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Abstract:
The subject of this thesis is the development of concepts and techniques of optimal design for linear
deterministic as well as stochastic distributed-parameter systems.

The primary purpose of the thesis project is the development of computationally feasible methods for
optimal design of distributed-parameter systems under a linear or convex performance measure of the
distributed error of the system.

The content of the thesis is summarized as follows: First, a new definition of distributed correlation
function is introduced to facilitate the study of stochastic control of distributed-parameter systems.
Relationships are derived which paralleled well-known relationships in the statistical analysis of
lumped-parameter systems. With this definition of distributed correlation function, an optimal control
problem is shown to be a Wiener-Hopf spectrum-factorization problem.

Second, a computationally feasible method is developed for optimal control of distributed-parameter
systems. By use of the method, the optimization problem is reduced to one of linear programming for
which well-known solution algorithms are available. Performance is optimized with respect to absolute
values of distributed errors weighted both in time and in space. Magnitude constraints on both control
and state-variable functions are incorporated. Both distributed and non-distributed inputs to the system
are treated. Third, the optimal control of distributed-parameter systems is studied from dynamic
programming point of view. A functional equation associated with a convex performance measure is
derived with properties analoguous to those of the lumped-parameter case. A computationally feasible
method is developed for minimizing the spatial-average-integral-square error of a class of
distributed-parameter systems. With this method, feedback control of distributed-parameter systems
can be achieved. Fourth, the theory of deadbeat response with minimal overshoot compromise is
generalized to include systems enfolding time delay in the loop. The optimal trade-off between
deadbeat-response time for a ramp input and step-response overshoot is derived for a single-loop
sampled-data system with time delay.

In addition, sensitivity of the output response is studied as a function of parameter variations in the
optimal controller, and stability limits are derived in terms of a change-in-gain parameter. 
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ABSTRACT

The s u b j e c t  o f  t h i s  t h e s i s  i s  th e  deve lopm en t o f  c o n c e p ts  and t e c h n iq u e s  
o f  o p t im a l  d e s ig n  f o r  l i n e a r  d e t e r m i n i s t i c  as w e l l  as s t o c h a s t i c  d i s t r i b u t e d -  
p a r a m e t e r  s y s t e m s .

The p r im a ry  p u rp o se  o f  th e  t h e s i s  p r o j e c t  i s  t h e  dev e lo p m en t o f  computa­
t i o n a l l y  f e a s i b l e  m ethods f o r  o p t im a l  d e s ig n  o f  d i s t r i b u t e d - p a r a m e t e r  ■ 
sy s te m s  u n d e r  a  l i n e a r  o r  convex  p e r fo rm a n c e  m easure  o f  t h e . d i s t r i b u t e d  
e r r o r  o f  t h e  s y s te m .

The c o n t e n t  o f  th e  t h e s i s  i s  sum m arized  as f o l l o w s : F i r s t , a new
d e f i n i t i o n  o f  d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n  i s  i n t r o d u c e d  t o  f a c i l i ­
t a t e  t h e  s tu d y  o f  s t o c h a s t i c  c o n t r o l  o f  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  
R e l a t i o n s h i p s  a re  d e r i v e d  w hich  p a r a l l e l e d  w e l l-k n o w n  r e l a t i o n s h i p s  
i n  t h e  s t a t i s t i c a l  a n a l y s i s  o f  Iunpe d - p a r a m e te r  s y s te m s .  W ith t h i s  
d e f i n i t i o n  o f  d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n ,  an o p t im a l  c o n t r o l  
p ro b le m  i s  shown t o  b e  a  W iener-H opf s p e c t r u m - f a c t o r i z a t i o n  p ro b le m .
S e c o n d , a  c o m p u t a t i o n a l l y  f e a s i b l e  m ethod i s  d e v e lo p e d  f o r  o p t im a l  
c o n t r o l  o f  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  By use  o f  th e  m eth o d ,  th e  
o p t i m i z a t i o n  p ro b le m  i s  r e d u c e d  to  one o f  l i n e a r  program m ing f o r  w hich 
w e l l-k n o w n  s o l u t i o n  a lg o r i th m s  a re  a v a i l a b l e .  P e rfo rm an ce  i s  o p t im iz e d  
w i t h  r e s p e c t  to  a b s o l u t e  v a lu e s  o f  d i s t r i b u t e d  e r r o r s  w e ig h te d  b o th  i n  
t im e  and i n  s p a c e .  M agn itude  c o n s t r a i n t s  on b o t h  c o n t r o l  and s t a t e -  
v a r i a b l e  f u n c t i o n s  a r e  i n c o r p o r a t e d .  Both  d i s t r i b u t e d  and n on-  
d i s t r i b u t e d  i n p u t s  t o  th e  s y s te m  a re  t r e a t e d .  T h i r d , th e  o p t im a l  - 
c o n t r o l  o f  d i s t r i b u t e d - p a r a m e t e r  sy s tem s  i s  s t u d i e d  from  dynam ic p r o ­
gramming p o i n t  o f  v iew . A f u n c t i o n a l  e q u a t i o n  a s s o c i a t e d  w i t h  a convex 
p e rfo rm a n c e  m easure  i s  d e r i v e d  w i t h  p r o p e r t i e s  a n a loguous  t o  t h o s e  of 
t h e  lu m p e d -p a ra m e te r  c a s e .  A c o m p u t a t i o n a l l y  f e a s i b l e  m ethod i s  d e v e lo p e d  
f o r  m in im iz in g  th e  s p a t i a l - a v e r a g e - i n t e g r a l - s q u a r e  e r r o r  o f  a c l a s s  o f  
d i s t r i b u t e d - p a r a m e t e r  s y s t e m s . W ith t h i s  m ethod , fe e d b a c k  c o n t r o l  o f  
d i s t r i b u t e d - p a r a m e t e r  sy s te m s  can be  a c h ie v e d .  F o u r t h , t h e  t h e o r y  o f  
d e a d b e a t  r e s p o n s e  w i t h  m in im al  o v e r s h o o t  compromise i s  g e n e r a l i z e d  to  
i n c l u d e  sy s te m s  e n f o l d i n g  t im e  d e la y  i n  t h e  lo o p .  The o p t im a l  t r a d e - o f f  
b e tw e en  d e a d b e a t - r e s p o n s e  t im e  f o r  a ramp i n p u t  and s t e p - r e s p o n s e  o v e r ­
s h o o t  i s  d e r i v e d  f o r  a s i n g l e - l o o p  s a m p le d - d a ta  sy s te m  w i t h  t im e  d e la y .
Tn a d d i t i o n ,  s e n s i t i v i t y  o f  t h e  o u tp u t  r e s p o n s e  i s  s t u d i e d  as a f u n c t i o n  
o f  p a r a m e t e r  v a r i a t i o n s  i n  t h e  o p t im a l  c o n t r o l l e r ,  and s t a b i l i t y  l i m i t s  
a re  d e r i v e d  i n  term s o f  a c h a n g e - in - g a in  p a r a m e t e r .
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1 .1  PURPOSE OF THE THESIS PROJECT

The p u rp o s e  o f  t h e  t h e s i s  p r o j e c t  i s  f i v e f o l d :

1 .  To r e v ie w ,  e v a l u a t e  and sum m arize t h e  p u b l i s h e d  w ork  on o p t im iz a ­

t i o n  o f  d i s t r i b u t e d - p a r a m e t e r  c o n t r o l  s y s t e m s .

2 .  To i n t r o d u c e  a  new d e f i n i t i o n  o f  d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n s  

t o  f a c i l i t a t e  t h e -  s tu d y  o f  d i s t r i b u t e d - p a r a m e t e r  c o n t r o l  sy s te m s  

w i t h  s t o c h a s t i c  f o r c i n g  f u n c t i o n s .

3 .  To d e v e lo p  an o p t im a l  d e s ig n  t h e o r y ,  b a s e d .o n  l i n e a r  program ming 

t e c h n i q u e s , f o r  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  w i t h  d i s t r i b u t e d  

o u t p u t s .

4 .  To d e v e lo p  a  c o m p u ta t io n a l  a l g o r i t h m  f o r  o p t im a l  c o n t r o l  f u n c t i o n s  

o f  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  b a s e d  on dynamic program ming 

t e c h n i q u e s .

5 .  To g e n e r a l i z e  t h e  t h e o r y  o f  d e a d b e a t  r e s p o n s e s  w i t h  m in im al , 

o v e r s h o o t  compromise t o  a p p ly  t o  s a m p le d - d a ta  sy s te m s  e n f o l d i n g

. t im e  d e l a y .

1 .2  VALUE OF THE THESIS RESEARCH

I n  many s i t u a t i o n s , t h e  e n e rg y  o f  a  s y s te m  i s  s p a t i a l l y  d i s t r i b u t e d  

th r o u g h o u t  a  medium. Examples o f  such  sy s te m s  a re  t r a n s m i s s i o n  l i n e s ,  h e a t  

e x c h a n g e r s ,  n u c l e a r  r e a c t o r s ,  c h e m ic a l  r e a c t o r s ,  d i s t r i b u t e d  RC n e tw o rk s ,  

b i o l o g i c a l  s y s te m s ,  e t  c e t e r a .  Numerous a p p l i c a t i o n s  o f  d i s t r i b u t e d -  

p a r a m e te r - s y s te m s  th e o r y  a r e  g iv e n  i n  t h e  l i t e r a t u r e  . (3 9 ,  6 0 ) .  G e n e r a l ly  , 

t h e  c h a r a c t e r i s t i c s  o f  a  d i s t r i b u t e d - p a r a m e t e r  sy s te m  can  b e  d e s c r i b e d  by 

a  s e t  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  w i t h  a p p r o p r i a t e  b o u n d a ry  c o n d i t i o n s



3

R e c e n t l y ,  Kolb (39) n o t e d  t h a t  t h e  deve lopm en t o f  a  g e n e r a l  body o f  

t h e o r y  f o r  t h e  a n a l y s i s  and s y n t h e s i s  o f  s a m p le d - d a ta ,  c l a s s - I I - t y p e ,*  

d i s t r i b u t e d - p a r a m e t e r  sy s te m s  s i m i l a r  t o  t h a t  d e v e lo p e d  by P i e r r e  (60). f o r  

c I a s s - I —ty p e  s y s te m s*  would  p r o v id e  a  w o r th y  s u b j e c t  o f  i n v e s t i g a t i o n .

Wang and Tung ( 86) s u g g e s t  t h a t  a  c o n t r o l  t h e o r y  f o r  d i s t r i b u t e d  sy s tem s  

may be  d e v e lo p e d  i n  p a r a l l e l  w i t h  t h e  e x i s t i n g  th e o r y  f o r  lu m p e d -p a ra m e te r  

s y s te m s .  A lso  P i e r r e  (60) s t a t e s  t h a t  a  t o p i c  w o r th y  o f  a d d i t i o n a l  r e s e a r c h  

i s  t h e  dev e lo p m en t o f  a  g e n e r a l  body o f  t h e o r y - f o r  e f f e c t i n g  t h e  d e s ig n  o f  

o p t im a l  d i s t r i b u t e d - p a r a m e t e r  c o n t r o l  s y s t e m s , b a s e d  on m in im iz a t io n  o f  < 

i n t e g r a l - s q u a r e  o r  m ea n -sq u a re  e r r o r ,  s u b j e c t  t o  s t a t e d  c o n s t r a i n t s .

T h e r e f o r e ,  as  w i l l  b e  e v i d e n t  i n  C h a p te r s  3 and 4 ,  t h e  p r im a ry  c o n t r i ­

b u t i o n s  o f  t h i s  t h e s i s  r e s e a r c h  c o n s i s t  o f  t h e  deve lopm en t o f  a body of 

t h e o r y  w h ich  s a t i s f i e s  t h e s e  n eed s  t o  a  l a r g e  e x t e n t .  I n  a d d i t i o n ,  th e  

t h e o r y  o f  d e a d b e a t  r e s p o n s e  w i t h  m in im a l  o v e r s h o o t  compromise (68) i s  

g e n e r a l i z e d  t o  s a m p le d - d a ta  sy s tem s  e n f o l d i n g  t im e  d e l a y .  T h is  e n a b le s  

one t o  a p p ly  t h i s  t h e o r y  t o  c a se s  w h e r e , f o r  ex am p le ,  t h e  s p e e d  o f  an 

o n - l i n e  d i g i t a l  com puter  i s  n o t ' s u f f i c i e n t l y  f a s t  a nd , t h u s ,  r e s u l t s  i n  

a  p u re  t im e  d e la y  i n  t h e  l o o p . , ' '

1 .3  SCOPE OF THE THESIS

C h a p te r  2 e n f o l d s  t h e  c o n c e p t  o f  d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n s . i n  

s t o c h a s t i c  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  A new. d e f i n i t i o n  o f

* P i e r r e  and Kolb (67) d e f in e -  c l a s s - I - t y p e  d i s t r i b u t e d - p a r a m e t e r  sy s tem s  
as  t h o s e  w h ich  o s t e n s i b l y  c o n ta i n  no s p a c e - d i s t r i b u t e d  i n p u t s  o r  o u tp u t s  and 
c l a s s - I I - t y p e  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  as th o s e  c o n t a i n i n g  s p a c e -  
d i s t r i b u t e d  i n p u t s  o r  s p a c e - d i s t r i b u t e d  o u t p u t s  o r  b o t h .



4

d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n  i s  i n t r o d u c e d  and i s  shown t o  be  a p p r o p r i a t e ,  

f o r  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  w i th  d i s t r i b u t e d  o u t p u t s .  An o p t im a l  

s t o c h a s t i c  c o n t r o l  p ro b le m  i s  s o lv e d  w i t h  t h e  a i d  o f  t h i s  d i s t r i b u t e d  c o r r e l ­

a t i o n  f u n c t i o n .

C h a p te r  3 i s  d e v o te d  t o  t h e  deve lopm en t o f  l i n e a r  program m ing t e c h n iq u e s  

f o r  u se  i n  t h e  o p t im a l  d e s ig n  o f  l i n e a r  d i s t r i b u t e d - . p a r a m e t e r  sy s tem s  w i th  

d i s t r i b u t e d  o u t p u t s .  The t im e - a n d - s p a c e  sum m ation_of a b s o l u t e  v a lu e s  o f  

d i s t r i b u t e d  e r r o r ,  w i t h  w e ig h te d  c o e f f i c i e n t s , a t  d i s c r e t e  t im e - a n d - s p a c e  

p o i n t s  i s  m in im ized  s u b j e c t  t o  l i n e a r  c o n s t r a i n t s  t o  o b t a i n  d e s i r a b l e  c o n t r o l  

f u n c t i o n s

I n  C h a p te r  4 , o p t i m i z a t i o n  o f  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  sy s tem s  i s  

t r e a t e d  from  a  dynamic program m ing p o i n t  o f  v iew . P r o p e r t i e s  o f  f u n c t i o n a l s  

a r e  d e r i v e d  w hich  a r e  s i m i l a r  t o  t h o s e  w h ich  a p p ly  to  lu m p e d -p a ra m e te r  

s y s te m s .  A ls o ,  a  c lo s e d - f o r m  e x p r e s s i o n  o f  t h e  o p t im a l  c o n t r o l  f u n c t i o n  

i s  d e r i v e d  f o r  t h e  c a se  o f  a  q u a d r a t i c  p e r fo rm a n c e  m easure  o f  d i s t r i b u t e d ■ 

e r r o r .

I n  C h a p te r  5 ,  t h e  t h e o r y  o f  d e a d b e a t  r e s p o n s e  w i th  m in im a l  o v e rs h o o t  

compromise i s  g e n e r a l i z e d  t o  a p p ly  t o  b o t h  m in im al  and nonm in im al  p h ase  

p l a n t s '  e n f o l d i n g  t im e  d e l a y .  J

F i n a l l y ,  t h e  c o n c lu d in g  C h a p te r  6 c o n ta in s -  a  summary o f  t h e  e s s e n t i a l  

v a lu e s  o f  t h e  t h e s i s  r e s e a r c h  and some a s p e c t s  o f  th e  r e s e a r c h  w hich m e r i t  

a d d i t i o n a l  s t u d y .

1 .4  LITERATURE REVIEW

The l i t e r a t u r e  on d i s t r i b u t e d - p a r a m e t e r  sy s tem s  i s  e x t e n s i v e l y  rev ie w e d  

by Kolb (39) and P i e r r e  ( 6 0 ) .  I n  t h i s  s e c t i o n ,  a  s u rv e y  o f  c u r r e n t  l i t e r a t u r e
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r e l a t e d  t o  t h e  g e n e r a l  s c o p e  o f  t h i s  d i s s e r t a t i o n  i s  made. The work d i r e c t l y  

r e l a t e d  t o  t h e  m a t e r i a l  i n  t h i s  d i s s e r t a t i o n  i s  r e v i e w e d . a p p r o p r i a t e l y  i n  

t h e  i n t r o d u c t o r y  s e c t i o n s  o f  t h e  c h a p t e r s .

1 . 4 . 1  O p t im iz a t io n -T e c h n iq u e s .  A p p l i c a b l e  t o  D i s t r i b u t e d - P a r a m e t e r  System s

I n  1960, t h e  f i r s t  m a jo r  s tu d y  o f  o p t im a l  c o n t r o l  o f  d i s t r i b u t e d -  

p a r a m e t e r  sy s te m s  was made by B u tk o v s k i i  and L e m e r  ( 1 2 ) .  T h e y 'f o rm u la te d  

t h r e e  g e n e r a l  o p t im a l  c o n t r o l  p rob lem s a s s o c i a t e d  w i th  d i s t r i b u t e d - p a r a m e t e r  

s y s te m s .  L a t e r ,  B u tk o v s k i i  (16) d e r i v e d  a  maximum p r i n c i p l e  f o r  d i s t r i b u t e d -  

p a r a m e t e r  sy s te m s  a n a lo g o u s  t o  P o n t r y a g i n 1s maximum p r i n c i p l e  (69) f o r  ■ 

lu m p e d -p a ra m te r  s y s te m s .  S o l u t i o n s 'w h i c h  s a t i s f y  th e  n e c e s s a r y  c o n d i t i o n s  

a s s o c i a t e d  w i t h  t h i s  maximum p r i n c i p l e  a r e  n o t  o b t a i n a b l e  i n  g e n e r a l  w i t h o u t  

u s e  o f  a p p ro x im a t io n  (67) . t I n  r e f e r e n c e  (15) ',  B u tk o v s k i i  c o n s id e r e d  r e p r e ­

s e n t a t i o n s  o f  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  by  c o r r e s p o n d in g  s p a t i a l l y  

d i s c r e t i z e d  m o d e ls . By u se  o f  t h i s  a p p ro a c h ,  s e t s  o f  p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n s ' c h a r a c t e r i z i n g  su ch  sy s te m s  a r e  r e d u c e d  t o  s e t s  o f  o r d in a r y  

d i f f e r e n t i a l  e q u a t i o n s  t o  w h ich  P o n t r y a g i n 1s maximum p r i n c i p l e  can  be 

a p p l i e d  d i r e c t l y ,  b u t  t h e  u s u a l  d i f f i c u l t i e s  o f  a p p ly in g  t h i s  p r i n c i p l e  t o  

h i g h - o r d e r  sy s te m s  i s  e n c o u n te r e d .  A lso  f o r  t h i s  d i s c r e t i z e d  m odel,  

B u t k o v s k i i  (19) showed t h a t  a . c l a s s  o f  t h e  o p t im a l  c o n t r o l  p rob lem s a s s o c i -  

a t e d  w i t h  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  can b e  s o lv e d  by  t h e  method o f  

moments ( I ) . I n  r e f e r e n c e  ( 2 0 ) ,  B u tk o v s k i i  and P o l t a v s k i i  s o lv e d  th e  t im e -  

o p t im a l  c o n t r o l  p ro b le m  o f  t h e  o s c i l l a t i n g  s t r i n g  w i th  t h e  a i d  o f  K r e in 1S 

L -p ro b lem  o f  moments ( I )  and v a r i a t i o n a l  m e th o d s .

The c l a s s i c a l  K r e i n 1S L -p ro b le m  o f  moments ( I )  can b e  s t a t e d  as f o l l o w s :  

g iv e n  n l i n e a r l y  in d e p e n d e n t  v e c t o r s  h ^ ,  h g ,  . . . ,  h n o f  a normed l i n e a r

V.
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s p a c e  E and n r e a l  numbers c1̂ , n o t  a l l  z e r o ,  and th e  p o s i t i v e

r e a l  num ber ,L, f i n d  th e  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  on c ^ ,  c ^ ,  . . 

cn , and L f o r  t h e r e  t o  e x i s t  a  l i n e a r  f u n c t i o n a l  f ( h )  w hich  s a t i s f i e s  

f Chi ) = c1 , ( 1 . 1)

and

| | f | |  = sup f ( h )  z.L ( 1 . 2 )
Ilhll I N

In  1957, K r a s s o v s k i i  (43) r e d u c e d  th e  t im e - o p t im a l  c o n t r o l  p ro b le m  i n  

lu m p e d - p a r a m e te r  s y s te m  t h e o r y  t o  K r e i n ’ s L -p ro b le m  o f  m oments. He u sed  

some p r o p e r t i e s  d e r i v e d  by  K re in  ( I )  t o  o b t a i n  t h e  e x p r e s s i o n  f o r  an o p t im a l  

i n p u t  w h ich  i s  bounded  i n  a m p l i t u d e .  Two y e a rs -  l a t e r ,  K u l ik o w s k i i '  (4 5 ,  4 6 ,  

47 ,  48) showed th e  K re i n ' s  r e s u l t s  can be  d i r e c t l y  a p p l i e d  t o  d e r i v e  t im e -  

o p t im a l  c o n t r o l  w i t h  am p litude- ,  e n e r g y ,  p o w e r ,  and f u e l  c o n s t r a i n t s .  A l s o ,  

K u l ik o w s k i i  (4 8 ,  49) u se d  r e s u l t s  from f u n c t i o n a l  a n a l y s i s  t o  t r e a t  c e r t a i n  

p ro b le m s  a s s o c i a t e d  w i t h  n o n l i n e a r  p l a n t s  and a d a p t iv e  s y s t e m s . , The works 

by K r a s s o v s k i i  and K u l i k o w s k i i . w ere  g e n e r a l i z e d  by Krqnc and S a r a c h ik  (42) 

t o  a p p ly  to  t h e  c a se  o f  a t i m e - o p t im a l  n ^ - o r d e r  sy s te m  w i th '  r  i n p u t s .  

R e c e n t l y ,  C haudhu ri  (22) f u r t h e r  g e n e r a l i z e d  th e  works by K rapc  and S a r a c h ik  

(42)  to  a p p ly  to  t h e  o p t im a l  d e s ig n  o f  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  

B ut t h e  d i f f i c u l t i e s  i n  d e te r m in in g  th e  o p t im a l  time, o f  t h e  sy s tem - (22) a re  

q u i t e  a p p a r e n t .  Sw iger  (80)  showed t h a t  t h e  p ro b le m  o f  m in im u m -e f fo r t  

c o n t r o l  o f  d i s t r i b u t e d - p a r a m e t e r  sy s tem s  can be  s o lv e d  by th e  t h e o r y  o f  • 

minimum normed o p e r a t o r s  ( 5 3 ) .  F o r  an e x a c t  s o l u t i o n ,  t h i s  a p p ro ach  r e q u i r e s  

s o l u t i o n  o f  an i n f i n i t e  number o f  l i n e a r  a l g e b r a i c  e q u a t i o n s  w i t h  an i n f i n i t e  

number o f  unknowns. But i f  o n ly  a f i n i t e  number o f  p o i n t s  i n  th e  s p a t i a l

f
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domain i s  u s e d  t o  rep  r e g e n t  t h e  e n t i r e  dom ain , t h e  p ro b le m  can be re d u c e d  to

K r e i n ’ s L -p ro b le m  o f  moments„ F o r  a Mayer p ro b le m  i n  d i s t r i b u t e d - p a r a m e t e r

sy s te m s  w hich  c o n ta i n  n o n d i s t r i b u t e d  o u tp u ts ,  K atz  (38) a p p l i e d  f u n c t i o n a l

a n a l y s i s  and v a r i a t i o n a l  m ethods to  f o r m u la t e  a g e n e r a l  s e t  o f  n e c e s s a r y

c o n d i t i o n s  t o  be  s a t i s f i e d  by an o p t im a l  s y s te m .  A n d re y e r  and B u tk o v s k i i  (2)

s o l v e d  th e  t im e - o p t im a l  c o n t r o l  p ro b le m  f o r  h e a t i n g  a m a ss iv e  body i n  a

f u r n a c e  by u se  o f  a s p a t i a l - h a r m o n i c - t r u n c a t e d  model and f u n c t i o n a l  a n a l y s i s .

Of sy s te m s  e n f o l d i n g  t im e  d e l a y ,  Newton, e t  a l .  ( 5 7 ) ,  d e m o n s t ra te d  t h e

u se  o f  th e  W iener-H opf  s p e c t r u m - f a c t o r i z a t i o n  t e c h n iq u e  (6 4 ,  57) to  e f f e c t

m in im u m - in t e g r a l - s q u a r e  o r  m e a n - s q u a r e - e r r o r  d e s ig n .  In  o r d e r  t o  e f f e c t
< . ■

t h e  f a c t o r i z a t i o n ,  Fade a p p ro x im a t io n s  (84) w ere  u se d  t o  e n a b le  th e  a p p l i c a ­

t i o n  o f  th e  W iener-H opf  t e c h n iq u e  i n  th e  u s u a l  m anner. P i e r r e  (6 2 ,  66 ) 

g e n e r a l i z e d  th e  a p p ro ach  o f  Newton, e t  a l .  ( 5 7 ) ,  t o  a p p ly  t o  l i n e a r  

d i s t r i b u t e d - p a r a m e t e r  sy s tem s  w hich  c o n ta i n  no  s p a c e - d i s t r i b u t e d  in p u t s  o r  

o u t p u t s .  By a p p ly in g  t h e  W iener-H opf s p e c t r u m - f a c t o r i z a t i o n  t e c h n i q u e ,

P i e r r e  d e r i v e d  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  d e s ig n  o f  l i n e a r  

c o n t r o l l e r s  t o  o b t a i n  a m inim um -m ean-square  e r r o r .  Kolb (39)  and Kolb and 

P i e r r e  (40) f u r t h e r  g e n e r a l i z e d  th e  W iener-H opf  t e c h n iq u e  f o r  t h e  d e s ig n  o f  

l i n e a r  d i s t r i b u t e d - p a r a m e t e r  sy s tem s  w i t h  s p a t i a l l y  d i s t r i b u t e d  i n p u t s  o r  

o u tp u t s  o r  both,; To e f f e c t  t h e  f a c t o r i z a t i o n ,  P i e r r e  (6 2 ,  66 ) ,  Kolb - (39) 

and Kolb and P i e r r e  (40) u s e d  r a t i o n a l  f r a c t i o n  a p p ro x im a t io n s  (2 1 ,  |41, 61)
I

f o r  t h e  n o n r a t i o n a l  t e r m s .  M oreove r ,  Kolb (39) d i s c u s s e d  g e n e r a l  c l a s s e s  

o f  p e r fo rm a n c e  m easu res  a p p l i c a b l e  i n  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  These 

p e rfo rm a n c e  m easu res  p a r a l l e l e d  t h o s e  f o r  lu m p e d -p a ra m e te r  sy s te m s  c o n s id e r e d

by  S c h u l t z  and R id e o u t  ( 7 5 ) .  A ls o ,  Kolb (39) c l a r i f i e d  B e n in 's  work (77) on 

t h e  s t a t i s t i c a l . d e s i g n  o f  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  I n  e s s e n s e ,  th e
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c o n c e p ts  o f  c o r r e l a t i o n  f u n c t i o n  a n a l y s i s  w ere  e x te n d e d  t o  i n c l u d e  

d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  -

Goodson and K h a t r i  (30) used, t h e ■c a l c u l u s  o f  v a r i a t i o n s  t o  o b t a i n  a 

n e c e s s a r y  c o n d i t i o n  f o r  o p t i m a l i t y  o f  a d i s t r i b u t e d  s y s te m  d e s c r i b e d  by 

an i n t e g r a l  e q u a t i o n ,  The o u tp u t  o f  th e  s y s te m  i s  n o t  s p a t i a l l y  d i s t r i b u t e d , ,  

To o b t a i n  an e x p l i c i t . fo rm  o f  th e  o p t i m a l ■fe e d b a c k  c o n t r o l  s y s te m ,  t r u n c a ­

t i o n  o f  a n .i n f i n i t e  s e r i e s  i s  r e q u i r e d .  F o r  a n o th e r  a p p ro a c h  . ( 3 0 ) ,  th e  

t r a n s c e n d e n t a l  L apI a c e - t r a n s f o r m  t r a n s f e r  f u n c t i o n  o f  t h e  d i s t r i b u t e d -  

p a r a m e t e r  p l a n t  i s  a p p ro x im a te d  by a few term s i n  th e  i n f i n i t e  p r o d u c t  

"ap p ro x im a tio n s  u s e d  by O ld e n b u rg e r  and Goodson ( 5 8 ) ;  th e n  P o n t r y a g i n ' s 

maximum p r i n c i p l e  i s  a p p l i e d  to  o b t a i n  t h e  o p t im a l  fe e d b a c k  c o n t r o l  law 

f o r  t h e  a p p ro x im a te  .m odel.

U s in g  dynamic p rogram m ing t e c h n i q u e s ,  B rogan (11) r e d u c e d  t h e  o p t im a l  

c o n t r o l  p ro b lem s  f o r  a  c l a s s  o f  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  t o  t h e  - s o l u t io n  

o f  a p a i r  o f  t w o - p o in t  b o u n d a ry - v a lu e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  The

s p e c i f i c  form  o f  th e  b o u n d a ry  c o n d i t i o n s  depends upon th e  p a r t i c u l a r  p r o b -
\

Iem b e i n g  c o n s id e r e d  and m ust b e  o b t a i n e d  by  c o n s i d e r i n g  t r a n s v e r s  a l l ty  

c o n d i t i o n s .  N u m e ric a l  a lg o r i th m s  f o r  s o l v i n g  the. tw o - p o in t  b o u n d a ry - v a lu e

p ro b lem s  a re  d e v e lo p e d .  A lso  Brogan (11) showed t h a t  r e q u i r e m e n ts  f o r
■

c o n t r o l l a b i l i t y  (37) o f  lu m p e d -p a ra m e te r  sy s te m s  g u a ra n te e  o n ly  e -

con t  r.o 11 ab i  I  i t y  when "app lied  t o  d i s t r i b u t e d - p a r a m e t e r ,  sy s te m s  . A sy s te m  i s

s a i d  t o  b e  e - c o n t r o l l a b l e  i f  t h e  s t a t e  o f  the, sy s te m  can be  f o r c e d  i n t o  an
'  \

e p s i l o n  n e ig h b o rh o o d  o f  th e  d e s i r e d  s t a t e  w i t h i n  a f i n i t e  amount o f  t im e ,  

b u t  i t . i s  n o t  n e c e s s a r y  f o r  th e  s y s te m  t o  be . m a in ta in e d  i n . t h i s  n e ig h b o r ­

hoo d .  M ira n k e r  (56) a l s o  d e r i v e d  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r
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x

e - c o n t r e l i a b i l i t y  o f  a  c e r t a i n  c l a s s  ,o f  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .

To c l a r i f y  t h e  m ean ing  o f . c o n t r o l l a b i l i t y  o f  lu m p e d -p a ra m e te r  sy s tem s  

Lemay (5 1 ,  52) d e f i n e d  th e  te rm  r e a c h a b i l i t y  and m a i n t a i n a b i l i t y .  In  

e s s e n c e ,  a  s y s te m  i s  s a i d  to  have  th e  r e a c h a b l e  p r o p e r t y  i f  i t  can be 

d r i v e n  from  i t s  i n i t i a l  s t a t e  t o  t h e  d e s i r e d  f i n a l  s t a t e  i n  f i n i t e  t im e ,  

and a  s y s te m  i s  s a i d  t o  h a v e  th e  m a i n t a i n a b i l i t y  p r o p e r t y  i f  c o n t r o l l i n g  

a c t i o n s  a r e  c a p a b le  o f  m a i n t a i n i n g  th e  s y s te m  a t  t h i s  d e s i r e d . s t a t e  t h ro u g h ­

o u t  t h e  r e m a in d e r  o f  t h e  p r o c e s s .  F o r  d i s t r i b u t e d - p a r a m e t e r  s y s t e m s ,. Kolb 

(39) i n t r o d u c e d  th e  te rm s  e - r e a c h a b i l i t y  and e- m a i n t a i n a b i l i t y  as f o l l o w s :

A s y s te m  i s  s a i d  t o  b e  e - r e a c h a b l e  f o r  a  s e t  o f  s t a t e s  i f  a d m i s s ib l e  c o n t r o l  

s i g n a l s  e x i s t  w h ich  w i l l  t a k e  t h e  sy s te m  from  a  g iv e n  i n i t i a l  s t a t e  to
v- -

w i t h i n  an e - n e ig h b o r h o o d  o f  any g iv e n  d e s i r e d  s t a t e  from  th e  s e t  o f  d e s i r e d

s t a t e s  i n  a  f i n i t e  t im e  T ( e ) ; and a s y s te m  i s  s a i d . t o  b e  e - m a i n t a i n a b l e  f o r
' 1 1 ' ’

a  s e t . o f  s t a t e s  i f  i t  i s  e - r e a c h a b l e  f o r  t h e  s e t  o f  s t a t e s  and i f ,  i n  a d d i ­

t i o n ,  a d m i s s ib l e  c o n t r o l  s i g n a l s  e x i s t  w h ich  w i l l  m a i n t a i n  any o f  t h e  s t a t e s
; ;  !-

i n  t h e  s e t  w i t h i n  a s p e c i f i e d  e-n e ig h b o r h o o d  f o r  a l l  T g r e a t e r  th a n  T ( e ) .

A ls o ,  Wang and Tung ( 86) i n v e s t i g a t e d  c o n t r o l l a b i l i t y  and o b s e r v a b i l i t y  (37). 

o f  d i s t r i b u t e d - r p a r a m e t e r  s y s te m s .

M cCausland (5 4 ,  55) d e v e lo p e d  t h r e e  a p p ro x im a te  m e th o d s ,  nam e ly ,  a 

s u b d i v i s i o n  o r  f i n i t e  d i f f e r e n c e  m ethod , a  h a rm o n ic  o f  F o u r i e r  s e r i e s  m e t h o d , - 

and a  p a r a b o l i c  m ethod , f o r  s y n t h e s i z i n g  b a n g -b a n g  c o n t r o l l e r s  t o  o b t a i n  

minimum -time p e r fo rm a n c e  f o r  a  l i n e a r  d i f f u s i o n  p r o c e s s  i n  w h ich  c o n t r o l  

i n p u t s ,  a p p l i e d  a t  th e  s p a t i a l  b o u n d a ry ,  a r e  s u b j e c t  t o  a b s o l u t e - v a l u e  

c o n s t r a i n t s .  I n  a d d i t i o n ,  M cCausland (5 4 ,  55) i n v e s t i g a t e d  c o n d i t i o n s  f o r  

c o n t r o l l a b i l i t y  o f  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .
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Sakawa (74) d e r i v e d  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  o p t i m a l i t y  

o f  o n e - d im e n s io n a l  l i n e a r  s t a t i o n a r y  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  which 

a r e  c o n t r o l l e d  by b o u n d a ry  c o n t r o l  f u n c t i o n s .  The p e r fo rm a n c e  m easure  u se d  

by Sakawa (74) i s  t h e  s p a t i a l  i n t e g r a l  o f  th e  s q u a re d  e r r o r  a t  th e  t e r m i n a l  

t im e ,  augm ented  by  an e n e rg y  m easure  o f  t h e  c o n t r o l  v a r i a b l e s .  When th e  

c o n t r o l  v a r i a b l e s ' a r e  n o t  r e q u i r e d  t o  s a t i s f y  a d d i t i o n a l  c o n s t r a i n t s ,  t h e  

o p t im a l  c o n t r o l  i s  i n  t h e  fo rm  o f  F redholm  i n t e g r a l  e q u a t i o n s  o f  th e  s e c o n d ,  

k i n d .  But i f  t h e  c o n t r o l  f u n c t i o n s  a r e  m a g n i t u d e - l i m i t e d ,  t h e  o p t i m a l . 

c o n t r o l  i s  i n  t h e  form  o f  n o n l i n e a r  i n t e g r a l  e q u a t i o n s .  Egorov  (2 5 ,  26) 

d e r i v e d  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s ,  i n  t h e  form  o f  i n t e g r a l  i n e q u a l ­

i t i e s ,  f o r  o p t im a l ,  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  These  same c o n d i ­

t i o n s  a r e  m e re ly  n e c e s s a r y  c o n d i t i o n s  i f  t h e  sy s te m  i s  n o n l i n e a r .

R e c e n t l y , s e v e r a l  c o m p u t a t i o n a l ' a lg o r i th m s  ( 3 -, 4 ,  11 ,  24 80) w ere 

d e v e lo p e d  t o  s o lv e  o p t im a l  c o n t r o l  p ro b le m s  a s s o c i a t e d  w i t h  d i s t r i b u t e d -  

p a r a m e t e r  s y s te m s .  A xelband  ( 3 ,  4) a p p l i e d  f u n c t i o n - s p a c e  m ethods t o  e f f e c t  

th e  o p t im a l  c o n t r o l  o f  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  In  r e f e r e n c e  ( 4 ) ,  

A xelband  s u g g e s t e d  a  convex  program m ing a l g o r i t h m  (33) t o  s o l v e  t h e  p ro b le m  

o f  m in im iz in g  t h e  norm o f  t h e  d i f f e r e n c e  be tw e en  d e s i r e d  s y s te m  re s p o n s e  

and a c t u a l  s y s te m  r e s p o n s e  o f  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  w i th  

bounded i n p u t s .  D enn, e t  a l .  ( 2 4 ) ,  d e v e lo p e d  .a c o m p u ta t io n a l  a lg o r i t h m  

b a s e d  on t h e  m ethod o f  s t e p p e s t  a s c e n t  ( 3 3 ,  64) t o  s o lv e  an o p t im a l  c o n t r o l  

p ro b le m  i n . c o n ju n c t io n  w i t h  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  o p t i p a i i t y  which" 

a r e  d e r i v e d  by  v a r i a t i o n a l  m e th o d s .

E r z b e r g e r .and Kim (27) c o n s id e r e d  t h e  p ro b le m  o f  d e s i g n i n g  an optimum 

c o n t r o l l e r  f o r  b o u n d a ry  c o n t r o l  o f  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  b a s e d  on a
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q u a d r a t i c  e r r o r  c r i t e r i o n .  By a p p ly in g  dynam ic program m ing , E r z b e r g e r  and 

Kim d e r i v e d - a  H a m i l to n - J a c o b i  e q u a t i o n  f o r  d i s t r i b u t e d - p a r a m e t e r  s y s te m s ,  

u n d e r  a q u a d r a t i c  e r r o r  c r i t e r i o n ,  th e  g e n e r a l  s o l u t i o n  o f  w hich  i s , n o t
Z

o b t a i n a b l e  by  u s e  o f  e x i s t i n g  m ethods .

