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Abstract:
In this work, estimation of a ratio of sensitive characteristics using Warner's randomized response type
of design is investigated. Estimators for the mean of the ratios and its mean squared error is obtained.
An unbiased Hartley-Boss type of ratio estimate is also found along with an unbiased estimate of the
variance of this estimator. The asymptotic distribution of the estimator for the ratio of means is also
obtained. A method of setting confidence intervals for the ratio of means for the normal case, which is
an application of Fieller's Theorem, is obtained. The usually quite-robust method of setting confidence
intervals using the Jackknife procedure is also given. A Monte-Carlo study was done to investigate the
properties of the various estimators for normal populations and for Chi-Squared populations. 



RATIO ESTIMATION IN RANDOMIZED RESPONSE DESIGNS
by

REIDER SVERRE PETERSON

A thesis submitted to the Graduate Faculty in partial 
fulfillment of the requirements for the degree

. of
DOCTOR OF PHILOSOPHY

in
Mathematics

Approved:

I). S r y o A ,Head5 Major Department

Chairman5 E^kmining Committee

Graduate Dean

MONTANA STATE UNIVERSITY 
Bozeman5 Montana

June5 197^



ACKNOWLEDGEMENT

The author wishes to express his gratitude to his 
thesis advisor. Dr. Kenneth J . Tiahrt, for the guidance and 
the many helpful suggestions made during the preparation of 
this thesis«

The author is also very grateful to Dr. Martin 
Hamilton, who gave willingly of his time to aid. in many areas.

Appreciation is also extended to Professors Dennis 0. 
Blackketter, Rodney T„ Hansen, Richard E. Lund, Franklin S . 
McFeely and Eldon J. Whitesitt for serving on his graduate 
committee.



TABLE OF CONTENTS

CHAPTER PAGE
I. INTRODUCTION .....................................  I

II. RATIO ESTIMATION.............    8
Case I: One sensitive, one nonsensitive

characteristic ...........    8
Case II: Two senstive characteristics .......... 12
Case III: Estimation of the mean ratio ........ 22

III. UNBIASED RATIO TYPE ESTIMATORS ...............'.. 26
IV. FINITE POPULATIONS ..........   42

A

V. ASYMPTOTIC DISTRIBUTION OF R AND CONFIDENCE
. INTERVALS ....................   4$

A

Asymptotic distribution of R .........  49
Confidence Intervals ........................  52
Method I - Normal Case .....................   52
Method II - Jackknife Method .. . .................  57

VI. MONTE-CARLO STUDY ................................ 59
Run Set I - Normal distributions, large sample

sizes ........................................... 63
Run Set II - Normal distributions, small sample

sizes ..................      70
Run Set III - Chi-Squared distributions ........ 74

VII. SUMMARY .......      78
BIBLIOGRAPHY ..............       8l
APPENDIX ..............         83

iv



V

ABSTRACT

In this work, estimation of a ratio of sensitive 
characteristics using .Warner's randomized response type 
of design is investigated. Estimators for the mean of 
the ratios and its mean squared error is obtained. An 
unbiased Hartley-Boss type of ratio estimate is also 
found along with an unbiased estimate of the variance of 
this estimator. The asymptotic distribution of the es­
timator for the ratio of means is also obtained. A 
method of setting confidence intervals for the ratio of 
means for the normal case, which is an application, of 
Fieller1S Theorem,is obtained. The usually quite-robust 
method of setting confidence intervals using the Jack­
knife procedure is also given.. A Monte-Carlo study was 
done to investigate the properties of the various esti­
mators for normal populations and for Chi-Squared popu­
lations .



■ CHAPTER I

INTRODUCTION

Obtaining information about sensitive characteristics 
of a population can be of great importance to such people 
as socialscientists and. to policy makers and. administrators 
of welfare programs. Obtaining unbiased information under 
these conditions is extremely difficult because of the 
propensity for a person to Iie5 especially to an interviewer 
who is probably a complete Stranger5 when asked to reveal 
information about himself which he may consider personal.
One method of combating this reluctance to cooperate with 
an interviewer has been termed "Randomized Response" designs 
Originally proposed by Samuel Warner (1965) [13]3 his design 
and. several of its modifications appear to be quite success­
ful in obtaining information on sensitive characteristics.

Warner1s original design gives ah unbiased estimator 
for the proportion of people who are members of a group 
possessing a sensitive characteristic 5 for example, the 
proportion of women who have had.abortions [ I ]5 or the 
proportion who have driven an automobile while intoxicated, 
et cetera. Warner's design uses a randomizing device to 
determine if the person, being interviewed should respond to



2
the question: "Are you a member, of group A?", or to the 
question: "Are you not a member of group A?" The first
question is asked with a probability of p (not equal to .5) 
and the second with a probability of 1-p. Obviously3 the 
value of p is chosen as large as possible3 but not so large

r

as to lose the confidence of the respondent. Any easy to 
use randomization device may be used such as a spinner 
(marked off into two regions)3 a die or a pair of dice3 et 
cetera. It should be noted that the respondent uses the 
randomization device in complete privacy. In Warner’s 
design the response is either a yes or no3 and the inter­
viewer does not know to which question the person has 
responded.

If the proportion of people who actually lie is quite 
small3 .then the randomized response design is fairly inef­
ficient when compared to asking the sensitive question 
directly [13]. .Therefore3 a number of modifications of
Warner's original design have been made to improve the 
efficiency of the randomized response design.

One attempt at improving efficiency is to incorporate 
an "unrelated question" [10]. In this design, the 
respondent is asked either the sensitive question (with
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probability p) or a question which is unrelated to the 
sensitive question. For instance, the two questions might 
be: "Have you ever driven while intoxicated?" (sensitive),
or "Do you own two automobiles?" (nonsensitive). If the 
proportion of the population that is in the nonsensitive 
group is unknown, two independent samples are needed in . 
order to estimate the proportion in the sensitive group.
An obvious improvement would be to use a question whose pro­
portion of yes (or no) responses is known. One such possi­
bility would be, in the event the randomization device 
chooses the nonsensitive question, to have the respondent 
roll a die and answer the question: "Does the die show a 
number less than or equal to four?" Using this type of 
randomization design, only one sample would have to be taken 
since the moments of the nonsensitive distribution would be 
known.

Other modifications that have been proposed include: 
i) two alternate (nonsehsitive) questions used in con­
junction with a sensitive question [7 ]. In this design, 
one of the nonsensitive questions is asked directly (with 
probability one), and in addition, either the sensitive 
question or the other nonsensitive question is asked, 
depending upon the outcome of the randomization device.,.
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ii) always asking the sensitive question directly, but 
then instructing the respondent to either lie or tell the 
truth depending upon the outcome of a randomization device. 
This type of design is called a contamination design [2 ]. 
ill) multiple responses from each respondent.

Greenberg et.al. [11] showed that the randomized 
response design can be used for obtaining information about 
quantitative as well as qualitative data. They used the 
unrelated, innocuous question type of design, which means 
that two independent samples must be taken in order to 
estimate the parameters of both the' "sensitive distribution" 
and the "nonsensitive distribution,"

Let. p^ and P2 be the probability of selecting the. 
sensitive question in the first and second samples respec­
tively, If Z^ and z2 are the mean responses from the first 
and second samples respectively, then unbiased estimators 
of the sensitive and nonsensitive me a.ns are respectively:.

= (I-P2)^1 - (I-P1)S2
Pl - Pg

Ir = p2gl - Plg2 .
p2 - P1



5
Ia order to maintain the confidence of the respondent, 

the plausible responses to the nonsensitive question should 
be plausible responses to the sensitive question and.vice 
versa.

An improvement in Greenberg’s design would: be to in­
corporate a simple game (randomizing device) as the non­
sensitive question, whose moments are known, and whose 
outcomes could be plausible responses to the sensitive 
question. Again, the advantage is that only one sample 
would have to be taken. This could either decrease the 
cost of running the survey or increase information if both 
samples of the original design were combined into the one 
required for this "improved" design.

In this paper, estimation of a ratio will be considered. 
Suppose that both the numerator and denominator questions, 
that are of interest, are sensitive. ' For instance, we 
might be interested in estimating the ratio of the amount 
spent on gambling to the amount spent on liquor, or the 
ratio of the amount given to charity to the amount spent 
on liquor, et cetera.

The interviewing procedure is to have the respondent 
use a randomization device (in private) to determine to 
which question, the sensitive or the innocuous, nonsensitive
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question, he should respond for the numerator, and then give 
the responsee The same respondent then uses the random­
ization device again to determine which question, sensitive 
or nonsensitive, he should respond to for the denominator. 
Therefore, each respondent will give two responses, one for 
the numerator and one for the denominator, and these will be 
recorded by the interviewer.

In this paper the technique discussed previously will 
be used,, That is, distributions whose moments are known will 
be used for the nonsensitive questions in the numerator and 
denominator.

As an example of this technique, suppose we want to 
estimate the ratio of gambling expenditure to liquor ex­
penditure per household per year. The randomization device 
that will be considered here is a simple child's spinner.
This type of device has two advantages. First, it is easy 
for the respondent to operate, and secondly, the areas are 
easy to mark so that the probability of asking the.sensitive 
question can be made to have virtually any desired value.
The circle under the spinner is then marked off into two 
regions, say A^ and A^, for the numerator and Ag and Ag 
for the denominator. (It,might simplify the procedure if a
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second one were used for the denominator.) If the spinner 
then stops in.region the respondent is supposed to 
answer the sensitive question: '"How much did you spend on 
gambling last year?" And if the spinner stops in A^5 the 
respondent is supposed to answer the nonsensitive question. 
One simple possibility for the nonsensitive part would be to 
have another spinner marked so that the values obtained from 
it would be plausible responses to the sensitive question. 
Continuing with the example, suppose it is estimated that 
the range of the amount spent on gambling is from $0 to 
$1000. Then the spinner to be used for the nonsensitive 
question could be constructed so that the numbers from 0 
to 1000 were laid out uniformly around the circle. Then the 
mean of this (uniform) distribution is 500 and its standard 
deviation i s 1000)^/12*= 288.67. A similar device can be 
constructed for the nonsensitive question in the denominator.



CHAPTER II

RATIO ESTIMATION

Case I: Numerator is a sensitive characteristic3 the
denominator is nonsensitive. As an example, we might be 
interested in determining the ratio of the amount spent on 
gambling to the amount spent on rent per time interval. Or 
possibly, the amount spent on gambling is our primary con­
cern and. we are using the amount spent on rent as a con- 
commitant variable. The interviewing procedure is to have 
each respondent use the.randomization device (in private) 
to determine which question to respond to in the numerator. 
The question in the denominator is asked of each respondent 
directly.

The notation which is required in the development of 
this ratio estimation procedure follows. Let 

n = sample■size 5
p = probability that the sensitive question, x^, is 

selected by the randomization device to be 
answered by the respondent in the numerator; 

x-^ = real value of the sensitive characteristic for 
respondent i;
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= response from individual i for the numeratorj

X21 = response from individual i for the denominator;
f^(X^) = probability density function associated with 

the sensitive question (numerator);
Ef (X1) = Î 1 = population mean for the sensitive

question;
S1 (Y) = probability density function associated with 

■ the unrelated question (distribution);
Eg (Y) = chosen to be approximately equal to ^1;

f2 (X2) = probability density function associated with 
the nonsensitive question, (this question is 
thus asked directly of a respondent);

Ef2 (Xg) = C a ­

using this notation, the probability density function 
for each response, Z, in the numerator of the sample is 
obtained from the randomized selection procedure:

Tf(Z) = p f1(X1) + (I-P)S1(Y).

Then
IXz = EO(Z) ]

= p E. (X1) + (l-p)E (Y)
1I x 6I

= P IX1 + (l-p)|Xy.



10
Hence3

And. since Z^3 the numerator sample response mean3 is an
A

■ unbiased estimate of Pz 3 = [Z - (l-p)p.Y ]/p is an

unbiased estimate of
For the nonsensitive question,, we have that = ^23 

the sample mean of the response from the nonsensitive 
question, is an unbiased estimate of .

Hence3 a ratio estimate of R = ir̂ /iXg is given by .
A A A  w
R = P1Zir2 = [Z' - (l-p)pY ]/p X2 .

To investigate the bias of this estimator, consider:
A A A

R - R =  (P1Zp 2) - (P1Zp 2)

Z + (p -i )p y  Pg + (p-l)pY 
P X2 P P2

If the sample size' is large, X2 should, be close to |_i2, and 
this would imply R - R = (Z - pz )Zp P2 and E(R - R) = 0 .

A _Thus R is unbiased for R when it is assumed that X2 = |_i2 .
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The variance of the estimator R is:

2Var(R) = E(R - R)'

E I - " 2V  Erl
I-Ig

f I-Iy
X.

Again3 assuming that is close to it follows that

Var(R) & E I (2 
9 Hg

ITz
IX2

E(Z - Hz)2/p^2

I= - T ?  Var(Z)
P H g

2 2—2which could he estimated by Var(R) = s^/n p Xg 3 where
2 2 Ti ' 2Sg is the usual sample variance, i.e.3 Sg = 2^^(Z^-Z) /n-l3

for an infinite population. This estimate would be unbiased 
if Ix2 is known.

In ratio estimation where the numerator is a sensitive 
characteristic and the denominator is nonsensitive3 a biased 
estimator is obtained. This estimate is unbiased if the 
sample in the denominator is close to the true population 
mean. In this case, the variance of the ratio estimator 
may also be estimated without bias.
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Case II: Both numerator and denominator are sensitive.

Each respondent is asked to use the randomization device to 
determine if he will answer the sensitive question in the , 
numerator or pick a number from a known distribution (which 
closely approximates the distribution of the sensitive 
question)5 and he will complete a similar procedure for the 
denominator response.

■ The notation used for this case is similar to that for 
Case I:

n = sample size;
p^ = the probability that the sensitive question will 

be chosen by the randomization device for the 
numerator response;

P2 = the probability that the sensitive question will 
be chosen by the randomization device for the 
denominator response.

= response from individual i for the numerator;
Z2^ = response from individual i for the denominator;
X = actual value for the sensitive question in the 

numerator for individual i;
Xgi = actual value for the sensitive question in the 

denominator for individual i;
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Fi (X1) = probability density function' associated with 

the sensitive question in the numerator; 
F2 (X2 ) = probability density function associated with 

the sensitive question in the denominator; 
gl(Yi) = probability density function associated with 

the "unrelated" question in the numerator;
= probability density function associated with 

the "unrelated" question in the denominator;

1Y 1 (xI) = Ij-I5

Efg(xS) = lJ-25

e S1(y I) -

' Bgg(Y2) = 11Y2-
The probability density function for the response, in the 
numerator is:

^1^1^ =: -̂ l ^1^1^ + Sq(^1) 3
and for the denominator,

i/2^2^ = ^2 ^2^2^ (̂ ‘“^ 2 ^ 2 ^ 2  ̂°
Then,

^Z- (Z1)] - P1I-Lq + (I-Pq)I-Ly ^



So,
= = Pgl-Lg + (I-Pg)M-Y25

M-Y ~ [P-ĝ - (4—Py )M'y -̂)///P[1_5 

M-g = CM-Z2 - (l-Pg)M-y ]/Pg.
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Therefore, the ratio, R = M-̂ /M-gs of the means of the two 
sensitive characteristics is

• M- (M-2 “ (1-Py )M-y )Pg

1̂ 2 ^ Z 2 " (1^P g ^ Y 2 p̂I

Using the unbiased estimators and Z2 for \î  and jig
■ I 2

respectively, unbiased estimators for and |r2 are:

M-̂  = C^y - (p “P y Îj'Y^^/̂p 15
A __

M-g — [Z2 — (I-Pg)M-Y -Iŷ Pg*2
And the estimator of the ratio, R, is:

a Mn Pp(Z1 — (l“P-| )M-Y R = _± = ^ -l 1I
M-g P1 (zg “ (I-Pg)M-Yr
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To obtain approximate values for the expected value of 

the estimator R and also to find MSE(R)j the mean squared
A

error of R 5 it will be useful to introduce some notation 
that will make the derivations less complicated. • Let

2Ii “ liZ1 + sIl. 30 that Z1 = 5  sI=I zIi = + sI3

Z2i = %  + s£i 30 Z2 = i s"=1 Z21 = + e"2.

