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ABSTRACT

Working with high-dimensional data involves various statistical challenges. This
dissertation overviews a suite of tools and methods for dimension reduction, using latent-
variable models, techniques for mapping high-dimensional data, clustering, and working with
multivariate responses across a variety of use cases.

First, we propose and develop a method for classifying institutions of higher education
is and compare with the current standard for university classification: the Carnegie
(Classification. We present a classification tool based on Structural Equation Models that
better allows for modeling of correlated indices than the PCA-based methodology that
underlies the Carnegie Classification. Additionally, we create a Shiny-based web application
that allows for assessment of sensitivity to changes in the underlying characteristics of each
institution.

Second, we develop a novel methodology that extends the Cook’s Distance diagnostic for
identifying influential points in regression to a new application on high-dimensional mapping
tools. We highlight a PERMANOVA-based method for calculating the difference in the shape
of resulting ordinations based on inclusion/exclusion of points, similar in style to the influence
diagnostic Cook’s Distance for regression. We present a set simulation studies with several
mapping techniques and highlight where the method works well (Classical Multidimensional
Scaling) and where the methods appear to work less effectively (t-distributed Stochastic
Neighbor Embedding). Additionally, we examine several real data sets and assess the efficacy
of the diagnostic on thsoe data sets.

Finally, we introduce a new method for feature selection in a specific type of divisive
clustering, called monothetic clustering. Utilizing a penalized matrix decomposition to re-
weight the input data to the monothetic clustering algorithm allows for reduction in noise
features allows this clustering method to better make splits based on single features at a
time, leading to better cluster results. We present a method for tuning both the number of
clusters, K, and the degree of sparsity, s, as well as simulation studies that highlight the
efficacy of noise reduction in monothetic clustering solutions.
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CHAPTER ONE

INTRODUCTION

1.1 Noise And Signal Variables

A fundamental issue in statistics refers to the identification of the right data elements
in order to provide meaningful information to solve a problem. In many cases, lack of data
is not a problem; rather, too much data may be available. This happens in two ways: either
there are more features than necessary or the number of observations is large enough to be
computationally infeasible. In the former case, only some of the those features may be useful
for answering a statistical question or identifying structure in data; some “noise features”
may not contribute meaningful information to the problem of interest and may obscure those
features that do provide worthwhile signal. In the latter case, it may be useful to reduce the
dimensionality of the data to better identify meaningful, signal-bearing structure.

Nate Silver, in his book The Signal and the Noise, worded the distinction more
succinctly, noting that “the signal is the truth. The noise is what distracts us from the
truth” (2012). Our aim is to identify signal features and distinguish them from noise-bearing
features across a variety of different statistical problems pertaining to multivariate data.

Numerous methods have been developed to identify signal-bearing features across
different settings; however, they are not always used and many statistical learning techniques
do not take them into account. For instance, in many unsupervised problems, often an entire
set of data will be used to generate clusters without respect to whether or not the individual
variables specifically drive meaningful separation between observations. In high-dimensional

problems, it is often the case that only a select few features may drive meaningful signal—
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sometimes, this can be on the order of hundreds or thousands of noise features relative to
only a handful of signal-bearing ones.

This purpose of this work is to propose novel extensions to several different method-
ologies related to both feature selection and dimension reduction of multivariate or high-
dimensional data. This chapter overviews some of the important background information to
understand the existing literature and methodology that is extended in further chapters.
First, to motivate the problem posed in Chapter Two, relevant methods for dimension
reduction are discussed, including principal component analysis (PCA) and several latent-
variable methods. Second, to provide necessary background information for a map-based
influence diagnostic proposed in Chapter Three, we review methods for mapping high-
dimensional data into two or three-dimensional representations. Third, we discuss methods
for clustering data and outline a framework for feature selection across a broad range of
clustering methods in order to review background details for sparse monothetic clustering
proposed in Chapter Four. Finally, this chapter overviews a list of common data sets that

are used throughout this work.

1.2 Multivariate and High-Dimensional Data

One particular element of importance to this distribution is the distinction between data
that are considered “high dimensional” and data that are multivariate in nature. Typically,
multivariate data consist of a series of response variables that are simultaneously analyzed.
A subset of multivariate data is called high-dimensional if the number of features P is
particularly large, and can include data sets where the number of features is equal to or
exceeds the number of observations N, (i.e., P >> N). Throughout this dissertation, P will
refer to the number of features and N the number of observations in a data set.

One potential consequence of dealing with higher and higher dimensionality is that the

inclusion of various additional features (including potentially noise features) can actually



3

lead to a degradation of statistical methods’ performance or fit, known as the curse of
dimensionality (James et al., 2013). The more features are present in the data (i.e., larger
P), the more difficult it can be to estimate quantities—more data may actually degrade
performance/accuracy of methods. While the curse of dimensionality and the presence
of noise features are not identical problems, they are related, and solving the latter may
mitigate the effects of the former. Thus, one of the key themes of this dissertation is to
identify methods for reducing the presence and impact of potential noise features via multiple

methods and across various settings.

1.2.1 Dimensionality Reduction

A common method for dealing with multivariate data (and especially high-dimensional
data) is to reduce the number of features considered via a method that either re-parameterizes
the original variables or reduces the amount of multivariate responses into a more manageable
set. From this theme arises the concept of dimension reduction, whereby methods are used
to reduce the dimensionality of the data while also retaining as much of the information
contained therein as possible. Both Chapter Two and Chapter Three of this work pertain to
methods for dimension reduction. This section provides the relevant background necessary

to understand our proposed novel extensions to existing methodology.

1.2.2 Principal Component Analysis

Principal component analysis (PCA) was initially developed by Pearson (1901) and re-
developed independently by Hotelling (1933), and is one of the oldest statistical learning
techniques for multivariate data. Consider a set of quantitative variables X y.p =
[x1, X3, ..., xp|. Methods for dimension reduction such as PCA seek to reduce the number of
x; variables by creating a new set of variables, y1,¥s, ..., yg, that retain some or all of the
variation in the original P variables. In PCA, this is done via an eigenvalue decomposition

of either the correlation matrix or covariance matrix of the x’s. These new y variables, called
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principal components (PCs), are linear combinations of the z’s; further, they are ordered so
that the first new variable, y;, accounts for the most variation in the original variables and
Y2 accounts for the second most, orthogonal to yi, etc. (Everitt and Hothorn, 2011).

PCA by itself returns a set of re-parameterized features which can be expressed via
linear combinations of the original variables. Since the first of the new variables contain
information about much of the variation in the old variables, it is possible to use only a
subset of the first few y variables without losing much information about the variation in
the original z’s. In this way, often the first two or three (or ) features are used to describe
the entire set of features (of dimension P) where () < P.

PCA includes three pieces of information: the eigenvalues (variances), the eigenvectors
(loadings), and the scores of each observation on the new variables (PCs) created. The scores
are evaluated linear combinations of the original variables for each subject. The loadings are
the coefficient weights by which the original variables must be multiplied to obtain the PC

scores. Each of the new y features can be described as an equation, like the equation for y;:

Y1 = 1121 + Q1 2T2 + ...+ a1 pTp, (1].)

where xq,...,zp are the original P features combined with the (unstandardized) loadings
ap = 1, ..., a1 p that map to the PC scores. The eigenvalues define the variability associated
with each component generated.

Interpretation of PCA results is an important aspect of the method. The loadings,
aq, ..., 00, can be interpreted as weights applied to the original data in the direction of
highest variation; observed variables with the largest weight may be interpreted as the main
factors that drive high/low scores on the components to which they are related. Biplots
allow for easy visualization of the scores (typically in two dimensions) but simultaneously

illustrate the relative position of the original P features (Jolliffe, 2002).



1.2.3 Factor Analysis

Bollen (1989) describes latent variable models as unobserved or unmeasured variables
that are free from both random and systematic measurement errors. A related (but certainly
distinct) method for identying un-observed latent variables (or factors) in multivariate
data is called factor analysis (FA, overviewed in Everitt and Hothorn (2011)). Factor
analysis projects a set of multivariate (or high-dimensional) data into a smaller set of
unobserved latent traits in such a way that the covariance structure of the underlying
observed responses are well approximated by the model (Bollen, 1989). Factor analysis
comprises both exploratory factor analysis (EFA, initially developed by Spearman (1904)
and later by Gorsuch (1983)) and confirmatory factor analysis (CFA, see Brown (2006)).
The key difference between confirmatory and exploratory FA is how the methods are used.
Typically, with CFA models, a hypothesized model is being explicitly tested whereas with
EFA, potential relationships or factors are being investigated.

Jolliffe (2002) notes that motivating PCA as a special case of factor analysis is misguided
because PCA and FA are distinct techniques, for several reasons. First, FA is based on an
underlying, explicitly defined model linking the original x’s to the latent factors whereas PCA
does not rely on a model to estimate eigenvectors or scores. Additionally, PCA concerns itself
with the diagonal elements of the covariance matrix (the variances); FA is more concerned
with the off-diagonal entries (i.e., the covariances), and is typically used in settings where
the data are correlated.

Consider a set of P observed, also called manifest, variables, X = [z, ...,xp]. The FA
model can include a single factor (called the one-factor model) or many (1 < @ < P) factors,
and the baseline model can be viewed as a series of regressions linking the manifest variables

to the unobserved latent factors as:

X=Af+u, (1.2)



and

var(x) =X = AAT + 0, (1.3)

where A is the P x @ matrix of loadings (regression coefficients) that link f, the @ vector
of latent factors, and u is a P x 1 vector of disturbance terms (errors) that are assumed to
be uncorrelated with both each other and the latent factors, f.

In practice, the latent factors are assumed to have mean 0 and standard deviation 1.
The population covariance matrix ¥ is of dimension P x P and is estimated by the sample
covariance S. Everitt and Hothorn (2011) point out another key difference between EFA
and PCA, that the factor analysis model will return the same result when applied to either
the covariance matrix or the correlation matrix due to the scale invariance of the )-factor
model.

A key issue in EFA is to determine the optimal number of factors (). In EFA, there
may be marked differences in the values of the loadings between a solution with ¢Q = M
factors vs. a solution with ) = M +1 factors. This differs from PCA, where the values of the
loadings in the first retained PC’s will be the same regardless of the number of components
retained. As noted by Jolliffe, with too few factors there will be too many high loadings, and
with too many factors, factors may be fragmented and difficult to interpret (2002). There
are multiple ways to estimate factors, including maximum likelihood and principal factors,

among others (see Everitt and Hothorn (2011) for more information).

1.2.4 CFA and Path Analysis

Factor analysis models extend the idea of path analysis, by which a diagram that
describes the dependencies and relationships between manifest and latent variables can be
created. Path diagrams can be thought of as a graphical representation of a FA model.

Standard conventions of path diagrams are to have squares and rectangles denote manifest
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variables, circles and ovals denote latent variables including error terms, single-headed arrows
depict causal relationships between variables where the variable at the tail of the arrow is the
cause of the variable at the head of the arrow, double-headed arrows depict a feedback loop
or reciprocal relationship between two variables, and curved double-headed arrows depict
unanalyzed relationships between two variables (Bollen, 1989).

The lavaan R package vignette (see Roseel (2012)) contains an overview of several
latent variable models in detail. An example of factor analysis can be shown using a data
set that pertains to student attitudes on college campuses, which is a classical data set used
to overview SEM and factor analysis-related techniques.

