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ABSTRACT

. The nested cube response surface design is defined and its
attributes described. Variance, bias and potential estimators are
evaluated for the nested cube design. The standard least-squares
estimator is examined for the quadratic and cubic models. Estimable
parameters in the cubic model are derived for the nested cube design
as well as a set of select designs. A minimum bias estimator is
examined where the true model is cubic and the fitted model is
quadratic. The nested cube design was the only design of the set
examined for which the estimator existed. Two measures of bias
efficiency are introduced and used to compare the nested cube design
to a set of selected designs. Variance efficiency is evaluated in
terms of A-, V-, and D-efficiencies. A calculation formula for the
determinant of the sum of squares matrix is derived for symetric
designs with zero odd moments. Profiles of the variance are shown
on selected vectors in the region of interest. :




1. INTRODUCTION

Response surface methodology is a collection-of statistical
and mathematical techniques used by researchers to aid in the study
of relations between quantitative, continuous variables. 'Appliéations-
usually involve some system in which a feature of the system is
influenced by one or more variables. This feature is terﬁed the
response. Examples of this are: (1) crop yield, (2) proportion of a
population responding to a stimulus, (3) textile strength, and
(4) proportion of end products meeting quality standards, Variables
that influence the response are termed input variables or'independent
variables. These are subject to control by the researcher. Exémples
of indepeﬁdent variables corresponding to the previously mentioned
responses are: (1) amounts of various fertilizers applied, (2) doses
of the stimulus, (3) types of weave or mixture of fiber.content, and
(4) temperature of reaction, method of cleaning or time to.cool. The
activities included in response surface methodology entail the design

of the experiment, development of the model and data anélysis.

1.1 Literature ﬁeview

The use and study of response surface methodology has gained
a high level of use siﬁce the Box and Wilson (1951) paper. Mead and
Pike (1975) examined 412 papers in fifteen journals in the hiological
sciences. One-fourth utilized response surface techniques.

The goal associated with many response surface studies is the




2
optimizatdbn-bf.the response; Thls goal was. behind many of the early
papers bf‘Box. Box and Wllson (1951) dlSCUSS the method of steepest
\Hascent in the search for an optlmum or near optlnum setting fer the
. 1ndependent varlables. Th1s.technique and’ other sequentlal techndques
‘have been.applied extensively in the f1elds of chemrstry and chemlcal
englneerlng,‘-‘ | ‘

” In‘the}sane paper, Box and:Wiison'leEl){introduced,the concept';
-of-a'composite design., This cenéept involved a balanced additidn of
experimental'ppints tp”the standard'factorial designs in order to
obtain desirahle-properties. Sdme'of‘the properties for which they -
strived are .rotatability, uniform*preciSipnland estimability of‘seédnd
ordervtermsa' Designsfare rotatahle When'the‘variance of an estfmate‘j
of the resppnse'is eqﬁai at-peintshof equal distance from:the'eenterj;

of thevsettingS'for the~independent variables. -Many of the designs
used tedai are cpmposite designs of one forn or another;
Box and Draper (1959) examlned the criteria for selectlng

a design. They demonstrate that dlfferent des1gns should be used
- fer drfferent'objectlves.' One'of the cr1ter1a that they,eonSider is .
.blas in estlmatlon due to f1tt1ng an 1nappropr1ate model Karson,
"Manson and Hader (1969) and Karson (1970) expanded on thls by f‘u'\
'.con51der1ng the alternatlve of u31ng the form of the estlmator'
rather than designiconstrnetion tb'miﬁimi@e&biaslfor designs_Satisfying

certain criteria..
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Beginning with Keifer (1959) the conéepts of optimal'aesigqé and
design efficiency have influenced statistical literature and practice. o
Some of the design critefia proposed are D-optimality, G—optimaliéy,
A-optimality, and V-optimality. D-optimality seeks to minimize I(X'X)—lr
or equivéleﬁtly seeks to maximize lX'X! where X is the design ﬁatrix._
defined explicitly in Chapter 2. G-optimality seeks to minimize the
maximum.variance of ﬁhe estimator in the region of interest. keifer
(1974) shows that when using standard least-squares estimétion‘a:_ o
design is G-optimal if and only if it is D-optimal tﬁué the two
criteria are equivalent. A;optimality Eonsiders minimizing the trace
of the variance-covariance matrix of the paraméters of the modei.
V-optimality considers the ihtegratéd varianée of the estimator and

seeks to minimize this quantity. Efficiency measures corresponding

to these have been developed and are used to compare designs;

1.2 Dissertation Objective

As Box and Draper (1959) demonstrated, the objective of an .
experiment is a determining factor in deciding which design is Eest
suited for an experimént. A particular,si;uation of ipterest was
agricultural field trials. Review of papers and interviews with
researchers in this field indicated that a quadratic polynomia; is
generally an adequate model. In some instances, however, higher Qrder

terms may be present. A design that has equal spacing and is easily .
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expanded to include another independent factor or reduced Whén a factor
is abandoned is more desirable than one without such features. The
deletion of a factor may result from a factpr being included initial-
ly when setting up the experiment, but eliminated during analysis
afte; deciding the information on that factor is nil.
Thus four qualities to consider in evaluating a design are:
1. precision of estimation in a speéified region of“interest;
2. ability to detect departure from quadratic modél and.
expand model if departure is detected;
3. equal spacing of factor levels;
4. number of factors can be expanded or reduced easily.
Initial work indicated that the nested cube design, to be
described in -detail in Chapter 2, has the four Qualities. The objec-
tive of the dissertation can be given in four parts:
.l. show that the nested cube design has qualitiés three and
four but that not all designs iﬁ'ﬁse do;
2. examine the estimability of quadratic and cubic models for
the nested cube design;
3. examine the variaﬂce struc£ure of estimates using the nested
cube design and compare it to other selected designs;
4. examine the bias resulting from usiﬁg a quadratic model when
the true model is cubic for the nested cube deéién and

compare it to other selected designs.




2. DESCRIPTION OF THE NESTED CUBE DESIGN

An experimental design may be defined as a specification '
of factp?s, a selection of 1evéls and combinations of levelé of
factors, and a determination of structuré and exteﬁt of replica-
tion. A response surface problem starts with the selection of
factors. If too many factors are-selected, the experimental runs
necessary to provide adequate information become too large. If
too few factqrs are selected, tﬁe researcher misses some poteﬁtially.
important agents influenciﬁg the response.

The combinations of levels of factors utilized for a sﬁecific
ekperimental unit or trial of‘the basic experiment is often called
an experiméptal setting or.design.point. In an experiment having
K factors, an experimental setting coﬁsists of a K-tuple such as
AY = (AI,AZ,...;AK) where Ai = level of factor i. The region of
interest to be considered is of .the form (yliél,...,yKiGK), théf
is,-a hyper-rectangular region.

Investigation of a design in terms of the original space
gives the impression that each design is unique. It is coﬁvenient
to standardize the analysis by transforming the experimeﬁtal seitings
and ‘the region of'interest to a unit hypercube. The fquired linear
Atransformation is:

X ='(Au—yu)/6u u=1,...K. (2.1)
The result is a transformed setting

X' = (xl"-":xK)s | (2-2)




where -1 < xi_i 1 for i= 1l,...,K. A specific example of this
transformation is given in the example later in the chapter.

Choice of an experimental design consists of selecting a
spééific set of K-tuples from the unit hypercube. The most ele-
mentary design in common use contains the set (#1,#1,...,x1). This
is called a 2K design. It allows for the fitting of polynomial models
" containing linear terms and cross prbducts for all variables. Addi-
tional experimental settings are necessary to fit Higher order:poly—

nomials or other more complicated models.

2.1 The.Nested Cube Design

A variate of the ﬁested cube design was used by Fuller (1969).
He used three half replicates of a 23 design at unequal distances .
from the origin plué center and star points. The levels were spaced
to make the linear and quadratic effects orthogonal.

Thé nesteé éube design in its basic form hés two full replicates
of a ZK design at distances % and 1 from the prigin, star points and
one or more center points. The K-tﬁp}es utilized aré:

1. Outer cube - coordinates (#1,+1,...,%1).

2. Inner cube - coordinates (i%,i%,...;t%).

3. Star points —>coordinates (¢1,0,...,0), (0,%*1,0,...,0), etc.

4. Center points - coordinates (0,0,..;,0).

The nested cube design ﬁay not always be used in its most ﬁasié form.

The numbér .of replications for each part will be
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designated by.nj, ny, ng and n, respectively.

It is easy to verify.;hat the nested cube design has.thé third
and fourth.qualitiés of a good design specified in chapter i. Qual-
ity three (equal'spaciﬁg) is seen to be satisfied by observiné that
within each factor the experimental settings lie at one of fi&e,lévels:
-1, %, 0, 4, 1. Quaiity four 1s checked by examining the ability to
retain structure‘when ad&ing or deleting a factor, |

To expand from K factors to K+1 factors, the K-dimensional cubés
are used for each of the two levels for the new factor (*1 for
the outer cube and #% for the inner cube). The star points in the
original design are used a£ the center of the new factor. Two new
points are added with zero levels for the original K factoré ané
+1 for the new factor. These procedures are illustrated in Table
2.1. Tabie 2.1 shows the experimental settings corresponding to

the outer cube and star points for between two and five independent

variables.

The delegion of a factor may 6ccur either before the experiment
begins or after the data have -been collected and'an analysis started.
If deletiop precedes experimentation, the number of design points can
be reduced by using the equivélenf design for one less faétor. 'If
the factor is deleted or abandoned in the analysis after the experi-
ment has been performed, the result is two replications‘of the cube

portions of the design and an addition of two center points when




TABLE 2.1 Outer Cube and Star Points for Nested Cube Design

for K = 2 to 5 Factors

Experimental Factors

X5

Xy

X3

.

X

-1
-1
-1
-1
-1
-1
-1
-1

0

0
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compared fo'the_basié nested cube design for K-1 factors. The star
points associated with fhe abandoned factor become the two centér
points for the'collaﬁsed design and star poiﬁts associated with the
remaining factérs stay as such,

An advantage of this design over some of the other designs is
that it retains the same form and factor levels when the number of
factors change. This ;s not true for the rotatable central composité
design. A rotatable central composite design contained within the.
unit hy?ércube locates star points on the faces of the cube and

K/4 (i.e., includes K-tuples of

includes a 2K-a design where o = 2~
the form (*o,*d,...,*d)). Thus if the number of factors is changed

it becomes necessary to change the factor levels.

2.2 Example
A current experiment being conducted by Vincent Haby pf the
Montana State University Plant and Soil ﬁepartﬁent is using the
ne;ted cube design. Use of the design reSﬁitgd from coopera#ive
efforts of Haby and Richard Lund of the Montana State Uﬁivefsity
'Statisticai.Laboratory. Aspects of the design were discussed at
the 1977 and 1978 Soils Conference hela at Montana State University.
The experiment édnsiders &ield of winter wheat to applications
of potassium, phosphorous and nitrogen fertiiizers, fhere are three

factors and an experimental setting would be an ordered triplet such
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as (A1,A5,A3) where:

1. A1 = level of potassium fertilizer,

N
>
N
|

= level of phosphorous fertilizer,
3. A3 = level of nitrogen fertilizér.
Thg researcher wants to measure yield associated with application of:
1. potassium from 0 to 96 pounds per acre, A
2. phosphorous from O to 40 pounds per acre,
3. nitrogen from 0O fo 100 pounds per acre.
The transformation constants are y; = 48, y, = 20, y3 =50, &§; = 48;
§, = 20 and 83 = 50. After applying tﬁe transformation, each of

the factors has -1 to 1 as the range of interest.




