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Abstract:
The subject of the thesis is the comparison of performances of the first- and second-order loops at low
carrier-to-noise ratios.

It was determined in this thesis that the first-order phase-locked loop is capable of suppressing more
"clicks", or FM anomalies, than a second-order loop when demodulating a narrow_band FM signal and
while subject to a constraint on the size of the phase error. The phase error constraint was chosen so
that the loop would tend to operate in its linear region and the FM modulation was limited to very small
modulation indexes (.2 and less). The ability of the loop to suppress "clicks" was computed in
conjunction with Hess' "Click" model [8]. The phase error variance of the loop was estimated by an
approximate quasi-stationary linear model. An extensive computer search over the fields of all first-
and second-order loops led to the conclusion of the thesis about the superiority of the first-order loop
under the above-mentioned operating conditions.
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Abstract

The subject of the thesis is the comparison of performances of the
first- and second-order loops at low carrier-to-noise ratios.

ing conditions.



CHAPTER |

INTRODUCTION



1.1 THRESHOLD EXTENSION BY PHASE-LOCKED LOOPS

The use of frequency modulation (FM) at low carrier-to-noise ratios
(CNR) is limited by the threshold phenomenon. The linear relationship
between input and output signal-to-noise ratios breaks down, and the
output signal sharply deteriorates in quality. In the conventional FM
detector the threshold, according to Rice [14], is caused by frequent
sweeps of the carrier-plus-noise resultant vector around the origin of the
phasor plane. (See Fig. 1.1). This may only happen when the noise is

larger than the resultant magnitude of the carrier.

0, (t)
noise

Resultant

FIG. 1.1. (a) Phasor Diagram of a Sinusoid Plus Narrow-
Band Noise Process During the "Click" Formation.
(b) A Typical "Click".
Such a sweep around the origin produces a "click". A "click" is
defined as the curve described by the angular velocity of the resultant

phasor during the above mentioned sweep. The area of the "click" is equal

to 2w or a multiple of it. Experimental results [8] indicate that they



are usually bell-shaped. The energy of a "click"” lies mostly in the low-
frequency range and thus cannot be filtered out from the demodulated sig-
nal. This threshold is greatly pronounced in cases of hfgh modulation
indexes. If FAMis narrow-band (i.e., the modulation index is smaller than
[277) the output signal-to-noise ratio (SNR) does not exhibit such a sharp
break, but rather becomes proportional to CNR2 instead of the linear rela-
tionship at higher values of CNR [11]. In either case, however, there is a
substantial increase in the output noise and the lack of well-defined
thresholds for narrow-band FM is explained by the large output bandwidth
required to pass its demodulated signal.A large bandwidth admits more noise
so that the "click™ noise is somewhat masked. Conventionally the term
threshold describes the sharp change in the SNR versus CHR curve. A more
general meaning is given to this term in this thesis: threshold is inter-
preted here as the carrier-to-noise ratio below which the SNR decreases
faster than the CNR, i.e., the point where the linear relationship between
them ceases to exist; For a low-indexed FAM signal demodulated by the AV
detector, thresholds have been reported in the literature to lie in the
vicinity of CNR = 10 dB. [14]

There have been numerous attempts to delay the occurrence of the
threshold phenomenon by means of different sorts of feedback demodulators.

Phase-locked loops are often incorporated in these attempts.



There are two philosophies governing the use of the phase-locked
loop (PLL) as a demodulator. One ofthem, widely accepted, advocates
making the loop narrow in comparisonto the input bandwidth. The PLL
tracks the incoming carrier while the AM detector must simultaneously look
at a fixed band of frequencies, thusrequiring it to have a bandwidth wide
enough to admit the largest possibledeviation of the incoming modulated
carrier. Therefore, a narrowband PLL will admit less noise than the BM
detector. The phase error of a narrowband PLL, however, is large; and
noise, even without the effect of "clicks", causes it to lose lock rather
easily. These effects force the PLL into a nonlinear mode of operation
which in turn causes distortions in the output of the loop when it is used
as an FM demodulator.

Another philosophy advocates prefiltering of the FMsignal by a
band-pass filter and then detecting it with a wide-band phase-locked loop.
The width of the loop is determined by the desired fidelity of the demodu-
lated signal. The band-pass filter is identical to the one which normally
precedes the conventional BM detector. Therefore, one would expect this
system to perform much the same as the HV detector. This indeed is the
case for high carrier-to-noise ratios. At lower values of CNR, when "clicks"
begin to appear in the input, some of them cause the PLL to lose lock and
produce doublets in the output. A wide-band PLL has high gain and a small
phase error; therefore, Gaussian noise will seldom cause loss of lock

even at low carrier-to-noise ratios. When a "click"” acts on a PLL, it may



or may not throw it out of lock depending on the loop parameters. Figure
1.2 depicts the effect that a "click” can have on the output of a PLL.
This example assumes that there is no amplitude fading which generally is

not true, but the following effects indicate the type of behavior to be
expected:

A, A sharp "click"” makes the PLL skip a cycle; a doublet is created
in the output whose mostly high-frequency energy, after post-
PLL lowpass filtering, is reduced considerably.

B. A lower and wider "click"” makes the phase error exceed V2 but
is not large enough to cause the PLL to skip a cycle. The out-
put is a large "spike".

C. Awvery low "click" is reproduced by the PLL without much distor-
tion.

Obviously, low frequency components account for most of the energies of out-
puts B and C. Such noise cannot be separated from the signal by linear
filtering. Thus the wide-band PLL behaves like an FM detector except for

conversion of some of the "clicks™ into doublets, thus lowering the

threshold.

The PLL output is usually filtered by a low-pass filter whose
corner frequency is equal to the highest base-band (or "audio ) fre-
quency. In the case of narrow-band FAM it may be quite high and may
approach the highest frequency of the input band-pass filter /y. A

rough estimate of the spectral content of a "doublet" showed that its
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FIG. 1.2. Plot of the Solutions
of the Phase-Locked Loop Equation

€+ 4AK§ cos 9+ 4(AK)2 sin Q=
S1 f 4AXdl where G = tev/FJ q

(t-T/2) is a triangular "click" of
duration T and an area of 2v.



energy is centered at freouency .83 f 1-and hence only approximately one-
half of the "doub]et" energy can be eliminated by post detect1on f1]ter-
1ng if the FM moduTat1on index is, say, .2. Such a situation, however,

is still better than detecting the "click" whose energy Ties aTmost wholly
within the input‘bandwidth 2f, LIt is instructive to note that Hess [8 ]
in\his experiment used a wide post- detect1on f11ter with the corner
._frequency set qu1te highs it woqu correspond to the base band f1Tter

of the FM with the modulation 1ndex equa] to .3, close to the upper Timit
on the moduTat1on 1ndexes (.2) used 1in thls thes1s . The filter was effec-
tive in filtering out some noise and the "doubTets" so that the output
"cTicks" were read11y recogn1zed An unfiltered "doubTet” may be qu1te
large and it is not always symmetr1c ‘as was observed by the author on
many occas1ons, and can be ea511y confused w1th a "splke” .Evidently

: most of the "doublet" energy lies. outs1de the 1nput bandwidth 2f
-Therefore, it is reasonab]e to assume that “c11ck" suppress1on shoqu

'be st111 useful in the cases of Tow- 1ndexed FM The process of "click"
suppre551on for-a h1gh 1ndexed FM differs from the preced1ng case

only by the width of the post-detection filter (it is narrow). The

following Tisting of the threshon‘reducttons,shoWS the .effectiveness

1Hess' "click" model and the approx1mat1ons described in chapter 2
were used to arrive at this number The Fourler transform of the "click"
is given in equation A1.1. - o ‘- :

2The next section contains a brief description_of the referenced
paper. S




of the phase-Tocked loop in s1gna1 demodu]at1on at 1ow carr1er to- no1se
rat1os .

A]] the fo]]ow1ng reported thresho]d reductlons by means of the PLL
were done with post-detection f11ter1ng of. the Toop outpUt |ne-band-
width of the post-detection filter was equal to the modu]at1ng frequency,

'wh1ch means that the f11ter was’ very narrow when the modu]atlon index was'
large. In some reported cases there was no modulation present. but the
output was nevertheless filtered as if‘the.modulation were present In

all cases the modu]at1on index was or was assumed to be 5 or 1arger There
has been no such work reported that is related to the narrowband FM; that

| is, there are no results showing what. happens to the PLL output when the

. post- detect1on f11ter is wide. This is understandable, s1nce-the w1deband

- FM is of more practical significance and the 1nvest1gat1ons tend to cover

new subJects 1n the order of the1r 1mportance

As a rule, thresho]ds even w1th 1arge modu1at1on 1ndexes fall be]ow
the CNR = 10 dB mark ~ For 1nstance R1dgeway and Carter [16] reported

thresho]d ]ocat1ons at CNR = 6 dB for a modu]at1on 1ndex of 9 us1ng a second-

order 1oop

Work conducted by severa] 1nvestlgators at the Po]ytechnlc Inst1-
tute of Brook]yn p]aced the PLL noise thresho]d (w1thout modu]at1on) between

0 and 4 dB. No1se thresho]ds at 2.dB with no modu]at1on were obtained
by Schilling et al [2217. Sch1111ng and B1111g [21] reported exper1menta11y

obtained threshoids for'modulated carriers at about 1 dB; s1m11ar thresho]ds




were obtained by them in the absence of modu]étion, although they were
not specifica]iy cited in théir report. While the author of this'thésis
was attenaing the Polytechnical Institute of Brooklyn, it waé a regular
pfoceddre there to obtain the hoﬁSe threshold for a diVen PLL‘wfthout_

: modu]at1on in-order to check whether it was operating proper]y ‘In‘1967

a private communication from E. Hoffman (a co- worker of Sch1111ng) p]aced

:the threshold for an unmodulated carrier at 3 or 4 dB of the carrier-to-
noise ratio.- D1fferent resu]ts were obtained w1th different ]oops, but
w1thout except1on cases w1thout modu]at1on produced Tow thresho]ds This

is perfect]y natura], since modu]at1on induces more "clicks" than an

unmodu]ated carrier.
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1.2 BRIEF LITERATURE SURVEY

There is an extens1ve 11terature dea11ng with phase-locked loops.
Most of the works in this area concern themselves with finding the variance
of the phase error as a function of the 1nout carriereto;noise ratio.
Since the PLL differential equation has not been solved exp]1c1t1y, approx-
. ‘imations had toioe used. A few representat}ve papers-wi]] be briefly d1s~
cussed. | | |

Van Trees (271 app]ied a Volterra functiona1 expansion to obtain
_approx1mate values -of the variance of the phase error in a narrow- band

phase-Tocked ‘Toop. This technique becomes cumbersome for 1oops of order ‘l'

greater than one and for low carr1er-to—no1se ratios, thus 11m1t1ng its use

~ to high carrier-to-noise ratios where on]y a few terms of the Volterra

_ expans1on suffice. For the reasons just ment1oned it a]so is difficult to
_use the expansion for obta1n1ng the frequency of cyc]e skipping in a PLL.
It is conceivable that the Volterra functional expans1on may be used w1th
wide-band ‘Toops: as well as narrow-band Toops, although no “work has been
done in this direction. ﬁ | |

Tausworthe [25] assumed that the phase error is a1ways distributed

normally. Th1s assumption a110wed h1m to convert the d1fferent1a1 equat1on'

of the phase-locked Toop ‘into an’ ‘algebralc equatjon in terms of the spec-

trum of the phase error and to solve it. Results checked eXperﬁmenta11y

quite well in- the case. of the narrow-band PLL; it, too may conceivably be




1

,used‘with the broad—hand 1oop, since there isino built-in restriction as
there is in the next case. |

T1chonov [26], Viterbi [29], and Char]es and Lindsey [7 ] used the
Fokker-Planck.stochastlc dlfferentlalsequat1on_tp solve exact]y for.the
phase—error varianee and the probabi]ity_ofv]oss-ot—lock in the firstjorder
::phase-1ocked 1odp and approximately fn'the secbnd-ohdeh}PLL.” This technique
is app]tcab]e only to narrow-band Toops because the Fpkker—Plank eduation
can he‘used on]y'when'the phase-error is 1ndependent of the 1nputvnoT$e,

Hess [8 ] solved approx1mate1y for the expected number of 'spikes"

("spikes" are demodulated "clicks"; 'see curves B and C in Fig. 1.2) in the

output of the first-order phase-locked 1pop driven‘byva‘carrier plus narrow- '

band noise. He assumed that aT] the incOming."c1tcksf are of the same_expo-‘

nential shape and that all "clicks" have 1dentica]_height equa] to the -
:radius of gyration of—the‘noise;' éy'assuming a'steady-state eondition in
case' of a "sp1ke" appear1ng in the output (i.e., he 1gn0red the time deri-
vat1ve of the phase error in the phase 1ocked 1oop d1fferent1a1 equat1on)
he obta1ned an’ a]gebra1c express1on for the cr1t1ca1 va]ue of the lToop gain

required for cyc]e skipping.. The expected number of spmkes in the PLL out-

put was easn]y obtained. Expehinentat'and predicted results c]ose1yvchecked.

Shilling [20,21] departed cdnsidehabiyvfrom.the“preva11ing=pnactice

and proposed the use of a broad-band ‘Toop as an FM demodulator and a “"cTick"

suppressor He ]1near1zed the Toop equation:in. order to so]ve for an h
' expected number of cyclelsk1pp1ngs - Although the concept 1tse1f proved to

be valid, the threshold location cou]d.not be predicted accurately.
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Osborne and Schi]]ing‘[]3]'considered‘cases Of.first—,‘second-,’and
third—order.loops. Second- and thfrd-order Toops“contafned 1dea1.propor—
tioha]—p]us-fntegrai'fiTters, The authors numerfCaTTy‘501Ved the PLL dif-
ferential equat1on when driven by a “c]lck" whose shape was calculated as
the cond1t1ona] expectat1on of a function of three random parameters of
‘the noise. Th1s numerical solution provided them with a set of data_from’
_whjch, by means 'of a search technique they:fOund the‘boundaries of the
three-dimensionai "spike" region. (The random no1se vector wander1ng into
this region caused a "spike" in the PLL output )l The vo]ume of the "Sp1ke"
. region was approx1mate1y eva]uated by numer1ca1 1ntegrat1on W1th these
resu]ts they ca]cu]ated the expected number of "sp1kes per second in the
PLL output In thls paper the FM 'sine-wave modulated carr1er was approxi-

mated by the FM signal w1th a constant frequency—modulat1on offset. “One

1mportant feature of th1s paper is that the Toop parameters were constrajned

by’ the magn1tude of the phase error due to s1gna] modu1at1on and the |
" effect of no1se on the phase error was 1gnored This feature 1mmed1ate1y
. b1ased their resu]ts in- favor of h1gher order 1oops w1th an act1ve f11ter
More w1]1 be said on this in chapter 4 |

.L1ndsay [9 ] obtained an‘approx1mate so]utibnfof'the Fokker-P]anck-
equat1on descr1b1ng a second order loop. Comparingtsevera1 1oop configurae
tions he conc]uded that the first-order loop yields the smallest phase-
error variance when the 1oop is not de11berate]y offset in frequency from

the center frequency of the incoming carrier. Due to the inherent
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limitations of thehFokker-Plank‘equation he had to use a narrow-band 1oop
'(T.E.3 input noise had to be white) and no modulation. ”This paper 1is

 discussed more thorough1y in section-4.5,

- 1.3. THE OBJECTIVE OF THE THESIS .

The objective of this thesis is to'compare a wide-band first-order

'-1oop used as an FM demodu]ator w1th a second order PLL when subJect to a -

constraint on the size of the phase error. The performance cr1ter1on is

taken to be the m1n1m1zat1on of the expected'number of "Sp1kes" in the

output of the'PLL The prob]em solution is approached in a semi- ana1yt1-‘

ca1 manner, First, an approx1mate so1utlon of the dlfferent1a1 equat1on

of the second-order loop with a forcing funct1on represented by a "c11ck"

is derived, using Hess' emp1r1ca1 model of the melick". A Monte-Car]o._.‘

search over the field of all first- and\second-order Toops 1is fhen‘ o

' described.for the.cases of‘narron-band FM and'nO'modu]ationr Loop para—
meters y1e1d1ng suppress1on of the greatest portion of the incoming
"clicks" def1ne the opt1mum PLL. The only constra1nt in the search was
an upper bound on the_magnitude of the phasererror,varmance which ensured
that the demodulation was performed in fhe_]inear regiontof the loop.
Since ft was not possible-to solve for the phase error Varfance,.a condi-
tiona] variancé was used in 1ieu of'it The conditions7on the variance‘
were chosen so that 1t was c]ose to the uncond1t1ona1 variance. Several
dlfferent bounds were used. All the results of ‘the search_po1nted to the

first-order PLL as a more efficient "click" suppressor than the second~‘
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'ordert1oop. Results weré not exact, but the trend toward the first-order
Toop was unmistakable. | | - |
The search program had a bui]tQin bias against tHe firét-order loop

configuration by consistently underéstimating the phéSé errok_df secondf
order Toops.  The fact that thé first-order’1oop outperformed other Toops
despite this bias 1mp1ies"that'their pérfo%mance diffefgnee must be

- considerable. In addition to that,tan aspett which.hossib]y has a signifi-

cant bearing on the PLL behavior was dmitted‘in_this_thesis: the Toop
' behavior when recovéring after a Toss of 1ock'due to a l.'ch'ck"".‘ It is_coh—
-jecturedtthat 1oop§ with "inertia" (setond¥order Todps) would exhibit a

' tranéient phenomenon after the "click" occurrence, thﬁé,ihtreasing‘the
Pphase error variance. Omission of this effect héd but thé first-order qup‘
at an additional dtsadvantage when comparingtphése error‘varianCesrih_vari—
ous 190ps. N _ | | _

It was'not attempted in this.theéis to éohduct €n5jmpattia1 éearch

for the optimum loop because ot_the computationa]\difficu]ties in haﬁdliﬁg‘_A
‘Second-order Toops. Some preliminary crude searches had ihdjcatedran
aptarent supériority of thé first-order 1obp and- the quectivé of the
thesis was chosen to be a verification of thisvtéct. ‘it"was successfully
accomp]ished within the framework_bf constraints. and assumptioﬁs that.weré

mentioned above.




15

The out11ne of the thesis is as follows:

In chapter 2 the genera1 second order phase- Tocked Toop d1fferent1a1
equat1on is introduced and_a mechanical analogue explained.. An approxi-
.mate solution of the d1fferent1a1 equation driven by a- “cTiok" forcing
‘function is derived.. A model of the'"cllck" mechanism 1is d1scussed and
.Justified. - | |
Chapter 3 dea]s w1th the magnltude of the phase error of the 1oop

caused by the 1ncom1ng signal and noise. The phase 1ocked 1oop equation
| is justified for the non- determ1n1st1c 1nput R1ce S approx1mat1on for
the phase-error variance and a quas1 -stationary method of obtaining the
cond1t1ona1 phase-error var1ance are deve]oped
, ' Chapter 4 describes the computer search program presents resu]ts,
and ‘compares them ‘with the resu]ts reported by OSborne and Sch11]1ng [13]1

. and Lindsay L 9]

" Chapter 5 summarizes the resu]ts, discusses their sighﬁficance, and |

points out poss1b1e extens1ons Two append1ces present numer1ca1 ver1f1ca—

- tion of the approx1mate so]ut1on of the PLL dlfferent1a1 equat1on and the

accuracy of the quasi- stat1onary method of obta1n1ng the cond1t1ona1

phase-error variance.




