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Abstract:
Numerical techniques are developed to study the two-spin-wave problem in one and two dimensions in
finite lattices. Particular emphasis is placed on the bound states formed by the two spin-waves. The
results are compared with analytic calculations made for infinite lattices. The assumption that
spin-waves are independent and obey Bose statistics is examined and shown to be valid for two
spin-waves of small momentum in a class of lattices in one, two, and three dimensions. It is shown that
for small total momentum two spin-waves in one dimension may be treated as hard spheres. It is also
shown that in two dimensions some of the states which have previously been considered bound can no
longer be so considered and that the wave functions as well as the energies of such states must be
examined before such a classification can be made. The finite lattice study in two dimensions is
accomplished through a manipulation of a diagrammatic notation which is developed here. This
technique allows both the energies and wave functions to be calculated. In addition the finite lattice
technique allows an examination of the limiting process as lattice size becomes infinite, which is vital
to a thorough understanding of the problem. 
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ABSTRACT

Numerical techniques are developed to study the twos pin-wave prob­
lem in one and two dimensions in finite lattices. Particular emphasis 
is placed on the bound states formed by the two spin-waves. The results 
are compared with analytic calculations made for infinite lattices. The 
assumption that spin-waves are independent and obey Bose statistics is 
examined and shown to be valid for two spin-waves of small momentum in 
a class of lattices in one, two, and three dimensions. It is shown 
that for small total momentum two spin-waves in one dimension may be 
treated as hard spheres. It is also shown that in two dimensions some 
of the states which have previously been considered bound can no longer 
be so considered and that the wave functions as well as the energies of 
such states must be examined before such a classification can be made. 
The finite lattice study in two dimensions is accomplished through a 
manipulation of a.diagrammatic notation which is developed here. This 
technique allows both the energies and wave functions to be calculated. 
In addition the finite lattice technique allows an examination of the 
limiting process as lattice size becomes infinite; which is vital to a 
thorough understanding of the problem.



CHAPTER I

' INTRODUCTION TO FERROMAGNETISM

The ability to maintain a magnetic moment by some internal mechanism 

is a striking feature of ferromagnetic materials. This ability dis­

appears after heating the material past some critical temperature usually 

denoted T^. These materials exhibit a crystal structure in which ions 

are imbedded that have magnetic moments. In a ferromagnetic material 

there is an energy that cooperatively tends to align these moments. On 

heating,when the average thermal energy becomes greater than the aligning 

energy the moments become disordered and the ferromagnetic effect is lost. 

There are further complications due to domain structures which are not 

taken into account in the simple model that will be discussed here; the 

reader need only note that the temperature at which the ferromagnetic 

property is lost gives an estimate of the aligning energy for one of the 

ions, kTc .= J the aligning energy.

A considerable mystery developed about the size of this aligning 

energy that was only cleared up by the advent of quantum mechanics. The 

aligning forces are too large to be generated by the magnetic fields 

within, the material. This mystery was finally solved by Werner . 

Heisenberg in 1928 [22]. Briefly the argument is as follows. Place two 

electrons in a potential of the form
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the barrier in the center being high enough to form two degenerate 

states, one centered on the right the other on the left, but low enough 

to allow some overlap of the wave functions. The wave function for the 

pair may be written as a spatial part either symmetric or antisymmetric 

under the interchange of the electrons times a spin part also either 

symmetric or antisymmetric. The Pauli exclusion principle must be 

obeyed, so the total wave function must be antisymmetric. Further, the 

electrons repel.each other; thus the states in which the spatial part is 

antisymmetric have the lower energy, but because of the Pauli principle 

these states have a symmetric spin part. This difference in energy that 

the Pauli principle develops between states with symmetric and anti­

symmetric spin parts may be written formally as a Hamiltonian dealing 

only with the spin part of the wave function. This spin Hamiltonian,

H  = -2JS^

is known as the Heisenberg spin Hamiltonian. The J is. a constant having 

units of.energy,the S's are unitless spin operators and the 2 is added 

for aesthetic reasons. The exact form of S for spin # will be given 

in the next chapter. If J is positive the aligned spin configuration 

has the lowest energy.

In the above argument only two electrons were used; when doing the 

full many body problem some complications arise. The sign of J may be
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negative. A good discussion of this problem is found in [61]. In any 

case the Heisenberg Hamiltonian is a suitable starting point in an 

investigation of ferromagnetism. It is a bit ironic that the forces 

that align the spins in a ferromagnet are basically electrical and not 

magnetic in origin. It is also interesting to note that the explanation 

for ferromagnetism is entirely quantum mechanical. There is no satis­

factory classical explanation. There is, of course, the classical mean 

field argument for ferromagnetic thermodynamics, P. Weiss [52]. This 

does not explain the aligning energy, however.

The nature of the aligning force has been understood since 1928, the 

thermodynamics at high temperature away from the critical ..temperature was 

explained by Weiss [52] in 1907 and an understanding of the thermodynamics 

at low temperature away from the critical temperature dates, as shall be 

seen more fully, from Bloch [3] in 1930. The chief reason that magnetic 

thermodynamics has been pursued in great depth in the remaining region, 

temperature near the critical temperature, is the interest in the phase 

transition.

Phase transitions form a fascinating and mysterious a field of study. 

Why does water, for example, change from liquid to gas so sharply at one 

temperature? The gradual change from solid to liquid in glass at least 

seems to be a more reasonable action on the part of nature.
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There seems to be a direct analogy between all types of phase tran­

sitions, including the magnetic transition, through the theory of criti­

cal exponents.. This analogy seems not to be quite exact in the light 

of recent experiments. However, to a surprising extent the functional 

forms for thermodynamic quantities are the same for all types of phase 

transition, differing only with the dimensionality of the substance 

involved. A reference on the topic.of. phase transitions [ 59 ] is 

included in the Bibliography. A study of the magnetic phase transition 

has several advantages. The Heisenberg spin Hamiltonian that is 

developed above is of simple form and is well understood, unlike the 

complicated potential between molecules in a gas. Also the magnetic 

ions are stationary and do not move about as do gas molecules. Further 

by making alterations to the Heisenberg Hamiltonian a form arises which 

may be solved exactly in one and two dimensions, namely the Ising model.

The possibility of work in one- or two-dimensional space is also an 

advantage to the study of the magnetic problem. It is difficult to 

visualize a one- or two-dimensional real gas, but one- and two-dimensional 

real magnets are in existence [7, 9, 49, 51]. It is possible to grow 

crystals in which chains or plates of magnetically interacting ions are 

widely separated by either water or organic type groups of atoms. The 

behavior of. these materials is very much like that of an ideal one- or 

two-dimensional magnet. The ability to study phase transitions in lower-
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dimensional space yields interesting results: There is no phase transi­

tion in one-dimension and in some cases there may not be in two.

The existence of the Ising model solutions [57] in one or two 

dimensions allows a whole new interaction between physicists. Instead 

of making comparison only with experiments the theorist who develops a 

new approximation may test it in the Ising limit in one and two dimen­

sions.

The development of one- and two-dimensional physics is for the 

most part not an applied topic. A very notable exception lies in the 

study of two-dimensional domain effects which lies at the heart of the 

magnetic bubble technology that is now being feverishly studied by the 

computer industry. Thus lower dimensional studies which might have 

been considered only a game have considerable scientific and even 

practical value.

This chapter has presented a very brief overview of the topic of 

magnetismi No attempt has been made at completeness as there are 

several adequate texts on the subject, a small list of which is given in 

the Bibliography. It is hoped that the reader now has a feeling for the

relationship between magnetic thermodynamics and phase transitions and
-

'

an appreciation for lower dimensional physics. In the next chapter an . 

overview of spin-wave thermodynamics will be presented. This is one 

technique among many used to calculate thermodynamic properties. The
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reader who wishes further information on the fascinating topic of mag 

netic thermodynamics is referred to White [ 6 1 ] Stanley [59], and 

Huang [57].



CHAPTER II

INTRODUCTION TO SPIN-WAVE THERMODYNAMICS 

The basic difficulty in working out thermodynamics in most many- 

body systems is the large number of states in which the system may be 

found and which must be dealt with. Magnetism is no exception. Spin- 

waves were discovered [3] in an attempt to solve the problem of the 

thermodynamics of magnetism by examining only a few states of the system. 

The result is valid for low temperatures.

It is convenient at this time to develop a useful identity as 

follows. The Pauli matrices are usually written

and find application as a representation of the spin operator for spin i. 
This representation of the spin i operator must be modified if more than 

one spin is to be discussed. This is done by introducing a direct pro­

duct space so that for two spins

- • ■< . / ‘ . ; , • . • . .

Ofji >  (Cx  x I) Og = (i x crX ) , '
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etc. Writing these two matrices out explicitly gives.

Then a.

^ 2

/0 . 0  I o \ / 0 I 0 0 \
0 0 0 I X 1 0  0 0

1 0  0 0 a 2 " 0 0 0 1

V  i ° 0I yo  o i oy

#2 becomes

+ +
Z Z

aIa2

which may be written explicitly as

The direct product basis states associated with this, representation are, 

h h associated with the first row and column through fj,, [,['to |, [, 
associated with the last row and column. A permutation of these two 

spins leaves [‘['and 11, invariant and takes [ {, into I h thus the permuta­

tion operator may be written

\
I 1 
0

I ,
/ '
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Note should be made of the identity

which is attributed to Dirac and of which extensive use will be made.

The Heisenberg spin Hamiltonian may be thought of as a sum of 

operators which interchange the spins on neighboring sites. Obviously 

this does not change the number of up or down spins. Thus the Hamiltonian 

and the z component of the total spin commute and may be simultaneously 

diagonalized. Because of this the states may be examined a few at a 

time. There is only one state that has all the spins spin-up giving the 

maximum z component. This must be an eigenstate and is the ferromagnetic 

ground state. There are N states in which there is only one spin spin- 

down. These states contain the lowest excited states and will be found 

presently.: These are spin-waves. This procedure may be continued in

principle until all the eigenstates have been found. So far this has 

been done only for very small one-dimensional lattices [5].

Because of the difficulty in obtaining eigenstates with many spins 

down an approximation was made by Bloch [3]. If two spins are turned down 

in a large lattice Bloch assumed that the spins will in general lie far 

apart and as only neareste neighbor terms are contained in the Hamiltonian 

they will not affect one another. This implies that the two-down-spin 

states may be approximated by the superposition of two one-down-spin states .
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In general n-down-spin states may be made up of the superposition of n 

one-down-spin states so long as n is much smaller than the number of 

sites in the lattice. Since at low temperatures only the lowest excited 

states are populated this approximation may be used to determine low 

temperature thermodynamics.

