MONTANA

STATE UNIVERSITY

Simultaneous estimation of risk in several 2 x 2 contingency tables : an empirical Bayes approach
by James Stanley Bergum

A thesis submitted in partial fulfillment of the requirements for the degree of Doctor of Philosophy in
Philosphy in Statistics

Montana State University

© Copyright by James Stanley Bergum (1981)

Abstract:

A set of g 2X2 contingency tables with the row margins fixed may be represented as g pairs of
independent binomial variates, and x ”* » with corresponding parameters, and P * , and sample sizes,
and n * » where i = 1,... ,g. Associated with table i is the parameter of interest, 0", which is some
specific function of P * and P * * In this thesis, Bayes and empirical Bayes estimators are derived to
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ABSTRACT

A set of g 2x2 cdntingency tables with the row margins fixed
may be represented as g pairs of independent binomial variates, X4
and X409 with corresponding parameters, Pil and Piz’ and sample sizes,
and n,,, where 1 = 1,...,8. Associated with table i is the para-

4 12

meter of interest, O,, which is some specific function of P,, and P,,.

i
In this thesis, Bayes and empirical Bayes estimators are derived to
simultaneously estimate 61, 62,..., 68. The following six choices for

Bi were studied in detail: Pil’ PiZ’ Pill(l - Pil)’ Pizl(l - PiZ)’
Pil(l - Piz)l(Piz(l - Pil)), and ?11/P12. The last two choices, the

odds ratio and the relative risk, are measures of association commonly
estimated in epidemiological studies. The estimators are based on a
bivariate prior distribution on the unit square which allows for a
correlation between P11 and P12' The Bayes estimators are shown to be

asymptotically equivalent to the maximum likelihood estimators. An ad
hoc confidence interval procedure based on the empirical Bayesian esti-
mates is given. The posterior densities for each of the parameters are
presented.

A simulation study to compare the empirical Bayes estimator with
the maximum likelihood estimator and to study the properties of the
confidence interval procedure is presented. The results indicate
that in almost all of the situations simulated, the empirical Bayes
estimator is significantly better than maximum likelihood with respect
to reducing mean squared error. The confidence interval procedure
is at the nominal level and is accurate enough for practical purposes.



1. iNTRODUCTION

Cross-classified tables of counts, often called contingency
tables, are commén in the biological and social sciences. If the data
is cross-classified accordiﬂg to two dichotomous categorical variables,
then the table is called a 2 X 2 or fourfold contingency table. An
example might be the présence or absence of a risk factor, such as
smoking, cross-classified wifh the presence or absence of a disease,
such as lung cancer. Another might be the presence or absence of a
head injury cross-classified with whether or not the accident victim
was wearing a seat belt,

Suppose that data is to be collected and then cross-classified byv
two dichotomous categorical variables A and B. A 2 X 2 contingency
table can be generated by tﬁree sampling designs.

l.) The total number of observations is fixed and then each

'observatiop is classified according to the pfesence or
absence of A or B,
~2.) A fixed number of observations is randomly drawn from a
population possessing A and then another fixed number of
observations is randomly drawn from a population not pos-
seséing A. At the conclusion of the experiment, the obser-
vations are classified as to their presence or absence of B.

3.) The sampling units are randomly assigned to A or not A

with a fixed number of units in éach group.
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At the conclusion of the experiment, the observations are

classified as to their presence or absence of B.

The difference between designs two and three is that in design
two the sampling units are not randomly assigned to A and not A. They
are sampled from populations where A is known to be present or absent.
Friedman (1980) calls a study with sampling design two an observa-
tional study because, other than randomly selecting the subjects from
the two populations, the experimenter just observes the study. He
calls a study based on sampling design three an experimental study
since the experimenter inﬁervenes in the study by randomly assigning
the subjects to treatment A or not A.

Epidemiological studies based on design two provided the motiva-
tion for this thesis, but‘the methods developed in this thesis are also
applicable to designs of type three. Design two can be thought of as
drawing two random samples of fixed size, one from the population
possessing A and another from the population not possessing A and then
counting the number of observations in each sample possessing charac-
teristic B. The following notation will be convenient:

X1 = count of observations possessing characteristic B in the sam-

ple drawn from the pgpulation posscssing characteristic A;

-Pl = probability an observation possesses characteristic B given

that it possesses characteristic A;

n, = fixed sample size drawn from population possessing A;
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X2 = coﬁnt of observations possessing characteristic B in the sam-~
ple drawn from the population not possessing characteristic A;
PZ = probability an observation possesses characteristic B given
that it does not possess characteristic A;
n, = fixgd sample size drawn from population not possessing A.

The data from the study can be presented in a 2 X 2 table as shown in

Table 1.1.

Table 1.1 THE BASIC 2 X 2 CONTINGENCY TABLE

characteristic B sample size
characteristic A present (B) absent (not B)
present (A) X, n =X, . n,
absent (not A) X2 n, - Xz n,

Note that X1 and x2 are independent, binomially distributed random

variables.

Retrospective (case-control) and prospective (cohort) studies make
use of the second sampling design. Consider the example concerning
smoking and lung cancer. A retrospective study would consider cancer
deéths as characteristic A and non-cancer deaths as not A and then look
back in records or interview relatives to determine if the person had
smoked. A prospective study would consider smokers as A and noh-
smokers as not A and then wait to determine if they die of cancer.
Discussions of retrospective and prospective studies are found in

Fleiss (1981) and Mantel and Haenszel (1959).
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There are many functions of the binomial parameters which are of

.“iﬁ;éfegé-;ﬁwgwﬁ x'z contingency table. The following are considered in
this paper:
0, = Pll(l - P;), the individual odds for B, given A is present;
0, = P2/(1 - P,), the individual odds for B, given A is not present;
OR = 01/02, the odds ratio;

RR = P1/P2, the relative risk.

P1 and 01 are the probability and odds, respectively, of B being
present in a randomly chosen individual in the population where A is

present. Similarly, P2 and'o2 are the probability and odds of B being

present in the population where A is not present.

In the smoking;lung cancer example with A being the population of
smokers,va Pl = .04 would have the interpretation that one out of every
twenty-five smokers would die of lung cancer. The interpretation of
the associated individual odds would be that for every sﬁoker dying of
lung cancer, twenty-four will not die of lung cancer. Expressing the
risk as an odds gives a different emphasis in the interpretation evegif
though the statements are equivalent.

Often a comparison between two freduencies of occurrence (Pl and
PZ) in the two populations 1is desired. This is cémmon in tables where
one population is a control group. RR and OR are the most common

parameters used for this kind of comparison. RR is the ratio of the
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individual probabilities and OR is a ratio of the individual odds. If

P, > P, then OR and RR are greater than 1. If Pl < Pz then OR and RR

1 2
are less than 1. If P; and P, are equal then OR and RR equal 1. An

odds ratio of 2 in the smoking-lung cancer example, with A being the
population of smokers, indicates that the odds of a smoker dying of
cancer is twice that of a non-smoker. |

In this thesis, the symbol © is generic for an unknown parameter.
Thus 0 stands for one‘of Pl, P2’ 01, 02, OR, or RR. The particular
parameter of interest depends on the specific study.

The problem considered in this paper is the estimation of 6
simultaneously for each of several 2 X 2 contingency tables. The
problem can arise in many different situations, including:

1.) the population may have been stratified with respect to
another important variable and each stratum yields a separate
fourfold table;

2.) the same two variables might be cross-classified for several
different populations with each population producing a sepa-
rate fourfold table. |

Asetof g2X 2vcontingency tables with the row margins fixed may
be represented as g Pairs of independent binomial variates, xil and XiZ’
with corrésponding parameters, P11 and PiZ’ and sample sizes, n,y and

nos where 1 = 1,...,8.
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The combining of information from several 2 X 2 contingency tables
to calculate a pooled estimate of 6 has been given considerable atten-
tion (Gart 1962, 1970; Radhakrisha 1965; McKinlay 1978; Mantel and
Haenszel 1959). However, the combining of information is based on the
assumption of an equal value for 6, the risk parameter under considera-
tion, acr&ss all the tables. If the investigator knows that 0 differs
from table to table or a hypothesis of homogeneous 0 is rejected, then
a combined, single estimate of 60 may not be meaningful. The proper
method of analysis is to give a separate estimate of 0 for each table.
The usual estimates given are the maximum likelihood estimates.

The maximum likelihood estimate of O for a specific‘table is not
influenced by the data in the other tables. It seems reasonable,
howevér, to believe that information in the other tables might be used
to advantage. If the estimates (p1 and pz) were plotted, a pattern
indicating a correlation between P1 and P2 may be present. Suppose
that several states each performed a retrospective study of smoking
versus lung cancer and that the measure of assoclation is different
from state to state. It 1s reasonable to expect that the proportions
of smokers in the cancer and non-cancer groups will vary together from
state to state. For instance, a state like Utah may have a lower
proportion of smokers in both groups while a state like New Jersey may
have a high proportion of smokers 1n‘both groups due to state to state

variation in socio-economic class, religion, etc. The maximum




7
likelihood method completely ignores this possible assoclation between
P1 and PZ' The method of analysis proposed in this paper incorporates

the correlation by assuming a bivariate distribution on P, and P, and

1 2
then constructs estimates of the odds ratios for the various states.

Two estimation techniques can be used to incorporate the’corre-
lation. The techniques are called Bayes and eﬁpirical Bayes and will
be discussed in later sectionms. |

The goal of this paper is to apply maximum likelihood, Bayes,

and empirical Bayes estimation procedures to estimate 8, which is one

of the parametgrs Pl’ Pz, 01, 02, OR, or RR, simultaneously over the
g contingency tables.

The estimators of 6 based on each estimation procedure are given
in Chapter 2. A simulat ion study comparing the empirical Bayes
estimators with the maximum likelihood estimators is presented in
Chapter 3. Problems and extensions associated with the empirical
Bayes estimation procedure are given ip Chapter 4.

The method and results presented in Chapters 2 and 3 are
original.' The author believes at least some of the methods given in
Chapter 4 based on a prior which is the product of two independent

beta distributions can be found in thevliterature, but was unable to

find a referenrce,




2;1 ESTIMATION PROCEDURES

2.1 The Maximum Likelihood Procedure
2.1.1 Introduction
Suppose'i?is the realized value of a set of observations having
- ' — »
joint density f(x;0), where 0 = (91,...,9q) is the parameter vector

belonging to a specified subset © of Euclidean q space. The likelihood

of 0 given the observations is defined to be a function of 0:

—

L(B]x) = £(x;0).

' p— N ~ ~ ~
The maximum likelihood (ML) estimator of 6 is 6 = (91,...,6q), where

—
s e

A owd
L(B]x) = sup L(B]x).
6e0

. -— -—
It 1s often convenient to use the log likelihood, 2(0]x) = log L(6|x),

~
in which case 0 satisfies the equation
) -—

A o el
2(6]x) = sup 2(0]x).
-—
6e0
- ad
When the supremum is attained at an interior point of © and 2(0|x) is
—

a differentiable function of 8, then the ML estimator is defined as any

solution of the maximum likelihood equations

-— -
H(BIx)/20, =0, L= 1,....q.

-—
—

o~ - — - )
If 6 1s the ML estimator of 6 and h(6) is a function of 6, then the

—

———— | ~
ML estimator of h(8) is h(6) (Graybill 1976).
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2.1.2 The Maximum Likelihood Estimators
Given a set of’g 2 X 2 contingency tables with row totals fixed,

the likelihood function is

LCRy 1 oP1g0Pp1o P00 oo sPy s PyaiX 1o %190 %g s Xggs o+ s Xg 10 %g0) =
g /n n x n,,-x x n,.,-X
R\ [P2) g _p ytuTu M P
=il M, ) 1 i1 12 12
i1 12 :

where X4 denotes the realized value of a binomial variate (xil) for

row 1 in table i based on n,, trials with corresponding parameter

il
Pil’ Xy denotes the realized value of a binomial variate (Xiz) for

row 2 in table i based on n,, trials with corresponding parameter

i2
PiZ’ Solving the maximum likelihood equations, the ML estimators

g1 @nd Py, are Byy = x,)/n;y and By = x,,/n,,,

respectively. Since the other functions to be estimated are

for parameters P

functions of Pil and P12’ their ML estimators are:

04y = xqp/(ny) = xgy)s  ORy = xyy(nyy = %)/ (xyy(ngy = %490),

0 ), ﬁki = (x,,/n,,) (0, /x,,).

