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ABSTRACT

The analysis of material properties depends upon detailed information of the physical,
geometric, and chemical properties of the materials. Relating these properties to a set of
mathematical models is the prmmple objective of mechanics. Mixtures of materials made
up of several constituents require special cons1deratxon since the constituent behavior
must be reconciled with the overall behavior of the mixture. Mathematical models and
their validity must be established to represent these materials.

This thesis establishes a methodology whereby a logical sequence of considerations
may be followed to represent complex mixtures adequately. Several existing theories of
mechanics are assimilated into a cohesive theory to demonstrate the validity of the
- mathematical model used to represent mixtures. A structured development of the second
law of thermodynamics is constructed to allow additional constraint equations which will
restrict the form of new parameters.

An example of a wood-snow mixture is used to show how the analysis is to be
completed. Laboratory tests were run to use as a means of constructing the values of the
new constitutive parameters. Proposed ways of including more constituents and spat1a1
dimensions suggested.




CHAPTER 1
INTRODUCTION

-Composite mixtures of materials contain different elements, each of which has its own
material properties. In some industries this is called composite materials while in others it
is called chemical mixtures. There is a whole range of materials from fluids to solids
which have viscous, elastic, to visco-plastic material behavior. Each of these has a
specialized field of study which tries to identify, model, and measure the properties in
some way.

In the study of mechanics or more particularly, continuum mechanics, these material
behaviors are approached from a more generic point of view. The equations are
established which govern the physics of material objects, hypotheses are made regarding
the influence the material has upon the properties, then a model is constructed, tested, and
validated in the laboratory to be used in industry. Some materials are very predictable
while others are more difficult since they depend upon so many different variables.

The constituent parts may have a distinctive form or may be rather haphazard or
random in nature. Consider the mixture of several chemical fluids such as water and oil.
Due to the material properties, these elements will not mix but will stay separated
depending lipon the physical conditions such as mixing, heat, and pressure. Other fluids
may mix quite readily such as water and dyes. Other types of materials such as solids have
a definite physical structure to them. They may be laminated or formed in some specific

way such as an airplane wing laminated with carbon fibers. These types of structures are




more easily modeled due to the predictability of geometric form, structure and material
interaction.

‘We will assume the material structure is large compared to the atomic or molecular
scale of the material. It is assumed that we can represent this material with some very
small but finite volume that is very much larger than the molecular structure of the
material.

With this in mind we would like to consider the representation of a somewhat random
geometric structure of materials that have the possibility of interacting with each other
while remaining separate in the whole. This could represent such common things as soil
and water, biofilm and water, or show and soil. In general many constituents could be
integrated into the whole of the material. It is also assumed that there does exist the
possibility of the material interacting with the other constituents. There may be some mass
change due to a chemical reaction. There may be a force or momentum interaction
between the constituents. Using Newton’s laws we can derive some additional
relationships from these interactions.

Mixture theory as a topic has raised many a discussion of the possible ways of
representing the material behavior. It has a long history of analysis from some of the best
minds in mechanics, As with any scientific model, there will be new insights and theories
as the investigations continue in future generations. One thing is sure, the largest
impediment to analysis and discovery of this particular topic hinges largely upon the use
of some means of theory validation. With more powerful computers, researchers have
better computational tools available and analysis has become a more tractable problem.
With more powerful computers and by using perturbation theory and notions of chaos
theory to construct numerical models, the analysis to these problems will have better
solutions. The continuing problem is one of scale. Different constituents within a mixture

may behave at different time scales, a formidable computational task.
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With the development of the theories of mechanics for a single material beginning
with Hooke (1678), Euler (1769), Cauchy (1823), to Truesdell, Toupin, Coleman, Rivlin,
Green, Ericksen, Gurtin, and Noll in the 1950’s through the mid 1960’s, mechanics was
rigorously developed as an applied science with which to develop new products,
processes, and facilities. It was .on these shoulders and many more that allowed us to
develop the world infrastructure, spacc. travel, and improved product development. One
underlying problem was always how to make materials lighter yet stronger. While much
attention was placed upon geometric configuration, some investigated the use of different
materials. Once this notion »becamE usable the need for new models of analysis of mixtures
was required.

Beéginning with Biot (1941) the concepts of mixtures were considered. Bedford and
Drumbheller (1983) give a thorough account of the different philosophies of mixture
theories developed during those years. With the development of chemical processes the
chemical industry became more involved in using these mixture models to conduct their
analysis. This required not only the use of balance equations. but also consideration of
intgractions between components. _

- Truesdell and Toupin (1960). establishch a solid foundation for the development of
models used in mixture theory mechanics. Bowen (1976) gives a rigorous development of
~what has come to be known as classical mixfure theory. He examines the restrictions
imposed by equilibrium, thermodynamics, material symmetry, and material frame-
indifference. He applies these results to mixtures of gases and solids. The theory of
mixtures has now been éstablished as a method for creating analytical models to represent

- materials made up of more than one constituent.




Anolicati

The theory of mixtures is used for many different types of material. Traditional uses
include mixtures that are structured, mixtures that are random, and mixtures that are of a
chemical nature.

The chemical industry uses mixtures to model interactions, rate of reactions, and
production rates. These applications require models that allow for constituent reactions,
with rates of changes that may be of a much smaller time scale than the macroscopic
equations of equilibrium. More modern applications use colloids and suspensions in the
mixtures. This combines the mechanics of solids, fluids, and reactions into one model.
Often the notion of interfaces is used in these models so each colloid has a set of jump
conditions. Bird, Stewart, and Lightfoot (1960) contains a development of mixture theory
intended for the chemical engineer.

Early in the engineering field a need to model soil and its interactions with air and
water were needed. Some eaﬂy models of mixture theory were used to model the soils as
particulates. The principle notion was one of granules or particulates with a set of fluids
flowing through the porous matrix. Several theories were developed which included
additional kinematic-variables to account for rate of change between initial points of
constituents and their position with réspect to each other at some future point in time.
People such as Biot (1956), Goodman and Cowin (1972), and Bear (1972) used the
fundamental notions of mixture theory to develop specific models for their problems.

Adams and Brown (1989) used mixture theory to model a snow pack. A granular
matrix was used through which water vapor was. allowed to travel. This included the snow
pack or ice matrix, water vapor, and air. Here the reactions, energy exchanges, and
temperature gradients became imbortant considerations. The primary notion of this study

was to determine how the ice grains within a snow pack change geometrically,
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| mechanicaliy; and thermally as a fun,étion of time and temperature. The external forces
and strains were not the primary cOnsider‘ation.

Through personal communication with Cunningham we saw mixture theory as a
method to model the behavior of a biofilm matrix. While much is to be developed in this
| area, the general notion is pro‘mising..Here the structure consists of a matrix of a reacting

growing cell stiucture, fluid containing reacting constituents (food), and fluid flowing
“with a changing interface and velocitieé, portions which have both low and high
Reynolds’ numbers. As has been found in bioméchanics, the inclusion of growing things
with lifeforms further complicates many of the mechanisms.
The particular application we will address is the use of mixtute theory to model the
mechanisms of a snoW-wood constituent mixture. The particular application is to mix
_ wood chips with a snow matrix to increase the strength of the whole matrix. This has
’particuIar applications in cold regioﬁs where snow and ice are used as travel ways. Due to
the densities of snow after compaction, the water vapor within theé snow matrix is not
accounted for. This is because the primary mechanisms are stresses induced by the

loading.

The normal approach to establishing the equations with which to solve applied
problems in mixture theory is to write the conservation equations of each constituent. This
" is a series of five equations including the conservations of mass, conservation of linear
momentum, conservation of angular momentum, first law of thermodynamics, and the
second law of themodynamics. Each of the constituents is treated separately. In order to
connect each constituent to the whole, interactions of constituents for each of the balance

equations must be considered. This introduces new variables which require additional




| equations. This is achieved by requiring the sum of all constituents to behave in the
manner the total mixture behaves. This gives what is called the summing equations.

An additional component of this model is the inclusion of what is called the internal
state variables. Coleman and Gurtin (1967), Bowen (1989) and Hansen ‘(1985) have used
internal state variables to model relaxation phenomena. This includes such applications as
slip mechanisms, crack propagation, and visoplasticity. Since snow has a viscous and
elastic behavior the theory of internal state variables is combined with mixture theory to

represent this snow-wood mixture.

Vol Fraction Mixtuie T}

Classical mixture theory as presented 'by the mechanicians up to 1989 used the
fundamental principle that the total mixture velocity is determined by taking the density of
each constituent times the constituent velocity, summing then dividing by the sum of the
densities. With this definition comprehensive theories were developed which when
matched with experimental data required the introduction of additional kinematic
variables. As shown in the next chapter, Hansen (1989) showed how this definition uses a
non-kinematic variable, density, to determiné a kinematic variable, velocity. Because of
the apparent inconsistency we proceeded to develop a theory which we call the volume
fraction mixture theory which uses as its definition of total mixture velocity the volume
fraction of the constituent times the constituent velocity, summed then divided by the total
volume fraction which for a saturated mixture will be unity.

With this change a different theory evolves. The additional kinematic variables

introduced in the classical theories now disappear.




The internal state variables are used to represent the ice within the snow matrix,
Hansen (1985). This is combined with existing work done by Edens and Brown (1990) to
determine the appropriate intérnal state 'variables to use. Several variables have been
introduced through the years. Some have been found to have more significance than others
and some have been easily measured while others are not measurable with current
technology.

“The purpose of the additional variables is to represent the visco-plastic behavior of the
mixture in question. Internal state variables were introduced by Coleman and Gurtin
(1967), which postulated internal variables that will account for dissipative phenomena.
Lubliner (1990) develops the general theory of internal variables and relates the theory to
plasticity and visco-plasticity while Bowen (1989) uses internal state variable theory to
develop the constitutive relations for the class of materials with internal state variables.
These variables can be physically relevant or some mathematical construct. Examples of
how internal state variables are used are dislocation densities, chemical affinities or yield
surfacé parameters. In particular this theory allows for creep and relaxation when
deformation, deformation rate, temperature and temperature gradients remain constant.

The combination of theories of mechanics, theories of mixtures, and theories of
. internal state variables allows us to construct a complex model which represents the
behavior of complex materials. We use much of what has gone before us to construct this
model. At each stage specific assumptions are made from which there is no return. To
change the model at one point would require a reconstruction of the assumptions and the

theories. With that we will begin.




CHAPTER 2
CONTINUUM PRINCIPLES OF MIXTURES
Introduction

A body which is composéd of more than one constituent is difficult to model unless
some simplifying 'assumptio‘ns are made. Truesdell and Toupin (1960) assumed that a
body may be made up of more than one éonstituent with each point X of the body B
occupying an equivalent point X in each constituent’s Euclidean space BacR3, see

Figure 1

Conglomerate mixture of Mixture separatcd with each
different constituents. ‘ having its own Euclidean
space.

Figure 1. Graphical Representation-of Mixture Theory.




9

- This chapter will investigate some possible theories of mixtures which result from
different assumptions. A choice of assumptions will be made, and then the resulting field

equations will be derived for formulation specifically adopted for this study.

n . EI[- l .

AsSume a mixture is made up of n components. Denote each constituent by a
silbscript o, B,v, ... where o, P, 7, ... may vary from 1 to . In order to associate the
Euclidéan spaces of each constituent with that of the body, it is necessary to specify how
each space is connected. Truesdell and Toupin (1960) introduce the notion of baricentric

velocity giverfby

Z’;=lma.ia
— Il
za:lma

where ®, € R is a weighting factor and zz _ O # 0 . The baricentric velocity will

{1

X =

sometimes be referred to as the mixture velocity. The restriction in this paper will be for
©,20,Va. x4, the velocity vector of the o constituent, the constituent velocity, is

defined by

. 0 '
Xy = Exm(Xc‘, t)lx  fixed )

The choice of the weighting function, OJ(; , will determine the mixture theory derived.
Consider first o, = ¢, , where Co = %a is the mass fraction of the mixture density
due to constituent o and is called the constituent concentration. P, is the partial density of
the constituent o, constituent mass per unit mixture volume. p is the mixture density of
the total mixture, total mass per unit mixture volume. Then, the velocity of the mixture, x,

is




3)

@

&)

' where p = ZZ _ {Pq - This gives the definition used in classical mixture theory for the

mean mixture velocity, Truesdell and Toupin (1960)‘_and Bowen (1976).

‘An‘other; possible choice made by Hansen (1989) is for o, = ¢, , where ¢, is the

‘volume fraction of constituent o, i.e. the fraction of the mixture volume occupied by

constituent o. This results in the following definition for the mixture velocity,

. 2:=1¢a£a
X=s —
2&: 1¢°‘

" where

z;=l¢q51.

If we impose the restriction that for a saturated mixthre,

‘ZZ=1¢0‘= 1

then the denominator in equation (7) reduces to unity and we have

i= 2§=1¢aia.

©

7

®)

©)
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By a saturated mixture we mean that all constituents are accounted for in the analysis and
the space occupied by B is fully occupied by the constituents, therefore the sum of the
volume fractions of all constituents must add to 1.

Eduations (5) and (9) give very different results for the mixture velocity, ¥ in both
magnitude and direction. Equation (9) forms the mixture theory proposed by Hansen
| (1989), which is called the volume fraction theory, while the theory based upon equation
(5) will be called the clas's‘ica‘l. mixture theory. In each théory, there are different
assumptions which must be made.

Truesdell ‘(1984) lists the three metaphysical principles to be followed when

considering mixtures.

> All properties of the mixture must be mathematical consequences of properties of the
constituents.

o So as to describe the motion of a constituent, we may in imagination isolate it from the
rest of the mixture, provided we allow properly for the actions of the other constituents
upon it.

o The motion of the mixture 1s govermned by the same equations as is a single body.
These fundamental principles relate the properties and field equations of each

constituent to.the properties and field equations of the body as a whole.

~ Classical mixture theory is derived from the choice of weighting function @, = c,,
and the last metaphysical principle. These assumptions give the following principles.

° The mass weighted mean velocity of the mixture is given by equation (5).

¢ The sum of the constituent .equaﬁohs must result in the equations of the mixture.

These assumptions give the complete classical mixture theory.

Hansen (1989) has pointed out that in the classical mixture theory the definition for the

mean velocity of the mixture X contains the notion of linear momentum. Since velocity is
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a purely kinematic noti‘on‘, it does not seem reasonable to define kinematics in terms of
linear momentum, a kinetic term.

Hansen (1989) propdsed what is called the volume fraction theory. In this theory the
- choice of weighting function is @, = ¢, . Additionally, the third metaphysical principle

is altered giving the following principles.

o The mean velocity of the mixture is given by
n

=3 _ OXa (10)

o The behavior of the mixture is governed by the summed constituent balance equations
which reduces to the balance equations of a single constituent as a special case.

Notice, the kinematic definition for the velocity now contains only terms that are
kinematic in nature and the mixture behaves in accordance with the summed field
equations. Based on this analysis, the volume fraction theory will be utilized to model

mixtures of cohesive elastic-viscoplastic materials.

Ki .

The fundamental ndtioh common to all mixturé theories postulated so far is the
concept of separate particles X for each constituent o, which scaled and related in some
way make up the particlé X in the body B. Truesdell and Toupin (1960) indicate the

 relations that must be defined so as to specify interactions between particles. It is assumed
that particle X, does not occupy the position of particle Y, where X, and Y,, belong to
the same body B, . However, particles .of different constituents X, and Xg of body B,
and BB respectively can occupy the same point simultaneously. Classical and modified
mixture theories do not preclude particle X, (#;) from occupying the position of particle

Y,(#;) at different times. Thus, while each constituent o may not interpenetrate with
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itself, different constituents may interpenetrate with each other, so each constituent and

the mixture mﬁst have kinematic relations.

