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Abstract:
The classical theory of Boundary value problems ensures that there is a solution of the boundary value
problem if the given boundary data possesses certain smoothness properties. There are numerous well
known results which enable one to use various representations, such as a Fourier series or a Poisson
integral, to represent the solution. In many cases of an applied nature, boundary value problems are
formulated in terms of boundary functions which have singularities for which the classical results do
not apply. A problem of this type is the main consideration of this thesis.

The thesis has three parts. The first establishes a theorem concerning the Fourier series representation
of a function which is not integrable but does have an integral in the sense of a Cauchy Principal Value.
In the second part, a boundary value problem is solved, where the boundary data is given by a function
of the type specified above.

Thirdly, a problem from hydrodynamics is analyzed, obtaining new results concerning performance
characteristics of certain types of hydrofoils and airfoils. 
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ABSTRACT

( i v )

The c l a s s i c a l  t h e o r y  o f  B oundary  v a lu e  p ro b le m s  e n s u r e s  t h a t  t h e r e  
i s  a  s o l u t i o n  o f  t h e  b o u n d a ry  v a l u e . p ro b le m  i f  t h e  g iv e n  b o u n d a ry  d a ta  
p o s s e s s e s  c e r t a i n  sm o o th n e ss  p r o p e r t i e s .  T h e re  a r e  num erous w e l l  known 
r e s u l t s  w h ic h  e n a b le  one t o  u s e  v a r io u s  r e p r e s e n t a t i o n s ,  s u c h  a s  a  
F o u r i e r  s e r i e s  o r  a  P o is s o n  i n t e g r a l ,  t o  r e p r e s e n t  t h e  s o l u t i o n .  I n  
many c a s e s  o f  a n  a p p l i e d  n a t u r e ,  b o u n d a ry  v a lu e  p ro b le m s  a r e  f o rm u la te d  
i n  te rm s  o f  b o u n d a ry  f u n c t i o n s  w h ic h  h av e  s i n g u l a r i t i e s  f o r  w h ic h  th e  
c l a s s i c a l  r e s u l t s  do  n o t  a p p ly .  A p ro b le m  o f  t h i s  ty p e  i s  t h e  m ain  . 
c o n s i d e r a t i o n  o f  t h i s  t h e s i s .

The t h e s i s  h a s  t h r e e  p a r t s .  The f i r s t  e s t a b l i s h e s  a  th e o re m  
c o n c e r n in g  t n e  F o u r i e r  s e r i e s  r e p r e s e n t a t i o n  o f  a  f u n c t i o n  w h ic h  i s  
n o t  i n t e g r a b l e  b u t  d o e s  hav e  a n  i n t e g r a l  i n  t h e  s e n s e  o f  a  C auchy P r i n c i p a l  
V a lu e . I n  t h e  se c o n d  p a r t , " a  b o u n d a ry  v a lu e  p ro b le m  i s  s o lv e d ,  w here  t h e  
b o u n d a ry  d a t a  i s  g iv e n  b y  a  f u n c t i o n  o f  t h e  ty p e  s p e c i f i e d  a b o v e .
T h i r d l y ,  a  p ro b le m  fro m  h y d ro d y n am ics  i s  a n a ly z e d ,  o b t a i n in g  new r e s u l t s  
c o n c e r n in g  p e rfo rm a n c e  c h a r a c t e r i s t i c s  o f  c e r t a i n  t y p e s . o f  h y d r o f o i l s  
a n d  a i r f o i l s .  .

\



CHAPTER O

INTRODUCTION

The u s e  o f  F o u r i e r  S e r i e s  o r  v a r i o u s  i n t e g r a l  r e p r e s e n t a t i o n s  t o  

s o lv e  "boundary v a lu e  p ro b le m s  i s  s u b j e c t  t o  r a t h e r  s e v e r e  l i m i t a t i o n s .

I n  t h e  c a s e  o f  F o u r i e r  s e r i e s ,  t h e r e  i s  a  m u l t i t u d e  o f  s u f f i c i e n t  

c o n d i t io n s  f o r  c o n v e rg e n c e , a l l  r e q u i r i n g  a  c e r t a i n  sm o o th n e ss  o f  

t h e  "boundary d a t a .  I t  i s  s t a t e d  i n  many t e x t s  t h a t  f o r  m o s t a p p l i c a t i o n s  

t h e r e  i s  s u f f i c i e n t  sm o o th n ess , t o  e n s u re  t h e  d e s i r e d  c o n v e rg e n c e
:

p r o p e r t i e s .  H ow ever, t h e r e  a r e  many "boundary v a lu e  p ro b le m s  o f

c o n s id e r a b l e  p r a c t i c a l  a s  w e l l  a s  p e d a g o g ic a l  i n t e r e s t  i n  w h ic h  t h e  
/ . 

b o u n d a ry  d a t | i  d o e s  n o t  p o s s e s s  t h e  p r o p e r t i e s  w h ic h  e n a b le  t h e  c l a s s i c a l

th e o re m s  t o  a p p ly .  An exam ple  o f  t h i s  i s  i n  a n a ly z in g  t h e  f lo w  p a s t ,

a  p a r a b o l i c  s t r u t .  T h is  p a r t i c u l a r  p ro b le m  w i l l  b e  s t u d i e d  i n  a  l a t e r

c h a p t e r .

I n  t h e  f o l l o w in g ,  t h e  ( C , l )  s u m m a b il i ty  o f

I
a^. c o s  k x  + b ^  s i n  k x ,  w h ere  t h e  a ^  a n d  b ^  a r e  d e f i n e d

i n  te rm s  o f  Cauchy P r i n c i p a l  V a lu e  i n t e g r a l s ,  w i l l  be  i n v e s t i g a t e d .  

S u b s e q u e n t ly ,  a  b o u n d a ry  v a lu e  p ro b le m  w i t h  s i n g u l a r  d a t a  w i l l  be  

s o lv e d  a n d  a  u n iq u e n e s s  th e o re m  e s t a b l i s h e d .  F i n a l l y ,  a  p a r t i c u l a r  

p ro b le m  i n  l i n e a r i z e d  h y d ro d y n am ics  w i l l  b e  a n a ly z e d .



CHAPTER I

AH EXAMPIE

I n  a n a ly z in g  t h e  f r e e  b o u n d a ry  f lo w  p a s t  a  p a r a b o l i c  s t r u t  a n  

e s s e n t i a l  p a r t  o f  t h e  a n a l y s i s  i s  t h e  r e p r e s e n t a t i o n  o f  a  f u n c t i o n  

w h ic h  i s  t o  b e  a n a l y t i c  f o r  | z |  >1 a n d  w hose im a g in a ry  p a r t  i s  t o  be

c o s @' f ° r  I z |= 1 .  F o r m a l ly ,  s u c h  a  r e p r e s e n t a t i o n  w ould  b e

■00

i o 6 4 + i  r . v ' ”  ■■ ( i . i )
n = l

w here  C^ a r e  t h e  F o u r i e r  c o s in e  c o e f f i c i e n t s  o f  . u n f o r t u n a t e l y ,

a n  i n s p e c t i o n  o f  t h e  i n t e g r a l s  d e f i n i n g  t h e s e  c o e f f i c i e n t s  show s t h a t  

t h e y  do n o t  e x i s t  e x c e p t  i n  t h e  s e n s e  o f  a  Cauchy p r i n c i p a l  v a lu e .

I n t e r p r e t i n g  t h e s e  Qn a s  P .V . ~  J  ,  we s h a l l  i n v e s t i g a t e

. :

t h e  s e r i e s  ( I . I ) . '

*T A "i
To c a l c u l a t e  t h e  Cn ,  l e t  z = e  .■ T hen cos© = z  +  p  c o s  n© =

_1
n  . _n

zn  + ,  a n d  Cvi = P .V . -  /

z n * t  t
Z *  Y—  j w here  C i s  t h e  u n i t

c i r c l e . Thus

2 = P*V. . f  = 2 jci ( r e s i d u e  a t  z = 0 )
11 /  zn(z2 t l )  1

+ j r i  ( r e s id u e ,  a t  z = +  i ) ,
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,The r e s i d u e  a t  z = I  i s  g iv e n  "by -  ^  ( i 11 + i  n ) . (1. 2)

I f  n  = 2k  +  I ,  v e  hav e  -  g- ( - — J = O. I f  n  = 2k ,  ( 1 . 2 ) h e  comes

, - i " ^ .  F o r  k  = 2 j ,  we hav e  t h a t  t h e  r e s i d u e  i s  - I ,  a n d  f o r  k  = 2 j  +. I ,  

t h e  r e s i d u e  i s  I .

