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Abstract:

Ceramic-matrix composites have the potential of being used in many applications particularly as high
temperature structural materials for engines. Although ceramics have high strength at temperatures
exceeding the melting points of the superalloys, as well as oxidation, wear and corrosion resistance,
they have the drawback of low flaw tolerance. The addition of reinforcing fibers greatly improves the
toughness of ceramics, but local cracking can still develop in the brittle matrix and fiber/matrix
interface. Recent studies have shown that cracking of simple crossply laminates initially occurs in the
transverse plies at strains considerably less than the matrix cracking strain of the longitudinal plies;
longitudinal ply cracking follows. Most of the present theoretical models for cracking in crossplied
composites are for polymer matrices, in which the longitudinal plies remain intact and have a
constraining effect on the cracking process in the transverse plies. In ceramic-matrix composites,
development of a network of transverse ply cracks is followed by longitudinal matrix cracking normal
to the fibers. This cracking of the longitudinal ply causes a decrease in the ply stiffness and thus the
composite stiffness. Two theoretical models are developed in the present study. These are built on the
lines of the existing theoretical models for polymer matrices. The classical theory of Aveston, Cooper
and Kelly is used to account for longitudinal ply matrix cracking, which is coupled with the theories of
Laws and Dvorak and Nairn for transverse ply cracking. Good agreement is shown between the
analytical results and the existing experimental data using the Laws and Dvorak analysis. The theory
should provide a guide to the engineering use of these materials, as well as a basis for improving the
materials through better understanding the parameters controlling the damage process.
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ABSTRACT

Ceramic-matrix composites have the potential of being
used in many applications particularly as high temperature
structural materials for engines. Although ceramics have high
strength at temperatures exceeding the melting points of the
superalloys, as well as oxidation, wear and corrosion
resistance, they have the drawback of low flaw tolerance. The
addition of reinforcing fibers greatly improves the toughness
of ceramics, but local cracking can still develop in the
brittle matrix and fiber/matrix interface. Recent studies have
shown that cracking of simple crossply laminates initially
occurs in the transverse plies at strains considerably less
than the matrix cracking strain of the longitudinal plies;
longitudinal ply cracking follows. Most of the present
theoretical models for cracking in crossplied composites are
for polymer matrices, in which the longitudinal plies remain
intact and have a constraining effect on the cracking process
in the transverse plies. In ceramic-matrix composites,
development of a network of transverse ply cracks is followed
by longitudinal matrix cracking normal to the fibers. This
cracking of the longitudinal ply causes a decrease in the ply
stiffness and thus the composite stiffness. Two theoretical
models are developed in the present study. These are built on
the lines of the existing theoretical models for polymer
matrices. The classical theory of Aveston, Cooper and Kelly is
used to account for longitudinal ply matrix cracking, which is
coupled with the theories of Laws and Dvorak and Nairn for
transverse ply cracking. Good agreement is shown between the
analytical results and the existing experimental data using
the Laws and Dvorak analysis. The theory should provide a
guide to the engineering use of these materials, as well as a
basis for improving the materials through better understanding
the parameters controlling the damage process.




CHAPTER 1

INTRODUCTION

Ceramic-matrix composites,(CMC's) are under development
for structural and nonstructural applications such as heat
engines, turbine blades, wear parts, and heat exchangers, at
use temperatures far beyond thevcapabilities of metals. If
CMC's maintain toughness =~- resistance to rapid crack
propagation -- and are able to resist attack by aggressive
environments, then the low densities and low coefficients of
thermal expansion of these materials make them attractive for
many heat engines and hot aerospace applications. These
materials have the potential of improving efficiency since
they may allow operation of engineering components at higher
temperatures, with lower friction, weight and inertia, as well
as high thrust-to-weight ratios.

Monolithic ceramics, though they have high temperature
capability and strength, are extremely brittle. A flaw as
small as 10 micrometers can reduce strength to_a few percent
of the theoretical strength (1). This problem of brittleness
can be overcome by nsing either (2): (i) whisker-and-
particulate reinforced ceramic-matrix 'composites or (ii)
contin;ous fiber-reinforced ceramics. Whisker-and-particulate
composites can fail catastrophically with failure generally
being matrix-controlled, while fiber-reinforced ceramics can
be made to fail .noncatastfophically if the fiber-matrix

bonding is optimized, so. that the failure is mostly controlled
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by the fibers, much like current'fiberglass materials.

The present work is focussed on understanding the
cracking behavior of continuous fiber—reinforced ceramics.
Extensive experimental work has been done pfeviously (3), both
at ambient and high temperatures, to understand -the behavior
of these materials. The work in Ref.3 iquuite-impoftant to
the present study as explained further in the ensuing
chapters. A theoretical model is developed‘to predict the
cracking behavior of CMC's. The different CMC matrix materials
that were taken into consideration were: (i) lithium
aluminosilicate (LAS) (ii) calcium aluminosilicate (CAS) and
(iii) Corning code 1723 glass (an aluminosilicate glass). The
fiber reinforcement was Nicalon (crystalline, primarily'
silicon carbide fiberé, marketed by Nippon Carbon Company) .
Nicalon/1723 and Nicalon/CAS have moderate bond strength and
high matrix thermal expansion coefficients, while Nicalon/IAS
is less strongly bonded and has a iow matrix thermal expansion
coefficient. This variation in the bond strength and
expansion coefficient makes it possible to compare the effects
of bond strength and residua1 strésées on the failure
behavior. o

Most of the existing theoretical models of cracking are
for crossplied  polymer matrix composites, in which

longitudinal (00) ply matrix cracking is not observed, due to

the high failure strain of the matrix relative to the fibers.

But in CMC's, longitudinal ply matrix cracking accompanies the
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cracking in the transverse (90% plies. The goal of the
present work is to improve the modelling of thesé composites
by taking into account the 0° prly crackiné, and its
interaction with transverse ply cracking through its effect on
stiffness. The approach is to uée two current models for‘
transverse cracking, and to combine these‘with'an earlier
model for 0° ply cracking. A computer routine then simulates
the influence of one array of cracks on the other as the
stress on the composite is increased. The predicted cracking
patterns and stiffness changes are then compared with existing

experimental data for three materials.
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CHAPTER 2

BACKGROUND

Reinforced Ceramics

Ceramics have received widespread attention because §f
their inertness and stability at high temperatures combined
with‘their low densities, lqw thermal expansion and relatively ﬂ
low thermal conductivity (2). Theoretical strengths of
ceramics ovér a wide range of temperature compare well with
the low temperaturé strengths of the strongest materials in
common use (1l). In practicé, most ceramics héve flaws and low
toughness which 1lead to low tensile stréngth aﬁd. poor
resistanqe to thermal and mechanical shoék.

Among the ways of increa;ing the fracture surface enerqgy
- the énergy required to create a new surface in a material -
and thus decreasihg the ~ brittleness "~ of ceramics is
reinforcement with particles or, especially, fibers. The
toughening mechanisms in these composites are believed to be
crack defleétion - as the crack approaches the fiber, it
cannot pass through it, as a reéult of which it is deflected
parallel to the reinforcement - or~ debonding at the fiber-
matrix interface. Although whisker and particulate
reinforcements provide isotropic mechanical properties,
improvements in fracture toughness in these composites is not
as great as in'coﬁtinuous fiber‘reinforced-compésites. Fiber

reinforced composites. are  therefore of - considerable
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importance. The fibers can increase the macroscopic flaw
tolerance in the .fiber diréction, as well as strength,
stiffness and thermal shock resistanéeA(4). Fiber reinforced’
composites can provide high dimensional stability over a broad
temperature range, resistance'to'attack by atomic oxygen, and

damage tolerance (2).

Behavior of Ceramic Composites

The ceramic matrices are very brittle, having failure
strains far less than the fiber failure strains. Hence,
initial damage in a CMC is controlled by the matrix. Depenaing
on thé orientation of the fibers in the matrix, these
coﬁposites can be classified into (i) unidirectional, in which
all the fibers are oriented in the same direction and (ii)
multidirectional, in which the fibers are oriented in
different directions in the different layers..The behavior of

these two types of composites is explained in this section.

Unidirectional Composites

In Unidirectional Composites, all of the fibers are
aligned in the same direction. A representative unidirectional
lamina is shown in Fig.l. In this kind of composite, usually
fibers having ﬁigh tensile strength are incorporated into the
matrix. As a result of this, a unidirectional lamina has
excellent properties in the direction of the reinforcement,
since most of the appliéd load is carried by the fibers.

However, the laminate has poor properties in the other
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directions. The modes of longitudinal tensile failure that can

be observed in CMCs are shown in Fig. 2. If a tensile load is

Fig.l A Unidirectional Lamina, the Tubular Structures
Shown are the Continuous Fibers Reinforced in the
Matrix Material (14)
applied in the direction of the reinforcing Tfibers, the
brittle matrix cracks, and if the Ffiber-matrix interface
strength is too high the crack may propagate right through the
fibers, thus resulting in the failure of the material. In a
weakly-bonded material, this may not be the case, and if the
proportion of the fibers is sufficient to carry the additional

load shed onto them, multiple cracking of the matrix will
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result. This 1is explained 1in more detail later in this

chapter. For a matrix crack to occur, two conditions must be

satisfTied (5):

() The matrix stress has to be equal to its breaking

stress and

Fig.2 Types of Failure in a Typical Unidirectional CMC in the
Longitudinal Direction (adapted from 14)
(A Before Failure

(B) A Single Matrix Crack Propagating Through the
Fibers

(© Multiple Matrix Cracks Bridged by the Unbroken
Fibers
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(1i) There must be sufficient stored elastic strain energy
to propagaté the crack.

