MONTANA

STATE UNIVERSITY

Time series analysis of irrigation return flow
by Michael Earl Nicklin

A thesis submitted in partial fulfillment of the requirements for the degree of Doctor of Philosophy in
Civil Engineering

Montana State University

© Copyright by Michael Earl Nicklin (1983)

Abstract:

The potential of time series analysis as a tool for quantifying irrigation return flows along a reach of the
Beaverhead River near Dillon, Montana is investigated. Univariate time series analysis is used to
determine the stochastic character of both the irrigation diversion series and the irrigation return flow
series. Box and Jenkins’ transfer function identification procedures are used to determine the nature of
the diversion-return flow relationship. Analysis of the 1974 irrigation season yielded a transfer function
relationship in which return flows are most strongly dependent upon irrigation diversions that were
made 54 days earlier. The 1974 relationship also indicates that 53.5 percent of the irrigation season
diversion volume returns to the Beaverhead reach during the same irrigation season.

Although the study demonstrates the potential of the transfer function methodology as a tool for return
flow quantification, it also shows how that potential is severely limited by data inadequacies. Proper
application of time series analysis to irrigation return flow systems requires reliable and sufficient
records of daily stream flows and daily diversions.
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ABSTRACT

The potential of time series analysis as a tool for quantifying irrigation return flows
along a reach of the Beaverhead River near Dillon, Montana is investigated. Univariate time
series analysis is used to determine the stochastic character of both the irrigation diversion
series and the irrigation return flow series. Box and Jenkins’ transfer function identifica-
tion procedures are used to determine the nature of the diversion-return flow relationship.
Analysis of the 1974 irrigation season yielded a transfer function relationship in which
return flows are most strongly dependent upon irrigation diversions that were made 54
days earlier. The 1974 relationship also indicates that 53.5 percent of the irrigation season
diversion volume returns to the Beaverhead reach during the same irrigation season.

Although the study demonstrates the potential of the transfer function methodology
as a tool for return flow quantification, it also shows how that potential is severely limited
by data inadequacies. Proper application of time series analysis to irrigation return flow

" systems requires reliable and sufficient records of daily streamflows and daily diversions. .




INTRODUCTION

In the semiarid West the major water use is agricultural irrigation. A good water man-
agement plan must therefore properly quantify those volumes of water that are diverted,
utilized, and returned in connection with the irrigation operation. Quantification of these
various volume components is complicated by the fact that although diversion data may be
available, the diverted discharge often greatly e.xceeds crop consumptive requirements.
Consequently, an unknown portion of the water eventually percolates into the groundwater
system and finally back into the stream adjacent to the irrigated area.

A state-of-the-art study bly Nicklin and Brustkgm (1981) dentermin‘ed that most cur-
rent mathematical methodologies dealing with irrigation return flow analysis center around
research-oriented computer models. Typically these models employ either a finite differ-
ence or finite element numerical solution procedure. The major data needs for such return
flow models are groundwate; levels, hydraulic conductivities, storage coefficients, aquifer
boundary information, and surface water megsurements.

A mathematical technique known as time serigs analysis offers a potential analysis
approach for return flow quantification. Time series analysis involves the development of
mathematical descriptions for data sets (such as streamflow hydrographs) that arise séquen-
tially over time. Although no applications of time series analysis to irrigation return flows
could be identified in the literature, numerous applications to other hydrologic time series
have been documentéd. The approach has been particularly useful in forecasting stochasﬁc ,

events such as streamflow. Salas et al. (1980) provide a good review of traditional hydro- :
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logic uses of time series. Timg series analysis is also widely used in other areas such as
control theory for machines and electronic circuits,

The time series characferizétion of irrigation ‘return flows as herein presented requires
only surface water input data, some of which is often readily available. Streamflow records,
in particular, are routinely gathered at numerous locations and constitute a generally
reliable network of time series observations. Successful application of time series analysis
procedures to this data base provides information on the timing and 'quantity of return
flows. Such information is critical for planners ‘who must make decisions relative to addi-
tional irrigation diversions and_' the impacts of changing irrigation pra’c;tice_s‘upon down-
stream users. ‘

This study investigates the potential of time series analysis as a tool for quantifying

irrigation flows.




- TIME SERIES ANALYSIS

Deﬁnition of Time Series

A time series is a collection of numerical observations arranged according to their
order of occurrence. Although the data may in general arise sequentially over time or
space, this study is concerned bnly with daté that arises sequentially over time. Time series
data can be characterized as having (1) deterministic properties, (2) random properties or
(3) both deterministic and random properties. A time series has strictly_determiﬁistic prop-
erties if it can be exactly resyntheéized. On the other hand, a time series with any random
properties cannot be exactly resynthesized. Owhg to the véﬁous possigle »(ﬁltC(;me's, it céh_
only be described by utiiizing probability theory. Most hydrologic time series exhibit both
deterministic and random characteristics.

The deterministic componént of a hydrologic time series may consist of either or
both of the following elements:

1. Trends—such as linear or quadratic changes in the level of a hydrologic series over
time .(for example, Figure 1 shows a deterministic trend and a random compo-
nent), and,

2. Periodicities—such as cyclical variations in the level of a hydrologic series due pri.-
marily to seasonal meteorological changes (for example, Figure 2 shows a deter-_
ministic periodicity and a random component). _

Randoxﬁ (or stochastic) proper;ties in hydrologic data are due prim?lrily to the host of

uncertainties related to the meteorological cycle. Annual hydrologic measurements such as

total precipitation often approximate strictly random processes.




Years

Figure 1. A conceptual municipal water use series provides an example of a time series
exhibiting a trend plus a random component.

250 Weeks

Figure 2. The stream discharge of the Beaverhead River at the Barretts gaging station pro-
vides an example of a time series exhibiting both periodic and random com-
ponents.
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Time series analysis generally requires that a mathematical desAcn'pt'ion of the time
series data beAdeveloped. Although time series processes may be continuous or discrete, a
discrete time series description is generally employed (out of either n;acessity or conveni-
ence) to describe the hydrologic process. A discrete time series may evolve from a continu-
ous time series process in two ways:

1. A discrete time series results fro@ éampling a continuous time series at discrete
in;cervals. For example, measurements of water levels in an observation water well
at monthly increments result in_ a discrete time series from a continuous process
of water level fluctuation.

2. A discrete time series also results from accumulating or averaging a convtinuou's
variable over discrete time intervals. A relevant example is provided by a fecord of
streamflows. The raw data set is a continuops record of water level sta_ges when
viewed on a recorded strip chart. Using a stage-discharge relationship, the raviz data

set is converted to a discrete time series of mean daily flows.

Methodologies for Time Series Analysis

Two mathematical analyses have been particularly useful in the interpretation of time
series data. One assesses the behavior of the data set in the time domain, time domain
analysis, and the other assesses the behavior in the frequency domain, freque‘ncy'domain-
(or spectral) analysis. This investigation concentrates on time domain analysis procedures.

In time domain analysis, a model of the time series is generally developed. Although
the model identification and development processes, which will be discussed later, are.
mechanical and methodical, a physical understanding of the time series process ‘is an inval-

uable aid in model identification.
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Assessment of a single time series record is often termed univariate time series analysis.
Assessment of the relationship between two dependent time series records is frequently
termed transfer function analysis of a bivariate .process. Statistical descriptions of univari-'
ate time series will be discussed in the section that follows. Later, transfer function methods

pertinent to bivariate brocesses will be presented.

Statistical Descriptions of a Univariate Time Series

A time series sample record over a given interval is often termed a realization of the
underlyiﬁg process. The co]lection of all possible records over the given interval of time is
usually designated as the ensemble (analo'gous to the sample space in probability theory).
The analysis of a univariate time series sample (realization) provides information regarding
interdependencies within the series.

The three most important parameters generally ﬁsed to cha.racterizg a stationary
(stationarity is defined later) stochastic time series are the mean, variance, and autocovari-
_ ance. The expected value of a time series, X (t), is its .mean, o -

EIX®] = ¢ (1)
The expected value of the second moment about the mean is the time series variance, o>
E[{X(t) - u}2] = ¢ @)
Furthermore, the expected value of the autocovariance between a time serigs, X(t), and
the same time series displaced r time units, X (t+71), is defined as _
BL{X® - ) X+ - w1 =, ®.
Iﬁspection of Equation (3) reveals that vy, = ¢> when 7 =0. The time series sample statis-
tics for the mean, variance, and autocovariance are respectively
N

T x() @
t=1

t’ -
N
Z| -
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5 = é El {x(t) X ﬁ}’ | S
9, = = E:{xa) - n}{xaw) u} | ) (6’)I

The use of upper case and lower case letters will designate population and sample variables

respectively for the remaining discussion.

Autocorrelation Function

Dividing Equation (3) by Equation (2) yields the autocorrelation coefficient, 5;,

between pairs of time series values that are separated by r time units,

Pr = 2 7 -'

and as previously noted 0% =1v, for r = 0. Therefore

Yr :
b = 7r | ®)

The sample estimate of the autocorrelation coefficient for time displacement 7 is .

by = ;%r : ' . )

For a giiren time series sample, the collection of aﬁtocorrelation coefﬁcientls;for a11
possible time displacements is referred to as the autocorrelation function. The graphical
representation of the autocorrelation function is sometimes referred to as the correlogram.
The autocovariance and therefore the autocorrelation function is a second order properfy
of a time series. The mean is a first order property and the variance is of course a éecond
" order property. As can be seen from Equations (6) and (8), the autocorrelation function
may range from 1 to -1 (negafive values resulting from negative correlations) Witﬁ a maxi-

mum of one always occurring at 7 = 0. The autocorrelation function is symmetn'c'about

Z€T10.
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The shape of the graphed autocorrelation function serves as a guide in choosing an
appropriate statistical model for characterizing a time series data set. That is it identifies
the similarities between the realization, x(t), and the realization shifted r units. For exam-
ple, a realization with the strongest positive dependencies between the most closely spaced
values and progressively weaker dependencies between more widely separated values will,
for small lags, exhibit large autocorrelation coefficients, and, for large lags, exhibit small
autocorrelation coefficients. Thus, the autocorrelation function will decay in this case as
Tis increased. A typical autocorrelation function for such a dependence is shown in Figure
3. Because of the function’s previously mentioned symmetry, it is customary to represent
the autocorrelation function to the right of the origin only. For a realization with no sig-
nificant time dependencies between neighboring values, the autocorrelation coefficient will

be insignificant even at small lags.

Figure 3. An example of an autocorrelation function.

Partial Autocorrelation Function

Another parameter useful in model identification is the partial autocorrelation coef-
ficient. It is often important to measure the autocorrelation between the dependent varia-
ble, X(t), and a particular independent variable, X (t+r), with the effects of intervening

variables removed. For example, if X(t) is significantly autocorrelated to X(t+1) and
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X (t+1) is significantly autocorrelated to X (t+2), the result may well be a significanf auto-
correlation between X(t) and X(t+2) that is reflected in the autocorrelation coefficient
p,. The partial autocorrelation coefficient removes the effect of the intervening variable
X(t+1) on the autocorrglation between X (t) and X(t+2), and thus provides an indication
of the direct dependency between X (t) and X (t+2). More generaily, the partial autocorre-
lation coefficient between X(t) and X(t+r) removes the effects of the intervening varia-
bles X (t+1), X(t+2), ..., X({t+r-1).

The partial autocorrelation coefficient for a realization and the same realization dis-

placed 7 time units, 5., may be estimated from

pr ifr=1 ' (no intervening variables)
Prp = . 7-1 )
< br = "2‘;1 Pr-1jPr-j e e _
! ifr=23, .. (10)
_ 71 .
b= 2 P by
ST oA
where i)TJ = ﬁ'r—l,j - br'r p’r—l,'r—j fOI‘j =1,2,.. .,.T—‘l

Nofe that p, is the sample autocorrelation between the variable x(t) and the variables dis-
placéd 7 units, x(t+7).

The collection of partial autocorrelation coefficients for all possible tin_le displace-
ments is referred to as the partial autocorrelation function. The shape of the graphed par-
tial autocor;elatio,n funcfion is a guide in choosing \a statistical modellfo,r‘a éiven tim,e.
seﬁes. For example, if X(t) is significantly autocorrelated with X(t+-l) but:: ndt w1th
X(t+2), then the partial aﬁtoc_orrelation function will indicate a signiﬁcant partial auto-

correlation only at a displacement of one as shown in Figure 4.
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Ptt

0 2 3 lag, T

Figure 4. A typical partial autocorrelation function for a time series with a time depen-
dency at lag | only.

Stationarity

A stochastic time series is stationary if its statistical properties do not change with
time. Strict stationarity of a stochastic time series requires that statistical properties of all
orders do not change over time. For example, strict stationarity for a normally distributed
time series would require that the mean, variance, and autocovariance not change with
time. For time series that are not normally distributed, and thus cannot be completely
characterized by the mean, variance and autocovariance, strict stationarity requires con-
stancy of the remaining characterization parameters.