CHAPTER 2

/AN EFFECT OF A "CLICK" ON
THE PHASE-LOCKED LOOP
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2.1.  THEORY OF PHASE-LOCKED LOOP

The phase-locked Toop is a closed-Toop contr01 system which can be

"used as a coherent FM dehodu]ator}l ‘A diagram of the PLL 1is shown in

Fig. 2.1. S ‘ . L |

. _ ' o : )

CAsin (ot ei(t)) FILTER —_ ‘
o ' 'hft) To output
MULTIPLIER | 3agsin (0<0 ) A (t)

D | where * is the convo- -

|~ lution operator ‘

VOLTAGE-CONTROLLED : ‘
1 OSCILLATOR S
) — ' e(t)

G cos (wt + 8 (t)

"FIG.\Z.].' Phase—LockedzLoop Model.
Because of integrating action of the voltage-controlled oscillator

(veo), .

d@y(t) o .- o . - . o | ‘ ) : .
Zt.“= b, + Ke(t) o o (2.1) |

where 81(t) = v t + 8 (t), 6,(t) = w b + 0 (t)and X, is called .the
- 0 1 2 ) 2 -1 _

sensitivity of the VCO. The output of the multiplier is

%q-{sin. [e;(-{;[ - 'eg(t)]+s1‘n [¢{‘(t) -./-.eé(t‘)] } A

1This derivation of PLL equations fp110Ws cTose]y that of Viterbi's

f29].
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The suhéfrequency term is e]iminated by the 1opp. Therefore,
e(t) = ——-{h(t) % sin r[e{(t) ; éé(t)]} - | (2.3)
Substitation'af equation (2.33‘1nto (2.1) y1e1ds'

!

- de, AGK, ;/j' o | - a KX
—(E_:- w, * / vh.(t—'[‘)'.s‘].‘nhd)("t)d"f | : o | (2.4).
Whare - ' _ : . -
6(t) 2 0,(v) - 64 (t)- o (2.5)

is the phase error of the loop. F1na11y, 1et AGK /2 equa] AK. identitiesn

of (2.1) and (2. 5) are used in (2 4) to obtain

dg - das; = | ‘ o - '
E‘ﬁ- = - AK Jg h(t-1) sin 4_>(T)d-T,

where 4K is defined as the 1oop ga1n

The transfer funct1on of the 1ow pass f11ter of any f1rst— or second—'

" order phase- 1ocked Toop can be described by the genera] express1on H(s) =
(u/B)(s+BMs+u) In order for the f11ter to be 1ow-pass, g must be 1arger

‘thaii" o, . When 0=p; H(s) becomes un1ty and” the order-of the 1oop |
is one. If B 1s very Targe, H(s) becomes o/(&+a) = = the transfer func-
tion of an RC f11ter. If a is very small, H(s) is approx1mate1y equal to |
| afs + B)/Bs WHich‘is the taansfer‘functiqn.qf Ehe ideal active propor-

tiona1¥p1us-intégra1'fi1ter. (A Tag network).
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The differential equation of the second-order PLL with the above-

mentioned general form of filter fis

- ; y o . ” oA : ‘
b + é(%%é-cos ¢ +'a)~+ 0AK sin ¢ = 6, + ab =D(8) . E .§2i5)

This is the equation of the pendulum under the influence of gravity, driv-

~ing force D(%), friction, and Wind.l

— Wind velocity is
N _ proportional to
N Force . - odK ¢ -
NS < D(t) = - B '
. /;;x , Direction of the
L N : wind is indicated
' for ¢ > 0
Friction .
o b Y weight -

- FIG. 2.2, Mechanical. Analogue ofjthe Second-Order PLL.

wfnd in.this model 1s genérated by_the motion of the‘pendUTQm. The pén-
dulum consists of a point-mass cénnected by a rodrtb‘the hub, which in
turn is coupled to a fan through a power gmp1if1er. Thus, wind is pro-
duced only if the pehdu]um'is"in motion. When g = « there isfnp‘and‘
present. This case_corresponds to a Tow-pass RC fiTter. It'is obvious

' from the figure that ¢ can 1ncrease'up‘to_ﬁland come back Without

: . 1This particular mechanical analogue was proposed by Charles and
| ‘Lindsay [7 ]. '

P —TpT——pT———
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sweeping a full cifc]e. A revolving pendu]um correqunds to the cycle-
.‘skippihg phenomenon in PLL." N | ] _' o
If the PLL is underdamped, the pendulum will tend to overshbot
the 27 ﬁoint, and additfona] input noise may c§use.severa1 revolutions
in a row. B } |
The phase-locked ioop differential equation may be expressed’in
| terms of the elements of 1ts-mechanica1véhalogue | |

f,. f

N ° . .. .‘Z . [
O+ yp T yp ®COS ¢ A %%‘SJH ¢=.&£;‘(91+.d91)‘. e (2.7)
“wheré ¥ = mass of .the pendulum | _
L= ]ength‘of the arm of the pendulum
g = 9.8 m/sec?
f, = frictional constant
fé = windage-torque constant. Torque caused by the wind is'equaT

to f,I cos ¢.

If. the 1oop gain Ak~is large; the situation corresponds to small L, or

equivalently to a small rotational moment of inertia.

2.2 FM DEMODULATION IN THE'ABSENCE_OF NOISE
A high—gain‘PLL has a high phase error; therefore sin¢_='¢. -
This is required for good detection of FM signals. The‘mqguTated carrier
. p

- driving the PLL of Fig. 2.1 is 4sin [w ¢ + 0, (£)] wherez?ell(‘t) is. the

sfgna] which’fhe‘PLL has to detect. The Tinearized PLL differential

equation is obtained‘by setting sin ¢= e‘ahd coé ¢ =1 1in2.6:
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@ +,a¢‘(j +%§Q'+uAK¢ =‘51 + aél : o co . (2.8)

After the;LapTaoe transformation, the phase error-can be expressed as

. (s2+as) e’(s) o :
Co(s) = (2.9)
2+0Ls (14—-) +adK ' ' o

~ Since s6,(s) is the demodulated FM signal which-is to -be reeoVered the
PLL output [AH(s)o(s)] needs add1t1onaT f11ter1ng by a system whose

transfer function 1s

" If the loop 1is wides often the whole. fi]ter can be ignored. In

- case of the first-order Toop (when o s) G(s) becomes a. h1gh pass
fiIter'[H(s)c<‘s +'AK]. Thus, whi]e the loop is high ga1nrthe output |
may be approximated.by ¢(t) But when e "cTick" ¢omes, the ohances are

' good that the 100p will .not.. be"able to handle it in the 11near mode of

operation and then ‘the output w1TT be proport1ona] to sin o(t).

| 2.3 APPROXIMATE SOLUTION OF THE PLL DIFFERENTIAL EQUATION WITH A
CONSTANT LOOP GAIN

Since "clicks" are responsible for the onset of threshold, it is.
necessary to be able to calculate 'whether the PLL will skip cycles under

the infTuence‘of’a‘given "click". Consider the case where the'"c]iek" Is
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symmetric and barely large enough to cause the PLL to-jump a cycie.

‘el(s) To Output

' Non]inéarity " — 0 (8+8) |l : —
' 4 }“"(s)_‘s(s-l-oc) o ,
ﬂ e LlAsingl-H(s)
- L [4sing] | .
ezfs)
K1
-8

FIG. 2.3. Block Diagram of the:Low- Pass Analogue
of the Phase-~Locked Loop With a Constant Loop Gain.

An equat1on descr1b1ng the operat1on of the PLL is eas11y obta1ned

_'from Fig. 2.3.

ot (iii)L[sm o1 = o [o,(s) - 6(a)] o @)
It is assumed -that no chahge in the loop gain 4K takes place during the
"elick" ocCurrenceL Since Hess' model of the "click" [}8],13 used in
this thesis and that model assumes a-very s]ow_carrfer ampTithe A féd— '
,1hg, there was no néed to solve the exact‘time-varying differenfia]
equation. | o
Since exact analytical solutions are not obtainable for this non-
linear equation,'approximatidn'techniques are used;,‘Ana1oQue computer
. simulations of the response.of the loop to a "click" gaVe a clue to one
such techﬁique. The phdse error ¢ was ob$E¥Védfto be very near1y liﬁeaht

1

as a fqnction of time during a large portion of the duration of the "clicks

— — - TP T T
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driving the PLL. Figure 2.4 clearly shows such a-phenemenOn The 11n~
’ear1ty of ¢ is part1cu1ar1y good in ‘the range of [n/2,3n/2] where the
phase- ]ocked ]oop, due to the nature of the non11near1ty sin ¢, is
unable to track the. dr1v1ng s1gna1 _

The near Tinearity of ¢ versus time may be .explained in the follow-
ing way. If the "click" acting on the PLL is very 1arge,:the differ—

ential equation of the Toop reduces to 6+ ap ='5l + ab, or ¢ = 9,.

Interesting1y encugh, this states that if é““ | a "click" thse area is
‘ equa] to 2n, ) wi]] Jjump cn]y one cycle. Th1s also 1mp]1es that the PLL
does not make any attempt to track 6, (t), i.e., that the bandw1dth of
the transfer function of ¢ is infinite. If a sma]]er‘"c11ck" is applied
"to the PLL and thewcycTe skipping aéafn takes‘p]ace,‘the effective band-
: w1dth of the transfer function of the phase error is not as large as 1t
was before because the Toop tries to track 6,(¢), and ¢ is no ]onger a
replica of 6,(¢). As el(t) (the "click™") is chosen to be 1Qwer.and
wider, the PLL does a progressfve1y better job of reducihgfthe ﬁhase'
error. So, in the limiting case.in hhfch‘the nelick™ is justv1arge7
'ehodgh to cause cycle skfppfng, the effective bandwidth of-the trahsfer
function of ¢ is small. _Therefcre, one may expect ¢ to be a 10w—pa$s
filtered replica of el(t);"tow'frequency'cdrresponds to7sTcw’- '
response in the time domain Since the DC and the very low. frequency
part of the Four1er 1ntegra1 of 6,(t) are. presumab]y preserved by ¢,

T . T | |

g/f $(t)dt ==°}r ‘él(t)dt = 2m. Hence, ¢rt)_:(constanﬁ X b, Numerous
(7 o] T - .
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AK = .250

FIG. 2.4. Plot of the Phase Error ¢
Versus Time of the PLL Equation

§f .218p (1 + COS*; + .218AK =

= (44/20 t - -10) is a
| ( ) qlo( )

Triangular "Click" of 20 Sec Duration
and Whose Area is 2it

Time in Sec

375
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analogue cdmputer solutions of the PLL‘equation repeatedly exhibited this
linearity.’ At'thé béginniné of the cycle skipping (when ¢ << 7/2), the )
phage error was not observed to be a linear functiOniof time.  But this
deviatidh is explainable by the transients in the sjstem.

The smaller the "click", the more.significantuthe gravity,”frittiqn,
and wind Tosses‘in the PLL mechanical analogue becomé. Thus, when the
"click" is just big enough to cause’cyc]e skipping, the transfénts are
significant. -As the loop gaTn.is decreased, the effect of the~transient§
rapidly diminishes. Figure 2.4 1J]u§trates thisfpoint._ Agaih, thé" |
linearity of the phasé.error‘becomés.vehy pronounced as soon as the
loop gain fs slightly decreased from the critica1_yajue (the sma1Te$t
value which is sufficient to~pke&ent'cy§1é skippfng)._ Note that even
in the marginal case, ¢ is almost 11ne§r up to ¢ ; Th -

Since a large portion_of ¢(t) is Tinear in thelcase of cycle skip-
ping\caUSed‘by é‘"click", the fo]]ow{ng-approximatiqn.ihiequatioh,(z.]])
is made: sin ¢ = sin w t where v, = n/passage time. This is Qﬁ]y a
temporary -assumption. After Seyera]‘mahipulationQ of this equatiohvphe‘f :
' aésumption will be dropped. The approxfmatﬁon\ai]bws,bhe to 1ﬁtroduce
second-order correétions to the exact so]utién‘of the first-order loop.

Expansion of the 1eft-h§nd side of equation (2.11) wiﬁh an assump-

tion that ¢ = w t yields .
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‘ w
gé&_(l + §i9>' 2 ) =
. q -32+w02‘

adk | Y% » (B=~a)u ( 7 , _as ) _ . }
82‘+w02 ocr°—+wo'2 8+, 32+042 12)
the inverse transform of which is - o .
. (e-a)o [ -at ] _ v
agx 1+ 22 in gl ——2 (e - cos ¢1] (2.13)
: : o?+u 2 a2+wo2 o ‘-. . -

0.

Expression (2.12), in conjunction w1th equation (2 11) y1e1ds

(B=adw_f-at o N |
¢ 4 24K OLAK {71 » oB-a. OL(B ) sing +_____°_<e =cos ¢} |= 6, . - (2.]4)
4 B_‘ o?+0,2) 244 2 o ' B -

This expression cannot be so]Ved for ¢ in a;closed‘form if the.term’
5% s present If e-@t is replaced by a constant p]us sine and cosine

" terms, then the c]osed form so1ut1on of the equation ex1sts : Therefore,

ot | | B 3 ) o
e™% = B, * Bl‘cos ¢ where B _, Bl‘are.determnnedfby tiile least mean square

error f{t technique over the range of ¢ equal to [0,n]. The sine term is
absent because its coefficient is equalhto zeko. "Again, it is aSSumedQ
here that ¢ = wt. The mean square error'of'the approximation for the
exponential is

b

N 2 . : - “~,.\‘ ‘
“o - B, - Bl‘cosl%> de - .. : (2.15)

0
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fn order to minimize the érror, both sides of éxpression'(Z.IS)'éré
differentiated with respect to BO (B,) and then 3e/3B, fae/aBl) is set

to zero. “The right-hand side then provides the expression for B or B,

in terms of «a, w s COS¢. " It was found that

._.é?. 'm ' - 4‘<xw N "";'C.ET' "
e Wo . 287 _ ¢ Yo Jp ——2 ('1+e Yo Jcos b, - (2.16)

am : .
, rn(oc2+w 2)

Finally, the approx1mat1on to the second orqer PLL equat1on may be

wr1tten
o (B a)AKw ‘ Loan o
) + %{(J * OL“CL‘))SW o(t) + ———2071 - Y5 s
Coe ! o +UJ2' (a2+w2)BTT . '
| aK(8-a)u [ NCAEN R - ;
+ ———— 14w <e' Lo 1)- ﬂ<a2 +w‘2)] cos ¢(t)§ S e,
2,272~ 0 o ! ‘ : , N
.‘Brrr(cx +w?)? | Y ~ o})] | | . (2.'17)
= eICt)

If a = B, it reduces to ¢ + AK sin ¢ = e wh1ch is the exact equation
of the first- order Toop. |
"Expression (2.17) thus is:éxact‘When\a‘= g. If the damping

coefficient of the second-order system is large, it behaves -Tike the

first-order loop and (2.17) is again very accurate. Finally, thé‘larger ‘

6, (the "click"), the 1e$s'significant the sine term bécomes; and (2.17)

again approaches the exact equation.

i <
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2.4  APPROXIMATION OF THE DRIVING FUNCTION

The“driving function of expression (2.17) is assumed to be a

square pulse kipT(t—r). Since, as was argued earlier in this cﬁapter,

¢ is a filtered version of-ei, oh]y the 1ow—frequency.part of the Fourier

"transform of 8, heed be taken into consideration. The Fourier transform
[él(t)] is expanded in a MacLaurin's series, and only the first two.terms

of this expansion are retained. The first term is equal to the area of

_—

2 here
7 where m,

6, which is &r. The second term is equal to - is the

second moment of él(t) and is equa]toajf 'f2é(t)dt. The terims contain-

-0

ing odd pbWers of ‘w are equal to zero when él(t) is a symmetric_fuhction.

Constants k, and T in klpT(t4T) can be chosen so that-the area’ and

the second moments of the "click" and its pulse approximation are equa1.

Analogue computer solutions of the PLL driven by a triangular "click" and

 the digita]lcomputér so1ut1ohs of the approximate equation (2.17) driven

_ by the pu]se agreed very we]]

A further s1mp11f1cat1on can be made; namely, k P (t T) can be

replaced by k u(t) where u(t) js the un1t step Indeed, if the PLL is
driven by a square pu]se and ¢ reaches the va]ue of T befbre the arrival

of the trai]ing edge of the pulse, the above rep]acement is absO]ute]y
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valid as long as the solutions of the PLL equation are 1iﬁﬁted to t <

' (durat1on of the Mclick") and [¢| < .

In order to show that the passage time is a]ways shorter than the |
"click" duration, a 11m1t1ng case of the. PLL equat1on will be cons1dered

The general PLL equation with a constant gain is:

¢(t) + ab(t) + ———-¢(t) cos ¢(t) + 0K sin ¢(t) = el(t)+aéi(t) (2.18)

If 4K is 1arge and o is very small, then,the above,equatien‘neduces to the

“equation of the PLL with an ideal proportiona1-pius;integraT filter: - .  . “'j‘ L

$(t) + ———-¢(t) cos ¢(t) + oK sin ¢(t) = e t) e (2.19)
Suppose a positive "c11ck" (e ) acted on the 1oop and then exp1red _

but.¢'did not reach = while the "c11ck"‘1asted It will be shown be]ow
that ¢ does not reach w under these cond1t1ons '

Integrat1ng both s1des of the above equation w1th respect to t1me T “j
and with a]] the initial cond1t1ons equa] to zero y1e1ds -

bee) + E%E;sin‘¢(t) + aAK&/f “in p(£)dt = b.(t) (2200

o]
Since |¢] < = and hence sin ¢ > 0, the above expression may be written as N
bt) £ b (t) - o o (2.21)
When the "c11ck" has ceased to ex1st the 1nequa11ty becomes §(t).< 0.
-The phase error is on its way back to zero, ‘the equ111br1um position.
Thus, the passage time is always smaller thannthe‘durat1on of the "click"

in the above case.

O N Dot I i XU
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The equat1on with the 1dea1 f11ter (2. 19) has two terms m1ss1ng in
_comparison to the general PLL equat1on'(2.18) | The terms are ad on the
left and ae on the r1ght side of the equa11ty sign. In order to underh
stand the effect of their. presence or absence on the Toop behavior, it is
convenient to consider the mechan1ca1 analogue 1ntroduced in Section 1.
“ad 1s proportional to the fr1ct1ona1 torque- and de is-a part of the-
‘express1on wh1ch is proport1ona1 to the dr1v1ng torque of the “pendulum.
The exact expressions for the frictional torque and the contr1but1on of

to the driving torque are (LMg/AK¢) and (LMg/AKe ), respect1ve1y

These express1ons are easily obta1ned from the d1fferent1a1 equat1on of

'the pendutum. ‘The ratios of the frictional torque to the e torque is
"just‘$/6; As‘a is gradUaTTy increased from its initial smaTTvvaTue to ;
1nf1n1ty, the Toop ‘becomes 1ncreas1ng]y overdamped and that in. turn makes
& and the ratio smaTTer The fact that the fr1ct1ona1 torque gets smaller
while the driving torque caused by e does not change resuTts 1n a steady
erosion of the‘bound on;the paSsage t1me. when o f1na11y reaches 1nf1n1ty,
the PLL equation becomes‘

$(t) + AK sin ¢(£) = .e (t) o | SR (2.22)
The ¢, 8 ; and —_— ¢ cos ¢ terms dropped out of the genera] PLL. equation.
because they d1d not conta1n o or, in case of the ¢'cos ¢ term, because
of the inequality restr1ct1on on 8 (B > a) wh1ch effectively e11m1nated

o fnom that term.
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The above differential equation‘represents~a first-order phase-
locked loop. Such a PLL does not have "inertia" or a "wind-forde".