3. THE MODEL AND ITS ESTIMATION

The problem of estimation can be discussed only after a suitable
model to explain the expected response as a function of experimeﬁtal

settings has been chosen. As was noted in Chapter 1, a polynomial

model will be considered. The linear model is bypassed because there
exist simpler designs that provide adequate information with consid-

erably fewer design points. ' Treatment will be restricted to quadratic:
and cubic models.

The appropriate model can be represented By:

K K K .
ny(X) = By +i£lxiﬁi+iil j;ixiijij ,OT (3.1)
K K K K K K
nz(x) = Bp +iilxisi ;=§ j;ixixjsij fiil jgi kgjxixjxksijk" (3:2)

The vector X containing the experimental settings is defined in (2.2)

by: X' = (xpaeex). (3.3)

If the vectors Bj, By, X and X, are defined by:

1 .
Bl = (80,81’...,BK,Bll,.'.,BKK’Blz,'."BKVl,K) . ’ (3.4)

1

32 = (Bllls-OO,BKKK36122s°'-981KKa-'-’81233"'36K_2’K_1’K) (3-5)

Xy = (1,x1,...,xK,x§,...,xé,xlxz,...,xK_lxK) (3.6)

- 3 3 2 : 2
Xo ,(Xl""’XK’X1X2’°"’XKXK—l’x1x2x3""’XK—Z,K—l,K) (3.7
Note that B is used both as an element and a vector.

The two models may be written as:
. .
n1(X) = X183 (3.1a)

\l

' .
nz(X) = X1B; + X2Bo - (3.2a)
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-The vectors X3 and 31 have d1men51on: ‘
L opy = 1+m+()" (3.8
_and the vectors Xz and Bo: have dimension ‘
po = K+ 20§ ) RO (3.9
Observed data can'be_expressed as | .
y(Xx) = ny (x) +-s : S (3.10)
where n (x) is the approprlate model for expected response and ¢ 1s a

2

‘random variable w1th mean zero and variance o<, One uses the observed

values of y to construét estimates of theé parameter vector.

The ‘vectors B, By, X; and Xp for K = 3 are as folIlows:.

B1 = (80,61,62,83,811,822,833,612,813,823) - (3.4a)
L ' .
By = (8111,6222,3333,8122,8133,6211,8233,8311,8322,6123) (3.5a)
xl = (1, xl,xz,xg, 1,X§,X§,X1X2,X1X3,X2X3) . (3.6a)
Ty L . . _ X
Xy = (x3,x3,x3,x x%,%x x2,x x?,x x%,x x2,%x x2,x x x ) (3.7a)
1 273 1277178 7 2717273737173 27 1T g '

The values of p) and pj are both gen for K = 3.

Responses are‘measured at each of N experimental settiegs.

Define the matrix Xl (N, x pl) and X, (N x pz) as:

Xy ((X1)) (3.11)

Xo = ((x)). - - (3.12)
'That.is, the rows of X; and X, are the N vectors X; and X, for the
various experimeﬁtal settingsﬂ The vector of observed values Y (N x 1)

" can be represented as:




13

Y= X8 +e,or - o (3.13)

e

Y = Xlsl + X282’ + e ! : (3.14)
depending on whether the- true model is given by (3.la) 6r (3.2a). The
vector € is assumed to be a vector of independent, identically

distributed random variables with mean zero and variance o2.

3.1 Estimating the Quadratic Model"

If n; represents the appropriate model, the standard least-
squares estimator will provide a minimum variance, unb;aéed estimate
of the parameter vectgr Bi. The standard least-squares estimator,

' ~ ' ;1 L : X
B = (X1X1) "X;¥ (3.15)
. '
can be used provided the matrix X;X; is nomsingular.

In order to study conditions under which the matrix is nonsin-
gular, certain ﬁotafion is needed. The momehfs for independent
variables.(design moments) are defined by:

C lidke..m] = : xiugguxgu...xgu. . (3.16) -
u=1 .

The designs that are commonly used and those that are considered’

herein have the pfqperfies of symmeﬁry and zero odd moments. That is:
[ijk...] =0 dif i, j, k or ..., is odd; and (3.17)
[ijk...] = [ikj...]-= [any permutation of powers]. (3.18)

When considering at most a cubic ‘model, the non—zefo design moments

are equivalent in value to the moments: (1) [200...0], (2) "'[400...0}],

(3) [220...0], (4) [600...0], (5) [420...0], and (6) [2220...0]. To
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"simplify notation, only the first three values will be given when there

are three or more values and the non-zZero exponents will be written
first. .That is: [0200] or [0002] become [200] and [42000] or [20400]
become [420]. This simplification is possible because each moment of
interest is equal to one of the six moments listed and at ﬁost three
exponents are non—-zero.

fhe form of Xle is displayed in Figure 3.1 using this notation.
It can be seen that the conditioné for XiXi to be nonsingular are:

1.- [200] # 0,

2. [220] # 0 , and

3. the matrix | N [200]-3"

[200]-3 [400]-I + [220]-(J-I)| (K+1 # K+1)
be nonsingular.

Conditions one énd two are satisfied for most experimental designs.
Condition three is satisfied when the design moments involved‘satisfy
certain res;rictions. Roy and Sarhan (1956) determine the inverse of
a matrix of this type and Graybill (1969) gives a technique for
invertiné a family of matrices including this one. Using either the
results- of Roy and Sarhan or Graybili gi&es the following restrictions
on the méments in order for the inverse'to éxiét:

1. N> 0

2. [400] # [220] , (3.19) -

3. N([400]-[220]) + (R-1)(N+[220]-[200]2) # O ,
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1§ 0 [200]°5" 0 |
X;X; = K {0 [200]-I 0 0

K [200]-] 0 [400]-T + [220](J-TI) 0

(1o 0 0 [220]-1]
t
Figure 3.1 X;X; for Symmetric Designs with Zero 0dd Moments

The first restriction in (3.19) is satisfied for any experimentai
design. Restrictions two ‘and three are'charactefizations éf a second
order design. Restriction two is satisfied by inclusion of star
points. When the number of replications of the four parts of the
design are designated by nj, ny, nz and n, as in Chapter 2, the

quantity in restriction 3 is for the nested cube design:

21’13‘[ (1’1 1'!"112) 2K+2Kn 3+1'l1+ }+ (K"l) {n1n2 (22K‘1+22K—4)+n1n3 (K2K+1*2K+2)+

n1n42K+n2n3(K2K_3—2K)+n2n42K—4—4n%} (3.20)
which is non-zero for any reasonable choice of n;, nz, nj énd ny.
In particular, if all are one, the quantity equals:

22 a1y +(r-1) (275 Lo B g (K3 10R 0K 4} (3.21)
This is 149 for K = 3. |

Thus, if the true model is given by (3.la), it is possible to

use the standard least-squares estimatof which is minimum wvariance
unbiased. g

The case in which (3.2a) represents the true model is now

considered. As can be seen.in Table 3.1, the number of parameters
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in the cubic model (ny) increases much more‘rapidiy with increasing
k than the numﬁer of parameters iﬁ the quadratic model (nj). For
this reason it is preferable to use the quadratic model when it is
adequate. A lafge number of parameters requires a large number of

experimental settings.

Table 3.1 Number of Parameters in Models niy and n»

quel
K m Ny
1 3 4
2 10
3 10 20
4 15 35
5 21 56
6 28 84

The nested cube design is such that not all of the pafameters
in the full cubic model (n,) are estimable. Thus, if n, is the true
model, there are three alternatives:

1. estimate as many parameters as possible in no and accept

some bias introduced by the confounding of parameters,

2. use model n; and accept the bias introduced by omission of

cubic terms, or

3. use model n; and minimize the bi;s by use of an appropriate

estimator.
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The three alternatives-will be examined in their order of occurence.

3.2 Estimating the Cubic Model

In order to consider élterﬁative numbetr one, the linear
combinatiops of parameters that are estimable need to be determined.
Theorem 3.1 gives a list of these combinations.

Theorem 3.1: For'thé nesfed cube design, the following

parameters and linear combinations of parameters are

estimable:
1. Bi .1 =0,1,...,K
2. Biy A= 1,..00K j = i,...,K
3. Biii i=1,...,K
4.'Bijkifjaék#i
5. ,i,Bijj is= 1,...?K (Summation is over j)
J#i

Proof of Theorem 3.1:

Let X = [X; X,]
then for symmétric designs with zero odd moments, such as the cube
square design, figufe 3.2 shows the form of X'X. If the order of
the terms ‘is rearranged so as to group the first and'thif& order te;ms‘
together and the second order terms with the mean, the rank and
generalized inverse of X'X can be recognized more easily. The new

order will be:




1. N : 0 [200]-3" 0 0 0 . 0

4 0 [200]-I 0 0 [400]-1‘ [220]-3"=I 0
R | [200]-] 0 [400]-T + 0 0 0 0
[220]°(J-I)
X'X = (%)_ 0 0 0 [220]°I 0 0 0
K | o [400]-I 0 0 [600]-1 [420]-j'sl 0
2(5) 0 [220]-5aI 0 0  [420]-jml {[420]°1 + 0
[222]+(J-1) }uI
- .
(3) | O 0 0 0 0 0 [222]-1 | ®

Figure 3.2 General Form of X'X
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12
12
12
12
12
12

10.5

10.5
8.5
8.5
8.5
8.5
" 8.5
8.5

T12 .12 .12

10.5
' 10.5
. 10.5
10.5 8.5 8.5
8.5 10.5 8.5
“8.5 8.5 10.5
' 8.5
8.5
8.5
10.125
10.125
100125
8.125
.8.125
8.125
8.125
8.125
8.125 -

8.5 8.5
8.5 .8.5
8.5, 8.5

8.125 8.125
8.125 8.125
8.125 8.125
8.125 8.125
8.125 8.125
' 8.125 8.125
8.125 8.125
8.125 8.125
8.125 8.125

" Figure 3.2a . X'X for Nested Cube Design K = 3 nj= mp= nz= ny= 1

8.125

61
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X = (%,xz,...,xéfxlxz,...,gK_lxK,xl

3 2 2 '
.xz’xz GO ES @ oS R S -2 1

*

,x3,k X2, ... ,X X
1 12 1

(3.22)

. ! F AN .
The matrix X becomes X when using this order and X X is shown in

. % I
figure 3.3. X X for K = 3 can be denoted as:

[ i
A11

X*ix* : Asg

A LY

(3.23)

A1 was shown earlier to be non-singular. Ay, and Agg are diagonal

matrices and of full rank. Next observe that A3z = Ay, = Ags. Thus

®Y % L )
the rank of X X and consequently of X X will be determined by the

rank of Azz. This can be generalized for K > 3 by noting the following:

. 1. Aj; of order and rank K+l is associated with the mean and

pure second order terms,

2. *A,, of order and rank (g) is asgociated with the linear by

linear interaction terms,

3. Aii for i = 3,...,K+2 are of order K+l and associated with

* ! 3 2 -
segments of X that contain (Xi’xi’xixj)’ and
j#i
K ; . T
4. AK+3,K+3 of rank and order (3) %s assoc1at§d w1t§ Fhe linear

by linear by linear interactions,

The matrix AK+3 k43 has no elements for K = 2 since there can be no
. , .
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[200]-3 "

[200]+§ [400]-I +

[220](J-1)

0

0

[220]-I

12001

[400]

L

0.