The one-down-spin states are therefore important. . Fortunately they

may be easily obtained. It is convenient to generate symmetry in the

problem by applying periodic boundary conditions. In one dimension, for

simplicity, one may think of a ring of N sites. The boundary conditions

of course are unimportant to the low temperature thermodynamics for large

N. The Hamiltonian is invariant under a rotation of the labeling of these

sites. Further there are N such rotations and they form a group. By

analysis of the character table for this group, C^, one may show that

each of the irreducible representations is associated with one state.
ikThese representations are one-dimensional and may be written as e where 

k = 2ttX/N and X = I, 2, . . ., N. k is, as in band theory, associated with 

momentum.

That there is a separate k for each state implies that there is a 

unique representation that diagonalizes these rotation operators.

Further since the Hamiltonian is invariant under these rotations the 

rotation operator and the Hamiltonian may be diagonalized simultaneously; 

thus one need only find the irreducible representations of the rotation
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operators to find the one-down-spins eigenstates. The appropriate eigen- 

basis is

. = IC (Ii)Blkn
■ n

thwhere ?(n) denotes a down-spin at the n site. These states are called 

spin-waves because of their obvious wave-like character, or magnons 

to stress the particle nature that is dual to the wave nature. This 

duality wili.be stressed more fully in Chapter III.

The Two-Spin-Wave State

An obvious question that must be answered at this point is whether 

Bloch's hypothesis [3] that two down-spins in the lattice behave inde­

pendently is valid. This question was first addressed by Bethe [2], 

a year after Bloch put forward his hypothesis in a paper that has proved 

to be the basis for wide ranging study. Bethe was able to calculate 

two-down-spin states exactly and was able to generalize to some of 

the n-down-spin states. His generalization has proved to lead to the 

ground state for the antiferfomagnet (J negative) [24].

The Schrodinger equation for two down-spins may be written as

# = E tJj,

H = -'2J I S - S for n,m labeling neighboring sites 
n,m

(P — 1/2), from this in one dimension n,m- I
n.m
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E&(m m )i|)

where In- £ label the positions of the two down-spins. If

I A(m m )C(m ,m ) then the Schrodinger equation becomes 
»1<*2

ACm1-Ijm 2) + ACm1H-Ijm2) + ACm1Jm2- I )  + ACm^m^-H)

= EACm1Jm2) if m 2 ^ m^+l, or Cl)

ACm1-Ijm2) + ACm1 Jin2+!) + ZACm1 Zm2) = EACm1 Jffi2) . if ffig = ntj+1 (2) 

since H is just the sum of nearest neighbor permutations and P
ml ,mi ^

interchanges the down-spin at m n with the up-spin at m_+l, etc. It 

should be. noted that a constant factor and many identities have been 

dropped from the E considered above. The operator Pq^, in general, inter­

changes two up-spins, an identity. There are four exceptions if m^m-j+l, 

two if In2=Tn1+!.. The form for m^m.^+! above is just what would be obtained 

if the two down-spins were independent. The special case m^n^+l is 

necessary because interchange of the tvro down-spins at m1 ,m2 is an iden­

tity; a nearest neighbor interaction. Bethe [2] proceeded by assigning 

values to the coefficients A.Cm,m) so that ACm,m) + A(m+l,m+l) = 2A(m,m+l) . 

Clearly ACm,m) has no correspondence to the physical problem since the
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two down-spins may not be at the same site. One of course is free to 

try to force whatever functional form is chosen for A(m^,m2) to have 

this property. One may or may not be able to obtain a solution to the 

Schrodinger equation with this property; fortunately for Bethe's tech­

nique such solutions exist, if A has this property then Eq. I holds 

even when m„ - m +1. Bethe found solutions for A Of the form

A(IQ1In2) = exp [i ( k ^  + + <)>/2)] + e x p t i C k ^  + k ^  - <f>/2) ] (3)

k2 = ^ ttX1 + <f>)/N
(4)

k2 = (2ttA2 - <j))/N 

A19X2 = 2, ..., N

2 ctn ^/2 = ctn k1/2 - ctn ^2/2 (5)

This last equation follows from the condition A(m,m) + A(m+lsm+l) =

2A(m,m+l) . (j) may now be eliminated between Eqs. • 4 and 5. Not all of the

solutions may be obtained in this manner with real k's, however and it

is necessary to allow the k's and <j) to take on complex values to obtain

the remainder. These imaginary solutions for the most part have markedly

different energies and the down-spins tend to be close together in them.

Bethe therefore identified them as bound states. As there is an imaginary

solution for all values of total momentum k, + k_ Bethe claimed thatI Z
there was a bound state for all of these values. k1 + k2 is just the 

quantum number'k for the rotation operator that was discussed earlier.
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The appearance of bound states clearly upsets the argument that 

the down-spins lie far apart and that interactions may be neglected, 

since the bouhd states have low energy and will be populated at low 

temperature. Fortunately the low energy bound states are not tightly 

bound thus opening the question of their importance to thermodynamics. 

Many other questions were opened by Bethe's work as well. Are there 

bound states in two- and three-dimensional lattices? What is the 

effect of anisotropy and can such bound states be found experimentally? 

These questions have maintained interest in the bound state problem to 

the present and are examined in more depth in later chapters.

The question of most obvious importance is the effect on thermo­

dynamics . Spin-wave thermodynamics is dimensionally dependent and it 

is thus necessary to look separately at one two, and three dimensions. 

It is easy to derive the relation between energy and momentum k for a 

spin-wave directly from the Hamiltonian. This relationship is

E = A(1 - cos k)

A being a proportionality constant. For small k this becomes 

E = A(k2/2 - k4/24 + . . . ) .

Keeping only the first term,

E = A  k2/2. '



15

Following Van Kranendonk [60] the zero field magnetization may be 

derived. The number of spin-waves for.any k is given by the Bose dis­

tribution,

nk = l/,[ exp (A k2/kBT)-l]. . '

The Bose nature of spin waves is shown in Chapter. IV. A knowledge of 

the deviation from the aligned spin state gives the magnetization.

M = M . , - .  - Deviation,aligned

This deviation is proportional to the total number of spin-waves in the 

system

Deviation a J I/[exp(A k^/k^T)-!]
k

In the thermodynamic limit this summation may be taken as an integral so 

that in three dimensions

Deviation a. 47r / dk{k /[exp(A k /k T)-l]}, 
. k=0

■ '
in two dimensions

a 2 TT / dk{k/ [ exp (A k /k T)-l] >, 
k=0

and in one dimension

a-/ dk{l/[exp(A k /k T)-l]},
k=0 . ■> ■
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The resulting integral is convergent only in three dimensions although . 

in two dimensions it is nearly so and the consideration of a .slight 

amount of anisotropy (enhancement of the zz term in the S • S Hamiltonian) 

will make it so. Thus, spin-wave thermodynamics predicts that there will 

be a phase transition in three dimensions and that there will be no tran­

sition in one dimension. The result in two dimensions is ambiguous.

Much theoretical work has been done from the high temperature side 

in two dimensions all of which is ambiguous in the Heisenberg case as 

to whether a phase transition exists. Mermin and Wagner [31] showed 

that the magnetic phase does not exist in two dimensions. Stanley and 

Caplan [45] found that a divergence in. the susceptibility could exist, 

a sure sign of a phase transition. The result of experiment with the 

best two-dimensional samples [7,9] is to find a magnetic phase but these 

samples are not perfect two-dimensional magnets. It is clear that a 

very precise theory is necessary in order to clear up the mysteries in 

two dimensions. No amount of correction to the spin-wave theory is 

likely to supply this precision, since if spin-waves are viewed as a 

gas, thermodynamics may be workfed out as a cluster expansion, adding 

corrections from two-body clusters, three-body clusters, etc., and 

unfortunately sufficient detail may only be obtained for two spin-waves 

in the gas (see Dyson [11]).
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Thus it appears that in one, two, and three-dimensions spin-waves 

are a limited thermodynamic tool for a.study of the phase transition. 

Spin-waves have seen application to more complex thermodynamic systems, 

see [56]. A great deal of interest has been generated in the problems 

spin-waves present in themselves, which is the business of the next 

chapters.



CHAPTER III

INTRODUCTION TO TWO-MAGNON INTERACTIONS

The name magnon stresses the particle nature of these excitations

and indeed these particles are as real.as electrons or protons. If one

excites a magnon in a magnetic crystal, he adds a small packet of energy
2

and hence mass, E = me . Magnons have momentum and a scattering cross-
1 ■section can even be calculated [4] for them. In this.chapter and the 

chapters that follow, magnons should be examined on their own; any in­

sight into their thermodynamic origin should be viewed as only an added 

prize obtained from their study.

There is a great difference between these solid state particles and 

the more common variety. In studying a magnon there is a preferred frame 

of reference, that of the lattice. The position of the magnon or its 

momentum is always relative to the lattice; thus, these are non-relativ- 

istic particles. To emphasize the difference examine two electrons in 

otherwise empty space. There is only one distance parameter that is 

important; that is the distance between the electrons. It is therefore 

possible to place the two electrons on a line, one on the right and the 

other on ..the left. But rightness and leftness are dependent on how the 

line is viewed. Interchanging right and left leaves the Hamiltonian

See also the discussion of magnon processes in Keffer, Handbuch 
der Bhysik, 18, I (1966).



.invariant and the operator that performs this interchange may be diagon­

alized simultaneously with the Hamiltonian; further the interchange 

operator has eigenvalues +1. Thus the wave function must have definite 

parity under interchange. Since the electrons are fermions the parity 

is antisymmetric. The interaction between the electrons is not easily 

understood. The interaction between magnons is more, easily understood,

■under certain circumstances they are bosons and this.fact may be; >
developed directly from.the Hamiltonian as is done in Chapter IV.

Actually it is not always possible to assign a definite parity 

under interchange of magnons. As may be seen in the above argument this 

ability in the electron case arose from the relative nature of,the prob­

lem; only the relative distance between the electrons was important.

This is not true in the magnon case. It is certainly possible to reflect

the lattice about a point directly between the down-spins and leave the

Hamiltonian invariant, but this operation does not commute with the
: .

rotation of the lattice. Consequently it is not in general possible 

to define both the total momentum and the parity under interchange.

