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ABSTRACT

The distribution of the range in sespies from Pearson-type 
populations is considered in this thesis. Explicit density functions 
of the range, together with the cumulative distributions and certain 
moments, are given for four types. The difficulties precluding exact 
distributions have been pointed out in the other cases. An asymptotic 
distribution is suggested ss a means of approximating the distribution 
of the range for large samples from particular populations.
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I. INTRODUCTION AND STATEMENT OF THE PROBLEM

In a consideration of sample1 statistics, one of the most obvious and
easily obtained is the range; i.e., the difference between the largest and 

smallest sample values. Hence, if the distribution of this statistic could 

be obtained, it would be useful in situations where a minimum of calculation 

is expedient.

Formally, the density function of range is obtained as an integral from 

the joint distribution of largest and smallest sample values. However, 

evaluation of this integral for arbitrary sample size is difficult in most 

cases and impossible by exact methods in some.

Practical applications of the range suggest that further study of its 

properties would be worthwhile. Statistical quality control utilizes the 

sample range to a considerable extent because of the ease with which it is 

computed, in contrast with the more time consuming calculation of other 

measures of variation.

Most of the research concerning the sample range has been concerned 

with parent normal populations because of their wide application. One 

other population, the rectangular, has also been exhaustively studied.

A broad class of probability density functions, including the two 

mentioned above as special cases, is the Pearson System. This system is 

generated by specializing constants in the differential equation

(I) dy (x-a)y

I. A U  samples referred to in this thesis will be random samples
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Many of the distributions important in sampling theory are special 

cases of different members of the family of solutions of the above differ­

ential equation. Among these distributions are: the normal, chi-square.

Student’s t, certain correlation coefficients, and F.

This thesis is concerned with the distribution of the range in samples 

of size n from parent populations that are members of the Pearson system. 

Each of the twelve types will be considered, and the difficulties pointed 

out in cases where an explicit result has not been obtained.
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IIc THE FORMAL SOLUTION FOR DISTRIBUTION OF THE RANCffi

The distribution of range in integral form can be obtained at once from 

the joint distribution of the largest and smallest sample values. This 

frequency function is given by

(2) h(u,v) = n(n-l) [ F(v) - F(u) J ” 2f(v)f(u), a # u < v  ̂  b,

•where f(x) is the probability density function specifying the population

saopled, with a # x ^ b, 

u is the smallest sample value 

v is the largest sample value 

n is the eanple size

r x  2
and F(x) = I f(x)dx Is the cumulative distribution function.

Ja.

By the transformation v = u + R, where R is sample range, a joint function 

of u and R is obtained,

(3) h(u,R) = n(n-l) JV(UfR) - F(u) ] ^f(ufR)f(u).

Then by integrating over the range of u, the desired density function is 

obtained,

(U) g(R) - U(U-I)Jnb"8 [f (w -R) - F(u) ] n“2f(ufR)f(u)du, O ^ R f  b-a.

Gumbel (U) has shown that the cumulative distribution takes an elegant, 

if not particularly useful, form when the upper limit is independent of Rj

ST With appropriate changes of the argument, this notation will be followed 
throughout the thesis. That is, a lower case letter will denote a probability 
density function, and the corresponding upper case letter will denote the 
cumulative distribution.
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i.e., if b » oo . Then

o - a'

Ncnr if the integral defining g(R) converges uniformly, it is permissible to 

interchange order of integration, giving

vhich is Gumbel1S result. He calls attention to the fact that this is of 

little practical use, since in general F(u+R) cannot be expressed, in terms 

of F(u).

Still another form of G(R) vhich ve will find useful can be developed 

from (25),

Or, with d?(u) » f(u)du.

(7)

(8)

- n J[f (u*R) - F(u)] n*1f(wR)du - J|f (u*R) - F(u)J n (r*° C -N0O

If a « •» cO , (27) reduces to
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(9) O(R) = B f [p(ufR) . P(u)] B*"*"f(ufR)du.
-CO

If we consider the asymptotic distribution of the range, the problem 

is simplified somewhat if the parent population is unlimited in one direction. 

Guaibel (4) states that if the population to be sampled is bounded to the left 

(right), and unlimited to the right (left), the asymptotic distribution of 

range becomes identical with the asymptotic distribution of the largest 

(smallest) sample value. These conditions are met by five meiibers of the 

Pearson family.

The distribution of the largest sample value being 

(10) g ( v ) » n  [l - P(V)]**1 f(v),
we see that if we make the transformation w » (n-l)p(v), then f(v)dv ■ dv/(n-l) 

aaA %(a) (») - * [l - v/(n-l)]B"^/(n-l).