Then5
= B(eg) = 0

and
E(e^) = Var(Z1) =Ct 2 = aZ

2I 1

E(eg) = Var(Zg) = cr2 = /n3
Zg 2

E(S1Sg) = E[(Z1 - = Cov(Z15Zg)

= Cov(Z15Z2)Zn = 3Z1Z2Zn

Also5 let E1 = !/P1Ir1 and kg l/Pg|Tg .

Now5 to find the bias of the estimator R 5 consider5

E(R) = E
(^i - (I-P1)(Ty^)ZPq

(Zg - (l-Pg)|Ty^)/Pg
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M-Z1 " (I-Pi)W-Y1 +J-___________J-
W-Zg - (I-Pg)M-Yg -+ e2

Since [I17 (I-P^)M-Y ̂ P1M̂i + (I-P1)M-Y - (I-P1)M-Y

P1M-Jl for i = I or 2,

E(R) PjM-j + eI 
PgM-2 + Eg

PjM-I
P2^g

E 1 + 6 j/PjM-j
I + e2/p2M, g

R E (I + € -y/P -|J-L Y) (I + OgZPgMg) -I

Since (I + eg/Pg^g)"^ = (I + kgeg)^  is to be expanded in a

power series5
—2 2 2 —  Sg ^ PgM-g• eg

_  P(eg/PgM-g) must be less than one or 
is the quantity Zg - M,% which should be

relatively small, p-g 13 the population mean of the sensi­
tive question and generally will not be close to zero.

—2 2 2Therefore, it is a reasonable assumption that ig < P2M2 *

Hence, expanding (I + ^gOg)"1 in a power series,

E(R) = R E  (I + It1E1) (I - kgSg + kgeg - k ^ g  + kg3g °°°)
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=  B. j j L  +  E ( G 1 ) -  k g  E ( g 2 ) -  k ^ k g  E ( G 1G g )

+ kg E(Gg) + E1Eg E(G1Gg) + ... J .

But since E(G1) = E(Gg) = O5 this can be written as:

E(R) = R |jL + kg E(Gg) - E1Eg E(G1G2) + k^kg E(G1G

If the contributions to E(R) of the terms involving ejeg
__ /xand higher powers of Gg are negligible5 then E(R) is 

approximately:
E(R) & R jj + kg E(Gg) - E1Eg Efe^gjj

R J~1 + Eg - klk2 0Z1Z2 ĵ

2 2I + Eg az /n - E1Eg Ug z /n

So that an approximation of E(R) is E1 (R) given by 

E1 (R) = R 2 2 —I
I  “H  kg c j^ ■ k-̂ kg c j 2  ^ /n I

^ 2
Thereforea the bias of R is approximately: 

bias (R) & E(R1) - R

-2 n2"2 aZr
2 2 ””1 E0 Or7 /n - EnE0 Or7 7 /n I."12 "Z1Zg

V

-CXJ CXJ
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Since R i s a  biased estimate of R, the mean squared

/X

error of R will be obtained as follows:
MSE(R) = E (R - R)2 = E ^ 2 - 2RR + R

= E(R2) - 2R E(R) + R2 .

By using E^(R) as an approximation of E(R) and substituting
A A

for R in the first term, MSE(R) can be written as:
2
- 2 R E1 (R) + R2MSE(R) = E

P2(^l ” (l~Pq)^y^) 

Pl(^2 - (^~Pg)^y^)

?2(^l “ (I-Pi )I-lY1^

Pl(^2 (^"Pg^^Yg)

I 2

- 2 R 1 + 1I 0Z2Zn - klk2 0Z1Z / 11 + R

?2(^1 “ (I-Pq)^Y1) 

Pl(^2 - (^-P2)^Yg)

I + 2k2a2 /n - Sk1R2 C ^ z /n (I)

Again5 letting Z± = P z  ̂ + e±, I = I5 S5 the first term in

the above expression can be expanded by essentially dup­
licating the steps in the derivation of E(R) and is
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P2 ^ Z 1 ” + ®l)

pI ^ Z 2 “ (I-PgJpY2 + e2^

PR E
I + cI

P-i H-1^1
I + PoP2^2

2R E (I + k-Le-L)2 (l + k2e2) 2

2-2E(1 + 2k^e^ + k-̂ €̂ ) (I - 2k2£2 + Sk2^2 - 4k2£2_3r3

4-4 ."I" • a o '

-2 2 2by again making the assumption that e2 < P2P g 0 

By expanding this result and assuming that terms of order

G^e| for i + j > 3 are negligible5 and hence retaining the 

first four terms, the first term in (I) is approximately

R2 E I I + 2 (R1G1 - k2e2) + k2e2 + 3k2e2 - ^k^kge^Sg
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recalling that E(e^) = E(i"2 ) = 0»

ZsUpon combining the two terms in (I)5 the MSE(R) can be 
written as

MSE(R) = Rc

- R

1 + kiaz/D + 34az/n - 4kIkStjZ1Z2Zn

I + /n - z /n

R2 |l' + k20g /n + SkgCg /n - ^k^kgCg g /n

I - Sk2C2 /n + Gk^kgCg z /n

#r.kIaZ1 + . k2aZ2 " 2kIkEaZ1Z2
R[
n

2 c
2 '2"  PiP-I

+ Z1Z2
2 2 

PeP1E pIpE11ItlE

An estimator of MSE(R) would be to use the same ex­
pression as above5 but replacing all parameters with esti
matorse Hence

MSE(R) ^ 2 /R /n kisl + kSsI 2kIkS sZ1Z2
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where sr 4 = i  (hi - zi)2 ns zH  - (2Zii)2 /n(n-l)

o2 _ _1_ ynsZ2 “ n-1 ^1=1^21 - Zp)2 ns ZZ - (SZ_)2 /n(nr-l)

= V p 1Ix1 = !/(Z1 - (I-P1)IXy )

A A

kg = l/PgM-g = 1/(Z2 - (I-P2)M-Y )

Z1Z2 n-1 2I=I^zIl “ 2I)(Z2i “

n 2ZliZ2i “ (2Zli)(2Z2i) /n(n-l)

In ratio estimation using the randomized response 
technique where both numerator and denominator characteris­
tics of interest are of a sensitive nature5 the estimator 
that is obtained is biased. Also3 the mean squared error 
of the estimator is an approximation to the true mean 
squared error. Normally this discrepancy is quite small. 
The approximate mean squared error cannot be estimated 
without bias.
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Case III: In cases I and II5 an estimator of

R = M-j/iXgj the ratio of means 5 and its mean square error
were found. In this section, estimation of a different
parameter will be considered. Let rY be the true ratio

•i
of two sensitive characteristics for individual i. Then the 
parameter of interest is the mean of all such ratios. As 
indicated above5 both the numerator and denominator are 
sensitive characteristics.

Since the estimator is going to be the mean of the 
ratios5 the procedure of randomizing the responses will be 
altered somewhat. In this case5 each respondent is asked 
to respond to either: a) both sensitive questions5 one
for the numerator and one for the denominator or b) both 
nonsensitive questions5 one for the numerator and one for 
the denominator. The randomization device is then used to 
determine to which set of questions5 a or b 5 he should re­
spond. .

Assuming that the response in the denominator of the 
ratios will hot be zero, the ratio of the two sensitive or 
the ratio of the two nonsensitive responses can be consid­
ered as being one observation and hence not really a ratio 
estimate at all. For the sake of completeness5 however.
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the derivation of the estimator and its variance will be 
included=

The notation required, is as follows: 
n = sample size;
p = the probability that the sensitive questions will 

. be chosen by the randomization device; 
r„ = response from individual i;

i
rv = actual value of the ratio of the sensitive X±

questions for the ith respondent;
rv = value of the ratio of the non-sensitive questions 
xi

for the ith respondent;
f (r^) = probability density function associated, with 

the sensitive ratio;
g(ry) = probability density function associated with 

the non-sensitive ratio;
then Ef (Ty) = By and Eg (rY ) = Ry= The probability density

function for each response is:
(rz) = pf(rx) + (l-p)g(ry)

giving
By = E (Ty)J = pEf (Ty) + (l~P)Eg(Ty)

= PBy + (I-P)By.
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Hence5 R̂ . = jjRg - (l-p)Byj/p. If we again assume that the 
mean (and variance) of the non-sensitive distribution is 
Rnown5 an estimate of is:

\  = [rz - (1-P)RY]/P

where r^ is the mean of the ratio of responses from the 
sample* .

Zn
The estimator R^ of R^ is unbiased, since 
E(Rs) = E [rz - (I-P)RxZpj = [e (5z) - (l-p)R^j/p

-I {E < p rY + (l-p)rY 1 (I-P)Ry

P-I E < p + (1-p) ^i=iryI) - (I-P)Ey

-I I Ef ( ^  ) + ̂  Ŝ i=l “ (1^ ) rY

-I
n 2I=I rK + 2I=I RY." (1^ ) rY

-I P = R^ + (I-P)Ry  - (I-P)Ry

rX
which completes the proof,

I
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The variance of this estimate is given by:

Var(Rx) = E (R^ - ) r^ — (1—P ) -Ry

- (I-P)Ry - Rg + (l-p)Ry

= ^2 ^(rg - Rz )2 = Var(Fg).
P P

/N

The unbiased estimator of Var(Rx) is 

Var(Rx) • I s2

where Sd is the sample variance of responses, i,
-Z-

2I=I (rZi “ rz ) Zn-1•

- (I-P)Ry 
P



CHAPTER III

UNBIASED RATIO TYPE ESTIMATORS

If the mean of the population of the sensitive ques- 
tion5 Hgj is known in either Case I or II3 then an unbiased 
ratio-type (Hartley-Ross) estimator of h * can be found [8 ]. 
Since this estimator uses the same type of variables as 
defined in Case III3 Chapter II5 the same notation will be 
observed here. Namely3

rZ == 2I^zP ■
and

rZ = H  Si=l (zIi^zSi) = n 2i=l rZ1 "

In order to obtain the unbiased, ratio eStlmate3 con­
sider the following quantity:

= U-Z^ * %  E(ZiZZg)

- Uz^ - E (rz)

But E(rz ) = E(Pg)3 so the above can be written as: 

E [^Z^Z2 " ^Zg/] = uZ1 “ ^Zg E (rz)



- Kr
27;.

(Kv ) ""E(Tr7)
2 L  I

Kz2
Iiz

Rg - E(Pg) 

E(Pg) -_ Rg

Now the quantity in the brackets .in the■expression'above is 
the bias of the estimator Pg, say B(Pg) = '''
Therefore, . '

E rz.(z2 " % ) }  = " 11Z2 *

Or upon solving for the bias, B(Pg):

B(Pz ) •= - K -I r2 (Z2 - K ^ ) ^ ' . (2)

Before preceding further, the following should be
noted:

Cov(rg,Z2) - '2rg.(z2i ” ^2 )
1

- EgBg)n-l  ̂ l

which will now be shown. In the. derivation that follows, 
the range on all summations is from one ton.

Cov(rg.,Z2) = 2 (rZ:- “ Eg) (Z21 - Z2).

~ n-l 2 (rZ±Z21 rZ122 " rZZ2i + % Z2)



28
In-1 _2 Z11 Z2 Srz^ - r 2 Z

In-1 _n Z1 - n rzZ2 - n JzZ2 •

5 & I _Z1 ~ rZZ2̂ [

22H  - Z2 2rZ1

i
n-1 2 (Zlx rZlZ2)
I

n-1 2 CrZ1 * Z2i ™ rZizZ^ •

I
n-1 zrZ1 Cz21 - *) •

21 T iZ 

+ n r^Zg
g '

Another result that is needed is that an unbiased

estimator of E !"̂z (Z2 “ VlZ )"] = I-lZ ” 11Z E (rz) is• 2 I 2
Cov(r^Z^)e TO show this, consider the expected value of 
the following form of Cov(rz ,Z2):

I _n
n-1

i p r

2I=I rZ.^Z2i “ Z2^I

'4=1 Z2i: - g2 ' 4 = 1  rZ1
} ]

2I=I ezU - I e s“-i zSi 4-i K3
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n-X n p..-
1I n E (Z21 + Z22' +  ••• +  z 2n)

I zXl ZX2 . ZX3 r , ZXn+ . Tr  +  R  + . o'. + 77—
Z2X Z22 z23 2n

n-X 'n 11Z1 " n E
Z Z.-1 p Z1 q
(ZXX + zZ7 Z2X + ZTT %2X +

ZXn
+ Z7~ Z2X

+ |ZX2 +

jXn

X
n-X

n-X n \i

zXX z 
Z21- ZS2 + z13 Z23

zxx z •
Zgx %2r

ZX2
l Z22

EZi1 n |_^ ' 1=

+ E 1=X, ?Z
: 1^2
X

1Z1 ' H n HyL ^X

Z 22 + »« • +, Z22.] ■ +'

Z2n + ‘*0 - Z
X,n-X
2 ,n-X

,■ ^n-X
i jI=X 2 n

Ji=2 ^ iZ1 2X'

+ sSi E 1Z1 Z2nV
and since .r^ is independent of Zgj, i ^ X5
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,, I yn
iaZ1 n(n-l) L 1=2 (E Tg ̂ E Zg^) +

•+ S ?=l3 (* rZ. E Z22 ) + ••• + S i:l E % .  E Z2n'
- i^2 • 1 ' 1

I
I1 . n'(n-l) (n-1) E(Fg) p.g + (n-l) E(Fg) y.

+ ... + (n-l) E(Fg) |ig.

I1 n(n-l) n(n-l') Hg E(Fg) 11Z1 " ^Zg E (rZ^ °

which completes the proof.

