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Abstract:
The subject of the thesis is the comparison of performances of the first- and second-order loops at low
carrier-to-noise ratios.

It was determined in this thesis that the first-order phase-locked loop is capable of suppressing more
"clicks", or FM anomalies, than a second-order loop when demodulating a narrow_band FM signal and
while subject to a constraint on the size of the phase error. The phase error constraint was chosen so
that the loop would tend to operate in its linear region and the FM modulation was limited to very small
modulation indexes (.2 and less). The ability of the loop to suppress "clicks" was computed in
conjunction with Hess' "Click" model [8]. The phase error variance of the loop was estimated by an
approximate quasi-stationary linear model. An extensive computer search over the fields of all first-
and second-order loops led to the conclusion of the thesis about the superiority of the first-order loop
under the above-mentioned operating conditions. 
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INTRODUCTION



2

1.1 THRESHOLD EXTENSION BY PHASE-LOCKED LOOPS

The use o f  frequency modulation (FM) a t  low c a r r i e r - t o - n o i s e  r a t i o s  

(CNR) i s  l im i t ed  by the  th re sh o ld  phenomenon. The l i n e a r  r e l a t i o n s h i p  

between in p u t  and ou tpu t  s i g n a l - t o - n o i s e  r a t i o s  breaks down, and the 

ou tpu t  s igna l  sharp ly  d e t e r i o r a t e s  in q u a l i t y .  In the  conventional  FM 

d e t e c t o r  the  th r e s h o ld ,  according to Rice [1 4 ] ,  i s  caused by f r eq u e n t  

sweeps of  the  c a r r i e r - p l u s - n o i s e  r e s u l t a n t  v e c to r  around the  o r i g i n  o f  the  

phasor p lane .  (See Fig. 1 . 1 ) .  This may only happen when the  no ise  i s  

l a r g e r  than the  r e s u l t a n t  magnitude o f  the  c a r r i e r .

0, ( t )
noise

R esu l tan t

FIG. 1.1 .  (a)  Phasor Diagram o f  a S inuso id  Plus  Narrow-
Band Noise Process  During the  "Click" Formation.
(b) A Typical  "C l ick" .

Such a sweep around the  o r ig i n  produces a " c l i c k " .  A " c l i c k "  i s  

def ined  as the  curve desc r ibed  by the  angu lar  v e l o c i t y  of  the  r e s u l t a n t  

phasor during the above mentioned sweep. The a rea  o f  the  " c l i c k "  i s  equal 

to  2tt or  a m u l t ip l e  o f  i t .  Experimental r e s u l t s  [ 8 ]  i n d i c a t e  t h a t  they
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are  u s u a l ly  b e l l - s h a p e d .  The energy o f  a " c l i c k "  l i e s  m o s t ly  in the  low- 

frequency range and thus cannot  be f i l t e r e d  out from the  demodulated s i g ­

na l .  This th re sh o ld  i s  g r e a t l y  pronounced in cases  o f  hfgh modulation 

indexes .  I f  FM i s  narrow-band ( i . e . ,  the  modulation index i s  smal ler  than 

/277) the  ou tpu t  s i g n a l - t o - n o i s e  r a t i o  (SNR) does not e x h i b i t  such a sharp 

b r e a k , but r a t h e r  becomes p ropo r t iona l  to CNR2 in s t e a d  o f  th e  l i n e a r  r e l a ­

t i o n s h i p  a t  h igher  va lues  o f  CNR [1 1 ] .  In e i t h e r  c a s e ,  however,  th e re  i s  a 

s u b s t a n t i a l  in c re a s e  in the  ou tpu t  no ise  and the  lack of  w e l l -d e f in ed  

th re sh o ld s  f o r  narrow-band FM i s  exp la ined  by the  l a rg e  o u tp u t  bandwidth 

req u i red  to  pass i t s  demodulated s ig n a l .A  la rge  bandwidth admits more noise  

so t h a t  the  " c l i c k "  noise  i s  somewhat masked. Conven t iona l ly  the  term 

th re s h o ld  d e sc r ib e s  the  sharp change in  the  SNR versus  CHR curve .  A more 

general  meaning i s  given to  t h i s  term in t h i s  t h e s i s :  t h r e s h o ld  i s  i n t e r ­

p re ted  here as the  c a r r i e r - t o - n o i s e  r a t i o  below which th e  SNR decreases  

f a s t e r  than the  CNR, i . e . ,  the  p o in t  where the  l i n e a r  r e l a t i o n s h i p  between 

them ceases to  e x i s t ;  For a low-indexed FM s igna l  demodulated by the  FM 

d e t e c t o r ,  t h re sh o ld s  have been r e p o r te d  in the  l i t e r a t u r e  to l i e  in  the  

v i c i n i t y  of  CNR = 10 dB. [14]

There have been numerous a t tem pts  to  de lay  the  occur rence  o f  the  

th r e s h o ld  phenomenon by means o f  d i f f e r e n t  s o r t s  o f  feedback demodula tors.  

Phase- locked loops a re  o f t e n  in co rp o ra ted  in  these  a t t e m p t s .
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There a re  two ph i losoph ies  governing the use o f  the  phase-locked 

loop (PLL) as a demodula to r . One o f  them, widely  accep ted ,  advocates

making the  loop narrow in comparison to  the  inpu t  bandwidth.  The PLL

track s  the  incoming c a r r i e r  whi le  the  FM d e t e c t o r  must s im ul taneous ly  look 

a t  a f ixed  band of  f r e q u e n c i e s ,  thus r e q u i r in g  i t  to  have a bandwidth wide

enough to admit the  l a r g e s t  p o s s ib le  d e v ia t i o n  o f  the  incoming modulated

c a r r i e r .  Th e re fo re ,  a narrowband PLL w i l l  admit l e s s  no ise  than the  FM 

d e t e c t o r .  The phase e r r o r  o f  a narrowband PLL, however,  i s  l a r g e ;  and 

n o i s e ,  even w i thou t  the  e f f e c t  o f  " c l i c k s " ,  causes i t  to  lo se  lock r a t h e r  

e a s i l y .  These e f f e c t s  fo rce  the  PLL in to  a n o n l inea r  mode o f  ope ra t io n  

which in tu rn  causes d i s t o r t i o n s  in the  ou tpu t  o f  the  loop when i t  i s  used 

as an FM demodulator.

Another phi losophy advocates  p r e f i l t e r i n g  o f  the  FM s igna l  by a 

band-pass f i l t e r  and then d e t e c t in g  i t  with a wide-band phase-locked loop.  

The width o f  the  loop i s  determined by the  d e s i r ed  f i d e l i t y  o f  the  demodu­

la t e d  s i g n a l .  The band-pass f i l t e r  i s  i d e n t i c a l  to  the  one which normally 

precedes the  conventional  FM d e t e c t o r .  T h e re fo re ,  one would expec t t h i s  

system to  perform much the  same as the  FM d e t e c t o r .  This indeed i s  the  

case  fo r  high c a r r i e r - t o - n o i s e  r a t i o s .  At lower values  o f  CNR, when " c l i c k s "  

begin to  appear in the  i n p u t ,  some o f  them cause the  PLL to  lo s e  lock and 

produce double ts  in the  o u tp u t .  A wide-band PLL has high gain and a small 

phase e r r o r ;  t h e r e f o r e ,  Gaussian noise  w i l l  seldom cause lo s s  o f  lock 

even a t  low c a r r i e r - t o - n o i s e  r a t i o s .  When a " c l ick "  a c t s  on a PLL, i t  may
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or may not throw i t  ou t  of  lock depending on the  loop paramete rs .  Figure

1.2 d e p ic t s  the  e f f e c t  t h a t  a " c l i ck "  can have on the  ou tpu t  o f  a PLL.

This example assumes t h a t  t h e r e  i s  no ampli tude fad ing  which g e n e r a l ly  is

not t r u e ,  but the  fo llowing e f f e c t s  i n d i c a t e  the  type of  behavior to  be 

expected:

A. A sharp " c l i c k "  makes the  PLL sk ip  a c y c l e ;  a doub le t  i s  c re a te d  

in the  ou tpu t  whose mos tly  h igh-f requency  energy ,  a f t e r  pos t -  

PLL lowpass f i l t e r i n g ,  i s  reduced c ons ide rab ly .

B. A lower and wider " c l i c k "  makes the  phase e r r o r  exceed V 2  but 

i s  not l a rg e  enough to  cause the  PLL to  sk ip  a c y c le .  The o u t ­

put  i s  a l a rg e  " sp ike" .

C. A very low " c l i c k "  i s  reproduced by the  PLL w ithou t  much d i s t o r ­

t i o n .

Obvious ly ,  low frequency components account f o r  most o f  the  energ ies  o f  o u t ­

puts B and C. Such no ise  cannot be separa ted  from the  s ignal  by l i n e a r  

f i l t e r i n g .  Thus the  wide-band PLL behaves l i k e  an FM d e t e c t o r  except  fo r  

conversion of  some o f  the  " c l i c k s "  i n to  d o u b le t s ,  thus lowering the  

t h r e s h o ld .

The PLL ou tpu t  i s  u su a l ly  f i l t e r e d  by a low-pass f i l t e r  whose 

co rne r  frequency i s  equal to  the  h ig h e s t  base-band (or  "audio ) f r e ­

quency. In the  case of  narrow-band FM i t  may be q u i t e  high and may 

approach the  h ig h e s t  frequency o f  the  in p u t  band-pass f i l t e r  / y . A 

rough e s t im a te  of  the  s p e c t r a l  co n ten t  o f  a "double t"  showed t h a t  i t s
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80 t i m e s e c / i n  
\8AK

FIG. 1 .2 .  P lo t  o f  the  S o lu t ions  
o f  the  Phase-Locked Loop Equation
<£ + 4AK§ COS <p + 4 (AK)2 si  n Q =
S1 f  4AXd1 where G1 = tev/FJ  q

( t - T / 2 )  i s  a t r i a n g u l a r  " c l i c k "  o f  
d u ra t io n  T and an area  o f  2v.
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energy i s  cen te red  a t  frequency .83 / ^ 1 and hence only approximate ly  one- 

h a l f  o f  the  "double t"  energy can be e l im ina ted  by p o s t - d e t e c t io n  f i l t e r ­

ing i f  the  FM modulation index i s ,  s ay ,  .2.  Such a s i t u a t i o n ,  however, 

i s  s t i l l  b e t t e r  than d e tec t in g  the  " c l ick "  whose energy Ties almost wholly

w i th in  the inpu t  bandwidth S f o 1-. I t  i s  i n s t r u c t i v e  to note  t h a t  Hess [ 8  ]
' 2

in h is  experiment used a Wide p o s t - d e t e c t io n  f i l t e r  with  the  corner  

frequency  s e t  q u i t e  h ig h ;  i t  would correspond to the  base-band f i l t e r  

o f  the  FM with the  modulation index equal to  . 3 ,  c lose  to  the  upper l i m i t  

on the  modulation indexes ( .2 )  used in  t h i s  th e s i s . .  The , f i l t e r  was e f f e c ­

t i v e  in  f i l t e r i n g  out some noise  and the  "double ts"  so t h a t  th e  output  

" c l i ck s "  were r e a d i l y  recognized .  An u n f i l t e r e d  "double t"  may be q u i t e  

l a rge  and i t  i s  not always symmetric, as was observed by the  au thor  on 

many o c ca s io n s ,  and can b e . e a s i l y  confused with a "sp ike" .  Evidently  

most o f  the  "double t"  energy l i e s ,  o u t s id e  the  input  bandwidth 2/  . 

T h e re fo re ,  i t  i s  reasonab le  to  assume t h a t  "c l i ck "  suppress ion  should 

be s t i l l  useful in the  cases  o f  low-indexed FM. The process  o f  "c l ick"  

suppress ion  f o r  a h igh-indexed FM d i f f e r s  from the  preceding  case  

only  by the  width of  the  p o s t - d e t e c t io n  f i l t e r  ( i t  i s  narrow).  The 

fo l lowing l i s t i n g  o f  the  th re sh o ld  reduc t ions  shows the  e f f e c t iv e n e s s  1 2

1Hess l " c l i ck "  model and the  approximat ions desc r ibed  in chap ter  2 
were used to  a r r i v e  a t  t h i s  number; The Four ie r  t ransform of  the.  " c l i ck "  
i s  given in  equation  A l . I .  - •

2The next s ec t io n  con ta in s  a b r i e f  d e sc r ip t i o n ,  o f  the  re fe renced
paper.



of the phase-locked loop irv s igna l  demodulation a t  low c a r r i e r - t o - n o i s e  

r a t i o s .

All the  fo llowing rep o r ted  th re sh o ld  reduc t ions  by means o f  the  PLL

were done w i th  p o s t - d e t e c t i o n  f i l t e r i n g  o f . t h e  loop output. The band­

width o f  the  p o s t - d e t e c t io n  f i l t e r  was equal  to  the  modulating f requency,

which means t h a t  the  f i l t e r  was very narrow when the  modulation index was 

l a r g e .  In some rep o r ted  cases t h e r e  was no modulation p re s en t  but the  

ou tpu t  was n e v e r th e le s s  f i l t e r e d  a s . i f  the  modulation were p re s e n t .  In 

a l l  cases  the  modulation index was o r  was assumed to  be 5 o r  l a r g e r .  There 

has been no such work rep o r ted  t h a t  i s  r e l a t e d  to the  narrowband FM; t h a t  

i s ,  t h e r e  a re  no r e s u l t s  showing what happens to  the  PLL ou tpu t  when the  

p o s t - d e t e c t i o n  f i l t e r  i s  wide.  This i s  unde rs tandab le ,  s in ce  the  wideband 

FM i s  o f  more p r a c t i c a l  s i g n i f i c a n c e  and the  i n v e s t i g a t i o n s  tend to  cover

new s u b je c t s  in  the  o rde r  o f  t h e i r  importance.

As a r u l e ,  t h re sh o ld s  even with l a r g e  modulation indexes f a l l  below

the  CNR = TO dB mark. For i n s t a n c e ,  Ridgeway and C ar te r  [16] repor ted  

th re s h o ld  lo c a t io n s  a t  CNR = 6 dB f o r  a modulation index o f  9 using a second-

o rde r  loop.  ...  •■■■•

Work conducted by severa l  i n v e s t i g a t o r s  a t  the  Po ly techn ic  I n s t i ­

t u t e  of  Brooklyn placed the  PLL no ise  th r e s h o ld  (without modulation) between

0 and 4 dB. Noise th re sh o ld s  a t  2 dB with no modulation we r e ; obta ined 

by S c h i l l i n g  e t ' a l  [22] .  S c h i l l i n g  and B i l l i g  [21] r e p o r t e d  exper im enta l ly

obta ined  th re sh o ld s  f o r  modulated c a r r i e r s  a t  about I dB; s i m i l a r  th re sho lds

8
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were obta ined  by them in the  absence o f  modula tion,  a l though they were 

not s p e c i f i c a l l y  c i t e d  in t h e i r  r e p o r t .  While the  au tho r  o f  t h i s  t h e s i s  

was a t t e n d in g  the  Po ly techn ica l  I n s t i t u t e  o f  Brooklyn, i t  was a r e g u la r  

procedure th e re  to  ob ta in  the  noise  th r e s h o ld  fo r  a given PLL without 

modulation in  o rde r  to check whether i t  was o p e ra t ing  p ro p e r ly .  In 1967 

a p r i v a t e  communication from E. Hoffman (a co-worker o f  S c h i l l i n g )  placed 

the  th re sh o ld  f o r  an unmodulated c a r r i e r  a t  3 or 4 dB o f  the  c a r r i e r - t o -  

no ise  r a t i o .  D i f f e r e n t  r e s u l t s  were ob ta ined  with, d i f f e r e n t  loops ,  but 

w i thou t  exception,  cases  w i thout  modulation produced low th r e s h o ld s .  This 

i s  p e r f e c t l y  n a t u r a l ,  s ince  modulation induces more " c l i c k s "  than an 

unmodulated c a r r i e r .
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1.2 BRIEF LITERATURE SURVEY I

There i s  an e x ten s iv e  l i t e r a t u r e  d ea l ing  with phase- locked loops .

Most o f  the  works in  t h i s  a rea  concern themselves with f in d in g  the  va r iance  

o f  the  phase e r r o r  as a fu n c t io n  of the  in p u t  c a r r i e r - t o - n o i s e  r a t i o .

Since the  PLL d i f f e r e n t i a l  equation has no t  been so lved  e x p l i c i t l y ,  approx­

imations  had to  be used.. A few r e p r e s e n t a t i v e  papers w i l l  be b r i e f l y  d i s ­

cussed.

Van Trees [27] app l ied  a Volt e r r a  fun c t io n a l  expansion to  ob ta in  

approximate values  o f  the. va r iance  o f  the  phase e r r o r  in  a narrow-band; j

phase-locked loop. This technique  becomes cumbersome f o r  loops of  o rd e r  |
. . . .  . J

g r e a t e r  than one and f o r  low c a r r i e r - t o - noise  r a t i o s ,  thus l im i t i n g  i t s  use |

to  high c a r r i e r - t o - n o i s e  r a t i o s  where only a few terms o f  th e  V o l te r ra  |

expansion s u f f i c e .  For the  reasons j u s t  mentioned i t  a l so  i s  d i f f i c u l t  t o  j

use the  expansion f o r  ob ta in in g  the  frequency  of  cy c le - sk ip p in g  in  a PLL. j

I t  i s  conceivable  t h a t  the  V o l t e r r a  fu n c t io n a l  expansion may be used with . 

wide-band loops as well  as narrow-band lo o p s ,  al though no work has been I

done in  t h i s  d i r e c t i o n .

Tausworthe [25] assumed t h a t  th e .p h ase  e r r o r  i s  always d i s t r i b u t e d
■ . • ' . • . Si

normally .  This assumption allowed him to  conver t  the  d i f f e r e n t i a l  equa t ion  |

of  the  phase-locked loop i n to  an a lg e b r a i c  equat ion in  terms of the  spec-  ' ji

trum of  the  phase e r r o r  and to  so lve  i t .  Result s  checked exper im en ta l ly  ' jj

q u i t e  well in the  case  o f  the  narrow-band PLL; i t ,  too may conceivably be >
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used with the  broad-band loop,  s in ce  th e re  i s  no b u i l t - i n  r e s t r i c t i o n  as
■

t h e re  i s  in the  next case .

Tichonov [ 2 6 ] ,  V i te rb i  [ 2 9 ] ,  and Charles and Lindsey [ 7 ]  used the 

Fokker-Pla n c k . s t o c h a s t i c  d i f f e r e h t i a T  -equation to  so lve  e x a c t ly  for. the  

p h a se - e r r o r  var iance  and the  p r o b a b i l i t y  of l o s s - o f - l o c k  in  the  f i r s t - o r d e r

phase-locked loop and approximate ly  in  the  second-order  PLL. This technique
>
i s  a p p l i c ab le  only t o  narrow-band loops because the  Fokker-Plank equat ion 

can be used only when the  phase e r r o r  i s  independent o f  the  in p u t  no ise .

Hess [8  ] so lved approximate ly  f o r  the  expected number o f  "spikes"  

( " sp ikes"  a re  demodulated " c l i c k s " ;  see curves B and C in Fig .  1.2) in the  

ou tpu t  o f  the  f i r s t - o r d e r  phase-locked loop driven by a c a r r i e r  plus narrow- 

band n o is e .  He assumed t h a t  a l l  the  incoming "c l ick s "  a re  o f  the  same expo­

n e n t i a l  Shape and t h a t  a l l  " c l i c k s "  have i d e n t i c a l  h e ig h t  equal to  the 

rad ius  o f  gy ra t io n  o f  the  n o i s e .  By assuming a s t e a d y - s t a t e  cond i t ion  in  

case  o f  a "sp ike"  appearing in  the  ou tpu t  ( i . e . ,  he ignored the  time d e r i ­

v a t iv e  o f  the  phase e r r o r  in  the  phase- locked loop d i f f e r e n t i a l  equation) 

he ob ta ined  an a lg e b r a i c  express ion  f o r  the  c r i t i c a l  value o f  the  loop gain 

req u i red  f o r  cycle  skipping..  The expected number of  sp ikes  in the  PLL o u t ­

put was e a s i l y  ob ta in ed .  Experimental and p red ic ted  r e s u l t s  c lo se ly  checked 

S h i l l i n g  [20,21]  depar ted  cons ide rab ly  from.the p r e v a i l i n g  p ra c t i c e  

and proposed the  use of  a  broad-band IoOp as an FM demodulator and a " c l i c k "  

su p p re s so r .  He l i n e a r i z e d  the  loop equation  in  o rder  to  solve, f o r  an 

expected number o f  cycle  sk ip p in g s .  Although the  concept i t s e l f  proved to  

be v a l i d ,  the  th re sh o ld  l o c a t io n  could no t  be p red ic ted  a c c u r a t e ly .



Osborne and S c h i l l i n g  [ i s ]  considered  cases o f  f i r s t - , s e c o n d - , and 

t h i r d - o r d e r  loops .  Second- and t h i r d - o r d e r  loops conta ined  ideal p ropor­

t io n a l  - p l u s - i n t e g r a l  f i l t e r s .  The au thors  numerica l ly  solved the  PLL d i f -  

f e r e n t i a l  equation when dr iven  by a " c l i c k "  whose shape was c a l c u l a t e d  as 

the  c o nd i t iona l  e x p ec ta t io n  o f  a func t ion  o f  th re e  random parameters of  

t h e  n o ise .  This numerical s o lu t io n  provided them with  a s e t  o f  da ta . f rom 

which, by means o f  a sea rch  t e c h n i q u e , they found the  boundaries o f  the  

th ree -d im ensiona l  "spike"  reg ion .  ' (The random noise  v ec to r  wandering in to  

t h i s  reg ion  caused a "sp ike"  in the  PLL o u tp u t . )  The volume o f  the  "spike"  

reg ion  was approx im a te ly .eva lua ted  by numerical i n t e g r a t i o n .  With these  

r e s u l t s  they c a l c u l a t e d  the  expected number o f  "spikes  per second in the

PLL ou tp u t .  In t h i s  paper ,  th e  FM sine-wave modulated c a r r i e r  was approx i-. /
mated by the  FM s igna l  with a c o n s ta n t  f requency-modula tion o f f s e t .  One 

important f e a t u r e  o f  t h i s , p a p e r  i s  t h a t  the  loop parameters were c o n s t r a in ed  

by the  m agni tude .o f  the  phase e r r o r  due to s ig n a l  modula tion,  and the 

e f f e c t  o f  no ise  on the  phasp e r r o r  was ignored.  This f e a t u r e  immediately 

b iased  t h e i r  r e s u l t s  in favor  o f  h ig h e r -o r d e r  loops with an a c t i v e  f i l t e r . 

More w i l l  be s a id  on t h i s  in  chap te r  4.

Lindsay [ 9 ]  obta ined  an approximate s o lu t io n  o f  the  Fokker-Planck 

equat ion  d e sc r ib in g  a second-order  loop.  Comparing severa l  loop co n f ig u ra ­

t i o n s  he concluded t h a t  the  f i r s t - o r d e r  loop y i e ld s  the  s m a l l e s t  phase- 

e r r o r  va r iance  when the loop i s  not d e l i b e r a t e l y  o f f s e t  in  frequency from 

the  c e n t e r  frequency o f  the  incoming c a r r i e r .  Due to  the  inhe ren t

12

i
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l i m i t a t i o n s  of  the  Fokker-Plank equation  he had to  use a narrow-band loop 

( i . e . ,  input  noise  had to  be white) and no modulat ion.  This paper is  

d iscussed  more thoroughly  in  s e c t io n  4 .5 .

1 .3 .  THE OBJECTIVE OF THE THESIS

The o b je c t iv e  o f  t h i s  t h e s i s  i s  to  compare a wide-band f i r s t - o r d e r  

loop used a s  an FM demodulator with a second-order  PLL when s u b je c t  to  a 

c o n s t r a i n t  on the  s i z e  o f  the  phase e r r o r .  The performance c r i t e r i o n  i s  

taken to  be the  min imization o f  the  expected number o f  "sp ikes"  in the  

ou tpu t  of  the  PLL. The problem s o l u t i o n  i s  approached in  a s e m i - a n a ly t i ­

cal  manner. F i r s t ,  an approximate s o lu t io n  o f  the  d i f f e r e n t i a l  equat ion 

of  the  second-order  loop with a fo rc in g  fun c t io n  r ep re sen ted  by a "c l ick "  

i s  d e r iv e d ,  using Hess'  empir ical  model o f  t h e  " c l i c k " .  A Monte-Carlo, 

search over the  f i e l d  of a l l  f i r s t -  and ,second-order  loops i s  then 

desc r ibed  f o r  the  cases o f  narrow-band FM and no modula tion.  Loop para^ 

meters y i e l d i n g  suppress ion  o f  the  g r e a t e s t  por t ion  o f  the  incoming 

" c l i c k s "  d e f in e  the  optimum PLL. The only  c o n s t r a i n t  in  the  search was 

an upper bound on the  magnitude o f  the  phase e r r o r  va r iance  which ensured 

t h a t  the  demodulation was performed in the  l i n e a r  reg ion  o f  th e  loop. 

Since i t  was not  p o s s ib le  to  solve  f o r  the  phase e r r o r  v a r i a n c e ,  a condi­

t io n a l  va r iance  was used in l i e u  of  i t .  The cond i t ions  on the  var iance  

were chosen so t h a t  i t  was c lose  to the  unconditional v a r i a n c e .  Several 

d i f f e r e n t  bounds were used.  All the  r e s u l t s  o f  the  search  poin ted to  the  

f i r s t - o r d e r  PLL as a more e f f i c i e n t  " c l i c k "  suppressor  than the  second­

's
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o rde r  loop. Result s  were not e x a c t , but the  t rend  toward th e  f i r s t - o r d e r  

loop was unmis takable .

The search  program had a b u i l t - i n  b ia s  a g a in s t  the  f i r s t - o r d e r  loop 

c o n f ig u ra t io n  by c o n s i s t e n t l y  unde res t im at ing  the phase e r r o r  o f  second- 

o rde r  l o o p s . The f a c t  t h a t  the  f i r s t - o r d e r  loop outperformed o th e r  loops 

d e sp i t e  t h i s  b ia s  implies  t h a t  t h e i r  performance d i f f e r e n c e  must be. 

c o n s id e ra b le .  In a d d i t io n  to  t h a t , : an a sp e c t  which .possib ly  has a s i g n i f i ­

can t  bear ing  on the  PLL behavior, was omitted in  t h i s  t h e s i s :  the  loop

behavior  when recover ing  a f t e r  a lo ss  o f  lock due to  a " c l i c k " .  I t  i s  con­

j e c t u r e d  t h a t  loops with " i n e r t i a "  ( second-order  loops) would e x h i b i t  a 

t r a n s i e n t  phenomenon a f t e r  the  " c l ick "  o c cu r ren ce , thus, i n c re a s in g  the 

phase e r r o r  v a r ian ce .  Omission o f  t h i s  e f f e c t  had put the  f i r s t - o r d e r  loop 

a t  an a d d i t io n a l  d isadvantage  when comparing phase e r r o r  var iances  in v a r i ­

ous loops.

