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Abstract:

Numerical techniques are developed to study the two-spin-wave problem in one and two dimensions in
finite lattices. Particular emphasis is placed on the bound states formed by the two spin-waves. The
results are compared with analytic calculations made for infinite lattices. The assumption that
spin-waves are independent and obey Bose statistics is examined and shown to be valid for two
spin-waves of small momentum in a class of lattices in one, two, and three dimensions. It is shown that
for small total momentum two spin-waves in one dimension may be treated as hard spheres. It is also
shown that in two dimensions some of the states which have previously been considered bound can no
longer be so considered and that the wave functions as well as the energies of such states must be
examined before such a classification can be made. The finite lattice study in two dimensions is
accomplished through a manipulation of a diagrammatic notation which is developed here. This
technique allows both the energies and wave functions to be calculated. In addition the finite lattice
technique allows an examination of the limiting process as lattice size becomes infinite, which is vital
to a thorough understanding of the problem.
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ABSTRACT

Numerical techniques are developed to study the two-spin-wave prob-
lem in one-and two dimensions in finite lattices. Particular emphasis
is placed on the bound states formed by the two spin-waves. The results
are compared with analytic calculations made for infinite lattices. The
assumption that-spin-waves are independent and obey Bose statistics is
examined and shown to be valid for two spin-waves of small momentum in
a class of lattices in one, two, and three dimensions. It is shown
that for small total momentum two spin-waves in one dimension may be
. treated as hard spheres. It is also shown that in two dimensions some
of the states which have previously been considered bound can no longer
be so considered and that the wave functions as well as the energies of
such states must be examined before such a classification can be made.
The finite lattice study in two dimensions is accomplished through a
manipulation of a diagrammatic notation which is developed here. This
'technique allows both the energies and wave functions to be calculated.
In addition the finite lattice technique allows an examination of the
limiting process as lattice size becomes infinite; which is vital to a
thorough understanding of the problem.




CHAPTER I
INTRODUCTION TO FERROMAGNETISM

The ability to maintain a magnetic moment by some’internél mechanism'
is a striking feétu?e of ferromagnetic materials. This ability dis-
appears aftef heéting the material past some critical temperature usually
denoted TC."These materials exhiﬂit a crystal strﬁctdrg‘in which'ions
are imbedded‘that have magnetic moments. In a ferromégnetic material
there is an enefgy that cooperatively tends to align'éﬁeéé'moments.' On
heating,Wheﬁ fke average thermal energy becomes greaﬁer than the aligning -
.energy the moments become disordered and the ferromagnetic effect is lost.
There are fpfther complications due to domain stfﬁqtures which are not
téken into'a¢cpunt in the simple mpdel that will bé disqussed'here; the
reader ﬁeqd éﬁly note that the temperature at which t%e ferromagnetic
property ié.iost gives an estimate of the aligning energy for one of the
ions, kT; % q the aligning energy.

A_considerable mystery developediabout the‘éize of this aligning
energy that was only cleared up by.the advent of?quantpm mechanics. The
aligningﬂforces are too large to be generated Ey the magnetic fields
within‘tﬁ;‘material. This mystery waé finally,séived by Wefner..
Heisehbéré in 1928 -[22]. Briefly the arguﬁe@£.ié as‘follows. Place two

electrons in a potential of the form
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the barrier in the center being high enough to form t%o degenerate
states, one centered on the right the other on the left, but low enough
to allow some o&erlap of the wave functions. The wave function for the
pair may be W;itten as a spatial part either symmetrip’or antisymmefric
under the iﬁterchange of the electrons times a spin péft also either
symmetfic or -antisymmetric. The Pauli exclusion pfiﬁgiple must be
obeyed, so thg éotal wave function must be antisymmeﬁrig. Further, the
electrons repel each other; thus.thé states in which the spatial part is
antisymmetric héve the lower energy, but because of the Pauli prinéiple
'thése.stateS‘Eave a sfmmgtric spin part. This difference in energy that
. the Pauli principle develops between-states with stmg;rid and anti-

symmetric spin parts may be written formally as a Hamiltonian dealing

only with the épin part of the wave function. This'éﬁin Hamiltonian,

——

H=-235) -8,

is known as'FHe Heisenberg spin ﬁamiltonian. The J is. a constant having
units of,enérgy,*thelg's are unitless spin operators and tﬁe 2 is added
for‘aesthetié reasons. The exact form of E.fof spiﬁ_%iwill be givén

in the next chapter. If J is-foéitive the aligned'épin configuration
has the'lowést energy.

In the above argument only two electrons were used; when doing the

full many body problem some complicétions arise. The sign of J may“be
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negative. A.éood discussion of this problem is founq iﬁ [61]. In any
case the Heisenbgrg Hamiltonian is a suitable starting point in an
investigationvéf-ferromagnetism. It is a bit ironic that the forces
that align thé-spins in a ferromagnet are basically elgctrical and not
magnetic in orégin. It is also interesting to note‘that the explanation
for ferromagﬁetism is entirely quantum mechanical. There is no satis-
factory classical explanation._ There is, of course, the classical mean
field argumept.for ferromagnetic thermodynamics, P. W?iss [52]. This
doés not explain the aligning energy, however.

The.nature.of theualigning force has been understood since 1928, the
thermodynamics at high temﬁeraturé away from the critical .temperature was
explained by Weiss'[52] in 1907 and an understandiné‘of:the thermodynamics
ét low temperaturé away from the critical temperature dates, as shall be
seen more fdlly; from Bloch [3] in 1930. The chief'feaéqn.that magnetic
thérmodynamiés has been pursued in’great depth in the remaining region,
ﬁemperature*near ghe critical teﬁperature, is the interest in the phase -
traﬁsition‘

Phase fransitions form a fascinating and mystériéus a field of study.
Why does wa;er, for example, changé from liquid to'gﬁé so sharply at one
temberaturg?ljihe gradual change from solid to 1iquid.in'élass af least

seems to be a more reasonable action on the part of nature.
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There seemé:to be a direct analogy between all tyﬁes of phase tran-
sitions, indiﬁding the maénetic transition, through:#he‘tﬁeory of criti-
cal exponents.. This analogy seems not to be quite e#éct in the light
of recent eiberiments. However, to a surprising extené the functional
forms for thérﬁodynamic quangities are the same for all types of phase
transition, differing only with the dimensionality of the substance
involved. A reference on the topiciof_phése trans?tions [ 59 ] is
iﬁéluded in the Bibliography. A study of the magngtid‘phase transitién
has severéliadﬁantages. The Heisenberg spin Hamiltbnian that ié
developed gboyé.is of simple form and is well undetstabd, unlike the
complicateq.pbtential between molecules in a gas. Also the magnetic
ions are étatiénary and do not move about as do gas molecules. Further
by making.éltérations to the Heisenberg Hamiltonian é form arises which
may be soived;exaétly in one and two. dimensions, ﬁgﬁely the.Ising model.

The,pbssibility of work in one- or.twd—dimenéiéﬁal space is also an
advantage to the study of the ﬁagnetic problem. It is difficult to
visualize a -one- or two-dimensioﬁal real gas, but one- anﬁ two-dimensional
real‘magnéts are in existénce I7, 9, 49, 51]. It is possible to grow
crystals.in'which chains or plates of magnetically interacting ions are
widely éeparated by either water or organic type groups of atoms. The
behavio? §£ these materials is very much iike'thét-bf an ideal one~ or

two-dimensional magnet. The ability to study phase transitions in lower-
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dimensional space yields interesting results: There is no phase transi—»
tion in one;dimension and in some cases there may nét bg in two.

The ekistépce of the Ising model solutions [57] ipxonefor two
dimensions aliowé a whole new interaction between physicists. Instead
of making compafison oﬁly with experiments the theorist who develops a
new approximation may fest it in the Ising limit in‘onéfand two dimen-
sions.

The de&elopﬁent of one~ and two-dimensional phySiés is for the
most part nqt a# applied topic. A very notable excepfion lies in the
study of twbjdimensional domain effects which lies at the heart of the
magnetic prble technology that is now being feveriShly studied by the
computer industry. Thus lower dimensiénal studies which ﬁight have
Eeen cons;dgfed only a game have considerable scientific and even
practical vaiue.

This chépter has presented a very brief overview of the topic of
magnetism; ﬁo attempt has been made at completeness as there are
several adequate texts on the subject, a small list of which is given in
the Bibliography. It is hoped that the reader-ﬁow has a feeling for the
relationé@ip between magnetic thermodynamics gnd'ﬁhase transitions and
an appreéiétion for 1ower dimensiqnal physics; Hin the next chapter an .
overviéﬁ'bf spin-wave thermodynamics will be presented. This is one

techﬁiqﬁe among many used to calculate thérmodynamic'properties‘ The




reader who wishgé further information on the fascinating topic of mag-:
netic thermodynamics is referred to White [61],. Stanley.[59], and

Huang [57].




CHAPTER II
.INTRODUCTION TO SPIN-WAVE THERMODYNAMICS

The basic difficulty in workiﬁg out thérmodynamics in most many-
body systems.is the large number of .states in Which'thewsystem may be
found and which must be dealt with..‘Magnetism is né exception. 'Spin—
waves were discovered [3] in an attempt to solve the ﬁtob1em of the
thefmodynami&é'of magnetism by examining only a few'states of the system.
The result isvﬁalid fbr low temperatures.

‘I; is cénvenient at this time to develop a useful identity as

follows. The Pauli matrices are usually written

0 1
x .
g =
1 0
. 0. -1
vy |
i oo
. 1 0
Z
o‘:
0 -1

and find_applicatidn as a representation of the spin operator for spin %.
This reﬁrééentation of the spin & operator must be modified if more than

one spiﬁ is to be discussed. This is done bj'introducing a direc;,pro-'

duct SPacé so that for two spins
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etc. Writing'these two matrices out explicitly gives,

0.0 1 0 0 1 0 O
00 0 1 1 0 0 O
oX = S ox =
1 1 00 O 2 0 0 0 1
01 0 O 0 01 0
Then cl . cz,becomes
XX L I 4 o%?
0102 + 0102 + 0102

The diréct product basis states associated with thiéjrepreséntation are,
M gssociafed‘with the first row and column through }|, -|Mto |} |
‘assoéiated %ith the last row and column. A permutétion‘of these two
spins leayes P} and | |, invariant and takes ‘I into Lrthus the permuta-

tion operator may be written

1

12.=
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Note should be made of the identity

A, N :
9L 9T P -t

which is attributed to Dirac and of which extensive use will be made.

The Heiseﬁberg spin Hamiltonian may be thought of as a sum of
operators which interchange the spins on neighboring-é;tes. Obviously
thié does ppt‘change the number of up or down spins; ' Thus the Hamiltonian
and the z comﬁépent of the total spin commute and may be simultaneously
aiagonalizéd.A Because of this the states may be examined a few at a
time. There ié oply one state that has all the spinéVspin-up giving the
maximum z cémponent. This must be an‘eigenstate an&‘is the fefrémagnetic
_ground stafé}L There are N states in which there ié pnly one spin spin-
down. Tﬁeéé.states contain the lowest excited states and will be found
presently;L'These are spin-waves. This procedu?é may be continued in
principle}until all.the eigenstates have been féund. So fér.this has
been done only for very small one-dimensional 1éttices [5].