R e c e n t ly  Yeh and Tou ( 88) u s e d  B u t k o v s k i i ' s maximum p r i n c i p l e  (1 6 ,  18) 

t o  d e r i v e  an o p t i m a l - c o n t r o l  f u n c t i o n  f o r  a  c l a s s  o f  d i s t r i b u t e d - p a r a m e t e r  

sy s te m s  i n  te rm s  o f  i n t e g r a l  e q u a t i o n s .  U z g i r i s  and D1Souza (83) u sed  th e  

p r o p e r t i e s  d e v e lo p e d  by K re in  ( I )  t o  o b t a i n  a  t i m e - o p t im a l  c o n t r o l  f u n c t i o n  

f o r  a  p l a n t  d e s c r i b e d  by a  l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  o f  p a r a ­

b o l i c  ty p e  w i t h  n o n l i n e a r  b o u n d a ry  c o n d i t i o n s .  The m odel u s e d  i n  r e f e r e n c e  

(83)  i s  t h e  s p a t i a l l y  - d i s c r e t i z e d  one . However, U z g i r i s  and D1Souza d id  

n o t  j u s t i f y  a p p l i c a t i o n  o f  t h e  K r e i n ' s  L -p ro b le m  ( I )  t o  a c l a s s  o f  n o n l i n e a r  

f u n c t i o n a l ,  e q u a t i o n s ,

1 . 4 . 2  M odeling

I n  r e c e n t  y e a r s ,  much a t t e n t i o n  h a s  b e e n  d e v o te d  t o  m o d e l in g  d i s t r i b u t e d  

p a r a m e t e r  s y s te m s .  P i e r r e  (60) and P i e r r e  and H ig g in s  (65) u s e d  s ampI e d -  

d a t a  sy s te m s  (3 5 ,  50 , 72, 82) t o  r e p r e s e n t  d i s t r i b u t e d - p a r a n i e t e r  s y s te m s .  

D i s t r i b u t e d - p a r a m e t e r  e le m e n ts  can be  i s o l a t e d  from  th e  lu m p e d -p a ra m e te r  

e le m e n ts  by  s u i t a b l y  s e l e c t e d  s a m p le -a n d - h o ld  c i r c u i t s .  S e l e c t i o n  o f  th e  

s a m p l in g  p e r i o d  i s  d i s c u s s e d - i n  t h e  l i t e r a t u r e  (3 6 ,  6 5 ) .  R e c e n t l y ,  Gravey 

and D 'Souza (32) m o d if ie d  one o f  P i e r r e ' s  s a m p le d - d a ta  m odels  (6 0 ,  65) by 

u s in g  o n ly  one sampI e - a n d - h o l d  c i r c u i t . "  G a i t h e r ,  e t  a l . , (28)  p ro p o se d  two 

t e c h n i q u e s ,  n a m e ly ,  q u a n t i z a t i o n  and i n t e g r a l  t r a n s f o r m a t i o n ,  f o r  m ode ling  

d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  I f  th e  s p a t i a l  v a r i a b l e s  a r e  q u a n t i z e d ,  i . e » ,  

b r o k e n  i n t o  " lum ps"  w h i l e  t h e  t im e  v a r i a b l e  i s  c o n t in u o u s ,  p a r t i a l
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d i f f e r e n t i a l  e q u a t i o n s  a r e  r e d u c e d  t o  s e t s  o f  o r d in a r y  d i f f e r e n t i a l  e q u a t i o n s . 

A l l  t h e  lu m p e d -p a ra m e te r  t e c h n i q u e s  o f  m o d e l in g  can t h e n  b e  a p p l i e d .  In  

. th e  i n t e g r a l  t r a n s f o r m a t i o n  m ethod , o n ly  a  f i n i t e  number o f  s p a t i a l  h a rm o n ics  

i s  c o n s id e r e d  i n  t h e  m odel.  G a i t h e r ,  e t  a l . , found  c l o s e  a g re e m e n t  be tw een  

th e  r e s u l t s  i n  th e  f r e q u e n c y  domain f o r  b o t h  m e th o d s .

I n  h i s  Ph .D . d i s s e r t a t i o n  ( 3 9 ) ,  Kolb u s e d  f o u r  d i f f e r e n t  m odels f o r  

l i n e a r  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  For d i s t r i b u t e d - p a r a m e t e r  sys tem s  

w i t h  b d u n d a ry  i n p u t s  and a  d i s t r i b u t e d  o u t p u t ,  two m odels —  a  s e r i e s - f o r m ,  

r e p r e s e n t a t i o n  and a p a r a l l e l - f o r m  r e p r e s e n t a t i o n  —  a r e  d e v e lo p e d  on th e  

b a s i s  t h a t  o n ly  v a lu e s  o f  a  d i s t r i b u t e d  s t a t e  v a r i a b l e  a t  s p e c i f i c  s p a t i a l  

p o i n t s  a r e  o f  i n t e r e s t .  I n  th e  s e r i e s - f o r m  r e p r e s e n t a t i o n ,  t h e  v a lu e  o f  

d i s t r i b u t e d  s t a t e  v a r i a b l e  a t  a  g iv e n  p o i n t  i n  th e  s p a t i a l  domain i s  

e x p r e s s e d  i n  te rm s  o f  t h e  v a lu e  o f  th e  d i s t r i b u t e d  s t a t e  v a r i a b l e  a t  an 

a d j o i n i n g  p o i n t  i n  t h e  s p a t i a l  dom ain. B ut i n  t h e  p a r a l l e l - f o r m  r e p r e s e n t a ­

t i o n ,  th e  v a lu e  o f  d i s t r i b u t e d  s t a t e  v a r i a b l e  a t  each  p o i n t  o f  i n t e r e s t  i n  

t h e  s p a t i a l  domain i s  w r i t t e n  i n  te rm s o f  t h e  bo u n d a ry  i n p u t s .  The t h i r d  

m o d e l ,  t h e  s p a t i a l - h a r m o n i c  r e p r e s e n t a t i o n ,  i s  one i n  w h ich  va  d i s t r i b u t e d -  

p a r a m e te r  s y s te m  i s  r e p r e s e n t e d  by a h a rm o n ic  s e r i e s  i n  t h e  s p a t i a l  v a r i a b l e .  

G e n e r a l ly ,  b e c a u s e  o f  t h e  p r e s e n c e  o f  an i n f i n i t e  number o f  s p a t i a l  h a rm o n ic s ,  

an i n f i n i t e  number o f  b l o c k s  i s  r e q u i r e d  t o  r e p r e s e n t  a d i s t r i b u t e d - p a r a m e t e r  

s y s te m  e x a c t l y  w i t h  t h i s  m odel.  The f o u r t h  model d e v e lo p e d  by  Kolb f o r  ' 

l i n e a r  d i s t r i b u t e d - p a r a m e t e r  sy s tem s  w i t h  d i s t r i b u t e d  i n p u t s  and o u tp u t s  

i n v o lv e s  i m p l i c i t  , t r a n s f e r  f u n c t i o n s  be tw e en  d i s t r i b u t e d  i n p u t  .v a r i a b le s '  

and o u t p u t s .
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2■I  INTRODUCTION

Methods o f . s t a t i s t i c a l  a n a l y s i s  and s y n t h e s i s  a r e  o f  im p o r ta n c e  f o r  th e  

d e s ig n  o f  c o n t r o l l e r s  f o r  sy s tem s  w h ic h  c o n t a i n  random p a r a m e t e r s , m ea su re ­

ment n o i s e s ,  o r . r a n d o m  f o r c i n g  f u n c t i o n s . A s p e c i a l  form  o f  c o r r e l a t i o n  

f u n c t i o n  f o r  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  was i n t r o d u c e d .b y  I t s k o v i c h  (34)

i n  1963. • I t s k o v i c h  u se d  a  d i s c r e t e  form o f  c o r r e l a t i o n  f u n c t i o n  t o  c o r r e l a t e  

o u t p u t . r e s p o n s e s  a t  two p a r t i c u l a r  p o i n t s  i n  t h e  s p a c e .  U s in g  t h i s  c o n c e p t ,  

he  d e te r m in e d  th e  optimum l o c a t i o n  o f  p ic k u p s  i n  a d i s t r i b u t e d  f i e l d .  In  

1964, S e n in  (76) e x te n d e d  I t s k o v i c h ' s  i d e a s  by d e f i n i n g  a c o n t in u o u s  form  o f

c o r r e l a t i o n  f u n c t i o n .  W ith h i s  d e f i n i t i o n  o f  c o r r e l a t i o n  f u n c t i o n ,  S en in  

(7 6 ,7 7 )  d e r i v e d  r e l a t i o n s h i p s  be tw e en  t h e  c o r r e l a t i o n  f u n c t i o n s  o f  th e  i n p u t .
i

and t h e  o u t p u t - s i g n a l s  i n  a sy s te m  c h a r a c t e r i z e d  by ' t h e  h e a t  e q u a t i o n  w i t h
i ■ : :

s e v e r a l  ty p e s  o f  b o u n d a ry  c o n d i t i o n s .  R e c e n t l y ,  Kolb (38) c l a r i f i e d  apd 

e x panded  th e  t h e o r y  d e v e lo p e d  by  S en in  i n  r e f e r e n c e  (7 6 ) .
-j

In  . t h i s  c h a p t e r ,  a n e w - d e f i n i t i o n  o f  c o r r e l a t i o n  f u n c t i o n  i s  i n t r o d u c e d  

f o r  u s e  w i t h  d i s t r i b u t e d - p a r a m te r  sy s tem s  t h a t  a r e  t im e  and s p a t i a l  i n  v a r i ­

a n t  and t h a t - a r e  e x c i t e d  by random s i g n a l s  w hich  s a t i s f y  t h e  e r g o d i e  h y p o th ­

e s i s .  In  S e c t i o n  2 . 2 ,  r e l a t i o n s h i p s  a r e , d e r i v e d , ^ h ic h  p a r a l l e l  w e ll-know n

r e l a t i o n s h i p s !  in* th e  s t a t i s t i c a l , . . a n a l y s i s  o f  lu m p e d ^ p a ra m e te r  s y s te m s .
1

The o p t im a l  c o n t r o l  p r o b le m  d f  S e c t io n  2 .3  i s  shown to  b e  a  W iener-H opf 

s p e c t r u m - f a c t o r i z a t i o n  p ro b le m , th e  s tu d y  o f  w h ic h  i s  f a c i l i t a t e d  by th e  

u se  o f  t h e  n e w .d e f i n i t i o n  o t  d i s t r i b u t e d ' ' c o r r e l a t i o n  f u n c t i o n .

■ i
2 .2  PROPERTIES OF THE DISTRIBUTED. CORRELATION FUNCTION

TT -. '■< “ '-Sfft '
I n  o r d e r  t o  de v e lo p  a  method o f  s t a t i s t i c a l  a n a l y s i s  i n . d i s t r i b u t e d -  

p a r a m e t e r  sy s te m s  i n  p a r a l l e l  to  a n . e x i s t i n g  m ethod i n  lu m p e d -p a ra m e te r
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s y s te m s ,  th e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  a  d i s t r i b u t e d  s i g n a l  y ^ ( x , t )  whose 

domain o f  d e f i n i t i o n  i s  [ 0 ,L ] - x  i s  d e f i n e d  as

y I y I

'A I T' L
( x , t > = l i r a — r  /  . /  y n ( C j t ) y 1 (x+C ,t+T) d g d t .

T-x» 2TL -T  0" 1
(2 . 1)

and th e  c r o s s - c o r r e l a t i o n  f u n c t i o n  o f  two d i s t r i b u t e d  s i g n a l s  y ^ ( x , t )  and 

y 2 ( x , t )  i s  d e f i n e d  as

a T h '
R ( x , t ) = I i m - 1 — /  /  y - (£ , t ) y  ( x + £ , t + r )  dgd t ( 2 .2 )

y l y 2  T - k »  2 T L  - T  O 1  Z

The d e f i n i t i o n s  o f  th e  d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n s  i n  E q u a t io n s

2 .1  and 2 .2  a r e  somewhat d i f f e r e n t  from  t h o s e  u s e d  by S e n in  (7 6 ,  7 7 ) .  S en in

(76) d e f i n e d  th e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  a d i s t r i b u t e d  s i g n a l  as

R„ __ ( x , z , T) = I im  —  /  y - ( x , t ) y 1 ( z , t+ T )  d t  
T-X= ■ -Ty I y I

(2 .3 )

The a d v a n ta g e  t o  th e  d e f i n i t i o n  .of th e  d i s t r i b u t e d  a u t o c o r r e l a t i o n  f u n c t i o n  

i n  E q u a t io n  2 .1  i s  t h a t  when x = 0 and t = 0 ,  th e  d i s t r i b u t e d  a u t o c o r r e l a t i o n  

f u n c t i o n  re d u c e s  . to  t h e  t im e - a n d - s p a c e  m ea n -sq u a re  v a lu e  o f  y ( - x , t ) .  T h is  

i s  n o t  th e  c a se  f o r  t h e  d i s t r i b u t e d  a u t o c o r r e l a t i o n  f u n c t i o n  o f  E q u a t io n  2 .3 .

When x = z = x  and t = 0,  th e  d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n  o f  E q u a t io n
1 , i'

2 .3  y i e l d s  o n ly  t h e  t im e  m ea n -sq u a re  v a lu e  o f  y ^ ( x , t )  a t  t h e  p o i n t  x = x^«

T h e r e f o r e ,  th e  d e f i n i t i o n  o f  t h e  c o r r e l a t i o n  f u n c t i o n  i n  E q u a t io n  2 .3  i s  

more . a p p r o p r i a t e  i f  t h e  o u t p u t  . r e s p o n s e  o f  a sy s te m  i s  n o t  d i s t r i b u t e d ;  i f  

t h e  o u t p u t  i s  d i s t r i b u t e d ,  t h e  d e f i n i t i o n  o f  th e  c o r r e l a t i o n  f u n c t i o n  i n  

E q u a t io n  2 .1  i s  more a p p r o p r i a t e .



16

In  c o n ju n c t io n  w i t h  th e  d e f i n i t i o n  o f  d i s t r i b u t e d  c r o s s - c o r r e l a t i o n  

f u n c t i o n  i n  E q u a t io n  2 . 2 ,  th e  c r o s s - c o r r e l a t i o n  f u n c t i o n  a s s o c i a t e d  w i th  

y - ^ ( x , t )  and y ^ C xg t)  can be  w r i t t e n  as

T L , ■
_ ( x , t) = I im  ——  /  /  y U 5O y 1 (x+5 ,t+ T )  dgd t ( 2 .4 )

y 2y l  T-X= 2TL -T  Q .

By change o f  dummy v a r i a b l e s  o f  i n t e g r a t i o n ,  i t  can be s h o w n . th a t

Ry y (x,T) = Rv v ( -X 9-T) (2 .5 )
y V  2 y 2y l

A c o r r e l a t i o n  f u n c t i o n  be tw een  a d i s t r i b u t e d  s i g n a l  and a lumped s i g n a l  

i s  o f  u se  i n  s t a t i s t i c a l  a n a l y s i s  when a b o u n d a ry  i n p u t  o f  a  d i s t r i b u t e d -  

p a r a m e t e r  s y s te m  i s  s t o c h a s t i c  i n  n a t u r e .  T h e r e f o r e , th e  c r o s s - c o r r e l a t i o n  

f u n c t i o n  a s s o c i a t e d  w i t h  a  d i s t r i b u t e d  s i g n a l  y -^ (x , t )  and a lumped s i g n a l  

y ^ ( t )  i s  d e f i n e d  h e r e  as

T
Rv v ( x , t) = I im  / '  y  ( x , t ) y  ( t+ x )  d t  ( 2 . 6 )

y I y 3 T-x» - T 1

The s u p e r s c r i p t  M o f  R i n  E q u a t io n  2 .6  d e n o te s  th e  m ix tu re  o f  th e  d i s t r i b u t e d  

and lu n p e d  s i g n a l s  i n  th e  c o r r e l a t i o n  f u n c t i o n .  I t  c a n .b e  shown t h a t

R^ ( x ,x )  = R ( x , - t ) , ( 2 .7 )
y l y 3 . y 3y l

whe re

T
RM ( x , t ) = I im  —i — /  y ( t ) y  ( x , t+ x )  d t  ' ( 2 .8 )

y 3y l  T-xo Z.L - T j l

To u se  c o r r e l a t i o n  f u n c t i o n s  i n  t h e  . a n a ly s i s  and s y n t h e s i s  o f  l i n e a r  

d i s t r i b u t e d - p a r a m e t e r  s y s te m s ,  r e l a t i o n s h i p s  be tw een  c o r r e l a t i o n  f u n c t i o n s ■
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o f  d i s t r i b u t e d  o u t p u t  s i g n a l s  and i n p u t  s i g n a l s  o f  a  s y s te m  m ust be e s t a b ­

l i s h e d .  F o r  s i m p l i c i t y ,  c o n s i d e r  a d i s t r i b u t e d - p a r a m e t e r  s t a b l e  l i n e a r  

s y s te m ,  h a v in g  a  s i n g l e  s t o c h a s t i c  i n p u t  u ( t )  and a  s i n g l e  d i s t r i b u t e d  o u t ­

p u t  y ( x , t ) , w h ich  i s  c h a r a c t e r i z e d  by

CO

y ( x , t )  = /  g ( x , a ) u ( t - g )  do , ( 2 .9 )
— CO

w here  g ( x , t )  i s  th e  G re e n ’ s f u n c t i o n  o r  im p u ls e  r e s p o n s e  o f  th e  sy s te m .

The a u t o c o r r e l a t i o n  f u n c t i o n  a s s o c i a t e d  w i t h  th e  d i s t r i b u t e d  s i g n a l  

y ( x , t )  i s ,  g iv e n  by th e  d e f i n i t i o n  i n  E q u a t io n  2 .1 .  A f t e r  a p p r o p r i a t e  s u b s t i ­

t u t i o n  o f  th e  r i g h t - h a n d  member o f .E q u a t i o n  2 .9  i n t o  E q u a t io n  2 . 1 ,  f o l lo w e d  

by  an i n t e r c h a n g e  i n  th e  o r d e r  o f  i n t e g r a t i o n , *  i t  rea d s  

L ° °  . 0 0

R ( x , t ) = /  d? /  d a 1g ( ? i a 1) /  d a 2g ( x + £ ,o 2 )
y y o —co —oo

■ - ■ i  fTl im  ^ —  -J d t u ( t - a  ) u ( t+ T - a  )
T-k» 2T- -T  I  z

L • =° ■ ■ «>
= -—  /  dg J  da g ( ? , a  ) J da g (x + 5 , a 2 )Ru u (T+a - a  ) ( 2 . 10)

L q -oo 1 J- _ c o Z 1 z
, 1

w here  R^u ( t ) i s  th e  a u t o c o r r e l a t i o n  f u n c t i o n  a s s o c i a t e d  w i t h  t h e  lumped 

s i g n a l  u ( t ) .

O p e r a t i o n a l l y ,  E q u a t io n  2 .1 0  can be s i m p l i f i e d  by  use  o f  t r a n s f o r m  
. ; : . , . , 

t h e o r y .  F o l lo w in g  a s i m i l a r  d e f i n i t i o n  u s e d  f o r  lu m p e d -p a ra m e te r  S y s te m s ,

, • '< '> *
^ In  t h i s  c h a p t e r ,  t h e  i n t e g r a n d  i s  assum ed t o  be i n t e g rab  Xe so  t h a t

t h e  i n t e r c h a n g e  o f  t h e  olrder o f  i n t e g r a t i o n  i s  v a l i d .
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t h e  d i s t r i b u t e d  s p e c t r a l  d e n s i t y  S ( x , s )  i s  d e f i n e d  as t h e  t w o - s id e d  L a p la c e
y y -

t r a n s f o r m  w i t h  r e s p e c t  to  t o f  R ^ ( x , t ) .  (x , t ) i s ,  o f  c o u r s e , ■ assumed t o

be  L a p la c e  t r a n s f o r m a b l e .  T h u s , , ,

Syy(%,s ) = I  drR. ( x ,T ) e  • 
* j  —oo y j

-ST
( 2 . 11)

When th e  r i g h t - h a n d  member o f  E q u a t io n  2 .1 0  i s  s u b s t i t u t e d  f o r  R ^  (x '.t ) i n  

E q u a t io n  2 .1 1 ,  t h e  r e s u l t  i s

L  '■ 0 0  OO , C O

s ( x , s )  = ■ - £ -  /  dg / ,  do1g ( g |ja 1) /  do gCx+G.Og) / '  dTRu u (-T+ai ~ cr2 ^e ""^T
*  '  0  — CO — CO - O O  «

. .

-I L .CO 00
= - j — / '  dg ■/. do1g (5  ■a1) e _S0l  /  da2g (x h ,5 , a 2 ) e s a 2

L .
- y -  /  ' d5G (5 ,s)G .(x+e ,-s .)S  ( s )

L n  . UU
(2 . 12)

A n o th e r  im p o r t a n t  p r o p e r t y  o f  th e  d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n  

m e r i t s '  c o n s i d e r a t i o n :  t h e  r e l a t i o n s h i p  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  o f

a d i s t r i b u t e d  e r r o r  e ( x , t )  i n  term s o f  c o r r e l a t i o n s  o f  an a c t u a l  o u tp u t  

y ( x , t )  and a d e s i r e d  o u t p u t  y d ( x , t ) .  The d i s t r i b u t e d  e r r o r  e ( x , t )  i s .  d e f i n e d  

as t h e  d i f f e r e n c e  be tw e en  t h e  d e s i r e d  r e s p o n s e  and th e  a c t u a l  o u t p u t .  

M a th e m a tic a l I y ,

e ( x , t )  = .y ( x , t )  -  y ( x , t )  

By d e f i n i t i o n ,

T

T-xo 2 TL Lt •

(2 .1 3 )

R ( x , t ) = I i m __ /  d t  /  d g e ( g , t ) e ( x + g , t + r )
L

f
O
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T L
I im  ——- '/  dfc /  dC[yd ( 5 , t )  -  y ' ( S , t ) ]  [ y d (x+5 , t + r )  -  y ( x f g , t+ T ) ]
T-Ko Z-L1- -T o.

d d(x,T) -  R d ( x, T)  - R d ( x , t ) +.R  (x , t ) ( 2 .1 4 )
y y y y

The c o r r e s p o n d in g  d i s t r i b u t e d  s p e c t r a l  d e n s i t y  ( x , s )  i s

Se e ( k , s ) = S d d ( x , s )  -  S / x , s . )  -  S ^ ( x , s )  + S ( x , s ) ( 2 .1 5 )
y ^ y "  y y "  • Y dY y y

The l a s t  two r e l a t i o n s h i p s  to  be  d e r i v e d  a re  th e  r e l a t i o n s h i p  be tw een
• ' '  ■

S ( x , s )  and S ( x , s )  and t h a t  be tw e en  S (x , .s)  and S M( x , s ) . B y ^ d e f in i -
— d- — d ' y dyy y " '  uy

t i o n  i n  E q u a t io n  , 2 . 1 ,

R , ( x , t ) = ’l i m — /  d t . J  dCy(C, t ) y d (x+C,t+r)  
yyd .  T-Ko 2TL- -T  0

T; L -co .
= l im  ——  /  dt  /  d£yd (x-F£,.t+r) /  d o u ( t - c ) g ( g , o )

T-Ko 2TL ■. _T 0 /  _ -O=

—  /  dC /  d0 g (C ,a )R M ( x+ 5 , t+o) -
L O -=o uyd

And by u se  o f  E q u a tio n ' 2 . 5 ,  i t  can. be  shown t h a t  

I  L CO
R ( x , t) = —— /  dg' /  dag(x+£,er)RM ( 5 >t- o)

y 'V y dU

(2 .16 )

(2 .17)

The c r o s s - s p e c t r a l . d e n s i t y ' s  ( x , s )  i s  o b t a in e d  by L a p la c e  t r a n s fo rm a-
y y d '

t i o n  o f  b o t h  members o f  E q u a t io n  2 .1 6 ,  w i t h  t h e  r e s u l t  t h a t

S ( x , s )  = /  d£;G(^,;s)SM (x+C is)
YYa 0 uy

( 2 .1 8 ) ,

and s i m i l a r l y ,

S d ( x , s )
y y

'I d £ G ( x * £ , - s ) S ^  ■ ( C ,s )  
L 0 . '  y l u

(2 .19 )
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M MThe r e l a t i o n s h i p - b e t w e e n  S ( x , s )  and S ( x , s )  i s  r e a d i l y  e s t a b l i s h e d
u y d • y du

o n . th e  b a s i s  o f  th e  c o r r e s p o n d in g  c o r r e l a t i o n  f u n c t i o n  r e l a t i o n s h i p  i n  

E q u a t io n  2 . 7 ;  t h u s ,

S 1̂ ( x , s )  = SM ( x , - s )
y au uyd

W ith t h e  r e s u l t  o f  E q u a t io n  2 .2 0 ,  E q u a t io n  2 .1 9  becomes

(2 . 20 )

L
S ( x , s )  = - J - - /  dGG(x+G,-s)S% , U , - s )  

ydy L 0 uyd
( 2 . 21)

2 .3  OPTIMAL STOCHASTIC CONTROL

F o r  lu m p e d -p a ra m e te r  s y s t e m s , a b a s i c  s t a t i s t i c a l  d e s ig n  c r i t e r i o n

i s  th e  m e a n - s q u a r e - e r r o r  p e r fo rm a n c e  m ea su re .  By a n a lo g y ,  s t a t i s t i c a l  d e s ig n"
: ' ■ I ; :

o f  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  w i t h  d i s t r i b u t e d  o u tp u t s  may b e  e f f e c t e d  

w i t h  r e s p e c t  to  t im e - a n d - s p a c e  m ean^square  e r r o r ;  nam e ly ,

.  T :L
P = I i m -------------  /  /  { [e ( x , t )  ] Z } dxd t

T-x» % TL _ T o

An augm ented v e r s i o n  o f  th e  m e a n - s q u a r e - e r r o r  c r i t e r i o n  i s

(2 .22)

T L ‘ .

P a = I i m —L_ /  /  { [ e ( x , t )  ] 2 + Xu ( t ) } d x d t  . .
A  ■ T-*» 2TL _ T . o

'  ■ r ‘ '  . 1
1 .

w here  X i s a  '! c o s t  f a c t o r "  a s s o c i a t e d  w i t h  th e  i n p u t  u ( t ) .

. (2 ,43)

Use o f  P a r s e v a l t s th eo re m  g iv e s  t h e  f re q u e n c y -d o m a in  v e r s i o n  o f  E q u a t io n

2 .2 3 :

I 1 CO [Se e ( 0 ’ s:) +  XSu u ( s ) ]  ds
(2 .24)

w here  Se e ( x , s )  i s " t h e  d i s t r i b u t e d  s p e c t r a l - d e n s i t y  f u n c t i o n  o f  e ( x , t ) ,  and 

Su u ( s )  i s  t h e  lumped s p e c t r a l - d e n s i t y  f u n c t i o n  o f  h ( t ) .
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F ig u r e  2 .1  d e p i c t s  a g e n e r a l  l i n e a r  s t a b l e  d i s t r i b u t e d - p a r a m e t e r  s y s te m

w i t h  a s t o c h a s t i c - b o u n d a r y  . c o n t r o l  s i g n a l .  ' I t  i s  assumed t h a t  t h e  , e x t e r n a l ,

in p u t ,  v ( t )  i s  a  s t o c h a s t i c  s i g n a l  ,whose s p e c t r a l  d e n s i t y  S ^ ( s )  i s  k n o w n . '■

A ls o ,  th e  c r o s s - c o r r e l a t i o n  f u n c t i o n  R^" ( x , t ) i s  assumed t o  b e  known, w here  
M - , V y d

Rm ( x , t ) i s  th e  c r o s s - r - c o r r e la t i o n  f u n c t i o n  o f  • th e  e x t e r n a l  i n p u t  v ( t )  and 
vy=d ’ ' '

t h e  , d e s i r e d  r e s p o n s e  y . ( x , T )  . Rm- ( x , t ) can  ’be  - d e te rm in e d  - e x p e r im e n ta l l y ,  .
. v yd '

• i f  n e c e s s a r y ,  by  a p p l i c a t i o n  o f , w e l l - e s t a b l i s h e d  t e c h i q u e s  ( 5 ,7 9 ) .

T h e ■p ro b le m  now i s  t o  d e te rm in e  th e  t r a n s f e r  f u n c t i o n  Gq Cs ) w hich ,y i e l d s

th e  minimum, o f ■th e  augm ented  p e rfo rm a n c e  m e a s u r e i n  .E q u a t io n  2 .2 3 .

B e fo re  p r o c e e d in g  w i t h  t h e  - .m in im iz a t io n ,  t h e - r e l a t i o n s h i p  be tw een

R^ ( x jT ) and R^ ( x j t ) m u s t  b e  d e r i v e d .  By t h e  c o n v o lu t io n  i n t e g r a l ,  th e  
u y d " v y d '■ - -

% c h a r a c t e r i s t i c , e q u a t i o n " o f  t h e  lu m p e d -p a ra m e te r  c o m p e n s a to r •i n  F ig u re  2 .1  i s

u ( tX  = /  -g^CcOvCt-a) da,, (2 .25);

B ased  on E q u a t io n  2 . 6 ,  t h e  c r o s s - c o r r e l a t i o n  f u n c t i o n  R^- ( x , t ) can be-
u y d

w r i t t e n  as ,

T , -
R1̂ ' ( x ,x )  = l i r a  -Jjr-- I  d t u ( t ) y d ( x , t + T ) 

uyd T ^ o . 1 - T

: I im  /  d t y d (x , t+ i r )  /  d ag c ( a ) v ( t - a )
T-K» -T  - “  ■

T-t?

T ■
I
-T-

/ ,  d a g ^ (a )  [ l i m - 2^ — /  d t y d (x , t+ T ;) v ( t - i a) ]

/  dag (a)RM' ; ( x , r + a )  
-oo c vy •

(2 , 26)
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The c o r r e s p o n d in g  s p e c t r a l  d e n s i t y  Sm ( x , s ) i s
u y d

SM d ( x , s )  = G ( s ) S M ( x , s )  
uy C v y d '

(2 .27 )

From s t a t i s t i c a l >a n a l y s i s  m ethods o f  lu m p e d -p a ra m e te r  t h e o r y ,  th e  r e l a ­

t i o n s h i p  b e tw e en  Su u ( s )  and-S  ( s )  can be  w r i t t e n  as

Suu(s )  = Gu(S)Gu( - s ) S y y ( s )  (2 .28)

W ith th e  r e s u l t s  i n  E q u a t io n s  2 .1 2 ,  2 . 1 5 ,  2 . 1 8 ,  2 .2 1 ,  2 . 2 7 ,  and 2 .2 8 ,  th e  

e x p r e s s i o n  f o r  Se e ( 0 , s )  can  b e  w r i t t e n  as

L '
Se e ( 0 , s )  = S ( 0 , s ) -  - L  /  d 5 G (? ,s )S M ( S ,s )G  ( s )  + 

y^y*1 l O Vycl

I . ' M
-  —— /  d g G ( g , - s ) S  ( 5 , - s ) G  ( - s ) + 

L 0 • v y d d

+ . - L -  /  d C G ( c , s ) G ( 5 , - s ) S v v (S)Gc (S)Gc ( - s ) -  , (2 .29 )

W ith th e  r e s u l t s  i n  E q u a t io n s  2 .2 8  and 2 .2 9 ,  E q u a t io n  2 .2 4  ban be 

a r r a n g e d  as

P. = - L -  f [A. ( s )  + A „(s)G  ( - s )  + A? (s )G  ( s )  +  A ( s ) G ( s ) G ( - s ) ] ds 
A 2 TTj _ j 0O , 4 J c -  • c i  ■ c

(2 .30 )

w here

Li • •

A1 (S) = [X + - L -  /'■ ^ G 1(C sS)G (C 1-S )  ]Sw ( s ) (2 .31 )

' I  L  M
A ( s )  = -----=— /■ dSG (g,s)S , . ( g , s )

0 ■ vy , ;
(2 .32)
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A3 ( s ) / '  d S G U , - s ) S M f C , - s ) (2 .33 )
vy

A4 ( s )  = S d d (G', s )
y y

(2 .34 )

I t  i s  shown by P i e r r e  (64) , w i t h  c a l c u l u s  o f  v a r i a t i o n s  and th e  W ien e r-  

Hopf s p e c t r u m - f a c t o r i z a t i o n  t e c h n i q u e , t h a t  i f . g ^ ( t )  i s  t o  b e  z e ro  f o r  t  l e s s  

t h a n  z e ro  and n o t  b o th  o f  A3 (S) and A3 (S) a r e  z e r o ,  t h e  o p t im a l  e x p r e s s io n  

G *(s) o f  Gc ( s )  i s  g iv e n  by

[A2 ( - s )  +  A g(S )]  I

[A ^(s)  +  A^( - s ) ] J
G*(s)

C ' [A ^(s)  . +  A^ (^s  ) ] 

w h e r e , i n  t h i s  c a s e ,

2 L
A9 ( - s ) +  A ( s )  -  -  —— /  d 5 G ( £ , - s ) S ^  ( S , - s )

. ^  O vyd

and .

(2h35)

(2 .36 )

A1 ( s )  + A1 .(-S) = 2 [> +
L

dC G (C is ) ,G (5 ,-s ) ]S  ( s ) (2 .37 )

The i n t e r p r e t a t i o n  o f  t h e  + and -  s u p e r s c r i p t s  and s u b s c r i p t s  i s  as f o l l o w s :

A (s )  = A (S)-1A(S)" 

and

A (s)  = A ( s ) + + A (s)

(2 .38 )

(2 .39)

w here  t h e  i n v e r s e  L a p la c e  t r a n s f q r p s  L' ^ [A (S )+ ] and L ^ [ A ( s ) + il e q u a l  z e ro  

f o r  t  l e s s  th a n  z e r o ,  and w here  L""l[A (s)~] and L ~ ^ [A (s )_ ]  e q u a l  zero, f o r  t
\  I ' - ' '■ . . .

g r e a t e r  t h a n  z e r o .  ' In  a d d i t i o n ,  f o r  Gq(zS) ' t o  be  p h y s i c a l l y  r e a l i z a b l e i 

1 /A ( s ) + m ust be  a n a l y t i c  i n  th e  r i g h t  h a l f - p l a n e  o f  th e  s do tnain .
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When a l l  A ’ s a r e  r a t i o n a l  f r a c t i o n  f u n c t i o n s , t h i s  p r o c e s s  o f  s p e c t ru m  

f a c t o r i z a t i o n  i s  s t r a i g h t f o r w a r d  (5 7 ,  6 4 ) .  When n o n r a t i o n a l  f r a c t i o n  term s 

a p p e a r  i n  t h e  A ^ ' s ,  r a t i o n a l  f r a c t i o n  a p p ro x im a t io n s  may be  u s e d  t o  r e p l a c e  

t h e  n o n r a t i o n a l  te rm s  ( 2 1 ,  4 1 ,  5 8 ,  61 and 8 4 ) ,  and th e n  th e  p r o c e s s  o f  

s p e c t r u m  f a c t o r i z a t i o n  can  b e  e f f e c t e d  t o  o b t a i n  an a p p ro x im a te  s o l u t i o n .  

Exanples. o f  su ch  a p p ro x im a te  s o l u t i o n s  can be  found i n  t h e  l i t e r a t u r e  (3 8 ,  

6 2 ) .

2 . 4  CONCLUSION

A c o r r e l a t i o n - f u n c t i o n  c o n c e p t  f p r  u se  w i t h  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  

i s  i n t r o d u c e d  t o  p a r a l l e l  t h e  e x i s t i n g  c o n c e p t  w hich  a p p l i e s  t o  lumped- 

p a r a m e t e r  s y s te m s .  R e l a t i o n s h i p s  be tw een  c o r r e l a t i o n  f u n c t i o n s  o f  d i s t r i ­

b u t e d  o u tp u t  , s ig n a l s  a n d . i n p u t  s i g n a l s  o f  a  s y s te m  a re  e s t a b l i s h e d , ,  With 

t h e  u se  o f  t h e  new d e f i n i t i o n  o f  d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n s , an 

o p t im a l  c o n t r o l  p ro b le m  a s s o c i a t e d  w i t h  d i s t r i b u t e d - p a r a m e t e r  sy s tem s  w i th  

random s i g n a l s  i s  shown to  be  s o l v a b l e  by  th e  W iener-H opf  s p e c t ru m -  

f a c t o r i z a t i o n  t e c h n i q u e .  Though th e  s p a t i a l  domain o f  t h e  s y s te m  c o n s id e r e d

i n  t h i s  c h a p t e r  i s  o f  o n e ■d im e n s io n ,  t h e  g e n e r a l  app roach  i s  a p p l i c a b l e  to
.

sy s te m s  o f  h i g h e r  d im e n s io n s ,  i n  w hich  c a se  t h e  a u t o c o r r e l a t i o n  fu n c t io n ,  i s
■ '  ,

d e f i n e d  as , ■
\

I i m - i -  /  /y (C < t)y (X + C ,t+ T )  d gd t
X̂ oo 2T _x v

/ d *  * ' ' "  ‘ .
v
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w here  v i s a  bounded  domain o f  i n t e r e s t  i n  an n - d im e n s io n a l  E u c l id e a n  s p a ce

w i t h  s p a t i a l  c o o r d i n a t e  v e c t o r  X = [x^ Xg • • • x^] and C i s  a s p a t i a l

dummy v e c t o r  o f  i n t e g r a t i o n .  As i n  lu m p e d -p a ra m e te r  n e t w o r k s , th e  c o n c e p t  

o f  d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n  i s  a p p l i c a b l e  t o  th e  p r e d i c t i o n  and 

f i l t e r i n g  p rob lem s i n  d i s t r i b u t e d - p a r a m e t e r  n e tw o r k s . D e t a i l s  o f  th e  p r e d i c ­

t i o n  and f i l t e r i n g  p rob lem s i n  d i s t r i b u t e d - p a r a m e t e r  n e tw o r k s , how ever , 

r e q u i r e  a d d i t i o n a l  s t u d y .

/

x

v ( t )
Compensa t o r

u ( t )
Dis t r i b u t e d  

P l a n t

g ( x , t )

y ( x , t )

+

F ig u r e  2 . 1 .  A r e p r e s e n t a t i o n  o f  s t o c h a s t i c  b ounda ry  c o n t r o l  o f  
d i s t r i b u t e d - p a r a m e t e r  s y s te m s .