When, for instance, a positive "click" (él) has expired but ¢ is.stili

less than m, . must become negative. .This means that ¢ cannot reach s -
and thus skip a cycle. |

~ Although the regtrfction'on fhé'passage#timeTWaénbeiné‘steadfly
eroded as o was decreasiﬁg, the 1imiting- cases where « =VO‘$t1]1 barred
¢_f}om,reaching T aftef thelend of the ”CTTCk",T Therefore, the f6]Tow7i-.
ing conclusion can be-madé: | .‘ }

Whenever a "click" driving a second—brder‘phase-Tocked‘]dop'has
expired while the phase error of the loop is smaller-than ﬁ; the-1oop will
not skip cycles but will rather settle down, provided enough- time is “
a]lowed for that; Tﬁis justifies the replacement of'thé sqﬁareépuise N
.driviﬁgrforce by a §tep—functioﬁ, Now the‘approxiﬁate“PLL eqhation (2.17)‘

can be so]yed.

2.5  SOLUTION OF THE SECOND-ORDER TIME-INVARIANT PLL EQUATION DRIVEN
BY A "CLICK" o - |
Mu]tfplying both sides of equatioh (2}10) by dt and éebarating‘fUnc- '

tions of ¢ and ¢ allows us to solve for the passage time'to:_
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= =f_ (2.24)
v k - A i - 4 cos
_ : ) . sin ¢ , C0S b
whére | '
(B—a)A’K.u)‘z o _anm
k = k - - O ° X 1 - e w
2 1 '(G.?'/‘U%)B‘H
L, - oK [1 , a(s—a)]
1 B L 242
o]
_ GAK (B—a)wo- . air E . o1
R - - )
-A2 T Bm (0£2+u%)2 -[4owuo<e. w‘o.-.l- 1) m (of wo)] )
The answer is | ‘ ' | -
8 q f | X | 1r+t,b :
I —— tan 1“k2 tan 5+ ‘ - (2.25)
23 _ .2 | Cro i
' k_z-.r ':\lkz. r' . xp

" where r2 = A§'+ Ag‘and P = tan™’ ~Zl' such that y lies in.the second
S ‘ 2 . .

quadrant. Finally

2 _. ko tan 3§9-+ r o |
tO‘ = —— | T F tan & —— ’ — - - (2-26)
Che _op2 | | [x2 _ p2 a ' '
\Y 2 : N2
k tan L+ r : R o ' \ . ﬁ
-~ tan™! = : ' c | ” o
k2 - r2,
2
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The extra = in the parenthesis came from the tact that the two integral
Timits are lying on adjaeent (but disconnected) tangent‘bvanches' Sitht
larly 2x would have been added if the Timits on the integral. were 0 and 2w.
~ The largest poss1b1e value of t, is 2n/k, » the "cliek" durat1on,‘and ,

-this value is used in the solut1on below' 'Equation (2. 26)'now cen be
solved by 1terat1ve computer techniques for the cr1t1ca1 1oop ‘gain 4K.
'The ~answer is not the exact value of 4k, but rather ar underest1mate on

the m1n1mum loop gain requ1red to cause the PLL to skip a cycle, given a.
' "elick" of a certa1n he1ght k Append1x I conta1ns data which shows

the very good_accuraqy of the ebove solution.

2.6 THE "CLICK" MODEL

The_driVing‘fdnction=ot equation (2.18) is a‘“c1iek";'br1ef1y"
described tn Chapter T. In actua]ity,_a "click" is hot a deterministic
function and-may assume any shape. The majority of‘the "c]icksf in |
nature are, however, be11 shaped. Hess prpposed an emhirica]ly—derived
expression descrihing”a typical "c]tck“,Which'he then‘sueceSSfu11y used
‘to predict, with a‘hjgh degree of aecuracy,_the;expected_numbeh'of
qyc]e-skippings by the‘first—ohder loop. .The.same "click" model is used
in this thesis. |

The mechanism of a "click" formation is showheih Fig. 1.1. Modu-.

lated carrier aha noise add up to form the.resultant phasor. This phasor
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occesiona11y sweeps about the origin and thus changes'the reference :

angle el by *2w. The angu]akpve1oc1t& of the resultant phasor during

such a eweep is the "click" in which we are fnterested - a beil-shaped
.‘function'of time. | 4

Hess proposed the following model of the."e1ick“:
nclick" = 6 (£) =+ 6 (t) exp{ - (=t )2[8 (¢ )1%/4n }-- (2.27)
. 1 N 1 O (o] 1.0‘ g

Its time integral is equal to 2w. Actually, there are. many possib]e>des-
' criptions of a bell-shaped fhnction: “cosine to an even power‘end poly-
nominals can be used equally well. The 1mpprtant feature of Hess' model _
isvthe asspmptfoh that all "e1icks"‘have'the same peek height which-fs

. equal to two radii of gyration of the input narrowband noise.

. 0 o s S L
ei(to) = 2[;}f wZGL(w)da/fyf GL(w)d@] ‘ f 3 (2.28)‘
where G (w) 1s_the Tow-pass. equivalent power spectrum of: the narrow band
noise centered at W, - ‘The 1nput noise is dssumed to be white and Gauss1an
The magn1itude of the resu]tant phasor 1s presumed to remain constant dur—
ing the "c11ck" occurrence.! Actually, the amp]1tude of the carrier

v

changes but much more s]ow]y than & (t)
The proposed mode]1 is attractive because it allows all the "clicks"
to be of,the same height. This is not quite so in nathre; but neverthe-

'1ess, the hypothetical "c]icks" of Hess phovidgd him results which were

IRice [15], Hess [8 ]

emmremerery T er— e - TTTrT T
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in close agreement with experimental data. Allowing for variations in
height from oné "c]ick"‘to another brings another degree of freedom to

this process, doubles the 60mp1exity of calculations, and, accbrding to
Hess, does not improve the resu]ts.; Thé éssumptiOn that tHe pﬁasor mag-
nifude stays constant during the "¢11ck" occUrrence considerably éimp11—

fies the so]uf{on, as well.’

2.7 INITIAL CONDITIONS

It is aséumed that ‘the "cTick" arrives at the 1npuf bf the phase- .

locked Toop when the Toop is undisturbed (zero initial conditions).

- This wa§ one of the aséumptioﬁs in the Hess"mode]ihg of the "clickf
suppression by the firét.order_1oop; this aséumption is actually a cor=
ollary from Hess' "click" model which was discusééd in fhe preceding
section. The argument goes as_follows: the Toop éain (4 if the car-

rier amplitude stays constant, a(t)XK if it varies) changes very little

" while the "click" is taking place; ﬁhé'"click” is described by a GausF"

sian-Tike function which has extended low tails. Therefore, long before

the arrival of the peak of the "c]ick",.the driving force of the loop

is essentially zero and the géin is constant. Since the arrival of the

peak of the "click" is preceded by a period of almost complete absence

of the driviné force, the Toop should haVe'enoughvtime’to come to rest
before the main portion of the "click" arrives. Note that the assump-

‘tion concerning the zero initial conditions is not valid when modulation
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is present. In‘the latter case there remains a drivfng’fOrCe (modutation)

even when- the noise disappears The amplitude of the carrier a(t) dips

- when the "click" occurs. Since, however a(t) var1es more s10w1y than

8 (¢), it may be assumed that most of the change in it ocCuhs when
1. . ' . . ‘ : , :

51(%) is very small (when él(t) is still the‘Teadihg taijl of the~"c11ck”)r

Therefore, evidently Hess concluded that'a(t)K can be considehed to be a
constant during the "c1ick".occurrence even when solving a PLL equation.

_He reported very accurate results based on the zero initial cohditjons'

-

assumption fdh‘the PLL as harrow as half the'bahdwidth of the 1nbut‘noise

~ Computer s1mu1at1ons of some cases of a "click" act1on on a phase-
1ocked 1oop (see Appendix I) 1nd1cate that with a(t)x, chang1ng about half

as fast as e (t) the phase- 1ocked 1o0p: behaV1or is close to the case

" where a(t)K is a constant.

}Hess [8]
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ESTIMATION OF A PHASE ERROR
VARIANCE |




38

3.1 INTRODUCTION |
The "optimality" of the phase-Tocked Toop FM demodulator is gov-

erned by several criteria, one of which is the magnitUde of the mean-‘.
square phese error. In the presence of noise the phase-]ockedyloop is a
randomly time-varying non]inear'system.‘ The fide]ity requirement‘of’the
demodulated 'signal, however, Timits the opekating range of the phase- ft

Tocked 1oop to its linear region. Still, the exact eva]uat1on of the
| mean- square phase error is not a]ways poss1b1e For the first-order
1jnear stochast1c time-varying system the output variance‘can'be-found
exact]y, var1ances of some second- order systems may be obta1ned as well,
but no genera] solut1on is known at present for second and h1gher order
systems. Nevertheless, in conjunction with certain approximations, the
conditional mean-square phase error may be determined via the QUasi;
stationary approech, or its Tower bound may be estihated‘(the variance -
. of the output of the time-varying stochastic system is larger thae thg
‘varianee of the output of .the time-invariant System obteined by replaétng
all the time-varying earameters of the formet system by their expected -

. values). Chapter 3 justifjes certain approximations and outlines a

method for determining the mean- square PLL -phase: error Sect1on 2 con-

tains the derivation of the PLL equat1on in the presence of noise; sec-
tion 3 introduces the approximate expressions fdr ‘the phase and the
ampTitude of a modu]ated carrier and shows that they are approx1mate]y

1ndependent, in section 4, a ]ower bound on the phase- -~error variance




39

is found; in section 5 the quasi-stationary model and tﬁe‘method of -
obtaining a conditional phase-error variance are explaihed.
o

3.2  PHASE-LOCKED LOOP EQUATION IN THE PRESENCE OF NOISE

In Chaptér 2, tﬁe phase-Tocked loop éqﬁét10n~was deriVed_for the
.noiseless condition. ’In nature, input signals to'the'PLL ére uéua]]y-'
corrupfedlbylnoise; Since only cases in which therPLL is preceded by a
narrow band-pass filter are considered in this-thesis, oﬁe may assume
fhat the corrupting noise is white and Gaussian. .Even if the noise is
co]ored and non- Gauss1an (but w1deband), a narrow band- pass filter a]most

always makes the output noise Gauss1an In this Tight theAabove assump-

tion seems to be reasonab]e. L

‘Signal (4 sin [w ¢ + w(¢)]) S ,ﬁ,;Narrowfband
2 ' filter

plus white Gaussian noise

R -1y + 4 sin vit) ]
A(t) s1n‘ mot+-tan [qrf-A cos¢(t)]

| Phase-locked Toop ==

FIG. 3.1. Pre-detection Filtering of the PLL Input.-
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As indicatéd in Fig. 3.7, the modulated carrier ‘and narrowband

noise are expressable as:

QﬁA cos v(t) +x(t)]? + .[A siﬁ w(t) + Y(t)]?

®

. . - ~lly + A si':n Wwit) || ' :
g_SJn [mot + tan va 7 cosw(t)J] ' (3.1)

where o

AN

Q![A cos y(¢) +.x(?)]2 + [4 sin w(t):f‘y(t)]z‘ﬁaa(t) = Amplitude -(3.2)

'ta”-l[i + 4 sin i} ?ij]i 6 (%) = phase of the PLL input _ (3.3)
dnd x(t)-and y(f)Aare fespéctive]y the cbphése and qﬁadréturé:%uncfions'

of the narrowband.Gaussﬁan process. Note théf,fhe‘PLL‘ihput is modulated
in.both amplitude and angle by noise. .. | | |

In chapter 2, it was showﬁ thaf‘in the noiseless environment fhe.low-
frequency outpﬁt of thé multiplier is 4 sin'¢(t).‘ Since the VCO output
(see Fig. 2.1) has alﬁonstant dmpTitude;~the derivation ofjthe'oqtput of
the mixer procéeds as in section 2.1,.except thaf A is reb]éced by a(t).
Thus, the mixer output here is a(t) siﬁ o(t). | _

Using the general 1ow-pa$s filter of section 2.1, wjfh‘vo]tage trans-
fer function H(s) = (o/8) (s+B/s+u)s fhe phase-Tocked Toop difféfentia]
K equation in the-pfesence of noise is derived belpw.' The impu1sg response

- of the above-mentioned- filter is
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net) = & [s(¢) + (B-a) e %% wee)] : (3.4)

* and one of the versions of the phaée-Tocked loop equation is

R 7;-J/° a(t) sin ¢()[6(t-1) + (B-a) & ** V1 . (3.5)
o - ' ' ' ,

Terms multiplied by the delta function can be integrated immediately:
| | t -
do _ L ) sin g - 945:9Q19J/ﬂ e sin s(de (3.6)

dt - dt B B :
. o - . .

Differentiation of both sides with respect to time yiélds:

ok d

- - e a(B-aJK
b(t) = el(t) Rl [cf(t)smda(t)];f ——t=

%2 a(t)sing(t) +
o L
+_9L£§%22£;J/°é_a(t_T)a(T)Sin¢(T)dT - (3.
‘ o ’ L
But, . ‘ |
' ¢

giéé:gi-KJ/O efa(tfﬁ)‘a(T) sin ¢(t)dr =
: _

V'(3.3)_

= o [él(t) - %?-a(t)'sfn ¢(t)‘— ¢(t)]

!
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Finally, the PLL equation in the presence of noise may be written:

o(t) + ad(t) + %g»é%-[a(t)sin o)1 +

+ oka(t) sin ¢(t) = él(t) #ab (t) T 3.9)

3.3 APPROXIMATE EXPRESSIONS OF THE AMPLITUDE AND PHASE OF A°
MODULATED SIGNAL. | | |

Rice, in his classical paper [14], proposed an appr0ximate expfes—
sion for the spectrUm of the demodUTafed FM signal. This expression is
vast1y simplier than the exact one previously derived by Middteton, Rice,

!

Stumpers, and others. In this thesis é;(t) ié_such a demodulated signal
(see equation 2.11). Aécording to Rice, if the input to the.FM dete¢tor ' b
is 4 cos w t + a(t) cos ot + y(t) sin mot'(x and y are'quadrature func-

‘tions of narrowband Gaussian noise),-then=fhe‘defect0r‘OUtput'is equal to o ;@

-1 ) (¢ | Y t. H " N " | : ' Ay B
é%—tan i z(a%t) =,y£ . plus "clicks | o (3.10). ok

Thus aside from the "clicks", the demodulated FM signal is equal ﬁo the

first term of Taylor's series expansion:of éi(t)' This approximation is

accurate dowh to and including a carrier-to-noise ratio of 3 dB. Even
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below this value the approximation holds after a fashion'[23]. The spec-

trum of él(t)lis therefore equal to the spectrum bf ﬂﬁgi‘pjus the spectrum

of the "clicks" (shot noise). The'Tatterfis véryubroad.ahd, by Rice's.
as§Umptioq, independent of the other components of the,totallspe;trum.
The phase of the driving signal, in the presen¢?-0f'thé sine-wave -FM

| modulation, was given in expression.(3.1), -Herenit is repeaﬁed again:

L y(E) + A sin yee)

9 (t) = tan = - :
1 x(t) + 4 cos w(t}

where y(t) = Q sin w b and @ is the FM modulation index. The spectrum
of él(t) now includes noise, signal, -and the cross-products of noise
and signal. Again, using only the first term in Taylor's series -expan-.

-sion of el(t), Rice suggested the following eXpression for its spectrum:

2 = s :
e _ 72707 4 4 : " ‘ fa 11\
- S(w) = = E G (v # 7w ) J2(Q) + signal spec?rum .",(3.J1)_

= —co
Where J, (@) is the n-th order Bessel function of @ and'éLfQ) is the
familiar equivalent Jow-pass spectrum of the input narrowband.Gauséian
noise. "When the modulation indéx is,sma11,J%(9) : 1 and the noise

sbectrum:is unaffected by the signal presehce.' Thus the Spectrum of
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"

the phase of a weak]y—modu]ated‘carrier is that of Q(t)/ﬁtp]us;the
spectrum of the signal and b]us the spectrum of “ciicks" Neg]ect1ng
the "clicks" for a moment, the one- s1ded ]ow pass equ1va1ent of the

s1gna1 plus-noise spectrum is

——G(w)+——6(w) | o 3a2)
A% 282 : ' - - - ;

In the absence of modu]at1on the carr1er amp]1tude may be approx1—
maged as fo]]ows _ | ,
a(t) =4+ &(t) - . _- . ' " - A3. 13) |
Th1s step seems to be 1og1ca] after ass1gn1ng y(t)/A to o (t), both
being sums of zeroeth'and f1rst—order terms of the1r respect1Ve Tay]orfs5
seriés expansion. The c0mp1ete'expresston describing‘the amplitude of
" the PLL input WQs gjven before (see equation 3.2). It is bepbodbced !

here again:

‘I[A €os Y(t) + x(t)]2 + [A sin y(t) + y(t)]2 S -(3.2) ‘,"

In the absence of modu]at1on 1t becomes

a(t) ='Q‘[A +_x(t)]2'+ y(t)2 - | S (3;t4)
and 1s'epproximate1y'equa1 to‘eXpress10h~(3;]3).,‘The validity of the
approximation may be deduced from the probabiTity denSity functtontof _
a(t); the c1oser it is to.being normal , the bettef the approximatton

‘holds. The probabi]ity‘dehsjty function of a(t) when there is no
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modulation is equal to:

pla(t)] = a(t) e—(a (t) + A2) /202 IAa(t))

o
o2 | \ o2

(3.15)
This is the so-called Rician distribution. o2 is the'vérianée;of‘the
input narrowband‘GaussTan process; I is the modified Bessel function

. of the zeroeth bfder. When a(¢) is Targe or o2 is small, Io'has a

large argument and

Iim I(Aa(ﬁ))= L exp (— M) T (3a8)

oy O ‘ . 02
Aa(t) on2a(t)
L o2 o?
Thus., p[a(t)] approaches
1 a(t) exp[(a(t) -4 ] T o
\}21r02 ‘ 20> : '

When a(z) is far out on‘the tail of the curve, thé exbonéntia] tefm'v
‘dominates.and‘qauses>p[a(t)] to behaQe like a GaUssfan diS%ributfon.
When 4 is ]arge.(a case of Targe carrier-tb-hoisé ratioj; then a(t)/Azl.
and again pla(t)] is nearly norma]r (Seé Midd]éton [TO]). In all céses
the standard deviation is that of x(t) or y(t) Therefore, the approximé—f
tion 3.13 app11es in these cases. '

__‘When there is no signal, el(t) and a(t) a;e statisticélly fndepéndéntt
in the range where'the.above—hentioned.approximétidné are‘vajid; (This -
fo]]ows from a(t) and y(t) being orthogona] and Gauss1an)

When modu]atlon is present the phase of the modu]ated carrier,

-according to Rice.£]4], is approx1mate1y-equa1 to:
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0, () = —{y(t) cos w(t} + x(t) sin w(t)] o - (3.18)
whereww(t) Q sin W, & s the modu]atlon Th1s ekpression‘was offered'by .

Rice for moderate modu]at1on 1ndexes 0bv1ous]y, it should hold even
better for small modu]at1on indexes. Aga1n, app1y1ng the s1m11ar degree
 of approx1mat1on to the carrier a(t) y1e1ds

alt) = A+ x(t) cos w(t)l+ y{t)‘sin w(t) o _‘v(3.19)

' This is the sum of.two terms of Tayloh's sehies'expansidn of the ekact |

expression‘3,2."Note that,hégain,»a(t) and ei(t) are mutually ortho-

gonal. (Cempare expressions 3.18 and 3.19.) Since v is independent of
‘;m(t)'and'y(t), a(t) and‘el(t)‘are narrowband Gaussian proéesses. Their
orthogona1ity is a sufficient condition for their Statistica1 independence.

When the modu]at1on index is- very sma]], e (t) and a(t) are equa]

to y(t)/A and 4 + x(t), respect1ve1y The stat1st1cs of a(t), however do
" not appreciably change: when the modu]at1on 1ndex 1s not van1sh1ng1y sma]]
but is equal to, say, .2. The magn1tude of a(t) is st111 essent1a11y

equal to that of a(t) when no modu]at1on is present Indeed?:

lact)| = J (4 + =(e) cos y(z))2 Fy(t) sin y(2))?

