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Abstract:
The theory of elastic wave scattering has important industrial applications in non-destructive testing
techniques. A problem involving elastic wave scattering from a rough interface (for example, a welding
joint of two metal parts) is theoretically studied in this dissertation. The rough interface between two
elastic solids is assumed to have a onedimensional random profile with the Gaussian distribution in
height and slope of the boundary. In this work, the scattered displacement fields are expressed in a
surface integral which contains the scattered fields and also elastic Green's functions. For boundary
conditions, the Kirchhoff approximation is applied and the plane reflection coefficients are calculated.
The scattered and refracted fields on the boundary are assumed to have the form of the incident wave
with plane reflection coefficients. This assumption requires that the radius of curvature of the interface
be much larger than the wavelength of the incident wave. The surface integral is calculated
numerically.

The results, in terms of scattering coefficients, show that in the specular direction, the scattered fields
decrease by a roughness factor as the roughness of the boundary increases. In the case of very rough
boundaries, for example, h=0.315 (mm) for the longitudinal wave, and h=0.210 (mm) for the transverse
wave, the scattered fields are diffusely scattered, and the maximum value of the scattered field is no
longer scattered in the specular direction.

In this dissertation, the restrictions applying the Kirchhoff approximation to this problem are also
discussed by giving relations between the roughness of the boundary, the incident frequency, and the
incident angle. For typical values of the surface roughness in modern industries, say, fatigue cracks or
manufacturing defects, the elastic Kirchhoff approximation requires high frequency incident waves. 
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ABSTRACT

The theory of elastic wave scattering has important 
industrial applications in non-destructive testing techniques. 
A problem involving elastic wave scattering from a rough 
interface (for example, a welding joint of two metal parts) is 
theoretically studied in this dissertation. The rough 
interface between two elastic solids is assumed to have a one­
dimensional random profile with the Gaussian distribution in 
height and slope of the boundary. In this work, the scattered 
displacement fields are expressed in a surface integral which 
contains the scattered fields and also elastic Green's 
functions. For boundary conditions, the Kirchhoff 
approximation is applied and the plane reflection coefficients 
are calculated. The scattered and refracted fields on the 
boundary are assumed to have the form of the incident wave 
with plane reflection coefficients. This assumption requires 
that the radius of curvature of the interface be much larger 
than the wavelength of the incident wave. The surface integral 
is calculated numerically.

The results, in terms of scattering coefficients, show 
that in the specular direction, the scattered fields decrease 
by a roughness factor as the roughness of the boundary 
increases. In the case of very rough boundaries, for example, 
h=0.315 (mm) for the longitudinal wave, and h=0.210 (mm) for 
the transverse wave, the scattered fields are diffusely 
scattered, and the maximum value of the scattered field is no 
longer scattered in the specular direction.

In this dissertation, the' restrictions applying the 
Kirchhoff approximation to this problem are also discussed by 
giving relations between the roughness of the boundary, the 
incident frequency, and the incident angle. For typical values 
of the surface roughness in modern industries, say, fatigue 
cracks or manufacturing defects, the elastic Kirchhoff 
approximation requires high frequency incident waves.
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CHAPTER I 

INTRODUCTION

Examples involving wave scattering from rough surfaces 
have been found in many areas of study including sound, light, 
electromagnetics, and others. For instance,. in radio 
astronomy, the roughness properties of the moon's surface are 
estimated by studying the back-scattered electromagnetic waves 
from the moon to the earth (Beckmann and Spizzichino, 1963). 
In acoustics, scattering phenomenon of sound waves from rough 
surfaces, say, ocean surfaces have been studied (Eckart, 
1953). In optics, scattering is associated with the 
diffraction of light from the rough boundary between two media 
(Karp, et al., 1966). In seismology, seismic reflection from 
different layers in the earth have been studied (Brekhouskikh, 
1960). A large number of papers on the subject of wave 
scattering from rough surfaces have been published. The above 
examples show the variety of wave scattering problems in 
different areas of applications. However, no matter what the 
physical properties of the rough surface, the theories for 
considering this type of problem are almost the same. As Bass 
and Fuks (1979, p. I) said, " The methodology of solving this 
sort of problem is the same regardless of the physical nature 
of the irregularities". In this dissertation, a brief review 
of literature on the subject of wave scattering from
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rough surfaces is given in Chapter 2.

Although the basic theories of wave scattering from rough 
surfaces are the same, the process of solving practical 
problems differs according to the involved medium, the nature 
of equations, and the boundary conditions. The problem dealt 
with in this dissertation is wave scattering from a rough 
interface between two elastic solids. This theory has an 
important application in ultrasonic non-destructive testing 
techniques. Since these techniques rely on the detection of 
the signal scattered by defects in a tested material, it is 
important to understand and predict how a defect will scatter 
the incident testing signal.

In practice, there is no real interface which is a 
perfectly smooth plane. A smooth plane is just the limiting 
case of rough surfaces. If an incident wave is propagating 
toward a smooth plane interface, a reflected wave and a 
transmitted wave will be generated according t'd' thr'ee' main 
properties: I) the wavelength or frequency of the incident 
wave; 2) the angle of the incident wave; 3) the physical 
properties of the boundary and the media.

However, if the boundary is rough, not smooth, what 
results will be obtained? Scientists and engineers in various 
fields have been interested in and have been trying to answer 
this question for over a century since Rayleigh (1878) 
conducted the first investigation of the scattering of sound 
from a rough surface.
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The most important difference in the behavior of a smooth 
boundary and a rough one in wave propagation problems is the 
fact that a smooth plane will reflect the incident wave in a 
single direction, and a rough surface will scatter the 
incident wave in various directions (see Figs. I and 2). In 
the case of the rough surface, certain directions may receive 
more energy than others. According to this fact, the same 
surface may be rough for some incident wavelengths and smooth 
for others; or for the same wavelength, the surface may be 
either smooth or rough for different incident angles.

incident wave reflected  wave

sm ooth boundary

Figure I. Reflection from a smooth boundary

r
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incident wave scattered wave

rough boundary

Figure 2. Scattering from a rough boundary

In order to understand the properties of wave scattering 
from rough surfaces, Rayleigh (1878) suggested a relation 
involving incident wavelength or wave.number, incident angle, 
and the average amplitude of the height of the surface. In 
terms of wave number, the relation is given by:

Rp = 2kh0cos6inc (1-1)

where k is the wave number; h0 is the average height of the 
rough surface, and 6inc is the incident angle. Equation (1-1) 
is commonly known as the Rayleigh's criterion, where Rp is 
called Rayleigh's parameter. As the Rayleigh's parameter
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increases, the rough property of the surface increases, and 
the energy scattered in the specular direction decreases. In 
this dissertation, we define the specular direction as the 
direction of the reflected wave in the case of a smooth 
boundary. It is evident that for certain values of the 
roughness of the surface and certain values of the incident 
angle, if the frequency of the incident wave is "so low that 
the wavelength of the incident wave is very large compared 
with the surface amplitude, then the surface becomes 
effectively smooth.

Although the subject of wave scattering has been studied 
in many disciplines for over a century, the consideration of 
elastic wave scattering from rough random surfaces, especially 
a rough interface between two elastic solids, is seldom found 
in earlier reported papers because of its complexity. 
Therefore, the purpose of this dissertation is to offer a 
solution to this particular problem involving elastic wave 

■ scattering from a rough interface between two solids.
In this dissertation we consider that two elastic media 

with different material properties are separated by an 
irregular interface S (see Fig. 3). The height z=h(x) of the 
interface S is measured from the mean plane z=0 in the right- 
handed x,y, z coordinate system. If it is assumed that a 
perfect bonding exists along the interface S', the continuity 
conditions for the displacement and stress components must be 
satisfied on S, or z=h(x) . It is assumed that an incident

• r"
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time-harmonic wave (either pressure or shear) propagates 
toward the interface S in medium A. When the incident wave 
reaches the boundary S, two reflected waves (longitudinal and 
transverse) will be generated in the same medium A, and two 
refracted waves (longitudinal and transverse) will be 
generated in the second medium B. Our job is to calculate the 
distributions of the two scattered fields in region A, and the 
distributions of the two refracted fields in region B. For a 
given incident wave, it is easy to calculate the reflected 
fields and refracted fields if the interface is a plane 
boundary. In our rough interface case, regular approaches are 
no longer convenient to use. Therefore the theory of wave 
scattering from rough surfaces has to be applied.

incident wave I Z

region A
mean plane

region B

rough interface

Figure 3. The rough interface between two elastic solids
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In Chapter 2, a brief review of this subject is given. 

The history, different methods, and corresponding discussion 
of this subject are presented. Some examples of the 
applications of the wave scattering theory are also given in 
this chapter.

In Chapter 3, basic assumptions are given to formulate 
the problem. The.scattered fields, including reflected and 
refracted fields, in terms : of ■ displacement. components • are 
expressed as. surface .integrals over the: interface S by 
applying the dynamic elastic reciprocal identity. The surface 
integrals are the governing equations of this problem. The 
interface conditions are also given in this chapter. The 
surface integrals contain the scattered displacement and 
stress fields on the boundary as well as the elastic Green's 
functions. These quantities, at this step, are unknown.

In Chapter 4, the Kirchhoff approximation is introduced. 
The Kirchhoff approximation is:based:on the;, assumption that 
any small domain about a point on the boundary.behaves as a 
locally flat surface. With.this assumption, the scattered and 
the refracted fields on the boundary are expressed in terms of 
the incident wave and plane reflection coefficients. The plane 
reflection coefficients are calculated explicitly in this 
chapter. The restrictions of applying the Kirchhoff 
. approximation are also discussed in this chapter.

In Chapter 5, the elastic Green's functions are 
calculated by means of Fourier's transform. In order to



8
simplify the calculations, the far-field assumption is made. 
This assumption requires that the observation point is far 
away from any point on the rough boundary.

In Chapter 6, the procedures of solving the surface 
integrals are given. The general solutions of the scattered 
and the refracted displacement components are given. A 
dimensionless quantity called the scattering coefficient is 
introduced. In Chapter 6, the characteristics of the random 
interface are also discussed.

In Chapter 7, the average evaluations of the scattered 
and refracted fields in both region A and region B are 
discussed. The interface is considered to have a random rough 
profile of its surface height. Therefore an average 
evaluation is performed. To calculate the average values of 
the scattered and the refracted fields, it is assumed that the 
distribution densities of the height and the slope of the 
interface have a Gaussian profile. Some results of roughness 
factors and integration factors involved in the average 
evaluation are given and discussed.

The final numerical results and a detailed discussion of 
the results are given in Chapter 8. The numerical results, in 
terms of scattering coefficients, show the scattered and the 
refracted fields from different roughnesses of the rough 
interface. The incident wave chosen in this work is either 
compression or shear wave.

From the work in this dissertation, we can conclude that
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the integral-equation method with the Kirchhoff approximation 
is a convenient and powerful theoretical method for elastic 
wave scattering problems. A satisfactory numerical result is 
obtained from this method. The results show that the 
scattering coefficients of both scattered and refracted fields 
decrease as the roughness of the interface increases. The size 
of the integration domain also affects the results. The 
scattered and the refracted fields depend also on the incident 
angle and the frequency of the incident wave.
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CHAPTER 2

REVIEW OF THE LITERATURE

Problems involving wave scattering from rough surfaces 
are of great interest, and have received significant 
consideration in various fields of physics and engineering. 
This subject has been studied by.scientists and engineers for 
over a hundred years. Especially in the past few decades, 
since computer technology has been used as an important tool 
in science and engineering, the problems of wave scattering 
from rough, boundaries have received more and more detailed 
attention. Some theoretical methods to solve the problems 
have been developed, and numerical results have been obtained 
successfully.

The first mathematical investigation of wave scattering 
from rough surfaces was conducted by Rayleigh (1878), who 
discussed the scattering of a normally ..incident sound wave by 
a sinusoidal surface. In Rayleigh's work, the scattered field 
was considered to be a sum of plane waves. Since then, the 
theory of wave scattering from rough surfaces has been applied 
in different fields and extended in several directions, 
including modeling profiles of the rough surface, and 
developing theoretical approaches.
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Modeling Profiles of Rough Surfaces

Modeling the shape of a rough surface has been an 
important subject in the study of wave scattering problems. In 
general, studies in this field can be divided into two groups 
according to whether the surface is a deterministic or a 
random one.

The deterministic surfaces, such as sinusoidal (Rayleigh, 
1878, Vol. 2, p. 89), rectangular (Elliott, 1954), saw-toothed 
(Proud, Tamarkin and Meecham, 1957), and regular distribution 
of bosses on a plane (Twersky, 1951, 1953), have been studied 
extensively. In this case, the surfaces are mostly assumed to 
have periodic' or explicitly given shapes. Historically, this 
group of rough surfaces was the first to be used, evidently 
because of the greater simplicity of the non-statistical 
process. Theoretical approaches for this type of problem 
include the use of Green's functions, the approximation of the 
scattered field by an infinite number of plane waves (series 
approximation), and variational methods.

Surfaces most commonly found in nature, such as the 
earth, sea, and moon surface, are random rough surfaces. 
Generally, these surfaces can only be described by their 
statistical properties since the exact shape of the surfaces 
are unknown. The theory of stochastic process has been applied 
to random rough surfaces by Eckart (1953), Ament (1953), 
Davies (1955) , and others. As a result, one of the most common
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approaches for random rough surfaces is to use the Helmholz 
formula with some appropriate approximations. For example, the 
Kirchhoff boundary condition has been used extensively in this 
approach. Therefore, this approach is called the Kirchhoff 
theorem, or Kirchhoff method. A good summary and a more 
detailed explanation of several studies on random rough 
surfaces can be found in the work by Beckmann and Spizzichino 
(1963).

Since scholars first turned their ' attention to the 
problem of wave scattering from rough surfaces, several 
theoretical approaches of solving this problem have been 
developed. These theoretical approaches, in general, are 
based on Rayleigh's method, the perturbation method, the 
Kirchhoff method, and their extensions.

Ravleiah1s Method

Rayleigh (1878) studied the problem of normal incident 
sound wave scattering by a rough surface with a sinusoidal 
profile. Since then, his method has been extended to plane 
waves of arbitrary incident angles and to scattering by random 
rough surfaces. Rayleigh.assumed that the rough surface had a 
sinusoidal profile as:

h(x) =hQcos (Kx) (2-1)



13
where

K= 2iz
A (2-2)

is called, the phase constant of the surface; A is the 
wavelength of the surface; and h0 is the amplitude of the 
surface roughness. Marsh (1961) extended Rayleigh's approach 
to a random rough surface. How e v e r t h e  central idea of the 
method is still based on the following assumptions:.

1) . The scattered field is assumed to be a sum of plane
waves. Let p (x,z) denote the total wave field, then

p(x, z) =exp Iik(xsindinc-zcosQlnc) ]

CO
+ E  Amexp [ik(xsinQm+ZCosQni) ] . ,
227=0

where Binc is the incident wave.angle relative to
the mean plane normal of the rough surface, and k is
the wave number of the incident wave.

2) . This equation holds everywhere on the boundary and
in the medium.

3) . The scattering field is propagating in the direction
Bm, where

SinBfll=SinBinc (222=0, ±1, ±2, ...) (2-4)
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Rayleigh's method was criticized and improved by LaCasace 
and Tamarkin (1956), Meecham (1956) and others, since Rayleigh 
only considered the case where the scattering surface has a 
deterministic shape, and the incident wave propagates normally 
(in only one direction) on the surface. LaCasace and Tamarkin 
(1956) extended Rayleigh's method to a case of an arbitrary 
angle of the incident wave. Meecham (1956) used a variational 
approach to improve Rayleigh's method for the periodic 
surface, and applied the method to surfaces with arbitrary 
shapes. Rayleigh's method was also criticized by Lippmann 
(1953) and Keeps (1957) . Lippmann pointed out that the 
validity of Rayleigh's second assumption was doubtful for the 
region between the rough surface and its mean plane. The rough 
surface is given by z=h(x), where |h(x)|<h0. As Lippmann 
explained in his paper, Rayleigh expressed the scattered field 
in terms of plane waves which propagate, or are exponentially 
damped, in only one direction and away from the grating. This 
choice for the scattered field is justified for z>h0. However 
for z<h0, this set of waves does not express the field 
completely, because at any point in this region the field is 
composed of waves propagating (or exponentially damped) in 
both directions. Rayleigh's second assumption was criticized 
by Keeps (1957) for other reasons. Keeps suspected that if all 
the reflected energies had the form of undamped plane waves 
then the surface is necessarily sound absorbing and of 
pressure significantly different from zero. Thus, in the
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neighborhood of a corrugated surface of zero pressure it is 
necessary to take into account other forms of radiation and 
such forms play a significant part in satisfying the boundary 
condition. A more detailed and general criticism of Rayleigh's 
method can be found in the paper by Fortuin (1970).

Perturbation Method

The perturbation method for wave scattering from rough 
surfaces has been used in several., applications. In this 
method, restrictions on the height h and the gradient Vh of 
the surface exist, i.e.

kIh I*1 (2-5)

where k is the wave number of the incident wave, and

(2-6)

It is assumed that if (2-5) and (2-6) are satisfied, and 
the surface profile slowly varies with no discontinuities, 
then the field scattered from the rough surface can be 
expressed by an infinite series, and the total field will be

p(z) =Pj '(X) + E Pnc (Z)
72=0 (2-7)
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where Pinc(T) is the incident wave field, and pnsc(r) is the 
nth order approximation to the scattered field. It is also 
assumed that if the boundary condition On the rough surfaces 
has the form

f{x,y, z) \z,hix,y)=0 (2-8)

then the boundary condition can be expressed in a Taylor 
series about the mean plane z=0:

f (x,y, z) L=A(x,.y)=fU,y,z) U o +^lf Lo + ĵ (2-9)

where f (x,y,z) is the pressure for acoustics problems and the 
stress components for elasticity problems.

In one of the earlier papers (Gilbert and Knopoff, 1960), 
the perturbation method was used for the surface with 
arbitrary, but known shape. In this paper the magnitude and 
slope of the rough surface are small. Tuan and Li (1974) 
developed Gilbert and Knopoff1s work. They tried to remove or 
reduce the restriction on the slope of the rough surface by 
introducing a small parameter e. In this way the quantity 
edh/dx can be small without the restriction on dh/dx, the 
slope of the rough surface. However, the height of the surface 
is still required to be small. The profile of the surface used 
in their paper is known.
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When the perturbation method is applied to random 

surfaces, the explicit form for the rough surface is unknown, 
but certain statistical properties of the rough surface are 
assumed to be known. Since the surface is random, the 
scattered field is also random. The average field may be 
calculated. The reported work on this subject can be found in 
several . papers. For example, Bass and Fuks (1979, p. 84) 
applied the perturbation method to the problem of wave 
scattering from a random rough surface. However, due to the 
restrictions on height and gradient, the range of rough 
surfaces is limited in the perturbation method.

The Kirchhoff Method

In problems of wave scattering from rough surfaces, the 
Kirchhoff method provides an approximation for the scattered 
field on the rough boundary. From the Kirchhoff approximation, 
the scattered field on the boundary can be expressed in terms 
of the incident field and the plane wave reflection 
coefficients. The basic idea for this approximation is as 
follows: scattering from any point on the rough surface is 
assumed to behave as if the surface were locally flat. The 
wave incident at a point on the surface is reflected in the 
specular direction with a reflection coefficient equal to that 
of a plane boundary passing through that point and parallel to 
the local tangent to the surface (see Fig. 4).
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scattered wave
incident wave

tangent plane

rough boundary

Figure 4. The Kirchhoff approximation

Since this approximation is based on the assumption of 
local flatness for the surface, it is valid only when the 
radius of curvature of the surface is much larger than the 
incident wave length. Therefore the type of rough surface and 
incident wave must be considered carefully when using the 
Kirchhoff approximation. Several alternative relations between 
the rough surface and the incident wave were introduced in 
earlier papers. In their work, Bechmann and Spizzichino 
(1963, p. 29) used an inequality which was originally 
developed by Brekhovskikh (1952). This inequality is based on 
elementary geometrical considerations and given by
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4Kacos6»A (2-10)

where a is the radius of the curvature of the surface, 0 lies 
between the local normal and the incident direction and is 
called "local incident angle", and X is the wavelength of the 
incident wave. The inequality (2-10) essentially states that 
at any distances along the surface from the point of tangency, 
the tangent plane shall not be appreciably distant from the 
rough surface. It is clear that the gradient of the surface 
must have no rapid changes. However, no restrictions on the 
height or gradient are required in the Kirchhoff method.

Early reported work on wave scattering using the 
Kirchhoff method can be found in the paper by Eckart (1953). 
He studied the reflection of sound waves by the sea surface. 
He expressed the scattered field in terms of a surface 
integral. In his paper, the sea surface S was assumed as a 
free boundary (pressure release). Therefore one boundary 
condition was given as

p inc+ p sc= 0  o n  s  ( 2 - 1 1 )

where pinc and psc are the incident and scattered pressure 
fields, respectively. Eckart also assumed that the surface 
was not too irregular, so that the second boundary condition 
was given by
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dpinc _ Bpsc 
dn dn

on S (2-12)

where n is the normal to the surface.
Eckart1s application of the Kirchhoff method to the 

problem of wave scattering from the sea surface has been 
extended to various fields by many others. One of the well 
developed studies was accomplished by Beckmann and Spizzichino 
(1963). They generalized and applied the Kirchhoff method to 
different types of rough surfaces including random ones.