12 = X35/ (agy - %4y 12/ %42

2.1.3 Asymptotic Distributions for ML Estimators
As n, goes tb infinity, the probability distribution of the ML
estimator is closely approximated by a normal distribution. The

asymptotic (large sample) distributions for the maximum likelihood
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estimates of P, and P, 5, suitably standardized, are

L
‘/;11 [Pil - Pn]"'"”.(o’Pn(l - Pil))

ve [ z |
and N |Pyp = Py —»N(O,Piz(l - PiZ)) .

(Bishop, Fienberg and Holland 1975, ex. 14.33). Applying the S-method
(Bishop, Fienberg and Holland 1975, sec. 14.6), the asymptotic distri-

tions for the individual odds, suitably standardized, are
~ L 3

Vo 19 - oﬂ]—r N(O,P /(1 - P, )7)
~ ¢ L 3

and \/r'n'iz 04y = 0| —=H(O,2,/(1 = 2.)7).

Let n,=n,, +n, and nn/ni—»ai, 0 <a, <1 Then the .asymptotic dis-

i
tributions for OR and RR can be found by applying the multivariate ver-

sion of the {-method (Bishop, Fienberg, and Holland 1975, sec. 14.6)..

Since
P P 0 P,.(1 -P,)/a 0
S A RESE | 9 il 117724
Yl e I (o) ( 0 P(l-P’)/(l—‘a>)
1 12 ’ 12 12 i
then by the multivariate S-method,
. L Pl - Byy) 1-Pp Py
Vo, (OR, - OR,) =V { O, + and
11t P (1 -p,)%\(1-2)a, P (1-a,)
12 11 11781 F12M T %

Paufl-?gy P - PiZ\
2 +

)
Va (RR. - RR.) %W 0, .
PiZ a; PiZ(l -ai)/

D § i
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2.2 The Bayésian Procedure
2,2,1 Introduction |
The Bayesian‘approach is to incorporate prior information about the
parameters into the estimation procedure. This 1s done by specifying

—
a prior distribution function, G(9), on the parameters. A loss function,
—-\A
L(6,0), is also specified to define the loss incurred when estimating

-—
0 with the estimator 9 Given a specified prior distribution, the Bayes

estimator is the value of 9 that minimizes the Bayes risk defined as
— a—ty

-—
-— A

-— A -— A ——
r(0,0) -/R(e,e) dG(e)
where R(6,0) -‘/t(e,e) dF(x|0) and F(x,6) is the distribution function

of the data given 6.

—

-d A — b —_—
The Bayes estimate also minimizes‘/i(e,e) dF(8]|x) where F(8]x)

denotes the distribution function of 6 given the data (Fetguson 1967) .
) —
The density, if it exists, is denoted by £(6/x) and is called the pos-

terior density (DeGroot 1970). Thé Bayes estimators in this thesis will

-—d
-—— A

be found using the quadratic loss function defined as L(B 0)
-—\ . —-\ -

= (6 - 0)' (9 - 6) and then applying Rule #1 from Ferguson (1967, p. 46).

—n

The rule states that using quadratic loss to estimate 6§, a Bayes
o
n ' —
estimate, 0, with respect to a given prior distribution for 8, is the

- o
mean of the posterior distribution of 6, given the observations.

The prior distributions, posterior distributions, and the Bayes
estimatesAfot each of the six functions will be presented in the remain-

der of this 'section. For comprehensive discussions of Bayesian infer-

ence see DeGroot (1970) and Box and Tiao (1973).
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2.2.2 The Prior Distribution for P1 and P2

Several methods of constructing a bivariate distribution on the
unit square were considered to be used as a prior distribution. Mardia
(1970) and Ord (1972)‘wefe the primary sources for the methods. The two
problems most frequently encountered when applying the methods weré that
the algebra required to derive the Bayes estimators became unmanageable
gnd the range of the possible correlations between Pl and Pz-was too

small. The bivariate prior chosen is a special case of the van Uven

equation (van Uven 1947) given as

e, e, e,
f(x,y) = Ko(ax + b) “(cy + 4d) (alx + bly + cl) .

Let the density, g, be defined as

- al-l a2-1
g (pyspy)) = Kopy©  pp” (1 - Bpy - Bop,

a.-1
)3

vhere 0 < p, <1, ' ®,0,,8, >0, 0y € {positive integers},

The normalizing constant Ko

is
Oa=1 on-k-1
N DD> D" (a, - pe 68 gl

k=0 j=0 k! j! (a3 -k-3 -1 (a1+k)(0t2+:l)

Substituting (1 - pz) for P, in g, define g+ as

+ al-l a2-1 | ' a3-1
g (pl'p2) = Ko pl (1 - pz) (1 - Blpl - 62(1 - pz))
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where Ko and the constraints remain the same. Since a3 is a positive

integer, we can expand and rewrite g and g+ as

" k+j k J a+k-1 o +j-1
a-1 a,~k-1 1 2
_ 373 (-1) (o, ~-D!B B, p
g (pl’pz) - Ko 2: 2: 3 1 72 %1 Py and
k=0 3j=0 k!jl(ay-k-3 -1
_ 1l k+3 k §J a,+k-1 o, +j-1
g (p»p,) = K PIEED)

k=0 j=0 k! gl (@, =k =-§-1)!

The prior g 1is appropriate when it is known that P1 and P2 are

negatively correlated and g+ is appropriate for a known positive corre-
lation. Note that for oy = 1, the prior distribution for P1 and P2 is
such that P1 and P2 are independent random variables. .

To simplify notation throughout the remainder of this chapter, let

SISV

k! §! (@, -k =3 = D!

Note that A is a function of k, j, a3, B1 and BZ' The indices on the
o,~1 a, ~k-1

3 3
double sum Z Z will also be suppressed throughout the remainder
k=0 j=0 ~

of Chapter 2.

The mafginal distributions for g+ and g are

a1+k-1

- + P
g,(py) = g,(p,) = K, LIL A —————
1\P 1P 0 o + 1
v - Y2

o g e o

[
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a2+j-1
- Py
gz(pz) = Ko IZA————, and
a, + k
1
o, +i-1
gz(pz) = Ko ZL A .
Gl + k

The moments of the prior distributions are

E _(pblI pg) =Ky IZ A /(e + k + M (a, +J +N)) and
g
Eg_*(pl;I PI;) = Ky ZZAB(N+1, a) + /(e +k+ M),

where B(*,*) is the beta function defined as

B(a,b) [ (1 - t) .

The conditional means are

T A p‘l‘/(m2 +14+1)
E _(p,lp) = an and
. IZ A pi/(a, + 1)

IE A B/ oy + 3 + 1) (o, + 1))

E_ (p,lp))
gt 21 I A py/(a, + 1)

Figures 2.1 and 2.2 are examples of contour plots for the prior

distributions g- and g+. The conditional means are also shown.

T
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P, 1.0

.81

.64

4

e
L
-

Figure 2.1 Contours and E -(p2|p1) with a, = 5, a, = 6, 0y = 12,

= = g
Bl .4, 62 .5.
P2 1.0

ot

.6--

N2

2T

0 2 4 .6 .8 1.0 P
Figure 2.2 Contours and E +(P2|p1) with dl = 19, ay = 19, ay = 13,

Bl = .5, BZ = .5, g
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2.2.3 The Posterior Distributions

Let P-(pl,pzlxl,xz) and P+(p1,p2|x1,x2) denote the posterior

-distributions of P1 and P2 associated with g and g+, respectively.

£(x1»%,1p;»p,) 8 (py5P,)

P (pysp, lX,5%,) =
17727172 / f(xi’lepl'pz) g (Plopz) dpl dpz

o +x.+k=1 n,-x, o +x,+j-1 n,-x
171 171 2 72 2 72
IZ A P, Q- pl) P, (1 - pz)
= . _ and
I A B(a1 + x, +k, n, -x + 1) B(a2 +x, + 3, n, - %, + 1)
£(x,,%,1p,»p,) & (p,sP,)
+ ¥1°%21P12Py7 8 P10 Py
P (p,»p,Ix,,x,)) =
17271 £(x,,%, 1p1sp,) & (py»p,) dp, d
EAX 2%y 1P10Py P1sPp) 9Py Py
o, +x,+k-1 n,-x, X n,-x,+0,+j-1
171 171 2 2 72 72
_ Iy (1-p) p, (1 -py)
I A B(a1 + X, + k, n, - X + 1) B(x2 + 1, n, - X, + a, + 3j)

‘ n n X : n,-x X n,-x
1 2 1 171 2 2 72
where f(xl.lepl,pz) <x1)(x2) p, (1-7p) Py (1 -p,) R

xl = O’C;.C,nl’
x2 = O’QQC'nz’
is the density of the data given the parameters.
- : +
Let the denominator of P (pl,p2|x1,x2) and P (pl,pzlxl,xz) be
defined as D and D+,'respectively.

The posterior distribution for Pl is the marginal distribution

"of P or P+ depending on the prior used. The posterior densities for
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P1 are
al+x1+k-1 n; -x, ) -
- = - - + D,
0< Pl L1,
and
o +x_+k-1 n,-x .
+ 171 171 +
= - - +
hPllx(pl) I A P, 1 pl) . B(x2 + 1, n, = X, + a, /o,
0< pl_i 1.
The posterior’densities for P2 are
- Ay tx,+i-1 nsyX,
thlx(pZ) = Il A P, (1 - P,) B(a, + x; + k, n; - x, + 1/p,
0< P, <1
and
x n,=x,+0,+j-1 :
+ 2 2 %2772 +
hPé|x<p2) Iz A P, (1 - pz); B(a1 +x, + k, n -x + 1)/D,
0< P, <1

The posterior distribution for 0, and 0, (individual odds) are found

by using the change of variable

Py Py
01 = s 02 =
l - Py

1l - Py

and 0,.

on P~ and P’ and thea finding the marginal distributions of 0, 9

The posterior densities of O, and O, are

1 2

_ al+x1+k-1 -(n1+a1+k+1)
hollx(ol) = LI (A o, (1 + 01)

X B(az + xz + 3, n2 - X

p* D)/DT, 0<o

< o,

1
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hgllx(OI) i Z; " °?1+x1+%-1 0+ 01)-(n1+al+k+1)
X B(xy + 1, n, - x, + @, + j))/D+, 0<o0 <=,
_ , a2+x2+j-1 —(n2+a2+j+1)
h02|x(°2) = IT (A o, (1 + 02)
b B(a1 +x, +k, n, - x + 1))/, 0,§,°2 < o,
X Bla; + x) +k, n, - x + /Y, o< 0, <=

The posterior distribution for OR (odds ratio) is found by using
the change of variable -
or = p,(1 = p)/(py(1 - p;)) and ¥ =p,/(1-p,)

on P~ and P+ and then finding the marginal distribution for or. The

posterior densities for OR are

+k+j -1 -(a +n

2 2+j+1)

171 . ¥ 17271 72 1+

+k+1)

_ a,+x.+k-1/ o o, 4+, +x, +x
hORIx(or) = X% (A or

-(a;4n;

x (1 + or*y) dy)/D°, O <or <« and

171 17172 (1 + P 2

+ o +x,+k-1/ o o, +x,+x. +k ~{(n +a2+j+1)
hORIx(or) = X% (A or 0 Y

-(n1+a
x (1 + or-y)

1+k-|-1) +
dy)/D°, 0 <or <=,

The posterior distribution for RR (relative risk) is found by using

the éhange of variable

IrT = p1/p2 ~ and P = P,
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on P~ and 2 and then finding the marginal density for rr. The

posterior densities for RR are

IZ (A rx 14

o, +x.+k-1 1 n,-x, 0O 40, +x +x +k+j-1
b 1 0 r / (1 orrepy L1 02002
0
-X

x (1 - w)nz 2 ay) /- ifo<rr<l1

d +x,+k-1 £ 1/rr n,-x, o,+a,+x,+x,+k+j-1
ZZ(Arrll f (l-rr-d))lllI)IZIZ
0

ny7%2
x (1 -19) dy)/p-, 1if rr>1 - and

IZ (A rr ! (1 - rr-9) v

B (FD)

0

n2-x2+a2+j -1

x (1 = ) ay/ot, 1fo<rr<l,

1'% (1 - rr-y) 1w112

o, +x,+k-1 /' 1/rr n -x, o +x,.+x. +k
ZZ (A rx f
. 0

nz-x2+a2+j -1

x (1 = ) ap/ot,  1f rr > 1.

