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Abstract:
The subject of this thesis is the development of concepts and techniques of optimal design for linear
deterministic as well as stochastic distributed-parameter systems.

The primary purpose of the thesis project is the development of computationally feasible methods for
optimal design of distributed-parameter systems under a linear or convex performance measure of the
distributed error of the system.

The content of the thesis is summarized as follows: First, a new definition of distributed correlation
function is introduced to facilitate the study of stochastic control of distributed-parameter systems.
Relationships are derived which paralleled well-known relationships in the statistical analysis of
lumped-parameter systems. With this definition of distributed correlation function, an optimal control
problem is shown to be a Wiener-Hopf spectrum-factorization problem.

Second, a computationally feasible method is developed for optimal control of distributed-parameter
systems. By use of the method, the optimization problem is reduced to one of linear programming for
which well-known solution algorithms are available. Performance is optimized with respect to absolute
values of distributed errors weighted both in time and in space. Magnitude constraints on both control
and state-variable functions are incorporated. Both distributed and non-distributed inputs to the system
are treated. Third, the optimal control of distributed-parameter systems is studied from dynamic
programming point of view. A functional equation associated with a convex performance measure is
derived with properties analoguous to those of the lumped-parameter case. A computationally feasible
method is developed for minimizing the spatial-average-integral-square error of a class of
distributed-parameter systems. With this method, feedback control of distributed-parameter systems
can be achieved. Fourth, the theory of deadbeat response with minimal overshoot compromise is
generalized to include systems enfolding time delay in the loop. The optimal trade-off between
deadbeat-response time for a ramp input and step-response overshoot is derived for a single-loop
sampled-data system with time delay.

In addition, sensitivity of the output response is studied as a function of parameter variations in the
optimal controller, and stability limits are derived in terms of a change-in-gain parameter.
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ABSTRACT

The subject of this thesis is the development of concepts and techniques
of optimal design for linear deterministic as well as stochastic distributed-
parameter systems. '

The primary purpose of the thesis project is ‘the development of computa-
tionally feasible methods for optimal design of distributed-parameter -
systems under a linear or convex performance measure of the. dlstrlbuted
error of the system.

The content of the thesis is summarized as follows: First, a new
definition of distributed correlation function is introduced to facili-
tate the study of stochastic control of distributed-parameter systems.
Relationships are derived which paralleled well-known relationships
in the statistical analysis of 1umped—parameter systems. With this
definition of distributed correlation function, an optimal control
problem is shown to be a Wiener-Hopf spectrum—factorization problem,
Second, a computationally feasible method is developed for optimal
control of distributed-parameter systems. By use of the method, the
optimization problem is reduced to one of linear programming for which
well-known solution algorithms are available. Performance is optimized
with respect to absolute values of distributed errors weighted both in
time and in space. Magnitude constraints on.both contrel and state-
variable functions are incorporated. Both distributed and non-
distributed inputs to the system are treated. Third, the optimal--
contro} of distributed-parameter systems is studied from dynamic pro-—
gramming point of view. A functional equation associated with a convex
performance measure is derived with properties analoguous te those of
the lumped-parameter case. A computationally feasible methed is developed’
for minimizing the spatial-average-integral-square error of a class of
distributed-parameter systems. With this method, feedback control of
distributed-parameter systems can be achieved., Fourth, the theory of
deadbeat response with minimal overshoot compromise is generalized to
include systems enfolding time delay in the loop. The optimal trade-off
between deadbeat-response time for a ramp input and step-response over-—
shoot is derived for a single-loop sampled-data system with time delay.
In addition, sensitivity of the output response is studied as a functien
of parameter variations in the optimal controller, and stability limits
are derived in texms of a change-in-gain parameter.




" CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW.




l.1 PURPOSE OF THE THESIS PROJECT

The purpose of the thesis project is fivefold:

1. To review, ebaluate and summarize.the published work on optimiza-
tion of distributed—parémetef control systems.

2. To introduce a new definition of distributed correlation functions
to faciiitate-tﬁe‘ study of distributed-parameter control systems '
with stochastic fo?cing functions.

3. To develop an optimal design theory,.based,on linear programming
techniques, for dis;ributed—baramgter systems with distributed
outputs.

4. To develop-a'computational algorithm for optimal céntrolrfunctions
of distributed-parameter systems based on dynamic programming
techniques.

5. To genéraliZe the theory of deadbeat responses Witﬂ miﬁimai,
overshoot coﬁpromise to apply to sampled-data systems enfolding

.time delay.

1,2 VALUE OF THE THES;S RESEARCH

In many situations, the energy of a system is spatially distributed
throughout a medium. Examples of such systems are transmission lines, heat
exchangers, nuclear reactors, chemical reactors, distributed RC networks,
biological systems, et cetera. Numerous applidationq of distributed-
ﬁarametér—systems theory are given in the 1i;erature.(39, 60). Cenerally,

the characteristics of a ‘distributed-parameter system can be described by

a -set of p§rt;a1 differentialiequations with appropriate boundary conditions.




Récently, Kolb.(39) noted that the development of a general body éf
theory for the analysis and synthesis of sampled-data, class-II-type,*
distributed—paramefer systems similar to that developed by Pierre (60). for
class~I-type systems*vwduld provide a worthy subject of investigation.

Wang and Tung (86) suggest that a control'theory for distributed systems

may beldeveloped in parallel with the existing theory for lumped-parameter
systems. Also Pigrre (60) states'that a topic Worfhy of additional research
is the development of a general body of theory-for effecting the design of
.optimai distributed-parameter control ;ystems, based on minimization of
integral-square or mean—Squére error, subject to stated constraints.

Therefore, as will be evident in Chapters 3 and 4, the primary contri-
butions of this thesis research consist of the development of a body of
theory which satisfigs these néeds to a large extent., In addition, Fhe
theory of deadbeaturesponse-witﬁ‘minimal overshoot compromise (68) is
generalized to sampled-data systems_enfolding time delay. This enables
one-to apﬁly this theory to cases where, for exampie, the speed of an
on-line digital computer is not'sufficiently fast and, thus, resulfs in

P

a pure time delay in the loop.

1.3 SCOPE OF THE THESIS

Chapter 2 enfolds the concept of distributed correlation functioens in

stochastic linear distributed-parameter systems. A new definition of

~ *Pierre and Kolb (67) define class-~I-type distributed-parameter systems
as those which ostensibly contain no space-distributed inputs or outputs and
class~II-type distributed-parametetr systems as those containing space-
distributed inputs or space-distributed outputs or both. :




v R A ‘

distributed correlation functien is introduced and is éhown to‘be.appropriate
for diétributed-parameter systems with distributed outputs; An optimal .
stochdstic control problem is solved with the aid of this distributed correl-
ation function. ' ’

Chapter 3 is devoted to the deyelopment of iinear programming techniques
for use in the optimal desigﬁ of -linear distributed-parameter systems with
distributed outputs. The time-and-space summation .of absolute values of
distributed error, with weighted céefficients, at discrete time;and—spacé
points is minimized subject to lingar.constraints to obtain desirable control
functions., |

In Chapter 4, optimization of linear‘distributed—parametef systems is
treated from a dynamic'programming point of view. Properties of functionals
are derived whiph aré similar to those which apply to lumped—parémeter
systems, Also, a closed-form expressien of the 6ptimal control function
is derived for the casé of a quadratic performance measure of distributed-
error. |

In Chépter 5, the theory of deadbeat response with minimal overshoot
‘compromise is generalized to apply to both minimal énd nonminimal phase
plants enfolding time delay. J |
Finally, the concluding Chapter 6 contains a summary of the essential

values of the thesis research and some aspects of the research which merit

additional study.

1.4 LITERATURE REVIEW

The literature on distributed-parameter systems is extensively reviewed

by Kolb (39) and Pierre (60). In this section, a survey of current literature
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related to the general scope of this dissertation is made. The work directly
related to the material in this dissertation is reviewed.appropriately in

the intreductory sections of the chapters.

1.4.1 Optimization:Techniques Applicable to Distribute@—Parameter‘Sysfems

In 1960, the first major study of optiﬁal control bf distributed-
parameter systems was made by Butkovskii and Lerner (12). They formulated
three general optimal centrel proﬁléms associated with distributeé—parameter
systems. Later, Butkovskii (16) derived a maximumlprinciple for distributed-
'parameter systems anaiogous‘to Pontryagin's maximum principle (69) for -
lumped—paramterlsystems. Solutionslwﬁich satisfy the necessary conditioné
associated with this maximum principle are not obtainable in general without
use of approximation (67). In referencé (15), Butkovskii considered repre-
sentations of distributed-parameter systems by correspending spatially
discretizgd models. By use of this approach, sets of partial differential
equations characterizing sucﬁ systems are reduced to sets of ordinary
differential equations to which Pontryagin's maximum principle can be
applied directly, but the usualldiffichlties of applying this principle to

) .

high-order systems is encountergdo Also for this discretized model,
Butkovskii (19) showed that a.class of the optimal c&ntrol probléms associ-
ated with distributed-parameter systems can be soived by the method of
moments (1). In reference (20), Butkovskii and Péltaﬁskii solved the time-
optimal control problem of thg osciliéting string-with the aid of Krein's
L-problem of mome;ts (1) and variational methods.

The classical Krein's L-problem 6f moments (1) can be stated as follows:

given n linearly independent vectors hq, hy, . . ., hy of -a normed linear




space E and n real numbers cl, cz, . . f, c?, not all zero, and the positive

1 -2

real number L, find the necessary and sufficient conditions en c*, ¢%, . . .,

c, and L for there to egisﬁ a linear functional f(h) which satisfies

IO | : (1.1)

gmd |

HEll = sup _£(h) ;L ‘ | : (1.2)
nf} sl '

In l§57, Krassovskii (43) reduced tﬁe time-optimal control problem in
1umped—parameter-s§stem theory to Krein's'L—problem of moments.. He used-
éome‘properties derived by Krein (1) to obtain the expreésion for an optimal
input‘which is'bounded'in~amplituded Two years- later, Ku%ikowskii’(4s, 46,
47, 48) showed the Krein's results caqlbé dife;tlé appliéd to aé¥ive'time;
optimal control with amplitude, energy, power, and fuel constrainfs. ‘Also,
Kulikowskii (48, 49) used results from fﬁnctional analysis to tfeat'certain
problems associated with nonlinear plants and adaptive systems. 6K The works
by Krassovskii and Kulikewskii. were generalized by Kranc and Sara;hik (42)
to apply to the case éf a time~o§tima1 nthoorder system with r inputs.
‘Recéntly, Chaudhuri (22) further generalized the works by Kranc and Sarachik
(4é) to apply to the optimal design of iinear distribqtéd—parameter systeﬁs.
But the difficulties in determining the optimal time of the‘system-(zz) are
quite.apparepta S&iger (80) showed that the problem of miniﬁumreffort ‘
control of distribuﬁed—parameter syétems can be solved by the Eheory of -
_minimum normed opefators (53). Fo; an egact solution; thislapproach requires
solution of an infinite‘number of linear a}gebraiCuéqﬁatiens with an infinite

‘number of unknowns., But if only a finite number of péipts in the spatial
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demain is used to repreﬁent theAentiré domain, the.problem can be reduced to
Krein's L-problem of moments. For a Mayer problem in distribﬁted—parameter
systems which contain hondistributed outputs, Katz (38) applied functioenal

analysis and variational methods to formulate a general set of necessary

T '

conditioens to be satisfied by an eptimal system. Andreyer and Butkovskii (2)
solved the timé—optimal control problem for heating a massive body in a
furnace by use of a spatial-harmoenic-truncated modei and functienal analysis.
Of systems enfolding time delay, Newton, et al. (57), demonstrated the
use of the Wiener-Hopf spectrum~factorization technique (64, 57) to effect

minimum-integral-square or mean-square-error design. In order te effect
. .

_the factorization, Pade approximations.(Sd) were used to enable the applica-

tion of the Wiener-Hopf technique in the usual manner. Pierre (62, 66)‘
generalized the ap?roach of Newton, ét\al. (57), to apply to 1inéar
distributed-parameter systems which contain no space-distributed inputs or
eutputs. By applying the Wiener-Hopf spectrum—factorization.Eechnique,
Pierre derived necessary and sufficient coﬁditiéns for the desigﬁ of linear
confréllers to obtain a minimumrmean;square error. Kolb (39) and Kelb and
Pierre (40) further generalized the Wiener-Hopf techﬁique for the design of
linear distributed-parameter systems with spatially distxibuted inputs or
outputs or both; To effect the factorizatien, Pierre (62, 66), Kolb. (39)
and Kolb and fierre (40) used rational fraction approximations (21, %l, 61)
for the nonrational terms. Moreover, Kolb (39) discussed general classes

of performance measures applicable in distributed—parameter systems, These

perfermance measures paralleled those for lumped-parameter systems considered

by Schultz and Rideout (75). Also, Kolb (39) ‘clarified Senin's work (77) on

" the statistical .design of distributed-parameter systems. In essense, the




.
concepts of:cprrelation fﬁnction analysis were extended toe include-
distributed-parameter systems.

Goodson and Khatri (30) used. the - -calculus of variations to obtain a
necessary condition for optimaiity of.a distributed system described by
an integral equation. The output of the system islnét spatially distributed.
To ebtain an explicit.fo;m of the optimal.feedback.cpntrol system, trunca-
tion of an infinite series is required. For another approach .(30), the
transcendental Laplace-transform transfér function of the distribu#eé—

parameter plant is approximated by a few terms in the infinite product

‘approximations.used by Oldenburger and Geedson (58); then Pontryagin's

maximum principle'is applied to obtain the optimal feedback control law
for the approximate .model.,

~ Using dynamic programming-techniques, Brogan (11) reduced the optimal
control problems-fér a class of distributed—parameter systems to the -solutien
of a pair of twp—point-boundéry—valuetpartial differential equations.. The
specific form of the boeundary conditioné depénds upon the particular preb-
lem béiné consiéered and must be obtained by considering transversality
conditions. Numerical algorithms_for solving the twe-peint boundary-value
problems are developgdo Alse Brogan (11) showed that requirements for
controllability (37) of lumped-parameter sysfems guarantee only e-
controllability when appiied to distributed;parameter,systems. A system is
said to be e-controllable if the state of thé system can be forced inte an
epsilon neighberhooé of the desired state %ithin a finite amount.ef time,
but it is not necessary for the system ?o be.maiﬁtaiqed in_thié neighbgr—

hood. Miranker (56) alse derived necessary and sufficient cenditiens for
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g-controllability of a certain class.of distributed-parameter systems.

To clarify the meaning~of.controllabiiity of ‘lumped-parameter systems

Lemay (51, 52) defined the term reachability and maintainability. In
essence, a system is said to have the reachable preperty if it can be

driven from its initial state to theldesired final state in finite time,

and a system is said to have the maintainability property if controlling
actlons are capable of maintaining the system at this desired state through-
out the remalnder of thé process. For dlstrlbuted—parameter systems, Kolb
(39) introduced the terms E—reachabilit? and E—meietainability as follows:

A system is said to be e—reachab;e for a set of stetes‘if aemissible cehtroi
signals exist which will take the system from a giVen ieitiel state to-
within ;ﬁ e—neighborhosa‘of any given desired staqe froﬁ the set ofldesired
states in a finite time T(e); and a_s%stem is saidlso-be e—maintainable fo;
a set.of states if it is e-reachable for the set.e% states and if,'in addi-
tion, admissible contrel signals exist Which'will maietain ah§ of the states
in the set within a specified e—nelghborhood for ;11 T greater than T(e)
Also, Wang and Tung (86) 1nvest1gated controllablllty and observablllty (37).
of distributed-parameter systems.

McCausland (54, 55) developed three approximate methods, namely, a
subdivision or finite difference method, a harmoﬁic or Fourier series method;
and a parabolic method, for synthesizing bang~bang cehtrolless to obtain
minimum-time performance for a linear diffusion process in which control
inputs, applied at the spatialﬂﬁéendary,_are subject to absolute-value

constraints. In addition, McCausland (54; 55) investigated conditions for

controllability of linear distributed-parameter systems.
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Sakawa (74) de?ived necessary gna sufficient conditions for optimality
of one—&imensional linear stétionary digtributed—pérameter systems whicﬁ
are controlled by boundary control functioms. The‘performance.measure used
by Sakawa (74) is the spatial integral of tﬁe squared erroer at the terminal
time, augmented by an energy ﬁeasure of the control variables. When the
contrel variables are not required to satisfy additional constraints, the
optimal centrel is in the form of Fredhélm integral equationé of the second.
kind. But if the contrel functions are magnitude-limited, the‘optimal.
control is in the form of nonliﬁear,integral equations. Egorov (25, 265
derived necessary anﬁ sufficient conditibns, in thé form of integral inequal-
ities, for optimgl, linear distributed—parametér systems. These same condi-
-tions are merely nécessary condi;ions if the system is nenlinear.

Recently, several computational‘algoritth'(3; 4, 11, 24 80) were
developed to solve optimal.control froblems associated witﬁ distributed-
parameter systems. Axelband (3, 4) appliéd function—épace methods to effect
the optimal control of distribufed—parameter systems.' In réference'(A},
Axelband suggested a convex programming algorfthm’(33)‘to solve the problem
of hinimizing the norm of the diffefence between desired systém response
‘énd actual system response of linear distributéa—parameter systems with
bounded in‘puj:s_° Denn, et al. (24), devélbped,a computational algorith@
based on the method of sfeppest ascent (33, 64) to solve an optimal contrel
probiem in_conjunbtion with thé necessary conditions for optimaiity which’
are derived by variatioenal methodé. |

Erzberger .and Kim .(27) considered the problem'of designing an optimum

contreller for boundary control of distributed-parameter systems based op a
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qﬁadratic\error criterion. By applying dynamic\prggramming, Erzberger and
Kim derived.a Hamilton-Jacoebi .equation for distributedfparameter systéms,
under -a quadratic error criterion, fhe general solutien of which is .not
optainable by use of exiéting ;étho&s,

Recently Yeh and Tou (88) used Butkovskiiws4maximum principle (16? 18)
to derive an optimal.control function for a class of distributed-paraméter
systems in terms of integral équations. Uzgiris and D'Souza (83) used the
properties develeped by Krein (1) fd obtain a time-optimal control func;ion '
for a plant‘described‘by a linear partial differential equation of ﬁara—
bolic type with nonlinea; boundary conditiens. The model used in reference
(83) is the spatially discretized one. However, Uzgiris and D'Souza did
not justify application of the Krein's ﬁ—problem (15 to a class of nonlinear

functional equations,

1

1.4.2 Modeling

In recent years, much attention has been devoted to modeling distributed-
parameter systems. Pierre (60) and Pierre and Higgins (65) used samﬁied—
data systems (35, 50, 72, 82) to repreéent diétributed—parameter systems.
Distributed-parameter elemenfs can be isolated from’the lumped-parameter
elements by suitably selected sample-and-hold circuits. Selection of the
sampling period is discussed.in the literature (36, 65). Recently, éravey
and D'Souza (32) modified one of Pierre's sampled-data models (60, 65) by
using only one sample-and-held circuit.’ Gaitﬁer, et ai., (28) proposed two
techniques, namely, quantization'and integralltransformation, for modeling

distributed-parameter systems. If the spatial variables are quantized, i.e.,

broken into "lumps'" while the time variable is continuous, partial
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differential equations are reduced to sets of ordinary differential equatienms.
All the lumped-parameter teéhniques of modeling can then be applied. 1In .

.the integral transformation methed, only a finite number of spatial harmoenics
is considered in the model. Gaither,‘et al., found clese agreement between
the results in the frequency demain feor beth methods.

In his Ph.D. dissertation (39), Kolb used four different models for.
linear distributed-parameter systeﬁs. For distributed-parameter systems
with boundary inputs and a distributed output, two medels -- a series-form,
representation .and a paralleljform representation —-- are develoﬁed on the
basis that only values of a distributed state variable at specific spatial
points ére of interest. TIn .the series-~form representation, the value of
distributed state variable at a giveﬁ point in the spatial domain is
expressed in terms of the vélue of the distributed state variable a£ an
a&joining point in the spatial demain. But in the parallel-form representa-
tion, the»value of distributed state variable at each poeint of interest in
the spatial domain is written in tefms of the boundary inputs. The third
mddel, the spatial-harmonic répreseﬁtation, is oﬁe in which a'distributed—
pérameter system is representgd b& a harmenic series in the spatial variable,
Generally, because of the pre%ence of an infinite number of spatiél harmonics,
en infinite number of blocks is required to represent a distributed—péfameter
system exactly with this model. The fourth model developed by Kolb fof:
linear distributed-parameter systems with distributed inputs and outputs
involves .implicit .transfer functions between distribuFed input.variablés

and outputs.




