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Abstract:
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properties of the various estimators for normal populations and for Chi-Squared populations.
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ABSTRACT

In this work, estimation of a ratio of sensitive
characteristics using Warner's randomized response type
of design is investigated. Estimators for the mean of
the ratios and its mean squared error is obtained. An
unbiased Hartley-Ross type of ratio estimate 1s also
found along with an unbiased estimate of the variance of
this estimator. The asymptotic distribution of the es-
timator for the ratio of means is also obtained. A
method of setting confidence intervals for the ratio of
means for the normal case, which is an application. of
Fieller's Theorem,is obtained. The usually quite~robust
method of setting confidence intervals using the Jack-
knife procedure is also given. A Monte-Carlo study was
done to investigate the properties of the various esti-
- mators for normal populations and for Chi-Squared popu-
lations.




- CHAPTER I

INTRODUCTION

Obtaining information ébout sensitive characteristics
of a population can be of great importance to éuch people i
as. social. scientists and to policy makers and administrators
of welfare programs. Obtaining unbiased information under
these conditions is extremely difficult because of the
propensity for a person to lie, especially to an interviewer
who is probably a éomplete stranger, when aéked to revedl
information ébout himself which he may consider personal.
One method of combating this reluctance to cooperate with
an interviewer has been termed "Randomized Response" designs.
Originally proposed by Samuel Warner (1965) [13], his design
and several of itS‘modifications appear to be guite success-
. ful in obtaining information on sensitive characteristics.

Warner's original design gives an unbiased eétimator
for the.proportion of people who are members of a group
possessing a sensitive characteristic, for example, the
proportion of women who have had abortions [ 1], or the
proportion'Who haire driven an automobile while intoxicated,
et cetera. Warher's design uses a randomizing device to

determine if the person being interviewed should respond to
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the question:_ "Are you a memberféf group A?", or to the
question: "Are you hot a member of group A?" The first
question is asked with .a probability of p (not equal to .5)
and the second with a probability of 1-p. Obviously, the
value of p is chosen as.large as possible, but not so large

as to lose the confidence of the respondent. Any easy to

use randomization device may be used such as a spinner

(marked off into two regions), a die or a pair of dice, et
cetera. It should be noted that the respondent uses the
randomization device'in complete privacy. In Warnher's
design the fesponse is‘either g yes or no, and the inter-
viewer does not know to which question the person has
responded.

If the proportion of people who actually lie is quite
small, Then the randomizéd response design is fairly inef-
fiéient'when compared to asking the sensitive question
directly [13]. .Therefore, a number of modifications of

Warner's original design have been made to improve the

" efficiency of ‘the randomized response design.

One attempt at improving efficiency is to ilncorporate

an "unrelated guestion" [10]. In this design, the

respondent is asked either the sensitive question (with
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probability p) or a question which is unrelated to thé
sensitive question. For instance, the two questions might
be: "Have you ever driven while intoxicated?" (sensitive),
or "Do you own‘two automobiles?" (nonsensitive). If the
proportion of the population that 1s in the nonsen51t1ve
group is unknown, two 1ndependent samples are needed in
order to estimate the proportion in the sensitive group.
An obvious improvement would be to use a question whose pro-
portion of yes (or no) responses is known. One such possi-
bility would be, in the event the randomization device
chooses the nbnsensitive question, to have the respondent
roll a die and answer the question: "Does the die show a
number less than or equal to four?" Using this type of
randomization design, only one sample would have to be taken
since the moments of the nonsensitive distribution would be
known.

Other modifications that have been proposed include:
i)‘ two alternate (nonsensitive) questions used in con-
junction with a sensitive question [7 ]. In this design,
one of the nonsensitive questions is asked directly (with
probability one), and in addition, either the sensitive
quéstion‘or the other nonsensitive question is asked,

depending upon the outcome of the randomization device..
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ii) always asking the sensitive question directly, but
then instructing the respondent to either lie or tell the
truth depending upon the outcome of a randomization deﬁice.

This typé of design is called a contamination design [21.

'iii) multiple responses from each respondent..

Greenberg et.al. [11] showed that the randomized
response design can be used for obtaining informatién about
gquantitative as well aé qualitative data. They uéed the
unrelated, innocuous question type of design, which means
that'two iﬁdépendent samples‘must be taken in order to
estimate the paramefers of both the "sensitive distribution”
and the "nonsensitive distribution.”

Let.p; and pé be the probability of selecting the.
sensitive question in the first and second samples respec-
tively. If 21 and Z, are the mean responses from the first
and second samples respectively, then unbiased estimators
of the sensitive and nonsensitive means ére respectively:
QA = (1-pp)21 = (1-py)2;

: P1 ” P2

~

By

Il

PpZp = P1Zp
p‘g = pl
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In order to maintain the confidence of the respondent,
the plausible responses to the nbnsensitive question should
be plausible responses to the sensitive question and.vice
versa.

An Improvement in Greenberg's design would be to in-
corporate a simble game (randomizing dévice) as the non-
sensitive question, whose moments are known, and whose
outcomes could be plausible responses to the sensitive
question., Again, the advantage is that only one sample
would have to be taken. This could either decrease the
cost of running the survey or increase information if both
samples of the original design were combined into the one
required for this "improved" design.

In this paper, estimation of a ratio will be considered.

Suppose that both the numerator and denominator questions,

' that are of interest, are sensitive. ~For instance, we

might be interested in estimating the ratio of the amount
spent on gambling to the amount spent on liquor, or the
ratio of the amount given to charity to the amount spent
on liquor, ét cetera.

The interviewing procedure 1is to.have the respondent
use a randomization device (in private) to determine to

which question, the sensitive or the innocuous, nonsensitive
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question, he should respond for the numerator, and then give
the response. The same respondent then uses the random-
ization device again to determine which question, sensitive
or nonsensitive, he should respond to for the denominaéor,
Therefore, éaoh respondent will give two responses, one for
the numerator and one for the denominator, and these will be
recorded by the interviewer. |

In thils paper the technique discussed previoﬁsly will
be used. That is, distributions whose moments are known will
be used for the honsensitive quéstions in the numerator and
denominator.,

As an example of this technique, suppose we want to
estimate the ratio of gambling expenditure to liquor ex-
penditure per household per year. The randomlzation devi@e
thaé will be considered here is a simple child's spinner.
This type of device has‘two advantages. First, it 1s easy
for the respondent to .operate, and secondly, the areas are
easy to mark so that the probability of asking the. sensitive
‘question can be made tb have virtually any desired value.
The circle uﬁder the épinner is ﬁhen marked off into two
regions, say Al and zl,:for the numerator and A2 and Eg

for the denominator. (It .might simplify the procedure if a
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second one were uéed for the denominator.) If the spinner
then stops in. region A;, the respondent is supposed to
answer the sensitive question: " "How much did you spend'on
gambling last year?" And if,the'spinner stops in El, the
respondent is supposed to answer the nonsensitive question.
One simple poséibility for the nonsensitive part would be to
~ have anothgr spinner marked so that the values obtained from
if would be plausible responses to the sensitive question.
. Continuing with the example, suppose it is estimated that
the range of ﬁhe amount spent on gambling is from $0 to
. $1000. Then the spinner to be used for the nonsensitive
question could be constructed so that the numbers from O
to.lOOO were laid out uniformly around the circle. Then the
mean of this (uniform) distribution is 500 and its standard

deviation is./(lOOO)E/lE = 288.67. A similar device can be

constructed for the nonsensitive question in the denominator.




CHAPTER II

RATTO ESTIMATION

Case I: Numerator is a sensitive characteristic, the
denominator is nonsensitive., As an example, we might be
interested in determining the ratio of the amount spent on
gambling to the amount spent on rent per time intel_nval° Or
possibly, the. amount spent on gambling is our primary con-~
cern and we are using the amount spent on rent as a con-
commitant variable. The interviewing procedure is to have
éach respondent use the.randomization device (in private)
to determine ﬁhich question to respond to in the numerator.
The question in the denominator is asked of each respondent
directly. .

The notation which is required in the development of
this ratio estimation procedure follows. Let

n = sample.size;

P = pfobability that the sensitive question, Xq s is
Seleéted by the randomization device to be
answered by the respondent in the numerator;

Xqq = real value of the sensitive characteristic for

respondent i
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Z. = response from individual i for the numératorg

Xgi‘= response from individual i for the denominator;

fl(Xl) = probability density function associated with
the sensitive question (numerator);

Efl(Xl) = W, = population mean for the sensitive

question;
gl(Y) = probability density function assoclated with
~the unrelated question (distribution):;

E (Y) = Wys chosen to be approximately equal to M3

li

probability density function associated with
the nonsensitive question, (this question is .
thus asked directly of a respondent);

Efz(XE) = loe

Using this notation, the probability density function

‘for each response, Z, in the numerator of the sample is

obtained from the randomized selection procedure:

Then

¥(2) =p fl(Xl) +'(l—p)gl(§.{)c

Il

Bly(2)]
p B, () + (1-B)Eg (¥)

4

il

=ppg + (1-pPuye
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Hence,
U«l =’ DJ-'Z - (l‘p)MY]/po

And since Zl’ the numerator sample response mean, is an

unbiased estimate of p, , uy = [Z - (1-pluy1l/p is an
1 .
unbiased estimate of oo
For the nonsensitive question, we have thatﬁ2 = Xg,

The sample mean of the response from the nonsensitive

question, is an unbiased estimate of Hoe
Hence, a ratio estimate of R = u1A¢2 is given by

~ ~ ~ ‘ -
R =pq, = [Z2 - (1-pluyl/p X0
investigate the bias of this estimator, consider:

To
R=-R= (ko) = (hq/l5)
Z + (p-Liy By + (p-L)uy
p Xy, P Ho

1 (2 " p-1  (uy .

= e ——— - ——— -+ ——aee ‘ .:._. - —_—

p \ % o p
= 0,

If the sample size is large, XE should be close to Koo énd
- ' ~
(2 - Uvz)/p Ko and E(R - R)
when it is assumed that X, = ,.

I

this would imply R - R
R

Thus R 'is unbiased for
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The variance of the estimator R is:

Var(R) = E(R - R)®

Moy -1 e M 2
1 DO Y IR T PR

Again, assuming that XE is close to uy, it follows that
. .
1 [Z Rz = 2,22
Var(R 2= | — —— - —_— = B(Z -
(‘ ) [P (ug 1-1'2)]‘ ( LLZ) /p Mo

—gig Var(Z)
P MUs

N\ _
which could be estimated by Var(R) = sé/n pgxg ., Where

2 2

. j ‘ . . n oo 2
sy, 1s the usual sample variance, i.e., s, = %;_;(%;-2)"/n-1,

for an infinite population. This estimate would be unbiased

if Ho is known.

In ratio estimation'where the numerator is a sensitive
characteristic and the denominator is nonsensitive,‘a biased
estimator is obtained. This estimate is unbiased if the
sample in the denominator is close to the true population
mean. In this case, the variance of the ratio estimator

may also be estimated without bias.
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Case II: Both numerator and denominator are sénsiti&ec
'Eéch respondent is asked to use the randomization device to
determine 1f he will answer the sensitive question in the .
numerator or pick a number from a known disﬁribution (which
closely approximates the distribution of the sensitive
question), and he will complete a similar procedﬁre for the
denominator response.

The notation used for this case is similar to that for
| Case I:

n = sample size;

1

< the probability that the sensitive question will

be chosen by the randomization device for the

numerator responsé; |

Py = the probability that the sensitive question will
| be chosen by the randomization device for the

denominator response.