,  ±2n ^  1
The r e s i d u e  a t  z = - i  i s  g iv e n  h y  *■"" ■<■■■ —— ^ —

^  I n
(1 .3 )

• . 2n  n ,4 k  + 2  .
I f  n  o  2 k  +  I ,  ------ oir V -T ^ ■- = 0 .  I f  n  = 2 k , ( 1 .3 )  becom es

I;

1 i 4 k  +  I
2 ^2k  '

. F o r  k  = 2 j ,  t h i s  i s  I  a n d  f o r  k  = 2 j  + I ,  i t  i s  - I *

C om bining  t h e s e  r e s u l t s ,  we have, t h a t  t h e  sum o f  t h e  r e s i d u e s  a t  z  = +  i  

i s  z e r o .  v >

2n  ^ i
To c a l c u l a t e  t h e  r e s i d u e  a t  z = 0 ,  l e t  G (z) = qr — . a n d  com pute

, - z +  I

I .
(n - l) I

QiCn - 1 ) (o)  .

i  G(z) = (.Z2n + I )  ( I  . 2 ^ 4- Z  + Z 6Z + • . • + ( - l ) n  z2n + . . .  ) .

' ■

T 2 ^ 4= I - Z  + z  - 6Z + • . . + ( ( - l ) n  + I ) z2n + ( ( - l ) n * !  l ) a2a  + 2

*J* e e • e H i s  odd , ,

n -1

i  G(z)
2 4= I -  Z. + Z 1 . + ( -1 )^

L-I 2 n -2Z ss _ 2 4I  — Z 4* Z * e • ( -1 )  2 Zn " 1
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+  . . .  +  ( - l ) n -1  Z2 n " 2  an d  i  G^n “ 1^ (z )

n -1

( - 1 )  ( n - 1 ) I 0 T h a t i s ,  i f

■ z=0

z=0 ‘

I f  n  i s  e v e n , t h e  s e r i e s  e x p a n s io n  o f  G (z) does  n o t  t e r m in a te  and

c o n ta in s  o n ly  e v e n  p o w ers  o f  z .  Hence QCn "-*-) ( z )

F i n a l l y ,  we have  t h a t

f  0, n even 
Cn = \  k

2 ( - l )  - ,  n  = 2k  +  I

The fo rm a l  F o u r i e r  s e r i e s  a s s o c i a t e d  w i th

0 .

COSX

2 ( c o s  x  -  co s  3x  + co s  5x . . . )

S u p p o se , f o r  x  =j= -g, co s  (2 n  -  I )  x  -> 0  a s  n  <». Then

co s  ( 2n  -  I )  x  -  co s  ( 2n  + .1 ) x  = 2 s i n  2n  x  s i n  x  -> 0 ., a n d  ' 

co s  (2 n  -  I )  x  H- co s  • (2 n  H- I )  x  =. 2  co s  2n  x  co s  x  -> 0 . T h u s ,

p 2
s i n  2n  X -> 0 a n d ' co s  2n x  -> 0« • S in c e 1 s i n  .2n x  H- co s  2n  x  = I , '

t h i s  i s  a ,x e o n tfa d i c t i o n . S in c e '1 t h e  g e n e r a l  te rm "  do es  n o t  i go  . to  

, \  . ',
zero , f o r  any  save  X 1= ~  ,! th e  s e r i e s  does1..no t co n v erg e .

( 1 .4 )

A lth o u g h  ' t h e  s e r i e s ' d o e s  n o t  c o n v e rg e  i t  i s  summahie ( c, l )  t o  th e
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f u n c t i o n  . By a n  e le m e n ta ry  i d e n t i t y  ( s e e  [8] } p a g e  3 5 8 ) .

s i n 2 (n  + 1 ) ( ~  -  6 )
c o s e  -  co s  3 © +  • • •  + ( - 1 ) co s  (S n  + 1 )9  = ------------------------- -------—

s i n  ( |  -  e)

T h en , Sn+= 2 ^cosG  -  c o s  3© + • • •  +  ( - l ) n  c o s (2 n  +  1 )0

^ l -  co s  2 (n  +  l ) t  ^  ,  w h ere  t  = ~  -  0 .qos©

n -1

K cos© I  -  co s  2t  +  I  -  co s  4 t  +  . . .  + I  -  co s  2n  t

I  . (  s i n  n t  c o s (n  + l ) t  ]
cos© V “ s i n  t  J  °

n -1

ffn  = ^  Z  Sk = c o s e
I __  /C _ I  s i n ( n t )  c o s  (n  +  l ) t  \
o s e  \  n  s i n  t  , /

\

Ttos' ' ctIi ooiie'

I t  i s  i n t e r e s t i n g  t o  n o te  t h a t  w h i le  t h e  p r o c e s s  o f  sum m ation  i s

i n v a l i d  f o r  G = t h e  s e r i e s  c o n v e rg e s  t o  z e r o  f o r  0  = ~  ' T h is  i s ,

i n  a  s e n s e , , t h e  a v e ra g e  v a lu e  o f  t h e  f u n c t i o n .



CHAPTER I I

A FOURIER THEOREM

I n  o r d e r  t o  e s t a b l i s h  c o n d i t io n s  u n d e r  w h ic h  a  c e r t a i n  ty p e  o f  

t r i g o n o m e t r i c  s e r i e s  i s  ( C ,I )  sum m able, we s h a l l  p ro v e  some p r e l i m i n a r y  

lem m as.

I t  i s  known ( s e e  [2 ] ,  p a g e  115) t h a t  i f  f ( x )  s a t i s f i e s  a  L i p s c h i t z '  

c o n d i t io n  f o r  -  jt <  x  <  it, t h e n  ' -- --------

P .V . ' f(x) dx e x i s t s . We s h a l l  f i n d  i t  c o n v e n ie n t  t o  assum e

- i t

f ( x )  h a s  a  c o n tin u o u s  a n d  b o unded  d e r i v a t i v e  f o r  — Jt <  x  <  j t .  S in c e  

f ( x )  — f (o)  .= x f*  ( x ) ,  0  <  x  <  x , o r  x  <  x  <  6 f ( x )  s a t i s f i e s  a  L i p s c h i t z

f h lc o n d i t io n  a n d  th u s  P .V . I ^ x  e x i s t s .  The a n a l y t i c i t y  o f  cos kx

a n d  s i n  kx  e n s u re  t h e  e x i s t e n c e  o f

P .V . J '  co s  k x  dx  a n d  P .V . J ' f ( x ) s i n  k x  d x . We a l s o  n o te

- j t  - J t

t h a t  i f  f ( x )  h a s  a  c o n tin u o u s  d e r i v a t i v e  t h e  Mean V alue  th e o re m  shows

t h a t  f ’ ( x ) ,  w here  f 1 (x )  = — ; i s  a  c o n tin u o u s  f u n c t i o n  o f  x .  

Lemma 2 .1  L e t  x  b e  s u c h  t h a t  0 <  x  <  jt ,  th e n  i f  f ( x )  e

-Jt

i s  b «  -  F -
0
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P r o o f .  We s h a l l  f o l lo w  t h e  u s u a l  p r o o f  o f  P e j e r ’ s T heorem . 

G iven  a n y  e >  0 ,  t h e r e  e x i s t s  a n  I  s u c h  t h a t

f ( x  -  2a )  _ f f x )  
x  -  2a  x <  e ,  f o r  0 <  a  <  Tl <  -  .

JT
2

W rite  P
• V ’ w  I

'"0

f ( x  -  2a )  s i n  ncn

^  ^  s i n ^  a
do: a s

■ £ ( x  -  2qO _ f(% )
X -  20! X

2
s i n  . n a  

s i n ^  o:
da

it
2

V '
Jt

* ■ =

Jt
2

nit x /

2
s i n  n a

-Tjj
s i n  a

da.

