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Abstract:

The object of the research' contained in this thesis is to develop a workable design tool for embedding
arbitrary Boolean switching functions in a class of cellular arrays. Such a system is produced in an
interactive mode, using a heuristic approach, and based upon the notational system called Polish
notation.

A correspondence i1s developed between arbitrary Polish notation representations of Boolean functions
and a class of cellular arrays. Heuristic manipulative porcedures for Polish strings are developed. These
procedures are applied to reduce the Polish string to a form corresponding to a near minimal number of
cells in the array realizing the function. Options available to the designer are presented, with the
purpose of further reducing the array, using the gestalt forming abilities of the human operator. The
class of arrays is shown to be inadequate for all switching problem formulations and a new class of
arrays, the buss arrays, is introduced to overcome this deficiency. An algorithm is developed to embed
Polish string representations of Boolean functions in buss arrays. A heuristic interactive approach to
applying and modifying this algorithm is presented. Examples are produced, including a cellular
multiplier.
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ABSTRACT

The object of the research contained.in this thesis is to
develop a workable design tool: for embedding arbitrary Boolean
switching functions in a c¢lass of cellular arrays. Such a system
is produced in an interactive mode, using a heuristic approach,
and based upon the notational system called Polish notation.

" A correspondence is developed between arbitrary Polish notation
representations of Boolean functions and a class of cellular arrays.

‘Heuristic manipulative porcedures for Polish strings are developed.

These procedures are applied to reduce the Polish string te a form
corresponding to a near minimal numbetr of .cells in the array realizing
the function. Options available to the designer are presented, with
the purpose of - further reducing the.array, using the gestalt  forming
abilities of the human operator.. The class of arrays is shown toe be
inadequate for all switching problem formulations and a new class

of arrays, the buss arrays,; is introduced ‘to overcome, this deficiency.
An algorithm is developed to embed Polish string representations of
Boolean functions :in buss arrays. A heuristic interactive approach-

.to applying and modifying this algorithm is presented. Examples are

produced, including a.cellular multiplier..
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CHAPTER T

INTRODUCTION
I.1. Scope and Purpose’

This thesis sgts‘forth‘a techniqueﬁfor~synthe§izipg cellular
arrays which'realizejérbitrary Boolean .switching functions. The-
technique is based upOﬁ fhe Polish'notation.representation‘of
Boolean functions and is heuristic- in .approach. .

A"cofrespondence is defined betﬁeen Poiish'representations'and
cértain celluiér:arrays;"Sufficient procedures are defined to
guarantee that. a Polish,string repreéenting a Boqlean function'can.
be embedded in-a ﬁartidulan.style“cellula:Vaffay,"Additional proce-
dures for-manipﬁiating‘Polish*strings a?e introducediwhich?.wheﬁ~ﬂ
applied heuristically, may improve the realizafion.' A ﬁewﬂfémily of .
arrays is defined and a heﬁristic approach.to,émbedding théﬂPolish

representation in-them-is-detailed. The'mnew family of arrays will,

in may casés, permit realizations of functions having fewer cells than

previous array‘styles;

The tecﬁniéuea &evelbped:in'this thegiéudiffgf'frém past fesﬁlts
in one major ways A-heuristic approach ﬁo'cellular iogiéchés, to the
author's £n0wledge, qeverwbeen:developed;’ freVipus"efforts have béég
aimed- at determiﬂisfiéally'synfhegizing all fﬁhctidns.in.a particular

array style. Further efforts have been made to- determine the optimal-

— ™ T py TT
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2

gsolution By some criterion. The resﬁltént.array.isiquite independent
of the lbgical designer and depends only upon the algorithm .developed
by the-theoretician. In coantrast, this-study defines procedures for
embedding functions in a class .of arrays.4the,Buséfarrays)Qin:an
heuristic way. " No guarantee is made .of anuoptimumjsolutiop;by.any
criterion. In fact,.the result will .be highly dependent ‘upon.the
- gkill of the logical designér. He‘must.defineuhisfowg"criferia and
use the procedures to find a "good" though nét-necéssarilyﬂoptimal;
sélution; In this manner it is hoped that.the power of algorithms
. may. be meshed with the intuition .of -the .logical ‘designer~to.realistic-
ally -and efficientlyusolveAthe:cellularusyﬁthesis=problemr.““

The'techniques'develope&.axeuamenablewtogimplementation“on‘a
computer grapﬁics éystem, such .as thg-oneva;wMontana"Staterniversit&,
and,comprisq-a.-workaﬁle engineering.appnoachﬁtOﬂcellular.synthesis,
In Chapéer IV axe recdmmendati@nslfon-furtﬁerﬂrégearch;=ituis suggested
that'implemeqtatiopionisuchwa.systemmis.ngcessaryttearealize the full

power .of this approach.:
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I.2 Historical Cdntext'

Historians Wili certainly never unanimously agree, in their
deliﬁeation of great epochs, on -the .efficacy-of ‘thevarious .events"
Which usher in.an-age. .However, for.purposeSfdf'éngineeringmand
electronics: technology, the.author,suggests that four .events con-
stitute the boundaries of four .decisively different eras. . .The .first
event considered is the invention of.the-Flemming'®Valve. . The..’

‘amﬁlifying capability'of thisAdevice-madeupossible%%if'howevér.bulky

and unreliable--the world of modern .communicationincluding .ultimately.

the modern digital.éomputer,.envisipnedfsince,thefagE'of Babbagel*."
The second momentous discovéryuto:affectwtheﬂwbrid‘of‘electronics
and computing was the well-known and successful production of the
first tramsistor at Bell Laboratories, Gradiially. -and not -..°
without agony and frustpation,computers of,greéfer power moved from
large rooms.to small benches.' .As size diminished .so did cost for
méchines of comparable pqwer.while reliabilityzandfspéed.imprpved.
The third innovation, an outgrowth-of tﬁé‘trahsistor,_is-the
integratédecircuitv(IC). Recentiy used in commercial computers, the.
IC has further reduced size and costs.. The fourth innovation is a

natural outgrowth of IC .technology as more and more circuits.are

*References to the bibliography -are signified by ‘superscripts.

™ T
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incorporated into one substrate. When several hundred ‘gates .are
realized on one substrate the.general term large scale integrated
circuit (LSI) is used. LSI has opened the door for many exciting
possibilities in computing (including the respecifiable'computer).*
PreSently-manufacturing technology' is im: itg.infancy for LSI.
Manufacturgrs are‘talking presently in:termswof-iOOO“logic gates
per chip in 1970 -and 10,000 by 1976

Each technological breakthrough hés-created a plethora .of pro-
blems chailengihg to the teéhnology'and knoWledge‘bf its time.
History records how the large capacitance of the triode was conquered’
by introduction of a second and ‘a third grid, enabling .amplification
at megahertz. The transistor was .an expensive, limited;useﬁdevice
until manufacturingAtephnology'advandes;enabled'parameters to .be
controlled -adequately during .fabrication.  -With:LSI-comes:the.problem
of connection to the outside'worid; While hundreds of: transistors
can Be-fabricated on a émall:substrate;-only;eﬁoughfconnections.can
be made between the substrate.and.théuoutéide'worid“tg directly

control a small fraction of the transistors.

As each new epoch has-evolved, new .mathématics have:been:invented

to describe the actions of .the new .devices, for example: equivalent
circuits, graph techniques, .switching theory. Each of these.was

% . e s . ,
The author uses this, term to indicate .a computer which can
change its functional structure while operating.

' =T7%
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developed to describe the powers of -the dévices'availabie,.andﬂeach
has been molded into ?he cohesive Whple“whiéh comprises elect£onics.”
Such is now the case with LSI. Effigient.mathematical representations
of LSI étructures.and proéedﬁreslére Beiﬁg sought which allow.effi-
cient synthesis of arbitrary Boolean functions. ‘These"réprésentations 
and précedures are becoming the tools .of -the cellular logical.designer.

This thesis develops a representation.and.désign;procedure for

synthesis of a class of cellular .arrays.

T
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I.3 Organization .of Remaining Chapters

Chapter II{sets forth pertiﬁent background‘informaﬁion.on
‘cellula;'logic,-P61ish notation and heuristic systems. A ‘reader,
familiér with any of these subjects could skip fhe’appropriate
sections. Chapter III presents the significant work of the thesis.
Chapter IV outlines the authorés-ideas for  future work in fhis area,

and presents the author's conclusions and summary.

TT™1T




| CHAPTER II
| éURVEY OF LITERATURE

In this chapter is a brief survey of the developments -in.
cellular logic. Only eleménts germane -to thié,thésis'are disqussed
in.detail. Fora.more‘comprehensive‘exposition'and excellent .
bibliography, the reader is referred to Minnick's "A Survey of
Microcellular Logic'"!9.
’Additionally‘Polisﬁlnotation is introduced and its relationship

to infix ("normal') representation of algebraic quantities is dis-

cussed. Finally heuristic systems are: introduced.

| T

T
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IT.1 Developments in Cellular Logic

II.1.1 qunomicszgg LST.

In the usual production of integrated circuits, a‘silicon wafer
is formed, many identical IC's are fabriéated on it, the wafer is
diced, and the circuits are individually packaged. ‘Tests .are made
at various points along thé process. These .circuits are then
asgsembled on.cards and connected together using large amounts. of
iﬁterconnection.wiring, inclﬁding backplane Wiring?.

In contrast, using LSI modules, the wafer is not diced but the
entire interconnection structurg;is‘prOAuced=on the substréte and -
the chip'is placedfinla singlé.packagei saving“backplanerwiring and
space. An addiiional benefit is. an increase in feliability expected
with the elimination of most of the‘metai-to=éubstrate bonds and
solder connections in the backplane. Also, the'cloée“proxiﬁify
of the circuits increases the speed'af:propaggtion 1imitéd systems.

On the debit side with' the iﬁcreased-complexity'of a.module,
there are increased chanqeé thét one or more:of the ¢ircuits may. be
faulty. .Methods.mdgtgbe~fpund‘fOralocation,gdetéction, and avoid-
ancéqﬁ these faults. Additionally, since mask'faﬁrication.presently
is- an e#penéive task andilaige-gomplexityﬂm@iﬁles-étoduqing,g iixe&
set of functionsfﬁave“low iensity_ugg,,it is:desirable.that m;thodsz

be found to allow run-time specification of the functiens té be




9
réalized by thé module. At,least,‘é method is needed which allows
fixing the exact circuit late in assemblylg, 'Furthermore; arouﬁd

50 connections to the putside Wdrld can. be presently.made, (perhaps .
100 in the near futute) ;™ explicit l.gon.trq_i of 1000 -circuits.is, in
the forseeable future, impoésibie; Methddsfmuét:be found to achievé
control impliqitly or indirectly.

Fortunately, the aboveémentioneduprdblems:Qave'been_to some
extent solved..xFault avoidance techniques for certain .types of
.celiuiar.arrays have been demonstrated by Minnick!®7 18, 22 ang
Spandorfer and'Mhrphyzg; and location and detection algorithms have
been producedlby_Kautzﬂ‘S, and most recéntly énd'compietely by
Thurber31s 82,

Brooking, King; and Giusti2 have built an array using a
punched cafd,light source, -and photocell'combination_as function
controllers. ‘Mipnickl7iﬁas §Uggested tﬁatgthéselmight also be
synthesizedﬁﬁsipg flip—flops,‘lﬁinnick,aiso suéggéted thatfalfﬁse
could betused iﬁ-each of‘the.interconnectioné,1With SOme method of:
bloﬁing_ those. iﬁ-the undesired paths —‘péssiblyruéing cdiécident
currents. This has the'digadﬁanpége‘prbeing‘pexmaneqt,ilThg third
problem mentidned above, that-of:pin liﬁitati;ns, is~ééﬁit With‘iﬁ'

cellular logic.

*Private'Communication,

S S = =" T o T
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I1.1.2 ‘Cellulax Arrays

Cellular Logic deals in general with afrays*of'funétidnal modules
such as that of Figure 1. 'Eéqh<module~is;aésumed.to be capable of
realizing one'of more Boolean functions, £, of its inputé, xi,‘and
méy have one or more outputs, - Thesé.modules are connected tpgether
with some uniform interconnection structure. Data is entered only
along the edges of an .array. Certainly:otherfapproaches;tofdeéign
of LST circuits can.be and are being used, .such as -a brute-force
method-utilizing a new mask for'each new Set-of'outbut fuﬁctiOns.'
However, the cellular—lbgié-approach,,Withﬁuniform‘interconnection
structure and a fixed set of fﬁnctions'for each module allows an
orderly development,amenable to.mathematical*descriptioh.and proce-

dure.

Xq > - y1
X ) £ Y2

Figure 1. A Functional Module.

e — pre— T™T=T T T T
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The' cellular approach reduces: the pin .problem conSidg;ably;‘ For
example, if each transistor on'a chip: of 800utransistofs were connec-—
‘ted directly to the outside world; 2400 pins.would be required for
logical connections. The‘same transistors, if.used two per celi in
an array of 40 cells such”as‘Minniék's“cutpoiﬁttarray; could require
only 60 pins for logiclé. Thié“appears7t0“be*within"manufacturing

capabilities.

II.1.3 Some Types of Gellular-Arrdy:

Cellular arrays have been daveloped based;on-madu;es which per-
form'a fixed function. An exampleof these is.Spanderfer's NOR-based
wiggle-buss:array shown in Figure 2291*'Eagh@modu1ezin the array
realizes the function NOR,~andithe“iﬁterccnnection'structure is spe¢i—‘
fied by selectively closinglthe“bréakS'in'the;linES'bétween Ehe-cells,
Other examples include .the-eight=neighbor—arrays originated by

Broéking and King2:1l..

‘The -second basic typ;nof’array“which'has:received'much aﬁtention
is‘thé caécade_arrayzo; so‘called"beéaﬁse”it?iSihased“on theﬂﬁaitra-
or generalffunction‘cascadé;%develeﬁéd#ihdepéndéntiy*by'Méiﬁra and
Minnick -in-196213, Sincé.thé'procedurES'dévelopea“in'this thééié:are
designed for;a-type4of-casdadé“arfay;'the'Maitra'cascade-and'its=

generalizations will be' treated-below  in  some detail.

¢ gt J (it uin 1
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Figure 2. A NOR-Based Array

N

The basic Maitra cascade .is shown .in Figure 3. It consists of

17 functional modules or cells, each .of which realizes any of the

16 Boolean functions of two .variables of .its .two .inputs.

‘Maitra -

produced tests to determine what -functions .of n variables could.be

produced in‘a‘singie.éascade.. In 1963,-Sklansky28‘énd in 1964, Levi

Winder and Mottl!? produced algorithms for testing functions . .for cas-

cade realizabiliﬁy. +In 1964, Minni¢k15’17’21.showed:that.only,six

of the 16 functions.are necessary;andmfurther,;thétfcertain addition-

al functions are realizable by redundantly .entering some input

variables. .

™™ =
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xo or a.constant

1
)
.Yz_
x2 f2
|
*n —*Tﬁm
£

Figure 3. A Maitra Cascade

Minnicklffi’?-l’.22 produced perhaps the earliest array based on
a Maitra cascade shown in Figure‘4; His .array uses cutpoint ;ells*
as-ﬁodules, and consists of several caséadeS“of'cutpoint\Cells;wifh
inputs bussed across the array. The bottom row is a .cascade turned
sideways énd ié célled a collector row, since its funétioﬁ is to

collect.the subfunctions produced in each column: In Figure 4, a

*The cutpoint cell was so-named by Minnick becaiuse of the
method of controlling the 1nterconnect10n structure. Each cell
realized the set of functions {1, y', x" + y x'y', x + vy, xy',
x®y, SR Fllp Flop} ' E ‘

ey e T T T = TT
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number in a cell.. would " indicate which : particular cutpoint
function. is produced by the cell. The functions are listed in

Table 1.

yl Yz Y3 Y4
x
X'z -
*3
f _F;‘:‘Yl , M1 |1 ya or a constant
{

.Figuré.4r:.A.Cuﬁﬁoint.A;fay

Minnick?s,also deVelaped.syntheéis-teghniqueShfor the cutpoint
array, based‘on'Reednand'Shanhon expéﬁsionstand;the;disjunctive |
normal fo;ﬁ; He_producedﬂmanyhexamplesvof¥combinatiOnal and sequen-
tial.networkS'realized'withnputpoint.érrays. ~In 1965,‘Minnick'
developed the cobweb array shownnin.Figure-B.' This:array is .produced

by complicating the interconnection sﬁructurefof'thetcutpoint array

im} ! o | e S S




15

and using additional cutpoints to select the interconnection paths

used. Figures 6 and 7 show possible-realizations for the cutpoint

and cbbweb cells.

The cutpoints are labeled with letters.

TABLE 1. ..CUTPOINT .CELL .FUNCTIONS -

13

Function

1

y

x" +-y'
Cx'y"

X.+y
Cxy'
X @y
0

x=§, y=R of an SR Flip-Flop

T
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T
p—
—t

v
/
/

i
ANy
71

T

Figure 5. . A .Cobwéb -Array

Minnick ‘later introduced a slight -simplification’.of -the cobweb
array called the cobweb type A20 shown -in Figure 8. 'This thesis

will present synthesis procedures for -a modification of this array.

I1.1.4 Cost Measures-Qﬁ,Variqus«Cellular5Array‘Type§

It is 'comstructive to measure the -costs of producing ‘arrays.

For this, the work of Minnick?9 is again cited. Table 2 lists costs

for the arrays discussed as well.és-others. ~For a‘'given array type,
let M be the product of: the maximum‘nﬁmber of cells needed to’

produce an arbitrary function of n variables;.anddthg'sum.of the
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number of inverters and specification bits per cell. LetAO(M)* be :
the leaaing term of this product for large n then O(M) = Kn2» for

all érrays in‘Table.Zu So kK - 0(M5'/n2n cén‘be called‘the overali
cost measure.” It is interesting to note:that:the type A cobweb array
has- the second lowest cost measure. - Advantéges dccrue to-the-cpbwébn
-array when compared to' the cutpoint inathét.examples‘have been pro=-
ducedle'shoﬁing_cobWeb'realizatioh,neéding one-tenth of thevnumber

of edge connections énd roughly theé same number 6f'cellsf' This would

cause an-order of‘magnitude_reduction in backplane .wiring.

I1.1.5 ‘KnOWn_Cellplar Synthesis- Techniques-

‘Several techniques-are known.for .synthesizing particular cascade=
baéed arrays such as the cutpoint and .cobweb .arrays. These determin-
istic-methods are based upon the Maitraﬁcascade‘orfsdmg related cas-—

cade. A natural question which arises in .this process is whether or

not the function or some subfunction is .realizable-in a single-cascade.

A p@sitive answer to thig_question from:a”deterﬁinistiC'test.shouid
lead to a-realization iﬁione.é%spade of'the,funhtion'or”subfunction,'
The known tests for cascade reélizability'arenmentibned below. The
weight syntheéis fechnique is treated .in detail, as it is, in the
author's judgement, the best. method known' to datev ~Following this,
techniqueszfof‘éynthesizing'arfays are,sét“forth,.-froofé'ére_Omifted,

*called "order ‘of M" this function approximates M for large n.

T 71
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(b)

Figure 6. A Cutpoint Cell
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cutpoint cell

Figure 7. A Cobweb Cell

cutpoints

i
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Figure 8. Type A Cobweb Array




TABLE 2. COST .PARAMETERS OF SEVERAL CELLULAR ARRAYS™

Inverters Bits  Inputs Outputs Cost Uniform
. per per per per measure-- inter-.
Style Description. cell cell cell -cell K connection
0 Basic NOR array 1 0.75 1.5 1 3.50 No
1 NOR-baged with three NOR's/
cell and one bus 3 3 3 3 3.00 Yes
2  NOR-based with two busses 4 7 5 2 2.75 Yes
3 Styles 0 or 1 embedded in P
8-neighbor array 1 8 8 1 18.00 Yes
4 Style 2 -embedded in 8-
:  neighbor array With busses 1 8 8 1 9.00 Yes
5 Style 1 with electronic
specification bits 16 0 8 8 8.00 Yes
6 Catpoint with flip-flop.
Collector row is a separate
array ' 2 4 2 1 - 1.50 No
7 Type A cobweb with flip- _ :
: flop 2 7 3 1 2,25 Yes




-

TABLE 2. CONTINUED :

1¢

Inverters Bits Inputs OQutputs - Cost Uniform
7 ' per per per per measure inter-

Style Description cell cell cell cell K connection
8 NOR realization of restric-

ted function cells with .- .

flip-flop. Four NOR's/ :

function . 1 - L5 2.5 1 - 2.50 No
9 NOR realization .of . restric-'

ted function cells with

flip-flop. Two or four :

NOR's/function ‘ 1 6 6 1 4,55 Yes

*_ .. e
““From reference 20 with  permission: - -
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In 1960, Maitral® developed a method for embedding functions in
a "Maitra Cascade". He used a two~dimensional map which had to be
constructed after one-dimensional miaps-were:constructed to show the
function realizable.- ThisJmethod“iSfcumbersome;“needing up ﬁo N!-
maps ‘to prove whether»atfunctionfiS“realizable:or‘not.*

In 1963,ﬂSklansky28.publishedﬂa”morEﬂeﬁficient"method of ‘testing
for cascade realizabilityﬂand:synthesiS'6ftMaitra“Casc§des."This
method. is based -upon -a matrix or tabla of-the minterms for the
function. ,SklanSkyzalsow£eStricts"the*needed”functions within the
cells.to six;mshOWLnguthatﬂthewsét%of“functionsfcaécade'realizable,
by ‘using -the original cbmplete-set-élﬁ)*ef?two%variablé function;"
and the.set'realizablewusingrhiswsixlfunctidnS'are'ﬁhe"same,' Further
the length of the realization is.the same:- Thié method';equires only
one search per synthesis step; which' is- conceptually more complex
than Maitra's,but computationally:simpler:. The primary disadvantage
of this method is .that for nﬁvariables'a'funcfion may have 2" minterms,

a number which grows -quite rapidly. - S

*One map for each ordering -of the variables could be needed.
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Levy, Winder and'Mott'pubiished in 196412 an algebraic method
of testing fo;-Maitra cascade realizability. . Thé following paragraphs
including the example are adapted from their.paper.

This test is not basedfupon“mintérmszbut-updn‘the fﬁnction
equation as it is written:1“Th&ffunétion'is.assumed not tq have _'
superfluous variables.* "A partiai'ofdering‘is.set‘up‘on'the variables.
Each variable in tufn‘is set first“tg 1 and.then' 0. For each
setting, the equatioh is examined to see’ifit.is independeht of
some subset of the other variables:“'Theﬁ‘a.variable, z, is said to
"precede" y if z vanishes from'the'equation for a value of 'y, (written
z <y). All other variables, say e and d, are said to "succeed" y;
(written y < e,d). For a set of tests on a'variable, there can be
one of thrée results:

1. In both cases:theresultant equation is dependent on all
variables. -

2. In one case the resultant equation "is independent of some
variables.

3. In both cases the resultant equation is independenf of some
variables.,

If the third result occurs; the fufiction is not:cascade realizable.

If the first result occurs, the variable must-.feed.into a. & gate and

3 .

A superfluous variable ‘is one which may be removed from the
function without- changing the function. For-example;, x is superflious
in = xy + x'y + z.
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no information is gained for the‘partiai Qrdering..‘lf the secopd“
result occurs, a precede-succeed or PS .relation is written és
explained aboveQ‘and‘thé”variable'wili'entertat+ or X gate.

When ali variables are tested;'a partialﬂordering is established
by‘combining-the relations-fbuhd; Any- conflicts meén that the
function is not cascade realizable.- The.partiél'ordering determines
the order in which .variables entérhcellsr':VariableS'wifhin a level
of the partial ovdering may be permuted.

The function of the cells must be determined.  The  function will
be from fhe set {x;, +, ®}.  This .set can easily.be shown to produce
the same set of realizable functionS'aS'Sklanskny'set'of3{xy, x'y,
xty, x'+y, x@y, x'@y}-if oneralloWS"2ror‘x"éstthé*input variable.
Indeed once such a cascade -is built; a“transformation-may be‘definéd.
using the larger operator'set,ﬁtO'change“all.xl_entries~tb X .One
‘ begiﬁs with variables .succeeding all others-and-works-to the other
end of the partial‘ordering;n If:for the.vériéble'x'under‘consideration
case one resulted from the test;'thé“vafiable“gnterSWa'Q'gate. Let
fn be the function of n variables, and fn_i,be.the'residual functien
of n-i variables after a .variable  is' eliminated. - .Then if x is used

0) ;-and" if-x' is used, fnoq = £ (x = O)*.

as the inmput £ _q = £, (x

Additionally fn—l(x'=-0)f:'f'n;1(x =" 1) must-be-true-or the function

*That is to say, the residual function coming-in:the other input
must be - the original function with x set-to 0 or-1 respectively.
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is not realigzable. If theisecond-test-case;occurs;tand:one setting of‘
the variable leaves a residual functicn'of"l,.then:the gate must be +.
If one.setting of the'Variableﬂleaves“a‘residﬁalﬁfunction of 0, the
gate must be an X. For a +'gate‘if'X“='O.yields:fn_i = 1 then x' is
the input. Otherwise the input~-is x. ' For the x gate if x = 1 yields
‘fn—l = 0, then x' is the input. Otherwise x.is -the input. An example
should help solidify the procedure. 'Table.3 illustrates the testing
of £ =c'g+cg'(b+a'de' +.(a+d") e).+blc'(alde + (a +4a") e").

From Table 3 is determined the partial .ordering:- a;d<e<b<g<é.
This fixes the dinputs to the.cells of the.array as shown in Figure 9.
Note that variables a and d could be interchanged.’ To complete the
process, oneidecomposes theﬁfunctionﬂbéginning:with“variéble‘c; First
" algebraic manipulation'will'showvthat'f6(c=0)7? f6‘(c=l)f Choosing

fg = f¢(c=1), c' is the input to the & cell, leaving fz = g'(b+a'de'+"

5
(at+d')e). Clearly fg(g=1) = 0 and thus the .function of cell 2 is X,
and g' is the input. Then the“residuél'fﬁnctibn'is £ = £5(g=0) =
b+a'&e'+(a+d')c. Again~f4€b=l)“='l;“yieldinétcell 3 as +, b as the
input, and f3 = fé(g=l) = a{de'+(a+d')e. " The next variable is e, so
check that fg(e=0) = f'3(e=l). "This - is so. .Choosing f2,=-f3(e=l) =

a+d', the fourth cell is a @ and -e' is the input.  The remainder follows’

easily.

=TT TT T 71 [
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TABLE 3. TESTS FOR SYNTHESIS :.EXAMPLE ’

Test

'‘Relation

Residual Equation
a= c'g.+ cg'(b +de' +d'e) +.b'e'(de.+ d'e")
a= c'g + cg'(b + e) + b'c'g' d§?<b,é,e,g
b = ‘c'g + cg'(a'de' + (a +;d')g'+'c'(a'de + (a4 d")e'
b= | c'g‘+ cg' a,d,e<b<c,g
c = g + b'(a'de + (a + d")e'" j
c = g'(b + a'de' + (a + d")e) ‘None
d=0]c'g+cg'(b+.e)+blc'e'
d=11c'g % cg'(b + a'e' + ae) + b'c'(é'e'+ ae') asd<b,c,e,g
e = c'g + cg"(b +-a'd) +b'c'(a + d")
e = " c'g+cg'(d+a+-d) +bleta’d None
g = c(b +a'de' + (a +dYe +b'c'(a'de +.(a + d")e")

c + (b’cf(g'de + (a.+‘d')e)

a,b,c,d;efg<c
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Figure,Q; Cascade for Synthesis Examplé-

The a&vantage of this method lies in the lack'of thaustive
testing or‘listing‘of mintefms;‘ HoWeverL one must manipulate algebraic .
quantities, which takes somé‘effbrt'on'a computer.

Stone and Korenjak30 have developed'a-testing‘and'éy@thesis method

which makes use of the“weight* of  the function. This has been further

refined by Minnick** and given‘thé“label of'Weight'Synthesis.  This

*The weight_of the function is the fraction:of the minterms that
are true values for the function.

