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Abstract:

The discrimination problem for two probability distributions can be briefly described as follows: an
individual is observed at random from a collection known to consist of elements from two distinct
populations, and this individual is to be classified as to its parent population.

A discrimination model is constructed which requires control of the probability of misclassification
under each distribution. In order to do this, a point must be included in the decision space which allows
for reserving judgment, i.e. making no classification. The power for discrimination is defined as the
overall probability that a decision is made.

If the level is chosen by the investigator, then the discrimination problem is the search for a
discrimination procedure, if it exists, which is most powerful for discrimination at the chosen level.

When both distributions are completely known, a solution under quite general hypotheses is found.

A nonparametric discrimination model is given and a method for constructing procedures
approximately of the required size is outlined. The theory of coverages is used in this construction. A
consistency for sequences of discrimination procedures is defined. Under restricted models, sequences
of discrimination procedures based on the theory of coverages are found which are consistent with an
optimal procedure. When consistency does not seem possible, procedures which have some appeal are
suggested.
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(vi)
ABSTRACT

The discrimination problem for two probability distributions can be
briefly described as follows: an individual is observed at random from
a collection known to consist of elements from two distinct populations,
and this individual is to be classified as to its parent population.

A discrimination model is constructed which requires control of . the
probability of misclassification under each distribution. In order to do
this, a point must be included in the decision space which allows for re-
serving judgment; i.e, making no classification. The power for discri-.
mination is defined as the overall probability that a decision is made.

If the level is chosen by the investigator, then the discrimination prob- -
lem is the search for a discrimination procedure, if it ex1sts, which is
most powerful for discrimination at the ¢hosen level.

When both-distributions are completely known, a solution under quite
general hypotheses is found,

A nonparametric discrimination model is given and a method for con-
structing procedures approximately of the required size is outlined. The
theory of coverages is used in this construction. A consistency for se-
quences of discrimination procedures ‘is defined., Under restricted models,
sequences of discrimination procedures based on the theory of coverages
are found which are consistent with an optimal procedure. When consis-
tency does not seem possible, procedures which have some appeal are
suggested,




CHAPTER T

.INTRODUCTION

The discrimination problem for two distributions can be briefly

described as foilows: an individual is observed at random from a col-

lection known t¢ consist of eléments.from two distinct populations 6?

and ®

population. . -

; and this individual is to be classified as to its parent

If the populations are distinct and there is an unambiguous means

of defining the elements of the two populations, there might not appear

to be an actual problem. However, here are’ some examples from three

classes of problems, as suggested by M. G. Kendall (1965), which lend

themselves to discrimination analysis:

(2)

(b)

(0).

Lost information. Archaelogical and skeletal remains may be all
an anthropologist has. by which to ciassify mémbersAof two different -
races, whereas the probleﬁ would havé been easy had they been en- |
countered as living men. |

Diagnosis. The presence of certain suspected diseases could
certainly be‘detérmined by surgery or postmortem.. But it is
preferable to.diagnose the presence of the disease frbm exter-
nal symptoms rather than to be driven to such extreme methods

of diagnosis; and, in general, me£hods are not available to
determine this presence in an unambiguous manner.

Prediction, It may be possible to differentiate between two

" “conditions when they occur, but it would be preferable to

. |
predict their occurrence in-time to take necessary steps.

Prediction of economic situations would be an example. Another
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example from this class would be the removal of defectivé items,
such as light bulbs, wﬁich could be definitely differentiated
from nondeféctive‘items only by destroying the individual.

In order to make the classification of the individual, measurements
are made on the individual and compared with the corresponding measure-
ments taken on the:elements‘ of (P: and @é_ o A random variable X is.
defined on the k—dimensioﬁal Euclidean space, Rk, by the measurements
made on the elements of @?_and a random variablé Y is defined Ey the
correépondiné measurements madé on the elements &fﬁi o It is assumed
the random variables X and Y are distributed over RK according to
distinct absoluﬁely continuous probability distributions Pl and P2, )
respectively.

The k~dimensional measu?ements are taken on the observed individual,
which then becomeé an pbéervation z of eifher the random vériable X or
the random variabie Y., On thé basis of the observation z a decision
is to be made conéerning the parent probability distribution of this
observation, | | |

A discrimina£ion procedure & is a function on the space of the

observation z, namel RX, into the decision space. Use of a discrimi-~
s MELYy £75

i
i

nation procedure & can lead to two types of error, i.e. two types of
misclassification of z. The first type of error occurs if P1 is the
true distribution of z and it is classified as a P, random variable,

and the second type of error occurs if P2 is the true distribution of

z and it is classified as ' a P1 random‘variab}e(

In the classical discrimination model it is required that z be
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clasgified either as a P1 random variable or as a Py random variable.
.Thus the decision space contains exactly two elements. The solution
of the problem under this model is a discrimination procedure, if it
exists, which simultaneously mininizes thg probabilities of the two
types of error or which is a minimax solution if different *costsh
are assigned to the two types of miscléssificatibni

The discriminatioﬂ problem canvbe reduced to subproblems; znd one
bagis for redﬁction, due to Fix and Hodges (léSi)? is how much is . -
known about the probabilityvdiéﬁributions; for example, consider the
following subproblems:

(i) Both disﬁributions are known completélyo
(ii) P1 and P2 are known except for the values_of one or mﬁre
paraﬁeterso |
(iii) Wothing is assumed about'P1 and P2 except the existence of
probability density functions, which follows from the absolute
continuity of the distributions.

'For the classical discrimination moael, subproblem (i) has been
completely solved by Wélch (1939)0. The best known example of a solgtipn
to subproblem (i) is tﬁé linear discriminant function based on the work
of R. A. Fisher‘(193'6)o There, ;t is assumed that‘Pi and P2 are k~variate
normal distributions having identical "dispersion matrices and disbtinct
mean vectors. |

Most atteﬁpts to soive subproblem (ii) have been made by estimating
the ﬁﬁknown parameters and then proceeding as if the distributions .

were completely known. To the‘best knowledge of the author, the first
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attempt to solve %ubproblem (iii) was made by Fix and Hodges (1951)
and involved den{ity function estimation at the value z.

However, suﬁpose it is desired to controllthe level of the proba-
bility of misclaésification under each distribution and a solution to.
the discriminatién problem is sought among those discrimination‘pro-
cedures wnich givé this con‘trol° -In order to do this, it becomes
necessary to allow a third‘decision, the decision to reserve judgment,
i.e. not to claqsify° From the class‘of all discrimination procedures
with the probability of misclassification under each distribution
controlled at fixed levels an attempt will be made to find a procedure

which maximizes thé overall probability that z is classified.

Iittle work has been done on discrimination models which allow

. the investigator to reserve judgment. M. G. Kendall (1965) suggests
the possibilities of (1) convex hulls based on Samples frpm the two
distributions if the distributions are to some extent unknqwn and

(2) the use of order statistics to consider one cémpénent at a time
for k-variate ?andﬁm variables. Similar notions could be applied to
subproblem (i).

In this paper a diécrimination model is introduced in which fixéd
levels for thé probability of misclassification under each distribution
are used to define classes of discrimination procedures. In this model -
a third decision, that of reserving judgment, is included in the decision
space. For subproblem (i) a solution of the discrimination problem under
this model is giﬁen; A hoﬁparaﬁetricrmethod.for coﬁstructing‘discrimi—'

nation pfocedures which éivé approximately the required level of control
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on the ﬁrobabilities of misclassification for large samples is given.
A notion of consistency éf sequences of discrimination procedures is
introduced. For some restricted models of subproblem (iii) a seguence
of diserimination procedures is‘found which is consistent with an opbimal
procedure. For subproblem‘(iii) the probleﬁ is not determinate and so

some choices of discrimination procedures for this subproblem which have

some desirable properties are suggested.