A very interesting effect of having two magnons in the lattice is 

the possibility of forming bound states that was discovered by Bethe 

[2 ]. These,tend to appear and disappear as total momentum changes; 

this, of course, is another obvious violation of. relativity. These 

bound states have been thoroughly studied as the problem has from time-
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to-time been of interest to many physicists. A short history will be 

presented here which should provide a.guide to the Bibliography of this 

thesis, as this thesis is largely concerned with bound states. This 

history will begin with the work of Hanus [21], Wortis [53], and Fukuda 

and Wortis [19] as their work established the two-magnon problem in its 

own.right. They found the bound state energies of the isotropic Hamil­

tonian in one, two, and three dimensions. The problem may be pursued 

along a variety of lines. The complexity of the Hamiltonian may be 

increased. There is a great interest in anisotropy in magnetism as this

is a parameter which yields clearly defined effects in a magnetic 
2

material; a classic study of anisotropy is given in Bonner and Fisher 

[5]. It should be noted that the infinite lattice Heisehberg-Ising 

problem is near solution in one-dimension [25]. Anisotropy was added 

to the two-magnon problem in a series of papers beginning with 

Ovchinnikov [37,38]. Flicker and Leff [15] re-examined Bethe's [2] 

method and at the same time showed that Bethe’s ansatz produced a 

method which finds all of the states; this was not at all obvious before. 

Sukiennicke and Zagorski [46] introduced impurities. Silberglitt and 

Torrance [44], and independently Tonegawa [45] discovered a new variety 

of bound states introduced by a particular variety of anisotropy.

2
Anisotropy is responsible for hard and easy axes of magnetization 

and consequently is. a strong factor in domain walls.
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Another lead is to treat next-nearest-neighbor interactions as this 

includes the problem of two connected sub-lattices and thus includes the 

antiferromagnetic problem. A series of papers starting in the fall of 

1969 with papers by C. K. Majumdar [30], Lovesey and Balcar [27], and 

Ovchinnikov [381 studied the problem in one dimension and this work was. 

continued by Oguchi [34} 35, 36 ] and. several others to two dimensions.

Majumdar [29] also solved the problem of three magnons in one dimension 

by applying!the technique of FaddeeV [13].

Before discussing the experimental work that has been done on the 

two-magnon problem some of the difficulties of fitting this theoretical 

work to any experiment should be discussed. The technique that is us&d 

in all of the above papers is to impose periodic boundary conditions and 

partially diagonalize the Hamiltonian with, the total momentum quantum 

number. It may be argued that boundary conditions make no difference 

to the thermodynamics of a sufficiently large, sample. However, boundary 

conditions may make a great deal of difference to individual wave func­

tions, It is entirely possible that bound states do riot.exist in the 

isotropic Heisenberg case with other than periodic boundary conditions.
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3It is clear that bound states exist in the Ising case. Magnon inter­

actions most certainly exist in either case.

Much experimental work has also been done on the two-magnon problem. 

Several authors have reported seeing magnon interactions [12,14*30,41]. 

Torrance and Tinkham [51] were the first to report bound states. They 

noted multiple -g -value transitions in CoCl^ 2il̂ 0 in, the far infared 

region and were able to explain them quite well with a. modified Ising 

model [50]. The theory was carried forward by Fogedby. [16,17,18]. 

Torrance and Hay [49] have recently reported finding magnon-phonon 

bound states in CoBr^'ZH^O simultaneously with Ngai Vt. al. [33] who 

predicted the magnon-phonon bound state theoretically.

The two-magnon problem has obviously had considerable study both 

theoretically and experimentally. This author’s contribution is pre­

sented in the next two chapters. The technique employed is comparatively 

straightforward and has the advantage that the eigenstates as well as. 

their energies are calculated. The finite lattice technique also allows 

the manner of approach to the infinite limit to be studied. This is an

3 ■ ,
The Ising Hamiltonian is diagonalized in the direct product repre­

sentation thus the state represented by "oooxxooo" Where the x ’s repre­
sent down-spins is an eigenstate. The pair is well away from the 
boundary. A linear combination of such states,including states 
with the pairs on the boundary, must be put together in the Heisenberg 
case, thus boundary conditions are important.



important advantage as the existence or non-existence of bound states 

is under certain circumstances difficult to determine. It will be shown 

that some states that have previously been considered bound are indeed 

not bound. In the future any theoretical work on the bound state prob­

lem will have to consider finite lattice studies. The author believes 

he has contributed the easiest technique by which this can be done.

Also in an attempt to compare the numeric results which were obtained 

with infinite lattice calculations, light has been shed on the boson 

nature of the magnons and it is shown that two-maghon bound states are 

unimportant to thermodynamics in a class of lattices. This helps 

explain why spin-wave theory is as good as it is in predicting thermo­

dynamic properties for any dimension.
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CHAPTER IV

. TWO-MAGNON STATES IN ONE DIMENSION1

The contribution of the work presented in this chapter is to some 

extent developmental. The numerical techniques later applied in two 

dimensions are worked Out here. The one-dimensional problem is far 

easier to solve and there is more previous work available for comparison. 

Bethe1s work is constantly referred to. Particular emphasis is placed 

on the bound states which are the easiest to study. The work presented 

here also includes some previously unknown results. The assumption 

that spin-waves are to a large degree independent and obey Bose statistics 

at low temperatures is proved for a class of lattices in one, two, and 

three dimensions. This implies that the two-magnon results will not 

be important to thermodynamics for lattices in this class, as was shown 

by Dyson in- three dimensions. It is shown in the oner-dimensional prob­

lem that for small total momentum two spin-waves may be treated as hard 

spheres. An interesting oscillatory effect is also observed in the 

wave functions for the bound states. This seems to be characteristic 

of the periodic boundary conditions and reappears in Chapter V dealing 

with two-dimensional lattices.

1Material in this chapter is largely taken from [40].
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Analysis of the Hamiltonian

The spin Hamiltonian for the Heisenberg ferromagnet arranged in a 

ring of N spins, is

H = -2J;S„ 8N -
N

2Jm=l nri-l

thwhere the exchange energy is J, and the spin operator for the i site 

is S^.

By using the Dirac identity the Hamiltonian for spin ^ may be 

written as

H = JfiNI - (N-4)I - H1],

HI -(N-A)I + PI Jn
N-I

+ zJ m , m H -m=l

where I is the identity operator and P . . interchanges Sites i and j .
i »J

Rotating the labeling of the sites (in goes to nri-l) leaves the

Hamiltonian invariant and this operator R commutes with the operator for

the z component of the total spin. It is convenient to represent the

Hamiltonian in a basis which diagonalizes both the operator R and the

z component of the total spin. Satisfying these requirements for the

states with all" spins up except for one turned down produces eigenstates
2

of the Hamiltonian. For states with two overturned spins in a ring 2

2As in Chapter II.
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with N odd, a set of basis states which meets these requirements but 

does not diagonalize H is 

N .
<#> = [ K (m,nH-r) exp (ikm) ] /N2,

m=l

where

r = I, 2, (N-I)/2;

COnr Iiî ) = (U1CX2 ... ... V 5

k = 2TrX/N;

X=. 1 , 2 , . . .,N.

In this basis. H becomes block diagonalized with N blocks of the form 
I

2 !+exp(-ik)

l+exp(ik) 0 l+exp(-ik)

l+exp(ik) . .

. . 1+exp(-ik)

l+exp(ik) 0 1+exp(-ik)

1+exp(ik) F

where contains (N-I)/2 rows and columns and F = (-l)^2cost(sk). It 

should be noted that there are N values for k and (N-I)/2 states for each 

value. This gives the correct number of states.

(I)

See Appendix II for an example of the difference between odd and 
even lattices.

This form is calculated for N=5 explicitly in Appendix II.



27

The permutation operators in TL may increase or decrease r by one.
-L

For this reason only immediately off-diagonal elements of are non­

zero. The matrix treats all Basis.states equally except for the first 

and the last. The first is a special case because Both overturned spins 

are neighbors and only two of the permutation operators in take this 

state out of itself. Similarly for the states in.which the overturned 

spins are as far apart as possible, only two of the permutation opera­

tors in give states in which the two overturned spins are not as far 

apart as possible.

A few comments will suffice here for the case of the ring with even 

N. Two E^ matrices are developed. If exp(-ikN/2) = -I, a matrix 

similar to Eq. I is obtained with (N/2)-I rows and columns, and F = O ;  

while if exp(-ikN/2) = +1, there are N/2 rows arid columns, F = O ,  but 

the lowest.non-diagonal components are adjusted by a factor of /l.

For one particular value of k (k=Tr) the matrix form of is diag­

onal with an eigenvalue of 2 corresponding to the state in which the two 

down-spins are neighbors and all the other eigenvalues are 0. For k=ir 

there is clearly a bound state of binding energy 2. Figure I gives the 

eigenvalues of E^ as a function of k for a ririg of 31 spins. These 

eigenvalues were found by developing the characteristic polynomial from 

a recursion relation and solving it numerically. The details of this 

calculation are given in Appendix I and are' similar to the procedure 

used by Torrance and Tinkham [50].

~~5See also Appendix II for N=4.
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Bound States

The bound states are clearly defined for k near tt,- as may be seen in 

Figure I. For k hear 0 they are not so well defined and further analysis 

is necessary in this region. A feature of the bound states that may be 

exploited near k=0 is their radii, r(k), the average distance between 

the two down-spins. This may be written as
.

r (k) = I IrjPi Ck) ,

where is the distance between the two down—spins and Pi (k) is the . 

probability that the down spins are ^  apart. The P ĵ Ck) can be calcu­

lated from the standard probability interpretation of the eigenvectors.

As the bound states correspond to the largest eigenvalues of H i, the 

eigenvectors can readily be calculated [55].

In Figure 2 the radii of the states corresponding to the largest 

eigenvalues are shown as a function of k for a ring of 101 spins. There 

are two obvious envelopes for k near 0. The end points of these envelopes 

at k = 0 .are calculable. The uppfer end point is N/4. This corresponds to 

a perfectly random placement of the two down-^spins. If all possible 

radii are equally probable the average will be N/4, as the two down-spins 

can be ho farther apart than N/2. . In Figure 3 the end of the lower

envelope is examined. It assumes a value slightly less than 0.15 for 
■

N=oo...



Fig. 
2. 

Radii of states of 
with highest eigenvalue 

(these include 
any possible bound states) 

as a function of total momentum (k) 
for a ring of 101 spins.
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Fig. 
3. 