Using the estimator — j  S ^ 1 rg (Zg1 - Zg) in (2) 3
i

the unbiased, estimator of 
' ^Z-

kZ = K
1I is

r' - Tr7 + I
Z Z (n-l)Hz 2

'1=1 rZ,..(Z21 " Z2̂

rZ +
.n(Zi - Fg Z2)
(n-l)Hz
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Since \±z 

following form:

1̂ /(1 g can be written in the

p2 ~ (1^i)M-Y J- R = --- 1---- ------i-
.. p I ^ lZ0 “ (^-pE ̂ y 0 J'Cl ' C- .

p2 % pZg " (l~pl)^Y^J 

. pI ^ Z 2 “ C1-pE ^ Y 2 ̂ •

% ^ z 2 " C1- P i ) ^
= -------------------—  ,

P1Î2

Therefore, the unbiased estimator of R = Iî Zji2 ls;

' " rZ 11Z0 " C1-Pl)^Y1.Tj = _____ 2_̂ _________ _i
Pf 2

P1^2 rZ ^Z2 + n-1 ( h  ~ ^ 2) " C1- P i ) ^

pI^2
r^ l-ig + Cov(rg,Z2) — (l-P-]_)|-tY

then, since |x2 is assumed to be known, as unbiased estimate 
of is:
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I = rZtiZ2 + n-1 “ rZ^g)

(-l-~Pj)Uy .

1_
Pl

rz p-z + Cov(rz ,Z2) - (I-P1)M-Y 
2 I

Note that M-g is known' since. MLz = P2Li2 + (I-P2)Miy and

both M-o and |_l are known. '
d ■ 1I

The unbiased estimator r f of R is a function of the 
mean of the sample responses Z11Zz21, and of the sample 
covariance. So this is quite a different type of estimator 
than R, which is a function of the sample means of the 
numerator and denominator responses. But since M-2 must 
be known for this estimator, its value lies not with es­
timating the ratio R but with estimating the mean p-y

The exact variance of the estimator ^ 1 is

Var(Ir1) [j,z Var(rz ) + 2 [tz Cov(rz ,C)

+ Var(C) /PI (3)
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where

C = Cov(T^5Zg) = 2I=I ^ rZ. " ^ Z ^ Z2i " Z2)
-A I -

/n-1.

In order to estimate Var(JI^)5 each of the three terms 
in the expression above will be given in a form which will 
allow for estimation.

The first term follows readily since 
Var(r^) = i  Var(r^) which has an unbiased estimate:

'I _/._ . - x  I
sr / n ~ n(n-l) n(n-l) n s r Z1 - (Srz.)2

The second term can be estimated by rewriting it in 
quite a different form as follows:
Cov(Pg5C)
= E [(rz - E(Zz )) (C - E(C))]

(rZ - eZ M  ZFI s CrZ1 - rz) CZ21 "
Cov(Tg5Z2)

rZ " RZ 
n-1

Z(ry - Pg)(Zg^ - Zp) - Cov(rg5Zg)E(rz - Eg)

The last term is zero because E(Pg - Eg) = 0. Therefore5
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Cov(rz5C)

= H T t eOE 1 n s j=l (rZ. Rz )' S1=1. (rz^ - rz )(Z21 - Z2)

n(n-l) E [̂ Si=l (rZ. “ rZ^ (rZ- " ^z) (Z2i - ^2)

+ S1^1 Sjsl (rz - Ez )(rz . " rz)(Z2j “ Z2^j 
i^j 1 . J

By adding and subtracting the parameters R^ in the middle
term and Ii17 in the last term in each summation, letting Z2

arZ1 •= rZ1 - kZ- aZ2i “ Z2± - ^Zg ' a?z = ^ Z - 6Z 

AZ2 = Z2 . - |iz , and expanding the factors in each sum, 

the above can be written as: .

Cov(rz ,C)

n(n-l) e I s ^ Z 1 '" ^ J rZ1 " rZ^ " (rZ " rZ^

(Zpi ~ ^Z.) ~ (%2 "
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. 5-n n •
+ 2I=I 2J=I 

i£j '
(rZ. “ (rZ . - eZ^ “ ( %  "— I J ”

(Z2J “ ^Zg) " (Z2 “ ^Zg)

n(n-l) E < 2i=l (A Tg AZg^ -  (A Tg AZg
I I

- A T g  A rz  AZgi  +' A Tg  ̂ A?g AZg

I \-iii Till+ Zi=I 2J=I ATg ATg A Z g . -  ATg ATg AZg 
_ i J r j

-  ATg ATg AZgj +  ATg ATg AZg
Ji

 ̂2I=I i1n(h-l) ^ 2I=I |E JArz)2 AZ2T] - I J A rZ1) 2T=Ia z Zj-J

H e a pZ1 aZ21 2j=l ArZjJ + ̂  E [JrZi 2J=I ArZj 2K=Ia z Z^

3+ 2T=I 2T=I ( G ^ rZ.) E
i^J '

Arz A zZjl " n E 
— J

ArZ. ArZ. 2k=lAZZk i J

- I en Ar2i AZ2 . s“=1 ArzJj + ^ E  j A r ^  S ^ A r 2j S ^ 1AZ21,3
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The first three terms in the second summation are all zero. 
This is true because at least two of the subscripts i, j or 
k are different from each other, so that when these terms 
are expanded each one is of the form EfArr7 Arr7 AZ0 .)

A  zj 2j
= E(Ar,-7 ̂ )E(Arg A Z ^ ) for i j and the first expectation

has the value zero. Thus5 

Cov(Fg5C)

Now by using the method of moments of bivariate cumulants 
[•4 J5 this expectation can be written as:
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(Arg): AZ, P ' 2 1  - P-20 ^Ol " 2 ^io + 2 ^io ixOl

E(r| z2) - E(r|)E(Z2) - 2 E(PzZ2)E(Fz ) + 2(E rz )2E(Z2)

where = E(rz Z2 ).

Similarly5 the third, term in (3) can he written as

IVar(C) = £
o o Var(Tr7)Var(Z2) 

E(Arz)2(AZ2)2 + — ^
n-1

n-1 Cov (rZ sZ2)

Again using bivariate cumulants^ this can be written as:

Var(C) = i

-'2Hil

^22 “ 2^21^6l + 2lx20^oJ " ^20^02 " 2^lS txIO 

+ “ ^Ui0Uoi + 2Uj.0̂ 02

+ TFT ( ^20 - ^io) (^02 “ IxOl) " n=T ^ll - IxIO^Ol)^

The above could, be expressed, in terms of expectations by 
replacing p,^ with E(r^ Z2).

Upon substituting these terms into (3) j Var (jr̂ )
becomes:
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Var(PL1) = ” ^2 I^Z2 Var(rZ ) + 2 ^  E (Arz )* 2 (AZ2)

+ E [(A^z )2  *(AZ2)2 + Var(rz)Var(Z2) _ Co v2 (Tz jZ2)
n~l n-1

■An unbiased estimator for Var(jl̂ ) can be found using 
bivariate k-statistics [4] which are unbiased estimates 
of the corresponding population Cumulants0 Using the 
results of Goodman and Hartley [8 ] (after correcting for 
typographical errors) J an unbiased estimate of Var(Ji1) is:

-  ^Zn ^2 rZ
+ 2

n-2 C t

(n-1) s2 ' S 2  + (n-3) C2 + (I - ~̂) (n-l)k22
_______ Z ' 2

2n - n - 2

The symbols used in this expression are defined and their
computational forms are given by:

.c2 - I ■ ' yA srz ■ n-1 i=l

2 _ I - ’ n
sZ2 “ n-1 Si=l

(rZ1 " rz) . 

(Zgi - %2)^

n 2 zM^2 Jj. 2 /n(n-l).

(ZZ21)2J z n ( ^ l ) j
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0 ' n-l 2 I=I ^rZ1 rZ ) (Z2i '- Z2)

= Z & [2zIjrZ1 “ 2rZ 22Ij + rz 2Z2i "

I
2 CrZ1 “ rz)(Z2i “ ^2) =

I
c “ H=X . n(ri-l) D

- ( ZZp,)( Zr-. )

and. 

K22 (n-l)(n-2)(n-3)

— (n-l) I £

n(n+l)S22 - 2 (n+1) ^21^01 ^ ®12^"

S20S02 + 2 Sll) + ® sIl3IOsOl + 2 S20S01

■ +'2 S02S10 " I  sIOsOl
Y* 4*where 8 ^  = Z Zgi

The computational form of ^gg is:

k22. =' (n-i)'(n-2y(n-3‘)" | n(n+1) SZlj 

- 2(n+1) (sZgiZli)^Z rz )̂ + (Z Zli^ )  (Z Zgi

CM 
b
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In this chapter, an unbiased ratio-type estimator 
was found for So that in the even&^that ^  khown, ■
this extra information can be used to obtain a better 
estimate - of than is possible with just using information 
about the sensitive characteristic alone. The exact
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variance of the estimator was also found. It should be
noted that since r' = that the exact, variance of
r' was essentially also obtained. Also by using bivariate 
cumulants. and k-statisticSj unbiased estimators of these 
variances were also obtained.



CHAPTER IV

FINITE POPULATIONS

In the previous chapters5 an infinite population size 
has been assumed. In this chapter, the effects on the es­
timators of sampling without replacement from a finite 
population of N elements- will be investigated. The inter­
viewing scheme and notation of Case II will be used here,,
i.e., both numerator and denominator characteristics of 
interest are sensitive.

The only change in notation required is that and 
Xp now have discrete probability distributions and there­
fore will be labeled P^(X1) and P2(X2) respectively. The 
probability density function for the numerator is •

^!.(^l) ^ Pi^i(-̂ i) ."*■ (1-P]_)8q(Y-ĵ) ■ 

and for the denominator

"lIj2.(̂ 2) = 2̂̂ 2. **" (-̂-P g ) (^2^
where g^(Y^) and g2(Y2) are again the probability density 
function^ of the nonsensitive characteristics in the num-■ 
erator and denominator respectively.



I ConsicLer the random variable-

. Z1 pI1Xix I + (1mP1)1YiyI

where .Iv is an indicator variable equal to one if the 
X1 '

sensitive question is selected, zero otherwise, and I '
1I

is one if the honsensitive question is selected, zero 
otherwise. Using, these assumptions, Z1 is a random 
variable which is a mixture,of a discrete and a continuous 
random variable. Hence,

Lt7 = E l(Zl) p Iep (X1)x I + (1_Pl)Eg(Y1)Yl5

where the -first expectation is over the discrete probability 
distribution 1P(X1) and the second over the continuous 
probability density function'S(Y1). Therefore,

%  = Bi 'sL l  X11 Pl(X11)-+' (I-P1)/ Yl6l (Y1)SY1

= P1Lt

which is the same result as when both numerator populations 
were considered to be infinite. Similarly, for the de­
nominator, it may be shown that :■'

I + C1-P1^ Y 15
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M-Z2 = P2^2 + (I-P2)M-Y •

Hence3 as before3

Z1 “ (1-Pi )m-y

■ ^2 = [>z2 " (1^Pa) ̂1Y2"] 2

and
Cf1Z1 ■ (1^Pi)MTfJp2

i %  ~ (1-p2)m-Ys]pi '
Suppose a simple random sample of n observations is 

drawn without replacement from the finite population. Then

= [h - (!-Pl^Y^/Pl

and

^2 = [_̂ 2 "■ (̂ -"P2)4Y2J^ 2-’

where Z1 and Z2 are again sample means for the numerator 
and denominator respectiveIy3 are unbiased estimates of P 1 • 
and p2'. Thus3

R = !P = [Z! " (lrpI)M-Yjpg --

P 2 ” ( ^ " P a W 2JpI



is a biased estimate of the ratio, R„
A

The. derivation of E(R) exactly parallels that for the 
infinite population case and the approximation is.

.45.

.E(R) = R i + 1I  ffI2 - kA Cov(Z11Z2)J

From standard well known results for finite populations with
simple random sampling,

N-nCov(Z^jZg) - Cov(Z15Z2) Ogj 2
1 2

and •
_2 _ N-n. _2aZp ” n(N-i) aZ,

Hence

E(R) &■ R  J I + N-n
n(N-l)

"2
'Z1Z2

2^2 ,P1P2^1M'2
A -

and the MSE(R) would be approximately:

Z2
2 o

A . •R N-n
MSE(R) = ' —  --- .  ̂ + -5-0

• n N-I Vp1U 1 ■ . PgUg
Z1Z2

pIp 2P Iix 2

To obtain.the unbiased ratio-type estimator for 
simple random'sampling in a finite population.
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z:Iilet iw ' =

/ 1 zSi

Now consider:

and rr I vnH sI=I z.

1 sL i  rZ1 Cz2I - % )  = I  sI=I j ^ i z 21 N6 s?--, I —  U
^  ^ 2/

_ I yN- I 2I=I “liz T 1- ■ " Ij-Z2 I N ' 2I=I . z

|-LZ - |i,z ' E(rz ^) if N is large,

But E(ry ) ,= E(r7 ) in simple random sampling, hence

L1Z1 " L1Z2 E(rZ1) “ LJ-Z1 " Lj-Z2 E(rz) “ ̂ Zg('5Z “ E(rz)).5

where Rz = |iz /jxz 
I 2

Thus the bias in rz = E(rz ) - Rz

2I=I rZ1 (Z2i .".L1Z2) (4)

For simple■.random sampling, an unbiased estimate of

N-I 2I=I rZ (Z2i ” Lj-Z0)
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is

' n-l Sl=l rZ1(Z2i " 2S

C T  (2i - % 2s)

) = C T  (2I=I 2Ii " n rZ2Sa

Substituting this into (4), the unbiased estimate of 

rZ is-: ^ N(n-l)|ig " ^ 2 ) °  The correspond­

ing unbiased estimate of the population total of 
(numerator total for the population) is:

H  N ^Zg = ^Z N VjZ2 + n-l \ ^ l  “ *Z*y c

Now since hg = 3 R can be written as:

P2 ̂ EzU2I2 " (I-P1)M-Y1^

pIjj1Z2 " (I-pS)M-Y1 ĵ .

rZ11Z2 " (I-P1)^Y1 

pIm-Z '
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Hence the unbiased estimator of R is:

r * =
rZilZc " C1-pI W 1 

pIilE

rZ^Z_ + N"fBl} (2I " ?ZZ2) "

where =' P2Î 2 +' (I-P2)I-Lŷ ,

Thus the unbiased estimate of the total for.the sensitive 
question in the numerator is:

H1 = r'H2 rZ11Z2 +- N(n-l| CgI “ rZ2E^ C 1^P1)HyJZp1 ,

Most of the results obtained in the infinite popula­
tion case carry over to the finite population case by 
supplying the finite population correction factor in the. 
appropriate places in the estimators„



. ' CHAPTER y

ASYMPTOTIC DISTRIBUTION OF R AND CONFIDENCE INTERVALS

To obtain- the asymptotic distribution of the estimator 
R 5 we need the following =

Theorem ii)5 sec. 6a.S 5 page 387 in Rao [13]:'
"Let Tn be a k-dimensional statistic ■ (t^n5t2n5... ,t^) 

such that the asymptotic distribution of \/n(t^n - 6 5 .
/n(t2n - Sg) 5 . “ 6Ic) is a h-variate normal with 
mean O and dispersion matrix's = (c^j). Let g be a function 
of k variables which is totally differentiable. Then the 
asymptotic distribution of- u = /n ^ n y *e 0 3
- g(el5 Sg5 . ..5- e^fj is normal with mean O and

v(e) S. S. cri 0U  sfj •"

To apply this theorem to the estimator R 5 associate
withtln with Z1 - (I-P1)Ijly  5 S1 with - (I-P1)Py13 

tg with Z2 - (I-P2)IjlY 3 e2 wlth (1^ s ) liY0'0'

Then5

^ ( tIn “ G1) = - (I-P1)Py  -

/n(21 - Ij-Z1,)3

I1Z1 ‘ (I-Pl)I1Y1
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r e2) ^  ̂ 2  ~ "" ~ (I-Pg)^YgJ > »
' .!'