2.2.4 The Bayes Estimators

Applying the rule from Ferguson given in 2.2.1, the means of the
posterior distribution are the Bayes estimators.
The Bayes estimators using g are:

~ ~ o~ v(u.l +x 0+ k)
= -, P.,P
P] ‘ZZ “kydomym, (®),2)) o+ n

+k+1)‘
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- o~ (a, + x, + J)
-TTw (®,,p,) —=—2 ,
k,3,my,my 1772 () +n, + 3 +1)
2
(a, + x, + k)
~ o~ 1 1
=L vy, nl,n (Bys2)) o o ,
n; - xl)
A (o, + x, + 1)
0, =22, w (%,,P.) 2 ,
2 k,d,n .0, 1772 (a, - x,)
n L. (@ +x +k (n, - x, + 1)
OR™ = 22, w;j Lo BLEY 1 . 2 2 , and
i R (nl—xl) (a2+x2+j-—1)
~_ _ . (@, + x; + k) (o, + n, + 3)
RR™ = ZZ wk‘ (PI’PZ) 1 1 . 2 2 ,
»3amyam,y (@ +m +k+1) (0, +x,+3 =1
where wkj RIS (PI’PZ)
AB(a1+n1'f>'1+k,n1-n1$1+1)B(a +nP)+j, -n2§'2+1)

D

Notice that 2,2, wkj o (PI,PZ) =1,

The Bayes estimators using g+ are:

(0.1+x + k)

1
9
+ k+1)

ZZ W ('5 ,2.)
k3, nl,n 2 (al +n,

(xz + 1)

'ZZW (; F) >
kj“r“ (a, +n, +§ +1)
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)(a1+x1+k)
2 (n;, - x,) ’
1 ‘1

g2

1= Tl npn, G

o o~ “(x, + 1
D, Y g n, FpoFy 2 :
'yt (a2+n2-x2+j-l)

(a1+x1+k)'. (a2+n —x2+j)

-~ ~ 2
EZ wkj 50, (PI’PZ) o -y , , and

1 1 2
N - . (a, + x, + k) (a, + n, + 3)
RR = 2,2, w;j . .8, 11 o2 2 '

(a1+n1+k+1) X,

+ ~ ~
vwhere wk’j’nl’nz (PI’PZ)

} A B(Gl + anl + k, n, - anl + 1) B(n2P2 + 1, n, - nsz + a, + i)
" '

otice that ZZ Vi d.mpn, (PI’PZ) 1.

2.2.5 Asymptotic Behavior of the Bayes Estimators

In this section, the Bayes estimators are shown to have the same
asymptotic distribution as the maximum likelihood estimators. There-
fore, for large sample size, one can use the ML estimates and construct -
confidence intervals based on the variances given for the ML estimators
in Section 2.1.3. Several lemmas are necessary before proving the

‘'main theorem of the section.




Lemma 2.1

o f (x)

If lim —>—— exists, fn(x) # 0 for each n, and

n-+o ox

1
f (%)

n

9

.'then lim ————— exists.

n*e  9x

Proof:

Since lim f&(k) exists and lim fn(x) # 0, then

nroe

-lim f'(x)
no 1

exists.  But

(iiz £_(x)

Lemma 2.2

Let nlln + a, n2/n + b, then

™¥,3,n,.n,
1im

nho BPI

aﬁ; i n
£ 4 ’nl’ 2

lim

no 8P1

exist for all k+ j <a

22

n--oo

1lim fn(x) $# 0,

-lim f;(x)

n-roo

‘ 1lim fn(x))2

n—#oo
1
-£'(x) f (%)
> 11m——“——2— = lim —>——
) noo (fn(x)) n¥®  3x
awk,j,nl,nz (P)»%,)
lim
n-ro ‘BPZ
+
awk,j,nl,nz (B;»Py)
lim
n+e ‘ BPZ
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Proof:

The proof is given for w . The proof for w+ is similar.

* 1

Let P.,P.) = . Th thod of proof 1
* ¥kd,n,,0, (B)2Bp) - PR e me of p s
k,j,nl,n2 1’72

* *
awk.j,nl.n2 (252 awk,j,nl,nz (P),B,)
to show that lim and lim

nre 3?1 n>e or

2

exist and then apply lemma 2.1.

1 r+s ,r .S
(0 - D! 1770 8] B,

Define A =
T

’ ot - - - '
r: s! (a3 1 -1r-5)!

a,~1 a ~1-k'
>3 3 A C D
* | ] ] ] )
k,j,nl,n2 172 A
Ck'=0 3'=0 K,j
T(a, + n.P, + k') T(a +n, +k+ 1)
where Ck. = 1 11 * 1 1 and
I‘(cx1 + n1P1+ k) I‘(a1 +n, + k' +1)

I I'(a2 + n,P, + ") . I‘(a2 +n,+3+ 1)

] .
3 [(a, + 02y + 1) T(ay + 1, + 4" + 1)




If k' = 0, then

C.=0,

I‘(OL1 + anl)

*

I'(o,1 +n

1
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+ k+1)

I’(al+nP + k)

(a1+n

1'1

1

+k) ...(0.1 +ln

l"(a1 +n

1

+ 1)

+ 1)

(oz1

+n

1P

If j' = 0, then

D, -'o,

I’(cx2 +n

2F2)

.I'(o.2+n2+j+1)

I'((JL2 +n

(az +n, + ) ... (a2 +n, + 1)

272

P +3)

: I'((!.2 +n

2

+ 1)

Notice that a

We then

‘ oC
1im —2
n-o BPI

3D
1im —2

no 3?2

0

(o,1]. Also, lim C0 = (1/1’1.)k and 1im D

‘ n-o n+o
have
1 \k
9 lim C0 3(}—)
- _k+l

3P1 aPl Pl

2

2F2)

for

for

for

for

k= 1,-0.,

3 = 0.

(13-1 .

j = 1,...,03-1.

- 3
0 (1/?2) .

and

and .bO are the reciprocals of non-zero polynomials on
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With the recursion relationships

\J
al +n1P1 + k

C. . = C, , k' = 0,...,0,-2
. k'+1 O +n +k' 41 k'’ A 3
1 1
' '
a, + n,P, + ] D,,, §' = 0,.0. 0,22
ERC : 3 372
a2+n2+j + 1
and
i i 8 Sl | o + 0P, 43
lim —1—11 -2, lp —2— 22 -,
N TR T A W AR
' L
) Htmb tk ) @, +n,P) + k
S . @y +my +3T 41l
lim = 1, and 1im - 1’
n->e apl oo aPz
we have
aw (p,,P.)
kj’ ’ ]'.’ 2 1] aC ]
lim 71072 =3 Beage 1in —K' 1im D, |
n-+o oP - 31’1 ~in D

1 Ak,j

A, . Pj'
= ZZ k', 4 =k 2
L 3
Aksj Pl PZ
jl
“k -1 -8~ <-P132)
B a3 ZZ
Moy 1 % R LGRS B R R
-k a,-1

3

) A, 3 pktl ol (1 - By - ByPy)
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and
*
9 wk:j ’nl’nz (PI,PZ) -j a3-1
1lim 391 (1 - BIP1 - 82) .
neo 8P2 Ak j P
) l P.) 3w (e.,P.)
w k,3,n,,n, ()P, wk,j,nl,nz 1°°2
Thus 1lim and lim exist.
n+e ' oP n-e oP
1 2
Also
. Ak '
1mw (B,,P,) = X553 Jimc, 1imD
k,j,n 1°™ 1’ ZZ oo k' o i

Ak,j
' k! 3’

k o3 e s ' e
1 P2 k'3 (a3 -1-%k'- j»).

-1
Ay

a3-1-
(1 - B,y - ByPy)

s PT P%

# 0.

So by lemma 2.1, the result follows.

Lemma 2.3
| £ %))
If X fi (xl,xz) is a finite sum with 1im ,'c)x and
n-+o 1
£ n(%10%) |
lim ~ existing for each i and lim gi’n(xl,xz) = h(xl,xz),

L 0 2 n+o
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o £, (xp%y)

then lim I |—
n>o i ox

3

gi’n(xl,xz) = 0, where j = 1,2.

Proof:

9 fi,n(xl’xz)

g (x »X )
oo 1 ax i,n 1 2

3

o f, (x.,x,)) 9 f, (x,,x,)
i,n""1°72 1im g (x1'x2) e ol1im in 71?72
e L i |ne ox

3 " 3

h(xl,xz)

] i fi,n(xl’XZ) o
ox n*® 9x

3 J

= h(xl,xz) 112 - Q.

n
.Lemma 2.4

If £(x,y) has continuous first partials, then the Taylor expansion of

f at (a,b)

f(x’y) - f(a’b) +_a._f_.(i’_122. (x - a) +ui§_ll)_). (y - b) 4+ R
da ob

is such that

R = of(a,b) . - of (a,b) (x - a) + of(a,b) - of(a,b) (y - b),
da a=a_ %a ab asa: 3b
b=b b=b

* * : ,
where a 1s between x and a and b is between y and b and

R=o(max {|x - a|, |y - b]}) as x + a and y + b.
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Proof:

* * * *
There exists an a and b such that for a between x and a and b
between y and b, the following equality holds for the Taylor expan-

sion of f(x,y) about the point (a,b).

f(x,y) = f(a*,b*) + a_f.gil;bl x (x - a) + .?_fgé_)_bl * (y - b)
da a=a, ab a=a,
A b=b b=b

= £x,y) = £(a",b) +3—f—;iﬁl (x - a) +ufaiﬂi (y - b) + R
a b

where
p=|2fab) ] 3 fab) .,y 4|2 f@b]| 3 f@bf .
da =a, 9a 9b a=a, b
b=b ’ b=b
Now
0 < R}

" max{|x - al, |y - b}

<||8_£(a,b) . - d f(a,b)| _ |3 f(a,b) . - d f(a,b) ,
I ea a=a, da ob a=a, ob -
b=b b=b

but since f has continuous first partidls,

d £(a b) R d f(a,b) and -9 f(a,b) L= d f(a,b)
da a=a, da ab a=a, db
b=b b=b '

as x + a and y + b so that the right side of the inequality approaches

zero and therefore .

R = o(max {|x - a], |y - b|}).
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Theorem 2.1
The Bayes estimators have the same asymptotic distribution as the
maximum likelihood estimators.
Proof:

~
A proof 1s given for OR™. Proofs for the other Bayes estimators follow

similar arguments. Assume that n1/n = a and nz/n +b (a+b=1).

~_ P ) L. (B, + (e, + /0 ) - P, + 1/n)
OR-g~1-ZZwan’n(P1,P2) 1L 2 2
J - -
P, 1’72 (1, Pl) (e, + (az + 3 1)/n2)
where P1 - xlln1 and P2 - x2/n2.
We need to show
P P.(1-P)| L
VEle| ) —E| > w0, )
. ]
P.(1 -P,) 1-P P
where OP P = ; 2 3 2 + 1 .
’ - -
"2 Pl - N\ -PJa P

The method of proof is to épply the following lemma (Rao 1973, p. 122).

‘ Lemma 2.5
1f
r " Pl L 2 :
1) Wwigl.' )-8 ~—> ¥(0,05 )
P, P, 1°%9
(P.(1 - 2.) P
11) Ja 1 2. . 2 | A
Pz(l - Pl) P2
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| Py rU-Pf L )
then f[r g ; - 4 N(O’OP P )'
2 Pz(l - Pl) 1272

" Proof of Theorem 2.1:

" First to show (i) of Lemma 2.5.

P
P,

15 The Taylor expansion of g about is

oQ

P ~ ~
>-,_ g (P1> + [1+ 2] (Pl - Pl) + [3 + 4] (P2 - PZ) + Remainder (R)
2 . .