CHAPTER II
A DISCRIMINATION MODEL WITH FIXED LEVELS OF MISCLASSIFICATION FOR

TWO COMPLETELY KNOWN PROBABILITY DISTRIBUTIONS

—
Let ® and Gi be two distinct populations. A random variable X is

defined on the k-dimensionai Buclidean space,.Rk, by measurements taken

on eiements of‘g? ; and a random variable Y is defined on RK by the
corresponding measurements ﬁagen on elements of @Qg .The random variables
X and Y are distributed over RX according to distinct’absolﬁtely.continubus

probability distributions Pl and P,, respectively. The assumption of

2
absolute continuity guarantees the existence of” probability demnsity
functions f and fs, respectively, with respect to Lebesgue mgasure-A on
Rk° It is'assuﬁed that fhe probability distributioﬁs and their pro-
bability density functions are completely known.

An individual from a population consisting of elements from both(ﬁ
and % is observed. The k-ciilnensional measurements are made on the
individual, which-then becomes an observation z on either the random
variable X or the random.variéble Y. On the basis of the Qbservation Z
a decision is to be made whether to classify z as a P; random variable,
to classify z as a P2 random variable, or to reser&e judgment, i.e. to
make no classification. A discrimination procedure & will be a function
from.the_space of the observations, namely Rk, into the decision space
D = (d,d,,d,) where |

d1 means classify z as 1 P1 random variable,
d2 means classify z as a.P2 random variable,
do means reserve judgment. !

 The space of the observation z is thus partitioned by a discrimination
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procedure & into the following sets:
= {Z;A(z) =.d1.§ 5
5 {z;&(z) = d2§9
?O = fz; &(z) = do§o .

N
.
}

~
)
N’
]
f

The discrimination procedure is completely determined by the sets Sl

and '82,_and conversely; thus a_discrimination procedure will be identified

by the notation A (81,52), where the sets defining thé procedure will be
in@icated by the letter S with the subécrip‘c.s corresponding to those. in
(1) and raised symbols to identify specific procedures.

Let 'TIT and ﬂ;? be the a priori probabilities that an observ;tion comeé
from Py and PZ’ 'respectix.fely., It is assumed that T, and TZ;L are nonzero,
since otherwise the problem is trivial. The probability of an error of
the first type is the probability that an observation comes from P, and

1

is classified as a P2 random variable; thus the probability of an error
of the first type is “ﬂ‘,Pl(S2)g Similarly, the probability of an error of
the second type is 'HT&Pz(Sl)a The overall probability of error is
W*Pl(sz') +TF;2P2($1)0 ‘If.‘ the values of" P1(82) and P2(S;) are controlled
at fixed levels, note that a bound is also éstablished on the overall

probability of error. The values Pl(S2) -and P2(Sl) for a discrimination '

procedure A -(81982) will be used to define its size.

/

Definition 2,1: A discrimination procedure A (81,82) is said to be of
size-(s(;,@) for &€ (0,1) and @£(0,1) if ,Pl(sz)saf and Pz(sl)sﬁ.
(In this paper, parentheses will be used to indicate an open interval

. ‘* - . .
and brackets to indicate a closed interval, while {) and (J will denote




] .
closed-open and open~closed intervals, respectively.)

In other words, ah discrimination procgdure ﬁ(Sl,Sz) is said to.
be of size-(el , @) if, under each distribution, jbhe‘proba-bility of
misclassification which resgults from using that procedure is no more
thdn -a given value,

The following definitipn ‘of the exact size of discrimination
progedureé will be useful in the discussions which appear later in

this chapter:

Definition 2.2: A discriminatglon procedure ﬂ(Sl,Sz) is said to be
of exact size-(c{ ,B) or to be of size equal to (f ,B) if

Py(5,)= and 172(31)3@0

The overall pfobability of correct classification for a discrimi-
nation procedure é(sl,s2)' is 'ﬁ'pPl(Sl) + TQP2(SQ) and.’che overall
. probability of no ;:lassification is ﬂ;Pl(SO) + TEPz(SO)o Suppose
that for A€ (0,1) and @e (0,1), arbitrary but fixed constants, only
those discrimination procedures of size-—(a{sﬁ ) are considered; then
for each discrimin‘ation procedure in this class the overall probability
of misclassification is at most ¥ =TI +1 B, The discriminiation
problem under this model can be stated as follows: from among the
class of size-(& 9.;5) discrimination procedures find a procedure, if
it exists, which x;iaiimizes the ovérail probability that' the observation
z is classified. .‘::This overall probability is

%Tr‘Pl(Sl).;' . T2y(88 + {Py(8,) + Tip,(s,)} -
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2 2 o
Since J_ Pl(Si) = 7. Py(8;) = 1, maximizing this probability
170 . i=0

is equivalent to minimizing the overall probability of no clas§ificationo
It is this criterion which will pe"used to define the power for dis-
crimination of a discrimination procedﬁreo If the procedure which mini-
mizes the overall probability for no classification also maximizes

the probability of correct classification, such a procedure would have
étr&ng appeal. In,Théorem 2,1 it will be shown that in some cases

just such a discrimination procedure exists.

Definition 2.3:. The power for discrimination of a discrimination .
procedure Zk(Sl,Sz) is defined to be the overall probability that
under that procedure an. cbservation z is classified, i.e.

1 - TR (S,) - THP,(S,).

As a criterion to decide whether a given discrimination procedure
is ™petter® for discrimination than another procedure or is "best®
among all size-(<%f,@ ) procedures the concept of power for discrimi-

nation will be uséd as follows:
Definition 2.l A discrimination procedure A&(Slﬁsz) is said to be
more powerfulffor discrimination at 1eve1~(%k,ﬁ) than a discri-

nation procedure ﬂ*(Si,Sé) if both are of size-(« ,B) and

1 -TRy(S5) - TPp(Sg) > 1 =Ty (S) ~TP,(Sp).

Definition 2.5: A discrimination procedure A(S;,S,) is said to be

most powerful for discrimination at level=(a , B ) if for A*(Si’sz)'
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any size-(d ,{@) discrimination procedure, ﬂ%<3§952) is not more

powerful for discrimination at levelw-(et,H ) than Zf(Sl,Sg)a

The existence of a discrimination procedure which is most powerful
at level-(&l ;@) will be considered next. If the ratio fl(x)/fz(x) is a
continuous random variéble defined<g:eoﬁ , then Theﬁrem 2.1 will give
the answer to this question, namely there always exists a discrimination
procedu;e which is most powerful for discrimination at level~(<l , 8 ).

Let %€(0,1) and @£(0,1) be arbitrary but fixed values. When Py
and P2 satisfy the hypotheses mentioned above, it is always possible to
construct a size~(ef s B ) discrimination procedure by a method which will

be outlined here. As will be shown in Theorem 2.1, there always exists

at least one measurable subset of B¥ whose probability under P1 is

exactly € ; letb Al be such a set. OSimilarly, there always exists at ~

least one measurable subset of RE whose probability under P, is exactly
@3 let A, be such a set. A discrimination procedure «A(Sl,Sz) is

defined as followss

4y if z EEA =8

. 12 1’
(2) A (z) = d, if z& &K, = S,
I =

dy if z & A1A2L3A1 5 SO o

. - - . ‘s k . C s
Since {hlAz, A1A2, A1A2’ AlAg} is a partition of R, this function is

well-defined; and since

Pl(S2)

;§A=“€’
Pl(AlAZ) Pl( 1) : and

i

P2(Sl) P2(K:!_"A2)51_°2'(A2) =g,
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JaY (Si’SZ) is a size-(X ,B) discrimination procedure. No requirement
is made of the sets Al and A2 except that they be measurable sets of
the proper size. However, it is'apparent that some choices.for these
sets will give procedures which are more powerful fc;r discriminétio_n at
level-(X , B) than others:

A lemma whose assertions will be used for key steps in the proof of

Theorem 2.1 is set out here. Its proof follows directly from Definitions

2.3, 2.4, and 2.5,

Lemma 2.1: Let A(Sl,sz) be a size-(&(, @) discrimination préce_dure

for ¢{€(0,1) and BE(0,1).

(a) A(Sl,S2) has power. one for disq#imination if and only if
Pl(SO) = P2(SO) = 0.