< Q](a +.980 2 (t))2 + (.199 y(£))2 | ﬂ (3.20) -

~

- A + x(t) with a very small error.
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Therefore, once it has been established that‘el(t)_and'a(t) are approxt-

mately independent, the statistics of a(t) are assuhed to be those of
an unmodulated carrier, i.e., a Rician distribution. Since Rice and
Schwartz showed that the approximation for the phase el(tv_is valid at
CNR = 3dB [14] and marginalat CNR = 1 .75 dB [23], it appears to be
reasonab]e to expect similar accuracies from the s1mp]1f1ed amplltude

expression and, hence, to expect on]v a very Tow degree of 1nterdependence

between e (t) and a(t).

3.4 A LOWER BOUND ON THE VARIANCE OF THE PHASE ERROR

‘If the phase ]ocked ]oop 1s used as an FM demodu]ator, no dlstort1on
shou]d be present 1n the output, and thus sin ¢ = ¢ must ho]d The

‘11near1zed equation of the PLL d1sturbed by noise was der1ved in sect1on

-3 2, 1t is reproduced here agaln

¢(t) . a¢(t) . dt[?z(t) ¢(t{]+ aKa(t)¢(t) 6 (t) + ae () (3.21)

It describes a linear random system, i.e., a linear system whose driving
~ function and some of the parameters are random functions. Such systems

have been extensiVe]y.studied and closed-form solutions deriyed for some

isolated cases. This particular equation does not have a known solution,
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'but‘some bounds on the phase error may be deduced. The following develop-
ment is due to Samue1s 7,18, 19] Equation (3.22) 1s expfessed in an
a]ternat1ve form: |
2 dpct) ' .

2 ——— b (t) = P(t) S (3.92)
k=0 At o \ o | e ‘
k=0 |

where P(t) = 0 (t) + of, (¢)

b, (t) = oKa(t) + oKa(t)/s
o o L
bl(t) =3 a-(t) + o -
b,(t) =0
| Let b, (¢) = by + g (t) : . . T (3.23)
where E% is the‘éxpected value 6ffb (t) anﬁ‘é(t) is its variable part;

/

'Subst1tut1ng express1on (3. 23) into (3.22) reSu1ts in

e 2 dk¢(t) ' .
L§(t) = }: by = P(t) = s ——g— e (t) - (3.24)

1m0 4 k=0 B

" where I is a constant-coefficient linear non-random differential operator.
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An"integra]‘equation'js obtained from the above expression:.

o I dkwc) | 2 |
167 =f H(t;C)P(C)di;.f H(t; C)Z p € () dg + Z gty (t) (3 25)
| k=0 4% ,

£ o £

h H(t z) is the 1mpu1se response of the system assoc1ated with the L oper‘ator
(1. e., the impulse response of the determ1n1st1c portion of the system)

Since the expected va]ues of {b (t) }are constant H(t; ;) = H(t-;) in
" this case. {uk(t)} is the fundamental set of so]ut1ons of the equat1on

Le(t) = 03 the e 's are constants and the 1ntegrals are convo]utmn opera-

_ tions. Express1on (3 25) can be mod1f1ed fur‘ther 1nto |

8(¢) = F(t) -fK(t—t;)qb(c)dc - - (3.26)

%o

2 - C ok ¢ 9

where X(¢ - ¢) =) (- 0¥ ——E[ek(t)ﬂ’(t = t;')],

: .o . 3; - .
=0 )

) t . 2
and F(t) = fﬂ(t -g)P(c)d; + 2, o (t)

k=1
%

Note that H(¢) * k(t) = f(t) * K(t)
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Expression (3.26) states that the phase error $(¢) consists of two parts:
the response of the time- 1nvar1ant port1on of the system and the contribu-

tion due to time-varying. e]ements in the system. _% of (3.23) thus belongs
to the time-invariant part of the system (the bar 0ver‘bé denotes its

expected value) and e, (¢) is responsib]e‘for the integral part of (3.26).
P . k e

. The deve]opment‘up to‘this point is standard and has:been used by several

'Since‘expression (3.21) cannot be solved exactly for the variance of

¢(t), a lower bound for ¢2(+) is conjectured to be equal to the variance
of the time—invariant portion of the system. In other words, random
var1at1ons (1ndependent of the driving function) of the parameters of a-

linear system disturb the system's output {o] that its var1ance 1ncreases

when compared to the var1ance of the output of the und1sturbed system
: L1tt]e has béen pubTished that dea]s directly with th1s subJect but some . - "@
exper1menta] resu]ts were mentioned by Coughey et a] [5, ﬂ The paper '
stated that s1mu1at1ons of dynam1c stochast1c systems showed that random
var1at1ons of system parameters only unstab1]1zed it. Th1s was’ one of

the papers published in rep]y to Samuels' erroneous c]a1m [ 18] that some

higher- order linear systems can be stabilized by means of random disturb~
ance of its parameters. | |

IntuitiveTy it is obvioos that a random disturbance of a linear
system's parameters wiTT.not reduce its mean-square error. There are no

explicit statements in the Titerature proving or disproving this point;
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perhaps because it is obvious, and also perhaps because of the d1ff1cu]ty
involved 1n so]v1ng stochastic differential equations. Some results,
though, can be deduced from the ava11ab]e pub11cat1ons, later 'in this
section 1t will be shown that a ]1near system driven by any band- 11m1ted
signal and whose parameters‘are dlsturoed;by a white noise suffers an
increase in its output Vartance as compared to the same system with
undisturbed parameters | | | -

The assert1on ‘that the. t1me vary1ng system is "worse" than the
invariant system can be argued by attempt1ng to prove the contrary po1nt
Suppose that the t1me vary1ng system is "better" than the invariant system
" This means that the var1ance of the system output can be reduced by add-
ing some random d1sturbance to the parameters of the system. A dublous
-p0551b111ty Note that Samuels []8] tried to prove a somewhat d1fferent
thing; name]y, ‘that when the t1me 1nvar1ant linear system is unstab]e to
start with, a random disturbance of 1ts parameters would drive the system's
" poles (if one can ta]k about -poles of a time- -varying system) to the left-
hand plane for the per1ods 1ong enough to stab111ze it. On the other
hand the assumption of the thesis concern1ng time- varylng systems says

that given a stable time-invariant system, the add1t1on of noise to its
.parameters can only make the AC components of the output larger That

- seems to be a reasonable assumption. .
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It was shown in section 3.2 that at large-to-moderate values of CNR
a(t) and o L(t) are statistica]ly Tndependent ~ Therefore, the parameter
var1at1ons and the dr1v1ng function in the 11near1zed PLL equation are

stat1st1ca1]y 1ndependent

a(t) and e (t) are not a]ways 1ndependent as suggested above
Whenever a(t) becomes sma11, although it does not happen often, e (t) is

very ]1ke]y to become large, even infinitely ]arge when a(t) 0 (ThTS 1s‘
easy to see from F1g 1.1, the FM phasor d1agram) S1nce a(t) 1s propor-
tional to the loop gain, it is also, at least - asymptot1ca1]y, 1nverse1y
proport1ona] to the steady-state phase error. A sma]] gain c]ear]y l
corresponds to a ]arge error; coup]ed with a sharp 1ncrease in the dr1v1ng
funct1on, this 1eads to the conclus1on that the false assumpt1on of

stat1st1ca1 1ndependence of a(¢) and § (t) would lead to an underest1mate

of the phase error | ' _ .

. A spec1a1 case of the stochast1c dynam1c system occurs when the o
process disturbing the system parameters is uncorre]ated w1th the dr1v1ng
funct1on and when the spectra of the dr1v1ng function. and the d1sturb1ng
process are drast1ca1]y d1fferent For 1nstance one, process may be a
narrowband noise and the dr1v1ng function white noise. ‘The genera1 expres—

sion for the var1ance of ¢(t) is eas1]y obta1ned from equat1on (3.27):
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E[¢2(t)] = E[F2(t)] - E {F(t) f K(t-t)¢(t)dx }+‘ (3.27)
. ‘to -
. t o o
o B 2
+ E{ [f K(t—r)cb(T)dT] }
. t.o :

o

Consider the second term of the‘right—hand side of the equality:

. t
E[F(t)f K(t—f)qs(T)df]

z
o

Since e(¢) is a narrowband noise, it varies much more slowly than F(t)

and ¢(z). K(t) (see quation 3.26) is proportioned to e(t). Therefore, -

the expectation operation may be performed over the regrouped expression

in”the‘fo11OWTng'manner:

E[F(t)/ K(t-t)¢(t)d] =f E[F(t)K(t—rM(_‘r)] dr (3.28)1
to | . | . - ’ .to N | | . hmer s —— |
E o
= EE@)s ) LK () T
! |
o

YFrom Samuels [17]: if fl, f; are ergodic and their rates of change
x - = :

are far apart, then 5&' fl(y)fé(y)dy =Ief,
This can be  proved through'the*integratiOniby parts: . the derivative of

one of the functions is assumed to be negligible with respect to the other
function proper. o :




Since K(t) = 0,‘the integral is equal to zero and '
‘ ' : - (3.29)

$2(t) » F2(t) .

where, as before, F(t) is the response of the "expected" time-invariant

system, and the bar over a‘function signifies an'éxpectétion operation.

In th1s special case no approx1mat1ons were made in order to derive:

the 1nequa11ty (3.29). In the actua] phase 1ocked ]oop operatlon the

driving function’aél(t) + el(t) does vary faster than.g(t) [or e(t) in

the notation of the above examp]e], aTthoUgh not to the degree where it
begins to ]ook Tike white noise 1n compardison to a(t) In‘fhe worst

- case when o is very 1arge, 6 (t) is still s1gn1f1cant1y faster vary1ng
than a(t). Middleton [11]had spectra ca]cu]ated for'a(t) and elft)

(when the PLL driving'fungtion isfa,carrier‘p]us'a narrowband noise).

Li_1 —

The spectrum of élkt) is wider than that of a(¢) but certainly not by as

much as an order of magnitude.. Of course, when there is FM modulation

present, the rate of change of éi(t} is 1increased. Thus, for the cases

where modulation is present, and especially where ai(t) is significant
when compared with uél(t), the derivation 6f'£hé inequality (3.29) is

fully applicable to the PLL oberation.
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Further‘ev%dencé for the‘vé]iaity of the assampffbn"aboutvfhe
superiority'of the time-invariant sysfém cén‘be‘demonStrated by the.method
of succeséjve substitution app11éd to equation (3,26). Equétion‘(3.26)
~is a Volterra integraT.eqhatjon which may‘be so]ved; A firét appﬁoxfmation
to ¢(t) is | 7 |

o(t) = Fft); a secoqdapprﬁximation'jg

F(t) -f F(D)K(t-g)dy - o (3.30)

. ’ . . )

$(t)

Further approximations may be obtained b& inserting (3.30) into the

original equation (3.26) resu]ting'fn'

. : s . . b R | |
$(t) = F(t) -f F(RIK(t-r)dx +ff K(t-g)K(g-n)F(n)dzdn  (3.31)
t‘O_ . - tol #p’ 3 |
The pattern is established. The: series converges to the ‘true solution

of (3.26) provided the free term [F(t)] is absoTuteTy integrable in the .

interval of the solution.

Re_quired:f |F(t)|dt < Constant - B | (3.32)
0 " ’ . .
This condition is satisfied if a finite integration period is chosen.

According to. Samuels [1?], 6(t), K(t), and F(t) are Stationary‘if_the
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bk's are constants. .StnCe this condition is satisftedand 6(t) =
the phase-error variance‘may be obtained by time-averaging‘¢2(t)\over.a
'large time interval. The larger.the time interva],'the better the estimate
of Var[¢(¢)] is. Therefore, the f1n1te time 1nterua1 nequirement can be
satjsfied within a sma11 error which‘approaches‘zeno‘as_the'interual
approaches infinity L | |
Another requirement for the convergence of the serles 1s. ‘that K(t)
must be finite. Since during any measurement per1od noise “does not reach
1nf1n1ty, (due to the phase- 1ocked 1oop component 11m1tat1ons) and since |
extremely 1arge noise deviations occur very se]dom, it may be. assumed w1th
a probab111ty approaching un1ty that K(t) < ¢ for te[t T] where ¢ ‘and 7
are some large constants " Thus, by mak1ng the testTng<per10d finite ande‘
by taking enough terms of the ser1es, an arb1trar1]y good estimate of
Var[e(t)] may be obta1ned If only the first two_tenms of the series are
used,(expne551on 3,30) the variance of ¢(¢) is equa]'to -
© Var[ece)] = BLe2(8)] = BLF2(£)] + .Eg [f F(RK(t-t)dr]’
_ y I t, -
_ n ‘ | ‘ o
oatref Foxeeoal- o (3.3)

-t
0‘
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- where E signifies expectation operation, Bb@awseza(tj'and:éi{tj are:
nearly ihdependent, the Tast term approachess zevos. Ihdeeds,.

S t |

| E[F(t)f-p(;m(t-;)d;]

t
o]

Bt 3F(t{/ﬁ F(c)Ee (t)[K(t c)]dc L2 0 . (3.34)
i 0 .

because & )[K(t)] = 0 ' Subscr1pts of E s:gh1fy the var1ab]e with

9 (t

respect to which the expectat1on is performed; Statﬂst1ca1 1hdepehdehce

of a(t) and 0,(t) allowed the shown man1pu1atdons.df'expectat1an operatorsm

. Therefore, - -
Uf rwre-omEy (@35)

o

Var[e(£)] = E[F2(¢)] + E

The first term is equa] to the variance of‘the_autput‘of'the-t1me-
1nvar1ant systems; the second term is non negat1ve

W1th1n the accuracy of the two term expans1on therefarea the

Tinear t1me 1nvar1ant system output y1e1ds.&n underest1mate_of'¢2(t)
At high values of ‘carrier=-to-noise ratio the:accuracy‘of the<two~term

expansion improves. Also, whenlthe t1meftonst&htfof’the-ph&serﬂbcked
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loop is small (wide-hand system) the first two terms'of'the_series give

a good approximation to.¢Yt). ‘The phase-locked 1oop does'hot always
operate in the linear mode. When the forcing functiqn is large, or when
the carrieh»amp]itude a(t) dipe_to’]ow'values, the phase error builds up
.so that sin o(t) # ¢(t) It is well known that the~PLL suffers a degrada=
t1on in its tracking ability when the 1oop operates in the non11near mode,
A test1mon1a] ‘to that fact is a host of feedback dev1ces [2, 3, 25] that '
attempt to keep the phase- ]ocked loop operat1ons to its 11near reg1on as
long as poss1b1e. The degradat1on in the size of the phase error 1s
readily seen from‘the-express1on for the steady state phase-error:

Ly 8(E) + bty o R
bg. 5, = SIN "~ - — ' - N (3.36
s.s. | 2 (£)K S | . _( .)

3

The expression is obta1ned from the Toop d1fferent1a] equat1on by dropp1ng

_ all the derivatives of bCE). Obv1ous1y, there are no bounds for-¢s‘s" if

the -inverse sine cannot be approximated by its ergument.  Theretere, a ..
linearized phase-]oeked loop will have a smaT1er phase-error variance than
.the PLL with the Sinusoidal.non1inearity in it. ?Hence, the'aséumption
that the phase-locked Toop is a time-invariant 11hear-system would under-
estimate'ite phaSe erher onhtwo aceeunts: first, on account of aSsumThg
that the loop is a Tinear system; second,. on account of fuhther‘simpli-_.

fying it into a time-invariant Tinear system. The search program of
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chapter 4 uses th1s concept of the linear time- 1nvar1ant underest1mate of
- the phase- error var1ance as the basis of re3ect1on of some Tow- ga1n nar-

rowband ]oops unsuitable for the task of FM demodu]at1on

'3.5  MEAN-SQUARE PHASE ERROR

In the region where the linearized model of the PLL is valid, the

following approximation holds true:

Aract)pce)] = ale)ics) B R - (3.37)

It was not really needed in the searcn'orogram of chapter.4'because'
the searcn was based, among other'things,‘on‘computing‘estimates of the
phase-error variance of var1ous 1oops and:the est1mates were actua]]y
underest1mates in a]] cases except the first-order.loop.

As it is ]ater‘shown in this section, this approx1mation5makeédthe.
phase error appear sMa]]er than it is. It was.used‘in:atl cases:oy the
search program of chapter 4 becauée the approximatton does;not enter into
the picture at all when solving the first-order loop equation. As the

.following development shows, the approximation is quite accurate in most
other‘cases a(t) has most of its energy concentrated at zero frequency
The tota] energy of a(t) and 1ts C part is governed by the fo]]ow1ng

-two express1ons[12] _ o




e, - Ll P B N O O Sy |

60

= 202(1+P)

2 I .
) _ ___'_ p L . . . .
W = 5 [(1+P)1, ( + PI (5 51 | | . (3.38)

* where ¢2 = variance of input narrowband Gaussian noise
I‘O.,‘I1 are modified Besse1 functions of the zeroeth and the first
“order, respectively.

At a carr1er to- no1se rat1o of 3 dB the .DC component accounts for
89 percent of the tota] a(t) (enve]ope) energy The Spectrum of a(t)

. has a very Targe impulse at zero frequency By rema1n1ng small ¢(t) must-

necessar11y be a good rep11ca of the dr1v1ng funct1on ae Ct) + e (t). In

| section 3.2 it was shown that at high to moderate carrier-to-noise ratios

a(t) % A + x(t)] and o, () = Hﬁzl-where‘x(t)‘ y(tl are-cophase and quadra-

ture components of the 1nput noise. It fo]lows then that ¢(t) cons1sts
of a linear comb1nat1on of f1rst and second der1vat1ves of y(t), thus
possessmng a wider spectrum than a(¢). When the resultant in thure 3

ventures close to the‘origin ‘a(t) is small, but 6 (t) is 11ke1y to
become extreme]y ]arge and the approx1mat1on z;{a(t)¢(t)]~a(t)¢(t) hoTlds

even better (in the mean ‘sense).




bl L\

61

Consequently, thel]inearized phase-locked Toop equation is equal to:

40¢) + af1 + % ; = -
al1 + Ea(t)]qb(t)_f oKa(t)e(t) = o (t) + ad (t) (3.39).

The exact_]qop differential equation is o

. N

¢(t) + a[] + —-a(t)]¢(t) + aK¢(t)[a(t) + a(t)] e (t) + ae (t) k3\40)

.d(t) and a(t) are orthpgona]'processes and beceuse of their near-Gaussian' _'
- statistics [especially Wheh‘a(t) is ]arge] they are statisticaj{y Thdepeh;,
dent, bk at ]easf tend to'be so. By remov1ng ¢(t)a(t)/6 from express1on
(3.39) the number of 1ndependent noise sources in the system is reduced
Accord1ng to the arguments presented in sect1on 3.4, th1s deve]opment should
‘resu]t in the reduced output var1ance due to noise. In other‘words, evalu-

ation of the system descr1bed by expression (3 38) wou]d tend to under—

estimate ¢2(t). When values of o and g are. near each other, or when_a or 8

are very 1arge‘with respect to AK, the term containing 9%5£«be¢omes
heg1igib]e. This is readily seen by manipulating o« and 8 fn‘expressicn
(2.13). : ,
If the PLL is fast responding, then a quasi-stationary method of
solving the loop equation for the phese-error'Variance‘may‘be used. In

‘the quasi-stationary model, a(t) is equated to a constant‘Ai tan‘ihstane
taneous value of a(t)]. If the loop is fast responding; its phase error
bears very little dependence on the past history of a(t), it only depends

on its preseht value and such an approximation may be quite accurate.