The limiting distribution is then

(11) ^(v) » Iim m 
n-xen-1 v > 0.

The cumulative distribution is

(12) § ( « ) .  r  .** d w , i . e-v .
Jo

This approach may be compared with that used by Carlton (l) in investi­

gating the rectangular population. This will be discussed later.

The disadvantage of this particular transformation is that it is non­

linear. However, it might be useful in tabulating ordinates or percentage 

points approximately, for large samples, with v = (n-l)p(R).

In summary, there is one integral form for the probability density
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function of the range, and In certain cases, two for the cumulative 
distribution of the range:

(k bis) g(R) n(n-l)| R [r(w-R) - F(u)] n’2f(w-R)f(u)du

r OO -
(6 bis) O(R) = n J [ F ( w R )  - F(u) ] " f(u)du

z-CO
(8 bis) G(R) ■ n J [F(ufR) • F(u)J “ 1f(utR)du * [f (s*R)J
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III. THE DISTRIBUTION OF RANGE FOR MEMBERS OF THE PEARSON SYSTEM

A. Ttype I.

For the Type I density function, specified by

(13) f(x)
B(p+i,q.+i) 

the distribution of the range is

Xp(I-X)1, O < x ̂  I,

(Ik) g(R) n(n-l)
B(p+l,q.+l) n

xP (I-X)^dx
]

n-2

• uP (l-u)<l(ut’R)P (l-u-R)q du 0 * R * I.

With no restrictions on £  and ̂  other than those required for convergence 

of F(x), it would be necessary to consider evaluation of this integral by 

tedious numerical methods. The inner integral is the difference of two 

incomplete beta functions and, while values of the Incomplete beta function 

have been extensively tabled by Karl Pearson (l$), an exact solution for 

g(R) is beyond our reach.

If £  and £  are Integral, the cumulative distribution may be found by 

repeated integrations by parts to be

(15) F(x) I______  ___P!
B(p+l,qfl) (p+k+(p+k+l)! (q-k)! Xptktl (I-X)1"1

However, even this form for F(x) is of little use for our purpose except
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for highly restrictive values of 33, cj, and n.
No account of approximate solutions for g(R) nor of empirical 

determination of range distribution constants appears in the literature.

B. Type II.

For a Type II function, 

(16) f(x) - 1
- K W l  u  - 5 > m  •

-a f  x f a.

the integral representation of g(R) is
Ta-R

(i7 ) g ( a ) -----Hlsii
&n n -a [ . 11 ■ y -

n-2 mu.. Mg 0
(1 - m (i . au.

For a general case, m  ̂  0, the difficulties here are identical with those 
of Type I. Considering the evaluation of the cumulative distribution of the 

Type II function, we have

2
(18) ,U) - S t i ^ l f  >  ‘ ? ) V

and with the transformation y = i(l + -), the integral becomes

(19) F(x)
JZml

a*x
S T

Fb (I-F)bW .

So the inner integral is again the difference of two incomplete beta functions.

If m  is a positive integer, F(x) may be evaluated by a binomial expansion 

of (l - ~ ) m . Then,
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I

And again for general values of m and n, this form is not useful.

Since an exact or approximate function of the range is not readily 

obtained, the most useful Information available is the result of extensive 

experimental sampling. The results of sampling carried out by E. S.

Pearson and H. K. Adyanthaya are summarized in Tables for Statisticians 

and Biaiaetriclana1 Part II (l4). Empirical distribution constants listed 

are: the mean, standard error, and ^2, where P1 is a measure of
skewness ( = 0 for a symmetrical distribution) and measure of

peakedness which may be compared with Pg = 3 for a normal distribution. These 

constants are given for samples of size 2,5,10 and 20, and they suggest a 
distribution very nearly symmetrical, and slightly less peaked than a normal 

distribution.

Hie rectangular population, which is a special case of Type H , has 

been probed in some detail and, with it as a parent population, the exact 

and limiting forms of the distribution of the range are available. Carlton 

(l) has given both. In hie notation, the population is

(21) f(x) - $ x  S O  + !

Then the distribution of sample range is

(22) f(R) - n(n-l) R (I - R), o $ R f L



To obtain the limiting distribution, he considered the transformation 

R 1 = n(l - R), and the limiting distribution of R 1 Is

(23) f(R') = R'e"^', R' >  0.

C. Type III.

The Type I H  density function can be expressed in the form

x e
x
’b , x £ 0.

The distribution of the range in saaples for a Type III population is given

That part of the integrand within square brackets is the difference between 

two incomplete gamma functions, and this points out the difficulty in 

obtaining an exact expression for g(R).

