s u m e  y  to  b e  p o s it iv e  
o v e r  (a, bj fo r  s im p lic ity .

W hat r e s t r i c t io n s  h a v e  w e im p o s e d  so  fa r  on y ?

y  is  co n tin u o u s o v e r  [a , b ) , y  i s  p o s i t iv e  o v e r  [a , b ].

N ow  in s e r t  a b s c i s s a s  a = x 0 4 x^ < X£ < X3 < . . . < x  - b su ch  th a t  
x i - x i - 1 = x  fo r  i  : I , 2, . . . , n . T h a t i s ,  in s e r t  (d iv ision  p o in ts  
a lo n g  (a , bj w h ich  d iv id e  £a, K) in to  n e q u a l p ie c e s .
,How long;-is A x ?

Length o f A x  i s  (b-a)/n .

.N ow  s in c e  y  i s  c o n tin o u s  o y er  £a, b ] , c l e a r ly  y  i s  co n tin u o u s o v e r  
,.' { x i - i ,  Xp w h e r e  i  = I, 2, . . . , n. F r o m  th is  w e  can  u s e  the  
!!,Tact th a t a co n tin u o u s fu n c tio n  o v e r  a  c lo s e d  in te r v a l  m u s t  a s su m e  
Ta m a x im u m  and a m in im u m  v a lu e  s o m e w h e r e  o v e r  th e sa m e  

,^ 'in terval.
'f In p a r t ic u la r  (w ith  th is  fa c t  in  m in d ) w hat can  you  s a y  about f  o v e r  

[a = x 0 , X1] ? '

f  m u s t  a c h ie v e  a  m a x im u m  and a  m in im u m  v a lu e  s o m e w h e r e  o v e r
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W hat o f f  o v e r  Qx̂  ^ ?

f  m u st  a c h ie v e  a  m a x im u m  and a m in im u m  v a lu e  s o m e w h e r e  
o v e r  Cxi .  p  Xj) .

5 . In fa c t  l e t ' s  n a m e th e  m a x im u m  and m in im u m  o r d in a te s  w h ich  
e x i s t  in  e a c h  sub in te r v a l .  L e t 's  c a l l  the m in im u m  o r d in a te  in  
Cxi .  i ,  Xj)  b y  m^ and le t ' s  c a l l  th e  m a x im u m  o rd in a te  in  
Cxi - V  Xi) b y  M i .

W hat i s  th e  m in im u m  o rd in a te  in  Cx^1 Xrj) ?  T he m a x im u m  o rd in a te  

in  Cx 12» x i t)  ?

m g , M 13

6. T hat d id  it.' N ow  w e can  p r o c e e d  w ith  fu ll  s te a m . A s  a m e a n s  o f  
i l lu s tr a t io n  c o n s id e r  th e f ig u r e  b e lo w . In e a c h  s e c t o r  b ou nd ed  b y  
y = 0 , y  :  f (x ) , x  = Xi , x  = Xi l in s c r ib e  a r e c ta n g le  (i = I, 2, . . . , 
n ) •
W hat m u s t  the a r e a  o f the ith  r e c ta n g le  b e ?

A r e a  of r e c ta n g le  i  = mj  ̂ A. x .

C a ll the su m  of a l l  su c h  in s c r ib e d  r e c ta n g le s ,  S . C a lc u la te  S.

- I  m I A  x

(=/

N ow  r e c o n s id e r  y : f(x ) w ith  it s  p a r t it io n s  a s  d e s c r ib e d  p r e v io u s ly .  
T h is  t im e  c ir c u m s c r ib e  a r e c ta n g le  about ea ch  s e c t o r  bounded  
b y  y  = 0 , y  = f (x ) , x  = X i .  1, x  = x i ( i =  I,  2,  . .  . , n).

8.
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W hat m u st  the a r e a  of the ith  r e c ta n g le  b e ?

A r e a  of the ith  r e c ta n g le  is :  A x .

9. C a lc u la te  th e su m  of a l l  su ch  c ir c u m s c r ib e d  r e c t a n g le s , S  . 

S = ^ M i 2X x .

10. C le a r ly  S 3 tr u e  a r e a , d e a d l y  S  ̂ tru e  a r e a .
B u t w e know: tr u e  a r e a  i s  J  f(x) dx.
E x p r e s s  in  one s ta te m e n t  o f in e q u a lity  th e  r e la t io n s h ip  of S to  

f(x )d x  to  S'.

S 6  f(x )d x  6  S.

11. T h e r e , w e h a v e  b o x ed  in  f(x )d x  b y  S and S. F i l e  th is  fo r  
r e fe r e n c e  s in c e  w e w ill  n eed  it  sh o r t ly .

