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ABSTRACT

Cooperative microbial communities and their impact are ubiquitous in nature.
The complexities of the cross-feeding interactions within such communities invite the
application of mathematical models as a tool which can be used to investigate key
influences in the emergence of cooperative behavior and increased productivity of the
community. In this work, we develop and investigate a differential equation model of
competition within a chemostat between four microbial strains utilizing a substrate
to produce two necessary metabolites. The population of our chemostat includes a
wild type strain that generalizes in producing both metabolites, two cross-feeding
cooperator strains that each specialize in producing one of the two metabolites, and
a cheater strain that produces neither metabolite.

Using numerical methods we consider three key characteristics of the microor-
ganisms and investigate the impact on the emergence of mutual cross-feeding in the
community. First, we investigate the impact that substrate input concentration and
the rate and type (active vs. passive) of metabolite transport between cells has on
the emergence of cooperation and multi-stabilities resulting from the competition.
Second, we investigate the role that resource allocation within metabolic pathways
plays in the results of the competition between cells with different metabolite
production strategies. Introducing metabolite production cost into the model leads
to new outcomes of the competition, including stable coexistence between different
strains. Lastly, we examine the effect that an initial population of a non-cooperative
cheater strain has on the outcome of competition. Our results show that the
emergence of a cross-feeding consortia relies on the availability and efficient use of
resources, ease of transport of metabolites between cells, and limited existence of
cheaters.
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CHAPTER ONE

INTRODUCTION

Cooperation between different species and phenotypes is observed frequently in

natural systems. Examples of cooperative behavior on a larger scale include insects

helping to pollinate plants [18,27] and human social and economic behavior [7,10,58].

Within microbial communities cooperation often takes the form of specialization in

the production of essential resources and subsequent resource exchange in the form

of cross-feeding [39, 40, 52]. Cooperating populations are able to more fully utilize

available resources and thus may outcompete an homogenous population [14]. This

seemingly contradicts classic resource-ratio theory [55] that an environment with a

single limiting resource can support only a single population. Metabolic dependencies

within diverse microbial communities encourage the coexistence of different species

found within cooperative microbial groups [59].

Cross-feeding relationships between microbes can take various forms. One

particular form is that of the producer-scavenger relationship in which one microbe

consumes a metabolic byproduct of another microbe (Fig 1.1). An example of this can

be seen with E. coli when one phenotype consumes glucose and produces an organic

acid, such as lactic or acetic acid, and another phenotype consumes this organic

acid as a scavenger [3, 28, 46, 56]. In this particular example, the shared benefits are

mutual in that the producer provides resource for the scavenger and the scavenger

helps mitigate the inhibitory pH effects of the excreted organic acid. In the case

where the scavenger takes the form of a cheater, or individual that obtains resource

without providing a benefit or resource in return, the benefits of cross-feeding are
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asymmetric.

Figure 1.1: Producer-scavenger cross-feeding. Primary producer strain cross-
feeds metabolic intermediary by-product to a secondary scavenger strain.

Figure 1.2: Mutual cross-feeding. Two producing strains exchange metabolic
products.

The particular form of cross-feeding that we will focus on in this work is that

of mutual cross-feeding- when individuals of a cross-feeding relationship produce a

resource that is shared in exchange for resources received from other members (Fig

1.2). For example, rhizobia bacteria provide nitrogen fixing for legume plants, and

the plant in turn provides organic acids as an energy source for the bacteria [19].

In light of the theory of evolution, every observed instance of cooperation is

an event that asks for explanation: how does this benefit each participant in the
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exchange? Given that cooperation was observed, is it more successful than other

arrangements? Why is this arrangement more successful and what are the conditions

that make cooperation successful?

Understanding the mechanisms that encourage cooperation in microbial com-

munities has broad implications. Bacteria communities are found to cause a variety

of chronic medical infections [13, 31], and the human microbiom has myriad health

effects [24, 57], many of which have yet to be discovered. Microbial consortia play

a role in water treatment plants [32], toxic site remediation [29, 30], and biofuel

production [38, 57]. Biological and chemical engineers desire to engineer microbial

communities in which biomass or byproduct production are optimized [5, 53].

Mathematical models play a critical role in broadening our knowledge of the functions

and structures present in microbial communities.

One of the starting points for this work has been theoretical work [26], which

studied the emergence of cooperative behavior in homogenous microbial populations

and how it may lead to multicellularity. Researchers observe that there are many

necessary cellular processes that are incompatible with each other, such as nitrogen

fixing and photosynthesis in filamentous cyanobacteria [9, 47]. As a consequence, a

cell has to temporarily separate these processes and performs only one of them at any

given time. If two of such cells aggregate at a time when they perform complementary

processes, and if the result of these processes can be shared, these two cells may form

a cooperative unit that outperforms the original population. Ispolatov et al. [26]

present a model that assumes that such propensity for co-localization is itself an

evolvable trait, and show that under certain conditions on the shape of a cost-benefit

function, the temporal segregation of mutually repressing processes indeed may lead

to emergence of cooperation and multicellularity.

A recent paper by Gudelj et al. [22] studies the interaction of producer-scavenger
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cross-feeding in microbial populations. They considered a mathematical model

with two competing strains in a chemostat with a single limiting substrate. The

metabolizing of the substrate is simplified to a two-reaction process corresponding

to glycolysis and the TCA cycle. The first reaction metabolizes the substrate into

an intercellular metabolic intermediate, which in the second reaction can be either

completely metabolized, or excreted out of the cell as an extracellular metabolite.

The extracellular intermediate metabolite can be imported by either microbe and

metabolized. Each of the two strains specializes in metabolizing either the substrate

or the extracellular intermediary. A bifurcation analysis of the system as a function

of the input concentration of the substrate shows existence of multi-stability, where

at high concentrations either strain can outcompete the other. In addition, there

is a steady state that corresponds to stable coexistence of both species. The key

observation in [22] is that microbial diversity can be supported by simple environments

contradicting the competitive exclusion principle [20,25].

Construction of synthetic cooperative interactions [37, 42, 43, 45, 61] similar to

those modeled in this work have shown that cross-feeding consortia can be stable

even when non-cooperative cells are present. Pande et al. [42, 43] engineered E. coli

to be auxotrophic for each of four amino acids and to overproduce all other amino

acids in order to simulate obligate cross-feeding communities. These cross-feeders

were grown in various pairings and as co-cultures with wild-type and non-cooperative

phenotypes. The theoretical results of our work closely resemble results of these

experimental studies.

Using a mathematical model of competition in a chemostat, we investigate

conditions that favor cooperation between four different microbial strains: wild type,

two mutually cross-feeding strains, and cheaters. We examine more closely conditions

that lead to stable polymorphisms, that is, a stable steady state with a coexistence of



5

different populations, such as those observed in Gudelj et al. [22]. In particular, we

ask how the results of the competition depend on the type and rate of transport being

used to move metabolites into and out of the cell, inflow concentration of substrate

into the chemostat, and production cost of metabolites.

We incorporate metabolite production cost into the model by deriving a function

that relates the cost of metabolite production to its production rate. Such a

function should be expressed in terms of empirically measurable parameters [26], take

into account investment into both substrates and enzymes that process them [54],

reflect the belief that the process of evolution produced an optimally functioning

cellular metabolism [50, 51], and contain an inefficiency penalty [26] that captures

the incompatibility of cellular processes. A function that reflects the optimality

assumption and contains an efficiency penalty has been proposed in [26], but it is

not expressed in terms of measurable parameters. In our approach, we model a

simple metabolic pathway that requires resource investment into both substrates

and enzymes [54] as a sequence of Michealis-Menten reactions. We optimize the

steady state production cost and find a function that describes this cost as a function

of production rate and is expressed in terms of empirically measurable parameters.

Our resulting cost function contains the desired inefficiency penalty as an emergent

property of the model. Incorporation of this production cost into the model reflects

the assumption that cells which incur low production costs have more resources

available for growth which results in a fitness advantage over their competitors.

Models of microbial communities often assume that transport of metabolites

is passive and thus proportional to a difference in concentrations. This may be

done as a simplification, even though many essential resources require the use of

a transmembrane protein. Therefore, our goal was to study the effect of both the

rate of transport as well as the type of transport on the outcome of the competition.
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We compare models utilizing either passive transport, which has been used in other

microbial models [22, 34], or active transport, and observe significant differences

in the results of the competition. The effect on the steady state composition of

the population by the presence and initial concentration of obligatory auxotrophs

(cheaters) is also examined.

We present our numerical analysis of the model in three parts. First we

investigate how the rate and type of transport affects the outcome of competition in

the chemostat between the four strains. In both models, we find that at low transport

rate the wild type monoculture dominates the chemostat. However, the advantage of

the wild type strain diminishes when the transport rate increases. These results are

not surprising; limited transport hinders cooperation.

When the transport rate is increased in the active transport model, the wild

type strain domination is not merely replaced by a state where the cooperative

consortium wins. Rather, the system exhibits bistability of two coexisting stable

steady states: in one only the wild type strain survives, in the other, only the

cooperative consortium survives. The outcome of the competition depends on initial

composition of the population. This interesting phenomena may have implications

on spatially distributed microbial populations such as biofilms. Since the initial

populations in small local niches can be considered random, one can expect to

observe coexistence of wild type and cooperative consortia as spatially segregated local

communities even though for the same parameters we would not observe coexistence

in a well mixed chemostat .

In the passive transport model, an increased transport rate also results in the

same bistability between a wild type dominated steady state and one with only the

cooperative consortium. However, a further increase in transport rate gives rise to

a third stable state, where no strain is able to survive. In this tri-stable regime the
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outcome (wild type, consortium, or collapse) depends on initial population. Even

further increase in transport rate leads to the loss of the wild type steady state

resulting in bistability between population collapse and the cooperative consortium.

In the second part of our results, we include the production cost of resources into

the model. Without the inclusion of this cost, there are no stable steady states where

the cheater strain survives in coexistence with either wild type or cooperative strains.

Yet, both in nature and in synthetic consortia [43] stable coexistence of populations

is observed. When production cost is not included in our model, the growth rate for

the cheater strain will be smaller than that of wild type, or either of the cooperator

strains. The reason for this is that resource producing strains will naturally have a

higher internal concentration of produced resource. However, producer strains must

commit resources to produce metabolites that cannot be used elsewhere. To include

this into the model we scale the growth rates of each strain by a function of the

production cost incurred by that strain. We have previously derived such a function

[48] from consideration of trade-off between investment into enzymes and substrates

along a biochemical pathway and use this function to extend our chemostat model by

scaling the growth rates of all producer strains. This scaling lowers the growth rate

of overproducers and gives an advantage to cheaters which do not incur this cost, and

to the wild type strain which does not overproduce metabolites [43].

With the inclusion of a cost function we see the emergence of stable polymor-

phisms and parameter regions with multi-stability for both passive transport and

active transport models. However, the differences between these two models are

accentuated by the inclusion of cost. The passive transport model with very high

transport rate leads to population collapse, while in the active transport model,

the wild type strain dominates. An additional observation seen only in the passive

transport model is the dependence of steady states on the relative amount of cellular
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resources that are invested in the production of exchanged resources. This observation

is important for discussion if cooperative consortia are more likely to share an

expensive product like amino acids, versus a less expensive resource like acetate

or lactate. Our results suggest the importance of a cost-benefit trade off in the

development of cooperative and diverse microbial communities.

In the final part of the numerical analysis we highlight the effect of cheaters and

the role that they play in determining which of the stable steady states are attained

from various initial conditions in bi-stable and tri-stable parameter regimes. We show

that in both passive and active transport models an increase in the initial cheater

population will weaken the cooperative consortium to the point where either wild

type population dominates or the populations collapses. The effect of the presence

of cheaters weakening cooperative behavior is also evident when we include the effect

of production cost in the model. Even when cheaters and cooperators stably coexist

at steady state, a high initial cheater population will weaken cooperation, leading to

pure wild type population or population collapse.

Further study into the impact that cheaters have on the dynamics of the system

could tie together results about the ability of spatial constraints to limit cheaters [42]

and the effect of population density on cheaters [11]. In our model, an increase

in the initial cheater population can weaken the cooperative behavior to the point

where either wild type population dominates or the populations collapse, similar to

simulations of two species populations [11]. Population collapse, caused by cells that

uncontrollably leak essential resources observed in the passive transport model, as

well as domination of non-producers has been observed in game theory models and

experimental data from synthetic communities [61].

In addition to numerically analyzing the various forms of the model, we compare

analytical results from a simplified version of the passive transport model without the
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inclusion of production cost to the numerical results obtained from the original model.

Qualitative behavior of the stable states is found to be similar, though coexistence

states and states with population collapse show some differences that highlight the

effects of simplifying assumptions.

Our investigations resulted in three important observations about the establish-

ment of a cooperative consortium as a result of competition.

1. First, we found that the outcome of the competition as described by stable

steady states, depends on the type and rate of transport. Surprisingly, the

more simple passive transport model leads to more diverse behavior than the

active transport model.

2. Second, the inclusion of metabolite production cost in the model gives rise to

more diversity in the possible outcomes of the competition. With the inclusion

of a cost function we see the emergence of a stable coexistence state of cheater

and cooperator strains and parameter regions with multi-stability for both

passive and active transport models. This agrees with theoretical results that

even in the absence of the cooperator’s ability to detect the presence of cheaters,

and cheaters not being punished, a stable coexistence between cooperators and

cheaters is possible [2, 21].

3. The third important observation is the role of cheaters in the outcome of the

competition. In each variant of the model we observe that the presence of

cheaters discourages cooperation and encourages either a mono-culture of the

wild type strain, or population collapse. The effect of cheaters is even more

noticeable when the metabolite production cost is included. This gives cheaters

a growth advantage and increases their influence on the system.
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Together these three observations from our model indicate that the ability of

individuals to exchange resources easily and without the impediment of non-

cooperating members plays a key role in the evolution of cooperative and diverse

communities.

A most natural extension of our model would include spatial heterogeneity

and evolvability of the strains. Bi-stability and multi-stability that we observe

in our well-mixed chemostat model should give rise to spatially heterogenous

communities. However, it is not clear what mixing conditions and critical size

would lead to surviving mini-colonies that correspond to pure wild type, or pure

cooperator consortium, or other coexistence steady states observed from our model.

Experimental studies have shown that features of cooperative microbial communities,

such as growth rate, can be enhanced via adaptive evolution [60]. While the four

strains modeled in our study were fixed, integrating mutational capabilities of the

strains to permit evolvability may give rise to different community compositions and

interesting key traits, such as growth rate or the rate at which the cell produces

metabolites, and would further enhance our understanding of microbial community

structure and evolutionary trajectories.
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CHAPTER TWO

METABOLITE PRODUCTION COST

In order to take metabolite production cost into account in our model we first

need to derive a function that represents these costs. We assume that cells evolve

their processes in order to optimize function and utilization of resources [5]. We

consider the metabolic pathway used to produce a given metabolite and derive a

cost function that optimizes the efficiency of this pathway. In particular, we examine

tradeoff between cell investment into substrates and enzymes and assume that the

cell can partition the use of essential resources into a combination of building enzymes

and investing into substrates.

The work presented in this chapter has been published in [48]. Our results for

pathway optimization are confirmed with model simulations and data from E. coli

in [16]. We model a metabolic pathway by a system of differential equations. Since

the metabolic process is needed to supply a cell with necessary resources and hence

occur over short time scales we assume that steady state has been reached. Therefore,

these equations will be analyzed at steady state. We first present the derivation of an

optimal cost function for a single-step pathway and then generalize to a multi-step

pathway.

2.1 Single-step Metabolic Pathway Cost Optimization

We begin with a single-step metabolic pathway that converts substrate S to

product P using enzyme E

S + E�C→E + P,
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simplified in notation to

S
E→ P.

The Michaelis-Menten equations for such a reaction are given by

Ṡ = S0 −
VmaxS

κ+ S

Ṗ =
YP/SVmaxS

κ+ S
− dP

where S0 is the influx of substrate S, dP is the decay rate of product P, YP/S is the

stoichiometric coefficient for the number of P molecules that can be produced from

an S molecule, and Vmax = kE is the maximal rate of consumption of S. Variables S,

P , and E represent concentrations of their respective molecules. At steady state we

will have

S0 =
VmaxS

κ+ S
YP/SVmaxS

κ+ S
= dP.

We define flux through the pathway at steady state as the following function of

E and S

A :=
YP/SkES

κ+ S
.

For ease of analysis we define

k̂ := YP/Sk,

giving the equation

A =
k̂ES

κ+ S
.

We examine tradeoff between cell investment into substrates and enzymes and



13

assume that the cell can partition the use of essential resources into a combination of

building enzymes and investing into substrates. We will refer to this essential resource

as carbon throughout but other essential resources such as nitrogen or sulfur could

also be considered. If enzyme E requires a carbon atoms and substrate S requires b

carbon atoms, then the total carbon investment for the enzymatic pathway is given

by

C := aE + bS.