Elastic Wave Scattering

Elastic wave scattering involves the theories of 
elasticity and wave propagation. The theory of the elastic 
wave propagation is based upon the linear equations of elastic 
motion. Many existing approaches to solving the problem of 
the scattering of elastic waves by an obstacle in an elastic 
medium are based on the technique of separation of variables. 
For example, White (1958) considered the displacement wave 
scattered from an infinitely long cylinder of circular cross- 
section by expanding the unknown particle displacement in a 
series of Bessel functions. In White's studies, the obstacle 
can be either a void, a rigid inclusion, or a cylinder with 
elastic properties differing from those of its environment. In 
other papers, for example, the papers by Ying and Truell 
(1956) and Einspruch and Truell (1960), problems involving
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elastic wave scattering from a spherical obstacle were 
studied. In their papers, the technique of separation of 
variables played an important role in solving. the 
elastodynamic wave equation. Although this method yields 
results, the applicability of the technique is severely 
limited, as it can be used only in cases where variables are 
separable.

Since the elastic wave field, contains two parts, a 
longitudinal and a transverse part, propagating at different 
speeds, it is rather complicated to solve problems of elastic 
wave scattering. Hence, the conventional wave equations are 
not conveniently applied to elastic wave scattering. As Pao 
and Varatharajulu (1976) said, "Because elastic waves are 
composed of a longitudinal part and a transverse part, and 
these two types of waves are coupled at the boundary of a 
solid, the conventional method of separation of variables and 
series expansion of wave functions is not effective for 
problems of scattering of elastic waves".

To overcome the limitation of the method of the 
separation of variables, Banaugh (1962, 1963) obtained the 
solution of the wave scattering problem in terms of a set of 
surface potentials. In Banaugh1s study, the particle 
displacement is written as a sum of two contributions: a 
contribution due to compressibnal waves in the form of the 
gradient of a scalar potential and a contribution due to shear 
waves in the form of the curl of a vector potential. Indeed
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Banaugh eliminated the limitations of the technique of 
separation of variables. However, in his study, the 
formulation of the boundary conditions is imposed on the 
surface potentials which themselves do not correspond directly 
with elastodynamic physical quantities. From other reported 
work, for example, by Tan (1975) , Pao and Varatharajulu 
(1976), and others, an integral-equation method, one of the 
most common methods, has been used in problems of elastic wave 
scattering. In this method, the particle displacement.of the 
scattered field can be expressed in terms of a surface 
integral. The integrand in this integral contains the 
scattered displacement and stress fields on the surface and 
also elastic Green's functions. However, the calculation of 
the surface integral is very difficult because these scattered 
fields are not known. The Kirchhoff approximation has been 
applied to elastic wave scattering from rough surfaces. By 
this approximation, the scattered field, say, the displacement 
field, on the rough surface is expressed as the product of the 
incident wave and reflection coefficients. The explicit 
solution of the surface integral has not been found to this 
author's knowledge. Therefore, a numerical solution must be 
used in this problem. As an example, Ogilvy (1985, 1986a, and 
1986b) successfully studied the problem of the elastic wave 
scattering and calculated the surface integral by a numerical 
procedure. Ogilvy obtained the scattered field from rough, 
crack-Iike defects. The surface of the defect in Ogilvy's work
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was considered as a random one.

In most previous work on elastic wave scattering from 
rough surfaces, the choice of boundary conditions has been 
considered as a crucial step. Some simpler boundary 
conditions including free boundary (or pressure release 
boundary) and rigid boundary have been used in many - 
applications. To this author's knowledge, the study of a 
random interface between two elastic solids has not been found 
in earlier reported papers.
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CHAPTER 3

FORMULATION OF THE PROBLEM

In this chapter, several basic assumptions regarding 
elastic material properties, wave propagation and scattering, 
as well as characteristics of the rough interface are made in 
order to formulate and solve, this problem properly. The 
governing equations in terms o f :surface integrals over the 
interface S, together with interface conditions, are 
established according to the basic assumptions, the 
corresponding general equations, and the elastic reciprocal 
identity.

The problem to be solved in this paper involves a wave 
propagating in two elastic media, and wave scattering from the 
rough interface between the two media. Let us consider the two 
media, A and B, to be elastic solids With different material 
properties. The interface S between the two elastic Solids is 
rough, and has a random profile in the height of the boundary 
measured from its mean plane (see Fig. 5) . Consider an 
incident wave propagating in the region A toward the boundary
S . When the incident wave reaches the interface s, two
scattered waves (longitudinal and transverse) and two
refracted waves (longitudinal and transverse) will be
generated at the interface S. The two scattered waves will 
propagate away from the interface in the region A (see Fig. 5)
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while the two refracted waves will propagate away from the 
interface in the region B (see Fig. 5).

incident wave scattered  SV-wave

scattered P—wave

region A

region B

refracted P—wave

refracted SV-wave

Figure 5. Wave scattering from a rough interface between two 
elastic solids

For any given incident wave, say, either a longitudinal 
or a shear wave, the scattered waves in the region A and 
refracted waves in the region B are the unknown quantities. In 
this work, we want to obtain the amplitude distributions of 
the scattered waves in the region A and the refracted waves in 
the region B. To locate any point in both regions A and B , we 
employ orthogonal Cartesian coordinates. In this paper we
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consider a two-dimensional problem, that is, all involved 
quantities in this problem are assumed to vary in only the x-z 
plane.

If the interface between the two elastic solids is a 
smooth plane, all unknowns can be readily determined (see, for 
example, Achenbach, 1975, p. 168). Since the interface dealt 
with in this paper is not a smooth plane, but a random rough 
surface, the usual procedure for solving this problem is no 
longer applicable. Therefore we need.to find an alternative 
method to formulate and solve this particular problem. In 
chapter 2, we reviewed several methods to solve the wave 
scattering problem from rough surfaces from early reported 
work. Here we will use an integral method along with the 
Kirchhoff approximation to formulate and solve the problem.

Basic Assumptions and Corresponding Equations

The basic assumptions made in formulating.this problem 
are as follows:

I) . The two regions, A and B, in which waves propagate, 
are elastic solids (for example, copper, steel, or aluminum) 
with different material properties. Both materials are 
linear, isotropic, and homogeneous. For the region A, we use 
symbols Ea, Xa and /xA (with superscript A) to denote the 
Young's mudulus and Lame's elastic constants. For the region 
B, we use symbols with superscripts B, say, Eb, Xb and juB to 
denote these constants.
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2) The interface between the two regions has a one­

dimensional random rough profile in the height z=h(x) measured 
from its mean line z=0.

3) The two elastic solids are adjoined together, i.e. 
a perfect bonding is assumed to exist along the interface. 
Therefore the displacement and stress components are 
continuous across the interface.

4) Waves involved in this problem are assumed to be 
plane waves with harmonic time dependence. The incident wave 
is assumed to be either a longitudinal or sheaf wave 
propagating in the region A.

5) The radius of the curvature of the rough interface 
is taken to be much larger than the wavelength of the incident 
wave in order to apply the Kirchhoff approximation to this 
problem. From this assumption, together with the Kirchhoff

I
approximation, the scattered fields on the interface can be 
expressed as products of the incident wave and the plane 
reflection coefficients.

6) Far-field assumption is made, that is, the 
observation point is far away from any point on the rough 
interface.

7) Shadowing effects and multiple scattering are 
neglected.

Now we want to formulate and solve this problem from the 
above assumptions. First let us start with Cauchy's equation 
(Fung, 1965, pp. 187, 315):
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Bx1 3 P dfc2 (3-1)

where:
Tĵj is stress component;
Uj is displacement component;
fj is body force component (per unit volume); 
t is time; a

p is the mass density.
The general stress-strain relation is (Achenbach, 1975, p52)

^ircIjkfiij (3-2)

where is the strain tensor and the constants Cĵ kl are

cijkl ~ cklij ~ cjikl= cijlk

For linear homogeous isotropic elastic materials, we have 

Cijkl-̂ îĵ kl + \l^ifijl + ̂ifijfi (3-3a)

and

Sij=-^(UijI-Uji) (3“3b)

With Eg. (3-3), the relation in Eg. (3-2) can be written as
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*I j = M Wl.j+Gj.l) (3-4)

where j is the Kronecker delta. X and ijl are Lame1 constants 
which are related to Young's modulus E, Poisson's ratio u in 
the following manner:

X EV
(1+v) (l-2v) (3-5)

^ 2 (1+v) (3-6)

In Eqs. (3-1) and (3-4) the range of the i, j is from I 
to 3, summation is implied by repeated indices, the comma 
denotes partial differentiation.

The incident displacement wave involved in this problem 
is considered to be a plane wave propagating with phase 
velocity c (sometimes called wave speed) in a direction 
defined by the unit vector p. It.is represented by

U=fU-£-ct)d (3_7)

where u is the displacement vector of the incident wave; d and 
P are unit vectors defining the directions of particle motion 
and wave propagation, respectively; r is the position vector 
of the particle measured from the coordinate origin.

In an unbounded medium, when the particle motion is 
parallel to the direction of propagation, the wave is called
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a longitudinal wave. This type of wave is also often called a 
pressure wave, or P-wave. In this case, the phase velocity c 
(or wave speed) equals

C= Cr

(3-8a)

When the particle motion is normal to the direction of 
propagation, the wave is called a transverse wave. This..type 
of wave is also called a shear wave, or : S-wave. The phase 
velocity c (or wave speed), in this case, is:

c=cs=| (3-8b)

In elastic wave propagation problems the displacements, 
stresses and body forces are generally functions of positions 
and time:

Iii=Ui (r,t) (3-9a)

ij (•£/ t) (3-9b)

Zi=Zi (z, t) (3-9c)

For time-harmonic waves, the expressions in equation (3-9) can
be written as
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Ui=Ui (z, to) e~la>t (3-10a)

x^=Tij (z,(x>) e-iu>t (3-10b)

Jfi=Jfj(Zrto) e~iwt (3-lOc)

where a is. the circular frequency (radians per unit time).
If we substitute Eq. (3-10) into the Eq. (3-1), we have

It is clear that the time factor no longer exists in 
these equations.

Reciprocal Identity for Time-harmonic Motion

The reciprocal theorem is a very useful tool in 
elastodynamics, and can be used to set up a relation between 
two distinct elastic states. From this basic relation, the 
scattered fields in this problem can be consequently expressed 
by surface integrals over the scattering boundary. The 
derivation given here is done to Achenbach et. al. (1982, p. 
34) Let us consider two different time-harmonic elastic 
states labeled by superscripts I and II:

(z, to) +P O 2Ui (z, o) =-fi (z, o) (3-11)

u/, t/j, f/
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and

Ui1, t//, f?1

From Eg. (3-11), we have

fiB- (VijlJ+PU2Ui) (3-12a)

f / 1= - (t//,j+PC02u/j) (3-12b)

Let the product of Eg. (3-12b) and Ui1 subtract from the 
product of Eg. (3-12a) and Ui11, we have

fiW-fiW^uFxfj.j-ufrg.j (3-13)

Let us now consider the guantity

which, with expanded, yields

( U f 1Xf j - U f x f f )  r j = ( U f 1Xf j i j - U f x f f j ) + ( u f f x f - u f j x f f )  (3-14)

With the relation in Eg. (3-4), it is easy to show that

U f f x f j - U f j Xf f =O
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Therefore Eg. (3-14) becomes

(U111Xlj-UfrIJ) .^(ufrxfj.j-ufr&j) ̂ ffrufrf/ufr (3-15)

Integrating Eg. (3-15) over an arbitrary region V with a 
boundary S, we have

f (uf 1Xfrufr fr) , jdv= f ( ffruf-f/ufr) dv (3-16)

From the divergence theorem, the left-hand side of Eg. (3-16) 
can be written as

f (uf 1Xfrufrfr) , jdv= I (ufrxfrufrij) Iijds (3-17)
V S

By substituting Eg. (3-17) into Eg. (3-16), we obtain

f (ffrufr f/ufr) dv= f (ufrx f-ufrif) iijds (3-18)
V S

Eguation (3-18) is the elastodynamic reciprocal identity 
for time-harmonic waves. In Eg. (3-18) n is the unit vector 
along the outward normal to the closed boundary S. In order to 
use the reciprocal identity validly the closed boundary should 
be large enough to surround all points considered in the 
problem.
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The Integral Expressions for the Scattered Fields

Now we want to apply the reciprocal identity equation (3- 
18) to derive the governing equations for the fields scattered 
from a rough interface with random shape.

Let us consider a rough interface S between two regions 
denoted by Va and Vb, with different material properties (see 
Fig. 6).

Figure 6. Two regions with their closed boundaries

Let Va and Vb be bounded regions, and Sa and Sg be their 
respective boundaries. Each boundary consists of two parts:
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sA=sA1+s (3-19a)

SB=S*1+S (3-19b)

If an incident wave in region A reaches the interface S , 
then a scattered wave will be generated in region A,- and a 
refracted wave in region B. The total displacement fields and 
stress fields in regions A are given .by

u!ot/A=u!nc+uf (3-20)

(3-21)

where UitotZjv and Ti-̂totZjv are the total displacement and stress 
fields; uiinc and Tijinc are the displacement and stress fields 
of the incident wave; Uî  and Tjvĵ  are the scattered 
displacement and stress fields.

Since the incident wave only exists in the region A and 
the interface, the total displacement fields and the total 
stress fields in the region B do not include the incident 
wave, and only contain the refracted displacement fields and 
the refracted stress fields respectively:

(3-22)
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Tii (3-23)

where Ui8 and T8ij represent the displacement and stress fields 
of the refracted wave.

In order to obtain the scattered field, let us first 
consider the region A. Let the two elastic states in 
equation (3-18) be

lu/, TZj-, ff}={uf, Ty , 0} (3-24a)

W x> t//, f x?jkr 5^6 (iL-z)} (3-24b)

where the scattered field satisfies the wave equation with fj =
0,

Tij,i + Pw2ui=0 (3-25)

and uGik and TGijk are the components of displacement and 
stress at point Q generated by a unit point load located at 
point P in direction k (see Fig. 7) . In other words, uGik and 
rGijk are Green's functions. These satisfy the equation of 
motion

(Tiijk)PGi2Ufk=-SjjtS (iL-z) (3-26)

w
Put equation (3-24a) and equation (3-24b) into equation (3- 
18), we have
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f  [u? (zf) SjjcS (zf-z) ] d v = f  [U iI i x L - Z . ) Tij ( x L )  - U i ( x L ) X i j k { z L - i . )  ] n lj d s { i ! _ )
Va Sa

(3-27)

in X1 direction

Figure 7. Displacement components generated by a point load 
in the X1 direction

Since the delta function has the property

//(Zf) 8 ̂ - D d v = P 1 ( r in V)
v 0 ( r not in V)

the left-hand side of the equation (3-27) becomes
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fufdikb (jd-z) dv=uk (z)
Va (3-28)

where ukA (r) is the kth component of the scattered displacement 
at the point r.

For convenience in calculation, w e .want to replace the 
unit normal n 1 with n. From Fig. 6, we have

Zij=-Iij (3-29)

Therefore the kth component of the scattered displacement 
can be described in the expression of a surface integral (for 
more detail, refer to Achenbach 1982)

Ce ) = fiui izi) X^k(ZL-Z) -ufk(zL-z) Taj- (zL) ] njds (zL)
Sa (3-30)

Also since the boundary of the region A contains 
two parts, as shown in Eq. (3-19a), the integral given by Eg. 
(3-30) can be written as

/=H (3-31)

But the second integral in the right hand side of the Eq. (3- 
31) does not have any contribution to the scattered field
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because, owing to the continuity of material properties across 
SA1, no reflection effect exists on the boundary SA1. 
Therefore, we finally obtain the expression of the scattered 
field as

u£(z)=f [Ui(zL)?ijk(jJ-z)-ufk(iL-z) VyliL)] iijds {jd.) (3-32) 
s

Similarly we can also obtain the expression of the refracted 
field in the region B

Uk= f [Ty (zf) ufifiiL-z.) -uf(ii) x%k(zL-z) ] iijdaijd) (3-33)
s

where uBk is the kth component of the refracted displacement 
field at point r in region B, r' is any point on the boundary 
measured from the origin.

The equations (3-32) and (3-33) are the governing 
equations in this problem. At this step, these two equations 
are the exact expressions of the scattered displacement fields 
in both regions. For both of the regions, all related 
constants, say. Young's modulus E, elastic constants /x and X, 
etc. depend on the materials chosen in the problem. In the 
first region A, we use symbols with superscript A for these 
constants, say, pA, XA, £iA and etc.. In the second region B , 
we use superscripts for these constants, for example, pB, Xb, 
Hb, and etc..
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Interface Conditions

The interface between the two elastic regions has random 
irregular shape. At the interface S, a discontinuity in the 
properties of the medium occurs. We assume that upon crossing 
the interface S, the mass density and/or the stiffness

In this thesis, we.assume that the interface is the case 
of a firm contact, that is, a perfect bonding exists along the 
interface between the two elastic solids. Therefore the 
displacement vector u and the traction vector T must be 
continuous on the interface S, i.e.

coefficients jump, at most, by finite amounts.

y t O t / A  _  y t O t /B ( on S ) (3-34)

ip to t /A  +  ,p to t /B  _  q ( on S ) (3-35)
where

ytot/A ig the total displacement vector in region A;
ytot/B jls the total displacement vector in region B;
iptot/A ^g the total traction vector in region A;
iptot/B ig the total traction vector in region B.

Tractions and stresses are related by:

(3-36)

(3-37)
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Therefore, with Eqs. (3-21), (3-23), and (3-30) substituted in 
these, and the results used in equation (3-35) , we get the 
following conditions for the stresses on the interface S :

( on S ). (3-38a)

For the displacement interface condition, with Eqs. 
(3-22), it is easy to show that

(3-20) and

ujnc+Ui = u? ( on S ) (3-38b)

In elastic wave propagation problem, both displacement 
and stress fields contain pressure and shear components, i.e.

Uj1=Ufp-Ujv* (3-39a)

uf.ufp-uf* (3-39b)

Tf=Tjf-Tf* (3-39c)

Tf=Tif-Tjf (3-39d)

Therefore, for a two-dimensional case considered in this 
particular problem, the Eqs. (3-38) can also be written in 
terms of components as follows
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u inc+ U A/P +  u A/s= u B/P+ u B/s (3-40a)

uinc+ u3a/p+ uf/s= u3b/p+ u3b/s (3-4Ob)

(3-40c)

(3-4Gd)

It is clear that up to four unknowns in this problem can 
be found from the interface conditions. If the governing 
equations (3-32) and (3-33), together with the interface 
conditions (3-40), can be solved explicitly, the solution will 
be exact. However, since the interface has irregular shape, 
exact solutions cannot be obtained. An approximate solution 
for this problem will be discussed in this dissertation.
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CHAPTER 4

SOLUTIONS OF THE SCATTERED AND THE REFRACTED 
FIELDS ON THE ROUGH INTERFACE

The surface integrals, Eqs., (3-32) and (3-33) , obtained 
in Chapter 3 are the exact expressions of the scattered 
displacement fields at any point in the involved media for 
this wave scattering problem. However, the integrands in these 
expressions contain the stress and displacement of the. 
scattered fields and the refracted fields, which are unknown 
at this step. The integral expressions, Eqs. (3-32) and (3-
33), also contain appropriate elastic Green's functions, which 
need to be determined from the corresponding differential 
equations. Therefore in order to evaluate these two surface 
integrals, Eqs. (3-32) and (3-33) , we need to obtain the
analytical expressions on S for Ui7S rAij, U18, TBij, Ug1 jk, and 
TGijk first. In this chapter, we will apply the Kirchhoff 
approximation and the plane reflection coefficient calculation 
to derive the scattered and refracted fields on the rough 
boundary. Some restrictions on the Kirchhoff approximation are 
also discussed in this chapter.

The Kirchhoff Approximation

As mentioned in assumptions in Chapter 3, the boundary is 
assumed to be a random rough interface, therefore the unknown 
scattered displacement and stress fields on the boundary can
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not be obtained by applying regular solution methods. An 
approximation method has to be used in this case. Several 
approximation methods for this problem have been considered in 
wave scattering problems in early reported papers. In this 
dissertation, we will apply the Kirchhoff, or tangent plane, 
approximation method. Figure 8 shows the geometrical 
construction of the Kirchhoff approximation.

lo c a l n o r m a l

in c id e n t
"wave

s c a t te r e d
wave

tangent 
plane ,

ro u g h
interface

r e fr a c te d

Figure 8. The Kirchhoff approximation for a rough interface 
problem

The theoretical basis for this approximation is that any 
point on the rough interface is assumed to behave as if the 
interface were locally flat and the incident wave at a point 
on the interface is reflected in the specular direction with
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a reflection coefficient equal to that of a plane boundary 
through that point and parallel to the local tangent to the 
interface (see Fig. 8). In this way, the scattered fields on 
the boundary can be expressed in terms of the incident wave 
with plane reflection coefficients.

Let UiincZp denote the ith displacement component of the 
longitudinal wave propagating toward to the interface in 
region A, then and be given by

where Ainc is the amplitude of. the incident displacement wave; 
Qinc is the angle of the incident wave relative to the z-axis 
in the x-z plane (see Fig. 9a) ; is the longitudinal wave 
number of the incident wave.

When the incident wave reaches the interface S, scattered 
waves will be generated in both regions A and B. In region A 
the scattered displacement P-wave and SV-wave occur at the 
angles Ba and yA with the z-axis, respectively (see Fig. 9a) . 
In region B, the scattered displacement P-wave and SV-wave 
occur at the angles Bb and yB with negative z-axis, 
respectively (see Fig. 9a).