N ow  l e t ' s  tu rn  our a tte n tio n  a g a in  to  f(x ) . C le a r ly  if  f(x) i s  
co n tin u o u s o v e r  [a, b ], th en  f(x) i s  co n tin u o u s o v e r  Cx i- l>  Xj} and  
th e r e  e x i s t s  a m a x im u m  o r d in a te , M^, and a m in im u m  o rd in a te , 
m p  o v e r  Cx ^ 1* x j] ( i = I, 2, . . . .  n ).

H o w e v e r , su p p o se  J i  i s  an y  p o in t in (x^_ ^, x j ,  ( i : I, 2, . .  . , n). 
W hat m u st  be the r e la t io n s h ip  o f m^ to  f( £ i) to  M^?

m i 4 f( J i) ^ M i -

12. B u t i f  m^ 6 f( J i) ^ M p i  = I, 2, . . .  , n, th en  rm A x  4 f( J i ) *  
A x  4  A x . W hy?

B o th  s id e s  of an in e q u a lity  m a y  be m u lt ip lie d  b y  th e  sa m e  p o s it iv e  
v a lu e  and th e s ta te  of in e q u a lity  r e m a in s  c o n sta n t.
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13. B u t a g a in  i f  a  x  ^ f( 5" i) A  x   ̂ A  x  fo r  e a c h  i  - I , 2, . . .  , 
n, th en  one cou ld  fo r m  th e  su m  of th e s e  in e q u a lit ie s  a s  i  = I,
2, . . . , n. D o so .

; A , i ,£
ls i

A x A x.

B u t th is  r e s u l t  in v o lv e s  our fa m il ia r  S and S . E x p r e s s  the  
r e s u l t  of (13)  u s in g  S and ~S. ~
_  -  -  -  '  "  - - - - - - - - -

S £  /" f (  ?  i) A x  ^ S
t '- i

W ith th is  r e s u l t  w e h a v e  b o x e d  /  f( T  i) A x  in  b y  S and S a ls o .
I im  dSr — <

W e w i l l  n ow  sh o w  n-^00 J S - S | <  4 , w h e r e  £ i s  a p o s it iv e ,
Ax-^O . .

a r b it r a r i ly  s m a ll  v a lu e . ^̂  ^

If w e  can  do t h is ,  w hat m u s t  b e  tr u e  of: ^ i) A x -  J f(x )d x

I ^ f (  J  i) A  x
a r b it r a r y  s m a ll  v a lu e

_^ff(x)dx) €  w h e r e   ̂ i s  a  p o s i t iv e ,

16. T h is  w ou ld  b e a w o r th y  r e s u l t  in d e e d  fo r  th en  w e  co u ld  sta te :

lim  
n-^o”

AX-SrOlU^y
i) A x f(x )d x . W hy?

If fo r  an y  p o s it iv e  £. no m a tte r  h o w  s m a ll  th e r e  e x i s t s  a p o s it iv e  
(in  th is  c a s e  n >  N  or a x  < S' ) su c h  that ) f(x ) - L | ■< G 

w h e n e v e r  Oa  I x -a )  A /  (w hen  n >  N  or A x a ^  ), 
th en  H m  £(x) .  L- '

x->a

■ i k :

I

t
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17. S o  h e r e  w e g o .  ̂ . We m u st  show : I im

e q u iv a le n t ly

C o n s id e r  S - 3>. S =  m^ A x  -i

S = A x  + 

C a lc u la te  | S". - S | .

n-> U - I I S
Ax-s- 0
I im Iim
n-5»ro S = n-so? S

AX-SO AX-S 0

m 2 A x  + . . .  + m. n A  :

0 or

A x  + . . . * Mn a  x .

5" - S1 = (M^ - m ^  A x  + (M 2 -nig) A x  + (Mg-Mg) Ax 4 . . . + 

(Mn -m n ) A x .

18. H o w e v e r , s in c e  £(x) i s  co n tin u o u s o v er  e a c h  su b in te r v a l of [a , b] 
w e can  fo r c e  th e  d if fe r e n c e  b e tw e e n  e a c h  M 1 and rm to  be a s  
s m a ll  a s  w e  p le a s e  b y  s im p ly  fo r c in g , th e  n u m b er of su b d iv is io n s  
to  b e la r g e  enough.1 It s e e m s  w o r th  our e ffo r t  to  f o r c e  th is  

- d if f e r e n c e  b e tw e e n  M 1 and m 1 to  b e  th e  c o n sta n t 4 ' f or  e a c h  i  - 
I, 2 , • 0 0 , n.

U s in g  th is  fa c t: M1 - m 1 < j g 1 fo r  e a c h  i  - I , 2, . . „ , n , how  
s m a ll  can  th e  d if f e r e n c e  I S - S \ b e  m a d e?

I S - S I 4 g'a x ' + e' a  x  4 . . . + e' A x  = n e 'a  x.

