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Abstract:

The classical theory of Boundary value problems ensures that there is a solution of the boundary value
problem if the given boundary data possesses certain smoothness properties. There are numerous well
known results which enable one to use various representations, such as a Fourier series or a Poisson
integral, to represent the solution. In many cases of an applied nature, boundary value problems are
formulated in terms of boundary functions which have singularities for which the classical results do
not apply. A problem of this type is the main consideration of this thesis.

The thesis has three parts. The first establishes a theorem concerning the Fourier series representation
of a function which is not integrable but does have an integral in the sense of a Cauchy Principal Value.
In the second part, a boundary value problem is solved, where the boundary data is given by a function
of the type specified above.

Thirdly, a problem from hydrodynamics is analyzed, obtaining new results concerning performance
characteristics of certain types of hydrofoils and airfoils.
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(iv)
ABSTRACT

The classical theory of boundary value problems ensures ‘that there
1s a solution of the boundary value.problem if the given boundary data
Possesses certain smoothness properties. There are mmerous well known
results which enable one to use various representations, such as a
Fourier series or a Poisson integral, to represent the solution. In
many cases of an applied nature, boundary value problems are formilated
in terms of boundary functions which have singularities for which the
classical results do not apply. A problem of this type is the main .
consideration of this thesis. .

The thesis has three parts. The first establishes a theorem e
concerning tWe Tourier series representation of a function which is
not integrable but does have an integral in the sense of a Cauchy Principal
Value. In the second part, a boundary value problem is solved, where the
boundary date is given by a function of the type specified above.
Thirdly, a problem from hydrodynamics is analyzed, obtaining new results
concerning performance characteristics of certain types.of hydrofoils

and airfoils. . : ,




CHAPTER O
TINTRODUCTION
The use of Fourier Series or various integral representations \to
solve boundary value problems is subject to rather severe limitations.
In the case of Fourier series, there is a multitude of‘sufficien‘c
conditions for convergence, all requiring a certain smoothness of
the boundary data. It is stated in many bexts that for most applications
there is su:f‘f;i.cient smoothness, to ensuré the desired convergencé
propertiés. However, there are many boundary va‘lue problems of
considerable practical as well as pedagogical inﬁerest in which the
boundary datp doc;s not possess the propertieé which enable the .cias/si.éal
theorems to apply. An example of this is in analyzing the Tlow past
a parabolic strut. This pajrticulé.r problem wili ‘be studied in a lé.ter
chapter. '
In the following, the (C,1) sumability of

a , ' :
o § . :
5 + at.k cos kx + b sin kx, where the ak and Db a.r.e defined

k k
1 .
. in terms of Cauchy Principé.l Value integrals, will be investigated.
Subsequently, a boundary value problem with singular data will be
solved and a uniqueness theorem established. ﬁnally, a pe.i'bicular

problem in linearized hydrodynamics will be analyzed. '
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CHAPTER T
AN EXAMPLE
In analyzing the free boundary flow pasf & parabolic strut an
essential part of the analysis is the representation of é function |

which is to be analytic for lz]>l and whose Imaginary part is tolbé

for |z|=l. Formally, such a represemtation would be

cose
wf ~ .
ic/,+1 Z G 2B - ' (1.1)
o2 n
n=1 - '

. Unfortunately,

. . . . 1
where Cn are the Fourier cosine coefficients of 5055

an inspection of the integrals defﬁning these coefficients shows that
they do not exist except in the sense of a Cauchy principal value.

13

o 1 cos ng de L . .
Interpreting these Cn as P.Ve. = Ljr ~cose . Ve shall investigate

a1

the series (1.1).'

-
-

To calculate the C , let z = e™®, . Then cose = z +-%, cos no =

[

3
n n . N
n 1 1 Z 42 dz ~ . s
42 + ';n b and Cn = P.V. ;f- f ;———I—- . -::--E » Where C is the unit
Z

circle. Thus

- " 2n
nC_ = P.V..u/\ z_+1 gﬁ = 2xi (residve at z = 0)
n n, 2 i
;s ® (z° + 1)

+ ni (residue at z = + i),
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The residue at z = 1 is given by - %‘- (1" + 1™, (1.2)

Ifn= 2k + 1, we have - —-< - 1 = 0. Ifn=2k, (L.2) becomes

=172, por k = 2j, we have that the residue is -1, and for k = 2j + 1,

the residue is 1.

s

‘ C aoen . ,
The residue at z = =i is given by _(_:32-_)_ 3‘-—-———"11'—-'-"- . - (1.3)
’ 1
= bk +2 | . - ‘
_ P11 +1 _
Ifn=2k+1, = = TEFT = 0. Ifn=2k, (L.3) becomes
1 ihk + 1 : . :
5 TR ¢ For k = 2j, this is 1 and for k = 2 + 1, it ds ~1s
Lo ' .

Combining these results, we have. that the sum of the residues at z = + 1
is zero. : e \ Co )

2n

To calculate the residue at z = 0, let G(z) = -1-'- 2 5 x l, and eompute
.. . - o . Zz 4 L .
n-1 f
W ol )(0)
’ i G‘(Z): (Z&l + l) (l" Z2 + Zl“ - Z6 + LI + ( l)n 2n + eoe )

~‘=l-z2+zu#-z6+.'..+<( 1)" +l> 20 | <( l)nﬂ- >‘Z%‘+2..‘

~

+ ase s Ifn is odd,

n-1

l"'Z.2+Z’+ - noo+ ( l)n—l 2n-2—-l“'Z2+Z’+" oo ("l) 2 Zn-l

i o(z)




- -

n-1

——

+oeee (-1)’“’l 222 gna 1 glo1) (z) = (-1) 2 (n-1)!, That is, if

2k k
n=ox+1, E2 | LD
2k} i
z=0 '
If n is even, the series expansion of G(z) does not terminate and X

contains only even powers of z. Hence G(n-l) (z) = Q.

2=0
Finally, we have that

f 0, n even

Cn=

\L 2(-1)%, n =2k + 1

The formal Fourier series associated with ook
\ ) .