[400]

[600]

[220]-3"

[420]-3"

11220]+3 [420];j'[420]'I +

[222](J-1)

' ' %
Figure 3.3 General Form of X X

"l

[222]-1

TZ




*

*

12 10.5 8.5 8.5

©10.5 10.125 8.125 8.125

8.5 8.125 8.125 8.125
8.5 8.125 8.125 8.125

8.125

23 12 12 12
12 10.5 8.5 8.5
12 8.5 10.5 8.5
12 8.5 8.5 10.5
' 8.5
8.5 .
8.5
12 10.5 8.5 8.5
"10.5 10.125 8.125 8.125
8.5 8:125 8.125 8.125
8.5 8.125 8.125 8.125
12 10.5 8.5 8.5
10.5 10,125 8.125 8.125
8.5 8.125 8.125 8.125
8.5 8.125 8.125 8.125
i
|
Figure 3.3a X*'X* for Nested Cube Design K= 3 n;= no=nz=n,=1

[
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three factor interactions.
The form of Az and hence Aii’ i=3,...,K+2, is:
| 1 [T200] [400] [220]<3"
Agz = 1 |[400] : [600]  [420]-3" (3.24)

K-1 |[220]-5 [420]<3 [420]-1 +
‘ [222]+(J-T) |

For the nested cube design.[222] = [420] and thus the last K—i rows of
the matrix Aé3 are identical. Consequently the rank of Aj3 cannot
exceed the dimension of A33 (K%l) minus K~2 for the duplicate rows.
This gives rank(A33) < 3. To show that rank(Ag3) = 3, it is sufficient
to show that the leading principal minor of order three is nonsingular.
.For K = 3 and one replicafion of each part of the design (ny= np= h3¥
n,=1), the determinant of the three by thrée leading principal minor

is eighteen and it can be shown that for any reasonable number of
replications of the four parts (all n, > 1) will result in a ﬁositivé
determinant. Thus, rank (Az3) = 3.

From this, it is seen that for K > 3, the matrix X'x islnot of full
rank. For K = 2, the matrix X'X is nonsingular. To find what linear
combinations of the.parameters are estimable, a generalized inverse of
X'X.is sought. To do this we find a generalized inverse of X*'X*
then rearrange to get thg generalized inverse of X'X. For K = 3 the
form of the generalized inverse is shown in (3.25). The form includes

AE%, AE% and Ag% since each is of full rank. It is only necessary to




find one generalized inverse because Ag3 = Ay, = Ass.
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-1
-
A1y

-1
Azp

x' ok o A -
(X X ) = ‘ A33

ALy,

Ass

-1
Ass ]

- (3.25)

This is found using the method described by Searle (1971) which involves

finding the ihverse of the leading principal minor of order three and

filling the remainder of the matrix with zeroes.

Either the matrix H = (X'X)” X'X or H* = (X* Xx*)™ X

examined to

*' %
X is

find the estimable linear combinations of the parameters.-.

ALl linear combinations q'B that are estimable are such that q'H = q' or

1 % *x !
qg H =g

Pl

X is the rearrangement of X .

From .(3.23) and (3.25) it is seen that:

Tee1 -

is the rearrangement of Q in the same manner as -

(3.26)

The form of A33A33 for the nested cube design is shown in (3,27).




1 [To o
A3shzs-= 1 [0 1 T R P
' 1 oo 1 | :
K-2 (0 0 0 _|R+1 x K+l

¢

Using (3.26) and (3.27) the results of Theorem 3.1 follow';ﬁmeaiaﬁély"
completing  the proof.: |

‘Thegrgm 3.1 indicates confounding will dccur when atﬁéﬁptiﬁg to
estimate-ali‘coefficiéntg in.phe cubic model (nz). ‘It,is PpSsible to
egtimate-si..= jiisijj bﬁt not.the ind?&idual Bijg‘s'.
3.3 -Use of Quadratic Model when True Model is Cubic

Alternatives two and three involve using a quadratic model to

estimate the cubic surface. Bias in the estimate results if the true

model is
Y = Xi8) + Xo By + € . - (3.28)
and the used model is .
.Y = lel + @. . | " . (3.29) '
" The resultiﬁg'eétimafe‘ié l A ‘ .
' eV -1 . : o
Y(X) = xl(XIXI)' XIY . A o o N '(3..30‘)

A choice exists between (1) using an unbiased minimum variance
. estimator for the used quadratic model and (2) using,an‘est;matdr.that
"is unbiased for the used model, minimum biaé under the. true model . (for

3
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- linear estimators based on the used model) but with a slightly larger
variance.

The minimum variance estimator is the standard least-squares
estimator for the model used. The contribution of the bias to the
integfated mean square error was derived by Box and Draper (1959) and
Karson, Manson éﬁd Hader (1969) and is given by: ‘

B= (N 25/02) f...§ (B(Y(X)) - n(x))2dx (3.3D)
R .

A further discussion of bias is given in-Chapter 4.

3.4 Minimum Bias Estimator

Karson, Manson and Hader (1969) introduced the concept of
minimizing the bias of an estimate by use of the estiﬁator rather than
the design. The Qescription of the estiﬁator and its properties
requires certain notation which will be developed using symbols
gimiliar to Karson, Manson and Hader.

The moment matrices of a uniform design over the region of

interest are defined as:

X Qo
wll = 2 K 5.£{.S X;Xl dx : (3.32)
. _K . '
Wioo= 2 S...J'X]_Xz dx © (3.33)
R .
X t .
Woo = 2 S...j' XoXp dX (3.34)
R

Figure 3.4 shows the three matrices for K=3,

The linear estimator that will minimize the bias contribution
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[1/3
1/3°

1/5
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0 0 0 0
1/3 0 0 0 0 0 0 0
0 1/3 0 0 0 0 0 O
0 0130 0 0 0 0
6 0 0 1/51/91/9 0 0
0 0 0 1/91/51/9. 0 0
0 0 0 1/91/91/5 0 0
6 0 0 0 0 0 1/9 0
0.0 0 0 0 O 0 1/9
0 0 0 0 0 0 0 0
0O 0 0 0 0 0 0 O.
0 0 1/91/9 0 0 0 O
/5 0 0 0 1/91/9 0 0
‘0 1/5 0 0 0 0 1/91/9
0 0 0 0 0 0 0 O
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 o0
© 0 0 0 0 0 0 0
0 0 0 0 0 o0 0 0
6 0 0 0 0 0 0 O

0 ©0 1/151/15 0 0
/7 0 0 0. 1/15 1/15

o 7 0 0- 0 0

0 0 1/151/27-0 0

0 0 1/271/15 0 O
/15 0 0 0 1/15 1/27
/15 0 0 0 1/27 1/15

0 1/15 0 0 0 0

0 '1/15 0 0. 0 0

0 0 0 .0

@ 0

0
0
0
0
0
0
0
0
0
1/9]
o1
0
0
0
0
0
0
0
0
O__
0 0
0 0
1/15 1/15
0 0
0 0
0 -0
0 0
1/15 1/27
1/27 1/15
0 0

- Figure 3.4 Wyp, Wy, and Wyy for'K =3

1/27]

"
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to integrated mean square error uses:

B=TY ) | ©(3.35)

where T is such that: | o
T'% = A : "(3;.36'):‘

where A is defined by: . )
‘ A= (I W;iwlz) (3.37)

A matrix T' exists if and only if AB is estimable. A'is not design
depéndeﬁt. The general form of A and an examfle for K = 3 are shown
in figure 3.5.
Theorem 3.2: A8 is estimablg for the nested cube design;
Proof of Theorem 3.2:
From Figure 3.5 it is seen that the following linéar combinations

of parameters need be estimable:

1. B
2. B, + .6 ... +1/318,.. = 1,...,K
i iii i ijj
3. 8 i=1,...,k j>i (3.38)

ij
But theorem 3.1 indicates these are estimable, completing the proof.
| The matrix T' is not unique and thus there exists an entiré
family of estima;ors. Karson, Manson and Hader show that the m;tfix
T' within this family provides the estimate with minimummvatiance‘whep:

T o= AX X)X - (3.39)

which gives:

N | .
Var (Y(0) = o2 x37 T % . (3.40)
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1 {100 "0 0 0
A= K |0OTO0 .61I1/3.j'wIL 0
K+(§). 001 0 0 o0 |
= —
1 .6 1/3 1/3
1 .6 1/3 1/3.
1 .6 o 1/3 1/3 0
A= 1 |
1
1
1
1
B > 1 _

Figure 3.5 General Form of A and Example when K = 3

Theorem 3.2 verifies that it is possible to use this type of

estimator with the nested cube design, 1In order to compare the nested

cube design to other designs, it is necessary to determine for which

designs the minimum bias estimator exists,

Theorem 3.3: For symmetric experimental designs with zero

odd moments, AB is estimable if the following conditions hold:
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1. [220] # 0
2. N>O
3. [400] # [220]
4. N([440]-[220]) + (X~1)(N[220]-[2201%) # O
5. [200][600]{(X~2)[222]+[420]}+2(K-1)[220][400][420]-(R~1)[420]?
[200]- (K-1) [600] [ 220]2- [400]2{ (K-2) [222]+[420]} # 0
6. and either [420]=[222] or [400][420] #,[600][220] (3.41)
Proof of Thebrem_3.3:
~ In order for AB to be estimable, the linear combinaﬁions of
parameters shown in (3.38) must be estimable. For parts one and three
of (3.38) Ay} and Ays of (3.23) must be nonsingular. Condition one
. of Theorem 3.3 is a necessary and sufficient condition for Ay, to be.
nonsingular bgéause Ap, = diagonal([220]). Conditions two, three and
four are the same as those of (3.19) which were shown to be necessary
and sufficient for_All to Be nonsingular. '
Part two of (3.38) is Bi + .6Bi;i + l/B'SiBijj. Sufficient
conditions for this to be estimable are examinid in two cases:
1. [222] = [420]
2. [222] # [420]
Define H§3 by:
Hys = A3afs3 | O (3.42)
The rows of‘Hga will re@resent a basis for the linear combinations of

(Bi’Biii’Bijj) that are estimable.

j#i
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Case 1 ([420] = [222]):
If condition five of Theorem 3.3 holds then A3j is of rank
three and Hgg has the form shown in (3;27). This shows that,si’aiii

and ¥ B8... are estimable and thus B, + .6B8,... + 1/3 ¢ B..., is also.
44 ijj i "iidi 341 iij

Case 2 ([420] # [222]):

If condition five and part two of condition six hold, Azj is
nonsingular and all parameters are estimable. If all parameters are
estimable, the desired linear combination is also estimabie. fhis
completes the proof of Theorem 3.3.