There are two ways to optimize the production of product P. Note that all

parameters are assumed to be positive.

1. The cell can minimize investment into the pathway while maintaining a desired

production rate.

min
{E,S}

C(E, S) subject to the constraints
k̂ES

κ+ S
= A∗, S > 0

where A∗ is a fixed flux through the metabolic pathway.

2. The cell can maximize the flux through the pathway while maintaining a set

investment cost.

max
{E,S}

A(E, S) subject to the constraints aE + bS = C∗, S > 0

where C∗ is a fixed carbon investment.

We solve each of these constrained optimization problems using the method

of Lagrange multipliers and then discuss how they are related. We note that from

biological consideration it follows that all parameter values for these problems are

positive.
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2.1.1 Minimization of Investment Cost: Single-step Pathway

We first solve the optimization problem,

min
{E,S}
{C(E, S) = aE + bS} subject to the constraints

k̂ES

κ+ S
= A∗, S > 0.

Using a Lagrange multiplier λ, we have the vector equation,

(a, b) = λ

(
k̂S

κ+ S
,

k̂κE

(κ+ S)2

)
,

which gives us three equations,

a = λ
k̂S

κ+ S
, (2.1)

b = λ
k̂κE

(κ+ S)2
, (2.2)

A∗ =
k̂ES

κ+ S
, (2.3)

with three unknowns, E, S, λ. If we compare equations (2.1) and (2.3) we find,

λ =
a

A∗
E,

which expresses λ as a function of E. Substituting this into equation (2.2) finds,

b = (
a

A∗
E)

k̂κE

(κ+ S)2
.

When solved for E this gives,

E =

√
bA∗

ak̂κ
(κ+ S), and (2.4)
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E = −

√
bA∗

ak̂κ
(κ+ S). (2.5)

When we substitute (2.5) into equation (2.3), we find,

A∗ =
k̂S

κ+ S

[
−

√
bA∗

ak̂κ
(κ+ S)

]
,

which can be solved for the substrate concentration S,

S = −
√
A∗aκ

bk̂
.

Since this is a negative value for S it does not satisfy the constraint S > 0 and we

know that (2.5) is not a solution for E of the optimization problem.

When we substitute (2.4) into equation (2.3), we find,

A∗ =
k̂S

κ+ S

[√
bA∗

ak̂κ
(κ+ S)

]
,

which can be solved for the unique positive substrate concentration S that minimizes

cost for fixed flux A∗,

S =

√
A∗aκ

bk̂
.

Next, we substitute this into equation (2.4) for S to find the optimal enzyme

concentration to be

E =

√
bA∗

ak̂κ
(κ+

√
A∗aκ

bk̂
) =

√
A∗bκ

ak̂
+
A∗

k̂
.

We then apply the optimal concentrations of E and S to the cost function to find the

minimum cost needed for production rate A∗,
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C(A∗) = a(

√
A∗bκ

ak̂
+
A∗

k̂
) + b

√
A∗aκ

bk̂
=
a

k̂
A∗ + 2

√
κab

k̂
A∗.

2.1.2 Maximization of Flux: Single-step Pathway

We now solve the alternate optimization problem of maximizing flux for a fixed

cost:

max
{E,S}
{A(E, S) =

k̂ES

κ+ S
} subject to the constraints aE + bS = C∗, S > 0.

Using Lagrange multiplier λ we get

(
k̂S

κ+ S
,

κk̂E

(κ+ S)2

)
= λ(a, b)

which gives us three equations to solve for E, S, and λ.

k̂S

κ+ S
= λa, (2.6)

κk̂E

(κ+ S)2
= λb, (2.7)

Ea+ Sb = C∗. (2.8)

We begin by solving equation (2.6) for λ and substituting into equation (2.7) to find,

κk̂E

(κ+ S)2
=

bk̂S

a(κ+ S)
,

which we can solve for E giving,

E =
b

aκ
S(κ+ S). (2.9)
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When we substitute equation (2.9) into equation (2.8) we find an equation that is

quadratic in S,

b

κ
S(κ+ S) + Sb = C∗,

with unique positive root,

S = −κ+ κ

√
1 +

C∗

bκ
. (2.10)

Substituting (2.10) into equation (2.9) gives,

E =
1

a
(−bκ

√
1 +

C∗

bκ
+ bκ+ C∗). (2.11)

Using the concentrations of S and E shown in equations (2.10) and (2.11) that

maximize flux for fixed cost C∗, we find that the maximum flux value is then

A =
k̂

a

(
2bκ+ C∗ − 2bκ

√
1 +

C∗

bκ

)
.

2.1.2.1 Properties of Flux We now provide analysis of this function that shows

the following results:

R1. More efficient enzymes result in higher flux for a fixed carbon investment;

R2. When the reaction slows down, the production rate will decrease;

R3. When more investment into S or E is needed, the overall flux will be lower

for a fixed overall cost;

R4. Increasing investment into the pathway increases the optimal flux through

the pathway.

To see how the flux value is affected by changes in the parameters, we consider

the derivatives of A with respect to each parameter. First, we consider the derivative
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with respect to k̂ given by

∂A

∂k̂
=

1

a

(
2bκ+ C∗ − 2bκ

√
1 +

C∗

bκ

)
.

Since all parameters are positive it follows that

(2bκ)2 + 4C∗bκ < (2bκ+ C∗)2,

with both sides of the inequality being positive. We square root both sides and

rearrange terms to show that

0 < 2bκ+ C∗ −
√

(2bκ)2 + 4C∗bκ. (2.12)

This implies (
2bκ+ C∗ − 2bκ

√
1 +

C∗

bκ

)
> 0 (2.13)

and thus,

∂A

∂k̂
> 0.

Parameter k̂ is the catalytic rate of the Michaelis-Menten equations. Since ∂A

∂k̂
> 0,

the increase in the k̂ value, i.e. more efficient enzymes, results in higher flux for a

fixed carbon investment. This shows result R1.

Next, we consider the derivative of A with respect to κ,

∂A

∂κ
=
k̂

a

(
2b− 2b2κ+ C∗b√

b2κ2 + C∗bκ

)
.

Rearranging (2.12) gives

1 <
2bκ+ C∗√

(2bκ)2 + 4C∗bκ
,
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which can be multiplied on both sides by 2b to find,

2b <
2b2κ+ C∗b√
(bκ)2 + C∗bκ

.

This implies

∂A

∂κ
< 0.

We conclude that when the half saturation constant for the reaction, κ, is increased,

which represents a slower reaction, the production rate will decrease. This shows

result R2.

To discuss the effects that the required investment level into substrates and

enzymes has on flux, we find

∂A

∂a
= − k̂

a2

(
2bκ+ C∗ − 2bκ

√
1 +

C∗

bκ

)
,

∂A

∂b
=
k̂

a

(
2κ− 2bκ2 + C∗κ√

b2κ2 + C∗bκ

)
.

Similar arguments to those previously presented can be used to show

∂A

∂a
< 0,

∂A

∂b
< 0.

Thus, if either substrate or enzyme require a greater investment of resource, the

overall flux will be lower for a fixed overall cost. This shows result R3.

Lastly, we consider the derivative with respect to the fixed cost C∗,

∂A

∂C∗
=
k̂

a

(
1− bκ√

b2κ2 + C∗bκ

)
.
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Since we have that

bκ√
b2κ2 + C∗bκ

< 1,

we know

∂A

∂C∗
> 0.

Not surprisingly, this implies that when the cell increases investment into the pathway,

the optimal flux through the pathway will also increase. This shows result R4.

2.2 Multi-step Metabolic Pathway Cost Optimization

We now assume that our metabolic pathway has n steps with substrates S1, S2,...

Sn and enzymes E1, E2,... En. Increasing the number of steps in the pathway

inposes more constraints on the optimization of producing product P. Substrate Si

is converted to substrate Si+1 by enzymatic reaction using enzyme Ei, and Sn is

converted to product P.

S1
E1→ S2

E2→ · · · En−1→ Sn
En→ P

The Michaelis-Menten equations for these reactions are

Ṡ1 = S0 −
V1S1

κ1 + S1

Ṡ2 =
YS2/S1V1S1

κ1 + S1

− V2S2

κ2 + S2

...

Ṡn =
YSn/Sn−1Vn−1Sn−1
κn−1 + Sn−1

− VnSn
κn + Sn

Ṗ =
YP/SnVnSn
κn + Sn

− dP
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where Vi = kiEi and stoichiometric coefficient YSi+1/Si represents the number of Si+1

molecules that can be produced from an Si molecule. At steady state these equations

yield

S0 =
V1S1

κ1 + S1

YS2/S1V1S1

κ1 + S1

=
V2S2

κ2 + S2

YS3/S2V2S2

κ2 + S2

=
V3S3

κ3 + S3

...

YSn/Sn−1Vn−1Sn−1
κn−1 + Sn−1

=
VnSn
κn + Sn

YP/SnVnSn
κn + Sn

= dP.

We compile these equations to give us the relationship

dP =
YP/SnVnSn
κn + Sn

=
YP/SnYSn/Sn−1Vn−1Sn−1

κn−1 + Sn−1
= ... =

n−1∏
i=1

YSi+1/SiYP/SnS0,

or equivalently,

dP =
YP/SnknEnSn
κn + Sn

=
YP/SnYSn/Sn−1kn−1En−1Sn−1

κn−1 + Sn−1
= ... =

n−1∏
i=1

YSi+1/SiYP/SnS0.

Analogous to the single-step equations we have constant steady state flux

obtained from dP which we define as

A := dP.
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Thus, we can write flux A as a function of any pair (Si, Ei) for i ∈ {1, 2, ..., n},

A =
YP/SnYSn/Sn−1 · · ·YSi+1/SikiEiSi

κi + Si
.

For ease of analysis we define

k̂i := YP/SnYSn/Sn−1 · · ·YSi+1/Siki, i ∈ {1, 2, ..., n− 1},

and

k̂n := YP/Snkn,

which gives A as a function of any pair (Si, Ei) for i ∈ {1, 2, ..., n},

A =
k̂iEiSi
κi + Si

.

If enzyme Ei requires ai carbon atoms and substrate Si requires bi carbon atoms

then the total carbon investment for the metabolic pathway is given by

C :=
n∑
i=1

(Eiai + Sibi). (2.14)

Consider a set of n− 1 constraints,

k̂i−1Ei−1Si−1
κi−1 + Si−1

− k̂iEiSi
κi + Si

= 0 for i = 2, ..., n. (2.15)

With these common constraints we will consider two optimization problems, where

all parameters are assumed to be positive.

1. Minimize investment into the pathway while maintaining a desired production
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rate.

min
{Ei,Si,i=1,...,n}

C(Ei, Si) subject to n− 1 constraints in (2.15) and

k̂1E1S1

κ1 + S1

= A∗,

Si > 0 for i = 1, ..., n.

where A∗ is a fixed flux through the metabolic pathway.

2. Maximize the flux through the pathway while maintaining a set investment cost.

max
E1,S1

A(E1, S1) subject to n− 1 constraints in (2.15) and

n∑
i=1

Eiai + Sibi = C∗,

Si > 0 for i = 1, ..., n.

where C∗ is a fixed carbon investment. Here we choose to let A be a function

of S1 and E1.

2.2.1 Minimization of Investment Cost: Multi-step Pathway

We solve the first optimization, the minimization of cost for a fixed flux, using

Lagrange multipliers.

min
{Ei,Si,i=1,...,n}

C(Ei, Si) subject to constraints

k̂iEiSi
κi + Si

= A∗ for i = 1, ..., n,

Si > 0 for i = 1, ..., n.

Using Lagrange multipliers λi we obtain vector equation,
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(a1, b1, a2, b2, ...) = λ1

(
k̂1S1

κ1 + S1

,
k̂1κ1E1

(κ1 + S1)2
, 0, 0, ...

)

+ λ2

(
0, 0,

k̂2S2

κ2 + S2

,
k̂2κ2E2

(κ2 + S2)2
, 0, ...

)

+ · · ·+ λn

(
0, 0, ...,

k̂nSn
κn + Sn

,
k̂nκnEn

(κn + Sn)2

)
.

This can be written as a system of equations for i = 1, ..., n

ai = λi
k̂iSi
κi + Si

(2.16)

bi = λi
k̂iκiEi

(κi + Si)2
(2.17)

A∗ =
k̂iEiSi
κi + Si

. (2.18)

We solving these similarly to the above in section 2.1 for i = 1, ..., n.

If we compare equations (2.16) and (2.18) we find

λi =
ai
A∗
Ei,

which expresses λi as a function of Ei. Substituting this into equation (2.17) finds,

bi = (
ai
A∗
Ei)

k̂iκiEi
(κi + Si)2

. (2.19)

Equation (2.18) and the constraint Si > 0 implies that Ei must also be positive. We

solve (2.19) for the unique positive solution for Ei,

Ei =

√
biA∗

aik̂iκi
(κi + Si). (2.20)
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We substitute this into equation (2.18) to find,

A∗ =
k̂iSi
κi + Si

[√
biA∗

aik̂iκi
(κi + Si)

]
,

which can be solved for the substrate concentration Si that minimizes cost for fixed

flux A∗,

Si =

√
A∗aiκi

bik̂i
.

Next, we substitute this into equation (2.20) for Si to find the optimal enzyme

concentration to be

Ei =

√
biA∗

aik̂iκi
(κi +

√
A∗aiκi

bik̂i
) =

√
A∗biκi

aik̂i
+
A∗

k̂i
.

Thus, the minimum investment for fixed production rate, A∗, will be

C =
n∑
i=1

(Eiai + Sibi) =
n∑
i=1

(
ai

k̂i
A∗ + 2

√
κiaibi

k̂i
A∗

)
. (2.21)

2.2.1.1 Properties of Cost Function The optimal metabolite production cost

function in (2.21) as a function of production rate will be applied to a chemostat

model in chapters 3 and 5. Thus, understanding some properties of this function will

add to our understanding of its effects on our model. To determine how optimal cost

will change with respect to each parameter we find the derivatives of C with respect

to each parameter.

The analysis of this function shows the following results:

R5. More efficient enzymes result in lower investment cost for fixed flux;

R6. When the reaction slows down the investment cost will increase;

R7. When more investment into S or E is needed the total cost will be higher
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to achieve a fixed flux.

R8. Increasing flux through the pathway increases the investment cost.

We first look at the effect of the efficiency of enzymes on cost. The derivative of

cost with respect to k̂i for i ∈ {1, 2, ...n} is

∂C

∂k̂i
= −

(
ai

k̂2i
A∗ +

√
κiaibi

k̂3i
A∗

)
.

Given that all parameters are assumed to be positive, it is clear that

∂C

∂k̂i
< 0.

Thus, when enzyme Ei is more efficient, i.e. k̂i is increased, then the total cost of the

metabolic pathway optimized for fixed flux will decrease. This shows result R5.

In contrast, the derivative of cost with respect to saturation constant for the ith

reaction for i ∈ {1, 2, ...n} is given by

∂C

∂κi
=

√
A∗

aibi

k̂iκi
> 0.

When κi increases and the ith reaction is slowed, a higher investment of carbon will

be needed in order to achieve the desired production rate. This shows result R6.

The derivatives of cost with respect to required investment into each enzyme

and substrate are given by

∂C

∂ai
=

A∗

k̂i
+

√
A
κibi

aik̂i

∂C

∂bi
=

√
A∗
κiai

bik̂i
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Both of these derivatives are positive, which implies that when the cell has an increase

in the amount of resource it must necessarily invest into enzymes or substrates, it

will require a greater overall investment in order to achieve the same flux through the

pathway. This shows result R7.

Lastly, the derivative with respect to flux,

∂C

∂A∗
=

n∑
i=1

[
ai

k̂i
+

1√
A∗

√
κiaibi

k̂i

]
> 0,

not surprisingly, implies that when flux through the metabolic pathway is increased,

the investment cost necessary to maintain that flux also increases. This shows result

R8.

We also consider how the optimal enzyme and substrate concentrations will be

affected by a change in flux.

∂Ei
∂A∗

=
1

2

√
κibi

k̂iaiA∗
+

1

k̂i

∂Si
∂A∗

=
1

2

√
κiai

k̂ibiA∗

As we expected, both of these derivatives are positive indicating an increase in the

respective concentrations when the desired production rate is increased. Considering

∂Ei
∂A∗

∂Si
∂A∗

=

1
2

√
κibi
k̂iaiA∗

+ 1

k̂i

1
2

√
κiai
k̂ibiA∗

=
bi
ai

+ 2

√
A∗

bi

κik̂iai
,

if we assume that investment into enzymes is much higher than investment into

substrates, ai >> bi for i = 1, ..., n, then

∂Ei
∂A∗

∂Si
∂A∗

= ε+ 2
√
ε
√
A∗

√
1

κik̂i
.
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If this ratio is > 1, then a greater flux will require a greater enzyme concentration. If

this ratio is < 1, then a greater flux will require a greater substrate concentration.