CHAPTER 2

CORRELATION FUNCTIONS .AND OPTIMAL CONTROL

OF DISTRIBUTED-PARAMETER SYSTEMS
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2.1 INTRODUCTION

Metﬁods of statistical analysis and synthesis .are of importahce for the
design of controellers .for systems which contain';andom.parameters, measure-
ment neises, or random forcing functions;‘ A special form of correlation
function for distributed-parameter systems was introduced.by Itgkovich‘(34)
in 1963. - Itskovich used a discrete forﬁﬂof'cdrrelation function to correlate
output .responses at fwo‘particﬁlar points.in the space. Using this concept, -
he.decérMinedlghé optimum location of pickups in a distributed field. In
1964, Senin-(76) extended Itskovich's ideas by defining a centinuous form of
correlation function. With his definition -of cor;elation function, Senin
(76,77) derived relationships between'the-correlapion fupctions éf.the input.
‘and the output.signals in a system characterized.Ey'the heat equation with
several ‘types of boundary conditions. Recently, éolb (3@) clarifiéd-apd
expanded the  theory dévélopéd by Senin in reference (76).

In this chapter, a new- definition ofzcorreléiion function is introduced
for use with distributed-paramter sYstems.that‘aréitime and spatial in vari-
_ant and that-are excited by random signals whicﬁ satisfy the érgodic hypoth-
esis. In.Section 2.2, relationships are.dgrived.%hichﬂégraliél well-known
relétionShiszin§the statistical . analysis of~1umpéd—parémeter systems.,

The optimal comtrol problem<of Section 2.3 is shoﬁn‘to be a Wiener-Hopf-

spectrum~factorization problém, the study of which is facilitated by the

use of the new.defini;;onLbf:&iétribuged“éoxre1atiqn function.

2.2 PROPERTIES OF THE DISTRIBUTEQ“CQRRELATIQN FUNCTION

a.

In oxder to develop a method Qf_sfégfétical analysis in distributed-

parameter systems in parallél to an existing method in lumped-parameter
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systems, the autocorrelation function of a distributed signal yl(x,t) whose
domain of definition is [0O,L] x (-w,») is defined as

e T) élm o f f 1 (E50)yy (xbE, tHT) dedt, (2.1)

Yl
and the cross—correlation function of two distributed signals yl(x,t) and
yz(x,t) is defined as

' T L
R (x,7) & 1im_l._f [ v:(g, )y, (=g, t+r) dedt (2.2)

Y1Y9 Tow 2TL 2p 79 71 2 .

The definitions of the distributed correlation functiens in Equations

2, 1 and 2.2 are somewhat dlfferent from those used by Senin (76, 77). Senin

(76) deflned the autocorrélation function of a distributed 51gnal as

T . . .

Ry g (x,2,7) = lim fg; f yl(x,t)yl(z,t+1) dt (2.3)
1’1 . T 7 =T )

The advantage to the definition .of the distribﬁted autocorrelation function
in Equ;tion 2.1 is that when x = 0 and T = 0, the distributed autoqorrelatioﬁ
fﬁnction reduces_fo the time-and-space mean-square value of yl(x,t). This

is not the case for the distribﬁted aﬁtocorrelatiop function of Equation 2.3,
When x = z = x_ and T = 0, the distributed correlation functipn of Fquation

2,3 yields only the'ti@e mean-square value of-yl(k,t) at tge point x = xl.
Therefore, the definition of the correlation function in Eduation_2.3 is

more appropriate if thé‘outpﬁt.;esponse of a system is nof distribdtea; if

the output is distributed, the definition of the correlation function in

Equation 2.1 is more appropriate.
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In conjunction with the definition of distributed cross-correlation
function in Equation 2.2, the cross—correlation function associated with

y1(x,t) and yz(x,f) can be written as

T L , . '
R,  (x,1) = lm = [ [ y (&t)y, (x+E,thr) dedt . (2.4)
Y2yl Toseo 2TL  Zop 0 2 ; ‘ .

By change of dummy variables of integration, it can be shown.that

yl(—x,—%)\ . - (2.‘5)

Ry

(x,7) = R
V2 y

2
A correlation function between a distriguged signal and a lumped signal

i§ of use in statistical analysis when a boundary input of a distributed-

. parameter system is stochastic in natﬁre. Therefore, the cross—cérrelation

function associated with a distributed signal yq(x,t) and a lumped signal

y3(t) is defined here as
R ( ;.) £ 1im L f'T (x,t)y. (t+1) dt (2.6)
yyy 0 T e 7T TN A - e

17 T

The superscript M of R in Equation 2.6 dénotes the mixture of the distributed

and lumped sigﬁals in the correlation function. It can . be shown that

3

M M ‘

R (x,7) =R (x,-T) 7 - (2.7)
Y1Y3 y3yl : ' . .

where
M . 1 T '

R (x,7) = 1lim —— (t)y. (x,t+1) dt ' (2.8)
V371 ’ Taew 2T IT T3 _ : o .

To use correlation functions in the analysis and synthesis of linear

distributed-parameter systems, relationships between correlation functions:

.~
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of distributed output signals and inpﬁt signals of a systém must be estab~- .
lished. For simplicity, consider a distributed-parameter stable linear
system, having a single stochastic input u(t) and a single distributed out-
put y(x,t), which is characterized by
y{(x,t) = f g(x,0)u(t-g) do ‘ . (2.9)
- CO .

where g(x,t) is the Green's funhtion or impulse response. 6f the system.

The autocorrelation function associated with the distributed signal:
v(x,t) is given by the definition in Equation 2.1. After appropriate .substi-
tution of the right-hand member of .Equation 2.9 into Equation 2;1, followed

by an interchange in the order of integration,* it reads

L o - o ' .
1. . iy
Ryy(x,r) = - fd dg Im dclg(ﬁ,cl)v Iw do,g(xtE,0,)
. 1 T .

1lim — - dtu(t-o_)u(t+t-0,)
T 2 -~ =T L 2

1 L .roo ) : - . . ‘ .

- - fo e i do.g(£,0,) L, do, g (x+E,0 )RL‘m(T+o‘1-—02) (2.10)

1 . 1
where Ruu(T) is the autocorrélation function associated with the lumped
signal u(t).
Operatlonally, Equatlon 2,10 can be simplified by use of transform

theory. Following a 51m11ar deflnltlon used for 1umped—parameter SYStems,

*In this chapter, the integrandris'assumed to be integraBle,so that
the interchange of the oyxder of intégration is valid.
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the distributed spectral density Sy (x,8) is defined as the two-sided Laplace
v : :

transform with respect te T of Ryy(x,r). Ryy(x’T) is, of course,- assumed to

be Laplace transformable. Thus,

©
T

Syy(%,8) = f dTR&y(x,r)efs ’ o ' , (2,11)‘

] ‘
When the right-hand member of Equation 2.10 is substituted for Ryy(x;r) in

Equation 2.11,'the result is

L: © © . %
_ 1 . . =8T
Syyﬁx,S) = — fo cllE I;o‘dclg(a,'ol)_ Lo flolzg(x+;,oz) Lrw drRuu(r-i-cl—o.z‘).e
= -3—-fL dg fm dog(Eoq)e 9] f°° o, 8 (e, 0,)e5 02
T/, ’- 181%s01/€ — o 0,8(x+g,0,)e "
) wi -507
£wd03Ruu(q3)e :3
L L . ' : L
= f " dEG(E,s)G(x+E,-8)S (8): , ' . (2.12)
L 75 T uu ]

Another impgrpapt property of the distribﬁ?edzéarrelétion fun@tiég
ﬁerits;considerapiéﬁ: the relationship o£ the a@t@correlétioﬁ funq#ion of
a distribﬁtéd errof.g(x,t)_in férms of_cortelatigns of - an éctuai outéut
v(x,t) and a desiréd'output'yd(x,t); The distfiéuted error e(x,t) is.defined
as the éifferenée betweep the_desiredlfesponse and the actual output.
Mathema;ically,
e (x,t) = y4x,0) - y(x,t) ' ' \ (5.165

!

By definition,

. o T
Ree(x,T) = ;ima_;_ f

L
at- [ dge(&,t)e(x+E,t+1)
T 2IL -T. 0 i '
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11m‘§ff f dt f da[yd(a t) - y(g,t)] [y (x+€ ttr) - y(xtg,t+r)]-
-0 -T 0.

R g 460 - R 4G50 - R G0 + R (x,7) (2.14)
vy , vy vy : ~

I3

The corresponding distributed spectral densit& See(x,s) is

(x;s) = S d d(x,s) -5 d(x,s) -5 (x,8) + 5 (x,s8) (2.15)
vy yy© y oy

The last two relationships to be derived are the relationship between

S d(x,s) and'S _(x,s) and that between S d (x,5) and S’ .d_;(:i,‘s). By»'cl‘éfini—
Yy uy ‘ yvy uy
tion in Equatien 2.1,° . - : - )

< . N R T . L .
R Gx,1) =\ lim 2= [ -at § agy(e,t)yd(ere,t+r)
yy o Ty 2TL- T C] ’ '
1 i
= lim = [ dt f d&yd(x+g t+T) f dou(t—o)g(i o)
= 1 f de f dog(E,0)R (x#E,t40) - - - (2.16)
o uyd '

And by use of Equation 2.5, it can be shown’ that

[o-]

(x, r)———f dg [ dog(wte,0)RY NGRS (2.17)
Ydy ) . = . yu ‘ - .

The cross—spectral .density’S d(x,s), is obtained by La:iilace trans forma-

yy .
tion of both members of Equation 2.16, with the result that

L ' ,

S (x,8) = -—]'—f dEG(E,’,s)‘SM (x+E;8) (2.18).
d L 3 d : . ,
vy 0 uy , . :
" and similarly,
1 . M : .
g (®s8) = f dgc(x+g,—s)s (£;6) (2.19)

YY ‘ yu
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The relationship~between,SM d(x,s) and SMd (x,8) is readily established

uy “yTu
on.the basis.oef  the corresponding correlation functien relationship in

Equatien 2.7; -thus,

st (x,8) = 8 (x,ms) (2.20)
v u uyd' :

With the result of Equatien 2,20, Equation 2.19 becomes

. L .
S, (1,8) =i | aEGGebe,-s)sM ((gs) = | (2.21)
0 . )

YdY uy

2.3 OPTIMAL STOCHASTIC CONTROL.

| For lumped-parameter systeﬁs, a Basic statistical‘deéign critefion
'is the mean-square-error performance-measure. By aﬁa@ogy, statistical design
of distributed-parameter systems with distributed gutﬁﬁts ma; be-ef%eéféd
with respect to tiﬁe—and—spgce-meanésquare~errof§ namely,

' 1 ZL{ 2,
P = 11m.§Ei [T fo [e(x,t)]"} dxdt _ (2.22)

T
An augmented veréién of the meaﬁ—square—errer criterion is
. T L L . ~ :
Py = lm L[ [ {[e(x,t)12 + M?(t)} dxdt N (2.23)
" T 2TL -7 o
where ) is a ''cost factot' associated with the input u(t).
Use of Parseval's theorem gives,ﬁhe frequency-demain -version of Equatioen
2.23:
D1 j'loo . \“ - ‘
B,= T fjw [Seg(O',s) + 28, (8)] ds | | (2.24)

where S_, (x,s) 1s-the distributed spectral-density function of e(x,t), and -

Suu(s) is the lqﬁped spectral-density functier of u(t).
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Figure 2.1 depicts a geneéral -linear stable distributed-parameter system
with a stochastic-boundary.contrel signal. - Itlis'assumedlthét the;externéll
input,y(tj is a stochastig signal.whose spectral.density-svv(s) is -known., "

Alse, the cross=correlation function Rg‘d(x;T)-is assumed te be knewn, where

RM d(xar) is the -cross—correlation function of-the external'input‘v(;) and

V'y}

the desired response yd(i,T).'URM-d
vy

-1f necessary, by application of]wellfestablished.tebhiﬁues (5,79).

(x,1) an‘be.determinea-exﬁerimgntally,_

The -problem now is to determine the transfer function Gc(s) which yields
the minimum eof-the augﬁentgd performance m.easure-PA in Equation 2,23.

Before proceeding with the minimization, the.relationship between

RM' (x;1) and ] (x31) must.be derived. By the convelution -integral, the

uy vy© - -
.characteristic.equationof -the lumped-parameter compensator-in Figure 2.1 is

=]

uft) = [ g (6)vit-0) do., Y ' (2.25).

-0 .

Based.on ‘Equation 2.6, the cross*cofrelation-funptioﬁ RMid(x,T) can ‘be-

uy
written as :
. 1 T ‘ R
R (x,1) = lim e [ deu(t)yd(zx,t+r)
d: 2T
uy.. T | =T
1, P |
=-lim »F* f dty"~ (x,t+1) f dog (o) v(t-o) R
Tre0 -T -0 .

o«

= [ dogc(c)[lim-z—%'—_' f dtyd(x,t+'r:)v(vt-lc)]
— . ‘ T"?°° __T.

= f dog (o)RM'é(i,T+0) . ‘ \ (2;28)
. vy - .

-—CO
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The cqrresPonding spectral density sM d(x,s) is
uy

st 4(x,8) = GC(S)SM REXD o (2.27)
uy vy :

From statistical:analysis metheds of lumped-parameter theory, the rela-

tionship between Suu(s) and\va(s) can be written as

Suu(s) = Gc(s)Gc(—s)va(s) - | ‘ (2.28)
With the results in Equatiens 2,12, 2.15, 2.18, 2.21, 2.2?, and 2.28, the

expression for See(o,s) can be written as

M

, L . .
See(0s8) =8 . ,(0,8) - T{_ fo dE;G(.‘g,s)S NGIONOR,

vy

M

L .
1 : o ‘
- —I-._ fo dEG(E’—S)S d(g’_S)GQ(_S) +

vy

v

+——]:!:— ,fo dEG(E:S)G(g ’_S)SV%T(‘S)GC(S)GCC_:‘?)‘ ' | , (2029)

With the. results in Eguatioﬁs 2.28 and 2.29, Equatien 2.24 tan be

arranged as-

1 Joo o o
P, = 7 ijl[Aé(s) +Aq(s)G (z8) + Ay(s)G (s) + Algs)GC(s)Gc(—s)] ds
| : ' ‘ C(2.30)
where )
. 1 L - s o ) ‘
A () = DA == fo- dEG(E,8)G(E,-8) 18 (s) (2.31)
A (S)- = - —-1-— fL deG(g S)SM (E,8) ’ ©(2.32)
2 L 7y =7 Vyd‘-f ‘
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Ay(s)

L
—-—%— [~ dgc(e,-s)s™ gL&s) _ _ (2.33)
0 ‘ vy~

Ay(s) =8 4 J(0)s) | . (2.34)

It is shown by Pierre (64), with calculus of variatioens ‘and the Wiener-
Hopf spectrum-factorizatien technique, that if,gc(t) is te be zero for t less
. than zero and net both of Az(s) and A3(s)-are zero, the optimal expression

Gi(s) of Gc(s) is given by

[Ay(=s) + As(s)]

[A(8) + Ay (=8)]"

Gi<s)_ ++
[A;(s) .+ 49 (=8) 1" (2.35)
where, in this'case,
Ay(=8) + Ay(s) = - [ ae(e,-9)sM (£,-9) (2.36)
X o d
X 0 VY ‘

and ‘ '

’ ' 1 L~ . : S , R )
Ap(s) + A (-8) =20h + — fo dEC(E;8)6(8,-) 1S (s) (2.37)

The interpretation of the + and - superscripts and subscripts is as follows:

A(s) = A()PAG)™ o | 7 (2.38)
and | . |
Als) = A(s), + AGs) - o S (2.39)

where the inverse Laplane traneferms L+1[A(s)+] and Lvl[A(s)+] equal zeré
for t.less than zera, and where L” 1[A(s) ] and T~ L[A(s)_] equal zero for t
greater than zero. In addltlon for G*Gs) to be phy31ca11y reallzable,

1/A(s)+ must be analytlc in the right half—plane of the s d@maln°

1
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When all Ai's are rational fraction functioﬁs, this process of speétfum
factorization ié strgightfofwafd (57, 64), When nonrational:fractioﬁ terms
appeér in the Ai's, rational fraction éppréximations may be used to replace
the nonrational terms (21, 41,'58, 61 and 84), ‘and then the proge;s of
)
spectfum factorization can be effected to obtain an approximate selution.

Examples of such approximate solutions can be found in the literature (38,

62).

2.4  CONCLUSION

A correlation-function cenéépt for use with distributed;paréméter‘systems
is intreduced te parallel the existing concept which applies to lumped-
parameter systems, Relationships betweeh correlation functions of distri-
'buted output.signals and\inpﬁt signals of a system are'establishédo With
the ﬁse of the new definition of'distributed-cdrrelatiqn funqtions,.an
eptimal contrel proeblem associated‘wifh‘distributed—parameter systeﬁs with
randoﬁ signals is shewn te be.selvable by the.Wiener—Hopf.spectrumr
.facterizatién techx;ique° Though the spatial domain of the system considered
in this chapter is of one'dimensioen, the general approach islapplidable to

; {
systems of higher dimensiens, in which case the autocerrelation function. is

’

defined as

T ‘ .
lim-zl— f fy(E;t)y(X+£,t+T) d&dt
T -t v ' '

T>0
R (X,T) = - - [

yy
[ a -

v
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where v is a bounded domain of interest in an n-dimensional Euclidean space
with spatial coordinate vector X = [x1 Xy o oa s xn]land £ is a spatial
dummy vector of integration. As in lumped-parameter networks, the concept
of distributed correlation function is applicable to the prediction and
filtering problems in distributed-parameter networks. Details of the predic-

tion and filtering problems in distributed-parameter networks, however,

require additional study.

X
e
Compensator Distributed
L u(t) Plant
; > >
g ()
(=X
g(x,t)
| > A
yixye)
yd(x,t) » e(x,t)
et -

Figure 2.1. A representation of stochastic boundary control of
distributed-parameter systems.




CHAPTER 3

OPTIMAL DESIGN OF DISTRIBUTED-PARAMETER

SYSTEMS THROUGH LINEAR PROGRAMMING
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3.1 INTRODUCTION

Considerable attention-haS‘béen giﬁen in ;eéeﬁt years to the optimal
design of control systems by applying linear programming techniques. The
advantage -of thé linear prograﬁming'approach’ié that 1arge75pa1e problemg
can be treated with relative ease. Eor linear, discrete, luméed—paramefer
systems, linear programming Has pfoved to be a very efficient toel for system
optimization (70, 71, 81, 89). - For iinear disfriButed—ﬁa;ameter systems,
Sakawa :(73) uséa line?r P%ogramminé ﬁechniques to obtain a control pélicy
which‘minimizes‘fhe iﬁtegral,of the absolute value ofia disfributed.error‘
at a specified‘fime; Sakawa considered a particular system cﬁafacterized by
a one-dimensional diffusien equétion. Such techniques have not been developed
for the desigﬁ.of sampléd—data distributed-parameter systems. This chapter
is therefore devoted to the development of linear programming techniques f&r
use in the design of‘Sampled—data distributed-parameter systems.

In Section 3.2, a géneral performance measure is developed for use as
,é.design criterion for controlling a‘class of linear distributed-parameter
systems. In Section 3.2.1, the~multiple controlling action case is stuéiéd.
In Section ‘3.3, the performance measure developed in Section 3.2 is exfended
to take intersampled-~ripple effects into accoﬁht; And in Section 3.5, an

examp le is presented to illustrate the theories developed in the preceding

N

sections.

3.2 DEVELOPMENT OF THE METHOD

In this section a class of performance measures is developed for linear

distributed-parameter systems. The performance measures are of ia.form to

which linear progfamming teclniques cén be~app1i§d.
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Initially, consider the sampled-data model shewn in Figure 3.1; tﬁerein,
Ho(s) is- the transfer.fuhction of a zero-order hold*, y(x,t) is. representa-
tive of the output of the system, yd(x,t) is the desired distributed output,
e(x,t) is the aistributed error‘of’the system, m(t) is the controlling action,
and u(t) is the boundary input to thé distributed-parameter system.
It is assumea that the ‘linear distributed;paraﬁeter plant.of the sysfem

l

in Figure 3.1 is characterized by an equation of the form -

t R
y(x,t) = ko(x,t) + f g(x,t,T)u(r) dr (3.1)
, 0 .

‘

where g(x,t,T) is the Green'é function or impulse response of the system énd
where ko(x,t) is the contribution of the initial conditien y(x,0) to the
responée of the gysfem. Values of y(x,t) of inhterest are assumed to be
defined over the following domain: 0 & x gL and 0 < tlf n,T where L is a
constant, n1 is a specified integer and T is the fixed sampliné period.
ﬁecause of the sampler and the zero-order hoeld, the relation between

the -controlling action and the input to the system is

u(t) = m(kT) & m_  for KT & t < (kHD)T | - (3.2)
where k = 0, 1,2, ... . The term m in Equation 3.2 dénotes the valle of
‘the-coptrolling action m(t) at thé kth sampling instant.