. = ]fn(Z2 - \xz^).

By the multivariate Central Limit Theorem, these variates 
have a limiting distribution which is a bivariate normal 
with 0 means and dispersion matrix given by

Z 0* 17- r̂r 17-Z1A2

0ZnZn aZr'I" 2- 2
A

The function g(t^, t2n) is the estimator R, so that

p2. U^l “ (1^Pl)11Y-,
6 (tIn' tSr? -IJ

• pI p 2  “ (1^Pg)I1Yg

and for the parameters.

g(0l, Sg) =
p2 “ (1^l)I1Y1J  

pI Q 1Zg “ (I-Pg)^YgJ

Henc e,

U = /5 [g(tln, tSn) - Ste1^ e2)]
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- = Zn (R - R)

P2 [,Z1 " (1"‘P i )^y  j |  

P1 [^Z2 " (I-Pg)^Y2 ]

Differentiating g(0^5 02)., with respect to the parameters 
gives .

£2 _______ I .r:   = J=______ :  I___v  
pI ^Z2 " C1 p2^Py2 " pI txZ2 “ (I-Pg)^Y2

P 2
I .

PitJ-1^2
and.

|§_ = |£—  = £2602 6|iz P1
L2]_ “ (I-Pi)U-Y

(U-% “ (I-P1)^y  ) A2 1 1I
P2U-2

Therefore, the asymptotic variance is

v(e) 2 -

■ 2
fci 2 * 4

^ S \ ̂  iL 2 a ^ &
S t  . ziz2 S g I .

2 2
I

2 2
PlP2

. ■ ̂ laZn 2 lxI'aZnZ
+

2 4'
p2^2

1"2
PlP2 - Ix2

(5)



AThus the asymptotic, distribution of u = /n (R - R) is
normal with mean 0 and variance v(g), i.e.fl
Vn(R - R )---^  N(05 v(e))5 where v(.6) is given by (5).

■ n-»co
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Confidence. Intervals For R =

Two methods of setting confidence intervals for the 
ratio of means will be considered:

i) use of Fleller's Theorem [6 ]
and

ii) use- of the Jackknife Technique [12].

Method! (Normal Case). The following is Fieller1S
Theorem.

T1NLet T ̂  MVN(t , F ) where T = I m 
2 \  \ \ &

r =
IaI a12

Vff12 ff2

T = and

. Let S ~ Wishart (k, r ) 3 independent of Tj

where S
si

s 12 s2
. Then 100(1 - a)$ confidence limits

for 9 = Id̂ Zii2 are given by:
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i) G 6 (GL, Su ) if I - g >  0; 

ii) S < 0^ or 0 > 0^ if I - g < O5 6^,'e  ̂are real;
and
■ iii) G e (- <», «>) if the roots G^s Qy are imaginary, 

and I - g < 0, where G^9 Sy, and g are given by

,8L = («12 - «2.) 1/a] / V

9U ■= [«12 + («12 - «1 «2 ) 1/£]/«2> 

g = t2s|/n T2

. and in 0^ and Gjj9

Qn 5I - t2s?/n.¥

Qp = T2 - t2Sg/n,

^12 ^1^2 “ ^

Fieller1S Theorem is based on normal, theory and the 
robustness of the confidence interval developed below is 
investigated by a Monte Carlo study in Chapter TI.

To apply these results to the estimators in R 5 assume 
t h a t ' a n d  Z ^  are normally distributed, i.e.-, that
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(I-E1)M-Y^jZp1' 

(l-p2)p, Zp2^

P 1
P2

ffZiZ2Zpip2

Z1Ti2:

^  /p:

Zp1Pg

The means and variances can be Justified by noting the 
following:

E(Zj1 ) = E [(Zjl - (I-P3)Hy P Z P j]  = (Hz. " (I-Pj)Hy PZPj

p, .5 for I = I or 2,

Var(Zj1) = E- ", 2̂J “ (I-Pj)U-Y,)
U J " 5J S ” (̂ -“P-i )Py  . )■J J

(Z.i “ ^Z,)

Cy Zp v  for J = I or 2,
J J

and

C!ov(Zlj5' Z2i) = E Lpj; (zi - ^-z] ig (z2 - »z2 \
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I

P]P2 Cov(Z-L, Z2)

crZ1Z2^pIPg •

Hence 100(1 - a)fo confidence limits for R = Ia-̂ Zir2 are. given
by: .

0L = [^12 ” (^12 " 1^2J

0U = C^12 + (^12 ” ^1^2) /^2

where1, for
_ t

Ql = 2Ii ■" .
_ I11CM

&

2Si “

Q12  ̂< 1  Z

:2

(Z1 - *2 S z / n] / p l

( z a  -  ( I - P 2) M - Y 2 ) a  -  t 2 B 22Znj/p

(Z1 - (I-P1)M-Y ) (Z2 = (I-P2)M-Y )

-  t  Cov(Z1Z2)Zn P 1P 2

and t is the upper aZ2 value of the student's t distribution 
with n - I degrees of freedom. It should be noted that 0^ 
and 9jj give the 100(1 - a)$ confidence limits only if the.
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2 2 — Iquantity I - t /n Zg = I - g is greater than zero.

2
The.confidence interval considered above has been 

developed, for the case where the sampling is done from 
normal populations. The Jackknife Method is another pro­
cedure of obtaining confidence intervals which has been 
shown to be quite robust; that is, it provides the expected 
confidence levels even when the populations are not normal.
A short outline of the general Jackknife procedure will be 
given first.

A

Let S be the estimator (biased or unbiased) of the.un­
known par am enter 0. The entire sample of size n is divided

A

into r groups each of size k, i.e., n = rk. 0 is then the 
estimate of 0 computed from all n observations. Now let

A0 i = I, 2, ..., r denote the same estimate of 0, but 
computed from all the observations except for the ith group, 
i.e., delete the ith group and compute the estimate of 0 on 
the remaining n-k observations. Then find the "psuedo- 
values" 0^ = r 0 - (r-l)0_^, i = I, 2, ..., r. The Jack­
knife estimate is the mean of the 9 ^ ’s, i.e.,
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A

.e. I' sLi S1 i  Sf=l (r 6 - (r-1) e_i)
A

r 0 £=i ■ vr er • 2lI=I -I

The' Jackknife estimate is useful for biased estimates, 
which ratio estimates invariably are, since it eliminates 
the 1st order bias term, when expanded as a function of 
the sample size, i.e., if E 0 = 0 + a/n + 0(l/n ), then 
E(0j) = 0 + 0(l/n2).

. Method. II. To obtain confidence limits using the Jack­
knife procedure, the variance of the pseudo-values are used 
as an estimate of the variance of the Jackknife estimate of

A '

R. That is, find

sJ = sI=I (®i - e.)2A(r-l)

= [r ' sf=1 5? - (a e1)2J /r(r-l),' .

where 0. are the p suedo-values discussed previously. In 
terms of the parameter R and its estimator R, 0_^ = R_^ is

Athe estimator R but computed from all observations except
'  Athose in the ith group. 0^ = R^ are the pseudo-values, i.e. 

Ri = r R - (r-l)R_i, and 0^ = Rj where Rj = -̂  ■ is



the Jackknife'estimate of R. Then the 100(1 - a)$ confi­
dence limits for the parameter R are given by:

rL = %  “ tCtA 5r~l sJ 

RU = RJ + tCt^ ,r-1 sJ

where tay2 is the upper value of the student's t with 
r-1 degrees of freedom.

This procedure for obtaining confidence intervals using 
the Jackknife technique is straightforward, but computation­
ally lengthy. The robustness of the Jackknife technique 
is also investigated in the Monte Carlo study discussed in 
Chapter 6.
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CHAPTER VI

MONTE-CARLO STUDY

The- Monte-Carlo study was done using a uniform [0,1] 
pseudo-random number generator to indicate which distri­
bution (sensitive or nonsensitive) to sample for each ob­
servation. This procedure was used to simulate as closely 
as possible the real-world situations. The uniform random 
number generator was also used to obtain the observations 
by first generating a uniform number and then using the 
Box-Mueller transformation to obtain a normal deviate.
These numbers were truncated at four standard deviations 
from the mean so that the numbers obtained had no real out­
liers.

There are essentially thirteen types of variables (not 
counting different populations) that could be altered,, mak­
ing the number of different runs that were possible very 
large. An attempt was made to discover what change in the 
parameters, or combination,.of changes, would produce the 
most striking results, whether desirable or undesirable. . 
Since computer time seemed to. be mostly a function of 
r = NJCK, which is the number of times the same estimator 
is computed leaving out k = KJCK' observations at a time.
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most of the runs of the first set (Normal distributions) 
were run at a relatively small value. Note that the total 
sample size is equal to r '• k = NJCK • KJCK0

. The. runs were separated into three groups5 the order in 
this paper being the order in which they were run. Thus by 
observing the results of each set of runs5 hopefully a more 
intelligent design was obtained for the next- set of runs„
The three sets are: Normal distributions ("large" samples),
Normal distributions (small samples), -Chi-Squared distribu- . 
tions. A table of the parameters used for each run is 
given. Only when the parameter was changed was an entry 
made in the table. Hopefully, this will facilitate dis­
cerning which' parameter(s) were altered for each run. A"[.so, 
a table of results is given for each set. Each run consist­
ed of N = 100 samples, each sample being of size r » k =
NJCK • KJCK.

The column headings of the results, are as follows.
The second column is the true ratio of means, R = a
A AR and Rj-, columns three and four, being the estimates of R 
from the entire sample and the Jackknife technique respec­
tively.
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The fifth column is the approximate theoretical mean-

A
squared error of the estimator R; approximate because of • 
•the truncation of the terms in its derivation. The sixth 
column is the mean over the N = 100 samples of the squared

A
deviations of R from the actual value of Rj column seven,

-the mean of the squared deviations of R from the mean of R 
for the N = 100 samples. Column eight is the mean of the

' ' Aestimated mean-squared error of the estimator R. If one
A

were-to actually use R to estimate R, one of these (column
A

eight) would be used as an estimate of MSE(R), so this is 
■one of the columns that should be studied quite closely. 
Column nine is - the same type of quantity as is found in 
column seven, only for the Jackknife estimate, and column 
ten is the counterpart of. column eight, again for the Jack­
knife estimate.

Columns eleven, twelve and thirteen are respectively, 
the confidence coefficient; the fraction (out of the N = 
100).of confidence intervals that bracket R using the Jack­
knife (column twelve) and Fieller1s Theorem (column thir­
teen). The explanation under Fieller1s Theorem for the 
Chi-Squared distributions will be given in that section.



Finally, column fourteen is the real value of the 
mean of the sensitive question in the numerator and the 
mean of the estimates of in column fifteen. Column' six­
teen is the -mean of the squared deviations of the estimate
A
U 1 from the mean of the estimates, and in column seventeen, 
the mean of the variance estimates.

The same starting number (14689) for the random num­
ber generator was used throughout except in run number 
eight of the first set. For large sample sizes, different 
starting numbers should not make much difference, but for 
small sample sizes, the effect could be quite large.
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P A R A M E T E R S  F O R  M O N T E - C A R L O  S T U D Y  N O R M A L  D I S T R I B U T I O N S

HunNo.

X B X PI) 
“ P2 XMNl XMN2 XMN3 XMN4 VNl VN2

’ tjY1 - 0I
VN3 VN4 

’ °2
KJCK « k NJCK- r TDF

■ tO-I 1-0,

I .6 .6 50 50 10 10 4 4 4 4 I 100 1.96 .95
2 I 100 1.645 .90

3 I 200 1.96 .95
4 4 100
5 4 25
6 5 20
7 5 40
8 4 25
9
10 .8

40

11 .6 25

12 .8
13 .9
14 50 20
15 .8
16 .6 60 60 30

17 .8
18 .6 30 16
19 4 16

20 .8
21
22
23
24
25

.6

.8

.6

.8

16

4
16 4

16 4 16

26
27 .8

.6

.8
28 .6 .6 16 36 36 16



M O N T E  C A R L O  S T U D Y  -  N O R M A L  D I S T R I B U T I O N S I  -  a
R u nN o . R I K ,

# § = T -K S E ( R ) rrS-R)2 Z ( R - R ) 2 I C E  R E ( R i R j ) 2N I C E ( R ^ )
I  -  a  N o m i n a l  V a l u e

I  -  a  U s i n g  J a c k k n i f e
U s i n gF i e l l e r ' sT h e o r e m 4 1 : i Z ( ^ 1 ) 2N v ^ 7 )

I 5 5 . 0 1 3 3 5 . 0 0 7 3 . 0 2 8 8 9 . 0 3 1 7 2 . 0 3 2 4 2 . 0 3 0 3 5 . 0 3 2 0 7 . 0 3 0 3 5 . 9 5 . 9 5 . 9 6 5 0 5 0 . 0 7 8 3 . 4 7 7 3 3 . 2 8 5 4
2 5 5 . 0 1 3 3 5 . 0 0 7 3 . 0 2 8 8 9 . 0 3 1 7 2 . 0 3 2 4 2 . 0 3 0 3 5 . 0 3 2 0 7 . 0 3 0 3 5 . 9 0 . 9 2 . 9 2 5 0 5 0 . 0 7 8 3 . 4 7 7 3 3 . 2 8 5 4
3 5 5 . 0 1 6 5 5 . 0 1 3 5 . 0 1 4 4 4 . 0 1 7 0 0 . 0 1 7 4 4 . 0 1 4 9 7 . 0 1 7 3 4 . 0 1 4 9 6 . 9 5 . 9 5 . 9 3 5 0 5 0 . 1 4 0 1 . 8 4 5 3 1 . 6 2 4 c
4 5 5 . 0 0 5 % 5 . 0 0 4 0 . 0 0 7 2 2 . 0 0 9 2 1 . 0 0 9 7 6 . 0 0 7 3 7 . 0 0 9 7 7 . 0 0 7 4 6 . 9 5 •  9 1 . 9 5 5 0 5 0 . 0 4 1 1 . 0 4 4 2 . 8 0 2 5
5 5 5 . 0 1 3 3 5 . 0 0 7 2 . 0 2 8 8 9 . 0 3 1 7 2 . 0 3 2 4 2 . 0 3 0 3 5 . 0 3 2 2 0 . 0 3 0 4 g . 9 5 . 9 5 . 9 6 5 0 5 0 . 0 7 8 3 - 4 7 7 3 3 . 2 e 5 4
6 5 5 . 0 1 3 3 5 . 0 0 7 3 . 0 2 8 8 9 . 0 3 1 7 2 . 0 3 2 4 2 . 0 3 0 3 5 . 0 3 2 1 5 . 0 2 9 8 8 . 9 5 . 9 2 . 9 6 5 0 5 0 . 0 7 8 3 . 4 7 7 3 3 . 2 6 5 4
7 5 5 . 0 1 6 5 5 . 0 1 3 5 . 0 1 4 4 4 . 0 1 7 0 0 . 0 1 7 4 2 . 0 1 4 9 7 . 0 1 7 3 6 . 0 1 4 9 7 . 9 5 . 9 3 . 9 3 5 0 5 0 . 1 4 0 1 . 8 4 9 1 1 . 6 2 3 6
8 5 % . 9 9 6 9 4 . 9 9 1 2 . 0 2 8 8 9 . 0 3 1 3 0 . 0 3 2 1 0 . 0 2 9 0 3 . 0 3 1 9 2 . 0 2 8 6 0 . 9 5 . 9 1 . 9 2 5 0 4 9 . 9 0 8 3 . 4 5 9 0 3 . 1 4 3 1
9 4 4 . 0 0 7 5 4 . 0 0 4 7 . 0 1 8 8 9 . 0 2 9 1 5 . 0 2 0 5 8 . 0 1 8 1 3 . 0 2 0 5 8 . 0 1 7 6 4 . 9 5 . 9 3 . 9 5 4 0 4 0 . 0 6 9 3 . 5 6 5 0 3 . 2 2 1 1