If a crack occurs in the matrix, some load is shed onto
the bridging fibers. If the volume fraction of the reinforcing
fibers is not sufficient to sustain the additional load thrown
onto them, failure of the composite occurs at the failure
strain of the matrix (4). However, if the fiber volume
fraction is high, the fibers can bear the additional load, and
multiple cracking occurs in the matrix. One effect of the
reinforcing fibers may be to increase the failing strain of a
brittle matrix by modifying the rates of release and
absorption of energy during the propagation of a matrix crack
(4), but this has not been well demonstrated experimentally.
The critical fiber volume fraction at which a transition from
single matrix fracture to stable multiple fracture occurs is
given by (6)

| Vi =0/ (OqutOgy—0;') —————mm e (2.1)
where

Ony = breaking stress of the matrix
" 0y = ultimate stress of the fibers
o;' = stress on the fibers when the matrix breaks

This is explained in more detail in the ﬁodelling
section of this chapter. The interface (or interphase) between
the fibefs and the matrix is subjected to very high shear
streéses, whose values depend on the difference in eléstic
modulus between the fibers and matrix and on the fiber volume

fraction (6). At the'site of the matrix crack, geometrical
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stress concentrations arise, which increase the shear
stresses. If the energy required to fail the interfacial bond
can be supplied by the loading system or by the relaxation of
‘stresses in the composite material, local débonding of the-
interface might result. ﬁechanical frictional forces at the
interféces help in shear stress transfer between the fibers
and the matrix near the crack face, after the fibers debond.
At the crack face, the reinforcing fibers carry the whole load
applied to the‘compésite, while the matrix carries zero load.
The additional load thrown onto the fibers is transferred back
to the matrix over a certain distance along the fiber via
shear stress transfer. There are two mechanisms by which this
stress transfer occurs: (i) frictional interaction, in which
the interfacial stress is assumed to be constant and (ii)
bonded condition, in which the fibers remain either fully or
partially bonded to the matrix. These two cases have been
studied by Aveston, Cooper and Kelly (ACK) (5) and Aveston and
Kelly (7) respectively. The behavior of the unidirectional
composites under these two kinds of interfacial stress

transfer is explained briefly below.

Frictional Interaction. As explained above, the stress

transfer between the fibers and the matrix is assumed to be
through frictional forces in this kind of interface (see
Fig.3). The fibers éarry the whole load applied to the
composite at the crack site, while the matrix carries no load.

Over a certain distance from the crack site the additional
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STRESS

| MATRIX f
FIBER MATRIX CRACK

Fig.3 Load Transfer Between the Fibers and the Matrix
(adapted from 6)

load i1s transferred to the matrix through frictional forces
until the matrix assumes its original load at some distance
away Tfrom the crack. The various energy changes occurring
during matrix cracking under a fixed load are given as (5):

(1) Work done by the applied stress, given as

KW = EQQRXI) ——————————————————— 2.2)

(the various terms are explained in the ensuing

discussion)
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(ii) Work absorbed in-debonding thé'fiber—matrix
interface, Ty, |
(iii) The displacement of the fibers differs from that of
the matrix. This implies that wpfk done against the
frictional force, 7, is equal to this force multiplied by
the difference in displacemeﬁt (UQ
(iv) Reduction in strain energy in the matrix (AU,,)
(v) Increase in elastic strain energy of the fibers (AU;)

Thus, a crack will form only if the following condition is

satisfied
2 T,V T+ U+ AU, SAW+AT, ———mmmmmmm - (2.3)

where T';, is the fracture surface work in forming a crack.

As the load is increased, the crack density - number of
cracks per unit 1ehgth - increases. The 1limiting crack
spacing, after which no more matrix cracks occur,is given by

(5)

/ pzé)fﬁﬂf ————————(2,4)
Ve 27

© where

Vn = volume fraction of matrix
Vi = volume fraction of fibers

= ultimate strength of matrix
radius of fiber

cm
r
T shear stress at fiber-matrix  interface

e

Fully Bonded Condition. In the frictional interaction
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case, the fibers and the matrix are assumed to move relative
to each other,  and the shear stress at the fiber—maﬁrix
interface is assumed to be constant along the fiber. In many
compésite systems, the fibers are well-bonded to the ﬁatrix.so
that the system is essentially elastic, ahd/£he inteffécial"

shear stress is not constant, but is given by (5)

T = %Acoﬁexp(—ﬁy) ittt (2.5)

¢ = sqart(2G,E/EE,V,) 1/(r sqrt(ln(R/x))
G, = shear modulus of the matrix
2R = distance between the fiber centers
.y = distance from the matrix crack face
The stress distribution, at a distance Yy from the crack

face is given by

Ao=Ac exp (-/Py) “-——————mmmenn (2.6)
where Ao, is the stress on the fibers at the crack face.

If there is debonding near the crack site, stress
transfer takes place by frictional effects over the debonded
length of the fiber and by elastic effects over the rest of

the length.

Multidirectional Composites

Unidirectional composites have excellent properties in
the axial direction, i.e., in the direction of the reinforcing
fibers. But they have poor off-axis properties. Some of the

factors causing these poor properties are (4):
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(1) strain concentrations from the fibers
(2) residual stresses
(3) weak interfaces
(4) porosity and other flaws
Because of these poor off-axis properties, ceramic
.composites are likely to find applicability mostly with
multidirectional reinforcement. In this kind of composite,
each ply may have ‘different orientation of fibers. A
representative multidiréctional composite is shown in Fig.4.
The orientation of the fibers inithe various layers controls
the elastic characteristics of the laminate. When a tensile
stress component 1is perpendicular to the direction of the
fiber alignment, the lamina shows poor strength and the matrix
cracks at very low transverse strains, with crack propagation
parallel to the fibers. The simplest form of multidirectional
composites is cross-plied composites, in which the plies have

fibers oriented at an angle of 0° and 90° alternately. This

kind of composite is shown in Fig.5. In the case. of crossplied
laminates, ‘the strength of an individual layer in the
transverse direction is much iower than in the longitudinal
direction. Hence, cracking occurs in the transyerse plies
(plies perpendicular to the applied tensile load) at much
lower strains fhan in the longitudinal plies.’Thé residual
stresses complicate this by changing the stress state, and
possibly causing debonding or cracking. Thus, there is often

damage at very low strains, and the stress-strain curve is
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Fig-4 A Multidirectional Laminate With Plies Having
Fibers Oriented at Different Angles (15)
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ENLARGED TRANSVERSE SECTION

Fig.5 Cross-ply Laminate @)
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nonlinear. This is depicted in Fig.6.

UNIDIRECTIONAL

STRESS
(VPa)

STRAIN (%)

Fig.6 Stress-Strain Curve for Unidirectional and Cross-
plied Nicalon/1723 Composites (@4
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'Similar to the multiple matrix . cracking in a
unidirectional composite, multiple matrix éracking takes
place in the transverse plies of a 0/90 composite under
certain conditions. The stfessi transfer is across the
interply-interface instead of the fiber-matrix interface. fhis
shear stress may cause delaﬁination at the interply—iﬁterface
as shown in Fig.7. Althoggh the stress transfer through the |
'interply—interfacé may be through frictional interaction in
rare casés, the system is-ﬁsually well bonded (with the matrii
continuous across the ply intérface), or cracked. When bonded{
- the stress transfer will be elastic, The magnitude of this
shear stress transfer has been analyzed by Garret and Bailey
(8), based on the shear lag model. The geometry that has been
used for this analysis is shown in Fig.8. The load carried by
the transverse ply at the crack sitg is throﬁn onto the
longitudinal plies which transfer back this additional load
over a certain distance. The additional load on ' the
longitudinal ply at a distaﬁce Yy from the crack site is given
by the following (8) (which is similar to that given at fibers

in unidirectional laminates by Aveston and Kelly (7))

Ao=Ac exp (~/y) -———-——mmmmme (2.7)

where Ao, is the stress on the fibers at the crack face.
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Fig.7 Longitudinal and Transverse Ply Cracking, and
Delamination at the 0/90 Interface @4
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<<-2 d— x-b)

Fig.8 Geometry fTor Garret and Bailey Analysis (8)



20

EcGt (b+d)
S e 2.8
¢ BB, ba? ( )

E, = modulus of composite.
E; = modulus of longitudinal ply
E; = modulus of transverse ply
b,d are the thickness of longitudinal and
transverse plies, respectively
They also give an expression for the shear stress

transfer across the interply interface

,fi=bAoox/66xp(—«/$y) ———————————————————~——fI(z.9)

and the load

F=2bCA0,[1-6xp (yfy) ] —==—==mmmmmmmmee (2.10)

where ¢ is the width of the laminate.

With increasing strain, the crack spacing in the transverse
ply approaches a limiting value, which increases with the
increase in the transverse ply thickness (6). Final failure
may be either debonding at the fiber-matrix interface'or fiber

failure (see Fig.9).
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Fig.9 Fracture Surface of a 0/90 Composite (4)
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Factors Affecting the Mechanical Behavior of CMC's

The toughness of a ceramic material is enhanced by the
reinforcement. For a given fiber and matrix system, the
various factors that affect the mechanical behavior of a CMC
are (3):

(1) Interface bond strength
(2) Temperature/Environment
(3) Composite layup .

