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Abstract:

The theory of elastic wave scattering has important industrial applications in non-destructive testing
techniques. A problem involving elastic wave scattering from a rough interface (for example, a welding
joint of two metal parts) is theoretically studied in this dissertation. The rough interface between two
elastic solids is assumed to have a onedimensional random profile with the Gaussian distribution in
height and slope of the boundary. In this work, the scattered displacement fields are expressed in a
surface integral which contains the scattered fields and also elastic Green's functions. For boundary
conditions, the Kirchhoff approximation is applied and the plane reflection coefficients are calculated.
The scattered and refracted fields on the boundary are assumed to have the form of the incident wave
with plane reflection coefficients. This assumption requires that the radius of curvature of the interface
be much larger than the wavelength of the incident wave. The surface integral is calculated
numerically.

The results, in terms of scattering coefficients, show that in the specular direction, the scattered fields
decrease by a roughness factor as the roughness of the boundary increases. In the case of very rough
boundaries, for example, h=0.315 (mm) for the longitudinal wave, and h=0.210 (mm) for the transverse
wave, the scattered fields are diffusely scattered, and the maximum value of the scattered field is no
longer scattered in the specular direction.

In this dissertation, the restrictions applying the Kirchhoff approximation to this problem are also
discussed by giving relations between the roughness of the boundary, the incident frequency, and the
incident angle. For typical values of the surface roughness in modern industries, say, fatigue cracks or
manufacturing defects, the elastic Kirchhoff approximation requires high frequency incident waves.
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ABSTRACT

The theory of elastic wave scattering has important
industrial applications in non-destructive testing techniques.
A problem involving elastic wave scattering from a rough
interface (for example, a welding joint of two metal parts) is
theoretically studied in this dissertation. The rough
interface between two elastic solids is assumed to have a one-
dimensional random profile with the Gaussian distribution in
height and slope of the boundary. In this work, the scattered
displacement fields are expressed in a surface integral which
contains the scattered fields and also elastic Green's
functions. For boundary conditions, the Kirchhoff
approximation is applied and the plane reflection coefficients
are calculated. The scattered and refracted fields on the
boundary are assumed to have the form of the incident wave
with plane reflection coefficients. This.assumption requires
that the radius of curvature of the interface be much larger
than the wavelength of the incident wave. The surface integral
is calculated numerically.

The results, in terms of scattering coefficients, show
that in the specular -direction, the scattered fields decrease
by a roughness factor as the roughness of the boundary
increases. In the case of very rough boundaries, for example,
h=0.315 (mm) for the longitudinal wave, and h=0.210 (mm) for
the transverse wave, the scattered fields are diffusely
scattered, and the maximum value of the scattered field is no
longer scattered in the specular direction.

In this dissertation, the restrictions applying the
Kirchhoff approximation to this problem are also discussed by
giving relations between the roughness of the boundary, the
incident frequency, and the incident angle. For typical values
of the surface roughness in modern industries, say, fatigue
cracks or manufacturing defects, the elastic Kirchhoff
approximation requires high frequency incident waves.




CHAPTER 1
.INTRODUCTION

Examples involving wave scattefing from rough surfaces
have been found in many areas of study including sound, light,
electromagnetics, and others. For instance,. in radio
astronomy, the roughness properties of the moon's surface aré
estimated by studying the back-scattered electromagnetic waves
from the moon to the earth (Beckmann and Spizzichino, 1963).
In acoustics, scattering phenomenon of sound waves from rough
surfaces, say, ocean surfaces have been studied (Eckart,
1953). In optics, scattering is associated with the
diffraction of light from the rough boundary between two media
(Karp, et al., 1966). In seisﬁology, seismic reflection from
different layers in the earth have been studied (Brekhouskikh,
1960). A large number of papers on the subject of wave
scattering from rough surfaces have been published. The above _
examples show the variety of wave scattering problems in
different areas of applications; However, no matter what the
physical properties of the rough surface, the theories for
considering this type of problem are almost the same. As Bass
ahd Fuks (1979, p. 1) said, " The methodology of solving this
sort of problem is the same regardless of the physical nature
of the irregularities". In this dissertation, a brief review

of literature on the subject of wave scattering from
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rough surfaces is given in Chapter 2.

'Although the basic theories of wave scattering from rough
surfaces are the same, the process of solving practical
problems differs according to the involved medium, the nature
of equations, and the boundary conditions. The problem dealt
with in this dissertation is wave scattering from a rough
interface between two elastic solids. This theory has an
important application in ultrasonic non-destructive tesfing
techniques. Since these techniques rély on the detection of
the signal scattered by defects in a tested material, it is
important to understand and predict how a defect will scatter
the incident testing signal.

In practice, there is no real interface which is a
perfectly smooth plane. A smooth plane is just the limiting
case of rough surfaces. If an incident wave is propagating
toward a smooth plane interface, a reflected wave and a
" transmitted wéve will be generated according to ‘three maih
properties: 1) the wavelength or frequency of the incident
wave; zf the angle of the incident wave; 3) the physical
properfies of the boundary and the media.

However, if the boundary is rough, not smooth, what
results will be obtained? Scientists and engineers in various
fields have been interested in and have been trying to answer
this gquestion for over a century since Rayleigh (1878)
conducted the first investigation of the scattering of sound

from a rough surface.
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The most important difference in the behavior of a smooth
boundary and a rough‘one in wave propagation problems is the
fact that a smooth plane will reflect the incident wave in a
single direction, and a rough surface will scatter the
incident wave in various directions (see Figs. 1 and 2). In
the caéé 6f the rough surface, certain difectidns ﬁay fecei&e
more energy than others. According to this fact, fhe same
surface may be rough for some incident wavelengths and smooth
for others; or for the same Wavelengﬁh, the surface may be

either smooth or rough for different incident angles.

incident wave reflected wave

/

mﬁooth boundary

Figure 1. Reflection from a smooth boundary




incident wave

scattered wave

rough boundary

Figure 2. Scattering from a rough boundary

‘In order to understand the properties of wave scattering
from rough surfaces, Rayleigh (1878) suggested a relation
involving incident wavelength or Wavé.number, incident angle,
and the average amplitude of the height of the surface. 1In

terms of wave number, the relation is given by:
R, = 2kh,cos8, . (1-1)

where k is the wave number; h, is the average height of the -
rough surface, -and 6;, . is the incident angle. Equation (1-1)
is commonly known as the Rayleigh's criterion, where R, is

called Rayleigh's parameter. As the ‘Rayleigh's parameter
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increases, the rough property of the surface increases, and
the energy scattered in the specular direction decreases. In
this dissertation, we define the specular direction as the
direction of the reflected wave in the case of a smooth
boundary. It is evident that for certain values of the
roughness of the surface andrcertain values of the incident
angle/‘if"thé frequency of the incident wave is S0 low that
the wavelength of the incident wave is very large compared
with the surface amplitude, then the surface becomes
effectively smooth.

Although the subject of wave scattering has been studied
in many disciplines for over a century, the consideration of
elastic wave scattering from rough random surfaces, especially
a rough interface between two elastic solids, is seldom found
in earlier reported papers because of its complexity.
Therefore, the purpose of this dissertation is to offer a
solution to this particular problem involvingyelastic wave
" scattering from a rough interface between two -solids.

In this dissertation wé consider that two elastic media
with different material properties are separated by an
irregular iﬁterface S (see Fig. 3). The height z=h(x) of the
interface S is measured from the mean plane z=0 in the right-
handed x,y,z coordinate system. If it is assumed that a
perfect bonding exists along the interface S, the continuity
conditions for the displacemeﬁt and stress components must be

satisfied on S, or z=h(x). It is assumed that an incident




6
time-harmonic wave (either pressure or shear) propagates
toward the interface S iIn medium A. When the incident wave
reaches the boundary S, two reflected waves (longitudinal and
transverse) will be generated in the same medium A, and two
refracted waves (longitudinal and transverse) will Dbe
generated in the second medium B. Our job is to calculate the
distributions of the two scattered fields in region A, and the
distributions of the two refracted fields iIn region B. For a
given incident wave, 1t is easy to calculate the reflected
fields and refracted fTields if the 1interface 1is a plane
boundary. 1In our rough interface case, regular approaches are
no longer convenient to use. Therefore the theory of wave

scattering from rough surfaces has to be applied.

incident wave | Z

region A
mean plane

region B

rough interface

Figure 3. The rough interface between two elastic solids
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In Chapter 2, a brief review of this subject is given.
The history, different methods, and corresponding discussion
of this subject are presented. Some examples of the
applications of the wave scattering theory are also given in
this chapter.

In Chapter 3, basic assumptions are given to formulate
the probleﬁ. The. scattered fields, including reflected and
refracted fields, in terms:of“displacement;componenté*are
expressed as.'surface'.integraIS“'ovér':ther~interface S by
- applying the dynamic elastic reciprocal identity. The surface
integrals are the governing equations of this problem. The
interface conditions are also given in this chapter. The
surface integrals contain the scattered displacement and
stress fields on the boundary as well as the elastic Green's
functions. These quantities, at this step, are unknown.

In Chapter 4, the Kirchhoff appro#imation is introduced;
The- Kirchhoff approximation .is:based:on the:assumption that
any small domain about a point on the. boundary:behaves as a
locally flat surface. With.this assumption, the 'scattered and
the refracted fields on the boundary are expressed in terms of
the incident wave and plane reflection coefficients. The plane
reflection coefficients are calculated explicitly in this
chapter. The restrictions of applying the Kirchhoff
:approximation are also discussed in this chapter.

In Chapter 5, the elastic Green's functions are

calculated by means of Fourier's transform. In order to




8
simplify the calculations, the far-field assumption is made.
This assumption requires that the observation point is far
awvay from any point on the rough boundary.

In Chapter 6, the procedures of solving the surface
integrals are given. The general solutions of the scattered
and the refracted displacement components are given. A
aimensionless quantity called the scattering coefficient is
introduced. In Chaptér 6, the characteristics of the random
interface are also discussed.

In Chapter 7, the average evaluations of the scattered
and refracted fields in both region A and region B are
discussed. The interface is considered to-have a random rough
profile of its surface height. Therefore an average
evaluationh is performed. To calculate the aveérage values of
the scattered and the refracted fields, it is assumed that the
distribution densities of the height and the slope of the
interface have a Gaussian profile. Some results of roughness
factors and integration factors involved in the average
evaluation are given and discussed.

The final numerical results and a detailed discussion of
the results are given in Chapter 8. The numerical results, in
terms of scattering coefficients, show the scattered and the
refracted fields from different roughnesses of the rough
interface. The incident wave chosen in this work is either
"~ compression or shear wave.

From the work in this dissertation, we can conclude that
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the integral-equation method with the Kirchhoff approximation
is a convenient and powerful theoretical method for elastic
wave scattering problems. A satisfactory numerical result is
obtained from this method. The results show that -the
scattering coefficients of both scaftered and refracted fields
decrease as the roughness of the interface increases. The size
of the integration domain also affects the results. The
scattered and the refracted fields depend also on the incident

angle and the frequency of the incident wave.
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CHAPTER 2
REVIEW OF THE LITERATURE

Problems involving'wave'scattering from fdﬁgh surfaées'
are of great interest, and have received significant
consideration in various fields of physics and engineering.
This subject has been studied by scientists and-engineefs for
over a hundfed years. Especially in the past few~decadés,
since computer technology has been used as~an important tool
in science and engineering, the problems of wave(scattering
from rough boundaries have received ﬁore,and more detai;ed
attention. Some theoretical.methods to solve the problems
have been developed, and numerical results have been obtained
successfully.

‘The first mathematical investigation of wave scatterihg
from rough surfaces was conducted by-Rayleigh (1878), who
discussed the scattering of a nprmally“incident sound wave by
a sinusoidal surface. In Rayleigh's work, .the scatﬁered field
was considered to be a sum of plane waves. Since then, the
theory of wave scattering from rough surfaces has been applied
in different fields and extended in several directions,
including modeling profiles of the rough surface, ;nd

developing theoretical approaches.
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Modeling Profiles of Rough Surfaces

Modeling the shape of a rough surface has been an
important subject in the study of wave scattering problems. In
general, studies in this field can be divided into two groups
according to whether the surface is a deterministic or a
random one.

The deterministic surfaces, such as sinusoidal (Rayleigh,
1878, Vol. 2, p. 89), rectangular (Elliott, 1954), saw—toothea
(Proud, Tamarkin and Meecham, 1957), and regular distribution
of bosses on a plane (Twersky, 1951, 1953), have been studied
extensively. In this case, the surfaces are mostly assumed to
have periodic or explicitly given shapes. Historically, this
group of rough surfaces was the first to be used, evidently
because of the greater éimplicity of the non-statistical
process. Theoretical approaches for this type of problem
include the use of Green's functions, the approximation of the
scattered field by an infinite number of plane waves (series
approximation), and variational methods.

‘Surfaces most commonly found in nature, such as the
earth, sea, and moon surface, are random rough surfaces.
Generally, these surfaées ‘can only be described by their
statistical properties since the exact shape of the surfaces
are unknown. The theory of stochastic process has been appliéd
to random rough surfaces by Eckart (1953), Ament (1953),

Davies (1955), and others. As a result, one of the most common
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approaches for random rough surfaces is to use the Helmholz
formula with some appropriate approximations. For example, the
Kirchhoff boundary condition has been used extensively in this
approach. Therefore, this approach is called the Kirchhoff
theorem, or Kirchhoff method. A good summary and a more
detailed explanation of several studies on random rough
surfaces can be found in the work by Beckmann and.Spizzichino
(1963).

Since scholars first -turned ‘their ~attention to the
problem of wave scattering from rough surfaces, several
theoretical approaches of solving this problem have been
developed. These theoretical approaches, in general, are
based on Rayleigh's method, the perturbation method, the

Kirchhoff method, and their extensions.

Ravleigh's Method

Rayleigh (1878) studied the problem of normal incident
sound wave scattering by a rough.surface with -a sinusoidal
profile. Since then, his method has been extended to plane
waves of arbitrary incident angles and to scattering by random
réugh surfaces. Rayieigh.assumed that the rough surface had a

sinusoidal profile as:

h(x) =b0COS (Kx) (2-1)
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where

=2 , (2-2)

is called the phase constant of the surface; A 1is the
wavelength of the surface; and h, is the amplitude of the
surface roughness. Marsh (1961) extended Rayleigh's approach
to a random rough surface. “However,.the central idea of the
method is still based on the follo&iﬁg assumptions:.

1). The scattered field is assumed to be a sum of plane

waves. Let p(x,z) denote the total wave field, then

p(x,z)=explik(xsind,;, ~zcos8,,.)]

+ X Aexplik(xsind +zcosb,) ].

m=0 (2—3)

where 6;, . is the. incident wave.angle relative to

C
the mean plane normal of the rough surface, and k is
the wave number of the incident wave.

2). This equation holds everywhere on the boundary and
in the medium. |

3). The scattering field is propagating in the direction

0,, where

sin®,=sind 1%§(m=0,11,12,...) ' (2-4)

inc”
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Rayleigh's method was criticized and improved by LaCasace
and Tamarkin (1956), Meecham (1956) and others, since Rayleigh
only considered the case‘where the scattering surface has a
deterministic shape, and the incident wave propagates normally
(in only one direction) on thé surface. LaCasace and Tamarkin
(1956) extended Rayleigh's method to a case of an arbitrary
angle of the incident wave. Meecham (1956) used a variational
approach to improve Rayleigh's method for the periodic
surface, and applied the method to éurfaces with arbitrary
shapes. Rayleigh's method was also criticized by Lippmann
(1953) and Heeps (1957). Lippmann pointed out that the
validity of Rayleigh's second assumption was doubtful for the
region between the rough surface and its mean plane. The rough
surface is given by z=h(x), where |h(x)|<h,. As Lippmann
explained in his paper, Rayleigh expressed the scattered field
in terms of plane waves which propagate, or aré exponentially
damped, in only one direction and away from the grating. This
choice for the scattered field is justified for z>h,. However

for z<h this éet of waves does not express the field

or
completely, because at any point in this region the field is
composed of waves propagating (or exponentially damped) in
both directions. Rayleigh's second assumption was criticized
by Heeps (1957) for othér reasons. Heeps suspected that if all
the reflected energies had the form of undamped plane waves

then the surface is necessarily sound absorbing and of

pressure significantly different from zero. Thus, in the
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neighborhood of a corrugated surface of zero pressure it is
necessary to take into account other forms of radiation and
such forms play a significant part in satisfying the boundary
condition. A more detailed and general criticism of Rayleigh's

method can be found in the paper by Fortuin (1970).

Perturbation Method

The perturbation method for' wave scattering from rough
surfaces has been used in several. applications. In this
method, restrictions on the height h ahd the gradient Vh of

the surface exist, i.e.

k|hle«l | (2-5)

where k is the wave number of the incident wave, and

|eh|<«1 : (2-6)

It is assumed that if (2-5) and (2-6) are satisfied, and
the surface profile slowly varies with no discontinuities,
then the field scattered from the rough surface can be

.expressed by an infinite series, and the total field will be

D (I) =plnc (I) +nz=:opn (I) (2_7)
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where pi™(r) is the incident wave field, and p,°C(r) is the

th order approximation to the scattered field. It is also

n
assumed that if the boundary condition on-the rough surfaces

has the form

f(XIYIZ‘) |z=h(x,y)=0 | (2_8) ’

then the boundary condition can be expressed in a Taylor

series about the mean plane z=0:

h2 0*f

e I

f(X’y’ Z) |vz=h(xry)=f(x’y’ Z) |z=0+h_g—zf- |z=0+

where‘f(x,y,z) is the pressure for acoustics problems and‘the
stress components for elasticity problems. -
In one of the earlier papers (Gilbert and Knopoff, 1960),
the perturbation method was used for the surface with
~arbitrary, but known shape. In this paper the maghitude and
slope of the rough surface are small. Tuan and Li (1974)
developed Gilbert and Knopoff's work. Théy tried to remove .or
reduce the restriction on the slope of the rough surface by
introducing a small parameter €. In this way the quantity
edh/dx can be small without the restriction on dh/ax, thé,
slopé of the rough surface. However, the height of the sUrfaée
is still required to be small. The profile of the surface used

in their paper is known.
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When the perturbation method is applied to random
surfaces, the explicit form for the rough surface is unknown,
but certain statistical properties of the rough surface are
assumed to be known. Since the surface is random,. the
scattered field is also random. The average field may be
calculated. The reported work.on this subject can be found in
several papers. For example, Bass and Fuks (1979, p. 84)
applied the perturbation method to 'the 'problem 'of wave
scattering from a random rough-surface..  However, due to the
restrictions on .height and gradient, the range of rough

surfaces is limited in the perturbation method.

The Kirchhoff Method

In problems of wave scattering from rough surfaces, the
Kirchhoff method provides an approximation for the scattered
field on the rough boundary. From the Kirchhoff approximation,
the scattered field on the boundary can be expressed in terms
of the incident field and the plane wave reflection
coefficients. The basic idea for this approximation is as
follows: scattering from any point on the rough surface is
assumed to behave as if‘the surface were localiy flat. The
wave incident at a point on the surface is reflected in thé
specular direction with a reflection coefficient equal to that
of a plane boundary passing through that poinf and parallel to

the local tangent to the surface (see Fig. 4).
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scattered wave
incident wave

tangent plane

rough boundary

Figure 4. The Kirchhoff approximation

Since this approximation is based on the assumption of
local flatness for the surface, it is valid only when the
radius of curvature of the surface is much larger than the
incident wave length. Therefore the type of rough surface and
incident wave must be considered carefully when using the
Kirchhoff approximation. Several alternative relations between
the rough surface and the incident wave were introduced in
earlier papers. In their work, Bechmann and Spizzichino
(1963, p- 29) wused an inequality which was originally
developed by Brekhovskikh (1952). This inequality is based on

elementary geometrical considerations and given by



19

dnacosf>A (2-10)

where a is the radius of the curvature of the surface, 0 lies
between the local normal and the incident direction and is
called "local incident angle", and A is the’wavelength'of the
incident wave. Therinequality (2-10) essentially.statés that
at any distances along the surface from the point of tangency,
‘the tangent plane shall not be appreciably distant from the
rough surface. It is clear that the gradient of the surface
must have no rapid changes. However, no restrictions on the
height or gradient are required in the Kirchhoff method.
Early reported work on wave scattering using the
Kirchhoff method can be found in the paper by Eckart (1953).
He studied the reflection of sound waves by the sea surface.
He expressed the scattered field in terms of a surface
integral. In his paper, the sea surface S was assumed as a

free boundary (pressure release). Therefore one boundary

condition was given as
pie+pe=0 on S (2-11)

where piP"® and p°° are the incident and scattered pressure
fields, respectively. Eckart also assumed that the surface
.was not too irregular, -so that the second boundary condition

was given by
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6%:; ag;" o on S (2-12)

where n is the normal to the surface.

Eckart's application of the Kirchhoff method to the
problem of wave scattering from the sea surface has been
extended to various fields by many others. One of the well
developedlstudies was accomplished by Beckmann and Spizzichino
(1963) . They generélized.and applied’the Kirchhoff method to

different types of rough surfaces including random ones.

Elastic Wave Scattering

Elastic wave scattering involves the tlieories of
elasticity and wave propagation. The theory of the elastic
wave propagation is based upon the linear equations of elastic
motion. Many existing approaches to solving the problem of
the scattering of elastic waves by an obstacle in an elastic
medium are based on the technique of separation of variables.
For example, White (1958) considered the displacement wave
scattered from an infinitely long cylinaer of circular cross-
section by éxpanding the unknown particle displacement in a
series of Bessel functions. In White's studies, the obstacle
can be either a void, a rigid inclusion, or a cylinder with
elastic properties differing from those of its environment. In
other papers, for example, the papers by Ying and Truell

(1956) and Einspruch and Truell (1960), problems involving
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elastic wave scattering from a spherical obstacle were
studied. In their papers, -the technique of separation of
variables played an important role in solving. the
elastodynamic wave equation. Although this method yields
results, the applicability of the technique is severely
limited, as it can be used only in cases wheré variables are
separable.