**Unpublished.
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method includes synthesis of redundant cascades, that is cascades
which have a variable entering more than one cell. This method is
stated in detail below. For a derivation and proof of this approach,-

the reader is referred to30,

[y

It is convenient to state the algorithm in a flow diagram as in-

Figure 10. In Figure 10, Go‘and Gi are the Shannon subfuncfions of
the function. (That is, f = xG0,+ x'Gl) The current function is
denoted £, while residgal functions ére dénoﬁed_fr. The algorithm
ends when two variables arefléft. They are both inputs to the top
cell,
Stone and_Korenjakggvprovéd some results which are important to
the above algorithm. These are;
1 Lemma. 'If more fhan'One'variable can be decomposea at one
stage in the realization, the successful realization and
length of realization are independent of the order in

which the varlables are decomposed (redundant or 1rredundant)

2° Lemma. If a variable,x;'appears as an input to a X or +
cell; it never need .appear further up the cascade.

3 Lemma. A function £ is' cascade realizable if and only if
f' is. Further, the minimum length realization has the
‘same number .of -cells for each one. ‘

T .

Tre—p— 7T
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4 -Caﬁsnical Theorem. Any cascade realizabie function of n

variables can be realized by a cascade consisting of

(1) a cascade realizing a function of n-1 variables, and
(2) either a & cell driven by the nth variable, or a x or
+ cell driven by the nth variable followed by a possibly
empty set of & cells, each having a dlfferent input
-variable from the remaining set.

Lemma 1 states that when one has‘found a‘deéompositiontbf'the.
type detailéd in the theorem, it is as‘good as any other one. The
Itheorem recursively states what the cascade synthes1zed by the
algorithm will look llke It also states,where the_extra & cells
will occur in a redundant cascade.

Lemma 2 heips form the backgtdund‘fsr the theoreﬁQ .It‘also‘
-indicates that all entriesvof a‘variable eXCept the topmost one‘must‘
be into # gates. Lemma 3 answers‘the'obvioss questisn aBQut thé‘
possibility of using the complement sf-a function for a‘better tealiza—.
tion.

We15333 has developed a synthesis method‘whiCh'beginsVWith the
prime implicants representing a fﬁnction.'~He Btilds from these a
series of two tables and‘éerforms‘manipulatian on them. He sets forth
necéSsary and sufficient"conditions‘oﬁ the tablés. for cascade realiza-
bility. From the tabie a “StandardrCascade.Fsrm" or.ﬁSCF", is built
and‘from this the cascade is deterﬁined. In a latér ar‘ticle?’-L+ Weiss
expands-his Work'io irclude redundant sascades.' This procedure appears\
to be the most efficieat methd& to date. However, this method lends

nothing to the understanding of cascades and its procedures are‘lengthlya
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*Weight Synthesis Algorithm#

Remove all superfluous variables

IF less.than‘two variébles, GO .TO:
“Determine the-weight of the function
IF weight = %, GO.fO:

IF weight < %, GO TO:

Find a variable, x, such that
xf' =0 or x"f' =0

IS the search successful? (If not, try for

a redundant cascade).

EXIT

The next cell is-a +-cell and'the input is-
x if xf' = 0 or x' if x'f' = 0

Form the residual function as follows:

xf' =0 fr.=x + Go
x'f'= 0 fr = x' + Gy
xf =0 £. = x'Gg
®'f =0 fr = %G1
Let £ = £ -

r

—A

Find a variable, 'x, such .that _
xf = 0 or x'f-= 0. (If none exist, the
function is not  cascade realizable.)

IS the search successful? (If not, try for
a redundant cascade.) IF not, GO TO:

A

oo

Figure 10.

o

Algorithm for Synthesis of Redundant-Maitra Cascades
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' The next cell is-a“x cell-and:the .input is -

x if x'"f = 0 or x" if xf = 0.

Find a variable such that G ;=.Glj
@f-none'exist,'try'for a redundant cascade)

" IF the search  is mot successful, GO TO:

(The next-cell is-a & cell and the input'can

be x or x'.) . :

Form the residual'functionfas:follows:
If x is the input f,. = Gy -
Lf x' is the inmput fy = G

Y

Find a variable, x, for which Gy or Gy is
a parity function. -(If none .exist, the
function is :not cascade realizable.)

IF .the search  successful, GO TO:

EXIT

Form the residual- function- as follows:
£.= Gy & Gp

Add n & cells to-the' cascade ‘where .n is the

number of variables- in.the'.parity .function. |

The inputsvareﬂthe'variableS“of'the parity
function." o ‘

Add a x cell whose.inputEiS'x:if Go was the
parity function and x' if G; was the
parity function. ‘

- Figure -10. : Continued
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This completes the éxPosition'ofﬂknowﬁ tests for caécade realiéé—
bility. Next one ﬁust:consider the functions which are not realiéable
in a'singie cascade; Maitra13 showed that afvanishingly small fraction
of-the total number of funcfions of n variables can be realized as n
grows large. Nevertheless, an array of such éascades can realize all
functions of n variables.

Several such arrays have been.develobed. Whilé synthesis.techniques
have been developed to realize thesé arrays, no general technique is
known which is suitable for all arréys. Presented below are techniques
based on thé cutpoint and.cobweb arrays which were introduced in the“
previous section. These arrays-haVe been shown toe be of‘interest17’195
and thevprocedﬁres of this thesis are'applicable to éimilar‘érrays.

The cutpoint array is due to‘Minnidk. See Figure 4.'wThe sequel
is adapted from Minnick's paper!®, |

One way of approaéhing‘syntheéis of cutpoint or cobweb arrays ié
through use of minterms. The'disjunctive cahonical fprmuof any Boolearn
function is a sum of‘minterﬁS'bf-that function. ,Any‘miﬁterm_can‘be
realized in a Maitra cascade. The'collector-row can then-be used to
sum the‘minterms, yielding'theﬁdesired function. One result of this
method of‘syntheéis is-an upper bound on the size of the array needed
for an arbitrary function‘of n variébles.: A funétion of n‘variébles
has 2% or less minterms. Each mintefm'Has n variables. Thus adding

>
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one for the collector row, a cutpoint array for an arbitrary Boolean

function of n variables need not have more than n+l rows and 29 columns.
Thus the number. of cells in.fhe array as‘n grows large is O(nZn).

‘Any prime implicant can be realized in a Maifra cascadé. There
are usually fewer prime implicants_for'a.function‘than minterms, so the
number of columns can usually be reduced by reélizing an irredundant
normal form.

Figure 11 is an examplg'of_three_realizations of the function,

£ = 2(1,3,5,6).
Figure 11(a) is the disjunctive canonical form realization. Figure 11(b)
is'a"realization of an irredundant normal form. Figure 11i(c) is derived
by fealizing'that'ﬁhe function can be written as

o o 1 o0 S0 0 0

X : . ~ { [ ‘ X, y JT* - _ X |
THT @3 Ls s 7 ) - T3
X ' X ,J—‘ X, -
2 Y ‘ , 2 . i )
—+ . 5 2#5
X : ] : m—— Y ‘
L5 ' '

i
N
£
N
=

Figure 11l. Cutpoint Synthesis Example
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It is possible to realize more than one function in a cutpoint
array by including an additional collector row in the array for each

function. By judicious chodsing of the locations in which the

functions are realized, often several forms may be used in more than.

one function. This isvpoésible since the output of a cascade can
‘be an input to’a row of célis.‘~Figure 12 is such an"eiample for
theuthrée eqﬁations:.
fl =.X1Xp
£, = xlxz + x7'x9'x5"

f3 = xl'xz'x3' + x3(xl & x5).

X,

T T (e

R
(I I N IO

1

Figure 12. Cutpoint  Realization of Three Functions in.One Array.

T TTT
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‘Anothér method of syntﬁesiétis based upon the Weii—known
Shannon decompositioﬁ.‘ Since one cell can produce any fuﬁctiqn of
two variables, one can guaraﬁtee a realization of anyvthreé—variable
function in two columnS'if'oné can write the functibn as two functions
of two variables, independent of the third one; and compoée theﬁ
soﬁehdw with the third variable into‘the function. Thé Shannon decom-
position is é method'of‘doing‘this; 'The'Shannon forﬁ for a thfee—'

variable function can be written as

£ =x

o . B

where Xy is one.of the threeLVariables, arbitrarily éhosen. The
functions G; and G6 are independent of-xi. They are actually the
fﬁnctions:
Cf(xg = l,xj,xkﬁ-and;
f(x:.L =‘O’Xjka)’

" respectively, whefe xj_and %, are the other two variables,‘ Figuré 13 (a)
'illustrateg the general fealizafion“of any three~variable‘funétidn |
through the Shannon decomposition.

Shannon?s:decOmposition‘can'be‘written for .any number‘ofwvariables.
This allows the éxtension of this method for arbitrqu funcfions,offn
Qériables. For'example5_anf‘fdﬁf-variable funcfion can be -written és

f= xix;'G' +_XinH +-xiij'J“'+_ki'ij;‘

Figure 13(b)illuét;atés-this.fourvvariable-decomposifioﬁ;.

T— T 116 T N . T
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Figure 13. Cutpoint Realization -of Arbitrary Three-Variable and Four-
Variable Functions -

The cutpoint array suffers from a wastage of gellslfor many prob-.
lems. This occurs'when'a:subfﬁnction'froducgd=in one; portion of thé;
arfay could be,used:eisewhére;'or-whén,the?function—has a number of
éonjunctive termé-wiﬁh a high number of iiterals,'with many terms
requiring the same'literals. The‘probiem reduces to that of ‘redirecting
"the flow of-information within the arréy.- It-is_deéirable that informa;

‘tion flow bé changeable from:vertical té horizontal or diégonal.

e e B T
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‘Tb overcome thiS'prdblem,'Minnick~deVelopéd the cobweb array.
The following‘is taken from his work!®s:22, - Figures 5 and 7 illustrate
the cobweb array and its cell-which is based upon the cutpoint cell:
Compared to the cutpoint array, the cabwebtarraywhgs an additional
vertical buss,‘one knight's move buss and -a left -connection to neigh-:
boring cells. - These_additiéns‘allow-re—directing of.inforﬁation‘flow
within the-array'andhpresenﬁing-inﬁormation at remote locations'without;
using intervening cells. An obvious advantage is that any row or part
of a’'row may-perform'théxcolléctor function.:

The.syntﬁésishtechniqueg'described-above-can be-agplied to
cobweb arrays. The coilection*facility-makes it possible to perform
more efficieﬁt Shannon or Reed "decompositions for four or more
.variables.” In the cobwéb' array, ‘the function‘may-be'decbmbosed onf
oné variéEle and Eﬁetreéidual functionlde¢omfosed again, if necessdry,
forming a gree structufe'leaving vacant'celis clﬁsteréd together for-
_later use. This-is compéred to*the'cutpoint array wﬁere fhe,entire‘
decompositién must‘be done in'the cdllector,row.- Cobweb arrays nor;
mally require significantly fewef célls than\cutpoiﬁt ayrays;

Recéntly'Weissas’ah has extended the twalevel logic theory of
Qﬁihe25’26 to arrays. He defines1and crgates prime -cascades as
andalogous to prime implicénts and then‘picks:a set of-these, arialogous.

to the irredundant normal form, which forms a minimal- cover under the

T v 7  I1 T
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criterion of a minimum number of cascades. The procedure allows
rgdundant cascades and’can be extended to include the requirement of
ordering thé‘variables in thelsame-way for every cascade (so they
will fit in the cU£p6ipt*array). |

Wéiss's methpd apparehfly isa reasonaﬁle ébprdéch'which wiil_
yield an optimﬁm.result for arrays with a single coilector rbw,
provided each celi has an input from the outside worida If each
row of cells has only one variable connected to the outside world
(such as in the cutpoint array) the procedures may be .extended; but
in this author's judgement, the computation involved will.become-

excessive.

=

ELL I
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IT.2 Polish Notation

In this section, a brief background on Polish notation is set

forth. In the ﬁextfchapter;'it will be shown to be useful in cellular- °

logic péCause of its corresfondence to certain arrays.

Polish notation waé'introduCed in 1929 by the Polish logician,
Jan LukaéiewitzG. Iheﬂform used in this thesis ‘is variously‘called'“ 
‘Lukasiewitz notation, L-notation, P-notation, ﬁevefsé ?oliSh‘notatiOn
and postfix notatién. Introduced as a-tool for propositionalrcaldulus,
P-notation is.tbday also known in this country by compiler writers2?7,
Its similarity to a'pushdoﬁn staék‘makes it natural for this‘use;‘épd
at least one machine, the Burroughs B-5000 was designed around it.

In Polish notation, astring représenting a function is written
with operators after, not between, théir arguiments as in standard
or infix-notafion.*‘ The.expressiéns-thus formed“are,unambiguous énd
no paréntheses are needed. In general N?aéic operators can be allowed.
Howefe# in this.thesis only dyadic opetrators and the monadic- (') will
be uséd. Table 4 gives seyeral examples of P-strings and theif infix.

equivalents.

*Alternately operators could be always written before arguments.
The resultant representation.is another Polish notation form, called
forward Polish notation and prefix notation. '

I TT - TT
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There are, of course, several ways to represent an algebraic
quantity in P-notation as there are in infix notation. This is

pointed out by the last three examples in Table 4.

‘TABLE‘4; POLISH -STRINGS AND -EQUIVALENTS

Infix String Polish Notation Equiva-
' lent String

1| a' a'

2| ab or-a x b | abx.

3| a+pe' | abefx+
41 (a+ ﬁ)c ‘ ab+cx

5 (@ +b) +c ab+ct+
6| a+ (b‘+ c) abett+. -

7 a + b.$\c | abtet

—

1I.2.1 Evaluation of Polish Strings

Polish.strihgs may-be evaluated with an algorithmic process.
Assume that each variable has a'value assigned to it. Begin at the
left end of the string and scan right té the first operator. If the

operator is dyadic, (needing two arguments), use the two variables
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immediately to the left as arguments. If the opérator is monadic;‘
(needing one argument?, use the variable immediately to the left as
the argument. Evaluate this substring and replace it with a new

operand having its value. The substring will have the form ab¢ or

a$ where ¢ is an operator. The value of ab¢ equal t¢ the value of the

infix expression a¢b. The value of a¢ (here ¢ must be a (') in this -

thesis) equals the ﬁalue of the infix expression a¢. Repeat this
process again until all'suCh substrings are evgluated.

It éhould now be seen that fhe Polish strinés in-TaBle 4 are
équivalent to their infix countérparts-as to order of evaluation. qu
example, in row five, ab+ is‘evaluated.first; in row six, be+ is
evaluated first and infrow seven, ab+ is évaluated-fifstg This cor-

responds to the normal evaluation of infix notation ordered by paren-—

theses -and by‘left,to right. It should be noted that Polish notation .

is a positional nptation. “That is,‘ordef of evaluation depends only
upon position Within,the substring. :Ajdirect copsequence iS‘that’nb
ordering stbolé sﬁch as,parentheses_aré uéed. Table 5 illﬁstrates
the procedure for a more complex string.l In'Table 3, substrings afe
replaced, after evéluétion, by Greek letters. The substring‘affected

at each step is underlined;‘

7™ a1

T 7T
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TABLE 5. EVALUATION OF A POLISH STRING

STRING " COMMENT

- abtcd' xe®x _ _ Begin at left. Find first operator.
Ehfcdﬁxeex | Find operands.

IFdJXe9x_ | : Replace by value: y = ab+ (= a+b)
‘ycdierX.. | ‘ A | Find next operator.

chfxe$x o o o : Find operand. |

ye§xedx : : ' AReplace‘by Qaluels = 4

yebxedx - - | : Find- next operator.

yéQig&x* ‘ 1 Find operands.

Yég$x> ' o : ‘Replace with value céx=a (= cx§)
Yaégx ' _ Find opefator.

Ygggfn o o Fihd-opefandé.

Y8 : . - . » ~ Replace with valué‘B = 0ed (= ude)
yYBx | o | -Evélﬁaté final sﬁring;
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I1.2.2 GConversion of Infix Strings to Polish Strings

Conversion algorithms between infix and Polish notation are well
known. The one to Polish presented here is adapted from’ reference 27.
Define three last-in-first-out stacks called-O, I and T and a

‘controller., Figure 14 illustrates the necessary system.

0 Stack - Cbntroller" o I Stack

-

W08 ot ;.

gy |
) : I I : - . )
Figure 14. Necessary Components-for Translation to Polish Notation

Assume £hat the infix string exists in the I stack, left ead on
top. The controller pops one,litefal:ét,a-time<off the I stack for |
processing, If the literal is a variabie,_it_is:pushed into,thé 6
stack. If it is:é dyadic operator addi;iqnél information is needed.
Table 6 lists_theisystem éf‘hierarchy used -in switching_algebra;i.This
hierarchy-is the order iniwhich thé opgrations'are done in normai:f

notation, For example, a X is processed before a + and a + before a &.

™ 7T NS
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TABLE 6. EVALUATiON HIERARCHY FOR SWITCHING ALGEBRA

Symb;l l_ Compare‘Priérity Stack Pfiority
( - o fndhe' ; ,v‘ N
5 ' ‘ ‘ 1 " none
& 2 2
+ 3 3
x 4 4
! . 5 5

This‘infofmation is used Qﬁénuan operator-is~poppéd-from I.‘ The
controller placéé.the operator in-T after popping-ali operators in
order until one,pf greater priority'than the curreﬁt operator is found.
The popped operators are then pushed in‘Arder into O and'the‘current‘
opgratef'is pushed inter T.: Leftiparenthesésgare alwaysHpiaced in the
T stack withbﬁt compariéon. Right.parentheses~are compared but not
plaéed in T. After processing a right -parenthesis, its asééciated
left parenthésis which is on top of T is discardgd.‘ Table 7 illustrates

the procedure.
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TABLE 7. -EXAMPLE.OF TRANSLATION TO POLISH NOTATION

Step I Stack | T Stack 0 Staék .Comment
‘top bottom| bottom top| bottom top

1 a+(b@c)xd ¢* g Begin with left end.

2 +(b®c)xd ) a Put a in O. |

3 (b&c)xd | + a Pqt + in T.

4 b@c)xd | +( a ( is not compared but placed
in T.

5 ®c) xd +( ab

6 e)xd | +e ab’

7 )xd | +(® abc

8 xd | + abc®  |) is compared and discarded.

| 1_The ( is then discarded.

9 d X abct®+ ‘ |

10 ¢ x | abcera

11 0 ¢ abc®+dxv Empty the T étack inﬁo the
‘output;

* C
The null or -empty string is represented by f..

Ty T T W
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In this section P-notation has been briefly introduced and com-~
pared to infix notation. A method of tfanslation froﬁ infix nétation
to P-notation has been‘devéloped and an algorithm for evaluation of
P-strings has been stated.
In Chapter III, P-strings will ‘be shown to be a useful method of

representing Boolean functions when-one desires to embed the functions

within a cellular array.
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II.3 Heuristic‘System
A heuristic aﬁproacﬁ‘to problem solution may be examined against
an algorithmic.épproach. If one solves a problem algorithmically, |
he is appiying aurecipe to a p;oblem which, if faithfully and cox-
rectly executed, will yield a predictable result, every time. This
result is defined as the desired solution. A requirement for this
approach‘is that‘the problem and its solution be exactly defined.,
In contrast Newell and Ernst?3 have defined a heuristic
approach as a present state description, a set of operators, and ,
a targef state. Thé épefators are traﬁsformations which may be
applied to the description of the present state to form a new pre-

sent state, hopefully closer to the target state. All.operatorS‘may

not be applicéble fo the present state, but will beuapp@icable to some-
present‘staté.n The target state méy be a multiplicity Of‘StateSa
A portion of a tree is then produced by applying éperaﬁors in all
possible orders until the target sfate-is reached. iﬁ case that the.
. target state is not.completely defined (i.e. is a multiplicity of
states) an entire trée‘may be created.

Additions to the heuristic-apﬁroach.allow for the exerciée 6f
intelligehce; For example, a méans—ends analysis may be included.
‘In this‘case, a difference function between the‘present state and
the target state is defined and only operators which reduce this-

difference are applied.




(General Problem Solver), created by Newell, Simon, Shaw, and Erns
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Translated into the terms of this thesis, there.are two heuristic
problems. The first is dealt with in Section III.3.. The present
state is a Polish string. The target state (an unknown) is a func-
tionally equivalent Polish strxing which requires fewer array cells
to realize.. Operators are Boolean transformations which are applied
to the Polish string. A criterion is defined to indicate what the
most desirable P—string‘looks liké. The designer, within some basic

rules, is expected to use his intuition to select the operator to be

applied. Thisis equivalent to defining a difference function and applying

only those operators which lessen the difference.

The second heuristic problem is dealt with in Section IIT.4.7.
In this case; the present state is a partial synthesisuof an array.
The operators are procedures which make the next step-of the syhthesis,
and the target state is -a set-of”completely Synfhesized‘arfays-with a
small number of cells (satisfying some additional comstraints). The
difference function is-determined as the closeness of the final
realization to one.with a minimal. number of célls‘(which is usually
unknown). The operator.is expected to apply operators (procedures)
which minimize this difference.

Perhaps the greatest example of a heuristic.system is-GPS
‘ ‘ 23,

This is a computer program which applies heuristic techniques to a
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generél class of problems, which includes chess playing and theorem
proving. The interested reader is referred to reference 23 for

further details and a bibliography on heuristic systems.

T




CHAPTER III -

. SYNTHESIS OF CELLULAR ARRAYS

The  new work of this thesis is presenfed.in‘this chapter. In
‘the first-seétion, notation. and terms are‘defiﬁed. In thé‘second;
correspondences between Polish strings and cértain arrays are
developed, ending(with~an array in.which the fﬁnction of any Polish
string can be-embedded. In the third section, a sufficient set of
procedures is presénted.for'thetimplemenfation of -the embedding
process. Additional-procedures are:presented;which when aﬁplied_
through the skill of the.designer, a .computer program, or both,
‘may.feéuit in é‘better realizatiOnAin:thé éenéeﬁof:feWef cells-béing
required. in the lagﬁ section,‘a-new.famiiy of érra&s,'callea the
buss arrays,.is introduced and procedures'a;e-developéd to embed

arbitrary functions.in these arrays. Examples are produced.

ey B T

TrT—
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ITII.1 Definitions and Notation

This section could profitably be skipped and referwved to only

if confusion-arises. Definition of .commonly known terms in switching

theory-have .been.omitted.

III.1.1 Definitions

1

Buss Array - A buss:.array-is a member of -the family of arrays
having a series of data .carrying '"buss" lines. These lines
allow data to be created-at one point in the array and used at
another without using cells between the two points.

Buss Segment In buss arrays, a portion of an Hbuss (Vbuss) lying
between two .Vbusses (Hbusses) or between the edge -of the array
and a Vbuss (Hbuss).

Collector ‘Array Any array which consists.of single rail. cas-
cades with the.outputs forming the' x: inputs -to .one or more
similar cascades.turned 31deways. The 51deways cascades - col-
lect - the functions produced by the .upright- cascades and are
called collector cascades or rows.

Collector Cascade See collector array.

Collector Row See collector array.-

Column Used as in "row m and column n" of an array, column
differs - from.cascade .in that .cascade sometimes may mean a
column specified to‘a particular function.  Also, column refers
to the-connection from the outside world to the.y input of the
top cell of an array, the .outputs .to .the outside world from the-
bottom row. of cells of -an array, and the.vertical output from
the bottom Hbuss of an array. -,

Complex P-string - Any P-string which is, not elementary or simple.

Cutpoint - A place where .a-buss.may be,broken.:~Also,'a=specifica—.
tion bit for—-an-array cell. : :
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11

12

13..

14

15

16

17

18.

19

20

21

22
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Cutpoint Cell A single rail cell which can produce ény of the
functions of two variables listed in Table 1.

Disjunctive Normal Form In regular notation it is a sum of
Boolean product terms with each variable appearing complemented
or uncomplemented not more than once in each product term. In
P-notation it appears as a sequencé of .elementary P-string
having +'s for the level-one uniting operators.and x's for.all
level-two operators. All +'s appear at the tail of the P-string.

Dyadic Operator 'An operator which requires two argumenté.

Elementary-P-string ' A P-string consisting of a.sequence of

Variables, possibly including monadic .operators, followed by a

sequence, possibly empty, of dyadic. operators, pos51bly 1nclud1ng‘

some monadic operators.

Functional Cell In an array, a -group of cells which have been

spec1fied as a unit to perform. some, task or tasks., -

General Function Cell A 51ngle rail cell which can:be set to

any of-the 16 functions-of . two varlables .and’ the flip-flop
functlon

- Head of a'String The left end of a string.

Intermediate Function A function which is created in the process

of creating another function.

Internal.Function The output of a flip-flop.

J01n201nt A cr0551ng of - two busses which may be connected if
desired.

Level-n Substring An argument of a-level-n .uniting operator.
See; uniting operator,

Literal Any character in a string.

Monadic Operator . Any operator requiring only one argument.

Operator .String A string containing no wariables.

T

T T
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Pluse The exclusive-or operator.

Polish Notation A system of notation in which the operators are
written after (or before)‘their;operands instead of between themn.

P-Notation See Polish notation.
P-String A string written in P-notation.

P-Substring A string written in P-notation which is part of
another string (including itself). ‘

: A Relatlonshlp This is- deflned in. terms of the order of appear—

ance of variables w1th1n_a P-string. Define {<.> ,} (a set)

as follows. 1If a variable, x, appears or must appear to the

left of a variable, y, in a P-string, write: =x<y. If x must

or does appear after y, write: x>y. (This will happen when the .
variables cannot be commuted). If x may appear after y or before
y write: =x,y. Thus x,y<z reads: x and y appear. (must appear)
to the left of z, and x and y may appear to the right or.left of-
each other. This relationship is .a partial ordering.

Simple P-String A Phstring~chsiéting of one variable or one
variable followed by a prime.

Single Rail Cascade. A cascade of :¢ells in-which.the nearest

neighbor cells are connected by one -logical data path. (Each
cell prbduces.only one function‘at a time“ls ,)

String A sequence. of varlables and operators which constltutes
a Boolean function, :

Tail of -a String The right end of a strlng

Unltlng Operator A level-n unltlng operator has a. level—n sub~

string as one argument and a subfunction as the other.  Its:

task is to unite the -level-n term with the other level-n sub-
strings which make up the subfunction which is its other argument.
All level-one.uniting operators.can be found empirically as
follows: TFind the first literal from the tail which is a variable.
Continuing left, find the next dyadic.operator. The variables to
the right of this operator are the variables of the rightmost
level-one substring. These variables plus .enough of the operators
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from the immediate right of .the first-found variable to make a ..
well-formed string, constitute' the rightmost level-one substring. .
All operators to the right of this.substring are the level-one:
uniting operators. To find level~two uniting operators, .apply
this construction to each level-one substring. For example, if
the literals in the function, abet+twxtyxadexx++, are numbered
left to right &=.1,2,...,16,17, then elements 16 and 17 are the
level-one uniting operators: The level-one substrings are .ele-

ments 1-5, 6-10 and 11-15. Level-two uniting operators are

elements 4~5, 10 and 14~15. Level-two substrings are elements
1,2,3,6~7,9,11,12,13. The level-three uniting operator is
element-.8. Level-three substrings are elements 6 and 7. 1In.
practice the operators uniting eélements-of an. elementary string
are not thought of as uniting operators. ‘

Varlable String A string con51st1ng entirely of wvariables and

prlmes.

II1.1.2 Notation

1

Operators may be.represented by the ‘letter f, elther subscrlpted

- or not; by the Greek letters. ¢, 9 and B, subscrlpted of .mot}.

by algebraic symbols and by numbers referring to Table 8. Multi-
pllcatlon in ordinary (not Pollsh) notation will sometimes be -
denoted by- Juxtap051t10n. :

Functions .may be represented by small letters or capital letters.

They may be. subscrlpted

Strings may be represented by Greek letters other than ¢, B and 6

and by capital English letters. They may be subscripted.