Radii of states of 
with highest eigenvalue when k=2^/N 

a function of 1/N for rings with N spins. 
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of the lower envelope in Fig. 
2 and allows interpolation a
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Analytic Calculation at Small k

An approximation which follows Bathe’s technique can be developed 

from which this value may be calculated. Assuming a solution of the 

form

*1>*2
A(mI ^ 2) S(m^,m2)

The coefficients A may be determined by writing the eigenvalue problem 

for as

A(m^-l,m2) + A(m^+l,m2) + AOn1,ny-1) + AOm^n^+l) = E ACm1^ 2') , (2) 

with the condition

62A(m,m+l) = A(m,m) + A(m+l,nH-l) . (3)

This condition allows E q . 2 to be used when the down-spins are nearest 

neighbors. By subtracting 2A(m,m) from Eq. 3 a difference equation is 

obtained.. Then if A does not change significantly from one lattice site 

to another, by using the standard definition of a derivative, the above 

condition.may be written in derivative form as

,d • „■2̂ —  .A(m,x) x-m ' x=m

Again, using standard definitions, this becomes

This, argument is carried out in further detail in Chapter II,
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S  A(",’x) x=m
d
dx A(x,m) x=m (4)

As the form of Eq. 4 is symmetric with respect to x and m it is satisfied 

if A(Hi11In2) = A(Hi2lHi1) .

Making this assumption, the solution for the energies becomes

E = 2cos(k1) + 2cos(k2) , 

and for the coefficients becomes

A m̂ l ,m2^ = exp[i(k1m1+k2m 2)] + exp [ ! ( k ^ + k ^ )  ]

= 2exp[i(k1+k2)(m1+m2)/2] cos[(k1-k2)(m2-m1)/2] ,

with

2 IiA1ZN1 k2 = 2 TiA2ZN1 A11A2 I, 2,

The coefficients A correspond to symmetric plane waves and therefore the

solution is that of a noninteracting Bose gas. The calculation of the

radius then becomes

N/2 2 NZ2
R = J  dr r cos [(k -k )rZ2]Z J dr cos [(k^-k )rZ2] .

0 1 1 0 1 2

This yields

NZ4, A1-A2 even, end of upper envelope,
2N (1Z4-1Zti ) ,A1-A2 = I1 end of lower envelope,
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2The valuh N(l/4-l/ir ) = 0.1487N compares favorably with the result

of the numerical calculation, <0.15N. Bethe [2] developed expressions

for the eigenvalues and eigenvectors of the bound states and a naive

calculation based upon those results leads to a value of N/8 for the end

of the lower envelope. The difference between the above calculation and

Bethe's work is in the point at which the approximation is made. This

was done as Bethe's technique for examining the bound states is not

easily applied to very small k. It should be emphasized that the soIu- 
.

tion for small kn and k„ presented above is an exact solution to the 

problem as set .up by Bethe and as may be seen from the agreement with 

the numerical calculation, any possible bound states are included.

. Other Lattices

Expressions similar to Eqs. 2 and 3 may be readily obtained for any. 

lattice in which the exchange interaction is J between nearest neighbors, 

is zero otherwise, and all lattice sites are, equivalent. The differential 

condition of Eq. 4 becomes a set of equations with derivatives taken along 

all vectors -that connect nearest neighbors. These conditions can be satis­

fied by insisting that the solution has the Bose property, and the equa­

tion corresponding to Eq.. 2 can be solved by assuming that the two down- 

spins behave independently. Consequently bound states, and indeed any
—I.

interaction between the spin-waves, may be ignored, if the two moments k^

and k„ corresponding to the two spin-waves are small. This is the region 2
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in which lack of interaction between the spin-waves is important to 

■ thermodynamic calculations at low temperature.

There are three points in relation to the above argument that must 

be discussed. . First, it must be established that equations of the form 

'2 and 3 have .solutions for other than the one dimensional lattice.

Second, if there are solutions there is no guarantee that all of the 

solutions to the two-spin wave problem may be found in this manner even 

at small k^.kg. Third, spurious solutions may be generated by the 

approximation leading to Eq. 4.

. The first point poses no difficulty in one small k1,k limit as the 

noninteracting Bose gas is a solution in this limit. . The second point 

creates more difficulty,. The noninteracting Bose gas approximation 

gives too many solutions in all; from this it may be argued that the 

approximation overlooks at most a. few states at small k-,k . This would 

leave the thermodynamic calculations undisturbed. In the one dimensional 

lattice no states are overlooked. As to the third point the approxima-
-Na­

tion leading to Eq. 4 becomes exact for small k ,k„.
■ I / - .

Wortis [3]; calculated the energy of the bound states in the two- 

dimensional square lattice and in the three-dimensional cubic lattice. . 

He- found that the. bound states vanish at k^ = k^ = O.,' . This is certainly 

in agreement with the above result.
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, ' . Hard Spheres

2 . . .
In one dimension there are N /2 different pairs k ,k0 whereas there

are N(N-I)/2 different states. An easy way to eliminate the excess

states is to choose the total momentum k=k +k0 in N ways, and k in N-II 2 2
ways.

k=2TrA/N, X = I, 2, . . ., N,

(N-I), Xy = I, 2, ..., (N-I),

E-2cos(k-k0)+2cos(k ). (5)

The essence of this approximation is that the degree of freedom for the

second spin-wave inserted in the lattice is one less than the degree of

freedom of the pair. That is, the spin-waves behave as hard spheres.

This scheme introduces a spurious double degeneracy for each energy

which is easy to accommodate by dividing by two. Figure 4 shows Eq. 5

plotted with k as a continuous variable for all values of k_. TheseZ
curves are superimposed on the exact solution. The value of N in 

Figure 4 is 31, / Quite good agreement between the hard sphere approxima­

tion and the exact solution for a large range of k results.

Bethe [1] approached the two spin-wave problem,by.assuming a solu­

tion to Eqs. 2 and 3 of the form that gives for the coefficients

A(m^,ny) = exp [i (k^m_+k_m^+({)/2] + exp [i (k^m^+k^m^-^/2) ] (6)



Fig. 
4. 

A comparison of the hard sphere approximation with the exact 
solution for 31 spins shown in Fig. 

I. 
If the hard sphere 

approximation had been exact the continuous lines would pass 
through the crosses.

( Zone Boundary)
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and for the energies

E = 2cos (k^) + 2cos »

with

k1 = (^ttA 1 + *)/N,

^2 == ~

The condition 'Eq. 3 then becomes
• \

2ctn(iJ)/2) = ctn(k^/2). - ctn(k2/2) .

For k=0 this becomes , ; .

(f> = -2ttX2/.(N-1)

and

k2 = 2irX2/(N-I) .

Thus the hard sphere approximation gives exact energies for k=0. The 

spin-waves ape bosons only for k2 small as can be seen from Eq. 4. Only 

with k2 small can m^ and m 2 be interchanged in Eq. 6. In this limit the 

hard sphere approximation is equivalent to the rioninteracting approxi­

mation so that there is no contradiction with it.



CHAPTER V

NUMERICAL CALCULATION OF TWO SPIN-WAVE BOUNb STATES 
IN SOME TWO-DIMENSIONAL HEISENBERG FERROMAGNETSI

In this chapter the techniques developed in the last chapter to 

study the bound states are. carried over into two dimensions. The con­

tribution made by the work in this chapter is also developmental.in 

part and also produces results of immediate interest. The difficulty 

in making the transition from one to two dimensions lies largely in 

obtaining a suitable basis. A notation is developed.in this chapter to 

obtain and manipulate basis vectors for two-dimensional or higher dimen­

sional lattices although work in three dimensions is probably impractical.

It should be possible to extend this scheme to other problems in two
■ ■ ", • . ' ■ - ■.

dimensions, however. The result of.most immediate interest achieved by 

this work is to show that states that have been considered bound up 

until this time can no longer be so, considered. This result should be 

of interest to others working on the two-magnon problem because it . 

.demonstrates that the wave functions as well as the energies are 

important .in determining whether states are bound of unbound, and that 

the manner' of approach to the thermodynamic limit is also of interest.

The author feels that he has contributed a clear and elegant method for
■ . ■ ' ' - - ' ' i .  ■ ■ ■

pursuing a knowledge of the bound state wave functions and the manner

in which the bound state solutions approach the thermodynamic limit. •

•
.Material in this chapter is largely taken from [39].



40

The Hamiltonian

As before the Heisenberg spin Hamiltonian for a ferromaghet is given

' i J ». M

H = -2J . J  S • S ,
<m,n> *  "

where the exchange energy is J and the operator for the spin on the n ^

site is S . The sum is taken over all nearest neighbor pairs m,n inn •' ■ -

the crystal, lattice. The Hamiltonian may be written in terms of permu-
; : . '

tation operators for the spin 4 case using the Dirac identity

a • a = 2P - I , in n m,n .

in which Vn an operator that permutes sites m,n. It is convenient 

to introduce a dimensionless Hamiltonian

Rl • ' <N/2-2)l2’

so that .•

E = -JH1 - J(N/2-2)tz + JIzN/4,

where z is,the coordination number of the lattice (the number of nearest 

neighbor's for ainy lattice site) and N is the number of lattice sites.

V
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Application of Periodic Boundary Conditions 

In the one-dimensional problem with periodic boundary conditions 

imposed, the operator which rotates the labeling of the lattice sites 

(m goes to nri-i, N-I goes to 0) is a diagonal in the basis

<#>r
IN —X[ J (m,m+r) exp (ikm) ] /N2, 
m=0

(I)

where

N is odd; 

r = I-,' 2, ..., (N-I)/2;

?(m -Jm2) = (Uq , Ci1 ,
-I' V 1 ’

k = 2/itA/N;

A =  1,2 ,  ..., N.

m 2-l’ m2+l'

of the two down-spins. In this basis k 

is the rotation operator, and the Hamilton­

ian mixes only states with the same k.

The basis states, Eq. I, are defined by the value of k and the dis­

tance between the two down-spins. It is necessary to generalize this 

type of basis to two-dimensions which may be done by introducing a 

diagramatic notation. The diagram

£(m^,m2) defines the position 

is a good quantum number, e ^
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X O X O O

describes the state in which the two down-spins, marked with an x, 

are separated, by one up-spin for a ring of five sites, the value of k 

being arbitrary. It is possible to choose these diagrams in such a

way that one down-spin is always on the first site. It is clear that
.

there is an equivalence between

; x o x o o  and x o o x o

. ' -
since in either case the two down-spins are separated by one up-spin.

In the diagrams the first and last sites are adjacent due to the 

periodic boundary conditions. Because of the possibility of equivalent 

diagrams care must be taken in making up a basis so that only non­

equivalent diagrams are used. A basis for the ring of five sites is

x x o o o

x o x o o .