C a l l  t h e s e  i n t e g r a l s

-jt2
S in c e  I x = —  — d a  = ,  i t  m u st 'he shown t h a t

^  n jt x, j  s i n  a



g iv e n  a n y  e >  0 , t h e r e  e x i s t s  a n  W s u c h  t h a t  f o r  n  >  E , 

I l 1 + I 2 +  <  e . 'We have  t h a t

— 8  -

I1 I l  ^  5 ?
f ( x  -  20!) ^ f [ x )  
x  -  2Q: "  x

2
s i n  no: ^  € ‘

2
s i n  no:

s i n ^  o: n3t y  s i n 2  a

Tt
2

< M-
- nrt

2
s i n  no: 

s 5.n2 o:
d a e

"2

I i k l  <
f (x ) ( §  ~ tI )

s i n 2 n
njt <  —   ̂ s a y .  We n o te  t h a t  Mq

d e p e n d s  on x  a n d  th u s  u n ifo rm  c o n v e rg e n c e  w i l l  n o t  he  e s t a b l i s h e d .

Choose a  a n d  b  s u c h  t h a t

■ \
( i ) n  < a < | < ; b  < |

, ( i i )  i f  m i s  t h e  maximum o f  | f ( x  -  2a )  [ f o r .

e Wow
5

O <  a  <  # ,  T - J S - g -  (b  -  a )  <  §
“  ~ Tt s i n  n  5

JC
2

„  „  r  P  f ( x - -  2a )  s i n 2
E-T- 'SC J  %— A" — - h i “

H . 'I

h i ŝ f  ™ * h fdCC +  —  I x  -  2a 2 da.



f ( x  -  2d)  s i n  no: w h ere  Mn i s  t h e
• s i n

maximum o f

s i n  net I t  re m a in s  t o  e s t i m a t e

s i n  CL

' U s in g  t h e  M ean V alu e  th e o re m  t o  e x p r e s s  s i n  no: a s

s i n  n ( x / 2 )f ( x  -  2Qi) s i n  net c o s  n(% do:,
s i n  cls i n  cl

dec e x i s t s
s i n  cl

F i n a l l y ,
s i n  'CL
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P ^  s in ' n a  co s  nc? da
Q»'

<  a  ^ (b -  a) < S .
*  s i a f n  '  3

C om bining  t h e  p r e v io u s  e s t i m a t e s ,  we h av e  

111 + j <  g ' +  ^  (M1 + Mg + M^) +  j  . Thus we c a n  f i n d '

a n  N s u c h  t h a t  f o r  n  >  M, J l 1  +  I g  +  I j |  <  e .

Lemma 2 .2
Jt-X
2

I f  O < ' x  <  j t ,  t h e n  I im  I -  f  ^ d a  = ^  .
ir^oo njr J  x  +  2a  g in  a  

o

P r o o f :  As b e f o r e ,  f (x )  h a s  a  c o n tin u o u s  d e r i v a t i v e  f o r  [x | <  j t .  Then

J t-X  
2

I  p  f ( x  +  2a) s i n 2 n a  , _  1__ j f  f ( x  -f 2a )  _ f [ x )  X s i n  
n jt J  x  +  2a  sjLn2  a  ~ n x  d  \  x  +  2a  "  x  /  . _ . J

. o x  ^  s i n 2  a
da

Jt - X -X

2 2 2

o s i n  “  ”  ^

f ( x  +  2a )  s i n  n a  

=  +  %» S in 2  a
da

X '  . 

■ 2
1_
nx

f ( x )  s i n  n ax  -----------
s i n  a

d a  ,  w here  n i s  c h o s e n  s u c h  t h a t

f ( x  +  2a )  _ f (x )  
(x  + 2a) "  x

X x■ <  e f o r  O <  a  <  i\, <  — , Then a s  i n  Lemma I
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I
nit x  + 20!

'f (x  +  20!) _ f ( x )  A s i n 2  nQ!

s i n 2 06
do: <  e ;

Tt-X
2

I  I f ( x  +  20!) s i n 2 ^ d O <St I
n

i .  f f ( x )
njr J  .. x  +  20! 

n s i n 2 a  V TXStr J  . X P
s i n  a .

T hus,

JC-X
2

i .  rnjc J -
f ( x  +  2a ) s i n  no: _ f ( x )

^  + 2^  S in 2 O x  •act
' M, M2

<  e +  ~  •+ ~  a n d  t h e  lemma

i s  p r o v e d .  The e a s e  o f  p r o v in g  Lemma 2 .2  a s  com pared  w i t h  Lemma 2 .1  i s

due t o  t h e  i n t e g r a n d  i n  Lemma 2 .2  "being n o n s in g u l a r .  We now t u r n  t o  ■
, p  '■ •

t h e  m ain  th e o re m . ;
\ ;

Theorem  2 . 1 .  L e t  f ( x )  have  a  c o n tin u o u s  d e r i v a t i v e  f o r  -  jt <  x  <  i t .

T hen t h e  p a r t i a l  sums o f  t h e  s e r i e s

- g  +  2  ̂ (a^. c o s  k x  +' "b^ s i n  k x ) ,  w h ere  

I

a . '= P .V . —
K  Jf x c o s  k x  dx  a n d  = P .V . s i n  k x  d x , a r e

it. J  x
-J t

sum m able (C^iI )  t o  K A  f o r  O <  |x |  <  jc.

P ro c e e d in g  a s  i n  t h e  u s u a l  p r o o f  o f  Itej e r ’ s  th e o re m  ( s e e  [ l ] ) ,we l e t
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n - l

OTw(X) = ~  )  Str(X ) ,  w here  = - ^  +  /  ( a .  c o s  j x  +  Td  ̂ s i n  j x ) .n  Z_, k  
0 '

T hen an  = S 1,

s l n 2 n ( £ ^ E )

= In 2  ( ^ )
d x * .

F o r  d e f i n i t e n e s s  l e t  x  h e  s u c h  t h a t  0  <  x  '< jc.  Then

P .V . 2njt
-it

s i n 2 ' n ( ~ £ )  1

x ' s i n 2 ( Z i f Z )  ^  ~  P *Ve 2^
f ( x ' )

-J t+ X

s i n 2  n (2 ^ S )

( % Z )
dx®

f(x ® )
2njt J  x® 

x

S to 2  B{ % 2 3

sin 2 (2# )
dx*

Jrt-x
_ 1 _ T  f(x® -  2 jt) 
2njt J  x® -  2j(

s i n 2 n ( ^ ^ )

7 in 2 ( ^ T

C o n s id e r  t h e  l a s t  i n t e g r a l .  S in c e  jr <  x* <  it + x ,  0 <  <  — g— <  ^  ,

t h e  i n t e g r a n d  i s  c o n tin u o u s  f o r  jr <  x® <  jt +  x .

Thus -I
2njr

jrt-x „ . 2  zx ’ - x .
P  f (x »  -  2 jt) 2 )

vV x* -  2 it
S t o 2  ( £ g £ )

■ • ' /
J M

/••'< — . S u b s t i t u t i n g

x ’ "=.■ x  -  201 i n  t h e  f i r s t  i n t e g r a l  a n d  x® x  +  20! i n  t h e  s e c o n d  we o b ta in



-  13 -

i t
2

V x >. -  5  p •v- / 3Fr
J t-X
2

f ( x  +  2 d )  s i n  ncc
x  +  20! s in ^  Qi

da

Jt+X

2njt
P  f ( x * -  2jt) S ln 2JC x 8 -  x ) / 2]  \J  X ' - 2*  Sin2Ix ' -  x ) /2] :

,0"

’>

U sin g  Lem m  2 . 1 ,  Lem m  2 . 2 ,  a n d  t h e  ab o v e  e s t im a te ,  e s t a b l i s h e s  t h e  

th e o re m .

S in c e  t h e  F o u r i e r  S e r i e s  o f  f ( x ) / x  c a n  b e  ( 0 ,1 )  summed t o  

f ( x ) / x ,  a  F o u r i e r  S e r i e s ,  a n d  i n  t u r n  a  P o is s o n  I n t e g r a l  a p p ro a c h  t o  

t h e  D i r i c h l e t  p ro b le m  i s  s u g g e s te d .  T h a t i s ,  we s e e k  a  f u n c t i o n  

u(r,<{)) w h ic h  i s  h a rm o n ic  f o r  | r |  <  I  a n d  u(r,<{)) -» f(© o ) / e o ,  (Gq^  0 ) ,  a s  

r  -> I  a n d  (j)-> G^.. We s h a l l  e x p lo r e  t h i s  p ro b le m  i n  t h e  n e x t  c h a p te r .