19. B u t lo o k  again at n 6  A x .  T h i s  can  b e  w r it te n  e' (n Ax).  C o n su lt  
th e  f ig u r e  in  ( 6) and s ta te  a su b s t itu te  v a lu e  for  n Ax.

n  a x  = b - a

U sin g  th is  s u b s t itu te -v a lu e  fo r  n A x  how  s m a ll  ca n ' ) S - S | b e  m a d e  ?2 0 .
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21. ' R e m e m b e r :  I im  'lim
,, n-^co  S = n-yco  S if  fo r  e v e r y t h e r e  e x i s t s

A x ^ - O  A x - ? *  0  ~

an N  su ch  th a t i f  n >  N th en  I S - S I <L£ .
It i s  h ig h ly  d e s ir a b le  ' at th is  s ta g e  to  r e n a m e  th e  v a lu e  G' (b -a ) .

. W hat la b e l w ould  you  a ff ix  to it  ?

£ ;(b'-a) - £ j th e  e p s ilo n  in  th e  d e f in it io n  of a l im it .

SirH ; '
22 . T hat d id  it . N ow  w e  know  lim  lim

n —?■ S  z  n-5>« S;
; a  x —>0 ■ zix-> 0

B u t h o ld  on. We h a v e  show n l im  lim. . and  y e t
. . ' n —=><» S = n-s«co S

A X—» 0 AX-» 0

S < ^ ~f( i) a  x  £ S and  

S. a / f ( x ) d x  <■

W hat c o n c lu s io n  can  you  d ra w  w ith  r e s p e c t  to

l i m  lim. •
n-> S ■ and' n - * “   ̂ f( jp  ̂ ) A  x  and

a x -» 0 Ax-Se 0

l im  ^  H-
n-»«- S and j  f (x )d x ?  

Ax—» 0

I
T h e s e ' l im it s  a r e  a l l  equal.1

23. H ow  do you  know  th a t l im
n-^» 

Ax—> 0
S

A ' .

f(x )d x ?

T h e r e  e x i s t s  a n u m b er  N su ch  th a t■ w hen  n > N  th en  | S - S JX^

£ a r b it r a r y  but p o s it iv e .  T h u s w hen  c h a lle n g e d  w ith  a p a r t ic u la r
<6 or l im  V

n -Seco S r /  f (x )d x  , s i m p l y  
Ax--> 0 .

p ic k  th e sa m e  N w h ich  s a t is f ie d  th is  sa m e  £ in  sh o w in g '

G in p r o v in g  \ S -  J  f (x)dx
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I S  - S | < 6 . (O r s im p ly  p ick
en ou gh  su ch  th a t a x<  /  w h ere  
N o. 21. )

th e  n u m b er o f d iv is io n s  la r g e  
/  i s  the v a lu e  r e f e r r e d  to  in

H ow  do you  know  th at Iim
n —fr00 

0

I

X  r f(x )d x ?

T h e r e  e x i s t s  a n u m b er  N su ch  th a t w hen  n > N th en  I S - S I < € , 
<£. a r b itr a r y  but p o s it iv e .  T h u s w hen  c h a lle n g e d  w ith  a p a r t ic u la r  
£ in p ro v in g  | f( ^ i) A % - f(x )d x  I < € _  , s im p ly  p ick

th e sa m e  N w h ich  s a t is f ie d  th is  c  in sh ow in g  \ S - S | < fe »

24 . N ow  le t ' s  ta k e  a s p e c ia l  c a s e  and sh o w  S = ^ V ^ f(x )d x . C o n s id e r  
y = x  o v e r  fO, IJ and d iv id e  [0 , l ]  in to  n e q u a l s u b d iv is io n s .

H ow  w id e  i s  e a c h  s u b d iv is io n ?

I /n

N e x t w e m u st  c a lc u la te  th e  h e ig h t  o f the r e c ta n g le s  o v e r  e a c h
Lx i - 1’ x i ]

W hat is  the a lt itu d e  of the r e c ta n g le  o v e r  [ o ,  l / n ]  ?

z e r o
O ver [ l / n ,  2 /n J  ?

l / n

O ver f  i  , 2 I ?
L n  T J

i /n

F in d  S a s  a su m . E x p r e s s  in  su m m a tio n  n o ta tio n .26.
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S =  O /n  • I /n  * I /n  » l / n  + 2 / n *  I /n  * . . . * (n - I /  n) • l / n .
0-7 -/

27 . S in c e   ̂ ^  , c a lc u la te  *1 = 1  2 i = u

^ o i : -IjilI I H

28. So S = i  ——^  ^ ■ . C a lc u la te  I im  S.
-  2 n ->oo -

Iim n 2 -n
n-*co

I
%

29. Of c o u r s e  5  can  b e  c a lc u la te d  in  a s im ila r  m a n n e r . D o  it fo r  
p r a c t ic e .

7
7

7

2
7

S =  l / n  l / n  t l / n  2 /n  * l / n  3 /n  <■ . . . * I /n  n /n

.2
n(n* I) 2n^ + n

/ ■
l im  
n “ 2

30. If you  r e a l ly  u n d e r sta n d  it ,  you  sh o u ld  b e ab le  to  sp o t the d if f ic u l t ie s  
in c a lc u la t in g  the a r e a  u n der y = X^ fr o m  x  = 0 to  x  = 2. L e t 's  s e e  
i f  you a r e  th at good . U s in g  n eq u a l su b d iv is io n  o f [ 0 ,  2j , how  
w id e  is  e a c h  s u b d iv is io n ?  (A sk e tc h  m a y  h e lp . )

2 /n
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31. S u p p o se  w e w ant S. 'What a r e  th e s u c c e s s iv e  h e ig h ts  o f the  
•r e c ta n g le s  ?