Every possible value of k must be associated with each of these diagrams 

Generalizing to two dimensions for a 5x5 square lattice the basis 

states may be represented by diagrams of the form



I

O O O O O  
O O O O O  
0 
o_
X

Once again care must be taken to include only non-equivalent diagrams in

a basis set. ' The area enclosed by the line on the above contains all

possible non-equivalent positions for the second down^spin, the first

always being placed in the lower left-hand corner. . A further discussion

of these diagrams is given in Appendix IV. 'This is not a unique scheme

for obtaining all non-equivalent sites for the second down-spin. It
2should be noted, nevertheless, that this scheme gives (n -I)/2 non­

equivalent diagrams for an nxn square lattice. Each set of such diagrams

is associated with a k and k which are quantum numbers for rotations
2

in the x and y directions respectively. There are n different values
2 2for kx and k^; this gives a total of n (n -I)/2 = N(N-I)/2 where N is 

the total number of sites. This is exactly the dimension of the vector 

space associated with the Hamiltonian. The diagrams then represent a 

Aet of linearly independent states the number of which is the same as 

the dimension of the Hamiltonian and consequently the diagrams repre­

sent a basis.

The Hamiltonian in the form contains the sum of the permutations

of all nearest neighbor sites. The effect of on a state represented

43

o o o o  
o x o o 
o o j o  O
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by one "of these diagrams is to move the locations of the two down-spins 

to any neighboring sites. The rotation operators must, be applied to 

regain a diagram of the form contained in the basis set when the corner 

spin is moved. As an example, in one dimension applied to the diagram

x o x o o o o

gives

-ik ik(1+e ) x x o o o o o + (1+e ) x o o x o o o .

Note that all of the permutations which give the identity when applied 

to these diagrams have been subtracted out in forming H .

When the down-spins are neighbors, the two permeations that would 

otherwise move them closer together only interchange, them leaving the 

state unchanged. For this reason the diagrams in which the spins are 

neighbors must be dealt with as a special case. Another special case 

arises when the Hamiltonian is applied to diagrams in which the second 

down-spin is at a site on the border containing the non-equivalent dia­

grams. The Hamiltonian may be applied to these states by associating 

the diagrams for the second spin immediately outside the boundary with 

the appropriate ones for the second spins inside, to which they are 

equivalent.

Obtaining the Bound States

Bound states for each pair of k , k if they exist will have the
% Y

highest eigenvalues of This enables a simple technique to be. used
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in finding them [55]. If a particular state is a linear combination of 

two eigenstates then

+ 32^2» = ai|Ei>+ a2|E2> . .

If > Eg the right-hand side is

E1 [allfel^+ OyE^aglEg)],

and in the limit n->°° this becomes

Ei

Thus the application of the Hamiltonian a sufficient number of times 

effectively projects out the state with the highest eigenvalue. It is 

easiest of course to carry out this procedure with a computer.

A- matrix representation for the block of the Hamiltonian, for any

k , k , would be of dimension (N-I)/2, where N is the total number ofx • y ■ . •. .
sites. For a 25x25 square lattice this is 312. A matrix of this dimen-

5
sion contains 10 entries which is too large to manipulate even with a 

computer.' Fortunately the calculation can be performed without writing 

the Hamiltonian as a matrix since the operation of the Hamiltonian on 

the basis diagrams shown above is of a simple form.%

^Details of the computer programming are given in Appendix V-.
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Results

Table I gives a comparison between the results of Wortis' formula 

for the two-dimensional square lattice, suitably modified, and the .

energy, obtained numerically herein for a 25x25 lattice. As the energy 

lies above the continuum along k=k =k for every k except k=0 Wortisx y
also held that,a bound state existed for every k except ti. The numerical 

technique developed in the previous sections also determines the eigen­

vector which.can be interpreted in the usual way to obtain the probability 

that the two spins will be separated by Ax and Ay, arid from this the 

average separation may be obtained. The average Ax (Ax) is plotted in

Figure 5 as;a function of k=k =k for n=25. It should be noted that thex y
average separation oscillates as k approaches O and that for some values 

Ax= ri/4=6.'25i If the arrangemerit of the two down-spins was completely 

random Ax-would be n/4. This is because the periodic boundary conditions 

restrict the two down-spins to be separated in the x direction by no more 

than n/2, A random Ax would give the average as n/4. As the average 

separation is greater than the random separation the interaction between 

the magrions for some values of k must be considered repulsive. ,The 

origin, of the repulsive interaction is discussed in Section VII.

.It .is a good approximation to. assume that the magnons are indepen­

dent. Bose particles when their individual moments are small, and also 

that bound state behavior is unimportant for small total momentum 

vectors . ■ Figure 6 shows the surface on which the highest eigenvalues
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Table I . Highest Eigenvalues of .States with k =k =k for the Periodic 
Square Lattice. x ^

k
Wortis formula 

'infinite lattice Numerical 25x25 Difference

O 8.0000 8.0000 0. ..

2ir/25 7.9369 7.9298 0.0071

4 ir/25 7.7487 7.7491 -0.0004

677/25 7.4382 7.4315 0.0067

87r/25 ' ' 7.0104 7.0124 -0.0020



Fig. 
5. 

Average separation of down-spins in the x direction as a func­
tion of k=kx=ky for a 25x25 square lattice. 

On these plots 
k=2TrX/n the lattice being nxn. 

The point marked with the 
asterisk did not meet the convergence criterion.
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of H lie and Figure 7 shows the bound state energies along k=k =k . As X .. x y
may be seen in ..these two figures the bound states for small k are close 

to the continuum if they exist at all.

Wortis was able to show that in some portions of the Brillouin zone 

there were two bound states. It is easy to show that at' the corner of 

the zone the two states in which the two down spins are nearest neighbors 

are eigenstates with eigenvalue 2. Further, one may insist that all 

states in which k =k must have either even or odd parity when the x and
x y

y axes are interchanged. At the zone corner the even and odd states may 

be constructed from, the two states in which the down-^spins are neighbors 

and are degenerate. It is possible to include only states with even or 

odd parity when applying the numerical techniques described above and to 

obtain both bound states when k^=k^.. The eigenvalues for both even and 

odd parity are shown in Figure 7.

Triangular Lattice

By connecting sites in a parallelogram with acute corners of 60° by 

a triangular lattice a structure is formed to which periodic boundary 

conditions may be applied. Quantum numbers k and k may be formed for
x y

this lattice so that e ^ x and e"*"^ are operators that shift the lattice 

one row in the x or y directions as shown in Figure 8. At no point in 

k space does the spin-wave continuum condense to a Single energy as is 

the case for the square lattice and the one-dimensional lattice. It is



Fig. 
7. 

Bound state energies as a function of k=kx=ky
, 
k=2mA/n. 

The
points plotted are for n=21. 

Parity refers to the transforma­
tion properties of the state as the x and y axes are inter­
changed.
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at this point ;of condensation that the magnons are most.nearly bound. 

Consequently, the existence of bound states in the triangular lattice 

may be questioned. Figure 9 shows the highest energy state along a line

in k space k=k =k and Figure IOshows the corresponding radius. Through-. x ,y .

out the region in which the difference between the continuum and the bound 

state is greatest a study of the .radius shows that the magnons. repel 

each other. There is a real bound state at the corner, however.

The Repulsive Force

. The origin of the repulsion between the two magnons may be seen most 

easily in one-dimension. The Hamiltonian E- is block diagonalized in the 

basis of Eq. I and the blocks for eaeh k may be written as [5],

Hj

2 l+exp(-ik)

l+exp(ik)v O !+exp(-ik)

•l+exp(ik)

l+exp(ik) O : . !+exp(-ik) 

l+exp(ik) F

;x.F = (-1) 2cbs(4k)

The state in which the down-spins are neighbors is associated with the 

first row and column. The state in which the down-spins are farthest • 

apart is. associated with the.last. The origin ,of the bound states and



Fig. 
9. 

The highest energy for states of the triangular lattice along 
k=kx=kv

, k=2TrA/n in this 
case n=21.
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the attraction between the magnons lies in the 2 in the upper left-hand 

corner of H as for k ~ ir all off-diagonal terms are small and in zeroth 

order perturbation theory 2 is an eigenvalue separated from a continuum 

of zeros which corresponds to a bound state. Consequently, the basis 

state in which the two down-spins are neighbors contributes the most to 

the bound state. As k approaches 0 the function F increases in magnitude 

until it obtains as much importance as the 2 in the upper left-hand
A- -

corner. The F does the same thing, for the state in which the down-spins 

are as far apart as possible, as the 2 does for the state in which they

are neighbors. F creates a force of repulsion between the two down-
'vT-''

spins when it is positive just as the 2 creates an attractive force. In 

one dimension this repulsive force is never as strong as the attractive 

force. In two dimensions there is more opportunity for the two down- 

spins to be as far apart as possible in the x or y direction and it is 

therefore not. surprising that the repulsive interaction is dominant.

The question remains whether this repulsion is important, in the N=0° 

case. As was pointed out earlier,the independent spin-wave approximation. 

is valid for the states of highest eigenvalue with small k, which is the 

region in which the repulsion is seen. By applying this approximation 

it was shown in one dimension that an oscillation of the average, 

separations of the down-spins from one allowed value of k to the next 

remains even at N==. A similar calculation for the two-dimensional 

square case shows that with k =k =k there is no such oscillation as k-H)

-1X
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and that the separation of the two down-spins should be random for small 

k. This implies that the.repulsive interaction is a finite size effect.

In Figure 11, Ax/n is shown as a function of 1/n for the repulsive state 

of smallest k. It seems clear from this diagram that Ax approaches the 

random value.from above and therefore for any finite.h, regardless of 

how large,, there is a slight repulsion between the magnons. ' Consequently, 

it is difficult to call this a bound state.

Conclusion.and Discussion

Normally in systems that exhibit bound states there is a potential 

which is zero when the two particles are far apart . A  bound state is any 

state having.less than zero total energy. This definition does not fit 

the two maghon problem as there is no clearly defined potential. The

magnons can.be said to be bound when the energy of the state is different
 ̂ . ■ ■ ■ "

from the. continuum energy and the down-spins tend to lie close together.

If the magnbh-magnon interaction is repulsive as it has been shown to be

for some of the states whose energy lies outside the continuum, the

states - cannot be classed as bound. It seems that the eigenvectors as

well as. the eigenvalues must be investigated in order to classify states

as bound or unbound. As can be seen in Figure 5 there is a sharp change

in the eigenvectors for k =k ~ir/2. This could serve as a boundary
x y

between regions in which bound state behavior exists and does not exist.

The triangular lattice was investigated to determine only whether
' ' .■

bound states were present and a bound state was found. The boundary

■ ’ v ' ;  ■' ■ . ■ ■ ■ • • .
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Fig. 11. Average separation in the x direction for the repulsive states 
of lowest k=kx=ky as a function of l/n^ showing the trend as 
n><”.
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conditions, used'for the triangular lattice studied in this paper were 

chosen for the ease with which modifications could be made to the square 

lattice program. The boundary conditions chosen do not allow all of the 

symmetry operations normally associated with the triangular lattice. 