Since the elastic wave 'field:.contains two 'parts, a
longitudinal and a transverse part, propagating at different
~speeds, it is rather‘complicatéd to solve problems of elastic
wave scattering. Hence, the conventional wave equations are
not conveniently applied to elastic wave scattering. As Pao
and Varatharajulu (1976) said, "Because elastic waves are
composed of a longitudinal part and a transverse part, and
these two types of waves are coupled at the boundary of a
solid, the conventional method of separation of-variables and
series expansion of wave " functions is not effective for
problems of scattering of elastic waves".

To overcome the limitation of the method of the
separation of variables, Banaugh (1962, 1963) obtained the
solution of the wave scattering problem in terms of a set of
surface potentials. In Banaugh's study, the particlé
displacement is written as a sum of two contributions: a
contribution due to compressional waves in the form of the
gradient of a scalar potential and a contribution due to shear

waves in the form of the curl of a vector potential. Indeed
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Banaugh eliminated the 1limitations of the technique of
separation of variables. However, in his study, the
formulation of the boundary conditions is imposed on the
surface potentials which themselves do not correspond directly
with elastodynamic physical quantities. From other reported
work, for example, by Tan (1975), Pao and Varatharajulu
(1976), and others, an integral-equation method, one of the
most common methods, has been used in problems of elastic wave
scattering. In this method, the'particle displacement. of the
scattered field can be expressed 1in terms of a surface
integral. The integrand in this integral contains the
scattered displacement and stresé fields on the surface and
also elastic Green's functions. However, the calculation of
the surface integral is vefy difficult because these scattefed
fields are not known. The Kirchhoff aéproximation has been
applied toielastic wave scattering from rough surfaces. By
this approximation, the scattered field, say, the displacement
field, on the rough surface is expressed as the product of the
incident wave and reflection coefficients. The explicit
solution of the surface integral has not been found to this
author's knowledge. Therefore, a numerical solution must be
used in this problem. As an example, Ogilvy (1985, 1986a, and
1986b) successfully studied the problem of the elastic wave
scattering and calculated the surface integral by a numerical
procedure. Ogilvy obtained the scattered field-froﬁ rough,

crack-like defects. The surface of the defect in Ogilvy's work
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was considered as a random one.

In most previous work on elastic wave scattering from
rough surfaces, the choice of boundary conditions has been
considered as a crucial step. Some simpler boundary
conditions including free boundary (or pressure release
boundary) and rigid boundary have been wused in many
applications. To this author's knowledge, the study of a
random interface between two elastic solids has not been found

in earlier reported papers.
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‘CHAPTER 3
FORMULATION OF THE PROBLEM

In this chapter, several basic assumptions regarding
elastic material properties, wave propagation and scattering,
as well as characteristics of the rough interface are made in
order to formulate and solve. this "problem  properly. The
governing equations in terms of :surface integrals over the
interface S, together with interface conditions, are
established according to the basic assumptions, the
corresponding general equations, and the elastic reciprocal
identity.

The problem to be solved in this paper involves a wave
propagating in two elastic media, and wave scattering frém the
rough interface between the two media. Let us consider the two
media, A and B, to be elastic solids with different material
properties. The interface S between the two elastic solids is
rough,.and has a random profile in the height of the boundary
measured from its mean plane (see Fig. 5). Consider an
incident wave propagating in the region A toward the boundary
S. When the incident wave reaches the interface S, two
scattered waves (longitudinal and transverse) and two
refracted waves (longitudinal and transverse) will be
generated at the interface S. The two scattered waves will

propagate away from the interface in the region A (see Fig. 5)
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while the two refracted waves will propagate away from the

interface iIn the region B (see Fig. 5).

incident wave scattered SV-wave
scattered P—wave

region A

region B

refracted P—wave

refracted SV-wave

Figure 5. Wave scattering from a rough interface between two
elastic solids

For any given incident wave, say, either a longitudinal
or a shear wave, the scattered waves 1iIn the region A and
refracted waves in the region B are the unknown quantities. In
this work, we want to obtain the amplitude distributions of
the scattered waves in the region A and the refracted waves in
the region B. To locate any point in both regions A and B, we

employ orthogonal Cartesian coordinates. In this paper we
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consider a two-dimensional problem, that is, all involved
~guantities in this problem are assumed to vary in only the x-z
plane.

If the interface between the two elastic solids is a
smooth plane, all unknowns can be readily determined (see, for
example, Achenbach, 1975, p. 168). Since the interface dealt
with in this paper is not absmooth,plane, but a random rough
surface, the usual procedure[for.solving'thié problém is no
longer applicable. Therefore we need to find -an' alternative
method to formulate and solve this particular problem. In
chapter 2, we reviewed several methods to solve the wave
scattering problem from rough surfaces from early reported
work. Here we will use an integral method along with ‘the

Kirchhoff approximation to formulate and solve the problemn.

Basic Assumptions and Corresponding Egquations

The basic assumptions made in. formulating.this problem
are as follows: |

1) . The two regions, A and B, in which waves propagate,
are elastic solids (for example, copper, steel, or aluminum)
with differént material properties. Both materials are
linear, isotropic, and homogeneous. For the region A, we use
symbols ER, AP and uP (with superscript A) to denote the
Young's mudulus and Lame's elastic constants. For the region
‘B, we use symbols with superscripts B, say, E®, AB and p® to

denote these constants.
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2) The interface between the two regions has a one-
dimensional random rough profile in the height z=h(x) measured
from its mean line z=0.
3) The two elastic solids are adjoined together, i.e.
a perfect bonding is assumed to exist along the interface.
Therefore the displacement and stress components are
continuous across the interface.
4) Waves involved in this problem are assumed to be

plane waves with harmonic time dependence. The incident wave

" is assumed to be either a longitudinal or ‘shear wave

propagating in the region A.
5) The radius of the curvature of the rough interface
is taken to be much larger than the wavelength of the incident

wave in order to apply the Kirchhoff approximation to this

problem. From this assumption, together with the Kirchhoff

1

approximation, the scattered fields on the interface can-be
expressed as products of the'incident wave and the plane
reflection coefficients.

6) Far-field assumption is made, that is, the
observatién point is far away from any point on the rough
interface.

7) Shadowing effects and multiple scattering are
neglected.

Now we want to formulate and solve this problem from the
above assumptions. First let us start with Cauchy's equation

(Fung, 1965, pp. 187, 315):

€




28

[N}

afij _ 0
Ox; +1=p o2 o (3-1)

g

where:

A 0
T.. 1ls stress component;

{i. is displacement component;

fj is body force component (per unit volume);

t is time; A
p is the mass density.

The general stress-strain relation is (Achenbach, 1975, p52)
157 Cigratiy : (3-2)
1 are

where au is the strain tensor and the constants Cijk

Ci3k1=Ck115=C7ik1=Cij1k
For linear homogeous isotropic elastic materialé,vwe have -
Cigaa=A0 350+ K (8383748 1,0 50) . (3-3a)
and

(3-3b)

With Eq. (3—3), the relation in Eq. (3-2) can be written as
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T15=A8 150, ¥ (g, 5+, ;) (3-4)

where 6ij is the Kronecker delta. A and u are Léme' constants
which are related to Young's modulus E, Poisson's ratio v in

the following manner:

Ev

M =TT (1) (379)

E

T2 (1) (3-¢)

B

In Egs. (3-1) and (3-4) the range of the i, j is from 1
to 3, summation‘is iﬁplied by repeated indices, the comma
“denotes partial differentiation.

Thé ineident displacement wave involved in this probiem
is considered to be a plane wave propagating with phase
velocity ¢ (sometimes called wave speed) in a direction

defined by the unit vector p. It.is represented by

O=f(r.p-ct)d | . - '(3;%,)

where 4 is the displacement vector of the incident wave; d and
p are unit vectors defining the directioné of particle motion
and wave propagation, respectively; r is the position vector
of the particle measured from the coordinate origin.

In an unbounded medium, when ﬁhe partiqle motion is

parallel to the direction of propagation, the wave is called
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a longitudinal wave. This type of wave is also often called a
pressure wave, or P-wave. In this case, the phase velocity c

(or wave speed) equals

»le -

l+2p)
p

(3-8a).

When the particle motion is normal to the direction of
propagatioh, the wave is.called a transverse wave. This.type
of wave is also called a shear wavér or: S-wave. The phase

velocity ¢ (or wave speed), in this case, is:

ole
S ———
x|

C=Cs=( 3 (3-8D)

In elastic wave propagation problems the displaceménﬁs,
stresses and body forces are generally functions of positions’

and time:

ﬁi=ﬁi (r,t) < ‘ ) ’ (3-9a)
Ti=0 (2, 8) N (3-9Db)
£tz e) | | (3-9¢)

For time-harmonic waves, the expressions in equation (3-9) can

be written as
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4;=u; (2, @) e~ (3-10a)
557755 (L, ) e7ef (3-10b)
£i=f;(z, 0) eiot (3-10¢)

where v is. the circular frequency (radians per.unit time).

If we substitute Eg. (3-10) into the Egq. (3-1), we have

Ti4,3 (L, @) +p0iu; (z, 0)=-£;(z, ) (3-11)

It is clear that the time factor no longer exists in

these equations.

Reciprocal Identity for Time-harmonic Motion

The reciprocal theorem is a -very useful tool ‘in
elastodynamics, and can be used to.set up a relation between
two distinct elastic states. From this basic relation, tﬁe
scéttered fields in this problem can be consequently expressed
by sﬁrféce integrals over the scattering boundary. The
derivation given here is done to Achenbach et. al. (1982, p.
34) Let us consider two different time-harmonic elastic

states labeled by superscripts I and II:

I I I
u; 1 Viga fi
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and

uft, o, £
From Eq. (3-11), we have
£i== (18, ;+p0?u] » (3-12a)
£i =-(171J srpwtui) | | (3-12b)

Let the product of Eg. (3-12b) and uiI subtract frém the

product of Eq. (3-12a) and u; I, we have

II.. I I Ir__  II_. T I_IT
£ uj _fi Ui =u; Tj5,57UiTij,4 . (3-13)

Let us now consider the quantity

III III
(Ui~ ti;-uivtii), 5

which, with expanded, yields

IT T I IT_ T III
)= )

(ul TlJ_ul Tij ui; Tij,; ul TJ.J J)+(ul Frij ul JTJ. ' (3""14)

With the relation in Eq. (3-4), it is easy to show that

I I T o IT_
Uy, 5%vi;-u;i, 55i7=0
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Therefore Eq. (3-14) becomes

II I I II)

II I I IT II I I I
(u Ti5-UiTig ) f f T

=(Ui Ty, ;-UiTii,; (3-15)

Integrating Eg. (3=15) over an arbitrary region V with a

boundary S, we have

f(uII th-uftl jdV=f(ffTuf—ffufT)dv (3-16)
V : .

From the divergence theorem, the left-hand side of Eq. (3-16)

can be written as

f(uII t-ufti) dv—f(uH - uI‘clIJI)njds ' (3-17)

By substituting Eq. (3-17) into Eq.'(3-16), we obtain

f(ffj fIlllﬂ)dv—f(uII t-uitii) nyds (3-18)
v o

Eqﬁation (3-18) is the elastodynamic rediprécal identity
for time-harmonic waves. In Eq. (3-18) n is the unit vector
along the outward normal to the closed boundary S. In order to
use the reciprocal identity validly the closed boundary should
be large enough to surround all points considered in‘the

problem.




A
The Integral Expressions for the Scattered Fields

Now we want to apply the reciprocal identity equation (3-

18) to derive the governing equations for the fields scattered

from a rough interface with random shape.

Let us consider a rough interface S between two regions

denoted by Va and Vb, with different material properties (see

Fig. 6).

Figure 6. Two regions with their closed boundaries

Let Va and Vb be bounded regions, and Sa and Sg be their

respective boundaries. Each boundary consists of two parts:
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Sa=Sa+S (3-19a)

B
S,=82+8 (3-19b)

If an incident wave in region A reaches the interface S,
then a scattered wave will be generated in region A, and a
refracted wave in region B. The total displacement fields and

stress fields in regions A are given by

o (3-20
tot/A_ - .1 A '
1555/ A2 ¢ {341 (3-21)

where u;*°t/2 and r; *°*/2 are the total displacement and stress

fields; uiinc and‘Tijinc are the displacement and stress fields

A ‘ A
i and T ij

of the incident wave; u " are the scattered
displacement and‘stress fields.

Since the incident wave only existé in the region A and
the interface,‘the,total displacement fields and the  total
stfess fields in the region B do not include the incident
wave, and only contain the refracted diSplacement fields and
the refracted stress fields respecti&ely:

ufot/P=yp (3-22)
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tot/B__B L
Tis =Tij ‘ (3-23)
where uf3and TBtjfepresent the displacement and stress fields_

of the refracted wave.
In order to obtain the scattered field, 1let us first
consider the region A. Let the two elastic states in

equation (3-18) be
{uiI/ 11:1_;'1 fil}={Uf, T;.zilj/ 0} A . (3‘24&) '

W, o &, £ =i, 156, 8,0 (-1)) (3-24b)

where the scattered field satisfies the wave equation with fi=

0,

tis,tp02ui=0 (3-25)
and u®;, and TGiﬂ; are the components of displacement apd
stress at point Q generated by a unit point load located at
point P in direction k (see Fig. 7). In other words, u%, and
TGiﬂ{ are -Green's functions. These satisfy the equation .of

motion

(T %) , 7+ p0?usi=-0 4,8 (£-I) (3-26)
_!L_
Put equation (3-24a) and equation (3-24b) into equation:(3—

18), we have
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f PEDSHES @D Jiv=f il ixl-1.) THHOL) Ui (xL)ijk{zl-i.) Tn]ds{i!)
\a S

(3-27)

in Xl direction

Figure 7. Displacement components generated by a point load

in the X1 direction

Since the delta function has the property

//(ZFH) 8~ -Ddv=P1 (r in\v
\% 0 ( r not In V)

the left-hand side of the equation (3-27) becomes



38

[uf85,8 (=) dv=ud(z) .
J : (3-28)

where ukA(;) is the k., component of the scattered displacement
at the point x.
For convenience in calcﬁlation, we.want to replace the

unit normal n' with n. From Fig. 6, we have
- ' -
ny=-Ij (3-29)

Therefore the k&b component of the scattered displacement
can be described in the expression of a surface integral (for

more detail, refer to Achenbach 1982)

uf (2) = [ Lu () 2 (2-) -ud (-2) <5 (2) T nyds ()
5, | (3-30)

Also since the boundary of the region A contains
two parts, as shown in Eg. (3-19a), the integral given by Eq.

(3-30) can be written as

[=[+] | o

But the second integral in the right hand side of the Eq. (3-

31) does not have any contribution to the scattered field
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because, owing to the continuity of material properties across
Sai1r no reflection effect exists on the boundary 8.
Therefore, we finally obtain the expression of the scattered

field as

uf () = [ [uf () © e (2-2) ~uf(-2) 745 () | nyds (Z) (3-32)
5

Similarly we can also obtain the exbression of the refracted

field in the region B

ukB=f [ 5 () uffP (L-r) ~uP () ¥R (-1) 1nyds (L) (3-33)
s

wheré uBk is the k™! component of the refracted displacement
field at point r in region B, xr' is any point on the boundary
measured from the origin.

The equations (3-32) and (3-33) are the governihg
equations in this problem. At this step, these two equations
are the exact expressions of the scattered displacement fields
in both regions. TFor both of the regions, all related
constants, say, Young's modulus E, elastic constants p and A,
etc. depend on the materials chosen in-the problem. In the
first region A, we use symbols with superscript A for these
constants, say, p®, A®, u® and etc.. In the second region B,
we use superscripts for these constants, for example, pB, AB,

uB, and etc..
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Interface Conditions

~

The interface between the two elastic regions hés raﬁdom
irregular shape. At the interface S, a discontinuity in the -
propertieé of the medium occurs. We assume that upon crossing
the interface S, the mass density and/or the stiffness
coefficients jump, at most, by finite amounts.

In this thesis, we. assume that the interface is the case
of a firm contact; that is, a perfect bonding exists along the
interface between the two elastic solids. Therefore the
displacement vector u and the traction vector T must be

continuous on the interface S, i.e.

l_l_tOt/A‘ —= Etot/B ( on S ) (3_34)
Ttot/A 4 ptot/B = ¢ (on s ) (3-35)
where
utot/A ig the total displacement vector in .region A;
utet/B js the total displacement vector in region B;
Ttot/A {5 the total traction vector in region A;
Ttot/B js the total traction vector in region B.

Tractions and

tqt/A /

stresses are related by:

T A=t 53 n) (3-36)
7§ P53t/ Pn, (3-37)
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Therefore, with Egs. (3-21), (3-23), and (3-30) substituted in
‘these, and fhe results used in equation (3-35), we get the
. following conditions for the stresses on the interface S:

3 A B
Tj’?c”jffji ( on S ) (3-38a)

For the displacement interface condition, with Egs. (3-20) and

(3-22), it is easy to show that

ui+ui=uy’ (on S ) (3-38b)

In elastic wave propagation problem, both displacement

and stress fields contain pressure and shear. components, i.e.

uf=u??+uf/s R ~ (3-39a)
uP=uf/Prufe (3-39Db)
th=riPed | . (3-390)
2=t iP el  (3-39d)

Therefore, for a two-dimensional case considered in this
particular problem, the Egs. (3-38) can also be written in

terms of components as follows
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/s /s

inc

uimCe Py =y B/Pi P (3:496)

uai“-°+Ué4/P+L{SA/S=Uf)p+uafg/s (3-40b) :
e AN  (32400)
inc, , A/p, ,A/s B/p+,c.§és : ‘ : ’ (3-40d)

T3z +T33 +T33 =T33

It is clear that up to four unknowns in this problem can
be found from the interface conditions..If the governing
equations (3—32) and (3-33), together with the interféce
conditions (3-40), can be solved explicitly, the solution will
be exact. However, since the interface has irregular shape, .
exact solutions cannot be obtainéd. An approximaté solution

for this problem will be discussed in this dissertation.
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CHAPTER 4

SOLUTIONS OF THE SCATTERED AND THE REFRACTED
FIELDS ON THE ROUGH INTERFACE

The surface integrals, Egs. (3-32) and (3-33), obtained
.in Chapter 3 ére the exact expressions of the scattered
displacement fields at any point in the involved media for
" this wave'scatfering problem. However, the integrands in these
expressions contain the stress and displacement .of the.
scattered fields and the refracted fields, which are unknown
at this step. The integral expressions, Egs. (3—52) and (3~
33), also contain appropriate elastic Green's functions, which
need to‘be determined from the corresponding differential
equations. Therefore in order to evaluate these two surfape
integrals, Egs. (3-32) and (3-33), we need to obtain the
analytical expressions on S for u;?, TAij, uiB, TBij, uGijk, and
TGiﬁF first. In this chapter, we will apply the Kirchhoff
approximation and the plane reflection coefficient calculation
-to derive the scattered and ;efracted fields on. the roﬁgh

boundary. Some restrictions on the Kirchhoff approximation are

also discussed in this chapter.

The Kirchhoff Approximation

As mentioned in assumptions in Chapter 3, thérboﬁndary is
assumed to be a random rough interface, therefore the unknown

scattered displacement and stress fields on the boundary can
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not be obtained by applying regular solution methods. An
approximation method has to be used 1in this case. Several
approximation methods for this problem have been considered in
wave scattering problems 1in early reported papers. In this
dissertation, we will apply the Kirchhoff, or tangent plane,
approximation method. Figure 8 shows the geometrical

construction of the Kirchhoff approximation.

local normal

incident scattered
"'wave wave
tangent
plane ,
rough
interface
refracted
Figure 8. The Kirchhoff approximation for a rough interface
problem

The theoretical basis for this approximation is that any
point on the rough interface is assumed to behave as if the
interface were locally flat and the incident wave at a point

on the interface 1is reflected in the specular direction with
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a reflection coefficient equal to that of a plane boundary
through that point and parallel to the local tangent to the
interface (see Fig. 8). In this way, the scattered fields on
the boundary can be expressed in terms of the incident wave
 with plane reflection coefficients.

Let uihw/P denote the i*P? displacement component of the
longitudinal wave propagating toward to the interface in

region A, then and be given by

inc/p

h =A;,:81n0;, exp ik, (xs5in0;, -zc0s6;,.)] (4-1a)

ui"’P=g (4-1b)

uy"P=-2,, cos0,,exp [k, (xsind,, ~zcos0;,,) ] (4-1c)
where A;,. is the amplitude of the incident displacement wave;

0

inc 1s the angle of the incident wave relative. to the z-axis

in the x-z plane . (see Fig. 9a); k, is the longitudinal wave

p
number of the incident wave.

When the incident wave reaches the interface S, scattered
waves will be generated in both regions A and B. In region A.
the scattered displacement P-wave and SV-wave occur at the
angles B® and y® with the z-axis, respeétively (see Fig. 9a).
In region B, the scattered displacement P-wave and SV-wave

occur at the angles B® and ¢B® with negative z-axis,

respectively (see Fig. 9a).




.. scattered SV-wave
incident wave

scattered P-wave

mean plane

rough interface refracted P—wave

refracted SV-wave

a). All wave Tields are in the global coordinates

scattered P-wave

incident wave

refracted P-wave

refracted SV-wave

b). All wave Tields are in the coordinates with an arbitrary
orientation

Figure 9. The incident, scattered, and refracted Ffields in
Cartesian coordinates
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Now we want to derive the expressions of the scattered
and refracted waves on the interface. Let the incident wave as

well as the scattered and refracted waves be represented by
u”=A,d"%exp [1k, (X.p") ] ~ (n=0,1,2,3,4) (4-2)

where the value of the index n serves to label the different
types of waves, i.e., n=0 for incident wave, n=1'fof scattered
P-wave, n=2 for scattered SV-wave, n=3 for refracted'P—wave,

and n=4 for refracted SV-wave (see Fig. 9b); A_ is the

9}

amplitude of waves; p, énd d, are the unit direction vectors
of wave propagation and particle motion, respectively.

