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ABSTRACT

Five postulates are given which are used to define a
betweeﬁness relation on a set. Examples are given which show
the relation is a generalizaﬁion of the betweenness usually
associated with feél vector space on the one hand and lattices
on the oﬁhero Convex subsets are then defined on the set and
shown to be of finite character.

The extreme points of a convex subset and maximal convex
sets are next defined and some of their properties developed.

The convex hull of a subset is proved te be equal to the inter-

section of the maximal convex subsets.
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INTRODUGTION

- In.erder to define cenvexity in a eet; it is necessary te
have some means of determining when a given element is between
twoé other elements. Conversely, if we are able to determlne
when a peint is between two other points, we can define convexe
ity. Exactly what is meant by "between" in the above state-
ments depends on the set contalnlng the glven elements., If the
‘set is a:real vector space, betweennessvls usually taken as be-
ing a member of the line segment determined by two vectors. If
the set is a lattice, betweenness can be taken.as greater than
the join'and less than the meet of two ele;pent-éso It is also
poesible?te postulate certain properties for ﬁhe betweenness
relation and let these determine what.betweenness is to meeno
The latter procedure is follewed in our caseol _

Once we have .a betweennesss we are able to define what
isfmeant:by a convex set., Convex sets are“usgally assumed to
haﬁe certain properties, and it is necessary @o demonstrate
theése prbperties in order to earn the full right to the name.
IniSectibns 2, 3, and 4 these’properties are_&eveloped without
commentary, which makes it easier to refer to the theorems,
‘prepdsitiens, etco,'ﬁhen they are mentiened ié Sectioen 5.

' .Welwill express "the element b is_betﬁeen a and c®
es‘ gggo: The union of two sets will either be written out of
welwill ﬁse U placed between the sets. Small Roman letters

will be used for elements of sets; and capital Roman letters |
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will be used fér'SétsﬁwiﬁhAﬁhe exception of single;element sets,
which ﬁili.bé designated by small Roman letters with bars over
them. '

In Sectien 1 an example is given which contalns numbers,
‘and no attempt is made to dlstlngulsh between the numbers and
veeters° There is little danger eof. confus1®q, since it is ob-

vieus what is to be proved and how it is to Qq done. -




l. THE POSTULATES

Let E be a ngnwempty set of elements for whieh a be=

tweenness relation satiéfying-the following postulates is de-

fined.
I. If a, b, and ¢ are elements of E, abc im-
II. If a, b, and c g;g'elements of E, abc gggf

. o
acb Af én@ only ;g b = co

IIT. If a, b, ¢, and d are elements of E, abc

and adb imply dbc? |

Ive 1f a, b, ¢, x, and y are elements of E, axe,

bye, a # ¥, and b # x imply there exists an gelement s in
E  such that asy and -bsx.

Vo If a, b, ¢, t, x, and y are elements of E,

=

such

axc, bye, xty imply there exists an element s in

P
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‘that stp and asb.

Some of the imﬁediate consequences of the postulates

which will_be needed in developing the properties of convex -

sets defined by the betweenness reiation will be derived next.
1.1 ;i a and b are elements of E, aba if and

gﬁ;x if a = bo |

From IT we see that a = a "implies baa, which in turn im- _

plies aab. The. latter, Qémbined with the given _QQQ; implies

a = b and establishes the necessity. ?he sufficiéncy follows

immediaﬁgly from II.
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l.2 If a;ﬁbgfi, x; and y are elements of E; ééh;-
HSing V;$We see that the hypothesié implies the existence of
:an‘éiement s such that gtb and asa. By l.l, a =s -and
the conclusion follows, | |