Zli = responsevfrom individual i for the numerator;

ZEi = response from individual 1 forlthe denominator;

Xli = actual value for the sensitive question in the
numerator for individual 1i;

XQi = getual value for the sensitive question in the

denominator for individual i;
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£, (¥;) = probability density function associated With
the sensitive question in tﬁe numeratof;
f2(X2) = probébility density function associated with
the sensitive question in the denominator;
gl(Yl) = pfobability density function associated with
the "unrelated" question in the numerator;
g-(Y,) = probability density fuﬁction associated with

the "unrelated" question in the denominator;
Be (%) =mys
Ef’g (Xg) = “25

Egi-(Yl) = My .,
Egg(Yg) = Hy -
The‘probability density function for fhe response in the
numerator is:
Y1 (21) = py £1(X7) + (2-pp)eg(¥q)s
and for the denominator,

Wg(zg) = Po fg(Xg) + (1'Pg)g2(Y2)°

Then,
bz, = Blyy (By)1 =Py * (1-pyuy >
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HZQ = Elys(25)] = pops + (l'pg)MY2$
So,

Hl = [Hzl_ (1-Pl)uY1]/P1,
Ho = [HZQ - (;‘pg)uyg]/p2°

Therefore, the ratio, R = ul/pz, of the means of the two
sensitive characteristics is
g (uzl - (1_pl)MYl)p2

R:—-—-: °

o (Uzg - (l'Pg)HY2)P1

Using the unbiased estimators Z. and Z, for u, and
. 1 2 % %2

respectively, unbiased estimators for gl and p, are:

Hq = [zl - (1-pl)qu]/pl’

o~

Mo

Il

[zg - (1-P2)MY2]/P2-

And the estimator of the ratio, R, is:

Ky PQ(Zl = (1-P1)MY1

by pp(Zy - (1‘92)“Y2
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To obtaln approximate values for the expected value of |

the estimator‘% and aléo to find MBE(%), the mean squared
error of‘%, it will be useful to introduce some notation

that will make the derivations less cdmplicated. - Let

— ' = _ 1 n _ -
Zli = le + €44 SO that 4q = T D41 Zli = le + €4,
7. = +e.. so that Z. =% % gz = + <
21 “22 21 o T 7 %=1 %21 “22 o
Then,
E(€;) = E(é5) =0
and _
E(eq) = Var(Z;) = o2 = oé /n,
_ Zl 1
) - 2 2
E(es) = Var(Z,) =o_ =0y, /n,
7 2
)
E(Elég) = E[(Zl - le)(zg - Hzg)] ='COV(21322)

Il

Cov(Zy,2,)/n = Ozlzg/n

Also, let k; = 1/p1p,1 and k, = 1/p2u2.

A

Now, to find the bias of the estimator R, consider,

B e A

(Zy = (1-pp)uy )/p
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by = (=Pl + €
_ Eg . Zl ( 1) Y, oo
pl I-LZ - (1'p2)|-LY2 _+ €2
Since LLZ (l—p )“'Y = piu'i + (l-pi)uY. - (l_pi)“'Y.
L 1-

= DPiky for 1 = 1 or 2,

~ P Pl + €
B(R) = 2B | +E—=
' Py - Polly €5
Po Pat1 1+ €/pqby
Py Polo 1+ €p/Polp

- RE [}1 + & /og) (L + Ep/ogin)”
Since (1 + 52/p2u2)'1 = (1 + kgée)_l is to be expanded in a

power series, (52/p2u2)2 must be less than one or
22 - . : . : |
62 < Popupe €, 1s the quantity 22 -'MZE which should bg

relatively small. ug'is the population mean of the sensi-

tive question and generally will not be close to zero.

Therefore, it 1s & reasonable assumption that 62 < pgug

Hence, expanding (1 + k2€2)'l in a power series,

BR) = RE (1 + ky@) (1 - kylp + K62 - KED + kgfa --)
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=R [1 + kg E(eq) - ky E(e,) - kyky E(€4€,)
2 =2y 2 = =2
+k2E@Q-+@¢2E@f2)+.“].

But since E(e;) = E(¢,) = 0, ‘this can be written as:
E(AR)=R 1+k2E(e')-kk E(e-é-);i—kkgE(e-é'E)+

2 2 12 1-2 172 12 eee
If the contributions to E(R) of the terms involving Elég
and higher powers of €, are negligible, then E(R) is

approximately:
AL 2 _, = Loy Ty
B(R) = R,[l + K5 B(ES) - Kk, E(elegi]
B 2 2.
= R 1+K20 _-k1k2022
2o 172
] 2 2
=R1|11 + k5 o /n - kik, O /n]
[ T2 22 12 Z122 .

' ~ ~ ‘
So that an approximation of E(R) is El(R) given by

A 2 2 -
B, (R) = R I:l + ki og /o - Kk chZ2/ﬂ°

Therefore, the bilas of‘% is approximately:
bias(R) = E(R;) - R

. o o .
R|%ks o5 /n - kky o /n .
[2 22 172 Z1Z2 ]

i
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R :
Since R is a biased estimate of R, the mean squared

error of R will be obtained as follows:

A A A~ ~
MSE(R) = E (R - R)° = E[:R2 - 2RR + R%]

E(R°) - 2R E(R) + R-.

~ ”~ .
By using Eq(R) as an approximation of E(R) and substituting
~

for R in the first term, MSE(R) can be written as:

—_— — 5
) po(Zy - (1-py)uy) .
MSE(R) = E S— | -2RE(R) +R
: Pl(zg - (1“P2)MY )
e 2 =
o, (Z. - (1- | 2
Ps(Zq = (1-pq)iy )
= I 1
pl(zg n (l‘pg)uyg)
21 - 2 2 2
- 2R [} + kgozg/n - kik, 021Z2/€] + R
! = 2
Pg(zl - (1“P1)HY )

Pl(zg - (l"pg)uy2)

- R

no
I]._II

22
+ 2k;0, /n - 2k1K2 Oy o /n (1)
> %"
Again, letting Z; =p, +&;, 1 =1, 2, the first term in

the above expression can be expanded by essentially dup-

licating the steps in the derivation of E(R) and is
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pg(uzl - (l-pl)uYl +€4) |2

E .
Py, = (L-Po)i + €5) \
| Pz, 2/My, )
. _
5 1 4+ 2 2
= R° E Pt
€
1 4 —2

Pokho

. - \? - =
=R B | (1 +kyeq) (1 + ky€p) i}

' - 2.2
= R™ E(1 + 2k.e; + kq€7) (1 - 2k

11 o€o

3

+ bk

by again making the assumption that Eg < pgugo

By expanding this result and assuming that terms of order
elgz for 1 + j > 3 are negligible, and hence retalning the

first four terms, the first term in (1) is approximately
2 - - o0 _ 2.2 - -
R™ E [:1 + 2(klel - KQGQ) + koeq + 3kpe, - 4K1K2e162]

2 2 2 2 o .
= R ’:l + klOZl/n + 3k2022/n - L}klkgozlzg/n:l
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recalling that E(€,) = E(€,) = O.

Upon combining the two terms in (1), the MSE(%) can be

written as

MSE(ﬁ) [? + K2 e /n + 3k /n - 4klk2cz .z /%J

2
R [? + 2k /n - 2&1 2O z /ﬁ]

B 22 22 ‘
= [} + ko 7 /n + 3k2022/n - 4k1k2 Z1Z2/n

-1l = 2K /n + 2ky k0 leg/é]

2_
R= [, 2 2 2 2
= — | kO + kS0 - 2k k. O
N R 152 leé]
2 2
o o} 20
_E | A, % 1%
T n [T 272 ZEN- R
Rl Pollo P1Pokako

An estimator of MSE(R) would be to use the same ex-

pression as above, but replacing all parameters with esti-

mators. Hence

22 2.2 422 o~
(R) = R/n s+ k582 - Zk.k, s
Ky Zq 2°Z,, 172 zlz2
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. 2 _ 1 n = \2 _ o2 2 |
where Szl =57 Zioq (24 '_Zl)'.” [%Z:Zli - (ZZli):}/n(n-l)
2 1 n = 2 2 o
sZ2 = 5oT zi=l(22i - Z2) = [:nz Zog - (ZZQi)]/n(n,—l)
ky = l/pgug = 1/(22 - (1"P2)HY2)
s, = == 5} (Z - 8) (2, - D)
,2122 T n-1l i=1\"11 1 21 2

=Elzzli221 - (32Z44) (32,;)| /n(n-1).

In ratio estimation using the randomizéd response
technique where both numerator and denominétor characteris-
tics of interest are of a sensitive nature, the estimator
that 1s obtained is biased. Also, the mean squared error
of the estimator is an approximation to thé true mean
sduared error. Normally this discrepancy is quite small.
The approximate mean séuared errof cannot be estimated

without bias.
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Case III: In cases I and II, an estimator of
R = “l/“2’ the ratio of means, and its mean square error
were found. In this section, estimation of a different

parameter will be considered. Let Ty be the true ratio
i

of two sensitive characteristics for individual i;‘ Then the
parameter of interest is the mean of all such ratios. As
indicated above, both the numerator and denominator are
sensitive characteristics.

Since the estimator is going to be the .mean of the
ratios, the procedure of randomizing the responses will be
altered somewhat. In.this case, each respondent is asked
to respond to either: a) Dboth sensitive questions, one
for the numerator and one for the denominator or b) both
nonsensitive questions, one for the numerétor and one for
the denominator. The randomization device is then used to
determine toiwhiéh set of questions, a or b, he should re-
spond, .

' Assuming that the response in the denominator of the
ratios will not be zero, the ratio of the two sensitive or
the ratio-of the two nonsensitive responses can be consid—.
ered as being one observation and hence not really a ratio

estimate at all. For the sake of compléteness, however,
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the derivation of the estimator and its wvariance will be

included.

The notation required is as follows:

n = sample sizej

p = the probability that the sensitive questions will

. be chosen by the randomization device}

£(ry)

g(ry)

response from individual i

actual value of the ratio of the sensitive
questions for the ith respondent;

value of the ratio of the non-sensitive questlions
for the ith respondent;

probability density .function associated with

the sensitive ratio;

probability density function associated with

Il

the non~sensitive ratios

then Ef(rx) = Ry and Eg(rY) = Ry. The probability density

function for each response is:

giving

(rz) = Pf(rx) + (l-p)g(rY)

R, = E[p(rz)] = pEg(ry) + (1-p)Bg(ry)

|

PRy + (1-p)Ry-




2l
Hence, RX = Eﬁz - (1-p)RY]/p, If we again assume that the
" mean (and variance) of the non-sensitive distribution is

known, an estimate of RX is:

A —-—

Ry = I:_rz - (1-p)Ry|/p
where EZ is the mean of the ratio of responses from the
sample. .

The estimator %X of Ry is unbiased, since _
B(R) = 5 [ - Q»)Ryp] = [E(E) - (1p)Rg]/
= p~t LE {p Iy + (1-p)EE=Y} - (l-p)RY]

- n n
- 2. X e I
- = X, = Y.
=p~t E{p = 4 (ep) G 1}- (1-p)RY}
) n

n

e

- D sn 1-p sn . (1-
=D | n 'Zi=l Ef(rXi) TR 2 Eg(rYi) (1 P)R%}

=D F% Sie1 By fé‘ﬁﬁ % By - (1'p)R§EI‘

=5 b B+ Qp)Ry - (1m)Ry|

which completes the proof.
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The variance of this estimate is given by:

var(hy) = B | (B - RX)E]

b

2

Ry + (1-p)Rﬂ2/p

2 1 =
;—2— Var(rz)‘.,

= K EZ_ (1'P)RY

= i’é“E(f'z - Rgz)

The unbiased estimator of Var(Ry) is

o~ 1 2

Var(RX) = ;1;? Srzs

where Si is the sample variance of responses, i.e.
7 .

2 n =2

s, = 34 (ry, - 1;)7/n-1.

7 i=1 i

. EZ - (1p)Ry Ry - (3-D)

b

Rﬂ?




CHAPTER ITT

UNBIASED RATIO TYPE ESTIMATORS

If the mean of the population of the sensitive ques-
tion, Mos is known in either Case I or.II, then an unbiased
ratio-type (Hartley-Ross) estimator of w, can be found [8 ].
Since this estimator uses the same type of variables as
defined in Case III, Chapter II, the same notation will be
observed here. Namely, '

r, = Z4/Z,

and

In order to obtain the unbiased ratio estimate, con-

sider the following quantity:

E[}Z(ZE - “22{] B [Ezl/zg)(zg - “zéﬂ

Lo = Wy, E(Z /Z5)
z, " tz, BlA7%

1l

By = Wy E(ry)
Zl 22 yA
But E(ry) = E(T,), so the above can be written as:

E[%Z(Zg - “zg{] =Mz, Tz, E(Ty)
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= LLZI D“Z /“z ) - E(EZZI

A [Rz - B(F )]
" by [E(rz) Rz]

Now the quantity in the brackets in the-eXpreSgion'above is

)

li

the blas of “the estlmator rZ, say B(T Z)‘ :

ZTherefore, , .
. El: 4o = ““Z )] : p,z Es(fz)]
Or uéon solv1ng for the blas, B(rz) N | |

Before proceding further, the following should be

noted:
- Cov(agsZy) =Ry 27y, (i = B
. 'n 5 _ o =
= i (Zl I'ZZQ)

o n-~1

‘which w111 now be shown. In the. derlvatlon that follows,

.the range on all summatlons is from one to Ne

- | R S )
‘Cov<rZ’ZQ)__ =T Z(rzi_—vrz)(zgi - 4y).

