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Abstract:
The unifying concept which relates essentially all of the methods which currently appear in the
literature for computing surface electronic structure from a given, tight-binding Hamiltonian is shown
to be the difference equations satisfied by the Green functions. An efficient, generating function
formalism is developed through which the analytic resolvent method of Levine and Freeman may be
extended in order to solve more realistic surface problems. Two model Hamiltonians are completely
solved in order to demonstrate this method: One in which there is one state per layer and an s-p
Hamiltonia with one s-like and one p-like state per layer.

With the aid of the solution of the s-p Hamiltonian, a simple, bulk, bond-orbital model is introduced
and it is seen that there is a limit in which this approximation is exact. This model is used to assess a
bulk, bond-orbital model approach to the surface problem.

A bulk, bond-orbital model proposed by Pantelides and Harrison is used to study eigenstates of a
twelve layer film of (110) GaAs. The results compare well with those of calculations which do not
make bond-orbital approximations. Results are discussed and compared with those of other
investigations. 
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ABSTRACT

The u n i fy in g  concept which re la te s  e s s e n t ia l l y  a l l  o f  the methods 
which c u r re n t ly  appear in  the l i t e r a t u r e  f o r  computing su rface  e le c ­
t r o n ic  s t ru c tu r e  from a g iven , t ig h t - b in d in g  Ham ilton ian is  shown to  
be the  d i f fe re n c e  equations s a t i s f ie d  by the Green fu n c t io n s .  An 
e f f i c i e n t ,  genera ting  fu n c t io n  fo rm a lism  is  developed through which 
the a n a ly t ic  re s o lv e n t  method o f  Levine and Freeman may be extended 
in  o rde r  to  so lve  more r e a l i s t i c  su rface  problems. Two model Hamil­
ton ians  are com ple te ly  so lved in  o rde r  to  demonstrate t h is  method:
One in  which the re  is  one s ta te  per la y e r  and an s-p Ham ilton ian  w ith  
one s - l i k e  and one p - l i k e  s ta te  per la y e r .

With the a id  o f  the s o lu t io n  o f  the s-p H am ilton ian , a s im p le , 
b u lk ,  b o n d -o rb i ta l  model i s  in troduced  and i t  is  seen th a t  the re  is  a 
l i m i t  in  which t h i s  approx im ation  is  exac t.  This model is  used to  
assess a b u lk ,  b o n d -o rb i ta l  model approach to  the  surface  problem.

A b u lk ,  b o n d -o rb i ta l  model proposed by Pan te lides  and Harr ison is  
used to  study e igens ta tes  o f  a twelve la y e r  f i lm  o f  (H O ) GaAs. The 
r e s u l t s  compare w e ll  w i th  those o f  c a lc u la t io n s  which do not make 
b o n d -o rb i ta l  app rox im ations . Results  are discussed and compared w ith  
those o f  o th e r  in v e s t ig a t io n s .



I .  INTRODUCTION

R ecently , many c a lc u la t io n s  o f  su rface  d e n s i t ie s  o f  s ta te s  have 

been performed w i th in  the t ig h t - b in d in g  in te r p o la t io n  scheme^

According to  t h is  method, the s in g le -e le c t ro n  H am ilton ian  ope ra to r  is  

represented by a se t  o f  m a tr ix  elements between lo c a l iz e d  s ta te s  cen­

te red  a t  each atom ic s i t e .  U l t im a te ly ,  these m a tr ix  elements are 

t re a te d  as parameters and are se lec ted  in  such a way as to  reproduce

c e r ta in  r e s u l t s  o f  more am bit ious c a lc u la t io n s  o r  o f  experimenta l 

15measurements . For example, the parameters are o f te n  chosen to  re ­

produce the bu lk  band s t ru c tu re .

From the bu lk  H am ilton ian  m a tr ix  elements, the program f o r  com­

pu t ing  the change in  the d e n s ity  o f  s ta te s  caused by the  presence o f  

the su rface  u s u a l ly  proceeds along one o f  two ways: E i th e r  a m a tr ix

Ham ilton ian correspond ing to  a la rg e  s lab  o f  m a te r ia l  i s  d ia g o n a lize d ,  

o r  Green fu n c t io n s  are computed f o r  the s e m i - in f i n i t e  c r y s ta l .

A. M a tr ix  Slab C a lc u la t io n s

The f i r s t  path along which the c a lc u la t io n  m ight proceed invo lves
-] O

the d ia g o n a l iz a t io n  o f  a la rg e  m a tr ix  . Th is  corresponds to  s o lv ing  

e x a c t ly  the  problem o f  f in d in g  the quantum s ta tes  o f  a t h in  s lab con­

s is t i n g  o f  severa l atomic la y e rs .  T ra n s la t io n  symmetry in  the d i r e c ­

t io n s  p a r a l le l  to  the su rface  is  preserved, and thus the m a tr ix  d iag ­

o n a l iz a t io n  problem reduces to  f i n i t e  b locks correspond ing to  the
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i r r e d u c ib le  re p re s e n ta t io n s  o f  the su r face  t r a n s la t io n  g roup ; in  o th e r  

words, the surface p e r tu rb a t io n  does not mix those e igens ta tes  o f  the 

bu lk  which have d i f f e r e n t  components k j | o f  wave v e c to r  p a r a l le l  to  

the su rface .

The g re a t  advantage o f  a s lab  type o f  c a lc u la t io n  is  t h a t  i t  is  

e a s i ly  implemented. For a given value o f  k | | ,  the m a tr ix  is  f i l l e d  

and n u m e r ic a l ly  d ia g o n a l ize d .  The energy e igenvalues and correspond­

ing  e igenvec to rs  may thus be ob ta ined .

There are th re e  major o b je c t io n s  to  the  la rge  m a tr ix  method.

F i r s t ,  f o r  a p a r t i c u la r  choice o f  k j j , the la rg e  m a tr ix  would be o f  

rank nN, where n is  the  number o f  lo c a l iz e d  o r b i t a l s  per u n i t  c e l l ,  

and N i s  the number o f  la y e r s . I f  the re  is  a r e f l e c t i o n  symmetry 

through the cen te r  o f  the  s la b ,  the rank may be reduced to  nN/2.

There w i l l  be on ly  nN energy e igenva lues f o r  each choice o f  k | | ; 

thus i t  i s  d i f f i c u l t  to  produce enough e igenva lues to  c o n s t ru c t  a 

la y e r -b y - la y e r  d e n s ity  o f  s ta te s  f o r  a p a r t i c u la r  va lue o f  kj | , as 

one would wish to  do in  o rder to  compare w i th  the r e s u l t s  o f  an ang le- 

reso lved  photoemission spectroscopy experiment.

As an example o f  t h i s  d i f f i c u l t y ,  cons ider a ra th e r  la rg e  s lab o f  

15 la ye rs  (N=15) and e ig h t  s ta te s  on each la y e r  (n= 8 ) . Then the m a tr ix  

w i l l  be 120 x 120 and the re  w i l l  be 120 energy e igenva lues in  a l l .

This w i l l  c rea te  a r a th e r  sketchy h is togram  when these energy values 

are p a r t i t io n e d  in t o ,  say, 10 boxes over the e n t i r e  energy range o f
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the spectrum.

The second o b je c t io n  is  t h a t  the rank o f  the m a tr ix  is  la rge  

enough so th a t  the  d ia g o n a l iz a t io n  must be done n u m e r ic a l ly .  The so­

lu t io n s  do not p rov ide  any a n a ly t ic a l  in s ig h t  in to  the na ture  o f  the 

surface s ta te s .

One f i n a l  o b je c t io n  is  th a t  even as the s lab gets la r g e r ,  the 

surface  fe a tu re s  o f  the spectrum become lo s t  in  the bu lk  p a r t  which 

grows w i th  N. Extra  steps would be requ ire d  in  o rder to  p ro je c t  the 

de n s ity  o f  s ta te s  onto the  surface  la y e r .

B. Green Function C a lc u la t io n s  

The second l i n e  along which t ig h t - b in d in g  c a lc u la t io n s  have 

evolved is  the re s o lv e n t  o r  Green fu n c t io n  method^ Here again the 

problem is  reduced by the t r a n s la t io n  symmetry along the surface .

This t im e ,  however, the s e m i - in f i n i t e  c r y s ta l  is  t re a te d .

For the  t ig h t - b in d in g  H am ilton ians , the equations o f  motion f o r  

the Green fu n c t io n s  become a se t  o f  coup led , l i n e a r  d i f fe re n c e  equa­

t io n s  w i th  cons tan t c o e f f i c i e n t s . These equations may be solved in  

one o f  a number o f  ways, and a la y e r - b y - la y e r  d e n s ity  o f  s ta te s  can be 

c a lc u la te d  from the im aginary pa r ts  o f  the  var ious  Green fu n c t io n s .

The d i f f e r e n t  methods o f  s o lv in g  the d i f fe re n c e  equations have been 

given d i f f e r e n t  names such as the a n a ly t ic  re s o lv e n t  m e th o d ^ ,  the 

t r a n s fe r  m a tr ix  m e th o d ^ ,  the ansatz m e th od^  o r  the e f f e c t i v e
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19p o te n t ia l  method . Each method g ives r is e  to  another vocab u la ry , but 

the u n i fy in g  concept is  the s e t  o f  d i f fe re n c e  equations f o r  the Green 

fu n c t io n s .

The f i r s t  c r i t i c i s m  o f  the  m a tr ix  method is  a u to m a t ic a l ly  avoided 

when the re s o lv e n t  method is  used. The Green fu n c t io n  method e a s i ly  

produces the  continuum as w e ll  as the d is c re te  p a r t  o f  the spectrum, 

s ince  the s e m i - in f i n i t e  c r y s ta l  is  t re a te d .

The use o f  Green fu n c t io n s  may a lso  avoid the second c r i t i c i s m  o f  

the m a tr ix  method, p rov ided t h a t  c losed form s o lu t io n s  o f  the equations 

o f  motion can be found. The d i f fe re n c e  equations possess s o lu t io n s  in  

c losed form on ly  i f  the t ig h t - b in d in g  Ham ilton ian is  s imple enough.

The ex is tence  o f  s o lu t io n s  in  terms o f  elementary fu n c t io n s  cannot de­

pend upon the method o f  s o lu t io n .  With each model H am ilton ian  is  

assoc ia ted  a c h a r a c te r is t i c  po lynom ia l,  the  degree o f  which is  d e te r ­

mined by the com p lex ity  o f  the model. When t h i s  c h a r a c te r is t i c  p o ly ­

nomial f a l l s  o u ts id e  the  c lass  o f  po lynom ia ls  which are so lvab le  by 

• ra d ic a ls ,  then a s o lu t io n  in  terms o f  elementary fu n c t io n s  does not 

e x i s t .  The polynomia l i s  the c h a r a c te r is t i c  polynomial o f  the system 

o f  d i f fe re n c e  equations which are the equations o f  motion.

Even when a s o lu t io n  in  c losed form in  terms o f  e lementary func ­

t io n s  does not e x i s t ,  the Green fu n c t io n  method may lead to  some ana­

l y t i c a l  in s ig h t  in  the fo l lo w in g  way. The la y e r  d e n s i t ie s  o f  s ta te s  

fo l lo w  from Green fu n c t io n s  which are e x p re s ib le  as r a t io n a l  fu n c t io n s



5

o f  the ro o ts  o f  the  c h a r a c te r is t i c  po lynom ia ls .  Near a s in g u la r i t y ,  

they may be expanded and t h e i r  behav io r re la te d  to  the motion o f  the 

roo ts  in  the complex p lane , thereby  p ro v id in g  a connection between the 

bu lk  and su rface  e le c t r o n ic  s t r u c tu r e s .

To be f a i r ,  i t  must be adm itted  th a t  even in  the cases when exact 

s o lu t io n s  are p o s s ib le ,  the re  is  sometimes l i t t l e  m o t iv a t io n  to  w r i t e  

them down because t h e i r  formal com p lex ity  may render them incompre­

h e n s ib le ^ ” ^ .  N o n e - th e - le s s , these s o lu t io n s ,  whether symbolic  o r 

p a r t l y  n u m e r ica l, rep resen t in  a most convenient form e s s e n t ia l l y  

exact s o lu t io n s  to  the g iven model H am ilton ian  f o r  the s e m i - in f i n i t e  

geometry.

P a rt  o f  the convenience o f  the Green fu n c t io n s  is  t h a t  the den­

s i t y  o f  s ta te s  is  n a tu r a l l y  ob ta ined  in  a form which is  fa c to re d  

accord ing no t on ly  to  the  in d iv id u a l  la y e rs ,  but a lso accord ing to  

the in d iv id u a l  o r b i t a l s  on each la y e r .  The f i n a l  o b je c t io n  to  the 

m a tr ix  method is  thus circumvented by the  Green fu n c t io n  method.



I I .  ONE-BAND CASE

A. Bulk Ham ilton ian

The purpose o f  t h i s  s e c t io n  is  to  in trodu ce  one o f  the s im p les t 

problems which may be so lved by the re s o lv e n t  method and thus to  demon 

s t r a te  the u n i t y  o f  va r iou s  s o lu t io n  procedures f o r  the  r e s u l t in g  

d i f fe re n c e  equa tions .

Consider a c r y s ta l  w i th  s imple cub ic  s t ru c tu re  c o n s is t in g  o f  an 

s - l i k e  atom ic o r b i t a l  a t  each s i t e .  The bas is  fu n c t io n s  are rep re ­

sented by |&,m,n>, where the  p o s i t io n  o f  the s i t e  is  r  = a&x + amy + 

anx. The l a t t i c e  spacing is  a and x , y ,z  are Cartes ian  u n i t  v e c to rs .  

The in d ice s  &,m,n are in te g e rs  and s p e c i fy  the p o s i t io n  o f  the s i t e .

In  t h is  b a s is ,  then , the bu lk  Ham ilton ian  is  de f ined  as fo l lo w s :

<Vm'n'|H(o , |mn> = Uŝ 1

+ y6V & 5m'm ^ n 'n + i  + 6n 'n - i ^  

+ y6Ji1 a ^5IiVm+1 + 5mlm-i  ̂ 5n 1 n 

+ ^ ( 5&'&+i + 5Jil Ji-I^ 5m'm 5n 'n

( I )

where U and y are in te g ra ls

U = (x )  H (°) (x )  6 ( x ) d \ ,
rS

*
( 2 )

y = f ^ s (x )  (x )  tj)s (x -ax )  d3x.

In f a c t ,  w e . t re a t  the in te g ra ls  LI and y as constants  which are
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ad jus ted  to  produce the bu lk  band s t ru c tu re  which may be computed by 

another means. I t  i s  assumed th a t  a l l  o th e r  m a tr ix  elements o f  the 

Ham ilton ian  vanish and a lso  th a t

B. Layer O rb i ta ls

I f  an ang le -reso lve d  photoemission experiment were to  be pe r­

formed on a (100) su rface  o f  the h y p o th e t ic a l c r y s ta l  de f ined  above, 

then the  ang le - reso lve d  d e n s ity  o f  i n i t i a l  s ta te s  m ight be o f  in te r e s t .

Advantage may be taken o f  the t r a n s la t io n  symmetry in  the plane 

o f  the  surface  i f  the  bu lk  Ham ilton ian is  r e w r i t te n  in  terms o f  a new 

basis which has Bloch symmetry along the y and z d i r e c t io n s .

Suppose f o r  the moment t h a t  each la y e r  is  f i n i t e  and co n s is ts  o f  

N atoms in  the y  d i r e c t io n  and N atoms in  the z d i r e c t io n .  U l t im a te ly ,  

one could take  the l i m i t  N -> =°, bu t t h is  w i l l  not be necessary, s ince 

N w i l l  cancel out o f  the e q u a t io n s .

Define a la y e r  o r b i t a l  on la y e r  & by the r e la t io n

(4)|i .k .k > = Tf I  e1kyara eikzan|<t,m,n>. 
' Y z N mn

The t ra n s fo rm a t io n  is  u n i ta ry  and thus the la y e r  o r b i t a l s  are o r th o ­

normal .

^ ' , k ' y . k ^ i A . k y . y
% k y  * k ' , k , . (5)

Because o f  t r a n s la t io n  symmetry, H does not mix la y e r  o r b i t a l s
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o f  d i f f e r e n t  wave v e c to r ,  s ince  these o r b i t a l s  would then belong to 

d i f f e r e n t  i r r e d u c ib le  re p re s e n ta t io n s  o f  the two-d imensiona l t r a n s la ­

t io n  group. Thus, H is  d iagonal w i th  respec t to  k ^ ,k z . From the d e f ­

i n i t i o n  (4) o f  the la y e r  o r b i t a l s  and from expression ( I )  f o r  the bu lk  

Ham ilton ian m a tr ix  elements.

< t ' , k ' y , k ' z |H(o h t , k y ,k z>

6k'..k.. V . k .  w V kZ1 6Jt1Z + v t6Z1Z+! *  5Z1Z - I 11 ' t6 >
y y Z Z

where e(k ,k ) = U + 2 y cosk a + 2 y cosk a. For a p a r t i c u la r  k ,k ,
j  z  y z

we have a one-d imensional problem assoc ia ted  w i th  the Ham ilton ian

u(o)
V ji =aZ1Z + v taZ1Z+! + 5Z1Z - ! 1' (7)

This  bu lk  H am ilton ian  is  connected to  the surface Ham ilton ian in  

a ra th e r  simple way. Suppose, w i th o u t  loss  o f  g e n e r a l i t y ,  th a t  the 

su rface  la y e r  is  a = I .  Then the H am ilton ian  becomes

Z l + y(61Z 1Z 1 +

when

Z 1 , Z  > I ; H11 = E, H12 -  Hg % -  y . (8)

Hj l l j l  = 0 o the rw ise .

C. Green Functions

I .  B u lk . The common methods o f  s o lu t io n  in v o lv e  the use o f  one o f  

two types o f  Green fu n c t io n s .
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The f i r s t  type is  a Green fu n c t io n  f o r  the bu lk  H am ilton ian . Let

b* ,  b^ c rea te  and des troy  an e le c t ro n  in  la y e r  o r b i t a l  I  f o r  a given
+

value o f  k y ,k z . The t im e dependence o f  b^ and b^ in  the Heisenberg 

p ic tu re  is  governed by the bu lk  H am ilton ian  H ^ . Then the one -e lec­

t ro n  bu lk  Green fu n c t io n  between la y e r  a -and la y e r  z 1 is  de f ined  by

5 I , ' - I  ( t )  = <<bv ; = (9>

- i e ( t )  <0|{bt , ( t ) , b+ (t=0)}|0>.

In equation (9 ) ,  |0> is  the s ta te  w i th  no e le c tro n s  in  the c r y s ta l ,  

0 ( t )  is  a s tep  fu n c t io n  equal to  0 i f  t  < 0, % i f  t= 0 ,  and I i f  t  > 0.

The b racke t is  an a n t i  commutator w i th ' t h e  usual d e f i n i t i o n :

(A ,BI = AB + BA (10)

I t  should be noted here th a t  the bu lk  Green fu n c t io n s  G ^ , ( t )  are 

on ly  fu n c t io n s  o f  the la y e r  d i f fe re n c e  z ' - z ,  ra th e r  than o f  z 1 o r  z  

s e p a ra te ly ,  because o f  t r a n s la t io n  symmetry.