I

CHAPIER I I I

A  POimDARY VALUE PROBLEM

The s o l u t i o n  o f  t h e  D i r i c h l e t  p ro b le m  b e in g  w e l l  know n, t h e  

c a s e  w here  t h e  b o u n d a ry  d a t a  i s  g iv e n  a s  f(© )/@ , Pt (G) c o n t in u o u s ,  

may b e  r e d u c e d  t o  t h e  c a s e  o f  t h e  b o u n d a ry  d a ta  g iv e n  a s  X/©. S in c e  

f ( 0 ) /0  = f ( o ) /0  +  Pt (G), we s o lv e  t h e  p ro b le m  f o r  l /©  ( o r  f(o)/©) 

a n d  a d d  t h e  s o l u t i o n  f o r  t h e  c a s e  o f  t h e  b o u n d a ry  d a t a  g iv e n  a s  P t (G ).

'  . ■ ■ t  .  ' ' ' ' 
L e t  K ( r , ©,({)) = ------------------ ---------- ------- g  ,  0  <  r  <  I ,  j( <  0 <  j t .  .

I  -  2 r  cos(©  -  (j)) +  r  ~

L e t  G (r,(j)) ■= P .V .
I
2 jc

n
I  K ( r ,0 ,<j))d0 ,

G(r,(j)) e x i s t s  a s  K (r,9,< |)) has  a  c o n tin u o u s  d e r iv a t iv e  w i th  r e s p e c t  t o  0 

We s h a l l  show t h a t  G(r,<j)) does assum e th e  p r e s c r ib e d  b o u n d ary  v a lu e s  

and  l a t e r  t h a t  G(r,(j)) i s  h a rm o n ic .

Lemma 3»1 I f  <J) i s  su ch  t h a t  0 <  A <  i<j)| <  it,, th e n .

I im  P .V . 
r-> l

A

/  I  K (r,0 ,(j))d0

-A

0

P ro o f :  We have t h a t

-5 • A

P .V . I  I  K(f,<j),<j))d9 = Iim

*

K (r,0 ,(j))d 9  + §  K (r ,0 ,( |) )d 0  I  .



I n  t h e  f i r s t  i n t e g r a l  s u b s t i t u t e  © = - a  a n d  a f t e r  some s i m p l i f c a t i o n

o b t a i n  P .V . J  q  K (r,© ,< |))de

-A

= Iim  ( l - r 2 ) 4 r  sinij) J — ;----- 2 ~ -----------------'  77 27
9 ( l - 2r  c o s ( 0 -(j))-i-r ) ( l - 2r  cos(©+<j))+r )

d©.
5->o 5

S in c e  ([) i s  n o t  i n  t h e  r a n g e  o f  i n t e g r a t i o n ,  t h e  i n te g r a n d  i s  c o n t in u o u s .

p r o p e r l y  d e f in e d  f o r  6= 0 , f o r  0 <  r  <  I ,  0  <  9 <  A , a n d  P .V . J  ^  K ( r , 6 ,<t))d0

-A

( l - r  ) 4 r  S in ^ sin©

6 ( l - 2 r  c o s ( 0 -([ )) f r  ) ( l - 2 r  cos(©+(j))-$-r )
d©

A g a in , s in c e  t h e  i n t e g r a n d  i s  c o n tin u o u s  f o r  0  <  r  <  I  a n d  0 <  0 <  A> we

■ )  % ' '  '  h av e  I im  P .V . /  ^  K (r,© ,(j))d©  = 0 .

^ 1 -A

I t  i s  c l e a r  t h a t  i f  g(© ) i s  c o n t in u o u s ,  a n d  0 <  A <  |<|)| <  JC

. A

im  / g(e) K(r,e,<j))de = o.
-A ' ' ' '

Theorem  $ . 1 . I f  ',':(3-(r,(j)) = P .V . ^  J   ̂K ( r , 6 ,(J))de, t h e n
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G (r,(j)) -> ~  a s  "• r  -> I ,  ij) -> Gq ^  0 .

P r o o f :  L e t  u(e)
, 0 < 5 < |e| < ir

u5(e), |e| < 5
,  w here  U&(©) i s

I  'a  c o n tin u o u s  f u n c t i o n  t h a t  c o in c id e s  w i t h  ~  a t  9 = + 8 . F o r  e x a m p le .

U5 (B) c o u ld  h e  a  l i n e a r  f u n c t i o n  t h a t  a ssu m es t h e  v a lu e s  *  ^  a t  G s j - S

' I " -  ' _
Take S 's u c h  t h a t  0 <  S <  |@^| .■ VZe know t h a t  s in c e  U(B) i s  c o n tin u o u s '

J  U(©) K ( r ,9 ,^ ) ) d 6  -> U(Bq ) a s  r - >  I  a n d  (j) -> Bq . Uow
o

- i t -

G(r,^>) -  yr <
' S= ' ;G;(r,<J)) -  ~  /  U(B) K(r,G,(j))d©-

- i t

~  J u(6) K(r,e,j))de - I
- J t

. /S in c e  u(8) -  ^ f o r  5 <  | q | <
S= * " S=

G (r,& ) -  ~  /" U(B) K (r ,6 ,( j) )d 8  .

- J t

o o .

P*V. J'- K (r,B ,(j))d S  -  J' U5 (G) K ( r , 9 , (|))d© we hav e  hy. Lemma 3.1
-S  -S

3 ( r , ^ )  - ^ J H(B)- K (r ,e ,( j ) )d 6
- J t

-> O a s  r  -> I .

t h a t
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S in c e  ~  f  U (e) K ( r , e , ^ ) d 8 ^2?r u 
- jt

i  ' . ■
— a s  r  ^  I  a n d  d) ,  we h av e  t h a t  © r cr •o

(}(r,<j)) a s  r  ^  I  a n d  (j) -> ©0 *
o

»
The n e x t  s t e p  i n  t h e  s o l u t i o n  o f  th e ' "boundary v a lu e  p ro b le m  w i l l  

h e  t o  show  t h a t  i f  f ( 0 ) h a s  a  c o n tin u o u s  d e r i v a t i v e  f o r  - jf  <  0 <  i t ,  t h e n  

Jt

P . V.
I . ' S  K ( r , 0 ;(|))dG =-g +  ^  r k  ( a ^  co s  ktj) +  h ^  s i n  k(j))

-JC

w here  a ^  = ~  P .V . co s  k© d© a n d  h^, = — P«V. J -^ } .  s ^-h d©.

- j t  - i t

F o r a  c ru d e  e s t i m a t e  o f  a ^  a n d  b ^  n o te  t h a t

co s  k x  = ( c o s  kO +  x  C-k s i n  Tsx)J  = " '

f ( x ) k  s i n  k x  a n d  & &  s i n  k x  = ( s i p  kO +  x k  co s  k x )  =  k f ( x )  co s  k x .

TC'

P .V . — /  k  f ( x )  co s  k x  dx
Jt J

- J t

<  M ]k a n d

P .V . ~
TC

(  — -  k  f ( x )  s i n  k x  ^  dx  <  Mg + M ^k, s o

-TC

a ^  = 0 (k )  a n d  h ^  = o ( k ) . '
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L e t  I  -  P .7 .  S  /  ^

-Jt

K (r ,0 ,ij))d © . We know t h a t  g iv e n  a n y  e >  0,

t h e r e  e x i s t s '  a  A s u c h  t h a t

. - a

I  - f - ^ l . K f r , 9 , b ) < M - 7 £  J  ^ K ( r , e , j ) ) a ©

- J t

<  e f o r  O <  a  <  A .

C o n s id e r I - I 1 -Ty- + ^  r k  ( a ^  co s  k<j) +  s i n  k({))^ 

I  ' '

PO

(3 .1 )

OQ

The s e r i e s  i s  d o m in a te d  i n  m a g n itu d e  h y  M k r ^ j p r o v id e d  0  <  r  <  r ^

" l

(3 . 1 ) ca n  "be w r i t t e n  a s ■ -i M  4  <
- a

t ( e ) co s  k  (0  -  <j)) d0 +

- J t

' \  1 a  k /
. c o s  k  (Q -  <j)) d0) J  ^ J  COS k ( 0  -  (j)) d© +

- J t

J  c o s  k  (@ -  4)) d e J  X " ^  +  2 ,  r k  ( a k  co s  k<j) +  Tafc s i n  k(j))J

y. I  - /

-We u s e  t h e  t r i a n g l e  i n e q u a l i t y  a n d  exam ine e a c h  te r m . T h a t i s .

we c o n s id e r
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I  -

and

U  jf

^  -g- '^^^cos k(© -  ^)d8 + J  ^—-^cos k (e  -  <j))de)
I  - jC . - C X -

-Ct  , JC

~  ( / ~ q^ ~. G0S k (© -  ^ ) d 6 +  f '  co s  k(© -  (j))ae)

( 3 .2 )

©

'-JC - a

-  ^  r k  ( a ^  co s  k(j) +  s i n  k(j)) (3 .3 )

I n  ( 3 .2 )  t h e  o r d e r  o f  i n t e g r a t i o n  a n d  sum m ation  may he  - in te r c h a n g e d ;  a s
/ ;

t h e  r e s u l t i n g  s e r i e s 1 a r e  u n i fo r m ly  c o n v e rg e n t  w i th  r e s p e c t  t o  ©, g iv in g

- u  ■ - .