2
where
| _ U+ (@ +©/m) (=2, +1/n)
1=13I 4,000 (P,P,) 5 * .
i R (1-p) (B, + (@, + 3 - 1)/n,)
aw;’j’“l’ﬁz (P),P)) (P, + (o) + ) /n)) (1 =P, + 1/n))
g = ZZ . 1
8P1 (1 - Pl) (P2 + (a2 +3 - 1)/n2)
(<1 - (o, + 3)/n,) (P, + (o, + K)/n))
3eET v, o (R,R)) 2 2 A ‘
1’72 (B, + (a, + 3 - 1)/n2) (1 -2
_ awl:,j,nl,nz(Pl’PZ) (1 - ®, + 1/n,) (B, + (0, + K)/n))
4= ,
oP, (B, + (a, +3 - 1)/n,) a-p)
P P
Glelst)- el !
Py )

= [1+20F (31 - B)) + [3+ ¢lvT (Fz - P,) + VAR
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9 wk,j,nl,nz(Pl’PZ)

From lemma 2.2, 'lim w, (?I,Pz), 1lim
~$»00

14
n>w k’j’nl’nZ n

3?1

® ¥i,1,n,,n,F17F2)
and lim exist for any P, and P, in the open interval
1 2
n+e oP
2
(0,1).
Recalling Iz wk,j,nl,nz(Pl’PZ) =1,
Q- P2) -P1
1lim I - and 1lim 3 = - -
n*® (1r- Pl) P, e P2(1 - Pl)
Applying lemma 2.3,
lim 2 =0 and lim ¢4 = 0.
e n>o
s1
By lemma 2.4 g $ | has continuous first partials on (0,1). Noting
‘ 2

that the gamma function is continuous and differentiable,

R = op(max {|;1 - Pl"lgz - le})
But \/ﬁ‘(P1 - B ) = op(l) and \/n—(Pz - Pz) -op(l)

(Bishop, Fienberg, and Holland 1975) so VA R = op(op(l)) - op(l).
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We now have that

P (1-%) P op
[13-2]-—-) and [3 + 4] —>

1
: 2 2

(a1 - Pl) P, P2(1 - Pl)

Since ﬁ(;l - Pl) _’_I:' N(O,(Pl(l - Pl))/a) and

V;(P2 - P,) — (0, (P,(1 - P,))/b), we can apply Slutsky's
Theorem (Rao 1973, p. 122)., Thus

P
vn g( 1)— g( 1 _,—E—N(O,oz‘ ).
2/ - \F2 SRR ST )

Now to show (ii) of Lemma 2.5.

P.(1 -P,) P
11) lim\fﬁ' _.]'_...__g___g<1>
2

2 rdl

P
n+e Pz(l - Pl)
P.(1 -P,) (P, + (a, + k)/n,)
= 11im E ._1_—2_ - I wl: (P ’Pz) 1 1 nl
weo 21 - P)) »3,my,m, 7 1 -

X

a - 1:"2 + 1/n2)
(P2 + (02 +31 - 1)/n2)

= 1lim Vo }:ZE‘ o CBpsP

n-+o ksjonlt 2

)<P1(1 -B) @+ (o + V/ap)
2 ‘ N
P, (1 - P)) (a-z)

y i - P2 + 1/n2)
(1>2 + (az +3 - 1)/n2)
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« [P (a, +3-1-P)
p— 2 [ lmwg, 22y 1 2 2
(1 -2, | fo 1’72 i n2/n
P, (o +vk) ' (a, +3 - 1)
_l2 (oply L i (e, + 22
n,/n 2 n(n,/n) 2 n,/n
1 2 - 2
Since lim w, P,,P ists f P d P, in (0,1
nce Lin wk,j.nl,nz ( 1 2) exists for any P; and P, in (0,1),
P, (1 -P,)
the lim V&= | — z _, Z,0.
n-+o P2(1-P1) 2
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2.3 Empirical Bayes Procedure
2.3.1 Introduction

If the hyperparameters Qs Qs Oy Bl’ and BZ of the prior density
are known, then the estimators derived using the Bayesian procedure will
minimize the Bayes risk under squared error loss. If one is unwilling
to specify the hyperparameters, then empirical methods can be used.
Robbins (1956) was the first to suggest an empirical Bayes approach to
the problem of estimation when the prior is not completely known. Since
Robbins' paper, other empiriéal methods have been proposed. The method
used in the present paper is to assume a g- or g+ family of priors with
the parameters unknown. The hyperparameters are then estimated by some
kind of non-Bayesian techniqﬁe. Then the empirical Bayes (EB) formulas
are the same as the Bayesian procedure with the exception that the
hyperparameters are replaced‘by their estimates. Good (1980) suggests
that the ﬁethod be called Semi-Empirical Bayesian, or Hyperparametric

Empirical Bayesian, while Bishop, Fienberg, and Holland (1975) suggest

the name Pseudo-Bayesian.

2.3.2 Estimation of Hyperparameters
Let the family of prior densities be of the family g+ or g with

hyperparameters a,, 0,, G5, B,, and B,.
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The marginal likelihood functions for the hyperparameters are

- ‘ g _
L (al’a29a3181362; (xilgxiz)’ i = l’ooc,g) = ISI m (xil’x

)
1m1 12

for prior g and

g
+ +
L0y 5090030810Bp5 (xgpaxyp)s 1= 1,00es8) LRIy
+
for prior g , where
n n
- i1 i2
m (xil’xiz) = Ko IZ A x B(a1 + X * k, ngy - Xt 1)
11 i2
x B(a2 +x, + i, LYPREE P 1) and
+ "41) [ P12 -
m (xil’xiz) Ko I A x, ) \ %y, B(a1 + X + k, n, o= Xy + 1)

X la(x12 +1, Ny, = X, +a,+ 1,

which are the marginal densities of x,, and Xio for table i. One can

i1
use L™ and LT to find the ML estimator of the hyperparameters.
A closed form solution for the hyperparameters was not found. A

method for finding the ML estimate is given in Section 3.3.

2.3.3 Asymptotic Results
The Bayes estimates were shown to be asymptotically equivalent to

the maximum likelihood estimates in Section 2.2.5. Thus the effect of

the prior, regardless of the values of Gy Oys 81, and 82, is lost as
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the sample size gets larger (i.e., the data dominates the prior as
| the's;ﬁﬁle size increases); o
The empirical Bayes estimates have the hyperparameters replaced

by their maximum likelihood estimates. The maximum likelihood estimates
are consistent estimators and so with respect to Ops Oos Bl’ and Bz,‘the
empirical Bayes estiﬁators are converging to the Bayes estimators. This
leads the author to believe that the empirical Bayes estimates are at>
least consistent and perhaps asymptotically equivalent to the ML esti;

mators but he 1is unable to give a rigorous proof.

2.3.4 Confidence Intervals

In an attempt to construct a confidence interval based on the
empirical Bayes estimators that would have a frequency interpretation,
the X and X,y counts in each table are adjusted so that the ML estimate

for the adjusted table is identical to the EB estimate for the ori-

ginal, unadjusted frequencies.

For example, given a table with x, = 40, x, = 10, n, = 50, and
n, = 50, supposé the EB estimates are
P1 = ,81 P2 = .19 01 = 4.4

Then the adjusted X10%, values for constructing the confidence interval

for a specific parameter are determined by finding the X15%, values
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which give the ML estimate that is equal to the EB estimate. To
estimate Pl’ xl(adj) = 40.5; to estimate Pz, xz(adj) = 9,5; to estimate
01, xl(adj) = 40,74; and to estimate 02, xz(adj) = 9,016, Note that
the adjusted counts in a particular table depend on what function of
P1 or P2 is to be estimated. To provide unique adjusted counts éiVen
an EB estimate for OR or RR, the sum of the observed counts, X and Xy»
is assumed fixed.

Continuing with the example, assume X, + x, = 50 is fixed, then to

estimate OR, we find that

~ x,(n, - x,) x
R=—1-2_22 = 5412
xz(n1 - xl) : x2(50 - xl)

(50 - xz)

= xl(adj) = 36,819 and xz(adj) - 13.181.

Similarly, to estimate RR, xl(adj) = 39,583 and xz(adj) = 10.417.

Confidence intervals based on large row totals can be constructed
using the asymptotic resultsvfrom Chapter 2.

For small row totals, confidence intervals based on the ML and EB
estimators are determined using confidence interval techniques described
below.

The confidence intervals for P1 and P2 are found by using the
tabled exact 95% confidence interval for the binomial distribution in

Snedecor and Cochran (1980). Linear interpolation is used for the

adjusted counts.
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The confidence intervals for 01 and 02 are found by transforming

the estimate of 01 and 02 back to a P1 or P2 estimate and then using

the tabled values as for P1 and PZ'

The confidence intervals for OR are found by using the Cornfield
Approximation Algorithm (Fleiss 1979). The Cornfield Approximation
Algorithm is an iterative procedure to solve a quartic equation. The
initial guess is to uée the confidence interval suggested by Woolf
(1955). Let
(x1 + .5)(n2 - x, + .5;].

(x2 + .5)(n1 - *1 + .52],

L =1n (OR) = 1n

then L has standard error

S(L) = L+ L y—L1 4 1

Xy + .5 n =X + .5 X, + .5 n, - X, + .5

The 95% confidence iﬁterval for 1n (OR) is L-t 1.96 S(L), so that the
initial guess for the endéoints is exp(L ¥ 1.96 s(L)).

The confidence intervals for RR are found by using a method
proposed by Katz, Baptista, Azen and Price (1978). They state that
1n (51/52) is approximately

N(in (2 /2)), (1 = P)/x) + (1 = 2,)/x)),

so the approximate confidence interval endpoints are

exp (In (/B £ 1,96 (1 -2 /x; + (1 - B/x) ).




3. SIMULATION
3.1 Introduction |
A simulation was conducted to compare the empirical Bayes (EB)
estiﬁator to the maximum likelihood (ML) estimator. The computations
were performed on a‘Honeywell Level 66 main frame, operating under the
Control Program Six (CP-6) operating system. The computer programs

are written in Fortran.

3.2 Simulaﬁion Method

Fifteen different design configurations on the unit square are
chosen for the simulation. Each configuration represegts the g pairs
of underlying binomial probabilities for a set of 2 X 2 contingency
tables. Factors considered when'choosing a particular design config-
uration are: ‘

1.) g = number of (PI’PZ) pairs (i.e. number of tables to be

simulated);

2.) location of the (Pl,Pz) points on the unit square;

3.) the correlation between P1 and P2.
The (PI'PZ) pairs are sufficiently spread out so that if they are
treated as sample proportions based on the sample sizes used in the
simulation, the hypothesis test for homogeneous odds ratios given in
Fleiss (1981) would be rejected aﬁ the .05 level. In the simulation,
each data set generated was not tested for homogeneous odds ratio.

Plots of the fifteen configurations are presented in Figure 3.1. A
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listing of the (PI’PZ) pairs for each configuration is presented in

Appendix A.
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Figuré 3.1 Configurations (Ci =1,...,15) of (PI’PZ)' The points

in each configuration are identified by number for later reference.




41

2 5
084- v . 1 .
.6‘?‘ 3 .Ills 20.
1 8 1117 2
04" 7 1
2 10 )y
2 ] 16
e L *
N — -
0 .2 .4 .6 .8 lLop
Pz 1‘0"' C7
.81" "
64 !
$
04‘P H
19
.ZII
3
$ t t +—t
0 o2 A L6 .8 1.0 P1

Figure 3.1 (continued)

Pz 1.0"- . C6
;8-b .
.6-- ]
6
06-' 2
.ZT .
o .2 .4 .6 .8 1.0P
P2 1.0"" . c8
'8"' |
3
.6t 2
| I ®
4F .
-
27
t + ¥ pr———t
0 2 oa ‘06 8 1.0 P



P, 1.04

42

P, 1.04
.8+

06-P

11

Figure 3.1 (continued)

.8

1.0P

Pz 1.0'} 10
.8-'
6T s Y 2
16 107 !
BEAE ¢ n 1 : 3
X 2
1512
2T
20 13
18
0 2 & .6 .8 1.0 P,
Py 1.04 12
.8.-
N
o
1 “
QZJ- Y 11
? s
+ t 4 $ +
o 02 o‘ 06 08 100 Pl




43

Py 1.
2 1.07 €13
.8
12
«6 4 8
1
04‘ 3 5
10
02' } 2 §
? '] . .
+ { t t +
0 02 04 .6 .8 1-0 Pl
.81
06' 1 4
)y s
.41 2 [y
o2
L 3 1 | 1
LI L] ¥ L L
0 02 -10 -6 08 1.0 Pl

Figure 3,1 (continued)

Pz 1.0+ 14
.81-
64
St
?
1 §
.2“"' 3' Sll
8 1o
2 s
N L 5 1 112 n
< A § A 4 v
o .2 .4 .6 .8 1.0 Pl



44

Let each (PI’PZ) ordered pair, together with the bsample sizes n, and n,»
be called a parameter point. Let the set of parameter points for each
configuration be called a parameter set. The twenty-two parameter sets

chosen for the simulation are defined in Table 3.1 and Table 3.2.