Deformation
Let X, denote the particle in B, . Since B, is a deformable body, B,, is a function of
~ time which is writteh as B, (7). At some time ¢ = t;, B,(f,) is called the reference
configuration. In this reference configuration, the position of particle X, is
| X, = k(X)) 11)

This mapping is assumed to be one-to-one and onto, so that it possesses a unique inverse
-1,
X, = K (X,) (12)
K, is called a bijective mapping.
* At'some other time , the position of X,, is given as
Yo = XKoo D) = Xo(Ke(Xp), ) . 13)

When it is assumed the reference configuration B, (1) is fixed at time ¢, then the Eulerian

coordinate x, is written in terms of the Lagrangian coordinate X, o, and time ¢,
Xg = XX D - ~ (14)

The velocity v, of constituent o. is then written as

0
Yo = 5:XaXor D) (15)
with acceleration written as
P '
aa = a_fxa(Xa’ t) (16)
t

since X, is not a function of time.

T T T T
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Consider an arbitrary scalar; vector or tensor function T, . This function I', may be a

function of Eulerian or Lagrangian coordinates,

Fa = Fa(xa" t)

T

a=la Xa? H .
‘Taking the time derivative of equation (17) we get

: d 9 . O
F(l(xa’r t) = iTtr‘“(x“’ t) + Er‘a(xa, t)§;

o

Ta(¥o 1) = STl 0+ 8rad(Tylay, D)

where

§rad(Tyee, 1) = 0T oee, )

o

and

Xo = g—t(xa X, ) .

a7)

(18)

(19)

20)

1)

(22)

Equations (15), (16), and (18) give the Lagrangian description while equations (17) and

(20) give the Eulerian description.

Now consider the incremental change in deformation at nearby points. By a Taylor

expansion we have

Xo(Xo +dXot) = 2, (Xet) + F o (2o (X 1) dX , + £(X ,dX )

(23)

where dX, is some small increment and F, denotes the total derivative as used in

Marsden (1974) and £(X,,,dX ) is the error term of the expansion.

By rearranging terms in equation (23) and taking the limit we now define the

deformation gradient,“ F , by the following, -
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XXy + dX o) — %o (X )

=‘ GRAD(x(X,.1) (24)

F,X,1n = lin
FolXon = Jim, ix,
where
" GRAD(x4(X 1)) = a%"‘a X0 . 25)
L . ) ‘

‘This also. gives the relation between a spatial incremental vector and the corresponding
" jricrement in the referential description, |
| | dxy = Fy(X,0dX,. (26)
- The velocity gradient is déﬁned— by
Ly(xo 1) = grad(Xq(x,, 1)) . 27)

Observing the deformation gradient F, and taking the time derivative yields

. : - d (0 ‘
Fo = GRAD(r (X ) = a‘x;(&xa“w’)) @28)
. 9 . Ox ‘ X
Fo = E(xa'),—% = L,F, ‘ (29)
‘thus,
FoXy, 1) = Lo(x OFo(Xp, ) . ~ (30)

Here the investigation turns to line elements and how they deform. Consider the

- square of the length of a differential line element aixa in the spatial configuration,

(ds)? = dry - dr,, | 31)

- and the length squared in the reference configuration given by

(dS)? = dX,, - dX,, . )}
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The difference between the square of these lengths is computed to be
(ds)? - (dS)* = dx,, - dv, - dX,, - dX,,
which is rewritten as
(ds)* - (dS)* = F dX, - F,dX - dX, - dxa
thus

(ds)’—(dS)? = dX,(FLF,-1)dX, |,

where 1 is the identity tensor which is the tensor that maps a vector onto itself, i.e.

v =y, Vyva V.
The Lagrangian strain teénsor E,, is defined to be
_1 T
‘Ea = ‘Q(Fa_Fa‘ 1)
thus the deﬁnin‘g‘relati‘o‘n,
2 2 :
(ds)"—(dS)” = 2dX E dX , .
Furthermore, the right Cauchy-Green tensor C,, is defined to be
T
C, =F,F,
so that
1
E, = E(C“ -1)
The Eulerian formulation follows a similar development and is given by
2 2
(ds) = (dS)” = 2dx,e,dx,
where e, is called the Eulerian strain with the definition
1 -1
e, = 5(1 -B,)

where B;l is the inverse tensor of B, the left Cauchy-Green tensor defined by

(33)

(34)

(35)

(36)

@37

(38)

(39)

(40)

41)

(42)

—
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B, = F F.. | 3)
The inverse of any tensor T is denoted by T )suchthat T'T =TT =1

The time derivative of the Lagrangian strain tensor Eq is defined by

. 1 .7 T
Eg = E(FaFa& FqFa)‘

1 1.7 T @9
= S(FLLGF o+ L Fo)
by substituting equation (30). This yields
Eo = l1V§(L§_+ LyF, . @5)
‘Deﬁn.ing the rate of deformation D to be
D, = 3LL+Ly) @)
then suBstitutinginto the above equation yields, |
Eo = FLDF, . @7)

Malvern (1969) shows that the Eulerian strain rate ey can be related to the rate of

deformation tensor, D, by

éq = Dy—Lle,—e,L, . 8)

oo

Yolume Change

Consider the effect of the deformation gradient upon the volume. Recall the

. differential volume elements dV,, or dv,, -are given by

av, = IXm,u (dXyy *‘dX3a)l: 49)
for the Lagrangian case and

dvy = |deyg - (diyy X drsy)| (50)
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for the Euletian case. dX,,,, dX,,, and dX,,, are three non-aligned differential position
vectors emanating from the same point of B, in the reference configuration. dx;,, are the
corresponding position vectors in the deformed configuration as defined by equation (26).

Now recall from equation (26) that we have

dx,, = FodX
dx,g = Fudex ‘ (5D
dxso = FodXs,

thus from equation (50) and (51) we have
dvy = |FodX g (FodX,, X FadX3a)| (52)
$o as B§Wen (1989) shows, the Eulerian differential volume element is,
dvy = |FyldV,. : (53)
Thus, the voiume change from the Lagrangian to the Eulerian state is given by the

deformation gradient F .
Stress
Associated with the idea of displacement and strain are the notions of force and
pressure. Stress is defined as the force per unit area that resists particles from being
se‘parated. Since this occurs in R , the stress t; is a vector. This vector tz is called the
Cauchy stress vector for constituent o.. For an arbitrary plane cutting through the point

X, » the vector has both normal and: tangential components. Considering the unit normal

vector n, to this plane, the tensor T, may be formulated by
by = Tontg (54)
where the tensor T, is called the Cauchy stress tensor for constituent o. It should be

noted that this gives the surface traction at x,, that occurs in the deformed configuration
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per unit deformed area. The Cauchy stress tensor is a member of the forces per unit area
that are called surface stresses or tractions.
Stress tensors may also be reckoned in terms of other stress vectors and surface areas.
The first Piola stress tensor T,y is the actual force on the deformed area reckoned per
- undeformed area as seen in Figure 3. The second Piola stress tensor i‘a is the actual force
transformed by the invérse deformation gradient reckoned per undeformed area which is
shown in Figure 4. This can be made more precise by considering the nature of the forces
and areas involved. Consider the following spatial relationships,
dA = ndS (55)
and
dA, = NdS, . (56)
| Equation (55) represents the deformed area while equation (56) represents the original
area. Now relating the Piola stress tensors to these areas.the first Piola stress is the actual
force on the deformed area, reckoned per unit area of the undeformed area. The second
Piola stress tensor is projected in the same manner as a material vector is changed to the
spatial vector to represent a deformed stress. The following mathematical relationships
exist in terms of the Cauchy stress tensor and deformation gradient,

' Po
Tar = 5o To) 6D

for the first Piola stress tensor and
~ Po, . 1 -T
To = F(F“ Ty-F,) (58)
(Vo
od -T
To = Typ- F, 59)

~ for the second Piola stress tensor.
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 Figure 2. Cauchy Stress Vector and Tensor.

- Due to gravity or other physical phenomena, énother type of force must be considered.

- These are described as the internal forces such as gravitational, magnetic or polar forces.
.'I':‘hese forces would ‘be: brésent in vsueh‘ applications as magnetic analysis, materials which
have non-local ‘interactfions,' and materials which have long fibers which cause local

phénomena due to phénomena far from tﬁe point of analysis. The primary force we will

consider is the ‘body force vector b, which describes the mass-gravity interaction. These

have the units of force per unit mass.
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A N "
as ]
TogxNodSg § TonodS
Yo Deformed
Undeformed
X o

| T xN,dS, = Tyn,dS

Figure 3. First Piola Stress Tensor, T, 5.

ToNdS, \

Deformed

Undeformed

Figure 4. Second Piola Stress Tensor, f"a.
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" Balance of Mass

Given a body B, of constituent d,. define v, as the intrinsic density, the mass m, of
constituent o divided by the unit volurme of constituent . The dispersed density is
identified by p,, where the mass of constituent &, m,, is divided by the unit volume of the
mixture. These are related by the volume fraction ¢, which denotes the volume fraction
of each constituent, | | | |

Py = VYo - (60)
In a multiconstituent mixture we must also consider mass interaction between
constituents. This will be represented by Ca» the mass supply between constituents. Ca
represents the rate at which constituent‘ o, is acquiring mass from the other n—1
constituents, either by chemical reaction or by phase changes. Co, is positive when

constituent o, is gaining mass. The density of the mixture is defined by p where

P= D pa= 2 bo¥s | 61)
=1

a=1
where v, is the intrinsic density (mass per unit volume of constituent o). For a saturated

mixture, an additional relation for the volume fraction is

D 0 =1. 62)
=1

Consider an arbitfary region R, in body B, fixed in space. The mass of the region

R, M is given by

M, = f Podv | (63)
R, |




23
- where the notation follows that used by Malvern (1969). The time rate of change of the

mass M, must equal the rate of inflow through the surface of R, denoted as dR, . From

equation (63), we can write
M, |
'a_t = Ft'j padv . (64)

This must equal the rate of mass growth due to the mass supply minus the flux of mass

across the boundary,dR, , of R, . The flux of mass across aRa may be expressed as

Jp Xo- R ds = —J.dtv(p Xo)dv 65)
R,

where xq -1, is positive if x, is directéd outward from the interior of R, . Therefore

& f Pudv = _[(— div(pya) + Co)dv (66)
R, R, | '
where we have used the divergence theorem (Malvern, .1969) in equation (65).

Rearranging terms we get
My .. oA |
(a_t +div(pyXa) - cq)dv =0 ©7)
R, | ‘

but since R, is an arbitrary volume and is assumed to meet the continuity assumptions,

the kernel of the integrand must be zero, thus the local form becomes

0 .
51; °‘+d;v(pajeq) = Cq. (68)

Relating the Eulerian to the Lagrangian form and recalling that dv = |Fo|dV , where

|Fg| is the absolute value of the determinant of the deformation gradient F,, we get
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j PoodV = J v}(pa—J‘;Ed’c)dv. - (69)

Rao R o

Upon combining terms this yields

J (puo= pulal + ol a)av = 0 (10)
Ruo

thus since R, is an arbitrary volume and is assumed to meet the continuity assumptions

we get

- pao—pq|Fa|‘+|Fa|£02d’c =0 (71)

Poo = IFa|,(pa —£ Edt). (72)

which is the Lagrangian form for the balance of mass. This may also be written as

Po = PoolFa "+ ﬁ cdr. (73)
0

Consider now the interaction between mass and velocity which is described as linéar

momentum, Fixing a spatial region R, contained in the body B, we get the following

relation,

of _ . .o
—a—tj PeXady = — jpaxa(xa-na)ds+ I(Ta-na)ds

R, oR, 3R,
(74)

+ J‘-(paba +Po + CoXa)dv.
R
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Here we introduce the linear momentum supply ;ﬁa‘ which accounts for the momentum

interaction between constituents: The term,
—j PeXolXo : ny)ds (75)
R, B

* represents the flux of the linear momentum out of the fixed region R, across its boundary

oR

.o

[ a6)
R, :

' repres'er‘its the rate at which the body force is producing linear momentum in the region

'R

o

[Gaer am
R, ‘

represents the rate at which the linear momentum supply is generating linear momentum

“in the region R ,,

j(f‘a,x':a)a’v - | (78)
R

is the rate at which the mass interaction is producing linear momentum in the region R,

and

J(Ta-na)ds o (79)
oR, Lo

is the flux of linear momentum in the region R, across its boundary oR, due to the
siirface stresses.

- Utilizing the divergence theorem to transform the surface integrals we get
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[ (20uter + div(pgiate) - div(T) - pubapa-iuta)dv = 0. ©0
R, ,

Now notice that equation (68) is embedded in (80), so substitution yields,

J‘(Paia - div(Ta)'— paba _ﬁa)dv =0 (81)
R(!

from which we get the local form
PoFa—div(Ty) ~ Poby = Pu (82)

which gives the Eulerian form for linear momentum.

Multiplying equation (82) by |F,| we get
IF o[- |Foldiv(To) - |Floba = [Folpa. - ®3)
Introducing the first Piola stress tensor Tz, Bowen (1989) shows that equation (83) may
| ~ be rewritten as o
| FolPaa—DIV(Top) - Folpobe = [Folpo- (84
Substituting for the dispersed density from equation (73) we get
|Fo| (o - ba)(paolFal_l + _Eo Z'd'c) —DIV(T o) = |Folpa. (85)

This may in turn be written using the second Piola stress tensor Tq

|Fa|(£a—ba)(pao|pa|—l+ £ Ea’t) —DIV(Fai'a) = |[FolPo (86)

which gives the Lagrangian form of the linear momentum.
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In a manner similar to that used with linear momentum, we establish the balance law
for angular momentum using an arbitrary fixed spatial region R, . Taking the cross

product of equation (82) with the position vector x, we get

J Jp Xo X Xqdv = j PoX xia(ia ‘R )ds + J. xo X (T, - ny)ds
3R, oR, @
+ jxa X (Pobo + Pa+ Co¥o)dv.
R,

mg is introduced to account for the interaction of angular momentum between

constituents. The term
- J- PoXo XXX ny)ds (88)
represents the angular momentum of the momentum flux out of the boundary oR,

I Xy X (T y)ds (89)
3R,

is the angular momentum produced by the surface tractions on the boundary dR,,, and

jxa X (Poby +Pa+ Cao)dv (90)
R,

represents the angular momentum produced by the body force, linear momentum
interactions, and mass interaction terms, respectively, in the region R .

By the divergence theorem we get
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J{é—t(pa"a X Xq)+ dt‘v(x(x X PpgXaXa) —div(x, X T,)
R, :
Xy X (Pgby +Po+ CoXo) =M }dv = 0.

The local form is given by
a_t(pa"a XXg) +div(xy X poXaXa) —div(xy X T,)

X5 X (Pgbg +Po+ CoXo) = My,

€29)

92)

since R, is an arbitrary fixed region and the assumed continuity. Noting that the balance

of mass is contained within equation (92) we may rewrite equation (92) in the simplified

form

PoXg X X0) — div(Xy X To) — X X (Poby +Pa) = Mg,

As shown by Bowen (1976), we have the following identities,

Top3—Ton
div(xy X Ty) = x4 Xdiv(Ty) + [Tos; — Ty 3
Talz - Ta21
and
d,. ... .
E(x“ XXg) = X4 X x“
since

x.ax.éa = 0.