U1̂ c7p=AincSinQincSxp [ikp UsinQlnc-ZcosQinc) ] (4-la)

(4-lb)

u3inc/p=-AinccosQincexp [IkpUsinQlnc-zcosQinc) ] (4-lc)
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scattered SV-wave
incident wave

scattered P-wave

mean plane

rough interface refracted P—wave

refracted SV-wave

a). All wave fields are in the global coordinates

scattered P-wave

incident wave

refracted P-wave

refracted SV-wave

b). All wave fields are in the coordinates with an arbitrary 
orientation

Figure 9. The incident, scattered, and refracted 
Cartesian coordinates

fields in
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Now we want to derive the expressions of the scattered 

and refracted waves on the interface. Let the incident wave as 
well as the scattered and refracted waves be represented by

where the value, of the index n serves to label the different 
types of waves, i.e., n=0 for incident wave, n=l for scattered 
P-wave, n=2 for scattered SV-wave, n=3 for refracted P-wave, 
and n=4 for refracted SV-wave (see Fig. 9b) ; An is the 
amplitude of waves; pn and dn are the unit direction vectors 
of wave propagation and particle motion, respectively.
For the incident P-wave, we have

J2n=Aztd nexp [ikn{x.£?) ] (n=0,1,2,, 3,4) (4-2)

dQ=j2o=sin0oi-cos9ô (4-3)

for.the reflected P-wave, we have

d1=221=sin01i+cos01± (4-4)

for the reflected SV-wave, we have

222=sin02i+cos02^ (4-5a)

£p=cos02i.-sin02is: (4-5b)
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for the refracted P-wave, we have

=P3=sin63i.-cos03j: (4-6)

for the refracted SV-wave, we have

224=sin64i-cos04l& (4-7a)

^4 = -CosQ4I-SinQ4A (4-7b)

where i and k . are the unit vectors in x and z directions 
respectively, and the angles Q0 through Q4 are defined in Fig. 
9b, relative to an arbitrary X1, X3 coordinate system.

We note from Eq. (4-2) that, since the dn (n=0, I, 2, 3, 
4) is a unit vector, we have

(n=0, I, 2, 3, 4) (4-8)

Let

(n=0, I, 2, 3, 4) (4-9)

Therefore, we can write Eq. (4-2) as

If=A0R^trexp (Ir)n) (n=0,!,2,3,4) (4-10)
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tI(-X--Bn) (n=0,1,2,3,4) (4-11)

From Eg. (3-40), for two-dimensional motion problem, at 
z=0, the interface conditions in the coordinates with an 
arbitrary orientation (shown in Fig. 9b) can be written as

where

ul + ul+ul =uI+U1 (4-12a)

U° + U31 + U32 = U33 + U34 (4-12b)

T31 + ir3i + T3i = T31 + T3i (4-12c)

'C33+',-33 + 'r33 = ',-33 + 1'33 (4-12d)

By sustituting Eg. (4-10) and Egs. (4-3)-(4-7) into Egs. 
(4-12a)- (4-12d), we get

sin60exp (Iri0) +^fsinQ1Bxp (JTj1) +^fcos92exp ( j t |2)

=^fsin03exp (JTj3) -^fcos84exp (JTj4)
(4-13a)

CbsB0Sxp (JTj0) -EfcosB1Sxp (JTj1) +^fsinB2Sxp(JTi2)

=j?fcos03exp (j t |3) +J^fsinQ4 exp (Jti4)
(4-13b)
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sin20oexp (ir|0) -i?fsin201exp (Irj1) -^2’KAcos202exp (ir|2)

U BC A
= R j ---^sin203exp Cirj3) - R f — — ^cos204exp (irj4)

V AC* \lAC*

(4-13c)

(ka) 2cos20oexp (ir|0) +i?i (ka) 2cos201exp Cirj1) -̂ J3KaSin202exp (irj2)

= Rf(Ks)2 ■■̂ -cos203exp (it)3) +Rf-̂ -— ^cos204exp (irj4) (4-13d)
VaC* VaCs

We note from Eq. (4-11) that the quantity p|n is a
function of x. However, Eqs. (4-13) must be true for all
values of x on the interface. Therefore, we must require that

tI0=Ii=Il2=rIa=rI4=rI (4-14)

From Eqs. (4-10) and (4-14), we can express the scattered and 
refracted waves on the interface in terms of the incident wave 
quantities A0 and T(0, and the reflection coefficient Rn.

Now we are ready to write out the explicit expressions of 
the scattered and refracted fields on the interface. Since the 
scattered and refracted fields contain pressure and shear 
components as shown in Eq. (3-39) , these fields, from Eqs. (4- 
10) and (4-14), can be written as

Ua=A0 [Rfrf+Ri’d2] eir[ (4-15)



51
and with Eqs. (4-4) and (4-5b) we get the scattered
displacement components as

Ux=A0 [J?isin01+J?fcos02] e211= (4—16a)
4 11 0 (4—16b)

Ua=A0 [J?fCosO1-^isinO2] e1110 (4-16c)

Similarly we can get the refracted displacement components as

Ux=A0IRisinQ3-RicosQi) (4-17a)

u2s=q (4-17b)

U^=-A0 [J?fcos03+J?fsin04] e2n° (4-17C)

We note that in the global coordinates (x-z system), the 
angles 60, 6lf 02, 83, and 04 will be 0inc, fiA, yA/ ^8/ and yB, 
respectively, (see Fig. 9). The amplitude A0 will be replaced 
by Ainc. We also note that on the interface, we have z=h(x) so 
that with Eqs. (4-14), (4-11) and (4-3) we have:

Tl 0=n =kp [xsindinc-h (x) cos0incJ (4-18)
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Therefore, with Eqs. (3-39), (4-16) and (4-18), the scattered 
and refracted fields on the interface, in terms of 
displacement components in the global coordinates, can be 
written as

Ui= (i?fsinPA+i?fcosyAM incexp [ikp (xsinQlnc-h (x) cosdlnc) ]
(4-19a)

Ua=O (4-19b)

u*= (J?fcosPA-J?fsinYA) Aincexp [ikp (xsinQinc-h (x) cos6^) ]

and
(4-19c)

Ui = (JffsinP B-Jffcosy B) Aincexp [ikp (xsinQinc-h (x) cos6^) ]
(4-20a)

Ug =0 (4—20b)

uf=- (JffcosP s+Jffsiny B) AincBxp [ik^ixsinO^-h (x) CosQinc) ]
( 4 - 2 0 C )

Eqs. (4-19a) - (4-20c) are the general expressions of the 
scattered and the refracted displacement components on the 
interface obtained by applying the Kirchhoff approximation. 
Since the surface integrals also contain unknown scattered and 
refracted stress fields on the interface, we need to replace 
these unknowns by given quantities. According to the stress- 
displacement relation, Eq. (3-4) , we can obtain the stress
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components of the scattered and the refracted fields on the 
interface

xj3=iAinckp [kA (fifsin^+^fcosy^) (sin6inc)

- (Xa+2|xa) (^1pCOSPa-J?2psinvA) (.CosQinc) ] exp (it))
(4-21a)

Ti3=Tfi=iAintJrpnA [ (^1pSIh Pa+J?2pcosya) (-CosQinc) 

+ (^1CosP-Je2Sinv) (SinQinc) ] exp (iti)
(4-21b)

i;i3=iAinckp [X B (Je3pSinP B-R4pcosy B) SinQinc

+ (Xb+2\lb) (Je3pCosP s+Je4pSinP B) CosGinc] exp (ir\)
(4-22a)

'Cis3=T35I=-^AintJcpH 5 [ (Je3pSinPs-Je4pCOSYs) CosQinc 

+ (Je3pCosPs+Je4pSinys) SinQinc] exp (in)
(4-22b)

Reflection Coefficients

Expressions of displacement and stress components of the 
scattered and refracted fields on the rough interface involve 
plane reflection coefficients R1P7 R3P7 R3P7 and R4P which need 
to be determined explicitly.

Let's consider the incident wave as well as the scattered 
and refracted waves in the local coordinates (x1-z1 system, 
see Fig. 10). Applying- the interface conditions again we can 
obtain the reflection coefficients. But we note that in the
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local coordinates, the angles 0O, B1, B2, B3, and B4 involved 
in the unit vectors d and 2 will be a, ap, as, apB, and ctsB, 
respectively (see Fig. 10).

local normal scattered SV-wave

scattered P—wave
incident wave

tangent plane
mean plane

rough interface

p refracted P-wave

refracted SV-wave

Figure 10. The incident, scattered and refracted fields in the 
both global and local coordinates

Applying the interface conditions, Eqs. (4-12a) through 
(4-12d), in the local coordinates, the coefficients R1̂ , R2P, 
R3P, and R4P can be obtained. Since Z 1=O on the tangent plane, 
from Eqs. (4-11), (4-3)-(4-7) and (4-14) we get

kp since =JcpAsinct A=Jc/sina A=JcpijSina p=Je/sina f (4-23)
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If the incident angle a and wave number Jtp and kg are 

given, the other angles and wave numbers can thus be obtained 
from these relations. Eqs. (4-12a) through (4-12d) also form 
a system of four equations for the amplitudes of different 
waves. In terms of matrix notation the system can be written 
as

-sin«p COSCCs ■ since f -coscc f
* • A B • Bcosap -sina5 cosap . Sinas

s i n 2 a p k a c o s 2 a A Tp s i n 2a  p - T sc o s 2a

-cos2a''e TpTKco s 2

\ f , A ', s m a p

R i COSttp

R i sin2ap‘

/ Rf cos2aA

• (4-24)

where

V-3Cp

V-jiCp

\l3c$
PaC 3

(4-25a)

(4-25b)

Kf
KA

and

Kff= E l . V
cf kg

(4-25c)

Cq=Af B) (4-26)

The solution to Eq.(4-24) is
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where

D p=P? [Q? (VfWf +VfW?) +Qi (Vf Wf+Vf Rf) +Cf (VfRf-VfRf) ] 

+Pf [Cf (VfRf+ VfRf) + Qi (VfRf- VfRf)+Cf (Vf Rf + Vf Rf) ] 

+Pf [Cf (VfRf+ VfRf) + Cf (VfRf-VfRf) + Cf (VfRf+ if Rf) ] 

+Pf [ Cf (VfRf-VfRf) +Cf (VfRf+ VfRf) +Cf (VfRf+ if Rf) ]

Cf = -{Pf [Cf (VfRf+ VfRf) +Cf (VfRf+ VfRf) +Cf (VfRf- if Rf) ] 

+Pf [Cf (-VfRf-VfRf) +Cf (VfRf+Vf Rf) +Cf (VfRf-VfRf) ] 

+Pf [Cf (-VfRf-VfRf) +Cf (-VfRf-VfRf) +Cf (Vf Rf-VfRf) ] 

+Pf [Cf (VfRf- VfRf) +Cf (VfRf- if Rf) +Cf (VfRf-Vf Rf) ] }

(4-27)

(4-28)

(4-29)

(4-30)

(4-31)

(4-32)
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D$=2{pZ [pf (- Vf<- Vfwf) +CfVfwf-GfVfRfi 

+P3p [Of Vf Hf+Gf If Rf J +Pf [Cf If Hf-Cf Vf Hf ] }

Df=2{pf [ Cf (VfHf+ VfHf) +Cf If Hf+Cf if Hf ]

+Pf [Cf Vf Hf+Cf Vf Hf ] +Pf [Cf If Hf+Cf If Hf ] }

Pf=2{pf [Cf (VfHf- if Hf) -Cf If Hf-Cf If Hf I 

+Pf [Cf Vf Hf-Cf If Hf ] +Pf [Cf If Hf+Cf If Hf I }
and

Pf=Sina

Pf=COStts

Pf=Sinaf

Pf=COSttg

Gi=Cosa

Gf=Sinttg

Gf=Cosap

Gf=Sinaf

Vf=sin2a

(4-33)

(4-34)

(4-35)

(4-36a) 

(4-36b) 

(4-36c) 

(4-36d)

(4-37a)

(4-37b)

(4-37C)

(4-37d)

(4-38a)
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Vfr=KjsCOS 2

• i

vf- ̂
V-aCs

cos2a;

R/f=COS2(Xa

W?=-^sin2ai

\ib c a (x b)2

\lACp (ka) 2
cos2a:

Wf= -- ^ - s i n 2 a fHaC^(Ka) 2

(4-38b)

(4-38c)

(4-38d)

(4-39a)

(4-39b)

(4-39c)

(4-39d)

Equations (4-27)-(4-39) are the explicit expressions for 
the plane reflection coefficients in terms of the. angular 
quantities shown in Fig. 10. Expressions of the amplitude 
ratio A1ZA0, etc. for a smooth interface problem are also 
given by Ewing et al (1957, p. 87). Substitution of Eqs. (4- 
27)-(4-39) into Eqs. (4-19)-(4-22) gives the. unknown scattered 
and refracted fields on the rough interface in terms of the 
given incident waves and the plane reflection coefficients.

Since the height h of the rough interface varies along x- 
direction, ie. h is a function of x, the orientation of the 
local normal is also a function of x and is given by
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P=arctan [h'(x) ] (4-40)

If the height function h(x) is determined, the local 
normal becomes known. Therefore all angles involved in the 
scattered and refracted fields can be explicitly expressed in 
terms of the known local normal and the given incident angle. 
From Fig. 10, we have

a=6i™r P (4-41)

Since the incident wave is a P-wave and in region A, wave 
numbers of the incident wave and the scattered P-wave, kp and 
kpA, are equal. From Eq. (4-23), we have

CCp=a (4-42)

kA'sina^= —  sincc (4-43)

kA ’Sinaf=-Sina
kp

(4-44)

kASinaf=-^sina
k* (4-45)

From Fig. 10, we have

pA=4-p (4-46)

Ya=af-P 1 (4-47)
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PS=«p+P (4-48)

Ys=af+P (4-49)

For a smooth boundary, which is a special case of the 
rough interface, the height function h(x) and its gradient 
h 1 (x) vanish. Therefore the local normal is always parallel to 
z^axis. In this special case, we have

P=0 (4-50)

CLp=Ci=Qlnc (4-51)

The above solutions are due to the incident pressure 
wave. The solutions due to the shear wave are discussed in 
next section.

The Case of the Incident Shear Wave

The incident wave used in this dissertation is either 
compression or shear wave. For the case of the incident shear 
wave, the incident wave can be written as

uinc/s=-Alncc0sQince ^ [ i k s{xsinQlnc-zcosQlnc)] (4-52a)

u£ac/s=0 (4-52b)

u inc/s= - A .n c S inejilcexp [iks(XSinQinc-ZCosQlnc) ] ( 4 - 5 2 C )
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where Ainc is the amplitude of the incident displacement wave; 
0inc is the angle of the incident wave relative to the z-axis 
in the x-z plane; ks is the wave number of the incident shear 
wave.

From the Kirchhoff approximation, in the similar way of 
the incident pressure wave case, the scattered and refracted 
displacement waves on the interface, in terms of components, 
can be expressed by the following equations: 
in region A,

Ui= (RiSin$A+R£cosyA) Aincexp [iks(xsinQlnc-h(x) CosOinc) ] (4-53a)

u#=0 (4-53b)

U^= (Ĵ1sCOSPa-j?2ssinYA) Aincexp [iks {xsinQinc-h (x) CosQlnc) ] (4-53c)

in region B,

Uib= (.R3sSinP s-R/cosy B) Ajncexp [iks (xsindinc-h (x) CosQinc) I ...

u2fl=0
(4-54a)

(4-54b)

U35=- (R3sCosP s+R4sSiny B) Ajncexp [iks (xsinQlnc-h (x) cos0inc) ]
(4-54c)

where R13, R23, R33, and R43 are the plane reflection
coefficients for the case of an incident shear wave.

According to the stress-displacement relation shown in Eq. 
(3-4), we can obtain the stress components of the scattered



62
and the.refracted fields on the interface

Ts3 = I A incIcs [kA (J?1ssinPA+JR2scosYA) (sin0inc)

-(A,a+2ha) (J?fcosPA-J?2ssinYA) (cos0i7JC) ] exp (iTi:s)
(4-55a)

'cis='*3i= I A i n c k SV A t (̂iSsinPA+^2scosYA) (-cos0inc) .

+ (i?fcosPA-i?2SsinYA) (sin0ij3C) ] exp (iri5)
(4-55b)

Ti3= I A inJ e s [X B ( R 3sSinfi B - R 4sc o s y  B ) sin0jnc-
(4-56a).

+ (As+2[xB) (i?3ScosPB+i?4ssihPB) cos0inc] exp (iris)

^ ^ ^ = - I A i n c k sV-B [ (-R3sSinP B - R 43c o s y  B ) C o s d inc 

+  ( R 3sc o s f i B + R 4ss i n y B ) sin0jnc] exp (ir|s)

where

Tle=Ars IxsIndinc-Ji (x) cos0jnc]

(4-56b)

(4-57)

Expressions of displacement and stress components of the 
scattered and refracted fields on the rough boundary involve 
plane reflection coefficients R1*3, R28, R38, and R43 which can 
be obtained from plane interface conditions.

In the similar way of the incident pressure wave case, 
the reflection coefficients due to the incident shear wave can 
be expressed as
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(4-58)

(4-59)

R ’=§- (4-60)

(4-61)

In Eqs. (4-58)-(4-61) the quantities D3 and Dn3
(n=l,2,3,4) are functions of Pns, Qns, Vns and Wns (n=l,2,3,4) . 
The relationships are given in Eqs. (4-31)-(4-35) with the 
superscript p replaced by s. The quantities Pn3, Qn3, Vn3 and 
Wn3 (n=l,2,3,4) are expressed as

Pf=Sina (4-62a)

P2e=-cosap (4-62b)

Pi=COSCtsp (4-62c)

Pf=-COSttf (4-62d).

0f=costt (4-63a)

£>2s=-sina£ (4-63b)
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03S= - s i n a p (4— 63c)

G f = S i n o c f ( 4 - 6 3 d )

Vl=sin2a ( 4 - 6 4 a)

V f = - K aC O  S 2 CCp ( 4 - 6 4 b )

= |i Cs- (kb) 2cos2ccf
\lACp ( 4 - 6 4 C )

nBn A
Vf -  ^ s s i n 2 a f (4-r64d)

P^f=cos2a ( 4 - 6 5 a )

W £ = ± s i n 2 a lKA ( 4 - 6 5 b )

S i n 2 ^HaCp ( 4 - 6 5 c )

iVf- p  ,s c o s 2 a f  
H a C s

( 4 - 6 5 d )

The definitions of all angles in these equations are 
shown in the Fig. 10. It is clear that all angles involved in 
the reflection coefficients are related to the incident angle 
and the angle of the local normal which is given by Eg,(4-40).

In the case of incident shear wave the relations between
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angles as well as wave numbers in Eg. (4^23) becomes, in local 
coordinates,

£ s s in a = £ p S in a p = ic fs in a s= .? C p S in a |= .fc :fs in a f • ( 4 - 6 6 )

If the height function h(x) is determined, the local 
normal becomes known. Therefore all angles involved in the 
scattered and refracted fields can.be.explicitly expressed in 
terms of the known local normal and the given incident angle, 
ie. .

a=0^ c-F

Sinctp=-S-Sina

sinap=— ^sina
kp

(4-67)

(4-68)

(4-69)

(4-70)

kAsina s= — — s ina 
kBs (4-71)

So far we replaced the unknown scattered and the 
refracted displacement and stress fields on the boundary by 
the known incident wave field and the plane reflection
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coefficients. It is clear that the scattered and the refracted 
fields on the boundary depend on the properties of the rough 
boundary, in addition to the given incident wave. Therefore to 
solve the problem numerically, we need to determine the 
properties of the rough interface which will be discussed in 
later chapters.

Restrictions of the Kirchhoff Approximation

When the Kirchhoff approximation is applied to problems 
of wave scattering from a rough surface, some corresponding 
restrictions on this approximation must be considered (OgiIvy 
1985). The basic assumptions of the Kirchhoff approximation 
are as follows:
a) scattering from any point on the rough interface is assumed 
to be the same as from a surface that is locally flat;
b) shadowing effects and multiple scattering are both 
neglected.

First let us consider the assumption a). The validity of 
this assumption will be very good when the radius of the 
curvature of the rough boundary is large compared with the 
wave length of the incident wave. But the validity will break 
down if the roughness includes sharp edges or sharp points, 
i.e. the radius of any curvature of the rough boundary is 
small. Figure 11 shows these two limiting cases. ,
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i). a >> X 

( a is large )

ii). a < X 

( a is small )

Figure 11. Two types of rough surfaces
a is the radius of curvature;
X is the wave length of incident wave.

To describe the assumption quantitatively, let us assume 
that the radius of curvature of the rough boundary is at least 
m times larger than the wave length of the incident wave. This 
can be expressed as:

mX<,a (4-72)

where a is the local radius of curvature at any point; X is 
the wave length of the incident wave; m is a positive number 
and greater than I (m > I).
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For the two-dimensional problem considered in this paper, 

the definition of the radius of the curvature. of the rough 
boundary denoted by h (x) can be described by the following 
equation:

l+/_dh(x)
\ dx
d2h (x) (4-73)
a%2

If the function h(x) is given, the radius of the 
curvature can be easily obtained from Eg.(4-73). Here we use 
both cases (i.e. h(x) is given and h(x) is random) to set up 
the restriction about the wavelength of the incident wave and 
the roughness of the boundary.

If h(x) is given and has, for example, the sinusoidal 
profile

h(x) =h0cospx (4-74)

the radius of the curvature can be written as:

_ (!+AoP2Sin2Px)372
AcP 2Cospx ' (4“75)

Tp find the strictest condition on the radius of the 
curvature and the wavelength, we need to determine the minimum
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radius of the curvature. From equation (4-75), this is given 
by

m̂in I (4-76)

Therefore the restriction (4-72) becomes

mXz I
A,P=

(4-77)

If we describe the incident wave in terms of frequency 
and wave speed, the restriction in (4-77) can be written as

Fzmch0P 2 (4-78)

where c is the wave speed of the incident wave; F is the 
frequency of the incident wave.