We now consider the characteristics of the cost function given in (2.21) as a

function of flux. These results have been published in [48].

C =
n∑
i=1

(
ai

k̂i
A∗ + 2

√
κiaibi

k̂i
A∗

)
.

As mentioned previously

∂C

∂A∗
=

n∑
i=1

[
ai

k̂i
+

1√
A∗

√
κiaibi

k̂i

]
> 0.

The second derivative is given by

∂2C

∂A∗2
= −1

2

n∑
i=1

[
1√
A∗3

√
κiaibi

k̂i

]
< 0.

We observe that C(A∗) is an increasing, convex function of flux (Fig 2.1). As a

consequence, to achieve a two-fold increase in flux the cell will need less than a two-

fold increase in cost; in other words,

C(2A∗) < 2C(A∗).

Thus, if specialists are able to overproduce a product at a higher production rate and

share with other members of the community, the overall cost to the community will

be lower than if individual cells produce their own product and do not share.
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Figure 2.1: Metabolite production cost function. Production cost is plotted as
a function of flux.

2.2.2 Maximization of Flux: Multi-step Pathway

We now consider the second method a cell can use to optimize the utilization of

resource - maximizing flux for a fixed investment cost, C∗.

max
E1,S1

A(E1, S1) subject to n constraints

n∑
i=1

Eiai + Sibi = C∗,

k̂i−1Ei−1Si−1
κi−1 + Si−1

− k̂iEiSi
κi + Si

= 0 for i = 2, ..., n,

Si > 0 for i = 1, ..., n.
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Using Lagrange multipliers µi , i = 1, ..., n we get

(
k̂1S1

κ1 + S1

,
κ1k̂1E1

(κ1 + S1)2
, 0, 0, ...

)
= µ1(a1, b1, a2, b2, a3, ...)

+µ2

(
k̂1S1

κ1 + S1

,
κ1k̂1E1

(κ1 + S1)2
,− k̂2S2

κ2 + S2

,− κ2k̂2E2

(κ2 + S2)2
, 0, 0, ..

)

+µ3

(
0, 0,

k̂2S2

κ2 + S2

,
κ2k̂2E2

(κ2 + S2)2
,− k̂3S3

κ3 + S3

,− κ3k̂3E3

(κ3 + S3)2
, 0, 0, ..

)
+ · · ·

+µn−1

(
...,

k̂n−2Sn−2
κn−2 + Sn−2

,
κn−2k̂n−2En−2
(κn−2 + Sn−2)2

,− k̂n−1Sn−1
κn−1 + Sn−1

,− κn−1k̂n−1En−1
(κn−1 + Sn−1)2

, 0, 0

)

+ · · ·+ µn

(
0, ...,

k̂n−1Sn−1
κn−1 + Sn−1

,
κn−1k̂n−1En−1
(κn−1 + Sn−1)2

,− k̂nSn
κn + Sn

,− κnk̂nEn
(κn + Sn)2

)
.

which gives us the systems of equations to solve,

k̂1S1

κ1 + S1

= µ1a1 + µ2
k̂1S1

κ1 + S1

(2.22)

κ1k̂1E1

(κ1 + S1)2
= µ1b1 + µ1

κ1k̂1E1

(κ1 + S1)2
(2.23)

0 = µ1ai − µi
k̂iSi
κi + Si

+ µi+1
k̂iSi
κi + Si

(2.24)

0 = µ1bi − µi
κik̂iEi

(κi + Si)2
+ µi+1

κik̂iEi
(κi + Si)2

(2.25)

for i = 2, .., n− 1

0 = µ1an − µn
k̂nSn
κn + Sn

(2.26)

0 = µ1bn − µn
κnk̂nEn

(κn + Sn)2
(2.27)

n∑
i=1

Eiai + Sibi = C∗ (2.28)

k̂i−1Ei−1Si−1
κi−1 + Si−1

− k̂iEiSi
κi + Si

= 0 for i = 2, ..., n. (2.29)

Rather than explicitely solve the system of equations (2.22) - (2.29) we prove
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the following result.

Theorem 1. The constrained minimization problem solved in section 2.2.1 gives

optimal cost as a unique function of flux, C = f(A). The constrained maximization

problem in section 2.2.2 gives optimal flux as a function of cost, A = g(C). Functions

f and g are inverse functions, i.e. f(g(C)) = C and g(f(A)) = A.

Proof. We prove the theorem by first showing that the two optimization problems

result in the same system of 3n+ 1 equations with 3n+ 2 variables. Solving equation

(2.22) for a1 we find

a1 =
1− µ2

µ1

k̂1S1

κ1 + S1

.

Similarly, solving equation (2.24) for ai finds

ai =
µi − µi+1

µ1

k̂iSi
κi + Si

for i = 2, .., n− 1,

and solving equation (2.26) for an finds

an =
µn
µ1

k̂nSn
κn + Sn

.

We proceed similarly for bi equations. Comparing the system of equations (2.16)-

(2.18) with equations (2.22)-(2.29), shows that under the following relationships

between the Lagrange multipliers the two sets of equations are the same.

λ1 =
1− µ2

µ1

(2.30)

λi =
µi − µi+1

µ1

for i = 2, ..., n− 1 (2.31)

λn =
µn
µ1

. (2.32)

Clearly, for a given collection {µ1, . . . , µn} there is a unique corresponding collection
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of {λ1, . . . , λn}. Conversely, given a collection {λ1, . . . , λn} we now explicitly solve

for {µ1, . . . , µn}. From (2.32) we have

µn
µ1

= λn, (2.33)

and from (2.31), for i = 2, ..., n− 1, we find

µi
µ1

= λi +
µi+1

µ1

.

It follows by induction that for i = 2, ..., n− 1,

µi
µ1

=
n∑
j=i

λj. (2.34)

We substitute this into equation (2.30) for i = 2 to find

1

µ1

= λ1 +
n∑
j=2

λj =
n∑
j=1

λj,

or equivalently

µ1 =
1∑n
j=1 λj

.

We then substitute this into equation (2.33) and (2.34) to find, for i = 2, ..., n,

µi =

∑n
j=i λj∑n
j=1 λj

.

It follows that there is a bijection between collection {λ1, . . . , λn} and a collection

{µ1, . . . , µn}. Under this correspondence the system of equations for unknowns

Ei, Si, λi, and either C as a function of fixed A (section 2.2.1) or A as a function

of fixed C (section 2.2.2), are the same.
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2.2.1 system of equations 2.2.2 system of equations

Minimize C for fixed flux A Maximize A for fixed cost C

a1 = λ1
k̂1S1

κ1 + S1

b1 = λ1
k̂1κ1E1

(κ1 + S1)2

a2 = λ2
k̂2S2

κ2 + S2

b2 = λ2
k̂2κ2E2

(κ2 + S2)2

...

an = λn
k̂nSn
κn + Sn

bn = λn
k̂nκnEn

(κn + Sn)2

0 =
k̂i−1Ei−1Si−1
κi−1 + Si−1

− k̂iEiSi
κi + Si

for i = 2, ..., n

A =
k̂1E1S1

κ1 + S1

C =
n∑
i=1

Eiai + Sibi

a1 =
1− µ2

µ1

k̂1S1

κ1 + S1

b1 =
1− µ2

µ1

k̂1κ1E1

(κ1 + S1)2

a2 =
µ2 − µ3

µ1

k̂2S2

κ2 + S2

b2 =
µ2 − µ3

µ1

k̂2κ2E2

(κ2 + S2)2

...

an =
µn
µ1

k̂nSn
κn + Sn

bn =
µn
µ1

k̂nκnEn
(κn + Sn)2

0 =
k̂i−1Ei−1Si−1
κi−1 + Si−1

− k̂iEiSi
κi + Si

for i = 2, ..., n

A =
k̂1E1S1

κ1 + S1

C =
n∑
i=1

Eiai + Sibi

In section 2.2.1 we solved this system of equations for Ei, Si, λi, and C = f(A).

Now consider the solution

C = f(A) =
n∑
i=1

(
ai

k̂i
A+ 2

√
κiaibi

k̂i
A

)
.

to this system of equations (2.16)-(2.18), defined for positive values of flux A. Note

that this solution exists and is unique when A and Si are positive.
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Furthermore, we have shown in section 2.2.1.1 that f is differentiable and

df

dA
=

n∑
i=1

[
ai

k̂i
+

1√
A

√
κiaibi

k̂i

]
> 0. (2.35)

Thus, f is strictly increasing, and therefore is an injective function from its domain,

A > 0. Since f(A) is clearly not bounded above and f(0) = 0, the function f :

R+ → R+ is surjective. Therefore, f : R+ → R+ is bijective and the inverse function

A = f−1(C) exists.

Since we have shown the system of equations (2.22)-(2.29) is the same system as

equations (2.16)-(2.18), and is solved uniquely by C = f(A), then (2.22)-(2.29) has

as a solution A = g(C), where g = f−1, f(g(C)) = C, and g(f(A)) = A.
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CHAPTER THREE

CHEMOSTAT MODEL

We develop a model of a chemostat with four strains: cheaters, wild type, A-

cooperator, and B-cooperator (Fig. 3.1). We assume that each phenotype has a

fixed strategy for producing necessary secondary metabolites A and B from primary

substrate S in a chemostat. Strains that cannot produce either A or B need to import

that metabolite from the external environment. All strains can export metabolites

they produce to the external environment. The wild type strain produces both

A and B, cheater strain produces neither and must import both A and B from

the environment, while each of the cooperator strains produces only one of the

two metabolites ( i.e. A-cooperator produces only A), and must import the other

metabolite from the external environment.

3.1 Mass Balance Equations Model

The foundation of our model is the mass balance equations of the chemostat.

We will denote by X∅, Xab, Xa, Xb concentrations of cheater, wild type, A-cooperator,

and B-cooperator strains, respectively. The equations governing growth of each

population are given by

dXγ

dt
= (µγ − d)Xγ, (3.1)

where the subscript γ ∈ {∅, a, b, ab} will always stand for a particular strain. Constant

d is the population decay from death and washout of the chemostat and µγ is the

strain-specific growth rate dependent on variable concentrations Aγ, Bγ, and S,



36

Figure 3.1: Chemostat model. Four types of cells grow within a well mixed,
controlled volume chemostat of total volume VT , with dilution rate J = F

VT
. Cells

use phenotype specific strategy for producing metabolites A and B from substrate
S and are able to import and export both metabolites. Wild type strain produces
both A and B, cheater strain will produce neither A nor B, and cooperator strains
known as A-cooperator and B-cooperator will produce only A and only B respectively.
Metabolites A and B and substrate S are all necessary for cell growth.
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governed by equations (3.7) and (3.11),

µγ = µmax,γ
Aγ

KA
γ + Aγ

Bγ

KB
γ +Bγ

S

KS
γ + S

. (3.2)

Constants µmax,γ, K
A
γ , K

B
γ , and KS

γ are, in general, specific for each strain. Parameter

µmax denotes the maximum growth rate of the cell, and KA
γ , K

B
γ , and KS

γ are half

saturation rates. Note that metabolites A and B and substrate S are all required

for growth. Variables Aγ and Bγ denote the internal concentration of A and B,

respectively, for strains γ ∈ {∅, ab, a, b}.

The mass balance equations for internal concentration Aγ has the form

d(AγVγ)

dt
= PA

γ XγVT −DA
γXγVT − TAγ XγVT . (3.3)

Here VT is the constant total volume of the chemostat and Vγ is the total internal

volume for strain of type γ. Function PA
γ is the rate at which the cell produces

metabolite A, function DA
γ is the demand, or rate at which the cell utilizes metabolite

A, and function TAγ is the transport of metabolite A into and out of the cell. The

equation for Bγ will be analogous.

To remove the volume dependency, we apply the product rule to the left hand

side of equation (3.3) to find

d(AγVγ)

dt
=
d(Aγ)

dt
Vγ +

d(Vγ)

dt
Aγ,

which gives

dAγ
dt

=
1

Vγ
(
d(AγVγ)

dt
− dVγ

dt
Aγ). (3.4)

We introduce parameter βγ representing the density of a cell of strain γ. The
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mass and internal volume of cells of strain γ will be proportional,

βγ :=
XγVT
Vγ

. (3.5)

This implies

Vγ =
XγVT
βγ

and
dVγ
dt

=
VT
βγ

dXγ

dt
.

Using equations (3.1) in equation (3.4) we then have

dAγ
dt

=
βγ

XγVT
(
d(AγVγ)

dt
− VT
βγ

dXγ

dt
Aγ).

We combine this result with (3.1) and (3.3) to find

dAγ
dt

=
βγ

XγVT
(PA

γ XγVT −DA
γXγVT − TAγ XγVT −

VT
βγ

(µγ − d)XγAγ). (3.6)

Note that there is a removable discontinuity in equation (3.6) when Xγ = 0, which

we remove to obtain the equation for internal concentration,

dAγ
dt

= βγ(P
A
γ −DA

γ − TAγ )− (µγ − d)Aγ. (3.7)

The metabolite production rate is proportional to the amount of substrate

available

PA
γ = Y A

P,γ

S

KS
γ + S

where Y A
P,γ is strain specific production and KS

γ is a strain-specific affinity constant.

The demand is determined by consumption for growth and non-growth,

DA
γ = Y A

D,γµγ +KA
D,γ.
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KA
D,γ is a non-growth constant assumed to be small.

One of the central questions we address is the role of transport on the outcome

of the competition in the chemostat. In particular, we are interested in whether the

type of transport that is needed for a particular metabolite affects the competition

between the strains. We consider both passive transport and active transport. Passive

transport is when metabolites are able to flow freely along the concentration gradient

into and out of the cell. Active transport, on the other hand, requires the cell to

expend energy in order to move a metabolite across the cell membrane and can be

done against the concentration gradient. An example of active transport is when a cell

uses a transmembrane protein to move a substance across the membrane. This type

of transport is necessary to transport large molecules that cannot passively diffuse

through the cell wall, or for molecules that have charge such as organic acids [33].

To model passive transport we assume that the rate of the transport is

proportional to difference between internal and external concentrations of a given

metabolite with proportionality constant qApγ .

TAγ = qApγ (Aγ − Aext) , γ ∈ {∅, ab, a, b}. (3.8)

In order to model active transport, we assume that there is a desired concentra-

tion of each metabolite in the cell denoted by Âγ. We assume that the active transport

of a metabolite from inside the cell to the external environment happens only when

the internal concentration exceeds the desired concentration. The rate of transport is

proportional to the product of this difference and a saturating function of the internal

concentration. This latter function models saturation of the transporters in the cell

wall needed to export the metabolite. Conversely, importing the metabolite from the

external environment into the cell happens only when internal concentration is below
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the desired concentration. The rate of transport is proportional to the product of this

difference and a saturating function of the external concentration. We model active

transport rate of metabolite A as

TAγ =


−qAiγ

(Âγ−Aγ)
Âγ

[
Aext

KA
γ,i+Aext

]
, Aγ < Âγ

qAxγ
(Aγ−Âγ)

Âγ

[
Aγ

KA
γ,x+Aγ

]
, Aγ > Âγ

(3.9)

In general, the parameters used in modeling both types of transport are strain specific.

Next, we represent the external concentration of metabolite A. The mass balance

equation for external concentration of A is given by,

dAextVT
dt

= FAin − FAext +
∑
γ

TAγ XγVT .

Parameter Ain is the concentration of A being added to the chemostat from an

external source, and TAγ is the transport rate of A into and out of a cell. We will

assume that the total volume of the chemostat, VT , will remain constant, and that

the chemostat has volumetric flow rate F. Thus, we can divide this equation by total

volume, and let J = F
VT

represent the dilution rate of the chemostat, to find the

equation for Aext.

dAext
dt

= J(Ain − Aext) +
∑

TAγ Xγ. (3.10)

The equation for external concentration of metabolite B will be similar.

Lastly, we let S denote the concentration of substrate S. This substrate is the

resource that the cells need in order to grow and to produce A and B, such as glucose or

lactose. We assume that the substrate is uniformly distributed throughout the system.

Thus, internal and external concentrations of the substrate are not distinguished. The
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mass balance equation for S is

dSVT
dt

= FSin − FS −
∑ 1

YA/S
PA
γ XγVT −

∑ 1

YB/S
PB
γ XγVT −

∑ 1

YX/S
µγXγVT .

We again divide both sides of this equation by the constant total volume of the

chemostat to find the equation for S,

dS

dt
= J(Sin − S)−

∑ 1

YA/S
PA
γ Xγ −

∑ 1

YB/S
PB
γ Xγ −

∑ 1

YX/S
µγXγ. (3.11)

Parameter Sin is the concentration of S being added to the chemostat. Parameters

YA/S and YB/S are yield coefficients for producing A and B from S. We assume that

the rate of biomass production of different strains from substrate S is proportional to

growth rate with yield coefficient 1
YX/S

.