In this case, also, research has taken the form of experimental 

determination of range constants. Repeated sampling by B. S . Pearson 

and N. K. Adyanthaya has lead to results tabulated in Tables for 

Statisticians and Blometiriclans, Part II (l4). Values for the mean and 

standard error are listed as multiples of the population standard deviation, 

and these are compared with the theoretical values obtained for the range 

in samples from a normal population. The mean ranges are in fairly close 

agreement, but the standard error of range is in each case slightly larger

o
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in samples from the Type III distribution.

For large values of n, the asymptotic distribution obtained earlier

could be used to approximate the distribution of the range.

(11 bis) f w .

and

(12 bis) §(w) = I -  e”w

where now v = C xae ^ <?x T
J 0

For any fixed value of R, the integral can be evaluated from tables of the 

incomplete gamma function, and then the distribution of w could be used to 

approximate the ordinates or probability levels of the distribution range. 

The normal distribution

(26) f(x) = r—  exp. f- (x-^ )2/2<t 2 ? , - oo< x <  ao
Ya? cr ^

can be considered a special case of Pearson's Type III distribution. This 

particular density function has commanded most of the interest in research 

regarding the distribution of the range.

Among the major contributors to this research has been L. H. C. Tippett, 

E. S. Pearson, and "Student, with much of their work being summarized in 

Tables for Statisticians and Bioiaetricians, Part II (I1O .

Tippett has given theoretical values of the moment coefficients of the 

distribution of the range, and has carried out the following:

3. W. S. Gosset wrote many papers under the pseudonym "Student."
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1. Computed the mean range in terms of the population standard 
deviation for samples of sizes 2 to 1000.

2. Calculated the standard deviation of range for certain sample 
sizes.

3. Given approximations to the values of ^ 1 and. ^ g for larger 
samples.

E. 8. Pearson obtained the first four moments of the distribution of 

range for samples of size 2,3A , 5 an^ 6.
"Student” utilized these constants of the distribution and extended 

them to samples of 10,20 and 60. He then obtained equations of Pearson 

curves with the correct first four moments to fit these distributions.

Asymptotic distributions of the range when sampling from normal 

populations have been developed by Elfving (3) and Gumbel (U). Elfving 

has used a non-linear transformation of the range to obtain a distri­

bution in terms of Bessel functions, while Gumbel made use of a linear 

transformation to obtain the distribution of range in terms of Hankel 

functions of order zero.

Approximate distributions of the range have been given by Cax (2), 

using a gamma distribution with the correct first two moments, and by 

Patnaik (10) through the distribution of chi.

Gumbel (5) has tabulated percentage levels of the range, while 

Pearson and Hartley (ll) have prepared tables of the "Studentized" range; 

i.e., the range divided by the sample standard deviation, for samples of 

size 2 to 20. The latter tables were extended in computations performed by 

May (9).
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D . Type IV.

For the function of Type IV given by 

(27) f(x) = b (I + 4 ) " m  e“C tan 1 a. - CO < X < CO

Tdaere

(28)
OO

I A =  f  (I + x2/b2 )"B  e-° ^ 1(XA)
-co

the distribution of the range is

(29) g(R) - n(n-l)k'-IrcU+R(l + £)-=' e"c tan a2

.(I + (I + H ^ ) - m e*c tan-1 |  + tan*1 ^  ^

The inner integral here must be evaluated by approximate methods, or from 

integrals tabulated in Tables for Statisticians and Blometrlcians, Part H  

(l4), The difficulties encountered in this evaluation preclude an exact 

treatment of the distribution of the range.

E. Type V.

The Type V distribution is given by

-P-I - a
(30) f(x) r <p-i)

x-pe *, O f X <00

The density function of the range in samples from a Type V population is

given by»' *<■> ■ g s s F  j f u+s - —  I n-2 - —
J x-Pe xdx I u-Pe u (u+R) P du.
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The connection between the Type V and the Type III distributions points 

otit the difficulties to be encountered in this case. That is, In 

general, the cumulative distribution of the Type V function cannot be 

evaluated exactly.

If £  is an integer, the cumulative distribution is 

(32) » «  = I - [l + f + S T  (f) f | )  P'2J e x .

The distribution of the range is then

03 ) 8(b ) .
[(P-2)!]2

lb tnen n-2

■ " S i r  ® ( 4

,u-p e U (u*R)"Pe du.

So, the assumption of integral £  does not greatly simplify the problem.