The ope ra to r  b ^ ( t )  evolves accord ing to  the Heisenberg equation

4  b j t )  = [ b j t ) ,  ( I D

Thus, G^ , ( t )  s a t i s f i e s

^ ^ z ' - z  ( t )  =

6 ( t )  < 0 |{b v (0 ) ,  b + (0 )} |0 >  -  « [ H ( o ) , b£ l ] ;  bA» ,  (12) 

where the f i r s t  term on the r i g h t  is  j u s t  & ( t ) G . b e c a u s e

(13)
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The second term on the r i g h t  o f  equation (11) is  a h ighe r  o rde r  Green 

fu n c t io n

« [ H ^ \  b£ l ] ;  b£>> =

- i e ( t )  < 0 | { [H ( o ) , b£ , ( t ) ] ,  b+ ( t= 0 ) } |0 > .  (14)

In tro d u c in g  the F o u r ie r  t rans fo rm

<v-* (“>= C  V - * (t) e"iBt dt' (’5)
and n o t in g  t h a t  in  t h is  case the h ighe r  o rde r  Green fu n c t io n  is  a 

l i n e a r  com bination o f  the o r ig in a l  one e le c t ro n  Green fu n c t io n s ,  

equation (12) becomes

“V-* M  ‘  V t + v6Vtt-I M

+ EGv M  + %GV _1_% (» )• '  0 6 )

This d i f fe re n c e  equation is  the equation o f  motion o f  the bu lk  Green 

fu n c t io n s .

I t  is  im po rtan t  to  n o t ic e  th a t  f o r  o n e -e lec tro n  Ham ilton ians l i k e  

t h i s  one, the Green fu n c t io n s  in- the domain are m a tr ix  elements o f  the 

re s o lv e n t  o p e ra to r  de f ined  by

G = (w -  H( o ) ) _1 (17)

At p o in ts  in  the  w-plane where G is  no t w e l l -d e f in e d  ( the  spectrum o f  

i t  can be seen from (14) and (15) t h a t  G should be considered as 

the l i m i t  as o->0+ o f  (w + in  -  H ^ ) ~ V  Using (17 ) ,

\
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v  <“ + - H<0)> V V  Gr - i = 6W  <18>

This is  e x a c t ly  e q u iv a le n t  to  equation (16 ).

2. S u rface . Another type o f  Green fu n c t io n  which is  used conta ins 

the e f f e c t  o f  the su rface  and is  de f ined  as

lV s ,  = - i 0  ( t )  <0|{a^, ( t ) ,  a^ ( 0 ) } |0 > .  ■ (T9)

The time e v o lu t io n  o f  a^ and a ^ , is  due to  the f u l l  Ham ilton ian H 

which is  t run ca te d  a t  the su r fa ce .  Thus

Jv j l  (m) = < A '| (w -  H )"1 |£>. (20)

H is  e q u iv a le n t  to  but t runca ted  a t  the surface accord ing  to  (8) 

J ^ lj l is  not a fu n c t io n  on ly  o f  because o f  the la ck  o f  t r a n s la ­

t io n  symmetry.

D.. R e la t io n  Between Green Functions 
and D e ns it ie s  o f  States

The d e n s ity  o f  s ta te s  fu n c t io n  f o r  a system governed by a 

H am ilton ian  H is  de f ined  as

D(E) = Z S(E-Ev ) .  (21)

The index v runs over each in d iv id u a l  e ig e n s ta te  o f  H. D(E) is  so 

de f ined  as to  enable a sum over v to  be converted to  an in te g ra l  over

E.

E f ( E v ) = Z f(E )  D(E) dE.

The d e l ta  fu n c t io n s  in  (21) may be represented by

(22)
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6<E- Ev> -  7 o 9
(E-Ev ) + n •

1 i ™+ I  { -  I m ' <E - H n  -  En->0 v
)}■ (23)

From t h i s  p o in t  on, the I im  w i l l  no t be w r i t t e n  e x p l i c i t l y .
TT̂-O+

D(E) it I m ' ^  E + i n  -  E .

'  Ti Im- ^  <VI E + in  -  H 

-  — Im. (Trace J ) .

v > )

( 24)

Rather than the  t o ta l  de n s ity  o f  s ta te s  D (E), i t  is  o f te n  more . 

convenient to  have the p ro je c te d  d e n s ity  o f  s ta te s  f o r  some s ta te  | j > ,  

where | j>  is  q u i te  a r b i t r a r y  and not an e ig e n s ta te  o f  H.

Dj (E)  = E | < v | j > |2 S (E -Ev ) .  ( 25)

This would pe rm it  e v a lu a t io n  o f  p ro je c te d  sums o f  the form

E | < j | v > |2 f ( E v ) = I  Dj (E)  f (E )  dE. ( 26)

As an example, the lo c a l d e n s i ty  o f  s ta te s

Dj l (E) = E | < j i | v > | 2 6(E-Ev ) (27)

is  o f  in t e r e s t  in  su rface  problems when & i s  a la y e r  o r b i t a l  c lose  to  

the surface  f o r  some value o f  k ^ ,k z -

By the a n a ly s is  above i t  fo l lo w s  th a t

Di ( E )  -  -  I  Tm.  Ou ( E ) (28)
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For t h i s  reason, then , the o b je c t  o f  the  Green fu n c t io n  method is  to  

compute the diagonal p a r t  o f  the su rface  Green fu n c t io n  J.

The re s o lv e n t  J correspond ing to  H must be re la te d  to  the bu lk

the e f f e c t  o f  the  su r fa ce .  E v id e n t ly ,  V w i l l  not in  any way be a 

small p e r tu rb a t io n .

Let the la ye rs  o f  the  c r y s ta l  be separated in to  two c la s s e s : A

w i l l  be the c o l le c t io n  o f  a l l  la ye rs  which w i l l  belong to  the c ry s ta l  

a f t e r  the  su rface  is  formed, and B w i l l  be the se t o f  la y e r  o r b i t a l s  

be long ing to  a b a r r ie r  re g io n .  A s c a la r  p o te n t ia l  o f  magnitude w i l l  

be added to  each diagonal element o f  the  Ham ilton ian in  the reg ion  B. 

In  the  l i m i t  t h a t  p -*0 , the s o lu t io n  w i l l  be excluded from reg ion  B 

and the boundary c o n d it io n s  in  reg ion  A w i l l  have been changed from 

c y c l i c  to  standing-wave boundary c o n d it io n s .

In the sample model s tud ied  here, B may be taken to  c o n s is t  o f  

on ly  one la y e r  o r b i t a l ,  s ince  t h is  i s  s u f f i c i e n t  to  break a l l  o f  the 

bonds a t  the su r face . Take, f o r  example, &=0, f o r  B and l e t  A con­

s i s t  o f  & = 1 ,2 ,3 . . .

W r i t in g  G and J in  b lock  form in  the  la y e r  o r b i t a l  b a s is ,

E. R e la t io n  Between J and G

re s o lv e n t  G corresponding to  v ia  a p e r tu rb a t io n  V rep resen t ing

0 0

G = V = (29)
0

P
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( E - H ^ - V ) -1 = [ (E -H (° ) ) .  ( I - G V ) ] '1 (30)

(V G V )-1 G, o r  G = (I-GV) J. (31)

Using (2 9 ) ,  i t  fo l lo w s

(I-GV) =

I - 1  6AB \
P

0
.

' " P  6BB1

S u b s t i tu t in g  (32) in to  (31) and using the b lock  form

(32)

(33)

gives the two equations

j AA '  p 2AB JBA gAA9 

(1 '  p GBB} 0BA = 6BA

In the l i m i t  p + O, s u b s t i t u t io n  o f  (35) in to  (34) y i e l d s ^

(34)

(35)

j AA = 6AA " 6AB (gBB  ̂ 6BA (36)

Equation (36) is  a very im po rtan t  r e la t io n  which e x is ts  q u i te  

g e n e ra l ly  between the bu lk  and surface  Green fu n c t io n s .  I t  should be 

noted th a t  equation (36) is  an exact r e s u l t  and has now the e f fe c t  

o f  the new, standing-wave boundary c o n d it io n s .
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F. Methods o f  S o lu t io n

I .  T rans fe r  M a tr ix  Method. This method was fo rm u la ted  by L. Fa l icov  

and F. Y n d u ra in ^  and has been extended by Mele and Joannopou los^ .

The t r a n s fe r  m a tr ix  method is  c lo s e ly  re la te d  to  the a n s a tz ^  method 

except t h a t  the l a t t e r  name is  u s u a l ly  app lied  to  a method o f  d i r e c t l y  

s o lv in g  the H am ilton ian  e igenva lue problem

(E-H) |^> = O (37)

w h i le  the form er name re fe rs  to  the same method app lied  to  the s o lu ­

t io n  o f  the d i f fe re n c e  equations represented by the express ion 

(E-H) J = I (38)

In both (37) and (38) the  Ham ilton ian inc ludes  the su r fa ce .  (38) 

leads to  a se t  o f  d i f fe re n c e  equations f o r  the m a tr ix  elements o f  J .

In the case o f  the s imple model Ham ilton ian o f  ( 8 ) ,  these are

SL"SL I ' I

(E-e) J11 -  IiJ21 -  I 

- IiJ11 + (E-e) J21 - WJg1= O

(39)

(40)

- VJni + (E-e) Jn+n - IiJ 

(E-e) J12 -  yJ22 = O

- IiJ12 = (E-e) J22 = IiJg2

- WJn2 + (E-e) Jn+12 = J

n+21

(41)

n+22

e tc .
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The method o f  s o lu t io n  depends upon the f a c t  t h a t  (40) is  homogeneous 

f o r  n ^  I .  Thus, f o r  n ^  I ,  the s o lu t io n  is  a l i n e a r  combination o f  

powers o f  two numbers X 1 , X2 -

Jn l = A X 1 + B x2 , n ^  I . (42)

Try  a s o lu t io n  Jn l = x11. Then from (40) we have

ux2 - (E-e)x + p =  0 . (43)
I 7The fu n c t io n  x here is  what is  known by F a l ico v  and Yndurain as the 

t r a n s fe r  m a t r ix ,  a lthough  in  t h i s  s imple example, i t  i s  no t r e a l l y  a 

m a tr ix .

This is  the  f i r s t  example o f  a c h a r a c te r is t i c  po lynom ia l.  The 

two roo ts  are X 1 and x2 .

X i , 2 °  [ ( % )  -  1I  (44)

I t  can be seen from (43) t h a t  X 1X2 = I . This is  a general fe a tu re :  

ro o ts  o f  the c h a r a c te r is t i c  equations occur in  re c ip ro c a l  p a i r s .  

Suppose E > E + 2, then

Ix 1 I > I > |x 2 | .  (45)

Since Jn l must be bounded as n+<=°, the  c o e f f i c ie n t  A o f  (42) must 

be z e ro . Whence:

Jnl = B Xg, n >_!. (46)

But, lo o k in g  a t  the f i r s t  o f  equations (4 0 ) ,  we see th a t
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(E-e) B X2 - yB x l  = I ,  (47)

B = ------------------- 2 = “ • (48)
(E-E)X2 -  yx2 y

At which express ion (46) becomes

n i y

Now, the su r face  d e n s i ty  o f  s ta te s  fo l lo w s  from (49) v ia  (28):

(49)

di  ( e ) = i  (so)

One could go back to  equations (41) and so lve  f o r  J22 and so on and

thus f in d  surface d e n s i t ie s  o f  s ta te s  on each la y e r ,

192. E f fe c t iv e  P o te n t ia l  Method . Another method f o r  de te rm in ing  the 

la y e r  d e n s i ty  o f  s ta te s  takes advantage o f  a k ind o f  hidden symmetry 

o f  the  t o t a l  Ham ilton ian H. Th is  c le v e r  idea seems to  be due to  E-Ni 

Foo and e t  a l _ . T h e  connection o f  t h is  method to  the t r a n s fe r  

m a tr ix  method was re a l iz e d  by Joannopoulos and M e le ^ .

Suppose we have so lved the problem o f  f in d in g  the Green fu n c t io n s  

l1JI1JI ^o r  t l ie  s imple surface  model above. Then, i f  we adsorb another 

la y e r  o r b i t a l  in to  p o s i t io n  on JL=O which is  e x a c t ly  l i k e  the o the r  

la ye rs  and so lve  f o r  the new Green fu n c t io n s  R^1 we should f in d  

iV t  5 j V -H ,  , A l '  By equation (31)

(I - JV) R = J,
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w ith  R

OoP

R01

, R10 R11

I

WILU 0

11
Thus

( I - J V )

Whereupon (51) becomes

I -jj_
E-e

-UJ11 I

0

(51)

(52)

(53)

__ y_ R
00 E-E kIOR

- yJ

E-e*

11 R00 +  R10 ° '

E l im in a t in g  R ^  between (54) and (55) and using R(00

(54)

(55)

J 11 gives

U 2 2
F s T  0 T l  +  J 11 (56)

f o r  e - 2y < E < E + 2y.

The minus s ign  in  (57) must ho ld ,  in  o rde r th a t  the d e n s ity  o f  

s ta te s  be p o s i t i v e ,  which means th a t

(58)
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Equation (58) agrees w i th  (50).

An in te r e s t in g  note concern ing the  meaning o f  the e f fe c t i v e  

p o te n t ia l  method is  the fo l lo w in g :

The diagonal Green fu n c t io n  J can be w r i t t e n  in  terms o f  an 

i r r e d u c ib le  s e l f  energy Z^(E):

(E) = (E -e  - Z j l ( E ) ) ' 1 . (59)
2?(E) is  the sum o f  a l l  terms in  the Neumann expansion in  which

a does not occur in  an in te rm ed ia te  s ta te .  For the s imple case, the

bu lk  Green fu n c t io n

G ^  (E) = (E -e  -  Z ( E ) ) " 1 (60)

con ta ins  a s e l f  energy Z(E) which is  made up o f  a sum c o n ta in in g

as in te rm e d ia te  s ta te s  on ly  la ye rs  to  the r i g h t  o f  a g iven la y e r  I

and another sum over on ly  la ye rs  to  the l e f t .  Each sum is  equal to  

Y  z (E) because the bu lk  H am ilton ian  connects on ly  ne ighboring  la y e rs .  

Thus

Z£=1 (E) = ^Z(E) (61) .

holds a t  the surface  la y e r .

3. A n a ly t ic  Resolvent M e th o d ^ . Th is  a p p l ic a t io n  o f  s c a t te r in g  

theo ry  was made by S. Davison and J . D. Levine. The genera t ing  func ­

t io n  fo rm a lism , which g r e a t ly  f a c i l i t a t e s  computations as w e ll  as p ro ­

v id in g  conceptual s im p l i c i t y ,  is  due to  Schwalm, Hermanson and 

K a w a j i r i . Consider the bu lk  d i f fe re n c e  equation
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-  - Gt + 1 + (E-=) G,  -  Ij = , - ,  = 6» '  (SE)

The a n a ly t ic  re s o lv e n t  method c o n s is ts  o f  s o lv in g  (62) in  c losed form 

and then app ly ing  (36 ) .  A more r e a l i s t i c  model w i l l  lead to  a more 

com plicated system o f  bu lk  d i f fe re n c e  equa tions.

In  o rde r to  in trodu ce  the genera t ing  fu n c t io n  method, d e f in e  a 

genera ting  fu n c t io n :

f (x )  = Z x* G, (63)

M u l t ip ly in g  (62) by x* and summing over Z w h i le  app ly ing  (63) y ie ld s

- J f +  (E-e) f  -  x y f  = I (64)

o r

f  (x ) = ---------------------- — y ~ .  (65)
(E-e) - u(x + —)

The express ion  f o r  w i l l  f o l lo w  from (65) v ia  a Laurent se r ies  

expansion. But,

f ( x )
x I_______

"  X2 -  X + I
( 66)

U

has th ree  Laurent expansions. The roo ts  o f  the denominator (which are

zeros o f  the Fredholm determ inan t and roo ts  o f  the c h a r a c te r is t ic

\29polynomial o f  the d i f fe re n c e  equa tion) are

Xl 2 =
E-E
2u I .+ (67)
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These are the same roo ts  appearing in  (44 ) .  The genera ting  fu n c t io n  

has become

" y ( X - X 1 ) ( X - X 2 )

_ I ___ ] _  _ I I
y ( X 1- X 2 ) ( X - X 1 ) “ y ( X 2 - X 1 ) ( x - x 2 ) '

( 68)

The terms must be expanded in  the fo l lo w in g  way:

(x -x  ) 1 = - ” — ( l + v -  + Ar  + • • • )  w h i le  (69)
r  x i  x i

x
(X-X2 ) 1 = +  |-  ( I  + + —  + • • • )  • (70)X X Xx

These cho ices , which amount to  a choice o f  the annulus o f  conver­

gence o f  the Laurent expansion o r  e q u iv a le n t ly  to  the choice o f  con­

to u r  f o r  the  in v e rs io n  in te g ra l

ZttI
f ( x ) d x

C X&+1
(71)

f o l lo w  from the phys ica l boundary c o n d it io n s  on . Suppose by way o f

example th a t  the a l t e r n a t i v e  expansion had been made in  X 1 ra th e r  than

(69).
X X2

( X - X 1 ) 1 = 1 " ( 1 + 1T" + ™T + ' ” )• (72)X X x "

Equation (72) in d ic a te s  th a t  G_^~x1 as But from (4 5 ) ,  Ix 1 | > I .

This is  im poss ib le  f o r  a phys ica l s o lu t io n ,  s ince G must be bounded
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in  the bu lk  as £ ^  ± Thus, the Laurent expansion is  chosen to  be 

convergent when Ix2 M x ^ I x 1 1. The con tour o f  in te g ra t io n  in  (71) 

may be chosen as |x | = I .  Th is cho ice  o f  contour r e s u l t s  from p h y s i­

cal boundary c o n d it io n s  in  the  same way th a t  the choice o f  the contour 

f o r  in v e rs io n  o f  the  F o u r ie r  t ran s fo rm  o f  a phys ica l q u a n t i ty  is  o f te n  

s p e c i f ie d  by boundary c o n d i t io n s .  Other choices f o r  the Laurent expan­

s ion  correspond to  o th e r  s o lu t io n s  to  the second order d i f fe re n c e  

equation which are no t in  t h is  case the r i g h t  ones.

The above an a ly s is  has taken place under the su p p o s it io n  th a t  

E > e + Z \ i . The surd which appears in  expressions (67) has branch 

po in ts  a t  E = e ± 2y. P h y s ic a l ly ,  these are van Hove s in g u la r i t i e s  

correspond ing to  the edges o f  the bu lk  energy band o f  t h is  simple 

model. As E becomes lower than e + 2y, the ra d ic a l  must be continued 

past the  branch p o in t  in  such a way as to  make i t  a smooth fu n c t io n  o f  

E. This is  done by remembering the c a u s a l i t y  c o n d it io n  on G ^( t)  (see 

d iscuss ion  fo l lo w in g  (17))  and re p la c in g  E by E + in .  In ac tua l c a l ­

c u la t io n s  f o r  more r e a l i s t i c  models, n is  a small but f i n i t e ,  p o s i t i v e  

energy parameter. The choice o f  the  branch cu t  is  then taken so th a t

Notice  th a t  (73) i s  a branch c u t  convention and no t an id e n t i t y .  The 

cuts  f o r  the two surd expressions on the r i g h t  are along the rea l E 

ax is  toward -  °°, i . e . ,  both phases are zero f o r  la rg e ,  p o s i t i v e  rea l

/ e - £ - 2y / e - E + 2y . (73)
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energy. By t h is  cho ice , a branch cu t  has been made using language a 

computer m ight unders tand , between the two bu lk  van Hove s in g u la r i t i e s  

which d e l im i t  a continuum. This general procedure has a lso  been 

fo l lo w e d  in  l a t e r  computations on r e a l i s t i c  models where the continuum 

s t ru c tu re  is  f a r  more com plica ted .