. 1 - ’ ._, D -... ‘ ".‘_"._,. N
=mer 2(rg foy ¥ %o T Trloy T Tzfo)




=l I RS- T T Zzzi+nrzzz:|..

== —;;-”n G =0 ToZs - 0 0%+ n T2, |
n-T | B %1 zlp = B Tglo M Tplol

~.n s _ =5

e r._zzz:l

i
7l
=
]__l
Ml
N
‘_I
I—l-

_l
N
N

M

H

N
ll_!. l

.1 -

= w1 2811 - Ty %)

=G B(my - Zyy - 2-2‘)‘

' 1 i@
o3 .

" n-1 ZI'Z:.L‘(ZE‘.:'_ - 4).

Another result that is needed is ﬁhat an unbiased'
estimator of'E[%Z(;g - “Zg)] = uzl - “Zé E(rZ)';s

Cov(rZ,Ze)° To show this, consider the expected value of

the following form of Cov(rzgzg):

1 n 1

E[’rT-’I Zi-1 Tz, (Boy - Zz)].
i )n oz o, g om0
=2 [n-l {Z‘i=1 Ar Zp1 T %2 Fim rz_i}]

1 N - Swn T
= -1 [Zi=l BZyy -5 F Zic %21 % rz;l




Ll -2 -
= B-1 {n bz, ~m B (B Tyt oeee +Zpy)

B S VR Z1n
Z Z ] Z e o'e +""'—Z g
o1 oo %p3 on
1 1 12 13 .
=—‘:—' rll.L -'_"E (Z. +—'——-Z +—"'—"Z. -+-on.
BT Z, © .[ 11 T 7, “en | Zoy 2L
7 Z .
+ ZE_'ZEl)
n
v y/ A
11, 13 o 1n ).
+ (Z + - . Z +"'_'_" Z + o0 e +' = Z + o e o
12 "7y fe2 T T Y22 a ZQn. po] Fe
7 7 B/
+ (zln T -zll 7, + Z12 o e Zlgn—l)
21 20 2,n-1
_ L X n . n
R e n.[E iy Byg B (Zi=2 Tz, “21
s zn“ T Z + + 38l g
i=1, Yz, %22 T ov- 1=1 Y7 %00
i#2 '
R N S -4 oxn w7 .
SnI\PPz, Tw Mgyt Fiee Brg fen e

Loosn=l o |
o1 Bty Zz%],

and since .r, is independent of Zgj’ i# Js
. j_ ‘ .
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1 n
bz, T B(e-1) [Zi=2 (B ry EZy) +

1
. 5 1) . - ' n...l
OB, (BEr, EZy) + .o +3; 7 Emn, & Z2n:|

g, - EET | (n1) B(F) ny + (0-2) B(E) uy_

F e+ (ne1) E(E) MZ;J

i
—
N .

=g, ey | a(e-d) by, B(F)]

‘which completes the proof.
P . . ’ ) N 1 n | . | - ) -
Using the egtlmator T Zi-g rZi(ZQi - Z5) in (2), |

the unbiased estimator of
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Since le = R, uzg, R .= u1A¢2 can be written in the

following form:

oo, = (1=Dq )y 1
o Pelhmy Ly,

B Plpuzg - (l'PE)EY2} o

( o | p2[RZMZ2»-'(1-pl)qu]_

P.l [U:ZQ' - (1‘p2)HY2] .

‘Rghy = (1-Pq)u
Ralz,, My

Pqko

Therefore, the unbiased estimator of R = “1/”2 is:

- he = (1=Dq)H

1 - nv - - ) ' ’
= e T W + = (Z —__I‘Z ) - 1"'p)|..L o
5y |z Moy, TEL (41 7 Tgfe) - (Ipliy |

- ///N\\\
Ly Wy F Cov(ry,Zy) - (1_p1)“Y;]

Pqko 2

then, since Mo is -assumed to be known, as unbiased estimate

of ullis:




-“' . _4' _ -]-:_ — n - — ~
y = Tlip = 5o | Tghg, R (4 - T2

= (1py iy
AT
=57 |Fg by, * OOV(rgsZ5) - (1_—pl)LLY]:]

Note that b is known‘since,uz = p2&2 +'(:L-p2)p,Y and

_ 2 2 2
both o agd qu are Knoﬁn. | | |

The unbiased estimator 7! of R is & function of the
mean of the sample réspénses Zli/z2i’ and of the sample
covariance. So this'ié quite'a different type of estimator
than.%, which is a function of thé sémple means of the
numerator aﬁd denominator feéponsés° But since @2 must

be known for this estimator, its value lies not with es-

timating the ratio R but with' estimating the mean pq.

The exact variance of the'estimator'ﬂl is

: - o _ _
- Var(uq) = E;Zg.va;(rz) + 2 MZQ Cov(ry,C)

+ ,Var(c,)]_ VS | - (3')
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where

) ’ /\ n - . .o .

C = Gov(rysly) = |3y (g = Fp) (B - zgﬂ /n-1.

In order to estimate Var(&l), each of the three terms
in the expression above will be given in a form which will
allow for estimation.

The first term follows readlly since
Var(EZ) = % Var(rZ) which has an unblased estimate:

2 1 =y 1 2 2
Srz/n = n(o-T Z(I‘Z‘i - Tz) = HEeIY [nz 7T (Zrzi) j |

The second term can be estimated by rewriting it in
gquite a different form as follows:
Cov(ry,C)

=& | (¥, - E(¥,))(C - E(C))]

L

- = [(fz - RZ). {E‘%I -Z(rzi - ¥y) (Zpy - Zp)

- Cov( i‘Z,Zg )H

.= E —-———EZ— z(rz_' - fz)(zzi = ZQ)J - cév(rZ,ZQ)E(:EZ - Ry)

n-1 i

The last term is zero because E(Ty; - Ry) = O. Therefore,
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Cov (T, ,C)
B n(z:rLl-:L E[le (fzi i RZ)(er " ) ey o)
+ 2y 3 (g Fg) (g = Ty gy 7)|

i#3

By adding and subtracﬁing the parameters RZ in the middle

term and by in the last term in each summation, letting

2
'Arzi-= rZi - RZ, AZEi = Z2i - “22" ArZ =_rZ - RZ and

‘A22 = 22:- e s and expanding the factors in each sum,
2 ‘ ) ' .

the above can be written as: .

Cov:(f'Z,C).
- s B2, - ) [, <) - G - )]

l:(Z2i - LLZZ) - (2,5 - uzz)]




__z - n 2 2 =
= a(n-1y © {Zj_:l l:(Mzi) MBpy = (bxg )" iy

- ArZi AT, AZQi +-ArZi AT, AZ2]'

sh [AI‘ ATy AZe. = AT, AT, AZ
1 Zhn .  AZy . .
il =1 |47z, BT i 7, A7z, BP2

- Arzi Ary Azgj + Arzi AT, AZQ]}

2 n ' 2 1 2 n
= A@-1) %=1 (E [(Mz) AZeJ‘ n B [:(Arzi) Zj=1ﬁzzﬂ

1 . n : 1 n n
" n E [Arzi Dog Zy= Arzj] + 2 E [.Arzi 23=1 Al”zj Zk;lAzzlgl)

n n : "
35 g B (E(Arzi) E[:_AijAzgj] -
1£3 '

S5l

' n
E [Arzi Arzj Zk=1AZ2Q

1
Sl
SM!H

n n :
i [Arzi Zj=lAij Zk::lAZEl;D

/

o
E[:Arzi. Moy By Aer] +
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The first three terms in the second summation are all Zero,
This is true because at least two of the subscripts i, j or
k are different from each other, so that when these terms
are expanded each one is of the form E(Ar, Ary AZQJ)
: : : - i J
= E(Ar, )E(Ary, 0Zoy) for i # and the first expectation
S :
has the value zero. Thus,

Cov(Try,,C)

ol o [l 2] -2 x [ony? an]

E RIS P

t
1=
ea
N
>
o :
N
=
>
N
Mo
(—

Now by using the method of moments of bivariate cumulants

[4 ], this éxpectation can be written as:
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o - | X
B [KATZ)’ AZz] = B2y 7 B2o BOL T BRIl Hlo T2 B0 Moz
= B(rS Z,) - B(r2)E(Z,) - 2 E(r,Z,)E(r,) + 2(E r,)°E(Z,)
7 %2 7) B(Zg 720) B(Ty A 2
, T - R v
where Wi, = E(r; Zg).

Similarly, the third term in (3) can be written as:

Var(r,)Var(Z,)

-var(c) = % [F(ArZ)E(AZE)Z +

n-1
n=2 2 .
- h=T Cov (TZ,Z2)] °

‘Again using bivariate cumulants, this can be written as:

i
Var(C) = £ [uég - 2ugqkdy T 2uiaHAT .~ Bogho - 2u12 K10

2 2

- | - 2
= 2uf7 + Buiquighdy - Orighdr t+ BHighoe

1, .2 2 n-2 ;4 _ 3 1 \2

+ o1 (b = Big) (b = Bo1) - m=T (Biz - wigton)
The above could be expressed in terms of expectations by’
replacing pg, with E(ré Zt)

Upon substituting these terms into (3), Var(ﬁl)

becomes:
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| Var(ﬁi) = f£§: ué ' Var(rz)i+ 2 p, E [}Arﬁ)é(AZéi]
' - 0pq 2 : o . 3 .

- 2, 21 Var(r.)Var(zZ. n-2 2 :
+- B [}Arz) (AZE)_] y Ver( Z) (Z5) © e Covi(ry,Z,)
' i : nfl- n-1

An unbiaéed estimator for Var(ﬁl) can be found usihg
bivariate'kQStatistiés [.4 ] which are unbiased eétimates
of'the‘corfesponding population cumulants. Using the
results of Goodmahﬂand Hartley [8 ] (after correcting for
. typographical errors), an unbiaséd estiméte of Var(ﬁl) is:

—

o R R B - - o .
Var(ul) -T2 [n I“LZBSJ:*Z + ,n-az‘““Z2 ¢t
b _
L \.2. 2 2 2
(n-l)er sZ2 + (n=3)C" + (1 - 3)(n-1)k,,
+ ' -
n2 -n =~ 2

The symbols used in thié expression are defined and their

computational forms are giVen by:

- [z oz N\
2 - 1. -¢n - \2 1jl2 ijl2
_— = e 3T (I‘ -1 ) = |n ST - |2 /n(n_l),
o _1.°.n = 12 n 2 o),
%2, = BT Fim1 (o T %) = [n Tyoq Zpy = (Bhgy)”|/n(n-1)s




- 2, -
' "Zg).

1 " om sy =2 - = .2
= i [%lerzi. 2r,, 2214 T Ty ;Zzi - (nel)ngr%],

C = m .Z(I’Z - I‘Z) (sz_ - ZE) = H(I:%:Iy [:n ZZZLJ
- ( 2y) Zrz.i)] .

and

Koo = Cn;l)(i-z)(n-B) [F(n+l>522 - 2(n+l) (821501 +.312510)

5 2
(n-1) ($20502 +2 S11) + 8 87816801 + 2 850501

.' 2 6 2 2
.+ 2 ?OESlO T n Slosoi}

_ r t
where SrJG = Z:ZEi rZi o

The cqmputdtionallform of k22 is:

K22 = T8I (n-2) (8-3) {“‘“*l) 13

- 2(001) [(20%04) (O 7)) + (3 Bypvp ) o)

L




Lo
o 2 o 2] .
- (n-1) [2 5y 3+ 203 2y) ] |

+ 8(z le)(z Zgl)(z Iy, )+ 2(3 Zgl)(Z r 152

-2 (z Z2:L) 2}

a2
+,2(; rZi)(Z Zpi)

o L _ . 1i)
since Sp = 2(221 r’z.)“ Z.(Zzi‘ g |= 2 2y
_ - i ' 21 ‘
Spp = 2(z§i r§>= =275, 252 5 75,
! 72 =
Loy
2
- 7 7
= : 2\ _ il i
S1p = Z(ZZi rz.)‘ Z(ZEIL T) Z( 11 7 ) =(z; ¥, )
= Zo3

1) -

2 '
- 2 _ 2  ~liy_

In this chapter, an unblased ratlo -type estlmator
was found for pj. So. that in the evenﬁ,that pp is known,
‘this extra'infofmat1on can be used to obtain a better
‘estimate of Hq than is possible with just using information

about the Sensitive characteristic X4 alone. The exact
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variance bf_the estimator 1y Was also found. It éhbﬁid be
noﬁed that since r' = ﬁl/ug, that the exact_ﬁariancé of
' was essentially also obtained. Also by ﬁsing bivariate
cumulants. and k-statistics, unbiased eétimators of these

variances were also obtained.