Rewriting equation (93) we get

(93)

94)

95)

%6) -

o7
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Since the first term in equation (97) contains the balance of linéar momentum, equation

(82), we get the following,

Ton3—Tysa|  [Mau| |
Tos1—To3| = me2| = Ma- 98)
Ty12—Ton Ma3

Thus, if we have an angular momentum supply, the Cauchy stress tensor is not symmetric.
Bowen (1976) rewrites the angular momentum supply vector m, as a skew-symmetric

tensor Mo, defined by
‘T X
T,-T, = Ma 99
where
. 0 o3 —Mmay
Mo = |—mos 0 mgy |- : (100)

| Moz ~ma1 0O
Rewriting the Cauchy stress tensor T, as the second Piola stress tensor S;'a yields the
Lagrangian form of the balance of angular momenturn,
To- ig = [FoFo Mo F (101)
which shows that the second Piola stress tensor is symmetric when the angular momentum

supply is zero but may or may not be symmetric when there is an angular momentum

supply.
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T.he‘ energies of a system must be in bélance. This requires that the time rate of change
- of the kinetic and internal energy must be equal to the rate of work and heat addition. In
' additio'n. to those variables defining the energy relatidn, we must account for the energy

supply due to the interaction of the constituents. This energy supply term is denoted by

2‘;, . The balance law for energy then takes the form, after Bowen (1976),

%I Pa{ea."' 5\(-”0& " xa)}dv + J. pa{e.a + i(xa -,xa)}(xa “ny)ds

R, dR,
T ‘ I PP . h | e '
- J (ToXa=qq) nods - J (PoXo by +¥a: Pat Pyl + €a)dv (102)
oR, - Ry . |
P~ l . - )
—Jca{ea + i(x“ .,xa)}dv =0
R,
where the term,
C f ' . 1 . . - . . .
oR, ‘ ” ‘ ‘

represents the energy flux out of the boundary oR,, of the region R, caused by the energy

and kinetic energy,

. T . .
J. (Tyxo~qy) - nyds - (104)
. aRa
is the energy flux in on the boundary dR,, in the region R, caused by the flux of stress

and heat,

J‘(pax.(l * ba +'x?(l : I;a + pa_rq + ga)dv (105)
R,
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in the energy change in the region Ra‘ due to the body force, linear momentum interaction,

heat source, and energy interaction, and

Iéa{ea+ %(ia : .x':a)}dv | (106)
R,
is the energy ‘change due to the mass interaction combined with the energy supply and a
- kinetic eneigy per unit mass in the region R,, .
By the now standard theorems to transform the surface integrals with the appropiate

~ continuity assumptions, we get the form

J[g—t(pa{ea + %(i:a . ia)}J + div(pa{ea + %(x’:a ‘Xg) }Jéa]
R

o

—ca{ea + i(x“ . xa)}]dv =0
from which Qe get the local form
of [ t. .0 .. [ 1. ...
E p(! ea+§(xa'xa) +dlv p(! ea"'i(xa'xa)‘ X,
. . T * ‘ e o . A A

- dlv(Tax(! = qa) - (Paxa * ba +Xg - Po+ Pala + e(!) (108)
- 1. .
—ca{ea+ i(xa-xa)} = 0.

Alternately, this may be written as

: 1. . .
Pa{ea + i(xa : xoc)} - diV(Tgxa -4q)
(109)

. .o a A 1. .
—(paxa’ba+xa’pa+para'*'ea)—Ca{ea"'i(xa‘xa)} = 0.
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From the balance of linear momentum we have the relation

' pg(Ea-Ea) = o div(Ty) +po(%e- by) (110)

or
1 .. . . .
Epa(xq *Xq) = Xo - div(Ty) +py(Xe- ba) (111).

where we have used the identity

fo-da = SFa-tR). | 112)
Additionally, we can use the identity
div(Thkq) = %o div(T,) +tr(TAL,) 13)
and silbstituting equations (113), (112) and (111) into equation (109) we get

Paba—tr(ToLy) - div(gy) - Pyt o — €a

) ) R (114)
+ X0 (PeXa—diV(Ty) —Poby—Po) = 0.
- Since the last term in veqilation (114) is the balance of linear momentum we get
Paba—tr(ToLy) — div(gy) - Pory—€a = 0. (115)

Following Bowen (1976) we can replace the Cauchy stiess tensor T, with the results

of equation (99) and the veldc‘ity ‘gradient L, with its symmetric and skew-symmetiic -

parts. Recall the symmetric part of the velocity gradient L, is called the rate of

deformation tensor Da given by
1 T
D, = _5(La +L,) _ (116)

which was given in equation (46). The anti-symmetric part of the velocity gradient is

given by

1
W, = 5(Ly~Ly) | 117)

-
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which is called the spin tensor.
Since

L, =D +W, (118)
and

Mo = Ty-T. (119)

we can write ToL, as Tw(D,+W,) thus yielding,
T W, = %(Ta +THW,, + %(Ta ~-ThHw, (120)

which may be written as

TIW, = —%Ma W, . (121)

Combining the above equations and substituting into equation (115) yields,
. ) ~ 1 -
Paea—tr(TyD,) +div(q,) —Pylo + €a— Etr(Ma w,) =0, (122)

which is the local form of the balance of energy.
We can now multiply equation (122) by |F,| and relating Poo tO Py, and using the
Piola identity (Marsden and Hughes, 1983)

DIV(Q,) = |Fa|div(q‘a), (123)
we get
I-Falpocéa_ IFaltr(TaDd) +D1V(Qa)_ lFal‘para_ lFocl;';“
P o 124)
+‘—2—tr(MaWa) = 0.
. Observing that
| ST | '
D, = F  EuF, (125)

we get
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(T Do) = tr(Fy T o FEo)

tH(ToDy) = |Foltr(ToEa).
We can now rewrite equation (122) as
. (p,a0‘|'1r'd|'"" + ﬁ Edr)(éa—-ra)—2¢|Fa|_-tr(TdEa) +DIV(Q,)
. 0
‘ 1 o S,
+ 5tr(Fo(Ta-Ta)F W,) = 0,

 thiis giving the Lagrangian form of the balance of energy.

ctiond Laww of Thormadsmamics

(126)

(127)

(128)

Corsider now the restrictions imposed by the second law. This states that the rate of

*increase of entropy exceeds those effects due to the flux of entropy on the boundary, the

_ - flux of entropy due to the heat flux and the entropy production due to the heat source.

After Bowen (1976), the form for a ﬁxed spati'al' region Ra becomes

d
3 Jonavz-
"R, oR,,

<N ] pa‘ra'
+ za;l‘[ ) ]dv

b o
3

~ where M « is the entropy per unit mass. The term

- .[ zz =1 PoNe(Xa - 1y)ds

 9R,

represents the flux of entropy out of the boundary oR,, of region R,

n . panatiarnds [ 30 [2€] nas
aR,

(129

(130)

ry 1) 2l o im T ey

——
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-z [t mas | (131)
3R,

- represents the flux of entropy out of the region R, through the boundary oR,, due to the

heat flux, and
n Palo
Iza » [_% ]dv.. 132)
R, .

is the entropy accumulation in the region R, due to the heat source.

Using the divergence theorem we get

g;_[ pNdv + J.{div(zz _ l[g—: + panax'a]) -y [pgﬂ] }dv 20.  (133)

' Ru Ru

This may be rewritten as

I{Pﬁ +.diV'(2Z =1 [g—z + Paﬂaﬁa]) - ZZ -1 [p—g&] }dv 20, (134)

o
R,
where u, = x,—x , is called the diffusion velocity. This represeﬁts the difference in
constituent velocity from the mixture velocity (baricentric center velocity from equation
(6)). The local form may then be written as

Y 40 , Por,
oiain(Y | [e—: ¥ panaua:D -S| 20 (135)

o
Hansen, Crane, Damson, Donovan, Horning and Walker (1990) define the entropy for
the entire mixture as
0
M= _ N (136)

Usihg this relation we get
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PN = Y (Paflo—div(PaMlty) + CoMy)

Which upt)n substituting into equation (135) yields
n . q(x, p(xrq A |
Za . {pana + dw[x] 8, + Coma} >0.

Substituting from the first law, equation (122), into equation (137) results in

g, = |

_ ‘ . oA . 1 5 -
zn‘ {paea’ﬂa +eq—Pglattr(TyD,) - itr(Ma. W,)+ceO, N,

>0

o - 8rad(6,) }
S

(3
- Introducing the Helmholtz‘ free energy defined by
VYo = €4 =8N,
and differentiating with respect to time yields

Yo = éa—e‘aﬁa—éqﬂa,

(137)

(138)

(139)

(140)

(141)

which up‘on substituting in equation (139) yields the Eulerian local form for the second

law,

. . 1 - A
zz = 1{—' pa(eana + \]fa) + tr(?‘aDa) ~ itr(Ma Wa) + Caea’na

+éey
ea

9o 8rad®,) . } >0.

(142)

Using equations (122) through (128) yields the Lagrangian form for the second law,
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Z’; -1 {— (P-aolel_l + J:o E_ad'c)(véana + Yq) + \tr(T'aEa)

1 ~ . ~T
~5tr(Fo(To—Ta)F o W,,) (143)
_lq .grad(e ) IEa) A
—|Fo|Fg =" +|Fo|ca®yny + |Folen 12 0.
o

Summing Rules

The previdus sections have c‘levelo.ped the field equations for each constituent in a
~ mixture. According to Hansen (1989), the behavior of the mixture must act as the sum of
the behavior of the constituents. This requires the sum of the field equations and an
assumption for the sum of the interaction terms.

The assumption is that there are no point sources in‘the mixture. If these occur they

" may be treated as. general restrictions in the solution process. This assumption requires the

following;
o
D Ca =0, (144)
n S
Do Pa =0, (145)
S =0 (146)
a=1 % ‘
and
n .A
D=1 =0. (147)

This implies that there may be mass, linear momentum, angular momentum and energy
supply between constituents but there is not a point source supply for the mixture as a

whole. With these assumption the summed field equations may be constructed.
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Hansen, Crane, Damson, Donovan, Horning and Walker (1990) related body force,

heat source, internal energy and entropy between the constituents and the mixture.

- Observing the units of these intensive properties they observed the following relations;

b=3,. o (148)

r= Y. Calor (149)

€= Y. ¢ | (150)
and

LEDE W (151)

These intensive properties are related to the mixture by their concentrations since their
basic unit of measurement is per unit mass. This differs from the definition of the mixture
mass which is based upon unit volume so thé total mixture mass is the sum of the
constituent miasses.

‘In a similar way the Cauchy stress tensor and the heat flux ¢an be defined. These are
based on surface area by definition. Hansen (1989) has shown that from quantitative
stereology the area fraction and volume fraction are the same. Thus, the Cauchy stress
~ tensor T, -and the heat flux vector q,, are already scaled by the volume fraction. The

definition for the mixture total stress and heat flux then becomes,

n
T=3 _,T, (152)

and

g4=3,_ .46 (153)
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‘With equation (144) the mixture field equation becomes,

N/ T
D [E “+ div(peta)| = 0 (154)
'+ which may be reduced to
®  gi 3 tal = 0 (155)
at 1A% o= 1 p'ax.a = ‘
by usmg equation (61) Using the definition for d1ffus1on velocity, #, = ¥q—X, equation
" (155) yields
D ., . n |
55 + div(px) + div(}, _ Poly) = 0 (156)

which shows that diffusion velocity may contribute significantly to the mixture mass

balance,.

‘Combining equation (145) with (82) gives the summed linear momentum equation,

o thus

Y= 1 [PoFa—div(T,) — pobyl = 0, _ (157)
Zzﬂpafa—d""(z 1 T)-Y _ Pobe =0, (158)
> Pafa-di(T)-3"  poby = 0, (159)

~ where the Cauchy stress T is related to the partial strésses Ta by the relation

. n .
T=2 _Ta (160)

" Hansen (1989). Thus, the balance equation for the mixture becomes
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> - 1 PolFa—by)~div(T) = 0. , (161)

| Recail‘ from classical continuummechanics that‘thé Cauchy stress tensor is symmetric,
Malvern (1969). This ‘ha‘s the form
T=1" (162)

" which may be féwritten in mixture theory form

YeoiTo= SoiiTar - (163)

since by equation (146) no angular momentum supply for the mixture has been imposed.

Thus, with an angular momentum supply for each constituent, the partial stress terisor may

.. notbe symmetric but the total stress for the mixture is symmetric.

Considering equation (147)'. and combining with equation (122) the summed energy
" balance becornes, '
[ . | A -
za - 1{ Pafo— tr(T,Dy) +div(qy) ~ Pyl + €a— i:tr(M o Wa)} =0 (164)
which upon expanding

r 1/ ) | n .. . ] ‘
20:: {Pafo— za: 1tr(T(,LDo‘) + za_= 1dt‘-v(qm) - z:; Polo = 0 (165)

. wheke the last two terms on the left hand side are Zero, thus

pé=Yr _ tr(TyDy) +div(g)-pr = 0, (166)

~or

T 1T T =TT - S
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pé—tr(TD) +div(g) - pr = 0. (167)

From equation (139) it is evident that the second law restrictions developed are based
upon the summed properties of all constituents of the mixture. There have been
- conjectures to date as to whether the second law should hold for each constituent or for the
mixture as a whole. A rigorous solution to this problem haé not been found, so
assumptions will need to be made. As will be noted in a following chapter, the constitutive
relations for the interaction terms. include not only the independent variables for the
constituent but also the independent variables for other constituents. Thus, the second law

should be in a form to restrict these constitutive relations.

Field Equation Variabl

The balance equations for mass (68), linear momentum (82), angular momentum (99)
and energy (122) along with the restrictions imposed by the second law (142) have been

developed for each constituent and the mixture as a whole. The independent variables of

interest are the position vector x, -and time ¢. The variables that have been introduced in -

the field equations are the dispersed density p,, constituent velocity x, Cauchy stress

tensor T

- internal energy e, heat flux g, temperature 0, and entropy m,. It is

assumed that the body force b, and heat source r, will be specified functions. These
variables are the same as those for a single constituent body, although with mixture theory
" new variables have been introduced. These are the mass interaction ¢,,, linear momentum

-~

interaction p, angular momentum interaction Mq and energy interaction éa. The

——
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inteéraction variables depend upon the o constituent and possibly all other constituents
while all other variables ‘dépe'nd only upon the properties of the o constituent.
~ One possible method of solving this system of equations is suggested by Bedford and
Drumheller, (1983). Use the four balance equations to solve for Pos X, Ma and 0.
Constitutive relations are formulated relating Cos T, ﬁa, €y 4y eo, and N, by using
the second law (142) and the mixture balance equations, (144) through (147), (156), (161),
(‘163) and (167). These relations are utilized in the solution of the balance equations.

The solution to this set of partial differential equations is facilitated by using internal
state Vvariables and imposing upon the constitutive relations a rigorous development of the

 restrictions from continuum mechanics. This will be the subject of the next two chapters.
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CHAPTER 3
CONSTITUTIVE PRINCIPLES

The solution to this set of partial differential equations is facilitated by using internal
state variables and imposing upon the constitutive relations a rigorous development of the
testrictions from continuum mechanics. This will be the subject of the next two chapters.

Billington and Tate (1981) shbw the general form for a simple elastic material to be

(T, 9o € Mo Vo)X 1) = fo(¥g Foy 04, GRAD(8,,), X, 1) (168)
.and Bowen (1976) shows that the interaction terms are functions of,

(2as Pos 20)X g 1) = Fug, F, 03, GRAD(8), X, 1), VB € (1, ) (169)
where we have specified p, X, Mo and 0, by using the balance equations. For a

.visc’oplast‘ic material, Hansen (1985) suggests the following constitutive dependencies,
(Tep Qo 00 Mo Yo )X D) = 8oy 0 &) (170)
here the internal state vector is included and thq constitutive relation for the internal state

" vector evolution equations depends upon,

8o = O(Eq 80, 80) (171)

For this paper, we intend to be as general as possible, at least initially, and then will
simplify the formulation once specific applications are considered. In order to be as
general as possible, some additional variables must be included as independent variables
for the above constitutive relations. In a material in which chemical reactions may take

place, a term referred to as the “extent of reaction” will be included to reflect the extent to
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which chemical redctions have occurred and to include this effect on the constituent

propefti‘es. This term will be denoted by [, and will have the form:

, P | | ,
Iy = p—"‘det|F | 172)

o

‘This variable has a value of one if there has been no mass exchange between the o and
the other (n-1) constituents. Therefore any deviation of I, from the value of unity
indicates it has either gained or lost méss, depending on whether the value of /, is greater

~than or less than the valﬁe of one. This is so, since for any material in which‘ there is no
chemiiﬁal reaction, the ratio of the reference density to the deformed reference density is

" given by the expression pyg/py =

to volumetric deformations as determined by det]F l If this is true for any constltuent
then I, has the value of unity, | |
Another variable" which could determine some of the constitutive relations is the
constifu'cnt velocity. In our case, we will assume that thé diffusion velocity, u,, may be an
. independent variable upon which some of the constitutive relations will depend. Certainly,
heat transfer, momentum interaction, and the mass and energy interaction terms may
o depend upon this variable. Since snow is a diffusing material with mass interaction
- between some of the constitﬁents, thi,s set of variables must be included initially as a
| potentially importanf independent variable.
Finally, the temperature gradient. should also be included as a possibly significant
: independent variable. 'i‘emperatme gradients are responsible for the transfer of both heat
" and mass within a material, and it may play an important role in many of the interactions
terms. | | '
| FOr‘ the sake of brevity, the Eulerian temperature gradient will be denoted by the
" expression 8y, = 8rad(8,), and the Lagrangian temperature gradient will be denoted by

the expression G, = GRAD(O,).
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Part of the development of constitutive relations in continuum mechanics consists of

insuring the following restrictions hold, Bowen (1989).