2(cos x - cos 3x + COS 5Xes.) , , (1.4)

Suppose, for x & —g, cos (2n - 1) x » 0 as n -» w. Then

cos (2n = 1) x -~ cos (2n +.1) x = 2 sin 2n x sin x - 0., and

I

cos (2n = 1) X éos.(2n +1) x =2 cds 2n x cos x - O. . Thus,

2y

. . o . .2 N 2 SR
v8in 2n x > 0 and'cos 2n x ~ O. . Since sin~ 2n x + cos” 2n x = 1,

' ’ch_'is is a,gontradiction. Since' the general term"does not .é;o to
'zc—_:‘ror for ‘arty x, save X.= g ; the deries does not converge.
" - Although 'the series 'does not converge it is sumable (C,1) to the

4
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function === . By an elementary l:.denb:u.ty (see [8] ,» page 358).
, n , sin® (n + 1) (—27E - 8)
coS@ = CO8 30 + +oe + (=1)" cos (2n + 1)6 = ~ .

: sin (3 - )

Then, § = 2 <cose - oS 30 + «.. + (-1)" cos(2n + l)@>

P

1 - : =% .
= 556 <l-—cos 2(n+l)'b>,wheret..2 e.
- n-l
Zsl—_- 1 <l-”cos2t+l-cos_h’c+...+l-cos£n’b>‘
< cose
o .
‘ | 1 <n_sinnt cos(n+l)t>
~ cos@ |\ sin t . -
n-1 , . - -
s oL Vg o 2 <1-l si_n(nt)cos(n+l)t>
n n k= cose n sin t o *
' o) ’ - . A P
gL -
Thus,-o'nﬁ 5056 °

-

It is interesting to note that while the process of surmation is

nja

invalid for € = —g—, the series converges to zero for © = = . This is,.

]

in a sense,, the average value of the function. h

\




CHAPTER II
A "FOURTER THEOREM

In order to establish conditions under which a certain type of
trigonometric series is (¢,1) summable, we shall prove some preliminary
lenmas . |

It is known (see [2] s page 115) that if f(x) satisfies a Lipschitz' |
condition for = x < x < =, then ' C L e e

: |
| P.V.‘ f_f_}(_c_}_c_)_ dx exists. We shall find it convenient to assume
- C e

£(x) has a continuous and bounded derivative for - =« < X < e Since

£(x) -~ £(0) = x£1(%), 0 < X< xj0r 2 < X < 0 f£(x) satisfies a Lipschitz

7
. o |
condition and thus P.V. f %ﬂ dx exists. The analyticity of cos kx
—-t s ) ‘

\

and sin kx ensure the existence of

T Tt
P.V. f ﬁxﬁ cos kx dx and P.V. f E.S(t'}i)- sin kx dx. We also note
-x ‘ - -

that if £(x) has a continuous derivative the Mean Value theorem shows

LIRS |

that £1'(X), where £7(X) = L X})C - iy) , is a continuous function of x.

Lemma 2.1  Iet x be such that 0 < x < x, then if £(x) ¢ ot

W

- . 2 . .
oo L fx - 20) sin” n £(x) '
wp Lo [ 2 - -

’ C 0
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Proof. We shall follow the usual proof of Fejer's Theorem.

Given any € > 0, there exists an % such that

f(x - 20)  £(x)
P4

<e for0<agn <3 .

X - 2
z
- - 2
: . 2
. o1 f(x - 2a) ‘sin” o
Write P.V. o f . = 50 —5 dx as
_ P sin &

?ﬁ f < f(x - 206) fjxl) s:Ln na “aq

SZLI’J. (0

z
2
f(x - 20) sin> o
“ sin” O
1
- \ '
X
2
1 £(x) sin~ nd
: sin~ O
ar'
,_L ( x) f s:.n e
’ sin oz
Ca.lld these integrals Il, 12, -13 s I)+'
X
) 2 o
£(x) f sin” no
ng X
- 0

‘S-ince 13 = !‘—-
o sin O

acl = ——(-—) s 1t must ‘be showm that
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given any e > 0, there exists an N such that for n > N,

|I, + I, + I,| < e . 'We have that

1 £(x - 20) £
IIllii‘Ef (x ) . £(x)

-sin2 nc < & fsinz nct lda
X - 20 b4 2 I 2

n

i in® o
0 sin < ' 0 Sl]:l
LA
) 2
) E. sin  nd e
< o —> o = 5
sin® o - .
‘ o (-TE -1) s ‘M .
lg,| < £(x) L 2 < =2, say. We note that I
= n sin® 1 nit n - _ o

depends on x and thus uniform convergence will not be established. .

Choose & and b such that

. 'X iy
(i)n <a<3<b <3

. (ii) if m is the maximm of |f(x = 20)| for.

» :
05055~-=———-——('b-a)<-o Now -
= = 27 x smEn 3
X
) . ‘
l :[‘(x “. 206) sin‘?‘ no . f(x - ZOQ 311'12 no i
Iy = PoVo oo 5 n:r 5 &
, 1 sin_ O o sin~ o ‘
1
2
' - .. 2 .2 ,
. f(y cgin” no f(x - 20t) sin- .no i
3~ PoVo "'"' 2 2 dao L
- sin“ o n:r sin® o "




a
1 ff(x - 20t) sin® no ac <-ﬁ
ns X =20 sin= o = N
7
maximm of f}gx_-zéa ) 12
sin” O
il
2 2
1 f f(x—- 2304) sin” 00 4 | o
nﬁg X sin™ & =
. b .
» 2
1 f £(x - 20) sin” no
P.V’ —— T dﬂo
nx X - 2 sin2 o

a

forn < &< a.

—
L

» where M; is the

Similaxrly
Tt remains to esbimate

(2“3:) :

'Using the Mean Value theorem to express sin2 nx as

sinon ( ) + 211(06 - -—)sm 0@ cos 10, O < O = 5 or 2 <d <o, (2.1) becames .

