
Some planar embeddings of chainable continua can be expressed as inverse limit spaces
by Susan Pamela Schwartz

A thesis submitted in partial fulfillment of the requirements for the degree of Doctor of Philosophy in
Mathematics
Montana State University
© Copyright by Susan Pamela Schwartz (1992)

Abstract:
It is well known that chainable continua can be expressed as inverse limit spaces and that chainable
continua are embeddable in the plane. We give necessary and sufficient conditions for the planar
embeddings of chainable continua to be realized as inverse limit spaces.

As an example, we consider the Knaster continuum. It has been shown that this continuum can be
embedded in the plane in such a manner that any given composant is accessible. We give inverse limit
expressions for embeddings of the Knaster continuum in which the accessible composant is specified.
We then show that there are uncountably many non-equivalent inverse limit embeddings of this
continuum. 



SOME PLANAR EMBEDDINGS OF CHAIN ABLE OONTINUA CAN BE

EXPRESSED AS INVERSE LIMIT SPACES

by

Susan Pamela Schwartz

A thesis submitted in partial fulfillment 
of the requirements for the degree

of

. Doctor of Philosophy

in

Mathematics

MONTANA STATE UNIVERSITY 
Bozeman, Montana

February 1992



D 3 l%

ii

APPROVAL

of a thesis submitted by 

Susan Pamela Schwartz

This thesis has been read by each member of the thesis committee and has 
been found to be satisfactory regarding content, English usage, format, citations, 
bibliographic style, and consistency, and is ready for submission to the College of 
Graduate Studies.

g / /  f  / f z
Date Chairperson, Graduate comm ittee

Approved for the Major Department

___ 2
Date

-J2 0 / 9
Head, Major Department

Approved for the College of Graduate Studies

Date Graduate Dean



iii

STATEMENT OF PERMISSION TO USE

. In presenting this thesis in partial fulfillment of the requirements for a doctoral 

degree at Montana State University, I agree that the Library shall make it available 

to borrowers under rules of the Library. I further agree that copying of this thesis 

is allowable only for scholarly purposes, consistent with “fair use”as prescribed in 

the U.S. Copyright Law. Requests for extensive copying or reproduction of this 

thesis should be referred to University Microfilms International, 300 North Zeeb 

Road, Ann Arbor, Michigan 48106, to whom I have granted “the exclusive right 

to reproduce and distribute copies of the dissertation in and from microfilm and 

the right to reproduce and distribute by abstract in any format.”

Signature



iv

TABLE OF CONTENTS

Page

1. INTRODUCTION.................................................................. : ...........................  I

2. TERMS AND NOTATION.....................: .......................................................... 4

3. MAIN THEOREM..............'........... .............. '.................................................... 7

4. AN EXAMPLE................................................................ .................................. 34

REFERENCES CITED.......................'........................................................: ........48



ABSTRACT

It is well known that chainable continua can be expressed as inverse limit 
spaces and that chainable continua are embeddable in the plane. We give neces­
sary and sufficient conditions for the planar embeddings of chainable continua to 
be realized as inverse limit spaces.

As an example, we consider the Knaster continuum. It has been shown that 
this continuum can be embedded in the plane in such a manner that any given 
composant is accessible. We give inverse limit expressions for embeddings of the 
Knaster continuum in which the accessible composant is specified. We then show 
that there are uncountably many non-equivalent inverse limit embeddings of this 
continuum.
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CHAPTER I 

INTRODUCTION

This thesis presents the necessary and sufficient conditions for a planar em­

bedding of a chainable continuum to be expressed as an inverse limit space. The 

theorem is illustrated by giving inverse limit expressions for embeddings of the 

Knaster bucket handle continuum. In the process, results are obtained concerning 

the accessibility of composants and the equivalence of embeddings.

Chainable continua are essentially planar! Bing [1] has demonstrated that 

every chainable continuum can be embedded in the plane in such a manner that the 

defining sequence of chains are comprised of interiors of rectangles, i.e. topological 

disks. We wish to distinguish a similar type of chainability. We will say that a 

continuum in the plane is disk-chainable if it can be chained in such a manner 

that for every e > 0 there is an e-chain whose links are topological disks and all 

intersections of those links are topological disks.

Furthermore, Bing [1] has shown that given a chainable continuum A, there 

are uncount ably many mutually exclusive homeomorphic copies of X  in the plane 

IR2. If Y  and Z are elements of this collection, there exists a homeomorphism. 

$ which takes Y  onto Z. If, in addition, $ extends to a homeomorphism of the 

plane then Y  and Z are equivalently embedded. Bing [1] has given the following
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example-to demonstrate that a chainable continuum may have non-equivalent 

embeddings. This example also serves as an illustration that there exist non-disk-

chainable embeddings of a continuum.
Let f i(x)  be the function whose graph is the sum of

(a) the graph Ai of y = 2 sin 3cc/2 (0 < x < 2ic/3), (b)
the graph A2 of y = 3 sin 6x (27r/3 < x < Stt/B), (c) 
the graph A2 of y = — cos 3x (tt/ 2 < x < Stt/G), and 
(d) the set Bi + B2 + S 2, where Bi is symmetric to Aj 
with respect to the point (%/2, 0). Then /i(x) is a single 
valued function for some values, triple valued for others, 
and double valued for two values. The closure Mi  of the 
graph of y = f i f a / x  mod tt) (0 < x < I) is a snake­
like continuum but it does not have the property that 
for each positive number e there is an e-chain covering it 
whose links are connected.

Let / 2(x) be the single valued function whose graph is 
the sum of Ai , A2, the graph A4 of y = cos 3x ( S tt/G  < 
x < Ttt/G) and the set C1 + C2 + C4, where Ci is symmetric 
to Ai with respect to the point (7^/6, 0). The closure 
M2 of the graph of y = / 2(7r/x mod Ttt/S) (0 < x <
3/7) is homeomorphic with Mi  but M2 can be covered 
by e-chains with connected links.

It is well known [2] that a chainable continuum, being arc-like, is homeo­

morphic to an inverse limit of arcs with onto bonding maps. But what of the 

embedding of a chainable continuum? Must it always be expressable as an inverse 

limit space? In seeking to explain what we mean by an embedding expressed as an 

inverse limit we have considered three things: (i) the fact that chainable continua 

are inverse limits of arcs, (u) a theorem of Brown [3] which says that the inverse 

limit of copies of the same compact metric space with bonding maps which are' 

near-homeomorphisms is itself that compact metric space, and (m) a technique 

of Martin and Barge [4] for constructing global attractors in the plane. We then
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make the following definition:

The bounded planar continuum X  is embeddable using inverse limits provided

(i) there exists a sequence of near homeomorphisms {T^}n>o from the closed disk 

D onto itself where Fn(I) = I  for I, an arc in D\ and 

(ii) there exists a homeomorphism $ : (D,Fn) -*£>,& closed disk containing X,  

such that $ (( / , Fn 1̂)) = X.

We are concerned with the question: which embeddings of chainable continua 

are embeddable using inverse limits? In answer, we present our main theorem, 

whose proof is given in Chapter 3:

T heorem  3.1: A continuum in the plane is disk-chainable 

if and only if it is embeddable using inverse limits.

Rephrasing Bing’s results in our language and applying our results, we have 

that every chainable continuum has a disk-chainable embedding. That is, every 

chainable continuum has an embedding which can be expressed as an inverse limit. 