Consistency: - The constitutive relations must obey the
balance equations.

Coordinate invariance: They must work in any coordinate system.

Just setting: ‘ ‘Well posed mathematically.

Material frame indifference: Material response is independent of the

reference frame.

Material symmetry: Material symmetry should be modeled by
the constitutive relations.

Equipresence: . Independent variables should be in all
' constitutive relations unless it contradicts
‘one of the above.

Each of these issues will be addressed as the constitutive laws are developed. Some
will be inferred implicitly while others such as material frame indifference will be
established explicitly.
| To develop the explicit constitutive eqqations we begin by considering the second law,
- equation (142), which uses the Helmholtz free energy y,, . We denote the constituent free

energy by

Yo = VolEy O S Uo los ga) (173)
- where the vector & denotes the internal state vector consisting of scalars which describe
the microstructure of the material. This vector gives extra displacement variables which
allow the state of the material to change while deformation and temperature are constant.
We assume here that elastic strains occur when &, is constant and all other variables
change, while inelastic strains occur when €, changes while the other variables are

constant, Rice (‘197(1). The other functions listed in Equation (170) will be assumed to
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have the same dependency as the free energy. In addition, all of the interaction terms will
be assumed to depend on all of these variables for all constituents. The evolution relation
will be assumed to depend on the same variables as the free energy.
Taking the time derivative of Equatioh (173) yields
o Wa (e ) e . Y, . . g
Yo = a—%9a+t((—aEaEa *3E, §G+E-ua+Ega+3-l; l, (174)

In what follows, the Eulerian form of the second law will be used. Substituting equation

(174) into équation (142) yields

Sn 1 A a‘l’a- a‘l’a . awa :
za =1 Ex{_ pal}]ae(x +%;9a + tr(aEaEa}+a§a . ga

oy, . oy, awa]
a‘i

du,, Ug + mga + o1,

175)
1. VN
_ztr(MaWa) + ae—t'F—alp(TaEa)
9.8
. “ea S+ 200N, + aa} 20.
The term dl/dt can be written as:
det|F
i = pl iy (176)
ao

Consequently, the variable /y, is not-actually independent of the other kinematic variables,
but we retain it in order to evaluate its effect on constitutive relations. The second law now

. acquires the form:
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o L oo el M 1 g Wa) ) W,
I 5| Palat G, Pot | (@alF ] o PoE, [ PeaE, e
' . d .1 5
_pa.a%(\ya) Uy — pa.a?(\va) ‘Bo— Etr(MW(l).-'- €a (177)
o o

e e s

_da8a, (9 n. ol alﬂ“}a] >0

which for arbitrary values and jumps in O, Ea, u and g, we have the following

restrictions.
. o\ ,
To = pade.tIF alﬁ'llli'% (178)
oY,

0
Na _p ‘ (180)
g,
ov,,
ﬂ‘ =0 (181)
du,, ‘

The second law therefore reduces to:
n
1 oy, . 1 A
z é—;{—p()@?: &~ itr(MaW'a) +ég
o=1

9080 ) IFGIBW(I ~ ‘
- 5, + (Oana— pamm Co, 1 20.

. The expression which prefixes the mass interaction can be expressed in terms of the

(182)

chemical potential, ., , which has been defined as (Nunziato and Walsh, 1980)

d. 0 '
By = ';m(la\l’a) = -aTa(pawa) (183)
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* Using this definition, the coefficient of the mass interaction can be written as

det|F |y
ana pa p| a|ala = e —ua (184)
oo

and the second law further reduces to:

8 = Ze{ aag g tr(MWa)+éa,
(185)
9y 8¢
)

O

+ (e, — p.a)éa} 20.

~This is as simplified as the se'coﬁd law can be without imposing assumptions or
‘ éonsi’d‘cring additional detail§ regarding the variation of the dissipation function 8. To
proceed, we need to consider the thermomechanical state of equilibrium and the value of &
as this is reached.

We define as the state of thérm‘om'echanical equilibrium to be that state reached when:

0, =0,=..=0, =0°

s €

S

(186)

&
|

coa=0

ea=0
The superscript “e” is used to denote the state of thermomechanical equilibrium. When
_ these conditions are met, the dissipation function, §, goes to.zero. Now consider any small

perturbation from this state of equilibrium. Denote the set of variables s, and s to be the

following:
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Sa = (ew 8o Uy Ea" E.w la)9 o = L..n (187)
.S‘ = (91, "'en;gl’ ...gn;ul, ...l{n.’,El,, ...En:;g,l_, ._..gn;ll;, ""lll) ‘

Restrictions Based Upon the First Derivative of the Second Law

At the state of thermomechanical equilibrium, the dissipation function § is equal to

zero but must be equal or greater than zero for any small departlire or perturbation from

- equilibrium. Now let sP be. any arbitrary perturbation in the variables s, and let € be any

arbitrarily small scalar, The"n the following must be observed:
8(s°) = 0 (188)

& = 8(s°+esP)=0 (189)

The prime is-used to denote the value of 8 in a perturbed state. In the perturbed state, the

- second law acquires the form:

. _
o = 2 : 1 — q,a(gg +£g";) +e — pl d ‘I’I el
@ re)| er+eer o Podg Vet

(1‘90)
| S ’ ’ r \AZ '
- i‘t-r(MaWa) +(e'y—Ny)e a:l. 20

As indicated earlier, the \./.;ariables._w'hich are primed are evaluated at the perturbed state

away from equilibrium. The functional dependency of the terms in the above relations is:
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Vo=V o (Eq +eEh, 0° +265, El +eED 12 +elb)
o = Wo(Eg +€E5, 0° + 00, & + &b, I +€l)
Wo =W (E,+eEb,0°+€00,Ec +€E0 IC +elb)
ey =€ (EL+eED, 0° +£060, 85 + ekl IS +elf) (191)
T, =T’ (E. +€E", 0° + €02, £ + €L, £ +el)
Mo =M o(Eg +€E5, 0° + €60, & + €80, g, +€1%)
8o = Eq(BL, +BD, 0° + 800, £ +€EL, I, + £1%)
Where we have assumed the evolution equation for € does not have a dependency upon
- either the diffusion velocity or the temperature gradient, since the free energy isa function
of the state vériable €,»and if the evolution equation for &, displayed a dependency upon
u, and g, then the free eénergy should also. The supply terms, however, may depend

upon the full collection of variables. Thus, we have the following dependencies:

&= é’a.(EE +€eEp, 05 + 0%, gp +egh, é; + €&, I + el up + eup)
P'o =P o(Ep +eEp, ) +€6f, g + £gh, &g + €85, 15 + elf, ug + enf) (192)
&' o = &'o(Eg +€Ep, 0 +£6f, g5 +€gh &E + e, Ig + elf, ug + eufy)
where B is summed over all of the constituents. In addition, the heat flux vector, g,, has a
depende'nce upon the same variables as the free energy plus a dependence upon the
temperature gradient and the diffusion velocity, since heat transfer by vapor diffusion is a
very signiﬁcaht part of the ovérall heat transfer.
Equations (188) and (189) imply the following:

d., |
%8 =0 (193)
le=0 .
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2
_8’

20 . : (194
de ' ‘

e= 0

These two equations simply state that the dissipation function is positive semi-definite and
reaches a local minimum at thermomechanical equilibium. Now consider the

implications of these two equations. First expand equation (193).

[d(s +es” (s +£s1’):|

e=0

(195)
e
5 . sP (38) . sP
a(s +£sp) €20 \gs§
Carrying out this differentiation, we get the following:-
" d
d . , a 1 \l’a P qa gu,
760 le=0=3s 2 e—{ ~PoJE. o™
o= . (196)

1 .
— it-"M“Wa + (eq— ua)&a} >0

- which upon expansion of the differentiation yields the following:
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| n‘ ' -1 ‘ a‘va . qo, ga
= z 5 0‘8&, ga B + &g

e
- it"’(MaWa)*' (eq wa)aa] ¢

o, . d ¢
+ Z Z { s Pdﬁ) Ea pum(‘l’a)" 5?;
=1 “ﬁ =1 (197)

d (4o agcc 02,
aSﬁ( ) 8o~ ( ) asB aSB
1 [a . . oW,
—itr[ﬁg( M)W + Magﬁ“]
) _ 34"
+ a—sg(ea — K)o+ (eg— ua)wg} --sﬁ =0

In the above, the first summation is identically zero, since this is essentially the dissipation

function at equilibrium. Expanding the second set of terms, we have:

B4Eah =

a=1 “B

o %Y , (%) Y

_[paa_ga(\v“)asﬁj .sp—(aSB Q)ga) 'SB

og ) [oe ¢ 1r o N e
a) %a| p |%| p lFd_ € P
[( ) asB:l sB+|:aSB] S‘B 2[aSﬁtr(MaWa):| sB
+[(_a (60— )2 )]e-sp+(e L =0

* {355 (eaHalla || 55 I35

Imposing the equ‘ilibrium conditions in equation (1“86), the above reduces to:

a ,

(198)
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d )] o1 d %,) 5 [9a %a)
ES es0 2 Ez z H‘Pagga(%)' asﬂ} Sp Q asB Sp
- a=1 B=1
%) , 1ra ¢ P (199)
+ —-S-E] s - 2[mtr(mwm)] 55

. Note thatVO; = 6°. In addition we must have that

n n e
ae(l 1 a ~ D
2 ZW = & ey 2 E) =0 e
=1 “[3 B=1 a=1
~ since X&y = O at all thermomechaﬁical states. Then we have:
n n a e

—0’ = - Sg=la- e | S
% e=o az_le ;{(p"g Y asﬁ) ("a asﬂ) i

e (201)
1r a e
_i[tr%ﬂ(Mawa)] s+ [(e ”a)a ] B} 0

- Since W, = 0 at equilibrium and since Wa is an independent kinematic variable, we

must have; |
asB e

Collecting coefficients of the variables SB in the above relation, one can obtain some
additional restrictions. For instance, if one considers the coefficients of the increment in

the temperatures,83, =1, 2,..n:

. oy %, |
(? z [ “8?; aagaep +(eq—Hy) Z caep} (203)
o=1L
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If, for example, only one temperature increment were ?nqnz_ero,. say a specific 9[5’ we
‘'would have: .
e

MVpat, . 02, | | .
Pﬁaépae + Z (€a~Hal3g, =0 (204)

K - The term in brackets must then equal zero. However,‘ since the mass supplies are functions
8 “of the independent variables for all constituents while the first set of terms in the brackets
- depend only on the \Zariables for the B constituent, we will apply the following

- restrictions:

owgag, T (o o]
] <o [Senle -0 ponn ew
‘ o=1 : .

Actually, since the second set of terms in Equation (204) is a functlon of the set

. -.(Ep o 91, cees 00 815 -8 &ps s Epatlys sy, 1y, o, 1), Whereas the first set of

terms d‘epchd‘sonly upon the set (Eg (-):d, Egr 1), and sin‘c‘e-Equation (205) must hold for
all possible arbitrary equilibrium states, one can show that the first part of that equation
.- must assume a unique value K at all equilibrium states and that the second part must
. acquire the value -K, Where K is a fixed constant. We have merely set K=0.

Using a similar reasoning for the other variables, we have:

4€ e | ©

.PBagpa—% =0, |2 (e-a‘-lla)ﬁﬁ_ =0 B

]
—
<

cees (206)

9Yp0 o e ,
;(pﬁali:a_%%j =0 |2 ”a’aff] =0 B=l..n QO




55

€

‘ a‘l’pi%_g ’ , f'— - 0o : .
[pﬁggpalp] =0, ~ z (ea—p,a)a—lﬁ =0 B =1, sl (208)
‘ la=1 .
. —e
| 0Cy,

MWy < 1 B
[Pﬁa_gﬁagﬂ} ,= 0, | ;l(ea—ua)gg[; =0 B=1,..,n (209)

A remaining part of the éntropy inequality involves the temperature gradients, and
since we are assuming that the evolution equation for the state vector does not depend
upon the temperature gradient, we are left with:

€

n
: 0y 1
>, O e g5 =0 (210)
o=1
By the same line of reasoning, the following results.
e | < 0Cq
gp = 0, Y "(e“—u“)a?ﬂ =0 B=1,..,n (211)
: =1 |

Nunziato and Walsh (1980) utilize what is referred to as strong equilibrium conditions. In
this case, it is assumed that the chemical potential pt, of all constituents acquire equal
values at thermomechanical equilibrium. The above results imply that at
thermomechanical equilibrium the second parts of equations (205), (209) and (211) are
~ identically satisfied if the differences (eq — M) are all equal at equilibrium. This is so

since each of the second parts then involves the summation

. n
3 2, &
_ 0¢ =1
Za;f = 5 55 = 0 (212)
a=1 ‘ i

and the second condition in the above relations is identically satisfied.
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We will therefore require that the differences (e, — 1) all acquire a. common value at
equilibrium. Further, assuming strong equilibrium,‘ we assume the chemical potentials all
‘assume equal values, this implies that the internal energies e, of the constituents all
assume the same values at equilibriuni. This seems to be a reasonable result, since if the
energies all bgcome equal, the driving forces for the constituents to exchange mass and .

energy will be eliminated. Therefore, thermomechanical equilibrium then implies:

Ag = (‘ea,_“u'.(x,)e = e”—u?,(a: 1, eeey n) o= 1,2, ooy 1

e, = p° a=12..,n (213)
e; = ¢ o=12,...,n

The restrictions imposed in the first part of equations (205) and (209) imply that one of
the three conditions must be met at equilibrium:

e

221 R
%éﬁ = 0,or 214)

We will adopt the first of these conditions, s'ince it states that the free energy reaches a
stationary value with reépect to the state vector when equilibrium is reached. In almost all
physical processes, stable equilibrium is reached only when potential energy is minimized
~ in somie fashion. In this case, since the Helmholtz free energy represents the elastic energy
of the material, the system will attempt to evolve to an equilibrium state which minimizes
the stain energy as well as the thermal energy. The first of the three conditions is a direct
application of this principle. Therefore, in the following, we will assume that

8\;1[3/ 8§B = 0 at equilibrium. It should be emphasized that this is a sufficient but not
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necessary condition for satisfying equations (205) and (209). However, it is viewed as

being consistent with what has previously been observed in mechanics.