I t  was not a t tempted in  t h i s  t h e s i s  to  conduct an im p ar t ia l  search 

f o r  the  optimum loop because o f  the  computational d i f f i c u l t i e s  in handling 

second-order  loops .  Some p re l im ina ry  crude searches  had in d ic a te d  an 

apparen t  s u p e r i o r i t y  of the  f i r s t - o r d e r  loop and the o b je c t iv e  of the  

t h e s i s  was chosen to  be a v e r i f i c a t i o n  of  t h i s  f a c t .  I t  was s u c c e s s f u l ly  . 

accomplished w i th in  the  framework of  c o n s t r a i n t s  and assumptions t h a t  were 

mentioned above.
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The o u t l i n e  of  the  t h e s i s  i s  as fo l low s :  ■

In ch ap te r  2 the  general  second-order  phase-locked loop d i f f e r e n t i a l  

equation  i s  in t roduced  and a mechanical analogue exp la ined .  An approx i­

mate s o lu t io n  o f  the  d i f f e r e n t i a l  equation  dr iven  by a " c I i c k " - f o r c in g  

fun c t io n  i s  d e r i v e d . . A model o f  the  " c l i ck "  mechanism i s  d iscussed  and

j u s t i f i e d .

Chapter 3 dea ls  with the  magnitude o f  the  phase e r r o r  o f  the  loop 

caused by th e  incoming s igna l  and n o is e .  The phase- locked loop equat ion 

i s  j u s t i f i e d  f o r  the  n o n -d e te rm in i s t i c  i n p u t .  R ice ' s  approximation f o r  

the  p h a se -e r ro r  va r iance  and a q u a s i - s t a t i o n a r y  method o f  o b ta in in g  the  

c o nd i t iona l  p h a se -e r ro r  va r iance  a re  developed.

' c h ap te r  4 d e sc r ib e s  the  computer sea rch  program, p re sen ts  r e s u l t s ,  

and compares them with the  r e s u l t s  r e p o r t e d  by Osborne and S c h i l l in g  [13] 

and Lindsay [ 9 ] .

ch ap te r  5 summarizes the  r e s u l t s ,  d iscusses  t h e i r  s i g n i f i c a n c e ,  and 

po in ts  out p o s s i b l e  extens ions .-  Two appendices  p re sen t  numerical  v e r if ie s  

t i o n  o f  the  approximate s o l u t i o n  o f  the  PLL d i f f e r e n t i a l  equat ion and th e  

accuracy o f  th e  q u a s i - s t a t i o n a r y  method o f  ob ta in ing  the  cond i t iona l  

p h a se -e r ro r  v a r iance .



CHAPTER 2

AN EFFECT OF A "CLICK" ON 

THE PHASE-LOCKED LOOP
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2 . 1 . THEORY OF PHASE-LOCKED LOOP

The phase-locked loop i s  a c lo sed - loop  con tro l  system which can be 

used as a coheren t  FM demodula to r .1 A diagram o f  the  PLL i s  shown in

Fig. 2.1.

t  f  6 T t i J  FILTER
To output

A s in  (u) t  >  Q ( t ) )O I

MULTIPLIER

G COS (u t  + B ( t ) )  o 2

VOLTAGE-CONTROLLED
OSCILLATOR

3% AG s in  CG -G^J *- h ( t )  ■

where * i s  the  convo­
l u t i o n  ope ra to r

e ( t )

FIG. 2 . 1 .  Phase-Locked Loop Model.

Because o f  i n t e g r a t i n g  ac t io n  o f  the  v o l t a g e - c o n t r o l l e d  o s c i l l a t o r

(VCO),

dBz ( t )
u) + K . e ( t )  : o 1

( 2 . 1)

t  + G0 ItGand K i s  c a l l e d  thewhere G ' I t j  = w^t + Ql I t j j qz ivj z -.i

s e n s i t i v i t y  o f  the  VCO. The outpu t  o f  the  m u l t i p l i e r  i s  

4 2 j s i n  ^ e J l t /  -  G ^ I t j j t  s in  + 0Zf t j ]  }
( 2 . 2)

[ 2 9 ]

!This d e r iv a t io n  of PLL equat ions  follows c lo se ly  t h a t  of V i t e r b i ' s
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The sum -frequency term i s  e l im in a ted  by the  l o o p . There fore  

e ( t )  = ^jr ^ h ( t )  ■* s i n  Q[( t )  -  ^

S u b s t i t u t i o n  of  equat ion  (2 .3)  i n t o  (2 .1 )  y i e ld s

(2.3)

t.
AGK1 f

h ( t - x )  s.\n . ^(x)dT (2.4)
o

where

fy(t) — 0 ( t )  ~ @2^/) (2.5)

i s  the  phase e r r o r  o f  the  loop. F i n a l l y ,  l e t  AGK1/ 2 equal AK. I d e n t i t i e s
■ . ' J -

o f  (2 .1 )  and (2 .5 )  are  used in  (2 .4 )  to  ob ta in

where AK i s  def ined  as the  loop ga in .

The t r a n s f e r  fun c t io n  o f  the  low-pass f i l t e r  o f  any f i r s t -  or second- 

o rde r  phase- locked loop can be desc r ibed  by the  general  express ion  HCs) = 

(a./$Ms+$y(s+ay. In o rde r  f o r  the  f i l t e r  to  be low-pass,  g must be l a r g e r

than a * When a=0, K(s) becomes u n i ty  and the  o rder  of  the  loop 

i s  one . I f  g i s  very l a r g e ,  R Cs) becomes a/(s+a) - - the  t r a n s f e r  func­

t i o n  o f  an RC f i l t e r .  I f  a  i s  very sm a l l ,  E Cs) i s  approximate ly  equal to  

a(s  + g ; / g s  which i s  the  t r a n s f e r  fun c t io n  o f  the  idea l  a c t i v e  proper-  , 

t i o n a l - p l u s - i n teg ra l  f i l t e r .  (A lag network) .

-  AK f  h Ct - x )  s in  §(x)dx.

J
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The d i f f e r e n t i a l  equation  o f  the  second-order  PLL with the  above- 

mentioned general  form of  f i l t e r  is

<1> + f
(-

aAK
3

COS <(> +'a'j-+ aAK s in  <j) = S1 V- a,Q ^DCtJ ( 2 . 6 )

This i s  the  equation  of  the  pendulum under the  in f luence  of  g r a v i t y ,  d r iv  

ing force  D(t )  , f r i c t i o n ,  and w in d . I

Wind v e l o c i t y  i s  
p ropo r t iona l  to
aAK ■

3
D irec t ion  o f  the  
wind i s  in d ic a te d

f o r  $ > 0

FIG. 2 .2 .  Mechanical . Analogue of  the  Second-Order PLL. . .

Wind i n . t h i s  model i s  generated  by the  motion of  the  pendulum. The pen­

dulum c o n s i s t s  o f  a point -mass connected by a rod to  the  hub, which in 

tu rn  i s  coupled to  a fan through a power a m p l i f i e r .  Thus, wind i s  pro^ 

duced only i f  the  pendulum i s  in motion. When 6 = » t h e r e  i s  no wind 

p r e s e n t .  This case corresponds  to  a low-pass RC f i l t e r .  I t  i s  obvious 

from the  f i g u r e  t h a t  <#) can in c re a s e  up t o  ir .and come back w i thout  1

wind
----------

1This p a r t i c u l a r  mechanical analogue was proposed by Charles and 
Lindsay [ 7  ] .
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sweeping a f u l l  c i r c l e .  A revo lv ing  pendulum corresponds to  the cy c le ­

sk ipp ing  phenomenon in PLL.

I f  the  PLL i s  underdamped, the  pendulum w i l l  tend to  overshoot 

the  2Tr p o i n t ,  and a d d i t io n a l  inpu t  noise  may cause seve ra l  revo lu t ions  

in  a row.

The phase-locked loop d i f f e r e n t i a l  equation  may be expressed in 

terms o f  the  elements o f  i t s  mechanical analogue

<j> + *2
ML

« f a  .
ML ^ C0S ^ + M L S'in (2 .7 )

where M = mass o f  the  pendulum

L = length  o f  the  arm of  the  pendulum 

g  = 9 . 8  m/sec2 . ■

f 2 = f r i c t i o n a l  co n s tan t

f 3 = windage- torque c o n s ta n t .  Torque caused by the  wind i s  equal

to  f zL§ COS d>.

I f  the  loop gain AK i s  l a r g e ,  the  s i t u a t i o n  corresponds to  small L , or 

e q u iv a l e n t ly  to  a small r o t a t i o n a l  moment of  i n e r t i a .

2 .2  FM DEMODULATION IN THE ABSENCE OF NOISE

A high-ga in  PLL has a high phase e r r o r ;  t h e re fo re  sin<j>.= <j>.

This i s  req u i red  f o r  good d e te c t io n  of  FM s i g n a l s .  The modulated c a r r i e r  

d r iv in g  the  PLL of  Fig.  2.1 i s  Asin [ o ^ t  + O1 f t ; ]  Where -  Q1CtJ i s  the

s igna l  which the  PLL has to  d e t e c t .  The l i n e a r i z e d  PLL d i f f e r e n t i a l  

equat ion  i s  obta ined  by s e t t i n g  s in  <j>=e and cos <f> = 2 in 2 .6 :
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•• AlC •
<f> +  aif1 ( I  V-OiAZ(J) =  8^ V- OiO1 ( 2 . 8)

A f te r  the  Laplace t r a n s fo rm a t io n ,  the  phase e r r o r  can be expressed as

(s2+as) Q1Cs) 

S2V-OiS jiV— I V-aAZ
(2.9)

Since SB1CsJ i s  the  demodulated FM s igna l  which i s  to be r e c o v e re d , the  

PLL ou tpu t  [A5(sJ<z>CsJ] needs a d d i t io n a l  f i l t e r i n g  by a system whose 

t r a n s f e r  fun c t io n  i s

G(s) W S2 + ' as a  v- AZ/b;  v- 'dtAK
( 2 . 10)s  V- g

I f  the  loop i s  wide,  o f ten  the  w h o l e . f i l t e r  can be ignored.  In 

case  of  the  f i r s t - o r d e r  loop (when a = ,g) G:(s) becomes a. high-pass 

f i l t e r  [ZCsJcc s v- AZ]. Thus, while  the  loop i s  high gain  the  output 

may be approximated by <j>C£J. But when a " c l i c k "  comes,, the  chances a re  

good t h a t  the  loop w i l l  not be ab le  to  handle i t  in the  l i n e a r  mode of 

o pe ra t ion  and then the  output  w i l l  be p ropor t iona l  to  s in  <j>CtJ.

2 .3  APPROXIMATE SOLUTION OF THE PLL DIFFERENTIAL EQUATION WITH A 

CONSTANT LOOP GAIN

Since " c l i c k s "  are  r e sp o n s ib le  f o r  the  onset  o f  t h r e s h o ld ,  i t  is . 

necessary  to  be able  to  c a l c u l a t e  whether the  PLL w i l l  sk ip  cycles  under 

the  in f lu en ce  o f  a given " c l i c k " .  Consider the  case where the  “c l i c k "  i s
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symmetric and b a re ly  l a rg e  enough to  cause the  PLL to  jump a cyc le .

To Output

8 (a)

Nonli n e a r i t y
8 Cs+a)
a (s+&)

FIG. 2 .3 .  Block Diagram of  th e  Low-Pass Analogue 
o f  the  Phase-Locked Loop With a Constant Loop Gain.

An equat ion  d e sc r ib in g  the  ope ra t io n  o f  the  PLL i s  e a s i l y  obta ined 

from Fig.  2 .3 .

( s T a ) ^^S1‘n = s E0i ^  “ KsJ] (2.11)

I t  i s  assumed t h a t  no change in  the  loop gain AK takes  p lace  during the  

" c l ick "  occurrence .  Since Hess'  model o f  the  "c l ick "  [ 8],  i s  used in 

t h i s  t h e s i s  and t h a t  model assumes a very slow, c a r r i e r  amplitude A fad ­

in g ,  th e re  was no need to  so lve  the  ex ac t  t ime-vary ing  d i f f e r e n t i a l  

equa t ion .

Since e x ac t  a n a l y t i c a l  s o lu t io n s  a re  not ob ta inab le  f o r  t h i s  non­

l i n e a r  e q u a t io n ,  approximation techniques  are  used. Analogue computer 

s im u la t ions  o f  the  r e s p o n se .o f  the. loop to  a "c l ick "  gave a c lue to  one 

such techn ique .  The phase e r r o r  <j> was observed to  be very n ear ly  l i n e a r  

as a func t ion  o f  time during  a l a rge  p o r t i o n  o f  the  du ra t io n  of  the  " c l i c k s "
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d r iv in g  the  PLL. Figure 2 .4  c l e a r l y  shows, such a  phenomenon. The l i n ­

e a r i t y  o f  cf> is  p a r t i c u l a r l y  good in the  range of [ > / 2 , W 2!  where the 

phase- locked loop, due to  the na ture  o f  the  n o n l in e a r i t y  s in  <f), i s  

unable to  t r a c k  t h e . d r i v i n g  s i g n a l .

The near l i n e a r i t y  o f  <j> versus time may be expla ined  in  the  fo llow­

ing way. I f  the  " c l ick "  ac t in g  on the  PLL i s  very l a r g e ,  the  d i f f e r ­

e n t i a l  equation  of  the  loop reduces to  <p + aj> = O1 + Cid1 or <f> = e .

I n t e r e s t i n g l y  enough, t h i s  s t a t e s  t h a t  i f  O1 is  a " c l ick "  whose area  i s  

equal to  2ir, <#> w i l l  jump only one cy c le .  This a l so  implies  t h a t  the  PLL 

does not make any a t tempt  to  t ra ck  B1C tJ , i . e . ,  t h a t  the  bandwidth of 

the  t r a n s f e r  func t ion  o f  <f> i s  i n f i n i t e .  I f  a sm al le r  " c l i c k "  i s  applied  

to  the PLL and the  cycle  sk ipp ing  again takes  p lace ,  the  e f f e c t i v e  band­

width o f  the  t r a n s f e r  func t ion  o f  the  phase e r r o r  i s  not as la rge  as i t  

was be fo re  because the  loop  t r i e s  to  t r a c k  B1C tJ t and <}> i s  no longer a 

r e p l i c a  o f  B1CtJ.  As B1CtJ' ( the  " c l i c k " )  i s  chosen to  be lower and 

w ide r ,  the  PLL does a p ro g re s s iv e ly  b e t t e r  job of reducing the  phase 

e r r o r .  So, in  the  l im i t i n g  case in  which the  "c l ick"  i s  j u s t  la rge  

enough to  cause cycle  sk ip p in g ,  the  e f f e c t i v e  bandwidth o f  the  t r a n s f e r  

func t ion  o f  <#> i s  s m a l l . The re fo re ,  one.may expect 4, to  be a low-pass 

f i l t e r e d  r e p l i c a  o f  B1CtJ.  Low frequency corresponds to  slow 

response in  the  time domain. Since the  DC and the very low frequency 

p a r t  of  the  Four ie r  i n t e g r a l  of  B1CtJ are  presumably p reserved  by 4,,

T . T

J  QCt Jd t =  I B1CtJdt = 2 tt. Hence, QCtJ ~ (constant) x t .  Numerous
O <3
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AK = .250

.375

FIG. 2 .4 .  P lo t  o f  the  Phase Er ror  <p 
Versus Time of  the  PLL Equation

<j) f  . 218tp (I + COS*; + . 218AK =

= (4t\ /20) q ( t  -  -10) i s  a 
I 10

T r ia n g u la r  "Click" o f  20 Sec Duration 
and Whose Area i s  2it.
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analogue computer s o lu t io n s  o f  the  PLL equation r e p ea ted ly  e x h ib i te d  t h i s  

l i n e a r i t y .  At the  beginning  of  the  cycle  skipping (when <j> «  tt/ 2 ) ,  the  

phase e r r o r  was not observed to  be a l i n e a r  func t ion  o f  t ime. But t h i s  

d ev ia t io n  i s  ex p la in ab le  by the  t r a n s i e n t s  in the  system.

The sm a l l e r  the  " c l i c k " ,  the  more s i g n i f i c a n t  the  g r a v i t y ,  f r i c t i o n ,  

and wind Tosses in the  PLL mechanical analogue become. Thus , when the 

" c l i ck "  i s  j u s t  big  enough to  cause cycle  sk ip p in g ,  the  t r a n s i e n t s  are 

s i g n i f i c a n t .  As the  loop gain i s  dec rea sed ,  the  e f f e c t  o f  th e  t r a n s i e n t s  

r a p id ly  d im in ishes .  Figure 2 .4  i l l u s t r a t e s  t h i s  p o in t .  Again,  the 

l i n e a r i t y  of  the  phase, e r r o r  becomes very pronounced as soon as the  

loop gain i s  s l i g h t l y  decreased from the  c r i t i c a l  value ( th e  sm a l le s t  

value which i s  s u f f i c i e n t  to  p reven t  cycle  s k ip p in g ) .  Mote t h a t  even 

in  the  marginal c a se ,  cj> i s  almost l i n e a r  up to  <j> = ir;

Since a l a rge  po r t io n  o f  §( t )  i s  l i n e a r  in the  case  o f  cycle  sk ip ­

ping caused by a " c l i c k " , the  fo llowing approximation in  equation  (2.11) 

i s  made: s in  $ -  s in  u0t  where w0 = V passage t ime. This i s  only a

temporary assumption.  A f te r  seve ra l  manipula tions  o f  t h i s  equat ion the  

assumption w i l l  be dropped. The approximation allows one to  in t roduce  

second-order  c o r r e c t io n s  to  the  exac t  s o l u t i o n  of  the  f i r s t - o r d e r  loop.

Expansion o f  the  l e f t - h a n d  s id e  o f  equation (2 .11)  with an assump­

t io n  t h a t  <j) - w t  y i e l d s  .
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5F (- -
,oAK
'e

0)0

,S 2 Tf-O) 2 Z  0

/P-Ct^to

S2-Z-O) 2
+

H 2 Tf-O) 2

-  /  —  f  —a-~S \  
2 '  S-Z-Ct S2-Z-H2 /

( 2 . 12)

the  inve rse  transform o f  which is

CtAK
3 ■

Y 2 + a i s z s L  s1 „ A t  /

A  oi2̂ o 2 /  ct2̂ o 2 X
COS (j> I (2,13)

Expression (2 .1 2 ) ,  in con junct ion  with equat ion  (2 .1 1 ) ,  y i e l d s  

oAif
(J) + 3

Zj + a ^ - g A

A  a2^ o 2/

f3-aJ(i) /  - a t
Sin-(J)+.------— (e -  cos (J)

a^+w 2. O )]
01 (2.14)

This express ion  cannot be solved f o r  <j) in a c losed form i f  the. term

. e - a * i s  p r e s e n t .  I f  e-01* i s  rep laced  by a c o n s ta n t  plus s in e  and cosine 

te rm s ,  then the  c losed  form s o l u t i o n  of  the  equation e x i s t s .  T h e r e f o r e ,

e ~ B0 + 5 I cos * where g . B1 are  determined by the  l e a s t  mean square

e r r o r  f i t  technique over the  range o f  <j) equal to  Io3tt] . The s in e  term i s  

absen t  because i t s  c o e f f i c i e n t  i s  equal to  zero .  Again, i t  i s  assumed 

here  t h a t  <j> -  w t .  The mean square e r r o r  o f  the  approximation f o r  the

exponent ia l  i s

, J  v
e2 =• J  Ie  . ° -  B0 -  COS c|)l

o

(2.15)
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In o rde r  to  minimize the  e r r o r ,  both s id e s  of  express ion  (2.15) are  

d i f f e r e n t i a t e d  with r e s p e c t  to  B (B1) and then 9e /9B0 f9e/9B^J i s  s e t  

t o  zero .  The r ig h t -h an d  s id e  then provides  the  express ion  f o r  By or B1

in  terms o f  a ,  Wq , cos<j>. I t  was found t h a t

e." e
4ao)o

Tfot2-HDo2J
I  + e

,cm
w. o COS <j>. (2.16)

F i n a l l y ,  the  approximation to  the  second-orcjdr PLL equat ion  may be 

w r i t t e n

<j>(t) + oAK I
B j

o/UffB-otJw

(2. + ^ G = & ) ) s in  +
fB-aJ AZoj2 air

O2Bto2 fa2+to2 Jgir
° ' 2  -  e "o B

B
Brrf O2Bw2J 2 o

^  Uawo “ o B 2 j  -  rr ^ a 2 +w2^ COS 0 f t J >
: (2 .17)

= d f t ji -

I f  a = B, i t  reduces to  0 B AZ s in  0 = e. which i s  the  exac t  equat ion 
-

o f  the  f i r s t - o r d e r  loop.

Express ion (2 .17) thus  i s  exac t  when o = g. I f  the  damping

c o e f f i c i e n t  o f  the  second-order  system i s  l a r g e ,  i t  behaves Tike the

f i r s t - o r d e r  loop and (2 .17) i s  again very acc u ra te .  F i n a l l y ,  the  l a r g e r
.
B1 ( the  " c l i c k " ) ,  the  l e s s  s i g n i f i c a n t  the  s in e  term becomes, and (2.17) 

again approaches the  exac t  equa t ion .
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2 .4  APPROXIMATION OF THE DRIVING FUNCTION

The d r iv in g  func t ion  of  express ion  (2 .17) i s  assumed to  be a 

square  pulse  ( t - x ) .  S ince ,  as was argued e a r l i e r  in t h i s  ch ap te r ,

^ i s  a f i l t e r e d  ve rs ion  of  -e- , only the  low-frequency p a r t  o f  the  Four ie r

t ransform of  a need be taken i n to  c o n s id e r a t i o n .  The F our ie r  transform

Ce1 f t ; ]  i s  expanded, in  a MacLaurin ' s  s e r i e s ,  and. only the  f i r s t  two terms

o f  t h i s  expansion a re  r e t a i n e d .  The f i r s t  term i s  equal to  the  area  o f

■ ' v
e , which i s  2ir. The second. te rm i s  equal to  — wher e m2 i s  the  

second moment o f  Ql Ct) and i s  equal to  I  ' tZ-bdldt .  The terms co n ta in ­

ing odd powers o f  w a re  equal to  zero  when 0 ( t )  i s  a symmetric fu n c t io n .
■ .  1

Constants k 1 and t  in  k ^ ^ C t - x )  can be chosen so t h a t  the  area  and .

the  second moments o f  the  " c l i ck "  and i t s  pu lse  approximation are  e q u a l .
\

Analogue computer s o lu t io n s  o f  the  PLL dr iven  by a t r i a n g u l a r  "c l ick "  and 

the  d i g i t a l  computer s o l u t io n s  of  the  approximate equat ion  (2.17) dr iven 

by the  pulse  agreed very w e l l .

A f u r t h e r  s i m p l i f i c a t i o n  can be made;; namely, k ^> ^( t - ^ )  can be

rep laced  by k u ( t )  where uCt)  i s  the  u n i t  s t e p .  Indeed, i f  the  PLL is  

dr iven  by a square  pulse  and cf> reaches the  value of ir before  the  a r r i v a l  

o f  the  t r a i l i n g  edge of  the  p u l s e ,  the  above replacement i s  a b so lu te ly
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v a l id  as long as the  s o lu t io n s  o f  the  PLL equation  are l im i t e d  to  t  < 

(d u ra t io n  o f  the  " c l i c k " ) ' and f(j>| < it.

In o rde r  to  show t h a t  the  passage t ime i s  always s h o r t e r  than the  

" c l i ck "  d u r a t i o n ,  a l i m i t i n g  case  of  the  PLL equat ion w i l l  be cons idered .  

The general  PLL equation  with a c o n s ta n t  gain i s :

' i ( t )  + a \ ( t )  + $ ( t )  COS + oAK s in  (2 .18)

I f  AK i s  l a rg e  and a i s  very sm a l l ,  then the  above equation reduces to  the  

equat ion  o f  the  PLL with an idea l  p r o p o r t i o n a l - p i u s - i n t e g r a l  f i l t e r :

■'§(t) + $( t )  cos <j> ( t )  ,+ oAK s in  <j>ftJ -  O1I t J  ■ • (2.19)

Suppose a p o s i t i v e  " c l i c k "  J ac ted  on the  loop and then expired

but  (J) did  not reach tt whi le  the  " c l i c k "  l a s t e d .  I t  w i l l  be shown below 

t h a t  ({) does not reach tt under th e se  c o n d i t io n s .

I n t e g r a t i n g  both s ides  o f  the  above equat ion with r e s p e c t  to  time 

and with a l l  the  i n i t i a l  c ond i t ions  equal to  zero  y i e l d s :

\ ( t )  + ^  s in  o f t )  + aAK J  s in  $ ( t ) d t  = O1-CtJ (2.20)

o

Since |(j>| < tt and hence s in  <j> > 0 ,  the  above express ion  may be w r i t t e n  as 

4)CtJ _< O1CtJ (2-21)

When th e  " c l i c k "  has ceased to  e x i s t ,  the  i n e q u a l i t y  becomes K t J  < 0.

The phase e r r o r  i s  on i t s  way back to  z e r o ,  the  equ i l ib r ium  p o s i t i o n .

Thus, the  passage t ime i s  always sm a l le r  than the  d u ra t io n  o f  the  c l i c k  

in  the  above case .
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The equation  with th e  ideal, f i l t e r  (2 .19) has two terms missing in 

comparison to  the  general  PLL equation (2 .1 8 ) .  The terms a re  4  on the 

l e f t  a n d 'CiG1 on the  r i g h t  s id e  o f  the  e q u a l i t y  s ign .  In o rder  to  under­

s tand  the  e f f e c t  of  t h e i r . p r e s e n c e  or  absence on the  loop behav io r ,  i t  i s  

convenient to  co n s id e r  the  mechanical  analogue in t roduced  in  Section I .

4  i s  p ropo r t iona l  t o  the  f r i c t i o n a l  to rque  and i s  a p a r t  of the  

express ion  which i s  p rop o r t io n a l  to  the  d r iv in g  torque of  the  pendulum.

The exac t  express ions  f o r  the  f r i c t i o n a l  torque  and th e  c o n t r ib u t io n  of 

■ Qi to  the  d r iv in g  to rque  a re  (LMg/AK^) and (LMgZAKQl ) , r e s p e c t i v e l y .

These express ions  are  e a s i l y  ob ta ined  from the  d i f f e r e n t i a l  equat ion of 

the  pendulum. The r a t i o s  of  the  f r i c t i o n a l  to rque  to  the  S1 torque i s

j u s t  * / 8 \ .  As a i s  g radua l ly  inc reased  from i t s  i n i t i a l  small value to  ,

i n f i n i t y ,  the  loop becomes in c r e a s in g ly  overdamped and t h a t  in  tu rn  makes 

$ and the  r a t i o  sm a l le r .  The f a c t  t h a t  th e  f r i c t i o n a l  to rque  ge ts  sm al le r  

whi le  the  d r iv in g  to rque  caused by G1 does not change r e s u l t s  in  a s teady

e ros ion  o f  the  bound on the  passage t ime.  When a f i n a l l y  reaches i n f i n i t y  

the  PLL equation  becomes

l ( t )  + 'AK s in  $ ( t )  = I l I t )  (2.22)

The 4  6 , and $ cos <j) terms dropped ou t  Of the general  PLL equat ion 
I 3

because they did  not con ta in  a o r ,  in  case  o f  the  <j> cos <)> te rm,  because 

of  the  i n e q u a l i t y  r e s t r i c t i o n  on g ,  (& > a) which e f f e c t i v e l y  e l imina ted

a from t h a t  term.
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The above d i f f e r e n t i a l  equation r e p re se n t s  a f i r s t - o r d e r  phase-
. /

locked loop. Such a PLL does not have " i n e r t i a "  or a "wind-force" .

When, f o r  i n s t a n c e ,  a p o s i t i v e  " c l ick "  ( has expired but >  i s  s t i l l

l e s s  than ir, <j>.must become n e g a t iv e .  This means t h a t  <j> cannot reach  % 

and thus sk ip  a cyc le .