3.1.1 Model Equations Summary

We provide a summary of the mass balance equations model for reference. These

equations are for γ ∈ {∅, ab, a, b} which gives us a system of 15 ordinary differential

equations.
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dXγ

dt
= (µγ − d)Xγ

dAext
dt

= J(Ain − Aext) +
∑

TAγ Xγ

dBext

dt
= J(Bin −Bext) +

∑
TBγ Xγ

dAγ
dt

= βγ(P
A
γ −DA

γ − TAγ )− (µγ − d)Aγ

dBγ

dt
= βγ(P

B
γ −DB

γ − TBγ )− (µγ − d)Bγ

dS

dt
= J(Sin − S)−

∑ 1

YA/S
PA
γ Xγ −

∑ 1

YB/S
PB
γ Xγ −

∑ 1

YX/S
µγXγ

where

µγ = µmax,γ
Aγ

KA
γ + Aγ

Bγ

KB
γ +Bγ

S

KS
γ + S

PA
γ = Y A

P,γ

S

KS
γ + S

PB
γ = Y B

P,γ

S

KS
γ + S

DA
γ = Y A

D,γµγ +KA
D,γ

DB
γ = Y B

D,γµγ +KB
D,γ

Active Transport:

TAγ =

−q
Ai
γ

(Âγ−Aγ)
Âγ

[
Aext

KA
γ,i+Aext

]
, Aγ < Âγ

qAxγ
(Aγ−Âγ)

Âγ

[
Aγ

KA
γ,x+Aγ

]
, Aγ > Âγ

TBγ =

−q
Bi
γ

(B̂γ−Bγ)
B̂γ

[
Bext

KB
γ,i+Bext

]
, Bγ < B̂γ

qBxγ
(Bγ−B̂γ)

B̂γ

[
Bγ

KB
γ,x+Bγ

]
, Bγ > B̂γ

Passive Transport:
TAγ = qApγ (Aγ − Aext)

TBγ = qBpγ (Bγ −Bext)
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Analysis of this model can be found in chapter 5.

3.2 Cost Application to Mass Balance Equation Model

To produce A and B a cell must commit resources that it cannot use elsewhere.

As different strains use unique production strategies this commitment of resources

can lead to differences in the efficiency and functionality of the cell. One difference

may be seen in the maximal growth rate of the cell as amino acid over production

leads to significant fitness costs [43]. A strain such as the cheater strain does not incur

production costs, thus would be able to use its energy and resources elsewhere and

may have a higher maximal growth rate. To account for the production expense we

scale the maximal growth rate of each strain by the cost of metabolite production. We

have previously derived such a function in chapter 2 section 2.2.1 from consideration

of trade-off between investment into the enzymes and substrates of a given pathway.

We use this function here.

In section 2.2.1, we have shown that the minimal cost for a cell to produce a

metabolite substrate S at rate A∗ using an n-step pathway is

C =
n∑
i=1

(Eiai + Sibi) =
n∑
i=1

(
ai

k̂i
A∗ + 2

√
κiaibi

k̂i
A∗

)
.

In the context of our optimization problem, production rate A∗[=]mmolA
L·h . This

corresponds to production rate PA from our mass balance equation model. Since

production rate PA[=]mmolA
g·h , we convert to the same units as A∗ by multiplying by

cell density β[=] g
L

. Thus, in applying this cost function to our model, A∗ = βPA.

The optimal cost of producing metabolite using an n-step pathway at rate PA
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is given by

C(PA) =
n∑
i=1

(
ai

k̂i
βPA + 2

√
κiaibi

k̂i
βPA

)
=

n∑
i=1

(
ai

k̂i

)
βPA +

n∑
i=1

(
2

√
κiaibi

k̂i

)√
βPA.

We define parameters ηA and ζA as follows,

ηA :=
n∑
i=1

(
ai

k̂i

)
β and ζA :=

n∑
i=1

(
2

√
κiaibi

k̂i

)√
β.

Then, the cost for producing a metabolite at rate PA can be written as

C(PA) = ηAPA + ζA
√
PA.

For our strain specific cell, γ ∈ {∅, ab, a, b} with cell density βγ, the production

of metabolites A and B at rates PA
γ and PB

γ , respectively, is given by

Cγ(P
A
γ , P

B
γ ) =

(
ηAγ P

A
γ + ζAγ

√
PA
γ

)
+
(
ηBγ P

B
γ + ζBγ

√
PB
γ

)
, (3.12)

where

ηAγ :=
n∑
i=1

(
ai

k̂i

)
βγ and ζAγ :=

n∑
i=1

(
2

√
κiaibi

k̂i

)√
βγ,

under the assumption that the pathways to produce A and B are independent. We

use this cost function to build a scaling function with which to scale the maximum

growth rate of each strain.

Since the cheater strain does not produce either of the metabolites A and B,

C∅ = 0. The A-producer will have cost function with only the first terms of equation

(3.12), Ca = (ηAa P
A
a + ζAa

√
PA
a ), the cost for the B-producer, Cb ,will only contain the

second terms, and the cost for wild type, Cab, will contain both terms.

In addition to costs associated with the production of metabolites A and B, each
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cell has a basic maintenance cost. We assume that this cost is a multiple of the wild

type cost of producing A and B,

M = αCab , (3.13)

and is the same for all strains.

The average of the total cost for all four strategies is

CAvg :=
1

4

(
(C∅+M)+(Ca+M)+(Cb+M)+(Cab+M)

)
=
C∅ + Ca + Cb + Cab

4
+M.

(3.14)

From this we create a scaling factor that compares each strain’s total cost to the

average cost for a cell.

κγ =
Cγ +M

CAvg
. (3.15)

Note that κγ > 1 if the strain’s cost is higher than the average total cost for all

four strategies, Cavg, and κγ < 1 if the strain’s cost is lower than the average total

cost for all four strategies. We scale the growth in such a way that a lower than

average cost yields a relatively faster growth rate, and a higher than average cost

yields a slower growth rate. The scaled growth function is given by

µγ =
1

κγ
µmax,γ

Aγ
KA
γ + Aγ

Bγ

KB
γ +Bγ

S

KS
γ + S

. (3.16)

Note that if the metabolic cost associated with A and B is a small fraction of the

overall maintenance cost for the cell, then α will be large and κγ will be close to 1.

Analysis of the model with cost scaled growth rate can be found in chapter 5 section

5.2.
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CHAPTER FOUR

METHODS

4.1 Numerical Methods

To analyze our model we used a combination of MATLAB [36], AUTO [15]

accessed within XPPAUT [17] . We use the parameters described in sections 4.2 and

4.3. These parameters made our system stiff, thus we use variable-step, variable-order

solver ode15s within MATLAB. In XPP we use Gear method to solve our system and

estimate positive steady states. We use these steady states as initial conditions from

which from which to do the continuation in AUTO. The Gear method is a variable

stepsize solver that is useful for integrating stiff systems. Once we have found a steady

state in XPP we perform an arc length continuation in AUTO to numerically obtain

the bifurcation diagrams we are interested in. To confirm our numerical results we

compare solutions from both XPP and MATLAB, as well as confirm solutions to the

steady state equations and stability using the eigenvalues of the Jacobian at those

equilibria using Mathematica [1].

As a reference and for reproducibility, we provide the *.ode files used with XPP

and AUTO in appendix B.

4.2 Simplifying Assumptions

Our original mass balance equation model has 100 parameters, with 17 additional

parameters for the cost scaled model. We apply the following simplifying assumptions

to our mass balance equation model for the numerical analysis.
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A1. Symmetry of Metabolites. We assume that metabolites A and B are

symmetric. Explicitly, this gives the following equivalencies for all γ ∈ {∅, ab, a, b},

KA
γ = KB

γ , Ain = Bin, Y A
P,a = Y B

P,b, Y A
P,b = Y B

P,a,

Y A
D,γ = Y B

D,γ, KA
D,γ = KB

D,γ, qAiγ = qBiγ , qAxγ = qBxγ ,

KA
γ,i = KB

γ,i, KA
γ,x = KB

γ,x, Âγ = B̂γ, qApγ = qBpγ , YA/S = YB/S.

When our initial conditions are also symmetric in relation to A and B,

Xa(0) = Xb(0), A∅(0) = B∅(0), Aab(0) = Bab(0), Aa(0) = Bb(0), Ab(0) = Ba(0),

then for all time we have,

Xa(t) = Xb(t), A∅(t) = B∅(t), Aab(t) = Bab(t), Aa(t) = Bb(t), Ab(t) = Ba(t).

A2. Strain Specific Parameters. We assume that all parameters except

production rate of metabolites A and B, Y A
P,γ and Y B

P,γ, are not strain specific.

Explicitly we define these parameters for metabolite A in the following way,

µmax := µmax,γ, KA := KA
γ , KS := KS

γ , β := βγ,

Y A
D := Y A

D,γ, KA
D := KA

D,γ, qAi := qAiγ , qAx := qAxγ ,

KA
i := KA

γ,i, KA
x := KA

γ,x, Â := Âγ, qAp := qApγ .

Parameters related to metabolite B are analogous.

A3. Parameters set to 0. We assume that metabolites A and B are not being

added into the chemostat from an external source. We also assume that consumption

of A and B for non-growth is very small [44] and will be assumed to be 0 for all
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strains. Thus,

Ain = 0, , Bin = 0, KA
D,γ = 0, KB

D,γ = 0.

A4. Transport Parameters. We assume that the proportionality constant

for import and export of A and B by active transport is equal for all strains.

qAiγ = qAxγ , qBiγ = qBxγ .

Furthermore, under assumptions A1 and A2, we define non-strain specific parameter

in the passive transport model

q := qApγ = qBpγ .

Under assumptions A1, A2, and the first part of A4, we define non-strain specific

parameter in the active transport model

q :=
qAiγ

Âγ
=
qBiγ

B̂γ

=
qBxγ

B̂γ

=
qAxγ

Âγ
.

A5. Cost Parameters. In extension of assumptions A1 and A2 we assume

that cost function parameters are not strain specific and are symmetric for A and B.

Explicitly for all γ ∈ {∅, ab, a, b} this is,

ηA := ηAγ = ηBγ ,

ζA := ζAγ = ζBγ .
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4.3 Parameter Estimates

Our full model without simplifying assumptions, but including the parameters

associated with the metabolic cost function, has as many as 100 different parameters.

Under the simplifying assumptions made in section 4.2, which assume that all but

a few parameters are not strain-specific and that parameters relating to A and B

are symmetric, the number of parameters is reduced to 21. We now describe these

parameters and estimate their values based on experimental data and the literature,

with input from collaborators A. Beck and R. Carlson from the department of

Chemical and Biological Engineering.

4.3.1 Population Growth and Decay

Parameters related to growth and decay of the population are µmax, K
A, KS, and

d. Function µγ representing strain-specific growth rate has three variables, Aγ, Bγ

and S, and four parameters which are assumed to not be strain-specific under the

assumption A2 in section 4.2: µmax, K
A, KB, and KS. Parameter µmax represents

the maximal growth rate of the cell, which is estimated by the maximal growth

rate of E. coli on M9 minimal media [6]. Half saturation constants KA and KB,

assumed to be equal under our symmetry assumption A1, have a range which is

estimated using values for amino acids arginine, lysine, proline, serine, and threonine

(see supplemental spreadsheet AAPathwayParameters.xlsx for details). The range of

estimated KA values spanned two orders of magnitude; thus, we chose a midrange

value, KA = 0.023 mM. Half saturation constant KS is estimated based on glucose

[23,35]. Decay rate d includes both chemostat washout and death rate of cells. Thus,

we estimate it to be slightly larger than a dilution rate of the chemostat.
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Parameter Estimated range or value Value used in simulations

µmax 0.6 1
h

0.6 1
h

KA 0.0042− 0.23 mM 0.023 mM

KS 1− 10× 10−3 mM 10−3 mM

d 0.1− 0.4 1
h

0.2 1
h

4.3.2 Internal Metabolite Production and Demand

Demand function DA
γ is proportional to growth rate with constant Y A

D , assumed

not to be strain-specific. To compute this parameter we first find the relative

abundance of each amino acid as reported in [41]. Assuming that cells are between

50 and 70 percent protein [12] we compute demand in millimoles of amino acid and

grams of cell dry weight, by

(% protein)(
mmolAA
g cdw

)(rel. abund.
mmolA
mmolAA

) = Y A
D

mmolA
g cdw

.

This gives us a low estimate of 0.05 mmolA
g cdw

and a high estimate of 0.80 mmolA
g cdw

. We

chose an intermediate value of Y A
D = 0.25 mmolA

g cdw
for our simulations.
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Amino acid Abundance µmolAA
1g cdw

Relative abundance mmolA
mmolTotal AA

tryptophan 54 0.01

cysteine 87 0.02

histidine 90 0.02

tyrosine 131 0.03

methionine 146 0.03

phenylalanine 176 0.03

serine 205 0.04

proline 210 0.04

asparagine 229 0.05

aspartate 229 0.05

threonine 241 0.05

glutamate 250 0.05

glutamine 250 0.05

isoleucine 276 0.05

arginine 281 0.06

lysine 326 0.06

valine 402 0.08

leucine 428 0.08

alanine 488 0.10

glycine 582 0.11

Function PA
γ , representing metabolite production rate, uses parameter Y A

P,γ

which is a strain-specific metabolite production coefficient. Production rate for the

wild type strain is estimated as a product of the demand and the growth rate. For

E. coli average growth rate is estimated to be approximately 0.4 1
h
, estimated from
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steady state equality with typical dilution rate d. Thus, production rate for wild type

is given by

Y A
P,ab

mmolA
g cdw · h

= 0.25
mmolA
g cdw

(0.4
1

h
) = 0.1

mmolA
g cdw · h

.

Overproducing auxotrophs have been shown to produce amino acids at a rate four

times as fast as wild type [43], and specialists have been observed to overproduce at

a rate as much as 14 times that of wild type [4]. In preliminary numerical analysis of

this model we observe that cooperation occurs when cooperator strains produce at a

rate faster than 2.68 times that of the wild type strain. Thus, we chose the metabolite

production coefficient for cooperator A (A-producer) to be four times that of the wild

type. Since neither the cheater nor cooperator B produce metabolite A, production

coefficient for these strains will be 0.

Parameter Estimated range or value Value used in simulations

Y A
D 0.05− 0.80 mmolA

gcdw
0.25 mmolA

gcdw

Y A
P,ab 0.02− 0.32 mmolA

gcdw·h 0.1 mmolA
gcdw·h

Y A
P,a 0.08− 4.48 mmolA

gcdw·h 0.4 mmolA
gcdw·h

Y A
P,b 0 mmolA

gcdw·h

Y A
P,∅ 0 mmolA

gcdw·h

4.3.3 Substrate

The parameter denoting biomass yield from S, YX/S, is computed by the

following,

YX/S =
0.45 cmolX
cmolS

· cmolS
30 gS

· 180 gS
molS

· 24.5 gX
cmolX

= 66.15
gX
molS

where molecular weight of S is estimate using glucose.

The yield coefficient for producing A from S was computed with the estimation
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that 50 to 70 percent of the cell is protein [12], S represents glucose, and by using the

molecular weight of five sample amino acids. The molecular weight of glucose is given

by 180 gS
molS

. Then YA/S is computed using the following equation and the values in

the table below. We again chose an intermediate value for our simulations.

gA
gS
· gS

molS
· molA

gA
= YA/S

molA
molS

Amino acid Molecular weight gS
molS

Range for YA/S
molA
molS

arginine 174.2 0.517-0.724

lysine 146.2 0.616-0.862

threonine 119.1 0.756-1.059

proline 115.1 0.782-1.095

serine 105.1 0.857-1.200

Parameter Sin has an estimated range of 5.6 − 55.6 mmolS
L

, equivalent to 1 −

10 g
L

glucose. Since the lowest value in this range was close to the transition from

region V to II in Fig 5.1b we chose the value to be slightly higher for the passive

transport examples without application of production cost (Fig 5.3, 5.7, 5.8). All

active transport examples in the sections 5.1 and 5.1.1 (Figs 5.1b, 5.2) and all three

examples of the cost scaled model in the third section of our results (Figs 5.4, 5.5,

5.6) use Sin = 5.6mmolS
L

.