For a random boundary,, properties of ̂the curvature can be 
described by the standard deviation a, and the correlation 
length X0. If we replace hQ and p in Eg. (4-78) with o and 
I/X0, respectively, the restriction for the random case of a 
rough boundary, from the basic idea discussed above, can be 
expressed as

„ moc
X20 (4-79)
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If the values of the roughness (denoted by h0 and p or cr 

and A0) , the wave speed c, and the factor m are given, we can 
have the exact value for the frequency needed in this 
restriction from Eqs. (4-78) or (4-79).

In many practical examples of rough surfaces in modern 
industries, for instance, fatigue cracks or manufacturing 
defects, the typical values of the roughness (Billy, et al 
1980), in terms of the root., mean square height. and the 
correlation length, are

a»0.12 (mm) (4-80a)

Ao»0.65 (mm) (4-80b)

Waves propagate at different speeds in different 
materials. Therefore the corresponding.values of frequencies 
in the restriction (4-78) or (4-79) vary. For- some typical 
materials (say steel, copper, and aluminum), if the value of 
the factor m is chosen, for example, m=3 (Ogilvy^ 1985), the 
values of the required frequencies for the restriction can be 
determined. Table I shows the values of compression wave 
speeds, factor m, and corresponding frequencies.
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Table I. Values of required frequencies for 

the Kichhoff approximation

material p-wave speed 
( m/sec )

frequency
(MHz)

m=3 m=4

steel 5900 5.027 6.703
copper 4600 3.920 5.226
aluminum 6300 5.368 7.157

From these values of the frequencies listed in Table I, it is 
clear that the Kirchhoff approximation is a high frequency 
approximation.

Now let us consider the second assumption in the 
Kirchhoff approximation. Since shadowing effects (see Fig. 12) 
and multiple scattering (see Fig. 13) are both neglected in 
this assumption, the incident angle measured from' the normal 
to the mean plane must .be small enough such that this 
assumption is acceptable. It is obvious that there is more 
chance for the shadowing effects and the multiple scattering 
to occur as the incident angle increases. The problem of 
shadowing and multiple scattering is quite complicated. 
Therefore exact restrictions on this subject can be hardly 
obtained. Here we discuss an approximated method for this 
restriction. A description for this restriction can be 
obtained through a geometrical construction (see Fig. 14).
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incident wave

rough boundary
shadow

Figure 12. Shadowing effects

incident wave
scattered wave

rough boundary

Figure 13. Multiple scattering
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incident wave
scattered wave

rough boundary

Figure 14. Restriction on shadowing effects and multiple 
scattering

In this approximated method, the most important 
consideration of the restriction on shadowing effects and 
multiple scattering should focus on the incident angle as well 
as the highest points and the lowest points on the rough 
boundary, because these high points block the path of the 
incident wave and the reflected wave. If the incident angle is 
very large, some form of shadowing effects or multiple 
scattering will occur. Therefore to satisfy the assumption on 
the shadowing and multiple scattering, we need to consider the 
following inequalities (Ogilvy 1985):

Qjnĉ Qcr (4-81a)

e“c<ecr , a =p, s (4-81b)

where 8PSC and 88sc are the angles of the scattered P-wave and
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SV-wave, respectively; 6cr is the critical angle, and given by 

6cr= a r c ta n - | (4 -82 )

For a real rough surface, the values of the d and L vary 
along x-axis. Here we just consider the average case of the 
roughness. This leads to

6cr= a r c ta n -^  (4-83)

Using the previously given values of cr and A0, the 
critical angle will be 0cr=8O°. It is clear that if a 

increases or A0 decreases, the' restriction on the incident 
angle is more severe.

For a given incident wave, the angles Qpsc and Qssc are 
different because of their different wavenumbers. For example, 
for an incident P-wave with the angle Qinc=SO0 , from Eqs. (4 -  

41)- ( 4 - 4 3 ) ,  we have Qpsc=SO0 and Qssc=3 3°. For an incident SV- 
wave with the angle Qinc=33°, from Eqs. (4 -67 ) - ( 4 - 6 9 )  , we have 
Qpsc=SO0 and Qssc=33°. Therefore, in order to satisfy the 
inequalities in Eq. (4 -81) , we need the restriction on the
incident angle as follows:

^ 80 for P-wave

Giac<33° for SV-wave
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CHAPTER 5

SOLUTIONS OF THE ELASTIC GREEN'S FUNCTIONS

In Chapter 3, we derived the general expressions of the 
scattered and the refracted fields described by surface 
integrals, given by Eqs. (3-32) and (3-33). In the surface
integrals, the remaining unknown quantities which need to be 
determined are the elastic Green's functions for. displacement 
and stress components. In order to evaluate the surface 
integrals, the Green's functions must to be determined 
explicitly. The governing equation used for this is given in 
Eq. (3-26). The relation between the Green's displacement 
tensor and the Green's stress tensor is

xdjk-Cijim(u1Gk) i!tt (5-1)

In the present paper, we assume that the material is 
homogenous and isotropic. Therefore Cijjlm is given by (3-3a) . 
Put this into Eq. (3-26), together with Eq. (3-4), we get

H (ufj;) tjj+ (A+n) (uGk) ,i+Pto2Uijc=-5^8 (z!-z) (5-2)

The solution to Eg. (5-2) is given by Achenbach, Gautesen, and 
McMaken (1982, p. 24) as
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<7> {6i*m**> +p:tF (tf> -J7(VO), J (5-3)

With Eg. (3-4)

-F < V O  Jltii-iV t V O

-SjiF ( M )  .J-Sy

where

F ( M ) - e X P U M >  "-P - S (5-5)4ui?

and

(5-6)

Equations (5-3) and (5-4) are the Green's functions of 
the displacement and the stress components in region A. 
Similarly we can obtain the solutions of the Green's functions 
of the displacement and stress components in region B. The 
solutions for region B have the same form as the solutions for 
region A, and the only difference is that material properties 
of region B are different from region A. Therefore all 
parameters, related to material properties, involved in the

1 - - F(M)1I
(5-4)
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solutions should be written with either superscripts B or 
subscripts B, for example, /jb, AB, etc.

For most practical applications, the far-field 
approximation is considered as a convenient way to simplify 
the calculation and performed as follows (Achenbach, Gautesen, 
and McMaken 1982, p25). Assume that the distance between the 
observation point P and the origin is much larger than the 
distance between any point Q on the boundary and the origin 
(see Fig. 15).

m ean plane rough  in terfa ce

Figure 15. The far field approximation
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Therefore we have

U l > k /|

R= Jrz-̂ r I "r-z/.s.

where e. is a unit vector in the direction of r , 
written as

£ .= 1.4

and

_1 ;
r= |rI= (x2+y2+z2) 2

In Eq. (5-8) the vector r 1 denotes the position 
on the interface, and can be written as

x!=x±+h ( x) k

With Eg. (5-8), Eg. (5-5) becomes

F(kaR)
exp (IkaR) _ exp [ika (r-z/.f.) ] 

47ti? 4irr
CK

From the far field approximation and 
derivatives of the terms F(kaR) Eqs. (5-3) and

(5-7)

(5-8)

and can be 

(5-9)

(5-10)

of any point 

(5-11)

!P , s  (5-12)

appropriate 
(5-4) can be
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written as

(5-13)

(5-14)

The displacement and the stress components in Egs. (5-13) and 
(5-14) show that both contain two parts, the longitudinal part 
and the transverse part.

By taking the derivative of Eqs. (5-3) and (5-4), the 
longitudinal and transverse components of the Green's 
functions can be written as (Achenbach,' Gautesen, and McMaken 
1982, p. 25)

u ikP - A f k G  (k p r ) (5-15)

uIk3-AfkG (ksz) (5-16)

T ijk~ i H i j k G  (kpT) (5-17)

T ijk~ I H f jkG  ( k sZ ) (5-18)

where

(5-19a)



and

G (k r ) = S-ik̂  s 4 Ttr (5-19b)

Afk= . . 1-r e ,• 8Xa+2 i°Jc (5-20)

(5-21)

(1-2K-2) S ij-Jejc (5-22)

ÛJc=-fcs[6iJteJ.+SJ.Jtei-2eieJ.ejc] (5-23)

The symbols Gi, ej and ek denote the components of the unit 
vector defined in Eg. (5-9). The symbol k is defined in Eg. 
(4-26).

In region A, the unit vector and its components have the
forms

La=Sx hQ obi+cosQ ot>k (5-24)

Ci=SinOojb (5-25a)
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sf=cos04 ( 5 - 2 5 c )

where 6Aob is called the observation angle as shown in Fig. 
15. Similarly, In region B, we have

& B= s i n e 4 i - c o s 8 0̂  ( 5-26)

S i = S i n B o i3 (5 - 2  7 a)

Sa=O ( 5 - 2 7 b )

e f = - c o s 0 o i  (-5-27C)

Therefore the parameters Apik, Asik, Hpi jk, and Hsijk 
involved in solutions of Green's functions can be expressed in 
terms of the observation angle. When Eqs. ( 5 - 2 4 ) ,  (5 - 2 5 )  are 
substituted into Eqs. ( 5 - 2 0 ) - ( 5 - 2 3 )  we get

Ag*- Xa+2 [Xi-Sin2Oib

-- ^7 C O S 2Oii3

(5-28a)

( 5 - 2 8 b )

Xa+2 nA
SinOii3CosOii3

( 5 - 2 8 C )
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— -si IiOoj3C o s Qoj, (5-^28d)

zjP/a.-rtIll" 1-2 (^)2
( ^ 2

sin6oJb+2
(J^)2

Sin3Q^jb ( 5 - 2 9 a )

iJf/i = 2 ^  s InQyjbCos2Qyi (5-29b)

tjP/A-rtISl 2 Sin2QabCosQ^(•̂s ) ( 5 - 2 9 C )

F1sZi-^co s Qoi (I-Ssin2Qyjb) ( 5 - 2 9 d )

jP/a_ 1-2 (^)2
(^)2

SinQyjb+2 ^ ^ s i n Q y jbcos2Qyjb (5-29e)

^ i  =-2ksS InQyjbC OS2Qyjb (5-29'f ■)

In our two-dimensional problem the second component, the 
component in y-direction, vanishes. The parameters of the 
component in z-direction are

Atl*- A,A+2 p"-SinQyiCosQbjb (5-30a)
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AZlA -^-sine^cose^

A p/ a. 
33 '

I
kA+2\iA

cos2©^

-i-Sin2QA6b

1-2 (^p)2
(^)2

cosQoi+2 A_^_sin2C c o s Q ^

Hll*= ~ 2 £As In2QoiCO s Qoi

A\3
(^)2

SinQoiCos2Qoi

# ^ A=&#sinQoi(l-2cos2Qoi)

3̂33 1-2 (JCa)2
(JcA )2

cosQAh+2 (Jca)3
(JcA)2COS3Qaj-

H?{?=2 Jc.As in2 6Ahcos Qaj

In region B, with Eqs. (5-26), (5-27) the 
the Green's functions have the similar form, 
components are

(5-30b)

(5-30c)

(5-3 Gd)

(5-31a)

(5-31b)

(5-31c)

(5-31d)

(5-31e)

(5-31f)

parameters of 
The non-zero
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A p/b . ii ' I
kB+2\lB

Sin2Qj5

A S/B. 11 '- C O S 2QIIs
B
ob

A P/B
31

I
Afl+2nsSinQj5CosGj5

^35Is= -^sinQj5CosQj5

TjP/B_ -wIll - 1-2 (k *)2 sinQjj+2 (icj)3Sin3QB
ob'

Hill= 2 JrfsinQj5COS2Qj5

tjP/B,
W131 '

(JcJ) 3

(Jrf)"
Sin2Gj5CosGj5

î3J=JefcosQj5 (2 co S2Qj5-1)

Hill- 1-2 (Jef)2
(Jef)2

sinQj,+2 (Jef)3
(Jef)2 SinQj5COS2Gj5

( 5 - 3 2 a )

( 5 - 3 2 b )

( 5 - 3 2 c )

( 5 - 3 2 d )

( 5 - 3 3 a )

( 5 - 3 3 b )

( 5 - 3 3 C )

( 5 - 3 3 d )

( 5 - 3 3 e )

Jjf3J= ~2 Jefs InGj5COS2Qj5 ( 5 - 3 3 f )
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X b +2\i
-SinBfhCOsefh

A s/B 
13 ' -^-sin6^cos6„^H b

A P/B
33

I
Xs+2nBcos20

B ' 
ob

A s/B 
33 ' —  sin26Hb

B
oh

Hili ■ 1-2 ( k j ) 2 

W )  =
cosS^+2 (jcpB)3Sin2Sfi3CosSfi

H i H =  2 Jrfs In2S oic osSf,

ttP/B_ 
t i133 "2 (Jef)2

(Jef)"
SiriSfiCos2Sfi

^ 3/3S=Jcfsin6fi(l-2cos26fi)

1-2 ( V f
(Je f)"

cosSf,+2 (Jef)"
(Jef)"

Cos3Sfi

H i H =  ~  2 Jefs In2SfiCO s Sfi

( 5 - 3 4 a )

( 5 - 3 4 b )

( 5 - 3 4 C )

( 5 - 3 4 d )

( 5 - 3 5 a )

( 5 - 3 5 b )

( 5 - 3 5 c )

. ( 5 - 3 5 d )

( 5 - 3 5 e )

( 5 - 3 5 f )
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Finally, with Eqs. (5-11), (5-24) and (5-26) we have

in6^+h (%) cos0^, (5-36)

l!.SL3=Xsindob-h(x) CosQfjb (5-37)
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CHAPTER 6

THE GENERAL SOLUTIONS OF DISPLACEMENT COMPONENTS 
OF THE SCATTERED AND THE REFRACTED FIELDS

Now we are able to derive the general solutions of the 
scattered and refracted fields. Notice that with Eqs. (4-19) 
and (4-20) , the scattered and the refracted, fields on the 
rough boundary can be written in terms of the known incident 
field, and that from Chapter 5 the Green's functions are also 
known. Therefore the surface integrals Eqs. (3-32) and (3-33) 
can be evaluated.

However, Eqs. (3-32) and (3-33) also contain quantities 
related to the rough interface, for example, the unit normal 
of the rough surface, differential element ds, and etc. 
Therefore we want to discuss the characteristics of the rough 
interface before deriving the general solutions of the 
displacement components.

The Characteristics of the Rough Interface

The expression of the scattered and refracted fields 
contain the form of the unit normal n of the rough surface. 
From the height function z = h(x) , we can find the surface 
normal as

n= v-F
M

(6-1)

where F = z - h(x) = 0
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vF=-|^i+-||ic=-i3 (x) 1+k 
ox OZ

(6-2)

I-I=ID2S n i

= [l+̂ 22 (X) ] 2 (6-3)

therefore

[l+h'2 (x) ] 2
I-A {x) 1+M (6-4)

and

nx-

[I+22 WJ
A (6-5a)

n 2= n y = 0 (6-5b)

^3=-nZz
[1+2]2 (x) ] 2 (6-5c)

In terms of the angle R between the surface normal and the z- 
axis (see Figure 10), the surface normal can also be written 
as

!2=-sin]ijL+cosJ5i (6-6)
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where

P-=Brctan [h* (x) ]

Then

nI=nX=-
-A(x)

[!+A2(X)]̂ '
-sinP"

(6-7)

(6-8a)

Il2=Hy=O (6-8b)

n2=nz=-
[l+h,2(x)] 2

= COsP-
(6-8c)

In terms of the height function h(x) , the differential element 
ds can be written as

ds=— ^ - = [!+Ji2 (x) ] 2 dx cosp (6-9)

Therefore we have

n^ds=-h' (x) dx (6-10)

n3 ds=dx (6-11)

The limits of integration in the x-direction are set as
(I-jI z >̂2 ) •



The General Solutions Due to An Incident P-wave

In this work, both incident pressure wave and incident 
shear wave are considered. First let us look at the general 
solutions due to the incident pressure wave.

In terms of components, the general solutions for 
displacement given by equations (3-32) and (3-33), can be. 
written as

Ul (x) =/[ui ITi6Hnl+ 3̂1ZI3 + U3aT3cHZZ1+ U3aT
S

- UnTTnn3 - U11T^n3- U31ITnn1- U31T33̂ ] d s  ( i! )

Uz(Z) =0

U3 (z) =f L U1 T1H n 1+ U ^ irH an3+ u3 T 613̂ + u ^ T3G33n 3
S

- U1̂ x f 1Ii1- U1̂ TI 3H3 - U33Tnn1- u £ x y 3n 3] d s  (zl)

and

Ui (z) zzJ  [ t i i Ui n 1+x13u11n 3+x131u31n 1+x33u31ii3
S

-UlflTHin1 -U1X 131n 3-U3bXHin1 -U3bX33±n 3] d s  (zl)

90

( 6 - 1 2 a )

(6 - 1 2 b )

( 6 - 1 2 C )

( 6 - 1 3 a )

Uz (Z) =0 (6-13b)
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U3B(z ) =f [T J81 U13 Il1 + X U 13^3 + X3s! U33 + T3S3 U33W3
S

-  Ui5X^13U1- U ibX1̂ 3U3 -  U3bX3̂ 3U1- U 35X3G33223] d S  (zO (6-13c)

In Eqs. (6-12) and (6-13) uGik, xGijk are given by Eqs. 
(5-13)-(5-16), and uAiz rAik, U5i, rBik, are given by Eqs. (4- 
19) - (4-22) . Note that from Eqs. (5-13) - (5-16) and Eqs. (5-28) - 
(5-31) the general functions for displacement.and stress are 
zero whenever the subscripts i,j, or k have a value of 2.

To evaluate the integral expressions of the scattered and 
refracted fields, we need to substitute Eqs. (4-19a)- (4-22b) 
and (5-15a) - (5-16b) into Eqs, (6-12) and (6-13) . However, this 
will result in long and complicated formulas. Now we want to 
simplify the formulas. First let us rewrite the scattered and 
refracted fields of the displacement and stress components on 
the interface, Eqs. (4-19)-(4-22), as

Ui=fi/Pexp (iri) (6-14a)

uA=fA/pexp(ir|) (6-14b)

X33=If^exp (i n ) (6-14c)

X13 = I f f 37pGXP ( i r | ) (6-14d)

For region B, we have
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UiB=jff/pexp (iri) (6-15a)

U3B=f3B/pexp (ir|) (6-15b)

T f3=i ff/Pexp (i ri) (6-16a)

. T1B3=iff3/pexp (in) (6-16b)

where is given by Eq. (4-18) , and
\

fi/p=Ainc[i? ps i n P A+i?pco s Ŷ]' (6-17a)

^ 7p=Ai cos pA-i?f sinyA] (6-17b)

• filP=Ainckp{Ri[(̂ A+2\iA) sin0incsinPA-Acos9iJ3CcosPA] 

+J?f[(X̂ +2|iA) sin6j^cosYA+^cos8^sinYA]} (6-17c)

fi3/p= f3Ai/p=Ajj3Ĉ pnA[j?1p (s in0incco s pA-cos0jj2CsinpA) 

-rRi (sin0incsinYA+cos0 jziccosYA) ] (6-17d)

f A/p=Ain<Jcp{i?i|XAsin0inc,sinPA- (XA+2nA) cos0ipccosPA 

+J?i[XAsin0jnccosYA+ (XA+2|iA) cos0ipc,sinYA]} (6-17e)
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For region B, we have

fi/p=Ainc (Rf sinP B--R4pSiny s) . (6-18a)

f^ p=-Ainc (i?3pcosp s+i?4ssinY B) (6-18b)

f1BiP=Aincrkp{j?3P[(X B+2 ji F)sin0incsinP B+X Bcos6ij2Ccos Pj

+E4-̂ XsCoseincSinYB- (As+2[iB) sin6jncsinŶ ]} (6-18c)

fx(P=filP=Alnckp\L bJEss7p (CoseincS inp B+sin6inccosP B)

+E4P( SinOincSinY s-cos0incsinYs)] (6-18d.)

f3s/p=AincJrp{Ei| (X s+2iJiB) coseinccosP B+X sSinOincSinf

+E4p[(XB+2|xB) CoseincSinYs-XsSineincSinYs]) (6-18e)

By substitution of Eqs. (5-11), (5-12) and (6-14a)- (6-15d)
into Eqs. (6-12a)-(6-13c), the scattered and refracted fields 
of the displacements can be written as

U1M /e (V >
S

+ G U c sZ)

« 3[G(V)

+ GUesZ) (6-19a)
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u£=0

3

*a(k,r) (Hilif^Hi^e^-A^ei^-Ai^e^ ) 

*n3[G(kpr) (HtSfi'e+Hfltf^-A^f^-Ai^t*'1’) 

*G(k,z) (H;lifi/**Hg}fi/e-AflAf%p-AZ'*f&) ] }ds 

For region B, we have 

ut.ife^njGfk^r)
S

*G{k,tlc) {H;ii£i'»+H;li£ii°-A;lBfll‘‘-A;(BfUp) ]

+Gikg/gT) ( H ^ f ^ f H g ^ - A ^ f ^ - A ^ f i h  I }dS

U2*-0

S

+G(*,/Sr> <Hglfl'^Hglfg-:-AgB& - A g ‘f!l!') 

njGtt^r) fU r-Ailtgl*) .