I O 4 4 . 0 0 3 2 3 . 9 9 8 4 . 0 1 8 4 0 . 0 2 4 7 6 . 0 2 5 3 1 . 0 2 1 7 8 . 0 2 5 1 3 . 0 2 1 8 2 . 9 5 . 9 2 . 9 4 4 0 3 9 . 9 7 5 1 . 8 2 7 7 1 . 5 6 7 2
1 1 2 . 5 2 . 5 0 7 4 2 . 5 0 4 7 . 0 0 8 0 6 . 0 5 4 7 9 . 0 5 5 2 5 . 0 5 0 0 5 . 0 5 5 1 2 . 0 4 8 7 7 . 9 5 . 9 3 . 9 5 2 5 2 5 . 0 5 5 6 . 5 1 7 8 5 . 8 0 3 1
1 2 2 . 5 2 . 4 8 8 4 2 . 4 8 5 4 . 0 0 7 5 7 . 0 3 0 0 5 . 0 3 0 1 8 . 0 2 3 2 3 . 0 3 0 1 4 . 0 2 2 6 9 . 9 5 . 9 0 . 9 1 2 5 2 4 . 8 5 0 2 . 9 1 6 9 2 . 2 2 9 6
1 3 2 . 5 2 . 4 9 5 7 2 . 4 9 2 7 . 0 0 7 4 4 . 0 1 6 3 8 . 0 1 6 4 9 . 0 1 4 4 9 . 0 1 6 4 3 . 0 1 4 3 9 . 9 5 . 9 2 . 9 2 2 5 2 4 . 9 1 9 1 . 3 0 9 8 1 . 1 4 2 2
1 4 5 5 . 0 5 0 3 5 . 0 1 0 8 . 0 2 8 8 9 . 1 8 8 5 9 . 1 8 8 0 9 . 2 1 0 7 0 . 1 8 0 3 2 . 2 2 0 3 3 . 9 5 . 9 6 . 9 7 5 0 5 0 . 1 3 2 1 2 . 5 6 2 1 2 . 6 3 0
1 5 5 5 . 0 6 9 0 5 . 0 5 2 9 . 0 1 6 7 4 . 0 7 7 6 9 . 0 7 4 2 0 . 0 8 1 8 2 . 0 7 3 7 4 . 0 8 2 3 3 . 9 5 . 9 6 . 9 8 5 0 5 0 . 6 7 0 1 1 . 0 8 3 1 2 . 4 7 1
1 6 2 2 . 0 0 1 7 1 . 9 9 9 8 . 0 0 0 6 2 . 0 0 3 7 5 . 0 0 3 7 5 . 0 0 3 6 4 . 0 0 3 7 3 . 0 0 3 8 3 . 9 5 . 9 2 . 9 6 6 0 5 9 . 9 9 4 4 . 9 5 0 8 4 . 6 9 4 3
1 7 2 1 . 9 9 5 1 1 . 9 9 4 3 . 0 0 0 4 0 . 0 0 1 2 9 . 0 0 1 2 6 . 0 0 1 4 5 . 0 0 1 2 5 . 0 0 1 5 4 . 9 5 . 9 7 . 9 7 6 0 5 9 . 7 4 6 2 . 4 2 9 3 2 . 7 6 1 9
1 8 2 2 . 0 0 0 8 2 . 0 0 0 5 . 0 0 0 7 6 . 0 0 0 9 1 . 0 0 0 9 0 . 0 0 0 7 8 . 0 0 0 9 0 . 0 0 0 8 1 . 9 5 . 8 8 . 9 3 6 0 6 0 . 0 1 7 . 8 8 7 6 . 7 0 9 7
1 9 2 2 . 0 0 2 5 2 . 0 0 2 2 . 0 0 0 8 3 . 0 0 0 9 0 . 0 0 0 8 8 . 0 0 0 8 6 . 0 0 0 8 9 . 0 0 0 8 7 . 9 5 . 9 3 . 9 5 6 0 6 0 . 0 6 7 . 8 7 6 3 . 7 7 5 3
2 0 2 2 . 0 0 2 2 2 . 0 0 2 0 . 0 0 0 6 2 . 0 0 0 6 8 . 0 0 0 6 6 . 0 0 0 6 3 . 0 0 0 6 5 . 0 0 0 6 4 . 9 5 . 9 3 . 9 6 6 0 6 0 . 0 6 7 . 8 7 6 3 . 7 7 5 3
2 1 2 2 . 0 0 1 8 2 . 0 0 1 0 . 0 0 1 5 1 . 0 0 1 7 1 . 0 0 1 7 1 . 0 0 1 5 3 . 0 0 1 7 0 . 0 0 1 5 4 . 9 5 . 9 5 . 9 5 6 0 6 0 . 0 3 3 1 . 6 4 6 5 1 . 4 0 8 1
2 2 2 2 . 0 0 1 9 2 . 0 0 1 4 . 0 0 1 0 7 . 0 0 1 1 3 . 0 0 1 1 1 . 0 0 1 1 1 . 0 0 1 1 1 . 0 0 1 1 1 . 9 5 . 9 5 . 9 6 6 0 6 0 . 0 5 5 1 . 8 2 3 9 1 . 7 3 1 2
2 3 2 2 . 0 0 2 1 2 . 0 0 1 5 . 0 0 1 3 6 . 0 0 1 5 0 . 0 0 1 4 9 . 0 0 1 4 3 . 0 0 1 4 8 . 0 0 1 4 6 . 9 5 . 9 0 . 9 3 6 0 6 0 . 0 4 6 1 . 4 2 8 7 1 . 3 0 7 6
2 4 2 2 . 0 0 2 9 2 . 0 0 2 1 . 0 0 1 7 3 . 0 0 1 9 4 . 0 0 1 9 3 . 0 0 1 7 3 . 0 0 1 9 3 . 0 0 1 7 7 . 9 5 . 9 2 . 9 4 6 0 6 0 . 0 6 4 1 . 8 4 9 7 1 . 6 1 2 3
2 5 2 2 . 0 0 3 0 2 . 0 0 2 4 . 0 0 1 2 9 . 0 0 1 3 3 . 0 0 1 3 1 . 0 0 1 3 3 . 0 0 1 3 1 . 0 0 1 3 5 . 9 5 . 9 6 . 9 6 6 0 6 0 . 0 8 6 1 . 9 7 5 4 1 . 9 3 5 5
2 6 2 2 . 0 1 0 8 2 . 0 0 3 7 . 0 0 1 7 3 . 0 1 5 3 6 . 0 1 5 3 8 . 0 1 6 9 6 . 0 1 5 1 4 . 0 1 7 5 7 . 9 5 . 9 5 . 9 4 6 0 6 0 . 1 1 0 8 . 8 3 5 9 9 . 4 6 0 9

2 2 . 0 2 2 4 2 . 0 9 1 7 . 0 0 1 1 8 . 0 0 6 6 2 . 0 0 6 1 6 . 0 0 6 8 2 . 0 0 6 1 6 . 0 0 6 8 7 . 9 5 . 9 4 . 9 6 6 0 6 0 . 5 4 3 4 . 5 8 2 7 4 . 9 1 2 6
2 8 2 2 . 0 1 3 8 2 . 0 0 5 9 . 0 0 3 8 3 . 0 1 7 4 3 . 0 1 7 4 0 . 0 1 9 2 4 . 0 1 7 1 3 . 0 1 9 9 1 . 9 5 . 9 6 . 9 5 6 0 6 0 . 1 6 4 1 0 . 1 9 5 1 0 . 6 3 6
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Normal Distributions

In the first set, twenty-eight runs were made with a 
relatively large sample size: greater than or equal to
100. The first eight runs were made with equal numerator 
means (50), equal denominator means (10) and all variances 
equal (4). The purpose of these was to determine if the 
sample size and/or Jackknifing numbers seemed to make a 
significant difference. A confidence coefficient of „95 
was used almost exclusively (in all three sets of runs), 
with an occasional .90 level being tried.

A different starting number for the random number 
generator was used in run number eight (86771)» so.that 
comparing this run with run number five indicates the ef­
fect that the starting number might have. For these two, 
it made a considerable difference: negative rather than
positive bias in estimating R, and a reduction in the 
fraction of confidence intervals that actually bracketed 
R using both the Jackknife and Fieller1s Theorem.

Different Jackknifing numbers did not seem to have 
much effect on reducing the (average) bias, and as a gen­
eral trend, did not seem to reduce the bias very much over 
the regular estimate. Notice also that when the bias was
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negativej in run numbers eight and twelve, the Jackknife 
actually, increased the bias.

In run number eighteen, where the variance of the non­
sensitive distribution in the numerator was- quadrupled, 
the Jackknife estimate fared badly (at least for the par­
ticular. starting number and Jackknifing numbers used) for 
the confidence coefficient.

The means in the denominator were initially so small 
that the variances could not be increased without generat­
ing observations close to zero. This resulted in unreal­
istically large ratios. To overcome this problem, the 
mean in the denominator was increased and the mean in the 
numerator was also increased in order to provide an integer 
value for the theoretical ratio. This change in means 
following the first thirteen runs allowed investigation of 
unequal variances while preserving the invested computer 
time used in obtaining the preliminary results. It is 
reasonable that the relative changes in both the numerator 
and denominator means did not affect the relevant compari- 
s ons.

In runs .eleven through seventeen and again in twenty- 
six, twenty-s even and twenty i-eight,’ there is a big disc rep-
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ancy between the theoretical MSE(R) and all of the other-

A • .indicators of what the MSE(R)-really is. This discrepancy 
ranges from a factor of approximately four to seven. If

A .
the actual value of MSE(R) is really as low as the theor-

A

etical MSE(R) indicates, then one would expect the confi­
dence coefficients to be almost always one, since these

" " " X —  ---- ■ * Aconfidence intervals are set using MSE(R) and MSE(Rj).
Since this is not the case, the conclusion must be that the 
terms not included in the approximation will contribute

Asubstantially to the theoretical MSE(R) for these param­
eter values. This large discrepancy, occurs when the de­
nominator and/or numerator means are very different. If 
the numerator means were not too different (50 versus 4o 
in runs nine and. ten), then the large discrepancy did not 
appear. But when the actual difference is larger (runs 
eleven, twelve and thirteen), then the large discrepancy

A

between the theoretical MSE(R).and its estimates appears. 
The denominator means differed by ten units in runs four­
teen and fifteen which is the same difference as the 
numerator means in runs nine and ten. However, the ten 
unit difference in the denominator is a much larger rel­
ative (to the mean values) difference. Increasing the
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probability of sampling from the distribution(s). of interest 
(the sensitive distribution) did reduce the discrepancy 
somewhat, but they.were still quite large. Increasing the 
variances so that the observations in the numerator and/or 
denominator could overlap, did decrease the discrepancy.
For instance, in run twenty-eight, the factor was only two.

It is also rather interesting that increasing the value 
of P^ and/or Pg does not seem to increase the precision of 
estimation appreciably. As a matter of fact, increasing 
both p^ and Pg from run twenty-six to twenty-seven, de­
creased the precision from 2.0108 to 2.0224. But overall, 
increasing Pg did seem to increase the confidence levels 
(runs sixteen to seventeen, nineteen to twenty, twenty-one 
to twenty-two and twenty-four to twenty-five). In runs 
eleven, twelve and thirteen, where p^ was increased from 
.6 to .8 to .9, the confidence levels decreased from runs 
eleven to twelve and increased a little from twelve to 
thirteen. So it appears that even with a relatively small 
P1 and Pg, say in the neighborhood of .6, that good results 
for confidence intervals are still obtained, even when the 
means and/or variances of the sensitive versus nonsensitive 
distributions.are quite different. Thus it would appear
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that matching the means is a big factor only in terms of 
the respondents assurance that the interviewer cannot 
discern the question by looking at the response, and that 
the value of p^ and p2 would be most important only in 
terms of the sample size that would be required.

It also would appear that the Jackknife is of little 
value if the populations are normal and the sample size is 
large. Generally, Fleller1s Theorem gave better results, 
which should not be surprising, and since the Jackknife is 
rather lengthy computationally when compared with Fieller1s 
Theorem, should probably not be used if the. assumption of 
normal populations can be made.



PARAMETERS FOR MONTE-CARLO STUDY 
NORMAL DISTRIBUTIONS
(Small Sample Sizes)

Run
No.

