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Abstract:
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largely due to recent advancements in interactive graphical visualizations and Geographical
Information Systems (GIS). This thesis studies the problem of labeling a map so that each point feature
associated with the map receives three square-labels of maximum size. The motivation is that in some
applications, such as a weather map, each point must contain three pieces of information. This thesis
presents algorithms that yield solutions for both the discrete model (each point lies at a comer of its
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discrete model the algorithm meets the lower time bound of Q(n log n) and for the sliding model we
present an O(n3 log n) time algorithm. We also discuss implementation of the algorithms presented.
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ABSTRACT .

Automated map labeling has become an area of increasing interest in computational
geometry. This is largely due to recent advancements in interactive graphical
visualizations and Geographical Information Systems (GIS). This thesis studies the
problem of labeling a map so that each point feature associated with the map receives
three square-labels of maximum size. The motivation is that in some applications, such -
as a weather map, each point must contain three pieces of information. This thesis
presents algorithms that yield solutions for both the discrete model (each point lies at a
corner of its square labels) and the sliding model (¢ach point fies on the boundary of its ‘
square labels). For the discrete model the algorithm meets the lower time bound of Q(x
log #) and for the sliding model we present an O(2’ log #) time algorithm. We also
discuss implementation of the algorithms presented. : '
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CHAPTER 1
INRODUCTION

Map labeling has been an important drea of research since the beginning of the art of
cartography. In recent years the revised problem of automated map labeling has become
the focus of many geometers. The ACM Computational Geometry Task Force has

riamed it as one of the more importatit topics of research in Discrete Computational

Geometry [B96]. Practical applications have arisen in multiple areas including

interactive graphical visualizations and Geographical Information Systems (GIS).

Map L‘abelihg Backeround

- Map labeling is the task of placing labels at various features associated with a map.

The objective is to determine label placements in order to maximize the quality of the

"‘v.isual appearance. It is generally accepted that the labeling problem can be divided into .

three distinct tasks [175]: (i) labeling area features ($uch as a body. of water or landma‘ts’s);
(ii). 1ab¢1ing line features (such as a river or roa_d); and (111) labeling point features (such
as a city or mountain peak). Although these problems ;are Very distinct, the combinatorial
aspects are independent of the feature being labeled. We can therefore focus on a single
feature to label without loss of generalit}'f as shown in [CMSéS, KT98a, KSWW01]. The
quality of labeling has been studied moét notably by Imhof [175] and Yoeli [Y72]. Based
on the results of their research the following two rules have forthed the standard criteria
for what constitutes a gbod labeling for point features: _(i) for every label it is intuitive_zly

clear which point featute is described; and (ii) no two labels overlap. Using these two




basic requirements one can formulate 2 pror)lem to either maxrrnize the number of points
labeled or Iabel each point with maximum size labels. Each of these problems in some
simplest form is NP-hard [FW91, MS91]. In thrs thesis we focus on labeling point
features with maximum 'size labels.

Before we continue, we develop definitions necessary for an understanding of
optimization problems. An approximation algorithm A fot a maximization problem /7 is
said to hav_e a}aérformance‘ guarantee of p if for any instance I of I7, p > OPT()/A(D),
where OPT(J) is the optimal solution and 4(7) is a valid solution. If p = 1 we say A
provides an optimal solution. The algorrthm A4 18 often referred to as an approx1matron
algorithm for 77 with a factor of p. Slrmlarly, fora m1n1mlzat10n problem I, an

. approximation algorlthm A has a factor of p > A()/OPT()). (F or more information
regarding optimization problems and approximation algorithms refer to [GJ79].)
Formann and Wagner studierl the point feature labeling problem PFLP by showing
that it is NP-oomplete in one of its sin‘lplest. forms [FW91]. (The reede'r is referred to
[GI79] for information regarding NP-Completeness or NP-Hardness). The problem was -
deﬁned.as followe: Given a set of points, arssign each point an axis-parallel square label.
Each square label must be placed such that the point feature it labels lies at one of its four
corners. All squarés are of uniform size, and the edge length of the uniform squeres is

maximized (Figore 1.1(a)).




@) (b)
Figure L1 Example of the discrete and sliding models.

Formann and Wagner also showed that it is NP-hard to approximate the optimal
solution within a factor of two. In other words, unless P = NP, no polynomial-time
approximation algorithm can guarantee a solution within 50% of the optimal solution.
Formann and Wagner also presented one such 0(n log n) time algorithm [FW91],
Wagner next proved that it requires Q(« log n) time to reach this approximation bound
[W94], Wagner and Wolff then presented heuristic algorithms with favorable empirical
results [WW095].

The point-labeling problem of Forman and Wagner has led the way for several
variations. One such variation is a labeling problem where labels are placed so that their
corresponding point lies on their boundary. This new model is in contrast to the previous
model where labels are restricted to a position so that their corresponding point lies at
their comers. This more natural model has an infinite number of square placement
candidates, and adds to the complexity of the discrete model. Doddi et al. was the first to
introduce the problem in its combinatorial form [DMMMZ97] and presented a
polynomial-time approximation algorithm. The new model has been named the sliding
model [KSW99] and has received much of the map labeling focus for the last few years

[DMMMZ97, KSW99, ZQOO, DMMOO].