Variables may be represented by .single English letters-at. the
end or. the beginning of the alphabet. Monadic negation (prime)
is represented for a variable x as - x'.

Array dimensions are indicated by the number of cells in a row
and column. The .letters r and s, when not used for functions,
denote respettively. the row and column or-thé number of rows
and columns.

T




55

Cell locations within an array are written as '"cell(i,j)", where
i is the row index and j is the column index. Numbering begins
with cell(l,1) at the upper left hand corner of the array.
Within a cascade cells are denoted by cell(j), where the number-
ing begins at the top of the cascade:

A mapping or transformation of one P-string into a functionally
equivalent one will be designated where convenient by the .single
arrow: ». Mappings and transformations will also be denoted

by NAME(PAR, f)=g, where NAME is the name  of some procedure .or .
transformation,' PAR is a possibly empty vector of parameters and
f is a vector of arguments.

APL vector notatlon may be applied to index sfrlngs. For example,

if S is a string, S[i] is the ith element of S and s[15] is the
first 5 elements of the strlng 2k

T
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III.2 Cerfespondence of'P~Strings

In this section, justification is offered for using Polish

‘notation, hereafter referred to as P—notation,iWhen‘synthesizing
cellular arrays. A uniqﬁe correspondence is derived between
arbitrary P-strings and certain cellﬁlar arrays.

With the advent of LSI and cellular arrays logic‘design‘mbves
decisively from a vector apbroach to a matrix approach, or said-
another way, from a one-dimensional to a two-dimensional eircuit.
Traditional two leve; logic problems consist typically of a set of
AND gates with their outputs tied to an.OR gate. For example, see
Figure 15. IhiS'problem is almost oﬁevdimeneional. One could
éonsieer each product term as an item .in-one dimension and the number
of levels as the second dimension. Cenventional notation adequately
describes: the circuit. in eontrasi.cellular arrays such as Figere
16 arevdefieitely two—dimensioﬁal. If one writes‘an expressioﬁ,in
infix for each column-in-an.erray, the function, g, of the ith column

will appear as.

gi =. ( (Wflix) fzi}’).’fBiZ .
For the related column at the bottom (the collector row)
£ = (((Lfy484)E4383) 42820 €418

Combining these, an expression for the array is

rr— - ———T T
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o= (4 ((WE 140 £4) £3,20E, 5 ((GrE 20 £059) £352)) o
£ ((WE ) E39) €472
which is a father cumberéome equation. Thé nesting of terms is a re-
sult-éf~the fact‘thaf coﬁVentional notation needs parentheses to
indicate’;ﬁeporder:of evaluation, whiéﬁnis independent of the particu-

lar function and dependent only upon position in the string.

uv wiX

Fiid

&

-l

Figure 15. Two-Level Realization of f = uw'x'+av+u'v's+tux'"+vw'x.
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In contrast, it will be shown that a P-stfing representation for
this array is

This expression is unentumbered with delimiters such as parentheses
-and it will be shown that it is immediately apparent what the array

ﬁill be.

Eod 23 Eoa
Z - A]
Faal B3 Cad  Gsa
f < i
i Eho B Eha 1
. 1 : 12 3
g e, By &4

 Figure 16. A Cellular Array

Minnick has observed that there is a natural correspondence

: . , ‘ *
between Polish strings of a particular type and Maitra cascades.

L . R :
Private communication.

i | - T Tt 4
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Consider the function, f = (((vEw)£5x)£3y) £,z which in P-ndtation is
f= zyxwvflf2f3f4. A Maitra cascade correspon&ing to this function is
Figure 17. The cascade is détermined by writing the variables of the
elementary P-string, left to right, in order oﬁ the x or horizontal
inputs of aicascade,.begiﬁning,at the bottOmgand_wgrkiné up. .The
‘lést variable is put info‘the'y 6r vertical inpu; Qf the top cell.
The functions are thé entered into the gelis in_order,:the Jeftmost
function specifyiﬂg the top cell, andjworking doWn.‘ The example
generalizes by addihg variables to the head of the P-string and appro-
priate operators to the tail. Thus any élementary P-string defines a

cascade.

v
‘W‘ . -

f -
X .

5
y

£y
z.

£

Figure 17. A Five Variable Example Cascade

T
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The reverse‘of ;hie is true. 'Any cascade defines an elementery
. P-string. One observes tﬁat beginning at the bottom of the eascade
and proceding to the top writing the literals left te right and then
appending the functions, left to righf, yields - the Polish repreeenta—
tion of f.. If the function of a cell is the degenerate function y
(function 4 of Table 8), ' it is ignored as is the x input in ﬁriting
the equation. Theedegenerate functions: x, x', 1, and 0 are_not con-
sidered since such a cascade with‘such a cell ie eqeivalent to one
made by deleting the portion ebovelany of these functions. The
degenerate function y' results in.a complemen;atioh opefator with
one argument, the subfunction to the left in the P-string. The- result
is .an elementary P-string. Thus one.can see that there is a cor-
respondence between elementary P-strings and Maitra‘cascades.* It
is this.property which makes P-notation useful for cellular synthesis.

If one restricte the operator set appropriately,'one can similariy

develop the cascades talked about by Levy Winder and Mottl2, Stone

and Korenjak¥®, Sklansky?®, Minnick!® and Weiss?3.
To realize a function in one cascade.one}mustvmerely-write‘the
function as.a single. elementary P-string. One can approach this

using the heuristic method presented later in this chapter. .

% o, ‘

The correspondence is not-one to one. since any number:of.cells
with function 4 may be added to the cascade without changing the
P-string associated with it.

e ™ 3 i
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It is noﬁ desired to show a correspondence Hetﬁéenﬁcolleqtor:arrays
and certain P-strings. First P*étrings will be constructed from such.
an array. Applying'the correspondence between P-strings and cascades
to the collector ‘row, the functién of the.arréy in Figure 16 can be
written as

£ = g18y838418,4540%, )F, )¢
Substitution of the P-notation for the gi's-gives‘the original P-nota-
tion equatiog aSSer£ed as describing.the array.-

This equation can be‘described as five leVel—one,Substfings
followed by four level-one. uniting operators. Each level—éne'sub-
string is -an.elementary string with variables appearing in tﬁe same
ordér. The' level-one substrings define the cascades while the uniting
operators define the.collectof row. No restriction is-placed on.the
size of.the;arraya - Thus any array of-casgades with a colléector row
defines. such.a P-string with only 1evelﬁone'suﬁstrings, which are
all elementary P-strings.

Reversing'the‘pr0cedure3'it is ‘desired to construct:.an array
from a.P-string with only level-one elementary strings and level-one:
uniting operators: (

There.are three steps to the procedure. To begin, a‘cascade for
each elementéry string is.created and each output . is put into a
collector row. The-leftmost.eleméntaryﬁsubstring cofréspo;ds‘to the

leftmost cascade; and so on. ' (Figure 18(a) illustrates this step for .

T
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f=Wx'y++—vy’z+§w$+x. The funéﬁion‘ﬁumberé corréspond to Table 8.)
Second, when primed variables occur on horizdntél inputs, the cell
funqtion is altered to the one‘which complements that variable:. Thisg
yields Figure 18(b). Starting with i equals 2, each cell of column
iis checked,,frbm the bottom cell to the toé cell. Where the
horizontal input of the cell o6f ‘column i differs from any horizontal
‘input to the left in the same row, a blank cell is insefted in that‘
row in all columns to the left, pushing the former cells‘from the
rOW‘and What lieé above‘them.up one row. New cells are set to
function %.. After-all'cqlumqs'are‘procgsseﬁ,.cells afe a&ded on
thg fop of short columns to maké a %ectangular array, fhe cells are
set to function 4 and the vertical input is.pﬁt into the -top cell
of the -column. Figure lB(d) iS‘the‘fingl cascade for the example.
The buss-lines are shown connected.

The third step is neceséary only if a subétring is primed. For
example, consider - |

.f=wx'y+1+vy'x+.

‘When'the negation is encountered thé‘function‘of the cell lgst
specified must be changed to produce the complémept of the function,
Table 9 lists thé‘function pairs for ﬁhe iﬁtercﬁange. The interchange

is nothing more than an application of devMorganﬁs laws. Thus it

p—— T ! | bl nd ™7 il ) P
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is shown that a collector array can be constructed from any‘P—string

consisting of 1evél—one-terms'whidh are all elementary.

- TABLE 8. FUNCTIONS' OF TWO VARIABLES

Function Number Function
0 0
1 1
2 .
3 x'
4 y
5 y!
6 Xty
7 x' +y
8 x+y'
9 X".+Ly'
10 X,
11 .x'y
12 xy'
13 - ox'y!
14 x &y
15 x' ey
16 R-S flip-flop
' y .= treset
x = set ‘

*In passing note that the correspondence which was. just- con-.
structed between an array with Maitra cascades:and a collector row
-and P-string with only elementary level-one substrings, is not one to
one. If the array constructed from- the last equation above were again
reduced to an. equatlon, wy'% would appear rather than w'y+, which are
loglcally equivalent.
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. Figure 18. Embedding a P-String in-a Collector Array
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TABLE 9. OPERATOR PAIRS FOR COMPLEMENTATION OF PORTION OF CASCADE

<Change to~

Function Number .- Number Function
0] 0 1 1
X 2 3‘- x'
v 4 5 y'
x+y 6 13 xfy'
x'+y 7 12 xy'
x+vy' 8 il | x'y
x''H+y' 9 10 ‘xy
X @y 14 15 X' @ y

The above correspondence was derived assuming that the cells

were general function cells. ‘It is of interest to inquire whether

a cutpoint cell could be used. The answer is that it can. The

procedure is to construct the -array as shown,.and then transform

the array to a cutpoint array. Minmick showed that this was-

possible -by proving that any-function‘realiZabie in a cascade

having the same length and input and using cutpoint cellsls.
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P*striﬁgs may aléo have ievel;n‘terms, where n is some integer
- greater than‘ﬁﬁo. These strings do.not correspond to caécade arfays
with a collector .row (collector arrayé). However, a correspondence
can be established between array styles like'-that of Figure 19 and

arbitrary P-strings.

L L |
BN

vV,
/|
:

/1

/

Figure 19. A Style 1 Array‘

S;yle l’atréys, AS‘presehted in Figure 19, ake definedAas
having éenerai—function cells which can seiéct aé‘an.x input either
the horizontal buss or the diagqnal inppt f£0m.the'éell on the right.
The y input is.always from the ceil above. A-P-sﬁring can be construct-

ed from the array using the algorithm which‘follows.‘ In this algorithm,

e — T —T T T
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if a diagonal input to a cell is used let this input data be denoted
as g(i,j), where i and j signify the row and coiumn of the cell from
which the data comes.
1. Write the function for the cascade from which f'emerges
using the algorithm for writing elementary P-strings
from cascades. Use g(l,j) as’ deflned above whenever the

X dinput is the diagonal input.*

2. Write functions-for the cascades producing each g(i,j) using
the algorithm for writing elementary P-strings from cascades.

3. If more g(i,j)'s are created in step 2, go to step 2 again
and process the new g(i,j)'s.

4, Substitute in theé expression for f the expression created
for each g(i,j) which appears in the expression for f.
If g(i,j) terms are contained in the .expressions which
were put into the function's representation, repeat this-
step until all g(i,j)'s.are replaced by variables and
‘operators.
The- above algorithm will produce a P-string for the array in
terms of -the vériables and the operators.
It is next desired to construct a Style 1 array from an arbitrary
P-string. The construction is done in.two stages. . First, the function
is embedded in a Style 2 array which differs from the Style 1 array in

that the horizontal buss is-broken, éach cell having a.connection to

the outside world. See Figure 20.

*In the case where the x input.is.a g(i;j) and the cell function
is one of -the set {x,x'} a savings in effort can: be realized by con--
sidering the cell from which the g(i,j) emerges as the next cell in
the cascade. The result is the same since each g(l,J) is replaced in
the algorithm,
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Figure 20. A Style-2 Array

The first stage is based upon the-0ccurrence of . elementary P-
strings at some‘lével. Each level—oné.substring is considered in
turn. If itvis‘complex, its;substrings are considered in turn and.
collected together to form.the level—oﬁe substring after they are

realized. This procedure is-iterated .to a higher level if the

level-two substrings are complex, ‘The-following algorithm describes ,

the procedure in detail:

1. Let n=1l. Let r= the number of -rows in the array, number-
ing from top to bottom. Number each level-one substring -
from left. to -right beginning with number one. Number.each. .
level-two substring within a given level-one substring,
from left to right, beginning with number one. ‘Do -this for
each higher level. Define j, as the humber' of the substring
being considered at level n.. Let j,=0. '

T T
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Increment jn' If jp~1 was the last substring -in the current
level-(n-1) 'substring, go to step 5. If substring jp is
elementary realize it using the algorithm for defining a
cascade. Then go to step 2. If substring j, is simple go
to step 3. Otherwise, go to step 4.

. Realize the simple substfing as the vertical: input to the

cell in row r-(n~1l) in the first vacant cascade of the array.
Then go to step 2, ‘

Increment n. . Set j, to 0. Go to step 2.

Form the collector row for the level-n terms realized and
not previously collected. Use the previously presented
algorithm for defining collector rows in collector -arrays.
Row n-(r-1) is the collector row. Go to step 6.

Decrement n by one.  If n=0, go to step 7. Otherwise go to
step 2.

Make all cascades of equal length by appending to the tops
of shorter ones cells set to function 4. The variable that
went into the top-of the cascade is moved to the top of the
modified. cascade.. Then, exit.

The function is now embedded in a style 2 array. If there are

additional functions: to be realized in the array, the realization
of the next function is begun in the next vacant column of the array,

cand with step 1 of the algorithm.

An option is available to the designer at this’ point. There

are additional style 2 arrays easily derived from this realization
which may be more economical. For example, Figure 21‘showslthree

realizations for the function

f = uvwxxyzxts+tt.

Pee—
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Figure 21(a) is. formed by the abovg embedding algorithm. Figure 2l(b)
is a first alternétive realization created by noting cascades With‘
diagonal X inputs'fd the top déll’fhaﬁ‘is not a‘functioﬁ 4.*

To form this first alternate reélization, the variable at the
top of the cascade is moved to fhe x input of that cell. The subarray,
consisting of cells with row numbers équal to or less than the chosen
cell and columh numbers greater-than.it,-is moved one row up and one
column left, leaving é row of empty cells to the right of-the chosen
‘cell. This gubafray is shown‘encloéed by dashes in Figure 21. Figure
21(b) illustrates the result when this is done. A cascade has been
eliminafed and a row added. Stage two of the algorithm would have
required such a.row to be added, without the deletion of ﬁhe column.
Thus econdmy‘is served in this case by the~modificatidn.

A secdnd.alternativé‘realizétibn can now be formed. In this
example, the extra row pfe#ioﬁsly iésérted cah'be eiiminatedl(but
it will be returﬁed‘by sﬁage twofofl£hé algorithm). - Since celis(S,l),‘
and (2,1) in Figure,Zl(b)-areibofh;function‘6 whiéh is symmetrical
on its variables, it doeS‘not;mattef'which‘one has the vafiable u

> : : ' . o 3
for an input and which one-has the-diagonal input. Figure 21(c)

*In Figure 21 and the sequél; diagonal x inputs are not . shown
except where they are actually used. This eliminates some clutter
in the figures. ’

**If the function is not' symmetrical, change the function appro-=
priately. For example, x' +y »x + y'.
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shows the result wheﬁ these are intefchanged. This is dohe by sliding
column one up one row,. moVing the variable and eliminating the vacant
row. Figure 21(c) also corresponds' to the style 2 array which would
result from the form of £ written as
£ = uvtwxxyziktsx++. -

'In some cases, stage two of- the -algorithm may not return the row

eliminated, so the reduction is worth investigating.

Stage two of this algorithm is the transformation of the style 2
array into a style 1 array.. To do this, it is necessary to line up
the x input variables so that any particular row has the same var-
iable (dr>none) as an x input for each column. Thiscan be done by
adding cells, set-to-function 4, in_apprOPriaﬁe places. The following
steps may be-used to implement this algorithm:

1 For every cell, if the x input variable is primed, pnprime it
and change the function of-the cell to the.one which comple-
ments the input. :

Let'j=s—l. (s =‘the‘number,of'cascades in the array).

3, For each cell in column j, mark any cell which has a differ-
ent X variable than the x variable input to that row in
columns j + 1, j +2, ..., s. ’

4. In column j, insert cells set to function 4 in the'row of
the bottommost conflict. - Push the cascade, above and
including the -cell with- the c¢onflict, up until any conflicts

caused by that cell are resolved. Do the same for each
conflicting cell of column j, working from bottom to top.
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S.IDecrement_j‘by one. = If j=0, go to step 6. Oiherwisé, go
to step 3. : :
6. Add cells set to function 4 to the top of éhort cascades,
making all cascades equal in length. Move the y input
from the top of the old cascades to the top of the lengthen-
ed ones, ‘ :
7. For-each row, buss all x inputs together. Then exit.
Thus an arbitrary Boolean function is embedded in.a style 1 array.
Figures 22 and‘23rshow Sevefal*steps‘in the embedding‘df'the-function.
f = yxbézvubé;l-'z\%-l;ﬂ}\zwxwzyx%-l—mvu%g>< .
.Figure 22(a) is the identification of the substrings by level. Figure
22(b) is the array produced for the first level—oﬁe substring. Figure
22(c) adds.the-féalizatioﬁ of the first level-two substring éontained
in the second level-one. substring. The-actual realization of this
substring takes placewés two level—three substriﬁgs: uvzx+ and vz+.
Note that these are fealized-upwards;from row,¥r(ﬁ—i)? in‘this,case
n Being three. Figure 22(d)‘includes all of the‘second-lével—one
 substring. Figure 22(e) shows the entire realization. Note that.
an additional row has. been added at the bottom toacdllect the level-

one substrings.

T
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Embedding Example.

Figure 21.
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f = yxxzvuxtzvHOvwxwzyxxHwvue®xx
o Y e level 4
- .- level 3
- _ R Tevel 2
_ level 1
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Figure 22. Embedding Example for .a Style 2 Array
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Figure 22, Continued.




76

Stage two' of the process-is shown in‘FigureLZB; No'primed var;
iables are included in'fhe-function; The -prime removal is- illustrated
in the example for collector -arrays given before. Figure 23(a) shows
the style 2 array after the columns have had blank cells added.
Figure‘ZB(B) shows the. completed array, after .all éellthaﬁe‘Been
added to rows. _Figure 23(c) shows' the completed style 1'array-ﬁéving
bussed x inputs. |

The array produced is not necessarily a minimal one. ' For example
in Figure 23(c) if cell(5,6) is moved tp'cell<2,6) (Wiph appfopriate
function 4's specified), cell(6,6)‘is‘mpved to cell(4,6)-and‘cell(l,l)
moved to cell(G;l); then rows one and five‘can be‘eliminated yielding
Figure 23(d).“It may be possiblé to devise an .algorithm to produce
an arra§ which is minimal, but the author is convinced that it would
not be feasable. The‘multitude~éf possible  cases' covered would
. prgglude a reasonably simple algorithm,.and one could probably never
be-cgrtain of covering all caées.‘ As an alternétive; as is-done here,
a simple workable algorithm is used, énd the skill of the designer is
" relied upon td reduce the result. --The énd product-is a rgasonably
efficient realization with moderate computational effort.

As mentioned,fo; the cutpoint arfay,_it is possible to restrict
the general¥function cell to £he cutpoint functions (bringing a

savings on hardware for éachﬁéell).

=T

T
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Figure 23. Synthesis Exampie~for a.Style‘l Array
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‘In this section, it has beeﬁfshown that\any.Pestring.canlbe
embedded in a partidulgr celluiar array class based'uﬁon Maitra
Cascades. This class of arréys includes Minnick's cobweb arrays.
The simplest arfay of the class: is-the Style 1 array;-shown.inr
‘ Figﬁre 1§a Conversely it is shown.that any array has-arP—string
éSsociated with and derived from it. | |

This realizatioﬁ qfvP—stringsfis reasonably efficient aﬁd forms -
a basis for the synthésis pfocedurés“of the last segtiontin this

chapter.
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- IIL.S- Manipulation of P-strings

If the‘ponversion algorithm of Chapter II is combined with the
embedding procedures: of the.previous section, one can realize an
array for any Boolean function. Howéver, such realizations may not
be efficieant. That is to say, perhaps.the function can be realized
with a smaller array having fewer}rbws-oricolumns or- both. ‘If_tﬁis,
can be dene, one can-say that he has a lower-cost realization.

In the-system presented previously, each elementary P-string
is.realized in a cascade. (column) of an array. Thus, reducing the
number of cascades is equivalent-to reducing the number of elementary
P-strings. The number of rOWS‘ié-dependent upon three factors: the
highést levellnumﬂer for -substrings, the number of different variables
in, the function,iand‘the~ordering on- the variables. Each increment
of the level-structure*requires-ah extra row for .collection of
cascades. Thus, to reduce the highest level by one:. saves oneifow;

In most cases, each distinct variable requires-one or more row-
busses.” Thus elimination of a:vacuous variable usually saves at
least one row. As pointed out in Figure 23, variables appearing with

different orderings within' the substring may cause redundant entering

* . . s s .

An exception can occur if new wvariables appear as vertical in-
puts. The extreme case would be a function such as f=vwxvz@vytvax+it
which has. two rows and fout cascades. . :
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of variables. Ordering'the‘variablesywithin‘eleﬁentary P—stfings
will save rows, though seme redundancies may rémain,
An éxample illustrating'theSe_pointé is shéwn'in'Figure 24,
One of the simplest functions of four variables-not cascade realiéable
Ny . .
fl%=2(3,6,7,11,12,13,14,15).
If £, ishwritten‘in a sum of'minterms and translated to P—notétion,'
it can be wfittgn as
fl = v"w'y;xxxv'wyz‘xxxv'wyzxXXVW'yzx,xxm!z'xx‘wiy'zxxx
Wyz’xxwiyzx*x% |

which maps into eight-cascades each producing a minterm as in Figure
24(a). If‘iterated‘concamms £§ performed,.thé prime’ implicants are
all found to be essential and flreduces‘to

f; = wwitwy + yz '
which translates to PFnotation as

f = woxwyxyex+t ..

This form ig realized in Figure 24(b). If.the-prime implicants are
factored as |

£ = yztuily + V)
translation fo P-notation yields ”

fi = yzxwyvtit

which maps into two cascades as in Figure 24(c).

L
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Application Qf a reélizability test_from Chapter- I1 Will show
the function not realizable. in bne cascade. Siﬁce no variables are
entéred twice, thié‘realization seemé to-be as efficient as possible.

Several‘processes occurred in this examﬁle. Itérated concensus
eliminates occurrences of variables as well .as any vacuous ones. It
also reduces the'numbér of elementary strings‘and‘the highést’level
of‘sﬁbstrings; The common ﬁethods;for dbing iterated‘copcénsus also
result in‘an-oraering‘of-the.variables;-‘The-factorizatipn puts a
substring realized in two cascades into‘a form reaiizable in one cas-

cade.

I1I.3.1 Manipulative Procedures. -

It is-desired,‘as.pointed out abb?é, to manipulate P4s;ring$
into more desirable-fqrms. Td‘thisvend,'the authdr has developed a
set of procédures which he has used :successfully .to .produce efficient
designs for many functions; Some of these procedures are presented .
as examples. - The application of the progedures is ‘heuristic in nature,
calling upon the‘expértise of the user in the'same1manner as one would
expect in feducing‘ordinafy'Booleanlequations by hand. The'procedpres
are divided into thfee categories: test, manipulate, and display;
which are listed in Table 10 with brief explanations. In thé para-

graphs following each procedure is treated in detail. In Table 10,
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the procedures are listed for the convenience of the user. ' For descrip-

tive convenience, the procedures are

divided in anotﬁer way in Table 11,

into basic procedures, procedures using other procedures and multiple

procedures.

The procedures are described in the order listed in Table 11.

TABLE 10. MANIPULATION PROCEDURES

Category. Name & Arguments

Description

Test. EQUAL(S,R)

COMP(S,R)

CR(£)

"ble.

Test substrings S and R for Boolean
equality.
Determine if S = R'.

Determine if f is cascade realiza-

Display SEPARATE(N, f)

POSITION(N,f)

If it is, put it in that form.
- B n
Li spaces
"=l
between level-n substrings for
n=1,2,...N. N =20 cloges all
spaces.

In P-string f insert

In P-string £ begin each level-n
substring on .a new line for n
1,2,...,N. Indent substrings n
spaces. Place uniting operators

on line after last substring united
with spaces between levels of
uniting operators. N = 0 returns

f to normal orientation.

Lpr
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TABLE 10. CONTINUED

Category

Name & Arguments Description
Manipulate COMMUTE (v,H, ) Commute where possible variable v .to
1 e the head (or tail if H is replaced by
T) of each elementary P-string of f.
in which v or v' appears.
‘CONVERT(f) ‘Translafe the infix form of f into P-
notation.
CONC.(f) Do the iterated concensus algorithm on
f.
CR(E) ' See entry under test category.
DNF(£) Put f into a disjunctive normal form.
ELRULE(n,f) Perform transformations n from Table
‘ ‘ 13 on £. .
EXCH(S,R) Exchange the two substrings S and R.
FACTOR(S,£f) Factor all forms of S out of f where
: S is.a conjunction of variables. Use
DNF first.
MOVEOP (£) .| Where possible move an operator to-
- -wards the tail of £,
NOPLUSE(£) In £, eliminate all @'s by WY&~
. WY 'XW'Yx+,
ORDER(V,f) Order variables and substrings in £,

| starting at the highest level, by the

ordering of variables specified by
the vector V. No V implies alphabetic

" ordering.
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TABLE 10. CONTINUED
Category | Name & Arguménts‘ " ‘Description
Manipulateg PLUSE(f) Look for substrings in f of the form
(Cont.) T WYXZ1Z0« v ZgW'Y ' x+, . .+, - Transform
them to Zp...Z2,WY'&+...+.
PLUSET(£) Look'for'éﬁbstrings of the form.
WYRXXZ 4o Zy W'Y RXXZpgqe e o Zpte s oo
Allow X, Y and Z to occur in any-
permutation during the search. Re-
form as XWY'!'®xZi...Z +...+.
REED (v, f) Decompose f- into' the Reed form for -
: the variable v. '
SHANNON(V,£) Decompose f into the Shannon form for
the variables in V,
SUB(n,S,R,f) Substitute R for the nth (n = 0 implies
o all occurrences) of S in f. .
‘SUBSUME(£) Remove all elementary P;string covered

by others.
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TABLE 11. DESCRIPTIVE CATEGORIZATION OF MANIPULATIVE.PROCEDURES

Type Name Type Name
Basic Procedures | EQUAL Multiple Procedures| ELRULE
| comp
. SEPARATE Procedures using ‘ "
 POSITION|| other Procedures | PLUSE
- COMMUTE |t PLUSET
{ CONVERT | DNF
CR CONC
1 EXCH . ‘ FACTOR
MOVEQP . INF
ORDER SHANNON
| NOPLUSE : REED
SUB
1 SUBSUME

EQUAL and COMP respectively test their arguments for equality
or Boolean complementation. This is useful if the user desires not
to determine this by imspection. Thefe are at least two methods.
for performing these tests. ‘For EQUAL, the first is to use.the
elementary algebraic manipulation to tramsform .the first argument
into the sécond, or into a form easily recognizable as not equal to
the second. A second method is that of an exhaustive search. Each
expression is‘évaluated for all comBinations.of values‘for the var-

iables. If the two arguments  always have the same value, they are
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equal, Similarlyvif they are always opposite in value, they are
complements; otherwise they are neithér.‘ An algebraic,ménipulation
like that of the first method could be used for éomplementation also.
Figure 25 is a flow diagram for the exhaustion method.: The actual

evaluations may be done using the algorithm presented in Chapter II.