The t r a je c t o r i e s  o f  the roo ts  X1 and x2 in  the complex x -p lane 

are presented in  f ig u r e  I w i th  E = O  and n = . I y . When n is  q u i te  

sm a ll ,  the c h a r a c te r is t i c  polynomia l (43) has almost rea l c o e f f i c i e n t s . 

In t h a t  case, whenever X1 and x2 are complex, they are a lmost complex 

conjugates o f  one ano the r. ' T he re fo re ,  because x2 = V x 1, these roo ts  

would have the fo l lo w in g  form:

Xi  2 = e 1 1ka e ± Ka, (74)

where a is  the c r y s ta l  l a t t i c e  spacing and ka and ca are rea l numbers 

w i th  0 < Ka « 1 .  would have a damped, s in u so id a l form as a 

fu n c t io n  o f  I .

G co e+:| N ka e ' I 4 I ica. (75)

The damping n goes to  zero as n O+ . Thus in  the energy range 

E- 2y < E < E + 2y. corresponds to  a d iscon t inuous  combination o f  

two B lo c h - l ik e  s o lu t io n s  to  the  homogeneous Hamilton ian e igenva lue 

problem:

(E-H) !*> = 0. (76)

I t  is  the  d is c o n t in u i t y  in  G£ a t  2=0 which causes G to  a c t  as the



X PLANE

F igure I .  Argand Diagram f o r  One-Band Model. 

The arrows in d ic a te  inc reas ing  energy.
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re s o lv e n t  o f  H. In t h is  co n te x t  i t  may be seen th a t  X2 i s  the i n t e r ­

la y e r  phase o f  the Bloch s o lu t io n  o f  energy E, and when E is  ou ts ide  

the range o f  the a llowed B lo c h - l ik e  s o lu t io n s ,  then X2 corresponds to

the decrement per la y e r  o f  the a n a ly t i c a l l y  continued Bloch fu n c t io n s

21which decrease e x p o n e n t ia l ly

Gjl ~ e ^ l & | a ,  I E-e I <2y, (77)

Gj, - e ~ K |* |a ,  I E -e | >2p.

From (6 8 ) ,  the express ion f o r  G  ̂ is  seen to  be 

X2 W
Ga (E) = ---------  . (78)2M /Ir) 2 ' 1

Thus, from (2 8 ) ,  the d e n s i ty  o f  s ta te s  on any bu lk  la y e r  is

D(E) = -  I  Im. .< A | G (E) | A > (79)

= -  — Im. Gn ( E ) .
TT 0

Expression (80) holds w ith  the usual meaning o f  the square ro o t  f o r  

energ ies e -  2 v < E < e + 2 v ,  in  the  l i m i t  th a t  n ^  0. I f  n is  l e f t  

f i n i t e ,  then the inve rse  square ro o t  s in g u la r i t i e s  o f  (80) are rounded

o f f .
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Equation (36) a f fo rd s  an express ion f o r  the su rface  Green fu n c ­

t io n .  Region B c o n s is ts ,  in  the s imple model o f  the p resen t example, 

o f  s.=0, w h i le  reg ion  A co n s is ts  o f  S-=I , 2 , 3 , • • • .

S-S-

P u tt in g  (78) in to  (81) y ie ld s

( 81)

J
S-S-

(82)

f o r  S-=I ,2 ,3 —  and f o r  E > e + 2 y.

The de n s ity  o f  s ta te s  on the s / t h  la y e r  can be obta ined from (82)

v ia  (2 8 ) .  The squre ro o t  which appears in  the denominator as w e ll as

i m p l i c i t l y  in  X 2 must be a n a ly t i c a l l y  continued in to  the band

|E -  e I < 2 y ,  as i t  was in  express ion (79) to  o b ta in  fo rm ula  (80).

i  kciA lso , s ince from (74) X2 ~ e in  t h is  re g io n ,  the form o f  the Green 

fu n c t io n  becomes:

J « < E >

l-cos2s,ka-is in2s,ka (83)

when |E - e | < 2 y .  Thus, from (28) the dens ity  o f s ta tes  on laye r

I  i s
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Dj l (E) = l - c o s Z Aka (84)

2" v /  - f i r * 2

The cos ine may be made more agreeable in  form by no t in g  th a t

coska = M x 1 + x2 ) = f | ^ - )  (85)

Define the a 1th  Tchebychev polynomia l as

T ^ (x )  = cos [itcos 1 ( x ) ] .  (86)

This d e f i n i t i o n  a l low s the la y e r  d e n s ity  o f  s ta te s  on the a 1th  la y e r  

to  be w r i t t e n

t y E) '  I 1-T 2*  < f r ) }  D(E) (87) .

where D(E) is  given by (80).

Both the  bu lk  d e n s ity  o f  s ta te s  per la y e r  D and the la y e r  de n s ity

Djl f o r  X-=I ,2 ,3  and 7 are presented in  f ig u r e  2. Note the  way in  which

23
the la y e r  d e n s i ty  approaches the bu lk  value . This is  rem in iscen t o f  

the way in  which the squares o f  the harmonic o s c i l l a t o r  wave fu n c t io n s  

approach the c la s s ic a l  p r o b a b i l i t y  d i s t r i b u t i o n  as the o s c i l l a t o r  

quantum number n goes to  i n f i n i t y .  The physics here is  not c lo s e ly  

re la te d  to  the o s c i l l a t o r  case however. The nodes on the la y e r  den s ity  

o f  s ta te s  fu n c t io n  on the V th  la y e r  are caused by the  f a c to r  | <x,|v>|2 

which appears in  equation  (27 ) .  The exact e ig e n s ta te  which is  rep re ­

sented by Iv> i s  fo rced  to  have a node on la y e r  X-=O, i . e . ,  <01v> =0.

|v> is  thus a s tand ing  wave whose wave le ng th  depends upon energy. At
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F igure  2. Layer D e n s it ie s  o f  S ta tes  f o r  the One-Band Model. 

Abscissa is  energy in  q u a r te r  band-w id th  u n i ts  and the area under 

each curve is  one. The dashed curve shown on la y e r  7 is  the bu lk  

d e n s i ty  o f  s ta te s .
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c e r ta in  energ ies |v> w i l l  have a node a t  la y e r  i .  Then <a|v> =0 and 

w i l l  have a node a t  th a t  energy. In t h is  sense, the node s t ru c tu re  

is  a s tand ing  wave e f f e c t .

I t  may not be p o s s ib le  to  d e te c t  the w igg les  p re d ic te d  by th is  

model in  the la y e r  d e n s i ty  o f  s ta te s  by perform ing an angle reso lved 

photoemission experim ent. The reason ing , which is  based on the th ree  

s tep m o d e l^ ’ ^  is  as fo l lo w s .

What one m ight expect to  see coming ou t o f  the c r y s ta l  a t  a given 

value o f  ky and kz ( the  su rface  k -v e c to r )  and a given energy E, would 

be a sum over la ye rs  o f  the i n i t i a l  d e n s i t ie s  o f  s ta te s  on each la y e r  

weighted by the p r o b a b i l i t y  t h a t  an e le c t ro n  on a p a r t i c u la r  la y e r ,  

once e x c i te d  by a photon, can escape. The pho tocu rren t would then be 

p ro p o r t io n a l  to

' A (a ,E) = Z D0(E )e "“ £ (88)

This exp ress ion , which v a s t ly  o v e rs im p l i f ie s  the photoemission process 

ignores the j o i n t  d e n s i ty  o f  s ta te s  and m a tr ix  element e f fe c ts  as w e ll 

as the su rface  t ran sm iss ion  o f  the e le c t ro n  and o the r  im po rtan t  as­

pects o f  the  e x c i ta t io n  and d e te c t io n  o f  the em itted  e le c t ro n .  Most 

o f  these re finem ents  cannot be computed w i th in  the framework o f  a 

t ig h t - b in d in g  model. The a in  (88) i s  a re c ip ro c a l  s c a t te r in g  length  

in  u n i ts  o f  la y e r  se p a ra t io n .  Thus e a£ is  the escape p r o b a b i l i t y  f o r  

an e le c t ro n  on la y e r  £. One o f  the major approxim ations in vo lve d  in
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(88) is  the assumption o f  incoherence, t h a t  is  the assumption th a t  

the p r o b a b i l i t i e s  ra th e r  than p r o b a b i l i t y  amplitudes add. For t h is  

reason A (a,E) m ight be c a l le d  an in cohe ren t sum.

The sum A(a,E) o f  (88) may be most e a s i ly  evaluated by using the 

express ion (82) f o r  J , m u l t ip ly in g  by e and summing, then in  the 

end ta k in g  the imaginary p a r t .  The r e s u l t  is

A(a,E) D(E) ’ I 

. l - e ' a

1-e a  cos2ka________

l-2 e  a  cos2ka + e

where

(Ir) = coska-
(89)

The sum A(a,E) in  (89) is  seen to  have no zeros between the 

s in g u la r i t i e s  o f  D (E ). The reason f o r  t h is  is  c lo s e ly  re la te d  to  the 

fo l lo w in g  power s e r ie s  app rox im ation .

y jp - -  I + p + p2 + p3 + • • •  (90)

The l e f t  hand s ide  o f  (90) has no zeros in  the f i n i t e  plane w h i le  the 

l e f t  hand s id e ,  t run ca te d  to  a polynomia l o f  degree n , has e x a c t ly  n 

zeros on the u n i t  c i r c l e  which become more and more dense as n i n ­

creases.

Two im po rtan t  l im i t s  must o b ta in  from (89 ).  In  the l i m i t  th a t  

the escape depth becomes small and so a =°, A (a,E) must vanish as

I im .  A (o,E) ~ D (E)e~a . (91)
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A lso ,  in  the l i m i t  o f  long escape depth, a ^  0, e “  I , the 

incohe ren t sum must d ive rge  in  p ro p o r t io n  to  the escape depth and 

approach the shape o f  the bu lk  d e n s i ty  o f  s ta te s .

n m . A (a,E) ~ I  D(E). (92)

Asym ptotic  p ro p e r ty  (91) fo l lo w s  from (89) v ia  power s e r ie s  expansion 

in  the v a r ia b le  e a , w h i le  (92) fo l lo w s  from expansion o f  (89) in  the 

v a r ia b le  a. F igure 3 presents the incohe ren t sum f o r  severa l d i f f e r ­

en t values o f  a  in  the case o f  the s imple model problem o f  t h is  sec­

t io n .  The asym pto tic  p ro p e r t ie s  (91) and (92) are e v id e n t  as w e ll as 

is  the absence o f  the nodal s t ru c tu r e  found in  f ig u r e  2.



F igure  3. Incoheren t Sums f o r  the One-Band Model.



H I .  TWO-BAND CASE

A. S-P Band, Normal E m is s io n ^

I .  Bu lk . In t h is  s e c t io n  a s imple cub ic  c r y s ta l  is  considered in  

which the re  are on each s i t e  both s and p - l i k e  atomic o r b i t a l s .  F i r s t ,  

la y e r  o r b i t a l s  are formed e x a c t ly  as was done in  (4 ) .

|a ,£ ,k y ,k z> = K  mne la ^mky+nkz  ̂ l cx’ Jl’ m’ n> (93)

where a is  s ,p ^ ,p ^  o r  pz -

In  the fo l lo w in g  com puta t ion , the r e s t r i c t i o n  k =0, kz=0 w i l l  be 

made. This r e s t r i c t i o n  would be o f  in t e r e s t  in  the in t e r p r e ta t io n  o f  

an angle reso lved  photoemission experiment where on ly  those e lec tron s  

are c o l le c te d  which are em it ted  normal to  the su r fa ce .  Note th a t  in  

t h is  s-p model the normal d i r e c t io n  is  the x - d i r e c t i  on, as i t  was f o r  

the s im ple  one-band model. This normal emission case is  o f  in te r e s t  

here f o r  a couple o f  reasons, both o f  which in v o lv e  the  r o ta t io n  

symmetry o f  the su r face .

F i r s t ,  because o f  t h is  symmetry, p^ o r b i t a l s  on a p a r t i c u la r  la y ­

e r  w i l l  mix o n ly  w i th  p^ o r b i t a l s  on o th e r  la y e r s ; never w i th  o r b i t a l s  

o f  o th e r  symmetry. L ikew ise , Pz o r b i t a l s  mix on ly  w i th  pz o r b i t a l s .  

Both p and s o r b i t a l s  t ran s fo rm  the same way and so they w i l l  mix 

w i th  each o th e r .  In  o th e r  words: The group o f  the r o ta t io n  symmetry

o f  the surface  and hence o f  the t o ta l  Ham ilton ian is  C^v - p and s
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t ran s fo rm  accord ing  to  the id e n t i t y  re p re s e n ta t io n ,  and pz t ra n s ­

form accord ing  to  d i f f e r e n t  rows o f  a two-dimensional re p re se n ta t io n  

o f  C4 v - Al I m a tr ix  elements o f  an o pe ra to r  between fu n c t io n s  belong­

ing to  d i f f e r e n t  i r r e d u c ib le  re p re s e n ta t io n s  o r  to  d i f f e r e n t  rows o f

the same i r r e d u c ib le  re p re s e n ta t io n  o f  i t s  symmetry group must van- 

27
is h  . Hence, the H am ilton ian , in c lu d in g  the  surface  e f f e c t ,  does not 

mix them.

Secondly, again because o f  su rface  r o ta t i o n  symmetry, the re  are 

w e l l -d e f in e d  s e le c t io n  ru le s  f o r  a g iven p o la r iz a t io n  o f  the in c id e n t  

photon. The reason is  t h a t  the m a tr ix  elements between the i n i t i a l  

and f i n a l  s ta te  o f  the e le c tro n -p h o to n  coup ling  term o f  the Hamilton ian 

reduce to  m a tr ix  elements o f  the momentum ope ra to r  which is  a vec to r  

and thus transfo rm s in  a p a r t i c u la r  way under r o ta t i o n .  So by s e le c t ­

ing  a p a r t i c u la r  p o la r iz a t io n  s ta te ,  the experiment can s e le c t i v e ly

probe i n i t i a l  s ta te s  w i th  a p a r t i c u la r  symmetry. This is  e s p e c ia l ly

28t ru e  because, as Hermanson has shown , the f i n a l  s ta te  must be even.

The o b je c t  o f  the p resen t computation is  to  o b ta in  la y e r  dens i­

t ie s  o f  s ta te s  in  t h is  s imple two-band case. From now on the ind ices  

ky and kz which are both ze ro , w i l l  not appear in  the n o ta t io n .  The 

c o l le c t io n  o f  p^ s ta te s  and th a t  o f  pz s ta te s  form separate problems 

which look e x a c t ly  l i k e  the one band model o f  the prev ious s e c t io n ,  

and we cons ide r  these problems so lved.
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The s and p s ta te s  are mixed by the bu lk  Ham ilton ian and the 

m a tr ix  elements between la y e r  o r b i t a l s  o f  these s ta te s  w i l l  be defined 

as fo l lo w s ,  assuming on ly  nearest neighbor in te r a c t io n s .

<S ,Si 1 |H<°> I S ,£> es6£ l£

+ ps;(^£'£+l + 6£ ' £ - l ^

<s,V | H(o) |p,£> 9 5̂£'£+l  ™ 6£ i £ -1

<P,V |H( ° ) I S, £> "9 ^ £ ,£+l " <S£ , £ -1

<P,V |H(o) |p,£>
= V & ' A

)^ £  1 £+1 + 6£ ' £ - l ^ '

(94)

• The s ta te s  used in  (94) are re la te d  to  those de fined  in  (93) by 

I s ,£> = | s ,£ ,k  = 0 ,kz=0>,

(95)
|p,j>> = |px ,£ ,k y = 0 ,kz=0>.

As in  the  one-band case, because o f  t r a n s la t io n  symmetry, both

and G are fu n c t io n s  on ly  o f  the la y e r  d i f fe re n c e  and thus on ly  re q u ire

one la y e r  s u b s c r ip t .

D e f ine

~ss
Gt

V6T

I

PP /

The equations o f  motion fo l lo w  from (17)

(96)
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(E -  H( o ) )G = I (97)

Thus

-  + OE -  H j0 l IGz - H ' " ' (98)

where

H(0 ) = n(o)T
- i  n + i  - (99)

( I  means t ra n s p o s e ) ,

Expression (98) represen ts  a s e t  o f  coup led, second o rd e r ,  l i n e a r  

d i f fe re n c e  equations w i th  cons tan t c o e f f i c i e n t s . They w i l l  be solved 

by the method o f  genera t ing  fu n c t io n s .

Define a 2x2 m a tr ix  genera t ing  fu n c t io n

F(s,E) = Zs \ . (E ) ( 102)

Using (102) in  (98) g ives

(103)

Thus
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F "1 = ( IE  -  H^0  ̂ -  s H } ^  -  ^  H ^ )

(E-E ) -  y f.(s  + I )

-9(s -

g(s - 7 )

(E-Ep) -  yp(s + j )

(104)

An im po rtan t  in g re d ie n t  re q u ire d  f o r  the in v e rs io n  o f  F in  

o rder to  produce F is  the de term inant o f  F- 1 .

■ 1
A(S5E) = de t F (E-Gs)(E-Ep) - Cyg(E-Ep) + Kp(E-Es)](s + j )

+ y S1V s + s') + 92 ( s -  j )  . (105)

The a n a ly t ic  s i n g u la r i t y  s t ru c tu re s  o f  F and thus o f  G , are d e te r -
&

mined by the zeros o f  a . a is  the Fredholm determ inan t corresponding

29
to  the bu lk  Ham ilton ian ; i t  con ta ins  the d is p e rs io n  form ulas f o r  the 

bu lk  band s ta te s ,  as w i l l  be shown in  the fo l lo w in g  c o n s id e ra t io n .

E xa c t ly  as in  the one band case, the zeros o f  A rep resen t so lu ­

t io n s  o f  the homogeneous e igenva lue problem (76) f o r  the bu lk  

H am ilton ian . In the case when E is  in s id e  a continuum o f  H ^ ,  s is  

o f  the form

s = elk a  (106)

where k is  a rea l wave number, as is  X2 in  (74 ) .  Using t h is  in  (105), 

the zeros o f  A(e l k a ,E) are found to  occur when E takes on one o f  two

values
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E (k) -  jS1Ce5 + Ep + 2(ps+yp)coska] (107)

± /  Ces - E p  + 2 (y s-v ip )coska]2 + 16g2s in 2ka.

The n o ta t io n  may be s im p l i f ie d  i f  energy is  measured w i th  respec t to  

E5 and in  u n i ts  o f  |y | .  Then,

=s "  °  "  ' I

Ep -> E Up y (108)

The reason f o r  choosing y s to  be - I  ra th e r  than I is  t h a t  t h is  causes 

the s-band to  bend up ra th e r  than down. The e x p l i c i t  r e la t io n  between 

the new symbols and the o ld  which is  im p l ie d  by (108) is

E = V £s

P = Up /  |ps l-  

The energy parameter i s  now 

E-e„

(109)

( n o )

The express ion (107) f o r  the band energ ies has become in  these 

parameters

w+ (k) = h e  +  ( y - l )c o s k a  ± jSy / [E + 2 (u + l)c o s k a ]2 + 16g2s in 2ka. ( I l l )  

The band s t ru c tu re  f o r  t h is  two band model in  the d i r e c t io n
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p e rpe nd icu la r  to  the (100) s u r fa c e ,  as p resc r ibed  by equation (111),

is  presented in  f ig u r e  4. The choice o f  y ,  e and g in  f ig u r e  4 is

y= .2 ,  e = l , g = . l .  For o th e r  choices o f  these parameters, the bands may

look even q u a l i t a t i v e l y  d i f f e r e n t .  The ex is tence  o f  a gap and hence

o f  a gap su rface  s ta te  depends upon the r e la t i v e  values o f  y,  e and 

18 23 30
g ’ ’ . The values o f  energy f o r  which the slope o f  the w versus 

ka curve is  zero rep resen t van Hove s in g u la r i t i e s  in  the bu lk  den s ity  

o f  s ta te s  fu n c t io n .  As we have seen in  the  one b,and case, the van Hove 

s in g u la r i t i e s  rep resen t branch p o in ts  in  the d isp e rs io n  form ulas and 

are the p o in ts  which d e l im i t  the con tinue  o f  the spectrum o f  the bu lk

Ham ilton ian ope ra to r .