Certainly other boundary conditions could have been chosen. They are of 

great importance to the calculation of specific states even though they 

are not important when calculating thermodynamic properties. Therefore, 

as there seems to be no experimental or other interest in this problem 

for the triangular lattice, further details have not been carried out.

On the other hand the boundary conditions applied.to the square ■

1 lattice, are natural ones to apply and there is other theoretical work 

with which to. make comparison, notably the papers by typrtis p3] and 

Fukuda and Wortis |19], also, experimentally bound states have been shown 

to exist in one dimension [51] and quite good two-dimensional crystals 

with the square lattice are available [ 7 , 9 ] .



■ CHAPTER VT ,'

CONCLUSION

■A significant contriBution tRat this diesis has . attempted to make
' " • . ' . ■
in .the study..of magnons- is the development of small lattice techniques.

In particular it should Be easy' to apply these techniques to three, mag- 

nons in one dimension or to include next-nearest-neighbor interactions. 

Several applications of this technique have been presented here.

In one dimension the energies of ail the states have been calculated 

thus allowing approximations such as* the hard sphere approximation to be 

tested.

Bound states in one dimension have been examined more extensively 

at small k in this thesis than previously in the work of Bethej Flicker 

and Leff, Bonner, and Fisher, or 'Oguchi. An approximation was made here 

.that correctly predicted the behavior of all of the two—magnpn states 

in this small, k"region. In the process of developing this approxima­

tion it was shown that the boson nature.of spin-waves could be taken 

directly from the Hamiltonian. This has considerable pedagogic value.

In addition, from the same approximation it was proved,, that bound states 

vanish in a class of lattices in one  ̂ two, and three dimensions at small

/ . . . / V -  . V  ■ ■ ■■
In two dimensions the behavior of the bound states was :again 

examined. As'was shown above the two down-rspins seem to repel one 

another in two. dimensions-;. The dependence of this repulsion on the 

Boundary conditions was shown and it was further demonstrated that the -



repulsive effect'.disappeared in the t Hermodynamic limit. It was shown, 

nevertheless, ■ that the repulsive states' exist for any. finite periodic 

lattice and hence that these states cannot be considered bound. The 

definition of bound states- for small k is- a delicate one. The results 

above show that the energy Based definition that.was applied by Wortis 

and Bethe is not a good one. It is suggested that a better definition 

based on the wave functions should be developed, if. indeed, wave functions 

may be calculated for the infinite lattice. In light of this thesis 

such a redefinition is necessary, . ' .

As has- been stated the value of recent studies of two-magnbri states 

is not related.to thermodynamics. The two-magnon problem is a study of 

solid state paiticles which have some similarities with, and many 

differences from, electrons and protons and are of.interest for this 

reason. The.bound state problem in particular has generated much theb- 

retical and experimental effort as is mentioned above. For example 

Torrance and Tfnkham have found bound states in Ising-like.crystals 

(CoClg'ZHgP). It would be of considerable difficulty; but of consider­

able interest, to discover them in more isotropic samples such as the

(__NHg)gCuCl^ series, especially as only periodic boundary conditions

have been applied in theoretical calculations and these are not physical. 

On the other hand, the non-periodic boundary condition problem is also 

one that would be interesting theoretically and one to which finite 

lattice calculations could be applied. , ■

Other suggestions as to continuance of this work are the three- 

magnon problem in one dimension and the addition of next-nearest-
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neighbor interactions.as was previously.stated. Theoretical work 

further exploring the analogies and differences between magnons and more 

usual physical particles-would also Be of Interest.
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APPENDICES



Ap p e n d i x  i

A calculation of the recursion relation for the characteristic 

equation for can be made as follows. Denote the determinant

-A 1+exp (-ik)

1+exp(ik) -A 1+exp(-ik)

1+exp (ik)

. 1+exp(-ik)

1+exp(ik), -A

with n rows and columns as In I. Reducing by minors on the first row 

gives

|nI = -A|n-l|-(2+2cos k ) |n-2|, 

further

111 = " x »

|2|» A2-(2+2cos k).

Thus |n I may be evaluated for any h. Similarly reducing the determinant 

I A l  I by minors .gives

IH1- I I = (2-A) (F- A) |n-2 |-(2+2eos k) [(F-A)+(2-A) ] |n-3 |

+ (2+2cos k)2 |n-4 |,

where n is the number of rows and columns in bY evaluating |n | and

substituting in the above the characteristic polynomial for R may be
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generated. The. procedure, is qutte mechanical and the. coefficients of
- i

the powers of % may b e .evaluated by- a computer.

. •^See Appendix III.



As a clarifying, example the ring.with five sites will be worked but.

in detail. There are ten basis states g(m ,m-):. 1 2

APPENDIX II

X X O O. O 
O X X O O  
O O X X O
b o o x x 
X O O O X

X O X O O
O X O X O
O O X O X
X O O X O
O X O O X

where x marks the location of a down-spin. The basis'which diagonalizes 

■ the rotation operator is then,

• ik ' 2ik , 3ikx x o o o  + e o x x o o  + e o o X x o  + e o o b x x
... 4ik: + e x o o o x,
, ik , 2ik 3ikx o x . o  o + e o x o x o  + e o o x o x + e  x o o x o

, 4ik.+ e o x o o x,

where k may have any of its five allbwed values.

Application of all. possible nearest neighbor permutations to the 

first state gives.

Permute. 1,2"
: ■ • . ik ' 2ik ■ 3ikx x o o o  + e x o x . o o  + e o o x x o  + e o o o x x
v 4ik+ e o x o o x



Permute

2,3

3,4

1,4

+ x q x o o + e1^ o x x o o  + e ^ ^  o x o x o + e ^ ^  o b o k x 

) , 4"lkĵ+ e x o o o x
f, ' • ik ;i 2ik • , 31k+ x . x o o o  + e o x o x o  + e o o x x o .  + e 0 0. x o x
) 4ik[+. e . x o o o x
, . ik 2ik , 31k| + x x o o o + e  o x x o o + e o o . x o x + e  o o O x x
i , 41k1+ .e. , x o o o x  ■

' q / . ik , 2ik- 3(x x o o o + e o x x o o + e  o o x x o
' .31k , 41k v+ e o o o x x + e  x o o o x )

+ (I + e ^ )  (x o x o o + e ^  o x o x o + e ^ ^  o 6 x b x
3ik 4ik . , ». . + e x o o x o + e o x o o x) .

• *' * ' . ' 
A similar calculation may be made for the other basis vector

, ik 2ikx o x o o  + e o x x o o  + e o o x x o
, 3ik , 4ik+ e . x o o x o  + e o x o o x

giving.

(I + e (x x b o o + e ^  o x x o o  + e ^ ^  o o x x o
31k , 4ik %+ e. • o o o x x + e  x o o o  x)

+" [I + (-l)^2cOs (ak) ] (x o x o o  + e ^  O x q x O + e^^-O'b x 0 x
v  '3ik . 4ik A+ e x o o x o +  e o x o o x ) .

The matrix elements |h ^ | < j> being a basis vector, may be found 

when the action of. the Hamiltonian on the basis vectors is known* thus 

allowing the Hamiltonian to be written in matrix forms For the ring of
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five spins is the sum of all nearest neighbor permutations minus an 

identity operator and may be written as

' 2

U + e lk . -(i)X2cos(ik) J

Similary for the ring of four spins there are six basis states 

£ (m V in2 ) ■

X X O O
O X X O  '
O O X X
X O O X
X O X O

■ • ' O X O X

The basis which diagonalizes the rotation operator is then

. , ik , 2ik _ 3ikx x o  o + e o x x o  + e o o x x + e  x o o x ,
' I ik , 2ik ‘ ■ 3ik ..x o x . o  + e. o x o x + e  x o x o - + e ,  o x o x .

but e^^k = : ^ = (-I)^. If e^*k = — I the basis state starting With

x d x o  vanishes leaving the normalized basis set

1/2(x x o  o + e*k o x x o +  e^^k o o x x + e^^k x o o x )
; ,v " ‘

I//2 (x 0 x 0 + e o x o x ) , .

if X is even,

1 Vn/- 1 ik , 2ik ■ ■ 3ik <. 1/2(x x o o + e  o x x o + e  0 0 x x + e x o o x )

if X is :odd. . The matrix form of H1 becomes
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/2(1 + elk)

/2(1 + e-lk)
X even*

(2) X odd.
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APPENDIX III

C ******** ' ,c . •' "
C . PR O G R A M  TO FI N D  T WO-MAGNON ; EI GEiN VALUES '.FOR THE O N E- 
C DIMENSIONAL- H E I S E N B E R G  F E R R O M A G ^ ET>
C
C METHOD: THE C H A R A C T E R I S T I C  POLYN O M I A L  IS GEN E R A T E D  
C FROM A R E C U R S I V E  FORMULA A N D  A SEARCH IS M A D E  FOR 
C ZEROS. ZEROS A R E  O B T A I N E D  BY N E W T O N ' S  METHOD.c • - .
C OUTPUT: OUT P U T  IS TO A CAL-COMP P L O T T E R  THROUGH 
C A S U B R O U T I N E  PACKAGE. E I G E N V A L U E S  A R E  P L O T T E D  AS 
C A FUNCTION O F  TOTAL M O M E N T U M  T O G E T H E R  WITH THE 
C E N E RGIES O B T A I N E D  FROM SIMPLE SPIN-WAVE THEORY.
C VERTICAL AXIS FROM 4 TO -4,H O R I Z O N T A L  AXI S  FROM 0 
C TO PPI .
O
C ******** /
C

DIMEN S I ON P( I 000, 4),L( 3), I TI TLEC 10)
R E A D( 10 5, 1000) I TI TL E '

1000 FORMATC i'0A4)
DO 99 N= I I,31,10

SET UP R E C U R S I V E  SWITCH 
■ DO . I U = I, S 
I L(I)=I+!
. L C 3 ) = I

I N I T I A T E  PLOT
CALL INI TC 2. *3. 1 41 5927,0., 4. , -4», 0,1 TI TL E)
DO. 10 M = 0 , N

:::: '■ :
' M 2 = I .

C
C OBTAIN C H A R A C T E R I S T I C  POLYN O M I A L  

DO 2 I= I, I 00 
DO. 2 11 = 1,4

- 2 PC.I,.II )=0. - '
W= 2.^3. 141 59 27*( FLOATC M) / F L O A T C N ) ). .
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Fl = 2i*c;i .+COSC W) )
P( 5> 3) = - I .
PC 6, 3) = 1 .■
P(4, 3)=~P1
DO 4 I = 3,CiN-5)/2 .