Sﬁppoée that the values of y(x,t) is to be found in the féllﬁhing range

of t:

(§ - )T < £ < §T § (3.3)

*The zero-order hold in Figure 3.1 is characterized b§ the following
equation: wu(t) = m(kT) for kT & t < (k+1)T where k assumes integer values
and T is the fixed sampling period. '
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~Ihe effect of Equation 3.2 on Equation 3.1 is as follows:

kT t .
g(x,t,t) dtr + ms_q f g(x,t,t) dr

j-Z'l " f
Y(Xst) =k (X:t) + -
0 k=1 el (G-1)T

(k-1)T
(3.4)

which applies for t in the interval defined by Equation 3.3. At the end of

the jth sampling period, that is at t' = jT° = 1lim jJT - e, Equation 3.4 -
- -0+

reduces to
y(x,3T7) = ko(x,3iT7) + i 'mk_lhj(x,kT_) ‘ , (3.5)
. k=1 _ .
where

T , ,
b, (x,kT7) = [ glx,3T7, (k=-1)T+1] dt (3.6)

0

v

It is conventent to write the first n, values 6f the output distribution

at-the end of each sampling period in matrix forh as follo@s; 

¥(x) = Ky(x) + B()M ) : ' | S ; (3.7)

Where Y(x) is an nl‘x'l output matrix with jth elemént y(x,ij), M an n; x°1

control matrix with jth'élement'nﬁ_l,'Kd(%) is an nlix 1 matfix with jth

element ko(x,jT_),.and H(x) an ﬁl'x-nl matiix; néme}y,
\

; (a1 © 0 Co .0 )
By (x,T)  hy(x,2T7) . . .. O
Hx) = | . . Ce . (3.8)

hnl(x,T_) hnl(x,ZTT) . . . hni(x,an“)

N - ”
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In the clasé of performance measures which are to be developed,/only
n, discretg values in the épatial doﬁain of thé dist?ibuted output’ are
considered at each particular time. If hz is large and if intersampling
ripple in the distributed qutpuﬁ is essentially eliminated by the nature qf’
the system, these n, spatially discrete peints can be‘;onsidered as repre-
sentative of the entire spatial domain._ Intersampling ripple may'be'salient
in some cases, howaver,/and metﬁods of reducing this ripple ére considéred
in Section 3.3. |
In practice, the controlling action is usually bounded above éné below
by some functions of time. Such functions depend, of éoursé, onwtﬁe given =
system and the available sdﬁrce‘of input. Thus at eachlsampliné instant,

s

say at kth sampling instant, the controlling action is bounded by

)
‘(mk)minf m < (m) oo ) _ . ' , (3.9)
where (mk)max and (mk)min are thq.ubper bound_and the lower bound of the
controlling action at t = kT. For the sake of notational simplicity, the

lower bound on the contrelling actien is assumed to be Zero, i.e.,

0< me S (mk)max . ' (3.10)
If the lower bound (mk) is negative- however, the following approach
-+

can be. readlly applled by 1ntroduc1ng two more nonnegatlve varlables mk and

as follows:

m a
m = - . | (3.11)
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and

m =0, if . m 20

Based on Equation 3.9, the bounds on m: and my are
Py | |
$mo & Moy o (3.12)
and
O m < -(m) . - - N EREN
Consider the performance measure P: °
n, 1 . _ ' i :
P = min ) ) ai,|e(x,,jT )| - ' o (3.14)
. . k| i ‘ .
i=1 j=1 . ' .

My
0<k<n1—1
The term e(xi,jT_) is the error betweeﬁ the desiréd-distriﬁuféd output and

the actual output distributioni at x = xi and t = jT°, natiely,

e(x;,3T7) = y4(x;,3T7) - y(%,iT) - L . (3.15)
The error at the end of eéch sampling period is conéidgred_becaﬁse it is the
error that exists just prior to the apylication:oﬁ,a n;w controliing actién;
The constraint en the controlling éctien is.given %y Eéu#tion 3.1@.I1The
term aj 5 appearing in tﬁe performaﬁcglmeasuré is.an,ap;roériaté weightiné

d

- factor; the -designer may choose the a;:'s to reflect the seriousness of
, : - '/‘ “ ;
certain errors in space and time in a given system. For example, if all
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aij's eicept for j = n; are set equal to zero, the preblem reduces to é
terminal-time problem for which the errors at the terminal time are the only
errors of interest, ‘
In ordér to arrange the performandeﬂmgasure in Equation 3.14 into a

standard form (29, 64) for linear programﬁing, additional variables vij's

and zij's are introduced as follows:.

vig = zgy = e(x,3T) 0 0gdigmg, 1gign - (3.16)
where

vij =.0, if e(xi,jT“) <0 . . _ (3.17)
and

gij =0, if e(x;,iT7) >0 - ' © o (3.18)

It can'be seen from the relations in Equations 3.17 and 3.18 that in-
the final selution, at least one of vij'and Z4 3 will be équal to zero for

each ij combination, depending on Wﬁefher the optihal e(ki,jTT) is poesitive -

or negative. With Equation 3.16, the performance measure in Equétion 3.14

becomes
P=. min .z .z aij(vij + Zij) _ (3.19)
my i=1 j=1 ' )
Ogksgn,-1

3

"which is in the form te which the linear programming techniquéé can be
readily applied. The .linear constraint equations associated with the

berformance measure 3.19 are given in Equatiens 3.7, 3.10, 3.i5, 3.16, 3,17

and .3.18. - ‘ ‘ .
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3.2.,1 Multiple Controlling Actions

\

The method of the preceding section is extended in this section to. the

“case that r controlling actions are applied. In this case the characteristic

equation of the system is

.-
y(x,t) = ky(x,t) + [ 6(x,t,0)U(r) dr- - (3.20)
0 - .

kth element is uk(t)*, and

where U(t) is a r x 1 input mattrix - whose
G(x,t,7) is a 1 x r matrix relating the controlling actions to the output

distribution y(x,t). Following the same approach as in the one controlling

action case, the output distribution at the end of the’-jth sampling period
is
J
y(x,3T7) = k (x,3T7) + - ] H_(x,kI7)M (3.21)
0 ;= j k-1 .
k=1
where the 1 x r vector Hj(x,kT_) is
_ T . " ‘ . ! "
Hj(x,kT’) = [ e[x,jT7,(k-1)T+t] dr (3.22)
: 0
and where
1 A}
M1 ,
2
M1

o= | - | “ ‘ (3.23}

f mf
k-1 J

~

*This is the same notation that one would use to denote u(t) raised to
the kth power.  Since the-latter meaning is not used in this chapter, no
ambiguity is. encountered. oo
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1 values of the output distribu-

tion at the end of each sampling period is conveniently written in matrix

As in the preceding section, the first n

form:

Y(x) = Ko(x) + H(x)M" (3.24)
. Y(x) and Kb(x) are the same as in oné controlling actien case and H(x) and

M are the ny X ot matrix and nq¥ ¥ 1 matrix, respectively, which follow:

[ Hy (x,T7) 0 [} )
Hz(x,T_)_ Hz(xBZT_) 0
E(x) _ . . . . . . | (3.25)

H .(‘x,T") By (x,2T) . . . . Hnlgx,an")

oy 1 1 #
and
/ \
L
My
M= ' (3:26)
M
[ Pt

The terms denoted by 0 in Equatien 3.25 are 1 X r matrices dll of whose ele-

ments are zero.
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The performance measure in Equation 3.14 becomes

hz nl

P =. min z Z_ a;,. e(x,,jT7) (3.27)
o 43 g=1 0
lsogr
subject to
0<% mﬁ < (mg)max (3.28)

By introducing additignal variables vij's and zij's as before, the

performance measure in Eguation 3.27 is

) lel ' : | :
P = min a. . (v,, + 2,.) : (3.29)
B = B = N N I -
Ogkgn~1
lgagr™

The characteristié:equation, Equation 3.20; may be viewed as én approxi-
mate model fo; the,distriguted input case; In such case, each élement in
G(x,t)lwill bé the Green's function‘associafed with the.cotresponding input
m® along fﬁe épatial-dpmdin. If the spatial dime?siqn is N ratﬁer than
' 2 .. 2,

unity, théutgrm x is simply replaced by the vector X = fxl . X

3.3 RIPPLE CONSIDERATION . !

As sgen in the pérfprmancé measure of Equatgqn 3014; fiﬁéfand—space
intersampiiﬁg error is excluded from'cbnsideratibé in tHe bﬁtimization
process, Under certain cirqumstances,'deleterioué ripple may agpear in the
”optimal? ciistrib‘hfion° ?o restrain,tﬁe intersambliné ripﬁle;_ﬁoth in time
and spacg,‘the absolﬁte values of the first aq time—deriVatives and the first

ay space-derivatives o? the error distributien at the specified spatial

points and at the sampling instants can.be constrainted to be less than or
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equal to some preagéigned values. By proper selection of the bounds on the
derivatives of the error, the ripple can be restrained to any ordef desired.,
Partial differentiating with respect to time on both sideé of Equatioﬁ

3.1 yields

oy (x,t) kg (x,t)  Foaglx,tyr) '
S =0T f 22 L u(r) dr o+ glx,t,t)ult) (3.30)
ot ot 0 ot . .
in which ‘the differentiation and integrétion operations have been interchanged
under the assumption that the partial derivative of the impulse respomse with
respect to t is beunded. Inrgeneral, ifithe initial condition response and

h

the impulse response are coﬁtinuoﬁsly differentiable, the jt partial deriva-

tive with respect te t of the output distribution can be written as

Iy (x.1 i t se(x,t,t y
3y (x,t) ok, (x,t) g(x,t, 1)
- = 0" -———wrl—i—— u(t) de +

S I , ot
j j_k- -1 t
T S [u(t)ak ggxf ™) ] (3.31)
k=1 otd-k atk-1 T=t

1

Since-u(t) is discontinuous at t = kT, k=1, 2, . . ., but not at
t = kT™, and is equal to .a constant during each sampling, all the derivatives

of u(t) at t = kT~ are ‘zere. Thus,

Py Gk allg Gkt ;rkT g (x, kT, 1)

- u(r) 4t +
otd atJ 0 - otd
(3.32)
5,
-k k-1
Fofue) § 2 o et D) gy

k=1 peik aek-1 =t | t&kT~
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Similarly, the jth partial dérivativé-with:féspect to x -of .the output distri- .

butien is

,

QJY(X',t) _ ajko (X9't)- + f ,Sj‘g(xgt_’r)
o - o ! ’ O e Py . -

u(t) dt (3.33)
oxJ xd axd - ' '

The jth‘partial derivatives with . respect to t-.and x:of :the error'respoﬁsez'

evaluated af.xs= X and t = kT~ are -defined as follows:

V. Iyd(x, kT Jvls: KT , S ‘
edx, ermy = 2V (RKT) | By Oy LkT) - (3.34).

ot ’ 5t

oIy (xy kTT) - 8y (xg KT)
9xJ. 1 oxd

3 - )
e k1) (3.35)

¢

To restrain the intersampling‘ripple; the absolute values of -both time
and spatial derivatives of the.error response.are bounded by some Eoﬁstantso'
These eonsténts:are'te be determined-by.the designer on the:basis of the
feasibility of the solution.and the-degree éfuripple:that;can be tolerated

in ;the optimal ‘system. Thus,

] - j : ‘
|et(xiakT )| < Eiik | (3.36) .
|eg{§xi,kT7) | < Eiik' | B (3.37)

To arrange-the constfaint equations into a standard form for linear

programming, mere variables are introduced:

Viik_— Ziik = e%(xi,kTT) lekg n; 1t < Dys ls.jg al (3.38) -
Vjik-— zJik = ei(xi,kTT)' lekgms lgigm; 18350, (3.39)




wherq
vjn = 0

gik

J =o0
# ik

i =
v ik 0
x

j = (
275K

X

if

if.

if

if

e =
et(xi,kT,)
3 _
et(xi,kT )
ej(xi,kT_)
% .

L P—
ex(xi,kT )
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<0 , - (3.40)

> 0 (3.41)
<0 (3.42)
> 0 (3.43)

The performance measure in Equation 3.19 is now squect to n1n2(2a1+-2a2)

additional linear constraint equations, namely,

3 j
véik < ®ik

j |
z9,, L e,
tlk tlk

/A

ik
x .

i j
ik S Fik
X X

(3.44)

(3.45)

(3.46)

(3.47)

Clearly, from the definitioems of Viik and Ziik inlﬁduatiéns 3;40 and

3.41, at least one of them must assume the value of zéro in the optimal solu-

’

tion for each combination of i, j and k. Similarly, at least one of Viik and

2

ziik is zero in the optimal solution.
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The same discussions are still valid in the multiple controlling action
case except that the partial derivatives of the output.distribution are given
by

BJY(kaT—) _ afiko(xit) + fkT BjG(ng']}—,T)
| ' o

U(t) dr +

atd atJ otJ

j j-k '-1‘ .
+ {U(t) % BJA. [§§ G(x;t,1) 1} _ (3.48)
k=1 oti-k aek-1 1=t | t=kT
forl < j < aq and |
gj}’(x,t) leéo(xat) t 3jG(X:taT)
i = o 2 -|-f i - U(T) dt - (3.49)

oxJ oxJ 0 9xJ

for 1 &3 & oy

3.4 TLLUSTRATIVE EXAMPLE

" To illustrate the method described above, the system characterized. by

ﬁy(xst) = E%Y(X,t) t > O; 0 < x <1 . (3,50)
3t 9x2 | :

with the boundary conditions

7(0,8) = y(1,6) = u(e) | | (3.51)
“and-
y(x,0) =0 (3.52)

is used. The beundary input u(t) is te be so détermined that the -performance

measure, with all aik's equal to unity, in Equafion 3.14 is:; minimized. The
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desired distribution yd(x,t) equals 1, and the constraint on the controlling

action is

Initial steps in the solutien are as follows: First, the finite sine
transform and the Laplace transform with respect to x and t,.respectively,
are taken of both-sides of Equation 3.50; second, appropriate'substitution
of the boundary conditions is made on the basis of'Equations 3.51 and 3.52;
and third, inversion of the finite sine transform on both sides yields

[o<]

y(x,8) = 4U(s) nzl [wy qsinGey 1) /(s + w5 D] (3.54)
where
Won 1 = (2n-1)7 : _ (3.55)

and where s is the Laplace transform variable.

Next, the characteristic equation in the fo?mnﬁf qugtion,B.l is
obtained by taking the -inversed Laplace transforﬁ_éf boﬁh‘sides of
Equation 3.54:

t

Z‘ Wzn—lsin(wzn—lx)exP[‘W%n_l(t*T)Iﬁ(T) dt (3.56)
0 n=1 _— o .

Y(X;t) =4 ,f

From the theory of Fourier's series, it is known that at-x"='0 and x'= 1,
the infinite series in the right-hand side of‘Equatibp'3;56 does not converge
to y(x,t). However, from the bounddr§ conditions in Equation 3:51), the

values of the output distribution at the boundaries atre known to equal the

input u(t).
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. After comparing Equafion 3.56 with Equation 3.1, the impulse response

g(x,t,T) initiated at t = T is

. glx, t s T) = 4 21 Wzn_1s1n(w2n_1x)exp[~w ‘l(f—T)]l (3.57)
- pe ‘

" Then, on the basis of Equation 3.6, each nonzero element of H(x) is

‘ a = . 2 “ \°.—
hj(x,kT ) = 4]5 ng W, 81n(w e 1x)exp{ —Wzn_l[(J k+1)T —jl} dt
®  sin(w x) .
_ 4 2n-1% L2 e 2 -
= 4 n=21 — ey (DTl e Gy D 1] (3.58)

‘The 1ntegrat10n and summatlon operatlons are 1nterchangeab1e in Equatlon 3 58

because the series Z O 1exp{ W {(J -k+1)T -t]}is uniformly convergent°
. . =]
From Equation 3.5, the -distributed output is

y(x,iT ) = i _7h, (x,kT7) ) | o (3.59)
t k=l M1 , S

1

The general term in the error sequence is ‘then, from Equation\3.15,

?(xi’jT_) =1 - kz h. (xl,kT )mk 1 : . . i (3.60)

For éach pair of values x, and kT , the numerical value of hj(xi,ka)
i I g T
is evaluated by summing terms in the series of Equatioh‘3.58 on a digital
computer. The series is truncated on fhe basis that exp[—wgn_l(j—k+1)T]

2 _ i :
[exp(wzn_lT) - 1]/w2n_l is less than 1077 for j # k. TFor j = k, Equation
3.58 reduces to i RN ‘

% sin(w X)
e ! 2n-1 :
hj(X,JT ) =4 E“ ———az—ﬂz—_.[l - exp(—w%n_lT)].
n— .
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o 51n(w2n_lx)

. 2
exp(—wzn_lT) (3.61),
n=1 W2n-1

The infinite series in the right-hand member of Equotion 3.61 is evaluated
on the same basis as meotioned above.

From the boundary coenditions given in Equations 3.51 and 3.52, the
output distributioen of the system is known to be symmefric; thus, character-
istic values of x need Ee specified either in the interval defined by
0 &£ xg£ 0.5 0r in the inter§a1 defined by 0.5 & x"< 1, out not in‘éo;h, In
this example, n, is set at 3 with X = 0.1, x ‘
the sampling period T is assumed to be 0,0l-éecond; and the total number of .

= 0.3, and x = 0.5. Finally,

samples of interest is 30. . ‘

The values of hj(x,kf_) for x = 0.1, x = 0.3 and X = O.S,ETj= 0.01 -and .
1 £ j & 30 are tabulated in Table 3.1. "The optimal 1nput§ computed by use
of the IBM 1620-1311 Linear Programming System, is shown in Flgure 3.2 and
listed in Table 3.2, The‘optimal\output is computed by‘use;of EQoation 3.59,
is plotted in Figure 303? and tgbuiated in Téble-3.3, 'The oeéired distribu-
tion, as seen from Figure 3.3, can be obtained in less thah 0,15 secend fotr
all practical purpoeses. As compared with the output dlstrlbutlon of the
system with the input u(t) equal unity -for all t (Flgure 3.5), there is a
81gn1f1cant improvement in the output dlstrlbutlon of the opt1mal system.'
Though constraints on the derivatives of the dls;rloutlon are not included
in this example, the ripple in the optimal_distribotiohtis insignificant.

In cases where spatial ripple is not likely to appear in the output

distribution, a different performance measure may be of use} namely,. a
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perfermahce-measure based on the absolute value of the error between a
R : )
desired uniform distribution and the spatial average of the actual distri-

bution, as: follews:

Ve |

. .62
Osksgl—l

where

—_— 1 L -

ea(&3T) = yd = £ [ y(x,3T7) dx (3.63)

0
Constraint Equation 3.10 applies here also.
Following the same approach as in Sectioen 3.2, the performance measure
of ‘Equation 3.62 becomes

P = min Zl (v, + 2z,) . (3.64)
3=1 J J , .

0§k5n1-1
The optimal control sequence for the system described by Equations 3.50,
3.51 and 3.52, with reference to the performance measure of Equatibn 3.62,

~is computed by the same standard program. The results are shown in Figures
\ \ [

3.4 and 3,5-and'ijsted in Tables 3.4 and 3.5.

' 3.5 REMARKS

This chapter contains a detailed pfeéentatioﬁ of the optimal design of
sampled-data distributed-parameter systems by application of linear program-

ming techniques.' The impulse-response concept is developed.in the design
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of digital coﬁtrol for linear time-invariant or time-variant distributed-
parameter systems. With this approach, the design préblem is reducéd‘to
the defermination of -a set.of discrete values of the controlling acfions.
The multiple controelling actioné in Section 3.2.1 may be viewed. as
an .approximation to distributed controlling actions in cerpain cases. In
Section 3.3, a detailed discussien of both time and space ripple is given.
For systems of spatial dimensien greatér than one, the discussions
are still valid provided the SCélar X is replaced by'the vector Xg. This
sampled-data model c;n also be viewea as an approximate model for continuous.
systéns provided the sampling period is made sufficiently small. The
sampling frequency may be selected such thét the amplitude agsﬁciated with
frequencies higher than onefhalf-of the.sampling frequency is belew =30 db
(36). Other details cqncerniﬁg the choice of the sampling period for
discfete.approximations are given in references (36, 65). For céntinuous
systems, the performance measure-in,Equatjén,3.14 is an approximate .form of
L T .
P= min | jlacx,t) le(x,t)| dt dx- _ (3.65)
0 .