(4) Residual stresses

Interface Bond Strength

'In a fiber-reinforced composite, the fibers carfy ﬁogt
of the load applied to the composite; the matrix helps in
transferring this load onto the fibers, and dominates off-axis
properties. This stress transfer takes place at the fiber-
matrix interface. Thus, the interface plays an important role
in the behavior of a fiber-reinforced composite. The quality
of an interface is quantified by the interface bond strength.
High bond strength is not recommended for good axial
properties in CMC's, but a low bond strength will worsen the
already poor off-axis properties. Also, in the case of brittle
composites, a transverse matrix crack:propagaté;-right through
the fibers to éause failure if the bond is too strong. This is
shown in Fig.l0a. When the bond is of low to moderate
strength, a matrix crack is deflected parallel to the fibers
(Fig.10b) or the crack propagates perpendicular to the

debonded fibers (Fig.10c). The second kind of failure is




INTERFACE DOMINATED PROPERTIES

OFF-AXIS AND SHEAR
PROPERTIES

(b) FLAW TOLERANCE

(O] RESISTANCE TO MATRIX
CRACK OPENING

Fig-.10 Interface Bond-Related Failures (3,4)
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generally seen in glass and ceramic matrices (4). Thus, the
interfacial bond strength has to be'optimized to have good

strength and toughness properties.

Temperature/Environment

This factor is crucial for CMC's, since they are
intended to be used for high temperatﬁre structurai'
applications.. These CMC's should be able to withstand
oxidation and other adverse conditions, caused by high-
temperature exposure. Many‘CMC's with a carbon interphase are
subject to high temperature embrittlement in the presence of

oxygen (3).

Composite Lavup

Fiber-reinforced ceramics show aﬁ improved performancé
over monolithic ceramics. They have very good properties in
the direction of the reinforcing fibers, but show poor off-
axis properties. Since, in practice; materials experience
transverse stresses, CMC's are likely to be used in the form
of multidirectional laminates. In these laminates, too, cracks
occur in the off-axis plies at very low strain values. This is
undesirable, particularlx so for CMC;S, because- water and
other substances enter through the crack and cause premature
failure. Thus, the laminate configuration has to be designed
to meet the structural requirements. This requires a thorough

knowledge of the failure processes in these materials.
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Residual Stresses

These are defined as the stresses that are present in-a
material dﬁé to cool—downv from | higher
manufacturing/solidification temperatores to "the ambient
temperatures and are very important in understanding the
failure processes in CMc's. They might cause matrix cracking
even before the material is loaded. However, these reésidual
stresses may sometimes be beneficial in arresting the crack
growth. These stresses arise due to coefficient of thermal
expansion mismatch between the fibers and the matrix, and,
macroscopically, between different plles hav1ng dlfferlng
fiber orientation. In multldlrectlonal laminates, this is due
to the difference in the coeff1c1ent of thermal expansion
between the adjacent plres. While desicﬁing CMC's, residual

stresses have to be taken into account.
Modelling

CMC's are composed of brittle constituents. The matrix.
and interphase control the damage .development in these
materials. If. the flbers are strong enough to sustaln the
applied load the matrlx fragments into blocks too small to be
loaded. Flnal failure occurs by delamination or fiber
breakage.-In the case of multidirectional laminates, damage
first appears in the off-axis plies relative to the dominant
tensile stress dlrectlon. The load transfer is across the

interply interface instead of fiber-matrix interface as in
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unidirectional laminates. Residual stresses complicate the
failurs brocesses and have to be taken into account for proper
design of these laminatss. This sectisn discusses the various
approaches - strength, fracture mechanics - that have been
considered to model the failure of unidirectional and

multidirectional laminates.

Unidirectional Composites

Understanding failure in uniairecﬁional materials is
fundamental to the study of failure mechanisms in
multidirectional laminates. The classica; theory of Aveston,
Cooper and Kelly (5) lays the foundation to predict the
cracking behavior of wunidirectional composites. In their
study of multiple cracking, it is reported that in a fibrous
composite, if one of the éonstituents has a much lower
breaking strain than the other, a tensils loaded specimen
shows multipie fracture of the more brittle component until
the specimen finally breaks at the ultimate failure strain of
the stronger component. In CMC's, the fibers are much stronger.
than the brittle matrix. ACK theory gives the condition for
the mulfiple fraqture‘of the matrix as

O Vi > Opy Vi + 0f' Vy  mmmmmmmmmeo o (2.11)
where o, is the ultimate stress of the matrix.

This equation states that multiple fracture will occur
if the ultimate failure strength of the fibers is higher than

the sum of the load on the fibers when the matrix cracks plus
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the additional load shed to them due to matrix cracking. These
authors also give the limiting crack spacing to be befween X!
and 2x', where x' is given by
X' = (Vp/Vy) Opy T/27 —=———=- b (2.12)

If the volume fraction of the fibers ié not sufficient
to sustain the additional load thrown onto them due to matrix
cracking, single crack fracture occurs as a consequence. Fig.
11 shows the critical values of fiberhvolume fraction for the
transition from single to multiple fracture of the matrix. The
stress transfer mechanism that has been conéidered is the
simple frictional interaction at the fiber-matrix interface.

The final stiffness of the composite is given by (5)‘

| E
E,= : e (2.13)
(1+2)|2px/+ 220X

1+-%
2

where

a = (Em Vm)/(Ef Vf)
= crack density

o}
|

Using a simple energy balance analysis, ACK arriyed at
the following expression for the matrix fracture strain,

€muer Modified from its initial value, €,,, by the presence of

the reinforcing fibers

2 1/3
- 12‘erEfo e e e e e e e (2 14)
EE:IV, :

eII'IU(:‘




28

TRANSITION

SINGLE MULTIPLE
FRACTURE FRACTURE
Ef > E

Fig.11 Transition from Single to Multiple Fracture as
a Function of the Fiber Volume Fraction (adapted
from 6)
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All tﬁe terms are as explained before. This equation indicates
that‘ if the fiber diameter .is reduced sufficiently, the
effective cracking strain of a brittle matrix can.be increased

above its normal value, €p,. This effect has been reportéd to

be observed experimentally (6), but is not widely proven.
This theory is applicable to some reinforced glasses and
ceramics in which the fibers usually debond, and the shear
- stress at the interface is frictional sliding resistancé'as
the matrix cracks open by sliding along the fibers. However,
for many other composite systems, the interface is elastic and
the stress transfer mechanism at the fiber-matrix interface is
by elastic stress transfer. Aveston and Kélly (7) revised
their first model to describe the cracking behavior for such
composite ’systems. They employed a shear-lag analysis to.
explain this behavior. As explained‘ earlier, the matrix
cracking causes an additional load to be thrown onto the
fibers. This additional load has a maximum value at the crack.
site and decreases away from the crack face, to approach zero.

This stress transfer is given by the following expression
Ac=Ac exp (-/fy) =——-—m—mmmmmm e (2.15)
where

) 2G, E,
(r?1n(R/r) E.E,V,)

As the load is increased, the matrix cracks into blocks

of length between x and 2x, where x is given by (7)
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ag V.
X = ——l—ln[l———ﬂiJl] e et T I PP (2.17)
Vo %6V
This eqguation indicates that the crack spacing decreases

without 1limit provided that Ao, may be increased without
limit. This will not occur since the shear stress at the
fiber-matrix interface is limited by thé shear strength of the
interface. As a result, some debonding takes place at the
interface. The length of the fiber over which debonding takes
place depends on the limiting shear stress at the interface
after debonding has occurred. The limiting crack spacing for

such a partially debonded case is given by (7)

2t/ /%

- —1:—/' 21: ) —————————— (2.18)

rAo, 1 (ru+ln[r¢$(Aoo—omJQ/V})

Multidirectional Composites

In these composites cracking begins in the off-axis
plies with lowest strain'to facture. As loading continues,
other off-axis plies créck¢ Crossplied (0/90) laminates are
the most simple multidirectional laminate to consider.
Considerable work has been done for crossplied polymer
laminates, in which transve;ée cracking is observed at very
low strain values. The behavior of this kind:of laminate is

similar to that of unidirectional cMC's, with the main

difference that the longitudinal plies assume the role of the
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fibers and the stress transfer now is across the interply
interface instead of fiber-matrix interface. If the
longitudinal plies are able to withstand the additional load
thrown onto them, multiple cracking takes place in the
transverse ply. In polymer matrices, iongitudinal ply-matrix
cracking is not observed. But in CMC's, longitudinal ply
cracking follows the transverse cracking if the strain is
increasing. If proper consideration is given to longitudinal
ply matrix cracking and the ensuing stiffness reduction in the
composite, the theories developed for polymer matrices may be
applicable to CMC's. Hence the theoretical models developed
for polymer—maﬁrix composites are explained briefly in this
section. |

There are two approaches that can be used for anélyzing
the failure behavior of multidirectional laminates. One is the
energy approach and the other is the fracture mechanics
approach. The energy approach is the simpler of the two and is
an extension of the theory developed for unidirectional

composites by Aveston et.al. (7).