A CFA model that is often proposed for these seven variables consists of two latent
factors, each with four indicators, can be represented using a path diagram. The factors
describe two types of scores generated by the test, including scores for a sense of belonging
and morale. Each of the latent factors is allowed to be correlated with the others, and each
factor is modeled as a function of either x1, ..., x4 for the “morale” factor or x4, ..., x7 for the
factor for “Sense of Belonging.” Figure 1.1 shows a path diagram for the two latent factors

mapped to the seven manifest variables, with the random errors omitted for clarity.

1.2.5 Structural Equation Modeling

EFA and CFA in particular represent only a small subset of a wider group of
latent variable models used for highly correlated data. Many of the developments on
FA-type models occurred in the social sciences (psychometrics and econometrics), with
the development of path analysis stemming from Spearman (1904) and, perhaps more
importantly, Wright (1954). These methods and uses are overviewed thoroughly in (Bollen,
1989). Structural equation modeling (SEM) was introduced in 1921 by geneticist Sewall
Wright (1921), and was more broadly popularized in the 1970s based on work done by Karl
Joreskog (1970, 1973, and 1978). CFA is a special case of a wider set of latent variable
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Figure 1.1: Example of path diagram on college student belonging data from Bollen (1989).
The circles represent latent (unobserved) factors whereas the squares represent observed
manifest variables. Error terms are excluded for clarity.

models called structural equation models (Bollen, 1989).

SEM is a statistical methodology that allows for the modeling of simultaneous equations,
the use of latent or unobserved variables, and the use of variables measured with error. A
typical SEM consists of two parts: the latent variable model which describes the relationships
among latent variables and the measurement model which relates the latent variables to their
indicators or items. The latent variable model encompasses the structural equations that
summarize the relationships between latent variables, and is sometimes referred to as the
“structural equation” or “causal model” (Bollen, 1989). Latent variables can be considered as
either exogenous, meaning that their causes lie outside the model, or endogenous, indicating
that they are determined by variables within the model. Exogenous variables are denoted
with £ and endogenous latent variables are denoted with 7.

Consider an m x 1 vector of latent endogenous random variables, n x 1 vector of latent
variables denoted £ to represent the n latent variables. The structural equation for the latent

variable model is defined as



n=Bn+T¢+(, (1.4)

where the expected value of the latent variables E((), E(n), and E(£) are all equal to 0 and
the latent errors in the structural equations ( are assumed to be uncorrelated with the latent
exogenous variables . Additionally, assumptions of constant variance (homoskedasticity)
and non-autocorrelation are made for €.

Hildreth (2013) notes that while one can posit relationships between latent factors,
they can only be tested if measures of the latent variables are collected such that these
observed variables are proxies of the latent variables. The measurement model does exactly
that—it includes structural equations that represent the relationship between the observed
(manifest) variables and the latent traits. The terms “manifest variables”, “measures”,
“indicators”, “observed variables”, and “proxies” are all used interchangeably and indicate
the observed variables (Bollen, 1989). SEM can be used for identifying causal relationships
in observational data; however, we do not explore that use in this dissertation. Rather, we
focus on SEM as a tool for identifying and measuring the relationships of latent unobserved
traits.

All SEMs in this dissertation were estimated using lavaan (Roseel, 2012) in the

statistical software package R (R Core Team, 2022).

1.2.6 Model Fit

Unlike PCA, SEM (and EFA/CFA) allows for modeling of correlated latent factors as
opposed to orthogonal ones created by PCA (or rotated PCA). SEM also includes a suite
of diagnostic tools that do not exist to assess the efficacy of PCA-based methods as well as
methods for estimation for SEMs when missing data are present.

Fit indices can be divided into two groups: absolute fit indices, which compare the

estimated model to the saturated model and incremental fit indices, which compare the
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estimated model to a baseline null model that typically assumes zero covariances among
the observed manifest variables. At a high level, incremental fit metrics generally represent
relative improvement compared to a “strawman” model whereas absolute fit indices more
directly compare the estimated sample covariance matrix, S, to the implied covariance
matrix, $(6).

Common absolute fit indices of interest to this dissertation include the goodness of fit
index (GFI, Joreskog and Sorbom (1982)) and root mean square error of approximation
(RMSEA, see Steiger (1990)), among others. For GFI, typical values range from 0 to 1,
and higher values indicate better absolute fit. By contrast, smaller values (i.e., below 0.05)
of RMSEA indicate that a greater proportion of sample covariances are explained by the
model. The Tucker Lewis index (Tucker, 1973), normed fit index (NFI, see Bentler (1980)),
and comparative fit index (CFI - see Bentler (1990)) are all incremental fit indices. For
each of these metrics, the values range from 0 to one with values closer to one indicating
a better fit than the baseline. Additional diagnostics for identifying influential or outlying
observations (as well as other assessments of residuals) in SEM were developed by Hildreth
(2013).

In some cases it is necessary to examine the values of the latent factor for each
observation, not unlike one might examine the predictions made from a regression model.
Because latent factors are unobserved by definition, these values must be estimated. This
is done by creating factor scores which can then be used in subsequent analyses (DiStefano
et al., 2009). Factor scores are computed using a weighted average of the items, with a
number of options available for weighting. The most common method used to estimate
factor scores is Bartlett’s method (Bartlett, 1937) as it leads to unbiased estimators of the
true factor scores. In subsequent analyses, we use the factor scores created using Bartlett’s

method.
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1.3 Mapping High-Dimensional Data

In addition to dimension reduction, it can be useful to create maps of high-dimensional
data projected into a lower-dimensional space (typically two or three dimensions), which
is also called ordination. In any such situation, collapsing a large number of dimensions
into a two-dimensional projection will lead to some information loss, but some methods can
preserve much of the important high-dimensional structure and retain that information in
the resulting map in a way that is easier for an end user to identify and assess. By visually
assessing the resulting (2-dimensional) ordination resulting from MDS, an observer should
be able to identify structure in the observations that would not be obvious when viewing
the data in their original multivariate form. Often, maps that are considered “good” will
illustrate structure that is present in the high dimensional data, like common groups or
large differences between data points that are different in some meaningful way. Often, the
rotation, or directions of variation, can be arbitrary in maps; however, in general, points
that are near each other can be construed as being similar, whereas points that are far apart
should be construed as different, generally.

Many of the most common methods for doing ordination or mapping are distance
based, meaning that they take into account some notion of dissimilarity or distance between
objects to generate lower-dimensional projections of high-dimensional data. Moreover, they
are dependent on the choice of distance used. In this work, we use Euclidean distance (so
results are primarily applicable for quantitative data).

Distance-based mapping methods create maps without the notion of a model or
likelihood for the observations. Model-based ordination/mapping methods, on the other
hand, consider both a model/likelihood and are a potential competitor for the distance-
based methods reviewed here (Stratton, 2022). Model-based ordination seeks to replace

algorithm-based techniques discussed below with Bayesian mixture models or latent variable



12

models that allow for estimation of an underlying model to drive the resulting ordination (Hui
et al., 2015). These methods can be extended to create a single-step dimension-reduction
and clustering solution (Stratton, 2022). This dissertation is concerned primarily with
implementation of distance-based methods for clustering and ordination; however, many
of the themes explored in this dissertation are relevant in a model-based setting as well, and

extensions to such a setting would be an interesting avenue for future research.

1.3.1 PCA for Dimension Reduction

As described in Section 1.2.2, PCA provides a baseline tool for creating maps of data
embedded in two or more dimensions using eigen decompositions of Var(X). To create a
lower-dimensional mapping, one can take the first two PCs and plot them against each other;
however, using PCA is not as flexible as those mentioned below, particularly when the data
structures are non-linear or contain clusters or groups, or if non-Euclidean distances are of

interest.

1.3.2 Multidimensional Scaling

A seminal tool for creating ordinations from high-dimensional data, classical multi-
dimensional scaling (MDS, see (Borg and Groenen, 1997)) seeks to analyze similarity or
dissimilarity between observations as distances in space. Borg and Groenen (1997) note that
MDS has four potential uses: 1) exploratory analysis of data, 2) testing structural hypotheses,
3) as a model in psychological research, and 4) as a model for similarity judgements.
Interestingly, the latter three uses are not dissimilar from the previously discussed uses for
latent variable models like factor analysis and structural equation models; however, for the
purposes of this dissertation, we focus on the former exploratory purpose of multidimensional

scaling and related methods.
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1.3.3 Classical MDS

Classical MDS was initially developed by Torgerson (1952) and is closely related to PCA
and in some cases can lead to equivalent maps (Gower, 1966). Classical MDS takes as input
a distance or dissimilarity matrix representing the distance between pairs of observations and
returns locations for points in some selected lower dimensional space, or map. This distance
does not have to be Euclidean (although it often is). Classical MDS returns maps of points
that are interpreted in a Euclidean space; in general, the more dissimilar two observations
are in the high-dimensional space, the farther apart they should be in the resulting lower-
dimensional ordination.

Consider a multivariate data set X yxp where N is the number of observations and
P is the number of features. For distinct pairs of points, z;, and x;, define d;,» as the
interpoint distance or dissimilarity between the x; and z;;. Multidimensional scaling attempts

to minimize a metric called “Stress” or a discrepancy function which is defined as

SM(.CEl,.’I?Q, ...,.’EN) = Z(di’i/ — sz — Zi/H)Z, (15)
£

where z;, zy refer to the i and i'** datapoints in the lower-dimensional representation and
||zi — zi|| are approximations of the original dissimilarities in the map space using Euclidean
distance. The singular value decomposition (SVD) of the matrix related to D is used to
solve this problem, further reinforcing ties to PCA, which also can use the SVD to estimate
PCs (among other methods). Specifically, classical MDS can be expressed equivalently as
principal component analysis when the original distances are Euclidean and variables are
scaled equivalently (Everitt and Hothorn, 2008). However, classical MDS is more generally

applicable because it can be applied to any distance/dissimilarity matrix.
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1.3.4 Sammon Mapping and Non-Metric MDS

Various alternatives or improvements to MDS have been developed since classical
MDS was proposed and developed in the 1950s. Several such variations are non-metric,
meaning that rather than representing the actual distances (or parametric functions of
those distances), they retain information about the ordinal ranks of the dissimilarities
(Borg and Groenen, 1997). Such non-metric MDS methods rely on the calculation of a
different objective function, also called a Stress metric, and relax assumptions to varying
degrees about the relationshps of the true high-dimensional distances and their lower-order
approximations (Cox and Cox, 2008). Kruskal’s non-metric MDS, also known as isoMDS,

utilizes the following stress function,

dv— 2 — 2
Stress:\/z ”ZCU;’ zll (1.6)

where d;  defines the interpoint distances and ||z; — zy|| is the position of the points in the
map that reduce Stress under the constraint that the rank orders of the points remain the
same both in the ordination and the high-dimensional space (Kruskal, 1964).

Sammon mapping is a non-linear method that extends classical MDS to scale the
stress metric by the pairwise distances d;;, attempting to better maintain local structure
by equalizing the impact of large and small distances (Sammon, 1969). This method further
improves on classical MDS in various ways. The objective function for Sammon mapping is
defined for the function ¢(Z) which is referred to as either Sammon’s Stress or Sammon’s

Error and takes the form

L1 @l
Zi,i’ di,i’ - di,i’ ’

%

¢(Z2) (1.7)

Ith

where z; and z; are the i"" and i’ points in the lower-dimensional representation and d;

represents the dissimilarity between points x; and z; in the high-dimensional space.
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In most implementations of classical MDS, Sammon mapping, and isoMDS, an iterative
algorithm (like gradient descent) is used to optimize the STRESS metric for each non-
metric mapping technique. Because both isoMDS and Sammon mapping are initialized
with classical MDS, the maps may not look substantively different from maps produced by
classical MDS. For instance, in Figure 1.2, the maps produced by each of the three methods
on Cerebro-spinal fluid (CSF) proteomics data are nearly identical. Data on N = 225 and
P = 22 from Barbour et al. (2017) contain ratios of (originally 1128) proteins identified in
development of a classifier for disease status. Values are log-transformed and standardized
and are colored by disease status. In all panels there is some overlap for the groups in two

dimensions, but the Sammon map shows the least overlap between the groups in 2-D.