(6-19b)

(6-19c)

(6-20a)

(6-20b)

+ G ( ^ ) (6-20c)
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With Eqs. (5-18), (5-36) and (5-37) we can write

eir]G(k r) = e^ r eiCzW pfW (x)I4%r
(6-21a)

SJc z"
eiriG(k r) = e " e (x)I 5 4 TIZ

(6-21b)

and for region B

eiT1G (k /Br) = -ê  p̂ . e (x)I p/ 4 Ttr
(6-22a)

eil]G(ks/Br) B lkŝ x i[Ds/Bx+EE/Bh (x) ]
4TtZ

(6-22b)

where

Dp/A=kp(sinQinc-sindAob)

EP/A= - k P ic0s6 inc+ c o s Q tb)

Ds/A=kpSinQinc-kssinetb

E s/A=~ ikPc o s 6 Ina+ k Sc o s 6 Ob)

and

E p/B=k Psin6 lnc-kp/BS i n Q  ob

ePIb= - (kpcosQinc-kplBcosQ*b)

(6-23a) 

(6-23b) 

(6-23c) 

(6-23d)

(6-24a)

(6-24b)
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D s/B=kpsinQinc-k s/Bsin6ob ( 6 - 2 4 C )

E s/B= - (k P 0 0 s 6 inc-k s/BC O s Q ob) (6 - 2 4 d )

After replacing all terms involved in the integrands of 
integrals (6-19) and (6-20) with equations (6-21) and (6-22) 
we have

Ieik̂
L2
J [ - h  U )
L2

+ {Hll?f?p+tI$l?£¥P-AllAfU p-A^IafUP) Idx

+ Ieiksx
47tr

L2
f [ - h  (X)

L2

+ (6-2Sa)

Ua=O (6 - 2 5 b )

fi-h'U) (H^}f}/p*H^fi/l,-A^filP-A^ifilr)
L2 .

+ (H&f?/p+H£{ifi/p-AgAf?{p-Ai{Af^p) ]e 1IdPZaX+Ep/Ah (x) ]dx
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* te)■̂1

+ (6 - 2 5 C )

The equations (6-25a)- (6-25c) are the general solutions 
of the scattered field of the displacement components in 
region A.

In the similar way, , we obtain the solutions for region B
as:

U 15= (X) ( H g ? £ ^ + ^ f
lI

+ {Hillf?/p+Hillfi/p-All3f?lP-AiiBfilP) JeiLW+WU)Idx

i Q ikSZBl

47tr

(6-26a)

u/=0 (6-26b)

a iifiPlBr

47t:r / [ - A z (X) ( ^ f /3Sf iS/p+ ^
■P/Bq B/p  ,
13 3 -rS A13

piBfB/p TiPlBf BZi Al I ~Ava r3i?33
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aP/ByrS/p•"33 £33

. ( 6 - 2 6 C )

The equations (6-26a)-(6-26c) are the general solutions 
of the refracted fields of the displacement components in 
region B .

The General Solutions Due to An Incident SV-wave

For the case of an incident shear wave, the general 
solutions of the displacement components of the scattered and 
the refracted fields can be obtained in the similar way 
applied for the case of the incident compression wave. In this 
case, the expression (6-16) in the section above becomes

x \ B = k J x s i n B f r c - h  ( x ) CosQjnc] (6-27)

and

jfi/s=Ainc[j?1ssinPA+J?2scosYA] (6-28a)

f^/s=AinJiR^ COS^a-Ri s inyA] (6-28b)
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fti3=AinJcs{Ri[ (Xa+2 ha) sin6jncsinpA-X;icos6inccospA

+i?2s[(XA+2|xA) sinOjnccosyA+XAcos6jncsinyA]} (6-28c)

>î /s= A /s= A  A ^ f  (sin0jnccosPA-cosejncsinpA)
-

-R% (sin0jncsinyA+cos0jnccosyA) ] (6-28d)

f U s=Aincks{Rl[XAsin0jncsinpA- (XA+2 A  cos0jnccospA

+i?2S[XAsin0jnccosyA+ (XA+2|iA) cos0jncsinyA]} (6-28e)

For region B, we have

AB/S= A C (̂ 3eSinp B-.R4sSiny 5) (6-29a)

ff,s=-Alnc(R̂ scos p B+R/siny 5) (6-29b)

ffiS=Ain B + 2 ^sinejncSinP S+X Bcos6inccos pJ'

+^/[XBcos6jncsinYs- (XB+2nB) sin6jncsiny 5̂  (6̂ -29c)

f*(s =^ls=AincksU- I-rS5 (cos6jncsinP B+sin6jnccosP B)

+J?4S( sin6jncsiny B-cos6jncsinyB)] (6-29d)

f^s=AjnA M  (& B+2n B) cosejnccosP B+X 5SinejncSinI 

+i?̂  (X B+2 n B) cosOjncsiny B-X 5SinOjncSiny 5J) (6-29e)
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Again for the case of the incident shear wave, the 
parameters expressed by Eqs. (6-23a) - (6-24d) become

-dPZa=^sS in6inc-jcpsin6^ (6-30a)

Ep/A=-ks(cosQlnc+cosd*b) (6-3Ob)

Ds/A=ks (SinGinc-SinGojb) (6-30c)

EsjA=-^s (cos9inc+cose^i) 

and for region B

(6-30d)

-DpZB=̂ sS ineinc-Jcp/ssin6oi (6-31a)

Eps/B=- (kscosQinc-kp/BcosQ*b) (6-3lb)

E>ss/B=kssindinc~ks/BsinQob (6—31c)

EssZB=- ( J:scqseinc-£S/Bcoseoi) (6-31d)

Scattering Coefficients

In order to obtain the general solutions in the form of
dimensionless quantities, let us introduce a new term  ̂ the
scattering coefficient which is expressed as
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(6-32a) 

(6-32b)

where uA/p is the scattered displacement of P-wave in region 
A; uA/s is the scattered displacement of SV-wave in region A; 
U°/P is the reflected displacement of P-wave in the specular 
direction in region A for a smooth boundary; u°/s is the 
reflected displacement of SV-wave in the specular direction in 
region A for a smooth boundary.

For region B, we have

Cf: ,5 /p

(6-33a)

and

(6-33b)

The definition of all terms in Eqs. (6-33a) and (6-33b) are
the same as region A.
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CHAPTER 7

AVERAGE EVALUATION OF THE SCATTERED 
AND REFRACTED FIELDS

Equations (6^25) and (6-26) are the explicit solutions of 
the scattered and refracted fields in this problem. However, 
these equations contain the shape • of the rough interface 
through the height function h (x) and its derivative h 1(x). 
Therefore, at this step, to carry out the integration in Eqs. 
(6-25) and (6-26) , we need to know either the explicit 
expression for the height function h(x) if the rough interface 
has a given shape, or the probability properties of the rough 
interface if the interface has a random profile. In this work, 
we deal with the random rough interface. Since the height 
function of the random rough interface does not have an 
explicit expression, the exact results of the scattered and 
refracted fields cannot be obtained. An average evaluation of 
the scattered and refracted fields is considered in this 
paper. The performance of the average evaluation requires that 
the height distribution density of the rough boundary have a 
known profile. In this chapter we will discuss the probability 
properties of the rough boundary and the average evaluation.

Probability Properties of the Rough Boundary

The rough interface, as mentioned above, is described by 
height function h (x) . For a random case of the rough
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interface, the properties are described by the distribution 
density of the height. In this work, we chose the height 
distribution to be a Gaussian profile. It is generally 
accepted that machine treated surfaces have . a Gaussian 
distribution in the surface roughness (Whitehouse and Archard, 
1970). If we chose the mean value of the height as zero, i.e., 
<h(x)> = 0/ the Gaussian distribution of the height has the 
form as (Beaumont, 1986, p. 113)

where a is variance of the random height, also called standard 
deviation. The square of the variance is given by

If the mean value of the height <h(x)>=0, then the square of 
the variance becomes

a is also called root mean square (r. m. s.).
It can be shown that if a random rough surface has a 

Gaussian distribution of the surface height, then the 
distribution of the slope of the rough surface also has a 
Gaussian profile (Adler, 1981, p. 31), and is given by

(7-1)

o2=( [h (x) - <h (x) > ]2) (7-2)

o2=< [h (x) ] 2> (7-3)



104

tfh'ix)]=-- (7-4)

where aq is root mean square of the gradient of the height:

The root mean square of h (x) and h 1(x) can not describe 
the rough surface completely because they can only tell us 
some information about the height of the hills and valleys of 
the surface, they cannot tell us whether these hills and val­
leys are crowded close together or whether they are far apart. 
Therefore another function, the correlation function or 
autocorrelation function, needs to be considered.

The correlation function of a random surface gives a 
measure of the degree of correlation between two points on the 
surface. For our surface, whose roughness variation is in one 
direction only, we therefore have the correlation function 
given by

where L is the "separation parameter" between two points X1 
and x2=x1+L on the rough surface. Let h1=h(x1) and Ii2=Ii(X2) . 
If L is large, then X1 and X2 are far away from each other, 
and h1 and h2 will be independent. If L is small, then X1 and

O 2g= < { h 1 {x) ] 2> (7-5)

c (L)=<h(x+L)h (x)> (7-6)
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X2 are near each other, and Ii1 and h2 will be correlated. If 
L=0, we have

c(0)=<h2(x)> (7-7)

The normalized correlation function, or autocorrelation 
function, Cn (L), is defined by

Cn (L) <h (x+.L) h (x) > 
<h2 (x) >

(7-8)

The important properties of Cn (L)

Cn (O)=I

Cn (L) -> 0 as L ->

(7-9)

(7-10)

Now we need to specify a form of the correlation function 
to further characterize the rough surface. One of the most 
commonly used forms of the function is (Maradudin and Mills, 
1 9 7 6 ) .

C(L) =C(O) e (7-11)

in which T0 is defined to be the correlation length Over which 
C(L) falls by a factor of e-1/2. It can also be shown that

O2g=-Cif(O)
Tl (7 - 1 2 )
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So far we have obtained the parameters a, ag and T0 which 

define the defect roughness of the random rough interface.

Average Values of the Scattered Fields

Each component of the scattered and refracted fields in 
expressions (6-25) and (6-26) contains two parts (P-wave and 
SV-wave) as indicated by Eqs. (3-39). Before we take average
evaluation of these expressions, let us have some rules about 
random variables. If x is a random variable, and f(x) is a
function of x, we have a rule for averaging as 
1986, p. 234)

(Beaumont,

b b
(jf(x)dx)=J<f(x)>dx

a a
(7-13)

and if X1 and X2 are independent, we have 

<p(x1) g(x2) > = <p(x1) ><g(x2) > (7-14) .

Take the average of Eqs. (6-25a)-(6-26c) term by term, 
with Eqs. (7-13) and (7-14), we have the average value of the 
scattered fields in region A:

<Ui/p>- 28 P f [<-hz(x) ><£f> + <Ci>] <eiljW ^ jW 2(x) 1 >dx 4 Ttr J-lI
(7-15a)

L2

<Ui/s> - ie s f K-Jiy(X) ><Zi> + <(i>] <ei[Ds/AX+Es/Ah(x)>dx 
4rcr JL1

. (7-15b)(7-15b)
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<ur">( Ieikpt
47tr j"[<-A'W  ><#> + <#>] (7_i5c)

< u f /s> Ieikpt
47TZ [<-A/(%)><^> + <(f>] (7_i5d)

In equations (7-15a)- (7-15d) ZLa and Cia (i= I, 3 and a=p, s) 
are, in complicated way, functions of the gradient of the 
surface height. The average value of these functions are given 
by

, G=JP,

<f:> , a=̂ p,

<(3> =^3?<f^> + ^ < f a - ^ < f ^ >  , a=p.

(7-16a)

(7-16b)

(7-16a)

(7-16b)

The explicit expressions of f^/P and f^j^/p (if j = 1, 3) are 
given in Eqs. (6-17a) - (6-17e) , and the explicit expressions of 
Haijk and Aaik (i, j, k = I, 3 and a=p, s) are given in Eqs. 
(5-28a)-(5-3If).

For region B, we have the average value of the refracted 
fields

XeikPtB1
47tr f [<h/(x)><Z?/B> + <(f/B>] <eilBp/*x+Ep/*h(x)1>dx (V-I7a)
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<ui/s>= ie4%^B / K A z(X) ><^/s> + <Ci/s>] <eiWs/BX+Es/Bh(x)]>dx (V-IVj3)
lI

= [<-Az (x) > <( f ] <e " Ŵ + W (")] > (7_ivc)
L±

ik r '

<uf/*>= [<-Az(x)><$^> + < ( ^ > ] < e ^ W ^ ^ ] > d x  (v-i?d)
lI

here

<it/B> f ‘/e> * H ^ ‘< f ‘/l,> -A 1"/e< f?(p>-a U B< filp> , <t=i (7-18a)

= H f <ff ' > +HfZf<ff"> - f * " ) f f /"> , o-i (7.18b,

- «=j (7-isa)

<c;/e> =AfZ3̂ ^ f,e/p>-Ar/a<f;/p>-a ;{b<£ U ^  , «-j (7—i8b.

In Eg. (7-18) the explicit expressions of f^/P and I1 .b p̂ (i, 
j = I, 3) are given in Eqs. (6-18a)- (6-18e), and the explicit 
expressions of Ha/Bijk and AaZ5ik (i, j , k = I, 3 and a=p, s) 
are given in Eqs. (5-32a)- (5-35f).

Equations (7-15) through (7-18) are the general 
expressions of the average evaluation of the scattered and 
refracted fields. Since the chosen height distribution has 
Gaussian profile, it is clear that if the mean value of the 
height vanishes, i.e. <h(x)> = 0, then the mean value of the 
gradient also vanishes, i.e.
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<h/(x) > = 0 (7-19)

Therefore all terms involving <h'(x)> in Eqs„ (7-15) through 
(7-18) will be zero.

The averaging is with respect to h(x). Therefore the 
exponential terms in the integrands become

<e i lD*/AX+Ec/Ah (x)]> = e iDc/Ax<e iEa/Ah (x) >  ̂ a = p ' s

and
< e i lVa/BX+Ea/Bh (X) ] > = e iDa/BX< e iEc/Bh (x) >  ̂ a  =p, S

(7-20)

(7-21)

Putting these results in to the expressions of the scattered 
and refracted fields, Eqs. (7-15) through (7-18), we have

<Ui/p>=gp (r) <(i><elEp/Ah(x)> JelDp/AXdx
L1

(7-22a)

L2
<Ui/s> =gs(r) <Ci><elEs/Ah(x)>JeiDs/AXdx (7-22b)

' - L2
< u3a/p>=gp (r) < Cf > < e (x)> J e lDp/AXdx

L1
(7-22c)

L2

(7-22d)

where

ff“<r)” 4nr 1 a=p's

For region B, we have
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<uf/f>=gf/a(r) < < e > Te (7-23a)

< uf/"> = (r) < (f/*> < e > /"e
ii

(7-23b)

<uf^> (r), <(f^> < e ^ / ^ fe^/^ck (7-23c)

L2 

L1

where

qa/B(jr) .*/B ■ , u=p,s4 Ttr

(7-23d)

The average value of a function with the Gaussian 
distribution can be expressed as (Crandall, et. al. p44, 1958)

<f(z) >= Jfr(Z) I
0/2%" e

-Z2
2°2 dz (7-24)

Therefore we have
I .

“ - [A {x) 32
<eiÊ b(x)>=feiÊ h(x> - I - e  2"2 d[h (x) ]

L  QsfZn

-EZ/*°2 (7-25)=e 2 , u=p,s

The integral in (7-25) can be found in Gradshteyn and Ryzhik
(1980, p. 307). Similarly, for region B, we have
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“ _ - [h (x) ] 2
< e iZa/Bh(x)> =  r e iEa/Bh(X)--- 1---e 2 <t2 d[2l(x)]

o/2n

-Eg/sO2
=e 2 , tt=p,s

(7-26)

The results in (7-25) and (7-26) contain the roughness cr, 
and are called roughness factors. It is clear that these 
factors are always less than 1.0 if a is not zero, and equal 
to 1.0 if a = 0.0, i.e.

-EgfAO2
e 2 ^1.0 , Oi=PfS

(7-27)

For the integrals in Eqs. (7-22) and (7-23), we have

J elDa/AXdx= — jj-(ei0O^i2-e , a=p, s (7-28)

Taking the real part of the result in (7-28), we have

J e jldXZax dx 
KlI

-(s i n D a/AL 2-s i n D a/AL l) / a = P , S  (7-29)

Putting these results into Eqs. (7-22), we have

<u?/a>=qa/A(r) e 2 , a=p,s (7-30)
where

. Srfza=-T^ (sinD^^-sinP,,/^) , a=p,s
(7-31)

For Eqs. (7-23), similarly we have
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■r- ' v •

-■E«V2
<uf/">=n^(r)e  ̂ , c=p, g

where
SrB7a=-fr~ (sinPa/BL2-sInPaysL1) , a=p, s

ijO-Zb

(7-32)

(7-33)

To get the dimensionless form of Eqs. (7-31) and (7-33), we
can rewrite them as

fB/g_ SrPp7a = (SinPaypL2-SinPaypL1) 
P L2-L1 Payp(L2-L1) a=p,s ; p=A,B (7-34)

The Roughness Factors and the Integration Factors

From the expressions of the average evaluations of the 
- scattered-and the refracted fields Eqs. (7-30) and ~(7---32) , we 
can see that there are two types of factors involved in the 
results: roughness factors and integration factors. The
integration factors denoted by fAD/a and fBDy/a (a=p,s) are 
given in Eg. (7-34) in which Da/rA and Da/g (a=p, s) are 
quantities related to the wave number, the incident angle, and 
the observation angle. The explicit expressions of Dq^a and 
Da/B are given in Eqs. (6-23a) - (6-24d) . The plots of the
integration factors for different integration domains are 
shown in Figs. 16-19. From these figures, we can see that the 
changing of the integration domain affects the profile of the

..  factor for both compression and shear components in both.
region A and B. As the extent integration domain increases, 
the number of the side lobes increases. The specular
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directions of the scattered and refracted fields depend on the 
incident angle and the wavenumbers, as shown in Eqs. (4-41)- 
(4-45). For example, if the incident angle is chosen to be 
30°, the specular direction for the scattered. P-wave as given 
is 30° (Eqs. (4-41), (4-42)), and 15.7° for the scattered SV- 
wave (Eq. (4-43)). Figs. 16-19 show that the values of the 
integration factors in the specular directions do not change 
as the integration domain changes.

With Eg. (6-23b) and the following relation between the 
wavenumber k, frequency F, and wavelength X :

2 TtF 2 TT a=p, s (7-35)

the roughness factor for the compression component fr/p, as an 
example, can be written as

fr/P=
S2O2

=exp -S',z OFv
V P / J

=exp -S,' o Y
\ Py

=ex (7-36)

where

Sp=2%2 (cOs6jnc+COS0Ojb) 2 (7-37)

and
Fp=^- (7-38)

AP

is the apparent roughness.
Figures 20-23 show the results of the roughness factors

versus the apparent roughness F for a fixed incident angle
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(30°) and observation angle. The fixed observation angle in 
each of these figures is chosen to be the angle in the 
specular direction. From these figures, we see that as F 
increases, the roughness factor increases. Figs. 24-27 show 
the results of the roughness factors versus observation 
angles. Note that the curves in these figures are normalized 
by dividing the value of the factor in the specular direction. 
From these figures, we can see that as F increases, angles 
beyond the specular see significant increase of the roughne.ss 
factor, while angles less than the specular see slight 
decrease in the roughness factor.

Similarly, the results of the scattered and the refracted 
fields due to incident shear wave are related to these 
factors. The numerical results of these factors due to 
incident shear wave are listed in Figs. 28-37.
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INI. FACTOR (fD/p)

L l = - S .  L Z = S  (m T n)  

I l = - I O ,  12= 10  (m m )

- 0.20

-0.4-0
OBSERVATION ANGLE (DEG)

Figure 16. Integration factor for scattered P-wave in 
region A (a=0.12 nun)

I NT. FACTOR ( f D / s )

I l = - S 1 12= 5  (m m ) 
I l = - I O 1 12= 10  (m m )

- 0.20

-0.40 15 20 25
OBSERVATION ANGLE (DEG)

Figure 17. Integration factor for scattered SV-wave in
region A (o=0.12 nun)
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INI. FACTOR (fD/P)

1 2 = —i  1=5 (m m )

12=—11=10 (mm)

- 0.20

-0.40 20 25 30
OBSERVATION ANGLE (DEG )

Figure 18. Integration factor for refracted P-wave in 
region B (c=0.12 mm)

I NT. FACTOR ( f D / s )

1 2 = —1 1 = 5  (m m )

12=-11=10 (mm)

- 0.20 —

-0.40 10 15 20
OBSERVATION ANGLE (DEG)

Figure 19. Integration factor for refracted SV-wave in
region B (a=0.12 mm)
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ROUGHNESS FACTOR (fr/P)

S C A T T E R E D  P -W A V E  

IN T . A SC L E = Z Q  {DEC) 

O B T S . A N C LE= ZO  {DEC)

APPARENT ROUGHNESS (Fp)
Figure 20. Roughness factor versus the apparent roughness Fp 

(scattered P-wave, 6ob=30°)

R O U G H N E SS FACTOR ( f r / s )

S C A T T E R E D  S V -W A V E  
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Figure 21. Roughness factor versus the apparent roughness Fs

(scattered SV-wave, 6ob=15.7°)
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Figure 22. Roughness factor versus the apparent roughness r 
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Figure 23. Roughness factor versus the apparent roughness r

(refracted SV-vave, 0ob=il.2°)
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ROUGHNESS FACTOR (fr/P)

Figure 24. Roughness factor versus observation angle 
(scattered P-wave)
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Figure 25. Roughness factor versus observation angle

(scattered SV-wave)
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Figure 26. Roughness factor versus observation angle 

(refracted P-wave)
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Figure 27. Roughness factor versus observation angle(refracted SV-wave)
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INTEGRATION FACTOR (fD/p)

Figure 28. Integration factor for scattered P-wave in 
region A due to incident SV-wave (a=0.12 nun)
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Figure 29. Integration factor for scattered SV-wave in
region A due to incident SV-wave (cr=0.12 ran)
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Figure 30. Integration factor for refracted P-wave in 
region B due to incident SV-wave (a=0.12 mm)
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Figure 31. Integration factor for refracted SV-wave in
region B due to incident SV-wave (a=0.12 mm)
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ROUGHNESS FACTOR (fr/p)
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Figure 32. Roughness factor versus Fp (scattered P-wave due 

to incident SV-vave, 0ob=67.2°)
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Figure 33. Roughness factor versus Pg (scattered SV-wave dueto incident SV-wave, 6ob=30°)
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ROUGHNESS FACTOR (fr/p)
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Figure 34. Roughness factor versus Fd (refracted P-wave due 
to incident SV-vave, 6ob=45.9°)
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Figure 35. Roughness factor versus Pg (refracted SV-wave due

to incident SV-wave, 0ob=21.1°)
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Figure 36. Roughness factor versus observation angle 
(scattered P-wave due to incident SV-wave)
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Figure 37. Roughness factor versus observation angle
(scattered SV-wave due to incident SV-wave)
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Figure 38. Roughness factor versus observation angle 

(refracted P-wave due to incident SV-wave)
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Figure 39. Roughness factor versus observation angle

(refracted SV-wave due to incident SV-wave)
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CHAPTER 8

RESULTS AND DISCUSSION

The final results of the scattered and refracted fields, 
in terms of the average values of the scattering and 
refracting coefficients, are expressed in Chapter 7, by Eqs. 
(7-30) and (7-32). Since these average evaluations contain 
complicated functions of the roughness and the gradient of the 
roughness, the calculations of these equations are very 
difficult and must be performed numerically. In this chapter, 
we show the given conditions for numerical computations, the 
numerical results (see the following figures), and the 
corresponding discussions.