Although the  r e s t r i c t i o n  on the  passage- t ime was being s t e a d i l y  

eroded as a was d e c r e a s in g ,  the  l i m i t i n g  cases  where a = 0 s t i l l  barred 

<f) from reach ing  ir a f t e r  the  end of the  " c l i c k " .  T h e re fo re , the  fo l low ­

ing conclusion can be made:

Whenever a " c l i c k "  d r iv in g  a second-orde r  phase- locked loop has 

exp i red  while  th e  phase e r r o r  of  the  loop i s  sm al le r  than n ,  the  loop w i l l  

not sk ip  cycles  bu t  w i l l  r a t h e r  s e t t l e  down, provided enough t ime i s  

al lowed f o r  t h a t .  This j u s t i f i e s  the  replacement of  the  square -pu lse  

d r iv in g  fo rce  by a s t e p - f u n c t i o n .  Now the  approximate PLL equation (2.17) 

can be so lved .

2 .5  SOLUTION OF THE SECOND-ORDER TIME-INVARIANT PLL EQUATION DRIVEN 

BY A "CLICK"

M ult ip ly ing  both s id es  of  equat ion  ( 2 . TO) by d t  and s ep a ra t in g  func­

t i o n s  o f  <j> and t  a l lows us to  so lve  f o r  the  passage t ime t  :
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■ <i<J)

k -  A s in  <j> -  A cos <j> 
2. I 2

where

('g-cUA-Kw2 , /  an
k = k  -  —---------- r- . I 2 -  e w

2 I f a2+io2  ̂Btt 'o

A
I

aAK
3

2 f a fg -a j
a2fw2 - o

(2.24)

oiAZ ( g-a2a)
A „ =2 gir f Ci2V-W2J 2

/  cm \
Aaw I e w -f' 2 I -  tt

0 \  O /
fa2 f  w2J p

The answer i s

2

- r2

t a n " 1 P 2 tan I + r

-1 A1

r 2 .

TTV-ljj

*

(2.25)

where r 2 = A2 + A^ and ip — t an  ■ such t 'ha t  ^ l i e s  in. the  second
. 1 ' 2 2

quadran t .  F in a l ly

0;
- 1,2

it f  tan
_!■ fe2 tan  v- r

/ ^ k 2 -  r :

-  tan
_1 k  tan  | -  v- T

2 -  r 2

(2.26)

ii
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The e x t r a  ir in  the  p a r e n th e s i s  came from the  f a c t  t h a t  the  two in t e g r a l  

l im i t s  a re  ly ing  on a d jac e n t  (but d isconnec ted)  tangen t  branches .  Simi­

l a r l y  Sir would have been added i f  the  l i m i t s  on the i n t e g r a l ,  were o and Sir 

The l a r g e s t  p o s s i b l e  value o f  t Q i s  SirA1 , the  " c l i c k "  d u ra t io n ,  and 

t h i s  value i s  used in  the  s o lu t io n  below. Equation (2 .26) now can be 

so lved  by i t e r a t i v e  computer techniques  f o r  the  c r i t i c a l  loop gain AK.

The answer i s  not the  e x ac t  value of  AKi bu t  r a t h e r  an underes t im ate  on 

the  minimum loop gain req u i red  to  cause the  PLL to  sk ip  a c y c l e , ' g i v e n  a 

" c l ick "  o f  a c e r t a i n  he ig h t  k . Appendix I con ta ins  da ta  which shows 

the  very good accuracy o f  the  above s o l u t i o n .

2.6 THE "CLICK" MODEL

The d r iv in g  fun c t io n  o f  equat ion  (2 .18)  i s  a " c l i c k " , b r i e f l y  

desc r ibed  in Chapter T. In a c t u a l i t y ,  a ' ' c l i ck "  i s  not a d e t e r m i n i s t i c  

func t ion  and may assume any shape.  The m a jo r i ty  o f  the  " c l i c k s "  in
■ I

n a tu re  a r e ,  however, b e l l  shaped. Hess proposed an e m p i r i c a l ly -d e r iv e d  

exp ress ion  d e sc r ib in g  a t y p i c a l  " c l i ck "  which he then s u c c e s s f u l l y  used 

to  p r e d i c t ,  with a high degree of  accuracy ,  the  expected number o f  

cyc le -sk ip p in g s  by th e  f i r s t - o r d e r  loop.  The same " c l i ck "  model i s  used 

in  t h i s  t h e s i s .

The mechanism o f  a " c l i c k "  format ion i s  shown in  Fig.  1 .1 ,  Modu­

l a t e d  c a r r i e r  and no ise  add up to  form the  r e s u l t a n t  phasor .  This phasor
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o c ca s io n a l ly  sweeps about the  o r ig in  and thus  changes the  r e fe re n ce

angle  e by ±2ir. The angu lar  v e lo c i ty  of  the  r e s u l t a n t  phasor during

such a sweep i s  the  " c l i c k "  in which we are  i n t e r e s t e d  -  a be l l - shaped

f u n c t i on o f  t ime.  ,

Hess proposed the  fo llowing model o f  the  " c l i c k " :
'

" c l i c k "  = Q^(t) = ± 6^( t Q) exp I - (2.27).

I t s  t ime i n t e g r a l  i s  equal t o  2ir. A c tu a l ly ,  t h e re  are  many poss ib le  des­

c r i p t i o n s  o f  a b e l l - sh ap e d  fu n c t io n :  cosine  to  an even power and poly-

nominals can be used eq u a l ly  w e l l .  The important f e a t u r e  o f  Hess' model „ 

i s  the  assumption t h a t  a l l  " c l i c k s "  have the  same peak h e ig h t  which i s  

equal to  two r a d i i  o f  g y ra t ion  o f  th e  in p u t  narrowband n o i s e .

VV W2 Gj. ( (OjdtyZyr* Gj-fwTdw

J

(2 .28)

where GT(a) i s  the  low-pass e q u iv a l e n t  power spectrum of>the narrow band .

no ise  cen te red  a t  to . The input ,  no ise  i s  assumed to  be white  and Gaussian.
O

The magnitude o f  the  r e s u l t a n t  phasor i s  presumed to  remain cons tan t  du r­

ing the  " c l i c k "  o c c u r r e n c e .1 A c tu a l ly ,  the  amplitude o f  th e  c a r r i e r  

changes bu t  much more slowly them ^ ( t ) .

The proposed model i s  a t t r a c t i v e  because i t  allows a l l  the  " c l i c k s "  

to  be of  the  same h e ig h t .  This i s  not q u i t e  so in n a tu re ;  but never the ­

l e s s ,  the  h ypo the t ica l  " c l i c k s "  of Hess provided him r e s u l t s  which were.

1Rice [1 5 ] ,  Hess [ 8  ]
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in  c lose  agreement with exper imenta l  d a ta .  Allowing f o r  v a r i a t i o n s  in 

he igh t  from one " c l i ck "  to  ano ther  b r ings  another  degree o f  freedom to  

t h i s  p rocess ,  doubles the  complexity of  c a l c u l a t i o n s ,  and, according to  

Hess,  does not improve the  r e s u l t s . The assumption t h a t  the  phasor mag­

n i tude  s t a y s  co n s tan t  during  th e  " c l ick "  occurrence cons ide rab ly  s im p l i ­

f i e s  the  s o l u t i o n ,  as w e l l .

2.7 INITIAL CONDITIONS

I t  i s  assumed t h a t  the  " c l ick "  a r r i v e s  a t  the  in p u t  o f  the  phase- 

locked loop when the  loop i s  und is tu rbed  (zero  i n i t i a l  c o n d i t io n s ) .

This was one o f  the  assumptions in  th e  Hess'  modeling o f  th e  "Click" 

suppress ion  by the  f i r s t  o rde r  loop; t h i s  assumption i s  a c t u a l l y  a cor­

o l l a r y  from Hess1 " c l i ck "  model which was d iscussed  in  the  preceding 

s e c t i o n .  The argument goes as fo l lows:  the  loop gain {AK i f  the  c a r ­

r i e r  amplitude s tay s  c o n s t a n t ,  a ( t ) K  i f  i t  v a r i e s )  changes very l i t t l e  

while  the  " c l i c k "  i s  tak ing  p la ce ;  th e  " c l i ck "  i s  desc r ibed  by a Gaus­

s i a n -  I ike  func t ion  which has extended low t a i l s .  T h e re fo re ,  long before  

the  a r r i v a l  of  the  peak of  the  " c l i c k " , the  d r iv in g  fo rce  o f  the  loop 

i s  e s s e n t i a l l y  zero  and the  gain i s  c o n s t a n t .  Since the  a r r i v a l  o f  the  

peak o f  the  " c l i ck "  i s  preceded by a per iod  o f  almost complete absence 

o f  the  d r iv in g  f o r c e , the  loop should have enough time to  come to r e s t  

be fore  the  main po r t ion  o f  the  " c l ick "  a r r i v e s .  Note t h a t  the  assump­

t io n  concerning the  z e r o  i n i t i a l  co n d i t io n s  i s  not v a l id  when modulation
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i s  p r e s e n t .  In the  l a t t e r  case  th e re  remains a d r iv in g  fo rce  (modulation) 

even when the  no ise  d i s ap p e a rs .  The amplitude o f  the  c a r r i e r  a f t )  dips 

when th e  " c l i c k "  occurs.  S in ce ,  however, a ( t )  v a r i e s  more slowly than

.6 {t ) 1 , i t  may be assumed t h a t  most of the  change in i t  occurs when 
I

8 ( t )  i s  very small (when e ( t )  i s  s t i l l  th e  leading  t a i l  o f  the  " c l i c k " ) .
i' I

Th e re fo re ,  e v id e n t ly  Hess concluded t h a t  a ( t ) K  can be considered  to  be a 

cons tan t  during the  " c l i ck "  occurrence  even when so lv ing  a PLL equat ion .

He rep o r ted  very accu ra te  r e s u l t s  based on the  zero  i n i t i a l  condi t ions  

assumption f o r  the  PLL as narrow as h a l f  the  bandwidth o f  th e  inpu t  n o i s e .

Computer s im u la t ions  o f  some cases  o f  a " c l ick "  a c t io n  on a phase- 

locked loop (see  Appendix I)  i n d i c a t e  t h a t  with a l t ! #  changing about h a l f  

as f a s t  as 8 ( t )  ̂ the  phase- locked  loop behav ior  i s  c lo se  to  the  case

where a ( t ) K  i s  a c o n s ta n t .

1Hess [ 8 ]
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3.1 INTRODUCTION

The "o p t im a l i ty "  o f  the  phase-locked loop FM demodulator i s  gov­

erned by severa l  c r i t e r i a ,  one o f  which i s  the  magnitude o f  the  mean- 

square  phase e r r o r .  In the  presence o f  no ise  the phase-locked loop i s  a 

randomly t im e-vary ing  non l in ea r  system. The f i d e l i t y  requirement o f  the  

demodulated s i g n a l , however,  l i m i t s  the  ope ra t ing  range o f  the  phase- 

locked loop to  i t s  l i n e a r  reg ion .  S t i l l ,  the  ex ac t  ev a lu a t io n  of  the  

mean-square phase e r r o r  i s  not always p o s s i b l e .  For the  f i r s t - o r d e r  

l i n e a r  s t o c h a s t i c  t im e-vary ing  system the  ou tpu t  va r iance  can be found 

e x a c t l y ;  va r iances  o f  some second-order  systems may be ob ta ined  as w e l l ,  

bu t  no general  s o lu t io n  i s  known a t  p r e s en t  f o r  second and h ighe r  order  

systems.  N ev e r th e le s s ,  in  conjunct ion  with c e r t a i n  approxim ations ,  the  

c o n d i t io n a l  mean-square phase e r r o r  may be determined v ia  the  q u a s i ­

s t a t i o n a r y  approach, or i t s  lower bound may be es t im ated  ( th e  var iance  

o f  the  ou tpu t  o f  the  t ime-vary ing  s t o c h a s t i c  system i s  l a r g e r  than the  

va r iance  o f  the  outpu t  o f  . the t im e - i n v a r i a n t  system ob ta ined  by rep lac in g  

a l l  the  t ime-vary ing  parameters  of  the  former system by t h e i r  expected 

v a lu e s ) .  Chapter 3 j u s t i f i e s  c e r t a i n  approximations and o u t l i n e s  a

method f o r  de te rmin ing the  mean-square PLL phase e r r o r .  Sec t ion  2 con-
' ■/

t a in s  the  d e r iv a t io n  o f  the  PLL equation in the  presence o f  n o i s e ;  sec ­

t i o n  3 in t roduces  the  approximate express ions  f o r  the phase and th e  

amplitude o f  a modulated c a r r i e r  and shows t h a t  they a re  approximately 

independent;  in  s e c t io n  4 ,  a lower bound on the  p h a se -e r ro r  va r iance
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i s  found; in  s e c t io n  5 the  q u a s i - s t a t i o n a r y  model and the method of 

ob ta in in g  a con d i t io n a l  p h a se - e r r o r  va r iance  are exp la ined .

. (

3 .2  PHASE-LOCKED LOOP EQUATION IN  THE PRESENCE OF NOISE

In Chapter 2 ,  the  phase-locked loop equation was der ived  f o r  the  

n o i s e l e s s  c o n d i t io n .  In n a tu r e ,  inpu t  s ig n a l s  to  the  PLL a re  u sua l ly  

corrup ted  by n o i s e .  S ince  only cases in  which the  PLL i s  preceded by a 

narrow band-pass f i l t e r  are  considered in t h i s  t h e s i s ,  one may assume 

t h a t  the  co r ru p t in g  noise  i s  white and Gaussian.  Even i f  the  noise i s  

co lored and non-Gaussian (bu t  wideband),  a narrow band-pass f i l t e r  almost 

always makes the output  no ise  Gaussian.  In t h i s  l i g h t  the  above assump­

t io n  seems to  be reasonab le .  .

Signal ('A s in

plus white  Gaussian noise
Narrow-band 

f i I  t e r

A ( t )  s in t  + t an -1^ VX f  A COS Ti)(t)

Phase- locked loop

FIG. 3 .1 .  P r e - d e t e c t io n  F i l t e r i n g  o f  the  PLL Inpu t .
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As in d ic a t e d  in Fig.  3 . 1 ,  the  modulated c a r r i e r  and narrowband 

noise  a re  express able  as:

yj[A cos ijjftJ + x ( t ) ] 2- + .[a s in  + y C t ) ] 2

x s in W t  O + t a n ' 1 \ iL ± J L S lM L M ± L  
[a: + A cos

where

(3 .1)

V[A cos ipCW Il .a:fW]2 + [A s in  + y C t ) ^ Amplitude (3 .2)

tan y + A s in  ip ( t )
0 ( t )  = phase o f  the  PLL i n p u t . (3 .3)X + A COS ip f t ;

and x ( t )  and y ( t )  are  r e s p e c t iv e ly  the  cophase and quadra tu re  func t ions  

o f  the  narrowband Gaussian p rocess .  Note t h a t  the  PLL in p u t  i s  modulated 

in .b o th  amplitude and angle by no ise .

In chap te r  2,  i t  .was shown t h a t  in  the  n o i s e l e s s  environment the-low- 

frequency ou tpu t  o f  the  m u l t i p l i e r  i s  A s in  <pfW. Since the  VCO output 

(see  Fig.  2.1) has a con s tan t  am pl i tude , the  d e r iv a t io n  o f  the  output of 

the  mixer proceeds as in s e c t io n  2 .1 ,  except t h a t  A i s  rep laced  by a ( t ) . 

Thus , the  mixer output  here  i s  a ( t )  s in  <pfW.

Using the  general  low-pass f i l t e r  o f  s ec t io n  2 .1 ,  with vo l tage  t r a n s ­

f e r  func t ion  H(s)  = fa /W  (s+^/s+o.) , the  phase-locked loop d i f f e r e n t i a l  

equation  in the  presence o f  noise  is  de r ived  below. The impulse response 

of  the  above-mentioned- f i l t e r  i s
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h ( t )  = [ 6 ( t )  + fB-aJ e u(t)~]

and one o f  the ve rs ions  o f  the  phase-locked loop equation i s

(3.4)

d t  d t  3 J  a ( T )  s in  .+ (&-a) e~a ^t ~Tj2dr  (3 .5)

Terms m u l t i p l i e d  by the  d e l t a  func t ion  can be i n t e g r a t e d  immediately:

S  =  S i - T a w  s i n  * - e ot^  Ty*QjfTy)s in  <#)fr idT (3 .6)

D i f f e r e n t i a t i o n  o f  both s ides  with r e s p e c t  to  time y i e l d s :  

<j)fiy) = 6 ( t )  -  — ■ [ a f t ) s \  nififty)] -  afiy)sint()ft.) -f

But.

+ a 2 re ^ jf  j e - ^ - ^ a t ^ s i n ^ M r (3 .7)

K f  e-a(t-T> 'ah) Sin

e f t ;
i

a f t ;  s i n 4,f t ;  -  cfift; (3 .8)

•f!
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F i n a l l y ,  the  PLL equation  in the  presence o f  noise  may be w r i t t e n :

$ ( t )  + a$( t )  + [ a s i n  +

»* .
+ aKaCt) s in  $ ( t )  = 0 ( t )  + a6 ( t )  (3 .9)

I I

3 .3  APPROXIMATE EXPRESSIONS OF THE AMPLITUDE AND PHASE OF A 

MODULATED SIGNAL.

Rice,  in  h is  c l a s s i c a l  paper [ 1 4 ] ,  proposed an approximate expres ­

s ion  f o r  the  spectrum o f  the  demodulated FM s i g n a l .  This express ion  i s

v a s t l y  s im p l i e r  than the  ex ac t  one p rev io u s ly  der ived  by Middleton,  R ice ,
' '

Stumpers , and o th e r s .  In t h i s  t h e s i s  f t j  i s  such a demodulated s igna l

(see  equat ion  2 .1 1 ) .  According to  Rice,  i f  the  i n p u t . t o  the  FM d e t e c t o r  

i s  A cos u>ot  + x ( t )  cos Wgt + y ( t )  s i  n ' ( x  and y  are  quadra tu re  func­

t io n s  o f  narrowband Gaussian n o i s e ) ,  then the  d e t e c t o r  ou tpu t  i s  equal to

^ u n ' 1 A 1W tT - kT l  Plvs "c'tcks" (3.10)
Thus as ide  from the  " c l i c k s " ,  the  demodulated FM s igna l  i s  equal to  the  

f i r s t  term o f  T a y l o r ' s  s e r i e s  expansion o f  e-Ct). .  This approximation i s

accu ra te  down to  and inc lu d in g  a c a r r i e r - t o - n o i s e  r a t i o  o f  3 dB. Even
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below t h i s  va lue  the  approximat ion holds a f t e r  a fash ion  [23] .  The spec­

trum o f  0 ( t )  i s  t h e r e f o r e  equal to  th e  spectrum o f  f — plus the  spectrum 
1 '  :

o f  the  " c l i c k s "  ( sho t  n o i s e ) . The l a t t e r  i s  very broad and, by R ic e ' s ,  

assumption,  independent  o f  the  o th e r  components o f  the  t o t a l  spectrum.

The phase of  the  d r iv in g  s i g n a l ,  in  the presence of the  sine-wave FM 

modula tion,  was given in express ion  ( 3 .1 ) .  Here i t  i s  repea ted  again:

. y ( t )  + A s in  ijjft;
Q ( t )  = tan™ . T---------- -----------------:

1 ec(t) + A cos Ip(fr)

where ip(t) = o, s in  oj -fr and i s  the  FM modulation index . The spectrum
I  ■ ■

of  now inc ludes  n o i s e ,  s i g n a l ,  and the  c ro ss -p roduc ts  o f  noise

and s i g n a l .  Again,  using only the  f i r s t  term in  T a y lo r ' s  s e r i e s  expan­

s ion  o f  0 ( t ) , Rice suggested  the  fo l lowing express ion  f o r  i t s  spectrum:
1

„2 ”
S (tii) = —  ^  I  Ql . (U +-Hitim) + s igna l  spectrum (3.11)

A n =  -Co

where Jn ( fi> i s  the  n - th  o rde r  Bessel func t ion  o f  fi and G (W i s  the

f a m i l i a r  e q u iv a l en t  low-pass spectrum, o f  the  input  narrowband Gaussian 

n o ise .  When the  modulation index i s  small J  CfiJ -  I  and the  noise' Y l  .

spectrum i s  una f fec ted  by the  s ignal  p resence .  Thus the  spectrum of
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the  phase o f  a weakly-modulated c a r r i e r  i s  t h a t  o f  yCt ) /A  plus: the  

spectrum o f  the  s igna l  and plus the  spectrum o f  " c l i c k s " . Neglecting ' 

the  " c l i c k s "  f o r  a moment, the  one-s ided  low-pass e q u iv a l e n t  o f  the  

s i g n a l - p l u s - n o i s e  spectrum is

2 2
a 2—  G (u>) - + —  6.fw J (3 .1 2 )

In the  absence o f  modulation the  c a r r i e r  amplitude may be approxi- 

maged as fo llows:

a ( t )  = A  + x ( t )  (3 .13)

This s t e p  seems to  be l o g ic a l  a f t e r  a s s ign ing  y ( t ) / A  to  e ( t )  , both

being sums o f  zeroe th  and f i r s t - o r d e r  terms o f  t h e i r  r e s p e c t iv e  T a y lo r ' s  

s e r i e s  expansion.  The complete express ion  d e sc r ib in g  the  amplitude of  

the  PLL in p u t  was given befo re  (see  equat ion  3 .2 ) .  I t  i s  reproduced 

here  again :  ,

^  [A cos ty(t) + x ( t )  ] 2 + [A s in  \p(t) + y ( t ) ’] 2 (3 .2)

In the  absence o f  modulation i t  becomes
■ . ■ . '  '  ■

a ( t )  = ^  [A + + y ( t ) 2 (3 .14)

and i s  approximate ly  equal to  express ion  (3 .1 3 ) .  The v a l i d i t y  of  the  

approximation may be deduced from the  p r o b a b i l i t y  d e n s i ty  func t ion  o f  

a f t ) ; the  c l o s e r  i t  i s  t o  being normal, the  b e t t e r  the  approximation 

holds .  The p r o b a b i l i t y  d e n s i t y  func t ion  of  a CtJ when th e r e  i s  no
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modulation i s  equal to :

p l a ( t ) ]  = e ~ ( a 2 ( t )  + a 2 ; / 202 I0 ^ f t j ^ (3 .15)
CT '  o'

This i s  the  s o - c a l l e d  Rician d i s t r i b u t i o n ,  a2 i s  the  va r iance  of  the  

inpu t  narrowband Gaussian p rocess ;  I  i s  the  modified Bessel func t ionO

o f  the  ze roe th  o rd e r .  When a f t )  i s  Targe or  a2 i s  sm a l l ,  I  has a
■ 0

l a rge  argument and .

Lim 

Aaf  t )

I  I aci^ A =
ol  cr

a*- f
Aaf  t )

-  f T ) (3 .16)

Thus., p [ a f t ; ]  approaches

a f t )

2 TTG2 A
exp ( a f t )  -  A)*  

2g2
(3.17)

When a f t )  i s  f a r  ou t  on the  t a i l  o f  the  cu rve ,  the  exponentia l  term
. I

dominates and causes p [ a f f j ]  to  behave Tike a Gaussian d i s t r i b u t i o n .

When A i s  l a rg e  (a case  o f  l a rg e  c a r r i e r - t o - n o i s e  r a t i o ) , then a ( t ) / A - i  

and again  p [ a ( t j ]  i s  nea r ly  normal. (See Middleton [10]).  In a l l  cases 

th e  s tanda rd  d e v ia t io n  i s  t h a t  o f  x f t )  or  y f t ) . T h e re fo re ,  the  approxima­

t io n  3.13 a p p l i e s  in th e se  cases .

. When th e re  i s  no s i g n a l ,  q f t )  and a f t )  are  s t a t i s t i c a l l y  independent

in  the  range where the. above-mentioned approximations a re  v a l i d .  (This
'

follows from x f t )  and y f t )  being orthogonal and G a u ss ia n ) .

When modulation i s  p re sen t  the  phase of the  modulated c a r r i e r ,  

according  to  Rice [1 4 ] ,  i s  approximate ly  equal to :



(3 .18)0I ^  = cos y ( t )  + x ( t )  s in

where ty(t') = n s i n  i s  the  modulation.  This express ion  was o f f e re d  by

Rice f o r  moderate modulation indexes .  Obviously,  i t  should hold even 

b e t t e r  f o r  small modulation indexes .  Again, app ly ing  th e  s im i l a r  degree 

o f  approximation to  the  c a r r i e r  a ( t )  y ie lds ' :

a ( t )  = A + x ( t )  cos y ( t )  + y ( t )  s in  . ■ (3.19)

This i s  the  sum o f  two terms o f  T a y lo r ' s  s e r i e s  expansion of  the  exac t 

express ion  3 .2 .  Note t h a t ,  a g a i n , aCt)  and 6^(t )  a re  mutua lly  o r th o ­

gonal.  (Compare express ions  3.18 and 3 .1 9 . )  Since ^ i s  independent o f  

x ( t )  and y ( t ) , a ( t )  and 61( t )  a r e  narrowband Gaussian p rocesses .  The ir  

o r th o g o n a l i t y  i s  a s u f f i c i e n t  cond i t ion  f o r  t h e i r  s t a t i s t i c a l  independence 

' When the  modulation index i s  very sm al l ,  e ( t )  and a ( t )  a re  equal

to y ( t ) / A  and A + x ( t ) 3 r e s p e c t i v e l y .  The s t a t i s t i c s ,  o f  a f t ; , however, do 

no t  app rec iab ly  change , when the  .modulation index i s  not van ish ing ly  small 

bu t  i s  equal t o ,  s ay ,  . 2 .  The magnitude o f  a f t ;  i s  s t i l l  e s s e n t i a l l y  

equal to t h a t  Of a f t ;  when no modulation i s  p re sen t .  Indeed:

<

[ a f t ;  I = CA f  a f t ;  cos t y ( t ) ) z + ( y ( t )  s in  i f i f t ; ; 2

. . . .  4  ^  7a + .980  x ( t ) ) 2 + ( . 199  y ( t . ) ) 2 ' (3 .20)

-  A + x ( t )  with a very  small e r r o r .  ' "

46
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T h e re fo re ,  once i t  has been e s t a b l i s h e d  t h a t  8 f t ;  and a f t ;  a re  approx i­

mately independent,  the  s t a t i s t i c s  o f  d(t) .  a re  assumed to  be those o f  

an unmodulated c a r r i e r ,  i . e . , a Rician d i s t r i b u t i o n .  ■ Since Rice and

Schwartz showed t h a t  the  approximation f o r  the  phase e ( t )  i s  v a l id  a t
i

CNR = 3dB [14] and marginal a t  CNR =. 1.75 dB [2 3 ] ,  i t  appears  to be 

reasonab le  to  expect s i m i l a r  accu rac ie s  from the  s im p l i f i e d  amplitude 

express ion  an d , hence,  to  expect only  a very Tow degree o f  in te rdependence 

between Q ( t )  and a ( t ) .