Another generalization to the problem of map labeling has been based on orientation.
Three distinct problems have arisen based on orientations [DMMMZ97]: (i) free labeling;
(i1) oriented labeling; and (iii) fixed-oriented labeling. Free labeling places no extra
restriction on the orientation of the labeling squares. Oriented labeling restricts the
orientation of squares to have a common orientation. And fixed-orientation labeling

requires that all labeling squares have a common and pre-defined orientation.

Fixed-Onented Labeling
Figure 1.2 Example ofthe three orientation models.

Figure 1.2 shows a discrete labeling for each of the three orientation models. The
first of the three problems, free-labeling model, was studied by Doddi et al. who found an
approximation algorithm with a performance guarantee of about 36.6 [DMMMZ97]. The
performance guarantee was first improved to 12.95 [ZQOQ] and then to 5.09 [DMMOQ],
The second of the three problems, oriented-labeling model, was studied by Zhu and Qin
who presented a factor-4 approximation algorithm [ZQOQ].

Another variation to the map labeling problem was introduced by Kakoulis and
Tollis who presented a heuristic algorithm for solving the problem of labeling point

features with two labels [KT98b]. Poon and Zhu studied the problem labeling each point



with two axis-parallel squares and presented a factor-4 approximation algorithm, which
runs in O(x lbg n) time [ZP99]. The performance guarantee was then imp’rov'ed to 3
[ZQ00] and then Qin, et-al. further impro{fed the results by presetiting a factor—»2
approximation algoﬁthm [QWXZ00]. Qin, et al. also proved it is NP-hard to
approximate the label size beyond a constant factor § > 1. |

The problem of labeliﬁg points with two labels naturally leads to that of labeling
point features with either three or four square-labels. The latter problem (labeling with
four uniform squar'es_') is trivial and not worthy of stud;. The.problem of labeliﬁg point
features with three squares, however, is interesting. It can easily be shown that for both a
- discrete and. sliding model of this problem there is a lower bound of O(n log n). We will
now turn our attention to this problem.l In the following section we éive a (ieﬁmtion for

the problem of labeling a set of points with. three axis-parallel squares.

' Deﬁnition of the MLUST Problem

We define the problem to be studied in detail throughout the remainder of ﬁxis thésjs,
Map Labeling With Uniform Square 'Tﬁples (MLUST). Givena sét of points in the
plane, label each point with'square triples (thrge uniform squarés) of maii_rhum size such
that the following conditions are met. '
(a) All squares are axis-pafallel,
(b) All squares are of equal size, and

(c) No two squares intersect, except at their boundaries
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This general prolilem naturally leads to two more specific problems. The first,
MLUST under the discrete model, restricts placement of each of the three square labels

so that their corresponding point feature lies at a corner of each square label. The second

MLUST unde; the sliding model, restricts the placement of the three squares such that

~ their corfesponding point feature lies on the boundary of each square label (not

necessarily at a corner). We will discuss bdth problems in this thesis.

I;c is easy to see that the first problem has a ﬁnité number of placement candidates.
In fact there are exaétly four possible square triplet placeinents for each pof}_nt feature..
MLUST under the slidihg model, however, has an infinite ﬁumber‘ of possible
placeménts, and is the more complicated of the two. In the next section, we show that

both variations of this problem have a lower bound of Q(r log ») time.
Lower Bound

Tt is an easy task to show that the MLUST problem under bc;th the discrete ’z_md
sliding models have a lower bound of Q(n log »). The following is a reduction from the .
element uﬁqueness problem,— which has a lower bound of Q(r log n) under the algebraic
computation tree model [SY82]. Given a set of real numbers {xo, ..., x,} ‘t_].ae set contains
only unique integers if and only if the MLUST pfoblem for the point set {(xo, 0), ..., (xn,
0)} has a non-zero solution. In this thesis we bresent an optimal O(n log n) time

algorithm for the discrete model and an O(%° log n) time algorithm for the sliding model.




Metrics and Definitions

In this section we specify the general metric to be used and define several terms that

are needed for an understanding of the algorithms to follow.

Metrics

The U-distance between two points is the largest of the differences between their
coordinates. (For more information regarding LazInetric refer to [PS85]). Under our 2D
model it represents max(fy2 ~ -*i, lyi -Til)- For two points, p, andpj, the distance between

the two points using the L@ Inetric is denoted SJIpi,pj) (Figure 1.3).

d°°(Pi, Fj)

Figure 1.3 Example of SJlpi,Pj) and Snm(p,,pj).

Similarly the distance dm(p,, pj) is the smallest of the differences in the coordinates
(Figure 1.3). Under our 2D model this represents min(jx2 - x\\, [\2-TiD- For a set of
points S, the distance DA(S) will represent the closest pair of points using the L@Inetric.
It is the minimum SUpi, pj) of any two points in S. It should be noted that finding DAS)
can be accomplished in 0{n log n) time using standard CLOSEST PAIR algorithms. One

such algorithm is the divide-and-conquer technique detailed in Chapter 4.