1.3.5 t-Distributed Stochastic Neighbor Embedding

A more recent method for doing high-dimensional data visualization is t-Distributed
Stochastic Neighbor Embedding (t-SNE, Van Der Maaten and Hinton (2008)). t-SNE has
become one of the more popular methods for visualizing high dimensional data in recent
years; as of January 2022, the original paper on t-SNE has been cited more than 21,000
times on Google Scholar, in use cases ranging from biology (Amir et al., 2013) to economics
(Greengard et al., 2020) to natural language processing and machine learning (Liu et al.,
2018). t-SNE is an improvement on a method known as Stochastic Neighbor Embedding
(SNE) proposed by Hinton and Roweis which was intended to better preserve neighborhood
information in the low-dimensional representation in such a way that each high-dimensional
object could be associated with more than one location in the low-dimensional space (2002).
Unlike MDS and related methods, SNE (and t-SNE) is based on a probabilistic formulation:
Each object x; in the high-dimensional space has some probability of picking object x; as
a neighbor, and typically, objects that are closer in the high-dimensional space have higher

probabilities. Similarly, points z; and z; in the lower-dimensional representation can be
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Figure 1.2: Maps produced from classical MDS in Panel (a), isoMDS in Panel (b), and
Sammon mapping in Panel (c) are very similar on the CSF data set, but have some scaling
differences and do appear to separate groups out slightly differently. HD stands for “Healthy
Donor”, OIND is “Other Inflammatory Neurological Disorder”, NIND is “Non-Inflammatory
Neurological Disorder”, RR-MS is “Relapsing-Remitting Multiple Sclerosis (MS)”, PP-MS
is “Primary Progressive MS”, and SP-MS is “Secondary-Progressive MS”.
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modeled with probabilities of choosing each other as a neighbor.

The first, called p;;, is a conditional probability based on the Euclidean distance
between pairs of points z; and z; in the high-dimensional space. In the lower-dimensional
representation (the map), this similarity is defined as ¢; . For object i in the high-
dimensional space P, this probability is symmetricized, so the probability p;, that

observation i would pick ¢ as its neighbor is given as:

exp(—d;;)
Diir = : :
Zz‘;ﬁk exp(—d3,)

The dissimilarities, d?,, may be based on symmetric or asymmetric measures of distance,

(1.8)

and are not necessarily restricted to be Euclidean (although that is mostly what this work

will explore). However, if the distance is Euclidean, then the dfﬂ-, takes the form

B, T 2 )
207

(1.9)

with o; being the variance of the Normal distribution centered on high-dimensional data
point x;. In the low-dimensional representation, ¢, the induced probability that point z;

picks point z; as its neighbor is:

_exp(—|lz — =[]
6,43 — .
Zk;éi exp(—||zi — 2| [?)

(1.10)

The probability distribution used both by p; » and ¢; »» is symmetric in t-SNE but asymmetric
in SNE, and in the latter case we adopt a notation of p; to denote the asymetric probability

of the 7" object choosing the i*" object as a neighbor in asymmetric SNE. In SNE, this
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joint probability is represented by a Gaussian distribution (Hinton and Roweis, 2002).
Alternatively, in t-SNE, the distribution is represented by a heavier-tailed t-distribution
with one degree of freedom (a Cauchy distribution) (Van Der Maaten and Hinton, 2008).
The sole tuning parameter for SNE (and t-SNE) is called perplexity. Perplexity can be
construed as the effective number of local neighbors for each observation. SNE performs a
binary search for the value of o; that produces a P; with a fixed perplexity that is specified

by the user as a tuning parameter. Perplexity is more formally defined as

Perplexity(P;) = 2HF), (1.11)

where H(P;) is the Shannon Entropy of P;, defined as

H(P;) = =¥p; #loga(pi)- (1.12)

In general, the goal of the cost function is to make the representation look like the
original high-dimensional data, so a good map should result when p; ;» and ¢, + look reasonably
similar to each other. Since these are both joint probability distributions, the objective
function of t-SNE is a symmetricized Kullbeck-Leibler divergence between the two, defined

as

Cost = ZZpi,i/log(%), (1.13)

with the p; s and ¢;; referring to the high and low-dimensional spaces, respectively. t-
SNE’s use of the symmetricized Kullbeck-Leibler divergence is an improvement over the
original implementation of SNE, which uses the non-symmetric KL divergence in its cost
function. Some recent work has focused on alternatives to the KL divergence and found

that alternative divergence measures, such as Jensen-Shannon, or Chi-Squared divergence
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methods, can recover certain types of structure more appropriately (Im et al., 2018). While
the work presented here does not explore the impact of choice of divergence used in t-SNE,
the impact of alternative divergence measures on resulting t-SNE maps across a variety of
data structures and potential types of influential points could be interesting.

t-SNE’s (and SNE’s) cost function focuses on retaining the local structure of the data in
the map, leveraging normal distributions in both the lower and high-dimensional similarity
metrics. t-SNE instead uses the t-distribution with one degree of freedom (also known as
a Cauchy distribution) to model the lower-dimensional probabilities to alleviate a problem
called the “crowding problem” (Van Der Maaten and Hinton, 2008) where the 2-dimensional
map cannot accommodate many close neighbors in high dimensions and preserve them in
the resulting map (Van Der Maaten and Hinton, 2012). By utilizing a t-distribution for
the g; 7, t-SNE better preserves the local structure of the data. Most of the minimization
of objective functions is done via gradient descent (and some methods require simulated
annealing because the algorithm can get caught in local optima). Critically, because the
optimization is non-convex, and as a consequence of the gradient descent methods used to
optimize it, it is common for t-SNE to generate different maps when run on the same data
at the same perplexity for different random initializations. Moreover, the t-SNE maps do
not appear to place points with higher cost either near the center nor the periphery of the
plot consistently. Figure 1.3 shows a t-SNE map created from data on CSF measurements
taken on a group of patients from Barbour et al. (2017). There appears to be no discernible
pattern between relative cost and position in the ordination even though the t-SNE map
appears to do a reasonable job of sorting patients into a gradient that differs to some degree
based their diagnoses.

While t-SNE is a more complex method than MDS (or related techniques), it does
share a connection to PCA. In the R implementation of t-SNE, the Rtsne package of Krijthe

(2015) is subject to a pre-processing step involving PCA called “whitening” the data. To
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Figure 1.3: t-SNE on CSF proteomics data from Barbour et al. (2017) with data points
sized by relative cost to the t-SNE algorithm (perplexity of 30) and colored based on patient
diagnosis.
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reduce the dimensionality prior to actually performing t-SNE PCA is performed on the
initial data set (or potentially an MDS on the input distance matrix if used, although most
implementations appear to do this only when the original data are available). For instance,
in Van der Maaten’s initial paper, several examples reduced the initial dimensionality of the
data to 30 for computational gains (2008).

Depending on the size of the initial dimensionality of the data, this step may drastically
reduce the number of dimensions that t-SNE needs to deal with. However, it has some
potential to impact the resulting ordination, particularly if the number of initial dimensions
kept is relatively low or PCA drops important variability in the original data set. At best,
the t-SNE mapping is only as good as the initial PCA is. Campbell et al. (2019) explored
methods other than PCA as an intermediate dimensionality reduction step going into the
t-SNE procedure. They compared PCA, Independent Component Analysis (ICA), Linear
Discriminant Analysis (LDA), Sammon mapping, and Locally Linear Embedding (LLA) as
preliminary steps in t-SNE and found that resulting maps tended to form different groupings
with variation in separation based on the initial step. While we did not consider assessing
the impact of different intermediate dimensionality reduction techniques in this analysis, it

does present an interesting route for additional research.

1.3.6 Understanding Perplexity

Because of the complex nature of how it is derived, perplexity can be a bit difficult to
understand; however, because it is user defined, it is easy to set and illustrate differences
across runs. Because perplexity can be interpreted as a smooth measure of the effective
number of neighbors (Van Der Maaten and Hinton, 2008), it makes sense that at pathological
endpoints, a perplexity that is too small will lead to a map that has too many tightly clustered
groups of disconnected observations, and a perplexity value that is too high will lead to a

map that does not identify distinct differences between real groups in the data.
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CSF Data with Different Perplexities
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Figure 1.4: t-SNE maps show different shapes and groupings at different levels of perplexity
for CSF proteomics data, ranging from a perplexity of one in the top-left panel down to
a perplexity of 100 at the bottom-right panel. Perplexity can be roughly thought of as a
number of neighbors that an object might have.

Van der Maaten and Hinton state that “the performance of SNE [and in turn t-SNE]
is fairly robust to changes in perplexity” (2008); however, Anacker (2019) shows that this is
not always the case. An example of drastic changes in the resulting ordination can be seen
in the example in Figure 1.4.

Additionally, demonstrating the dependency of the resulting map the random seed, the
maps can actually differ quite clearly across runs based on the same perplexity choice. In
search of finding an optimal perplexity value, it is not simply sufficient to compare cost
function values as each run will optimize at a different cost function, and smaller cost
functions do not clearly relate to “better” maps in our explorations. Figure 1.5 shows
the KL divergence as a function of perplexity, both across perplexity values and repeated 10

times per perplexity value. The KL cost increases initially, and then decreases as perplexity
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Figure 1.5: t-SNE cost function based on KL divergence decreases as a function of perplexity,
run on the CSF data set, with 10 runs per perplexity value shown. KL cost decreases as the
perplexity values increase.

increases, in part because the maps at higher perplexities tend to group points closer together,
reducing the value of the cost function (see Anacker (2019) and Oskolkov (2019) for more
detail).

Van der Maaten and Hinton provide guidelines that suggest the optimal perplexity
parameter will generally be between 5 and 50 depending on the size of the data (Van
Der Maaten and Hinton, 2008). Anacker (2019) notes that, after exploration of different
perplexity choices, identifying an optimal value could be as simple and unsatisfying as a

game of guess and check.

1.3.7 Minimum Spanning Trees

We propose adding information to maps that relates the map to nearest neighbors of

observations in the original data when building t-SNE maps using a minimum spanning tree
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(MST, see Everitt and Hothorn (2008)). A MST is the collection of edges between points
such that the cumulative length of all the edges is minimized, and we create MSTs using
the R package ape (Paradis and Schliep, 2019). The MST provides a “ground truth” of
sorts that allows a user to check how closely the grouping of points in the lower dimensional
space matches the grouping in the high-dimensional space. In some cases, t-SNE will place
observations that appear to be similar in opposite positions in a map. Different points may
exhibit close or far mappings that do not match the original distances across different map
runs, even when the perplexity is held constant.