The form o f  the  de term inan t A i s  now

A(s,co) = S - 1 J  p(s,co), (112)
s

where p is  a monic polynomia l

p (s )  = S4 -  Qs3 + (R+2)s2 -  Qs + I (113)

w i th  Q(lu) = l r i k t l  (114)
g2-u

and R(w) = (115)
g -y  g -y

Th is  polynomia l has re c ip ro c a l  symmetry. I f  Sq is  a ro o t  o f  p, 

then I /S g  is  a lso  a ro o t .  Thus, p may be fa c to re d

p ( s )  = ( s 2 +  as  + I ) ( s 2 + Bs +  I ) ( 1 1 6 )
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Figure 4. Bands f o r  the s-p Model. 

K is  wave number in  u n i ts  o f  -  .
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M u l t ip l i c a t io n  shows th a t  

a + g = -Q

ag + 2 = R + 2 (117)

Thus a and g are the zeros o f

y 2 + Qy + R (118)

In o the r  words,

a -  -%Q + Jg/ D

3 = -%Q -  Jg/ D, (1 1 9 )

where D is  the d is c r im in a n t

D = Q2 -  4R (1 2 0 )

In  o rde r to  f o r e s t a l l  the eventual computational ca ta s tro p h y ,  

beyond which the a lg e b ra ic  com p lex ity  o f  the s o lu t io n  may obscure the 

phys ica l meaning, i t  i s  im po rtan t a t  t h is  p o in t  to  ca ta logue a number 

o f  r e la t io n s  among the ro o ts  o f  the reduced, q u a d ra t ic  equation o f  

018) .

a + B = Q

cxB = R (T2l)

a — B — /  D = JQ2-4R

A lso ,  there  is  a reduced, homogeneous d i f fe re n c e  equation s a t is f ie d  

by powers o f  a and B-

n _ n n - i  D n- 2  a -  - Qa - Ra 0  22)



42

Bn = - QBn" 1 -RBn" 1

Next, the s in g u la r i t i e s  o f  D must be examined. From the d e f i n i ­

t io n  (120 ) ,  i t  fo l lo w s  th a t

D U ) = (ii+ lV

where

and

( 9 % ) ^

(u + l)  -  2q2 

(y+1)2 -  4g2

b _ E2 + 16q2 (q2- u ) 

(y+1)2 - 4g2

[cj2 -  2am + b ] , (123)

(124)

(125)

The roo ts  in  m o f  the  polynomia l D are the p o s i t io n s  o f  the van 

Hove s in g u la r i t i e s  which d e l im i t  the s-p h y b r id iz a t io n  gap which is  

m an ifes t in  the express ion f o r  the bands (111), and is  demonstrated 

in  f ig u r e  4. The ex is ten ce  o f  such a gap depends upon the r e a l i t y  in  

CD o f  the ro o ts  o f  D. Thus we examine the p o in ts  where the nature o f  

these ro o ts  changes. The d is c r im in a n t  o f  the roo ts  o f  D (a d is c r im i ­

nant o f  a d is c r im in a n t )  is

d = a2 -  b (126)

We cons ide r  zeros o f

[ ( y + 1 )2 -  4g2] ( a 2-b )  = 0  - (127)

under the  s u p p o s it io n  th a t  the f i r s t  f a c to r  i s  not i d e n t i c a l l y  zero.
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[(y+T ) - A g  ] ( a 2-b) -  4g2{ I 6g + [e 2 -  4 ( y + l ) 2 -  16p]g2

+ [4 y (y + 1 )2 -  e2y ] } .  (128)

Thus the zeros o f  D, which depend upon expression (128) are given by

= [ ( yt 1) Jl..2g2l L ± ( ig g )
( y + 1 ) =  -  4g 2

The fu n c t io n  p in  (129) is  g iven as 

p (9 2 ,E ,y )  = 16g2

+ [e 2 -  4 (y+1) 2 -  16 ]g 2 + [4 y (y + 1 )2 -  e2y ] .  (130)

The cen te r  o f  the h y b r id iz a t io n  gap is

gap cen te r  = I ( y +T) ~ 2g2] e  ̂
[ ( y + 1 ) 2 -  4g2]

and the w id th

(131)

t io n

gap w id th  = 4 g /p (g 2 ,e ,y )  (132)

(y+1 )2 -  4g2

I t  is  reasonable to  assume th a t  4g2 < (y+1 )2 . Under t h is  assump- 

, the complex square ro o t  o f  D accord ing to  the branch convention

X y + l )' -  4g2
2

g -  y
/  CO-CO +  /  OJ-Ol

Next, the zeros o f  p de f ined  in  (113) 

s2 + as + T = O 

s2 + gs + I = 0,

(133)

must be computed using

(134)
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or

s = -  %x ± %v'a2-4

Z-
S3jlf = -  Jgg ± g2-4

The fo l lo w in g  p ro p e r t ie s  among the ro o ts  (135) are o f  cons ide rab le  im­

portance:

(135)

S1 + S2 = a , S3 + S4 = e (136)

Si S2 = I ,  S3S4 = I (137)

S1 -  S2 = Z i2-4  S3 - S4 = / g 2-4 (138)

Now the branch p o in t  s in g u la r i t i e s  o f  the ro o t  express ion must be 

exp lored and must u l t im a te ly  r e la te  to  van Hove s in g u la r i t i e s  in  the 

spectrum o f  the bu lk  Ham ilton ian H ^ .

S1 and S2 show branch p o in ts  when a = ± 2. a = +2 im p l ie s  th a t  

e i t h e r  w = 2, or u = e-2y, w h ile  a  =  - Z  c o r re la te s  w i th  w = -2 and 

w = e+2y. These are the band s in g u la r i t i e s  a t  ka = ± n and a t  ka = 0 

re s p e c t iv e ly .  The ex is tence  and p o s i t io n  in  w o f  these s in g u la r i t i e s  

are not a f fe c te d  by the h y b r id iz a t io n  s t re n g th  parameter g, and are the 

o u te r  l i m i t s  o f  the s and p con tinua  in  the case g = 0 (see f ig u r e  4 ) .

S3 and s4 have s im i la r  branch p o in ts  a t  g = ± 2. These po in ts  are 

the same as those f o r  which a = ± 2.

In o rde r  to  understand the paths o f  the roo ts  S 1 , s 2 , S 3 and S4 as 

they move around the Argand diagram o f  f ig u r e  5 as a fu n c t io n  o f  w, i t



S PLANE

Figure 5. Root T ra je c to r ie s  o f  a Model Two-Band Ham ilton ian.
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i s  convenient to  begin w i th  w >> 2 and assume 0 < g < p < e < 2 .  Then 

3 is  negative  and a is  p o s i t i v e .  Thus a t  t h is  energy, the roo ts  are 

a l l  rea l and

s2 < - I  < S 1 < 0 < s4 < I < s 3. ' (139)

As M becomes less  than 2 (w ith  a s m a l l ,  p o s i t i v e  imaginary p a r t ) ,  then 

roo ts  S1 and S2 leave the rea l ax is  and approach the u n i t  c i r c l e .  S1 

remains in s id e  and S2 o u ts id e .  This motion o f  S1 and S2 has an exp lan­

a t io n  in  terms o f  f ig u r e  4. For energy j u s t  less than 2 in  f ig u r e  4, 

th e re  is  a p ropagating Bloch s ta te  o f  e s s e n t ia l l y  s - l i k e  ch a ra c te r .

The in t e r la y e r  phase o f  t h is  s ta te  is  S2 , and the va lue o f  ka co rre s ­

ponds to  the  p o la r  angle o f  S2 on the Argand p lo t .  S1 and S2 would be 

the Bloch s o lu t io n s  f o r  the s - l i k e  p a r t  o f  the Ham ilton ian in  the 

l i m i t  t h a t  g -> 0. As w is  lowered u n t i l  w < w < e+2y, the poles S3 

and s4 approach the u n i t  c i r c l e  and rep resen t p - l i k e  Bloch s ta te s .

The next fe a tu re s  o f  the ro o t  t r a je c t o r ie s  to  be considered are 

the k inks . The loops and bumps which appear in  f ig u r e  5 have a very 

in te r e s t in g  s ig n i f ic a n c e .  For w values corresponding to  the gap (see 

f ig u r e  4) the re  are no propagating Bloch s ta te s .  The a n a ly t i c a l Iy  

continued Bloch s ta te s  are damped, and thus in  t h is  reg ion  S1 and s4 

s h r in k ,  in  magnitude, away from the u n i t  c i r c l e .  As w goes below w+ ,

S1 and s 2 l e a v e  t h e  u n i t  c i r c l e  a t  a v a l u e  o f  p o l a r  a n g l e  c o r r e s p o n d ­

i n g  i n  t h e  band d ia g r a m  t o  t h e  p o s i t i o n  a l o n g  ka o f  t h e  gap c e n t e r .

S1 and S2 e x e c u t e  l o o p s  i n  t h e  a t t e n u a t i o n  r e g i o n  and when w rea ch e s
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w_, the roo ts  again re tu rn  to  the u n i t  c i r c l e  a t  e x a c t ly  the same 

value o f  ka, thus c lo s in g  the loops. Regarded as a fu n c t io n  o f  Ra, 

then , f ig u r e  4 may be considered as a s u p e rp o s it io n  o f  two monotonic 

bu t d iscon t inuous  fu n c t io n s .  There fore  the roo ts  S1 and s4 , which are 

roo ts  o f  the c h a r a c te r is t i c  polynomia l o f  H^0 ) ,  can be c la s s i f ie d  

accord ing to  atomic type even when g /  0. S 1 i s  an s - l i k e  c o n t r ib u t io n  

to  G , w h i le  S4 is  p - l i k e .

A t the energ ies where the k inks appear in  the ro o t  l o c i ,  the con­

t inue d  Bloch fu n c t io n s  a re  e x p o n e n t ia l I y  damped and w i l l  p rov ide  a 

basis se t  w i th  which lo c a l iz e d  surface  s ta te s  may be expanded.

F in a l l y ,  as w goes below e-2y , S 3 and S4 leave the u n i t  c i r c l e  and 

then S1 and s leave a t  w = -2 .

In o rde r  to  make the ro o ts  continuous fu n c t io n s  o f  w, the fo l lo w ­

ing branch convention has been used:

v / a ^ - 4  =  V a 2 - 2  / a + 2 ,  

/B 2-4 -  / - 3 - 2  / -3 + 2 ,

(140)

to g e th e r  w i th  (135) f o r  /~D. Thus the roo ts  are continuous fu n c t io n s  

o f  continuous fu n c t io n s  o f  w when w is  rea l except f o r  a sm a ll ,  p o s i­

t i v e  im aginary p a r t .

Return ing now to  the problem o f  expanding the genera ting  fu n c t io n  

in  o rde r  to  o b ta in  the Green fu n c t io n s , we f in d  th a t
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Fi j (S,w)
A . . ( s , w )

J l
A(s ,a ) )

(141)

i and j  being the s ta te s  s o r  p and A ( s ,<d ) rep resen t in g  a c o fa c to r .  

Using (112)

Fi j ’ (s,a))
S2A ^  ( S 5w)  

(g2- y ) p ( s 5w)
(142)

Thus Fi j  is  a r a t io n a l  fu n c t io n  o f  s w i th  the  p rope rty  t h a t  Fi j  goes to  

zero a t  zero and i n f i n i t y .  A lso ,  because o f  the small p o s i t i v e  im ag i­

nary p a r t  o f  cu, the poles o f  Fi j  are always separa ted , whence

F1 j (s,u,) I % S k A j j f= K '" )
g 2 - ^  k = l  P 1( S k ) ( S - S k )

(143)

The va r ious  pa r ts  o f  (143) are q u i te  s im p ly  computed, using the 

to o ls  t h a t  have been noted in  (121),  (136),  (137) and (138). From

(104), the c o fa c to rs  are

A55 = (co-e) -  (s + s) (144) 

Asp = ~g(s -  ~) (145) 

Aps = 9(s -  I )  (146) 

App = w + (S + I ) .  (147)

The p re p a ra t io n  o f  G^s (cu) f o r  example, is  as fo l lo w s .
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Si Ass(Sl5Uj) = (E-e)Si -  y (S i+ l )s 1 = (E - e + Va ) s \  (148)

Similar results follow in the case of s2 , S35 and S4 . The derivative  

is computed by factoring p (s ) .

P( s) = (S-S1)(S-S2 )(S-S3)(S-S4) (149)

P1(S1) = (S1-S2 ) (S 1-S3) (S1-S4) + 0. (150)

Using properties of the roots,

P1(S1) = ( s  ̂ + Bsi + I ) ,  (151)

but s2 = - QS1 - I , so

P1(S1) = (B-Ct)S1. (152)

Finally  from (121),  (a-B) = D.

P1(S1) = -  Vr D v4 2-4 S1. (153)

Results similar  to (153) also hold for  the other roots.

Applying the above results to (143) yields

I I E-e+yct S2 _ sI
O2 -M / D  / x 2- 4  S - S 2 S - S 1

E-e+pB
s-s. s-s, (154)

/ g 2-4  " 3

The choice o f  annulus f o r  the expansions o f  the terms o f  (154) depends

upon the asym pto tic  form o f  by an argument s im i la r  to  t h a t  which
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follows (70).

(S-S1) 1 = ( 1 / s ) (I + Si Zs + S1Zs2 + . . .  . (155)

(s-s2 ) 1 = -S1(I  + S1S + S1 s2 + . . .

(S-S3) " 1 = -S4O + S4S + S4 S2 + . . .

(S-S4) " 1 = ( 1 / s ) (I  + S4Zs + S4Z s2 + . . .

Thus G|s is given by

G! S =  ------i — T=
(y-g ) /  D

(a)-e+ya) I 5-I + (oi-e+yg) |&| 

/ * 2 -4  Sl / b2-4 54
(156)

fo l lo w s  from (1 56) through the replacements e = 0 , y I .

GPP = ____
A ( y - g 2 ) yfl

I____  (to+a) 1£ I + ( cq+b ) c N
Za2-4

A s im i la r  computation produces

/B 2-4
0 5 7 )

pSD _ gs ign (£ )  f O I U |
G« "  T T V w S  Ls i  ' s i  ] ■

and GPs =' -  GsP 
& &

(158)

(159)

The bu lk  d e n s i t ie s  o f  s ta te s  which f o l lo w  from (156) and (157) are 

presented in  f ig u r e  6. The t o ta l  d e n s i ty  o f  s ta tes  on a bu lk  la y e r  is  

the sum o f  two c o n t r ib u t io n s .

D(w) = D5 (oi) + Dp(Cj) (160)



F igu re  6. To ta l Bulk D ens ity  o f  S ta tes per Layer f o r  the 

s-p  Model. The energy a x is  is  in  q u a r te r  s-band u n i t s .  The 

area under the curve is  two.
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I t  is  a c h a r a c te r is t i c  o f  the re s o lv e n t  method th a t  the d e n s i t ie s  o f  

s ta te s  occur n a tu r a l l y  in  component form. The d e n s i t ie s  Ds and Dp o f  

f ig u r e  6 are computed from

D1(O)) = -  I  Im G11(O)) (161)
IT O

where i  i s  e i t h e r  s o r  p.

2. Surface. The su r face  problem may now be solved using (26).

Ji i J i
3Jl=O

k=s,p

( 1 6 2 )

There is  a p o s s i b i l i t y  t h a t  t h is  fu n c t io n  may have a pole when the

determ inan t o f  has a zero . From (156-159), the form o f  G  ̂ i s :

I

0 ( y -g 2) /D VO

The fu n c t io n s  u and v are

(163)

( c o - E + u a )  _  ( q) - s + u B )  

/a ^ -4  /(32-4
(164)

v = w+a + _.w+B 
/a 2-4  / b2-4

Zeros o f  u and v d e f in e  the zeros o f  the de term inan t and hence d e te r ­

mine the poles o f  . The zeros o f  u occur a t  the p o in ts  o) = ±2, the 

s-band edges, and a t  w = which is  the p o in t  a t  which the separate 

s and p-bands would have crossed i f  the m ix ing parameter g were se t to
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zero. See (111). On the o th e r  hand, the zeros o f  v are a t  w = e±2y, 

the p-band edges, and again a t  the c ross ing  p o in t  to = -jjfy. I t  may be 

seen from (162) t h a t  the zeros a t  the band edges w i l l  not cause poles 

because these w i l l  be cance lled  by o th e r  zeros in  the num erators . But 

the re  w i l l  always e x is t  an is o la te d  su rface  s ta te  in  such a gap exact 

I y  a t  the energy where the bands would have crossed i f  the re  were no 

s-p  m i x i n g ^ 9̂ O.

F igure 7 i l l u s t r a t e s  the d e n s i t ie s  o f  s ta te s  curves on laye rs  

near the su rface  f o r  the s-p model in  normal photoemission. Note­

worthy fe a tu re s  in  f ig u r e  7 in c lud e  the s ta te  in  the s-p  h y b r id iz a t io n

gap, the appearance o f  standing-wave nodal s t ru c tu re s  s im i la r  to  th a t
23

observed in  the one-band model , and the s o f te n in g  o f  the bu lk  s ingu­

l a r i t i e s  on the la ye rs  near the su r fa ce^ .  The s in g u la r i t i e s  in  the 

bu lk  d e n s i t ie s  are o f  the re c ip ro c a l  square ro o t  type ,  w h i le  those 

near the surface  are softened to  square ro o t  shou lders . These fea ­

tu re s  are ra th e r  t y p ic a l  o f  the kinds o f  e f fe c ts  produced in  t i g h t -  

b ind ing  models w i th  more r e a l i s t i c  H a m i l to n ia n s ' '  .

B. Simple Bond-O rb ita l Model

I .  B u lk . A number o f  s im p l i f i c a t io n s  have been proposed f o r  the 

trea tm en t o f  semiconductor su rface  s ta te s  which would a l lo w  a reason­

ab ly  r e a l i s t i c  d e s c r ip t io n  o f  the H am ilton ian  and y e t  keep the compu­

t a t i o n  as s imple as p o s s ib le .

H a r r i s o n ^  has proposed a very s im ple  model H am ilton ian  which
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F igure 7. To ta l Layer D e ns it ie s  o f  S tates f o r  the s-p 

Model on Layers I ,  2 and 3. Energy is  in  q u a r te r  s-band 

u n i ts .
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reproduces many o f  the bu lk  p ro p e r t ie s  o f  a la rge  c lass  o f  semiconduc­

t o r s .  R ecen tly , severa l authors 32-34 Iiave app lied  H a rr is o n 's  bond- 

o r b i t a l  model to  su rface  s ta te  com putation. This w i l l  be done here 

a ls o .  In the p resen t s e c t io n ,  a b o n d -o rb i ta l  w i l l  be developed as a 

s im p l i f i c a t io n  to  the two-band model o f  the previous d is c u s s io n .  The 

b r i e f  t rea tm en t below is  o f fe re d  as ah in t r o d u c t io n  to  the more e la b ­

o ra te  b o n d -o rb i ta l  model o f  the next s e c t io n .