Table 3.1 PARAMETER SETS USED IN SIMULATION STUDY

Except for parameter sets 13 and 14, all parameter points in a given
parameter set have equal sample size. For each parameter point, the

sample size associated with Pl is equal to the sample size associated

2
~ parameter set . configuration (see Fig. 3.1) sample size
1 C1 50
2 02 50
3 C3 50
4 C4 50
5 C1 25
6 c2 25
7 C, 25
8 C4 25
9 Cg 50
10 C6 50
11 C7 50
12 C7 25
13 C1 see Table 3.2
14 C7 see Table 3.2
15 Cq S0
16 C9 50
17 - C 50

-
o
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Table 3.1 (Continued)

parameter set configuration (see Fig. 3.1) sample size
18 11 50
19 C12 ‘ 50
29 013 50
21 Cis | 50
22 C15 50

Table 3.2 PARAMETER POINTS FOR PARAMETER SETS 13 AND 14

The parameter points have sample sizes such that the sample size asso-
clated with P2 is twice the sample size associated with Pl. The sample

‘size for Pl is picked at random from a uniform distribution on the
integers 15 through 40, inclusive.

parameter set 13

sample size

point nl nz
1 16 32
2 32 64
3 40 80
4 35 70
5 32 64
6 22 44
7 18 36
8 25 50
9 20 40
10 18 36
11 25 50
12 19 38
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Table 3.2 (Continued)

parameter set 13

sample size
point _ _ n1 n2
13 : 16 32
14 34 68
15 21 42
16 ' 34 68
17 ' 23 46
18 19 38
19 | | 19 38
20 28 56
21 - 24 48
parameter set 14

1 37 74
2 18 36
3 32 64
A 21 42
5 30 60
6 18 36

Two hundred sets of 2 X 2 contingency tables are generated for each
parameter set. The binomial counts are obtained by generating pseudo-
random numbers on the iﬁterval fo,11] and comparing the number to the
true parameter valuef The pse:do-raﬁaom numbers are generated using
~ the linear congruential method (Knuth 1969). A 9-digit odd integer is

used as a seed and the recursion

X 41 ™ 65539xn



47

is used to generate the sequence of numbers with the lower order bits
being retained. The number was then scaled to the interval [0,1].
If the parity changed, then the largest number on the computer is added

so that the number will be positive. .

3.3 Analysis Method
3.3.1 Introduction

The maximum likelihood estimates of the hyperparameters for each
set of tables are found by using the complex method of Box‘(Box 1965) .
Appendix B contains a descriptiqn of the complex method of Box. The
computer program is based on an algorithm given in Beveridge and
Schecter (1970).

Thg integer-valued hyperparameter a3 creates two problems. The
first 1s that when a3 becomes larger than 20, the complex method
sometimes fails to find the maximum of the likelihood function. The
second is that finding the a3 which maximizes the likelihood function
consumes too much computer time. In an attempt to alleviate these
problems, five different values of a3 are chosen (a3 =1, 5, 10, 15,
20) ., For each value of a3, the likelihood function is maximized with
respect to the other four hyperparameters for all two hundred sets of
tables in each parameter set. It is hoped that if the above problems
can not be overcome, perhaps the simulation results can help in

eliciting a guess as to what a3 might be for a given pattern of data

points.
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For each set of tables and for each of the six parameters (Pl’ PZ’

01, 02, OR, and RR) ML and EB estimates are found for each of the g

tables in the parameter set.

3.3.2 Estimation When a Given Table Contains a Zero

Both the ML and EB estimates of P1 and Pz are well-defined when a
zero occurs in a cell of any given table. However, the estimators for
01, 02, OR, and RR can be undefined when a zero occurs. The ML estima-
tors will contain zeroes in the denominator and the EB estimators can

have undefined beta integrals. Whenever a zero occurs, .5 is added to

each of the four cells in the table prior to estimating 01, 0,, OR, and

2’
RR. A quadrature rule based on the sinc function (Stenger 1981) 1is used

to evaluate the beta integrals in the special case where .5 is added to

each cell. (The quadrature rule is given in Appendix C.)

3.3.3 Mean Squared Error (MSE) Comparison

The sum of the g individual table MSE's is the simultaneous loss
criterion used for comparison of the ML and EB procedures. For each
parameter of interest this total mean squared error (TMSE) is calcu-
lated for each estimation procedure and a test for a significant dif-
ference between the TMSE's is conducted.

Let

N = total number of runs,
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SJ = the parameter of interest (a function of P

for table j,

~

ejk = the ML estimate of Oj on run k,
ij = the EB estimate of Gj on run k,
wvhere § = 1l,...,g and k= 1,,..,N.

The MSE for table j using the ML and EB estimators are

N
~ ~ 2
- 8 -
MSE, kgl (8, = 8,
A N A 2
and MSEJ. - l§1 (ij - ej) » respectively.

The estimate of TMSE for the ML and EB are
TMSE -.f: M§'Ej
[N ] J-l [ ]

and IMSE = i MSEj R réspectively.
LN} J-l *

j1

and P.‘l 2)

The test for significant differences in TMSE is constructed by

letting

1 ;ejk 8% - (8, - 8,)%

By the central limit theorem
W T, -E@
T, - &

))
37 Lo weo,n)

%

3
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Since
N _
$2 & M h)
i N -1

is consistent for Oy » we have by Slutsky's theorem (Rao 1973, p. 122)
j .

A - EYL)
3. 3L wo,1).

Sy

3

The test statistic

VR,
Z = —_—
S

¥

is calculated to test the hypothesis E(ij) = 0,
The test for a difference in TMSE is constructed by letting

Y, - jf:_‘,l [(B'jk - ej)2 — (gjk - ej),z]

then by the central limit theorem and Slutsky's theorem,

VN @ -EQX.)) L
‘ ** * —-.-N(o,l)
Sy.
where N _
, Y =Y )
2 k=l ° .
Sy, = .
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The test statistic

2. VRY,,

SY

is calculated to test the hypothesis E(Y k) =0,
It is evident that the sample size of 200 used in the simulation

study is sufficiently large for Z to be compafed to standard normal

critical values.

3.4 Comparison of Confidence Intet?als

The confidence interval based on the EB estimate described in
2,.3.6 is compared to the ML based confidence intervals in two ways. The
first is an accuracy plot. Accuracy at 6 is defined as the probability
that a confidence interval excludes 6 (Ferguson 1967). Accuracy esti-
mates for selected multiples of the true parameter value are found for
each confidence 1ﬁterval procedure. The accuracy at the actual para-
meter value should be about a where (1 - @) is the nominal confidence
coefficient., The accuracy'curve should increase to one as the absolute
difference between 6 and the actual parameter value gets larger. The
second is to compare the confidence interval widths. Let

N = number of estimates of 9;

eUij = upper endpoint of the confidence interval for 6 in table

i, run jJ,
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and eLij = lower endpoint of the confidence interval for 6 in table
1, un jo
Then the arithmetic mean confidence interval width (AMW} for table 1 is
AMW jgl (eUij Li:])/.N
and the geometric mean ratio (GMR) of upper to lower confidence interval

endpoints for table 1 is
GMR, = exp ;ga (1n 6 - 1ln eLij)/N .

The arithmetic mean confidence interval widths as well as the geohetric
mean of the ratio of upper to lower confidence interval endpoints are
caiculated. The reason for the ratio of endpoints is that an odds
ratio or relative risk with interval endpoints (3,4) or (1/4,1/3),
for example, have the save relative meaning but their arithmetic lengths
are quite different. Both comparisons are found for each table and a .
sum across all g tables is found for each parameter set.

Narrower interval widths is a desirable property of any confidence
interval procedure. However, the primary'goal is to have a procedure
which has higher accuracy at points other than the actual parameter

value and be at the nominal value at the actual parameter value.
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3.5 Results

3.5.1 MSE Comparison

Table 3.3 is a summary of total mean squared errors for the
maximum likelihood (ML) and empirical Bayes (EB) estimation procedures.
Thebentries in the table are TMSEfs for each parameter set (PS). The

TMSE for the EB procedure i1s given for priors based on ay being fixed

at 1, 5, 10, 15, and 20. The plus (or minus) signs following the TMSE

indicate the direction and magnitude of significance for the Z-test

discussed in 3.3.3.



Table 3.3 TMSE COMPARISON
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Plus (+) or minus (-) signs indicate a significant reduction or in-
crease, respectively, in TMSE when using the EB procedure.

following the TMSE indicates no significant difference.

A blank
One, two, or

three plus (minus) signs indicate that the absolute value of the test

statistic is in the upper .0l, .00l, or .0001 quantile, respectively,
of the standard normal distribution.

Estimated Parameter

PS a3 P1 P2 01 02 OR RR

1 M. .097 . 094 5.734 5.201 12.40 1.53
" 1 EB .090++ .0874++ 6.446=-— 5,158 16.14=— 1.70==~
S EB .085+++ .0B24+4++ 5.4314+4++ 3,767+ 11.124++ 1.33+++
10 EB .0814+++ .078H+ 4.392+++ 2.888+++ 7.774++ 1.09+++
15 EB .079+++ 0774+  3.745+H+  2,.573+++ 5.98++ 0.93+++
20 EB L079+H .078+H+  3.364+  2.50944+ 5.48+++ 0,914+

2 ML .086 .085 1.150 195.032 0.76 0.35
1 EB .081++ .080H++ 1.242~—~ 694,551 0.92~=- 0.36—~
S EB .076+HH4 077+ 1.0024+4++ 147.837 0.71++ 0.324+4++
10 EB .074+++ .073++4+ 0,931H+ 36.100+ 0.56+++ 0.28+++
15 EB .073++ .0714++ 0.846+H4 25.838+ 0.484+4++ 0.26+++
20 EB  .073++ .072++ 0.800+++ 22.901+ 0.45++ 0.26+++

3 ML .099 .100 5.787 5.676 44,08 2.48
1 EB .092+++ .094+++ 6.414 = 6.290== 48,18=== 2.,37+++
S EB .087+++ 088+ 5.470+++ 5.178++ 35.974++ 1.85++
10 EB  .083+++ .084+++ 4.465H+  4.354++ 26,53+ 1,544+
15 EB  .082+++ .082+++ 3.915+H++ 3.760+++ 21,234+ 1.39+++
20 EB .082+H .083+H+ 3.546+H+ 3,.505+++ 18.34++ 1,374+

4 ML .087 .085 1.143 202,796 1.91 0.46
1 EB .082+++ .077+++ 1.246-— 226,196~ 1,95~=- 0.43+++
5 EB ,076+++ 075+ 1.020++ 207.628-- 1.65+++ 0.394+++
10 EB .074++ .073+++  0.829+++ 186.765 1.35++ 0.374+++
15 EB  .075++ .072+H4+  0.7714+++ 173.803+4++ 1.21+++ 0,374+
20 EB  .078+++ L0711+  0.73244++ 153.7884++ 1.064+ 0,364+

5 ML .194 .187 20.789 21.953 43.24 4,72
1 EB .167+++ .163++ 24.500--- 21.713 64.52===  5,53---
5 EB 152+ 1444+ 18.5344++ 7.4474++  31.00++ 3.294+++
10 EB .138+++ 136+ 11.8784++ 4.8764+ 16.34++H  2.324++
15 EB .135+++ 1344+ 9.133H+  4.1514+++ 11.73++ 1.86+++
20 EB .135++ .136+++ 7.160H+ 4.137+44 10.774+++ 1.85++
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" Table 3.3 (Continued)