In theory, the MST could also inform how accurately the map is reflecting true distances.
A measure of average pairwise line segment length in the map for the MST could be used
to quantify how close true neighboring points are placed to each other. Analysis of mean,
median, and total MST line segments found that these metrics tend to follow the same
pattern as the cost function—they decrease as perplexity is increased because at larger
perplexities, line segments get shorter as points get pushed closer and closer together. Thus,
the MST does not help a user choose the optimal map but can help provide information
on distortions in the lower dimensional space compared to the higher-dimensional starting
point. The MST overlay procedure is useful for all maps created, not just those created with
t-SNE, as any mapping technique has the potential to display misleading configurations of

points.

1.3.8 Best Practices For t-SNE

Because of the nature of how t-SNE works, it can produce visually and sometimes
substantively different maps across different runs. It is therefore important to use the maps
produced by the method with great care. As such, we suggest a number of “best practices”
when building t-SNE maps to both validate and check the consistency of the ordinations

produced by t-SNE at a given perplexity. Those include the following:
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1. Utilize Minimum Spanning Trees to display nearest neighbors from the original data,

2. Set a random seed to ensure replicability of a given result,

3. Run maps multiple times to assess consistency of resulting geometries at a given

perplexity.

1.4 Introduction to Clustering

One reason to perform dimensionality reduction of multivariate or high-dimensional
data is to cluster data into groups of similar observations. Clustering, which Kaufman
and Rousseeuw define as “the art of finding groups in data” (1990), is a commonly used
unsupervised technique, meaning that groups are not known a prior: nor is there a “ground
truth” with which to compare clusters. In more technical terms, clustering is done so that
the observations within clusters are similar to each other, meaning that the dissimilarity
between objects in the same cluster should be minimized compared to the between cluster
dissimilarity. That is, objects in the same cluster are similar to each other; objects in different
clusters are meaningfully different from each other. This section presents an overview of
commonly-used methods for clustering that set the stage for our novel implementation of
clustering methods discussed in Chapter Two and a novel methodology for clustering outlined

in Chapter Four.

1.4.1 Clustering Methods

There are a variety of methods for clustering data (see Everitt and Hothorn (2011) as an
example). Several such methods are of interest to the work presented in this dissertation. K-
means clustering (and related techniques) are commonly used methods for clustering that can
take as input various numeric data features. Hierarchical clustering methods take a distance

or dissimilarity matrix as input. Probabilistic methods like model-based clustering methods
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assume that the clusters are realizations of an underling model that can be estimated and
thus try to estimate the underlying latent model that generates the clusters. This section
overviews each of the relevant methods for clustering in detail.

Irrespective of the method, the fundamental clustering problem can be posed as follows.
Consider a set of observations X such that x; ; is the i observation of variable j, j = 1, ..., P,
where P is the number of features in the data and ¢ =1, ..., N with N being to the number
of observations in the data. The goal of a cluster analysis is to partition the data into
Cy,Cs, ...,Cx where K is the total number of clusters and the k™ cluster is denoted by
Ck. Each clustering technique solves the partitioning in a different way but will result in a
choice of K as well as class/cluster labels C1, ..., Ck for each of the observations in the data.
In most cases, cluster solutions will produce a hard partitioning so an object is assigned
membership in cluster C; however, soft clustering (like some of the model-based methods
discussed in Section 1.4.5) produces instead a probablistic degree of membership 7, to each
of the clusters (k) for every i. Observations are assigned to the cluster to which they are

most likely to belong.

1.4.2 Hierarchical Clustering

Hierarchical clustering methods take as input either a distance matrix or a dissimilarity
matrix. Distances are non-negative measures of heterogeneity between objects ¢ and i’ that
must satisfy four requirements: 1) they must be non-negative (i.e., d; » > 0), 2) the distance
between and object and itself must be equal to 0 (i.e., d;; = 0), 3) they must be symmetric
(i.e., d;ys = dy;), and 4) they must follow the triangle inequality (i.e., for objects 4, i, and h,
d; v < d; p,+dp,). Dissimilarities, on the other hand, are non-negative numbers d; ; such that
when objects i and i’ are close together, d;; is small and inversely large when those objects

are far apart (see (Kaufman and Rousseeuw, 1990)). Dissimilarities need not satisfy all the

mathematical requirements of being a distance metric. Distance or dissimilarity matrices
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are N x N matrices of differences of d;;/, denoted here as D.
Euclidean Distance (2 norm) is the main focus in this work, and is defined in Equation
1.14 and calculated as the square root of the sum of squared differences across features, as

described by

dEuc(ia ’L,) = \/Z(ZEZJ — Ii/,j)Q. (114)

A hierarchical clustering solution takes this dissimilarity /distance matrix D and
recursively produces partitions of the data to generate a hierarchy of splits that run from a
single “cluster” containing all of the objects in the data to a set of NV singleton clusters or
vice-versa (Everitt and Hothorn, 2011). Two types of hierarchical clustering are possible:
Agglomerative and Divisive. A graphic description summarizing the general concepts of
agglomerative and divisive methods can be found in Figure 1.6. Agglomerative clustering
methods start with the N singleton cluster case and successively fuses the N individuals
into groups. The hclust function in R performs agglomerative clustering with the choice
of various different linkages (discussed later). Another option is the agglomerative nesting
algorithm (AGNES, see Kaufman and Rousseeuw (1990)). Divisive methods do the exact
opposite—they start with a single cluster containing all the data and successively partition
that cluster into multiple smaller groups. One of the main implementations of a recursive,
divisive clustering algorithm is divisive analysis clustering (DIANA), also overviewed by
Kaufman and Rousseeuw (1990).

In either case, the fusions/partitions are irreversible; in an agglomerative clustering
case, once two objects are placed in the same cluster C} they cannot be split apart in a
subsequent step (and vice-versa for divisive clustering).

Hierarchical clustering depends on a choice of linkage which is critical for using the

chosen distance/dissimilarity metric for defining the distance between clusters. Several
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Figure 1.6: Algorithms for Agglomerative and Divisive Hierarchical clustering illustrate
the Divisive methods, which start with a single cluster and make recursive partitions until
the data are separated into N singleton clusters, and Agglomerative methods, which fuse
observations, starting from N singleton clusters and culminate in a single cluster containing
all the observations.
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choices of linkages are possible, with some of the most common being complete linkage, single
linkage, average linkage, and Ward’s method, which are discussed in Everitt and Hothorn
(2011). Single and complete linkages use relatively simple measures of inter-group distance
between groups A and B, D g, as either the minimum (for single linkage) or maximum (for
complete) of distances between individual observations in two clusters.

Ward’s (1963) criterion, called inertia and denoted I(C}), for combining two clusters is
based on minimizing the change in total within-cluster sums of squared distances in order
to create homogeneous groups (see Hérdle and Simar (2019) and Murtagh and Legendre
(2014)). It poses the linkage problem in an analogous way as the within-cluster sum of

squares in K -means clustering. Ward’s criterion is calculated as

I(Cy) = ) dielwi Tc,), (1.15)

i€Cy
where Z¢, refers to the “center of gravity” or multivariate mean of cluster K and d3,,.(z;, Tc, )
is the squared total difference between each observation and the cluster mean.

Figure 1.7 provides a comparison of three linkage methods used in hierarchical
clustering, showing both the dendrograms produced and the resulting clusters for three
methods based on the Palmer penguin data (Horst et al., 2020). The data used in this
example are scaled penguin bill and flipper lengths, based on Euclidean distances. Three
clusters were chosen to align with the number of penguin species in the data (Adelie,
Chinstrap, and Gentoo). The species are generally separated when split by bill length
and flipper length, but each of the linkages result in different clusters; the single linkage
clustering solution puts nearly all the penguins into a two clusters whereas the complete
linkage and Ward’s method tend to create clusters that align more closely with the species

labels (despite some overlap).
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1.4.3 Monothetic Clustering

Monothetic clustering (Sneath and Sokal, 1973) differs from the previously discussed
“polythetic” hierarchical clustering methods in that it makes decisions based on a single
property at a time; resulting clusters thus share a set of characteristics rather than simply
being “similar” on average based on a dissimilarity metric that may take several features into
account, leaving some subjects in the same cluster that share no charactersistics in common.
This “shared characteristic” property of monothetic clustering means that the resulting
clusters are easier to interpret, generally, than those created by other hierarchical clustering
methods. Methods for doing monothetic clustering are overviewed in Tran (2019) and are
implemented in the R packages monoClust (Tran et al., 2022) and Divclust (Chavent et al.,
2007).

Monothetic clustering methods first arose in the case of multivariate binary data
(Williams and Lambert, 1959) and have since been known as descendant conceptual
clustering methods (Michalski et al., 1981). A method for monothetic clustering, inspired
partly by the classification and regression trees of Brieman et al. (1984), was developed
by Chavent (1998). The algorithm performs both a hierarchy of a set of objects (a
recursive clustering) as well as a monothetic characterization of each cluster (i.e., a common,
interpretable characteristic (or set of characteristics) for each group).

A global criterion, called inertia, which is defined as the total variability around the
cluster centroid, can be used as a target for a monothetic clustering algorithm that iteratively
searches for optimal splits from each multivariate response (feature).

Let N be the number of objects in a set ). Each object is described on P features,
x1,...,xp, which are weighted equally (although note that this need not be the case, indeed
the interest of Chapter Four of this dissertation is to reweight the features in a data-driven

fashion). The inertia, denoted I(Cy), is a measure of homogeneity within a cluster defined
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as

1C) =~ S @), (1.16)

K i eCh,ii!

where ny, is the cardinality (i.e., the number of unique observations) in cluster Cy. Note that
minimizing the within-cluster inertia of a partition (i.e., the similarity of objects within each
cluster) is equivalent to maximizing the between-cluster inertia (the dis-similarity of objects
in separate clusters)—this theme of monothetic clustering means that the method is similar
in its goal to both K-means/medoids clustering as well as hierarchical clustering with Ward’s
method as the selected linkage. When the chosen dissimilarity metric is Euclidean distance,
the inertia for cluster Cy is equivalent to /(C}) in Ward’s method as noted in Equation 1.15.

A binary split, s(Cy), on a given cluster Cj will result in a partition of the original
cluster into two smaller clusters, Cy; and Cyr (L and R refer to ‘left’ and ‘right’ in the

dendrogram produced). The inertia decrease before and after the partition is defined as

A(s, Cr) = I(Cy) — I(Cyr) — I(Cyr), (1.17)

and the optimal split, s*(C%), is the one that maximizes this decrease in inertia. Then,

s*(Ck) is defined as

s*(Cy) = argmaxsA(s, Cy). (1.18)

Figure 1.8 shows the results from a monothetic clustering on two scaled dimensions
of the Palmer penguin data set, flipper length and bill length. The first split is on flipper
length, with the second split on bill length as shown in the tree diagram in Panel (a) of
1.8). Panel (b) shows the resulting clusters with the splits shown by dotted lines. Each
penguin assigned to a cluster shares a common characteristic: Cluster One includes all the

penguins with large flipper lengths (> 206.5 mm, after un-scaling), Cluster Two penguins
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Monothetic Cluster Results

Monothetic Splits
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Figure 1.8: Plot of monothetic bipartitions made to the Palmer penguins data set. Splits
are made on flipper length only and bill length, shown in the tree diagram in Panel (a) and
resulting horizontal /vertical splits in Panel (b) showing the resulting clusters. The clusters
closely align with the species labels in the plot based on bill lengths and flipper lengths.

have smaller flipper lengths and below-average bill lengths (< 43.25 mm, after un-scaling),
and Cluster Three penguins have smaller flipper lengths but larger bill lengths (> 43.25
mm, after un-scaling). Note that this differs from the polythetic hierarchical clusterings in
Figure 1.7, which partition the data based on both features simultaneously and thus provide
harder-to-interpret groups.