Fortunately in most circumstances, strict stationarity is not a requirement for devel-
oping an adequate model. Stationarity of order two is usually considered sufficient. The
normally distributed time series of the previous paragraph is completely characterized by
the first and second order parameters of the mean, variance and autocovariance and thus is
not only stationary to order two but also strictly stationary. For other distributions, con-
stancy of the mean, variance and autocovariance would indicate the required second order
stationarity but not strict stationarity.

The mean, variance, and autocovariance are statistics utilized in the determination of

the autocorrelation function. Consequently, the autocorrelation function is useful in
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assessing the stationarity of a time series data set. If the autocorrelation function faﬂs to
-dampen or cut off quickly to zero, nonstationarity in the first and/or second order s;catis-
tics is the usual cause. Another set of conditions implieci by the concepf of sfationan'ty is
described in a later section.
Stationarity of a time series data setis a requirement for developing a stochastic model
of that data set. However, as will be shown later, there are effective wéys to transform non-

stationary data sets into stationary forms.

Models for Univariate Time Series

A groub of models which often provides parsimonious represent‘atidns of univariate
time series are discussed in this section. The models described herein apply 'to either (1)
stationary time series or (2) nonstationary timeé series transformable to stationary time
series (the mec-ha.nics of this transformation are described later in this section). Model

selection is based on the modeler’s kno{vledge of the physical process and on his inter-

pretation of the sample autocorrelation and partial autocorrelation functions of the -

process time series.

Moving Average ModeiS'

Based on an idea by Yule (1927), Box and Jenkins (1976) have ‘developec.i' a mathe-
matical model that is useful in characterizing certain stochastic time series. The time
series, Z(t), is regarded as a set of successive highly dependeﬁt values which are genér—
ated from a series of independent and randomly distributed variables, A(t),A often termed
white noise. By definition, the mean of a white noise process is Zero and the variance is

constant, or

BIA®)] = u, =0 o (11)
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E[{A(t) - uA}2] = =C (12)
Furthermore, the autocovariance of a white noise series is zero,
E[A(®) A(t+7)] = 0 (13)
for lags 7 not equal to zero. The time series (and model) may be represented as- -
Z®) = u + AWD - 0,AGD - ,AED - ... - 0AG-Q T (14)
The time series is.lthus dependent upon a “moviné average’’ involving current and previous '
valﬁes from the white noise series. The previous values are weighted by the 8 coefficients.
The order of the moving average is indicated by q. A moving average model of order q is.
often abbreviated aé MA(q).

Equation (14) can be more concisely written as

Z(t) = p + 09B)AR) )
where ) | '
99(B) = --6,B° - 9,B* - 9,B* - ... - 6484

and by definition 6, = -1. The symbol B is a backstep operator. It serves to transform
A(t) as follows

B'A(t) = A(t-1)

BZA(t) = A(t-2)

BIA() =

A(t-q)
Another form of Equation (15) is .

2 = 69B) At) | e

where g(t) = Z(t)-u. %(t) then represents the deviation of the time series from its mean, _

u.
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A time series that results from a moving average model of order q is always stationary.

First order stationarity is easily demonstrated. The expected value of a white noise process
equals zero or

EIA()] = u, = 0

Thus, since § 9(B) is a constant operator,

E[69B) A(t)] = 69(B) E[A(1)]

. and consequently

E[69B) A(t)] = 0.
Second order stationarity may be shown by forming the product of %(t)’i(t—f) and taking

expectations term by term,

E[Z ®)Z (t-r)]
= B[ {1 -9,B' -0,B? -6, B3 -‘...-quQ}A(t)-
{1 ~0,B! —0,B? -6,B° —...-quq}A(t-f)j
= E[{I—QIBI ~0,B? -0;B° —...—quq'}A(t)-
{B"' _o, 87t _g,BT¥2 _p,BTH3_ | -quT’fq} A®)] (1'7)"

The expectation of the cross products involving the independently distributed white noise

variables is zero at displacemen'_ts r # 0 (recall Equation (13)). Thus for 7 = 1, for exam'ple,
E[Z ()72 (t=1)] = o (-6, + 6,6, +0,05 +...+0,_10,)
' A 1 1Va2 2V3 .. q_]_ q

‘Generalizing, the autocovariance is ’
7, =04 I 60505, | '_ (18)

Recall that 6, =-1.When 7 =0,Equétion (17) yields
Yo = 04 (1+60,2+6,% +6,7 +.‘..+6»£-12.).

and so the variance may be written
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q .
02 =y, = ai .E 0j2 (19)
=0

Equations (18) and (19) demonstrate that the autocovariance and variance are independent

of time and thus stationarity to order two of moving average processes is justified.
An important requirefnent for moving average processes is the requirement of inverti-
bility. Although invertibility applies only to moving average processes, its importance is

most easily demonstrated in the section that follows. -

Autoregressive Models

A moving average process %f(t) may also be characterized in terms of a current white
noise disturbance, A(t), and all past time series observations of 2(’0. For example, a mov-

ing average process of order one,

24) = (1- 0,B)A®M) - @
may be rewritten as | ' |
LYt = Aw
1-0,B
Dividing, yields
(1+6,B' +6,2B2 +0,°B° +...) 2(t).= A(t) | S @en

Operating on %‘(t) and rearranging gives

Y = - 0,20-1) - 0.22(t-2) - ... +A®) @)
This relaitionshi'p is termed an autoregressive process as the variab_le' ’i/(t):is'regressed on
past observations of itself. Thus a moving average process of order one may be trmsfonﬁed
into an autoregressive process of infinite order. The moving average process is. said to be
invertible if the infinite series converges. As can be seen from the equation, convergence
will occur only if |, > 1.Consequently not all moving avera:ge processes of order one are

invertible. If |6, > 1, the current deviation %I(t)_ depends upon events 2(t—1 ), %’(t—Z), -
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with event weights increasing as events become more far removed in time. This is physi-~
cally unreasonable and so invertibility is required.
Using Box and Jenkins’ notation, Equation (21) vmey be written ‘
s® 2 = A® S @3
where :
¢(B) = (1+6,B +6,2B% +..)).

Autoregressive processes may be more generally expressed as

SPBZ®) = A® | en)
where |

9P(B) = -¢B° - ¢;B' - ¢, B -...~ ¢,BP
and

po = ~1

Equation (24) II{ay also be written as
Z@W = :2(-1) + ¢ Z(t-2) + ... ¥ 9, Z(t-p) + A®) 25)

The time series is thus dependent upon previous values of the time series weighted by the ¢
coefficients and the current white noise \;alue A(t). The order of the autoregressive process -
- is indicated by p. An autoregressive process of order p is often abbreviated AR (p). |

A comparison of Equation (20), an autoregressive form, and (23), a moving average
form, indicates that it is parsimoniously unwise to select aﬁ autoregressive model to
represent a process which could be sufficiently explained by a moving average model of
low order (just as it will be shown parsunomously unwise 1o use a movmg average model
to represent a process which is sufficiently modeled by an autoregresswe model of low
order).

The invertibility condition may be extended to a moving average process of any

order. Consider a moving average of order q
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Z® =AW - 0, A1) - ...~ 04A-Q)
N .
Yty = 0 B)A®)

where 6 (B) = 69(B). It has already been shown that a first order moving average process is
invertible if 16, < 1, or equivalénﬂy,
(@) = (1-6,B)* = 2 0,08
) =0
converges. That is equivalent to saying that the root B =8~ of the equation 1 - 6B =0
(the characteristic equation) lies outside of the unit circle (if |6, | < 1 for invertibility, then .
11/6,1> 1). By similar reasoning, the invertibility condition for a MA(q) pfocess requires

that the roots of the characteristic equation

1-6,B' - 6,B - 6B - ...~ quq =0

lie outside the unit circle for im_/ertibi]ity.
Autoregressive processes are always invertible because the 'series
¢P(i3) =1 - ¢ B.1 - ¢2 Bz.——w. ] ¢,BP
is finite. However, an autoregréssive process may or may not be stationary. Stationarity bf
an autoregressive process requires certain conditions on the ¢ coefficients in Equation (25).
To insure stationarity for an autoregressive process of order p,
SPB Z () = AW
where
¢P(B) = 1 - ¢:B' - 6, B - ...~ q;pBP
the roots of the characteristic equé,tion

] = 6B - ¢, B ~...- 4pBP = 0




17
must lie outside of the unit circle. For illustration of the importance of this requirement,

an autoregressive process of order one, AR(1), may be written as

7@ = ¢, 2-1) + A(t) FoL (26)
or _ |

A-¢:B)Z(t) = A(t)
‘Rearranging

%(t) I:—l-ﬁA(t)
and then dividing yields

Z@) = (1+,B! +¢,2B2 +.. ) A(D) - @en

The stationarity requirement for an AR(1) process is that thevabsolute value of ¢, be less
than one (or alternatively that the root of the characteristic equatlon 1~ ¢1 B=0 be out-
side the unit circle). Note that when 611> 1, the series is 1nf1mte and not convergent and
the process is nonstationary.

A comparison of Equation (26), an aui:oregressive form, and (27), a moving average
form, indicates that it is parsimdniously unwise to select a moving average modei to repre-
sent a prdcess which could be sufficiently explained by an autoregressiye modAel'of 10\&

order.

Mixed Autoregressive and Moving Average Models

Sometimes it is parsimoniously advantageous to use mixed autoregressive moving
average models of order p and q (or ARMA(p,q)) to model certain processes. Such models
often require fewer parameters for adequate description of s'tochasti:c processes. ARMA
models wifh order p<2 and q<2 are adeqﬁate fc_)r many processes. An ARMA process

-

(and model) with orders p and q may be written as
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2@t) = 0: 2at-1) + ¢, Z(t-2) +...+¢p2‘(i-p)
+AQ - 0,AGD) - 6,AG) —...- 0,AG-D)  (28)
or, in abbreviated form
POHI0 = BmA® B 29)

Rearranging,

A(t‘)‘ - g (30)

where %(t) is the output from a white noise procéss, a(t), which ié weightea by the coeffi-
cients §9(B)/¢P(B). The coefficients thusly expresséd-are saidl to be in the ratic_ihal form.
The main advantage of the rational form is that fewer parameters are often required to
sufficiently express the relationship betwgen' the white noise process and thg stochastic
process.

In order for processes to be properly represented by ARMA (p,q) models, the reqﬁire—
ments of stationarity and invertibility must be met since both autéregressi_ve and moving

avetage coefficients are contained in these models.

Autoregressive Integrated Moving Average Models

Autoregressive integrated moving average models(ARIMA models) may be employed
when the applicability of AR ahd ARMA models is restricted because of stationarity prob-
lems. ARIMA models are often useful when the mean of the process is nonstationary. For
instance if the chénges in the meah are uniform '(treﬁds), then a differéncing transforma-
tion of the nonstationary time seriés will frequently provide 'a stétionary time series so
that ﬁeaningful model parameters can be determined. Following a successful stationary
transformation, autoregressive and moving average paraméters are estimated in-fhe usual

manner.
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An ARIMA model’s order is described as order p, d, and q. The orders p and q again
refer to the mix.ed autoregressi.ve and moving average orders. The order d ;'efers to the dif-
fc.erencing order which is described below. An ARIMA process (and model) with éfde_rs P,
d, and q may be written as |
oP(®) 2(t) = 0%B) A®) o (31
where ©P(B) is a nonstationary autoregressive c;perator'.'De'fining
oP(B) = ¢P(B)Y
ePBWIZ (1) = 69(B) At) e
. where,,Vd, is a differencing dperator that transforms the nonsfati_ohafy process into é

stationary form of the ARMA process and d is the number of differencing operations per-

formed. The /9 operator serves to transform 7 (t) as follows

V' Zw) = 2@ - Z(t-1) -

2@ - 2Zt-1) + Zt-2)

V* Z(t)
For many situations stationarity is attained with d < 2. Equation,(3i) r_nay. be Wﬁtten
$P(B) W(t) = 69(B) A()
where | |
| Wi = viZw
is the new differenced stationé.ry series.

The parameters ¢(B) and 6(B) are as pféviously described b’rovided the differenced
series is stationary and invertible. It is useful to note that MA(q), AR(p), and ARMA(p,q)
processes (and models) are special cases of the more general ARIMA(p,d,q) processes (and .
models). Thus, if p and d are zero an ARIMA (p,d,q) model reduces to a MA(q) model, if
d and q are zero the ARIMA (p,d,q) model reduces to an AR (p) model, or if d is zero the

ARIMA(p,d,q) modél reduces to an ARMA(p, q) model.
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Summarizing, four.basic stochastic models are available to characterize interdepen-
dencies within a time series:
1. Moving average models of order q, MA(q),
2. Autoregressive models of order p, AR(p),
3. Autoregresswe movmg average models of order p and q, ARMA(p,q), and,
4. Autoregressive integrated moving average models of order p, d and q, ARIMA-

(p,d,q).