In addition, a chainable continuum may have other, non-equivalent embeddings. 

These may not have an inverse limit expression, as in Bing’s example Mi . Or 

it may be the case that there are non-equivalent disk-chainable embeddings. We 

demonstrate the latter in Chapter 4, where we embed the Knaster continuum, 

M,  using inverse limits. In the process we obtain a second affirmative answer to 

a question of Martin and Barge as to whether M  can be embedded in the plane 

with any composant accessible.
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CHAPTER 2

TERMS AND NOTATION

A continuum is a nondegenerate, compact, connected metric space. A contin­

uum, AT, is chainable or snake-like, if for every e > 0 there exists an e-chain of X] 

an e-chain being a finite open cover of X  whose elements, links, have the property 

that (i) the diameter of each link is smaller than e and (u) only adjacent links 

have non-empty intersection. That is, let C = {h, ■ ■ ■ ,ln} be an e-chain of X.  

Then diam Ij < e Vj £ {1 ,... ,n} and Ii Pl Zj- ^  0 iff |i -  j |  < I. We note that 

the links need not be connected. Also, every chainable continuum has a defining 

sequence of chains [5]. That is, there exists a sequence of Cj-Chains of X

where eJ+1 < Cj and Iimj-,^  e, = 0. In addition, the closure of each link of C'-7+1 

is contained in a link of CA

In its broadest definition, the inverse limit space X 00 associated with the 

inverse limit sequence {Xa , / a/3} is as follows: let A be a directed set ordered by 

X a a topological space; a , /3,7 G A; 7 > /3 > a; { /a/3 : X j3 —> a 

collection of bonding maps with the properties (i) f aa = Id\Xa and (u) / a7 = 

fa/3 0 Then X co is a subset of the product space With the product

topology and projection maps tt̂  : H aeA ^a —̂ we describe the inverse limit
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space X 00 as

X 00 = {z G ]^[ X a\fap O TTi8(X) = TTa(x) whenever /3 > a}.
aGA

For our purpose we only consider the countable indexing set IN; our factor 

spaces {Xn}^L0 are metric spaces; and the bonding maps are continuous. For 

simplicity of notation we denote the bonding maps by {/n : X n+i —> -X"n}̂ Lo 80 

that for m > n, f nm is written as / n o / n+1 .. .  o / m_v We choose the standard 

notation (Xn, f n) for the inverse limit space X 00 and casually refer to it as the 

“inverse limit”. By xn we mean 7Tn(x). Then

(Xn j f n) = {z G J J  X n\fn(xn+1) = Xn)
n=0

with the induced metric topology is a metric space which is compact (connected) 

whenever the X n are compact (connected). In fact, if {-X"n} are P-Iike and { /n} 

are surjections Vn G Zi+ then (XnJ n) is P-Iike [2]. This implies that the inverse 

limit of arc-like continua is arc-like. Since arc-like is synonymous with chainable

[2], we see that the inverse limit of chainable continua with onto bonding maps is 

a chainable continuum.

In the case where we have an inverse limit (Xn, f n) with a single bonding map, 

there is an induced homeomorphism /  on (XnJ n) called the shift map, defined 

by f ( ( x0, X1, . . . , ) )  = (f(x 0), z0, Z i , . . .).

A continuous function is a near-homeomorphism if it can be uniformly ap­

proximated by a sequence of homeomorphisms.
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In this paper we appeal to the following theorem of Morton Brown [3] 

Let S = (Xn, f n) where the X 71 are all homeomorphic to 

a compact metric space X,  and for all n, f n is a near- 

homeomorphism. Then S  is homeomorphic to X.



7

C H A PT E R  3 

M A IN TH EO R EM

In this chapter we prove the necessary and sufficient conditions for our 

theorem:

Theorem  3.1 A continuum in the plane is disk-chainable 

if and only if it is embeddable using inverse limits.

Before proceeding with this proof, we are in need of some vocabulary, a tech­

nical proposition and two supporting lemmas.

Suppose (X, d) is a compact metric space and

C(X) — {C\C is a compact subset of X}.

Then dH : C(X) X C(X) —> IR+, the Hausdorf metric on C(X) is given by

<%) = inf{r|(% 5  i f  ; E {0,1}}

where

Nr(Cj) = UxeCjBr(X)

and

Br(x) = {y £ X\d(x,y) < r}.

That is, Nr(Cj) is an open neighborhood about the set Cj in the d-metric topology

on X.
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An equivalent definition is useful:

. dH{Cu C2) = max{d(x1-, Cj ^ x i e Ci,i ^ j  e { 0 , 1}}

where d(xi, Cj) is the usual distance between a point and a set.

Lem m a 3.2: If (AT, d) is a compact metric space, then (C(X),dH) is also a 

compact metric space.

Proof of lemma. It is known that (C(AT), djj )̂ is a complete metric space (6j. 

Therefore it suffices to show that (C(X),dH) is totally bounded.

In the metric topology on (C(X),dH), let Be(C) be an open e-ball about the 

point C, that is

.B«(C) =  [D  E C pO |dg(D ,C) < e}.

Given e > 0, we will produce a finite number of elements of C(X), such

that U U B e(Ci) = C(X).

With a given e > 0, cover X  with e/4-balls, {-A;}, and consider a finite 

sub cover where n = n(e). Let Xi 6 X i, i £ {1 ,2 ,...,n} .

Consider the power set V({xXi. . . ,  xn}). #  V({x l t . . . ,  xn}) = Y2=o ©  = 2n. 

Let {Ci }U  be the 2n elements of the power set. Claim:

C(X) =

The proof of the claim is as follows.

(i) Clearly C C(X).

(ii) To show containment in the other direction, let D 6 C(X) and then consider
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D as a subset of X.  3{io,. . . ,  ik\ C {1, . . . ,  n} such that D fl ^  0, 

i G {i0, and D Pl = 0 for z ^ {i0, . . ., %&}.

Let Q  = {x^o, . . .  ,Xik}. We show that D G Be(Ci) as follows:

(a) D (= U^oX;,. =>

Vx G B 3j such that d(x, x .̂) < e/2

which implies

B C

since Ci = {xio, . . . ,  x^} and Ne/2(Ci) = Û =0Be/2(a:i;).).

(b) On the other hand,

Be/2(B) = UxenB£/2(x)

and we have that

B O X̂ . ^ 0 V; G { 0 , ,  k}.

We recall that Xij is an open e/4-ball in (X, d). Thus

3x G B such that d(x, x .̂) < e/2 

implies that for each j  G {0, . . . ,  &}

Xij G Be/2(x) for some x G B,

which implies that

Ct c  jv,/2(n).
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Then we see that

C;) =  inf{r|C ; C D C # r(Q )}  <  e/2 < e,

D E B,(C;)

=>

C(X) C U ^ B ,(C ,) .

We have shown that (C(X), dn) is totally bounded in addition to being com­

plete, therefore (C(X), cLh ) is compact. ■

Our object here is this: (C(X), d/f) being a compact metric space is sequen­

tially compact.

A function is called monotone if point inverses are connected. We next show 

that in a certain setting, near-homeomorphisms are monotone.

Proposition 3.3: If (X,d)  is a compact, locally connected metric space and 

H : X  X  is a. near- homeomorphism, then H is monotone.

Proof. We wish to show that any point inverse is connected. We will do so by 

demonstrating that in (C(X)y dH) a point inverse of H is the limit of a sequence 

of (compact) connected sets in X y and is therefore itself (compact) connected [6].