J

&

1
-I;:l'-f. P-Vo

Since P.V.

1L
'r'l';t' P-V.

\
Y

£(x - 206) sin- n(x/a) a -

~

—(——————)— sin n cos no dOdo

X =2 sin” o ) w sin® a

Vo .
.. 'b ) )
sin n(x/2) f fix_—zozcgl 12 do exists,
- sin” O

. o '

b E

2
flx - 20 1 2 ;

[ ez snlal5a) o < 2 . pueny,

a

sin“ o .
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x:- (;b-a)<

sin nOl cos nd do < 12
s:Ln o - sin™ 1

a]B.
Wla

Combining the previous estimates, we have

€,.1 £ rnd.
]Il+I'2+ILL{<2+n(Ml+M2+M5)+5. Thus we can find
an N such that for n >N, |I; + I, + 131 < e
Lemms, 2.2 .
=X
5
. : ; 2
Tf 0< x < x, then Lim. - f 2(x + 20) sin no g E(x)
. nw X+ 20 . 2 2x
00 - sin O

e

Proof: As 'befofe, £(x) has a continuous derivetive for [x] 'S.:n’. Then

B

s::.n o s:.n a

. 2 ’
£(x + 206) s:.ng no 1 - £(x + 20) :f‘(x) s:n.n nc.
dol = ~—
- 2 nx J X+ 20
o] : ' .0

T =X
2 _ 2 5 .
+ %__ f (x) sin® o+ _2]:__ f f}(cx++2206) s:n.n2 nd o
T sin” ¢ T sin O
o n
EE.
) 5
-t f £(x) sin_ro do , where-n 1s chosen such that
nt X i o : .

n 1

f(x +20) _ £(x) | 5 e x -
\ !—-G{—:_——gag- P 'l.<.e for(.)<a_<_n'<7-é-_-—': '.Eh-nasmlemmal
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M
;LT_ f _§Cx++2026gl :f‘(x) ) s:.n <A ;
T sin® o
o
=X X
2 2 I g .\ .2 M
1 f(x + 20) sin” no My 1 £(x) .sin” n¥ 2
—_— oy aci< Lo P > ac|< o
nr - E _sin“ o n Aod sin” .
1 , 1 -
S 2 ‘ M1 M,
Thus, | == f (x — 20‘) sin _nQ f(x)dOé <e+ =X+ == and the lemma
nst 2 n n
sin~ O ,
o
is proved. The ease of proving Temma 2.2 as compared with Temms 2.1 is

due to the integrand in ILemma 2.2 being nonsingular.

the maih the}érem.

" Theorem 2.1. Iet £(x)

We now turn to .

v ;
have a continuous derivative for = n < x < 7o’

Then the partial sums of the series

(=)
a.

‘2‘
1

By

Z (ak 'cc;>s kx +

S _ .
a = P.V. -3-;- f ﬁ;—l cos kx dx and
. - -

v

-

t;k sin kx), where

T o
PR N i (€. R A
bk = P.V. - f ~ sin kx dx,‘ are

sumable ('C,l) o _:E;}(cgcl for 0'< |x| < .

Proceeding as in the usual pi'oof of Fejer's theorem (see [l]) yve let
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n~1l ) , k
1 _ %o
cn(x), = = Z sk(x), where 8 =7 Z (a. cos jx + b,j sin Jx) .
0} ’ ' ' 1
" | sin® n(x'“ £y
Then o = —-]-'—-PY xt), daxse.
n -~ 2nw xt X' - x
e sin® ( )

For de:f‘ini’tei);less let x be such that 0 < x"'< %t. Then

7t : x

: sin> n(x’—x) ' s:m2 n x'-x)
1 fgx‘) 2 1 £(x*)
P-V- T dj{? = P‘Vﬂ N [
a2ng Xt P (x'-x) ‘ 2ny x (x -x)
: =7 ' 2 ~3HX.
. 7
C . .2 X=X
1 f £(xt) SR 25 st
:"Emr x? .2 <x’-x)
pd sin 2
R y
TFX . 2 X=X '
, 1 J lf(}f, - oy) ~Sin n(' ) s
2nw X ‘- 2-.rF s:.n (x -Xy

‘Consider the last integral. Since x < x' < w + X, 0 < —5—- < =% -g- ,

the integrand is continuous for x <x' <7+ X

, . . oo
- Tt+x . T x o /

. 2 X T o , :
: sin® n ( ) ; ; :
Thus - = f 2t =) - 2 ax’ w'-"}< ¥ . Substituting
2ng XV - 2q . 2 ,XVex n
. sin”. ( 5 )

‘ x'= X - 20 in the' first integral and x' = x + 20 in the second we obtain

’
1
'
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i xx
| > 5 ) | s
- i 20) si o '
o (x) = oo, ff(x 20) sin” mo 2 L f fx + 20) :Ln‘2 0o o
st X-2 P nt X+ g

o _ o

2n;~¢ f £(x' - 2x) s:.na:r{(x' - x)/2]

Xi=an gy [(x' - x)/4 ;{;"

Using Lemma. 2.1, Iemma 2.2, and the above estimate e‘s’ca.'blishes the

theorem.

Since the Fourier Ser:".‘es of £(x)/x can be (C,1) swmed to
f(x)/x, a Fourier Series, and in turn a Poisson Integral approach to
the Dirichlet ﬁro’blem is suggested. That is, we seek a i‘u.ncc:.on
U(r,0) which is harmonic for |z| < 1 and U(r,$) - f(eo)/eo, (eo'={= 0), as -
r -+ 1 and d)-> eb;.. We shall e@lore this problem in "the'nexb chapter.

\




CHAPTER IIT
A BOUNDARY VALUE PROBLEM
The slolution of the Dirichlet problem being well known, the
case where the boundary data is given as :E'(G))/e, £7(0) continuous,
may be reduced to the case of the boundary date glven as 1/e. Since
£(e)/e = f(q)/e 3 f*(’é), we solve the problem for 1/ (or £(0)/6) |
dnq 8dd the solution for the case of the boundary data given as £2(6).