Strength Approach. ‘Garret and Bailey (8) investigated

transverse cracking in crossply laminates and the effects of
ﬁransverse—plf thickness and applied stress on the resulting
behavior. They based their theory on the shear-lag analysis,
in which the plies remained glastically bonded. Glass fiber-
reinforced epoxy crossply_ laminates were taken és the

representative materials. After the first crack appeared in
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the transverse ply, an additional load Ac is placed on the

longitudinal ply. The value of this additional load is given

by

A0=Aooe2p(—¢§y) T (2.19)
where
¢ = (EgG)/ (EE) *(b+d)/ (bd")
They do not take into account the residual stresses and crack
growth mechanisms. This theory has resulted in good
correlation between the theory and the experiments in some

cases.

Fracture Mechanics Approach. The simple strength

approach assumes that the failure strength of the 90° prly is

a lamina property, but this has been argued to be dependent on
the laminate construction (10). Hence, this approach is rarely
preferred to the fracture mechanics approach, in which it is
assumed that a crack will propagate when the energy released
by its formation is available. Two theories of interest are:
(i) a self consistent scheme proposed by Léws and Dvorak (9),A
and (ii) variational approach by Nairn (10). Both the theories
take residual stresses into account. The latter is more
complicated, but both include the effects of the release of
residual thermal strain energy due to the formation of
microcracks. These two theories are explained briefly in this
section and in the next chapter, with the necessary

modifications added in this study to include the longitudinal
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ply matrix cracking, so that the theories can be applied to

CMC's of interest in the-present work.

Simple Fracture Mechanics Model. This model is based on

the hypothesis that a crack will propagate when it is
energetically favorable to do so. The earlier broposed energy-
based models assumed that the additional cracks occur at the
midpoints between the existing cracks:’This theory, on the
other hand, can optionally consider that the location of the
additibnal crack is associated with a- probability density
function; which is considered to be proportional to the stfess
in the transverse ply. The theory predicts explicit
relationships between the loss of stiffpess and the crack

density and between the applied load and crack density. The

loss of stiffness due to the transverse ply cracking is given

as

R — SHA
: ‘

where ' :
= crack density parameter = thickness of the ply/crack

spacing -

= shear lag parameter

= modulus of transverse ply

= modulus of longitudinal ply

' b d thickness of longitudinal and transverse plies
respectlvely :

B
Ey
E,

The applied load for additional cracking is given as
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E - -1 F
fpf o R 4 4 o R

o,=(0 +—=¢0 2tanh—=--tanh—>] -0} ———————eeme_ )
2=(03 E, £) [ 2B B] Etct (2.21)
where

o;w‘= first failure stress of the transverse ply

E, = modulus of the composite

oy = residual stress in the laminate

This theory is explained in more detail in the next chapter.

Variational Approach. This theory is built on the
variational approach first proposed by Hashin (11,12). It
includes the thefmoelastic;problem and an accurate calculation

of the residual thermal stresses. All the earlier models were

. based on. the shear-lag analysis model, which generally is

based on the following assumptions,(ll);

(a) the normal stress over the ply thickness is assumed to
be constant.

(b) the active area in which the shear stresses afe
assumed to be acting is supposed to be of unknown
thickness in between the plies.

(c) no interaction between the adjacent cracks.

These assumptions limit the accurady of this kind of
analysis. The more recent variational approach to solve the
stiffness reduction and stress evafuationjproblem incorporatés
all the basic facts of the problem and has only one assumption
(12) : normal ply stresses are constant over the ply thickness
in the difection’of loqd. However,lboth theorieé’aSSume thdt

a large flaw already exists in the ply, and predict only the
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conditions under which it will propagate. Additionally, both
theories fail to consider the effects of the free (cut) edge
of a specimen, where special stress concentrations exist;
experimental data -are taken for‘crégk density only at the free
edges, but appear generally similar to wvalues in the interior
(3) The model 1is based on the principle of minimum
complementary energy and gives explicit relations between
applied stress and crack density. Excellent agreement between
the theory and experiments afe reported for polymer matrices.
With sufficient modification to iﬁclude the effects  of
longitudinal ply matrix cracking, this theory is thought to be
applicable to ceramic-matrix cpmposites. This aspect is

discussed in the next chapter.
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CHAPTER 3

THEORY

Theoretical models are‘proposéd here to explain the
reported experimental behavior of laminates. These theoretical
models are necessary to help in the design of these materials,
so ' that catastrophic failure can be ‘avoided. This s
particularly true in the case of CMC's, fof they retain a
potential for brittle fracture at very low failure strains in
some cases. Moreover, in the presence qf cracks, oxygen, water
and other substances enter. the - material, thus causing
premature failures. Most of the composites are cooled down
from higher manufacturing/solidification temperatures, as a -
result of which residual stresses ‘are generated in the
material, due to the thermal éxpansion mismatch between the
matrix anﬁ the fibers. If these stresses are not‘taken into
account, failure stress prediction will not be accurate enough
in the design process.

The first step in this process 1s to understand the
behavior of unidirectional composites. Then these ideas can be
extended to much more practical composites with
multidirectional reinforcement.‘The Aveston, Cooper and Kelly
(5) theory'gi&es an adequate approximation to the cracking
behavior of unidirectional composites. They give the limiting
crack spacing, the matrix failure strain and the resulting
_stiffness loss in the material.

Considerable attention has been given to the behavior of
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crossplied polymer matrix composites. Existing theories
describe thé behavior of these composites quite adequatély.
However, this kind of attention has not: been given the
understanding of ceramic-matrix composites. If these materials
are to be used in structural applications, a good theoretical
- model is necessary to predict their cracking behavior.

Two theoretical mbdels are propOsea in this thesis. Théy
are built aiong the lines of the‘existing theoretical models
for polymer-based matrices. Both the models are based on the
fracture mechanics or eﬁergy release rate approach, according
to which, a new microcrack will form when it is energetically
favorable for it to propagate. Longitudinal ply matrix
cracking is taken into consideration in both of fhe models.
The classical theory of Aveston, Cooper and Kelly (7) is used
for predicting matri# cracking in the longitudinal plies. The
theoretical results are compared with the experimental
results, obtained from the work done in a previous study (3),

as described in the next chapter.

Predicted Behavior of CMC's Under a Tensile TLoad

As in any other types of cross-plied laminates, cracking
begins in the matrix/interfaces in the transverse ply.
Accordingly, some load is transferred to the longitudinal ply.
If the longitudinal ply can sustain this additional 1load,
multiple cracking occﬁrs in the transverse ply. These

additional cracks are -assumed to occur at the midpoints
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between existing cracks. In most of the polymer-mat%ix
composites that have been studied so far, this multiple
cracking in the transverse ply continues until the
longitudinal ply strength is exceeded or delamination occurs
if the interply interface shear or peel.stress exceeds the
strength in that mode. The longitudinal plies do not undergo
any cracking and, in fact, they inhibit the cracking in the

adjacent transverse plies (6) . However, in CMC's the matrix is

~very brittle and its breaking strain is very low. Hence the

longitudinal ply matrix cfacking follows the cracking in the
9d3ply. This will reduce the stiffness of the d)ply and hence
of the compositg. Also, the stress tfénsfer from the
longitudinal ply to the transvefse ply is affected. Once the
longitudinal ply cracking begins, it progresses very rapidly.
This is shown in Fig.12. In Nicalon/1723, transverse ply
cracking initiated at very low strain values (0.025 to 0.05%)
(3) . This was followed by'the longitudinal ply matrix cracking

at approximately 0.1% strain.

Models

Simple Fraéturé»Mechanics Analysis ~- Self-Consistent Schemé

This is an extension of the Laws and Dvorak shear lég
based model (7). It is a good model in that it includes the
effects of the residual stresses iesulting from.cool—down.
and thermal expansion mismatch. Moreover, there are no

adjustable parameters except the non-dimensional shear lag
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Fig.12 Cracking in the Transverse and Longitudinal Plies
at Increasing Strain Levels @)
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f--———- LOADING AXIS

Fig-12 Continued. ..
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parameter, which is curvefit using the data obtained from

expefiments and the stress on the composite. All other
parameters are obtained from standard experiments. The theory -
also can consider the statistics of crack propagation in the
sense that the position of the additional crack is calculated
using the probability density function; which is assumed to be
proportional to the applied stress. However, since the tensiie
stress in the 90° rly 1s maximum at the midpoint. of the
existing cracks, it is assumed here for simplicity that the
additional crack occurs at the midpoints of the existing
cracks, so that statistical effects in the original theory are
not included. One parameter .  of ‘significant value is the
critical energy release rate- the amount of energy released
- due to the formation of a crack. ThlS parameter has been
evaluated in a concurrent study using. the double-torsion

technique (13).

Constitutive Equations. The laminate configuration used

for this analysis is shown in Flg 13. This flgure also shows
the spa01ng of the two transverse cracks. Based on. the
laminate configuration, Laws and Dvorak found the stresses - in

the transverse and longitudinal plies as
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Fig.-13 (@ Laws-Dvorak Analytical Model
() Spacing of Two Transverse Cracks ()
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X x
= gg. cosh(&=) cosh (=) .
9= %allt g7 — A )+°§(1__*_%‘) _________ (3-2)
o 1 cosh(E=) cosh (£=)
d , d
where

-3
1

= Residual thermal stress- -in the transverse ply

oy = Residual thermal stress in the longitudinal ply

E,E; = modulus of the transverse and longitudinal
plies respectively

= non-dimensional shear lag parameter

b,d = thickness of the longitudinal and transverse

plies respectively

As mentioned earlier, they used the simple shear lag theory
for this purpose. The reduced stiffness due to transverse ply

cracking is given as

B = B e (3.3)
© BB - '
1+ ; bEﬁtanh( B)

where B = crack density parameter = d/h.