Various simulation studies have been performed on the monothetic clustering method
proposed by Chavent (1998) as well comparisons to other clustering methods (see Chavent
et al. (2007), Chavent, Lechevallier, Vernier, and Petit (Chavent et al.), and Chavent et al.
(2019)). Comparing across simulated data sets as well as six real data sets, they found that
the monothetic clustering algorithm outperformed K-means and Ward’s methods in making
correct classifications when the number of clusters was small. Additionally, in the case
of numerical data sets, monothetic clustering outperformed the other methods when data
volumes were higher. Tran (2019) additionally extended the method to implementations on
both circular variables and the aforementioned functional data settings, as well as proposing a

hybrid hypothesis testing and criterion-based method for determining the number of clusters
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to use in MC.

1.4.4 K-means Clustering

Unlike Hierarchical clustering, K-means clustering performs a flat clustering, meaning
that clusters cannot be further partitioned into sub-clusters by the same method. The K-
means algorithm for a K-group cluster analysis was presented initially by MacQueen (1967).
It involves starting with an initial set of cluster centers placed arbitrarily (these are sometimes
also called “centroids”), and then the cluster centroids and cluster membership are iteratively
updated until convergence. These cluster centers can then be used to describe the nature of
the objects in each of the clusters. K-means seeks to identify a partition of the data that
minimizes the within-group sum of squares (WGSS) across all the variables considered for
a given choice of K—in this sense, it is similar to Ward’s Method in hierarchical clustering
as well as to Monothetic Clustering’s inertia-based framework, although those produce all
of the K-cluster solutions, instead of just K.

Kaufman and Rousseauw (1990) suggest an alternative to using cluster centroids, which
is to use actual observations from the clusters as representatives, which are referred to as
exemplars or medoids. This gives rise to a technique that is similar in nature to K-means,
but is called K-Medoids or Partitioning around Medoids (PAM) clustering since it instead
relies on assignment of observations to nearest medoids in the P-dimensional clustering
space. K-Medoids is suggested to be more robust with respect to the inclusion of outliers
than K-means (Kaufman and Rousseeuw, 1990) and can be applied to distance/dissimilarity

matrices, D, or directly to the original data, X (see Steinley (2015)).

1.4.5 Model-Based Clustering

Model-based, probabilistic clustering methods provide both a hard clustering based
on an assigned cluster label, C, as well as measures of cluster membership that can be

interpreted probabilistically. Mixture modeling, or latent-variable modeling, assumes an
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Figure 1.9: Example of K-means clustering on Palmer penguin data with three reasonably
well-separated groups.
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underlying model that generates the clusters and attempts to estimate the unobserved, or
latent, model. The “subpopulation” can be defined as a latent categorical variable and the
latent classes are described by the different components of the mixture density (Everitt and
Hothorn, 2011).

In general, the basic idea for finite mixture modeling is to define the overall density of

the N observations of the P-dimensional multivariate data set Xp as the product

flay,apl) = ] mif(xil6), (1.19)

j=1 i=1
where 7; refers to the mixing proportions across K clusters and sum to 1, f;(x) is the density
of the " cluster, and 6 is a vector of multivariate parameters used to define the specific
mixture for each of the P features. The densities are estimated based on the observations
assigned to each cluster, C}, and the method seeks to define cluster memberships of the N
observed objects across the P features (Fraley and Raftery, 2002). Chapter Two focuses
on the univariate application of model-based clustering, but the idea can be extended to
multivariate clustering problems as well.

In both the univariate and multivariate cases, the EM algorithm is used to iteratively
search for an optimal cluster allocation, and given a specific allocation, estimate the mean,
variance, covariance, and mixing proportions for each of the differing K clusters. The process
results in optimal choices of cluster assignments and densities of clusters for a given choice of
K (a flat cluster result like K-means) and whether variances/covariances are assumed to be
the same or different across the clusters. More detailed discussion is given in Banfield and
Raftery (1993), Fraley and Raftery (2002), and the R package mclust (Fraley et al., 2012).

Because the cluster solution is based on an underlying model, information-theoretic
metrics can be used to determine both the optimal number of clusters as well as the correct

variance structure (i.e., different variances or the same, and various other related structures).
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Model-Based Clustering on Palmer Penguin Data
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Figure 1.10: Results from model-based clustering of Palmer penguin data set, including BIC
results shown in Panel (a), assigned clusters in Panel (b). Multivariate cluster uncertainties
in Panel (c), with larger circles representing higher estimated probabilities of belonging to
another cluster.

Metrics such as Bayesian information criterion (BIC) can be utilized—in this case, larger BIC
values indicate more evidence to support a given model vs. the others. Finally, estimates
of cluster uncertainty are available as output from model-based clustering, meaning that
model-based clustering can provide a soft clustering solution as well as a hard clustering
one.

Figure 1.10 shows the results of model-based clustering on the Palmer penguin data
used earlier. Panel (a) shows the BIC selection for various different types of mixture models
considered, which range in complexity from spherical with equal variance to more complex
and varying ellipses with varying size, shape, and orientation (Scrucca et al., 2016). In this

case, the top BIC-selected model had ellipsoidal shape, equal volume and equal orientation
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for the clusters with K = 3; assigned clusters are visualized as in Panel (b) of Figure 1.10
and cluster uncertainty (which is higher near the cluster boundaries) is in Panel (c) of Figure

1.10.

1.4.6 Picking the Number of Clusters

In most clustering problems, methods require a choice of the number of clusters K. The
number of clusters relates to the implied complexity of the data set and the interpretation
of the resulting clusters. Even in the case of hierarchical clustering methods, a specific
clustering is the resulting partition obtained by cutting the tree at a specific level. Generally,
a solution where there are too few clusters present is too simplistic (i.e., it combines unlike
observations into groups) whereas a solution that has too many clusters is too complex (i.e.,
it splits like observations into different groups). The topic of cluster validation is therefore
a critical component of cluster analysis as it focuses on defining the right number of clusters
K (Hennig, Christian; Meila, 2015). Indeed, in some cases, this problem can inform whether
or not clustering is a worthwhile endeavor at all; if the optimal K is chosen as 1, there may
not be substantive value in performing a clustering solution due to a lack of distinct groups
in the data set. Cluster analysis will always produce clusters, but this discussion focuses on
whether or not any clusters should be formed and, if so, how many should be identified.

Various techniques exist for trying to select the right number of clusters. The Gap
Statistic (Tibshirani et al., 2001) is a method that allows for direct comparison of different
numbers of clusters; as is the average Silhouette Statistic. In latent class cluster analysis
or model-based clustering, information-theoretic methods, like BIC, can be used to directly

assess this question, and potentially select other aspects of the clusters.

1.4.7 Elbow Method

One of the simplest techniques for determining the optimal number of clusters is simply

to look at the within-cluster sum of squares (WCSS) as a function of the number of clusters,
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as described by Everitt and Hothorn (2008). As the number of clusters increases, the WCSS
will typically decrease; however, the marginal decrease in WCSS will often get smaller at some
point with inclusion of additional clusters. Finding the “elbow” in the plot is a subjective
process and there is no guarantee that such an “elbow” exists; therefore, various competitor
methods for determining the optimal number of clusters have been developed, for example,

as reviewed by Milligan and Cooper (1985).

1.4.8 Silhouette Statistic and Pseudo-F

Two other common methods for identifying the right value of K are the average
silhouette statistic (Rousseuw, 1987) and Caliriski and Harabasz’s pseudo-F statistic (1974).
Rousseeuw (1987) defines the silhouette width to quantify a measure of how “comfortable”
an observation is in a given cluster. Defining a(7) to be the average dissimilarity between
observation i and other observations in the same cluster, d(i) is the average dissimilarity
between i and other observations in cluster K, and b(i) = ming(d(i)x) to be the minimum
average dissimilarity from ¢ to other clusters, then the silhouette width of an observation i

is defined to be:

b))
"0 (e, b0y

Silhouette widths range between -1 and 1, where values close to 1 indicate that the

(1.20)

heterogeneity of object ¢’s cluster is smaller than its separation and object i is considered
“well-classified” (Everitt and Hothorn, 2011). Vice-versa, when s(7) is close to -1, object i
is considered poorly classified.

A global measure of cluster solution fit can be taken by aggregating the s(i)’s to get
an average silhouette statistic, 5 = M Kaufman and Rousseeuw (1990) recommend
that optimal silhouette widths should be above 0.5 and that silhouette widths below 0.2

indicate a poor cluster structure. The solution with the largest average silhouette width is
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a recommended choice for the number of clusters to use in the cluster solution.

Calinski and Harabasz’s (1974) proposed use of a pseudo-F statistic-based criterion
to choose the number of clusters to maximize the variation between clusters, B(K),
relative to the within-cluster variation, W(K). The solution with the largest pseudo-F
is a recommended choice for the number of clusters. For a given value of K, B(K) is defined

as

K Q
ZZNk(:z:,qk —Z,)% (1.21)
and W (K) is defined as
Q
T

WE)=> 3" (Tigr — : (1.22)
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where N}, is the number of observations in the k" cluster, C, T, is the it" observation
of feature ¢ in cluster Cj, and 7 4 is the average value for all observations on feature ¢ in
cluster Cj, and 7, is the overall grand mean of all NV observations on feature ¢. Then, their

statistic is defined as:

B(K)/(K —1)

CHU) = 7w (N = K)

(1.23)

The 1-cluster version, C H(1), is not defined; similarly, the average silhouette statistic is
not defined for K = 1. Tran (2019) and Everitt (2011) both provide comprehensive overviews
of these methods and provide examples of their use. Tran (2019) shows that data sets with
no true clusters (i.e., K = 1) tend to produce K = 2 solutions when using both Calinski and

Harabasz’s F-statistic and the average silhouette.
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1.4.9 Gap Statistic

One critical issue concerning some of the other methods for determining the optimal
K is to address the issue of whether clustering ought to be performed at all (i.e., if the
data are best described as one homogeneous group). The Gap statistic (Tibshirani et al.,
2001) provides a method for assessing the number of clusters that formalizes the “elbow
method” by comparing a measure of within-cluster dispersion to its expectation under a null
reference distribution, favoring cluster solutions with larger differences in the observed result
compared to what would be seen if no clear structure were present. Importantly, it can be
assessed for the K = 1 cluster alternative.

The Gap statistic, denoted Gapy(K) for a given choice of K, is defined as

Gapn(K) = Ex[log(Wg)] — log(W), (1.24)

where E}[log(Wk)] is the expected value of the within-cluster dispersion under a simulated
reference distribution and log(Wi) is the actual within-cluster dispersion from the observed
clusters. The optimal K is the value of K that maximizes Gapy (K) after taking the sampling
distribution into account. In cluster solutions where the clusters are well-separated, log(W})
would be expected to decrease faster than expected if no groups were present; in cases where
K > K (i.e., an unnecessary cluster is being proposed), log(Wi) should decrease more slowly
than the expected rate. Thus, the Gap should be maximized when K = K.

The reference distribution for the Gap statistic is calculated in one of two ways:

1. Uniform-based: Generate each reference feature uniformly over the range of observed

values.