Restrictions Based Upon the Second Derivative of the Second Law

Now consider the second variation equation (194). This can be expressed as

2
d’ ., _ d _ a ,.d e N
267 le=0 = Gel3 e o O S S )] .
e=0
d 0 '
= e ————— 8"-sp:| _
de e p Bt ‘(215)
¢ +ss7y 0
2 p .
=[s” -#"28“2‘%@'-&&” )+% L&’]
I(s* +es”) I(s® + &s”)
2 , 2 e
d ’ D a ra
ge7 le=0 = [a e "28]‘ 'Sp
p [ 027 P |
=s '[asass} '8
In index notatibn, this equation is:
2 2 e
PO o LI
;8—2"8 -0 = sf:as,-asjajl 5j
"n on n 217)
3?1
> [as as.aa'] 7?20
i=tj=1a=1- ' 7

- Substitute for §,;




38

Wao, 9a8u_,
3 5[a S ol

i=1j=1 (218)

- itr(MaWa) +(ey - ua)éa.)] sisf 20

Carrying out the differentiation,

n

5, 2 a1 st i + gl 0

_la

2 ‘l’aaé a q(!
_22 Z { 35,08, “Si9e-(PaVa)te Paag asa a_s,.('é;)'g“

i=la=1 a

qo, aga aea 1 a - aW(X, ‘
) (Q) T3 [a—si(m)wauffaa—si

o, . %)
'a—si(ea - Ha)ca + (,e-q— ]J.a')as—:x} el(;si’

2 1 a‘l’a 82
+Z Z Z o { 3, as( aT)éa 35,98, (Pa“’a)ii‘

i=lj=la=1 (219)

9’ ig_ a‘l’aaé 0° (4o d (9a aga.
35,8, Pa¥o3s |~ PagE 3505, ~ 35, as( )ga as( )ﬁ

3 (1o %Ba (% _3ga 324
as( ) as ( a) as,.asj,*as,.asj

1 32 s ) aWa 0 - aWa
_2 tr[——as a5 (Ma) W(l + 'aTl(Mq)a—S] + m;(Ma)a—sl'

0 W 22 o a¢
+ (M“’as os; ] as'.as.("a“”a)@“““a_s.(e ”a)asa
i%j j

d 0
+$;(e ua)a +(e Aua)asas“

——
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At equilibrium, many of the terms in the above relation vanish. Dropping these terms

~ using Equation (186) and utilizing symmetry with respect to the indices “i” and 7, we

obtain:

i=la=1 °‘

a\l! O, g 1 (o OW e\l

: o 2,
| 3’ o, Wy IE,
* z Z Z 9 I: _asiaga(pa‘lla)as?" Pam . aSigsj

?1—11—1(1-1 (220)

B .aa ) gfa gsegs ‘1"'[2_((““)9 : +(M°°)gs‘§s )]
| ‘ o 3%
+ 23%«% - ua)%sc—? +(eu-to)g o }} 5720
~ Note that, since 0, = 0% (eq-1,)° = (e—p)°, and since the mass and energy supplies

~ sum to zero at all times:

non on 2 o ‘
S [e—acea 5] = 3 3

i=lj=la=1

lae“ : "1 * <, [ o
ZZ z@i)sas 5 = ZZ—;;,S—,;,; o) s;s; =0 (222)

1‘ =1j=la=1

Eliminating these terms, the second variation of the dissipation function becomes:
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—

| v, of 02, 9 W) o]l . »
—22 Z [ PugE_ 5? +35, "3 (M“a +(ea=Palyy |1 Oasi

Vi

i=loa= 1 (x
- %y | Na 98
+ Z Z‘ 2 e 23 ag (P“"’“)as p“’a&a 0s;0s; (223)
i=lj=la=1
p) 82W
9 (1) %a 1 { L2
T ) 3s; ~ 3! [(M“)as,asj]

Since (dy,/9E,)° = 0, (g,)° = 0 and oW,/ ds; = 0, the above reduces to:

-2[ e ‘ oc
3o
i=la=l %

n n n . a a

' 11,0 ‘ &a Yo\ 8o sPs?
+Z, 22 Q[ng(ea‘”a)as as ag 3592, PaV 0‘) 2as( ) 0s; ] i$; 20

i=lj=la=1 :

By Equations (205), (209), and (211), the second set of terms in the first summation

vanish. This last relation places addi’tiohal restrictions upon the form for éa, q,. and

— K. Basically, the term in brackets must be a positive definite’ matrix. Since

Voo €0 Mo, » and }ia all depend only upon the independent variables of the o constituent:

n’ =21 82 ¢ -2 aea
el pawa>-as—j et + 2 2{ [asﬁ]} ot}
(225)

n n
e 1[, 9 %a_, 3 %o 5 »
£33 e—w[z-%—a(e Ho3se =255 ( ) 3y | Sha0

——
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Restrictions based upon arbitrary perturbations in temperature
We would now like to consider several special cases. In the particular case when we
look at two arbitrary perturbations in the temperature, 0, GB. Suppose all perturbations

are zero except for the following:
st = 08,4+ 058, (226)

where s> = 0 if a#1,2 and s5 = 6] if o = 1 and 5%, = @} if & = 2. Similarly we

have
sh = 018,5+655,5 (227)

with the same definitions, sf = 0 if B=1,2 and s§ = 67 if B = 1 and sf; = 6} if

B = 2. Using these definitions and substituting into equation (225) we get,

2{ 3? 3, Y < 2
2 “E[a“_gaasa(l’a"’a) ' ajsi) (878, +638,4)
a=1 o

’ 2 024 .
-2 2 [—;;;5] (678, + 058,,,)(878, 5+ 055,)

B=la=1-¢

(228)

- 90\ 980 |
+ 22 —[—2§;($)y;] (87814, + 658,,)(878, 5 + 658,5)

a¢

. 1[. 2 ‘ '
+3 3 f'[zmea—ua)ﬁ] (67314 +038,0)(678,5 +038,5) 20

Now we may substitute the equilibrium tem‘perature'eg = 0° and replacing the

o = 1, = 2 and observing the subscripts we get upon expansion,
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) 32 . a 82 . e )
—&[WPNO“ 5%—] (911)) [8& 3, (P2v2) - j%‘] (63)

P 2 [0e, @ 2 98,1 L2
o] g5l ot ]

ey (@) (6%
L2 [0 )3c1 d ‘11) 0g, e(ep)z
+=l3g(e1— Wy 50| (91
2fa 3 ~qz‘agz_e 2
+§_a_92(e2_u2)r(32_8926_2)”3_9;_ (85"

2 2@y 2 ?z).agz’f el

+ é[g?,—l(el - ul)g%z- + a%z(efz —Nz)gg—i 676520
If we take this expansion and replace the subscripts with the appropriate constituent
identifier we get an equation that is of the form:
A85)" + BOLOE + C(65) 20 (230)
Equation‘ (229) can be simplified more since g, is one of the independent variables,
a = 8q(0q 6p) (231)
thus we have,

og ,
bT: = 0, for all (a, B). (232)

For the other perturbations in (E, [, ...) similar simplifications will be made later in

* this chapter. Thus,
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a9t o2 2] 3% gl
[aé 90, (pa“’a) 98 ] ©o) ‘&[‘a‘rﬁaeﬁ(‘*’ﬂ’ﬂ)’aeﬁ'(95-) .

2 [0ep  02o] ., 9251 ,2
2 [e ](ep) 2 [dep . ea.:e,;eﬁ 2 {5%%] (6’;’3)12

oy ~(6971%% 99 )
%, 2. | 233)
+e%=[£—a(ea—ua)%(eﬁ)2 @33)

- ‘ e
2" :
[ae (€q ”a)ae +3_("B “B)ae ] 00520
Cohsidér‘thq case of oc;ﬁB and 6"&;& 0 and G‘E = O then,

. A -E
2 ooy Ba, 1% 3 %] ‘
{3‘5 30, Pa¥a) 30, * 5638, ~ 90, (% ~Halgp | <0 (234)
... If we have the case of a# P and 8 = 0 and OB;&O then we get the same restriction.
Now consider the two cases when o # B, 67, = _eﬁ and ¢, = 02, =B, 65,0, and

* 6f # 0 when combined we get

2 ,:aep aea] |
20 :
(6° )- (235)
2|9, 0Cq acB ‘
+.e_9[89a(e°‘"”a)ae ae 90,8~ ”B)ae } =0

. Thus, we have the following restrictions, -

dep 08, o,
‘fé: = —a—GB (236)
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(237)

K (qa) e d (‘Ib) %p

90,\8,) 965 — 90g\8p, 26,

While these are not neceéssary conditions they are sufficient conditions to satisfy our

-~ criterion. |
* Now consider the case when o = B and both 6% #0, 9’6 #0 then
. aZ . j_ aea 0 V a&a e‘]
|"9E.90, 9E_d0, Pa¥e) 38 ~30_* 30 (e Mg | 20 . (BB

Smce the eneigy terms are not functions of the temperature gradient, we can denve the
f followmg relationship:

0q,, |
[aga] <0 - (239)

Restriction based upon arbitrary ' mrt'urbations in strain
Now we need to consider the special case of two arbitrary perturbations in the strain,
Ey;j, E,,.,- In particular we may suppose that the perturbation occurs in different
- constituents and di‘fferent components of the strain tensor or in different components of

~ the strain tensor in one constituent. Suppose all perturbations are zero except for the

© . following:

P g P "
So = E1;j816+ Eppppbig | (240)
where sp = 0 if % 1,2 and sh = Ej,; if & = 1 and s, = E},, if o« = 2. Similarly

we have

Si; = Elij'aer_ +E§mn82ﬁ (241)

| - with the same definitions, sp = 0if B#1,2 and s = Eﬁj if p=1andsj = Eé’,,,,, if

| B = 2. Using these definitions and substituting into equation (225) we get,
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n

2( 92
z _—(Eﬂ_(pawa) 3%) (Eluala +E2mn82a)
=1
* n
2 08q P P
- 2 Z [ 395 ] (69810, + 85826 (E 181 + E2,n2p)

(242)

n
1 90\ 98
+ Z eel: e“) os ](E11181a+E2mn82a)(Elzj B+E2mn82|3)
a=1 ¢

1

e
d
9 [Zm(e ua)a ] (Elusla E2mn82a)(E11181[5+E2mn82[3)>O

e
o

Z
ZZ

Now we may substitute the equilibrium temperature(-)z = 0° and replacing the

o = 1, = 2 and observing the subscripts we get upon expansion,
o[ 32 8, T »p2 2] 2° %, T..p 2
) S )- (E,;) - —=|sz—==—p,V¥ 3—};— E
eeliagl'aElij(pIWl) OE; 1) 0°|9820E P2¥2) E3mn (E2mn)

2 02, ) P 02 ) P
(9) aEl ell)Elij'"‘m egEZmn

2 aél p 2 8@2 ) P
(0% [aElu] iy ©°’ [aEzmrJ %2
(243)

2| 9 8&1 ¢ p 2
+ (e, — U, V| (E"..

2‘

. 2 a . 88'2 ¢ P
' e‘[aE—‘”)W"J Fam)

2| 9 %21 0 3 1 p _»p
¥ f?[aElij(el ~H ‘0E,,,, + aEZmn"e2 - uz)a_Eujf E;iEyn20
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If we take this expansion and replace the subscripts with the appropriate constituent

identifier we get an equation that is of the form:

AE.) +BE + C(Epy,) 20 (244)

oij auE Bmn
If we assume that the perturbed temperatures 92,, Gg are both zero then the following

~ results upon substituting the constituent letter for the constituent numbers:

2

9y o 9 o T o
[W(pa\l’a) 3E }(Eau) [W(PBWB)'(;EB’M (Egmn)

AR | %o T

(245)
€
2 d -p 2
+ — [BE (ep u[})aEB :| (E[imn)
2 2 3y R
* az[aEaif(ea ~Hal3E Bran *3E an(eB H )aEdi Ea"Eﬁ 20
Consider the case of o # 8 and Egij¢ 0 and Ell;mn = 0 then,
a2 o d g T
‘ . o ) o
9 oE . o) —3F —(ea—Ha)3F— <0 246
If we have the case of a.#p and Ean = 0 and EwJ;tO then we get the same

restriction. Now consider the cases when o.# B, ij Ean, Egij = Ean, oa#f,

Eaij** 0, Eﬁmn* 0, and (ij) # (mn)we get
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2, . .a? . aéa az ( ; aéﬁu :
—E,[agaaEqij(Pa‘Va) OE,; +‘a§BaEan\pB ¥ oEg,,,

e
2 a ‘ ‘ aaa a aCﬁ l_
[GE a= Ha)gE -+ SE b " M3E,,, | = O

(247)

‘where we have assumed the temperature gradient g, is not a function of strain. Since ¢,

may depend upon all variables of all constituents we have,

1 a? Ok, % )
(ag 3, Pa¥e) 3E J [T—_(BBEB P¥p) 3%, J“

[ 0 D s T
. aEaij(ea _‘,'l‘a/aE aE \eB "l‘B)aEan

(248)
=0

where we have imposed additional restrictions based on the functional dependencies of
the interaction variables. If we have the same strain components, (ij) = (mn) then we

get,

1 a° o, ¥ 1 o° P
—(p¥y) e | _Lf O %s | 5o
eg[aﬁaaEaij‘p“W“) L 0p agaaEaij(pawa) O ;;
' (249)
0Cq,

’ e
2 P
[aEw.j(" ~R3E, * 3R, (% lLlot)aEmj] 20

oij

In the above development we considered the case when the perturbation was in
different constituents. If we consider only perturbations within a single constituent but

different components of the strain tensor then it may be shown from equation (243),

—
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, e . j_ - _ﬁ . _gﬁ_ =0
eg[agaaEaij Pa‘I’a) aE’ct‘ij 6; 9 aaEamn Pa.‘l’o@) JE amn

e

| (250)
3 @ . d . %
3E,, e~ F3E ¥ 3E,, (e Hl3g | =0

oij amn omn

and other analogous restrictions in the terms of one constituent.

We would now like to consider another case. In the particular, the case when we look
at two arbitrary perturbations in the extent of reaction, _, lB . Suppose all perturbations are

zero except for the following:

sbo= 158, + B3, (251)

o

where s = 0 if a=1,2 and sh = f if &« = 1 and b, = & if o = 2. Similarly we

have
sp = 18,5+ 150, (252)
with the same definitions, sﬁ =0 if B=1,2 and s.ﬁ =8 if =1 and sﬁ = b if

- B = 2. Using these definitions and substituting into equation (225) we get,
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n

Y —ei(w(% V) %‘J (lp51a+lp82a)

a=1
n

n a a |

(253)

oNTa

- 1[. 2 ‘I; og
+ ) Z,?[_zf(é_)' }(1”81“1"82“)(1 815+l"82,3)

1 e
+ Yy & [27( o= a)a ](1”81(,+z”am)(z”awuzszﬁpo

B=to=1 &
~ Now we may substitute the equilibrium temperature®;, = 0° and replacing the

o = 1,B = 2 and observing the subscripts we get upon expansion,
|:8§ o (PyVy) - 3§_:| ) -= ag az (Pz‘l’z) ﬁﬂ 44 )

Tl L R L RN
%y (e) 2 (0% [9%

'2*8 %] 2
+— al =7(e; - l-ll)TJ (l’f)

(254)

2[a 3]
e,e; al, FTAC ”2)81 (l )

Ak % Vepp
+"e?’f[a_lf(e1_”'l‘)al 1(6’2 Hz)al]ll >0

If we take this expansion and replace the subscripts with the appropriate constituent
| ,identiﬁer and assume the temperature pertufbatio.nsf are zero, we get an equation that is of

the form:
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Ay +Blpl +C(lp) >0 (255)

. 2[ 37
l:aé al,, PaVo) " 3%‘] (lﬁ) l:ag al (PgV¥p) %‘l}:l (lp)

—€

AL 0o 2
+ Z|=(e, - B )5 | ()
Oel:ala(ea ua)ala-‘ ( a‘ 256)

‘%lN

.
[%(eﬂ up>a, (l )’

279 e 9, g

Consider the case of a.# B and /2 #0 and £, = 0 then,

e

N 3y
|:a§ l (P a)"_—m(eq_uq)'a“l‘;} <0 (257)

If we have the case of o # [3 and l = 0 and lﬁ # 0 then we get the same restriction. Now

' consider the two cases when a#B, £ = —l’é and b = I, a#B, £ #0, and z,‘;;eo

when combined we get

‘ [aeﬂ aea} ’ :
3l
| @y B (258)

2[d % 2, gl
A *w,;‘eﬁ‘”ﬂ?a—za] -

Thus, we have the following restrictions,

aAB _ aéa
'aTa = - (m} (259)
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and
9 ac“ __< | 260

While these are not necessary conditions they .are sufficient conditions to satisfy our
criterion.