The asymptotic distribution given by equation (12) might be of benefit 

in establishing probability levels of the range for large values of n. Here,

m  w - (H-I)Sp*1 f  _ X V-P
r  (p-D S e x ^ dx.

or using the transformation z = — ,

(35) , . % 1 2 £ ±  f ”  . - = V 21
P  (p-1) J1 M

(n-l) e-aZfP-ZazI
Now for fixed R, the value of this integral can be found from tables of the
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incomplete gamma function. In this way, a set of values, W1, corresponding 

to values, R1, can be found, and these could be used to tabulate probability 

levels. For example,

(36) P [ w  < w0 j F(R) < F(R0)] - I * e*w®

For a specified value of F(R0), Rq can be found if the parameters of the 

original distribution are known. Hence, the above corresponds to the 

probability that R is less than R0.

F Type VI.

When considering the Type VI distribution,

J M b "1(37) f(x)
B(p-a-i,<i+i)

x"p (x-a)q. a $ x <«o , p > q. - I,

the integral expression for the distribution of the range is«0

(38) g(R) n(n-l)aB(P"*-l) 

B(p-<i-l,q+i) n P -in-2
p (x-a) dx u"P ( xh-R )-p ( u-a ) q( xh-R - a ) ̂ du.

Since the transformation y = a/x transforms the Type VI density function into 

a beta, or Type I density function, the difficxilties encoxmtered in the 

consideration of Type I again confront xis, and no solution is available.

This is, however, another distribution that is bounded to the left and 

xmlinritad to the right, so the asymptotic distribution specified by 

equation (12) may be invoked. In this case,

(39) w (n-1).P-4-1
a*R

B(p-q.-l,qfl)
x""P (x-a)^dx,

or with the transformation y = —  ,
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(40) V a n-1

a
afR

(n-l) J I - — —  ---- -
B(p+l,q+l)

a
^a+R

Xp^ 2(I-X)9- dy

If the parameters of the initial distribution are known, the integral can 

be evaluated for fixed R, using tables of the incomplete beta function. In 

this way corresponding values of w and R can be obtained. As in the case 

of Type V, these paired values could be utilized to approximate probability 

levels for the distribution of R. Here,

(Ul) P fw < w0j » P[F(R) < F(R0 )] - I - e’W°,

and since F(R0 ) will determine R0, this will correspond to P | R < Rq J .

0. Type VII.

For a Type VII function.

(U2) f (x) I
-CO < X < oo ,

the distribution of the range is
/»«0

(43) g(R)
an B(i,m-i) n

UfRI' x x-m

-CD

This integral presents difficulties similar to those of Type I and Type VI.

Since an explicit expression for g(R) is not readily obtained, sampling 

experiments have been performed to give an empirical approximation to the
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distribution. The results, due to 2. S. Pearson and N. K. Adyanthaya, 

are available In Tables for Statisticians and Biometricians, Part II (l4).

Two distinct Type VII populations, with different degrees of 

peakedness, were sampled. The measures of peakedness were Pg ■ 4.12,

of the range when sampling from Type II and Type III populations are tabled, 

again for samples of size 2,5,10 and 20. The results indicate a 

distribution considerably different than the distribution of range in samples 

from a normal population. The mean range does not differ greatly from 

that of a normal population but the standard error increases with the value 

of @2* ^ ie values of @  ̂and show a distribution much more skewed 

peaked than is the distribution of range in normal samples.

The distribution of the range in samples of size n from the Type VIII 

population.

and F2 * 7.07. The same distribution constants given for the distributions

H. Type VIII.

0 < m < I, -a. i x. i 0,

O f R f a ,  0 < m < I

Or, using a binomial expansion.
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(46) g(R) »
an(l-m)

r"K n-2

-a

k (ni2)(^UfR) (l-m)(n-2-k)-ni, .k(l-m)-m
(a*u) <

Itz=O '"-a

Since m is not integral, successive integrations by parts will not yield 

a finite number of terms. However, it will lead to a convergent infinite 

series. Repeated integrations by parts gives

n(n-l)(l-m)'
an(l-m) Y Z i ) l(n;2;

^(u,R)du ( ^ u ) <1-m)(n-2-k)-m(„u)t(l-a)-" du

(l-m )(n -2-k )-m  (k + l)(l-m )
(ew-R+u) (a»u)

(krfl)(l-a)

-  [( l-m X n -a -tl-m ] ( « K+u )t l : B)(n- 2- k )- B-1

(».»)(kfl)(l-B)+1. J--- 1--------------------- + . . . +
[(IM-I)(I-Dl)J [(IM-I)(I-Dl)+]]

+ ( - i ) J  P R l-m jC n-l-k)] P f(k + l)(I-Di)I

P  [(l-m ) ( n - l - k ) - j ]  p gk + l)(l-m )+ j+ ]J

• (a+R+u)^1"®)(n"1“k )*<}*1(a4.u j(lc+1)(l-®)+J ±

• ♦ #



23

This expansion is one of n-2, dependent upon the value of k. Now for 

certain rational m, one or more of these expansions will terminate for a 

finite For, if the denominator of m (idien m is reduced) is not i «rg*r 

than n-1, the exponent of (a+R+u) may vanish for certain k. If we set 

this exponent equal to zero, we have

(W) n-2-k-m( n-l-k) - J = 0 »

(49) m  = ** 0,1,2,...n-2, j = 0,1,2,...