‘Because of the difficulty in obtaining gigéﬁstates with many spins
down an éﬁéroximation was made by.quch [31. If’ﬁwo spins are turned down
in a large lattice Bloch assumed that the spins will in general lie far
apart ahd'aé only neareste neighbor terms are coﬁtained in the Hamiltonian
they Wi}l not affect one anmother. This impliés that the two-down-spin

states may be approximated by the superposition of two one-down-spin states .
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In generél nfdownéspin,states may be made up of tﬁe suﬁérposition of n
one-down-spin étates so long as n is much smaller thaﬁ Ehe number of
sites in the 1atfice. Since at low temperatures only the lowest excited
states aée populated this approximation may-be‘used to determine low
témperature ﬁﬁermodynaﬁics.

The one—dowﬁ—spin states are therefore importéﬁt,‘lFortunately they
may be easilyiobtained, It is convenient to generafé éymmetry in the
proElem by gpplyiﬁg periodic boundafy conditions. In sﬁe dimension, for
simplicity, one may think of a ring of N sites. The boundary conditions
of course aré.unimportant to the low temperature thermodynémics for 1afge
N. The Hamiltonian ié invariant under a rotétion bflfﬁe labeliné of these
sites. -Fur;her'thére are N such rotations'and they‘fdrm a group. By
\;nalysis of "the character table for this group, CN? dqé may show that
each of the irpedutible representations is associatéd with one state.
These representations are one-dimensional and may be written as eik where
"k = 27A/N an& x=1, 2, ..., N. k is, as in band fheory, associated witﬁ
momentum.

That thére is a‘sepérate k for each'state impliéé that there is a
unique representation that diagonalizes ﬁhese rotatioﬁ'ope£ators.

Further sincé the Hamiltonian is invariant under these rotations the
rotation operétof and the Hamiltoniah may be diagonalized simultaneously;

thus oné need only find the irreducible representations of the rotation
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operators to find the one-down-spins eigenstates. The appropriate eigen-

basis is

ikn

0 T JE(n)e
- n
’ .
: . t .
where £(n) denotes a down-spin at the n h site. These states are called
spin-waves because of their obvious wave-like character, or magnons
to stress the particle nature that is dual to the wave nature. This

duality will be stressed more fully in Chapter III.

The Two—Spin—Wavé State

An obvioﬁs question that must be answered af thié point is whether
Bloch's hypothesis [3] that two down-spins in thefléftice behave inéé—
pendently ié Vélid. This question was first addressed by Bethe [2],
a &ear afﬁéf‘Bloch put forward his hypothesis iné paper that has proved
to be the basis for wide ranging study. Bethe was able to calculate
two—dOWQ—sﬁin‘states exéctly and was able to generélize to some of
the n—doWﬁ—gpin states. His generalization has proved to lead to the
ground sééte'for the antiferromagnet (J'negativé) [24].

The Schrodinger equation for two down-spins may be written as

Hd): E.ll),

m.
I

g ' A IR : .
- 23 ) Sn * 8 for n,m labeling neighboring sites

—~ 1/2), from this in one dimension

I
|1
&~
~
J
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£ (my s my) P = BE(mm )

where m, ,m, in-g(ml,mz) label the positions of the two 'down-spins. If

U = Z A(mlmz)E(ml,mz) then the Schrodinger equation becomes

my<m,

_A(ml—l,mz) + A(ml+l,m2) + A(ml,mz-l) + A(ml,m2+1)
= EA(ml,mz)‘ if m, # mi+1, or | [¢H)

A(ml—l,mz) + A(ml,m2+l) + 2A(m1,m2) = EA(ml,mz): if m, = m1+1 (2)

since H is just the sum of nearest neighbor permutations and P
X ml,ml'l‘l

interchanges the down-spin at m with the up-spin at mi+l, etc. It

1

should be noted that a comstant factor and many identities have been

1

dropped from the H considered above. The operator Pa

b? in general, inter-

changes two up-spins, an identity. Therée are four exceptions if mz#ml+l,

two if m2=m1+1m ‘The form for mz#ml+l above is jﬁst what- would bé obtéined

if the two down-spins were independent. The special case m2=ml+l is
necessary because interchange of thé two down—sbins atml,m2 is .an iden-
tity; a nearest neighbor interaction. Bethe [2] proceeded by assigning

values to the coefficients A(m,m) so that A(m,m) + A(m+l,m+l) = 2A(m,m+1).

Clearly A(m,m) has no correspondence to the physical problem since the
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two doﬁn—spinsfﬁay not be at the same site. One of pouisevis free to
try to force ﬁhafever functional form is_chosen for A(mi,mz) to have
this property. One may or may not be able to obtain a solution to the
Schfodinger eqﬁétion with this property; fortunately.'fqr'Bethe's fech~

nique such solutions exist. If A has this property.théﬁ Eq. 1 holds

i)

even when m m.+1l. Bethe found solutions for A of thé form

2 1

+ k m, - $/2)] (3)

A(mlmz? = exp[i(klml + k'm2 + ¢/2)] + exp[i(kzm1 1

2

K = (2mh) + /N

1

: o (4)
ky = (2m, - $) /N
Kl,Xz =1, 2, 0.5 N
2 ctn ¢£2 = ctn ky/2 - ctn k,/2 ' (5)

This last eqﬁé;ién follows from the con&ition A(m,ﬁ) + A(m+1,m+i) =
2A(m,m+1). ¢ may now be eliminated between Eqs..4 and 5. Not all of the
solu;ions may bé obtained in this mannér With_real_k'é, however and it

is necessary'to allow tﬁé k's and ¢ to take on complex values to-obtain
the remainder. -These imaginary solutions for the‘most'part have markedly
different energies and the down-spins tend to be cloée:together in them.
Bethe thereforé identified them as bound states. As there is an iméginary

solution for all values of total momentum k., + k2 Bethe claimed that

1
there was a.bound state for all of fhese values. k1 + k2 is just the

quantum number: k for the rotation operator that was discussed earlier.
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The appedrance of bound.states clearly upsets the argument that

the down-spins lie far apart and that interactions may be neglected,

since the bound states have low energy:and will be populated at low
femperature. :Fgrtunately the low energy bound states'afe not tightly -
bound'thus opening the question of their impoftance fq'thermodynamics.
Maﬁy other qugstions were opened by Bethe's work as well. Are there

bound states’ in two- and three-~dimensional lattices? What is the

effect of anisdtropy and can such bound states be found experimentally?

These questions have maintained interest in the bound state problem to

' the present .and are examined in more depth in later chapters.

The question of most obvious importance is the effect on thermo-

dynamics. Spin—&avé thermodynamics is dimensionally‘dépendent and it

is thus necessary to look separately at one two, and three dimensions.

it is easy to derive the relation between energy and_ﬁomentum k for a

spin-wave directly from the Hamiltonian. This relatioﬁship is
E=A( —‘coé k)

A being a proportiopality ;onstant. For small k thié-pecomes
| =‘A(k?)2 RV

Keeping only the first tefm,

E = A K%/2.
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Following Van Kranendonk [60] thé zero field maghetization may be
derived. The ﬁumber of spin-waves for.any k is given b& the Bose dis-
tribution,
n, = 1/[exp(A kK“/k_T)-1].
k L B
' The Bose nature 6f spin waves is shown in Chapter. IV. A kﬁowiedge of

the deviatioﬁ‘from the aligned spin étate-gives the ﬁaénetization,

M= Maliéned - Dev1at10ni

This deviation is propdrtional.td the total number"of-sbin—waves in .the
system

. 5 ‘
L 1/[exp(A k /kpT)-1]

-

k

In the thérmddyndmic limit this summation may be taken as an integral so

Deviation-a

that in three dimensions

Deviation o 47 | dk{k’/[exp(A kz/kBT)-l]},
.. k=0

in two dimensions-

'.a 21 [ dk{k/[exp(A kz/kBT)—ll};
k=0 '

and in one dimension -

o dk{l/[é¥ékA kz/kBTj—lj}.

k=0
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Thé résulting‘integral is convergent only in three diméﬁéions although
in two dimensions if is nearly so anduthe consideration of akélighf
. - -

amount of anisotropy (enhangement of the-gz term in the S + 8 Hamiltonian)
will make it so. Thus, spin-wave thermodynamics predicts that there will
be a phase trénsition in three dimensions and fhat ther¢ will be no tran-
éition in oﬁe dimension. The result in two dimensibné~is ambiguous. |

Much thedfetical work has been done from the higﬁhéemperature side
in two dimensions all of which is ambiguous in the Heisenberg case as
to whether - a phase transition exists. Mermin and Wégner [31] shoﬁed
that the magnetic phase does not exist in two dimensions. Stanley and
Caplan [45} fquhd that a divergence in. the suscéptibility could'exist,
a sure sién of a phase transition. The result‘ofAexberiment with the
best two—aimeﬁsional samples [7,9] is to find a magnétic phaSe but these
sampies arg.pét peffect two~dimensional magnets. It is clear that a
very fréc;ée~theory is necesgary‘in order to cleaf,up the mysteries in
two dimensions. No amount of correction to the éﬁin—wave theory is
1ike1y,£67supp1y this precision, since if spin-wayes are viewed as a
gas, the%quyn;mics_mgy be worked out as a cluster expansion,  adding
correctiohs"from two~body clusters, three—body clusters, etc., and
unfortuﬁéﬁely.sufficient detail may ohl& be obtéined for fwo‘spinfwaves

in the gas (see Dyson [11]).
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Thus it gppéaré that 'in one, two, and three-dimensions spin-waves
are a limited thérmodynamic tool for a.study of the phase transition.

Spin-waves have seen application to more complex thermodynamic systems,

< .

see [56]. A:gfeat deal of interest has been generated;in the problems
spin-waves present in themselves, which is the busineés of the next

chapters.




CHAPTER III
'INT‘I'{ODUCTION TO TWO-;MAGNON INTERACTIONS

The name magnon‘stresses the ﬁarticle nature of tﬁese excitations
and indeed these particles are as real.as electrons or protons.. If one
.excites a maénon in a magnetic cr&stal, he adds a small ﬁacket.of eneréy
‘and hence maéﬁ,.E = mc2. Magnons have momentum and a séattering cross-—
section can evén be calculated [4] for them.l In fhis.chapter and the
chapters that follow, magnons should be examined on their owﬁ; any in-
sight into Eheir thermodynaﬁic origin should be viewed.as only an added
prize obtained from their study.