Let c 6 X  and H = Iimn^ 00 Hn where Hn : X  —> X  are homeomorphisms. 

Given e' > 0, by local connectedness 30 < e < e' and a Uey open and connected 

with diam Ue < e and c £ Ue C Be*(c). We note that Ue is compact and



connected, as is H ^ 1(Ue). Also, x G if and only if given any 77  > 0, there

is an integer N(rj), dependent on 7 7 ,  such that n > N  =$> d(Hn(x), c) < 7 7 .

Define

Ak = H ^ ( U lIk) for A: > 0 and n(k) > #(!/&).

We see that { has a convergent subsequence because in the previous lemma 

(C(X), da) was shown to be sequentially compact. For simplicity of notation, call 

this subsequence (Afc)^L1. It is now possible to find a subsequence of this (Afc)^L1 

such that \i k > j  then n(k) > n(j). Again call this subsequence (Afc)^L1 and let 

A — limit—►oo Ak •

Claim:

A = W 1O).

The claim is proven as follows, (i) Suppose x G f?- 1(c). Then by definition, 

x £ Ak VA. If aj ^ A, then because A is compact we can say that d(x, A) = r > 0. 

3k(r) such that k > k(r) => d^(A, A^) < rj2. This yields Ak C Nr/2(A). But 

x cannot be in an r / 2-neighborhood about A since the distance between x and 

A is r  which is larger than r/2. Then it cannot be that x is in Afc, which by 

definition it is. Hence a contradiction. Thus x G f i - 1(c) implies x £ A which 

implies Hr-1 (c) C A.

(ii) Suppose x £ A. We wish to show that x must be in HT-1 (c). To show 

x G W 1(C) it suffices to do the following: given e > 0, produce a p such that

• 11

d(Hn(x), c) < e Vn > n(p).
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Let e > 0.

(a) Because (Lfn) is a uniformly Cauchy sequence,

3 / such that %i,%2 > I

(b) Choose k such that

1/k < e/4

and

n(k) > I.

(c) 'Since Lfn(fc) is continuous, we have the existence of a 5(k,e) such that

d(x,y) < 5 => d(Hn(k)(x), Hn(k)(y)) < e/4.

(d) Because (Afc) converges we have a J  such that

j  > J  ^  dH{A, Aj) < 6.

Then

m&x{d(y, Aj), d(yj, A)\y 6 A,yj  6 Aj ) < 6 

<i(a;, Aj ) < 5

3i/j 6 Aj such that d(x,yj) < 8.
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Now let p > max{</, k}. Then

■p > k p̂- 1/p < I jk  < e/4

and

n(p) > n{k) > I.

■ Further,

3y G Ap such that d(x,y) < 6.

This implies

d(Hn(ty(x), Hn(k)(y)) < e/4

by part (c). By the triangle inequality we obtain

d(Hn(p)(x),c) < 5e/6

as follows:

-^n(P)(aO) C) — -^n(P)(aO) Hn(k){x'))

+d(i?n(fc)(a;), Hn(k){y)) T d(Hn(k)(jj)] Hn(p){y)) + (̂-̂ n(p)(2/)) c)

< e/6 + e/4 + e/6 + e/4 = 5e/6.

And by part (a)

d(Hn(x), -Hn(P)O)) < e/6 Vn > n(p) > n(k) > I  

so

d(#nO), c) < 4 ^ ( 3:), -Hn(P)O)) + 4 ^ (p )(^ ) ' c) < 5c/G + e/6' = e.
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Hence we have show that given e > 0 and x G A, 3p such that n > n(p) 

implies

d(Hn(x),c) < e

=>

x G H -^c)

=>

a c  ^ r 1(C).

Parts (i) and (m) prove the claim that A = But A being the limit of

(compact) connected sets is (compact) connected. Thus f / _1(c) is connected, and 

H is monotone. ■

Lem m a 3.4: If #  is a near-homeomorphism and U is an open disk, then 

H~l[U) is simply connected.

Proof. Let H = limt_ 0 Ht where Ht are homeomorphisms. Let S be a simple 

closed curve in the open set H~X(U). S is compact, thus H(S)  is a compact subset 

of (7 = H(H~1(U)). There exist a f  > 0 and a T > 0 such that for all t < T, 

Ht(S) C [7; in fact, d(Ht(S), dU) > 6 > 0.

Now the region B bounded by S is an open disk. So Ht(B) is an open disk 

contained in U.

H(B)  = IimHt(B)

and

d(Ht(B), 9B) = d(Ht(B), W ) > 6 > 0 for f < T.
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This implies that H(B)  C U which implies that

B C H - \ H ( B ) )  C J T 1(CZ).

Thus every simple closed curve in J T 1(CZ) bounds a region which is entirely 

contained in J T 1(CZ). This implies that J T 1(CZ) is simply connected. ■

We now prove the necessary conditions of Theorem 3.1:

If a continuum is embeddable using inverse limits then it 

is disk-chainable.

Proof. Let T  be a compact disk and J be a closed arc in D\ Dn = D, 

In = I  and In Q Dn Vn G ^ +. Suppose there are near-homeomorphisms Fn : 

Dn+i —> Dn, where Jrn^ i = /„ : Jn+i Jn is a surjection. We know that 

(DniFn)=D. Let <3> ^(Tn, Fn)  ̂ = D where $ is a homeomorphism. Then (In, fn) 

and hence 5> ^(Jn, / n)j is a chainable continuum [2]. $ ^(Jn, / n)  ̂ is embeddable 

using inverse limits. We will show that $ ^(Jn, / n)j is a disk-chainable embedding 

by chaining (In, f n) in (Dn, Fn) with chains whose links are topological disks, and 

the intersections of the links are also disks.

We notice the following. Given any n, let C = {l^, . . . ,  Im] be a 5-chaining of 

In by disks where Ii A Ij is a disk Vi, j G {1,..., m}.

(i) F~l (lj) is non-empty and open because Fn is continuous; F~l (l: ) is connected 

by proposition 3.3; and F^ 1(Ij ) is simply connected by lemma 3.4. That is, 

F^ 1(Ij) is a topological disk.

(it) Ufl1 Fn 1 (Ij ) covers In+1.
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(m) (ji n Ij ^  0 iff Fn 1 (U)Q Fn ^  =4> {Fn 1̂ 1) , . . . ,,Fn 1̂ m)] is a chaining

of -Z71-I-I.

(iv) F ^ 1(Ii) n Fn l (lj) = Fn 1̂ i n Ij) is a disk for the same reasons as given in (i).

Let e > 0 be given. Let n be large enough such that

I e
2n—3 ^  diam D

Choose

5 < m in{(l -  — ) • e,a)

where a  > 0 is chosen in a manner such that if

C = { l i , . .. ,  lm} is an a  — chain

then

y n —2

diam o • • • o Fn^ 2 o Fn^ ( I j ) < _  -  • e for A; = 0,1, ... ,n — I.

For this n, 35-chain of In whose links are connected. Call this 5-chain of In

Cn — Ol) 2̂) ■ ■ • I m̂n)"•

Let

Ij = {x 6 (Bfc, Fk)\xn G lj} for . j  E { 1 , 2 , ,  mn}

and let

Cn = OlJ 2) • ■ • j m̂n)"'

Claim: Cn is an e-chain of (h ,  fk) whose links, and the intersections of those 

links, are connected. This claim is established in the following manner.
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(i) We first establish that

diam ■ Ij < e Vj E { 1 , 2 , ,  mn}.