.m(t) -0
0StST,
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m(t)

.____./;——’- HO(S)

%
—
u(t) Distributed-
. »-| Parameter System

Figure 3.1. Sampled-data representation for distributed-parameter systems.
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>Figure 3.2. Optimal input which results in the minimization of the performance measure
' in Equation 3.4 with all aik's =1, (mk)max = 2.0 and T = 0.01 second.
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Table 3.1. Values of h (x,kT ), Equation 3.58.
J

hl(x,kT_)
k

‘x = 0.1 x=0,2 x.= 0.3 x = 0.4 x = 0.5

0.01 - .479500 © 2157299 - ,033895 | - .004700 -.000814
0,02 .137582 - .160075 -,100184 .043500 -.024025
0.03 .066241 '.097932 - .090858 .068576 - .057615
0,04 -.041713 }.- .068850 - ,077230 } - 074417 -.071746
“0.05 -,030716 - .054198 -,067430 | --.072479 +.073489
0.06 | .024957 | .045738 | .060009 |- .067748 |’ .070111
-0.07 .021432 - .040055 - .,053921 © .062236 [~ .064977
0,08 -,018934 - .035721 ©,048668 .056739 .059469
0,09 016955 - .,032130 044018 | - 051552 054126
0,10 . .015279 .029014 - .039850 046766 049141
.0.11 ~.013810 - .026247 036092 -.042396 044564
0.12 ;012498 - .023764 . :032695 < ,038421 040393
"0.13 | ../011318 021524 - ;029620 | .034814 | .036604
(0,14 -.010252 - ,019499 -+ ;026835 031544 .033167
‘0,15 © 009287 ,017665 © 024313 {--.028580 .030051
:0.16 - -008414 .016004 |- ;022028 | - ..025895 .027227
0,17 007623 - ,014500 -019957 | - .023461 024668
'0.18 - 006907 .013137 - .018082 - .021256 ©.,022350
‘0.19 1 .006257 ~.011902 - 016382 - .019258 +i020250
'0.20 | 005669 | .010784 | 014843 |- .017449 | & .018346
-0.21 - 005136 . .009770 “{ :-i013448 | - 015809 1 :i016622
10.22 - 004634 - ,008852 .+012184 -{ - ,014323 - .015060
10,23 T 004216 .008020 011039 | : .012977 - | : 013645
"0.24 003820 11007266 ;010001 -y 011757 ~.012362
0.25 1003461 ~,006583 .009061 010652 - .011201
10,26 ©+003136 - ,005965 © 4008210 . .009651. | - ,010148
10,27 _.002841 . | - ,005404 J007438 | - 008744 - :009194
0.28 - ,002574 - ,004896 . .006740 007922 |1 .008330
0.29 1002332 ©.004436 7J006160 © L,007178 ‘4007547
0.30 - 7002113 004019 005532 . L006503 |  .006838

Note: h, (x,kT) =-hj l(k,(krl)i') for all i's and k's.
o J ) L
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Table 3.2. Optimal contrel sequence which results in the minimization
of the performance measure, Equatien . 3:14, with all aik's =
1, (mk)max = 2.0 and-T = 0.01 second.

Time in seconds ' Control sequence

‘QGOO . 2.000
0.01 . 2.000
.0.02 : - 2.000
0.03 . 2.000
0.04 2.000
0.05 ) 1 ' 2,000
0.06 . 1,665
0.07 - ‘ 1.091
0.08 ' ' 1.089
0.09 1.045
0.10 . 1.025
0.11 1.013
0.12 1.007
0.13 1.004
0.14 ' | 1.002
0.15 | 1.001
0.16 1.001
0.17 , 0.999
0.18 .  1.000
0.19 ' 1.000
.0.20 ‘ 1.000
0.21 1.000
0.22 1.000
0.23 1.000
0.24 : 1,000
0.25 1,000
0.26 1.000
0.27 1.000
0.28 ' 1.000
0.29 . 1.000
. " ._I . ’ 1
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Table 3.3 Output.résponse of the system associated with the
optimal input. iz Table 3.2.

Distributed output y(x,t)

x=0 x.= 0.2 x = 0.3 x = 0.4 = 0,5
0.01 .9590 .3146 .0678 .0094 .0016
0.02 | 1.2342 L6347 .2682 L0964 .0497
0.03.1 1.3666 .8306 L4499 .2335 .1649
0.04 1.4501 .9683 .6043 .3824 .3084
0.05 1.5115 1.0767 .7392 ©.5273 L4554
0.06 { 1.5614 1.1682 - .8592 .6628 .5956
0.07 1.4436 1.1956 .9557 .7857 .7253
0.08 | 1.1602 1.1231- 1.0000 .8819 .8357
0.09 1.0920 1.0624 1.0000 .9371 .9109
0.10 1.0492 1.0339 1.0000 .9660 .9519
0.11 1.0268 1.0183 1.0000 .9817 L9741
0.12 1.0143 1.,0099 1.0000 .9901 .9860
0.13 1.0077 1.0053 1.0000 .9947 .9925
0.14 1.0042 1.0029 1.0000 .9971 .9959
0.15 1.0022 1.0016 1.0000 .9985 - .9978
0.16 1.0011 1,0008 1.0000 .9992 .9988
0.17 1.0008 1.0005 1,0000 .9995 .9993
0.18 .9998 1.0001 1.0000 .9998 .9997
0.19 .9999 .9999 .9999 .9998 .9998
0.20 .9999 .9999 .9999 .9998 .9998
0.21 .9999 .9999 .9999 .9999 .9999
0.22 .9999 .9999 .9999 .9999 . .9999
0.23 .9999 .9999 .9999 .9999 .9999
0.24 .9999 .9999 .9999 .9999 .9999
0.25 .9999 .9999 .9999 .9999 .9999
0.26 .9999 .9999 .9999 .9999 .9999
0.27 .9999 .9999 .9999 .9999 .9999
0.28 .9999 .9999 .9999 .9999 .9999
0.29 .9999 .9999 1.0000 .9999 .9999 -
0.30 .9999 .9999 1.0000 .9999 .9999 -
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Optimal control sequence which results in the
minimization of the performance measure, Equation
3.62, with (mk)max =2.0 and T = 0.01 second.

Time .in seconds

Control seqﬁence

0.00
0.01
0.02

0.03

0.04
0.05
0.06
0.07
0.08
0.09
0.10
0.11
0.12
0.13
0.14

0.15°

0.16
0.17
0.18
0.19
0.20
0.21
0.22
0.23
0.24
0.25
0.26
0.27
0.28
0.29

2.000
2.000
2.000-
2.000
1.964
1.561
1.364
1,244
1.166
1.113
1.077
1.053
1.036
1.025
1,017
1.011
1.008
1.005
1.004
1.003
1,002
1,001
1.001
1.001
1,000
1.000
1.000
1.000
1.000
1,000
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Table 3.5. Output response of the system associated with the
optimal input in Table 3.4.

k Distributed output-y(x,t)

x = 0,1 x = 0.2 x = 0.3 x = 0.4 x = 0.5
0.01 | .9590 .3146 .0678 .0094 .0016
0.02 1.2342 L6347 .2682 .0964 L0497
0.03 1.3667 .8306 L4499 .2335, .1649
0.04 1.4501 .9683 L6043 .3824 .3084
0.05 1.4942 1.0710 .7380 .5272 L4553
0.06 1.3460 1.0934 . 8407 .6592 .594¢4
0.07 1,2365 1.0744 .8982 . .7628 L7124
0.08 1.1616 1.0535 .9324 .8368 .8007
0.09 1.1106 1,0373 .9543 .8882 .8631
0.10 1,0756 1,0257 .9689 .9235 .9063
0.11 1,0516 1,0176 .9788 .9478 .9359
0.12 1,0354 1,0121 .9856 .9643 .9562
0.13 1.0242 |- 1,0083 .9902 .9756 .9701
0.14 1,0167 1,0057 .9933 .9834 .9796
0.15 1,0114 1,0040 .9955 .9887 .9861
0.16 1.0075 1,0027 .9969 .9923 .9905
0.17 1.0053 1.0018 .9979 .9948 .9936
0.18 1,0034 1.0012 .9986 .9964 .9956
0.19 1,0026 1.0009 .9990 L9976 | .9970
0.20 1,0020 1.0007 9994 .9984 .9980
0.21 1,0014 1,0006 .9996 .9989 .9986
0.22 1.0007 1.0004 .9998 .9993 .9991.
0,23 1.,0006 1.0003 .9999 .9996 .9994
0.24: 1.,0005 1.0003 1,0000 .9997 .9996
0.25 1.,0001 1.0002 1,0000 . .9999 .9998
0.26 1.0000 1,0001 1,0000 .9999 .9999
0.27 1.0000 1-,0000 1.0000 1,0000 .9999
0.28 1,0000 1.0000 1.0000 1.0000 1.0000
0.29 1,0000 1,0000 1,0001 1,0000 1.0000
0.30 1,0000 1,0000 1.0001 1.0000 1.0000
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Table 3.6. Output response of the system associated with the
input equal-unity.
Kk _Distributed output y(x,t)
x = 0.1 x = 0.2 x = 0.3 x = 0. x = 0.5
0.01 .4795 .1573 .0339 .0047 .0008
0,02 .6171 3174 .1341 .0482 .0248
0.03 .6833 4153 2249 .1168 .0824
.0.04 .7250 L4842 »3022 .1912 .1542
0.05 . 7557 .5383 .3696 2637 2277
0.06 .7807 .5841 .4296 .3314 .2978
0.07 . 8021 6241 .4835 »3937 .3628
0.08 .8211 .6599 .5322 L4504 L4222
0.09 .8380- .6920 .5762 .5019 4764
0.10 .8533 .7210 .6161 .5487 .5255
0.11 .8671 7473 .6522 5911 .5701
0.12 . 8796 .7710 .6848 .6295 .6105
0.13 .8909 .7925 w7145 L6643 .6471
0.14 .9012 .8120 L7413 .6959 .6802
0.15 +9105 .8297 .7656 . 7245 .7103
0.16 .9189 .8457 . 7876 .7504 L7375
0.17 .9265 . 8602 .8076 .7738 . 7622
0.18. 9334 .8733 .8257 .7951 . 7845
0.19 .9397 . 8852 . 8421 .8143 .8048
0.20 .9453 .8960 .8569 .8318 .8231
0.21: .9505 .9058 .8704 .8476 .8398
0.22 .9511 L9147 . 8825 .8619 .8548
0.23 .9593 .9227 .8936 .8749 . 8685
0.24 .9631 .9299 .9036 . 8866 .8808
0,25. .9666° .9365 .9126 .8973 .8920
0.26 29697 L9425 .9209 .9070 .9022
0.27 9726 L9479 .9283 9157 9114
0.28 .9752 .9528 .9350 .9236 .9197
0.29 9775 .9572 L9412 .9308 9272
0,30 9796 .9612 .9467 .9373 .9341




CHAPTER 4

OPTIMAL DESIGN OF‘DISTRIBUTEDHPARAﬁETER

SYSTEMS THROUGH DYNAMIC PROGRAMMINC
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4.1 INTRODUCTION ' : )

In the preceding chapter attention.is focused on the optimal design of
linear distributed-parameter systems by use of linear programming techniques.
Here, the optimal contrel of distribqted—parameter systems is studied from
the dynamic progéamming point of view (6, 7, 8). The advantage of the
dynamic programming approach is thgt both nonlinear performance measures
and nonlinear systems may be treated.

In 1963, Wang and Tuné (86), using the principle of optimality (6),.
derived a maximum principle for a general terminal control problem, i.e.,
a_céntrol problem for which the distributed error at éhe terminal time
only is.considered in the performance measure. Instead of the usual form
of Pontryagin's maximum principle (69) for lumped-parameter systems, the
results in Wang and Tung's maximuﬁ principle afe in .functienal partial
di fferential equation forms for which there is no analytical methodvof
solution at-the present time (67).

In Section 4.2, a general convex performance measure is treated from
the -dynamic programming poiﬁt of view. A fuﬁcéional equation is derived
with properties analbgous to those of the lumped-parameter case. Thé.system
considered here is the’same as that considered in Chapter 3. In Section 4.3,
a square—error performance measure with an energy constraint on the input
is studied. An analytical solution to the corresponding optimizatien prob-
lem is obtained. In Section 4.4, an example is used te illustrate the

theories developed in the preceding sections.
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4,2- DEVELOPMENT OF THE METHOD

4.2.1 Continuous Spétial Variable

In this section, a general convex performance measure of a continuously
distributed error is minimized from the dyhamic programming peint of view.
Special properfies of the functienal and the optimal selutioen are aerived ‘
to reduce computational requirements. For convenience,.the charécteristic
equatioen of thé sistem from Eqﬁation.3.4 is rewritten ﬂere.

KT | t S|

- ' J—l
y(x,t) = ko(x,t) + Z my_1 f g(x,t,7) dr + Hﬁ—l f g(x,t,t) dr
k=1 (k-1)T (J-urT
4.1
for (j-1)T é t < jT. The first two terms of the-right—hand member of
Equation 4.1 are the contribution of the initial distribution and past
controlling actions, respectively. It is appropriate for later use to
express y(x,t) in the form-
. t ’
y(x,t) = y(x,(5-1)T,t) + W 4 f g(x,t,t) dr o (&.2)
] (3-UT

i

for (§-1)T < t < jT, where the term y(x,(j-1)T,t) is the contribution due
to the -initial distributien and te past-controllihé actions ahd is defined

by

A j=1 KT o

y(x, (3-1T,t) & kgGeot) + ) m o g(x,t,t) dr (4.3)
k=1 *7%  (k~-1)T
It is evident from Equatioen 4.2 that

y(x, (3-1)T) = y(x; (3-1)T,(G-1)T) (4. 4)
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It is also clear from Equation 4.2 that the -optimal selection, with
respect to the performance measure to be described, of nﬁ—l depends on
y(x,(j-1)T,t) which in turn depends on the distribution y(x,(j-1)T).
Since my_q is not.a functioen of x, the se}edéion of m_] does not afﬁect
the form of the function of x but, of course, affects the value of the
distribution. If m can assume a finite number & of distinct values,
the number of distinct. distributions which y(x,(j-1)T) may assume is
ié; a . If m, can assume a continuum of values, the same can be said of
y(x,(j-1)T). For purposes of solutioen, however, only a finite number of
discrete,values of:mk is considered in this section, ‘and interpolation
between the tagbulated values of m, can bé_made if necessary. Conditioens
under which such interpolation is valid are established later in this

section.

Now consider the' return function® In [y(x,0)]:

-1
I [y(x,0)] = min. z v.[m:, v(x,jT)] . (4.5)
n - b ] T
1 mj E:Qj J—O \ i !
0gigh, -1

1.

where Yj[nﬁ’ v(x%,jT)] is a convex functional of y(x;jT) for a figé& m;

and a convex function of Hﬁ for a fixed y(k,ﬁT), and Qj is the set of

[

admissible values for m; . Generally, yj[ng, v(x33T)] 1s a convex measure

of the distributed error between the desired putput yd(x;t) and the actual

output y(x,t) at t = jT~ together with a convex measire of'nﬁ.

* The phrase "return function" is standard dynamic brogrammihg
terminelogy (6, 7, 8).
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For example,
L 2
¥ylmg, G, im] = [ Iy9(x,3T) - y(x,3T)1% dx + A(mﬁ'-ms)
0 _

is a pogsible_form for Yj[nﬁ’ v(x,3T) ] where m® is the steady-state value
of the control signal and where X is a "cost'" function associated with
control actien.

The Subsc;jipt-n1 of T denotes the number of stages in the return
function, i.e., the numwber of terms in the summatibn. The argument of
the functional-In: represents  the function on which the minimizatien
process depends..1

Since yglmg, y(x,0)] is net a functien of ﬁﬁ‘,l < j € ny-1, Equation

4.5 can be written as

I, [y(x,00] = min  {yplmy, y(x,00] +

1 _ myefl,
nl—l
+ min L vylmgs y(x5,5D13 . (4.6)
me  jul
1sispy -1 '

Descriptively, the second term in the righf—han& member of Equafioh 4.6 is
_associated with the problem of‘op;iﬁal selection of:the‘céntrqlliﬁg actions
from the second stage te the nih stage, It is evident thaL such selection
depends on the distribution at the end of the first‘stage.. Thus, by
definition in Equation 4.5, the secénd.term in the right-hand heﬁber of

Equation 4.6 can be represented as

n -1

o~

In 1 [y(x,T)] = min- .
1 my €.Qj 3

vilmg, y(xIM] (4.7)
1 .
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By iteration, a recursive relation can be established, as follows,

I _i[y(x,iT)]= min {Yi[mi’ y(x,iT)] + In _i_l[y(x,(i+1)T]} (4.8)

for 0 g1 g n1—2, where

' n, -1 :
. S |

I, i VG EHDD] = min Yov.Im, v(x,3T)] (4.9)

& ij

1 €8 j=i+l
1+1<J<n -1

For i = n;-2, Equation 4,9 simély.reads

.Il[y(x,(n1—1>T>] min Yy _i[mnl_l, Y(k?(n1'1>T)J . (4.10)

mn 1 !
-1°% nl

The convexity of the functional In -4 with respect to its argunment is
1 '
next to be derived. This property validates the interpolation of the value

of the functionalIn — about its argument. The préof of convexity of-the
1 : o
functional I, 4 for all i's between 0 and nl—l is accomplished by mathée-
1 ' .
‘matical inductionm. Let\y(x,(nl—l)T) be expressed by

y(x,(nl—l)T) = uy'(X,(nl—l)T) +-(1—a)y"(x;(ﬁ171)T) , (4.11)

where o is a real number in the closed interval [O 11, and Where
y (x,(n -1)T) and y"(x, (nl l)T) are dlstrlbutlons at th@ end of the
(nl—l)th sampling period. With the assumption in Equatlon 4,11 and the

i

convex property of vy, , Equation 4.10 can be written as
1
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LIy, @-DD] < mn  foy, gm o,
m eq 1 1

y' Gy (-1 +

+ (1-a) Ynl—l[mnl—l’.Y"(X’(n1:1>T>]}

S oLy Gy (DD F AT G (DT (6.12)

Thus, Il[y(x,(nl—l)T)] is a convex functional of y(x,(nl—l)T),
Next, assume that In _i_lly(x,(i+1)TD] is a convex functional of
y(x, (i+1)T). From Equation 4.2, the expressions for y(x,iT) and

yv(x,(i+1)T) can be written as

- i .
y(x,iT). = k,(x,iT) + ) h, (x,kT7) : (4.13)
0- k=1 M1
and
‘ i+1
y G, ((H)T) = K (x, (GHDT) + kzl mk_lhiﬂ_l(x,kT_.) | (4.14)

It can be seen from Equations 4.13 and 4.14 that y(x;(i+1)T) is dependent

on y(x,iT) and m, . Therefore, if -

(4.15)
y(x,1T) = ay' (x,iT) + (1-~a)y"(x,1iT)
then the corresponding y(x,(i+1)T) can be written as

y(x,(1+1)T) = ay' (x, (I+1)T) + (1-a)y" (x,(14+1)T) ' (4.16)

Because y; and In are convex functionals. of y(%,1T) and

-i-1
v(x,(i+1)T), respectively, it follows from Equation 4.8 that




64
I IvGiD]

g

¢ min [aly;[my, ¥ (x,ID]+ I _ L [y'(x, DT} +

# (o byg I G, dD] + Ly [y G (HDD )]

LA (4.17)

1

. ' 1 —
<0LIn _i[y (x,iT)] + (1 oL)Ir11

Thus, it is concluded that In i[y(x,iT)] is a convex functional of y(x,iT)

1
for 0 g i g n141.
For fixed y(x,iT), the convexity with respect to m, of

rylm, y(x,iD)] = v, [m;, y(x,iT)] + Inl-

[y, GHDT) ] (4.18)

is next to bé derived. With this property, any relative minimum of

Fi[mi, y(x,iT)] is also the é%solute minimumAproVided t#at g, is a closed

convex set. This simplifies conéiaerably the p?oblém of searching for the
minimum of T;[m;, v(x,iT)]. 1If ri[mi; y(x,iT)j is strictly convex, it is

known that the optimizing mi‘ié unique.

The proof of convexity of ri[mi, y(x,iT)J is readily estab}ished by
observing that, with y(x,iT) being given, the only independent variable
in the expression of y(k,(i%l)T)‘is m, and y(x,(i+1)T) is -linéar in m, .
Since In _i_l[y(x,(i+1)T)] is a convex functional of its argument, it is
also a convex function of mj. Therefore, from the fact that the sum of
two convex functions is also convex, it can be concluded that T;[m;, y(x,iT)]

is a convex function of m, for a fixed y(x,iT). This conclusion holds for
i

all i's.
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The continuity of.the optimizing mi[y(x,iT)] is last to be proven.
Continuity of the optimizing mi[y(x,iT)] assures that tbe value of the
optimizing mi[y(x,iT)] +.4y(x,iT)] is close to that of the optimizing
mi[y(x,iT)] if Ay(x,iT) is a sufficiently small variation. This suggests
that the éearch for the minimum of Fi[mi, y(x,1iT) +‘Aytx,iT)I can be
performed in the neighborheod of the optimizing’mi[§(x,iT)].