1.3 If a;, b, t, and y are elements of E, ayb and

aty imply atb.
Let a =x .in 1.2 and the conclusion follows immediately,
The postﬁlates and the above properties are the only
6nes we will use in the subsequent development. It would be
,inﬁeresting to investigate the implications of the postulates
more theroughly; but the central purpose is to-investigate sub-
'sets having “cenvexity properties;“ and for this gdal we will
not need further elaboration of the postulates. |
It is neéeSsary, howéver; to assure ourselves ﬁhat we
are #ot dealing with an empty theory. To this end it seems
approﬁriate to construct examples satisfying the postulates.
Two examples will be given which show that the convex sets to
bé defined correspond to well-known convex sets-under suitable
assumﬁtions° .A.third example satisfying the postulates will‘
be given which indieates that these convex sets are more gen=: -
eral than those in the other examples.
| .. Example 1. Let E be a real or eomplex vector spaceg

and define abé as meaning there are non-negative real numbers
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m and n such that b = ma + nb end m+n =1, The veri;
flcation of the poestulates in this example is messy but essen-
tially triv1alo We will not verlfy them here, but will pass
.fon to a more. interestlng exampleo " '

| ample 2. Let E be a dlstributlve lattlceg and deflne
abe as meaning ordlnary lattice‘betweenness (6) The veri-
flcatien of the first four postulates is agaln triv1a1o Howe
ever, the fifth one depends on constructing the element s
and, whlle not difficult, is not immediately obvious. We will,
therefore, sketch the verification of Postulate V.

Let ab and a + b be the meet and join of a -and b
in the lattice@ We wish to show that there exists an s such
lthat ab # ‘'a+b and sp £t <€ s +p when we are given
ap€x“€a+p, bpfy<£€b+p, and xy €% £ x +y. We will
take s = ab + at + bt. This rathen obvieusly satisfies ab €
sré a.t.bo To check the other relatienship; notice that abp €
t beeauee ap € x and bp é“yo::We nave;'therefore; sp =
abp +_et§;+ btp £ t, Now (s + n)t = (ab ta+b+ p)t
(a + b + p)t t because t € X + ¥y e a + b + po Thus Pes;
| tulate v is verlfledo oo

Ele 3° Let E be a filter on a dlstrlbutlve lattlce,
and define abc as meaning ac £ b £a or ac £b % ¢, where
the notation is the.same as in‘Exemple'zo. We.nete that the

dual filter, or ideal, might as easily have Ueen used. The
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first three postulates are again easy to verify; and the veri-

' flcatlon of the fourth is quite similar te that of the fifth,

whleh we shall verify,

We wish to show that there exists an s such that ab €

I

s€a or ab s € b; and sp €t <s or S@ €t € p when
we are ‘given that ap £ x é’a or ab £ x €p, bp =y €b or.
bp y€p, and xy £t E'x or Xy £t %7y,

Assume ap £ x £a and bp £y b and xy €t € x,

Let s=ab+t, s=ab+t£ab+x%ab+a=a and sp =

"-gbp + tp € Xy + tp € t, The first chain assures us that s is »

an element ef the:filter, and the second that sp £ 4, Collectm
ing our results; we see that ab €ab +t =s<b and sp <.
t' €ab+t = |
' Assume ap $ x € p and bp €y £ p and *iy €t €y,
If we let s = ab, we see that s is an element of the fils
ter and that ab = s.§ a, Sp = abp é ab € ab = s; and once
again Pestulate V is_verifiedo
The remainiﬁg cases are quite similar to ene or the eother

of the above verifications and will be assumed to avoid excess-
ive repeﬁitiono )

: The use of distributive lattices in Examples 2 and 3 is
necessary because the betﬁeenness relation satisfies 1.2, A
thé@fem by M. F. Smiley and E. Pitcher (6) proves that this is

neeessary and éufficient for 'E to be:é &istribﬁtive'latti@e
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if E is a lattice. This puts somewhat of a restriction on
the sets E in which our convex sets can be found, but not an
overly strong one. In Example 3 we have a set which is not a
lattice even though it is a subset of a lattice, which is ade-
quate for the postulates.