3 .4  A LOWER BOUND ON THE VARIANCE OF THE PHASE ERROR

I f  the  phase-locked loop i s  used as an FM demodula tor,  no d i s t o r t i o n  

should be p re sen t  in  the  o u tp u t ,  and thus  s in  * = * must hold .  The 

l i n e a r i z e d  equa t ion  of  the  PLL d i s tu rb e d  by noise  was de r ived  in s e c t io n  

3 .2 ;  i t  i s  reproduced here  again ;

<j>(£7 + + Ka(t )  ■
e

+ a K a = Q Ct) + ah ( t )  (3 .21)
I I

I t  d e sc r ib e s  a l i n e a r  random system, i . e . ,  a l i n e a r  system whose d r iv in g

fun c t io n  and some of  the  parameters a re  random f u n c t io n s .  Such systems
*

have been e x t e n s iv e ly  s tu d i e d  and c losed-form s o lu t io n s  der ived  f o r  some 

i s o l a t e d  c ase s .  This p a r t i c u l a r  equa t ion  does not have a known s o l u t i o n .



but some bounds on the  phase e r r o r  may be deduced. The following develop 

ment i s  due to  Samuels [17,18,19]. Equation (3.22) i s  expressed in an 

a l t e r n a t i v e  form:

I u  -----g— . b - f t )  = P( t )
W  .

(3.22)

where P ( t )  = e ( t )  ■+ cte' ( t )
i i .

b0 ( t )  = a K a ( t ) ' + a K a ( t ) / $

- ' ' - - '  ' ' ' "b ( t )  = —  a ( t )  + a I . P . '
4 ‘

b ^ ( t )  = 0

Let bk ( t )  = b k + zk ( t )  ' . (3.23)

where b^  i s  the  expected value of  & . f t ;  and e ( t )  i s  i t s  v a r i a b l e  p a r t .  

S u b s t i t u t i n g  express ion  (3.23)  in to  (3 .22) r e s u l t s  in

% _
p ( t )  -  22

Ii=O
(3.24)

where L i s  a c o n s t a n t - c o e f f i c i e n t  l i n e a r  non-random d i f f e r e n t i a l  o p e ra to r .



4.

An in t e g r a l  equation i s  obta ined from the  above express ion : .

M t )
I

t  ' t
Y  * - J i M V
7 ~ J T  ^ + E (3 .25)
J  . k=0 dr.

k=0

H ( t ; V  i s  the  impulse response  o f  the  system a s s o c ia t e d  with the L opera tor  

( i . e . , the  impulse response o f  the  d e t e r m i n i s t i c  po r t io n  o f  the  sy s tem ) . 

Since the  expected values  o f  f t ;  J> a re  c o n s t a n t ,  = . H ( i - V  in

t h i s  c a s e .  ^ f t ; j  i s  the  fundamental s e t  o f  s o lu t io n s  o f  the  equat ion

L $ ( t )  = O’, the  Ck l S a re  co n s tan ts  and the  i n t e g r a l s  a re  convolu tion ope ra ­

t i o n s .  Expression (3.25)  can be modif ied f u r t h e r  in to

<Kt; = F ( t )  - J x d -  V ^ C V d t,  

t„

2 v  %k r- -I
where x a  -  V  r  Z  (-  —  [ e ^ f t ^ f t  -  U J

k=0

and F ( t ) I
t  2

H ( t  -  t)P (V d r; + Y i ° iY k
. . k=l

Note t h a t  H a )  * x a )  = H( t )  * x a )

(3 .26)
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Expression (3.26)  s t a t e s  t h a t  the  phase e r r o r  c o n s i s t s  o f  two p a r t s :  

the  response of  the  t i m e - in v a r i a n t  po r t io n  o f  the  system and the c o n t r ib u ­

t io n  due to  t ime-vary ing  elements in the  system. 7>k o f  (3 .23) thus belongs

to  the  t im e - i n v a r i a n t  p a r t  o f  the  system ( the  bar over 6) denotes i t s

expected value) and i s  r e s p o n s ib le  f o r  the  i n t e g r a l  p a r t  o f  (3 .2 6 ) .

The development up to t h i s  p o in t  i s  s tandard  and has been used by severa l  

a u tho rs .  ,

Since express ion  (3.21)  cannot be solved e x ac t ly  f o r  the  va r iance  o f  

K W .  a lower bound f o r  <pz (t )  i s  con jec tu red  to  be equal  to  the  va r iance  

o f  the  t im e - i n v a r i a n t  po r t ion  o f  the  system. In o th e r  words,  random 

v a r i a t i o n s  (independent of the  d r iv in g  fu n c t io n )  o f  the  parameters o f  a 

l i n e a r  system d i s t u r b  the  sys tem 's  ou tpu t  so t h a t  i t s  va r iance  in c re a se s  

when compared to  the  va r iance  o f  the  ou tpu t  of the  und is tu rbed  system. . 

L i t t l e  has been publi shed  t h a t  dea ls  d i r e c t l y  with t h i s  s u b j e c t ,  bu t  some 

experimental  r e s u l t s  were mentioned by Coughey e t  a f  [5,6].  The paper 

s t a t e d  t h a t  s im ula t ions  o f  dynamic s t o c h a s t i c  systems Showed t h a t  random 

v a r i a t i o n s  o f  system parameters  only u n s t a b i l i z e d  i t .  This was one of 

the  papers publi shed in  r e p ly  to Samuels'  erroneous claim [ 18] t h a t  some 

h ig h e r -o r d e r  l i n e a r  systems can be s t a b i l i z e d  by means o f  random d i s t u r b ­

ance o f  i t s  paramete rs .

I n t u i t i v e l y  i t  i s  obvious t h a t  a random d is tu rb a n ce  o f  a l i n e a r  

sys tem 's  parameters w i l l  not reduce i t s  mean-square e r ro r . .  There a re  no 

e x p l i c i t  s ta tem ents  in the  l i t e r a t u r e  proving or d isp rov ing  t h i s  p o in t ;



perhaps because i t  i s  obv ious ,  and a l so  perhaps because o f  the  d i f f i c u l t y  

involved in so lv ing  s t o c h a s t i c  d i f f e r e n t i a l  e qua t ions .  Some r e s u l t s ,  

though, can be deduced from the  a v a i l a b l e  p u b l i c a t i o n s ;  l a t e r  in t h i s  

s e c t io n  i t  w i l l  be shown t h a t  a l i n e a r  system dr iven  by any band-:! i mi t e d  

s igna l  and whose paramete rs  a re  d i s tu rb e d  by a white  no ise  s u f f e r s  an 

in c rease  in i t s  ou tpu t  va r iance  as compared to  the  same system with 

undis turbed  paramete rs .

The a s s e r t i o n  t h a t  the;, t ime-vary ing  system i s  "worse" than the  

i n v a r i a n t  system can be argued by a t tem pt ing  to prove the  c o n t r a r y  p o in t .  

Suppose t h a t  the  t ime-vary ing  system i s  " b e t t e r "  than the  i n v a r i a n t  system. 

This means t h a t  the  va r iance  o f  the  system output can be reduced by add- ' 

ing some random d is tu rb a n ce  to  the  parameters o f  the  system. A dubious 

p o s s i b i l i t y .  Note t h a t  Samuels [18] t r i e d  to  prove a somewhat d i f f e r e n t  

t h in g ;  namely, t h a t  when the  t ime i n v a r i a n t  l i n e a r  system i s  uns tab le  to  

s t a r t  w i th ,  a random d i s tu rb a n ce  o f  i t s  parameters would d r iv e  the  sys tem 's  

poles ( i f  one can t a l k  about poles of  a t ime-vary ing  system) to  the  l e f t -  

hand plane f o r  the  per iods  long enough to s t a b i l i z e  i t .  On th e  o the r  

hand, the  assumption o f  the  t h e s i s  concerning t ime-vary ing  systems says 

t h a t  given a s t a b l e  t im e - in v a r i a n t  system, the  a d d i t io n  o f  noise  to i t s  

parameters can only  make the  AC components Of the  outpu t  l a r g e r .  That 

seems to  be a reasonab le  a ssu m p t io n . .
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I t  was shown in s e c t io n  3.2  t h a t  a t  l a rg e - to -m odera te  values  o f  CNR 

a f t , and are s ta t is t ic a l ly  independent. Therefore, the parameter 

v a r i a t i o n s  and the  d r iv ing  func t ion  in the  l i n e a r i z e d  PLL equat ion a re  

s t a t i s t i c a l l y  independent.

a c t ;  and e ^ t j .  a re  not always independent as sugges ted above. 

Whenever a f t ,  becomes sm all, although i t  does not happen often , e ,f t ;  is

very lik e ly  to become large, even in f in ite ly  large when a f t ,  = o. (This is  

easy to  see from Fig.  1 . 1 ,  the  FM phasor diagram).. Since a f t ,  is  propor­

t io n a l  to  the  loop gain, i t  i s  a l s o ,  a t  least asymptotically, i n v e r s e ly  

p ropor t iona l  to  the  s t e a d y - s t a t e  phase e r r o r .  A small gain c l e a r l y  

corresponds to  a large e r r o r ;  coupled with a sharp in c re a se  in t h e  d r iv in g  

f u n c t io n ,  t h i s  leads  to  the  conclus ion t h a t  the  f a l s e  assumption of 

s t a t i s t i c a l  independence o f  a f t ,  and ^ f t ,  would lead to  an underestimate  

o f  the  phase e r r o r .

A sp ec ia l  case o f  the  s t o c h a s t i c  dynamic system occurs when the  

process  d i s tu r b in g  the  system parameters i s  u nco r re la ted  with the  d r iv in g  

func t ion  and when the  s p e c t r a  of the d r iv in g  function,  and the  d i s tu rb in g  

process are drastica lly  d ifferent. For instance, one process may be a 

narrowband noise and the driving function white noise. The general expres- 

sion f o r  the  va r iance  o f  <j>ft, i s  e a s i l y  obta ined from equation  (3 .27) :
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' t
E { ^ 2 ( t ) 1  = ElF2- ( t ) ]  -  E I  F ( t )  J  K(t-z)4>(T)dT } + 

. ^
t

t O

(3.27)

Consider the  second term o f  the  r ig h t -h an d  s id e  o f  the  e q u a l i t y :

E[_F(t)J” K( t - T)  §(T)dt~\

'  t O

Since e ( t )  i s  a narrowband n o i s e ,  i t  v a r i e s  much more s lowly than F ( t )  

and <j,( t ) . K ( t )  (see  qua t ion  3.26) i s  p ropor t ioned  to ■ e ( t ) . The re fo re ,  

the  e x p ec ta t io n  o pe ra t ion  may be performed over the  regrouped express ion  

in the  fo llowing manner:

E l F ( t ) J  K (t-.T )^(r)d -z '\ E ^ F ( t ) K ( t - T ) S( T ) ^ d i  ( 3 .2 8 ) 1

■t ■

J  ti[F(-t)$(T;)]E[K(t~T)'\dT:

'From Samuels [1 7 ]:^ if ^  are ergodic and their rates of change
a re  f a r  a p a r t ,  then f -2xf  ( y) f z (y)dy = /  -

- x



Since K ( t )  = O3 the  i n t e g r a l  i s  equal to  zero and
____  ____  (3.29)
(J)2 CtJ % F2 Ct) . • .

where,  as b e f o r e ,  F ( t )  i s  the  response  o f  the  "expected" t im e - in v a r i a n t  

system,  and the  bar  over a- fun c t io n  s i g n i f i e s  an expec ta t io n  operation^

In t h i s  spec ia l  case  no approximat ions were made in o rde r  to  de r ive

the  i n e q u a l i t y  (3 .2 9 ) .  In the  ac tua l  phase- locked loop o p e r a t i o n , the
•• ••

d r iv in g  func t ion  a6 CtJ + Q1CtJ does vary f a s t e r  t h a n . aC tJ [o r  e ( t )  in

the  n o ta t io n  o f  the  above example],  a l though not to  the  degree where i t  

begins  to  look l i k e  white  noise  in comparison to  aCtJ .  In the  worst  

case  when a i s  very l a r g e ,  Q^CtJ i s  s t i l l  s i g n i f i c a n t l y  f a s t e r  varying

than a f t j  „ Middleton [ l I  ] had s p e c t r a  c a l c u l a t e d  fo r  ' a ( t )  and f t J

(when, the  PLL dr iv ing  func t ion  i s  a c a r r i e r  plus a narrowband n o i s e ) .

The spectrum o f  e CtJ i s  wider  than t h a t  o f  a CtJ but c e r t a i n l y  not by as 
1 . ' . ' 

much as an o rder  of  magnitude.  Of c o u rse ,  when th e re  i s  FM modulation

p r e s e n t ,  the  r a t e  o f  change of  6^CtJ i s  in c reased .  Thus, f o r  the  cases

where modulation i s  p r e s e n t ,  and e s p e c i a l l y  where 8 CtJ i s  s i g n i f i c a n t  

when compared with a@ CtJ,  the  d e r iv a t io n  o f  the  i n e q u a l i t y  (3 .29)  i s

f u l l y  a p p l i c a b le  to the  PLL op e ra t io n .



Fur ther  evidence f o r  t h e  v a l i d i t y  o f  the  assumption about the  

s u p e r i o r i t y  o f  the  t im e - i n v a r i a n t  system can be demonst rated by the  method 

o f  su ccess iv e  s u b s t i t u t i o n  app l ied  to equation  (3 .2 6 ) .  Equation (3.26) 

i s  a VoTterra i n t e g r a l  equation which may be solved.  A f i r s t  approximation 

to  4>ft; i s

(f>ft; = F ( t ) ; a second approximation i s

(lift; = F( t )
t
FfUKft-GMs

Fur ther  approximat ions may be obta ined  by i n s e r t i n g  (3.30) 

o r ig i n a l  equation  (3 .26) r e s u l t i n g  in

(3 .30)

in to  the

<j>ft;
* r p r
ffUKft-Ud; +1 f

C
K( t -£ ) K(  z-vi) FfnJdzdn

o %

(3.31)

The p a t t e r n  i s  e s t a b l i s h e d .  The s e r i e s  converges to  the  t r u e  s o lu t io n

o f  (3 .26)  provided the  f r e e  term [ F f t ; ]  i s  a b so lu t e ly  i n t e g r a b l e  in the
■ ■ ■

i n t e r v a l  o f  the  s o l u t i o n ,  

t
Required: \ F ( t ) \ d t  < Constant  (3.32)

'  t O . ■

This cond i t io n  i s  s a t i s f i e d  i f  a f i n i t e  i n t e g r a t i o n  per iod  i s  chosen. 

According to,Samuels [1 7 ] ,  K ( t ) 3 and F(t )  are  s t a t i o n a r y  i f  the
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bk ' s  are  c o n s ta n t s .  Since t h i s  cond i t ion  i s  s a t i s f i e d  and § ( t )  = O3 

the  p h a se -e r ro r  va r iance  may be ob ta ined  by t ime-averaging  §z (t.) over a

s a t i s f i e d  w i th in  a small e r r o r  which approaches zero as the  i n t e rv a l  

approaches i n f i n i t y .

Another requirement f o r  the  convergence  ° f  the  s e r i e s  i s  t h a t  Ki t )  

must be f i n i t e .  Since during any.measurement period no ise  does not reach 

i n f i n i t y ,  (due to  the  phase-locked loop component l i m i t a t i o n s )  and s in ce  

extremely l a rg e  no ise  d e v ia t io n s  occur very seldom, i t  may be assumed with 

a p r o b a b i l i t y  approaching un i ty  t h a t  K ( t )  <. C f o r  t z [ t o3T~\ where C and T 

a re  some l a rg e  c o n s ta n t s .  Thus , by making the t e s t i n g  per iod  f i n i t e  and 

by tak ing  enough terms o f  the  s e r i e s ,  an a r b i t r a r i l y  good e s t im a te  of  

Var[<j)ff;] may be ob ta ined .  I f  only the  f i r s t  two terms of  the  s e r i e s  a re  

used, (express ion  3.30) the  va r iance  o f  § ( t )  i s  equa l" to

la rg e  t ime i n t e r v a l .  The l a r g e r . t h e  t ime i n t e r v a l ,  the  b e t t e r  the  e s t im a te  

o f  Var[<j>ft;] i s .  T he re fo re ,  the  f i n i t e  t ime in te rv a l  requirement can be

t

t  .

2 E \_ F tt)J  P U ) KCt - z l d t i (3 .33)

t O
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where E s i g n i f i e s  e x p ec ta t io n  o p e ra t io n .  B e e m i s a s aW: Q11 .(t) are:
■ 1-

near ly  independent,  the  l a s t  term a pproachess Zerot•

. El F(t)J - F ( O K a - O d K l

’  Ea ( t )  \ F<t>f  ( t )  K - 1 =  0' ( 3 . 3 4 )

because Ea >, , l K ( t ) ] ^ o . ' S ubsc r ip t s  o f  FE ssi'griffy the: variable:- with ■ v ( t )
1  . . • '  •

r e s p e c t  to  which the  e x p ec ta t io n  i s  .perfornredt. S ta t f s i t icad  i Iideperidence

o f  a ( t )  and QA t )  al lowed the  shown manipulations- o:f expe'ctafionr operators-I A

T h e r e f o r e ,

Var[(#,ft;] = E l F ^ i O l  +■eIc/ F ( O K ( t - O d t ^ \ (3 :135)

The f i r s t  term i s  equal to  the  va r iance  o f  thes o u t p u t  o f  t h e  t ime-  

i n v a r i a n t  system; the  second term i s  non-nega t ive .  -

Within the  accuracy  of the two-term expansion, thereforE,. the.

l i n e a r  t ime i n v a r i a n t  system ou tpu t  y i e l d s : . a t  underestimates q:f  $ H t )  .. 

At high values  o f  c a r r i e r - t o - n o i s e  r a t i o  the? accuracy o f  t h e  two:-term 

expansion improves. Also ,  when^ the t ime c o n s t a n t  o f  th e  phase-locked
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loop i s  small (wide-band system) the  f i r s t  two terms o f  the  s e r i e s  give 

a good approximation to f f t j . The phase-locked loop does not always 

o p e ra te  in the  l i n e a r  mode. When the  fo rc in g  func t ion  i s  l a r g e ,  or when 

the  c a r r i e r^ a m p l i tu d e  a f t j  d ips  to ' l o w  v a lu e s ,  the  phase e r r o r  bu i lds  up 

so t h a t  s in  ^  § ( t ) . I t  i s  well  known t h a t  the  PLL s u f f e r s  a degrada­

t i o n  in  i t s  t r a c k in g  a b i l i t y  when the  loop o p e ra te s  in the  non l inea r  mode. 

A t e s t im o n ia l  to t h a t  f a c t  i s  a hos t  o f  feedback devices  [2, 3 ,  25] t h a t  

a t tem pt  to  keep the  phase-locked loop ope ra t ions  to  i t s  l i n e a r  region as 

long as p o s s ib l e .  The degrada t ion  in the  s i z e  o f  the  phase e r r o r  i s  

r e a d i l y  seen from the  express ion  f o r  the  s teady  s t a t e  phase e r r o r :

V s .  - s1n
_ 1 Q1 ( t )  + .QtG1W

a ( f ) K (3 .36)

The express ion  i s  ob ta ined  from th e  loop d i f f e r e n t i a l  equat ion  by dropping

a l l  the  d e r i v a t i v e s  o f  $ ( t ) .  Obviously ,  t h e r e  a re  no bounds fo r  i> i fs . s '

the  inve rse  s in e  cannot be approximated by i t s  argument. The re fo re ,  a .. 

l i n e a r i z e d  phase-locked loop w i l l  have a sm al le r  p h a se -e r ro r  va r iance  than 

■ the PLL with the  s in u so id a l  n o n l i n e a r i t y  in i t .  Hence, th e  assumption 

t h a t  the  phase-locked loop i s  a t im e - i n v a r i a n t  l i n e a r  system would under- 

e s t im a te  i t s  phase e r r o r  on two accounts :  f i r s t ,  on account o f  assuming 

t h a t  the  loop i s  a l i n e a r  system; second,,  on account o f  f u r t h e r  s im p l i ­

fy ing  i t  i n to  a t im e - i n v a r i a n t  l i n e a r  system. The search  program o f

t
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ch ap te r  4 uses t h i s  concept o f  the  l i n e a r  t im e - in v a r i a n t  underes t im ate  o f  

the  p h a se -e r ro r  va r iance  as the  b a s i s  o f  r e j e c t i o n  o f  some low-gain na r ­

rowband loops u n s u i t a b le  f o r  the  ta sk  o f  FM demodulation.

3 .5  MEAN-SQUARE PHASE ERROR

In the  reg ion  where the  l i n e a r i z e d  model o f  the  PLL i s  v a l i d ,  the  

fo llowing approximation holds t r u e :

•foLaO;) ~ a ( t ) l ( t )  (3.37)

I t  was not r e a l l y  needed in  the  sea rch  program o f  ch ap te r  4 because 

the  search was based , among o th e r  t h i n g s ,  on computing e s t im ates  o f  the  

p h a se -e r ro r  va r iance  o f  var ious  loops and the  e s t im a te s  were a c t u a l l y  

underes t im ates  in  a l l  cases  except the  f i r s t - o r d e r . l o o p .

As i t  i s  l a t e r  shown in  t h i s  s e c t i o n ,  t h i s  approximation makes, the  

phase e r r o r  appear sm a l le r  than i t  i s .  I t  was used i n . a l l  cases  by the 

search  program o f  chap te r  4 because the approximation does not e n te r  i n to  

the  p i c t u r e  a t  a l l  when so lv ing  the  f i r s t - o r d e r  loop eq ua t ion .  As the  

fo llowing development shows, the  approximation i s  q u i t e  a c c u ra te  in most 

o th e r  c a s e s .  a ( t )  has most o f  i t s  energy concen tra ted  a t  zero frequency. 

The t o t a l  energy o f  a ( t )  a n d . i t s  DC p a r t  i s  governed by the  fo llowing 

two e x p r e s s i o n s [12] :  ,



L I k

Wt  = So2 (1+P)

iro*
wBC = " T "  e~P [ m p j V s  + P I i r2 ; ] (3 .38)

where d2 = va r iance  o f  in p u t  narrowband Gaussian noise

P =  A2ZSc2

J 1 a re  modif ied Bessel func t ions  o f  the  ze roe th  and the  f i r s t

o r d e r ,  r e s p e c t i v e l y .  ,

At a c a r r i e r - t o - n o i s e  r a t i o  o f  3 dB, the  DC component accounts  fo r  

89 pe rcen t  o f  the  t o t a l  a ( t )  (envelope.) energy. The spectrum o f  a ( t ) -

has a very l a rg e  impulse a t  zero f requency. By remaining s ma l l } must

n e c e s s a r i l y  be a good r e p l i c a  o f  the  d r iv in g  func t ion  a6 ^ Ct). + Q1 Ct).  In

s e c t io n  3 .2  i t  was shown t h a t  a t  high to  moderate c a r r i e r - t o - n o i s e  r a t i o s

aCt)  ~ A v- xCt )  and 0, Ct) =' ' y ( t )A where x C t ) ,  y ( t )  are  cophase and quadra ­

tu r e  components o f  the  in p u t  no ise .  I t  fo llows then t h a t  fyCt) c o n s i s t s  

o f  a l i n e a r  combination o f  f i r s t  and second d e r i v a t i v e s  o f  y ( t )  thus 

possess ing  a wider  spectrum than a ( t ) .  When the  r e s u l t a n t  in Figure 3

ventu res  c lo se  to  the  o r i g i n ,  a ( t )  i s  s m a l l , but e f t ;  i s  l i k e l y  to

_ dbecome ext remely la rg e  and the  approximation ^ a ( t ;< j> f t ; ] ^ a f t ;< j> f t ;  holds 

even b e t t e r  ( in  the  mean sense ) .
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Consequently,  the  l i n e a r i z e d  phase-locked loop equat ion  i s  equal to :

..
*(t)  + a l l  + -g K t )H( t )  + aKaf tHd)  - B^ t )  + ah^Ctl (3. 39). :

The exact loop d i f f e r e n t i a l  equation i s

§ ( t )  + a[2 + ^  a ( t ) ~ \ l ( t )  + QLK$(t)ia(t) + ^ ~ ]  = Q^(t) + (3.40)

a ( t )  and a ( t )  are  orthogonal processes  and because o f  t h e i r  near-Gaussian 

s t a t i s t i c s  [ e s p e c i a l l y  when a ( t )  i s  l a rg e ]  they a re  s t a t i s t i c a l l y  indepen­

d e n t ,  o r  a t  l e a s t  tend  to  be so.  By removing $ ( t ) a ( t ) / $  from express ion 

(3 .39)  the  number of  independent noise  sources  in the  system i s  reduced. 

According to  the  arguments p resen ted  in  s e c t io n  3 .4 ,  t h i s  development should 

r e s u l t  in  the  reduced ou tpu t  va r iance  due to  no ise .  In o th e r  words, ev a lu ­

a t i o n  o f  the  system desc r ibed  by express ion  (3.38) would tend to  under­

e s t im a te  . When, values  of  a and 3 a r e  near  each o t h e r ,  o r  when a o r  g

a re  very la rg e  with r e s p e c t  to  AKt the  term con ta in ing  becomes

n e g l i g i b l e .  This i s  r e a d i l y  seen by manipula t ing  a and 3 in  express ion 

(2 .1 3 ) .

I f  the  PLL i s  f a s t  responding , then a q u a s i - s t a t i o n a r y :  method o f  

so lv ing  the  loop equation  f o r  the  p h a se -e r ro r  va r iance  may be used. In 

the  q u a s i - s t a t i o n a r y  model, a ( t )  i s  equated to  a con s tan t  [an i n s t a n ­

taneous value  o f  a f t ; ] .  I f  the  loop i s  f a s t  responding ,  i t s  phase e r r o r  

bears  very l i t t l e  dependence on the  p a s t  h i s t o r y  o f  a ( t )  , i t  only depends 

on i t s  p re sen t  va lue  and Such an approximat ion may be q u i t e  a cc u ra te .
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Replacing a ( t )  with in equation  (3 .3 9 ) ,  tak ing  i t s  Laplace transform 

and-then so lv ing  i t  f o r  th e  phase e r r o r  y i e l d s :

sz + &.S (I + KAr-/g J + a£4 J ' .

where the  express ion  in  b racke ts  i s  the  PLL t r a n s f e r  fu n c t io n  Hi (S) .  The

cond i t io n a l  second moment o f  the  phase e r r o r ,  gjven an ins tan taneous  value 

o f  a d ) )  can be ob ta ined  by the  r e g u la r  technique o f  l i n e a r  systems

where S C a )  i s  the  one-s ided  spectrum o f  e { t ]  w i thou t  the  " c l i c k s " .

Since d^CtJ and a ( t )  a re  approximate ly  independent f o r  CNR = 3 dB and 

T a rg e r5 i t  i s  q u i t e  proper to  use the  same spectrum.S (a) w i th  the  t r a n s ­

f e r  func t ion  eva lua ted  a t  d i f f e r e n t  va lues  of  a ( t ) .  I f  e ( t j  and

a ( t )  a re  not independent ,  then a d i f f e r e n t  spectrum must be used with .

d i f f e r e n t  in s tan taneous  values  of  a ( t )  l e s t  an o p t i m i s t i c  va lue  o f  ^ ( t )  

i s  ob ta ined .

Since the  phase-locked loop i s  a t ime-vary ing  system ( the  c a r r i e r  

amplitude a ( t )  assumes values  ranging from zero to plus i n f i n i t y ) ,  the 

lower values o f  a ( t )  , whenever they occur ,  a re  ap t  to cause the  loop to 

lo se  lock ,  o r  a t  l e a s t  to  c r e a t e  a l a r g e  phase e r r o r .  The l a t t e r  condi­

t i o n  means t h a t  the  techniques  o f  the  l i n e a r  system should not be used

( s z  +  a s )

0 ( s ) (3.41)

(3.42)
o
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when a ( t )  assumes small va lues .  The q u a s i - s t a t i o n a r y  .assumption a lso  

breaks down in such s i t u a t i o n s , s ince  the  loop becomes s lu g g ish .  Conse­

q u e n t ly , .  the  q u a s i - s t a t i o n a r y  method cannot be used to f in d  the uncondi­

t io n a l  p h a se -e r ro r  va r iance  which, o f  co u rse ,  encompasses a l l  the  poss ib le  

va lues  of  a ( t ) .