R E C U R S I V E  SWITCH 
MS=Ml
Ml- = MO' ' ■ -
M O = L C M O  ) .
DO 3 11 = 4» 1+4

f PC I IiMOl=-PC II-1,M1 )-El*P(I I,M2)
3 C O N T I N U E
4 C O N T I N U E  

1001 F O R M A T C IX)
F S = 2 . * C O S C .5 * W * C N + 1 ))
DO 5 I =4» C N + 7)/2 , .
PC I f 4) =PC I-SfMO)-C F2+2. )*PC I - I » M O ) + 2. * FO*PC !,MO) 

A+2.*F1*PC I-IfMl )-C 2. + F2)*F1*PC I, Ml >+ F I * Fl *PC I f M2)
5 C O N T I N U E

DO - 6 I,= 4f C N+ 5) / 2
PC I f D = F L O A T C  I -3>*PC 1 + 1 f 4)

6 C O N T I N U E

SEARCH FOR Z EROS 
V2=l .
DO 62 K=If 100*N.+ I 

, X = 8 . * F L 0 A T C K ) / F L d A T C  1.00.*N)-4. ,
Y=O.
DO 61 KK=4f CN + 71/2 .
KKK=CN- I )/2-KK + 8 ’

61 Y=Y*X + PC KKKf 4)

IF ZERO IS FOUND GO TO 63 
. I FC Y 2 * Y o LTo O ® ) GO TO 63 

: •• YS=Y
615 C O N T I N U E  
'6.2 C O N T I N U E  
10 C O N T I N U E
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C PLO T  SPIN- W A V E S
DO 99 Kl=-CN- I )/8» CN- I >/2
Tl =P. *3. 141 5 9 3 VtFLOATC Kl >/FLOATC C N - I )/3>
T = 4.*C0SC Tl )
T 3 = . 0 P * 3 . 1415937
CALL PLO TOCCC 0. )> YCC Y)» 3)
Y = 3 . * C C O S C T 1 + T 3 ) + C 0 S C T l )>
CALL P L O TCXCC T 3 ) > Y C C Y ) , 3)
DO 99 K S = S j. 100 
X = FLOATC K3)*T3 
Y =S.* C CO SC Tl+X )+ COSC Tl ) )
CALL P L O TCX C C X )>Y C C Y )> I )

99 C O N T I N U E
CALL P L O T C 11.,0.,-3)
STOP 

63 E = X :
YS=-YS 
DO 8 J= I, 50

N E W T O N ' S  M E T H O D
Y I =0.'
Y = 0 • .
DO 7 1=4, CN+71/3 
I I=CN-I )/3-1+8 
Y=Y*X + P C 11,4)
Y I =Y l* X * P C 11,1)

7 C O N T I N U E  
X l = X-YZYl
I F C A D S ( C X l - X ) Z X ) . L T . . 00005) GO TO 9 
X = Xl '

8 C O N T I N U E  .
WRITEC 108, 1003) E,X,M

I 003 FORMATC IX, S F 1 0 . 4,15,'*')
GO TO 9 5

9 CALL PLUSCXCC W)i YCCX),. I)
95 GOT O 615

END
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S U B R O U T I N E  INI T( X M A X , X M IN j> TMAX> Y M I N , I STYLE# I TI t L e )
C
C ********
C ■ . ■
C DRAWS AXE S  A N D  G R I D  FOR A GRAPH ON 8 • 5XT I INCH SECTION 
C OF PAPER= THE S U B R O U T I N E  WILL DRAW A, NEW- SET OF 
C AXES EACH TIME IT IS C A L L E D  A N D  WILL M A K E  MAXIMUM 
C USE O F  C H A R T  PAPER.
C
C XMAXj-X M I N * YMAXj YMIN A R E  THE MA X I M A  A N D  M I N I M A  
C OF THE V A RIABLES TO BE GRAPHED.
C
C I STYLE SELECTS THE P O S ITION OF THE AXES.
C .
C 0 = NO AXES.
C I P L A C E S  THE A X E S  IN THE L O W E R  LEF T  CORNER.
C 8 P L A C E S  THE X A X I S  AT X=0.
C 3 PL A C E S  THE A X E S  THROUGH (0,0).
C
C !TITLE, IS A 10 WOR D  C 40 CHARACTER) LITERAL STRING 
C WHICH WILL BE P R I N T E D  AT THE TOP OF THE GRAPH. ■
C
C O U T P U T  ALSO INCLUDES A P R I N T E D  TABLE OF THE NUM- .
C ERICAL VALUES A S S O C I A T E D  WITH THE GRID D R A W N .
C
C ********
C

COMMON Y 0 , X M X , X M N , Y M X , YMN 
. DIMENSION I TI TLEC 10)»'FCTC 2), DC 2)

DIMENSION NAMEC 2)
DATA N A M E / 'REKLI S V  ■
DATA' N / - I/
X M X = X M A X  
X M N = X M I N  
Y M X =YMAX 
Y M N = Y M I N  
DC D = X M X - X M N  
DC 2) =YMX-YMN
I FC DC I ) .LE. 0. .OR. DC 2) .LE. 0. ) STOP 
I F C N . N E . -I) GO TO I
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CALL S Y M B O L C 0 . * 0 . » •25*M A M E > 90.*8)
CALLPLOTC I.,0.>-3)
CALL PLOTC 0., 29. ,2)
CALL PLOTC 0. j> 0. > I )
N = 0
GO TO 2

1 IFCN.NE.0) GO TO 4 
CALL P L O TC I I.,0.,-3)

2 CALL PLOTC li.,0.,3)
CALL PLOTC 0.,0.,2)
CALL P L O T C ll.j0.il)
CALL PLOTC I I.,8.5, I).
DX=8 «5
DO 3 1=1,3 
Y = FLOATC I ) *8.5 
CALL P L O T C ll.,Y,l)
CALL P L O TC 0• j Y> I)

3 CALL PLOTC I I. j Y j I >
CALL PLOT Cll.j0.jl)

4 Y 0= F L O A TC 1M ) *8 • 5
W =IM.+ I
I FCNi GE. 3) M=0.
I FC !,STYLE. EQ. 0) GO TO 15 
DO 7 I = I j 2 
F C T C D  = I.

5 I FC FCTC I )*DC I ) . G E . 10.) GO TO 6 
F C T C D  = FCTC I )*10.
GO TO 5

6 I FC FCTC I) * DC I > .LT. 100. ) GO TO 7 
FCTC D  = FCTC D / 1 0 .
GO TO 6

7 C O N T I N U E
WRI TEC I 08 j 1000) I TI TLE

1000 FORMATC I 5X j I 0 A 4 / 5 X j 'VALUES ALONG AXIS AT C O O R D INATES A 
I SX j 1X 'j 14X j 'Y ' )
GO. TO C 8 j 9 j 10) j I STYLE

8 XA=XCCXMN)
YA.= YCCYMN)
GO TO 11

9 XA=XCCXMN)
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. YA=YCC 0 . )
G O  T O  11

1 0  X A = X C C  0 .  )
Y A = Y C C 0 . )

11 C A L L  P L O T C X A ^ Y A i  3)
C A L L  P L O T C  X A j> Y C C  Y M X  ) i 8)
C A L L  P L O T C X A i Y C C Y M M J i  I )
C A L L  P L O T C X A i  Y A i  I J 
C A L L  P L O T C  X C C  X M X  J i Y A i  I J 
C A L L  P L O  TC X C C  X M N  Ji Y A i  I )
C A L L .  P L O T C X A i  Y A i  I J
X  = F L O A T C  I M T C F C T C  I J X = X M X J  J / F C T C  I J + I . / F C T C  I J

1 2  X = X - I  . / F C T C  I J
I FC X  • L  T  s X  M M  J G O  T O  1 3  
C A L L  P L U S C X C C X  Ji Y A i  • I J 
W R I T E C  I 0 8  i 1 0 0 1  J X

1 0 0 1  F O R M A T C  5 X i E l 0 . 3J 
G O  T O . 1 9

I 3 Y  =  F L O A T C  I M T C  F C T C  2  J X = YMX J J / F C T C  2 J  + 1 . / F C T C 2 J
1 4  Y = Y - I . / F C T C 2 J

I FC Y ' . L T . Y M N  J G O  T O  I 5 
C A L L  P L U S C  X A i Y C C Y J i .  I J 
W R I . T E C  1 0 8 »  1 0 0 2 J Y

1 0 0 2  F O R M A T C 2 0 X i E 1 0 . 3 J  
G O  T O  1 4

1 5  C A L L  S Y M B O L C  . 2 5 i Y 0 + 8  . Ii . 2 5 i  I TI T L E i  0 . i  4 0 J  
R E T U R N
E N D .

FUNCTION XCCXJ 
C
C ****** * X=
C
C F U N C T I O N S  X C  A N D  YC CONV E R T  DATA FOR USE WITH INIT 
C A N D  S H O U L D  BE U S E D  A F T E R  INIT HA S  BEEN CALLED. A 
C SAMPLE O F  THEIR U S E  I Si 
C CALL PLUSC XCC I . J, YCC I . Ji .25 J



C
l 

O
 
O
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■ T H I S  C A L L  W I L L  D R A W  A  " + "  A T  C O O R D I N A T E S  ( I . ,  I . )  
O N  T H E  - G R A P H  L A S T  S E T  U P  B T  I N I T.

********
C O M M O N  Y 0 , X M X , X M N f Y M X , Y M N  
X C  = ( X ^ X M N )  * (  7 . /C X M X - X M N  ) ) + 2. 5 
I F C X • L T o X M N ) X C =  2 »  4  
I F ( X . G T . X M X )  X C = 9 . 6  
R E T U R N
E N D  -

F U N C T I O N  Y C ( Y )
C O M M O N  Y 0 , X M X , X M N , Y M X f Y M N
Y C = ( Y - Y M N ) * ( 5 . / ( Y M X - Y M N ) ) + Y 0 + 2 .
I F( Y o L T . Y M N )  Y C = Y 0 + I . 9
I F( Y  ..GT• Y M X  ) Y C = Y 0 +  7« I
R E T U R N -
E N D  ■

S U B R O U T I N E  P L U S ( X f Y f H )
C
C  * * * * * * * *
C  "c D r a w s  a  " + "  c e n t e r e d  a t  p l o t t e r  c o o r d i n a t e s  X f  Y
C  ( I N C H E S )  H  I N C H E S  H I G H .