Estimated Parameter

PS aq Pl Pz 0, 0, OR RR
6 ML .178 <173 6.312 384.129 2.59 0.82
1 EB .160+++ .155+++ 6.988-- 1820.567-—— 3.65-— 0.89-—
5 EB .1424++ 145+ 4.877 225.3024+++ 2,124+ 0.68++
10 EB .136++ .132+++ 4.011 45.5324+++ 1.30+++ 0.51+++
15 EB .133+++ .131+++ 3.055 36.4274+4++ 1.07+++ 0.474+++
20 EB .133+H+ 130+ 2,414 34.1604++ 0.86+H+ 0.44+++
7 ML .189 .191 16.988 15.407 144.48 8.52
1 EB .164++ .165+++ 20.322--—— 18,367-—— 171.79-— 8.35
5 EB .149++ .147++ 15,490+ 12,157+  91.13++ 3.59+++
10 EB .137++ .138++ 10.101+H 9.238+H+  55.23+++ 2,59+
15 EB 134+ 135+ 7,975+ 6.965+++  38,68+HH 2.25+++
20 EB .135++ .1}7+++ 6.688+++ 6.521+++  32.82+++ 2.26+++
8 ML .165 174 2.801 464.809 4,94 1.05
1 EB .147+++ .1444++ 3.206——— 576.095-— 4.85 0.87+++
5 EB ,130+++ .135+++ 2.089+++ 467.024 3.33++ 0.71++
10 EB .126+++ .131++ 1.531++ 388.352++ 2,404+ 0.65+++
15 EB .129++ 128+ 1.367+++ 336.005+++ 1.88+++ 0.61+++
20 EB .135+++ 12444+ 1,275+ 276.218+++ 1.63+++ 0.60++
9 ML .100 .090 3.460 15.174 25.61 3.46
: 1 EB .093++ .084++  3,909~~—- 12.597 32.28~== 3.79—-
S EB .086+++ 080+  3.250+++ 6.9974++ 19.984+++ 2.80+H+
10 EB .081+++ .080+++ 2.616+++ 4.7564+ 13.264+++ 2.214+++
15 EB .079++H .083++  2.344++ 5.0454++ 10.5644+ 1.884++
20 EB .078++ .085+H+  2.215+++ 5.902++H  13.55+++ 2.414+++
10 ML .034 .026 1.064 8.790 17.61 2.87
1 EB .0324+++ .025+++ 1,205 9.585 22,02— 3.15~=
'S EB .030+++ 025+ 0.989++ 5.349++ 15.45 2.53++
10 EB .028++ .025 0.836+++ 6.900+ 13.25++ 2,37+
15 EB .027+++ .027 0.775+++ 7.097+ 13.58++ 2.37+
ML .034 .026 1.073 8.997 18.00 2.93
20 EB .027++ .027 0.765++ 7.178+ 14.03++ 2.51+

RO e Bl sl ST
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Table 3.3 (Continued)

PS

Estimated Parameter

aq P1 P2 01 02 OR RR
11 ML .025 .026 9.750 5.283 6.41 0.83
1 EB .023++ .025++H 10.543-— 5.683 8.26—— 0.97-—-
5 EB .023+ .025 9.259+++ 3.862+++ 5.71 0.87
10 EB .024 .026 8.559+++ 3.386++ 5.53 0.84
15 EB .026 .027- 8.785++ 3.494+ 6.29 0.91
20 EB .027--- .027— 8.951++ 4,068+ 6.66 1.02—
12 - ML .046 . 049 50.826 38.447 32.02 2.76
1 EB .042+4+ .045++ 58.031—-  43.688 46.85-— 3.94-——
5 EB .043+ .046++ 47.128+H+ 29,749 32.37 3.38-
10 EB .046 .049 40.438++ 32,365 32.79 3.27-
15 EB .049- 051 37.794+ 29.787 33.30 3.24
20 EB .050-- .051 42.228++ 36.422 33.99 4.03-
13 ML .195 .105 38.356 6.658 36.95 2.81
1 EB .166+++ 096+ 46.792—~- 6.340+ 53.55-— 3.04—
5 EB .1504+++ .089+++ 33.840++ 4.329++  29.87+++ 2.09+++
10 EB .138+H++ .084++H 19.591+++ 3.203+++  15.69++ 1.57+++
15 EB .134+++ 083+ 13.101++ 2.753++ 10.61++ 1.35+++
20 EB .136++ .084+H+ 9.174+++ 2.774+++ 9,05+ 1.35+H+
14 ML .050 .026 54.678 10.026 41.53 1.24
1 EB 045+ .025++ 64.094--- 10.201 56.90-- 1.39—-
5 EB .046++ .025 49.909++ 5.580++ 31.09+ 1.09
10 EB .049 .027 43.785+++ 5.538++ 34.63+ 1.20
15 EB .053 .027- 41.583++ 5.853++ 32,40+ 1.24
20 EB .054- .027 45.221+++ 6.775+ 39.20 1.40
15 ML .028 .027 . 0.736 2.336 3.47 0.58
1 EB .026+++ .026+++ 0.850--- 2.391 4.58-— 0.64——
5 EB .024++ .025++ 0.729 1.727+ 3.25++ 0.51+++
10 EB .022++ .025++  0.603++ 1.603++ 2.49+++ 0.44+++
15 EB .021++ 025+ 0.532++ 1.548+++ 2.00+H 0.40+++
ML .027 .026 0.704 2.296 3.27 0.56
20 EB .019++ .026 0.460++ 1.560+ 2,01+++ 0.42+++
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Table 3.3 (Continued)

PS

Estimated Parameter

a3 1 2 01 02 OR RR
16 ML .085 .084 180. 326 1.116 941.15 46.89
1 EB .078++ ,076++ 203.621-~- 1.001+++ 1261.62--——  54,59-—-
S EB .073+++ .0714+++ 168.591++ 0.782+++ 758.95+++ 40,814+
10 EB 071+ .068++ 122,219++ 0.670+++ 440,434+ 29,10+++
15 EB .071++ .070+++ 119.916++ 0.673++ 460.264++ 28,36+
. ML .087 .086 206.176 1.190 1115.41 52.28
20 EB .071+++ ,068+++ 177.888 0.653+H+ 1261.68 32,06+
17 ML .085 .086 125.245 1.279 - 5306.49 87.16
1 EB .078++ .082++ 143,.799-~- 1.401-—-  8874.49- 200.27
S EB ,075++ .0744++ 131.005-—-  1.041+++ 3721,25++ 27.02+
10 EB .0724+++ 0724+ 114.310++ 0.863+++ 2448.,90+++ 14.07+
15 EB .071++ 073+ 105.777+ 0,717+ 1839.14+++ 13,86+
20 EB .Q70++ 078+ 95.566+++ 0.752+++ 1566.69++ 15.77+
18 ML .020 .023 60.923 0.528 1485.55 12.50
1 EB .019++ .022+++ 69.642--- 0.468++ 1930.51- 14.70—-
S EB .020 .023 60.090 - 0.399+++ 1360.69+ 12.48
10 EB .021 .024 53.581 0.417++ 1189.46 12.53
15 EB .020 .024 55.139 0.434+ 1391.44 12.80
ML .020 .023 53.228 0.551 660.07 9.98
20 EB .021 .024 48.459 0.457+ 616.23 " 10.14
19 ML .021 .018 136.227 0.060 25138.16 124.60
1 EB .019+++ .017+++ 163.887--——  0.063--- 71696.87-—~ 584,75~
ML .021 .018 136.227 0.060 81176.30 222.06
S EB .018++ .016+++ 157.301---  0.053+++ 104687.18 290,09
10 EB .018++ .014+++ 153.689--- 0.046+++ 51228.58 90.80++
15 EB .018+++ .014+++ 148.770--—  0.043+++ 23225.55 56.03++
ML .021 .018 136.901 0.059 80929.83 216.49
20 EB .018++ .014++ 140.670 0.041+++ 14480.73 40.50++
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Table 3.3 (Continued)

PS

Estimated Parameter

P

3 1 2 01 02 OR RR
20 ML .042 .042 310.106 1.570 2100.39 118.83
1 EB .039+++ 0404+ 348.726~~- 1.275+H+ 2802.17-~- 139.89——-
5 EB .039++H .040++ 292.898++ 0,888+ 1774.66++ 116.05
10 EB .041 . 041 265.324+H+ 0.963+ 1785.95++ 118.69
15 EB .041 - 042 275,088+ 1.039+ 1948.64 119.95
ML .042 .043 314.899 1.600 2042.73 120.33
20 EB .041 .043 282,278+ 1.067+ 1925.80 120.09
21 ML .040 .035 194.673 0.124 48240.29 361.39 °
1 EB .035++ .034+++ 235.699—— 0.133-— 8488672.90 212061.18
ML .040 .035 194.673 0.124 73397.38 584.32
5 EB .034+++ .030+++ 222,336-- O0.110++ 66299.56 367.76+++
10 EB .034+++ .028++ 217.043-- 0.091+++  42254.21++ 166.78+++
20 EB .034++ 027+ 193.076 0.081++  13856.25t+++ 71,40+
22 ML .031 .030 0.964 0.864 3.97 0.39
1 EB .028++ .028+++ 1.095-—- 1.002-——- 4,56 0.39
5 EB .027++ .026++ 0.971 0.855 3.91 0.35+++
10 EB .025++ .024+++  0.814+++ 0.756++ 3.24++ 0.31++
15 EB .024+++ .023++  0.725++ 0.658++ 2.76+++ 0.29+++
ML .031 .030 0.944 0.862 4,06 0.40
20 EB .023++ .022+++  0.659+H+ 0.597+++ 2,47+ 0.27+++
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Parameter sets 19 and 21 each have one set of tables out of the

200 runs in which EB estimates are not found for the case d3 = 1, The

difficulty is that a zero count for x, occurs in such a way that the
estimate of the hyperparﬁmeter az is less than one~half. This in turn
leads to an undefined beta integral as the estimate of OR (and RR).
Several parameter sets have sets of tables when 53 = 20 where the com-
plex method of Box fails to conQerge._ The number of times this occurs

for each parameter set is given in Table 3.4

Table 3.4 NUMBER OF TABLE SETS WHERE
COMPLEX METHOD OF BOX FAILS TO CONVERGE (a3 = 20)_{

parameter set number of failures
10 5
135 16
16 53
18 14
19 1
20 6
22 _ 8

fﬁg sets in which either of the above problems occurred are eliminated
and the TMSE is recalculated for both the ML aﬁd EB procedures.

The results of the TMSE comparison generally indicate that for all
six functions of P1 and PZ under consideration and values of d3 greater

than one; the EB procedure significantlj reduces the TMSE,

When estimating OR, the TMSE for ML is never significantly lower

than the TMSE for EB based on «, > 1, When estimating OR with a

3 > 1,

3



60

the TMSE for EB is never significantly higher than for ML. Based on the

simulation results the ML procedure usually had significantly lower

TMSE than the EB procedure when estimating:

10)

2,)

3.)

&)

5.)

0y 0,, OR, and RR with 53 -1,

P1 and P2 with a large value of ay when the data is in the
center of the unit square with a positive correlation between
P1 and Pz and the number of tables is small,

01 where the data is in the lower right corner of the unit
square with a negativé correlation between Pl and P2. The EB

procedure becomes poorer as the number of tables decreases

from 21 to 6.

02 where the data is in the upper left corner of the unit
square with a negative correlation between Pl and Pz. Only
the parameter set with g = 21 tables was simulated under the
above conditions, but the author expects that for g < 21, the
EB procedure would do relatively worse when estimating 01.
RR where the data i1s in the center of the unit square with a

positive correlation between Pl and Pz and the number of

tables 1s small (g = 6, say).

Based on the TMSE comparisons, it is not clear what the best

choice of 0, is for a given set of data points. As a general rule,

however, EB for a = 5 does well when estimating P1 or Pz and EB for

oy = 10 does wgll when estimating 01, 02, OR, or RR.
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3.5.2 Check on Simulation

Using the fact that the ML estimators of P1 and P2 are unbiased,
a hypothesis test is performed as a check on the simulation study. For
each parameter point a test of the ML estimate equalling the actual
parameter value for P1 and P2 is performed at the .05 level (two-

tailed). 6.018 percent of the 648 hypothesis tests are rejected, which

is not significantly different from 5 percent (p-value = ,234).

3.5.3 Bias of the EB Estimators

Based on the simulation results, Figure 3.2 (a - d) shows typical
plots of the direction and magnitude of the bias using the EB procedure.
The empiricai bias obtained from parameter set 1 is shown for all six
estimated parameters. The bias plots of other parameter sets are simi-

lar to the results in parameter set 1.
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Figure 3.2 (a) Estimated bilas of the EB procedure for P1 and Py.