Identification of Univariate Time Series Models

Four alternative linear stochastic models for approximating stochastic time series pro- .

cesses we’re described in the previous section. If possible, a parsimonious rﬁddel should be
chosen ffom these altématives for repfgsenfcing. a process. This selection is aided by a physi-
cal understanding of the process and by an assegsment of the autocorrelation and partial
autocorrelation functions of the process;

Recall that the autocorrelation function identifies the depen‘deﬁcy between a time
series value and earlier time series values. Recall also that the partial autocorrelat1on func-
tion identifies dependen01es between particular time series values w1th the effects of inter-
mediate time series values removed. Since a moving average process is.equivalent to an
autoregressive process of infinite order, the partial autocorrelation functions are of infinite
extent and tail off. The autocorrelation function for a moving average process of order q
cp.ts off at q since, as will be shown, only tﬁe autocorreiation coefficients p;, p2,..., 0 q
as computed from Equation (9) are nonzero. Noting the corréspo'ndence\ betwe@n moving
average and autoregressive processes (one is the ihvérse‘ of the other), it is not surprising
that the partial autocorrelation and autog:orrelation function of an autoregressive process .

behave like the autocorrelation function and partial autocorrelation function respectively

of a moving average process. Thus, for an autoregressive process of order p, the autocor-
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relation functién tajis-qff and the partial autocorrelai:—ion function cuts off a1; l-ag‘. p. Typical
moving average and autoregressive functions for orders 1 and 2 are shown in Figures 5 and
6. For mixed autéregressive moving average procesées Both the aﬁtoéorrelation aﬁd partial
autocorrelation functions tail off. If the autocorrela;cion and partial autocorrelat@on func-
tions tail off very slowly the cause may be due to process nonstationarity.

Thus a preliminary indication of the type and order of a tentative model can be deter-
mined from the behavior of thé process autocorrelation and partiél autocbrrelation func-
tions. Once the type and order of the model is tentatively identified, the autocorreiation

function may be used to estimate the 6 and/or ¢ parameters.

Identification of Moving Average Models

The time series autocorrelation function of a moving' avefage process ma& be used to.
identify the order of the moving average process (and model) since the autocorrelatlon
function will cut off after lag q (the moving average order) The autocovanance forlag r
and variance (r = Q) for a moving average process-.of order q are given by Equations (18)

and (19) respectively,

Q-7
Y =04 Z 0_]0]+T r=1,2,...q
j=0
(18) -
T =0 '
and
Yo = O"ZA -E 012 (19)
=0
Equation (8) indicates that the autocorrelation coefficient at displacement 7 is
Yo B
pp =— - . ®3).

Yo
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ACF PACF

MA(I)
61=0.6

MA(I)
0i =-0.6

MA(2)
0i =05
02 —0.2

MA(2)
0, =-0.5
02- 0.2

1 23456 7

Figure 5. Theoretical autocorrelation and partial autocorrelation functions for moving
average processes of order | and 2.
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ACF PACF
AR(I)
0i =0.8
23456 7 123
AR(I)
0i =0.8
1 2 3
AR(2)
0, =0.5
02 - 0.2
1.2 3456 7 I 23

Figure 6. Theoretical autocorrelation and partial autocorrelation functions for auto-
regressive processes of order | and 2.
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Thus

—07+0¥67+1+0297+2+...+0q_10q, T=‘1,2?...,q

Pr = 1+0,2 +6,7 +.. 40,

0 : T>q ’ : 33)
Sample estimates, § , of the population moving average parameters, §, can be made by

‘replacing the population autocorrelation coefﬁcients, 2, in Equation (33) with sample '

-~

autocorrelation coefficients, 5. The estimated autocorrelation coefficient, g,, for a

MA (1) process is

- .—61 ‘ (34)
p = ~ -'
' 1+012 .

Equation (34) is quadratic in terms of 6, and so 6, .may be determined from

1
1 1 5 C '
b, = —— t [—— - 112 : . (35)
Yo2p, 24, ) ' - .
Equation (34) may be expressed as
. 51 ' ’
6,> +— +1=0 (36)

p1

The product of the roots is unity. If 9—1 is a-solution then so will 1/6 be a root. Further-
more, if §, satisfies the invertibility condition |6, :I < 1, the absolute value of thé other root
]é 17! | will be greater than one and will not 'sa'tisfy the invertibility condition. Thus only the
invertible root of Equation (35) is selected. | ' '
Estimates of moving average parameters §, for moving avefage models of order g are
determined by déveloping q equations with g unknowns from Eq‘liation (33) and s_olving
simultaneously. The invertibility requirements must be obeyed for moving average models -

of all orders. R
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Identification of Autoregressive Models

The time series partial .autocorrelation function of an autoregressive process may be
used to identify the order of the autoregressive process (and mbdel) since thé partial auto;
correlation function will cut off after lag p (t_ﬁe 'autoregressive process ofder). On;:e the
order of an autoregressive model has been identified, the Yule-Walker équations (Yule,
1927) can be used to obtain esf:imates for the ¢ parameters. Tﬁese .equafioris may be de;vel- '
oped by multiplying the expressioﬁ for an éutoregressiVe brocess of order p,_

Z@t) = 0. 2t-1) + 9, 20-2) +...+ 9,2 (t=p) + AD)
by the same process lagged 7 intervals, i(t—'r)'. The prodp.ct may be written
7@ Z(t-1) = ¢, 2(t-1) Z(t-r) + 6, Z(t-2) Z(t~r) +
A 0 2D L) + ALt G
Taking expectations for each tgrm yields a series of autocovarignce terms (recall Equation -

(3)

Yr = $1%ral ¥ 27,0 T3 3.t Gp1 g , ) (38)
Dividing through by v,
Tr Tr-1 Tr=-2 77-3 Yr-p
— = ¢ t ¢, T ¢ tooitey
Yo Yo Yo Yo

vields a series of autocorrelation terms (recall—Equation (10)),

Py = 010,y t G1ppn t sp gt t SpPr—p | | (39) -
Equations may be developed from Equation (39) to determine the ¢>.’s_- when the .au.tocor-.
relation coefficients, p,., are known. |

For a first order autoregressive model, AR(1),

-

P1 =¢;1

where p, is estimated from the time series (repall po =p,_1 =1). Foran AR(2) model,




Py = 61 p1 + 62
b_1 = p: due to the symmetry of the autocorrelation function). Solviné thése last t\'as/c;'
equations for ¢, and ¢, in terms of 5, and 5, yields

5 - PL-5)

1 -
1-5,2

5 < Pazhr

2 - T a3
1-5,2

Similarly, for a p order autoregressive process, p equations involving p unknown ¢ coeffi-
cients can be determined. These equations can be solved for the ¢ coefficients once the p

values are estimated from the time series sample.

Identification of ARMA Models

Mixed autoregressive and moving average processes (and models) of order p and q -
(ARMA(p,q)) are indicated by a decaying autocorrélation funcﬁon and a decéyiﬁg partial
autocorrelation function. The ARMA processes are just comBingtions of the AR and MA
processes and the corﬂputation of the parameters ¢ and 8 from the autocorrelation func-
tion is similar to the procedures defined in the two previous sectioné on moviné average
and autoregressive models. The invertibility and stationarity requirementg mentioned in
the two previous sections must also be considered in this mixed pi'ocess.

A more detéﬂed discussion of parameter estimation for ARMA(p, q@) models is givéﬂ

in Box and Jenkins (1976).

Identification of ARIMA Models

Autoregressive integrated moving average processes (and models) are suggested by an
autocorrelation function which decays very élowly and a. partial autocorrelation function

which also decays very slowly. When nonstationarity is indicated by these slowly decaying .
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functions, differencing d times may transfoﬁﬁ the nonstationary series into a stationary
form. Provided the differencing for stationarity is successful, an autoregressi{re, moving
average, or mixed autoregressive moving average model is then idéntjfied for that différ-
enced time series as previously described in this section.
A more detailed discussion of parameter estimatipn for ARIMA(p,d,q) models is

provided in Box and Jenkins (1976).

Transfer Function Models for Bivariate Time Series Analysis- .

The discussion to this point has dealt prim.arily with univariate time éerieé and their
mathematical descriptions.'In ce;tain hydrologic problems one of thése series may consti-
tute an input to a physical system wherein the series is transformed and subsequently oﬁt-
put as a second univariate time series. A study of the inpﬁt and output series may reveal
the nature of the transformation. The following sections describe some of the basic con-

cepts involved in the analysis of two such series:

Linear Transfer Function Models

A model which approximates the relationship between a linearly related input aﬁd_ ’
output time series is called a linear transfer function model. A conceptual Hheaf system‘
is shown in Figure 7. The linear system acts as a mechanism which takes th§ input, modi-
fies it, and transfers it to' an output (this mechanisin 1s often termed a filter in tvime:
series literature). Input modifiéations may include (1) weighting, (2) v‘ delaying, or (3)
weighting and delaying to form the output, Y(t). For example, ésimple'tvransfer fmction
model might be o |

Y(t) = WIX(t-1)]
wherein the output Y(t) is the ';esponse to a delayed input X(t-1) that is weighted by ,the-

W coefficient. In natural systems, the transfer relationship is generally more complex wit_h
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X (t) LINEAR Y ()~
INPUT SYSTEM

OUTPUT

Figure 7. A linear system.

the output Y(t) often a function of previous weighted output values and current and pre-

vious weighted input values. Thus a more general transfer function model is

Sr(B) Y(t) = [Ws(B) X(t)] Bb (40)
where
Sr(B) = - SOBO - S1B1 - S2B2 - SrBr
and
Cos(B) = Co0BO -CO1B1 -CO2B2 cosBs

The coefficient SO is defined as - 1. The model described by Equation (40) is not unlike the
process relationships of the previous section that related a univariate time series to a white
noise series. The weighting coefficients, o and S, are analogous to the 6 and # weighting
coefficients employed in the univariate time series description. The previously mentioned
delaying action of the system is accomplished through the backstep operator Bb which
effectively provides a delay of b intervals. The order of the transfer function model is
defined by the integers rand s.
Equation (40) may be rearranged to obtain the “rational” form
Y(t) = [751 X(t)]Bb (41)
6 r(B)

The parameter a>s(B)/6 r(B) in the rational form constitutes the so-called “transfer func-

tion” which describes the bivariate relationship between the input and output time series.
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A better appreciation of the phyéical relationship between the two univariate time
series X(t) and Y(t) is obtained by carrying Iout the division as in;licated by the rational
form para.meter, wS(B)/§ I(B). The character of the resﬁlting equation can Best be illus-
trated by considering an example. Suppose that r=1, s=0 and b=3 so that the rational form

becomes

Y(t) = [ X(1)] B
1-6 1 Bl

Suppose further that the weighting coefficients are w, =0.5 and 8, =0.5, then

S
Y(t) = [ :

-~ X(t)]B?
=055 W

Dividing and carrying out the backstep operation y-i-elds the “impﬁlsé respoﬂse” fuﬂction
model for this particular case, » . _

Y(t) = 0.5 X(t-3) + 0.25 X(t-4) +_‘0.125 X-5) +...
where the output Y(t) is a response to an iﬁﬁnite series of inplut. impulses, X(t), whose
" weights decay exponentially. The weights ‘decay in this manner, and the finite series con-' ‘
verges, when ié ;i< 1 as can be seen from carrying out the préviqusly mentioned division. It :
shéuld be noted that the example is not completely general in that the weights dé not
necessarily dpcay exponentially but rather depend upon the 6 and w - values. A general
expression involving the impulse response weights can be similarly obtained from Equation
(41) and written as

Y() = vo X(t) + vy X(t-1) + v, X(t-2) +...
or | ‘ A
Y@ = vBX®) | @2) -

where
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By definition, Vi = 0 for j < b. The collection of vs_/eights designated by V(B) is termed the
impulse response function. A plot of the impulse response coefficients v often pfovides an
indication of the character of the transfer function 1n the more parsimonious rational férm.
Figure 8 illustrates several impulse response fuhctidn'plots and their corresponding rational
form transfer functions for cons_‘.tants 1,s,and b.

The sequence of terms in Equation (42) may be finite or inﬁnﬁe depending upon the
& values. Stability requires the sequence to be finite, or infinite apd convergent. Tile stabil-
ity requirement for bivariate time series (and transfer function models) is analogous to
the stat-ionﬁrity requirement for univariate time series (and models). Although the terms

stationarity and stability are sometimes.used synonymously, the term stability will be

herein used with régard to the bivariate time series (and transfer function models) only.’