( 2 /n ) 2 , ( 4 /n ) 2 , ( 6 /n ) 2 , . . . .  ( 2 n /n )2 .

R e p r e s e n t  S in  su m m a tio n  n o ta tio n .
_ _ _ _ _ _

S - 2 /n  .. (2 i / n ) 2 = 8 / n 3 * ^
/ r /

. z
U sin g  the fa c t  th a t 2̂ / 7 n (2n + 1) (n + 1)

>•-/ = 5" '
I im  S

w e can  now

c a lc u la te n->eo D o so .

I im  8 2n 3 4 3n2 + n _ • 8 /3 .
n —  . nT “ • 6 :

%

B u t w h at o f f( y  i) A x ?  W e h a v e n 't  u s e d  it  y e t?  On the
c o n tr a r y  w e  h a v e  c a lc u la te d  th is  su m  th r e e  tim es .' B u t e a c h  t im e  
w e s e le c t e d  th e  J  i  to  b e  in  a v e r y  s p e c ia l  p o s it io n . F o r  in s ta n c e  
in  in s c r ib in g  th e  r e c ta n g le s  in s id e  the s e c t o r s  o f y  - x , w e p ic k e d  
th e  J  i  on the __________ of th e in te r v a l  [x i_  i ,  x ^ ] .

le f t

S im ila r ly  in  c ir c u m s c r ib in g  r e c ta n g le s  about th e  s e c t o r s  o f y  = x , 
w e p ic k e d  th e ^  i  on t h e __________ of th e  in te r v a l |]x^_ ^, x - ]

r ig h t

35 . N ow  le t ' s  tu rn  our a tte n tio n  to  a s l ig h t  - but im p o r ta n t - m o d if ic a t io n  
of th e  a b o v e  a r g u m e n ts . S u p p o se  th a t J["a, b} i s  a g a in  p a r t it io n e d  
b y a = Xq < X-̂  < X2 < X3 < . . . < x n ,= b , but th is  t im e  th e p o in ts  o f 
d iv is io n  a r e  n o t ta k en  to  b e  e q u a lly  sp a c e d  but a r e  a r b it r a r i ly  
sp a c e d  o v e r  [ a ,  b j

If [ a ,  bj i s  [O, 2C0, w ou ld  i t  b e  p o s s ib le  to  h a v e  x^ - x^_^ - 10 
(fo r  so m e  I ■) ?
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Y e s . J u s t  p ic k  Xj7 i  : 0, I, 2, . . . , i - 1 ,  to  o c c u r  in  [O, ]]

T hen  p ick  x^, i  = i, i * I , . . . , n to  o c c u r  in [l9> 20j .

T h is  w il l  c e r ta in ly  do th e job.' * i

36. A s  a m e a n s  o f n o ta tio n  c a l l  the in te r v a l fr o m  Xj_ j to  Xj by A x^ ,
i  = I, 2 , . . . , n. H ow  w ould  the in te r v a l  fr o m  Xy to  Xg be d en o ted ?

A x 8

37.

38.

A g a in  su p p o se  f(x) i s  co n tin u o u s and p o s it iv e  o v e r  La, bj . C le a r ly
w e a r e  a s s u r e d  a s  b e fo r e  of m in im u m  and m a x im u m  o r d in a te s  in  

C x £ _ p  x^] . C a ll th em  m^ and IvL r e s p e c t iv e ly .  U sin g  th is
in fo r m a tio n  c a lc u la te  th e  a r e a  o f  th e  in s c r ib e d  r e c t a n g le s ,  S, and

---- 1

n -

S =  M j A x 1 t  M 2 A x 2 * . . . ♦ M n A x n = ^  Mj  A Xj
L=I

A g a in  S 6 ^  f(x )d x   ̂ F . So le t ' s  s e e  if  S and S a g a in  c o n v e r g e  to  
/* f (x T d x  e v e n  w ith  the s u b d iv is io n s  o f u n eq u a l s i z e .  T o  t e s t  th is  

w e m u s t  e x a m in e  a s l ig h t ly  d if fe r e n t  l im it  than b e fo r e .  T h is  t im e  
w e m u s t  in s i s t  on m o r e  than  b e fo r e  b e c a u s e  I im  on ly  a s s u r e s
u s of th e  fa c t  th at m o r e  d iv is io n s  a r e  n^"00
b e in g  im p o se d  on [ a ,  b j  . T h e y  co u ld  in  zkx-* 0 
fa c t  a l l  b e  im p o se d  on to  (xy , xg).1 T h en  
s u r e ly  S and S w ou ld  n ot c o n v e r g e ]

W hy co u ld  a ll  the n ew  p o in ts  o f d iv is io n  be im p o se d  on ( x y ,  X g ) ?