Now consider the case when o = B and both lp #0, lB #0 then

% %, 9, 2 3o |
[—m(pava) . I —T +Wa:(ea—lla)'aTa' | 20. (261)

Now consider the special case of two arbitrary perturbations in one arbitrary
component of the internal state vector &, &B. Recall that the internal state vector is a list
of ‘scalar functions represented as a- vector. Therefore we will look at individual
components of these vectors. As with the strain we may consider either the perturbations
within one constituent or more than one co'nstitﬁent. We will begin by supposing we have

two different constituents. Suppose all perturbations are zero except for the following:

sb = &08,, + E55,, (262)
| where sg = 0 if a#1,2 and s¢, = &) if & = 1 and s, = &) if o = 2. Similarly we
have

sh = &18,5+E58,5 (263)
with the same definitions, sﬁ =0 if B=#1,2 and sg = ’1’ if B = 1 and sﬁ = & if

B = 2. Using these definitions and substituting into equation (225) we get,
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o %
ej[m(pawa) ﬁ_] §p81a+§282a)
a

" o0
2 [2 ] (698, + e"sm)(g”s1B + g”aw)
(264)

9 (4o %a] ,.p.
[‘2"“("5) . g::] (81810 + E58,6,)(E781p + E552p)

+ Z Z 'i~|:232_a(ea a)as ] (gpaw"'&psza)(&pam*'52825)>0

Now we may substitute the equilibrium temperatureeg = 0° and replacing the

o = 1, = 2 and observing the subscripts we get upon expansion,
2[ 32 _ 8'1‘.3 2 2] 32 i%le P2
—e—e[m(m%) 5%1] (¢59) s m(Pz‘l’z)'a ; (&)

2 Bel P 2 ae2 6@1 ¢ P 2 ‘8@2 ‘ P
e - ol ot e st} ol

2[ 31 _p2 (265)
| +9—e‘ a& ~g(e;— HI)TJ &1)
2[ o 302 2
+&‘ aé (32 uz)ag (&127)

e
2| d aé\‘l 0 86'2 DeP
+ = €1 —WU))ag +3(ey—1y) 55— 20
ge[Ta 1~( 1 111)85;2 JE, 2( 2 !-12)3&1“ €162
If we take this expansion and replace the subscripts with the appropriate constituent

' identifier and assume the temperature perturbations are zero, we get an equatibn that is of

the form:
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A y +BES, +C<&") 20 (266)
2 52 '
[ag oV —%—] [ag - Op¥) 5%&] (&B)

2| o aéa 2 |

+ = |sg(eg~ Hod3E~ | (€D |
) ;[5’5-: T : | (267)
2o, o] 2
;[a—éa‘eﬁ 1020y | G

2[a ‘ ;
*e"e‘[m‘e a’aé *“&‘("B ”ﬂ’aa} =0

~ Consider the case of o.# B and g{;¢ 0 and gﬁ = 0 then,

T 9 %, 2 2, )
- If we have the casé of o= B and &) = 0 and ‘&ﬁ #0 then we get the same restriction.
. Now consider the two cases when o.# B, &0 = ~£8 and &2 = E£, o= B, E2 #0, and
. _ o B o o

&ﬁ # 0 when combined we get

2 [aeﬁ aea}
(097 (% % (269)

2 o 08y, dCp )
*ee[a&q“’“ o e ”ﬂ’aaa]‘

Thus, we have the following restrictions,

ep : =aéa- l ' |
T =- |38, , (270)

QJ
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d 0Cq _d ._ acp -
4—3—5;(8“—'““)35[; = —T%(ep,-'up)gg | (271)

While these are not necessary conditions they are sufficient conditions to ‘satisfy our

criterion.

Now consider thé case when o. = B and both &} # 0 and Eﬁ # 0 then

[a&aé (PaVe)* é‘Eé' a&a*_“’ ”“)T} 20 @m)

This completes the restrictive criterion that is necessary to be compatible with the

~ conservation of mass, conservation of linear momentum, conservation of angular

- inomentum, first law of thermodynamics, and the additional criterion derived from the |
‘second law of thermodynamics. These conditions are generic in that any constitutive law
~must satisfy each of the derived equations. If the constitutive law satisfies the criterion
B , thén obvibusly it does not vidlate the physical laws, but that is not to say that it represents
‘ the materials in the most accurate of efficient manner. This must be determined by model

" ‘validation with past models, experience, and experiment:
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CHAPTER 4
PRINCIPLES APPLIED TO A VISCO-PLASTIC MATERIAL

In this section, we consider the material to be an assemblage of ice grains with a
distribution of »g.rain sizes along with a distribution of wood particles‘. Macroscopic
temperature gradients and viscous flow processes are ignored. The intent is to investigate
the stresses and strains for the wood - snow mixture and what phenomena may influence

‘those relationships. Therefore we assume:

EaiO

(273)

for all of the constituents.

Now consider the changes in mass between the different constituents which takes
place in the absence of temperature gradients, velocities, etc. but which an internal state
vector represents the visco-plastic changes within the materials. For each constituent we

have

Vo = Vo(Ey:84: &)
€ = €q(Eq.0q:l0 &)
‘ Ne= ‘na‘(Eovewl_w é(z)
To= To(Eq,04l0 &a)

274)
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‘The second law as given by Equation (182) reduces to the following:

- .
o 1 Oy, . ) :
a=1
The restrictions obtained in last chapter reduce to the following.
For temperature:
IEK: %, Y. _
e ] <0 o= o
T 208, 9 gl
["gaea + gytea- gt | 20, a=p @)
208, 9 KM
|:;— Ex—eg + roa(ea - ].la)a—eB =0, azp (278)

For the strain components: -

1 | az a.a e

[—%a&aaEw-j(pa“’a)"aEa-,-,-] 0 o=p 279)
[ o %o T . |
_'aEa,-,-(e“_”“)aE_W_  - 0, a=f. (280)
[ 9 Bo T |
L E_aij(ea—u“)——aEa,-j_' 20, a=p (281)

For the extent of reaction;

q 32 a.OL‘e
;’qm(PaWa)-'m‘ 20, a=p : (282)




and for the internal state variables:

§

(»2}

1 3"2 ).%%Le>0' oa=p
8,08,3E,; Pa¥a) 3E ;| 20 =

- e

0 ot
——‘BE ea‘ﬂa)%:l 20, o= B

[v4)

i 9,

a ‘ e
| a—g;(ea“lla)m} =0, a#p.

Derivation of Constitutive Equations

(283)

(284)

(285)

(286)

(287)

One method of developing the constitutive relations for the constituents would be to

proceed in the manner of Adams and Brown (1989) and Brown, Barber, and Edens (1996)

using the Helmholtz free energy represented by a Taylor series expansion in terms of the

independent variables. We will first derive the generic case then specialize the equations

for the particular materials used. The Helmholtz free energy then takes on the following

form,
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Vo = “V:aov +"\|"(i'1“(‘t’rEd)'+.“|’a2('ea - eaR) *WYa3 (o~ laR) +‘\|’a4‘(§a - g_a'R) '
1 : , ~ ,
2 Was(ITEq)” + WagtT(Eq) + 2¥a7(8g = Oap)trEq + 2¥aslly ~ Lup) rEq
+ 2Y49(80 ~ Ear)TEq + 2Wq10(00 ~ 06,) (lo — Log) (288)
+ zwa.l“ll('ea’ - e'a-R)(“e:a - gocR) + 2"’(1142'(1‘(1‘— laR,)(ga - éaR)'
+ Wa13('9a - elaR‘)z + Walzi(ld - lc_zR)2 + \Vals(ga‘ - éaR) ]

The stress tensor for each phase then becomes,

= ‘a"I’a
| | | ?‘a = p@de_t]Fallm | : (289)
. 'which yields the relation,
To = podet|F | {Woil + Vos(rE)] +YosE,
+ Yo (O = Og) + Vgl = L) + Vo9 (B~ £ }

For small strains; the determinant of the deéformation gradignt is approximately equal
to the value of oné, so equation.(290) Will give the classical relation for a linear elastic
material. By equat:idn‘ (179), the entropy has the form:

W
Mo =~38,

' (291)
Mg = o, + Wa7(trEd)‘ + VYoi0(la—lor)

+ \Va;l‘lv(‘éa - éqR) +Yo13(0g _(eaR)] |

Usihg Equation (183), the chemical potential‘ can be expanded to,

(290)

——
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) oy
Ko = aTa(laWa) = la'al_:','"l’a

Mo = IolWas+ WostEq + Wa10(8y— O4r) + Woi2(8a = &ar)
+Wo14lla—lop)]
Voo + Vai(rEq) + ¥as(86 —~B0g) + Vo3(la— lor) + YauGa~8ar)  (292)
%[\yas(trEa)z + Yot (EL) + 2W oy (8 — 0, p) By + 2 (1 — L p)trE,,
+ 2W9(8o ~ Sar)TE o + 2W510(05 — 052) Iy — Log)
+ 2961108~ 0 (B~ Eec) + 2Wor10(l— ) (B~ Eu)
+ We13(0, - eaR)z' +VYo1allo— laR)'2 + Vo15(8q “ng)Z] ‘

Additional information can be obtained by considering the energy, e, . Using the
relation ey, = y, + 6,1, We can obtain the following equation for the internal energy:

€y = Voot Wal‘(trEa) + WaZ(ea - e(xR) + WaS(la - laR) + Wd4(§a - ‘v;aR)

o %‘[\[Ius(trEa)z + wa6tr(E(2,) +2Y7(0g - eaR)rtrEa +2Vog(g =l RITE,,
*+ 2Wa9(80 — Sar)TE o + 2Wa10(0 ~ 80 ) (Lo~ lop)
+ 2411086, ~ 008) (o~ &) + 2Wg12(lg — lur) (o~ Ear) (293)
+¥g13(0g,— 8,)" + Vaially— laR)z + Wo15(8o — §aR)2]
=0l [Woa + Vo (ITE ) + Wo10(lg, — log)
+ ¥a11(80 = Gar) + V013(06— Ogp)]

The time rate of change of the internal energy is given by:

. Oey., Oe,. Oe, Oe
éq = ﬁe"‘*a—E%E“*a—sl“*ﬁ&“ (294)
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de ~ 295
ﬁ = (Yo2 - ea‘vaw) + YoqtrEq + Wallo'(la‘_ Lur) + Wo11(6a— Eor) (293)

- Oe . , |
aTa = Yol + Yos((rE ) + WooE o + Yo7(05 = 0, ) + Wog(ly — lop) (296)
o

+ ‘I’ag(éa - qu)I

de, :
a_z: = (Vo3 =0 Va10) + Vas?"Eq + Vq10(06 — Op) (297)
+ Walz(ga - gaR)‘ + \Va14(la - laR) |
de, _ : |
3 = (Was = OoWi11) + WootrEy + Wq11(0, — 0,p) (298)
[0

+ ValZ(l(x - laR) + Vals(ga - gaR) .

Using equations (295) and (297) gives the specific heat of the material, Cg and the

latent heat of sublimation, H,. Substituting we obtain:

C(-) = (\Vaz - 9&"’0:13) + “l’oﬂtrEa + ‘chlo(la - looR) + W(xll(Fm - 2;ocR) (299)

Hy = (W3- 0V¥a10) + VastEg + Yo10(04 — 008) (300)
+ V1280~ Ear) + Wona(lo = lor)

Restrictions based upon the Second Law

Substituting the above relations into the restrictions from the last chapter we get the

following, for the relationship e, — p, we have,
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€q~ Mo = "e‘a[‘l’c_zz +Yor(trEq) + Yo 10(le — lar)
+ Wa.ll(ga - gaR)‘ + Wa1‘3(ea - eaR)]

v_la[wq3 + ‘l’aStrEa + \Vcclo(ea - eaR) + WalZ(ga"" gaR)
+ Wa14(la - laR)]

From equation (275) we get upon substitution,

n.
2 g_i{f’a[‘-l’m + Yool rEq + Wo11(0g,—0g)
oa=1
+Vo12Ula = lur) + Vai5(8a — Gar) 1y
20~ {04 Was + Wi (IrEq) + W0y — Lur)
+ V01180 = Ear) + Va13(00— 84)]
1o lWa3 + VogtE o + Wo10(06 = 858) + W12 (6o~ Er)
+VYo1allg—1or) 1380} 20

(301)

(302)

which gives a restriction for the sum of all constituents. For each individual constituent we

have additional restrictions. From equation (276) we get

0 P

From equation (277) we get

2 02q ,
- ?w + {Woo + Vo (1rE ) + Vo 1000y — log)
o

e

a¢
+ Wali(éa - E.aocR) + Wq13(20, — eaR)'}ﬁ:, 20,a=P8

From equation (278) we get

(303)

(304)
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2 0é
|:" a’a—(;é' + {WaZ +l‘|’a7(trEa) + ‘I,’alo(la - laR)

e

0¢q |
+ Vo 11(8o — Ear) + Vo13(264, = Op) }ﬁ] =0,a#p

For the strain components and from equation (279) we get,

. 4
| Pay, %y -

and from equations (280) and (281) we have,

€

| 0y |
[(ea‘lfm"'la‘lfas)aELW} =0, azf

e

(e foo+1 )aea >0, =P
SO LY aVas: p;) Ecu‘j = -
For the extent of reaction constraints and equation (282) we get
p a o [4 ‘
["i‘l’am '3‘1%] 20, o=p
and equations (283) and (284) yield the following,
[{Wa3 + Was(trEa) + ‘V(x:lo(ea - eaR)
. 0Cq )
+ Wa12(§a" E-'ctR) +VYa14(2lo— loR) }W 20,a=

a

[{Va3 + waS(trEa) + WalO(ea - eaR)

- 3y
+ Wa12(8a — Ear) + Vo1s2lo ~ lop) }glf] =0,a#p

(305)

(306)

(307)

(308)

(309)

(310)

(311)
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- -For the internal state variables and their constraints from equation (285) we have,

[ga Woss- _g%_] >0, o=p e

and from the constraint equations (286) and (287) we have,

o T L

_[(Oal[rau + la“"alz)ﬁ]' 20, a=p (313)
| 2. 1 .

.[(eaq’all + la‘l’alz)g&%}] =0, a=zf | (314)

"The above cdnstl_'aints give the criterion which the constant parameters to the Taylor
series expansion must obey in order to satisfy the Second Law of Thermodynamics. The
* final con‘st?_it’utive equations. must satisfy allzsof the abc)vé constraints. It should be noted that
- the inequalities -mer'eliy tell us that what we have done may be correct and that so far we

" have satisfied the criterion but still may not have the correct form.

Linear Momentum Interaction
This term specifies the force that would be necessary to influence the motion of the
constituent had the othei‘ constitients not been preseht;“This forces thevconst?ituefnt’s‘ to have
" the same ‘displacement. Since ‘the second law does not constrain the linear momentum
interaction term in ‘volume fraction theory, we can chose or derive a constitutive relation
as long as it satisfies the various contmuum principles. After Hansen, Walker and
_ Donovan (1990) we will assume the followmg relation for the linear momentum

" interaction term,
ﬁp = C(w, —Aw,;) | (315)

where w and wp are the constltuent displacements,
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Ciu C12 Ci3
C=|CyCyCy | (316)
Cs1 C3p Cy3)

and

ApApAg 7
As; Az Agg
~ Recall equation (86), then if there is not acceleration or a body force then
—DIV(F,To) = |[Folps (318)

so if there is not a stress gradient then the linear momentum supply must be zero. Specific

forms for the elements will be made when a specific material is selected.

Angular Momentum Interaction

For there to be an angular momentum supply term the material would need to be
_classified as a polar material. This would include materials whose stress at a point is
influenced by other constituents outside of a small neighborhood of that point. The
material in mind for this model does not behave in such a manner thus thé Cauchy stress

tensor and the second Piola stress tensor are symmetric.

Internal Energy Interaction

A constitutive relation for the internal en.e'rgy supply that has been used by Adams
- (1987) relates the internal energy supply to the differenceé in temperature of the
constituents. Here, we have already assumed an isbthermal mixture in which all

constituents are the same temperature and strains are not a function of temperature except
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‘ 'through the internal state variables. Thus, the internal energy supply term &, is zero since

we will require the temperatures of all constituents to be the same.

Evolution Equations
The notion of internal state variables was introduced in a previous chapter. When we
use the internal state variables we have a set of evolution equations that have the following

functional dependénc,ies for our particular application,

E, = O, 04,8). (319)
Since the internal state variables model a visco-plastic material we require a yield function
which determines the domain of validity of the constitutive relation for the evolution
equations. We will need to expand the internal state vector, &, in terms of the actual
variables selected for our materials or ¢onstithents. The evolution eqUations‘ are ordinary
differential equations with given initial conditions giving the time evolution of the internal
variables. The stress rate depends upon the_', strains, strain rate, internal variables and the
rate of change of the internal variables. Since the internal variables depend upon strain, it

is evident that the stress rate is nonlinear in strain.