There is a great difference between these solid state particles and
the more common variety. In studying a magnon tﬁére is a preferred frame
of referenée; that of the lattice. The position:bf the magnon or its
momentum is dlways relative to the lattice; thus, these are non-relativ-
istic pa;fééles. To‘emphasize the difference examiﬁe two electromns in
otherwise'empty space. There is only one distanéekparameter that is
imbortaﬁﬁ; that is ;he disténce between the eléctréns. It is therefore
possible:fé_place the two electrons on a‘line,‘onelén the right and the
other onhtﬁg left. But rightness and ieftness éﬁe‘dependeﬁt oﬁ how the

line is viewed. Interchanging right and left leaves the Hamiltonian

1See also the discussion of magnon processes in Keffer, Handbuch
der Physik, 18, 1 (1966). '
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_1nvar1ant and the operator that performs this 1nterchehge may behdlagon;
allzed 51mu1taneously Wlth the Hamlltonlan, further the 1nterchange
operator has eigenvalues +1. Thus the wave functioh must have def1n1te L
parity uﬁder:ihterehange. Since the electrons are fermions the parity
is'antisymmetrie.' Thé interaction between_the.electrshe is not=eesily.
uhderstood. 'fhe interaction between magnone'is more_eesily understood,
-under eertarn eircumetaﬁces they are bosons and thié:feet may be
developed directlyltromﬂthe Hamiltonian as is done:iﬁ-éhaﬁter‘IV,
Actualiy1it is not always possible to assign aféerlnite parity
dnder interchange of magnons., As ha§ be seen in the,ebpve;arguﬁent this
ability'in.the electroﬁ-case'erose'rrom the‘relative heture_bfgthe prohét
lemé only the relative distance hetween‘the electrqneihés impertaht;._
This is not true'in the magnon caee. It'is.eertaiqiy?peeeib;ehtq.reflect
the lattice ahqﬁt a point direct;j'hetween the dowﬁ-ehihs and leave_the
.Hamiltonien iﬁﬁeriant,,but this operation does not cemmdte with the
.rotation‘of theflattice. Cbnsequentlylit_ie_het in:general poseible_
te-define both_the total momentum and the parity under{interchahge.
A very ihteresting'etfect of haﬁing two ﬁagnons in the 1attice is

‘the p0381b111ty of formlng bound states that was dlscovered by Bethe
[2]. These tend ‘to appear and dlsappear as total momentum'changes,
this,”ef‘couree,_rs another ohviqus v101at10n of relat;vlty. ‘These

‘bound states have been thoroughly studied as the problem has from time-
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to~ti@e been of interest to many physicists. A Shott’history will be
ﬁresehted here which should provide a.guide to the'Bibliography of this
thesis, as this thesis is largely concetned with bound states. This
~history will hegin with the work ef Hanus [él], Wortte.[53}, and Fukuea
and Wortis [19] as their work established the two-ﬁagndn problem in its
own.right. They found the bound state energies of the%isotropic Hamil-~
tonian in one, two, and three dimensions. The probfém'may be pureﬁed
along a'variety of lines. The complekity of the Hamiltonian may be
tncreased. Thete is a great interest in anisotropy in megnetism as this
ie a patameter which yields cleérly'defined effects in a magnetic
material;2 a classic study of anisotropy is given in Bonner-and Fisher
[5]. It should be noted that the infinite lattice Heieeﬁberg—leing |
problem is near:solution in one~-dimension [25]. AniSpttppy was added
to the two-magnoniproblem in a series of‘papers beginhing with
Ovehinnikov [37-38]. Flicker and Leff [15] re-examlned Bethe's [2]
method and at the same time showed that Bethe s ansatz produced a
method which tihde all of the states; this was not at ‘all obvious before.
Sukiehnicke and Zegorski [46] intro&ﬁced impurities. Siiberglitt and
Torrance [44], éhd independently Tonegawa [45] discoVeteé a new variety

of bound states introduced by a particular variety of anieotropy.

Anlsotropy is responsible for hard and easy axes of magnetlzatlon
and consequently is. a strong factor in domain walls. '
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Another lead.is to treat next—nearesténeighbor interactions as this
inoludes the probiem of two connected_snb—lattices:and;thus inclndes the:
ant1ferromagnet1c problem.. A ser1es ‘of papers startlné 1n the fall of
1969 with papers by C. K. MaJumdar [30], Lovesey and Balcar [27], and: -
Ovchlnnlkov [éé]’studled the problem in one dimension and this work wasi
contlnued by_Oguchl [34, 35, 36 1 and.several others to two dimensions.
'Majumdar [29] also solved the problemlof'three magnonsfin one dimension.
by applylng the technlque of Faddeev [13] )

Before dlscu331ng the experlmental work that has beenldone on the
'-two—magnon problem some of the d1ff1cu1t1es ‘of f1tt1ng th1s theoretlcal
" work to any experlment should be d1scussed. The technlque that is uséd
in all of the above papers rs to ampose per10d1c boundary condltlonS and
part1ally d1agonallze the Ham11ton1an with. the total momentum quantum
_number. It may ‘be argued that b0undary cond1t10ns make no dlfferencev
" to the thermodynamlcs of a suff1c1ently 1arge sample. However; boundary
' condltlons-may mahe a great deal of difference to ;ndlvidual Wave func~
~tions, tt-is entirely possiblenthat bonnd states do not,exist in the

isotropic Heisenberg case with othér than periodic boundary conditions.
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It is clear Fhét bound states exist in the Ising case.3 .Magnon inter-~
actions most cerfainly exist in'either'case. | L

Much expérimental work has also been done on the fwo—maénon problem.
Several authors havé reported seeing‘magﬁon interactiéné [12,14;30,41].
Torrance and Tinkham [Slj were the first to report bound states. They
noted multiple:g:vélue transitions in CoClz-ZHZO in. the far infared.
region and Qére.able to explain them quite well with a‘modified isiné
model [50]. The theory was carried forward by Fogedby. [16,17,18].
‘Torrance and Hay [49] have recently reported flndlng magnon—phonon
bound states in CoBr2-2H20 simultaneously with Ngai'gg} al. [33] who
predicted the ﬁagnon—phonon bound state théoretically.

The two-magnon problem has obviously had coﬁsiderable stud&'both
.theéretically and experimentally. This author's contribution is pre-
sentéd invthe next two chapters. The technique emplofed is comparatively
stralghtforward and has the advantage that the elgenstates as Well as.

their energles are calculated. The finite lattice technique also dllows

the manner of approach to the infinite limit to be studied. This is an

3The Ising Hamiltonian is diagonalized in the direct product repre-
‘'sentation thus the state represented by "oooxxooo" where the x's repre-
sent down-spins is an eigenstate. The pair is well away from the
boundary. A linear combination of such states,.including states
with thé pairs on the boundary, must be put together in the Helsenberg
case, thus boundary conditions are 1mportant.
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important advéntgge as the existence or'non—existencé 6% bound states
is under certéin circumstances diffiqult to determine. It will be sShown
"that some statéé that have previously been con;ideréd“béuna are indeed
not bound. In tHe future any theoretical work on tﬁe‘bound state prob-
lem will have to consider finite 1atticé studies; Tﬁe author believes
he has contribﬁted‘the easiest techﬁique by which éhié.éan be' done.
Also in an~attémpt to compare the numeric results whiph were obtained
with infinite lattice calculations, light has been'sbed-on the boson
nature of the magnons and it is shown that two-magnon bound states'aré
unimpor;ant to thetmodynamics in a class‘of 1attiées. fhis helps
explain why spin-wave theory is as good as it is in predi;ting thermo-

dynamic properties for any dimension.




CHAPTER IV .
.TWO—MAGNON STATES IN ONE DIMENSION1
The contribution of the work presented in this chapter is to some
- extent developmental. The numerical techniques later ;ppiied in two
dimensionS'are'Wo¥kéd out here. The one~dimensional pfoblem is far
easier to solve and there is more previous work avaiiable for comparison.
Bethe's work ié constantly referred to. Particular emphasis is placed
on the bound states which are the easiest to study.l.Thé_work presented
here also inciﬁdes some previously unknown results. .Thé assumption
thaf spin-waves are to a large degree independent andlpbey Bose statistics
at low tempefé%ures is proved‘for a.clasé of lattiées in one, two, and
three dimensions. This implies that the two-magnon results will not
be important td'thermodynamips for 1at;ices in this”class, as was shown
by Dyson in~fﬁfee dimensions, It is shown in the'one;dimenéibnal prob—‘
lem that for small total momentum‘tﬁo spin—ﬁaves may be treated as hérd‘
spheres. .An‘ipte?esting oscillatory effect is also”ébéerved in the
wave functiohszfor the bound states. Ihis'séems to ge characteristic
of the periodic boundary conditions and reappears,in Chapter V dealing

. with two-dimensional lattices.

lMa'terial in this chapter is largely taken from [40].
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Analysis of the'Hémiltonian

The spin Hamiltonian for the Heisenberg ferromagnet arranged in a
ring of N spins is

e o7, '.g_ A.A
‘ 2J .8 SN 23 Sm . Sm+l ’

1 ™ 1

I o~

where the exchange energy is J, and the spin dﬁeratqr 'for‘the'ith site

is Si' _
"~ By usiqg-thé Dirac identity the Hamiltonian for spin % may be

written as

H = JI4NI - (N-9)T - A1,

N-1

1,n

H = —(N—Q%I + P m,ﬁ+l’

1

‘wﬁere T is the‘identity operator and éi,j interchanges sités i and j.
Rotating the labeling of the sites (m goes toié+1) leaves the
Hamiltonian inﬁériant and -this operator R commutéslwi;hAthe operator for
-the z componént.of the total spin. It is convenient"fo represent the
Hémiltonian.in a' basis Wﬁich diagonalizes botﬁ the épefator R and the
z component of~the total spin. Satisfying these redﬁifements for the

states with all spins up except for one turned down produces eigenstates

: . . 2 . ' - P R
of the Hamiltonian. For states with two overturned spins in a ring

2As inAChapter II.
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wifh N odd,3 a set of basis states which méets these requirements but
. does not diagéﬁalize H is
N

6, = [ €m,mr)exp (tkm) 1/,
m=1 :

e

where

r=1, 2, ..., (N-1)/2;

& (m ,mI)A= (0,0, oeo. O _+B_ o cee 0 B & q ees O, )3
" 2_~.:‘ 172 m, 1 my m1+1 m, 1 m, m2+1 N

k = 2mA/N;

A=1, 2, ..., N,

In this basis_H1 becomes block diagonalized with N_biqcks of the form

2 1+exp (-ik)
|1+exp(iK) 0 It+exp (-1k)
| I+exp (ik) . .
Hl - .‘I L | _ . | . 1+exp(-%k) (1)
Itexp (ik) 0 ' I1+exp (-ik)
L - C l+exp (ik) - F 4

1
should be noted that there are N values for k and (N=-1)/2 ‘states for each

" where H, contains (N-1)/2 rows and columns and F = (;1)A2cost(%k). It

value. This 'gives the correct number of states.

. 3See Appendii IT for an example of the difference between odd aﬁd:
even lattices. :

4This form is calculated for N=5 explicitly in Appendix II.
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1

For this reason only immediateiy~off—diagona1'eleménté of H

The permutation operators in H. may Increase or decrease r by one.

: 1 are nohf |
zero. The matrix H1 treats all Basis.states equally except for the first
and the last, The first is a special case because both overturned spins

are neighbors and only two of the permﬁtation operators in H. take this

1
state out of itself. Similarly for the stateés in.which the overturned

spins are as far apart as possible, only two of the permutation opera-
tors in HllgiVe states in which the two overturned spinsfare not as far
apart as possible.

A few comments will suffice here for the case of the ring with even

N.5 Two Hl matrices are developed. If ekp(-ikN/Z) = -1, a matrix

similar td Eq. 1 is obtained with (N/2)-1 rows and columms, and F = 0;
while if exp(~ikN/2) = +1, there are N/2 rows and columnms, F = 0, but
the 1owésf_non-diagonal components dre adjustédjby a factor of V2.