As an example, if m  = 2/3, and samples of size 12 are taken, we will 

have a finite number of terms when k = 2, k = 5, and k = 8. For these values 

of k> ^-values will be 2, I, and 0, and the number of terms will be 3, 2, and 
I, respectively.

However, if m is irrational, or if it is rational, but with a denominator 

greater than n-1, then for each value of k, we will have a non-terminating 
series. The integral is then

(50) f P(u,R)du = T(.i)j P  [(k+l)(l-m)]
“a rgl-m)(n-l.k)-j] p[(k+l)(l-a)+j+l]

• (af^u)(l*'ni)(n"1*k)*J"1(afu)<lM*1)(;L-ia>+J J
. T(Ip)J ri(l-m)(n»l-k)] PRkflKl-m)]

j=o f1 [(l-m)(n-l-k)-j] f1 [(k-t-l)(l-m)+

• a(-*'’’m )(n“l,'̂c)"‘«5"l(a.g)(^+^^(1*m '̂4’̂
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The distribution of the range is then

(51) g(R) . f  . I) (to-l)U-)
k-o

. V 7 _i)J rRi-K-i-ic)] . r R ^ i K i - ) ]  Z1 . r v

Z _  r B i - M - i - u - j ]  r R k + i ) ( i - . ) + M  ^ *Jj=o
We can also obtain the cumulative distribution.

n-2 _ «0
(52) O(R) - »(b-1)(1-K )^> ( - D k (B'2)\ (_l)j .

/  x 11Z — ___ rr(i-)(i-i-k)-ji
k=0 JatO

, r[(k+l)(l-m)] r  Z1 e Rx(k*l)(l-m)*J 
r[(k.i)(i.»)»i] \ &

j O
n-2 oo

- n(n-l)(l-m)2 ̂  (.i)k fn*2) V  (_i)J
^ rgl-m)(n-l-k).

PRkfl )(l-a)3
rgk+l)(l.m)+j+l] f / R \ (kfl)(l-m)4-Jfl

I * [l - a ]________
(kf I) (l-m)+J+l 

ao

• - ' - u m 1S 11* ( " S u ' r f e S S J f e

PfffaDd-
P  [(fai)(i

(kfl)(l-m)f JflJ

, (XRfa.
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The momenta about the origin for the distribution of range can be 

obtained directly

(53)

an
Brg(R)dR,

Jo

r a positive integer

n(n-l)(l-m)2
k=o J=O

r&l-m)(n-l-k)]
r  [(1-m) (n-l-k)-jJ

, rtte+i) (I-Ei)I 
r  Rk+l)(l-m)+j+l]

ra

J o

a \(k + i)(i-m )+ j aa

With the substitution R = at.

n-2 cQ
»(n.l)(l-.)^> (-l)k (n-£j> (-l)J

k=o j=o

T r[(k»l)(l-m)J
P[(k+l)(l-m)+J-fl]

n-2

rr(l-m)(n-l-k)] |
f7 {j[ 1-m) (n-l-k)-j] 

t )(kfl)(l-mHj ^

M n - D ( I - B ) V /  (.if(ni 2) /  ( - D jL —  L — ■ p[(l-B)(n-l-k)-j]k=o Joo

r[(k»l)(l-m jl
P[(k+l)(l-m)+j>l]

B [r+l,(k+l)(l-m)+j+l] .



26

I. Type IX.

For earples of size n from a Type IX population,

(56) f(x) = 4. £  J # m > 1

the distribution of the range Is

(57) g(R) * n(n-l)

-a

C1 * : )
m

a
R .(nH-l)(n-2-k)+m 
a/ •

/ uxk(rH.lkm
du, 0 * R $ a.

If m  Is integral, this can be evaluated exactly. Expanding the first 

quantity under the integral sign as a binomial, we have
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n-2 (m+l)(n-2-k)+m

(58) g(R) - n ( n . l ) ^ ) ̂  (-l)k ( n^2) ^  ^(m-D(n-2-k)+m^.

-R

. (I + H  )B(m+l)-2-j au

n—2

n(B-l) 6 ^ 1  /  ( - D k

Xmfl)(n-2-k)+m
^n-2̂ >  ^(mfl)(n-2- k ) ^ .