T h e r e  e x i s t s  an in f in ity  o f p o in ts  on (x 7 , x  ).
' O
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39. T o  r e m e d y  th is  m a la d y  l e t ' s  in s i s t  th a t th e  d iv is io n s  a r e  a lw a y s  
ta k en  so  th a t the la r g e s t  r e m a in in g  su b d iv is io n  is  th e  r e c ip ie n t  
of th e n e x t d iv is io n  p o in t. L e t 's  in d ic a te  th is  s ly  c h o ic e  .of 
d iv is io n  a s  fo llo w s :  I im  • w h e r e  il Ml is  r ea d  "the n o rm  o f  

A " and in d ic a te s  th a t w e a r e  ta k in g  th e l im it  a s  th e  la r g e s t  
su b d iv is io n , A, w h b re  i  s I , 2, . . . , n , i s  to  a p p r o a c h  0.

T r a n s la te  in to  E n g lis h  and t e l l  th e  m e a n in g  of Iim
S \

Ila \\->o S i s  read : " lim it  of S a s  th e norm ' of A g o e s  to  0" and
m e a n s  w e a r e  to  c o n s id e r  th e  l im it  of S a s  th e  la r g e s t  su b ­
d iv is io n  o f [ a , b j  g o e s  to  z e r o .  ~

40. T h u s w e now  a r e  r e a d y  fo  S an d  S. W e m u s t  sh o w  Iirn^ g _ g"

or i|au->o (S -S ) - 0. T o  do th is  c o n s id e r  S' - S. C a lc u la te :
S -  S a s a  su m .

S - S  = (M ^-m  Jl) A x -̂ t A x^ *• . . . + (Mn - m n ) A -x^ .

4 1 . B u t a g a in  M ^-m^, i  = I , 2 , . . . , n,. ca n  b e  m a d e  a s  s m a ll  a s  i s
d e s ir e d  b y  in s is t in g  th a t (I All-4» o . If M --m p  i = I, 2, . . . , n , i s  
in  fa c t  m a d e  l e s s  th an  e ' , w hat i s  the- l im ita t io n  on S - S ? 
(E x p r e s s  th e  d if f e r e n c e  in  su m m a tio n  n o ta tio n . ) ~

S - S =  € Axi
/  ■

6  Ax 2 + . , t  €  A  Xn  =

4 2 . B u t c le a r ly ^  -  e ‘ / T j .’ . N ow  r e fe r  to  th e  f ig u r e  in
N o . 37 and e v a lu a te  * I

A K ;  -  & ~

4 3 . So , you  see.' W e can  n ow  s p e c ify  th a t | Ŝ  - S | < e (b -a ) or
b e t te r  y e t  ( s in c e  <Sy ca n  b e  m a d e  a r b it r a r i ly  " sm all b y  c o n tr o llin g  
th e  s iz e  of IiAII ) w e ca n  s e t  6 '  (b - a) = £  . B u t th is  m e a n s  th at

I S - S I < 6 -----w h e r e  <= i t s e l f  i s  an y  a r b it r a r i ly  s m a ll  but
. p o s it iv e  n u m b e r . Of c o u r s e  w e can  e f f e c t  th is  r e s t r ic t io n  on

/
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|S  - S'I b y  fo r c in g  HMl to  b e l e s s  th an  so m e  p o s it iv e ' n u m b er .

U n d er  th e s e  c ir c u m s ta n c e s  w hat c o n c lu s io n  m u s t  one r e a c h  about
I im  . __ I im  .
UAtl->o S . ■ S 9 ' • -

l im  I im
S  r //All-^o S

44„ ' B u t s in c e  S ^ ^ f(x )d x  6 S b y  th e  p r e c i s e  C a r g u m e n t u se d  
w h en  th e  s u b d iv is io n s  w e r e  o f e q u a l le n g th , it  i s  a su r e  b e t  that 
l im  l im  ' A>
/JAiHo S = IiMHo S = /  f(x )d x .