Sub-squares and Labels

For the MLUST problem, each point/?, e S must be labeled with square triples. For
the discrete model this implies that for each of the three square labels there are four
possible candidates. We will call these four candidates sub-squares of/?,. To correctly
label/)/ we must select three of the four sub-squares as labels so that they do not intersect

with the labels (selected sub-squares) of another point.

Pressure and Force

Whenever two points, /2, and pj, have a pair of intersecting sub-squares, we say that
the two points are exerting pressure on each other (Figure 1.4(a)). Point/> can then label
three of its sub-squares in such a way as to relieve any pressure it has onpj (Figure
| 4(b)), or pi can label three sub-squares so that it exertsforce onPFj (Figure 1 4(c)). In
this last case, we say that pj accepts force from ptif it can label its three remaining sub-

squares.

@) (b) ©

Figure 1.4: Example of pressure and force.



 CHAPTER 2
'MLUST UNDER THE DISCRETE MODEL

Our algorithm for solving this problem has three major stebs First, we show that the
opumal edge length is bounded both above and’ below This is necessary for obtaining
linear-size graphs a._nd keeping our solution within the O(# log ») time requlrement.
Second, we show that given a set' of points 'aﬁd a fixed edée length, we can determine if
an acceptable labeling exists in O(n) time. And :ﬁnally, we show that for any set of pomts
there are linear candldates for the opt1ma1 edge length. A simple blnary search for the
- largest acceptable edge length on the sorted list of candidates will result in an optimal

O(n log ) tfme solution.

Linear Pairs of Concern

It is important for.our algorithm when checking 'for‘sub-square intersections ‘not to
exhaustively chéck every pair of points. This would take at least O(x?) time. Instedd, we |
intend to only check a linear number of point pairs. We first show the optimal edge -
lengtil, lopr, is bounded both above and below. Next we show ;cha,t du¢ to this bound
thete are only a constant number of pbints thét could intersect any given point. Thﬁs,
there are a linear number of point pairs that could intersect each othér. We will refer to
this list of point pairs as pairs of boncerﬂ. This leads to our first lemma, which restripts

the number of points that could intersect a given point to a constant number.
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Bounding Optimal Edge Length

Lemma 2.1 DiXS)/! <10pt <D4S)

Proof. By the definition OfD@S) there must be two points, p, and Fj in S, such that AJph
Pj) ~ DAS). Itis clear that if/ > DAS) there is no labeling for p, and pj that does not
result in an intersection of labels, thus there is no acceptable labeling. Figure 2.1(a)
shows a labeling of the closest two points in the set with | = D®S). It is easy to see that |
is optimal. Similarly, Figure 2.1(b) shows a labeling of two points where 1 = D@S)". It
is clear that there is no labeling for the two points that could cause an intersection of sub-
squares. Since these two points are the closest two points in the set, there can be no pair
of points that have intersecting sub-squares. Thus, I = D&S)H must have a valid labeling

and is the lower bound for /opt. m

(@ / =D0S) () 1 =DO(S)*
Figure 2.1 Example of the two points, p, and ph where d*(/>,,p() = DAYS).
Linear Number of Intersections
Lemma 2.2 For a set S there are only 24n point pairs that could intersect each other.

Proof. Using Lemma 2.1 it is easy to show that for a point, phthere are only a constant
number of points whose sub-squares could intersect those of p,, From Lemma 2.1we

know that two points, /2, and pj, where d,,(/?,, pj) >2*1 cannot have intersecting sub-



n

squares (refer to Figure 2.1(b) for an example). Also, remember that /oft * D@S).
Therefore, if (<{’mpj) >2* DAS), the pair {pi,pj) cannot have intersecting sub-squares.
This implies that if we draw a square, Q, centered atp, with edge length 4 * DAS), then
no point outside of Q could have an intersecting sub-square with /2. Since all points must
be at least DAS) apart, we can pack at most twenty-four points within Q (Figure 2.2). If
each point/?, can intersect with at most 24 other points, then there are at most 24« pairs
that can have intersecting sub-squares. In Chapter 4 we present an algorithm for

computing the 24« pairs of concern in 0(« log «) time. m

4 * D=(S)

Figure 2.2 The maximum number of points within 2 * D@S) of/?, is twenty-four. Each
pair of points in the figure is minimum D@S) apart.

Determining If An Acceptable Labeling Exists

Our next goal, is to show that given a set o f« points and an edge length, we can
determine in 0(«) time if an acceptable labeling exists. Our strategy is to show that an
acceptable labeling exists if and only if the intersection graph has no connected
component that contains more than one cycle. We check for multiple cycles by creating a
transformation graph with edges representing intersecting sub-squares and then use

standard graph algorithms to check the transformation graph for multiple cycles.



Transformation

Given a set S of n points and a real value | we define the transformation graph G{S, I)
as follows. For each point in S, create a corresponding vertex in G. We then look at the
sub-squares of edge length I for each point in S. Add an edge between two points in G
whenever the corresponding points in S have a pair of intersecting sub-squares. 1fa pair
in S has two intersecting sub-squares, add two edges between the corresponding vertices
in G (Figure 2.3). Ifa point in S has more than two intersecting sub-squares, then stop,

the set S has no acceptable labeling with edge length I.

Original Set Transformation Graph

Figure 2.3 Example of a transformation graph.