Material Frame Indifference

The constitutive model used to represent material behavior should not depend upon
the frame of reference. Distance, time, orientation, and temporal order must agree between
| different frames of reference. Thus, maferi‘al frame indifference applies to the constitutive
" model and its variables, it does not apply to the balance laws since the material behavior is

intrinsic to the material property. The balance laws merely indicate how the material is
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influenced by the laws of continuum physics while the constitutive behavior reflects the
intrinsic properties of the material.
Now consider two reference frames, R* and R . The same point may be represented in

both reference frames as shown in

X2

Q®

X2

x(t)

X1

Figure 5. Two Reference Frames Demonstrating Material Frame Indifference.

Here

c(®+00x

t* =t-a

x*

(320)

which describes the translation and rotation to get from one frame to the other. The tensor
Q is an orthogonal tensor such that

T —-1

0 =0". | (321)
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By definition, Malvern (1969), those scalars, vectors and tensors which depend only upon
the orientation of the reference frame are objective. Thus, for objectivity to hold we must
have the following relations for all scalars, vectors and tensors respectively,
I'* =T
v¥ = Qv
T* = QTQ"
with a special case for the deformation gradient, since it is a two point tensor,

F* = QF.

322)

(323)

Material Frame Indiffercnce for Stress.and Strain

Observing first the Second Piola Stress tensor we have

r(T)1)’ = tr(Fo)1* |
-t .y T ‘
= tr({'a)(ng ) (324)
= t"‘(‘Ta)(QQ )
= tr(i'a)l

" and
. Poo, . — oy
(To)* = (pi:Fa‘TaFaT)
= 20y e BTy

" Pa

Poa, 1 .T T, T
—(F T F
Pa( o @ )@T Q0 XQF,) (325)

Poe. -1, -
= S=F(Q"0T,0"0F,)

Pale
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C 'fr,om equatibn's‘(322) and (323), Since the internal state vector is-composed of scalars it is

indifferent to reference frame changes. The Lagrangian strain rate becomes,

Lk 1 X
(Ba)' = 5(FyFg-1)

- %[(F'JF;)*; (FLF )1

= %(@ QF , + FOT;QTQT"G)
. %(ﬁafgfgﬁa +FIQ OF  + EﬁQTQTFa +FL0"0Fa) (326)
= SFF +FLG 0+ Q0 F + FIFF,
= sF F +FLiF +F'F_

[\

= EFaTFdﬁL‘FﬁFa\

Eq

- N

- 'which is material frame indifferent. Notice we have used the identity
| 0'0=00+0"0 =i=0. (327)

Now consider thc time derivative of the second Piola stress tensor. Since the term
tr(f‘a) is a scalar, it is material frame indifferent. Material frame indiifference of the

. tensor, To can be obsei‘yed by considering the temporal derivative and the éxpansion of

the different terms. This then gives the following,
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- p__:______. *
(Ta) (pan;l T, F, J
T %

p""‘((F“)"‘( )*(F‘T>*) p"F:"f"‘(u‘? Y (T FD)

- pﬁ‘((QFJl(QTaQT)(QFa)’T)

—p°°‘f°‘((QFa) @T,0NQF )™

Pa | | (328)

- Eﬁ’ﬂ‘(F o’or QTQF;T)—p():zp (70T, 0"0F)

Poa =TT PoaPu _
- Oa(F 0LT)_ Oa (F aT)
Pa
Po -i |
=(—p—:~‘FaTaFaJ

= Ta
wh1ch shows that Ta is material frame indifferent.
. Compiling the results of equations (324), (325), (326) and (328) the constitutive
relation is material frame indifferent. Thus, any frame of reference that is chosen will yield

an appropriate model for the material assumptions.

Material Frame Indifference for Balance Law Interaction Terms

It is important to note that material frame indifference describes how the model of
material behavior responds to changes in the material frame. It does not impose upon the
material how that material will behave as described by the dynamic behavior of the
balance laws. Thus the balance of mass, linear momentum, angular momentum and energy

do not necessarily obey the principle of material frame indifference.
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Observing the balance laws, it may be seen that this implies' that the interaction terms
need not necessarily obey the principle of material frame indifference. Showing the
validity of material frame indifference for the material constitutive relation describing

material behavior is sufficient.
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CHAPTER 5
APPLICATION TO A SNOW-WOOD MIXTURE
Intr ion

In this chapter a specific material is chosen to use as an example. Snow is an elastic
visco-plastic material that is used in the construction of roads and runways in polar
reigi‘ons.‘ This is a‘preva‘lent material in polar regions, inexpensive and usable while the
temperature is controlled. In designing a new South Pole Station in Antarctica it was
necessary to evaluate the transportation system required for delivery of the construction
materials. This included what surface materials were to be used on the roads and runways
for material delivery. The use of a snow-wood mixture was postulated, and laboratory
tests and méthematical models were constructed to determine the suitability of the snow-

wood mixture.

Constitutive Equations for a Snow-Wood Mixture

Here we will apply the theofy developed in the previous chapters to a snow-wood
mixture. We will consider a two-constituent mixture which consists of snow and wood.
The wood will be treated as an elastic material while the snow is considered a visco-
plastic material. A mathematical model will be constructed which will then be compared

with laboratory tests and data obtained in Antarctica from field tests.
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. Evolution Equations for the Ice-Ice Interaction

The stress was represented by equation (289) which will be specified at this point.
Consider an isothermal material with temperature entering only in the evolution equations.

The specific internal state variables we will use are in Table 1.

Table 1. Internal State Variables Used for a Snow-Wood Mixture.

Variable Description
L | mean gram radius
h neck length
R neck radius
o density ratio, ice to total density
N;' mean number of ice bonds per wood cﬁip (chip to chip neglected due to
volume fraction of wood chips)
N, mean number of ice bonds per grain of snow
c, surface energy of the bond
| o, - surface energy of the grain
G, surface energy of the wood
T, stress in the grain neck
T, stress in the bulk snow
o, density ratio, wood to total density
Ty neck radius of ice on wood

The selection of these variables arises due to several considerations. Hansen (1985) and
‘Edens (1989) used L, h, R, o. and N, for their internal state variables. In the following
discussion we will base our development upon these ideas and discuss important changes.
Not all of these internal state variables must be used, and some may be made functions of

“others. Consider first generic formulations of the evolution equations. We will simplify
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and reduce the dependency as the discussion proceeds. First use the following functional

relationships as part of the evolution equations,

L = fi(N5; o, L,R, b)) (329)

R = f(T, N3, o, L, R, h) (330)

h = fh(T.s’ N3’ o, L, R, h) ’ | (331)

ry = [Ty G}, 6, 0,7, N3, Ny, 0, L, R, B, 01,) (332)

Hansen (1985) and Edens (1989) developed the following relationships for the time
rate of change of the internal state vector-& components in equations (329), (330), and

(331),

. N o,
L = ———L(2RR - Rh) (333)
“Aa-1)
: I¥ 1P (Ry-R).
R = —vRA|T 20 ‘
v [ a(R) . Ns] s (334)
PR LY 173 (ho h) . R
b il o] - i (5
where,
o= g—j = ¢ (336)
v =05 (337)
A =3x10"%pa73s (338)
C =10 (339)

and -Nj is determined from ‘la‘bo‘ratory éxperiments with an approximating function of

Ny=43p>—23p> +4p_+22 (340)
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where 0.2 < p,<0.7 or the time rate of change is,
N3 = (129p> - 46p, + 4)ps (341)

as shown by Brown and Edens (1990).

Evolution Equations for the Wood - Snow Interaction

Now consider equation (332). The bonding physics of ice on wood will be very similar
to the bonding physics of ice on ice except we have different surface texture, surface
energies, porosities, and physical features. In general the wood will not change geometric
form in response to the energies of the ice. The water content with wood does change.
Wood always retains some moisture within the cellulose cell structure. Within the void
space between cells water vapor may exist and change with time. This enables wood to
retain or attract moisture in response to environmental conditions. It also has an affinity
for moisture, gathering up excess moisture until its moisture content matches that of the
surrounding environment.

Wood interacts with the surrounding ice. It is generated by the interactions among the
moisture in the vapor and moisture in the ice in contact with the wood surface. As has
been shown for the case of ice grains, there are three fundamental mechanisms for water
transport within and on the ice structure. Water mass may move through the air as vapor, it
-may migrate over the surface of the ice, and it may migrate through the internal structure
of the ice. Maeno and Ebinuma (1983) referred to these mechanisms as pressure sintering
(migration through the internal structure of the ice), vapor diffusion (moving through the
air as vapor), surface diffusion, volume diffusion, and grain boundary diffusion (migrating
over the surface of the ice and migrating through the internal structure of the ice). While
each one of these may be important there may be times when a subset will dominate the

interactions.
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Consider the case when ice is pressed aga‘inét a wood surface. If we are discussing
high stresses then the vapor diffusion, surface diffusion, and grain boundary diffusion will
be dominated by- pféssufe sintering and volumé diffusion. With water vapor already within
the wood pore, additional moisture would need to come from the surface of the ice grain,
thus from surface diffusion but not from vapor diffusion. This would be classified as
surfacé-diffusion which will be considered separately. |

The grain bouﬁdary diffusion arises from interactions of the energies from two or more

‘ gmiﬁs. Due to the ébility of both grains to gain orloose mass, ghange geometry, or change’
| energies they will .haile rﬁore of an interaction than two materials which are rigid and have
fixed geometries. It is trae that energies may be exchanged but in general this comes at a
cost of temperature change, geomctry‘ change, or some other changing variable. The
'deﬁnition of a grain boundary ‘with respect to- ihteractions With another material is not
clear. Therefore we will assume that this diffusion mechanism is small compared with the
others considered. | | |
In Figure 6 the 'géneral structure of the Wood- cells may be ascertained. Notice there are
long sections of 'woodf fiber (white) and long sections of void space (black). Wood is a
- nonhomogeneous.and nonisotropic materi'al which should be considered. For our case we
§vi?11 use randomly orientated wood ci'lips‘ so on average, the cell structure is distributed
uniformly in all three dimensions.
Also note. that one of two conditions occur, the ice is pressed against the side of the
'cell structure or it is pressed agamst the ends of the cell structure. For the ﬁrst case the
interactions will primarily be ice to wood while for the other case it will primarily be ice to
pore .$pace. Since the percentage of the pore spéce is much smaller than the percentage of
wood area, the ice in contact with the wood surface will have primary influence. Thus, it
seems that the primary mechanism will be the surface of the ice in contact with the surface

of the wood cell or the mechanism called pressure sintering,
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Figure 6. Characterization of a Wood Cellulose Structure: Black Pore Space, White Cell
Wall.

Figure 7. Characterization of the Snow Surface: Black Pore Space, White Ice.

As we can see from Figure 7, the snow, which has not been subjected to temperature
gradients, has a random structure similar to the wood. There will be void space and ice in
contact with the wood cell wall or the cell void space between wood cell walls. Depending

upon the density of the wood and density of snow the amount of contact area will vary in
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accordance with thbse densities. It may be possible for one dominant mechanism to
become a tributary mechanism in the overall process as densities change and vary. This
shouid show the enormous complekities that snow presents to the modeler.

With this in mind and assuming one of the dominant mechanisms is the ice and snow
interaction we need now to specify the relationship between the radius of the ice in contact
with the wood by adopting a fdrm similar to equation (334).

. .L213(r»—r)
r, = -vrwA[Tsaw(;;) 2N¥] S N3 +K(0,~0,) (342)

where the first term represents what effect pressure sintering has on the radius of contact
- or the strain rate of the bond radius, the second term gives the effect of number of contacts
of ice on the wood, and the last term gives the effect the difference in surface energies
have on the rate of contact growth and K will need to be identified. The energy term may
not be a linear equation but for want of additional testing and hypothesis we assume a
linear relationship.

It should be noted that a new term has beeh added to equation (342), that being the

term a.,, , the ratio of wood density to snow density,

(343)

Consider now the work that was done in previous chapters in regards to the stress

tensor. From equations (334), (335), and (342) we see the following terms appear,

Tsai

344
T.a, (344)

which from chapter 2 yields,
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Tsci

(345)
TS C-.W

the concentration times the total stress. From Brown and Edens (1990) the assumption was
that the ice stress was related to the bulk stress through the ratio of the densities as
determined by quantitative stereology. Recalling equation (160) where we had that the

total Cauchy stress was given as,

n
T=31Ta (346)
the total Cauchy stress is the sum of the constituent stresses. In light of this observation we

will use as replacements for equations (334), (335), and (342) the following,

R = -vRA[f (ﬁ)zz}vj -(R‘}v;mm (347)

h = hix[T,.(Isz}\,;3 o 3h) (L)R (348)

_ vrwA[ (L )22;1 _,3 + (r’w;:‘”")z\'/;” +K(0, - G,) (349)
3 3

which in theory will be more consistent with the change in philosophy from classical

mixture theory to volume fraction mixture theory.

Identification of constant coefficierits

Expanding the equations (288) and (289) to get an expanded form of equation (290),

Ti = pdet|F){yI +y;s(trE)I + y4E;
+ Yi7(0; = 0,0)] + yg([; - Lip)] (350)
+ W;9((L—Ly) + (R—Ry) + (h=hgy) + (r,,— 7,01}
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which if we examine the linear elastic region of this material we will find the following
| v-alue;s for some of lthe coefficients, |
vy, #0 (351)
but we will assume that the initial tensile stress due to the surface tensions is negligible

when compared with the stress undertaken during the macroscopic loading process.

N
vis = _Z | | (352)
T
o= — (353)
V; o, | (353)

where A, and p; can be functions of the internal state vector which will be defined below.

Additionally we have
o 7 o;(3A; +2u.)
Vi = ._’__ét__L (354)
Vig = Gy | ' (355)

where o, is the initial internal stress on the ice grain caused by the surface tension. This

- then gives

i = p;det|F| (Ei(tnE_.i.)I + EEJ _

(3, +2,) |
* l_(l)'f—}(ei" 0,01 +0;o(l; - ;) (356)
i ‘

+ Wig((L.— Ly) +(R=Ry) + (h—hy) +(r,,=r oNI }
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From the wood constituent we get a similar function in the linear elastic region for the
- stress

i A 2, '
Tw = pwd'et:|Fw|{E‘:(trEw)l + _WE'W

Pw (357)

o, (3A, +21.,)
+ - ;w = (.ew - 9w‘R)I + 0-‘wo(lw - lw-R)I
where again we can have A, and ., to be functions of the internal state vector. A simple
niodel for the ice matrix gives the following if we consider two blocks of ic¢ connected by

a "bond‘.‘_

o (359)
i L+h‘R)' ‘
Mz,
- and
M = Auio(g ) (359)
P; RY*
L+vh(z) |

Since the wood is eséentially in the elastic region at the encountered stresses and the
volume fraction of wood compared to the ice grains and bonds is negligible, we will not

develop equations for A, and u, .

Constitutive Equations for Mass Interaction Supply
In the general case the interactions would need to be considered. We outline some
concepts that would be needed. The time a stress test takes to complete probably makes

~ some of the following mechanisms negligible so we will not use them in the model.
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As the wood and ice interact there will be a mass transfer from the ice to the wood.
This is so due to the fact that the wood cell has a lower moisture content than the pore
space within the snow. If the water vapor is neglected then this means the water must be
transferred from the ice structure to the wood directly. If the water vapor is considered as a
constituent, the water may be transferred through the vapor. The choice of one of these
assumptions will yield different constitutive equations for thfs model.

The amount of water transfer will depend upon three things. The amount of time
elapsed, the pressure of the ice upon the wood, and the area of ice in contact with the
wood. There will be other tﬁ,butary variables such as the relative difference between
moisture contents but this relates back to the choice of assumptions. Based upon the above
logic we could hypothesize the following constitutive relation for the mass interaction
supply,

& = ©H, Nyr AT, (360)
where H,, is a pafameter approaching zero at equilibrium relating how fast the water will
go from the snow phase and be absorbed by the wood cell structure, N‘; is the average
number of grains on each piece of wood, r,, is the average radius of the grain in contact
with the wood, A,, is the surface area of the wood, and T; is the stress in the ice.