For one particular value of k (k=r) the matrix form of H, is diag-

1
onal Wifh an eigenvalue of 2 corresbopding to:the state in which the two
down-éﬁins aré neighbors énd all the other gigénvalues dre 0. For k=mw
there is cleérlj a bound state of binding éﬁérgy 2. Figure 1 gives the
eigenvglﬁes of.Hl as a function of k for & fiﬁg of 3;.spins. These
eiggﬁ&alﬁes Wéré found by deveioping the characteristic polyﬁomial from
a recﬁréion relatton and solving it numericall&. The detai;s of this-

ca}gﬁlation are given in Appendix i and ‘are similar to the procedure

usgd'by Torrance and Tinkham [50].

SSge also Appendix IT for N=4.
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Fig. 1. Eigenvalues of H, as a function of total momentum (k) for a
ring of 31 spins.
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- Bound States
The bound states are cleariy.definéd for k near ﬂ;-as may be seen in
Figure 1. For k rnear 0 they are not so well defined and further analysis
is necessary in this region. A'feature of the bound states fhat may be
égpioited nééf k=0 is their radii, r(k), the averagé aiétance between

the two down-spins. This may be written as
T (k) =-‘Z r,P, (k)

where ri'is the distance between the .two down-spins éndrPi(k) is . the

.probability that the down spins are r, apart. The.Pi(k) can ‘be calcu~

i
lated from the standard probability interpretation of the eigenvectors.
As the Bpﬁnd states co;resppnd to the largest eigenvalugs of Hl’ the
eigenvectors can readily be calculated [55].

In Figdre 2 the radii of the states corrésbbnding to the largest

-eigenﬁaiﬁég afe shown as a function of kjfor a ring of 101 spiﬁs; There
are i@é-obﬁious envelopes for k near'O.ﬁ-The eﬁd points of these envelopes
at k=0 .are calculable. The uppéf'gnd poinf is N/4. This correqunds to
a pérfeétly randomAplacement’of the two downégpiﬁs. If ail possible
radii are equally probable the average will be N/4, as the two:down-épins
can be ﬁo.farthér aéart than N/2.  In Figuré 3 the end of the lower

enverpg is examinédL It assumes a value slightly less than 0.15 for

N=cw, ..
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Fig. 3. Radii of states of mw with highest eigenvalue when k=27/N as

a function of 1/N for rings with N spins. This shows the end

of the lower envelope in Fig. 2 and allows interpolation as N
becomes large.
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Analytic Calculétion at Small k

An approkimation which follows Bethe's technique'éan be developed
from which this value may be calculated. Assuming a solution of the
form

v= ) A@pm) E(mp,m) |

. ml>m2

The coefficients A may be determined by writing the'éigenvalue problem

for Hl as

A<mlfl’m2) f é(ml+l,m2) + A(ml,mz—l) + A(ml,m2+1) = E A(ml,mz), (2)
with the condition
2A(m,m+l) = A(m,m) + A(ml,m+l). 6 e - (3)

This'condition allows Eq. 2 to be used when the'down—spins are nearest
neighbors; "By subtracting 2A(m,m) ffpm ﬁq. 3 a Qifference equation is
obtaineqtfiThep if A does not change significanfly from oneée lattice site
to another, by using the standard‘definition of a derivative, the above
' conditioh,may be written in derivative ;form as

'Zg-.,A(m,X) = d

- x=m a—}; A(x,x) X=m .

Again using standard definitions, this becomes

:6Thi3'argument is carried out in further detail in - Chapter II.
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d 4 _ :
ax A% x=m - ax AW x=m" ‘ (@)

As the form of Eq. 4 is symmetric with fespect to x and m it is satisfied
if A(ml,mz) = A(mz,ml).

Making this assumption, the solution for tﬁe ene;gies becomes
E = 2cos(kl) + 2cos(k2) s
and for the cbefficients beéomes

A(ml,mz)-= EXp[l(klml+k2m2)] + exp[i(k2m1+klm2)1

2exp[1(k +k,) (m +m,) /2] cos [(kl-kz)kmé;ml)/z] ,

with

k. = ZﬁAl/N, k2 = ZFAZ/N, A

N =1,2, ..., N.

l’AZ
. The coefficients A correspond to -symmetric plang Wa§e§ and therefore the
solution is that of a noninteracting Bose gas. The calculation of the
radius then becomes

, N/2 P - N/2 ) o

R = f dr r cos [(k,-k,)r/21/ f dr cos [(k,-k.)r/2]

. 172 - 1 72
0 : 0

This yields

N/&y A =)

-2
N(L/4=1/77) A

even, end of upper envelope,

9 = 1, end of lower envelope.




' ' 34

The valaé'N(l/4—l/W2) = 0.1487N compares favorably with the result
of the namerical calculation, <0.15N. Bethe [ 2] devaloped expressions
for the eigenvalues and eigenvectofs of the bound states and a paive
calculation based upon those results 1eaas to a value of N/8 for the end
of 'the lower enﬁelope. The difference between the above calculation and
‘Bethe's work is in the point at which the appraximatioa is made. This
was done as Bethe s technlque for examining the bound .states is not
easily applled to very small k., It should be empha312ed that the solu~
tion for small kl and k2 presented above is an eiaat ;olption to ;he.
problem as set..up by Bethe and as may Ee seen from the agreement with

tha numefiéal calcilation, any possible bound states are included.

Other Lattices

ExpreSsioas similar to Eqs. 2 and 3 may be feadily obtained for any.
1atticé.iﬁ which the exchange interaction is J befwaen nearest neighBors,
is :zero otharwise, and all lattice sites are edui&aient. ihe differential
conditipn of Eq. 4 becomes a set of equations with'derivativeé takenialoﬁg
all vectaraéthat connect nearest neighbors. These conditions can be satis-
fied by 1n81st1ng that the solution has the Bose propefty, and the equa-
tion correspondlng to Eq. 2 can be solvad by assuming that the two downj
spins behave independently. Consequently bound states, and indeed any

' interaction between the spin-waves, may be ignored. if the two moments kl

I ‘ S ] _
and k2 corresponding to the two spirn~waves are small., This is the region
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in which lack pf.interactioo betWeen.the‘epin—Waves-ie"importapt to
itﬁermodynamic calculations at low temperature.'

There are three points in relation to' the above argument ‘that must
be dlscussed. _Frrst, it must be established that equations of the form
'2- and 3'have,solﬁtions for other than the one'dimeheional lattice.
Second, if there are solutions thére is no guarantee that all of the
. solotions to the two-spin wave problem may be fodnd ie‘this manner‘even
at small kl k2 Third, spurious solutions-may be genereted b& the
'approx1mat10n leading to Eq. 4.

. The firSt'poipt poses no difficulty in one Sma;}_kl’kz limit.as the
honinteracting.ﬁose gas is a solution in this ;imit.. The'seeond point
:createe more;difficulty, 'Tﬁe noninteracting Bose ges approxiﬁation

givee too mény solutions in all; from this it ma& be:ergued_that the
P ._;
i 2'~

leave the thermodynamic calculations undisturbed. Inﬂthe one,dimensional

approx1mat10n overlooks at most a few states at small k This would

lattice no states are overlooked. As to the third point the approxima-

tion-ieading to,Eq. 4 becomes exact for small kl k2

Wortisnf3l calculated the_energy of the bound'States in the two- .
dimensional square lattice and in the three—dimenéiohél_eubic lattice.
He found that the bound states vanish at kl = k2 = 0. . This is certainly

in agreeﬁent_with_the”above result.




36
,'f . Hard Spheres

In one d1mens1on there are N /2 different palrs k k. whereas there

1’72
are N(N—l)/2 different states. An easy way to elimihate_the excess
states is to choose the total momentum k=kl+k2 in N ways and k2 in N-1

ways.
k=2mA/N, A =1, 2, ..., N,

k2=2nA2/(N—l), Ay =1, 2, L., (-1,

E=2cos(k;k£)+2cos(k2). IUT . (5)

The essence of'this approximation is that the'degreq'of'freédom for the
second sﬁin—waveﬁinserted‘in the lattice is one less than the degrgé of
freedom of thé ﬁair. That is, the spin-waves behave as hard spheres.
This scheme introduces a. spurious double degeneracy for each energy
which is easy to accommodate by dividing b§ two. Eigufé 4 shows'Eq. 5
plotted with k as a continuous variable for-all values -of kz. These
curves are sﬁperimposed on the exact solution. The valﬁé of N in

" Figure 4 is Bi;,'Quite éood agreemeﬁt between the hard sphere approxima-
tién and the ‘exact solution for a large range of k results.

Befhe [1] approached the two spin—wave prdbleﬁ_by_assuming a solu-

tion to Egs. 2 and 3 of the form that gives'for the coefficients

'A(ml,mz)'= exp[i(k m +k m +¢/2] + exp[l(k ™ +k m ¢/2)] ‘ -(6)
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and for the energies

= 2co§(kl) + 2cos(k2),

E =
with
ky = (2mdg + $) /N,
k, = (2&32'7 $)/N.

The céndition‘Eq.‘B then becomes
2¢tn(¢/2) =.Etn(ki/2) - ctn(#z/Z){
F&r k=0 this Begomes
¢ = —2nA2/kN—l)
and

ké = 2mh,/ (N-1).

‘Thus the ha?dlspﬁere approximation gives exact energies for k=0. The
SPiﬁ;waveS égé bosons 6nly for k2 small as can be séén from Eq. 4. Only
with'kz small Egn m, and mz be interchanged in Eq. 6. In this limit the
hard sphere éfﬁrbximation is equivalent to the ﬁonihtéracting éppfox14

mation so that there is no contradiction with it.
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CHAPTER V |

NUMERICAL CALCULATION OF TWO SPIN-WAVE BOUND STATES
IN SOME TWO-DIMENSIONAL HEISENBERG FERROMAGNETSl

"In thls chapter the technlques develode in the 1ast chapter to

study the bound states are. carried over into two dimens1ons. The con-

. tribution madé:by the work in this chapter is'also‘developmental.in

. part and also.oroduces results of immediate interestm The'difficulty
hin making theutransition'from one-to'two-dimensions lies largely in
'obtaining a:suitable basis. A notation is developeduin this chapter to

.'obtain and:manipulate basis vectors for two-dimensional_or higher dimen-

sional 1attices although work in three dimensions is.probably impractical.

It should ‘be possible to extend this. scheme to other problems in two

‘ d1mens1ons, however. The result of most immediate interest achieved by

this work 1s to show that states that. have been considered bound up

.until th1s t1me can no longer be so. con31dered. This result should be

of interest to others worklng on the two—magnon problem because it .

.demonstrates that the wave functions .as well as. the energles are
A 1mportantﬁin determining whether states are bound‘or unbound and that

the manner;of aﬁprdach to the thérmodynamic limit is also of interest.

The author feels that he has contributed a clear‘and'elegant method for

‘ pursuingla knowledge of the_bound state Wave;functions,and'the‘manner

innwhich the“bound state soluﬁnnsapprOach the'thermodynamic limit.