The endpoints " and - are associated with the priors with a, = 5

. and a = 20, respectively. The mean of the EB estimates are the -
"endpoints of vectors emanating from the actual parémeter value.
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Figure 3.2 .(b) Estimated bias of the EB procedure for 01

The endpoints ~ and - are assoclated with the priors with a, = 5

and a3 = 20, respectively. The mean of the EB estimates are the

and 02.

endpoints of vectors emanating from the actual parameter value.
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Figure 3.2 (c) Estimated bias of the EB procedure for OR.

The endpoints ~ and - are associated with the priors with a3 =5
and d3 = 20, respectively. The mean of the EB estimates are the

endpoinits of vectors emanating from the actual parameter value.
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Figure 3.2 (d) Estimated bias of the EB procedure for.RR. The

endpoints ~ and - are associated with the priors with oy = 5
and Oy = 20, respectively. The mean of the EB estimates are the

endpoints of vectors emanating from the actual parameter value.

Figure 3.2 (a - d) Estimated blas of the EB procedure for 0 (parameter
set 1).
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The EB estimates appear to shrink towards the center of the para-
meter points. In the plots presented in this section, the shrinkage
towards a central valﬁe is more apparent when a3 = 20,

Although both values of d3 reduce MSE significaﬂtly, they have
noticeable diffefences in the way they affect the bias. The reason
for these differences might be that given a particular data set with a
certain correlation, the value chosen for 0y may restrict the likelihood
function. Thus, for different values of a3, the correlation in the
estimated prior may not represent the correlation present in the data
because of the restric?ions a3 places on the estimated hyperparameters.

Even though the overall TMSE is significantly reduced by using EB
1ns;ead of ML, some individual tables can have MSE's which are signifi-
cantly larger for the EB procedure. Table 3.5 displays parameter points
from parameter set 1 with u3 = 20. These are the parameter points that
produced the most individual table significant differences between MSE's

for the ML procedure and the EB procedure. Each of the MSE differences

displayed in Table 3.5 are significant at the .0001 level.
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Table 3.5 PARAMETER POINTS IN PARAMETER SET 1 AT
WHICH THE MAXIMUM DIFFERENCE BETWEEN EMPIRICAL MSE'S
(EB VS ML) BASED ON THE Z~-TEST IS AITAINED

Refer to Figure 3.2 where the parameter points are identified by number.

estimated parameter  MSE (EB) < MSE (ML) MSE (EB) > MSE (ML)

P1 11 4
P2 11 19
01 4
'02 19
OR 10
RR : 10

It should be noted that the parameter point at which EB is most
advantageous has an associated parameter value that is in the center
of the 21 parameter values. Also, the parameter point where ML is most
advantageous tends to have an associated parameter value that is in
the tail of the distribution of the 21 parameter values. For example,
if wé consider OR in Figure 3.2, we find that parameter point 10 is
near the center of the set of 21 OR values while parameter point 2 is

near the lower end of the 21 OR values.

3.5.4 Confidence Interval Comparison
3.5.4.1 Accuracy

Accuracy results based on the confidence interval procedures

discussed in 2.4.4 are presented in this section.
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The choice of values at which the accuracy is computed for the

different estimated parameters is as follows:

1.) Pl, PZ:: actual value is exponentiated by degrees of .20,

.50, .80, 1.00, 1.25, 2.00, and 5.00;

2.) 01, 02, OR, RR : actual value is multiplied by factors of

.1, .2, .5, 1.0, 2.0, 5.0, and 10.0.

Only the results for parameter set 1 are presented since similar

results are found for the other parameter sets.

Table 3.6 contains the average accuracy over all 21 tables in

parameter set 1 for each estimated parameter.

Table 3.6 AVERAGE ACCURACY (Z) OF NOMINAL 952
CONFIDENCE INTERVALS FOR PARAMETER SET 1 (a3 = 10)

Figures are based on 200 simulated sets of tables. © is the generic

symbol for one of the six parameters.

estimated parameter 9'2 6'5 9'8 ) 61'25 62 95
Pl ML 99.9 80.5 13.6 3.7 17.9 93.4 100.0
EB 100.0 .81.6 11.0 2.7 16.9 94.0 100.0
P2 ML 99.8 81.6 14.3 3.6 16.1 93.4 100.0
EB 100.0 84.9 12.9 2.5 14.6 92.8 100.0

.16 .28 .50 8 20 50 106
0, ML 100.0 99.6 61.0 3.7 58.9 99.2 100.0
EB 100.0 100.0 68,7 2.5 52.6 99.7 100.0
0, ML 100.0 99.7 60.5 3.6 59.2 99.5 100.0
EB 100.0 100.0 66,2 2.5 55.1 100.0 100.0
OR ML 99.8 95.1 30.5 3.1 29.5 94.0 99.8
EB 100.0 98.6 37.3 1.7 20.6 93.9 100.0
RR ML 100.0 99.9 87.5 4.2 86.0 100.0 100.0
EB 100.0 100.0 91.9 2.6 85.4 100.0 100.0
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-In general, the average accuracy comparisons are as follows.

1.) The average accuracy of the EB confidence intervals isvlower
than the ML-based intervals for all estimated parameters at
the actual parameter value. Both the EB and ML based inter-
vals apparently have a confidence level which is greater than
95%.

2.) The average accuracy of the EB confidence intervals is higher
than the ML-based intervals for 01, 02, OR, and RR at para-
meter values less than the actual parameter value.

3.) The average accuracy of the EB confidence intervals is lower
than the ML-based intervals for all estimated parameters at
parameter values greater than the actual parameter value.

The author suspects that the EB intervals may be slightly biased, but
did not include a © snly slightly larger than the true 0 in the simula-
tion experiment. Therefore, a demonstration of bias is not available
yet.

Figure 3.3 is accuracy curves for individual tables. The two
tables chosen for each estimated parameter are the tables which had the
most significant changes in MSE discussed in the section on bias (3.5.2)
and listed in Table 3.5. The 1ln or ln-1n scaling for the 0 values was

used so that there would be equal spacing about the actual parameter

value.
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Figure 3.3 (a - 1) Accuracy curves associated with the tables
(parameter points) given in Table 3.5. The actual parameter value
is underlined. The abscissa for Pl’ Pz are on a ln-ln scale. The

abscissa for 01, 02, OR, and RR are on a 1ln scale.




ACCURACY (%)
100

71

(c)

80

60

40

20

0 Table No. 11

-+

.780P

002 .083 211 __2__8_§ 369 537
ACCURACY (%) (d)
100
80 +
60 +
ML
40 + \ ¢
\ /
20 + \
<
o LIable No. 19 , . \o . .
L] ) 1 L
031 , 250 420 .500 .574 .707

Figure 3.3 (continued)

871 P



72

ACCURACY (%) (e)

100 e

80 1
60 1
40 4

20 +

Table No. 6
o LTe e;;?

1]
.034 .068 ' .169 .339 677 1.693 3.387 04

ACCURACY (Z) (£) _ .
100 e

80+
60 L ol
40+

204

Tablve No. 4
+—

0 N | ¥
154 .308 .769 1,538 3,076 7.691 15,381 01

Figure 3.3 (continued)




ACCURACY (%)

73

(2)

100 pe=—e————
80 +
60 T
40 T+

20 +

Table No. 8
o = Ld

g

040 .081 .202 405

ACCURACY (%)
100

4,045 O

80 +
60 +
40 +

20 T

Table No. 19
0 t

.154 .308 .769 1.538

Figure 3.3 (continued)

o

3.076

7.691

15.381 0,



74

ACCURACY (%) (1)
100 =

80 +

60 T

40 +

20 -+

Table No. 10
0 { -
L040 .081 .202 .405 .809 2,023 4,045 OR

ACCURACY (%) ' (1)
100

80 -

60 1

40 4

20 A

Table No. 2

o L L L L]

.100 .200 .500 1.000 2.000 5.000 10.000 OR

b

Figure 3.3 (continued)




75

ACCURACY (%) (x)
100

80 T

60 T

40 1

20 T

Table No. 10
0 —

-

.058 JAl5 .288 576

ACCURACY (%) ()
100

L

2.880 5.760 RR

80 T

60 T

40 1

20 4

Table No. 2
0 }

=

b

.100 .200 .500 1.000

Figure 3.3 (continued)

2,000

5.000 10.000 RR



76

The accuracy curves for the individual tables associated with a
reduction in MSE using the EB procedure are similar to the average
accuracy curves. The tables assoclated with an increase in‘MSE seem
to have lower accuracy at the actual parametér value and have morev
variability from the ML accuracy curve then the tables assoclated with
a decrease in MSE.

Based on the parameter sets studied, the EB procedure is-at the

nominal level and is accurate enough for practical purposes.

3.5.4.2 Confidence Interval Width Comparison
The confidence interval width comparison results are given in
Table 3.7. For each parameter set, the arithmetic mean width as well

as the geometric mean ratio of upper to lower endpoint summed across

the g tables is given.
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Table 3.7 CONFIDENCE INTERVAL WIDTH COMPARISON (u3 = 10)

An asterisk indicates that a zero is encountered as an endpoint of a
confidence interval and therefore the geometric mean is not calculated.

Estimated Parameter

Odds Ratio Relative Risk
Arithmetic Geometric = Arithmetic Geometric =

Mean Width Mean Ratio Mean Width Mean Ratio

PS ML EB ML EB ML EB ML EB
1 2,93 2.89 6.24 6.15 0.97 0.96 2.32 2.30
2 0.74 0.76 7.61 7.12 0.50 0.50 2.65 2.56
3 4,01 3.79 6.24 6.14 1.07 1.02 2.90 2.33
4 0.99 0.97 7.58 7.06 0.54 0.54 2.67 2.55
5 6.17 5.45 15.23 14.55 1.55 1.48 3.40 3.29
6 1.44 1.43 * 17.46 0.76 0.76 4.15 3.75
7 9.46 7.54 15.32 14.46 1.81 1.55 3.48 3.32
8 1.84 1.71 * * 0.82 0.80 4.24 3.74
9 3.55 3.26 6.29 6.15 1.18 1.11 2.35 2.32
10 4.70 4.43 6.66 6.48 1.61 1.52 2.44 2.41
11 3.98 4.09 7.78 7.66 1.15 1.19 2.60 2.56
12 12.18 20.97 22.75 22.42 2.40 2.80 4.09 3.97
13 5.40 4.80 11.06 10.64 1.24 1.22 2.92 2.82
14 10.74 13.03 14.53 14.10 1.44 1.48 3.24 3.09
15 2.99 2.95 6.08 6.00 1.08 1.05 2.31 2.29
16 23.28 18.59 7.60 7.52 3.54 3.12 2.64 2.61
17 49.25 34.97 7.58 7.44 4.24 2.84 2.67 2.59
18 51.64 46.12 9.08 9.25 4,42 4.43 2.93 2.94
19 364.16 289.78 11.18 11.33 16.83 11.61 3.87 3.79
20 59.71 58.48 10.27 10.60 8.15 8.49 3.13 3.15
21 335,66 192.79 11.06 11.01 23.20 12.54 3.97 3.79
22 2.70 2.75 5.88 5.84 0.89 0.89 2.26 2.25
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The EB based confidence intervals generally have both narrower
arithmetic mean width and geometric mean ratio. Most cases where the
reverse 1is the case seem to be in parameter sets with a small number
of parameter points. For the odds ratio, the parameter sets where
the EB based confidence intervals are longer differ for each comparison
method. For example, in parameter set 2, the EB based confidence
intervals have a longer arithmetic mean width, but shorter geometric

mean ratio. This illustrates a difference in the methods of comparing

confidence interval widths.




4. PROBLEMS AND EXTENSIONS

4.1 Problems with the EB Procedure
The results of the simulation study indicate thatithe EB procedure
is a superior method of estimation when compared to the ML procedure.
There are, however, some problems and concerns which Became evident
with the simulation which need to be considered. They are as follows:
1.) the method involves a large number of calculatiohs;
2,) the optimizatién of the likelihood function using the complex
method of Box can fail for large values of o, (> 20);
3.) the likelihood function needs to be maximized with respect
to a, as well as the other hyperparameters.
The computer programs and the numerical techniques used in the simula-

tion need to be improved to help eliminate the above problems.