% EQUAL (COMP) *
Select the two arguments.
—> | Set a new combination of values for the‘variables;
Evaluate the arguments.
If they are equal (ungqual) in value, GO TO:

(The test fails) EXIT

If all combinations- of variables have been tried,
(the text succeeds), EXIT

— { GO TO:

Figure 25. Flow Diagram for EQUAL and COMP

SEPARATE and POSITION are‘used-exclusively to help the user
view the function. ' It is possible that a different physical place-
ment on paper in terms of the level structure will help the user

identify useful manipulations. This is so because substrings at a
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given level tend to be associated together before substrings at a
lower level-are considered. SEPARATE puts spaces between substrings
which are correlated to the number of the level. The user may decide
what the number of spaces should be.” The author has found it con- |
venient to séparate substringsup to.levei N according to the sequence:
l? 3, 6, 10, ..., with one space between level-one gubstrings three
between leyel—two substrings and so on.” POSITION starts each
subétring ﬁp to level N on a.new line. Uniting opefators for
level-n are positioﬁed just past the lérgest level-n term. Uniting
operators at each lower level are placed just to the right of.tﬁe
last operator at thé next higher level. A group of uniting opera-
tors is placed horizontally on the same ievel with the last term.
in- the substring which it éfﬁédts;-

COMMUTE is the procedure .of moving a variable v to the head
of any elemenﬁary P-string in the argument. This -can be done if
all the operators in' the P-string after and including the one for
v are the same. The variable_cgn theh‘be simply moved to the head.

CQNVERT is used to change a function written in the reguiaf‘
notational stylé into P-notation. An algorithm which can be used

was presented in Section II.2.Z2.

*
This sequence can be described by: s; =1, s = s + n,
where sS4 is the.ith term of the sequence.
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CR is any cascade realizability test which the designer may wish
to use. The weiéht synthesis test for casc¢ade realizability.was
presented in Sedtion II.1.5. The result of this procedure is either
a FALSE or an elementary .P-string which can-be .realized in.a cas-
cade, as done in Section III.2.

EXCH enables the user to alter the P-string by exchanging any
two substrings. This is.an arbitrary.procedure.which.can.chénge the
value of the P-string, unlesé it is used where commutation .is possible.

MOVEOP is a procedure to find every level-n .operator which is
the last operator of its‘level—n substring and‘whiéh is-identical to
.the‘level—(n—l)'uniting operator assoclated with that substring.

The operator is then moved to .a point immediately after its uniting
operator. Examples are given in Table 12 and can be seen to be an

.exercise in commutativity, valid. for operators +, x and .

' TABLE - 12. .EXAMPLES OF USE OF MOVEOP

No. | P-string P-string after MOVEOP
i‘ 1 ab-+c+ .abc++,
2 abxc+dex+. | . abxcdex-i+
3 | abxacx+cdx+dex+ | abxacxcdxdex++
4 abxcxefx+gbx+ abexxefxgbx++
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In Table 12, (1) shows the simplest use of MOVEOP, in which the
commutativity of + is clearly invoked. This extends to (2) where
the terms are more complex. Example (3) would result if a sum of
producf terms in regular notation was operated ppén by CONVERT. The-
P-string éftervMOVEOP is easier .-to.look.at and .consists entirely of
elementary 1eve;—one.substrings,m(corresponding to a cutpoint array).
Example (4) shows a simple case where MOVEOP causes changes at more
than one level. In this.case, it is .satisfactory to treat the
highest level first, the next highest sepond,.and so on. In all
cases; the number of higher level terms is decreased. In all cases
but (3), the number‘of‘columns-needed'to‘realize.the function is
reduced. | |

One of .the problems in realizing.cellular:arraynaSJmeptioned
in Chapter II is that of ordering the variables. For instanée the
P-string

L= yukwyxyzxdt
is not realizable in'a single style.l.arrayuunless;the‘Variables
wandy are introduced twice. This‘is‘ illustrated in Figuré 26,
The algebraically equivalent .P-string
f. = wvryXyzxtt

is realizable with one less row .and with only y.entered redundantly

as illustrated in Figure 24(b).




VJ:,

b}*

(o))

64 10}

f

Figufe 26. Example Realization for the Use of ORDER

The designer begin;‘thé ORDER proge&ure By.defining:éh Qrdefing
of the wvariables. An ordering‘vector V is written .as V = w,x,y,z
Wﬁere w,X,y and z are variables. The ordering means that vls] is to
appear in the P-string whenever possible, before V[t], when s < t.
Starting With the highest level substrings, the order éf variables‘
is altered to coﬁform‘with-the,selected-order. UThis‘is_done‘by .
commuting operands, making~usé.of the~commutative-lawm..If~there
is a mixture of uniting operatqrs”for.one substring,.the-ordering
cannot be-cpmpleté. For example, if the ofder is defined as a,b,c,
then cbaxx can be ordered aSmébCXanut-cbax+ cannot.

In all;but-the-highest'level.substrings,wthe;ordering‘will be‘
an . ordering of'substringsiwithin‘a level-n subétriné,..ln tﬁese

cases, the substring can.be treated as a dictionary "word" and each
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substring placed in its alphabetic order as defined .by.the ordering
on the variables.

NOPLUSE is a procedure for removing all @ .operators. It is
accomplished by 1ocating'the arguments -of .each & .and- rewriting that
portion of. the P-string. -Foruexampleb‘XYQ-Bécomes XY‘XXrYX+, which
is easily recognized as .the usual definition for the & .operator.

If a prime follows the @, it is easiest to move the prime to one
of. the substrings before performing the' transformation. Thus XY®'
becomes XY'® or X'Y® which in:turn becomes XYxX'Y'x+ or X'Y'xXYx+.

SUB is a procedure for arbitrarily changing-a P-string. This
allows the user to do anything he feels is Worthwhile, including
change the function of the P-string. Tbe form of the'procedufe is
defined in Table 10.

SUBSUME is used in mény ways. It is part of the iterated con-
census.algorithm and may be useful as a separate;algorithm. A
substring is said to suybsume .another substring‘if whenever the
second string has a trué value, .the first one does also. 1In this
case, the first string can be removed without affeéting the function
produced. For example, in

f = wyxwzvxxzvxi+
the substring wzvxx subsumes the substring.zvx. Thus the fuhction
can be rewritten .as-

f = wyxzvx+,

Ty
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saving one column‘in the realization. In .particular, in a string of
substrings +'d together where the .substrings are elementary, with x
operators, when a suEstring,has.all-of the variables.oflanofher
substring, the first one.can be .eliminated. The dual also holds
(interchange x and +. in .the above.)

ELRULE is an expression .of the basic Boolean .laws as illustrated
in Table 13, and is the omne procedure'which is made up of mahy pro-
cedures. The notation includes.an argument -which specifieé the
particular .rule used. Thus

ELRULE(1,£) = g
implies,thaf the ith transformétioﬁ.ianablg_lS'ié applied to the
P-string f yielding the;f—string'g.;

Eéqh‘ofathe transférﬁatioﬁslin-Table 13';5 Wéll kné%n in infix.
notation. The' transformations .in.the fifth column ;are aﬁblié& to |
the P-netation strings. .Note that S denotes an entire P—strihg.

The P-notation Vefsions,Can be.verified using the eValPation
algori;hm présented in Ghapte¥.II. .For.example, the first .comple-
mentatién rule says w-plus w prime equals unity. The P-notatidn

reads exactly the same:way.




TABLE 13. FUNDAMENTAL-

_ALGEBRAIC LAWS OF ELRULE IN P-NOTATION FOR THE OPERATOR SET"

V{x,+,@-,'}-,~
# | Name - Infix P-Notation Transformation
1 | Commutation WYY oW Wy d=ywd s(13]»s[2,1,3]
2 | Association W (ypz)=(woy)oc wyzdo=zwy o s(15]+s(3,1,2,4,5]
o, S _ )
3 | Distribution (woy) ¢ (woz)=wd (ydz) wyOwz0¢=wyz¢6 s(17)»s(1,2,5,7,6]
4 Tautology** wow=w WWo=w s[131#8[1];v
5 | Absorbtion®™ wo (woy)=w Wwwyo=w sl15]28[1] .
6 | Complementation wtw'=1 o ww =1 S+1
s wow'=1l - - ww'@=1 S+1
wiw' =0 ww ' x=0. $+0
7 | Pluse Definition wy '+ y=wéy wy'Xw'yX+=wy@+ S[17]+S[1,7],$
8. | Counter Absorbtion*' w(w'0y)=woy ww'y0o=wyd S[16]+S[l,456j
9 | DeMotrgan (W+y)'$wfyf wy+'=w'y'x S[14]S[1,452,4],x
: (wy).'=w'y' wyx"'=w'y'+ S{13]7S[1,4,2,4],+
10 | operations - Ow=0 Owx=0 §0 -
: with 0 and 1 lu=w Slwx=w S->w
, : Tti=1 Tw+=1 1
O+w=w Ow+=w . S->w
08w=w Ovil=w Sow |
S-w'

16w=w"'

lw®=w'

*Only holds for ¢, 6 € {x,+} or ¢=0, 6=x.

**0nly holds for ¢ e {x,+}.

tTransformation depends upon the way primes are entered.

L6
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The-;emaining pfocedufes of Tables 10 and 11 aré‘those which use
other procedures. This'usage varies from the siﬁple step of looking
for complements (COMP) when creating & gates with PLUSE, to the
relatively complex usage of several other procedures by'CONC.

PLUSE is a procedure to look for a substring thch‘hés fhe
form WXXZ122,..an'YX++..u+'Where X =.¥f, and rewrifg‘the substring
as Zl...ZnWX’9++...+‘(Zi.may all be vacu9us)}  Ihié pr0ceaufe reduires-
testing Y and X for the complementary property, as‘discuSséd earlier
in this section for the procedure COMP. ‘The procedure‘also requires
locating at some levgl a sequeﬁce of substrings +'d togethe;. PLUSE
can fruitfully be geﬁeralized by allowing the variable w .to be.a
subsfring W. A flow diagram for the:generalized pré¢edure-is.pre—.
sented in.Figure 27.

PLUSET is anoﬁﬁer pfodedure for*cfeatiné Q-ope?at@rs. Referring
‘to Table 10, it wili sometimes-occur that a shbsﬁriné,yx; can be factor-.
‘ed out of a.portion of a-larger‘subsﬁring, leévihg a-s¢£ of substfiﬁgs
which can be shortened by~introductioﬁ of a &.. If:a subétring meeting
the criterion listed Under-PLUSETvin Table 10 is found, fhe transforma-
" tion takes place'in three steps. Firsf ail the Z; sﬁbstrings are
commuted to the tail of the P-string. This yieldé:"WYXX3W'Y'XXXZ1...

Zote .o+, Next X is(factored.out‘yielding: XWYXW‘Y'X+ZI...Zm+;..+.
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Then the nine characters to the right of X reduce to XY'®, for the
final form. Of course, in doing this one is making use-of'COMP,

EQUAL and COMMUTE.

*PLUSE®

CALL MOVEOP

CALL COMMUTE for selected variable.
or substring.

Search for éubstrings.of‘the'form-
WRHZY o o 2w Y L

IF none are found, EXIT.

I¥ one or more such substrings are
found, CALL COMP for each pair.

IF COMP is unsuccessful for all pairs,
EXIT. S

Reform sﬁbstringS"for which COMP was -

successful as Zlm..anY9++y..+

EXIT

Figure 27. Flow Diagram for PLUSE
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The.object of the DNF algorithm is to‘put‘its argument string
into disjunctive normal form. If all the +'s are placed at the end
of the string, this results in a. sequence of_eleﬁentafy-lével—one
terms. This algorithm has seﬁéfal uses. It is a starting point for
the iterated-concenéué procedure and.for‘the‘Shannoﬁ an&_Reed Decom-
position prdcedurésw It may also Ee useful for visual inspection,
as the result-is a very uncomplicated form. The DNF aléorithm4
makes repeated use of the transformations in Table 14;.MOVEOP and

ELRULE(4). ©Note that.the arguments could be cdmplex substrings.

TABLE 14. TRANSFORMATIONS USED IN DNF ALGORITHM

i -+ Infix | - P-Notation
1 | kw+y)z +'wz+yz | wytzx > wzxyzx+
2 - z(wty) + zW+zy ' Zwy+x +.zwxzyx;
3 1 wey > wy'tw'y ?.? wy® > wy';w'jk+
4 | (woy)' - way' | wye! +.WY'$ |
5 (wy)' =+ w'ty' - wyx' > w'y'+

6 (wty)' > w'y' | wyt+' > wly'x
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Putting a function in disjunctive normal form is equivalent
to manipulating the P—strihg of that fugction until it is é sequence
of elementary level-one terms with all level—;wo operators as OR's
and all level-one uniting operators as AND's, A method‘of-producing
a P-gtring in this form from any arbitrary P-string is dgscribed
iﬁ Figure 28.

Note that SUBSUME is not strictly‘needed, but wifhout it the
function may be left needlessly compiex, ég indicatedwby\the first
éxample immediately following._ | |

In Figure 29, two examples‘éré,given‘illustrating:ﬁhe_use.of‘
tﬁefDNF algorithm as outlined above. In Figure 29, the'éffected
substrings are underlined in each step, and the trapsformation |

numbers refer to Table 14.

T
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*DNF*

CALL MOVEOP \

Scan through the- P-string applying trans-
formations four, five and six (Table 12) as
appropriate to shift primes from operators:
to their operands. Repeat the process until
all such occurrences are gone.

CALL NOPLUSE (NOPLUSE implements -transforma-
tion threeée to eliminate #'s).

LET n=1

Beginning with the leftmost level-n uniting
operator that is a x apply transformations
_one. or two. ’ :
IF there were no such operators;yGO TO:
CALL ELRULE(4)

CALL MOVEOP

Re-identify the substrings by level..

GO TO

X

IF ntl or higher level operators exist that
are not-x, increment n by one and GG TO:

CALL SUBSUME

“EXIT

Figure 28, Flow Diagram for DNF
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Trans- - ‘ . :
formation P-string Beforé"Iransformation Comment .
MOVEOP vytuz+xzvxx: No é's or primed
S operators.
1 Vy+u_z+z 7 XX X .
ELRULE(4) v&y+uzv>< XZZVXX+X
2 vy;uzvngVX+x.
1 Vy+uzvxxxvi;ZVXX+‘-
ELRULE (4) VyHUZvXXXVZVAXYZVX Xt -
1 ' vz+uZQXXXvayZVXX++--\
MOVEOP - ._vuzv><><xyt:.tzv><_><'><izv><yz-u><'><-l-l- 5
ELRULE (4) ypzvx&fyuzvk¥§éVXyquX++¥
SUBSUME uzvxxyuZVXXXzﬁxyé#XX+ﬂﬂf:‘
| ZVX
4 ab®'c'dx '+ Néw string with a @.
5 ab'@c'dx'+
NOPLUSE ab'@cd'++
MOVEOP abxa'b'x194'++

abxa'b'xcd "4+

Figure 29. Examples:of DNF Procedure




104

The first step of the DNF algorithm is‘to perform‘the MOVEOP
procedure. As shown in line one (Figure 29), ghere is one operator
to be.moved, producing line two. There are no primes to be shifted
from operators to operaﬁds and_no & opefators to be eliminated in
this example. In line two, transformation one is applied to the-
underlined substring. It is tﬁe only one applicable, (note that
 the first x is not considered a uniting opéfator since it is part
of an.elementary ?—strihg), and the resuit is line tﬂree. The
algorithm then calls for an eliminafibﬁ of any.tautoiOgy produéed
in this steﬁ by ELRULE(4). The result is line foﬁr,.which has no
operators that can be moved by MOVEOP. The entire P-string is used
in the next‘manipﬁlation, and either trangformation.one-or.tWQlcan
be used. Two is selected arbitrarily, yiel&ing‘line:five. ELRULE
and MOVEOP‘pfoducelno cﬁange. Only tfanéformétieﬁ one applies to.
line five, yielding line six, which does have a tautology. This
is reméyed using ELRULE(4), producing line seven. At this. point all
level—éne uniting oﬁerators are +'s, so tﬁe algorithm-calisrfor
consideration of-the.level-tWO'uﬁiting‘operétors.' The-ieftmost
1eve1—6ne substring is considered‘firstg .Only transférmation one
applies, yielding line eight.  As will be the caéé with higher‘levei
uniting operaﬁors, MOVEOP can‘move=£he_newly created operator to the

tail of the string, reducing it .to a level-one uniting operator.
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Line 10 is the reéult éfter the tautology is removed from line nine.
No level-two or higher uniting opefators remain, and all level-one
uniting operators are +'é. The‘élgorithm’now‘calls for SUBSUME

and the reduction is compléte.' Thg function is.in é disjunc£iv¢
normal form.

' Thevsécénd examﬁle is similarly done, e#cépt that'i£~illustrates
the removal of Q'opérators; and théiremoval of.primes from éperators.
Note. that the result in example two does not'conform to the

‘criterion for éompletion if ed'+ ié'éonsidered as.a lévélfone'term

instead of two level—oné terms with'unifiné operator. . The definition
of a ievel—n teém implies that the fifs# altérnatiVetisHtHe'correct
one. For:pﬁrposes of the DNF‘algorifhm this is-ighored;f‘sﬁch a
'substring ending in:a + céuld appeat elsewhere-as'aﬁ‘élementary.
string.' The final MOVEOP will assufg ﬁhat the-f islmQQed to the
taii porpion of the_P;string. |

The-convergence of‘this.algorithm‘ié nof immediately 6bvious;
However; it can be argued as folléﬁs. After each pass through the
level-one uniting operétofs it is gﬁarénteed'that the'lasf operator
processed is a +. Transformations oné and two add no-ngw level-one
operators, so that at most the number of passes at.level one is

the number of level-one uniting operators of the original string
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modified by MOVEOP. Transforﬁation éne'adds’no new substringé so
th;t‘if only trénsformation‘one is USed,'itgratibﬁ up the level
structure will terminate with the desired:result. .Tranéformation
two creates an.additional level-one substring. - However, the new
substrings are simpler than the old by ﬁhe.absencelof~one-variable
each. Thus using transfofmation two;‘oné ultimateiy reaches elemen-
tary substrings‘and,the‘ﬁrocedure tefﬁiﬁétes{

Referring again to TableS'lorénd_ll, the itefatéd ﬁoﬁceﬁsus
.algorithm, here'cailed CONC, is well known. _Ihé-fesulf ofithis
algorithm is.the prime implicants of thé functibn. For purposes
here, the result of CONC will be ﬁriﬁten‘as*though the result of
the iterated concenéus were‘written'in infix énd run tﬁrdugh; |
CONVERT and MOVEOP. The result is that all x's ap‘pea'r at ends of
level-one terms and all +'s appear .at the tail of the P—string.
Additionally, published versions of iterated concensus assume that
‘the function appears in disjunctive normal fofm with an ordéfing
on the variablesii» 15, " Thus' the procédﬁres DNFyand'dRDERgare

used first as shown in Figure 30.
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#CONCH
CALL DNF:“
CALL ORDER
DO Iterated Concensus Aigofithm
Form. the result as é Strihg of'prodﬁct
terms with enough +'s at the tail to:

make it well formed.

EXIT

Figure 30. Flow Diagram for CONC

FACTOR is évaeébmpositioﬁ‘prbce&urejdefined fdf é f—string in
a disjunctive normai form. A n variable sﬁbstring is chosen with
its x operators. The string is rewrittén‘as a sum of 2741 substrings
with the first fnhaving.the chosen,substring'at its head with é
particular priming sﬁfucture_én its variables. The iéét one con-
sists of‘leVel;oﬁe tefmS'nb; containiﬁg ;he-chOSen substringL'tFQ?
ekample? if |

f,= v‘wxxxv’ZW'yxxxv'y'WXXQ'w'zuxxxwzﬁxxxx++}+
then'applying‘EACTOR to f with vwx for fhe argument yieids
| f = &'W'X.zyxqu+ x" |
v'wx xy'+ x

wzuxxxx [+,
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The result is written with a line for each substring having a
parﬁiéular priming structure of the chosen string. Spacés:are
inserted between the,factbr and its subsfring and are.psed’to set
off‘;he uniting operators for visual clarity. The POSITION proce-
dure éan be used to restore the P-string to one line.

INF results in an irredundant normal form for its argument.
The function is assumed to be in disjunctive normal form and the
iterated concensus_algorithm is assumed to have been pérﬁormed,
leaving only prime implicants: An INF is defined as a diéjunction
of -prime implicants, covering thg true ?ertices of the fuﬁction,
which has no implicants that can be removed without uncovering
some, true vertex. Algorithms;for this procedure are well known
to. logic designers and the reader is referred tol* for twb of them.
The result will be assumed to be written as a string of P-notation
prqduct~terms followed by enough +'sito maké the P-string We;l—
formed. | | |

SHANNON and REED are respectively procedures to perform the
well known SHANNON and REED decompositions on a P-string. - Figure
31 is a flow. chart for SHANNON. The algorithm can be explained
as follows. TFactor the selected variables outvof all tetms in an
irre&uﬁdant normal form of the P-string. Rewrite the'string as a
sum of substrings each of which is a sum.of prodﬁct terms, inde-

pendent of the~selebted variables, multiplied by‘thérvariables.
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Each product term -in one sum results from factoring out the selected
variables with a particular priming structure. This form can easily

be seen to be.equivalent to the wellgkhowh form of the Shannon

decomposition (expansion) theorem.

#SHANNON#

CALL DNF.

| CALL INF

Select n variables upon which the decomp051tlon
-1s to be done. Build 2B lists placing the
level-one substrings into a list corresponding
to.the priming structure on the selected var-
iables. Place any which do not contain.the
selected substring in all 20 lists, or.in lists
corresponding to the correct. priming structure
on the subset of the variables that they do
have..

Rewrite the P-string on 20 linés. Each line -
consists of the selected variables with
appropriate priming structure, (and enough x
operators to make this portion well formed),
followed by the list corresponding to the’
same priming structure with-the selected
substring everywhere deleted along with their
x operators, followed by m-1 + operators,
where m is the number of substrlngs in. the
list; followed by a x.

Follow the 2Pth line with 2P-1 + signs.

EXIT

Figure 3L. Flow'Diagrem_foreSHANNON-
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In the case where one variable is selected, it is useful to
“form an additional decomposition, attributed to Reed.* This formav
islwell known to be
f = wHeJ
where H and J are substrings independent of w. Further, H =.G318Gq
and J = G Wﬂere Gp and G are from the‘Shannon form, written as
f = WG1+W GO |
In P—nofatioo, the Reed form appearS‘as
£ = JuHx® = wHxJ® % WG1G0$XG0$,
REED is the name of the procedure which produces the function in
this form. It is accomplished by rewrltinthhe Shannon form as -
shown above.
© The procedures deralled above are ones'thet the author‘has"
-found to be useful in producing reasomably efficient cellular arrays.
Included is a set sufficient for realizing all functioos io style 1
arrays. Orhers are included but not’presented as a closed set; It
is expeoted that when large quantltles of problems are solved by a
user, he may develop addltlonal procedures to add ‘to the list.: Cer-
tainly any computerized version‘of this syStem should be implemented

with this in mind.

: *The Reed form.can be derived from. the Shannon form~as fOllOWS'
£ = weyphw'Gg = weyow! S = wGl$(l$w)G0 = w(qlmc.)wco = f. :
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ITI.3.2 Examples- of P-stiring Manipulation

In this‘section, severai synthesis examples are presented.
In each exémplé, a funetion is given as éome algebraié string of
literals and operators in standard notation. This-form would frob— _
,ably'result‘from word stateménts‘or‘logicalﬂdesién problems. If
one wanted to conéider some other‘form‘of.representation as an
input to the system, it shéuld be a fairly simple matter to trans- .
late any form, for example Cauldwell notation, into an élgebraic-
string. l

The examples aré produced'using-only the‘procédures of the
previous éeéfion,‘with-actual stfle,l‘arrays, for each ?rbblem.'
Explanation of the reason for chooéing a particular ﬁrocedure is
included. In the exémple arrayé, numbers‘in cells refer to
function numbers from Table 8. The x input connectién, if any,
is ciréled. Due to theilimitation of 8% by 1l paper, some P-string
which would normally appear on oné line are Writtéﬂ on . two 6f more.

Example 1: The Half Adder. A half adder and its table are

illustratéd in Figure 32. From the truth table the two functionS'ére
f = xy |
g =x'y +xy'.
Chobsihg f, the following manipqlation.is made.

CONVERT(f) = xyx
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This form takes -one cell and can be called‘optimal since no fewer
cellS'cén be used. Choosing g, the proéedﬁres COﬁVERT and PLUSE
are applied.
C'ONVERT(g) = x"y><>':y'*+ = 8y
PLUSE(g7) = xy® = gy
This is also an optimal soludﬁion.in that it takeé onl& one‘céll.
Figure 33 is the.style 1 array for the half adéer; The procedure
CR Woﬁld have yielded similar results for g. 'Thﬁs;\eVen in .simple

cases the user has a choice to make as to which procedures to apply.

xy |1 f g ‘L\L

0 0| 0 o

0 1| 01

1 0f 0 1 o

1110 ir i-
- (a) | N | " " (b)

Figure 32. The Half Adder

T T
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f—

: y y
o

£ g
Figure 33. A Cellular Half Adder

Example 2: ' .The Full Adder. Figure 34~illustrates-the-fuil‘ -

adder and its truth table.- From'thé-trpth‘table,the equations
might be written asg‘

g = z'#'y+z'xy'+zx'yf+zxy

c.=,z’xy+zx‘y+zgy'+zxy.
SeleCt‘c7and'cbnvert it.
CONVERT (c) ;.z'xxyxzxfxyx+zxxy'X+ZXXyX+ = ¢y,
The algorithm produces a.rather .confused fgrm Wifh operators appgaf—-
ing as early as possible‘(aé near the head as:possible). Simplifica~-
tion resﬁitSjwhén the&;appear as.late.as.§055iblem. Thqé, it‘ié_a
goo&7rule to apply MOVEOP early in the"procedufes. | |
MOVEOP(cy) = Z'nyxzx'yxxzxy'x*zxyxg+++v= cy

This results‘in.a fou? casééde realizatién, Where;s cl.réquifed

eight. A substantial reduction in celumnsgmay.eften Be gainéd.

T
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through CONC. Applying CONC to oy yields:

CONC(cz) = xyxzyxzxx++ = cg.
One might ask if the string is cascade realizable. Application of
CR implies the use of one of the tests for cascade re#lizability.
The author prefers the right synthesis test (see‘Section\II;l.S).

In this caée; the‘reéult is:
CR(3) = False.

Thus, the Eest that éan'be.hoped for is a‘tWoFcascéHe_realizétion.
Since c3 is a‘disjunctive-nbrmal form, ORDER. can be'u;ed_ﬁo order
completely- the variables;-
ORDER(z;X,y,C3) = ZxXZyXxyXt = ¢y
This particular order produceS'bnly.anchange in the order of occur-.
rence of level-one terms and is as good aé any- other in this case.
In more complex problems, 'the user may want.to inépegt éeQerai orders.
Next‘ﬁLRULE(3)‘can.be applied to factor ouf;;,
ELRULE(3,c,) = ZXY+xxy X+ = cs, |
This produces a two-column realization. Alterpately‘FACTOR could
have -been appiied té-cA for any variable. For .instance..
FACTOR(z,c4) = z xy+ X ‘
Xy X + = g
After application éf POSITION and EXCH for the two levélrone substrings,‘
07-can‘be éeen-to Be the same as cg with the order_of.fhe‘lével—one
terms reversed. | |

Xy XzRy+x+ = Cy
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Z X Yy c s
0 0 0 00 L
00 1] 01 -
01 0] 01 N G
D e

01 1| 1 0
100} 01
1' 0 111 0
1 10| 10 -
11 1 11 (I £

(a) (B)

Figure 34, The Full Adder.