To be a disconnected component of G implies that the corresponding points of S are
not close enough to have any intersecting sub-squares, and thus can exert no pressure on
each other. It is easy to see that the labeling of disconnected components have no

influence on each other. We can therefore label each connected component separately.

Acceptable Force
A point can accept force in at most one of its sub-squares. A point may, however,
have pressure in several sub-squares. 1fpt only receives force in a single sub-square, thus

destroying one of/V's four sub-squares, it can still be labeled utilizing its three remaining
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sub-squares. Ifthe point Pireceives force (not simply pressure) in two of its sub-squares,
either from a single point or two separate points, it can no longer be labeled. It should be
noted that no two points may exert force on the same sub-square of# without either at
least one of them also exerting force in a second sub-square ofp, (Figure 2.4(a)) or the
two points having an illegal intersection of labels (Figure 2.4(b)). In either case no valid
labeling exists. Therefore, p, can be labeled if and only if it receives force from at most

one point.

Pi

Pi Pk

Figure 2.4 A point may receive force in at most one sub-square.

Lemma 2.3 Any set ofpoints S can be labeled with square triples ofedge length I, ifand
only ifno connected component o fthe transformation graph G has more than one cycle.

Proof. We divide this proof into two parts. Part A will show that the set S’can be labeled
if its transformation graph G has no connected component with more than a single cycle.
Part B will show that there is no labeling for S if G has a connected component with two
or more cycles.

Part A: Any set S whose transformation graph G has no connected component with
more than a single cycle can be labeled. Figure 2.5 shows a correctly labeled set of

points with one cycle.
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Pi
Pu

Figure 2.5 A component with at most one cycle has a valid labeling

In graph G, an edge represents pressure between two points in S. This implies that
force may be exerted in either direction between the two points. It is easy to see that a
connected component with no cycles can be easily labeled with the following procedure.
Start at any leaf node, /2, in the connected component. Exert force down every edge ofp,,
and move to the points receiving force. At each of these new points you also exert force
outward down every edge, except the edge you arrived on. Since there are no cycles, we
will never visit a point twice, and thus never exert force on a point twice. Any connected
component with exactly one cycle can be labeled with the following procedure. Choose a
point in the cycle, namely/>,. Exert force from p, to the next point in the cycle, p,+i. At
each new point continue to exert force following the cycle. When we arrive at the last
point in the cycle,/7m we exert force from this point to our starting point, /7, Each point
in the cycle has now received pressure from exactly one point. [If there are any other
chains connected to the cycle, we simply exert pressure away from the cycle and follow

the chains to their dead ends (leaf nodes).
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Part B: We now show that there is no acceptable labeling for S if the transformation
graph G contains a connected component with more than a single cycle. Figure 2.6

shows a set of points with two cycles and no acceptable labeling.

Figure 2.6 A component with multiple cycles has no valid labeling.

It is obvious that due to the nature of a cycle, it must be labeled as described in Part
A. Each point in the cycle must accept and exert force on another point in the cycle to
obtain a loop. Ifthere are multiple cycles they will each be labeled in this manner. Ifthe
two cycles meet at a single point, there will be a violation at this point, as it will be
accepting force from two separate points (one from each cycle). If the two cycles are
connected with a chain, this will also create a violation. Since every point in the cycle
has already received force, we must start at one cycle and exert force away from the
cycle. As we continue exerting force down the chain, we will eventually reach the last
point in the chain before the second cycle. The point we reach will be receiving force

from both the chain and the second cycle and thus not have an acceptable labeling.
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Time Complexity

Determining if a given set and edge length has an aéceptable labeling appears to take
o’ ) tlme This is due to the fact that to create the transformatlon graph we must check
every pair of pomts to see if there is a sub-square intersection. Remember, however, that
we only need to check the at most 247 pairs that we found to fall within 2 * D,(S) of each
other. Therefore, the transformation graph can easily Be created in O(n) time. Checking
for multiple cycles in O(x) time is trivial using standard graph algerithms such as |

Breadth-First-Search or Depth-First-Search [BP97].

'éandidates for the Optimal Edge Length

We have shown that a given edge iength can be vén;ﬁed in linear tifne. At fhis point |
one would be tempted to create an ‘approximaﬁon al‘goritkﬁn. We could perform a bina:ry.
search on the real values between our ﬁpper and lower bourds for the optimal edge length
to determine an appfoximate. answer within any € value. We can, however, improve this..
If we can show that there are only a finite numbér of possibiliﬁes for the optimal edge
length then we can run a binary séarch on' the sorted list of optinial edge length
candldates The following lemma assures us that there are a linear number of candldates

for the optimal edge length.

