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ABSTRACT

It is well known that chainable continua can be expressed as inverse limit

" spaces and that chainable continua are embeddable in the plane. We give neces-

sary and sufficient conditions for the planar embeddings of chainable continua to
be realized as inverse limit spaces. :

As an example, we consider the Knaster continuum. It has been shown that
this continuum can be embedded in the plane in such a manner that any given
composant is accessible. We give inverse limit expressions for embeddings of the
Knaster continuum in which the accessible composant is specified. We then show
that there are uncountably many non-equivalent inverse limit embeddings of this
continuum. '




CHAPTER 1

INTRODUCTION

This thesis presen’ts the necessary and sufficient conditions for a planar em-
bedding of a chainable continuum to be expressed as an inverse limit space. The
theorem is illustrated by giving inverse limit expressions for embeddings of the
Knaster bucket handle continuum. In the process, results are obtained concerning
the accessibility of composants and the eql;ivalence of embeddings.

Chainable continua are essentially planar. Bing [1] has demonstrated that
every chainable continuum can be embedded in the planein such a manner that the
defining sequence of chains are comprised of interiors of rectangles,‘i.e. topological

disks. We wish to distinguish a similar type of chainability. We will say that a

continuum in the plane is disk-chainable if it can be chained in such a manner
that for every € > 0 there is an e-chain whose links are topological disks and all

intersections of those links are topological disks.

Furthermore, Bing [1] has shown that given a chainable c;ontinuﬁm X, there
are uncountably many mutually exclusive homeomorphic copies of X in the plane
IR?. If Y and Z are elements of this collection, there exists a homeomorphism.
® which takes Y onto Z. If, in addition, ® extends to a homeomorphism of the

plane then Y and Z are equivalently embedded. Bing [1] has given the following
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example-to demonstrate that a chainable continuum may have non-equivalent
embeddings. This example also serves as an illustration that there exist non-disk-

chainable embeddings of a continuum.

Let fi(z) be the function whose graph is the sum of
(a) the graph A; of y = 2sin3z/2 (0 <z < 27/3), (b)
the graph A; of y = 3sin6z (27/3 < z < 57/6), (c)
the graph Az of y = —cos3z (7/2 < z < 57/6), and
(d) the set By + By + Bs, where B; is symmetric to A;
with respect to the point (7/2,0). Then fi(z) is a single
valued function for some values, triple valued for others,
and double valued for two values. The closure M; of the
graph of y = fi(r/z mod =) (0 <=z <1)isasnake-
like continuum but it does not have the property that
for each positive number € there is an e-chain covering it
whose links are connected.

Let fo(z) be the single valued function whose graph is
the sum of Ay, A;, the graph Ay of y = cos3z (57/6 <
z < Tr/6) and the set C;14C3+Cl4, where C; is symmetric
to A; with respect to the point (77/6,0). The closure
M, of the graph of y = fo(w/z mod Tr/3) (0<z<
3/7) is homeomorphic with M; but M, can be covered
by e-chains with connected links.

It is well known [2] that a chainable continuum, being arc-like, is homeo-
morphic to an inverse limit of arcs with onto bonding maps. But what of the
embedding of a chainable continuum? Must it always be expressable as an inverse
limit space? In seeking to explain what we mean by an embedding expressed as an
inverse limit we have considered three things: (7) the fact that chainable continua
are inverse limits of arcs, (4) a theorem of Brown (3] which says that the inversé
limit of copies of the same compact metric space with bonding maps which are
near-homeomorphisms is itself that compact metric space, and (#) a technique

of Martin and Barge [4] for constructing global attractors in the plane. We then




make the following definition:

The bounded planar continuum X 1s embeddable using inverse limits provided

(2) there-exists a sequence of near homeomorphisms { F,, }»>o from the closed disk

D onto itself where F,,(I) = I for I, an arc in D; and
(#3) there exists a homeomorphism @ : (D, F,,) — D, a closed disk containing X,

such that ®((I, Fpyr)) = X.

We are concerned with the question: which embeddings of chainable continua
are embeddable using inverse limits? In answer, we present our main theorem,
whose proof is given in Chapter 3:

Theorem 3.1: A continuum in the plane is disk-chainable
if and only if it is embeddable using inverse limits.

Rephrasing Bing’s results in our language and applying our results, we have
that every chainable continuum has a disk-chainable embedding. That is, every
chainable continuum has an embedding which can be expressed as an inverse limit.
In addition, a chainable continuum may have other, non-equivalent embeddings.
These may not have an inverse limit expression, as in Bing’s example M;. Or
it may be the case that there are non-equivalent disk-chainable embeddings. We
demonstrate the latter in Chapter 4, where we embed the Knaster continuum,
M, using inverse limits. In the process we obtain a second affirmative answer to
a question of Martin and Barge as to whether M can be embedded in the plane

with any composant accessible.




CHAPTER 2

TERMS AND NOTATION

A continuum is a nondegenerate, compact, connected metric space. A contin-

uum, X, is chainable or snake-like, if for every € > 0 there exists an e-chain of X ;

an e-chain being a finite open cover of X whose elements, links, have the property
that (1) the diameter of each link is smaller than € and (#) only adjacent links
have non-empty intersection. That is, let C = {l1,...,[,} be an e-chain of X.
Then diam [; <e Vje{l,...,n}and ;N{; #0iff i — 5| < 1. We note that

the links need not be connected. Also, every chainable continuum has a defining

sequence of chains [5]. That is, there exists {C7}%2,, a sequence of €;-chains of X

where €43 < €; and lim; ,, €; = 0. In addition, the closure of each link of Cit+t

is contained in a link of C7.

In its broadest definition, the inverse limit space X, associated with the

inverse limit sequence {X,, fog} is as follows: let A be a directed set ordered by

“>". X, a topological space; o, 8,7 € A, v 2B = «; {fop : Xg — Xo} a

collection of bonding maps with the properties (1) faa = Id), and (i) foy =
faup © fay- Then X is a subset of the product space [],c 4 Xo. With the product

topology and projection maps mg : [[ o4 Xa — Xp Wwe describe the inverse limit




space Xeo as

Xoo = {E € H Xalfap o Wﬁ(&) = Wa(g) whenever 8> a}_
acA

For our purpose we only consider the countable indexing set IN; our factor
spaces {X,}2, are metric spaces; and the bonding maps are continuous. For
simplicity of notation we denote the bonding maps by {fn : Xny1 — Xa}3l, s0
that for m > n, fum is written as f, © fat1... 0 fm—1. We choose the standard
notation (X, f.) for the inverse limit space X and casually refer to it as the
“inverse limit”. By z, we mean 7,(z). Then

(Xny fn) = {2 € Hanfh(mnH) = mn}
n=0

with the induced metric topology is a metric space which is compact (connected)
whenever the X, are compact (connected). In fact, if {X,} are P-like and {fn}
are surjections Vn € Z* then (X, f») is P-like [2]. This implies that the inverse
limit of arc-like continua is arc-like. Since arc-like is synonymous with éhai’nable
[2], we see that the inverse limit .of chainable continua with onto bonding maps is
a chainable continuum.