Although the  p h a se -e r ro r  va r iance  cannot be found, th e  method s t i l l  

can be used to  c a l c u l a t e  a cond i t iona l  p h a se -e r ro r  v a r ian ce .  Expression

(3 .42)  de sc r ibe s  a cond i t io n a l  va r iance  f o r  a l l  in s tan taneous  values  of

a ( t )  exceeding the  amplitude th re sho ld  A . The express ion  i s  accura te

as long as the  q u a s i - s t a t i o n a r y  assumption a p p l i e s .  The major o b s tac le  

to  the  use o f  the  method - small values  of aCt)  - i s  circumvented

J  J  (da) [2S Culp CAi IdudAii

E\_$2 ( t ) \ a ( t y  Z.JA ]
<Ao ■ o (3.43)

As a l ready  mentioned in the  preceding s e c t i o n ,  when a ( t )  assumes small 

v a lu e s ,  one should not expect to f in d  a Ct)  and e f t /  to be independent.

. I n  f a c t ,  the  d e r i v a t i v e  of e f t J may assume la rg e  values as a ( t )  sweeps

c lose  to  the  o r ig i n  o f  the  phasor diagram (F ig .  1 . 1 ) ,  some o f  those sweeps 

r e s u l t  in “c l i c k s " .  M. Schwartz [23] sugges ted  that ,  when a ( t )  i s  equal 

to  approximate ly  one t h i r d  o f  i t s  nominal value A, then a sharp i n c r e a s e ,  

in  the  number o f  “c l i c k s "  i s  tak ing  p lace .  The re fo re ,  using the  amplitude
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t h re sh o ld s  .5A should keep the  computation in the region where the 

quasi- independence  o f  a f t j  and 6 f t ;  i s  not in v a l id a t e d .

A physica l  mechanizat ion o f  the  q u a s i - s t a t i o n a r y  s o l u t i on could be 

considered  to  be a t ime-sampling o f  var ious  block leng ths  o f  4,f t ; .  .Dura­

t i o n  and t iming o f  such sampling a re  determined by the s t a t i s t i c s  of  

a f t j :  whenever a f t ;  i s  g r e a t e r  than a c e r t a i n  ass igned  th re sh o ld  A , the
O

var iance  of  * f t ;  i s  computed; when a f t ;  drops below the  t h r e s h o l d ,  then

<Kt; i s  ignored and the  computation s tops  u n t i l  a f t ;  again  climbs above

the  th re s h o ld .  I f  the  recovery  t ime o f  the  l i n e a r i z e d  PLL i s  s h o r t e r  than

the  r a t e  o f  change o f  a f t ;  and as J o n g  as a f t ;  i s  independent o f  the  d r i v -  .

ing fun c t io n  <pftj , the  q u a s i - s t a t i o n a r y  s o l u t i o n  i s  a p p l i c a b l e .

There i s  no w e l l -d e f in e d  r u l e  de te rmin ing the  c ircumstances  in

which the  q u a s i - s t a t i o n a r y  s o l u t i o n  can be used; t h e r e f o r e ,  the  following

r u l e  was p o s tu l a t e d :  Ao , the  s m a l l e s t  adm iss ib le  in s tan taneous  c a r r i e r
x : - 

am pl i tude ,  i s  chosen so t h a t  whenever a f t ;  > Ay i s  t r u e ,  then a f t ;  must

not change more than a c e r t a i n  f r a c t i o n  w i th in  the  time in t e r v a l  equal 

to  one time c o n s ta n t  o f  the  l i n e a r i z e d  loop equation.^ An a d d i t io n a l  

r e s t r i c t i o n  i s ,  o f  cou rse ,  t h a t  the  phase e r r o r  must remain small so t h a t  

the  phase-locked loop behavior  i s  d e sc r ib ed  by a l i n e a r  d i f f e r e n t i a l  equat ion  

and the  techniques  o f  l i n e a r  systems may be used to so lve  f o r  the  co n d i t iona l  

p h a se -e r ro r  v a r ia n ce .  The d e f i n i t i o n  o f  the  time c o n s ta n t  i s  reserved  f o r  1

1 More w i l l  be s a i d  about t h i s  s u b j e c t  f u r t h e r  on.



65

f i r s t - o r d e r  systems only .  In l i e u  o f  i t ,  the  r e c ip ro c a l  o f  the  rea l  p a r t

o f  the dominant pole  of  the  t r a n s f e r  fun c t io n  i s  used with second-order

systems. The f i r s t - o r d e r  system t r a n s f e r  func t ion  has only  one pole ;

t h u s ,  the  d e f i n i t i o n  o f  the  time c o n s ta n t  i s  a sp ec ia l  case  o f  the  T a t t e r

concept.  As an example,  a few values  o f  th e  th re sho ld  A a re  es t imated  
' o

f o r  the  case o f  a f i r s t - o r d e r  system.

Let the  one-rsided bandwidth o f  O1 f t J be one r a d / s e c  and the  CNR be 

equal to  3 dB.1 Then the  s tandard  d e v ia t io n  o f  a f t J i s  approximately  

equal to  .289 [ t h e  computation i s  s t r a ig h t f o r w a r d  a f t e r  the  assumption: 

aCtJ = A + a f t ; ] .  Since the  o rder  o f  the  system considered in t h i s  example 

i s  one ,  the  " in s tan taneous"  time c o n s ta n t  i s  equal to t = l / a ( t ) K .  Changes 

in  aCt)  t h a t  take place  w i th in  a time in t e r v a l  which i s  equal to  one time 

c o n s ta n t  o f  the  l i n e a r i z e d  loop a re  to be r e s t r i c t e d  to a c e r t a i n  v a lue ,  

f o r  i n s t a n c e ,  2 ,  I ,  . 5 . 1 2 These numbers a re  a r b i t r a r y ;  they  w i l l  be r e f e r r e d  

to  as " to le r a n c e  th r e s h o ld s " .  The above-mentioned r e s t r i c t i o n  i s  expressed 

a l g e b r a i c a l l y  as fo l lows :

1More on the  norm al iza t ion  o f  the  PLL. parameters i s  p resen ted  in 
ch ap te r  4 , s e c t i o n  4 .2 .

2Resu l ts  o f  Monte Carlo s im ula t ions  descr ibed  in  appendix 2 showed 
t h a t  the  to l e r a n c e  th re sh o ld  values  as high as 2.3 can be used and s t i l l  
ob ta in  a s a t i s f a c t o r y  accuracy  from the  q u a s i - s t a t i o n a r y  method.
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'aityK  " Tolerance th re s h o ld  (3.43)

This i s  the  general  e xp re ss ion ;  the  s u b s t i t u t i o n  of  r  = i / a ( t ) K  in to  i t

r e s u l t s  in  ■ < Tolerance  th re sh o ld  (3.44)
a 2 ( t ) K

which only ap p l ie s  to  f i r s t - o r d e r  loops.  For s i m p l i c i t y ' s  s ake ,  l e t  A 

( the  nominal c a r r i e r  ampli tude)  be u n i ty .  The loop gain A K  s t i l l  can 

assume any value by changing the  c o n s ta n t  K.; fu r therm ore ,  t h i s  assumption 

does not r e s t r i c t  the  range of  the  PLL parameters in any way, s ince  A  and 

K  appear in  the  I o od  d i f f e r e n t i a l  equation  as a p roduc t ,  never s e p a r a t e ly .  

With these  assumptions in  hand as an example, the  following minimum f i r s t -  

o rder  loop ga ins  were obta ined  fo r  A = . 5  and the  t o l e r a n ce  th re sho lds  o f  

.2, I ,  .5, .  r e s p e c t i v e l y : . .58 ,  1 .16 ,  2.31.

3.6 CONCLUSION

All o f  the  to o l s  a re  now a v a i l a b l e  f o r  a global search  f o r  the
. ■ . - :

phase-locked loop parameters such t h a t  the  PLL outpu t  con ta in s  the minimum

number of  demodulated " c l i ck s "  and has a given mean-square phase e r ro rs  

The search  f o r  the  optimum phase-locked loop i s  conducted bn the bas is  of
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the  q u a s i - s t a t i o n a r y  model whenever the  lo o p ' s  parameters a re  such t h a t  

the  PLL i s  h igh-ga in  and broadband. When the  q u a s i - s t a t i o n a r y  model is  

not a p p l i c a b l e ,  the  "expected" t i m e - i n v a r i a n t  form of the  PLL equation of  

s e c t io n  3 .3  i s  solved f o r  $2 ( t ) . In the  l a t t e r  case ,  the  answer i s  an 

underes t im ate  o f  the  t ru e  s o l u t i o n .  S ince ,  in  a l l  cases throughout the  

e n t i r e  computer search t h i s  underes t im ate  was l a r g e r  than the  one fo r  

the  broadband PLL, the  narrowband and/or low-gain loops could be d isca rded  

w i thou t  f u r t h e r  ado. Were t h e r e  a t  l e a s t  one c a se  in which th e  under­

e s t im a te  of  f T t T  tu rned  ou t  to  be sm al le r  than the  r e s u l t  o f  the  quas i -  

s t a t i o n a r y  model , the  search program would have had to  be complicated a 

g r e a t  d e a l .  But such was not the  case .  Chapter 4 i s  devoted to the  com­

pu te r  search program and covers the  above-mentioned d e t a i l s  more thoroughly .



CHAPTER 4

THE SEARCH PROGRAM
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4.1 INTRODUCTION

From the  t o t a l i t y  o f  a l l  the f i r s t -  and second-order  loops the  

optimum loop was found by a c reeping random search  method. The optimum 

loop s a t i s f i e d  the fo llowing requ irements :

1. With a l l  the  i n i t i a l  c ond i t ions  s e t  to  ze ro ,  i t  would most 

r e a d i l y  lose  i t s  lock and sk ip  a cyc le  whenever i t  was acted  

upon by a " c l i c k " ,  o r  to  be e x a c t ,  a model o f  a " c l i c k "  d i s ­

cussed in  ch ap te r  2.

2. When not  ac ted  upon by the  " c l i c k " ,  i t s  phase e r r o r  was smal l .  

This was implemented by a c o n s t r a i n t  in the search program: 

the  con d i t io n a l  va r iance  o f  the  phase e r r o r  had to  be small 

■enough to  al low the  loop to  op e ra te  in i t s  l i n e a r  reg ion .  In 

a d d i t i o n  to n o i s e ,  an FM s igna l  s i n u s o i d a l l y  modulated with a 

very small modulation index was assumed to  d r iv e  the  PLL.

Several  s t a r t i n g  p o in t s  o f  t h e  search  program.yie lded id e n t i c a l  

answers ,  namely the  f i r s t - o r d e r  loop i s  the  phase- locked loop which 

would demodulate a narrow-band FM s igna l  the  b e s t  in the  sense  o f  sup­

p re s s in g  the  h ig h e s t  number o f  " c l i c k s "  while  keeping the  phase e r r o r  

below a given c o n s t r a i n t .
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4 -2 . .  SCALING OF THE PLL DIFFERENTIAL EQUATION

The search  f o r  the  "optimum" loop was conducted over the  f i e l d  o f  

a l l  r e a l i z a b l e  f i r s t -  and second-order  loops preceded by a narrow band­

pass f i l t e r  with one-s ided  bandwidth o f  one rad ian -p e r - seco n d .  (See 

Fig.  3 .1 ) .  I f  d e s i r e d ,  the  t r a n s l a t i o n  o f  these  r e s u l t s  to  a loop with 

a d i f f e r e n t  input bandwidth i s  r e a d i l y  accomplished by a f a m i l i a r  t ime- 

sea l  ing technique o f ten  used in analogue computations.

Let the  PLL d i f f e r e n t i a l  equation  be t im e-sca led  by a f a c t o r  o f  w

which i s  the  new d e s i r ed  bandwidth o f  the  input signal. The old time t  i s

equal to t/w&Where ? is  the new time, i f  ^  > / ,  then the hew solution

w ill be faster than the old,. Letting jL and I  f;/*  M

and s u b s t i t u t i n g  them in  the  PLL d i f f e r e n t i a l  equat ion y i e l d s :

^ ( t) + ( t) + U ^ f r J cos ^CrJ +■

(  0). OdfTyEKX „
+ \aKa(T) + -  J s i n  4>fT; = u 2 Q} ( j )  + Om^ei ( T )  (4,1).

E v id en t ly ,  the  o ld  PLL equation  can be obta ined  by d iv id in g  every 

parameter by a(x)K  i s  to  be t r e a t e d  as a s in g l e  parameter- loop ga in .

Thus,  the  frequency t r a n s l a t i o n  from th e  normalized computer equation to 

any o th e r  PLL equat ion  i s  accomplished by simply d iv id in g  each loop p a ra ­

meter by the  new d e s i r ed  one -s ided  bandwidth in rad ian s  per second.
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4 .3 .  CONSTRAINTS AND THE CRITERION OF OPTIMIZATION

The optimum RLL i s  supposed to sk ip  a cyc le  r e a d i l y  whenever a 

"c l ick "  comes along. The p r o b a b i l i t y  o f  such an event tak ing  place in 

con junct ion  with a given phase-locked loop i s  determined as fo llows:

a ( t ) K  i s  a Rician random v a r i a b l e  and re p re se n ts  the  ins tan taneous  

loop ga in .  The technique  developed in s e c t io n s  2 .3 ,  2 . 4 ,  and 2 .5  i s  

used to  c a l c u l a t e  the  maximum loop gain which would al low the  c y c l e - s k ip ­

ping to  occur in response to the  " c l i c k " .  The con d i t io n a l  p r o b a b i l i t y  of  

cyc le  s k i p p i n g , given a " c l i c k " ,  can be expressed a s :

Pv { cycle  sk ipping
a ^ c r

" c l i c k " |  - /  p(a)da  
o

(4 .2)

Where p(d)  i s  the  con d i t io n a l  p r o b a b i l i t y  d e n s i ty  fu n c t io n  of 

a ( t )  given t h a t  the  " c l i ck "  i s  occur r ing .

The same p r o b a b i l i t y  o f  cycle  sk ipp ing  may be expressed  d i f ­

f e r e n t l y  where i n s t e a d  o f  the  r a t i o  R= a ( t ) Qj i / (AR) i s  used 

in  the  lower l i m i t  o f  the  i n t e g r a l /

-■7 ■

Pv I  cycle  sk ipp ing  | " c l i ck "  | =  CONST * I  e x p ( - x 2/ 2 o 2) dx  (4 .3)

. - C U R J  '

Since t h i s  i n t e g r a l  i s  a monotpnic fun c t io n  of the  lower l i m i t  

the  c o n d i t io n a l  p r o b a b i l i t y  can be maximized

J  Sec t ion  4.5  p re sen t s  a d e t a i l e d  t r ea tm en t  of t h i s  p o in t
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by maximizing the r a t i o  ( in s tan taneous  loop gain/nominal loop gain)

Maximization o f  t h i s  r a t i o  i s  a c r i t e r i o n  o f  the "optimum"' loop s e l e c t io n  

The search program a lso  con ta ins  a c o n s t r a i n t  on the ,  s i z e  o f  the 

phase e r r o r .  Sec t ion  3.5 d iscusses  the reason which prevents  the  exac t 

computation o f  the  p h a se -e r ro r  v a r iance .  T h e re fo re i the;,.conditional 

va r iance  i s  c a l c u l a t e d  in i t s  p lace by means o f  the  q u a s i - s t a t i o n a r y  

method. '

The a d m i s s i b i l i t y  o f  the  q u a ^ i - s t a t i o n a r y  s o l uriop...was- determined 

by the  value, o f  the  " to le ra n ce  th re sho ld"  computed f . each; loop con­

f i g u r a t i o n  by the  search program. The c o n s t r a i n t  on ne s i z e  o f  the 

" to le r a n c e  th re sho ld"  means t h a t  the  lowest  admiss ib le  a ( t )  does not 

change by more than the  f a c t o r  equal to the  " to le ra n ce  th re sh o ld "  w i th in  

the  time i n t e r v a l  equal to  the  t ime c o n s ta n t  of the ins tan taneous  PLL 

t r a n s f e r  fun c t io n  ( i . e . ,  the  t r a n s f e r  fun c t io n  evalua ted  f o r  AK equal to  

the  lowest  adm iss ib le  value of  a( t )K) -

During each i t e r a t i o n  o f  the  search program the  cond i t iona l  phase- 

e r r o r  va r iance  i s  computed provided th e  loop ope ra tes  w i th in  i t s  l i n e a r  

reg ion  and w i th in  the  reg ion  where the  q u a s i - s t a t i o n a r y  s o lu t io n  dis^ 

cussed in s e c t io n  3.6 i s  a p p l i c a b l e .  The a p p l i c a b i l i t y  o f  th e  quas i ­

s t a t i o n a r y  s o lu t io n  i s  determined by f in d in g  the  dominant pole o f  the  

p h a se -e r ro r  t r a n s f e r  fu n c t io n .  The inve rse  o f  i t s  r e a l  p a r t  i s  used as

the  t ime c o n s ta n t  of  the  loop and the  " to le r a n c e  th re sho ld"  i s  obta ined
. -- 

from i t .  ' ” "■ -/
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Since i t  was not a purpose o f  t h i s  program to  bu i ld  a h ie r a r c h i a l  

s t r u c t u r e  based upon the  goodness o f  var ious  phase-locked loops ,  but 

r a t h e r ,  to  f ind  the  optimum loop,  the  above procedure s u f f i c e s .  In o th e r  

words,  the  search  program r e j e c t e d  u n su i t a b le  loop parameters i f  the  loop 

performance f e l l  below c e r t a i n  th re sho ld  r e g a rd le s s  of  how much i t  f e l l  

s h o r t .  • : ; ; :

Below a re  o u t l in e d  the  s teps  o f  the  search program:,

1. Values f o r . t h r e e  loop parameters -  a , g ,  and AK a re  s e l e c ted  

randomly.

2. The phase-locked loop time i n v a r i a n t  [ a ( t )  = a] ,  d i f f e r e n t i a l  

equat ion  i s  approximate ly  solved f o r  the  c r i t i c a l  loop ga in ;  ,

■ t h a t  i s  f o r  the  l a r g e s t  loop gain t h a t  would a llow Hess'  FM 

" c l i c k " !  to cause the  PLL to  sk ip  a cyc le .  The approximate 

s o lu t io n  o f  the  t i m e - i n v a r i a n t  PLL d i f f e r e n t i a l  equat ion driven 

by a "c l ick "  i s  covered in s ec t io n s  2.5 and 2 .6 .

The time in va r iance  o f  th e  c a r r i e r  amplitude during the  " c l ick"  

occur rence ,  as  well as zero  i n i t i a l  c o n d i t i o n s , ^ a r e , s t i p u l a t e d  

by the  Hess '  " c l i ck "  model. This po in t  i s  d iscussed  in sec ­

t i o n  2 .6 .  The approximate s o lu t io n  o f  the  loop .equa t ion  was ^  

found to be very accu ra te?  once a cons tan t  b i a s , o f  10 % was 

removed from i t .
- ; - T  ;

■' -T'  ■ ;! 1 2

1See s e c t io n s  i 2 .3,  2 .4 .  T y - T ;
2See Appendix I . .

I iTVoi

W  T i
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3. ■ Loop parameters  a re  checked to  see whether the  " to le ra n ce

th re sh o ld "  i s  exceeded, I f  i t  i s ,  a l i n e a r  underes t im ate  o f  

the  p h a se -e r ro r  va r iance  i s  computed and the  program goes to 

i tem 5. -

4 .  The t im e - v a r i a b l e  phase-locked I o o d  equat ion i S solved fo r  the  

c o nd i t iona l  va r iance  o f  the  phase e r r o r  with the  loop being 

dr iven  by a narrow-band no ise  plus an FM s i g n a l .  Very small 

in d ices  o f  modulation (up to  0 .2 )  were used in the  search 

program i n . o r d e r  no t  to  i n v a l i d a t e  an assumption o f  zero 

i n i t i a l  cond i t io n  preceding an advent of  a " c l i c k " .  The gov­

e rn ing  c r i t e r i o n  on the maximum al lowable m odu la t ion  index i s  

the  magnitude of  the  frequency d e v ia t io n  (Au) caused by the 

s i g n a l .  I f  Au i s  much sm al le r  than the peak o f  the  Hess1 

" c l i c k " t h e  i n i t i a l  cond i t io n  o f  the  loop befo re  the  advent . 

o f  the  " c l i c k "  may be assumed to be zero .  For an in p u t  band­

pass f i l t e r  with one-s ided  bandwidth equal to  I r ad ian  per 

second, the  peak o f  the  " c l i c k "  i s  equal to  twice th e  rad ius  

o f  gy ra t io n  = 1.1546. With the  modulation index equal t o ,  say

0 . 5 ,  the  frequency d ev ia t io n  (Au),  due to  s in u so id a l  modulation 

o f  frequency  Au, i s  equal to  1 /3 .  (This comes from the equa­

t i o n s  r e l a t i n g  the  bandwidth o f  the  FM s ignal to  th e  modulation

index (n ) :  (I + fi>u = (one-s ided  bandwidth) and a = — ).

Obviously,  Au=1/3 i s  not much sm al le r  than 1.1546,  o=0.2 y i e l d s
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Am = .167 which may be a cc e p tab le .  Note t h a t  i f  the  c o nd i t iona l  

va r iance  exceeds a c e r t a i n  l i m i t  ( it/ 10 , tt/ 15, and Tr/20 were 

used on s e p a ra te  o c c a s i o n s ) , the  loop under c o n s id e ra t io n  i s  

r e j e c t e d  and a new s e t  o f  a ,  g, AK a re  picked, Numerical s o lu ­

t i o n s  o f  the  PLL d i f f e r e n t i a l  equation  Under an in f luence  o f

a " c l i ck "  and.a  c o n s ta n t  frequency o f f s e t  due to a modulation
' ■ ■ ■

a re  rep o r ted  in Appendix I .  Result s  i n d i c a t e  t h a t  modulation 

indexes as high as .46 could be used and s t i l l  keep the r e s u l t ^  

a n t  v a r i a t i o n s  o f  the  value of  the  c r i t i c a l  loop gain l i n e a r  

with r e s p e c t  to  the  s i z e  o f  the  frequency o f f s e t .  When the  

modulation index i s  sm a l l ,  the  sense o f  the  " c l i ck s "  becomes 

independent o f  the  modula tion.  On the  o th e r  hand, when the 

modulation index i s  l a r g e ,  the  " c l i c k s "  overwhelmingly tend 

to  oppose the  modula tion.  This occurs  because the  modulation 

s h i f t s  the  r e fe re n ce  f requency with  r e s p e c t  to th e  narrow- 

band no ise  spectrum. The h igher  the  modulation index , the 

l a r g e r  i s  Am, th e  f u r t h e r  away from the c e n t e r  frequency o f  

the  no ise  spectrum the  in s tan taneous  c a r r i e r  frequency  f inds  

i t s e l f .  The r e s u l t  i s  t h a t  the  ins tan taneous  frequency may 

swing so f a r  t h a t  no no ise  spectrum energy i s  lo c a ted  in the 

path o f  i t s  swing and th e n ,  o f  course ,  a l l  the  " c l ick "  wil l  

be o f  the  o ppos i te  sense to  the  modulat ion.  C a lcu la t ions  

showed t h a t  a t  CNR = 3 dB and the  modulation index o f  .2 ,  the 

r a t i o  o f  th e  number o f  " c l i c k s "  opposing the modulation to  the



76

number o f  " c l i c k s "  boos t ing  the  modulation i s  a t  most 1.15.

At O =  .1 the  r a t i o  becomes l e s s  than 1.05.  The numbers are  

small enough to  assume t h a t  the s ign  of the  " c l ick "  i s  inde­

pendent o f  modulation

The " r a t i o "  o f  s e c t io n  4 .3  ( r a t i o  of c r i t i c a l .  AK- to  the  nominal 

a k ) i s  computed and s to re d  along with the loop parameters used 

in t h i s  p a r t i c u l a r  i t e r a t i o n .

The four  s teps  l i s t e d  above a re  repea ted  a number o f  t imes 

( u s u a l ly  500).  Then the  maximum " r a t i o "  i s  chosen and the 

lo c a l i z e d  loop o p t im iza t ion  i s  achieved.

The "creeping  randomness" o f  the  search.program e x i s t s  s o l e l y  

in  o rder  to  save computer t ime. Each i t e r a t i o n  o f  the  search 

computes, s a y ,  500 "gain r a t i o s " . .  Random values  o f  loop p a ra ­

meters a re  genera ted  about some a r b i t r a r y  mean values  (or the  

c e n t e r s ) .  The optimum , ra t io  then  provides the  d i s ta n ce  

between the  old  c e n te r  and the  new optimum poin t  in  a ,  g, AK 

c o o rd in a te s .  This optimum p o i n t  i s  then picked as the  cen te r  

fo r  the  next  round o f  500 " r a t i o s "  and the  newly acquired  

rad iu s  o f  search i s  equal to  the  o ld  rad ius  decreased by a 

f a c t o r  which i s  p ropor t iona l  to  the  d i s ta n ce  between the new 

and the  old  search  r a d i i .  This procedure i s  repea ted  severa l  

t im es .  I t  a l lows one to  search  in  th e  most promising region 

o f  th e  parameter space ,  thus making the search more e f f i c i e n t :

I



77

The search  program was s t a r t e d  from several;  d i f f e r e n t  p o i n t s . 

They a l l  led  to  a PLL whose f i l t e r  co n f ig u ra t io n  was such t h a t  

a -  g , i . e . ,  the  f i r s t - o r d e r  loop .  A flow s h a r t  o f  the  search 

program i s  p resen ted  in t a b l e  4 .1 .  '

TABLE 4 .1 .  Flow Chart  o f  the  Search Program.

(  S t a r t " )

Read in  the  Rician d i s t r i b u t i o n  a r r a y ,  s p ec i fy  
the  o r i g i n  and the r a d i i  o f  search in a th r e e -  
dimensional space fa ;  Za -AK),  s p ec i fy  modula­
t i o n  index and the  minimum admiss ib le  value 
o f  a ( t )  f o r  th e  q u a s i - s t a t i o n a r y  s o lu t io n .

■ . r

Obtain values  o f  AR,  a ,  B through a random- 
number genera t ing  r o u t i n e .

Find the  r ea l  value o f  the dominant pole of 
the  p h a se -e r ro r  t r a n s f e r  fu n c t io n .__________

Does i t  s a t i s f y  the  q u a s i - 
s t a t i o n a r y  requirement with 
a p re sc r ibed  " to le ra n ce  . 
th re sho ld"  and the  ampli­
tude th re sho ld  ( the  lowest 
adm iss ib le  value o f  a ( t ) ) ' i

No

Yes

\ r
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C end ) Yes



4 .4 .  RESULTS OF THE SEARCH PROGRAM.

Table 4 .2  con ta ins  the  da ta  obta ined  by the search  program. Most o f  

the  search  was conducted a t  the  c a r r i e r - t o - n o i s e  r a t i o  o f  3 dB with the  

modulation indexes .2 and .1. I t  was not necessary  t o  conduct ex tens ive  

searches  a t  h igher  va lues  o f  CNR, s ince  the  data  obta ined  a t  CNR = 3 dB 

were co n s t r a in e d  by th re e  d i f f e r e n t  l i m i t s  on the  c o n d i t io n a l  p h ase -e r ro r  

v a r ian ce .  More s t r i n g e n t  l i m i t s  a t  CNR = 3 dB correspond to  loose l i m i t s  

a t  h igher  values  o f  CNR and thus the  r e p o r te d  r e s u l t s  a re  q u i t e  genera l .  