Theorem 3.3 gives sufficient conditions for the estimabilit§ of
AB. 1In order to prove that a design may not estimate AB, it is
necessary to examine H = (X'X)—X'X. Ten frequently used, standard
designs were chosen for comparison with the nested cube design.

The designs are:

. 1. Factorial with three levels (3K),
2. TFactorial with two levels plus star points plus center (KS),
3. Factorial with two levels plus two star points plus.
center (KS+),

4. TFactorial with two levels replicated twice plus star points

plus center (X+8),

5. TFactorial with two levels plus edge points plus center (KE),

6. Factorial with two levels plus two edge points plus

center (KE+),




32

7. TFactorial with fwo levels replicated twice plus edge poinfs
plus center (K+E),

8. Rotatable central composite (RC),

9. 'Rotatable central composite ﬁith two star points (RC+),

10. Rotatable icosahedron (RI).

* _
"H3g for these designs is shown in Appendix B. A summary of the results .

is given in iable 3.2. Appendix A provides a description of each of
the designs. |

Table 3.2 shows that AR is estiﬁable only for the nested cube
design among the designs considered. It should be noted that the
designs that include edge points (3K, KE, KE+ and K+E) have most of

the parameters estimable but not the proﬁer linear combination of

By and By,y-
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Table 3.2 Estimable Linear Combinations of (Bi,B’ .»B. )

133
. l#J

for Selected Designs

Design - AR Estimable Estimable Combinations
NC Tes . Bio Byigo JiiBlJJ
NC+ Yes Bi’ Biii’ z. B i35,
: j#i i
3K No BytBiii0 Bijy. J#
XS No BH+B.i.s I B
i "idii [ ijj
KS+ No SMUTER jiigijj
RS No BitBii4> jiisijj
KE+ No BiTBia40 Bigs o
K+E No Bi+Biii’ Bijj 3#i
RC "No 8. +a1 b s > B.ystb] T B . ®
‘ E R
RC+ No B*ap I By s Byygtbo T B
iid
jhg M3 LT, T
RI N B.+a 4B +a,8 B, ..+ o
(o] B.Ta e e a PRPEE . e TC
1 3 1_']1_]1 ,‘+ ’

ijpjp” i

See Appendix B for values of aj, a,, ag, ay, by, by and c.




4. BIAS AND BIAS COMPARISONS

. When a polynomial model éan degree less than the degree of'tﬁg
true model is used, bias in estimation of n(x)'will 6ccur; The émoﬁnt'
of bias can be reduced by selection of design and/or eétima;orl In
Chapter 3 it was shown that of the designs examined only the nested
cube design was able to use the minimum bias estimator; The efficiency
in terms of bias will be compared for thé designs examined iﬁ ordér to

. determine if choice of design or choice of estimator is preferred.

It is necessary to have a method of comparing bias for two de-

signs or two estimators. If the true model.and values of the parameters

are known, it is an easy task to derive the expected bias. But~of
course, there would be no point in estimation. The more common
situation is when the parametgrs and sometimes even the model aré
unknown. If no aésumption'¢an be made concerning the model' then it
is not‘péssible to compare the bias because the bias can not be..
derived.- However, if a mo@el,can be assumed; then the.’bias éan be
derived in term; of ﬁhe unknown parameters.

" Box and Draper (1959) show that the contribution‘of the bias
to tﬁe integrated mean square error is as given in (3.31). Karson,
Mansoﬁ and Hadér (1969) show that the minimum bias attainable by. 
eitﬁef the use of estimator or the choice of design is:

B .= (N/02) By(Haz - HioWiTH12)E, (4.1)

where By, Wii, Wio and Wys are defined in Chapter 3. If standard

least-squares estimation is used, Karson, Manson and Hader show that:
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B = (4/02) B3lHyy — Kok CLXD Mrp - Hyp(Xiky) XiX
+ X;X1(X;X1) 1W11(X1X1) lxixz}Bz C (4.2)
Two methodé for comparing these biases will be considered. The
first involves considering an average over gll vectors Bo having the
same norm. That is, B# is defined by:
s - §---¢ BdBy / (...f dBy | (4.3)

’

B2Bo= BaBa=t
and relative sizes of B#‘are compared. The second involves considering
a subjectively chosen set of B,'s and comparing B for each of the

vectors. Bs.

4.1 Bias Efficiency for Averaged B,:
The evaluation of B# is made easier by the following theorem.
Theorem 4.1: TFor any real, symmetric matrix C;

5...S a'Ca dao / 5...5,dd = £ trace C
ata=t’ ata=t ro

where oo is n x 1 and C is n x n.
Proof of Theorem 4.1:

f...f a'Co do = j...j tr(o'Ca) do
a'o=t o o=t

= {...g tr(Coa') dao

o o=t

= tr{C-f...S ao' dal}’
o'a=t

If a'= (al,...,un), the ijth element of oo' is uiaj. Searle (1976)
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Li{12(')(1)(1) X1Xo + XoXy (X1Xy)
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shows that:

§ § o oy do = 0 i'¢ j:#‘
o'est o ,
= 22 @r@) at - is
and . |
f..of do = a2 p @) ae
a'oa=t
From this it is seen that: )
S,.LS'@'C& do / 5.1.5 do = tf{C-diégoﬁal(ﬂn/ztn/2 / (nT'(n/2)) dt)} /
. a'a=t . 'a'q?t ) '
(ﬂn/ztn/2~1./ r(g) dt
=3tr{C‘diagona1t§)} '
=t (£ 0
_ n
='£-tr(C)

This completes the proof of Theorem 4.1.
Theorem 4.1 is used in.the calculation of B# of t4.4). "The
’ D N o ' 1 o f :
theorem is applied using o = B, and C = Wps ‘;XzXl(XlXi)lgw1z'f_"
l : "';'1| ‘
Wy (X3Xy)  XiXo.

It_ié possiblé to derive the form of the métrixlc in terms of
the design-méﬁents under mild regularity conditions'ﬁhen:thé\true moael
is a cubic polyﬁomialtand the used model ié a quadratié,model. Thé
coﬁaitioné.aré: .(l) odd’design momeﬁts zero; 2) deéign mqménts.

Co ' ' , : S o
symmetric -and, (3) X;X; of full rank. These conditions are met
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for all of.the designs under conéideratién. Conaition one can be
.relaxed. but the general form of the matri# C becomes much more com=
licated.' When the condifidhs are satisfied, the form'ist

- asI bej'mI 0

C = |b-jaml {c*I + d*(J-I)}al O

0 0 | eI | (4.4)
‘where: | " |
a = ([4001/{2001)" /3 - 2+[400]/(5-[2001) + 1/7
b = [400]-[220]/(3-[20012) - [2201/(5-[200]) - [400]/(9-t2001) + 1/5
¢ = ([2201/2001) /3 ~ 2-[2201/(9+[200]) + 1/15 '
d = (j220]/[zoo])2/3 - 2-[220]/(9-[200]) + 1/27
e = 1/27 | h

Trace C for the nested cube design is found to be:

Tr(C) = Kea + 2-(%)-c + (%)-e i (4.5)

The smallest bias obtainable for either design construction or

estimator choice is:

# Nt y -1 . ‘
Bnin” (Ozpz) tr(Woy - WioliiWin) ' | (4.6)
which when evaluated givesf
# _ Nt . . ‘K X I_( l
Brin™ GGZpy) t(4K/175 + 8(3) /135 + (3)/27) 4.7

As an example this is .283386(Nt/02p2) for K = 3. . Values 6f B# for

# ., in Table 4il.

the selected designs are compared with B'ml
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Table 4.1 Bias Efficiency for Selected Designs

for X = 2,...,7

Bﬁin/ B#

Désign . K = 2 3 4 5 6 7

NC, w495 | 443 408 .399 406 . 420 -
NCH .568 546 (473 434 424 439
3K . .207 .213 230 .250 - .271 - .291 .
K8 . .367 .322 291 . .183 - .288 :300. -
KS+ .456 426 .354 .317 .306.  .309
k+S .294 .267 .260 266 © .279  .295
RE .367 - %358  .354 .  .358 .366 ;376
KE+ 456, 426 .396 .385 385 . .391
R¥E . L2964 300 312 .326 342 357

RC . .842  .898 - .827 757 U709 . .682

" RC+ - .273 639 . .900 . .901 . .823  .759 -
RT . .828 | 3 '

To illustrate the enfries, B# for the nested cube design with K=3

is -.519095 (Nt/o2p,) which gives 8" /B# = .443. This means that the
, . 2 min

minimum bias attainabie for a design with the same sample éize as -

the nested cube design is .443 times the bias actually attained. Thus

" the entries are a measure of bias efficiency of the design—estimatér

combination. The measure has eliminated the influence of the'sample

sizes for the different designs. The generalforﬁ of the entries ‘in ‘

‘Table 4.1 is given by:

—




39
Bﬁin/B# - {4K/175 + 4K(K-1)/135 +'(§)/27} /'{K(Rlz/g'— 2R;/5 + 1/7) +

R(K-1) (Rp2/3 - 2R,/9 + 1/15) + (5)/27} " (4.8)

* where Rl = [400]/[200] and R2 = [220]1/[200]. It will be noted

that Bﬁin/B# < 1.

Two'important comparisons can be made using Tablehé.l; (1) least
squafes estimation versus minimum bias estimation and (2) one‘desigh
versus another design. The first comparison is useful mainly for

the nested cube design because with it the minimum bias estimator may

‘be used. In making comparisons of the second type, it.should be

noted that there is no adjustment for sample size. An illustrastion
of the second type of comparison is:

#

1. NC for K = 4 has B# /B" = ,408

min

# .354

2. KS+ for K = 4 has B#. /B
i ‘min
This means that the nested cube has a smaller bias than the KS+

desigh. In this case both designs contain twenty-three experimental

settings and so no adjustmeht is. nequSéry;

4.2 Bias Efficiency for Select By's

If prior information concerning the relative importénce of
the cohponénts of B, is a&ailable, use of it in the bias comparison
would improve the results. This is the basis fo£ a second set of
comparisoﬁs of the.ﬁias among the selected set of designs.: |

The components of the vector B, are the unknown parameters
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for the gmitted part of the model. These are the cubic terms in a
polynomial in the case being studied. The matrix C of (4.4) makes
evident two possible subdivisions of the parameters:

1. groups are:

a. pure cubic

b. quadratic by linear interactions

c. linear by lineaf by linear interactions.
2. groups are:

a. (B,..» B,..)

iii iij
J#i
b. (Bijk) itifk #4d
in some ‘situations the'relgtive sizes of pgtameters within these
.groups may be the same.while different relative sizes for the para-
' meters in different groups. Other situations will resuit in each
parémeter being considered separately. Tén B, vectors were subjec-
tively chosen and normalized’(B;BZ = 1) in order to illustrate
comparisons of this type when K = 3. The B, vectors were-normalized
to allow comparisons between vectors as well a between designs.
Table 4.2 contains the 87 vectors before normalizihg and Table 4.3
contains Eb = Bmin/B where Bmin is the smallest-attainable bias‘for
thé B, vector being examined.