Suppose that i, and ﬁi minimize Ti[mi, v(x,iT)] and Fi[@i, v'(x,iT)]

' respectively. Let

m = ofy + (1-a)x§i , 0 gagl (4.19)

By convexity of Pi[mi, v(x,iT)], it follows that

Pi[mj_’ Y(.x,iT)] < OLFi [Iﬁi’ Y(XsiT).] + (1-a) Pi [Iﬁi, IY(XsiT)_] (4-20) '

By definition of~ﬁi, Inequality 4.20 beacomes

Tylmg, y(e,iD] < Ty, y(x,iT)] o (4.21) .
Similarly it.can be shoewn that

rylmg, v (5D ] & Ty, v (%,iT)] N (4.22)

Since Pi[mi, y(x,1iT)] is unifermly contihuous, it follows that given

eq > 0, there exists 61 > 0 such that

InImg, y(x,iD] = Tylmg, v' GoiD1] <ep - L 4.23)
' . 1 S _
for,{(mi - m.i)2 + [y(x,iT) - y'(x,iT)]ZTZ < 61 for all x'¢ [0;L] and mieQi.
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' ) .
In the special case that m, = m, = mi,.Inequality 4.23 reads

1Ry, YA - Ty, ¥ (x,1T) ] e, - (4.24)

Addition of correspending members of Inequalities 4.21 and 4.24 yields

1

1

-

When m; =m, Inequality 4.23 can be written as
Pylmy s v' AT - Tylmy, y(x,1T] < g . _ (4.26)
By definition of %i’ it follows that
rlg, v GiD] = T, y(x,iD] <6 - (4.27)°

Tt can be concluded from the results in Inequalities 4.25 and 4.27

that

7, 8, v G, iT)] - Ty [y, y(x,iT) 1< e, (4.28)
Again, for m, = mi,; ﬁi’ Inequality 4.23 can be written as-

e, v GOIDT - Tyl yGoiD] < S a9

Addition of corresponding members of Inequalities 4.22 and 4.29 yields

rylm, y'(x,iT)] - Ty, y(x,iT)] < e (4.30)

Wﬁen m; = m, Inequality 4.23 reads, after ﬁhe absolﬁte;value signs

-

are removed, .

Fi[mia Y(X,iT)] - Fi[mi’ Y'(X,iT)] < El | (4-31) . B

filng, ¥GoiD] - T8, ¥ GuiD] < ef ; G2
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Then it can be concluded from the results in Inequalities 4.30 and 4.31

together with the definition of ﬁi that

1 (4.32)°

|T5 [mi, y(x,iTj] - ri[mi, y(x,iD) 1| < 2¢

By the property of the triangular inequality and the results in

Inequalities 4.28 and 4.32; it follows that

vy [y, v' (e, i1 = T, [y, y(x,iF>]|-§ 3¢, ‘ : (4.33)
~ ' : 1

for {(f, - ﬁi)z + [y(x,1T) - y'(x,iT)1%}2 <6, for all x ¢ [0,L]. If

|y (x,iT) - y'(x,i'$)| <8, . ' T (4.34)

for all x ¢ [0,L], fhen

2.1

o . 2 ) :
}mi.— fiy | < (sl - 8,72 . _ . (4.35)

Descriptively, the optimizing mi[y(x,iT)] is continuous if
Ti[mi’ y(x,iT)] is convex. It should be noticed that the continuity of
T;[m;, y(x,iT)] alone does not assure the continuity of the optimizing

mi[y(x,iT)], but the convexity of Ty [my, y(x,iT)] does.

4.2,2 Discrete Spatial Vafiable

It is evident that the method in Section 4.2.1 suffers severely from
the dimensionality probiem_bgcause of the continuous nature of the spati;l
variable in the formulation of the problem. In énlattempt‘to éase fhis
dimensienality problem, the spatial variable is discretized in this sub-

section. Generally, information from a finite nuiber of points in the
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spatial domain, say n, points, is sﬁfficient to represent essentially all

the information in the spatial domain.

From Equation 4.2, the distribution at n, discrete points in the

spatial domain can-be written in matrix form as

YU = Y (D + w6 (D) o .36)

where Y(3T), Yj_l(jT) and Gj—l(jT) are n, x 1 matrices, which have ;th
T .

elements y(x%;,jT), y(x;,(j-1)T,jT) and f g(xi,jT,(jhl)T+T) dt, respectively.
. 0 . ’
The return function in.the discrete spatial variable case, which is

the counterpart, to that in Equation 4.5, is

ql—l _
I [Y(0)] = mn § vy.m, YGDI] (4.37)
iy ~mee; 40 7
Osjsnl—l

The equivalent recursive relation can be written as

Inléi[Y(§T>]‘¥. min [y, [m, YAD] +1 _ {¥[(E+DTIY] (4.38)
m, €8, 1 ' ,
L 1 -
and '
LOTED = mn oy ey g, YLeyDTD (4.39)
' ' mnl—le nl—l :

By following the same approach as in Section 4.2.1, it can be shown
that the corresponding properties of the functionals are still valid in

the discrete spatial variable case.

1
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If a? is the number of values which y(xi,jT) can assume, the number of

minimizations which must be carrid out at t = jT is

nh=as

’

The total storage requirement for a particular problem is

n,; n ' - \
1 2 \
3C ) a)) . \
j=1 i=1 J . \

It is evident that the feasibility of the solution depends on the choice of '\

n In the heat conduction problem, for example, Paschkip and Baker (59)

2“

suggest that the range of appropriate values of né is;Eetﬁeén 5 and 12:

4.3 SPATTAL-AVERAGE-SQUARE ERROR : o X

In this section, an analytical expression of the optimal control is
" derived under the spatial-average-square—error crifetiont A spatial-average-
square-error return - function is obtained by using a sﬁecial form of

Yj[nﬁ’ v(x,jT)] in Equation 4.5; namely,

L . L
. 2 o
Yj [mj’ Y(xsz),] = f [Yd(xsz) - y(x,iT)] dx + A(mj - mS)Z ({*-40)
0
where yd(x,jT) is the desired distribution at t = jT, m® is the steady-state

value of the confrolling‘action, and A is the "cdst factor" associated with
deviation of my away from mS.

The general expression of.the b%timal ;éntrol Jhiah is'associated with
the return function described by Equation 4.5 together with Equation‘4,40 is

.shown in the following paragraphs.to be
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N [y (x,4T) ]

The notation y(x,iT;(ﬁl—j)T) représ

letting the distribution y(x,iT).decay with zero input applied after t =

Mathematically,

&(x,iT,{nl-j)T) = ko(x,(nl—j)T) +

k=

1

ents the distribution at t

i ,

..Z_ 1Tﬂk"yll’ln]_"'.'j (

1.

x,kT™)

* .
m, [y(x,iT)] = (4.41)
i o
Dm,
L
for 9 <ig nle, where
S y
Nmi[y(x,lT)]
A ny-i-1 "L ‘ o ' ]
2 7Y [ Iydx,@Fm < y(x, T, (=T Ih -, (&) T dx +
b > ol L no—j
=1 0 : 1
. SNm”
np-i-2 _ . Nmnl—l-j s
+ ) om LIy (xim) + Am (4.42)
j=1 P17 omy |
J ) i
and
GNm*
n,-i-1 . L - mg-i-2 h ~1- .
pme &+ 1T hfl LG UHDT) dx - ) (— )2 /w1y
1 P R I 351 Smy 1
‘ (4.43)
and the last controlling action is
m g = (4.44)
1 .
%
cSNmnl_l_j . - ,
The term — o denotes the functional partial derivative (86) with
i . .
respect to m, . The argument of_Nm; “1-j is understood to be y(x,(nl—l;j)T).
. 1 - : .

.‘= —n T b
(n -§)T by

iT.

(4.45)
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For 1 = n_-2 the second summation in both Equation 4.42 and 4,43 is

]

zero., In this case, the optimal contrel .is

m:‘c
n1—2
L

fo[yd(x,(nl—l)T) - Y(X*(nl_z)T’(nl_l)T)]hnl—l(x’(nl_l)T_) dx + (xm®

[Y(X,(ﬂl—z)T)]

L " .
A+ fo hil_l(x,(nl—l)T")-dx' (4.46)

The result in Equation 4.44 is reédily estgblished by observing that

h . .
at the nlt‘ stage of the system, the return functien is

L
Ilfy(X,(nl-l)T)] = min {f [yd(x;(nl-l)-T) - Sf(x;(nl—l)T)lz dx +

L
1
. _ 8y\2 P
£ am - )2 (44T
1 ) .
and that y(x,(nl—l)T) is independent of-m.n _i. The result in Equation 4.41
1 _ : ]
can be proven by mathematical induction. First, consider the ('nl--l)th stage

1

of the system: At this stage, the return function is

L o
. ) 2
I,ly(x,(n-2)D] = min {f Iyd(x,(n;-2)1) = y(x, (=) T]7 dx +
my g 0
l . .
' c 842 o g :
+ A(mhl;z— m)° + Il[y(X,(nl })TH}_ (4-48)
The distribution at t = (nl—l)T, obtéined‘from Equation 4.2, is

y(x,(nl—l)T) = y(x,(nl—Z)T,(nl—l)T) + mﬁl—Zhnl—i(X’(nl—l)T—> . (4.49)
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The necessary condition fer the minimizing m,

is
1—2
511[Y(x9(n1_1)T)]
2 (m, _,~ m) + =0 (4.50)
Sm
1 n1—2
61, [y(x,( -DD]

where 5 denotes the functional partial derivative.

m .

n_-2

1.

On .the basis of Equations 4.44 and 4.47, it follows that
L

I [y(x, (-] = [ [ydx, @ -1DT) - y(x, (@ -1T)1% dx (4.51)
1 1. 0 ) 1 I

and the required functioenal partial derivative is

61, [y (x, (0,2 1))
S
M -2

L . .
=2 [ [y, (-DD) - yx, (0-2)T, () =1D Ihy _ Gy (mg=1)T7) dx +
0 1

L
L, N
+2m, _, [ hy 1 &, (@ -DT) dx (4.52)
1 0 1
Solving for m, _Z-in Equation 4.50 in conjunction with the result in
Equation 4.52 leads to the expression for m:'_z{y(x,(nl—Z)T)] as shown in
1

Equation 4.46. With this result and those of Equations 4.49 and 4,51,

Iz[y(x,(nl—Z)T)] of Equation 4.48 can be expressed as follows:
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L4
IZ[Y(X,(nl—Z)T)] = fo [y (X,(nl—Z)T) - y(x,(ni—Z)T)]z dx +

L
* [y9(x, (a,-1)T) = y(x, (-2)D), (0 -1ID]? dx +

s _oly (x, (n,=2)T) 1)
1 52
- o + m ‘ ‘ (4.53)
Dmnl—Z

Next consider the (n1—2)th stage of the system, At this stage,

Ihl—3[mnl-3’ Y(x,(nl—3)T)] from Equation.&.l? becolies
L 4 . )
1}II—B[Innl"?” y(x,‘(n1_3)T)] = fo '[§ (x,(nl—B)T) - y(x,(nl—s)T)] Hx +

+ Ay

= 1+ LIy (m-2)D ] (4.54)
1 ‘ ' , ‘

From Equation 4.2, the - distribution at t = (ni—Z)T is.
y(x, (0 =2)T) = y(x,(,-3)T,(w-2)T) + ﬁn1_3hh1_2(x;(nlﬁ2)T_) (4.55)

Then the necessary conditien for the minimum of r; _3[mn -3 Y(x;(nl—é)T)]
1 1 '

with respect.to m, _B»is
1

GIZ[y(x,(nl—Z)T)]

-.._-s = . b I.
2N( - ) + - 0 “ (4.56)
1 n1—3

When t = (nl—l)T and j = nl—l, Equatien 4.3 becomes
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n1—3 _
ko(x,(nl—l)T) + kzl mk_lhnl_l(x,kT ) +

]

y(x,(nl—Z)T,(gl—l)T?

+ mn1—3hﬂ1—l(x’(nl—2)T )

y(x,(n —3)T (n 1)T) + m 3 n l(x (n -2)T7)
(4.57)
With the expressions in Equations 4.55 and 4.57, the partial derivative of

. Iz[y(x,(nl—Z)T)] can be written as

6T,y (x,(n=2)T) ]

Gmn1_3
2 L | , | : |
= -2 jzl / [yd(x, (a-1)T) - Yo, (=T, (=D Iy, 63 (a2 e+
2 L SN _,
+om, g ) h2 {0 =91 dx - 2nd [y (x, (ng -] 1"
1 j=1 "0 "17d oy Gmnl_3

(4.58)

§

The expression of the numerator of mn 2[y(x (n -2)T)] in Equatlon

4 46 can be written explicitly in terms of m, _g 38

1
*
Nmnl_z[y(x,(nl—Z)T)] | | . |
Lo, ' r
= fo [y~ (x, (n,~1)T) -.Y(x,~(n1—3)T,(nl—1),T’)]hnl_l(x;(nl—'l)T') dx +

. L ’ ’ )
+ m® - m, _3 f hn _1(x,(n1—2)T_)hn _1(x,(n1f1)T_) dx
177 0 ™ 17t -
_ SNm* 2 - .
Mt Iy (-9 +m g L | (4.59)
l . ‘ 1 6111[11‘3
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After appropriate substitution of the identities expressed by Equations

4.58 and 4.59in Equation 4.56, Equation 4.56 is solved for the minimizing
% ’

mo_q which can be expressed as
1 % .
. Nm _3[y(x,(nl—3)T)1
my 3Ly G, (=D = —L (4.60)
1 n1—3
where
Mt [y(x,(a_-3)T)]
mnl_.3 yv{(x, n1
2 L ‘ : :
= 1. [ I3 (-DT) - yx,@ -NT,@,~NDIh_ _ (x,(n -2)T7) dx +
LB 1 1 1 n.—j 1 .
j=1 0 -1
oNm. ,
ot Iy, (n,-3)T)] —L 4 (4.61)
n -2 1 Sm
n1—3
and
2 L GNmz )
b . =A+ ) [ h® L (x,(0-2)T) dx - (—L 3% /pm (4.62)
h, -3 ,, fp -5 %07 5 - P -2 .
1 - 4=1 0 1 m. o3 1

1
The expression for mzl_S[y(x,(nl—B)T)] in ﬁquationé 4,60, 4.61, and
4,62 corresponds to the result in E&uations 4,41, 4.£2§‘and 4.43 for
i =n.-3, |
Appropriate substitution of the results in Equations 4.53, 4;55, 4,57,
4.59 and 4.60 into Equation 4.54, followed by rearrangement, yieldé the

value of IB[y(x,(nl—3)T)]:
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IB[y(x,(nlfB)T)]

L
= d 2 .
= fo [y (.x,(n1—3)T) - y(x, (0,-3)D) 1% dx +

2 L
+ 1 U G -y Ga DT, @-ND TP d +
=1 0
% 2
(Nmnl._l_j[y(x,(nl—3)T)]) . .
- * + a2 } (4.63)
Dm .
nl—l—J

Assume that at the (i+2)th stage of the system the eptimal controlling

actien is given by

Ny 4 [y (x, (141) )]

* ; .
. mi+1[Y(X,(i+l)T)] = = - (4.64)
D 41
where
3
Nmy 4o [y (e, (41T T
. nl—i—2 L . . , ’ '_.
= ) i [Yd(x,(nl-ﬁj)T) -y, EHDT, (a - I, (x, (@42)T) dx +
j=1 "0 I 179
b3 ‘
. SNm, .
ny-i-3 : “n_-1-3 '
+ 0] m Iy, 4D D] ——— A (4.65)
j=1 M STl
and
. IS
. n-i-2 L | np-i-3 7 Ny -3 .,
bmo, = A+ ] [ by G,ET) dx - T} (et /Dy g,
* =1 "0 1 =1 Smg g 1

(4.66)
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and the value of In ;igl[y(x,(i+l)T)l is given by !
. 1 - - N
. ' L )
L &EEDD] = [ [y, D) - yix, G+)D12 dx +
1 0

nl—i—2 L : .
+ T @D - y(x,(i+l)T,(n1—j)T)]2 dx +
j=1 "0 o

n
o 1 " - T4 Am
Dm .
nl—l—J

O [y Ge, (AT 1)
j 2

(4.67)

To completé the iﬁductive proof, it is to be shown that m?[y(x,iT)] is
given by Equations 4;41,'4.42, and 4.43 and that IhI_i[y(x;iT{] is also
cgiven by Equatioen 4.67 by replacing (i+1)‘by i. |

In terms of -the expression in Equation-4.40,'the15pecial case of
Equation 4.18 is

L \ | |
lmg, yGID] = fyGeiD) - yim 1% dx + Almy - w8)? +

+ Inl_ifl[y(x,(i+l)T)] | (4.68)

i
The distribution at t = (i+1)T ‘can be. expressed from Equation 4.2 as

-

y(x,({+1)T) =y(xiT,({+1)T) + mh, o (x, (A1) TT) o (4.69)

Then the necessary condition for the mininumyoffi[mi, v(x,iT)] with respect °
to m, is
l . ' v

‘ 6T, _;_1vy(x, (A+1)T)] | '
20(m; - n®) + L A =0 (4.70)-

Sm,
1
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By use of Equation 4.45, y(x,(i+1)T,(n1—j)T)‘can be expressed as
y(x, G+DT, (a -)T) = y(x,iTy(n,-5)T) + mh  (x,(I+1)T") (4.71)
1 1 iny-]

Since y(x,(i+1)T,(nl—j)T) is linear in mi, mz 2[y(x,(i+1)T)] and
-

£

m
n1 3

[y(x,(i+1)T)], as seen from Equations 4.46.and 4.60, 4.61, and 4.62
after appropriate substitution of y(x,(nl—Z)T,(nl—l)T) by y(x,(i+1)T,(nl—l)T)‘
in Equation 4.46 and y(x,(nl—3)T,(n1—j)T)'by y(x,(i+l)T,(n1—j)T) in Equation

4,61, are linear in m and can be written as
i

GNm* 2
o Iy, G = [y(xiT)] +m oL
. nl—-2 4 nl—Z 4 1 sm, mni—>2
1
and
SNm™
Iy, D] = m  Iy(x,1T)] + M7
T L AL m‘l:ll—?;'y s n Sm., mn1—3
' i

The opfimal contrel m;__l_j[y(x,(i+l)T)] is assuﬁed to téke on the same form

1 B .
as m; _p and msl_B for 14 jg nl—i—24and thus can'be written as .
' ' : SNm* ' :
f Iy, D] = n L [y (ki + N (4.72)
mnl—l—j y(x,(i = mhl—l—j v (x4 m, —— th-l—j . .
‘ i

Then, by use of the results in Equations 4,694 4.71, and 4.72, the
partial derivative of In _i_l[Y(XS(i+l)T)]-iﬂ Equation 4.é7 with respect
i 1 . . .

to m, can be written as




aInl_i_l[y(X, (1+1)T)]

Sm,
i
n;-i-1 L , ' :
=-2 7 {f [yd(x,(nl—j)T) - y(xiTy (=D T (%, (1+1)T7) dx +
o n.,-]
j=1 0 1
sim”
m . .
% . nl—l_J L 2 . _ .
+m 4. [y(x,;1T)] - m, f h: L(x,(A+1)TT) dx} +
n -1-j m 1 n.,—j
1 . 1 -0 1
%
nl—i—z (SNmn "'1"j ' -* )
+ ) m, (—Lo )2 /b : (4.73)
P 1 Gma n _1""J
J—]. i 1

After the parti;l derivgtive of‘Ini;i—l[y(xé(ifl)?)]'with'xbspect toe
my in Equation 4.70 is replaced by the expressid@ in Eauation 4.75, Equation'
4,70 is then solved for the minimiz%ng mi,-denoted by'ﬁi[y(x,iT)];'which
agrees with the expression in Equations 4.41, 4;42% and 4043.: Ey mathemati cal
induction, it is concluded that the optimal controi séquence givén by.the
set of Equations 4.41, 4.42, and 4.43 is valid fo? all i's from O to nl-l.
Substitution of y(x;(i+1)T) from Equatioﬁ 4u§§, y(x;(i+1)T;(n1—j5T)
from Equation 4,71 and mz _1_j[y(x;(i+1)T)] from.ﬁquat£oh 4,72 into

1 .
Equation 4.67, followed by grouping the céefficiehts of m, and mg, yields
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Iy, D]

1
nl"i—l L 2
= L] im0 - yx,AT, (=TT dx +
j=1 0 1
. nl—i-z 9 (Nm;: -143 [y (x,iT)] )2
+ Y [amsT - 1 - ] +
j=1 : Dm . _q_s
nl—i—l L .
- {7 ] [ GG - yxAT, (=)D I G, (DT dx
=1 o t 17 |
£
nl_l—z * SNmnl—l—j
- yoom _1_j[y(x,iT)] = 3+
_’]-“-‘1 1 i
GNm* '
n,-i-1 L ni—-1i-2 n, —1-j
1 J .2 *
#n2 TV [ B2 (e, (141)T) dx - (—L )< /omh -
n_-J ’ ém 3
j=1 0 .1 j=1 RG] 1 (4.78)

Then, with the results in Equations 4.41 .and 4.74, the minimum of
Pi[mi, v(x,iT)] in Equation 4.68 with respect to m, is

L
I IyGim] =]

[yd(x,1T) - y(x,iT)]12% dx +
1 0 .

n-i-1 L ) 9
+ 0L U e (DT - FGAT, =TT dax +
=1 0

<Nﬁ§1_l_j[y<x,iT>1>2 , |
// - + m®” ) (4.75)

%
Dm

n,-1-j

1

which is also obtainable from Equation 4.67 by'simply replacing (i+l) by

i. By mathematical inductioh, it can be concluded that the expression of

In _i[y(x,iT)] in Equation 4.75 is valid for all i's from O to nl—i.
1 =
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With the analytical result for the optimal control sequence in Equations
4,41, 4,42, and 4.43, the c;mputational difficulties as appeared in the
previeus sectiens are greatly reduced. Numerical comPutation is feasible
even in a small digital computer.  The scheme of computation follows the
same order as in a backward ﬂynamic—pregrammihg solution except that deter- ,
mination of mz[y(x,iT)]-requirés only one computation of each |
msl_l_j[y(x,iT)], 1&g <.nl—i—2. Because-bf_this propefty, the dimension-
ality of the problem is greatly reduced.