I -  ( ~  f  (  I  r k  cp s  k  ( © - ( [ ) )  ^) ae 4- p.v.
a

i  r  f ( e )

-IiJC,-
.K

2jc J  ©
- a

d© +

; / ¥ ■ (  I - I4  t  /  r k  co s  k  (© -  <j)) ) d©) ( s e e  | l | ,  p a g e  251 ) .  (3 . 4 )

Py t h e  d e f i n i t i o n  o f  P .V . h r  ■ /  K ( r , ©,({)) d©, ( 3 -4 )  i s  l e s s  t h a n  e.2 jc J  ©
-JC

fo r  s u f f i c ie n t ly  sm all <X (3 .3 )  may he rearranged to  y ie ld

I' ’ (Afc c o s  k(j) + Bfc s i n  ktj)). (3 .5 )

■ a

w h ere  Afc = P .V . , . /  co s  k© d© a n d  Bfc =  P .V . ./'■ s i n  k© d©. As
-cc

©
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"befo re  = 0 (k )  a n d

a n d  i s  xm iform ..]y c o n v e rg e n t  i n  a .  I t  i s  c l e a r  t h a t  t h e  a n d

!
Bjs t S a r e  c o n tin u o u s  f u n c t i o n s  o f  Qt . T a k in g  t h e  l i m i t  a s  Qi go es

/

t o  z e r o ,  te rm  "by te r m ,  shows t h a t  ( 3 *3 ) c a n  h e  made l e s s  t h a n  e f o r  CU 

s u f f i c i e n t l y  s m a l l .  Thus

a  V k
I  = T r  +  /  r  ( a ^  co s  k({) +  "b^ s i n  k(j)).

■ I

A t t h i s  p o i n t  we have  e s t a b l i s h e d  t h e  f o l l o w i n g :

i t

( a ) p .V . J K (4 ,e ,4 > )d e  e x i s t s  a n d  a ssu m es t h e  v a lu e s  a s  r -» l .

- J t  .
\

-

(b ) P .V . ~  J K ( r ,6 ,ij))de = + T  (a ^  cos k([) + bfc s i n  <j))rk ,0  <  r  <  I .

, - i t  ' I  "

Bfc = 0 ( k ) . Hence ( 3 .5 )  i s  d o m in a te d  b y Mkr

I t  i s  now im m ed ia te  t h a t  u (r ,( j) )  = P .V . 2# f(e)
9 K (r,e ,< j))d 6  s o lv e s

-if

t h e  b o u n d a ry  v a lu e  p ro b le m . The f a c t  t h a t  u ( r ,( j) )  i s  h a rm o n ic  i s
Jff

im m e d ia te , s in c e  t h e  d e r iv e d  s e r i e s  i s  u n i f o r m ly  c o n v e r g e n t .  U s in g  th e  

i n t e g r a l  r e p r e s e n t a t i o n  o f  u(r,< j)) we h a v e  shown t h a t  ti(r,<{)) a ssu m es th e  

g iv e n  b o u n d a ry  v a l u e s .

J V



CHAPTER IV

THE NATURE OP TEE SOLUTION

I t  i s  w e l l  known t h a t  i f  th e  "boundary d a ta  i s  co n tin u o u s  th e n

th e  s o lu t i o n  o f  th e  p rob lem  i s  u n iq u e . I n  th e  case  o f  th e  "boundary

v a lu e s  g iv e n  a s  th e r e  i s  no u n iq u e  s o lu t i o n .  C o n s id e r th e
© '

f u n c t io n  g (z )  = ~ “ £  + |  • F o r | z | = I ,  z =J= I ,  g (z )  = -  @y •

T hat i s  R # (g (z ))  = 0 , f o r  | z |  = I ,  z ^  I .  '

NOW; Ln’( g ( z ) 2 ) = 2 R e (g (z ))  Im (g ^ )) = 0

Re( i ( g ( z ) 2 ) = Re ( i )  Re( g ( z ) 2 ) -  Im .(i) Im( g ( z ) 2 ) = 0 .

R e ( i2 ( g ( z ) ^ j )  = R e ( i2 ) R e(g(z)-5) -  Im ( i2 ) Im (g (z )5 )

= -  R e (g (z )  ( g ( z ) 2 ) )

= -  R e (g (z ) )  R e (g (z )2 ) + Im (g (z ))  Im (g (z )2 ) = 0 . 

C o n tin u in g  i n  t h i s  f a s h io n  we can  c o n s t r u c t  a  c o u n ta b le  number o f  

harm onic f u n c t io n s  w ith  boundary  v a lu e s  o f  z e r o .  " Thus, f o r  t h i s  

p rob lem  th e r e  is" no u n iq u e  s o lu t i o n .  However, we s h a l l  e s t a b l i s h  t h a t  

among a l l  f u n c t io n s  e x h i b i t i n g  a  c e r t a i n  ty p e  o f  g row th  i n  a  n e ig hbo rhood  

o f  th e  s i n g u l a r i t y ,  th e  s o lu t i o n  i s  u n iq u e .

A c l a s s i c a l  r e s u l t  i s  t h a t  i f  U(G)i s  c o n tin u o u s  and  bounded f o r  

0 <  0 <  2 « , th e n  th e r e  i s  a t  m ost one bounded f u n c t io n  G-(z),  su ch  t h a t  

C (z) i s  harm onic f o r  | z |  < 1  and G-(z) -* u ( g) a s  | z |  -> I ,  s e e  [ ? ] ,  page 9 2 . 

Lemma, 4 .1  ^

P .V . de = Vs*
r  -  2r  c o s^  + I

( r r v ) :
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t h e  P o is s o n  i n t e g r a l  i sP r o o f :  A n o th e r  fo rm  o f

U (a) = Re i s  t h e  'w here C

u n it  c i r c le .  We want to  compute Re( p.V.pZT

C o n s id e r  . + i  Im

0 i s  I  a n d  a tThe r e s i d u e  a t  zThe r e s i d u e  a t  z

a  +  I Thus we hav e  t h a tz = I  i t  i s

a  + I L e t t i n g

X - ; !  4- y  + ; i ( - 2 y )2 ( x  -  I  -  i y )x + iy  we
(x  -  I )  +  y ‘

(x  -  I )  + -y

B u t, t h e  im a g in a ry  p a r t  o f  th e  i n t e g r a l  o f  (4 ,1 )  i s

z 4 a

z 4  a
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z -i- a I  dz
w hich  i s  r e a l .  H ence, Re ^  J  m  - 7  = (^ T i )

" C

Lemma 4 .2 , P .V . —  f  ^  . K(r,©,(j)) a © '-  f ( 0 )  Im Cr - - ^ )

i s  h o u n d ed  f o r  0 <Z r  <  I .

P r o o f :  L e t  u ( e )  = U1 (Q) = @ = f ( ° )  ( l 7 z  Z=Bi6 ) ^

a n d  Ug(Q) = U(e) -  U1 (Q ) . Ey p r o p e r l y  d e f i n i n g  U g(O ), Ug(Qz) w i l l  he  

. .

c o n tin u o u s  f o r  0  <  6 <  2 jr. L e t  U g(r,(j)) = - g ~ -  ^ U g ( Q )  K (r,© ,(j))dQ . A l l

-JT

t h e  s t a n d a r d  th e o re m s  on P o is s o n s  i n t e g r a l  a p p ly ,  a s  U g(Q )Is c o n t in u o u s .

Ti JT

Ug(r,<|)) = P .V .' ( ^ j - ) / u ( Q )  K ( r , 6 ,(j))dQ P .V . ( - — - )  f  U1 (Q) K(r,.Q](j))dQ.