2. PCA-based: Generate the reference features from a uniform distribution over a “box”
aligned with the principal components of the data, and draw features that can be back-

transformed to generate a rotationally-invariant reference distribution.
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Like the average silhouette statistic or elbow method, the Gap statistic is a global
procedure rather than a local one. Gap is not without some drawbacks. First, it is dependent
on the use of various rules to determine the “optimal” set of parameters. Those rules include
selecting an optimal K such that the Gap statistic is globally maximized, but other rules
exist that choose the optimal K by taking the variability of the Gap statistic into account.
Additionally, Dudoit and Fridlyand (2002) compared the Gap method to their own Clest
method, noting that in some cases the Gap statistic tends to favor overestimating the number
of clusters in application. Yan and Ye (2007) suggest an improvement to the original Gap
statistic via a weighted Gap that allows for a “multi-layer” clustering approach that better
detects the optimal number of clusters and applies a “weighted Gap statistic” that weights
both the observations and the features. Finally, in some cases, the Gap statistic can be
computationally intensive to calculate because it requires repeated generation of reference

distributions, and the clustering algorithm to be applied to each generated data set.

1.4.10 Clustering Implementation in R

Various methods for clustering data are discussed as part of this dissertation along with
their respective implementations in the statistical software package R (R Core Team, 2022).
Hierarchical clustering and K-means clustering can be performed in the base build of R.
Model-based clustering techniques are implemented using the mclust package in R (Scrucca
et al., 2016). Monothetic clustering is performed using the monoClust package (Tran et al.,
2022). The Gap statistic method is implemented in the cluster package (Maechler et al.,

2022), as are the other methods discussed for identifying K.

1.5 Introduction to Sparsity

In the presence of both noise and signal-bearing features, statistical methods can suffer

from degradation of results, particularly if the signal to noise ratio is relatively low. This is
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especially true in the case of high-dimensional data. Sparsity refers to a statistical technique
by which noise-bearing features are automatically distinguished from signal-bearing ones
using some sort of penalized estimation, so that “only a relatively small number of parameters
play an important role” (Hastie et al., 2015). Such methods are typically simpler and
thus easier to interpret because they rely only on a subset of important features. Tools
for automated feature selection to obtain a sparse method exist in nearly every statistical
practice; methods such as the Lasso (see Hastie et al. (2015)) are common in regression-type
models and related uses of penalization exist for latent-variable models like PCA (see Shen
and Huang (2008) and Witten et al. (2009)) and SEM (Jacobucci et al., 2021), as well as for

clustering methods like K-means and hierarchical clustering (Witten and Tibshirani, 2010).

1.5.1 Lasso
In order to understand penalized estimation, consider the classical regression setting,

where the model is assumed to be
P
Yi :50—1-2%3‘5]' + €, (1.25)
j=1

where [y, (i, ..., Bp are independent and normally-distributed unknown parameters to be
estimated and ¢; is an error term assumed to be normally distributed with constant variance
and mean 0. The standard way of estimating the parameters is least-squares estimation,

which solves the following problem:

N P

MANIMIZER,, . Bp Z(yz —Bo— injﬁj)Q- (1.26)
j=1

i=1
The least-squares estimates are unbiased estimators of their respective parameters.
However, there are some potential drawbacks to using least-squares. First, if the number

of parameters to estimate is large, interpretation can become increasingly difficult, and
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in the case where P > N, least-squares estimates are not unique and the model is not
estimable. Moreover, although the predictions generated are unbiased, they are of relatively
high variance; in some cases imposing some downward bias on the parameters (4’s) may
actually decrease prediction variance. This is known as the variance-bias tradeoff.

A solution to this problem was proposed by Hoerl and Kennard (1970) to impose
constraints on the process of estimation, or reqularize, via ridge regression, which minimizes

the least-squares criterion subject to a constraint on the squared ¢ norm of the coefficients:

N P

min Y (yi — Bo— Y _xi;B;)° subject to ||B]l2 < t, (1.27)
Bos--Bp — =

where ||3||2 is the o norm of the coefficient vector § and t is a user specified parameter
that, when chosen wisely, will downwardly bias the coefficients and provide more precise
(low-variance) estimates (called shrinkage). The Lasso (Tibshirani, 1996) improves on this
process of regularization by replacing the f5 norm with the ¢; norm, which allows for both
reqularization as well as feature selection. The Lasso imposes the ¢; constraint on the least

squares problem as

N P

min » (y; — fBo — injﬁj)Q subject to ||5]]x <t, (1.28)
Bo.B1 — =

where the ||5]]; = Zlel B;| is the ¢; norm of 5 and ¢ is a specified penalty parameter. For
more details on the Lasso, see Hastie et al. (2015) and Tibshirani (1996). Additional methods
have developed to include the benefits of both ridge and Lasso penalties on regression models,
giving rise to the elastic net framework (see Zou and Hastie (2005) and Friedman et al.
(2010)) which combines the ¢; (Lasso) and ¢, (ridge) penalties and adds a tuning parameter
to control the balance between the two.

In the case of regression models, better results can be obtained when taking advantage

of the automated feature selection used by the Lasso. However, the Lasso (and related sparse
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methods) need not be constrained simply to OLS regression problems; Hastie et al. (2015)
overviews methods for using the ¢; Lasso penalty in generalized linear models, support vector

machines, and unsupervised multivariate analysis (which is of foremost interest here).

1.5.2 Sparse Clustering

In the unsupervised setting, a lasso-like penalty in clustering is desired. Consider a
multivariate setting where the number of multivariate responses, or features, P, is relatively
large—in some cases, potentially larger than the number of observations N. In such a
situation, applying methods to cluster may cause several potential problems. First, the
resulting clustering solution may not be precise as there is a possibility that some (or
potentially many) of the multivariate responses may contribute noise rather than meaningful
signal. Second, the computation time to calculate clusters may be infeasible, or at least
potentially longer than desired. Finally, the resulting clusters may not be interpretable as
they rely on a large set of features (particularly in a polythetic clustering setting).

Witten et al. (2009) propose a two-step method for “sparsifying” an input matrix to a
variety of statistical methods, and then applying statistical methods to that sparse matrix.
In the case of clustering, this process of “sparsification” can be carried out on the input
distance/dissimilarity matrix as an initial step with a resulting reweighted dissimilarity
matrix, and then a clustering method can be applied to the new reweighted dissimilarity
matrix as input. The penalized matrix decomposition (PMD) proposed by Witten et al.
(2009) provides a method to obtain reweighted dissimilarities.

The penalized matrix decomposition can be applied directly to a data matrix X y«p,
with z1,...,z, in the columns of X. Assume further that the columns of X have been
scaled to have mean (0. Then, the feature-specific dissimilarity matrix can be defined for
feature j as d; ;. The overall dissimilarity/distance matrix sums over all the features is

Unxy =, i i (Note that this differs from previous notational conventions where D
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refers to the distance/dissimilarity matrix - this is done to align with the notation of Witten
and Tibshirani (2010).

Then, the penalized matrix criterion of Witten and Tibshirani (2010) is framed as the
solution to the optimization of a set of the j feature weights, wy, ..., wp, applied to the sum

of the overall and feature-specific distance matrices as

maxg W E d; i ;Ui
U,w 4
i 3.4’

subject to [[UZ, [l < 1, [} < 1wl < s, and w; > 0, (1.29)
v,

where s is a tuning parameter, with smaller values of s resulting in a more sparse set of

weights w.

This criterion can be further simplified with some additional notation. For this section,
let D2y p be a matrix consisting of feature-wise distances/dissimilarities d; ;s ; strung out
into a vector in the j” column. Then, we can re-express the sum Wi di Uiy =
u? Dw with u, the vectorized version of the overall dissimilarity/distance matrix U. The
resulting, more simplified, PMD criterion is

max (u’ Dw)

u,w
subject to |[ulla < 1,]Jw|f3 < 1, [|w||; < s, and w; >0, (1.30)
Y 7.

The components w and u are iterated until convergence to get both the optimal set of
weights @ and the vectorized distance/dissimilarity matrix u. FEither piece can be used
in generating sparse inputs to statistical learning methods. In the case of hierarchical
clustering (and any other distance-based clustering algorithm), sparse clustering can be

obtained by simply using the obtained reweighted distance matrix as input to the clustering
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algorithm. Alternatively, the weights can be applied to the original data matrix X to
obtain a reweighted matrix to be directly input to a clustering algorithm like A-means.
Another method, called clustering on subsets of attributes (COSA, Friedman and Meulman,
2004), provides a reweighted dissimilarity matrix that can be used similarly. COSA is often
compared with Witten and Tibshirani’s PMD-based method for sparse clustering, and both
frameworks have been shown to perform well in certain settings.

Additional implementations of sparse methods such as those listed previously exist.
Sparse PCA was implemented in Witten et al. (2009) and Zou and Hastie (2005) using the
penalized matrix decomposition, as well as an alternative method implemented by Shen and
Huang (2008), which introduces sparsity as part of a low-rank matrix approximation using

penalized estimation.

1.5.3 Implementation in R

Sparse clustering in R can be done using the sparcl package (Witten and Tibshirani,
2010), both for sparse K-means clustering or sparse hierarchical clustering. An additional
implementation of sparse K-means clustering that contains more robust handling of outliers

is in the RSKC package (Brodinova et al., 2019) in R.

1.6 Overview of Repeatedly Used Data Sets

Some of the data sets used throughout this dissertation are common to some or all of
the chapters contained. These data sets are overviewed in this section. For data sets that

are used only in one section, they are overviewed specifically in their own chapter.

1.6.1 Carnegie Classification

The Carnegie Classification of Institutions of Higher Education (CC) has sought to

describe “institutional diversity in U.S. higher education for the past four and a half decades”
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Figure 1.11: Carnegie Classification as released in 2015, specifically focusing on the doctoral-
granting group of institutions. The R1 category is classified as “Very High Research”, with
R2 referring to “Higher research” and R3 the “Moderate research” group.

(Carnegie Foundation for the Advancement of Teaching, 2019). Ideally, the CC is used to
develop groups of peer institutions for analysis by separating similar institutions into groups.

The CC system in 2015 (see Figure 1.11) sorted N = 276 doctoral-granting institutions
into three classes: R1: Highest research activity, R2: Higher research activity, and R3:
Moderate research activity. Note that in more recent updates (2018 and 2021), the CC now
identifies a threshold between the top two groups of R1: Doctoral Universities—Very High
Research Activity and R2: Doctoral Universities— High Research Activity. The institutional

classification provided by the CC can be construed as something akin to such institutional
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rankings as the US News and World Report Best Colleges Rankings, Shanghai Academic
Ranking of World Universities, the Times Higher Education World University Rankings, and
others (Herzog, 2016).

This dissertation focuses primarily on the 2015 version of the CC as a primary interest
in Chapter Two and as an example data set in additional chapters. The data set used
throughout this dissertation includes measures of STEM and Non-STEM expenditures,
counts of PhDs awarded in Social Sciences, STEM, Humanities, and Other (professional)
programs, as well as two measures of faculty headcounts: tenurable faculty and non-tenurable
research faculty/postdocs. The 2015 CC data set has P = 8 variables with clearly defined
groups and observations for a set of universities, providing a data set that is of interest for
cluster analysis (with comparison to CC groupings) and mapping (to compare to CC groups

and with respect to individual institutions).