}/ f
Let K(r,0,0) =

1

l-J:'2
y 2,05r<l,ﬁ5@$ﬁ-
1-2rcos(e ~9) +r .

~ jr '
1 1
Let G(r,0) = P.V. o f 3 K(r,0,0)de,
- , -t M

‘&(r,9) exists as K(r,0,0) has a continuous derivative with respect to ©.
We shall show tha:blG(r,(b) does assume the prescribed boundary values

‘and later that G(r,$) is harmonic.
Temma 3.1 If § is such that O < A < [{] < =, then.

A ‘ .
. 1
Lim P.V. f 5 K(r,8,0)de = 0
1L
..A .
Proof: We ‘have that
A -0 - A

f %K(I;,ezd))de + f %K(r,@,‘b}d@) .
- d

P.V. f % Kgr’.d)‘:.b.) é'[e = %.fg <_A

-4




L35

In the first integral substitute € = -O and after some simplifecation

A
obtain P.V. f %‘-K(r,(—),d))de
~A

~

A

<lim (L-r0)hr si =1ng ' - e
5.13( ) Su.nbgf' O (1-2r cos(e-p)#) (1-2r cos(erp)ir) 9

- Since d) is not in the 'ra.nge of integration, the integrand is continuous,

o ' ' ' A
properly ax?ﬂnép. for e;o,' for 0 < <1, 05 6<A, and PV, f % k(r,0,p)de

A

2 . 5ine . 1 o _ '-
= (1-r")hr sind f ‘ s .
' 0 ° (1-2r 003(9'43)7!:1'2) (1-2r cos((-)+(b)+r2

. . \ .
Again, since the integrand is continuous for 0 < r < land 0L 0 < A, we'

I
! o

. A b
e
S =L A

' It is clear that if g(e) is con‘oinuoué, and 0 <A< [§] <=

A

15.m f g(e) K(r,e,d)j.de = O,
1 A . )

- |
on

" Theorem 3.1. If'g(r,$) = P.V. L f %‘-K(r,e,d))de, then
. - . ' ..Jr .




- 16 -

G(x,d) »-é-'- as ‘r-1, d>->eo + 0.
o
. -é—,o<h65[9|53r
Proof: ILet T(e) = _ . » where Ug(e) is

Us(8), |o] <3
a continuous function that coincides with -e:l-'- at @ = + é For example,

. . : . o _
Us(‘e) could be-a linear function that asstmes the values + %‘-'a.t =+ o
. . ' [ N

]

Take 3 'such that 0 < ® < IQ"O‘,I ¢ We know that since U(®) is comtinuous’

1

oAb .

1 /= =,y - 1

o fU(@) K(r,e,,(b)de - U(eo) = -éo as r - 1and § - 6, Now
-7t . ' : ' .

Eis

5| - & [ 50 testres

=3t \

G,(r,d))' - -]9-
’ o

- 3

’.]2:}' f E(G)' K(xr,0,0)d6 ~ .i-_

o

ol g

+ . .Since T(6) = = for 8 < |0] < =,

-5
. ; -
G(r,9) - 5= f U(e) k(r,8,)a0 .
S - o
s ' 5 , :
1 [ 1 ' 1 3 : ' : )
5= f -é-.K(r,e,dD)de - 'é'E‘fU‘B(e) K(r,0,0)d6 we have by Lemma 3.1 that
-0 -0 :

= P.Vo.

(r,@)) - Jé—ﬁ- fU(g)- K(r,0,0)de |» 0 as » - 1.

-7
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j.c .
'since - fﬁ(e) K(x,0,0)de »é— as r ~ 1 and d)»'eo, we have that -,
L .

e o
’ =70

G(r,0) = ~]e-‘~ as v~ 1 and § 0y
o

The next step :.n the solution of the boundary value problem will

be to show that if £(e@) has a continuous derivative for -z < © <.:r, then

b1e
-,' . a. .
: 1. £(e o] . '
P. V. B f —“é—l K(r,e,@)d@:-é + (a.k cos kb + .bk-m S:L_n k(b)
-t ‘ o T ’

s
. HW

7t T - -
where a, = -J-'~ P.V. f %—@-g- cos k0 d6 and b, = L P.V. fﬂ.@l sin ke de.
k™ = o k= o3 .
. - - ¢ .
For & crude estimate of ak and bk note that
;‘_}({x_) cos kx = f—‘({—x-)-<cos X0 + x (=k $in k.;’:)> = f—}(cﬁ

f(x) k sin kx and f_}({.’ﬁl sin kx = f.gﬁ (sin k0 + xk cos kx) = kf(x) cos kX.

TE‘ .
1 —
by | =BV = fk £(x) cos kx dx | < Mk a‘pd_
=-7C '
L1 £(x) S . ,
8y =lP.V.;r_f< - -k.f(X) s:.nk.x>dx |§M2+M3k, 50 : | ~
o , .

a, = 0(k) and b

= o(k).-
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7

et T = P.V. %—'}E f ;Kegz- K(r,@,tb)de. We know that given any € > 0,

-7

there exists a A such that

-5 ff £(e). K(f,e,(b)de-—— ]-f-@lx(r,e,b)de

-t (0

<efor0<O£<A.\

_<?§9- o+ Zrk (a, cos kd + by sin kd))) lg- (3.1)
. l‘ ’ | . ;

Consider

(o]
The series is dominated in magnitude by 7 l 9 provided 0 < x <‘rl..'
1 ,

[

"
1 ' I

ale

(3.1) can be written as

~<—22};

T . o i
N ECT ae>)+22+2§-(f_<ﬂ st
a : ‘ 1 o

’