F igure 8 i l l u s t r a t e s  va r ious  steps in  the c a lc u la t io n  o f  chemical 

bonding f o r  a s imple d ia tom ic  m olecu le . In  f ig u r e  8a shows s and p 

s ta te s  on two is o la te d  atoms. Le t | s l> ,  |p l>  be s and p s ta te s  cen­

te red  on s i t e  I and l e t  |s2> and |p2> be the same s ta te s  centered on 

s i t e  2.

As the two atoms are brought to g e th e r ,  the in te r a c t io n  between 

them is  represented in  terms o f  H am ilton ian  m a tr ix  elements between 

the o r b i t a l s .

< s l [H |s l>  = <s2|H|s2> = Eg (165)

< p l I H | p l > = <p2|H |p2> = Ep 

< s l IHI s2> = <s2 |H |s l>  = ys 

< p l I H Ip2> = <p2IH I p i > = yp 

<s l|H |p2>  = <p2 |H |s l>  = g 

<s2 |H |p l>  = <p l|H |s2>  = -g

Assume a l l  o th e r  m a tr ix  elements are zero . Ignore e le c t ro n -e le c t ro n  

re p u ls io n  and o th e r  e f fe c ts  and a lso  assume th a t  the ove r la p  between
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F igu re  8. Formation o f  a Chemical Bond.
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o r b i t a l s  vanishes.

F igure 8b represents  a hyb r id  basis se t formed from l i n e a r  combi­

na tions  o f  the s and p o r b i t a l s  on the two atoms.

As the atoms come to g e th e r ,  as i l l u s t r a t e d  in  8c, the h yb r id  o r b i t a l s

le v e ls  s p l i t  as shown in  f ig u r e  8d to  form a bonding and an an tibond­

ing le v e l .  These energy le v e ls  belong to  a b o n d -o rb i ta l  which is  the 

even combination o f  the two h y b r id s ,  and an a n t ib o n d - o r b i t a l ,  which is  

the odd com bination.

I f  the o r ig in a l  o r b i t a l s  on the two s i t e s  were on ly  h a l f  f i l l e d  

w i th  e le c t ro n s ,  then those e le c tro n s  would now occupy the b o n d -o rb ita l  

and p a r t  o f  the o th e r  h y b r id  o r b i t a l s  p o in t in g  the o th e r  way (non­

bonding) , bu t the a n t ib o n d -o rb i ta l  would be empty. In t h is  way, the 

t o ta l  energy is  lowered and a s ta b le  bond is  formed.

Suppose a c r y s ta l  were formed from an ensemble o f  molecules o f  

t h is  s imple type . Al I o f  the h yb r id  o r b i t a l s  would p a r t i c ip a te  in  

bonding and so the re  would be no non-bonding le v e ls .  In the case

I h^+ h >  = Jg( |s l>  + |p l> )  

Ih^ ^1> = %(I s I > -  |p l> )

( 166)

|h (+ )2> = %(I s2> + Ip2>)

Ih^ ^2> = %(|s2> - |p2>) .

in t e r a c t  s t ro n g ly  and the corresponding energy
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t h a t  the broadening o f  the f i l l e d  b o n d -o rb i ta ls  which now form the 

valence band does not mix the bonding and an tibond ing  s ta te s  very 

s t ro n g ly  compared to  the m ix ing  o f  the b o n d -o rb i ta ls  among themselves, 

then one m ight hope to  rep resen t the valence band as some l i n e a r  com­

b in a t io n  o f  b o n d -o rb i ta ls  on ly  and neg lec t  the a n t ib o n d -o rb i ta ls  a l t o ­

ge the r .  This is  the ph ilosophy adopted when a b o n d -o rb i ta l  Ham ilton ian 

is  used to  rep resen t the valence bands o f  sem i-conductors.

The s-p H am ilton ian  used in  the two-band c a lc u la t io n  may be t ra n s ­

formed in to  bond and a n t ib o n d -o rb i ta ls  as fo l lo w s .

|b,&> = h { \ ^ + \ i >  + | h / ~ \ j i + l> )  (166a)

= H.{ I S , £> + I p , £> + I S , 5.+1 > -  | p , £,+!>)

= bond o r b i t a l  near la y e r  £.

|a,£> = | h ^ ,£> -  |h (~ ) ,£ + l> )

= % (|s ,£>  + I P,£> -  I S,£+1> + Ip ,£+1>)

= a n t ib o n d -o rb i ta l  near £.

Using the d e f in i t i o n s  (94) the m a tr ix  elements become

<b£'|H |b£> = (167)

p f tu S V  -  1S V 11+2

+  [ t i v s + V p )  + % (E 5 - E p ) ] 6 Jl, !l4. 1 

+ [>s(£s+ep) + lI (V s -Up) +

+ M v / V p )  + %(vs-Ep)]S%,%_,
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+ [%(y +y ) -
5 P I ' 1 - 2

<bV |H|a&> = 

f t ( V Ps ) + ^

+ f t t s P-6Sn 6 V 1H-I 

+ t!s(Es - Ep ) ] 5t ' t - i

+ f t f t S-Vp) -  ^ 4V j -Z

<a£‘ |H|a£> =

[>s(up-Ps ) + jSg]^, t + 2

+  f t f t s + V p) + ^ V p - s ’ ^ v v i  

+  P s U s^ p) + « p p-p s ) -  g ] \ , ,

+ f t f t St Vp)  +  y 6 p - 6s ) ] 6 t ' t - i

+ W mp-Ps ) + > a ] \ , t . 2

Two th in g s  should be noted about the Ham ilton ian de fined  in  

(167). F i r s t ,  i t  rep resen ts  the same phys ica l s i t u a t io n  as does (94) 

and so both the band s t ru c tu re  and the  t o ta l  bu lk  and surface  de n s i­

t ie s  o f  s ta te s  would be the same. Second, the range o f  the i n t e r ­

a c t io n  has been extended. A H am ilton ian  which is  nea res t-ne ighbo r in  

atomic la y e r  o r b i t a l s  w i l l  be second-neighbor in  b o n d -o rb i ta ls .

I t  is  e q u a l ly  t r u e ,  o f  course, t h a t  a Ham ilton ian which is  on ly
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nea res t-ne ighbo r in  the b o n d -o rb i ta l  re p re s e n ta t io n  may con ta in  second 

neighbor atomic p a r ts .

The approx im ation  comes about when a l l  m a tr ix  elements are i g ­

nored except the <bV |H|b£>. In o rde r  to  examine the f e a s i b i l i t y  o f  

doing t h i s ,  cons ider the sums

E .(ka ) = I  z <b£, |H|b£> elk a ^ ' £ ^  
b N £ '£  11

= %(2g + e - I - u) + h ( 2 u  - 2 -e)coska 

-  h ( v  + I + 2g)cos2ka. (168)

E ( ka)  = I z  < a £ 11H I a£> e 1 k a ^ ' £  ̂a N £15,

= Jg(e + I + y -  2g) + %(2y -  2 +e)coska

+ H W  + I + 2g)cos2ka. (169)

V(ka) = I  Z  <b£ '|H |a£> e“ i l <a ( £ ,_£ )
N £ 1 £

= ^ e is in k a  + + y + 2 g ) is in 2 k a .  (170)

The bu lk  band s t ru c tu re  would f o l lo w  from the d ia g o n a l iz a t io n  o f

Eb (ka) V(ka) '

H(ka)
*

(171)
W (ka) Ea (ka ) / .

The b on d in g -a n t i bonding m ix ing  is  prov ided in  (171) by V as de fined in  

(170). This w i l l  be e x a c t ly  zero i f  e = 0, g = -  i y l .  Thus, there  

e x is ts  an exact b o n d -o rb i ta l  l i m i t .  In  t h is  l i m i t ,  the eigenvalues o f
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H(ka) become:

a)+ (ka) = Eb = -  (1+u) + (p - l )c o s k a  (172)

w (ka) = E  = + (1+u) + ( y - l ) c o s k a ,  
a

which are e x a c t ly  the expressions obta ined from (111) f o r  the valence 

and conduction band energ ies in  the same l i m i t .  The exact v a l i d i t y  o f  

the b o n d -o rb i ta l  model f o r  the valence bands in  t h is  l i m i t  w i l l  be 

im po rtan t when assessing the f u r t h e r  a p p l ic a t io n  o f  t h is  Hamilton ian 

to  the computation o f  su rface  s ta te s .

Computation o f  the  bu lk  Green fu n c t io n  f o r  the b o n d -o rb ita l  

la ye rs  is  e x a c t ly  as in  the one-band case above.

x m  
2 1 1

( , - i ) / ( S i i i i i i ) ^ T T '
V U-I

= /lo+l+M _ /w±l+U ) 2 _ I .
2 ' p-1 ' /  P-I

(173)

(174)

Th is  Green fu n c t io n  may be c a l le d  the bond propagator.

e = -  ( I+ p ) ,  m = ^ ( p - 1 )

Then

z - 1

(175)

(176)

Expression (176) now looks l i k e  (78 ).
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2. S u rface . In f a c t ,  (176) looks so much l i k e  (78) th a t  i t  m ight be 

expected th a t  the s o lu t io n  o f  the su rface  problem corresponding to  

(176) would lead to  e x a c t ly  the la y e r  d e n s i t ie s  o f  s ta te s  expressed by 

(8 7 ) ,  w i th  the  replacements e -> e and u m. I t  must be s tressed th a t  

t h i s  is  d e f i n i t e l y  not the case.

When a c r y s ta l  is  c leaved, bonds are broken. This re s u l t s  in  a 

la y e r  o f  dang ling  hyb r id  o r b i t a l s which do not a r is e  n a t u r a l l y  in  a 

b o n d -o rb i ta l  model when the c r y s ta l  i s  te rm ina ted  a f t e r  the f i r s t  bond- 

o r b i t a l .  la y e r .  A c tu a l ly ,  the re  would be a hyb r id  o r b i t a l  p o in t in g  out 

in to  space beyond la y e r  one. Bond o r b i t a l  |b , l>  con ta ins  pa r ts  o f  

|h (+ ) , l >  and |h (~ ),2>  but none o f  | h ( ~ ) , l>  , and so i t  i s  t h is  dang­

l i n g  hyb r id  o r b i t a l  which must be appended to  the surface  which a llow s 

the surface  s ta te s  to  be computed w i th in  the o therw ise  b o n d -o rb ita l  

model.

Imagine a basis se t  c o n s is t in g  o f  bond o r b i t a l s  1 ,2 ,3 , •  • • t o ­

ge ther w i th  the dang ling  hyb r id  o r b i t a l .  The bu lk  m a tr ix  elements o f  

the Ham ilton ian  become

<ba' |H|b£> = e5V j l  + m(6V | ,+] + Sj l l t J ,  (177)

where e and m are re la te d  to  the u nd e r ly in g  two-band H am ilton ian  in  

the  b o n d -o rb i ta l  l i m i t  by (175). However, in  p ra c t ic e ,  the parameters 

o f  the b o n d -o rb i ta l  Ham ilton ian such as e and m in  the s imple example 

under c o n s id e ra t io n  are determined by bu lk  p ro p e r t ie s ,  and the param­

e te rs  o f  the unapproximated Ham ilton ian remain unknown and are on ly
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i m p l i c i t l y  assumed to  e x is t .

The diagonal m a tr ix  element which is  the hyb r id  energy

T = < h * " \ l  |H |h ( " \ l >  (178)

may be known from atomic measurements. Other m a tr ix  elements from 

b o n d -o rb i ta ls  o f  the bu lk  to  the su rface  h yb r id  must be evaluated using 

the decomposition o f  h ^ , l  in  terms o f  bonding and a n t i  bonding p a r ts .

< b , £ | H | h ^ , 0 >  =

I i  (179)
=  <b,& |H |b ,0> -  =  <b, £ IHI a ,0 > .

/ 2  /2

However, the b on d in g -a n t i bonding pa r ts  o f  these m a tr ix  elements w i l l  

be unknown in  a b o n d -o rb i ta l  model. I t  i s  c o n s is te n t  to  suppose th a t  

they are sm a ll ,  s ince  t h i s  would have been the assumption in  the bu lk  

c a lc u la t io n .  In f a c t ,  the re  is  no o th e r  cho ice . I f  they are not se t 

to  ze ro , more parameters are in troduced  a t  t h is  la te  stage o f  the c a l ­

c u la t io n .  This s e r io u s ly  erodes any le g i t im a c y  which t h is  approach 

may have had up u n t i l  t h i s  p o in t .  In  the present example c a lc u la t io n ,  

the re  is  no d i f f i c u l t y  w i th  t h is  assumption s ince  the b o n d -o rb ita l  

l i m i t  which has been taken fo rce s  a l l  bond ing -an tibond ing  m a tr ix  e le ­

ments to  be e x a c t ly  ze ro . Thus

< b , l | H | h ( - ) , l >  = I m ,  (180)
✓ 2

w h i le  a l l  o the rs  are zero.

The computation now proceeds as fo l lo w s .  I f  the h yb r id  o r b i t a l
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la y e r  were not connected to  the bu lk  by the m a tr ix  element o f  (180), 

then the propagator f o r  the stage on the disconnected h yb r id  would be 

s im ply

Jqq -  (w-x)  ̂ (181)

w h i le  the Green fu n c t io n  on the su rface  o f  the b o n d -o rb i ta l  subs tra te  

would be given from the r e s u l t s  o f  the one-band problem by

( S f )  -  J w l ) 2 ' 1 I -  (182)

Using the express ion (51) which re la te s  the f i n a l  propagator to  these 

uncoupled Green fu n c t io n s ,  the re s o lv e n t  on the dang ling  hyb r id  becomes

R00 = U  - T -  Jp2J i i ) " 1 (183)

The poles in  w o f  t h is  fu n c t io n  s ig n a ls  the occurrence o f  a bound 

surface  s ta te .  The approximate gap s ta te  energy thus becomes

co = J5( U m) -  V  ( U m) 2 -  Js( U y ) 2 . ' (184)

The t r a je c t o r y  o f  t h is  s ta te  is  p lo t te d  in  f ig u r e  9 as a fu n c t io n  

o f  Mj to g e th e r  w i th  the p o s i t io n s  o f  the  band edges. The ac tua l gap 

s ta te  energy in  the two-band model was e / ( 1 + m ) , bu t in  t h is  bond- 

o r b i t a l  l i m i t ,  £ = 0, so the gap s ta te  should appear a t  zero energy.

In  f ig u r e  9 , the ac tua l gap s ta te  is  la be led  A and the b o n d -o rb ita l  

approx im ation  to  i t  i s  la be led  B. The conduction band minimum is  l i n ­

ear as a fu n c t io n  o f  u and is  represented by a dashed l i n e .  The
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F igure 9. Bond-O rb ita l Approximation to  the Gap S ta te  Energy in  the 

Two Band Model. The parameter determines the band gap. The valence 

band extends between 2 and the s la n te d ,  s o l id  l i n e  w h i le  the conduction 

band extends between the s la n te d ,  dashed l i n e  and +2. Energy is  in  

q u a r te r  s-band u n i t s .  A is  the energy o f  the actua l gap s ta te ,  w h ile  

the b o n d -o rb ita l  approx im ation g ives B.
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valence band maximum is  a lso  l i n e a r  and is  represented by a s o l id  

l i n e  w i th  equal but oppos ite  s lope . For any given va lue o f  y the 

valence band extends from -2 up to  - 2 y , w h i le  the conduction band is  

between 2y and 2.

As the bands become narrow compared to  the gap, the b o n d -o rb ita l  

approx im ation  is  to  remove the conduction bands. Coupling to  the 

conduction bands would repe l the surface  s ta te  downward by an amount 

equal and oppos ite  to  t h a t  o f  the valence bands. In o th e r  words, a l ­

though the valence and conduction bands do no t in te r a c t  in  the bond- 

o r b i t a l  l i m i t ,  each in te r a c ts  s e p a ra te ly  w i th  the su rface  h y b r id .  The 

approx im ation  which is  being made is  to  neg lec t  the coup ling  between 

the hyb r id  and the conduction band. Thus the upward push from the 

valence band is  no t balanced by the downward push which would have 

been exerted by the conduction bands.

There are two reasons why the b o n d -o rb ita l  approach may y e t  be 

j u s t i f i e d  in  the s tudy o f  semiconductor surface s ta te s .  F i r s t ,  the 

graph o f  f ig u r e  9 shows th a t  i f  the gap is  not ex trem ely  narrow com­

pared to  the band w id th ,  the approx im ation may not be so bad. Second, 

in  more r e a l i s t i c  b o n d -o rb i ta l  models used f o r  semiconductor valence 

bands, the energy o f  the f i l l e d  hyb r id  gap s ta te  is  much c lo s e r  to  

the valence band maximum, and so the in f lu e n c e  o f  the conduction bands 

m ight reasonably  be expected to  be much sm a lle r .

The purpose o f  t h i s  sec t ion  has been to  p o in t  out the
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approxim ations invo lved  in  a b o n d -o rb i ta l  model and to  warn the reader 

o f  the p o ss ib le  shortcomings o f  these approxim ations when the model is  

app lied  to  the s o lu t io n  o f  the surface  problem.



IV. BOND-ORBITAL MODEL OF HARRISON

A. Bulk Chemistry

I . Formation o f  b o n d - o rb i t a ls . In t h is  sec t ion  a b o n d -o rb i ta l  model 

w i l l  be presented which was developed by H a rr iso n ,  P a n te l ides and 

C i r a c i ^ and has been used by them to  in v e s t ig a te  bu lk  and su r-  

face32-34,37 p ro p e r t ie s  o f  z incb le nde -typ e  sem iconductors .

S ta r t  w i th  an s and th re e  p atomic s ta te s  on each c a t io n  s i t e  and 

the same on each anion s i t e .  For the moment, i t  is  not im po rtan t to  

cons ide r the d e ta i l s  o f  the geometry. Consider two sp3 h y b r id s ,  one 

on an anion p o in t in g  toward a ne ighboring  c a t io n  and one the ca t ion  

p o in t in g  back toward the f i r s t  as i l l u s t r a t e d  in  f ig u r e  10. |ha> is  

the o r b i t a l  on the anion and |hc> is  the o r b i t a l  on the c a t io n .  The 

ove r lap

S = <hQI hc> (189)

between two such hyb r ids  which extend d i r e c t l y  toward one another has 

been repo r ted  to  be I a r g e ^  and cannot be neg lec ted . Define two 

parameters in  terms o f  which the bond fo rm a t ion  may be d iscussed: 

i o n i c i t y

M3 = %(ec-ea) (190)

covalency

M2 = -<ha |H |hc>. (191)

S e le c t in g  as the zero o f  energy the mean energy o f  the hybrids
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A

A

F igure 10. sp3 Hybrid O r b i t a l s on a Cation C P o in t in g  Toward 

Neighboring Anions A.
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energy zero = (192)

the  bond fo rm a t ion  becomes, as i t  d id  in  the previous s e c t io n ,  a 2 

t imes 2 e igenva lue problem. This t im e , however, n o n -o r th o g o n a l i ty  o f  

the o r b i t a l s must be c a r e f u l l y  handled. The 2 times 2 Ham ilton ian is

-M3 -M2 \

-M2

w h ile  the ove r lap  m a tr ix

(193)

I

E
S

S

I
(194)

The f i r s t  row (column) corresponds to  the anion in  each case. One 

must so lve

(H -  Ex)lip> = 0 .(195)

in  o rde r to  ge t the m ix ing  c o e f f i c ie n ts  which determine the bond- 

o r b i t a l s .  Next, trans fo rm  the components o f  |^>.

|^> = <t». (196)

Then

(E '^HE"^ -  E) I <f» = 0. (197)

Note th a t  s ince  H and E are H e rm it ian, so is  E-jsHE- j^. Rather than 

trans fo rm  the components o f  the o r b i t a l ,  as in  (196),  i t  i s  e q u iv a le n t  

to  t ran s fo rm  the bas is  vec to rs  |ha> and |hc > . To do t h i s ,  E  2 is  

needed.

