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DIELECI'RIC RELAXATION MECHANISM FOR PROTON GLASS 

V. HUGO SCHMIDT 

Physics  Dept., Montana S t a t e  Univers i ty ,  Bozeman, MT, U.S.A. 

----- Abstract  

c o n t r o l l e d  by 0-H.. . O  proton  in t rabond hopping r e spons ib l e  

f o r  l 'Takagi"  HP04  and H3W4 i n t r i n s i c  de fec t  d i f fus ion .  

The d i f f u s i o n  pa th  has  a one-dimensional f r a c t a l  topology. 

The d e f e c t s  d i f f u s e  i n  a p o t e n t i a l  which a l s o  has  a f r a c t a l  

na tu re ,  g iv ing  a b a r r i e r  he igh t  d i s t r i b u t i o n  leading  t o  a 

wide spread i n  d i e l e c t r i c  r e l a x a t i o n  t imes a t  low 

temperature.  Expressions f o r  d i e l e c t r i c  r e l a x a t i o n  and 

ac s u s c e p t i b i l i t y  a r e  der ived ,  and t h e i r  f i t  t o  experimental  

r e s u l t s  i s  b r i e f l y  d iscussed .  

D i e l e c t r i c  r e l a x a t i o n  of proton g l a s s e s  i s  

1 The pro ton  g l a s s  

Rb€+P04 (RDP) and NH415F04 (ADP). I t s  c o n s t i t u e n t s ,  RDP and ADP. 

have the  same t e t r agona l  p a r a e l e c t r i c  (PE) phase s t r u c t u r e .  They 

undergo f e r r o e l e c t r i c  (FE) and a n t i f e r r o e l e c t r i c  (AFE) order- 

d i s o r d e r  t r a n s i t i o n s  a t  146 and 148 K r e s p e c t i v e l y  which o rde r  t he  

"acid" 0-H...O protons d i f f e r e n t l y .  The mixed c r y s t a l  RADP has  

no t r a n s i t i o n s  f o r  0.22<x<0.74. but pro ton  g l a s s  (PG) behavior  

e x h i b i t i n g  a wide spread i n  d i e l e c t r i c  and nuc lea r  magnetic 

resonance (NMR) r e l a x a t i o n  t i m e s  s e t s  i n  nea r  75 K. 

Rbl-x(NH4)x%P04 (RADP) i s  a mixed c r y s t a l  of 

The d i e l e c t r i c  behavior  i s  descr ibed  accu ra t e ly  by a 

phenomenological model' wi th  7 ad jus t ab le  parameters  based on 

the  Vogel-Fulcher law. Presented he re  i s  a microscopic  model 

which exp la ins  some f e a t u r e s  of t he  d i e l e c t r i c  r e l axa t ion .  
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208 V. H. SCHMIDT 

This  model has  no a d j u s t a b l e  parameters .  It i s  based on 
t h r e e  short-range i n t e r a c t i o n s .  The f i r s t  i s  t h e  S l a t e r  

i n t e r a c t i o n  which g i v e s  t h e  nonpolar  %PO4 groups found i n  t h e  AFE 

phase of ADP an  energy eo h i g h e r  than  t h e  p o l a r  groups 

c o n s t i t u t i n g  t h e  FF, phase of RDP. 

f o r  a l l  x t h e  v a l u e  74.5 K repor ted3  f o r  pure  RDP. The second 

( c r o s s - c a t i o n )  i n t e r a c t i o n  ea l i n k s  two a c i d  p r o t o n s  v i a  an 

NH4+ ( b u t  no t  Rb+) c a t i o n . 2  I t s  d e f i n i t i o n  i n  Ref. 2 i s  c o r r e c t ,  

but  i t s  s t r e n g t h  i s  ea=e0 and not  ea=2ea a s  s t a t e d  i n  Refs.  2 and 

4 .  
Takagi HPO4-H3€Q4 d e f e c t  

be el/k=641 K a s  repor ted3  f o r  pure  RDP. 

i n t e r a c t i o n s  can be r e p r e s e n t e d  by pseudospin i n t e r a c t i o n s .  