- - .
(ff.é.@.) cos k (6 - ) de\+
-t ,

P

~1t

Vo -
f%ﬁl'cosk(e-(b) de (—-— + ' (a cos k¢+b Slnk‘b))
o . ,

~

-We use the triangle ilnequality and examine each term. That is,

we consider




Xk a ’ T
T - < -a_% +Z-§;— f —é—- .cos k(e ~ p)de _Lu'[\ -é—- cos k(e - d))d@)) (3. 2)
1 -x A ' o
o g
: k . : § ‘
and z 5—- (f_._f'_é_e_l cos k(e = p)ae + f%g) cos k(e ~ $)ae)
1 Vet " S : .
. Z rk (a, cos kb + b sin kf) ‘. : . (3.3)

In (3. 2) 'bhe order of 1ntegratlon and summa.tlon may be- 1ot erchanged, as

'bhe result:.ng ser:Les' are um.fomﬂy convergent with res;pect 'bo e, g:n.v:.ng

_a Ce ) ‘ ' - a - .
I-(:n:f@ (E*EI‘ CPSK(9-¢)>de+_P.Y.§Ef_é_Zd9+
- 1 : L=

. o R _
'Tl? f %ﬂ ( %,"L Z 3 cos k (6 - 9) >d@) (see |1], page 251). (5.4)
a - : . . _

n

By the definition of P.V. 5 f_i_"_éﬁ) K(r,e,(b) de,.(B.h) is less than e
S . , .

- . - . . Y

for sufiﬁioignfiv small O (3.3)may be rearranged to yield

[ \';\. : k ‘. N
o Z %— (Ak cos kp + B, sin kp). - - o -~ (3.5)
. o . a o

- . where Ak = f.V.' f _;f;ég) cos k@ de and Bk = P.V. J ﬂef@- S:Ln ko de. ' As

=0
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. before A = o(k) and B, = o(k). Hence (3.5) is dominated 'byZMkrk‘
"and is wniformly convergent in C. It is clear that the A, te and
' !

‘Bk's aré continuous functions of ¢ . Taking ‘bhe limit as & goes

to zero, term by 'term, shows that (3 3) can be made less than e for o&

sufflc:.ently sma.ll. Thus

%5 ' .
= 5 Z (ak cos k + b, sin )
-1

At this poin'b we have established the following:
s

2% © e
-1t .

(a) P.V. L f-f-'-(-@l- K(%,6,0)d6 exists and assumes the values £(e) as r-l.

Tr »
a ' S :
L (e s Xk
~(b) PV, 5= f—é—l K(r,'e,(b)de = —29 +>: (2, cos kb + b sin }b)r ,0<r <L,
Lomgt 1 .

T

Tt is now immediate that ﬁ(r,¢) = P.V. 21 f -i—'é—el K(r,6,p)de solves

' =3
ﬂth'e 'bounda:r"yiivalue :éro'blem. The fact that U(r,d) is harmonic is B
immediate » Since the derived series is uniformly convergent. Us:ing"th'e
integral representation of U(r,$) we have silown that U(r,d) assumes the

given boundary values.




CHAfTER Iv
THE NATURE OF THE SOLUTION
It is well known that if the boundary data is continuous then
the'solution of the problem is.unique. In the case of the boundary

values glven ag ié@l there is no wique solution. Consider fhe

i sine

1 1
Z—l+§. FOI"IZI = 1, Z:l:l) g(Z) ?"é‘(j_—coses *

That is Ré(g(z)) = 0, for lz| =1, z 4 1.

function g(z) =

Wow, Ta(e(2)7) = 2Re(e(z)) In(ek)) = O |
re( 1(&(2)?) = Re (1) Re( &(x)%) - (1) m( &(=)?) = o.

Re(1%) Re(g(z)’) - Ta(i%) Im(e(z)”)

)

re(i%(e(2)7))

]

- - 7e(s(a) (6(2))

- Re(g(é)) Re(%(z)e) + Im(g(z))'jm(g(z)e) ='o.'

n

Continuing in this fashion we can censtruct a countable nﬁmber of
harmonic fwhctiops with boundary vélués of zero. " Thus, for this
problem there 1s mno uniqué solution. However, we shall estéblish that
among all functions exhibiting a certain type of growth in a nelghborhood
of the singulari%y, the solution is unique.

A classicaluresult is that if U(e)is continﬁous and bounded for
0 < 0 < 2%, then there is at most one bounded function G(z), stich that
 G(z) is harmonic for |z| < 1 and G(z) -~ U(e) as |z| -1, see [71) page 92.

Lemma 4.1 .

1 ) .
— 1 sine r sind 1 ‘
P-V. Ejf 2 l - COS6 K(r’?’dD) de = 2 = m (l - Z) 7

ro- 2r cosd + 1 '

W
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Proof: Another form of the Poisson integral is

U(a)=ReI: L fz*'a U(_e)\%-] , vwhere C is the -

25l 7 =3
C.
. . 2 + a ‘ . Az ‘
unit circle. We want to compute Re<P.V-2m_ f Z = & Im (—';:‘—I) oy °
C v -
. ey zZ + a 1 . 1 az '
Consider ele”Vf — a.”<sez-l +lmz-l>z - (%.1)
. C . i
The residue at z =a is a?l The residue at z = 0 is 1 and at
=1 it is - %%{—'- . Thus we have that
1 (ERa 1 dz 2 1 a + 1 s
i V) Zm E-T =5-71 +t1-35 (g - Letting
C Y

a = x + iy we can write (L.1) as

2(x--l-iy)+l__<f~l+y +4(=2y)

(x - 12+ ¥ (x-1)% +7°
and the imaginary part of (4.1) is it = Im (=
. 2 2 Z - l
. (x - 1) +y

But ’ the 51naginary part of the integral of (4.1) is

i l’ : \.
. Z + a 1 dz 1.” [z 4 a .1 .dz
m<2nlfz-a Re(z—l)?>+Re<2ﬂifz-am(z-l)?)'