CHAPTER IV
FINITE POPULATIONS

In the previous chapters, an infinite pppulation size
has.been aséumed. In this chapter, the éffects on the es-
timators of sampling Wighoﬁt replacement from a finiﬁe |
populatidn-of N élementswwill be investigated. The inter-
viewing scheme and notation of Case'II will be used here,
ioem,,ﬁoﬁh numerator and deno@inatbr‘charéctefistics_of‘
Ainterest”are éensiﬁive.
| The only change in notation required is that Xl and‘
X2 now have discrete probability distributions épd the}e-
fore will be labeled P(X;) and P,(X,) respectively. The
probébili%y density function for the numerator is

¥1(21) = PPy (%p) + (1-py)ey ()

and for the denominator |

?PQ(ZQ) = PZPQ(XQ) + (l—pe)g2(Y2)
where gl(Yl) andvgg(Yg),are again the probability density
functions of the'nphsensitive characteristics in the num--

1

erator and denominator respectively.
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Consider the random variable

4y = pllexl + (1"P1)IY1Y1

where IX' is an indioator variable equal to one if the
. 1 ", N ~ N .

‘sensitive question is selected, zero otherwise, and Iy

. o _ - 1

is one if the nonsensitive question is selected, zero
otherwise. Using these assumptions, Zl is a random
varlable Whlch is & mlxture of a discrete and & continuous

random variable. Hence,

t

where the firgt expectation is over the discrete probability
dlstrlbutlon P(Xl) and the second over the continuous o

probablllty den81ty functlon g(Y Therefore,

NE
"z, TP .le\.Tsl et Py(Xy5) + (1-py) [ Ylgi(Y.l)in

= Py (.l.—pl)ule‘,_ | | o - o "
whish is ths same rssuit as'When both'n;merator popuistisnsE
wefe‘cqnsidered ﬁq be infinite. Similarly, for the He:

. nominator, it may be shownthat:




4u
bz =Pglp + (1-Ppluy .
2 o 2
Hence; as before,

‘[lev‘ (l;bl)uYi]/bl

iz, - (Wpadiy ]/b

Il

U'l'

i

Mo

aﬁd
']u - (1-P )u IP
.Zl 1 Yl 2

E’LZQ - (i-Pg)ung]pl '

Suppoée a simple random sample of n observations is

drawn Without-repiacement from the finite population. Then

o BT [2‘1 - (1.'1@1)%;_]/101

and

Ko =,I:22 -, (1-‘P2>LLY2:|/P2:

" where Zl and 22 are again sample means for the numerator

and. denéminator respectively, are unbiased estimates of‘ulA

and | Thus ,
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is a bilased estimate of the ratio, Ro
) A
The. derivation of E(R) exactly parallels that for the

1nf1n1te populatlon case and the approx1matlon 1s,

2 2
(R) [l + K2 ng ko ks Cov(Zl,Z i] o

..From standard well known results for finite populatlons with

's1mple random sampllng,
N-n

-Cov(zl,Zg) T Cov(le,Zg)‘:.cZ122
and - ‘
2 = N-n_ 2
22 ' _.n‘ZNfl ) ZZ
Hence,
- .. ) 2 ‘o :
N e o N-n:s .GZE L. ZlZ2 :
B(R) # R4+ 571y |28 - _
: : DPollo _Plpgulug
and the MSE(R) would be approximately:
w B W [ %% °z, 5%
MSE(R) = — 73 T TTE .
' n N"l plul - Polo | Py Poltqbs

To obtain. the unblased ratio-type estimator for:

simple fandqusdmpling in a finite pqpulatibn,




Z ' Z. .
let v, =. —== and I, = L z?;,"_ii .
IS S n Ti=log
2i el

i 7.
1 N ~ _ 1 N R 1 _N 1i
T 24=1 Yy (Zel A ) = N Zi=1| o ZZi " F Zi=] — My
2 7 . 7. 4o
21 . 21
I 1N %
N “i=1 “1i "Mz | § “i=1
| 2 Loy

lle

Mo = e E(r, ) if N is large.
'z, T Mz, Bl | |

But E(rZ ) = E(EZ) in simple random sampling, hence
N . | -

where R, = L /uz .
. 1 2
Thus the bilas in rZ~= E(rZ) - RZ

Zi(Zgi.',Mzz) | (&)

For simple-random sampling, an unbiased estimate of

1 N -
T Zi=1 I'zi(zzi - “z-2>




is

I

L ( n . = 5
A-1 {%i=1 %13 ~ B 7,7,)

Substituting this into (4), the unbiased estimate of

. . —? _ - . n N'—l - - -
Ry 1s8: T =TIyt g R-1)iiy (¢ - ¥;Z,). The correspond
: . 2 '

ing unbiased estimate of the population total of Z

1
(numerator total for the population) is: '
- = n(N=-1) _ = :
rp Wy =T, Np, + == 2(21 rZ22)°

2 2

Now since uzl = RZ uzg, R can be written as:

P [RZMZE = (1pyuy, ]

pl[u22 - ‘(-l-pg)uyl] |

'Rz“z

- (1-p,)u

Pqbo -
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Hence‘the unbiased estimator of R ié:

: f"u -
Z Z2

(L=p,)p
1y,

P =
Pako

= [fz“zg + ﬁ ﬂ:i (21 ‘-fzzz).‘ (1'p1)“Yé]/bl“2

where “Zg = Doty + (l-p2)uY2~

Thus the unbiased estimate of the total for the sensitive

question in the ﬁumeratpr is:

o = Tt — - ' n(N-1 _"' - - "y :

Hy = g [%2”22 +-E%E:I% (29 - T525) = (2 Pl)“Yi]/P1°
Most of the results obtained in the infinite popula~-

tion case carry over to the finite population case by

supplying the finite population correction factor in the

appropriate places in the estimators.




.iCHAPTgR v

ASYMPTOTIQ DISTRIBUTION OF %'AND CONFIDENCE INTERVALS

To obtain the asymptotic distribution of the estimator
R, we need the following.

Theorem ii), sec. 6a.2, pége 387 in Rao [13]: .

1- ‘ - . '._ o .

| Le“o‘.'I‘n be a k-=dimensional statlst;c (tln’t2n’°'°’tkn)

such that the asymptotic distribution of VH(ty, = 64)s .
Aty = 92),_..;,.¢ﬁ(tkn - 6,) 1s & k-variate normal with
mean O and dispersion matrix 5 = (Gij). Let g be a function
'of k variables which is totally differentisble. Then ‘the
asymptotic distribution of u =~fﬁ‘[g(tln, tops soss bip)
T g(el, 55 ,;,,'eki] 'is'nOTMal with mean O and

e - .0g . 08 m
V(9> —Zizj O‘iJ. 55: 8@39

To appiy this fheorem to the estimator R, assoéiate
by W By = (1ByJuy 5 63 WAER Bz = (1Dyiy 5
'ten Wiﬁhlzgré‘(l4p2)uY2, e?'with.gzgnri(lApz)uYQ@
'Thén, | |

VAt - ei) = /a {21? -<1:--1°1>w1 - [uzl - "<1"P1)“Y.1:l}_ |

It

Vﬁ(zl ' HZl>5




.‘/H('t?n "?é) B ‘m{zz B ‘(1."192)'*3[2 - l:““z2 B (1-p2)u¥-2]},

‘The function g(t

50 |

Ny
-

VH(ZQ - ng).

1l

By the multivariate Central Limit Theorem, these variates
have a limiting distribution Which.is a bivariate normal

with O means and dispersion matrix givén by

O‘

Y = Zy 72 %5 .
2
%%, O,

t

o ‘ .
1n® Pop) is the estimator R, so that

Py [Z - (1-pq )6 j
_g(tin: tEn) = Lt . Yl

Py [zg - (1-p2)u_Y2:l

.and for the parameters,

R ]:uzl - (l-pl)qu]‘

oo [y = (Do) :]
1| bz, 2)by,

g(8,, 05) =

Hence,

@ = VB [6(t1n ta) - (015 )]




-~ =VE (R - R)

" Differentiating g(61s 65). with respect to the ﬁafameteréf

gives o
% -9 . P2 1. .1 )
56, . oW Py " Wy = (I=DPo)uy ¢ DPq by = (1-Ds)i-
1 Mz, Py kg, o iy, " Py bz, = (Paluy,
Ps
PyHo
aﬁd
vy | M2 - (1-py) |
dg _dg _f2 | . "1 1 p“Y:L - - M1
- (g = (1-Dy)iy ) 2e
2 . 1
- Therefore, the asyhiptotic variance is
o2 e o2 [ \2 . 28 e
v(ig) = 0, | =2 + o . + 2 o,
R cauzl.) %2 (5”z2 ) TP vy, g
2 o 2 | .-
Oz, . M1, 21927, :
- g S . ~ (5) .
oo e - 3 . ,

Pyltp  DPollp P1Polo
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Thus the asymptoticsdistribution of u = (E'(%_A R) 1s

normal with mean O and variance v(g), i.e.,

(R - R)———%> N(O, V(@));Iwhére~v(e) is giveﬁ by (5)°'

N—oo

Confidence.Intervals For R = “1/ﬂ2

Two methods of setting confidence iﬁter?als for the
ratio of means will be considered: |

1) use of Fieller's Theorem [6 ]
and

1i) wuse. of the Jackknife Technigue [12].

Method' I (Normal Case). The following is Fieller's

Theorem.
' ' Ty Tq
Let T~ MVN(t, I') where T = || , T = | _ and
' 2. 2
0% o .
1 %12 ' . |
I = o . Let S ~ Wishart (k, I'), independent of T,
S0 62'; , . .
| s° s o
[ P1 Pie
where S = o |+ Then 100(1 - a)% confidence limits
‘ 812 ®p ' : '

for @ = ul/u2 are given by:
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i) o € (QL, QU) if 1 - g3 O3
- ii) 'e"< G-L‘br 9> 6y if 1 - g< 0, 61, 6 are real;
and '
iii) 0 € (= o, ©) if the roots QL’ eﬁ are ilmaginary,

and 1 = g < 0, where ei, O and g are given by
- N 1/2 |

L ',l:Q'lZ - Q12 % Q ) |72

o 1/8

Oy = l:QlE (Q12 - Q Q2) /]/QE’

22, =2
§2/n T

0

, and_ln GL'and GU,

Q = T ot sg/n,

l
Q. = Tg - 2 s2/n,

Qs = Iy T, - t slyg/n.

Fieller's Theorem is based on normal theory and the
robustness'of'theAconfidence interval devéloped bélow is
'investigéted'by'a Monte Carlo study in Chapter VI..

To abply these results to the estimators in R, assume

that Z!

14 and Zr.

i are normally distributed, i.ee, that




El
| (Z:'Li) . [Zli - (1'91>“Y1:,/pl'

233 [221 - (1‘p2)”Y2]/ Py
) . .
B oy /P Oy g /PPy
Bo fs} o /PP g2 /pg ‘
Z. %y P12 2 | o .

The means and variances can be justified by noting the

following:

I
=
™

E(Z,ﬁi) ji - (‘l-PJ-)LLY )/pJ] = (IJ"Z. = (l’ijuY.)/pj

J J

3 .
! = ’, L - (1~ - - - 12 '
Var(zl;) = E [p, (25 = (=pyluy ) = 57 (g = (I-Pyluy ) |
. J J J J J
! 2 | S
PJ' J
= 0% /pg, for j =1 or 2,
3 J
and
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= L v .
= plp2 Cov(Zy, Zy)

/p Dy o

Hence 100(1 - a)% confidence limits for R = pl/pg are given

by:

Oy, = [-le- - (Qgp - Q1%)1/2‘]/ QU

_ 18
Oy = [Qle Q12 Q19) :I/ Qp

where, for the estlmators given here,

_ 2 2 - . 3 2 .2 2 ,.7,¢2
R E 7 /pl = I:(Zl - (1=By ey )" - 8 -szl/n %
7. 2 42 /2 = 2 .2 2 2

Q = Zp; = &7 sz /pon = [(Zg = (I=Ppiy )" = % szg/n:l/pg'

2 2

. .
=25 Zp5 = Cov(zl, Zo)/n PPy

= (Zl - (l'Pi)HYl)(ZQ = (l’pg)uyz)

-t Cov(zlzg)/n P1Ps

and t is the upper a/2 value of the student's t distribution
with n - 1 degrees of freéqu, It should be noted that GL
and 6 glve the lOO(lv- a)% confidence limits only if the
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2

!
quantity 1 - t~ s /n Z, = 1 - g is greater than zero.