XPN
= Pl

XPD 
= P2

XMNl XMN2  
= P1

XMN3 
= %

x m n 4

- " Y 1
VN2 

= ffI
VN3 - VN4

- I
;k jc k
= k

NJCK 
= r

TDF
= V 1 1 - a

I ■ .6 .6 ■ 60 6o 20 20 4 4 4 4 i- 20 2.093 .95
2 10 2.262
3 . 8 8 8 8 20 2.093
4 ■ 50 4 4 4 4 10 1 . 8 3 3  . . 9 0

' 5 20
6 10
7 . 3 0
8 6o
9 50

io .8 .8

2 . 0 9 3  .95
2.262

11 20 '2 . 0 9 3  . 9 5



M O N T E  C A R L O  S T U D Y  -  N O R M A L  D I S T R I B U T I O N S  
( S m a l l  S a m p l e  S i z e s )

R u nN o . ■ r  f %
A p p r o x .  T h e o r . M S E ( B ) E ( R - R ) 2N E ( R - B ) 2N M S E  R

E ( R 5 R j ) 2
N M S E ( R j ) a b C 4 l t l I

Z ( H 1 - U 1 ) 2N V a r ( H 1 )

I 3  3 . 0 1 2 2 3 . 0 0 7 7 . 0 1 3 8 9 . 0 1 1 9 1 . 0 1 1 9 4 . 0 1 5 0 8 . 0 1 1 8 2 . 0 1 5 0 8 . 9 5 . 9 6 . 9 7 6 0 6 0 . 1 6 4 4 . 8 6 6 . 0 6

2 3  3 . 0 1 6 5 3 . 0 0 7 6 . 0 2 7 7 8 . 0 3 1 0 7 . 0 3 1 1 8 . 0 2 9 8 7 . 0 3 0 5 2 . 0 2 9 9 6 •  9 5 . 9 5 . 9 6 6 0 6 0 . 1 5 7 1 2 . 4 4 1 1 . 8 1

3 3  3 . 0 1 9 3 3 . 0 1 0 2 . 0 2 7 7 8 . 0 2 4 0 9 . 0 2 4 0 3 . 0 3 0 6 5 . 0 2 3 5 1 . 0 3 0 6 8 . 9 5 . 9 6 . 9 7 6 0 6 0 . 2 2 6 9 - 8 4 1 2 . 4 2

4 3  3 . 0 2 8 7 3 . 0 1 0 3 . 0 5 5 5 6 . 0 6 3 9 1 . 0 6 3 7 7 . 0 6 2 0 2 . 0 6 1 0 8 . 0 6 2 4 0 . 9 0 . 9 1 . 8 6 6 0 6 0 . 2 2 7 2 5 . 4 4 2 4 . 3 2

5 2 . 5  2 . 5 1 5 8 2 . 5 1 2 1 . 0 1 0 0 7 . 0 1 2 1 4 . 0 1 1 9 7 . 0 1 8 5 4 . 0 1 1 9 1 . 0 1 8 5 3 •  9 5 . 9 9 . 9 9 5 0 5 0 . 2 5 9 5 . 1 9 8 . 0 3
. 0 6 » 1 5 . 4 76 2 . 5  2 . 5 0 7 ' t 2 . 5 0 0 3 . 0 2 0 1 4 . 0 2 9 8 4 . 0 3 0 0 5 . 0 3 6 1 3 . 0 2 9 7 1 . 0 3 6 1 5 . 9 5 . 9 8 . 9 0 5 0 5 0 . 0 2 9 1 2 . 9 0

7 1 . 6 7  1 . 6 6 7 9 1 . 6 5 2 9 . 0 0 4 6 6 . 0 3 0 4 9 . 0 3 0 8 1 . 0 3 4 0 5 . 0 2 9 0 3 . 0 3 4 0 6 - 9 5 . 9 6 . 9 7 5 0 4 9 . 5 0 7 4 0 . 1 1 4 2 . e e

8 2  2 . 0 0 6 6 1 . 9 8 8 2 . 0 0 6 1 7 . 0 3 8 5 2 . 0 3 8 8 5 . 0 3 9 5 5 . 0 3 6 2 7 . 0 3 9 4 0 . 9 5 . 9 4 •  9 7 6 0 5 9 . 5 7 1 4 6 . 6 2 4 6 . 1 5

9 2  2 . 0 1 1 0 1 . 9 9 2 2 . 0 0 6 1 7 . 0 5 0 3 3 . 0 5 0 7 0 . 0 4 8 6 6 . 0 4 7 8 4 . 0 4 8 4 1 •  9 5 . 9 3 . 9 3 6 0 5 9 - 7 1 3 5 1 . 7 3 4 8 . 3 3

1 0 2  1 . 9 9 6 7 1 . 9 8 9 9 . 0 0 3 4 7 . 0 1 6 9 1 . 0 1 7 0 5 . 0 1 7 5 0 . 0 1 6 3 7 . 0 1 7 0 0 . 9 5 . 9 4 - 9 5 6 0 5 9 . 6 5 2 1 6 . 3 1 1 5 . 6 9

1 1 2  2 . 0 0 0 0 1 . 9 9 6 5 . 0 0 1 7 4 . O O 8 9 6 . 0 0 9 0 3 . 0 0 8 7 5 . 0 0 8 7 5 . 0 0 8 9 0 •  9 5 . 9 5 •  9 5 6 0 5 9 . 8 7 3 8 . 8 4 3 . 6 6

C o l u m n  a :  I  -  a  N o m i n a l  V a l u e ;  C o l u m n  t , :  I  -  a  U s i n g  J a c k k n i f e ;  C o l u m n  c :  I  -  a  U s i n g  F i e l l e r ' s  T h e o r e m ;
F r a c t i o n  o f  c o n f i d e n c e  i n t e r v a l s  t h a t  c a n n o t  b e  c o n s t r u c t e d .
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Normal Distributions (small sample sizes)

Since the values of and Pg did not seem to have a. 
large effect on the results on the first set' of runs«, values 
of .6 were used for both p^ and Pg in all runs except the 
last two. True to form, the increase from .6 to .8 does 
not seem to improve the estimation. The Jackknife method 
actually.decreased in precision with a sample size of ten, ■ 
while the regular estimate increased (runs nine and ten).

Again, the method using Fieller1s Theorem did as well 
or better than the Jackknife in almost every case (notable 
exception in run four with I - a = .90), so that again it. 
would be recommended, that this method be used rather than 
the Jackknife.

Using greatly different variances did not affect the 
results in the first run set, so the same variances were 
used throughout. With a small sample size this could 
possibly have a more profound effect than is now suspected.

■ The best results using the Jackknife for other types 
of estimation is. when k = I. So for the small sample sit­
uation, this was the only value tried. Another reason for

I



using k = I for small sample sizes would be that the max­
imum number of degrees of freedom for making inferences 
could be.used.

Again notice the large discrepancy between the theor-A
etical MSE(R) and its estimators in runs seven through 
eleven. In run number seven, the denominator means were 
made different and were so for the remainder of the runs.

The estimate of suffers under a small sample size, ■ 
since the Var(y,̂ ) increases drastically as the sample size 
decreases. This is not true in general of the estimator

A
R.
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PARAMETERS FOR MONTE-CARLO STUDY 
CHI-SQUARED DISTRIBUTIONS

Run
No.

XPN 
= Pl

XPD 
= P2

XMNl 
= Hyi

XMN2 
= N1

XMN3 x m n 4
= N2

VNl
2

VN2
2

= CT1
VN32
= %

v n 4

‘ 4
KJCK 
= K

KJCK 
= r

TDF
= tH-I 1 " a

I . .6 .6 82 82 50 50 326 326 1 9 8 ; 198 1 20 2 . 0 9 3  . 9 5

2 1 50 1 . 9 6

3 2 25 1 . 9 6

4 50 82 50 82 198 3 26 198 326 4 25 1 . 9 6

5 1 20 2 . 0 9 3

6 .8 ■ .8 1 20 .2 . 0 9 3

7 .6 c6 2 50 1 . 9 6

8 1 .100 1.96 - 4r~
9 .8 .8 2 ,50 1 . 9 6

10 .6. .6 83 65 ■ 82 50 656 258 ' 326 198 I 20 2.093
11 I 50 1 . 9 6

12.: 2 ■ 50 1 . 9 6

13 2 100 1.96
14 .8 .8 I 20 2.093
15 I 5 0 ' 1 . 9 6

16 2 50 1 . 9 6

17 .6 .6 ■ 2 5 0 • 1 . 6 4 5 . -.90
18 ' .6 . 6 I 100 1 . 6 4 5 •-.̂0



M O R T B  C A R L O  S T U D Y  -  C H I - S Q U A R E D  D I S T r I R - T I Z 35

t
A p p r o x .  T h e o r . r i r t - R)2 I f E - I l 2 Z ( H j - B j ) 2 I C E ( R j )

F l e l l e r 1 STheorem V m ^ T 1 )S o . R R J f 6 E ( 1 S ) K S M S E  R R a b ' I 1 1 1 1 1  ' " I 1 1 I N
I 1 . 6 » 1 . 6 7 8 » 1 . 6 5 8 0 . 0 * 7 7 0 . 0 * 5 3 3 . 0 * 3 0 8 . 0 5 3 5 8 . 0 * 2 3 9 . 0 5 * 5 * • 9 5 • 9 7 . 3 6 . 1 4 1 . 0 0 8 2 8 3 . 0 5 6 1 1 8 . 5 3 1 * 3 . » 1
2 1 . 6 * 1 . 6 5 8 0 1 . 6 5 0 3 . 0 1 9 0 8 . 0 1 7 8 * . 0 1 7 4 0 . 0 2 0 1 0 . 0 1 7 0 6 . 0 2 0 2 2 - 9 5 . 9 6 C • 9 7 . 9 7 8 2 8 2 . 5 9 * * 8 . 1 8 5 5 . 1 1
3 1 . 6 4 1 . 6 5 8 0 1 . 6 5 0 3 . 0 1 9 0 6 . 0 1 7 5 * . 0 1 7 4 0 . 0 2 0 1 0 . 0 1 7 1 2 . 0 2 0 * 1 . 9 5 . 9 6 C -sr . 9 7 8 2 8 2 . 5 9 4 » 8 . 1 8 5 5 . 1 1
4 1 . 0 0 1 . 0 0 3 7 1 . 0 0 1 * . 0 0 2 2 7 . 0 0 * 8 9 . 0 0 * 9 3 . 0 0 * 4 3 . 0 0 * 8 8 . 0 0 * 6 4 - 9 5 . 9 6 0 ■S3 . 9 3 8 2 8 2 . 1 1 5 3 7 . 7 7 3 3 . 9 2
5 1 . 0 0 1 . 0 1 7 5 1 . 0 0 5 1 . 0 1 1 3 5 . 0 2 3 0 1 . 0 2 2 9 * . 0 2 * 6 5 . 0 2 1 9 * . 0 1 1 5 8 . 9 5 . 9 6 . 6 3 . 1 1 . 9 2 8 2 8 2 . 4 5 6 1 7 3 . 5 9 1 8 2 . 7 *
6 1 . 0 0 1 . 0 1 3 6 1 . 0 0 7 8 . 0 0 6 9 8 . 0 1 2 2 3 . 0 1 2 1 7 . 0 1 1 5 1 . 0 1 1 9 * . 0 1 1 5 8 - 9 5 - 9 * . T C . 2 1 . 9 3 6 2 8 2 . 5 8 5 8 8 . 6 4 8 * . * 6
7 1 . 0 0 1 . 0 0 3 7 1 . 0 0 1 5 . 0 0 2 2 7 . 0 0 * 8 9 . 0 0 * 9 3 . 0 0 4 * 3 . 0 0 * 8 9 . 0 0 * 5 1 •  9 5 - 9 3 C • 9 3 . 9 3 8 2 8 2 . 1 1 5 3 7 - 7 7 3 3 . 9 28 1 . 3 0 1 . 0 0 3 7 1 . 0 0 1 5 . 0 0 2 2 7 . 0 0 * 8 9 . 0 0 * 9 3 . 0 0 4 * 3 . 0 0 * 8 9 . 0 0 * 4 3 - 9 5 . 9 * 0 . 9 3 . 9 3 8 2 8 2 . 1 1 5 3 7 . 7 7 3 3 . 9 2
9 1 . 0 0 1 . 0 0 1 7 1 . 0 0 0 6 . 0 0 1 * 0 . 0 0 2 1 7 . 0 0 2 2 0 . 0 0 2 1 7 . 0 0 2 1 9 . 0 0 2 2 3 - 9 5 . 9 5 C . 9 5 . 9 5 8 2 8 2 . 0 2 5 1 6 . 3 * 1 6 . 1 8

1 0 1 . 3 0 1 . 3 6 2 2 1 . 3 2 0 3 . 0 * 6 5 7 . 0 7 * 8 1 . 0 7 1 6 8 . 0 8 8 * 5 . 0 6 3 9 0 - 0 9 2 9 5 - 9 5 . 9 6 . 9 6 1 . 0 0 6 5 6 6 . 3 6 6 1 5 6 . 5 3 1 9 1 - 3 *
1 1 1 . 3 0 1 . 3 2 1 7 1 . 3 0 6 1 . 0 1 8 6 3 . 0 2 8 3 8 . 0 2 8 2 0 . 0 3 2 3 1 . 0 2 6 6 6 . 0 3 2 8 0 . 9 5 . 9 * . 1 2 .a* . 7 5 6 5 6 5 . 3 8 9 6 9 . 4 9 7 6 . 8 2
1 2 1 . 3 0 1 . 3 1 0 » 1 . 3 0 2 7 . 0 0 9 3 2 . 0 1 6 7 2 . 0 1 6 7 9 - 0 1 5 5 2 . 1 6 * * 2 . 0 1 5 8 8 . 9 5 . 9 5 0 . 9 3 - 9 3 6 5 6 5 . 1 5 8 4 1 . 7 6 3 8 . 1 0
1 3 1 . 3 0 1 . 3 0 7 0 1 . 3 0 3 3 . 0 0 * 6 6 . 0 0 7 2 6 . 0 0 7 3 0 . 0 0 7 5 * . 0 0 7 2 1 . 0 0 7 6 5 - 9 5 . 9 5 C - 9 5 - 9 5 6 5 6 5 . 1 8 3 1 6 . 2 * 1 8 . 7 *
1 4 1 . 3 0 1 . 3 3 9 » 1 . 3 2 2 5 . 0 2 2 3 6 . 0 2 8 7 7 . 0 2 7 5 0 . 0 3 5 2 3 . 0 2 6 7 9 . 0 3 6 2 8 - 9 5 . 9 3 . 0 2 . 9 0 - 9 2 6 5 6 5 - 3 9 3 3 7 . 6 8 3 5 - 3 6
1 5 1 . 3 0 1 . 3 1 3 9 1 . 3 0 7 » . 0 0 8 9 » . 0 1 * 3 1 . 0 1 * 2 7 . 0 1 3 3 7 . 0 1 * 1 1 . 0 1 3 5 1 - 9 5 . 9 3 .CS SC .ge 6 5 6 5 . 3 9 3 3 7 . 6 8 3 5 . 3 6
1 6 1 . 3 0 1 . 3 1 0 0 1 . 3 0 6 9 . 0 0 * 7 2 . 0 0 7 9 2 . 0 0 7 9 0 . 0 0 6 6 1 . 0 0 7 8 6 . 0 0 6 5 9 . 9 5 . 9 3 C . 9 4 . 9 * 6 5 6 5 . 3 5 * 2 0 . 9 * 1 7 . 5 9
1 7 1 . 3 0 1 . 3 1 0 » 1 . 3 0 2 7 . 0 0 9 3 2 . 0 1 6 7 2 . 0 1 6 7 9 . 0 1 5 5 2 . 0 1 6 * * . 0 1 5 8 8 . 9 0 .59 C =9 . 9 9 6 5 6 5 . 1 5 8 * 1 . 7 6 3 8 . 1 0
1 8 1 . 3 0 1 . 3 1 0 » 1 . 3 0 2 9 . 0 0 9 3 2 . 0 1 6 7 2 . 0 1 6 7 9 . 0 1 5 5 2 . 0 1 6 * 5 . 0 1 5 6 2 - 9 0 . 8 7 0 - 5 9 . 8 9 6 5 6 5 . 1 5 8 » 1 . 7 6 3 8 . 1 0

C o l u m n  a :  I  -  a  S o m l n a l  V a l u e ;  C o l u a i n  b :  I  -  a  U e U a g  J a c k k n i f e ;  C o l t s a a  I :  f r a c t i o n  o f  c o n f i d e n c e  I n t e r v a l s  t h a t  c a n n o t  b e  c o n s t r u c t e d ;
C o l m m  1 1 :  a c t u a l  f r a c t i o n  o f  c o n f i d e n c e  I n t e r v a l s  t h a t  b r a c k e t  t h e  m e a n ;  C o l m m  1 1 1 :  f r a c t i o n  o f  c o n f i d e n c e  i n t e r v a l s  t h a t  c a n  b e  c o n s t r u c t e dw h i c h  d o  b r a c k e t  t h e  m e a n .
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Chi-Squared Distributions

In order to .study the effects of. having non-symmetric ■ 
.distributions, normal deviates were obtained and then trans­
formed to a Chi-Squared distribution by adding three to each 
normal random number and then squaring the result [15]. ;

The three columns under Fielder’s Theorem in the re­
sults are: i) The fraction (out of the 100) samples that
could not be constructed using Fielder’s Theorem because of 
the quantity I - g being less than zero. Tt would be ex­
pected that, this fraction is quite large, especially for 
small samples because of the non-normality of the distri­
butions; however, this was not the case in run fourteen, 
ii) The fraction of confidence intervals out of the total 
of 100 that actually did bracket the true,ratio, iii) The 
proportion of the confidence intervals that could be con­
structed that actually did bracket the ratio.