CHAPTER 3

OPTIMAL DESIGN OF DISTRIBUTED-PARAMETER 

SYSTEMS THROUGH LINEAR PROGRAMMING ,



27.

3 .1  INTRODUCTION , '

C o n s id e r a b l e  a t t e n t i o n ■h a s  b e e n  g iv e n  i n  r e c e n t  y e a r s  t o  th e  o p t im a l

d e s ig n  o f  c o n t r o l  sy s te m s  by a p p ly in g  l i n e a r  program m ing t e c h n i q u e s . The

a d v a n ta g e  o f  th e  l i n e a r  p rogram m ing a p p ro a c h  i s  t h a t  l a r g e - s c a l e  prob lem s

can be  t r e a t e d  w i t h  r e l a t i v e  e a s e .  F o r  l i n e a r ,  d i s c r e t e ,  lu m p e d -p a ra m e te r

s y s te m s ,  l i n e a r  program m ing h as  p ro v e d  t o  be  a  v e ry  e f f i c i e n t  t o o l  f o r  s y s te m

o p t i m i z a t i o n  (7 0 ,  7 1 j 81 , 8 9 ) .  F o r  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  s y s te m s ,

S akaw a-(73) u s e d  l i n e a r  program m ing t e c h n iq u e s  to  o b t a i n  a c o n t r o l  p o l i c y  

■ . : ‘ ‘
w h ich m in im izes  t h e  i n t e g r a l  o f  th e  a b s o l u t e  v a lu e  o f  .a d i s t r i b u t e d  . e r r o r ■ 

a t  a s p e c i f i e d  t im e ;  Sakawa c o n s id e r e d  a p a r t i c u l a r  s y s te m  c h a r a c t e r i z e d  by 

a  o n e -d im e n s io n a l  d i f f u s i o n  e q u a t i o n .  Such t e c h n iq u e s  have  n o t  been  d e v e lo p e d  

f o r  t h e  d e s ig n  o f  s a m p le d - d a ta  d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  Th is  c h a p te r  

is. t h e r e f o r e  d e v o te d  t o  t h e  deve lopm en t o f  l i n e a r  program m ing t e c h n iq u e s  f o r  

u se  i n  th e  d e s ig n  o f  s a m p le d - d a ta  d i s t r i b u t e d - p a r a m e t e r  s y s t e m s .,

In  S e c t i o n  3 . 2 ,  a  g e n e r a l  p e r fo rm a n c e  m easure  i s  d e v e lo p e d  f o r  u se  as 

.a d e s ig n  c r i t e r i o n  f o r  c o n t r o l l i n g  a c l a s s  o f  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  

s y s te m s .  In  S e c t i o n  3 . 2 . 1 ,  th e  m u l t i p l e  c o n t r o l l i n g  a c t i o n  c a se  i s  s t u d i e d .

In  S e c t io n  3 . 3 ,  t h e  p e r fo rm a n c e  m easure  d e v e lo p e d  i n  S e c t i o n  3 .2  i s  e x te n d e d  

t o  t a k e  i n t e r s  a m p l e d - r ip p l e  e f f e c t s  i n t o  a c c o u n t .  And i n  S e c t i o n  3 . 5 ,  an 

exam ple i s  p r e s e n t e d  t o  i l l u s t r a t e  th e  t h e o r i e s  d e v e lo p e d  i n  t h e  p r e c e d in g  

s e c t i o n s  .

3 .2  DEVELOPMENT OF THE METHOD

In  t h i s  s e c t i o n  a  c l a s s  o f  p e r fo rm a n c e  m easu res  i s  d e v e lo p e d  f o r  l i n e a r  

d i s t r i b u t e d - p a r a m e t e r  s y s te m s .  The p e r fo rm a n c e  m easures a re_of.;a .. ,fo rm  to  

w h ich  l i n e a r  program m ing t e c h n iq u e s  can b e - a p p l i e d .
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I n i t i a l l y , c o n s i d e r  t h e  s a m p le d - d a ta  model shown i n  F ig u r e  3 .1 ;  t h e r e i n , 

Hq ( s ) i s ' t h e  t r a n s f e r  f u n c t i o n  o f  a z e r o - o r d e r  h o ld * ,  y ( x , t )  i s . r e p r e s e n t a ­

t i v e  o f  th e  o u t p u t  o f  th e  s y s te m ,  y ^ ( x , t )  i s  th e  d e s i r e d  d i s t r i b u t e d  o u t p u t ,  

e ( x , t )  i s  t h e  d i s t r i b u t e d  e r r o r  o f  th e  s y s te m ,  m (t)  i s  t h e  c o n t r o l l i n g  a c t i o n ,  

and u ( t )  i s  th e  b o u n d a ry  i n p u t  t o  th e  d i s t r i b u t e d - p a r a m e t e r  s y s te m .

I t , i s  assum ed t h a t  th e  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  p l a n t , o f  th e  s y s te m  

i n  F ig u r e  3 .1  i s  c h a r a c t e r i z e d  by an e q u a t i o n  o f  th e  form  -

t
y ( x , t )  = k.Q(x,t )  -f /  g ( x , t , T ) u ( r )  d r  ( 3 .1 )

■ 0

w here  g ( x , t , T )  i s  th e  G r e e n 's  f u n c t i o n  o r  im p u ls e  r e s p o n s e  o f  th e  sy s te m  and 

w here  k Q ( x , t )  i s  t h e  c o n t r i b u t i o n  o f  th e  i n i t i a l  c o n d i t i o n  y ( x , 0 ) t o  th e  

r e s p o n s e  o f  th e  s y s te m .  V a lues  o f  y ( x , t )  o f  i n t e r e s t  a re  assumed to  be 

d e f i n e d  o v e r  th e  f o l l o w i n g  domain: 0 ^  x  << L and 0 ^  t  .< n^T w here  L i s  a

c o n s t a n t ,  n^  i s  a  s p e c i f i e d  i n t e g e r  and T i s  th e  f i x e d  s a m p l in g  p e r i o d .

B ecause  o f  th e  s a m p le r  and th e  z e r o - o r d e r  h o l d ,  th e  r e l a t i o n  be tw een  

th e  c o n t r o l l i n g  a c t i o n  and t h e  i n p u t  t o  t h e  s y s te m  i s

u ( t )  = m(kT) 6 Mk f o r  kT ^  t - < . ( k + l ) T  ( 3 .2 )

w here  k  = 0 ,  I ,  2 ,  . . .  . The te rm  m^ i n  E q u a t io n  3 .2  d e n o te s  t h e  v a lu e  o f  

t h e  c o n t r o l l i n g  a c t i o n  m (t)  a t  th e  k *  s a m p l in g  i n s t a n t .

Suppose t h a t  t h e  v a lu e s  o f  y ( x , t )  i s  to  b e  found i n  th e  f o l l o w in g  ran g e

o f  t :

( j  -  1)T ^  t  < JT ( 3 .3 )

*The z e r o - o r d e r  h o l d  i n  F ig u re  3 .1  i s  c h a r a c t e r i z e d  by th e  f o l l o w in g  
e q u a t i o n :  u ( t )  = m(kT) f o r  kT ^  t  < (k + l )T  w here  k assumes i n t e g e r  v a lu e s
and T i s  th e  f i x e d  s a m p l in g  p e r i o d .
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The e f f e c t  o f  E q u a t io n  3 .2  oh E q u a t io n  3 .1  i s  as f o l l o w s :

j - 1  kT t
y ( x , t )  = k n ( x , t )  + £ ITK_ i /  g ( x , t , T )  dT + m. x /  g ( x , t , T )  dx

k = l  ( k - l ) T  -1 ( j - l ) T
(3 .4 )

Ttyhich a p p l i e s  f o r  t  i n  th e  i n t e r v a l  d e f i n e d  by E q u a t io n  3 .3 .  At th e  end o f  

th e  s a m p l in g  p e r i o d ,  t h a t  i s  a t  t ‘ = jT~ = I im  j T -  e , E q u a t io n  3 .4  

re d u c e s  to
e-HD+

y ( x , j T ) = k g ( x , j T ) + \  R b _ ih j (x ,kT  )
k = l

(3 .5 )

w here

h . (x ,k T  ) = /  g [ x , j T  , ( k - l ) T + x ] dx 
J 0

(3 .6 )

I t  i s  C onvehlent to  w r ite  th e  f i r s t  n^ v a lu e s  o f  the output d is t r ib u t io n  

a t th e  end o f  each sam p ling  p e r io d  in  m a tr ix  forhi as fo l lo w s :  '

Y(x) = Kq (x) +  H(x)M (3 .7 )

w here  Y(x) i s  an n^'X ' l  o u t p u t  m a t r ix  w i t h  J t 1̂ e le m en t  y ( x , jT ~ )  , M an n^ x ' I

c o n t r o l  m a t r i x  w i t h  J til E le m e n t  mj _ q 9 ̂ qXx ) i s  an n^ x I  m a t r i x  w i t h  j^ h

e le m e n t  k y C x , jT ~ ) , .and H(x) an n^ x n ^  m a t r i x ;  nam e ly ,

Ii1 Cx9T-) O . ■ . . 0

h2 (x ,T -)  h2 ( x 92T~) . . . -  O '

H(x)

h  (x ,T  ) hn (x ,2 T - )  
I  I

. h n . (X jn1T )

(3 .8 )



30

In  th e  c l a s s  o f  p e r fo rm a n c e  m easu res  w h ich  a re  t o  be  d e v e lo p e d , o n ly  

U2 d i s c r e t e  v a lu e s  i n  th e  s p a t i a l  domain o f  t h e  d i s t r i b u t e d  o u t p u t ' a r e  

c o n s id e r e d  a t  e ach  p a r t i c u l a r  . t im e » I f  ng i s  l a r g e  and i f  i n t e r s a m p l i n g  

r i p p l e  i n  th e  d i s t r i b u t e d  o u tp u t  i s  e s s e n t i a l l y  e l i m i n a t e d  by  th e  n a t u r e  o f
I

t h e  s y s te m ,  t h e s e  ng s p a t i a l l y  d i s c r e t e  p o i n t s  can be c o n s id e r e d  as r e p r e ­

s e n t a t i v e  o f  th e  e n t i r e  s p a t i a l  dom ain. I n t e r s a m p l i h g  r i p p l e  m a y b e  s a l i e n t  

i n  some c a s e s , ho w ev er ,  and  methods o f  r e d u c in g  t h i s  r i p p l e  a r e  c o n s id e r e d  

i n  S e c t i o n  3 .3 .

In  p r a c t i c e ,  th e  c o n t r o l l i n g  a c t i o n  i s  u s u a l l y  bounded  above and be low  

by some f u n c t i o n s  o f  t im e .  Such f u n c t i o n s  d e p e n d ,  o f  c o u r s e ,  on th e  g iv e n ,  

s y s te m  and th e  a v a i l a b l e  s o u rc e  o f  i n p u t  = Thus a t  each  s a m p l in g  i n s t a n t ,

■say a t  s a m p l in g  i n s t a n t ,  th e  c o n t r o l l i n g  a c t i o n  i s  bounded  by
>

< » k ) # n <  ^  ( ^ m a x  ' <3 .9)

w here  (m̂ ) max anc  ̂ ^™k^min a r ® th e  - u p p e r  bound,, and th e  lo w e r  bound o f  th e  

c o n t r o l l i n g  a c t i o n  a t  t  = k T 0 For. th e  s a k e  o f  n o t a t i o n a l  s i m p l i c i t y ,  th e  

lo w e r  bound  on t h e  c o n t r o l l i n g  a c t i o n  i s  assum ed to  be z e r o ,  i . e „ ,

0 < ^  (n^) max (3 .1 0 )

I f  th e  lo w e r  bound (m, ) •. i s  n e g a t i v e ^  ho w ev er ,  th e  f o l l o w i n g  a pp roachK. mi n •,

can be  r e a d i ly ,  a p p l i e d  by i n t r o d u c i n g  two more n o n n e g a t iv e  v a r i a b l e s  m£ and 

m£ as f o l l o w s :

*k * »k -  %
( 3 . 1 l )
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w here

= O, i f  ^  O

and

Tnk = 0 , i f  . Ink ^  0

B ased  on E q u a t io n  3 . 9 ,  th e  bounds on and ir^ a re

+
0 ^  ^  (™k) max

and

(3 .12)

-f \  ^  - ^ m n

C o n s id e r  t h e  p e rfo rm a n c e  m easure  P:

I 2 I 1 ai*  IeCx11J T " ) I 
=1 J=I J

P = min

■ “ k i: 
0<k<$n^-l

(3 ,13)

(3 .14)

The te rm  e ( x ^ , j T  ) i s  t h e  e r r o r  be tw een  th e  d e s i r h d  d i s t r i b u t e d  o u tp u t  and 

t h e  a c t u a l  o u t p u t  d i s t r i b u t i o n )  a t  x = x^ and t  = JT , n a m e ly ,

e ( x .  J T  ) = y d (x . J T  ) -  y ( x .  J T  ) (3.15>

The e r r o r  a t  t h e  end  o f  e a ch  s a m p l in g  p e r i o d  i s  c o n s id e r e d  b e c a u s e  i t  i s  t h e  

e r r o r  t h a t  e x i s t s  j u s t  p r i o r  t o  t h e  a p p l i c a t i o n  of. a new c o n t r o l l i n g  a c t i o n . .  

The c o n s t r a i n t  on th e  c o n t r o l l i n g  a c t i o n  i s •g iv en  by E q u a t io n  3 .1 0 .  The 

te r m  a^ j  a p p e a r in g  i n  th e  p e rfo rm a n c e ' m easure  i s  an a p p r o p r i a t e  w e ig h t in g  

f a c t o r ;  t h e  d e s i g n e r  may choose  t h e  a ^ j ' s  t o  r e f l e c t  th e  s e r i o u s n e s s  o f  

c e r t a i n  e r r o r s  i n  s p a c e  and t im e  i n  a g iv e n  s y s te m . F o r  e x a m p le s i f  a l l
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a ^ ’ s e x c e p t  f o r  j  = a r e  s e t  e q u a l  t o  z e r o ,  th e  p ro b le m  re d u c e s  to  a 

t e r m i n a l - t i m e  p ro b le m  f o r  w hich  th e  e r r o r s  a t  th e  t e r m i n a l  t im e  a re  th e  o n ly  

e r r o r s  o f  i n t e r e s t .  ■.

I n  o r d e r  t o  a r r a n g e  t h e  p e rfo rm a n c e  m easu re  i n  E q u a t io n  3 .1 4  i n t o  a 

s t a n d a r d  form  (2 9 ,  64) f o r  l i n e a r  p rogram m ing , a d d i t i o n a l  v a r i a b l e s  v^ ’1 s 

and z£ j ’ s a re  i n t r o d u c e d  as f o l l o w s :.

V ij  -  Zi j  = SCxi J T  ) 0 ^  ^  n 2 » 1 <  j  ^  n i (3 .16)

w here

Vi  = 0 , i f  SCxi J T - ) ^  0 (3 .17)

and

2I j  '  0 :
i f  BCxi J T  .) >, 0 (3 .18 )

I t  c a n 'b e  s e e n  from  th e  r e l a t i o n s  i n  E q u a t io n s  3 .1 7  and 3 ‘. t h a t  i n  1 

th e  f i n a l  s o l u t i o n ,  a t  l e a s t  one o f  Vi  ̂ and w i l l  be  e q u a l  t o  z e ro  f o r  

e a ch  i j  c o m b in a t io n ,  d e p e n d in g  on w h e th e r  t h e  o p t im a l  e ( x i , j T - ) i s  p o s i t i v e  

o r  n e g a t i v e .  W ith E q u a t io n  3 .1 6 ,  th e  p e r fo rm a n c e  m easure  i n  E q u a t io n  3 .1 4  

becomes . ,

Y 2P = , min I
%  ' 1=1 

OJc1Cn1- I

V1 Z  S

+
(3 .19 )

w hich  i s  i n  t h e  form  t o  w h ich  th e  l i n e a r  program m ing t e c h n iq u e s  c i n  be 

r e a d i l y  a p p l i e d .  The l i n e a r  c o n s t r a i n t  e q u a t i o n s  a s s o c i a t e d  w i t h  th e  

p e rfo rm a n c e  m easu re  3 .19  a r e  g iv en  i n  E q u a t io n s  3 . 7 ,  3 .1 0 ,  3 . 1 5 ,  3 .1 6 ,  3 .1 7

and 3 .1 8 .
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3 . 2 . 1  M u l t i p l e  C o n t r o l l i n g  A c t io n s

The m ethod o f  th e  p r e c e d i n g  s e c t i o n  i s  e x te n d e d  i n  t h i s  s e c t i o n  to  t h e
\ \

c a se  t h a t  r  c o n t r o l l i n g  a c t i o n s  a r e  a p p l i e d .  In  t h i s  c a se  t h e  c h a r a c t e r i s t i c  

e q u a t i o n  o f  th e  s y s te m  i s

t  '
y ( x , t )  = k n ( x , t )  +  /  G (X g t1T )U O ) dx ' - ( 3 .2 0 )

O

w here  U ( t )  i s  a r  x  I  i n p u t  m a t r i x  " whose e le m e n t  i s  u ^ ( t ) * ,  and

G ( X j t 1T) i s  a I  x r  m a t r i x  r e l a t i n g  th e  c o n t r o l l i n g  a c t i o n s  to  th e  o u tp u t

d i s t r i b u t i o n  y ( x , t ) . F o l lo w in g  th e  same a p p ro a c h  as i n  t h e  one c o n t r o l l i n g

• ' tha c t i o n  c a s e , t h e  o u t p u t  d i s t r i b u t i o n  a t  t h e  end  o f  th e  j  s a m p l in g  p e r i o d  

i s

j
y ( x 1jT " )  = k ( x j j T " )  + • I  H. (X1M " ) M (3 .2 1 )

u k = l  J ^ -1

w here  th e  I x r  v e c t o r  H O x 1M  ) i s
J

H O x 1M " )  = /  G f x j jT " ,  (k - l )T + x ]  dx

and w here

mJ - I

4 ~ i

k - l

(3 .22 )

(3.23^

AThis i s  th e  same n o t a t i o n  t h a t  one w ou ld  u se  t o  d e n o te  u ( t )  r a i s e d  t o  
th e  k t h  pow er .  " S in c e  t h e  l a t t e r  m eaning  i s  n o t  u se d  i n  t h i s  ch ap te r- ,  no 
a m b ig u i ty  is .  e n c o u n te r e d .  •
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As i n  the p r e c e d in g  S e c t i o n i the f i r s t  n^ va lue s  o f  the  output d i s t r i b u  

t i o n  a t  the end o f  each sampling  p e r io d  i s  c o n v e n i e n t l y  w r i t t e n  i n  matr ix  

form:

Y(x) = K0 (x) + H(x)M ■ ( 3 .2 4 )

Y(x) and Kq ( x) a r e  th e  same as i n  one c o n t r o l l i n g  a c t i o n  c a se  and H(x) and

M a r e  th e  n^  x n^ r-  m a t r i x  and n^ r-  x 

H1 ( x ,T - ) O

H g fx i T -) H g fx i Z T ')

Hfx)

Hn ^ f x i T -) -H ( .x ,2T .)

and

n l _ l

I  m a t r i x ,  r e s p e c t i v e l y ,  w hich  fo l lo w :  

O

Hn (X jn1T )
I  '

( 3 .2 5 )

( 3 .2 6 )

•The terms d e n o te d  by 0/ i n  E q u a t io n  3 .2 5  a r e  I  x. r  m a t r i c e s  a l l  o f  whose e l e ­

ments are z e r o .
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The p e r fo rm a n c e  m easure  i n  E q u a t io n  3 .1 4  becomes

V2P = . min I
mP1 i = l

O ^k^n^-l
KOt^r

s u b j e c t  to

0 < "g <  <3 -28>

By i n t r o d u c i n g  a d d i t i o n a l  v a r i a b l e s  v ^ j  ' s  and z^ j ' 3 as b e f o r e , th e

p e r fo rm a n c e  m easu re  i n  E q u a t io n  3 .2 7  i s  
'

n 2 n I  ’
P = min Ji J a- . '(v . . +  z . . )  ( 3 .2 9 )

mg i = l  j = l  : J 13 3
O^k^n.-rl 
l ^ a < r

The c h a r a c t e r i s t i c  e q u a t i o n ,  E q u a t io n  3 .20^  may be v iew ed  as an a p p r o x i ­

m ate  model f o r  t h e  d i s t r i b u t e d  i n p u t  c a s e .  I n  such  case], e ach  e le m e n t  i n

G ( x , t )  w i l l  b e  t h e  G r e e n 's  f u n c t i o n  a s s o c i a t e d  w i t h  t h e , c o r r e s p o n d in g  i n p u t
' i  , •

ma a lo n g  th e  s p a t i a l ■dom ain. I f  th e  s p a t i a l  d im ens ion  i s  N r a t h e r  th an

u n i t y ,  th q '  te rm  x i s  s im p ly  r e p l a c e d  by t h e  v e c t o r  X = [x3- x2 . . . x ^ ] ' .

3 .3  RIPPLE CONSIDERATION
% .

As s e e n  i n  th e  p e rfo rm a n c e  m easu re  o f  E q u a t io n  3 .1 4 ,  t im e - a n d - s p a c e
’

i n t e r s a m p l i n g  e r r o r  i s  e x c lu d e d  from  c b h s i d e r a t i o n  i n  t h e  o p t i m i z a t i o n  

p r o c e s s . Under c e r t a i n  c i r c u m s t a n c e s ,  d e l e t e r i o u s  r i p p l e  may a p p e a r  i n  t h e  

" o p t i m a l !1 d i s t r i b u t i o n .  To r e s t r a i n  th e  i n t e r s a m p l i n g  r i p p l e ,  Both  i n  t im e  

and s p a c q ,  t p e  a b s o l u t e  v a lu e s  o f  th e  f i r s t  ct  ̂ t i m e - d e r i v a t i v e s  and th e  f i r s t

«2 s p a c e - d e r i v a t i v e s  o f  th e  e r r o r  d i - s - t r ib u t io n  a t  t h e  s p e c i f i e d  s p a t i a l  

p o i n t s  and a t  th e  -sam pling  i n s t a n t s  can b e  cons t r a i n  t e d  t o  b e  l e s s  th a n  o r

n I
I -  a . ,  e ( x . , j T ) ( 3 .2 7 )

j = l  3
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e q u a l  t o  some p r e a s s i g n e d  v a l u e s . By p r o p e r  s e l e c t i o n  o f  t h e  bounds on th e  

d e r i v a t i v e s  o f  th e  e r r o r ,  th e  r i p p l e  can be  r e s t r a i n e d  t o  any o r d e r  d e s i r e d o  

P a r t i a l  d i f f e r e n t i a t i n g  w i th  r e s p e c t  t o  t im e  on b o th  s i d e s  o f  E q u a t io n  

3 . I  y i e l d s

+  t  y(T) dT +  g t i > t > t ) u C t )
(3 .3 0 )

i n  wh,ich t h e  d i f f e r e n t i a t i o n  and i n t e g r a t i o n  o p e r a t i o n s  h a v e  b e e n  in t e r c h a n g e d  

u n d e r  t h e  a s su m p t io n  t h a t  t h e  p a r t i a l  d e r i v a t i v e  o f  th e  im p u ls e  r e s p o n s e  w i t h  

r e s p e c t  t o  t  i s  bounded . In  g e n e r a l ,  i f  t h e  i n i t i a l  c o n d i t i o n  r e s p o n s e  and 

th e  im p u ls e  r e s p o n s e  a r e  c o n t i n u o u s ly  d i f f e r e n t i a b l e ,  t h e  J t *1 p a r t i a l  d e r i v a ­

t i v e  w i£h  r e s p e c t  t o  t  o f  th e  o u tp u t  d i s t r i b u t i o n  can be y r i t t e n  as

gJy(x , t )  QJk0 Cx,t )  t  g jg (x , t ,T )
+ f ---- ------------— u ( t ) ot +3tJ

I
k = l

a3~k ' . [ u ( t ) / ~ 1S (,t- t -T)
8t J -k hk - l

]
T= t

(3 .3 1 )

S i n c q u ( t )  i s  d i s c o n t in u o u s  a t  t  = k T ,  k  = I ,  2 ,  , . . ,  b u t  n o t  a t  

t  = kT- , qnd i s  e q u a l  t o  a  c o n s t a n t  d u r in g  e a ch  s a m p l in g ,  a l l  t h e  d e r i v a t i v e s  

o f  u ( t )  a t  t  = kT-  a r e  z e r o .  Thus,

g]f(x ,kT  ) QJk0 Cx,kT ) .kT oig(x,kT , t)
—  =----- 1—---------- +.J  -------- --------------  u ( t) dr +

StJ

+  < u ( t )  I

3tJ

k [ ^  ^ g ( x , t , T )

( 3 .3 2 )

k = l  QtJ-k _k- 1 ] >
T= t t=kT"
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t tl  'S i m i l a r l y ,  t h e  j  p a r t i a l  d e r i v a t i v e  w i t h  t e s p e c t  t o  x o f : t h e  o u tp u t  d i s t r i ­

b u t i o n  i s . .

u ( t )  d r . ( 3 .3 3 )
a ^ y ( x , t )  _ 3^k0 ( x , t ) .  +  /  3 3 g (x >t ,T )

3x3 3x3 3x3

The p a r t i a l  d e r i v a t i v e s  w i th  r e s p e c t  t o  t  and x o f : t h e  e r r o r , r e s p o n s e  

e v a l u a t e d  a t  x  = x^ a n d •t •= ,kT~ a r e  d e f i n e d  as f o l l o w s :

e ^ C x  , k T  )  
t  1 ;

3'3yd(x^ ,k T - )  _ 33y(x j ,kT~) 

' 3t3 ' ............ 3t3
(3.34).

. e j ( x . , k T - )
S jy d Cx1̂ kT-.) 

3x3. i

BjyCx1 ^ T " )

3x3 '
(3.35).

To r e s t r a i n  t h e  i n t e r s a m p l i n g  r i p p l e ,  t h e  a b s o lu t e  v a lu e s  o f  b o th  t im e  

and s p a t i a l  d e r i v a t i v e s  o f  th e  e r r o r  r e s p o n s e ■a r e  bounded by  some c o n s t a n t s  = ■ 

These c o n s t a n t s  a r e  t o  b e  d e te rm in e d  by t h e  d e s i g n e r  on t h e . b a s i s  o f  th e  

f e a s i b i l i t y  o f  t h e  s o l u t i o n  and th e  d e g re e  o f - r i p p l e . t h a t  can  b e  t o l e r a t e d  

i n  th e  o p t im a l - s y s t e m .  T hus ,

| e j  (x . ,kT“ ) j << e3 ( 3 ,3 6 )  .

I e j ( X ^ k T l ) I  <  c j ^  . (3.37)
x .

To a r r a n g e - t h e  c o n s t r a i n t  e q u a t i o n s  i n t o  a s t a n d a r d  form  f o r  l i n e a r

p rogram m ing , more v a r i a b l e s  a re  in t ro d u c e d . :

Vj i k  -  Zj i k  = e j (Xi , kT") I  <  k ; <  n ^ ;  I ^  i  ^  ! , <  j , <  (3 -3 8 )
t  t  ;

v3 -  z j i k  = Gj (Xi ^kTl) • I ^ k  ^ , U 1 ; I  i  ^  n 2 ; I  ^  j  ^  %%
X\ X

(3 .39 )
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w here

vJ = 0  i f
t i k e t ( xi»kT 7) < o ( 3 .4 0 )

z-i., = 0  i f .
t l k

S^Cxi ,kT") >/ o (3 .4 1 )

v J M = 0  i f  
x l k  •

e J ( x . ,kT- ) 
x  x

< 0 ( 3 .4 2 )

Z J 11 = 0  i f
xl k

e X ^ x I  »kT_) ^  0 ( 3 .4 3 )

The p e r fo rm a n c e  m easure  i n  E q u a t io n  3 .1 9  i s  noir s u b j e c t t o  n ^ ^ U d i +  2 d2)

a d d i t i o n a l  l i n e a r  c o n s t r a i n t  e q u a t i o n s ,  n a m e ly ,  

’ • i k '  e3t i k ( 3 .4 4 )

2P k  <  ^3t I k

.

( 3 .4 5 )

v3 I k  <  =3 I k
X  X

( 3 .4 6 )

' , (3»47)

C l e a r l y , f rom  t h e  d e f i n i t i o n s  o f  and  i n  E q u a t io n s  3 .40  and

3 .4 1 ,  a t  l e a s t  one o f  them  m ust assume t h e  v a lu e  o f  z e ro  i n  t h e  o p t im a l  s o l u -  

t i o n  f o r  e a c h  c o m b in a t io n  o f  i ,  j  and k .  S i m i l a r l y ,  a t  l e a s t  one of y ^ lk  and 

i s  z e ro  i n  t h e  o p t im a l  s o l u t i o n .
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The same d i s c u s s i o n s  a r e  s t i l l  v a l i d  i n  th e  m u l t i p l e  c o n t r o l l i n g  a c t i o n  

c a se  e x c e p t  t h a t  th e  p a r t i a l  d e r i v a t i v e s  o f  th e  o u tp u t  d i s t r i b u t i o n  a re  g iv en  

by

8̂ y (x ,k T “ ) 9^k0 <x>t )  9-iG(x,kT~, t )
— -----------------S y----- —  +. J ---- ------------------ U (?) d r  +

3tJ  3t J ^  3tJ

+ {uct):
k = l

c? k  [ 1G ( X j t t T) 
S t J - k  3 tk - 1

]}
T= t t=kT

f o r  I  ^  j  Gi1 and

i P y ( x , t )  ^ k 0 ( x , t )  t  ^G Cx,t , T)
--------;------ = U ------+ /  ---------------  U( t ) dT

3xJ SxJ 0 3x3

f o r  I  j  ^  c%2 °

(3 .48)

(3 .49 )

3 .4  ILLUSTRATIVE EXAMPLE

To i l l u s t r a t e  t h e  m ethod d e s c r i b e d  a b o v e ,  th e  s y s te m  c h a r a c t e r i z e d - b y

Jy-^x >O  = , . f y ( x ,t)_ t  > 0 ; 0 < x < l  (3 .5 0 )
Bt 3x2

w i t h  th e  b o u n d a ry  c o n d i t i o n s

y ( 0 ,  t )  = y ( l , t )  = u ( t )  ( 3 .5 1 )

' and ■

y ( x ,0 )  = 0  (3 .5 2 )

i s  u s e d .  The b o u n d a ry  i n p u t  u ( t )  i s  to  b e  s o  d e te rm in e d  t h a t  th e  p e r fo rm a n c e  

m e a s u r e , w i t h  a l l  a . ,  ’ s e q u a l  to  u n i t y ,  i n  E q u a t io n  3 .1 4  i s i  m in im ized .  The
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d e s i r e d  d i s t r i b u t i o n  y d ( x , t )  e q u a l s  I ,  and t h e  c o n s t r a i n t  on th e  c o n t r o l l i n g  

a c t i o n  i s

0 ^  2 - (3 .5 3 )

I n i t i a l  s t e p s  i n  t h e  s o l u t i o n  a r e  as f o l l o w s :  F i r s t ,  t h e  f i n i t e  s i n e

t r a n s f o r m  and t h e  L a p la c e  t r a n s f o r m  w i th  r e s p e c t  t o  x and t ,  r e s p e c t i v e l y ,  

a re  t a k e n  o f  b o th  s i d e s  o f  E q u a t io n  3 .5 0 ;  s e c o n d ,  a p p r o p r i a t e  s u b s t i t u t i o n  

o f  th e  b o u n d a ry  c o n d i t i o n s  i s  made on th e  b a s i s  o f  E q u a t io n s  3 .5 1  and 3 .5 2 ;  

and t h i r d ,  i n v e r s i o n  o f  th e  f i n i t e  s i n e  t r a n s f o r m  on b o th  s i d e s  y i e l d s

y ( x , s )  = 4U(s) I  [w2n _ 1s in ( w 2n _ 1x ) / ( s  + W ^ 1) ]  ( 3 .5 4 )
n = l  .

w here  , -

W2n- I  = (Zn-Dir ( 3 .5 5 )

and w here  s i s  th e  L a p la c e  t r a n s f o r m  V a r i a b l e .

N e x t ,  t h e  c h a r a c t e r i s t i c  e q u a t i o n  i n  th e  form  o f  E q u a t i o n , 3 . I  i s  

o b t a i n e d  by t a k i n g  th e  i n v e r s e d  L a p la c e  t r a n s f o r m . o f  b o th  s i d e s  o f  

E q u a t io n  3 .5 4 :

t  oo I
y ( x , t )  = 4 /  I  W2n _ 1s in ( w 2n _ 1x )ex p [ -w ^ n _ 1 ( . t -T ) ]u (T )  d r  ( 3 .5 6 )

0 n = l

From t h e  t h e o r y  o f  F o u r i e r ' s  s e r i e s ,  i t  i s  knovfri t h a t  a t~ 'x 'x= 0 and x -= I ,  

t h e  i n f i n i t e  s e r i e s  i n  th e  r i g h t - h a n d  s i d e  o f  E q u a t io n  '3 .5 6  does n o t  converge
, ; . . A-

t o  y ( x , t ) .  However, from  th e  bo u n d a ry  c o n d i t i o n s  i n  E q u a t io n  3 .5 1 j  th e
i

v a lu e s  o f  th e  o u tp u t  d i s t r i b u t i o n  a t  th e  b o u n d a r i e s  a t e  known t o  e q u a l  th e  

i n p u t  u ( t ) .
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A f t e r  com paring  E q u a t io n  3 .5 6  w i t h  E q u a t io n  3 .1 ,  th e  im p u ls e  response-  

g ( x , t , t ) i n i t i a t e d  a t  t  = t i s

V 2 ■
g ( x , t , T )  = 4 Y  W2n- I S i n ( W 2^ 1X)exp [-W2^ 1 Ct-T).] ( 3 . 5 7 )

Then, on t h e  b a s i s  o f  E q u a t io n  3 . 6 ,  e a c h  n o n z e ro  e le m e n t  o f  H(x) i s  

T “  _

0 n = l
h . (x ,kT~) = 4 /  I  w9 s in (w x ) e x p {  -w^ '[ ( j - k + l ) T  - t] } dx

J o r=-i n - i  / n _ 1  2 n - l

'  OO

= 4 ' I

s i n  (1W9 x) ■
— :-------- :------- ‘ exp [-w9 1 ( j - k + l ) T ]  [exp (w9 T) - 1 ]  ( 3 .5 8 )

n = l  w2n - l  2n_1 ?n_1

■The i n t e g r a t i o n  arid sum m ation o p e r a t i o n s  a re  i n t e r c h a n g e a b l e  i n  E q u a t io n  3 .5 8

V ■ 2
b e c a u s e  t h e  s e r i e s  I .  W2^ 1Bxp {-w2n_ ^ ( j - k + l ) f  - r ] } i s  u n i fo r m ly  c o n v e rg e n t

n = l
From E q u a t io n  3 . 5 ,  t h e  d i s t r i b u t e d  o u t p u t  i s

y ( x , j T  ) I  m. (x ,k T  ) 
c=l J

( 3 . 5 9 )

The g e n e r a l  t e r m  i n  th e  e r r o r  se q u en c e  i s  t h e n ,  from E q u a t i o n - 3 .1 5 ,

e (x. , j T ) = I  -  I  h .  (X1 JkT ) % _ i  
■ 1 k = l  J

( 3 . 6 0 )

F o r  e a ch  p a i r  o f  ,v a lu e s  x  and kT , t h e  n u m e r ic a l  v a lu e  o f  h . (x. ,kT. )
i  ' J L

i s  e v a l u a t e d  by summing term s i n  th e  s e r i e s  o f  E q u a t io n  3 .5 8  on a d i g i t a l

co m p u te r .  The s e r i e s  i s  t r u n c a t e d  on th e  b a s i s  t h a t  exp [-w2ll_ 1 ( j - k + l ) T ]  

[ e x p (W2n - 1T) -  I  

3 .5 8  re d u c e s  to

2 _7 ■ 1
[ e x p (W2ll^ T )  -  l ] / w 2n_ 1 i s  l e s s  th a n  10 f o r  j  ^ k .  F o r  j  = k* E q u a t io n

v s in ( w 9 x) 
H . ( x , j T - )  = 4 I  :-------- 2 u - i _

3 n=1 W2n - 1
[ I  -  e x p (-w 2n_ 1T ) ]
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= s in (w  x) 9
= 1 - 4  I  -------------------- exp ( - W 2 T) (3 .61).

n = l  w2n - l  n _ i

The i n f i n i t e  s e r i e s  i n  th e  r i g h t - h a n d  member o f  E q u a t io n  3 .6 1  i s  e v a l u a t e d  

on t h e  same b a s i s  as m e n t io n e d  above .

From th e  b o u n d a ry  c o n d i t i o n s  g iv e n  i n  E q u a t io n s  3 .5 1  and 3 .5 2 ,  th e  

o u t p u t  d i s t r i b u t i o n  o f  th e  s y s te m  i s  known t o  be  s y m m e tr ic ;  t h u s ,  c h a r a c t e r ­

i s t i c  v a lu e s  o f  x n e e d  b e  s p e c i f i e d  e i t h e r  i n  t h e  i n t e r v a l  d e f i n e d  by
. . .  'i'

0 << x .< 0 .5  o r  i n  t h e  i n t e r v a l  d e f i n e d  by 0 .5  ,< x ^  I ,  b u t  n o t  i n  B o th ,  In

t h i s  e x a m p le , n^ i s  s e t  a t  3 w i t h  x^ = 0 . 1 ,  x^ = 0 . 3 ,  and Xg = 0 . 5 .  F i n a l l y ,

t h e  s a m p l in g  p e r i o d  I  i s  assumed t o  be  O0O l s e c o n d i and th e  t o t a l  number o f  .

sam p les  o f  i n t e r e s t  i s  30. '

The v a lu e s  o f  h . (x ,kT ~) f o r  x = 0 . 1 ,  x  = 0 .3  and x ~ 0 . 5 ,  T = 0 .0 1  and ■ 
J

1 j  <  30 a r e  t a b u l a t e d  i n  T ab le  3 . 1 .  The o p t im a l  i n p u t*  computed by use
. : I

o f  th e  IBM 1620-1311 L i n e a r  Programming System ,, i s  shown ip. F ig u r e  3 .2  and

l i s t e d  i n  T a b le  3 . 2 .  The- o p t im a lv o u tp u t  i s  computed by u s e .  o f  E q u a t io n  3 .5 9  ,
\  :

i s  p l o t t e d  i n  F ig u r e  3 , 3 ,  and t a b u l a t e d  i n  T a b le  -3 .3 , The d e s i r e d  d i s t r i b u ­

t io n - ,  as s e e n  from  F ig u r e  3 . 3 ,  can be o b t a i n e d  i n  l e s s  t h a h  0 ,1 5  second  f o r  

a l l  p r a c t i c a l  p u r p o s e s . '  As compared, w i t h  t h e  o u tp u t  d i s t r i b u t i o n  o f  th e  

s y s te m  w i t h  t h e  i n p u t  u ( t )  e q u a l  u n i t y  f o r  a l l  t  (F ig u re  3 . 5 ) ,  t h e r e  i s  a 

s i g n i f i c a n t  im provem ent i n  th e  o u tp u t  d i s t r i b u t i o n  o f  th e  o p t im a l  sy s te m . 