In d eed  to  sh ow  th a t l im  Z
U iiAll->o S  z f(x )d x  it  s u f f ic e s  to  s a y  th at

I S - o j  f (x )d x  I can  b e m a d e  l e s s  th an  an a r b itr a r y  £ b y  s im p ly  
fo r c in g  /Ja.ii to  be l e s s  th an  £  w h e r e  th e /  can  b e  c h o s e n  to  be 
th e  sa m e  d e lta  w h ic h  fo r c e d  I S - S |^<=  , w h e r e  6 i s  the sa m e

6  a s  a p p e a r e d  b e fo r e .  ' —

T • 'o p r o v e . ,(MHa S - f(x )d x  w e o n ly  n eed  to  d e m o n str a te  
I S - f(x )d x  I < € b y  c h o s in g  a  su ita b le  r e s t r ic t io n .  W hat i s  

th is  r e s t r ic t io n ?  _

S - ^>/^ f(x )d x  i  ̂ £  i f  IIMl̂  & w h e r e  S '  i s  th e  sa m e  
a p p e a r in g  in  th e  [S’ - S |< €  a rg u m en t fo r  th at p a r t ic u la r  £

/

4 5 . F in a l ly  w e m u s t  sh ow  th at d e s p ite  a r b itr a r y  p a r t it io n in g  of {a, b} 
w e h a v e  a  f in ite  su m  w h ich  i s  a n a la g o u s  to  th e /Cf<)AX  in  the
c a s e  of eq u a l d iv is io n s .  O b v io u s ly  our n ew  su m  w i l l  g ro w  out 
of th e s a m e  a r g u m e n ts  a s  the o ld  o n e . T hat i s ,  fo r  x^_  ̂ ^  J i -  
X i, i  = I , 2 , . . .  , n , th e  fo llo w in g  i s  tru e : m i  5 f  ( 5 i)  ̂ Mi« 
B u t th is  m e a n s  m^ a   ̂ f( i) A x^ 6 'Mi A  Xi fo r  i  - I, 2, . . . ,

' n. (N o tic e :  th is  in e q u a lity  i s  d if fe r e n t  fr o m  the c a s e  of eq u a l
d iv is io n s  in  th a t A x  p r e v io u s ly  w a s  a  c o n sta n t m u lt ip l ie f  fo r  

‘ e v e r y  m i ^ f( ? i)^ Mi* In th e  p r e s e n t  c a s e  th e  rm £ f( J  i) ^  M i 
i s  m u lt ip lie d  th ro u g h  b y  th e  c o r r e sp o n d in g  A subxntervalJ)

■ N ow  r e p r e s e n t  th e  sum . of th e  in e q u a li t ie s  m i  A x^  A £( i) A Xi £ 
M i A Xi u s in g  su m m a tio n  n o ta tio n .
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I;':
■/

AX<

i--t i= I

46 . S ee .it.' T he o u ts id e  su m s  a r e  our o ld  fr ie n d s  S and r e s p e c t iv e ly .  
T h u s w e 'v e  found th e  su m  a n a lo g o u s  to  th e  c o r r e sp o n d in g  sum  in  
th e  c a s e  o f eq u a l d iv is io n s .  N ow  w e  o n ly  n e e d  to  sh o w  th at  
I im  Iim  _ Iim
//AI|-»o h  = IlAW-^o f( i) A  X j  ~  / |All-»-0 g

B ut w e  a lr e a d y  know Iim  
Ii a U->o S

Iim
Il A J I-r-O  s .

Iim
H e n c e , s in c e  //A;|_>ci f( J  i) A i s  b o x ed  in  b y  t h e s e  v a lu e s ,  

w hat can  w e co n c lu d e  ?

Iim
S =

IlAlj-^o —

i im

Il All-* °

•n

Zsr'

f( J  r) A x i  =
I im

S

47 . A s  a la st o b s e r v a t io n  w e can  u s e  th e  r e s u lt  of (46) and th e  
s ta te m e n t  in  (44) to  p u ll a l l  th e  th r e a d s  to g e th e r . D o  so .

I im  Iim  Tim
S — S —IIAU-^o — “ ' IlAlI->c " IIAII

a

2L

f( >  i) A  X i  = /  f(x )d x

48 . So th e  a r g u m e n t is  c o m p le te . T o  n a i l Tt up s o lid  l e t ' s  r e v ie w  th e  
m a in  p o in ts . -
I. D e fin e  f  f(x )d x .

a.

.A

f(x )d x  -
I im

//A//->»
i-z

f( i) A Xi w h ere:

1. a - x ^  < x .  2  . . . < Xr, -  bU I XJ. -

2 .  X i ^  > i  ^  Xi

3. A x i = Xi -Xi .  i
' Co n  t .
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4. UZWi = m a x . o f Ax^

If th e r e e x i s t s  a  fu n c tio n  F (x ) s u c h  th a t F '(x )  = f(x ), th en

f(x) dx

F (b ) - F (a )
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Appendix C .