\

-1 Z 4+ & 1 dz 1 Z + a 1, dz 1
B fz-aRe (z-l)‘z‘=é‘ﬁfz-a(“§)‘z‘='§["l+2]

c ¢
2’.
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- which is real. Hence, Re 5%5 L/ﬂ g—é;g- Im ~ E T 95 = In (z E l) .
: . S , ‘ ' -
» Tc B —
‘ 1 £(0) ' L
Lemms, )+¢24 P.Ve. 231 f o . K(I‘,O,(i)) de\"' f(O) ‘Im' (l - Z)
-Jr -
is bounded for 0 < r < 1.
Sl ) £(0) __sine 1] . )
Proof: Le.t U(e) = | [2) ) Ul(e) = ] 2 .ll _f"',cose - f(o) D I "'Z Z=ele b

and Ué(e) = U(e) Ui(e). By properly defining U2(O), Ué(d) will be

7
continuous for 0 < © < 2x. Let ﬁQ(r,(b) = ;Lﬂ fUE(G) K(x,0,0)de. ALL

-7

the standard theorems on Poissdﬁs integral apply, as Ué(e)is continuous.

: o 7

Ty(eo) = 2.V (5) f‘U(e) K(z,6,0)d0 ~ P.¥. () f u, (8) K(x,0}p)as.
' : -1 : : -

ﬁ. ' 3

1

L~ Z)

By p— k1) P.v. (%;)f U'l(e) K(r,0,0)de = £(0) Tn (
S g | .

T,(x,0) > U,(6)as z - ele and U,(8):is continuous for 0 < & < 2x. Hence
2 2 2 — -

3

P.V. ("—5‘15—') f U(e) K(r,@‘,d))de-- £(0) -Im (l,:f =) | < M.

-1l .
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Theorem 4.1. ILet H denote the class of all functions g(r,0) such that

g(1,8) = fé@l , and g(r,8) is harmonic for |z| < 1. Then if

g(r,d) - Im|(§3§DI)| < ﬁ for |z| <1

8(0) = 2.V () f OWE ,e,cb)de - ueh)

Proof: We have that U(f,¢) is a solution. ILet g(r,}) be another solution

g(r:‘b) - Im ';'(:Qj: <M. Let F(I’J‘b) = U(r:‘b) - g(r;(b)

2,0 = [ote8) - 2020 2 e
IF(I':(b)I <__.‘.I|;'U(r:d)) -Im-zﬂ})ll- I + I m?zf—(}.g%_' "-':‘g(r)(b)l < 2M. ThuS'F(IV@)

such that

(1, ¢) 0 for all ¢ 4 o.

is bounded, harmonic,'and has the wvalue zero for z = ele, o + 0. Since

F(I‘,fb) = 0. That is, U(I‘,d)) = g(r,(b).

f( 0)

Since U(r,b) - T (>—7) is bounded one is tempted to say that the

‘analytic function of which U(r,¢)‘£s the real pgrt, has a simple pole at
= 1. As U(r,$). is not defined in a Full neighborhood of 7 = 1, this
would be incorrect. We shall'shéw; however, that the singularity is .of

this nature. Iﬂ the following, all limits will be one-sided limits.

/f

For simplicity let Ul\(,;_G). ==, Uy(e) = ‘1 )|Z - e19 and.

ol

Us

continuous for all ©.

= U

l-U

,» As before, by properly defining U (o), U(0), W:Lll be
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Let F(z) =§]';? f(Ul - U2) E—-f—% de where { =,.eie. Now by [9], page 181,we

, it ﬂ
. ] ' - l
have Re(F(e°)) = Uy(6). F(2) = gl- fUl -é—f—j— @ - B.V.z= [ U % de .
, " B '
Let £ (Z) = P. V. fUl E+Z de and f (z) P. V-—-— ng .E__z_ ae.
-7 ‘

-3
We have that fi(z) = F(z) + fz(z), where Re(fl(eie)),:Ul(e) é.nd\ i
Re(fz(eie))nU (e) To exhibit the nature of the singularity consider

1im (z-1) f (z) If (z-l)f (z) or (z—l)f (z) has a limit then we have
z-1 .

Lim (z-l) :t‘l(z) = lim (z—l) F(z) + lim (z-1) f2(z) Since
z~1 A _ z—»1

(z~1) F(z) ~ 0 as »z -> 1, lim (z-l) :t‘l(z) 13.1;-1 (z-l) 2(z)

z~1

_ 1 - sine = ¢4z o 1 [ b+l bz Ll
fe(Z) = ?.v. EE fl - cose C_Z d@ = P-V_- E;f- f g"'l 'g-z g dg_'...

: - | o
The residue at { = O is 1. The residue at { = 1 is 2(l+z), and at

_ 2l . (Al faz At i 7+l
g - Z Il.S 2( e Th'U§ PaVo E.—T; f C-l g_z g --"2- (1 + Z"‘l o
c :

Then, lim (z-l) f (z) = lim ( 1 (z-l) + 1(z—.—l)) 2i'+ 0, Therefore -
z->1 z-1 '

7
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f,(z), where Re(fl(e%e))=% > has a singularity at z = 1, and

(im (z-1) £ (2) = K 4 0.
z~1

Tt should be noted that the Fourier series method of representing

the boundary velues is not valid for functions having singularities of-
. . 1 .

¢

a higher order. For example, if f£(8) = » the integrals

do not. exist. This suggests a problem for future investigation.




CHAPTER 5
AN APPLICATION

A;s an application of the i:revious results we shall examine &
problem in linearized hydrodynamics.

A da'b‘&ilea account of the use of Lineawized hydxodynemies in the
calculation of performance eharactei-istics of hydrofoils placed 1:n a |
miform stream and ‘che_ anaiogous problem in aerodynamics is glven in
iz, ], [51, end [6] We shall concern ourselves with the computat:.on
of the 1lift and drag coefflclents for hydrofo:Lls with profiles of a more
general nature than those given in_ [6] and while so doing, correct scme
serious errors in [3] ana [4]. ‘

Tt is pointed out in [6] that after a ma.pp:mg of the (z) plane onto

" the (¢) plane, 'bhe 1ift a.r;d drag coefficients may"be represented as

=fw(.§) () ét L) g (5.1)
G o - - _ ,
%—fwzcc) GEPNGES L o

ot?