As in lumped-parameter systems, the optimal feedback control for a
quadratic performance measure of linear distributed-parameter systems is
obtained. If y(x,iT) is measured and the decay of y(x,1T) without any
input, y(x,iT,(nl—j)T), can be computed, the optimal centrelling action
mi[y(x,iT)] can be determined.as shown in Equations 4.41, 4.42, and 4.43.

A form of feedback control of linear distributed—parameter systems is

depicted in Figure 4.1,

4.4  TLLUSTRATIVE EXAMPLE

The system of Section 3.5_Which is described by Equations 3.50, 3.51,
and 3.52 is used in thié section also; The pe;formance'méasure in this
example is described by Equatioﬁ 4.5 in conjunction with EQuatioh 4.40,
The desired distribution yd(x,t) is 'still unity.

The steady-state value of the input.can be determined from Equation
3.56. Let u(t) = uS. Theﬁ, after interchanging the order of éummation

and integration, Equatien 3.56 becomes




A 82
X)

: sin(wzn L ' _
y(x,t) = 4u® —-—W——-‘—[l - eXp(‘—wgn_lt)] (4.76) -
n=1 2n-1 .

The steady-state value of y(x,t) is then

w Sin(w x)
-1 i
y(x,0) = hu 2n (4.77)
. n=1 W2n—l
By recognizing from the theory of Fourier's series that
o sin(wzn_lx) .
: = 1/4, for 0 <x <1 (4.78)
n=1 Yon-1
Equation 4.77 becomes
y(x,®) = u® (4.79)

Therefore, the steady-state value m® of the control sequence is 1.
Since the initial distribution as given in Equation 3.51 is zero, Equation

" 4,45 becomes

-1
y(x,iT,(n-5)T) = E mk_lh.n"_j(X,kT") (4.80)
k=1 1 .
in which, from Equatien 3.58, the expfession for hn (x,kT”) can be written
. ‘ 1-i
as
- w S0 2 . Vorn (w2
By _jGeKkTT) = 4 ) — lexp{-w), 1 (n ~5-k-1)T}] [exp (w5, ;T)-1]
1 n=1 2n-1

(4.81)
" The numerator of mz[y(i,iT)] in this example can be written from

Equation 4.42 as
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% nl—i—l ‘L
Nm [y (x,iT)] = © ] f h L (x,(i+D)T7) dx +
j=1 ‘o0 "17d
ny-i-1 i L
- m h  ,(x,kT7)h . (x,({+1)T7) dx +
jzl kzl k-1 fo ny-3 nyg=i '
w
n,-i-2 SNm .
% n,-1-
+ LB gy (x,iD)] s W W (4.82)
i=1 nq=i=] Sm,
. 1

- *
The partial derivative of I\Im.i with respect to m, is then

i = _ ) [ b G, (DT DR, (x,(E+1)T) 4% +
Sm _]=l : 0 nl—J nl-Jv e
% - R
nl_i_z Gmn —1—j GNmn'—l‘Qj .
+ ) (1L ) (e ) (4.83)
1= dm 8ta, .
J o i

The scheme of computation starts with computétiQn of mi.—j(o) from
: i
Equations 4.41, 4.42, and 4.43 with the rgsulfs in Equations 4.81, 4.82,
and 4.83 for j = 2, 3,.. o e nl. The optimal control at the first sampling

instant is giwven by mg(O). Next mz _j[y(x,T)] is computea from Equations
- l .

4,41, 4,42, and 4.43, for j =.2, 3, . . . , nl—l, in conjunction with

Equations 4.81, 4.82, and 4.83 and
' % . .
y(x,T, (0, ~3+1)T) = m (ODh_ .. - (x,T) _ (4.84)
1 0 n1—3+l

Then the optimal control at'the second sampling instant is given by
ml[y(x,T)]. By continuing in this manner, all the controlling actions can

be determined.
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For n, = 31 and T = 0.01 second, the optimél control sequences for
A=0, A=1.,0 and A = 2.0 are tabulated in Table 4.1. The corresponding

output distyibutions are displayed in Figures 4.3, 4.4, and 4.5 and are

also tabulated in Tables 4.2, 4.3, and 4.4,

4.5 CONCLUSION

In this chapte; the optimal design of distributed-parameter systems
under a general convex pe?formance measure 1is stgdied from the dynamic
programming poeint of view. The convexity of the gunétional Inl_i[y(x,iT)]
'and the continuity of the minimizing m, are derivéﬁ in Section 4.2.1. The
feasibility of computation in the disérete spatial variablefcase'is'discussed
in Section 4.2,2, In Secéion 4,3, a clpsedfform.solution fér.%he optimal
contrel sequence under the spatial—average;square—érror performance measure
is obtained. By use of this,appfoach, computatiénal and coré-storage
requirements are not critical -—— the cgmputatibns are feasible even En
a small digital comﬁuter.

The characteristic of the optimal system under the square-error
criterion is quite evident in the results of the example in Section 4.4.

The system is‘penalized much more severely for large errers than for

small errors. This results in an optimal centrol of the "long tail" type.
This is ﬁet the type of control obtained in Chapter 3 where a measure of

the magnitude . of the error is'minimized. Advantages and disadvantages are
associated With both approaches --- the desigﬁer must choose his own perform-—
ance measure to fit the physical specification and requirements of the

system,
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Figure 4.1, Feedback control of linear distributed-parameter systems.
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Output response y(x,t) for A\ =2.0.

Figure &4.5.
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Table 4.1. Sequence of the optimal input mi[y(x,iT)].

w y(x,iT)
i > :
A=0 A=1.0_ A =20
0 2.5970 1.3100 1.1762
1 1.9700 1.2551 1.1486
2 1.7054 1.2183 1.1293
3 1.5440 1.1897 1.1140
4 1.4289 1.1659 ~ 1.1010-
5 1.3411 1.1456 '1.0898
6 1.2722 1.1279 1.0798
7 1.2175 1.1124 1.0710
8 1,1739 1,0988 1.0632
9 1.1390 - 1.0868 1.0562
10 1.1111 1.0763 1.0500
11 1.0889 . 1.0670 1.0444
12 1.0710 1.0588 1.0394
13 1.0568 1.0516 1.0350
14 1.0454 1.0452 1.0310
15 1.0363 1.0396 1.0274
16 1.0290 1.0346 1.0242
17 1.0232 1.0302 1.0214
18 1.0185 1.0263 1.0188
19 1.0147 1.0228 1.0164
20 1.0117 1.0197 1.0143
21 1.0093 1:0169 1.0124
22 1.0074 . 1,0144 1.0106
23 1.0058 © o 1.0121 1.0090
24 1.0045 1.0100 1.0075
25 1.0035 1.0081 1.0061
26 1.0026 . 1.0064 1.0048
27 1.0018 ~1.0047 1.0035-
28 +1.0012 1.0031 1.0023
29 1.0006 +1.0015 1.0011
30, 1.0000 1.0000 1.0000
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Table 4.2. Output response y(x,t) for A = 0.
¢ .y(x,t)ll'
x = 0.1 x = 0.2 x = 0.3 x = 0.4 x = 0.5
".0.01 1.2453 .4085 .0880 .0122 .0021
0.02 | 1.3019 L7256 .3269 .1222 .0640
.0.03 1.2608 .8379 L4911 .2718 .1983
0,04 | 1.2137 .8876 .6027 .4098 .3420
0.05| 1.1725 .9153 .6853 .5256 4687 .
.0.06 1 1.1384 .9338 L7493 .6200 .5736
007 | 1.1108 .9476 .7998 .6959 6585
0.08] 1.0886 .9582 . 8400 .7567 .7268
.0.09 | 1.0709 .9666 .8721 .8055 .7815
0.10 1.0567 .9733 .8977 . 8444 .8253
0.11 1.0453 .9787 .9182 .8756 .8603
0.12 1.0362 29829 .9346 .9005 .8883
0513 | 1.0290 .9864 L9477 .9204 .9106
0. 14 1.0232 .9891 .9582. .9364 .9285
0.15| 1.0185 .9913 .9665 .9491 ,9429
0716 | 1.1048 .9930 .9732 .9593 L9543
0.17| 1.0118 9944 .9786 .9675 .9635
5.18| 1.0094 .9955 .9829 .9740 .9708
0.19| 1.0075 .9964 .9863 .9792 .9766
0.20 1.0060 L9971 .9890 .9833 .9813
.0.21 1.0047 .9976 .9912 .9867 .9850
0.22 | 1.0037 .9981 .9929 .9893 - .9880
0.23| 1.0029 .9984 - .9943 .9914 .9904
0.:24 1.0022 .9987 .9954 9931, .9923
.0.25 1.0017 .9989 .9963- .9945- .9938
0.261 1.0013 .9991 .9970 .9955 .9950
0,27 1.0009 .9992 .9975 L9964 .9960
0.28 1.0005 49992 ©.9980 L9971 .9967
0.29 | 1:0002 .9992 .9984 .9976 .9973
030 .9999 .9992 .9986 - | .9980 .9978
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Table 4.3. Output respemse y(x,t) for A = 1.0,
& y(x,t)
x =0 x = 0.2 x = 0.3 x = 0.4 %x.=:0.5
7 0.01 .6282 .2061 L04b4 10062 .0011
.0.02 .7821 L4071 .1738 L0629 .0325
0.03 . 8436 .5208 .2861 .1502 .1066
0.04 .8758 .5953 .3776 .2421 . 11965
0.05 .8960 .6506 4547 .3291 .2860
,0.06 .9106 .6952 .5211 L4081 . 3690
S 0,07 .9221 .7328 .5789 .4785 L4436
0.08 .9317 .7652 .6296 .5408 .5099
0.09 .9400 .7936 6741 .5958 - .5686
0.10 L9472 .8184 L7132 16442 16203
0.11 .9535 . 8401 L7476 .6869 .6658
0.12| .9590 .8593 7778 7245 .7059
.0.13 .9638 +8761 . 8045 .7575 L7411
0:14 .9680 .8909 .8279 .7865 - .7722
0.15 L9717 .9039 .8485 .8121. .7995
0.16 .9750 .9153 . 8666 8346 .8235
0.17 .9778 .9254 .8825 . 8544 . 8446
0.18 .9803 .9342 .8965 .8718 ".8632
0.19 .9824 L9419 .9088 .8870 . .8795
0.20 .9843 .9487 .9196 .9005 .8938
0.21 .9859 .9546 - .9291 .9123 1,9064
. 0.22 .9872 .9598 .9374 .9227 L9175 |
0.23 .9884 9644 L9447 .9318 .9273
0.24 .9894 .9684 L9511 .9398 .9358
0,25 .9902 .9718 .9567 9468 .9433
.0.26 .9908 19748 .9616 .9529 .9499
0.27 .9913 .9773 .9658 ;9582 .9556
0.28 .9916 .9795 .9695 .9629 .9606
0.29 .9919 .9814 .9728 L9670 .9650
0.30 .9920 .9830 - .9756 .9705 .9688
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Table 4.4. Output respomse y(x,t) for A = 2.0.

‘ y(x,t).
X =,O x.= 0.2 x= 0.3 x = 0.4 x = 0.5
0.01 .5640 .1850 .0399 .0055 .0010
0.02 .7126 .3690 .1568 .0566 .0292
0.03 L7775 4767 .2602 .1359 .0963
.0:04 . 8147 .5495 .3461 .2207 .1786
*.0,05 .8401 .6049 L4196 .3018 .2616
0.06 [ .8596 .6506 .4837 .3764 - .3394
0.07 .9757 .6897 - L5404 L4438 L4104
0.08 . 8895 .7239 ".5906 .5041 L4742
0.09 .9017 . 7541 .6353 .5581 .5314
0.10 L9124 .7810 .6750 .6062 .5824
0.11 .9219 .8048 . 7104 6491 .6279
0.12 .9303 .8261 . 7420 .6873 .6684
.0,13 .9378 . 8450 .7701 7214 . 7045
0.14 .9445 .8618 .7951: .7517 .7367
.0,15 .9504 .8768 .8174 .7787 .7654
0.16 L9557 . 8901 . 8372 .8028 .7909
0.17 .9604 .9020 . 8549 .8242 .8136
0.18 L9645 .9125 .8706 . +8433 .8339
0.19 .9682 .9219 .8846 .8603 .8519
0.20 L9714 .9303 .8970 . 8754 .8679
.0.21 .9743 .9377 .9081 - . 8889 .8822
.0.22 .9768 .9443 .9180 .9009 .8949
.0.23 .9790 .9501 .9267 9115 . .9062
0.24 .9809 .9553 L9345 .9210 .9163
.0.25 .9826 .9598 9414 L9294 .9252
0.26 .9841 .9639 L9475 .9369 .9332
.0.27 .9853 '.9674 L9530 .9435 .9402
0.28 .9863 .9706 L9577 L9494 .9465
.0,29° .9872 .9733 .9620 L9546 .9520
0.30 .9879 9757 .9658 .9591 .9569




CHAPTER 5

DEADBEAT RESPONSE OF TIME-DELAYED SYSTEMS

WITH MINIMAL OVERSHOOT COMPROMISE
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5.1 INTRODUCTION

With a ramp input, a sampled-data.system which is completely control;
lable can be so .designed that the output foliows the input .exactly after a
minimal number of sampling periods. Such a system is said to exhibit dead-
beat respénse. Unfortunately, a system designeé to provide deadbeat
‘response for one -type .of inpué may not proviﬁe;satisfactory perférmance
when subjected to other inputs. 1In particulér, the-step response of .a
linear sampled~data system exhibits a large overshoot.if the system is
designed to give minimal -deadbeat response -for a ramp input. To offset .
fhis, Bertram (lO)'suggested in 1956 the fol}owing.criterion:- for a
given deadbeat ramp-response time in excess of the minimum, the coeffi-
cients of the closed-loop z-transform. .transfer function be selected te

minimize .the sum of :the sampled step-~response errors squared.
C OV reqeryt? ' |
I= ) [ekD)] : (5.1)
k=0

In 1965, the work by Bertram (10) was extended by Pierre, Ross and the
author (68). Four significant results obtaingd by\Pierre, et al., are:
firstly, the overshoot .obtained by Bertram's approach is shown to be tﬁe
minimum.possible .under the assumed deadbeat fespoﬁse constraints; secondly,
the sensitivity of .the response of the .optimal system is studies as a func-
tion -of .a change~in-gain parameter; thirdly, stébility limits due .to -the
change-in-gain parameter are derived; and fourthly, Bertram's approach is

extended to apply to certain nonminimumrpﬁase plants.
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In this chapter, the above—men;iohed works are extendea‘to account for
a pure time delay in the system. In Section 5.2, the optimal trade-off
between deadbeat-response time for a ramp input and step-response overshoot
is derived for a single-loop sampled-data éystem with time delay. In
Section 5.3, sensitivity of the output response is studied as a function
of parameter variatioﬁé iﬁ the optimal controller. Stability limits are
derived (Sectién 5.4) in terms. of a change-in-gain parameter. And in
Section 5.5, egamplés are usea to illustrate the theories of the ﬁreceding

sections.

5.2 DEVELOPMENT OF THE METHOD

Pierre, Ross and this author (68) consider systems of fhe form shown
in Figure 5.1, wherein Gp(s) is the Laplachtransform transfer function
of the plant, and D(s) is the transfer function of the controller to be
determined. They show that, for any physically realizable D(s), a limit

on the performance of such a system is.

(@ -1)B 100 : ‘ (5.2)
wﬁere B.is the percentage of overshoot resulfing from a step input, and n
is the number of sampling periods used for deadbeat response-to a ramp
input. For linear sampled-data systems enfoldiﬁg pure time delay (Figure
5.2), a similar limit on system performance exists and is derivedlin this
section.  Consideration is also given-to the case that some poles and zeros
of the plant lie outside the unit circle of the z-plane —--- z-transform °

theory (36, 50, 72) is utilized extensively in this chapter.
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By definition, the error e(kT) between output and input®* of the dead-
beat system is i&entically zero at the sampling instants for k 3 n,l%here,
nT is the specified deadbgat response timé;.and T.is the sampling peried.
In .the system with the pure time delay of duration D; as shewn in Figure

5.2, the first m sampled values of the error, D/T + 1 < mg D/T + 2? are

<
uncontrollable and, therefore, can be omitted from the performance measure.

Thus, an appropriate équared—error performance measure for the system- of
Figure 5.2 is

n-1- .
I=J [ekD]? n>m (5.3)

k=m

To be physically realizable and .to exhibit the desired deadbeat

response, the overall z-transform function M(z) of the system in Figure

5.2 must be of the form
M(z) = b 2™+ bz (WD w4 p p7R : (5.4)

where the b 's are.cpnstants. In .order for the system to.feature deadbeat
] Lol : ’ - '

response to a ramp inpu;;‘it is Well-kpcwh that 1 ~ M(z) must be of the form

1 - M(z) = (1L - z7¥)2(1 +"a.1_z"l +az2+ .. .+a z—n+2) (5.5)

2 n-2

No additional constraints need be placed on either M(z) or 1 - M(2)
when Gp(z) is minimal phase. If Gp(z) contains zeros or @oies outside the

unit circle of the z plane, however, and is therefore nonminimal phase,

* Unless otherwise stated, the input is either a step function or a
ramp function initiated a time t = 0. '
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additional constraints on M(z) are reguired: Nonminimumrphase zeros of
Gé(z) must appear as roots of M(z), and nonminimﬁmrphase poles of Gp(z)
must appear as roots of 1'- M(z) in order to aveid inexact cancellation
of poles and zeros between D(z) and Gp(z) outside the unit circle. In
practice, such cancellation attempts would result in the instability of

the overall system.

5.2.1 Minimum Phase‘Gp(z)

The minimal phase case of Cp(z) is treated firxst. For Equapions 5.4
and 5.5 toe be simultaneously satisfied, it is nécessary-that the feollowing
equations be satisfied.

a, - 2 =20
ay - 2a; +1=0
ay = 2a; + a; = 0

. . (5.6)

a,.q - 2am ) + a3 = 0
and
bm = _(am zam—l + am—Z)
b1 = ~(apyy = 22, + ag )
buto = ~Cagyn = 28,4 + ap)

: . (5.7)
bn—l = —(—2an_2 + a 3)
b = -a
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The set (5.6) of m-1 equations is solved for a s 1 &1 g m1l, to obtain

a; =i+1 g , 1g1gml (5.8)

In view of Equation 5.4, the error sequence between the step input and

the output can be written as

1 0gigml
i
e = <41 - z, bk mglgn-l
+ k=m (5.9)
0 i>n

And in view of the known relatienships 2Equations~5;7 and 5.8) betiteen the

ai's and the bi's, it follows that

-
1 0 gigml
am - m i=m v .
e, = <3, ~ & 4 m+1lgign-2 (5.10)
-an_z i = n=-1
0 i>n
.

Now the minimization of I in Equation 5.3 can be perfokmed with respect

n-2, by elementary calculus. Thus,

: . .
to the set of ai s, m 1L

ol

ba., B z(ai -8 )~ 2(a - 8) =0 mgign-3 (5,11).
1

oI - _ ' _ .

v Z(an_z gnjB) + Zan_2 0 | (5.12)

an-2
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This set of n-m-2 equations is solved for a,'s, m < i1 g n-2, after making
i 7

use of-am__l = m from Equation 5.8, to obtain

a; = (n—;—i) a mgign-3 (5.13)
where
a,_o = m/(n-m) : ' . (5.14)

It follows directly from Equations 5.7, 5.8, 5.13, and 5.14 that

bm = n/(n-m) (5t15)
b, =0 R (5.16)
and

bn = -m/ (n-m) . (5.17)

Use of these optimal coefficients in Equation 5.4 enables the determination
of the z-transform Cs(z) of the unit-step iesponse cs(t) of the optimal

system, as follows:

C.(z) = —L M. (2)
s opt
1—z—l P
= 1 (— z7m oL I z_n)
1,1 nm n-m
n-1 .