Both large and small sample sizes were tried with 
various values of the Jackknifing constants, r and k. In 
runs two and three, where the sample size was 100, letting 
k = I or 2 did not make any difference on the indicated 
confidence level, which was .98' for both. It appears that 
the use of the Jackknife method is a must for small sample
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sizes, at least for these types of distributions. The con­
fidence intervals based on Fieller1s Theorem became better 
as the sample size increased, but had a larger indicated 
confidence.level than the Jackknife only twice out of the ' 
eighteen runs =

The discrepancy between the approximate theoretical
A

MSE(R) and its various estimates again became greater when 
the means were different. However, this discrepancy never 
did become nearly as large as for the first two sets of 
runs, possibly because the variances were always kept at 
quite large values.

Again the estimation of suffered under small sample 
sizes by having a large variance. The exception was run 
fourteen where the probabilities of sampling from the sen­
sitive distributions were increased, to =8 in both the num­
erator and. denominator.

Overall, the most striking characteristic of this set 
of runs was the good performance of the Jackknife technique 
in constructing confidence intervals.



CHAPTER VII

SUMMARY

Since Warner's original paper in 1965 on the idea of 
randomizing responses from individuals so as to obtain a 
more unbiased estimate of sensitive characteristics, many 
improvements and variations have been proposed. The results 
given in this paper are an application of the randomized 
response technique when it is desired to either estimate 
the ratio of two sensitive characteristics or to use a 
concomitant variable to aid in the estimation of one sen­
sitive characteristic.

Like most other estimators of a ratio, the estimator 
developed here is biased, and the estimate of its mean 
squared error is also biased. But if the denominator means 
are known, an unbiased ratio-type estimator of the mean of 
the numerator sensitive characteristic can be found. This 
unbiased ratio-type estimator has an exact variance which 
also has an unbiased estimator.

Two' different methods of setting confidence intervals' 
for the ratio of the population means were discussed. Based 
on the Monte-Carlo study, the method of setting confidence 
intervals which is based on Fieller1s Theorem works, very 
well for normal populations, as was expected, since Fieller's
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results were derived using normal theory. The method using -' 
the Jackknife procedure also 'worked quite well in the nor- 
mal case, but the computations involved are more lengthy. 
Utilization of high-speed electronic computers, however, can 
overcome this factor. When the populations were non-normal, 
Chi-Squared distributions and the sample size was relatively 
small, the method of setting confidence intervals using the . 
Jackknife techniques was far superior. However, if the ■ 
sample size is increased, the method based on Fieller's 
Theorem appears to approach that of the Jackknife.

Also, having large values for p^ and p2 did not make as 
much noticeable difference as would be suspected. Therefore, 
the randomized response type of design is worthwhile because 
the probabilities of choosing the sensitive question can be 
in the neighborhood’of .6,which should be small enough to 
ensure the confidentiality of the'response and hence to 
maintain the truthfulness of the respondent.

As with most Monte-Carlo studies, there is almost an 
unlimited number of combinations of parameters and distri­
butions that could be tried, but since computer and/or 
researchers time is limited, the study must be terminated 
at. some point. If. the Monte-Carlo study could ,be continued.



. 8o
one of the more interesting possibilities for further in­
vestigation would be the mixture of distributions. Such 
possibilities would include a normal and a uniform distri­
bution in both the numerator and. denominator, a uniform and 
a Chi-Squared distribution in both the numerator and de­
nominator, a uniform and a normal in the numerator and a' 
uniform and a Chi-Squared.distribution in the denominator, 
as well as other more exotic combinations of distributions. 
The uniform distribution or a simple binomial distribution 
are possibilities worthwhile considering since these are 
two distributions that might be easily incorporated into the 
sampling procedure as the nonsensitive distributions.
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n . .' .MO XI TE CARLO STUDY FO R R AT I O E S T I M A T I O N  
D I N THE RANDOMI ZED R E S P O N S E  DE S I GN
C 
0
O XRN = RRQB O F  S E L E C T I N G  THE S E N S I T I V E  Q U E S T I O N  
C I N TH E NUMERATOR
C XPD = RROB O F  S E L E C T I N G  THE S E N S I T I V E  Q U E S T I O N  
C IN THE DENOMI NATOR
C XMNI = MEAN O F  NORMAL FOR THE N O N S E N S I T I V E  I N THE NUM
C XMN 8 = MEAN O F  NORMAL FOR S E N S I T I V E  I N  TH E NUM
C XMN 3 = MEAN O F  NORMAL FOR THE NON S E N S I  TI  VE I N  THE DEN
C XMN 4 = MEAN OE  NORMAL FOR THE S E N S I T I V E  I N THE -DEN
C VNl  = VAR OF. THE NORMAL FOR THE NONSEN I N THE NUM
C VNS = VAR OF THE NORMAL FOR THE SEN IN THE NUM
C VN3 = VAR OF  THE NORMAL FOR THE NONSEN IN THE DEN
C VN 4 = VAR O F  T H E NORMAL FOR THE SEN IN T H E DEN
C KRS = S I Z E  O F . P O P U L A T I O N  O F  S AMP L E S  
C K J C K  = NUMBER OF O R S E R  P E R  GROUP FOR THE J A C K N I  FE 
C N J C K  = NUMBER O F  GROUPS FOR THE J A C K N I  FE 
C T D F  = U P P E R  VALUE OF THE T - D I S T  WITH N - I  D . F .
C
r:

D I M E N S I O N  ANY 8 0 0 ,  4 ) , ADY 2 0 0 ,  4 ) , RHATC I 0 0 ) ,  XM SE'
&.( 1 0 0 ) ,  R H J  CK ( I 0 0  >,  VRHJ  CK ( 1 0 0 ) ,
AXIJRl ( 1 - 0 0 ) ,  VP ( 1 0 0 )

C
1 0  READC 1 0 5 ,  1 2 )  XPN ,  XP D,  N ST ART  ,  XMN I ,  XMN 2 ,  XMN 3 ,  XMN 4 ,

A VN I ,  V N 2  ,  V N 3 ,  V N 4 ,  K P S ,  K J  C K ,  N J  CK ,  T D F ,  N C EL L I ,  N C EL L 2 
1 2  FO R1MA TC 2 F 6  • 4 ,  I 7 , 8  F 4 • 0 , 3 1 4 ,  F 6  • 4 ,  21 . 3  )

OUT P U T  N S I A R T  
K S S=K J  CK * N J  CK 
K S S J  = K S S - K  J  CK 
XMNS = 0 . 0  
N C l  = 0 . 0  
N G = 0 . 0  
N C I J  = 0 . 0  
DO 6 0  L=  I , K P S .
XNUMS=0 . 0  
XDENS= . 0  

' XS CP =  . 0  
XDEN= . 0  
XNUM= . 0  
Z RAT= . 0

7
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Z R A T S =  . 0  
Z R = 0 . 0
n o  6 2  I =  I , N J C K  
n o  6 2  J =  I , K J C K  
CALL MYRAN ( N S TART,  YN )
I F (  XPiN-YN ) I 5 ,  I 4 ,  I 4

1 4  CALL R N 0 R M ( X M N 2 , VN2 , DEVN, N S T A R T )
GO TO I 6

1 5  CALL RNORMCXMN I , VN I , OEVN, N S T A R T )
I 6 ANC I , J )  = DEVN

XNUM=XNUM+DEVN
C AL L  MYRAN ( N S J A  R T,  YD)
I F ( X P D - Y D ) 1 8 ,  1 7 ,  17 

1 7  CALL RNORM ( XMN 4 ,  VN 4 ,  DEV D, N S TAR T )
GO TO 1 9

I R CALL RNORM( XMN 3 , VN3> D E VD , N S T A R T )
19  A D ( I , J ) = D E V D  

X DEN= X DEN+DEV D 
Z RAT = Z R A T + ( DFVN/ DEVD)
Z R = Z R +  ( ( DEVN* DEVN /  D E VD) )
Z R A T S = Z R A T S +  ( ( DEVN* D E VN) / ( D E V D * D E V D ) )
XN UM S= XN UM S + ( DEVN * DEVN )
X d e n s = X d f n s + ( d e v d * d e V D )
X S C P = X S C P + ( DEVN* DE V D )

C 9 9 9 1  O U T P U T  YN,  DEVN,  YD> DEVD 
6 2  C O N T I N U E

. ZBARi  =Xn u m z k s s  
Z BAR2 = X D E N / K SS  
XK I = Z B A R l  - ( I . - X P N ) *XMN1 '
XK2  = Z BAR 2 - ( I . - X P D ) *XMN3 
R H A T ( L )  = ( X K 1 * X P D ) Z ( X K 2 * X P N )
SZ I = X X N U M S - ( ( XN UM* XNUM) Z K S S ) > Z ( K S S * ( K S S - I . ) )  
S Z S =  ( XDEN S.-' ( ( XDEN*X DEN ) ZK S S ) )' Z ( K S S *  ( K S S -  I . ) ) 
XCOV = ( X S C P - ( XN UM + X DEMZK S S ) ) Z ( K S S * ( K S S -  I . ) )  

C 9 9 8 1  GO TO 4 2
T l  = S Z l Z ( X K l * X K I )
T 2 = S Z 2 Z ( X K 2 * X K 2 )
T O = X C O V Z ( XK I *XK 2 )
X M S E ( L ) = ( R H A T ( L  ) * R H A T ( L  ) ) *' (  T l  + T2  -  ( 2  . * T 3  ) ) '  

C 9 9 9 3  O U T P U T  R H A T ( L  ) ,  S Z 1 , S Z 2 ,  XCO V,  T l ,  T 2 ,  TO,  X M S E ( L )  
C 9 9 9 4  O U T P U T  X S C P  
C 9 9 9 2  GO TO 60

RRAR = Z R A T Z K S S
X e  = £ K S S * ( Z B A R 1 - R B A R * Z B A R 2 > ) Z ( K S S - I . >
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x b i a s = r h a t ( d  -  ( X m .n b / xmm 4 )
XMRS = X M R S + ( X B I A S * X B I A S )
XMZ B=XP f ) * XMRAf C I • - X P D ) *XMR3
X U R l ( L )  = ( RR AR * XMZ B + XC -  ( I . - X- PR ) *XMR I ) / X P R
Tl = < ( ZRATS)r(ZRAT*ZRAT/ KSS)  ) / ( K S S - l  . )
T B = K S S * S Z S
T G = ( I . / ( K S S - I . ) ) * ( Z R - ( 2 . * X R U M * R B A R )  + ( RB AR * R B AR * XDE R ) 

( X K S S . - l  . ) * Z R A R 2 * T 1  )
TEMPI  = K S S * ( K S S + 1  . ) * X R U MS
TEMPB = 2 .  * ( K S S  + I . ) * ( X S C P * Z RA T+ZR,*X DER )
TEMPG = ( K S S -  I . ) * ( X DER S * Z  RA T S + 2 . *XR UM*XR UM)
TEMP 4 = 8 . * X R U M * X D E R * Z R A T
TEMPS = 2 . *X DER S * Z RA T * Z RA T
T EM P 6 = 2 . * Z R A T S * X D E R * X D - E R
TEMPT = ( 6 . *X D E R * X DER * Z RAT * Z R A T ) / K  SS
T8 = ( K S S - 1  ) * ( K S S - 2 .  ) * ( K S S - G .  )
TA = ( TEMP I, -  TEMPS -  TEMPG + TEM P 4 + TEMP 5+ TEMP 6 -  TEMP 7 ) /  TB 
TEMPI  = ( XMZ2*XMZ 2 *  Tl  ) / K S S  
TEMPS = ( 2 . * X M Z 2 * T G ) / ( K S S - 2 .  )
TEMPG = ( K S S -  I . ) *  T l  * T2  
T E M P A =  ( K S S - G • ) * X C * X 0  
TEMPS = ( K S S - I . ) * ( I . - 2 . / K S S ) * T 4  
TK = K S S * K  S S - K  S S - S .
V P ( L )  = ( T E M P I + T E M P 2 + ( ( T E M P G + TEMP 4 + T E M P 5 ) / T K ) ) / ( X P R * X P R ) 

AR Y= I . - ( ( TDF*  T D F * SZ I * X P D ) / C Z B A R 2 - ( I . - X P D ) *XMNG ) )
I F ( Y ) G f J j  8 0 j Gl  

Gl  TEMP = XK I * X K I
XQl  = ( T E MP r  T D F * T D F * SZ I ) / ( X P R * X P R )
TEMP = X K S t X K S
X Q 2 = ( T E M P - T D F * T D F * S Z 2 ) / ( X P D t X P D )
TEMP = X K l t X K R

■ XQ I 2  = ( T E MP -  T D F * T D F * X CO V ) / ( X P R * X P  D >
T E M P = S Q R T C X Q l R t X Q l S - X Q l * X Q 2 )
X L = ( X Q l R - T E M P ) Z X Q S  
X U = ( X Q I 2 + T E M P ) / X Q R  

C 9 9 9 5  OUT P U T  X L , XU
I F ( X L - X M R S Z X M R A ) G A , G A ,35 

GA I F ( X U - X M N S Z X M N A ) G S ,36,36 
G6 N C I  = N C I  + !

GO TQ 3 5  
3 0  N G = R G + !