In the case where we have an inverse limit (X, f») with a single bonding map,
there is an induced homeomorphism f on (Xn, frn) called the shift map, defined
by f((zo,21,..-,)) = (f(0), zo, Z1, - . ).

A continuous function is a near-homeomorphism if it can be uniformly ap-

proximated by a sequence of homeomorphisms.
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In this paper we appeal to the following theorem of Morton Brown [3]:
Let S = (X,, fn) where the X, are all homeomorphic to
a compact metric space X, and for all n, f, is a near-

homeomorphism. Then S is homeomorphic to X.




CHAPTER 3
MAIN THEOREM

In this chapter we prove the necessary and sufficient conditions for our

theorem:
Theorem 3.1 A continuum in the plane is disk-chainable
if and only if it is embeddable using inverse limits.
Before proceeding with this proof, we are in need of some véaca,bulary, a tech-
nical proposition and two supporting lemmas.

Suppose (X, d) is a compact metric space and
é(X) = {C|C is a compact subset of X}.
Then dy : C(X) x C(X) — IR", the Hausdorf metric on C(X) is given by
dg(Cy,Ca) = inf{r|C; C N.(C;) i #7€{0,1}}

where
N:(C;) = Useo; B+(z)
and

B.(z) = {y € X|d(z,y) <r}.

That is, N.(C;) is an open neighborhood about the set C; in the d-metric topology

on X.




An equivalent definition is useful:
A(C1, Ca) = max{d(w;, O,)li € Ciyi # 5 € 0,13}

where d(z;, C;) is the usual distance betwee.n a point and a set.

Lemma 3.2: If ‘.(X, d) is a compact metric s,pacé, then (C(X),dH) is also a
compact metric space.

Pr'oqf of lemma. It is known that (C(X),dy) is a completé metric space {6].
Therefore it suffices to show that (C(X), dy) is totally bounded.

In the metric topology on (C(X),dg), let B(C) be an open e-ball about the
point C, that is

B.(C) ={D € C(X)|dx(D,C) < ¢}.

Given € > 0, we will produce a finite number of elements of C(X), {C;}:_,, such
that Ui, B(C;) = C(X).

With a given ¢ > 0, cover X with e/4-balls, {X;}, and consider a finite
subcover {Xi1,X,,...,Xn} where n = n(e). Let z; € Xi, i € {1,2,...,n}.
Consider the power set P({z1,...,zn}). # P({z1,...,2.}) = T po (7) = 2™

Let {C;}2, be the 2™ elements of the power set. Claim:
C(X) = UL, B(Cy).

The proof of the claim is as follows.
(i) Clearly UZ, B.(C:) € C(X).

(#) To show containment in the other direction, let D € C(X) and then consider
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D as a subset of X. 3{zq,...,%} C{1,...,n} such that DN X; # 0,

1€ {30,...,tkrand DNX; =0 for v ¢ {v0,...,%}-

Let C; = {zj, .. ., xik}. We show that D € B.(C:) as follows:

Ve € D 37 such that d(z,z;;) < /2

which implies

D C Nepa(C5)

since Cs = {Ziy, ..., 24} and Neso(C;) = Us_g Beja(ay;).

(b) On the other hand,
N.o(D) = UgepBeya(z)

and we have that

DNX, #0  Vje{0,...,k}

We recall that X;; is an open €/4-ball in (X, d). Thus
Jz € D such that d(z,z;;) < €/2
implies that for each j € {0,...,k}
zi; € Beja(z) for some z € D,

which implies that

;€ Nepa( D).
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Then we see that

C;) = inf{r|C; C D C#r(Q)} <el2 <epg

D E B,(C;)

C(X) C U~B,(C)).

We have shown that (C(X), dn) is totally bounded in addition to being com-
plete, therefore (C(X), dh) is compact. =

Our object here is this: (C(X), d/f) being a compact metric space is sequen-
tially compact.

A function is called monotone if point inverses are connected. We next show
that in a certain setting, near-hnomeomorphisms are monotone.

Proposition 3.3: If (X,d) is a compact, locally connected metric space and
H:X X is a near- homeomorphism, then H is monotone.

Proof. We wish to show that any point inverse is connected. We will do so by
demonstrating that in (C(X)ydH) a point inverse of H is the limit of a sequence
of (compact) connected sets in X yand is therefore itself (compact) connected [6].

Let c6 X and H = limn® @MHN where Hn : X —X are homeomorphisms.
Given € > 0, by local connectedness 30 < e < € and a Ug open and connected

with diam Ue < eand ¢ £ Ue C Be{c). We note that Ue is compact and
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connected, as is H7Y(U.). Also, z € ‘H~!(c) if and only if given any 5 > 0, there
is an integer N(7), dependent on 7, such that n > N = d(H(z),¢c) <.

Define

Ap = H;(}E)(ﬁl/k) for £ > 0 and n(k) > N(1/k).

We see that { A}, has a convergent subsequence because in the previous lemma
(C(X), dr) was shown to be sequentially compact. For simplicity of notation, call
this subsequence {Ax}52,. It is now possible to find a subsequence of this {Ag}4e,
such that if & > j then n(k) > n(j). Again call this subsequence {Ar}2, and let
A =1limgoo Ak.

Claim:

A= H(c).

The claim is proven as follows. (i) Suppose z € H™'(c). Then by definition,
z € Ay Vk. Iz ¢ A, then because A is compact we can say that d(z, A) = > 0.
Jk(r) such that k > k(r) = dg(A, Ay) < r/2. This yields A, C N,/5(4). But
_ z cannot be in an r/2-neighborhood about A since the distance between z and
A is r which is larger than /2. Then it cannot be that z is in Az, which by
definition it is. Hence a contradiction. Thus ¢ € H~*(c) implies ¢ € A which
implies H™(c¢) C A. |

(#) Suppose z € A. We wish to show that z must be in 7'(c). To show
T € H‘li(c) it suffices to do the following: given € > 0, produce a p such that

d(Hn(z),c) < e VYn>n(p).
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Let € > 0.