Let x,y E Ij- Then

»=i
|g.~ ~ y*l 

2i
n—I

~~ Vi\ . STy diam D
—  /  -j O i " /  Oi

< E  L i .-0/ " " 2 ° F'‘" l(ij') + (a™* s x - L )
i=0

2""2 I e
< ^ n T ' e 2^ ^  + i

i= 0

= I + I  = 3e/4'

Thus

diam Ij = sup d(x,y) < 3e/4 < e.
x.yefj.

(ii) We next observe the (7n covers (Ik,fk)- Let

® — (*o, • • •) G (Lfc, /fc) C (.Dfc, Tfc)-

Then

7rn(x) -  xn E In ^  3; G {1, 2 , ,  mn} such that xn G lj.

By definition

Ij = {y G (Dfc, T1fc) |?/n G Zj} ^ x G  Zy

(m) We also see that Zj- A Z7 0 iff \j — i| < I, as follows: Ij A Z7 ^  0 iff 

3x G (Zj A Z7) iff 3n such that xn E {lj A Z7) iff (Zj- A Z{) ^  0 iff |j — i| < I since 

Cn =  {Zi,. . . ,  Zmn} is a 5-chain of J77.
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(iv) Finally we see that the elements of Cn are open and connected sets.with 

connected intersections.

Let x E Ij for any Zj- E Cn- Consider the map x = (x0, X 1, . . . ) - *  ( xn, xn+1, ...) 

i.e. h : (DkjFk) —> (DkyFk) by h(x) = y where yk = xn+k. Clearly h is a 

homeomorphism. For simplicity of notation, let Ij now denote h(lj) and Cn denote 

h(Cn) as follows:

Cn = [IjyiJC1 where Ij = {y E h((Dk, Fk))\y0 E Ij ].

Then

. - . _  f Zj for Zc = 0
^ O  ...  O %  O F-I(Zj) for A > 0 '

Thus TTfc(Zj) is a disk. "And we see that

Zj-(TTfc(Zj)jFn f̂c)

and

Zj = (TTfc(Zj), Fn-|-fc) = (TTfc(Zj),Fn+fc).

Invoking Brown’s theorem, we have Zj = intZj is an open disk. This makes Cn a 

chaining by disks. Furthermore, since U D Zj is a disk, the same argument gives, us 

Ii n Ij = Zi Pi Zj is a disk.

In conclusion, Ve > 0 3Cn, an e-chain of (Jn, f n) whose links and intersections 

of those links are disks. We have shown that the continuum $ ((Jn, f n)) which is 

embeddable using inverse limits is disk-chainable. □
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We proceed with the proof of the sufficient conditions for theorem 3.1:

If Jf is a disk chainable embedding of a chainable contin­

uum, then X  is embeddable using inverse limits.

Proof. Let (7 be a chainable continuum and X  a disk chainable embedding of 

C in the closed disk D. We can make the following construction:

(i) Yjlff is a defining sequence of chains for X  where

(a) the links &  are connected,

(b) the closures of the intersections of adjacent links in a chain are connected,

(c) diam Bf l — Ij Vm G {1,2, . . . ,  m(j)} where Iimj-^00 e,- - 0;

(u) Kj  C Bf l is a closed arc such that

(a) Kj  n (Bfl n is an arc Vm G {2, 3, . . .  ,m (j)} and

(b) the endpoints of Kj  are in Jf Cl B{ and Jf D Bf i^  respectively.

(c) B 31 A Jf is not a subset of B 32 and B3m^  A Jf is not a subset of B 3m̂ y 1.

We now have “nice” disks with arcs running through them and can construct 

maps which “collapse” the disks onto the arcs in the following manner:

(Hi) Gj : D ^  D are Lipschitz near-homeomorphisms with Lipschitz constants 

Sj\ and there are open neighborhoods Vj of Bfn where

W

% C D ,  for j =1 , 2 , . . .

(b)

= V; =  0,1,2, . . .
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(c)

C Vm E { 1 , 2 , j  E { 0 ,1, 2 , . . . ,  }

and

G A sir1) s  s i r '

(d) Gj restricted to the complement of U™=i B ^ 1 is the identity, j  = 1, 2, . . .  

and.Gq is the identity outside some neighborhood of V0.

(a) through (d) gives' us

. J! Gj -  fi|| < Cj-I

and

x) < where 9j = G^k .+i.

Now we will choose a subsequence {G^} of {B^}. Find a j 0 such that 

ejo < 1/2. Let

eo = 6jo < 1/2; G^1 = B^; Io = Kj0', Uo = Vj0.

Rename Gj0 as Fq and define

S0 — max{<5j0, 1}.

Next choose > jo with Cj1 < Let Ci =  Cj1 and rename Bjjl , Kj l , Vjl and 

Gj1 as Cjn, A, Bi, Bi, respectively. Define A = max{5j1, 1}.

Choose j 2 > Ji with Cj2 < 2g  ̂ aa and proceed to reindex the chain, arc, open 

set and function, and define a new 8 as above.
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Continue thus, so that

E& <
I

25q5i ■ ■ • • kk
and 6k — max{d^, 1}.

Let f j  = Fji1.+1 and define

A — (Jj> fj\jj+i) where Jj — J^k>jfj 0 • • • o fk{Ik+i)-

We may also think of Jj as

Jj — ^k>oJj where Jj — f j 0 ' ' '  0 fj+k(Lfj+k+i')-

Given a j , we will show that

j j ' n c f f O  v&>o.

From our construction, we have that

Ij+i C C^ 1 ±  0 Vm £ {1,2, . . . ,  m (j + 1)},

and that

Bm1 6 (I, 2, . . . ,  m(j  +  1)} such that cl C^ 1 C C31.

Similarly,

VmE{ l , 2 , . . . , m( j  +  2)}

and Bm2 in this set with cl Cr̂ +2 C C ^ 1. Thus given an m^, there is an 

mfc+i G { l , 2 , . . . ,m( ;  + fc + 1)} with

ci C ‘11 C CLXh “ d W  n c & S f ^  0.
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Consider J° = There is an .a0, G Ij+i D and 60 = f j(a0) G

C C J9 n /,(C f)  c  j 9 n c f .  Thus f  0,

since b0 E J° A C{.

Suppose we have Tnl lTn2, . . . ,m k+1 where d  C • • • C c/ C^ 1 C Cf.

Then there is an ak E ij'+fc+i A C^ fc+1 with

f j  o ■ ■ ■ o f j+k(ak) £ fjO ■ ■ ■ o f j+k(Ij+k+1 A C £ k+1)

c / , - o . . . o f j+k(lj+M ) n /,■ o ■ ■ ■ o 

c  Tj-n / , o . . .  o

The key step here is that

Z it i (C d C )  c  / j+t( c d ‘ ) c  c i f .

So we see that

bk = f jO - ' - o  f j+k(ak) E Jj= A Cf.

Thus

Jj= A Cf # 0  VA > 0;,

and

Iim bk E cl Cf ,k—>oo

Iim bk E Afc>o Jj
fc—>CO

implies

Jj A cZ Cf #  0.



23

We now see that our choice of the first link C{' of (W was not crucial to the 

argument. We could in fact have shown

Jj ^ c l  Vm G {1,2,. . .

All told, Jj is not only a compact, connected, non-empty (nested intersection of 

non-empty compact sets) subset of an arc, but has interior as well (i.e. is not a 

point). Thus A is a non-degenerate planar continuum.