, Dt(BH-I)-I-J

( * \ 3 j . I)
\*J U(HH-I)-I-J

p(n-l)(mU)g ^  . Ija(W-I)-I ̂ J - D k (n*2)  •

(bh-1) (n-2-k)+m
^(nH-l)(n-2-k)+m^ ̂  R ̂

T-o

We can also find the cumulative distribution of the range, for

(59) G(R) - n(n-l)(HH-I)
n-2 (nH-lHn-2-k)+m

A

(I) (i - ?)

n(nH-l)-l-J

n(m+l)-l-j
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x>

Row let t ■ —  . Then a

(60) G(R) » n(n-l)(BH-l) /  (_i)

This Integral Ie an lnconplete beta function, and can be evaluated as 

such for any particular value of R. Or, since n, m, and ̂  are all 

Integers, It may be evaluated by successive Integrations by parts. Then,

n-2 (nH-1 )(n-2~k W m
(61) G(R) = n(n-l)(mfl)2^> (-l)k ^mfl)(n-2-k)+m^.

k=o j=o

* n(mf

m

1W 1-J /

n(mfl)-l-j
j! [n(%ftfl)-l-j] ! ( R \

(>l+p)t ^(iftfl).l-j-p] ! u y

g\n(mfl)-l.j.p

j+l+P#

( - I )
The moments for the distribution of the range can be found directly:
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n-2_____ (m»l) ( n-2-k W m

<62) X  - ak -p w )  (.1)* ̂ j )  ((«!)(

dR

-Ja=S- (m»l)(n-2-k)-fin

" W W )  (-Dk M
Ifc=O J=O

rf

n-2

( I ) rtjC1 - ! ) B<”fl>'1‘J #

(m+l)(a-2-k)+m

- ( - iK^D2X f 1Dk e ^ y _ r ^ r k)i

* B [r+j+l,n(m»l)-j].

Since r, n, and m are integers, the beta function can be replaced by 

factorials, and the rth movement about the origin is
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n-2 (aH-l)(n~2-kWm

(S3) X  - n(n-i)(»i)2& ) k ( V ) >  ((" 1)(r g'k)i ^ r t r

(r»j)f Cn(Htfl)-I-J] ! 
jn(nH-l)*r J I

n-2 (zH-lXn-2-k)+m

. ( ^ ) ( W i)a. - £ ^ i ) k  ( y ) >  .

(y»j)i rn(nH-l)-2-jJ !
[n(m*l)+r J !

J. Type X.

The Type X density function is

i i
(6U) f(x) » e e # @ >  0, x &  0.
The distribution of range in saaples from the Type X population has been 

investigated, and Link (8) has given the explicit distribution of the ratio 
of two ranges from the standardized form; i.e., f(x) = e X , So, obviously 

the distribution of the range has been previously obtained, but seemingly 

is not mentioned in the literature. It can be found by direct 

evaluation of the integral representation of g(R).



31

(65) g(R)
a(a-l)
e2 C

U
9

O

a *(*-1)
e2 ”

O ^ R  <oo

a “ji

The cmmlatlve distribution of the range is

The simplest method of obtaining the moments of the distribution Is 

by the use of the moment-generating function.
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Ic=O
_1___
k+l-Qt

R
5 (k+l-Qt)

* (a-l) (-Dk
k+l-Qt '

Then,

SE (-l)k r! Qr 
(k+l)r

»=2_
(n-l)r! Q1 (n*2) (-Dk

(k+Dr
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K. Type XI.

The functional fora for a Type XI distribution is

(6 9) r(x) - b <: x < oo , m  >  I.

The density function for range in samples from a Type XI population is
'«o ^»-2

m-12m-2, . x2(70) g(R) » n(n-l)b (m-1) [(5) B r ) Vj6(W-R)*1, R » 0,

■ J h 3  ■ ^ js3 ]
a-2

Uk (W-R)1

R
In this integral, ue make the transformation y = ^ . Then

8/b _n-2

Rm^1( U y )1
(71) g(R) = n(n-l)bB(,l‘l)(m-l)2

. 5 L
Rb RB(i+y)m y2

n(r-lHl°*"~l)(B-l)
Rn(m-l)+l

0
n-2

I -
( u y )1

Ry
r n(m-l)

(1+y)* ^

. i - y g ’i-.a W  ( f ) J  g W .  -

O
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Recalling that B(r

CO
, , . [ C L

J  ( I t t ) 3
dt, we see that the integral above

may be evaluated through the use of tables of the incomplete beta function. 