It is very easy to construct examples showing the inde-
pendence of postulates on finite sets. However, Postulate IV
can be derived from V in a real vector space, and this raises
the question of the independence of IV in a sufficiently "rich"
set E. The question seems to be far from trivial and is un-
answered at present.

Examples of finite sets which illustrate the independence
of Postulates IV and V are Figures 1 and 2 below. Figure 3 is
a finite set satisfying all the postulates and shows that E
need not have infinitely many points.

In the following figures an element x 1is said to be
between a and b if it lies on the line segment determined

by a and be

7
Figure 2. Figure 3.
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Care should be taken not to confuse théfillustrations
with the set E in géneral° For instaﬁeeg_ﬂﬁe intersection
of non-parallel lines need not define a uniq@ezpoint; there

may be other peints cémmon to the two line‘segmentso




" 2, CONVEX SETS

Definition. A line segment determined by two elements
_ef E' is.defined to be the set of all elements of E' which

are between the two. given elements. If a and b are the

' elements, the llne segment determined by a and b will be

-denoted by L(a b)o _
2 1 ‘Remark. For _;1 a and b in E, L(a,b)

is not

Lo ]

empty and is equal to L(b, a)
This follows imnediately from the definition and P@stulates

I and'IIo
2.2 Proposition. For any a amd b in E, if t be-

lenge to L(a,b), then the unien of L(a,t) and L(t,b) is

a subset of L{a,b). | |
‘Pfoefg Let x be any element of L{a,t). By definition

we have atb- and_ axt. Applying 1.3 we get gggd Since x

was arbitrery-in L(a't) L(a, t) is a subset of L{a,b). In

a similar manner we get “that L(t b) is also a subset of

L(a b), whenee the propesition.

2.3 Pmposi‘bmn° For any a and b in E, if x Dbe-

;gggg te~'L(a b) then the intersection of L(a,x) :ggg L(x,b)
is gggg_ to Xo o i ﬂ : _
' Proof. Let' t be any element in the intersection..” This
. means t  belongs to both L(a,x) and L(x b) which implies
by definiFlen ggh and axbo Applylng 1. 3 we get .gtb, which

eombihed with axb 'implies' axt wusing Postulate III. Since
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t belongs to Lf{a,x),” we have atx, .which implies x =t

e

'when we use II. Thus we éeeithat'any element in the intersec;
tion is equal to x, which is to say X equals the inter;

' section, |

20,4 Proposition. For any a, b, ¢, d, amd x in BE,

if a is an element of L(b,x) and ¢ is an element of

e

(d,x), then the intersection of L(a,d) and L(b,c) is not

o

1o
B
%

Proof, First consider the case b =¢ or a =d. If
b = ¢, then bax and dbx, which implies dba by III and I
By definition we have b in L(a,d) and L(b,b) so the inter-
ssétion is not empty. Similarly, a = d kimplieé the intersec;
tien is not empty. | .

Next consider the case b # ¢ and a # do By definition
we have bax and dcx, which implies that there exists an s
such that asd and bsc. Therefore, s 1is contained in the |
interseection of L(a,d) and L(bgc), which nieans that it is
not empty. |

The line segments correspond to the closed intervals in
the real numbers as can be seen from properties 2.1 through 2.4,
In faet, sincé the usual definition of betweenness in the real
numbers satisfies our postulates, if"E = R, the closed inter;
vals will be the line segments.

Definition. A éonvex subset of E 1is defined to be a
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set which eontains the line segment determinéd-by any pair of
its points. Rather than use the phrase, “"A 1is a convex sub;
set of  E," we will frequently shorten this to "A is con-
vex" or speak of Mconvex A",
| 2.5 Remark., E, ¢;' and ggx single~clement set of E .

are all convex. |

2.6 Proposition. For any a and b in E, L(a,b) is
CORVEXo - o .

Proof;‘ Let X and y be any elements of L(a,b) and
t any element of L(x,y). From the definition of a line seg;
ment we have axb, ayb, and Xty. Applying 1.2 we get atb,
which implies that t. belongs te L(a,b), This implies that

L{x,y) is a subset of L(a,b)s; and, since x and y are

. arbitrary, this means that L(a,b) is convex.