(a) Because {H,} is a uniformly Cauchy sequence,

371 such that 29,25 >

d(H,(y), Hi,(y)) < /6 Vye X.
(b) Choose k such that

1k < e/4

and

n(k) 2 I.
(c) Since Hy is continuous, we have the existenceléf a 6(k, €) such that
d(z,y) < § = d(Huw(2), Ha)(y)) < €/4-
(d) Becaus;e {Ag} converges we have a J such that

Then |
max{d(y, 4;), d(y;, A)ly € A,y; € A} <&
=
d(z, A;) <6
N

Jy; € A; such that d(z,y;) < 6.
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Now let p > max{J, k}. Then
p>k=1/p<l/k<efd

and

n(p) > n(k) > 1.

- Further,

Jy € A, such that d(z,y) < 6.

This implies‘

d( Hn(y(2), Hagr)(y)) < €/4

by part (c). By the triangle inequality we obtain
d( Homy(2), ) < 5€/6

as follows:
d(Hpp)(2), €) < d(Hnp)(@), Hnr)(2))
+d(Hn(k)(m),.Hn’(/;)(y))_+ d(H;(k)(y),'Hn<p)(y)_) + d(Hn(z)(¥), )
| < ef6+ e/t +ef6+ e/4 = 5e/6.

And by part (a)

d(Ha(z), Hap)(z)) < €/6  Yn2>n(p) >n(k) 21

50O

d(Hp(z), ¢) < d(Hn(z), Ha)(2)) + d(Hn(p)(z), €) <»56/6 +¢/6 =e.
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Hence we have show that given e > 0 and x G A, 3p such that n > n(p)

implies
d(Hn(x),c) <e
=
X GH-"c)
=
ac "rlO.
Parts (i) and (m) prove the claim that A = But A being the limit of

(compact) connected sets is (compact) connected. Thus f/_1(c) is connected, and
H is monotone. m

Lemma 3.4: If # is a near-homeomorphism and U is an open disk, then
H~I[U) is simply connected.

Proof. Let H = limt_OHt where Ht are homeomorphisms. Let S be a simple
closed curve in the open set H~XU). S is compact, thus H(S) is a compact subset
of 7 = H(H~1(U)). There existaf > 0and a T > 0 such that for all t < T,
Ht(S) C [7; in fact, d(Ht(S), dU) >6 > 0.

Now the region B bounded by S is an open disk. So Ht(B) is an open disk
contained in U,

H(B) = limHt(B)

and

d(Ht(B),9B) = d(Ht(B), W) >6>0 forf<T.
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This implies that H(B) C U which implies that
B CH-\H(B)) CJT 1X&.

Thus every simple closed curve in JT (G bounds a region which is entirely
contained in JT 1(C2. This implies that JT 1(C& is simply connected. m

We now prove the necessary conditions of Theorem 3.1:

If a continuum is embeddable using inverse limits then it
is disk-chainable.

Proof. Let T be a compact disk and J be a closed arc in D\ Dn = D,
In=1and In Q Dn Vn G "+. Suppose there are near-homeomorphisms Fn :
Dn+H — Dn, where Jn™ i = /,, : Jn+i Jn is a surjection. We know that
(DniFn)=D. Let &M (Tn,Fn) = D where $ is a homeomorphism. Then (In,fn)
and hence 5"(Jn,/n)j is a chainable continuum [2]. $ ~(Jn,/n)" is embeddable
using inverse limits. We will show that $ ~(Jn,/n)j is a disk-chainable embedding
by chaining (In,fn) in (Dn, Fn) with chains whose links are topological disks, and
the intersections of the links are also disks.

We notice the following. Given any n, let C = {I*,..., Im] be a 5-chaining of
In by disks where li Alj is a disk Vi,j G{1,..., m}.

(1) F~I(1j) is non-empty and open because Fn is continuous; F~I1(l:) is connected
by proposition 3.3; and F~1(lj) is simply connected by lemma 3.4. That is,

F~1(lj) is a topological disk.

(it) Ufl1Fn 1(lj) covers In+l.
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(#%) ,(zi N1 # 0 iff F73(L) N FD(D,) # @) = {F7WH), -, Fr (1)} is . chaining
of Insr.
(i) F() 0 F7 (L) = FoA (LN L) is . disk for the same reasons as given in (i).
Let € > 0 be given. Let n be large enough such that

1 < €
omn—3 diam D’

Choose

, .
§ < min{(1 - F) g, al
where & > 0 is chosen in a manner such that if
C={l,...,ln} isan a—chain

then
2n—2

T for kE=0,1,...

diam Fn—-l—k -0 Fn_z (0] Fn_l(lj) < n—1.

)

For this m, 38-chain of I,, whose links are connected. Call this §-chain of I,
Cn = {ll, lg, caey lmn}-

Let
l}- = {z € (Dg, F¥)|zn € 5} | for = j€{l,2,...,mn}
and let
Crn={l, b5, ..., Im.}.
Claim: C, is an e-chain of (I, fi) whose links, and the intersections of those

links, are connected. This claim is established in the following manner.
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(1) We first establish that
diam -Z}(e Vi e {1,2,...,m,}.
Let z,y € [;. Then

T; — Vi diam D
\+ Z 2i

i=n

n—1 . .
< Z diam F,_1_;0---0 Fu 50 Fo 1({;)
2=0

T + (diarn D)

2n—2 n—-1 1
o1 2um T

7

<

m
=1 m

Il
o

+ 3e/4.

€
4

N[

Thus

diam [; = sup d(z,y) < 3¢/4 < e.
syel;

(i) We next observe the C,, covers (I, fx). Let

z = (zo,z1,-..) € (I, f&) C (Dg, F).

Then
To(z) = zn € I, = 37 € {1,2,...,ms} such that z, € I;.
By definition
lj={y € (D, Fe)lyn € i} = z € ;.
(i) We also see that §; N # 0 iff [j — 5| < 1, as follows: [Nl # 0 iff

3z € (I; N [;) iff 3n such that z, € (N L) M (NL) # 0 iff |j —4] <1 since

Cn={l,...,lm,} is a 6-chain of I,.
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(iv) Finally we see that the elements of C,, are open and connected sets.with
connected intersections.