To put this integral in the more familiar form, we employ the change of

variable y a T=T Then
n-2 R

(72) S(R) >
gn(m-l)tl

k=o o

Now if (n-k-l)(m-l) is not an integer, the integral is the incomplete 

B [n(m-l)-l,-(n-l-k)(m-l)-2] , and with the use of tables we can calculate 

ordinates of the curve. The condition that (n-k-l)(m-l) must not be an

integer is certainly fulfilled if m  is irrational, or if rational that its 

denominator is necessarily greater than n-2.
Percentage points of the cumulative distribution may be found in the 

same manner. Using Gumbel's form for the cumulative distribution,

(73) O(R) - Bbllwl(B-I)
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11
Using the substitution previously applied, y = — , ve have

(74) O(R) T,»(»«l)

R/bO  i-

O
n-1

I -
(3*y)

R

(-1)k Ci1)
RA,

Tete-11'1 i,

y a ^ l ) . !  
(1>y)k(B«l) dy*

Again, this Integral is an Incomplete beta function, and epy be put In 

the standard form. Then,

n-l
R
K R

(75) G(R) - («l)k C k 1) ^  tB(*-l)"l(i_t)
-(n-k)(n-l)-ldt.

The moments of the distribution can be found in certain cases.

(76,X  . .(.-Dbet- 1W )2 ^  . ^ ] B 2
O b

CD =O

t^(tH-R)

n(n-l)bB(m-l)(Bi-l)2 M S . * , -

u( n-2-k)(m-l )+m^ ^k(m-l )+m

Since the inner integral converges uniformly, ve may interchange order of
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integration. Then,

(TI)JUt = n(a-l)bB(*-l)(m-l)^

n-2 ZN1Z±i>k (V) J -
Ic=O

CO

du
u(n-2-k)(i3i-l)+ii

• I RfdR ___
O

If r <  k(n-l)+m-l, the second integral will exist. But since k can take on 

the value zero, this lagpllee r <  m - I. Assuming this condition is 

fulfilled, we nay evaluate this integral through repeated integrations by 

parts j

(78) I
J o(ufR)k (m-l)+ia

i-Ri:y : ± v . v -.1
k(n-l)-KH-I

(W-R)-(ktl)(n-l)-iH*l

[(k+l)(»-!)] [(k+l)(n-l)-l]
* e e

+ (-Drr. 1*21
.(k+l)(n-l)+r

(-l)r+1 [(kfl)(n-l)] [(k+l)(ai-l)-l] ... [(k+1)(a^l)J
R=o

Due to our restriction on r, every term vanishes at the upper limit. At 

the lower limit, every term vanishes except the last, and we have 

_«o
rdR r! P[(k+l)(m-l)-r] I(79)J S = r! Pr(k»l)(m^l)~r1 # ______________

(utR )̂ (3n"1 )+I1 P  [(k+1) (m-1 )+l] u (k+l)(m-l)-r
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Then,

(80) .(,-Db-t-1)
t! rEl»l)(ii-l)-r] 

r"[(k+l)(m-l)+l| *

f  au

J 2-k) (n-1 )+nf(lw-l) (m-l)-r

. .(.-Dblt- 11(»-l)2r!/  (-l)k
r[(k+l)(m-l)-r]
r[(k»l)(m-l)+l]

# f •1
[.(n-l)-rj U t- 1 '1" •}

«0

Uab

- n(n-l)bn(,l"l)(n-l)2r ! ^ ^ ( . l ) k
P[(k+l)(»-l)-r] 0

I
' [.(«-l)-r] b1(- l(-r

»(.-!) br (.-I )2 rl
m 2

k=o

rRk+l)(m-l)-r]
P[(k+l)(n-l)+l]

#

An interesting feature of this result is that it holds true if m is 

integral, so long as the original condition on r is maintained. Thus, 

although ve were unable to obtain the distribution for this case, we have 

the moments, and for particular values of m and m, we could approximate 

the distribution with the first four correct moments.
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Oae rather trivial situation leads to am exact distribution. If m 

is a rational number of the form , with £  an integer greater than I,

me can utilize equation (8) to advantage. The cumulative distribution is

(S1)

.-iH- ♦ [i - p L ) - 1"
(UtR)*1 [ VbtR/

RUsing the traasfomation y « ̂  >

(82) O(R) . ( ^ l ) b ' ( - ^

n-1

‘

- S ll * ] •
Now if m *» , and we choose n » p « , the integral can be evaluated

directly:
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R/bp
n-l r 1 *

(83) G(R) * ̂  I 1 ' WJ (y+i?. (y+i) L J

The density function can be found nov by differentiation:

(84) g(R) - n

SX

I I
- b(b+R)

I

n

I

L. Type XII.

For the Type XII population given by

(85) f(x) - (f) I________
(a+b)B(l+m,l-»)

-a < x 5 b
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the distribution of sasple range is

(86) g(S) - (I) *(»-!)_________ .
(aw-b)* [b(Ub,1-»)]B

The Type X H  distribution is a particular case of Type I. The 

specialization of parameters does not lead to any simplification of the 

difficulties encountered in the earlier case, and an explicit form for 

g(R) has not been obtained.