For the ipcident P-wave, we have
- d®=p°=sinb,i-cosb,k ' k4_3)
for .the reflected P-wave, we have
d*=p*=sinB,i+cosB,k  (4-4)
for the refleéted SV—waye, We have
ﬁ2=sinezi+cosﬁ?k | (4-5a)

‘d?=cosB,i-sinbk (4-5b)
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fqr the refracted P-wave, we have

P=p?=sind,i-cosb,k

(4-6)

for the refracted Sv-wave, we have
p4=sin6¢i—cos§yk ) | (4-7a)
gﬁ:—cosﬁ4i—sineyk o (4-7Db)

whexre i ahd k are the unit Veétors in_x and z directions
respectively, and the angleé 6, through 8, are defined in Fig.
9b, relative to an arbitrary x;, Xj coordinate systen.

We note from Egq. (4-2) thét, since the 8" (n=0, 1, 2, 3,

4) is a unit vector, we have

|u”|=4, : . (n=0, 1, 2, 3, 4)  (4-8)
Let
R£=|ﬂ2|=f§
IJ.J_OI A, (n;'ol‘ll 2, 3, 4) (4-9)

Therefore, we can write Eq. (4-2) as

W=A Ridexp (in,) (n=0,1,2,3,4) - (4-10)
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where
=k, (X. 27 (n=0,1,2,3,4) (4-11)
From Eg. (3-40), for two-dimensional motion problem, at

z=0, the interface conditions in the. coordinates with an

arbitrary orientation (shown in Fig. 9b) can be written as

weubeuieuiend (i-122)
up+ui+uf=us +uy . (4-12b)
Tg1+7%1+7§1=f21+7g1 ‘ ' ‘ (4-12c)
fg3+1%3+T§3=Tg3+Tg3 o (4-12d).'

By sustituting Eq. (4-10) and Egs. (4-3)-(4-7) into Egs.

(4-12a)-(4-124), -we get

sinB exp (in,) +RPsind,exp (in,) +Rfcosb,exp (in,)

‘ (4-13a)
=R¥sinb,exp (in,) -R/cosb,exp (in,)

cosB exp (in,) -RPcosB,exp (in,) +RIsind,exp (in,)

‘ (4-13b)
=R¥cos0,exp (in,) +Rysinb,exp (in,)
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sin26_exp(in,) -Rfsin26,exp (in,) -RIx*cos20,exp (in,)

4-13cC
;RP pBCII’! : e ’ b lJ,BC'; e ’ ( )
=R} pACBSlnz 1exp (in,) Ry pAchosz 2xp (in,)
D . s

(k) 2cos20 exp (in,) +Rf (xk?) 2c0s20,exp (in,) -Rik?*sin26,exp (in,)

B.A
B7Cp

2B
BoCs

(4-13d)

nfcp
=R§(n%z—j;J%cosze3exp(in3)+Rf
picy ‘

cos20,exp(in,)
We note from Eg. (4-11) that the gquantity ‘qn is a
function of x. However, Egs. (4-13) must be true for all

values of x on the interface. Therefore, we must require that

No=N1=N,=N,=1,=1 | (4-14)

From Egs. (4-10) and (4-14), we can express the scattered and
refracted waves on the interface in'terﬁs of the incident wave
quantities A, and 1., and the reflection coefficient R,.

Now we are ready to write out the explicit expressions of
the scattered and refracted fields on the interface. Since the
scattered and refracted fields éontain pressuré and shear
components as shown in Egq. (3-39), these fields, from Egs. (4-

10) and (4-14), can be written as

uP=a, [RPd +REP) e . (4-15)
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and with Egs. (4-4) and (4-5b) we get the scattered

displacement components as

uf=A_[RPsind, +RFcosh,] e (4-16a)
;A ' " ' L
uf:Ao[Rfcosel—Rfsinez]ei”° . (4-16c)

Similarly we can get the refracted displacement components as

uP=A_[RPsind®,-RPcosH,] e ' ' (4-17a)
B | . .

uf=0 o (4-17b)

uf=—Ao[R§COSG3+Rfsin64]ei“° : (4-17c)

We note that in the glabal coordinates (x-z system), the
angles 6., 6,, 0,, 8;, and 6, will be 8., 8% -y, 8%, and v®,
respeétive;y_(see Fig. 9). The amplitude A, will be replaced
by A;,.- We also nbte‘that on the interface, we have z=h(xX) so

that with Egs. '(4-14), (4~11) and (4-3) we have:

N ==k, [xsinB; -h(x)cosd,,] (4-18)
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Therefore, with Egs. (3-39),:(4-16) and (4—18), the scattered-
and refracted fields on the interface, in terms of
displacement components in the giobal coordinates, can be

written as

= (Rfsinp?+Rrfcosy?) A;, exp [1k,(xsinb;, ~h(x)cosb ;)]

' (4-19a)

us=0 ' (4-19b)

uf= (RPcosp?~Rfsiny?) A, exp ik, (xsinb,, ~h(x) cosb,,.)]

(4-19c)
and
= (RysinP P-Rfcosy ?) A;,exp [1k, (xsind;, ~h(x) cosB;,.) ]
(4-20a)
uz =0 » (4-20Db)

uy=- (RfcosP ®+Rsiny #) A;, exp [1k,(xsin,;, ~h(x) cosb;,.) 1
(4-20c)
Egs. (4-19a) - (4-20c) are the general expressions of the
scattered and the refracted dlsplacement components on the
1nterface obtalned by applying the Kirchhoff approx1mat10n.
Since the surface integrals also contaln unknown scattered and
refracted stress fields on the 1nterface, we need to replace
these unknowns by given quantities. According to the stress-

displacement relation, Egq. (3-4), we can obtain the stress
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components of the scattered and the refracted fields on the

interface

3371450k, [A* (RfsinB+Rfcosy?) (sinf )

(4-21a)
- (A2+2p?) (RPcosPA-RFsiny?) (cosb;,.) lexp (in)-
15 =131= 14,k u? [ (RPsinP2+RFcosy?) (-cosB, ) -
? (4-21Db)
+ (R cosP-R,siny) (sinb;,.) Jexp (in)
T33=1A;,.k, [A P (RFsinp 2-RFfcosy ®) sinb;
(4-22a)
+(AB+2uB)(RfcosBB+RfsinBB)cos6hw]exp(in)
TH=t5 =14,k u P [ (RFsinp P~RFcosy ®) cosh;,, _
(4~22b)

+(RfcosP P+RSsiny ) sinB;,.l exp (in)

Reflection Coefficients

Expressioﬁs of displacement and stress components of the
scattered and refracted fields on the rough>interface involve
_plane reflection coefficients R,P, R,P, R;P, and R,P which need
to be determined explicitly.

Let's consider the incident wave as well as the scattered
and refracted wavés in the local coordinates (x'-Z‘ systemn,
see Fig. 10). Applying. the interface conditions again we can

obtain the reflection coefficients. But we note that in the
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local coordinates, the angles 00, Bl1, B2, B3, and B4 involved
in the unit vectors d and 2 will be a, ap, as, apB, and dsB,

respectively (see Fig. 10).

local normal scattered SV-wave

o scattered P—wave
incident wave

tangent plane
mean plane

rough interface

p refracted P-wave

refracted SV-wave

Figure 10. The incident, scattered and refracted fields in the
both global and local coordinates

Applying the interface conditions, Eqs. (4-12a) through
(4-12d), in the local coordinates, the coefficients R1®, R2P,
R3P, and R4P can be obtained. Since Z1=0 on the tangent plane,

from Eqs. (4-11), (4-3)-(4-7) and (4-14) we get

kp sincesIgAsinctA=Jc/sina A=Jpinap=Je/sinaf (4-23)
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If the incident angle o and wave number k? and kg are

given, the other angles and wave numbers can thus be obtained

from these relations. Egs. (4-12a) through (4-12d) also form

a system of four equations for the amplitudes of different

waves. In terms of matrix notation the system can be written

as
/ 2 A A . B B \ r p
-sinay cosag sineaj, -Cosa g Ry
A . A B > B p
cosa g -sina’ cosa sine g 4R2
. A 2 sy A o B _ B p
sinzay, X coqus T,sin2a T,cosza s R3
\-cos2a; sin2ei/¥* T T,cos2a; T sinzdi/ (x*)2)[RF

where

B
_Bk°Cp

and

The solution to Eq. (4-24) is

(g=A, B)

¥,

,
. A
'sinag
cosas | - -
1(4-24)
sinzo,

cqs2a§

(4-25a)

(4-25b)

(4-25¢)

(4-26)
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RP=£§ :
T pe (4-27)
re=D2 : =
P2
.Dp
RSD='—3 .
DP (4-29)
p .
Rf:fé_ ‘
DP (4-30)

where
DP=PP [OF (VP VEWE) +0F (VEWE+VEWE) +F (VEWE-VEWE) ]
+P7[Of ( V?Wf+ VEWE) +OF (VEWE-VEWE) +OF (VEWE+ VEWE) 1
+ PP [ QP (VPWP+VEWE) + 0P (VPWP- VEWE) +OF (VPWE+VEWP) ]

+PP [P (VEWP-VEWE) +QF (VPWE+ VEWE) + O (VEWL+VEWE) 1 4-31
( )

DP=-{PF [OF (VEWS+ViWE) +OF (VEW;+VEWS) +0F (VEWS-VEWs) ]
+PY [OF (-VEWE-VEWE) +OF (VEWE+VEWD) +OF (VEWy-ViWs) 1
+PP[OP (- VEWP-VPWE) +OP (- VPWP-VEWP) +OF (VPWP-VPWP) ]

+ P LOP(VEWE-VEWE) +OF (VEWD-VEWE) +OF (VEWE-VEWE) 1} (4-32)
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DP=2{Pf [OF (- VEWE-VEWE) +OfVEWE - Of VI WS ]

+PY [OF VW +OF VEWL 1 + B LOF VEWE - OF VEWE] }

DP=2{PP [OF (VEWI+ViWs) +OF VEWE+ O VEWE ]

+PL LOPVE WP+ OF VEWE] + P [ 0P VEWE+ OF VEWE] }

Df=2{P{ (O (V§W5-VEWE) ~Of VEWS - OF VE WS |

+PE [OPVEWD-OF VEWE] + P [OF VEWE+OF VEWE }

and
PP=sina
PP=cosa?

PP=sina}

PP=cosa?

OP=cosa
OP=sina?
D_ B
Of=cosa,

OP=sinaZ

VP=ginza

(4-33)

(4-34)

(4-35)

(4-36a)

'(4-36D)

(4-36C)

(4-36d)

(4-37a)
(4-37b)
(4-37c)

(4-374)

(4-38a)

ot L
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Vf;x@cosZag - (4-38b)
A
picg . B
VP= P sin2a
3 pAck P (4-38c)
B, A
p_ K Cp B
= cos2e
wAcE s (4-38d)
WP=cos2a? ' . (4-39a)
Wf=i%sin2a§ '
x | (4-39b)

B

BCA x5B) 2
Wp=u_p(_)coszas

B 4—390
pAcg (x?) 2 ( )
B A
poc . o B
Wy=—-"—2 gsin2a
pAcB (x2) 2 s (4-394)

Equations (4-27)-(4-39) are fhe explicit expressions for
the plane reflection coefficients -in terms of the. angular
quantities shown in Fig. 10. Expressions of the amplitude
ratio A,/A,, etc. for a smooth interface problem are also
giveh by Ewing et al (1957, p. 87) . Substitution of Egs. (4—
27)-(4-39) into Edgs. (4-19)-(4-22) gives the‘unknéwn scattered
and refracted fields on the rough~intérface in terms of thé(
given incident waves and the plané reflection coefficients.

Since the height h of the rough interface varies along x-
direction, ie. h is a function of X, the orientation of the

local normal is also a function of x and is given by
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B=arctan [k’ (x)] . (4-40)

if thé height‘fuﬁqtion h(x) is determinéd, the local
normal becoﬁes known. Thefefore all angles involved in the
scattered and refracted fields can be explicitly expressed in
terms of the known local normél'and the given incident angle.

From Fig. 10, we have
0=0,.-P - - (4-41)

Since the incident wave is a P-wave and in region A, wave
numbers of the incident wave and the scattered P-wave, kp and

kpA, are eqgual. From Egq. (4-23), we have

an=a - (4-42)
ky . n :
sinef=—Lsina (4-43)

A .
kA
nal= P o |
singp=—%sina , (4-44)
P
kA
. B_Xp .
sineg=—Lsina (4-15)

From Fig. 10, we have
BA=aj-B o (4-46)

y=al-B - (4-47)




60
B az+B .' | (4-48)
yP=al+P ' (4-49)

For a smooth boundary, which is a special case of the
rough interface, the height function h(x) and its gradient
h'(x) vanish. Therefore the local normal is always parallel to

z-axis. In this special case, we have

B=o0 | (4-50)
ag=a=einc | . ' (4-51)

The above solutions are due to the incident pressure
wave. The solutions due to the shear wave are discussed in

next section.

The.Case of the Incident Shear Wave

The incident wave used in this dissertation is either

compression or shear wave. For the case of the incident shear

wave, the incident wave can be written as

ui™’*=-a; cosB,, exp ik, (xsind,, ~zcosb;,.) 1 ' (4-52a)
uéinds=0 - (4-52Db)
inc/s

uy"®=-A, sinB, exp[ik, (xsinb,;,~-zcosb;,.)] © (4=52c)
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where A;,. is the amplitude of the incident displacement wave;

6 is the angle of the incident wave relative to the z-axis

inc

in the x-z plane; k

s is the wave number of the incident shear

wave.

From the Kirchhoff approximation, in the similar way of
the incident pressure wave casé, the scattered and refracted
displacement waves on the interface, in terms of components,
can be expressed by the following equations:

in region A,

uf= (RfsinPA+Ricosy?) A, exp [1k, (xsinb;, ~h(x)cosB,,.)] (4-53a)

us=0 - : ' (4-53b)

uf'= (RfcosP?-Rysiny?) A; exp ik, (xsinb;, ~h(x)cosB;, )] (4-53c)

in region B,

uP= (RSsinp -R,°cosy ?) A, exp [ik, (xsind; ~h(x)cosd,) ] .
| (4-54a)
u,’=0

(4~54b)

uf=—(RfcosﬁB+RfsinyB)AﬂmeXp[ik@(ksineﬂm—h(x)cosehm)]

(4-54c)
where R;®°, R,®, R;3%, and R,® are the élane reflection
coefficients for the case of'aﬁ incident shear wave.

According to the stréss-displacement relation shown in Eqg.

(3-4),- we can obtain the stress components of the scattered
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and the. refracted fields on the interface

wh=1A,0k, [M (REsinp+Rfcosy?) (sind,,,)

- (A%+2p3) (RfcosB-Risiny?) (cosB;,.) ] exp (11*)

tiy=15,=14, Kk pA[ (Rfsinp?+Rjcosy?) (-cosb,, )

+ (RycosPB?-Rysiny?) (sinB,,.) 1 exp (in®)

Ti3=1A, Kk [A3(R°sinp B-RScosy ®) sinb;, -
+(AB+2uB)(RfcosBB+RfsinBB)coseﬁw]exp(ins)
t8=tf=-14, k. p2[ (RsinP 3-R,cosy &) cosb;, .
+ (R°cosB P+R°siny ®) sinb,, Jexp (in®)

where

NS=k [xsind; -~h(x)cosd;, I

Expressions of displacement and stress components of the
scattered and refracted fields on the rough boundary involve

plane reflection coefficients R,®, R,®, R;%, and R,® which can

be obtained from plane interface conditions.

. (4-55a)

(4-55b)

(4~56a).

(4-56b)

(4-57)

In the similar way of the incident pressure wave. case,

the reflection coefficients due to the incident shear wave can

be expressed as
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(n=1,2,3,4) are functions of Pns, Qﬁs,.V

(4-58) - (4-61)
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the quantities

n

(4-58)

(4-59)

(4-60)

(4-61)

NS “ ’ s
D and D,

S and W, *° (n=1,2,3,4).

The relationships are given in Egs. (4-31)-(4—35) with the

superscript p replaced by s. The quantities P, %, Qas, v,® and

"W,® (n=1,2,3,4) are expressed as

Pi=sina
s A
Py=-cosa,
s B
Py=cosdp

Pi=-cosa

O7=cosa

s . A
Qz =—Slnap

(4-62a)
(4-62b)
(4-62c)

(4-624).

(4-63a)

(4-63D)
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O5=-sina; (4-63c)
O7=sinag . (4-63d)
Vi=sin2a I (4-64a)
Vy=-k?cos2ea} (4-64Db)
B A
S_ IJ' cs B\ 2 B
Vs :;;E(F) cos2ay (4-64c)
BA
s_ B°Cs . B
LQ—‘pAcBSlnzas (4-64d)
S
Wo=cos2a - (4-65a)
W§=iLsin2ag _
2 , :
K (4-65b)
BAA
S _. R°Cs _ . B
Wy= uA0581n2ap . (4-65¢)
poa
s_ P °Cs B _
Wy= p.Achoszocs. - (4-65d)
S - .

The definitions of all angles in these equations are
.shown in the Fig. 10. It is clear that all angles inﬁolved.in
the reflection coefficients are rélated to the incident angle.
and the angle of the local normal whiéh is given by Eq,k4-40).

In the case of'incident shear wave the relations between
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angles as well as wave numbers in Eg. (4-23) becomes, in local

coordinates,

k.sina=kisinai=k2sinal=kfsinag=klsine} - (4-66)

If the height function h(x) is‘determined, the local
normal becomes known. Therefore all- angles involved‘in the
scattered and refracted fields can. be explicitly expressed in
terms of the known local normal and the given incident angié,

ie..

0=0,,.-F ' (4-67)
wg=a " (4-68)
kA
. A_ s . .
HSlnap——]:ESlna . . (4-69)
P
k2 :
. B__s .
81nap-k351na (4-70).
P
sina3=££sina .
=73 (4-71)

So far we replaced the unknown scattered and the
refracted displacement and stress fields on the boundary by

the known incident wave field and the plane reflection
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coefficients. It is clear that the scattered and the refracted
fields on the boundary depend on the properties of the rough
boundary, in addition to the given incident wave. Therefore to
solve the problem numerically, we need to determine the
properties of the rough interface which will be discussed in

later chapters.

Restrictions of the Kirchhoff Approximation

When the Kirchhoff approximatiop is applied to problems
of wave scattering from a rough  surface, some corresponding
restrictions on this approximation must be considered (Ogilvy
1985). The basic assumptions of the Kirchhoff approximation
are as follows:

a) scattering from any point on the rough interface is assumed
to be the same as from a surface fhat is locally flat;

b) shadowing effects and multiple scattering are both
neglected. '

First let us consider the assumption a). The validity of
this assumption will be very good when the radius of the
curvature of the rough boundary is large compared with the
wave length of the incident wave. But the validity will break
down if the roughness includes sharp edges or sharp points,
i.e. the radius of any curvature of the rough boundary is

small. Figure 11 shows these two limiting cases. .
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. a > X . a <X
(ais large ) (ais small )
Figure 11. Two types of rough surfaces

a 1s the radius of curvature;

X is the wave length of incident wave.

To describe the assumption quantitatively, let us assume
that the radius of curvature of the rough boundary is at least
m times larger than the wave length of the incident wave. This

can be expressed as:
mX<,a (4-72)

where a i1s the local radius of curvature at any point; X 1is
the wave length of the incident wave; m is a positive number

and greater than I (m > 1).
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For the two-dimensional prbblem conéidgred in this paper,
the definition of the radius of the curvature.of the rough‘
boundary denoted by h(x) can be described by the following

equation:

oh (x) \2]P/?
[1( ax‘)] - -
0%h(x) ] (4-73)
dx? ‘ ' .

If the function h(x) is given, the radius of the
curvature can be easily obtained from Eq. (4-73) . Here we use
both cases (i.e. h(x) is given and h(x) is random) to set up
tﬁe7reétriction aboﬁt the wavelength of the incident wave énd
the roughness of the boundary.

If h(x) is given and has, for example, the sinusoidal

profile

h(x)=h,cospx (4-74)

the radius of the curvature-can be written as:

e (1+h§pz’sin2px)3/2

h_p?cospx - (4-75)

To find the strictest condition on the radius of the

curvature and the wavelength, we need to determine the minimum
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radius of the curvature. From equation (4-75), this is given

by

amin,= (4-76)

Therefore the restriction (4-72) becomes

1
h.p

mA<

: (4=77)

If we describe the incident wave in terms of frequency

and wave speed, the restriction in (4;77) can be written as
FZ.mChopz (4"78)

where ¢ is the wave speed of the incident wave; F is'the
frequency of the incident wave.

For a random boundary, properties.of:.the curvature can be
described by the standard deviation o, and the correlation
length A, . If we replace h, and p in Eq.(4-78) with ¢ and
1/A,, respectively, the restriction fof the random case of a
rough boundary, from the basic idea discussed above, can be

expressed as

moc

F> 5 .
AL (4-79)




70

If the values of the roughness (denoted by h, and p or o
and A,), the wave speed ¢, and the factor m are given, we can
have the exact value for the frequency needed in this
restriction from Egs. (4-78) or (4-79).

In many practical examples of rough surfaces in modern
industries, for inétance, fatigue cracks or manufacturing
defects, the typical values of the roughness (Billy, et al
1980), ‘in terms of the ‘root. mean sgquare height and the

correlation length, are

0~0.12 (mm)" _ ‘ (4-80a)
A,~0.65 (mm) - , (4-80b)

Waves propagate at different sﬁeeds in different
materials. Therefore the corresponding values of frequencies
in the restriction (4-78) or (4-79) vary.. For some typical
matérialsA(say steel, copper, and aluminum),. if the value of
the factor m is chosen, for example, m=3 (Ogilvy,1985), thé
values of the required frequencies for the restriction can be

determined. Table 1 shows the values of compression . wave

speeds, factor m, and corresponding frequencies.