Lemma 2.4 The size of the optimal solution for the MLUST problem uné’er the discrete
model must be DofS), dmin(ps, p3), 0¥ duofpi, D)2

The optimal solution, /opr, implies that if the length were any larger, two sub-squares

Would intersect at an interior point and cause a valid labeling to'no longer exist. If any /
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> Jopt Will cause an intersection of sub-squares at an interior point, then Zpt must
currently be causing two sub-squares to intersect at their boundaries. There are only
three possible edge length values for a given pair of points that can cause sub-squares to
intersect at their boundaries. The three possibilities are |1 = cL(/?,,pj), | = A pi,pj), and |
= AJphP)!!. Figure 2.7 illustrates each of these three possible values. It is also clear
that since /opt ™ DAIS) that if /opt = AJpi, pj), then by the definition of D®S)1it must be
true that AJpi,pj) = D@S). Without taking advantage of earlier properties, this seems to
have left us with 2«2+ | possible values for the optimal edge length. Remember, that
there are only at most 24« pairs of concern. These are the point pairs within 2 * D@S) of
each other. This leaves us with at most 48« + | possible values for the optimal edge

length. All candidates for /Opt can be trivially found in linear time.

I - doo(p-, Fj) I - d00Qoi, pj)/2

| - dmmcCpj, P))

Figure 2.7 Each pair of points contributes at most three candidates for /opt

Theorem 2.1 For any set ofpoints S, finding the largest possible edge lengthfor the
MLUSTproblem under the discrete model can be done in 0(n log n) time.
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Proof. Our proof has now been r‘e‘ducect to a series of steps. first, we find Dy(S). This,
along With .(')ur next step, can-be ccmpleted in O(n log n) time using a thodified version of ‘
the divide-and-conquer algorithtn for the CLOSEST PAIR problem [PS85]. We detail .
the algon'thm in Chapter 4. Next, find all point pairs h(at most 24x) where deo(p;, py) <2 *
D.(S). Once we have obtainéd a list of points of ¢concern we use the list to determine aﬂ
candidates-for Jopr. We sort the Jopr candidates, And ﬁnally, we run a binary search on
the Jopr candldates (checking each candidate to determme if the given length is
acceptable) to find the largest acceptable value. Our binary search, O(log ) in
conjunction with checkmg if the edge length is valid takes O(n log #) time. - This and the
sorting step are our slowest step which presents us with an optimal O(x log #) time

algorithm for solving MLLUST under the discrete model.
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CHAPTER 3
MLUST UNDER THE SLIDING MODEL

“In this section we present an O(#° log n) time algorithm for the MLUST problem
under the sliding model. For the sliding model each square label is'placed so that the
point feature it labels is located on its boundary. This is in contrast to the discrete model
where each square label must be placed Iso that' its corresponding point ii_es at one of its
four corners. The nature of the sliding model, however, does require that at least two of
. the square labels be placed with their 'co’rrespondir_lg point at their corners. We call these
two square-labels base labels, and\ the third square-label will be the sliding label. It
shouid be noted that although the sliding label need only be placed with the point on its
boundary, it could be placed with the point at a corner.

We follow the same general algorithm as for the discrete model. We begin by
showing that for any set and a fixed edge length, we can decide in polynomial time if an
acceptable labeling exists. Next, we show that for any set there are a polynomial number
qf possible candidates for the maximum edge lehgth. And finally, running a binary

search on the sorted list of candidate yields the optimal solution in polynomial time.

Determining if an Acceptable Labeling Exists

Unfortunately, for the sliding model we cannot, simply have a lemma similar to
Lemma 2.1. Unlike the discrete model, there may be a labeling for a series of

consecutive points which will break a cycle or chain. We must derive a procedure to
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handle this more complicated situation. In the following section we give an example ofa

series of points that break a cycle.

Cycle Breaker

Assume we have three continuous points in a cycle. In the discrete model force
would perpetuate through the cycle from piAto p, and then from p, to/?,+,. In the sliding
model, however, it is possible for  to be labeled in such a way so as to accept force from
Pi-\ without exerting any force top,+\ (Figure 3.1). This implies thatp, could accept force
from both pi.\ and p,A and still have a valid labeling. If such a series of points exist, we
call it apressure-releasing series. It should be noted that a pressure-releasing series
could be any number of consecutive points. It is clear that this is a different situation
from the discrete model where we showed that a point could accept force from no more

than one other point.

Figure 3.1 A pressure-releasing series

Minimum Labeling
Before we proceed with our labeling procedure, we pause for a definition. A
minimum labeling is a labeling for a point that minimizes the amount of force it exerts to

one of its neighbors, that is, the labeling for a point so that the area of intersection
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between its labels and the sub-squares for one of its neighbors is minimized. Assume we
have three consecutive points of intersection, p,, pp andpk. 1f# accepts force fromp,
there is a single labeling for p} that minimizes the amount of force it exerts onpk. We
refer to this as the minimum labeling ofp} with respect topk. To create the minimum
labeling we first choose the base labels to be the two sub-squares o f# that are not
intersected by either# orpk Next we choose the sliding label of# so that it intersects
the force-generating label of# at its boundary. Figure 3.2(a) demonstrates a labeling of
Pj that is accepting force from# and exerting minimum force to pk It should be noted
that if# and pkare intersecting diagonal sub-squares of# (Figure 3.2(b)) then there is no
real minimum labeling for# with respect topk This is because for# to accept the force
from Pithen# must label the diagonal sub-square from# as one of its base labels. Thus

any labeling that accepts force from# will exert the same amount of force to pk.

Figure 3.2 Minimum pressure

Starting Position
A starting node is a node that has a pre-determined list of labeling configurations,

such that if the set has a valid labeling then the starting node can be labeled in at least one
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of these pre-determined labeling configurations while still maintaining a valid labeling

for the set.