To complete the proof, it suffices to show that A and X  are equivalently 

embedded, and that this makes X  embeddable using inverse limits. We define

H  : (D, Fj) —» D by H(z)  = Jim zn

where zn = 7rn(z). We now establish that H  is the homeomorphism we seek by

verifying that

(i) H  is well-defined,

(u) H  is continuous,

(m) H(A) = X,

(iv) H  is one to one,

(v) H  is onto.

(i) Pvoof that H is well defined. We wish to show that {zn}- has a unique 

limit point. Suppose not. Suppose w and y are both cluster points for {z^}, and 

d(w,y) = S > 0. Then 3 subsequences {znj} and {znk} such that Znj  —» w, 

znk —> y . Thus, given 5/3, 3J, K  such that

{znj} C Bs/3(w) for j  >J ,
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a n d

{ z n j C Bs/Z(y) for k > K.

Choose rij > rik such that

OO
j  > J1 k > K  and ^  e, < 6/3.

I=Ttfc

We have

zTtfc — Aifc o ■■■ O fnj-2 0 Aij-I (zTIj)-

In addition,

d{fn{x),  x) < e„,

so

d(zTij' j zTifc) f; 6(Zrtj., Zt1j._i ) d- cZ(znj , Zt1j-_2) d- """ 6(zn^+i, Z7lfc)

— d f e n j  > Aij -  i (zTij)) d" d(znj - i , Aij“ 2(znj—i )) +  ■■■ +  6(znfc-H j Al* (2Tifc-H))

< ^Tij-I + Enj-2 + ••• + enfc

OO
< 5 3  e, < 6/3.

I=Tlk

Now

d(w, y) < d(w, zn-) + d(znj, znfc) + d(znk, y)

=>

d(w,y) < 6/3 + 6/3 + 6/3 = 6.

This is a contradiction. Thus there is not more than one cluster point for {zn}

and H (z) = Iimrwoo zn is well defined. ■
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(m) Proofthat H is continuous. Let e > O be given, and choose z E (D,Fj). 

We will produce a h > 0 such that if d(z,y) < S then d(H(z), H(y)) < e.

Let N  be sufficiently large, such that

n >  N  =$> d{zn, H(z)) < e/3

and

Choose

Find a y with

^ 2  ek < e/6.
k=N—1

d(z,y) < 8.

Then

d{z,y) = Y ,
k=0

d(zk,y'k)
2k

< 8

d{zk,yk) s
2k

\/k =  0, 1, 2, . . .

=4>

d(zN,yN) r 6
2^  3 2^

=4>

d(zN,yN) < e/?,.

Now choose m >  N  large enough such that

d(ym,H(y)) < e/6.
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Then

d(H(z)), H(y)) < d(H{z), zN) + d(zN,yN) + d{yN,yrn) + d{yrn, H(y))

OO

< e/3 + e/3 + ^   ̂ ê  + e/6
k = N —l

^  e/3 + e/3 + e/6 + e/6 = e.H

(in) Proof that H(A) = X.  We will first show that H(A) C X.  Suppose 

z € A but, for the purposes of contradiction, W(z) = Iimn-^00 zn ^ Ah Then 

d(H(x),X) — t] > 0 because both {H(x)} and X  are compact sets. Choose N  

large enough so that (a) en < rj/S Vn > W and (6) d(xn, H(x)) < tj/3 Vn > N. 

Now

Zn E Zn C for some m e {1, 2, . . . ,  mn}

and

X  Cl C^1 /  0 for that m.

In other words, both xn and points of AT are in a set of diameter smaller than en. 

So

d(xn, A ) — inf d(xn, x) ^  en.x£X

Thus

7, =  (m), X )  <  (z ), Zn) +  4 ^ ,

<  7 7 /3  +  7 7 /3  <  77

and this is a contradiction. We conclude that

z £ A =4> H(x) C A
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which implies that

#(A ) C

In order to show that X  C H(A), observe that A is a closed subset of a compact 

space, hence compact. As AT is a continuous function, we have that H(A) is a 

compact subset of a closed disk in IR2, hence closed. Thus, given x £. X,  it suffices 

to show

Z G A f ( A )  =  AA(A).

That is, Ve > 0 we must produce a y(e) G A such that

AA(y(e)) G

Let x E X  and e > 0. Choose n large enough so that

J ^ e fc <  e/2,
k—n

and note that this implies en < e/2. Since z G Al,

3mn such that z G CTn-

We have already shown that

C% nJ,.^0 tG{l , 2 , . ,m(7%)} .

Let

Vn G Cf771rt C Jn.

Then

d(x,yn) < en
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because both yn 6 C^lri and x G (7"n. And

3y(e) = y E A such that 7rn(y) = yn

because yn E J„.

We now see that

d(x,H(y)) < d(x,yn) + d(yn,H(y))

= d(x,yn) + d(yn, Iim yk)
k —KX>

< d(x,yn) + d(yn,yn+1) + d(yn+1,yn+2) + •• •
O O

< en + ^ 2 ejfe
k —n

< e/2 + e/2 = e,

which is equivalent to

t f ( y )  E  B£(x).e

(iy) Proof that H is one to one. We first prove that H is one to one on A. 

Suppose

3 x, y E A such that H(x) = H{y) — x.

We will show that this implies x = y by demonstrating that given any e > 0,

d ix j^ j )  < e Vj = 0,1,2,-

Let e > 0 be given. Choose n large enough so that

k=n
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Now

And

c?On,2/n) < d(xn, x) + d(x,yn)

< d(xn, xn+i) + i(x n+i, xn+2) + • 1 • + d(yn, 2/n+i) + d(yn+i, t/n+2) +

Tz ^(^(^n+l)) 2̂ n+! ) d" ■ d" d [ f Trl (^yriJr I ) , 2/n+l) ■ ■ ■

< 2 ' E e‘ -
k=n

d[xn—l •, 2/n—I ) =  ^ ( / n —l ( ^ n ) j  / n - l ( 2 / n ) )  ^  ^ n - I  * ^ ( ^ r u J / n ) *

This implies that Vj < n

did1'3 I Vj) —  ̂ ’ 1̂J + ! ' ' " ^n-I ' ^  ^

I
< 2 . ^+1 - - ^  n . r  . r  ..

k=n

oo

< 2 • S0 ■ Si ■ • ■ Sj • ■ ■ Sri-I ■ 'y ]

2 ■ S0 ■ Si ■ 5^-1 ■ kk 

I
2 • Sq ■ Si ■ ■ ■ Sk-i ■ kk

= J l + ______i . . . + ________ i ____ :___
nn Sn - (n+  I ) ! 71+ 1) Sri ■ SriJrI ■ (n + 2 )(n+2) +

Thus for j  < n, we see immediately that

and for j  > n we see that

d(xj, i/j) < 2 • 'y  ̂£fc
k=j
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S 2 - E
k=j

I_______
2 • S0S1 ■ ■ ■ Sk-i '

< y l— Z_v bk
k —j

kk

and if

fck < e

then

Z i i < e
k—j

for j  > n.

We now prove that H  is one-to-one off A. Suppose

3x,y  6 (D, Fj) — A such that H{x) = H{y) — x.