Figure 35 shows style 1,apfays for cs‘and_c7, and ‘points up
a saving in.cells which the user can effect.‘ The embedding algor~

ithm produces the array.for'c shown in Figure 35(a). However,

7
Figure.34(c) is a valid‘array for g7 found‘by‘noting that the
collection can be done in row 2’§inCe-celi(2;l) has:nb logicai- 
function in the first realizatibn of c7, ‘This dccurs:Wheﬁ-the two
elémenta;y strings have a-different variable at their heads. This
same saviné is effected between Figurés 35(b) and (d), where (B)
is produced by thelalgbrithm. In addition,1FigLfes 35(c) and |

35(d) point out.another saving sometimes possible. In-all four
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realizations, the variable in row.one'is the‘samekfor both cascades.
The variable in row:.twe is- used::by only one-.cgscade.: -If thisivariable
is.used-in!tﬁe right . cascade .then the .cell.in .row two in the left
cascade.can be used to collect; saving an additional row:: Thus if
two -adjacent elementary~string3'caﬁwbe commuted; the -one on the:
right should‘contain"the-variéble-(if'ény) at.ité ﬁead-that'is not -
used in. the eother, The user may use EXCH tcntransform-c7.into-c5.-
This appears to be an optimal. realizatien for 5 since all-cells
in Figure 35(c).are'used-logiéally and- there.does .not appear to be
any way to write the functioﬁ with -fewer .operators.

If g is taken from the truth table, it might.be written as

s = z'x"y+z'xy "+zx"y +zxy.
The CONVERT and, MOVEOP' and CONC procedures méy then-be-applied..
- CONVERT(s) =5
ﬁOVﬁOP(si)-=;z1x‘yx¥z’xy7XXZx'y'XXZnyx+++.é's%_'
CONG-produces'noichange;-'Thué;thewmigterms-are‘éhewprime-iﬁpiicgnts.
One must then'loék for things téiféétér;.Fry;é,reduation,zof dé_a
CR test. PLUéE will producennotchange. 'fACTOR williﬁyodﬁce some*
interesting résults.
FACTOR(z;85) = .z x'y'xxzyx

2" x'yxxyIxt x o= s3
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Now PLUSE will yield a reduction
PLUSE(s3) = z xy@' x

2! xy®. x + = 5y, '

ihe four-column realization is .reduced-to a two~columnnrealizaﬁion in
s, and-sg.

_POSITION(O,s)) = zxy'®xz'xy@xt = sgl
One can note that xy'@® is the  complement Qf‘xywsor appiy'COMP_ﬁo the

" two substrings.

COMP (xy' @, xy$) True
This shows that the realiZation‘of's5 is-of the form
wxxw' X'X+ which reduces by PLUSE

PLUSE(SS) .2xy'e’ % = Sg -

.The embeddlng algorlthm ‘will automatlcally remove the- secohd prime,
Whlcb in turn gllmlnates the first one.. Thus.s6,has the"same realiza-
tign as sy.

- 87.= zxy@$
The‘embeddihg algprithﬁgstatesbthat-;he.secondwfunction Will be

sYnthesized ih‘the-colﬁmhutouthe.right'of.the‘firstnfdnction.f Start—‘

1ng with Figure. 35(0), a new .column:is added flrst to .a: style 2 array.
The algorlthm then produces-.the:style .1l array of Flgure 36 The
embeddlng algorlthm will flnd ‘no conlflcts in-the buss line sb no

extra-rows-are‘added. ThlS isa happy result obtalned because 2z Was
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factored out of 81. Any other variable could have been. The érray
would then have had more rows .unless .the operands  had been commuted

during a later stage using EXCH, COMMUTE,; or SUB.‘

AR T
c7 Cy C7‘ o
(a) .. (b) ‘ (e) ()

Figure- 35. Style-l: Realizations .0f the Full.AdderICarryﬁFunction‘

y oy

X C

. o
L1
] e %fﬂ
2 f‘ ; de
. 1

6

Figure 36. Style 1 Realization .of the Full Adder
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Example éiv;é Dbuble;AddEr;f Thendouble adder has tWO'outﬁut
digits, s and t, ana‘a carry .output, ow .ItQhés~five inputs. These
are u, v, W, X and c: Let u and w.be.the bits for Fhe low order
addition, v and x be the bits for the high.order .addition andlc be
the carry-in bit from a lower order staéer Thén Figure 37 shows a
truth table and block'diagram f6r é double adder.

The function s Will.be'treated first5 .Méniéulafions will not
be diséuSsed below where ﬁbe reasoning is similar to that presenfed

before.

CONVERT(s) = sy

c'u'v'wx"xxxxe'u'v'wxxx

MOVEOP (s1)
c'ulvwx ' Xxxxe !_u'\}wxxxxxc"uv Tor Tae T XXX x
e uvtwhaxxxxe Tuvwx ' X%xxe Tuvw M xxx
‘C‘u'.V'W"-X'><><><><cu'v"w" xxxxxcu'.vw'x"xxxxﬂ ‘
'éu’ﬁw‘xxxx*cuvfwx'XXXXcuv'ﬁﬁxxxx'
cuvwx'xx%Xcuvwxxxkx+f¥#++++++h++++-=‘sz
Many chgices-are:available here. ' The most .obvious would bé.to'use
CoNe, . GR or-FACTOR. Certainly -the answer is known:to be:a parity

function, so CR-would yield-the resuls. it.is:iilustratiﬁe though .

to go éhrough‘a longer ﬁfoéeéure.‘ Concensus gives .a éahsideréﬁlet
savings, but net a -minimal form. - |
_GONC(SZ) = c{u'w%%c'hw'x*cuiW’XXCuWXX+++-= Sy
FACTOR(c,s3) = ¢ -u’wxuwx%'X

¢! uw'xu'wxt x + =gy
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e

o ' ;

(b)

; e
i W

Outputs

CO—10O0"O0 100000 —"400000~0—~T00O0O — — — —

OO0 440400+~ 0 400100410 ~0~0O0~400~O—

OO0 100~A A1 00~~~ OO0~ QOO0 —~ 00000~ ~0OO —~ —~

Inputs

CHRY Hy X

(a)

OO0 ~~0 10~ 040 ~0~0 0~ 0 ~~O0~O~O~O~O
OO0~ 4100~" 100~~~ OO0~ OO0~ ~OO—~A~OO — —
OO0 00Ottt 0000~ OO0 ~mecd OO0OO r i —i —
QOO0 000O0 A" rmeAdrdrdred 0000000 O i rifrd rdf i —f v —i
OO0 0000000000000 rri rd rd vd v vd vt vd v=f =4 v v = 1 1

The Double Adder

Figure 37.
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The form of@sA'is the same' as that of S4 in example 2,' This
the same mahipulation'could'beiused. To-copvaniently'get the result
CR is applied.
. y = Tale = o
‘ CR(S4> cuw ? 6 = 35

ThéfmanipulationS»have-produced.a.simple xépresentatioh'of s,

Figure 38 is - the array.

W
u_C
14|
C_
14
:s;
5.

Figure 38. Cellular-Arréy"forwthé-qu=0rder"SumLofgthe'Double Adder -

Next-consi&er'the.high~ofderfoutput, designéted as t,

CONVERT(t) = -t

MOVEOP(tl) c'u'viwixxxxxe'u'v wxxxxx
c'u'vw'x xxxxetu'vwx " xxxxe Tuv "W xxxxx

c'uvwx ! xxxxeTuvw 'x " xxxxe ' uvwxxxxx

cu'v'whxxxxxeu'v'wxxxxxeu'vw 'x ' xxxx
cu' vwx" soxxxeuvtw! x " xxxxeuv 'wx ' xxxx

Cuvw! XXX XXeUVWEX XX Xttt =ty
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CONC(tz) = tg
Previous functions were parity fuﬁctions or simple in nafure sé as
Fﬁ have an obvious resultant form. This .one is not known £0'be a
parity funétion‘or simﬁle.(’Theretis a hiéh probébility that not all
the prime,implicants‘are essentiél.. In'thiSICase; INF can be used
to eliminate some non—essential‘prime impliéénts,‘yielaiﬁg'an.
irredundant normal form. |
INF(t3) = C'V'W'ngxc'VW'X'XXXUV'WX'gXX
| UVWXXXXC'U.V_'x"><><><cuvxx><x'u".v'X'xrx
u'vfoX+++++++.=_t4‘ |
Variable v afpears in each térma.‘By'this virtué, it is afgobd
candidate féf'FACTOR
FACIOR(V,t4) =v c'w'x‘xxu¢XMXCvxxxﬁ‘x‘x++f X

v' q'W'XXXUWX'XXCYX}XXU'XX+++ X += ot
Can the two substrings multiplying v and'v"Be simplified? Factor-
ing out variabies‘lends;insightf One may ask-if the;two‘sﬁﬁsprings
are equal or‘c0mplimentéry. For‘simplifiCation define:

t5 =:VRX
v'Sx t.

Then test S and;R-

False

EQUAL(S,R)

True

COMP(S,R)
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Since § = R', éubstitute vS® -for the entire function. It is written
below using the-definition for S.v
SUB(O,all,vSQ,t5).='vc'w'#xXﬁwx"XXcux‘XXu'X+++$ = tg
Can S itself be simplified? Again,ix-apﬁears.iﬁaall-terms. Factor
it out.
FACTOR(X,S)v=~x c'w'*u'f-x
t x' uwxcux+ X l'+:5'Sl
Again, the substrings multiplying“x-and‘x':Qanvbelfested-for_eéuality
and complimentation. The result is that they are complimentary.
Pgrforming the substitution again t.can be written as:
t6‘; vxuWXCuﬁfQQ,
An application of ELRULE cdmpléteswéhe reduction.
- ELRULE(3,tg) = vxuWct 00 = t;
Of course, CR Would-have.giQen the result .immediately. However, this
gxample'has illustrated theé use -of INF,-COMP‘and‘EQUAL, Which'wpﬁld

be useful even if the function were not .cascade realizable,

The third output is o. This is the carry out-function.

CONVERT (0) = 07

MOVEOP (07) = c'u'vw'xxxxxe'u'vwxgxxxxe'uvw'xxxxx'
e Tuvwx "xxxxc " uvwrxxxxcu v ' RXXX x4 = 0y

CONC (00) = 03
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INF(03) = UVWXXCUVXXVXXH+ = 0y
FACTOR(V,O4) = Vv uwxcuxxt+ x = oy
ORDER(v,x,u,_w,osr)-;-= VXUWXUCXA+X =.0¢
Now u can be factored out of the inner two terms. Dgfine‘a new
argument for factor and substitute the result back into 04+
FACTOR (u,uwxucx+) = u wet+ X |
SUB(O,uwkuCX,+,ﬁwc+x,o6) =-VXUWCHx+x = 0y
Thus the carry out function is aléo cascade realizable. Again CR
could have been applied anywhere.aloﬁg the‘way, The méthqd uséd;
Aillustrateé the use of SUB.
. A problem which coﬁfronts the designef at this stage is that
of a. different ordering for each of the functions fo be féalized in

a single array. The three functionms,

07 vxuweHx+x,
ts = vxucwd®dx+:

sg cuw'®'o,

do not have the séme ordering. 'In.this case t and s c;n Ee ordered
to conform to the ordering in o.. . In the general case_éﬁis cannot

be done. The designer must determine a trade—off. He must live
with the extra rows caused by the différent ordgrings or hé must
introduce extra columns. By adding columns, to the realization of

one or more functions, a point will be reached,where‘eaéh column ﬁill

fit into-one ordering.
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- Using the ordering of functidg o7, the fﬁnétions.are‘manipulated

as below.

. oRDER(v,x,u,w,'c,SS) w'co'® = s

ORDER(v,x,u,w,c,ts)- - vRUWCBBX+ =t
- The realizatiom implied by.these equations an&_produced by the

embedding algorithm_as showa in Figure 39.

c ¢ ;
. 10 14 TEZ—
b 6 \10 N 4
LTiO\i ,_ 473:
~
ot ‘t6 s,

"Figufe 39. Cellular Realization;of~the Dpublé;Addér_ :
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Example 4. The following example was suggééfed by Dr. Kenneth
J.‘Thurber*. It has six variables aﬁ& a‘minimél realization iélnot
known. The function was given to the éuthér inighe'fbllowing form:
f = xyz'w + xyz'uv' +'x'yz'w(ﬁ @ v'y + zxw'(u' & v) +.
zyw'(u' @ v) +zx"(ub v +w + Zyi(uyﬁ v +w) +
z(y ® x) + xyz'u'v
After applic—atién of CONVERT, NOPLUSE aﬁd MOVEOP in that .order, the
function appears-as follows.
£,= xyz’wxXX#yz’uv'XXXXX?yz'Wuv'Xu'VX¥¥xxx
‘zxw'u'v'XuVX+xxeyW'ufv'kuﬁX+XXX§k'uVﬁXu;VXW++xx
zy'uv'Xu'vxw++xeyx'X§'x¥+XXyz'u'VXXXX++4ﬁ44++‘
This is-a fairly complex form with many‘charéctefé, more than the
eye éan comprehend at once (for most people) . AAppiication of CR
yields a'negative'result. If'CONC is’appliéd the following resﬁlts.
CONC(£1) = wxyz'xxxuv'xyz'xxxxuvw'xzxxxxu'v'w'xzxxxxuvw'yzxxxx
u'v'w'yzxgxxuv'x'zxxxu'vx'zxxxwx'zxxuv'yizxxx

u'vy'zxxxwy ' zxxx'yzxxxy ' zxxu'vxyz ' xxxxuvwyz ' xxxx

u'v'wyz " xxxxuvwxyxxxxu v Twx ' yxxxxd
This‘has_nineteen'elementary~P—strings, mofe‘than;fl. - However, not all

of the prime implicants are needed. Applyiﬁg INF Wi11 yield over 100

®_ . .
Private Communication
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irredundant normal forms, ali having‘éround lé terms. One of these
must be selected. The particular dhe selected appearslto_héve some
influence on the number of cells meeded to realize the function, but
not a radical one.* One irredundant normal form has been chosen
for study here.

INF(£,) = wxyz'Xxxuvw'xzxxxxu'v'w'XZXXXXu'vx'2%x%

wx'zxxuv"y'zxxixx"' yyxxxy ' zxxu'v'wyz T
‘ uv'xyz'XXXXu'vxyz'XXXX++;F++++++.= f3:

Now since the CR test showed the function to require more-than one
column, two avenues.may be puréued. 'Firét,'the creation of &
operators may be investigated. Second, variables may be factored
.out of the P—Stfing, hoping that the resulting substrings=§ill' T
simplify. (An altefnate to tﬁis step is;to,dé~a Shaﬁnon or Reed .
decomposition). Three sets of terms have structure that allow a
@& to be formed by PLUSET.

PLUSET(f4) = nyz'xxxwx'yuv'exxxu'vx'zxxxwx’yx§

u&'y'zxxxzx'y'GXu'v'Wyzfxxxx

xyz'uv&xxx+++%+++‘= f4

*One can see here the necessity of computerizing this method.
The manipulations become involved with five or more variables, and
the computer can Quickly do the routine work such as the CONC and
INF algorithms, allowing trial of several different irredundant
normal forms.
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Now u and v cannot be moved to the head of all‘sﬁbétringsgwithout

producing extra rows. It may be helpful .to order all substrings.

" with u and v at the tail.

COMMUTE (u,T,£,) = fs

Fwryz ' o ' xyuv@xxxx ' zuvxxx

COMMUTE (v,T, £5)
| | | -'Wx‘yxxy'zuv'XXXZx'y'$wazYufy'xxxxxyz'uy@
xx><+-H—l—H—I- = f6- |
' Néte, y apﬁéats in mQStfof-thé eléﬁentéry P-strings. As before this
ﬁay be a good variable to factor out.
FACTOR(y,fg) = y wxz'xxw'xu§$xxwx'sz'u‘v’xxxxzfuvﬁxx¥p++++ x
y' zuv'xx x
x'zuvxxkzx'y'ég+ - = £y
The last substring containé a y which will not factor éut. Now &
apéears ét,the tail aﬁd head,df substrings. This Will‘reqqire‘a
reduhdant eﬁtering'of y.. Ashan alternétiﬁe, ?'is fgétbred out of f6;
FACTOR(z,fg) = z x'uvxxyfuv'XXX;y'$++ x
z' wxyxxwyu'v'xxxnyVQXX++ X

Cwlxyuv@xxxwxlyxx+ =‘f8

No simplifications are aéﬁarent here either.- As .a lasi aléerhative,

'w 1s factored out of fg.
FACTOR(w,fg) = w xyz'xxx'yxyz'u'v'xxx4t x
- ! xyuﬁ&xk X

x'zuvxxxy'zuv ' xxxzx 'y "oxxyz 'uvdxxx++ o= fy




129
Now some simplifications can be made. First line one of f9 is treated.
FACTOR(y,line 1 of fg) = yw xz'xx'z'u'v xx+t+ xx = f

10
The counter absorption rule can be applied successfully here. After—
ward an absorption or subsuming process Qill simplify the stfing.
| ELRULE(S,flO) = ywz'x'z'uiv'x2++xx = £11
SUBSUME(£,,) = ywz'xxx = £,
SUB(O0,line 1,f33,£y) = ywz"x " xx
| B w' xyuvéxx x
x'quXXXy'zuv'xxng'y'$XXyz‘uv$xxx++% .= fi4

Line two of f14 is already a single.string. .Fac;oring variabiés 6ut-
of 1iné three does not‘reduéeythe"column count, .LikeWiéé3'i£ the
&'s ére eliminated and u or v is: factored, no‘imprOVemen; is gained.
If one consideréd line three as the start of a new problem, CONC
might bé applied.

, CONC(line 3 of f14) = x'szXxy'zXXuVYXyé'Yxxxu'VXyz'xxxxPx'zxx

Cuy ' zxxH = £94

An application of INF will show that only one irredundgnt nofﬁal
form exits, consisting of-all the prime implicéntsx-.?LUSET will
produce t&o ® gates.

PLUSET(flA) = zx‘y’Q-xyz'uVQXXXux'zxxuy'zxx+++-=-fls.
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This the c¢oliimn count is reduced to four in f15' More can still be

done.
FACTOR(z,£f;5) = z x"y'®ux'xuy'xH x
z' xyuvéxx x ‘+“5‘f16 
ELRULE(3,f16) =z x"y'@ux"y "+x+ x

z' xyuvlxx x  + = f14
Line one.of.f17 has redundant entering of x and y..'Thié is a candi-
date for ?eduction. | |
CONC (x'y '®ux 'y "+x+) =.x'yxxy'xux'xuy'X+ﬁ+f=fflé'
‘INF(flg) =;UX'XXY'XXJYX;+.=:f19
PLUSE(f0) = ux'xxy®t = f£5,
Substitute: this back into fy7. |
SUB(O,x'y'&ux'y'+X+;f20,fl7)-=-z ux'xxj®+ X
z' xyuv®xx x  + % fzi
Tﬁus‘one more column has beénxgliminaﬁed fromgfls;' Substituting f1y
back into the original funétiong |
SUB(0,1line 3 of,£3);£13) = ywz'x'+xx
W; Xyuv@xx x
2 oux'xx'y'®+ x

1

z' xyuv@xx x . = f2é._
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As.discussed befqre.the variables should be Qrderéd when

possible to redupe‘the numbef'of'rows-in the .realization.- For each

P-string in f,,, a relatibnship'can‘be defined.”. In this feiationship

X <‘y if and only if x must appear nearer the head of the P-string-

than y. (See Section III.1.2) . These are -shown in‘Figure 46.

, Atbiirarily Completed

No. Relationship - String - .
' ' o ‘Relationships

1 Y, W<zZ,X ywz'x'+xx |- y<w<z<x
2 - W;X,y<u,v. VW'XYﬁYQXXX yIW<K<u<v
3 None ux ' x u<y
4 '_ None Xy® Cy<x
5 Z<U,X,¥ Zux ' xxy@tx Z<Y<R<U -
! and '
6 U,X<X,¥ y<x<u<x

or '

X, ¥<U,X
7 <K, Y<U,V z' xyuvexxx Z<y<x<u<v
() (®) - (@

Figure 40. ' Relationships for Variables in Synthesis - Example
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There are conflicting elements in the4£elationship§'exbreésed in.
Figure 40. For,examplé, the'fifst.and fourth fows fieidny.<~zngnd
-z.<.y respectivgly._ One must chooge an ordgring‘tonﬁihimize-such
_conflicts.. This gives a_cofresponding savings-in-rows. Figure 40(c)
shows a;completenorderihg'whiph ﬁas severalicohfliéts; - (The ordering
must be completed to define the array.) The siktﬁ'row.conflicts with
itself and others.- ThiglinditateS'that‘x will be .entered into the:
array more thaﬁ‘once.7 HoWéVer,=in_this‘case,.the_second-entry'is
“on the extreme right .which may .be entéred in;o theitob'bf the -array,
thus not causing an additional .row. The é.in;;ow'l.éonfliéﬁs Wifh '
- other-z's. A judgement muéf ﬁe made for the_z.cdnfiiqt. Both orders
could be, tried. The least number of -conflicts reﬁaiﬁ'wiﬁh the . fol-
1oﬁinéuordering. | |
 '.PosIT1oN(0,f22)‘= f23 

0RDER(y,w,z,x,u,v,f23).= ywz{x;+Xwafxuy@xxxgny%JuXQXyz'xdv$1
| | xxx4;+i= £y, | .

Figure 41(a) shows - the style 2 érray for f4, geheréted by the-
embedding algorithm, 'Figuré'4l(B)_sHoWs theireéultant étyle.l array
ffom the embedding algorithm. ‘Figurél4l(c) showsuaf?gduced’array.

_cr;ated'by téking'the'aﬁray in,(b)'éné sliding ;ellsﬂig“célumns,up
and.d@ﬁh to aéhieveua Béﬁter~métch.getween thg;variablgs §# thé

horizentalinputs -of-a given row;-'AlSOnthe.twpﬁiﬁputs ofwcéll(lgi)
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have been interchanged. This is a piace‘wheré the designer mﬁst
use his intuition and a;heuristic approach. No algorithm is known‘
for-performing this reduction, other than an exhaustive séaréh; 'Such
a search would have an exceedingly large number of Efanches. It took’
the author less than five minﬁtes»to-effeétatheﬂneductioﬁ, usiﬁg
his intﬁition. “ The .per cent .of cells used 16gica}ly is 60. This
‘seems reasonable when compared to other functions réalized in
related arrays. For . example, Minnick has reaiized‘a pellﬁlar multi-
plier in cutpoint arrays, using .71 .per cépt-9f7fheycellsllogically,_

and in a cobweb array, using 55 .per cent of the'qells-logicallylaa

IT1T.3.3 P—strings for Register Logic

Register-logic“ﬁgy=be iogically embedded in a style 1 array
using Pfstrings. There.ére»two déterminihg factors: (1) £lip~-flop
cells, and (2) outputs ffoh flip-fiops.used,gé inputs. Assumg'that.
the output from the flip-flop appears at the array é&ge. Then'it
is available to be put on'£ﬁe horizontal buss. lines .or ipfo %hé-top
of the .array as'any-variéble‘isr' Thus‘it céﬁ gppear as an‘inpﬁt
where ééeded. 'P—sﬁfing;equatioﬂsuafé-writﬁeﬁ.and-maﬁipulated és
before, treating the'flip—flop outputuas‘a Variable; Sﬁéh variablgs
will be labeled as internal variables .in the.éeﬁﬁel. With the P-

equations for the set-and reset of a flip—flop;ih.theﬁéesired'form;-
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first realize the reset function in tﬁe.array, then realize the set
equation, using the embedding algorithm. This will cause the Sep
function to.appear to the right .of the resef fﬁncfion. Locate the .
flip~flop -cell in the column below'the\realizationLof the reset
equation, in the first cell in that .column into.which'the set
function can be bussed using the diagonal .input. . Finally use a
jumper wire to connect the output of the flipiflopwtoafhé horizontal

busses of the rows where it is used as a variable.

Example 5: A Register Function. The function:.realized in this
example is the general register.cell used by Cannon-in his parallel

3, The: functions, .as .is-often true in register

processing machine
functions, are not complex. The two functions are R and S, the

reset and set functions for a flip-flop.. They ate defin¢d as:

cr + tY + id'

R
and :

it

8 = cs + tY¥ + id.

Figure 42 is a diagram of the cell. -Y and Y' .are thedoufputs from
the flip-flop. Only one of ¢, t and i are energized at one time.-
The respective functions of .the cell in these .cases are .those of
R-S, Trigger -and D flip-flops. The'aétivate& daté'inpuf séts'for-
the thré; casés-aré respectively: {r,s},{t} and {é}. Figu;e 43 is

a style 1 array realization for the cell. ' The fqrﬁ of the eﬁmations'

realized is:
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R = crxt¥xid'x++

S

csxtY'x:iid x++, _

These ere-determined by applying CONVERT and MOVEOP.fo tﬁe equations
Writteﬁ'above, No reductions can‘belmede,qn them. . The only option
open ﬁo the user-is to reeerrange the-ordef.ofhﬁheﬁvariebles,'_With'
. this arrangement, r andhéfcome.ingthe.top,while.c, used by twoi
cascades, comes in on a_horizontal~bussv-'Tﬁis.saves a -row over the
reelizatien with reXx and scX asnfhe first elementary P;stringe; ‘The

order of the other,variaBlee makes little difference.

III?3.4 Sﬁmmary

.. In this sectlon was’ set forth a method of manlpulatlng P—strlngS'
‘1nto de31reb1e forms for embeddlng -in style l cellular arrays. The
appreach is heurlstlc.in nature. Algorlthms for man;pelatlone ﬁere ‘ S
developed but the method of,applylng them was- left ko tHe 1ntu1t10n
of -the de31gner. SeveralanamPles%Wererlncludeé torlndlcate the.-
method of %pplicétién used'by.fhenauthor. rfhe:eXcelleﬁce of e‘finel

design will depend upon the expertise of the designer._




JV 136
u Vv
X 0 s 14
b ¥4 ‘ x5
9 10| Tis u 10 % ¥ j‘ B T
g W z 9 4 4 JA‘I 4
1ol 111 6 11 11J
5 z ) 4 1 14 A 4
10/ T10] 10 10
4 10 4 4 4
6 6 6 3 4
i Vs s
| ol 3 9 4 4 4
£
(a)
. o r & k: 4 4 4 4 4
u ~
A T L R T R P10| T10] T14] 14| T4
x WV & v - )
? 9 10 14 11 10 4 4 4 4 14
W; D D
10 Tu 6 4 4 4 4 6 11 10
- f - -l b
4 4] (10 11 4 4] T 11
Yo 5 B )
% b ” 4 Sikarios 10
ch\L‘@ 6 2 |4 i 6 6 3 4
£ £
(c) (b)

Figure 41. Realization for Example 4
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Figure 42. Cannon's General Register Cell

Figure 43. Style 1 Realization of Cannon's General Register Cell
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IIT.4 Buss Synthesis

In this. section; a'new'famiiytnfrarrays-isyintroduced. It is -
'detinguished“frbmmpreviousrarrays by a by a buss structure which can
be ‘generalized. A set of procedﬁres is developed for embedding func-
tions-within a particular buss array called style 4. An algorithm is
~developed for. using the procedures'to embed functions, and a heuristic
approach to using the procedures is discussed. An engineeriﬁg example
is produced and‘comparisons are made with realizations from the pre-

vious section.

IIT.4.1 Buss Arrays

Figure 44(a) shows one of'the simplest formslof the buss array.
It is a style 1 array with a horizontal and a vertical buss added be-
tween each row and column. 'The horizontal busses are connected as
alternate y inputs to cells directly beneath them. Vertical busses
are connected as alternative x inputs to the cells at their immediate
left. It Will be assumed that a cell contains the necessary 10gié to
select one' x and one y input.  Henceforth, the original busses, verti-
- cal - busses and new horizontal busses will.be:denoted: respectively as
- Xbusses; Vbusses' and Hbusses. ‘Wherever-an.Hbuss crosses a VBuss or a

-cell output,. it is. assumed that there is a joinpoint which can connect
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the' lines- ‘When:this#connection“is‘made;”itﬁwiilfbe:specified in the
-figures by a small circle-drawn' over the crossing.

Figure 44(b) illustrates' the-style 4‘array“Whichfhas been chqseﬁ' 

‘forruse in this section. The short vertical  and-horizontal line pairs
" denote’ cutpoints-in-the-busses. 'A‘closure-of-those’cutpoints is in-

dicated by a small circle:enclosing the line paif.
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Figure~44. . Two Buss Arrays.