The e igenvec to rs  o f  E correspond ing to  i t s  e igenva lues (1+s) and
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(1 -s ) are

I / ICHiLi1
Thus

(1+s,%C H 0-spsL 1 )
And so

2 / l - S 2

•f— + yT" •/— — i/-F

\  -J- -  /+" ■/- + -fir I  ,

where

/+  = / I + s , and /T" = / I  - s .

Thus the new, o r th o g o n a l i zed basis se t  becomes:

(198)

(199)

( 201)

2 / ^ s 2
= =  [ ( / ^  + /+ )  ] h > + ( / - "  -  /+ I  I hc> ] , ( 202)

I h * >
I

7------ [ ( / -  -  / n i h  > + ( / -  + A )  1 h > ] .
c 2 /1 - s 2 a c

The basis o f  (202) may be e a s i ly  seen to  be orthonormal using (189).

The H m a tr ix  o f  (193) may now be expressed in  terms o f  |h*> and 

Ih > as an H m a tr ix .

I -V 3 ♦ SV2
V2 '

-V, V3 + SVg
(203)
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where

V2

V3

(204)

(205)

The energy eigenva lues o f  t h is  m a tr ix  are the extreme values o f  

the bond e n e rg y . . The e igenvec to r  corresponding to  the minimum bond 

energy g ives the m ix tu re  c o e f f i c ie n ts  f o r  the b o n d -o rb i ta l  w h i le  the 

e igenve c to r  o f  the la rg e s t  e igenva lue g ives the antibond m ix tu re  coe f­

f i c i e n t s .  The bond and antibond energ ies are r e s p e c t iv e ly

SV2 - Z f T v f (206)

sv2 + / V l  + V* (207)

where the energy zero (192) must be added in  o rder to  f in d  the abso­

lu te  ene rg ies .

35
In t h e i r  bu lk  c a lc u la t io n ,  Pan te lides  and H arr ison , whose 

parameters w i l l  be used in  the computation below, have not concerned 

themselves w i th  the ove r lap  S. These o r th o g o n a l i ty  c o r re c t io n s  en te r  

e x p l i c i t l y  a t  the su r face  la y e r  where non -o rthogona li zed hybrids  form 

the dang ling  h y b r id  su r face  s ta te s .  Thus the t ra n s fo rm a t io n  between 

the  b o n d -o rb i ta ls  o f  the  bu lk  bas is  s e t  and the o r ig in a l  h yb r id  o r ­

b i t a l  s must be worked ou t in  d e t a i l .  Strange as i t  may seem, the
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expansion c o e f f i c ie n ts  f o r  the a n t i  b o n d -o rb i ta ls  w i l l  a lso  be needed 

so t h a t ,  as was done in  the s im p le r  example above, the hyb r ids  may be 

expanded in  terms o f  bonding and a n t i  bonding p a r ts .  Le t |b> be a bond 

o r b i t a l  and |a> be an a n t i  b o n d - o rb i t a l .

I b> = u Ih > + u Ih >, (208)a d C C

where

U -  — - - - -  -  [  ( y + + / - ) / l  +a - ( / + - / - " ) / I  -a ]  (209)
3 2 /2( I -S2 ) P P

U = ----------------  [ ( /+ + / - " ) / I  -a -  ( / + - / - ) / I  +a ]  , (210)
c 2 / 2 ( l - S 2 ) P P

and l ik e w is e

|a> = va |ha> + vc lh c> (211)

w i th

V  =  — — I -  —  [  ( / + + / ^ )  / I  - a  +  ( / + - / - " )  / l  + a  ] ,  ( 2 1 2 )
3 2/2(l-S2) P P

v = — - ■ — [ ( / + - / - " ) /T-cT- + ( t/ + + / ^ ) / I  +a ]  . (213)
c 2 / 2 ( l - S 2 ) P P

The symbol ap used in  (209-213) is  de f ined  by

Op = VgfVz + V s ) - \  (214)

I t  is  re la te d  to  the charge t r a n s fe r  per e le c t ro n  in  the b o n d -o rb ita l  

by

I Ua I 2 - I Uc I = ap/Zl Ŝ2 (215)
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For t h i s  reason, is  c a l l e d ^  the bond p o la r i t y ,  s ince  i t  reduces 

to  th a t  as S goes to  zero.

Before le av in g  the su b je c t  o f  bond fo rm a tion  and the basis set 

and moving on to  the d e f i n i t i o n  o f  bu lk  m a tr ix  elements, one la s t  

ope ra t ion  must be performed. The t ra n s fo rm a t io n  equations (208-213) 

must be in v e r te d  in  o rde r to  o b ta in  |h^> and |h^> as fu n c t io n s  o f  

I b> and |a>. This is  the form in  which the connection w i l l  be needed 

when the  surface  p e r tu rb a t io n  is  de f in ed .

I ha> = C11b> + C31a> (216)

I hc> = C2 I b> + C4 1a> (217)

w ith

C1 = vc/A ,  C3 = -u c/A ,  (218)

C2 = V ^ /A, C4 — U^/A,

where a = u .v .  -  U^v3 is  the de term inan t o f  the t ra n s fo rm a t io n .  Quite 

s im p ly ,

A = , - l / / N S 2  . (219)

Thus the c o e f f i c ie n ts  C1 and C2 , which w i l l  be needed l a t e r  are

C1 = —— [ ( / + - / T ) / l  -a  + ( /+ + /T ) / I  +a ]  (220)
2/2 p P '

C2 -  —— [  ( /++ /-")  / l  -a  + ( / + - /T j  / I  +a ^
2 /2  P p

(221)



75

2. B o n d -o rb ita l  m a tr ix  e lements. Each ion in  a sem i-conductor o f  the 

z incb lende s t ru c tu re  is  t e t r a h e d ra l I y  coo rd ina ted . The fo u r  bond- 

o r b i t a l  s surrounding a c a t io n ,  f o r  example, are each formed from a 

l i n e a r  combination o f  hyb r id  o r b i t a l s , one on the c a t io n  and one on a 

ne ighboring  an ion. F igure 10 i l l u s t r a t e s  a te tra h e d ra l  arrangement o f  

hyb r id  o r b i t a l s which, in  f ig u r e  11, have been used to  form bond- 

o r b i t a l  s in  the manner described above.

Because the (H O ) surface  o f  z incb lende  semiconductors w i l l  be
< 39

tre a te d  below, i t  is  expedient to  d e f in e  a coo rd ina te  se t  as fo l lo w s  

The z - d i r e c t io n  w i l l  be p e rpe nd icu la r  to  the (110) su rface  p o in t in g  

ou t o f  the c r y s t a l ; the x - d i r e c t io n  w i l l  be pe rpe nd icu la r  to  the (100) 

p lane, and the y - d i r e c t io n  forms a r igh t-handed  coo rd ina te  system.

The basis se t  f o r  the bu lk  o f  the c r y s ta l  c o n s is ts  o f  f o u r ,  i n ­

e q u iv a le n t  b o n d -o rb i ta ls .  F igure 11 shows the basis se t  arranged in  a 

te trahe d ro n  about the c a t io n  p o s i t io n .  With respec t to  the  newly-de­

f in e d  coo rd ina te  system, the d i re c t io n s  o f  the bu lk  bas is  s ta te s  are

|b l>  + (1 /3 ,  0, 2 /2 /3 )  (222)

I b2> + (1 /3 ,  0, - 2 /2 /3 )

I b3> -> ( - 1 /3 ,  2 /2 /3 ,  0)

I b4> h. ( - 1 /3 ,  - 2 /2 /3 ,  0 ) .

The o r b i t a l s  de f ined  in  (222) are arranged on an fee l a t t i c e  and 

form the z incb lende  s t r u c tu r e ,  as i l l u s t r a t e d  in  f ig u r e  12. Notice 

th a t  the use o f  b o n d -o rb i ta ls  focuses a t te n t io n  on the bonds ra th e r

i
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F igure 11. Tetrahedron o f  B o nd -O rb ita ls .  

The y - a x is  is  p o in t in g  out o f  the paper.



F igure 12. The Zincblende S t ru c tu re  is  Formed by S tack ing the Cation 

Jacks o f  B o n d -O rb i ta ls as Shown in  f ig u r e  11 in to  an fee L a t t ic e .  

N o tice  how w e ll t h is  basis se t corresponds w ith  the i n t u i t i v e ,  b a l l -  

a n d -s t ic k  n o t io n  o f  the c r y s ta l  bonding.
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than the atoms themselves; thus the valence bands become associa ted

w ith  a framework model o f  the c r y s ta l .  The c ry s ta l  model i s ,  in  f a c t ,

a g raph ica l re p re s e n ta t io n  o f  the b o n d -o rb ita l  Ham ilton ian .

35P a n te l ides and H arr ison  have shown th a t  except in  the case o f

compounds c o n ta in in g  the carbon row elements, the bu lk  p ro p e r t ie s  o f

z in cb le nde - typ e  semiconductors are w e ll reproduced using on ly  th ree
r

m a tr ix  element parameters. These are presented in  f ig u r e  13. B1 and
A

B1 are minus the nea res t-ne ighbo r m a tr ix  elements between bonds which 

have a common v e r te x  a t  e i t h e r  a c a t io n  s i t e  o r  an anion s i t e  respec­

t i v e l y .  Bit is  minus the m a tr ix  element between second-neighbor bonds 

which are p a r a l l e l .  Another m a tr ix  element would be needed in  o rder to  

t r e a t  those compounds which con ta in  a carbon row element. Such com­

pounds w i l l  not be t re a te d  in  the presen t work. For convenience, the 

parameters

B1 = h { Z i  + B1) 

B1 = k t t i  -  B1)
(223)

are in troduced .

In a l l  then , th ree  parameters s u f f i c e  to  determine the bu lk  band 

s t r u c tu r e ,  namely B1, B1, and B4 .

B. Surface D e f in i t io n

I .  Surface m a tr ix  e lem ents . Four coup ling  c o e f f i c ie n ts  are requ ired  

in  o rde r  to  descr ibe  the way in  which the dang ling  hyb r ids  connect to
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Figure 13. The Bond-O rb ita l M a tr ix  Elements o f  Pantel ides and 

H a rr ison . Open c i r c le s  rep resen t ions on a g iven (H O ) p lane, 

w h i le  the cross-hatched c i r c le s  rep resen t ions in  a lower plane.
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the b u lk .  These are presented in  f ig u r e  14. 

For example, cons ide r Q1.

g = <b4|H|h >. (224)
I c

Using (217),

g i = C2<b41HI b l > + C4<b4|H |a l>  (225)

As in  the two-band model, the bond ing -an ti bonding p a r t  must be 

dropped.

9 i = C2 ( - B f ) (226)

= — — [  ( / + + / T " ) / ]  _ a  +  ( / T - / T " )  /T + c T T  ]  B f .
2 /2  P P

L ikew ise ,

02 = C2 (-B 4) (227)

= — — [  ( /++/-") / l  -  a  + ( /+ - / - " )  / I  +a 3 B4 ,
2 /2  P P

9s = C i( -B ^ )  (228)

= ——[ (/+ -/-") / l  - a  + (/++/-")/ l +a ] B ,̂
2/2 P P

g4 = C i( -B 4 ) - (229)

=  — — [  ( / + - / - " )  / l  - a  +  ( / + + / - " )  / l  + a  ]  B4 .
2/2 P P

2. Bravais l a t t i c e .  A se t o f  t r a n s la t io n  vec to rs  a, S and c is

i l l u s t r a t e d  in  f ig u r e  15. These generate the Bravais l a t t i c e ,  which is  

fee . A te tra g o n a l u n i t  c e l l  which is  use fu l in  com putations, a lthough
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F igure 14. M a tr ix  Elements Which Couple the Dangling 

Hybrids Back in to  the Bulk.



8 2

F igure  15. N o n -P r im it iv e ,  Te tragona l U n it  C e ll Used 

in  Order to  Demonstrate the Basis Vectors a, b and c 

c extends from the co rne r to  the c en te r  o f  the c e l l ,  

a forms one edge o f  the square base and b forms the 

long edge.
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i t  is  not p r im i t i v e ,  is  a lso  i l l u s t r a t e d .  The components o f  the 

t r a n s la t io n  vec to rs  in  terms o f  the coo rd ina te  d i re c t io n s  de fined 

above are

/I
, S= — a

/01
, c =  a

/2 1
0 I I
01 /2 Oi 2/2 I

The symbol a in  (230) stands f o r  the le ng th  o f  the edge o f  the con­

ve n t io n a l (c u b ic )  u n i t  c e l l .  The p o s i t io n s  o f  the c a t io n  s i te s  are 

then de f ined  in  terms o f  these by

= 4  + + 1231>, 

where &, m and n are in te g e rs .  The b o n d -o rb i ta ls d is t r ib u te d  about a 

c a t io n  a t  s i t e  &, m, n are denoted by

|y,£.,m,n>  ̂ (232)

y denoting which b o n d -o rb i ta l ,  as in  (222) and £, m and n p re s c r ib in g  

the p o s i t io n  o f  the c a t io n  v e r te x .  Bulk m a tr ix  elements o f  the 

Ham ilton ian  between s ta te s  so de fined  are presented in  Appendix A.

3. L a y e r - o r b i t a ls . N o tice  in  (232) t h a t  a change in  the in d ice s  z  

and m is  assoc ia ted  w i th  a change from one o r b i t a l  to  an e q u iv a le n t  

o r b i t a l  in  the same (110) la y e r ,  w h i le  a change in  n im p l ie s  a change 

in  la y e r .

As in  the s im p le r  examples, suppose f o r  the moment t h a t  N1 by N2 

s ta te s  o f  a g iven type are on each la y e r .  With p e r io d ic  boundary con­

d i t io n s  in  the plane o f  the la y e r ,  l a y e r - o r b i t a l s  may be de f ined  by
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I v , k i , l<2, n> I  e
i k , I - r  I I Jlmn (233)

y  N1N2 Jim

The components k2 , k2 o f  are the c a r te s ia n  components p a r a l le l  to  

the surface

I = kxx + k2y . (234)

Thus the exponent in  (233) is

I I • r' l l  Jimn
mk a k a

£k ia  + — —  + 2"( k^a +
/2 /2

(235)

Again, in  terms o f  these la y e r - o r b i t a l s ,  m a tr ix  elements o f  the bu lk  

Ham ilton ian  may be computed. Because o f  momentum co n se rva t io n ,  on ly  

m a tr ix  elements between s ta te s  o f  the same | w i l l  be non-zero. This 

was, as w i l l  be r e c a l le d ,  the m o t iv a t io n  f o r  the t ra n s fo rm a t io n  to  

la y e r  o r b i t a l s .  The diagonal ( in  t | | )  elements o f  H are

H jjV  ( Sm ) = ( S 1S2 ) ^ " ' )  Z s 1" 2£s2' 2m<M£mnl |H|v00n>, (236)
11 Jim

where the s t ru c tu re  fa c to rs

ik ia/2  ik2a/2/2
S1 = e , s2 = e

These m a tr ix  elements are computed using Appendix A and ta bu la te d  in  

Appendix B.



V. MATRIX SLAB CALCULATION 

A. Implementation

1. B u lk . The procedure o f  f in d in g  the  e igenvalues and e igenvectors

o f  a t h in  f i lm  o f  GaAs w i th  (110) surfaces is  e s s e n t ia l l y  one o f  

d ia g o n a l iz a t io n  o f  a la rg e  m a tr ix  which has one row (o r  column) f o r  

each o r b i t a l  a t  a g iven 1<||. Th is  problem is  l o g i c a l l y  d i v i s i b l e  in to  

two p a r ts :  d e f in in g  the m a tr ix  elements and perform ing the d ia g o n a l i -

z a t io n .  The d ia g o n a l iz a t io n  is  done n u m e r ic a l ly ^  and the bu lk  p a r t  o f  

the m a tr ix  has elements as de fined  in  Appendix B.

A rrang ing  the l a y e r - o r b i t a l s f o r  a p a r t i c u la r  va lue o f  j in to  

numerical o rde r  may be done accord ing to

|m> = | y , k l 5 k2,n> (238)

where

m = 4 ( n - l ) + y

Thus, i f  the re  were 8 la y e rs  in  the s la b ,  then the basis se t would 

con ta in  32 s ta te s .  The n o ta t io n  o f  (238) w i l l  be used u n t i l  the end 

o f  the present chap te r.  Appendix B would now prov ide  the m a tr ix  e le ­

ments o f  the la y e r - o r b i t a l  bu lk  H am ilton ian .

2. S u rface . Simply te rm in a t in g  the bu lk  Hamilton ian a t  la y e r  n=0 

and la y e r  n=N creates  a su r face  o f  the type in v e s t ig a te d  by Shockley '
on

in  1939 . As has been discussed in  the two-band case, t h i s  Shockley

surface  is  u n r e a l i s t i c  f o r  a b o n d -o rb ita l  bu lk  Ham ilton ian .
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Consider a Shockley surface  formed in  such a way as to  remove a l l  

b o n d -o rb i ta ls beyond a given la y e r ,  say f o r  d e f in i te n e s s  la y e r  I ,  as 

shown in  f ig u r e  16. Then the b o n d - o rb i ta ls o f  s ta te  11> would s t ic k  

out o f  the  surface  a t  the c a t io n  s i te s  w h i le  no s ta te s  a t  a l l  would 

p ro trude  from the anion s ta te s .

Two im portan t changes must be made in  o rder to  c o r r e c t l y  re p re ­

sent a r e a l i s t i c  su rface  as presented in  f ig u r e  17. F i r s t  the dang ling  

b o n d -o rb ita l  on each surface  c a t io n  s i t e ,  both a t  la y e r  I and a t  la y e r  

N, must be rep laced by a c a t io n  hyb r id  o r b i t a l .  Th is means th a t  each 

m a tr ix  element in v o lv in g  e i t h e r  | l>  o r  |4N-2> must be rep laced in  the 

s lab  H am ilton ian . Second, s ta te s  must be added to  the basis se t which 

rep resen t the anion dang ling  h yb r id s .  M a tr ix  elements in v o lv in g  the 

added s ta te s  must be added to  the H am ilton ian . These added s ta tes  

have been c a l le d  |0> and |4N+1>. Surface coup ling  m a tr ix  elements 

needed to  e f f e c t  these changes are presented in  Appendix C.

Expressions (230) f o r  the l a t t i c e  t r a n s la t io n  vec to rs  induce a

surface  B r i l l o u i n  zone as dep ic ted  in  f ig u r e  18. The edges o f  the

zone are a t  k% = ± % and k2 = I - ^ .  Symmetry po in ts  and l in e s  o f  the

41surface  zone are labe led  in  the n o ta t io n  o f  Jones .