1.6.2 Palmer Penguins

A recent data set that has begun to be used as a common demonstration data set
in R is the Palmer penguin data set. It contains body measurements taken on penguins
collected from three islands in the Palmer Archipelago, Antarctica, originally collected and
published by Gorman et al. (2014). Measurements of several physical characteristics were
taken for N = 344 penguins, including bill length (mm), bill depth (mm), flipper length
(mm), and body mass (grams). In total, the data comprise three species: Chinstrap, Adelie,
and Gentoo penguins, each with relatively distinct profiles across those four dimensions.
The Palmer penguins data set can be accessed via the palmerpenguins package in R (Horst
et al., 2020). Additionally, we acknowledge the Palmer Station LTER and the US LTER
Network for making the data publicly accessible. This Palmer penguin data set can be used
both for mapping purposes with a relatively low number of features being collapsed into

two dimensions, and provides a useful baseline set of signal-bearing features to which noise
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Figure 1.12: Palmer penguin data set with selected comparisons of the four quantitative
measurements, including bill length, flipper length (Panel a), body mass, and bill depth
(Panel b), and overall bill lengths (Panel ¢) for penguins from three species.

features can be simulated and added for comparisons in clustering problems, as the penguins
from different species show some clear differences on some morphometric characteristics in

Figure 1.12.

1.7 Dissertation Overview

This dissertation is organized in the following way. Chapter Two outlines a novel
method for classification of doctoral-granting universities to be compared with the Carnegie
Classification for Higher Education (CCHE). The classification method is based on a two-step
process of using an SEM to estimate latent factors of doctoral productivity, and then generate
clusters of like institutions using model-based clustering methods. Chapter Three introduces
a diagnostic to measure the impact of potentially influential observations on methods that
generate maps of multivariate data, such as classical MDS and t-SNE. The method is a novel

extension of a Cook’s Distance-like pseudo-F statistic for detection of influence in ordination,
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and provides a tool that can be used agnostic of the mapping procedure. Chapter Four
focuses on a novel method for sparse monothetic clustering using a penalized dissimilarity
matrix to achieve sparsity based on monothetic splits made only on signal-bearing data
elements. Methods for tuning two parameters, s—the degree of sparsity, and K—the number
of clusters, are explored, including a new extension of rules used for selecting the optimal
values. Finally, Chapter Five concludes with remarks and conclusions, and proposes several

interesting avenues for further research related to the methods presented.
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Abstract

The Carnegie Classification of Institutions of Higher Education is a commonly used
framework for institutional classification that classifies doctoral-granting schools into three
groups based on research productivity. Despite its wide use, the Carnegie methodology
involves several shortcomings, including a lack of thorough documentation, subjectively
placed thresholds between institutions, and a methodology that is not completely repro-
ducible. We describe the methodology of the 2015 and 2018 updates to the classification and
propose an alternative method of classification using the same data that relies on structural
equation modeling (SEM) of latent factors rather than principal component-based indices
of productivity. In contrast to the Carnegie methodology, we use SEM to obtain a single
factor score for each school based on latent metrics of research productivity. Classifications
are then made using a univariate model-based clustering algorithm as opposed to subjective
thresholding, as is done in the Carnegie methodology. Finally, we present a Shiny web
application that demonstrates sensitivity of both the Carnegie Classification and SEM-based
classification of a selected university and generates a table of peer institutions in line with

the stated goals of the Carnegie Classification.

2.1 Introduction

Systems for institutional classification are often important to administrators, faculty,
and, to a lesser extent, students at institutions of higher education. The Carnegie Classifi-
cations of Institutions of Higher Education (CC) seek to describe “institutional diversity in
U.S. higher education for the past four and a half decades” (The Carnegie Classification of
Institutions of Higher Education, n.d.). The nominal information (classification) provided by
the CC is often either unintentionally or intentionally misrepresented as ordinal information

(rankings), akin to such institutional rankings as the US News & World Report Best Colleges
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Rankings, Shanghai Academic Ranking of World Universities, the Times Higher Education
World University Rankings, etc. However, as Brint (Brint (2013)) states, “Classification is
a method for apprehending the structure of a system; ranking is a method for stimulating
competition among those at a similar level in the system.” The CC, on the other hand, was
developed in 1970 by the Carnegie Commission on Higher Education to “be helpful to many
individuals and organizations that are engaged in research on higher education” (McCormick
and Zhao, 2005). The distinction has been reemphasized throughout the classification
system’s four and a half decade history, including by the current director of the Indiana
University Center for Postsecondary Research that produces the CC, Victor Borden, who
stated that “the label should not be viewed as a ranking or rating” (Herzog, (Herzog, 2016)).

Since its publication in 1973, the CC has been updated seven times (1976, 1987, 1994,
2000, 2005, 2010, 2015) to account for changes in the “universe of institutions (the result
of openings, closings, and mergers) in the U.S. and the institutions themselves (the result
of changes in offerings and activities)” (McCormick and Zhao, 2005). In the 2005 update,
instead of a single framework representing similarities and differences among institutions,
the classification provided a set of independent, parallel classification frameworks through
which similarities and differences can be viewed (McCormick and Zhao, 2005). Those six
parallel classifications include: the Basic Classification (the traditional CC Framework), the
Undergraduate Instructional Program, the Graduate Instructional Program, the Enrollment
Profile, the Undergraduate Profile, and the Size & Setting classification. The 2005 update
also introduced the use of a “multi-measure research index to classify [doctorall-granting
institutions” (Carnegie Foundation for the Advancement of Teaching, 2019). Doctoral-
granting institutions typically focus on the Basic Classification. It is currently defined as
including those higher education institution awarding 20 or more research doctoral degrees
in a given year. The CC system sorts institutions into three classes: R1 - Highest research

activity, R2 - Higher research activity, and R3 - Moderate research activity.
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To the dismay of Clark Kerr, one of the principal architects of the classifications, who
“expressed unhappiness about the amount of organizational striving the Classification had
encouraged,” institutions have often sought to move up to the R1 group (McCormick and
Zhao, 2005). Indeed, even among smaller R1 institutions, maintenance of that “status” can
often be a priority. This is because it provides them with the opportunity to market their
inclusion in the R1 category as an indicator of quality that makes them potentially more
desirable to prospective faculty, funding agencies, graduate students, and (to a much lesser
extent) undergraduate students. Interestingly, institutions towards the “top” of the R1 class
(Johns Hopkins, Harvard, Stanford, University of Washington, University of Michigan, UC
— Berkeley, etc.) are often less interested, if not uninterested, in the CC. This is because
they are either assured of being in the “highest class” perpetually (assuming there are no
tectonic shifts in the methodology used to determine the classes), or are more focused on
their membership in the more exclusive Association of American Universities (AAU).

The impact or concern regarding the institutional classifications is more evident on
either side of the boundaries between R1 and R2, and the R2 and R3 classes. In those
areas, several schools have implemented explicit policy goals and timelines oriented towards
ascending into the (perceived) higher class, or more quietly trying to avoid moving down to
a lower class. Several institutions in the ‘Higher research activity’ (R2) group have explicitly
set out policy goals directed towards improving their standings both after the 2010 update
and 2015 updates to the classifications. Some, like Texas Tech University (Rangel, 2015),
Temple University (Verghese, 2016), and Kansas State University (Dorhout and Cox, 2016),
set explicit funding and research related goals in order to transition from R2 to R1 in the next
Carnegie Classification update, while others including the University of Montana (2017) and
the University of Idaho (2016) hope that similar strategic efforts result in their institutions
transitioning to the R1 class in a later iteration of the classifications.

While the Carnegie Classifications, US News World Rankings, and other metrics
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of institutional characteristics provide interesting and useful data for decision makers at
institutions, they lack reproducibility and transparency as they are either poorly documented
or proprietary. Recently, Kosar and Scott (2018b) attempted to replicate the Carnegie
Classifications and illustrated several of the shortcomings in their methodology.

The purpose of this paper is to additionally discuss the Carnegie Classifications’
methodology and present a possible alternative using mixture modeling on scores obtained
from a Structural Equation model, or SEM (Bollen, 1989). Much of the research pertaining
to processes for institutional classification deals with variable selection: Identifying the data
and characteristics that most accurately describe each university (Shin et al., 2013). However,
we are more concerned with the statistical methodology used to group institutions than with
the data themselves. Rather than proposing that new variables be added to the dataset to
improve classifications, we propose an alternate statistical methodology that utilizes the
same data as were used in the Carnegie Classifications and by Kosar and Scott (2018b) and
provides an easier model to interpret, a platform to assess diagnostics, and an objective way
to cluster that aligns with the stated goals of the Carnegie Classification system.

The rest of the paper is organized as follows. In the second section, this paper
discusses the statistical strengths and deficiencies associated with the Carnegie Classification
methodology and similar Principal Component Analysis (PCA)-based alternatives. In the
third section, we outline a proposed Structural Equation Model and clustering methodology
that can be used as an alternative to the Carnegie method. Finally, we introduce a web-based
applet that can be used to assess the sensitivity of both classification systems to changes
in the characteristics of a single university, along with introducing the idea of exploring

neighboring peer institutions as part of the classification system.
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2.2 Methodology of the Carnegie Classifications

2.2.1 The Data

The data used in the Carnegie Classifications are published with each update. They
can be obtained from the Carnegie website at http://carnegieclassifications.iu.edu/.
The data from the 2015 update, with which this analysis is primarily concerned, contain
information pertaining to 4,664 institutions within the U.S., from special focus two-
year institutions, tribal colleges, baccalaureate and master’s colleges, to doctoral-granting
universities. However, this analysis focuses specifically on the doctoral-granting schools
(n = 335) since the variables used here only apply to those such institutions. Similar
methods would be applicable to other tiers of the classification system as well, so this could
be replicated for non-doctoral institutions using the variables pertinent to those types of
institutions. Information contained in the Carnegie dataset comes from a variety of sources,
including the Integrated Postsecondary Education Data System (IPEDS) and the National
Science Foundation (NSF) HERD survey, and are collected in a single snapshot rather than
over a period of multiple years. For the analyses that underpin the Classifications, the data
are separated into two distinct sets of variables, an aggregate and a per-capita dataset. The
aggregate dataset contains the seven variables shown in Table 2.1.

The per-capita dataset contains both expenditure types and the research staff size
variable from the aggregate dataset, but divides them by the size of the tenured /tenure-able

faculty. They are listed in Table 2.2.

2.2.2 The Methodology

The exact methodology of the Carnegie Classifications is not documented; however,
Kosar and Scott (2018b) and Harmon (2017) provide some insight into the process used to

construct them. Prior to any analysis, the variables are ranked from smallest to largest, and


http://carnegieclassifications.iu.edu/

29

Variable Name

Definition

STEM PhDs

Count of doctorates awarded in STEM fields, based on IPEDS

classification.

Humanities PhDs

Count of doctorates awarded in Humanities fields, based on

IPEDS classification.

Social Sciences PhDs

Count of doctorates awarded in Social Science Fields, based on

IPEDS classification

Other PhDs Counts of professional doctorates awarded in education (EdD or
PhD), based on IPEDS classification.
STEM Exp. Expenditures on STEM-related research, in thousands of dollars.

Non-STEM Exp.

Expenditures in non-STEM research fields, in thousands of

dollars.

Research Staff Size

Non-tenurable research faculty and post-doctoral researchers,

based on IPEDS classification.

Table 2.1: Table of the variables used in the aggregate CC dataset.

schools that are tied on any metric are given the minimum rank of the tied group (Harmon,

2017) and (Kosar and Scott, 2018b). Ranking is done because the values of the variables for

some of the largest universities dwarf the values for the smaller institutions in the dataset,

leading to many of the variable distributions being highly right-skewed. Ranking leads to a

consolidation of schools that removes much of the separation between institutions, as outlined

by Kosar and Scott (2018b).