Some observations may be made concerning the entries in Table

4.3. First and perhaps most important is that none of .the selected
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‘Table 4.2 Selected B, Vectors for Bias Comparisons

for K= 3

i
B2 Bi11 B222 B333 Bi22 Bi3zz B211 B2zz B3z11 Bs2z B2z

Ba 1 11 .1 1 1 1 1 1 1

BZ 1 1 1 0 0 0 0 0 0 0
82 0 0 0 1 1 0 0 0 0 0
B; 1 0 0o -1 -1 0 0 0 0 0
32 1 0 0 0 0 -1 0o -1 0 0
82. 1 0 0 -.5 -.5 0 0 0 0 0
BZ 1 0 0 -.3 -.3 0 0 0 0 0
82. 1 0 0 0 0 -.3 0 -.3 0 0
BZ 1 1 1 -.3 -.3 -.3 -.3 -3 -.3 0
B;O 3 3 3 -1 -1 -1 -1 -1 -1 0

designs is best for every situation. The rotatable designs are best
among the selected designs for several selected Byo's but are among

the poorest for other By's.

4.3 Optimum Designs for Fixed B, and Bj's for which a Fixed
Design is Efficient
In order to consider the circumstances that lead to high bias
effiéiency'for the nested cube design,’the bias component of thé

integrated mean square error will be written as:
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oK K , 2 K .
B=2 {.z B7;;(Ry/3 - 2R1/5 + 1/7) +'§ Biii.Z.Bijj(Rle/B -.Ry/9 -
i=1 i=1 TTTi#L :
. K 2 2
Ry/5 + 1/15) + £ % B,..(Rp/3 = 2Rp/9 +'1/15) +
s s ijj
i=1 j#i
K - : -
I & I B,..B...(Ra/3 - 2Ry/9 + 1/27) +
i=1 j#i kfi,j 91 ikk
x 2
"I X » BR%.,/27} (4.9)
i=1 j>i k»j K
where Ry = [400]/[200] and Ry = [220]/[200].‘ Each éomponent of B

involves a parameter dependent factor and a design dependent factor.

Table 4.4 contains the values of Ry and Rp for selected designé.

Table 4.3 Bias Efficiency of Selected Designs

for Selected B, Vectors K = 3

B2
Design 1 =1 2 3 4 5 6 7 8 9 10
NC .212 .476  .240 .522 .408 .919 .971 .456 .971  .292
NC+ .286 .444 .372 .791 .511 .997 .836 .460 .836  .465
3K .199 .300 .286 .776 .392 .962 .679 .320 .679 .381
KS .137 .300 .169 .464 .293 .962 .855 .298 ..855 .218
KS+ .199 .300 .372 .776 .392 .962 .679 .320 .679 .381
K+S .110 .300 .126 .328 .241 .821 .950 .282 .950 .158
KE .157 .300 .204 .567 .327 .998 .790 .307 .790 .266
KE+ .199 .300 .286 .776 .392 .962 .679 .320 .679 .381
K+E .126 .300 .151 .406 .272 .919 .894 .292 .894 .192
RC .841 .993 .736 .766 .884 .838 .900 .962 .900 .733
RC+ .999 .753 .865 .711 .871 .675 .679 .78l .679  .804
RI .956. .567 .932 .677 .807 .580 .550 .615 .550 .846
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Table 4.4 R; and Ry for Selected Designs

Design R, Ro
NC .875 .7083
NC+ 893 .6070
3K 1.000 .6666
kS . 1.000 .8000
RS+ 1.000 .6666
ks 1.000 .8888
ke 1.000 . 7500
RE+ 1.000 6667
R+HE 1.000 ,8333
RC .621 ,2070
RC+ : .750 ,2500

RI .829 .2760
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By considering the B's as fixed values and taking partial
derivatives with respect to R; and R, and setting the partial deriv-
atives'equal to zero, the optimum values of R; and R, may be obtained.

The partial derivatives set to zero result in the equations:

K K K =
2382, /3R + (I I B,..B.../3Ry=273082 /5+
F i=18111/ )Ry (i=1 j#islllleJ/ )Ry i=16111/
K .
)X L B,..B.../9 4.10
K K ,
I IB...B.../3R+ (L I (2B5,.,+3% 28,..B...)/3)Ry =
(i=l j#i 1116133/ - (i=1 j#i_( i1 k#i,j ~Id i)/ 3R2
X 2
T ¢ (B,,.B.../5+ 2B5,./9+ % 2B...B...[/9 4.11)
i=1 j#i(BlilsljJ/ i K#1, J ijj ikk ) (

Theorem 4.2 A solution to (4.10) and (4.11) is R} = .6 and

Ry = 1/3.

Proof of Theorem 4.2:
K
. . - 2
Let: a 'Z Biii
i=1
K .
b= I L B,..B...
i=1 j#i iii~ijj
X 2
c="1r I Bs5..
i=1 j#1 13
K
d= 2 I I BB

i=1 j#i k#di,j
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then (4.10) and (4.11) become:
- (2a/3)R; + (b/3)Ry = 2a/5 + b/9 . (4.10a)
(b/3)Ry; + (2¢+2d)R,/3 = b/5 + 2¢/9 + 2d/9 (4.11a)
Substifution of R{ = .6 and Ry = 1/3 verifies the theorem. The
solution is unique only if a and c¢ from the proof are both non-zero.:
One may also wish to consider R; and R, as fixed and determine
the set of B, vectors for which B attains a local minimum. " The B,
vectors under consideration will be restricted to vectors of unit
length, Minimization is accomplished ﬁsing a lagrangian multiplier

and consider the matrix derivatives of the equation:
N
2

1 L
B = B,CBy + 8(BaRo-1) : (4.12)

o]
Setting‘the derivative with respect to @ equal to zero gives the
restriction of unit vectors. Setting thé matrix derivative with res-
pect to By equal to zero and letting A = -00%/N results in:

(C-AD)B, = 0 - (4.13)

Theorem 4.3: The set of B, vectors which provide extreme values
of B for'a fixed design are among the eigen-vectors of the -
matrix C. |
Proof of Theorem 4,3:
From (4.13) it is seen that for a noﬁ—triviallsolution it is
necessary that X be an eigen value of C and B, be the corresﬁonding

eigen vector. ' This completes the proof.
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Theorem 4.3 is applied to the nested cube design with K = 3
and ny; = np = n3g = ny = 1 resulting in the eigen vectors displayed in
Table 4.5. Table 4.6.compares the actual bias for these B, vectors
to the minimum bias for the selected set of designs. Sets of eigen
vectoré associated with the same eigen value form bases for all
possible local extremes.

The entries of Table 4.6 indicate that the space spanned by
the eigen vectors associated with the eigen value of ;219572 is
- where the maximum bias exists for the nested cube design.. Similarly
the space spanned by the eigen vectors associated with the eigen
value of ,029630 is where the minimum bias is for the nested cube

design.




Table 4.5 Eigen Vectors for the Nested Cube Design

K=3 n=np=nz=ny=1

i= 1 2 3 4 -5 6 7 8 9 10
Ai = ,219572 .219572 .219572 .037037 .029630 .029630 .029630 .029630 .029630 .029630

B111 .775663 0 0 0 0 0 -.000004-631147 0 0
8222 0 .775663 0 0 0 -.000004 0 0 -.631147 0
B333 0 0  .775663 0 -.000004 0 0 0 0 -.631147
Blap 446288 O 0 0 0 0 -.707103 .548481 0 0
B133 446288 0 0 0 0 0  .707110 .548481 0 0
Bo11 0  .446288 0O 0 0 -.707103 0 0  .548481 O
8233 0 .446288 0O 0 0 .707110 0 0  ..548481 0
8311 0 0  .446288 0 =-.707103 O 0 0 0  .548481
8322 0 0  .446288 0  .707110 O 0 0 0 .548481
8123 0 0 0 1.0 o 0 0 0 0 0

LYy
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Table 4.6 Bias Efficiencies for By

Eigen Vectors

for the Nested Cube Design

Eb B Bmiﬁ/B
Design i = 1 2 3 4 5 6 7 8 9 10
NC - .203 .203 .203 1.00 1.00 1.00 1.00 .588 .588 ..588
NG+  .256 .256 .256 1.00 1.00 1.00 1.00 .858 .858 .858
sk .172 .172 .172 1.00 1.00 1.00 1.00 .863 .863 .863
ks .127 .127 .127 1.00 1.00 1.00 1.00 .546 .546 .546
ks+  .172 .172 .172 1.00- 1.00 1.00 1.00 .863 .863 .863
K+  .106 .106 '.106 1.00 1.00 1.00 1.00 .388 .388 .388
KE  .141 .141 .141 1.00 1.00 1.00 1.00 .659 .659 .659
KE+  .172 .172 .172 1.00 1.00 1.00 1.00 .863 .863 .863
K#E  .118 .118 .118 1,00 1.00 1.00 1.00 .480 .480 .480
RC  .892 .892 .892 1.00 1.00 1.00 1.00 .778 778 .778
RG+  .978 .978 .978 1.00 1.00 1.00 1.00 .700 .700 .700
RIT  .827 .827 .827 1.00 1.00 1.00 1.00 654 .654 .654




5. VARIANCE AND VARIANCE COMPARISONS

A m#jor consideration in choosing an experimentai deéign is
the variance of'thé estimator. Many papers have been written con-
cerning choice of designs based on some‘aépeét of the>variance.
Some characteristics studied are D-optimality, G—optimaiity, V-
optimality, A-optimality and related measures of efficiency.
The measure of D-efficiency proposed by Keifer.(1959)_considers
the extent to which the determinant of the information matrix
(1/N X'X) is maximized. Further works are reviewed in St. John and
Draper (1975). In one of the papers, Kono (1962) derives a set of
D-optimal designs for which integer approximations are available.
Some of-the practical aspects of D-optimality are examined by Nalimov,
Galiﬁkova an& Mikeshina k1970). Areéent paper by Lucas (1976) -
examines D-efficiency and G—éfficiency for a select set of designs.
-G—efficiency émphasizés minimization of £he maximum variance
over a region of interest. Keifer (1974) showed that D-efficiency
and G—effiéiency were equivalent and so only D—efficienéy is examined.
V-efficiency examines the integrated variance over the region
of interest. A-efficiency examines the trace of the variance-covari-
ance matrix. V- and A-efficiencies are different in that V-efficiencj
considers both variance and covariance of parameters while A-effi-
ciency conéiders only the variance of the parameters..

. 8Since no single measure of variance efficiency is uniformly
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accepted as best, a varlety of measures will be used and the resuits
compared. -fhe measures that will be used are:

1. D-efficiency - |1/8 X X|1/P

2. A-efficiency - N-tr(X'X)m;

3. .V—efficiency - N-pr{(X'X)—lwli}

4. Profiles of variance for selected values of

indepéndent yariables.