B. Results and Discussion

We have used the b o n d -o rb i ta l  model o f  P a n te l ides and Harr ison to  

compute e igenva lues and e igens ta tes  o f  a tw e lv e - la y e r  s lab  according 

to  the method described in  d e ta i l  above. D ispers ion  p lo ts  o f  the
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F igure 16. R esu lt  o f  T runca t ing  the Bulk Ham ilton ian .



F igure 17 More R e a l is t i c  Surface w i th  Dangling Hybrid O rb i ta ls .



F igure 18. Surface B r i l l o u in  Zone.

A 1 is  along x -a x is  w h ile  A is  along y .
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surface  s ta te s  appear in  f ig u r e  19 to g e th e r  w i th  the p ro je c te d  bulk 

bands.

The la b e ls  B1, B2 and B3 used to  denote the surface  s ta te s  are
3

those in troduced  by Joannopoulos and Cohen who have computed e igen­

s ta te s  f o r  a tw e lv e - la y e r  s lab  using an e ig h t  s ta te  basis se t o f  hy­

b r i d - o r b i t a l s .  Considering the s im p l i c i t y  o f  the presen t model, the 

r e s u l t s  agree ra th e r  w e ll w i th  those o f  Joannopoulos and Cohen. There 

are two s ta te s  in  the o p t ic a l  gap: BJ (which is  not shown) is  the

c a t io n  dang ling  bond s ta te  and B1 is  due to  the dang ling  anion hyb r ids . 

There is  a lso  a s ta te  B3 in  the h e te ro p o la r  gap near the lower valence 

bands, and a s ta te  B2 which l i e s  near the bottom o f  the gap th a t  opens 

in  the upper valence bands away from the cen te r  o f  the surface 

B r i l l o u in  zone.

F igure 20 shows the p r o b a b i l i t y  d i s t r i b u t i o n  f o r  an e le c t ro n  in  

the B1 surface  s ta te  a t  the r  p o in t ,  which corresponds to  normal photo­

em ission. An e le c t ro n  in  t h i s  s ta te  spends 62% o f  i t s  t im e on the 

anion dang ling  bond, 10% on the c a t io n  back bond and a t o ta l  o f  10% on 

the two p a r a l le l  bonds which run along the  su rface . The t o t a l  l o c a l i ­

z a t io n  on the surface la y e r  is  about 82%. I f  the same s ta te  is  exam­

ined a t  the M p o in t ,  the e le c t ro n  d e n s i ty  is  82% on the anion dangling 

bond and 9% in  the p a r a l le l  bonds. Another 5% is  in  the anion back 

bond, making a t o ta l  lo c a l i z a t io n  o f  96%. This increased lo c a l i z a t io n  

is  due to  the f a c t  t h a t  the B1 s ta te  is  separated f a r  from the bu lk
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F igure 19. Surface S tates on the Unrelaxed (H O ) Surface 

o f  GaAs. Zero o f  energy is  the valance band maximum.
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Figure 20. P ro b a b i l i ty  D is t r ib u t io n  fo r  an E lectron in the B1 Surface

State. Note the large dens ity  on the anion dangling hybrid .
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continuum a t  'NI, as can be seen in  f ig u r e  19.

E xperim enta ll y ,  n e i th e r  the nor B1 are found in  the o p t ic a l  

g a p ^ - ^ .  Recent s lab  c a lc u la t io n s  by Randy, Freeouf and Eastman^ 

and o the rs  by C h a d i^ ,  a l l  o f  which in c lud e  some form o f  su rface  re ­

la x a t io n  which is  not inc luded  in  the presen t model, have shown th a t  

i t  is  su rface  re la x a t io n  which removes these s ta te s  from the gap. 

K n a p p ^ ’ ^  has observed th a t  the ac tua l d is p e rs io n  o f  the B1 s ta te  

seems to  be on the o rde r o f  IeV, w h i le  the d isp e rs io n  found in  both 

the present c a lc u la t io n  as w e ll  as in  th a t  o f  Joannopoulos and Cohen

is  about A e V . The reason f o r  t h is  d iscrepancy is  not a l to g e th e r

9 10c le a r ,  but the re  is  some evidence ’ t h a t  i t  may a lso  be due to  s u r ­

face r e la x a t io n .

The p r o b a b i l i t y  d i s t r i b u t i o n  f o r  s ta te  B2 a t  the M p o in t  is  shown 

in  f ig u r e  21. A t M th e re  is  70% p r o b a b i l i t y  in  the p a r a l le l  bonds,

14% in  the c a t io n  back bond and 11% in  the  p a r a l le l  bonds on the 

second la y e r .  Thus, t h is  s ta te  is  lo c a l iz e d  deeper in  the c ry s ta l  

than is  the  B1 s ta te .  This an a ly s is  o f  the composition o f  the B2 

s ta te  agrees w i th  t h a t  o f  Joannopoulos and Cohen, who r e fe r  to  i t  as 

being composed o f  p a r a l le l  bonds along the surface .

In the presen t c a lc u la t io n ,  the  B2 surface s ta te  is  seen to  e x is t  

in  the gap a l l  the  way from X1 to  X. Th is  is  not in  agreement w ith  

Joannopoulos and Cohen who see B2 d ie  out be fore  i t  reaches X1 or X, 

o r  w i th  Chadi o r  Pandi e t  a l . who f in d  the s ta te  a t  X1 but no t a t  X.
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Figure 21. P ro b a b i l i ty  D is t r ib u t io n  a t M fo r  an E lectron in  the

B2 Surface State.
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The b ind ing  energ ies o f  B2 a t  X1 and a t  X are t i n y ,  being .05 eV and 

.001 re s p e c t iv e ly .  There is  no app rec iab le  lo c a l i z a t io n  a t  these ex­

treme p o in ts .

In c o n t ra s t  to  the B2 surface  s ta te ,  the B3 s ta te  e x is ts  th rough­

ou t the e n t i r e  su rface  B r i l l o u in  zone. Joannopoulos and Cohen have 

c a l le d  t h i s  s ta te  the anion s - l i k e  s ta te .  Because o f  the use o f  bond- 

o r b i t a l  s as a basis s e t ,  i t  i s  d i f f i c u l t  to  see t h is  in  the present 

model. A t the  zone c e n te r ,  as represented by f ig u r e  22, the re  is  a 

41% p r o b a b i l i t y  o f  f in d in g  an e le c t ro n  on a p a r a l le l  bond ( th a t  is  20% 

each), 15% on the anion back bond and 9% on the anion dang ling  hyb r id .  

Th is  is  a t  le a s t  c o n s is te n t  w i th  the n o t io n  o f  an anion s - l i k e  s ta te .  

To ta l f i r s t - l a y e r  lo c a l i z a t io n  is  about 65% and lo c a l i z a t io n  on the 

second la y e r  is  about 25%. This s ta te  has not been observed in  photo­

em iss ion , which could be due to  i t s  s - l i k e  cha rac te r .

Besides the th re e  surface  s ta te s  analyzed above, C h a d i^  has

no t iced  ano ther s ta te  in  h is  unrelaxed s lab  c a lc u la t io n  which occurs

in  the upper p a r t  o f  the zone edge gap near the X1 p o in t .  Chadi, who

re fe rs  to  t h is  su rface  fe a tu re  as S2 , f in d s  th a t  i t s  b ind ing  energy

and lo c a l i z a t io n  are g r e a t ly  enhanced by re la x a t io n  in  the several

models considered by h i m ^ ’ ^ .  This s ta te  a lso  appears in  the re laxed

• 9models in v e s t ig a te d  by Pandey e t  al_. .

A lthough the S2 surface  s ta te  appears to  be bound in  the p resen t,  

unre laxed c a lc u la t io n ,  i t s  b ind ing  energy is  extrem ely small and the re
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Figure 22. P ro b a b i l i ty  D is t r ib u t io n  fo r  an Electron in the B3 Surface

State.
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is  no recogn izab le  l o c a l i z a t io n .  B ind ing energy o f  S2 a t  X ' is  . 004eV. 

Moving o n e - f i f t h  o f  the d is tan ce  to  M from X1 shows th a t  S2 has jo in e d  

the upper continuum and the re  is  no longe r any t ra c e  o f  S2 . One 

reason why o th e r  authors in c lu d in g  Joannopoulos and Cohen may not have 

no t iced  S2 is  because o f  i t s  small b ind ing  energy and poor surface 

lo c a l i z a t io n .  On the o th e r  hand, the S2 s ta te  may not appear in  t h e i r  

model.

There are many d i f f e r e n t  t ig h t - b in d in g  Hamilton ians f o r  the z in c -  

b lende- type semiconductors^ 6 ,9-14,32-37^ Jjie re  are many kinds o f  ways 

in  which they d i f f e r  from one ano ther. The e ss e n t ia l  reason f o r  the 

p r o l i f e r a t i o n  o f  parameterized Ham ilton ians is  t h a t  the sets o f  l o c a l ­

ized atom ic fu n c t io n s  are immensely over-com ple te . For example, any 

fu n c t io n  in s id e  the c r y s ta l  could be expanded in  a se t  o f  S la te r - ty p e  

o r b i t a l s de f ined  w i th  respec t to  a s in g le  s i t e .  Three im po rtan t con­

s t r a in t s  m i t ig a te  t h is  s i t u a t io n :  I )  Only a f i n i t e  number o f  basis 

s ta te s  are re ta in e d  on each s i t e .  2) M a tr ix  elements between s ta tes  

centered a t  s i t e s  which are separated by more than a c e r ta in  d is tance  

are assumed to  van ish . 3) The lack  o f  o r th o g o n a l i ty  between s ta tes  on 

d i f f e r e n t  s i te s  must a f f e c t ,  e i t h e r  e x p l i c i t l y  o r i m p l i c i t l y ,  the p ro ­

cess o f  bond fo rm a t ion  and the subsequent fo rm a tion  o f  energy bands. 

Because o f  d i f f e r e n t  ways o f  t r e a t in g  the above c o n s t r a in ts ,  toge the r  

w i th  d i f fe re n c e s  in  choices o f  bu lk  band s t r u c tu r e ,  m a tr ix  elements 

which are nom ina lly  the same in  d i f f e r e n t  parameterized Hamilton ians
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may have very  d i f f e r e n t  numerical v a lu e s . In f a c t ,  t h e i r  phys ica l 

meanings may be e n t i r e l y  d i f f e r e n t .

Mele and Joannopoulos^ have re c e n t ly  in v e s t ig a te d  some o f  the 

d i f fe re n c e s  between t ig h t - b in d in g  Ham ilton ians . By s tudy ing  a c o l le c ­

t io n  o f  nea res t-ne ighbo r t ig h t - b in d in g  Hamilton ians w i th  fo u r  s ta tes  

per s i t e  and one w i th  an e x tra  anion 5s s ta te ,  the above authors have 

determined th a t  in  o rde r  to  be use fu l as a to o l f o r  in v e s t ig a t in g  s u r ­

face s ta te s  t h is  type o f  Ham ilton ian must have the fo l lo w in g  

p ro p e r t ie s :  I )  The diagonal m a tr ix  elements o f  the bas is  s ta te s  on

each s i t e  should be c lose  to  the atomic Hartree-Fock va lue f o r  th a t  

s ta te .  2) The o th e r  m a tr ix  elements must be chosen in  such a way as 

to  g ive  a good o v e r - a l l  d e s c r ip t io n  o f  the conduction bands as w e ll as 

to  f i t  the valence band s t ru c tu r e .  - C r i t e r io n  2 was a lso  noted by 

C h a d i^ .  A lthough Mele and Joannopoulos have noted t h a t  c r i t e r i o n  I 

is  in t im a te ly  re la te d  to  the change o f  the over lap  between s ta te s  on 

ne ighboring  s i te s  f o r  s i te s  a t  the su rface  as opposed to  s i te s  in  the 

b u lk ,  none o f  the models which they have examined takes t h is  surface 

o r th o g o n a l i ty  c o r re c t io n  e x p l i c i t l y  in to  account.

The p resen t c a lc u la t io n  may be compared w i th  o thers  appearing in  

the l i t e r a t u r e  in  the fo l lo w in g  ways. F i r s t  o f  a l l ,  each o f  the 

Ham ilton ians discussed by Mele and J o a n n o p o u Io s^8 ^  are neares t-  

ne ighbor H am ilton ians . Both the Joannopoulos and Cohen c a lc u la t io n  and 

the p resen t c a lc u la t io n  con ta in  more d is ta n t  in te r a c t io n s .  The
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unreconstruc ted  model o f  Pandy e t  al_. a lso  conta ins  some second ne igh­

bor i n t e r a c t io n s . Only t w o ^ ’ ^  o f  the models t re a te d  by Mele and 

Joannopoulos produce the c o r re c t  atomic l i m i t .  Chadi1s model does.

The Ham ilton ian  o f  Joannopoulos and Cohen does no t.  H arr ison  and 

C i r a c i0 have shown th a t  the atomic energy parameters im p l i c i t  in  the 

b o n d -o rb i ta l  model used in  our c a lc u la t io n  compare ex trem ely  w e ll  w i th  

the Hartree-Fock energ ies in te rp o la te d  from the ta b le s  o f  Herman and 

S k i l lm a n ^ .  F in a l l y ,  among a l l  o f  the models discussed above on ly  the 

b o n d -o rb i ta l  model takes the change o f  ove r lap  near the su rface  e x p l i c ­

i t l y  in to  account.

A t t h i s  p o in t  i t  must be mentioned t h a t  Gregory, S p ic e r ,  C ira c i 

and H arr ison have app lied  the b o n d -o rb i ta l  model to  the (H O ) surface 

o f  GaAs in  o rde r  to  es t im a te  the p o s i t io n s  in  energy o f  the dang ling  

h yb r id  o r b i t a l  su rface  s ta te s .  I t  is  probable th a t  these authors have 

no t performed a s lab  c a lc u la t io n ,  as t h e i r  conc lus ions are based on the 

energy p o s i t io n s  o f  the uncoupled h y b r id  o r b i t a l s  r e la t i v e  to  the bu lk  

band s t r u c tu r e .  They supposed th a t  the occupied su rface  s ta te  would 

remain below the valence band maximum, which is  not the case.

Another a p p l ic a t io n  o f  the b o n d -o rb i ta l  model has been made by

C i r a c i , Batra and T i l l e r ^  who s tud ied  the (111) face o f  z incb lende-

type semiconductors using a m a tr ix  s lab  method. They have a lso  used

48the methods o f  Haydock and K e l ly  to  compare the surface  s ta te s  which 

e x is t  on the (111), (H O ) ,  and (100) surfaces o f  Si w i th in  the



.100
34b o n d -o rb i ta l  model

U n fo r tu n a te ly ,  the method by which C i r a c i , Batra and T i l l e r  have 

appended the dang ling  h yb r id  o r b i t a l s to  the surface is  in  e r r o r .  For 

t h is  reason, on ly  those surface  s ta te s  on the (111) su r face  which do 

no t have s trong  am plitude on the dang ling  bonds, may be expected to  .be 

represented c o r r e c t l y  by t h e i r  r e s u l t s .



V I. SUMMARY AND CONCLUSION

A. Generating Function Formalism 

The p r in c ip a l  t h r u s t  o f  the research presented he re in  has been to  

develop and analyze var ious  methods f o r  use in  th e o re t ic a l  surface 

phys ics . The method o f  genera ting  fu n c t io n s ,  as i t  has been presented 

above, is  an adap ta t ion  which f a c i l i t a t e s  the use o f  the a n a ly t ic  

re s o lv e n t  method to  so lve  ra th e r  r e a l i s t i c  t ig h t - b in d in g  models o f  

su r fa ces .  In chapters I I  and I I I , the method was used to  so lve models 

w i th  one o r  two s ta te s  per la y e r ,  and the s o lu t io n  o f  these models was 

discussed in  some d e t a i l .  G e n e ra l iza t io n  o f  t h is  method to  t i g h t -  

b ind ing  models o f  a r b i t r a r y  com p lex ity  is  immediate and w i l l  be d i s ­

cussed b r i e f l y  here.

I t  may seem reasonable th a t  any t ig h t - b in d in g  Ham ilton ian may be 

w r i t t e n  in  terms o f  la y e r  o r b i t a l s  p a r a l le l  to  a given c r y s ta l  p lane. 

Such a m a tr ix  would be o f  the form

( s i ,  s2 ) ,  (239)
sia

where the s u b s c r ip ts  a and a '  denote la ye rs  and i  and j  which la y e r -  

o r b i t a l  on la y e r  a and la y e r  &' r e s p e c t iv e ly .  S1 and S2 are s t ru c tu ra l  

fa c to rs  re la te d  to  t r a n s la t io n  in  the plane o f  the la ye rs  in  complete 

analogy w i th  (237). Denote by H ^ 1 the m a tr ix  which has (239) as i t s  

i , j  e lement. Note th a t  f o r  a t ig h t - b in d in g  H am ilton ian , Hj^ ,  is  o f
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f i n i t e  rank n and is  zero when | ji- ji' | > r  f o r  some range r .  When the 

bu lk  Green fu n c t io n s  are a lso  w r i t t e n  in  m a tr ix  form , then the equa­

t io n s  o f  motion become

OESnol -  H00JG (240)

Because o f  t r a n s la t io n  symmetry, H may be w r i t t e n  H , and l i k e -)v"rp 5 Jv P

wise G may be w r i t t e n  as G .AfTp j P

pL r  ( ,E P0 '  H - P ) G * + p = 16IO- 

The genera ting  fu n c t io n  m a tr ix  is  de f ined  as

(241)

F(x) = Z GLx ( 2 4 2 )

Then, when (241) is  m u l t ip l ie d  by x *  and the r e s u l t  is  summed over a l l  

la ye rs

[ IE  -  H (x ) ]  F(x) = I ,  (243)

where

r
H(x) = E H xp (244)

p = -r  p

is  a f i n i t e  m a tr ix  o f  rank n.

The de te rm inan t o f  (E-H) is  o f  the form 

a ( x ) = d e t ( l E -  H (x ) ) =

aN(xN + + 9N - I ^ n" 1 + ” N -V  + * •*  + aO5 (245)

where N^nr and the numbers a^ are fu n c t io n s  on ly  o f  E, S1 and S2 , as
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w e ll as the o r ig in a l  t i g h t - b in d in g  parameters.

M x )  = aN - N p (x )  (246)

where p (x) is  a monic polynomial o f  degree ZN.

The ro o ts  o f  p may be found e i t h e r  in  c losed form o r  n u m e r ica l ly .
7 0

The l a t t e r  is  by f a r  the more powerfu l method o f  p r a c t ic a l  use , 

w h i le  the form er d iv id e d  t ig h t - b in d in g  models which can in  p r in c ip le  

be solved in  terms o f  e lementary fu n c t io n s  from those which cannot. 

This is  because the o th e r  steps requ ire d  to  produce surface  Green 

fu n c t io n s  re q u ire  on ly  a f i n i t e  number o f  a r i th m e t ic  o p e ra t io n s ,  

though t h i s  number may be q u i te  la rg e  indeed.

There e x is ts  a s o lu t io n  o f  a g iven t ig h t - b in d in g  model surface 

problem in  c losed form in  terms e lementary fu n c t io n s  i f  and on ly  i f  

the Ham ilton ian is  such th a t  p is  s o lv a b le .  Due to  the param etr ic  

dependence upon complex S i , S2 and E o f  the c o e f f i c ie n ts  o f  p, cases 

o f  so lvab le  p w i th  degree more than fo u r  must be very e x c e p t io n a l .