Notices Sent to Students Missing Classes During 
Which P r o g r a m m e d  Materials Were Studied
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N o t ic e s  S en t to  S tu d en ts  M is s in g  C la s s e s  D u r in g  
W hich  P r o g r a m m e d  M a te r ia ls  w e r e  S tu d ied

I n o t ic e  th a t you  w e r e  u n ab le  to  a tten d  th e  p r o g r a m m e d  m a t e r ia ls

c l a s s  ______ M o n d a y ______ T u e sd a y  T h u r sd a y  e v e n in g . I h op e you

can  d rop  b y  m y  o f f ic e  to  a r r a n g e  to  g o  o v e r  th is  l e s s o n  you  m is s e d .

I w ant to  ca u tio n  you  th a t I w i l l  be u n a b le  to  a llo w  s tu d e n ts  to  a r b it r a r i ly  

c o m e  to  th e s e  c l a s s e s .

So ----------- i f  you  m is s  a c l a s s ,  b e  su r e  to  s e e  m e  about it. I

r e a l iz e  th a t on s p e c ia l  o c c a s io n s  c e r ta in  u n u su a l c ir c u m s ta n c e s  m a y  

n ot p e r m it  y o u  to .b e  in  c la s s .  If and w h en  su ch  p r o b le m s  do a r i s e ,  I 

w il l  do a l l  I can  to" a r r a n g e  a m a k e -u p  t im e  w h ich  w i l l  f i t  b o th  you r  

s c h e d u le  and m y  f r e e  t im e .

- W. A . S tan nard
O ffice  212 N ew  C h em  B ld g  
O ffice  h o u rs: 2 -5  d a ily

I:''.
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Notices Sent to Student Advisors Indicating 

Advisee Progress with P r o g r a m m e d  Materials
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N o t ic e  § S en t to  S tu dent A d v is o r s  In d ica tin g  A d v is e e  
P r o g r e s s  w ith  P r o g r a m m e d  M a te r ia ls

M ath 121 P r o g r a m m e d  M a te r ia ls  R ep o r t  

Stu dent ' In s tr u c to r

A d v is o r ____________________________  . C la s s  Hour_____________________________

L e s s o n s  C o m p le te d

1 2 3 4  5 6 7 8 9 - 1 0  11 12 .13 14 15 16
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Appendix E
Progress Chart of Students Studying 

- P r o g r a m m e d  Materials

.'.I') ' ' '
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P r o g r e s s  C h art of S tu d en ts  S tudying  
P r o g r a m m e d  M a te r ia ls

T o: -A d v iso r  N o . I In s tr u c to r  N o . I . In s tr u c to r  N o . 4
A d v is o r  N o. 2 ■ In s tr u c to r  N o . 2 In s tr u c to r  N o . 5
D e p a r tm e n t H ead  In s tr u c to r  N o / 3 S u p e r v is o r

T he fo llo w in g  s tu d e n ts  in  th e  M a th e m a tic s  121 c l a s s e s  a r e  in v o lv e d  in  
th e  p r o g r a m m e d  m a t e r ia ls  in v e s t ig a t io n . I w i l l  k e e p  th is  p r o g r e s s  
c h a r t  up to  d a te  and in  you r h an ds w e e k ly .

M ee tin g  N u m b er

S tu dent N o.
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A p p en d ix  F

F in a l  E x a m in a tio n  T ak en  b y  th e  E x p e r im e n ta l  
and C o n tr o l G rou p s
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I

F in a l  E x a m in a tio n  T a k en  b y  the  
E x p e r im e n ta l and C o n tr o l G roups

W in ter  1965

M ath 121 
F in a l

N a m e

In str u c to r

Show  a l l  w o r k  n e a t ly . In d ica te  a n s w e r s  c le a r ly .  D o no w o rk  on b a ck s  
of p a g e s .

I. F in d  an e q u a tio n  o f th e  s tr a ig h t  l in e  th ro u g h  (2, 4) and ( - 3 ,  0 ). 
S im p lify  you r a n sw e r  to  th e fo r m  A x  + B y  I-C  = O.

II. W rite  an eq u a tio n  s a t is f ie d  b y  th e  c o o r d in a te s  o f a p o in t th a t m o v e s  
. so  th a t it  i s  e q u id is ta n t  fr o m  th e  l in e  x  = 4 and th e  p o in t (0 , -4 ) .

S k etch  th is  c u r v e .

III. G iv en  y  = x r  - 2x  fin d  d y /d x  fr o m  th e  d e fin it io n . ( A - p r o c e s s ) .  
Show  a l l  s te p s  c le a r ly .

IV . G iven  L im  ( -2 x  + I) = 7 fin d  a S  th a t w i l l  s a t is fy  th e  d e fin it io n  of a
x — - 3

l im it  w h en  6 f 2 /3 .

V . F o r  e a c h  of the fo llo w in g  fin d  d y /d x  b y  u s e  o f a p p r o p r ia te  fo r m u la s .