71
Table 1.. Values of required frequencies for
the Kichhoff approximation

material | p-wave speéd frequency
( m/sec ) (MHz)
=3 m=4
steel 5900 ' 5.027 | 6.703
copper 4600 3.920 5.226
aluminum 6300 : 5.368 7.157

From these values of the frequencies listed in Table 1, it is
clear that the Kirchhoff approximation is a high frequency
approximation.

Now let wus consider the second assumption in the
Kirchhoff approximation. Since shadowing effects (see Fig. 12)
and multiple scattering (see Fig. 13) are both neglected in
‘this assumption, the incident angle measured from the normal
to the mean plane must .be small :enough.. such ' that this
assumption is acceptable. It is .obvious that there is more
chance for the shadowing: effects-and the'multiple scattering
to occur as -the incident angle increases. The problem of
shadowing and multiple scattering is gquite complicated.
Therefore exact restrictions on this subject can be hardly
obtained. Here we discuss an approximated method for this
restriction. A description for this restriction can be

obtained through a geometrical construction (see Fig. 14).
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incident wave

rough boundary
shadow

Figure 12. Shadowing effects

incident wave
scattered wave

rough boundary

Figure 13. Multiple scattering
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incident wave
scattered wave

rough boundary

Figure 14. Restrigtion on shadowing effects and multiple
scattering

In this approximated method, the most important
consideration of the restriction on shadowing effects and
multiple scattering should focus on the incident angle as well
as the highest points and the Ilowest points on the rough
boundary, because these high points block the path of the
incident wave and the reflected wave. ITf the incident angle 1is
very Qlarge, some TfTorm of shadowing effects or multiple
scattering will occur. Therefore to satisfy the assumption on
the shadowing and multiple scattering, we need to consider the

following inequalities @Ogilvy 1985):

QInc™Qer (4-81a)

etax , a=p, s (4-81b)

where 8PSC and 88sc are the angles of the scattered P-wave and
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SV-wave, respectively; 6., is the critical angle, and given by
0 - L
(_,I—arctan—‘:—17 (4-82)
For a real rough surface, the values of the d and L vary

along x-axis. Here we just consider the aﬁerage case of the

roughness. This leads to

N o
Ga;arctanjf (4-83)

Using the previously given values of ¢ and Ao, the
critical angle will be 6_.=80°. It is clear that if o
increases or A, decreases, the restriction on the incident
angle is more severe.

For a given incident wave, the angles 6P, and 6°,. are
different bécause of their different wavenumbers. Fbr example,
for an incident P-wave with the angle 6, .=80°, from Eds. (4-

41)-(4-43), we have 6P, =80° and 6%, =33°. For an’incident sv-

'f wave with the angle Binc=33°, from Egs. (4-67)-(4-69), we have

8P,.=80° and 6°,.=33°. Therefore, in order to satisfy the
inequalities in Eg. (4-81), we need the restriction on the

incident angle as follows:
0;5c<80° for P-wave

0

inc$<33° ' for SV-wave
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CHAPTER 5
SOLUTIONS OF THE ELASTIC GREEN'S FUNCTIONS

In Chapter 3, wé derived the general expressions of the
scattered and the refracted fields described by surface
integrals, given by Egs. (3-32) and (3-33). In the surface
integrals, the femaining unknown quantities which need to be
determined are the elastic Green's functions for.diSplacément
and stress components. In order to evaluate the surface
integrals, the Green's functions must to be determined
explicitly. The governing equation used for this is-given in
Eq. (3-26f. The relation between the Green's displacement

tensor and the Green's stress ternsor is
Ied G )
Ti5kCij1m (U1k) : (5-1)

In the present paper, we assume that the material is
homogenous and isotropic. Therefore Ci31m is given by (3-3a).
Put this into Eq. (3-26), together with Eq. (3-4), we get

i

B (ug) ,35% (A+R) (ugi) , 15+p @2 uy==8 ;8 (r'-1) (5-2)

- The solution to Eq. (5;2) is given by Achenbach, Gautesen, and

McMaken (1982, p. 24) as
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.. ug= (% ) {aikF(k'sm +-]-}5[F (kgR) ~F (K,R) ],‘ik}

s (5-3)
With Eq. (3-4)
r?jf{f;[F(.ksR) ~F(k,R) ],_ijk-"-aikF(ksR) P
g
+6ij(k5R),i+6ij 1- k"‘p F(kpR)lk‘
: s
where
| F(k"R“%“}p‘ e=p, s (5-5)
and
R= Ill_lﬂl ' - (5"'6)

Equations (5-3) and (5-4) are the Green's functions of
thé displacement and the stress components in region A.
Similaj:lir wé can obtain the sqlutions of the Green's functions
of the displacement and stress components in region B. The
solutions for region B have tﬁe same form as the solutions for
region A, and the only difference is that material properties
of region B are different from region A. Therefore all

parameters, related to material properties, involved in the
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solutions should be written with either superscripts B or
subscripts B, for example, 4b, AB, etc.

For most practical applications, the far-field
approximation is considered as a convenient way to simplify
the calculation and performed as follows (Achenbach, Gautesen,
and McMaken 1982, p25). Assume that the distance between the
observation point P and the origin is much larger than the

distance between any point Q on the boundary and the origin

(see Fig. 15).

mean plane rough interface

Figure 15. The far fTield approximation
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Tﬁerefore we have
lz]=|Z| (5-7)

Re|r'-r|~r-r'.e - (5-8)

where € is a unit vector in the direction of r, and can be

written as

g=—= - (5-9)
r ' o

and

1

r=|r|=(x2+y2+22) 2 (5-10)

In Eg. (5-8) the vector r' _dehotes the positi.on of any point

on the interface, and can be written as

r=xi+h(x) k | C (5-11)

With Eq. (5-8), Eg. (5-5) becomes

exp (1k,R) explik,(r-r.g)] a=p,s (5-12)

R) =
FkR) ATR dnr

Froﬁl the far field approximation and appropriate

derivatives of the terms F(k,R) Egs. (5-3) and (5-4) can be
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written as

G/p G/s

lk"u.zk tU ik A (5-13)
. :
lek-‘fléi“f%i (5-14)

The displacement and the stress components in Egs. (5-13) and
(5-14) show that both contain two parts,- the longitudinal part
and the transverse part.

By taking the derivative of Egs. -(5-3) and (5-4), the
longitudinal . and transverse components of the Green's
functions can be written as (AChénbach,'Gautesen,vand McMaken

1982, p. 25)

uffP=a5G(k,z) , © (5-15)
ufl*=aje(k,r) (5—16.5
T§R=1HEG (kpr) | . (5-17)
tii= 156 (k1) ’ | _ké‘ls)
where
Glieyr) = 27 st L e

b AR”r
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ik

Sr )
G k r - e e—lksrl-&
(ksr) AT o
and
P 1

Afk=]%g(aik‘eiek)

Hfje=k2x % ;8 ,+ (1-2x72) 8 ]e,

(5-19b)

(5-20)

(5-21)

(5-22)

(5-23)

‘The symbols €;, €; and €, denote the compohents of the unit

J

vector defined in Eqg. (5-9).‘The symbol k¥ is defined in Eqg.

(4-26).

In region A, the unit vector and its components have the

forms

eA=5inb2,i+cosb?

ei=sind?,

(5-24)

(5-25a)

(5-25b)
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A A
e3=cos8;, | (5-25c)

where BAob is called the observation angle as shown in Fig.

15. Similarly, In region B, we have

£8=5in02i~cosbi.k | - (5-26)
eP=5inb 2 , | (5-27a)
£5=0 o | (5-27b)
e2=-cos8z (5-27c)

Therefore the parameters AP, AS;,, Hpijk' and Hsijk
involved in solutions of Green's functions can be éxpressed in
terms of the observation angle. When Egs. (5-24), (5-25) are

substituted into Egs. (5-20)-(5-23) we get

p/A_ 1

Ad+2pt , (5-28a)
- 'Af{A=iACOSZ9‘3b (5-28b)
B
Af{A=-1—Asin6ﬁbcoseﬁb

AR+2 - (5-28¢)
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AS/A———}—S:LI‘IG ,cos82,

kA 2‘ kA 3 .
HP/A- K} ( p) sineﬁbntsz—)-sin%ﬁb
<k;‘.>'2 B K2)?

f{f—ZkAs ind%,cos262,

. (k_A) 3
HE[2=2 i sin%02,cos62,
kg)?

H2=k2cos0%, (1-25in262,)

3

o [0
g

k)2 (k
HPP=kA1-2 ( i) sin62,+2 {
kg)? (k

38 S

HE A= _2k25in6?, cos?0?,

In our two-dimensional problem the second component, the

81n6 ,COS202,

(5-284d)

(5-29a)
(S-ng)
(5-29c)
(5-29d)
(5-29€)

(5-29f)

component in y-direction, ' vanishes. 'The parameters of the

component in z-direction are

p/A,l

—-—-s1n0 cosB
YT Ade2pA

(5-30a)
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Af{A= - TJ'A- sinb2,cos6?, o

(5-30Db)
APA=___ 1 g2 . (5-30c
33 lA+2|J,A ob ( ) .
Af*=L sin%e?, o (5-30d)"
I'L " .
/A (K ) (k2)3
Hiii=kp1-2 p 0s0%,+2 i sin?6%,cos62, "~ (5-31a)
S S
H 2= -2 k25in?0%,cos6?, (5-31b)
Ay 3
p/A (k ) A
Hyjsy= (kﬁ) sin®l,cos?02, (5-31c)
H2=k25inb?, (1-2c0520%,) (5-31d)
R (kp) 3
5’3/_;,4 k £ lcos@+2—= 2cos-”ﬁﬁb _ (5=31e)
( s s ‘ '
HR2=2k25in%0% cosh?,
(5-31f)

In region B, with Egs. (5-26), (5-27) the parameters of
the Green's functions have the similar form. The non-zero

components are
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All WSIH eob
As/B 1

20 B
11 pBCOS Oop

AP/B=-——-——1-—— sinB5bcosS
31 A.B+2|_L ob
AS/B 1

—-—31n0 cose
T

B
¢ P) in®2.+ (ki)s

s s

HPP=kH1-2

7
&
N

H/P=2k®Psin6 2 cos203,

(kg)?
HY{P=-2——%
(k2)?

sin?0J,cos63,

B P=kPcos05,(2c05%05-1)

By 2 By 3
)% lsin02 B 42 (kp)
(kg)? (kE)2

HP{P=KB1-2

HEP=-2k2sinb65cos20,

sinBjcos?05,

(5-32a)

(5-32b)

(5-32c)

(5-324)

(5-33a)

(5-33b)

(5-33c)

(5-33d)

(5-33e)

(5-33f)
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AP/B= 1

————-s1n6 cose
13 A,B+2p,

Af{B—is1n6 cos05,

HEP=2kEsin?0 2 cosb’,

(p)2

S

HPfP=2 smeobcos efb

HifP=kPsinbZ (1-2c0s20,)

.
2 _-3)3

P/B=_ Pg B (kp
333 k —(kSB) P COSeob*'z. (kg) 2

Ha.ss/aB--ZkBS:LnZG cose

81n26 coseob ,

 (5-34a)

(5-34b)

(5-34c)

(5-344d)

' (5-35a)

(5-35b)

(5-35c)

. (5-35d)

‘,15—35e)

(5-35f)
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Finally, with Egs. (5-11), (5-24) and (5-26) we have

. gP=xsin0f+h(x) cosb} © (5-36)
I £P=x5in6%,-h (x) cosbZ, (5-37)
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CHAPTER 6

THE GENERAL SOLUTIONS OF DISPLACEMENT COMPONENTS
OF THE SCATTERED AND THE REFRACTED FIELDS

Now we are able to derive the general solutions of the
scattered and refracted fields. Notice that with Egs. (4-19)
and (4-20), the scattered and the refracted.fielde on the
rough boundary can be written in terms of the known incident
field, and that from Chapter 5 the Green's functions are also
known. Therefore the surfaee integrals Egs. (3-32) and (3-33)
can be evaluated.

However, Egs. (3-32) and (3-33) also contain gquantities
related to the rough interface, for example, the unit normal
of the rough surface, differential elemen£ ds, and etc.
Therefore we want t6 discuss the.characteristics of the fough
interface before deriving the general solutions of:  the

displacement components.

The Characteristics of the Rough Interface

The expressidn of the scattered and refracted fields
contain the form of the unit normal n of the rough surface.
From the height function z = h(x), we can find the surface

normal as

vF | ‘ : T
. = . 6—1

where F = z - h(x) =0
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4
=[1+H%(x)]?
therefore
- 1 ‘
n= . 1[—h(X)l+k]
[1+H2(x)] 2
and
~HA(x
n1=nx=—————l—l—jf
[1+H(x)] 2
n,=n,=0
ny=n,= 1

I
[1+R%(x)] 2

In terms of the angle B between the surface normal and the z-

axis (see Figure 10), the surface normal can also be written

as

n=-sinPi+cosPk

(6-2)

(6-3)

(6-4)

(6-5a)

(6-5b)

‘k6;5c)

(6-6)
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where
B=arctan[h/(x)] (6-7)
Then
n=n= ~h(x) =-ginp .
(1452 (0] 7 remes
n,=n,=0 . ' (6-8b)
1%=n;= 1 —=cosP
(6-8c)

[1+H%(x)] 2

In terms of the height function h(x), the differential element

ds can be written as

ds= ccC)Z:'B'= (1482 (301 % ax (6-9)
Therefore we have

n, ds=-h'(x) dx - (6-10)

n,ds=dx | (6-115

The limits of integration in the x-direction are set as

(Li, Ly ).
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Thée General Solutions Dﬁe to _An Incident P-wave

In this work, both incident pressure wave aﬁd incident
shear wave are considered. First let us look ét thé general
solutions due to the incident pressure wave.

In terms of components, thé general sélutions for
displacement given by equations (3-32) and (3-33), can be

written as
a T A_G A_G A_G A_G
uy () =f[u1 T11272 T UL T3 123+ U3 T312.02 + U3 V331705
S

G A G G _A. G / L
"u111711n3'u117131?3"u31131ﬂ1‘U3117331'13] ds (L) (6-12a)

A ) ~, R .
u; (r) =0 - (6-12b)
A "L .A_G A_G A_G A_G
u; (Z) =f[u11113n1+u1-1133n3+u3 T3130 U3 T33372;
s

L. G_A G_a G_A 6. A ‘
~Uy3 T30 —Us3 T30~ Uaa T3 12, ~ Us3T3372,] ds (') . (6-12c)
and
B B, G B, G B .. G B.. G
u; (2) =f [T12Uy 12y +T13Uy 103+ T 33 Us 1 +T33Us 10,

s

5 G B_.G B_G B / (6-13a)
"ul Tlllnl"'ul 1131113—1.13 1:3,11121"'1.13 1:331123] dS (I)

u;” (r) =0 (6-13D)




o1

+

B , B..G B, @ B.. G B. G.
uy (1) =f[‘rllu13n1+1:13ul3.n3+1:31u33121+1'33u33n3

S

B_G B_G B_G B_G /
~Uy Ty3370y — Uy T133lly—Us Ta137ly~Us T3] ds (X)) (6-13c)

In Egs. (6-12) ahd (6-13) u®,, TGijk are given by Egs.
(5-13)-(5-16), and u®;, B, , uB;, B, , are given by Egs. (4—‘
19)-(4-22). Note that from Egs. (5-13)-(5-16) and Egs. (5-28)-
(5-31) the.generai functions for displacement. and stress are
zero whenever the~subscripts i,j or k have  a vélue of 2.

To evaluate the integral expressions of the scattered and
refracted fields, we need to substitute Egs. (4-19a)-(4-22b)
‘ and (5415a)—(5—16b) into Egs. (6-12) and (6-13). However, fhis
will result in long and‘compliéated formulas. Now wé want to
simplify the formulas. First let us rewrite the scatfened and

refracted fields of the displacement and stress components on

the interface, Egs. (4-19)-(4-22), as

yf=ff”bxp(in) (6-14a)
ud=f2Pexp (in) - (6~14Db)
i, =1 & Pexp (iﬁ) | (6-14c) |
tf3=iﬁﬁ@exp(in) (6-14d)

For region B, we have
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u,P= £ Pexp (in)
u=fPexp (in)
w2,=1 £ Pexp (in)
,.t§=ifﬂ@exp(iﬁ)
where M is given by Egq. (4-18), and

ff/-p:Aim{RlpsinBA+R§cosyA]'

f;‘/p=Aim{Rfcos BA-REsiny?]

- £7{P=A,, K (R (A*+2p) 8inB;, sinp?-Acos;, cosp]

+RE[(A+2p?) sind,, cosy*+A*cos0 , siny?]}
£HP=£2{P=2,, k WRF (sinb,, cosp?-cosb;, sinp?)

=R (sinb;, siny*+cosb;,.cosy?) |

£HP=A,, K {RIMs inf;,sinp?- (A*+2p?) cosf,, . cosp? -

+R§[\).Asir'16inccosy"+ (AP+2p2) cosf , siny*}

(6-15a)
(6-15b)
(6-16a)

(6-16b)

(6-17a)

(6-17b)

(6-17¢)

(6-174d)

K6-17e)
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For region B, we have

£E/P=p A;ne(RFsinp 2-Rsiny )

fB/P -A

ine (RcosP B+R,Ssiny B)

£/P= inckp{RE(A B+2pP)sind;, sinp P+A Bcosb;, cosp’

+RFAPcos8,, siny P~ (A P+2p ®) sind;, siny 7}

fl fB/p_Ainckﬁu' B[R??/p (CoseincS inB B+Sineinccos B B)

+Rf(81n6umsinyB—coseﬂmsinyB)]

FHP- =2,k {RS] (A 2+2p P) cosb, .cosp P+A Psind,, sinf

+RF(AP+2p %) cosB;, siny -1 Psinb;, siny 7}

(6-18a)

(6-18D)

(6-18c)

(6-18Q) |

(6-18e)

By substitution of Egs. (5-11), (5-12) and (6-14a)-(6-15d)

.into Egs. (6-12a)-(6-13c), the scattered and refracted fields

of the displacements can be written as

uf=ife i“{nl[G(kpr) (Hf{ffA/p f{ffA/p p/AfA/p /AfA/p)
s

Gk, ) (HELAEM P I RENP-AS A EP- a5 * () ]
+0,[G(k,r) (HER LN P+ HER £3/P- A £{P- A2 £37)

+G(k,r) (BR Y Pr iR £3/P-a A e P-25 £F) 1) ds

(6-19a)
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uz =0 (6-19b)

u=1[eMn)e(k,r) (HSE/P+BES £/P-aF £ 1{P- a8 £3{P)
S

+G (ke r) (HS £ P+ S 5P~ A £ P-ad{ £1]7)
' / A A A A A A/,
+n3[G(kpr) (Hfa/; 1/p+H§Da/§§f§/p‘Af3/ f13/p‘A§3/ 'f33/p)

+G(kor) (BSEN P+ B £3/P- A8 P £YP-A8* £3{7) 1 }ds (6-19¢)
For region B, we have

uP=1[ein{n [k, ,r) (B LY P+ BB /P~ af P2 (P~ AE P £{P)
S

+G (kyypr) (DD P+ D ]2 A5 P ER(P- 2517 £5(P) |
BB , B
+1,[G (K 57) (HEPER/P+ YD £]/P-AP[P £2{P-25{P £[P)

+G(k, 50 (HE P LY P B £/ P-AY P EHP-25P£5{7) 1} ds (6-20a)
. |
u; =0 (6-20b)

uP=i [ in[G(k, p7) (HESEY Pt £5/7-aFP£1{P- a8 £(P)
S

+G Ky pr) (HEPER P4 HE P D/ P- A% P 2P~ AS(P £/P) ' |

Gk, ) (HEPEY P+ BED £7/P- A0 P £ 2P~ 22" £5{P)

+G(kyypt) (HEDED PSS £5/P- 27 PE5P-A8P £1{P) 1 }ds (6-20¢)
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With Egs. (5-18), (5-36) and (5-37) we can write

ik,r o
eing( k,r)= & T o iDyaxtEyh(X)]
dnr

ik,r
e 'in G (ksr) = L e l[Ds/Ax'*’Es/Ah (x) ]
4dnr

and for region B

iky/ar . :
P/ B el[Dp/Bx+Ep/3h(x)]

einG(kp/Br) = e

. ik_,,/BI .,
NG (k, pr) =2 —— @Pus st (x)]
nr

where
DP/A=kp ( Sineinc_Sinegb)
Eyya=-K, (0SB, +cos0%)
DS/A=kPSin6inc_ksSin.62b
Bs/a=- (kpCOSBinc+kSCOSB‘3b) ‘
and
Dp/B=kpSinﬁinc—kp/BSinefb

Ep/p=— ( kpCO Se,im:"'kp/‘scO Sl.efb)

(6-21a)

(6-21b)

(6-22a)

(6-22b) -

(6-23a)
(6-23b)
(6-23c)ﬂ

(6-234d)

(6-24a)

(6-24Db)
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Dy p=k,sinb;, 5/381n60b ' (6-24c)

E/B=—(kbcoseﬂm—k§wcoseﬁﬁ . (6-244)

After replacing all terms involved in the integrands of
integrals (6-19) and (6-20) with equations (6-21) and (6-22)

we have

I
. ikpr
uf=_____l:nr f[ h{x) ( ll/fff/P HfB/ffA/p p/AfA/p p/AfA/p)

+(Hfa/ffA/p_'_HaslfA/p_Af{Afl/P AS/AfA/P)]el[ p/aX+E, /Ah(x)]dx

. ikgr
+.L 4€n - f[ ~h(x) ( H1 s/A fA/p + Hfs/f fA/p AZ s/A fA/p A  s/A fA/p)

+(H131 A/P H353/]‘_AfA/p AS/AfA/p AS/AfA/p)] s/Ax"' /Ab(X)]dX (6—25a)

u;'=0 | | " (6-25b)

L
, dk,r™3
u;‘:_l:n.r f [ ~h! (x) (H fl/:f a/p +Hfa/§lfA/p p/AfA/p p/AfA/p)

+(Hf3/?ff/p H3/AfA/p Ap/AfA/p—Aég/Aff/p)] /Ax+ /Ah(x)]d}{
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L
, ik 2
+ ——14671:1‘ f [ I(x) (HE /A fA/p + Hf{f fA/p_ A5 s/A fA/P_ A3 s/A fA/P )

1

+ (Hl3/:ff /p+H3s3/ffA/p—A1 /Af.li/p_A3 /AfA/p) ] A[Ds/sx+Esyah (%) ldx . (6-25¢)

The equations (6-25a)-(6-25c) are the general solutions
of the scattered field of the ‘displacement components in
region A.