The Procedure of the Numerical Calculation

In order to obtain the final numerical results of the 
problem, we need to evaluate the average quantities <Cia/A> and 

shown in Eqs. (7-30) and (7-32). These two quantities 
are functions of h 1 (x) which are shown in Eqs. (7-16), and (7- 
18). The average evaluation of these two quantities, from Eq. 
(7-24), will be:

" - lh' (x) ] 2
<C/A>= [CZaW(X)I 202 <W(x>] (8-D

Because the quantity CiaZjx is related to h' (x) in a
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complicated way, Eq. (8-1) cannot be calculated explicitly and 
has been evaluated numerically. First lets change the variable 
in the integration in Eg.. (8-1).
Let

2=,[h' (x) ] 2 (8-2)
2o2

and then we have

dih7 (x) ] =V2"ady (8-3)

Putting Eqs. (8-2) and (8-3) into Eg. (8-1) we get

<(^>=jRr(y) e-y=dy

where

W { y ) = ^ ^ /A[h,{x)-\ (8-5)

By applying the Gaussian Quadrature formula (Stroud and 
Secrest, p217, 1966), the Eg. (8-4) can be easily evaluated. 
In this work we choose fifteen terms (N=15) in the Gaussian 
Quadrature formula. We also examined the results for N=6 and 
N=30. The identity of these three sets.of results indicated, 
the accuracy of the numerical results.

The Given Conditions for the Numerical Calculations

a). The elastic materials of the two regions involved in 
this particular problem are. considered to be metals. The
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region A is assumed to be steel, and region B is assumed to be 
copper. Values for some material properties of these two 
metals are listed in Table 2.

Table 2. Values of some material properties of two media 
in this problem

region A region B
material steel copper

density (kg/m3) 7800 " 8500
Young's modulus 
(kg/cm2)

• 2.IXlO6 1.9X106

Poisson ratio 0.26 0.33
P-wave speed 

(m/s)
5900 4600

SV-wave speed 
(m/s)

3200 23 00

b) . The rough boundary between the two materials is 
assumed to have a random profile in its height. The roughness 
of the boundary is measured by the variance or the root mean 
square of the height (r.m.s.) . For common metal manufacturing, 
the typical value of the variance is about 0.12 (mm). In this 
paper, we use several different values of the variance, for 
example, cr=0.0-0.3 (mm). This range of the values denotes the 
cases from the smooth to very rough boundaries.

c) . The domain of the integration is assumed to be
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arbitrary and from L1 to L2. The domain is related to the 
width of the incident wave as

L2-L1' COS0, (8-6)

where W is the width of the incident wave. In this paper, we 
use different dimensions of the domain on the axis by changing 
the values of L1 and L2, for example, L2=-L1=S, 10, 15, 20, 30, 
50, 100, 200 (mm).

d). The incident wave is assumed to be a time-harmonic 
compression wave propagating in region A. The frequency of the 
incident wave used in this dissertation is assumed to be 10 
(MHz) . The incident angles used here are 0, 10, 2 0 and 30 
(degree) relative to the normal of the mean plane of the rough 
boundary. For given frequency and wave speed of a wave, the 
wave number of the wave can be obtained by the following 
relation

, a=p, S (8-7)
Ca

where F is the frequency of the wave (Hz) ; ka is the wave 
number; Ca is the wave speed. Table 3. shows the values of the 
wave numbers and the wave speeds of the waves involved in this 
work.
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Table 3. The values of wave numbers and wave speeds 

(frequency F=IO MHz)

- wave speed (m/s) wavenumber (1/mm)
P-wave in
region A 5900 10.6495
SV-wave in
region A 3200 19.6350
P-wave in
region B 4600 13.6591
SV-wave in
region B 2300 27.3182

Results of the Scattered and Refracted Fields due to 
Incident Compression Wave

r ... In this dissertation, we first calculated the numerical
results of the scattered P-wave and SV-wave components in both 
region A and region B due to the incident compression wave. 
All results due to the incident compression wave are listed in 
Figs. 40-75. In examining of these figures, we want to discuss 
several points about the results.

a). Results in specular directions
For a rough boundary, the incident wave is reflected in 

several directions. The specular direction is defined as the 
direction in which the wave is reflected from a smooth 
boundary. In this paper, we consider the specular directions 
of the scattered P-wave and SV-wave components in region A, as 
well as the specular directions of the refracted P-wave and
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SV-wave components in region B. For a certain roughness of the 
boundary, most energy is still reflected in the specular 
direction even though the boundary scatters the wave into 
several different directions. Therefore the investigation of 
the result of the scattered fields (in region A) and the 
refracted fields (in region B) in the specular directions is 
very important. As the incident angle and the wave number 
change, the specular directions vary. For given materials, the 
corresponding wave numbers are constant, and the specular 
directions depend only on the incident angle. The explicit 
relations between the specular directions and the incident 
angle were given by Eqs. (4-42) -(4-46) . Table 4 shows the 
values of the corresponding specular directions for different 
incident angles. Figures 40-49 show the results of the 
scattered compression and shear waves in terms of scattering 
coefficients. Figures 50-59 show the results of the 
compression and shear components of the refracted wave. From 
these figures, we can see that for certain values of 
roughnesses of the interface (for example, a<0.315 mm for 
the scattered P-wave, a<0.210 for the scattered SV-wave, 
cr<0.275 for the refracted P-wave, and a<0.170 for the 
refracted SV-wave), the maximum values (peak values) of the 
distributions of the compression and shear components of both 
scattered and refracted waves still occur in the specular 
directions. From these figures we can also see that the values 
in the specular directions of all the waves decrease as the
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roughness increases.

Table 4. Values of specular directions (degree) for 
different incident angles due to incident 
P-wave with frequency f=10 MHz

incident
angle
(degree)

scattered 
P-wave 
(region A)

scattered 
SV-wave 
(region A)

refracted 
P-wave 
(region B)

refracted 
SV-wave 
(region B)

10 10 5.405 7.782 3.883
20 20 10.693■ 15.467 7.664
30 30 15.738 22.946 11.243
45 45 22.556 33,460 16.005
60 60 28.021 42.475 19.737

b). The general angular distribution of the results 
From Figs. 40-49 and 50-59, we can see the general 

angular distributions of the compression and shear components 
of both scattered and refracted waves respectively. The basic 
profile of the angular distribution versus the observation 
angle is similar for different component and different 
roughness. The reason for this fact is the dimension and the 
shape of the rough boundary over which the integration is 
carried out. As we mentioned in Chapter 7, we introduce a 
factor (called integration factor in this paper) fD/a (a = p, 
s) which is given by Eq. (7-31). It is just this integration 
factor . which affects the basic profile of the angular 
distributions of the scattered P-wave and SV-wave components
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of both the scattered and refracted fields except the case of 
very rough interfaces.

c). The roughness effects in the results 
From these figures, we can see that the roughness of the 

interface affects the overall scattering coefficients of the 
scattered and the refracted fields in two ways. First, as the 
roughness increases, the values of the overall scattering 
coefficients of both scattered and refracted fields decrease. 
This is due to the roughness factors which are given and 
discussed in Chapter 7. Second, the overall scattering 
coefficients not only decrease as the roughness increases, but 
also are affected in the side lobes by the roughness. From 
Figs. 40-44, we can see that as the roughness increases, the 
size of the side lobes (relative to the result in the specular 
direction) in the region of the smaller observation angle is 
getting smaller, and the size of the side lobes in the region 
of the larger observation angle is getting larger. This is due 
to the angular effects of the roughness factor. Figures 24-27 
in Chapter 7 show the results of the angular effects. Figures 
40-59 also show the difference between the shear components 
and the compression components in the effects by roughness. By 
comparing Figs. 40, 41 with Figs. 45, 46 and Figs. 50, 51 with 
Figs. 55, 56, we note that for both scattered and refracted 
waves, the changing of the results from a smooth interface to 
a certain rough interface for the shear components is 
considerably greater than that for the compression components.
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This is due to the shorter shear wavelength.

d). The effects by integration domain in the results 
The size of the integration domain, which depends on the

width of the incident wave, affects the results of both
scattered and refracted fields. Figures 60-71 show the
effects. From these figures, it is clear that for both
compression and shear wave components of the scattered and 
refracted waves, the size of the integration domain affects 
the distribution of the results. . As the size of the 
integration domain increases, the number of the side lobes 
increases, and the amplitude of the side lobes decreases. The 
width of lobe in the specular direction decreases as the size 
of the integration domain increases. However the amplitude of 
the lobe in the specular direction does not change for 
different integration domains. From these results, we can see 
that the larger the size of the integration domain, the more 
scattered energy concentrates in the specular direction,

e). Diffusely scattering and refracting 
Figures 44, 49, 54 and 59 show the results of the 

diffusely scattering and refraction for both compression and 
shear waves. From these figures, we can see that the diffuse 
scattering and refraction occurs for the case of very rough 
interface. However for different waves, the diffusing occurs 
at different roughness. The shear components of both scattered 
and refracted waves diffuse at smaller values of the roughness 
than the compression components do. For example, in the
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scattered fields, diffusion occurs at a=0.210. (mm) for the 
shear component and ff=0.315 (mm) for the compression 
component. In refracted fields, diffusion occurs at cr=0.170 
for the shear component and Ct=O.275 for the compression 
component. This is because the wave numbers of the shear waves 
are larger than those of the compression waves. The 
expressions of the roughness factors. Eg. (7-36), show that 
the roughness factors are dependent on the wave numbers.

f). Diffraction effects in the wave scattering problem 
From Figs. 40, 45, 50 and 55 we note that scattering from 

a smooth surface exists in this problem. This is because of 
the diffraction. Since the size of the scattering surface, 
which is related to the size of the width of the incident 
wave, is assumed to be finite, the diffraction effects occur. 
For more detail about diffraction effects, refer to the papers 
by Achenbach and Gaustesen (1977) and Banaugh and Goldsmith 
(1963). In order to investigate the diffraction effects 
involved in this problem, we studied a special case of the 
scattering from a smooth surface for one material only (the 
second region is assumed to be vacuum). The results for 
different size of the smooth surface are calculated and shown 
in Figs. 72-77. From these figures we can see that the
diffraction effects decrease as the size of the integration 
domain increases. For a large size of the smooth surface, for 
example, L=200 (mm), the plot (Fig. 77) shows that diffraction 
effect is very small and can be ignored.
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g) . Effect of varying roughness for large size surface
Figures 78-81 show that for different roughness, the

scattering coefficients from a large size surface have 
different distributions. As the roughness increases, the value 
of the scattering coefficient decreases. For a very rough 
surface, for example ct=0.315 (mm), the overall distribution of 
the scattered field changes considerably. Since the 
diffraction effect is very small in the case of a large size 
surface, the results in Figs. 78-81 show the "pure" effect of 
the wave scattering form a rough surface.

h) . Comparison of results for different incident angles
In this work the results of scattered fields for

different incident angles, for example, Binc=O, 10, 20, 30
(degree), are also calculated and shown in Figures (82-85). 
From these figures we can see that the incident angle affects 
the over all distribution of the scattered field. For the 
normal incident wave, the scattered field has a symmetrical 
distribution about the specular direction (see Fig. 82). If 
the incident angle is changed from the normal direction, say 
Binc=IO (degree), the scattered field has no longer a 
symmetrical distribution about the specular direction (see 
Fig. 83). From the figure we see that the scattered field at 
the region beyond the specular direction has larger values 
than those at the region less than the specular direction. 
The figure presents a uneven distribution. As the incident 
angle increases, the uneven distribution increases (see
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Figs. 84, 85).

The Results due to Incident Shear Wave

For incident shear wave, the specular directions of all 
scattered and refracted waves are different from those due to 
the incident compression wave. Table 5. shows the values of 
the specular directions due to the incident shear wave.

Table 5. Values of specular directions (degree) for
different incident angles due to incident SV-wave

incident scattered scattered refracted refracted
angle P-wave SV-wave P-wave - P-wave
(degree) (region A) (region A) (region B) (region B)

30 67.2016 30 45.9515 21.0619

The numerical results for the case of the incident shear 
wave, in terms of scattering coefficient, are listed in Figs. 
86-111. From these figures we can see that the results of the 
scattered and refracted fields due to the incident shear wave 
have similar properties as the case of incident compression 
wave does.

Figures 86-99 show that both scattered and refracted 
fields due to incident shear wave decrease as the roughness 
increases. Figures 89, 93, 96 and 99 show the results of the 
diffusely scattering and refraction for both compression and 
shear waves. From these figures, we can see that the diffusely 
scattering and refraction occur for the case of very rough 
interface. However for different waves, the diffusing occurs
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at different roughness. The shear components of both scattered 
and refracted waves diffuse at smaller values of the roughness 
than the compression components do. For example, in the 
scattered fields, the diffusion occurs at o=0.17 0.. (mm) for the 
shear component and a-0.220 (mm) for the compression 
component. In refracted fields, the diffusion occurs at 
o=0.150 for the shear component and cr=0.220 for the 
compression component. This is because the wavelength of the 
shear wave is larger than that of the compression wave. The 
expressions of the roughness factors, Eq. (7-36), show that 
the roughness factors are dependent to the wave numbers.

Figures 100-111 show that the size of the integration 
domain, which depends on the width of the incident wave, 
affects the results of both scattered and refracted fields. 
From these figures we can see that for both compression and 
shear wave components of the scattered and refracted waves, 
the size of the integration domain affects the distribution of 
the results. As the size of the integration domain increases, 
the number of the side lobes increases, and the amplitude of 
the side lobes decreases. The width of lobe in the specular 
direction decreases as the size of the integration domain 
increases. However the amplitude of the lobe in the specular 
direction does not change for different integration domains.
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Figure 40. Scattering coefficient for scattered P-wave 
in region A due to incident P-wave (a=0.0 mm)
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Figure 41. Scattering coefficient for scattered P-wave
in region A due to incident P-wave (cr=0.12 mm)
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Figure 42. Scattering coefficient for scattered P-vave
in region A due to incident P-wave (c=0.18 nun)
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Figure 43. Scattering coefficient for scattered P-wave
in region A due to incident P-wave (a=0.310 ran)
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Figure 44. Scattering coefficient for scattered P-wave
in region A due to incident P-wave (a=0.315 nun)
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Figure 45. Scattering coefficient for scattered SV-wave
in region A due to incident P-wave (a=0.0 nun)
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Figure 46. Scattering coefficient for scattered SV-wave
in region A due to incident P-wave (c=0.12 mm)
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Figure 47 Scattering coefficient for scattered SV-wave
in region A due to incident P-wave (o=0.18 mm)
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Figure 48. Scattering coefficient for scattered SV-wave
in region A due to incident P-vave (a=0.205 iron)
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Figure 49. Scattering coefficient for scattered SV-wave
in region A due to incident P-wave (a=0.210 mm)
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Figure 50. Scattering coefficient for refracted P-wave 
in region B due to incident P-wave (o=0.0 ran)
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Figure 51. Scattering coefficient for refracted P-wave
in region B due to incident P-wave (o=0.12 mm)
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Figure 52. Scattering coefficient for refracted P-wave
in region B due to incident P-wave (a=0.18 mm)
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Figure 53. Scattering coefficient for refracted P-wave
in region B due to incident P-wave (a=0.270 mm)
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Figure 54. Scattering coefficient for refracted P-wave
in region B due to incident P-wave (a=0.275 nun)
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. Scattering coefficient for refracted SV-wave
in region B due to incident P-wave (a=0.0 nun)

Figure 55
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Figure 56. Scattering coefficient for refracted SV-wave
in region B due to incident P-wave (a=0.12 mm)
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Figure 57. Scattering coefficient for refracted SV-wave
in region B due to incident P-wave (a=0.15 mm)
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Figure 58. Scattering coefficient for refracted SV-wave 
in region B due to incident P-wave (ct=0.165 mm)
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. Scattering coefficient for refracted SV-wave
in region B due to incident P-wave (ct=0.170 mm)

Figure 59
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Figure 60. Scattering coefficient for scattered P-wave in 
region A due to incident P-wave (L2=-L1=S ram)
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Figure 61. Scattering coefficient for scattered P-wave in
region A due to incident P-wave (L2=-L1=IO mm)
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Figure 62. Scattering coefficient for scattered P-wave in 
region A due to incident P-wave (L2=-L1=IS mm)
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Figure 63. Scattering coefficient for scattered SV-wave in
region A due to incident P-wave (L2=-L1=S mm)
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Figure 64. Scattering coefficient for scattered SV-wave in 
region A due to incident P-wave (L2=-L1=IO mm)
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Figure 65. Scattering coefficient for scattered SV-wave in
region A due to incident P-wave (L2=-L1=IS mm)
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Figure 66. Scattering coefficient for refracted P-wave in 
region A due to incident P-wave (L2=-L1=S mm)
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Figure 67. Scattering coefficient for refracted P-wave in
region A due to incident P-wave (L2=-L1=IO mm)
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Figure 68. Scattering coefficient for refracted P-wave in 
region A due to incident P-wave (L2=-L1=IS mm)
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Figure 69. Scattering coefficient for refracted SV-wave in
region A due to incident P-wave (L2=-L1=S mm)
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Figure 70. Scattering coefficient for refracted SV-wave in 
region A due to incident P-wave (L2=-L1=IO mm)
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Figure 71. Scattering coefficient for refracted SV-wave in
region A due to incident P-wave (L2=-L1=IS mm)
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Figure 72. Scattering coefficient for scattered P-wave due to 
incident P-wave (one material case L2=-L1=IO mm)
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Figure 73. Scattering coefficient for scattered P-wave due to
incident P-wave (one material case L2=-L1=ZO mm)
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Figure 74. Scattering coefficient for scattered P-wave due to 
incident P-wave (one material case L2=-L1=SO mm)
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Figure 75. Scattering coefficient for scattered P-wave due to
incident P-wave (one material case L2=-L1=SO mm)
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Figure 76. Scattering coefficient for scattered P-wave due to 
incident P-wave (one material case L2=-L1=IOO mm)
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Figure 77. Scattering coefficient for scattered P-wave due to
incident P-wave (one material case L2=-L1=ZOO mm)
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Figure 78. Scattering coefficient for scattered P-wave from 
large surface (one material case, a=0.0 mm)
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Figure 79. Scattering coefficient for scattered P-wave from
large surface (one material case, a=0.12 mm)
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Figure 80. Scattering coefficient for scattered P-wave from 
large surface (one material case, a=0.18 mm)
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Figure 81. Scattering coefficient for scattered P-wave from
large surface (one material case, a=0.315 mm)
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Figure 82. Scattering coefficient for scattered P-wave 
(incident angle Qinc=O0, a=0.315 nun)
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Figure 83. Scattering coefficient for scattered P-wave
(incident angle Qinc=IO0, a=0.315 nun)
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Figure 84. Scattering coefficient for scattered P-wave 
(incident angle 6inc=20o, a=0.315 nan)
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Figure 85. Scattering coefficient for scattered P-wave
(incident angle 0inc=3O°f c=0.315 non)
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Figure 86. Scattering coefficient for scattered P-wave 
due to incident SV-wave (a=0.0 nun)
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Figure 87. Scattering coefficient for scattered P-wave
due to incident SV-wave (a=0.12 nun)
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Scattering coefficient for scattered P-wave 
due to incident SV-wave (a=0.18 mm)
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Figure 90. Scattering coefficient for scattered SV-wave 
due to incident SV-wave (a=0.0 ram)
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Figure 91. Scattering coefficient for scattered SV-wave
due to incident SV-wave (0=0.12 mm)
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Figure 92. Scattering coefficient for scattered SV-wave 
due to incident SV-wave (a=0.14 mm)