(b) A sufficient condition that A(Sl,S2) be most powerful for dis-
crimination at level-(&/,B) is that for &%(S”{,S’;) any size- (of , B)

discrimination procedure, Pl(SO) < ‘Pl(S";) and P2(SO) < PZ(S:;).

(¢) If there exists a size-(e{ , B) discrimination procedure. A*(S";,Sé) :

% .
2
such that‘Pl(SO) 2 Pl(SO) and P2$So) z PZ(SO) v':fhere at 1¢a§t one
inequality is strict, then ﬁ(Sl,Sz) is not most powerful for

discrimination at level-(« ,@).

Theorem 2.1: Let Pl and,P2 be distinct probabilify distributions defined
on the k-dimensional Euclidean space, Rk, with probability dehsity
functions fl and f2’ respectively,\ with respect to Lebesgue measure A

on R¥ such that the random variable W = fl(X>/f2(X) is a continuous

random variable‘ defined a.c. 4 .




12 |
(i) For arbitrary but fixed values #£ (0,1) and BE€(0,1) there exist

essentially unique positive constants °q and s and sects Al,and

A, which define ‘a discrimination procedure t’-\(Sl,Sz) as in (2)
such that |
A )=94 d P '= »
(3) P (&) & an (2= 8,
" where

Al = {x; fi(x) -{. c1f2(x)} and
(W) '
Ay = {x, f1(x) » czfz(x)} o

(ii) Let A(Sl,Sz) be a discrimination procedure constructed as in (2)

from sets A, and A, which satisfy (3) and (L).

1 2
(a) If cli_f. cy, then ﬁ(Sl,Sz) is most powerful for discrimination

at level~(« S8 ) .
(b) If ¢, ¢ , then &(S.,S_) is not necessarily most powerful
12 % 1272

for discrimination at level-(el ,8 ), but there exists a dis-
crimination procedure with power one for discrimination which

is of;" size-(«¢ ,@) and is constructed as in (2) from sets Al

which satisfy (L) for c, =¢, = c*,

be the positive constants defined in (i).

d A
an :2

(iii) Let ey and_l c,
(a) If ¢, £ c,, let A¥(S¥,5%) be a procedure which is most
1 2° 1°72
powerful for discrimination at level-(el ,8). Then

&"V‘F(S-){ss-;) is of exact size-(«,P) and 5] = S, a.e.d,

1 1
-);". 8
82 82 aoeo A 0‘ .
(b) If c,> ¢ then there exists a class of discrimination

1 2°
proéedures with power one for discrimination and size-(ﬁ&,‘é‘ﬂ?)q




- At least one of these procedures is constructed as in (2)

LA

from sets A1 and A2 which satisfy (h)'for c1’= Cy = e’
In an attempt to make the ideas.involved in the theorem clearer,
a brief explanatioﬁ of them will be given before the formal proof of
the theorem. A reasonable choice for Al and Aé shoﬁld Bé concerned .
with the relative probabiliﬁies of X and Y for $éts of values of z.
In order to obtain a discrimination procedure which is most powérful
for discrimination, the set Ay should be composed of those values of z
which are most likely to be observations on P2 random variables rather

than P1~random variagbles; similarly, the set A, should be composed'of

2

those values of z which are most likely to be observations on P1 random
variables rather than P2 random variables. The ratio fl(x)/fé(x) of the
probability density functions will be used to measure the relative

probabilities at the values of z, Let Al and A2 be the sets defined

1 and A2 do not intersect, then the

discrimination procedure &(sq,5p) constructed as in (2) from the sets

in Theorem 2,1 (i). If the sets A

Al and A2 is most powerful for discrimination at level—(ﬁﬁ,ga) and

any procedure most powerful for discrimination at level-(s£ , @) must

agree with A(Sl,sz) a.e. A , If the sets A, and A2 do intersect,

1

this is not necessarily true, but a discrimination procedure can be

found which is constructed as in (2) from sets of the same form as Al

and A, and has power one for discrimingtion. These statements will be

2
established in the proof of Theorem 2.1 (ii) and (iii).

Proof of the theorem; (i) The existence of essentially unique positive




1L
constants c, and Cy such that P‘1 {x; fl(x) < c1f2(x)}‘=°( and .
P2 {x; fl(x) > czfz(x)} =B is treated in the existence proof for hypo-
thesis testing functions of exact sizgo( and B, respectively. A detailed
treatment can be found in the proof of the Neyman-Pearson Fundamental
Lemma given. in Lehmann (195'9'). The sets Al and A2 are measurable: and |
define a discrimination procedure A(Sl,Sz) as in (2). Notice that

since W is a continuous random variable, A{x; W = cl} = Al{x; W= c2§ =

0.

(i1) (a) Let A(Sl,S2) be a discrimination procedure constructed as

in (2) from sets A. and A_ which satisfy (3) and (L) such that ¢c. < ¢

1 2 1 2°
Since cl 4 02, the following relations which will be used in the proof
of this part are noted:

f,l] A A is empty and therefore SO = A1A2 3

12

[l 2(s,) =P (AK) = Py(a) =«
Bl By(s) =P (EA,) =P (a) = B.

Let A*(s‘;,s':) be any discrimination procedure of size-(¢{, B). In
order to show that A(SI’SZ) is most powerful for discrimination at level-
(@(,‘3) it is sufficient, as was shown in Lemma 2.1 (b), to show that

Pl(SO) < Pl(So) and P2(SO) < P2(SO). The former will be established

and the latter follows from symmetry.
Since the discrimination procedures partition R¥,

P (5)) +P,(S,) + Py(S,) w;Pl(S'yl()' + Pl(s*;) + Pl(s’;).
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But P (S ) =% and P (S )26& , so that
172 12

X

~

(5) Pl(sl) +‘Pl<so):’= ,Pl(S )+ P (s .

From () it is seen that in order to show Pl(so) Z Pl(Sz;) it would
suffice to show Pl(Sl) 2 Pl(Si);'that.is, it would suffice to establish
that the probability of correct c;aséification when using A(Sl,SZ)
is at least as great as when ﬁsing any other size-(&t , ) discrimination
procedure, ' |

Let ¥ (x) be the characteristié function of S1 = A2 and *P(x) the-

characteristic function of S;o Define the sets
Fe g P - P () > 0f,
T=fx Y - P <of.

If x&S™, then ¥ (x) = 1 and £,(x) -‘c2f2(x) » 0. If x€S™, then

°

P(x) = 0 and fl(x) - cg(x) £ 0, In each case the product

(¥ -¥) (i‘1 - c2f20 is nommegative. Consider the integral

(6)f (W-W)_"(fl - czfz) dj= f (P - ) (£, = cyfy)dR 2 0.
RK : , s*u s~

But this integral can also be written as follows:

0 [ =) (5 - ope) ok =,(s) - D) - {P (5) = D).

Combining (6) and;(?)g

) ¥* 3%
P, (5)) mfPl(Sl) = 62%2(81) - P2<Sl>§ 20

. "‘

since P(S ) =B and P(ST)2B. Therefore, P (s ) 2 P_(S]), which
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was sufficient to show P (S ) 2 Py(S5).

(b) Let A(SPSZ) be a discrimination procedure constructed as in (2)
from sets A,. and A, which satisfy (3) and (L) such that qi > Cpe An
example which shows this procedure is not necessarily most powerful
for discrimination at level-(<{, B)-can be fouﬁd in Example 2.1 '(ii)o

However, if c*e [02901] » define sets A*i‘ = gx; fl(x) < c* fg(x)} énd

A; = {x; fl(x) > c*fz(x)} and construct a discrimination procedure
&*(S*,S;) as in (2) from these sets. Then

*y FAEY o ¥y e . ' -
0] P,(s3) = P (a747) Pl(Al)__ P, {x, £, (x) < clfz(x)f 5

4

5] 2y(s0) = ()

% § e N =

b3
~
1

1 (s = Pz(s';";) = 0,

From Lemma 2.1 (a) the procedure A*(Si,S’;) has power one for discriw

mination at level-(ef, §) and it is of size-(¢, @) by definition,

s, % *‘
(1ii) (2) et @"(Sl,sz) be most powerful for discrimination at level-

(ets B)o Let ¢y € ¢, be the positive constants defined in (1) and

A (Sl,SZ) a discrimination procedure constructed as in (2) from sets

Aq and A, which satisfyr (3) and (4). Under A(Sl,Sz) statements [11,

2
21, [3] nold as before.