The m a jo r i ty  o f  s t a r t i n g  po in ts  o f  each search were chosen to  be a loop 

c o n f ig u ra t io n  which i s  c l o s e r  to  the  second-order  type 11 loop than to 

the  f i r s t - o r d e r  loop. In a l l  cases  the  f i n a l  loop c o n f ig u ra t io n  has a 

and 3 nea r ly  equal which,  o f  c o u rse ,  corresponds to the  f i r s t - o r d e r  PEL. 

Changes did not a f f e c t  the  c h a r a c t e r  o f  the  po in t  o f  a r r i v a l  o f  the  

search  program - the  f i r s t - o r d e r  loop Was the  answer in a l l  cases .

Data conta ined  in  t a b l e  4 .2  show t h a t  al though a approaches g., 

they a re  never equal .  This was done d e l i b e r a t e l y  by th e  sea rch  program 

where g was chosen to  be l a r g e r  than a in o rder  to  avoid d i v i s i o n  by 

zero  in the  "Gain" subrou t ine  which f in d s  the  c r i t i c a l  loop gain .  Note 

t h a t  the  sm a l le r  a i s ,  th e  more s e n s i t i v e  the  loop i s  to  the  d i f f e r ­

ence between a and 3. The number of  i t e r a t i o n s  in each search  was p r e s e t ,

i . e . , i t  was independent  o f  the  f i n a l  outcome of  the  sea rch .



TABLE 4 .2 .  Search R esu l ts .

Search

s t a r t i n g  po in ts
Search 

end po in ts
Variance

c o n s t r .
Tolerance
th re sh o ld .
c o n s t r a i n t

•CNR

(dB)
Amplitude

Threshold
Number of  

i t e r a t i o n s
Ct. e ■ AK 'ct ■ 6 AK AO

.05 .20 2.00 .0729 .0734 1.834 ( it/ 2 0 ) 2 1.00. 3 . .5 2
.05 .20 2.00 .0898 .0908 1.674 . ( tt/ 2 0 ) 2 .70 3 .7 2
.50 1.00 T. 50 .6309 • .6334 1.826 ( tt/ 2 0 ) 2 1.20 . 3 .5 2
.05 .30 2.00 ' .0348 .0385 1.232 (tt/ 1 5 ) 2 .80 3 .6 4

2.00 6.00 2.00 2.0400 2.0650 .616 ( V l O ) 2 2.30 3 . .5 2
.20 .60 2.00 .0337 .0340 .623 ( V l O ) 2 2.30 3 .5 ■ 3

1.00 3.00 1.00 .9725 .9779 • .825 ( V I 5 ) 2 .90 5 .6 2
.02 .06 3.00 .0050 .0056 .928 ( V 1 5 ) 2 .90 5 .6 ' 3
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4 .5 .  COMPARISON OF THE RESULTS OF THE SEARCH PROGRAM TO SOME

PUBLISHED DATA.

S c h i l l i n g  e t  a I [ I ] obta ined r e s u l t s  which a t  a glance may seem 

to  be c o n t r a d i c t o r y  to  the  conclus ion o f  t h i s  t h e s i s .  S p e c i f i c a l l y ,  

S c h i l l i n g  found t h a t  a wide-band second-order  phase-locked loop with a 

low-pass RC f i l t e r  in the  loop would have the  lowest  th re sh o ld  in 

demodulating an FM s igna l  when the  l i n e a r i z e d  loop d i f f e r e n t i a l  equat ion  

i s  c r i t i c a l l y  damped. Figure 4.1 i s  reproduced here  from a re p o r t  

where th e se  r e s u l t s  were pub l i shed .

Damping C o e f f i c i e n t  £ -+

FIG. 4 .1 .  E f f e c t  o f  Loop Damping on Threshold from Reference [ I ] .
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In the repo r ted  exper iment the  loop gain was kept co n s tan t  while the  

damping c o e f f i c i e n t  (c) was v a r ied .  No modulation was p re sen t  and the 

th re sh o ld  was determined on the  b a s i s  o f  the  output noise  power.

A few c a l c u l a t i o n s  a re  requ i red  in  o rde r  to  ex p la in  the  shape of  

the  curve in  Fig.  4 .1 .  The phase-locked loop used to  ob ta in  i t  may be 

s ca le d  down by the method o f  s e c t io n  4.2 to  the s tanda rd  loop used in t h i s  

t h e s i s  with a one-s ided  in p u t  bandwidth o f  I r a d / s e c .  The scaled-down 

parameters are  AK = 2 . 5 9 43 a = IOt SS3 and $ — and the  damping c o e f f i c i e n t  

i s  equal to  a/2K.  An underes t im ate  o f  the  p h a se -e r ro r  va r iance  can be 

computed by i n t e g r a t i n g  the  product o f  the  spectrum of  the  d r iv ing  noise  

( f l a t )  and the  square  o f  the  abso lu te  value o f  the  l i n e a r i z e d  t r a n s f e r

func t ion  o f  the  PLL. This procedure was exp la ined  in  s e c t io n  3.5,

<f>2 ( t),  ^  O2J  \H( ju)  | 2cZ ti)
o

X.

where H( -jm)
i  r  •'

S 2  + as

s 2 +  as +  ctAK
- . ;  . - - y V ' ' ' ' Y  '  ̂ - (4-4)

The t r a n s f e r  func t ion  has no terms con ta in ing  g,  s in ce  t h i s  p a r t i ­

c u l a r  loop has only, a simple R-C low-pass f i l t e r  whose v o l tage  t r a n s f e r  

fun c t io n  i s  equal to. a /  (s + . a ) , a2 i s  the  var iance  of  the  phase of  the  

c a r r i e r  plus narrowband no ise  p rocess .  Thus , a t  the  ca r r ie r -^ to -no ise  

r a t i o  o f  3 dB and c a r r i e r  amplitude normalized to  u n i t y ,  a2 =■ 0 . 2 5 . As 

exp la ined  in  s e c t io n  3 . 5 ,  §2 ( t )  c a l c u l a t e d  in  the  above-mentioned fash ion  

w i l l  be an underes t im ate  o f  the  t ru e  v a r i a n ce ;  t h a t  i s  why th e re  i s  an 

i n e q u a l i t y  s ign  in  express ion  (4 .4  ) .  Another c a l c u l a t i o n  t h a t  needs to  

be made i s  to  determine what f r a c t i o n  o f . t h e  t o t a l  number of  the  incoming



" c l i c k s "  was suppressed by t h i s  phase-locked loop.  The " c l i c k "  occurs when 

the, phase o f  the  in p u t  narrowband Gaussian process  a b ru p t ly  changes by ±2ir.

D e ta i l s  o f  the  " c l ick "  formation were expla ined  in  Chapter 2.  I t  i s  

s u f f i c i e n t  to  say t h a t  a t  the  t ime of  the  occurrence o f  the  peak o f  the  

" c l i c k " , x ( t )  - the  component o f  the  Gaussian noise  in -phase  with the 

c a r r i e r  -  i s  n e g a t i v e ,  and i t s  magnitude i s  l a r g e r  than t h a t  of  the  c a r r i e r .  

z/f iU-the quadra tu re  component of the  Gaussian noise  - i s  r a p id ly  sweeping 

around the  o r i g i n ,  so t h a t  the  sign o f  y ( t o) i s  the  sign o f  the  " c l i c k " .

The necessa ry  cond i t ions  f o r  the  occurrence  o f  a " c l ick "  a r e ,  t h e r e f o r e ,  

- x ( t o ) > A and y(i>c) ^  0. The loop g a in ,  according to  Hess1 , s tays  r e l a ­

t i v e l y  c o n s ta n t  f o r  the  d u ra t ion  o f  the  " c l i c k "  and i s  equal to  \a  + x ( t )  \ i K t 

Since x ( t )  i s  Gaussian,  i t  i s  easy to  c a l c u l a t e  the  p r o b a b i l i t y  of 

\A +. x ( t )  I exceeding a c e r t a i n  l e v e l .

83 .

P ( \ a  + x ( t )  \ >. Ay I' " c l i c k "  i s  t ak ing  p lace )  -

(4,5)

- X 2ZEa2

o/ eH J
dx =, F rac t ion  o f  the  suppressed 

s " c l i c k s "  ou t  o f  the  t o t a l

• . • . number o f  incoming " c l i c k s " .

Figure 4 .2  shows the  domains of  t h i s  ex p re ss io n .

- Area equal to  the  numerator o f  equation  ( 4 .3 ) .

-  Area equal to  the  denominator o f  equation  ( 4 . 3 ) .

1See s e c t io n  2 ,5 .
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FIG. 4 .2 .  Domains o f  Equation 4.

I

Damping C o e f f i c i e n t  5

FIG. 4 .3 .  P lo t  o f  Percentage  o f  Suppressed "Clicks"  Out of 
the  Total  Number of  Incoming "Clicks"  Versus the Damping C o e f f i c i e n t .
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Several  values of  the  c r i t i c a l  loop gain were computed fo r  the  

given loop paramete rs .  The d r iv in g  fo rce  was assumed to  be Hess'  " c l i c k " .  

From these  c r i t i c a l  gains  the f r a c t i o n  o f  the  incoming " c l i c k s "  t h a t  were 

suppressed by t h i s  PLL was computed using the  parameters o f  S c h i l l i n g ' s  

loop and the  r e s u l t s  p l o t t e d  in Fig.  4 .3 .

The p lo t  shows t h a t  with high damping the lo o p ' s  a b i l i t y  to  suppress  

" c l i c k s "  d e t e r i o r a t e s  very slowly.  Note t h a t  the  s lope  of  the  th re sho ld  

l o c a t io n  versus s curve in Fig.  4.1 a l so  has a very shal low slope a t  high 

values o f  £. Figure 4 .3  and the  da ta  in Appendix I i n d i c a t e  t h a t  decreased 

damping enhances " c l i ck "  supp ress ion .  However, as Fig .  4 .4  demonst ra tes ,  

the  p h a se - e r r o r  a l so  i n c re a se s  with decreased  damping. This e f f e c t  

ap p aren t ly  n u l l i f i e s  the  b e n e f i t  of more " c l i c k s "  suppressed in an under­

damped loop.

- 17. 54

1 8 . 5 .

- 1 9 . 5

Damping c o e f f i c i e n t  £

FIG. 4 .4 .  P lo t  o f  an Underest imate  of the  Phase-Error  Variance 
of  the  PLL.



Another a d d i t io n a l  p o s s ib le  cause o f  the  worsened th re sh o ld  performance 

a t  low damping c o e f f i c i e n t  i s  the  t r a n s i e n t s  causing an overshoot when the  

loop recovers,  a f t e r  sk ipp ing  a cy c le .  AS was d iscussed  in  Chapter I ,  t h i s  

phenomenon was not taken i n t o  account in search f o r  the  optimum loop.

The f a c t  t h a t  the  underdamped second-order  loops l o s t  out to  the  f i r s t -  

o rde r  loop d e sp i t e  such a b ia s  in t h e i r  f avo r  means t h a t  in  rea l  l i f e  the  

d i f f e r e n c e  in  t h e i r  th re sh o ld  performances i s  very s i g n i f i c a n t .

The r e s u l t s  p resen ted  in Fig. 4 .3  and 4 .4  r a t i o n a l i z e  the  shape of  

the curve in  Fig. 4.1 by means o f  the  techniques  used in t h i s  t h e s i s .

Although a q u a n t i t a t i v e  a n a ly s i s  o f  Fig.  4.1 was not p o s s ib le  due to  the  

i n a b i l i t y  to  c a l c u l a t e  e x a c t ly  the  no ise  and - sp ik e"  .power, put out-by the  

PLL, su p e r p o s i t i o n  o f  curves from Fig.  4 .3  and 4 .4  g ives  q u a l i t a t i v e  i n t e r ­

p r e t a t i o n  to  the  behav ior  o f  the  loop in q u es t io n .  The s u p e r i o r i t y  of  the  

f i r s t - o r d e r  over  the  second-order  loop was deduced by t h i s  t h e s i s  through 

techniques  s i m i l a r  to  ones used i n . o b t a i n i n g  Fig. 4 .3  and 4 .4  with the  

excep t ion  o f  us ing a more p re c i s e  q u a s i - s t a t i o n a r y  s o lu t io n  instead" o f  the  

express ion  ( 4 . 4 ) .  While the  success fu l  q u a l i t a t i v e  i n t e r p r e t a t i o n  o f  the  

shape of  the  curve in  Fig.  4.1 i s  not to  be const rued  as p roof  o f  the  

c o r r e c tn e s s  o f  the  f ind ings  o f . t h i s  t h e s i s ,  i t  n e v e r th e le s s  shows t h a t  

th e re  i s  no c o n t r a d i c t i o n  between the  two r e s u l t s .  Thus, in  l i g h t . o f  t h i s  

t h e s i s '  f i n d i n g s ,  the  curve in Fig.  4.1 could have a con t inuous ly  negat ive  

s lope  i f  the  loop gain were decreased while  in c re a s in g  £ in  such a way 

t h a t  the  phase e r r o r  remained c o n s ta n t .  In ob ta in ing  the  da ta  f o r  the  

p l o t  in  Fig.  4 .1 ,  the  no ise- induced  p h a se - e r r o r  was a p p a ren t ly  allowed to  

sh r ink  ( i t  was not  monitored as the  damping c o e f f i c i e n t  o f  the  loop was
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stepped u p ) . (See Fig.  4 . 3 ) .  This p o te n t i a l  excess in the  loop gain was 

not ex p lo i te d  and, t h e r e f o r e , the  au thors  concluded t h a t  the  second-order

c r i t i c a l l y  damped loop i s  the  optimum one.

Another p e r t i n e n t  r e fe ren ce  r e l a t i n g  to  the  f in d in g s  o f . t h i s  t h e s i s  

i s  the  paper publi shed by P. Osborne and D. S c h i l l i n g  [1 3 ] .  A b r i e f  d i s ­

cuss ion  o f  t h i s  a r t i c l e  was inc luded in s e c t io n  1 .2 .  Here a somewhat 

expanded ve rs ion  o f  t h a t  d i s cu s s io n  i s  given.

The au thors  considered  cases o f  the  f i r s t  , second , and t h i r d -  

o rde r  loops .  Higher-order  loops con ta ined  ideal p ro p o r t i o n a l - p lu s -  

i n t e g r a l  f i l t e r s  ( the  t r a n s f e r  func t ion  o f . such  a f i l t e r  i s  equal to

K +TL / s ) .  The au thors  numerica l ly  solved the  PLL d i f f e r e n t i a l  equation 
1 2 .

dr iven  by a " c l i c k "  which was r ep re sen ted  by a d e t e r m i n i s t i c  func t ion  

equal to  a cond i t iona l  expec ta t ion  o f  the  quadra tu re  components of the  

n o i s e ,  given t h e i r  values  and t h e i r  derivatives at the  t ime o f  the  peak 

o f  the  " c l i c k " .  In o th e r  words, the  au thors  va r ied  th e  h e ig h t  o f  the  

" c l i c k "  and allowed fo r  v a r i a t i o n  in the  loop gain during the  occurrence 

o f  the  " c l ick "  -  a much more complex model than t h a t  o f  Hess. The numeri­

cal s o lu t io n  provided them with  a s e t  o f  da ta  from which they co ns t ruc ted  

a th ree -d imensional  s p ik e . r e g io n .  The random noise  v ec to r  wandering 

in to  t h i s  reg ion  would cause the  loop to  demodulate th e  " c l ick "  and cause 

a sp ike  in the  ou tp u t .  The volume o f  the  spike reg ion  was then evalua ted  

and the  expected number o f  spikes per second was ob ta in ed .  With. the  

modulation p re s en t  they found the  second-order  loop ab le  to  suppress
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more "c l i c k s "  than t h e  f i r s t - o r d e r  loop by a f a c t o r  o f  100. (This does 

not c o n t r a d i c t  the  r e s u l t s  o f  the  t h e s i s : second-order l o o p s , espec­

i a l l y  under-damped lo o p s , were found to  be b e t t e r  " c l i ck "  suppressors
I

than f i r s t - o r d e r  loops as long as the c o n s t r a i n t  on the s i z e  o f  the  phase- 

e r r o r  i s  ig n o re d . )

The main d i f f e r e n c e  between the  work rep o r ted  in t h i s  t h e s i s  and 

the  work done by Osborne and S c h i l l i n g  i s  t h a t  they s tu d i e d  cases  with 

a broad-band FM9 whi le  the  t h e s i s  s tu d i e s  were l im i ted  to a narrow-band 

FM and th e re  i s  no c o n t r a d i c t i o n  between the  two r e s u l t s  because they 

cannot be compared.

Although the  r e s u l t s  o f  the  a r t i c l e  could not be compared to the 

f ind ings  o f  the  t h e s i s , i t  brought about an i n t e r e s t i n g  p o in t :  i f  the

f i r s t - o r d e r  loop i s  optimum a t  low modulation indexes and the  second- 

o rde r  loop with p a r t i c u l a r  f i l t e r  c o n f ig u ra t io n  i s  su p e r io r  to i t  a t  

high modulation indexes ,  th e re  i s  a t r a n s i t i o n  region where the  conf igu­

r a t i o n  o f  the  optimum loop f i l t e r  must depend on the  modulation index.

There a re  a few o th e r  comments t h a t  a re  to  be made about t h i s  

a r t i c l e .  '

I .  Osborne and S c h i l l i n g  used a d e t e r m i n i s t i c  " c l i c k "  in  t h e i r  

s im u la t ion  program. While t h e i r  func t ion  i s  a p e r f e c t l y  lo g ic a l  choice 

f o r  the  " c l ick "  model and i s  i n t e l l e c t u a l l y  more S a t i s f y in g  than Hess1 

model, i t  did n o t  v e r i f y  exper im en ta l ly  as well as Hess'  model. The

1See Appendix I .
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number of  t h e i r  p re d ic ted  "spikes"  v a r ied  from the  exper imenta l  r e s u l t s  

by a f a c t o r  o f  up to 3,

2. The c o n s t r a i n t s  on the  loop gain were determined by the  magni­

tude  of the  phase e r r o r  caused by the  modula tion; t h i s  phase e r r o r  is  

r e f e r r e d  to  as ^  and li>mi<<7r/ 2  i s  then th e  c o n s t r a i n t  used by the

au th o rs .  The m ax im a l ly - f l a t  second-order  PLL with a p r o p o r t i o n a l - p lu s -  

i n t e g r a l  f i l t e r  when opera ted  in i t s  l i n e a r  region r e q u i r e s  then t h a t

where n i s  the  modulation index,  G i s  the  loop gain and i s  equal to aAK 

in  the  n o ta t io n  o f  t h i s  t h e s i s .  Equation (4 .6 )  corresponds to express ion  

(12a) in  [ i 3 ] .  The inpu t  s ignal bandwidth was f ixed  ( r e c a l l  t h a t  the  

s igna l  was passed through a narrow-band f i l t e r  before  e n t e r in g  the  loop) .  

The 3-dB bandwidth o f  the  modulated c a r r i e r ,  according  to Carson 's  r u l e ,  

i s  equal to  2(1 + Then, c l e a r l y ,  a l a rg e  Q would correspond to a

small and phase e r r o r  <pm caused by modulation wi l l  approach zero .  But

so f a r  the  noise  has been ignored. A l i n e a r  underestimate  of  the  phase 

e r r o r  due to  noise  i s  equal to

where SfuiJ i s  the  spectrum o f  the  input  phase no ise .  This express ion  i s  

independent o f  modulation and hence must a t  some values o f  o be the

(4.6)

a



dominant f a c t o r  determin ing the  magnitude of  the  phase e r r o r  caused by 

both modulation and no ise .  Note t h a t  when the loop opera tes  in the  

l i n e a r  r e g io n ,  s u p e r p o s i t i o n  holds and the  t o t a l  phase e r r o r  i s  equal to
M

the  sum o f  ^  and Osborne a n d . S c h i l l i n g ' s  computer program was not

equipped to  c a l c u l a t e  no ise .  The authors chose the  lo o p ' s  gain so t h a t  

<K a ^so ln the  case  when the re  was no modulation p re sen t .  This

n a t u r a l l y  r e s u l t e d  in  a poor f i r s t - o r d e r  loop performance.  Were they to 

take  the  no ise  i n to  account and u t i l i z e  the. absence of modula tion,  they 

could have reduced the  loop gain o f  the  f i r s t - o r d e r  loop cons iderab ly  

and i t  would have been the  winner.  The gain o f  the  second-order loop 

could be reduced to o ,  b u t . l e s s .

F i n a l l y ,  d e s p i t e  the  danger of being r e p e t i t i o u s ,  i t  i s  emphasized 

t h a t  th e re  i s  no d is crepancy  between the  conclusion o f  the  t h e s i s  and

the  r e s u l t s  o f  Osborne and S c h i l l i n g ,  s ince  they  r e p o r t  on the  loop
' .

performance under e n t i r e l y  d i f f e r e n t  c o n d i t io n s .  ..____

The above two a r t i c l e s  Were analyzed in  some d e t a i l  in t h i s  s ec t io n  

because,  a t  f i r s t  g lan ce ,  t h e i r  r e s u l t s  seemed to be d i sp u t in g  the con­

c lu s io n  o f  the  t h e s i s .  The following paper ,  by W. C. Lindsay [ 9  ] ,  g ives 

an i n d i r e c t . c o n f i r m a t i o n  to  the  t h e s i s '  c la im.  Lindsay approximately 

solved the  Fokker-Plank equation  f o r  the  second-order  phase-locked loop



91 I + T S
which has a general  f i l t e r  o f  the  form E(s)  = ------------. '  Since the  e x i s t -

J f  TpS

ence of  the  Fokker-P lanck  equation r e q u i r e s  t h a t  the  no ise  in the  loop be 

a Markoff p r o c e s s , Lindsay was not  able  to  p r e f i l t e r  the  incoming s i g n a l ,  

which in  tu rn  r e s u l t e d  in  the  loop noise  being w hi te .  Also ,  Lindsay con­

s id e r e d  only cases w i thou t  modulation f o r  the  very same reason .  He was 

able  to  so lve  f o r  among o th e r  t h in g s .  Note t h a t  t h i s  phase -e r ro r

var iance  now a l so  con ta ins  both suppressed " c l i c k s "  (o r  double ts )  and 

unsuppressed " c l i c k s "  (o r  s p i k e s ) ,  He s t a t e d  t h a t  the  f i r s t - o r d e r  loop 

produces a sm a l le r  p h a se -e r ro r  var iance  than a  second-order  loop ,  provided 

th e re  i s  no frequency o f f s e t  in  tun ing .  Figures 7 and 10 in re fe ren ce  [9  ] 

i l l u s t r a t e  t h i s  in fo rm a t io n .  Lindsay in v e s t i g a t e d  r e g u la r  phase- locked 

loops with  a sine-wave d e t e c t o r  n o n l i n e a r i t y ,  as well as with the  "optimum" 

n o n l i n e a r i t y  equal to  s g n (s in  <|>) which amounts to  a hard l i m i t e r .  The 

l a t t e r  proved to  be more advantageous than the  r e g u la r  ,PLL in terms of  

minimizing §2 ( t )  . In both c a s e s ,  however, the  f i r s t - o r d e r  loop came out 

ahead. The "optimum" PLL, u n f o r tu n a t e ly ,  seldom can be used as an FM 

demodula tor,  s ince  i t  has no l i n e a r  region o f  opera tion and cannot e a s i l y

accomplish an u n d i s t o f ted  demodulation;

L indsay 's  conclus ion  about the  s u p e r i o r i t y  of the  f i r s t - o r d e r  loop 

■over the  second i s  im p o r tan t ,  s ince  h is  PLL c lo se ly  resembles the PLL used 

in  t h i s  t h e s i s ,  with the  only d i f f e r e n c e  being t h a t  h is  loop admit ted more 

no ise  than the  loop in  the  t h e s i s .
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5 .1 .  INTRODUCTION

In t h i s  c h a p te r ,  the  r e s u l t s  of  the  work repo r ted  in the t h e s i s  a re  

summarized to g e th e r  with the  methods o f  o b ta in in g  the r e s u l t s  and the 

approximations  t h a t  were made. The s i g n i f i c a n c e  o f  the  f in d in g s  of  t h i s  

t h e s i s  i s  d iscussed  and p o s s ib le  avenues f o r  the  ex tens ion  o f  the :  work 

a re  mentioned.

5 .2 .  SUMMARY AND CONCLUSIONS

I t  i s  the  conclus ion  o f  t h i s  t h e s i s  t h a t  the  f i r s t - o r d e r  phase- 

locked loop i s  s u p e r io r  to  the  second-order  loop f o r  the t a sk  of  u nd is ­

t o r t e d  demodulation o f  a smal l- indexed ( . 2  and l e s s )  frequency  modulated 

(FM) s i g n a l .  I t  i s  assumed t h a t  the  PLL is  tuned to the  c e n te r  f r e ­

quency o f  the  incoming modulated c a r r i e r  and t h a t  the  s igna l  may be p re ­

f i l t e r e d  by a narrow-band f i l t e r .

The o p t im a l i t y  o f  the  loop i s  gauged by i t s  a b i l i t y  to  suppress 

( i . e . ,  no t to  demodulate) " c l i c k s "  - f a s t  changes o f  +2ir rad ians  o f  the  

phase in  the  incoming s igna l  which a re  induced by n o i s e . 1 Since " c l i ck s "  

cause the  th r e s h o ld  phenomenon in FM demodulations [1 4 ] ,  t h i s  r e s u l t  

implies  t h a t  the  f i r s t - o r d e r  loop can op e ra te  a t  a lower c a r r i e r - t o - n o i s e  

r a t i o  than the  second-order  loop ,  s u b je c t  to  the  c o n s t r a i n t  t h a t  the  

p h a se -e r ro r  va r iance  remains small so as to  keep the  ou tpu t  s ignal  from

iSee s e c t io n  1.1 f o r  a more d e t a i l e d  d e s c r ip t i o n  o f  " c l i c k s "  and 
the  th r e s h o ld  phenomenon.
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being d i s t o r t e d  and so t h a t  the  d e tec te d  s igna l  can be sepa ra ted  from 

most o f  the  accompanying no ise  by l i n e a r  f i l t e r i n g . . I f  the  PLL opera tes  

in the  n o n - l i n ea r  r e g io n ,  i t  l im i t s  t h e  s igna l  and n o i s e ,  thus c r e a t in g  

harmonics and subharmonics o f  the  s igna l  which d i s t o r t  the  s ig n a l .  

Fur thermore , the  loop becomes s t r e s s e d  and Jnay lose. lock, due to the noise  

a lone w i thout  encounter ing  a " c l ick "  - an undes i rab le  event in t h i s  case .

The conclus ion  about the  s u p e r i o r i t y  of the  f i r s t - o r d e r  loop was 

reached as the  r e s u l t  o f  the  computer search program over the  f i e l d  o f  

a l l  p o s s ib le  f i r s t -  and second-order  l o o p s . 1 Steps lead ing  to the con­

s t r u c t i o n  o f  the  search  program and the  approximat ions t h a t  were made 

a re  o u t l in e d  below.