2.7 Proposition. The ;ntei§gct;gg of any family eof ggg;
vex sets of E is coﬁvex, |

Proof. Let J be the family of convex sets and x and
y any elements in the intersection, Since x and y are in °
every member of J and the members of J are eonvéx, L(x,y)
is a subset of every member of J and is, therefore, containéd
in the intersection demonstrating i‘cs.convexity°

Definition. The eonvex hull of any given subset of E
is defined to be the interéection7ef all convex sets which con-

tain the given set. If A 1is a subset of E, the convex hull
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of A will Be denoted by A%,

[SH

2.8 Remark. @¢ =@, E®° =E; and, if x belongs to E,

x¢ = X,

2.9 Remark. If A 1is a subéet of E, A is a subsét
This fellows immediately from the definitiono

2,10 Propositien., If A ;g,é subset of E; AS is
eonvex. |

Proof. By definition, A® is the intersection of the
family of convex sets which contain A, 2.7 implies the eon;
vexity of AS, |

2,11 Proposition, If A is a subset of E; (AC)C = A°,

Proof. From 2.9 we know that A° is a subset of (A°)C.
From 2,10 we see that -A® is a convex subset containing AC.
and;\therefore; contains (AF)C,' hence the propoéition;

2,12 Proposition. If A is a subset of E, them A
is convex if and only if A® = A, '
Proposition 2,10 shows the necessity. A being convex implies
that AC® is a subset of A, which shows thé_sufficiencyo

2,13 Proposition., 'li A ggg B are ggz subsets of Eg'

the following statements are'equiﬁalent:'

a) The convex hull of the‘intefseetion of A and B is

g‘subseﬁ of the interseetion of A® anda BG

b) The union of A® and B® is a subset of the convex
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c) If A is a subset of B, A® is a subset of BS.
Proof., First we shall prove a) implies b). Since A
“and B are any subsets of E, let the B in a) stand for
A U B, Set Theory then implies that A% is a subset of
(A uB)® Statement a) is symmetrical in A and B, hence
Statement b). —
Next we shall prove that b) implies ¢). If A is a sub;
set of B, Statement b) implies-that A° is a subset of
(A U B)® and that the latter is equal to BS.
Last we prove that ¢) implies a). The intersection of
A and B is contained in beth A and B. Statement ¢),
the),refore9 implies that the cenvex hull of the interseetion of
A and B is contained in both A® and B® and thus is in
their intersection.

2,14 Theorem. If A is a convex subset of E, A jis-

equal to the union of the convex hulls of all its finite sub-
sets.

Proof. Let F be any finite subset of A, 2.9 and 2.11
imply that F¢ is a subset of A, This is true for any finite
subset 6f Aé therefore, it is true for their union. If we
can now show the union of the convex hulls of all finite sub;~‘

sets of A 1is conve§9 we shall have completed the proof,

Let x and y Dbe any two elements of the union. There
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exist finite subsets F and & of A such that x and y
are contained in F® and Ges' respectivelys F and G -are
subsets of the union of F and G, so FC and @GS are sub;
sets of (Fu G)® according to 2.13. Therefore, x and 'y
are_elemenﬁs of (F u G)¢, which implies that L(x,y) is a
subset of (Fu G)®, Since F and G are finite, their union
is finiteg aﬁd we-have shown ﬁhat L(xpy) is a subset of the .
union of convex hulls of finite subsets of A whenever x and
y are elements of this union, whence the property.