This equation states that if £here are no cracks in-
the transverse ply i.e., B=0, then E=E,. On the other hand, if
the crack density increases indefinitely i.e., B=inf, then
E=bE;/ (b+d), and the stiffness of the composite derives solely
from the longitudinal ply and the transvgrse rly becomes
ineffective. * ' -

As_the lbad on the laminate is increased, the matrix in
the longitudinal ply no longer can sustain the additional load
shed to it, and it cracks. These are matrix cracks in the
longitudinal ply, normal to the fibers, and are bridged by the

reinforcing fibers. This cracking of the matrix results.in a
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stiffness reduction of the longitudinal ply, and consequently
of the composite. The stiffness reduction in the o° ply is

given as (5)

1 } .
E_Zoss - T e (3-4)

- /7
(1+_g'_) 2pxl+iﬂ ‘

1+-%&
2

where

a = Eme/Efo

x' = (Vp/Vi)o,, /27

En/E; = matrix and fiber modulus respectively
Vim/ V¢ = matrix and fiber volume respectively
me = matrix failure stress

radius of the fiber

fiber-matrix interface bond strength

“R Qg

The stiffness of the composite laminate can be found
using classical laminate plate theory, but a large discrepancy
was observed (3) between the experimentally measured moduli
ana the results calculated using the laminated plate theory.
Hence, a corresponding reduction in the composite modulus was
assumed to have taken place. The residual stresses and strains
decline after matrix‘cracking initiates in the o° ply (3).
Hence these residual stresses were taken to be equal to zero
in tﬁe limit. Due to the matrix cracking in the longitudinal
ply, stress transfer between the d)ply and the transverse ply
decreases. This is exhibited in the value of the shear lag
parameter. Its value decreases once the longitﬁdinal rly
cracking begins. ﬁowever, this reductidn in the shear lag

parameter is more apparent during the first matrix cracking
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dﬁe to the relaxation:of residual stresses.  After this, it
reduces continuously but marginally.
The applied stress required for additional cracking in

the transverse ply is given by

(0§Pf+;§20§)
Et Eo ‘R
g=— —'—E—Ot ————————————— (3-5)
t
(2tanh(—5) ~tanh (L) -
| (@vanh () tenn
where 0,” = first ply failure stress.

The effect of the longitudinal cracking on the applied
stress is reflected in tﬁe‘cbmposite modulus, which decfeases
in value as the cracking progresses, and the residual stfess,
which goes to zero as the longitudinal cracking progresses.
The results of the above theory and compariéon.'with the
experimental results are given in the next chapter. Also, the
apﬁlicability of the Aveston, Coopef and Kelly theory for the

crossplied laminates is discussed in that chapter.

Variational Approach

Anotﬁer recent analytical model for progressive
transverse cracking that was found to be of interest was the
one proposed by Nairn (10). This theory uses é much better
stress analysis in analyzing the microcracking in the
transverse plies than most of the existing energy release rate
~ models, which use some form of shear lag approximation. The
shear lag apﬁroximation is based on the fuﬁdamental assumption

that there should be a large discrepancy in the stiffness of
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the ténsile load bearing componenté and tﬁe shear-stress
transfer region, with the former being of much higher value
(10) . This kind of requirement is provided in unidirectional
composites, in which the fibers (tensile load beéring
components) are much stiffer than the matrix (shear—stress
transfer region). But in a crossplied laminate, the stiffness
of the 90° ply is not much greater than that_of the matrix,
and thus the shear-lag requirement is not fulfilled. Hence, it
is postulated that shear;lég analysis will not give a
quantitatively accurate solution (10) . This necessitates a
better theoretical model employing »an improved stress
analysis.

The present model is based on the variational analysis
to calculate tﬁe strain energy release rate due to cracking.
Also, it analyzes the residual thermal strain energy release
as the microcracks form. The only explicit assumption this
theory makes is that the x-axis tensile stresses inyeach ply
are independent of the z-coordinate and depend only on the x-
coordinate (Fig.1l4). As noted earlier, the theory.does not

include crack nucleation or free-edge effects.
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Fig.14 Geometry for Variational Analysis (10)

Constitutive Equations. The geometry used for the

present analysis 1is shown iIn Fig.14. The admissible stress

states which obey all stress equilibrium conditions, traction

boundary conditions and interface continuity are given as (10)

Ox1” = Oxol - t U) ;

Oxz = Nf2U) z; (3.6a)
ogy = -~z (Atl-Z2)
2D+ s
oz” ® [-2)i (3.6A)
hzz(X) (A-2) 2

and 2 denote the parameters in the

where the superscripts |1

and longitudinal plies respectively, and the

stress-free conditions.

transverse

subscript 0 denotes the residual

The undetermined function ~(xX) 1is found using the
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principle of minimum complementary'enérgy, according to which
the miﬁimum vélue for the complementary energy will give the
best approximation to- the composite strain enerdy. The

function that is minimized is

DT+ tffll [CU2+ Gy g/ +C R+ C P -2 Aa T+ o] JE ——m e (3.7)
where
— ‘hEo . — VT 2 _ VL A,
= t,E Fy CZ_FT(M?) E, 3
(A1) (352 - L1, A
C, GOF, (34 +12/\.+8)’, c, 3 ( GT+ GL)

v
Cs= (0, T~

%0 2 __VLoo _}\'_2
7 V(S +A) + (e T-—2=2) 3

o

and

(1)2

t ag
T=[ "ax| ldz[ > +20,To Ly

a T

(2)2

n, |a
+f‘adxf'ldz{ ;; +2a,To 2

a ty L

1= a/ty,

ar, = thermal expansion coefficients
Va=aT - CZL )

A= b/t

ty,t, = thickness of the plies

G ,Gy = shear moduli '

v ,vr = Poisson's ratios

The subscripts L and T denote the axial and transverse prly
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properties. Using the cslculus of variations, the function

Mx) 1s found as

©lo"-A™) 0+ AaT

(3-8)
in which 9 depends on the sign of 4q/pA2 - |
2 (PsinhapcosPp+acoshapsinPp)
Psinh2ap+asin2pp coshapcosP p
+ 2 (Pcoshapsinpp-asinhapcosPp) . . A
Psinh2ap+asin2pp S|nhap5|npp,'forF32>l
— 0
a =g 4cos-"-
P =g 4sin"-
P = (C2-C4)zC3
g = C1zC3
P coshan
sinhccp (P cothap - a cothPp)
a coshpt; for 42 <1
sinhPp( cothpp - p cothap) 02
(13 :X
iT-*
The above equations completely describe the

thermoelastic stress state. The additional crack occurs at the
midpoint of the existing cracks where the stress iIs maximum.

The energy release rate for the formation of the new crack is
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given as

Aa T

—(Go )t G2y (p/2) -x (p)] ————m—— - (3.9)

o 1

'in which the value of y depends on the sign of 4q/pr2

_ 2.2y __cosh(2ap) -cos (2Bp) 494
x(p)=2af (2+p2) Bsinh(2ap) rasin(2pp) ’ fOIlj
and
L 2_n2y _ .tanh(Bp) tanh (ap) 49 4
x(p)=ap (p*-c Btanh (Bp) ~atanh (ap) ’ farp

As a result of this cracking in the transverse ply, the
stiffness of the composite decreases. Hence, the compliance,
which is reciprocal to the stiffneés, . increases. This
compliance is given as

L, E2t,C,L S xlpy)
ZhEOW -ZEthW' Epl

where L and W are length and width of the laminate.

As the cracking in the transverse plies progresses, the
load on the composite increases continuously and the
longitudinal ply matrix cracking may initiate at some strain.
The behavior of the longitudinal ply is similar to that
explained before for unidirectional composites. -The matrix
cracks are bridged by the reinforcing fibers. As a result of
this matrix cracking, the stiffness of the,longitudinal ply

and hence.of the composite decreases. This might result in




. Bl
reduced stress transfer between the - longitudinal and
transverse plies, which might in turn inhibit fhe cracking in
the transverse ply. The reduction in the stiffness of the

longitudinal ply is again given by the equation (7)
. ‘

Eloss -

(x + —gl) [2px! +‘_£Lp§/)_}
(1 + ?)
The various parameters are the same as explained before. A
corresponding reduction in the composite stiffness was assumed
to have occurred.;The appiied stress for further cracking aﬁd_
the resultiné stiffness loss have been"calculated.~ The
analytical results are compafed with the resulfS'obtaiﬁed from

the experiments. This is explained in the ensuing chapter.
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CHAPTER 4

RESULTS AND DISCUSSION

The applicability of a theoretical model is determined
by compéring the results obtained using the theory with those
obtained from exﬁeriments. If the results compare well with
the experiﬁental Values, the analytiéal model is said to
predict the failure behavior of a material quite adequately.
This method of comparison is based on the assumption that the

experimental measurements are accurate. Thus, an analytical
Q ]

‘model to predict the behavior of a material can only be

validated within the accuracy of the test methods used to
determine the experimental Qalues. Moreo&er, the model should
be broad enough to be applicable to a set or class of similar
materials. This verification can be done by épplying the
dgﬁeloped theoretical'model to different materials, which

exhibit similar behavior. In the present work, two models are

" developed to predict the behavior of ceramic matrix

composites. Their applicability is determined by comparing
predictions with experimental data from Ref.3 for (1) the
applied stress vs. crack density in the transverse ply (ii)
the applied ‘stress vs. crack density in the longitudinal ply
(iii) stiffneés loss vs. crack density.