Ll
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Replacing a(t) with A in equation (3.39), taking its Lap]dce‘trénsferm
and. then solving it for the phaée‘efror yie1ds:

. : . _(32 + &s) | |
® (s) = [ , ‘ ]61(8) - o (3.41)

SZ+as(l+KA/B)+a,KA

: Where'the expression in brackets is the PLL thansfeh funétion‘Hi(s). The
- conditional second moment of the_phaée error, given an instantaneous value

of a(t), can be obtained by the regular technique of linear SystemS'

B [¢2 (t)|ace) = 4,] =f H(Gw) | 8 (w)dw .- (3.42)
. ' o) . . . ; : -

-~ where S(w) is'the‘ohe—sided spectrum of 6, (¢ without the "clicks"..
Since el(t) and -a(t) are approximately independent. for CNR = 3 dB and

. Tlarger, it is quite proper to use the same spectrum. S(w) with the trans-
fer function H.(s) evaluated at different va]ues‘of a(t). If 0, (t) and
a(t) are not 1ndependent then a d1fferent spectrum must be used w1th

d1fferent .instantaneous values of a(t) ]est an opt1m1st1c value of ¢; (t)

is obtained.

Since fhe phase-locked loop is a time-varying system (the carrier
amp]itude.a(t) assumes values ranging “from zero-to plus infinity), the
lower values of a‘t) ‘whenéver they occur, are apt to cause the Toop to
lose 1ock or at least to create a large phase error The latter condi-

tion means that the techniques of the Tinear system should not be used
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when.a(t) assumes small values. The‘q&asi-stationéry.assumption'also
breaks down in suéh situations, since the Toop becomes sluggish. Conse-
quéntly,. the quasi—stafiohary‘method-qannot be used to find the uncondi-
tional phase-errOr variance which, of Cdurse,‘encompasses all the possible-
va]ues of a(tl. a | |

| A]though the phase-error variance cannot be found the method st111
can be used to ca]culatega conditional phaseferror variance. Expression

(3.42).describes a conditional variance for all instantaneous values of
ca(t) exceeding‘the amplitude threshold A, The eXpressibn is accurate

“as Tong as the quas1 stationary assumpt1on app11es The major obstacle

to the use of the method - smail va]ues of a(t) - s c1rcumvented

f f By (o) | "5 (wp 4, )dudh,

' E[¢2(t)|a(t) Al = — o (3.43) -

: f p(A%:%dAi

CA
o)

As already mentioned in the preceding section, when a(t) assumes small
values, one should not expect to find a(#) and 6,(t) to be independent.
_In‘fact, the derivative of el(t)may assume large values as a(t) sweeps

. close to the origin of the phasor diagram (Fig. 1.1), some of those sweeps
resu]t'in."c1jcks". M..Schwartz [23] suggested that when a(¢) is equal

to approximately one third of its nominal value 4, then-a sharp increase. .

-in the number of "cTicks" is taking place. Therefore, using the amplitude
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thresholds A, > .5A should keep the computat1on in the reg1on where the

quasi- 1ndependence of a(t) and 0, (t) is not invalidated.

Arphysica1 mechanization of the quaSi-stationary'so1ution could be
considered to be a time-sampling of various block ]engths of ¢(t). Dura-
tion and t1m1ng of such samp]1ng are determined by the stat1st1cs of

a(t): whenever a(t) is greater than a certain ass1gned thresho]d A s the

var1ance of ¢(¢) is computed when a(t) drops below the thresho]d then |
¢(t) 1s dgnored and the computation stops unt11 a(t) aga1n c11mbs above
the threshold. If the recovery t1me of the 11near1zed PLL is shorter than
the rate of change of a(t) and as _Tong as a(t) is 1ndependent of the driv-
ing function ¢(t), the quas1-stat1onary solution is app]1cab1e. |
There is-no well-defined rule determining the circumstances in
which the quas1 stationary so]ut1on can be used; therefore, the fo]]ow1ng

ru]e was postu]ated A, the sma]]est adm1ss1b]e 1nstantaneous carrier

AN

amp11tude, is chosen so that whenever_a(t) >4, is true, then a(t) must

not change more than a certain fractton‘within\the tﬁme.tntenval‘eqUa1

- to ene time constant of the 1inearized‘1oop equationJ“An‘additionaT
restriction is, of course, that the phase error must remafn small so that-

the phase-locked loop behav1or is descr1bed by a 11near d1fferent1a1 equation
and the teéchniques of linear systems may be used to so]ve for the cond1t1ona1

phase-error variance. The definition of the t1me constant is reserved for

1 More will be said about this subject further on.

Ty [ perempr—r—
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first-order systems only. In lieu 6f it, the reciprocal of the real part
of the domihaht pole of-the transfer function is used with second-order
systems. The'fihst-order‘system transfer fUncttOn has dn]y one pole;
thus, the definition of the time constant is a special case of the latter

concept. As an eXamp]e, a few'va1UeS'of the thresho1d A, are estimated

for the case of a first-order system

~Let the one-sided bandw1dth of 6, (¢) be one rad/sec and the CNR be
equal to 3 dB 1 Then the standard dev1at1on of a(t) is approx1mate1y ’
equa] to .289 [the computat1on is stra1ghtf0rward after the assumpt1on
' a(t)-= A + x(¢)]. Since the order of the system c0hs1dered;1n th1s exampte
is one, the "instantaneous" t1me constant 1s equal to 7 = 1/a(t)X. Changes
in a(t) that take place within a time interval which is equa1 to one t1me
constant of the linearized loop are to be restricted to a certaih Valye,
- for jnstance,‘Z; 1, .5.2 These numbers are arbttrary; they will.be‘referred
to as “"tolerance thresholds". The aboye-mentioned‘resthiction is expressed

algebraically as follows:

IMore on the norma11zat1on of the PLL parameters is presented in
chapter 4 , section 4.2. o

2Results of Monte Carlo s1mu1at1ons described in append1x 2 showed
that the tolerance threshold values as high as 2.3 can be used and st1]1
obtain a satisfactory accuracy from the quas1 stationary method.
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é%%%%é.s Tolerance threshold . (3.43)
This is the general expressidn; the substitution of © = 1/a(¢)K into it
.289

a?(t)K

results in < To]erance\thrgshbld o | (3.44)

whichionly‘app1ies to-ffrgt-order loops.. For simplfcﬁty’s sake, let 4
(the nominal cafrigr amb]itude) be unity. The.100p gain Ak still can
assume any value by changing fhe constant K;'furthgrmore, this assumption
does not restrict the range of the PLL parameters in any way, since 4 Qnd.
X appear in the loop differential équation as a product, never separately.
~ With these assumptions in hénd as an -example, tHe following minimum first- .
- order 160p gains-were obtaingd for Ao = ,5 and the fo]erance.threshojds of

-2, 1, .5, respectively:. .58, 1.16, 2.31.

3.6 CONCLUSION

A1l of the tools are now available for -a global search for the
phase-Tlocked 1dop parameters such that the PLL 0utput contains the minimum
number of demodulated "c]ick§" and hés a giVen‘meanésquare phase error.

The search for the optimum phase-locked ioop is conducted on the basis of
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the quasi-stationary model whenever the 10op's parameters are such that
the PLL is high-gain and broadband when'the quasi-stationary=mode1 is

not applicable, the "expected" t1me 1nvar1ant form of the PLL equation of

section 3.3 is so]ved for ¢2(t). In the latter case, the answer 1s an
underestimate of the true solution. Since, in a]] cases throughout the -
entire computer search this underestimate was 1arger than the one for

the broadband PLL, the narrowband and/or 1ow ga1n Toops could be discarded

w1thout further ado. Were there at 1east one case in wh1ch the under=

estimate of ¢2(t) turned out to be sma]]er than the resu]t of the quas1-\
' stat1onary model, the search program would have had to be complicated a

great deal. But such was not the case. Chapter 4 1s devoted to the com-

'puter search program and covers the above-mentioned deta1ls more thorough]y.

R I ) Y AT Y
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CHAPTER 4

THE SEARCH PROGRAM
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4.1  INTRODUCTION ‘ .
From the tota]ity of all the firsf- and seeondnorder Toops the"
optimum loop was found by a creeping random search method The optimum
loop sat1sf1ed the fo]]ow1ng requ1rements
1. W1th all the initial cond1t1ons set to zero, 1t woqu most
read11y lose its 1ock and skip a cycle whenever it was acted
upon by a "click", or to be exact, a model of a "click" dis-

cussed in chapter 2.

2. When riot acted npon by the “click", its phase error was small.

Thfsrwas implemented by a constraint invthe search: program: .
the conditiena] variance of the.phase‘error‘had to be small
-eneugh to a]iow therioop to operate in jts 1inear region. In
~addition to noise, an FM signal sinusoidally modulated wfth a
very small modu]atidn index was assumed to drive the PLL.
Several startfng points or the search program yieieed‘fdenficai
_answers, namely the f1rst order loop is the phase- 1ocked loop Wthh
1wou1d demodu]ate a narrow band FM 51gna1 the best in the sense of sup-
pressing the h1ghest number of "clicks" wh11e keep1ng the phase error

below a given constralnt
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4.2. SCALING OF THE PLL DIFFERENTIAL EQUATION

The search for the "opt1mum" loop was conducted over the f1e1d of

-all realizable first- and second- order Toops preceded by @ narrow band--
- pass f1]ter with one-sided bandwidth of one radian- -per- second (See
F1g 3.1). If desired, the transiation of these results to a.Toop with _
a different input bandw1dth is’ read1]y accompiished by a familiar time- o ?%
sca]1ng techn1que often used in ana]ogue computat1ons

Let the PLL d1fferent1a1 equation be time- sca]ed by a factor of wb

wh1ch is the new des1red bandw1dth of the 1nput s1gna1 The o]d time t is

equa] to t/wpwhere 1 is the new t1me If wb > 1, then the new so]ut1on

will be-faster than the old.. Lett1ng éik— w, 5? and ¢(r) (r)¢ (r)

and subst1tut1ng them in the PLL d1fferent1a] equat1on yle]ds

de(T) + awb¢(T) + c_x—]{%_ﬁ:_)_ bd:‘('r) ‘CC')S .(;(.T‘) +

' wbad(T)K . A o '
+ (ocKa(I) + — sin .¢('r) 26 (T) + aw 61('[) (4 ])

Ev1dent1y, the o]d PLL equat1on can be’ obta1ned by d1v1d1ng every

-parameter by w,, a(t)X is to be treated as a s1ngle parameter Toop ga1n

Thus, the frequency translation from the norma11zed computer equat1on to
any other PLL equat1on is accomp11shed by s1mp1y dividing each Toop para-

meter by the new des1red one-sided bandw1dth in radians per second.
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4.3. CONSTRAINTS AND THE CRITERION OF OPTIMIZATION

The optimum PLL 1s supposed to skip a cycleﬂreadiiy'whenever a
"click" comes a]ong. The probab1]1ty of such an event taking place 1in
conjunction w1th a given phase-Tocked Toop 1is determlned as follows:

' a(t)X is a Rician random variable and represents the 1nstantaneous
loop gain.. The techn1que deve]oped in sections 2.3, 2. 4, and 2.5 1s
used to ca]cu]ate the maximum 1oop gain which wou]d allow the cycle- sk1p—
p1ng to occur in response to the "c11ck" The cond1t1onu1 prcfa,111tv of
cycle sk1pp1ng, given a "c11ck", can be expressed as:
| o afz’:)c.r"" ] : | ;
"ch’c‘k"} =f Ppla)da L a.2)

Pr { cyc]e skipping

where plal is the cond1t1ona] probab111ty dens1ty funct1on of
a(t) given that the "click" is occurr1ng '

The same probab111ty of cycle sk1pp1ng may be expressed d1f-
. ferently where instead of alt) the ratio Rr= a(t), K/(AK) is used
in the ]ower Timit of the 1ntegra1

: ‘ "‘1- ‘ : ‘
{cyc]e sk1pp1ng’ "c]1ck"}- CONST'J{'eXp(—xZ/ZGZ) dx (4-3)
'  ~(1+R)

Since this 1ntegra] is a monotonic function of the 1ower 11m1t

the conditional probablllty can be maximized

1 Section 4.5 presents é'detai]ed treatment ‘of this point
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a(t)X
AK

by maxfmizing the ratib (instantaneous 16op gain/ndminai loop gain).
‘ Maximization of this ratio is a criferioh‘of the "optimum" Toop selection.

The search program also contains a constraint un the~s12ekqf the-
phase error. Section 3.5 discusses the reason which h?eVenfS fhe'exact
computation of the‘phage—errorlvariance; Thereforeﬁ &hegconditfonal
_ varﬁance is calculated in its place by means of the quasi-stationary
method. ;

The admissibility of the quaﬁi-statioﬁary so]uﬁiongwas“determined
by the Value.of'thgr”to1erance thréshOTd"‘computed‘fz; eathi]oép con-
figuration by the search program. The constraint ot ne size of the
"tolerance threshold" means that the Towest admissible a(¢) dbes not
chanée;by,more\than the factor equal to the‘“tolérancﬁ threshold" within
the time intervé] equal to thé time constant 6f the instantaneous PLL
. transfer functioﬁ (i.e., the‘transfer fﬁnction evaluated for AK‘equaT'to
the 1bwest admissible value of a(¢)k). |

During each iteration of the search program the conditional‘phasén
error variance 1is bomputed provided the 1oop‘operates within its Jinear
region and within the region where the qUasi;statTonary soTut%on dis-
cussed'in section 3.6 is applicable. The applicability qf the quasi=
stationéry solution is determined by.findfng the dominant pole of the

phase-error transfer function. The inverse of its real part is used as

P

the time constant of the Toop and the "toleranc thbeshold” is obtained

. o
from it. L
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S1nce it was not a purpose of thlS program to build a hierarchial

structure based upon the goodness of var1ous phase-Tocked Toops, but

. rather, to find the optimum 1oop, the above procedure suff1ces In other

words,

the search program reJected .unsuitable 1oop parameters 1f the Toop

' performance fe]] below certa1n thresho]d regard]ess of how much 1t fell

'short

‘Below are outlined the steps of the search program

1.

Values for. three Toop parameters - o, 8; and AK are se]ected

random1y

The phase 1ocked Toop t1me 1nvar1ant [a(t) =A4]. d1fferent1a]

equation is approximately so]ved for the cr1t1ca1 ]oop ga1n,

that is for the largest 100p gain that wou]d a]]ow Hess FM
"click"! to cause the PLL to skip a cycle. The approx1mate
solution of the time- invariant PLL d1fferent1a1 equat1on dr1ven

by a "c]1ck" is covered in sect1ons 2.5 and 2. 6

The time 1nvar1ance of the carr1er amp11tude dur1ng the "c11ck" '
occurrence as well as zero initial cond1t1ons, are. stipulated

by the Hess' "click" model. This point is d1scussed in sec-

tion"2.6. The approximate solution of the loop equat1on was i

found to be very accurate? once 3 constant b1as .0f .10 % was

~ removed from it.

1See_sections;2,3} 2.4, . ' “ﬁf?”?

2See Appendix 1.
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.- Loop parameters ane checked to see whether the "tolerance

threshold" is eXceeded, If it is, a 1inear underestimate of

- the phase-error variance is computed and the program goes to.
“item 5. | | -
The-time-variable‘phase-]ocked Tocn‘equation is soTVed‘for.the
conditiona].variancesof the phase error with the loop being
driven.by a narrow-band'noise.p1us‘an FM-signa].‘-Very small
‘indices of modulation (up to OLZ)‘were‘USed 1n'the'search | S ﬂ
program in.order not to inva]idate an aSsumption of zero |
injtia]'condition preceding an advent of a “ciick". The gov-
erning ctiterionnon the maximum alTowabTe:modufation index. is
the magnitude of the frequency deviatiOn-(Aw) caused by ‘the
‘signal If Aw s much smaller than the peak of the Hess'

“click", the initial cond1t1on of the 100p before the advent

“of the "click" may be assumed to be zero. For an 1nput band-
pass filter with one-sided bandwidth equa] to 1 radlan per |
‘second, the peak of the "c11ck"'1s equal to tw1ce the rad1us

of gyration = 1. 1546 W1th the modu]at1on 1ndex equa1 to, say

0. 5 the frequency dev1at1on (Aw) due to s1nuso1da1 modu]at1on
of frequency Aw, is equa] to 1/3. (ThlS comes from the equa-

‘tions relating the bandwidth of the FM signal t0‘the modulation -

“index (u): (1 + Q)w = (one- s1ded bandw1dth) and Q —-A$

Obv1ous1y, Aw= 1/3 is not much sma]]er than 1 1546 2=0.2 y1e1ds
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= .167 which may be acceptable. HNote that if the conditional
. variancelexceeds a certain limit («/10, w/15,‘and‘w/20 were
used on separatevoccasions),'theuloop under consideration is
rejected and a new set of a, 8, AK are picked,:.humerica1 solu-
tions of the PLL differentia1'equation under an influence of
a "c1ick" andla constant freduency‘offSet'due to a modulation
are reported in Appendix 1. Results indfcate'that modu]ation
indexes‘as highras .46 cou]d be used and still keep the resu]t—.
ant variations of the va]ue of the cr1t1ca1 1oop gain 11near
with respect to the size of the frequency offset. When the “
modulation index is small, the sense of the "c11cks“ becomes_._'
.independent of the modulation On the other hand “when ‘the |
modulation index is large, the "clicks" overwhe1m1nq1y tend
" to opposerthe modu1at10n ~ This occurs because the modu]at1on
“shifts the reference frequency w1th respect to the narrow-
1band_n01se spectrum. The higher' the modulat1on index, the
larger is Aw, the further away from the-center frequency‘of
the‘nofse spectrum the instantaneous carrier frequency finds
itself. The result is that the instantaneous frequency may
:sw1ng so far that no no1se spectrum energy 1s 1ocated in the
path of its swing and then, of course, al] the “c11ck" w111
be -of the opposite sense to the modulation. Calculat1ons
showed that at CNR = 3 dB and the modulation index of .2,,the .

ratio of the number of “clicks" opposing‘the‘modulation to the
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number of "clicks" boosting the modulation is at most 1.75.
At @ = .1 the ratio becomes less than-].05. The nuﬁbérs are

- small enough to assume that-the sign of the "click" is inde-

‘pendent of modu]ationl . | _
. The‘ﬁrafio" of secfion‘4.3 (ratio of critical 4x to the nominal
‘AK) is compufed and stored along wffh the ]Qop parameters used -
in thié pafticu]ar”iteraﬁion. . |
The four sfepSJlisted:above are fepeated a number of times -
(qsua]]y'560). Then the maximum "ratio" is chosen and the
localized 1Qob‘optimizatioﬁ is achieved.
" The "creeping randomness" of the sedrch.program exists solely
in ofder:to‘saQe comﬁdter time. -Each iteration of the seérch
computes, say, 500‘"gainlratios",_ Random véTues of‘lopp‘bara- 
meters are éeneratea about some arbitrafy mean valués'(or the
cenfers). The optimum ratio thensproyidesfthe disténce‘
between the did center and the new 6ptfmum‘point in u,‘é, AK, N
coordinates. This optimum point is then picked as ;hevcénter
for the next round of 500 "ratios" and the newly acquired"
radius of search'is‘equa1 to the old radius decreased by a
'factquwhich is pfdportiqna] to theidfsfanceﬂbéfween the new
“and the old search fadiiq :fhis pfocédure 1§;repeated several
times. It allows one to éearchffn thepmost‘pkomising régioh
of the parameter spacé, thus making tﬁé search more efficiént::'

/ ' . ‘
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The search program-was started from several different points.

They all led to a PLL whose filter configuration wdé'such that

o =B, i.e., the fTrst—qrder Toop. A flow shart bf-the search:

program is presented in tab]e'4.1.
TABLE 4.1. Flow Chart of the Search Program.