To insure stability for a transfer function model of the form
w3(B
Yy = (- 2x ) Bb
SI(B) o
the roots of the characteristic equation

5T(B) = 1 - 8,B' - 5,8 -...-§B =0

must lie outside the unit circle. For example, given a bivariate process where r=1, the char-
acteristic equation is

1 -6,B" =0

and the root of this equation B=6"" must be outside of the unit circle or equivalently the .

absolute value of § is less than one.

A quantity that is useful for defining the steady state response of Y(t) to X(t) is .

termed the steady state gain. The steady state gain, g, expressed in terms of the bivariate
process (and model) parameters, is the sum of the response function weights

g=vy t vy + v, +...
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Model Response
Order Model Form Function
(r.s, b) v(B)
0,0,3 Y(t) = X(t)B3 !
o) b v
0,1,3 Y(t) = [(.5+ .SB) X(1)Jb3 11
O b v
0,2,3 Y(t) = [(.25+.SB + .25B2)X(f)] B3 0
O b Vj
1,0’3 Y(,: f 5X(,)|b3 i . -
H-SB J o) b Y
u,3 e T I
Y, = [("'2?-+585B) X(,)]B3 o b by
N N\ 1
123 y( }, |~125 + .25B+.125BAX(1)jB3 i
O b v
2,0,3 Y4>= KP"A4P)X (.)]B 3 »
o) b Y
2,1,3 . .
Y= I(,-6B+8B2) ) I |g5 o b C 1Yy
2,2,3 Y(t) = \1-2 + 4B + 2B2)x(t)I B il i ,
I\ 1- .6B + .4B2 / J 6 b T

Figure 8. Impulse response function plots and their corresponding rational form transfer
functions for constants r, s, and b (modified from Box and Jenkins, 1976).
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or

T v
=0

oz
il

Equivalently

Wo —.wl Wy ~... T Wg
1"61'82" ..."'81.

g = (43)

The steady state gain may be interpreted in the following wéy. If an input X(t) were to
remain constant fqr an extendgd period, the steady state output would be a éonstant frac-
tion g (the stéady state gain) of the input.

The output Y(t) of Equatioﬁ (41) is the deterministic response to an input seriés,
X(t). A more géneral form of the transfer function relationship considers the 6utput time
series Y(t) to be a response to both an input time series, X(t), and a noise or error input -
series, N(t),

w%(B)
51(B)

Y@ = [ Xm18d + Nty : (44)

The series N(t) is the remaining structure of Y(t) no;c explainéd by the t;ansfér function
relationship between X(t) and Y(t). It may be the result of measurement errofs in the
input and output series, the neglect of seécondary factors thét impact the inpu"c-butput
relationship, the inadequacy of }che linear bivariate process approximation, or some combi-.
nation of these things. N(t) méy be characterizéd as a moving average, .an autoregressive,
a mixed autoréé;;gsive moviﬁg aivereige, oran autbregressive integrated mc;vi;;gh évéfage pro-.
" cess as previously discussed. -

The input X(t) and the output Y(t) may exhibit deterministic (and thus‘non‘stétion-
ary) and/or ral-ldom characteristics.  Unlike thg p.reviouslly discu‘é,séd models for univariate

processes whose applicabilities were limited to st.ationary time seﬁés data sets (or data sets

e
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transformable to stationary sets), transfer function models may be utilized to identify

relationships between pairs of univariate time series whether the individual univariate

series are stationary or not.

Cross Correlation Function

The cross correlation function for two time series is analogous to the previously
discussed autocorrelation function for §ingle time s'eries.‘ The primary difference between
these functions is that the autocorrelation function is used to identify the relaﬁonéhips
within a time series (univariate analysis), whereas, the cross corrélation function is used to
identify the relationships between two separate time series (bivariate analysis). The cross
correlation function may be helpful in ideﬂtifyiﬁg a tentative transfer function model form
(Equation (41)). ‘ |

The cross cbrrelation function i§ defined in terms of the cross povariance. statistic. The
cross covariance which is analogous to the autocovariance (quiation (3))hmay be deter-
mined from | | ‘

e, = BUXO - ug frem - ) @)
The variances of X(t) and Y(t) are from Equation (2)
0 = Yoxy = EL{XO) - ) ]
oyt = Ty, = BL{Y® - 7]
where #;( and py are the mean values of thg X(t) and Y(t) tﬁne series respectively. The
cross correlation coefficient between X(t) and Y(t) is analogous to the autocorrelation
coefficient and is defined as |

Y
Tyy

) =
Txy 0x0y

(46) ,

“n

s et i




34

An estimate of the cross covariance at lag 7 is

N-7
- Z t)-X t+r) -y}, =0,1,2,... 48
* N {x( x}{y( ) y} B 48)
Txy(@) =
1 N+7
- t)-§ t+r) - X4 =0,-1,-1
N2 {y() y} {x( r) x} r 49)

where N is the sample size, and % and ¥ are the means of the sample x(t) and y(t) time

series. An estimate of the variance ze and ¢3> may be obtained from Equation (5)

y
. 1 N
Oy’ = Yoyx = = Z (x(t)- X
X xx ) N t=1 . -
.(50)
N p N
B ey = § B 0O
The estimated cross correlation coefficient at lag 7 is
Ty ;,x;,y , (51)

The cross correlation function is often presented as a graphical collection of cross corre- .
lation coefficients for various 'r. lags. Unlike the autocorrelation functiqn, the cross corré-
lation function is not necessarily symmetric about lag zero. For most real physical proQ
cesses, the negative lag cross cdrrelation function is of no concern since the present output
cannot respond to future inputs. Therefore, the remaining discussion will be concerned

with the positive cross correlation function only.

Identification of Transfer Function Models

A number of transfer function model forms that are useful for approximating bivari-

ate time series processes were presented in Figure 8. Those model forms provide parsimoni-
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ous representations for many linear bivariate processes. The following paragraphs discuss .
model identification procedures pertinent to transfer function models.
A cross correlation function determined from system input and output time series

samples is often useful in the preliminary identification of an appropriate transfer function

model (Equation (41)). The value of the cross cdrrelat’iqn function as a preliminary identi-
fier stems from its relationship to the impulse fuﬁction v(B) which is in turn related to the
8 and w coefficients of the transfer function in Equation (41). Model identification is
practical only if the input series is whitened and the output series is filtered prior to cross
correlation function determinafcibn (Box and Jenkins, 1976). The whitening and filtering
are accomplished by first characterizing the input time series with an appropriate ARIMA-
(p,d,q) model. Recall that the ARIMA model is general and redﬁces to an-MA, AR, or
ARMA model when one of the model orders (p,d,q) or combination of orders is zero. An

ARIMA model (Equation (32)) for the input series‘ may be Written

6,9(B) a(t)

X(t) = (52)

o, P(B) vd

where a(f) denotes a white noise input series and the x subscripts identify the 0 and ¢
coefficients as input series, X(t), model coefficients. By rearranging Equation (52), a white

noise series, or a “whitened” time series, a(t), is obtained from the input series X(t),

X \vJ .
a(t) = X(®) : : . (53_)

In whitening an ARIMA process time series, the moving average, autoregressive and nonsta-
tionary character of the time series is essentially removed.

A ““filtered” 4oi1tput series B(t) is obtained by using the input whit-ening_paranieter,

9 P(B) v d/g <1(B), to operate on the output time series Y(t),




Y(t) (54)

This operation filters out the moving average, autoregressive, and nonstationary character .

of the output series that is attributable to the input series. The output series of Eqﬁation '

(54), Y(t), may also be expressed as a response to the input series, X(t). Recall the impulse
response function form of a bivariate process wherein
Y(t) = v(B) X(t) ©(42)

Adding a noise component, N (t), to account for the Y (t) structure not attributable to X(®)
(see previous discussion), Equation (42) becomes

Y®) = vB)X(®) + Ny (55)
Substitution of Equation (55) into Equation (54) yields-

9xP(B) v¢

6,3(B)

B(t) = [v(B) X(t) + N ()]

Substitution of Equation (53) into this equation gives

6,P(B) g4 :
B(t) = v(B) a(t) +—— N(t) (56)
6,4(B)

Multiplying Equation (56).by «(t+7) and taking expectations produces the cross covariance

at lag 7 between the whitened input series a(t) and the filtered output series 3(t).

3,P®) vl
0x3(B)

Y7 . = Ela(t-7) ()] = E {a(t-r)[v(B) a(t) + N ]
of

Assuming that N(t) and X(t) are uncorrelated and thus that their cross covariance values

for all 7 are zero

Yoy = B {a(t—f)IV(B)a(t)]} = E {a(t-r)[voa(t)fvla(t—l)+‘vz‘a(t-2)+. . .]}
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Expanding the right side of this equation results in a series of autocovariance terms for the
white noise series «(t). Since the autocovariance of a white noise process is zero except for
lag Zero,

77'043 = E {a(t—T) vTa(t-T)} = VYo = Vg Uaz . ) &Y))

Rearranging Equation (57) and multiplying the numerator and denominator by g yields
='__=..___..'_-_=pT —_ (58)

Thus the previously mentioned relationship between the impulse responsé coefficients v,
and the cross correlation coefficients, p Top’ is established.
a
" The impulse response coefficients v, suggested by the cross correlation coefficient

relat1onsh1p of Equation (58) are in turn related to the  and w coefﬁments of the transfer

function model (Equation (41)) Recall again the impulse Tesponse functlon model form
for a bivariate process,
Y@) = vB) X(H) = £ vBIX() (42)
j=0 .
and the transfer function model form for a bivariate proc.ess

S
vy = [ 2L x)1Bb. @1)

§1(B)

The identity formed by equating the model forms of Equations (42) and (41)

o vB X@t) = [ @ (B) X(t)] BP

=0 5%(B)

may be rearranged to form

51(B) s vBJ X(t) = [wS(B) X(t)]BP
=0
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Recalling that
8T(B) = 1 - §;B' - 8,B* —...- §.BF
T wBl =vy + VB + v, B +.
=0

and

wS(B) = wo.'- w;B' - w,B*> L. ..~ wS‘BS
the equation may be written
(1-8,B' -8,B* -...-8,B") (v, +v,B! +v,BE ) =
(wo —w;B' —w,B? —. .. - BS)BP

Expanding and equating .B.j'operators gives rise to the following series of equations.

v'j =0 j<b

vj = 61vj_f1 + 5?Vj_2 +...+t arvj_r + wy j=b

Vi = 51Vj_1 + 52Vj_'2 +...+ 5er—r - Wip j=$+1,b+2,. .., bts

Vi = 81V * 82Vip ++ 8 Vi j}b+§ ' (59)

The simultaneous solution of these equations establishes a relationship between _the v coef-

ficients and the 6 and w c¢oefficients. This relationship plus the previously developed rela-
tionship between the v coefficients and the crpsé correlation function provide the mecha-
nism by which the cross correlz_ltion functioﬁ can be used to identify § and w coefficients

for a transfer function model. Impulse response function coefficients, v,, are estimated

from E.Zéuati;; (58) whe;r;n the cross correlation coefficient, p"aﬁ’ and variances, o, and
og, are sample estimates from the whitened input and filtered output. The v, coefficients
thus obtained are substituted into the appropriate expressions of Equation (59) and the

* resulting relationships are solved simultaneously for the § and w values.
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In addition to estimating § and w values, the cross correlation coefficients inay be
useful in estimating transfer function model order, r and s, and lag b. Thé cross correlation
function (thé graphical plot of the collection of cross correlation éoefﬁciénts) i'deally cor-
responds to the shape of the impulse response function as evidenced by Equation (58). The
shape of the cross correlation function thus suggests the shape of the impulse response
function which in turn may be compared qualitatively to transfer functions for models
of known order and lag. Recall that Figure 8 illustrates some characteristic impulse. :
~ response function shapes for certain common transfer function orders and lags.

Cross correlation functioﬁs may aiso be developed from the unmodified input and
output time series (unwhitened input and unfiltered output) or from differenced input and .-
output series. These cross correlation functions do not provide reliable evidence of the
form of the impulse response function (and therefore the order of the traﬁsfer function)..i.

but may be. useful in certain circumstances for identifying the lag parameter, .b, of the

backstep operator, Bb_.

Model Diagnostics

An important part of statistical modeling is the application of diagnostic Qhecks. The :
autocorrelation, partial autocorrelation, aﬁd cross correlation functions are not only used |
in time series model identification, but are also used in testing the adequacy of -the esti:- j
mated model. The discussion that follows éonsiders the diagnostics used'in transfef func-

tion model analysis.