The Aveston; Co;per and Kelly model (7) was used to
include the longitudinal ply matrix éracking effect, which has
not been done in previous studies. This theory was separately

verified with the exXperimental values, as discussed in the
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following sections.

Applicability of the ACK Model

The ACK'thebry was used in this work to account fpr the
longitudinal ply matrix cracking. The fiber—matrix bond
strengths were measured pfeviously and are given in Table 1.
The residual stresses due to thermal expansion mismatch are
taken into considération, as can be seen from the table.

TABLE 1

‘Average Bond Strengths
Nicalon Fiber-Reinforced Glass and Glass—-Ceramics (3,16,17)

Tdep (MPa)
Composite System ‘ Interfacial Shear Strength
"""""""""""""""""""" Thermal  Mechanical -
Residual  Mechanical + Residual
‘Nicalon/1723 3116 236 204.84
Nicalon/CAS-I -24.59 249 224 .41
Nicalon/CAS-ITb -22.48 204 . h 181.52
Nicalon/BMAS-III. 4570 60 105.70
Nicalon/LAS-III 63.11 56 - 119.11

These bond strengths are dominated by the interphase carbon

layer which forms upon processing (3). Lithium aluminoéilicate
and Barium magnesium silicate mafrices have low thermal
expansion coefficients. This causes radial residual tensile
stresses to develop at the fiber-matrix interface upon cooling

from higher manufacturing températures (3). In the other two
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materials, compressive radial residual stresses are reéorted
to form.

The ACK theory was basically developed to explain the
behavior of unidirectional composites. It considers thé case ”
of brittlé'matrices, like ceramics, with fibers having higher
breaking strains than the matrix. In the crossplied composites
that ére of interest in the present work, the matrix cracking
of the longitudinal plies is precipitated by the additional
load thrown onto thém upon the transverse ply cracking. Other
than that, their behavior is thought to be similar to that of
unidirectional laminates. Hence the ACK theory was first
checked with experimental values obtained for unidirectional
laminates. These experimental values were again téken from
Ref.3.

As explained in Chapter 3, the ACK theory gives: the
stiffness loss in a unidirectional laminate.due to matrix
cracking. This stiffness loss is a function of the crack
density. With these values of stiffness and crack density, the
applied stress was determined: This was plotted against
applied strain. The applied stress vs. applied strain curve
was then plotted against experimental values. This is shown in
Figures 15 and 16. The analytical results agree fairly well
with those obtained from standard experiments. This comparison
shows.that the values used for the fiber-matrix interface bond
strength are accurate enough..The use of this theory for the

case of multiple longitudinal ply matrix cracking in a cross-
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plied composite is discussed in the later part of this

section.

Results for the Self-Consistent Scheme

The property data used for the present analysis are
given in the Appendix A. The critical energy release rate, an
important parameter in the fracture mechanics analysis, was
experimentally found using the double-torsion technique (13).
The applied stress, using the equations discussed earlier in
chapter 3, was found using various values of crack density -
the crack density parameter (ply thickness/crack spacing) was
varied from .1 to 4 in steps of .1 for the transverse ply. The
size of the steps was varied for the longitudinal ply to
obtain the best agreement with experimental data, as desCribed
later. This wide range of crack densities was considered to
give a good relationship between applied stress and crack
density. A computer code was written for this purpose. The
flow diagram for this computer program is given in the
Appendix B and the code itself is given in Appendix C. These
values of applied stress were plotted against the crack
density in the transverse ply. When the applied stress reached
a certain value at which the matrix in the longitudinal ply
starts cracking, a reduction in the stiffness of the
longitudinal ply and hence in the composite was introduced.
These values were then compared with the experimental values.

This is shown in Figures 17 - 19. The point at which the




56

APPLIED STRESS VS. STRAJN FOR UNIDIRECTIONAL LAS

500

0.05 0.1 0.15 0.2 0.25

0.3 0.35 0.4 0.45

APPLIED STRAIN (%0)

Fig.15 Applied Stress Vs. Strain for Unidirectional

Nicalon/1723. Experimental

Values (©) from Ref.3

0.5
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APPLIED STRAIN (%)

Fig-16 Applied Stress Vs. Strain for Unidirectional
Nicalon/LAS.(x) — Theoretical Predictions;
(0 - Experimental Values @)
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APPLIED STRESS VS. TRANSVERSE PLY CRACK DENSITY FOR NICALON/CAS
Gc=34 J/mA2

shear lag parameter
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Fig.17 Applied Stress Vs. Transverse Ply Crack Density for
Nicalon/CAS Using Modified Laws and Dvorak Theory.
Experimental Values (@) from Ref.3
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APPLIED STRESS VS. TR ANSVERSE CRACK DENSITY FOR NICALON/LAS
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-before long, ply cracking=2.035
0 -after long, ply cracking=2.329
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Fig.18 Applied Stress Vs. Transverse Ply Crack Density for
Nicalon/LAS Using Modified Laws and Dvorak Theory.

Experimental Values (©) from Ref.3
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APPLIED STRESS VS. TRANSVERSE CRACK DENSITY FOR NICALON/1723
Gc=2S J/mA2
45 shear las parameter
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Fig-19 Applied Stress Vs. Transverse Ply Crack Density for
Nicalon/1723 Using Modified Laws and Dvorak Theory.
Experimental Values (©) from Ref.3
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longitudinal ply matrix cracking begins is shown by the
discontinuity in the curve. It is encouraging to note that the
analytical results are in good agreement with those obtained
from experiments.

The applied stress vs. crack density :in the
longitudinal ply is also plotted and compared with the
experimental values. A wide range of values of crack density
paraméter (thickness of the ply/crack spacing)‘was selected to
give the best fit‘ofithe predicted 1ohgitudiﬁa1 matrix crack
density to the experimental data. The longitudinal crack
density was taken to be a fixed multiple of the transverse ply-
crack density above the stress where longitudinal ply matrix
cracking was calculated td occur. For the CAS, LAS and 1723
matrices, the best fit was obtained for longltudlnal to
transverse ply crack densities of 4:1, 3:1, and 6:1
respectively. These are in the general range found
expefimentally (3), and shown in the micrégraphs in Fig.12.
The results are shown in Figures 20-22.

Due to matrix cracking first in the transverse ply and
then in the longitudinal ply, the stiffness of the plles and
hence of the composite reduces dramatlcally This might
effectively cause structural failure in some applications.
Thus, an analytical model describing the failure behavior of
a material is not complete unless it predicts stiffness
behavior of the material. This theory gives an explicit

expression for the stiffness loss as a function of the crack
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density. The ratio of the reduced modulus to the original
modﬁlus value is plotted againsf the crack density in Figures
23-25. The fheory predicts that the modulus reduces veryh
sharply in the beginning, but as the transverse crack density
reaches a saturation level, about 3 to 4 cracks per mm, the
stiffness stabilizes. However, the experimental data show that
the modulus reduces even after this. This may be attributed to
the fact that the residual stresses in the laminate are
assumed to go to zero upon the onset of longitudinal ply
matrix cracking. In reality, these residual stresses decrease -
graduaily as the cracking progresses in the lopgitudinal ply.
Further work should be done to consider thié gradual decrease
in the residual stresses. The experimental data for the

modulus may also be questionable, as broad scatter is evident.
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APPLIED STRESS VS. LONGITUDINAL PLY CRACK DENSITY FOR NICALON/CAS
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Fig.-20 Applied Stress Vs. Longitudinal Ply Crack Density
for Nicalon/CAS Using Modified Laws and Dvorak
Theory. Experimental Values (©) from Ref.3. The Ratio
Shown 1is Between the Step Sizes of Longitudinal Ply
Crack Density Parameter and That of the Transverse Ply.
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Fig.21 Applied Stress Vs. Longitudinal Ply Crack Density
for Nicalon/LAS Using Modified Laws and Dvorak
Theory. Experimental Values (©) from Ref.3. The Ratio
Shown 1is Between the Step Sizes of Longitudinal Ply
Crack Density Parameter and That of the Transverse Ply.
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APPLIED STRESS VS. LONGITUDINAL PLY CRACK DENSITY FOR NICALON/1723

PAC O

100 150 200 250 300

APPLIED STRESS(MPa)

Fig.22 Applied Stress Vs. Longitudinal Ply Crack Density
for Nicalon/1723 Using Modified Laws and Dvorak
Theory. Experimental Values (©) from Ref.3. The Ratio
Shown 1is Between the Step Sizes of Longitudinal Ply
Crack Density Parameter and That of the Transverse Ply.
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STIFFNESS LOSS FOR TRANSVERSE PLY CRACKING FOR NICALON/CAS

15 2 25 3 35

CRACK DENSITY (I/mm)