We claim that

x ^ A =>- 3Af such that n > M  Xn = xm - 

The proof of the claim proceeds as follows.

x £ A. 3 JV such that x ^  Jn

which means that for m  infinitely often, xm ^ Jm. Choose one such m > 0. If 

xm ^ Jm, then xm+i ^ Um, since J1m(Um) = Jm and J 1m(Zm41) =  xm. This implies 

that

x„ +1 € ( c  -  U ^ - llC r 1) u (U ts - ilC r 1 -  c m).

if

Zm+. e f l - u t t r ’c r 1



31

then

Fm^m+l ) — •Z'm+l —

and in fact

-^771+1 ( 33W + ! ) — ^ m + l  — a:m + 2 )  ~  '  — - ^ m + j 'C ^ T n + j )  — ^ m + i  — ^ m + J  +  l

SO

n  >  m  ^  x n — Xm -

If

*„+, e U t r 11C r - 1 -  Cm,

knowing that nm+i = Fm+i(3;nl+2) and that Fm+1 is the identity on D -  u ty C T  

then either

(a) xm+2 <£ C™ and xn = a:TO+1 Vn > to + I or

(6) Zm+2 G U ^ C r -  And because Fm+i(Z7m+1) = Im+i we have more precisely 

that Xm+2 G -  Um+i, otherwise Xm+! would be in Im+i, which would

contradict our choice of to. This means that xm+i =  Fm+1(a;m+2) = xm+2- 

But Xm+i £ Um therefore xm+i £ C™ and cannot equal xm+2- 

Now if

3M  such that xn = xm Vn > M

then

Since we have assumed

H(x) = Iim xn = x m -
T l - » 0 0

H(y) = H(x)
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we also have

In addition,

Jim yn - x M-

y £ A =P- 3N  such that n > N  =P yn = yu

so

Iim yn = yN => xM = yN-
n—+00

Thus ii k = max{M, N}  we have xn = Xk and yn — yk Vn > k. But x*, = y*,- 

Then xn — yn Vn > & which also implies that xn = yn Vn < A:; and we conclude 

that x = y. Thus is one-to-one off A.

In addition, we have shown that if x ^ A there will be an N  with n  >  N =P 

Zn 2 => Zn f  D n ^ U ^ C :  =>Zn f  But

X  C nn>o u : ^  Cm- So we may conclude that

x £ A =P Iim xn = H(x) ^ X.
n—*oo

We know that H(A) = X.  Thus if x ^ A and y E A then ff(x) ^  fif(y). ■

(u) Proofthat H is onto. Let x E D.

(a) If

x E X

then by (in)

( 6 )  %

3x E A such that H(x) = x.

x £ D -  X
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then

3JV such that n > N  => x £ Û Ln̂ C” .

Let

x G (Z), Fj ) such that 7r^+1(x) = x.

Then referring to the definition of the Fj we see that H(x) = x. m 

We have shown that ZZ is a continuous bijection from the compact space 

(D,F.j) to the Hausdorf space D, hence a homeomorphism. It remains to show 

that X  is embeddable using inverse limits.

Let {<̂ n}„>o be homeomorphisms of the disk D that take Jn onto I . Define 

{G>i}n>o to be the near-homeomorphisms

Gn — tpn o Fn o tpn+i ■

This gives us

Gn(Z) =  Z.

The {<pn}n>o induce a homeomorphism ip from (D, Gn) onto (D, Fn) [5]. Then

& = H o ip (D, Gn) —» D 

is a homeomorphism such that

$ ((Z ,C ^)) = ZZ(A) = X.

We have assumed X  to be disk-chainable and shown that it then must be 

embeddable using inverse limits, completing the proof of the sufficient conditions

for theorem 3.1. ■



34

CHAPTER 4 

AN EXAMPLE

In this chapter we embed the Knaster continuum, M,  using inverse limits. 

We first give some definitions and describe two functions which we use as bonding 

maps. We then present a proposition concerning the accessible points of these 

embeddings. In a corollary to the proposition, we answer a question of Barge and 

Martin concerning which composants can be made accessible in embeddings of 

the Knaster continuum. This question has been addressed by Mahavier [7], and 

our results complement his. We conclude this chapter with a proposition which 

relates the equivalence of inverse limit embeddings to an equivalence relations on 

the composants of M.

If X is a continuum in a space Z, we say x G X is accessible if there exists an 

arc a C Z  such that (i) a = Im d, a. : [0,1] —» Z] (u) 6(0) = x\

(m) a.(t) H X = 0 Vt G (0,1]. Equivalently, we say, a accesses x (from Z — X).

Given a continuum X and a point x G X, the composant of X  determined by

x is

Gx = {y £ X |3 a proper subcontinuum containing x and y}.

The Knaster continuum is an example of an indecomposable continuum, one 

which cannot be expressed as the union of two proper subcontinua. For an

_
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indecomposable continuum, we know [2] that the composants are uncountable in 

number, the composants partition the continuum, each composant is dense in the 

continuum, and “x £ Cy' is an equivalence relation. In the case of the Knaster 

continuum the composants are arc components [2]. Furthermore, M  is the full 

attracting set of the standard Smale horseshoe [8],

If a is an arc in an inverse limit space, we assume it is the image of [0,1] under 

a map called a. By an we mean 7rn(a), which is an arc in the factor space.

The tent map T : / —>■/ is given by

~ _  f 2$ for 0 < x < 1/2 
I 2 -  2a: for 1/2 < a; < I '

We define the Knaster continuum M in a usual manner as the inverse limit of the 

tent map, i.e. M  =

Let I0 = [0,1/2] and Ji = [1/2,1]. Define the relation

9. : (7, T M  {0, 1}

b y

a f  \   /  k  if -c Ti G /fc, Xn  1/2
f̂ - j M O o r l -  if = 1/2 ' ’

In the case of (I,T ).it is known that x and y are in the same composant, that is

x £ Cyi equivalently, y £ if and only if there exists an N  such that 6n(x) =

9n(y) Vra > N. We notice that if z £ (I, T) and xn = 1/2 for some ra, then that

ra is unique. This is because zn_i = I and Ẑ  = O VO < & < ra ^  I. So if we were

to have xn = 1/2 and z& = 1/2 for some k > n then zn £ {0, 1} which would
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contradict xn = 1/2. Therefore the ambiguity in the definition of 8n('x) causes no 

confusion in determining which points would be in Ch, nor does it cause a problem 

in any of the subsequent proofs regardless as to whether 0 or I is chosen for ^ (x ) 

when xn — 1/ 2.

Let 0 be the point in (I, T) such that Trn(O) = 0 Vn. 0 is a topologically dis­

tinguished point. If any two subcontinua in (/, T) contain 0, then one is contained 

in the other. This makes 0 an endpoint of (/, T). It is in fact the only endpoint. 

Let

D = { z e C \ z  = 1/2 + reie for 0 < r < 1/2}

Du = {z E C\z 6 D and Im{z) > 0}

Di — {z E C\z G D and Im(z) < 0}

Io = {z E C\.z = r,0 < r < 1/2}

and similarly

Tl = {2 G C\z = r, 1/2 < r < 1}.

Let

I  = Tq U Ti-

Define

gt '■ Du —> D

as the map which takes 

1/2 + reie 1/2 +  re l[te+{1- t)n] for 0'< t  <  I, 0 <  0 <  tt.
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Define

ht :'Dl ^  D

as the map which takes

1/2 + reie - * 1/2 + for O < t < I, tt < 6  < 2tt.