It  i s  assuned2 t h a t  eo/k r e t a i n s  

The t h i r d  i n t e r a c t i o n  i s  el, h a l f  t h e  c r e a t i o n  energy f o r  a 

I t s  v a l u e  f o r  a l l  x i s  assumed t o  

A l l  t h e s e  proton-proton 
4 

To summarize a review4 of e f f e c t s  of these  i n t e r a c t i o n s ,  t h e  

S l a t e r  i n t e r a c t i o n  eo a lone  g i v e s  t h e  FE t r a n s i t i o n  i n  RDP but  

cannot e x p l a i n  dynamic behavior .  

i n t e r a c t i o n  p r e d i c t s 2  s t a t i c  behavior  of RADP i n c l u d i n g  t h e  x-T 

phase diagram i f  eo i s  kept  independent  of x and ea  i s  

p r o p o r t i o n a l  t o  x i n  t h a t  mean-field model. Explana t ion  of 

dynamic behavior  r e q u i r e s  c o n s i d e r a t i o n  a l s o  of Takagi p a i r s  and 

t h e i r  c r e a t i o n  energy 2el i n  Monte Car lo  s i m u l a t i o n s  5 v 6  and 

d i e l e c t r i c  and NMR r e l a x a t i o n  

Adding t h e  c r o s s - c a t i o n  ea 

The c h a r t  below o u t l i n e s  t h e  s t e p s  i n  t h e  model c a l c u l a t i o n .  

1 ---+R( t )  
=0  

Ed-+u( r )  )-+P( t E ' , E ' ' ) 
1 -+ ( Ro , n) 

(D, e l )  

Following t h e  flow c h a r t  from l e f t  t o  r i g h t ,  Ed i s  t h e  .rr? 

------ d e f e c t  -----I-- d i f f u s i o n  --- energy p e r  d i f f u s i o n  s t e p .  

i s  given by 

I t s  mean square  v a l u e  
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MECHANISM FOR PROTON GLASS 

&d2'< & >=2xea2+2f ( l - f g )  &02. g 

209 

(1) 

Here x=O.35 i s  t h e  ammonium f r a c t i o n  i n  c r y s t a l s  used by Courtens 

-- e t  ,aa. i n  d i e l e c t r i c '  and B r i l l o u i n  s c a t t e r i n g '  s t u d i e s  whose 

r e s u l t s  a r e  compared w i t h  p r e d i c t i o n s  of t h i s  model. The f a c t o r  

f =0.77291 i s  t h e  l i m i t i n g  f r a c t i o n 2  of zero-energy S l a t e r  groups 

i n  t h e  PG regime. In pure  ADP a p r o t o n  t r a n s f e r  has  p r o b a b i l i t y  

112 each of changing U by _+2ea and of l e a v i n g  U unchanged, g iv ing  

t h e  f i r s t  term i n  Eq. (1). The second term assumes t h a t  t h e  

p r o b a b i l i t y  of c r e a t i n g  o r  a n n i h i l a t i n g  a S l a t e r  group of energy 0 

o r  E~ i s  p r o p o r t i o n a l  t o  t h e  r e s p e c t i v e  f r a c t i o n s  f and 1-f of 

those  groups a l r e a d y  p r e s e n t .  Because ~ , = & ~ = 7 4 . 5  K i n  our  model 

as  d i s c u s s e d  above. we o b t a i n  t h e  va lue  ~ ~ = 7 6 . 4  K. 

g 

g g 

The E d i s t r i b u t i o n  l e a d i n g  t o  Eq. (1) i s  d i s c r e t e  but  n e a r l y  

e q u i v a l e n t  t o  t h e  normalized g a u s s i a n  form 

The b i a s  energy E~ i n  thermal  e q u i l i b r i u m  must be such t h a t  d e f e c t  

d i f f u s i o n  on t h e  average does n o t  change t h e  i n t e r n a l  energy U. 