Fig.23 Comparison of Theoretical and Experimental Stiffness
Loss for Crossplied Nicalon/CAS. Experimental Values
(©) from Ref.3. Uses Modified Laws and Dvorak Theory
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STIFENESS LOSS FOR TRANSVERSE PLY CRACKING FOR NICALON/LAS
Gc=37 JJmA2
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Fig.24 Comparison of Theoretical and Experimental
Stiffness Loss for Crossplied Nicalon/LAS. Experimental
Values (©) from Ref._3. Uses Modified Laws and
Dvorak Theory
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STIFFNESS LOSS FOR TRANSVERSE PLY CRACKING FOR NICALON/1723

- Gc=28 J/mA2 T T
0.9 . shear lag parameter
—before long, ply cracldng=.84
08 —after long, ply cracking=.6059
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Fig.-25 Comparison of Theoretical and Experimental
Stiffness Loss for Crossplied Nicalon/1723.
Experimental Values (©) from Ref.3. Uses Modified Laws
and Dvorak Theory
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Results for the Variational Analvsis

This theory is based on a stress analysis which does not
use the shear-lag theory. There are no adjustable parameters

in the sense that all the parameters that are used in this

theory are found from standard experiments. Hence, any

agreement between thié theory and experiment is more
impressive due to the absence of curve—f;tting parameters. In
this case also, the applied stress needed to cause cracking in
the transverse ply was plotted against crack densities. Again,
a wide range of crack densities was selected to give a good
relationship between the applied stress and crack density and
stiffness loss and crack.density. These results are compared
with.the experimental values. This is shown in Figures 26-27.
The computer‘cbde used for these calculations is given in
Appendix D. Agreement here is less good than for the previous
theory although the theory .does pass through the data with no
curve fitting, it does not accurately follow the trendline of
the data or capturé the initial cracking points at low stress.

The stiffness loss resulting due to matrix cracking in
the pliés was also plotted against the crack density and is
shown in Figures 28 and 29. Correlation of theory and
experiment hefe is again difficult due to the experimental

data scatter.
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Comparison of the Two Theories

Both theories are able to simulate the cracking data to
" some extent. The modified Laws and Dvorak model predicts lower
first ply failure stress in the transverse ply, which agrees
with the experimental data. Also, the effect of the onset of
longitudinal ply matrix cracking can be clearly seen on the
applied stress vs. crack density plot in this theory. Although
the modified Nairn_model predicts higher first ply failure
stress, the theory is in reasonabie agreement with the data
over much of the stress range. This is remarkable since'there
were no parameters that were curvefit in this model, unlike in
the shear lég analysis, where the shear lag parameter was
curvefit using the experimental data. The results using both
the theories for Nicalon/CAS is shown in Fig.30a;

Stiffness predictions were similar in both of the
theories. Again, the stiffness comparison is not very
meaningful due to the scatter in the -experimental values.

Both of these theories employ more defensible
assumﬁtiéns as compared with the limited earlier éttempt in
Ref.3 (see Fig.30), and the Laws and Dvorak theory gives an
improved fit to the data. The earlier work did not conéider
the prog;essive interaction of cracking in the transverse and

longitudinal plies. Also, measured values for G, were not

available at that time, and those calculated from first ply

cracking were significantly too low, thus shifting the rest of
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the shear lag parameters. This is further discussed in the

conclusions section.
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APPLIED STRESS VS. TRANSVERSE PLY CRACK DENSITY FOR NICALON/CAS

100 150 200 250

APPLIED STRESS(MPa)

Fig.26 Applied Stress Vs. Transverse Crack Density for
Nicalon/CAS Using Modified Nairn®s Analysis.
Experimental Values (©) from Ref.3
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APPLIED STRESS(MPa)

Fig.27 Applied Stress Vs. Transverse Crack Density for
Nicalon/1723 Using Modified Nairn"s Analysis.
Experimental Values (©) from Ref.3
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STIFFNESS LOSS FOR TRANSVERSE PLY CRACKING FOR NICALON/CAS

CRACK DENSITY (I/mm)

Fig-28 Theoretical Stiffness Loss Vs. Experimental
Stiffness Loss () Using Modified Nairn®s Analysis.
Experimental Values from Ref.3; Nicalon/CAS
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STIFFNESS LOSS FOR TRANSVERSE PLY CRACKING FOR NICALON/1723

L5 2 2.5 3 3.5

CRACK DENSITY(Vmm)

Fig.-29 Theoretical Stiffness Loss Vs. Experimental
Stiffness Loss (0) Using Modified Nairn®s Analysis
Experimental Values from Ref_.3; Nicalon/1723
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APPLIED STRESS VS. TRANSVERSE PLY CRACK DENSITY FOR NICALON/CAS
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4.5
4 Modified Naims Theory
35
, / 1 X -
3 . ,"Modified Laws-Dvorak Theory
I 25 o
d 2
<
13
@ 0
I
0.5
0
100 150 200 300
APPLIED STRESS(MPa)
(C))

Fig.30 (@ Applied Stress Vs. Transverse Ply Crack Density
for Nicalon/CAS, Using Modified Laws-Dvorak Theory
(-), Modified Nairn®s Theory (*) and Experimental
Values (©0) () Similar Plot using Earlier Developed
Theory @)
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER WORK -

Conclusions

The main objective of the present work was to improve
theoretical modelling of cross-plied ceramic-matrix
composites. To assure broad applicability of this model, three
materials of Nicalon-reinforced ceramic-matrix laminates were
considered as representative materials; These materials have
different thermal expansion coefficients and thus had varying
residual stresses. This helped in the study of residual stress
and fiber-matrix interface bond strength effects on the
cracking behavior of these materials.

Two theoretical models are developed to explain the
behavior of a CMC. These models were developed on the‘linés<of
the exisﬁing models based on pdlymer—matrices. Good agreement
is shown between the analytical results and the experimental
results, particularly for the ILaws and Dvorak model. From
this, it can be concluded that if sufficient modification is"
done to account for longitudinal ply matfix.cracking, the
models based on the polymer matrices can work as well for
CMC's. The stiffness properties were also studied. The‘study
sﬁowed that the stiffﬁess'stabilizes as the crack density
reaches a saturation level, but agreement with experimental
data was uncertain due to scatter in the data.

The effect of including the longitudinal ply cracking in
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the analysis was studied és a main parameter. It was found
that there wasn't much effect till the crack density in this
ply reached a high value. This may be due to the -fact that
these cracks are bridged by the fibers, which can still carry
a-significént amount df‘load. Of the two theories developed in
this work, it is concluded that the method based on the
variational analysis is more rigorous in the sense that it
considers the problem of cracking with no curve fit parameter.
However, the Laws and Dvorak ﬁodel provided a better fit to

the experimental data for crack density.

Comparison with the Earlier Developed Theorv

In an earlier developed theory (3), the applied stress
was computed as a function of crack density and the results
were plotted for two cases: (i) no cracks ip the longitudinal
ply and (ii)'preexisting-cracks in the longitudinal ply. The
Laws and Dvorak model was modified for this purpose. In the
second case, ‘a 5% reduction in the stiffness of the
longitudinal ply and tﬂe composite was assumed. The results
are shown in Figl30. Due to the lack of experimental value for

fracture surface energy, Gg, this value was calculated using
Hahn's analysis (18). These values of G, were found to be very

low as cbmpared to the experimental values (10). Comparing
that theory with the present Laws and Dvorak theory, it can be

seen that better correlation is found in the present study.
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Recommendations

Much of the ﬁodelling done is apblicable for room-
temperature behavior of the CMC's. If these.materials are to
be used for high témperature structural applications, a
theoretical modél to predict the design stresses at elevated
femperatures has to be developed. The value of fracture
toughness was calculated at robm temperature. More work has to
be done to calculate this value at eleva£ed temperatures, if
these materials are to be designed for high temperature use.
Due to the lack of any relationship between the applied stress
and the number of cracks in the longitudinal ply, an arbitrary
number of cracks were considered in this ply, for each crack
in the transverse ply, to get the best fit with the
experimental data for applied stress vs. longitudinal ply
crack density. Thus, there is a need for impfo&ed data in this‘
area.