4.2 An Independent Prior
This section presents a prior distribution which does not allow

for correlation between P1 and P2. Let

a, -1 B;-1 o, -1 B,-1
1 1 2
P, (-pP ' p,° (A-p)

g(Pltéz) -
B(a;,8,) B(a,,8,)

where Gl, Qz, Bl’ 82 >0 and 0< Plapz <1,

Notice that g is the product of two independent beta distributions.
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- Using g as a prior, the posterior distribution is

xl+a1-1 nl-x1+Bl-1 x2+a2—1 nz-x2+82-1
P(pysp,lx,,x,) =

B(x1 + a0, = X, + 81) B(x2 + a0, = X, + 82)

Using the same methods as given in Chapter 2, the Bayes estimators

based on g are:

° X, + @
Pl- ,
n, + al + BI

x2+a2

n2+a2+82

rJo
n

x1+a1
1 n, - x +B-1’
1 1 1

Oo
"

X, + a

o 2 2

02=n -x. +8 -1’
2 2 2

0°R=' (x1'+a1) .(nz-x2+82) and
(gl-x1+81-1) (x2+a2-1)

& (x1+a1) .(n2+a2+82-1).
(n1+a1+81) (x2+a2—1)

The empirical Bayes estimators are found by estimating the

hyperparameters Q,, aé, Bli’ and 82 using the method of moment (MOM)

estimation technique.
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The marginal distribution of X, and X, is

(nl) (nz) .
x; J\%5 B(x1 + a,n = x1+ Bl) B(x2 + ay,0, = X, + BZ)

B(a,,8,) B(,,B,)

) =

M(xl,x2

Since Xy and x, are independent the MOM estimates of oy and B1 can be

found independently of a, and 62 by equating the Sample mean (;i) and

variance (sf) with E(kl) and var (xl), respectively, where

n,x, nlalﬂl(a1<+ Bl + nl)
EM(xl) - — varM(xl) = . 7
ooyt Bl (al + Bl + 1) (al + Bl)
g X -2
- 11 g (x,, - x,)
X, = z -_— 2 11 1
1 & g » and 8] = Yy, ———————
‘ i=1 g -1

and solving for a, and Bl' The MOM estimators of a, and Bl are

i ;1(;1(n1 - ;1) - si)

Qa and
1 2 —2 =
(nls1 + Xy = xlnl)
(n, - %), (0, -%,) - s2)
P B i A T 1
1 nl+3 - .
252 T ¥y T X0y

The MOM estimates of Ay Oy Bl’ and 82 are then substituted into the
Bayes estimators to obtain the EB estimators.

The simulation study was near completion when g‘was considered
as a possible competitor to g and g+. One MSE comparison was

performed between the estimates based on g and those based on g+ and
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found that the estimates based on g were competitive. The author
believes that a new simulation is needed with a different set of design

configurations that can better evaluate the differences between the two

.pridrs.

4.3 Posterior Plots and Bayesian Confidence Intervals

A computer program to plot the posterior distributions of © was
written. Another program to compute the quantiles of the posterior
distributions for Pl’ P2, 01, andVO2 was written for use in finding
Bayesian confidence intervals, but it is expensive in terms of computér

time to use. More efficient programs and/or numerical techniques are

.

needed.

4.4 Extensions
4.4,1 A Multivariate Prior

The multivariate prior g can be extended to a multivariate prior,

*
g , In q variables given as

a,-1 o -1 a

2 (py.p ) = K, by 1 a-8p, - -8p)
1’ 2’000’pq Opl [ X % pq lpl o0 qq

q+1-1

where

ai’ Bj 2. 0, i‘ 0’-.-’q+1, j = o’o-o’q;

Each pair of PyoPy (1 # §) are negatively correlated, but by replacing

*
Py by (1 - Py positive correlations can be formed. g might be used
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in situations where functions of more than two binomial parameters are

to be estimated.

'4.4.2 An Overall Estimate of ©

The use of Bayesian methods for analysis of random effect models
for attribute data has been presented by Dempster, Selwyn, and Weeks
(1981), Aitchison and Shen (1980), Haseman and Kupper (1979), and
Tarone (1981).

If the underlying values of the risk parameter, 0, are assumed to
vary from table to table in a random way, then some of the methods
developed in this thesis can be applied to get an estimate of the mean
effect. Using g+ (or g ) as the basic model for the variation of the
(PI’PZ) pairs, one can use the data from the individual tables to esti-
mate the parameters of g+ (or g ) as was done in the EB procedure.
Using the transformations of Chapter 2 on g+ (or g7), the distribution
of O can be determined. A measure of central tendency for the distri-
bution of & can then be used as an overall estimate of the risk para-
meter. A comparison of this approach to the usual Mantel-Haenszel

statistic (1959) 1s needed.
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APPENDIX A

LISTING OF (PI'PZ) PATIRS FOR EACH CONFIGURATION

{i=

(Ci’
¢
Table No. Py P2
1 359 .641
2 .288 .500
3 500 .712
4 253 .39
5 429 571
6 .606 .747
7 .394  .465
8 .535 .606
9 .288 .288
10 <394 .39
11 .500 .500
12 .606 .606
13 712 (712
14 465 .394
15 .606 .535
16 .39 .253
17 «S571 .429
18 .747 .606
19 .500 .288
20 712  .500
21 .641 .359

1,...,15)
C,

Table No. P1 P2
1 .209 .791
2 .138 .650
3 .350 .862
4 103 .544
5 279 721
6 456 .897
7 244,615
8 .385 .756
9 .138 .438

10 244 544
11 ~ .350 .650
12 .456 .756
13 .562 .862
14 315 .544
15 .456 .685
16 .284 403
17 .421 .579
18 «597 .756
19 .350 .438
20 .562 .650
21 491 .509



c

3
Table No. P1 P2
1 .641 ,641
2 .500 ,712
3 .712 .500
4 394 747
5 .571 .571
6 o747  .394
7 465 .606
8 .606 .465
9 .288 .712
10 .39 ,606
11 .500 .500
12 .606 .394
13 .712 .288
14 394 .535
15 535 .394
16 .253 .606
17 429 429
18 .606 ,253
19 .288 ,500
20 .500 .288
21 359 .359

86

C

4
Table No. P1 P2
1 491 .791
2 .350 .862
3 .562 .650
4 244,897
5 421,721
6 597 .544
7 315 ,756
8 456 .615
9 .138 .862
10 244 756
11 .350 .650
12 456 544
13 .562 .438
14 .244 .685
15 .385 .544
16 .103 .756
17 279 .579
18 456  .403
19 .138 .650
20 .350 .438
21 .209 .509



c

5

Table No. P1 P2

1 .300 .500
2 .350 .350
3 350 .650
4 400 .250
5 400 .500
6 .400 .750
7 450 .400
8 .450 .600
9 .500 .200
10 .500 .350
11 .500 .500
12 .500 .650
13 .500 .800
14 550 .400
15 «550 .600
16 .600 .250
17 - .600 .500
18 .600 .750
19 .650 .350
20 .650 .650
21. .700 ,.500
¢,

Table No, P1 P2
1 .330 .670
2 330 .443
3 .161 .161
4 .839 .839
5 .670 .557
6 .670 .330
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Table No.

c

6

P

2

AN W -

Table No.

c

8

.335
445
«500
+500
«355
.665

P

.500
.390
.170
.830
.610
«500

2

WV S WN -

.380
.500
.500
.500
.300
.620

«500
L 620
.740
.380
.260
«500



c

9
Table No. P1 P2
1 .509 .491
2 .438 .350
3 .650 .562
4 403 244
5 .579 .421
6 .756 .597
7 .544 315
8 .685 .456
9 438 .138
10 .544 244
11 .650 .350
12 756 .456
13 .862 .562
14 615 .244
15 .756 .385
16 .544 ,103
17 .721 .279
18 .897 .456
19 .650 .,138
20 .862 .350
21 .791 .209

a8

Ci0
Table No. P1 P2
1 .791 .491
2 .650 .562
3 .862 .350
4 .544 ,597
5 .721 421
6 .897 244
7 .615 .456
8 .756 ,315
9 .438 .562
10 .544 456
11 .650 .350
12 .756 .244
13 .862 .138
14 .544 385
15 .685 ,244
16 .403 .456
17 .579 .279
18 .756 ,103
19 .438 .350
20 .650 .138
21 .509 .209



Table No.

c

11

3!

2

an LN

Table No.

+350
.600
.600
.850
.850
.830

13

.150
.150
400
.150
400
.650

oSNNS LND -

Table No.

400
.600
.600
* 800
.800
.800
+300
.500
.700
.900
.900
.900

15

.200
.200
400
.200
400
.600
.100
.100
.100
.300
.500
.700

oounHwWwN -

.350
450
.450
«350
«550
.650

. 600
400
.300
.600
«500
.400
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€2
Table No. Pl P2
1 .600 .300
2 .700 .100
3 .700 .200
4 .800 .300
5 .800 .200
6 .900 .100
s
Table No. P1 P2
1 .600 .300
2 .700 .100
3 .700 ,200
4 .800 .300
5 .800 .200
6 .900 .100
7 .650 .350
8 .650 .150
9 .750 .250
10 .750 .150
11 .850 .250
12 .850 .050



APPENDIX B

THE COMPLEX METHOD OF BOX

The complex method of Box is a sequehtial search technique which
has proven effective in solving problems with nonlinear objective
funcfions subject to nonlinear inequality constraints. No derivatives
are required. The procedure should tend to find the global maximum
due to the fgct tha; the initial set of points are randomly scattered
throughout the feasible region.

The method finds the maximum of a multivariable, nonlinear fﬁnc-
tion subject to nonlinéar inequality constraints:

.Maximize : F(Xl, XZ’ cees XN)

Subject tO Gkixkiuk’ k = l. 2’ LU Y MO

The implicit vériables XN+1, sees XM are dependent functions of the

explicit independent variables Xl, Xz, ceey XN. The upper and lower

constraints Hk and Gk are either constants or functions of the indepen-
dent variables.

The algorithm proceeds as follows:

1.) An original "complex" of K'z.ﬁ + 1 points is generated consis-
yting of a feasible starting point and K - 1 additional points
generated_from random numbers and constraints for each of the
independentvvariables:

X g =6+ Ty @, -6,),
1=1,2, ..., Nand j = 1, 2, ..., k-1

where ri j are random numbers between 0 and 1,
9




2.)

30).
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The selected points must satisfy both the explicit and impli-
cit constraints. If at any time the explicit constraints are
violated, the point 1s moved a small distance § inside the
violated limit. If an implicit constraint is violated, the

point is moved one half of the distance to the centroid of the

remaining points

Xi (new) = (X, ,(o0ld) + i;'c)/z

»J 1,1
i=1,2, ..., N

where the coordinates of the centroid of the remaining points, -

X ot are defined by
] .

i
o 1 K :
Xi,c - -m j?l xi’j "xi'j(old) s . i= 1' 2’ ceey N.

This process 1s repeated as necessary until all the implicit

constraints are satisfied.

The objective function is evaluated at each point. The point

having the lowest function value is replaced by a point which

is located at a distance O times as far from the centroid of
the remaihing points as the distance of the rejected point on
the line Joining the rejected point and the centroid:

xi

(new) = o (ii’c - xi’ (o1d)) + ih,c

h i
i=1,2, ..., N.

»d

Box (1965) recommends a value of a = 1.3,




4.)

5.)

6.)
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If a point repeats in giving the lowest function value on
consecutive trials, it is moved one half the distance to the
centroid of the remaining points.

The new point is checked against the constraints and is
adjusted as before if the constraints are violated.
Convergence is assumed when the objective function values at
each point are within B units for Y consecutive iterations.
An interation is defined as the calculations required to
select a new point which satisfies the constraints and does
not repeat in yielding the lowest function value.

A flow sheet illustrafing the above procedure i1s given in

Figure B.l.
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Pick Starting Point
(Feasible)

Generate Paoint in Initial

Complex of K Points

>

Check
Explicit

Violation
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No

Function at Each Poiut
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Convergence

Replace Point With the Lowest
Function Value By a Poiut
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of Remaining Pointsy

No

)

Move Point ¥ Distance in
Toward the Centroid of

the Remaining Points

@

Figure B.l1 Logic Diagram for Complex Method of Box



APPENDIX C

QUADRATURE RULE BASED ON THE SINC FUNCTION

The quadrature rule based on the sinc function used to evaluate

the beta ihtegrals of the thesis is given by

1 N
' f(x) dx = h a, £(w.)

where

kh kh
a = S S— and w, = ‘—e——" .
k"] 4 ofh)2 T kR

The spacing of the wk's is determined by the choice of h and M,N are

positive integers determining the number of points to be evaluated.
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