Though c o n s t r a i n t s  on t h e  d e r i v a t i v e s  o f  t h e  d i s t r i b u t i o n  a r e  n o t  i n c lu d e d
I

i n  t h i s  example,  the  r i p p l e  i n  the  optimal ,  d i s t r i b u t i o n  i s  i n s i g n i f i c a n t .

In  c a se s  w here  s p a t i a l  r i p p l e  i s  n o t  l i k e l y  to  a p p e a r  i n  th e  o u tp u t  

d i s t r i b u t i o n ,  a d i f f e r e n t  p e r fo rm a n c e  m easu re  may be  o f  u s e ;  n a m e ly , ,  a
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p e r fo rm a n c e  m easu re  b a s e d  on th e  a b s o l u t e  v a lu e  o f  th e  e r r o r  be tw e en  a 

d e s i r e d  u n i fo r m  d i s t r i b u t i o n  and th e  s p a t i a l  a v e ra g e  o f  t h e  a c t u a l  d i s t r i ­

b u t i o n ,  a s ■ f o l l o w s :

P
BI

min ■ I  e-a ( x J T . .  ) 
Tnk  j  = l

0< k < n ^ - l

(3 .62)

w here

e a ( x j j T  ) y d -  i  /  y ( x , j T  ) dx 
0

(3 .63)

C o n s t r a i n t  E q u a t io n  3 .1 0  a p p l i e s  h e r e  aJ.so.

•Follow ing th e  same a p p ro ach  as i n  S e c t i o n  3 . 2 ,  th e  p e rfo rm a n c e  m easure  

o f  E q u a t io n  3 .6 2  becomes 

n I
P = min (v .  + z . )  ( 3 .6 4 )

■ ™k J =1 J J 
O ^k^n^-l

The o p t im a l  c o n t r o l  s e q u e n c e  f o r  t h e  s y s te m  d e s c r i b e d  by E q u a t io n s  3 .5 0 ,

3 .5 1  and 3 .5 2 ,  w i t h  r e f e r e n c e  t o  th e  p e r fo rm a n c e  m easure  o f  E q u a t io n  3 .6 2 ,

i s  computed by t | l e  bame s t a n d a r d  p ro g ram . The r e s u l t s  a r e  shown i n  F ig u re s
!

3 .4  and 3 .5  and l i s t e d  i n  T a b le s  3 .4  and 3 .5  =

' '  ’ /

3 .5  REMARKS
------ !— ----------

T h is  c h a p t e r  c o n ta i n s  a  d e t a i l e d  p r e s e n t a t i o n  o f  th e  o p t im a l  d e s ig n  o f  

s a m p l e d - d a ta  d i s t r i b u t e d - p a r a m e t e r  sy s tem s  by a p p l i c a t i o n  o f  l i n e a r  p rog ram ­

ming t e c h n i q u e s .  The i m p u l s e - r e s p o n s e  c o n c e p t  i s  d e v e l o p e d . i n  t h e  d e s ig n
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o f  d i g i t a l  c o n t r o l  f o r  l i n e a r  t i m e - i n v a r i a n t  o r  t i m e - v a r i a n t  d i s t r i b u t e d -  

p a r a m e t e r  s y s t e m s . W ith t h i s  a p p r o a c h , th e  d e s ig n  p ro b le m  i s  re d u c e d  t o  

t h e  d e t e r m i n a t i o n  o f  a s e t  o f  d i s c r e t e  v a lu e s  o f  th e  c o n t r o l l i n g  a c t i o n s .

The m u l t i p l e  c o n t r o l l i n g  a c t i o n s  i n  S e c t i o n  3 . 2 . 1  may be v ie w e d .a s  

an a p p ro x im a t io n  t o  d i s t r i b u t e d  c o n t r o l l i n g  a c t i o n s  i n  c e r t a i n  c a s e s . In  

S e c t i o n  3 . 3 ,  a d e t a i l e d  d i s c u s s i o n  o f  b o th  t im e  and s p a c e  r i p p l e  i s  g iv e n .

F o r  sy s te m s  o f  s p a t i a l  d im e n s io n  g r e a t e r  th a n  o n e , t h e  d i s c u s s i o n s  

a re  s t i l l  v a l i d  p r o v id e d  t h e  s c a l a r  x  i s  r e p l a c e d  by th e  v e c t o r  X. This 

s a m p le d - d a ta  model can a l s o  be  v iew ed as an a p p ro x im a te  model f o r  c o n t in u o u s  

sy s te m s  p r o v id e d  th e  s a m p l in g  p e r i o d  i s  made s u f f i c i e n t l y  s m a l l .  The 

s a m p l in g  f re q u e n c y  may be  s e l e c t e d  such  t h a t  t h e  a m p l i tu d e  a s s o c i a t e d  w i th  

f r e q u e n c ie s  h i g h e r  th a n  o n e - h a l f  o f  t h e  s a m p l in g  f re q u e n c y  i s  be low  -3 0  db 

( 3 6 ) .  O th e r  d e t a i l s  c o n c e r n in g  th e  c h o ic e  o f  th e  sa m p l in g  p e r i o d  f o r  

d i s c r e t e  a p p ro x im a t io n s  a r e  g iv e n  i n  r e f e r e n c e s  (36 , 6 5 ) .  F o r  c o n t in u o u s  

sys.-tems, t h e  p e r fo rm a n c e  m easu re  i n  E q u a t io n  3 .1 4  i s  an a p p ro x im a te  ..form o f  

L T1
P = min /  J a ( x , t )  | e ( x , t ) [  d t  dx (3 .6 5 )

m (t )  0 0
0^ t< T 1 '
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x

m (t) A
T

- v -

y ( x , t )

y d ( x »t )

e ( x , t )

F ig u r e  3 .1 .  S a m p le d -d a ta  r e p r e s e n t a t i o n  f o r  d i s t r i b u t e d - p a r a m e t e r  s y s t e m s .
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0 . 8

0 . 6

0 .4
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0
2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

t / T  -----------------►
F ig u re  3 .2 .  O p tim a l  i n p u t  w hich  r e s u l t s  i n  th e  m in im iz a t io n  o f  th e  pe rfo rm ance  m easure

i n  E q u a t io n  3 .4  w i th  a l l  a . .  1 s = I ,  (m. ) = 2 .0  and T = 0 .0 1  seco n d .IK K max
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(x
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)

It =  0*05

0 *0 1 ; ^

O utpu t  r e s p o n s e  o f  t h e  sy s te m  a s s o c i a t e d  w i th  t h e  o p t im a l  i n p u t  
i n  T a b le  3 . 2 .

F ig u re  3 .3



u
(t

)

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

t / T  ---------------- 9r
F i g u r e  3 . 4 .  O p tim a l  i n p u t  w hich  r e s u l t s  i n  th e  m in im iz a t io n  o f  t h e  p e r fo rm a n c e  measure 

i n  E q u a t io n  3 .6 2  w i t h  (Bk ) max = 2 .0  and T = 0 .0 1  s e c o n d .



y
(x

,t
)

F i g u r e  3 . 5 .  O u tpu t  r e s p o n s e  o f  t h e  s; tern a s s o c i a t e d  w i th  t h e  o p t im a l  in p u t
i n  T a b le  3 . -
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x -------- ■—

F ig u r e  3 .6 .  O u tpu t  r e s p o n s e  o f  t h e  sy s te m  w i t h  i n p u t  e q u a l  u n i t y .
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Ta b le  3 . 1 .  V alues  o f  h  (x ,k T  ) ,  E q u a t io n  3 .5 8 .

k h I
(x ,k T - )

|X Il O x  = 0 . 2 X  = 0 .3 x = 0 .4 x =  0 .5

0 .0 1 ■.479500 • .157299 ,033895. .004700 .000814
0 .0 2 .137582 .160075 .100184 .043500 .024025
0 .0 3 .066241 .097932 .090858 .068576 .057615
0 .0 4 • .0 41713 ■ .068850 .077230 ■ .074417 .071746
0 .05 ■.030716 .054198 .067430 .072479 ■ .073489
0 .0 6 .024957 .045738 .060009 .• .067748 • .070111
0 .0 7 .021432 ■ .040055 .053921 • .062236 "■ .064977
0 .0 8 ; .0 1 8 9 3 4 . .035721 .048668 .056739 .059469
0 .0 9 • .016955 • .032130 .044018 • .051552 .054126
0 .1 0 . .015279 .029014 • .0 39850 .046766 .049141
0 .1 1 . .013810 • .026247 1036092 •.042396 .044564
0 .1 2 ■.012498 .023764 .032695 • 1038421 .040393
0 .1 3 . .011318 .021524 .029620 ' .034814 ■ .036604
0 .1 4 .010252 ■ 1019499 1026835 ' 1031544 .033167
0 .1 5 /009287 .017665 1024313 ' .028580 .030051
0 .1 6 /008414 .016004 1022028 • .025895 .027227
0 .1 7 /007623 ; .014500 1019957 . ■ .023461 .024668
0 .1 8  . ■ .006907 - .013137 1018082 ■ .021256 • .022350
0 .1 9 /006257 .011902 1016382 .019258 .020250
0 .2 0 /005669 .010784 1014843 ■ .017449 .018346
0 .2 1 /005136 . .009770  " .013448 ; .015809 ' .016622
0 .2 2 /004634 ; .008852 1012184 • .014323 .015060
0 .2 3 /004216 .008020 1011039 . • .012977 J013645
0 .2 4 /003820 1007266 . 0 1 0 0 0 1 • .011757 .012362
0 .2 5 <003461 .006583 .009061 .010652 ■ .011201
0 .2 6 /003136 • .005-965 • 1008210 009651 ■• .010148
0 .2 7 /002841 . ■ .005404 1007438 ■ .008744 • .009194
0 .2 8 /002574 ,004896 . 1006740 .007922 .008330
0 .2 9 /002332 ■ .004436 . 1006160 • .007178 • .007547
0 .3 0 /002113 ,004019 1005532 1006503 ■ .006838

N o t e ; h  (x.,kT ) =-h„ ( x ,  ( k - l ) , l  ) f o r  a l l  j  ' s  and k ' s .
j  ' J * 1 .
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T a b le  3 .2 .  O p tim al  c o n t r o l  s e q u en c e  w hich  r e s u l t s  i n  t h e  m in im iz a t io n
o f  th e  p e r fo rm a n c e  m e a s u r e , E q u a t io n  3 . 1 4 ,  w i t h  a l l  a ^ ' s =
I ,  (m. ) = 2 .0  and T = 0 .0 1  se co n d .Tc max

Time i n  se conds C o n t r o l  se q u en c e

0 .0 0 2 .000
0 .0 1  ■ 2 .0 00

• 0 .0 2 ■ 2 .0 00
0 .0 3 2 .000
0 .0 4 2 .000
0 .0 5 2 .000
0 .0 6 1.665
0 .0 7 1 .091
0 .0 8 1.089
6 .0 9 1 .045
6 .1 0 1 .025
6 .1 1 1 .013
0 .1 2 1 .0 0 7
0 .1 3 1 .004
0 .1 4 1.002
0 .1 5 1.001
0 .1 6 1 .001
0.17, 0 .999
0 .1 8 1.000
0 .1 9 1 .000
0 .2 0 1 . 0 0 0

0 .2 1 1 .000
0 .2 2 1 .000
0 .2 3 1 .000
0 .2 4 1 . 0 0 0

0 .2 5 1 .0 00
0 .2 6 1 . 0 0 0

0 .2 7 1 . 0 0 0

0 .2 8 1 .000
0 .2 9 I o O O O

I . I
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t

T a b le  3 .3  O u tp u t  .re sponse  o f  th e  s y s te m  a s s o c i a t e d  w i t h  th e  
o p t im a l  i n p u t  i n  T a b le  3 .2 .

k D i s t r i b u t e d  o u t p u t  y ( x , t )

Il O H
1 x =  0 .2 x =  0 .3 x = 0 .4 x = 0 .5

0 .0 1 .9590 .3146 .0678 .0094 .0016
0.02 1.2342 .6347 .2682 .09£4 .0497
0 .0 3  • 1.3666 .8306 ' .4499 .2335 • .1649
0 .0 4 1 .4501 .9693 .6043 .3824 .3084
0 .0 5 1.5115 1 .0767 .7392 ‘ .5273 .4554
0 .0 6 1 .5614 1 .1682  ■ .8592 .6628 .5956
0 .0 7 1.4436 1.1956 .9557 .7857 .7253
0 .0 8 1 .1602 1 .1231 1.0000 .8819 .8357
0 .0 9 1 .0920 1 .0624 1 . 000,0 .9371 .9109 .
0 .1 0 1 .0492 1.0339 1 . 0 0 0 0 .9660 .9519
0 .1 1 1 .0268 1 .0183 1 . 0 0 0 0 .9817 . .9.741
0 .1 2 1 .0143 1.0099 1 . 0 0 0 0 .9901 .9860
0 .13 1 .0 0 7 7 1.0053 1 . 0 0 0 0 .9947 .9925
0 .1 4 1.0042 1 .0029 1 . 0 0 0 0 .9971 .9959
0 .1 5 1 .0022 1 .0016 1 . 0 0 0 0  • .9985 .9978
0 .1 6 1 .0011 1 .0008 1 . 0 0 0 0 .9992 .9988
0 .17 1 .0008 1.0005 1 . 0 0 0 0 .9995 .9993
0 .1 8 .9998 1.0001 1 .0000 .9998 .9997
0.19 .9999 .9999 .9999 .9998 .9998
0 .20 .9999 .9999 .9999 .9998 .9998
0 .21 .9999 .9999 .9999 .9999 .9999
0.22 .9999 .9999 .9999 .9999 . .9999
0 .23 .9999 .9999 .9999 .9999 .9999
0 .24 .9999 .9999 .9999 .9999 .9999
0 .2 5 .9999 .9999 .9999 .9999 .9999
0 .2 6 .9999 .9999 .9999 .9999 .9999
0 .27 .9999 .9999 .9999 .9999 . .9999
0 .2 8 .9999 .9999. .9999 .9999 .9999
0.29 .9999 .9999 1 . 0 0 0 0 .9999 .9999
0 .3 0 .9999 .9999 1 . 0 0 0 0 .9999

,  i

.9999 '
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T ab le  3 . 4 .  O p tim a l  c o n t r o l  se q u en c e  w hich  r e s u l t s '  i n  th e
m in im iz a t io n  o f ■th e  p e r fo rm a n c e  m e a s u r e , E q u a t io n
3 .6 2 ,  w i t h  (m, ) = 2 .0  and T = 0 .0 1  s e c o n d .K max

Time i n  seconds C o n t r o l  s eq u en ce

0 .0 0 2.0001
0 .0 1 2 .000
0 .0 2 2 .0 00  ■
0.03, 2 .000
0 .0 4 1 .964
0 .0 5 1.561
0 .0 6 1 .364
0 .0 7 1 .244
0 .0 8 1.166
0 .0 9 1 .113
0 .1 0 1.077
0 .1 1 1.053
0 .1 2 1 .036
0 .1 3 1.025
0 .1 4 1 .017
0 .1 5 ' 1 .011
0 .1 6 1 .008
0 .1 7 1.005
0 .1 8 1.004
0 .1 9 1 .003
0 .2 0 1.002
0 .2 1 1.001
0 .2 2 1.001
0 .2 3 1.001
0 .2 4 1.000
0 .2 5 1.000
0 .2 6 1.000
0 .27 1.000
0 .28 1.000
0.29 1.000

■;i -

J
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T a b le  3 .5 .  O u tp u t  r e s p o n s e  o f  th e  s y s te m  a s s o c i a t e d  w i t h  th e  
o p t im a l  i n p u t  ip. T a b le  3 .4 .

k D i s t r i Duted ou tpu t - v ( x . t )

I—
I 

O
 !I X x = 0 . 2 x = 0 . 3

OIi■ X

X =  0 . 5

0 .0 1 .9590 .3146 .0678 .0094 .0016
0 .0 2 1.2342 .6347 .2682 .0964 .0497
0 .0 3 1 .3667 .8306 .4499 .2335 , .1649
0 .0 4 1 .4501 .9683 .6043 .3824 .3084
0 .0 5 1.4942 1 .0710 .7380 .5272 .4553
0 .0 6 1 .3460 1 .0934 .8407 .6592 .5944
0 .0 7 1.2365 1 .0744 .8982 . .7628 .7124
0 .0 8 1.1616 1.0535 .9324 .8368 .8007
0 .0 9 1.1106 1 .0373 .9543 .8892 .8631
0 .1 0 1.0756 1 .0257 .9689 .9235 .9063
0 .1 1 1.0516 1 .0176 .9788 .9478 .9359
0 .1 2 1 .0354 1 .0121 .9856 .9643 .9562
0 .1 3 1 .0242 ■ 1 .0083 .9902 .9756 .9701
0 .1 4 1 .0167 1 .0057 .9933 .9834 .9796
0 .1 5 1 .0114 1.0040 .9955 .9887 .9861
0 .1 6 1 .0075 1 .0027 .9969 .9923 .9905
0 .1 7 1.0053 1 .0 0 1 8 .9979 .9948 .9936
0 .1 8 1 .0034 1.0012 .9986 .9964 .9956
0 .1 9 1.0026 1.0009 .9990 .9976 ■ .9970
0 .2 0 1 .0020 1 .0007 .9994 .9984 .9980
0 .2 1 1 .0014 1 .0006 .9996 .9989 .9986
0 .2 2 1 .0 0 0 7 1 .0004 .9998 .9993 .9991
0 .2 3 1 .0006 1 .0003 .9999 .9996 .9994
0 .24 : 1 .0005 1 .0003 I o 0000 .9997 .9996
0 .2 5 1 .0001 1.0002 1 .0000 . .9999 .9998
0.26 1 .0000 1 .0001 1 .0000 .9999 .9999
0 . 2 7 1 .0000 1 .0000 1 .0 000 1.0000 .9999
0 .2 8 1.0000 1 .0000 1 .0000 1.0000 1 .0000
0 .2 9 1 .0000 1.0000 1 .0 001 1.0000 1 .0000
0 .3 0 1 .0000 1 .0000 1 .0001 1.0000 1 .0000
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T a b le  3 . 6 .  Ou tpu t  r e s p o n s e  o f  t h e  s y s t e m  a s s o c i a t e d  w i t h  t h e  
i n p u t  e q u a l  u n i t y .

k D i s t r i b u t e d  ou tpu t  v ( x . t )

x = 0 . 1 X = 0 .2 x = 0 . 3 x = 0 . 4 x = 0 .5

0.01  • .4795 .1573 .0339 ' .0047 .0008
0 .0 2 .6171 .3174 .1341 .0482 .0248
0 .03 .6833 .4153 .2249 .116)3 .0824

.0 .0 4 .7250 .4842 .3022 .19152 .1542
0.05 .7557 .5383 .3696 .2637 .2277
0 .0 6 .7807 .5841 .4296 .3314 .2978
0 .0 7 .8021 .6241 .4835 .3937 .3628
0 . 0 8 .8211 .6599 .5322 .4504 .4222
0 .09 .8380 .6920 .5762 .5019 .4764
0 .1 0 .8533 .7210 .6161 .5487 .5255
0 .1 1 .8671 .7473 .6522 .5911 .5701
0 . 1 2 .8796 .7710 .6848 .6295 .6105
0.13. .8909 .7925 ■.7145 .6643 .6471
0 .1 4 .9012 .8120 .7413 .6959 .6802
0 .1 5 ,9105 .8297 .7656 .7245 .7103
0 .1 6 .9189 .8457 .7876 .7504 .7375
0 .1 7 .9265 .8602 .8076 .7738 .7622
0 . 1 8  ■ .9334 .8733 .8257 .7951 .7845
0 .1 9 .9397 .8852 .8421 .8143 .8048
0 .2 0 .9453 .8960 .8569 .8318 .8231
0 .2 1  ■ .9505 .9058 .8704 .8476 .8398
0.22 .9511 .9147 .8825 .8619 .8548
0 .2 3 .9593 .9227 .8936 .8749 .8685
0 .2 4 .9631 .9299 .9036 , 8866 .8808
0 .2 5  ■ .9666 .9365 .9126 .8973 .8920
0.26 .9697 .9425 .9209 .9070 .9022
0 .2 7 .9726 .9479 .9283 .9157 .9114
0 .2 8 .9752 .9528 ' .9350 .9236 .9197
0.29  / .9775 .9572 .9412 .9308 .9272
0 .3 0  1 .9796 .9612 .9467 .9373 .9341



CHAPTER 4

OPTIMAL DESIGN OF.DISTRIBUTED-PARAMETER
i :  ■

SYSTEMS THROUGH DYNAMIC PROGRAMMING
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4 . I  INTRODUCTION

I n  t h e  p r e c e d i n g  c h a p t e r  a t t e n t i o n  i s  f o c u s e d  on t h e  o p t i m a l  d e s i g n  o f  

l i n e a r  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  by use  o f  l i n e a r  programming t e c h n i q u e s . 

H e r e ,  t h e  o p t i m a l  c o n t r o l  o f  d i s t r i b u t e d - p a r a m e t e r  sys tem s  i s  s t u d i e d  from 

t h e  dynamic programming p o i n t  o f  v iew (6 , 7,  8) .  The a d v a n ta g e  o f  the  

dynamic .p rogramm in g  a pp roa c h  i s  t h a t  b o t h  n o n l i n e a r  p e r f o r m a n c e  measures  

and n o n l i n e a r  sy s te m s  may be t r e a t e d .

I n  1963,  Wang and Tung ( 86) ,  u s i n g  t h e  p r i n c i p l e  o f  o p t i m a l i t y  (6 ) ,  

d e r i v e d  a maximum p r i n c i p l e  f o r  a g e n e r a l  t e r m i n a l  c o n t r o l  p r o b le m ,  i . e . , 

a c o n t r o l  p r o b le m  f o r  wh ich  t h e  d i s t r i b u t e d  e r r o r  a t  t h e  t e r m i n a l  t ime 

on ly  i s . c o n s i d e r e d  i n  t h e  p e r f o r m a n c e  m e a s u r e .  I n s t e a d  o f  t h e  u s u a l  form 

o f  P o n t r y a g i n 1s maximum p r i n c i p l e  (69)  f o r  l u m p e d - p a r a m e t e r  s y s t e m s ,  t h e  

r e s u l t s  i n  Wang and T u ng ' s  maximum p r i n c i p l e  a r e  i n  f u n c t i o n a l  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n  forms f o r  which  t h e r e  i s  no a n a l y t i c a l  method of  

s o l u t i o n  a t  t h e  p r e s e n t  t im e  ( 6 7 ) .

I n  S e c t i o n  4 . 2 ,  a  g e n e r a l  c o n v e x ,p e r f o r m a n c e  measure i s  t r e a t e d  from 

t h e  dynamic programming p o i n t  o f  v i ew .  A f u n c t i o n a l  e q u a t i o n  i s  d e r i v e d  

w i t h  p r o p e r t i e s  a n a lo g o u s  t o  t h o s e  o f  t h e  lumpe d-rparamet e r  c a s e .  The s y s t e m  

c o n s i d e r e d  h e r e  i s  t h e  same as t h a t  c o n s i d e r e d  i n  C h a p t e r  3 .  I n  S e c t i o n  4 . 3 ,  

a  s q u a r e - e r r o r  p e r f o r m a n c e  m easure  w i t h  an e n e rg y  c o n s t r a i n t  on t h e  i n p u t  

i s  s t u d i e d .  An a n a l y t i c a l  s o l u t i o n  t o  t h e  c o r r e s p o n d i n g  o p t i m i z a t i o n  p r o b ­

lem i s  o b t a i n e d ,  I n  S e c t i o n  4 , 4 ,  an example i s  u se d  to  i l l u s t r a t e  t h e  

t h e o r i e s  d e v e lo p e d  i n  t h e  p r e c e d i n g  s e c t i o n s .
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4 .2  DEVELOPMENT OF THE METHOD

4 . 2 . 1  C on t inuous  S p a t i a l  V a r i a b l e

In  t h i s  s e c t i o n ,  a g e n e r a l  convex p e r f o r m a n c e  m easu re  o f  a c o n t i n u o u s l y

d i s t r i b u t e d  e r r o r  i s  m in im iz ed  from t h e  dynamic programming, p o i n t  o f  v iew .

S p e c i a l  p r o p e r t i e s  o f  t h e  f u n c t i o n a l  and t h e  o p t i m a l  s o l u t i o n  a r e  d e r i v e d

t o  r e d u c e  c o m p u t a t i o n a l  r e q u i r e m e n t s .  F o r  c o n v e n i e n c e t h e  c h a r a c t e r i s t i c

e q u a t i o n  o f  t h e  s y s t e m  f rom  E q u a t io n  ,3 .4  i s  r e w r i t t e n  h e r e

j - 1  kT t
y ( x , t )  = k ( x , t )  + I  I i m 1 /  g ( x , t , T )  dr  + m, . /  g ( x , t , f >  dr

U k - 1  , ( k - 1) T J ( j - 1 ) T
(4 .1 )

f o r  ( j - l ) T  4: t  < j T .  The f i r s t  two t e rm s  o f  t h e  r i g h t - h a n d  member of  

E q u a t i o n  4 . 1  a r e  t h e  c o n t r i b u t i o n  o f  t h e  i n i t i a l  d i s t r i b u t i o n  and p a s t  

c o n t r o l l i n g  a c t i o n s ,  r e s p e c t i v e l y .  I t  i s  a p p r o p r i a t e  f o r  l a t e r  use  t o  

e x p r e s s  y ( x , t )  i n  t h e  fo rm

t
y ( x , t )  = y ( x , ( j - l ) T , t )  + m /  g ( x , t , T )  dr  ( 4 . 2 )

( j - 1 )  T

f o r  ( j - l ) T  4  t  < j T ,  where  t h e  t e r m  y ( x , ( j - l ) ' T , t )  i s  t h e  c o n t r i b u t i o n  due

' t '
t o  t h e  i n i t i a l  d i s t r i b u t i o n  and t o  p a s t  c o n t r o l l i n g  a c t i o n s  ahd i s  d e f i n e d  

A K 1 > T
y ( x , ( j - l ) T , t )  = k ( x , t )  + I  m. /  g ( x , t , r )  d r  ( 4 . 3 )

U k=l- k - 1  ■ ( k - l ) T

I t  i s  e v i d e n t  f rom E q u a t i o n  4 . 2  t h a t

y ( x ,  ( j - l ) T )  = y(x> ( j - l ) T ,  ( j - l ) T ) (4 .4 )
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I t  i s  a l s o  c l e a r  f rom E q u a t io n  4 .2  t h a t  t h e  o p t i m a l  s e l e c t i o n , w i t h

r e s p e c t  t o  t h e  p e r f o r m a n c e  m easure  t o  be  d e s c r i b e d , o f  H i j depends on

y ( x s ( j - l ) T , t )  w h ich  i n  t u r n  depends on t h e  d i s t r i b u t i o n  y ( x , ( j - l ) T ) .

S in c e  m. i i s  n o t  a  f u n c t i o n  o f  x ,  t h e  s e l e c t i o n  o f  m. does n o t  a f f e c t

t h e  fo rm o f  t h e  f u n c t i o n ,  o f  x  b u t ,  o f  c o u r s e , a f f e c t s  t h e  v a l u e  o f  the

d i s t r i b u t i o n .  I f  m^ can assume a f i n i t e  number a^ o f  d i s t i n c t  v a l u e s ,

t h e  number o f  d i s t i n c t  d i s t r i b u t i o n s  w h ich  y ( x , ( j - l ) T )  may assume i s  
j - 2

Tr a, . I f  m, can assume a c on t inuum  o f  v a l u e s ,  t h e  same can b e  s a i d  o f  
k=0 K - K .
y ( x * ( j - l ) T ) . F o r  p u r p o s e s  o f  s o l u t i o n ,  h o w e v e r ,  o n ly  a  f i n i t e  number o f  

d i s c r e t e  v a l u e s  o f .m ^  i s  c o n s i d e r e d  i n  t h i s  s e c t i o n ,  and i n t e r p o l a t i o n  

b e tw e e n  t h e  t a b u l a t e d  v a l u e s  o f  m^ can be  made i f  n e c e s s a r y .  C o n d i t i o n s  

u n d e r  which  suc h  i n t e r p o l a t i o n  i s  v a l i d  a r e  e s t a b l i s h e d  l a t e r  i n  t h i s  

s e c t i o n .

Now c o n s i d e r  t h e  r e t u r n  f u n c t i o n *  I  [ y ( x , 0 ) ] :
I

V 1
I  [ y ( x , 0 ) ]  = min Y Y - [m. , y ( x , j T ) ]  

Il1 _  0 «fin J J
( 4 . 5 )

J=O
0< j < n ^ - l

w here  Yj [m^ , y  ( x ,  jT )  ] i s  a convex f u n c t i o n a l  o f  y (x ,  jT )  f o r ,  a f i x e d  ny 

and a convex  f u n c t i o n  o f  m. f o r  a f i x e d  y .(x , . jT) , and i s  t h e  s e t  o f

a d m i s s i b l e  v a l u e s  f o r  mj  . G e n e r a l l y ,  [m. , y ( x ' i j T ) ]  i s  a  convex  measure 

o f  t h e  d i s t r i b u t e d  e r r o r  b e tw e e n  t h e  d e s i r e d  o u t p u t  y ^ ( x i , t )  arid t h e  a c t u a l  

o u t p u t  y ( x , t )  a t  t  = j T -  t o g e t h e r  w i t h  a  convex  measure  o f  m j .

* The p h r a s e  " r e t u r n  f u n c t i o n "  i s  s t a n d a r d  dynamic programming 
t e r m i n o l o g y  ( 6 , 7,  8 ) .
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F o r  e xa m ple ,

L
[m - , y ( x , j T ) ] = / '  [ y d ( x , j T )  -  y ( x , j T ) ] 2 dx + X(m. -ms ) 2 

j J o j

i s  a p o s s i b l e  form f o r  [nu , y ( x , j T ) ] where  ms i s  t h e  s t e a d y - s t a t e  v a l u e  

o f  t h e  c o n t r o l  s i g n a l  and where  X i s  a " c o s t "  f u n c t i o n  a s s o c i a t e d  w i t h  

c o n t r o l  a c t i o n .

The s u b s c r i p t  n^ o f  I  d e n o te s  t h e  number o f  s t a g e s  i n  t h e  r e t u r n  

f u n c t i o n ,  i . e . ,  t h e  number o f  t erms  i n  t h e  summation .  The a rgument  o f  

t h e  f u n c t i o n a l ■I n r e p r e s e n t s  t h e  f u n c t i o n  on which  t h e  m i n i m i z a t i o n
I

p r o c e s s  d e p e n d s . .

S in c e  Yg[mg, y ( x , 0 )  ] i s  n o t  a  f u n c t i o n  o f  my., I  <  j  n ^ - 1 , E q u a t io n  

4 .5  can b e  w r i t t e n  as

I n [ y ( x , 0 ) ] = min {Yo Ĉ O > y ( x , 0 ) ]  + 
I  mOe ^O

I
+ min V y . [ m .  ; y ( x , j T ) ]} v ( 4 . 6 )

m̂  efij j ^ l

D e s c r i p t i v e l y ,  t h e  s e c o n d  t e r m  i n  t h e  r i g h t - h a n d  member o f  E q u a t io n  4 .6  i s
■ . ' i

a s s o c i a t e d  w i t h  t h e  p r o b le m  o f  o p t i m a l  s e l e c t i o n  o f  t h e  c o n t r o l l i n g  a c t i o n s  

f rom t h e  s e c o n d  s t a g e  t o  t h e  n ^  s t a g e ,  I t  i s  e v i d e n t  t h a t  such  s e l e c t i o n  

depends on t h e  d i s t r i b u t i o n  a t  t h e  end  o f  t h e  f i r s t  s t a g e .  ■ Thus ,  by 

d e f i n i t i o n  i n  E q u a t i o n  4 . 5 ,  t h e  s e c o n d . t e rp i  i n  t h e  r i g h t - h a n d  'meitiber o f  ■ 

E q u a t i o n  4 .6  can b e  r e p r e s e n t e d  as

V 1
I  [ y ( x , T )  ] = min ' Y Y1 [m. , y ( x j j T ) ]  ( 4 . 7 )

n I " 1 Imj Efij  J = I j j
^ l - 1
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By i t e r a t i o n ,  a r e c u r s i v e  r e l a t i o n  can be  e s t a b l i s h e d ,  as f o l l o w s ,

I_ [y ( x , i T ) ]  = min {ŷ . [m4 , y ( x , i T )  ] + _ i _ 1 [ y ( x ,  ( i + l ) T ]  } ( 4 . 8 )

f o r  0 ^  i  ^  n ^ - 2 , where

n-^- l
I n , [ y ( x , ( i + l ) T ) ] = min I  y . [ m  , y ( x , j T ) ]

•*- m„ ^n- 4=I1-LI J J4 efij j = i + l
d e ^ - ii + i  " j

( 4 . 9 )

For  i  = n ^ - 2 , E q u a t io n  4 .9  s im p ly  r e a d s

I  [ y ( x , (n - 1 ) T ) ]

^n

min y _ q-[m , y ( x , ( n  - i ) T ) ]

- I = V - I  1 1

( 4 . 1 0 )

The c o n v e x i t y  o f  t h e  f u n c t i o n a l  I ^  w i t h  r e s p e c t  t o  i t s  argument  i s  

n e x t  t o  be  d e r i v e d .  Th is  p r o p e r t y  v a l i d a t e s  t h e  i n t e r p o l a t i o n  o f  t h e  v a l u e
I' ' ,

o f  t h e  f u n c t i o n a l  I  ab o u t  i t s  a rg um en t .  The p r o o f  o f  c o n v e x i t y  o f  t h e
n I  X

f u n c t i o n a l  I n  f o r  a l l  i ' s  be tw een  0 and n ^-1 i s  a c c o m p l i s h e d  by mathe­

m a t i c a l  i n d u c t i o n .  L e t  y ( x , ( n ^ - l ) T )  b e  e x p r e s s e d  by

y ( x , ( n ^ - l ) T )  = a y ' ( x , ( n ^ - l ) T )  + ( l - a ) y " ( x , ( n ^ - l ) T ) ( 4 .1 1 )

w here  a i s  a  r e a l  number i n  t h e  c l o s e d  i n t e r v a l  [6 , 1 ] ,  and where  

y ' ( x ,  Cn1- I ) ! )  and y " ( x ,  Cn1- I ) ! )  a r e  d i s t r i b u t i o n s  a t  th^e end  o f  the  

( n ^ - 1 ) s a m p l i n g  p e r i o d .  With t h e  a s s u m p t io n  i n  E q u a t i o n  4 .1 1  and th e
f

convex  p r o p e r t y  o f  yn , E q u a t i o n  4 .10  can b e  w r i t t e n  hs
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I q [ y ( x , (n - 1 ) T ) ] < min {ay _ q [m , y ' ( x , (n - 1 ) T ) ] +
1 1 m . e n  n n I  1 n I " 1 ‘ 1

nI" 1 1V1

+ ( l -oi)  yn  _ 1 [mn _ l t  y " ( x , ( n ^ - l ) T ) ] }

>< a I ^ [ y ' ( x , ( n ^ - l ) T ) ]  + ( l - a ) I ^ [ y " ( x , ( n ^ - l ) T ) ]  ( 4 . 1 2 )

Thus ,  I ^ t y  ( x ,  ( n ^ - l ) T )  ] i s  a  convex f u n c t i o n a l  o f  y ( x , ' ( n ^ - l ) T ) ,

N e x t ,  assume t h a t  I n  _^_^.[y ( x ,  ( i + l ) T )  ] i s  a convex f u n c t i o n a l  o f  

y ( x , ( i + l ) T ) . From E q u a t i o n  4 . 2 ,  t h e  e x p r e s s i o n s  f o r  y ( x , i t )  and 

y ( x , ( i + l ) T )  can be  w r i t t e n  as

y (x , iT ) .  = kn ( x , i T )  + I  hi _ h  (x ,kT  )
k = l  1 1

( 4 . 1 3 )

and

i +1
y ( x , ( i + l ) T )  = k  ( x , ( i + l ) T )  + I  mk - i h i + l ( x 9kT ^  

u k = l
( 4 .1 4 )

I t  can b e  s e e n  from E q u a t i o n s  4 .1 3  and 4 .1 4  t h a t  y ( x i ( i + l ) T )  i s  dependen t

on y ( x , i T )  and iil . T h e r e f o r e ,  i f

y ( x , i T )  = a y * ( x , i T )  + ( l - a ) y " ( x , i T )
( 4 . 1 5 )

t h e n  t h e  c o r r e s p o n d i n g  y ( x , ( i + l ) T )  can b e  w r i t t e n  as

y ( x , ( i + l ) T )  = o y ' ( x , ( i + l ) T )  + ( l - a ) y " ( x , ( i + l ) T ) ( 4 . 1 6 )

Because  y^ and I  .. , a r e  convex f u n c t i o n a l s ,  o f  y ( x , i T )  and 
1 n ^ - i - 1

! t
y ( x , ( i + l ) T ) ,  r e s p e c t i v e l y ,  i t  f o l l o w s  from E q u a t io n  4 . 3  t h a t
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I  [ y ( x , i T ) ]n l - i

< min [ a { y £ [m^, y ' ( x , i T ) ] + r  _ i _ 1 [ y ' ( x , ( i + l ) T ] } +

+ ( l - o )  (Yi  Cmi ^ x , I T ) ]  + I n _ i _ 1 [y"  ( x ,  ( i + l ) T )  ] } ]

< a l  ; [ y ' ( x , i T ) ]  + ( l - a ) I  . [ y " ( x , i T ) ]  ( 4 . 1 7 )Ui - I  Hi - I

Thus ,  i t  i s  c o n c lu d e d  t h a t  . [y ( x , i T )  ] i s  a convex f u n c t i o n a l  o f  y (x , iT ) .
I

f o r  0 ^  i  ^  n ^ - 1 .

F o r  f i x e d  y ( x , i T ) , t h e  c o n v e x i t y  w i t h  r e s p e c t  t o  o f  

I i Cmi , y ( x , i T ) ] = Yi Cmi * y ( x , i T ) ]  + _ i _ 1 C y ( x , ( i + l ) T ) ] ( 4 . 1 8 )
I

.

i s  n e x t  t o  be  d e r i v e d .  With t h i s  p r o p e r t y ,  any r e l a t i v e  minimum o f

Fi Cmi , y ( x , i T ) ] i s  a l s o  t h e  a b s o l u t e  minimum p r o v i d e d  t h a t  fii  i s  a c l o s e d

convex s e t .  T h i s  s i m p l i f i e s  c o n s i d e r a b l y  t h e  p r o b le m  o f  s e a r c h i n g  f o r  t h e

minimum o f  Ti Cmi , y ( x , i T )  ] .  I f  Ti Cnu, y ( x , i T )  ] is- s t r i c t l y  convex ,  i t  i s

known t h a t  t h e  o p t i m i z i n g  Hii  i s  u n i q u e .