!
/

where C is the unit circle traversed in the clockwise sense. " In the

gbove expressions for C. and Cps w(t).is given as

L' _ .
) -1 Z T (53)

o is a real number called "the ahgle of attack".

w(t
-:L@

v
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The numbers ¢ are the Fourier coef:f‘:.c:.en-l:s of G*(o), (to be defined
below), and @' is, for the fully wetted case, equal to -’-25 ..
- o*%(0) is defined by

G(e) oségn
g*(e) =

M@)m<e<o

where, for each ¢ , with [g] 1 and arg {f= e, (o <6< x), 6e) is the
hydrofoil slope at that po:.nt of the (z) plane which is mapped to g

When considering a hydrofoil which has a profile such that the
slope becomes infinite certain mod:.:E‘:Lca.t:.ons 'become necessa.ry We now

define H as the class of hydro:f‘o:.ls for which ( @) may be written as

v-fv:g-g-) s where £(©) has a continuous derivative. - Then, in the definition '

o5

of W(t), e replac'e‘z“.,cn{;-n by the (C,1) sum:
. T \

,2/. | Z c §~n ; Where now the ¢_ will be
. n , n

fen) | L

given’ba‘r P.V. -3-"- f @*(0) cos ne dé.
. "'7]:.. ’ |
Tt has been observed by Nickel in [Eﬂ, that since W-({) has & pole
of brder 2 at { =+ 1 and §2 + 1 has a zero of order 1, the integral -
'representa‘cior; of CD exists only in the sense of a' Cauchy Principal X}alue.

With our choice of.the class H, .the represemtation of C, as well as that’
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of CD must be interpreted as a Cauchy Prinéipal Value. -

Before proceeding further, we need some preliminary lemmas ..

Lemma 5.1.
Tt o " .
Iet a, = P.V. '::TLc' fG*(x)cos kx dx, where G*(x) 1S:Ln the .class H.-
. -n . ' .
Then, for le]-:lu-’-r- , o ' L
sind r s
i%smke fG()md"' .,
(c,1) T
Proof:
n n k
. 1 . . ‘
Let Sy =Zak sin ke =ZP.V:/;? G*(x) cos kx sin kQ dx
1 L - e

= P.V..é;];- ]G*(x)(isin k(e+x)_.,:"\"+‘ sin k(o-x) > dx.
' -7 10 g

By some elementary identities we have

ok fG*(x)< sin n(g+é—}5)sin(n+l) (%-}5) s sin n(——)sm(n+l)( X )dx ,

. X - .
s:Ln(--é-— | sm(—-:- pER’
and
n ” _
ZS = P.V. }—f -—Q’L}L n cos(ZE)- sin(nrl) (6:x)_ os( ) ax
n 2 2 6+X i
T s:.n( 2 sin(=5~)
. 4 o , 7
vro k[ (ncon (&) SAEREN) | ooy ) o
» . o s:.n( T2 sin(«z—)

¢
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Using exactly the same technique as in the proof of the Fourier theorem

of Chapter II, 1t is a straightforward but tedious matter +to show that

B :
' . o ortx,
E:J:P'V' %’E f .G(x%»x«x' ( S‘in{mlé-x-&g@_m - cos("é'“) ) B0 38wy
g sin (‘2 }{“ 2 sin ( 5-5 o '
and thus
1 COS("““Q cos(e"X
Op =7 Sy Fe V. & 5= G( ) R
n n
- Sln(—-—) si.n(-—a—

~or that

. 1 | sing
Z a, sin ko = P.-V"‘Q‘E fG*(x) COSX - CcOS@ ax.

(c,1)
Lemma 5.2, .
. 7T
. o , .
. _ 1 N sine 7
Let H(o) =Z &y sin k6 = P.v.,eﬁfe*(:c) o —ooss & el £ 5
(C:l) )

.
Then, P.V. f H(®)de exists.

bt 19

1

Proof: For convenience, let us consider P.V. M/TH(e)de. The existence

0 t R

_of P.V. f H{©)de and P.V. f H(e)de will then be immediate.
- ) -7 1 |
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In vie? of the nature of ax(x),

T ' o : o

SX = CO
x-zt-_ co SO

nH(©) = P.V. f G(x) SInd . dx, where G(x) has a comtinuous
5 - .

X -6

derivati ince sing e
rivative. Sin ne Sos% = co56

-+ =l as x - 6, we may

express _5ine as
*p COSX = COSO X -0

+ A(x,0), where A(x,6) is an analytic

function ofx(and of ©). Then

Ga(x) sine _G(x) 1
S cosx-cose"x_g_r_["x_e'*‘A(X:@)] |
2 ) _ ,
o1 Lt o1 x) A(x,0 o
_@_I_Zt_(x_ﬁ i) G(x)+—§_Lﬁ_lx_£ .
- 5 .
Thus,
wt(6) = P.V. f—Ll A(x,0)dx + —= P.V. f—-(—ldx-P V.e 3 f—-(—)- ax.
X-"'"" 9-5 x—-—-

Call the integrals Hl(e), H2(e) 5 and HB(G), respectively. A routine
calculation shows that Hl(e) is a éontinuous function of ©. It.is

. T ' . ,
obvious that P.V. fHe(@)de exists and it is well known (see [2],

0
14 . _ .
page 117) that P.V. f HB(e)de exists. Hence P.V. f H(e)de exists.
. ’ O _ﬂ .
We now return ‘to the calcula:,tion‘ of C; and Cp. Let K, be a

e
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constant such that GK(G) = G%(0) -cgs-é* is (by properly defining

GK(%) ) continuous. We shall now specialize the previously mentioned

class H by restricting its members to be those G(O) such that GK(G)

has Fouriélr; ccefficients, By wherezak sin ke is uniformly:convergent

for Ie] < K. Clear,l'y there is a host of sufficient conditions for
this, such as GK(G) and G}{(e) continuous and satisfy Dirichlet's

conditions (se_e [l], page 270). We shall use the following notation:

GK(@) =Z a, ©os ke =2 (CK - cfi) cos ke, where

l ' 1
, x
¢ = Po Ve foe(e)cos ko de and c:1 = P V. f Kg cos ke de.
cose
"'JTJ(. . . . ' =7

= P.V. f <Fl(§) + F2(§)> dt, where
R ‘

P (1) = <-i.(oc B, co') (g i -~ i 1>> <(§2 + 1) §c2 ) l)>

andF(i_;)...( Z (-0 <(§ +12(t:-1)
. (c,1)

A routine-caleulztion shows that : L .

f F, (£)ag =‘i(a-co)' f( 35- - %5—) at ='2n(a-¢o).
c : ' ¢ .
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P.V. ng(g)dg = =i P.V. f<G*(@) - iE(G)) sin 26 de. Since G*(6).
c ' -t ' Lo

7t
is even, P.V. f ?F‘e(f;)dt, = =~ P.Ve fH(G)) Bin 26 de.
c -7 ‘

We know (by our specification of the class H,and.'in turn,the coefficients

ay, ) that -
l f z 8in k@ sin 20 4d& = ‘I'hu.s.
T a’l 2° :
L (c - c‘) sin ke sin 20 de
7t

=% f!z s:.nkes:an(-)d@--—PV.fz's:.nkes:.nzede 2

- (C,l) , - (c,1)

The ck ‘have been computed in Chapter I, and it is easy to show that
s [

z ¢! sin k6 = 0. Thus

: k
(\é,l'),'
. ' T
P. V.f Eck sin ko sin 20 d6 = P. V.fH(@)s:Ln 26 de = n(ec -c2) - ma
=% (C:l) . -7t

Combining the above results, we have

= ‘f(Fl(g) + FZ(C)>dC = 2x(® - c ) = ey - ‘
e ' . '
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. Tt is convenient to divide the drag integral into three parts

as follows:

c =PV.—:-12'-~f (C) (€ -1)(g %) at = EZL?E (1) + I, + Iy)
g .

AY

. . 2 2 2
vhere I, = --(oc-co)2 ?.v. f(ﬁ"i%:i‘) (& +22Lz§§ 1 g,
c

I, = -2(a-c ) PQV.J(E% - ﬁ;) <(c;():n §"ﬁ> ((gﬂzzég&lj ) dgr’

and I = P.V. f < Z g'n> Mﬁ»—)dg sproviding Il’I and 13 ex:.st.
. ¢ (c,l)

Using the calculus of residues (for the details, see [6]), we find that

. 2
Il =)+7[lu(a - co) °

After some changes in notation

A(a-c ) P.V. f <G*(e) - m(e))(cose - 1 s:.ne) sino de.

-~

Since .G*(G)) is even and H(®) odd,

I, =-’+i(05-co) P.V. . f H(®). cose sine a6 - hi(om-c o) P.V. .(}*(e)sinze ae
o -Tc . . . -j‘f ' -,.

. T ’
= ~2i(0=c ) P.V. f H(e)sin 20 de - 2i(Q~-c ) P.V. f;*(e) (1-cos 26) de.
' = : ' - ' '
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BT

We have already calculated P.V. f H(©)sin 20 de and by the definition of
' a1

¢ and c,, We have
o 2

I, = ~bgi(o - co)co.

4

I =52E f(c—%(e) - 1H(@)> (-2 sin ee) de

£

= 21 P.V. fG*(e) H(6) sin 20 d@,((@e(e))e and He(e) being even) .
‘The following s_h'ows that I exists. We note that (see [1], page 288)

7(2'& cos ke> OE B sin ke) vsin 20 de‘

l \

= P.'V. f{Z(ck-cf‘) cos ke) <Z(°k"°fc) sin 'ke‘). éin 20 de
- cE 1 o

ml
H o

-~ (C;l) ' (C,l)

— . - . )(“, . i} - g._ ) - ' - ]
= P.V. f(Z ¢, cos ke ch'c cos ke) <Z ¢, sin ke ch.,:ls:.n ke)s:.n 2e de

(c,1) . (c,1) -
= P.Y. f((}/r(e) - cose><z sin ko - O )sm 20 de
- (e 1)
o o T, . : :
= P.V. f a*(0). g(e) sin ?e de - P.v.aKgfﬂge) sine; de.
: -5

-
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7 . -

na - .
Thus, P.V.M/NG*(G) H(®) sin 26 d6 = -§§=+ EKg P.V.k/TH(e) sine de.
-7 =7t

P.V. f H(O) sine d6 is computed by noting that

-7
Tt .
f zak sin ko sine de = My = :r(cl - c]?_). Then
-t 1 ‘
s t
7t 7
_]: ot s s opee "‘“L ~ -J; f z . . .
= P. V. f Z (ck ck)s:.n ke s:n.'n@ de = - P.V, ¢, sin ko sine de
-t 1 : - (C,1).
- Tt T
-—]iPVf ! sin ko sine do = P.V -]-7-v/ﬁ'H(e)sined.:e;-—c-c’r
‘ ﬁ . L] Ck — . L] ﬂ — l l o
- (C,1) _ K -7
Combining the previous results we have
7t ! .
P.V fc;*(e) H(é)sih 20 46 = ks B (e el )=t <(°1“°i)faz<: (c -c'))
ot . -2 AR e K — gyl 7L
- . ' :
and that
T o (
. : R S Feqmey
I3 = 21 P-VofG‘*(G) H(G)Sin 20 46 = 2xi (Cl'-‘ci) (—:—;5::}‘21{&) @
-t , a
‘Finally, R N
¢17¢1

1 y 2
Cp = 21- (.Il + I+ 13) = 2:c(04-cé) e :-c(cl-ci) (—-——-—+2Kg.) - 2:cco(a-co).
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It should be noted that in the evaluation of CL and CD’ although
there is a great temptation to perform term by term integration,

(as Fabula .does in [3] and [4]), it camnot be justified and by

considexring the example of Chapter I, it leads to incorrect results.
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