;5%Matefial in this chapter is 1a?gély taken from [39].
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The Hamiitonian
As before the Heisenberg spin Hamiltonian fbt:a ferromagﬁet is given
by f .‘ Corxre "."‘ [ : RN . Ly

O

E=-27.J 5 -5,

,<@»n> " "

ﬁhere the exéhénge energy is J and the operator for'fhé spin on the nth

site is-§:.;;iﬂe sum is taken erf all nearest neighgoﬁ pairs m,n in :
the cfystal;laétice. The Hamiltonian may be written in-terﬁs'of permu;
Atatibq-ope%éf@fé for the spin % casé;usinglthe ﬁirac identiﬁy-'~ |

o o

=20 -1,
m . n  myn,

in whiéh:Pm[nfis an operator that permutes sites'ﬁ;n; It is convenient

to introdﬁcéia dimenéioﬁless Hamiltbpian
A f,‘l'{m%n)Pm,n - (N/2-2)1z,

so that .

H= .'I-JI-J-l'— J(N/2=-2)1z + JIzN/4,
 where z.iéffhe coordination numbe;'of the 1attiéé (the number of nearest

neighbbrsffor any lattice site) and N is the number of lattice sites.
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Applicafion of Periodic Boundary Conditions
In the one-dimensional probleﬁ with periodic bouﬁdary conditions
imposed, the operator which rotates the labeling of'thé lattice sites

(m goes to m+i, N-1 goes to 0) is a diagonal in the basis

1
2

. N-1 .
¢, = [}  (mmr)exp(ikm) /N, (L
o . S

where
N is odd;'
r=-1,2, ..., (N-1)/2;

E(m:[’,mz) = (0‘03 ula ee ey aml

_’B s> O s""so‘__ss"a ’
l. ml mlfl m, 1 m2 m2+l

ceey uN_l);

o
il

2mA/N;

A="1,2, ..., N.

lg(mi,ﬁzj defines the positiop of the two‘ddwﬁ—spins. In this basis k
is a good quantum number, eik is the rota£ion operator, and the Hamilton-
ian mixes only states with the same k.
'Tﬁe basis states, Eq. i,are defined by,fhé value of k and the dis-
tancé beéween the two down—spins. I£ is ne;ééséry to generalize this
type éf:basis to two-dimensions which may be doﬁe by introducing a

diagramatic notation. The diagram
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X 0XO0o0

describes the.state in which the two down-spins, mafked With.an X,
are separated. by one up-spin for a ring of five sifeé,.the.value of k
Being arbitrary. It is possible to choose these.diagrams in such a

" way that one down-spin is always on ;he firét éite. if is clear that

there is an equivalence between
Xoxo0o0 and X 00XxXo0

since in either case the two dowh—spins are separgted by one up—spin.
In the diagra@s the first and last sites are adjaceﬁf:due to ﬁhe
periodic.boﬁndary conditions. Because of the possiﬂility of equivalent
diagrams ?aré.ﬁust be taken in ﬁaking up a basis éq'fhéytonly non-

equivalent diagrams are used. A basis for the ring of five sites is
XX 000
X 0 X 0 o0,

Every possible value of k must be associated with each of these diagrams.

Generalizing to two dimensions for a 5x5 square lattice the basis

states may be represented by diagrams of the form
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Once again care must be taken to include only non-equivalent diagrams in
a basis éet.' The area enclosed by the line on the.abpﬁé contains all
possible non-equivalent positions for the second down-spin, the first
always being blaced in the lower left-hand corner. .A further discussion
of these diagrams is given in Appendix IV. 'This is not a unique scheme
for obtaining all non-equivalent sites for the second down-spin. It
should be noted, nevertheless, that this scheme gives (n2—l)/2 non-
equivalent diagrams for an nxn squaré létticé. Each set of such diagréms
is assogiatéd with a kx and ky which are quantum nu@ﬁefs forhrotations
in the x aﬁd y directions respectively. There are n2 different valﬁes
for kx ané'ky; this gives a total of n2(n2—1)/2 = N(N-1)/2 where N is
the totgl.number of sites., This is exactly the dimension of the vector
space asSéciétéd with the Hamiltonian. The diégréms thep represent a
set of lineariy independent states the number of ﬁﬁich is the same as
the dimension of the Hamiltonian and consequently Ehe diagrams repre-
sent a Bésis. |

The Hamiltonian in the form H, contains the sum of the permutations

1

pf all nearest neighbor sites. The effect of Hl on a state represented
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by one of these diagrams is to move the locatiomns of ‘the two down-spins
to any neighbofing sites. The rotation operators must be épplied to
régain a diagfam of the form contained in the basis set when the corner

spin is moved. As an example, in one dimension Hi applied to the diagram

X0X0000
gives
(l+e_¥g)-i X0o000o0+ (l+elk) X 00X O0O0 0.

Note thét éii}of the permutations which gi%e the identity when applied
to these diagrams have been subtracted out in_forﬁing Hi.'

When the dOWn—épinS'are neighbors, the two'permqations tﬁat Would
..otherwise“ﬁove them closer together only interchaﬁggithem léaving the
state unchanged. For this reason the diagrams in which the sSpins are
neighbo;s-mﬁét be dealt with as a special case. Another special case
arises wheﬁ'the Hamiltonian is applied to diagrams'in which the second
downrépin'ié at a site on the bordér containing the non-equivalent dia-
grams.':The Hamiltonian may be applied to these éﬁgtes by associating
the diaéEams for the second spin immediately outside the boundafy with
the apprbp;iate oneé for the second spins insidé,to which they are

equivalent.

Obtaining the Bound States
'Bbﬁnd states for each pair of kx’ k.y if‘they exist will have the

highest eigenvalues of #

;- This enables a éimple fechnique to be used
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in fiﬁding them [55]. If a particular state is a linear combination of

two eigenstates then
A C _.n n
Hi(a)|Ep + 2)|E) = B] a)|E> + Bj a,)[B,>. -

If'Ei > E2 the right-hand side is

n ;g4 A n

Eq [a1]E1>+ (E,/E,) a2|E2>],

and in the limit n»>~ this bécomes
n .

By a1|.5_11>.

Thus thefaﬁpiication of the Hamiltonian a sufficient number of times
effectively projects out the state with the highest eigenvalue. It is
easiest of course to carry out this-prbceduré‘with‘a computer,

A -matrix representation for the block of the Hamiltonian, for any
kx’ ky, would be of dimension (N-1)/2, where N is the total number of
sites.:_Fbr a 25x25 square lattice this is 312. A matrix of this dimen-
sion contains 105 entries which is too large to manipulate even with a
computér.j Fortunately the calculation can be performed without writing
the Hamiltonian as a matrix since the operation of the Hamiltonian on

the basis diagrams shown above is of a simple ﬁérm.z

' 2Détéils of the computer programming are given in Appendix V.
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: Results,,

Table I_gdves‘a comparison between the reéults‘ofjWortis'-formula
for the.two—dimensional sqdare lattice, suitably modif;ed,vand the
energy'obtained‘nnmericaliy herein for a 25x25llattiee. As the energy
lies ahove,the.continuum along k=kx=ky‘for every k ekoept k=0 Wortis
also held that:a bound state existed for every k exceépt 6. ‘The numerical
techniqueldeveloped in the previous sections also'determines the eigen—
vector Whlch can be interpreted in the usual way to obtaln the probab111ty
that the two sp1ns w111 be separated by Ax and Ay, and from thlS the
. average separatlon may be obtained. The average Ax (Ax) is plotted in
‘Figure 5 asza:function of kﬁk ='k- for n=25'A It should be noted that the
average separatlon osc111ates as k approaches 0 and that for some values
Ax n/4 6. 25 If the arrangement'of the two down-sprns was qompletely
random Ax-would be n[4. This is because the,perdoddo_boundary conditionsA
restriet the;two downjspins to be separated in‘the“x direction‘by\no*more
than n/Z;d A random Ax Would give the average as n/4; As the average
separation‘is greater than the random separation the interactionhbetween
" the magnons for some valoes:of k must be considered'repulsive. nThe
Qoriginiof,the repulsivé interaction is discussed'in Section VII.

ft 1s a good approx1mat10n to. assume that the magnons are 1ndepen-
dent Bose partlcles when the1r 1nd1v1dual moments are small, and also.

' that>bound state behavior 1s‘nn1mportant for small tota1 momentum

‘vectors; - Figure 6 shows_the surface onﬂwhich the highest eigenvalues .




Table I. Highest Eigenvalues of States with k

Square Lattice.
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=k =k for the Periodic
Xy '

"Wortis formula

Difference

k ‘infinite lattice Numerical 25x25
0 ' 8.0000 8.0000 0.
an/25 7.9369 7.9298 A‘o.oo71
4n/25  7.7487 7.7491 ~0.0004
6m/25 . 7.4382 7.4315 0.0067
| 7.0124 ~0.0020

8n/25 7.0104




Fig. 5.
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*0O

XV

Average separation of down-spins in the x direction as a func-
tion of xuxxnww for a 25x25 square lattice. On these plots
k=2mA/n the lattice being nxn. The point marked with the
asterisk did not meet the convergence criterion.
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" of Hl lie and“figure 7 shows the bound.state energigs along-k=kx=ky. As
may be séen iﬁ.these two figures the bound states- for small ixafe close
.to the continuuﬁiif tﬁey exist at all.

Wortis waé able to show thét in some portions of ‘the Brillouin zone
there were two Pound.states. It is easy to show that,af:the corner of
the zone the two states in which the two down spins‘a:é nearest ﬁeighBoré
are eigénst@tgs with eigenvalue 2. Further, one méy insist that all
states in Whi;h kx=ky must have einer even or odd pafity when the x and<
y axes are interchanged. At the zone corner the even ‘and odd states may
be constructed from the two states in which the down?spins g?e neighbors
and are degenerate. It is ﬁossible to include only ?tates with even or
. odd pariﬁy“whén applying the numerical techniqugs described above and to
obtain bqtp»bound states when kxﬁky. The eigenvalués for both even and

- odd parity‘are shown in Figure 7.

Triangular Lattice
Byygannecting sites in a parallelogram Witb’écute corners of 60° by
a triangﬁlaf lattice a structure is formed to whiéh periodié:bbundary
conditigns may be applied. Quantum numbers kxiand ky may be formed for

kx and e1ky are operators that shift the lattice

this lattice so that ei
one row in the x or y directions as shown in Figure 8. At no point in

k space does the spin-wave continuum condense to a single energy ‘as is

'the'éase for the square lattice and the one-dimensional lattice. It is
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Bound state energies as a function of wnrxnw%. k=27A/n. The
points plotted are for n=21. Parity refers to the transforma-
tion properties of the state as the x and y axes are inter-

changed.
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at this hbint:qf'condensatiqn that the'maénens'are'most,nearly‘bound;
Icensequentlfg-the existence of bound ‘states ih the triahgﬁlar lattice -
may be-qhestiohed; Figure 9 shows the hlghest energy state-along a 11ne
in k spaee k=k —k and Flgure 10 shows the correspondlng radius. Throughé
.out'the regieh.in-which the differeﬁce between the qohtinuum andathe bound
state is gfeatest a stady of the:radius shows that the.ﬁaghoﬁs.repel

each other. There is a real bound State at the corner, however.

‘The Repulsive Force
. The orlgln of the repulsion between the two magnons may ‘be seen most

eas1ly in one d1mens1on. The Hamlltonlan Hl is block dlagonallzed in the

'baS1s of Eq 1 and the blocks for each k may be wr1tten as [5]

é ;' 1+exp(—1k)
' 1+exp(1k) 0 l+exp(-ik)
‘--’1'-Ijexp(ik') . .
=< : c L
| +exp (ik) o',.f.-',__1+exp (-ik) |
1+exi>(ilés';' F ]

— (1) 260 3K .