= 1 7k + Z 27K . v ' (5.18)
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Descriptively, the sampled unit-step response of the optimal system
equals zero for the first m-1 sampling periods (this is due to the time-
delay in.the syétem), stays 'at n/(n-m) for the next n-m-1 sampling periods
and then settles down to the desired value. The percent overshoot B of the

uriit-step response-at the sampling instants is

B = 100m | ' - (5.19)

‘n-m

By fellowing the same approach as in reference (32), it can be shown
that this evershoot is the minimum pessible for the present formulétion
of thé-problem. In other words, the value of B(n-m)/m is always greater
ihan, or aﬁ best eqﬁal to iOO for‘the systems of the type depicted in

Figure-5.2. The optimal contreller in this case is

M t(Z)
D (z) = 1 . °p
opt ™ Gp(z). 1- Mopt(z)
= _ 1 . nz ™ - mz 0 (5.20)
Gp(z). (n-m) - (nz=M - mz™) ' ’

5.2.2 Nonminimum Phaseégp(z)

In this subsection, the case that finite poles and zeres of;GP(z) lie
outside the unit circle is considered. ALet qp be the numBer of nonminimum- -
phase poles of Gp(z) aﬁd q, be that of nonminimum-phase zeres. Now the
minimization of I in Equatien-5.3 is subject .to qp plus q, constraints,

namely,
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M(z) 2=z =0, leigy, (5.21)
and
(1 - M(z)) lz=pi =0, NENESE S a2

where zi's and pi's are the distinct zeros and poles of‘dé(z)‘éutside the
unit circle in the z-plane, respectively. In the case that some of the
nonminimumrpﬁase Zeros and-poles are repeatea, the.following constraints
are neceésariiy placed'on'M(z)‘and 1 - M(2):

aIM(z) . -0, o 0

Ligr, -1 e (5.23)
dzJ : :

and

It

A1 u)]
A

0o 0<jwer. -1 : (5.24)
dz] ~ ~N

r
[

where r, is the order of the zero of Gp(z) at z = 2z, agd.r is that éf the
pole of Gp(z) at z = p_. For the sake of.notatiénél simﬁlicit&, only the
case that the nonminimum-phase poles and zeros o§ Gp(z) are distinct is
considered in detail'in the following paragraph;. Essén;ially the same
approach can be applied to the ca;e in which nonminimum-phase poles and
zeros are not distinct.

In terms of the specified form qf M(z) i? Equation 5.5, constraint

Equations 5.21 -and 5.22 reduce to
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1 - -1 -2 —n+2 . “
s Gy e e ™D e, )
i
and
. -1 -2 -n+2 _ .
1 +_a1pi + a,p,. + ..o+t opg =0, l $ig qP (5.26)
Let 1 + alz_1 + ... + anJZZ_n+2 be denoted by f(z) and let hi's,and

Ai's be sets of Lagrange multipliers associated with the constraints in
Equatien 5.25 andAthbsg in Equation 5.26, respectively. Following the
classical Lagrange multiplier approacﬁ, the augmented perfdrmance measure
H is defined:

q
H=1+ )

z . 9p \ _ :
; hif(zi) + .z if(Pi) _ o (5.27).

1 i=1

- Statienary points of H must satisfy the fqilbWiné conditions:

4z q o
aH = - - . — - bt 11 P .Lm = 0 .
v 2(a_ -m) =2 (am_i_l' a ) + ). hyz T4 'Z A{P5 0 (5.28)
a i i=1 1=
m - A \
O op(a, —a, )2 (arys ~a) + 1ibyzgd 4 5P agpyd = 0 (5.29)
%a, (I A - R =T Rt

for j in the range mtl £ j < n-3, and

| @y B
& - 2(an—2 ’an-3) +2 ) + Z hiZi w2 + .Zp Aipi w2 o 0 (5.30)
9a, o . i=1 i=1
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By use of the identities given in Equation 5.7, tﬁe aBove.set of
necessary conditions reduees'tb |
z h,

i =] Ip Af —; ' .
> T Z - P, mgygn2 (5.31)

Il ~3.2

=

biyy = -
which gives all bj's, except b anﬁ'b s in terms of Lagrange multipilers
and the z;'s and pi's. By approprlate replacement of the b 's in Equatlon
5.4 by the identities.in Equation 5.81, M(z) is expressed in terﬁs of the
z;'s and pi's, which are known, and in-terms of Hi's, Ai's, Bm and bn’ a
total of q, + qP + 2 values to be determined. The values are determieed,
kin general, through the solution of a set of qy + qb + 2 iineaf equations. .
Equations 5.21 and 5.22 supply g, +'qP of these, and the two remaining stem

from the steady-state-error constraint (zero steady-stiate error to a ramp

input) which requires that a second-order zero of 1 - M(z) exists at z = 1;

namely,

[1-M=2)],.,=0 | ' . (5..325
and

(1 -M=2)],., =0 — a | o (5.,.33'>'

Uniqueness of the solution is gugranteed provided that the fﬁpdamental
determinant .of the set of linear equations is not-zero. If the detérminant
is equal to zero, either no selution to the set of linear equations exists

or there exists infinitely many solutioens. In the former case, it simply
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means that deadbeat response cannot be ebtained in the stipulated number of

- sampling perieds. 1In the latter case, overshoot and smoothness of the

response are factors which should be considered in the final seleéctioen of
the-bi's.

New coensider the special case in which only one zero and no poles of
Gp(z) lie outside the unit circle. In this case, q, = 1 and 4 = 0,

Equatien 5.31 .reduces to

n-2 ' (5.34)

The constraint equatiens in Equations 5.21, 5.32, 5.33, togefher with

the relations in Equations 5.4 and 5.34 yield

n-2- .
I A L (5.35)

j=m

n-2 ] :
b -B Y 271 4+ =1 (5.36)
m 9 i=m 1 n .
and
n-2 . . :

my -2 ) (§+1)z7) +mb =0 (5.37)"

Selving fer bm’ h, and bn from Equatioens 5.35, 5.36, and 5.37 gives

- zR g,)
p =1 1 "2 .(5.38)

h= — =aa ' | (5.39)
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-, _ .
. zl Sy msl ' | |
n A , : ) (5.40)
where
- (2ml) _ -(2n-1)
s 41 ! (5.41)
1 1 - ZIZ )
A mzim - nz ‘—n+l zzm _z-:-l-n )
8, = + — 5.42
2 1 - -1 (1o 12 _ ( )
1 21
and
-m -n 1
A 29 — 2 -
2= (e 1 )2 _ n m (Z-Zm _ zi2n> (5.43)
1- 271 (1 - z72) 1
1 1

’

5.3 SENSITIVITY ANALYSIS IN THE MINIMUM-PHASE Gp(;) CASE

~In ?eference (32), a measure of sénsitivity for‘déédﬁeét response
systems 1s posedj namely, sensitivity of ‘the traﬂqient:rgsponse of the system
with respect to systémrparamgter changes; detaileé results are obtained for
response sensitivitf as a-functioﬁ of open-loop géin. In this section, a
. : . Do
measure of éensitivity for deadbeat respomnse systéms is congidered which is
a function of open—looﬁ géin and'of‘pales and zerﬁs.of the céntroller.

From Equation 5.20, it’can be seen that deadbeat-response design of

sampled-data systems is achieved threugh cancellation of the minimum~phase

\

zeros and poles of Gp(z) by corresponding poles and zeros of Dopt(z).
The effect of these "ecanceled" poles and zeros on the closed-loop response

is insignificant as long as the pole-zero dipoles which result from
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inevitable erroneous cancellation are well within the unit circle in the
: C
z-plane. The main contribution of Dopt(z) to the output response is

generally due both to the open-loop gain and to the locations of -poles and
zeros in thé‘second factor in the right~hand member of Equation 5.20.
Therefore, the sensitivity of.the step resﬁonse of the optimal system
obtained—inNSectibn 5.2 'is investigated in this sectioen as‘é funcfion of

loop-gain and of sﬁch poles and zeros.

-

| . ) ’ N
Consider the case in which the controller D(z) in Figure 5.2 equals

D(z,xl,xé,x3)i

. -t

X X,z - X : - .

D(Z’xl’x2!X3) = 3 ° 1 2 n ) . » _(5.44)
- - -m _ -ny.

Gp(z) (xlﬁxz) (xlz XyZ )

z=n

Note -that D(z,xl,xz,x3) equals Doét(z)’ EquaFions-4.20, when xl.equals n,

equals m, and x5 equals 1, From Figure 4u2, the closed-loep transfer
l.

%2

function can be written as

D(z’,x'l,xz,x?,) Gp(z')

M(Z,s‘xlsxz 3X3)
.1+ D(z,xl,xz,x3) Gp(z)

-m _— :. R
R . (5.45)

X — X, f (X3 - 1)(Xlz_m - Xzz-n)

Note that variations in parameters X5 Xg and x4 do not affect the
steady-state ﬁerformance-of the system, provided that x,, X, and x4 result -
in a stable system. This is confirmed by substituting z = 1-°in Equation 5.45

to obtain M(1l) = 1-in accordance.with the finalvvaiue-theoyem.
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For the purposes of this section, ‘it is assumed that the values X1

X, and Xq are known to lie in small neighborhoods around their optimal

values, i.e.,

|x1 - n| < gy << 1 A (5.46a)
|2y -m| g€, << 1 , : (5.46b)
and

|x3 —_1|~< €q << 1 ' (5.46¢c)

Where €15 €y and e3 are known con;tants,»AThe ebjective of the fellewing
study is te determine the greatesé charge (frém the opéimuh) in the.dnit—‘
step respense that can exist when kl; Xy and Xq ére constrainted as in
Equation 5.46.

The Taylor series of M(z$x1,x2,x3) is expanded about thevoﬁtimal-
values-of~X*, as leloﬁs:

L2
M(Z’XI’XZ,X3) = Mopt(z) f (X - X*) VM(Z’X1*5XZ*5X3*) + ...

where
%3
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and
S (5T oL oDy i
‘ﬁn—m)z
>VM(z,x~;x JXE) =| —B (W . z™R)
B = i (e
jnjm)(nzfm - mz"n).— (nz"™ - mz~0)2 : (5.48}
, (n-m)? . -

The first variation of M<Z’x1’x2’x3) with respect to X, 5t Xps and x, is

defined as
AM(z,x?,xg,xg) = (X - g*?* VM(z,xT,xg,xg) _ ) (5.49)

Substitdting-the expression of_VM(z,xi,xg;xg) from Equatiod 5.48 into

'Equation 5.49, followed by a ;earrangemenf of terms, yields

AM(z,xi,xg,xgy = (X - X*)’[VMm(kT;xggkg)zjm + VM;(xi;xg,xg)z—n +

: -2m -m-n
+ ® gk gk ; ok gk +
VMZm(Xl’XZ’XB)Z f:VM I (xifXZ’XB)z
C VM, (xEx x*)z;zn]- ‘ ~(5‘50)
2n""1°72°737 7 : : .

where




% % %) =
Wn(xiaxz’xia)

koxhoxk) =
VM2m<X1’X2’x§)

|
: *, gk xh) =
y va+n(x1’x§’x§)

\ * % e =
VMzn(xl,wzf.xa)

—m

(ri-m)?

(n~m)

(n-m) 2

—_-n
(n-m) 2

(n-m) 2
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(5.51)

(5.52)

(5.53)

(5.54)

(5.55)
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Before .proceeding further, two a&ditional terms are introduced for

convenience:

P

xq-1 C :  (5.56)

which represents the fractional deviation from the optimum eof xl, x_ and X

2 3°
and
n 0 O
A . .
A= 10 m 0 ‘ . (5.57)
0 0 1

In conformity with a definition given .by Pierre (35), thé colufin sensi-

tivity matrix S? is 'given by

A ' '_ .
. S¥ = AVM (x%,x%,x%) '  (5.58)
j g 17273 )
M L : . ek
In words, S, is the variation associated with the coefficient of.z -~ in

the closed-loop transfer function due to small parameter variations in

%X,, %X, and x_. In terms of these column sensitivity matrices; Equation

12 72
5.50 becomes
M
-n
+ SZmZ

3

M -2m. ’ M _-mn . M -2n
o+ Sm+nz + SZnZ

_Z
n

MM(z, k) = @ISR S ] (5.59)

1772

where




= IS

B

mn T
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(5.60)

(5.62)

(5.63)

(5.64)
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The Worst transient performance of the system corresponding to small

[

changes (Equation 4,46) in parameters xl, x2 and x3 can be determlned on

the basis of Equation 5.59. First, consider the case of 2m > n., Theén,
making use of Equation 5.59, the first variation of the z-transform of

the unit-step response of the system is determined:

MMz ,x% ,x% ,x%)

2
AC(z) = 1 - 3
1-2"
n-1 2m-1 , m+n-1
— . - " Ll M -—
= oM z X b e gy T R oot +sy ) ] 2 F
mtn 2n
™ k=m k=n k=2m
b - EE 2n-1" :
‘ . ' -9, ) 27k (5.65)
’ ) k=min
| o th _1yth :
The output response from m sampling instant to (n-1) sampling

instant, which is the transient period of the optimal system, is changed
M

by the amount of Q S From:- Equation 5.60, it can be cpncluded that the

worst transient performance condition (greatest deviation from the optimali

- step respdnse) occurs when
Q” = iI—el/n e,/m €4] : . X (5.66)

Next, if 2m < n, the first variation. of the unit-step response becomes
o 3

\

2m-1 , n-1 -
ac(z) = st Z 2wl sy ] R
i k=2m
: mtn-1 ' ' 2n-1 .
. : R : =k el ‘ Lk
\ ' (S t ) )z R's, L =z (5.67)

k=n . . k=mtn
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One can readily verify that the absolute value of each element of Sﬁ

is greater than or equal to the correspondiﬁg element. of (Sﬁ + Sg;)°
Therefore, the worst tramsiént performance is again associated with the
condition in Equation 5.66.
Finally, for 2m = n, the first variation of the unit-step respoﬁsé is
n=1 ' Com-l . o 2n-1 -
~k ..M M -k M _ ,
27 - QI(S_, +Sy) ]z -Qs Yy zk  (5.68)

k=m k=n . 2n k=m+n

oM
. Ac(z) .= Q Sm

By comparing the first (n-m-1) sampled values of the first variation of the
unit-step-response in Equation 5.65 with corresponding values in Equation
5.68, it can be concluded that the worst transient performance is yet '

associated with the condition in Equation 5.66.

~

5.4 STABILITY ANALYSIS IN THE MINIMUM—PHASE Gp(z) CASE

]

In Section 5.3, the effect'pn the éutput response due to_sﬁall changes
in system parameters iS‘investigated; At .this point, it seems logical to
inquire how changes iﬁ system parameters dffect the stabiiify of the system.
‘Stability limits are derived here .as ; function of open-loop gain only.

2 3

transfer function becomes

Let xl =n, X, = mand x, = 1 +.E in, Equation 5.45@ the closédfloop~

M(z,n,m,1+e) = (1+e) (az" -mz’ ™). | | (5.69)
(n-m) + e(nz™™ ~pz™0)

The quantity € in the above.equatioh is a change-in-gain parameter, and the

case that € = 0 is associated with the optimal system. "From the ﬁéle—zero -
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-

point of view, any value of ¢ whit¢h renders the system on the boundary of

-

stability is one for which closed-loop poles (or at least one .such pole) lie

on the unit circle in the z-plane. On the verge of stability, the charac-
teristic equation associated with Equation 5.69 is

(n-m) + e(ne_jme—mefjne) =0 ' (5.70)

Setting the real and imaginary parts equal to zero independently yields

(n—m) + ne(cos m6) - me(cos nd) = 0 (5.71)
and ' . -
-n(sin m6) + m(sin nd) = 0 ‘ o (5.72)

For given values of n and m, critical values of 6 are determined by
solving the transcendental Equétion 5.72. A general closed-form solution
for 6 does not exist, buf numerical solﬁpions are rather easy té obtain on
either an analog or a digital computer (see Appendix B). Of course, 6 can

! \

be 1inﬁfed to the interval between O and'2n, and n. and m are intégers with
n > m,

In‘general, fhere exists a finite set S, of values qf 6 which satisfy
Equation 5.72 for‘given values of n and m. Values of e which gbrresﬁbnd. -
to the values of 6 in Snm are determined on the basis of Equation 5.71;

that is

€= 2R : (5.73)
m(cos nd) - n(cos mH) .
, 0eS

nm
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Because € is a change-in-gain parameter (e=0 co}responds to the optimum),

the system is stable if € is confined to an open intérval, namely

€ . _<g<g

min max
where € min and € ax are génerated on the basis ef'Eguation 5.73, as follows:
€ = min n-m ' : (5.74)

max m(cos nd) - n(cos md
eeSnm ) )

subject to 1 -m > -0, and
- m(cos no) - n(cos mo)

€ 4 = max n-m___ _ (5.75)
eesnm m(cos nd) - n(cos mb) - : )

. ~In ' : : O

subject to
. m(cos n) - n(ces m) <

Stability limits for m = 3, 4, 5, ... are tabulated in Table 5.1. The

flow diagrams of the computer program and an errér analysis are éiveniin

L lnset gite
Rl

Appendix B,

As .a check on the céﬁputef solutioﬁ, épecigl';ases of Equ;tion 5.72,
are ‘solved analytically in the réma%nder of this éectioﬁ ~—— the reader méy
omit this without loss of continuity. In the first place, it is shown that
when n is an iﬁtegral.multiple of m, the solution 6f‘Equation 5.72 for 6°is

K B B
e:_r_z. . . k=1,2,o,.'?2m

This solution is estgblished by arranging Equation 5.72 as

l'sin mo = 1 sin no : ' : (5.76)
m n ' :
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and observing that'béth sin m6 and sin.pe are zero when 8 equals kn/m and
n is an integral multiple-of m. In order to rule out the possibility thét
(sin nQAln eqﬁals (sin mB)/m for other values of 6, namely those in the
open interval kn/m<6<(k+1l)n/m, k-= 0, 1, 2, ... , observe that (sin m8)/(m6)
is greater than (sin ne)/(nQ) for 0<égm/n since md is less than ne. This
implies that (sin m6)/m is greatér thaﬁ (sin n®8)/n for O<6§ﬂ/2m.- In the
case that n/m is odd, it can be concluded f?om the symmetry of both (sin n@)/n
and (sin m®8)/m about 8&=7/2m that (sin n6) /n .never igtgrbepfs (éin moé) /m
for 0<6<m/m. When n/m is even, the same conclusion stems from the facts
that (sin m®)/ m is also greater than —(sin n6)/n for 0<6<n/2m and thaﬁ sin hé
is an odd function for Og6gm/m about 6=7/2m. It is evident, therefére, that
for any erlying between km/m and (k+1)m/m, kK = 0, 1, 2, ... , the absolute
value of (sin m8)/m is always greater than that of }sin ﬁe)/n. In.other
words, Equation 5.76 holds only when 6 equals km/n %here k is an integer.
It is important to recall that,the above conclusion is based on the assump-
tion that n is an integral ﬁultiple of m. Therefore under this assumption,

limiting values of € are opgaiﬁed by use of Equatipﬁs 5.74 and 5.75:

n-m, if n/mis even.

n -+ m . ) ‘
‘Emax-= . : (5.77)
1 s 1f n/m is odd
and
€ . = -1, if n/m is an integer ' (5.78)
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Form= 1, i.e., for D = 0 in Figure 5.2, fhe 1imit%né values of ¢ in
Equations 5.77 and 5.78 are the same as given in reférenﬁe (32)." If the
settling time nT is extended teo infinity.for any finite wvalue of ﬁ, it can
bé conclﬁded, from Equation 5.77 and 5.78 that the optimal system remains
stable for changes in gain up to + 100%.