As was discﬁssed in previous chapters, there are several
situations of interest concerning possible true populations and the
model used. Situations to be considered are:

1. Population model cubic and cubic modellused.

2. Population model cubic and quadratic model. used with

minimum bias estimatioﬁf |

3. Eopulatién model cubic and quadratic model use& with

standard estimator,

4. Population ﬁodel quadratic and quadra£ié model used

- with standard estimator.

It was shown in Chaﬁter 3 that of the designs examined only
for the nested cube design did the minimum bias estimator exist. The
variance for the nested cube design using the cubic model and using
the minimum bias estimator will be derived and compared with the

standard estimator for the quadratic model.
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5.1 Population Model Cubic and Cubic Model Used '

‘As waé demonstrated in Chapter 3, not all of the parameters
of the cubic ﬁodel ;re estimable with the nested cube design. In
order to uée thé full model it is necessary to define some conséraintsﬂ
Theorem 3.1 indicates which parameters and linear combinations of
parameters are estimable for the negted cube design. 'iisijj is
estimable butthe individual parameters:are not. Usin; the constraint

that:

B... = 1/(K-1) T B

ijj 341 (5.1)

135 = B4l

enables the use of the full model. Using the matrix Q to specify the

- constraints, the estimate of B is:

B, = QUUXT XY (5.2)

where

Q 1/(R-1) - Jul o (5.3)
) .
From this, the estimate of the response is seeﬂ to be:
A N .
Yc(x) =X B, (5.4)
It is easily seen that:
var(V_(x) = o2 x'Q(X %) Q'x (5.5)

and

.o Bias?(V_(0)) dx / f...f dx = B (G-I +=5(I-D))al}g,  (5.6)
R R -
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|

where Bb = (Blzz—él"’8133_§1--""’BK,K—l,K—l - BK ) (5.7)

Thqs, if the model is cubic and a cubic model is used, the
variance of the estimate depends on the matrix Q(X'XY'Q' and the -
bias depends on the variability of Bijj for a fixed value of i.
Figure 5.1 shéws‘the general form of the matrix Q(XJX)—Q';

The determinant of Q(X'X)_Q' being equal to zero follows
from det(Q)= 0. Thus,Acomparisons of efficiency involving the
determinént (D-efficiency) would be meaningless. The other efficiency
measures will be examined. From.Figﬁré 5.1, the trace of Q(X'X)—Q'
is seen to be (for use in A-efficiency measire):

tr(Q(X‘Xf7Q') = a; + Kap + Kag + (5)/[226} +
Kag + K(K~1)ajo + (2)/[222] _ (5.8)

where the ai's are specified in Figure 5.1. The values of tr(Q(X}X)ﬂQ'
for the nested cube design with one or two replicates of star points
and three independenf factors are 5.33247 and 2.20945. These vaiues
will be compared with ofher designs using the quadratic model later
in this chapter. It should be noted, however, that more parameters
are estimated here than with the quadratic model.

The other efficiency measure that is to.be used is V—efficiency._

For this the integrated variance is examined.

§--f Var(qc(x)) dx = o2 j,L.S x'Q(X'X)_Q‘x ax
R R ,




Q(X'X)"Q'=

. ag =

G > M
[ I I

ay =
aps =
az =

ay =

ag =
ay =
ag =
aqg =

ai0=
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a 0 apj' 0 0 0 0
az°I- 0 0 ay°1 geag*j'mI O
ap*j 0 ag*I + 0 0 0 0
a7* (J-1) '
0 0 0: 1/f2201 T 0 0 0
0 ayp°1 0 0 ag*I geag*j'ml O
0 €*ag*jul 0 0 €*ag*jal e'aio°JxI 0
0 0 0 0 0 .0 1/[222) 1
1/(X-1)

1/(N([400]-[220]) + (K-1) (N[220]-[200]%))
[200][6001[222] + 2[400][220][420] - [600][220]2 -
[222][400]1% - [200][420]2

(1L + A[200]2(R-1)) /N

-A[200] '

([6001[222] - [420]2)/s

([4201[220] - [400][222])/6

([4001{420] - [600]1[220])/$

(1 - A(N[220] - [20012))/([400] - [220])
A([200]2 - N[220])/([400] - [220])
([200][222] - [22012)/6

([4001[220] - [200][4201)/

([200][600] - [40012)/8

Figure 5.1 Form of Q(X'X) Q' for the Nested Cube Design
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=02 (...f t (x'Q(X'X)—Q'X dx
o 5 ij r S

0% f...f ex(Q(X'X)7Q xx) ax
R

o2 £x(Q(X X)QW)/2K C(5.9)
where W= (Wi Wio

Wip Woo

and Wi, Wyo, and W,, are defined in (3.32)-(3.34). Completing
the matrix multiplication and evaluating the trace results in

tr(Q(X'Xy-Q'N) = aj + 2Ka,/3 + K{a3/3 + 2ay,/5 + 2a5/9 + ag/7 +.

2ag/15 + ag/5 + (K-1)a/9 + a1g((K-2)/27(k-1) +

1/15(K-1))} + (g)/9[220j + (y/271222) (5.10)

The values of this quantity for the nested cube design with one and

two replicates of star points are .9299 and .335.

5.2 Population Model Cubic and Quadratic Model Used with Minimum
Bias Estimator
It was shown in Chapter 3 that the minimum bias estimator
proposed by Karson, Manson and Hader (1969) exists for the nested
cube design. Karson, Manson, and Hader show that
Var-(?kx)) = czx'A(X'Xy_A'X ' © (5.11)
where 9kx) is the mihimum bias estimator. The general form of the

] | . .
matrix A(X X) A is shown in Figure 5.2. 'This matrix will be used in
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; LN
the same manner as Q(X X) Q for the efficiency comparisons,

:;1 0 az+j' 0' ]
AX'X)A = o zI 0 0
| as*j 0 ag*I + ay°(J-I) 0

o o o 1/[220]-1)

z = a3 + 6a,/5 + 2a5/3 + 9ag/25 + 2aq/5 + ayg/9

ai's are defined in Figure 5.1,

Figure 5.2 A(X'X) A' for the Nested Cube Design

5.3 Standard Estimator for Quadratic Model Used with either
Cubic or Quadratic Model |
The variance of the estimator depénds on the model used and
not upon the underlying model. When a quadratic model is used, the‘-

standard least-squares estimator is:

Y0 = x(aX) Xy (5.12)
with variance given by
var (Y(x)) = ozx{(xixl)‘lx1 (5.13)
It was demonstrated in Chapter 3 that (X;Xl)—l exists. The form of
(X;Xl’)"’l is shown in Figure 5.3.
In order to make D-efficiency comparisons-it is necessary to
evaluate the determinant of (XIXl)“l for the selected designs. Theorem

5.1 gives a computational formula for the inverse of these determinants
4
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in terms of the design moments.

| a; 0 ap*j" 0
)t = lo  1/1200]-1 0 0
as=j 0 ag*I + a;+ (J-I) 0
o 0 0 1/[220]-1]

ai's are defined in Figure 5.1.

| .
Figure 5.3 (X;X;) L for Symmetric Second Order Designs

with Zero 0dd Moments

Theorem 5.1 For X;X; as shown in Figure 3.1 -
1X,%, | = [290]K[2zo](§) {N - K[200]12/ ([400] - [220]) +
| K?[2001%2[2201/(([400] - [2201) ([400] + (K—l)[220))}-.
([400] + (k-1)[220]) ([400] - [220)%7L
Proof of Theorem 5.1: |

! . :
By partitioning X;X; it is seen that the determinant can be

found as the product of three matrices A;, A, and A3, where

A; = |N [200]+3"' (5.14)
[200]-3 [400]-I + [220]-(J-I)| K+1 x K+1
| A, = [200]«1K (5.15)
| A3 _ [220]-1 - (5.16)
(2)

The determinant of a diagonal matrix is the product of the diagonal
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K
2

elements and thus

)

1A,

As| = 12001512201 (5.17)
Showing that ]Alf is the remaining factor in Theorem 5.1 iﬁvolves
three theorems found in Graybill (1969). The results of the theorgm

will be stated without proof.

The first result that will be used is for a partitioned

matrix :
B = |By; Big

B21 Bao

where Bij has dimension n, x nj, if B,y is nonsingulér then

[Bl = |By2

This is applied by partitioning Ajas in (5.14) which gives

-1
By - B12B22Ba1]-

|A1] = |([400]-[2201) - T'+ [220]-3] - |N-[200]23"
.Bzi i . (5.18)
for Bop = ([400]-[220])+1I + [220]-J. |

The next result to be applied concerns a matrix with a
particular form. For a square matrix C = D + aab' where D is a -
nonsingular diagonal, @ and b are K x 1 vectors and o is a scalar
such that a # —{ g a.b./d..}~l, the inverse of C is givén‘by: :

j=p L1 i

- - % k!
C . D 1 +vyab ,
‘ K -1 * %
= —(l+a¥ab,/d,) ;3 a, =a/d,, and b, =b,/d...
i=1 i1 74 i i il i i’ ii

where y
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This result is applied to find the inverse of By, by making the
following associations:

1,...,K

dii = [400]-[220] i=
a;, =b, =1 i=1,...,K
a = [220]

This gives:
B;i = l/([400]¥[220])'1 - ([220]—[4001)/([220]([400]+(K~1)[220]))~J
' (5.19)
The last of the three theorems fram Graybill gives the deter-

" minant of the matrix C of the previous result. The result is:

K . .
ICl ={1+azXab./d }rad,, (5.20)
j=1 33 33 i

Application of this result gives: .
|Boo| = ([400] + (K-1)[2201X[400]-[2201) "

Combining all of the results gives: .
|A | =,<[4001+<K—1>[2201><[4001—[2201>K‘1{N ~ [20012(R/([4001-

[220]) - K2[220]/(([400]-[220]) ([400] + (R-1)[220])))} (5.21)
This completes the proof of Theorem 5.1.

The result of this theorem makes calculations of relative
D~efficiencies easier. The rationale behind the D-efficiency is
. that the volume of the dispersion ellipsoid of concentration of.
parameter estimates is inversely proportional to the square root of

the determinant of the information matrix (Nalimov, Golikova, and
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Mikeshina 1970). The measure of efficiency associated with D-~effi~.
¢ . )
ciency considers the p b root of the determinant of the matrix
'
X X where p is the number of parameters involved. Table 5.1 contains

information for making comparisons of D-efficiency for K = 3. The

column labeled RD gives the relative D-efficiency as compared to

the nested cube design.
The A- and V-efficiencies are examined next, In section 5.1
it was shown that the integrated variance is directly proportional

' -
to the trace of (X1X71) 1w when the model is cubic. A similar

argument shows that when the model is quadratic, the value of interest

' _ .
is the trace of (XjXp) 1W11. For A-efficiency, the value of interest

. K ,
. is the trace of (xlxl). Both of these traces are shown in Table 5.2.

In’order to account for different sample sizes required for different
! -1 "y -1

designs, the values of Netr(X;X;)" and Netr(X;X;) "W;; are also

given. The columns labeled RA and RV give the relative A~ and

V~efficiencies as compared to the nested cube design with sample

size taken into consideration.