The p r o o f  o f  c o n v e x i t y  o f  Ti Cmi , y ( x , i T ) ] i s  r e a d i l y  e s t a b l i s h e d  by

o b s e r v i n g  t h a t , w i t h  y ( x , i T )  b e i n g  g i v e n ,  t h e  on ly  i n d e p e n d e n t  v a r i a b l e

i n  t h e  e x p r e s s i o n  o f  y ( x , ( i + l ) T )  i s  nu , arid y ( x , ( i + l ) T ) " i s  l i n e a r  i n  mi .

S in c e  I  . n [ y ( x , ( i + l ) T ) ] i s  a convex f u n c t i o n a l  o f  i t s  a rg u m e n t ,  i t  i s  n , —i —I I
a l s o  a convex f u n c t i o n  o f  mi . T h e r e f o r e ,  f rom t h e  f a c t  t h a t  t h e  sum of  

two convex  f u n c t i o n s  i s  a l s o  convex,  i t  can be  c o nc lude d  t h a t  T i Cmi , y ( x , i T ) ]

i s  a convex f u n c t i o n  o f  m. f o r  a f i x e d  y ( x , i T ) . Th is  c o n c l u s i o n  h o l d s  f o r  

a l l  i ' s .
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The c o n t i n u i t y  o f  t h e  o p t i m i z i n g  [ y ( x , i T ) ] i s  l a s t  t o  be  p r o v e n .  

C o n t i n u i t y  o f  t h e  o p t i m i z i n g  im [ y ( x , i T ) ] a s s u r e s  t h a t  t h e  v a l u e  o f  t h e  

o p t i m i z i n g  m [ y ( x , i T ) ]  + . Ay( x , i T ) ] i s  c l o s e  t o  t h a t  o f  t h e  o p t i m i z i n g

nu [ y ( x , i T ) ] i f  Ay( x , i T )  i s  a s u f f i c i e n t l y  s m a l l  v a r i a t i o n .  Th is  s u g g e s t s  

t h a t  t h e  s e a r c h  f o r  t h e  minimum o f  I \  [nu , y  ( x , i T )  + Ay ( x , i T )  ]: can be 

p e r f o r m e d  i n  t h e  n e ig h b o r h o o d  o f  t h e  o p t i m i z i n g  m. [ y ( x , i T )  ] .

Suppose t h a t  riL and m in im ize  [m^, y ( x , i T ) ] and Ti [m^, y ’ ( x , i T ) ] 

r e s p e c t i v e l y .  Le t

mi  = m^i + ( l-ci)m^ , 0 ^  a >< I  ( 4 . 1 9 )

By c o n v e x i t y  o f  [iru , y (x , iT ) . ]  , i t  f o l l o w s  t h a t

Ti  [Uii , y ( ' x , i T )  ] ^  MF1 [Ai  , y (x , iT ) . ]  + (I-Ct)Ti  [Ai , 'y ( x , i T )  ] ( 4 .2 0 )

By d e f i n i t i o n  o f  m^, I n e q u a l i t y  4 .2 0  becomes

Ti Cmi , y (x , iT ) . ]  < Ti  [Ai , y ( x , i T ) ]  ■ ' ( 4 .2 1 )

S i m i l a r l y  i t  can be  shown t h a t

Ti Cmi , y '  ( x , i T )  ] << T ^ A i , y '  ( x , i T )  ] ( 4 .2 2 )

S in c e  Ti Cmi , y (x , iT ) . ]  i s  u n i f o r m l y  c o n t i n u o u s ,  i t  f o l l o w s  t h a t  g iven  

Ei  > 0 , t h e r e  e x i s t s  Si  > 0 such  t h a t

I  Ti Cm1 , y ( x , i T ) ] -  Ti Cmi , y ' ( x , i T ) ] | < E1 • ( 4 . 2 3 )

f o r  . { (iil -  mi )^ + [y ( x , i T )  -  y '  ( x , i T )  }T < Si  f o r  a l l  x e [0 >L] and el Efii  .
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In  t h e  s p e c i a l  c a s e  t h a t  nn = iil = A. , I n e q u a l i t y  4 . 2 3  r e a d s

Fi  [Ai , y ( x , i T )  ] -  Fi  [ % ,  y '  ( x , i T )  ] < ' e 1 , ■ _ ' ( 4 . 2 4 ) ,

A d d i t i o n  o f  c o r r e s p o n d i n g  members o f  I n e q u a l i t i e s  4 .2 1  and 4 .2 4  y i e l d s  

Fi Imi , y ( x , i T ) ] -  Fi EAi , y ' ( x , i T ) ] < e£ (4 .2 5 )

When Itii  = Hii , I n e q u a l i t y  4 . 2 3  can be w r i t t e n  as 

Fi Emi , y ' ( x , i T ) ] -  Fi Emi , y ( x , i T ) ] < ( 4 .2 6 )

By d e f i n i t i o n  o f  h l , i t  f o l l o w s  t h a t

Ti EAi , y ' ( x , i T ) ] -  Fi Emi , y ( x , i T ) ] < ( 4 . 2 7 ) '

I t  can be  c o n c lu d e d  from t h e  r e s u l t s  i n  I n e q u a l i t i e s  4 .2 5  and 4 .27

t h a t

| Fi [Ai , y 1 ( x , i T ) ] -  Fi Emi , y ( x , i T ) ] | <  Ei  ( 4 . 2 8 )

A g a in ,  f o r  hl = mi  = Hii , I n e q u a l i t y  4 . 2 3  can' be  w r i t t e n  a s - 

Fi [Ai , y 1 ( x , i T ) ] -  Fi EAi , y ( x , i T ) ] , <  E1 ' (4 .29)

A d d i t i o n  o f  c o r r e s p o n d i n g  members o f  I n e q u a l i t i e s  4 .2 2  and 4 .29  y i e l d s  

Fi Emi  , y * ( x , i T )  ] -  Fi EAi , y ( x , i T )  ] < E1 „ (4.30.)

I *
When nu = HL , I n e q u a l i t y  4 . 2 3  r e a d s ,  a f t e r  t h e  a b s o l u t e - v a l u e  s i g n s  

a r e  remove d ,

Fi Emi , y ( x , i T ) ] -  Fi Emi , y ' ( x , i T ) ]  < E1 ( 4 .3 1 )  ,
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Then i t  can be  c o n c lu d e d  from t h e  r e s u l t s  i n  I n e q u a l i t i e s  4 .3 0  and 4 .31  

t o g e t h e r  w i t h  t h e  d e f i n i t i o n  o f  t h a t

I  T i  [mi,  y ( x , i T )  ]  -  [dL , y ( x , i T )  ]  |  <  2 e^  ̂ ( 4 . 3 2 )

By t h e  p r o p e r t y  o f  t h e  t r i a n g u l a r  i n e q u a l i t y  and t h e  r e s u l t s  i n  

I n e q u a l i t i e s  4 . 2 8  and 4 . 3 2 ,  i t  f o l l o w s  t h a t

Ir i CAi , y ' ( x , i T ) ] -  Fi Cmi , y ( x , i T ) ] | ■ < Se 1 ' ( 4 .3 3 )

f o r  ( (Ai  -  n h ) ^  + C y(x , iT )  -  y '  ( x , i T )  ]^}2  <6̂  f o r  a l l  x  e [0 , L ] . I f  

| y ( x , i T )  -  y ' ( x , i T ) |  <&2 . ( 4 . 3 4 )

f o r  a l l  x  e [ 0 , L ] , t h e n

IAi  - A i I < (S12 -  S22 )2  , ■ ( 4 .3 5 )

D e s c r i p t i v e l y ,  t h e  o p t i m i z i n g  mi [ y ( x , i T ) ] i s  c o n t i n u o u s  i f  

Fi Cmi , y ( x , i T ) ] i s  convex .  I t  s h o u l d  be  n o t i c e d  t h a t  t h e  c o n t i n u i t y  o f  

Fi Cmi , y ( x , i T ) ] a lo n e  does n o t  a s s u r e  t h e  c o n t i n u i t y  o f  t h e  o p t i m i z i n g  

Ini C y ( X j i T ) ] ,  b u t  t h e  c o n v e x i t y  of  Fi Cmi , y ( x , i T ) ]  does .

4 . 2 , 2  D i s c r e t e  S p a t i a l  V a r i a b l e

I t  i s  e v i d e n t  t h a t  t h e  method i n  S e c t i o n  4 . 2 . 1  s u f f e r s  s e v e r e l y  from 

t h e  d i m e n s i o n a l i t y  p r o b le m  b e c a u s e  o f  t h e  c o n t i n u o u s  n a t u r e  o f  t h e  s p a t i a l  

v a r i a b l e  i n  t h e  f o r m u l a t i o n  o f  t h e  p r o b le m .  In  an a t t e m p t  t o  6 ase  t h i s  

d i m e n s i o n a l i t y  p r o b le m ,  t h e  s p a t i a l  v a r i a b l e  i s  d i s c r e t i z e d  i n  t h i s  s u b ­

s e c t i o n .  G e n e r a l l y ,  i n f o r m a t i o n  from a f i n i t e  number of  p o i n t s  i n  t h e
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s p a t i a l  domain ,  s ay  ^  p o i n t s ,  i s  s u f f i c i e n t  t o ' r e p r e s e n t  e s s e n t i a l l y  a l l
'■

t h e  i n f o r m a t i o n  i n  t h e  s p a t i a l  dom ain .

From E q u a t i o n  4 . 2 ,  t h e  d i s t r i b u t i o n  a t . ^  d i s c r e t e  p o i n t s  i n  t h e  

s p a t i a l  domain can b e  w r i t t e n  i n  m a t r i x  fo rm as

Y( jT)  = Y ^ 1 ( J J )  + mj _ 1Gj _ 1 ( jT )  "  ( 4 . 3 6 )

where  Y( jT ) . , Y j ^ ( j T )  and G = ^ ( J T )  a r e  ng x  I  m a t r i c e s ,  w h ic h  have  
J J ip

e l e m e n t s  y C x ^ J T ) ,  YCxi ., ( j - l ) T , j T )  and /  g ( x ^ , j T , ( J - I ) T + ? )  d r ,  r e s p e c t i v e l y
0

The r e t u r n  f u n c t i o n  i n . t h e  d i s c r e t e  s p a t i a l  v a r i a b l e  c a s e ,  which i s

( 4 .3 7 )

(4 .38)

(4 .39)

By f o l l o w i n g  t h e  same approach-  as i n  S e c t i o n  4 . 2 . 1 ,  i t  can be  shown 

t h a t  t h e  c o r r e s p o n d i n g  p r o p e r t i e s  .of  t h e  f u n c t i o n a l s  a r e  s t i l l  v a l i d  i n  

t h e  d i s c r e t e  s p a t i a l  v a r i a b l e  c a s e .

t h e  c o u n t e r p a r t ,  t o  t h a t  i n  E q u a t io n  4 . 5 ,  i s

n ^ - l
I  [Y(O) ] = min Y' Y- [m. , Y(JT) ]

I  • m.efij  J=O J J
0x<j?n^-l

The e q u i v a l e n t  r e c u r s i v e  r e l a t i o n  can be  w r i t t e n  as

I  , . . [Y ( IT ) ]  = min [y.  [m. , Y ( IT ) ]  + ' I  ' . {Y{ ( i + l ) T ]  }]
V 1 ■ - ' m.en .  1 1 ' H1- I - I

and

I  {Y[ (H1- I ) T ] . )  = min yn _ i »  YI(U1- I ) T ]  }
I  m I efi 1 I  I
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I f  a .  i s  t h e  number o f  v a l u e s  which  y ( x „ , j T )  can assum e,  t h e  number o f
J }■

m i n i m i z a t i o n s  which  must  be  c a r r i d  o u t  a t  t  = jT  i s

i l l  a S

The t o t a l  s t o r a g e  r e q u i r e m e n t  f o r  a p a r t i c u l a r  p r o b le m  i s

1Sl n 2 4
3 ( I it a^)  

j = l  i = l  J

I t  i s  e v i d e n t  t h a t  t h e  f e a s i b i l i t y  o f  t h e  s o l u t i o n  depends on t h e  c h o ic e  o f  

n g . I n  t h e  h e a t  c o n d u c t i o n  p r o b le m ,  f o r  e x a m p l e , P a s c h k i n  and Baker  (59)  

s u g g e s t  t h a t  t h e  r a n g e  o f  a p p r o p r i a t e  v a l u e s  o f  n^ i s :b e tw e d n  5 and 12;

4 . 3  SPATIAL-AVERAGE-SQUARE ERROR

In  t h i s  s e c t i o n ,  an a n a l y t i c a l  e x p r e s s i o n  o f  t h e  o p t i m a l  c o n t r o l  i s  

d e r i v e d  u n d e r  t h e  s p a t i a l - a v e r a g e - s q u a r e - e r r o r  c r i t e r i o n .. A s p a t i a l - a v ' e r a g e -  

s q u a r e - e r r o r  r e t u r n  ■ f u n c t i o n  i s  o b t a i n e d  by  u s i n g  a s p e c i a l  fo rm o f  

[im , y ( x ,  jT )  ] i n  E q u a t i o n  4 .5  ; n am e ly .

S\2Y1 [ m . , y ( x , j T ) ] = /  [ y d ( x , j T )  -  y ( x , j T ) ] dx +  A(to -  mS) 
j j O J

( 4 .4 0 )

where  y d ( x , j T )  i s  t h e  d e s i r e d  d i s t r i b u t i o n  a t  t  = j T ,  ms i s  t h e  s t e a d y - s t a t e

v a l u e  o f  t h e  c o n t r o l l i n g ,  a c t i o n ,  and A i s  t h e  " c o s t  f a c t o r "  a s s o c i a t e d  w i t h

d e v i a t i o n  o f  m. away from ms -.
J

The g e n e r a l  e x p r e s s i o n  o f . t h e  o p t i m a l  c o n t r o l  which  i s  a s s o c i a t e d  w i t h  

t h e  r e t u r n  f u n c t i o n  d e s c r i b e d  by E q u a t i o n  4 .5  t o g e t h e r  w i t h  E q u a t io n  4 .4 0  i s  

. shown i n  t h e  f o l l o w i n g  p a r a g r a p h s ■t o  be
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Nmi [ y ( x , i T ) ] 
m* [ y ( x , i T )  ] = — -— ------------ ( 4 .4 1 )

Dm.

f o r  0 ^  i  ^  n ^ - 2 , where

Nmi  [ y ( x , l T ) ] 

A n I " 1- 1 ' TI  f  Lyd (X9Cn1- J ) T )  . y ( x Jf T s (tt1- j ) T ) ] h  ' r  (x,.
j = l  0 1 " I' J

( i + l ) T .  -) dx +

n l - i - 2  A
+ I  \  , ! , J y ( M T ) ]

j = l  I  J

6Nm'
.' ‘I - 1 - 3  + Xms (4 .42 )

and

Dm* S x +  " I ' 1' 1
1 j

n l - i - 2 d^ mn - 1- j  A
( i + l ) T  ) dx -  y (------J ---------)2 /Dmn , I , ,

I  J

(4 .43)

J  (" Smi

and t h e  l a s t "c o n t r o l l i n g  a c t i o n  i s

'* s
nVil - I  = m (4 .44)

SNm

The t e r m
n —1—j

- d e n o te s  t h e  f u n c t i o n a l  p a r t i a l  d e r i v a t i v e  ’( 86) w i t h
Sm.

r e s p e c t  t o  m . The a rgum ent  o f  .Nin i s  u n d e r s t o o d  t o  b e  y ( x ,  (n - I - j ) T )  .
i  , n I  J 1

The n o t a t i o n  y ( x 9i T ,  ( i ^ - j  ) T) r e p r e s e n t s  t h e  d i s t r i b u t i o n  a t  t  = (U^-J )T  by 

l e t t i n g  t h e  d i s t r i b u t i o n  y ( x , i T ) . decay  w i t h  z e ro  i n p u t  a p p l i e d  a f t e r  t  = i T .  

M a t h e m a t i c a l l y ,

i
y ( x , i T ,  (n - j ) T )  = k (X9Cn1- J ) T )  + I  ni _ h  _ .  ( x ,k T  )

- 1 u . k = l  ■ n I  J
( 4 .4 5 )
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F o r  I  = n ^ - 2  t h e  s e c o n d  summation i n  b o t h  E q u a t io n  4 .4 2  and 4 .43  i s  

z e r o .  In  t h i s  c a s e , t h e  o p t i m a l  c o n t r o l  . i s

mn _ 2 [ y ( x >Cn 1- 2 ) 11) ]

/  [ y d ( x , ( n  - 1 ) T )  -  y ( x , ( n 1- 2 ) T , ( n  - 1 ) T ) ] h  ( x , ( n . - 1 ) T  ) 
0 1 1 I  1 '

dx +  Xms
L 9

X + /  IT  ( x , ( n  - l ) T - ) d x
0 n I  1 l

( 4 . 4 6 )

The r e s u l t  i n  E q u a t i o n  4 .4 4  i s  r e a d i l y  e s t a b l i s h e d  by  o b s e r v i n g  t h a t  

a t  t h e  n ^ ^  s t a g e  o f  t h e  s y s t e m ,  t h e  r e t u r n  f u n c t i o n  i s

L 2
I 1 Ey(X1Cn1- I ) T )  ] = min { /  Eyd Cx9Xn1-D-T) -  y ( x ,  ( n ^ l ) ! )  ] dx +

V i  0

+ X(m - -  m8 )^}
H1- !

( 4 .4 7 )

and t h a t  y ( x , ( n  - l ) T )  i s  i n d e p e n d e n t  o f - m . The r e s u l t  i n  E q u a t io n  4 .41  
1 n I  1 , ' '

can be  p r o v e n  by m a t h e m a t i c a l  i n d u c t i o n .  F i r s t , c o n s i d e r  t h e  Cn1- D tdl s t a g e

o f  t h e  s y s te m :  At  t h i s  s t a g e ,  t h e  r e t u r n  f u n c t i o n . i s

L 2
I  [y ( x ,  ( n , - 2 ) T )  ] = min { /  [ y d ( x ,  ^ . - 2 ) 1 )  -  y ( x , ( n  - 2 ) T ) ]  dx +

* d 1- 2  °

+ X(m _ -  ms ) 2 + I  EyCxUn1- D T ) ] )  ( 4 . 4 8 )  
n I  Z 1 ;

The d i s t r i b u t i o n  a t  t  = ( n ^ - l ) ! ,  o b t a i n e d  f rom E q u a t io n  4 . 2 ,  i s

y (X 9Cn1- I ) T )  = y ( x , ( n 1- 2 ) T , ( n 1- l ) T )  + m^ _ 2^ n  _ 1 ( x , ( n 1- l ) T  ) (4 .49)
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The n e c e s s a r y  c o n d i t i o n  f o r  t h e  m in i m i z i n g  m 9 i s
n r z

2X(mn  _ 2~  m ) +

S I 1 C y (X s Cn1- I ) T ) ]

( 4 . 5 0 )

where
S I 1 C y ( X s Cn1- I ) T ) ]

Sm

V 2

d e n o te s  t h e  f u n c t i o n a l  p a r t i a l  d e r i v a t i v e .

V2

On t h e  b a s i s  o f  E q u a t io n s  4 ,4 4  and 4 . 4 7 ,  i t  f o l l o w s  t h a t  

L
I  [ y ( x s (n - 1 ) T )  ] = /  [ yd.(xs (n - l ) T )  -  y ( x ,  (n - 1 ) T )  ] 2 dx

1 I .  0
( 4 .5 1 )

and t h e  r e q u i r e d  f u n c t i o n a l  p a r t i a l  d e r i v a t i v e  i s

S I 1 CyCxs Cn1- I ) ! ) ]

3%  -2

- 2  /  Cyd Cxs Cn1- D T )  -  y ( x s ( n 1- 2 ) T s ( n 1- l ) T ) ] h Î ^_1 ( x ‘s ( n r l ) T - )  dx +

+  2mn  _ 2 /  h n  ( X s Cn1- I ) T  ) d x
I  0 1

( 4 .5 2 )

S o l v i n g  f o r  Inn _ 2 ' i n  E q u a t i o n  4 .50  i n  c o n j u n c t i o n  w i t h  t h e  r e s u l t  i n  

E q u a t i o n  4 .5 2  l e a d s  t o  t h e  e x p r e s s i o n  f o r  m^ _ 2 Cy( x , ( n 1- 2 ) T ) ] as  shown i n  

E q u a t i o n  4 . 4 6 .  With t h i s  r e s u l t  and t h o s e  o f  E q u a t io n s  4 .4 9  and 4 . 5 1 ,

I 2 [ y ( x , ( n 1~ 2 ) T ) ] o f  E q u a t i o n  4 .4 8  can be  e x p r e s s e d  as f o l l o w s :
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I 2 [ y ( x , ( n i - 2 ) T ) ]  = J  [y ( x , ( n ^ - 2 ) T )  -  y ( x ,  ( ^ - 2 ) 1 )  ] 2 dx +

+ /  [ yd ( x , ( U - - I ) T )  -  y ( x , ( n , - 2 ) T ) , ( n - l ) T ) ] ^  dx 
O l

(Nm  ̂ _ 2 [ y ( x , ( n 1- 2 ) T ) ] ) 2 2

"  ------±-----------* ------------------------ +
Dmn i -2

Next  c o n s i d e r  t h e  ( n ^ - 2 ) s t a g e  o f  t h e  s y s te m .  At  t h i s  s t a g e ,  

r  __[m y ( x , ( n - - 3 ) T ) ] f rom E q u a t i o n . 4 .1 8  becomes
n H v J.I  I  ?

rn _q[m _q, y ( x ,  (n -3)T)  ] = [ ' [ / d ( x ,  (n -3)T)  -  y ( x , ( n  -3)T) ]
1 1  1 0 1 1 .

2 I
dx 4

+ x(mn _ 3-  m®)2 +  I 2 t y ( x , ( n 1- 2 ) T ) ]

From E q u a t i o n  4 . 2 ,  t h e  d i s t r i b u t i o n  a t  t  = ( n . - 2 ) T i s

y ( x , ( n 1- 2 ) T )  = y ( x , ( n ^ - 3 ) T , ( n ^ - 2 ) T )  + m^ _gh^ _ 2 ( x , ( n ^ r 2 ) T ~ )

Then t h e  n e c e s s a r y  c o n d i t i o n  f o r  t h e  minimum o f  r _q[™n _'3 » y (x* (n
n I  I

w i t h  r e s p e c t  t o  m^ i s

61 [ y ( x , ( n  - 2 ) T ) ]
2 X Cm -  ms ) + --------- ---------------------  = 0

n r 3 5V - 3

When t  = ( n ^ - l ) T  and j  = n ^ - 1 , E q u a t i o n  4 . 3  becomes

( 4 .5 3 )

( 4 .5 4 )

(4 .5 5 )  

- 3 )  T1) ]

( 4 .5 6 )
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n-^-3
y ( x ,  ( n ^ - 2 ) T ,  ( n ^ - l ) T )  = kQ ( x ,  (Ii1- I ) T )  + ^ m^_1h^  _ 1 ( x 9kT ) +

+ mH1- S hH1- I c x * ( n r 2)T_)

y ( x , ( n  - 3 ) T , ( n  - 1 ) T )  + m „h ( x , (H1- S )T " )  
I  I  n ^- 1

(4.57)

With t h e  e x p r e s s i o n s  i n  E q u a t io n s  4 .5 5  and 4 . 5 7 ,  t h e  p a r t i a l  d e r i v a t i v e  o f  

[ y ( x , (H1- S ) T ) ] can be  w r i t t e n  as

"<Sl2 [ y ( x , (H1-S)T)]

6mV 3
S L

+ Sm

- 2  V /  [ y d ( x , ( n , - j ) T )  -  y ( x , ( n  - 3 ) T , ( n 1- j ) T ) ] h  . ( x ^ ( n 1
j = l  J 0 ' ' 1 I  J

2 L -
I o y /  h 2 . ( X 9(H1- S ) T  ) dx -  Sn /  _ 2 [ y ( x , (H1- S ) T ) ] 
n I - 3  j = l  J0 n l™J 1 n I  2 1 ■

- 2 ) T ) dx +

H1-S

V 3
(4:58)

The e x p r e s s i o n  o f  t h e  n u m e r a t o r  o f  Hin  _ 2 [y(x^  (H1-S )T )  ] i n ' E q u a t i o n
I

4 .4 6  can b e  w r i t t e n  e x p l i c i t l y  i n  . terms  o f  m^ as 
' ■ , I

Nm* [ y ( x , (n - 2 ) T ) ] 
n I " 2 1

f  Eyd (X9Xn1- I ) T )  -  y ( x 9( n ^ - 3 ) T 9(H1- I ) T ) ]h^  _ 1 ( x 9(n l - l ) T  ) dx +

+ Xms - H in _ 3. /  hn _ 1 ( x , ( n  - 2 ) T  )h ^  _ 1 (X9( ^ - I ) T  )
I  0 1

6Nm:
Nmn _ 2 Ey ( X 9( I i 1- S ) T ) ]  +  m - _ 3 - - - - - - - 1----

I  . I  H 1 -S
(.4.59)
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A f t e r  a p p r o p r i a t e  s u b s t i t u t i o n  o f  t h e  i d e n t i t i e s  e x p r e s s e d  by E q u a t io n s  

4 . 5 8  and 4 .59  i n  E q u a t io n  4 . 5 6 ,  E q u a t i o n  4 .5 6  i s  s o l v e d  f o r  t h e  m in i m i z in g
A

m which  can be  e x p r e s s e d  as n .  - j
1 ANmn _ 3 [ y (X9Cn1- S ) T ) ]  

mn - 3 [y^x >(n 1" 3) T) ]  = — 1 Dm* ( 4 . 6 0 )
n 1~3

where

Nmn _ 3 [ y ( x >(H1- S ) T ) ]

I  /  [ yd ( x 5( n 1- j ) T )  -  y ( x , ( n  - 3 ) T , ( n _ ^ j ) T ) ] h  _ ( x , (n - 2 ) T  ) dx +
i = l  0 1 1 I j  1

6Nm
+ n f  [ y ( x , ( n  - 3 ) T ) ]  — — I 

Ii1-Z I om

n- -2
+ Xmb

n 1~3
(4 .6 1 )

and

6Nm'A

Dmn - 3  = A + £ /  hn - , ( x X n ^ ) T  ) dx -  (— —i ---- )-2 /Dm^ _ 2
' I  j = l  O l j 1 dmHi - 3 I

(4 .62)

The e x p r e s s i o n  f o r  nV _ ^ [ y  ( x ,  ( ^ - 3 ) 1 )  ] i n  E q u a t io n s  4 . 6 0 ,  4 . 6 1 ,  and 

4 .6 2  c o r r e s p o n d s  t o  t h e  r e s u l t  i n  E q u a t io n s  4 . 4 1 ,  4 . 4 2 j and  4 .4 3  f o r

i  = n - 3 .  
I
A p p r o p r i a t e  s u b s t i t u t i o n  o f  t h e  r e s u l t s  i n  E q u a t io n s  4 . 5 3 ,  4 . 5 5 ,  4 . 5 7 ,  

4 .5 9  a n d •4 .60  i n t o  E q u a t i o n  4 . 5 4 ,  f o l l o w e d  by  r e a r r a n g e m e n t , y i e l d s  t h e  

v a l u e  o f  I ^ t y ( X 9Cn1- S ) T ) ] :
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I 3 EyCx1( n ^ - 3 ) T ) ]

Eyd (X1Cn1- S )T )  -  y ( x , (n - 3 ) T ) ] 2 dx +

2 L
+ I  ( /  Eyd C x , ( n - j ) T )  -  y ( x , ( n  - 3 ) T , ( n  - j ) T ) ] ^  dx + 

j - 1  0 1 1 1

(Nmn  Ey(X)(H1- S ) T ) ] ) '
+ Xms } (4 .63)

Dm
Ii1- I - J

Assume t h a t  a t  t h e  ( i + 2 ) s t a g e  o f  t h e  s y s t e m  t h e  o p t i m a l  c o n t r o l l i n g  

a c t i o n  i s  g i v e n  by

Nm*+ 1 [ y ( x , ( i + l ) T ) ]
mi + i Ey(X1(Id-I)T)  ] (4 .64)

Dm.

where

Nm1+i[y(x,(itl)T)]■

n-i—i —2 L
I  f  [ yd ( x , (n i j ) T )  -  y ( x , ( i + 1 ) T , (n - j ) T ) ] h  _ . ( x ,  

J = I  0 1 1 I  J ■
, ( 1+2 ) T ) dx +

n ^ - i - 3 SnV
( 4 . 6 5 )

and

Dmi +1 X +
n-^- i - 2

T ' f  K  _ X x , ( i + 2 ) T - )  dx 
J = I  0 I  J

(4 .66 )



77

and t h e  v a l u e  o f  ( x ,  ( i + l ) T )  i s  g iv e n  by

' L
I  . - [ y ( x , ( i + l ) T ) ] = /  [ y d ( x , ( i + l ) T )  -  y ( x , ( i + l ) T ) ] 2 dx +

I  0

n , —i —2 L 
1 -  r d ,+  y { /  [ya ( x ,  (n - j ) T )  -  y ( x , ( i + l ) T , ( n  - j ) T ) ] z dx + 

j = l  0 1 1 -

(Nm* [ y ( x , ( i + l ) T ) ] ) 2
11I  1 J

+ Xms ' (4 .67 )
Dm'

n I - I - J

To c om ple te  t h e  i n d u c t i v e  p r o o f , i t  i s  t o  be  shown t h a t  m l [ y ( x , i T ) ]  i s

g i v e n  by E q u a t i o n s  4 . 4 1 ,  4 . 4 2 ,  and 4 .4 3  and t h a t  I  [ y ( x , i T ) ] i s  a l s o
n I  1

g i v e n  by E q u a t i o n  4 .6 7  by  r e p l a c i n g  ( i+ 1 )  by i .

I n  t erms  o f  t h e  e x p r e s s i o n  i n  E q u a t i o n - 4 . 4 0 ,  t h e  s p e c i a l  ca se  o f  

E q u a t i o n  4 . 1 8  i s

L ■ -
Fi  [Ini , y ( x , i T )  ] = /  [ yd ( x , i T )  -  y ( x j i T ) ]  dx + XCmi  -  ms ) 2 +

• 0

+ I  I [ y ( x , ( i + l ) T ) ] ( 4 . 6 8 )H1—i —i

The d i s t r i b u t i o n  a t  t  = ( i + l ) T  can be. e x p r e s s e d  ,from E q u a t i o n  4 . 2  as

y ( x , ( i + l ) T )  = y . ( x ; i T , ( i + l ) T >  + mi h i + 1 ( x , ( i + l ) T  ) ( 4 . 6 9 )

Then t h e  n e c e s s a r y  c o n d i t i o n  f o r  t h e  minimum of Ih [Hii , y ( x , i T )  ] w i t h  r e s p e c t

t o  nu i s  ' ' ' ■

5I n _ i _ 1 [ y ( x , ( i + l ) T ) ]
2X(m; -  ms ) ■ + —— I:----------------------;--------  = 0 ( 4 . 7 0 )

1 ■ . 6m
- i
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By u s e  o f  E q u a t i o n  4 . 4 5 ,  y ( x , ( i + l ) T , ( n ^ - j ) T )  can be e x p r e s s e d  as

y ( x ,  ( i + l ) T ,  (n - j ) T )  = y ( x , iT . ' , ( n  - j ) T )  + m'.h _ . ( x , ( i + l ) T  ) 
I i i  j ( 4 . 7 1 )

S in c e  y ( x , ( i + l ) T , ( n  - j ) T )  i s  l i n e a r  i n  m„, m [ y ( x , ( i + l ) T ) ] and
I  i  n-t- 2

mn _ 2 [ y ( x , ( i + l ) T ) ] ,  as s e e n  from E q u a t io n s  4 .4 6  and 4 . 6 0 ,  4 . 6 1 ,  and 4 .62  •

a f t e r  a p p r o p r i a t e  s u b s t i t u t i o n  o f  y ( x ,  ( n ^ - 2 ) T ,  ( n ^ - l ) T )  by y ( x , . ( i + l ) T , ( n ^ - l ) T )

i n  E q u a t i o n  4 .4 6  and y ( x , ( n ^ - 3 ) T , ( n ^ - j ) T )  by y ( x , ( i + l ) T , ( n ^ - j ) T )  i n  E q u a t io n

4 . 6 1 ,  a r e  l i n e a r  i n  me and can be  w r i t t e n  as

* ™mn . - 2  '
m 9 [ y ( x , ( i + l ) T ) ]  = m [ y ( x , i T )  ] + m. ------- 1------/Dm*

n ’ - z  1 6m.I 

and

m* o [y ( x ,  ( i + 1 ) T) ] = m* _ 3 [y (x; , iT)  ] + m.

n r 2

6Nm*

n n - 3 " I " 3 ./D m f
6m. n .  - 3

The
>■ -

o p t i m a l  c o n t r o l  m . [y ( x ,  ( i+l)-T) ] i s  assumed t o  t a k e  on t h e  same form
I  J

as mn _2 and m^ _ 3 f o r  I ^  j  n ^ - i - 2  and t h u s  can be w r i t t e n  as

1 1 . ’ •
[y (= ,  (1+1)1) I -  I y t e 1I D  I + m. - (4 .72)

T he n , by u s e  o f  t h e  r e s u l t s  i n  E q u a t io n s  4 .69  J 4 .71  j, and 4 . 7 2 ,  t h e

p a r t i a l  d e r i v a t i v e  o f  _ ^ _ ^ [ y ( 2t'?- ( i + l ) T )  ]. i t i  E q u a t io n  4 . 6 7  w i t h  r e s p e c t  

t o  m^ can b e  w r i t t e n  as
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5In ^_1_ 1 [ y ( x , ( i . + l ) T ) ]

<Snu

n -^ -i-1  L
= -2  I  { /  [Yd (X l Cn1- J ) T )  -  Y ( X j iT i Cn1- J ) T )  ]h  ( x ,  (H -I )T - ) dx +  J = I  O 1 n I  J

A 6Nmn - I - J '  L ;+  m [y C x i iT )  ] - - - - - 1- - - - -  -  m. /  ( x , ( i + l ) T  ) d x }  +
I  J Smi  1 '■ O I j

+
n ^ - i -2

I
j = l

dNmn - I - J
0 ------ 1 — ) 2

Sm.
/Dm

^ 1- I - J ( 4 .7 3 )

A f t e r  t h e  p a r t i a l  d e r i v a t i v e  o f  I  1 [y (x*j ( i + l ) T )  ] w i t h  . r e s p e c t  t o
n I  1 -1  . ;

m^ i n  E q u a t i o n  4 .7 0  i s  r e p l a c e d  By t h e  e x p r e s s i o n  i n  E q u a t i o n  4 . 7 3 ,  E q u a t io n  

4 .7 0  i s  t h e n  s o l v e d  f o r  t h e  m i n i m i z in g  im , d e n o te d  by ni  ̂[ y ( x , i T )  ] , which 

a g r e e s  w i t h  t h e  e x p r e s s i o n  i n  E q u a t io n s  4 . 4 i ,  4 . 4 2 j and 4 , 4 3 . '  By m a t h e m a t i c a l  

i n d u c t i o n ,  i t  i s  c o n c lu d e d  t h a t  t h e  o p t i m a l  c o n t r o l  s e q u e n c e  g iv en  by th e  

s e t  o f  E q u a t i o n s  4 . 4 1 ,  4 . 4 2 ,  and 4 .4 3  i s  v a l i d  f o r  a l l  i ' s  f rom 0 t o  n ^ - 1 .

S u b s t i t u t i o n  o f  y ( x ,  ( i + l ) T )  f rom E q u a t i o n  4' .69;  y ( x j  ( i + l ) T , (n-^- j)T)  

f rom E q u a t i o n  4 .7 1  and. tel . [y Cxi ( i + l ) T )  ] f rom E q u a t io n  4 . 7 2  i n t o
I  2 ' n

E q u a t i o n  4 . 6 7 ,  f o l l o w e d  by  g r o u p in g  t h e  c d e f f i c i e h t s  o f  m^ and m^, y i e l d s
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I  . [ y ( x , ( i + l ) T ) ]n ^ - x - l

L
I  /  [ y d ( x , (H1- J ) T )  -  y ( x , i T 9(n - j ) T ) ]  dx +

J = I  0

n 1- i -2 (Nm'
+ I  [Xms4  -  

3 = 1

lU1- I - J  [ y ( x , i T ) ] ) '
-] +

DmH1- I - J

n q—i —I  L
I r  f-  2m. { I  /  [ yd ( x , ( n  - j ) T )  -  y ( x 9i T , (n - J ) T ) ] h  . ( x , ( i + l ) T  ) dx +

j = i  o  ̂ 1 r j

Un- 1-2 SNm'“ l"'-1- ^ * n  - I - J

-  j l ,  V 1- J t y l i l t w i  1 "  '

gNnin i - i - 2  UL,mn - I - J  2
+ mi  M I hn - j C x . d + D T  ). dx -  J v (------+ -------- )

U 1- I - I  L  U i -  ^
2 1 V t u2  _ y (_____i---------,)*" /Dnm i

j i l  6mI I  ( 4 . 7 4 )J = I  0 1

T h e n , w i t h  t h e  r e s u l t s  i n  E q u a t io n s  4..41 and 4 . 7 4 ,  t h e  minimum of  

[m^, y ( x , i T ) ] i n  E q u a t i o n  4 . 6 8  w i t h  r e s p e c t  t o  im i s  

L
I  . [ y ( x , i T ) ] = /  [ y d ( x , i T )  -  y ( x , i T ) ] 2 dx + . 

n I  1 0

U1- I - I  L
+ I  * /  [ yd ( x , ( n  - j ) T )  - ^ ( X 9I T 9Cn1- J ) T ) ]  dx +

J=I 0 1

(Nmn _ i _j,[y ( x »i T ) ] ) 2 •
I ~ ------- -----------------------------+ Xm®2 > ( 4 .7 5 )

Dm
n i - ! - j

w h ich  i s  a l s o  o b t a i n a b l e  f rom E q u a t io n  4 .6 7  by  s im p ly  r e p l a c i n g  ( i+ 1)  by 

i ; By m a t h e m a t i c a l  i n d u c t i o n ,  i t  can be  c o n c lu d e d  t h a t  t h e  e x p r e s s i o n  of  

I n  _1 [ y ( x , i T ) ] i n  E q u a t i o n  4 .75  i s  v a l i d  f o r  a l l  i ' s  f rom 0 t o  n 1~ l .
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With t h e  a n a l y t i c a l  r e s u l t  f o r  t h e  o p t i m a l  c o n t r o l  s e q u e n c e  i n  E q u a t io n s  

4 . 4 1 ,  4 . 4 2 ,  and 4 . 4 3 ,  t h e  c o m p u t a t i o n a l  d i f f i c u l t i e s  as a p p e a r e d  i n  t h e  

p r e v i o u s  s e c t i o n s  a r e  g r e a t l y  r e d u c e d .  N u m e r i c a l  c o m p u ta t io n  i s  f e a s i b l e  

e ven  i n  a s m a l l  d i g i t a l  com pu te r .  The scheme o f  c o m p u ta t io n  f o l l o w s  th e  

same o r d e r  as i n  a b ackw ard  dynamic -p rogramming s o l u t i o n  e x c e p t  t h a t  d e t e r ­

m i n a t i o n  o f  m^ [y ( x , i T )  ] r e q u i r e s  o n ly  one computa t ion '  o f  each
* ' ■

mn  - i - j [ y ( x , i T ) ] ,  I  < j  ^  n ^ - i - 2 .  Because  of. t h i s  p r o p e r t y ,  t h e  d im e ns ion ­

a l i t y  o f  t h e  p r o b le m  i s  g r e a t l y  r e d u c e d .