- r t  -JT

TC- ' ' ; ,

Ey lemma 4.1,/- P .V . ( - ^ - )  J  U1 (Q) K ( r , 0 ,^ )d Q  = f(o) Im ( j ' " )

-TC

U g(r,(j)) -> Ug(Q)Bs z -> e i e  a n d  Ug(Q) i s  c o n tin u o u s  f o r  0  <  Q <  2 it. Hence

P .V . ( 4 ^ - )  J  U(Q) K ( r ,0 ,<j))dQ -  f ( 0 )  Im (5— ^) <  M.

-JC
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Theorem  4 . 1 .  L e t  H d e n o te  t h e  c l a s s  o f  a l l  f u n c t io n s  g ( r , 6 ) s u c h  t h a t  

g ( l , 0 )  = — , a n d  g ( r , e )  i s  h a rm o n ic  f o r  | z |  < 1 .  Then i f

g(r,<i)) -  Tm, (
f ( 0 ) <  M f o r  z < 1

g (r ,( j) )  = P eV. ) f  ̂ K C ^ e ^ ' d e  = u ( r , ^ )  ■ . ■ •

P r o o f :  We h av e  t h a t  u(r,({)) i s  a  s o l u t i o n .  L e t  g(r,<j)) h e  a n o th e r  s o l u t i o n

s u c h  t h a t g ( r , ^ )  -  m  <  M. L e t  F ( r , ^ )  = U (r,(j)) -  g ( r ,( j) ) ,

F (l,(})) = 0 f o r  a l l  <j) =j= 0 . F ( r ,(])) = u ( r ,( j) )  -  Im + Ln _ g ( r , ^ )

I F ( r  ;<|)) j < '  ;'U (r^(j)) -  Ln + | Ln -  ’g ( r ^ )  <  SM. Thus ' p (r,([))

i@ i
i s  h o u n d e d , h a rm o n ic , a n d  h a s  t h e  v a lu e  z e r o  f o r  z = e  ,  0  $  0 .  S in c e

t h e r e / i s  a t  m o st one f u n c t i o n  w i th  t h e s e  p r o p e r t i e s  a n d  0 h a s  t h e s e ;

F (r,( j))  = 0 .  T h a t i s ,  u (r ,( j) )  = g ( r ,( j ) ) .

f  (o )
S in c e  U(r,<j)) -  Ln (■—-  i s  h o u n d e d , one i s  te m p te d  t o  s a y  t h a t  t h e

a n a l y t i c  f u n c t i o n  o f  w h ic h  u (r ,( j) )  i s  t h e  r e a l  p a r t ,  h a s  a  s im p le  p o le  a t

Z = I .  As U(r,(j)). i s  n o t  d e f in e d  i n  a  f u l l  n e ig h b o rh o o d  o f  z = I ,  t h i s  

w o u ld  h e  i n c o r r e c t .  We s h a l l  show , h o w e v e r, t h a t  t h e  s i n g u l a r i t y  i s  o f  

t h i s  n a t u r e .  I n  t h e  f o l l o w in g ,  a l l  l i m i t s  w i l l  h e  o n e - s id e d  l i m i t s .  .

f(io )

T / I
F o r  s i m p l i c i t y  l e t  U1 (G) = ,  Ug(G) = Ln (1  ^  ^ )

-■ c

"i@ a n d

U j = U1 -  Ug. As- b e f o r e , h y  p r o p e r l y  d e f i n i n g  U j ( o ) ,  U j(G ) ',i t t i l l  h e

c o n tin u o u s  f o r  a l l  G
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L e t  p ( z ) I
2jc

Cu, - U2 ) j; + z
C - z

<3.0 w here  t, =. e 3 How "by [9 ] ,  p ag e  ;l 8 l ,w e

-Jt

TC Jt

h a v e  R e(FC ei e ) )  = U ^ ( e ) .  F (z )  = P . V . ^  U1  d© -  u2  d© .

- i t  - i t

i t  ' it

L e t P1 (Z) = U1 g g .  d© a n d  f g ( z )  = P - V . ^  f  ^  d e *

- i t  - i f

We have t h a t  f ^ z )  = F (z )  + f g ( z ) ,  w here  R e(P 1 Cei e )) =U1 (Q) and^ 1

Re ( P g (e i e ))-=:U2 ( 6 ) . To e x h i b i t  t h e  n a tu r e  oP t h e  s i n g u l a r i t y  c o n s id e r

l i r a  ( z - 1 )  P1 ( Z ) . I P  ( Z - I ) P 1 (Z ) o r  ( z - l ) P 2 ( z )  h a s  a. l i m i t  t h e n  we have  
z->l

Lim ( z - 1 )  P1 ( z )  = l i r a  ( z ^ l )  F (z )  +  I im  ( z - l )  P p ( z ) .  S in c e  
z->l z->l . z->l

. ( z - 1 )  F (z )  -> 0 a s  <z I ,  I im  ( z - 1 )  P1 ( z )  = I im  ( z - 1 )  Pp ( z ) ,
z-»l Z -O l

f 2 ( z )  = P .V . J r - ^

-TC

M  -  P -v - h  J ' jlz i  < •

1+ z ,
The r e s i d u e  a t  ^ = O i s  I .  The r e s i d u e  a t   ̂ = I  i s  3 a n d  a t

^ = z i s  2 ( |± i ) .  Thus P .V . ^  ^  | ± |  = ^  . ( I  +

T h en , I im  ( z - 1 )  P _ (z )  = I i a  ( i  ( z - 1 )  *  i ( z + l ) )  = 2 i  ^  0 . T h e re P o re  
z-*l z->l
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f j C z ) , v h e re  Re(f^(e"!"®)) ,  h a s  a  s i n g u l a r i t y  a t  z = I ,  a n d

I im  ( z - 1 )  f  ( z )  = K 0 .
' Z r - I x

I t  s h o u ld  h e  n o te d  t h a t  t h e  F o u r ie r  s e r i e s  m ethod  o f  r e p r e s e n t i n g  

t h e  b o u n d a ry  v a lu e s  i s  n o t  v a l i d  f o r  f u n c t i o n s  h a v in g  s i n g u l a r i t i e s  o f  

a  h ig h e r  o r d e r .  F o r  e x a m p le , i f  f(@ ) = —=■ ? t h e  i n t e g r a l s
9*

TC

P .V

-TC

—2 s i n  k© d© -j 
©r •

do  n o t. e x i s t . T h is  s u g g e s t s  a  p ro b le m  f o r  f u t u r e  i n v e s t i g a t i o n .



CHAPTER 5

AU APPLICATION

As a n  a p p l i c a t i o n  o f  t h e  p r e v io u s  r e s u l t s  we s h a l l  ex am ine  a  

p ro b le m  i n  l i n e a r i z e d  h y d ro d y n a m ic s .

A d e t a i l e d  a c c o u n t  o f  t h e  u s e  o f  l i n e a r i z e d  h y d ro d y n am ics  i n  t h e  

c a l c u l a t i o n  o f  p e r fo rm a n c e  c h a r a c t e r i s t i c s  o f  h y d r o f o i l s  p l a c e d  i n  a  

u n ifo rm  s t r e a m  a n d  t h e  a n a lo g o u s  p ro b le m  i n  a e ro d y n a m ic s  i s  g iv e n  i n  

[3]  } [if] [5 ] ,  a n d  [6]  . We s h a l l  c o n c e rn  o u r s e lv e s  w i th  t h e  c o m p u ta tio n  

o f  t h e  l i f t  a n d  d r a g  c o e f f i c i e n t s  f o r  h y d r o f o i l s  w i th  p r o f i l e s  o f  a  m ore 

g e n e r a l  n a tu r e  t h a n  th o s e  g iv e n  i n  [ 6]  a n d  w h i le  s o  d o in g ,  c o r r e c t  some 

s e r i o u s  e r r o r s  i n  [5]  a n d  [ 4 ] .