| 2,15 Theq;s;{am., If A is any subset of E. and p is

any element of E, then the convex hull of A v P eguals the

union of all L(a,p) where a ranges over AS,
Proof, For any a in A°, L(a,p) is a subset of
(Av p)® since a and p are elements of (A u p)®, which
is convex. Therefore, the union of all L(a,p) is a subset
of (A u p)% Inclusioen the ether way is éemoﬁstrated by '
taking an érbitrary x in (A u D)% A is certainly a sub-
set of the union of the L(a,p)?s >since‘it is a subset of A°
and each element of A° shows”ﬁp in an L(a,p). Obviously p
is an element of the union since it is in each L(a,p). If we
can now show that the union of the L(a,p)?®s iiSCé@nvéxg wé
will have inclusion the other way and; thééeforep equality.
Let x and y be any two elements in the unien of all

the L{a,p)?s. There exist a and b in A® such that x
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and Yy are elements of L(a;p) and L(b,p), respectively.

We want te show that L(x,y) is a subset of the union. If

t is any element of L(x;ng we have axp, byp, and xty

by the definition of a line"segment° Application of V guar;
antees an element s in E such that stp and asb. The
latter means that s is an element of L(a,b) which is a sub;
set of AC; therefore, s 1is an element of A®, stp implies
that t 1is an element of Z(ssp) and is, therefere; an element
of the union of the L(a,p)?s Wﬁere a ranges over AS,

Since t was arbitrary, we have demonstrated convexity and

proved the theorem.




3. EXTREME POINTS

Definition. An element x of a subset A in E is an
extreme point of A if and only if x =a or x = b whenever
x is in Lka,b) for any a and b in A. The set of ex;
treme points of- A will be deneted by e(A). It may happen
that e(4) is empty.

3.1 Remark. If A is a subset of E, e(A) is g‘ggg;
set of A.

This follows immediately from the definition. ,

3.2 Propositien. If A is a subset of E, e(e(4)) = ,
e(4),

Proof. It follows from 3.1 that e(e(A)) is a subset
of ef(4). To‘show inclusion the other way, léﬁ X be any ele;
ment of e(A) which is not in e(e(A)). Since x is not in
e(e(A)), there exist a and b in ‘e(A) such that x is
in L(a,b) and x# a and x # b. By 3.1 we see that these
saﬁe elements are in A and, therefore, that. x is not in
e(A). This contradicts our assumption on x and establishes
the proposition.

3.3 Proposition. If A is a subset of E and B is

any subset of e(A), the set of elements in A® which are

Ot OECE—— et O ————Ca— T hty =t

not in B is still convéex. _
Proof. Let x and y be any two elements in A® which
are not in B, Since x and y are in A%, L(x,y) is a

subset of A®, Neither x nor y is in B; and no element
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between x. and y can be in B, so L(x,y) does not inter;
sect Bo. If it did, there would be an extreme point between
elements whiech are distinct frem it, which is a coﬁtfaditiono
Thus we have that L(x,y) is a subset of A% which does not
inter'sect B, and also our proposition.

| E, x be any

A, If x is

3.4 . Propesition. Let A be a subset

(=N <A

extreme point of Ac; and B be any subset

in B®, x is in e(B%).

Proof., Assume that x is not in e(B); and let 'a and
b be two elememts of ‘B® such that a #x, b # x, amd x

c .
is a subsget of

is in ;(a,b)o B is a subset of A, so B
AC, Combine'the results and we can cohclude x 1is noet in

e(A), which is contrary to the hypothesis. We conclude the

propesition.
305 Theorem. Let A be a subset of E. Then x is in
e(A®) 4if and only if x in B® implies that x 4is in B

where B 1is any subset of: AS,

Proof, Thé necessity will be proved first. By theorem
2,14, x 1in B¢ implies that there exists a finite subset Fn
of B such that x is in Fg where n is the number of ele;
ments in F, . Designate the élemgnts of F, as flsfzpoOOans
and let Fm ~be the first m elements of -Fno Theorem 2,14

implies that there exists an element a of Fgal such that

x is in L(a,f ). Since x is in e(4), it must be that
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X=a Oor X = fn; We are finished if x = fn’ -since fn_ is
in B, If not, them x 1is in Fgmlo We can repeat this proc;
ess n =1 times until we get that x is in L(fy,f,), which
will imply that x = fl or x = f,, In either case X is in
B and we have proved the necessity.