' The ‘stateé in which’ the doWn—Spins are neighbbrs is aSsociated‘with the
first. row ahd‘ceiumn.s The state in Whlch the down-splns are farthest

apart is,asseciated Wlth the.last. The origin of the bound states and
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Fig. 9. The highest energy for states of the triangular lattice along
wuwon%. k=27A/n in this case n=21.
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Fig. 10. Average separation in the x direction for the states shown
in Fig.: 9.
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the attraction between the magnons lies in the 2 in the upper 1eft—hahd

corner of Hi as for k * 1 ali off-diagonal terms are sﬁgll and in zeroth

order perturbation theory 2 is an eigenvalue separated from a continuum
of zeros whichiédrresponds to a bound state. Cdnsequently, the basis
state in Which.the two down-spins are neighbors contributes the most to
the bound state,' As k approaches 0 the function F ihcréases in magnitude
until it obtains as much impor£ance as the 2 in the hpper left-hand

PSS -
corner. The E does the same thing, for the state in which the down-spins

are as far apart as possible, as the 2 does for the state in which they

are neighbors. F creates a force of repulsion between the two down-

s

spins when it is positive just as the 2 creates an attractive férce. In
oné dimension this repulsive force is never as stréhg as the attractive
force. Iﬁ two dimensions there is more opportunity for ;hg two down-—
spins to be as far apart as possible in the x or f direction and it is
therefore nbt surprising that the repulsive interaction is dominant.
The.qﬁéétion remains whether this repulsion is important in the N=%
case. Asiﬁas pointed'out earlier,the-indepéndént.spin—wave approximation.

is valid for the states of highest eigenvalue-wifh small k, which is the

region iﬂ which the repulsion is seen. By applying this approximation

it was shown in one dimension that an Oscillation of the average.
separatiohsiof the down—spins from one allowed value of k to the next

remains even at N=w, A similar ‘calculation for the two-dimensional

square‘cése shows that with kx=ky=k there is no such oscillation as k>0
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: anduthat the separatiOn of the two down—spins should be.random'for small
k. Th1s 1mp11es that the repulsive 1nteract10n is a f1n1te 51ze effect.
In Flgure lL Ax/n is shown as a functlon of l/n for the repu151ve'state
of smallest k. It seems clear from th1s d1agram that Ax approaches the
random value from above and therefore for any f1n1te n, regardless of
‘how large,. there is a sllght repu131on between the magnons. Consequently,

it is‘difficult ‘to call this a bound state.

Conclusion and Dlscu551on

Normally in systems that exhibit bound states there is-a potential
'.which is nero~when the two particles are far.apart;.'h bound;state.is<any
" state having;less than zero-total'energy. This'definition does not fit
the two magnon problem as there is no'clearly deflned potentlal. Ihe
magnons can ‘be said to be bound when the energy of ‘the state is d1fferent_
from_theicontlnuum energy and the down—spins tend to lie close_together.
If the'magnon-magnon interaction is)repulsive as’it has been shown to B¢~
for some?oé‘the‘states whose energy'lies-outside‘the continuum, the
-states'cannot be classed as botind. It Seems that the‘eigenvectors as
well as‘the eigenvalues must be 1nvest1gated 1n order to class1fy states
.as bound or unbound. As can be seen in Figure 5 there is’ a.sharp change
.in the‘elgenvectors for hx=ky:ﬂ/2. ‘Ihis couldlserve'as a boundary
between‘regions in which bound state behavior enists and does not exist.
‘The trlangular lattice was 1nvestigated to'determine only whether

bound states were present and a bound state was found. The boundary
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Fig. 11. Average
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separation in the x direction for the repulsive states

of lowest k=kx=ky as a function of 1/n2 showing the trend as

n>«,
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conditiqﬁé.used'fér thé_triangular lattice studied in éhﬁs‘paperAwére
'chbsep fdr thézéése with which modificationé could:éé made .to the sqgéfe:
A iéttice prog;ap;"fhe boundary conditions chosen do not allow all of %hé
syﬁmetrf»opefé%i&ns normally asSoci;ted with the triéﬁguiar lattice.
Cer;ainly othé& bbundary con&itions could have been Ehéégn. They areloﬁ
great importance to the calculation of specific‘statesiéveh though theyA
ére not impoftéﬁttwhen calculating tﬁe?modynamic prdﬁértiés. Tﬁerefore,
as theré’séeﬁs.ﬁdlbe no.experimeqtal 6; other interest in this problem
for thé triaﬁgﬁlar lattice, further de;aiis have not béen'carriea out.

_On fhe ;fhér hand the boundary conditions appliéd:ﬁo-fhe sqﬁaré -
.=lat£icg.ére-ﬁéfufal ones to apply énthHére is.othefiéﬁéoreéiéal work\v
.With.%hiph to make comparison, thébly the'ﬁapérs byiwpftis B3] and
Fukqda aﬁa Wo%ﬁis ﬁ9], also, expetimental;y bqund statéé havé'béen showﬁ
to exist in'oﬁéwaimeﬁsion [51] and .quite good ;wo{diqénsiéﬁai cfyétals

‘with the square lattice are available L7,,9j.




—
CONCLUSION: -
A s1gn1f1cant contriButlon that this thesls has . attempted to make'
iIn the study of magnons ls the development of ‘small 1attice,techn1ques;
In partlcular lt should be easy\to apply‘these technlques to three mag-
nons in one dlmen31on or to Include nent—nearest—nelghbor 1nteractlons.‘
Several applIcatlonslof this technique have-been presented here.
In one,dimension the»energies“of all therstates;haﬁe been calculated,
thus aliowiné:approkinations such.asfthe hard spherelappronimation to he
tested. ‘ |

Bound states in one dimenslon have heen examlned more exten31ve1y

-' at small k 1n thlS thesis than prevlously in the Work of Bethe, Fllcker

fand Leff Bonner and Flsher, or Oguchi. An approx1mat10n Was made here
Ithat correctly‘predlcted the behav1or of all of the two—magnon states
in- this small;k?region.“ In the process of developlné thls approx1ma—
tlon it was shown that the boson nature of spln—waves could be taken
-directly fron,the Hamiltonian. This has eonsiderahle-pedagogic valuel
'in‘addition;_from theLSame approXination it Was‘proned;that hound states
vanishﬂin“apelass-ofllattices in-one5 two, and three-dimensions at‘sﬁail
e . ,

,Bn two'dinensions‘the.hehayior‘of'the‘hound'states was ;again
examined.vhgs“nas\shown aboye the tno dOWn;spins seemAto repel‘one
_another'in'tnoxdimensionS1 The dependence.of this repulslon on the

ihoundary condltlons was shown and it Was further demonstrated that the
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.irepulsiye‘effectydisappeared in.theﬂtﬁermodynamic"limit. 1t was shown,
nevertheless;vthat~the-repulsive StateS'enist for any.finite periOdic
lattice and Hence that these states cannot be cons1dered bound. The
--deflnltion of bound states~for small k is a delicate one. The results
above show that the energy based definition that. was applied by Wortis
and Bethe.ls not a good orme. It is suggested that a better 'definition
based On‘thehmaye functions should be developed, iﬁ‘indeed;waye functions E
" may be calculated'for the infinite lattfce. In lightiof this thesis
'such a redefinition is necéssary, ' S

:As has{been'stated'the value of recent'studfes otitwo~magnon states
is not relatedfto thermodynamiCSa he two-magnon problem is a study of
SOlld state particles ‘which have some 31mi1ar1ties with. and many
dlfferences'from, electrons and protons and are of.intere9t~for this

reason.' The bound state Problem in particular has generated much theo-

’retical and experimental effort as is mentioned above. For example

Torrance and Tinkham have found bound states in Ising—like crystals

(CoCl 2H O) It would be of considerable difflculty, but of consider-

2"
able interest, to dlscover them in more isotrop1c samples such as the
o 'NH ) CuCl4 series, especially as only periodic boundary conditions
‘have beéen applled in theoretical calculations and- these are not phys1cal.
On the other ‘hand, the non—perlodic boundary condition problem is also
one that would be interesting theoretlcally and one to which_finlte
lattice. calculatlons could be applied. |

:cher suggestions~as to continuanCe of this_nork?are the three~

.magnon'problemfin one dimension and'theeaddition-of‘next—nearest4
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neighbor interactions.as was previously.stated., Theoretical work
further.exploring the analogies and differences between magnons and more

usual physicél particles- would also .Be. of Interest.
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APPENDICES




APPENDIX I
A calculation of the.recursion relation for the characteristic

equation for Nl can be made as follows,  Denote the déterminant

_-1- o ltexp (-ik)

Lexp (ik) -2 I+exp (-1k)
I+exp (ik)
1+exp(fik):'
Trexp(ik),  -A -

with n rows and-columns as ‘nl. Reducing by minors on the first row

gives
] = et |- (242008 © [nez],
' furéhér
lll = .-5* >
2] = 3% (3+2c0s 1.

Thus |n| may be evaluated for any n. Similarly reduciﬁg the detérminant
_JHl—AII by minors.gives
B- 1] = 22 @ -2 |- (2+2c08 k) [(F-0+(2-0)] [n3 |
+(2+2cos k)zln—4l,-
where n is tﬁe number of rows and columns in Hl' By eyaluating ln] and

substituting in the above the characteristic polynomial for“Ei may be
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_'gengféted.v ?hé*ﬁrbcedure is'.quité mechanical and the.coefficients of

" 'the powers of | ‘may be .eyaluated by;a c':omputer.l

Q:lsge Append{x III.




'APPENDIX II-
" As a clarifying example thelring,wifh five.sités wi1l Be'wofkéd out

in détaii. Thefe are ten basis étates E(ml,mz):

X OO0 0N
O O 0O MH M
O 0O M NKO
OM M OO
MM OOO

X0 Xo00O0
L,OX 00X O
0O 0 X o0X
X0O0XO
0O X 00X

. where x marks the location of a down-spin. The'basis:ﬁhich‘diégohalizes
‘the rotation operator is then,
XX 00O +ﬂe1k oxxo0o0+ eZik ooXxo+ eav "0 00XX
A e41k x o0 b o x,
coo, - : ik ik o0
Xxo0xo0o0+ elk oxoxo+ e21 oo0oxo0x+ e3 X 00XO
+ e4ik 0Xo0 o0 x,
where k may have any of its five allowed values. -
Applicatidnypf all possible neareét neighbor permutations to the
first state gives,.
X X0 00+ eik xXoxo0o0+e 1k

* e4lk 00X 00X

Lo 3ik
o o ) cooxxo+e 000 XX
Permute . 1,2 . : : :
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Permute

) +x0%xo00+e k oxxoo+ eZik,o xoxo0+ esi-k 00o0%kzXx
238 s |
|t e X 000X S
- +nx.x ooo+ é?k OXo0oXxo0*% eZik'o ox'x o+ e31h 06 06xo0X
349 sk | |
) + e’ .xo0o00%x . _ E
- |+ xx0o00+ elk 0xXxo0o0+ eZik 00X0 x + eBik_Q 0’6 x x
L4 G o
: te . "xo0o0o0x
Z3(xxo0o0o0+ e;k'o xxoo+ eZlk 00X ZXoO
+ é31k oooxx+ eélk X 00 0 X)
(1 e )(x o0 x o0 o0+ elk 0OXO0%XO +~e2j"k 0.0 i_o X
'}feslk xooxo+ ey xoo x).