I t  i s  p o i n t e d  o u t  i n  [6]  t h a t  a f t e r  a  m ap p in g  o f  t h e  ( z )  p la n e  o n to  

t h e  (£ )  p l a n e ,  t h e  l i f t  a n d  d ra g  c o e f f i c i e n t s  may b e  r e p r e s e n t e d  a s

. Ci  = /w ( D  (r-2 -  I) C f t  a  % (5.1)
c 2C

Od - I r  . M i )  ({ -
C ^

(5-2)

w h ere  C i s  t h e  u n i t  c i r c l e  t r a v e r s e d  i n  t h e  c lo c k w is e  s e n s e .  I n  t h e  

ab o v e  e x p r e s s io n s  f o r  a n d  C^, W (£). i s  g iv e n  a s

W ( ^ )  ss r r i ( 0 !  -  C )  !
i&  ' ■ - i & !‘

+ ............  ,T:
19'. "i©

- i
^ ' n  •

a  . i s  a  r e a l  num ber c a l l e d  " th e  a n g le  o f  a t t a c k " .

(5.3)
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y

The num bers c__ a r e  t h e  F o u r i e r  c o e f f i c i e n t s  o f  G * (o ) ,  ( t o  hie d e f in e d  

h e  lo w ) ,  a n d  ©’ i s ,  f o r  t h e  f u l l y  w e t te d  c a s e ,  e q u a l  t o  ~  ..

G*(q ) i s  d e f in e d  hy

r

G*(@) =
G(Q) 0  < 9  < i t

^G (—Q) " it <  © <  0

w h e re , f o r  e a c h  ^ ,  w i th  |^ ]  = I  a n d  a r g  g,"=s ©, (© <  0 <  j f ) ,  G(©) i s  t h e  

h y d r o f o i l  s lo p e  a t  t h a t  p o i n t  o f  t h e  ( z )  p la n e  w h ic h  i s  m apped t o  

When c o n s id e r in g  a  h y d r o f o i l  w h ic h  h a s  a  p r o f i l e  s u c h  t h a t  t h e  

s lo p e  becom es i n f i n i t e  c e r t a i n  m o d i f i c a t i o n s  becom e n e c e s s a r y .  ■ We now 

d e f i n e  H a s  t h e  c l a s s  o f  h y d r o f o i l s  f o r  w h ic h  G(©) may b e  w r i t t e n  a s

,  w h ere  f (© ) 'ih a s  a  c o n tin u o u s  d e r i v a t i v e . ; T hen , i n  t h e  d e f i n i t i o n

To f  V ( Z ) ,  we r e p l a c e

I

- n b y  t h e  ( C , l )  sum:

- n

(CA)

w h ere  now t h e  c ^  w i l l  b e

g iv e n  b y  P .V . ~  , J  G*(©) c o s  n© d©.

'• - J t . '

I t  h a s  b e e n  o b s e rv e d  b y  N ic k e l  i n  [ 6] ,  t h a t  s i n c e  W2 ^ )  h a s  a  p o le
2

o f  o r d e r  2 a t  ^ +  i  a n d  £ + 1  h a s  a  z e r o  o f  o r d e r  I ,  t h e  i n t e g r a l  ■

r e p r e s e n t a t i o n  o f  CL e x i s t s  o n ly  i n  t h e  s e n s e  o f  a  Cauchy P r i n c i p a l  V a lu e . 

W ith  o u r  c h o ic e  o f ,  t h e  c l a s s  H, - th e  r e p r e s e n t a t i o n  o f  Cr a s  w e l l  a s  t h a t '
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o f  Cd m u st be  i n t e r p r e t e d  a s  a  Cauchy P r i n c i p a l  V a lu e .

B e fo re  p r o c e e d in g  f u r t h e r ,  we n e e d  some p r e l i m i n a r y  lem mas. 

Lemma 5 . 1 „

L e t a ^  = P .V . ~  I  G * (x )c o s  kx  d x , w h ere  G*(x) i 's ' i n  t h e  , c l a s s  H .■

- r t

T h en , f o r  |e |  ^ ^

i  Zf .
Sk  S U l K6 .=  P .V .  g j  J  G * (x )  - O s x T c o s 6s i n  k 6 = P .V .

( c , l )  - J t  .

d x .

P r o o f :

L e t Sn  = 2 ^  a^. s i n  k© = ^  ”  G *(x) c o s  kx  s i n  k© dx

I  I  - J t :

Jt JLt . .

P .V .g ^ - y  G * (x )^ ^ T  S in  k(©+x).,'+ s in  k (© -x ) ^  d x .

- J t  I  '

By some e le m e n ta r y  i d e n t i t i e s  we have

n ' f  z  s i n  n ( ^ ~ ) s i n ( n + l )  ( ^ ~ )  s i n  n ( ^ — ) s i n ( n + l )  ( ^ ~ )  

s n  -  > < < ; -------------------------------------—  +
- J t s i n ( ^ )

an d

n

-n  - - k  j  ( » - < ¥ > -  - < ¥ ) )  ^P .V .

O

+  P .V . i _  r  o (x )
2X J  s i n ( ^ )

n  co s  ( S A -
?  ' 2  s l n ( ^ )

-  co s(~ ^ ) j  dx



U sin g  e x a c t l y  t h e  same t e C bniqne a s  i n  t h e  p r o o f  o f  t h e  F o u r i e r  th e o re m  

o f  C h a p te r  I T ,  i t  i s  a  s t r a i g h t f o r w a r d  h u t  t e d i o u s  m a t t e r  t o  show t h a t  

. JC

- 3 0 -

I p -v - s -  -
0 2  Ji: V" o  '

a n d  th u s

a n  = n  ^n  P *V* f c  I
c o s C ^ r r )  GOK ( - ^ )

)6 - A  /  t o ’

o r  t h a t

a k  s i n  k 6 = P .V . g -

(C A )

Lemma 5 .2 .

J  G *(x) s in e
c o sx  -  cos© d x .

- i t

L e t  H(e)

(C A )

s i n  k© =% P.V» G *(x) s in e
c o sx  -  c o s e l®l =I= §  •

-JC

T h en , P .V . ^ H (e)d e  e x i s t s , ,

- J t

P r o o f :  F o r  c o n v e n ie n c e ,  l e t  u s  c o n s id e r  P .V . J  H (e)d6. The e x i s t e n c e

■ ' : O

o f  P .V . /  H,(e)de a n d  P .V . / H(e)de w i l l  t h e n  he  im m ed ia te ,

-jt - J t



I n  V ie t/ ' o f  t h e  n a tu r e  o f  G-* ( x ) .

iffl(e) = p .y. G (x) s i n e
J  „ TC COSX -  C O S0
O % -  2

d x , w here  G (x) h a s  a  c o n tin u o u s

X @
d e r i v a t i v e . S in c e  s i n e  — :------r r r x  -> ~1 a s  x  -> 6 ,  we may

e x p r e s s s in e a s  -

c o sx  -  c o s e  

I  '
c o sx  -  c o s e  x  -  e

f u n c t i o n  o f  x  (a n d  o f  6 ) .  Then

+ A ( x , e ) ,  w h ere  A ( x ,e )  i s  a n  a n a l y t i c

s in e Q(x)G (x) _
TC COSX -  COSB TC

X -  2 x  -  2

' I.
x  -  e A(x,e) j

g(x ) A (x ,e )

V x - T f  ■ ^ ) 5l x)  + x . |

T h u s ,

Jt

JtH(e) = P .v .  A ( x ,e )d x

O X~2 *-2 O X"2 f O

C a l l  th $  i n t e g r a l s  H^ ( G) , H g(G ),  a n d  E ^ ( G ) ,  r e s p e c t i v e l y .  A r o u t i n e  

c a l c u l a t i o n  show s t h a t  H ^(e) i s  a  c o n tin u o u s  f u n c t i o n  o f  G. I t . i s

o b v io u s  t h a t  P .V . j  H g(G )dG e x i s t s  an d  i t  i s  w e l l  known ( s e e  [ 2 j }

O

TC TC .

p ag e  117) t h a t  P .V . J ' TL^(B)&& e x i s t s .  H ence P .V . H (G )d0 e x i s t s .