I t  was assumed t h a t  th e  d e r i v a t i v e  of  the  phase o f  an: unmodulated 

or a smal l- indexed FM modulated c a r r i e r  c o n s i s t s  of  " c l i c k s "  and Gaussian- 

I ike  no ise  [14] .  This assumption i s ,  accord ing to some publ ished r e s u l t s ,  

good down to  and inc lud ing  c a r r i e r - t o - n o i s e  r a t i o s  o f  3 dB [4 ,2 3 ]  In t h i s  

reg ion  th e  phase noise  [ n o t . t h e  " c l i c k s " )  can be c lose ly .approx im ated  by ' 

Gaussian n o i s e . 1 Using the  same o rder  o f  approximation on the  amplitude 

o f  the  contaminated c a r r i e r ,  i t  was shown in chap te r  3 t h a t  the  amplitude 

and the  phase of  the  contaminated c a r r i e r  a re  s t a t i s t i c a l l y  independent.

I t  was argued in ch ap te r  3 t h a t  the  va r iance  of th e  outpu t  o f  a 

t ime-vary ing  l i n e a r  system,  dr iven  by a fo rc in g  func t ion  which i s  s t a t i s ­

t i c a l l y  independent o f  the  t ime-vary ing  parameters o f  the  system, i s
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l a r g e r  than the  va r iance  o f  the  s i m i l a r  l i n e a r  t i m e - i n v a r i a n t  l i n e a r  

system where a l l  the  v a r i a b l e  parameters  a re  rep laced  by t h e i r  expected 

va lues .  I t  was not p o s s ib le  to prove t h i s  s ta tement  in g e n e r a l ,  and no 

such proof i s  known a t  the  p re sen t  t ime. However, i t  was shown to  be 

t ru e  f o r  two sp ec ia l  c a se s .  This method o f  ob ta in in g  an underes t im ate  

o f  the output  va r iance  was used in the  t h e s i s  because o f  i t  being p la u s i b l e  

because of  the  proofs of  two sp ec ia l  cases  and because o f  a few numerical 

v e r i f i c a t i o n s  o f  i t  in appendix 2. I t  was f u r t h e r  argued in chap te r  3 

t h a t  t h i s  method may be used in cases  when the  loop gain i s  low and the 

PLL ope ra tes  p a r t  o f  the  t ime in the n o n - l i n e a r  mode. Since the  s ine  

n o n l i n e a r i t y  i n h i b i t s  the  l o o p ' s  t r a c k in g  a b i l i t y  the  r e s u l t a n t  phase 

e r r o r  i s  even l a r g e r  than what i t  would be were the loop to  ope ra te  in 

the  l i n e a r  mode only.1 The underestimate  of  the  p h a se -e r ro r  var iance  was 

r e f e r r e d  to  as a l i n e a r  underestimate ,  in  t h i s  t h e s i s  in o rd e r  to emphasize 

the  method of  i t s  computat ion.

In o rde r  to  ge t  b e t t e r  accuracy, a q u a s i - s t a t i o n a r y  method of  : 

e s t im a t in g  the  cond i t io n a l  p h a s e - e r r o r  va r iance  was developed in s ec t io n s

3.6 and 3 .7 .  I t  was to  be used when the  loop gain i s  high so t h a t  the 

frequency response o f  the  PU, i s  faster than the  changes tak ing  place in 

the  c a r r i e r  amplitude aCt) . In such an event the  p h a se se r ro r  var iance  

can be computed as a cond i t iona l  e x p ec ta t io n  o f  p h a se -e r ro r  va r iances  

ob ta ined  fo r  each value o f  'aCt) by s tanda rd  technique used with time- i

i See s e c t io n  3 .4  f o r  d e t a i l s .



i n v a r i a n t  l i n e a r  systems. I t  i s  not computed fo r  every value o f  a ( t )  

because when a ( t )  becomes small the  q .u a s i - s ta t io n a ry  p r i n c i p l e  does not 

apply and the  system i s  not  l i n e a r  any more. An a r b i t r a r y  r u l e  based on 

h e u r i s t i c  c o n s id e ra t io n s  f o r  the  d e c i s io n  whether the  q u a s i - s t a t i o n a r y  

p r i n c i p l e  i s  a p p l i c a b le  was proposed in. s e c t io n  3 .6 .  R esu l ts  of  a
i

Monte Carlo s im u la t io n  o f  the  PLL dr iven  by noise,  were used to  ass ign
, . . 2

a numerical value f o r  the  minimum " to le r a n c e  th re sho ld"  requ i red  fo r  

the  a p p l i c a t i o n  o f  the  q u a s i - s t a t i o n a r y  method.

With, the  two above-mentioned techn iques  in hand i t  was p o s s ib l e ,  

in the  main search  program, to  compute the  cond i t iona l  p h ase -e r ro r  

va r iance  or  an underes t im ate  o f  the  a b so lu t e  v a r i a n ce ,  depending on loop 

p a ram ete rs . The search program was s e t  up so t h a t  whenever i t  computed 

a con d i t io n a l  va r iance  i t  would a l so  compute a l i n e a r  underest imate  of  

the  va r iance  and then choose the  l a r g e s t  as the  b e t t e r  e s t im a te  of  the  

t r u e  . This was used a s  a guard a g a in s t  poss ib le  o p t i m i s t i c  va lues  

obta ined by the  q u a s i - s t a t i o n a r y  method f o r  the  con d i t io n a l  va r iances .

Along with the  e s t im a te  o f  the  p h a se -e r ro r  va r iance  the  search 

program re q u i re d  an e s t im a te  o f  the  a b i l i t y  o f  t h e  loop to  suppress the  

" c l i c k s " .  For t h i s  purpose Hess'  [ 8 ]  model o f  the  " c l i c k "  was used. 

B r i e f l y ,  the  model amounts to  the  d e s c r i p t i o n  o f  the  " c l ick "  by a d e t e r ­

m i n i s t i c  Gaussian-shaped func t ion  and an assumption o f  the  invar iance  of  

the  c a r r i e r  amplitude during  the  " c l ick "  occurrence .  1 2
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An approximate s o lu t io n  o f  the  PLL d i f f e r e n t i a l " equat ion driven by 

a " c l i c k "  was developed in chap te r  2. The accuracy o f  the  s o lu t io n  was 

v e r i f i e d  in appendix I and was found to  be good ( b e t t e r  than 10% with a 

b ia s  c o r r e c t i o n ) .  The purpose o f  going to the  approximate s o lu t io n  was 

to  avoid a time-consuming numerical s o lu t io n  o f  the loop equation in the 

main search  program where thousands o f  such equations  had to  be solved.

The r e s u l t a n t  saving in  computer time was very s i g n i f i c a n t .  During the  

search  f o r  the  optimum loop the .approx imate  s o lu t io n  would y i e l d  the 

maximum loop gain ( c r i t i c a l  gain) f o r  the  given PLL whose phase e r r o r  

would be allowed to  undergo a +_2v phase s h i f t  under the in f luence  o f  a 

" c l i c k " .  Hess developed the "c l ick "  model only fo r  the case  o f  a c a r r i e r -  

p lu s - n o i s e .  I n t ro d u c t io n  o f  a very smal l- indexed modulation ( .2  and Tessj 

causes a small a d d i t io n a l  cons tan t  fo rce  a c t in g  along with the " c l ick"  on 

the  loop. Appendix T con ta ins  a numerical  v e r i f i c a t i o n  o f  the  f a c t  t h a t  a 

small modulation would a f f e c t  the  s i z e  of the  c r i t i c a l  ga in  in a l i n e a r  

fa sh ion  so t h a t  an assumption t h a t  the  fo rc in g  fu n c t io n  due to  the modula­

t ion ,  i s  equal to  i t s  expected value (zero)  has in troduced no e r r o r  In 

o th e r  words, i t  was found t h a t  i t  i s  p e rm is s ib le  to so lve  f o r  the  c r i t i c a l  ' 

loop gain in the  presence o f  a smal l- indexed modulation w i thout  bother ing  

to  take  i t s  e f f e c t s  i n to  account .  The a b i l i t y  of  th e  given PLL to suppress 

" c l i c k s "  was measured by the  magnitude o f  the  c r i t i c a l  ga in .  In o rder  to  

ass ign  a numerical va lue t o  t h i s  a b i l i t y ,  the  "gain r a t i o "  was defined 

in  s e c t io n  4 .3 .  I t  i s  equal to the nominal loop gain d iv ided  by the
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c r i t i c a l  loop gain .  The l a r g e r  the  r a t i o ,  the  more " c l i c k s "  can be 

suppressed by the  loop.

The computer search  program genera ted  loop parameters  randomly 

Each combination def ined  a PlL which then would be solved f o r  the  "gain 

r a t i o ^ n d  an e s t im a te  o f  the  phase e r r o r  va r iance  (a l i n e a r  underes t im ate

° f  * ^  ° r  8 i f  the  l a t t e r  may be found by the

q u a s i - s t a t i o n a r y  method). The e s t im a te  o f  had to  be sm a l l ,  so

t h a t  the  loop o p e ra tecM n  i t s  l i n e a r  r eg ion  in  the mean-square s e n s e .

I f  the  e s t im a te  o f  f l w  exceeded th e  c o n s t r a i n t [ ( v / ^ s , .  and U / Sff) 2  

Were u s e ^ o n  s ep a ra te  o c c a s io n s ] ,  a new s e t  o f  parameters  was generated  

■If. the  M t J  c o n s t r a i n t  were s a t i s f i e d  th e  "gain r a t i o "  and loop para-  

■ meters were s to re d  and th e  next s e t  o f  parameters was genera ted .  A f te r  

. a number o f  su cc e ss fu l  c a l c u l a t i o n s  o f  the  "gain r a t i o s "  the  maximum 

“ga in  r a t i o "  would be s o r t e d  out and t h a t  in tu rn  would p o in t  out the  

optimum loop paramete rs .  The search  was conducted f o r  cases  o f  c a r r i e r -  

t o - n o i s e  r a t i o  equal to  3 and 5 dB. I n a „  cases the f i r s t - o r d e r - l o o p  

was found to  be th e  optimum one. The r e s u l t s  o f  the  search  can be 

g en e ra l iz ed  f o r  h ig h e r  values o f  CNR because th e  search  runs were con­

ducted f o r  seve ra l  c o n s t r a i n t s  on- the  value  o f  th e  c o n d i t io n a l  phase- 

e r r o r  va r iance  due t o  "Gaussian" n o i s e .
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5 .3 .  THE SIGNIFICANCE OF THE RESULTS AND FURTHER POSSIBLE RESEARCH.

One a spec t  o f  the  f in d in g s  i s  o bv ious : whenever one has to  use a

smal l- indexed high f i d e l i t y  frequency modulation communication over a 

long d i s t a n ce - ( sm a l l  c a r r i e r - t o - n o i s e  r a t i o ] ,  the  f i r s t - o r d e r  loop would 

demodulate the  s igna l  b e t t e r  than the  second-order  loop. This p a r a l l e l s  

what Lindsay [ 9  ] found f o r  the  case  o f  narrow-band loops w i thout  modula­

t i o n ;  namely t h a t  the  f i r s t - o r d e r  loop would y i e l d  the  s m a l l e s t  phase- 
i

e r r o r  v a r ian ce .  I t  i s  well  known t h a t  smal l- indexed FM has much l e s s  

p r a c t i c a l  s i g n i f i c a n c e  than the  wide-band la rge - indexed  FM; however, 

th e re  may be cont ingencies ,  when the re  i s  no choice  but t o  use narrow-band 

FM. For i n s t a n c e ,  with the  e x i s t i n g  communication FM l in k  one may tem­

p o r a r i l y  have to  in c re a se  the  informat ion  r a t e  w i thou t  modifying the 

equipment.  Then i t  would be useful to  have a switch on a phase-locked 

loop r e c e i v e r  which would conver t  i t  i n to  t h e  f i r s t - o r d e r  PLL. There 

a re  many s i m i l a r  hypo the t ic a l  cases  t h a t  can be mentioned but t h a t  would 

be redundant.

The o th e r  and most important po in t  brought up by the  t h e s i s  r e s u l t  

i s  a proof t h a t  th e r e  e x i s t s  a d i s t i n c t  optimum loop f o r  the  demodula­

t i o n  o f  each FM s igna l  depending on i t s  modulation index. 'This  t h e s i s  

showed t h a t  a very smal l - indexed FM i s  b e s t  demodulated by the f i r s t -  

order  loop. Osborne and S c h i l l i n g  [13] showed by a d i f f e r e n t  technique 

t h a t  the  type I I ,  second-order  PLL i s  b e t t e r  (not the b e s t )  than the  

f i r s t - o r d e r  loop fo r  the  demodulation of  a very high- indexed FM. 1

1See s e c t io n  4 .5  f o r  a d e t a i l e d  d i s cu s s io n  o f  t h i s .
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A pparen t ly , in the  in te rm e d ia te  region the  optimum loop parameters w i l l  

depend on the  s i z e  o f  the  FM modulation index.

The technique o f  t h i s  t h e s i s  may be used to i n v e s t i g a t e  the  a b i l i t y  

o f  the  PLL to  suppress  " c l i c k s "  and to  main ta in  a small phase e r r o r  in
V

the  presence o f  la rge - indexed  FM modula tion.  For t h i s ,  however, a new 

model of  the  " c l ick "  i s  r e q u i r e d , s ince  Hess'  " c l i ck "  was v e r i f i e d  only 

w i thou t  modulat ion.  T h e r e f o r e , some exper imenta t ion  needs to  be done 

f i r s t  b e fo re  preceding with the  work. All o th e r  assumptions and approx i ­

mations t h a t  were made in  t h i s  t h e s i s  would be unaffec ted  by the  i n t r o ­

duction o f  la rge - indexed  FM modulation.  I t  is  worthwhile to  note  t h a t  

as o f  now th e r e  i s  s t i l l  no d e f i n i t e  knowledge about which loop con f igu ra ­

t i o n  would demodulate any FM s igna l  with th e  lowest th re sh o ld  and not 

d i s t o r t  the  ou tpu t .  L indsay 's  r e s u l t s  do not account f o r  modulation and 

a re  a p p l i c a b le  only  to the  loops t h a t  a re  t ra ck ing  a c a r r i e r  which i s  

mixed with white  n o ise .  All p r a c t i c a l  uses o f  PLL re c e iv e r s  inc lude  a 

narrow-band f i l t e r  b e fo re  the  r e c e iv e r  in  o rde r  to ge t  r i d  o f  some of 

the  incoming no ise .  Thus, the  Fokker-Plank technique gives  a p e s s im is t i c  

performance e s t im a te  f o r  a p r a c t i c a l  PLL re c e iv e r .
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NUMERICAL VERIFICATION OF THE ACCURACY OF SOME 

APPROXIMATIONS MADE WITH RESPECT TO 

THE EFFECT OF A "CLICK" ON THE LOOP
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A l,I  INTRODUCTION

This appendix con ta ins  experimental  evidence f o r  the  v a l i d i t y  

o f  the  severa l  approximations made when computing the  PLL response 

to  a " c l i c k " .  The body o f  the  appendix may be d iv ided  i n to  th ree  

p a r t s :

1. A v e r i f i c a t i o n  of  the  approximate s o lu t io n  of  the  PLL d i f f e r ­

e n t i a l  equa t ion  dr iven  by a " c l i ck "  with a l l  the  i n i t i a l  c ond i t ions  s e t

to  zero and no modulation p re s e n t ;

2. Computer s im u la t ion  d a ta  showing the  lo o p ' s  i n s e n s i t i v i t y  to

the  gain v a r i a t i o n s  during the  " c l ick "  occurrence ;

3. Computer s im u la t io n  da ta  demonst ra t ing the  i n s e n s i t i v i t y  of the  

l o o p ' s  " c l i c k "  suppress ion  a b i l i t y  to  the  presence o f  a smal l- indexed

FM modula tion.

Al „2  APPROXIMATE SOLUTION OF THE PLL DIFFERENTIAL EQUATION

The approximate s o l u t i o n  of  the  loop equation  with the  fo rc ing  func-  

t i on equal t o  Hess', " c l i c k "  was developed, in s ec t io n s  2.3 - 2.6 o f  the  

main body of  the  t h e s i s .  All the  i n i t i a l  cond i t ions  in the  phase-locked 

loop befo re  the  advent o f  the  " c l ick "  were taken to  be ze ro .  The under­

ly ing  assumptions o f  the  approximate s o l u t i o n  a re :  dur ing  the  cycle  s k ip ­

ping the  phase e r r o r  $( t )  i s  a l i n e a r  func t ion  of  t ime; a c l i c k  can be 

approximated by a square  pulse  w i thout  any s i g n i f i c a n t  lo s s  of  accuracy in  

the  s o l u t i o n ;  the. maximum loop gain ( c r i t i c a l  loop gain) allowing cycle  

sk ipp ing  occurs when the  passage t ime t Q (see  s ec t io n  2 .4 )  i s  equal to  the  

du ra t io n  of  the  square  pu lse  approximation to  the  " c l i c k " .  A good agreement
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between the  approximate s o lu t io n  and the  exac t  numerical s o lu t io n  f o r  the  

c r i t i c a l  loop gain v in d ic a te s  these  assumptions..

The fo llowing i s  a b r i e f  d e s c r ip t i o n  o f  the  approximate s o lu t io n  o f  

the  PLL eq ua t ion .  The loop d i f f e r e n t i a l  equation with the  cons tan t  gain 

was der ived  in Chapter I I  and i s  repea ted  here :

§ ( t )  +  a i j )  ( t )  — ~  < j > f t / G O S ( j i f f y )  +  c t A J ^ s i T\ §( t )  =  + a  ( t )  ( 2 . 19 )

An assumption t h a t  §( t )  = during the  cycle  sk ipping  allowed one to  

so lve  the  equat ion  f o r  the  passage t ime t  [ t ime req u i red  f o r  $( t )  to  go 

from zero to  rr under an in f luence  o f  a " c l ick "

■

ir + tan
•1. fe2 . t a n ( ^ 4 ] ^  r  ' _v k 2 tanf |-)  

----- ------ — :------—  -  tan  -----------L£i
+ r

/ -  rZ
(2.26)

f3 -  a.) AKuP- 
where k  = & -  ^

f a 2 -  CO2 JBir
' . *  ' . .  . - '  '  : - '

i
k 1 ■= h e ig h t  o f  the  square  pulse  approximation 

f o r  the  " c l i c k "  S1TtJ 

> 2 = A2 f  A2I 2

r[> = t a n - i  LA1ZA2 J-

A1 -  4 ^  I 1 +
Qj(^a)  I
a2fw 2 I. o J

i f  { 2 |  K  ( )  - ' f 2 + “ o):
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and f i n a l l y ,  = n / t  .

Since the  area  under a " c l ick "  i s  equal to  2tt, equat ion  (2.26) ( i f .  

a l l  assumptions l i s t e d  above a,re good) may be numerica l ly  solved f o r  the  

c r i t i c a l  loop gain by making t Q to  be equal to  the  du ra t io n  of  the  square 

plus
1 '

The numerical value of  was found as fo l lows;  The c a r r i e r - to -n o i s e  

r a t i o  (CNR) was assumed to  be 3 dB. Then the  rad ius  o f  g y r a t i o n 1 of  narrow- 

band noise  whose bandwidth i s  2 r a d / s e c  i s  equal to  l / Z s .  . The peak value

o f  Hess exponent ia l  c l i c k  i s  equal to  2 / Jz  ( twice the  rad ius  of  gyra­

t i o n ) .

The equation  o f  Hess ' " c l i ck "  was given as

(2.27)S1Cro^exp| - a - T o; 2[ 0i rTo; ] y ^ ^ |

where now is  equal to  2 / / 3 T  -

The F our ie r  t rans fo rm  o f  -Ql Ct) i s  equal to

F l b l Ct ) ]  = 2ir exp C-Oi2V E o i Ctq; ] 2;

and i t s  T a y lo r ' s  s e r i e s  expansion i s

2 i\C l  -  Troi2V  . 3 3 3  +  TT2 0 )4 /2 '.X 2 .S S 3 2

where [0 Ct ; ] 2 = 1.333 ■ '
1 0  •

. The F our ie r  tr ansform of  a square  pulse  Z p CtZ o f the  dura tion.  2a

and the  a rea  of  2it i s  equal to

( A l . I )

(A l .2)

1See s e c t io n  2 .5 .
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a
Ir 2 s i n  a  a)

t o ( A l . 3)

Matching the  f i r s t  two terms of  ( A l . 2) and (A l .3) y i e l d s  a = / ? V l T i i J  

and the  h e ig h t  o f  the  pu lse  i s  k  = — = .8355 .
(X

Equation (2 .26) was solved f o r  the  c r i t i c a l  gain using the  values  

o f  = . 83553 CDq = Zc1Zs and a s e t  of  w i d e ly - s c a t t e r e d  values  f o r  a and 3.

Simultaneously  with  the  approximate s o l u t i o n ,  the  exac t  numerical 

s o l u t i o n  o f  the  PLL d i f f e r e n t i a l  equation  dr iven  by Hess1 exponential  

" c l i ck "  was solved f o r  the  exac t  value of the  c r i t i c a l  loop ga in .  The 

loop equation  was normalized f o r  the  2 r a d / s e c  bandwidth o f  the  inpu t  • 

s i g n a l , same as the  loop in  the  approximate s o l u t i o n .  The d i f f e r e n t i a l  

equat ion  was r e p ea ted ly  solved f o r  d i f f e r e n t  va lues  o f  a 3 g, A K  by Adams' .. 

s econd-order  p r e d i c t i o n  method with the  sampling in t e r v a l  s u f f i c i e n t l y . 

f i n e  to  in su re  good accuracy. The C r i t i c a l  value of A K  was found by a 

F ibonacc i - type  sea rc h .  The v a r i a n t  o f  th e  binomial search  c o n s i s t e d . 

o f  a t  f i r s t  f in d in g  crude upper and lower l i m i t s  on the  value  o f  the

c r i t i c a l  A K  and then r e p e a te d ly  d i s s e c t i n g  t h i s  range, thus  r e f i n i n g  the
--

l i m i t s  on the  e s t im a te  o f  the  value of the  c r i t i c a l  A K . The ex ac t  and 

approximate values  o f  the  c r i t i c a l  loop gain  are  t a b u la te d  below fo r  

each given p a i r  o f  a and 3. The t a b l e  shows t h a t  the  approximate so lu ­

t i o n  has a c o n s i s t e n t  b ia s  o f  about 10%. Mult ip ly ing  the  approximate 

r e s u l t s  by T. I, would e l im in a t e  the  b ia s  and make the  approximate method 

a very accu ra te  one.  Values o f  a  and 3 were chosen to  cover a very wide 

range o f  p o s s ib le  loop paramete rs .  Note t h a t  when values  o f  a and 3 a re



c lose  to each o th e r  such a c o n f ig u ra t io n  corresponds to  the  f i r s t - o r d e r  

loop; very la rge  values o f  a a l so  cause the  loop to become f i r s t  o rd e r .
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TABLE A U  . Comparison o f  Exact and Approximate 

So lu t ions  f o r  the  C r i t i c a l  Loop Gain o f . a  Phase-Locked Loop 
Driven by Hess1 "Cl ick" .

a 3 .
Exact
gain

Approximate 
gai n

Er ror
% .

.001 .00125 . .795 .706 -11 .2

.001 .0125 7.634 6.833 -10.5

.01 .0125 .789 . 701 -11.1

.01 .125 5.570 5.184 - 6 .9

.1 .125 .741 .665 -10.3

.1 1.25 1.691 1.530 - 9 .5
I . 1.25 .648 .575 -11.3

I . 12.5 .686 .596 -13.1
10. 12.5 .637 .565 -11 .2

10. 125. .637 .565 - 1 1 .3

In every case  a l l  the  i n i t i a l  cond i t ions  were s e t  to  b e .ze ro  and the  loop 

gain AK was kept  inva r ian t ,  throughout the  dura t ion  of  the  " c l i c k " .  The 

e x ac t  s o lu t io n s  were s t a r t e d  6 seconds before  the  peak o f  the  " c l ick"  and 

con tinued u n t i l  7 seconds a f t e r  the  peak.

Note t h a t  second-order  loops (g>>a, small a) as a r u l e  have a l a rg e  

c r i t i c a l  g a in ,  thus sugges t ing  t h a t  they are  b e t t e r  " c l i c k "  suppressors  

than the  f i r s t - o r d e r  l o o p . 1

1More on t h i s  s u b je c t  i s  conta ined  in  s ec t io n  4 .5 .
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A l .3.. EFFECTS OF CARRIER-AMPLITUDE VARIATIONS ON THE CRITICAL GAIN

Since the  assumption on the  i n v a r i a b i l i t y  of  the  loop gain during the  

" c l i ck "  occurrence i s  only an approximation,  though a good one as demonstrated 

by Hess [ 8 ] ,  i t  was a ttempted to  spo t-check  how much v a r i a t i o n  in AK can 

be ignored by pre tend ing  t h a t  the  loop-ga in  i s  con s tan t  and using the  approx i ­

mate technique of  Chapter I I  t o  so lve  f o r  the  c r i t i c a l  ga in .  A model was 

devised to  r e p r e se n t  the  fad ing  ampli tude a ( t ) . As b e fo re ,  the  c a r r i e r -  

t o - n o i s e  (CNR) was assumed t o  be 3 dB. A r b i t r a r i l y ,  the  normalized c a r r i e r  

amplitude.  a ( t )  ( c a l l e d  A when i t  does not vary) was de f ined  in the  fo llowing 

manner:

ciCt) — I — .8  exp( - ( t  -  ] (A l ;4)

There are  no claims made about the  v a l i d i t y  of t h i s  model. I t  was 

made j u s t  to  in t roduce  some v a r i a t i o n  in the  loop ga in .  . 8 ,  the  c o e f f i c i e n t  

o f  the  exponent ia l  term in (A l .4) was, however, chosen with  some under ly ing  

h e u r i s t i c  reason ing .

Let a ( t )  = A + x ( t ) s where x ( t )  i s . t h e  cophase and y ( t )  the  quadra­

tu r e  components o f  the  inpu t  narrowband n o ise .  The peak o f  a " c l ick"  

occurs when A + x ( t ) : <  o ,  y ( t )  = 0, ,  and y ( t ) .  ^  0. y ( t )  i s  a Gaussian 

v a r i a b l e ;  t h e r e f o r e  \ y ( t ) \  i s  Rayleigh d i s t r i b u t e d  and i t s  expected value 

i s  equal to  a °/ i i / 2 . At CNR = 3 dB and I rad /sec .  one-s ided  bandwidth,  i t  i s

equal to  .231. The peak of  the  " c l ick "  i s  equal to  y/\_A - x(t)~] a t  the  

moment when the  denominator i s  nega t ive  and y ( t) ,  = 0 . The peak of  Hess1 

" c l i c k "  i s  equal to  1 .154.  T h e re fo re ,  the  expected value o f  the  dip  in 

the  amplitude i s  equal to  .2 3 1 /1 .1 5 4 =  .200 o f  the  nominal value o f  the

i
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c a r r i e r  amplitude A.  In the  normalized loop A = I while K takes  up the 

s l ac k  f o r  the  ga in .  Equation (Al .4) makes a ( t )  go to  .-2A a t  some t  = t .
O

The s tanda rd  d e v i a t i o n . a  of  (A l .4) was chosen to  be a m u l t ip l e  of the 

s tanda rd  d e v ia t io n  o f  Hess 1 " c l ick"  a t  CNR = 3 dB, which was computed to  

be 2.7933. Thus , a was s e l e c t e d  to  be 1.5 x 2.7933 so t h a t  a ( t )  va r ie s  

somewhat s lower  than t h e , " c l i c k " .  T h e o r e t i c a l l y ,  i t  should be much s lower 

than the  " c l i c k " .  The r e s u l t s  demonstrate t h a t  even with such a severe  

fad ing  the  assumption t h a t  a ( t )  = c o n s ta n t  and i s  equal to  i t s  minimum 

Value gives a f a i r  agreement with  th e  e x ac t  s o lu t io n  of  the  d i f f e r -  • 

e n t i a l  equa t ion  with t ime-vary ing  parameters .  The s o l u t i o n  i s  s i m i l a r  in

TABLE A l . 2. Comparison of  Values o f  C r i t i c a l  Gain 
Obtained f o r  Time-Varying and Time I n v a r i a n t  Loops.

a B

EXACT
CRITICAL GAIN

Exact S o lu t ion  
f o r

C r i t i c a l  Value 
. o f  [a n

APPROXIMATE. 
CRITICAL GAIN

Exact So lu t ion  
from Table Al-I  

f o r  Constant 
Amplitude

Error
• %

.001 .00125 .670 .795 18.7

.001 .0125 6.458 7.634 18,2

.01 .0125 .667 . .789 18.3

.01 .125 4.700 5.570 18.5

.1 ,125 .632 .741 17.2

.1 1.25 1.338, 1.691 26.4

I .  ‘ 1,25 .554 .648 17.0

I . 12.5 .575

8K
O 19.3

10. 12.5 .545 .637 16.9
10. 125. . .545 .637 16.9
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na tu re  to  the. one used in the  preceding s e c t i o n .  The only d i f f e r e n c e  in 

t h i s  case i s  t h a t  a f o u r th - o r d e r  Runge-Kutta method was used in s tead  of 

Adams’ method to  so lve  the  d i f f e r e n t i a l  equa t ion .