Toe prove the suffieienéy of the condition, assume that
x is net'in e(A®). If this is so, there'exist elements a _
and b distinct from x such that x is in L(égb)° The ele-
ments a and b constitute a tWo-element subset of A% which
comtains x in its coavex hull. By assumption, x is an ele-
ment of the two-element set, which implies that x = a or
X = bo This contradicts x Dbeing distinct from a and b
and establishes the theorem.

3.6 Corellary. If A 4is a subset of E, x is an ele~

I
=
o

ment of e(A®), and B jis any subset of A, then x

implies that x is in Bo.

| Proof., Since B 1is a subset of A and A is a subset
of A%, B is a subset of A®. Apply 3.5 and the conclusion
follows. "

3.7 Corollary., If A is a subset of E, e(A®) isa

subset of A,
Proof. A is a subset of A®, and any x in e(A®) is

in A%, 3.5 implies that x is in 4.

3.8 Corollary. Let A be a subset of E. If A = e(A°)9
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then for any x in A, x is not in the convex hull of A?

where A’ equals A minus the element x.

Proof. Assume that there exists an x in A which is
also in A®®, By hypothesis, x in A implies that x 1is
in e(A). A?' is a subset of A and, by assumption, x is
in A®C, We comclude that X is in A' Dby 3.5; but this is

a eoentradictien, hence the conelusion.




Lo MAXIMAL CONVEX SETS

Definition. A convex subset of E 4is said te be a semi-

set if and only if its complement is alse convex,

4.1l Remark. The complement of a semiset of E is a
semiset of E, |

L.2 Remarke E and @ are semisets of E.

Definition. A semiset will be said to separate two sets
of & if and only if ohe of the sets is a subset of the semi;
set and the othér is a subset of the complement of the semiset.

o3 Theorem. (Ellis) If A and B are disjeint con-
vex subgets of E, there exists a semiset € which separates
A and B.

Proof. Define M as the set of ordered pairs (G,H)
of disjoint convex subsets of E which contain A and B; re-
spectively. Induce a partial order en M as fellows: (G,H) €
(G?;Hv) if and only if @ is a subset of @' and H is a
suBseﬁ of H'. Consider a linearly ordered sﬁbset N of M;
and define ﬁ to be the ordered pair obtained by taking the
union of all the first components of elements of N as the
first component and the union of all the second components of
elements of N as the second.componento Obviously n 1is
maximal for N, but we need teo show that its components are
disjoint.

Assume there is an x commen te the two components.

There exist elements a and. b. of N sueh that x is an
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element of the first component of a; and x 1is an element
of the second component of b. Since N is linearly ordered,
Wwe know that a € b oer b £ a., To be definite, we will take
the first case. This meané that x is an element of bofh e@m;
ponents of a; but these are disjoint. The contradietion es;
tablishes n as an element of M. Since N was arbitrary;
we have shown that every linearly ordered subset of the pars-
tially ordered set M has an upper bound in M. Of ecourse,
M is not empty since (A,B) is an element., Zorn?s lemma im- ‘
plies that there is a maximal element (A9;B?) in M, It re-
mains te bershown that A? and B! are éomﬁlementary°

| Let ﬂx be an elemeﬁt in the.complemént of the unien of
A? and BVQ Assume -there is an element b . common to
(A U X)© and B! and an element a common to (BY U X)°
and A%, TUsing 2414 we see that there exist a d iﬁ A* and
a ¢ in BY such that a and b are elements of L(c;x)
and L(d,x); respectively. We now apply 2.4 and conclude-that
the intersection of L(a,d) and L(b,e) is net empty. Since
a and d are elementé of A and D -and ¢ are elements
of BV; L(a,d) and L(b,ec) .areg respectively, subsets of
Av aﬁd Bt, We9 therefore, have the contradiction that an
eﬁpty set éontains a non-empty subset. It must be that at
least one of the intersections we started with is empty. To

be definite, we can take the intersection of (AT U x)¢ and
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B*t as empty. Let -(A'vy X)C = A%, A? 'igs a proper subset of
A#, and B! is a subset of itseifo fhereforeg (At ,B?) =
(A*;B?) and (A*,BY) # (A*,BV}; which centradicts the maxi-
maiit# of (A?;Bé)o~. -