With reference to Equation (44), . ;

S B - ‘ ]

YO = [ @I + NO 44) |

§1(B) ' i

if the estimated transfer function component and the estimated noise component ade- - .

quately explain the process output, then the difference between the estimated and observed
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output values, the residuals, a(t), should be white noise. If the residualé do ﬁot constitute
white noise, the model is inadequate in that the residual series exhibits a significant depen-
dence in its structure. The nature of this dependence may be detected' by utilizing the
autocorrelation, partial _autocorrelation, and cross correlatiop functions. The aqtocorrela— )
tion and partial autocorrelation functions of the residuals, and the cross correlation func-
tion between the input and residuals are determined and plotted. If the plots reveal no sig-
nificant autocorrelation, partial autocorreiation or cross correlation coefficients, the resid-
_uals constitute white noise and the model is adequate. If significant residual autocoriela-

tion and/or partial autocorrelation coefficients exist with no significant cross correlation
c-oefﬁcients, then the model inadequacy is likely in the noise component of Equation (44). :
If significant cross correlation coefficients between the input and residuals exist, then sig-
nificant autocorrelations and/or partial autocorrelations will usually be present (Box and
Jenkins, 1976). A signiﬁcént cross correlation coefficient indicates an inadequacy in the
transfer function component. The associated significant autocorrelation and/gr partial
autocorrelation coefficients may or may not indicate an inadequacy in the noise com-
ponent. |

There are two common methods of testing the residuals to assess the adequacy of
the transfer function model. One method employs a “t-like” ‘statistic. The. other employs
é chi-square test of fit (the portmanteau test, Box and Pierce, 1970). The “t-likg” statis-
tic test will be discussed first. |

Thef significance of a residual series aut;)corfelation coefficient, f),r, may be deter-
mined with the so-called “t-like” statistic-

P =p;
ta =

pr - -
T .Sp'r
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_where /37 is the sample autoco;relation coefficient for lag 7, p,. is the mean of the sampling
distribution of the autocorrelation coefficients, and Sﬁ., is the sample estimate of the
standard deviation (standard error) of the sampling distribution of the autocorrelation
coefficients. It is assumed that the residuals are normally distributed. Since the mean of

the sampling distribution of the autocorrelation coefficients is zero for a white noise

process,
Py o '
ta = — (60)
br S5

where the standard deviation, S , may be obtained from the Bartlett approximatioh

Py
(Anderson, 1976),
1
- 1 T—l -i
" = [= 5.2
SPT [N(1+2 _E it
=1
which reduces to
1
1 =
= 1212
s, = I5]

for a white noise process. The distribution of the ““t-like” statistic is similar to the “stu-

dent t” distribution and, like the “student t” approaches a normal distribution for large

sample size. Bec;luse of this similarity,mthe “t-like” statistic is often used as a.t“ statisti(g
(Bowerman and O’Connell, 1979). Use of the ‘‘t-like” statistic in this manner presumes
that the autocorrelation coefficients of the residual white noise series are normally dis-
tributed about zero. The number of effective observations for the residual series (and also
in this case, the degrees of freedom ») is n = N-d-p-s-b where N is the number of observa-
tions. Recall that d defines the number of differencing operations on the data, p defines
the order of the autoregressive ¢ (B), s defines the order of the transfer function parg.meter

w (B), and b describes thé order of the backstep operatof Bb.
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The “t-like” statistic for the residual series bartial autocorrelation coefficient is simi-

larly defined as

5 = (61)
™ 1f/n

where the standard error, 1/4/n, is based upon the Quenouille approximation (Anderson,
1976) and n is as previously defined for the autocorrelation coefficient.
The “t-like” statistic for the cross correlation coefﬁciept between the input and the
residuals a(t) is .
tﬁrxa - ﬁTxa/S,; | ‘ C (62)
Xa

where the standard error S ~ (also based upon a Bartlett approximation) is
'T .

1
Pr, v m

and m = N«-d-p-s-b is the number of effective observations (and also in this' case, the

S.

degrees of freédom v).
A rough rule of thumb often used-to gage the significance of these autocorrelétion,

partial autocorrelation, and cross correlation coefficients is that if

p

Ity | = ——| < 2,thenj,_ =0,
T SaA T
pT
and if

5 .
t" = S
Ip” 1/\/ | < 2, thenp" =0,

and if
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p
Txa

| =1
pT S[)‘
Txa

| < 2, then ,s‘,rxa"= 0, 63) "
This rule of thumb is based upon the fact that the t(.05, ») value_ (95 percent significance
level for a two-tailed table) is approximately 2 for 50 degrees of f;eedom. This corresponds
to the number of observations (and approximately the number of effective observations or -
degrees of freedom recommended by .Box and Jenkins for transfer function analysis).

AS previously mentioned, a second test is commonly employed in judging model
inadequacy. It is the “portmanteau” lack of fit test which gages model inadequacy by test-
ing' the first K autocorrelatioﬂ coefficients as -'a group, and the first M cross correlation

coefficieénts as a group. The statistic

oo GRS G it Gy 4t Gy k)
- 2

g

has a chi-square distribution if the autocorrelation coefficients, ;3-7,, from the white noise
residual series are normally distributed. Since the mean, p 0 of a white noise process is

zero by definition,

- A

P12+ 5,2 oo tp,
Q: =

0.2 0.2

L N

has a chi-square distribution also. A sample estimate of the variance, o2, of the autocorre-
lation coefficient population is provided by the. previously mentioned Bartlett approxi-

“mation,

s =

=

where n = N-d-s-b-p is the number of effective observations. Substitution into the f)revi-

ous expressions yields the statistic,




|
V

X o (64)

which is used in the “portmanteau” lack of fit test. The statistic has a chi-square distribu- -

tion with » = K-p-q degrees of freedom. Recall that q is the order of the moving. average
operat‘or, 6 (B). For the first M cross correlation coefficients, the “portmanteau” test stétis-
tic can be similarly defined as
- M
S=n T 5 T‘z (65)

=0 X2

where n = N-d-s-b-p is the number of effective of observations. The S statistic also has an -

approximate chi-square distribution with » = M-1-s degrees of freedom. Recall that r is the
order of the transfer function parameter, § (B). The model is not considered inadequate if

the Q and S statistics are less than the chi-square significance points for the appropriate

o degree of freedom.

In summary, a significant residual series autocorrelation structure or cross correlation
structure, as evidenced by the “t-like” or ‘“portmanteau’ statistics, indicates that the

model is inadequate.
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SELECTED STUDY SITE

The application of the time series methodology to the irrigation diversion-return flow
problem requires an appropriate area possessing sufficient data. A reach of the Bgaverhead
River near Dillon in' Beaverhead County, Montana was selected for this study (Figure 9).
Although certain data deficiencies arose duriﬁg the course of the study, surface and ground-

water data for the area are relatively abundant.

Study Area Description

Some of the assumptions employed in the irrigation diversion-return flow analysis to
be described later are dependent upon the geohydrologic features existing at the study area.
Therefore, a description of the study area climate, surface water, and groundwater systems

follows.

Climate

A semiarid climate dominates the area. The average annual rainfall at the Dillon Air-
port weather station measures 9.5 inches. The average annual temperature for Janua,_ry is

20°F and for July it is 66°F. The May through September average temperature is 59°F.

Surface Water

Several stream gaging stations (refer to Figure 10) provide discharge information for
the Beaverhead River near Dillon. There are five gaging stations between thé Clark Canypn
Reservoir and Twin Bridges that have been active at various times. The tributary discharges

of Blacktail Deer Creek and Rattlesnake Creek have also been monitored periodically in
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MONTANA

Twin Bridges
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Clark X
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Figure 9. The Beaverhead Valley between the Clark Canyon Reservoir and Twin Bridges
(after Nicklin and Brustkern, 1981).



47

Blaine Gaging Station

Supplemental
Service Area

Full Service

Area
Dillon
LEGEND
Barretts L
Gaging Station/
East Bench
Canal
Stream

Gaging Station

Clark Canyon
Reservoir

Figure 10. The East Bench Unit (after Nicklin and Brustkern, 1981).
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the past. More importantly, the diversions in-two of the major iriigation- canals, the East
Bench Canal and the Clark Canyon‘ Canal, are monitored (Figure 11).
| The Clark Canyon Reservoir was completed in-1965 as a multipurposé facilify. Part
of its function is to supply irrigation water for tne East Bench Unit (which consists of the
full service area and supplemental service aieai ‘shown in Figure 10). 'Full service water is

supplied to 21,800 acres of benchland east of Dillon and supplemental water is supplied

to 28,000 acres of valley- land. Only a portion of this 49,800 zicre total, apprdximately

33,400 acres, lies inside the study area (Figure 1 1). Tributary inflows irrigate an additional
8,000 acres within the study area. Thus, a total of approximately 41,400 acres of bench

and bottom land constitute the irrigated acreage within the study area.

Groundwater
The two geohydrologic units of primary concern for this project are the consolidated

Tertiary sedimentary' deposits and the unconsolidated Quaternary alluvial deposits (refer

to Figure 12). The unconsolidated alluvial deposits comprise the floodplain and consist of .

coarse sand and gravel intermixed with scattered lenses of silt and cléy. The underlying
Tertiary sedimentary unit is made up of finer material including lenticular layers_ of clay,
silf, fine to coarse sand, and some g;avel. The thidliness of the alluvium is approXimately
200 feet. The Tertiary unit’s thickness is not documented, but is estimated to exceed 1000
feet (Botz, 1967).

The alluvial portion of the geohydrologic syétern is highly permeable as evidenced by

the reported transmissivity of 660,000 gpd/ft for th¢ Dillon city well. Though less permea- .

ble, the Tertiary system underlying the Bench areas provides sufficient water for domestic

and stock purposes (Botz, 1967).
Although a few irrigation wells exist in the study area, their impact on the hydrologic

system is believed to be minimal. Most of the water development in the area relies upon
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Figure 11. The study area.
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STUDY SITE GEOLOGY

Figure 12. A map of the geologic units and a conceptual cross-section of the geologic units along the Beaverhead
River between the Barretts and Blaine gaging stations (modified from Ross, 1955).



51
the relatively abundant surface water supplies. This limited groundwater development
reduces the ,complpxity of the geohydrologic system and enhances tﬁe I;rospects of assess-
ing the magnitude and timing of irrigation return flow quantities that reach the Beav'erﬁead
River via the groundwater system.

The groundwater hydraulic gradient indicates that the Beaverhead River is an effluent
stream (refer to Figure 13). This fact provides support t.“or a later a'ssumption that the
unconsumed diversion eventually returns to the ghannél and becomes part of the surface -
discharge in the studied reach of the Beaverhead River.

The Beaverhead hydrologic sy§tem- between the Barretts and Blaine (published as
Near Twin Bridges) gaging stations is schematically illustrated in Figure 14. The figure
shows how excess irri_gation applications contribute to outflow via the return flow process.
The spatial and temporal distribution of irrigation return flow is dependent upon irrigation
activity and the return system (the aquifer system and, to a much smaller degree, the sur-
face return flow system). The time distributions of diversion and return flow constitute
two time series that are linked by this return flow system. This study attempts to link
these two time series through a bivariate transfer function model. Reliable and adequate

hydrologic data are obviously a prerequisite to the successful development of such a model.

Study Site Data

The Beaverhead éystem is of coﬁrse much more éomplex than the schematic of Figure
14 indicates énd consequently it is nécessary to consider more hydrologic nieasureme_nﬁ
than are suggested by the figure.

The surface inflow I(t) of Figure 14 consists of Beaverhead inflow at the Barretts
gagé plus the surface runoff and tributary inflow ‘between the Barretté and Bléine géges.

Daily discharge records at the Barretts gage were obtained from the United States Geologi-
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Figure 13. Water table contours of the hydrogeologic units east of the Beaverhead River
near Dillon. Mt. (modified from Botz, 1967).
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EVAPOTRANSPIRATION

INFLOW
- OUTFLOW
o(1)

Y() =0(t) - I(t) + X(t)

Figure 14. A conceptual representation of the irrigation and return flow process.

cal Survey (USGS) Water Supply Papers for the period of interest. Natural surface runoff
was assumed to be negligible in view of the relatively small study area (Figure 11) and
limited precipitation. Records (USGS) of tributary inflow for Blacktail Deer Creek and
Rattlesnake Creek, the two significant tributaries within the study reach, were used where
available. Missing tributary inflows were estimated from linear regression relationships that
were established between each of the tributaries and nearby Birch Creek whose record
spans the period of interest. Birch Creek, a tributary to the Big Hole River, is hydrologi-
cally very similar to the Blacktail Deer and Rattlesnake tributaries (see further comments,
Nicklin and Brustkern, 1983).

The surface outflow 0(t) of Figure 14 includes Beaverhead outflow at the Blaine gage
and irrigation diversion bypass (irrigation flow diverted within but applied below the study
site). Daily discharge records for the Blaine gage were obtained from the USGS for the
period of record. Irrigation diversion bypass was estimated by proportioning the known
total diversion on the basis of the irrigated areas served within and without the study area.