We now r e t u r n  t o  t h e  c a l c u l a t i o n  o f  C, a n d  Ctn. L e t K b e  aL 1 D • g

V
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c o n s ta n t  s u c h  t h a t  G^-(G) G*(©) i s  ("by p r o p e r l y  d e f i n i n g

Gk (§ )  ) c o n t in u o u s . We s h a l l  now s p e c i a l i z e  t h e  p r e v i o u s ly  m e n tio n e d  

c l a s s  H "by r e s t r i c t i n g  i t s  m em bers t o  h e  t h o s e  G(G) su c h  t h a t  G^(G)

h a s  F o u r i e r  . c o e f f i c i e n t s ,  a^ ., w h ere  )  s i n  k© i s  u n i fo r m ly  - c o n v e rg e n t

f o r  | e |  <  at. C le a r ly  t h e r e  i s  a  h o s t  o f  s u f f i c i e n t  c o n d i t io n s  f o r  

t h i s ,  s u c h  a s  G^(G) a n d  GjL(G) c o n tin u o u s  a n d  s a t i s f y  D i r i c h l e t *s 

c o n d i t io n s  ( s e e  [ i j ,  p ag e  2 7 0 ) .  We s h a l l  u s e  t h e  f o l lo w in g  n o t a t i o n :

Gk(S) a , c o s  k© = ) ( e  -  c ' ) co s  kG, w here

I
JC

c, = P . v .  -  /  G * (e )c o s  kG dG a n d  cJ = P .?V  /  Kg co s  kG d 0 . 
k ' J t J  V  ' ' - J  cSiG

- J tz , .  ' “ JC

• \

0L = P .V . J  (^ F 1 (C) + F g ( S ) I  w here

Vb - 1 -i(« - %> ( r H - 'r r r ) )  ((?2 +

and Fg(S) = ( - I cn ^
-n \  ( 6  + X) CS2 -  D

(0 , 1)

A r o u t i n e  - c a l c u l a t i o n  show s t h a t

F1(S)ClS = i ( a - c0) J  \  ^  ~ ” 2 J a-S = 2Ot(Qi-Cri) .
C ' C
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Ji

P . V .  y ' P 2 C O d S  =  - i  P.v. J ( g*(®) -  I h Cq) )  s i n  26 d 0 .  S in c e  G * ( e ) .

- T i

i s  e v e n , P .V . ^  P2 (S )^ S  = -  P .V . s i n  20  d e .

C -JC

We know ("by o u r  s p e c i f i c a t i o n  o f  t h e  c l a s s  Hj a n d  i n  t u r n , t h e  c o e f f i c i e n t s  

a , ) t h a t  "

x  J  L  ^
- it  I

s i n  k 0  s i n  26  d e  = a 2 « T h u s ,

I
Jt

( c k  -  c ^ )  s i n  k© s i n  2© d©

- jt  I

i  P . v .  r  V Ck  s i n  k© s i n  26  d© -  ~  P.V.  J  ^  _ c £  s i n  k© s i n  2© d© =• c2" c 2

- J t  ( C , l ) - j t  ( c , i )
The' C^ h av e  b e e n  com puted  i n  C h a p te r  X9 a n d  i t  i s  e a s y  t o  show t h a t

?

('GA),

s i n  k© = 0 .  Thus

P .V . J  ^  Cfc s i n  k© s i n  28  d© = P .V . J  H (© )s in  2© d© = J t(c2~ c^) = Jtcg .

- J t  (C A ) . -*■

C om bining  t h e  ab o v e  r e s u l t s ,  we have

cL =
P  ( 0  +  F2 O  = 2 j t( a  -  Co) -  Jtc2

' C



■ I t  i s  c o n v e n ie n t  t o  d i v id e  t h e  d r a g  i n t e g r a l ,  i n t o  t h r e e  p a r t s  

a s  f o l l o w s :

0D -  P-V - k  Ot
. . ' C " SG

S i  ^ l  *2  T -tS( I 1 +  I c  +  I * )

w h ere  I 1  = -(O -C q ) P .V . J
C

i ____ i _ \ 2  (C2-H )(C 2 - I )

2 t p
d S ,

I 2  = - 2 ( a - c o ) P .V . / ( j r j j  "  ^ 1 )

C
Z = n  £ 'n )  ( h W i l  )

(0 , 1)

a n d  I 5  = P .V . / ( X cn  ,p r o v id i n g  I ^ I 2  an d  I 5 e x i s t .

c (CA) 2^

U s in g  t h e  c a l c u lu s  o f  r e s i d u e s  ( f o r  t h e  d e t a i l s ,  s e e  [6]  ) ,  we f i n d  t h a t

I1 = 4iri (0 - cJ 2 a 
-L \  °  '

A f t e r  so m e ' c h a n g e s  i n  n o t a t i o n
. •

I 2  = 4 (O-Cq) p .v . J  (  G*(e) -  12(e) j  (cose -  i  sine) s ine  de.
- it

S in c e  .G*(e) i s  e v e n  a n d  H (6 ) Odd1

I2 =Ai(O-Co) P.v. . J  H(e) cose Sine de -  H(O-Cq) p .v. J  G*(0)sin e de
- J t -JC

-S i(O -C o ) P.v. / H(e)sin Se de -  Si(o-cQ) P .V .JG*(e)(l-cos Se) de.
- J t - J t
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We have  a l r e a d y  c a l c u l a t e d  P .V . J  H (© )s in  2© d© an d  b y  t h e  d e f i n i t i o n  o f

- it

c a n d  c 0 , we have  o 2 '

I2 = *4jti(a - Cq) Cq.

I 5  = 5  P .V . J  ^@*(e) -  iH (© ')^ ( - 2  s i n  2©) d©

2 i  P .V . I G-x-(©) H(©) s i n  20  d 0 , ( ( (^ (© ) )2  a n d  H2 (©) b e in g  e v e n .

The f o l lo w in g  show s t h a t  I ,  e x i s t s .  We n o te  t h a t  ( s e e  [ l |  ̂ p a g e  288)

ita I  T r v .  .............x / " 1)J  \  Z j a ^  C° S / )  a i-  s i n  k© ) s i n  2© d©s i n

- a t

P .V . ^ (c ^ -c ^ .)  c o s  k © J  ^  ^ J ck - c lP  s ^n  k 0 J  s i n  2© d©

- i t  .■ "4  ' ,

P .V . / ( )  C1. co s k© -  )  C1*. c o s  k©^ ^ ^ . '" c ^ ,  s i n  k© -  )  c& s i n  k© Jfein 2© d©

(C A )- J t  (GA) (C A ) (C A )'

p.v.
-Jt

- Sse) ( Z
(C A )

s i n  k© -  0  J s i n  2© d©

P .V . /  G*(©) H(©) s i n  2© d© -  P .V .SE /  H(©) sinOCd©.

-Jt

I



H
i K

-  36  -

¥

■ J f

T h u s , p . v .  /  G-^-(Q) H(G) s i n  2© de  = - 5 = .+  2K  P .V . /■ H(©) s in ©  d0 ."
g

-3t

P .V . J  H(G) s in ©  d© i s  com puted  h y  n o t in g  t h a t

-Jt

it

J  aIc s i ^  k e  s i %8 d© = Jta1 '=  J tfc 1  -  c £ ) . Then

- jt  I

Jt

V  2 j ^ k - c P s i n  k@ s in 6  d® = ■  P . V . . y  ^  Ck  s i n  k© s in ©  d©
-J t I  

Jt

-Jt (CA)

Jt

-  ~  P .V . J  2 ^  C- s i n  k© sin©  d© = P .V . ~  J  E(@) s in©  d© = C1 -C ^ 

- i t  (C A ) v - J t

C om bining  t h e  p r e v io u s  r e s u l t s  we hav e

' ' 2 '

P .V . G*(&) H (© )s in  2© d@ = — 2j tKg(C1- c£ ) = jt ^ c I  C1 ^ 2K-.-(Q1-Cj^)

- J t  2

a n d  t h a t

I 5 = 2 i  P . V . y  G*(©) H (6 ) s i n  2© d© = 2 j t i  ( c ^ c p  ^

F i n a l l y ,  

I
c D “  2 i '  ^1I  +  ^ )  = 2 j t ( a - c o ) ^  +  J tfc 1 - C p  f - i ~ i +2Kg ,) 2 j tc ^ (a -c ^ )2



-  3 7  -

I t  s h o u ld  h e  n o te d  t h a t  i n  t h e  e v a l u a t i o n  o f  CL a n d  CL, a l th o u g h
Xi D

t h e r e  i s  a  g r e a t  t e m p ta t io n  t o  p e rfo rm  te r m  h y  te rm  i n t e g r a t i o n ,

( a s  E a h u la  d o e s  i n  [3]  a n d  [ 4 ] ) ,  i t  c a n n o t h e  j u s t i f i e d  a n d  h y  

c o n s id e r in g  t h e  ex am ple  o f  C h a p te r  I ,  i t  l e a d s  t o  i n c o r r e c t  r e s u l t s

f

/
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