The eonﬁrédicti®n tells us that A? and B! are com-
plementary since ﬁhey are disjoint and tﬁeir unioﬁ is the en;
tire set, They are convex and; therefore, semisets. - Letting

A? egual ¢ proves the theorem,

4ol Corollary. Let A be any convex subset of E

and x Dbe any element in E., If x 'is not in A, there

exists a semiset separating X and A.-

Proof, If x is not in A, X and A are disjoint
convex subsets to which we can apply L.3.

Lo5 GCorollary. If A ;ggglsubéetgi_E and x is
an extreme point of A, then there exists a semiset meeting
A only at =xo.

Proof. Let A? equal A minus the extreme point. By
3.3, A? 1is convex énd X and AV are disjoint convex sets.
Apply 4;3 and the coerollary f@llowéo

4.6 Theorem. If A is any subset of E, A® eguals

the intersection of all semisets which contain 4.

Proof, If A 1is a subset of any semiset C, A% is
alsb a subset of C. From this we eonclude that A® is a

subset of the intersection of all semisets which contain A.
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To show inclusien the ether Way; we comsider an x not in A4S,
By 4.3, there is a semiset C such that x is not in € and
A® is a sﬁbset of €, A is a subset of A69 which means
that A is also a subset of C. We have found a semiset con;
taining A as a subset which excludes x and cén thereby con;
clude that x is net an element of the intersection of all
semisets containing A as a subset.

L.7 Theerem. Let A be any convex subset of E. A

is equal to the convex hull of its extreme gbintslgi and only

if every gsemiset of E which intersects A intersects e(A).

Proof. The necessity will be proved firéto Assume
there exists an element y of A and a semiset G in E
such that y is in €. anhd’ e(A) is a subset of the comple;
ment of C. Since e(A) is a subset of €, (e(4))® is alse
a subset of C by 2013'and 2°llo. Frem.this we caﬁ‘conclude
that A # (e(A))®. Therefore, the necessity is proved.

The sufficiency is proved by assuming that A # (e(4))C.
If this is é@, we can find an x in A which is not in _
(e(A))®, Apply L.L and we are gssured of the existence of a |
semiéét separating x and (e(a))C®. Therefore; the suffi;

ciency is proved.




5. COMMENTARY

Special attention is called to 2,14, for it éhows that
the convex sets are of finite charaéter, and %o 4.3 in which
- the existence of separating semisets is proved, These are in
agreement with the results on a .real veétor space. One should
recall, however; that the-betweénness'relation is valid fer a
finite set of elements, Man& of the properties of convex sets
in a real veetor spéce are found for the coenvex sets which we
have defined and justify the use of the name. |

The possibility that the set E has extreme points pre;
cludes defining a subset of the semisets having only one ex-
treme point. By insisting the set of extreme éoints ef E be
empty, we could define an analogy to cenvex cones and pake the
semisets wﬁieh are cones as a minimal intersection basis.

The betweenness rela;ion introduced in Example 3 has the
advantage of Having the elements which define a line segment
as the extreme points of the segment. This is net necessarily
true in the betweenness relation of Example 2, If the meet
and join of two elements are distinet from the elements, the
line segment determined by the two elements will have ne exs:
treme points. . Since the line segments correspond to closed;
\intervals in a real veetor space, it makes the correspondence

a closer one if all line segments have extreme points.
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