The d i s t r i b u t i o n  W(E) of i n t e r n a l  energy change e p e r  s t e p  

along d e f e c t  d i f f u s i o n  p a t h s  a c t u a l l y  t a k e n  i s  found by assuming 

The assumption t h a t  U is unbiased along p a t h s  a c t u a l l y  taken  then 

determines t h e  v a l u e  of eb and g i v e s  W ( E )  t h e  form 

w ( E = ( 2111 2&d-1 exp ( -&  2 1 2~ d2 i f 8 b=&d2 I kT. ( 4 )  

I f  motion of o t h e r  Takagi d e f e c t s  i s  n e g l e c t e d ,  we can equate  

U t o  an  iiJ~~~~J  en^^^^ p o t e n t i a l  U(r) of a d e f e c t  r s t e p s  along 

i t s  d i f f u s i o n  p a t h  away from i t s  o r i g i n a l  s i t e .  Although IT(r) 
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210 V. H. SCHMIDT 

def ined  i n  t h i s  way is single-valued. U f o r  a given de fec t  a t  a 
given s i t e  can be mult ivalued because the  change in U i n  going t o  

a new s i t e  depends on t he  path.  The 2-d analog of t h i s  p o t e n t i a l  

i s  a depress ion  wi th  caves i n  the  surrounding s lopes ,  so t h a t  

t h o u ~ h  an outward pa th  ( A  i n  Fig.  1) chosen randomly using W(8) i s  

u p h i l l ,  a t y p i c a l  ac tua l  outward pa th  ( B  i n  Fig.  1) using W(s) i s  

l e v e l  on t he  average. 

1 
L r 

I I R O  I 

0 4 r 8  12 16 

FIGURE 1 Typical Takagi de fec t  d i f f u s i o n  pa th  showing 

c r e a t i o n ,  d i f f u s i o n  and a n n i h i l a t i o n  and i l l u s t r a t i n g  

parameters  d i scussed  i n  t e x t .  

The d i f f u s i o n  pa ths  a v a i l a b l e  t o  a de fec t  l o c a l l y  have the  

topology of a double-branching Cayley t r e e  (Bethe l a t t i c e )  because 
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MECHANISM FOR PROTON GLASS 

a de fec t  can move t o  two new p o s i t i o n s  o r  r e t u r n  t o  i t s  former 
s i t e .  We made a Monte Carlo s tudy of d i f f u s i o n  on such a Cayley 

21 1 

t r e e  f o r  a number of pa ths  of maximum leng th  -13 s t e p s  from the  

o r ig in .  

s i t e s  v i s i t e d  obeys the  f r a c t a l  r e l a t i o n  Ns=r , wi th  Hausdo_r_ff 

----------_ dimensional i ty"  D=l.15~0.05. 

one-dimensional (1-d) d i f f u s i o n  wi th  no s ide  t r i p s .  

These s imula t ions  i n d i c a t e  t h a t  the  number Ns of new 
D 

A value  1 f o r  D would correspond t o  

A defec t  can t ake  a branch pa th  a s  shown i n  Fig. 1. but  

r e t r a c i n g  the  pa th  cance ls  t he  p o l a r i z a t i o n  changes made while  

tak ing  t h a t  branch. Accordingly t h e  n e t  pa th  causing p o l a r i z a t i o n  

change i s  a t  any i n s t a n t  s t r i c t l y  I-d. Because U ( r )  along such 

1-d pa ths  obeys t h e  unbiased e d i s t r i b u t i o n  of Eq. ( 4 ) .  U(r) i s  a 

f r a c t a l  p o t e n t i a l  of a type considered by Dotsenko. 11 

The de fec t  d i f f u s i o n  r a t e  depends on t h e  Boltzmann f a c t o r s  

found from U ( r )  f o r  t he  d e f e c t ' s  t h ree  poss ib l e  new s i t e s ,  and on 

t he  at~sggi s_m_e zo. B r i l l o u i n  s c a t t e r i n g  s t u d i e s  by Courtens st 
-- al.' f i x  zo a t  5 ~ 1 O - l ~  s. 