2
2o
The.confidence interval considered above has been
developed for the case Where the sampling.is done from
normal populations. The Jackknife Method is another ﬁro-
cedure of obfaining confidence inter&als which has been
shown to be quite robust; that is, it provides the expected
confidence levels even when the populations are not normal.
A short outline of the generel Jackknife procedure will be
given first;' |

Let ® be the estimator (biased or unbiased) of the.un-
known paramenter 6. The entire saﬁple of size n is divided
into r groups each of size k, i.e., n = rk, 5 is then the
estimate of 6 computed from all n observations. Now iet
g_i,‘i =1, 2, ..., r denote the same estimate of 6, but
computed from all the observatiohs except for the 1th group?.'
i.e., delete the ith group and'compute the estimate of 6 on
the remaining n-k observations. Then find the "psuedo;
values" 8, = r® - (r-1)6_;, 1 =1, 2, ...; 7. The Jack-

knife estimate is the mean of the gi's, i.€.,




o1

2~ _1.or 2 1 r ~ X ~

Oy =% Zjoq 03 =F Zjoq (reo - (r-1) o)
L% r=1 . _r %
I R

The Jackknife estimate is useful for biased estimates,
which ratio estimates invariably are, since it eliminatés
the 1lst order bias term}'when exﬁanded as a function df
" the sample éiée, i.e., if E =0 ¥ a/n + O(l/nz), then
=0 + 0(1/n2). -

B(6,)

 Method II. To obtain confidence iimits using the Jack-
knife procedure, the variance of the pseudo-values are used

‘as én estimate of ‘the variance of the Jackknife estimaﬁé of

~

R. That is, find

.S2 = Zr (

3 1=1 SRZIESY

DU

Gi -

I
1

i=1 Y1

~

where 6, are the psuedo~-values discussed previously. In

~

~N. ~ ~N
terms of the parameter R and 1ts estimator R, 6_; = R_; i1s

~

the estimator %.but computed from all observations except

Il

those in the ith group. 5i Ri'are the pseudo-values, i.e.'

-~

R =R (sD)R, and 5, =% where Ry = . 57
Ry = r R~ (r-1)R_;, and 65 = Ry where Ry = & Zj

~
.. 1is
r i=1 Rl 1
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the Jackknife estimate of R. Then the 100(l = a)% confiw
dence limits for the parameter R are given by:
‘ P

Ry, = By = /o, p-1 S5

J—_A
By = By + Ea/z,r—l 57

where ta/E,r-l~iS the upper value of the student's t with
r-1 degrees of freedom.

This procedure for obtaining confidence intervals using
the'Jackknife technique is straightforward, but computation-
ally lengthy. The robustness of the Jackknife technique
' is also investigated in the Monte Carlo study discussed inv

Chapter 6.




CHAPTER VT
MONTE-CARLO STUDY

Thé-MOnte—Carlo study'wasdone'using a uniform [O,1]
pseudo random number generator to indicate which dlstrl—
bution (sen31t1ve or nonsensitive) to sample for each ob-
servatlon._ This procedure was used to simulate as closely
as possible the real-world sitﬁations. The uniform fandom
number generator was also used to obtain the observatiéns
by first generating a unifofm number and then using the
Box-Mueller transformation to obtain a normal deviate.
These numbers were truncated at four standard deviations
from the mean so that the numbers obtained had,ho real out-
liers.

There are essentially thirteen types of variablesv(not
counting different.popuiations) that could be altered, mak-
ing the number of different runs that were possible vefy
large. A&n attempt was made to discover what change in the
barameters,'or combination.of changes, would produce the
most striking results, whether desirable or undesirable.
Since computer time seemed to:be'mostly a function of

= NJCK, which is the number of times the same estimator

is computed leaving out k = KJCK observations at a time,
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most of the runs of the first set (Normal distributions)
were run at a relatively small value. Noﬁe that the totél
sample size isg’ equal tor « k = NJCK - KJCKol

The runs were separated into three groups, the ofder in
this paper béing the order in which they were run. Thus by
observing the results of each set of runs, hopefully a more.
intelligent design was obtained for the next set of runs.
The three sets are: - Normal distributions ("large" samples),
" Normal disﬁributions (small sampleé),-Chi-Squared distribu- .
Jtions. A table of the parameters used for each run is |
given. Only when the parameter was changed was an entry
made in the table. Hopefully, this will facilitate dis-
'cerning‘which‘parameter(s)'were aitered for each run. Also,
a table of resulté is given for each set. Each run consist-
ed of N = 100 samples, each sample being of size r k =
NJCK - KJCK. |
| The column headings of the results. are as follows.
The secohd’colﬁmn is the true rdtio of means, R = “l/u2’
-% and R

dJ.
' from the entlre sample and the Jackknlfe technlque respec—

s columns three and four, belng the estimates of R

Atlvelya
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The fifth column is the a%oroximate theoretical mean-
squared error of the estimator‘%; a@proximate because of -
" the truncetion Sf the terms in its derivation. The sixth
column is the mean over the N = 100 samples of theAsquared.
" deviations of‘% from the actusl value of R; coiumn seven,
the mean of the squared deviations of}% from.tne mean of‘ﬁ
for the N = 100 samples. Column eignt is the mean of the
estimated mean-squared error of the estimator‘%. If one
were  to actually use %.to estimate R, one of ﬁheée (column.
eight) would be used as an estimate of MSE(%), so this is
".one of the columns that should be studied quite closely.-
Column nine 1s the same type of quantlty as is found 1n
column seven, only for the Jackknlfe estlmate, and column
ten is the counterpart of . column elght, again for the Jack-
knife estimate. | | '

Columns'eleven, twelve and thirteen are respectively,
the confidence coefficlent; the fraction (out of the N =
100) .of confidence intervals that bracket R using the Jack~
knife'(column twelve) and Fieller's Theorem (colunn thir—
teen). The explanatlon under Fieller's Theorem for the

Chi- Squared dlstrlbutlons will be given in that section.
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Final;y, column fourteen is the real value of wys the
méan of the sensitive question in the numerator and the
mean of the estimates of B in column fifteen. Column six-
teen is the ‘mean of the squared devigtions of the estimate
31 from the mean of the estimates, and in column seventeen,
the mean of the variance estimates. “

The same starting number (14689) for the random num-.
ber generator was used throughout except in run number
eight of the first set. For large sample sizes, diffefent
starting numbers should not make much difference, but for

small sample sizes, the effect could be quite large.
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PARAMETERS FOR MONTE=CARLO STUDY
NOKRMAL DISTRIBUTIONS

Run  XPN  XPD  XMNL  XMN2  XMN3  Xxmws VMR, VN2 VN3 V"“__ KICK NJCK TDF

PR, Ty SR i Sy b LT e L Tipl ik o m X s T AL
1 .6 .6 50 50 10 10 4 4 b 4 1 100 1.96 «95
2 1 100 1.645 .90
3 1 200 1.96 .95
4 n 100

5 4 25

6 5 20

7 5 Lo

8 4 25

9 4o

10 .8

11 SRl 6 iR

12 .8

13 .9

14 50 20

15 .8

16 .6 60 60 30

17 .8

18 .6 30 16

19 4 16

20 .8

21 .6 4 16

22 .8

23 .6 16 16 b4

ol 4 16 L 16

25 o8

26 .6 4o 50

27 .8 .8

28 .6 .6 16 36 36 16




MONTE CARLO STUDY - NORMAL DISTRIBUTIONS R

s l-a
s _ = B ran)? RR2 > z(%_;?,)z s Soningl llm;nz Prollosia = z(ﬁl-il)z
No. R R R wse(R) "Lﬁ‘)— WSER —jo— MSE(R;) Value Jackknife Theorem By B ——
1 5 5.0133 5.0073 .02889 .03172 .032k2 .03035 .03207 .03035 <95 <95 .96 50 50.078 3.4773
2 5 5.0133 5.0073 .02889 .03172 .03242 .03035 .03207 .03035 .90 .92 .92 50 50.078 3.4773
3 5 5.0165 5.0135 .Ol444 .01700  .01744 .01497  .01734 .01496 .95 .95 .93 50 50.140 1.8453
N 5 5.0C54 5.0040 .00722 .00921  .00976 .00737  .00977 .00746 .95 .91 .95 50 50.041 1.0442
5 5 5.0133 5.0072 .02889 .03172 .03242 .03035 .03220 .03049 .95 .95 .96 50 50.078 3.4773
6 5 5.0133 5.0073 .02889 .03172 .03242 .03035 .03215 .02988 .95 .92 .96 50 50.078 3.4773
7 5 5.0165 5.0135 .Ol444 .01700 .01742 .01497  .01736 .01497 .95 .93 .93 50 50.140 1.8491
8 5 4.9969 4.9912 .02889 .03130 .03210 .02903  .03192 .02860 .95 .91 .92 50 49.908  3.45%0
9 4 h.0075 A4.0047 .01889 .02915 .02058 .01813  .02058 01764 .95 .93 .95 40 40.069 3.5650
10 4 h4.,0032 3.9984 .01840 .02476 .02531 .02178 .02513 .02182 .95 .92 .oh 40 39.975 1.8277
11 2.5 2.5074 2.5047 .00806 .05479  .05525 .05005 .05512 04877 95 .93 <95 25 25.055 6.5178
12 2.5 2.488% 2.4854 .00757 .03005 .03018 .02323  .03014 .02269 .95 .90 .91 25 24.850 2.9169
13 2.5 2.4957 2.4927 .00744 .01638  .01649 .01449 01643 .01439 .95 .92 .92 25 24.319 1.3098
14 5 5.0503 5.0108 .02889 .18859 .18809 .21070  .18032 .22033 .95 .96 .97 50 50.132 12.562
15 5 5.0690 5.0529 .01674 .O7769  .O7420 08182  ,07374 .08233 .95 .96 .98 50 50.670 11.083
16 2 2.0017 1.9998 .00062 .00375 .00375 .00364  .00373 .00383 .95 .92 .96 60 59.99% 4.9508
17 2 1.9951 1.9943 .00040 .00129 .00126 .00145  .00125 .00154 .95 .97 .97 60 59.746 2.4293
18 2 2.0008 2.0005 .00076 .00091  .00090 .00078  .00090 .00081 .95 .88 .93 60 60.017 .8876
19 2 2.0025 2.0022 .00083 .00090 .00088 .00086  .00089 .00087 .95 .93 .95 60 60.067 .8763
20 2 2.0022 2.0020 .00062 .00068  .00066 .00063  .00065 00064 .95 .93 .96 60 60.067 .8763
21 2 2,0018 2.0010 .00151 .00171 .00171 .00153  .00170 .00154 .95 .95 .95 60 60.033 1.6465
22 2 2.0019 2.0014 .00107 .00113 .00111 .00111  .00111 .00111 .95 .95 .96 60 60.055 1.8239
23 2 2.,0021 2.0015 .00136 .00150 .00149 .00143  ,00148 .00146 .95 .90 .93 60 60.046 1.42R7
24 2 2.,0029 2.0021 .00173 .00194  .00193 .00173  .00193 .00177 .95 .92 .94 60 60.064 1.8497
25 2 2.,0030 2.0024 .00129 .00133 .00131 .00133 .00131 .00135 .95 .96 .96 60 60.086 1.9754
26 2 2.0108 2.0037 .00173 .01536 .01538 .01696  .01514% .01757 .95 .95 94 60 60.110 8.8359
27 2 2.0224 2,0917 .00118 .00662 .00616 .00682  .00616 00687 .95 .94 .96 60 60.543 b.5827
28 2 2.0138 2.0059 .00383 .01743  .017HO .01924  .01713 .01991 .95 .96 .95 60 60.164 10.195

9
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Normal Distribﬁtions

In the first set, twenty-eight runs were made with a
relatively large sample Size: greater'than or equal to
100, The first eight runs:were.made with equal numerator
means (50);:eqqa1 denominator means (10) and all variances
equal (4). The purpose of these was to determine if the
sample size and/or Jackknifing numbers seemed to make a
‘significant difference. A confidence coefficient of .95
was used almost exclusively (in all three sets of rumns),
with an occasional .90 level being tried.