Table A l .2 demonstrates  t h a t  r a t h e r  severe  v a r i a t i o n s  in  the  loop 

gain dur ing the  " c l i ck "  occurrence  did not produce a c r i t i c a l . g a i n  much 

d i f f e r e n t  from the  one obta ined  with a c o n s ta n t  loop g a i n . According to 

Hess [ 8 ]  the  v a r i a t i o n s  in  a ( t )  are much slower  than in the  " c l i c k " ,  t h e r e ­

f o r e ,  the  r e s u l t s  r epo r ted  in  t a b l e  A l . 2 could be considered  an u n l ik e ly  

e ven t .  Slower v a r i a t i o n  in  a ( t )  would make the  co n s tan t  gain approximation 

b e t t e r .

The above-mentioned r e s u l t s  o f  computer, s im u la t ions  were not in tended 

to  serve  as p roof  o f  Hess 1 con ten t ion  t h a t  one may ignore  changes in a ( t )  

dur ing the  " c l i c k "  occurrence .  A r e fe re n ce  to  his  a r t i c l e  [ 8 ]  alone 

would have served the  o b j e c t i v e .  This computer s im u la t ion  was performed 

f o r  the  s o l e  purpose o f  i l l u s t r a t i n g  the p o in t .
'

A l . 4 AN EFFECT OF FM MODULATION ON THE CRITICAL GAIN

An. e f f e c t  of  a cons tan t - f req u en cy  FM modulation on the  c r i t i c a l  gain 

was spot-checked by means o f  computer s im u la t io n .  A c o n s ta n t  frequency • 

modulation was. used in  l i e u  o f  s in u so id a l  modulat ion.  Since the  peak excu r ­

s ion  o f  a s in u so id a l  frequency modulation puts the  most s t r e s s  on the loop ,  

the  cons tan t - f requency  o f f s e t  thus may be considered the  wors t  case s i t u a ­

t i o n .  As in  s e c t io n  A l . 2 ,  the  c r i t i c a l  gain was obta ined  f o r  a s e t  of 

given values  o f  the  loop parameters a and £ .  As b e fo re ,  the  "c l ick "  was 

normalized f o r  the  in p u t  bandwidth of  2 r a d / s e c ,  thus making i t s  peak value 

equal  to  1.154. The fo rc in g  func t ion  in t h i s  case ,  however,  c o n s i s ted  o f



no
Hess'  " c l i ck "  plus a c o n s ta n t .  Since the " c l ick "  r e p re se n t s  the  time 

d e r i v a t i v e  of  the p hase , a cons tan t  frequency o f f s e t  would be manifested  

by a co n s tan t  added to  the  " c l i c k "  and i t  i s  assumed t h a t  Hess'  model of 

a " c l ick "  i s  not a f f e c t e d  by a smal l - indexed  modula tion,  i . e . ,  the  f r e ­

quency o f f s e t  due to  modulation remains much sm a l le r  than the  peak value 

of  the  " c l i c k " .  "Exact1 values  o f  c r i t i c a l  gains  were ob ta ined  he re ,  t h a t . . 

i s ,  the. PLL d i f f e r e n t i a l  equation  was numerica l ly  s o l v e . , r a t h e r  than using 

the  approximate s o lu t io n  d iscussed  in s e c t io n  A l . 2. I t  was assumed in t h i s  

s im ula t ion  t h a t  the  loop gain remained c o n s ta n t  during the  "c l ick"  occur­

rence .

The r e s u l t s  i n d i c a t e  t h a t  a frequency o f f s e t  l e s s  than .314 r a d / s ec  

( i t  corresponds to the  modulation index o f . 46) would cause the  c r i t i c a l  

gain to  vary I i near ly  with the  o f f s e t .  Since the  p o s i t i v e  and negative  

"c l icks" '  a re  a lmost eq u a l ly  l i k e l y  when the  modulation index i s  smal l ,  the  

average c r i t i c a l  gain in  the  presence o f  smal l- indexed modulation wil l  be 

equal to the  value o f  c r i t i c a l  gain obta ined  when th e re  i s  no. modulation 

p re sen t .

Values in  t h i s  s im u la t ion  were chosen so t h a t  one s e t  o f  parameters 

(a = . I j  B =  .125)  r e s u l t e d  in  a nea r ly  f i r s t - o r d e r  loop and the  o th e r  s e t  

(a = . I j  B = 1.2-5) y i e ld e d  a highly  underdamped second-order  loop. Note 

t h a t  the  second-order  loop has a h igher  c r i t i c a l  gain and thus is  b e t t e r

■ ■ -"V 1V : - ? ' .  •
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able  to  suppress  " c l i c k s "  than the f i r s t - o r d e r  loop. However, t h i s  does 

not mean t h a t  the second-order  loop i s  the  optimum one.

- .OS t

Constant  Frequency O f f s e t  in  Rad/Sec —»

FIG. A l . I  C r i t i c a l  Gain of the  PLL Response to  
a "Click"  Plus Constant-Frequency Force Due to  
a Modulation.
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A2.1 INTRODUCTION

Appendix 2 con ta ins  the  r e s u l t s  o f  a computer Monte Carlo s im u la t ion  

which v e r i f i e d  the  accuracy of  the  q u a s i - s t a t i o n a r y  s o lu t io n  f o r  the  condi­

t i o n a l  phase e r r o r  v a r ian ce .  As a by-product o f  t h i s  s im u la t ion  i t  was a l so  

p o s s ib le  to  compare the co n d i t iona l  va r iance  as well as the  l i n e a r  under­

e s t im a te  o f  the  uncondi t iona l  phase e r r o r  va r iance  to  the  measured phase 

e r r o r  va r ian ce .  The r e s u l t s  of  the  s im u la t io n  showed t h a t  the  cond i t iona l  

va r iance  was q u i t e  c lo se  to  the  uncondi t iona l  va r iance  when the  amplitude 

th re s h o ld  was low enough and t h a t  the  l i n e a r  underes t im ate  o f  the  Variance1 

i s  indeed an u nde res t im ate ,  '

A2.2 VERIFICATION OF THE QUASI -STATIONARY SOLUTION

A q u a s i - s t a t i o n a r y  s o l u t i o n  f o r  the  c o nd i t iona l  phase e r r o r  va r iance  

was compared to  the  r e s u l t s  o f  a.Monte Carlo s im ula t ion  o f  the  phase- locked 

loop d r iven  by a phase n o i s e .  The q u a s i - s t a t i o n a r y  method was developed 

in s e c t io n s  3.5  and 3 .6 .  B r i e f l y ,  t h i s  approach assumed t h a t  the  PLL 

behaves l i k e  a t i m e - i n v a r i a n t  l i n e a r  system whenever the  ins tan taneous  loop 

gain a ( t ) K  exceeds a c e r t a i n  minimum va lue .  The c o nd i t iona l  p h a se -e r ro r  

v a r i a n c e ,  given an ins tan taneous  value of  the  loop g a in ,  can be evalua ted  

by i n t e g r a t i n g  the  product o f  the  squared abso lu te  value o f  the  PLL t r a n s f e r  

func t ion  t imes the  noise  spectrum. I t  i s  assumed t h a t  no ise  i s  Gaussian 

with a f l a t  spectrum and i s  band l i m i t e d .  Since the  s t a t i s t i c s  o f  a ( t )  a re  

known, one can f ind  the  c o nd i t iona l  expec t ion  o f  t h i s  i n t e g r a l . Expression

(3 .42) d e sc r ib e s  t h i s  process a n a l y t i c a l l y :  ;

1See s e c t io n  3 .5  f o r  the  d e s c r i p t i o n  o f  the  c a l c u l a t i o n  of  the  phase 
e r r o r  va r ian ce .
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P CO

(3.42)

I .
O

Where I ^ f j W  | i s  the  abso lu te  value o f  the  PLL p h a se -e r ro r  t r a n s f e r  func­

t i o n  with the  in s tan tan eo u s  loop .'gain equal to  AJL3 p f A J  i s  the  p r o b a b i l ­

i t y  d e n s i ty  func t ion  o f  a(t . )3 ( A ^  i s  an ins tan taneous  value of  a ( t ) ) , and 

S Q(u) i s  a one-s ided  noise  spectrum. The t e s t  f o r  the  a p p l i c a b i l i t y  o f  

the  q u a s i - s t a t i o n a r y  s o lu t io n  was a r b i t r a r i l y  def ined  as fo l lows:  the  so-

c a l l e d  to l e r a n c e  th re s h o ld  determined by the  in s tan taneous  loop parameters  

had to  exceed a c e r t a i n  percentage  p o i n t .  The d e f i n i t i o n  o f  the  t o l e r a n c e  

th re sh o ld  i s  repea ted  h e r e . f o r  CNR -  3 dB.

Tolerance th re s h o ld  = (3 .43)

where t i s  the  r e c ip ro c a l  of  the  r ea l  p a r t  o f  the  dominant pole  o f  the  PLL 

t r a n s f e r  f u n c t io n ,  a ( t )  i s  normalized so t h a t  the  nominal value of the  c a r ­

r i e r  amplitude a  i s  equal to  u n i t y ,  A0K i s  th e  minimum adm iss ib le  i n s t a n ­

taneous loop g a in ,  .289 = s tanda rd  devia t ion ,  o f  ci(t) when the  one-s ided 

bandwidth o f  the  i n p u t  process  i s  normalized to  I r a d / s e c  and CNR = 3 dB.

A computer Monte-Carlo method of  v e r i f i c a t i o n  o f  the  accuracy of 

the  q u a s i - s t a t i o n a r y  s o l u t i o n  was employed. Two independent a r rays  of 

random numbers were genera ted .  These a r ray s  were narrow-band f i l t e r e d  by 

means o f  a Fast  F ou r ie r  t rans fo rm  r o u t i n e .  This was done in  such a manner

o
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t h a t  the  r e s u l t a n t  bandwidth was equal to  T r a d / s e c  and the  sampling r a t e  

in the  time-domain was .25 seconds.  The two ar rays  rep re sen ted  the  cophase 

( x ( t ) )  and the  quadrature '  { y ( t ) )  components of  Gaussian n o is e .  The a r ray s  

were normalized so t h a t  the  no ise  power was 3.dB below the  normalized 

c a r r i e r  power whose peak vo l tage  amplitude i s  u n i ty .  In o th e r  words, CNR 

was equal to  3 dB.' An a r r a y  o f  Rician v a r i a b l e s  equal to^j(l+y, ( i j )  z+y2 ( t )  ""

was genera ted  to  r e p r e s e n t  the  r e s u l t a n t  amplitude o f  the  contaminated
si

c a r r i e r .  A his togram of  the  Rician a r ra y  was obta ined  to  be used in l i e u

o f  i t s  p r o b a b i l i t y  d e n s i ty  fu n c t io n .  The phase noise  t h a t  d r ives  the PLL

in  the  absence o f  " c l i c k s " ,  w i thou t  o r  with a very small modula tion,  i s

t a n  l y ( t ) / \ _ i + x ( t ) r\ .  Because of the  computational d i f f i c u l t i e s  i t  was

decided to  use y ( t )  i n s t e a d  of  the  complete express ion  s i n c e ,  a f t e r  a l l ,

the  approximation i s  good f o r  c a r r i e r - t o - n o i se r a t i o s  (CNR) as low as

3 dB . The Rician a r ra y  and the  Four ie r  t rans fo rm  o f  y ( t ) -  were s to re d

permanently in the  form o f  a c a ta log  f i l e  in the  computer drum l i b r a r y

so t h a t  they could  be accessed upon demand.

Each exper iment would s t a r t  with an assignment o f  a s e t  o f  th r e s h o ld

values  f o r  a ( t )  , f o r  in s t a n c e  .6 ,  . 7 ,  . . . ,  I . 3,  and an assignment of

values  to  a ,  B, AK (nominal loop g a in ) .  The T a t t e r  determined the  value

o f  K,  s in ce  A could be assumed to  be un i ty  w i thout  a lo s s  o f  g e n e r a l i t y .
■

The a r rays  r e p re se n t in g  a ( t )  and 1 U )  [ t h e  Four ier  t rans fo rm  o f  Gaussian 

a r ray  y f t ; ]  were brought out o f  the s t o r a g e .  The fo rc in g  func t ion  of  the  

PLL was formed out  o f  K u )  through i t s  m u l t i p l i c a t i o n  by f > ; 2 + cyw and 

the  i n v e r s e - t r a n s fo r m a t io n  of  the  product back in to  the  t ime domain. The 

r e s u l t ,  o f  t h i s  o pe ra t ion  was equal to  y ( t ) + a y C t ) .
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The PLL d i f f e r e n t i a l  equation!was  then numerica l ly  solved f o r  the  phase 

e r r o r  by means of  the  f o u r t h - o r d e r  p r e d i c t i n g - c o r r e c t i ng Adams formula.

A phase e r r o r . a r r a y  was formed. Next the  program would go through the 

a ( t )  a r ray  ( the  amplitude of  the  c a r r i e r )  and s t o r e  the  indexes o f  those 

members o f  the  a ( t )  a r ray  t h a t  exceed the  f i r s t  th re sh o ld  value ass igned 

in  the  beginning o f  the  experiment ( . 6  in  t h i s  example).  Since the $( t )  

a r ray  was s i m i l a r l y  o rd e re d , th e  program could compute the  cond i t iona l  

phase e r r o r  va r iance  based on the  con d i t io n  t h a t  the  c a r r i e r  amplitude 

must exceed the  c u r r e n t  th r e s h o ld .  Once th i s .w as  done, the  program would 

go back and c a l c u l a t e  the  c o nd i t iona l  phase e r r o r  va r iance  f o r  the  next 

value o f  ampli tude t h r e s h o l d ,  and so on.. For each exac t  ev a lua t ion  o f  the  

con d i t io n a l  va r iance  the  program w ou ld .a l so  ev a lua te  th e  express ion  ( 3 .4 2 ) ,  

the  q u a s i - s t a t i o n a r y  approximation,  where the  his togram of  a ( t )  a r ray  was 

used in  p lace  o f  i t s  p r o b a b i l i t y  d e n s i ty  func t ion  and the  no ise  spectrum 

S(ui) was t h a t  o f  y ( t ) .  Some of  the  r e s u l t s  o f  t h i s  Monte Carlo s imula­

t i o n  a re  repo r ted  in  Fig.  A2.1 (a) and (b) below. The Monte Car lo .s imu­

l a t i o n  program was c i r c u m s t a n t i a l l y  co n s t r a in e d  in seve ra l  ways. I t  

r e q u i re d  a con s id e rab le  amount o f  computer memory and th e  length  of  the  

y ( t )  a r ray  t h e r e f o r e  was s e t  a t  2048 words. The numerical  s o lu t io n  o f  

the  d i f f e r e n t i a l  equat ion  req u i red  f i n e  sampling i n t e r v a l s ,  which in 

tu rn  l im i t e d  the  number o f  independent samples o f  y ( t )  t h a t  could be con­

t a in e d  in the  f ix ed  a r ra y  leng th .  Hence., the  s im u la t ion  was performed 

with only 276 out  o f  2048 samples o f  fo r c in g  func t ion  being independent.  1

1See express ion  ( 3 .9 ) .



E
rr

or



118

Each curve was genera ted  with  e x a c t ly  the  same n o i s e .  Spacing 

between curves i s  due e n t i r e l y  to  the  d i f f e r e n c e s  in the  nominal loop 

gain ( the  value o f  AK in  the  absence o f  n o i s e ) .  Because o f  the  small 

number o f  independent samples i n . t h i s  s im u la t io n ,  po in ts  obta ined with 

high th re sh o ld  values showed a tendency to  vary s i g n i f i c a n t l y  when the  

s im u la t ion  was repea ted  with  a d i f f e r e n t  noise  a r ray .  This i s  not an un­

expected development,  s in ce  very few samples ge t  to  be used with h igher  

t h r e s h o ld s .  There fo re , ,  the  p lo t s  were l im i t e d  to  th re sh o ld  values o f  1 .3 .

I t  was a l so  d iscovered  in  the  course  o f  t h i s  s im u la t ion  t h a t  the  

means o f  the  measured phase e r r o r s  were not z e r o s : about 5% o f  the
f  •

measured phase e r r o r  power was a DC power. A l a r g e r  sample s i z e  would 

have r e c t i f i e d  t h i s  problem; a f t e r  a l l ,  the  loop i s  completely  symmetric 

with r e s p e c t  to  the  s ign  of  the  phase e r r o r .  "

Since the  expected value of the  phase e r r o r  i s  z e r o , and s in ce  the  

q u a z i - s t a t i o n a r y  method does not produce any DC ( the  l o o p . t r a n s f e r  func­

t i o n  has a zero  a t  jw= o ) , i t  was decided, to  compare the. cond i t iona l  

var iances  in  t h i s  appendix ins tead ,  o f  the  cond i t iona l  second moments.

Figure 2A.1(a) shows, the  accurac ies  o f  about 80% can be achieved 

with a f i r s t - o r d e r  loop gain of  1 .0 .  I t  seems t h a t  even b e t t e r  accurac ies  

could be achieved with much h igher  va lues  o f  the  loop gain  b u t  t h e .o v e r ­

a l l  r e s u l t s  would not be much b e t t e r .  Some of the f a i r l y  lax  c o n s t r a in t s  

on the  phase, e r r o r  va r iance  in the  main computer search program would 

preclude a p a r t i c i p a t i o n  by the  q u a s i - s t a t i o n a r y  program in the  f i n a l  

de te rm ina t ion  o f  t h e  optimum, loop c o n f ig u ra t io n .  By e x t r a p o la t i n g  some.
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o f  the  po in ts  in Fig.  A2.1 i t  seems t h a t  even f i r s t - o r d e r  loop gains as

low as .5 would y i e l d  r e s u l t s  t h a t  a re  about 75% acc u ra te  f o r  A > .5 .
°  '

A s im u la t ion  run was made to check t h i s  con ten t ion  and the  r e s u l t i n g  wors t  

case  e r r o r  tu rned  out to  be b e t t e r  than 30%. There fo re ,  i t  was decided 

t h a t  the  main, search program could use the q u a s i - s t a t i o n a r y  method when­

ever the  to l e r a n c e  th re s h o ld  f o r  the given loop would be l e s s  than 2 .3  J

(number corresponding to  Ay = .5  and loop gain  equal to  . 5 ) .

Figure A2.1 in d i c a t e s  t h a t  in the  case  o f  the  second-order  loop 1
'

[F ig .  2A. I ( b) ] ,  the  e r r o r  i s  c o n s i s t e n t l y  l a r g e r  than in the case  o f  the
. ■ ■ I

f i r s t - o r d e r  loop. Since the  q u a s i - s t a t i o n a r y  so lu t io n  ignores  some o f

the  e f f e c t s  o f  the  amplitude v a r i a t i o n s  by removing the  term <b(t)a(t)/§  I;

from the  l i n e a r i z e d  PLL equat ion  ( 3 .3 8 ] 1 i t  computes an underes t im ate  o f

the  p h a se -e r ro r  v a r ian ce .  Also note  t h a t  the  e r r o r  does not n e c e s s a r i l y  |;j

decrease  with l a r g e r  values  o f  AU. All the  terms could have been included

in  the q u a s i - s t a t i o n a r y  s o l u t i o n  by r a i s i n g  the  dimension o f  the  condi- ?

t io n a l  va r iance  i n t e g r a l  to  t h r e e .  S in ce ,  however, the  miss ing  term does

not appear in  the  f i r s t - o r d e r  eq u a t io n ,  and s ince  i t s  absence  from the

second-order  equation does not  b ias  the  r e s u l t s  in favor  o f  the  f i r s t -

o rde r  loop ,  i t  was f e l t  t h a t  added complexity  o f  computations  wi l l  not

a f f e c t  the  r e s u l t s  should the  f i r s t - o r d e r  loop become the  winner.  I

1See s e c t io n  3.5 f o r  d e t a i l s .

"
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Figure A2.2 r ep re sen ts  the  p lo t  of  the  r e s u l t s  o f  a p p l i c a t i o n  o f  

the  q u a s i - s t a t i o n a r y  method versus the  t o l e r a n ce  th re sh o ld .  Because of 

the  wide s c a t t e r i n g  of  the  p o in t s ,  only the boundaries con ta in ing  these  

poin ts  were sketched and no a ttempt to  f i t  curves was made. I t  i s  ev iden t  

t h a t  e r r o r s  r e t a i n  very l i t t l e  dependence on the t o l e r a n ce  th re sho ld  

exceeding .2 .  Thus, the  concept of  the  t o l e r a n ce  th re sh o ld  would seem to  

be su p e r f lu o u s .  I t  was r e t a i n e d ,  however, in the  main search program in 

o rde r  to  accommodate second-order  loops which showed a g r e a t e r  degree of 

dependence upon i t  but  with a l e s s e r  accuracy.
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Function of the  Tolerance Threshold in the  n r s c - O r d e r  Loop.



A2.3. RELATIVE MAGNITUDES OF CONDITIONAL, UNCONDITIONAL.AND LINEAR 

UNDERESTIMATES OF PHASE ERROR VARIANCES.

The Monte Carlo s im u la t ion  program generated  d a ta  which allowed one 

to  compare c o nd i t iona l  va r iances  and l i n e a r  underes t im ates  o f  var iances  

to  the  a p p ro p r i a t e  uncondi t iona l  phase e r r o r  va r iances .  The purpose of 

such a comparison was to  show t h a t  con d i t io n a l  var iances  computed with 

Tow amplitude th re sh o ld s  ( A =.6A* are  not d r a s t i c a l l y  H i f f n r o n +

from the  uncondi t iona l  va r iance  (Aq=O). and thereby give a f a i r  e s t im ate  

o f  the  uncondi t iona l  va r ian ce .  Linear  underest imates  o f  var iances  were 

compared to  the  measured,  or u n c o n d i t io n a l ,  var iances  in  o rde r  to  v e r i f y  

the  con ten t ion  of  s e c t io n s  3 .4  and 3 .5  t h a t  a l i n e a r  dynamic system ( i . e .  

a system with t im e-vary ing  parameters ) w i l l  produce an ou tpu t  whose v a r i ­

ance would be l a r g e r  than the  one obta ined  from the  same system but with 

a l l  the  vary ing parameters  rep laced  with t h e i r  expected va lues .  The phase 

locked loop i s  c e r t a i n l y  not. a l i n e a r  system; but in t h i s  s im ula t ion  the  

loop ga in  was kept  high so t h a t  the  phase e r r o r  s tayed  small and the  loop 

opera ted  in  i t s  l i n e a r  reg ion .

The sm a l le r  the  loop g a in ,  the  c l o s e r  cond i t iona l  va r iances  a re  to  

the  abso lu te  v a r ian ces .  This i s  expla ined  by h igh-ga in  loops having most 

o f  t h e i r  e r r o r s  occur r ing  where the  amplitude a ( t )  dips c lo se  to  zero.

When a ( t )  i s  l a r g e ,  the  loop t racks  the  s igna l  well and the  e r r o r s  are  

small in th e se  reg ions .  Small -gain  loops do not t r a c k  s ig n a l s  too well 

anywhere.
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Underestimates o f  <j>2 f f j  ( the  phase e r r o r  va r iance )  d e p a r t  f u r t h e r  

in the case  of  h igh-ga in  second-order  loops than in the  case  o f  f i r s t -  

o rder  loops.  The d i f f e r e n c e  r e f l e c t s  the  f a c t  t h a t  the  missing term 

$a(,t ) K  in  s im p l i f i e d  PLL equation  ( 3 . 3 7 ) 1 was not n e g l i g i b l y  small in the  

second-order  loop ,  whi le  i t  did  not even appear in the  f i r s t - o r d e r  loop.

In the  computations of an underes t im ate  of  §z ( t )  a l l  the  t ime-vary ing  

parameters o f  the  loop were rep laced  by t h e i r  expected v a l u e s . The f i r s t -  

order  loop con ta ins  only one such p a ram e te r : aa(t)K  s in  $ ( t ) . The second- 

order  loop con ta ins  plus aa( t )K/$  $ cos (pf tJ1. ■ The mean value of  the  f i r s t  

term is  zero and t h a t  means, accord ing to  s e c t io n  3 . 4 ,  t h a t  an a d d i t io n a l  

independent noise  source i s  removed in the  c a l c u l a t i o n  of th e  underes t im ate  

o f  ij>2 CtJ . Hence, one should expect a g r e a t e r  depar tu re  in the  u n d e r e s t i ­

mates o f  P2 CtJ from the  t r u e  P2 CtJ in cases o f  second-order  loops.  Natu­

r a l l y ,  the  h igher  the  loop gain aCt)Ks the  more of  a dep a r tu re  should be 

' observed , though the  r e l a t i o n s h i p  i s  no t  a l i n e a r  one.

Since the  p h a se - e r r o r  va r iance  c o n s t r a i n t  in the  main computer 

search  program was between U / l o ) 2 and U / 2 0 ) 2 , t h e  r e s u l t a n t  normalized 

optimum loop gain turned  out  to  be between .6 and 1 .2 .  The t a b l e  i n d i ­

c a te s  t h a t  the  t r u e  cond i t io n a l  variance,  o f  the  f i r s t - o r d e r  loop with 

A0 < .6AK would account  f o r  b e t t e r  than 95% o f  the  t o t a l  p h a se -e r ro r  

va r ian ce .

1See equation  3 .9 .
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TABLE A2.1 . Percen t  Devia tions  o f  Conditional 
Variances and Underestimates  o f  Variances from 
the  Uncondit ional  Phase E r ro r  Variances.

Loop

Parameters

Percen t  d e v ia t io n  o f  the  
cond i t iona l  va r iance  from 
the  uncondi t iona l  one as 
a func t ion  o f  the  ampli­
tude th re sh o ld  A .

Percent  d e v ia t io n  o f  the  
l i n e a r  underes t im ate  o f  
the  va r iance  from the  
uncondi t iona l  va r iance .

A K a . 6 A K . 7 A K . 8 A K

1.0 I I -  5.18 - 9.29 -16.72 -20.54
1.5 I I -  9.61 -15.10 -23.49 -25.75
2.0 I I -13 .15 . -19.45 -28 ,12 -29.66
t : o I 4 - 5.65 -  9.93 -17 .82 -26.03
1.5 I 4 -10.17 -15 .84 -24.71 -32.97
2 .0 . I 4 -14.16 -20.76 -29.82 -38.59
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