Parameters Estimated range or value Value used in simulations

YX/S 66.15× 10−3 g cdw
mmolS

66.15× 10−3 g cdw
mmolS

YA/S 0.517− 1.2 mmolA
mmolS

0.909 mmolA
mmolS

Sin 5.6− 55.6 mmolS
L

5.6 mmolS
L

, 8 mmolS
L
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4.3.4 Transport

There are five parameters associated with the transport functions, each assumed

to not be strain-specific and to satisfy our symmetry assumptions i.e. transport of A

will have the same parameters as transport of B. For the passive case the transport

is proportional to the difference between internal and external concentrations of

metabolite with proportionality constant qAp. For active transport our proportionality

constant is qA. These parameters will be investigated throughout this paper and

values are specified when necessary.

The desired internal concentration used for active transport is Â. Estimated in-

ternal concentrations were taken from [8] for five sample amino acids and summarized

in the following table. For our numerical simulations we chose the intermediate value

associated with proline.

Amino acid Concentration mM

serine 0.07

threonine 0.18

proline 0.39

lysine 0.41

arginine 0.57

Half saturation constant of KA
i for import into the cell and half saturation

constant for export out of the cell KA
x are also assumed to not be strain-specific. We

estimate the half saturation constant for export by multiplying the half saturation

constant for import by the cell density β = 1000 g cdw
L

. We estimate them using five

sample amino acids with values from BRENDA [49] and chose the intermediate value

for proline for our simulations.
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Amino acid KA
i mM KA

x mM

serine 0.568× 10−3 0.568

lysine 1.126× 10−3 1.126

arginine 4.088× 10−3 4.088

proline 5.957× 10−3 5.957

threonine 7.030× 10−3 7.030

We summarize the fixed transport parameters here:

Parameter Estimated range or value Value used in simulations

Â 0.07− 0.57 mM 0.39 mM

KA
i 0.568× 10−3 − 7.03× 10−3 mM 5.957× 10−3 mM

KA
x 0.568− 7.03 mM 5.957 mM

β 1000 g cdw
L

1000 g cdw
L

4.3.5 Other Chemostat Parameters

Our model allows for an inflow of metabolites A and B into the chemostat with

concentration given by Ain and Bin. To simplify our analysis and to guarantee that

any metabolite in the system was made by one of the producer strains we chose these

to both be 0 mM. Dilution rate of the chemostat will be slightly less than population

decay d described previously.

Parameters Estimated range or value Value used in simulations

Ain ≥ 0 mM 0 mM

J 0.1− 0.4 1
h

0.19 1
h

4.3.6 Production Cost

Parameters for the cost function are computed in the supplemental spreadsheet

AAPathwayParameters.xlsx for five different amino acids. We use parameters from
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proline for both A and B under our symmetry assumptions.

Parameter Estimated range or value Value used in simulations

ηA 9.27× 105 − 1.91× 107 #carbon·g cdw·h
mmolA

3.65× 106 #carbon·L·h
mmolA

ζA 1.68× 103 − 1.12× 105 #carbon

√
g cdw·h
mmolA

3.51× 104 #carbon

√
L·h

mmolA
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CHAPTER FIVE

NUMERICAL RESULTS

We now provide numerical results from the model under assumptions A1 - A5

with parameters chosen to be biologically relevant described in section 4.3. To

maintain symmetry in the system under these assumptions, we impose symmetric

initial conditions,

Xa(0) = Xb(0), Aa(0) = Bb(0), Ab(0) = Ba(0), Aext(0) = Bext(0).

Under symmetry assumptions A1 and A5 with these initial conditions, the two

cooperator strains will always have the same population concentration Xa(t) = Xb(t)

and symmetric concentrations Aa(t) = Bb(t), Ab(t) = Ba(t), and Aext(t) = Bext(t) for

all t > 0.

We use software XPPAUT [17] with AUTO [15] to numerically explore three

questions:

• How does passive transport and active transport between intra- and extra-

cellular compartment affect the outcome of competition between the four

phenotypes?

• How does the inclusion of the cost of metabolite production affect the outcome

of the competition?

• What effect does the presence of the cheater strain have on competition?

We will describe the results by showing which stable steady states, representing

different microbial populations, exist in various parameter regimes. Steady states will
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be described using the following conventions. Pure wild type steady state (WT) is

the steady state at which the only population is that of the wild type strain; there

are no cooperators, or cheaters. Pure cooperator steady state (CO) is the steady

state at which the only remaining populations are the two cooperator strains; there

are no wild type or cheater strains. By symmetry assumptions, both cooperator

strains must be present at the same concentration. The coexistence of wild type

and cooperators (WT/CO) steady state contains a mixed population of wild type

and cooperator strains while there is no cheater strain. Coexistence of wild type and

cheaters (WT/CH) contains a mixed population of wild type and cheater strains with

no cooperators. The coexistence of cooperators and cheaters (CO/CH) contains a

mixed population of cooperator and cheater strains with no wild type strain. Finally,

the steady state where all population concentrations are zero (D) describes population

collapse.

5.1 Mass Balance Equation Model Results

We select biologically relevant parameter ranges to investigate for q and

input substrate concentration Sin, and fix biologically justified values for all other

parameters (see section 4.3 for details). Steady state behavior is examined as a

function of q and Sin in these ranges and the results compared for passive and active

transport.

In Fig 5.1, we present two-dimensional bifurcation diagrams where the axes

represent transport parameter q and input substrate concentration Sin, and where

each curve represents a bifurcation affecting a steady state. Dotted curves denote

bifurcations that occur either in the nonphysical region (one of the concentrations is

negative) or do not change the stability of physical steady states. Solid curves denote

bifurcations involving a change in stable steady states. Therefore, only solid curves in
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the figure separate regions with potentially different sets of physically relevant stable

steady states. The table in Fig 5.1 summarizes the set of stable steady states in each

two-dimensional region bounded by solid curves.

The diagrams in Fig 5.1 indicate that the dynamics for the passive transport

model may be much richer than for the active transport model. To investigate these

differences further, we discuss these diagrams in detail and provide one-dimensional

cross-sections through each diagram (Figs 5.2, 5.3) where we elucidate the sequence

of bifurcations that happen as we increase transport parameter q at fixed values of

Sin.

5.1.1 Active Transport

As seen in Fig 5.1a, the active transport mass balance equation model has only

two different regions of stable equilibrium. For low transport rates the only stable

steady state is WT. In region I, the transport rates are too low for the cooperator

strains to gain enough metabolite from the environment. Since growth is a function

of both necessary resources A and B, and substrate S, all auxotrophs will have a lower

fitness than the wild type strain that produces both metabolites. Higher transport

rates allow the cooperator strains to compete with the wild type strain, and the

bistability in region II indicates that the winner of this competition is determined by

the initial concentrations of each strain. In section 5.3, we further explore the basins

of attraction for parameter regions with bistability such as this one.

Consider a horizontal cross section of the diagram for active transport in Fig 5.1a

for Sin = 5.6 mM (Fig 5.2). We choose Sin = 5.6 mM as it correlates to having 1 g/L

of glucose, a typical substrate used to grow microbes such as E.coli. For 0 < q < 0.272

we observe monostability where the only steady state is pure wild type population

(WT). For q > 0.272 there is bistability of WT and a stable steady state of pure
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(a) (b)

Region Stable steady states
I WT
II WT, CO
III WT, CO, D
IV CO, D
V WT, D
VI D

Figure 5.1: Two-dimensional bifurcation diagrams. Bifurcation diagram in
transport coefficient q and substrate inflow concentration Sin for active transport
model (a) and passive transport model (b). Boundary point bifurcations (blue),
saddle-node bifurcations (red), and Hopf bifurcations (black) are either solid lines, to
indicate a change in physical stable steady states, or dotted to denote a bifurcation
that does not affect the physical stable steady states. The table details which physical
steady states are stable in each labeled region bounded by solid curves.
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cooperative consortia (CO). At q = 0.272 L
g·h there is a transcritical bifurcation where

a stable but nonphysical coexistence curve of WT/CO intersects an unstable curve of

pure cooperators (CO) to give rise to a physical unstable curve WT/CO and stable

steady state CO.

Similar diagrams would be found for cross sections at any value of Sin > 0. For

our results we considered Sin to represent glucose as a commonly found substrate

in microbial systems. Many chemostat experiments use 1− 10 g/L of glucose which

corresponds to 5.6 − 56 mM for the units used in our model. If we were to run

our two-dimensional diagram out to large values of q we would see that the curve

separating regions I and II in Fig 5.1 crosses the horizontal axis at q = 245 L
g·h . While

this value is extreme and may not be biologically possible, it indicates that even with

a very limited food source, increasing the efficiency of transport is one way in which

cooperation is able to emerge.

5.1.2 Passive Transport

The passive transport model indicates a much richer dynamics as seen in Fig

5.1b. Similar to the behavior seen with active transport, the wild type strain is the

dominate strain for region I with low transport rate. As transport rate is increased

there are two possible behaviors. Above substrate input concentration Sin = 5.105

mM, there is first bistability of WT and the cooperative consortium (CO) in region II.

This is followed by tristability region III with the additional stable state of population

collapse (D). Below Sin = 5.105 mM, there is first bistability of WT and population

collapse (D) in region V, followed by the same tristable region III.

To give the differences of these progressions some context, consider glucose as

an example substrate for the chemostat. Typical microbial growth experiments with

E.coli have a glucose concentration of between 1 and 10 g/L (see appendix A for
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(a) (b)

(c)

WT
WT
CO

I II

Figure 5.2: Active transport - One-dimensional bifurcation diagram with
Sin = 5.6 mM. A one-dimensional cross section of Fig 5.1a in transport parameter
q for substrate inflow concentration Sin = 5.6 mM. Projection of phase space shows
steady states for (a) wild type population and (b) cooperator population. The graphs
show stable steady states (red), unstable steady states (black), non-physical stable
steady states (red dashed), and non-physical unstable steady states (black dashed).
Bifurcations are denoted by blue dots. Regions labeled in (a) and (b) correspond to
diagram (c) showing the physical stable steady states possible in each interval of q.
As transport parameter q increases, behavior shifts from monostability to bistability.
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example batch culture experiments). When converted using the molecular weight

of glucose, 180 g/mol, this is equivalent to substrate concentration being between

5.56 mM and 55.56 mM. Thus, the regions above Sin = 5.105 mM would represent

a growth experiment that isn’t glucose limited. The regions below Sin = 5.105 mM

would indicate that resources are scarce and exemplify a glucose limited scenario. In

the extreme substrate limited system, such as in region VI of Fig 5.1b, the only stable

steady state is population collapse (D).

Region IV of Fig 5.1b is a region of bistability between the pure cooperative

consortium (CO) and population collapse (D). For higher values of Sin this bistability

occurs after tristability as transport rate increases. This indicates that better

transport of metabolites for a system that is not substrate limited leads to more

cooperative behavior. In parameter regions where input substrate concentration is

limited, but is still enough to sustain a population, the transport efficiency is not

required to be as high to outcompete the wild type strain and establish bistability of

CO and D, replacing the tristability seen in region III. Region VI represents a region

with very low input substrate concentration where no population is able to grow well

enough, even with efficient transport, to prevent population collapse.

As an example of behavior for the passive transport model we provide a cross

section of the diagram in Fig 5.1b at Sin = 8 mM (Fig 5.3). This diagram will be

similar to a cross section at Sin = 5.6mM, but we chose a higher Sin value to make it

clear that we are providing a cross section from the upper portion of Fig 5.1b. When

0 < q < 1.1628, we observe monostability where WT is the only stable steady state.

For 1.1628 < q < 1.591, there is a region of bistability between WT and CO, and for

1.591 < q < 3.3018, there is tristability of WT, CO, and D. For large values of the

transport parameter, q > 3.3018, we have only two stable steady states CO and D.

Each of these three bifurcations is a transcritical bifurcation.
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(a) (b)

(c)

WT
WT
CO

WT
CO
D

CO
D

I II III IV

Figure 5.3: Passive transport - One-dimensional bifurcation diagram with
Sin = 8 mM. A one-dimensional cross section of Fig 5.1b in transport parameter
q for substrate inflow concentration Sin = 8 mM. Projection of phase space shows
steady states for (a) wild type population and (b) cooperator population. The graphs
show stable steady states (red), unstable steady states (black), non-physical stable
steady states (red dashed), and non-physical unstable steady states (black dashed).
Bifurcations are denoted as blue dots. Regions labeled in (a) and (b) correspond to
diagram (c) showing the physical stable steady states possible in each interval of q.
As transport parameter q increases, behavior shifts from monostability to bistability
to tristability, and then back to bistability.
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To summarize, in both active and passive transport models at low transport rate

the wild type population outcompetes the other phenotypes. At higher transport rate

a stable steady state of pure cooperators emerges. This is consistent with the idea

that in order for the cells to cooperate transport must be above a critical value.

Unique to the passive transport model is the existence of a stable steady state D

where population collapses. This steady state is stable for q > 1.591 for any positive

input resource concentration Sin > 0. We propose that stable state D exists when the

passive transport rate is so high that strains have difficulty utilizing any metabolites

that they produce before it is exported from the cell, or when resources are scarce.

With cheaters present to utilize the exported metabolites, the community can be

weakened to the point of collapse if the initial population of wild type or cooperator

strains is low. We further analyze the effect of cheaters on the system in section 5.3.

5.2 Cost-scaled Model Results

In the previously discussed results there are no physical stable steady states

where the cheater strain survives. The main reason is that the growth rate of the

cheater strain is smaller than the growth rate of any of the producer strains, since the

internal concentration of either A or B, or both, will be lower for the cheater strain

than for either wild type or cooperator strains. The growth rate is proportional

to the product of the internal concentration of A, internal concentration of B, and

the concentration of S; thus, the cheater strain always loses in a competition with a

producer strain when they have the same maximal growth rate, µmax. Importantly,

the model above does not take into account production costs of A and B. To produce

A and B, a cell must invest resources that it cannot then use elsewhere. To account

for this expense, we scale the maximal growth rate of each strain by a function of the

cost of metabolite production (section 3.2).



66

The scaling of growth rate described in section 3.2 gives a growth advantage

to cheaters whose total cost is lower than the average total cost. Whether a growth

advantage or disadvantage is given to the wild type and cooperator strains depends

on the parameters chosen for the cost function and rate at which each strain produces

metabolites. We estimate our cost function parameters from the metabolic pathways

of chosen amino acids in section 4.3. We assume that the cooperators produce the

metabolite at a rate four times as fast as the wild type. The multiplicative constant

that describes the rate with which each cooperator overproduces the single metabolite

compared to the wild type may be an important constant that determines the outcome

of the competition. Our preliminary simulations indicate that in order for cooperators

to win at any transport rate they must produce at more than twice the rate of the

wild type. For the results presented here we chose an overproduction rate of four

times that of the wild type and we leave the investigation of the overproduction

multiplier for future work. With the selection of parameters presented in section 4.3,

the wild type strain is given a slight growth advantage, though not as much of an

advantage as the cheater strain, and the overproducing cooperator strain is given a

slight disadvantage by our production cost scaling.

5.2.1 Active Transport

We first present a one dimensional bifurcation diagram, with respect to transport

parameter q, of the active transport model with the cost function applied to growth

rate and fixed inflow substrate concentration Sin = 5.6 mM . The behavior is similar

to the behavior of the unscaled model with one exception- at higher transport values

there is an additional steady state that represents the coexistence of cheaters and

cooperators (CH/CO). This steady state is born in a transcritical bifurcation at q =

2.209 L
g·h where a stable CO steady state and an unstable CH/CO intersect to give rise
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to stable CH/CO and unstable CO. This new coexistence state, CH/CO, disappears

in a degenerate vertical line of limit point bifurcations at q = 4.399 L
g·h . For q > 4.399

only the stable state WT persists (Fig 5.4).

By using active transport, cells only export metabolites that are in excess of

the desired internal concentration. Thus, producers are able to maintain a minimal

concentration of whichever metabolite they produce. This capability has the effect of

protecting the wild type population so that WT can persist as a stable steady state

at all values of transport parameter q. In the progression from region I to region IV,

we see that as transport is increased, CO becomes a stable steady state. In region

III, this state is invaded by cheaters resulting in a coexistence steady state CH/CO.

In region IV, we see that further strengthening of cheaters by faster transport drives

cooperators to extinction and the only stable steady state is pure wild type population

(WT) (Fig 5.4).