~ Stgrt )

Read in the Rician distribution array, specify
“the origin and the radii of search in a three- |
'dimensional space (o, B8, AK), specify modula-
| tion index and the minimum admissible value

of a(t) for the quasi-stationary solution.

| Obtain vatues of 4K, a, B through a random-

number_generating routine,” ,
Find the real value of the dominant pole. of
| the phase-error transfer function.

o

~"Does it satisfy the quasi-
stationary requirement with
a prescribed "tolerance
threshold" and the ampli-
tude threshold (the lowest
admissible value of a(t))?
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Compute the conditional phase- Compute an underestimate
error variance. of phase-error variance.

s - 1

Does the variance exceed
the prescribed 1imit?

Compute the "gain ratio", store
it and the current values of
the loop parameters.

No Are there more than 500

"ratios" stored?

Find the maximum "ratio"and print out
the loop parameters associated with it.

Is the
number of
iterations greater
than 27

.l Calculate new origin and |«. No

radii of the search.
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4.4. RESULTS OF THE SEARCH PROGRAM. _ |
Tab]e 4.2 contains the data obtained by the search program.h‘Most of
the search was‘conducted at the carrier-to-noise ratto of 3 dB‘with the
modulation indexes .2 and .1. It was'not necessary to conduct extensive
searches at higher values of CNR, since the data obtained at‘CNR = 3 dB
were constrained by three different 1imits on the conditional phase-error -
variance. More stringent Timits at CNR = 3 dB correspond to toose Timits
at higher'values of CNR and thus thegreported'resu]ts are quite general.
The majority‘of starting-points of each search were chosen to be a loop
conflgurat1on wh1ch is c]oser to the second- order type II 1oop than to
the f1rst order ]oop In all cases the f1na1 1oop'conf1gurat1on has
and B near]y equal which, of course, corresponds to the f1rst order PLL.
Changes d1d not affect the character of the po1nt of arrival of the
search program - the f1rstaorder-100p was-the answer in aT]'cases.c
Data contained tn table 4.2 show that. a]though o approaches B.s
‘they are'never‘equa];. This was done deliberately by the_search‘program
. Where g was chosen to be larger than o in‘order to avoid“dirision by
zero in the "Gain" subroutine which finds the critical Toop gain. Note
that the smaller o is, the more sensitive the loop 1is to therdiffer-
ence between o and B. The number of 1terat1ons in each search was preset,

i.e., 1t was independent of the final outcome of the search




TABLE 4.2. Search Results.

Tolerance

S?arch | Sgar?h Vgg;ggg? threshold | CNR Amp1itude | Number of
starting po1nts -end Ro1nts_, _ _constraint| (dB)|Threshold| iterations
o, B | 4K ° 8 3 ' 0o

05 | .20 | 2.00 0729 | .073¢ | 1.834| (/202 | 1.00. 3 5 2
.05 | .20 | 2.00 | .0898 | .0908 .674] (n/20)2 .70 3 .7 2
50 [1.00 | 1.50 | 6300 |63 | 1.826) (r/20)2 | 1.20 3 5 2
.05 | .30 | 2.00 |- .0348 0385 232 (¢/15)2 | .80 3 6 "4
.00 | 6.00 | 2.00 2.0400 12,0650 | 616 (v/10)2 | = 2.30 3| .5 2
20 | .60 | 2.00 | .0337 | 030 | .623] (w10)2 | 2.30 3| 5 3
1.00 | 3.00 | 1.00 | L9725 | L9770 825 (v/15)2 | © .90 5 6 2
.02 | .06°| 3.00 .0050 | .0056 .928 (n/15)2 90 | 5 6 3

08
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4.5. COVPARISON OF THE RESULTS OF THE SEARCH PROGRAM TO SOMVE

PUBLISHED DATA

Schilling et al [ 1] obtained results which at a glance may seem
to be contradictory to the conclusion of this thesis. Specifically,
Schilling found that a wide-band second-order phase-locked loop with a
low-pass RC filter in the loop would have the lowest threshold in
demodulating an FM signal when the linearized loop differential equation
is critically damped. Figure 4.1 is reproduced here from a report

where these results were published.

Damping Coefficient £ -+

FIG. 4.1. Effect of Loop Damping on Threshold from Reference [I].
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In the reported experiment the 1oop gain was kept constant while the
~ damping coefficient (£) was varied. No modulation was present and the
thresho]d was determ1ned on the basis of the output noise power.
A Few ca]cu]at1ons are requ1red in order to explain the shape of
“the curve in Fig. 4.1. The phase-]ocked‘loop used t0"obta1n jt may be
~scaled down by the method of section 4.2 to the standard.loop used in thﬁs
thes1s with a one-sided 1nput bandw1dth of 1 rad/sec. The scaled-down
parameters are AK = 2, 594, o = 10 38 and B = w; and thefdamping coefficient
is equal to a/2K An underest1mate of the phase- error variance can be
computed by 1ntegrat1ng the product of the spectrum of the dr1v1ng noise
(f]at) and the square of the absolute va]ue of the 11near1zed transfer

" function of the PLL.  This procedure was exp]amned in section 3.55

m e, Dn e e mmeee e ey . e e e e e e e a B ___:_.,','__.‘._’ ST m e e ey

LT
$2(8) > o2 f |8(50) |2dw

- where H(jw) = 8 f os : e -e,ﬂ,“" '
N L R T mo

.

D O P SRS R S R -

The transfer funct1on has no terms conta1n1ng 8, since this parti-
cular Toop has only. a s1mp1e R-C low-pass f1]ter‘whose‘v01tage transfer
funct1on is equal to. o/(s + o). o2 is the variance of the phase of the
carrier: p]us narrowband noise process Thus,.at the-carr1erato-no1se

‘ratio of 3 dB and carr1er amp11tude‘norma1tzed‘to unity, o2 =0.25. As

explained in section 3.5, ¢2(#) calculated in the above-mentioned fashion
‘will be an underestimate of the true variance;-that'is why there is an .
inequality sign in~ekpre$$ion (4.4 ). Another calculation that needs to

be made is to determine what fraction of the total number of the incoming
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"clicks" was suppressed by this phase-locked Toop. The "click" occurs when
tne,phase of the input narrowband Gaussian process abrupt]y changes by +am.
| Details of the "click" formation were explained in Chapter 2. It is

suff1c1ent to say that at the time of the occurrence of the peak of. the

“click", x(t)‘— the component of the Gaussian no1sev1n~phase w1th the

canrier - is negative, and its magnitude is 1arger.than that of the carrier.
-y (t)-the quadrature‘component of the Gaussian noise —'is:rapidTy sweeping

around the orioin, so that the sion‘of y(t,) is the sign-of‘the "click".

The necessary conditions for the occurrence of a "ch’ck'Il are, thérefore,

: —x(t ) > A and Q(t ) # d. The 1oop‘gain,‘accord1ng-to Hessl, stays reTa-

t1ve1y constant for the duration of the “c11ck” and is equal to |4 + x(t)l ‘K

Since x(t) is Gauss1an, it is easy to ca]cu1ate the probab1]1ty of

|4 + x(t)| exceeding a certain Tevel.

Bela+ w(e)] > a | Mlick" 15 taking place) =

= oA

7 C-x?/202
e T
G/ZFQ}r ST

'_'(AO'HU

t

us)

—x2/20 ‘,-‘ o ‘ ‘
| o/’—'J( Fract1on of the suppressed
cl1cks" out of’the tota]
: L number of 1nc0m1ng “c]1cks"t
Figure 4.2 shows the doma1ns of th1s express1on |
E§E§§§§ - Area equal to the numerator of equat1on (4. 3)
\<§§§>\ - Area equa] to the denom1nator of equat1on (4 3).

1See sect1on 2. 5
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-(A +A)

FIG. 4.2. Domains of Equation 4.

%

n

Fraction of Suppressed "Clicks"

Damping Coefficient 5

FIG. 4.3. Plot of Percentage of Suppressed "Clicks" Out of
the Total Number of Incoming "Clicks" Versus the Damping Coefficient.
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Several values of the critical loop gain were computed for the
given loop parameters. The driving force was assumed to be Hess' "click".
From these critical gains the fraction of the incoming "clicks" that were
suppressed by this PLL was computed using the parameters of Schilling's
loop and the results plotted in Fig. 4.3.

The plot shows that with high damping the loop's ability to suppress
"clicks" deteriorates very slowly. Note that the slope of the threshold
location versus s curve in Fig. 4.1 also has a very shallow slope at high
values of £. Figure 4.3 and the data in Appendix | indicate that decreased
damping enhances "click" suppression. However, as Fig. 4.4 demonstrates,
the phase-error also increases with decreased damping. This effect

apparently nullifies the benefit of more "clicks"” suppressed in an under-

damped loop.

-17.54

18.5.

-19.5

Damping coefficient £

FIG. 4.4. Plot of an Underestimate of the Phase-Error Variance
of the PLL.
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* Another additional possibTe cause of the,Worsened.thresho]d performance
at Tow damping coefficient is the transients causing an overshoot when the. |
yloop recoVers.after skipping a cyc}e; 'As was‘discussed in Chapter I, this
phenomenon‘was not taken into'account tn search for the opttmum Toop; B
‘The fact that"the underdamped‘second4order Toops lost out to the first-
order Toop desp1te such a bias in their favor means. that in real ]1fe the
'd1fference in their thresho]d performances is very s1gn1f1cant
‘The resu]ts presented in Fig. 4.3 and 4. 4 rat1ona11ze the shape of
the curve in F1g 4.7 by means of the techniques used in this thes1s
kA]though a quant1tat1ve analysis of F1g 4.1 was not poss1b1e due to the"
1nab111ty to ca]cu]ate exactly the noise and Mspike: power put- out ‘by the
.PLL, superpos1t1on of curves. from F1g 4 3 and 4.4 g1ves qua11tat1ve 1nter-
pretation to the behav1or of the Toop 1in quest1on The superiority of the
first- order over the second order 1oop was deduced by th1s thes1s through
~ techniques s1m11ar to ones used in-.obtaining F1g 4 3 and 4 4 with the
“exception of usirig a more precise quasi- stat1onary so]ut1on 1nstead of the‘_
express1on (4 4). While the successful qua11tat1ve 1nterpretat1on of thew‘
shape of the curve in Fig. 4 1 is not to be construed as proof of the
correctness of the f1nd1ngs of . th1s thesis, it neverthe]ess shows - that
there is. no contrad1ct1on between\the two resu]ts Thus, in Tight of th1s
thesis f1nd1ngs, the curve in Fig. 4. 1 cou]d have a cont1nuous]y negative
s]ope if the loop ga1n were decreased wh11e 1ncreasmng g 1in such a way
that the‘phase error remajned”constant. In obtaining the data for the
plot in.Fig; 4.1, the noise-induced phase-error was-apparent1y allowed to

shrink (it was not monitored as the damping coefficient of the Toop was
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stepped up). (See Fig. 4.3). This potentia] excess in the Toop'gain‘was
not expToited‘and, therefore, the authers concluded that the‘second—ordern
critically damped 1ooo is the optimum one.

~ Another pert1nent reference re]at1ng ‘to the f1nd1ngs of .this thesis
‘1s the paper pub11shed by P. Osborne and D. Sch1111ng [13]. A brief dis-
cussion of th1s art1c1e was 1nc1uded in sect1on 1.2. Here a somewhat .
expanded version of that discussion is g1ven

~ The authors cons1dered cases of the f1rst , second , and th1rd-
order 1oops H1gher order Toops conta1ned ideal proport1ona1 p]us-
1ntegra1 f11ters (the transfer function of such a f11ter is equa] to

K + X /s) ‘The authors numer1ca1]y so]ved the PLL d1fferent1a1 equat1on :

driven by a "click" which was represented by a determ1n1st1c function
equal to a condit1ona1 expectat10n of the quadrature components of the
noise, given their values and the1r derivatives- at the t1me of the peak
of the "c11ck" In other words, the authors var1ed the he1ght of the
uclick" and allowed for var1at1on in the loop ga1n dur1ng the occurrence
. of the "click" - a much ‘more comp]ex model than that of Hess The numeri-
cal solution prov1ded them w1th a set of data from which they constructed
a three-dimensional spike region. The random noise vector wandering

into th1s region would cause the loop. to demodulate the nelick" and cause
a spike in the output. The vo1ume of the spike region was then eva]uated
and the expected number of spikes per second was obtained. ‘W1th,the |

moduiation-present they found the second-order loop able to suppress
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more "clicks” than the first-order loop by a factor of 100. (This does
not contradict the results of the thesis: second-order loops, espec-

ia]]y.under-damped loops, were found to be better "click" suppressors.

. 1 o o
than first-order Toops as long as the constraint on the Size of the phase-

error is ignored.)

“The matn difference between the work repohted tn‘this thesis and
the work done by Osborne and Schilling is that they stud1ed cases w1th
a broad band FM wh11e the thesis studies were Timited to a nharrow-band .
FM and there is.no contradiction between the two results because they
cannot be compared. | _ o _

Although the results of the artic]e'tou]d'not be compared to the
findings of the thesis, it brought about an interesting pdint: “if the
first-order ]oep is optimum at‘tow moduTation indexes and the second-
order Toop with particuiar.fitter configuration is superior to it at
high modu]ation indexes, there is a transition regionlwhere the configh-_
ration of the optimum 1oop f1]ter must depend on the modulat1on 1ndex

There are a few other comments that are to be made about this
article. | - |

1. Osborne.and'Sch111ing used a deterministic “click" in their
simulation program. While the1r functlon 1s a.perfectly 1ogtca1 choice
for the “click" model and is 1nte11ectua]1y more satisfying than Hess"'

.model, it did not verify exper1menta11y as well aeress_ mode]., The

1See Appendix 1.
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- number of thelr predicted ”splkes” var1ed from the experimental resu]ts

by a factor of up to 3.

2. The constra1nts on the loop gain were determ1ned by the magn1-
tude of the phase error caused by the modulat1on, this phase error is

referred to as O and [¢m[<<n/2 is then the constra1nt-used by the

authors. The maximally-flat second¥order PLL with'a proportiona}-plus—‘
integral filter when operated in its Tinear region-requires-theh that

Qw2

m

)
<< =

2 S (4.6)
Q‘}G’”+wml+' | o o S o

where @ is the modulation index, @ is the loop gaih and is equal to adx

N

in the notation of this thesis. Equatioh (4.6) corresponds to. expression

(12a) in [13]. The input signal bandwidth was fixed (recall that the
sigha]'was passed through a narrow-band filter before entering the loop).
The 3 dB bandwidth of the modulated carr1er accord1ng to Carson' s ru1e,

is equal to 2(1 + Q)w . Then, c]ear]y, a 1arge e would correspond to a
small W, and phase error 9 caused by modulation: w1]1 approach zero. But

so far the noise has been ignored. A linear underest1mate of the phase
error due to noise is equal to
62 =jf |B(G0)| Stw)dw

3 A
where S(w) 1s the spectrum of the input phase noise. This express1on is

1ndependent of modu]at1on and hence must at some va]ues of Q be the
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dom1nant factor determ1n1ng the magnitude of the phase error caused by-
both modu]at1on and noise. Note that when the loop operates in the

linear-region, superpos1t1on ho]ds and the total phase error is equal to

the sum of . and ¢ Osborne and.Schilling' s computer,prognam was not .

equipped to calculate noise. The authors chose the Toop's gain‘so that

"9, << n/2 also in the case when there was noymodu]ation pfesent,‘ This
natura]]y resulted in a poor first—order loop performance; Were they to
take the noise into account and utilize the absence of modu1atton, they
could have reduced the 1oop gain of the f1rst-order loop cons1derab1y

and it wou]d have been the winner. The gain of the second order 1oop

cou]d be reduced too, but 1ess

‘Finally, despite the danger of be1ng repet1t1ous, 1t is emphas1zed
that there is no d1screpancy between the conclusion of the: thes1s and
the resu]ts of Osborne and Sch1111ng, since they report on the 1oop

‘performance under entirely different conditions. -

The above tWo articles were analyzed in some detail in thtS‘sectﬁon"
because, at first g]ance the1r resu]ts seemed to be d1sput1ng the con-
..clus1on of the thesis. The fo110w1ng paper, by W. C. L1ndsay [9], gives
an indirectuconfirmation to the thes1s claim. L1ndsay‘approx1mate1y

solved the Fokker-P]ank‘equation for the second-order phase-Tocked Toop
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. s ‘1+T3
which has a general filter of the form H(s)

L " Since the exist-

‘ ' 1+T23 ‘
ence of the Fokker- P]anck equat1on requires that the noise in the loop be
a Markoff process, L1ndsay was not ab]e to prefilter ‘the incoming s1gna1,
which in turn resulted 1in the 1oop noise being white. Also, L1ndsay con-

_s1dered only cases w1thout modutation for the very same reason. He was

able to solve for ¢2(t) among other things. Note that this. phase-error
variance now also contains both suppressed “c11cks" (or doub]ets) and

| unsuppressed "clicks" (or spikes). He stated that the f1rsteorder 1oop
produces a sma]]er phase-error variance than a second order Toop, prov1ded
there is no frequency offset in tun1ng F1gures 7 and 10 in reference [9]
'1]1ustrate this 1nformat1on Lindsay 1nvest1gated regular phase-]ocked

' 1oops with a sine- wave detector nonlinearity, as we11 as w1th the "opt1mum
non11near1ty equal to sgn{sin ¢) which amounts to'a hard 11m1ter The

latter: proved to be more advantageous than the regu]ar PLL 1n terms of

minimizing ¢2(t). In both cases, however, the first-order 1oop came out
‘ahead. The "optimum" PLL, unfortunate]y, se]dom can be used as an FM
demodulator, since it has no linear region of 0perat1on and cannot eas11y
accomplish an und1storted ‘demodulation: _

L1ndsay s conclusion about the super1or1ty of the f1rst order Toop
.over the second is 1mportant, since h1s PLL closely resemb]es the PLL used

in this thes1s with the only difference being that his 1oop adm1tted more

noise than the 1oop in the thesis.




CHAPTER 5 -

/7

SUMMARY AND SUGGESTED
FUTURE RESEARCH
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5.1. INTRODUCTION '

In this chapter, the results of the work reported 1n the thesis are-
summarized together with the methods of obta1n1ng the resu]ts and the
approx1mat1ons that were made. The s1gn1f1cance of the f1nd1ngs of th1s
thesis 1s discussed and possib]e-avenues_for“the‘exten51on‘of the: work

are mentioned.

/

5.2. SUMMARY AND CONCLUSIONS

It is the conc]us1on of this thesis that the first- order phase-
Tlocked 1oop is super1or to the second- order 1oop for the task of undis-
torted demodu]at1on of a sma]] 1ndexed ( 2. and 1ess) frequency modulated
(FM) signal. It is assumed that the PLL is tuned to the center fre-
quency of the incoming modulated carrier and that the signal may be pre-
filtered by a narrow-band f11ter | |

The opt1ma11ty of the Toop is gauged by 1ts ab111ty to suppress
(i.e., not to demodulate) "clicks" - fast changes of +2n radians of the
phase in the incoming signal which are 1nduced by noise. 1 Slnce "c]lcks
cause the threshold phenomenon in FM demodulations [14], th1s resu]t
implies that the first-order loop can operate at a lower carrier-to-noise
ratiolthan the secpnd-ordeh.lpop, subject to the constraint that the

phase-error variance remains small so as to keep the 6utput signal from .