A differenct approach to the solution éf Equations 5.71 and 5.72 is
as follews: ‘First, Equation 5.72 is solved for sin m6 '
sin-mb6 = (m/n)sin.nbd ;. | ,(5.75)

{

which is equivalent to
1 _ 2042 2.1 ' '
cos mO = +[1l - m”“(sin“nb6)/n"]2 (5.80)

The right-hand member of Equation 5.80 is substituted fér'cés md in

Equation 5.71, and the resulting equatien is manipulated to obtain

5 .
cos no = (n-m) - e"(ntm) 4 v(e) . . (5.81)
2 mge
A typical curve of y(e) versus-e¢ is shown in-Fiéure 5.3. Note that

v(e) is greater than 1 fer € in the interval 0<é<e, and that y(;)_is less

+
than -1 for ¢ in the intér?al_g_<€;0. When values of‘ly(e)l are éreater
than one, real values of 9 cannot satisfy Eq@ation B.él; éndlﬁbnseqpently
poles of the system cénnot lie on thé unit circle ;f the z-plane. The
conclusion to be drawn from these obsérvations is that a SUEfibient=
condition for stability is

(5.82)

€. <& <gy n > m
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where €, and ¢_ are functions of n and m obtained by selving Equatien 5.81

.for e when ces n6 = 1 and ces nd = -1, respedtively. The result of these

solutions is
€4 = —e_ = (n=m)/(n+m) , (5.83)

To investigate the coenditiens on n and m under which.Equation 5.82 is
both necessary and sufficient for stability, the identity for ces n6 in
Equation 5.81 is substituted appropriately into Equatiens 5.71; and the

resulting equation is arranged as follows:

cos md = - (n—m)2:n€2 (n+m? S (5.84)
Ate= g, Equation 5.84 reduces to

cos mo = -1 _ ' (5.85)
Since cos n® =1 at € = €y,

8 = (2km)/n ' | k=0,1, 2, ... (5.86)

Substitution of this 6 into Equatioen 5.85 yields

cos [ (2nkcm)/n] = -1 - ; S G,

If n is even and m is odd, the value of n/2 for k results in beth

;f n/tt is an even

3o

cos n® = 1 and cos m6 = -1 and consequently e, = Cmax®

integer, k = n/2m results in satisfactioen of Equatioen 5.87, and again




120

€ = €rax’ This result agrees with that in Equation 5.77. But if n/m is

an .odd integer, no integer value of k satisfies Equation 5.87, in which case

€, # €paxe 10 this case, it was shown that the value of e .. 1s 1. The
net result of this analytical investigation te determine e, 1is summarized
below:
[ .
DM  if mis odd and n is even
n+m
={0=m | if n/m i (5.88)
Emax ﬁ'n+m , if n/m is even
1 s Lf n/m is odd
\ .
i .
For ¢ = ¢_ = ~ BZM | Equation 5.84 reduces to
ntm
cos m6 = 1 _ (5.89)
Since cos n6 = ~1 at e = ¢_,

o = (Zk-1)m. K= 1,2, cou . (5.90)

n

With this, Equatien 5.89 becomes

cos mCZk-Dn -3 . ) ‘ O C(5.91)
n . .

If n is odd and m is even, k = (n+l)/2 satisiiés Eqﬁatibn 5.91 in

which case e ; equals e¢_. For other comBinations of n and m; it is

evident that no integer k satisfies Equation 5.91.
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In summary,

DM ifn is odd and m is even
ntm ‘ (5.92)

- 1 , if n/m is an integer

For combinations of n and m other than these listed in Equations 5.88
and 5.92, stability limits can be determined on a digital computer (Appendix

B). A partial list of stability limits is given in Table 5.1.

5.5 EXAMPLES

Given m = 3 and z, =-2. The optimal clesed loop transfer function
Mopt(z) is given by Equations 5.34, 5.38, 5.39 and 5.40.
Mope(2) = 971273 + 1.38427% - .692127° + 3460270 - 1,0092z-7 (n = 7)
Mpp(2) = 797273 +1.18327% - 59227 + 296275 - .148277 + 074278 +
- .6112"9. (n=29)
oot (2 = 672273 + 1.00827% - 504270 + .252276 - 126277 + .063278 +
- .031279 + .0162710 — 0092711 + .0042z-12 = 8462713 (n = 13)
u_ (2) = 622273 + .93327% - 466275 + 233270 - 117277 .+ .058278 +
op : -

- .029z77 + 0142719 - .007zf11 + .0042—12 L .0022713 4+ 0012714 4

- .0004z"15 + ,00022716 - 2445717 (n = 17) ©(5.93)
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For m = 3 and z; = 2,
M. (2) = ~1.089z"3 + 1.641z7% + .8202™5 + .410276 + .205277 + .103278 +
+ :0512"2 + .0262~10 - 1,1662711 (n = 11)
Mo (2) = ~.833z73 + 1.2527% 4+ .625275 + .312276 + 15627 + .0782~8
+ .039z9 + .0192710 - 010z"11 + 005212 + .002z"13 +
+ .001z"1% - ,6652~15 (n = 15)
Mopp(2) = =.731273 + 1.09627% + 548275 + .274270 + .137277 + .06827° +
+ .034z72 + .0172710 + 0092711 + ,004z712 + ,0022-13 +
+ .001z-1% + .0005z715 + .0003z716 + .0001z"17 + .00007z718 +
- 4612717 (n = 19) (5.94)
The unit step responses in the case zl'=-—2.and the case zq = 2 are

pletted in Figures 5.4 and 5.5, respectively. The eptimal respense in
the case z; = 2 and m= 3 gées negative during the third sampling period.
-This unexpected phenomenon also occurs without pure time delay in the loop
(32). To eliminate the pegative response, n - m constraints.in additioen

to those in Equatioens 5.21 and 5.22 could be incorporated in the minimiza-

tion process; namely,

% b 70 ‘ : j=0,1, 2, .., n-m (5.95)
k=0 ‘

In other words, the unit step response at the sampling instants could be

restrained to be greater than or equal to zero.
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In that.case, the problem can be reduced to a problem of quadratic.

programming (39) by introducing additional -variables:

J ,
X, = ) b . 5=0,1, ..., n-m (5.96)

Thi:s phase of the problem is'beybnd the scope of the présent research,
however, and consideration of- it is.terminatedﬁhéré;

The transfer function of:the optimalvcontrbller is given.by Equation
5.20a. Corresponding ton =7 in Equétién 5.95, the optimal coﬁtroller is

D . (z) = L :971273 +1.38424 - 6921273 + 346275 - 1.009277,

“PETT G () 1 - 971273 - 1.38427% + .6921275 - .346276 + 1.009z7/

(5.97)
It is important .to realize that before Dopt(z) is implemented Physi_
cally? the assumed'zero at z = =2 in Gp(z) in thg above .equation must .be
cancelled with the corresponding zerb.in ;he-numérator polynomial of :
Equation 5.97. To illustrate this point; let _?EEQ__be the érénsfer func~-
s (s+a
tion of the plant Gp(s) where a = 1/(2T) with T = 1 second. The value of.

b = 3.805 results in a zero of the plant-at z = -2.in the z-plane. .The

corresponding z~transform.of'Gp(s) is

-1 .
G (z) = 1+ 2z : . . (5.98)
P (1-271) (1-.6062"1)

Then the optimal -controllér in Equation 5.97 becomes

(971271 - 558274 + 4239275 - .5018276) (1-2"1) (1-.606271) -
(1-.9712z-3-1.384z"%+.69212~5- . 346270+1,0092=7) (5.99)

: Dopt(z) =
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From Figure 5.2, the z-transform of v(t), with m = 3 is

Dopt(z) R (2)

v(z) = (5.100)
1+ z“3DOPt(g) QP(Z)

With a dnitéstép inpgt, the above equatioﬁ becomes

V(z) = (,971z"3 —.;58z“4 + 4239275 - .5276) (1 ; 60627 1) o (5.101)

and'the @pdified z—traﬁsform* of the output response is given by

C(z,m) = V(z) cp(z,ﬁ) - : (5.102)

where

2L (7.61 - 6.61 ™2 - (4.62 - 6.61 ¢ "2,
¢ (z,m) = : . (5.103)
P : (1-z=1)(1-.606271) |

For m= .2,

C(z,.2) = Z-1 (1,5842™3 + 41274 - .0682=5 - .239276 - .682"7)  (5.104a)
\ 1-z~
For m = .5,
21 -3 4 -5 -6 =7y (5 1¢
C(z,.5) = (2.39z7° - .859z™% + ,745z72 -.1.006z"° - .265z~/) (5.104b)
‘ 1-2z~

*The modified z-~transform of c(t) is defined as C(z,m) =

z~1 Z c[(ntm)T]z™® where 0 € m & 1,.
n=0
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Form= .7,

c(z,.7) = IE_:T— (2.865z'3 - 1.609z"% + 1.228275 - 1.457270 - .02z77)
- (5.104¢)
The continuous response corresponding to thaf in Equation 5.102 is displayed.
in Figure 5.6 ‘
Now consider the minimumrphase—plant Gp(s) caée.y Let m=.3,n=09,
and ) = g, = €4 ='Q.1. Unde£ ‘the worst transient performance conditiomns,

the variation in parameters, from Equation 5.66, is
- _ 1.1 .1 | ' ' 5.105
07 = & - 5 ) . ( ?

From Equation 5.45, the output responses under these conditions are

. - 0 9,79273 - 3,412~9 ; ~
¢(z,8.9,3.1,1.1) 5.8 -~ 5.82-1 + .89z-3 - .89z-% - .312-9 + .31z-10
: (5.106)
€(z,9.1,2.9,.9) = 8.l9z-3 - 2.6.12_9 ‘ : i
6,2 = 6,221 = 91273 4 [91z=4 + .2929 - ,292710
: : (5.107)

i f

The responses'corresponding to the aboveé equations aré,plottén in Figure 5.7.

5.6 CONCLUSIONS

In this chapter, the works.by Bertram (31) and by Pierre, Ress, and
this author (32) are extended to systems Wiﬁh time delay. The coefficients
of the closed-loop transfer function of the system which is designed for
deadbeat response to a.ramp input are seléctéd by mihimizing the sum of

the square of the errors, at sampling instants, for a step input, The
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model used in reference (32) is reduced to be the speciai case, D =0, of
Figure 5i2. All the results in (32) can, thérefore, be ebtained here by
letting m = 1,

In Section 5.2.1, -the ﬁinimum poésible_pvershoot; at the sampling
instants for a minimum~phase plant kas) is dérivgd in tefms of n and m.
The step response of the optimal system stays,cpﬁstant during the settling.
period. This implies the possibility of using a digital coentroller of |
variable gain type te eliminate such overshoot.. The nonminimumrphése

Gp(S) case is examined in Section 5.2.2., Under certain conditioms,. the

~

optimal step .response goes negative during some‘per;ods of time., A methed
to eliminatelsuch-negative.responselis posed in Section 5.5, Variations
;n transient performance due to parameter Vafiationé in the optimal
controllef are derived for the minimumrphase Gp(s) case. Under thesé
cohditiqns, the parameter variafions are given by Equation 5.66, and the
exact .output .respense is then determinea from.Equatioq 5.45f In Seption
5.4, stability limits as a function of open-loop gain are derived in the
minimum-phase Gp(s) case. As thé numbé; of sampling perieds, n, for dead-
beat resﬁonse is allewed to.approach infinity, the stability limits
approach these of the lumped-parameter case.

Future research might well be concerned with thé ﬁnusﬁél neéativel

response in the nenminimum-phase Gp(s) case.
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Figure 5.1. Error-sampled feedback control system with cascade digital
controller.
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Figure 5.2. Error-sampled feedback time-delayed control system with
cascade digital controller.
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Table 5.1, Stability limits.

m *max min ;
n=3 1 1.0000 -1,0660
n=4 1 .6000 ~1.0000
2 .3333 -1.0000
n=>5 1 1,0000 -1.0000
2 - .4889 -.4286
3 .2722 -.2722
n=6 1 .7143 -1.0000
2 1.0000 -1.0000
3 .3333 -1.0000
4 .2500 -.2000
n=7 1 1.0000 -1.0000
2 .6101 -.5556
3 L4249 -.4249
4 .2852 -.2727
5 1727 -.1727
n =8 1 7778 -1.0000
2 .6000 -1,0000
3 L4545 =.4792
4 .3333 -1.0000
5 .2308 ~.2381
6 1428 -.1589
n=9 1 1.0000 -1,0000
' 2 .6844 <.6364
3 1.0000 -1.0000
4 .3982 -.3846
5 .2937 - -.2937
6 .2500 ~,2000
7 .1275 -.1275
n = 10 1 .8182 ~1.0000
2 1.0000 -1.0000
3 .5385 ~.5617
4 . 4889 -.4216
5 .3333 -1.0000
6 2722 . =:2722
7 .1765 -.1796

8 .1183

21111
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SUMMARY AND SUGGESTED FUTURE RESEARCH
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6.1 SUMMARY OF ESSENTIAL.VALUES OF THE THESIS RESEARCH

The optimization of both stochastic and deterministic distributed-
parameter control systems is examined in‘this thesis. In Chapter 2, a new
definition of dist;ibuted correlation function is introduced and is shewﬁ to
be more appropriate to use than Senin's-definition (76, 77; 78) in the case
of distributed outputs. Necessary properties of correlatien functions,
between distributed output signals and input signéls are_dérived. A problem
of optimal stoéhastic control of distributéd—pérameter‘systens is shown to
be a Wiener-Hopf spectrum—factorizatian problem.

The optimizatien of distributed-parameter control systens'is approached
from both linear programming and dynamic pfogramminé points of view. It is !
) shoﬁn in Chapter 3.that, for a linear performance measure subject to linear
constraints, Qﬁtiﬁization of 1inea§ distributed-parameter systems can be
accomplished by linear programming techniques. The advantage of the linear
programming approach is that large—écale problems can be treated with réla—
tive ease. In Chapter 4, the general convex performance measure of the
distributed error function is minimized by use of the prinicple of optimality
(6, 7, 8). The-ciosed—form'expresgion of the optimal control function is
derived by use of the principle of optimalify together with mathematical
induction under the qua@rafic performance measure of the distributed error
(see Equatiéns 4.5 and 4.40): With this closed-form expression of the
optimal centrol function, determination of the value of the optimal centrol
fupction at each sampling instant requires only one computation of the value‘

of the optimal contrel function at,phelfollowing sampling instants.
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The theory of deadbeat response with minimal oversheot compromise is
extended te apply to both.minimumland nonminimum phése systems‘enfoldfng
time delay. The optimal tradeoff ?eﬁween,step—respénse oversheet and ramp-
input deadbeat-response time is derived.l The sensitivity of the obtimal
system is examined as a function of parameter variations of the centroller.
for a glven set of allewed parameter‘variations, the worst transient-
behavior condition is derived. Also, stabilit§ limits are obtained‘fqr‘the

optimal system in terms of open-loop gain.

6.2 ASPECTS MERITING ADDITIQNAL»STUDY

Four topics worthy oflfurther investigation are evident as a consequence
of this dissertatien.

1. Metheds of offseting the diménsionality limitations of present-day
dynaqic programming techniques'cons;itute a toplc of much imporfance, In
this regard, the particular method used in Section 4.3 may be applied to a
more general class of problems, but is by ne means a panacea.

2. As seen in Chapter 5 and in reference (68), under certain conditions
there exists a negative response or "uﬁdershoot" in the step response of a
class of deadbeat-response systems. The cause and the cure of such:under—
shoot in the deadbeat performance would be a worthy subject of investigation.

3. It weuld'appear that theeries similar to that in Chapter 5 ceﬁld
be developed.fér other types of input signals. Specifically, inputs with
an acceleration-type mnature would abpea; to.merit attention because of the

occurrence of such signals in practice.
4. A study of prediction and,filtering problems which are associated

with distributed-parameter systems would be of value. The concepts of

distributed correlation functions (Chapter 2) would aid in such a study.
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138

A.1 THE PROBLEM OF LINFAR PROGRAMMING

The general linear programming problem can-be described as follows:
Given a set of m lidear equations in n variables, find ﬁonnegativg Qalues
of these vari;bles which are a solutién to the given set of equations and
maximize some linéar function of phe variables.

Mathematically, the above statement can -be written as: Find the column

matrix X = [xl X, - Xh]' which maximizes the performance mesure
P=C'X (A.1)
where C' = [c1 cy - cﬁ] is a row matrix subject to

X0 _ . (A.2)
and

AX = B S _ : : (A.3)

where Q0 is an n x.1 matrix, all elements of which are identitally zero, A
is an m x n matrix, m < n, and B is an m x 1 matrix of constants.

The problem of finding where a given linear functien of several variaﬁles
takes on an extreme valuelwhen the Qariables are required to satisfy
constraints'of.the fogm of linear iﬁequélities in addition to linear equalities

can be reduced to the standard form in Equatiens A.l, A.2 and A.é (see L

reference 64, for example).

A.2 PROPERTIES OF A SOLUTION

In this section, $tandard definitions of linear programming concepts

are given. In addition, two imporfant theorems aré citéd witheut proof.
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Definition A.1 A solution is any set of xi’s which satisfies Equation A.3.

Definition A.2 A basic solution is the solution which is obtained by setting

n - mof xi's equal to zero.

Definition A.3 A nohdegenerate basic solution is a basic soelution which

contains n nonzero xi's.

Definition A:4 A .feasﬂﬂe‘solﬁtion is a solution which satisfies the

inequality in Equation A.2.

Definition A.5. A basic feasible solution is a basic solution which satisfies
the inequality in Equation A.2.

Definition A.6 A convex combination 6f the points X1} X2’ .« .« ,X is

n
a point
X = ale + u2X2 + . . .+ aan (A.4)
where the ozi's satisfy
a, =0 - : (A.5)

Definition A.7 A sét R is convex if for any elefents Xa and Xb in R, X,

which is any convex .combination of Xa and Xb is aléo an element of R.

Definition A.8 . A point‘XV of a convex set R is a vertex (also referred to

as an extreme point) if XV cannot -be expressed as a convex conbination of

any two disﬁrinct-points in R. In pther words, no line ségment completely

in R of finite length contains X, internally.
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It follows immediately from definition A.7 that a hyperplane is a
convex set, Futhermore the ipterséction of two hyperplanes is still a
hyperplane and thps is a convex set. Let-Rc be the set of points satis-
fying both Equatiéns A.2 and A.3. .Then it can be concluded that Rc is a
convex set, |
Theorem A.l1 The vertices of Rc have at least n-m zero éomponents
Theorem A.2 The performance{meaéufe in Equation A.l assumes its maximum
at a vertex of Rc. If it assumes its maximum at more than one vertex,
then it takes on -the same maximum value for every convéx combination.ef
those:particular points.
The proofs of the above two theorems can bé found in-any standard wotrk
on linear programﬁing (23, 29, 64).
One could proceed, in theory, by evaluating P at all the vertices of
Rc' Still, forllarge n and m, it would not be feasibie to test every vertex
in order to find the optima1|soluﬁion.'.To overcome this difficulty, Dantzig
‘(23) developéd an effective algorithm, the simplex algorithm, which enables
ene to progress in a systematic fgshion toe the next basic,feasible solution
“from tﬁe~pre$ent baéic’feasible solution such that the next basic feasible
solution results in a greater value of P. Detai}s about the simplex-

algorithm can be found in standard references (23, 29, 64).
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SOLVING nsin(mé) = msin(ne)
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The computer program consistsi of two phases. During the first phase,
a rough initial serch is made using a grid whose width'is determined by‘
’ Shanpon's sampling theorgm. In the second phase, the Newton-Raphson method
is abplied in each likely neighborhood which is determined in the first
phase,
The first phase is straightforward and consists of the evaluation of

TEST which represents

TEST = msin(n6) - nsiﬁ(mel ' s (B.1)

The highesi frequency £, in TEST is

fh = n/(2m) ' ‘ (B.2) -

A sufficient DELTA according to Shannon's sampling theorem is

(DELTA) .

ideal .~ m/n . ’ . ‘ : (8.3) -

In the program, DELTA is set equal to l/n in order to compensate for .
numerical error. Another advantagédéé ﬁaving DELTA = 1/n is the better
initial estimation of roots for the second phase. 'With this ﬁELTA, it is
theoretically assured that none of the information contained iﬂfTEST is '
neglected. The search is terminated when 0 exceeds 27. A élock diagiam
for the first phase is showr in Figure B.1l. - |

- In the sécend phase of the search,‘tﬁe Newtbn—Raphson‘ﬁethod is usgd.
Let 60 be the initial estimation of 6*,_oné of Lﬁe roots of TEST, reshlting

from the first phase. The next estimation is the point of -intersection of

0

the line tangent to TEST at 6 = & and the &bscissa. Therefore,

0 _ 41 _ TEST(80)

(B. &)
pTEST(60)
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where DTEST(GO) is the derivative of TEST evaluated at 6 = eo. In -
general, the (k+1)th estimation is

gktl o gk _ _ TEST(6X) (8.5)
DTEST ( 65)

The search is tefminated if the absolute wvalue of TEST is less than
ACRE, a specified value. Assume that the search-is termindted at the Nth

iteration., Then

oN = 6% + Ao " . ' (B.6)
where AO is the error in GN. It is known from the terminating condition

that

|msin[n(e® + 46)] - nsialm(e” + 40)1| < AGRE = . - (B.7)
In expansion of sine terms in Equatien B.7 as functions. of the arguments,
together with the assumption that nA6 is sufficiéntly small to use the fitst-

order approximations of. cosine and sine functions, a bound on A6 is

AB < ACRE
mn[cos(n6*) — cos (mo

ﬁjT | | .~ ) (B.8)

under the assumption that cos(ne*) - cés(me*) is notAzefo. In the actual
computation, the .bound on A6 is ddternined from:Eduétion B.8 Ey replacing

6* by oY, The block diagram is shown in Figute B.2.
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READ N, M ~—

DELTA = 1/N

|

THETA = 0

:

EVALUATE
TEST

i

PRINT TEST

THETA = THETA+
+DELTA

Figure B.1l. Blockgdiégram in the first phase of the method.
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READ ACRC, 6°, N, M

|

—_——J EVALUATE TEST AND - "PRINT 6, N, M, ERROR
DTEST | : BOUND

il

=4 COMPUTE THE ERROR BOUND
OF ©

TESTSACRC

\ COMPUTE DELTA =
TEST/DTEST

g = g ~ DELTA

Figure B.2. Block diagram in the second phase of the methed. -
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