5.2.2 Passive Transport

We consider two scenarios of the passive transport model with the included

metabolic production cost scaling. In section 3.2 we defined the maintenance cost

for the cell to be proportional to the cost of production of A and B incurred by the

wild type strain, M = αCab. The overall metabolic cost to the cell of strategy γ

is then Cγ + M . A low value for α represents the situation where the metabolic

pathways to make A and B are a larger proportion of the cell’s operations and thus

A and B are relatively expensive to make. When α is large, then the proportion of

the cost of making A and B to the overall metabolic cost is small and thus A and

B are relatively cheap to make. We note that the two qualitative scenarios detailed

below change at α∗ := 284.2. Therefore, if the overall metabolic cost is more than

about 280 times production of A and B, or equivalently, production of A and B is
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(a) (b)

(c)

WT
WT
CO

WT
CH/CO

WT

I II III IV

Figure 5.4: Active transport with metabolite cost for Sin = 5.6 mM One-
dimensional bifurcation diagrams in q with inflow substrate concentration Sin = 5.6
mM showing steady states for (a) wild type population and (b) cooperator population.
The graphs show stable steady states (red), unstable steady states (black), non-
physical stable steady states (red dashed), and non-physical unstable steady states
(black dashed). Bifurcations are denoted as blue dots. Regions labeled in (a) and
(b) correspond to diagram (c) showing the physical stable steady states possible in
each. Regions I and II are similar to those seen in Fig 5.2. As transport parameter
q increases, behavior shifts from monostability to two different bistability regions,
ending with a region of monostability where only wild type persist. There is a
degenerate line of steady states where all four phenotypes coexist between regions
III and IV.



69

less than about 0.4 % of the overall metabolic cost, metabolites are cheap. If the

overall metabolic cost is less than 280 times production of A and B, i.e. production

of A and B is more than about 0.4 % of the overall metabolic cost, the metabolites

are expensive. In the analysis of the active transport model with cost scaling we did

not distinguish between these two scenarios. This is because the bifurcation diagram

and stable steady states for the active transport model with cost scaling did not

have any qualitative difference when analyzed for cheap metabolites versus expensive

metabolites. The results of the passive transport model with cost scaling show a

significant difference between expensive and cheap metabolites and are thus analyzed

separately.

When A and B are expensive to make, α < 284.2, we observe several new

stable coexistence steady states, which are illustrated in Fig 5.5 for α = 60 and

Sin = 5.6 mM. The first four regions for transport parameter q < 11.385 recapitulate

the behavior of the passive transport model with no cost scaling in Fig 5.3. Solutions

in region V, when 11.385 < q < 64.007, will converge to either a stable coexistence

state WT/CO or the population will collapse to state D. When 64.007 < q < 69.136,

there is bistability of WT and D, and then for 69.136 < q < 163.62 bistability of

WT/CH and D. Finally, when q > 163.62 the only stable steady state is population

collapse (Fig 5.5).

The passive transport model with expensive metabolites (Fig 5.5) is the most

complex of the three presented in this section, because the effects of the metabolite

cost scaling differ more between the strains, which leads to a broader range of

behaviors. In this case, the metabolite production cost scaling gives significant

advantage to both wild type and cheater strains over cooperators. There are two

different behavior scenarios observed in Fig 5.5c. The first four regions recapitulate

the behavior of the model with no metabolite cost (Fig 5.3). Here the increased
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transport rate leads to gradual replacement of wild type strain by cooperator strains.

In region V, the increased transport allows the cheater strain to consume more of

the metabolites and inhibit cooperation between the two cooperator strains. This

weakens the cooperators and allows the wild type strain to come back, first with

coexistence of WT/CO in region V, and then to outcompete cooperators in region VI.

However, even though the wild type strain has a growth advantage over cooperators

from the inclusion of cost, the cheater strain has even greater advantage, and at

higher transport it can successfully invade the wild type strain to coexist as WT/CH

in region VII before causing population collapse at very high transport rates.

Now we discuss the second scenario where A and B are cheap relative to the

overall metabolic cost, i.e. α > 284.2. We select α = 1000 and Sin = 5.6 mM (Fig

5.6). In this case, we again see the first four regions are analogous to those seen in

Fig 5.3. For higher transport rate, 224.59 < q < 2683.4, we observe the emergence

of coexistence state CH/CO, which exhibits bistability with steady state D. For very

high transport rates, q > 2683.4, the only stable steady state is population collapse

D (Fig 5.6).

The passive transport model for relatively cheap metabolites (Fig 5.6) has similar

behavior as we saw with active transport, where a pure cooperator state (CO)

gives way to coexistence state CH/CO which is then driven to extinction by further

increasing of transport rate and concurrent strengthening of cheaters. There are two

main differences between the behavior seen in this scenario and the active transport

case. First, when transport rate is high enough, population collapse (D) is the only

stable steady state. State D is not seen in the active case because of the protection

that the wild type strain has from exporting more metabolite than desirable. Second,

since the wild type strain is not protected by passive transport, once the transport

rate reaches a critical value (q = 3.901 for the example in Fig 5.6) the wild type strain
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(a) (b)

(c)

WT
WT
D

WT
CO
D

CO
D

WT/CO
D

WT
D

WT/CH
D

D

I II III IV V VI VII VIII

Figure 5.5: Passive transport model with metabolic cost: Expensive
metabolites. Bifurcation diagrams in q for α = 60 and inflow substrate
concentration Sin = 5.6 mM, showing steady states for (a) wild type population
and (b) cooperator population. The graphs show stable steady states (red), unstable
steady states (black), non-physical stable steady states (red dashed), and non-physical
unstable steady states (black dashed). Bifurcations are denoted as blue dots. Regions
I-IV are expanded in the lower diagrams and their sequence recapitulates the behavior
without the cost function (Fig 5.3). Regions labeled in (a) and (b) correspond to
diagram (c) showing the stable steady states possible in each. As transport parameter
q increases, behavior shifts from monostability to bistability to tristability, followed
by 4 different regions of bistability and finally population collapse for q > 163.62.
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(a) (b)

(c)

WT
WT
CO

WT
CO
D

CO
D

CH/CO
D

D

I II III IV V VI

Figure 5.6: Passive transport model with metabolite cost: Cheap metabo-
lites. Bifurcation diagrams in q for α = 1000 and inflow substrate concentration
Sin = 5.6 mM showing steady states for (a) wild type population and (b) cooperator
population, showing stable steady states (red), unstable steady states (black), non-
physical stable steady states (red dashed), and non-physical unstable steady states
(black dashed). Regions I-IV are expanded in lower diagrams and their sequence
recapitulates the behavior without the cost function (Fig 5.3). Regions labeled in (a)
and (b) correspond to those in diagram (c) which shows all stable steady states in
each region. As transport parameter q increases, behavior shifts from monostability
to bistability to tristability, followed by two different regions of bistability and finally
population collapse for q > 2648.4.



73

is no longer able to outcompete cooperators or cheaters and stable state WT does not

persist. When α is large, as it is in the scenario of a relatively cheap metabolite, the

cost scaling constant κγ is close to 1 for each phenotype γ. Therefore, any advantage

that wild type has over an overproducing cooperator based on cost of production

is insufficient to counteract the weakening effect of cheaters. Thus, in the passive

transport model with cheap metabolites A and B, at high transport rate, such as

in region VI, the advantage of cheaters drives both cooperators and wild type to

extinction. The only stable state at high transport rates is population collapse (D)

(Fig 5.6).

All three bifurcation diagrams previously discussed from the models with

metabolite production cost scaling exhibit some common trends. Clearly, in all

three cases the cheater population gains competitive advantage by the inclusion

of metabolite production cost, since only producer strains incur this cost. As the

transport coefficient increases, more metabolites are available to cheaters because of

more rapid export by producing strains and more efficient import by the cheater

strain. Similar to what we will see in section 5.3, when the cheater strain is

strengthened, as in the case of accounting for metabolite production cost or with

fast transport rates, the cooperator strains are weakened. Cheaters also weaken the

wild type strain, though to a lesser extent.

5.3 Effect of Cheaters on Population Dynamics

5.3.1 Cheater Effect on Original Model

In our analysis of the original mass balance equation model in section 5.1 we

observe that the cheater population does not survive at any of the stable steady

states. This motivates the question, what effect does the cheater population have on

the population dynamics of the model? In this section, we provide numerical examples
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showing how the cheater population changes basins of attraction in parameter regions

with multistability for both the original model and the cost scaled model.

If cheaters do not exist at any stable steady states, why do we include them

in the model? One reason to include cheaters into the original model is because,

although they may not affect which steady states exist, the identity of the basin of

attraction of steady states depends on initial cheater concentration. As a numerical

example of this influence we chose parameters from two regions of the diagram in

Fig 5.1 and provide illustrations of the effect cheaters have on the final outcome of

competition.

To illustrate this effect, we choose parameters for the passive transport model

from a region with tristability (region III in Fig 5.1b)with Sin = 8 mM, q = 2 L
g·h , see

section 4.3 for more parameter details) of pure cooperator consortia (CO), pure wild

type population (WT), and population collapse (D). We begin with no initial cheater

population, X∅(0) = 0 (Fig 5.7a), and observe the three steady states achieved from

various positive initial wild type and cooperator concentrations. As the initial cheater

population is increased to X∅(0) = 2 (Fig 5.7b), and then to X∅(0) = 4 (Fig 5.7c), the

range of initial values for which population collapses (D, red) or wild type dominates

(WT, green) increases.

For a different illustration of the same phenomena, we choose an initial

concentration marked with a star in Fig 5.7a - c,

Xab(0) = 0.01, Xa(0) = 0.1, Xb(0) = 0.1.

Note that our symmetry assumptions require both cooperator strains to have the

same initial conditions. The solution curves for these initial concentrations are plotted

beneath the corresponding basin of attraction diagram (Fig 5.7). For no initial cheater
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population the initial populations lie within the region converging to CO (blue). This

corresponds to the solution curve for cooperators (solid, blue) reaching positive steady

state while wild type (dashed, green) and cheaters (dotted, red) approach 0 (Fig

5.7d). When the initial cheater population is increased to X∅(0) = 2, the marked

initial condition is in a region of initial conditions that converge to a pure wild type

population (WT, green). We see this illustrated with the solution curves as the wild

type population (dashed, green) is the only one to reach a positive steady state value

(Fig 5.7e). Finally, for X∅(0) = 4, all three solution curves decay to zero (Fig 5.7f) and

the initial concentration is in a region of initial conditions that converge to population

collapse (D, red).

The third row of Fig 5.7 displays the information from Fig 5.7a-c in the form of

the proportion of wild type population out of the total producer population, i.e.

Xab(0)

Xab(0) + 2Xa(0)
.

These diagrams reinforce the finding that an increased initial cheater concentration

leads to higher chance of population collapse. Note that the in order to outcompete

other strains when cheaters are present, the cooperator population needs to start as

a majority of the producer population (Fig 5.7g-i).

In Fig 5.8, we fix parameters for the passive transport model from a region

with bistability of CO and D (region IV in Fig 5.1b with Sin = 8mM, q = 10 L
g·h ,

see section 4.3 for more parameter details). Increasing the initial concentration of

cheaters weakens the cooperators, making population collapse more likely. There are

only two steady states, CO (blue) and D (red), for this choice of parameters. As initial

cheater population is raised from X∅(0) = 0 (Fig 5.8a) to X∅(0) = 1 (Fig 5.8b), and

then to X∅(0) = 2.5 (Fig 5.8c) we see that the range of initial populations converging
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 5.7: Effect of Cheaters on Tristability Basins of Attraction for Passive
Transport Model. Basins of attraction for cooperators (blue), wild type (green),
and population collapse (red) given increasing levels of initial cheater population.
Parameters were selected for passive transport model from tristable parameter region
III in Fig 5.1b with Sin = 8mM, q = 2 L

g·h and cheater population set at (a)X∅(0) = 0,

(b)X∅(0) = 2, and (c)X∅(0) = 4. Non-cooperative regions of population collapse
or wild type domination expand as initial cheater population is increased. Solution
curves corresponding to the marked initial populations in (a)-(c) are plotted beneath
their corresponding basin of attraction diagram, (d)-(f) wtih cooperator population
(solid, blue), wild type population (dashed, green), and cheater population (dotted,
red). Total producer population and the proportion of which is wild type are shown
in (g)-(i) with competition outcome at steady state colored as in (a)-(c).
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to population collapse increases. Another important observation from Fig 5.8 is that

a higher initial wild type population can lower the threshold of initial cooperator

population under which there is population collapse. This is because the wild type

population can help support and feed the cheater population, and in the case where

there are no cheaters, the wild type cells can support cooperator populations. This

takes stress off of the cooperator populations and allows them to thrive enough to

avoid population collapse. In the case where there are no cheaters (Fig 5.8a), even

a small amount of cooperators can invade the initial wild type population so long as

the overall population is high enough.

To see the effect of cheaters illustrated with solution curves we choose an initial

concentration marked with a star in Fig 5.8a - c,

Xab(0) = 0.1, Xa(0) = 0.05, Xb(0) = 0.05.

The solution curves are plotted below their respective basin of attraction diagram with

wild type (dashed, green), cooperators (solid, blue), and cheaters (dotted, red). As we

can see in Fig 5.8d, when there are no cheaters the cooperators outcompete the wild

type strain. In Fig 5.8e, the initial condition selected is close to the boundary between

basins of attraction and there is significant delay before the population reaches the

steady state of pure cooperator consortium. When there is a initial high amount of

cheaters (Fig 5.8c,f) all populations decay to zero.

The last row of Fig 5.8 displays the same outcomes as in the first row but with

respect to total producer population and the proportion which is wild type strain,

Xab(0)

Xab(0) + 2Xa(0)
.

From Fig 5.8g-i we see that very small initial producer populations will lead to collapse
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even when no cheaters are present. Slightly larger producer populations can survive

if the wild type strain is not too dominant. Interestingly, if the total population is

above the threshold for collapse, even an initial producer population that is almost

entirely wild type will lead to a pure cooperative consortium. The protection against

cheaters by the dominating wild type strain demonstrates that there is strength in

numbers, and that a competing wild type strain can help prevent total population

collapse and encourage the emergence of cooperation.

Lastly, we provide an example for the active transport model. For the mass

balance equation model with active transport there is only one region of multistability.

We choose parameters from region II in 5.1a of Sin = 5.6 mM and q = 2 L
g·h , and

observe stable steady states of wild type (WT, green) and cooperators (CO, blue).

A main difference between the passive and active models is that in the active model,

cells only export excess metabolite. Thus, cheaters are not able to ”steal” resources

from wild type or cooperators by depleting the external concentration and forcing

producer cells to export. This protects the community from a population collapse.

Cheaters still weaken cooperators by consuming the external metabolites that the

cooperators need to receive from their producing counterpart. In the case of active

transport, the wild type population no longer supports cheaters or cooperators but

rather protects themselves by only exporting excess metabolite. As initial cheater

population is raised from X∅(0) = 0 (Fig 5.9a) to X∅(0) = 0.1 (Fig 5.9b), and then

to X∅(0) = 0.25 (Fig 5.9c), we see that the range of initial populations leading to

cooperation decreases and is replaced by initial populations that result in the wild

type strain winning the competition.

The third row of Fig 5.9 displays the information from Fig 5.9a-c in the form of

the proportion of wild type population out of the total producer population. These

diagrams reinforce the finding that an increased initial cheater concentration lessens
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 5.8: Effect of Cheaters on Bistability Basins of Attraction for Passive
Transport Model. Blue (red) denotes the range of initial conditions that converge
to CO (D) steady state. Parameters were selected for passive transport model
from bistability region IV in Fig 5.1b with Sin = 8 mM, q = 10 L

g·h and cheater

population set at (a) X∅(0) = 0, (b)X∅(0) = 1, and (c) X∅(0) = 2.5. Non-cooperative
regions of collapse expand as initial cheater population is increased. Solution curves
corresponding to the marked initial populations in (a)-(c) are plotted beneath their
corresponding basin of attraction diagram, (d)-(f) for cooperator population (solid,
blue) and cheater population (dotted, red). Note that as the basin for population
collapse increases, there is an delay in reaching steady state for the cooperator
population solution curve in (e). Total producer population and the proportion of
which is wild type are shown in (g)-(i) with competition outcome at steady state
colored as in (a)-(c).
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the chance of cooperation. When cheaters are present, the cooperator population

needs to start as a majority of the producer population in order to outcompete the

cooperators (Fig 5.9g-i).

The overall effect of the cheaters in the mass balance equation model with both

passive and active transport is to weaken the cooperators, and to a lesser extent

the wild type, to the point where the cooperators are not able to outcompete the

wild type strain or there is population collapse. In both passive and active transport

models, even though initial cheater populations affect the outcome of the competition,

at every steady state the cheater population is zero.

5.3.2 Cheater Effect on Cost Scaled Model

In section 5.2 we see in the results from the cost scaled model for both passive

and active transport the addition of coexistence states. Now that cheaters have the

possibility of coexisting with wild type or cooperator strains do they still have the

same effect of weakening cooperative behavior?

We first investigate by choosing parameters for the active transport model with

cost scaling from region III of Fig 5.4 of Sin = 5.6 mM and q = 1.3 L
g·h . Similar to what

we saw in section 5.3.1, as initial cheater population increases from X∅(0) = 0.001

(Fig 5.10a) to X∅(0) = 0.1 (Fig 5.10b), and then to X∅(0) = 0.2 (Fig 5.10c) the

region of initial conditions that converge to pure wild type population at steady state

increases.