Because de fec t  d i f f u s i o n  has t h e  n e t  e f f e c t  f o r  purposes of 

d i e l e c t r i c  r e l a x a t i o n  of r eve r s ing  the  d i p o l e s  along a 1-d pa th ,  

we de f ine  a d i f f u s i o n  La;& GstJ R ( t )  of number of s t e p s  taken  i n  

time i n t e r v a l  t. The maximum b a r r i e r  encountered i n  R s t e p s ,  a 

parameter  important  f o r  d i e l e c t r i c  r e l a x a t i o n ,  i s  about 8&l2  a s  

shown i n  Fig.  1 f o r  t he  W ( E )  d i s t r i b u t i o n  of 4. ( 4 ) .  

defec t  jump time i s  simply zo and i t  r e q u i r e s  a time nea r  to$ t o  

d i f f u s e  R s t e p s ,  thus  g iv ing  the  usual  d i f f u s i o n  r e l a t i o n .  But i n  

the  PG regime the  l a r g e s t  b a r r i e r  dominates t h e  d i f f u s i o n  t ime, so 

These b a r r i e r s  a r e  n e g l i g i b l e  a t  high temperature.  s o  t he  

the  f a c t o r  & should be omit ted,  g iv ing  d i f f u s i o n  time t ( R )  and 

d i f f u s i o n  r a t e  R ( t )  shown below: 

These equat ions  a r e  s t r i c t l y  v a l i d  only  f o r  1-d systems," bu t  
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212 V. H. SCHMIDT 

apply here  because the  de fec t  d i f f u s i o n  pa th  i s  almost 1-d so t h a t  
the maximum b a r r i e r  i s  un l ike ly  t o  be i n  a branch path.  

The f r a c t i o n a l  l’’&’a L e i S a  d e n s i t y  n i s  found from the  

Boltzmann f a c t o r  f o r  such groups, using t h e  f a c t  t h a t  n < < l :  

n= e xp [ - ( e -%‘I e / kT] . ( 6 )  

For the  T a k a h  de fec t  c r e a t i o n  e n s y  el we choose 647 K a s  

d iscussed  above. The average 4 L f K t  a n n i h i l a t i o n  p a t h  length  I$ 

shown i n  Fig.  1 i s  the  pa th  l e n g t h  i n  number of s t e p s  from 

c r e a t i o n  t o  a n n i h i l a t i o n  wi th  a new pa r tne r .  This  pa th  l eng th  

determines the  s i z e  of t he  mean t r app ing  energy a l s o  

shown i n  Fig.  1, by the  same argument used above t o  f i n d  the  

maximum b a r r i e r  he ight  +R1j2ed. 

The second r e l a t i o n  needed t o  so lve  f o r  I$ and n comes from 

We s e t  r=Ro and f i n d  N s  by the  above r e l a t i o n  between N, and r. 

no t ing  t h a t  the  de fec t  has  p r o b a b i l i t y  near  n of a n n i h i l a t i n g  wi th  

a new p a r t n e r  a t  each new s i t e  v i s i t e d ,  so on t h e  average i t  w i l l  

v i s i t  Ns=n-’ s i t e s ,  g iv ing  the  r e l a t i o n  

Both n and R,, a r e  found from 4 s .  ( 6 )  and ( 7 ) .  and n i s  

The polarizati_o_q Z e l a x a t i o s  P ( t )  fol lowing s t e p  removal a t  

t = O  of a small  dc  e l e c t r i c  f i e l d  i s  found by i n t e g r a t i n g  the  

f r a c t i o n a l  p o l a r i z a t i o n  change dP/P which equals  ndR(dt) i f  t he  

de fec t  wanders randomly. a s  a t  h igh  temperature.  Here dR(dt) i s  

t h e  mean number of d i p o l e s  reversed  by a de fec t  dur ing  time d t .  