A similer?eelculation may be made for the othet‘haeie vectot
x.QJi oo+ eik 0OXXo00 +'e2ik-o e X x 3
+ eé%k X00X e§+'e4ik 0O X 00X
- giving . .
,(1ﬂ%refik)(x X 00 5 + etk o X X oo +A§215'o oxXXo
.+{é3ik 000X x‘+ e4ik X 0 0 0°X) B

- [1 + (= l) 2cos(lk)](x oxo0o0+ eik 0%Xo0 x o+ eZlk-O'o % 0 %

j#iéglk x00XxXo0 + eé-k 0 X 00 x) _
.:;The matrix elements <11|H |$:> ¢ being a b351s Vector may be found

when the actlon of. the Hamiltonian on the ba31s vectors is known, thus

' allow1ng the Hamlltonlan to be written 1n matrix form, For the rxng‘bf'
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1
“identityuopegﬁfor and H

five spins H, is the sum of all nearest

1
-ik

may .be writtén

2 “L+e

(1™ -~ (@) 2c0s (3K)
Similary"fbr the ring of

é(mi,m25

00 M.N
XMoo .

O X MO

O KX MO ON-
o

e
oM
.M>

The Basis which diagonalizes

XXo00 + elk oxxo+t e21k
¥ ox.0+ ?}kvo X0 x + e2ik
b‘u_t-‘ez-lk élﬂA =‘(—l)k. If e21k -1

‘X 6 x o vanishes leaving the normalized

1[2(xrx.o o+ élk oxxo+ ezék o
1/72(x 0 x o0+ e:Fk 0XxX o X);’
" 4f A is éven, _
;‘172(x xoo+e*sxxo+ettky

"ifix igigdd.. The ﬁatrix'fofm of Hi‘

o+ el

becomes -’

neighbor permutations minus an

as

four spins there are six basis states

the rotation operator is then

x + eSIE
3:i.kfc,>.”x o *-.

X 0 0 X,

the basisjétate starting_With

basié-set,

ox x+ e3lk_x 00 X)

o x3$'%we31k X 0 0 X)




/Z(l + et

k

)

/2(1L + e

@

ik

)

69

A even,

~ A odd.




APPENDIX III

Rk A
1PROGRAM TO FIMD TWO- MAGNON EIGFNVALUES FOR THE ONE-
_DIMENSIONAL HEI SENBERG FERROMAGNFT.' ' '

METHOD. THE . CHARACTERISTIC POLYNOMIAL IS GENERATED
" FROM A’ RECURSIVE FORMULA AND A SEARCH TS MADE FOR
ZEROS. 7EROS ARE OBTAINED BY NEWTON ' b METHODe

OUTPUT? OUTPUT IS TO A CAL COMP PLOTTER THROUGH

A SUBROUTINE PACKAGE. EIGENVALUES ARE- PLOTTED AS
a FUNCTION OF TOTAL 'MOMENTUM TOGETHER WITH THE
ENERGIES" OBTAINED. FROM SIMPLE SPIN- WAVE THEJRY.
VERTICAL ‘AXIS FROM 4 TO =4,HORIZONTAL AXIS FROM -0
TO 2PI. ' : S

******** '

caoaaaNaaacacaaaaa0

DIMEV%ION P(l@@@:d):L(S)»ITITLE(IG)
READC 1055 1000) ITITLE

1000 FORMAT(I@AQ)'
DO . 99 N=11,31,10

C
C SET UP RECURSIVE SWI TCH
- DO .1 I=1s2
.1 LCID=T+1
» L(3)—1
C

C INITIATE PLOT
o CALL INIT(?.*s.1415997.@.,4.,-4.,m.ITITLE)
PO. 10 M=@,N
Mm 3. o
'Ml—'
M2 1

¢ 'OBTAIN CHARACTFRISTIC POLYNOMIAL
. DO 2 I=1,100
Do 2 I1=1,4 '
2 PCIII) =0 5 ~
W= ?.*3 14159?7*(FLOAT(M)/FLOAT(N))
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Fl— o*( 1°+COS(W))
"PC5s2)==1.
. P(653)=1.
- PC453)=-F] _
DO 4 I=3,(N-5)/2

c. .

C

aa

RECURSIVE SWITCH
M2=M1 .
M1l=M@’
M@= I(M@).'
DO- 3 Il=451+4
PCII>M@)==PC(II-1,M1)~ FI*P(II:MB)
‘CONTINUE
CONTINUE
1001 FORMATC1X)
" Fe= ?.*coscos*w*cm+1>)
DO’ 5 I=4,(N+7)/2
“PCI154)=P(1-2,M0)-(F2+2% )*P(I-I,Mm)+?o*F2*P(I:M@)
A+2.kF1%P(I-1,M1)~ (?o+F2)*F1*P(I»Ml)+F1*F1*P(I:M?)
5 CONTINUE |
DO -6 I1=4,(N+5)/2
- P(I,1)=FLOAT(I- 3)*p<1+1,4>
6 FONTINUE

N

SEARCH FOR ZEROS
Yg lo R

. DO 62 K=1,100%N+1 - : o

. X=8. *FLOAT(K)/FLOAT(I@@e*M) -4.
Lo Y=0e .

. DO 61 KK= 4s CN+TYI /2 S
. KKK=(N=1)/2-KK+8 o S
61 Y=Y*X+P(KKK> 4) RS

.-IF ZERO 1S FOUND GO TO 63
- IFCY2%Y.LTaMs) GO .TO 63 -
Yo=Yy '
615 CONTINUE -
" 62° CONTINUE
1@ CONTINUE
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C PLOT SPIN-WAVES
DO 99 Ki==(N=-1)/25(N=1)/2
T1=Pe%3.1415927*FLOAT(K1)/FLOATC(N~ 1y/2)
Y=4e%COSCT1)
T2=eP2%3+1415927 .
CALL PLOT(XCCDe)sYCCY)s 3)
Y=2e%(COSCTI+T2)+COSCT1))
CALL PLOTC(XCCT2),YCC(Y)»2)
DO 99 K2=2,100
X=FLOAT(K2)%T2
¥Y=2e%x(COSCTI+X)+C0OSCT1))
CALL PLOTC(XC(X)»YC(¥)s1)
99 CONTINUE"
CALL PLOT( 110)2‘0"3)
STOP
63 E=X:
Y2=-Y2
DO 8 J=1550
c .
C NEWTON'S METHOD
Y1=0Qo
Y=0.
DO 7 I=4sC(N+7)/2
I1=(N=1)/2-1+8
Y=YkX+PC(I1s4)
Yi=Y1%X#+PCII,1)"
7 CONTINUE
Xi=X<yY/v1
IFCABSC(X1=X)/X) . LTe.00005) GO TO 9
X=X1 ' -
8 CONTINUE :
WRITEC108,1002) EsXsM
1002 FORMATC1X>2F10e45155 "% %)
GO TO 95
9 CALL PLUS(XCCWI5YCC(X)so1)
95 GOT 0 615
END '
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SUBROUTINE INchXMAx,XMIN,YMAx,YMIN,ISTYLE,1TITLE)
3 ok ofe ofe o sk sk ok

DRAWS AXES AND GRID FOR A GRAPH ON 8.5x11 INCH SECTION
OF PAPER. THE SUBROUTINE WILL DRAW A.NEW SET OF

AXES EACH TIME IT IS CALLED AND WILL MAKF MAX I MUM

‘USE OF CHART PAPER.

XMAX > XKMIN> YMAX» YMIN ARE THE MAXIMA AND MINIMA
OF THE VARIABLES TO BE GRAPHED.

ISTYLE SELECTS THE POSITION OF THE AXES.

7 NO AXES.

1 PLACE% THE AXES IN THE LOWER LEFT CORVERo
2 PLACES THE X AXIS AT X=0. ‘

3 PLACES THE AXES THROUGH (@58)o

ITITLE. IS A 10 WORD (40 CHARACTER) LITERAL STRING
WHICH -WILL BE PRINTED AT THE TOP OF THE GRAPH:

OUTPUT 'ALSO INCLUDES A PRINTED TABLE OF THE NUM=-
ERICAL" VALUES ASSOCIATED WITH THE GRID DRAWN.

et okt kk

COMMON Y @sXMX » XMNs YMX s YMN
DIMEN'SION ITITLEC1@)s FCTC2), DC2)
DIMENSION NAMEC 2)

DATA NAME/ 'REKLIS °7/ -

DATA N/=1/ '

XMX =XMAX

XMN=XMIN

YMX=YMAX

YMN=YMIN L

DC 1) =XMX -XMN

D¢ 2) =YMX -YMN ) ,
IF(D(1)eLEcBooORe DX 2)eLEoBs) STOP
IFC(NNE.-1) GO TO 1 :
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 CALL ‘SYMBOL(Des@es025:NAME» 9Bs»8)
CALLPLOTCles@e5~3)
CALL PLOT(@o529.52)
CALL PLOTC(Des»@os1)
N=@
© GO TO 2 ,
1 IF(N.NE-.@) GO TO 4
CALL- PLOTC11le5@0,=3)
"2 CALL PLOTC1lies@es3)
CALL PLOTC(QesPes2)
CALL PLOTC11es0es1)
CALL PLOTC11es8¢551),
DK=805
DO 3 I=1,3
Y=FLOAT(I)*8.5
CALL PLOTCllesYs1)
CALL PLOTC@es¥51)
3 CALL PLOTClles¥Ys1l)
" CALL PLOT (11e50s51)
4 Yp= FLOAT(N)*B 5
N=N+1
IFCN GF.3>_N=@,
IFCISTYLE.EQ.®) GO TO 15
DO' 7 I=1:2
FCTCIY=1.
5 IFCFCTCId*DCI)«GE10e) GO TO 6
FCTCI)= FCT(I)*I@e
GO TO 5
6 IFCFCTCII*DCI) oL To10Be) GO TO 7
FCTCID)=FCTCI>/10+
GO TO -6
7 CONTINUE
WRITEC108,1000) ITITLE
100@ FORMATC 15X»>10A4/ 5K, *VALUES ALONG AXIS AT COORDIVATES A
15X X "> 14Xs 'Y ) .
GO. TO (859510)5ISTYLE
'8 XA=XCCXMN)
YA=YCCYMN)
GO TO 11
9 XA=XCCXMN)
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. YA=YC(Be)

10

11

12

10091

13
14

1092

15

GO.TO 11

XA=XC( Qo)

YA=YC(D.)

CALL PLOT(XAs»YAs 3) T
CALL PLOT(XA>YCCYMX); 2) -
CALL PLOTC(XA>YCCYMN)Y» 1)

CALL PLOT(XA»YA»1) _

CALL PLOTC(XC(XMX)»>YAs1)

CALL PLOTC(XCC(XMN)sYA5 1)

CALL., PLOT(XA,YA51) -
X=FLOATCINTCFCTC1)%XMX))/FCTC1)+1/FCTC1)
X=X=1e/FCTC1).