Tet ¥(x) be the characteristic function of Sl = A2 and ¥P(x) the

%

characteristic function of Slo- Define the se,ts.
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s* = {x,- %’J(I'x)' -¥(x) » o}’ , 87 = {{x; Wix) - Plx) < o} ,
St = {x; fl(:&) - czfQ(X)“f’ of , |

s=(su sT)n s,
The proba_bility of the set 8°W S~ is the probability of the set on
which Sl and S; ::do not agree., On the set S the value of the product
(P -9 (fl - c2=f 2) is strictly positive. Then the integral

f -®) (£ - c.f d}l=&fwﬂ‘? f -cf)da

he =) (5, - ot) O D) () - oyt

It

P(s) -~ 2 () - c2§}2<sl> - p (s >}

is strictly positive unless A (S) = 0. Suppose XA(S) > 0; then
P (s) ¥ Pl(Sl\) which from (5) implies that (S ) < Pl(SZ)o From

the proof of (ii) it is known that PZ(SO) £ PZ(S:;) and therefore from

*
1 4

level-(o{, §), a contradiction. Thus ‘A (S) = ATusT) =0 and Sl

Lerma 2.1 (¢) AF(S ,S-Z) is not most powerful for discrimination at

.;{.
and S, agree a.e, Ao

1
Also, since '
=P (A) =P (S) =P (s )9 and
A 1( 1) l( 2) 1( 2)
=P (a)=P(S) =" ()%
B=r,a)=P(s)=P(s)EF,

the procedure A*(Szgsz) is of exact size=-(X ,H).

(b) Let ¢, > c, be the positive constants defined in (i). In (ii) (b)

1 2
a discrimination procedure with power one for discrimination and size-

(«, @) was constructed as in (2) from sets A. and A2 which satisfy (L)

1
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for ¢q = 02 = ¢*, . Thus all procedures which are most powerful for

discrimination at gthis level must have power one for discrimination.
Note also that from Lemma 2.1 (a) the probability of no classification

under each distribution for each procedure in this class is zero.

This complet?s the proof of the theorem.

i
!

For those pr§babi1ity distributions which satisfy the hypotheses
of -the theorem, the discrimination problem is completely solved. The

1 2

since the distributions are completely known. ~‘Le't,the discrimination

positive constants c, and c, exist and can be found by numerical methods

procedure defined in (i) be denoted by A(clgcz)o If ey £ oy A (01902)
is most powerful :for discrimination at level~{(e{ ,8) and every proce-
dure which is most powerful for discrimination at thié level agrees
with a(cl,cz) avloeo?\ . It was shown that in this case :ﬁ(cl,cz)

also maximizes the overall probability of correct classification. If

c. > c2, a disc:r_f:'imination prﬁcedure can be constructed as in (2) from

1

sets Al and A2 which satisfy (L) in such a way that this procedure has
power one for discrimination and is of size=(&f ,[3), A few examples

Wil now-be—given—to—idlustrate—these—~concepts in particular models,

Example 2.1: For & a real-valued parameter, let (P@;Qé'ﬁ.) be a family
of absolutely .continuous. probability distributions which has strictly
monotone (increasing) density ratio in a continuous real-valueé function
T(x), i.e. for &>8’, f@(X)/fgg(X) is a strictly monotone (increasing)
funct:}on of the random variable T(x)., Let fp. and T , , for & P60 where

838", be denoted by fy:and f,, respectively.
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In the following discussion it will be assumed that the ratio
fl(x)/i‘2(x) satisfies the hypotheses of Theorem 2.1. Let of€(0,1)

and B€(0,1) be arbitrary but fixed consvants, and let ¢, and ¢, be

1 2
the constants defined in Theorem 2,1 (i).
Iif clg Cos the discrimination procedure A(c-, 90 ) defined by the

sets 8y = %x; fl(x) > e, (x)} and S {x, f (Jc) < o) f (x)} is most

powerful for discrimination at level-(« , ). Since fl(x)/fz(x) is
a strictly increasing function of T(x)s this random variable can also

be used to construct the discrimination procedure. It can be seen

that fl(x)/fz(xj < ey if and only if T(x) <« c-;"; for c%‘i a unique real

number.- Therefore Pl fx; T(x) < ci} =¢l, Similarly there exists a

if and only if T(x) > ¢~

. 3%
unique constant c 5

. - >
5 such that fl(;c)/fz(}_) c

2

and P, {x; T(x) > c;} =@. 1If P] is the probability distribution in-

duced on the space of T(x) by P., then by definition of the induced

13
0 . . - - .x_ ."\L . *
probability dlstrlk?utlon, Plgt; t & clf = Pl{x; T(x) < clf =¢ ,

Similarly, if P,

5 1s the probability distribution induced on the space

of T(x) by PQ" then P {t; £t 9 C2§ = P Q_x, T(x) »c §=49_° Then
the sets S {t t < c1§ and 87 = {t5 t> c2§ where PY(S7) =% and

P’;(Si) = 5 define a discrimination procedure which\ is equivalent to

: * th ; :
A (c19c2)° Note that ¢, is the ¢t percentile of the probability
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distribution P’1 and.¢c? is the (1 —{:B)th percentile of the probability

2
distribution P‘";_', 'Let them be denoted by t} and tj"_@ respectively.
If cy > ¢, or equivalently bé > ’o’:"_@ ; it is po:«‘ﬂsiﬁle to construct

a discrimination procedure with power one for discrimination at level-

(v}

(d’&) and size-(et ,B). In order to do this, select t*é{t’;',@,t:} and
define a discrimination procedure by the sets Sl = {t; t > t’X} and
82 = {t; £ < t"‘?f The ac;tual choice of the value t* from the interval
presents an interesting problem in its own right.

The class of univariate normal distributions with common variance

&% forms a family with real parameter M of absolutely continuous,

univariate probabilif,y distributio}}s which has strictly monotone

~.

(increasing) density ratio in x. The following specific examples
from such a family, will demonstrate the concepts of Theorem 2.1 and

this example.

(1) Let Pl and P, be two univariate normal probability distribut,ions’

2

with common variance 1 and means 2 and O respectively. In this case,.
.f (}C) ‘ . B i i f
1 = exp {-—%—{(x -2)2 . x2}§= exp §2x - 2} o
fzfxi :

This ratio is strictly increasing in x. From the above discussion

it is known that the sets Al and A2 as defined in Theorem 2.1 (i)

can be defined directly in terms of x, i.e. there exist constants
. = of s x =
c:L and 5 such that Pl {x, x < cl§ t and P2 ,{x, x > 025 B If

# =f= .1, then c; " = 0.718 and ¢, = 1,282, The discrimination
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In this case, clé c2 and therefore' tﬁis procedure is most powerful
for discrimination at level-(.1,.1). The power for discrimination of
this procedure is (,86) T + (086)7'4'3;-*- .86, and is independent of Th and
Ti:‘ﬂ‘e Also sny procedurs which is most powerful at level-(.l,.1l) will
have exact, size~(,1,.1) and agree with 4 (01902) 3.0 A o
(iij Tet Pl and P2 be two univariate normal distributions with common
variance 1 and means 3 and O, respectively. As in (i) the selection
of the seis Al and A_ which are used to cons*brpct ﬂ(clgcz) can be

2

based on x. Let «=@= .13 in this case, the constants are ¢ = 1.718
1

and ¢, = 1.282,.. The procedure A (cl,cz) is defined by the sets

S = {x; x 2 10718} 5

1
5, = {x; x 21,282

= o b
S, = §x; 1.282 < x < 1.718} .