The mass interaction for the ice would be ¢,, = —¢; since the sum of the conservation

of mass must sum to zero.

Constitutive Equations for Linear Momentum Supply

Recall one of the assumptions in mixture theory is that each constituent may have its
own motion. This motion depends upon how the constituents interact with-each other. The
interaction terms are also considered constitutive relations since they describe how the

materials behave with respect to each other. Hansen (1989) proposes equation (315)
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Psnow = C(wsnow - Awwoad)

_ ‘ (361)
Pywood = —C(wsnow _Awwood)‘
which upon expansion becomes,
1P| |Cn Crz Cus|[ || |A11 Arz Ass|{W1| |
Pas| = |Car Cop Coal| |Was| = |A21 A2z Az (W2 (362)

[P3s]  [Ca1 Caz Cagl\[W3s]  [A31 Asz Ass| [W34],

as ‘al constitutive relation. This term is the right hand side of the balance of linear
fﬁom’entum equation which is not necessarily required to obey the principle of material
frame indifference. Thus, the particular form of the two tensors occurring in equation
(361) may ‘be coﬁstru‘cted withéht the principle of material frame indifference.

It is assumed that a snow-wood mixture constructed in the laboratory would be
isotropic since the snow ina ‘lab‘oratory freezer does not have a temperature gradient like
that found in a snow pack. A snow-wood mixture occurring in nature would be layered
and would contain preferred directions due to metamorphism, Adams (1987).

As Hansen, Walker, and Donovan (1989) propose, the tensor C detg:mlines the
distance from the current point at which the boundary effects occur. The tensor A
determines the interaction between the different constituents. In' lew of extensive three

dimensional testing we will here assume a more simplistic version of equation (362),

Pis Ci1 Cip Cis||Wis—A1iWiw—AaWay — A3y,
Pys| = |Coy Cpp Coz| [Wog—Ag Wy, —ApWy,, — Ay3ws, (363)
P3g C31 Cyp Cg) |W3s— Az wyy, —Appw,, — Agzws,,

which by assuming isotropic behavior for both mechanisms we get,

Pis ¢y, 0 0 Wl_s—Aquw
[Pas| = [ 0 Cpp O 1lwys—Azwy, - G6d)
P35 0 0 Cy)|ws—Agws,
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Since we assume the snow has not had temperature meétamorphism or temperature induced

layering and that the wood is randomly and evenly distributed about the region this further

reduces to,

Piw
Paw

P3y

C(wls —Awlw) '

= |C(wy,—Awy,) (365)
C(w2s - Aw2w)
| —C(wys— Awlw)‘
= |-COv-Aws) 366)

| ‘_C(W,Zs - Aw2w)

We are now left with finding the values for the following parameters, 9, K, A, and

C subject to all of the above constraints, the balance equations, and the restrictions placed

upon them from the first and second laws.

Model for a 1-Dimension Example

We begin by looking at equétions (356) through (359) in a single dimension,

\
~ "~ L+h
N = (2] = (367)
Y L+h(—)
L))
3\
~ L+h
b = A 2] =20 (368)
: L+h(—) )

L
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ow;  1{9w;
{(7» +2”;)[ax +5 a_Xl ‘

90— Lip) (369)

ow;y
b +1

Til'l = E)X

+PW;o((L=Lgy)+ (R- Ry) + (B~ hy) + (ry,—7,0)) }

Twil =

2
ow,,; 1[0w,,;
{0‘ +2”w)[ax +§_(aTq ” (370)

+pw 'wo.-(lw_ wR)}

ax1

i = o (371)
'EE +1
o = (372)
Mty
ox, T°
o (9w ow;,
~ox,| | 9%, 1T | = ax1 +11COw;; —Aw,,y) (373)
3 ([wuw1 ) ow,,1 |
ax;||ax, +1[wu =‘axl [|C(w;; ~Aw,,) (374)
. Nymo
L= g 1)L(2RR Rh) (375)
; LY 1P (Ry-R). '
k= "RA[T ( )2N3] ;s (376)
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4=l ] S

L)Z 1 W3+(rw_rw0)’w
- -

N, =~43p> —23p> + 4p_ +2.2

1\'/3 = (,1329p3—~46ps, + 4).bs

V3 +K(cwfcg)

377

(378)

379)

(380)

From the second law we must alse consider the sign of the constant terms, Vig.

Considering equation (306) it must be of opposite sign of the term

'aga a&a aTh

‘which from ecmat’idns (369) through (378) we get,

JT, LN
3E. " -pidet]Fil(p—iI+ P_;)_ 0

9o _ vl (LY 1 (LY 1 _ o
ar® = >RA1(g) ] (&) o <0

d o .oaT LY 1LY 1 .

or® = 3a[1(g) o] (&) 2,2

aT aT, ") = 3"’WA[ (L)zzzuz(é)zz%g“

‘. If h< VR then equation (381) will be negative thus,

V920

(381)

(382)

(383)

(384)

(385)

(386)
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Identification of Model Coefficients

To.determine the parameters necessary to complete the above model we need to look
at the experiments that were completed to determine the relationship between stress and
strain. Here we will simplify the above one dimensional model to try to determine the
nature and values of the unknown parameters.

Laboratory experiments were performed to determine the stress and strain
relationships for a series of snow and wood mixtures. Snow was collected from Grayling
Pass near Yellowstone National Park. The samples were collected in boxes during the
spﬁng.and’ brought to the laboratory which is kept at approximately —10° C. Typical grain
sizes ranged from four to eight millimeters.

| 27 samples were constructed consisting of 10% wood, 5% wood, 2.5% wood, and
100% snow mixtures. Each sample was placed in a sonotube using a compaction process
which included placing 3 layers in the tube; each layer was compacted by a 5.5 pound
hammer which was dropped from a height of 12 inches, 25 times per layer. The sonotube
was covered and the samples allowed to cure in the freezer for 27 days.

There were enough samples to enable testing at two displacement rates. There was a
fast displacement rate which was one inch per second and a slower displacement rate
which was 0.1 inch per second. The displacement rates correspond to Lagrangian strain
rates of approximately 0.15 per‘ second and 0.016 per second. While there were three
samples of each configuration, not all of the samples were good samples after 27 days.
The remaining samples were tested and used as data points.

An aluminum cylinder 15.5 centimeters tall with a radius of 9.6 centimeters was used
to determine a stress-strain curve for the samples. The cylinder consisted of three shorter
cylinders held together by small aluminum bars on the outside. This allowed for motion to

occur in the lateral direction. Each sample was taken out of the sonotube and trimmed to
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fit into the testing cylinder. It was placed upon an MTS testing machine platen supporting
the bottom. The top platen was placed within the testing cylinder with which the
compressive force was applied. The testing cylinder and the platens were contained within
an environmental chamber which was cooled with liquid nitrogen to the same temperature
as the freezer. A typical test with a very nonuniform displacement-load curve is shown in
Figure 8. The variations are due to the grain-bond structure changing as deformation takes
place. Of interest is the top region which approximates a linear relationship due to close

packing of grains and is more pronounced in samples with higher wood contents.

-16000
-14000 -
-12000 .
-10000 -
-8000 -
-6000 -
-4000 -

-2000

Displacement / Sample Height

Figure 8. Typical Stress-Strain Diagram of a Snow-Wood Mixture.
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The data was collected through a data acquisifion computer which was then imported
into Matlab for data analysis. The data consisted of the load, vertical displacement, and
hoop displacement. The load and vertical displacement were gathered directly from the
MTS machine. The hoop displacement was gathered from a strain gauge which returned
false information due to the sudden interactions with liquid nitrogen, thus the hoop strain
was not used. The data acquisition rate was on the order of 3000 data points per second or
approximately 5000 data points for each sample.

Consider first equations (375) through (380). If we take and solve these ordinary
differential equations using a Runge-Kutta solver within the normal ranges of the bond
radius, grain radius, bond length, and bond radius upon the wood we find that the values
vary from the initial coﬁdition as long as. the stress remains constant. It appears that for
large densities and short time frames, these valﬁes éhanée slowly in relation to the time
scale of the ’mechanis'm. This does not mean that they have less influence, since, if the
coefficient ;4 is extremely large, it will magnify these characteristics. It is also apparent
that the surface energy term in equation (378) is sensitive and influences the overall
‘beha.vior. For now Qe consider the other équations to determine order of magnitude
estimates of some of the parameters.

If we consider the balance equations (373) and (374), the balance of linear momentum
of the mixture constituents must sum to zero. By observing the right hand side we see that
if the parameter C = 1 is selected it would satisfy the constraints for this simple case.
While this may be too restrictive, let us use this to assist in d‘etérmining the remaining
parameters. Letting‘C = 1 we get

wip = Aw,, (387)

which indicates the displacement of the two matrix constituents are related by a scalar

function. Recall this may be a function of the internal state variables.
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Next we consider equations (369) and (370). Here we will neglect the extent of
- reaction terms until §ve get a better idea of the coefﬁci'gnt to the internal state variable
terms. Note that we 'héve assumed no mass transfer between constituents. Recalling from
- earlier work that the ‘sum of the constituent Cauchy stresses must total to the total Cauchy
‘stress of the mixture. we can determine the behavior of the two parameters "l’i9 and A.
from our experimental data. As can be seen in Figure 9, the value of .‘l’i9 appears from
‘analysis of the experimental data to be related to

Wi

3%, (388)

by some polynomial fUnctibn. _

Observing Figure 10 we see that the parameter A has a significant influence on the
value of ;. We should also note that equation (386) gave us the appropriate sign of the
parameter. Upon analysis of the laboratory data we get the following relationship for A
and an as yet to be determined set of power terms a and b which would be determined by
mixture makeup.

2
. (ow, (ow,
Vo ~—3.227x10"(4 )‘-I[W'l) + 4.0244x1010(A.)b(W’1) +5.0x10" (389)
o . 1 : 1

Based upon the experimental data we have

0<A<1 | (390)
a=3 . (391)
b=03 (392)

for the types of material we are using.
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This gives a relationship for \jteo if we know the value of A and the power terms a
and b . Since the notion of mixture stress is crucial to this understanding we need to devise
a method whereby the stress in the snow and the wood may be determined separately.
Since we do not have a good method to date we must approximate the parameters based

upon existing understanding and experimental evidence.
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From equation (378) we have yet to find the coefficient K which multiplies the
difference in surface energies. Consider equations (375) through (378). In particular the

last equation will have a stable point when we have among other relations,
-VIWA \f:] - = -KK (393)

at which point the mean number of bonds between the wood and snow will have reached

equilibrium, thus we have at equilibrium



112

wiln (EYLT 394
VI’WA. Tw(rw) 27;{ = | K(Gw - Gg) ( )
so at long term equilibrium we will have a residual surface tension which will be nonzero
and K can be found as
3

- . 2
jvr, A Tw(aé) —1— ‘
| Tw/ 2Ny | -

©. —og)' (395)

L _lequilibrium

This is achieved by observing long time material phenomena of the bonds, grains, surface
energies, and stresses. This can be done by conducting extensive surface analysis of the
snow and wood mixture.

We have outlined the method which can be used to determine new parameters that
arise when formulating the model using mixture theory. We have found the parameters
VY9, K, A, and C using the conservation laws, first and second laws and associated
restrictions, and experimental data. We could achieve much more detail by iterating the
modeling process again using the newly formed relatioriships’ to establish different

possible ‘mat'hematical ‘models from which we could compare with experimental data.

Consideration of Additional Variables and Higher Order Dimensions

The above analysis was made for a simplistic case. To more realistically develop the
mathematical model for the wood-snow mixture we could include the water vapor. This
: wouid add mbré-consﬁtutive equations for the Helmholtz free energy, interactions terms,
internal state variables, and material properties. This would make a much more complex
set of equations which would require additional use of the restrictions developed in the

previous chapter.
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As can be seen from the equations above the model turns out to be highly nonlinear..
_ Additional constitutive equations would create more nonlinear dependencies. The
numerical solution to such ‘problems becomes very difficult requiring fast efficient
) 'nuinerical algorithms and computational power.

We also . simplified the problem by keeping the spatial dimension to one and
simplifying many of the details with logical assumptions. As two and three dimiensions are
addressed, additional stress, strain, and other variable interactions with other coordinate
axis must be conls'idered‘. More dimensions will not have symmetry such as the one
dimensional simplicities. Terms such as the stress and strain will be functionally
integrated with the sheér components. The linear momentum interactions would need to
‘be reconsidered to see what changes the shear terms would make on the linear momentum
interaction from the linear momentum équation.

foture theory has provided us with another tool which models these materials. It
must be used in conjunction with the established procedures developed in mechanics to

restrict and place a physical constriction on these approximating models.
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CHAPTER 6
DISCUSSION

We introduced the co'r'nbixied form of the volume fraction mixture theory and internal
stéte variables as a possible model to represent cohesive elastic-viscoplastic material. This
~included a devel'opmeht of the conservation of mass, conservation of linear momentum,

conservation of angular momentum, first law of thermodynamics, and the second law of
‘thermodynamics. We developed some expanded restrictions from the second law which
yields additional constraints that the constitﬁtiVe relations must obey.

With this procedure we were able to identify variables that were relevant to the
‘_solution and some that were not relevant. In other words, we found a r;:duced set of
- ‘independent variables from which ‘the”constituti‘ve' relations could be constructed. This
then gives hs direction in establiéh‘ing the necessary experiments to identify and determine
those conétitn_itive parameters.

We .mad‘é some assumpfions" about the way the second law should be applied to
mixtures. We 'u’séd the idea that the mixture should as a whole obey the second law. This is
béSed‘ upon past CXper-‘ielice and the advice of cur_r‘ent‘researw-chers,

If we include more co’nstitueﬁtsr the problem becomes more realistic but more difficult
numerically. The cofnputat’ional power needed to solve the problems increases as the
. number of constituents increases. More complex mechanics arises when more spatial
‘d‘ime‘nsi("ms- are considered. We saw that the simple one dimensional case gave a very

nonlinear problem. This makes for a more complex parameter identification problem.
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Future Résearch

It is apparent that the mathematical modei's that result from such a mixture of cohesive
elastic-viscoplastic material is highly nonlinear. This causes many complications when a
numerical solution is attempted. Some effort is required to identify the necessary
mathematical and numerical algorithms to efficiently solve such systems. The algorithms
need to be sensitive to time dependence. The evolution equations are time dépendent. All
time dependence is not necessarily of the same dimension. There are applications of the
mixture theory where some variables occur at oﬂe time scale while others occur at orders
of magnitude different time scales. |

There is some ambiguity in the use and application of the second law when it comes to
mixture theory. It was assumed the entropy production must increase for the whole
mixture. This assumption was used in the development. This réquirement needs to be
shown and developed through rigorous mathematical proof. If each constituent can use its
~own second law a different development would result. This requirement should be
investigated in thé future.

This method of modeling a material with such complex behavior could be applied to
living organisms such as regions of biofilm growth and decay. With the model allowing
complex interactions and the demand for new and original parameter identification for the
constituent equations, the- model would proVid‘e a unique opportunity to visit some old
assumptions regarding biofilm growth anew. The construction of such a model would
require extensive experimental research to determine the respective parameters. The bulk

material properties, interaction terms, and geometric dependencies need identification.
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Conclusions

We have developed a methodology whereby new constitutive equations for newly
represented materials may be constructed. This theory was built on the shoulders of many
previous theories. The development centered ubon the need to identify the necessary
restrictions re_qqired by a rigorods application of the second law to mixture theory and
internal state variables. This is used to assist in parameter identification.

A simple example of the use of this method was included. This shows how complex
such solutions may become. It amplifies the need for research in nonlinear numerical
methods, numerical methods for pfoblems which contain time scales that are orders of
magnitude different, and compléi_c three dimensional spatial problems. With the increasing

computational capabilities this will become more tractable in the near future.
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