To see the effect of cheaters illustrated with solution curves we choose an initial

concentration marked with a star in Fig 5.10a - c,

Xab(0) = 0.04, Xa(0) = 0.07, Xb(0) = 0.07.

The solution curves are plotted below their respective basin of attraction diagram with
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 5.9: Effect of Cheaters on Bistability Basins of Attraction for Active
Transport Model. Basins of attraction for cooperators (blue) and wild type (green)
given increasing levels of initial cheater population. Parameters were selected for
active transport model from bistability region II in Fig 5.1a withSin = 5.6 mM
and q = 2 L

g·h and cheater population set at (a)X∅(0) = 0, (b) X∅(0) = 0.1, and

(c) X∅(0) = 0.25. Non-cooperative regions of pure wild type population expand
as initial cheater population is increased. Solution curves corresponding to the
marked initial populations in (a)-(c) are plotted beneath their corresponding basin
of attraction diagram, (d)-(f) for cooperator population (solid, blue) and cheater
population (dotted, red). Note that as the basin for population collapse increases,
there is an delay in reaching steady state for the cooperator population solution curve
in (e). Total producer population and the proportion of which is wild type are shown
in (g)-(i) with competition outcome at steady state colored as in (a)-(c).
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wild type (dashed, green), cooperators (solid, blue), and cheaters (dotted, red). In Fig

5.10d, we observe that even with initially very few cheaters, the cooperators are able

to outcompete the wild type and the cheater population grows to a stable coexistence

state with the cooperators. For an increased initial cheater population (Fig 5.10e)

the cooperators are somewhat weaken and the wild type population initially increase,

though they are ultimately outcompeted by the cooperator and cheater populations.

Finally, for high initial cheater population (Fig 5.10f) the cooperators are weakened to

the point where wild type is able to dominate leading to a pure wild type population

steady state.

To investigate the effect of the initial cheater population in the passive transport

model with cost scaling we consider parameters from region V in Fig 5.5 of Sin = 5.6

mM and q = 30 L
g·h . Not surprisingly, when initial cheater population increases from

X∅(0) = 0 (Fig 5.11a) to X∅(0) = 0.2 (Fig 5.11b) and to X∅(0) = 0.4 (Fig 5.11c), the

range of initial conditions leading to population collapse increases. The behavior seen

in Fig 5.11 is reminiscent of Fig 5.8 though in this case there is coexistence between

wild type and cooperators and not just pure cooperator steady state.

The two examples provided here give further indication that the presence of an

initial cheater population serves to weaken cooperators and lead to non-cooperative

states of pure wild type or population collapse. This behavior continues even when

there are stable coexistence states and stable states in which the cheater population

is not zero. The effect of the cheaters on the cooperator population is clearly visible

in comparing the trajectory of the cooperator solution curve (blue,solid) in Fig 5.10d

and e and in Fig 5.11d and e. For both of these figures, when there is low cheater

population (Fig 5.10d, Fig 5.11d), the cooperator population initially grows before

reaching steady state. For the increased cheater population (Fig 5.10e, Fig 5.11e), this

initial growth is visibly lessened, indicating that the cooperator strain is weakened by
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(a) (b) (c)

(d) (e) (f)

Figure 5.10: Effect of Cheaters on Bistability Basins of Attraction for Active
Transport Model with Cost Scaling. Basins of attraction for CO/CH (yellow)
and wild type (green) given increasing levels of initial cheater population. Parameters
were selected for passive transport model with cost scaling from bistability region III
in Fig 5.4 withSin = 5.6 mM and q = 1.3 L

g·h and cheater population set at (a)X∅(0) =

0.001, (b) X∅(0) = 0.1, and (c) X∅(0) = 0.2. Non-cooperative regions of wild type
expand as initial cheater population is increased. Solution curves corresponding to
the marked initial populations in (a)-(c) are plotted beneath their corresponding
basin of attraction diagram, (d)-(f) for cooperator population (solid, blue), wild type
population (dashed, green), and cheater population (dotted, red).

the presence of more cheaters.

5.3.3 Summary of Results

Based on our numerical investigations of our model, we conclude that

1. The outcome of the competition between wild type, A-cooperators, B-cooperators,

and cheaters depends on the type and rate of metabolite transport. Active

transport allows producers to keep sufficient amount of resources they produce,

allowing for survival of the wild type strain for high rates of transport, and less
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(a) (b) (c)

(d) (e) (f)

Figure 5.11: Effect of Cheaters on Bistability Basins of Attraction for
Passive Transport Model with Cost Scaling. Basins of attraction for WT/CO
(purple) and population collapse (red) given increasing levels of initial cheater
population. Parameters were selected for passive transport model with cost scaling
from bistability region V in Fig 5.5 withSin = 5.6 mM and q = 30 L

g·h and cheater

population set at (a)X∅(0) = 0, (b) X∅(0) = 0.2, and (c) X∅(0) = 0.4. Non-
cooperative regions of population collapse expand as initial cheater population is
increased. Solution curves corresponding to the marked initial populations in (a)-
(c) are plotted beneath their corresponding basin of attraction diagram, (d)-(f) for
cooperator population (solid, blue), wild type population (dashed, green), and cheater
population (dotted, red).
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variety in steady states for different parameter regions. In the passive transport

model, collapse of the population is possible at high transport rates.

2. Cost of metabolite production affects the competition. Inclusion of cost into the

model makes cheaters more competitive, since they do not incur a production

cost. As a result, there are stable equilibria where cheaters coexist with either

cooperators, or wild type strains.

3. In all models, cheaters affect the ultimate outcome of the competition, even if

they are not able to outcompete other strains. The presence of the cheater strain

serves to weaken cooperation. Since cooperators depend on resource exchange

through the external environment, the cheaters are able to consume exchanged

metabolites without contributing benefit to the system.



86

CHAPTER SIX

SIMPLIFIED MODEL ANALYSIS

The model detailed in chapter 3, with and without the cost function scaling,

contains many nonlinearities. Thus, finding steady states and analyzing their stability

is difficult. Numerical analysis of many dynamical behaviors seen in this system can

be found in chapter 5, and we now provide analysis of a simplified version of the

passive transport model without cost scaling.

6.1 Linearization of Hill Functions

The first step in simplifying the model is done by linearizing all Hill functions.

This assumes that the metabolic and chemical processes are not saturated. This

assumption allows us to explicitly analyze the behavior of the system when resource

consumption is in the linear regime.

For cell with strategy γ ∈ {∅, ab, a, b}, simplified growth rate function is

µγ = µmax,γ
Aγ
KA
γ

Bγ

KB
γ

S

KS
γ

=: µmAγBγS,

and simplified metabolite production rate function is

PA
γ = Y A

P,γ

S

KS
γ

=: Y A
γ S.

Analogous production functions for metabolite B are simplified similarly.

In addition to linearizing all Hill functions, we impose assumptions A1 - A3 from
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section 4.2 and assume symmetric initial conditions,

Xa(0) = Xb(0), Aa(0) = Bb(0), Ab(0) = Ba(0), Aext(0) = Bext(0).

We impose one more simplifying assumption on this system, that production rates of

both A and B for the cheater and the rate of producing B for the A-cooperator are

both zero, i.e. Y A
∅ = Y A

b = 0.

The simplified model is a system of nine ordinary differential equations.

dX∅
dt

= (µ∅ − d)X∅ (6.1)

dXab

dt
= (µab − d)Xab (6.2)

dXa

dt
= (µa − d)Xa (6.3)

dAext
dt

= −JAext + (TA∅ X∅ + TAabXab + (TAa + TAb )Xa) (6.4)

dA∅
dt

= β(−Y A
D µ∅ − TA∅ )− (µ∅ − d)A∅ (6.5)

dAab
dt

= β(Y A
abS − Y A

D µab − TAab)− (µab − d)Aab (6.6)

dAa
dt

= β(Y A
a S − Y A

D µa − TAa )− (µa − d)Aa (6.7)

dAb
dt

= β(−Y A
D µa − TAb )− (µa − d)Ab (6.8)

dS

dt
= J(Sin − S)− 2

YA/S
S(Y A

∅ X∅ + Y A
abXab + (Y A

a + Y A
b )Xa) (6.9)

− 1

YX/S
(µ∅X∅ + µabXab + 2µaXa)
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where

µ∅ = µmA
2
∅S

µab = µmA
2
abS

µa = µmAaAbS

TA∅ = q(A∅ − Aext)

TAab = q(Aab − Aext)

TAa = q(Aa − Aext)

TAb = q(Ab − Aext).

6.2 Steady State Solutions

We solve the above system at steady state and use the eigenvalues of the

associated Jacobian to analyze the behavior of the simplified system. There are

seven possible steady states for this simplified passive transport model:

1. D: population collapse: Xab = 0, X∅ = 0, Xa = 0.

2. WT: pure wild type population, Xab > 0, X∅ = 0, Xa = 0.

3. CO: pure cooperator consortium: Xab = 0, X∅ = 0, Xa > 0.

4. WT/CH: coexistence of wild type and cheaters: Xab > 0, X∅ > 0, Xa = 0.

5. WT/CO: coexistence of wild type and cooperators: Xab > 0, X∅ = 0, Xa > 0.

6. CH/CO: coexistence of cheaters and cooperators: Xab = 0, X∅ > 0, Xa > 0.

7. WT/CH/CO: coexistence of all phenotypes: Xab > 0, X∅ > 0, Xa > 0.
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Steady state from equations (6.1) - (6.9) is given as:

0 = (µ∅ − d)X∅ (6.10)

0 = (µab − d)Xab (6.11)

0 = (µa − d)Xa (6.12)

0 = −JAext + (TA∅ X∅ + TAabXab + (TAa + TAb )Xa) (6.13)

0 = β(−Y A
D µ∅ − TA∅ )− (µ∅ − d)A∅ (6.14)

0 = β(Y A
abS − Y A

D µab − TAab)− (µab − d)Aab (6.15)

0 = β(Y A
a S − Y A

D µa − TAa )− (µa − d)Aa (6.16)

0 = β(−Y A
D µa − TAb )− (µa − d)Ab (6.17)

0 = J(Sin − S)− 2

YA/S
S(Y A

∅ X∅ + Y A
abXab + (Y A

a + Y A
b )Xa) (6.18)

− 1

YX/S
(µ∅X∅ + µabXab + 2µaXa).

We note that when a population is assumed to be zero, i.e. Xγ = 0 for some

γ ∈ {∅, ab, a}, the corresponding internal concentration equation is no longer relevant.

Theorem 2. For a generic set of parameters, there are no coexistence steady states,

WT/CH, WT/CO, CH/CO, WT/CH/CO, in the simplified passive transport model.

Proof. We consider two cases:

1. Wild type and cheater coexistence (WT/CH): If we have positive wild type and

cheater populations, i.e. X∅ > 0, Xab > 0, then from equations (6.10) and (6.11)

we have that µ∅ = µab = d. In terms of our simplified growth functions this is

µmA
2
∅S = µmA

2
abS = d, (6.19)
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which implies

A∅ = Aab.

Since passive transport is a function of these equal internal concentrations and

the external resource is shared by all strains, the transport rates by wild type

and cheaters will be equal,

TA∅ = TAab. (6.20)

With µ∅ = µab = d, equations (6.14) and (6.15) simplify to

0 = −Y A
D d− TA∅

0 = Y A
abS − Y A

D d− TAab,

When coupled with (6.20), this implies

Y A
abS − Y A

D d = −Y A
D d.

This can only be true if either Y A
ab = 0 or S = 0. The production rate for

the wild type strain, Y A
ab , is positive. Thus S = 0. Since the decay rate, d,

of the population is positive and internal concentrations must be greater than

or equal to zero, µmA
2
abS = d from (6.19) implies that S 6= 0, and we have a

contradiction. Therefore, neither WT/CH nor WT/CH/CO steady states exist

for the simplified passive transport model.

2. Coexistence of either wild type or cheater population with cooperators: We

assume that we have positive cooperator population, i.e. Xa > 0, and show

that neither wild type nor cheater populations can be positive at the same

time. Assume first that the wild type population is also positive, Xab > 0.
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Equations (6.11) and (6.12) then give µab = µa = d, or

µmA
2
abS = µmAaAbS = d.

This implies S > 0 and by cancellation,

A2
ab = AaAb > 0.

From equation (6.15) we find

Aext =
1

q
(Y A

D d− Y A
abS + qAab). (6.21)

Equations (6.16) and (6.17) give

Aa =
1

q
(Y A

a S − Y A
D d+ qAext)

Ab =
1

q
(qAext − Y A

D d),

into which we can substitute the result in equation (6.21) to find

Aa =
1

q
(Y A

a S − Y A
abS + qAab)

Ab =
1

q
(qAab − Y A

abS).
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When we substitute this result into A2
ab = AaAb we get

A2
ab =

1

q2
(Y A

a S − Y A
abS + qAab)(qAab − Y A

abS)

=
1

q2
(qY A

a SAab − Y A
a Y

A
abS

2 − qY A
abSAab + (Y A

abS)2 + (qAab)
2 − qY A

abSAab)

=
1

q2
((qAab)

2 + qY A
a SAab − qY A

abSAab − qY A
abSAab − Y A

a Y
A
abS

2 + (Y A
abS)2)

= A2
ab +

1

q
(Y A

a − 2Y A
ab)SAab +

Y A
ab

q2
(−Y A

a + Y A
ab)S

2.

Since S > 0 and Aab > 0, in order for this to be true both

Y A
a = 2Y A

ab

Y A
a = Y A

ab .

This in turn, is only true if Y A
a = Y A

ab = 0, which contradicts the fact that

producers have positive production rates, Y A
a > 0, Y A

ab > 0 . Thus, wild type

cannot coexist with cooperators. The proof is similar if we assume that the

cheater population is positive. Therefore, neither WT/CO nor CH/CO steady

states exist for the simplified passive transport model.

Comparing these two cases with the list of potential equilibria we se that the

only possible steady states for the simplified passive transport system are WT, CO,

or D. This finishes the proof of the theorem.

We now provide either an explicit solution or a procedure for explicitly solving

for each of the equilibria WT, CO and D.
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Theorem 3. In the simplified passive transport system, at steady state D of population

collapse for all γ ∈ {∅, ab, a}, we have

Xγ = 0, Aext = 0, and S = Sin.

Internal concentrations, Aγ, γ ∈ ∅, ab, a, b are the nonnegative roots of equations

(6.14) through (6.17) respectively.

Proof. Equations (6.10) - (6.12) are satisfied by Xγ = 0. External concentration

Aext = 0 satisfies equation (6.13) when all populations are zero. Internal concentration

of metabolite is not applicable when the population is zero and thus, equations (6.14)

- (6.17) are not relevant to our system at steady state D. Initial conditions near D that

converge to population collapse will have a population whose internal concentrations

converge to nonnegative roots of equations (6.14) - (6.17) . We find S as stated in

the theorem from equation (6.18).

6.2.1 Wild Type (WT) Steady State

The wild type steady, WT, with pure wild type population is found using the

procedure outlined below. We first find each variable in terms of Aab. We then

construct a function of Aab whose roots can be used to find the values of the steady

state solutions. Solutions are not guaranteed to exist or be unique, depending on the

values chosen for the parameters. Here is the outline of the solution procedure:

1. If we assume Xab > 0, X∅ = 0, and Xa = 0 equations (6.10) and (6.12) are

satisfied and equation (6.11) gives µab = d which can be solved for S = f1(Aab).

2. Equation (6.18) is solved for Xab = f2(S).

3. Equation (6.15) is solved for Aext = f3(Aab, S).
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4. Functions f1, f2 and f3 are then all substituted into equation (6.13) to give

f4(Aab) = 0, which can then be solved for Aab. The solution to this equation is

the root of a fifth order polynomial. Thus, there is no guarantee of a positive

root or uniqueness.

6.2.2 Cooperator (CO) Steady State

The procedure for solving for cooperator steady state, CO, of pure cooperator

consortia is more complicated because the A-cooperator does not have equal

production rates of A and B like the wild type strain under symmetry assumptions.

Thus, the internal concentration of A in the A-cooperator cell, Aa, will be different

than the internal concentration of B in the A-cooperator cell, Ab; whereas, for the

wild type strain under our symmetry assumptions, the two internal concentrations

are equal. Here is the outline of the solution procedure:

1. We assume Xa > 0, X∅ = 0, and Xab = 0. Then equations (6.10) and (6.11)

are satisfied and equation (6.12) gives µa = d which can be solved for S =

f1(Aa, Ab).

2. Equation (6.18) is solved for Xa = f2(S).

3. Equation (6.17) is solved for Aext = f3(Ab).

4. Equation (6.16) with f1(Aa, Ab) and f3(Ab) substituted in for S and Aext, is a

quadratic equation in Aa. We solve it for Aa = f4+(Ab), and Aa = f4−(Ab).