Figure 45‘is;a.more"general"array*whichﬂindicatesmhow more compli~
cated arrays can be defined from the  basic-buss .structure. -There are
four-busses in a style5<array for- every one in a style 4 array. Addi-

-tional cutpoints: are placed’where Vbusses cross Hbusses. One could
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conceivably define any number of Vbusses, Hbusses and Xbusses.. One-
could also select some or all of the buss and. output intersections as
joinpoints. The basic consideration must ﬁe cost versus efficiency of
usage. Additional busses and joinpoints cost more, but the per cent of
cells used logically rises also, allowing smaller arrays.

In the sequel the alternate b4 andvy inputs will be shown only when
used., Diagonal x inputs will also be shown only when used, and any x

or y input used will be circled.,

I1%.4.2 Comparison of Buss Arrays anduothef_Arréys,

The style 4 array is chosen in the usual engineering sense of com-
promise. The cost.per cell is higher than that of a style 1 array but
less fhan that of a style.5 array, or that of a full cobweb array. The
measure of the cost suggested here is the number df.bits it takes to
specify a cell. The full cobweb array takes 12 bitslgi the style 1
array requires five bits; the style 4 requires 11 bits; and the style 5
array requires 48, Style 4 arrays With,cufpoint celié require 10 bits.
Additionally, style 4 arrays alleviate problems encountered with style
1 arrays. Without the buséés, there is no Way-to.present inﬁonmatian'
composed in one.portion of the array to anothér withoﬁt using cells for
bussing. This is wasteful. Figure 46 is a"reali?atioﬁ‘of the function

of Example 4 in-a style 4 array. It réquires 20 cells with 90 per cent
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of the cells used logically. This compares to 30,celié requiréd in the
style 1 array with 60 per cent used logically. If the cost is con-
sidered as the number of specification bits times.the number éf cells,
Ihe'costhf the style 1 realization is 150 and that of'the‘stylé 4 is
220, - In-so‘far asithe;cQst is‘realistic, this‘examfle‘wéuld not jus-
tify the use‘éf thé more compléx‘grray;‘ However; the cbst-criter%on
may- not be accurate andiindeed is ﬁ@t:the only consideration. In:thé

author's opinion, the cost.of a cell is more complex than the sum of

its cutpoints. and:joinpoints. If,the weightings were shifted to weight
the cost of a joinpoint or cutpoint bit by one:fourth, the .style l‘cost.

would be five pef‘cell and the style 4 cost would be eight instead of

respectively five and eleven as before. This may be a reasonable'éost
criteribn, sipce if burn-out fuséé-éfeiused to set joinpoints and cut-
points in the.busses, the cost per bit should bé'less than the cést per
bit.of the switches to-set the cells and certainly less‘than the cost
.6f-fabrication of" the cells themsélves° This neﬁ coét’measure still
yields a higher‘coét for the style 4 realization of the example., How-

ever, additional justification for the buss: arrays .is.givenobelow.
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Figure 46. Style 4 Realization of Example 4.

1110453“Solution‘2£ Iterated'ProbléMSlwith Buss- Arrays.

An importantifactor affecting the choice of arrays is:the.:system
within which the functions réaliZed:in ;n.array are embedded. That is
to‘say, it is one thing to realize a‘funétion.and quite another to
realize it within the constraints impose& by an Qverallsystem° For
' eXamplé, one may Wish to realize a full adder, as~wés dQne in Section
I11.3.2., In addition, oﬁe may desire that this be one cell in‘an 18
bit add'ef° Such g‘SYStem is pictured in Figure 47. When séeaking,of
hundreds of cells on a’chip,'it_is qbﬁceivable that more than one full
adder (perhaps all) will be realizedfiﬁ:one.chip. 'Thié is the iterated

approach to synthesis, A~functional.cellviS‘dESigned-and-idenﬁical
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ones are iterated across the array. In this case, thé relative loca-
tion of the full adders and the location relationship between outputs

from one full adder and inputs to the next becomes important.

*17 Y17 *16 Y16 F15 V15 - %0 Yo

cout in . w
. e e 0 o0 — d .
Full .
Adders .

S17 816 815 S0

Figure 47, An 18 Bit Adder.

In pafticular, one.can envision realizing the adders side by side
in the array. In this case, the carry aut from one‘fﬁil adder must
connect with the carry in of the next higher one, If one is to avoid
external wiring, With its associatgd WaSﬁage in space and low reli-

ability factor, a method must be devised to buss the output from where
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it is created to the point of input,‘usually higher in the array. With
the style 1 array, this cannot be Abne. With cobweb and buss arrays;‘
it cén be done by‘routing‘the output of fungfionsﬂthrough Bﬁss segments
to the ;nput 'gf-fhe appropriate cell in the next sﬁage.

A mére complex problen is Canpén’s Processor”CeLlB, pictured in
Figufe 48, - In -Figure 48 variouéifunctional blocks are represented with
letters. The logicai~interconnections between blocks are.shown With
iines. Thus if one.assumes that‘thg functional blocks éré’réaliZed
with the relaﬁive locations indicated, then some censtraints are im-.
posed on the location of outputs from and inputs to each block. Addi-
tionally,‘one musf make'prévision for‘BUésing some'datavthfough or ;
| around a block to the nexf one. For exampie, sevéral linéé ﬁéss through
~ block R and are not connected-to‘ityi

‘The functional blocks are in turn made up of éells which are
iteraﬁed° In particular, block M is a multiplier With-parallel 1/0
transfer, made.uf df four registers and associated logical control.
Figure 49 shows the infernal strﬁcture of the bloék éoﬁfaining this
multiplier. The cells whicﬁ have a one .and.zero.within tﬁem‘are gen~

eral register cells. Such a cell was embedded inla style 1 array in
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section III.3.1. - The‘cells marked Wifh'a + are full a&ders. Such a
cell was also synthesized in séction III.3,1, The intercomnection of
these cells places constraints upon locations of inputs and outputs of
the cells, similar to those described.abéve. |

With style.l arrays there is no provision to interconnect the sub-
arrays in the complex fashion indicated by this system. With buss
" ‘arrays it is possible. A_funétion.realized-ét any location can be
bussed, through use ofLVbuSSes; Hbuéses, cutpoints and joinpoints, to
any location within the array (not already in use by another function
or variable).

This is the principal advantaée of the buss array: the capability
of relocating data arbitrarily within the array. This property will,

for many problems, override the comparative cost of buss arrays.
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ITI.4.4 Constraints Imposed by Iterated Problems. .

The iterated approach to synthesis is to break the problem down
into functional qelis which are then joined together with identical or
similar cells. This can be generalized somewhat. One can conceive of
a complex structure broken down into.diSSimilat.cells which are then
joined together. The constraints imposed by either type of problem are
the same, Cénnon'S‘processor cell illustrates both the"originai
apprdach énd the generaiization.‘ The embedding qf the functional Blocks
is a generalized iteration while thé blocks themselves are formed - '
through the original more specific'iteration° |

Somé of the_constfaint types imposed by iﬁera;ibn‘have already been
mentioned. These are constraints: (1) om outbut and input légations,
and . (2) céusing a.datum to be bﬁsééd from Oné Si&eiof a cell‘go éﬁother,‘
Additional~constraints are.liste& along with these in Figure 50. The
author has found theée to be;sufficient‘fo allow synthgsis of buss
arrays for all prdblems investigated. However, they.are‘not.presented
as a closed set. Any.usér may wish to add or subtract to them as he

sees fit.




Class Type- OptiOns*. Parameter Comment
RESERVE- | CELL 1,9 i=row j=column.
VBUSS SEGMENTS}_ n-m n is leftmost -or top
' ALL segment to be reserved,
ey m is the rightmost or .
HBUSS SEGMENTS n-m botton one
' - LALL
XBﬁSS i i=row number
- DEDICATE . ‘éOLUMN** i,v v=variable or internal.
. : o function
i=column number
CELL v v=internal function

identifying a f£lip-flop

Figﬁre 50. ‘Comstraints for Buss Array Synthesis

*Choose. one option from‘each,set of brackets.
Some. combinations have no meaning..
SEGMENTS. Also, a.VBUSS has no left ior right.

of '"no option'".

**Column here refers t

- outside world. .

The dash indicates a selection

For example, an XBUSS has no

he inputfﬁolthe top cascade cell which connects to the

06T




*
Options

Comment

Class Type Parameter
DEDICATE | VBUSS i,n-m,v 1=BUSS number'-
(Cont.) n-m segments n through m.
v= variable or interval
~ function.
HBUSS i,n~m,v Same as VBUSS
XBUSS i,v Same as VBUSS
TOPOLOGY CELLS %'MAXIMUM n n=number specified -
EXACT
ROWS MAX IMUM n
' EXAGT
COLUMN MAXIMUM | n
EXACT
DEMAND FUNCTION VBUSS ) TOP i i=buss or column number
OUTPUT - - § HBUSS - ‘BOTTOM . :
g COLUMN" RIGHT
LEFT

Figure 50. Continued

 TBusses are numbered top to bottom and left.to right.

161




Class Type Options* Parameter | Comment
DEMAND VARIABLE - | %INPUT g % ONLY - % V{,Vy,i,0-m | i=buss or column number
OR . OUTPUT OTHERS n-m=first and last seg-
"INTERNAL - - - ments used
FUNCTION
, OR : :
INTERMEDIATE. | (VBUSS Top YT
. FUNCTION HBUSS"- BOTTOM
COLUMN "RIGHT
| XBUSS LEFT .
e | SEGMENTS
BELOW X5y y must appear-as an out-
put directly opposite
, (below or beside) of
BESIDE X,y anywhere that x is an
input, =x and.y can be
variables or functions
or internal functions’
Figure 50. Continued
+t

"ONLY-is implied here.

[43%
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The RESERVE class of constraints is used when it is desirable to
reserve a cell or buss‘segment for use at some other task. The class
would more pfoperly be labeled "declare‘as-unavailable for -this prob-
lem", but sﬁch a title is unwieldy. - Reservations can be used to‘avoid
faulty cells and  busses. They can be.used if a particular cell or buss
is Being saved for use by a‘neigﬁboring‘functioﬁal,block, ‘Fér Vbusées
and Hbusses one has-the opfion of reéérving segments of_a buss or éll
of it.

A second type of cénstraint is the DEDICATE constraint, To dedi-
cate-a buss ér célumn te a variable‘of internal function is to reserve
thét buss or column for use by that variable or internal function. Use
of this is varied and may overlap that of the DEMAND constraints. For |
example, one.may desire avvariable to Bé.buSSéd throﬁgh an array being
designed, say from top to bott§m°~ One then may dedicate an appropfiate
Vbuss Eg this variable. Note'fhat'this‘sﬁécifies'the;entire path of the
variable from inpﬁt to output. (The DEMAND constraint can be.used for
the bﬁssing function, bu£ nofmally Wé#id‘speqify only the end points,
not the pafho) Cells may be-dedicated to flip—flopsu. Such a cell ié
set.to function 16, .

TO?OLOGY constraintS‘have'to‘do.with the size pf'the array. One

can specify the maximum or exact size of the array and ifs‘shape.
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DEMAND constraints are perhaps the most used in fteration problems.
When one Wishgs to juxtapose.two or more functional arrays, as sugggsted
before, OQtputs from one must-métch inputs to the othet,' If the two
arrays perform identical functions such as a register of full adders
then it is sufficilent to require that the outﬁut of one functional cell
(full adder) appear directly opposite the éorrespdnding input of the
next, For‘éxample, if.thé cafry out of a fgli addér is-from column

three and the arrays are to be placed one below the other as in Figure

51, it is sufficient to require that the carry in input.be made only to.

column three, that the inputs come in on thé,léft'side, and that the
output emerge:qn the right side. This can‘be assured by specifyiﬁg
‘the five demands:

DEMAND c_ OUTPUT ONLY COLUMN 3

DEMAND c, TNPUT ONLY COLUMN 3

DEMAND x INPUT ONLY LEFT -

DEMAND y INPUT ONLY LEET

DEMAND s OUTPUT ONLY RIGHT
This approach is also useful if one is trying to match outputs-and in-
puts with a dissimilar arraff- |

- A more general approach for‘iteratiﬁg iden;ical.arrays is use- of

the BELOW and BESIDE constraints. It is sufficient in the example of




155

Figure 51 to require that the carry out appear below the carry in, ©One

need not specify the actual column or Vbuss. The demand replacing the

two demands on cO and_'ci might take the form:

".: .. DEMAND, ¢-"BELOW c,.
- : o I i

(in)

I
Qo o L, 80
X_1._>_ } ‘
YJ__,_ . ‘_>_-'Sl .
¢y (out) -

Figure 51. Iterated Two Bit Adder.

Some of the options need fo be clarified. The {ONLY, OTHERS, f}
optibn.allows-the user. to restrict fhe-function or variable to-appear
as an input or output only af the designated places, or allow it to-
appear at additional inputs or outputs as dictated by the‘algorithm‘or

heuristics used to produce the array. As mentioned in an earlier foot-
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nofe.(pageiuxb, some'combihations.Of Options-héve-nd meaning. For ex—.
ample, an internal function ié never .an input, & Vbuss has no right or
left segments and ap‘Xbﬁss‘has no segmgﬁts at éll.. Columq inputs and
outputs refer to the y inputs cqnnected between:thewoutsidé world and
fop cells of the array, to the butﬁﬁté_from cglls‘in‘the.bottoﬁ row of

the array, and to the vertical output from the bottom Hbuss (if any).

111.4.5 _ég,ApprOach to Embedding Functions Eg.Bus;:Arréys.'

The émbedding algorithm of section IIL.2 can be directly appiied
to buSS-arrays. "To effeéﬁ‘OUTPUT conétraints,‘oﬁe.neéd only route fhe
outputs from whére they are created to the required location. This can
be done visually or with the ROUTE algorithm.developed.in the next sec—
tion, ‘Some‘hand‘modification of thévafréyimusé bé_&pﬁe if the desired
output location is already in.use. >(This Qill 6ccu¥ only -if the output
loéation is é column output).

INPUT constraints can be handled in the same manner. The array
ié-first synthesiéed} Then the BuSsés are dse&‘to fqute the variable
from the gonstrained input location fo.the cell input required by the |
embedding aigorithm. Again adjustmepts may haveth bg médelfo the array

if conflicts in bussing arise.
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BELOW and BESIDE constraints can be handled similarly. A joinpoint
is used to connect the required data to a buss line and then the-data
is bussed to the desired location.

RESERVE constraints can be handled for Xbusses by inserting an ex-

tra fow in the array above the row with a reserved Xbuss, pushing
the old row down. This new row will physically occupy the space in the
érray which belonged to the old row. The .cells in.the new row are set

to function 4:; This should be done before bussing inputs and outputs

to required locations because the .row numbers Will'change below the row
with the reserved.buss. The treatment for a reserved cell is the same
except. that the reserved cell .is bypassed by using the busses to buss

the output of the cell above to the y..input of the‘be11 below. For

Vbusses and Hbusses, the treatment of a reserved segment is to avoid it
when bussing inpufs or outputs;
DEDICATE constraints for Vbusses and Hbusses. can be treated after

the embedding'of the array by just specifying the variable or function |

to be applied and setting joinpoints and cutpoints to access the data.
It makes no sense to dedicate an Xbuss .since use of Xbusses is con-
trolled by the embedding .algorithm. "Likewise the -author can see no use

for dedication of a golumn,‘since'thefembedding algorithm determines

the use of the cascades. For the same reason, topology constraints are

not usable with this algorithm.
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The designer muét make some decisioné when routing the various
data items around the array. He must route them in a fashion that has
no two pieces 6f data requiring the same buss segment. This may at .
times require routing through a maze of paths whichvvwander" through
the array. If this is not pdssiblé,ﬂthe‘COhstraints cannot all be sat-
isfied.’ Engineeriﬁg chéices of compromise‘must then be made,

One-can see that the procedures of this section'é?e not pqwerful
enough to solve all constrained problems. Also, full-advantagé is not
takén of the arrays' bussing capabilities. A cell.may Be.sitting
unused or.for transmission only, when .a more ﬁowerful use of the bus~
sing structure would allow it te Be used logiéally, openingithe‘possi—
bility for reduction in the size of tﬁe arréy. Eér these reasdns an 
algorithm is developed in the next section which uses a different

approach.

III.4.6 égkAlgorithm for Em]‘:edding;,Funct'ioi{s'__iE_.Bus‘s‘Arrays°

| The-aigorithm‘of this.section>proyides a ‘method for synthesizing
buss arrays. In particular, the style 4 is chosen but the algorithm
could be modified to take into account any buss array5‘as is domne forx

the example in section III.4.7.
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The arrays produced by this algorithm'are guided iJut not governed
by the P-notation representatibn'pf‘fUnctiong,. That is to‘say,'fhe
basic order in which variables and éperators are embédded in the array‘
is determined by.the P~string (using the po;tion of the embedding al-
gorithm which picks out the’characters),,but not the precisé location.,

The basic idea of the algorithm is to make use of the buss struc-

ture instead of -cells to buss‘informationo. P-strings are embéd&ed, as '

before, in a more or less left to right fashion. Variables are-entered
into the array, subject  to the constraints, as close as possible to the

cells that are to receive them. Such cells will be in turn close to

the last Celis‘used, This process .begins .at ‘the ﬁpper.left'hand corner

of the array énd‘proceeds generally .down .and to the right.
Synthesis is effected through a set of procedures which may be

applied algorithmically, or heuristically in .an interactive process.

In this section the set.of procedures is set forth. In section ITI.4.8

&odificationé of these p;oceduresvare introduced for an ihteréctive,
heuristic environment.

Figure SZ‘Sets.oht ‘the general flow.of Fhe algoritﬁmn First the
- constraints are specified. The variguéftypes of cthtfaintsrwere set

forth in the‘prev'ious.‘secti'on° This procedure of specifying the con-.
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straints is called CONSTRAINT. Second, the equation or equations.of
the functions to be réalized are specified. Each equation is wfitten
in P-notation and éhduld be written .in the best'form possible, governed.
by the principies of section IIi,3,3 This is done in the procedure
INEQ. The algorithm contindes with the précedure GETLIT which selects
literals‘from;the equation iﬁ a manner specified later. If the literal
is a variable, a‘new-cell is located by the LOGCEL procedure as close
as possible to the last -cell usea by .the .partially realized function.
All possible sources for this variable,.subject to the constraints, are
tabulated by‘GEISRC_aﬁd the.closest‘one to the cell is selected.. The
variable ié then bussed‘usiné ROUTE frém this source to aﬁ_inpﬁt of
the cell, |

The subfunction to which the variable is to be attached musﬁ then
be routed from the output Of‘the cell, where it exists, ;nd ih#o‘the
remaininguinpug‘of the.cell into which the variable was put. ‘Thié,is:
also done'using ROUTE. Another literal is then selected,  If the
selected literal is an operator .then the cell that it specifies can be
. determined and this cell is then set to the desifed function. If -the
operator is a‘uniting operator, épecifyihg: two.caséades‘toﬁbé col—~
lected, additional cells .or buss linés between the two caécades_ma&

" have to be specified to transmit.the information. This is done with




SETCEL. " When'ail litéralé_have‘been processed, the functions are em-
bedded within the array,

If any flip~-flop (storage) elements arefspecified,‘the equations
realized include théir set aﬁ&,reset equations.which are denoted by | o ‘ﬁ
capital letters, ‘Aﬁ_this_time, each flip-flop is.lecated in turn and. .
.the set and reset-eqﬁations are routed through the .buss éfructure‘to
appear dt the x and.y inﬁuts.of“the flip-flop cell. The output of thé
cell.is then routgd through the buss structure. to an& points‘éf_Which
it is needed in the set and reset equations., This;is.done; in.the, .
FLFL procedure.

.Theffinalqstep is.to,satisfy any-outl:put.;constr‘a.ir:lté° If there are.
| ﬁOne, the convention is.to bring_aii‘funé;ions.to,fhe outside of the. AR b
array by the shortest path (subject to.use of buéSeé by other data).
If -any output demands aré made, ;hey.are satisfied before. any uncon-
strained outputs are.ﬁ?éqghtIOuto .fhis is called the OUTPUT procedutre.

The-algorithm then terhinates.
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*Buss Synthesis* -

CALL CONSTRAINT
CALL INEQ

CALL GETLIT-

3f. IF no more-liferals,GQ TO;‘
IF operator,.GO TO: - o i
CALL LOCCEL
CALL GETSRC - TR | ;,:‘: ‘ o
CALL ROUTE (for variablej | |

CALL ROUTE (for subfunction)

- CALL SETCEL

* CALL FLFL
CALL OUTPUT

EXIT - ' ‘ ‘ B " : ?

Figure 52. quwfpiagram for Buss Synthesis
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At some point in.the proéedure a failure“may be encoﬁntered. That
is to say; with the function partially embedded in the array, there may
be no way within the algorithm to completg the next step. ForAexampie,
it‘may be imp;ssible to enter the next'ﬁériableﬁinto the selected cell
because all busses'in-the‘neightborhbod are-already iﬁ use as Wéll as‘
neighboring cells through which'the‘Vafiable might enter indirectly.*
Iﬁ‘each cése of failure, a step backward is,taken.and'an alternative
realization of thevprevious;sﬁage of the élgorithm is-pfoducedm For
example, if a variable cannot reach a cell.from one'éoﬁrce-and-a new
source for that variable may enable it to reach .the cell, or a new cell
Améy.be selected, If all‘éltefnatives-afe'frigd at the pfevious stage -
ﬁi;hout‘sucgess, another step.backward is taken .and the process of
choosing alternatives repeated. If a successful .alternative is found,
the algorithm thén~Proceedswas if the:next‘stages-were;not‘solved be-
fore, The procedures ére defined so as.to always try.? particular type

of‘solutioh first at each new stage:.

*An indirect entry of a variable occurs when a variable comes to
a cell through the diagonal input from the cell .to the right, and the
cell . to the right is used only for transmission of that.variable. (I. e,,
the cell on the right is set to function 2,3, 4 or 5).
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The' attempt at realiZation.failé;COmplételyfonly after all alter-
natives‘have'been‘exhausted. In :this caée:the.array must be enlarged,
the constraints modified or‘the form. of the equations modified. How
the modifiaétidn_is made is up to the deéigne?_

When ﬁailures are encountered,‘the élgorithmureﬁersesvthe flow
shown.in'Figure.Séa This neceséitgtes.that the user be able to identify~
what -was dbne-af each stage of the solution. He may keep a list of
busses used, cells spebified énd s'ources‘"f"ound'at._each‘.st'agen Alter-.
nately, by looking at the P—étrings and cdnstraints he may '"peel off"
one stage-at.a time. For examble, if a cell.cannot be:located for
stage n, the algorithm backs up to stagé'n%l and producés an alternate.
solution for routing fhe subfﬁncfion. If:one-cahnofzbe found, the
original subfunction route is cleared-and an alternafive variable,rqute
is searched for, Thus a stage is'peeled off.and the previousHStage'
solved. for an alternative answer..

The next paragraphs contain:descriptiOns.Qf the bfocedures in
‘Figure 52, These descriptibnS;along.with Ehe”commenES'above.and*Figure
‘52'define the buss. synthesis algorithma |

The CONSTRAINT .procedure performs thé-tébulation‘df the con—- . .
straints., There is no.épecific,mathematical,formnof doing this, but

the acceptable constraints are listed in Figure.50. The author has
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made ‘use of.a semi—sentence'étructure in writinglfhe constraints,

(See -section III,4?7); ”Immediately affér.ﬁhis,'the reserved and dédi—
,¢ated‘items as well as input demands and output demandé_should be
indicated on.a picture.of an.érray.

'INEQ requires that: the equation.of‘éqﬁations be written in a P-
.notation form. (Thé form should be reduced as much as’' possible usiné
fhe tEChﬁiques:of section.III.3, - Such forms are‘advantégeous because
they tend to minimize the number of occurrehces of Variablessaﬁd.thg
number of-elemehtary P—étrings. 'Tﬁé basic.pféceésjéf gmBedding elem~-
entéry“P-strings_in-cascades rémains, withuadditional-fleiibilit& as |
pointed-ouf.be;OW,
' The: process GEIL;T is the firstzof tﬁe>moté.coﬁplex pfocedu;es
in . this algorithm. Its chafge is to locate spcéeséive.elementary P-
strings and within each Qne tb.point.out.tﬁe_next literal.or literals -
té‘befembedded in thé atrayr GETLIT is diggramméd in Figure 53.
| The order of picking literals fbr‘proceséiﬁg.néeds explanation.

It‘is refefred to as thé "next" literal.in Figuné 53.‘ The  first cell
located is ;n the-upperlieff corner of the-array, .ThéréfOre; fhe.first;
two ;iteiais,must'Be the two which éo with-thatlcell;V‘Referring to.the
cascade creating algerithm of-séction‘lii.Z.i,ﬂpne Ean'see'that these

are.the two.variables nearest the tail of théfelementafy P-string.
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. Furthermore, the one nearest the tail goés into the y input if possible.
The second cell requires the next variable to the left, and so on.
Therefore, after each new elementary P-string is sécured froﬁ the func-
tion, one begins by choosing‘the rightmost variable,‘an& its prime if
any, for embedding. One proceeds to.thé left picking the.variables in
order from the P-string.

After all variables of the elemeﬁfary P;string are processed, re-
ferraloncé again to’the caséade creating algorithm.shows that the first
dyadic operator to the ?ight df the last variable .determines the first
(;opmost) cell of fhe‘cascade. Any prime following immediately af;er
is asSociat;;'Wifhvthat cell aisoa The cell is .set to the functioﬁ of
that operator and then modified according to the primes associated with
it and,;he variable(s) (and subfunction) which are~inpﬁts‘to that cell.
The function is changed. to allbw‘all‘inpﬁts’tovcome'in‘unprimedo For
example, function lO‘becomes function 11 if the x input variable‘ér :
subfunction has a prime aséociated with it. -It becomes function 12‘if
the y inﬁut has a prime associéted With‘it, and it becoﬁes functiqn 13
if both inputs have primes associated with tﬁéma Then the modified

function is transformed using Table 9 (de Morgan's law) if the operator
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. itself-has a prime followiqg it in the P—stringf The next cell is
specified by‘the next dyadic operator (and prime,. if any) in the P-.
string, énd so on until all operators are processed.

Each elementary suﬁstriﬁé is taken frém'the'P;string in order‘
from.left to right and each equation is.taken :in-turn. - When this is
completéd all*eqqations,are-realized and tﬁe”algorithm proceeds to the
FLFL and OUTPUT sections. |

tOéCEL is the process of lOcating the next cell to be.used in
realizing the P-string. Rem;ining as c}ose'as possible to the cascade
realization algofithm, the néxt cell Selected .is normally the next cell
in the column of the array beléw the last cell uéedo If ‘this cell is
unavailable the next lower one.is’selected, and so on down to the-bottém
row of the érray, If another cell.is required, the first cell in~£he
next.column is sélected and this'cbluﬁn is treated as ah extension of
the first. Each time a new eleméntary P—String.is:selected a.new cas— . .
cade is begun at ﬁhe top éf thg afray in-thé‘first column of the.array
tﬁét is vacant, |

GETSCR is the procedure charggdlwith identifyihg'all possible

sources of a variable. If an ONLY type demand has been made . in the
constraints, the sources will include only the input locations de-

manded. If not, all unused (undédicated;:unteserved'and not previously
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used by another‘variabie) edgé.connections.to the -array are included.
If the variable has beén previously used in the .array, any buss seg?
ments to Which,it‘is‘attached are also included as.soﬁ:ceé. Sources
are then ordered by distance from the destination cell input with the ‘
closest one being the one-tried-first.i

ROUTE finds a path through-the:buss strucfure frqﬁ the source to
 thé destiﬁétion input. For afvariableféhe.fiist;triés éfeito fhe'x
input of thé desired cell. If no path is-found;.anfindirect input is
tried. If the cell where the input is desifed.is"cell(i,j), the first
indirect input cell is cell(i,j+1). 'ther‘indirect‘input-cells al-
lowed are'cell(i;i; i+, cell(d, j+2) an& cell(i=1,j+2). The algdrithm
tfeatsjeach of thése in turn as a destination .cell énd'all buss routes
are tried first to the x inpu;'and then'torfhe_y input. If;successful,
the indirect cell(s) areléet to functioné 2 or 4-as'necesSary to buss
the -variable into the x diagonal‘input*of the original cell. If this
fails then the y input of the original‘cell'is.seléctéd as the destina-
tion and a path is attempted from-the sqﬁrée.to”the y_iﬁput, .This-last
step is not aliqwedvif the‘cell;beihg épécified,is difectl& below the
last ‘one used. (This is becaﬁsenthe output from the previous.cell.

would have little chance of getting to-the x input).
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*GETLIT*

IE.there are no more literals to'be.proceSSed
in the current elementary P-string, GO TO:

| Select the next literal to be proceseed.