In the similar way,.we obtain thé'solutions for:région B

as.

L, i
kpy8T \
= _linr—f [~h(x) (HEPEYP+ HE{PER/P- AP £ 2P/ 27,

+ (HHP£P/P+ HR{PLE/P- AP P £ 2{P- AT PrP) | Pore Foih N1

"
, dkypr ,
¥ liﬂ:r f[ () (Hl/BfB/p‘*HlSa/ffB/p AZPEHP-a5[P /P

1

+ (H /BfB/p H;f_-,/ffB/P—Al fB/p_A3 /BfB/p) ] i Dy 5%+ Eg 1 (%) ] 45
(6-26a)

. uB=O : ) (6—26b)

L,
p/B

U3B linr f[—.h’(x) (Hivl/anB/p f{ffB/p p/BfB/p p/BfB/1
I




28

(13/319ff/p+ %/ffB/p p/BfB/p p/BfB/p)] Dp/s+ Bpsh (X)] 45

s/BI
+—_linr f [~ () (LD EE P D £FP- a8 £/P-a5{ £ 5/)

1

+ (HJ.SB/:’,Bfl /p H3S3/3Bf3/p_A153/Bf1 /D Af;,/B B/p)] J-[Ds/Bx"'Es/Bb(X)]d}{ (6-26¢)

The equations (6-26a)-(6-26c) are the general solutions
of the refracted fields of the displacement compénents in

region B.

The General Solutions Due to An Incident SV-wave

For the case of an. incident shear wave, the‘general
solutions of thé displacement components of the scattéred and
the refracted fields can be obtained in the similar way
applied for the case of the incident compression wave. In this

case, the expression (6-16) in the section above becomes

n =k xsind;, -h(x)cosl;,] | (6-27)

and

FMe-p A;ndRisinpA+RFcosy A . (6-28a)

fmgmAmJRfcosBA-Rfsinyﬂ : ' (6-28b)
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FA/s_a. ST (24 2y 5inb. P ABA—~ 22 A
11 °=Anck {Ri] (A%+2p )81n ineS1inp2-A2cos0,, cosP

+Ry] (A*+2p?) sinb,, cosyA+kAcoseum51nyﬂ}

o= r%=a,, k wRS (sind, .cospA-cosb,, sinp?)

-R3 (sin@;, siny?+cosh , cosy?) ]

£3{%=A, k {R]A?s1inb, sinpA- (A*+2p?) cos,,.cosp?
+Ry[A*sind;, cosy?+ (A*+2p#) cosh ,siny?)

For region B, we have

fP/5-a nm(R381nBB—R451nyB)

fP5=_a, (Ry°cosPB+RS siny B)

fm%—AhwaE;RAB+2p%sin6hmsinﬁB+choseywcosB’

+R{JA2cosB,,siny P~ (A P+2p ) sind;, siny 7}

ﬁ%%—f&@—‘ﬂmkﬂxﬁRf(cosBﬂmsinﬁB+sin6hmcbsBB)

+R4(s1n6“ms1ny?—coseﬂmsinyB)]

FP%=2;, k ARsT (A B+21 P) cOs8,,,co8B P+A BPsind, sin|

'44&1(AB+2pB)cosﬂﬂmsinyB—ABsinthsinyﬂ}-

(6-28c)

(6-28d)

(6-28e)

(6-29a)

(6-29D)

' (6-29¢)

(6-294)

(6-29e)
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Again for the case of the incident shear wave, the

parameters expressed by Egs. (6-23a) - (6-24d) become

Dpya=kgsin®;, ~k, sin6gy, (6-30a)
ES a=-k,(cosb;, +cosbly) | (6-30Db)
DEa=k,(sinb,, ~sinbl,) (6-30c)
E§A=—ks(c056 o+Cc0s65,) . . (6-304)

and for region B

Dyis=kg s1'n6 ~k,/551inbz, | (6-31a)
Egp=- (k,c080;,.~k,/:c0805p) . (6-31b)
Djp=ksin8; .~k /551in6%, | (6-31c)

Ey3=—(k'cos6 wwcosadﬁ : » (6-31d)

Scattering Coefficients

In order to obtain the general solutions in the form of
dimensionless quantities, let us introduce a new term; the

scattering coefficient which is expressed as
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A _ utP

= 6-32a

CfPP uo/p ( )
a_ u/e ' | 6-32b

Cfpszm ( )

where uP/P is the scattered displacement.of P-wave in region
A; u?/® is the scattered displacement of SV-wave in region Aj;
uo/P is the reflected displacement of P-wave in the specular
direction in region A for a smooth'boundary; u°/s is- the
reflected displacement of SV—waQe in the specular direction in
region A for a smooth boundary.

For region B, we have

cr2-u?
PPogere ' (6-33a)
and
crz =122
S
PEygre : (6-33b)

The definition of all terms in Egs. (6-33a) and (6-33b) are

the same as region A.
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CHAPTER 7

AVERAGE EVALUATION OF THE SCATTERED
AND REFRACTED FIELDS

Equations (6=25) and (6-26) are the explicit solutions of

' the scattered and refracted fields in this problem. waevef,

these equations contain the shape of the rough interface
through the.height function h(x) and its derivative h'(x).
Therefore, at this step, to carry out the integration in Egs.
(6-25) and (6-26), we need to know either the explicit
expression for the height function h(x) if the rough interface
has a given shape, or the probabilitf properties of the rough
interface if the interface has a random profile. In this work,
we deal with the random rough interface. Since the height

function of the random rough interface does not have an

-explicit expression, the exact results of the scattered and

refracted fields cannot be obtained. An average evaluation of
the scattered and refracted fields is considered in this
paper. The performance of the average evaluation requires that
the height distribution ‘density of the rough boundary have a
known pfofile. In this chapter we will discuss the probability

properties of the rough boundary and the average evaluation.

Probability Properties of the Rough Boundary

The rough interface, as mentioned above, is described by

height function h(x). For a random case of the rough
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interface, the properties are described by the distribution
density of the height. In this work, we chose the height
distribution to be a Gaussian profile. It is generally
accepted that machine treated surfaces have a Gaussian
distribution in the surface roughness (Whitehouse and Archard,
1970). If we chose the mean value of the height as zero, i.e.,
<h(x)> = 0; the Gaussian distribution of the height has the

form as (Beaumont, 1986, p. 113)

_ 1 -[h(x)]12
Haix] gmexp{ 202 } (7-1)

where ¢ is variance of the random height, also called standard

deviation. The square of the variance is given by

02=([h(x) -<h(x)>]?) (7-2)

If the mean value of the height <h(x)>=0, then the square of

the variance becomes

02=<[.h(X)]2> . (7_3)

o is also called root mean square  (r. m. s.).

It can be shown that if a random rough surface has a
Gauséian distribution of the surface height, then the
distribﬁtion of the slope of the rough surface also has a

Gaussian profile (Adler, 1981, p. 31), and is given by
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/ .1 - [h'(x)]%
R0 ]= s exp{ } (7-4)

2
204

where o is root mean square of the gradient of the height:

i
o2=<[h/(x) 12> (7-5)

The root mean square of h(x) and h'(x) can not descripe
the rough surface completely becausé they can only tell us
some information about the height of the hills and valleys of
_the surface, they cannot tell us whether these hills and.val—
leys are crowded close together or whether they are far apart.
Therefore another function, the correlation function or
autocorrelation function, needs to be considered.

The correlation function of a random surface gives a
measure of the degree of correlation between two points on the
surface. For our surface, whose roughness variation is in one
direction only, we therefore have the correlation function

given by

c(L)=<h(x+L)h(x)> (7-6)

where L is the "separation pérameter" between two points x,
and x,=%;+L-on the rough surface. Let h;=h(x;) and h,=h(x;).
If L is large, then x; and x, are far away from each other,

and h, and h, will be independent. If L is small, then x; and
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X, are near each other, and h; and h, will be correlated. If

‘ IL=0, we havé
c(0)=<h?(x)> - | (7-7)

The normalized correlation function, or autocorrelation

function, Cy (L), is -defined by

=<h(x&L)h(x)}

Cw (L) <h?(x) > (7=8)

The important properties of Cy(L)
cy(0)=1 (7-9)
Cy(L) => 0 as L -> (7-10)

Now we need to specify a form of the correlation function
to further characterize the rough surface. One of the most
commonly used forms of the function is (Maradudin and Mills,

1976) .

LZ
T2
21

(7-11)
C(L)=C(0)e ‘

in which T, is defined to be the correlation length over which

G(L) falls by a factor of e /2, It can also be shown that

o2

2l
o ,=-c’(0)= SN
g T2 (7-12)
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So far we have obtained the parameters o, gy and T, ﬁhich

define the defect roughness of the random rough interface.

Average Values of the Scattered Fields

Each component of the scattered.and refracted fieids in
expressioné (6-25) and (6-26) contains two parts (P-wave and
SVv-wave) as indicated by Egs. (3-39). Before we take average
evaluation of these expressions, let us have some rules about
random variables. If x is a random variable, and f(x) is a
function of x, we have a rule for averaging as (Beaumont,

1986, p. 234)
b b
([£(x) dx=[<£(x)>dx (7-13)

and if x; and %, are independent, we have

<p(x;) glx) >=<p(x) ><q(x;)> (7-14)

Take the average of Egs. (6425a)-(6—26c) term by term,

with Egs. (7-13) and (7-14), we have the average value of the

scattered fields in region A:

I
. ik,r : " - )
<uf/P>=_-£f’?f[<_h/(X)><£€>+<Cf>]<e.1[Dp/Ax Es/Ah(X)]>d_x (7-15a)

.

L

ikgr .

<uf’®>= 28— [[c-h! (x) > <ED+<CD] <o P Bt Sy g (7.15p)
L .
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<uf/Py= f[< B! (%) ><ED>+ <51 <o P Bt O gy 50,
L,

P YEE il SO Y (x) ><E5>+<(3 4 [Dy/po0+ g 32 ()] ‘

U _4—7Er— X ><E3>+<C3>]<e >dx (7_15d)

In equations (7-15a)-(7-15d) &;% and {;% (i= 1, 3 and a=p, s)
are, in complicated way, functions of the gradient of the

surface height. The average value of these functions are given

by

<E$>=HYP< NP + HYECEP Py —af{ A< £YP> - A8 {2 £2{P> , a=p, (7-16a)
<E>=HYPEYPy +HYPFYPy - a2 EHPy -AH 2 EHP> , a=p, (7-16Db)
<%= f3/f<fffp>+H3“3’f<f;‘/P> —AMAFA Py A“’A<fA/P> ., @=p, (7-16a)

8> =HYACEMPy  HY2CFMPy - %A FAP> A“/A<fA/p> , ®=p, (7-16b)

The explicit expressions of fiA/P and fijA/P (i, j = 1, 3) are
givén in Egs. (6-17a)-(6-17e), and the explicit:expressioné of
Haijk and A%, (i, j, k = 1, 3 and a=p, s) are given in Egs.
(5-28a) - (5-31f). | |

For region B, we have the average value of the refracted

fields

, L;
. 1k /Br 1 .
<uf/P>= 28 [[<h! (%) > <EYP> 4 <85 ) <o B Bt D)y dx (7172,
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<up/%>= f[<h’(x)><£s/3>+<CS/B>] <P Bty dx  (7-171)

kp/s ’
<U3/P>-li—f[< ~h! (%) > <EEZ> < (/%> ] <@ Bt s g0 _q 90

.'Lks /BT

cuff®=1 f[< h/(x)><ss/3>+<cs/3>1<e“”s/3"”’=/””"‘”>dx (7-174)

where

ES/P> =HHP<EPs s B EP/P> - AY P EY Py -AS{ P £P> . a=;  (7-18a)
CEY/ By =gllB £B/Py L gB  £BIPy _p8/B ¢ £2/P, A“/B<f3/P> , 0= (7-18b)
<L%/®y = 1"‘3/f<ff/P>+ HYB PPy _p /B¢ £BIPy A“/B<f3/p>‘, a=j (7-18a)
CO/5> <HE(E<E2/P eHE{B £2/95 -AS{P< £2(Ps -ASP P | m (7-18D)

In Eq. (7-18) the expiicit expressions of £,8/P and fijB/P (i,

3 =1, 3) are given in Egs. (6—18a);(6—18e), and the explicit

expressions of Haﬂﬂjk and AF/BU{ (i, j, kX = 1, 3 and a=p, s)
are givenlin Egs. (5-32a)-(5-35f).

Equations (7-15) through '(7f18) are the general
expressiéns of the average evaluation of.the scattered and
refracted fields. Since the'chosen height distribution has
Gaussian profile, it is clear that if the mean value of'the
height vanishes, i.e. <h(x)> = 0, then the mean value of the

. { . ‘.
gradient also vanishes, 1i.e.
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<h!/(x)>=0

Therefore all terms involving <h'(x)> in Egs.

(7-18) will be zero.

The averaging 1is with respect to h(x).

exponential terms in the integrands become
<ei[Du/AX+Ea/Ah(x)] >=eiDu/Ax<eiEa/Ah(x) > , a=p, s

and _ -
< ei [Da/EX+Eu/Bh (x)] > =e'iDa/Bx< eiEu/Bh (x) > 7 a:p’ S

(7-19)

(7-15) through

Theréfore the

(7-20)

(7-21)

Putting these results in to the expressions of the scattered

and refracted fields, Egs. (7-15) through (7-18), we have

. L, -
<uf’Py=gP (1) <[2> <o fh® >felDP/A"dx
L

L,
<ud®>=gs (1) <(5> < eiFonlX) >felDS/A"dx
“ I'l .

Ly
<ufPy=gP(r) <% <eiEP/Ah(X)>feiDP/"xdx
i,

. L,
<u®y=gs () <(5> ¢ Bt ¥ >felD-‘/A"dx
: 1,

where

1%

Ar

qa(r):' ’ a=p,S

For region B, we have

(7-22a)

(7-22b)

(7-22c¢)

(7-224)
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L,
<uf/P>=gP/B(r) (25> <eiEp/B”(X’>feiDp/B"dx (7-23a)
N
. ’ L2 ‘
<uf/S>=g/? (1) (/% <e TR [0 Py (7-23b)
L,
L
<u/Py=gp/5 (1) <(E/5> <o o X >fewp/3"dx (7-23¢)
L, '
L, )
<’ =g®/® (1) <[5P5 <o B [Py | (7-234)
L
where
e ikd/BI
G/B Ir)= l__...__...__e o= S
aq- ( ) AnT l‘ ,p:

The average value of a function with the Gaussian

distribution can be expressed as (Crandall, et. al. p44, 1958)

-z2

<£(z)>=[£(2) %e?dz : (7-24)

Therefore we have

L.

- - 1 —[(h(x)]?
<ezE,,,Ab(X)>=felﬁ'u/Ah(")_.____e 20 d[h(x)]

g/2n

- 2/A°2
S | (7-25)
- X ’ 2

The integral in (7-25) can be found in-Gradshteyn and Ryzhik

(1980, p. 307). Similarly, for region B, we have
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® =Ih(x))?
eIy [oifush _L_ o7 2 "qn(x)]
. J. oy2m

-2, g2 .
—ZelB” (7-26)
=e 2 , 0=p,s
The results in (7-25) and (7-26) contain the roughness o,
and are called roughness factors. It is clear that these
‘factors are always less than 1.0 if o is not zero, and equal
to 1.0 if o = 0.0, i.e.

~Ea/30° , (7-27)
e 2 <1.0, a=p,s

For the integrals in Egs. (7-22) and (7-23), we have

I ‘

1Dy 1 1Dy /pL 1Dy /4L = :
fel /Axdx=_iD (el /ale _ o 1Daya 1) , a=p, s (7-28)
L

[:4

Taking the real part of the result in (7-28), we have

L, ‘ .
Rs(fem“”‘xdx =1 (sinD,j,L,~sinD,,,L;) , @=p, S (7-29)
I

Da/A

Putting these results into Egs. (7-22), we have

2 2 ‘
~La /a0 '
<uf/®>=g*(rye” * <i>gd/* , a=p,s (7-30)
where
g¥*=—Y (sinp,,,L,-sinD, L) , «=p,s
/A (7-31)

For Egs. (7-23), similarly we have
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2 2
— 7 7-32
uf/®>=nde(r)e” 2 <(¥Hg¥* , a=p,s ( )

where
D/a 1

gs =
Da/B

(sinD,,zL,-sinD,,zL,) , @=p, s “ (7-33)

To get the dimensionless form of Egs. (7-31) and (7-33), we

can rewrite them as

gﬁ”“ _ (sinD, ,gL,~sinD, L)

L,-L, D,/ (Ly~Ly)

£§/%= , a=p,s ; P=A,B

(7-34)

The Roughness Factors and the Integration Factors

From the expressions of the average evaluations of the

- scattered-and the refracted fields Egs. (7-30)-and-(7-32), we

can see that there are two types of factors involved in the
results: roughness factors and inﬁegration factors. The
integration factors denoted by fADﬂf and fﬁDﬁx (a=p,s) are
given in Eg. (7-34) in which Dy and Dy/g (@=p,s) are
quantities related to the wave number, the incident angle, and
the observation angle. The explicit expressions of Da/A and
]%UB are<given in Eqs. (6-23a)~-(6-24d). The plots of the
integration factors for different integration domains are .
shown in Figs. 16-19. From these figures, we can see that the

changing of the integfation domain affects the profile of the

. factor for both compression and shear components in both.

region A and B. As the extent integration domain increases,

the number of the side 1lobes increases. The specular
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directions of the scattered and refracted fields depénd on the
incident angle and the wavenumbers, as éhown in Egs. (4-41)-
(4-45) . For example, if the incident angle is chosen to be.
30°, the specular direction for the scattered. P-wave as given
is 30° (Egs. (4-41), (4-42)), and 15.7° for the scattered SV-
wave (Eq. (4—43)). Figs. 16-19 show‘that the values of the
inteération factors in the specular directions do not change
as the integration domain changes.

With Eg. (6-23b) and the following relation between-the

wavenumber k, frequency F, and wavelengﬁh A e

k = 27rF= 2T

, 0=p, S 7=35
oA, P | ( )

the roughness factor for the compression component fr/P, as an

example, can be written as

Ee oF ) o\ 2 '
/D 2 - - = — —_— = -
£i/P=g =exp .S’p( C'p) exp Sp( lp) exp(-S.T3) (7-36)
where
S,=2m%(cosb;, +cosh ) ? (7-37)
and
=9 -
PP"JZ (7-38)

is the apparent roughness.