‘See Figure 2.2 (a).
This 1s an example of a situation when cl> C2o For f’easonébly
small & and B this situation occurs only if the distributions are
quite distant. See Figure 2.2 .(a)o
The curves representing fl and f2 intersect at x = 1.5, which is

contained in the interval (1.282, 1.718). Consider a discrimination

procedure 4 '(S:‘L,Sé) where

81 = fx; 1.5 < x 21,838} ,
54 = jx; -1.838< x <1.5§,
51 = x5 x < ~2,838F ¥ fx; x >1.838§ .

The procedure A “(’S]'_,S“2) is of exact size~(.067,.067), The
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Example 2.2: Iet (PB;@E.Q-) be the family of univariate normal dis~
i 3 @ 3 ~e = = .
tributions where is the vector (}i,ﬁ‘a) Let P@' Pl and Pe& P2
be any two elements of this family with parameters (,44,,67‘;) and (/ul,ﬁi),
respectively. The sets A1 and A2 defined in Theorem 2.1 (i) are deter-
mined by the values of the ratio fl(x)/fz(x) where f, and f, are the

2
probability density functions of Pl and 'PZ’ respectively. For this
family,'the ratio ‘has the form

fl(;x)/f2(x) = k exp {ax2 + bx + c}\ .
This ratio is sirictly monotone in ‘the exponent ax2 + bx + ¢, which is
a parabola; thus ‘é,he ratio fl/i‘2 is strictly monotone from -~ es'to the
value of the ver'*téx for this parabola and strictly monotone in the

opposite sense fr:é)m this value to +e2, The vertex of the parabola is

at the point

." 4 b5
! w = obo paT Pl
. >
0 2a Nl (i
oo

If a is negative, the value of the ratio increases strictly

- _,ﬁg-’;u&: g‘;&

from - to x, and decreases strictly:from x. to + &0 . Let A, be the

0 0 1

complement of a closed interval centered at X, and having probability

1 - under P, ; while the set.A is an open interval centered at xo

1 2

and having probability @ under P If a is positive, the value of the

20
ratio decreases strictly from -eo t.o,xo and increases strictly from

%y to +eo, Let the set Al be an open interval centered at X, and having

probability ® under P.; while the set A is the complement of a closed

Pl 2
interval centered at xo and having probability 1 -funder P2o In

either case form the discrimination prog_@dur.e_ 4 (cl,cz) constructed from
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Al and A2 as in'(2)o If a =.0, the problem reduces to that already
discussed in Exémple 2.1. These notions will be illustrated with an
explicit examplés
Let P1 be é univariate normal distribution with mean O and variance

1; let P2 be ajunivariate normal distribution with mean 2 and variance

25, Let X=f= .1. In this case, the ratio of densities is

£,(x)/2)(x) = 5 exp f-52 (62 + x - v} -

This ratio increases strictly from - e to -0.083 and decréases strictly
from -0.083 to +e, In order to find A19 we take -0.083 as' center of
an interval with probability .9 under P1 and A1 will be the complemenﬁ

of this intervalo The set A_ will be the interval centered at -0.083

2
which~has the required probability under P2° These sets are as follows:
Ay = {x; x < -1.733% ¥ {x; x > 1.567] 5
A, = {x;_ -0.768 «x< 0.602¢ , |
The discrimination procedure <ﬂ(cl,cz) define§ the fol}owing sets:

S, = {x; =0.768 < x < 0.602§ ,
x¢-1.7337 0 {x; x > 1.567¢,

S = fx; =1.733 ¢ x £ “do768§ (3] fk; 0.602 £ x 51056Z} o

w0
n
u
PRI
ot
wve

In this case cl<,c2 and this procedure is most powerful for dis-
crimination at level~(ol,.1). Any procedure which:is most powerful
for discrimination at level-(.l,.1) will have exact size=(.1,.1) and ‘

will agree with.lﬁ(cl,c2) a.€s A « See Figure 2.3,

\;\7\“
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P_: N(0,1) and P2. N(2,25).
Example 2.3: Let P. and P, be a k-variate normal probability distributions

. - 3 - -~ 9 . . Cl)
with the common dispersion matrix & and the distinct mean vectors K

(

and K , respectively.

i

The ratio of densities in this case reduces to a

- £ %

linear function of the k-variate observation z. This random variable

U(z) has a univariate normal distribution whether z is distributed as a

P, random variable or as a P, random variable, and this problem reduces
& i v

to that of Example 2,1. Details can be found in Anderson (1958).




CHAPTER IIX
A NONPARAMETRIC DISCRIMINATION PROBLEM

3.1 A Nonparametric Discrimination Model - -

Let G’;’ and @,_ be two distinct populati‘ons, A random variable X
. is defined on the k-dimensional Euclidean space, Rk,‘by measurements
made on elements -of @z s and a random variable Y is defined on RK by f
the corresponding measuremepts-made on elements of ﬁia The random
variasbles X and Y are distribuﬁed over Rk according to distinct abso-
lutely continuous probability distributions P. and P,, respectively.

1 2

With P1 and P2 are_associatéd absolutely continuous distribution func-
tions Fi and F2, respectively; also the assumptiop of absolute conti-
nuity guaranteeé'the:exiétence of probability density functions fl
and f2, respectively, with respecﬁ\%d Lebsgué measure 4 on Rko Nothing.

is assumed-about P. or P except their absolute continuity and the

1 2

resulting existence of probability density functions,

Let xl,xz,l;;;xh be a simple random sample of bbservations from
the distribution of the random variable X and Y1sTpseresyy, @ simple
random sample of observations from the distribution of the randoﬁ
variable Y. An individual from a bopulation coqgisting of elements from
® and G%,is observed, .The k-dimensional measurements are made on the
individual, which then becomes an observation z on either’the‘randoﬁ
variable X or the random variafle Y. On. the basis of the observation
z a decision is to be made whether to classify z as a Pl random variable,
to classify z as a P2 random variable, or to reserve judgmept, i.e. to

 make no classification, A discrimination procedure & will be a function

from the space of the observations, namely Rk; into the decision space
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D = (dl’d2’do)’ which was defined in Chapter II. A procedure will. be
identified by the notation 53(81,82), where Sl and Szlare the sets
defined in (1), |
If a disérimination procedure 4&(81,82) is used, the overall proba-
- bility of misclass%fication would be Tﬂfi(sz) + TEP2(81), where T, and
T, are the a 231232 probabilities that an observation comes from P1
and P2, respeétiveiy. Let the size of a discrimination précedure be
defined as in Definition 2.1. If Definitions 2.3, 2.k, and'ZQS are
" accepted for this model and arbitrary but fixed values #4€(0,1) and
ge (0,1) are chosen, the discrimination proble@ is defined as follows:
from the class 6f éll siée-{cﬁ @ ) discrimination procedures find a
procedure, if it ex1sts, which is most powerful for discrlmlnatlon at
level-(et , B ) If the probability density functions satlsfy the hypo-
theses of Theorem 2 1, such a dlscrlmlnatlon procedure is known ‘o
exist and it will be assumed in the following dlscu531on that such a
procedure does existo
Under the noﬁparametric‘hodel the statistic (xl,goo,xm;z;yl,...;yh)

1

is sufficient forgthe discrimination. If the probability distributions and
their probability;density funcﬁions.are completely known, a discrimination _
" procedure which ié most powerful for discrimination at a given level based
on this knowledgegwould be at least as powerful for discrimination at this
level as é pfocedure éhoéen only on the basis of the statistico‘-Although |
this is intuitively obvibus, it is quite simple to prove, if a proof is

desired (cf. Fix and Hodges (1951)). .If the.prbbabiiity distributions

are completely known, the observation z is sufficient for the discrimi-
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nation. The performance characteristics of any procedure based on
(xl,o.o,xm, 370 eees¥ ) can (by using randomization, if required) be
exactly duplicated with a procedure based'on z. Thus one can not find
a diserimination procedure based on the statistic (xl,,,e,xh;zgyl,,..,yh)
which is more powerful for discrimination at a given 1evei than a pro-
vcedufe which‘is most powerfpl for discrimination based on z aglone. If
the p;obability distributions are completely known and a discrimination
procedure based on z is found waich is most powerﬁul for discrimination
at a given level, then it is op£imal in this sense. If one does not
know the probability distributions completély, then an attempt should

be made to arrive at a discrimination procedure based on the statistic
(xl,.o.gxm;z;yl,...,yh) which approximates a progedgre which is most
powerful for discrimination at the desired level when both distributions
are completely known,