Lemma 3.1 IfasetS has a valid labeling, then there must exist a starting node, p, such
that there is a valid labelingfor S withp labeled in @ manner that minimizes the pressure
it has with respect to one ofits unlabeled neighbors.

The minimum force explained earlier shows that for a point receiving force we only
need to be concern with O(l) possible labeling configurations. With our initial point,
however, this is not true. Our initial point is not receiving force from any other point and
does not have prior knowledge about the force that will be generated to it. It is clear from
Figure 3.3 that the pointPi has only one possible labeling that will allow the set to have a
valid labeling. Ifwe were to start at point/> we would not be able to determine this
labeling. It is not exerting minimum force to any of its unlabeled neighbors. How then
can we start at/?,, since it has an infinite number of possible labeling configurations? The
answer is we cannot. Note, however that at each end of this pressure-releasing series
there are points that are labeled in minimum force manner. That is they are labeled in a
manner as to generate minimum force to one of their unlabeled neighbors. 1fwe could

find one such point then we could choose that point as our starting position.

Figure 3.3 A point,/?,, that cannot be a starting point.
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In searching for a startiﬁg position 'We cannot simply choose the end point of a
pressure-reléasing series, as it might be a Ihember of another series of pressure—rele.asing
pqints. Wé note, howevef, that a pressure releasing series will alWaj;s lie in a vertical or
horizontal manner. At each end of a horizontal series of pbints we Ihay run into a vertic’a‘l.
seri¢s, and at each end qf the vertical series we may likewise run into a hbrizontal series.
It is obvious that with a finite set of points we ‘musti have either aﬁ_eﬁd, point or a corner.
At either an end‘point or a corner will be an acceptable starting node. Thus, although we
cannot find a starting node by testing a constant number of nodes, we know that if a valid
labeling exists then the set must contain af least one acceptable starting node. We
therefore rely on thlS fact and try eéch point as a starting node. We end when we have

found a valid labeling for the set or have exhausted all poihts as starting nodes.

Labeling Procedure

We now di'scu,ss the actual procedure used to determine if an acceptable labeling
p)déts for a giveﬁ set and edgé length.. The limited branching prdcedure f;)llows the same
genéral forrﬁat that was used by A. Shamir et al. in [EIS76] tc; solve problems resembling
the 2-SAT problem.

We begiﬁ by selecting a point, p;, as our initial positioﬁ and marking the node as the
decision node. Next, we choose’ a minimum lébeling for p; with respect to one of its
neighbors. We then fraverse the graph following the minimym force that must be
gefierated from our current labeling. At each point with a single minimum Iabelihg, we
label the I')'oint, mark the poi_nt as temporary, and continue to follow ary force. If we

reach a point p; that has multiple minimum-labeling conﬁgurations then we exert
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minimum force to each of its neiéhb‘o?s. That is we choose each neighbor, p;, and we
determine the minimum labéling of p; with respect to py, whﬂe still m’thsi:anding the
inconﬁng force. We then exert fhjs determined force to prand continue. If we reach g
point that has no acceptable labeling,; then our last decision (thellabeling configuration
made at p;) is unacceptable. We backtrack to p; and rémove all temporaty nodes. We ,‘
then choosé a different minimum lébeling for p; and repeat the process. If, after chéosing
some minimum labeling for p; and following all force, we reach a state such that no poiﬂt |
has be,én' labeled in an unacceptablé manner, then we proceed to the next decision nodé.
That is we mark p; and all temporary nodes as permanent, move forward to p;, and mark it
as our new decision node. If after continuing with the procedure we find oméelves ata
state in which ali podes ilave been labeled in an acceptable manner, then stop, an
acceptable labeling exists. If after tfying all mirﬁmurﬂvlabeling conﬁg&aﬁons for a
decision node without success, then no acéeﬁtable labeiing exists for the chosen starting
point. We then choose a different Startiﬁg node an_d repeat the entire .];)rocess. If after
trying each node as our starting node, ho acceptable labeling is found, then no acceptable

labeling exists for the giyén set'and edge length.

Corréctness of Our Labeling Procedure

It is not directly apparent that our algorithm always finds avalid labeling’
configuration, if one exists, We now attempt to explain the correctness of the previous
procedure. To be confident in our ailgﬁrithm we must show that if a set has a valid

iabeling then at any decision node a valid choice exists. It is obvious that if at each
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decision node we have a valid choice, we will eventually end when every decision node
has been decided and the entire set has been labeled correctly.

At each decision node (excluding the starting point) we have a binary decision,
that is, there are only two possible minimum-labeling configurations. In Figure 3.4, point
Pj is our decision node. It is accepting force from the previously labeled p, and will either
be labeled with a minimum labeling with respect to pk (Figure 3.4(a)) or with respect to pi

(Figure 3.4(b)).

Figure 3.4 Each decision node is binary.

Whenever minimum force is exerted in one direction, maximum force is generated in
the opposing direction. We can therefore just as easily view the choice as in which
direction we exert maximum force.