IF ‘the character following-it is a prime, -
indicate this by setting a.flag.

EXIT-

Ple the next . elementary Pnstrlng from the.
equation.  IF there are none,- select the

next equation and p1ck out’ the leftmost
elementary P-string. Indlcate a new equatlon
‘by settlng a. flag.' Then GO T0°

‘IF there are no more equatlons,_lndlcate that
the algorlthm goes to the FLFL section and
‘EXIT , ;

»

_Figure 53. .Flow‘Diagram for GETLIT,

1
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The input for the subfunction to the current .cell is either the
y or.-x input. It is the one left aftér‘the.vargable-ié entefed° If it 
is an x_input, the\same bfocedure is féiloﬁed.as:fs~used for putting
.a variable in the x input. If it is ay iﬁput, the di¥ect buss is used
as above fof v inputs,.gxcept‘that thé case is éllowed where the cell
is direct}y belpw the 1ast.6ne;r If,the;cell‘ié in;thénSame'column{as‘
the one. from which the.sqbfuﬁction.origingteé,.the‘foute is through
cells betWeen tﬁe two cells, setting the inﬁerveniné ceils to function
4. | | .
The actual buééing‘qf routing procedure .is illustréted in Figuré-
54, Consider the group of.nddes Showh:as,follows-- Lérge circles are
cells, Doﬁs above; below, righ£ and 1eftﬂof thése.large circles stand
~ for the Vbuéspéegménts,ﬁﬂbﬁSs Ségméntsfand.XEuss surrounding'thelcell,
The‘¥fs diagonal from'fhe circles reﬁreseﬁf‘joinpoihté on the busses--.
corners wheré‘data pgths'mayfchange diréction.‘ Figure'55 further
classifies the nodes by the‘odd;eﬁen chéractexisﬁié.df théir_ipéiteé.
For each-applicatidn of fhe routing algorithm there is a source | ‘ ,5
.éﬁd:a destination. Sources can be Vbuss or Hbuss segmeﬁts, Xbusses or
columns. If fhe data;i% taken from ;hé outpuf.o%.thé cell, the source

is'assumed-to be the Hbuss segment below the cell (unless a direct

connection- to the'y'inbut of the cell immediately below is desired);
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If an Xbuss is the source it can only be used as a source for the cells
in its own row, unless that variable has an ONLY demand upon it. Then
a cell in that row may be set to function 4 and its output considered
as a source. Likewise, if a variable is inpu; ONLY to a column and

the Hbuss above the first cell in that row is reserved, the cell in

row one may be set to function 4 and its output considered as a source.

1 2 3 4- 5 6 7 8 9 source node
1 [ ] [ ] (-3 o L J [ ] [ J
____________ - line 2
P R
| et
] 1 ' | ————— line 3
source 3 . ;. O ; ¢ O ) O 1 line 4
node 4 : ! : i :
° .4-: Y Ff ° r}i ° rk °
i =
: [ R
]
1
]
| °
©
destina-

tion node- 9

Destination line ﬂ
node

Figure 54. Illustration of the Routing Algorithm.
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Meaning of node,

Characteristic of indices Condition..
i ] _

odd odd 1<i<9, 1<j<9 cell
'él colgmn input
i=9 column output
=1 Xbuss

even even —_— - joinpoint

(corne;)
odd even — Vbuss segment
even | odd —— Hbuss seghent

Figure 55. Classification of Nodes in Figure 53.

Destinations are cells, buss segments and column outputs. If the

source makes a direct connection to a cell, (from a neighboring cell

or column input), no bussing is necessary. Otherwise, if a cell is

the destination, the Vbuss or Hbuss respectively to the right of or

above the cell is used as the destination (unless a direct connection‘

is made from the cell above.)
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In all caseslwhere_a direct coﬁnection is not . used, the routing
‘ algorithm is used. Firét a direction set is aésigned‘from source to
destination. The four direcfion sets are: (1) left and up, (2) left
and down, (3) right and up, and.(4) right and down.- A path is then
traced from source tow&estinationlwith eaéh segmeht of the path related
to the previous segment by one of the two diréctiOns in the assigned
direction set, ,No_other paths are.éilowed.‘ The first path traced is
found. by moving verfically‘to the fifst‘jpinpoint encountered{-(if
necessary), moving horizontally to the column. of the‘destination, or
the column just -before in the case Qf y inputs Fo.cells‘and”Hbusé des-
tinations, and then moviné Qerticaliy'to the destinafion or, in the case
of y inputs to cells and ﬁbuss destinations, to the joinpoint nearest
the destination:. In these cases,voné horizdntal;segmeﬁt is added to
finish the b;Jss° This is illusfrated in Figufe 54 by line one, which
is tﬁe principal path from node(2,9) to the v iﬁput of ée11(3,3); In
case that a segment is used previous1y, alternate paths are generated. -
A corner in the path neérest the destination which fits_the criterion
expressed in Figure 56 is_searchéd for, and réflected‘about the dashed
line. The path is theh‘tfaced horizonfally as if the neW c0rneruver£ex
were the source, Lines‘two‘through four iﬁ-Figure 54 illﬁstrate how
the algorithm Walks‘through all possible paths Which do not violate;

except in some cases for the last-path segment, the direction‘éon—‘f
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-

gtraints. “Line:h .incFigure. 54718 such'a -case... It fllustrates :the last

path to be ttied.from nodé(2,1) to node(7,6).

Direction criterion R Corner.orientation

up, right

up, left

down, right

down, left

Figure 56. Corner Criterion for a New Path in Routing Algorithm.

After a path has been found, one should make some designation'show—'

ing joinpoints and buss segments used. The author has found it conveni-
ent to draw an array, to circle joinpoints and cutpoints in pencil as
used, and .to circle the inputs connected to the cells. Pencil allows .

erasure during the iterative process.




175

The procedure'SETCEL serves two purposes. First, if the 6perator
is to specify a cell into which fwo‘variables‘or a variable aﬁd a suB—
function have been put, then the cell is set to the function speci-
fied by the operator. Ther cell function must be modified if there are
primes involved‘with'it or the iqputs to the cells, asfexpiained on
page

The second function of SETCEL is to unite cascades when uﬁiting

operators are encountered. A uniting operator must unite two cascades

'whiéh aré not neéessarily adjacent. Let ceilki,jj be the cell in Which
tﬁe Caséade on the left is qoméleted. Let cell(s,t) be the cell‘in-
Whigh the cascade on fhe right is completed. Note thét't > j+ 1.
Three cases can bccu£:7 For case oné let sl= i+ 1., Tﬁeﬁvéell(i + 1, .
j) is set to the uniting‘operator and cellé in row i + 1 between col-
umns j and t are set to function‘Z. For case fwo,"let s >1i+ 1. In

this case cells(i + 1,5), (.4 2,7)ees (4 + r,j), Whé;e‘i‘+,r =s -1,

" are specified as function 4, and i + t replaces i in a case one solu-

tion. For case three, s < i + 1 is left. Here cells(s + l,j),.(é + 2,
i)ees (s + r,j), where s + ¥ = i + 1, are specified to function 4, and
s + r replaces s in a case one solgtiog; In other‘words,‘cells in dne‘
cascade are specified to buss the y inpﬁt until the output from the

cascade on the right is available to the diagohal‘x inputs of the row’
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below the left cascade. Thé'cells between the two cascades are set to -
buss the information. Of course, primes associafed with either argu-
ment or the uniting operator cause modification of the uniting cell.
'(See pages 62, 166);.

The procedure FLﬁL has three functions: locating of a cell for
-Ehe flip-flop, bussing of thé set and reset functions to that cell,
and bussing of -the output from this cell (the internal functiomn) to
céii'ihputs where it is required. - To find this cell, unused cells in.
the array are ranked accbrding-to-their”&iStanceufrom theupoint of .
appearance of the reset ,equation for that flip-flop. The distance
criterion is the number. of buss segments - that it Wouid take by the most
direct route to reach the y input of the flip-flop cell with the reset
function. The cell directly bélow the cell producing the reset equa-
tion would be selected first since:it uses zero busses. The- reset
equation is then bussed into-the y input, using the .routing algorithm
‘if it is not directly below the cell produeing-the reset - function. . The
set function is then bussed into the x input. If it appears one cas-
. cade to the right, the path is taken through‘cells in that golumni
Otherwise, the first try is tﬁrough cells;‘ Enough cells in the cascade
producing the set function are set to function 4 to briﬁg it to 'the row

of the flip-flop. Diagonal inputs are then used and cells of the row

rerprere—
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set to function‘é. ‘This‘methdd‘works dnly if the réseﬁ equatiqn is - ‘,:f
realized in a column to the right of Ehe flip-flop cell. 1If tﬁis.
method fails the routing algofithm is used, alldwing both direct and
indirect entry. If the sélected cell‘éahnot be used for the flip—flop,
gellsLBeLOWZitfiﬁ'thét cascade arectfigdiiﬁ?tdrn.ir.CThey all -« ..
have a distance of zero). Tﬁe cells between the reset equation and
the cell selected in the cascade are set“to_fuhction 4. If none work,
then cells of distance one are‘tried, using‘the routing.aigorithm for
\Ehé set function, and so on.. | | |
Once the flip—flop cell has been locatedmand the input equations

. brought in, the output of the cell (thevinternal‘variabie) is bussed

to locations at which it is‘requifed as én inﬁﬁt to cells. This is
done 'using the routing algorithm, treafing the internal function as
‘a variable appeéring on the Hbﬁss below the flip-flop cell.

The final‘procédure in the réalizatibn élgorithm is the OUTPUT
procedure. It is charged with résponsibi;ity for.satiszing BESIDE,
BELOW, and OUTPUT demands and routing uncoﬁsfraineq‘outputs to the ar-

ray edge. When it is invoked, all functions are availéble in some

location within the array, including outputs from flip—flops (internal
functions). ‘The,demands are satisfied in the following order: (1)

OUTPUT, (2) BELOW, (3) BESIDE. If sbme‘fﬁnction§ have no demands upon
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them they are brought to the edge of the arr&y,»after all demands are
satisfied, at the closest ﬁbint te their appeafance;'using the3diStence
criterion set forfh in the previous paragraph describing .SETCEL.

BELOW demande are of tﬁo tyﬁes.‘ One type is a‘demand for & func-
tion to appear below a particular input, Wherever_that input‘appeers.
The secOn& is a demand for a variable\po appear ae‘an output'beloﬁ any
oceurrence of an input of that varieble‘or another. ' In the firet ease;
the function is bussed to the required location using the routing al-
gorithm unless it already appears in the right cascade. Ip~that case
it is brought out by setting cells below ie to‘funetion 47 In tﬁe se-
"cond case, the routing elgoritﬁm'isAused allowing all-buss eegﬁents
upon Whieh_thevvariable‘appears as sources.

BESIDE demands are treated in'eXactly the same way as BELOW de-
mands. OUTEUT de&anas are treated similafly.. A-direet output throhgﬁ
cells of thejsame casCade‘is‘ﬁSee'fOr a funcfioﬁ;or Veriable if pos—
sible. If not, tﬁe reutieg algerithm ie Used.

If an intermediate function is specified with an OUTPUT demand,

then this intermediate function is treated ‘just like a function. Inter—

mediate function demands are satisfied after function demands. If a
function, intérmediate function, or. internal function is demanded to

be complemented‘and Brought out, first a search is made to see if it
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exists in that form;-‘if s0, théﬂgémand i$ satisfiéd like any éther
OUTPUT demand: If not, a ceilzmusf,be spécifiédwtb compiement it.

The first choice for this_éellfis'the pﬁe:nqéreét the outéutllocation.
First a cheék is‘ﬁa&é go éeé iffth;:Qﬁtpﬁt'pfhthis.ééll-qén be bussed
to the desired'oﬁtput'lééation direétly or by.rﬁute; If_ﬁot; another
cell as close ésvpdssiﬁle‘ié t;ié&;phtil oné;is'found Whiéh has an
'output_that.céq'bé bﬁééed.fp.tﬁe;&ééiré&‘;ééégibﬁ;' Th§n'thé-function
is broughf igto ‘the x inpﬁt diréptl&iqf'inﬁiﬁQCEiy of‘if‘phat failé;
into the y input, usihg RéUIE¢ lif”thééé.ail{fail, gﬁothe;,cell is
" selected. B ‘ | | - I

This camﬁléteé'the'déscfipéiéﬁséf tbe‘pfobédufe§ ﬁ§éd‘in‘the

realizatipn'aigdrifﬁm;*;The,ppséibiiifiéé"fo#,gltérnape_sblu;ions in
each part'afe:théfdﬁiyJOngévail§§é&:;iﬁpﬁéVéf;aﬁoéhihé:Qas said as td
what is to‘be done when a féilﬁre;ié encoﬁnﬁefed in:a‘pfo;eduré. Table
15 correcté this omiséibn.:-It‘ié‘én‘eXﬁauStivé listing of what is to
be done witﬁin a pfoceddre when<£“f?iiﬁre is énéquhteréd. Tﬁe phrase
"back up one step" iﬁdiéates that”qng'is to baég up to the last pro-
cedure before the failufé and:fiﬁ&:thgnnext‘splution asispecified by

" that procedure.
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TABLE 15. FAILURE MODES -AND. RECOVERY PROCEDURE FOR THE BUSS
SYNTHESIS ALGORITHM

Process where |
failure occurs

Conditions at Failure

Remedy

. Constraint’

definition

Equation
definition

Lodate
"cell

Find

source

Route
variable

Conflicting constraints

Equationlnot well formed

" Process backed up to thlS‘*

step
The last available cell
has been tried

..Process backed up to thls,‘

" 'step

- Source failed to buss to

destination

"No more sources

Process backed up to here
Route to x input fails

No more routes to X input'
Indirect route to x input

fails

No more indirect toutes-

.No more indirect cells

Modify cons#raints'

Correct the -equation

‘Locate néx; cell -

Back up.dne-step

"Try next source’
" Tty next source

Back up one step

Try next route

Try next route to x

. input’

Try indirect route

Try next indirect route

Try first route to next

dindirect cell _
Try Youte to y input if-
-cell is not immedi-
- ately below last used
-cell. " If not, back
up one step.
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TABLE 15.

- Continued. '

Process .where -
failure. occurs - |

Conditions at failure;

Remedy

Route
subfunction’

Set‘
cell -

Locate
flip~flop

Buss
outputs

--Process backed up to here
Fallure in 301n1ng cascades

Process backed up to here -
.-Route to y input-fails
. No more routes to..y input
' Route to x input ‘fails .- - -

" No more rdutes'td x input

Indirect route to x input
falls

. No more routes:to 1nd1rect

cell -
No more 1nd1rect cells

-Fall to locate cell

Fail to route x or y 1n—'
‘puts to cell: :

'-_Fall to route internal func-

tion to array- location -

Fail to route output to
satisfy OUTPUT demand

Fail to route variable or,
. function for BELOW or. -
BESIDE

Try next route..

Try new ‘route to y: 1nput

| Back up one ‘step

Try next route tox .
~input

“Ttry indirect route
g Try‘next’indirect

route -

Try first foute to next

indirect cell

~ |Back up one step

‘| Back up one step
‘Back up one step

Back up one step
Locate new cell

Locate new cell

| Back up one step

leylnewiroute for
" OUTPUT demand .
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In summary, in this section an algorithm has been described which

will realize afbitrarnyodleqn fUnctions; including functions for flip-

flop (stofage), The algorithm allows the use of constraints suffiéient'

for realization of iterated prqblems_within,one‘atray, The next sec-

tion is an example synthesis using this algorithm. In it several

different functional cells are realized and tied together in one array. -

The entire array is a realization of Cannon's multiplier.

II1.4.7 éi Engineering Exampie—fé.CeiiuléruParallél'Multiplief

Figure 49 illustrates Cannon's multiplier. -Thié‘mgltiplier ié

considergd by.the'autﬁor to be a significant engiﬁeering exampie,pfob—

'leﬁ; ;n this section, a fealizétion is given for this multiplier in '
terms of style 6 arrays. The reaiizéfion éXepcises,tﬁe constraints -
and the vafious‘pfoéedurés of the buss synthééis élgorithm.

Figﬁre 57 shows a style 6 array. It‘differé.from a style 4 array 
in that the Vbusses and Hbusses have cutpoints oﬁly after everf'ofhef
joinpoint of a Vbués with an Hbuss; ihstead‘of after:gvery‘oﬁe és-ﬁﬁe
style 4 array does. This arrangement savés two_cﬁtboin;s for every
four cells,. realizing a savings of aboﬁt‘tgn per cent in cuﬁpoints.
Tﬁere aré, of'co@rse, cééeS'whereAextrarcelis Wiil be needed becausé

of the inability to separate each buss segment..
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This array requires only a simple modification of the buss syn-

thesis élgorithm. When an Hbuss or Vbuss segment is'specified,”one of

the two in juxtaposition with it is also specified. The original seg-

ment and the segment lying next to it and not separatéd by a.Cutpoint _‘ 

' are specified. The other neighbor remains free.

Figure 57‘illus£rétes the fupctiohal decomposition of the:mu1tin
plier. 'Excep£ for_the_biock labeled logic, eacﬁ block gonsiéts of,
several funcfiopally identical celis;of the indicated ﬁype. Thg‘num—_
ber of>ce11s iﬁ each bloék is indicatéd by the éubscripts on the,

vertical inputs. Except for the logic block, each vertical ihput‘

affects only. one cell while the horizontal inputs affect all cells of

the block. The notations.conform to that of Eiguré‘49; and lines which
cross the dashed line surrounding the blocks are cohnectionsvtp the

outside world,
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‘Figure'57. A Style 6 Array.

The author realized this multiplier by an iterative process be-
ginning with the exponent portion of the multiplier register. A be-
13 - . .

ginhing set of constraints‘Was'impoéed,inciuding array size and BELOW

‘requirements upon the outputs of the flip-flop cells. At .various .
.'stages of the solution requirements imposed upon the S?nthésis by new
functional cells, caused earlier functional cells to be redesigned.

For example, the reqﬁirement that b inputs be from the left side of

the array requires reservation of a buss through the multiplier
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register. Which buss 1s needed can be determined only after a cell is
‘realized for the multiplicand register. To minimize thetiterations,

the_de31gner should look as far ahead as possible.' He'mustttake'intol

account such'things as busses.neededfto transfer'data, location of

1nput to cells realized in other parts’ of the array and the 51ze needed '

to realize other cells when they must be placed in Juxtapos1tion w1th
'earlier.ones. This ability is highly intuitive and gained by experi-"-
'ence. | | | | | N |

In general the'constraints'usedlin the eiample required that‘the-
1nputs only be from the top and left while the outputs could appear
.only at the right and bottom. The spec1f1c constraints presented
evolved out of-the iterative‘process ofaredesigning functional cells- .
to satisfy I/0 constraints of functional cells placed in Juxtapos1tion
with them. Only the final de51gns of the cells are presented here.

Figure 59 shows the block diagram for the cellular realization,
divided into blocks labeled‘with alphanumeric names- .The alphabetic
characters correspond to the cell types in Fiéure 58. The.numbers
indicate how many versions of the cell nere tried during the iterative
process. For example, DSRll 1nd1cates that‘the cell was- the eleventh
different D-SR fllp flop synthes1zed Each of:the square labeled

blocks contains a four by four style 6 array; A space is shown be-"
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tween‘bloéks,‘thoughEin the actuai‘arréy:thére is;nsne;‘ Input‘aqd
outptt lines which sxtehdlslightly within tEe blecks are Xbuss ot
column cohnections. Vbuss and HDuss lines tErminate_at the edge of
the blocks.<‘Busses which_are‘used té'sarry iﬁformstioﬁ thrsugh a -
block are 1nd1cated by drawing a solid line threugh that block ﬁSmail
1etters and capltal Y s appearlng Just to the rlght or above the I/O

- lines they label correspond to the internal’ functlons and varlables_
used to produce the blscks. Labe;sMin.patentheSés correSpétd to the
notatién of Figures 49 and 58. Othet capitalzletters.indicsté sxé‘
ternally wired connections.

The realizatien of each of the blocks is illustrated below. The
censtralnts ate 1nd1cated and in some cases the steps follewed by the
,buss synthes1s aigorlthm are 1ncluded ‘The reader can follow the*
alternatives by use of Figures 52-536 and Table 15.

‘Figuyre 60 is the Realization of DFF2. The éonstraints used‘are:
USE EXACTLY 4 ROWS

USE EXACTLY 4 COLUMNS -

DEMAND i INPUT ONLY COLUMNS 2,4

DEMAND i BELOW i

RESERVE ALL HBUSS 1

DEMAND INTERNAL FUNCTION Y OUTPUT RIGHT HBUSS 4

DEMAND d INPUT ONLY XBUSS l

N U~ W N R
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Figure 60, ‘Realization of DFF2.

The equétions for a D flip-flop may be written in P4notation as<

d'ix -

r

s = dix
The realization proceeds as follows: Cell(l,l) is chosen as the start-

ing point\fof‘r‘ .The first variable is i. . However, i cannot reach the

y input to this cell while d can only enter the x ihput. -Thefefore,
the algorithm selects the next celi, cell(2,1). Since d and i are .re-

stricted by ONLY demands to an XBUSS and.COL inputs, -a cell is'alldwed"‘

to get them onté the buss lines. Thus d can go in the x input@ How—
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ever, this uses up £hé Hbuss hecessary to get i into the:y input (even
entering d in the. indirect mode, which is tried after the direct one),
so that é try is made to put d in the y input. This sucgéeds by the
direct path ffom~cell(l;1); The next éharaéter‘in-the‘P—étriﬁg is‘an |
operator which specifies ce11(2,1)>as Function 10,'Which is‘médified

to Function 12 because of the prime:on d in the 'equation. This pro- '

cedure'eSSentially repeats‘i;self 5eginning in column thfee for fﬁe é
equation, except that i is now.présent on Hbués,two and thié becomes .
the source since the'cell to get the i into coiumn four -is used only

as a last rgsort}‘ The flip-flop ié located'né%t. Theﬂfirst éhoice is
cell(2,l)'since it is thé first under the réset functioﬁ. The set equa;

tion goes into the x input through two additional cells, as was de-

tailed when.FLFL was described. The output demands are next satisfied.
First the internal function Y is bussed, using the routing algorithm,

to its required location. Then i is bussed to‘its_BELOW demand loca-

tion. The routing aigorithm chooses the paﬁh shown to the x input of
cell(2,4). Tt must also route i to cell(4,4). Moving horizonfally
then vertically yields the path through Hbuss three and Vbuss four.

(The closest source was chosen). L , L " I
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Three of DFE2 cells make up the exponent portion of ﬁhe multiplier
register. . The Y outputs correspond to Xg —_211 in‘FigureVSS.“.
Consider next‘DSRFFll.‘ FigureiGl is the,rgalization. The éoﬁ—"

straints are:’

1 USE EXACTLY 4 COLUMNS
2 USE EXACTLY 4 ROWS
'3 RESERVE HBUSS 1 -
- 4 RESERVE XBUSSES 2,3 ,
.5 DEMAND INTERNAL FUNCTION Y' OUTPUT COLUMN 1 -
6 DEMAND INTERNAL FUNCTION.Y OUTPUT COLUMN 3
7. DEMAND INTERNAL FUNCTION Y OUTPUT HBUSS 4 RIGHT
8 DEMAND i INPUT-ONLY COLUMNS 2,4
9' DEMAND r, INPUT ONLY COLUMN' 1
10 DEMAND. s.INPUT ‘ONLY COLUMN 3
‘11 DENABD j INPUT ONLY HBUSS 5
12 DEMAND j OUTPUT ONLY VBUSSES 2,4 BOTTOM
13. DEMAND. d.INPUT. ONLY VBUSSES 24 .TOP

The equations are:

R = rexid'=+

S

scxidxt+

The‘realizétion frqgeeds‘as follows. Cell(l 1) is located as a f1rst
_‘chbice. Variable s is selected to try for the x ;nput;, It succeeds
“via the Xbuss (a first éhoice). The_next variable islr; It is de=-

manded in columih 1 and‘goes,directly'tq ceil(l,l).' Nekt; the first.“ 
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x operator specifies cell(l,1). The next elementary string is idtx,
This is begun in column two. The first variable is d. It is routed
into the x input of cell(2,1). ‘The second variéble,.i, goes directly .
to.the y input. The next character is the second x, It specifies cell
(2,1) as function 10 which is modified to function ll'because of the
prime on d. Next, the operator + is processed. It unites the two
subfunctions as shown in SETCEL, through cell(Z,Zj; Thus r eﬁerges
from cell(2,1). The procedure is ideptical for the s equation,. FLFL
then locates the flip~flop under the reset fqnction in qe11(3,1). FLFL
also busses s to c§11(3,1) through cells(3,3) and (3,2). -bUTPUT_pust
then prbduceiY' in'column 1. This is done directly through cell(4,1).
The function is modified from-4 by the‘primé on Y. Additionally the
constraints require a Y output from coiumn three. fhé first try is to.
use cell(4,3) as a function 2. This is doné by'routing Y ffom cell‘
(3,1). Ihis leaves j wﬁich is straightforwardly routéed to the Vbusses
two and four., o

“Five of the DSRF1l cells make'ﬁﬁ the multipler mantissa. They
are placed as shown in Figure 59. ' The functional cell above these
labeled LOGICA will serve to illustrate the iﬁerativeuprbcess. All 
that is required of it now is that it buss i and‘d.‘ Léter it will be

redesigned. The constraints for the LOGICA cell are:
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USE EXACTLY 4 kows'

USE EXACTLY 4 COLUMNS

RESERVE ALL HBUSS 1 |

DEMAND i OUTPUT ONLY COLUMNS 2,4
DEMAND i OUTPUT BELOW i INPUT |
DEMAND'd INPUT HBUSS 5
DEMAND d. OUTPUT VBUSSES 2,4 BOTTOM

N OO U W N

The realization donsists of bussing i and d. First i isvbﬁssed."dgll
-(2,1) is used to get it into the buss‘étructuretand ﬁfom there the
routiné‘;lgorithm“is used. Thé ;6uting algorithm bussés\a also, Note:
that a failure is enéountéréd in doing.tﬁis.: See Figu;é 62, 'Any |
~ attempt to buss i directly into fhé‘g“input of celi(é,Zj caﬁs¢s a
conflict when the ;ttemﬁt to buss d is madé.' Iﬁe firét‘alternate is o ) [iﬁ
to‘routé-i indireétly through ce11(4,3). Thié is done;sﬁCcessfuliy apd
the algorithm goeé on to the second output of i and the buséiﬁg of d.

A second conflict occurs with putting,i in;o the x input of<ce11(4,4).