The diversion X(t) of Figure 14 includes all diversion within the study reach. Diversion

records for the major canals, the East Bench and Clark Canyon Canals (Figure 11), were
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obtained from the East Bench Irrigation District Office. Records for certain other diversions
within the reach, though not continuous, were aiso obtained from this office. Illlcomplete'
or missing diversion records were estimated by assuming that irrigatibn application rateé ‘
were uniform over the study area, and thus unmeasured diversion could be determined
from measured diversion by applying water on the same per unit area basis. Return flow

Y (t) in Figure 14 was cor;lputed from tﬁe balance equation fdr the system
Yt = O@®) - It) + X®) 66)
A more detailed discussion of the time series data base, its development and h'mi_ta—

tiqns, is presented by Nicklin and Brustkern (1983).

Preliminary VData Analysis

In an attempt to gain a better physical understanding of the area’s hydrologic pro-
cesses, and in parti(;ular the return flow process, certain preliminary data analyses \&ere
carried out. The results of these analyses are described in the following paragraphs.

A set of hydrographs were developed to show the study area{ inflow and outflow
(measured and estimated) for the years 1966 throﬁgh 1975. (Figure 15). As previdusly
described, the inflow hydrograph, I(t), represents total inflow to the study area and the
outflow hydrograph, O(t), represents the total outflow from the area. A second set of
hydrographs showing total diversion (measured and estimated) and retufn flow (computed
from balance equation) was also determined’ and plotted (figure 16). Thé figure shows
some inconsistencies (such as negative or anomalously small quantities) in the estimated
return discharge at the beginning and end of some séasons. These apparent inconsistencies
are very probably related to the fact that diversion is sometimes monitored less rigorousiy
at the season’s beginning when the water supply is plentiful and at the season’s end when

the demand is small. Less rigorous diversion accounting results in return flow anomalies
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since computed return flow is dependent in part on irrigation diversion through Equation

(66). The significance of the diversion and return flow activities is apparent in both Figures
15 and 16. For example, a comparison of the inflow angl outflow rates during the irrigation
and nonirrigation seasons reveals an outflow hydrograph that is markedly different from
the inflow hydrograph as a r_esuli: of these activities. |

The mean annual diversion volume (ﬁeasured and estimatéd) along the stream rea_ch
between the Barretts and Blaine stations for the years 1966 through 1'975,was 173-0,970
cfs-days. The mean irrigation éeason inflow and outflow volumes for the same years were
' respectively 132,940 and 72,840 cfs-da_lys. Since the mean annual diversion \'rolume was
approximately equal to 1;he irrigation season mean inflow volume to the area, it is obVic;us
that significant return flow to the stream occurred during the irrigation.season. Further-
more, only a small percentage, less than 5 percent of the retum, is believed to be surface
return (this percentage is based upon records made available from the East Bench Irrigation
District by Dick Kennedy, 1981). Thus, groundwater return flow is the major component
of flow in th_e Beaverhead River reach during the irrigation season.

Figure 17 is a conceptual representation of the various components of the area flow
system. The figure shows the mean weekly inflow _and mean weekly outflow for the years
1966 through 1975. It 'is assumed that irrigation seasén' effective precipitation constitutes
an insignificant source of water for the study area (for the years of interest, the ﬁean
seasonal precipitation between the dates of May 1 and September 30 was appréximately
6.6 inches at the Dillon Airport). It is also assumed that wjthin tile limited reach under
consideration, groundwater recharge to the Beaverhead River from sources other than irri-
gation return flow is insignificant. It is believed that these assumptions are reasonable for

the analysis herein described.
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Figure 15. The inflow and outflow hydrographs for the years 1966 through 1975 for the
Beaverhead River between the Barretts and Blaine gaging stations (mean weekly

flows).
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Figure 16. Diversion and return flow hydrographs for the Beaverhead River reach between
the Barretts and Blaine gaging stations during the years 1966 through 1975
(mean weekly flow).
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Figure 17. Mean weekly inflow and outflow hydrographs for the years of 1966 through
1975.

The inflow and outflow hydrographs of Figure 17 can be separated into a number of
components. The total area below the inflow hydrograph for the irrigation season repre-
sents that season’s total inflow volume to the area. This area also approximates total
seasonal diversion as was previously pointed out. Thus the area below the irrigation season
outflow hydrograph represents seasonal return flow volume (including both groundwater
return flow and the much less significant surface return flow). The importance of return
flow in maintaining irrigation season discharge in the study reach is apparent. The area
between the hydrographs for the irrigation season represents both evapotranspiration and
temporary groundwater storage. The area between the hydrographs for the nonirrigation
season represents nonseasonal groundwater return flow from this temporary storage.

It should be reemphasized that the conceptualization of Figure 17 involves certain
assumptions and is based upon mean discharge values. However, the qualitative insight

it provides is helpful in understanding the irrigation diversion-return flow system.
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Since irrigation return flow is derived from irrigation diversion, a_relations_hip between
these quantities should be identifiable. The tota‘l annual diversion volumes (areas under the
annual diversion hydrographs of Figure 16), IA, were regressed with the total annual return
flow volumes (areas under the annual return flow hydrographs of Figure 16), RA, for the
years 1966 through 1975. Table 1 summarizes these annual volumes (along with similar
annual volumes obtained from Figure 15). Uti]izing' the figures in this tablé, the regreésion
equation, | | ' ‘

RA = -146 + 0.851A (67
was determined. The sample correlation coefficient, r = 0.92, suggests a strong cause—effeclt
relationship beﬁveen diversion and retum; The units for Equaﬁon (67) are 1000 cfs-days.
It should be noted that the regression relationship and correlation coefficient are impacte;d_
to a small but unknown degree by the fact that the irrigation return flow fate from a given
year’s application. decreases exponentially with time and thus, theré is a thited carry-over

from year to year.

Table 1. Yearly Component Values as Obtained from the Hydrographs in Figures.

. 1000 cfs-days
Inflow Outflow , '
Irrigation Irrigation Diversion Return Return/Diversions

Year Season Season. Annual Annual (Percent)
1966 92.65 - 53.07 101.91 - 76.01 " 74.6
1967 76.78 44,61 10042 62.78 . 62.5
1968 115.18 69.61 134.29 87.88 65.4
1969 131.82 81.53 141.71 105.81 . 74.7
1970 152.82 82.50 , 138.22 111.55 . 80.7
1971 183.23 84.69 151.30 111.18 - . 735
1972 165.93 98.20 148.05 124.13 83.8
1973 116.93 66.92 119.18 89.43 ' " 750
1974 129.31 88.04 161.95 . 115.12 , 71.1
1975 164.73 51.67 . 112.67 83.12 73.8
Total 1329.38 720.84 1309.70 967.01

Mean 132.94 72.08 130.97 96.70 ' 73.8
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A yearly comparison of the total annual diversion and return flow volumes show that
r_etu,r'n ﬂow_ as a percentage of diversion varies between 62.5 and 84 percent with a mean
| annual return pércentage of 73.8 (refer to Table 1). This pércentage may be slightly high
because the method of return flow computation unavoidably includes some limited ground-
water flow from sources other than the listed diversions. Fo; purposes of corﬁpaﬁson, the
Soil Conservation Service (1978) _estimates a gross diversioh of 1.7x10¢% acre feet and a
return flow of 1.3xld° acre féet annually for Beaverhead County. The SCS 76.4 percent-
age compares favorably with the values of Table 1. | .

A consideration of the irrigation season diversion and return (as opposed to. fhe annual
diversion and return of the prevfous pa‘ragraph) provides insight about the timing of returﬁ o
flow. Retur'nAﬂbw occurring between the date of the first recorded diversion and Septem- -
ber 1 (approximate end of the irrigation season) is referred to as:sevasonal return ﬂow.
Return that does not occur within this interval is termed nonseasonal return flow. Altﬁbugh
somewhat arbitrary, the difference in designation is important as seasonal return flow is
generally available for reuse by downstream irrigators whereas nonseasonal return is nof.
Table 2 summarizes the seasonal diversion and réturn flow volumés for the years 1966

through 1975.

Table 2. The Seasonal Returns Expressed as a Percentage of the Seasonal Diversions. )

1000 cfs-days Seasonal Return
Year Seasonal Diversions Seasonal Returns - Percentage
1966 93.29 48.19 51.7-
1967 81.68 ' 28.63 35.1
1968 111.81 46.37 : - 415
1969 117.14 57.70 : 493 .
1970 116.62 5741 49.2
1972 139.48 74.27 ‘ 532
1973 89.97 55.58 ' 61.8
1974 : 139.01 57.75 . 41.5
1975 104.28 35.77 34.3
Total 1123.62 521.87

Mean 112.36 ‘ 52.19 464
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If seasonal return is expressed as a percéntage of seasonal diversiori, the percentage
varies from 34.3 to 61.8 percent with a mean percentage of 46.4 (Table 2). This variability
in percentége is quite probilbly because of differences in irrigation timing from year to
year. For example, uriusually -warm dry early irrigation season weather with its attendant
high early season irrigation activity would result in increased return flow percentages
within the irrigation season. | A

A rough indication of return flow delay niay be obtained b-y détennining the time dis-
placement between the centroid of the area under the seasi)nal diversion hydrograph and
the centroid of the area uilder the seasonal return flow hydrograph (Figure 16). The aver-

age displacement was calculated as 61 days (see Table 3). This figure represents in a sense

the time delay between diversion and return flow. The delay is of course based on aggre- .

gate figuies, whereas the time delay for a particular diversion depends on application

timing, point of application, local aquifer properties, etc.

Table 3. The Time Displacement- in Days Between the Céntroid‘ of the Area Under the .

Seasonal Diversion Hydrograph and the Centroid of the Area Under the Seasonal
Return Flow Hydrograph (1966-1975).

Centfoid Difference

Year ' (Days)
1966 62.6
1967 . 62.0
1968 ) 52.9
1969 54.4
1970 - 63.0
1971 61.6
1972 53.6
1973 - T - 60.2
1974 : 64.1

1975 78.2
' Mean 61.3
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- TIME SERIES ANALYSIS OF STUDY SITE AREA

In the Beaverhead hydrologic system the input ‘time series (irrigation diversion) is
transformed to the output time series (return flow). In this section the Box and Jenkins’
transfer function methbdology is employed to identify the nature of this transformation

process.

Model Identification Procedure

The BMDP statistical software from the Department of Biomathematics at UCLA
(1981) provides the time éeries program to caxry out the Box and Jenkir_ls. analysis. The
BMDP program uses a Gauss-Marquardt method_ (Gdusha_us) to calculate least _sciuarés esti-
mates fo.r theﬂ 8, w, ¢, ahd_o coefficients by m1mm1zmg the sum of sql;,afes -ﬁ;,n;:tic;n

S@,&,4,0)

S =2 (y(t)-y1))*

— B

where n is the number of residuals, y(t) is the observedl return, and y(t) is the gstimated
return. The software requires_ initial estimates of the §, w, ¢, and 6 coefficients and succes-
sively adjusts each parameter to ;:onverge on a finai set of coefﬁcients that minimizes the
sum of squares function S(, &, 8, ).

-The capability of the software was tested By modeling certain hypothetical systems.
Each hypothetical system consisted of an assumed input (diversion) ‘series. and an output
(return flow) series that was generéted from that input series through a known (assumed)
transfer function relationship. These series pairs were then analyzed using the BMDP soft-

ware to determine the Box and Jenkins’ transfer function. The software’s abi]itf to iden-
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tify the known transfer-function relationships from these hypothetical systems verified its
time series analysis capability: | |

. Although diversion activity is limited to the irrigation season, return flow continuéé
through the full year and into the following irrigation season. Because of the year-to-year
activity in the return flow process, initial analyses considered full yeaf and even multi-year
time series records of diversion .and return flow. These initial analyses were pnsﬁccessful
primarily because of the discontinuous character of the diversion ser.ie's. Subsequeht, and
more fruitful analyses, concentrated on diversion an& return flow series pairs that spanned -
only the irrigation season, generally from mid-April to mid-October.

The seasonal time series were divided into daily and 3-day increments at various stages
of the study. Subdivision of the series into 3-day increments produced about 60 observa-
tions for each of the years of interest. This number exceeds the minimum of 50 observa-
tions required for proper application of the methodology (Box and 'Jenkins, 1976). Thé :
use of 3-day time increments tended to produce bet;cer results than did the use of daily
increments. This is quite probably due to the smootﬁing that occurs when averaging the
daily data over 3-days (for example, the negative anomalies that were seen in Figure 16
are more prominent when the data are plotted for shorter time increrﬁents).