Define

st \ D D

as a homeomorphic extension of the map which takes Jq into I  by

r —> (2 — t)r for 0 < t < I

where the st converge uniformly as f —>• 0 to a near-homeomorphism s0; and where 

(i) S0(Du) = Du, (ii) Sq1(I) = I  and (Hi) Sq1(I) = Ii- Define

Ft : D - *  D

as

' p  = f  st ogt for z G A 1 
\  st o for z £ Di

Note that for f 7̂  0, -F1t is a homeomorphism, and

F0 = Iim Ftt—»0

is a near-homeomorphism. Further, F0 takes Dt homeomorphically onto D - I 0. By 

F1 we denote F0 followed by a reflection in the cartesian 3-axis. Now continuously 

extend both F0 and F1 to B, a closed disk of radius I centered at z = 1/2 in such
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a manner that they map B - D  homeomorphically onto itself.' For simplicity 

of notation continue to call them Fq and Fi. Let / 0 and fi  denote Fo\r and 

F1 j/ respectively. Observe that f 0 and fi  are merely the tent map on the interval. 

Therefore, for j n 6 {0,1}, (/, / Jn) is the Knaster continuum embedded in (B, Fjn), 

which by the theorem of Brown, is homeomorphic to a closed disk. When we say 

“(B,FJn) embeds M ” we will be referring to this embedding. Furthermore, the 

choice of the j n determine the unique accessible composant of the embedding. 

This is the content of the lemmas, propositions and corollaries which now follow. 

Lem ma 4.1 Suppose a  is an arc in (D, Fjn), that is

36- : [0,1] —> (D, Fjn) with Im(a)  = a.

Define

6tn : [0, 1] —> F

by

d n  =  TTn O Si.

Let t 6 [0,1] and x E (D, Fjn). Then

6t(t) = x iff otn(t) — xn Vn.

Proof of the sufficient conditions. a(t) — x => dn(t) =  Trn o aft) =

7rn(x) = xn Vn. ■

Proof of the necessary conditions. We have x E [D, Fjn) and dn(t) = xn 

Vn > 0 => TTn o 6 (f) = xn. aft) = y_ for some y E fD, Fjn). But Trn o 6 (f) = Trn(y) = 

xn Vn > 0 t/ = x and 6 (f) = x. ■
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Lem m a 4.2 Suppose x 6 and a n- accesses Xn E I  from Di. If

^n+i (a:) = jn+i, then there exists an arc an+i which accesses xn+1 from Di such 

that Fjn{a.n+l) = an.

Proof. Fjn is a homeomorphism from Di onto D - I  for both j n+1 = 0 

and j n+i = I. Thus for 0 < i < I, is well defined. In fact,

(o;n((0,1])) is a half open arc in Di. Observe that the function FkiDiUik has 

a continuous inverse. We have that

On(Z) C D, U 7 VZ G [0,1]

and that for Z^O

is a half open arc in Di. In addition

=  (Fin+i p (Uriri+1) ' ( h m ^ W )

=  (FD+i\Dluij n + ) 1Ca (̂O))

=  ( ^ i p 1Uzw i ) 1Ca3n)

which must be a subset of Dt U Iw  1. But (Fjn+1)~1(xn) is a semicircle in Du 

with center z = 1/2, one endpoint in I0, one in Ii (or the point z = 1/2 if 

xn = I). Therefore ( I w I p iu/.,. +i)_1(a:n) which is a subset of I w i (^n) must be
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the endpoint in / 7n+1. Furthermore zn+1 E -̂ 7nV (x n) A I. So xn+1 is one of the 

semicircle’s endpoints. If i9n+i(x) = j n+1 then xn+1 E /Jn+1. Thus

(- ĵn+1 IOiUZjntl ) (Zn) = Zn+1-

We have shown that

O=Tifi = {a:„+i} U (dn(t)), t ^  0}

is an arc in Di which accesses xn+1 from And clearly •F3n+l(an+1) =  an. ■ 

Proposition 4.3 Suppose x E (I, /,„) and x 7̂  0.

x is accessible

iff

3Al such that j n = 0n(x) Vn > iV.

Proof of the sufficient condition. We will prove the contrapositive: if 

jn 7̂  0n(^) infinitely often then x is not accessible. We are assuming that 

jn 7̂  Qn{x) infinitely often, and for the purposes of contradiction also suppose that 

a accesses x from (B, F1jn). We seek to show that there exists a t 7̂  0 such that 

d(f) A (7, / Jn) 7̂  0 and thereby obtain a contradiction.

a  is accessing x 7̂  0. This means that 0 ^ Im(a). This implies the existence 

of an Ni such that for n > AZ1 we have dn(t) 7̂  0 Vt E [0,1].

Notice that if

{on(t)|t 0} C
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t h e n

ctk C I  \/k < n.

If this were to occur infinitely often, a would lie in the continuum. In fact, there 

can be no t ^  0 such that an(t) G Du infinitely often for much the same reason. 

For then a(t) would be in the continuum and a would not be an, accessing arc. 

In particular, dn(l) ^ Du infinitely often. So there must be an N2 such that for 

each n > N2

Tn = 0  E [0, l]|dn((t, I]) Pi Du = 0} ^  0. .

Let tn = inf Tn.

We will show that tn = tn+i Vn > N  > TnaxiNl j N2]. First we observe two 

facts: (i) that Vn > N 1 o:n(i„) G BDui but G Tn] that is, ctn{t) ^ Du if f > tn] 

and that (U) dn+i(t) G BDu =4> 6tn(t) G I.

Now if tn+i > tn then ctn(tn+i) £ Du. But dn+i(tn+i) G BDu =$> an(tn+1) G I. 

This is a contradiction.

If tn > tn+1 then tn G Tn+1 and also an+1(tn) ^ Du which implies 

an+i([tn, I]) A Du = 0. This means

Be < 0 such that dn+i([in, + e)) C Dj U (B — D).

If

then

dn+i([tn, + e):) C Di

OLndtni tn + e)) C D — I
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hence

Ctn(̂ n) E D — I.

If

<Xti+i (IAi, tn + e)) C B — D

then

E B — D.

In either case, an(tn) ^ dDu, which is a contradiction.

Since neither tn+i > tn nor tn > tn+1 is true, it must be that tn = tn+1 for 

arbitrary n >  N . Call this value of t, t '. Consider y = d(t'). 7rn(y) =  otn(t') which 

is an element of I  for n infinitely often. Hence y E (/, f jn).

Finally, we argue that t' ^  0; that is, y ^  x. For if t' were equal to 0, then we 

would have tn — 0 for all n > N. This, by definition would mean that

dn((0,1]) fl .Du = 0 Vn > N.

Choose some n +  I > fV where ^„+1(2) /  j n+i ■ Then dn((0,1]) P l  Du 7̂  0. This 

contradicts the implication we derived from supposing that t' = 0. Therefore we 

see that t '  cannot equal 0. Hence y ^  x, y E gt., and y E [I i f jn)- We conclude 

that a is not an accessing arc. I

Proof of the necessary condition. Suppose there exists an N  such that 

Vn > N, j n = 0n(z). Let a#  access ijv from Di. Let Qjv+i be the arc given by 

lemma 4.2 where ^ 6n+1(£)(o!jv+i ) = Qyv, and q^ +1 accesses from Di. Suppose 

we have defined ctu+k for fc > I. Then lemma 4.2 gives an a/v+fc+i such that
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FeN+k+1(x)(o>N+k+i) = &N+k', and this arc ctN+k+i accesses xv^-k+i from Dt. This 

inductively demonstrates the existence, Vn > N,  of an Qn which accesses xn from 

Di where Fgn̂ ( O n) = Qn_: . For n < N, let an = F’Jn+l o • • • o Fjw(Qiv). Define

VVe claim that a accesses x. The proof of the claim is as follows. an accesses 

xn for n > N  from lemma 4.2. Thus for n > N,

7rTiCa) n J = {xn},

specifically,

7rTiCa(O)) n 7rn((7, f j n ) )  =  {xn}

and

7rTiCa(O) n 7rTiCC/, fjn)) = 0 for f G (0, 1]; 

a n ( / , / Jn) = {x}.