1See section 1.1 for a more detalled descr1pt1on of "clicks" and
the threshold phenomenon. :

.
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being distorted and SO0 that the detected s1gna1 can be separated from
most of the accompanying no1se by Tlinear f11ter1ng If the PLL operates |
in the non-linear reg1on, it limits the s1gna1 and nolse, thus creat1ng
harmon1cs and subharmonics of the s1gna] which d1stort the signal.
Furthermore, the Toop becomes stressed and.may 1ose 1ock due to the noise
: a]one without encountering a "click" - an ‘undesirable event 1in thlS case

~ The conc]us1on about the super1or1ty of the first- order 1oop was )
reached as the result of the computer search program over- the field. of
a]] poss1b1e f1rst- and second- order loops.1! Steps 1ead1ng to the con-
- struction of the search program and the approx1mat1ons that were made
are outlined below. | |

It was assumed that the der1vat1ve of the phase of an unmodu]ated
or a small-indexed FM modulated carr1er cons1sts of "clicks" and‘Gauss1an-
like noise [14]. This assumptlon is, accord1ng to some pub]ished results,
good down to and 1nc1ud1ng carr1er to-noise ratios of 3 dB [4,23] In. th1s
region the phase noise (not the "c11cks") can be closely. approx1mated by
Gaussian no1se._1 Using the same order of approx1mat1on on the amp11tude
of the contamihated carr1ers it was shown in chapter 3 that the amplitude
and the phase of the contamlnated carrier are stat1st1ca11y 1ndependent
It was argued in chapter 3 that the variance of the output of a

time- vary1ng linear system, dr1ven by a forcing function wh1ch is statis-

tically independent of the ttme—vary1ng‘parameters of the system, is

1Sect1ons 4.2, 4.3, 4.4 conta1n a detailed description of the
'search program : ‘ '
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larger than the variance of'the‘simiiar Tinear time-invariant linear
system where all the variab]e parameters are replaced by their'expected
values. It was not possible to prove this statement in Qenera], and nol
-such proof is known‘at‘the present time However, 1t was 'shown to be

true for tWo'special cases; Th1s method of obta1n1nq an underest1mate
' of'the output'variance was used in the thes1s‘because of it belng plausibTe, -
because of the proofs of two specla] ‘cases and because of a few numer1ca1
verifications of it in append1x 2. It was further argued in chapter 3
_that this method may be used 1in cases when the ]oop gain is low and the
" PLL operates part of the time in the non- 11near mode. Since the sine
nonlinearity 1nh1b1ts the loop's tracking ab111ty the resultant phase"
error is even ]arger than what 1t would be were the loop to operate in
_ the linear mode only! The underestimate of the phase error var1ance was’
~referred to as a 11near underest1mate 1n th1s thes1s in.order to emphas1ze
" ‘the method of its computation. | ,

In order.to get better accuracy,ra_quasi;stattonaryfmethodvof
estimating the conditional phase-error variance was deve1oped in sections
3.6 and'3.7. It was to be used when the 1oop gain is high so that the -
frequency response of the PLL is faster than the changes tak1ng place in
the carr1er amplitude a(t) In such an event the phase error var1ance
can be computed as a conditional expectatlon of phase error var1ances

obtained for each value of a(t) by standard techn1que used with t1me—

ISee section 3.4 for details.
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invariant linear systems. It is not computed for every value of a(t)
because when a(t) becomes small the quasi-stationary principle does not

" apply and”the'system‘ié not linear any mohe.. An arbithary rule based on .

“heuhistic considerations for'the decisioh Whether the quasi-stationary

_ pr1nc1p1e is app]1cab1e was proposed in. section 3.6. Results of a
‘- Monte Carlo s1mu]at1on of the PLL driven by no1se1 were used to ass1gn

a numerical value for the minimum "tolerance thresho]d" requ1red foh
the‘app1ication of the quasi—stationary‘methoo; |
With. the two above-mentioned techniques inrhand it was possib]e,

in the main search program to compute the cond1t1ona1 phase error
'var1ance or an underest1mate of the abso]ute variance, depend1nq on Toop
parameters, The search program was set up_so that whenever it computed
a conditional variance it would also compute a 11neer uhderestimate of

the variance and.then choose the largest as the better estimate of the

‘true ¢2(¢). This was usedpas‘a‘guard‘against possib]é-Optimtstic.values
obtained;by the quasi—étetiohahy method‘for‘the’condﬁtiona] variances.
Along with the estimate of the phate;error variance the searcho
phogham required an estimate of the ability of the loop to éuppress the
"clicks". For this purpose'Hess"[Es] mode] of -the "cTiek" was used.
Briefly, the model amounts to the deeCription of the "click" by a deter-
ministic Gaussian-shaped function and an oesuhptton-of the invariance'ot

the carrier amplitude during the "click" oécurrence.

1See append1x 2. o :
2See sect1on 3.6 for the def1n1t1on of the "to]erance thresho]d"
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An approx1mate solution of the PLL dlfferent1a] equatlon dr1ven by
a "click" was deve1oped in chapter 2 The accuracy of the so]ut1on was
ver1f1ed in appendix 1 and was found to be Qood‘(better than 10% with a‘
bias correction) The purpose of 901ng to the approximate so]u+1on was
to avoid a time- consum1ng numerical so]ut1on of the 1oop equation in the.
-.ma1n search program where thousands of such equatlons had to be solved.
~The resultant saving in computer time was very significant. ﬁuring the
'search for the optimum ]oop the. approx1mate so1ut1on wou]d y1e1d the
- maximum Toop ga1n (cr1t1ca] gain) for the g1ven PLL whose phase error
wou]d be-allowed to undergo a +2m phase‘shift under the 1nf1uence of a
"cJtck".. Hess'deve1oped the "click" model onlyffor the”case of a carrier-
plus-noise, Introduct1on of a very small- 1ndexed modulation ( 2 and tess)
causes a sma11 additional constant force act1ng along with the "c11ck“ on
the Toop. Append1x 1 contains a numer1ca1 ver1f1cat1on of the fact that a
small modulation’ would affect the s1ze of the cr1t1ca] gain in a 11near
fash1on so that an assumpt1on that the forc1ng funct1on due to the modu]a—

; tlon is equal’ to its expected value (zero) has introduced no‘error._ In

other words, it was found that it is permissible to solve for the critical *

1ooo gain in the presence of a small-indexed modulation withont bothering.

to take its effects into account. The ability of the given PLL to suppress

“clicks" was measured by the magnitude of the critical gain;._In order to
assign a numerica1 value to this abiTity, the "gain ratio" was defined

in section 4.3. It is equal to the nominal 1oop'gain‘divided by the
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crittcal Toop gain. The 1arger the ratio, the more "c]1cks“ can be
suppressed by the 1oop
The computer search program generated Toop parameters random]y
Each comb1nat1on defined a PLL which then wou]d be solved for ‘the ' ga1n

rat1o" and an estimate of the phase error var1ance (a ]1near underest1mate

of $2(t) or a conditional var1ance 1f the latter’ may be found by the

quas1 stationary method) The estimate of $2(¢) had to be small, so

that the Toop Operated in its ]1near reglon in the’ mean-square sense.

If the est1mate of $2(¢t) exceeded the constra1nt[(m/202) and (n/20)2

‘Were used on separate occas1ons], a new set of parameters was generated

If the ¢2(t) constraint were satisfied the "ga1n ratio" and ]oop para-
: meters were stored - and the next set of parameters was. generated. After
. a number of successfyl ca]cu]at1ons of the "gain ratios" the max1mum

"gain ratio" would be sorted out and that in turn would po1nt out the
optlmum 1oop parameters The search was conducted for cases of carrler-a'
to-noise ratio equal to 3 and 5 dB In all cases the flrst order- Toop
was found to be the opttmum one. The results of the search can-be -
genera]1zed ‘for higher values of -CNR because the search runs were con-
ducted for severa] constraints on. the value of the cond1t10na1 phase-.

error var1ance due to "Gau551an" n01se
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5.3. THE SIGNIFICANCE OF THE RESULTS AND FURTHER POSSIBLE RESEARCH.

One aspect of the findings is obvious: whenever one.hés to use a
small-indexed high fidelity frequency modulation communication over a
long distance- (small éarrier—to—noiSe ratio), the first-order loop would
demodulate the signal better than the second-order Toop. This parallels
what Lindsay [9 ] found for‘the case of narrow-band loops without modu]a-
~ tion; namely that the first-order Toop woulq‘y%e1d the‘sma1iest'pha5¢—
errof varfance.1 It is well known that sma]T—ihdexed'FM‘has much Tess
practical significance than the Wide;band large-1indexed FM; howéver{
“there may‘be contingencies.whenlfhere is no choice but to‘use:nakfdw-baha
- FM. “For instance, wifh the existing pommunication FM 1ink one may tem-
porarily have to increésé the information rate without modifying the
eduipment. Then‘it would be useful to have a swifch 6n a phase-locked
Toop receiver which would convert it into_the first;ordér-PLL, There..
are many similar hypothetical cases that cén be mentioned but thét‘would’
. be redyndant. | | | _

| The other and most impbrtant point bfought‘Up“by the_thesis result
is a proof that there exists a distfnct‘optimum Toop for thé demodula-
tionzof each FM signal depénding on its‘modulationvindéx. "This thesis
showed that a very small-indexed FM.is best demodulated by the-first— '
order loop. Osborne and Séﬁil]ing [13] showed by a different technique'
that the type II, second-order PLL is better (not fhe‘best) than the

first-order loop for the dembdu]ation of a very“high—indekeleM.

1See section 4.5 for a detailed discussion of this.

A
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Apparent]y, in the intermediate region the optimum Toop parameters-wi]1

‘depend on the size of the FM modulation 1ndex

The technlque of this. the51s may be used to 1nvestlgate the ab1]1ty “

of the PLL to suppress "c11cks“eandvto maintain a small phase error in
the presence of large-indexed FM modulation. For this, however;‘a'new
- model of the "click" is required; since Hess® "cTick" was verified only

without modulation. Therefore, some experimentation needs .to be done:

first before proceding with the work.: ATl other assumptions and approki-

- mat1ons ‘that were made in this thesis would be unaffected by the 1ntro-

duct1on of 1arge~1ndexed FM modu]atlon It is worthwhile to note that

as of now there is still no deflnlte knowledge about which loop'configuraF‘

tion would demodulate any FM signai with the 1owest'thresho1d and not. .
distcrt the output. Lindsay's results do not account for modu]at1on and
- are applicable only to the 1oops that are tracklng a carrier wh1ch is
mixed with yhltg_no1se. A1l practical uses of PLL- receivers 4include a
narrowQBand filter before the'receiver 1n'opder to. get nid‘of some ot"
the incoming noise. Thus, the Fokker-Plank techn1que g1ves a pess1m1st1c

performance estimate for a practlca] PLL receiver.
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- APPENDIX 1

NUMERICAL VERIFICATION OF THE ACCURACY OF SOME

APPROXIMATIONS MADE WITH RESPECT TO
© THE EFFECT OF A “CLICK" ON THE LOOP
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- A1,1 INTRODUCTION _
This appendix ccntains experimentaI evidence for the vaIidity
" of the several approximations made when computing the PLLLresponse
to a nclick". The body of the appendix may be divided into.three
parts: | o '
| 1. A verification of the approx1mate squt1on of the PLL d1ffer-
~ ential equat1on driven by a nelick" with all the 1n1t1aI cond1t1ons set
to zero and no moduIat1on present, | -
o 2. Computer simulation data showing the loop's 1nsens1t1v1ty to

the gain var1at1ons during the "click" occurrence;

3. Computer s1mu1at1on data demonstrat1ng the 1nsens1t1v1ty of the
Toop's “"click" suppress1on ab111ty to the presence of a small- 1ndexed
‘M moduIat1on o ' |
Al..2 APPROXIMATE SOLUTION OF THE PLL DIFFERENTIAL EQUATION

The approx1mate squt1on of the Toop equat1on with the forc1ng func- .

tion equaI to Hess' "cI1ck" Was deveIOped in sect1ons 2.3 - 2.6 of the o ﬁ

main body of the thesis. . A1l the initial cond1t1ons in the phase-]ocked

.Ioop before the advent of the: "click" were taken to be zero The under-

lying assumpt1ons of the approx1mate squt1on are: dur1ng the cycIe sk1p—
ping the phase error ¢(zt) 1s a 11near function of time; a "c11ck" can be -
‘approx1mated by a square pulse w1thout any s1gn1f1cant Ioss of accuracy in .
the squt1on the. max1mum loop ga1n (cr1t1ca1 100p ga1n) aIIow1ng cycIe
sk1pp1ng occurs when the passage t1me ¢, (see sect1on 2.4) is equa] to the’ "'f |

duratidn of the square pulse approx1mat1on‘t0”the‘"c11ck". A good agreement . 1
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was derived 1n Chapter IT and 1s repeated here

i 103 | :
between the approximate solution and the exact numerical solution for the

critical loop gain vindicates these assumptions.

The fe]]owing is a brief description of the approximate‘so1ution‘of .

the PLL equation. The Toop d1fferent1a1 equat1on with the constant gain

¢(t) + a¢(t) = fg—-¢(t)cos¢(t) + aAKsin¢(t) = éi + o el(t) (2. 19)

An assnmption that ¢(¢) = W t dur1ng the cyc]e sk1pp1ng a]]owed one to '
solve the equation for the passage time tb‘[tTme required for ¢(t) to go’
from zero to « under an influence of a "éiick"'é&(t)]:

2 -1

kéitan(ﬂ;geyj+’f-_';an_l-kzfan{gd+ T

t;.= —~2— | + tan : ~(2-26)‘
'kg_‘—- r? .k%-r? L .'k‘g'— 2 . »
. (B ~ o) AKw?

where k= k, - —= —2.

RCGEE L

&
u

height of the square pulse approximation

for the “"click" o;(¢)

Y
s -
!

= 42 2
A1+A2

<
i]

tan™! (Al/Azgf

o ootk [ atgea
. i (12+l.0 2
"o

: Baw. PR : : '
(!AK 0 - R / ‘ o
A = ‘ an/w ,
P (2+w2) [4aw°<e, 0¥T1> _ﬂéﬁ +u%)]'
0 . . )
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and finally, w, = w/to.

Since. the area under a “click" is equal to 2n, equation (2.26) (if
all assumptfons listed above‘are good) may be numerigaf?y sb]ved.for the
critical Toop gain by making to to be equal to the duration of fhe‘square

;2T - | | | | |

ﬁids LA
K,

. The numerical value of kl wés found as follows: The carrier- to -noise
ratio (CNR) ‘was assumed to be 3 dB. Then the radius of gyration! of narrow-
?band noise whose bandw1dth is 2 rad/sec is equa] to 1//3. The peak va]ue

of Hess exponential "c11ck" is equa] to 2//_'(tw1ce ‘the radius of gyra-‘

tion). '
_The-quatiqn‘of Hess' “s1ick" was giveh‘as
6, (t) = B, (x Jexp {208, (x )12 an} o (2.27) -
where él(rb).now is edué] tb‘é//?fi |
The Fourier transtrm;of'él(t)‘is squal to
| F {é (t) } =2m exp (-w? ﬂ/[@ (r )]2 ‘ “ B : V(Al.l)

and 1ts Tay]or S ser1es expansion is
n(l - ww?/1.333 + n2w4/2 X 1.3332 -... (A1.2)

where [e (x )1 = 1.8 S T

. The' Fourier transform of a square pulse L 2 Ps (t) -ofthe durat1on 2a

and the area of 2m is equa] to

1See section 2.5.




b Lo L LI oo Ll R

105
w2 Sin aw _- 'a2w2 atut - | | .
« e —2"_(1 "% T R (11.3)

Match1ng the first two terms of (A] 2) and (A].B)yierS'&575?777?EE?
and the height of the pulse is k, = £-= 8355 | |

Equatibn'(2.26) was solved for the eritical gain ueing the va]uee

.of ki = .8555,‘wo = ki/? and a set of wide1y—écattered va]uee for a end 8.
_.é}nufteneous1y“wifh fhe appfoximafe.sofntion,”the eXactrnumenicaT.

so]ution of. the PLL differential equation.driven'by Hess' exponential
"click" was soTved‘for the exact value of the‘critica1 loop gain. The
1oop'equatfon was norma]ized for the 2 had/seC'handwidth of the.input
signal, same as the loop in the epproximate:so1ntienm The differential
equation wee repeatedly soived for dﬁfferent values of a; B, AK by Adams*
second-order prediction method with the éamp]ing interval sufficiently.
fine to insure good accuracy; :fhe ¢ritical value of 4% was.Found by a
Fibonacci-type seerch The var1ant of the binomial search c0n51steﬁ,l

of at flrst f1nd1ng crude upper and Tower limits on the va]ue of the

| cn1t1ca1 AK and then repeated]y d1ssect1ng this range_thus reflnnng the -
limits on the estimate of_;he ha]ue ofgthe critical 4k. The exact and
‘approximete vaiues of the critical 100n gain'are,tebulated below for
each given pair of a and's._ The table shows that the approkjmate soln-
tion has 4 consfstent hies‘of about 10%. Mh]tfp]ying the anproximate
results by T.l.weu1d eliminate the bias and'make the abprokimate method
a very accurate one. Values of o and 8 were chosen to cover a very w1de'°‘:

range of possib1e loop parameters. Note that when values of o and 8 are_
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close to each other such a conf1gurat1on corresponds to the first-order

Toop; very ]arge values of o a]so cause the ]oop to become first order,

TABLE A1.1. Comparison of Exact and Approximate
Solutions for the Critical Loop Gain of . a Phase Locked Loop 7
Driven by Hess' "C11ck"' '

- 7 “Exact | Approximate Error
a . B gain gain %
001 | 00125 | . .795 | 706 | -11.2
001 |- - L0125 | 7.634 | 6.833 | -10.5-
01 | o125 | .789 | - L7010 | -1
01 | 125 5.570 5,184 = | -6.9
| s 741 | 665 | -10.3
a0 125 ) 1691 | 1.530 - 9.5
1. 1.5 - | .648 .575 -11.3
. 12.5 . .686 .596 - -13.1
10. 12,5 637 | .565 | -11.2
0. |15, | .637 565 -11.3

i

In every case all the initial cohditionSLWere‘set.to be. zero and the loop
gain 4K was kept 1nvar1ant throughout the duration of the "c11ck" iThe
exact solutions were started 6 .seconds’ before the peak of the "c11ck" and
continued until 7 seconds after the peak. . ‘ : : Lﬁ
Note that second-order ]OOpS.(B>>a, small o) as a hu]e have.a large |
- critical gain, thus suggesting that theylahe better "c]ick"suppressors '

than the first-order lcop.!

1More on this-subject'is contained in section 4.5.
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A1.3. EFFECTS OF CARRIER- AMPLITUDE VARIATIONS ON THE CRITICAL GAIN

Since the assumpt1on on the 1nvar1ab1]1ty of the 1oop gain during the
"click" occurrence is only an‘approx1mat10n, though a good one as demonstrated
by Hess [ 8], it was attempted to spot-check how much variation in 4x can
be ignored by pretending that the loop-gain 1s constant and using the approx1—
" mate technique of Chapter‘II to soive for the critical gain. A model was
detised.to represent the fading amplitude a(t). "As before, the carrjer_
to-neise‘(CNR) was assumed to be 3 dB. Arbitreri]y,.the norma]ized'carrier
amp]itude_a(t) (called 4 wheh it does_not vary) was defined in the fpllowdng

manner:
at) =[1-.8exp( -(6 -t P/252)] (AT.4)

There are no claims made about the validity of this model. It was

made just to introduce some variation in the loop gain. .8, the coefficient .

of the ekpohentiai term in (A154) was, however, chosen with some Undeh1ytng‘
heuristic reasoning. . _ _ .

Let d(t) % A + X(t), where X(%) dscthe cophase and‘yft)'the quadra--.
ture comppnents of the input_narrowband noise. _The peak=df a "click"
occprs when 4 + x(t).< 0, y(t) = O,Tend Q(t).# 0. é(t) is a Geussian-
variable; therefore |y(£)| is Rayleigh dtstributed and its expected value

is equalltO‘cg/n/2 At CNR-= 3 dB and 1 rad/sec one- ~-sided bandw1dth, it is

equal to .231. The peak‘of the "click" is equa] to y/[A - x(t)] at the
moment'When the.denominator is negative’and y(t) = 0. The peak of Hess'
“click" is equal to 1.154. Therefore the expected value of the dip 1n

the amp11tude is equa] to .231/1.154 = .200 of the nominal value of the
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carrier amplitude A. ’In‘the nérmalized loop 4 = 1-while X takes up the
slack for thé gain. quatidn (A1.4) makes a(t) go to .24 at some t = Ty
The standard deviation.o of (A1.4) was chosen to be a multiple. of -the
standard deviation of Hess' "cTick" at CNR = 3 dB, which was combuted to
be 2.7933. Thus, o was selected to be 1.5 x 2.7933 so that a(%) varies
somewhat slower than the\"clifk”; Theorética]]y, it should be hﬁch siower
than the "click". The results demonstrate that even with. such a seVére

‘ fading the assumption that a(z) ='cohstant éﬁd‘is'equal to its hinimum‘

value gives a fa1r~agreement‘WTth the exact solution of the differ-

ential equation with time-varying_parémeters. ‘The solution is similar-in’

TABLE Al1.2. Comparison of Values of Critical Gain
Obtained for Time-Varying and Time Invariant Loops.