Let z € ‘ZAJ- for any Z]- € C,,. Consider the map z = (zo,Z1,...) = (Zn, Tnt1, .. -)
ie. h: (Di,Fr) — (D, Fx) by h(z) = y where yx = znqp. Clearly A is a
homeomorphism. For simplicity of notation, let l} nov;r denote h(l}) and C,, denote

h((:’n) as follows:
é‘n = {i] ;]'LG,l Where iJ = {g S h((Dk7Fk))|y0 € lJ}

Then

: » [; for k=20
me(l;) = § 2
F FrlyqooF b oF7N (L) for k>0

n

Thus 7(l;) is a disk. ‘And we see that

and

Invoking Brown’s theorem, we have 23- = inti_j is an open disk. This makes Cn a
chaining by disks. Furthermore, since ;N ; is a disk, the same argument gives us
ini;=1NTl;is a disk.

In conclusion, Ve > 0 EICA'n, an e-chain of (In,-fn) v‘vhose links an& intersections

of those links are disks. We have shown that the continuum @((In, fn)) which 1s

embeddable using inverse limits is disk-chainable. o
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We proceed with the proof of the sufficient .conditions for theorem 3.1:
If X is a disk chainable embedding of a chainable contin-
uum, then X is embeddable using inverse limits.
Proof. Let C be a chainable continuum and X a disk chainable embedding of
C in the closed disk D. We can make the following construction:
(i) {B? ;:8" 'is a defining sequence of chains for X where
(a) the links {B7}™Y) of Bi are connected,
(b) the closures of the intersections of adjacent links in a chain are connected,
(c) diaﬁ B =& VYme{l, 2,‘. ..,m(7)} where lim;_.o &; =0
(i) K; C U,",:(i% BJ, is a closed arc such that |
(a) K; N (B N BY_|)isan arc Vm € {2,3,...,m(j)} and
(b) the endpoints of K; are in X N B{ and X N Bf;l(j) respectively.
(c) B.{ N X is not a subset of B and B;(j) N X is not a subset of Bi(j)_l.
We now have “nice” disks with arcs running through them and can construct
maps which “collapse” the disks onto the arcs in the following manner:
(#11) Gj : D — D are Lipschitz near-homeomorphisms with Lipschitz constants
6;; and there are open neighborhoods Vj of UZ(;} BJ where

(a)

%BCD, WMUBLCV,CURIBIY for j=1,2,...

(b)

G(V))=EK; V¥j=0,1,2,...
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GJ(B])CBJ Vm e {1,2,...,m(7)}; 7€4{0,1,2,...,}

and
Gi(ByY) € By
(d) G; restricted to the complement of ug(jfl)Bg',jl is the identity, 7 = 1,2,...

and,Go is the identity outside some neighborhood of V4.

(a) through (d) gives us
NG —d]| < &
and
d(g;(z),z) < E where  g; = Gy, -

Now we will choose a subsequence {C7 } of {Bfn} Find a jo such that

€5, < 1/2. Let
€0 = EJ'o < 1/27 C-?n = B'rj-rg) IO = Kjo; UO :_V}o'

Rename Gj, as Fy and define

6o = max{§;,,1}.

Next choose j; > jo with €; < 2%“0. Let €, = §;, and rename B%, K;,,V;, and
G;, as CL,I;,Uy, Fy, respectively. Define 6, = max{6;,1}.
Choose 7 > 71 with &, <

55 5 55557 and proceed to remdex the chain, arc, open

set’ and function, and define a new § as above.
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Continue thus, so that

| e < TR and & = max{é;,1}.

Let fj = F

T 41

and define
A= (J;, fiy,,,) where  Jj=0ksifjo---0 fullkr).
We may a.l'so think of J; as
J; = NkxoJF where Jf = fio-- o fipa(lisksr)-
Given a 7, we will show that
oI #£0 k20 "

From 6;1r construction, ;Ne have that

LN Gt £0 Yme {1,2,...,m(i+ 1}

and that

Fmy € {1,2,...,m(j + 1)} such that <l CZ* C C.

. Similarly,
LiyaNCIFP 40 Yme {1,2,...,m(j +2)}
and Im, in this set with ¢ CZE? C C7+1. Thus given an my, there is'an

MEk+1 € {1,2,. . ,m(] + k + 1)} Wlth

Mpyy  — MEyy

cl CITk+L C OFF* and Ijjpsr NCLEET 0.
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Consider J? = f;(I;41). There is an ag € Ijy; N %! and by = fi(ao) €
FilTis NCEY) C fi(Zin) N F(CEY) S PN £,(C1) S PN CY. Thus JPNCY # 6,
since by € J3 N cl. |

_Suppose we have ™i,Ma, ..., Mey1 Where cl O’gn*;’ifl C..-Cdl CTJn-l;l C Cf

Then there is an ag € Ijyrg1 N CLEFT with
 fioe o fisw(ar) € fio 0 fian(Livkn N OREF)

C fjo 0 fire(Lisksr) N fjo---0 fj+k(03§;'if1)

CJfNfijo---o Fiveo1(CIER).

The key step. here is that

fj+k'(0j+k+1) C fj+k(0-}7;1t@).g C,J,:k.

Mt

So we see that

bk:fjo---ofj+k(a,k) € JfﬂC{

Thus
JENCI£0 VE>0;
and
lim b, € cl ¢,
lim by € Nksods
implies

JiNcl Cl+#0.
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We now see that our choice of the first link €7 of C7 was not crucial to the

argument. We could in fact have shown
J;ne Cl #£0 Yme{l,2,...,m(j)}.

All told, J; is not only a compact, connected, non-empty (nested intersection of
non-empty compact sets) subset of an arc, but has interior as well (i.e. is not a
point). Thus A is a non-degenerate planar continuum.

To complete the proof, it suffices to show that A and X are eq_uivalently

embedded, and that this makes X embeddable using inverse limits. We define
H:(D,F;)— Dby H(z) = lim 2,

where z, = m,(z). We now establish that H is the homeomorphism we seek by
verifying that
(i) H is well-defined,
(é) H is continuous,
(s5) H(A) = X,
(i) H is one to one,
(v) H is onto.
(i) Proof that H is well defined. We wish to show that {z,} has a unique
limit point. Suppose not. Suppose w and y are both cluster points for {zn}; and
d(w,y) = § > 0. Then 3 subsequences {2n;} and {2n,} such that z,;, — w,

zn, — Y. Thus, given §/3, 3J, K such that

{2n} C Byja(w) for j>7J,
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and
{znj C Bs/Z(y) for k>K

Choose rij > rik such that
()
j>J1 k>K and "~ e <6/3

1=Ttfc

We have
ZTc — Aifc o mm Ofnj-2 0 Aij-1 (2Tl
In addition,

d{fn{x), x) <e,,

SO
d(zWjzTio f; 6(4Y., 45 _i)d Ay 4% 2)d"" 6(zn"+i1, Zi9
—dfenj >Aij- i (zTij)) d" d(znj- i, Aij“2(znj—)) + wm+ 6(znfcHj Al* (2TifceH)
< "ij-l + Ej-2 + eee + erfc
@
< 53 e < 6/3.