Denoting the ro o ts  o f  p by x ^ ,  the  genera ting  fu n c t io n  m a tr ix  may 

now be w r i t t e n  in  the form

F(x) _ U(x) 
"  P W

U(xk )
(247)

There is  a lso  the p o s s i b i l i t y  t h a t  F(«) f  0, but t h i s  is  very  unphysi­

cal and may be ignored in  t h i s  summary.

A f t e r  Laurent s e r ie s  expanding F, the Green fu n c t io n s  may be read
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as the c o e f f i c ie n ts  o f  the expansion and t h e i r  general form is

= Z t^J (248)

where the t ^ "  are res idues from (247), and k o f  the summation runs 

on ly  over those roo ts  o f  p such th a t  |x^ | < I .  U n fo r tu n a te ly  t ^ J may 

depend upon the s ign o f  a .

Al I o f  t h is  has been i l l u s t r a t e d  in  chapters I I  and I I I .  As 

another i l l u s t r a t i o n  o f  the kinds o f  r e s u l t s  which may be obtained 

from the bu lk  Green fu n c t io n ,  f ig u r e  23 presents the t o ta l  bu lk  la y e r  

d e n s i ty  o f  s ta te s  produced in  t h is  way from the same Ham ilton ian used 

in  chap te r VI f o r  the th in  f i lm  o f  GaAs. The va r ious  curves o f  f ig u re  

23 in d ic a te  d e n s i t ie s  a t  d i f f e r e n t  values o f  the x component o f  £ | | , 

corresponds to  d i f f e r e n t  values o f  S1 .

Once the bu lk  Green fu n c t io n s  are obta ined from the genera ting  

fu n c t io n  m a t r ix ,  the su rface  problem may be solved from the r e la t io n

J = O -  G V f 1G. (249)

In most cases, the Shockley surface  is  o f  in te r e s t  and then

, - I
j AA gAA '  6AB( GBB)GBA’ (250)

where A is  in s id e  the c r y s ta l  and B is  a b a r r ie r  re g io n ,  as expla ined 

in  chap ter I I .

The method o f  genera ting  fu n c t io n s  as o u t l in e d  in  t h is  summary is  

a formal re finem ent o f  the a n a ly t ic  re s o lv e n t  method used by Davison



F igure  23. Bulk Layer D ens ity  o f  S ta tes f o r  GaAs (H O ) as a Function o f  Energy in  

eV and k in  U n its  o f  the f - X 1 D is tance.
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and L e v in e ^  and developed by Freeman*^. Since the genera ting  fu n c t io n  

form alism  is  i n t r i n s i c a l l y  in te g ra t io n  f r e e ,  many o f  the confusions 

a r is in g  in  the F o u r ie r  trans fo rm  fo rm u la t io n s  are c ircumvented.

I t  may be noted th a t  the genera ting  fu n c t io n  f o r  the Green fu n c ­

t io n  in  the  presence o f  the surface could be found d i r e c t l y ,  thus by­

passing the bu lk  Green fu n c t io n .  However, because the b u lk  problem is  

i t s e l f  in te r e s t in g  and because o f  the ease w i th  which, through equa­

t io n  (249), one may change the surface  p o te n t ia l ,  i t  i s  u s u a l ly  b e t te r  

to  c a lc u la te  the bu lk  Green fu n c t io n  f i r s t .

The ease w i th  which the la y e r  d e n s i t ie s  o f  s ta te s  may be fac to red  

accord ing to  la y e r  o r b i t a l ,  as po in ted  ou t in  chap ter I I ,  is  i l l u s ­

t r a te d  again in  f ig u r e  24 where the s - l i k e  p a r t  o f  the su rface  la y e r  

d e n s i t ie s  o f  the  two-band problem t re a te d  in  th a t  chap te r are presented. 

These curves should be compared w i th  those o f  f ig u r e  7 where the to ta l  

d e n s i t ie s  on the f i r s t  th re e  la ye rs  were presented.

Using the genera ting  fu n c t io n  method, several model c a lc u la t io n s  

have been performed, in c lu d in g  the one and two-band models o f  chapter 

I I  and I I I .  A number o f  im portan t q u a l i t a t i v e  r e s u l t s  have been d i s ­

covered in  t h i s  way.

The standing-wave fe a tu re s  in  the  la y e r  d e n s i t ie s  o f  s ta te s  which

were po in ted  ou t in  chap ter I I  and I I I  and which are a lso  obvious in

23f ig u r e  24 have been observed before  . Bu t, i t  is  now seen th a t  these 

are always presen t and th a t  they a r is e  because o f  the replacement o f  '



F igure  24. s - l i k e  Part o f  the Layer D ens it ie s  f o r  the Model o f  Chapter I I I .
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the p e r io d ic  boundary c o n d it io n s  o f  the bu lk  by standing-wave boundary 

c o n d it io n s .

Shockley had d iscovered th a t  the re  are surface  s ta te s  which a r is e

30due to  the fo rm a t ion  o f  h y b r id iz a t io n  gaps . These s ta te s  occur in  

the s-p  model a t  e x a c t ly  the p o in t  in  energy where the unhybrid ized 

bands would have crossed. The ex is tence  o f  such a s ta te  does not de­

pend, in  the s-p model, upon the  s t re n g th  o f  the h y b r id iz a t io n .  As

the gap becomes narrow, the gap s ta te  is  on ly  weakly lo c a l iz e d .  Using

49the genera ting  fu n c t io n  method, K a w a j ir i  has found th a t  the re  is  no 

s im i la r  gap s ta te  in  -the s-d model. The on ly  d i f fe re n c e  between the 

s-p and the s-d models is  th a t  the s-p  in te r a c t io n  m a tr ix  element is  

odd w i th  respec t to  s i t e  in te rchange w h i le  the corresponding s-d ma­

t r i x  element is  even.

<s£IHI pV  > = -  <p&|H|s&'>
(251)

<s&|H|d&'> = + < d£ |H |sV > .

I t  is  not known a t  t h i s  p o in t  whether t h i s  p a r i t y  d i f fe re n c e  is  nec­

essary in  o rde r to  produce a gap s ta te ,  so th a t  the re  can be no s ta te  

in  an s-d gap u n t i l  some odd p a r i t y  s ta te  is  mixed in ,  o r  whether the 

a d d i t io n  o f  second neighbor in te ra c t io n s  m ight a lso  produce a s ta te  in  

a s t r i c t l y  even p a r i t y  gap. This should be in v e s t ig a te d .

In  f a c t ,  the s im p l i c i t y  o f  the  genera ting  fu n c t io n  method makes 

i t  im po rtan t as a fo rm a l ,  mathematical t o o l .  We have used i t ,  f o r  

example, to  determine a c r i t e r i o n  f o r  s o l v a b i l i t y  f o r  t ig h t - b in d in g
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H am ilton ians . A t the hea rt  o f  the s o lu t io n  f o r  any s e m i - f i n i t e  t i g h t -  

b ind ing  model is  a c h a r a c te r is t i c  po lynom ia l.  This p o ly n o m ia l, which 

has been discussed above and a lso  in  the In t r o d u c t io n ,  is  the charac­

t e r i s t i c  polynomia l f o r  the d i f fe re n c e  e q u a t io n s ; the homogeneous s o lu ­

t io n s  to  which are the  e igenvec to rs  o f  the H a m ilton ian , and the impulse 

s o lu t io n s  to  which are the Green fu n c t io n s .  The va r ious  exact methods 

o f  s o lu t io n  must a l l  a r r i v e  a t  t h is  same po lynom ia l,  and the s o lu t io n  

must be expressed in  terms o f  i t s  ro o ts .  This c lose  r e la t io n s h ip  be­

tween the va r iou s  methods has been demonstrated in  chap te r I I  f o r  sev­

e ra l methods which in c lu d e  most o f  the popula r methods to  be found in  

the l i t e r a t u r e .

The Green fu n c t io n  method was used in  chapter I I I  to  produce the 

exact s o lu t io n  to  a two-band model and t h i s  s o lu t io n  in  tu rn  was used 

to  in v e s t ig a te  the v a l i d i t y  o f  a s imple b o n d -o rb ita l  model. Bond- 

o r b i t a l  models are ex trem ely  use fu l in  semiconductor s tud ie s  because 

the number o f  basis fu n c t io n s  is  c u t  in  h a l f  and the number o f  t i g h t -  

b ind ing  basis fu n c t io n s  is  cons ide rab ly  reduced. Perhaps more im­

p o r t a n t ly ,  the b o n d - o rb i ta ls seem to  be a p h y s ic a l ly  meaningful basis 

f o r  the re p re s e n ta t io n  o f  the  f i l l e d  valence bands o f  semiconductors.

B. Thin F ilm  C a lc u la t io n

The la rg e  m a tr ix  method which has o f te n  been app lied  to  the prob­

lem o f  f in d in g  the e igens ta tes  o f  a t h in  f i lm  is  a lso  a method o f



no
s o lv in g  the system o f  d i f fe re n c e  equations f o r  the model. In t h is  

method, however, the boundary c o n d it io n s  are d i f f e r e n t .  There must be 

s tand ing  wave boundary c o n d it io n s  a t  each s ide  o f  a f i n i t e  re g io n ,  and 

t h is  makes the spectrum d is c re te .  I t  a lso  makes the s o lu t io n  more 

d i f f i c u l t  f o rm a l ly ,  but q u i te  s imple n u m e r ic a l ly .

When the b o n d -o rb ita l  model o f  H arr ison was used f o r  a twelve 

la y e r  s lab  o f  g a l l iu m  a rsen ide , the numerical s o lu t io n  became ra th e r  

neat. The r e s u l t s  are in  e x c e l le n t  agreement w i th  those o f  

Joannopoulos and Cohen who d id  a s im i la r  computation f o r  the unrelaxed 

(H O ) su rface  o f  GaAs, but w i th o u t  making the b o n d -o rb ita l  approxima­

t io n .  Th is  successfu l r e s u l t  i s  an im po rtan t c o n f irm a t io n  o f  the 

v a l i d i t y  o f  the  b o n d -o rb ita l  model as a to o l  f o r  the in v e s t ig a t io n  o f  

su rfaces . The b o n d -o rb i ta l  basis is  founded on bu lk  chem is try  and i t  

was not known whether t h i s  extrem ely s imple model w i th  on ly  th ree  

parameters could be used a t  the su r fa c e ,  even ta k in g  the  ove r lap  c o r ­

r e c t io n  in to  account. As we have seen in  the s im p le r model, the s u r ­

face p o te n t ia l  mixes and bonding and a n t i-b o n d in g  s ta te s .  But, i t  

seems th a t  t h is  m ix ing must be q u i te  n e g l ig ib le  in  the case o f  the 

(H O ) surfaces o f  z in cb le nde - typ e  semiconductors.

A lthough a b o n d -o rb i ta l  c a lc u la t io n  f o r  the (111) surfaces o f

4GaAs and o f  Si has been c a r r ie d  ou t by C i r a c i , Batra and T i l l e r  , 

these authors  have made an e r ro r  which in v a l id a te s  the r e s u l t s  to  some 

e x te n t .  T h e ir  r e s u l t s  look q u i te  reasonable in  themselves, but ra th e r
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than ig n o r in g  the bon d in g -a n ti bonding m a tr ix  e lements, these authors 

have done what fo rm a l ly  amounts to  n e g le c t in g  some second neighbor 

h y b r id - o r b i t a l  m a tr ix  elements near the  su rface . They are not a t  

l i b e r t y  to  do t h i s ,  however, w i th in  the con tex t o f  the b o n d -o rb ita l  

model. Thus, no f a i r  te s ts  have appeared up to  now which pe rm it  an 

assessment o f  the use o f  a bu lk  b o n d -o rb i ta l  model in  t h is  way. The 

r e s u l t s  presented above, however, do prov ide  f o r  such judgment.

H arr ison  has used the b o n d -o rb i ta l  concept in  ra th e r  a d i f f e r e n t

33way to  in v e s t ig a te  su rface  re c o n s t ru c t io n  . By using a f u l l  h y b r id -  

o r b i t a l  basis se t  near the surface  and then re h y b r id iz in g  t h is  se t to  

form su rface  b o n d -o rb i ta ls ,  H arr ison is  ab le  to  compute a b ind ing  en­

ergy d i f fe re n c e  as a fu n c t io n  o f  su rface  atom p o s i t io n .  This use o f  

the  b o n d -o rb i ta l  concept a c tu a l ly  transcends the simple bu lk  model 

w i th  few parameters.

Whether o r  no t the bu lk  model may be used as i t  stands to  p re d ic t  

su rface  re la x a t io n  e f fe c ts  on the e le c t r o n ic  s t ru c tu re  by s im p ly  neg­

le c t in g  the bond in g -a n ti bonding p a r t  o f  the p e r tu rb a t io n  is  no t c le a r .  

I t  is  a lso  no t known a t  t h i s  t im e whether chem isorp tion  m ight be 

t re a te d  using on ly  a b o n d -o rb ita l  bas is  se t  i f ,  f o r  example, the one, 

im po rtan t absorbate energy le v e l l i e s  deep w i th in  the su b s tra te  valence 

bands.

The b o n d -o rb i ta l  p ic tu r e  o f  the GaAs (110) su rface  s ta te s  is  eas­

i l y  re la te d  to  a b a l l - a n d - s t ic k  model o f  the c ry s ta l  s t ru c tu r e .  This
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p ic tu re  is  poss ib le  because o f  the ro le  p layed by the f i l l e d  valence 

bands in  the c r y s ta l  bonding. This in t im a te  connection o f  the bond- 

o r b i t a l  s w i th  the valence bands is  in  tu rn  respons ib le  f o r  the f a i l u r e  

o f  the model to  c o r re la te  the p ro p e r t ie s  o f  the empty s ta te s .  T ig h t -  

b ind ing  models in  general do no t rep resen t the conduction bands very 

w e l l ,  and a f t e r  the bond ing-an tibond ing  in te r a c t io n  is  neg lec ted , 

the re  is  ve ry  l i t t l e  chance o f  rep resen t in g  the conduction bands in  

terms o f  an t ibond ing  o r b i t a l s o n l y ^ - ^ .

The r e s u l t s  obta ined using the model o f  Harr ison f o r  the z in c -  

blende semiconductors are encouraging, and i t  should be in te r e s t in g  to  

c rea te  a s im i la r  b o n d -o rb i ta l  f o r  o th e r  types o f  semiconductors and to  

use t h i s  model to  in v e s t ig a te  the su rface  e le c t r o n ic  p ro p e r t ie s .
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Bulk m a tr ix  elements o f  the b o n d -o rb ita l  model o f  H arr ison fo r  

z incb lende semiconductors are presented here.

1. < l , V r n V | H | l , m n >  = E ^ , ^ m ' m * n ' n  " A ‘m( 6n'n+i + * n 'n - i )

+ 5j i , Ji,̂ 6mlm- i5n l n+i + 6mlm- i6n l n+i ^

+ 5Jil£,-i5mlm -i6n,n+2 + 5jl, Ji+i5mlm+i6n ln-2^‘

2. <1,& m n |H|2,&mn> -  ~ B1 65- '5-61T1' m5n ' n " Bi S£ , s , + i 6m , m + i 5 n , n - 2 -

118

3. < l,A 'm 'n ' |H |3 ,A m n>  = "  B i ^ ' / r n ' m ^ ' n - i '

C ’ A
4. < l,% 'm 'n '|H |4 ,&m n> = "  Bi* A 'A *m 'm + i*n 'n - i

5. <2,& 'm 'n '|H |2 ,&m n> = l5S,'A ̂ rn'm5n 'n  ~ B4 -̂5Ji, 5 ,- i5m 'm - iSn , n+i

+ 5Jil s,+i6mlm+i5n , n - i  + lSmlm^65,, £ - i 5n , n+i + 6Ji, 2,+i6n , n - i  ^

+ 6$ , 'J i- i6mlm - i6n l n+2 + 6S,1 s,+i6mlm+i5n 1 n - 2  ̂*

6. <2,2 m n |H|3,2mn> Bi 6£,, 5,6m'm'Sn ,n " Bi (S£ , £ - i 6m,m - i6n 'n + i '

7. < 2 ,V m 'n '|H |4 , tm n >  = •

<3.* 'm'n'|*)|3>ann> = V * ' A ' m 6n'n " ^ f V A ' m ^ n ' n + i  + V n ' - i>  

+ ^2 ' 2+ i^ m 'm + i^ n 'n - i  + 52.l 2 - i 6m,m - i6n l n+i 

+ ^2 '2^n 'n (^m 'm + i + 6mlm - i^ "

8 .
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9. < 3 ,V m V |H |4 ,™ >  = 'r, " 6X ' A ' m +16n'n-

1°. <4 ,Vm 'n '|H |4 ,m n> = + 6n 'n - , )

+ 5Ji,^6mlm -i^6n l n + ^n'n+i^ +. 6mlm^6j i l Ji+ilSn l n - i + 6Jil Ji-I6I i1H+!

T r T
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M a tr ix  elements are presented f o r  the Ham ilton ian o f  Appendix A 

in  terms o f  la y e r  o r b i t a l s  b u i l t  on (110) planes.

1. = SbSm  - B4[<sm+2 + 6m _2)

+ (s2 + V s 2X s m rwS1 + SmntlZs1) ] .

2. < M H |2 ,n >  = -B^Smn - B \ w .

3. <1,m|H|3,n> = -B^Smn -  Bjsm w S1S2.

4. <1 ,m|H|4,n> = -B jsmn - Bjsm w S1Zs2 .

5. <2,m|H|2,n> = ^ s mn - Bt [(Sm w  + Sm J  

+ (s2 + V s 2X s 1Smntl + Smn^ Z s 1) ] .

6. <2,m|H|3,n> -  -B jsmn - Bjsm t l S1S2.

7. <2,m|H|4.n> = -B jsm  - Bjsm t l S1Zs2 .

8. <3,mjH|3,n> = EbSmn -  B4UsJ + V s J ) Sm  

+ ( S 1S2 -M Zs1S2X sm t l  + Sm w ) ] .

9. <3,n|H|4,n> = -B jsm  - Bjsm ZsJ.

TT
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10. <4,n|H|4,n> = eb6mn - + 1/s 2)6mn

+ (s i/s g  + S2Z s i) (6mn+1 + 5m n-i^ '
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The m a tr ix  elements requ ire d  in  the t h in  f i lm  c a lc u la t io n  are 

g iven here in  terms o f  the b u lk - to -s u r fa c e  coup ling  c o e f f i c ie n ts  l i s t e d  

in  the t e x t  and i l l u s t r a t e d  in  f ig u r e  14.

1 .

2 .

3.

4.

5.

6 .

7.

8 .

9.

10.

11.

12.

13.

14.

15.

16.

<01H |,2> = g4s i ( s 2 + l / s 2 ) 

<0|H|3> = g3SiS2 

<0|h|4> = ggSi/sg 

<01H15> = g3 

<01HI 6> = g4 

<1 IH12> = gj 

<11H13> = g i 

<1|H|4> = Qi

<1|H|5> = g2(s2 + l / s 2) / s i

<1|H|9> = g2

<4NIH|4N+1> = g3S2/s1

<4N-1|H|4N+1> = g3/ ( s 1s2)

<4N-3|H|4N+1> = g4(s2 + l / s 2) / s 1

<4N-6|H|4N+1> = g3

<4N-71H14N+1> = g4

<4n-21H14N> = gx



17. <4N-21H14N-1> = 9 l

18. <4N-31H14N-2> = Q1

19. <4N-10|H14N-2> = g2 

<4N-6|H|4N-2> = g2 (s2
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