IFCXLT.XMN) GO TO 13

CALL PLUS(XC(X)sYAs«1)

WRITEC108,1001) X

FORMAT( 5X5s E10. 3)

GO T0.12
Y=FLOATCINTCFCTC2)*YMX))/FCT(2)+1. /FCT(B)
Y=Y-1./FCT(2)

IFCY-LT.YMN) GO TO 15

CALL’ PLUSCXAs>YCC(Y)»o1)

WRLTEC 108, 1002)Y

FORMAT( 20X, E1Q. 3)

GO TO 14

caLL SYMBOLc.25,Y@+8.1,.ea,xTITLE,ze.az)
RETURN

END.

FUNCTION XC(X)>

et e ool

FUNCTIONS XC AND YC CONVERT DATA FOR USE WITH INIT
AND SHOULD BE USED AFTER INIT HAS BFEN CALLED. A
SAMPLE OF THEIR USE IS:

CALL PLUS(XCC1e)sYC(1s)5025)
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THIS CALL WILL DRAW A '"+" AT COORDIVATES <1,,1.)
ON THEGRAPH LAST SET UP BY INIT. :
Sk kAol K Ak

COMMON " Y s XMX s XMN » YMX » Y MN
XC=C(X=XMNI*( 7o /(XMX~XMN))I+2: 5
IF(X+LT«XMN) XC=2.4
IF(XeGTeXMX) XC=9.6

RETURN

END .

FUNCTION YC(Y)

COMMQN Y@sXMX)XMN:YMX:YMN
YC=(Y=YMNDI*( 5 /CYMK~YMNIDI+Y D+ 20
IFCYLT-YMN)YC=YA+1.9 "
IF(YeGTeYMX) YC=YDB+ 7.1

RETURN

END .

SUBROUTINE PLUSCXsYsH)
*****yk*f

DRAWS A '"+' CENTERED AT PLOTTER COORDINATES X,Y
CINCHES) H INCHES HIGH

s ok 3k ok ok e deok

CALL PLOT(X»Ys3) |
CALL .PLOTE(X+H/2,Y52)
CALLZPLOT(X-H/B,Y:I)
CaLL PLOT(XsYs1)

CALL PLOT(X,Y+H/2,1)
CALL PLOT(XsY=-H/251)
CALL . PLOTC(XsY» 1)




RETURN
END °
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APPENDIX IV
It is of:impdrtanée to_two-dimenéional calculétiqn_to'be_éble to
determine which diagrams are equivalent. There is.a“pr6Cedure that may

be used to do this. In one dimension
X 0XO00
is equivalent to

X 00X 0,

as in each case theé down-spins are separated by one up-spin. In order

to find the diagram equivalent to

X0XO00O0

one rotates fhe labeling until the down-spin that.is:th at the end to
the left lies.at the end to the left. 1In two-dimensiops rotations must
be pefformed=in two directions to bring the down—spih that is not at the

lower left-hand cormer to the tcorner, thus

00000
00o00O

0000O0O0

00 0XO0

X00O0O

. 1s equivalernt to

0O0Xo0O0

‘00000

00000

00000

- X 000.0
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The £olldWing rule Wés developed to obtain thergquivélent pairs
more easi1y.. Pléce a point at the center of thé latti&é]WHich'femains.

after the bottom row and left column have been removed, giving

HOOOO

_Then project the down spin in the remaining diagram through the point,.

giving

¥ 00 0O

-
which is':,‘vi:he,equ'ivaler'lt d‘i'agfain. - This rule also holds for the diagrams
in whichﬁfhe.dOWn spins are in the same row orfcolumh, if.thelperiodic

bbundary'conditions arevemployed, thus

00000
00.0,00
00O0O0O0
0Oo0o0O0O
X0XO00

is equivalent by the rule to

M OOO0OO
0000O0
ocoocooo
000 O0O0M
o o000
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which is

00000
0O 000O0
00000
0000 O

\ X00X0,

This rulg leads directly to the construction ofztﬁé region of non-
equivalent sites for the down spin not at the corner,“%;icﬁ was.referfed
to in tfle text. - .

Two equivalent states represent two basis states thch are propor-
tional. Thé.pgbportionality constant is'dépendent pn-k; and ky~and is
jus; the product of the rotation operators ei(kx+ky){§hich rotates thé

-second down spin to the corner.
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APPENDIX V

******%#

PROGRAM. TO FIND TWO MAGNON BOUNDSTATES. LN TWO-
DIMENSIONAL HEISENBERG FERROMAGNETS. '

METHOD: ITERATIVEs, SEE Ge. GERALD APPLIED VUMERICAL‘

_ANALYSIS (ADDISON-WESLEY»READING:MASS-.197@) PPo

182-183s

ALLOCATION: A DOUBLE ARRAY .CA) OF BASISVECTOR COEF-
ICIENTS IS USEDe THIS IS SWITCHED SO THAT THE HAM-
ILTONIAN IS APPLIED TO ONE ARRAY; THE RESULT IS _
- PLACED,.IN THE SECOND. THE HAMILTONIAN IS THEN AP-
PLIED'TO THE RESULTe. : o :

OUTPUT: OUTPUT IS TO THE LINE PRINTER AVD TO A FILE.
THE RECORD 1S (ENERGYsAVEs. X SEPARATIONsAVE. Y SEP=

ARATION, LAMBDA X,LAMBDA Y, PARITY UNDER .INTERCHANGE
OF X AND Y)o S .

seste s e e sk e

I1SCI)= I+9
.COMPLEX A(23,13,2),EP1, EPZ:EMI EMB:AS
DIMENSION L(C2)
COMMON A»EP1, EPB:EMI:EM?,AKI L
COMMON LKsLKK»N

SET UP SWITCH'
LC1Y)=2
L(2)=1 )
P=3.1415927
LK=1
INPUT N

l=o.'5E"'1@

CLEAR .COEFFICIENT ARRAY
DO 1 I=1,N+2
DO 1 II=1,C(N+5)/2
DO 1 11I=1,2
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—

1 ACILTIILITI)I=C0esBe)

BOUNDSTATE TRIAL SOLUTION
ACIS(PI»ISC1ISLKI=C(LesBe)
ACISINI>ISC1)sLK)=C1les0P0)

PICK LAMBDAS
DO 12 L2=(N- 1)/2,0,-1‘
Li=L2
AK1=2.%P*FLOATCL1)/FLOAT(N)
AK2=2%P*FLOATC(L2) /FLOAT(N)
EM1=C1csPe)+CEXP(-CMPLXCBesAK1)) -
EM2=(1e5@e)+CEXP(=-CMPLX(®és»AK2))"
EP1=Cles@e)+CEXP(CMPLX (D05 AK1))
EP2=(1050+)+CEXPCCMPLX (Mo AK2))
SN':QO

TRY. FOR CONVERGENCE 1500 TIMES
DO 8 J=1,1500

SWITCH COEFFICIENT ARRAY
LKK=LK
 LK=LC(LK)

APPLY HAMILTONIAN
DO 2 I=@sN~-1
. DD 2 I1=03,(N=1)/2 '
5 ACISCIN,ISCII)H»LK)= EP]*A(IS(I-l):IS(II),LKK)
A+EM1*A(IS(I+1):IS(II):LKK)
- B+EP2%ACISCI)>ISCII=-1)5LKK)
.C*EMQ*A(IS(I):IS(II+1):LKK)

.SUBROUTINE INSERTED TO MAKE THE COMPUTER HAPPY
‘ CALLSUB

ENFORCE BOUNDARY CONDITIONS
« DO 3 II=@s(N=~-1)/2

CCACISC=1),1SCII)sLK)= A(IS(V-I):IS(II):LK)
T ACISINYSISCII)SLKI=SACIS(PI»ISCIT)S LK)
3 CONTINUE
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DO 4 I=0@>N-1

EFFICIEMCY
ACISCI)>ISC-1),LK)=ACIS(N~- I):IS(I):LK)
A*¥CEXPCCMPLX (@5 AK1kFLOAT( 1) =AK2))
A(IS(I):IS((N+1)/?):LK) ACIS(N=-TI)»ISC(N- 1)/P>,LK)
A*CEXP(CMPLX(ﬂo:AKl*FLOAT(I)+AK?*FLOAT((N+1)/2)))
4 CONTINUE

" RENORMALIZE
S=@.
DO 5 I=0,N=1
DO 5 II=1,C(N=-1)/2
SS=CABSCACISCIISISCIIILLKI)
SS5=55%5S
S=S5+5S

5 CONTINUE
DO"6 I=1,(N=1)/2
SS=CABSCACIS(II»IS(AIsLKI?
SS=55%SS
S=5+S8S

6 CONTINUE

S IS THE EIGENVALUE
S=SQRTC(S)
AS=CMPLX(1e/55 @)

DO 7 I=1,N+2
DO 7 II=1,(N+5)/2
7 ACI>II,LK)=ACI,II,LK)*AS

HAS S GCONVERGED? -
IF(ABSC(S=SN)/S)sLT-D} GO TO 9
SN=S.

8 CONTINUE

TRIED 1508 TIMES AND HAS NOT COMVERGED-
"WRITEC108,1081)

190@1 FORMATC 1X, "% ')

9 CONTINUE




84

C CALCULATE RADIUS
R=0.
RXF%»'
RY=0.
DO 10 I=1,C¢N=-1)>/2
DO. 1@ II=@,(N=-1)/2
5S=CABSCACISCI)>ISCII)>LK)Y)
SS=55%SS
RRX=SS*FLOATCI)
RRY=SS*FLOATCII)
RX=RX+RRX
RY=RY+RRY
R=R+RRX+RRY
19 CONTINUE
DO 11 I=C(N+1>/25N
DO 11 II=1,CN=-1)/2
SS=CABSCACISC(II>ISCIIIsLK))
S$5=55%SS
RRX=SS*FLOAT(N=1)
RRY=SS*FLOATCII)
RX=RX+RRX
RY=RY+RRY
. R=R+RRX+RRY
11 (\CONTINUE
. PAR=REALCACISC1)5ISCHIsLKI/ACISC@) > ISC1),LK))
"WRITEC108,1002) SsRXsRYsRsL1,L2,PAR
" WRITEC 1,1002) S>RX»>RYsRsL1,L2,PAR
1002 FORMATC1Xs 4F 10« 452155 F1@o 4) i
12 CONTINUE ‘
" CALL EXIT
EN D
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SUBROUTINE SUB

ISCIN=I+2

DIMENSION L(2)

COMPLEX AC23,13,2)5EP1, EP2, EM1, EM2

COMMON AsEP15EP2,EM1,EM25AK1,L

COMMON LK»LKK»sN
ACISCE,ISC1IsLKI=(20500)%ACISCA) > IS 1YsLKK)
A+EM2%ACIS(A)>ISC2)5LKK)
B+EMI*ACIS(1)51SC1)5LKK)
C+EP1%ACISC(~1)515C1),LKK)

ACISE1),15(0),LKI=(205 Be)*ACTSC1)5 1S(B)5LKK)
A+EM1*¥ACISC2)515(0),LKK)
B+EMZ¥ACIS(1)5 ISC1),LKK)
C+EP2%ACISC1)5ISC~1),LKK)
ACIS(N=-1),15(@)sLK)= A(IS(I):IS(@),LK)
A% CEXP( CMPLX (@ » =AK1))

RETURN.

END
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