. EXACT * - APPROXIMATE .
- CRITICAL GAIN CRITICAL ‘GAIN
| Exact Solution | Exact Solution | B
& B ’Critizgy VaTUe | fﬁ%ﬂ~i§5ﬂ§%fﬂt?_ Er;dr
| . | of [a (t)K]m.‘n _Am;phtude_v l N
..001|  .00125 670 795 | 18.7
001 | - .0125 6.458 7.634 | 18.2
.01 .0125 .667 . .789 18.3
01 | 125 4.700 - 1 5.570 18.5
a | s 632 741 17.2
al 1.25 1.338 1.691 1 26.4
1. 1.25 .554’ .648 - 17.0
1. 12.5 575 .686 - 19.3
10. 12.5 545 .637 16.9
0. | 125. .545 .637 16.9

)
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nature to the.one used in the preceding section. The onIy‘difference in
this case ie that a fourth-order Runge-Kutta method was used instead of
Adams' method to solve the differentia] equetion. )

Table Al1.2 demonstrates that rather severe‘variations in the Toop
gain during‘the nclick" occurrence did not produce a critical.gainomuch
different from the one obtained with a constant Toop ga1n According to
~ Hess [8:] the var1at1ons in a(t) are much sIower than in the fc11ck" there-"
fore, the resuIts reported in table A1.2 could be cons1dered an unlikely.
event. Slower variation in a(£) would make the constant gain approximation»
" better. T | | -

The above-menttoned'results of compUter.sjmuIations were not intended
to serve aS“proof.of Hess' contention that'oneCmay tgnore changesiin al(t) |
during the "click" oCcurrence. A reference towhis.articIe [81] anne‘ -
wouId have served'the objective This computer s1mu1at1on was performed -
for the soIe purpose of 111ustrat1ng the point. |
Al.4 AN EFFECT OF FM MODULATION ON THE CRITICAL GAIN

An effect of a constant-frequency FM modu]at1on on the cr1t1ca1 ga1n
‘ was spot-checked by means of computer simulation.: A constant frequency
moduIat1on was. used in I1eu of sinusoidal moduIat1on Since the peak excor—‘
sion of a s1nusolda1 frequency modulation puts the‘most stress on the Ioop,
the constant-freonency'offset thus may oe consfdered the WOrst case situa-
tion. As in-eection Al1.2, 'the critical gain was obtained for a set of
given values of the Tloop parameters-a and 8. As before, the "click" was-
normalized for the input bandwidth of 2 rad/sec, thus making its peak value

- equal to 1.154. The forcing function in this case, however, consisted of
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Hess' "click" plus a constaﬁt. Since the "click" represénts fhe time
derivative of fhe phase, a constant frequency offset onTd :be‘ménifeste'd~
by a constant added to the "click" and it is assumed that Hess' model of
a "click" is not affected by a small-indexed modu]étion, i.e., the fre-
quency offset due to modu]ation remains much smaller ﬁhah'the peak vaiuem,
of the "cTick". "Exact' values of critical gains were ob;éiﬂgd‘hére,_that”
is, the. PLL differential equation was numerically solve. .rather than using
the approximate‘so]ution discussed in section A1.2. It was assumed in this
simulation that the 10¢p gain remained constant during the "click" occur-
rence. . ‘
‘ The results indicate that a frequency offset less than 314 rad/sec
(it cbrresponds to‘the modulation index of..46) would causé the critical
‘'gain to vary linearly wjth.#he offset. Since the pqgitive‘and negative
"clicks" are almost équa]]y likely when the modulation index is small, the
.average critical gain in the presence of'sma11-indexed modulation will be
-equal -to the value of critical gain obfained when there is no moduTation
present.

Values in this simulation were chosen'so that one set of parameters

.125) resulted in a near1y-first-order loop and the other set

1t
[
.
™w

Il

(a

(a=.1-, B

that the second-order loop has a higher critical gain and thus is better

1.25) yie]ded é highly underdamped second-order 1oop; Note




Y
able to suppress "clicks" than the first-order loop. However, this does

not mean that the second-order loop is the optimum one.

-.0St

Constant Frequency Offset in Rad/Sec —»

FIG. Al.l Critical Gain of the PLL Response to
a "Click" Plus Constant-Frequency Force Due to
a Modulation.
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-APPENDIX 2

NUMERICAL VERIFICATION OF THE ACCURACY OF - | I
THE APPROXIMATE ‘METHODS OF OBTAINING
ESTIMATES OF THE PHASE ERROR VARIANCE
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A2.1 INTRODUCTION

Appendix 2 contaihs the results of a computerrMonte Carlo simulation
which ver1f1ed the accuracy of the quasi- stat1onary solution for the condi-
tional phase error variance. As a by—product of this s1mu]at1on it was also
possible to compare the conditioha] variance as well as the.ltnear'underf_
~estimate of the unconditional phase error variance to the measured phase

error vartance. The results ef‘the simulation showed that the conditional
variance‘was quite close to the unconditional variance when the amplitude
threshold was Tow enough and that the Tinear underestimate of the variancel
ts indeed an underestimate, | _
A2.2 VERIFICATION OE-THE‘QUASI-STA+IONARY SOLUTION

| A quasi-statjbnary so]ution-for the conditional phase error variance
was compared to the results of a Monte Carlo sfmulation of the phase-tocked

Toop driven by a'phase noise. The quasi- stat1onary method was deve]oped

- in sections 3.5 and 3.6. Briefly, th1s approach assumed that the PLL

behaves 1ike a time-invariant Tinear system whenever thé 1nstantaneous Toop
gain a(t)X exceeds a certain minimum value. The conditional phase-error

variahce, given an instantaneous va]ue of the 1oop gain, can be evaluated

by integrating the product of the squared abso]ute value of the PLL transfer

function times the noise spectrum It is assumed that no1se is Gaussian
- with a flat spectrum and is band‘]1m1ted. Since the statistics of a(t) are
known, one can find the conditional expection of this integral. Expression

(3.42) describes this process analytically:

1See section 3.5 for the descr1pt1on of the calculation of the phase
error variance. :

|
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‘ | f J[ |y (Gu) |2 8 (wip(A;)duda,

A o . . . :
E’[qbz(t)la(t) > 4 ]_ o . B (3.42)

vjr p(Aﬁ)dA |
A . .

Where |H (Jw)] is the absolute value-of the PLL phase- error transfer func-

tion w1th the 1nstantaneous Toop.gain equa] to 4 re p(A ) is the probabil-.
-1ty dens1ty funct1on of a(t), (Ai,‘1s an 1nstantaneous va]uesof a(t)), and
‘ Sqfw) is a one—sided.noise spectrum;_ The test for the app]icab%]ity of :
_ the.quasiéstationary soﬂufion was arbitrarny defined as follows: tﬁe_so—
'ca]Ted tolerance thresho]d‘determined by the instantaneous loop parameters
| had to exceed a certain percentage point. The deffnjtron of the‘to]erance

threshold is repeated Here.for CNR = 3 dB.

. 289K ' :
= - S v

Tolerance threshe1d =
Where t is the rec1proca] of the real part of the dom1nant po]e of the PLL
~ transfer function, a(¢) is norma11zed so that the nomlna] va]ue of the car-
rier amplitude 4 is equal to unlty, A K is the minimum admissible instan-
faneous loop gain, .289 = standard deviation, of a(t) when the one= sided
bandw1dth of the input process 1s norma11zed to 1 rad/sec and CNR = 3 dB.-
- A combeter Monte—Car]o method of verification of the accuracy of
the quasi- stat1onary so]ut1on was employed. Two independent arrays of
random numbers were generated. These arrays were narrow-band filtered by

4

means of a Fast Fourier transform routine. This was doné in such a manner
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that the resu1tant bandwidth was equal to 1 rad/sec. and the sampling rate

in the time- doma1n was .25 seconds The two arrays represented the cophase
(x(t)) and the quadrature (y(t)) components of Gaussian noise. The arrays
were normalized so that the noise power was 3.dB below the normalized

carrier power-whose'peak voltage amplitude is unity. In other words, CNR-

was equaT to 3 dB. An array of Rician:-variables equa1 toajﬁ+x(£{)2;y2(tf“
" was generated to represent the resu]tant amp11tude of the contam1nated
carrier. A histogram of the R1c1ah array was obta1ned to be used in Tieu
of its probability density function The phase noise that dr1ves the PLL
in the absence of "c11cks", without or with a very small modu]at1on, is
tan” y(t)/[1+x(t)]. .Because of the computat1ona] d1ff1cu}tmes it was
dec1ded to use y(t) instead of the comp]ete expression since, after a]]
:the approx1mat1on 1s good for carrier-to-noise ratios (CNR) as low as

3 dB. The R1c1an array and the .Fourier transform of y(t) were stored —
permanently in the form of a catalog file in-the computer drum ]1brary
_so that they cou]d be accessed upon demand. .

Each exper1ment‘wou1d start with an ass1gnment of a'set of‘thresho]d.
va]ues for a(t), for 1nstance .6, .7, s 1. 3 and an assignment of
va]ues to a, 8, 4K (nominal loop gain). The Tatter determined the value
of X, since 4 could be assumed to be unity without a 1oss of‘generality;
The arrays representing a(t) and Y(h) [the Fourier transform of Gaussian

' array y(t)] were brought out of the storage. The forcing funCtion:of‘the
" PLL was formed out of Y(w) through its multiplication by (juw)2 + ajw and
the.1nverse—transformation of the product back into the time domain° The

" result.of this operation was equal to y(t)+oy(t).
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The PLL differential equat1on was then numer1ca1]y so]ved for the phase
error by means of the fourth- order pred1ct1ng correcting Adams formula.

A phase error:array was formed. Next the program would go through the
a(t) ‘array (the amplitude of the carrier) and store the indexes of those
members of the a(¢) array that exceed the f1rst thresho]d value ass1gned
~in the beg1nn1ng of the exper1ment (.6 in this examp1e) S1nce the ¢ (%)
" array was similarly ordered the program cou]d compute the cond1t1ona1 |
phase error variance based on the cond1t1on that the carrier amplitude
must exceed the current thresho]d Once th1s was done the program wou]d
go back and ca]cu]ate the conditional phase error var1ance for the next
value of amp]1tude threshold, and so on.. For each exact eva]uat1on of the
conditional variance the program wou]d also eva]uate the express1on (3. 42),
the quasi-stationary approx1mat1on where the h1stogram of a(t) array was
'used in p]ace of its probab111ty dens1ty functton and the noise spectrum
j S(w) was that of y(t) Some of tne resu]ts of th1s Monte Carlo s1mu1a- B
tion are reported in Fig. A2.1 (a) and (b) below. The Monte Car]o simu-
lation program was‘c1rcumstant1a1]yiconstrained in severa1~ways It
requ1red a considerable amount of computer memory and the length of the
y(t) array therefore was set at 2048 words The numer1ca1 so]ut]on of

. the differential equat1on required fine samp]1ng 1nterva1s, which in

turn Timited the number of independent samp]es of y(t) that cou]d be con-

tained in the fixed. array 1ength Hence, the s1mu1at1on was. performed

with on]y 276 out of 2048 samples of forc1ng funct1on be1ng 1ndependent

. 1See expression (3.9).
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‘Each curve was genepated with exactly the same noise‘ Spacing
between curves is due ent1re1y to the differences in the nominal 1oop
gain (the value of 4K in the absence of noise). Because of the small
number of independent samples in.this s1mu1at1on,'points dbtained‘with
high threshold values shoned a.tendency to vary significantly when the
simulation was repeated with a different noise array. This is not an un-
expected development, sdnce very few sampies get to be used with»hfgher
thresholds. Therefore, the p]ots were 11m1ted to thresho1d va]ues of ] 3.

It was a1so d1scovered in the course of thts simulation that the
means of the measured phase errors‘were not zeros: about 5% of the
measured phasederron‘powen nas a DC‘powef. A 1argen sample size Wou]d
have rectified this prob1em' after aT] the 1oop 1s comp]ete]y symmetr1c
- with respect to the sign of. the phase error.
Since the expected va]ue of the phase error is zero, and sance the d 1
' :qnaz1-stat10nary method does not produce any DC (the 1oop transfer>fuan_ -‘; 1.
tion has a zero at Jw— 0), it was dec1ded to compare the. conditional =~ - ;
variances 1n this append1x 1nstead of the cond1t1ona1 second moments. !

Flgqre 2A.1(a) showsfthe accuracies of about 80% can be achieved

with a first-order loop gain of 1.0. It seems that even bettep-accuracies

could be achieved with much higher values of the.Tloop gain but the.over-
all results wou]d’notfbe.much better. Some of the fairly lax constraints
on the phase error varjance in the main computer search program would

prec]ude a part1c1pat1on by the quas1 stationary program in the f1na1

determinat1on of the opt1mum4Toop,conf1gurat1on. By extrapolat1ng some.
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ofithe po%nts in Fig. A2.1 it seems that even first-order loop gains as
1ow as .5 would yield results that are about 757 accurate for A, 2 .5,
A s1mu]at1on run was made to check th1s content1on and the resu1t1ng worst
case error turned out to be better than 30%. Thenefore,_itiwas'decided
that the main.search.program could use theveuaaiéstationary method when-

ever the tolerance threshold for the given-loop wqu]d_be less than 2.3

" (number corresponding to A, = .5 and Toop gain equal to .5).

Figure A2 1 indicates that in the case of the second-order Toop
[Fig. 2A. ](b)] the error is cons1stent1y 1arger than in the case of the:

first- order Toop. S1nce the quas1 stat1onary solut1on ignores some of

the effects of the amplitude var1at1ons by remov1ng the term ¢(t)a(t)/s

- from the linearized PLL equation (3. 38)1 it computes an underest1mate of |

the phase-error variance. Also note that the error does not necessar11y

decrease with 1arger values of Ak. ATl the terms could have been included

" in the quas1-stat1onary so]ut1on‘by raising the dimension‘qf the‘condie"

tional variance integra1 to three. Since, however, the m1331ng term does

not appear in the f1rst—order equat1on, and since its absence from the

second-order equation does‘not bias the results in favor of the first;

order loop, it was felt that added complexity of computationsfwi]1 not

affect the resu]ts'shouid the fifst—Order 1bdp become the winner.

1See section 3.5 for details.

N l i
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Figure A2.2 represents the plot of the results of application of
the quasi-stationary method versus the tolerance threshold. Because of
the wide scattering of the points, only the boundaries containing these
points were sketched and no attempt to fit curves was made. It is evident
that errors retain very little dependence on the tolerance threshold
exceeding .2. Thus, the concept of the tolerance threshold would seem to
be superfluous. It was retained, however, in the main search program in
order to accommodate second-order loops which showed a greater degree of

dependence upon it but with a lesser accuracy.

X
*
X
X
OAK =1.0
| 0 x AK = 1.5
. AK = 2.0
10
0
gg_ X
LU o % X
15 (074 o)
Nearly horizontal line
20
e f ! ! 1
0 1 2 .3 4 5

Tolerance threshold —*

FIG. A2.2 Errors Introduced bv the Quasi-Stationary Method of
Estimation of the Conditional Phase Error Variance Plotted as a

Function of the Tolerance Threshold in the nrsc-Order Loop.



|} ) Ll . el e

121
Aé.3; RELATIVE MAGNITUDES OF CONDITIONAL, UNCONDITIONAL AND LINEAR

UNDERESTIMATES OF PHASE ERROR VARIANCES. .
The Monte .Carlo simulation program generated data which allowed one
to compare conditional variances and 1inear underestimates of variances

to the appropr1ate uncond1t10na1 phase error var1ances The purpose of

such a compar1son was to show that conditional varlances computed with

 Tow amp]1tude thresholds (A 2 a7 ) are not drast1ca11y d1fferent

from the unconditional variance CA =0) and thereby give a fa1r estimate
of the unconditional variance. Linear underest1mates of variances were |
compared to the measured or unconditional, var1ances in order to ver1fy
the contention of sect1ons 3.4 and 3.5 that a 11near dynam1c system (1 e.
a system with time-varying parameters) will produce an output whose vari-

ance would be larger than the one obtained from the same system but with

“all the vary1ng parameters rep]aced with the1r expected values. The phase-

- Tocked Toop is certa1n1y not a ]1near system; but in th1s s1mu]at1on the

Toop ga1n was kept h1gh so that the phase error stayed sma]] and the 1oop

: operated in 1ts 11near reg1on
2‘

" The smaller the 1oop gain, the closer conditional variances are to

‘the absolute variances. This is explained by high-gain loops having most

of their'errors occurring where the amplitude a(t) dips close to zero.
When a(t) is 1arge; the Toop tracks the signal well and’ the errors are
small in thesefregions.. Small-gain loops do not track signals too we11‘

anywhere.
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Underest1mates of ¢2(t) (the phase error var1ance) depart further
in the case of h1gh ~-gain second-order ]oops than in the case of flrst—

order ]oops The difference reflects the fact that the m1ss1ng term

da(t)K
N

_second-order 1oop, while it did not even appear in the First- order 1oop

in simplified PLL equat1on (3 37) was not neg]1g1b1y sma]] in the

“In the computat1ons of an underest1mate of $2(t) all the time-varying

" parameters of the loop were‘repiaced'by the1r expected va]ues; The f1rét- :
order loop contains only one such.parameter: aa(t)K stn‘¢(t); ‘The'second—
order Toop contatns plus aart)K/s $ cos ¢(t)%.? The‘mean‘va]ue of the first

term 1s‘zero\and that means;faccording to section 3.4, that an additional .

1ndependent noise - source is removed in the ca]cu]at1on of the underest1mate

of ¢2(¢). Hence one shou]d expect a greater departure in the underest1—

mates of ¢2(¢) from the true $2(t) in.cases of, second—order .Toops. Natu—
ra]]y, the higher the loop ga1n a(t)K the more of a departure shou]d be

' observed though ‘the relationship 1s not a 11near one.

i

Since the phase error var1ance constra1nt in the main computer
Search program was between (n/10)2 and (n/20)2 the‘resultant normalized
optimum ]oop ga1n turned out to be between .6 and 1. 2 The tab]e 1nd1—_
cates that the true cond1t1ona] var1ance of the first- order loop w1th
" A, < 64K would account for better than 95% of the total phaseeerror

variance.

1See equation 3.9.
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TABLE A2.7. Percent Deviations of Conditional
Variances and Underestimates of Variances from
the Unconditional Phase Error Variances.

Percent deviation of the

Parameters- linear underestimate of
a function of the amp11- -
: tude thresho]d A the variance from the
_ o unconditiona] variance.
Mk |« |8 64k | 74K . BAK |
Hio 11 | -5.38 ||-9.29 | -16.72 -20.54
151 |1l -9.61 |-15.10 | -23.49 -25.75
2.0 |1 |1 || -13.15.. | -19.45 | -28.12 ~29.66
1:001 §4 f|-565 |-9.93 |-17.82 -26.03
1.5 |1 |14 | -10.17 | -15.84 | -24.71 -32.97
2.0 1 {4 | -14.16 | -20.76 | -29.82 -38.59.
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