A different starting number for the random number
generaﬁor'waé used in run number eight (86771), so.that
comparing this run with run number five indicates the ef-
fect that the starting number might have. For these two,
it made a considerable difference: négative rather than
positive bias in estimating R, and a reduction in the
fraction of confidence intervals that éctually bracketed
.R using both the Jackknife and Fieller's Theorem.
Different Jackknifing numbers did not seem to have
" much effect on reducing the (average) bilas, and as a gen-
eral trend, did not seem to reduce the bias very much over

the regular éstimate. Notice also that when the blas was
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negative, in run numbers eight and twelve, the Jackknlfe
actually. 1ncreased the bias.

In run number elghteen,'wherelthe varlance of the non-.
sensitive distribution in the numerator was quadrupled,
the Jackknife estimate fared badly (atvlédst for the par-
ticular starting number and Jackknifing numbers used) for
. the cohfidence coéfficient.

The means in the dendminator'weré initially so small
that the variances could not be increased without generat-
ing observations close to zero. This resulted in unreal-
istically large ratios.' To o&eroome this problem, the |
mean in the denomlnator was increased and the mean in the
numerator was also lncreased in order to provide an integer
‘value for the theoretical ratio. This change in means
following the first thirteen runs allowed investigation of
unequal varianceS'while preéerving the invested computer |
time used in obtalnlng the prellmlnary results. It is.
reasonable that the relatlve changes in both the numerator
and denominator means did not affect the relevant compari--
sons.

In runs .eleven through seventeen aﬁd again in twenty-

'six, twenty-éeveh and twenty-eight, there is a big discrep-
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ancy between'the theoretical:MSE(%) and all of the other:
1nd1cators of what the MSE(R) really is. This discrepancy
ranges from a factor of approx1mately four to seven. If
the actual value of MSE(R) is really as low as the theor-
etical MSE( ) indicates, then one would expect the confi-
dence coefficients to be almost always one, since these

/"}/"\
confidence intervals are set using MSE(R) and MSE(R.

Since this i1s not the case, the conclusion must be that the
terms not included in the approximation will contribute
substantially to the theoretical MSE(%) for these peram-
Aeter values. This large discrepancﬁeoceurs when the de-
nominator:and/or numerator means are very different. If
the numeretor meahS'were not too different (50 versus 40
in runs hine and ten), then the 1arée discrepancy did not
appear. But When the actual difference is larger (runs
eleven, twelve and thirteen), then the large discrepancy
between the theoretlcal MSE( ) and its estimates appears.
The denomlnator means dlffered by ten units in runs four- 
teen and fifteeh'which is the same difference’as the
numerator means in.runs nine and ten. However, the ten

unit difference in the denominator is a much larger rel-

atiVe (to the mean values) differenee. Increasing the
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probability of sampling from the distribution(s). of interest
(the sensitive distribution) did reduce the discrepancy
somewhat, but they. were still quite large. Increasing the
variances so that the observations in the numerator and/or
denominator could overlap, did decrease the discrepancy.

For instance, in run twenty-eight, the factor was only two.
It is also rather inteiesting that incredsing the value
of <} and/of Po does not seem to increase the precision of
" estimation appreciably. As ; matter of‘fact, increasing
both.pl anq Po from run twenti-six to twenty-seven, de-
creased the precision frbm 2.0108 to 2.0224, But overall,
increasingp2 did seem to increase‘the confidence levels
(runs sixteen to seventeen, nineteen to twenty, twenty-one
to twenty-two and twenty-four to twenty-five). In runs
eleven, fwelﬁe and thifteen, where plvwas increased from
;6 to .8 t0 .9, the confidence levels decreased from runs
eleven to twelve and increased a little from twelve to
thirteen. So it appears thét even with a relatiﬁely small
p, and Py, say in the neighborhood of .6, that good results
for confidence intervals are still obtained, even When the

means and/or variances of the sensitive versus nonsensitive

distributions.are quite different. Thus it would appear
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that metching‘the means is a big factor only in terms of
the respondents assurance that the interviewer cannot
discern fhe queetion by leoking at the response, and that'.
the value of.p:L and P, would be most importaht only in
terms of the sample size that would be required.

It also would appear that the Jackknife is of little
value if the populations are nermal and the sample size 1is
large., Generally, Fieller's Theorem gave better results,
which should not be surprising, and since-the Jackknife is

rather lengthy computationally'when compared with Fieller's

* Theorem, should probably not be used if the assumption of

normal populations can be made.




PARAMETERS FOR MONTE-CARLO STUDY
NORMAT, DISTRIBUTIONS

(Small Sample Sizes)

Run XPN

XPD XMN1 XMN2 XMN3  XMNK

.KJCK NJCK

TDF
No. = Po =_qu =Hy = LLY2 = Hy I N
1 .6 . 60 60 20 20 20 2,093 .95

, 10 2.262

5 20  2.093

5 - 50 10 1.833 .90
~ 20 2.093 .95
6 10 2.262

7 30

8 60 |

9 o0

10 .8

11 20 '2.093

<95

0.




Run
No.

10

11

2.5

1.67

MONTE CARLO STUDY - NORMAL DISTRIBUTIONS

(Small Sample Sizes)

s s Toor E(R-R)2 SERE o z(%éiJ)e =

R Ry MSE(R) N N MER ~ N MSE(R) a
3.0122 3.0077 .01389 .01191  .01194 .01508  .01182 .01508 .95
3.0165 3.0076 .02778 .03107 .03118 .02987  .03052 .02996 .95
3.0193 3.0102 .02778 .02409  .02403 .03065  .02351 .03068 .95
3.0287 3.0103 .05556 .06391  .06377 .06202  .06108 .06240 .90
2.5158 2.5121 .01007 .01214  .01197 .01854  .01191 .01853 .95
2.5074 2.5003 .02014  .02984  .03005 .03613  .02971 .03615 .95
1.6679 1.6529 .00466  .03049  .03081 .03405  .02903 .03406 .95
2.0066 1.9882 .00617 .03852  .03885 .03955 .03627 .03940 .95
2.0110 1.9922 .00617 .05033  .05070 .04B66  .o4T784 04841
1.9967 1.9899 .00347 .01691  .01705 .01750  .01637 .01700 .95
2.0000 1.9965 .00174 .00896  .00903 .00875  .00875 .00890 .95

Column a: 1 - a Nominal Value; Column b: 1 - a Using Jackknife; Column c: 1 - a

* Praction of confidence intervals that cannot be constructed.

.96

.95

96

.91

-99

.98

.95

.97

-99
.06*
.90
97
.97
.93

-95

.95

o

60

60

60

60

50

50

50

60

60

60

60

N

o |

60.164

60.157

60.226

60.227

50.259

50.029

49.507

59.571

59.713

59.652

59.873

Using Fieller's Theorem;

“w = 2
Z(lil'lll)

4.86

12.44

9.84

25.44

12.90

40.11

46.62

51.73

16.31

8.84

o
™

T4
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Normal Distributions (small sample sizes)

Since the values of p, and p, did not seem'té have a
;arge effecﬁ'on the results'on'thé first'set'of runs, values ..
of .6 were qsed for both P and Po in all runs excepf the
iast two. True to forﬁ, the inqreése from .6 to .8 does
ﬁot seem to improve fhe‘estimatiéh. The Jackknife method
| actually.debreaséd in precision with a sample size of ten,
while the regular estimate increased (runs nine and ten).

Again, the meﬁhod using Fieilerfs Theorem did as well
or better than the Jackknife in almost every case (nofable
. exception in run four with 1 - a = .90), so that again it 
would be recommended that this method be used rather than
the'Jackknife. | |

Using greatly different variances did not affect the
results in the.first run set,'so the same variances were
used throughout. With a small sample size this could
possibly have a more profound effect than is now suspected.

The best results using the Jackkﬁife for: other types
of estimaﬂion is,whén k=1, So for the émail sample sit~
uafiong thies was the only #alqe‘triede Anéther reason for

{
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using k = 1 for small sample sizes would be that the max-
imum numbe£ of dégrees of freedom for making inferences
could be. used.

Again notice the large dlscrepancy between the theor-
etical MSE(R) and its estimators in runs seven through
eleven° In run number seven, the denominator means were
made different and were so for the remainder of the runs.

The estimate of oy suffers under a small sample size, .
since the Var(ul) increases drastlcally as the sample size
decreases. This is not true in general of the estimator

N~

R.




PARAMETERS FOR MONTE-CARLO STUDY

CHI-SQUARED DISTRIBUTIONS

Run XEN XPD XMNL XMN2 XMN3 s N, VNE VN3 ik KJCK NJCK TDF -

Noe =py =0y =y =iy = by, THe T T T, =0y =k =r =%, 1-
1. .6 .6 8 8 50 50 326 326 198 198 1 20  2.093 .95
2 ' 1 50 1.96 '
3 _ 2 25  1.96

i 50 82 50 82 198 326 198 326 L4 25  1.96

5 o 1 20 2.093

6 . .8 1 20 .2.093

7 . 6 2 50 1.96

8 . 1 100 1.96

9 . . o 2 50 1.96

10 .6 .6 83 65 82 50 656 258 326 198 1 20  2.093

11 ‘ ' 1 50 1.96

12 2. 50 1.9

13 _ 2 100 1.9

i .8 .8 1 20 2.093
5 1 50  1.96

16 2 50 1.96

17 .6 06» 2 50 © 1.645 . .90

i8 .6 1° 100 1.645 ..90

[¢7

fl
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1.64
1.6%
1.64
1.00
1.00
1.00
1.00
1.30
1.00
1.30
1.30
1.30
1.30
1.30
1.30
1.30
1.30
1.30

N N YW N e

ERERGEERES

Column 2: 1 - @ Nominal Value;

w)

1.6784
1.6580
1.6580
1.0037
1.0175
1.0136
1.0037
1.0037
1.0017
1.3622
1.3217
1.3104
1.3070
1.339%
1.3139
1.3100
1.310%
1.3108

an

1.6580
1.6503
1.6503
1.001%
1.0051
1.0078
1.0015
1.0015
1.0006
1.3203
1.3061
1.3027
1.3033
1.3225
1.307%
1.3069
1.3027
1.3029

Approx.

Theor.

¥SE(R)

LOR770  .04533
.01908 .0175%
.01908 .01754
.00227 .ook8g
.01135 .02301
.00698  .01223
.00227  .OOkEg
.00227  .0oABg
.001k0  .00217
-Ol657 .oTASY
.01863 .02838
00932 .01672
00866  .00726
02236 02877
00804  L01431
00472  .00792
00932  .01672
.00932 .01672

E(Ex 2 2-5)°

04308
01740
01750
00593
02294
01217
00293
00593

MONTE CARLO STUDY - CHI-SQUARED DISTE

=

MSE R

05358
02010
02010
00843
02465
.01151
.00kA3
~OCkL3

Column b: 1 - ¢ Using Jackinife;

z(Ry-Ry)°

N

.04239
01706
.01712
.00LES
02194
01194
00489
.CoA8g
.00219
06390

Column 1:

Column 1i: asctusl fraction of confidence intervals that bracket the mean;

AN
MSE(E;) a b

-05A54

L0X158 95 W88 75 .21 .93
-00A51 .95 .93 c 93 .53
.00kA3 95 .o [ .53 .93
-00223 95 .BH < B .95

1.00

.0328¢ .95 .98 12 & .75
01568 .95 .95 © .93 .93
00765 .95 .95 € .5 .
03628 .95 .93 .c2 .30 .92
01351 95 .93 L2 e .92
00659 95 .93 © SGe 94
01588 98 . 54 25 B

01562 .90 .87 G 5 .89

- = 2
E(ug1,)

118.53
48,18
48,18
37.77

173.59
88.64
37.77
37.77
16.34

156.53
69.49
41,76
18.2%
37.68
37.68
20.94
51.76
41.76

fraction of confidence Intervals that camnot be constructed;

Column 11i: fraction of confidence intervals that can be constructed

which do braczet the mean.

farey)
143,51
55.11
55.11
33.92
182.74
B4 L6
33.g92
33.92
16.18
161.34
76.82
38.10
18.74
35.36
35.36

7.59
38.10
38.10

i
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Chi-Squared Distiibutions

In.order to study the:effeéts of. having non—symmétric3
.diétributions, normal deviates were obtained and then trans-
formed to a:Chi-Squared distribution b& adding threé to esach
normal random nhumber and then squaring the result [15].