Figures 20—23 show the results of the roughness factors.

versus the apparent roughness I' for a fixed incident angle
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(30°) and observation angle. The fixed‘observafioﬁ angle in
each of these figures is chosen to be the angle in the
specular direction. From these figures, we see that as T
increases, the roughness factor increases. Figs. 24-27 show
the results of ‘the roughﬁess facfors versus observation
anéles. Note that the curves in these figures are nofmaiized
by dividing the value of the factor in the specular direction.
From these figures, we can see that as T increases, angles
. beyond the specuiar‘see significant increase of the rggghness
factor, while angles less than the specular see slight

decrease in the roughness factor.
| Similarly, the results of the scattered and the refracted
‘fields due to incident shear wave are related to these
facfors° The numericai reéults of these fac£orsA due to

incident shear wave are listed in Figs. 28-37.
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INI. FACTOR (fD/p)

Ll=-S. LZ=S (mTn)
I1=-10, 12=10 (mm)

- 0.20
040
OBSERVATION ANGLE (DEG)
Figure 16. Integration factor for scattered P-wave in

region A (a=0.12 nn)

INT. FACTOR (fD/s)

I1=-5S112=5 (mm)
I1=-10112=10 (mm)

- 0.20

-0.40
15 20 25

OBSERVATION ANGLE (DEG)

Figure 17. Integration factor for scattered SV-wave in
region A (0=0.12 nn)
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INI. FACTOR (FD/P)

12=— 1=5 (mm)

12=-11=10 (mm)

-0.20
~0-40 20 25 30
OBSERVATION ANGLE (DEG)
Figure 18. Integration factor for refracted P-wave in

region B (c=0.12 mm)

INT. FACTOR (fD/s)

12=—11=5 (mm)

12=-11=10 (mm)

- 0.20 -

~0.40 10 15 20

OBSERVATION ANGLE (DEG)

Figure 19. Integration factor for refracted SV-wave in
region B (a=0.12 mm)
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ROUGHNESS FACTOR (Ffr/P)

SCATTERED P-WAVE
INT. ASCLE=ZQ {DEC)
OBTS. ANCLE=ZO {DEC)

APPARENT ROUGHNESS ()

Figure 20. Roughness factor versus the apparent roughness Fp
(scattered P-wave, 60b=30°)

ROUGHNESS FACTOR (fr/s)

SCATTERED SV-WAVE
INT. ANCLE=ZO {DEC)
OBTN. ANCLE=10 {DEC)

APPARENT ROUGHNESS (A

Figure 21. Roughness factor versus the apparent roughness Fs
(scattered SV-wave, 60b=15.7°)
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ROUGHNESS FACTOR (£r/P)

RIFRJICTED P-TAVI
jst. XArcir=30 (rrc)
OBTIT. XAICLF=23 {DEC)

APPARENT ROUGHNESS ()

Figure 22. Roughness factor versus the apparent roughness r
(refracted P-vave, 0o0b=22.9°)"

ROUGHNESS FACTOR  (Fr/E)

REFRACTED SV-TAVE
/at. XArCir=SO (ire)
DBTH. XArC ir=1i (nrc)

APPARENT ROUGHNESS (1

Figure 23. Roughness factor versus the apparent roughness r
(refracted SV-vave, 0Oob=11.2°)
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ROUGHNESS FACTOR (fr/P)

Figure 24. Roughness factor versus observation angle
(scattered P-wave)

ROUGHNESS FACTOR  (Fr/s)

(INCIDENT P-WAVE)

OBSERVATION ANGLE (TE3)

Figure 25. Roughness factor versus observation angle
(scattered SV-wave)
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ROUGHNESS FACTOR (fr/P)

(INCIDENT P-WAVE)

OBSERVATION ANGLE (DEG)

Figure 26. Roughness fTactor versus observation angle
(refracted P-wave)

ROUGHNESS FACTOR  (Fr/s)

Fc=0 .522

(INCIDENT P-WAVE)

10 15 20 2
OBERVATION ANGLE (OEG)

Figure 27. Roughness factor versus observation angle
(refracted SvV-wave)
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INTEGRATION FACTOR (FfD/p)

Figure 28. Integration factor for scattered P-wave in
region A due to incident SV-wave (a=0.12 nn)

INTEGRATION FACTOR (fD/s)

SCATTERID SV-FAVE
Z1=-S177Z=S (mm)
11=-10, 12=10 ()

Qkcileet Sr-ratr)

AW

- 0.20

25 30 35
OBSERVATION ANGLE (DEG)

Figure 29. Integration factor for scattered SV-wave 1In
region A due to iIncident SV-wave (cr=0.12 ran)
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Figure 30.
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Figure 31.
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INTEGRATION FACTOR (FD/p)

REFRACTED P-TAIE
II=-S1Lz=S (mm)
Z1=-1012Z2=10 (mm)

(INCIDENT SV-FAVE)

40 45 50
OBSERVATION ANGLE (DEG)

Integration factor for refracted P-wave 1in
region B due to incident SV-wave (a=0.12 mm)

INTEGRATION FACTOR (fD/s)

REFRACTED SV-TAIE
Z1=-S1727Z=S (mm)
Z1=-1012Z=10 (mm)

(INCIDENT SV -TAIT)

15 20 25
OBSERVATION ANGLE (DEG)

Integration factor for refracted SV-wave in
region B due to incident SV-wave (@=0.12 mm)
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ROUGHNESS FACTOR (Fr/p)

SCATTERED P-WAVE
INT. AVCLE=SO {DEC)

0.10 0.15 0.20 C

APPARENT ROUGHNESS ®)

Figure 32. Roughness factor versus Fp (scattered P-wave due
to incident SV-vave, 00b=67.2°)

ROUGHNESS FACTOR (fr/s)

SCATTERED SV-WAVE
IVT. AVCLE=SO {DEC)

APPARENT ROUGHNESS (®

Figure 33. Roughness factor versus Pg (scattered SV-wave due
to 1ncident SV-wave, 60b=30°)
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ROUGHNESS FACTOR (Ffr/p)

RIFPJLCTrD P-TM 8
1ST. AKCLF=Z0O [DFC)

0.10 .0.30
APPARENT ROUGHNESS @)

Figure 34. Roughness factor versus Fd (refracted P-wave due
to incident SV-vave, 60b=45_.9°)

ROUGHNESS FACTOR (£r/E)

RFFRACTFD SV-TATS
1ST. AKCLF=Z0 (LFC)

APPARENT ROUGHNESS

Figure 35. Roughness factor versus Pg (refracted SV-wave due
to iIncident SV-wave, 0ob=21.1°)
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ROUGHNESS FACTOR (fr/P)

F =0:203

(INCIDENT SV-TfAVI)

OBSERVATION ANGLE (DEG)

Figure 36. Roughness factor versus observation angle
(scattered P-wave due to incident SV-wave)

ROUGHNESS FACTOR (fr/s)

F =0.560

(INCIDENT SV-WAVE)

25 30 35 4
OBSERVATION ANGLE (DEG)

Figure 37. Roughness factor versus observation angle
(scattered SV-wave due to iIncident SV-wave)
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ROUGHNESS FACTOR (fr/P)

0.391

(INCIDENT SV-WAVE)

OBSERVATION ANGLE (OED)

Figure 38. Roughness factor versus observation angle
(refracted P-wave due to incident SV-wave)

ROUGHNESS FACTCR  (fr/s)

F =0.522

(INCIDENT SV-WAVE)

OBSERVATION ANGLE (TE3)

Figure 39. Roughness factor versus observation angle
(refracted SV-wave due to iIncident SV-wave)
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CHAPTER 8
RESULTS AND DISCUSSION

The final results of the scattered and reffaééed fields,
in terms of the average values of the scattering and
refracting coefficients, afe expressed in Chapter 7, by Egs.
(7-30) and (7-32). Since these .average evaluations contain
complicated functions of the roughnesé and the gradient of the
roughness, the calculations of these equations are very
difficult and must be perforﬁed numerically. In thié chapter,
we show the given conditions for numerical qomputations, the
numerical results (see the following figures), and the

corresponding discussions.

The Procedure of the Numerical Calculation

In order to obtain the final numerical results of the
problem, we need to evaluate the average quantities <CJUA> and
<{;%/B> shown in Egs. (7-30) and (7-32). These two quantities
are functions of h'(x) which are shown in Egs. (7-16), and (7-
18). The average evaluation of these two quantities, from Eq.

(7-24), will be:

© 1 - [h/ ()12
W= [ (0] e 2 din'(x)] (8-1)
iy gy2T
Because the Quantity Cia/A is related to h'(x) in a
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complicated way, Eg. (8-1) cannot be calculated explicitly and
has been evaluated numerically. First lets change the variable

in the integration in Eqgq. (8-1).

Let
yeo LB/ (01% (8-2)
202 S
and then we have
dlh/(x)]=y2'ady . (8-3)

Putting Egs. (8-2) and (8-3) into Eq. (8-1) we get

<c?“>=fW1y)eﬂ*dy .(8—4)
where
' 1 ,a/aryy -
W(y)=—=C;""[h 8-5
o Ne (X)]A . . ' ( )

By applfihg ‘the Gaussian Quadrature formula (Stroud and
Secrest, p217, 1966), the Egq. (8-4) can be eaéily evaluated.
In this work we choose fifteen terms (N=15) in the Gaussian
Quadrature formula. We also examined the results‘for N=6 and
N=30. The identity of these three sets of results-indiéated

the accuracy of the numerical results.

The Given Conditions for the Numerical Calculations

a). The elastic materials of the two regions involved in

this particular problem are. considered to be n@télsL The
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"region A is assumed to be steel, and region B is assumed to be

copper. Values for some material properties of these two

metals are listed in Table 2.

Table 2. Values of some material properties of two media
in this problem
region A ' region B
material steel copper
density (kg/m3) 7800 - S| 8500
Young's modulus - 2.1X%10% 1.9%10°
(kg/cm?)
Poisson ratio 0.26 0.33
P-wave speed 5900 4600
(m/s)
SV-wave speed ’ 3200 2300
(m/s)

b). The rough boundary between the two materials is
assumed to have a random profile in its height. The.roughness
of the boundary is measured by the variance or the root mean
square of the height (r.m.s.). For common metal manufacturing,
the typical value of the varianée is about 0.12 (mm). In this
. paper, we ‘use several different values of the‘varianqe,'fpr
example, 0=0.0-0.3 (mm). This range of the values denotes the
cases from the smooth to very rough boundaries.

c). The domain. of the integration is assumed to be
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arbitrary and from L; to L,. The domain is related to the

width of the incident wave as

Ly-Ly=——m— ‘ (8-6)

where W is the width of the incident wave. In this paéer, we
use different dimensions of the domain on the axis by changing
the values of.L1 and L,, for example, L2¥—L1=5, 10, 15, 20, 30,
50, 100, 200 (mm). '

d). The incident wave is assumed to be a time-harmonic
compression wave propagating in region A. The freéuéncy of the
incident wave used in this dissertation is assumed to be 10
(MHz) . The incident angles used here are 0, 10, 20 and 30
(degreé) relative to the.norma; of the mean plane of the rough
boundary. For given frequency and wave speed of a wave, the
wave number of the wave can be obtained by the following

relation

k. = , @=p, s (8-7)"

where F is the frequency of the wave (Hz); k, is the wave

number; ¢, is the wave speed. Table 3. shows the values of the

(24

wave numbers and the wave speeds of the waves involved in this

work.
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Table 3. The values of wave numbers and wave speéds
(frequency F=10 MHz)

wave speed (m/s) wavenumber (-1/mm)’
P-wave in ‘
region A © 5900 10.6495
SV-wave in |
region A 3200 19.6350
P-wave in
region B 4600 : 13.6591
SV-wave in
region B 2300 ’ 27.3182

Results of the Scattered and Refracted Fields due to
Incident Compression Wave

In this dissertation, we first calculated the numerical
results of the scattered P-wave and SV-wave components in both
region A and .region B due té the incident compressioﬁ wave.
All results due to the incident compression wave are listed in
Figs. 40-75. In examining of these figures, we want to discuss
several points about the results.

a). Results in specular directions

For a rough boundary, the incident wave is reflected in
.several directions. The specular direction is defined as the
direction in which the wave is reflected from a smooth
bouﬁdary. In this paper, we consider the specular directions
. of the scattered P-wave and SV-wave components_%p“gggi?p_A, as

well as the specular directions of the refracted P-wave and
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SV-wave components in region B. For a certain roughness of the
boundary, most energy is still reflected in the specular
direcfion even though the boundary scatters the wave into
several different directions. Therefore the investigation of
the result of the scattered fields (in region A) and the
refracted fields (in region B) in the specular directions is
very important. As the incident angle and the wave nuﬁber
change, the specular directions vary. For given materials, the
corresponding wave numbers are constant, and the specular
directions depend only on the incident angle. The explicit
relations between the specularldirections and the incident
angle were given by Egs. (4-42)-(4-46). Table 4 shows the
values of the corresponding specular directions for differenf
" incident ‘angles. Figures 40-49 show the results of the
scattered compression and shear waves in terms of scattering
coefficients. Figures ©50-59 show the results of the
compression and shear components of the refracted Qave. From
these figures, we can see that for .certain wvalues of
roughnesses of the interface (for example, 0<0.315 mm for
the scattered P-wave, 0<0.210 for the scattered SV-wave,
0<0.275 for the refracted P-wave, and 0<0.170 for the
refracted SV-wave), the maximum values (peak valués) of the
distributions of the compression and shear components of both
scattered and refracted waves still occur in the specular
directions. From these figures we can also see. that ‘the values

in the specular directions of all the waves decrease as the




roughness

Table 4.

increases.
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Values of specular directions (degree) for
different incident angles due to incident
P-wave with frequency f=10 MHz

incident scattered scattered refracted refracted
angle P-wave Sv-wave P-wave SvV-wave
- (degree) (region A) | (region A) | (region B) | (region B)
10 10 5.405 7.782 3.883
20 - 20 10.693. 15.467 7.664
30 30 15.738 22,946 11.243
45 45 22.556 33,460 16.005
60 60 28.021 42.475 19,737
b). The general angular distribution of the results

From Figs. 40-49 and 50-59, we can see the general
angular distributions of the cqmpression and shear componenﬁs
of both scattered and refracted waves respectively. The basic
profile of the angular distribution versus the observation
angle is similar for different component and different
roughness. The reason for this fact is the dimension and the
shape of the rough boundary over which the integration is
carried out. As we mentioned in  Chapter 7, we introduce a
factor (called integration factor in this paper) fP/a (g = p,
s) which is given by Egqg. (7-31). It is just this integration
factor which affects the basic profile of the angular

distributions of the scattered P-wave and SV-wave components
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of both the scattered and refracted fields except the case of
very rough interfaces.

c); The roughness effects in the results

From these figures, we can see that the roughness of the
interface affects the overall scattering coefficients of the
scattered and the refracted fields in two ways. First, as the
roughness incfeases, the values of the overali scattering
coefficients of both scattered and refracted fields decrease.
This is due to the roughness factors which are gﬁven and
discussed in Chapter 7. Second, the overaii”'écaiterihg
coefficients not only decrease as the roughness increases, but
also are affected in the side lobes by the roughness. From
figs. 40-44, we can see that as the roughness increases, the
size of the side lobes (relative to the result in the specular
direction) in the region of the sﬁaller observation angle is
getting smaller, and the size of the side lobes in the region
of the larger observation angle is Qetting larger. This is due
to the angular effects of the roughness factor. Figures 24-27
in Chapter 7 show the results bf the angular effects. Figures
" 40-59 also show the difference between the shear components
" and thé compression components in the effects by roughness. By
éomparing Figs. 40, 41 with Figs. 45, 46 and Figs. 50, 51 with
Figs. 55, 56, we note that for both scattered and refracted:
waves, the changing of the results from a smooth interface to
a certain réugh interface for the shear components is

considerably greater than that for the compression components.
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This is due to the shorter shear wavelength.
d). The effects by integration domain in the results
The size of the integration domain( which depehds on the

width of the incident wave, affects the results of both

\'scatteped_ and refracted fields. Figures 60-71 show the

effects. From these figures, it is clear that for both
compression and shear wave components of the scattered and
refracted waveé, the size of the integration domain affects
the distribution of the results. . As the 'size of the
integration domain increases, the number of the side lobes
increases, and the amplitude of the side lobes decreases. The
width of lobe in the specular direction decreases as the size
of the integration domain increases. However the amplitude of
the lobe in the specular direction does not change for
different integration domains. From these results, we can see
that the larger the size of the integration domain, the more
scatfé;ed energy concentrates in the specular directioh.

e). Diffusely scattering and refracting

Figures 44, 49, 54 and ‘59I show the results of the
diffusely scattering and refraction for both compression and
shear waves. From these figures, we can see that the diffuse
scattering and refraction occurs for the case of very fough
interface. However for different waves,'the diffusing occurs
at different roughness. The shear components of both scattered
and refracted waves diffuse at smaller values of the roughness

than the compression components do. For example, in the
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scattered fields, diffusion occurs at 0¢=0.210. (mm) for the
shear componéent and o¢=0.315 (mm) for the compression
component. In refracted fields, diffusion occurs at 0=0.170
for the shear component and 0=0.275 for the compression
component. This is because the wave numbers of the shear waves
are larger than those of the compression waves. The
expressions of the roughness factors, Eq. (7-36), show that
the roughness factors are dependent on the wave numbers.

f). Diffraction effects in the wave scattering problem

From Figs. 40, 45, 50 and 55 we note that scattering from
a smooth surface exists in this problem. This is because of
the d%ﬁfrgction. Since the size of the scattering surface,
which is related to the size of the width of the incident
wave, is assumed to be finite, the diffraction effects occur.
For more detail about diffraction effects, refer to the papers
by Achenbach and Gaustesen (1977) and Banaugh and Goldsmith
(1963). In order to investigate the diffraction effects
involved in this problem, we studied a special.caée of the
" scattering from a smooth surface for one material only (the
second region is assumed to be vacuum). The results for
differeﬁt size of the smootﬁ surface are calculated and shown
in Figs. 72-77. From these figures we can see that the
dlffractlon effects decrease as the size of the 1ntegrat10n
domaln increases. For a large size of the smooth surface, for -
example, L=200 (mm), the plot (Fig. 77) shows that diffraction

effect is very small and can be ignored.
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g). Effect of varying roughness for large size surface

Figures 78-81 show that for different roughness, the
scattering coefficients from a large size surface have
different distributions. As the roughness incrgases} the value
of the scéttering coefficient decreases. For a very fough
surface, for example 0=0.315 (mm), the overall distribution of
the scattered field changes considerably. Since the
diffraction effect is very small in the case of a large size
surface, thé results in Figs. 78-81 show the "pure" effect of
the wave scattering form a rough surface.

‘'h). Comparison of results for different incident angles

In this work the results of scattered fields for.

different incident angles, for example, 0;,.=0, 10, 20, 30
kdegree), are also calculated and shown in Figures (82-85).
From these figures we can see that the incident angle affects
the over all distribution of the scattered field. For the
normal incident wave, the scattered field has a symmetrical
distribution about the specular direction (see.Fig. 82). If
the incidgnt angle is changed from the normal direction, say
Binc=1b (degree), the scattered field has no longer a
symmetrical distribution about the specular direction (see
Fig. 83). From the figure we see that the scattered field at
the region beyond the specular direction has larger values
than those at the region less than the specular direction.
The figure presents a uneven distribution. As the incident
angle increases, the uneven diétribution increases (see

/
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Figs. 84, 85).

The Results due to Incident Shear Wave

For incident shear wave, the specular directions of all
scattered and refracted waves are different from those due to
the incident compression wave. Table 5. shows the values of

the specular directions due to the incident shear wave.

Table 5. Values of speculaf directions (degree) for
different incident angles due to incident SV-wave
incident scattered scattered refracted refracted
angle P-wave SV-wave P-wave - ‘P-wave
(degree) (region A) | (region A) | (region B) | (region B)
30 : 67.2016 30 45.9515 21.0619

The numerical results for the case of the incident shear
wave, in terms of scattering coefficient, are listed in Figs.
86-111. From these figures we can see that the results of the
scattered and fefracted fields due to the incident shear wave
have similar properties as the case of incident compreésion
wave does.

Figures 86-99 show that both scattered and refracted
fields due to incident shear wave decrease as the roughness
increases. Figures 89, 93, 96 and 99 show the resﬁlfs of the
diffusely scattering and refraction for both compression and
shear waves. Ffom these figures, we can see.that the diffusely
scattering and refraction occur for the case of very rough

interface. However for different waves, the diffusing occurs
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at different roughness. The shear components of both scattered
and refracted waves diffuse at smaller values of the roughness
than the compression components do. For example, in the
scattered fields, the diffusion occurs at ¢=0.170. (mm) for the
shear component and 0=0.220 (mm) for the compression
component. In refracted fields, the diﬁfusion occurs at
0=0.150 for the shear component and 0=0.220 for the
compression component. This is because the wavelength of the
shear wave is larger than that of the compressibn wave. The
expressions of the roughness factors, Eq. (7-36), show that
the roughness factors are dependent to the wave numbers.

Figures 100-111 show that the size of the integration
domain, which depends on the width of the incident wave,
affects the results of both scattered and refracted fields.
From these figures we can see that for both compreésion and
shear wave components of the scattered and refracted waves,
the size of the integration domaih affects the distribution of
the results. As the size of the integration domain increases,
the number of the side lobes increases, and the amplitude of
the side lobes decreases. The width of lobe in the specular
direction decreases as the size of the integration domain
increases. However the amplitude of the lobe in the specular

direction does not change for different infegration domains.
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SCATTERING COEFFICIENT (Cfpp)
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Figure 40. Scattering coefficient for scattered P-wave
in region A due to incident P-wave (a=0.0 mm)
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Figure 41. Scattering coefficient for scattered P-wave
in region A due to incident P-wave (cr=0.12 mm)
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Figure 44. Scattering coefficient for scattered P-wave
in region A due to iIncident P-wave (a=0.315 nn)
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Figure 45. Scattering coefficient for scattered SV-wave
in region A due to incident P-wave (a=0.0 nn)
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Figure 46. Scattering coefficient for scattered SV-wave
in region A due to incident P-wave (c=0.12 mm)
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Figure 47 Scattering coefficient for scattered SV-wave
in region A due to iIncident P-wave (0=0.18 mm)
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Figure 48. Scattering coefficient for scattered SV-wave
in region A due to iIncident P-vave (a=0.205 i)
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Figure 49. Scattering coefficient for scattered SV-wave
in region A due to iIncident P-wave (a@a=0.210 mm)
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Figure 50. Scattering coefficient for refracted P-wave
in region B due to incident P-wave (0=0.0 ran)
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Figure 51. Scattering coefficient for refracted P-wave
in region B due to incident P-wave (0=0.12 mm)
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Figure 52. Scattering coefficient for refracted P-wave
in region B due to iIncident P-wave (a=0.18 mm)

REFRACTING COEFFICIENT (CfppB)
3.5000 E -OS

REFRACTED P-KA\E
SIGiiA=Q-ZTO (mm)
ZZ=-ZI=10 (mm)

3.0000 E—OS
2.5000 E-OS
2.0000 E-OS
1.5000 E-OS
1.0000 E-OS
5.0000 E—09

0.0000 E+00
OBSERVATION ANGLE (DEG)

Figure 53. Scattering coefficient for refracted P-wave
in region B due to incident P-wave (@=0.270 mm)
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Figure 54. Scattering coefficient for refracted P-wave
in region B due to incident P-wave (@=0.275 nn)
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Figure 55. Scattering coefficient for refracted SV-wave
in region B due to incident P-wave (a=0.0 run)
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Figure 56. Scattering coefficient for refracted SV-wave
in region B due to incident P-wave (a=0.12 mm)
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Figure 57. Scattering coefficient for refracted SV-wave
in region B due to incident P-wave (@=0.15 mm)
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Figure 58. Scattering coefficient for refracted SV-wave
in region B due to incident P-wave («=0.165 mm)
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Figure 59 . Scattering coefficient for refracted SV-wave
Iin region B due to incident P-wave (@=0.170 mm)
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Figure 62. Scattering coefficient for scattered P-wave in
region A due to incident P-wave (L2=-L1=1S mm)
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Figure 63. Scattering coefficient for scattered SV-wave in
region A due to incident P-wave (L2=-L1=S mm)
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Figure 66. Scattering coefficient for refracted P-wave 1in
region A due to incident P-wave (L2=-L1=S mm)
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Figure 67. Scattering coefficient for refracted P-wave In
region A due to incident P-wave (L2=-L1=10 mm)
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Figure 72. Scattering coefficient for scattered P-wave due to
incident P-wave (one material case L2=-L1=10 mm)
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Figure 73. Scattering coefficient for scattered P-wave due to
incident P-wave (one material case L2=-L1=Z0 mm)
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Figure 74. Scattering coefficient for scattered P-wave due to
incident P-wave (one material case L2=-L1=SO mm)
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Figure 75. Scattering coefficient for scattered P-wave due to
incident P-wave (one material case L2=-L1=SO0 mm)