I=Tk

Now
d(w, y) < d(w, zn-) + d(znj, znfo) + d(znk,y)

=

d(w,y) <6/3 + 6/3 + 6/3 = 6.

This is a contradiction. Thus there is not more than one cluster point for {zn}

and H(z) = limrwoo zn is well defined. =
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(#t) Proof that H s continuous. Let € > 0 be given, and choose z € (D, F;).
We will produce a § > 0 such that if d(z,y) < 6 then d(H(z), H(y)) < «.

Let N be sufficiently large, such that

n> N = d(z,, H(z)) < ¢/3

and
Z er < €/6.
k=N-1
Choose
€
< 3 N
Find a y with
d(z,y) < 6.
Then
- d(zk)yk)
k=0
=
d(zk7yk)
ok ) Vk=0,1,2,...
=
d(zN7yN)
o <6< 39N
=

d(zN,yN) < 6/3.

Now choose m > N large enough such that

d(ym, H(y)) < ¢/6.
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Then

d(H(2)). H(y)) <d(H{z), zN) + d(zN,yN) + d{yN,ym) + d{ym, H(y))

[o]e]

<elf3+elf3+ NN M+ el6
k=N—

Nel3+el3+¢el6+el6=eH

(in) Proof that H(A) = X. We will first show that H(A) C X. Suppose
z € A but, for the purposes of contradiction, W(z) = limn-"®0zn ~ Ah Then
d(H(x),X) —4 > 0 because both {H(x)} and X are compact sets. Choose N
large enough so that (a) en <rj/S Vn> Wand (6) d(xn,H(x)) <4/3 Vn > N.
Now

NnEMNC for some me {1,2,..., mn}

and

X acri/ 0 forthat m.

In other words, both xn and points of AT are in a set of diameter smaller than en.

So
d(xn,A)—)EE;(d(xn,x) AN oen.
Thus
7 = (m), X) < (z), Zn) + 4 ~,
T3+ 7113 < T

and this is a contradiction. We conclude that

z £ AZH(x) CA
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which implies that

H(A) C X.

In order to show that X C H(A), observe that A is a closed subset of a compact
space, hence compact. As H is a continuous function, we have that H(A) is a
compact subset of a closed disk in IR?; hence closed. Thus, given z € X, it suffices

to show

z € H(A

g

H(A).
That is, Ve > 0 we must produce a y(e) € A such that
H(y(e)) € Be(=).

Let 2 € X and € > 0. Choose n large enough so that

o0

Zek < €2,

k=n .
and note that this implies €, < €/2. Since z € X,

Imy, such that ¢ € C7, .

We have already shown that
CinJ,#0 ke {1,2,---,m(n)}.
Let
Yn € O N Jn.

Then

d(z,yn) < €,
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because both yn 6 C*i and x G (7"n. And

3y(e) =y E Asuch that in(y) = yn

because yn E J,,.

We now see that

d(x,H(y)) <d(x,yn)+ d(yn,H(y))

=d(x,yn) + d(yn,kl_ir“%yk)

< d(x,yn) + d(yn,yn+1) + d(yn+l,yn+2) + e

[e]e]

<en+ 24k
k—n
< g2 +6el2 =g

which is equivalent to
tf(y) E BE(x).e

(iy) Proof that H is one to one. We first prove that H is one to one on A

Suppose

3 X, ¥ E Asuch that H(x) = H{y) —x.

We will show that this implies x = y by demonstrating that given any e > 0,
dixjhj) <e Vj=0,1.2,-

Let e > 0 be given. Choose n large enough so that
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Now

d(mﬂdyn) S d(mn; :L') + d(m,yn)

< d(wm wn+1) + d($n+1> $n+2) +e At d(‘yn, yn+1) + d(yn+1, yn+2) + -

= d(fn(mn-i-l); :E'n.+1) + et d(fn<yﬂ+1))yn+1)/+ e
<2- Z €k
k=n
And

d(mn—hyn—l) = d(fn—l(wn)) fn-l(yn)) < bpoy - d(wn;yn)-

This implies that Vj < n

0

d(mj,yj) <2. 5j : 5j+1 s 5.,-1_1 : Zek

k=n

[oo]

. .
<26 6501 Opo1-
770+ t ;2.50.51...5,6*1.@

1
< Qb by i by
0 %1 T g ! ;2.50.51...510_1.“

1 1 1

g (n + 1)n+1) T bnt1 - (n+ 2)(nF2) o

.1
S @<e

k=n

Thus for § < n, we see immediately that
d(mjayj) <€
and for 7 > n we see that

d(z5,95) < 2-) e

k=3




and if

then

for 7 > n.

ik

We now prove that H is one-to-one off A. Suppose

We claim that

The proof of the claim proceeds as follows.

dz,y € (D, F;) — A such that H(z) = H(y) e :
z ¢ A= 3IM such that n > M = z, = zpy.

z ¢ A = 3N such that zy ¢ Jy

which means that for m infinitely often, z,, ¢ I.. Choose one such m > 0. If

Tm & I, then @y & Un, since Fr(Unm) = Im and Frp(2m41) = Tm. This implies

that

If

k(m—1)

Zmi € (D — U om=1y g (UM Nomt ).

Zmi1 € D = U 00T
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then

Fo(Tms1) = Tmy1 = Ty
and in fact
F-,;.]i.1($m+1) = Tm+1 = Tmiz, =" = F{,:ij(mmﬂ) = mm.+j = Tmetj+1 Vi >0
so
n 2> M= Tn = Tm.
If

knowing that zmi1 = Fmi1(Zm+2) and that Fyoi1 is the identity on D — Uk(m)Ck

then either

(a) Tmis ¢ Uk 1 Ck and T, = Tmer VYR >m-+1or

(0) ZTmy2 € Uk(m)C’k . ‘And because Fiu11(Um+s1) = Imt1 we have more precisely
that 2,40 € Uk(m)Ck — Upny1, otherwise zp,41 would be‘ in Imyt, Which would
contradict our choice of m. _Th-is means that Tmt1 = Fmi1(@mi2) = Tmy2-
But 41 ¢ U, therefore 2,1 ¢ Uk(m)Ck and cannot ‘equal Tt
Now if

aM sucﬂ that zp, =zy Yn2> M

then

Since we have assumed
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we also have
Jim yn - xM-
In addition,

y £ A R 3N such that n > N =p yn = yu

SO
nILrpoyn = yN =xM = yN-
Thus ii k = max{M, N} we have xn = Xk and yn —yk Vn > k. But xf = y*-
Then xn —yn Vn > &which also implies that xn =yn Vn < A and we conclude
that x =y. Thus is one-to-one off A
In addition, we have shown that if x ~ A there will be an N withn > N =p

Zn 2 = /nf DnrUNC: =Zn f But

X Cnn>u:* Cm So we may conclude that
x £A=p lim xn= H(x) " X.