Near the  PE t r a n s i t i o n  temperature  Tc f o r  Rb-rich c r y s t a l s  

t he  de fec t  pa th  i s  nonrandom and because RDP-type c r y s t a l s  
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MECHANISM FOR PROTON GLASS 213 

gene ra l ly  e x h i b i t  mean-field behavior ,  t he  r e l a x a t i o n  i s  
expected'' t o  show Curie-Weiss behavior :  

dP/P=-I (T-Tc)/T]ndR. ( 9 )  

Such slowing down of p o l a r i z a t i o n  decay near  Tc was seen i n  Monte 
6 

Carlo s imula t ions  on the  Rb-rich s ide  of t he  phase diagram. 

For mixed c r y s t a l s  i n  the  PG concen t r a t ion  range, Tc can be 

approximated by 0. I n t e g r a t i o n  of Eq. ( 9 )  then y i e l d s  

In(P)+const=-nR. S u b s t i t u t i o n  of R ( t )  from Eq. ( 5 )  and tak ing  t h e  

exponent provides  the  fol lowing express ion  f o r  p o l a r i z a t i o n  decay 

from an i n i t i a l  value Pi: 

2 This  decay has  I n  ( t )  i n  t h e  exponent. A form wi th  a r b i t r a r y  

power of l n ( t )  was der ived  by Dotsenko," and by Palmer 23 a. 
using two models employing h i e r a r c h i c a l l y  cons t ra ined  dynamics 

and r e l a x a t i o n  of i s o l a t e d  c l u s t e r s  of u n f r u s t r a t e d  sp ins .  

13 

14  

The ac response i s  found from Eq. (10)  

responses  a t  time t t o  an ac e l e c t r i c  f i e l d  

made up of d i f f e r e n t i a l  s t e p s  beginning a t  

--- comL1ex --. ------ d i e l e c t r i c  _s_nsceptibi-liQ e = E ' - j e '  ' 

e=e,,.+(edc-e,) ~1-q (sinu+jcosu)expC-a 2 

by i n t e g r a t i n g  t h e  

of angular  frequency w 

imes t '< t .  The 

found i n  t h i s  way i s  

where u=o( t- t ' )  , a=kTtav/&d , f = w t o .  and 8dc and E, a r e  the  8 '  

va lues  a t  temperatures  j u s t  above and below the  d i s p e r s i o n  region.  

d i e l e c t r i c  r e su l t s '  and wi th  the  r e l a x a t i o n  time range found' by a 
-14 B r i l l o u i n  s c a t t e r i n g  s tudy a t  GHz f requencies .  

s. b 1 . 1 5 ,  ed/k=76.4 K and e1=647 K a s  d iscussed  above. 

was q u a l i t a t i v e l y  co r rec t .  bu t  was improved cons iderably  by 

We compared p r e d i c t i o n s  of t h i s  model w i th  audio frequency 

We used Z O = ~ X ~ O  
The f i t  
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214 V. H.  SCHMIDT 

reducing the  l a t t e r  two parameters t o  50 K and 400 K r e spec t ive ly .  

A graphica l  comparison has  been submitted f o r  pub l i ca t ion  

elsewhere. The ove ra l l  f i t  i s  q u i t e  s a t i s f y i n g ,  because only two 

of the fou r  model parameters had t o  be changed somewhat. Most 

important.  t h i s  f i t  was made wi th  a r e a l i s t i c  microscopic model. 

G. F. T u t h i l l  and S. Cameron k indly  planned and c a r r i e d  out  

t h e  Monte Carlo defec t  d i f f u s i o n  s imulat ion.  R. Bl inc  and S. 

gamer a r e  thanked f o r  he lp fu l  d i scuss ions .  
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