Lemma 4. Function Aa = f4+(Ab) is the only positive solution of equation

(6.16) with f1(Aa, Ab) and f3(Ab) substituted in for S and Aext, respectively.
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Proof. Equation (6.16) when µa = d, as is the case in steady state CO, is given

by

0 = Y A
a S − Y A

D d− q(Aa − Aext).

When f1(Aa, Ab) is substituted in for S this gives

0 = Y A
a

d

µmAaAb
− Y A

D d− q(Aa − Aext),

which we rearrange to find

0 = Y A
a d− Y A

D dµmAaAb − q(Aa − Aext)µmAaAb.

This is quadratic in Aa with leading coefficient

−qµmAb < 0.

which is negative since parameters q and µm are assumed to be positive and Ab

is a positive concentration at steady state CO. The constant term,

Y A
a d > 0,

is positive because both production rate and decay rate are positive parameters.

Thus, we are guaranteed to have only one positive real value for Aa given by

Aa =
µmAb(qf3(Ab)− Y A

D d) +
√

(µmAb(qf3(Ab)− Y A
D d))2 + 4(qµmAb)(Y A

a d)

2(qµmAb)

which we will denote as Aa = f4+(Ab).

5. Functions f1, f2, f3 and f4+ are all substituted into equation (6.13) to give
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f5(Ab) = 0, which is solved for Ab. There is no guarantee of the existence

or uniqueness of a positive solution. If a positive solution for Ab exists, then

the procedure yields a steady state CO.

6.2.3 Numerical Evaluations of Steady States

Using Mathematica we apply the solving procedures listed above with our chosen

parameters from section 4.3. The values of q and Sin are used as a parameter. We

find implicit function f4(Aab, q) = 0 for WT and f5(Ab, q) = 0 for CO for different

values of Sin. In Fig 6.1 we plot f4(Aab, q) = 0 for various values of Sin. The value

for Aab seen in these graphs for various values of q and Sin can then be substituted

into functions f1, f2, and f3 to give the complete steady state solution WT. Positive

solutions for Aab are not guaranteed to exist or be unique, and if a solution does exist,

there is no guarantee that f1, f2, and f3 will yield positive values for other variables.

In Fig 6.2 we plot f5(Ab, q) = 0 for various values of Sin. The value for Aab seen

in these graphs for various values of q and Sin can then be substituted into functions

f1, f2,, f3, and f4+ to give the complete steady state solution CO. Positive solutions

for Ab are not guaranteed to exist or be unique, and if a solution does exist, there is

no guarantee that f1, f2,, f3, and f4+ will yield positive values for other variables.
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(a) (b) (c)

(d) (e) (f)

Figure 6.1: WT: q vs. Aab Graphs of f4(Aab, q) = 0 resulting from the solving
proceedure for steady state WT. Graphs shown for Sin = 0.001 mM (a),Sin = 0.1
mM (b),Sin = 1 mM (c),Sin = 3 mM (d),Sin = 5 mM (e), and Sin = 8 mM (f).
Solving for Aab when q is fixed allows us to find all other variables by substitution.
Positive solutions for other variables not guaranteed, and existing biologically relevant
solutions for WT may not be stable.
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(a) (b) (c)

(d) (e) (f)

Figure 6.2: CO: q vs. Ab Graphs of f5(Ab, q) = 0 resulting from the solving
procedure for steady state CO. Graphs shown for Sin = 0.03 mM (a),Sin = 0.1
mM (b),Sin = 1 mM (c),Sin = 3 mM (d),Sin = 5 mM (e), and Sin = 8 mM (f).
Solving for Ab when q is fixed allows us to find all other variables by substitution.
Positive solutions for other variables not guaranteed, and existing biologically relevant
solutions for CO may not be stable.
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6.3 Stability of Steady State Solutions

The Jacobian of the simplified passive transport system is shown in Fig 6.3. We

use Mathematica to find the eigenvalues of the Jacobian evaluated at each steady

state. When the real parts of all eigenvalues are negative, the steady state is stable.

If any of the nine eigenvalues have positive real part the state is unstable.

We then compare the stability of steady states of the simplified model to the

nonlinear passive transport model. We do not expect an exact match of behavior at

the same parameter values, so we examine the qualitative behavior of the system for

various q and Sin values. The results are summarized in Tables 6.1 and 6.2.

We first discuss qualitative similarities between the stable steady states of the

simplified and nonlinear passive transport model. In both models, we see that for

low transport rate only the WT state is stable. When substrate input concentration,

Sin, is above 1 mM we have, for high transport rates, the pure cooperator state CO

is stable. Intermediate levels of transport rate lead to bistability between WT and

CO. The final steady state is determined by the initial conditions.

When substrate input levels are low and transport levels are moderate or high,

both models have population collapse as the only stable steady state.

While the general qualitative trends are very similar between the simplified and

nonlinear models, there are some important differences as well. One key difference is

the lack of stability of state D in the simplified model for moderate to high substrate

concentrations and transport levels. For the nonlinear model, we observe in section

5.1.2 that D is stable for moderate and high transport levels no matter the substrate

input concentration.

To linearize our system near state D we consider the Jacobian from Fig 6.3

evaluated at state D (Fig 6.4). In order for D to be a stable steady state, the growth
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rate must be smaller than parameter d for all strains γ. For moderate and high

substrate concentrations, saturation of substrate in both growth and the metabolite

production functions provides an upper bound for the growth function given in 3.1:

µγ = µmax,γ
Aγ

KA
γ + Aγ

Bγ

KB
γ +Bγ

S

KS
γ + S

. (6.22)

When the cells reach saturation levels in S this function is bounded above by

µγ = µmax,γ
Aγ

KA
γ + Aγ

Bγ

KB
γ +Bγ

. (6.23)

Thus, when the internal concentrations of A and B for each strain γ are low the

growth rate becomes smaller than decay rate d and the population will collapse. For

the nonlinear passive transport model, any time the transport coefficient is above

q = 1.591 L
g·h , an initial condition near state D will converge to D (section 5.1, Fig

5.1b regions III-VI).

In contrast to this behavior, the simplified growth rate is given by

µγ = µmAγBγS.

Since this function is not bounded in any of the variables, if A and B are small, a

high concentrations of substrate S can compensate for low A and B, allowing the

growth rate to stay above the decay rate d. In such a case the population will not

collapse. Thus, for the linearized system a substrate input concentration Sin above a

minimum threshold prevents steady state D from being stable.
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Sin mM
q L

g·h
0.001 1 3 5 10

8 WT WT WT,CO CO CO
5 WT WT WT,CO WT,CO CO
3 WT WT WT,CO WT,CO CO
1 WT WT WT WT,CO CO
0.1 WT WT WT WT WT
0.001 WT WT WT D D

Table 6.1: Stability of steady states - Simplified model Summary of stable
steady states for simplified passive transport model. State WT is the only stable
state for low transport, q = 0.001 L

g·h and q = 1 L
g·h . Bistability occurs for moderate

transport, q = 3 L
g·h and q = 5 L

g·h , and moderate to high substrate input concentration,
S > 1. At high transport q > 5, for S > 1 there is monostability of cooperator state
CO, and for low substrate concentration, S < 0.1, population collapse D.

Sin mM
q L

g·h
0.001 1 3 5 10

8 WT WT WT,CO,D CO,D CO,D
5 WT WT WT,CO,D CO,D CO,D
3 WT WT WT,CO,D WT,CO,D CO,D
1 WT WT WT,D WT,CO,D CO,D
0.1 WT WT D D D
.001 WT WT D D D

Table 6.2: Stability of steady states - Nonlinear model Summary showing stable
steady states for nonlinear passive transport model. State WT is the only stable state
for low transport, q = 0.001 L

g·h and q = 1 L
g·h . Bistability occurs for transport, q > 1,

and moderate to high substrate input concentration, S > 1. At high transport q > 5,
for S > 1 there is bistability of cooperator state CO and population collapse D, and
for low substrate concentration, S < 1, population collapse D.
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As part of collaboration with members of the Biological and Chemical Engi-
neering department here at Montana State University, I assisted in the measuring of
some parameters through laboratory experiments. Our ultimate goal was to measure
growth and inhibition of E.coli in batch cultures under various glucose and lactic acid
concentrations. These data are part of the data being analyzed and fit with various
growth and inhibition curves by our collaborators. Results are being prepared for
publication [6].

A.1 Medium Recipes

LB agar plates for streaking were provided by collaborator Ashely Beck according
to the following recipe:

1. 1
2

LB Agar Plates, per 1
2

liter:

(a) 7.5 g Agar

(b) 5 g LB broth

(c) H2O to 1
2

liter mark

Elements of media were prepared by me according to the following recipes:

1. 5× M9 Stock, per 1 liter (filter sterilized or autoclaved):

(a) 30 g - Na2HPO4

(b) 15 g - KH2PO4

(c) 5 g - NH4Cl

(d) 2.5 g - NaCl

2. Trace Metals Solution, per 1 liter (filter sterilized):

(a) 0.55 g - CaCl2 or 0.73 g CaCl2 · 2H2O

(b) 0.10 g - MnCl2 · 4H2O

(c) 0.17 g - ZnCl2

(d) 0.043 g - CuCl2 · 2H2O

(e) 0.06 g - CoCl2 · 6H2O

(f) 0.06 g - Na2MoO4 · 2H2O

(g) 0.06 g - Fe(NH4)2(SO4)2 · 6H2O

(h) 0.20 g - FeCl3 · 6H2O

Experiments were run with both glucose and no glucose media for varying
concentrations of lactic acid (added in the form of sodium lactate). All media was
filter sterilized and pH adjusted to 7.
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1. Glucose Media:
1×M9 + 10g/L glucose liquid media + x g/L NaLactate , per 1

2
liter:

(a) 100 ml - 5× M9 Stock

(b) 0.5 ml - 1 M MgSO4 · 7H2O

(c) 15 ml - trace metal solution

(d) 50 ml - 100 g/L glucose stock

(e) 4.73485x ml - 105.6 g/L NaLactate solution

(f) remainder to 500 ml - ddH2O

2. No Glucose Media:
1×M9 + x g/L NaLactate , per 1

2
liter:

(a) 100 ml - 5× M9 Stock

(b) 0.5 ml - 1 M MgSO4 · 7H2O

(c) 15 ml - trace metal solution

(d) 4.73485x ml - 105.6 g/L NaLactate solution

(e) remainder to 500 ml - ddH2O

A.1.1 Shake Flask Culturing Protocol
All shake flasks were inoculated with E.coli (strain MG1655 WT ) with the

following shake flask culturing protocol.

1. Two days before experiment:
Make a plate culture of the strain of interest. Remove sample from the -80◦C
freezer and streak a small amount onto a LB agar plate using a sterile pipette
tip. Replace sample in the freezer asap.

2. One day before experiment:

(a) Make experimental media. This is 1×M9 + (10 g/L glucose) + desired
Lactic Acid concentration. Adjust pH, if needed, using HCl to 7. Record
media pH.

(b) Make an overnight culture from the plate culture. Fill a culturing tube with
7mL sterile experimental media (1×M9 + (10g/l glucose) + appropriate
acid). If necessary, ”Spike” this with 70 µL of LB Broth (100 g/l). Use a
sterile pipette tip to remove some of the E. coli culture from the LB plate,
and mix this into the media in the culturing tube. Vortex to mix well.
Place the culturing tube in the shaking incubator, 37◦C and 150 rpm.

(c) Autoclave equipment. You will need sterile 1mL pipette tips and sterile
shake flasks. Use three shake flasks (A, B, and C) per condition so that
you have triplicate data.
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3. Day of experiment:

(a) Start the laminar flow cabinet. Sterilize with EtOH, allow to run at least
10 min before use.

(b) Start the spectrophotometer. Turn on using switch at back of machine.
Set the wavelength to 600 nm and allow the lamp to warm up at least 10
minutes. Set the blank using a cuvette of DI water.

(c) Prepare the shake flasks. Using the electronic pipette (fitted with 25mL
pipette), fill each sterile shake flask with 50 mL of the media of interest.

(d) Prepare the overnight culture. Measure OD(600nm) from aliquot of
overnight culture. In the flow cabinet, transfer the culture from the culture
tube to a small Falcon tube. Place in the centrifuge and balance. Run for
8 min, 3700 rpm, 25◦C. Remove Falcon tube and decant liquid, making
sure not to dump out any of the cells in the bottom. Refill the tube with
7mL sterile experimental medium and vortex to wash the cells. Replace
in centrifuge and run again at the same settings. Remove Falcon tube
and decant liquid again. Refill with sterile medium so final OD(600nm) is
approximately 0.5 and vortex to resuspend the cells. *DO NOT FORGET
to do the above step!! It is critical to remove glucose and NaLac from the
inoculum, as their presence can greatly affect your results.

(e) Inoculate flasks. Then, using sterile 1mL pipettes, add 1mL of inoculum
to each shake flask. Swirl the flask gently, and use another sterile 1mL
pipette to move 1mL of culture from the shake flask to a cuvette. Take
this cuvette to the spectrophotometer and measure/record the time and
absorbance. Place the shake flask in the shaking incubator (37C and 150
rpm), and repeat the inoculation-absorbance procedure for each flask.

(f) Sampling. Sample the shake flasks every 1-2 hours until stationary stage
is reached (about 7 or 8 samples). Each sample measurement will include
time, absorbance, and volume of sample taken. Remove the shake flask
from the incubator and use a sterile pipette tip to transfer a 500µL volume
to a cuvette. Measure absorbance at OD600 nm and record.

4. Clean up:
Autoclave all of the culture-filled shake flasks on the liquid setting for at least
20 min. You can then pour sterilized culture waste down the drain and wash
the glassware using a dilute soap solution. Rinse well with tap water, and then
do a final rinse with DI water before drying (this prevents spotting).

A.2 Experimental Data

We provide details of all experimental data in supplemental spreadsheets and
include the results of one experiment here. The following data was collected from
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Time (h)
OD (600 nm)

A B C Control
0.00 0.009 0.009 0.010 0
3.60 0.088 0.087 0.100 0
4.70 0.161 0.187 0.219 0
5.63 0.322 0.378 0.444 0
6.63 0.669 0.762 0.892 0
7.85 1.428 1.652 1.855 0
8.63 2.097 2.394 2.607 0
9.48 2.871 3.014 3.372 0

Table A.1: Experimental Data -1XM9, 10 g/L glucose, and 4 g/L NaLactate
Batch culture data of E. coli grown in media - 1XM9, 10 g/L glucose, and 4 g/L
sodium lactate, with starting pH 6.99. Optical density (600 nm) of population
measured periodically until culture reached stationary phase.

A B C Average StDev
µ 1

h
0.6947 0.7187 0.7245 0.7127 0.0158

Table A.2: Experimental Data -1XM9, 10 g/L glucose, and 4 g/L NaLactate
Batch culture data of E. coli grown in media - 1XM9, 10 g/L glucose, and 4 g/L
sodium lactate, with starting pH 6.99. Optical density (600 nm) of population
measured periodically until culture reached stationary phase.

batch culture of E. coli (strain MG1655 WT ) using the above protocol and media-
1XM9, 10 g/L glucose, and 4 g/L sodium lactate, with starting pH of 7. Population
density was recorded periodically using optical density given by a spectrophotometer
with absorbance measured at OD 600 nm (Table A.1). Experiment was performed in
triplicate with a control of media not inoculated.

Data was plotted and exponential growth was fitted to the four data points
collected with fastest growth for each batch (Fig A.1).

Average exponential growth rate and standard deviation is computed from the
growth rate for each batch culture obtained from the exponential fit (Table A.2).

Similar experiments were performed with various concentrations of sodium
lactate and plotted (Fig A.2) to obtain a product inhibition curve for sodium lactate.
Curve is being fit by collaborators and publication of data is in preparation [6]. See
attached supplemental spreadsheets for other data collected for this curve and for data
from experiments measuring the inhibition curve of sodium lactate with no glucose
present in the media.
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Figure A.1: Plot of experimental data-1XM9, 10 g/L glucose, and 4 g/L
NaLactate Experimental data is plotted and exponential growth function is fit to
the four data points collected with fastest growth for each batch.

Figure A.2: Product inhibition curve - Sodium lactate and glucose Average
growth rate and standard deviation plotted for various sodium lactate concentration.



117

APPENDIX B

SAMPLE XPP CODE
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For the purposes of transparency and reproducibility, we provide here the *.ode
code used for XPP [17]. Note that due to formatting requirements, variable and
parameter names may appear differently in this code as compared to those used
previously in this work.

Figure B.1: Symmetric nonlinear passive transport model *.ode code
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Figure B.2: Symmetric nonlinear active transport model *.ode code
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Figure B.3: Symmetric nonlinear passive transport model with cost scaling *.ode
code
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Figure B.4: Symmetric nonlinear active transport model with cost scaling *.ode code
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