In examining Table 5.2 it is noticed that the measures rank
the nested cube design and other designs differently. The difference
arises from.Awefficiency accounting only for the variance of the
parameters and V-efficiency accounting for both variance and co-
Variéncé. When covariance is taken into éoﬁsideration, the nested

design is ranked third among the designs considered. .While, when
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Table 5.1 D-efficiency Comparisons

Design

* involves use of minimum bias estimator.

| X' x| |1/n-X'X| R,
NC 8.51078x10° 2.0545x10° 000
NC+ '7.21238x10° S 1.7144x107° .982
3K 5.87720x10™° 2.8546x10 " 301
KS 1.84318x10° 3.1964x10" " .316
KS+ 2.20828x10° 1.3230x10™%" :205
K+ 1.70079x10° 4.1057x10™" .349
© KE 8.15359x10° 4.8883x10 .373
KE+ ' 4.34859x10"t 2.8394%10™" .300
K+E 2.26489x10™" 5.3837x10 " 386" .
RC 2277.89 3.9502x10™° 426
RCH 304126 4.9604x10"8 .547
RI 4.1201 | 6.5877x10" 1t .289
NC ¥ 4.9300x107 9.7280x10™ .737
NG+ * 1.9796x10° 4.7054x107 .685 .




Table 5.2 A- and V-efficiency Comparisons

Design

tr(Xl'Xl)—l' N°tr(X1'X1)—l

tr(Xl‘Xl)_lwll N'tr(X1IX1)_lW11

Ry Ry
NC 1.712 39.376 1.00 .170 3.912 1.00
NC+ 1.239 35.944 1 1.10 .155 4.486 ©.87
3K 1.102 29.750 1.32 .146 13.950 .99
KS 2,004 30.054 1.31 .232 3.482 1.12
KS+ 1.390 29.193 1.35 .187 3.930 .996
K+S 1.615 37.153 °  1.06 .154 3.531 1.11
-KE 1.595, 33.503 '1.18. .204 4.291 .91
KE+ 1.033 34.080 1.16 .135 4. 459 .88
K+E 1.356 39.314 1.00 .166 4.810 .81
RC 6.353 95.295 .41 .811° 12.167 .32
RC+ 3.571 67.857 .58 .460 8.746 .45
RI 4.968 59.612 .66 605 7.261 .54
NC, % 2.010 46.238 .85 .269 6.199 .63
NG+ % 1.520 44,085 .89 .248 7.20 .54
NC_ @  5.330 122.647 .32 .930 21.388 .18
NCH @ 2.210 - 64.074 .61 .335 9,705 .40

% involves use of minimum bias estimator.

@ involves use of cubic model.

)]
=
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only variance of parameters is éonsidered, it ranks e®ghth. bbserving
the last four rows of Table 5.2 shows that use of the minimum bias
estimator or the full cubic model reduce the variance efficiency
in térms of A- and V-efficiency. It should be noted that in using
the full cubic model more parametefs aré estimated. It may se noted
that use of two replications of star points on the nested cﬁbe design
gives approximétely twice as much efficiency as use of one replication
when the full cubic model is used.

The three comparisons thus far indicate efficiencies averaged
in some sense over the entire region of interest, Profiles of the
variance for a select set of the designs when K = 3 are presentéd
in Figures 5.4 - 5.9 in order to show the behavior of -the variaﬁce
for the.designs over a subjectively selected set of vectors. The
vectors are chosen to be representative of the region, By reason -
of symmetry the vectors are able to be in one quadrant of the cube.
In five of the six figures, two varlables are congidered fixéd and
the third varied, 1In the other figure all three variables vary at
the same fate. For clarify only four other designs are shown in
the profiles with the variations of the nested cube design.

Examination of the profiles of the variance shows the relative
goodness of the designs varying with location in the cube, Thus,
if a particulatr subregion is of interest, the choice of design shouid

account for this. The variance of the nested cube design appears
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Figure 5.6 N<Var(Y(x))/o? when Xp =1 & x3=0
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Figure 5.8 N+Var(Y(x))/o? when Xy = x3 = 1
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Figure 5.9 N-Var(Y(x))/o? when x; = x, = x3




" 69
. quite stahle, From' examination of the profiles, the V{efficiency R
‘measure of relative efficiency for vdriance appears te~be‘ﬁe§t'

satisfactory.

5.4_'Comhining Variance ehe Bias Cbmparisons
The'biaé-eompariSOns’df'Table 4.1'ere made:iﬁ'terms-bf-inteéi
3 gréted bias. .Consequently, the post’eppropriate'variahce dbﬁparisen
to combine with'it Would be the'inteératea'variance‘(hv) of Table.‘
+5,2. 'Some type of'meah wodld he;deeﬁéd appropriate in order to;
'combine_the tﬁo.kihﬁs Qf efficieney. 'Choiees to .be cehSidered ere a
- &eighté& or unweighted arithmetie or geometrie meane;
In defihing a relative efficiehcy measure ef Eiéé efficiency,: -
‘the number of experimental settings will he:takeh inte ceﬁéideration,'
hefine: ' RB:= (N-B#lferuﬁested:cube}/ (NfB# for'Desighfi) . A (5722)

The weightéd arithmetic.and.geometrié means would be;

W

W aay

EG= b Koo - BRSO
where p+.q=1. The.unWeighted means occur when - p ﬁ_qjé 1/2. The-
>unheighted ﬁeens ereishohn in.Tahle-5.3 .The columns of RB and RV |
:show that most of the de31gns thet perform better in terms’ of EA do '80
-‘becatse of good performance w1th bras. The hlgh eff1c1ency of the KS

de31gn 1s chlefly due to the- small number of experlmental settlngs.

The small number of’ exper1menta1 settlngs glves smaller degrees of
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freedom for detecting lack of fit and restricts the number of

estimable linear combinations of parameters.

Table 5.3 Combined Variance and Bias Comparisons

* involves use of minimum bias estimator.

Desigg N- RB RV A EG
NC 23 1.00 1.00 1.000 1.000
NC+ 29 .98 .87 .925 .923
3K 27 41 .99 .700 .637

kS 15 1.11 1.12. 1.115 - 1.115
RS+ 21 1.05 996 1.023 1.023
K45 23 .60 1.11 .855 .816
KE 21 .89 .91 .900 .900
KE+ 33 .67 .88 .775 .768.
KAE 29 .53 .81 .670 655
RC 15 3.11 .32 1.715 .998
RC+ 21 1.58 45 1.015 .843
RI 12 3.58 .54 2.060 11.390
NG, * 23 1.88 .63 1.255 1.090

S NCH, 29 1.49 .54 1.015 .900




6. SUMMARY AND CONCLUSION

'Tﬁg oﬂjéctives dfithe dissertaitiqﬁ és-stafgd.iﬁ Chaﬁtér 1 wére
to:’ - - . . | a o |
1. -Shéw tha£ tﬁe nesged cube design has the use of équél spacihé's
. of factoré éhd is easily e?panded.or fe&uced.
2.. Examiné'thé-estimébility of quadratic aﬁd cﬁBiﬁ“modelé for
.the nested-bubeAdesigﬁ; | |
.3, Examine thg vériance structﬁfe of.estimates‘usiﬂg"the nested
‘ cube-designvand'comparé it-to.oiﬁér sélected Aesiéns. |
4. Examine the bias fesulting ffom using a quédratic ﬁodel
whep thé £rue modél is cubic for the nested Cubé'désign
and compare.if to other selectedideéigﬁs.
. The nested cube desigh is descfibed in detail in Chapter 2.
It is verified that the nested cuﬁe design makes use of equaliy épaéeq
factors and is easily-éxpénde& of reduéed to chénge.thé number of
factofs. |
The estimability of the quadratic and éubié models is examined-
for the nésted cube design in Chapter 3.. It was found that the nested
cube desigﬁ enableé estimatiop'of.qll pérﬁmeters in the qﬁadratic
ﬁodel'and a sﬁecific'sét of linear cbmbinationé of paré@eters in
‘the cuﬁié model.. The minimumvbias'eétimafor of Karson,_MénSOp, énd-
.Hader (1969) is égémihe§ aﬁd_coﬁditions:are éiven for thé use of the..~

minimum bias estimator, It is shown that the nested cube design
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satisfies thé specific conditions and other selected designs do not.
The estimable linear combinations for the other selected designs are
given.

The bias resulting from fitting a quad;atic model when the true
model is éubic is examined in Chapter 4. Comparisons are made with
the selectéd designs. The comparisons are made using two measures
of efficiency introduced in the chapteri 'The first involves comparing
expected bias averaged over parameter vectors of the same length. The
basis for the comparison comes from fhe paper Karson, Manson, énd
Hader (1969). The second measure used involves subjectively chosen
parameter vectors where the relative sizes of the parameters are
specified. fﬁis idea may Be able to be expanded upon at a future
date by considering an a priori distribution for the B, vectors and
using Bayesian techniques to derive expected bias.

The first type of comparison on bias shows the nested cube
design has more bias than the rotataBle designs but less than any éf the
other designs examined. From Table 4.1 it appears that the rotatable
designs have their peak bias efficiency.when there are a small nﬁmber
of factors, while the remaining designs examined have a low in bias
efficiency fbr K small. Examination of the bias efficiency for specific
.82 vectors shows that none of the selected designs are unifdrmly,better
than the remaining. The selected vectors depict situations for which

the nested cube design has both smaller and larger bias.
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The variénce for the standard estimator for the quadratic
model, the minimum bias estimator and the.estimatof for the cubic
. model are examined in Chapter 5. Comparisons of efficiencies are
made in terms of D-efficiency, A-efficiency and V-efficiency., Also
examined are profiles of variance for selected levels of independent
factors. Utilization of these various measures does ndt sho& one
design to be superior to all others. The rotatable designs are_less'
efficient in terms of variance due to the designs being coﬁstructéd
for use on-a spherical independent variable space rather than 6n a
cube. However, among the remaining designs, the different measures
of efficiency indicate different orderings. The D-efficiency measure
ranked the K+E design as best which agrees with Kono (1962) who
showed that‘an integer approximation to a D-optimal design was a
variatién of the KE design. Both A-efficiency and V-efficiency rank
vériations of the KS désign slightly higher than the nested cube design,

Examination of the profiles of variance for selected designs on
selected sets of factor values suggest the preferable efficiency
measuré to be V-efficiency. The average bias measure of efficiency
and the V-efficiency for variance are combined because they are both
related to cont;ibutions'to the integré;ed mean square error. The re-
sulting measure is a combined bias and variance measure of relative effi-
ciency. The nested cube design ;anks high among the designs with the

minimum bias estimator ranking higher than the 'standard -estimator.




APPENDIX A

DESCRIPTION OF DESIGNS USED FOR COMPARISONS

1. Nested Cube (NC) - this design is made up of four parts:

a) Outer cube - all éombinations of points where factors take
on values‘il.

b) Inner cube - all combinations of points where factors take
oﬁ vélues t.s.

¢) Star points ~ set~of 2K points where ith faétor takes on
.values *]1 and all other factors are 0 for i=1,---,K.

d) Center point - all factors at 0 ievel.