Y = (x + 1)5 (2 x  * I )4  ; y  = 2x  + I 

3 x 2 + 2

V I. A  r a n c h e r  w is h e s  to  fe n c e  off a r e c ta n g u la r  a r e a  fr o m  a c o r n e r  o f 
a la r g e r  r e c ta n g u la r  fe n c e d  f ie ld .  If h e  h a s  1000 l in e a r  f e e t  o f  
fe n c in g  m a t e r ia l  w h at sh ou ld  b e  th e  d im e n s io n s  o f th is  c o r n e r  p ie c e  
to  e n c lo s e  a  m a x im u m  a r e a ?  (Show  t e s t  v e r ify in g  th a t th is  i s  a  
m a x im u m ).

VII. G iven  y  - 3 x 2 , 0  ̂ x   ̂ 2 . S u b d iv id e  th e in te r v a l in to  4 eq u a l 
s u b in te r v a ls  and co m p u te  th e  u p p er  su m  (Sn ) and th e  lo w e r  sum
( s n ) .

VH. E v a lu a te  e a c h  o f th e  fo llo w in g :

3 (t2 + 4) dt = 4 + 3u^)2 u du

IX. P r o v e  d /d x  x n -]n x n ~ w h e r e  n i s  a  p o s it iv e  in t e g e r ,  b y  m a th e ­
m a t ic a l  in d u c tio n  on n. . (A ssu m e  it  i s  know n th a t fo r  y  = x , d y /d x  -

' I *  )



267

(A ls o  you  m a y  a s su m e , an y  o th er  d e r iv a t iv e  fo r m u la s  fr o m  th is  
c o u r s e . )

X . F in d  th e  a r e a  b ou n d ed  b y  th e  c u r v e s  y  -  and y  - x .

V
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A p p en d ix  G 

T a b les .

r

I



T A B L E  I. P R E D IC T E D  SCO RES OF S T U D E N T S IN  TH E E X P E R IM E N T A L  
AND C O N TR O L G R O U PS E N R O L L IN G  IN  M A T H E M A T IC S 121*

E x p e r im e n ta l G roup  , C o n tr o l G roup

S tu d en t P r e d ic t e d  . S tu d en t P r e d ic te d
n u m b e r  , M ath  121 n u m b er  M ath 121

S c o r e  S c o r e

I 27** . I 39
2 26 2 29
3 15 . . 3 24
4 26 • 4 26
5 26 .5 19
6 33 . . 6 29
7 . I ? . . 7 21
8 21 ■ 8 20
9 20 9 26

10 17 10 18
11 21 11 14
12 24 12 27
13 13 13 26
14 22 14 20
15 19 15 12
16 23 16 ' 29
17 28 17 24
18 23 ' 18 23
19 25 ■ 19 18
20 30 20 ■ 27
21 19 21 33

22 . 20

* S e e  fo o tn o te  on p .62 fo r  p r o c e d u r e  o f c a lc u la t in g  t h e s e  p r e d ic te d  
s c o r e s  b y  the M ontana S ta te  C o lle g e  T e s t in g  and C o u n se lin g  S e r v ic e .

❖ ❖ These s c o r e s  w e r e  c a lc u la te d  to  p r e d ic t  the g ra d e  of th e  stu d en t in  
M a th e m a tic s  121 a c c o r d in g  to: A  a s  4 0 , B a s  30 , C a s  20, D a s  10,

. and F  a s  00 . T he u s u a l  in te r p r e ta t io n  is :  ■ A  a s  4 . 0, B a s  3. 0 , C a s  
2. 0, D a s  1 .0 ,  and F  a s  0 .0 ;  h o w e v e r , d e c im a l p o in ts  w e r e  n ot - 
r e p o r te d  in  th e M on tan a  S ta te  C o lle g e  T e s t in g  and C o u n se lin g  S e r v ic e  
f ig u r e s  s o  do n o t a p p ea r  in  th e  ta b le .
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T A B L E  2. F IN A L  A C H IE V E M E N T  SC O R E S IN M A TH E M A T IC S 121 OF  
ST U D E N T S IN TH E E X P E R IM E N T A L  A ND  C O N TR O L G R O U PS

E x p e r im e n ta l G roup  . C o n tr o l G roup

S tu dent ■ A c h ie v e d  S tu dent • A c h ie v e d
n u m b er  A ', S c o r e  n u m b e r  s c o r e

I 169* I 133
2. 122 2 135
3-: HO 3 119
4: 181 4 1.70

,5 120 5 143
'6 140 6 125
■ 7 - 136 7 ' 80

8 157 8 134
9 126 ■ ■ 9 134

10 141 10 144
11 ■ 103 11 131
12 174 12 152
13 104 13 ' 151
14 85 14 138
15 155 15 147
16 ■172 16 • 134
17 147 , 17 140
18 144 18 ' 147
19 ' 139 19 109
20 140. 20 142
21 134 21 . 74

22 158

* T h e s e  a c h ie v e d - s c o r e s  w e r e  r e p o r te d  on th e  b a s is  of a  to ta l  s c o r e  
o f 200.,
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