The -three columns under Fieller's Theofem in the re-
sults are: 1) The fraction (out of the 100) samples that
could not bé-constrﬁcted using Fieiler'slTheorem‘bécause‘of
the quantity 1 - g being less than zero. Tt would be ex-
pected that this fraction is.quite‘large, especially for
small samples because of the non-normaiity of the distri-
butions; however, this was not the case in run fourteen.
ii) The fraction of confidence intervals out of the total
of 100 that actually did bracket the true ratio. iii) The
proportion of the confidence intervals that could be éon—
structed that actually did bracket the ratio.

Both iarge and small sample sizes were tried with
various values of the Jadkknifing constants, r and k. In
runs two and three, where thg sample size was 100, letting
k = 1 or 2 did not make any difference on the indicated
'-éonfidence level, Which was .98 for both. It appears that

the use of the Jackknife method is a must for small sample
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sizes, at least for these types of distributions. The coh—
fidence intervalé based on Fielier's Theorem became better
as the samplé size increased, but had a larger indicated
confidence. level than the Jackknifé‘only twice out of the
.eighteen runs. | | |

Thg_discrepancy between the approximate theoretical
MSE(%) and its various estimates again became greater when
the means were different. However,'this discrepancy never
did become nearly as large as for the first two sets of
runs, possibly because the variances were always kept at
quite large values.

Again the‘estimation of u; suffered under small sample
sizes by having a large variance. The exception was run
fourteen where the probabilitieé of sampling from the sen-
 sitive distributions were increased to .8 in both the num-
erator and denominator.

Qverail, the most striking characteristic of this set
of runs was the good performance of the Jackknife technique

in constructing confidence intervals.




CHAPTER VII

SUMMARY

Since Warner's original paper in 1965 on the idea of "
randomizing responses from individuals so as to obtaih a
more unbiased estimate of sensitive characteristicé, many
improvemenfs and variations have been propbsed..‘The results
given in this paper are an application of.the randomized
regponse ﬁechnique'When it is desired to either gstimate
the ratio of two sensitive characteristics or to use a
concpmitanf variable to.aid in the estimation of one sen-
siﬁive:characteristic.

| Like most other estimaﬁors of a ratio, the estimator
developed here is biased, and the estimate of its mean
squafed error is also biased. But if the denominator means
are known, an unbiased ratio-type estimator of the mean of
the numerator sensitive characteristic can be found. This
unbiased ratio-type estimator has an exact variance which
also has an unbiased estimator.

Two different methods of setting confidence intervals 
for the ratio of the population means were discussed. Based
on the Monte-Carlo study, the method of setting confidence
intervals'whiéh is based on Fieiler's Theorem works very

well for normal populations, as was expected, since Fieller's
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results:were.derived using normal theory. The method using-’
the Jeckknife procedUre elso“Worked'quite‘well in- the nor-
mal case, but the compﬁtatdons-inrolved are more'lengthy;
Utilization of hlgh~speed electronlc computers, however, can -
overcome this factor. When the populatlons were non—normal
Chi-Squared distributions and the sample size was relatlvely
small, the method of setting confidence intervals using'the,
Jackknife techniques was far superior. However, if the -
sample size is increased, the method based on Fieller'e
Theorem eppears to approach that of'the.Jackknife. |

Also, having large values for p; and p, did not make as
much noticeable difference aS‘Would be suspected. Therefore,
the randomized response type of design iS‘worthwhile'beeause
the trobabilitieslof choosing the sensitive question can be f
in the nelghborhood of .6, which should be small enough to |
ensure the confldentlallty of the response and hence to
maintain the truthfulness of the respondent.

As with most Monte-Carlo studies, there 1s almost an
unlimited'number of comblnatlons of-parameters and distri-
butions that could be tried, but since computer and/or '
researchers time: 1s limited, the study must be terminated

at some point.. If.the Monte-Carlo study could,be continued,
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one of the more interesting possibilities for further in-
vestigatidh'would be the mixture of distributions. Such
possibilitieS'Would include ‘a normal and a uniform distri- -
~bution in both the“numerator\and denominator, a uniform and
a Chi-Squared distribution in béth the numerator and de=-
néminator, a uniforh.and a normal in the numerator and a’
uniform and a Chi—Squared.distriﬁutibn in the denoﬁinator,
as well as other more exotic combinaiions éf distributions.
The uniform‘disfribﬁtion or a simplé binomial distribution
are possibilities worthwhile considering since these are
two distributions that might be easily incorporated into the

sampling procedure as the nonsensitive distributions.

-
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SMONTE CARLD

IN THE RANDOMIZED RESPONSE DESIGN
PN = PROB OF SELECTING THE SENSIIIVF QUESTION
IN THE NUMERATOR
XPD = PROB OF SELECTING THE SENSITIVE QUESTION
IN THE DENDMINATOR ‘
AMNT = MEAN OF NORMAL FOR THE NONSENSITIVE IN THE NUM
AMNE = MEAN OF NORMAL FOR SENSITIVE IN THE NUM
AMN3 = MEAN OF NORMAL FOR THE NONSENSITIVE IN THE DEN
AMN 4 = MEAN OF NORMAL FOR THE SENSITIVE IN THE DEN
VN1 = VAR OF THE NORMAL FOR THE NONSEN IN THE NUM
UNZ2 = VAR OF THE NORMAL FOR THE SEN IN THE NUM
VN3 = VAR OF THE NORMAL FOR THE NONSEN IN THE DEN
YN4 =-VAR OF THE NORMAL FOR THE SEN IN THE DEN
KPS = SIZF OF.POPULATION OF SAMPLES
XKJOCK = NUMRER OF ORSER PER GROUP FOR THE JACKNIFE
NJOGK = NUMBRER OF GROUPS FOR THE JACKNIFE
ThF =" UPPER VALUSR OF 'THFE T=-DIST WITH N=1 D.F.
DIMENSION AV()MM;A);AD(PWO:4);HHA1(1MW):XM¢L
ECIBEY s RHJCK 148, VRHJICK C1 0B,
BAURIC1AMY s VP (10D

10
EUNTUN2LVUNZsUN 4 KPS

STURY FOR

READCIHASE, 12) KPNLKPDsNSTART,

84

RATIO ESTIMATION

KMNT » XMN 2 KMN 3> XMN 45
53K JCKs NJCKs TDFs NCELL 15 NCELL2

12 FORMAT(R2F 645 17s8F 40 M:314:F6 4, 21.3)

OUTPUI NS TART
K$S=KJCK*NJCK
KSS) K8S=KJCK
XMNS = Bl
NCI=0.0
NG=0 o
NCIJ = @0
NO 68 L=1,KPS.
ANUMS=P 0
KDENS= o0
’ XSCP-: . {a
cXNEN= 0
ANUM= o«
ZRAT= o0
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ZRATS=.0
ZR=(.0
NO 62 I=1,NJCK
ND 62 J=1,KJCK
CALL MYRAN(NSTART,YN)
IFCXPN=YN)15,14514
14 CALL RNORMC(XMNZ, UN2, DEVNsNSTART)
GO TO 16 ,
15 cALL RVORM(XMN]:VNI,DEVN:NSTART)
6 ANCI>J)=DEW
XNUM=XN UM+ DEVN
CALL: MYRAN(NSTART, YD)
IFCXPD-YD)18,17517
17 CALL PVORM(XMNa,VNd,DFVD:NSTART)
G3 TD 19
18 CALL RNORM(XMN3Z, VN3, DEVDsNSTART)
19 ADCI>J)=DEVD
XDEN=XDEN+DEVD
ZRAT=ZRAT+(DEVN/DEVD)
ZR=ZR+ ((DEVNXDEVN/DEVD))
ZRATS=ZRATS+ ((DEVN%xDEVN)/ (DEVD*DEVD))
XNUMS=XNUMS+ ¢ DEUN*DEVN)
ADENS=XDFNS+(DEVD*DEVD)
XSCP=XSCP+ (DEVN*DEVD)
9991 QUTPUT YNsDEVN,YDs DEVD
62 CONTINUE
ZBAR1=XANLUM/KSS
ZRAR2=XDEN/KSS
XK1 = ZBARI=-(1l+.=-XPN)*XMN1-
XKP2 = ZBAR2-(1.=-XPD)%*XMN3
RHAT(L)Y = (XK1%XPD)/(XK2%XPN)
SZ1=CAVUM S~ CCXNUM*XNUMI ZKSS) I/ (KSS*(KSS~14))
SZ2= (XDFNS=~ C(XDEN*XDEN) /K SS)I )/ (KSS% (KS5=1.))
. XCOV = (XSCP=- (ANUMXXDEN/KSS) )/ (KSS*(KSS=1.))
09981 GO TD 42 .
Ti=SZ1/7CKK1%XK1)
Te=SZ2/ (XK2%xXK2)
T3=XKCOV/ (XK1 %XK2) _
AMSECL)I=(RHAT(L)Y*®RHATC(L)I YK (T1+T2=-(2.%xT3))
£9993 QWTPUT RHAT(L),921,sze,xcov,Tl,Te,Ts,XMsch)
C9994 DUTPUT XSCP
£9992 GO TO 69
RRAR =ZRAT/KSS ,
XC = LKSS*(ZBAR1-RBAR*ZBAR2))/(KSS=1.)




42

31

£9995

34
36

e1%)
.35
¢o9982

86

ABIAS=RHAT(L ) - CXMN2/XMN 4)

AMNS = XMNS+(XRIAS*XRIAS)

KMZ 2= KPDEAMN 4+ (1o =XPD) % XMN 3

XUBLC(L) = (RBARXXMZZ2+XGC-C(1e=XPN)*XMN1 ) /XEN

Tl = ((ZRATS)~(ZRAT*ZRAT/KSS))I/Z(KSS~1.)

T2=KSS* S22 -
T3=(14/(KSS=1e))%(ZR-(2*xXNUM*RBAR) +( RBAR*RBAR*XDEN)

C-(KS3~1)%ZRAR2%T1)

TEMP1 = KSS*%(KSS+1.)%XNUMS

TEMP2 = 2.%(KSS+1 )% (XSCP*ZRAT+ZR*XNEN)
TEMP3 = (KSS~1+)%(XDENS*ZRATS+2xXNUMkXNUM)
TEMP 4 = 8% XNUM*XDEN*ZRAT

TEMPS = 2.%xXDENS*ZRAT*ZRAT

TEMP6 = 2.%ZRATS*XDEN*XDEN

TEMP7 = (6.%XDEN*XDEN%ZRATHZRAT)/KSS

T8 = (KSS=14)%(KS5~2.)%(KS55-3.)
T4 = (TEMPL-TEMP2-TEMP3+ TEMP 4+ TEMP 5+ TEMP 6- TEMP 7)Y/ T8

TEMP1 = (XMZ2%XMZ2%T1)/KSS

TEMP2 = (2.%XMZ2%T3)/(K55-2.)

TEMP3 = (KSS=1.)%T1%T2

TEMP4 = (KSS=3¢)%XC*X(C

TEMPS = (KSS=1e)%(C1.=24/KSS)%T4

TK = KSS*KSS~KSS-2.