158

SCATTERING COEFFICIENT (Cfpp)

OKE MATERIAL CASE

SCATTERED P-W AW
SICMA=0-0 (mm)
IS=-11=100 (mm)

0.50 —

OBSERVATION ANGLE (DEG)

Figure 76. Scattering coefficient for scattered P-wave due to
incident P-wave (one material case L2=-L1=100 mm)
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Figure 77. Scattering coefficient for scattered P-wave due to
incident P-wave (one material case L2=-L1=Z00 mm)
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Figure 78. Scattering coefficient for scattered P-wave from
large surface (one material case, a=0.0 mm)
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Figure 79. Scattering coefficient for scattered P-wave from
large surface (one material case, a=0.12 mm)
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Figure 82. Scattering coefficient for scattered P-wave
(incident angle Qinc=00, a=0.315 nun)
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Figure 83. Scattering coefficient for scattered P-wave
(incident angle Qinc=100, a=0.315 nn)
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Figure 86. Scattering coefficient for scattered P-wave
due to incident SV-wave (a=0.0 rnun)
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Figure 87. Scattering coefficient for scattered P-wave
due to iIncident SV-wave (a@=0.12 nn)
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Figure 88. Scattering coefficient for scattered P-wave
due to incident SV-wave (a@=0.18 mm)
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Figure 89. Scattering coefficient for scattered P-wave
due to iIncident SV-wave (0=0.22 mm)
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Figure 90. Scattering coefficient for scattered SV-wave
due to incident SV-wave (a=0.0 ran
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Figure 91. Scattering coefficient for scattered SV-wave
due to iIncident SV-wave (0=0.12 mm)
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Figure 92. Scattering coefficient for scattered SV-wave
due to incident SV-wave (@=0.14 mm)
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Figure 93. Scattering coefficient for scattered SV-wave
due to incident SV-wave (@=0.17 mm)
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Figure 94. Scattering coefficient for refracted P-wave
due to incident SV-wave (a=0.0 mm)
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Figure 95. Scattering coefficient for refracted P-wave
due to iIncident SV-wave (@=0.12 mm)
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Figure 98. Scattering coefficient for refracted SV-wave
due to incident SV-wave (@=0.12 mm)
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Figure 99. Scattering coefficient for refracted SV-wave
due to i1ncident SV-wave (@=0.15 mm)
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Figure 100. Scattering coefficient for scattered P-wave due
to incident SV-wave (L2=-L1=S mm, a=0.12 mm)
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Figure 101. Scattering coefficient for scattered P-wave due
to incident SV-wave (2=-L1=10 mm, a=0.12 mm)



171

SCATTERING COEFFICIENT (Cfsp)
0.04500

0.04000 SCATTERED P-WAVE
£2=—11=15 (mm)

0.03500 SICUA=QAz (mm)

0.03000
(INCIDENT SV -WAVE)
0.02500

0.02000
0.01500
0.01000 -
0.00500

0.00000
65 70 75

OBSERVATION ANGLE (DEG)

Figure 102. Scattering coefficient for scattered P-wave due
to incident SV-wave (L2=-L1=1S mn, c=0.12 mm)
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Figure 103. Scattering coefficient for scattered SV-wave due
to incident SV-wave (.2=-L1=S mm, a=0.12 mm)
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Figure 104. Scattering coefficient for scattered SV-wave due
to incident SV-wave (L2=-L1=10 nuin, a=0.12 nn)
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Figure 105. Scattering coefficient for scattered SV-wave due
to incident SV-wave (L.2=-L1=IS nn, a=0.12 nn)
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Figure 106. Scattering coefficient for refracted P-wave due
to incident SV-wave (L2=-L1=S mm, a=0.12 rnn)
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Figure 107. Scattering coefficient for refracted P-wave due
to incident SV-wave (2=-L1=10 nn, a=0.12 rn)
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Figure 108. Scattering coefficient for refracted P-wave due
to incident SV-wave (L2=-L1=IS mm, a=0.12 ran)
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Figure 109. Scattering coefficient for refracted SV-wave due
to incident SV-wave (I2=-L1=S ran, a=0.12 ran)
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Figure HO. Scattering coefficient for refracted SV-wave due
to incident SV-wave (L2=-L1=10 ran, a=0.12 ran)
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Figure 111. Scattering coefficient for refracted SV-wave due
to incident SV-wave (L2=-L1=IS ran, a=0.12 ran)
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CHAPTER 9
SUMMARY

A theoretical investigation of elastic wave scattering
from a random rough interfacé'between two elastic solids is
studied in this dissertation. This work presents a general
approach for elastic wave scattefing problems. Some special
cases of elastic wave scattering involQing simpler boundaries,
for example, a freeyboundary, rigid boundary, or_an interface

with given shape, can be easily evaluated from the basic

processes in this work. The formulation and evaluation of this

problem result in the scattered and refracted field being

expressed in terms of surface integrals which are based on the

elastic reciprocal relations. The surface integrals contain

elastic Green's functions and scattered fields on the rough
boundary. The evaluations of the Green's functions are based
on the exponential Fourier transform. The scattered and
refracted fields are evaluated by applying the XKirchhoff
épproximation. This gives the solutions of the scattered and
. refracted fields on the rough boundary in terms of the
incident wave and -plane reflection cpefficients° The
application of the Kirchhoff method to this problem.is a
crucial step, because the unknown scattered and. refracted
fields on the rough boundary can be replaced by known

quantities in this approximation. The Kirchhoff approximation,
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however, requires that the radius of curvature of the rough
interface be much larger than the wavelength of the incident
wave. For typical values of the surface roughness in modern
industries, say, fatigue cracks or manufacturing defects, the
elastic Kirchhoff approximation requires high frequency
incident waves. Because the rough boundary is assumed -to have
a random profile, exact results of the scattered fields'Can
not be obtained, and the average evaluations are performed
numerically. | |

From the results, we can observe the general
distributions of the scattered and refracted fields versus the
observation angle, the peak values in specular directions, and
the diffuse signals. These‘resuits show that the theoretical'
study in this work has important industrial applicationé in
non-destructive testing (NDT) techniques. The problem
involving wave scattering from a rough interface between two
- elastic solids can be applied to NDT for a weld joint. between
two metal parts. For a given sending signal, the quality of
the weld joint can be investigated from the received signal.
The theoretical study can also be. applied to NDT for flaws
inside elastic solids, which can be considered as a problem
involving wave scattering from a free boundary. From the
received signal, the scattered fields in the specular
difections, and the general distributions qf the scattered
fields, the location and sizé of flaws inside a solid can be

investigated. For example, as the location of a flaw inside a
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solid changes, the specular direction of the receiving signal
changes, and the larger the size 6f the flaw, the more the
scattered fields are concentrated around the specular
direction.

The diffusion effects in the wave scattering problem are
also observed in this work. The results show that in the case
of very rough boundaries, the incident wave (either a
compression wave or a shear wave) is diffusely scatfered, and
the maximum value of the scattered field is no 1longer
scattered in the - specular direction. A more detailed
discussion about the diffusion effects for incident shear wave
and the refracted fields is given in Chapter 8.

The restrictions of applying the Kirchhoff approximation
show that wave scattering problems involving a rough surface
with rapid change in its gradient cannot be evaluated using

this method.
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-APPENDIX A .

DERIVATION OF GREEN'S FUNCTION
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The elastic Green's functions of displacement and stress
components are generated by a point load acting at position r
measured from the origin. The procedure of determining the
Green's functions is given below. First let us consider a
point load which has the following form (Acnenbach, Gautesen,

and McMaken 1982, P22).

fi=a;g(t) 8 (r/-1) '(A—l)

where f; is the it? component of the point load which acts in
the direction of the unit vector a; a; is the ith component of
the unit vector a; g(t) is the point load of time dependence.
In our problem, we consider the special case of a time-
harmonic motion. Therefore the time dependence g(t) has the

form

g(t)=Fyexp(-iwt) . (A-2)

where the symbol F, is used here to keep track of dimension.
The dimension of F, is force. The magnitude of F, is unity.
The components of  displacement and stress fields
generated by the point load depend linearly on the components
of the unit vector a. If we introduce a tensor of rank two
G

uGik for displacement, and a tensor of rank three 7 i5% for

stress, then we have the relations
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G G_ . '
Ui =Uixdy (A-3)

G G '
V37T 17k (A-4)

The governing equation of the Green's displacement and

stress tensors is
(250, 0 usi=-8;8 (Z-I) F, (a-5)

where uGik is called the Green's displacement tensor which is
the ith displacement due to the point load component in the xth

direction; TGijk is the Green's stress tensor. The relation

between the Green's displacement tensor and the Green's stress

tensor is

Tfjk:cijlm(uli) e o (A-6)
for an isotropic material, the coefficient Cij1m is constant
and given by
Cim=A0 150 1t b (618 5;,+8 110 51) (A=7)

Putting (A-7) into (A-6), we have

T:%k=}~51j (Upge) , o+ DUy | 5+ (Uy) 4] (A-8)
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Equation - (A-5) can be solved by application of the
Fourier transform with respect to the spatial coordinates. The

definition of the Fourier transform is

7 (&) =ff}f<x) exp (iE. x) dx, dx,dx, (a-9)

and the Fourier inversion is

o 1 7 - : |
£(x) = (zms”_ff(i) oxp (18 ) dE, e, (A-10)

the Fourier transform of the derivative of first order is

F(x) ;=18 ;F(E) : (A-11)

Taking Fourier transforms of the equations (A-5) and

(A-6), we have

-1 75 +p0?Uf=-8 exp (iE.2)F, - ' (A-12)
and

?%k=qUﬂﬁgi(‘i£1) ' (A-13)

Putting (A-13) into (A-12), the terms of Green's stress

components in the Fourier transform are eliminated. Then we
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have the following equation

Cij1mb 18 1 P02 U5=8 exp (1£. 1) Fy (A~-14)

To solve this equation, let us first simplify this

equation by multiplying both sides of this equation by a.

Then we have

Cijm 1€ [Un-pwPui=a,exp (1§.1) Fy ‘ (A-15)

where a; is the ith component of the unit vector. Introducing

® 1= Cij1mb 1€ 17 PO 1y (A-16)

with relations -

ui=um6im (A-16)
a;=a;0 , (A-17)

The equation (A-15) can further be Written as a system of

linear equations
& p=a,;0xp (1. 1) Fy . (A-18)

The solutions of this set of the algebra equations are

given below (Eason et al, 1956)
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- D,
where
gy Gyp O3
D=0;; CGpp Gp3 (A-20a)
®3q G35 G33
Fy Gy Ogg
D,=F, @,, 0, ; (A-20Db)
Fy Gyp O
¢y Fy oy
Dy=jety, Fy Gy - (A-20c)
@y, Fy Oy
|
Cqq Oq5 Iy
Dy=tyy Gyy F (A-204)
Uyy Oap Fy
F,=a;exp(il.I)Fy - (A-21)

Finally the solutions of the displacement components, in
terms of the Foruier transform, can be obtained from the above
equations, and are written in (A-22). A similar procedure for

solving the set of the linear equations can be found in
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work by Tan (1975). \

Cil 1 ___ 1 01k ,
ks (<€2-k§> (82-k2) )+ (E2-k2) exp(iL-2)  (p-22)

In order to obtain the solutions of the displacement
components of the elastic Green's functions, we now need  to
invert the equation (A-22). From the definition of the Fourier

inversion, we have

_ uii:(%) (I,+T,+15) . (A-23)
where
1 (T d; ; | :
L ays [ i el 3. (-0 ok, (a-24)

Ip= (2n)3fff ( f )exp[ 15 (r'-1)1dE,dE,dE, (A-25)

Iy= (zn):sfff (gz kz)exp[ iE. (/- ;)]de dE,dE; (a-26)

To carry out these integrals, let us first consider the
integral (A-24). The evaluation can conveniently be achieved

by a transform to spherical coordinates (p, 6, ¢), where the
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azimuthal axis is chosen in the direction of (r"-r ), and 9
is the azimuthal angle between £ and azimuthal axis, which is

shown in Fig. 112

Figure 112. The transform of coordinates

Therefore, after this transform, we have the following

relations

IH=P (A-27)

H=P2 (A-28)
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E.('-r) =pRcosd (A-29)

dE,dé,dE,=p?sinddpdido (A-30)

' where

=(z/-1,) 2+ (2/ym1,) 2+ (2)5-1,) 2 (A-31)

From this transformation, the integral (A-24) becomes

27

fff p Sl]:l(b exp (-ipRcosd) dpdddd | (A-32)

000 s

2" (275)3

It is easy to integrate (A-32) with respect to variables O

and ¢. This yields

_isik p p 3 s
= - gitR-g-iPR)d | ,
(2.1:)2R£,pz_kg( 3 )dp .. (A-33)

T

For the second term on the right hand side in the integral (A-
33), we introduce z=-p and dz=-dp. Since the domain of p is
0-® , then the domain of z is '0--x. After changing the

variable and domain, the equation (A-33) becomes

_18, T goiz®  (a-32
Il ik f ze ( )

dz
(2m) 2R_,,. Zz';'k:

To solve this integral, a contour integration in the upper
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- half domain of the z-plane must be considered (for the
details, see Appendix B). This yields the solution of the

equatibn (A-34) as

_ Ouk iR - ~ (A-35)

T
1 47R

For the integrals'I2 and I; in equations (A-25) and (A-
26) respectively, we can use é similar. procedure or apply the
result in (A-35). Also we need to consider the rule that the,
factor —iEj in the .f-space corresponds to fhe partial

derivatives in x-space, i.e.

-1E F(E) =f.{—%—f(x)}

5, (A-36)
N -]
(-1& ;) ( lgj)ng) f7{axiaxjf(X)} (A-37)
This yields
1 8 8 exp (1k, R)
T,=—=
k2 O0x; O0x;  4mR (A=38)
|
| -1 8 o exp(ik.R)
T,=—=

k2 Ox; 0x, 4mR (A_39)
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Putting I;, I,, and I3 together, we obtain the solution

of the Green's function of the displacement as:

F
ufe (22) {6ikG<kSR> +=L{GUCR) -G Ui R) ],ik}

s

(A-40)

where

exp (1k,R)

Gk R) =—

a= p, S (A-41)

Consequently we can calculate the stress tensor from the
result in (A-41). Using the following relation between stress

and displacement

and substituting (A-40) into (A-42), we can obtain the

solution of the stress tensor as

,ijk+6ikG(ksR) 5
s

rlg-jk=Fo{—];2—2[G(ksR) ~G(k,R)]

| 2k}
+0 ;,G(kR) ,i+6ij(1— kz"]G(kpR) K (A-43)

s
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APPENDIX B

THE CONTOUR INTEGRATION
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Let us consider the integral

f zeizR d=
(2ti)2R Ja z~-k8 (B-D

and chose a contour (see Fig. 113)

CcC=Cru (—r,r) (B_z)

Figure 113. The contour in z-plane

By evaluating Eg. (B-1) on the contour shown in Fig. 113, we

have
IzeizR dz
z2-R8

dz (B-3)
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-For the. first term in Eq. (B-3), we have

zaiRz zaiRz
———dz=
z2-k2 4 (z+kg) (z-k ) (B-4).

It is clear that in Eq. (B-4) k., is the only ‘singular point

inside C. So we obtain

ze iRz ., iRk : ,
—dz=ine ,
J (z+k,) (z-k,) Z=1m - (B-5)

For the second term in Eq.. (B-3)

. 1Rz
lim[f ze dz

T 22—kl (B-6)
let
z=re®=r(cosB+isind) : . (B-7)
then
ZeJiRZ e1Rr(cose+.1s:|.ne) o
< |d(rei®)|
2 B-8a
Cy Zz_k Z' cJ . ( )
” =irRsin®
re- 10
= d(ze®) | (B-8b)
o |2%|- k5]
ﬂ .
=T fe-rRsineliIeielde ) (B-8c)

r2-k2
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T

_ r? -IRSind

— fersu 4o (B-8d)
0 Co. :

ki
2 n
I -rRsind -rRsin®
= e df+ | e TReIN94H
r2-k? { _ { (B-8e)
Z
For the second term in Eg. (B-8e), we set
a'—."n;-e | (B-9) -
then Egq. (B-8e) becomes
k]
2 2
- T zfe-rRsinede ) ' (B-10)
Iz"k: 0 ‘
With the result:
sinezie- for 0<6<- %
T 2,
We can rewrite the Eg. (B-8a) as
I
2 -zRie-. )
f(...)d‘z"sfe = 40 - (B-11a)
cr | 0

‘=___L 1-e° T o .
(rz—kﬁ)R[ g S (B~11b)
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By taking ‘a limit of Eg. (B-11lb) we have

i_ig{__L(l_e-.m)}:o

(r2-k2)R (B-12)
Therefore
: iRz
2677 gz=0
z, Z2-kg (B-13)
Finally we obtain the result
6.7!}: ik R B-14
I,= et ( )

" 4R
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APPENDIX C

COMPUTER PROGRAM
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Figure 114. Computer program of wave scattering

ot 2 xR E i T T T T e

Q

C
THE PROGRAM OF -SOLVING A TWO-DIMENSIONAL C
WAVE SCATTERING PROBLEM (NUMERICAL METHOD) C
C
C
C

RS R E R LSRR R R ETES LTSS LTSI E LT EEIE LT

DESCRIPTION OF THE WAVE SCATTERING PROBLEM

THE PROBLEM INVOLVES WAVE SCATTERING AND WAVE
REFRACTING FROM A ROUGH INTERFACE BETWEEN TWO ELASTIC
MEDIA (REGION A AND B). AN INCIDENT WAVE PROPAGATES IN
REGION A TOWARD THE ROUGH INTERFACE. WHEN THE INCIDENT
WAVE REACHES THE ROUGH INTERFACE, TWO SCATTERED WAVES
(P-WAVE AND SV-WAVE) WILL GENERATED ON THE INTERFACE
AND PROPAGATE IN REGION A, ANTHER TWO REFRACTED WAVES
(P-WAVE AND SV-WAVE) WILL GENERATED ON THE INTERFACE
AND PROPAGATE IN REGION B. THIS PROGRAM IS USED TO
CALCULATE THE DISTRIBUTIONS OF THE SCATTERED AND THE
REFRACTED FIELDS. .

INVOLVED NAMES OF VARIABLES AND CONSTANTS ARE
LISTED IN LIBRARY.

PROGRAM IS WRITTEN BY HEMIN YANG

" JUNE 1989

*****&****************************************{ﬁiﬁ*********

THE LIBRARY (DESCRIPTIONS OF VARIABLES)

tNoNoNoNoNoNesNoNoNoNoNoNo N NoNoNo NN No N No N No No Eo o No N Ne N Ko No Ne Ko Ko No Ko Ko N e Ko Xo Ko N o X o X o Re N e

ALPHA --- INCIDENT ANGLE RELATIVE TO LOCAL NORMAL

ALFAP --- ANGLE BETWEEN SCATTERED P-WAVE AND LOCAL
NORMAL

ALFAS --- ANGLE BETWEEN SCATTERED SV-WAVE AND LOCAL
NORMAL

ALFAPB --- ANGLE BETWEEN REFRACTED P-WAVE AND LOCAL
NORMAL

ALFASB --- ANGLE BETWEEN REFRACTED SV-WAVE AND LOCAL
NORMAL

BETABA --- THE LOCAL NORMAL (IN DEGREE )

BBA --- THE LOCAL NORMAL ( IN RADIAN )

CP --—- WAVE SPEED OF P-WAVE IN REGION A

CS --— WAVE SPEED OF SV-WAVE IN REGION A

CPB --- WAVE SPEED OF P-WAVE IN REGION B




sNeNoNeNoNoNeRoNONONO RO N RO N RO N RoRo o No NoNoNo No NoRo No o]

QOO0
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CSB --- WAVE SPEED OF SV-WAVE IN REGION B

E ---- YOUNG's MODULUS OF THE REGION A

EB ---- YOUNG's MODULUS OF THE REGION B . _ __
F ---- THE FREQUENCY OF THE INCIDENT WAVE
KP --- WAVE NUMBER OF P-WAVE IN REGION A .
KS --- WAVE NUMBER OF SV-WAVE IN REGION A
KPB --- WAVE NUMBER OF P-WAVE IN REGION B
KSB --- WAVE NUMBER OF SV-WAVE IN REGION B
Ll --- START POINT OF INTEGRATION DOMAIN

L2 --— END POINT OF INTEGRATION DOMAIN

IMDA —--- ELASTIC CONSTANT OF REGION A

LMDAB --- ELASTIC CONSTANT OF REGION B

NU ---— POISSON RATIO OF THE REGION A

NUB --- POISSON RATIO OF THE REGION B

MU --- ELASTIC CONSTANT OF REGION A

MUB --- ELASTIC CONSTANT OF REGION B

ROW —-- THE WEIGHT DENSITY OF REGION A

ROWB --- THE WEIGHT DENSITY OF REGION B
SIGMA —--- THE ROUGHNESS OF THE INTERFACE
SIGMAG --- THE GRADIENT OF THE INTERFACE

W --—- THE CIRCULAR FREQUENCY :
ZETAin --- THE INCIDENT ANGLE ( IN DEGREE )
Zin -~—— THE INCIDENT ANGLE ( IN RADIAN )
AMin --- AMPLITUDE OF THE INCIDENT WAVE

g --- GRAVITY

DECLARE VARIABLES

REAL NU, NUB, MU, MUB, LMDA, LMDAB, KFA , KFAB, MUT , KFAT
REAL KP,KS,KPB,KSB,KT,KTB,LMDA, LAMDAB, LX, L1, L2
REAL I1,I3,I11,I33,I13,ICHK1,ICHK2

REAL I1B,I3B,I11B,I33B,I13B,LAMDAO

OOOO(?
|

SET DIMENSIONS

DIMENSION X(20) ,A(20),F1(20),F3(22),F11(20)
DIMENSION F33(20),F13(20),F1B(20) ,F3B(20)
DIMENSION F11B(20),F33B(20),F13B(20)

DIMENSION FCHK1(20),FCHK2(20) :

OPEN FILES OF INPUT AND OUTPUT

CHARACTER*20 NAMEL
CHARACTER*20 NAMEZ2
CHARACTER#20 NAME3
CHARACTER*20 NAME4
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WRITE(*,*) '==== TYPE IN THE NAME OF INPUT FILE ===='
READ(*,1) NAME1

WRITE(*,*) '=== TYPE IN THE NAME OF OUTPUT-1 FILE
READ (*,1) NAME2

WRITE (*,%) '=== TYPE IN THE NAME OF OUTPUT-2 FILE
READ (*,1) NAME3

WRITE(*,*) '=== TYPE IN THE NAME OF OUTPUT-3 FILE

READ(*,1) NAME4
1 FORMAT( A20 )

OPEN (1, FILE=NAME1l,STATUS='0LD', FORM='FORMATTED')
OPEN (2, FILE=NAME2 , STATUS='NEW', FORM='FORMATTED')
OPEN (3, FILE=NAME3 , STATUS='NEW', . FORM='FORMATTED')
OPEN (4 , FILE=NAME4 , STATUS='NEW', FORM="'FORMATTED')

NaOQQ

o NeReNeRoRoReRe

GET DATA FROM INPUT FILE

N = 15
po 10 I =1,N,1
READ(1,2) X(i),A(i)
10 CONTINUE
2 FORMAT (2 (E16.9))

THE CONSTANTS ( IN METRIC UNITS [ Kg,mm,Sec ] )

1) . INFORMATION ABOUT THE INCIDENT WAVE"
AND THE INTERFACE

WRITE(%,*)! === PUT IN THE VALUE OF (ZETAin) ===
WRITE(*,*) 'THE INCIDENT. ANGLE (2ZETAin) CAN BE'
WRITE(*,*) 'CHOSEN AS 0, 10, 20, 30 (DEGREE)'

READ(*,3) ZETAin
3 FORMAT (F16.6)

Zin = ZETAiN*3.141593/180.