'Vbuss, four will be needed for d. The alternate of indirectiy bussing
i to the x input cannot be done, (no cells to the right), so the y iné

put is tried. .ThiSuis‘successful aﬁd'd'busses_succeszully,'as'shoﬁn o

in Figure 63.
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‘Consider next DFF3., Figure 64 is the attempted realization, The-
constraints are:

USE EXACTLY 4 COLUMNS

USE EXACTLY 4 ROWS

RESERVE XBUSS 1

RESERVE ALL HBUSS 1-

RESERVE ALL ‘HBUSS 4 _

DEMAND i INPUT ONLY COLUMNS 2,4 -

DEMAND i OUTPUT BELOW i

DEMAND INTERNAL FUNCTION Y OUTPUT HBUSS 5 RIGHT
DEMAND d INPUT ONLY XBUSS 2

The  equations ere Wfiften as for DFF2.

r = d;ix

s = dix
Cell(1l,1) cannot receive Both d and.i. Thus the first alternate cell
(2,1) is selected. The x_inputzis d and i comes-out of cell(1l,2) to
get to the y input. Functiom 1l is placed in the cell becau%e-of the’
prime (and the x operator) Column three is used to. begln function S
The rest of the procedure goes.as explained before down to FLFL
Cell(3,l).is chosen first for the flip-fliop, but Hbuss four is re-
servee and . the algorithm allows‘ﬁo way for y to get.to Hbuss five. -
Therefere, the:first alternetive is ehosen:for-the,flipffloP cell. -
This is cell(4,l).- FLFL then busses s.and r into ce11(4,1), Howeeer,

now there is ne way to buss i te column two as required. Running
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through all available cells for the placement of the flip-flop, none
alleviate the problem. Backing up a step the creation of s is‘movéd

down the column and through the next column without success.'_'
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Figure 64. Unsuccessful Attémpt at Realization of DEF3.
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The designer may wish to continue with the algorithm at this
point. However, a solution is easily obtained by noting that one can.
realize s and"r in the opposite order. This 1¢ads to use of cell(4,3)

as the flip-flop cell-by the algorithm;‘ Cells (4,2) and‘(4?4).can now

be reached by OUTPUT after Y is put out on Hbuss five as required.

" Thus the functional cell can be realized as in Figure 65.
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Figure 65. Realization of DFF3.
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Next consider DSRFF8. It is similar to DSRFF1l. The constraints
are:

USE EXACTLY 4 ROWS

RESERVE ALIL HBUSS 1

USE EXACTLY 4 COLUMNS

DEMAND :c INPUT ONLY XBUSS 2

DEMAND d INPUT ONLY XBUSS 3

DEMAND r INPUT ONLY COLUMN 1

DEMAND INTERNAL FUNCTION Y BELOW s

DEMAND INTERNAL FUNCTION Y' BELOW r
" DEMAND i INPUT ONLY COLUMNS 2,4

1]

O 0o N OB W N R

The équations are written aé for DSRFFll. The realization is straight-
forward using the algorithm‘énd the result is Figufe 66. One different
alternative is called for that has not.been used previously. This is
the use of the routing algorithm to bring s to the flip-flop cell.

This alternative is réached‘by the algorithﬁ béc§use of unsuccessful
attempts to satisfy the i OUTPUT demand.

The' next grdupfof cells is the ADD6 group. Figure 67 -shows the
realization-of'one celI; .Historically5 the adder. cells caused' the
redeéign\of the multiplier and multiplicand pegistér cells. This was
caused by the necessity.of data from the multiplicand-registefs to the:
left appearing in this cgll. (Each add cell is a full adder, and such
a cell was realized in a styie 1 array in Figure 36). Thé equatioens

are written as:
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n
I

wzjoe

c z2jxwzjtxt.

The sumpeduation_is s‘and the'qarry funétiog ié‘c; The eqUafions'afe
ordefed so that j, which is the carry in,"wililmdsf'pafurally fit inté-
a Vértical input. Tﬁe inputs w and ‘z- come from the.muitiélicand and
product registers, respedtively. Thué;z_mus£ cpme fréﬁ:;hé figHt‘éﬁd_
w from the left. 'The input w is fixed in locatiOn.by DSRFFSHat Hbuss
five. The é 1ocatiop required for the z input is not known ét this

point, but it will turn out that Hbuss four will work. The carry in

may enter as many vertical inputs as nécessary. One must only require

that the cdrry out appear below each carry in. The constraints are:

USE EXACTLY 4 ROWS

USE EXACTLY 4 COLUMNS

RESERVE HBUSS 1

DEMAND FUNCTION c BELOW j

DEMAND z INPUT ONLY HBUSS 5 LEFT
DEMAND w INPUT ONLY HBUSS 4 RIGHT
DEMAND 5 INPUT GNLY TOP

DEMAND FUNCTION ¢ OUTPUT HBUSS 3 RIGHT

0~ T W N

The realization is étraightfdrward down to satisfying BELOW demands.

Here for the first time, an indirect bussing of c is used to get this

\

function to column one.:
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Figure 66.
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DTFF9 is shown in Figure 68. -The constraints are:

1

2

/

8

USE EXACTLY 4 ROWS
USE EXACTLY 4 COLUMNS
RESERVE ALL HBUSS 5

DEMAND INTERNAL FUNCTION Y OUTPUT HBUSS RIGHT

- DEMAND t INPUT ONLY TOP

The equatioens

r

s

1l

DEMAND i INPUT ONLY TOP .

DEMAND INTERMEDIATE FUNCiION Y't % OUTPUT HBUSS RIGHT
DEMAND @ TNPUT ONLY HBUSS 3 LEFT o
‘are:

Yt dix+

Y'exd'ix+

It is convenient to write the equations as shoewn since t and i are

constrained te be top inputs and they are the first.variable encoun-

tered, causing them to be placed first in the y input to a tep row ceil.

The d input is primed with respect to normal equations for the set and

reset equations because of the inverter to this functional cell, shown °

in Figure 49.
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Realization of DTFF9.
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An intermediate functidn is required as output in this éxample,
It is treated like any other function and routed out as required in
the OUTPUT algorithm.
.DTFFlO‘ié another element of the éroduct term exbonent register, .
Its equations are the same as DTFF9, Figﬁré 69 is its realization.
It is consfrained, of course, by the previously.realized cells. It is
desired to bring in'i and d from the left to this régister. if Xbuss
four is used in DTFF10, its fourth row can be.used as a column output
to. DTFF9. Xbuss-four.is.unused in other functional cells to the left,
so-this Wiil allow 1 to be.on input from the left side of’the‘array;
Y'tx is not required as an intermediate function for this cell. Since
the Y output.is the trigger (t) for DTFFY, if‘must be the-oufﬁut of
columns one and . three. The constraints are:
1 USE EXACTLY 4 ROWS
2 USE EXACTLY 4 COLUMNS
.3 DEMAND j INPUT ONLY XBUSS 4
"4 DEMAND j OUTPUT COLUMNQ 2,4
5 DEMAND INTERNAL FUNCTION Y OUTPUT COLUMNS 1,3
6 DEMAND d INPUT ONLY HBUSS 3 LEFT |

7 DEMAND INTERNAL FUNCTION Y OUTPUT HBUSS RIGHT
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Figure 69. Realizatiom of DTIFF1O0.

DTFF1ll differs from DTFFlO.only‘in that,t.is-restficted to come

in from the right on Hbuss ome. This is compatible with the .algorithm.

It first puts t.in the y input, from the Hbuss, and then'it proceeds

as above. Figure 70 is the realization of DTFFIL.

The mantissa of the product register is madé up of seven,bSREFlZ'

cells. Figure 71 is a‘realization for the cell. The;equations=are

written:

d'ixecrx+

‘dixcgx+.
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The constraints are:
1 USE EXACTLY 4 ROWS
2 USE EXACTLY 4 COLUMNS
3 RESERVE HBUSS 5
4 .DEMAND INTERNAL FUNCTION Y BELOW s
'5 DEMAND INTERNAL‘FUNCTION Y' BELOW r
6 _DEMAND INTEkNAL FUNCTION Y OUTPUT HBUSS 3 LEFT
.7 DEMAND INTERNAL FUNCTIOﬁ‘Y OUTPUT HBUSS RIGHT
8 DEMAND r,s INPUT ONLY IOP . |
9 DEMAND c INPUT ONLY RIGHT
10 DEMAND i INPUT ONLY RIéHT
In this case, Hbuss one is available since DTFF9 doesn't ﬁse it.
If it is used, Hbuss five must be reserved since they oVerlgp.
DSRFF13 differs from DSRFF12 only in tha; cellkl,Z) is set to
function 2 in order to have the r input always 1, és shown in
Figure 49. |
DFF4 is a bﬁflip-fiop, The realization ié‘Figure 72. The con-
straints are:
1 USE EXACTLY 4 ROWS
2 USE EXACTLY 4 COLUMNS
3 DEMAND d INPUT HBUSS 3 LEFT

4 DEMAND INTERNAL FUNCTION Y OUTPUT HBUSS 4 LEFT AND RIGHT
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Figure 72. Realization of DFF4.
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Next, it is well to retufn to LOéICA and see what demands the
arréy on the fiéht placeé upon it. Xbﬁsses two and three a?e the only
additions from Figure 63 and these were 1¢ft‘freér Thus LOGICA éan:be'
redesigned by constraining Xbusses two and four to carry'the required
variables.

There are two considerations left. The fifth cell ffom the right
in the product register of Figure 49 has not been synthesized. There
are also some normalize'logic control functions to be synfhesized;‘ A
decision must be made at this point. One could synthesize the product
register cell which will be called DTFF12 in the two columns to the
right of DTFF9-11. This would add at léas£u24 cells -to the-array..

The remaining cells could be used to synthesize fhe normalize 1ogié.'
Alternately the group of unused cells in the lower 1eft corner of the’
array (Figure 59) could be used for both tasks. 1In this case, e#tgfﬁal
wires could be used to make tﬁe appropriaté connections, or‘a row'or
two and a coluﬁn or two could be added to do the buésiné, To ilius—
trate, the external wiring method will be chosen here.

The block DTFF12 is set aside for realization ofighe‘product rég+
ister cell. The cell ié not really a D-T £lip-flop but can be charac-

terized by:
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s =Y't

Yet+i |

T
Sufficient-const;aints are:

1 usE 4 corovs

2 TUSE 4 ROWS

3 DEMAND i,t INPUT LEFT

4 DEMAND TNTERNAL FUNCTION Y OUTPUT LEFT
The realization is Figure 73. The points marked.S in-Figure.59 are
wired externally together to suppiy the ffigger input}

For the normalizing logic two‘blocks are used., First, a .one-cell
block is used to form Q which is then ekternally Wi?ed to-thé other Q
points. Second, Figuré 74 shows a‘realiéation of . LOGICB bésed on.tth:
equations: ‘

£ = egepeprey ey leg

£, = flgg, | |
‘where the c, are Cannon's c; which appear in Figufe 49; The"constra;nts
are:

1 USE EXACTLY 4 COLUMNS

2 TUSE EXACTLY 4 ROWS

3 RESERVE XBUSSES 2,3

™
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4 DEMAND CsCq2Cos¥ INPUT ONLY LEFT
5 DEMAND fl OUTPUT LEFT
6 DEMAND f2 OUTPUT BOTTOM

The c; and R are connected externally.

The final cellular realization of the Cannon mulfiplief has 768

~cells. It has 16 columns and 48 rows. Logically used cells number ..

282 for 37 per‘cent. . Cells used for bussing number 257 for.34 per -
cent. Thus 29 per cent of the cells-are unuséd. Figure 75-illus~
trates the array. The only problem aVailable‘for.éoﬁpariébnlWhich is_i
anywhere equal in magnitude is Minnick's serial ﬁultiplierlag He used.
432 cells for a 12 Bit édder with no constraints upon locétion of in-
puts and outputs. Logical use was 55 per cent, jumper use (bussing)
was 26 per .cent and 19 per cent were ﬁot‘used. It appears that the
constraints imposed by parallel I/0 anq locaﬁions of 1/0 lines cause
the efficiency of the realization ofﬁCannon's mulfiplier‘to be less

than that of the serial multiplier. No comparison is available on the

amount of man hours needed to solve .the problems.
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I11.4.8 An Interactive, Heuristic Approach to Buss Array Synthesis.‘
The algorithm presented in the last sections for.synthesizing buss

arrays makes no uses of the‘designer's intuition and skill,at .design-

-ing arrays. There is good reason to believe that in many cases a bet—

ter reallzatlon can be had by combining ‘the computatlon and searching .

ab111ty of an algorlthm with shortcuts and alternate paths that can be

- produced by the’ des1gner.

For example, Figure 76 illustfates the style 4\algorithmic feali;
zation of the function of Example 4 (section III.swljll'Thefiealiéation
has five rows and six columns,-for a total of 30icells. The cells"
used logically number 18, those used as bnsses.number 7;'and 5-are-un%‘
used. " Flgure 45 has already shown a fonr-oy fiVe';eallzation,-again
with 18 logically used cells, for a savings of one third on the
number of cells in the array.

The algorithm may be nodified to effect savings in cells.‘ Fignre_j
77 illustrates a possible realization gained by altering the SETCEL
portion. of the algorithm. Spec1f1ca11y, the collectlon of cascades

has been modified. The f1rst two cascades are collected convenlently

.in cell(4,1) and the output is bussed over Hbuss five to the lower

right corner of the array. There it is collected along w1th the other
two level-one substrings. The cells are specified as 18 1og1ca1 three

buss, and three unused--=for:a total of 24 cells.
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Figure 76. Algorithmic Realization of Example 4.
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A Fourth Realization of Example 4.
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Figure 78 shows yet another reallzation in which the locatlon of
cells used for embedding the substrings (LOCCEL), as Well as the method
of collection hashbeen altered. The cell in Whieh the last Variable
of the last substring is eﬁbedded has heen altered from cell(4,6) to
cell(3,5). This”nroduces no‘Saving of ceils, but the remaining'cells

are clustered together in the lower right corner of the array and

'might'be‘used for some additional function.
Another reallzation of Example 4 is contained in Figure 79. It‘

has 25 cells w1th 18 used logically, 4 used as bussed, and 3 1eft un-

used.' This realization is obtained by altering the order 1n which the
substrings are realized, and where they:areorealized; In section IIIfz
‘ itjwas mentioned.that'when ahsimole string was encountered-itdsome—
timeshwas efficient to-realize it not:inle seuarate colunn,.but to

attach it to another column. In this algorlthm, a s1m11ar optlon

is available.. In this case, the substring zyx%x u><+>< was- embedded
by creating cascades in new‘COlumns for yx® and x'uk} uniting them

(as. in the normel_brocedure) and then attadhing Z. This‘differS‘in

that the original algorithm requires a separate cascade (hence an-
other column in the arraY) for z. This is a modification'of'GETLIT,

resultingvin Figure 79.
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If, in addition to the change in the order of realization of sub-
‘st;ings,'the method of collection is modified, Figuré 80 results;‘ In -
this case, as in Figuré 77, the first two cascades have been‘united
in the most accessible'location, cell(4,1), and the output bussed to
the right, In Figure 80?‘18 cells are usedllogical;y while 2 are used

to buss information.

"Figure 80. Final Realization
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For theAglven representatlon of f, flgures-46 and 80 represent
"just about as good a reallzatlon as can-be made. There are 18 (dyadlc)
operators in the functlon,’requlrlng 18 cells for 1og1cal use, :The-
only rectangular“possibilities Wirh lS‘tells are'6 by 3;ahd.9 by 2. :
The author has been'uuaolerto produce éuch an arra&‘for'this egauple;
One can note that a‘measure'of the efficieucy_of the reelizatiou.ds
rhe uumber-of iogioai cellsiversus the toral.number df,ééii;;. In rhis
‘case, Figure 80_shous_en erray whioh.iS'Qd per"cenr‘efficient; -

The aoove illustretion‘of algorithm modifieation'dealt With.an
unconstreined realizarion of a function.'-81m11ar savings mey some-
times oe obtained, durlng the synthes1s of functlons subJect to - con- N
straints. For example, Figure 81 shows eu‘alternate arrey.for'DFFé.
(See Figure 72 fqr tHe-algorithmic version;),'This.realizatdou‘uses.
fdve cells whereas the old,one needs six,-a saving of 17 pervceut;
The saulng is made by allowing the OUTPUT procedure to use cell(3 1)
to buss the internal function Y onto Hbuss four. This -could be:. extended
allowing the use of two or more cells in a column to brlng a functlon
to a lower point in the array. - In general, this'is wasteful-oE cells,
‘but in this case.ir saved one. |

The_modificetions which heve oeeu-discuesed are:rypioei of thoée

which could be made in an interactive manner with the algorithm. At
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any point in the syntheéis procedure the‘désigner_may,heuristically'
iﬁtervene and modify a step or steps, allowing the algofithmic prb;
cedure to be followed afterward. The point of the intervention will
normally be either to save cells, or té guide theialgorithm to
clustering unused cells. . |

The designer will often be making use of the humah‘ability to :
form a gestalt when he interacts With.the algorithm., ‘Mény of the.
alternate paths - he may determine would'neQer be'fouﬁd by the blind
algorithm. In.othef cases'éuch as the one in Figure’81;.he'will be
applying an alternate which often would be Was#eful of cells. At some -
point in the realization,; the désigner-may becqme aware\of the prob=
lem causing repeated backups in the algorithm. Forlexampié, the
trouble may lie in the inability to buss a certain variable into a:__"
certain area because all the Vbusses intd that area were previously
used. He may then alter the realization to free a Vbuss for use. This
might be done by making usg-of some isolated.cells to &o buss work
instead of a neighboriﬁg Vbuss.

The possibilities for modificatioﬁ‘ére‘exceedingly numeroué.
However, in.Table 16, the author has listed the‘oneé which haVe=06cur—-
red during synthesis of the fﬁnctions that. he has_cbnéidered, These
‘alternatives should givé the designer some feel for‘theléhoiées thaﬁ

he may have.
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TABLE 16. BUSS SYNTHESIS ALGORITHM MODIFICATIONS.

#

. Modification

Comment

Fit in wvacant
cells

Start function

in used column -

Route with
wobbly paths

Try indirect input
as a last resort

Try additional
indirect cells

The best cell to be next used in creating
a function may not be the one specified by
LOCCEL. The improvement between Figure 77
and Flgure 78 is such an example. -

Suppose.that only cell(4,3) is used as an
indirect input-in colummn three in realizing
'a cascade in column two. Suppose that cabt+
is the next elementary string. Then it can
be realized in the top two cells of column:
three instead of using column four as the
algorlthm indicates.

The route algorithm does not allow paths
which move away from the destination at any
point. One can conceive of a buss path that
wanders -all over the array, though usually
this wastes prec1ous bussing power.

In some cases, the variable can more profit-
ably be put into-the y input of a cell than
through-another cell indirectly into the x
input.

The algorithm allows a search through four
cells for an indirect output. Rarely, an
additional cell or two may profitably be
used for bussing an indirect input.
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- TABLE 16. Continued.

# 'Modification - -.CqmmEntf
6 Use busses first ”_f.Ihe algofithm7éssumé5'that the reseét equa-
for the set and | tion will be realized reasonably near (to

reset equations ~ the right and above) the flip-flop cell.
: e This is not always true. It may save cells'
to use as a. flrst try Vbusses and Hbusses..

7 | Realize simple’. As shown in: Flgure 79 this often will ef—
substrings after - .fect a savings of a column.-

the elementary - -

ones associated -

with them.
8 Collect in con— - The example of Flgures 76-80 1llustrates

venient cells . . ' the saving of this modlflcatlon.

I11.4.9 Summary |  :' R i ' ._':“ ‘ ' .:‘; " A 'f:
In sectiéﬁ III.4‘buss_;rréys wére introdﬁcéd,_aﬁ élgcrithm based
-on P—ﬁotaﬁién deyeloped fqrIé&nthééizigéig:bitraryﬁBéplean functions
in them, exaﬁplesrwefe.cénétructeafand'an infefaétive}-heufistic ap-
proach to tﬁe synthesis:Wgs explainéé. . This mefhéd of synthesis is
powerful enough to deal with constraiﬁed arrax$;i£ér§teé ﬁrbblemé, and
register logic. The‘method-compriéeé éiwdrkgﬁl¢ engineefiné‘épﬁroaéh

to cellular synthesis. .




CHAPTER IV
SUMMARY, CONCLUSIONS, AND RECOMMENDATION FOR FUTURE_RESEARCH.

IV.l‘:Summary

In the first portion of this thesis (sectiphs IIi.Z—III.S) a
method of synthesis of arhitrary'Bo@lgan fgnétiohs in a Céllular
arra& called style 1 was déveloped. The styie-l7array islsiﬁilar td'
Minnick's_type A cobweb array except that the cells are allowed to
.produce any of the 16 functions of two variablgs. The synthesis>method
Qas based upon P—notation, a netational schemé in which' the operator |
is written immediately after its arguments instead 6f between them. -
A correspondence was determined‘between arbitrary Booleén functions
written in P-netation and style 1 arrays.- Prbcedures~w§?é developed
to translate functions into P-notation, and to manipulate Fhe P-
notation strings into desifable forms. A form was considered‘more
desirable than another when it produced a realization in a smallér
_array. Some modificaﬁions of the array which can be made by the de-
signer after the function is embedded were discussed. These modifiéé—
tions can, upon occasion, result in a saving in thefnumﬁer of.cells |

used.
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The manipulations of P-notation representations of functions were' -
presented in a heuristic, rather than an algorithmic system. The ex-—
pertise of the designer is cailed‘upon to choose his way to the best
solution he can find. Some guidelines'for thesé éhoices Weré advanced.

The style 1 array was shown to be'inédequate for fhe class of
problems labeled iterated problems. The iterated approach is being
used when the designer develops an arfay for a set of functions and
then places these arrays side by side making a larger array, with I/0
connections betwéen the similar arrays,'to-syntheéize a solution to a -
larger problem. An example of thislmethod is the synthesis of an n-
bit adder. One may synthesize n one-bit full adders and plaée‘them
side by side in an array, apﬁrofriateiy conneéting the carry oﬁt ana
carry in lines.

In the second portion of this thesis (section III.4), the family
of buss arrays was introduced and an algorithmié method of syntheSiz; _
ing arbitrary Boolean functions within them was developed.. The al- -

. gorithm is guided by the P-notation form of the fuﬁction given to it,;"
which should be in the best form possible as determined by the prin-
ciples of the first portion of this thesis. This family of‘arrays was 

shown to have sufficieht fiexibility‘for iterated problems.
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The algorithm performs a series of search.ahd‘embedding proce&ureé.
It locates cells, determines each succeeding Variablé‘to be- embedded,
finds a way to.enter the wvariable in the cell, specifies the cells
used, locates flip-flop elements, and foutes outputs to the appfopriate
locations. Locations of the inputs and outputs may be'determiﬁed by |
a set of constraints imposed by thé designer. ' If ﬁo;constraint.is
given on a particulatr input or. output, a default case‘ié defermined
by the algorithm.,

A heuristic method.ofAinteractionhWith-the?aigorithm was  devel- -
oped. Examples were given. which illustrated- how.savings in the num-
ber of cells fequired could .be. effectedby modifications to a step
of the algorithm determinéd by the. designer. An.eﬁgineefing example,
the parallel cellular multiplier, was'developed to illustrate the
working of the algorithm, and modifications.of some of the cells were
produced to illustrate the .savings. of .the heutistic;'interacgive

approach.
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V.2 Conclusions';' |

.In-this'theSis;was presenteduaﬂmorkahlebengineeringtapproach to
the embeddlng of .arbitrary. Boolean functions in cellular arrays. The
approach was heuristlc and interactive in nature, calling for the com-
.bination of . the stralghtforward ablllties of algorithm and the subtle
intu1t1ve knowledge of a'human ThlS should be a valuable de31gn '
,tool in the near future as the technology for fabricatlng large scale’
1ntegrated circuits is. rapidly approaching a. sufficient maturlty to
enable such circults -to. f1nd a prominent place in digital equ1pment.'f

Ihe-generality.pf.these-arrays,uleadlngato'excessiye;amounts of
computation in an-algorithmictsynthesiS'procedure‘seem to-demand in -
the author s op1nion, a heuristic and 1nteract1ve approach such as "
:1s developed in’ this the51s.' The inability to guarantee a. m1n1mal
solution does not appear to’ he serious.. The 1arge number of gates
available allows the de51gner to. waste some of them. Additionally, ;
this method ea51ly av01ds faulty gates w1thin ‘a wafer, both logi-

cally, and with burn-out fuses-. or some other specifying mechanism, '

" faults in the phy31ca1 array.'”
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Iv.3 Future Research

" The method of.cellular.synthesis developed in this thesis is
jamenable-to‘hand computation. 'However,'for.significant-problems the
amount of labor involved will become quite largeo. The‘eaistence of
numerous paths of synthes1s that may be traced by the’ designer 1n
his search for an efficient realization suggests strongly that .
the system be. implemented upon a computer.

A.further argument for computerlzation is'the_large amount
of data that must be stored and manipulated It is essentlal ‘that .
the. de51gner be able to .view the arrays at various stages of synthe51s,
and the 1terat1ve process w111<neccessitate*chang1ng the appearance
of P—strlngs and arrays many times.. It will also be neceSSary to‘
recall past stages of solution in order to make sound Judgements
‘about succeeding stages of the solution. A computer is,very.adept
at_storing and recalling information‘of-this type.

| In particular, it is suggested that the computer - system. used
he~a graphics system. It does not- appear to be- feasable to d1splay
arrays on a- teletype or line pr1nter in the 1nteractive env1ronment.
The v1sual display of a, cathode ray . tube is .quite capable of thlS
_feat. Additlonally, a graphics input . device such as a 11ght pen or

tablet may: be ‘used; to quickly select procedures, determine the nature-
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of arrays;on the display,dand.alter the array or P-String‘displayed.

‘For_example; one might -desire to determine‘theébussmsegments.Which
have been specified to a particular variable; The input device
could besused‘to point_to a buss segment used by-the,variable‘and
_the computer instructed to enhance all segments“conneoted‘directly-
‘to it.

. The implementation of thisrsystem must:he flexibles -The--\
synthesis method developed;in this:thesis‘is'not_presented‘as ;_'

closed set. Indeed, it is the:nature of -heuristic approaches to

be open-ended. The designer will want to ddd and'delete'procedureS{ K

and modify the algorithms aS‘experience:is‘gained with problems,'

New classesvof problems will most~probably.ariSe, and the structure °

- should be sufficlently flexible to deal With them.,
Implementatlon of the synthesis system on a computer should
largely consist of defining-a high 1evel 1anguage. The;language-

would be capable of controlling the data displayed -and entered

.calllng the procedures and algorithms, -and. allow1ng the designer to .

interact w1th the~system by-modifying-P+str1ngs, arrays, and .pro-

cedures. The author presently conceives of the language as. a
resident program performing the executive functions, and a series.

of - subroutines which“would perform the.manipulatlons.
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The execﬁtive program could itsélf exist in sgveral levels.
For example, thevtoﬁ level might consiét ofﬂseverél commands to
set the mode df‘the system. . Such migﬂt be:
| S BEGIN NEW PROBLEM
DEFINE EQﬁATIONs
DEFINE CONSTRAINTéT.
. MANIPULATE EQUATIONS
DO BUSSTSYNTHESIS
'SAVE SOLUTION' UNDER name
~ PLOT SOLUTION name
At the next level could exist the.éommands which dgtail'what
can be done for each of the;above.lisfed‘commands:r.fdr exampie,
under DEFINE -CONSTRAINTS would exist.a..series of .commands similar"\
to. those in Figure 50. Théese would-allow‘thg_user'tq define “the
constraints under which a buss .array wéuld be.syntheéized.- For
another example, the commands under MANIPULATE EQUATIONS would be 
calls to subroutines implementing the‘manideétive_procedﬁfeéj;
developed in this thesis (Tgble 10) plué é préqedure fér @odifying,l
inserting and deleting other procedures.
Each;of.thefcommgndS'Wouid-cérryywith it a reéultngo,be;'
presented on the'graphics-oufput'device. For example, inherent

with each P-étring is a style 1 array. -.It would be-desirable to
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view this array, and further to be able to modify 1t directly, w1th‘

.the P—string being modified accordingly by the. computer. Thus the
designer couldeork.both with the Pfstring and Its array,:modifying
-‘either‘to produce a. betterwrealizationiu During buss synthesis each’
stage - of the synthesis carries with it a partially specified array.’
If this array were displayed .and commands made available, the designer
could modify the array .or’ the course of the algorithm according to

his experience with the design of arrays.-

- It -is- feasable to: implement the . system outlined above on:

present day graphics computer systems.. With such -a tool at the
disposalvof theﬂdesigner, efficient-design of-cellular.arrays for -

. arbitrary Boalean‘fUnctionsushould'beJspeedilyuaccomplished.

TTT™T T T
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