And clearly a  is an arc, implying that a accesses x, hence x is accessible. ■

If x, y E { I , f jn), x 7̂  0 and y E Ce then x E Cy and B an JV1 such that 

5n(x) = 5n(y) Vn > N1. Thus if x is accessible BiV2 such that 9n(x) = j n 

Vn > N2. Then Vn > iV = max{Arl j TV2) we have 9n(x) = j n = 0n(y) which 

implies y is also accessible. We have just proven the next corollary.

Corollary 4.4 Suppose x E ( I , f jn) and x ^  0. If x is accessible then Ce is

accessible.



Furthermore, if 6 (I , /jn) -  {0}’'and Q  ^  Q , then l9n(z) ^  ^7l(y) infinitely 

often. So if x and hence its composant is accessible then 37V" such that 

n > N  => j n = &n(x) =4> Jn 0n(y) infinitely often. This implies that y and hence 

Cy is not accessible. As a conclusion we have this corollary.

Corollary 4.5 (5 , Fjn) embeds M  in such a way that there is a unique ac­

cessible composant.

Notice that the endpoint 0 is always accessible from the complement of the 

continuum because a can be chosen with Ctn C (B — D) U {z = 0} Vra.

As there are uncount ably many sequences of 0's and Vs, there are uncount ably 

many embeddings of M by (B, Fjn). We would like to sort these embeddings into 

collections of equivalent embeddings. Our approach is this. Let us establish 

an equivalence relation on the set of comp os ants of (I, T). This will induce an 

equivalence relation on the set {(B, Bj71)) of inverse limit embeddings of M  which 

tells us precisely which of the {(B, Fj71)) are equivalent embeddings.

First, consider this lemma concerning isotopic maps on (/, T) and composants

Of(Z1T).

Lem m a 4.6 If / ,5  : (/, T) —> (I ,T)  are isotopic and FC is a composant of

(F,T), th e n /(FC) =^(FC).

Proof. Since /  and g are isotopic, there exists a homotopy- H : (J, T) x [0,1] —> 

(F, T) such that H(x, 0) = f (x)  and H(x, I) = g(x). Both FF(FCjO) = /(FC) and 

Ff(FC, I) = g(K) are composants of (F, T). We wish to show that /(FC) = g(K).
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Let y 6 f{K).  Then dx G K  with f{x)  = y. Let z = g{x). Consider

L =  {i/(x, t)|t 6 [0,1]}.

T is the continuous image of a compact, connected set; thus T is a subcontinuum 

of L is arc connected, therefore a proper subcontinuum. In addition, both

z — H(x, I) and y = H(x, 0) are elements of L. This means that z and y are in 

the same composant and g(K) = f{K).  ■

Let K x and K 2 be composants of (I ,T) .  Define an equivalence relation on 

the set of composants of (/, T) by Ki ~  K 2 if and only if there exists a home- 

omorphism cf> : ( I ,T )  —> ( I ,T)  such that <t>(Ki) = K2. Watkins [9] has shown 

that every homeomorphism on (I, T) is isotopic to some power of the shift map 

T : ( I ,T )  —> (/, T). Therefore if (f){Ki) — K2, our lemma and Watkins’ result 

says that 3n E IN such that Tn(Ki) = K2. This gives us a countable number of 

elements in each equivalence class [K\. As there are an uncountable number of 

composants, we have an uncountable number of equivalence classes.

Let us examine more carefully what is meant by the phrase “(5 , Fjn) embeds 

M.” We have that M  = (/, T) — (/, / Jn) C (B, Fjn). By the theorem of Morton 

Brown, ( B tFjn)=B,  which means that there exists a homeomorphism <pj which 

takes (B, Fjn) onto B. It is (pj((7, / 7n)) which is the planar embedding of M .

Define an equivalence relation on the set of embeddings {(B, FJn)} of M  by 

( B tFjn) ~ ( Bt Fln) if and only if (B, Fjn) and (B, Fln) are equivalent embeddings. 

To discuss the equivalence of two embeddings we must have a homeomorphism of
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B  which takes </?,((/, f ]n)) onto r l1((/, /in))- In our last proposition we see that 

this homeomorphism exists if and only if the composants which are accessible in 

B are equivalent in (/, T).

Proposition 4.7: Suppose K3 and K1 are the composants of ( I ,T)  such that 

Iflj(K3) and Pi(Kl) are the accessible composants of <flj((I, f jn)) and <£,((/,/,„)) 

respectively. Then, using the equivalence relations established above,

K3 ~  Kt if and only if (B, Fjn) ~  (B, Ftn).

Proof of the sufficienct condition. Suppose K3 ~  Kt. Then 3m such that 

K3 = Trn(Kt). Let x 6 K3 and y € Kj. Since x and Tm(Ij) are in the same 

composant, 3iV such that 9n(x) = 6n(Tm(y)) Vn > N. Suppose N  > m  and 

consider the homeomorphism ■ (B,FJn) —» (B, Fkn) defined by 7rn(hn(z)) = 

Note that defined similarly, is a homeomorphism form (5 , Ftn)

to (B,Fkn). Now define $ : B —> B by

$ = ° oh# o cp™1.

$ is a homeomorphism of B which takes Pj((I, f ]n)) onto <fli((I, /)„)), thus making 

(B, Fjn) ~ (B, Ftn). In the case that IV < m, let $ = <pt o hm o p j 1. m

Proof of the necessary condition. Suppose that (B,Fjn) ~  (B ,F tn). Then 

3$ : B —> B, a homeomorphism such that

Then, because in equivalent embeddings accessible composants are taken to



47

•accessible composants,

° * c  = K1.

Thus tp,"™1 o <$> o C1Pj : (/, T) —» (/, T) is a homeomorphism which takes Kj onto K1 

and Kj ^  K1. a

Let us take a look at the implications of this proof. An embedding ( Bj Fln) 

of M  has a unique accessible composant Ipj (Kj ). Now Kj in ( I , f jn) is really- 

distinguished by a sequence of O's and I's. Given X1 and X2 in K jj there is an 

N  such that An(X1) = An(x2) forall n > N . In other words An(X1) and AnQr2) 

“eventually agree.” Furthermore, by proposition 4.3, given x E Kjj there is an 

L such that An(x) =  j n forall n > L. That is, the composant of M  which will 

be accessible in the embedding ( Bj Fjn) is distinguished by the sequence {jn}; 

it contains those points whose image under (An) eventually agrees with {;n}. 

Proposition 4.7 says that two embeddings ( B j Fjn) and ( BjFln) are equivalently 

embedded if and only if there exists an N  and an m  such that j n = in-m Vn > N\ 

that is, if by disregarding a finite number of initial O's and Vs, the “realigned” 

sequences {jn} and {zn} eventually agree.
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