We know that H(A) = X. Thus if x » Aand y E Athen ff(x) ~ fif(y). m

(u) Proofthat H is onto. Let x E D.

(@) If
X E X
then by (in)
3x E Asuch that H(x) = x.
(6) %

XED-X
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then

3Vsuchthat n > N =x £ U\LMC”.

Let

X G (2), Fj) such that #"+1(x) = x.

Then referring to the definition of the Fj we see that H(x) = x. m

We have shown that ZZ is a continuous bijection from the compact space
(D,F.j) to the Hausdorf space D, hence a homeomorphism. It remains to show
that X is embeddable using inverse limits.

Let {<n},>0 be homeomorphisms of the disk D that take Jn onto |. Define

{G>i}n>0 to be the near-homeomorphisms
Gn —tnoFnotn+im
This gives us
Gn2) =z
The {gn}n>o0 induce a homeomorphism ip from (D, Gn) onto (D, Fn) [5]. Then
&=Hoip (D, Gn) »D
iIs a homeomorphism such that
$((z,CN)) = ZZA) = X.

We have assumed X to be disk-chainable and shown that it then must be

embeddable using inverse limits, completing the proof of the sufficient conditions

for theorem 3.1. m
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CHAPTER 4
AN EXAMPLE

In this chapter we embed the Knaster continuum, M, using inverse limits.
We first give some definitions and describe two functions which we use as bonding:
maps. We then present a proposition concerning the accessible points of these
embeddings. In a corollary to the proposition, we answer a question of Barge and
Martin concerning which composants can be made accessible in embeddings of
the Knaster continuum. This question has been addressed by Mahavier [7], and
our results complement his. We conclude this chapter with a proposition which
relates the equivalence of inverse limit embeddings to an equivalence relations on
the composants of M.

If X is a continuum in a space Z, we say z € X is accessible if there exists an
arc & C Z such that (3) a= Im &, &:[0,1] — Z; (%) &(0) = z;

(1) &¢)NX =0 Vte (0,1). Equivalently, we say, o accesses z (from Z — X).

Given a continuum X and a point z € X, the composant of X determined by

C. = {y € X|3 a proper subcontinuum containing z and y}.

The Knaster continuum is an example of an indecomposable continuum, one

which cannot be expressed as the union of two proper subcontinua. For an
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indecomﬁosable continuum, we know [2] that the composaﬁts are uncountable in
number, the cc::mposa.nts partition the coﬁtinuum, each composant is dense in the
continuum, and “z € C,” is an equivalence relation. In the case of the Knaster
continuum the composants are arc compoﬁents (2]. Furtherfnore, M is the full
éttracting set of the standard Smale horseshoe [8].

If @ 1s an arc in an inverse limit space, we assume it is thé image of [0, 1] under
a map called &. By a,, we méan 7,(¢), which is an arc in the factor space.

The tent map T : I — I is given by

T 2z for 0 <z <1/2
S 12-22 forl/2<z<1 "

We define the Knaster continuum M in a usual manner as the inverse limit of the
tent map, i.e. M = (I,T).

Let Iy = [0,1/2] and I; = [1/2,1]. Define the relation

bn:(I,T)— {0,1}

[k if 20 € I, @n#1/2
9“@)_{0@1- if 2, = 1/2 o

In the case of (I,T').it is known that z and y are in the same composant, that is
z € Cy, equivalently, gle C; if and only if there exists an N suF:h that O.(z) =
On(y) Vn2> N. We notice that if z € (I,T) and z,, = 1/2 for éome n, then that
n is unique. This is because z,_; =l and z; =0 V0 <k <n—1. So if we were

to have z, = 1/2 and z; = 1/2 for some k > n then z, € {0,1} which would
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contradict z, = 1/2. Thérefor_e the ambiguity in‘the definition c;f 0.(z) ca,usés no
confusion in determining which points would be in Cy, nor does it cause a problem
in any of the subsequent proofs regardless as to WhetherIO or 1 is chosen for 0,(z)
vs.rhen z, = 1/2. |
Let 0 be the point in (I, T) su;h that 7,(0) =0 Vn. 0 is a topologically dis-
tinguished point. If any two subcontinua in (I, T') conté,in 0, then one€ is contained
in the other. This makes 0 an endpoint of (I, T) It is in fact the only endpoint.
Let
D={2€Clz=1/2+re? for 0 <r < 1/2}
D, = {z € C|z € D and Im(z) > 0}
D; ={z€C|z €D and Im(z) < 0}

In={2€Clz=r,0<r<1/2}

and similarly

L ={z€Clz=r1/2<r<1}.

Let

I=I,Ul.

Define

as the map which takes

1/2 +re® — 1/2 4+ 7097 for 0 <t <1, 0<0 <.
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Define

he E —D _
as the map which takes
1/2 +re®? — 1/2 4 relC-08+E-17 50 0 < £ < .l, <0< 27,

Define

ss:D—D
as a homeomorphic extension of the map which takes I into I by
T—+(2—t)r for0<t<1

where the s; converge uniformly as ¢ — 0 to a near-homeomorphism sq; ‘and where

(3) so(Da) = D, (i) s3*(I) = I and (i) s3*(1) = L. Define
F.:D—-D

as

TR — ) St0g: forzez
’ s;ohy forze D,

Note that for t # 0, F; is a homeomorphism, and
Fo=lmF;
t—0

is a near-homeomorphism. Further, Fy takes D; homeomorphically onto D—1I,. By
F; we denote Fy followed by a reflection in the cartesian z-axis. Now continuously

extend both Fy and F} to B, a closed disk of radius 1 centered at z = 1/2 in such
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a manner that they map B - D homeomorphically onto itself. For simplicity
of notation continue to call them Fqgand Fi. Let /0 and fi denote Fo\r and
F1j/ respectively. Observe that f0 and fi are merely the tent map on the interval.
Therefore, forjn 6 {0,1}, (/, /Jn) is the Knaster continuum embedded in (B, Fjn),
which by the theorem of Brown, is homeomorphic to a closed disk. When we say
“(B,FJn) embeds M” we will be referring to this embedding. Furthermore, the
choice of the jn determine the unique accessible composant of the embedding.
This is the content of the lemmas, propositions and corollaries which now follow.