It is also important to understand that each decision must be made regardless of the
incoming pressure, that is, in Figure 3.4 maximum force will be exerted to pkor pi
independent of the incoming force from /?,. Although the incoming force does not affect
the maximum force that will be generated, it is this incoming force from that will

determine the extent of the minimum force to be exerted in the alternate direction.
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Hence, if there was no incoming force from p; due to earlier decisions then we would still
need to send max;'mum force in one direction, but wé would exert no force in the other |
direction. Because of the inco;ming force from p; we must exert some minimum force in
thé alternate direction that we send maximum force.

As,s'umé set S has é valid labeling and we are ét decision node p;. | Assume also that
we choose to'exer't maximum force in dirgction 4 and, after following the subsequent
forée, we artive at a point, D, that has already been added to our permanent list due to an
eatlier decision. It is impossible at this point for force to be exerted to p; that will cause
an invalid labéling. This is beansé if a path from p; to p; exists sﬁch that force generated’
from p; will cause an invalid labeling of p;, then when p; was originally labeled it would

| have generate férce to p; and p; could not be our cﬁ;rent decision node. This implies that
if a choice is invalid it can only be invalid du'e to points that have not already been
labeled. Theréfore previous decisions have no effect on whether our currerit decision

_node has _atval'id choi‘cel If the set S has an a_éc‘eﬁtable lchling then our current decision

node must have a valid choice.

Time Complexity

The procedure has a time complexity of O(°). The important step in créati.ng a
polynomial time algorithm is that after each decision we enfer it into our permanent list
where it will never be changed. It is obvious that for a given starting point each node
may only be a decision node once." It is also true that with each subsequent decision the

minimum force to check for validity will take at most O(n) time. Bachnode has O(1)
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decisions (actually only two) and thus the algorithm will run in 0(n2) time for a given

starting position and 0(n3) time to try each node as the starting position.

Lemma 3.2 Given a set S and edge length /, it can be determined in Ofn3log n) time ifan
acceptable labeling exists.

Candidates for the Optimal Edge Length

We now show that the number of possible candidates is 0(«3. As with the discrete
model one possibility for /opt is DA(S). It also remains true that for each pair of points

dnun(p/, pj) is a candidate for /opt (For an explanation of why these distances are

possibilities for /., «, refer to Chapter 2). Unlike the discrete model, however, we have
several additional possibilities. Due to the ability of the sliding label, there can be any

number of consecutive points whose sliding labels intersect at their boundaries. These
consecutive points will have two end points,/?/ and pj, which are dUPhpj) apart (Figure
3.5). We can no longer be satisfied to check only the points within 2 * D@S) of each
other. We must now check every pair of points, which is 0(n2). And for each pair of
points we must check d fp,,pj)Ik, where | <k<n. The result is O(n) possible candidates
for /opt and a time complexity of 0(»3).

Pi+1

Pi+k A

Figure 3.5 A series of consecutive labels intersecting at their boundaries.
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Lemma 3.3 The size of the optimal edge lehgth Jor the MLUST problem under-the sliding .
model must be DufS), Anin(Pis By, OF duofp)y Pk, where 1<k <n.

We now have all the pieces necessary to present our theorem for the MLUST

problem under the sliding model.

Theorem 3.1 For any set of. ﬁoints S, finding the l,c;i'gest possible edge length fof the
MLUST problem under the sliding model can be done in O(n’ log n) time.

Once again our proof has been reduced to several sinéxple steps. F irsf, we find De(S),
which can easily Be done in O(n log n) time as descriEed in Chapter 3. Next, we ﬁ_nd the
distances dmin(p;, p;) and dw(p,-, D)k, for | <k <n. These are the candidates for the_
~optimal edge lengfh and can be.found in O(’) time. We then sort thel caﬁdidates for ZOPT;
which will be our slowest step and take O’ log n) time. And ﬂﬁally, Wwe run a Binary |

search on the candidates for /opr, finding the true value of /opr.
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CHAPTER 4
IMPLEMENTATION

A practical solution in terms of implementation is not always easy to obtain directly
. from a theoretical solution. For th¢ MLUST problem we are fortunate to find our

solution can be implemented with minimal changes.

Upper Bound

In an'implementaﬁon of the MLUST problem it is quite natural that we will be
concerned with borders. Certainlly:in. labeling a map we do not want any labels to be
placed in such a mahnci that a portion of the. label is outside of the viewipg range. To
avoid a label] being placed in this manner we must calcylate the ;shortest distance between
a point and an edge. We will ‘ldenote this distance as NE (nearest edge). It is obvious that
for an acceptable labeling to éxist, the edge length of our square labels cannot exceed NE.
Theref(_)re, our uf)per boun'd for Iopt ﬁil be min(NE, D«(S)). The following example
shows an implementation of the MLUST problem calculating the' range for lopr.

F igﬁre 4.1 shows the reéult of calculating Do(S). The two points;\that are closest to
each other have each been given a small halo. Their sub-squares have also been display
so that one can visually see why this is an upper bound for Jopr. This distance of 43 units

is an upper bound for the set of points.
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MLUST Ciuncher HIblE3
£fe Piopeities Tools Help RANGE -a43)
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The iange of possible values to the optimal edge length is bounded above by the distance (43 units) between the closest par of
points (blue halos). You can see that if the edge length weie any laigei it would be impossible to label Ihiee sub-squaies to each of
these two points without an inteisection. The menu bat shows the iange foi the optimal edge length.