The time series ahalsrsis was most succeésfully applied to the 1974 irrigation season

(April 21 through October 23), and it is the analysis of that season’s data that is described

in this section. The relative success of the 1974 analysis is believed to be attributable to
that year’s more reliable and complete time series data base. The 1974 irrigation season
diversion (measured and estimated) and return da;ca (caléulated from the balance equation,
Equation (66)) were analyzed using Slday time increments (62 observations). The daily dis-
charge data for 1974 are listed in the Appéndix. The div;ersion and return hydrogr._aphs are

shown in Figure 18.
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Figure 18. The diversion and return flow hydrographs for the 1974 irrigation season.

Recall again the bivariate transfer function model of Equation (44)
Y(t) = [*-X(1)]Bb + N(1) (44)
Sr(B)

where X(t) represents an input time series (the diversions), N(t) represents an input noise
series, and Y(t) represents an output time series (the return flow). In order to model the
physical relationship between the diversion and return flow, the transfer function parame-
ters, S and w, and the lag parameter, b, must be determined from the two time series
(diversion and return). The noise component, which accounts for the character of the
return flow series that is not explained by the transfer function, must also be determined
from these two series. Tlie noise may be the result of measurement errors in the diversion
and return series, the neglect of secondary factors that impact the diversion-return flow

relationship, and/or the inadequacy of the transfer function approximation.
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The previously described procedure for transfer function modelidentification requires
that the input series be whiten'.ed and that the output series be filtered. These procedures -
require the identification of an appropriate ARIMA (p,d, q) model to Qharécterize the inpﬁt
series. Recall that the AR(p), MA(q), and ARMA(p,q) models are special cases of the
ARIMA(p,d,q). Following the input model identiﬁcaﬁon, the ARIMA input serles is -
whitened (Equation (5§3)) and the whitening parameter is then used to filter the output
(return) series (Equation (54)). The whitened cross correlation functign is then Qetemined _
for the whitened diversion, «(t), and the filtered returm, 8(t). The sﬁape of this function
often suggests the shape of the impulse response function which in turm may be compared '
qualitatively to transfer functions for models of kh_owh order and lag such as those illus-
trated in Figure 8. |

The character (MA, AR, étc.) of a time series and its stationarity, or lack thereof, is
often suggested by the appearance of the series autocorrelation and partial autocorrelation
functions. In a like manner, the cross correlation function often suggests something of the
nature of the relationship (the transfer function) between.two time series. Figure 19 shows
the autocorrelation and partiél autoéonelation functions for the 1974 diversion time series'
(unwhitened). It also shows the cross correlation function for the diversion (unwhitened)
and return flow (unfiltered) seﬁes of the same year. Nonstationarity of the di\llers}ion series
is suggested by the fact that both the aut‘ocoifrelatipn and partial autqcorrelation functions
tail off very slowly. The stronger cross correlation ‘coefficients in and around lagt = 20 of
the .cross correlation function indicate an approximate time delay of 37 or 3X20 = 60 days
between irrigation application and significant return flow response. .

The determination of an appropriate ARIMA model

6.9(B)
X(t) = —

) ' - (52)
¢, P(BYV .
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Figure 19. The autocorrelation and partial autocorrelation coefficients for the 1974 diver-
sions, and the cross correlation coefficients between the 1974 diversions and

returns.
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for a nonstationary input series (the first step in wlﬁtening) is facilitated by differencing
the time series and then determining, plotting and inspecting the various correlation coef- ‘
ﬁc;ients from the differenced éeriés. The autocorrelation and partial autocorrelation func-
tions for the differenced (d=1) diversion series are plotted in Figure 20. The autocorrela-
tion function shows a significant autocorrelation only at lag 7 = 1 indicating process station-
arity was achieved by the differencing operation. The abrupt decrease in autocorrelation
coefficient significance after lag 7 = 1 combined wi‘gh the gradual tailing off of the partial
autoconeiatioﬁ function suggests that the apl;ropn'ate ‘A.RIMA input model inclﬁdes a
moving average parameter (q=1) as well as the previously identified differencing parameter
(d=1).

The diversion series was whitened with-the following ARIMA model
. . .
fl(t) = {70318 x(t)
where p=0, d=1, and g=1. Using the diversion whitening parameter ( /1 + 0.51B), the
return flow series was fﬂterea. The cross correlation function for the whitenied diveréion
and the ’ﬁltered return flow series is shown in Figure 21 along with the whitened diversion
series autocorrelation and _partial autocorrelation functions. The plotted cross correlation
h function indicates a significant input and output relationship at iag zero only. Recall that '
the preliminary data analysis indicated a probable time delay between diversion and return )
flow of approximately 61 days. Though a transfer function parametér at iag Zero is reason-
able (owing to probable surface return flows within the 3-day time increment), the Mgh
cross correlation at this lag is probably more Qirectly the result of the return flow compu-
tation procedure. Recall that return flow is com;;uted with the balance eq'uatioﬁ (Equation

(66)) and thus is dependent upon the diversions (measured and eétimatéd duﬁng the same

time increment).
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Figure 20. The autocorrelation and partial autocorrelation coefficients for the 1974 differ-
enced (d = I) diversions.
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Figure 21. The autocorrelation and partial autocorrelation coefficients for the whitened

diversions, and the cross correlation coefficients between the 1974 whitened
diversions and the filtered returns.
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Because of the failure of the whitening and filtering procedure to identify the antici-
pated model (input-output lag on the order of 61 days), an alternative trial and error
identification procedure was employed in subsequent analyses. According to the' literature,
the use of a trial and error procedure is a common necessity because of real world data
pecularities. Although the cross correlation function betweeﬁ the unmodiﬁed input and
output (Figure 19) does not provide reliable evidence of the form of the hﬁptﬂsé res'vponsé
function _(and therefore the order of the transfer function), it does suggest the magnitude
of the lag parameter b. A trial and error procedﬁre, which reﬁed upon this cross correlatién
function indication of b was applied in the following manner:
1. The approximate lag b was determined from the cross correlation function for the -
sample diversion and return (b=17 to 22 in Figure 19);
2. These estimated lagé were incorporated in parsimonioﬁs forms. (orders r, s, p, and .
q < 2) of the transfer function relationship (initial estimates of pertinent §, w, ¢,
and 9 coefficients were provided for BMDP least squares detemﬁnation of .these
coefficients); |
3. Model diagnostics were applied to these various trial models to test for model ‘
adequacyll.
Although theoretically not as efficient or mathematically sound as the whitening and filter-
u ing model identification methods, this trial and error procedure was effective in identifs}ing-‘
trz_msfer function relationships between the diversion series and the return flow series.
Three of the more promising 1974-season transfer function models that were identified by

this procedure are herein described in the following paragraphs.
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First Transfer Function Model

A parsimonious form of the transfer function relationship

wS(B)
8%(B)

Y() = [ X(t)1BP + N(t) (44)

results when r=1 and s=0 in the transfer function éomponent and When the noise N(t) is an
autoregressive series with p=1 and q=0. The transfer function model then becomes

. , . ,
X@t)]BP + At) (68)

Y() =
® [1‘—61B 1-¢,B

Using this model and varying lag b from 17 to 22, the BMDP algorithm produced least
squares estimates of the coefficients wy,, 8, , and ¢, for each assumed lag. Within.the con-
straints dictated by these lag and order assumptioris, the model

0.130 At)
Y(t) = [—— B1& + 2l
(t), 07548 X 1-0.584B .

(69)
resulted in a minimum residual series variance. Table 4 lists model parameter estimates and
resultant residual series variances (mean square errors) estimates for three different assumed

lag parameter values. Also ]isfed are the standard errors of the parameter estimates and the

-associated t-ratios (parameter estimate/standard error) under the assumption that residuals

are normally distributed. The parameters are all significant at the 95% level of confidence
as indicated by t-ratios (t0_05’40~ 2 for two-tailed fable).

The residual series, which is obtained by subtracting the predicted returns, y(t), from

the measured returns, y(t),

a(t) = y(t) - y(@t)
consists of 44 observations. The smalier residual series size results frdm the fact that the.

first predicted return is produced when t =19 si"ncé
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Table 4. Parameter Estimates of the w, §,, and ¢, Coefficients at Various Lags (ﬁrst :
model—Equation (68)). The Degrees of Freedom » = N-r-2s-b-2p-g-1.

Model Parameter Standard Degrees Mean Square
Parameter Estimate Error T-Ratio Freedom . Error
$1 0.5911 0.1280 - 4.62 '
Wi 0.1003 . 0.0546 1.84
5, 0.8081 0.1022 7.91
41 12,873
o4 0.5841 0.1392 4.20 :
Wi 0.1299 0.0632 2.06
8, 0.7540 0.1178 6.40 H .
' 40 . "12,619
o4 0.5881 0.1421 4.14
Wiy 0.1502 0.0705 2,13
5, 0.7155 0.1318 543 : ’ 4
. 39 - 13,111

x(t) B'® = x(t-18) = x(19-18) = x(1)

and x(1) is the first observed diversion. The number of observations in the ;esidual s'erie.s is
thus 62-18=44 (the 1974 seasdp had 62 observations).‘ln general, the first predicted return -
is produée& vs}ll-eﬁ_t =~b+s+i-. ~Ré—call —that b=1 8mand_s;0 1n .this- model. _' :

The first 12 autocorrelation and partiai autocorrelation coefficients for the residual
series are shown in Figure 22 along with the first 25 cross correlation coefficients for the
diversion series and the residual series. Each of the correlation coefficient plots indicates a i
bounding tolerance band. The toleranée .bands represenf the plué and minus two standard'
error line and thus delineaté the ‘“t-like™ statistic (reca]l_ Equations (60), (61), <(62), and‘ )
(63)). Correlation coefficients t.hat extend beyond these bands iﬁdicatc a significant depen-
dence in the residual series structure and an inadequacy in the modgel (si_gniﬁcance'm thg
“tlike” statistic). | |

Significant correlations are apparent on the partial autocorrelation coefficient plot at
lag two and on the cross correlation coefficient plot at lag zero. Recall from an earlier

section that a significant cross correlation coefficient generally indicates inadequacy in the
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Figure 22. The autocorrelation and partial autocorrelation coefficients for the residual

series, and the cross correlation coefficients between the diversion and residual
series (first model form Equation (69)).
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transfer function component of Equation (44). In _addition, the somewhat slower decay of
the residual partial autocorrelation function (when compared to the autocorrelation func-
tion) suggests a possible moving average MA(1) component in the residua;ls ‘and hence an

inadequacy in the noise component. The high lag zero cross correlation coefﬂcient'(ﬁ r =
e . o . . R . P 5 xa

0.373) suggests the need for an additional coefficient QT = w, in the transfer function.
The possible model inadequacy can be further checked with the previously described
“portmanteau” statistic. The “portmanteau’’ statistic for the first 12 autocorrelation coef-

ficients of the residuals is

' K 12
Q =n Zz ﬁjz =43 I ﬁjz = 1247
j=1 j=1

where the number of effective observations n = N-d-b-s-p = 62-18-0-1 = 43, The chi-sciuare
values for v = K-p-q = 12-1-0= 11 degrees of fi*eedom anda =5% (X?OS 11)is 19.7. Since
Q < x?, the model is not judged iﬁadequate. The “portmanteau” statistic for the first 25

cross correlation coefficients is

M 25 :
S=n = 5j2 =43 ﬁj2 = 17.50
j=0 ) Xa j=1 Xa

where the number of effective observations is again 43. The chi-square yahie forv =M-r-s =
25-1-0 =24 and @ = 5% (xf05,2'4-) is 36.4. Since S < x’»;' the model,.is not judged inade-
quate. ' h

| Although the previous model is adequate in .tefms of the “ﬁortmantéau” test, fhe
model is not adequate in terms of the ““t-like” statistic (as delineated by the tolerance bandé
in Figure 22). The correlation coefficients indicated the 'possible need for a moving average
parameter in the noise component a._nd lag zero, w,, coefficient in the transfer function

component,
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Second Transfer Function Model

A second parsimornious form of the transfer function relationship -

w5(B)
8 1(B)

Y({t) = [“=— X(OIB® + N BN

results when =1 and s=0 for the transfer function component and when the noise N(t) is
a moving average series with p=0 and g=1. The transfer function model then becomes

wpX(t)
1-5,B

Y(t) = [ 1B® + (1-0,B) A(Y) | )

Using this model and varying l'ag b from 17 and 22, the BMDP algorithm produced leasti
- squares estimates of the coefficients wy,, 8, 84 for each lgg. Within the_ constraints’ dic-
tated by these assumptions, the model

YQt) = [%};%)]B” + (1+0.778B)A) (1) -

resulted in the minimum residual series variance. Table 5 lists residual series van'aﬁces
(mean square errors) and the parameter estimates for threg‘differe'nt assﬁmed lag parameter
values. Note that the residual series variance is lesé than thét of v.thev first model‘ inciicating '
an improved model. Also listed are the standard errors of the _paramefcer esti;nates and the
associated t-ratios. The parameteli's are all significant at the 95% level of confidence as indi-
cated by their t-ratios. |

The first 12 éutocorrelation apd partial autocorrelation coefficients (and tolerance
bands) for the residual series are shdwn in Figure 23 gloné with the ﬁ_rs_t 25 cr'o_ss correla-
tion coefficients (and tolerance bands) for the diversion serieé and the residual series. No
significant residual series correlations (‘‘t-like” statistic) are apparent on either the autocor- . "
relation or partial autoconélatioﬁ coefficient plot indicating the noise component 6f the

model is adequate. This absence of significant correlation coefficients represents an
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Figure 23. The autocorrelation and partial autocorrelation coefficients for the residual
series, and the cross correlation coefficients between the diversion and residual
series (second model form Equation (71)).
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Table 5. Parameter Estimates of the wy, §,, and 6; Coefficients at Various Lags (second
model—Equation (70))..The Degrees of Freedom v = N-r-2s-b-2p-g-1.