As i n  l u m p e d - p a r a m e t e r  s y s t e m s ,  t h e  o p t i m a l  f e e d b a c k  c o n t r o l  f o r  a 

q u a d r a t i c  p e r f o r m a n c e  measure  o f  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  sys tem s  i s  

o b t a i n e d .  I f  y ( x , i T )  i s  m ea su red  and t h e  decay  o f  y ( x , i T )  w i t h o u t  any 

i n p u t ,  y ( x , i T , . ( n ^ - j ) T ) , can be  computed ,  t h e  o p t i m a l  c o n t r o l l i n g  a c t i o n  

m * [ y ( x , i T ) ]  can be  d e t e r m i n e d  as shown i n  E q u a t io n s  4 . 4 1 ,  4 . 4 2 ,  and 4 . 4 3 .

A fo rm  o f  f e e d b a c k  c o n t r o l  o f  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  sys tem s  i s  

d e p i c t e d  i n  F i g u r e  4 . 1 .

4 . 4  ILLUSTRATIVE EXAMPLE

The s y s t e m  o f  S e c t i o n  3 .5  which  is. d e s c r i b e d  by  E q u a t io n s  3 . 5 0 ,  3 . 5 1 ,  

and 3 .5 2  i s  u s e d  i n  t h i s  s e c t i o n  a l s o .  The p e r f o r m a n c e  m easu re  i n  t h i s  

example i s  d e s c r i b e d  by E q u a t i o n  4 .5  i n  c o n j u n c t i o n  w i t h  E q u a t i o n  4 .4 0 .

The d e s i r e d  d i s t r i b u t i o n  y ^ ( x , t )  i s  s t i l l  u n i t y .

The s t e a d y - s t a t e  v a l u e  o f  t h e  i n p u t - c a n  be  d e t e r m i n e d  from E q u a t io n  

3 . 5 6 .  L e t  u ( t )  = u®. Then ,  a f t e r  i n t e r c h a n g i n g  th e  o r d e r  o f  summation 

and i n t e g r a t i o n ,  E q u a t i o n  3 .5 6  becomes
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«, s i n ( w 2n - l x)  .
y ( x , t )  = 4us Y -------------- j---- [ I  -  exp(~-w, nt )  ] ( 4 . 7 6 )

n = l  w2n - l  211-1

The s t e a d y - s t a t e  v a l u e  o f  y ( x , t )  i s  t h e n

y (x,oo) = 4us y 
n = l

S in (w 2n - l X>

2n - l
(4 .77)

By r e c o g n i z i n g  from t h e  t h e o r y  o f  F o u r i e r ’ s s e r i e s  t h a t  

o o  Sin(W2n ^ x )
---------------------- = 1 / 4 ,  f o r  O < x < I  (4 .7 8 )

n = l  w2n - l

E q u a t i o n  4 .7 7  becomes

y (x,=°) = us ( 4 . 7 9 )

T h e r e f o r e ,  t h e  s t e a d y - s t a t e ,  v a l u e  ms o f  t h e  c o n t r o l  s e q u e n c e  i s  I .  

S in c e  t h e  i n i t i a l  d i s t r i b u t i o n  as g iv e n  i n  E q u a t io n  3 .5 1  i s  z e r o , E q u a t io n  

4 .4 5  becomes

■i '
y ( x , i T , ( n 1- j ) T )  = m, ,K .  _ . ( x , k T “ ) ( 4 . 8 0 )

k = l  . 1  3

i n  w h i c h ,  f rom E q u a t i o n  3 . 5 8 ,  t h e  e x p r e s s i o n  f o r  h (x ,k T  ) can be w r i t t e n
n I - J

as

hH1- J (X-k I " ) 4 I
n = l

s i n ( w 0 nx) Zn-1

7Zn-I
4;exp{-W2n _ 1 ( n 1- j - k - l ) T } ]  ' [ e x p r(w^n_ ^ T ) - l ]

(4 .81)

The n u m e r a t o r  o f  iru [y ( x , i T )  ] i n  t h i s  example can be  w r i t t e n  from

E q u a t i o n  4 .4 2  as
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A H1- I - I  L
N m .[y ( x , i T ) ] -  . , _ .

1 j = i  J o n r J
J f K  . ( x , ( i + l ) T - )  dx +

i.

J i  J i  Vl Z0 (̂-.kr- t̂x.ci+ur) d* +

+ n i " i " 2 A 6Nm

J 1 V n w*' I T ) ]
n i - ’l - j + Xms (4.82)

The p a r t i a l  d e r i v a t i v e  o f  Nm. w i t h  r e s p e c t  t o  m i s  t h e nI  (x

SNmi  •
H1- I - I  L

I  . /  ' hn ( x , ( a + l ) T  )hn _ j ( x , ( i + l ) T  ) dk + 

, . - I - 1V- 2 / V 1 - J  ; / " ' - r 1^  ?

3 -1  6ma 5mi
I

(4.&3)

The scheme o f  c o m p u t a t i o n  s t a r t s  w i t h  c o m p u ta t io n  o f  m^ _ i (0) f rom
I '

E q u a t i o n s  4 . 4 1 ,  4 . 4 2 ,  and 4 .4 3  w i t h  t h e  r e s u l t s  i n  E q u a t io n s  4 . 8l , 4 . 8 2 ,

and 4 .8 3  f o r  j  = 2 ,  3 , n ^ .  The o p t i m a l  c o n t r o l  a t  t h e  f i r s t  s a m p l in g

i n s t a n t  i s  g i v e n  by IDq (O) . Next  m* [ y ( x , t )  ] i s  computed from E q u a t io n s  

4 . 4 1 ,  4 . 4 2 ,  and 4 . 4 3 ,  f o r  j  = . 2 ,  3 ,  . . . , n ^ - 1 ,  i n  c o n j u n c t i o n  w i t h  

E q u a t io n s  4 . 8 1 ,  4 . 8 2 ,  and 4 .8 3  and

y ( x , T s (H1-Jd- I )T)  = m0 (0 ) h n ^ 1 (X1sT) (4.84)

Then t h e  o p t i m a l  c o n t r o l  a t  t h e  s e c o n d  s a m p l i n g  i n s t a n t  i s  g i v e n  by 

m * [ y ( x , T ) ] .  By c o n t i n u i n g  i n  t h i s  m anne r ,  a l l  t h e  c o n t r o l l i n g  a c t i o n s  can 

be  d e t e r m i n e d .
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F o r  = 31 and T ?  0 . 0 1  s e c o n d ,  t h e  o p t i m a l  c o n t r o l  s e q u e n c e s  f o r  

X = 0 ,  X =  1 .0  and X =  2 .0  a r e  t a b u l a t e d  i n  T a b le  4 . 1 .  The c o r r e s p o n d i n g  

o u t p u t  d i s t r i b u t i o n s  a r e  d i s p l a y e d  i n  F i g u r e s  4 .3 ^  4 . 4 ,  and 4 . 5  and a re  

a l s o  t a b u l a t e d  i n  T a b le s  4 . 2 ,  4 . 3 ,  and 4 . 4 .

4 . 5  CONCLUSION

In  t h i s  c h a p t e r  t h e  o p t i m a l  d e s i g n  o f  d i s t r i b u t e d - p a r a m e t e r  sys tems  

u n d e r  a g e n e r a l  convex p e r f o r m a n c e  m easure  i s  s t u d i e d  from t h e  dynamic 

p rogramming  p o i n t  o f  v iew .  The c o n v e x i t y  o f  t h e  f u n c t i o n a l  I n  _ ^ [ y ( x , i T ) ] 

and t h e  c o n t i n u i t y  o f  t h e  m in i m i z in g  m  ̂ a r e  d e r i v e d  i n  S e c t i o n  4 . 2 . 1 .  The 

f e a s i b i l i t y  o f  c o m p u t a t i o n  i n  t h e  d i s c r e t e  s p a t i a l  v a r i a b l e s  c a s e ' i s  d i s c u s s e d  

i n  S e c t i o n  4 . 2 . 2 .  I n  S e c t i o n  4 . 3 ,  a c l o s e d - f o r m  s o l u t i o n  f o r  t h e  o p t im a l  

c o n t r o l  s e q u e n c e  u n d e r  t h e  s p a t i a l - a v e r a g e - s q u a r d - 6 r r o r  p e r f o r m a n c e  measure 

i s  o b t a i n e d .  By use  o f  t h i s ,  a p p r o a c h ,  c o m p u t a t i o n a l  and c o r e - s t o r a g e
i

r e q u i r e m e n t s  a r e  t io t  c r i t i c a l -----t h e  c o m p u ta t ib n s  a r e  f e a s i b l e  even i n

a s m a l l  d i g i t a l  com pute r .

The c h a r a c t e r i s t i c  o f  t h e  o p t i m a l  s y s t e m  u n d e r  t h e  squaf<3- e r r o r  

c r i t e r i o n  i s  q u i t e  e v i d e n t  i n  t h e  r e s u l t s  o f . t h e  example i n  S e c t i o n  4 . 4 .

The s y s t e m  i s  p e n a l i z e d  much more s e v e r e l y  f o r  l a r g e  e r r o r s  t h a n  f o r  

s m a l l  e r r o r s .  Th is  r e s u l t s  i n  an o p t i m a l  c o n t r o l  o f  t h e  " l o n g  t a i l "  t y p e .  

Th is  i s  n o t  t h e  t y p e  o f  c o n t r o l  o b t a i n e d  i n  C h a p t e r  3 where  a  measure  of  

t h e  m a g n i t u d e ■of  t h e  e r r o r  i s  m in im iz ed .  Advan tages  and d i s a d v a n t a g e s  a r e  

a s s o c i a t e d  w i t h  b o t h  a p p ro a c h e s  ----- t h e  d e s i g n e r  must  choose  h i s  own p e r f o r m ­

ance m easu re  t o  f i t  t h e  p h y s i c a l  s p e c i f i c a t i o n  and r e q u i r e m e n t s  o f  t h e

s y s t e m .
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x

D i s t r i b u t e d -
p a r a m e t e r
s y s te m

Zer o - o r d e r  
h o l d -  

c i r c u i t

E v a l u a t e

D i g i t a l
c o n t r o l ­
l e r

F i g u r e  4 . 1 . Feedback  c o n t r o l  of  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  s y s t e m s .



u
(t

)

t / T  --------- —

F i g u r e  4 . 2 .  O p t imal  c o n t r o l l i n g  a c t i o n s



y
(x

,t
)

3 . 0

2 ,

2 .

I .

I .

0 .

.1 .2 . 3 . 4  . 5

x —

.6 . 7 .8 . 9  1 . 0

F i g u r e  4 . 3 O u tp u t  r e s p o n s e  y ( x , t )  f o r  > = 0



y
(x

,t
)

F i g u r e  4 . b O u tp u t  r e s p o n s e  y ( x , t )  f o r  >  = 1 . 0 .



OO

X

F i g u r e  4 . 5 .  O u tp u t  r e s p o n s e  y ( x , t )  f o r  " X = 2 .0
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T a b l e  4 . 1 .  S e q u e n c e  o f  t h e  o p t i m a l  i n p u t  nn [ y ( x , i T ) ] .

i
m* y ( x , i T )

Il O A = 1 .0  .. X = '2 . 0

0 2 .5970 1.3100 1.1762
I 1.9700 1 .2551 1.1486
2 1 .7054 1 .2183 1 .1293
3 1.5440 1 .1897 1.1140
4 1.4289 1 .1659 1 .1010
5 1 .3411 1.1456 1 .0 8 9 8 .

. 6 1 .2722 1.1279 1 .0798
7 1.2175 1 .1124 1 .0710
8 1.1739 1 .0988 1 .0632
9 1.1390 1 .0868 1.0562

10 1 .1111 1 .0763 1.0500
11 1.0889 1.0670 1 .0444
12 1.0710 1 .0588 1 .0394
13 1 .0568 1.0516 1.0350
14 1 .0454 1.0452 1.0310
15 1 .0363 1.0396 1 .0274
16 1.0290 1 .0346 1.0242
17 1.0232 1.03Q2- 1 .0214
18 1.0185 1 .0263 1 .0188
19 1 .0147 1 .0 2 2 8 1 .0164
20 1 .0117 1 ,0 1 9 7 1.0143
21 1 .0093 I  i0169 1 .0124
22 1 .0 0 7 4 , 1 .0 1 4 4 1.0106
23 1.0058 .1 .0121 1.0090
24 1 .0045 1 .0100  • 1 .0075  '
25 1 .0035 1 .0081 1 .0061
26 1.0026 1 .0064 1.004&
27 1 .0018 .1 .0 0 4 7 1.0035
28 1 .0012 1 .0031 l.tiQ23
29 ■ 1 .0006 •1 .0015 1 . 6 o i i  .■
30. . 1 .0000 1 .0000 i .odpo



T a b l e  4 . 2 .  O u t p u t  r e s p o n s e  y ( x , t )  f o r  X = O.-

y ( x , t )t

x = 0 . 1 x = 0 .2 x = 0 .3 x =  0 .4 x =. 0 .5  ,

' 0 .0 1 1 .2453 .4085 .0880 .0122 .0021
■0.02 1.3019 .7256 .3269 .1222 .0640
-0 .0 3 1 .2608 .8379 .4911 .'2718 .1983
■0.04 1 .2137 .8876 .6027 .4098 .3420
0 .0 5 1 .1725 .9153 .6853 .5256 .4687 ■
0.06 1 .1 3 8 4  - .9338 .7493 .6200 .5736
0 :0 7 1 .1108 .9476 .7998 .6959 .6585

■0.08 1 .0886 .9582 .8400 .7567 .7268  .
0 .0 9 1 .0709 .9666 .8721 .8055 .7815
0 .1 0 1 .0 5 6 7 .9733 .8977 . 8444 .8253
0 .1 1 1 .0453 .9787 .9182 .8756 .8603
0 .1 2 1 .0362 .9829 .9346 .9005 .8883
0 :1 3 1.0290 .9864 .9477 ■ .9204 .9106
0 .1 4 1 .0232 .9891 .9582 .9364 .9285
0 .1 5 1.0185 .9913 .9665 .9491 ,9429
0 :1 6 1 .1048 .9930 .9732 .9593 .9543
0 .1 7 1 .0118 .9944 .9786 .9675 .9635
0 .1 8 1 .0094 .9955 .9829 .9740 .9708
0 .1 9 1.0075 .9964 .9863 .9792 .9766
0 .2 0 1 .0060 .9971 .9890 .9833 .9813

■0.21 1 .0047 .9976 .9912 .9867 .9850
0 .2 2 1 ,0 0 3 7 .9981 .9929 .9893 .9880
0 .2 3 1.0029 .9984 • .9943 .9914 .9904
0 :2 4 1 .0022 .9987 .9954 .9931 .9923

•0 .2 5 1 .0017 .9989 .9963 .9945 ' .9938
0 .2 6 1 .0 0 1 3 .9991 .9970 .9955 .9950
0 ,27 1 .0009 .9992 .9975 .9964 .9960
0 .2 8 1 .0005 ,9992 ' .9980 .9971 .9967
0 .2 9 1 .0002 .9992 .9984 .9976 .9973
0 :3 0 • .9999 .9992 .9986 .9980 .9978
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T a b l e  £ . 3 .  O u t p u t  r e s p o n s e  y ( x , t )  f o r  A = 1 . 0 .

t . y ( x , t )

x = 0 . 1 x = 0 .2 x = 0 . 3 x = 0 .4 x ■ = : 0 .5

0 .0 1 .6282 .2061 .0444 LO062
i

.0011
C 0 .0 2 .7821 .4071 .1738 .0629 .0325

0 .0 3 .8436 .5208 .2861 .1502 .1066
0 .04 .8758 .5953 .3776 .2421 . ;1965
0 .0 5 .8960 .6506 .4547 .3291 .2860

, 0 .0 6 .9106 • .6952 .5211 .4081 .3690
' 0 .0 7 .9221 .7328 .5789 .4785 .4436

0 .08 .9317 .7652 .6296 .5408 .5099
0 .0 9 .9400 .7936 .6741 .5958  ■ - ,5686
0 .1 0 .9472 .8184 .7132 .6442 :6203
0 .1 1 .9535 .8401 ■ .7476 .6869 .6658
0.12 ' .9590 .8593 ■ .7778 .7245 .7059

,0 .1 3 .9638 .8761 .8045 .7575 .7411
Oi 14 .9680 .8909 . . .8279 .7865 .7722
0 .1 5 .9717 .9039 .8485 .8121. . 7995
0 .1 6 ,9750 .9153 . 8666 18346 . .8235
0 .1 7 .9778 .9254 . .8825 ,  8544 .8446

" 0 .1 8 .9803 .9342 .8965 ■ .8718 .8632
0 .1 9 .9824 .9419 .9088 .8870 ■.8795
0.20 .9843 .9487 .9196 .9005 .8938
0.21 .9859 .9546■ .9291 .9123 .9064
0 .2 2 .9872 .9598 .9374 .9227 .9175 ,
0 .2 3 .9884 .9644 .9447 .9318 .9273
0 .2 4 .9894 .9684 .9511 .9398 .9358
0 .2 5 .9902 .9718 .9567 .9468 .9433

. 0 .2 6 .9908 .9748 .9616 .9529 ’ .9499
0 .2 7 .9913 .9773 .9658 i9582 .9556
0 .2 8 .9916 .9795 .9695 .9629 .9606
0 .2 9 .9919 .9814 .9728 ,9670 .9650 '
0 .3 0 .9920 .9830 .9756 .9705 .9688
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T a b le  4 .4 .  O u tp u t  r e s p o n s e  y ( x , t )  f o r  X = 2 .0 .

v ( x , t ) .t

f—IOIlX x . = 0 .2

COOII
. 

* x  = 0 . 4 x = 0 .5

0 .0 1 .5640 .1850 .0399 .0055 .0010
0 .0 2 .7126 .3690 .1568 ■ .0566 .0292
0 .0 3 .7775 .4767 .2602 .1359 .0963

.0*04 .8147 .5495 .3461 .2207 .1786
0 .0 5 .8401 .6049 .4196 .3018 .2616
0 .0 6 ' .8596 .6506 .4837 .3764 ■ .3394
0 .07 .9757 .6897 .5404 .4438 .4104
0 .0 8 .8895 .7239 .5906 .5041 . 4742
0 .0 9 .9017 .7541 . .6353 .5581 .5314

. O.'IO .9124 .7810 .6750 .6062 .5824
0 .1 1 .9219 .8048 .7104 . .6491 .6279
0 .1 2 .9303 .8261 .7420 .6873 .6684

. 0 . 1 3 .9378 .8450 .7701 .7214 .7045
0 .1 4 .9445 .8618 .7951 .7517 .7367

.0 .1 5 .9504 ,8768 .8174 .7787 .7654
0 .1 6 .9557 .8901 .8372 .8028 .7909
0 .1 7 .9604 .9020 .8549 .8242 .8136
0 .1 8 .9645 .9125 .8706 . .8433 .8339
0.19 .9682 .9219 .8846 .8603 .8519
0 .2 0 .9714 .9303 .89 70 .8754 .8679

- 0 .2 1 ,9743 .9377 .9081 .8889 .8822
. 0 .2 2 .9768 .9443 .9180 .9009 .8949
.0 .2 3 .9790 .9501 .9267 .9115 • .9062
0 .2 4 .9809 .9553 .9345 .9210 .9163

. . 0 . 2 5 .9826 .9598 .9414 .9294 .9252
0 .2 6 .9841 .9639 .9475 .9369 .9332

.0 .2 7 .9853 ' .9674 .9530 .9435 .9402
0 .2 8 .9863 .9706 .9577 .9494 .9465

. 0 .2 9 .9872 ' ' .9733 .9620 .9546 .9520

OCOO

.9879 .9757 .9658 .9591 .9569



CHAPTER 5

DEADBEAT RESPONSE OF TIME-DELAYED SYSTEMS 

WITH MINIMAL OVERSHOOT COMPROMISE
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5 . I  INTRODUCTION

W ith a ramp i n p u t , a s a m p le d - d a t a . s y s t e m  w hich  i s  c o m p le te ly  c o n t r o l ­

l a b l e  can be  so  .d e s ig n e d  t h a t  th e  o u tp u t  fo l lo w s  th e  i n p u t  . e x a c t l y  a f t e r  a 

m in im al number o f  s a m p l in g  p e r i o d s .  Such a s y s te m  i s  s a i d  t o  e x h i b i t  dead ­

b e a t  r e s p o n s e .  U n f o r t u n a t e l y ,  a s y s te m  d e s ig n e d  t o  p r o v id e  d e a d b e a t  

r e s p o n s e  f o r  one ty p e  o f  i n p u t  may n o t  p rov i.de  s a t i s f a c t o r y  p e rfo rm a n c e  

when s u b j e c t e d  t o  o t h e r  i n p u ts , .  In  p a r t i c u l a r ,  t h e  s t e p  r e s p o n s e  o f , a  

l i n e a r  s a m p le d -d a ta  s y s te m  e x h i b i t s ,  a l a r g e  o v e r s h o o t . i f  t h e  s y s te m  i s  

d e s ig n e d  t o  g iv e  m in im a l •d e a d b e a t  r e s p o n s e  f o r  a ramp i n p u t .  To o f f s e t  

t h i s , B e r t r a m  (10) s u g g e s t e d  i n  19.56 th e  f o l l o w i n g  c r i t e r i o n : • f o r  a 

g iv e n  d e a d b e a t  r a m p - re s p o n s e  t im e  i n  e x c e s s  o f  th e  minimum, t h e  c o e f f i ­

c i e n t s  o f  th e  c lo s e d - lo o p  z - t r a n s f o r m . t r a n s f e r  f u n c t i o n  b e  s e l e c t e d  to  

m in im ize  t h e  sum o f - t h e  sam p led  s t e p - r e s p o n s e  e r r o r s  s q u a r e d .

I = I  [ e (k T ) ] 2 ( 5 .1 )
k =0

In  1965 , t h e  work by B e r t ra m  (10) was e x te n d e d  by  P i e r r e ,  Ross and th e  

a u t h o r  ( 68) .  F o u r  s i g n i f i c a n t  r e s u l t s  o b t a i n e d  by  P i e r r e , e t  a l . , a r e :  

f i r s t l y ,  the. o v e r s h o o t  o b t a i n e d  by B e r t r a m ’ s app roach  i s  shown to  be th e  

minimum p o s s i b l e  u n d e r  th e  assumed d e a d b e a t  r e s p o n s e  c o n s t r a i n t s ; s e c o n d ly ,  

t h e  s e n s i t i v i t y  o f  th e  r e s p o n s e  o f  th e  o p t im a l  sy s te m  i s  s t u d i e s  as a fu n c ­

t i o n  o f  -a c h a n g e - in - g a in  p a r a m e t e r ;  t h i r d l y ,  s t a b i l i t y  l i m i t s  due to  th e  

c h a n g e - in - g a in  p a r a m e t e r  a re  d e r i v e d ;  and f o u r t h l y ,  B e r t r a m 's  approach  i s  

e x te n d e d  t o  a p p ly  t p  c e r t a i n  nonminimum-phase p l a n t s .
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In  t h i s  c h a p t e r ,  th e  a b o v e -m en t io n ed  works a r e  e x te n d e d  t o  a c c o u n t  f o r  

a p u r e  t im e  d e la y  i n  th e  s y s te m .  In  S e c t i o n  5 . 2 ,  th e  o p t im a l  t r a d e - o f f  

be tw een  d e a d b e a t - r e s p o n s e  t im e  f o r  a ramp i n p u t  and s t e p - r e s p o n s e  o v e rs h o o t  

i s  d e r i v e d  f o r  a  s i n g l e - l o o p  s a m p le d - d a ta  s y s te m  w i t h  t im e  d e l a y .  In  

S e c t i o n  5 . 3 ,  s e n s i t i v i t y  o f  th e  o u tp u t  r e s p o n s e  i s  s t u d i e d  as a  f u n c t i o n  

o f  p a r a m e t e r  v a r i a t i o n s  i n  th e  o p t im a l  c o n t r o l l e r .  S t a b i l i t y  l i m i t s  a r e  

d e r i v e d  ( S e c t i o n  5 .4 )  i n  te rm s  o f  a c h a n g e- in ^ -g a in  p a r a m e t e r .  And i n  

S e c t io n  5 . 5 ,  exam ples  a r e  u s e d  t o  i l l u s t r a t e  th e  t h e o r i e s  o f  th e  p r e c e d in g  

s e c t i o n s .

5 .2  DEVELOPMENT OF THE METHOD

P i e r r e , Ross and t h i s  a u th o r  (68) c o n s i d e r  sy s tem s  o f  t h e  form  shown 

i n  F ig u r e  5 . 1 ,  w h e r e in  Gp( s ) i s  th e  LapI a c e - t r a n s f o r m  t r a n s f e r  f u n c t i o n  

o f  th e  p l a n t ,  and D (s)  i s  th e  t r a n s f e r  f u n c t i o n  o f  th e  c o n t r o l l e r  to  be 

d e te r m in e d .  They show t h a t , f o r  any p h y s i c a l l y  r e a l i z a b l e  D( s ) , a l i m i t  

on t h e  p e r fo rm a n c e  o f  su ch  a sy s te m  i s .

(n -1 )B  > 1 0 0  ( 5 .2 )

w here  B i s  t h e  p e r c e n ta g e  o f  o v e r s h o o t  r e s u l t i n g  from  a s t e p  i n p u t ,  and n 

i s  th e  num ber o f  s a m p l in g  p e r i o d s  u se d  f o r  d e a d b e a t  r e s p o n s e  t o  a ramp 

i n p u t .  F o r  l i n e a r  s a m p le d - d a ta  sy s tem s  e n f o l d i n g  p u re  t im e  d e la y  (F ig u re  

5 . 2 ) ,  a s i m i l a r  l i m i t  on s y s te m  p e rfo rm a n c e  e x i s t s  and i s  d e r i v e d ' i n  t h i s  

s e c t i o n .  . C o n s i d e r a t i o n  i s  a l s o  g iv en  t o  t h e  c a se  t h a t  some p o l e s  and z e ro s

o f  th e  p l a n t  l i e  o u t s i d e  t h e  u n i t  c i r c l e  o f  th e  z - p l a n e  ----- z - t r a n s f o r m

t h e o r y  (3 6 ,  5 0 ,  72) i s  u t i l i z e d  e x t e n s i v e l y  i n  t h i s  c h a p t e r .
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By d e f i n i t i o n ,  t h e  e r r o r  e (kT )  b e tw e en  o u tp u t  and i n p u t*  o f  th e  dead­

b e a t  s y s te m  i s  i d e n t i c a l l y  z e ro  a t  th e  .sam p ling  i n s t a n t s  f o r  k  5, n ,  w here 

nT i s  th e  s p e c i f i e d  d e a d b e a t  r e s p o n s e  t i m e , and T i s  th e  s a m p l in g  p e r i o d .

In  t h e  s y s te m  w i t h  t h e  p u re  t im e  d e la y  o f  d u r a t i o n  D, as shown i n  F ig u re  

5 . 2 ,  th e  f i r s t  m sam p led  v a lu e s  o f  th e  e r r o r ,  D/T + I  ^  m ^  D/T + 2 ,  a re  

u n c o n t r o l l a b l e  a n d ,  t h e r e f o r e , can be  o m i t t e d  from th e  p e r fo rm a n c e  m easu re .  

Thus , an a p p r o p r i a t e  s q u a r e d - e r r o r  p e r fo rm a n c e  m easure  f o r  t h e  s y s te m  o f  

F ig u r e  5 .2  i s  

n —I  ■
I = I  [ e ( k T ) ] ?  n  > m ( 5 .3 )

k=m

To be  p h y s i c a l l y  r e a l i z a b l e  and .to  e x h i b i t  th e  d e s i r e d  d e a d b e a t  

r e s p o n s e ,  t h e  o v e r a l l  z - t r a n s f o r m  f u n c t i o n  M(z) o f  th e  s y s te m  i n  F ig u re

5 .2  m ust be  o f  t h e  form

M(z) = b z-m + b ,1 +  . . . + b z- n  ( 5 .4 )m u "  -l n

w here  t h e  b ' s  a r e  c o n s t a n t s .  In  o r d e r  f o r  th e  sy s te m  t o . f e a t u r e  d e a d b e a t  

r e s p o n s e  t o  a ramp i n p u t ' .  I t  i s  w e l l-k n o w n  t h a t  I  -  M(z) m ust be  o f  th e  form
• ' . f ■

I  -  M(z) = ( I  -  z V*"-) (̂ I  +  a z ~ l  + a  z “ ?  +  . . . +  a z- n + ^) ( 5 .5 )
I  z n - z

No a d d i t i o n a l  c o n s t r a i n t s  need  be  p l a c e d  on e i t h e r  M(z) o r  I  - M ( z )  

when 0 ^ (z )  i s  m in im al p h a s e .  I f  (z )  c o n ta i n s  z e ro s  o r  p o l e s  o u t s i d e  th e  

u n i t  c i r c l e  o f  th e  z p l a n e , ho w ev er ,  and i s  t h e r e f o r e  nonm in im al p h a s e ,

* U n le ss  o th e r w i s e  s t a t e d ,  th e  i n p u t  i s  e i t h e r  a s t e p  f u n c t i o n  o r  a 
ramp f u n c t i o n  i n i t i a t e d  a t im e  t  = 0 .
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a d d i t i o n a l  c o n s t r a i n t s  on M(z) a r e  r e q u i r e d .  Nonminimum-phase z e ro s  o f  

(z )  m ust a p p e a r  as r o o t s  o f  M (z ) , and nonminimum-phase p o l e s  o f  G (z)  

m ust a p p e a r  as r o o t s  o f  I  -  M(z) i p  o r d e r  t o  a v o id  i n e x a c t  c a n c e l l a t i o n  

o f  p o l e s  and z e ro s  be tw e en  D (z)  and Gp (z )  o u t s i d e  t h e  u n i t  c i r c l e .  In  

p r a c t i c e , su ch  c a n c e l l a t i o n  a t t e m p ts  w ou ld  r e s u l t  i n  th e  i n s t a b i l i t y  o f  

th e  o v e r a l l  s y s te m .

5 . 2 . 1  Minimum Phase  G (z)

The m in im al p h a s e  c a se  o f  G (z )  i s  t r e a t e d  f i r s t .  F o r  E q u a t io n s  5 .4
P

and 5 .5  t o  b e  s im u l t a n e o u s l y  s a t i s f i e d ,  i t  i s  n e c e s s a r y  t h a t  th e  f o l l o w in g  

e q u a t i o n s  be  s a t i s f i e d ,  

a  ̂ — 2 = 0

a2 -  2 a i  +  I  = 0 

a^ -  2a 2 + = 0

. . ( 5 ,6 )

V - I  -  2am-2 + am-3 = 0 

and

b m “  - < am “ 2V l  +  am -2) 

b nri-l = - ( aDri-I -  2am + V l )  

b m+2 = ~ ( anri-2 "  2am+l +  V

( 5 . 7)

bn - l  = - (- 2an - 2  + V 3 )  

bn = " an -2
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The s e t  ( 5 .6 )  o f  m-1 e q u a t i o n s  i s  s o lv e d  f o r  , I  < i  s< m -1 , to  o b t a i n

a^ = i  + I , I  ^  i  <  m-1 (5 .8 )

In  v iew  o f  E q u a t io n  5 . 4 ,  t h e  e r r o r  se q u en c e  be tw een  th e  s t e p  i n p u t  and 

th e  o u tp u t  can b e  w r i t t e n  as

-  L  \
k=m

0 ^  i  ^  m-1  

m >< i  ^  n - 1̂ '

1
(5 .9 )

And i n  v iew  o f  t h e  known r e l a t i o n s h i p s  (E q u a t io n s  5 .7  and 5 .8 )  be tw een  th e  

a ^ ’ s and th e  b ^ ' s ,  i t  f o l lo w s  t h a t

0 <: i  < m-1  

i  = to
V

m +' I  ^  i . <  n - 2  (5 .1 0 )

i  =' n -1

am ~ m

ai  ~ aI - I

- a n -2

Now th e  m in im iz a t io n  o f  I  i n  E q u a t io n  5 .3  can be p e r fo rm e d  w i th  r e s p e c t  

t o  t h e  s e t  o f  a ^ ' s ,  m < i  ^  n - 2 , by  e le m e n ta r y  c a l c u l u s . T h u s ,

31
3a.

2 (a . ai - P  -  2 ^aI + !  ai ^ ' m ^  i  ^  n -3 ( 5 .1 1 )

I r , ■ 2(v 2 - -̂3)+ 2V2n -2
0 ( 5 . 12)



1 0 0

T his  s e t  o f  n-m -2 e q u a t i o n s  i s  s o lv e d  f o r  a _ /s  , m ^  i  ^  n - 2 , a f t e r  making 

use  o f  am_^ = m from  E q u a t io n  5 . 8 ,  t o  o b t a i n

= ( n - l - i )  n̂_2 m ^  i  < n - 3  (5 .1 3 )

whe re

an_2 = m / (n-m)

I t  f o l lo w s  d i r e c t l y  from  E q u a t io n s  5 . 7 ,  5 . 8 ,  5 . 1 3 ,  and 5 .1 4  t h a t

b = n /  (n-m) m

b^ = 0 m fl  ^  i  s< n -1

and

b = - m / (n-m) (5.17)1

Use o f  t h e s e  o p t im a l  c o e f f i c i e n t s  i n  E q u a t io n  5 .4  e n a b le s  t h e  d e t e r m i n a t i o n  

o f  th e  z - t r a n s f o r m  Cg (z )  o f  th e  u n i t - s t e p  r e s p o n s e  cg ( t )  o f  t h e  o p t im a l  

s y s te m ,  as f o l l o w s :

c s (z )  = — i r r Mo p t (z)  
l - z

= . 1 ■ ( - S -  z-m _ -EL- z-n )
- - I  n-m  n-ml - z

n - 1  oo
=' _ n _  I z k + l z ~k

n-m k=m k=n ■

(5 .1 4 )

(5 .1 5 )

(5 .1 6 )

( 5 . 1 8 )
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D e s c r i p t i v e l y ,  t h e  sam p led  u n i t - s t e p  r e s p o n s e  o f  th e  o p t im a l  sy s te m  

e q u a l s  z e ro  f o r  t h e  f i r s t  m- 1  s a m p l in g  p e r i o d s  ( t h i s  i s  due t o  th e  t im e -  

d e la y  i n . t h e  s y s t e m ) ,  s t a y s  a t  n / (n - m )  f o r  th e  n e x t  n-m- 1  s a m p l in g  p e r i o d s  

and th e n  s e t t l e s  down t o  t h e  d e s i r e d  v a l u e . The p e r c e n t  o v e r s h o o t . B o f  t h e  

u n i t - s t e p  r e s p o n s e  a t  t h e  s a m p l in g  i n s t a n t s  i s

B _ 100m 
n-m (5 .1 9 )

■ By f o l l o w i n g  th e  same a pp roach  as i n  r e f e r e n c e  ( 3 2 ) ,  i t  can be  shown 

t h a t  t h i s  o v e r s h o o t  i s  t h e  minimum p o s s i b l e  f o r  th e  p r e s e n t  f o r m u la t io n  

o f  the- p ro b le m . In  o t h e r  w o rd s ,  th e  v a lu e  o f  B(n -m )/m i s  alw ays g r e a t e r  

t h a n ,  o r  a t  b e s t  e q u a l  t o  100 f o r  t h e  sy s te m s  o f  th e  ty p e  d e p i c t e d  in  

F i g u r e - 5 .2 .  The o p t im a l  c o n t r o l l e r  i n  t h i s  c a se  i s

(z )

M (z). 
op t

°Pt Gp(z) ' I  -  Mo p t (z)

nz~m -  mz n
G (z). 

P (n-m) -  (nz ™ -  mz~n )
(5 .2 0 )

5 . 2 . 2  Nonminimum Phase  (z)

In  t h i s  s u b s e c t i o n ,  t h e  c a se  t h a t  f i n i t e  p o l e s  and z e ro s  o f .-Gp (Z) l i e  

o u t s i d e  t h e  u n i t  c i r c l e  i s  c o n s id e r e d .  L e t  qp b e  t h e  num ber o f  nonminimum- 

p h a s e  p o l e s  o f  G (z )  and q„ b e  t h a t  o f  nonminimum-phase z e r o s .  Now th e

m in im iz a t io n  o f  I  i n  E q u a t io n  5 .3  i s  s u b j e c t  t o  qp p lu s  q z c o n s t r a i n t s

n a m e ly ,
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M(z) IZ=Z 0 , 1 <  1 <  S ( 5 .2 1 )

and

( I  -  M (z )) = 0 ,
Iz=Pi 1 ( 5 .2 2 )

w here  z ^ 1 s and p u ' s  a re  t h e  d i s t i n c t  z e ro s  and p o l e s  o f  (z )  o u t s i d e  t h e  

u n i t  c i r c l e  i n  t h e  z - p l a n e , r e s p e c t i v e l y . In  t h e  c a se  t h a t  some o f  th e  

nonm inimum -phase z e ro s  and p o l e s  a re  r e p e a t e d ,  t h e  f o l l o w i n g  c o n s t r a i n t s  

a re  n e c e s s a r i l y  p l a c e d  on M(z) and I  -  M (z ) :

d^M(z) . 

dzJ
0 ,

z=z.