C  * * * * * * * *
C

C A L L  P L O T T X f Y f 3)
C A L L  P L 0 T ( X + H / 2 f  Yf 2 )  '
C A L L  P L 0 T ( X - H / 2 f Yf I) , "■
C A L L  P L O T ( X f Y f l )
C A L L  P L O  T( X f  Y + H / 2 f  I )
C A L L  P L 0 T ( X f Y - H / 2 f  I )
C A L L  ..PLO T X X f Y f  I )



RETURN 
E N D  '



APPENDIX IV

It is of importance to two-dimensional calculation to be able to 

determine which diagrams are equivalent. There is a procedure that may 

be used to do this. In one dimension

x o x o o

is equivalent to

x o o x o,

as in each case;the down-spins are separated by one up-spin. In order 

to find the diagram equivalent to

x o x o o

one rotates the labeling until the down-spin that is hot at the end to 

the left lies.at the end to the left. In two-dimensions rotations must 

be performed in two directions to bring the down-spin that is not at the

lower left-hand corner to the corner, thus
■

O O O O O
O O O O O
O O O O O
O O O X O
X O O O O

is equivalent to '

0 0 X 0 0  
O O O O O  
O O O O O
o o d o o
X O O O O .
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The following rule was developed to obtain the equivalent pairs 

more easily. Place a point at the center of the lattice which remains 

after the bottom row and left column have been removed, giving

O d O O  
O O 1O o 
p o o o

o o o x. o
x o o o o

Then project the down spin in the remaining diagram through the point, 

giving

o 
o 
o 
o
x o o o o

o x o o  
O O 1O o 
o o o o  
o o o o

which is the equivalent diagram. ■ Thid rule also holds for the diagrams

in which the down spins are in the same row or column, if the periodic 

boundary conditions are employed, thus

o o o o o 
0 0 0 , 0 0  
O O O O O  
O O O O O  
X O X O O

is equivalent, by the rule to

x
o o o o o  
o o o 6 b 
o o o o o  
o o o o o
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which is

o o o o p 
o o o p o 
o o o o o  
o o o d o

\ X O O X O  .

This rule leads directly to the construction of the region of non- 

equivalent sites for the down spin not at the corner, which was referred 

to in the text. ■

Two equivalent states represent two basis states which are propor­

tional. The proportionality constant is dependent on and k̂. and is 

just the product of the rotation operators (^x+^y) .which rotates the

-second down spin to the corner.
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APPENDIX V

C * * * ***** '
C
C PROGRAM., to F IND T W O -MAGNON BOUN DSTA TES I'M TWO- 
C D I M E N SIONAL H E I S E N B E R G  FERROMAGNETS.
C
C METHOD: ITERATIVE, SEE G. GER A L D  A P P L I E D  N U M E R I C A L  
C . A N A L Y S I S  (ADDI SON-WESLEY, READING, MASS. 19 70) PP.
C 18 2-18 3«;
C
C ALLOCATION: A DOUBLE. ARRAY (A) OF B A S I S V E C T O R  COEF- 
C I Cl ENTS- IS USED. THIS IS S W I T C H E D  SO THAT THE HAM- 
C T L TONIAN IS A P P L I E D  TO O N E  ARRAYJ THE RESULT IS 
C. PLACED. IN THE SECOND. THE H A M I L T O N I A N  IS THEN AP- 
C P L I E D  TO THE RESULT.
C
C OUTPUT: OUT P U T  IS TO THE L I N E  P R I N T E R  A N D  TO A FILE. 
C THE R E C O R D  IS ( ENERGY, AVE. . X SEPARATIONVAVE. Y SEP- 
C A RATION, LA M B D A  X, LAMBDA Y, PARITY U NDER I N T E R C H A N G E  
C O F  X A N D  Y).
c . . -C ********. .
C

I SC I ) = I + 2
COMPLEX AC 23, I 3, 2) , EP I , EP 2, EMI, EM2, AS 

‘ DIMENSION LC 2)
COMMON A, E P I , EP2, EMI, EM2, AR I, L 
COMMON L R , L K K , N

SET UP S W I T C H '
LC I 5=2 
LC 2) = I 
P = 3 » I Al 5927 
LK=I 
INPUT N 
D = . S E - 10

C L E A R  C O E F F I C I E N T  ARRAY 
DO I .1 = 1, N + 2 
DO I II=l , ( N + 5 ) / 2  
DO I 111 = 1,2
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I
1 AC I, I I, I 11 > = ( 0..» 0. >

BOUfNDSTATE TRIAL SOLUTION 
. AC! St 0)> I SC I )»LK)r=C I 0. )

AC I SCN)» I SC I )>LK) = C I 0« )

PIC K  L A M B D A S
DO I 2 LB=CN-I )/S, 0,-1 
L I =L 2
AK 1=2. * P * F L O ATC L I )/FLOATC N )
AK2= 2 . * P * FLOATC L2)/FL0ATCN)
EMl=C I 0. ) + C E X P C - C M P L K C 0.,A K l ))
EM2 = C I 0.) + C E X P C - C M P L X C 0i , A K 2 ) )
EPl=C I 0 . ) +CEXPC CMPLXC 0. , A K l ))
EP2=C I.,0.)+CEXPC CMPLXC 0 . , A K 2 ) )
SN - 0 »

TRY . FOP C O N V E R G E N C E  1500 TIMES 
DO 8 J= I,I 500

SWITCH C O E F F I C I E N T  ARRAY 
L K K = L K  
LK=LCLK)

APPLY H A M I L T O N I A N  
• DO 2 1 = 0, N - 1

DO 2 1 1 = 0 , C N - I )/2
2 AC. I SC I ), I SC 11 ), LK > = E P I * AC I SC I - I ), I SC 11 ) , L K K ) 
A + B M I*AC I SC 1 + 1 ), I SC 11 >,LKK>

. B+EP 2* AC ISC I),I SC 11 - I ) , L K K  )
C + E M 2*AC I SC I ),I SC I I + I),LKK)

S U B R O U T I N E  I N S E R T E D  TO M A K E  THE C O M P U T E R  HAPPY 
CALL S U B

E N F O R C E  B O U NDARY COND I T I O N S  
. DO 3 1 1 = 0 , C N - I )/2
. AC ISC-I ), I SC II ), L K ) =AC I SC N - I), I SC 11 >,LK>

AC I SCN), I SC I I ),LK)=AC I SC 0),T SC 11 ),LK)
3 C O N T I N U E
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D O  4  1 =  0 » N - I 

E F F I C I E N C Y
A C  I S C  I >* I SC - I > » L K ) = A <  I S ( N - I  I SC I > , L k >

A # C E K P C  C M P L X (0° * A K I * F L O A T C  I ) - A K 2 ) )
A C  I S C  I )» I S C  C N + 1  ) / 8 ) » L K ) = A C  I S C N - I  )» I SC C N - I ) / 2 )  » L K )  

A* C E X P C  C M P L X  C 0 ® ̂  A K I *  F L O A T C  I ) + A K 2 * F L 0 A T C  C N + I ) / 2 )  ) )
A C O N T I N U E

R E N O R M A L I Z E
S=0 c
D O  5 I = O j- N - I  
D O  5 1 1  =  I » C N -  I > / 2  
S S = C A B S C  A C  I SC I ) , I  SC I I ) , L K ) )ss=ss*ss
S = S + S S

5  C O N T I N U E  
D O  6  I =  1j.CN-I ) / 2  
S S = C A B S C  A C  I SC I ) , I  S C O ) , L K ) )
S S = S S t S S  
S = S + S S

6  C O N T I N U E

S  I S  T H E  E I G E N V A L U E  
S = S Q f t T C  S )
A s =CMPLXC I ./S j- Oo )
D O  7 I =  I j-N  + 2  
D O  7 I I  = l , C N  +  5 ) / 2

7 A C  I , 1 1 , L K ) = A C  I , I I > L K ) t A S

H A S  S  C O N V E R G E D ?
I FC A B S C  C S -  S N  ) /  S) ® L  T-» D) G O  T O  9 
S N  =  S

8 C O N T I N U E  . .

T R I E D  1 5 0 0  T I M E S  A N D  H A S  N O T  C O N V E R G E D  
W R I  T E C  I O S , 1 0 0 1 )

1 0 0 1  F O f t M A T C I X , ' * ' )
9  C O N T I N U E
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C C A L C U L A T E  RADIUS 
R= 0 • ..
RX = 0 o 
RY = 0.
DO 10 I = 1j>(iM - 1 ) / 2  
DO. 10 I 1=0» CM- I )/2 
SS=CABSCA(I SC I )»I SC 11)»L K ))
SS=SS*SS
RRX= S S * FLOATC I )
RRY = SS*FLOATC I I )
RX = RX+ R RX 
RY = R Y + R R Y  
R = R + R R X + R R Y

10 c o n t i n u e
DO 11 I = CN + I )/2»N 
DO I I I 1 = 1» C N - I )/2 
SS=CABSC AC I SC I),I SC 11),LK))ss=ss*ss
RRX = SS* FLOATC N - I )
RRY=SS*FLOATC II)
RX = RX + RRX 
R Y = RY+RRY 

, R = R + R R X + R R Y  
I I [CONTINUE
. P A R = R E A L c AC I SC I )» I SC 0)» L K ) / AC I SC 0) » I SC I ) » L K ) ) 
. 'WRITEC 108» 1002) S» R X » R Y > R»L I » L 2»’PAR 
WRITEC I » I 002 ) S» RX» RY» R» L I » L2» PAR 

1 0 0 2 . F O R M A T C 1 X » 4 F 1 0 . 4 » 2 1 5 » F 1 0 . 4)
12 C O N T I N U E  

CALL EXIT 
END
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S U B R O U T I N E  S U B  
I S C 1 5 = 1 + 8  
D I M E N S I O N  L C 2)
C O M P L E X  A C 2 3 ,  1 3 ,  2 ) ,  E P 1 ,  E P S ,  E M l f E M S  
C O M M t i N  A,' E P I , E P  2, E M I , E M 2, A K l  , L  
C O M M O N  L K , L K K , N
A C  I SC 0 ) ,  I SC I ), L K  ) = C 2 . ,  0 »  ) *  AC I SC 0 ) ,  I SC I .), L K K )  

A + E M S ^ A C  I.SC 0 ) ,  I SC 2 5 , L K K 5 
B +  E M  I.*AC I SC I 5 , I SC I 5 , L K K  5 
C + E P I * A C  I S C - I ) , I SC I > , L K K )
A C  I S C  I 5, I SC 0  5, L K  5 =C 2  o, 0 . 5 *  A C  I SC I 5, I SC 0  5, L K K  5 

A + E M I * A C  I SC 2 ) , I SC 0 5 , L K K )
B + E M 2 * A C  I S C  I ), I SC I ) , L K K )
C  +  E P 2 * A C  I SC I ), I SC ~ I > , L K K )
A C  I S C N - I  ), I SC 0) ,L K )  = A C  I SC I ) , I SC 0 )  , L K )

A K C E X P C C M P L X C 0 « , - A K l ) )
R E T U R N .
E N D
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