VP (L)Y .= (TEMP1+TEMP2+ (¢ CTEMP 3+ TEMP 4+ TEMPS)/TK) )/ (XPN*XPN)

Y=1.-&(TDF*TDF*SZI*XPD)/(ZBARB*(lo-XPD)*XMNS))
1FCY) 30, 30, 31

TEMP = XXK1%XK]1

KA1 = (TEMP=TDF*TNHF*SZ1 )/ (XPN.XPN)
TEMP = XKP2%kXK2 '

RQA2 = (TEMP-TDF*TDFxSZ22)/ (APD*xXPD)
TEMP = XK1#XK2

XQ12 = (TEMP-TPDF*TDF*XCOV)Y/ (XPN*XPD)
TEMPﬁsﬁRTCKQlB*XQIQ-XQI*XQB)
AL=(XD12-TEMP)Y/XQA2

AU= (AR 2+ TEMP)Y/ZXQ2

DUTPUT AL, XU
IF(XL~AMN2/XMN4) 345 34535
IF(XUJ=XMN2/XMN4)35, 36536

NCI=NCI+1

GO T 35

NG=NG+1

CONTINUE

GO T 60
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USING THE JACKNIFE METHOD

23

24

PSS = 2.0

PSR=0 .7

PSV=0.0

NO 2B I=1,NJCK

IF (1.FR.1)GD TO 23

PO 22 IX=1,KJCK
TEMP=AV (1, IX)

ANC1, IX)=ANCI» IX)

ANCI, IX)=TEMP -
TEMP=ADC(1,1X) ‘
ANCT,IX)=ADCI, IX) :
ADCI»IX)=TEMP

. CONTINUE

XNUM=0.0
XDEN=%.0

XNUMS=0.0

XNDENS=0.0

XS0P=@ .0

DY 24 J=2,NJCK

DD 24 K=1,KJCK

XNUM=XNUM+ANCJ» K)

XDEN=XDEN+ADCJ>K)

XNUMS=XNUMS+ CANCJs KI*AN CJsK))
XDFNS=XDENS+CADCI>KIXANCI»K))
XSCP=XSCP+ (AN CJs KI)*ADCJsK))

CONTINUE -

ZBAR1=XNUM/KSS5J

ZBAR2=XDEN/KSSJ

XK1 = ZBAR1=(1.-XPN)*XMN1

XK2 = ZBAR2-(1.-XPD)*XMN3

RHATJIP = (XK1%XPD)/(XK2%XPN)

SZ1=(XNUMS= CCXNUMKXNUM)Y /K SSJ)I )/ (KSSJ* (KSSJ-14))
SZ2= CXDENS~ (C(XNDEN*XDEN) /K SSJ) )/ (KSSJ* (KSSJ=~14))
XCOV = (XSCP~-(ANUM*XNDEN/KSSJ) I/ (KSSJI*(KSSJ-1.))
TI=SZ1/CKK1%XK1)

T2=SZ2/(KK2%XKD)

T3=XCOV/ (XK1%XK2)
TMSF.JP=(RHATJP*RHATJP)I*(T1+T2-(2.%T3))
PSEUDR=NJCK*RHAT(L) - (NJCK=~1)%xRHATJP)
PSR=PSR+PSEUDR

PSS = PSS+PSEUDR*PSEUDR




£9996
20

c9987

26
60

OUTPUT TMSEJP
CONTINUE
R = XMN2/XMN 4

~TEMP=NJ CK

RHJCK (L)Y=PSR/ TEMP
T1 = NJCK*(NJCK=14)
VRHJCK (L) = (PSS=NJCK#*RMJCK (L)*RHJCK (L) )/ T1
SDJ = SART(VRHJCK (L))
T1 = RHJCK(L)~TDF*SDJ
T2 = RHJCK(L)+TDF*SDJ
OUTPUT T1,T2
IF(R.LE.T1) GO TO 26
IF(T2.LE.R) GO TO 26
NCIJ = NCIJ+1.
CONTINUE

CONTINUE

 TEMP=KPS

56

64

PNG=NG/TEMP
XNCIJ = NCIJ/TEMP
PNCI=NCI/TEMP

X1 = XPN&XPN%xXMN2%XMN2
X2 = XPD*XPD*xXMN 4%XMN 4
‘Tl = (APN*VNZ2+(1.-XPNI)*UN1)/X1
T2 = (XPD¥UN4+(1+~-XPD)*UN3)/X2

TMSE =(R*R*%(T1+T2))/KSS

XMNS = XMNS/TEMP : :

DUTPUT XPNs XPDs XMN1 s XMN25s XMN 35 XMN 45 VN1 UN25 UN35 UN4s KPS
QUTPUT KJCK;NJCK,TDF

QUTPUT * °

FORMAT (28HTHE THEORETICAL MSE(RHAT) = ,Gl1.4)
WRITE(1@28556) TMSE '
oUTPUT *

QUTPUT *

QUTPUT 'E(RHAT-RY*%2 = °

DUTPUT XMNS '

OUTPUT * : , :
OUTPUT *'THE FRACTION OF CON INT THAT BRACKET THE MEAN'
OUTPUT 'USING THE JACKKNIFE IS

QUTPUT XNCIJ

OUTPUT *

WRITE (198,91)

WRITE (128,92) PNG

WRITE (128,93

WRITE (1@8594> PNCI




OO0
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89

852 FORMAT ('1")
WRITEC108,82)
QUTPUT * FREQ DIST OF RHAT'
QUTPUT * * ;
CALL DSUMRY (RHAT,KPSsNCELL1s@5-10080003 )
QUTPUT * FREQ DIST OF MSE OF RHAT®
QUTPUT '
CALL DSUMRY (XMSE>KPSsNCELL2:3,-10000800.)
ODUTPUT ' FREQ DIST OF RHAT USING JACKNIFE '
QUTPUT * ° . :
CALL DSUMRY (RHJCK,»KPSsNCELL1,0,-10000000 )
.OUTPUT 'FREQ. DIST OF MSE OF JACKKNIFE EST OF RHAT'.
QUTPUT * '
CALL DSUMRY (VRHJCK»KPS,»NCELL2,@,-10000000.)
OUTPUT ' FREQ DIST OF UNBIASED EST OF MU 1°
QUTPUT * ° ' ’
CALL DSUMRY (XUB1sKPSs;NCELL1,0,-100000080.)
OUTPUT ' FRE® DIST OF THE VARIANCE OF EST. OF MU 1°
OUTPUT *
CALL DSUMRY(VP,KPS,NCELL2>@,-10000003.) l
91 FORMAT(/>/> 44HTHE FRAC OF SAMPLES FOR WHIGH NO
&CONFIDENCE) .
92 FORMAT(32HINTERVAL CAN BE CONSTRUCTED IS »F6e45/)"
93 FORMAT(3SHTHE FRAC OF SAMPLES FOR WHICH THE C.I.)
94 FORMAT(22HBRACKETS THE MEAN IS s Fée.4)
GO TO 19 i
999 STOP . |
END . |

SUBROUTINE MYRAN GENERATES A UNIFORM RANDOM.DIGIT ON:(¥s11]
SUBROUTINE MYRAN (K> Y) !
. K=K*65539
CIF(KLE@IK=K+1+21 47483647
Y=K*. 465661 3E-09 '
RETURN
END.

SUBROUTINE RNORM GENERATES A RAN DOM NORMAL DEVIATE .
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C  SUBROUTINE RNORM GENERATES A RANDOM NORMAL DEVIATE
C WHICH IS TRUNCATED AT FOUR STANDARD DEV.

SUBROUTINE RNORM(XMs XV, DEVsNSTART)
CALL MYRAN(NSTART, RA)
CALL MYRAN(NSTARTs RB)
V=(~2..0%ALOGCRAI Y% %@+ 5%CO S 6. 283*RB)
IF(VeLEs-44) V==4.3060 TO 12
IF(VeGEe4e) V=443G0 TO 12

12 DFV—V*SQRT(KV)+XM
RETURN
END-

[eReNe]

Co e e SURRQUTINE DSUMRY(XsNsNCELL»IZERDs UPPER)
C
CeeeX IS DATA VECTOK
CeselN IS LENGTH OF DATA VECTOR
CoeoNCELL IS NOe OF CELLS TO FORM HISTOGRAM .
CooeIZERD. = 1 IF LOWER CELL BDRY IS ZERO3 = BLANK OTHERWISE
Ce e s UPPER UPPER CELL BOUNDRY: UPPER = X(N) IF ASSIGNED
&OLT- 'lo@E"lg '
SUBROUTINE DSUMRY (XsNsNCELL s IZERQs UPPER)
DIMENSION XC1400)
DIMENSION NFRFQ(]D@):GROUP(I@@):POINT(I@@)
DATA IIA/Z1HX/
19 FORMAT (314)
20 FORMAT (F1@.4)
30 FORMAT C¢1H1)
40 FORMAT C1H »1HNS 6X:I4:1IX,SHRANGE:AX;Gll.babXa
&1OHCOEFe VARes1Xs F1045)
50 FORMATC1H ;AHMFAN;PX,GII.SsSX;BHVARIANCFpIX:Gll.ba
25X s BHSKEWNESSs 3Xs F1845)
60 FORMATCIH s 6HMEDIANS 1Xs G11455 4X5 9HSTDe DEVes1Xs G115,
&4Xs 12HND. OF rFLLs,lx.14> '
70 FORMAT C(1H®) .
80 FORMAT (1H@s 1OHCELL « MIDes5Xs BHFRER.» 5Xs * CELL
GWIDTH = *5G11.5) _ ' o
90 FORMAT C1H sG114556Xs14s2Xs 60A1)
100 FORMAT. ¢1H )
Ce e« SORT
' L=N~-1

[}
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DO 120 J=1,L
LL=L~J+1
DO 110 I=1,LL
LG=1+1
IF (XCI) +LTe. X(CLG)) GO TO 110
A=X(I)
XC(I)=XCLG)
XC(LGY=A
119 CONTINUE
120 CONTINUE
RANGE = X(N) =~ X(1) .
Ceee D CALCULATE CELL BOUNDARIESs FREQUENCIES, MIDPOINTS
IF (NCELL «EQ. @) NCELL = 15
D) 130 I=15NCELL
130 NFREQCI)=0 »
IF (IZERD +EQ. 1) GO TO 140
WIDTH = (UPPER = X(1))/(NCELL-1)
IF (UPPER «LTe =~1.0E5) -WIDTH =(X(N)- X(l))/(NCFLL-l.)
RINDPT = WIDTH/2.
GROUP(1)=XC1)+RIDPT
POINTC1)=XC1)
GO TO 150
140 WIDTH=(X(N)=0.0)/(NCELL~«5)
IF (UPPER +GTe =1.0E5) WIDTH= (UPPER)/NCELL
GROUPC1)=WIDTH
POINTC(1)=GROUPC(1)/2.0
50 DO 160 1=2,NCELL
160 GROUP(IY=GROUP(I-1)+WIDTH
DO 190 I=1,N ,
DO 178 M=1,NCELL
IF (X(I) LE. GROUP(M)) GO TO 180
1790 CONTINUE
180 NFREG(M)=NFREQ(M)+1
19¢0 CONTINUE
DO 20@ I=2,NCELL
200 POINTCID=POINTC(I-1)+WIDTH
Ces+«CALCULATE THE MEAN
210 XSUM=D.0
DO 220 1=1sN
220 XSUM=XSUM+X (1)
AVE=XSUM/N
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Ce« o CALCULATE THE VARIANCE AND STD. DEVIATION
DO 233 I=1,N
230 TEXS = TEXS+(X(ID)*X(I))
PART1 = TEXS-(XSUM*xXSUM/N)
VAR=PART1 /N
VR=PART1 /(N~1)
SD=SART(VAR)
SD1=SQRTC(VR)
Cee o CALCULATE SKEWNESS
SKW1=0.0
DO 240 I=1,N
240 SKWI=SKWI +(X(I)~-AVE)*®*%3,
SKWR=N* (SD*%3. )
SKEW=3SKW1 /SKW2
Coe s CALCULATE THE MEDIAN
J=(N+1)/2
K=(N+2)/2
KMED=(X(J)XY+X(KI)I/ 2.
Ceo s CALCULATE THE COEFFICIENT OF VARIATION
COEFV=SD1 /AVE
F.-.PRINT ouT
WRITEC(1A8, 42)N> RANGE, COEFV
WRITE (108550) AVEsVR, SKEW
WRITE (198,60) XMEDs>SD1,NCELL
WRITE (1P8570)
WRITE (108-83) WIDTH
WRITE (108,100)
MAXK=NFREQ (1)
DO 250 I=2,NCFELL
IF (MAX LT. NFREGCI)) MAX=NFREQCI)
257 CONTINUE
PO 2989 I=1,NCELL
IF (MAX «LE. 45) K=NFREQ(I)s GJ TO 270
IF (NCFLL .LE. 15> GO TO 2690
K=NFREQ(I)* 45. /MAX+.5
GD TD 279
260 K=NFREQ(IDI*3@./MAX+5
278 IF (NFREQ(CI)> .EQ. B) GO TO 288
WRITE (108,9%) POINTCIDLNFREA(II5> C(ITASL=15K)
GO TO 294
280 WRITE (108,90 POINT(I)»>NFREQCI)
290 CONTINUF
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298 CONTINUFE
13 FORMATC'1 *)
WRITE (198,13)
RETURN
END