SCATTERING COEFFICIENT (C fss )

5 .0 0 0 0  E—OS —

4 .5 0 0 0  E—OS —  S C A T T E R E D  S V - V A V E

4 .0 0 0 0  E -O S __  Z Z = - Z l= I O  (m m )

SZC lZ i=O .1 7  (m m )
3 .5 0 0 0  E -O S —

3 .0 0 0 0  E -O S _  (IN C ID E N T  S V - V A V E )

2 .5 0 0 0  E -O S — I
2 .0 0 0 0  E -O S —

1 .5 0 0 0  E -O S —

1 .0 0 0 0  E -O S —
L  A

5 .0 0 0 0  E—0 9  

0 .0 0 0 0  E + 0 0 I I _-JvxVll Wfllif ,

1 0  1 5  2 0  2 5  3 0  3 5  4 0  4 5  5 0
OBSERVATION ANGLE (DEG)

Figure 93. Scattering coefficient for scattered SV-wave
due to incident SV-wave (a=0.17 mm)
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Figure 94. Scattering coefficient for refracted P-wave 
due to incident SV-wave (a=0.0 mm)
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Figure 95. Scattering coefficient for refracted P-wave
due to incident SV-wave (a=0.12 mm)
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Figure 96. Scattering coefficient for refracted P-wave 
due to incident SV-wave (c=0.22 nun)
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Figure 97. Scattering coefficient for refracted SV-wave
due to incident SV-wave (0=0.0 nun)
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Figure 98. Scattering coefficient for refracted SV-wave 
due to incident SV-wave (a=0.12 mm)
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Figure 99. Scattering coefficient for refracted SV-wave
due to incident SV-wave (a=0.15 mm)



170

SCATTERING COEFFICIENT (C fsp )

0.04500
0.04000 S C A T T E R E D  P -W A V E  

L Z = - Z l = S  (m m )  

S fC M A = O A Z  (m m )
0.03500
0.03000

(IN C ID E N T  S F - r A t T )0.02500
0.02000

0.01500
0.01000 —
0.00500
0.00000 65 70 75

OBSERVATION ANGLE (DEG)

Figure 100. Scattering coefficient for scattered P-wave due 
to incident SV-wave (L2=-L1=S mm, a=0.12 mm)
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Figure 101. Scattering coefficient for scattered P-wave due
to incident SV-wave (L2=-L1=IO mm, a=0.12 mm)
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Figure 102. Scattering coefficient for scattered P-wave due 
to incident SV-wave (L2=-L1=IS rnn, c=0.12 mm)
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Figure 103. Scattering coefficient for scattered SV-wave due
to incident SV-wave (L2=-L1=S mm, a=0.12 mm)
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Figure 104. Scattering coefficient for scattered SV-wave due 
to incident SV-wave (L2=-L1=IO nun, a=0.12 nun)
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Figure 105. Scattering coefficient for scattered SV-wave due
to incident SV-wave (L2=-L1=IS nun, a=0.12 nun)
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Figure 106. Scattering coefficient for refracted P-wave due 
to incident SV-wave (L2=-L1=S mm, a=0.12 nun)
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Figure 107. Scattering coefficient for refracted P-wave due
to incident SV-wave (L2=-L1=IO nun, a=0.12 nun)
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Figure 108. Scattering coefficient for refracted P-wave due 
to incident SV-wave (L2=-L1=IS iron, a=0.12 ran)
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Figure 109. Scattering coefficient for refracted SV-wave due
to incident SV-wave (L2=-L1=S ran, a=0.12 ran)
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Figure HO. Scattering coefficient for refracted SV-wave due 
to incident SV-wave (L2=-L1=IO ran, a=0.12 ran)
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Figure 111. Scattering coefficient for refracted SV-wave due
to incident SV-wave (L2=-L1=IS ran, a=0.12 ran)
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CHAPTER 9 

SUMMARY

A theoretical investigation of elastic wave scattering 
from a random rough interface between two elastic solids is 
studied in this dissertation. This work presents a general 
approach for elastic wave scattering problems. Some special 
cases of elastic wave scattering involving simpler boundaries, 
for example, a free boundary, rigid boundary, or_an interface 
with given shape, can be easily evaluated from the basic 
processes in this work. The formulation and evaluation of this 
problem result in the scattered and refracted field being 
expressed in terms of surface integrals which are based on the 
elastic reciprocal relations. The surface integrals contain 
elastic Green's functions and scattered fields on the rough 
boundary. The evaluations of the Green's functions are based 
on the exponential Fourier transform. The scattered and 
refracted fields are evaluated by applying the Kirchhoff 
approximation. This gives the solutions of the scattered and 
refracted fields on the rough boundary in terms of the 
incident wave and plane reflection coefficients. The 
application of the Kirchhoff method to this problem is a 
crucial step, because the unknown scattered and refracted 
fields on the rough boundary can be replaced by known 
quantities in this approximation. The Kirchhoff approximation,
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however, requires that the radius of curvature of the rough 
interface be much larger than the wavelength of the incident 
wave. For typical values of the surface roughness in modern 
industries, say, fatigue cracks or manufacturing defects, the 
elastic Kirchhoff approximation requires high frequency 
incident waves. Because the rough boundary is assumed to have 
a random profile, exact results of the scattered fields can 
not be obtained, and the average evaluations are performed 
numerically.

From the results, we can observe the general 
distributions of the scattered and refracted fields versus the 
observation angle, the peak values in specular directions, and 
the diffuse signals. These results show that the theoretical 
study in this work has important industrial applications in 
non-destructive testing (NDT) techniques. The problem 
involving wave scattering from a rough interface between two 
elastic solids can be applied to NDT for a weld joint between 
two metal parts. For a given sending signal, the quality of 
the weld joint can be investigated from the received signal. 
The theoretical study can also be applied to NDT for flaws 
inside elastic solids, which can be considered as a problem 
involving wave scattering from a free boundary. From the 
received signal, the scattered fields in the specular 
directions, and the general distributions of the scattered 
fields, the location and size of flaws inside a solid can be 
investigated. For example, as the location of a flaw inside a
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solid changes, the specular direction of the receiving signal 
changes, and the larger the size of the flaw, the more the 
scattered fields are concentrated around the specular 
direction.

The diffusion effects in the wave scattering problem are 
also observed in this work. The results show that in the case 
of very rough boundaries, the incident wave (either a 
compression wave or a shear wave) is diffusely scattered, and 
the maximum value of the scattered field is no longer 
scattered in the specular direction. A more detailed 
discussion about the diffusion effects for incident shear wave 
and the refracted fields is given in Chapter 8.

The restrictions of applying the Kirchhoff approximation 
show that wave scattering problems involving a rough surface 
with rapid change in its gradient cannot be evaluated using 
this method.
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APPENDIX A
DERIVATION OF GREEN'S FUNCTION
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The elastic Green's functions of displacement and stress 

components are generated by a point load acting at position r 
measured from the origin. The procedure of determining the 
Green's functions is given below. First let us consider a 
point load which has the following form (Acnenbach, Gauteseh, 
and McMaken 1982, P22) .

fi=aig(t) 5 (X7-X) (A-I)

where f is the ith component of the point load which acts in 
the direction of the unit vector a; ai is the ith component of 
the unit vector a; g(t) is the point load of time dependence.

In our problem, we consider the special case of a time- 
harmonic motion. Therefore the time dependence g(t) has the 
form

g(t) =F0exp (-itot) (A-2)

where the symbol F0 is used here to keep track of dimension. 
The dimension of F0 is force. The magnitude of F0 is unity.

The components of displacement and stress fields 
generated by the point load depend linearly on the components 
of the unit vector a. If we introduce a tensor of rank two 
uGik for displacement, and a tensor of rank three Tcijk for 
stress, then we have the relations
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ui =ufkak (A-3)

G G 
x J J - x I j k a k (A-4)

The governing equation of the Green's displacement and 
stress tensors is

(*ijk) ,J+Ptt2UiI=-S^S (z'-z) E0 (A-5)

where uGik is called the Green's displacement tensor which is 
the ith displacement due to the point load component in the kth 
direction; rGijk is the Green's stress tensor. The relation 
between the Green's displacement tensor and the Green's stress 
tensor is

XIjk= cijlm (Ulk) ,m (A-6)

for an isotropic material, the coefficient cijlm is constant 
and given by

(5 iJ5jm+ 5 im5jj) (A-7)

Putting (A-7) into (A-6), we have

Tjjt-^5 Jj (Uik) ,Z+V- [ (uik) ,j+ (ujJc) , j) (A-8)
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Equation (A-5) can be solved by application of the 

Fourier transform with respect to the spatial coordinates. The 
definition of the Fourier transform is

= J J J  f ( x ) exp (ili.x) d x xdx:2d x 2 (A-9)

and the Fourier inversion is

fix) = (2̂ 3' ///̂ (i-) exp(-i£.x) CiS1CiS2^ 3 (A-IO)

the Fourier transform of the derivative of first order is

T W  #i=iS iT(I) (A-Il)

Taking Fourier transforms of the equations (A-5) and 
(A-6), we have

-ISiXf^+pa)2u^=-5iJcexp Ui.z) F0

and

t Jj'Jc- cijlmumk ( ^ ? I ̂

(A-12)

(A-13)

Putting (A-13) into (A-12), the terms of Green's stress 
components in the Fourier transform are eliminated. Then we
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have the following equation

c Ijlrn^ £  A - pw2u£=5jJcexp ai.r) F0 (A-14 )

To solve this equation, let us first simplify this 
equation by multiplying both sides of this equation by ak. 
Then we have

cIjlmZ £  2U®- PtO2U ̂ e x p  (il. £) F0 (A-15)

where a^ is the ith component of the unit vector. Introducing

Xim=cIjimZiZ1-Pa2Slm (A-16)

with relations

ui~um^ im (A—16)

a i = ak&ik (A-17)

The equation (A-15) can further be written as a system of 
linear equations

dinP^a^xpUl.r) F0 . (A-18)

The solutions of this set of the algebra equations are 
given below (Eason et al, 1956)
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where

(A-19)

a I l  a i2 a i3 

t t 21 a 22 a 23 

a 31 tt32 tt33
(A-20a)

F1 a

D 1 -

12 a i3

^ 2  a 22 a 23

F3 OC32 CC33
(A-20b)

F1 a3
a21 D 2 OC23 
a 31 -̂ 3 a 33

(A-20c)

a I l  a i2

a 21 t t 22 D 2

a 31 tt32 D 2

(A-20d)

F j=ajexp (ii.z) F0' (A-21)

Finally the solutions of the displacement components, in 
terms of the Foruier transform, can be obtained from the above 
equations, and are written in (A-22). A similar procedure for 
solving the set of the linear equations can be found in
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work by Tan (1975). \

F ° ) 1  -  1  V s "
H ) k l ( S = - ^ )  j

exp (j£..z) (A—22)

In order to obtain the solutions of the displacement 
components of the elastic Green's functions, we now need to 
invert the equation (A-22) . From the.definition of the Fourier 
inversion, we have

u“ =l T t
(T1+J, +J,) (A-23)

where

Iff -exp[-iX. (z/-r)]c?$1d$2d$: (A-24)

J 2
___1 _

( 271)
)exp [-it- (/-r) ] dt^dt2dt2 (A-25)

J3
- I

(2m) 3 exp[-i£(r/-r)]dSid52d$3 (A-26)

To carry out these integrals, let us first consider the 
integral (A-24). The evaluation can conveniently be achieved 
by a transform to spherical coordinates (p, 0, <p) , where the
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azimuthal axis is chosen in the direction of ( r'- r ), and <p 
is the azimuthal angle between £ and azimuthal axis, which is 
shown in Fig. 112

Figure 112. The transform of coordinates

Therefore, after this transform, we have the following 
relations

IH=P (A—27)

H=P2 (A-28)
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=pi?COS(J) (A-29)

x 2 3 = p2 s in<j>dp (20 d<j>

where

i?2= (Z71-Z1)2+ (Z72-Z2)2+ (Z73-Z2)2

(A—30)

(A-31)

From this transformation, the integral (A-24) becomes

CO It 271

J1=--- f f f P s~‘'nJ)-exp (-ipi?cos<})) dpdQd^)
( 2 TI) 3 *!--L 1L n 2 - t ?0 0 0 P 2-Jci (A-32)

It is easy to integrate (A-32) with respect to variables 0 
and 0. This yields

T 1
-i§.

( Z n ) 2 R J 0 P 2 - J c i
I __P-_(eiPJ?-e-̂ d̂p (A-33)

For the second term on the right hand side in the integral (A- 
33), we introduce z=-p and dz=-dp. Since the domain of p is 
0-wo , then the domain of z is 0-»-°o. After changing the 
variable and domain, the equation (A-33) becomes

j _ -i&ik f zeizR (A-34)
1 _  ( 2 * )  2J ? !  Z 2 - J c i

To solve this integral, a contour integration in the upper
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half domain of the z-plane must be considered (for the 
details, see Appendix B) . This yields the solution of the 
equation (A-34) as

For the integrals I2 and I2 in equations (A-25) and (A- 
26) respectively, we can use a similar procedure or apply the 
result in (A-35). Also we need to consider the rule that the 
factor -i£j in the £-space corresponds to the partial 
derivatives in x-space, i.e.

(A-35)

(A-36)

(A-37)

This yields

-I d___d exp (ikpR)
ĵ-2 B x i B x ^ A tzR (A-38)

■ _ -I 3 B exp (Iics-R) 
3 k2s dxi dxk ^tzR (A-39)
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Putting I1, I2, and I3 together, we obtain the solution 

of the Green's function of the displacement as:

SikGiksR) +-!-[GikgR) -G(^K)] (A—40)

where

GikaR)
exp H k aR) 

4itR
a= p, s (A-41)

Consequently we can calculate the stress tensor from the 
result in (A-41). Using the following relation between stress 
and displacement

^ jk=Xblj(Uik) #I+|i [ (u/*) #i+ (ufk) zJ.] (A-42)

and substituting (A-40) into (A-42), we can obtain the 
solution of the stress tensor as

•Ks

f 2k2P)

r J
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APPENDIX B
THE CONTOUR INTEGRATION



2 0 0

Let us consider the integral

A
f z e izR d= 

(2ti) 2R Ja z ^-k2s

and chose a contour (see Fig. 113)

C=CrU (-r,r)

(B-I)

(B-2)

Figure 113. The contour in z-plane

By evaluating Eg. (B-I) on the contour shown in Fig. 113, we 
have

I z e i z R

Z 2- R 28
dz

dz (B-3)
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For the first term in Eg. (B-3), we have

It is clear that in Eg. (B-4) ks is the only 
inside C. So we obtain

f____zeiRz
J (z+ks) (z-kg)

dz=I1Kellika

For the second term in Eg.. (B-3)

Iimr zeiRz dz

let

z=rei6=r (cos6+isin6)

then

/ =/■
Cr

?iJ?r (cos0+ isin6) 

Z 2- k l
|d(reie) I

j- Q-IxRsinQ
I d ( Z e j e ) I

— ——  f e"ri?sjne |izeje I d0

(B-4).

singular point

(B-5)

(B-6)

(B-7)

(B-Sa)

(B-Sb)

(B-Sc)
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J e -TRSinBdQ (B-Sd)

( TC "2

X 2 - k l
J e-xRsinedQ+ J e"rEsin6d6

TC
T

(B-Se)

For the second term in Eg. (B-Se), we set

Ct=TT-Q (B-9)

then Eg. (B-Se) becomes

TC
• T

-— 2 f e-rRsinQdd 2 v2 J
(B-10)

With the result:

sinQ^- OsQs-2.

We can rewrite the Eg. (B-Sa) as

p . 2p -ZR-
j (...) dzzj e 7tCfQ
Cx 0

(B-Ila)

(r2-k2s)R
[I-e "rj7J (B-Ilb)
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By taking a limit of Eg. (B-Ilb) we have

= 0
(B-12)

Therefore

I i m
2"-» cc (r2-kl) R

(l-e~xK)

Iim f zeiRz dz=0 ('B-13)

Finally we obtain the result

<iksR
AtzR

(B-14)
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APPENDIX C 
COMPUTER PROGRAM
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Figure 114. Computer program of wave scattering
C**********************************************************Q
C
C
C
C
C

THE PROGRAM OF SOLVING A TWO-DIMENSIONAL 
WAVE SCATTERING PROBLEM (NUMERICAL METHOD)

C
C
C
C
C

C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  * * * * * * * * * *  * * c
C
C DESCRIPTION OF THE WAVE SCATTERING PROBLEM
C .... ==========================================...
C
C THE PROBLEM INVOLVES WAVE SCATTERING AND WAVE
C REFRACTING FROM A ROUGH INTERFACE BETWEEN TWO ELASTIC
C MEDIA (REGION A AND B) . AN INCIDENT WAVE PROPAGATES IN
C REGION A TOWARD THE ROUGH INTERFACE. WHEN THE INCIDENT
C WAVE REACHES THE ROUGH INTERFACE, TWO SCATTERED WAVES
C (P-WAVE AND SV-WAVE) WILL GENERATED ON THE INTERFACE
C AND PROPAGATE IN REGION A, ANTHER TWO REFRACTED WAVES
C (P-WAVE AND SV-WAVE) WILL GENERATED ON THE INTERFACE
C AND PROPAGATE IN REGION B . THIS PROGRAM IS USED TO
C CALCULATE THE DISTRIBUTIONS OF THE SCATTERED AND THE
C REFRACTED FIELDS.
C
C INVOLVED NAMES OF VARIABLES AND CONSTANTS ARE
C LISTED IN LIBRARY.
C
C PROGRAM IS WRITTEN BY HEMIN YANG
C ------------------------------------
C
C ' JUNE 1989 
Cc********************************************** ** ***********
C
C THE LIBRARY (DESCRIPTIONS OF VARIABLES)
C
C
C ALPHA ■--  INCIDENT ANGLE RELATIVE TO LOCAL NORMAL
C ALFAP --- ANGLE BETWEEN SCATTERED P-WAVE AND LOCAL
C NORMAL
C ALFAS --- ANGLE BETWEEN SCATTERED SV-WAVE AND LOCAL
C NORMAL
C ALFAPB --- ANGLE BETWEEN REFRACTED P-WAVE AND LOCAL
C NORMAL
C ALFASB --- ANGLE BETWEEN REFRACTED SV-WAVE AND LOCAL
C NORMAL
C BETABA --- THE LOCAL NORMAL (IN DEGREE )
C BBA — - THE LOCAL NORMAL ( IN RADIAN )
C C P --- WAVE SPEED OF P-WAVE IN REGION A
C C S --- WAVE SPEED OF SV-WAVE IN REGION A
C CPB — - WAVE SPEED OF P-WAVE IN REGION B



O
O

O
O

206
C CSB ---- WAVE SPEED OF SV-WAVE IN REGION B
C E ----- YOUNG'S MODULUS OF THE REGION A
C EB ----- YOUNG'S MODULUS OF THE REGION B . ____  ___
C F ----- THE FREQUENCY OF THE INCIDENT WAVE
C KP ---  WAVE NUMBER OF P-WAVE IN REGION A .
C KS ---  WAVE NUMBER OF SV-WAVE IN REGION A
C KPB ---  WAVE NUMBER OF P-WAVE IN REGION B
C KSB ---  WAVE NUMBER OF SV-WAVE IN REGION B
C LI ---  START POINT OF INTEGRATION DOMAIN
C L2 --- END POINT OF INTEGRATION DOMAIN
C LMDA --- ELASTIC CONSTANT OF REGION A
C LMDAB ---  ELASTIC CONSTANT OF REGION B
C NU ----  POISSON RATIO OF THE REGION A
C NUB ---  POISSON RATIO OF THE REGION B
C MU ---  ELASTIC CONSTANT OF REGION A
C MUB ---  ELASTIC CONSTANT OF REGION B
C ROW ---  THE WEIGHT DENSITY OF REGION A
C ROWB ---  THE WEIGHT DENSITY OF REGION B
C SIGMA --- THE ROUGHNESS OF THE INTERFACE
C SIGMAG ---  THE GRADIENT OF THE INTERFACE
C W ----  THE CIRCULAR FREQUENCY
C Z E T A i n ---- THE INCIDENT ANGLE ( IN DEGREE )
C Zin ---  THE INCIDENT ANGLE ( IN RADIAN )
C AMin ---  AMPLITUDE OF THE INCIDENT WAVE
C g —  GRAVITY
C
C DECLARE VARIABLES
C -------------------

REAL NU ,NUB,M U ,MUB,LMDA,LMDAB,KFA,KFAB,MUT,KFAT
REAL KP7K S z KPB,KSB,KT,KTB,LMDA,LAMDAB,LX ,LI,L2 
REAL il7I37Ill7I337I13,ICHKl,ICHK2 
REAL IlB7I3B,IllB7I33B,I13B,LAMDAO

Q = = = = = = = = = = = = = = = = = = = = = = = = = = = = = := = = := = = = = = = = = = = = = = = = = = ——————————
C
C SET DIMENSIONS
C ---------------
C

DIMENSION X (20),A (20),Fl(2O),F 3 (22),Fll(20)
DIMENSION F33 (2 0) ,F13(20) ,FIB(20) ,F3B(20)
DIMENSION F11B(20),F33B(20),F13B(20)
DIMENSION FCHKl(20),FCHK2(20)

= = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

OPEN FILES OF INPUT AND OUTPUT

CHARACTER*2 O NAMEl 
CHARACTER*2O NAME2 
CHARACTER*2 O NAME3 
CHARACTER*2 O NAME4
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I