0 <  j  <  r  -  I ( 5 .2 3 )

and

dzJ
[ I  -  M (z ) ] -  0 <  j r  -  I ( 5 .2 4 )

w here  r  i s  t h e  o r d e r  o f  th e  z e ro  o f  G (z )  a t  z = z and- r  i s  t h a t  o f  t h e  
z P r  • P '

p o l e  o f  G (z )  a t  z = p . F o r  t h e  s a k e  o f  n o t a t i d n a l  s i m p l i c i t y ,  on ly  th e  
P r

c a se  t h a t  t h e  nonm inimum -phase p o l e s  and z e ro s  of; G^(z )  a r e  d i s t i n c t  i s  

c o n s id e r e d  i n  d e t a i l  i n  t h e  f o l l o w in g  p a r a g r a p h s .  E s s e n t i a l l y  t h e  same 

ap p ro a c h  can be  a p p l i e d  t o  t h e  c a se  i n  w h ich  nonminimum-phase p o le s  and 

z e ro s  a re  n o t  d i s t i n c t .

In  te rm s  o f  t h e  s p e c i f i e d  form  o f  M(z) i h  E q u a t io n  5 . 5 ,  c o n s t r a i n t  

E q u a t io n s  5 .2 1  and 5 .2 2  r e d u c e  to



103

( I  + H1Z.--*- +  a „ z .  ^ + . . .  +-2
( l - z . - l ) 2  ^  ..............

- n +2
) .  I < i  < qz (5 .25)

and

1 + a l Pi  1 +  a ?p i. 2 +  + 'an - 2p i -n+2 = °> 1 < 1 <  qr2 i- n - 2yi ( 5 .2 6 )

L e t  I  +  a^z + . . .  + an?('2 z""n+2 îe d e n o te d  by f (z )  and l e t  h ^ ’ s and 

* s be  s e t s  o f  L agrange  m u l t i p l i e r s  a s s o c i a t e d  w i th  t h e  c o n s t r a i n t s  i n  

E q u a t io n  5 .2 5  and th o s e  i n  E q u a t io n  5 .2 6 ,  r e s p e c t i v e l y . F o l lo w in g  th e  

c l a s s i c a l  L agrange  m u l t i p l i e r  a p p ro a c h ,  t h e  augm ented p e r fd rm a n c e  m easure  

H i s  d e f i n e d :

H = I +  I*  h f ( z  ) + f  A f ( p  ) 
i = l  1 i = l  1

(5.%7)

S t a t i o n a r y  p o i n t s  o f  H m ust s a t i s f y  th e  f o l l o w i n g  c o n d i t i o n s :

qz _ qr
2 ( V " m) " 2 ( am + l . -am) + ' l  h i zr m +  I  h ?±± m = -6

■ i i = l  i = l
(5.28)

2 ( aj - aj _ i )  -2  ( aj + i  ~aj<) + I  h i z i  j  + f  ^ iP i  j  = 0 (5 .2 9 )
J i = l  i=.l

f o r  j  i n  t h e  ran g e  m+l ^  j  >< n - 3 ,  and

BH .

n - 2

" z - n +2 , vP , _ - n +2
2 (an -2  ^ an - 3 ) +  2 an- 2  +  I h i 2i  ^  + , I  ^ P i  P ■ = 0

i = l i = l
(5.30)
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By u se  o f  t h e  i d e n t i t i e s  g iv e n  i n  E q u a t io n  5 . 7 ,  t h e  above s e t  o f  

n e c e s s a r y  c o n d i t i o n s  r e d u c e s '  t o

V 1 -  -  , I 1
, - J - ISp

i = l
- ^ P t j  , <  j  < n-2 (5 .3 1 )

w h ich  g iv e s  a l l  b ^ ' s ,  e x c e p t  b ^  and b ^ , i n  te rm s o f  E agrange  m u l t i p l i e r s  

and th e  z ^ ' s  and ' s . By a p p r o p r i a t e  r e p l a c e m e n t  o f  t h e  b ^ ' s  i n  E q u a t io n  

5 .4  by  t h e  i d e n t i t i e s  i n  E q u a t io n  5 .3 1 ,  M(z) i s  e x p r e s s e d  i n  term s o f  th e  

1 s and p ^ ’ s ,  w h ich  a r e  known, and. I n  term s o f  t u ' s ,  s , b m and b ^ ,  a 

t o t a l  o f  q z ,+ q^ +  2 v a lu e s  t o  be  d e te r m in e d .  The v a lu e s  a r e  d e te r m i n e d , 

i n  g e n e r a l ,  t h ro u g h  th e  s o l u t i o n  o f  a s e t  o f  q z + q^ + 2 l i n e a r  e q u a t i o n s . 

E q u a t io n s  5 .2 1  and 5 .2 2  s u p p ly  q z + 'q ^  o f  t h e s e ,  and t h e  two re m a in in g  s te m  

from  th e  s t e a d y - s t a t e - e r r o r  c o n s t r a i n t  ( z e r o  s t e a d y - s t a t e  e r r o r  t o  a ramp

i n p u t )  w h ich  r e q u i r e s  t h a t  a s e c o n d - o r d e r  z e ro  o f  I  -  M(z) e x i s t s  a t  z = I -s 

n a m e ly ,

[ I  -  M (Z )Jzh1 = 0  (5 .3 2 )

and

I -  [ I  -  M(z)J . = 0  (5 .3 3 )
dz Z- 1

U n iqueness  o f  th e  s o l u t i o n  i s  g u a r a n t e e d  p r o v id e d  t h a t  t h e  fu n d am e n ta l  

d e te r m in a n t  o f  th e  s e t  o f  l i n e a r  e q u a t i o n s  i s  n o t  z e r o .  I f .  t h e  d e te r m in a n t  

i s  e q u a l  t o  z e r o ,  e i t h e r  no s o l u t i o n  t o  th e  s e t  o f  l i n e a r  e q u a t i o n s  e x i s t s  

o r  t h e r e  e x i s t s  i n f i n i t e l y  many s o l u t i o n s .  I n  th e  fo rm e r  c a s e , i t  s im p ly
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means t h a t  d e a d b e a t  r e s p o n s e  c a n n o t  be  o b t a i n e d  i n  t h e  s t i p u l a t e d  number o f  

s a m p l in g  p e r i o d s .  In  th e  l a t t e r  c a s q , o v e r s h o o t  and sm oo thness  o f  th e  

r e s p o n s e  a r e  f a c t o r s  w hich  s h o u ld  be c o n s id e r e d  i n  th e  f i n a l  s e l e c t i o n  o f  

th e  b ^ ' s .

Now c o n s i d e r  th e  s p e c i a l  c a se  i n  w hich  o p ly  one z e ro  and no  p o le s  o f  

6^ (z )  l i e  o u t s i d e  t h e  u n i t  c i r c l e .  I n  t h i s  c a s e ,  qz = I  and = 0 ,  

E q u a t io n  5 ;3 1  re d u c e s  t o

k j +1 = ~ J  z ±^ > “  <  j  <  n -2  (5 .3 4 )

The c o n s t r a i n t  e q u a t i o n s  i n  E q u a t io n s  5 . 2 1 ,  5 . 3 2 ,  5 . 3 3 ,  t o g e t h e r  w i th  

th e  r e l a t i o n s  i n  E q u a t io n s  5 .4  and 5 .3 4  y i e l d  

n -2

2v r  -1 T  zr (2J+1)+v r ( 5 .3 5 )
j=m

n-2
b -  k  % z7J 

m 2 j -m  1
+ b -  I  n  .

( 5 .3 6 )

and

n -2
mbIIi- -T I ( j + 1) zI j  + n b n .= 0

2 j=m
(5 .3 7 )

S o lv in g  f o r  b ^ ,  h , and b^  from  E q u a t io n s  5 . 3 5 ,  5 .3 6 ,  and 5 .3 7  g iv e s  

- n( n s  ̂ - z i  s 2 )
( 5 .3 8 )

2 (nz^m -  mZjH) 

“  A~~. ~
( 5 .3 9 )
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Z^mS2 -HlS1

whe re

- (2m+l) - ( 2n - l )
A Z1 ' Z1
--------- T T ^ -----------

A - r - - r n + i
S2 ---------------------------------------------------------

I  -  Z1 I ( I -  Z^ 1) 2

and

„ -m  „ - n  -I

A= U ______ L _ ) 2  _ _ ±  -  .m. _  (z -2m
I  -  z l 1 ' ( I  -  z ^ 2 ) 1

(5 .40)

(5 .4 1 )

(5 .42)

(5 .43 )

5 . 3  SENSITIVITY ANALYSIS IN THE MINIMUM-PHASE G (z )  CASE

In  r e f e r e n c e  (32 )  , a m easu re  o f  s e n s i t i v i t y  f o r  d e a d b e a t  re s p o n s e  

sy s te m s  i s  p o s e d ;  n a m e ly , s e n s i t i v i t y  o f  th e  t r a n s i e n t  r e s p o n s e  o f  th e  s y s te m  

w i t h  r e s p e c t  t o  s y s te m - p a r a m e te r  c h a n g e s ;  d e t a i l e d  r e s u l t s  a re  o b t a in e d  f o r  

r e s p o n s e  s e n s i t i v i t y  as a f u n c t i o n  o f  o p e n - lo o p  g a in .  In  t h i s  s e c t i o n ,  a
- , . ; v

m easu re  o f  s e n s i t i v i t y  f o r  d e a d b e a t  r e s p o n s e  sys tem s  i s  c o n s id e r e d  w hich  i s  

a  f u n c t i o n  o f  o p e n - lo o p  g a in  and o f  p o l e s  and ze ro s ,  o f  th e  c o n t r o l l e r .

From E q u a t io n  5 .2 0 ,  i t  can be s e e n  t h a t  d e a d b e a t - r e s p o n s e  d e s ig n  o f  

samp l e d - d a t a  sy s tem s  i s  a c h ie v e d  th ro u g h  c a n c e l l a t i o n  o f  t h e  minimum-phase 

z e ro s  and p o l e s  o f  (z )  by c o r r e s p o n d in g  p o l e s  and z e ro s  o f  D ^ ^ C z ) .

The e f f e c t  o f  t h e s e  " c a n c e l e d ” p o le s  and z e ro s  on th e  c lo s e d - lo o p  r e s p o n s e  

i s  i n s i g n i f i c a n t  as lo n g  as th e  p o l e - z e r o  d i p o le s  w hich  r e s u l t  from
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i n e v i t a b l e  e r r o n e o u s  c a n c e l l a t i o n  a r e  w e l l  w i t h i n  th e  u n i t  c i r c l e  i n  th e
c

z - p l a n e .  The m ain c o n t r i b u t i o n  o f  l^pf-Cz) t o  th e  o u tp u t  response-  i s  

g e n e r a l l y  due b o th  t o  th e  o p e n - lo o p  g a in  and to  th e  l o c a t i o n s  o f  p o l e s  and 

z e ro s  i n  t h e  s e c o n d  f a c t o r  i n  th e  r i g h t - h a n d  member o f  E q u a t io n  5 .2 0 .  

T h e r e f o r e ,  th e  s e n s i t i v i t y  o f  th e  s t e p  r e s p o n s e  o f  t h e  o p t im a l  sy s te m  

o b t a i n e d  i n  S e c t i o p  5 . 2 ' i s  i n v e s t i g a t e d  i n  t h i s  s e c t i o n  as a f u n c t i o n  o f

l o o p - g a i n  and o f  such  p o l e s  and z e r o s .  ’
I , ■ .

C o n s id e r  th e  c a se  i n  w h ich  the, c o n t r o l l e r  D(z) i n  F i g u r e  5 .2  e q u a ls

D(z ,x^  SX2 >.Xg) : '

X3 , X1 z " m -  X9 z~n .
D ( z ,x  , x2 , x3 ) ="---------  . ------1-------------:-------- ------------- — -  ' ( 5 .4 4 )

Gp (z )  (X1-X2 ) -  (X1Z^m -  X2Z-1))

N ote  t h a t  D ( z , x^ , X2 , X3) e q u a l s  0 Op t ; ( z )> E q u a t io n s  4 .2 0 ,  when x ^  e q u a ls  n ,  

x2 e q u a l s  m, and X3 e q u a l s  I .  From F ig u r e  4 ,.2 , th e  c lo s e d - lo o p  t r a n s f e r
I.

f u n c t i o n  can  b e  w r i t t e n  as

D(Z)X1 ,x 9 , x 3) G (z)
M(Z9-X1 )X , x . )  = — ----------------------- 2-----------------

^ . I  + D(Z)X1 , x2 , X3) 0^ (z)

’ ,  -  *2S-n > • . ^  (5 .4 5

Xi  -  X2 + (X3 -  I )  (X1Z- M _ x 2Z- n )

N ote  t h a t  v a r i a t i o n s  i n  p a ra m e te r s  X 1 ,  X 2 and X 3 do n o t  a f f e c t  th e  

s t e a d y - s t a t e  p e r fo rm a n c e  o f  t h e  s y s te m ,  p r o v id e d  t h a t  X1 , X2 and X3 r e s u l t  - 

i n  a s t a b l e  s y s te m . T h is  i s  c o n f i rm e d  by  s u b s t i t u t i n g  z = I  " in  E q u a t io n  5 .4 5  

t o  o b t a i n  M (I) = I  i n  a c c o r d a n c e ,w i th  t h e  f i n a l  v a lu e  th eo re m .
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F o r  t h e  p u r p o s e s  o f  t h i s  s e c t i o n ,  i t  i s  assumed t h a t  t h e  v a lu e s  

and a r e  known t o  l i e  i n  s m a l l  n e ig h b o rh o o d s  a round  t h e i r  o p t im a l  

v a l u e s , i . e . ,

I X1 -  nI < E1 « I (5 .4 6 a )

Ix2 -  - m| <  Eg << I (5 .4 6 b )

and

1—
I1CO

X

<  =3 « I ( 5 . 46c)

Where E1 , Eg and Eg a re  known c o n s t a n t s . The o b j e c t i v e  o f  t h e  f o l lo w in g
; ' \

s tu d y  i s  to  d e te rm in e  t h e  g r e a t e s t  change ( f ro m  th e  optimum) i n  th e  u n i t -  

s t e p  r e s p o n s e  t h a t  can e x i s t  when x ^ ,  X2 and Xg a re  c o n s t r a i n t e d  as i n  

E q u a t io n  5 .4 6 .

The T a y l o r  s e r i e s  o f  M(z jx^ ,Xg ,Xg) i s .  expanded  a b o u t  t h e  o p t im a l  ■ 

v a lu e s  o f  X*, as f p l low s:

M(ZfXl f XgfXg) = Mopfc(z)  + (X -  X * /  VM(zfx 1*i X2* fXg*) + . . .

w here

(5 .4 7 )
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and

V M (z,x^,x^ ,x^)"

-™™ - (z~m -  z~n )
(n -m )‘

'-----2_  (z~m -  z "n )
(n-m) ^

(n-m) (nz -m — mz n ) -  (nz~m -  mz n )^ 
(n-m) 2

(5 .48 )

The f i r s t  v a r i a t i o n  o f  M (z ,x 1 ,x  . ,x  ) w i t h  r e s p e c t  t o  x  x _ ,  and x i s
3 I  ^ 3

d e f i n e d  as .

AM(z,x* x* x*) = (X -  X*)  ̂ VM(z,x* x * ,x * )  
1 2  3 1 2  3

(5.49),

S u b s t i t u t i n g  th e  e x p r e s s i o n  o f  VM(z,x*,x*,-x*) from E q u a t io n  5 .4 8  i n t o
1 2  3.

E q u a t io n  5 . 4 9 ,  fo l lo w e d  by a  r e a r r a n g e m e n t  o f  t e r m s ,  y i e l d s

A M (z ,x* ,x* ,x* ) ' = (X -  X*)'-[VM (x*,x* ',x*)z™ m + VM , ( x * ,x * ,x * ) z _n + '
I  2 3 - m I  2 3 . n  I  2 3

+ VM2m(Xl ,X2 ,X3)Z"2m + 'w IirHicxI »x2 ,x 3)z  ™ +

+ VM2n ( x * ,x * ,x * ) z  n ] (5 .50)

w h e r e



HO

-m
(n-m )^

VM ( x * ,x * ,x * )  = 
m -L /  j

n
(n-m)^

n

(n-rin)

m

(n-m) ^

VM (x* x* x*) 
n  I  2 J

- n

(n-m) ^

-m

(n-m)

VM (x* ,x% ,x* )  = 
2ms i  2 3

O

0

2mn
(n-m) ^

VM 2^(x*,x*.x*) =

O

O

-m2 
(n-m) 2

0

(n-m) 2

(5.51)

(5.52)

(5 .53)

(5 .54)

(5 .55)
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B e f o r e ,p r o c e e d i n g  f u r t h e r ,  two a d d i t i o n a l  te rm s  a re  i n t r o d u c e d  f o r  

c o n v e n ie n c e :

x ^ -n x2~m Xg-I (5 .56)

w hich  r e p r e s e n t s  th e  f r a c t i o n a l  d e v i a t i o n  from  th e  optimum o f  x  , x and x Q9
1 2  o

and

n 0 0

O m O  

0 0 1

(5 .5 7 )

In  c o n fo rm i ty  w i t h  a d e f i n i t i o n  g iv e n .b y  P i e r r e  ( 3 3 ) ,  thfe column s e n s i -

t i v i t y  m a t r i x  i s  g iv e n  by

SM = AVM ( x * ,x * ,x * )
I j  I  2 3

( 5 .5 8 )

In  w o rd s ,  S i i s  th e  v a r i a t i o n  a s s o c i a t e d  w i t h  t h e  c o e f f i c i e n t  o f . z   ̂ i n  

t h e  c lo s e d - lo o p  t r a n s f e r  f u n c t i o n  due t o  s m a l l  p a r a m e te r  v a r i a t i o n s  i n  

x ^ , x^ and x ^ .  In  term s o f  t h e s e  column s e n s i t i v i t y  ix a t r ic e ’s E q u a t i o n  

5 .5 0  becomes

A M (z ,x * ,x * ,x * )  = 0 " [ S ^ z - m + S ^ ri + SgmZ '2111'+ S ^ z  m' n + ' S ^ z  2 n ] ( 5 .5 9 )
1 ’ 2 ’ 3 m+n

w h e r e
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-mn

(n -m ) '

mn
(n -m ) '

(n-m) .

mn
(n -m ) '

-mn
(n-m) ^

-m
(n-m)

O

O

-n ^

Sm4n =

(n-m) ^

O

O

2mn
.(n-m)'

O

O

-m2
(n -m ) '

V (5.60)

(5.61)

( 5 .6 2 )

(5.63)

( 5 .6 4 )
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The w o r s t  t r a n s i e n t  p e r fo rm a n c e  o f  t h e  sy s te m  c o r r e s p o n d in g  t o  s m a l l

changes ( E q u a t io n  4 .4 6 )  i n  p a ra m e te r s  , x^ and x^ can b e  d e te rm in e d  on 

th e  b a s i s  o f  E q u a t io n  5 .5 9 .  F i r s t ,  c o n s i d e r  t h e  c a se  o f  2m > n .  Then, 

m aking u se  o f  E q u a t io n  5 .5 9 ,  th e  f i r s t  v a r i a t i o n  o f  th e  z - t r a n s f o r m  o f  

th e  u n i t - s t e p  r e s p o n s e  o f  t h e  sy s te m  i s  d e te rm in e d :

A c(z)
A M (z ,x * ,x * ,x * )

1- z - I

<  J > - k +  Sn> T 1 +  T 1 ="k +
k=m k=n k= 2m

- I

2n - l
, -k (5 .65)

k=m+n

The o u tp u t  r e s p o n s e  from  m ^  s a m p l in g  i n s t a n t  to  ( n - 1 ) s a m p l i n g

i n s t a n t ,  w hich  i s  t h e  t r a n s i e n t  p e r i o d  o f  t h e  o p t im a l  s y s te m ,  i s  changed

-M
by th e  amount o f  JKS

I i
From E q u a t io n  5 . 6 0 ,  i t  can be  c o n c lu d e d  t h a t  th e

w o r s t  t r a n s i e n t  p e r fo rm a n c e  c o n d i t i o n  ( g r e a t e s t  d e v i a t i o n  from  th e  o p t im a l  

s t e p  r e s p o n s e )  o c c u rs  when

cr + [ - e ^ /n  e 2/m E3 ] (5 .66)

N e x t ,  i f  2m < n ,  t h e  f i r s t  v a r i a t i o n ,  o f  th e  u n i t - s t e p  r e s p o n s e  becomes

AC(z) = ST'S,
2m-I .  n -1

m I  ^  ^  I +
k=m k=2m

-  + T 1 -  » ' = 1
k=n - k=m+n

2n - I
-  .  % z~k  (5 .67)
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One can r e a d i l y  v e r i f y  t h a t  th e  a b s o l u t e  v a lu e  o f  e ach  e le m e n t  o f

i s  g r e a t e r  th a n  o r  e q u a l  t o  t h e  c o r r e s p o n d in g  e lem en t ,  o f  (Sjxl +  ) .

T h e r e f o r e , t h e  w o r s t  t r a n s i e n t  p e r fo rm a n c e  i s  a g a in  a s s o c i a t e d  w i th  th e  

c o n d i t i o n  i n  E q u a t io n  5 .6 6 .

F i n a l l y ,  f o r  2m = n ,  t h e  f i r s t  v a r i a t i o n  o f  t h e  u n i t - s t e p  r e s p o n s e  i s

M n r-t- M M m+n- 1  . ' M 2n - l
A C (z) .=  f i V J  I  z" k -  + S2n ) I  z^k  -  I  z "k (5 .6 8 )

k=m k=n k=m4n

By com paring  th e  f i r s t  (n -m -1) sam pled  v a lu e s  o f  th e  f i r s t  v a r i a t i o n  o f  t h e  

u n i t - s t e p  r e s p o n s e  i n  E q u a t io n  5 .6 5  w i t h  c o r r e s p o n d in g  v a lu e s  i n  E q u a t io n  

5 .6 8 ,  i t  can be  c o n c lu d e d  t h a t  th e  w o r s t  t r a n s i e n t  p e r fo rm a n c e  i s  y e t  

a s s o c i a t e d  w i t h  th e  c o n d i t i o n  i n  E q u a t io n  5 .6 6 .

5 .4  STABILITY ANALYSIS IN THE MINIMUM-PHASE Gp (z)  CASE

I n  S e c t i o n  5 . 3 ,  t h e  e f f e c t  on t h e  o u tp u t  r e s p o n s e  due t o  s m a l l  changes 

i n  s y s te m  p a r a m e te r s  i s  i n v e s t i g a t e d .  A t . t h i s  p o i n t ,  i t  seems l o g i c a l  to  

i n q u i r e  how changes i n  s y s te m  p a ra m e te r s  A f f e c t  th e  s t a b i l i t y  o f  th e  s y s te m  

S t a b i l i t y  l i m i t s  a re  d e r i v e d  h e r e  .as a f u n c t i o n  of o p e n - lo o p  g a in  o n ly .

L e t  = n ,  Xg = m and = I  +  e in , E q u a t io n  5 .4 5 ;  th e  c lo s e d - lo o p  

t r a n s f e r  f u n c t i o n  becomes

M (z ,n ,m , l+ e )  .= —( l +.e) (n z " m -mz n ) .------  ( 5 .6 9 )
(n-m) +  e (n z -m -mz- n )

The q u a n t i t y  e i n  t h e  above e q u a t i o n  i s  a c h a n g e - in - g a in  p a ra m e te r , ,  and th e  

c a se  t h a t  e = 0 i s  a s s o c i a t e d  W ith t h e  o p t im a l  s y s te m . From t h e  p o l e - z e r o



115

p o i n t  o f  v iew , any v a lu e '  o f  'e w h ich  re n d e r s '  t h e ■ sy s te m  on t h e  b ounda ry  o f  

s t a b i l i t y  i s  one f o r  w hich  c lo s e d - lo o p  p o l e s  ( o r  a t  l e a s t  one such  p o l e )  l i e  

on th e  u n i t  c i r c l e  i n  t h e  z - p l a n e .  On t h e  v e rg e  o f  s t a b i l i t y ,  th e  c h a r a c ­

t e r i s t i c  e q u a t i o n  a s s o c i a t e d  w i th  E q u a t io n  5 .6 9  i s

(n-m) + e (ne~ J m-®-me J n 6 ) = 0 (5 .7 0 )

S e t t i n g  th e  r e a l  and im a g in a ry  p a r t s  e q u a l  t o  z e ro  i n d e p e n d e n t l y  y i e l d s  

(n-m) + n e (cos  m0) -  m e(cos n 0) = 0 ( 5 .7 1 )

and

- n ( s i n  m0) + m (s in  n0)  = 0  (5 .7 2 )

F o r  g iv e n  v a lu e s  o f  n  and m, c r i t i c a l  v a lu e s  o f  0 a r e  d e te rm in e d  by 

s o l v i n g  th e  t r a n s c e n d e n t a l  E q u a t io n  5 .7 2 .  A g e n e r a l  c lo s e d - f o r m  s o l u t i o n  

f o r  0 does n o t  e x i s t ,  b u t  n u m e r i c a l  s o l u t i o n s  a r e  r a t h e r  e a s y  to  o b t a i n  on 

e i t h e r  an a n a lo g  o r  a d i g i t a l  com puter  ( s e e  Appendix  B ) . d f  c o u r s e ,  0 can 

be  l i m i t e d  t o  th e  i n t e r v a l  be tw e en  0 and 2 tt , and n. and m a r e  i n t e g e r s  w i th  

n > m.

In  g e n e r a l ,  t h e r e  e x i s t s  a f i n i t e  s e t  Snm o f  v a lu e s  o f  0 w hich  s a t i s f y  

E q u a t io n  5 .7 2  f o r  g iv e n  v a lu e s  o f  n  and m. V alues  o f  e w h ich  c o r r e s p o n d  . 

t o  t h e  v a lu e s  o f  0 i n  Snm a re  d e te rm in e d  on th e  b a s i s  o f  E q u a t io n  5 .7 1 ;  

t h a t  i s

_________ n-m ._________
m(cos n 0) -  n ( c o s  m0)

0eSnm

(5 .73)
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B ecause  e i s  a c h a n g e - i n - g a i n  p a r a m e t e r  (E=O c o r r e s p o n d s  t o  th e  op t im um ), 

t h e  s y s te m  i s  s t a b l e  i f  e i s  c o n f in e d  t o  an open i n t e r v a l ,  nam ely

eInin <e <e:max

w here  e . and £ a re  g e n e r a t e d  on th e  b a s i s  o f  E q u a t io n  5 . 7 3 ,  as fo l lo w s :  min max b ?

max min — ----- n -  J B----- ------------ -
8gS in(cos n 6) — n ( c o s  m0) 

nm

( 5 .7 4 )

s u b j e c t  t o n  -m

'm in = max

m(cos n@) -  n ( c o s  m6) 

n -m

> 0 , and

Oeg m(cos n 6) -  r i(cos  m0) 
nm

( 5 .7 5 )

s u b j e c t  t o  — --------2— 2L_—:------- - < o
m(cos n )  -  n ( c o s  m)

S t a b i l i t y  l i m i t s  f o r  n  = 3 ,  4 ,  5 ,  . . .  a r e  t a b u l a t e d  i n  T a b le  5 . 1 .  The

flow  d iag ram s o f  th e  com pute r  p ro g ra m  and an e r r o r  a n a l y s i s  a re  g iv en  i n
. .  •  '  '  I

A ppend ix  B.

As a check  on th e  com puter  s o l u t i o n ,  s p e c i a l  c a se s  o f  E q u a t io n  5 .7 2 ,

a re  s o lv e d  a n a l y t i c a l l y  i n  t h e  r e m a in d e r  o f  t h i s  s e c t i o n  ----- t h e  r e a d e r  may

om it t h i s  w i t h o u t  l o s s  o f  c o n t i n u i t y .  I n  t h e  f i r s t  p l a c e ,  i t  i s  shown t h a t  

when n i s  an i n t e g r a l  m u l t i p l e  o f  m, th e  s o l u t i o n  o f  E q u a t io n  5 .7 2  f o r  9 i s

6 krr
m

k = I ,  2 , . . .  , 2m

This  s o l u t i o n  i s  e s t a b l i s h e d  by a r r a n g i n g  E q u a t io n  3 .7 2  as

_! s i n  m0 = JL s i n  n0 ( 5 .7 6 )
m n
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and o b s e r v in g  t h a t  b o th  s i n  m0 and s i n  n 0 a re  z e ro  when 0 e q u a ls  kir/m and 

n i s  an i n t e g r a l  m u l t i p l e  o f  m. In  o r d e r  t o  r u l e  o u t  t h e  p o s s i b i l i t y  t h a t  

( s i n  n 0)K/n  e q u a l s  ( s i n  m0)/m  f o r  o t h e r  v a lu e s  o f  0 , nam ely  t h o s e  i n  th e  

open i n t e r v a l  k 7r/m<0< ( k + l ) 7r/m, k-*= 0 , I ,  2 , . , o b s e rv e  t h a t  ( s i n  m0) ./(m 0)

i s  g r e a t e r  th a n  ( s i n  n 0 ) / ( n 0 )  f o r  0 <6^Tr/n s i n c e  m0 i s  l e s s  th a n  n 0 .  This  

im p l ie s  t h a t  ( s i n  m0) /m i s  g r e a t e r  th a n  ( s i n  n 0 ) / n  f o r  O<0^n/2m. - In  th e  

c a se  t h a t  n /m  i s  odd , i t  can.,be c o n c lu d e d  from  th e  symmetry o f  b o th  ( s i n  n 0) /n  

and ( s i n  m0) /m  ab o u t  0= ir /2m t h a t  ( s i n  n 0) / n  n e v e r  i n t e r c e p t s  ( s i n  m0)/m  

f o r  0 <0<iT/m. When n /m  i s  e v e n ,  th e  same c o n c lu s io n  s tem s from  th e  f a c t s  

t h a t  ( s i n  m0)/m is a l s o  g r e a t e r  th a n  - ( s i n  n 0 ) / n  f o r  O<0<i:/2m and t h a t  s i n  n'0 

i s  an odd f u n c t i o n  f o r  O^O^tr/m ab o u t  0=n/2m. I t  i s .  e v i d e n t ,  t h e r e f o r e ,  t h a t  

f o r  any 0 l y i n g  b e tw e en  km/m and (k+ l)m /m , k  = 0 , I i 2 , . . .  , t h e  a b s o lu t e  

v a lu e  o f  ( s i n  m0)/m i s  a lw ays g r e a t e r  th a n  t h a t  o f  ( s i n  n 0 ) / n .  I n . o t h e r  

w o rd s .  E q u a t io n  5 .7 6  h o ld s  o n ly  when 0 e q u a ls  km/m Where U i s  an i n t e g e r .

I t  i s  i m p o r ta n t  t o  r e c a l l  t h a t . t h e  above c o n c lu s io n  i s  b a s e d  on th e  assump­

t i o n  t h a t  n  i s  an i n t e g r a l  m u l t i p l e  o f  m. T h e r e f o r e  u n d e r  t h i s  a s s u m p t io n ,  

l i m i t i n g  v a lu e s  o f  e a re  o b t a i n e d  by u se  o f  E q u a t io n s  5 .7 4  and 5 .7 5 :

emax

n - .  m , i f  n/m- i s  even  . 
n  + m

I , i f  n /m  i s  odd
( 5 .7 7 )

and

emin - I  , i f  n /m  i s  an i n t e g e r (5 .78)
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F o r  m = I ,  i = e . , f o r  D = 0 i n  F ig u r e  5 . 2 ,  t h e  l i m i t i n g  v a lu e s  o f ,e i n  

E q u a t io n s  5 .7 7  and 5 .7 8  a r e  t h e  same as g iv e n  i n  r e f e r e n c e  ( 3 2 ) .  I f  th e  

s e t t l i n g  t im e  nT i s  e x te n d e d  t o  i n f i n i t y  f o r  any f i n i t e  v a lu e  o f  m, i t  can 

be  c o n c lu d e d ,  from  E q u a t io n  5 .7 7  and 5 .7 8  t h a t  th e  o p t im a l  s y s te m  rem ains  

s t a b l e ,  f o r  changes i n  g a in  up t o  + 100%.

A d i f f e r e n c t  a pp roach  t o  th e  s o l u t i o n  o f  E q u a t io n s  5 .7 1  and 5 .7 2  i s  

as f o l l o w s :  F i r s t ,  E q u a t io n  5 .7 2  i s  s o lv e d  f o r  s i n  m0

s in - m 6 = ( m / n ) s i n n 0 ( 5 .7 9 )

w hich  i s  e q u i v a l e n t  to

cos m0 = +-[I -  m^( s i n ^ n 0) / n ^ ] 2 (5 .8 0 )

The r i g h t - h a n d  .member o f  E q u a t io n  5 .8 0  i s  s u b s t i t u t e d  f o r  cos m0 i n
; 1 1

E q u a t io n  5 .7 1 ,  and th e  r e s u l t i n g  e q u a t i o n  i s  m a n ip u la te d  t o  o b t a i n

2
cos ne  = .Cn-m) ~ e .Cn+m.)---- A Y( e ) . ( 5 .8 1 )

2 me

A t y p i c a l  c u rv e  o f  y ( e )  v e r s u s  s i s  shown i n  F ig u r e  5 . 3 .  Note t h a t  

y ( e ) i s  g r e a t e r  t h a n  ). f o r  e i n  th e  i n t e r v a l  0 <e<e+ and t h a t  y ( e ) i s  l e s s  

t h a n  - I  f o r  e i n  th e  i n t e r v a l  e _ < e < 0 .  When v a lu e s  o f  | y ( e )  | a r e  g r e a t e r  

th a n  o n e ,  r e a l  v a lu e s  o f  0 c a n n o t  s a t i s f y  E q u a t io n  5 . 8 1  ̂ and c o n s e q u e n t ly  

p o l e s  o f  th e  s y s te m  c a n n o t  l i e  on th h  u n i t  c i r c l e  o f  th e  z -p lh r ie .  The 

c o n c lu s i o n  t o  be  drawn f r o m . t h e s e  o b s e r v a t i o n s  i s  t h a t  a s u f f i c i e n t  

c o n d i t i o n  f o r  s t a b i l i t y  i s

£ _  < £ < E+ n > m ( 5 .8 2 )
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w here  e_̂  and e _  a re  f u n c t i o n s  o f  n  and m o b t a i n e d  by s o l v i n g  E q u a t io n  5 .8 1  

f o r  e when cos n0 = I  and cos n0 = - I ,  r e s p e c t i v e l y .  The r e s u l t  o f  t h e s e  

s o l u t i o n s  i s

e+ = ~ e _  = (n-m) /  (n+m) ( 5 .8 3 )

To i n v e s t i g a t e  t h e  c o n d i t i o n s  on n a n d ,m u n d e r  w hich E q u a t io n  5 .8 2  i s  

b o t h  n e c e s s a r y  and s u f f i c i e n t  f o r  s t a b i l i t y ,  t h e  i d e n t i t y  f o r  cos n 0 i n  

E q u a t io n  5 .8 1  i s  s u b s t i t u t e d  a p p r o p r i a t e l y  i n t o  E q u a t io n s  5 .7 1 j  and th e  

r e s u l t i n g  e q u a t i o n  i s  a r r a n g e d  as f o l l o w s :

cos m0 = — (n-m) + ^  Cn±n). ( 5 .8 4 )
2 cn

A t e =  e+ . E q u a t io n  5 .8 4  re d u c e s  t o

cos m0 = - I  (5 .8 5 )

S in c e  cos n0  = I  a t  e = e+ ,

0 = (2k it.) / n  k  = 0 ,  I ,  2 ,  . . .  ( 5 .8 6 )

S u b s t i t u t i o n  o f  t h i s  0 i n t o  E q u a t io n  5 .8 5  y i e l d s

cos [(2mkiT)/n] = - I  ■ (5 .87)
■ '  ’ . , '  !

I f  n  i s  even  and m i s  o d d ,  th e  v a lu e  o f  n /2  f o r  k  r e s u l t s  i n  b o th
1 . ' ■

cos n 0 = I  and cos m0 = - I  and c o n s e q u e n t ly  e+ = Em^ .  I f  n / t t  i s  an even 

i n t e g e r ,  k  = n /2m  r e s u l t s  i n  s a t i s f a c t i o n  o f  E q u a t io n  5 . 8 7 ,  and a g a in
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e+ = e x . T h is  r e s u l t  a g re e s  w i t h  t h a t  i n  E q u a t io n  5 .7 7 .  But i f  n /m  i s  

an odd in te g e r ,  no i n t e g e r  v a lu e  o f  k  s a t i s f i e s  E q u a t io n  5 . 8 7 ,  i n  w hich  c a se  

e+ ^ Emax. In  t h i s  c a s e , i t  was shown t h a t  t h e  v a lu e  o f  emax i s  I .  The 

n e t  r e s u l t  p f  t h i s  a n a l y t i c a l  i n v e s t i g a t i o n  t o  d e te rm in e  e i s  sum m arized 

be low :

n-m
n+m

emax
J  n-m 

n+m

I

F o r  £ = 

cos m0 = I

, i f  m i s  odd and n i s  even

, i f  n /m  i s  even  

, i f  n /m  i s  odd

!
e _  = -  , E q u a t io n  5 .8 4  re d u c e s  to

n+m

(5 .88 )

(5 .89)

S in c e  cos n0  = - I  a t  E =  £_,

0 = (Zk-I)TT k = I ,  2 ,
n

W ith t h i s .  E q u a t io n  5 .8 9  becomes

(5 .90 )

cos _m(2k - r).TT_ -  i  : ( 5 .9 1 )
n

' 1 > :
I f  n  i s  odd and m i s  e v e n ,  k  = (n+1) / 2  s a t i s f i e s  E q u a t io n  5,.91 i n

w h ich  c a se  e •. e q u a l s  e . F o r  o t h e r  c o m b in a t io n s  o f  n  and m; i t  i s  min — .

e v i d e n t  t h a t  no i n t e g e r  k  s a t i s f i e s  E q u a t io n  5 .9 1 .
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I n  summary,

-  — J l } i f  n  i s  odd and m i s  even  
n+m

I  , i f  n /m  i s  an i n t e g e r

( 5 .9 2 )

F o r  c o m b in a t io n s  o f  n  and m o t h e r  th a n  t h o s e  l i s t e d  i n  E q u a t io n s  5 .8 8  

and 5 .9 2 ,  s t a b i l i t y  l i m i t s  can be  d e te rm in e d  on a d i g i t a l  com pute r  (A ppendix  

B ) . A p a r t i a l  l i s t  o f  s t a b i l i t y  l i m i t s  i s  g iv e n  i n  T ab le  5 . 1 .

5 .5  EXAMPLES

Given m = 3 and = -2 .  The o p t im a l  c lo s e d  loop  t r a n s f e r  f u n c t i o n  

M0p t (z )  i s  g iv e n  by E q u a t io n s  5 .3 4 ,  5 . 3 8 ,  5 .3 9  and 5 .4 0 .