WRITE(*,*) ' === PUT IN FRENQUENCY (F) ==='
WRITE (*,*)'THE FREQUENCY (F) USED. HERE IS’
WRITE(*,*)'4E+07, 6E+07, 8E+07, OR 1E+08 (MHz)'

READ(*,3) F

W = 2,%¥3.,141593%*F
AMin = 1.
g = 9800.




WRITE(*,*)' === PUT IN VALUE OF (SIGMA) ==='
WRITE(*,*) 'THE AVERAGE VARANCE OF THE ROUGH INTERFACE'
WRITE (*,*) 'INTERFACE (SIGMA) USED HERE IS FROM 0.0 TO
WRITE(*,*)' 0.315 (mm) ==='

READ (*,3) SIGMA

LMDAO = .65
SIGMAG= SIGMA/.65

WRITE(*,*)'=== PUT IN VALUE OF (L1) and (L2) ==='
WRITE(*,*)' VALUES OF (L1) and (L2) USED HERE ARE
WRITE(#*,*)' FROM L2=-L1= 5.0 TO 200.0 (mm) ==='

READ(*,4) . L1,L2
4 FORMAT (2 (£8.2))

c

c 2). INFORMATION ABOUT MATERIAL PROPERTIES OF THE FIRST
c REGION (REGION A)
c
c

WRITE(*,*) '=== PUT IN THE VALUE OF (NU) === "
WRITE(*,*) 'THE VALUE OF (NU) IS 0.25 - 0.30 !

READ(*,3) NU
WRITE (%, %) ' =mmm e e e e e '

.785e-05

ROW/g

.212E+05

.2915

E/(2.%( 1.+ NU ))

( E*NU)/( (1.+NU)*(1.-2.*NU))
SQRT( .(LMDA + 2.*MU )/RO )
SQRT ( MU/RO )

SQRT( 2.*(1.-NU)/(1l.-2.%NU) )
W/CP

Ww/Cs

ROW
RO
E
NU
MU
LMDA
CP
cs
KFA
KP
XS

3). INFORMATION ABOUT MATERIAL PROPERTIES OF THE SECOND
REGION (REGION B)

a0Qa

WRITE(*,*) '=== DO YOU WANT TO CALCULATE THE PRBLEM FOR'
WRITE(*,*) 'ONE MATERIAL OR TWO MATERIALS (TYPE 1 OR 2)'
WRITE(*,*) 'IF YOU WANT ONE TYPE 1, ELSE TYPE 2 ==='

READ(*,73) IRO1l2
73 FORMAT (I2)
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IF ( .-IRO12 .EQ. 1 ) THEN

ROWB = 0.0
ELSE
WRITE(*,*)'== PUT IN THE VALUE OF ROEWB =='

WRITE(*,*) 'VALUE OF ROWB IS 0.80E-05 — 0.85E-05 '
READ(*,3) ROWB

ROWB = .84E-05

END IF
IF ( ROWB .EQ. 0.E+0 ) THEN
GO TO 11
END IF
ROB = ROWB/g
EB = .121E+05
NUB = .33325
MUB = EB/(2.%( 1. + NUB ) )
LMDAB= ( EB*NUB )/( (1.+NUB)*(1.-2*NUB) )
CPB = SQRT( ( LMDAB+2.*MUB )/ROB)
CSB = -SQRT( MUB/ROB ) :
KFAB = SQRT( 2.%(1.-NUB)/(1.-2.*NUB) )
KPB = W/CPB
KSB = W/CSB

oNoNoNoNe!

WRITE (%, %) E EB NU
NUB' :

WRITE(*,5) E,EB,NU,NUB

WRITE (%, %) ROW ROWB RO
ROB'

WRITE(*,5) ROW,ROWB, RO,ROB |
WRITE (*,%)" MU MUB LMDA
LMDAB' |

WRITE(*,5) MU,MUB,LMDA,LMDAB

WRITE (*,%)" cP CPB es
CSB!' .

WRITE(*,5) CP,CPB,CS,CSB

WRITE (%, %) KFA KFAB £
wl

WRITE(*,5) KFA,KFAB, £, W S

WRITE(*,*) ! KP KPB .KS
KSB'

WRITE(*,5) KP,KPB,KS,KSB
FORMAT (1X,4 (E12.6,3X)//)
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C = e —_— —
C
C PRINT OUT HEADERS OF RESULTS
C @ mememmmmmme v e e
c .
C WRITE(*,*)' SIGMAG < Ul > ’ < U3 >
C S < U1lB > < U3B > ! '
11 WRITE(*,*)' ZETAOB - Usc-p CFP Uusc=-sv
$ CFs'! '
¢ DO 20 J = 0, 100,25
c SIGMAG = REAL (J/100.)
C== === EEES e
C . . .
C CALCULATE THE SUB~FUNCTIONS OF THE
C INCIDENT ANGLE ( ZETAin ) AND THE [ H'(X) 1.
C ____________________________________________
C
I1 = 0.0
I3 = 0.0
I11 = 0.0
I33 = 0.0
I13 = 0.0
ICHK1= 0.0
ICHK2= 0.0
I1B = 0.0
I3B = 0.0
I11B = 0.0
I33B = 0.0
I13B = 0.0

DEG = 180./3.141593
DO 30 I = 1,N
Y =X(I)

BBA = ATAN( 1.41421%*SIGMAG*Y )

AL = Zin - BBA

ALP = AL

ALS = ASIN( (KP/KS)*SIN(AL) )
B = ALP - BBA

G = ALS - BBA

BETABA = BBA*DEG

ALPHA = AL*DEG

ALFAP = ALP*DEG
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ALFAS = ALS*DEG

BETA = B*DEG
GAMA = G*DEG
IF (ROWB .EQ. 0.0 ). THEN
GO TO 22
END IF
C —————————————————————————————————————
ALPB = ASIN( (KP/KPB)*SIN(AL) )
ALSB = ASIN( (KP/KSB)*SIN(AL) )
BB = ALPB + BBA
GB = ALSB + BBA
ALFAPB= ALPB*DEG
ALFASB= ALSB*DEG
BETAB = BB*DEG
GAMAB = GB*DEG
C ————————————————
C
c CALCULATE ELEMENTS OF MATRIX [ Pl - W4 ]
C —— s e o T P B G P o e e S e S S i e . S e e e e . s s e
c
22 Pl = SIN( AL )
QL = cos( AL )
V1 ‘= SIN( 2.*AL )
Wi = COS( 2.*%ALS )
p2 = COS( ALS )
Q2 = SIN( ALS )
Y2 = KFA*COS( 2.*ALS )
W2 = (1./KFA)*SIN( 2.*ALS)
C —————————————————————————————————————————————
IF ( ROWB .EQ. 0.E+0 ) THEN
D = VI¥W2 + V2*Wl
D1 = V1#W2 - V2*W1
D2 = 2.*V1*W1
R11 = D1/D
R12 = D2/D
GO TO 33
END IF
c..-' —————————————————————————————————————————————

P3 = SIN( ALPB )

03 = COS( ALPB )

V3 = ( MUB/MU )*( CP/CPB )*SIN( 2.%*ALPB )

W3 = (MUB/MU)*(CP/CPB)* ((KFAB*KFAB) / (KFA*KFA) ) *COS (




$
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2.*ALSB )

P4
Q4

COS( ALSB )

SIN( ALSB )

V4 (MUB/MU) * (CP/CSB) *COS( 2.*ALSB )

W4 ( 1./(KFA*KFA) )*( MUB/MU )*( CP/CSB )*SIN(
2.*ALSB )

sNoNoNoNoNoRe o NoNe!

WUy

RREOEHGEOEH]

CALCULATE REFLECTION AND REFRACTION
COEFFICIENTS ( R11, R12, R11B, R12B )

R1l1 = D1/D , R12 = D2/D
R11B = D3/D , R12B = D4/D

D = P1*(Q2*(V3*W4 + VA*W3)+Q3* (V2¥W4 +V4*W2)
+Q4% (V3*W2 — V2*W3)) +P2*(Q1l* (V3*W4 + V4*W3)
+Q3% (VA*W1 - V1*W4)+Q4* (VI*W3 + V3*W1))+
P3% (Q1l* (V2*W4 + VA*W2)+Q2* (V1*W4 - V4*W1)
+Q4* (V1*¥W2 + V2*W1))+P4* (QLl* (V2*W3 - V3*W2)
+Q2% (V1*W3 + V3*W1)+Q3#* (V1*W2 + V2%W1))

Dl=—(P1% (Q2* (V3*W4+ V4*W3)+Q3*% (V2*W4 + V4*W2)
+Q4* (V3*W2 - V2%W3))+DP2% (Q1l* (-V3*Wd~ V4*W3)
+Q3% (VI*W4 + VA*W1)+Q4* (V3*WL — V1*W3))

+P3% (QL* (=V2*W4a- V4A*W2)+Q2% (-V1*W4- V4*W1)
+Q4* (V2#¥W1 - V1*W2))+P4* (Q1l* (V3*W2 - V2*W3)
+02% (V3*W1 - V1%W3)+Q3%*(V2*W1l - V1*W2)))

D2= 2.%(P1l*(Ql* (-V3*W4-V4*W3) + Q3*V1*W4 - Q4*V1*W3 )
+P3% (Q1¥VA*W1 + Q4%V1*W1) + P4* (Q3*VI*W1l — QL*V3*Wl))

D3= 2.%(P1*(Q1*(V2*W4 + V4*W2) + Q2*%V1*W4 + Q4*VI*W2)
+P2% (QL*VA*WL + QA*VI*W1) + P4%*(QL¥V2*W1l + Q2*V1*W1))

D4= 2.%(P1*(Q1l* (V3*W2 - V2*W3) - Q2*V1*W3 - Q3*V1*W2)
+P2% (Q1*V3*W1l — Q3*VI*W1l) + P3*(Q1l*V2*W1l + Q2*V1*Wl1))

R11 = D1/D
R12 = D2/D
R11B= D3/D
R12B= D4/D

oNoNeNeNe!

PRINT OUT THE RESULTS OF THE
REFLECTION AND REFRACTION COEFFICIENTS
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WRITE(*,*)' R11 R12 R11B
$ R12B!' '
WRITE(*,6) R11,R12,R11B,R12B
6  FORMAT(1X, 4(E12.6,3X)/)
WRITE(4,6) R1l, R12, R11B, R12B

CALCULATE FUNCTIONS OF ( BETA, GAMA, BETAB, GAMAB )

oNoNeNONS!

33 SB
CB
SG
CG

SIN( B
cos( B
SIN( G
cos( G

IF ( ROWB .EQ. 0.0 ) THEN
GO TO 44
END IF

SIN( BB )
cos( BB )
SIN( GB )
CcosS( GB )

0

o}

W w
o

C_.._- e e et

C CALCULATE INTEGRALS FOR THE AVERAGE EVALUATION

44  F1(I)
F3(I)

AMIN*( R11*SB + R12*CG)
AMIN*( R11*CB - R12*SG)

F11M1 = ( LMDA + 2.*MU )*SIN(Zin)*SB -
$ LMDA*COS(Zln)*CB

F11M2 = ( LMDA + 2.*MU. )*SIN(Zln)*CG +
$ LMDA*COS (Zin) *SG

F11(I) = KP*AMIN*( R11*F11M1 + R12*F11M2 )

F33(I) = KP*AMIN#*( (R11*CB -
$ R12%SG)* (-COS(Zin))* (LMDA+2 . *MU)
$ + LMDA* (R11*SB+R12%CG)* (SIN(Zin)) )

F13(I) = KP*AMIN*MU*( (R11*SB+R12*CG)* (-COS(Zin))
$ +(R11*CB-R12*SG)* (SIN(Zin)) )

F1B(I) = AMIN*( R11B*SBB - R12B*CGB)
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F3B(I) = —-AMIN*(R11B*CBB + R12B*SGB)

F11B(I)= KP*AMIN*( R11B#*( (LMADB +

2.*NUB) *SIN(Zin) *SBB + LMDAB*COS(Zin)*CBB) +
R12B*( LMDAB*COS(Zin)*SGB + ( LMDAB

+ 2.*NUB) *SIN(Zin) *SGB ))

F33B(I)= KP*AMIN#*( (LMDAB +

2.*MUB) * (R11B*CBB+R12B*SGB) *COS (Zin)
+ LMDAB* (R11B*SBB-R12B*CGB) *SIN(Zin) )

F13B(I)= -KP*AMIN*MUB*( (R11B*SBB-R12B*CGB)*COS(Zin)

-+ (R11B*CBB+R12B*SGB) *SIN(Zin) )

N NONO NS

PUT IN SOME CHECK FUNCTIONS

FCHK1(I) = EXP( Y ) :
FCHK2 (I)=(SIN( Y*(Y/2. + 1.414213 )))/1.414213

sNeNeNO NS

- I1B

CALCULATE THE INTEGRALS USING. GAUSSIAN QUADRATURE

- — — T T T S S T — T — A e - e - — - - G G " SE T G e G S S T e S S G

I1

I3
I11
I33
I13
ICHK1
ICHK2

I1 + A(I)*F1(I)

I3 + A(I)*F3(I)

I11 + A(I)*F11(I)

I33 + A(I)*F33(I)

I13 + A(I)*F13(I)
ICHK1 + A(I)*FCHK1(I)
ICHK2 + A(I)*FCHK2(I)
I1B + A(I)*F1B(I)

I3B -+ A(I)*F3B(I)
I11B + A(I)*F11B(I)
I33B + A(I)*F33B(I)
I13B + A(I)*F13B(I)

I3B

I11B
I33B
I13B

CONTINUE

WRITE(*,7) N,ICHK1,ICHK2
WRITE(*,*)" I1 13 T11
133 113"

WRITE(*,8) I1,I3,I11,I33,I13

WRITE(*, %) I1B I3B I11B
I33B I13B'

WRITE(*,30) I1B,I3B,I11B,I33B,I13B
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8 FORMAT (1X, 5( E12.6,2X)// ) :
7 FORMAT( 1X,3HN =,I2,10X,7HICHKL =, F10.6,5X, 7HICHK2
$ =, F10.6/ )

AULl = I1/1.77245

AU3 = I3/1.77245
AU1B = I1B/1.77245
AU3B = I3B/1.77245
AT33 = I33/1.77245
AT13 = I13/1.77245
AT33B = I33B/1.77245

AT13B = I13B/1.77245

WRITE(*,9) SIGMAG, AU1,AU3,AU1B,AU3B
WRITE(*,9) SIGMAG, AT33,AT13,AT33B,AT13B

9 FORMAT (1X,F7.3,1X, 4(E12.6,2X) )
20 CONTINUE
DO 40 IIT = 1000,5000,25

ZETAOB = REAL(III/100.)
70B= ZETAOB#*3.141593/180.

FO = 1.
SOB = SIN( ZOB )

COB = COS( ZOB )

"A11P = (FO*SOB*SOB)/(LMDA + 2.*MU)
A11S = (FO*COB*COB) / (MU) '
'A31P = (FO*SOB*COB)/(LMDA + 2. *MU)
A31S = —(FO*SOB*COB)/(MU)

A13P = A31P

A13S = A31S

A33P = (FO*COB*COB)/(LNDA + 2.*MU)
A338 = (FO*SOB*SOB)/ (MU)

KT = (KP*KP)/(KS*KS)

H131P = FO*KP*(2.*KT*SOB*SOB*COB)
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H131S FO*KS*COB* (1.-2.*SOB*SOB)

H331P
H331S

FO*KP*( (1.~ 2.%KT) + 2.*KT*COB*COB )*SOB
FO*KS* (~-2.*SOB*COB*COB)

H133P
H133S

FO*KP* (2. *KT*SOB*COB*COB)
FO*KS* (SOB* (1.~2.*COB*COB) )

H333P
H333S

FO*KP* ( (l.-2.*KT) + 2.*KT*COB%*COB) *COB
FO*KS*( 2.*COB*SOB*SOB)

A31P*AT33
A31S*AT33

H131P#*AUl + H331P#*AU3 - Al1P*AT13
H131S*AU1l + H331S#AU3 — Al11S*AT13

Z1P
zZ1S

A33P*AT33
A33S*AT33

Al13P#*AT13
A13S*AT13

H133P*AUl + H333P*AU3
H133S*AUl + H333S*AU3

Z3P
<238

Z0P
205

SQRT( Z1P*Z1P + Z3P*Z3P )
SQRT( Z1S*Z1S + Z3S*2Z23S )

KP*( SIN(Zin) - SOB )
KP*SIN(Zin) - KS*SOB

-KP* (COS (Zin) + COB )

- (KP*COS (Zin) + KS*COB )

O e e e e e e e e e e e e e e e e

= —~(SIN(KP*R))/(4.*3.141593+*R)
RS = - (SIN(KS*R))/(4.*3.141593%R)

= EXP( - (EP*EP*SIGMA*SIGMA) /2. )
EES = EXP( - (ES*ES*SIGMA*SIGMA) /2. )

WRITE(*,71) ZETAOB,DP,DS,EP,ES,EEP,EES
71 FORMAT (1X, F10.4,2X, 6(E10.4,1X) )

IF ( DP.EQ.0.0 ) THEN

DLP = 1.
ELSE |

DLP = ( SIN(DP*L2) - SIN(DP*L1) )/((DP)#*(L2 -L1))
END IF

IF ( DS.EQ.0.0 ) THEN

DLS = 1.
ELSE
DLS = ( SIN(DS*L2) - SIN(DS*L1) )/ ((DS)*(L2 -L1))
END IF
USC1P = EEP*Z1P*DLP
USC1S = EES*Z1S*DLS

USC1 USCiP + USC1Ss
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USC3P = EEP#*Z3P*DLP

USC3S = EES*Z3S*DLS

USC3 = USC3P + USC3S

USCP = SQRT( USC1P*USC1P + USC3P*USC3P )
USCS = SQRT( USC1S*USC1S + USC3S*USC3S )

IF

ELSE

( IR0O12 .EQ. 1 ) THEN

IF ( ZETAin .EQ. 30.0 ) THEN

CFP = USCP/.169335E+02
CFS = USCS/.355396E+02
END IF

IF ( ZETAin .EQ. 20.0 ) THEN

CFP = USCP/.228258E+02
CFS = USCS/.270755E+02
END IF '

IF ( ZETAin .EQ. 10.0 ) THEN

CFP = USCP/.271497E+02
CFS = USCS/.146289E+02
END IF :

IF ( ZETAin .EQ. 0.0 ) THEN

CFP = USCP/.287402E+02
CFS = USCs/1.
END IF .

IF ( ZETAin .EQ. 30.0 ) THEN

CFP = USCP/.134335E+01
"CFS = USCS/.362625E+01
END IF

IF ( ZETAin .EQ. 20.0 ) THEN

CFP = USCP/.193707E+01
CFS = USCS/.299422E+01
END IF
IF ( ZETAin .EQ. 10.0 ) THEN
CFP = USCP/.241319E+01
CFS = USCS/.168716E+01
END IF

IF ( ZETAin .EQ. 0.0 ) THEN
CFP = USCP/.259521E+01
CFS = USCS/1.
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END IF

END IF

21

- 81

40

WRITE(*,91) ZETAOB,USCP,CFP,USCS,CFS
FORMAT (1X,F8.2,2X,4(E12.6,2X) )

WRITE(2,81) ZETAOB,CFP
WRITE(3,81) ZETAOB,CFS

FORMAT (1X, F8.2,2X, E12.6 )
CONTINUE
CLOSE(1)
CLOSE(2)
CLOSE(3)
CLOSE(4)

END
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