WRITE (*,*) ' ===== TYPE IN THE NAME OF INPUT FILE = 
READ(*,I) -NAMEl
WRITE (*,*) ' ===== TYPE IN THE NAME OF OUTPUT-1 FILE 
READ(*,I) NAME2
WRITE(*,*)'=== TYPE IN THE NAME OF OUTPUT-2 FILE 
READ(*,I) NAME3
WRITE(*,*)'=== TYPE IN THE NAME OF OUTPUT-3 FILE 
READ(*,I) NAME4
FORMAT( A20 )
OPEN(I,FTLE=NAMEl,STATUS='OLD', FORM='FORMATTED') 
OPEN(2,FILE=NAME2,STATUS='NEW', FORM='FORMATTED') 
OPEN(3,FILE=NAME3,STATUS='NEW', . FORM='FORMATTED') 
OPEN(4,FILE=NAME4,STATUS=1NEW1, FORM=1 FORMATTED 1)
:—====: S=====:========:===============================

GET DATA FROM INPUT FILE

N = 15
DO 10 I =IfN fI

READ(1,2) X (i),A(i) 
10 CONTINUE 
2 FORMAT(2(El6.9))

= = = = = = = = = := = = = = = = = = :

THE CONSTANTS ( IN METRIC UNITS [ Kg,mm,Sec ] )

I). INFORMATION ABOUT THE INCIDENT WAVE 
AND THE INTERFACE

WRITE(*,*)' === PUT IN THE VALUE OF (ZETAin) === 
WRITE(*,*) 'THE INCIDENT. ANGLE (ZETAin) CAN BE' 
WRITE(*,*)'CHOSEN AS 0, 10, 20, 30 (DEGREE)'
READ(*,3) ZETAin 

3 FORMAT(F16.6)
Zin = ZETAiN*3.141593/180.

C---------------------- ------ ----------------------------------
WRITE(*,*) 1 === PUT IN FRENQUENCY (F) = = = 1
WRITE(*,*)'THE FREQUENCY (F) USED HERE IS'
WRITE(*,*)'4E+07, 6E+07, 8E+07, OR 1E+08 (MHz)'
READ(*,3) F
W = 2.*3.141593*F 
AMin = I. 
g = 9800.
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WRITE(*,*)' === PUT IN VALUE OF (SIGMA) ==='
WRITE(*,*) 'THE AVERAGE VARANCE OF THE ROUGH INTERFACE 1 
WRITE(*,*)'INTERFACE (SIGMA) USED HERE IS FROM 0.0 TO 
WRITE(*,*)' 0.315 (mm) ==='
READ(*,3) SIGMA
LMDAO = .65 
SIGMAG= SIGMA/.65

WRITE(*,*)'=== PUT IN VALUE OF (LI) and (L2) ===' 
WRITE(*,*)1 VALUES OF (LI) and (L2) USED HERE ARE 
WRITE(*,*)' FROM L2=-L1= ,5.0 TO 200.0 (mm) ==='
READ(*,4)■LI,L2 

4 FORMAT(2(f8.2))
C-------------------------------------- :----------------------------
C 2). INFORMATION ABOUT MATERIAL PROPERTIES OF THE FIRST 
C REGION (REGION A)
C
C WRITE(*,*)'=== PUT IN THE VALUE OF (NU) === '

WRITE(*,*)'THE VALUE OF (NU) IS 0.25 - 0.30 '
READ(*,3) NU
WRITE (*,*) '•--------------------------------- '
ROW = .785e-05
RO = ROW/g
E = .212E+05
NU = .2915
MU = E/(2.*( I.+ NU ))
L M D A =  ( E*NU)/( (l.+NU)*(1.-2.*NU))
CP = SQRT( .(LMDA + 2.*MU )/RO )
CS = SQRT( MU/RO )
KFA = SQRT( 2.*(I.-NU)/(1.-2.*NU) )
KP = W/CP
KS = W/CS

3). INFORMATION ABOUT MATERIAL PROPERTIES OF THE SECOND 
REGION (REGION B)

WRITE (*,*) '=== DO YOU WANT TO CALCULATE THE PRBLEM FOR' 
WRITE(*,*) 'ONE MATERIAL OR TWO MATERIALS (TYPE I OR 2) ' 
WRITE(*,*)'IF YOU WANT ONE TYPE I, ELSE TYPE 2 ==='
READ(*,73) IROI2 

73 FORMAT(12)
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IF ( IR012 .EQ. I ) THEN 
ROWB = 0.0 

ELSE
WRITE(*,*)'== PUT IN THE VALUE OF ROEWB ==' 
WRITE(*,*)'VALUE OF ROWB IS 0.80E-05 - 0.85E-05
READ(*r3) ROWB
ROWB = .84E-05 

END IF
IF ( ROWB .EQ. O.E+O ) THEN 

GO TO 11 
END IF
ROB = ROWB/g 
EB = .121E+05 
NUB = .33325
MUB = EB/(2.*( I. + NUB ) )
LMDAB= ( EB*NUB )/( (l.+NUB)* (I.-2*NUB) ) ■
CPB = SQRT( ( LMDAB+2.*MUB )/ROB)
CSB = SQRT( MUB/ROB )
KFAB = SQRT ( 2 . * (I . -NUB) /(1.-2. *NUB) ).
KPB = W/CPB 
KSB = W/CSB

C
C PRINT OUT CONSTANTS
C ---------------------

WRITE(*/*) ' E EB NU
$ N UB'

WRITE(*,5) E,EBzNUzNUB
WRITE(*,*) ' ROW ROWB RO

$ ROB'
WRITE(*,5) ROWzROWBz ROzROB
WRITE (*,.*) ' MU MUB LMDA

$ LMDAB'
WRITE(*,5) M U ,MUB,LMDA,LMDAB
WRITE(*i*) ' CP CPB CS

$ CSB'
WRITE(*/5) CPzCPBzCSzCSB
WRITE(*,*) ' KFA KFAB f

$ W '
WRITE(*,5) KFAzKFABz f , W
WRITE(*/*) ' KP KPB - KS

$ KSB'
WRITE(*/5) KP ,KPB,KS,KSB 

5 FORMAT(IX,4 (E12.6,3X)//)
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C===========================================================
C
C PRINT OUT HEADERS OF RESULTS
C -------------------------------
C
C WRITE (*,*)» SIGMAG < Ul > < U3 >.
C $ < UlB > < U3B > '

11 WRITE(*,*)' ZETAOB USC-P CFP USC-SV
$ CFS '
DO 20 J = 0, 100,25

SIGMAG = REAL (J/100.)

CC CALCULATE THE SUB-FUNCTIONS OF THE
C INCIDENT ANGLE ( ZETAin ) AND THE [ H 1(x) ].
C ------------------------------------------------- -
C

II = 0.0
13 = 0 . 0
III =  0.0 
133 = 0.0 
113 = 0.0 
ICHKl= 0.0 
ICHK2= 0.0 
IlB = 0.0 
I3B = 0.0 
IllB = 0.0 
I33B = 0 . 0  
I13B = 0.0

DEG = 180./3.141593
DO 30 I = I,N
Y = X ( I )
BBA = ATAN( I .41421*SIGMAG*Y )
AL = Zin - BBA 
ALP = AL
ALS = ASIN( (KP/KS)*SIN(AL) )
B = ALP - BBA 
G = ALS - BBA
BETABA = BBA*DEG 
ALPHA = AL*DEG 
ALFAP = ALP*DEG
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ALFAS = ALS*DEG
BETA = B*DEG 
GAMA = G*DEG
IF (ROWS .EQ. 0.0 ) THEN 

GO TO 22 
END IF
ALPB = ASIN( (KP/KPB)*SIN(AL) ) 
ALSB = ASIN( (KP/KSB)*SIN(AL) )
BB = ALPB + BBA 
GB = ALSB + BBA
ALFAPB= ALPB*DEG 
ALFASB= ALSB*DEG
BETAB = BB*DEG 
GAMAB = GE*DEG

C
C CALCULATE ELEMENTS OF MATRIX [ Pl - W4 ]
C ---------------------- :---------------- ----------
C

22 Pl = SIN( AL )
Ql = COS( AL )
Vl = SIN( 2.*AL )
Wl = COS( 2.*ALS )
P2 = COS( ALS )
Q2 = SIN( ALS )
V2 = KFA*COS( 2.*ALS )
W2 = (l./KFA)*SIN( 2.*ALS )

IF ( ROWB .EQ. 0.E+0 ) THEN 
D = V1*W2.+ V2*W1 
Dl = V1*W2 - V2*W1 
D2 = 2.*V1*W1 
R H  = Dl/D 
R12 = D2/D 
GO TO 33 

END IF

P3 = SIN( ALPB )
Q3 = COS( ALPB )
V3 = ( MUB/MU )*( CP/CPB )*SIN( 2.*ALPB )
W3 = (MUB/MU)* (CP/CPB)*((KFAB*KFAB)/ (KFA*KFA))*COS(
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$ 2.*ALSB )

P4 = COS( ALSB )
Q4 = SIN( ALSB )
V4 = (MUB/MU)* (CP/CSB)*COS( 2.*ALSB )
W4 = ( I./ (KFA*KFA) )*( MUB/MU )*( CP/CSB )*SIN(

$ 2.*ALSB )
C
C CALCULATE REFLECTION AND REFRACTION
C COEFFICIENTS ( R H ,  R12, R U B ,  R12B )
C -------------------------------------- -—
C
C R H  = Dl/D , R12 = D2/D
C RllB = D3/D , R12B = D4/D
C
C---------------------------------------- --------------------------

D = P1*(Q2*(V3*W4 + V4*W3)+Q3*(V2*W4 +V4*W2)
$ +Q4*(V3*W2 - V2*W3)) +P2*(Ql*(V3*W4 + V4*W3)
$ +Q3*(V4*W1 - V1*W4)+Q4*(V1*W3 + V3*W1))+
$ P3*(Ql*(V2*W4 + V4*W2)+Q2*(V1*W4 - V4*W1)
$ +Q4*(V1*W2 + V2*W1))+P4*(Ql*(V2*W3 - V3*W2)
$ +Q2*(V1*W3 + V3*W1)+Q3*(V1*W2 + V2*W1))

Dl=-(PI*(Q2*(V3*W4+ V4*W3)+Q3*(V2*W4 + V4*W2)
$ +Q4*(V3*W2 - V2*W3))+P2*(Ql*(-V3*W4- V4*W3).
$ +Q3*(V1*W4 + V4*W1)+Q4*(V3*W1 - V1*W3))
$ +P3*(Ql*(-V2*W4- V4*W2)+Q2*(-V1*W4- V4*W1)
$ +Q4*(V2*W1 - V1*W2))+P4*(Ql*(V3*W2 - V2*W3)
$ +Q2*(V3*W1 - V1*W3)+Q3*(V2*W1 - V1*W2)))

D2= 2.*(PI*(Ql*(-V3*W4-V4*W3) + Q3*V1*W4 - Q4*V1*W3 ) 
$ +P3*(Q1*V4*W1 + Q4*V1*W1) +• P4*(Q3*V1*W1 - Q1*V3*W1))

03= 2.*(PI*(Ql*(V2*W4 + V4*W2) + Q2*V1*W4 + Q4*V1*W2) 
$ +P'2* (Q1*V4*W1 + Q4*V1*W1) + P4*(Q1*V2*W1 + Q2*V1*W1) )

D4= 2.*(PI*(Ql*(V3*W2 - V2*W3) - Q2*V1*W3 - Q3*V1*W2) 
$ +P2* (Q1.*V3*W1 - Q3*V1*W1) + P3*(Q1*V2*W1 + Q2*V1*W1) )

R H  = Dl/D
R12 = D2/D
RllB= D3/D
R12B= D4/D

C 
C 
C 
C

PRINT OUT THE RESULTS OF THE 
REFLECTION AND REFRACTION COEFFICIENTS
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WRITEf*,*)' R H  R12 RllB

$ R12B1
WRITEf*,6) R11,R12,R11B,R12B 

6 FORMAT(IX, 4 (E12.6,3X)/)
WRITE (4,6) R H ,  R12, RllB, R12B

C
C CALCULATE FUNCTIONS OF ( BETA, GAMA, BETAB, GAMAB )
C ------------ ■---------------------- -----------------------
C

33 SB = SINf B )
CB = COSf B )
SG = SINf G )
CG = COSf G )
IF ( ROWB .EQ. 0.0 ) THEN 

GO TO 44 
END IF

C-----------.-------- ----------
SBB = SINf BB )
CBB = COSf BB )
SGB = SINf GB )
CGB = COSf GB )

CALCULATE INTEGRALS FOR THE AVERAGE EVALUATION

44 Fl(I) = AMIN*( R11*SB + R12*CG)
F 3 (I) = AMIN*( R11*CB - R12*SG)
FllMl = ( LMDA + 2.*MU )*SIN(Zin)*SB - 

$ LMDA*COS(Zin) *CB
F11M2 = ( LMDA + 2.*MU.)*SIN(Zin)*CG +

$ LMDA*COS(Zin)*SG
Fll(I) = KP*AMIN*( R11*F11M1 + R12*F11M2 )
F33(I) = KP*AMIN*( (R11*CB - 

$ R12*SG)* (-COS (Zin))*(LMDA+2.*MU)
$ + LMDA*(R11*SB+R12*CG)* (SIN(Zin)) )

F13(I) = KP*AMIN*MU*( (R11*SB+R12*CG)* (-COS (Zin)) 
$ +(R11*CB-R12*SG)* (SIN(Zin)) )

FlB(I) = AMIN*( R11B*SBB - R12B*CGB)
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F3B(I) = -AMIN*(R11B*CBB + R12B*SGB)
FllB(I)= KP*AMIN* ( R U B *  ( (LMADB +

$ 2.*NUB)*SIN(Zin)*SBB + LMDAB*COS (Zin) *CBB) + 
$ R12B*( LMDAB*COS(Zin)*SGB + ( LMDAB 
$ + 2.*NUB)*SIN(Zin)*SGB ))

F33B(I)= KP*AMIN*( (LMDAB +
$ 2.*MUB)* (R11B*CBB+R12B*SGB)*COS(Zin)
$ + LMDAB*(R11B*SBB-R12B*CGB)*SIN(Zin) )

F13B(I)= -KP*AMIN*MUB*( (R11B*SBB-R12B*CGB)*COS(Zin) 
$■+(R11B*CBB+R12B*SGB)*SIN(Zin) )

Q = = = = ; = : = = = = = = = = = = = = = = = = = = = : = = = = = = = = = = = : = : = = = = = = = = = = = = = = = = = = = = = = =
C
C PUT IN SOME CHECK FUNCTIONS
C ------------------------------
C

FCHKl(I) = EXP( Y )
FCHK2(I)=(SIN( Y * (Y/2. + 1.414213 )))/1.414213

O
C
C
C
C

CALCULATE THE INTEGRALS USING GAUSSIAN QUADRATURE

II 
13
III 
133 
113 
ICHKl 
ICHK2 
IlB 
I3B 
IllB 
I33B 
I13B

= Il + A(I)*F1(I)
= 13 + A(I)*F3(I)
= 111 + A(I)*F11(I)
= 133 + A(I)*F33(I)
= 113 + A(I)*F13(I)
= ICHKl + A(I)*FCHK1(I) 
= ICHK2 + A(I)*FCHK2(I) 
= IlB + A(I)*F1B(I)
= I3B + A(I)*F3B(I)
= IllB + A(I)*F11B(I)
= I33B + A(I)*F33B(I)
= I13B + A(I)*F13B(I)

30 CONTINUE
C

WRITE(*,7) N,ICHKl,ICHK2
WRITE(*,*)1 Il 13 111

$ 133 113'
WRITE(*,8) 11,13,111,133,113 
WRITE(*,*)' IlB I3B

$ I33B I13B'
WRITE(*,30) IIB,I3B,IllB,I33B,I13B

IllB
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8 FORMAT(IX, 5( E12.6,2X)// )
I FORMAT( IX,3HN =,12,10X,7HICHK1 =, FlO.6,5X,7HICHK2 

$ =, FlO.6/ )

AUl = 11/1.77245 
AU3 = 13/1.77245
AUlB = I1B/1.77245 
AU3B = I3B/1.77245
AT33 = 133/1.77245 
ATl3 = 113/1.77245
AT33B = I33B/1.77245 
AT13B = I13B/1.77245
WRITE(*,9) SIGMAG, AUl,AU3,AUlB,AU3B 
WRITE(*,9 ) SIGMAG, AT33,AT13,AT33B,AT13B

9 FORMAT (IX,F7.3,IX, 4(E12.6,2X) )

2O CONTINUE
DO 40 III = 1000,5000,25
ZETAOB = REAL(III/100.)
ZOB= ZETA0B*3.141593/180.
FO = I.
SOB = SIN( ZOB )
COB = COS( ZOB )
AllP = .(FO*SOB*SOB) / (LMDA + 2 . *MU) 
AllS = (FO*COB*COB)/ (MU)
A3IP = (FO*SOB*COB)/ (LMDA + 2.*MU) 
A31S = - (FO*SOB*COB)/ (MU)
A13P = A3IP 
A13S = A31S
A33P = (FO*COB*COB)/ (LNDA + 2.*MU) 
A33S = (FO*SOB*SOB)/ (MU)
KT = (KP*KP)/ (KS*KS)
H131P = FO*KP*(2.*KT*SOB*SOB*COB)
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H131S = FO*KS*COB*(1.-2.*S0B*S0B)
H331P = F0*KP*( (I.- 2.*KT) + 2.*KT*C0B*C0B )*S0B 
H331S = F0*KS*(-2.*S0B*C0B*C0B)
H133P = F0*KP*(2.*KT*S0B*C0B*C0B)
H133S = F0*KS*(SOB*(1.-2.*COB*COB))
H333P = FO*KP*( (1.-2.*KT) + 2.*KT*COB*COB)*COB 
H333S = FO*KS*( 2.*COB*SOB*SOB)
ZIP = H131P*AU1 + H331P*AU3 - A11P*AT13 - A31P*AT33 
ZlS = H131S*AU1 + H331S*AU3 - A11S*AT13 - A31S*AT33
Z3P = H133P*AU1 + H333P*AU3 - A13P*AT13 - A33P*AT33 
.Z3S = H133S*AU1 + H333S*AU3 - A13S*AT13 - A33S*AT33
ZOP = SQRT( Z1P*Z1P + Z3P*Z3P ) 
ZOS = SQRT( Z1S*Z1S + Z3S*Z3S )
DP = KP*( SIN(Zin) - SOB )
DS = KP*SIN(Zin) - KS*SQB 
EP = -KP*(COS (Zin) + COB )
ES = -(KP*COS(Zin) + KS*COB )

RP = - (SIN (KP*R) ) / (4 . *3.141593*R) 
RS = - (SIN(KS*R))/(4.*3.141593*R)

EEP = EXP( - (EP*EP*SIGMA*SIGMA)/2. )
EES = EXP( - (ES*ES*SIGMA*SIGMA)/2. )
WRITE(*,71) ZETAOB,DP,DS,EP,ES,EEP,EES 

71 FORMAT(IX, F10.4,2X, 6 (E10.4,IX) )
IF ( DP .EQ.0.0 ) THEN 

DLP = I.
ELSE

DLP = ( SIN(DP*L2) - SIN(DP*L1) )/((DP)*(L2 -LI)) 
END IF

IF ( DS.EQ.0.0 ) THEN 
DLS = I.

ELSE
DLS = ( SIN(DS*L2) - SIN(DS*L1) )/((OS)*(L2 -LI)) 

END IF
USClP = EEP*Z1P*DLP 
USClS = EES*Z1S*DLS 
USCl = USClP + USClS
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USC3P = EEP*Z3P*DLP 
USC3S = EES*Z3S*DLS 
USC3 = USC3P + USC3S
USCP = SQRT( USC1P*USC1P + USC3P*USC3P ) 
USCS = SQRT ( USC1S*USC1S + USC3S*US'C3S )

IF ( IR012 .EQ. I ) THEN
IF ( ZETAin .EQ. 30.0 ) THEN 

CFP = USCP/.169335E+02 
CFS = USCS/.355396E+02

END IF
IF ( ZETAin .EQ. 20.0 ) THEN 

CFP = USCP/.228258E+02 
CFS = USCS/.270755E+02

END IF
IF ( ZETAin .EQ. 10.0 ) THEN 

CFP = USCP/.271497E+02 
CFS = USCS/.146289E+02

END IF
IF ( ZETAin .EQ. 0.0 ) THEN 

CFP = USCP/.287402E+02 
CFS = USCS/I.

END IF
ELSE

IF ( ZETAin .EQ. 30.0 ) THEN 
CFP = USCP/.134335E+01 
CFS = USCS/.362625E+01 

END IF
IF ( ZETAin .EQ. 20.0 ) THEN 

CFP = USCP/.193707E+01 
CFS = USCS/.299422E+01 

END IF
IF ( ZETAin .EQ. 10.0 ) THEN 

CFP = USCP/.241319E+01 
CFS = USCS/.168716E+01 

END IF
IF ( ZETAin .EQ. 0.0 ) THEN 

CFP = USCP/.259521E+01 
CFS = USCS/I.
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END IF 

END IF
C===========z= ======:===:=====================:

WRITE (*,91) ZETAOB, USCP, CFP ,/USCS, CFS 
91 FORMAT(IX,F8.2,2X,4 (E12.6,2X) )

WRITE(2,81) ZETAOBfCFP 
WRITE(3,81) ZETAOBfCFS

81 FORMAT(IX, F8.2,2X, E12.6 )
40 CONTINUE

CLOSE(I) 
CLOSE(2) 
CLOSE(S) 
CLOSE(4)
END
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