Mo p t (z )  = .9 7 1 z " 3 + 1 .3 8 4 z ~ 4 -  .6921z“ 5 + .3 4 6 0 z "^  -  I ,.009z " 7 (n = 7)

Mo p t (z )  = . 797z~ 3 + 1 .1 8 3 z ~ 4 -  .592z~ 5 + .2 9 6 z ~ 6 -  . I 4 8 z - 7  + .0 7 4 z - 8  +

-  .G l l z - ^  (n = 9)

M (z )  = . 672z- 3  + I . 008z- 4  -  .5 0 4 z - 5  + .2 5 2 z - 6  -  .1 2 6 z ~ 7 +  .0 6 3 z " 8 + o p t  ■

-  .031z~^ + .0 1 6 z - ^  -  .0 0 9 z ~ H  + .0 04z"12  _ . 346z~^3 (n = 13)

M (z )  = . 622z- 3  + .9 3 3 z " 4 -  ' .4 6 6 z ~ 5 + .2 3 3 z -6  -  .1 1 7 z - 7  + .0 5 8 z " 8 + 
o p t

-  . 029z-9  + .0 1 4 z -1 0  -  .007z -1 1  + .0 0 4 z " 12 .d o 2 z ™13 + .OOlz-1 4  +

-  .O0O4z-1 5  +  .0 0 0 2 z-1 6  . 244z-1 7  (n = 17) ( 5 .9 3 )
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F o r  m = 3 and = 2 ,

M . (z )  = - I . 089z~3 + 1 .6 4 1 z - 4  + .8 2 0 z “ 5 +  .4 1 0 z " 6 +  .205z™7 + .1 0 3 z - 8  + o p t  1

+ .0 5 l z ~ 9 + .0 2 6 z“ 1Q -  I . 166z“ 11 (n = 11)

M6p t (z )  -  833z- 3  + 1 .2 5 z “ 4 + .6 2 5 z - 5  + .3 1 2 z ~ 6 + .1 5 ^ z - 7  +  .078z™8

+ . 039z-9  + .0 1 9 z~10 -  .OlOz-1 1  + .0 0 5 z -1 2  + .O02z-1 3  +

+ .OOlz-1 4  -  . 665z- 1 ^ (n = 15)

Mo p t (Z) = - ■ 731z- 3  + I . 096z- 4  + .5 4 8 z - 5  + .2 7 4 z - 6  + .1 3 7 z - 7  +  .0 6 8 z - 8  +

+ .0 3 4 z -9  + .0 1 7 z -1 0  + . 009z- 1 1  + .0 0 4 z -1 2  + .0 0 2 z -1 3  +

+ .OOlz-1 4  + .0 0 0 5 z -1 5  + .0 0 0 3 z- 16 + .OOOlz-1 7  + .00007z-1 8  +

-  . 461z-19  (n = 19) (5 .9 4 )

The u n i t  s t e p  r e s p o n s e s  i n  t h e  ca se  z^ = - 2  and t h e  c a se  z^ = 2 a r e  

p l o t t e d  i n  F ig u r e s  5 .4  and 5 . 5 ,  r e s p e c t i v e l y . The o p t im a l  r e s p o n s e  i n  

th e  c a se  z^ = 2 and m = 3 goes n e g a t i v e  d u r in g  th e  t h i r d  s a m p l in g  p e r i o d .  

T h is  u n e x p e c te d  phenomenon a l s o  o c c u rs  w i t h o u t  p u re  t im e  d e la y  i n  th e  loop 

( 3 2 ) .  To e l i m i n a t e  th e  n e g a t i v e  r e s p o n s e ,  n  -  m c o n s t r a i n t s  i n  a d d i t i o n  

t o  t h o s e  i n  E q u a t io n s  5 .2 1  and 5 .2 2  c o u ld  b e  i n c o r p o r a t e d  i n  t h e  m in im iza ­

t i o n  p r o c e s s ;  n am e ly ,

^ b > 0  j  = 0 ,  I ,  2 ,  . . ,  n-m (5 .9 5 )
k =0 nri^

I n  o t h e r  w o rd s ,  t h e  u n i t  s t e p  r e s p o n s e  a t  th e  sa m p l in g  i n s t a n t s  c o u ld  be  

r e s t r a i n e d  t o  bq g r e a t e r  th a n  o r  e q u a l  t o  z e r o .
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In  t h a t  .c a s e ,  t h e  p ro b le m  can be r e d u c e d  t o  a p ro b le m  o f  q u a d r a t i c ,  

p rogram m ing (39) by i n t r o d u c i n g  a d d i t i o n a l  v a r i a b l e s :

j  • .
x i = b TirHc ■ j  = 0 ,  I ,  n-m ( 5 .9 6 )

J k =0 •

T h is  p h a s e  o f  th e  p ro b le m  i s  beyond  th e  sc o p e  o f  t h e  p r e s e n t  r e s e a r c h ,  

h o w e v e r ,  and c o n s i d e r a t i o n  o f  i t  i s  t e r m i n a t e d  h e re ' .

The t r a n s f e r  fu n c t io n ,  o f  th e  o p t i m a l ' c o n t r o l l e r  i s  g iv e n -b y  E q u a t io n  

5 .2 0 a .  C o r re s p o n d in g  t o  n  = 7 i n  E q u a t io n  5 . 9 3 ,  th e  o p t im a l  c o n t r o l l e r  i s

D (z )  = I  .9 7 1 z -3  + 1 .3 8 4 z -4  -  . 6 9 2 1 z - 5 + .346z~ 6 -  1 .0 0 9 z ~ 7 .
°p t  G ( z )  ]_ _ . 9 7 i z - 3  _ i . 3 8 4 z ~ 4 + .6 9 2 1 z _5 -  .346z~6 + 1 .0 0 9 z " 7

( 5 .9 7 )

I t  i s  i m p o r ta n t  . to  r e a l i z e  t h a t  b e f o r e  Dopt-Cz ) i s  im p lem en ted  p h y s i ­

c a l l y ,  t h e  assumed z e ro  a t  z = -2  i n  G (z )  i n  t h e  above e q u a t i o n  must be
P

c a n c e l l e d  w i th  t h e  c o r r e s p o n d in g  z e ro  i n  th e  n u m e ra to r  p o ly n o m ia l  o f  "

E q u a t io n  ,5 .9 7 .  To i l l u s t r a t e  t h i s  p o i n t ;  l e t  s+b t r a n s f e r  fu n c -
s (s r ta )

t i o n  o f  t h e  p l a n t  ( s ) w here  a = I / (2T) w i t h  T = I  s e c o n d .  The v a lu e  o f  . 

b = 3 .8 0 5  r e s u l t s  i n  a z e ro  o f  th e  p l a n t  a t  z = -2  i n  t h e  z - p l a n e .  The 

c o r r e s p o n d in g  z - t r a n s f o r m , o f •G^( s ) i s

I  +. 2zT l
Gy(Z) = —  I

P ( 1- z  : ) ( l - . 6 0 6 z  •*■)
(5 .98 )

Then t h e  o p t im a l  c o n t r o l l e r  i n  E q u a t io n  5 .9 7  becomes

D (z )  -  ( .9 7 1 Z - 1 . -  . 5 5 8 z - 4 + . .4239z~5 -  .5 0 1 8 z - 6 ) ( l - z - 1 ) ( l- .6 0 6 z ~ ,i . )  ■
° p t  ( l - . 9 7 1 z - 3 - l . ' 3 8 4 z - 4+ . 6 9 2 i z - 5- . 3 4 6 z _6+ 1 .0 0 9 z -7 )  ( 5 .9 9 )
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V(z)

From F ig u r e  5 . 2 ,  th e  z - t r a n s f o r m  o f  v ( t )  

Do p t (a )  R (z )

I  +  Z - S D o p t ( Z )  Gp ( Z )

w i t h  m F 3 i s

(5

W ith  a u n i t - s t e p  i n p u t ,  t h e  above e q u a t i o n  becomes

V (z) = ( ,9 7 1 z ~ 3 - . 5 5 8 z - 4  + .4 2 3 9 z " 5 -  . 5 z " 6 ) ( l  -  .606z - 1 )

and t h e  m o d i f ie d  z - t r a n s f o r m *  o f  th e  o u t p u t  r e s p o n s e  i s  g iv e n  by

C(z ,m ) = V (z) G (z,m )
P

w here  

0^ ( z ,m)
z" 1 (7 .6 1  -  6 .6 1  e _m /? ) -  ( 4 .6 2  -  6 .6 1  e m /2)z  1 

( l - z - l ) ( l - . 6 0 6 z - l )

(5

(5

(5

F o r  m = . 2 ,  _

C ( z , .2 )  = ,-zI 1 . ( l , 5 8 4 z ~ 3 +  .4 1 z ~ 4 -  .0 6 8 z " 5 -  .239z™6 -  . 68z " 7) (5
> 1- z ™1

F o r  m = .5 ,

C( z , . 5 )  = — ^—̂ —( 2 . 39z-3  -  . 859z- 4  + . 745z" 5 -  1 .0 0 6 z - 6  -  .Z e S z " 7) (5 
1- z " 1

\

*The m o d i f ie d  z - t r a n s f o r m  o f  c ( t )  i s  d e f i n e d  as C(z,m) = 
»

Z 1 J c [(n + m )T ]z - n  w here  -0 < m ^ I ,  
n=0

. 100)

101)

102)

103)

104a)

104b)
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F o r  m = . 7 ,

C( z , .7 ) ( 2 .8 6 5 z - 3 1.609z™4 + I . 228z-5  -  1 .4 5 7 z -6 . 02z“ 7)

(5 .1 0 4 c )

The c o n t in u o u s  r e s p o n s e  c o r r e s p o n d in g  t o  t h a t  i n  E q u a t io n  5 .1 0 2  i s  d i s p l a y e d  

i n  F ig u r e  5 .6

Now c o n s i d e r  t h e  m in im um r-phase-p lan t G ( s )  c a s e .  L e t  m = .3 ,  n = 9 ,
P

and = Eg = = 0 . 1 ,  Under t h e  w o r s t  t r a n s i e n t  p e r fo rm a n c e  c o n d i t i o n s ,

t h e  v a r i a t i o n  i n  p a r a m e t e r s ,  from  E q u a t io n  5 . 6 6 ,  i s

CT = + (_ ^ i - i i  , 1) (5 .1 0 5 )

From E q u a t io n  5 .4 5 ,  th e  o u t p u t  r e s p o n s e s  u n d e r  t h e s e  c o n d i t i o n s  a re

C ( z , 8 . 9 , 3 . 1 , 1 . I ) ________  9 . 79z~ 3 -  3 . 4 1 z ~ 9 _________________ _____________________________

5 .8  -  5 . 8 z - l  +  . 8 9 z - 3 -  .SOz" 4 -  .31± -9  + .3 1 z -1 0
(5 .1 0 6 )

C ( z , 9 . 1 , 2 . 9 , . 9 ) _____________ 8 .1 9 z - ?  -  2 ,6 1 z - 9  '_________ '
6 ,2  -  6 . 2 z- 1  -  .9 1 z -3  + . 9 Iz-A  .2 9 z '9  -  .2 9 z ~ 10

(5 .1 0 7 )
<

The r e s p o n s e s  c o r r e s p o n d in g  t o  t h e  above e q u a t i o n s  a r e  p l o t t e n  i n  F ig u re  5 = 7

5 .6  CONCLUSIONS

I n  t h i s  c h a p t e r ,  t h e  works by B e r t r a m  (31) and by  P i e r r e ,  R o s s , and 

t h i s  a u t h o r  (32) a r e - e x t e n d e d  t o  sy s tem s  w i t h  t im e  d e la y .  The c o e f f i c i e n t s  

o f  th e  c lo s e d - lo o p  t r a n s f e r  f u n c t i o n  o f  t h e  s y s te m  w hich  i s  d e s ig n e d  f o r  

d e a d b e a t  r e s p o n s e  t o  a ramp i n p u t  a re  s e l e c t e d  by m in im iz in g  th e  sum of, 

th e  s q u a re  o f  th e  e r r o r s ,  a t  s a m p l in g  i n s t a n t s ,  f o r  a s t e p  i n p u t ,  The



126

model u s e d  i n  r e f e r e n c e  (32) i s  r e d u c e d  t o  be  th e  s p e c i a l  c a s e , D = -0, o f  

F ig u r e  5 i 2 .  A l l  t h e  r e s u l t s  i n  (32) c a n , t h e r e f o r e , be  o b t a i n e d  h e r e  -'by- 

l e t t i n g  m = I .

In  S e c t i o n  5 . 2 . 1 ,  t h e  minimum p o s s i b l e  o v e r s h o o t , a t  t h e  s a m p lin g

i n s t a n t s  f o r  a minimum -phase p l a n t  ( s )  i s  d e r i v e d  i n  te rm s  o f  n  and m.

The s t e p  r e s p o n s e  o f  th e  o p t im a l  s y s te m  s t a y s . c o n s t a n t  d u r in g  th e  s e t t l i n g -

p e r i o d .  T h is  im p l ie s  th e  p o s s i b i l i t y  o f  u s i n g  a d i g i t a l  c o n t r o l l e r  o f

v a r i a b l e  g a in  ty p e  t o  e l i m i n a t e  such  o v e r s h o o t .  The nonminimum-phase

G ( s )  c a se  i s  exam ined  i n  S e c t io n  5 . 2 . 2 .  Under c e r t a i n  c o n d i t i o n s , t h e  
P >

o p t im a l  s t e p  r e s p o n s e  goes n e g a t i v e  d u r in g  some ,p e r io d s  o f  t im e .  A method

t o  e l i m i n a t e . s u c h  n e g a t i v e  r e s p o n s e  i s  p o s e d  i n  S e c t io n  5 . 5 ,  V a r i a t i o n s

i n  t r a n s i e n t  p e r fo rm a n c e  due t o  p a r a m e te r  v a r i a t i o n s  I n  th e  o p t im a l

c o n t r o l l e r  a r e  d e r i v e d  f o r  t h e  m inimum-phase G ( s )  c a s e .  Under t h e s e
P

c o n d i t i o n s ,  t h e  p a r a m e te r  v a r i a t i o n s  a r e  g iv e n  by E q u a t io n  5 . 6 6 ,  and th e

e x a c t  -o u tp u t  . .response  i s  th e n  d e te rm in e d  from  E q u a t io n  5 .4 5 .  In  S e c t io n

5 . 4 ,  s t a b i l i t y  l i m i t s  as a f u n c t i o n  o f  o p e n - lo o p  g a in  a r e  d e r i v e d  i n  th e

minimum -phase G ( s )  c a s e .  As th e  number o f  s a m p l in g  p e r i o d s ,  n ,  f o r  d ead -  
P

b e a t  r e s p o n s e  i s  a l lo w e d  t o  app roach  i n f i n i t y ,  th e  s t a b i l i t y  l i m i t s  

a p p ro ach  th o s e  o f  t h e  lu m p e d -p a ra m e te r  c a s e .

F u tu r e  r e s e a r c h  m igh t w e l l  be  c o n c e rn e d  W ith  t h e  U nusua l n e g a t i v e  

r e s p o n s e  i n  t h e  nonminimum-phase G^( s )  c a s e .
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r ( t )  +
G ( s )

F ig u re  5 . 1 .  E r r o r - s a m p le d  fe e d b a c k  c o n t r o l  sy s te m  w i th  c a sc a d e  d i g i t a l  
c o n t r o l l e r .

r ( t ) + / ^ \ e ( t )

F ig u re  5 . 2 .  E r r o r - s a m p le d  fee d b a c k  t im e - d e la y e d  c o n t r o l  s y s te m  w i th  
c a sc a d e  d i g i t a l  c o n t r o l l e r .
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lillll
F i g u r e  5 . 3 ,  y ( e )  v s . .  6  f ro m  E q u a t io n  5 .8 1  f o r  n =  7 

a n d  m =r 3



U
U

2 4 6 8 10 12 14 16 18

t / T  -------- —

O ptim a l  u n i t  s t e p  r e s p o n s e  f o r  = -2  and m = 3.

M
N3
VO

F ig u r e  5 .4



c
(t

)

2 and mO ptim al u n i t  s t e p  r e s p o n s e s  f o r  zF ig u r e  5 .5
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F ig u re  5 . 6 .  O p t im a l  c o n t in u o u s  u n i t  s t e p  r e s p o n s e  f o r  Z1 = - 2 , 
n = 7 and m = 3
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2 4  6 8 10 12 14
t / T  --------—

F ig u re  5 . 7 .  D e v i a t i o n  o f  th e  o p t im a l  s t e p  r e s p o n s e  due t o +  10*/.
change  i n  p a ra m e te r s  o f  th e  o p t im a l  d i g i t a l  c o n t r o l l e r .
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T a b le  5 . 1 .  S t a b i l i t y  l i m i t s .

m 8Hiax £r d n }

n = 3 I 1 .0 0 0 0
: , :

- i . o o d o
n = 4 I ,6000 - i . o o d d

2 .3333 - i . d d d d
n = 5 I 1 ,0000 - I . OOdQ

2 .4889 - .4 2 8 6
3 .2722 - .2 7 2 2

n = 6 I .7143 - i . OdOd
2 1 .0000 - i . d d d d
3 .3333 - I . OdOd
4 .2500 - . 2ddd

n = 7 I 1 .0000 - i . d d d d
2 .6101 - .5 5 5 6
3 .4249 - .4 2 4 9
4 .2852 - .2 7 2 7
5 .1727 - .1 7 2 7

n = 8 I . 7778 -l.O O dd
2 .6000 - I . d d d d
3 .4545 - .4 7 9 2
4 ' .3333 - I . d d d d
5 .2308 > .2381
6 .1428 - .1 5 8 9

n = 9 I 1 .0000 -IidO O d
2 .6844 - :. 6364
3 1 .0000 - I . 0000
4 .3982 - .3 8 4 6
5 .2937 - .2 9 3 7
6 .2500 - .2 0 0 0
7 .1275 - .1 2 7 5

n = 10 I .8182 - I . OOOQ
2 1.0000 - I . 0000
3 .5385 -■.5617
4 .4889 - .4 2 1 6
5 .3333 - I . 0000
6 .2722 . - , 2 7 2 2
7 .1765 - .1 7 9 6
8 .1183 - .1 1 1 1

, i
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SUMMARY AND SUGGESTED FUTURE RESEARCH
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6 .1  SUMMARY OF ESSENTIAL. VALUES OF THE THESIS RESEARCH

The o p t i m i z a t i o n  o f  b o th ,  s t o c h a s t i c  and d e t e r m i n i s t i c  d i s t r i b u t e d -  

p a r a m e t e r  c o n t r o l  sy s tem s  i s  exam ined  i n  t h i s  t h e s i s .  I n  C h a p te r  .2 ,  a new 

d e f i n i t i o n  o f  d i s t r i b u t e d  c o r r e l a t i o n  f u n c t i o n  i s  i n t r o d u c e d  and i s  shown t o  

b e  more a p p r o p r i a t e  t o  u se  t h a n  B e n in 's  d e f i n i t i o n  (7 6 ,  77 , 78) i n  th e  c a se  

o f  d i s t r i b u t e d  o u t p u t s .  N e c e s sa ry  p r o p e r t i e s  o f  c o r r e l a t i o n  f u n c t i o n s  

b e tw e en  d i s t r i b u t e d  o u t p u t  s i g n a l s  and i n p u t  s i g n a l s  a r e  ddr i v e d .  A p ro b le m  

o f  o p t im a l  s t o c h a s t i c  c o n t r o l  o f  d i s t r i b u t e d - p a r a m e t e r  sy s te m s  i s  shown to  

b e  a W iener-H opf  s p e c t r u m - f a c t o r i z a t i o n  p ro b le m .

The o p t i m i z a t i o n  o f  d i s t r i b u t e d - p a r a m e t e r  c o n t r o l  sy s te m s  i s  ap p ro a c h e d  

from  b o th  l i n e a r  program m ing and dynamic program m ing p o i n t s  o f  v iew . I t  i s  

shown i n  C h a p te r  3 t h a t ,  f o r  a  l i n e a r  p e r fo rm a n c e  m easure  s u b j e c t  t o  l i n e a r  

c o n s t r a i n t s ,  o p t i m i z a t i o n  o f  l i n e a r  d i s t r i b u t e d - p a r a m e t e r  sy s tem s  can be 

a c c o m p lis h e d  by l i n e a r  program m ing t e c h n i q u e s . The a d v a n ta g e  o f  th e  l i n e a r  

p rogram m ing a p p ro ach  i s  t h a t  l a r g e - s c a l e  p ro b le m s  can be t r e a t e d  w i th  r e l a ­

t i v e  e a s e .  I n  C h a p te r  4 ,  t h e  g e n e r a l  convex  p e r f o r m a n c e ■ m easu re  o f  th e  

d i s t r i b u t e d  e r r o r  f u n c t i o n  i s  m in im ized  by u se  o f  th e  p r i n i c p l e  o f  o p t i m a l i t y  

( 6 , 7 ,  8 ) .  The' c lo s e d - f o r m  e x p r e s s io n  o f  th e  o p t im a l  c o n t r o l  f u n c t i o n  i s  

d e r i v e d  by u se  o f  th e  p r i n c i p l e  o f  o p t i m a l i t y  t o g e t h e r  w i t h  m a th e m a t ic a l  

i n d u c t i o n  u n d e r  t h e  q u a d r a t i c  p e r fo rm a n c e  m easure  o f  th e  d i s t r i b u t e d  e r r o r  

( s e e  E q u a t io n s  4 .5  and 4 . 4 0 ) .  With t h i s  c lo s e d - f o r m  e x p r e s s i o n  o f  th e  

o p t im a l  c o n t r o l  f u n c t i o n ,  d e t e r m i n a t i o n  o f  t h e  v a lu e  o f  t h e  o p t im a l  c o n t r o l  

f u n c t i o n  a t  e a ch  s a m p l in g  i n s t a n t  r e q u i r e s  o n ly  one c o m p u ta t io n  o f  th e  v a lu e  

.of th e  o p t im a l  c o n t r o l  f u n c t i o n  a t  th e  f o l l o w i n g  sa m p l in g  i n s t a n t s .



136

The th e o r y  o f  d e a d b e a t  r e s p o n s e  w i t h  m in im al o v e r s h o o t  compromise i s  

e x te n d e d  t o  a p p ly  t o  b o th  minimum and nonminimum p h a se  sy s te m s  e n f o l d i n g  

t im e  d e la y .  The o p t im a l  t r a d e o f f  be tw e en  s t e p - r e s p o n s e  o v e r s h o o t  and ramp- 

i n p u t  d e a d b e a t - r e s p o n s e  t im e  i s  d e r i v e d .  The s e n s i t i v i t y  o f  th e  o p t im a l  

s y s te m  i s  exam ined  as a f u n c t i o n  o f  p a r a m e t e r  v a r i a t i o n s  o f  t h e  c o n t r o l l e r .  

F o r  a  g iv e n  s e t  o f  a l lo w e d  p a r a m e t e r  v a r i a t i o n s ,  th e  w o r s t  t r a n s i e n t -  

b e h a v i o r  c o n d i t i o n  i s  d e r i v e d .  A l s o ,  s t a b i l i t y  l i m i t s  a r e  o b t a i n e d  f o r  t h e  

o p t im a l  s y s te m  i n  t e rm s ' .o f  o p e n - lo o p  g a in .

6 .2  ASPECTS MERITING ADDITI QNAL STUDY

F o u r  t o p i c s  w o r th y  o f  f u r t h e r  i n v e s t i g a t i o n  a re  e v i d e n t  as a consequence  

o f  t h i s  d i s s e r t a t i o n .

1. Methods o f  o f f s e t i n g  th e  d i m e n s i o n a l i t y  l i m i t a t i o n s  o f  p r e s e n t - d a y  

dynam ic p rogram m ing t e c h n iq u e s  c o n s t i t u t e  a  t o p i c  o f  much im p o r ta n c e .  In  

t h i s  r e g a r d ,  t h e  p a r t i c u l a r  m ethod u se d  i n  S e c t io n  4 .3  may b e  a p p l i e d  t o  a 

more g e n e r a l  c l a s s  o f  p r o b le m s ,  b u t  i s  by  no means a p a n a c e a .

2 .  As s e e n  i n  Chap ter-  5 and i n  r e f e r e n c e  ( 68) ,  u n d e r  c e r t a i n  c o n d i t i o n s  

t h e r e  e x i s t s  a  n e g a t i v e  r e s p o n s e  o r  " u n d e r s h o o t"  i n  t h e  s t e p  r e s p o n s e  o f  a 

c l a s s  o f  d e a d b e a t - r e s p o n s e  s y s te m s .  The c a u se  and th e  c u re  o f  such  u n d e r ­

s h o o t  i n  t h e  d e a d b e a t  p e r fo rm a n c e  w ou ld  be  a  w o r th y  s u b j e c t  o f  i n v e s t i g a t i o n ,

3 . I t  w ou ld  a p p e a r  t h a t  t h e o r i e s  s i m i l a r  to  t h a t  i n  C h a p te r  5 c o u ld  

be  d e v e lo p e d  f o r  o t h e r  ty p e s  o f  i n p u t  s i g n a l s .  S p e c i f i c a l l y , i n p u t s  w i t h  

an a c c e l e r a t i o n - t y p e  -n a tu re  w ould  a p p e a r  t o  m e r i t  a t t e n t i o n  b e c a u s e  o f  th e  

o c c u r r e n c e  o f  such  s i g n a l s  i n  p r a c t i c e .

4. A s tu d y  o f  p r e d i c t i o n  and f i l t e r i n g  p rob lem s w hich  a r e  a s s o c i a t e d  

w i t h  d i s t r i b u t e d - p a r a m e t e r  sy s tem s  w ould  b e  o f  v a lu e .  The c o n c e p ts  o f  

d i s t r i b u t e d ,  c o r r e l a t i o n  f u n c t i o n s  (C h a p te r  2) w ould  a i d  i n  such  a s tu d y .
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A . I THE PROBLEM-QF LINEAR PROGRAMMING .

The g e n e r a l  l i n e a r  program m ing p ro b le m  c a n -b e  d e s c r i b e d  as f o l l o w s :

Given a s e t  o f  m l i n e a r  e q u a t i o n s  i n  n  v a r i a b l e s , f i n d  n o n n e g a t iv e  v a lu e s

o f  t h e s e  v a r i a b l e s  w hich  a r e  a s o l u t i o n  t o  t h e  g iv en  s e t  o f  e q u a t io n s  and

m axim ize some l i n e a r  f u n c t i o n  o f  th e  v a r i a b l e s .

M a th e m a t i c a l l y ,  t h e  above s t a t e m e n t  can be w r i t t e n  a s :  F in d  th e  column

m a t r i x  X = [x  x . . . x  ] '  w hich  m axim izes  th e  p e rfo rm a n c e  me'Asu re
1 2 ,  n

P = C’X

w here  C  = [c  c . . . c ’] i s  a row m a t r i x  s u b j e c t  t o

(A.I)

X >:. 0 (A .2)

and

AX = B (A. 3)

w here  0_ i s  an n x , I  m a t r i x ,  a l l  e le m e n ts  o f  w hich  a r e  i d e n t i c a l l y  z e r o ,  A 

i s  an m x n m a t r i x ,  m < n ,  and B i s  an m x I  m a t r ix  o f  c o n s t a n t s .

The p ro b le m  o f  f i n d i n g  w here  a g iv e n  l i n e a r  f u n c t i o n  o f  s e v e r a l  v a r i a b l e s
1 '

t a k e s  on an e x tre m e  v a lu e  when th e  v a r i a b l e s  a r e  r e q u i r e d  t o  s a t i s f y  

c o n s t r a i n t s  o f  th e  form  o f  l i n e a r  i n e q u a l i t i e s  i n  a d d i t i o n  t o  l i n e a r  e q u a l i t i e s  

can be r e d u c e d  to  t h e  s t a n d a r d  form i n  E q u a t io n s  A . I ,  A .2 and A .3 (see  

r e f e r e n c e  6 4 ,  f o r  e x a m p le ) .

A .2 PROPERTIES OF A SOLUTION ;

In  t h i s  s e c t i o n ,  s t a n d a r d  d e f i n i t i o n s  o f  l i n e a r  p rogram m ing c o n c ep ts  

a r e  g i v e n . In  a d d i t i o n ,  two im p o r ta n t  th eo rem s  a rd  c i t d d  w i t h o u t  p r o o f .
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D e f i n i t i o n  A . I  A s o l u t i o n  i s  any s e t  o f  x ^ ' s  w hich  s a t i s f i e s  E q u a t io n  A .3 . 

D e f i n i t i o n  A .2 A b a s i c  s o l u t i o n  i s  th e  s o l u t i o n  w hich  i s  o b t a i n e d  by s e t t i n g  

n  -  m o f  x ^ ' s  e q u a l  t o  z e r o .

D e f i n i t i o n  A .3 A n o n d e g e n e r a te  b a s i c  s o l u t i o n  i s  a b a s i c  s o l u t i o n  which 

c o n ta i n s  n  n o n z e ro  x . ’ s .i

D e f i n i t i o n  A*4 A fea s ib le  s o l u t i o n  i s  a s o l u t i o n  w hich  s a t i s f i e s  th e  

i n e q u a l i t y  i n  E q u a t io n  A .2 .

D e f i n i t i o n  A . 5 . A b a s i c  f e a s i b l e  s o l u t i o n  i s  a b a s i c  s o l u t i o n  w hich  s a t i s f i e s  

t h e  i n e q u a l i t y  i n  E q u a t io n  A .2 .

D e f i n i t i o n  A. 6 A convex c o m b in a t io n  o f  t h e  p o i n t s  X1 ,'. X0 , ,X i si  z n
a p o i n t

X = C t 1 X  + a X0 + . . . + a  X (A. 4)1 1  2 Z n n

w here  t h e  cl ' s s a t i s f y

CL 5- 0 ■ (A .5)

f o r  i  = I ,  2 , . . . , n  and

n

D e f i n i t i o n  A. 7 A s a t  R i s  convex i f  f o r  any e le n ien ts  X arid X. i n  R. X ---------- ;---------------  . a b ’ c

w hich  i s  any convex  c o m b in a t io n  o f  X and X, i s  a l s o  an e le m e n t  o f  R.a D

D e f i n i t i o n  A .8 . A p o i n t  X o f  a convex s e t  R i s  a v e r t e x  ( a l s o  r e f e r r e d  t o  

as an e x tre m e  p o i n t )  i f  X^ c a n n o t  be  e x p r e s s e d  as a convex c o m b in a t io n  o f  

any two d i s t r i n c t  p o i n t s  i n  R. In  o t h e r  w o r d s , no l i n e  segm ent c o m p le te ly  

i n  R o f  f i n i t e  l e n g t h  c o n ta i n s  X^ i n t e r n a l l y .
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I t  f o l lo w s  im m e d ia te ly  from  d e f i n i t i o n  A . 7 t h a t  a h y p e r p l a n e  i s  a 

convex  s e t .  F u r th e rm o re  t h e  i n t e r s e c t i o n  o f  two h y p e r p la n e s  i s  s t i l l  a 

h y p e r p l a n e  and th u s  i s  a convex s e t .  L e t  be  th e  s e t  o f  p o i n t s  s a t i s ­

f y i n g  b o t h  E q u a t io n s  A .2 and A .3 . Then i t  can  be  c o n c lu d e d  t h a t  R i s  a
■ c

convex s e t .

Theorem A . I  The v e r t i c e s  o f  R have  a t  l e a s t  n-m z e ro  components
c

Theorem A .2 The p e rfo rm a n c e  m easure  i n  E q u a t io n  A . I  assumes i t s  maximum

a t  a v e r t e x  o f  R . I f  i t  assumes i t s  maximum a t  more th a n  one v e r t e x ,  
c

th e n  i t  t a k e s  on th e  same.maximum v a lu e  f o r  e v e ry  convex c o m b in a t io n . o f  

t h o s e  p a r t i c u l a r  p o i n t s .

The p r o o f s  o f  th e  above two theo rem s can  be  found  i n  any s t a n d a r d  work 

on l i n e a r  p rogram m ing (2 3 ,  2 9 ,  6 4 ) .

One c o u ld  p r o c e e d ,  i n  t h e o r y , by e v a l u a t i n g  P a t  a l l  t h e  v e r t i c e s  o f  

R^. S t i l l ,  f o r  l a r g e  n  and. m, i t  w ould  n o t  be f e a s i b l e  t o  t e s t  e v e ry  v e r t e x  

i n  o r d e r  t o  f i n d  t h e  o p t im a l  s o l u t i o n . '  To overcome t h i s  d i f f i c u l t y ,  D a n tz ig  

(23) d e v e lo p e d  a n . e f f e c t i v e  a lg o r i t h m ,  th e  s im p le x  a l g o r i t h m ,  w hich  e n a b le s  

one to  p r o g r e s s  i n  a s y s t e m a t i c  f a s h i o n  to  t h e  n e x t  b a s i c  f e a s i b l e  s o l u t i o n  

from  th e  p r e s e n t  b a s i c  f e a s i b l e  s o l u t i o n  su ch  t h a t  th e  n e x t  b a s i c  f e a s i b l e  

s o l u t i o n  r e s u l t s  i n  a g r e a t e r  v a lu e  o f  P . D e t a i l s  a b o u t  t h e  s im p le x  

a l g o r i t h m  can be  found  i n  s t a n d a r d  r e f e r e n c e s  (2 3 ,  2 9 ,  6 4 ) .
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SOLVING n s in (m 0 )  = m s in ( n 6)
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The com pute r  p ro g ra m  c o n s i s t s !  o f  two p h a s e s . D u r in g  th e  f i r s t  p h a s e , 

a rough  i n i t i a l  s e r c h  i s  made u s in g  a g r i d  whose w id th  i s  d e te rm in e d  by 

S h a n n o n 's  s a m p l in g  th eo re m . In  th e  se c o n d  p h a s e ,  th e  Newton-Raphson method 

i s  a p p l i e d  i n  each  l i k e l y  n e ig h b o rh o o d  w hich  i s  d e te rm in e d  i n  th e  f i r s t  

p h a s e .

The f i r s t  p h a s e  i s  s t r a i g h t f o r w a r d  and c o n s i s t s  o f  t h e  e v a l u a t i o n  o f  

TEST w hich  r e p r e s e n t s

TEST = m s in ( n 6) -  n s in (m 9 )  ‘ ' (B . I )

The h i g h e s t  f r e q u e n c y  f^  i n  TEST i s

fh = n / ( 2 r̂) (B .2 )

A s u f f i c i e n t  DELTA a c c o r d in g  t o  S h a n n o n 's  sa m p l in g  th e o re m  i s

(DELTA)i d e a l  = m/n (B .3 )

In  t h e  p ro g ra m , DELTA i s  s e t  e q u a l  t o  1 /n  i n  o r d e r  t o  com pensa te  f o r  

n u m e r i c a l  e r r o r .  A n o th e r  a d v a n ta g e  t o  h a v in g  DELTA = 1 /n  i s  th e  b e t t e r  

i n i t i a l  e s t i m a t i o n  o f  r o o t s  f o r  th e  s e co n d  p h a s e .  ■ With t h i s  IlELTA, i t  i s  

t h e o r e t i c a l l y  a s s u r e d  t h a t  none o f  t h e  i n f o r m a t io n  c o n ta i n e d  in..TEST i s  

n e g l e c t e d .  The s e a r c h  i s  t e r m in a t e d  when 0 ex c ee d s  .2 ir. A b l o c k  d iag ram  

f o r  th e  f i r s t  p h a s e  i s  shown i n  F ig u re  B . l .  , 1 ■■

In  th e  se c o n d  p h a s e  o f  th e  s e a r c h ,  th e  Newtbn-Raphson niethod i s  u se d .

O ' 1
L e t  0 b e  t h e  i n i t i a l  e s t i m a t i o n  o f  0*, one o f  th e  r o o t s  o f  TEST, r e s u l t i n g

I

from  th e  f i r s t  p h a s e .  The n e x t  e s t i m a t i o n  i s  th e  p o i n t  o f ■i n t e r s e c t i o n  o f
• '  1

th e  l i n e  t a n g e n t  t o  TEST a t  0 = 0^ and th e  a b s c i s s a .  T h e r e f o r e ,

e° -  e1 = , .1A S a 0.) ' (B.4)
DTEST(Qc )
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w here  DTEST(0®) i s  t h e  d e r i v a t i v e  o f  TEST e v a l u a t e d  a t  6 = 6®. In  ■ 

g e n e r a l , t h e  (k+1 ) e s t i m a t i o n  i s

0k + l  = 0k _ TEST(Qk ) , (g .5 )
DTEST(Qk )

The s e a r c h  i s  t e r m i n a t e d  i f  th e  a b s o l u t e  v a lu e  o f  TEST i s  l e s s  th a n  

ACRE, a  s p e c i f i e d  v a l u e .  Assume t h a t  t h e  s e a r c h  i s  t e r m in a t e d  a t  th e  Ntk  

i t e r a t i o n .  Then

0N = 0* + AQ , (B. 6 )

N i ' 'i
w here  AQ i s  t h e  e r r o r  i n  0 . I t  i s  known from  th e  t e r m i n a t i n g  c o n d i t i o n

t h a t

|m s in [ n (0 *  +  AG)] -  n s in [ m ( 0 A + A Q )] | < ACRE (B. 7)

In  e x p a n s io n  o f  s i n e  te rm s  i n  A q u a t io n  A. 7 as f u n c t io n s ,  'of t h e  argum en ts  , 

t o g e t h e r  w i t h  t h e  a s su m p t io n  t h a t  nAQ i s  s u f f i c i e n t l y  s ir iall  t o  u se  th e  f i t s t -  

o r d e r  a p p ro x im a t io n s  o f . c o s i n e  and s i n e  f u n c t i o n s , a bound on ,AG i s

16 '  ' - W c s w T !  cos (me*)] 1 ■ (B- 6)

u n d e r  t h e  a s su m p t io n  t h a t  cos (nQ*) -  cos(mQ*) i s  n o t  ze iro . I n  t h e  a c t u a l  

c o m p u ta t io n ,  t h e  bound on AG i s  d e te r m in e d  from E q u a t io n  B .8  by r e p l a c i n g  

0* by  Q^. The b l o c k  d iag ra m  i s  shown i n  F i g u r e  B .2 .
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PRINT TEST

THETA

DELTA = 1/N

READ N, M

EVALUATE
TEST

THETA = THETA+ 
+DELTA

F i g u r e  B . I .  B lo c k -d ia g ra m  i n  t h e  f i r s t  p h a s e  o f  t h e  m ethod.
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COMPUTE THE ERROR BOUND

9 -  DELTA

READ ACRC, 0

COMPUTE DELTA 
TEST/DTEST

EVALUATE TEST AND 
DTEST

PRINT Qi N, M, ERROR 
BOUND

F ig u r e  B .2 . Block, diagjr'am i n  th e  se c o n d  p h a s e  o f  th e  m ethod.
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