" In Theorem 2.1 the form of a diécrimination procedure which .is

most powerful for dlscrlmlnatlon at a given level is given. In order to

construct this procedure, sets A, and A, were found such that P (Al) = °(

1 2
and P2(A2) z@ where Ay {x, x) < clf (x)} and 4, {x, f (x)>

czfz(x)} where c, and c2 are positive constants. The first step in

1
constructing from the statistic a discrimination procedure of size=

(c(,(B) is to look for a method of constructing measurable sets with
approximately the required probabilities under P1 and P2° As long as

the distributions qré completely known, constructing such sets presents

only computational;difficulties. Under the nonparametric model, however,
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. cohstructing such séts has in)additioh an elemen£ of uncertainty due

to lack of knowledge concerning the probability distributions. The sets,
based on the statistic (xl,.f.,xh;z;yi,.e.,yn), are random quantities

and their probabilities are random variables. It is no longer possib}e.
to speak about sets whosge exact probabilities are known; thus only dis-
crimination procedures whose size approximates (el B) can be hoped for.

If sets Al and A, could be constructed in such a way that as m and h

2
grow large without bound the probability of Al under P1 approaches « and
the probability of A2 under P2'approaches 5 s This would give'a method

with strong appeal for the construction of approximate size-(« , 8)
discrimination proceéﬁreé when lérge samples are ayailable.

The actual constiuétion of such sets wﬁich will be suggested in this
paper is based on the‘theory of coverages. In the following séction the
definitions and theorems necessary for this construction will be giveh.
3.2 Some Results Cdncérning Order Statistics and the Theéry of Coverages

In this secfibn only the definitions and results from the theory
of coverages necegsary fof the construction will be given. For de-
tailed treatment a#d préofs the readér will be réferred to Wilks (1962),
Tukey (1947), and Kempefman'(1956)o |

Let xl,xz,e.o,xm be a samplé from a univariate probability dis-
tribution with continuous distribution function F(x). If the sample is
ordered by numerigal value, we obtain the order statiétiqs {x(ld,

The assﬁmption

e £ '
x(z)yoa.,x(m)}.of;the sample, where x )5 e <X

A (1 (m)°
of continuity ther gives a partition of Rl into sets e ’X(l)] N
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(x(l),x(zjj 9000 (x(m)3+oa) with probability one. These sets will

be called sample blocks'and will be denoted by B§i) for i = 1,2,.00,m+l

where the subscript 1 means the random variable is one~dimensional.

The probability of the block B(l) will be called a coverage and denoted‘

1
NG N - oos(2) |
by Cys 1.ei c Pr(B1 ) :F(x(l)), c, Pr(B1 ) F(X(Q)) -
f(x(l)),ooo, cm +'1 = Pr(B§m)+ 1)) =] - F(x(mj)' Now these coverages

are random variables and the distribution of a sum of any r of the m + 1
coverages, which is a result of the theory of the Dirichlet distribution,

is given by the following theorem:

Theorem 3.1: The sum of any r of the coverages cl,,,cm ; 1 has the

beta distribution with parameters r and m - r + 1,

Note that a sum oﬁ r coverages is just the probability of the union of
the sample blocks;which détermine the coveragés. Fof a proof of ﬁhis.
theorem, see Wilk% (1962).

The theory of coverages for one~dimensional random variables alsé
leads to some resﬁlts in large sample. distribution theory for ﬁhe-order

statistics which hill be used later in this chapter. ' The pertinent

results are the followings

9#0.,x

(

Theorem 3.2: If- {x(l )} are the order statistics of a sample
' m

)

from a continuous distribution function F(x), and npn is an integer

such that p: =p + o(1/n), where O < p < 1, then for large n,
n , .o
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. F(x ) is asymptotically distributed according to N(p, p(1 - p)/n).

(np,)
Corollary 3.1l: If x:.is a unique solution of F(x) = p,.then x(n )
converges in probability to x:o | o
For proofs of these results, see Wilks (1962),

-The theory of coverages generalizes directly to multi-dimensional
random variables and give§ a generalization of Theorem 3.1, Let
Xy sXpyeeosXy be_a sample from a k-dimensional probability disﬁribution
with continuous distribution function. Ilet aflg 1?2,..., %?m be a
sequence of real-valued functions defined in Rk such that Hol(x),

1?z(x),,.e., 1ij(x) have a continuous joint distribution function. The

sample ,...;x and the functions Y. ... ¥  define sample blocks
5 m 1 7 'nm
as follows: -
(1) ' :
= e . b g
Bk {.‘XZ, 1?1(3() 31} . ,
where ‘w= T ix )= . °
8 = mex ? (x,) )70_1(’“1(1))

Bl(c2) ={x; lfl(x) < él’ Alpz(x) > 32}

where a, : ;na:;(n"fz(xi) = 1f2(xi(2))9 i(Z} # i‘(l)w'

N

And in general, for 2 £ p £ m,

() ' - ' | .
ka = {x; ?1_(x) < 8 seees }Dp ) 1(x). < arp Y 2;ﬂp(x) > ap} |

where a; Ix'max %pp(xi) = 3Pp(xi(p

))3 the maximum being taken
\

overhall':i except i(1), 1(2),ee., i(p = 1); and i(p) being




s -

chosen distinct from all i(j), j < D
(m+1) |
Bk‘ . {xa Vl(x) 319'0009, Mm(x). < amg o

The coverages cl,oo.,cm are defined to be the probabilities of

+ 1

(m 1))

these blocks, i.e. c, = Pr(Bkl)),en., c @ _ = Pr(B From

+ 1
the assumption of contlnuity we know that RK is partitioned intom + 1

blocks by the above procedure with probability one. The generalization

of Theorem 3,1 is as follows:

Theorem 3.3: If blocks and coverages are defined as above, the sum

of any r 6flthe k-dimensional coverages cl,...,cm 41 has the beta

distribution with parameters r and m - r + 1,

The proof of this theorem can be found in Tukey (194L7) .
It has been shown by Jo H. B. Kemperman (1956) that it is not neces- -

sary to have a fixed sequence of functions, since it is possible, without

changing the results of Theorem 3.3, to have the choiCe of function at

any point in the'seduenbé‘dépend on the obsefved values at the cuts of

\ ‘
the functions already used, i.e. the values %P (x ) for P = 1lye005Mme

i(p)

| and Az

With the theory of coverages in hand it is possible to construct

.3+3 A Censtruction Based on the Theory of Coverages for Sets A

sets whose probability ,under P1 converges in probability to &, A

similar approach can be used to obtain sets whose probability under P2

converges in probability to § .
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Let a, = Lot (. + 1)) , an integer; since

- (D I L. SRV Iy

it can be seen that as m-v e, al/(m + 1)->ef,

For x_,x ,.o.'x a sample from the distribution of the random vari-

1’2 ,]"n
able X and y%}o..g'yx.a sequence of ordering functions defined on Rk
with continuous joint distribution function, the sample blocks and the

‘corresponding coverages clg.,.pc ] can be formed.as in the preceding
i m +

1

tributed as a beté random variable with ay and m - al + 1 degrees of

freedom. Let Ai be the union of sample blocks associated with these
| ,

coverages. Then ? (Al) is a random variable with a beta distribution

section. If a sum of a, of these coverages is taken, this sum is dis~

having_a1 and m aqy + 1 degrees of freedom. The mean of this distri-

f
bution is al/(m +

1), which has been shown to converge to of . It
follows from a 81mp1e application of Chebyshev's inequality that Pl(Al)
converges in probébility to &, For small m we can use fhe beta dis~
tribution to set ‘an upper Pound on Pl(Al) with given probabiiiﬁya .