Lemma 4.1 Suppose a is an arc in (D, Fjn), that is
36- : [0,1] —(D, Fjn) with Im(a) = a.
Define

én : [0,1] —F

by

dn = Tih OSi.
Let t 6 [0,1] and x E (D, Fjn). Then
et(t) = x iff an(t) —xn Vn.

Proof of the sufficient conditions. a(t) —x =>dn(t) = Tmoaft) =
mx) =xn Vn. =

Proof of the necessary conditions. We have x E [D, Fjn) and dn(t) = xn
Vn > 0= Tho6(f) = xn. aft) =y for somey E fD, Fjn). But Tho6(f) = Tn(y) =

xn Vn>0 t=xand 6(f)=x m
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Lemma 4.2 Supposé z € (I, f;,) and a, accesses z,, € I from D;. If
0n+1(Z) = Jnt1, then there exists an arc a,4; which accesses z,.; from D; such
that F} (@ni1) = on.
Proof. Fj, is a homeomorphism from D; onto D — I for both jhe1 = 0
and jpy1 = 1. Thus for 0 < ¢t < 1, FJ;}rl(&n(t)) is well defined. In fact,

F* (&4((0,1])) is & half open arc in D;. Observe that the function Fijp,,z, has

In+41

a continuous inverse. We have that
&.(t)CT D UI  Vtel0,1]
and that for t # 0

(Fruss oo, ) (6(8)) = Firk (6n(0)

is a half open arc in D;. In addition

%E%(an+l |D1UIJ'n+1 )—1 (&n(t))

= (an+1 DI, .y )—1(%1_1;% &n(t))

= (an+1 DL, ., )—1 (&n(o))

= (Fj”+1|DlUIj )—1(mn)

n+1l
which must be a subset of D; U I;,,,. But (Fj.,,)" (%) is a semicircle in D,
with center z = 1/2, one endpoint in I, one in I (or the point z = 1/2 if

z, = 1). Therefore (Fj"“lDzUI' )"'(zn) which is a subset of ‘FJ;_lH(:z:n) must be
Intl
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the endpoint in /7L Furthermore znmtl E MV (xny Al. S0 xnt+l is one of the

semicircle’s endpoints. If h+i(x) = jmtl then xn+l E /L Thus

(-yn+lQWntl )  (Zn) = Zn+1-

We have shown that

CTifi = {a:,+i} U @dn()), t~ 0}

is an arc in Di which accesses xntl from And clearly *Fh+l(an+l) = an. m

Proposition 4.3 Suppose x E (1, /,,,) and x 0.

X is accessible

3Al such that jn = 0On(x) Vn > V.

Proof of the sufficient condition. We will prove the contrapositive: if
jn 70 On(") infinitely often then x is not accessible. We are assuming that
jn 70 Qn{x) infinitely often, and for the purposes of contradiction also suppose that
a accesses x from (B, FJn). We seek to show that there exists a t 7* 0 such that
d(f) A(7,/Jn) ™0 and thereby obtain a contradiction.

a is accessing x 7 0. This means that 0 ~ Im(a). This implies the existence
of an Ni such that for n > Ad we have dn(t) 70 WVt E [0,1].

Notice that if

{on()t 0} C
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then

ar C 1T Vk < n.

If this were to occur infinitely often, @ would lie in the continuum. In fact, there
caﬁ be no t # 0 such that &n(t) € D, infinitely often for much the same reason.
For then &(t) would be in the continuum and ¢ would not be an a,cces.sing arc.
In particular, &,(1) ¢ D, infinitely often. So there must be én N, such that for
each n _>_.N2

~

T, = {t € [0,1)|@n((¢,1]) N D, = 0} # 0. .

© Let t, =1infT,.

We will show that £, = thy1 Vn > N > max{Ni, N.}. First we observe two
facts: () that Vn > N, ’éen(tn) € 8D, but t, € T,; that is, &,(t) & Dy if t > tn;
and that (ii) @ns1(t) € 0D, = &a(t) € 1.

Now if tpp1 > tn then &n(tnir) §§D—u .Buf; bny1(tnir) € 55? = Gn(tny1) € 1.
This is a contradiction.

| If ¢, > tat1 then tn € Tn+1_ and also &nta(tn) ¢ D, which implies

Gni1([tn, 1]) 0 D, = §. This means

Je < 0 such that &ni1([tn,tn+€)) € DU (B — D).

If

.&n+1([tnatn + 5):) c D

then

Gn([tnytn +€)) C D =1
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hence
on(m) E D —1.
If
+i (IAi,tn + €)) C B —D
then

EB —D.

In either case, an(tn) » dDu, which is a contradiction.

Since neither tn+H > tn nor tn > tn+l is true, it must be that tn = tn+l for
arbitrary n> N. Call this value of t, t'. Consider y = d(t'). #n(y) = otn(t") which
is an element of | for n infinitely often. Hencey E (/, fjn).

Finally, we argue that t' ~ 0; that is, y * x. For if t' were equal to O, then we

would have tn —O0 for all n > N. This, by definition would mean that

dn((0,1) fl .Du=0 Vn> N.

Choose some n: | > / where ~,+1(2) / jn+imThen dn((0,1]) #| Du 7*0. This
contradicts the implication we derived from supposing that t' = 0. Therefore we
see that t cannot equal 0. Hencey ~ x, y E ¢, and y e [lifjn- We conclude
that a is not an accessing arc. |

Proof of the necessary condition. Suppose there exists an N such that
Vn> N, jn=0n(z). Let a# access ijv from Di. Let Qjv+i be the arc given by
lemma 4.2 where " 6+1(E) (oljvti) = Qw, and g” +1 accesses from Di. Suppose

we have defined ctu+k for £ > I. Then lemma 4.2 gives an alv+fcti such that
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FeNHH(X)(0>N+K+H) = &N\HK, and this arc cN+kH accesses xv*-k+i from Dt. This
inductively demonstrates the existence, Vn > N, of an Qn which accesses xn from

Di where gm*(On) = Qn_:. For n <N, let an = FInH 0 *+*0 Fjw(Qiv). Define

WAL claim that a accesses x. The proof of the claim is as follows. an accesses

xnfor n > N from lemma 4.2. Thus for n > N,

TG n J = {xn},

specifically,
ATICa(O) n m((7, fjn)) = {xn}
and

#TiCa(0) n #TiQT, fjn)) = 0 for f G (0, 1J;

an(/,/Jn) = {x}.