IV. SUMMARY AKD CONCLUSIONS

This thesis has been concerned with the distribution of the range 

in samples of size a from Pearson-type populations. Each of the twelve 

types has been considered, and, insofar as possible, prior research has 

been summarized briefly.

The following results have been obtained:

1. An asymptotic distribution of a simple function 

of the largest sample value has been derived. This 

distribution may be used to approximate probabilities 

of the range in large samples from a population bounded 

below and unlimited above. This result was considered 

in connection with Types III, V, and VI.

2. The distribution of the range in samples from a 

Type VIII population was developed as an infinite series.

The cumulative distribution and the moments were aj_so 

obtained in the form of infinite series.

3. The distribution of the range in samples from a 

Type IX population was obtained with a restriction on 

one of the original parameters. The cumulative function 

and the moments were given.

4. For a Type X population, the distribution of the 

sample range was obtained in a usable form, as was the 

cumulative distribution of the range. All moments of

the distribution exist, and the moment-generating function

4l

was obtained
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5. With certain restrictions on one of the parameters, 

the distribution of the range in samples from a Type 

XX parent was developed as a sum of incomplete beta 

functions. The cumulative distribution and certain 

moments were found under similar restrictions. In a 

very special case, an explicit distribution was found.

In the cases where a distribution function of the range has been obtained, 

considerable numerical analysis would be necessary if the results were to be 

applied in a practical situation.

In cases where a density function for the range has not been obtained, 

numerical integration is Indicated. Further research will probably take 

the form of extensive sampling to determine empirical distributions as has 

been done with Types II, III, and VII.



V. APPENDIX

Ib the conaideratioa of Type VIII, it was accessary to assume uniform 
convergence of the infinite series to obtain the cumulative distribution of 

the range. To justify this assumption, consider Walerstrass' M-test for an 

infinite seriest

I- IukM l 5  Mk

k=o
converges

a x  s  b , k = 1 ,2 ,»**

Xik (X) converges uniformly in a e x s b.

For the series in question,

Uj(R) = (-l)d P[j[l-m)(n«»l-k)3
P  [(l-*0  (m -l-k )-j]

----- (i _ 5!) , Of Rf a.
r[(bH)(l.m)+j+l] \ **

It is easily seen that the series converges uniformly in the interval

O < € $ x ^ a, regardless of how small € may be. For, taking

Mj = P D l.m )(n .l .k ) ]
P R  l-m ) (n-l-k)- j] r[(ton)(i-B).jti] ^ v

and applying the ratio test, we have

li* „ iim I . A  . 1)1=1 - I < I.
j-m o  Itj j-»oo I (k+l)(l-m)4>j+l x a/I

The ratio test fails at R » 0, however, for there the limiting ratio is 

one. To establish uniform convergence at R * 0, we require a more subtle



a
test, such as Raabe’s . Tor Raabe'e Test, if all v̂. are positive, and 

k —  - I^ > I, then the series converges.Iim
k-»flo

In this case, the Mj are all positive, and at R » 0 the ratio of the Jtn to 

the (j-fl)st term is

j+l+(k+l)(l.m)
(l-»)(n-l-k)-j-1

for large J.
j+l-(n-l-k)(l-m)

Then,

(5H Iim
“ J->oo

Iim
■ j-f°oII

- ]

T (l-m) (kfl+n-l-i 
|j*l«»(B«l»k) (l«i

Now since 0 < m  < I, this series will converge for

n(l-m) > I,

and the original series will converge uniformly.

Interchanging the order of integration, as applied in the examination

of Type XT is valid if

fg(u,R)du
b

is uniformly convergent.



To establish this, ve may apply the Weierstrass M-Test for integrals. 

The conditions and conclusion of the test are:

1. k(u,R) £ C

2. M(u) £ C

3. |k(u,R)| < M(u)

U . ^  M(u)du exists

k(u,R)du converges uniformly.

We have

'J1

■ -(-Uflte-1W  [53* (dpc] • S(L)'
Bov (urrit) > h > 0, so ve may take

K(u) . . ( - D b - ( fclW )2 j - ^ j j  • I  ^  

T h M  jM(u)du - C - U !  . du
2)(m-i)+m

« n(n-1 )bB"^ (m-1 )^,= m(m.l)b*(*-l)(m-lf 
b (n-l)(m-l)+l

and sufficient conditions for interchange of order of integration are

established.
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