. 3 5  C O N T I N U E
C 9 9 8 2  .GO TO 6 0  1
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O

Qj

c
U S I N G  THE J A C K N I  FE METHOD

■ P S S  = 0 . 0  
P  S R = 0 . 0  
P S V = 0 . 0
DO 2 0  1 = 1 , N J  CK 
I F. ( I . E Q .  I )GO TO 2 3  
DO 2 2  I X= I , KJ CK 
TEMP=ANC I ,  I X )
ANC I ,  I X )  = A N ( I , I X )  ■
ANC I ,  I X ) =  TEMP 
TEMP=ADC I ,  I X )
ADC I ,  I X )  = ADC I ,  I X )

■ ADC I ,  I X ) = T E M P
2 2  C O N T I NU E
2 3  XNLlM= 0 . 0  

X D E N= 0 . 0  
XNUMS=0 . 0  
X D E N S = 0 . 0  
X S C P = 0 . 0  
DO 2 4  J = 2 , N J C K  
DO 2 4  K = I , K J C K  
XN UM= XN UM + AN C J ,  K )
X D EN = X D EN + A D C J ,  K )
X N UM S= XN UM S + C AN C J  ,  K ) * AN C J  ,  K ) )
X D EN S = X D EN S + C A D C J  ,  K ) * A D C J  ,  K ) )
XS C P =  X S C P +  C AN C J , K ) * ADC J , K ) )

2  4 C ONT I NUE
Z BAR l = X N U M Z K S S J  
Z BA.R2 = X DENZK S S J  
XK I = Z B A R l - C l . - X P N ) *XMN1 
XK2 = Z B A R 2 - C I . - X P D ) * X M N 3  
R H A T J P  = C X K 1 * X P D ) Z C X K 2 * X P N )
S Z l  = C XNlJMS-  C C X N U M * X N U M ) Z K S S J )  ).Z C K S S J *  C K S S J -  I . ) ) 
S Z 2=  C X DEN S - C  C X DEN*X D E N ) ZK S S J ) ) ZC K S S J * C K S S J - I . )  ) 
XCOV = C X S C P -  CXiN UM*XDEN X K S S J  ) ) Z CK S S J *  C K S S  J - I . ) ) 
T l = S Z I X C X K l t X K l )
T 2 = S Z 2 X ( X K 2 * X K 2 )
T 3= XCOVZ C XK 1 1 XK 2 )
T M S E J P =  C R H A T J P t R H A T J P  ) *  C T l + T 2 - C 2 .  * T 3 )  )
P S E U D R = N j CKt R H A T C D - C  C N J C K - I  . ) t R H A T J P  ) 
P S R = P S R t P S E U D R  
P S S  = P S S  + P S E U D R t P S EU DR



C 9 9 9 6  O U T P U T  ’ T M S E J P  
2 0  C O N T I NU E

R = XMN2 / XMN4  
, T E M P = N J C k 
R H J C K ( L ) = P S R Z T E M P  
T l  = N J C K = K N J C K - I . )
V R H J C K ( L )  = ( P S S - N J C K * RHJ CK ( L ) - tRHJ C K  ( L )  ) Z T l  
S D J  = S Q R T (  VRHJ CK ( L  ) )
T l  = R H J C K ( L ) - T D F = K S D J  
T 2  = RHJ CK ( L ) +  TDF=KSDJ 

C 9 9 8 7  OUT P UT  Tl  ,  T2
I F ( R . L E . T 1  ) GO TO 2 6  
I F ( T2  • L E • R ) GO TO 2 6  
N C I J  = N C I J + 1 .

2 6  C O N T I N U E  
6 0  C O N T I N U E  

T E MP = K P S  
P NG= NGZTEMP  
X N C I J  = N C I J Z T E M P  
P N C I = N C I Z T E M P  
X l  = XPN=K XPN =KXMN 2=KXMN2 
XE = XPD=KXP D=KXMN 4*XMN 4 
T l  = (XPN=KV N 2 + (  I . - XP(N)=KVNl  ) Z X 1  
T 2  = ( X P D * V N 4 + (  I . - XP D> = KVN3 ) XX2  
TMSE =(R=KR=k ( T 1 + T 2 ) ) Z K S S  
XMNS = XMNSZTEMP
OUT P UT  X P N , X P D f X M N l  , X M N 2 , X M N 3 , X M N 4 ,  VNl ,  VN 2 ,  V N3 ,  VN 4 ,  K P S  
O U T P U T  K J C K f N J C K f  TDF 
OUT P UT  ' '

5 6  FORMAT ( 2 8 H T H E  T H E O R E T I C A L  M S E ( R H A T )  = ,  Gl  I .  4 )
W R I T E d  0 S f  5 6 )  TMSE 
OUTPUT ' '
OUT P UT  ' '
OUT P UT  ' E( RHAT- R) =K=KS = '
O U T P U T  XMNS 
OUTPUT ' '
OUT P U T  ' T H E  F R A C T I O N  O F  CON I N T  THAT BRACKET THE M E A N '  
OUT P U T  ' U S I N G  THE J A C K K N I F E  I S  
OUT P U T  X N C I J  
O U T P U T  ' '

6 4  WRI TE ( 1 0 8 f 91  )
WRI TE ( I 0 8 f  9 2 )  PNG 
WR I T E  ( I 0 8 f  9 3 )
W R I T E  ( 1 0 8 , 9 4 )  P N C I



O
O

O
O

 
O

O
O

O

89
8 2  FORMAT ( ' I ' )

WRI TEC I 0 8 , 8 2 )
OUT P UT  ' FREQ DIS-T O F  RKAT-'
OUT P U T  ' '
CALL DSUMRYCRHAT , K P S , N CELL I , 0 , - 1 0 0 0 0 0 0 0 . )
O U T P U T  ' FREQ D I S T  O F  MSE O F  RHAT *
OU T P U T  '  '
CALL DSUMRYCXMSE , KP S , . N  C E L L 2 , 0 , - 1 0 0 0 0 0 0 0 . )
OUT P U T  '  FREQ D I S T  O F  RHAT U S I N G  J A C K N I  F E '
OU T P U T  ' ’
CALL DSUMRYCR H J C K , K P S , NCE L L  I , 0 , - 1 0 0 0 0 0 0 0 . )
O U T P U T  ' F R E Q .  D I S T  O F  MSE O F  J A C K K N I F E  E S T  O F  R H A T ' 
OUTPUT ' '
CALL DSUMRYCVR H J C K , K P S , N C E L L 2 , 0 , -  1 0 0 0 0 0 0 0 . )
OU T P U T  ' FREQ D I S T  O F  U N B I A S E D  E S T  O F  MU I '
OU T P U T  '  '
CALL DSUM RY C XUB I ,  K P S ,  N C E L L - 1 , 0 , -  1 0 0 0 0 0 0 0 .  >
OU T P U T  ' ' FREQ D I S T -  O F  THE V A R I A N C E  O F  E S T  O F  MU I 1 i 
OUT P UT  * ’
CALL DSUM RY C V P ,  K P S ,  N CELL 2 , 0 ,  - 1 ' 0 0 0 0 0 0 0 .  ') ;

91 F O R M A T C / , / ,  4 4 H T H E  FRAC O F  S A MP L E S  FOR WHICH NO ; 
&CON FI  DENC E )

9 2  FORMA TC 3 2 H I N T E R V A L  CAN BE CON S T R U C T E D  I S  , F 6 . 4 , / )  1
9 3  FORMATC 3 8 H T H E  FRAC OF S AMP L E S  FOR WHICH THE C .  I  . )
9 4  F O R M A T C 2 2 H B R A C K E T S  THE MEAN I S  , F6.4)

GO TO 1 0  I
/ 9 9 9  S T OP  . I

END I
S U B R O U T I N E  MYRAN G E N E R A T E S  A UNI FORM RANDOM. D I G I T  ON ; C'0,  I 3

S U B R O U T I N E  MYRANC K , Y ) 1 .
K = K*  6 5  5 3 9
I FCK . L E . 0  )K = K + I + 2 1  4 7  4 8 3 6 4 7
Y = K * . 4 6 5 6 6 1 3 E - 0 9
RETURN
END

S U B R O U T I N E  RNORM G E N E R A T E S  A RANDOM NORMAL D E V I A T E



O 
O 

O
O
O
O
O
O

C S U B K O U T I t i E  RtiORM G E N E R A T E S  A RANDOM NORMAL D E V I A T E  
C WHICH I S  TRUNCATED A T '  FOUR STANDARD DEV.
C

S U B R O U T I N E  RNORM( X M , X V , D E V , N S T A R T )
CALL MYRAN( N S T AR T , R A )
CALL MYRAN( N S T A R T ,  RB)
V = ( - 2 . 0 * A L O G ( R A )  ) * * 0 . 5 * C 0 S ( 6 . 2 8 3 * R B )
,I FC V . L E . -  4 .  ) V = - 4 . ;  GO TO 1 2  
I  F (  V . G E . 4 .  ) V= 4 . 5  GO TO 1 2  .

1 2  D E V = V * S Q R T ( X V ) + X M  
RETURN 
END

90 .

. . . S U B R O U T I N E  DSUMRY( X , N , N C E L L , I Z E R O ,  U P P E R )

. . . X  I S  DATA VE CT OR 

. . . N  I S  LENGTH O F  DATA VE C T OR  

. . . N C E L L  I S  N O .  OF C E L L S  TO FORM HI STOGRAM 
C . . . I  Z E R O . =  I I F  LOWER CELL BDRY I S  Z E R O i  = BLANK O T H E R W I S E  
C.  . . U P P E R  = U P P E R  CELL BOUNDRYi  U P P E R  = X ( N )  I F  A S S I G N E D  

& . L T .  - 1 . 0 E - 1 0
S U B R O U T I N E  DSUMRY( X , N , N C E L L , I Z E R O , U P P E R )
D I M E N S I O N  X C 1 0 0 0 )
D I M E N S I O N  N F R E Q ( I  0 0 ) , G R O U P ! I 0 0 ) , PO IN TC 1 0 0 )
DATA 1 1 A / 1 H X /

10  FORMAT ( 3 1 4 )
2 0  FORMAT ( F I  0 . 4 )
3 0  FORMAT ( I H l )
4 0  FORMAT ( I H ,  I H N ,  6 X ,  I 4 ,  I I X ,  5 H R ANGE ,  4 X ,  Gl  I • 5 ,  5 X ,  

& 1 0 H C O E F .  V A R . , I X , F l 0 . 5 )
5 0  F O R M A T ! I H , 4 H M E A N , 2 X , Gl  I . 5 , 5 X , S H V A R l A N C E ,  I X , Gl  I . 5 ,  

& 5 X , 8 HSKEWNE S S ,  3 X ,  F l  0 *  5 )  ' •
6 0  FORMAT!  I H  ,  6HM EDI  AN,  I X,  Gl  I . 5 ,  4 X ,  9 H S T D . D E V . ,  I X ,  Gl  I . 5 ,  

<54X, I 2 H N O . O F  C E L L S ,  I X ,  I 4 )
7 0  FORMAT ( I H0 )
8 0  FORMAT ( I H 0 ,  I 0 H C E L L .  ■ M I D . ,  5 X ,  5 HFREQ*  ,  5 X ,  ' CELL 

f tWIDTH = ' , G l  I . 5 )
9 0  FORMAT C l H  ,  G I I . 5 ,  6 X ,  1 4 ,  2 X ,  6 ' 0 AI )

1 0 0  FORMAT.  ( I H )
C .  . . S O R T

L = N - I



91
DO I 2 0  J = I , L  
L L = L - J + !
DO I I 0  I = I , L L  
L G = I + !
I F  C X ( I )  . L I .  X C L G ) )  GO TO 1 1 0  
A = X ( I )
XC I ) = X ( L G )
X ( L G ) = A  

1 1 0  C O N T I N U E  
I 2 0  C O N T I NU E

RANGE = X ( N ) - X ( I )
C . . . T O  C AL CULATE CELL B O U N D A R I E S ,  F R E Q U E N C I E S ,  M I D P O I N T S  

I F  ( NCE L L  . E Q .  0 )  NCE L L  = 1 5  
DO 1 3 0  I = U N C E L L  

1 3 0  N FREQX I ) = 0
I F  ( I  EERO . E Q .  I )  GO TO 1 4 0  
WIDTH = ( U P P E R  -  X ( I ) ) /  ( N C E L L - I  .  )
I F  ( U P P E R  • L T .  - 1 . 0 E 5 )  WI DTH = ( X ( N ) - X  ( I ) ) /  ( NC ELL -  I .  ) 
R I D P T  = W I D T H / 2 .
G R O U R ( I )  = XC I ) + R I DP T  ■
P O I N T ( I ) = X ( I )
GO TO 1 5 0

1 4 0  W I D T H = ( X C N > - 0 . 0 > / ( N C E L L - . 5 )
I F  ( U P P E R  . G T .  - 1 . 0 E 5 )  W I D T H = ( U P P E R ) Z N C E L L  
GROUPC I ) = Wl DTH 
P O I N T C  I ) =  GROUPC I ) / 2 • 0  

1 5 0  DO 1 6 0  1 = 2 , NCE L L  
1 6 0  G R O U P C I ) =  GROUPC I - I  ) + WI DTH 

DO 1 9 0  1 = 1 , N ,
DO 1 7 0  M= I , NCELL
I F  ( X d )  . L E .  G R O U P ( M ) )  GO TO 1 8 0  

1 7 0  C O N T I N U E  
1 8 0  N F R E Q ( M )  = N FREQ ( M)  + I 
1 9 0  C O N T I NU E

DO 2 0 0  1 = 2 , NCE L L  
2 0 0  P O I N T ( I ) = P O I N T C I - I ) + W l DTH 

C .  . . C A L C U L A T E  THE MEAN 
2 1 0  X SUM=0 . 0

DO 2 2 0  1 = 1 , N 
2 2 0  X SUM= XSUM + X ( I )

A VE= XSUM/ N



92.
C.  . . C A L C U L A T E  THE V A R I A N C E  AND S T D .  D E V I A T I O N  

TEXS = 0 . 0  
DO 2 3 0  I = I , N

2 3 0  TEXS  = T E X S + ( X C I ) * X ( I ) )
P A R T I  = T E X S - C X S U M * X S U M / N )
V A R = P A R T i / N  
V R = P A R T l  / ( N - I  )
S D = S Q R T ( V A R )
S D 1 = S Q R T ( V R )

C.  . . C A L C U L A T E  SKEWNESS '
■ SK Wl = 0 . 0

DO 2  4 0  I = I ,  N
240 SKW1 = SKW1+(X( I )-AVE)**3.

S K W 2 = N * ( S D * * 3 . )
S K E W = S K W l / S K W 2  

C . . . C A L C U L A T E  THE MEDI AN 
J = ( N + I  ) / 2  
K= CM+2 ) / 2
XMED= ( X ( J )  + X ( K )  ) / 2 .

C .  . . C A L C U L A T E  THE C O E F F I C I E N T  O F  V A R I A T I O N  
C O E F V = S D i / A VE 

C.  . . P R I N T  OUT
WRI TE ( 1 0 8  j  4 0  ) N»  RAN GE* CO EFV 
WRI TE  ( 1 0 8 ,  5 0 )  A V E , V R , S K E W  
W R I T E  ( 1 0 8 ,  6 0 )  XMED,  S Dl  , N C E L L  
WRI TE  ( 1 0 8 , 7 0 )
WR I T E  ( 1 0 8 , 8 0 )  WIDTH 
WR I T E  ( 1 0 8 , 1 0 0 )
M A X = N F R E Q ( 1 )
DO 2  5 0  1 = 2 , N C E L L
I F  (MAX . L T . N F R E Q ( D )  M A X = N F R E Q ( I )

2 5 0  C ONT I NUE
DO 2 .9 0  1 = 1 , NCELL
I F  (MAX . L E .  4 5 )  K = N F R E Q ( I ) ;  GO TO 2 7 0
I F  CNC EL L . L  E» 1 5 )  GO TO 2 6 0  
K=N F R E Q ( I ) * 4 5 . / M A X + . 5 
GO TO 2  7 0

2  60  K = N FR EQ ( I ) * 3 0  • / MAX+  . 5
2 7 0  I F  ( N F R E Q ( I )  . E Q.  0 )  GO TO 2 8 0

W R I T E  ( 1 0 8 , 9 0 )  P O I N T d  ) , N F R E Q d  ) ,  ( H A , L = 1 , K ) .  
GO TO 2 9 0

2 8 0  W R I T E  ( 1 0 8 ,  9 0 )  PO IN T d  ) ,  N FREQ ( I )
2 9 0  C ONT I NUE



2 9 0  HQ11N T IiNUF 
I 3 FORMA TC ' I " )  

WRI TE C 1 0 8 ,  I 3 )  
RETURN 
END
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