And clearly a is an arc, implying that a accesses x, hence x is accessible. m

If x,y E {l,fjn), x ™ 0andy E Ce then x E Cy and B an M such that
5n(x) = 5n(y) Vn > N1 Thus if x is accessible BiV2 such that 9n(x) = jn
Vn > N2. Then Vn > iV = max{AljT\2) we have 9n(x) = jn = On(y) which
implies y is also accessible. We have just proven the next corollary.

Corollary 4.4 Suppose x E (1,fjn) and x ~ 0. If x is accessible then Ce is

accessible.
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Furthermore, if z,y € (/, fi.)—{0}and C; # Cy, then O,(z) # 0.(y) infinitely
often. So if z an;.'l hence its composant C, is accessible then N such that
n> N = j, = 0,(z) = jn # 0.(y) infinitely often. This implies that y and hence

Cy is not accessible. As a conclusion we have this corollary.

Corollary 4.5 (B, F;,) embeds M in such a way that there is a unique ac-

cessible composant.

Notice that the endpoint 0 is always accessible from the complement of the

continuum because g can be chosen with a, C (B~ D)U {z =0} Vn.

" As there are uncountably many sequenées of 0's and 1's, there are uncountably
‘many embeddings of M by (B, Fj,). We would like to sort these embeddings into
collections of equivalent embeddings. Owur approach is this. Let us establish °
an quivalence relation on the set of composants of (I,T"). This will induce an
equivalence relation on the set {(B, F},)} of inverse limit embeddings of M which

tells us precisely which of the {(B, F;,)} are equivalent embeddings.

First, consider this lemma concerning isofopic maps <;n (I,T) and composants
of (I, T).

Lemma 4.6 If f,9: (I, T) — (I,T) are isotopic and K is a composant of
- (I,T),then f(K) = g(K).

Proof. Since f and g are isotopic, there exists a ﬁpmotopy-ﬂ (I, T)x[0,1] —
(I,T) such that H(z,0) = f(z) and H(z,1) = g(z). Both H(K,0) = f(K) and

H(K,1) = g(K) are composants of (I,T"). We wish to show that f(K) = g(K).
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Let y 6 f{K). Then dx GK with f{x) = y. Let z = g{x). Consider

L = {i/(x, )|t 6 [0,1]}

T is the continuous image of a compact, connected set; thus T is a subcontinuum
of L is arc connected, therefore a proper subcontinuum. In addition, both
z —H(x, 1) and y = H(x, 0) are elements of L. This means that z and y are in
the same composant and g(K) = f{K). =

Let Kx and K2 be composants of (1,T). Define an equivalence relation on
the set of composants of (/, T) by Ki ~ K2 if and only if there exists a home-
omorphism ¢&: (1,T) — (I,T) such that <xKi) = K2. Watkins [9 has shown
that every homeomorphism on (I, T) is isotopic to some power of the shift map
T :(1,T) = (/, T). Therefore if (N{Ki) — K2, our lemma and Watkins’ result
says that 3n E IN such that Tn(Ki) = K2. This gives us a countable number of
elements in each equivalence class [K\. As there are an uncountable number of
composants, we have an uncountable number of equivalence classes.

Let us examine more carefully what is meant by the phrase “(5, Fjn) embeds
M.” We have that M = (/, T) —(/, /Jn) C (B, Fjn). By the theorem of Morton
Brown, (BtFjn)=B, which means that there exists a homeomorphism <j which
takes (B, Fjn) onto B. It is (pj((7,/ ™) which is the planar embedding of M.

Define an equivalence relation on the set of embeddings {(B, FJn)} of M by
(BtFjn) ~ (BtFIn) if and only if (B, Fjn) and (B, FlIn) are equivalent embeddings.

To discuss the equivalence of two embeddings we must have a homeomorphism of
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B which takes </?,((/, f]n)) onto rl((/, /in))- In our last proposition we see that
this homeomorphism exists if and only if the composants which are accessible in
B are equivalent in (/, T).

Proposition 4.7: Suppose K3 and K1are the composants of (I,T) such that
Iflj(K3) and Pi(KIl) are the accessible composants of <flj((l,fjn)) and <£,((/./,,))

respectively. Then, using the equivalence relations established above,

K3~ Kt ifand only if (B, Fjn) ~ (B, Ftn).

Proof of the sufficienct condition. Suppose K3 ~ Kt. Then 3m such that

K3 = Tm(Kt). Let x 6 K3 and y € Kj. Since x and Tm(lj) are in the same
composant, 3iV such that 9n(x) = é6n(Tm(y)) Vn > N. Suppose N > m and
consider the homeomorphism m(B,FJn) — (B, Fkn) defined by #n(hn(z)) =
Note that defined similarly, is a homeomorphism form (5, Ftn)

to (B,Fkn). Now define $ : B —B hy

$= - oh# oqg™.

$ is a homeomorphism of B which takes Pj((I, f]n)) onto <fli((l, /),,)), thus making
(B, Fjn) ~ (B, Ftn). In the case that IV< m, let $ = tohmopjl m
Proof of the necessary condition. Suppose that (B,Fjn) ~ (B,Ftn). Then

3% : B —B, a homeomorphism such that

Then, because in equivalent embeddings accessible composants are taken to
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eaccessible composants,

°*c = K1

Thus tp™o &0 ® : (/, T) —(/, T) is a homeomorphism which takes Kj onto K1
and Kj » K1 a

Let us take a look at the implications of this proof. An embedding (BjFIn)
of M has a unique accessible composant Ig(Kj). Now Kj in (I,fjn) is really-
distinguished by a sequence of Os and I's. Given Xl and X2 in Kjj there is an
N such that A(X1) = A(x2) forall n > N. In other words A(X1) and AQr2)
“eventually agree.” Furthermore, by proposition 4.3, given x E Kjj there is an
L such that A(x) = jn forall n > L. That is, the composant of M which will
be accessible in the embedding (BjFjn) is distinguished by the sequence {jn};
it contains those points whose image under (An) eventually agrees with {;n}.
Proposition 4.7 says that two embeddings (BjFjn) and (BjFIn) are equivalently
embedded if and only if there exists an N and an m such that jn = in-m Vn > N\
that is, if by disregarding a finite number of initial Os and Vs, the “realigned”

sequences {jn} and {zn} eventually agree.
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