Let Al be a'union of al of the sample blocks. Let A_be é union
of a 2 = [@ (n + 1)] sample blocks formed from the sample. yl,..n,y o
Asymptotlcally these choices will give us sets whose probabilltles
approximate those that are requlred under each distribution. Note that
any choices of 41 and A2 qonétructed in this manner woﬁi@ give an

approximate size-(o{, @) discrimination procedure for large m and n.,

But some choices give more powerful pfocedures than others. This is

obvious, since choices made without consideration of the other distri-

%
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bution are not likely to give a procedure which is most powerful ‘for
discriminétion. In Section 3.1 it was suggested that an attempt should
be made to approxima'be' an optimal procedure by hp”rocl:edures based on the .
sufficient statistic. As a means for this approximation, the notion
of the consistency of sequences of discriminastion procedures will be

introduced in the next sect_ion.

3.4 Consistency of Sequences of Discrimination Procedurss

Let A be a discrimination procedure based on the statistic
m,n .

(xlgono’xmszsyl,oo-,yn)o Form = 1,29000 and n = 132,:«:0 let (A )

m,n
be a sequence of discrimination procedures. If (A:’n) is another,
sequence of discrimination procedures; the question arises of how the‘
corresponding members of these sequences agree or are consistent with
each other. One requirement could be that as m and n grow large with-
out bound the probability that 4 o n(z) # A: (z) should converge in
probability to zero under bgth dis‘,cributions., This requirement wili :

form the definition of consistency of the two sequences which will be

used in this paper.

Definition 3.1: Two sequences (& ) and (4 ) of discrimination
. m,n m,n . . '
procedures are said to be consistent for the _discrimination problem

if as m»w and n»e , Pr { & # A" 1 converges in probability
4 myn mext
. s )

3

to zero under both Pl and P2.

It is the consistency of a sequence of discrimination procedures

with the procedure 4 (cl,cz) which is of particular interest.-
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Definition 3.2: A sequence of discrimination procedures (.ﬂm ) is
] .
said to be consistent with 4 (cl’CQ) for the discrimination problem
if as meo :?nd nym , Pr{Am,n #40 (clﬂcz)} converges in.

probability to zero under both Pl and P2.

The problem of finding discrimination procedures 'which are consistent

with & (01,02) for the nqnp'arametric model introduced in Seption 3.1 is
not determinate. In the following section some restricted models will
be copsidered _'and gequences of discrimination procedures which are
consistent with A(cl,cz) will be found for these models. Where this
does not appear .to be possible, discrimination procedures based oh. the

theory of coverages which have some intuitive. appeal will be suggested.

3.5 Examples of Discrimination Procedures Constructed by Means of the
| Theory of Coverages
In Examples 3.1 and 3.2 restricted models for the discrimination
problem will be considered, and for these models a sequence of procedures

consistent with A(cl,cz) will be found.

Example 3.1l: For 8 a real-valued parameter, let (Pé,; BE.Q)"be a family

of absolutely continuous, univariate brobability distributions which

has strictly monotone ('increésing) density ratio in a continuous regl=-
valued funetion T(x). _Suppose. 8>0 and denote f@ and .fgl by fl and

f2, respectively. If the density ratio fl/i‘2 satisfies the hy‘po‘c.heses.

of Theorem 2.1,”1ihere is a-discrimination procedure which is most powerful

for discrimination ‘between Pl and l?a\ﬁ levei-(d s 8) for arbitrary
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A€ (0,1) and BE€(0,1); and in the following discussion the existence of

such a procedure is assumed,

)

From Example 2.1 it is knowh that a procedure equivalent to A (c_,c

1’2

: is defined by the sets Ai = {t;.t <t } and A {t t > t, (_,,,} where

' kS 3¢ 3¢
Pl'(Ai) =0 and P2(Az) = B , It was also noted that t,, Wwas the c%th'

' 3
percentile of the probability distribution P;L and t|_@ was the (1 -8 )th

*
percentile of the probability distribution P2°

Let xl,xz,”.',,'xm be a sample of observations on the random variable X -

and tl,tz,oo.,tr;l tﬁe corresponding sample on the random variable T(x).
‘The order statistics of the latter sample are %

ST (1)?%2) Py

. SN 3 . . ' .
If A?: = 5‘0; t < 1:“} and an attempt to approximate the procedure A(cl,cz)

is J_oo be made, then an obvious choice of the a:L = [9( (m + 1)} blocks
. required to form the set Al would be the union of those blocks determined

by the a, least order statistics, i.e. let

1 .
U XB](_i)m ft5 62

i=1

1
(al)z

" Since A {t t > t @}' s the corresponding choice of A2 would be the

[@3 (n + 1)] blocks determlned by the a, largest order statistics

| 2
from the second sémple on T(x), i.e. let’
n+1l

| ‘(i>'
A = U Yl {t >t
3 2imn-.a2 1 . (n-a

+]_)J.z )

For each m and n these choices define a discrimination procedure which

2
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will be denoted by Am « 'The sequence (A ') of discrimination proce-
. ,n m’n '

dures will be shown to be consistent with A (cl,cz).

From Definition 3.2, it must be shown that Pr{.dm #A(cl,cz)}
o3

converges in probability to zero under both Pl and P2 as m->e0 and n- o2,

The sets which define the discrimination procedure Am n depend on the
Wl ' 5

values t and t " 3 the sets which define the discrimination
(a;) (n - a, +1) '
1 .2
procedure & (cl,cz) depend on the values t:: and tﬁ—ﬁ « The differences

in the values of the two procedures arise from any difference between

>

%

t, and t and any difference between t?_@ and t - « An
(a)) . _ _ (n - a, + 1)

2

examination of all the possibilities shows that the probability under

P1 that ﬁm 0 * A (ci,c2) is_hat most

2

* ‘ Cx % *
= ’Fl(t(n ~ap 1) "Tlhg )]+ ]Fl(t(a

) = F ()

- )]
)1

where F;‘_ is the distribution function of T(x) induced by the probability

. N .x. .
distribution Ple Note that Fl is continuous since T(x) and Fl(x) are

continuous. From Theorem 3.2, 1t converges in probabilityhto

(n - 32 +

% 3
tl*B as n-» . 9Since F1 is a continuous function, by a well-known

# - %
result F (¢ converges in probability to Fl(ti

as n —»a.
1 (n-a2 +,1) ) . .

E

'R 3% 3%
Similarly, F:"L(t ) converges in probability to Fl(’cd) as m-y co.

(al)
Therefore, U cdnverg\es in probability to zero as msee and n-»ew, Since '

0 £ Pr{ﬂ # d(c.,c ) £ U, the Pr3d # A (c_,c ){ converges in
M on A7 m,n 172
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probability to zero as m%w and na»e@ under Pl. Similarly, this proba-
bility converges to zero as m-»e and n-»es under P2. By definition,

(A ) is consistent with A(c_,c ).
myn 172

-2

fec % ; tly t, € t.
I cl__c or equivalently t, tl-B’

procedures which has just been defined is consistent with a procedure

the sequence of discrimination

which is most pOWerfui for discrimination at level-(ef, ). The estimates

are consistent for t:; and t* respectively.

t(al) and t 1-8

(n=ap+1)

then the procedure just defined should be.used., :

If % & %
(a)) © “(n = a, + 1)’

2

% ‘
When t t 1 [t t
en (al) > (0 - ap+ 1)? select a value t'€ (n - ay * 1)? (al) ]

and define the procedure with powér one for discrimination based on the
value t*a The actual choice of the value t” will depend on the desires

of the investigator.

Example 3.2: Let (PB; 95.(2) be the family of all univariate normal

. a o
. . - . O‘ = ’ =
distributions, where & is the vector (4 ,T ). Let Pﬁ) P, and P@a P2

be any two elements of T;his famiiy with parameters (/A,,U_;g) and (%,V‘;z),
respectively. The arbitrary levels «£(0,1) and B&(0,1) are given.