Example: K = 3 (N = 25 L4or+1 = 23)

X1 X X3
101 1 | 12001 = 2525240 = 12
1 1 -1 [400] = 25425 %2-= 10.5
1 -1 1 | [600] = 25257045 = 10.125
I -1 -1 Outer cube - [220] = KioK=4 _ g5
411 (4207 = 252570 = g.125
11 -1 | 12227 = 252570 = g.125°
-1 -1 1
-1 -1 -1 _J
.5 .5 .5 ]
5 .5 =.5
5-.5 .5




X7 X, X3
5-.5-.5
-.5 —;5 -.5 | Inner cube
-.5-.5 .5
-.5 .5 -.5
-.5 .5 .5 |
1 0 0 |
-1 0 O
.0 1 0 Star points
0 -1 | 0
0 o0 1
0 0 -1 ]
0 0 0 Center point

75

2. Nested Cube with two replications of star points (NC+) - this design

is a variation of design 1.

The difference is the use of two

replications of the star points.

For K=3 (N = 2K+l+4K+l =
[200] = 254257244 = 14
[400] = 25425 %4 = 12.5
16007 = 25425 644 = 12.1
[220] = 2K42K°% = g5
[420] = 252570 = 8,125
[222] = 2542870 _ g 125

29)

25
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3. Factorial with three levels (3K) - this design includes all combin-

ations of design points where factors are -1, 0 or 1.

Example: K = 3 (¥ = 3X = 27)
X; X, X3 - - X X, X3
11 1 1 o

1 1 0 11 -1

1 1 -1 1 0 1

1 0 1 1 00

1 0 0 10 -1

1.0 -1 -1 -1 1

1 -1 1 -1 -1 0

1 -1 0 -1 -1 -1

1 -1 -1

0. 1 1 - [200] = 2:357" = 18
0o 1 o0 14007 = 2-3%°1 = 18
0o 1 -1  [600] = 2-3K‘l =18
o 0 1 | [220] = 4-3%72 = 12
O 0 0. [420] = 4-357% = 12
0 0 -1 2221 = 8353 - 8
0 -1 1

0 -1 -0

0 -1 -1




4. Factorial with two levels plus star points plus center (KS) - this

77

design as seen in the name consists of three parts:

K . : .
a) 27 - same as outer cube in nested cube design.

b) Star points - same as star points in nested cube design.

c) Center point - all factors at 0 level.

Example: K = 3 (N = 2542K+1 = 15)

X; X
11
1 1
1 -1
1 -1

-1 1

-1 1

-1 -1

-1 -1
1 0

;1 0
0. 1
0 -1
0 0
0 0
0 0

X3

1

[200] = 282 = 10
[400] = 252 = 10
[600] = 282 = 10
oK [220] = 2X = 8
[420] = 25 = 8
[222] = 2X = 8

Star points

Center ﬁoint
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5. Factorial with two levels plus two star points plus centerl(KS+).—
this design is the same as design number 4 except for usé of two

replications of the star points.

For K =3 (N =_2K+4K+1 = 21)
[200] = 254 = 12

(4001 = 2544 = 12

[600] = 254 = 12

[220] = 25 = 8

[420] = 2% = 8

[222] = X = 8

6. Factoridl with two levels replicated twice plus star points plus
‘center (K+S) - this design is the same as design number 4 ‘except

K
for use of two replications of the 2 part.

For K= 3 (N =.2K+1+2K+l = 23)
[200] = 2%z = 18

(4007 = 25742 = 18

[600] = 25142 = 18

[220] = 2t = 16

[420] = 25t = 16

[222] = 25" = 16

7. Factorial with two levels plus edge points plus center (KE) - this

design like design 4 is divided into three parts:
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a) 2K - same as design 4.
b) Edge points - set of K-ZK_l points in which one of the factors
has a value of zero and the remaining form a ZK—-l design.
c) Center - same as design 4.
Example: K = 3 (¥ = 254k-25"141 = 21y

X, X, X

1 %2 %3 . X; Xpu Xg
1 1 0 | 1 1 1 |
1 -1 0 1 1 -1
-1 1 0 I -1 1
-1 -1 0 1 -1 -1 | 2%
1 0 1 Edge points -1 1 1
1 0 -1 41 -1
-1 0 1 -1 -1 1
-1 0 -1 -1 -1 -1
0 1 1
0 1 -1 [200] = 2X&-1)2%"1 = 16
o -1 1 | 14001 = 25 =125t = 16
0 -1 -1 . | [600] = 25+ ®-1)25 = 16
0 0 © Center point [220] = 2% ®-2)25"1 = 12
[420] = 2Re(k-2)25"L < 12
[222] = F4x-3)257L - g
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8. Factorial w1th two -levels plus two edge points plus center (KE+) -
thls de51gn is the same as design 7 except for use of two
" replications of the edge points.

3 (N = &+1)25%1 = 33)

For K =

[200] = k25 = 24

[400] = K25 = 24

[600] = K25 = 24

[220] = (k-1)2° = 16

[420] = (®-1)2° = 16
= ®-2)25 =38

[222]

9. Factorial with two levels replicated twice plus edge points plus
center (K+E) - this design is the same as design 7 except for

. K
use of two replications of the 2 part.

CFor K =3 (= 25Xy = 29y
[200] = 2KJ’1+(1<-1)2K"l = 2
14007 = 25 o128t = 24
16001 = 25X w-1)25°1 = 24
(2201 = 25" =227 = 20
[420] = 2K‘+l+(1<—2)2K_l = 20
(2227 = X k32X - 16

10. Rotatable central composite (RC) - this design like many of the

_previous designs can be separated into three parts:
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a). Star points - same as before.
K . . K . .
b) a*2 - these points are like,a 2 except at a distance o frqm

the center.

c) Center point - same as before.
o is chosen so that the design satisfies rotatability criteria of

[4001‘= 3-[220].

Example: K = 3 (N = 2542K+1 = 15)

X; X, Xz
o o o N o = Z-K/A
o a -a 12001 = 2%/%42 = 4.828437
o - o : [400]1 = 3
o -a -a | X [600] = 27K/215 = 5.35355
- o o [?20] =1
- o o 4201 = 2752 = 35355
-4 -a  a . [222] = 27%/% = 35355
-0 -0 -0 _d. : .
1 0 o0 |
-1 0. 0
0 1 0
0 -1 0 Star points
0o 0 1
0 0 -1

0 0 0o . Center point
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11. Rotatable central composite with 2 star points (RC+) - this design
is like design 10 except that it has two replications of the star

points. Rotatability requires a different a.

For K = 3 (N = 2504kl = 21) o = 2CKFL/4
[200] = 2(K+l)/2+4 -3

[400] = 6

[600] = 2GKFD/24 = 5

[220] = 2

[420] = 2(_K+3)/2 =1

[222]‘= (K3 /2 _

12. Rotatable icosahedron (RI) \- this a design specifically for three
factors given in Meyers (1976). This design differs -from the

. \ " .
others by not being symmetric in the mixed sixth moment. The

design has the following design points. N =12

X; X2 X3 X1 X2 X3 a = .61843

0 1 a a 0 -1 [200] = 5.5298
o. 1 -a -a= 0 -i : [400] = 4.585
0 -1 a 1 a o0 [600] = 4.294
0 -1 -a 1 -a 0 [220] = 1.530
a 0 .1 -1 a o0 , [420] = 1.530
-a 0 1 -1 -a 0 _ [240] = .5851J

[222] = 0




APPENDIX B

ESTIMABLE PARAMETERS IN CUBIC MODEi FOR OTHER DESIGNS

All of the designs considered in this paper are symmetric which
leads to odd design moments equal zero. The general form of X'X is
given iﬁ figure 3.2 and which becomes figure 3.3 upon rearrangement.
As was noted in equation 3.32, the rearranged version of X'X (ie.
X*'X* ) can be denoted by the direct sum of matrices Aii where:

1. Ay is associated with the mean and pure second order terms,
2. Ay, is associated with the linear by linear interactions,
3. Aii.for i = 3,¢++,K+2 are each of order K+1 and are associated

’ * 3 2
with segments of X ' which contain elements (Xi’xi’xixj)’

J#i
and 4. AK+3,K+3 is associated with linear by linear by linear
interactions for K > 3 and nonexistant for K < 3.

Ay1 and A,, are nonsingular for the designs considered. Hence
the parameters associated with correspbnding terms are estimable.
This follows ffom £he estimability criteria of q*'H* = q ' as stated -
in the proof of theorem 3.1. For all except the rotatable icosahedron
the matrix H*~will have the form of equation 3.36. The ‘rotatable
icosahedron is similar but with Ehe ideﬁtity in the lower right hand
corner replaced by,a matrix of zeros because [222] = 0. Thus the
only vgriation in the designs studied is in the form of A53A33.

Tk
Define H3zz by:

% —- ’ o
H3g = A33A33 (B.1)
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% .
The rows of H33 indicate which linear combinations of the parameters

HzsHas = A33A33A33A33 |
= A33hgs (B.2)
= Hy3 . |
For all designs:
[200]  [400]  [220]-3"
Ass = |[400]  [600]  [420]-3"

[2201+3 [4201+3 [420]-1 + [222]-(J-I)

* .
H33 and thelestlmablg comblngtlons of (Bi’Biii’Bijj) are now
: S j#i

given for all designs considered herein except the nested cube design.

3. Factorial with three levels (3Kj -

& .
Hyg = |1 1 05"
05 0°3 T

e + . )
Bijj for j#i and Bi Biii ?re estimable

4. Factorial with two levels plus star points plus center (KS) - .

0 0 0-3'

%
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‘L B,.. and B,+B,.,. are estimable.
j#i i i Piii

5. Factorial with two levels pl;s tw§ star points plus
center (K+S)‘— same as design 4.

6. Factorial with two levels replicated twice plus star
points and center (K+S) - same as design 4,

7. Factorial with two levels plus edge points plus center

(KE) -

ol
o
(o]
.
(A}

0-3 0-3 1
Bijj for j # i and Bi+Biii are estimable.
8. Factorial with two levels plus two edge points plus

center (KE+) - same as design 7.

9. Factorial with two levels replicated twice plus edge

.

points plus center (K+E) - same as design 7.

10. Rotatable central composite (RC) -

T o aj’ Q = (Z*Q—K/2+l)/(ZK[2+1+2—K/2+1_4)
* - ) _
H33= O l b‘j' b = g
0+«j 0+3 0O-I
B.+a+*X B... and B,..+b*L-B... are estimable.
1 .. 137 iii L. i
j#i j#i

11. Rotatable central composite with 2 star points (RC+) - !

same as design 10 except values of a and b as follow:
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- (_2(7K+7)/2)/(2(K+5)/2+2(-K+7)/2_20)

b= g/ (28F3)/2,,(CKHTI/2_ 44,

12. Rotatable icosahedron (RI) -

1 0 -.2369 1.619 |
X ' :
H3s = |0 1 .6193 -1.619
0 0 0 0
0 0 0 0
~.2369+8,. . +1.619-8.. . a
Bl 813131 813232 an

B,..,+.6193-8,, . -1.619-8,, . are estimable.
111 . 1] 1_‘]1 1:]2_‘]2
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