Most of the theories developed so far consider
crossplied composites. Consideration must be given to more
general angle plies. Also, edge effects should be studied.
Residual -stresses décline as a result of cracking in the
plies. An extensive treatment of this area must be carried
out, since residual‘stresses play an important role in CMC's.
Finally, more work has to be done to analyze the fracture
processes microscopically for better designing of these
materials. Interfaces between the different plies must be

studied to understand the behavior of these composites. Finite
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element analysis or a more rigorous classical mechanics model

may be useful for this purpose.
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. Appendix A ,
Parameters for the Model (3)

NICATON/1723

b=d = 0.2 mm

E, = 140.6 GPa

E, = 101.0 GPa

E, = 103.04 GPa

Gog = 45.82 GPa

@ = 4.30X107/° C

o = +13.59 MPa

oy = -13.59 MPa

efﬁ = 0.0158 %

oy = 0.026 %7 (exptl)
Gép = 22.64 MPa Jexptl)
G, = 34 J/m

NICATON/CAS—-IT

b=d = 0.2 mm

E, = 136.62 GPa

E, = 117.24 GPa

E, = 110.35 GPa

Gog = 45.82 GPa

G = 4.530X10 /

ot = +15.72 MPa

o = -15.72 MPa

efﬁ = 0.0162 %

€ay = 0.055 % (exptl)
o, = 40.00 MPa (exptl)
G, = 41 J/m

NICATON/IAS—-TT

b=d = 0,2 mm

E = 126.0 GPa

E, = 82.99 GPa

E, = 104.69 GPa

Gos = T5.82 GPa

aﬁm = 2.950X10 /

o = -4.07 MPa .

off = +4.07 MPa

€y = -0.0057 %

eafpf = 0.094 % (exptl)
O, = 71.00 MPa (%gptl)
G =

) . 37 J/m
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Appendix B

Fig-

WITH INCREASED
CRACK DENSITY IN
THE TRARNSVERSE PLY

IF NO

INCREASE IN CRACK
DENSITY IN THE
LONGITUDINAL PLY

31 Computer Flow Diagram

USE THE THEORIES

BASED ON POLYMER
MATRICES TO FIND THE
APPUED STRESS NECESSARY
FOR CRACKING IN

THE TRANSVERSE PLY

FIND THE STIFFNESS
LOSS IN THE MATERIAL
USING THE FORMULAS
DEVELOPED IN THE
ABOVE-MENTIONED
THEORIES

/ CHECK X
IF APPUED
STRESS EXCEEDED
THE LONGITUDINAL
MATRIX BREAKING
STRESS

FIND THE STIFFNESS

LOSS IN THE LONGITUDINAL
PLY AND IN THE COMPOSITE
USING THE ACK THEORY

IF YES
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Appendix C

Fig.32 Computer Code for Modified Laws-Dvorak Theory

this program is written to calculate the stiffness loss
in a cross—plled comp051te undergoing cracking. The
progressive cracking is assumed to take place at the mid-
point of the ply. The applied stress to cause additional
cracking is also calculated. This is based on the Norman
Laws and Dvorak theory.

hkkkxkkkkhkkkkrkkk®k DOCUMENTATION *kdkdkdhhddddkshdddkhhhkdkksk

b = thlckness of the outer 0(longitudinal) ply
24 = thickness of the inner 90(transverse) ply
Et = youndgs modulus of the transverse ply

E1l = youngs modulus of the longitudinal ply

Ec = youngs modulus of the composite

slr = residual stress in the longitudinal ply
srt = residual stress in the transverse ply
sigma = applied stress needed to cause cracking
Em = matrix modulua

Ef = fiber modulus

r = radius of the fibers

tau = fiber-matrix interface bond strength

emu = matrix failure strain

********************************************************

VARIABLES
'PARAMETER (1ly=40)
IMPLICIT REAL*8 (a-h,o-2z)
DIMENSION Sigma(ly)
Open input and output files -
OPEN (UNIT=11,FILE='1723.IN',STATUS='0OLD"')
OPEN (UNIT=12,FILE='stls.mat',6 STATUS='UNKNOWN',
+  FORM='FORMATTED')
_OPEN (UNIT=13, FILE='nlC MAT' , STATUS='UNKNOWN',
+ FORM“'FORMATTED')
OPEN (UNIT=14,FILE="nicl.MAT', STATUS='UNKNOWN',
+ FORM='FORMATTED') -
Read 'in the variables
READ(11,*) b,d,Et,El,Ec,En,Ef,Vm,VE,Ge,srt,enu, r, tau

fead(*,*)sfpfl
read(*,*)pq

slr=~-srt
El12=El

i=1
sfpf=22.64

Calculate the shear lag parameter
sai= d*(b+d)*Et/(b*El*Ec*Gc)*(sfpf1+(Ec*srt/Et))**2
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write(*,*)sal
alpha= (Em*Vm)/(EE£*VE)
X1l = (Vm/VE) *Em*emu*r/ (2*tau)
c Calculate the value of crack density parameter
READ(11,*) bl,b2,nb
db=(b2-bl)/nb
bt=bl+db
btl=bl+db
Find out the applied stress for the various values of
crack density and check for longitudinal ply matrix
cracking. If the matrix cracking initiates in the
longitudinal ply, put the residual stress as zero.
DO 10 k=1,nb
Slgma(k) (sfpf+Ec/Et*srt)*1/(dsqrt(2*
+ dtanh(sai/ (2#%bt))-dtanh(sai/bt)))-Ec/Et*srt

aaQaaan

Eb=Ec/ (1+ (bt*d*Et*dtanh (sai/bt))/sai/b/El)
Eboc=1/(1+(bt*d*Et*dtanh(sai/bt))/sai/b/Elz)

if (Sigma(k).1lt.100) then
write(*,%)'long. failure stress hasnt reached!'
else
bt2=btl/b/2
temp=(1+alpha/2)
El2=El/ (temp* (2*bt2*x1+ (1-2*%bt2*x1) /temp))
per=(E1-E12)/E1*100
Ec=Ec-Ec*per/100
El1=El12
srt=0
if (i.eq.l) then
templ=(sfpfl+ (Ec*srt/Et) ) **2
sal= d¥(b+d) *Et/ (b*E1*Ec*Gc) *templ

i=2
else
continue
endif
btl=btl+pg
end if
¢ Calculate the crack density
cd=bt/d/2

WRITE (12, *)Eboc -
WRITE(13,*)Sigma(k)
WRITE (14, *)cd
10 bt=bt+db
write(*,*)sai

END
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Appendix D

Fig.33 Computer Code for the Modified Nairn's Theory

This program is written to calculate the stiffness loss
in a cross-plied composite undergoing cracking. The
progressive cracking is assumed to take place at the mid-
points of the existing cracks. The applied stress to
cause additional .cracking is also calculated. This is for
nicalon/1723. This uses modified Nairn's analysis.

ThkrkIIXRRR KR KA AR **% DOCUMENTATION HFkkkhkhkdkkhdhhhkkdkk

b = thickness-of the outer O(longitudinal) ply

2d = thickness of the inner 90(transverse) ply

Et = youngs modulus of the transverse ply

El = youngs modulus of the longitudinal ply

Ec = youngs modulus of the composite

ert90 = thermal residual strain in the transverse
ply :

G23 = shear modulus

srt = residual streéess in the transverse ply

sfpf90 = first ply failure stress
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c
c Variables
PARAMETER (1ly=200)
IMPLICIT REAL*8 (a-h,o-2)
integer cd
DIMENSION LOAD(ly)
COMMON/TEST/alpha,beta, flag
c Open input and output files
OPEN(UNIT=11,FILE='17231.IN',STATUS='0OLD')
OPEN (UNIT=12,FILE="stls.mat"', STATUS="'UNKNOWN',
+ FORM='FORMATTED')
.OPEN(UNIT=13,FILE='nairnl.MAT‘,STATUS='UNKNOWN',
+ FORM='FORMATTED')
OPEN(UNIT=14,FILE='nairn2.MAT',STATUS='UNKNOWN',
+ FORM='FORMATTED')
c Read in the variables
READ(11,*)d,Et,El,Ec,ert90,G23,srt,Eco,sfpf,Em,Ef, Vm,
: V£,alphaT,alphaa,T,vT,vA,GT,Ge

GA=GT
delalpha=alphaT-~alphaa

lambda=b/d

h=2.% (b+d)

Cl= h*Ec/ (b*E1*Et)

C2= VT/Et*(lambda+2/3)-vA/El*lambda/3.
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C3= (lambda+1)/(60*Et)*(3*lambda**2+12*1ambda+8)
C4= 1./3. *(1/GT+1ambda/GA)
q—Cl/C3
=(C2~C4)/C3
flag—4*q/(p**2)
.call val(flag,p,q,alpha,beta)
i=1
c begln the loop for calculating the applied stress for
c various crack densities
do 10 cd = 100,5000,50
rhol = 1/(2.d0*cd)
rho = 2.% rhol/d
tl = (delalpha*T/Cl) *%2 _
funcl=(Gec/ (d*C3*(2.*Xchi(rho/2.0)-Xchi (rho)))-t1)
LOAD(i)= Ec/Et*sgrt(funcl)
write(13,*)LOAD(i)/1000000.
write(1l4,%*)cd/1000.

10 i=i+1
(o] .~ END OF THE MAIN PROGRAM
end

real*8 function xchi(chi)
c variables
real*8 pl,p2,p3,p4,chi,alpha,beta, flag
common/test/alpha,beta flag
c begin function
if (flag.gt.l) then
pl=(dcosh(2.d0*alpha*chi)-dcos(2. do*beta*chl))
temp=beta*dsinh(2.*alpha*chi)
templ=alpha*dsin(2. *beta*chl)
p2=tempt+templ
Xchi=2.*alpha*beta* (alpha**2+beta**2) *pl/p2
else
temp3=(beta**2-alpha**2)
p3=temp3*dtanh (alpha*chi) *dtanh (beta*chi)
p4=(beta*dtanh (beta*chi) alpha*dtanh(alpha*chl))
Xchi=alpha*beta*p3/p4
endif
return
end

SUBROUTINE VAL(flag,p,d,alpha,beta)

C parameters
real*8 flag,p,q,alpha,beta

if (flag.gt.l) then
theta=atan(sqrt(4*q/ (p**2)-1))
alpha=q#*#*.25*%cos (theta/2)
beta=qg**.25%sin(theta/2)

else '
alpha=sqrt(-p/2+sqrt(p*p/4-q))
beta=sqrt (-p/2-sqrt(p*p/4-q))
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