A sam.ple }L_L,xz,..'.,xm of observations from the distribu.tiOn P1 of
the random variable X-and a sample yl,yz,“.,yn of observations from
the distribution P2 of'the random variable Y are in hand. The Sample
blocks and coverages can be used, as outlined in_ this chapter, to con-

struct discrimination procedures. For each ordered pair of integers

(rﬁ,‘n) it is desired to choose a discrimination procedure Am 0 in
.. i ’
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such a way that the sequencé (Am n) is consistent with A (clyce).

3

When the probability distributions are completely known, Example °

2.2 shows that the choices of the sets Al and A2 to construct A.(cl’CZ)

depend on

(a) the sign of a = 0-1;%- a;:lfﬂ-ﬂ

2 - &,
(b) ‘the value of x_= -£% 05:3 - /Agp',‘
° 7%=

(¢) the arbitrary levels «£(0,1) and P£(0,1).

The levels have been fixed. The sample means and variances 21,3?2,

si, and sg

and G}:?; respectively, aé m-»¢ and nse . Thus, the values of XO and

converge in probability to the parameters M, },, 0‘,'&;

A .
a have estimators J?O and a which converge in probability to these para-
meters as m%e and n» o,
Let m and n be atrbitrary but fixed positive integers. The sample

’ ' A
blocks and their coverages are formed as in Section 3.2. Suppose a » O.

Then take B, to be the interval (x x, . i.e. the interval de-
1 ( (rl)p (r2)] 7

termined by the r sb and r nd order statistics of the first sample sub-
L 2

Ject to the following conditions:

. A A . P
(e) the quantity ﬂ(x xo) - (xo - x(rl))] is a minimum.

(rg) -

That is, take B1. to be the union of the a, consecutive sample blocks

1

. A

for which |x + x - 2% is a minimum. If x, ¢ X ¢ X this
l (ry) - 7(ry) 05 ‘ (1)" "0 " “m)?

’ A
requires that (x(r )’X(r ] be the interval containing x for which

R
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A
the difference of the distances of the end-points from XO is a minimum.

Let B2 be the complement of an interval F2 = (y(r3) ,y(rhﬂ s Where §2
is a set of n - a, * 1 sample blocks and ¥y and y are 6rder
2 (r3) . (rh)

statistics which satisfy (e) for the sample Y po e e ey
The sets B1 and B2 can be used to construct a discrimination pro-

cedure as in (2); let this procedure be denoted by .4 . The sequence
. m,n

(Am

) of discrimination procedures will be shown to be consistent
s .

with 'A(cl,cz).

If a 7 0, the set A, defined in Theorem 2.1 (i) is an open in-

1

terval centered.at xo and having probability « under Plg let Al =

(xl,xz). Since P. is a univariate normal distribution, the set A1
is unique and chafacterized by the following properties:

(g) X, * %, = 2xo.

The set A2 is the complement of a closed interval centered at xo and
having probability 1 - B under P,; let A, = (-oo,yl) U (y2,0°).

This set is unique and A2 is characterized by properties similar to

(f) and (g).
From Definition 3.2, in order to show the required consistency,

it must be demonstrated that Pr'{A -

3

# A(cl,cz)} converges in pro=

bability under both P, and P Tt will suffice to show that the end-

1 2

points of A1 and B1 coincide and that the end-points of A2 and B2
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coincide. The former will be shown here, and the lattér follows in a
similar fashion.

Since B1 is a union of a, sample blocks, it has been shown that Pl(Bl)

" converges in probability to & as m-» o2,

Set e, =F (x )andu = Je (m+ 1) for j = 1,2, Nowel =e, - e

so that d(_m + l) = éz(m + 1) - el(m + 1). Therefore, u, = a + ul * w

for W =0 or 1, Also, x converges in probability to xj for j = 1,2.'

(ay)

‘A
Since xo converges in probability to xo, it can be shown that

A

+ 2x_ = ( ) - (% )
X x - 2x = (x -x.) - (%, - x
(u,) (ul), 0 (u,) Y 0 (9q)
converges in probability to zero. But from (e), -

0s Ex(r2> f x(rl) - 2&61 £ Ex(uz) + x<ﬁ1) - 2§Q }

. A
since u2 - ul converges to a1 as myes . Therefore, x(rz)'+ x(rl> - 2x

converges in probability to zero; or, equivalently, X2, + *r
. 2

1)
converges in probability to 2xo;
From the above discussion, the properties (f) and (g), and the

properties of a univariate normal distribution, it follows that x(r )
J

converges in probability to x for j = 1,2, as was to be shown;

(3)
Since a is a consistent estimator for a, the probability of error
from a difference in sign between 3 and a converges .in probability to

. ' . A
zero. Although throughout this discussion it was assumed that a > O,
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a similar result can be obtained when a < 0, If a =.0, proceed as
in Example 3.l. For this restricted model a .sequence of discrimination

procedures consistent with A(ci,c2) has been found.

Example 3.3: If no attempt is made to find a discrimination prqcedure
consistent with an optimal procedure, then procedures with some appeal
can still be constructed by the method suggested in this.chapter. This
is so, for instance, when differences of means are invoived;

The type of region used in this example is felt to have some appeal
for a class of unimodal, bivariate distributions which differ in means.

/

The data used to illustrate thése regions were drawn from two bivariate
{

normal distributions as foll&ws:

G 12
P2 N (0,0), s Pyt N (3,0), "
0 L . ‘ 2 9

Sample sizes were m = n = 81,

It was decided to make Ki and KQ eight-sided regions in the plane;
and the following sequence of ordering functions was chosen for
x =-(x1,x2) a general bivariate random variable: 1?1(§) = x2,

¥ (x) =x

o Ty - “Eps Wh(g_) = =x, ’?5(5) =x tx P o) -

X = Xy ‘f?(z) =X - X 2PS(J_C_) = -x *+x,. The sets 5., 5,5

defined by these functions and the drawn samples are skétched in

Figure 3.1l.
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Figure 3.1: A discrimination procedure of approximate size=(.l,.l1)

o

based on samples of size 81 drawn from two bivariate normal

distributions.

™

From the drawn samples, nineteen observations from the distribution

and fourteen observations from the distribution P2 are in the set S .
V)
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CHAPTEﬁ IV
SUMMARY
In Chapter I the discrimination problem for two probability distri=-
butions was introduced, and the problem was subdivided according to the

knowledge in hand concerning the distributions.

The subproblem in which both distributions are completely known was

considered in Chapter II. A discrimination model, in which the proba-

Bility of misclassification under each distribution is controlled at

a given level, was outlined. . Such control on the probabilities of mig~
classification made i£ necessary to include in the sample space a point
for reserving judgment, i.e. making no ciassification. The size of a
discrimination broceduré was defined in terms of the probabilities for
that procedure of misclassification under each diétribution. The overall
probability of no classification for a procedure was defined t§ be the
power for discrimination of that procedure. Among all discrimination
procedures of a given slize a procedure was sought which minimized this
probability, i.e. a procedure which was most powerful for discrimination
at the given level, If the ratio of the pfobability density functions
was a continuous random variable Which-was defined a.e.A , the diéc;imi-

nation problem under this model was solved in Theorem 2.1. Several

examples were given to illustrate the concepts of this theorem.

In Chapter III a nonparametric discrimination model was outlined
using the conceﬁts of size and power as definéd in Chapter II. A
method, based on the theory. of coﬁerages, for constructing discrimi-
natibﬁ procedures whose size appfoximates a given sizé for large m and

n was suggested, A definition of consistency for sequénces of discrimi=




A

nation procedure% was given and for restricted models a sequence of

procedures consiétent with an optimal procedure Was found. The problem

of finding such a sequence for the nonparametric problem is not determi-
nate. When no such sequence is sought, a type of region which has strong

appeal for un1moda1 distributions with different means was suggested.
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