Model Parameter Standard Degrees Mean Square
Parameter Estimate Error T-Ratio Freedom Error
0, -0.7233 0.0927 -7.80
wiq 0.1080 0.0438 2.46
5, 0.7964 0.0813 9.80 ° :
42 ‘ 10,834 '
6, -0.7775 0.0927 ~-8.39
wis . 0.1344 0.0523 2.57
5, 0.7489 0.0965 . 1.6
. 41 ,10,081
0, -0.7477 0.0952 ~7.86 o .
Wio - 0.1457 0.0567 - 2.57
8,1 0.7270 0.1053 6.91

40 10,638 .

improvement over the first model. A significant residual cross correlation (4o, = 0.356)
persists at lag zero, and the possible need for an additional coefficient W, = wp in the
transfer function remains.
The “portmanteau” statistic for the first 12 autocorrelation coefficients of the resid-
uals is
12
Q=44 = ﬁj2 = 5.10
i=1
where the number of effective observations is 44. The chi-square value forv =11 and a =
5% (x 205 11)+is 19:7. Since S < x 2, the model is not judged inadequate. The “portman-
teau” statistic for the first 25 cross correlation coefficients is .
, 25
S=44 2z
=0

= 20.68

»-2
¥ e
where the number of effective observations is again 44. The chi-square value for » = 24 and

a=5% (X_205 24) is 36.4. Since S < x 2, the model is not judged inadequate.
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Although the reduced mean square error suggests that the second model form is a sub-
stantial improvement over the second model, the possible need for a lag zero transfer func-
tion parameter remains. This lag parameter is incorporated in the final model which is

described below.

Third Transfer Function Model

A parsimonious form of the transfer function relationship

w%(B)

X(1)1BP + N(t) (44)
51(B)

Y®) = [

results when r=1 and s=1 for the transfer function component and when the noise com-
ponent N(t) is a moving average seﬁes with p=0 and g=1. The transfer function model then
becomes

Wo +w Bb
YU) = [———= 1X@® + (1-6;,B)A®) . (72)
' 1-6 1 B ' .
Using this model and varyihg lag b from 17 to 22, the BMDP algorithm produced least
squares estimates of the coefficients w,, wy,, 8, and §, for each lag. Within the constraints

dictated by these assumptions, the model

£0.029 +0.124B'® ' o
Y(t) = [ 1_2722]3 1X@®) + (1+0T72B)A®) . (73)

resulted in a minimum residual series variance. Table 6 lists residual series variances (mean
square errors) and the parameter estimates for three different assumed‘lag parameter values.
Note that the residual series variance is only slightly less than that of the second model. .
Also listed are the standard errors of the para?rieter estimates and the associated f—ratios.
All the parameters except w, are significant at the 95% level of confidence as indicated by

their t-ratios.
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Table 6. Parameter Estimates of the w, §,, and ¢, Coefficients at Various Lags (third
model—Equation (72)). The Degrees of Freedom v = N-r-s-b-2p-g-1.

Model Parameter Standard Degrees Mean Square
Parameter Estimate Error T-Ratio Freedom Error
0, -0.7209 0.0935 -7.71
wo 0.0176 0.0169 1.04
w1y 0.0959 0.0490 196
5 0.7898 0.0956 8.26
41 10,752
0, -0.7717 0.0956 -8.07
wo , 0.0294 0.0225 1.31
Wis 0.1236 0.0602 2.05
5, 0.7216 0.1246 5.49
. 40 - 9,783
0, -0.7369 0.0986 -7.48
wo 0.0418 0.0277 1.51
Wis 0.1371 0.659 2.08
8, 0.6769 0.1435 4.72

39 9,951 .

The first 12 autocorrelation and partial autocqrrelation coefficients tand tolerance "
bands) for the résidual series are shown in Figure 24 along with the first 25 cross correla-
tion coefficients (and tolerance. bands) for the diversion series and the residual series. No
significant residuals ~are evident on these plots su‘ggesting that both the noise and transfer
function components are adequately explained by their respective parameters. |

The “portmanteau” statistic for the first 12 autocorrelation coefficients of the resid-
uals is

12
Q=43 Iz p? =456
‘ =l
where the number of effective observations is 43. The chi-square value for v = 11 degrees
of fr_ee,dom and a = 5% (X?OS,II) is 19.7. Sinc;e Q< x2, the model is not judged inade-

quate. The “portmanteéu” statistic for the first 25 cross correlation coefficients is
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Figure 24. The autocorrelation and partial autocorrelation coefficients for the residual
series, and the cross correlation coefficients between the diversion and residual
series (third model form Equation (73)).
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25 :
S =43 = Z)j2 = 10.36
j=1 Xa

where the number of effective observations is again 43. The chi-square value for » =23 and. '

a=5%(x .205 23) is 35.2. Since S < %2, the model is not judged inadequate.

Summary of Identified Models

Ta‘ple 7 sumrﬁarizes each model’s parametérs (and standard errors), residual variance;
and “portmaﬁteau” statistics. This table combined with the residual correlation coefficienf
plots (Figures 23 and 24) provides a basis for comparison of the last two models. A com-‘
pariéoh of the residu;al series diagndstics and the variance, "a2 , for the thfee tra;.rlsfer func-
tjon models (Equations (69), (71), and (73)) suggests that both the se‘conﬂ and third trans-
fer function models (fitted with moving average noise components) ﬁrovide substantially
better fits to the diversion and return data than does the first transfer functibn model
(fitted with an autoregressive noise component). The third model (additionally fitted with
a lag zero transfer function parameter, w,) produced only a slig_ht' further reduction in
residual series variance. It did however reduce the lag Z€TO Cross cérrelation coefficient to
a nonsignificant level. . | | |

The 1974 season estimated return from the second transfer function model is shown
in Figure 25 along with the obseﬁed return (balance equation). This figure also shows the
diversions for that year. Figure 26 shows the same diversion énd return series along With an
estimated return series from the third transfer functional médel.

An improved physical understanding of the diversion-return flow relétionéhip may be
" obtained by altering the form of the selected transfer function model. Fo;r example'the

form of the seasonal model,
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Table 7. A Summary of the Statistics for the Three Model Forms.

Parameter Standard Residual
Model Estimates Error Variance Q S

First 4 = 0.5841 0.1392
wig = 0.1299 0.0632
H 0.7540 0.1178

12,619 12.47 17.50
Second 0i -0.7775 0.0927
oig = 0.1344 0.0523
6, 0.7489 0.0965

10,081 5.10 20.68
Third 0i -0.7717 0.0956
Coo 0.0294 0.0225
®ig = 0.1236 0.0602
Si 0.7216 0.1246

= 9,783 4.56 10.36

Diversions
\ Observed
Retun How

160 days

Figure 25. Diversion series and return series (observed and estimated by second model-
Equation (71)).
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Diversions
Estimoted
Retun How
\  Observed o
Retum How Diversions

180 days

Figure 26. Diversion series and return series (observed and estimated by third model—
Equation (73)).

0.134
Y() = X(1)1B18
1-0.749B
may be modified by performing the division implied in the transfer function component of
the model to obtain the impulse response function weights

0.134B18
1-0.749B

= 0.134B18 + 0.101B19 + 0.075B20 +...

Multiplying by X(t) and carrying out the backstep operation results in a series of X(t)’s
weighted by the impulse response function

0.134B18

X(t)  0.134 X(t-18) + 0.10 X(t-19) + 0.075 X(t-20) + ...
1-0.749B

or more concisely

0.134B18 .
X(t) 0.134 E (0.749)JX(t-18-j)
1-0.749B 0

Figure 27 shows the impulse response function weights that characterize the relationship

between the diversion series and the return flow series. This relationship indicates that the
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return flow responds most strongly to the diversion that is applied 54 days (18 3-day incre-
ments) earlier. The response to earlier inputs diminishes progressively as the decaying

response function indicates.

o1 2 18 19 20 21 22 23 24

Figure 27. The impulse response function for the 1974 irrigation season.

The steady state gain

0.134
1-0.749

0.535

suggests that 53.5 percent of the diversion returns to the stream as seasonal return flow.
For comparison, the percentage of diversions returning was 54.4 within the 1974 irrigation

season (April 21 through October 23).
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SUMMARY AND CONCLUSIONS

The irrigation diversion-return flow system along a reach of the Beaverhead River,
near Dillon, Montana was analyzed utilizing Box and Jenkinsf transfer function methodol-.
ogy. Although the recommended whitening and filtering procedure failed to identify the
nature of the transfer relationship between the diversion and return flow series, an alterna-
tive. trial and error procedure did identify transfer functioﬁ relationships for the 1974 1rr1—
gation season. These relationships are physically quite reasonable. For example, the trans-'
fer function model ' :

_0.134 X(t)
Y® = 1157498

1B'® + (1 +0.778B) A(t) (71)
appears to app;oximate both the timing and the amount of seasonal return flow. The
return flow response of the model is most strongly dependent upon the irrigation diversions

that occur 54 days earlier. The model yields a seasonal return flow volume that is 53.5

percent of the seasonal diversion. Both of these values égreed quite well with the estimates

"of return timing and amount that were based on hydrograph analysis.

Although the study demonstrated the potential of transfer function methodology as a -
tool for return flow quantification, it also showed how that potential is séverely limited by
data inadequacies. Incomplete dischgrge records (diversions and tributaries) necessitate
estimates which in turn impact the transfer function model form. Discharge measurement
errors, if present, are particularly troublesome since in addition to their obvious direct
impact on the model, they impact it in a second indirect way through the computed
returmn ﬂc;w. Measurement errors in inflow, div'ersion,"an(vi outflow are t.ransmitted via the

balance equation to the return flow.
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Transfer function analysig, as with any 's,tatistical methodology, is most meaningful
when a large sample is evaluated. The analysis of only irrigation season returns limits the
sample size consjderably (abc;ut 60 three-day increments at the study site). A return flow
response lag on the order of 18 three-day increments further reduces the effective sample
size in that only 60—18‘ =42 Ivalues are available to establish a cross correlation relation-
ship. In view of this sample size constraint, the bossibih'ty of full year or multi-year analy-
ses should be further investigated. '

Since the quantification of irrigation season return flows by tirﬁe éen’es analysis; or by
any other means, is contingent upon the eﬁstenge of a reliable aﬁd corhplete data base,
consideration should be given to the esfablishment of a hydrologic monitoring program at
a carefully selected site. The data base resulting from several years of éomprehensive moni-
toring of diversions and streamflows at such a site would be an invaluable aid in under-

standing-and quantifying the return flow process via transfer function analysis.
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for 1974 as published by the

The Blaine Gaging Station daily discharge data (cfs)
United States Geological Survey (read from left to right),
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‘based upon the approximation
gnate respectavgl; daily diver-
harges (read from lgft to eight),

18

{cfs) for 1974

T0N

ed total daily diversi .
where DIV, EBr and CC desi
Bench, and Clark Canyon disc

xEB + 7.4xCC
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jversions

-

DIV = INF ¢ OUT

g return, daily d

RET

pon

dail

(cfs) for 1974, based u

gnate respectively

daily inflow, and daily outflow (read from left to right

where RET, DIV, INF, and QUT desi

The estimated total daily return
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(cfs) for 1974, calculated from the sum of the
ail Deer daily discharges (reod from left to right).

Rattlesnake a

The estimated total dai

Barrettse,
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pproximation
gnate respectively the

harges (read from left to right).

L1

-

where OUT, BLAo, EB, and (C desi

0.2CC

otal daily outflow (cfs) for 1974, calculated from the a3
o East Benchs, and Clark Canyon d

L&EB ¢

mated ¢t
A + 0.5
Blaine

The esti

ouUT = BL
outflowsr
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