Figure 4.1 Closest pair of points.

Figure 4.2 shows the result of calculating NE. The point that is closest to an edge
has been given a large halo and is displaying its sub-squares for the edge length NE. It is
obvious that if the sub-squares were any larger, it would be impossible to label three of
its sub-squares without having at least one label outside of the viewing area. Since this
distance of 33 units is smaller than D@S) (43 units) the new upper bound for this set of

points is updated to 33 units.
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Also note that the optimal edge length must not be greatei than the distance from any point to an edge. So if the nearest edge (33 s
units) is smaller than out current maximum distance (43 units), then we must change the maximum bound to this distance. If this causes Next
out maximum bound to be smaller than out minimum bound, then out minimum bound becomes equal to our maximum bound. — |

Figure 4.2 The point nearest an edge.
It should also be noted that if NE is smaller than D&S)/! (lower bound) then we

must update the lower bound to be NE. This would imply NE = /opt.

Finding DyES) and Pairs of Concern

Remember that from our earlier discussion of the MLUST problem, under the
discrete model, we are only concerned with point pairs within the upper bound for /orr of
each other. The algorithm described in this section is used to find all values that are
within a certain range, R, of each other under the Loo-metric. Whenever we talk about

distances in this section we are referring to the distance under the Loo-metric. The
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algdrithm has a time complexity of optimal O(n log »). It is a modified version of the

divide-and-conquer algorithx_n é‘xplained in [PS85] for ﬁhdjng the CLOSEST PAIR in 4

2D set. It assumes pre-processing includes generating alist of the points sorted

according to their x-coordinate. The algorithm is as follows:

1.

Divide the set S into two equal size sets, S1.and S,, according to the vertical
median line, M.

Find all point pairs_ within R of each bther in S1 and S, recursively.

Let Pl be thé set of points in S that are within R of the dividing line M Let
P, be the corresponding subset of S, (Figure 4.3). Projc;,ct‘l?l and P, onto M
and sc;rf them accordiﬁg to their y-coordinates to obtain the sorted lists Py*
and P,* respectively. |

Séarcﬁ for any pair with one of the poihts in P; and the other point in P, that
are within R of each other. We find these pairs with the follovyiﬂg technique.
Scan each point in P1*. At each point, pi,‘inPl* calculate the distance from p;
to any point, p;, in P,* that is wrchm R of p; in the y-dil‘rection. If i, p) < R

the pair is included.
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R.,R
#

#

#

Pi P2
M

Figure 4.3 Points within R of the dividing line.

Note: As we scan each point in P i*, the pointer for P2* may move up and down, but
will never need to go beyond R in either direction. There can be at most 15 points in P2*
within R of any point in Pi* (Figure 4.4). The algorithm is easily accomplished in 0(n

log n) time.

Figure 4.4 The maximum number of points within R ofpt.

The algorithm described is also used for computing D@S). The only modification is

that R becomes a variable that holds the distance between the current closest pair.
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Finding the Optimal or Approximate Solution

In our algotithm we ﬁnd all possiblé Values'for lopr and store them. ‘For the discrete
model ‘this is easily done ih O(r) time with O(z) storage. Under the sliding model,
however, it tékeé O(n3) time and O(%°) storage. For both models the slowest step for our
algorithm is sorting this list of candidates. .In many -céses it Iﬂay be‘ fo our advantage to
appr(')ximate the solution and avoid creating and sorting this list. We can easily
approximate the danswer With a bipary search using the ﬁpper and lower bounds for the
optimal edge length as our initial upper and lower.valyes. Looping through our binary
search £ times yieldé us a solution that is &/(k+1) of the optirﬁal solution. In other words,
it will guarantee a solution within £ of the optimal solution where £ = log, Da(S)e) - 1.

- It is also important to note that in most graphic‘al visualizations, we will be dealing
with pixels. In this case, there is no advantage in finding the candidates for the optimal
edge length. In a graphical display thét uses pixels, all distances musf be an integer
value. Thgrefore, there are a finite number of possibilities for the .optimal edge length,
and thus the c;ptimal edge length must be an integer value betweén the upper and lower
bounds. In Figure 4.5 we have Suqcessfully labeled the set of points with a distance of 36 '
units. The upper bound for the set is 48 units and the lower bound for the set is 24 units.
Our graphical display limits us to using integer distanceg and we can simply run a binary
search on ail integers between the upper @nd lower bounds to obtain the optimal edge

length.
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MI.IJST Cruncher

Fite properties loots RANGE «(24,48)

W e follow the pressure genaate by port | and label point 0.

Figure 4.5 An acceptable labeling for a pixel based display.

03B
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CHAPTER 5
CONCLUDING REMARKS

There 1s still much to be done in the area of point feature labeling and rﬁore
specifically in th;, are;a of multi-label point feature labéling; Can the gap between the
O’ log n) upper boﬁnd and the Q(» log #) lower bouﬁd for the sliding model be
reduced? What improvements pould Be made to lower the time complexity for t'he~

algorithm presented for the sliding model in this thesis?
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