The ranked datasets are put into two PCAs, which use eigenvector decompositions

of each set of variables to create orthogonal axes that explain the most variation in the

underlying variables (Hastie et al., 2001). The first component from the PCA of the 7
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Variable Name Definition

STEM Exp. per capita Expenditures on STEM-related research, in thousands
of dollars, divided by the headcount of tenured/tenure-

track faculty.

Non-STEM Exp. per capita Expenditures in non-STEM research fields, in thou-
sands of dollars, divided by the headcount of

tenured /tenure-track faculty.

Research Staff Size per capita | Non-tenurable research faculty and post-doctoral re-

searchers, based on IPEDS classification, divided by the

headcount of tenured/tenure-track faculty.

Table 2.2: Table of variables used in the per-capita CC dataset.

aggregate variables is used to form a single aggregate index. Similarly, a per-capita index
is generated using the first principal component from the PCA of the per-capita variables.
This process of dimension reduction involves some loss of information: In previous iterations
of the Carnegie Classifications, these single indices explained between 68% and 72% of the
variation in the underlying data and in the 2015 specifically, these were 70% and 72% for the
aggregate and per-capita scales, respectively (V. Borden, personal communication, January
8, 2016).

In Figure 2.1, the per-capita scores (y-axis) are plotted against the aggregate scores
(x-axis) for each school. Rather than using an objective statistical clustering method as was
attempted by Kosar and Scott (2018b), the plot of scores is then partitioned approximately
into thirds by hand by drawing concentric arcs that separate institutions into three groups
(V. Borden, personal communication, February 2, 2017) as shown in Figure 2.1. Schools

in the bottom left corner of the plot are in the “Moderate Research” category, and those
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in the top-right corner are in the “Highest Research” category, with the “Higher Research”
category in the middle. Because both the scores and the boundaries can change in different
years, it is possible for schools to move between categories from one update to the next
based either on changes in the subjective grouping in the plot or on differences in individual
institutional productivity, ranks, or changes in the PCAs that then change the relative

locations of institutions.

2015 Carnegie Classifications
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Figure 2.1: The 2015 update of the Carnegie Classifications with R1, R2, and R3
classifications and boundaries displayed.
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2.2.3 Problems with the Carnegie Classifications

The Carnegie Classifications have the potential to be used by policymakers on campuses
to drive institutional goals and academic development. However, universities that prioritize
moving from one category to another must account for possible changes in the way that future
calculations are done. Because the data used to calculate the Carnegie Classifications in any
given year are based on ranked snapshots at a single time point, the weighting of a single
variable can change from year to year. This is not always drastic; however, if large changes
were to occur in the characteristics of many of the universities in the calculation, it is possible
that the loading for a given variable could be noticeably different in the next release of the
classifications. While this is not likely to be extreme, this can affect the impacts of changes
in ranks on individual variables because variables may not carry the same amount of weight
in each year. For instance, a school may determine based on the weights used in the 2015
calculation of the classifications that it needs to gain a certain number of doctorates in STEM
and Social Science and increase STEM expenditures by a substantial amount. That school
might implement those changes, only to find out that because of shifts in the underlying
PCA that generates each school’s score, those policy goals were not actually aligned with
the most important variables in the updated 2018 classifications and thus changes that would
have proven effective in 2015 to change categories may not be sufficient in 2018.

Another shortcoming of the Carnegie Classifications is that the PCA-based method-
ology removes information in a way that cannot be controlled. The creation of a single
aggregate index from seven variables necessarily leads to information loss in the form of
unexplained variation in the observed variables. However, using just the first principal
component is not guaranteed to explain a consistent amount of variation in the underlying
variables. It is possible that the data could be substantially less or more correlated in future
years than in 2015; in such a case, the amount of variation explained by the single index has

the potential to be much lower or much higher, respectively. Thus, there is not currently
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a way to directly compare the results from one edition of the Carnegie Classifications to
another.

Finally, the lack of transparency of the Carnegie Classifications makes their exact
classifications difficult to replicate, even with some published work done on the subject
(Kosar and Scott, 2018b). In particular, the arcs used to determine the boundaries can
be critiqued both in the choice of their location (length of the diameter of the circles)
and the origin of the circle (relative orientation of arcs to data points). By using two
PCAs from similar information, the two indices must be combined in some fashion to create
groups and the groups should split based on shared overall results from some or all of the
original multivariate data. Our SEM-based method, on the other hand, is easily and reliably
reproduced using the methodology outlined in this paper. Changes that substantively change
the model can be assessed and even tested for across different iterations of the estimated

model.

2.3 SEM-Based classifications

Kosar and Scott (2018b) outline two PCA-based alternatives to the current Carnegie
method. Both use slightly different formulations of the data matrix as inputs to a single
PCA and then build classifications off of rotations of the first two components. The rotations
are designed to provide a single PCA with two components that can match the first PCs
of the two PCAs currently in use in the Carnegie Classifications. This has the advantage
of creating two indices from a single analysis; however, this method does not allow for easy
diagnosis of model fit (other than percent of variation explained) nor a will it directly lead
to clusters with common characteristics because the new indices are forced to be orthogonal.
Rather than using PCA, we propose using structural equation modeling (Bollen, 1989) to fit
models with desired structures and then estimate factor scores which can then be used to

classify institutions.
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SEM is a statistical methodology that allows for the modeling of simultaneous equations,
the use of latent or unobserved variables, and measured error of variables to be explicitly
modeled. A structural equation model (SEM) consists of two parts: the latent variable model
which describes the relationships among latent variables and the measurement model which
relates the latent variables to their indicators or items. Compared to the PCA-based methods
used in Carnegie and by Kosar and Scott (2018b), this method has two notable advantages.
First, SEM allows for modeling of correlated latent factors as opposed to orthogonal ones
created by PCA, allowing a single model to replace the more complex pair of PCAs necessary
to calculate aggregate and per-capita indices. More importantly, SEM includes diagnostic
tools that do not exist to assess the efficacy of PCA-based methods.

Initially, we tried to replicate the aggregate and per-capita indices as latent factors as
shown in the path diagram in Figure 2.2. However, when fitting a SEM with aggregate
and per capita productivity as latent factors, the model does not converge and fails to
produce a positive definite matrix of residuals. This is due to the high correlation of the
aggregate and per-capita factors (0.92, 0.88, and 0.96 for STEM, non-STEM, and research
staff, respectively). These factors share nearly the same set of manifest variables, resulting
in a model specification problem not unlike multicollinearity in a linear regression setting.

Because the Carnegie indices cannot be reliably reproduced in a latent-variable
framework, we instead formulate an alternate latent variable structure. As depicted in
Figure 2.3, we use a second order latent factor model. The first order latent factors are
STEM productivity and non-STEM productivity. These latent factors are assumed to be
measures of the second order factor for overall productivity. We chose to use STEM and non-
STEM productivity as latent factors as opposed to two factors for aggregate productivity
and per capita productivity for several reasons. First, it provides a single estimated factor
that will be useful for comparing the institutions on a univariate scale. Second, this model

provides a more intuitive set of factors to use to develop the classifications.
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Figure 2.2: Path diagram of the Carnegie Classifications, modeling two latent factors, one
for aggregate production and the other for per-capita production. All path diagrams were
created using OnyxR (Brandmaier, 2016).

The second order factor models the latent STEM and non-STEM productivity factors
as distinct but related concepts that can be accounted for by one underlying factor (Chen
et al., 2005) of overall institutional productivity. This allows for easier interpretation of this
model and allows us to obtain a single score for productivity as opposed to two scores used
by the Carnegie Classifications.

The measurement model relates the STEM and non-STEM latent factors to their items.
As shown in Figure 2.3, the items for STEM productivity are STEM PhDs produced,
STEM expenditures, and research staff size while the items for non-STEM productivity
are humanities PhDs produced, social science PhDs produced, other PhDs produced, and
non-STEM research expenditures. We opted to use research staff size as a measure of STEM
productivity but not non-STEM productivity as research staff are highly correlated with
STEM fields and tend to be associated with labs and other physical infrastructure. As
opposed to the Carnegie Classifications, we did not use per-capita measures of each variable
because this does not add much independent information to the model. Instead, the number

of tenured and tenure-track faculty is an item for both STEM and non-STEM productivity
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Figure 2.3: Our SEM specification, which models STEM and non-STEM production as two
seperate latent traits.

as the number of tenure/tenure-able faculty is clearly related to productivity in STEM and
non-STEM fields (and some faculty may produce in both fields). Because of this, our model
differentiates institutions by size more severely than the Carnegie methodology does.

We chose to use a specific variable for an item of a given latent factor as the choice
intuitively makes sense. Further, when examining the correlation matrix of the items in
Figure 2.4, the items of the latent factor for STEM productivity are highly correlated and the
items for the latent factor for non-STEM productivity are also highly correlated while items
of different factors are at most moderately correlated. The number of tenure and tenure-
track faculty is moderately to highly correlated with items for both latent factors, with an
average Pearson correlation of 0.77 for STEM factors and 0.65 for non-STEM factors. Note
that none of the manifest variables were negatively correlated with each other, so variables
are all oriented in the same direction, meaning larger values indicate higher productivity.

We fit the hypothesized model using R (R Core Team, 2022) using the lavaan package
(Roseel, 2012). Standardized parameter estimates are displayed in Table 2.3. These results
indicate that the hypothesized model fits the data moderately well (Chi-square statistic =
110.024 with 17 df, RMSEA = 0.141, CFI = 0.958); further, all the paths are supported in
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Figure 2.4: Correlations of the observed ranked variables. Some of the observed variables
are highly correlated.

the models. The standardized factor loadings are all above 0.7, with the exception of number
of tenure and tenure-track faculty as it cross-loads on both latent factors (factor loadings
are 0.482 and 0.400 for STEM and non-STEM productivity, respectively) and number of
other PhDs produced (0.639), which indicates that at least half of the variability in each
of the items is explained by its associated latent factor. The largest standardized factor
loadings were for the number of Humanities PhDs awarded on the non-STEM factor. For
the STEM productivity variables, the standardized loadings were 0.939, 0.953, and 0.967 for
the number of STEM PhDs awarded, research staff, and STEM expenditures, respectively.
The path coefficients relating overall productivity to STEM and non-STEM productivity are
0.900 and 0.883 respectively. This indicates that the variability of STEM and non-STEM
productivity is largely explained by overall productivity. These results are consistent with
what is expected.

To compare institutions, ideally we would compare the values of the latent factor for
overall productivity. Because latent factors are unobserved by definition, these values must

be estimated. This is done by creating factor scores which can then be used in subsequent
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Variable Estimate Std.Err Z-value P-value Var Est.
Non-STEM

Hum PhD 0.847 9.787 3.894 0.000 2612.53

Other PhD 0.639 6.468 3.729 0.000 3835.02

Soc. Sci. PhD 0.906 9.672 3.895 0.000 1403.25

Non-STEM Exp. 0.729 6.978 3.913 0.000 2992.51

Faculty Size 0.482 6.675 2.698 0.007 1908.19
STEM

STEM PhD 0.939 8.626 3.891 0.000 796.82

Research Staff 0.953 8.124 4.240 0.000 629.15

STEM Exp. 0.967 8.408 3.988 0.000 415.73

Faculty Size 0.400 5.838 2.379 0.017 1908.19
Owverall

NonSTEM 0.883 0.615 3.065 0.002 1

STEM 0.900 0.634 3.260 0.001 1

Table 2.3: SEM standardized loading estimates, standard errors, test statistics, p-values,
and variance estimates. Latent variables are shown in italics.



69

analyses (DiStefano et al., 2009). Factor scores are computed using a weighted average of
the items with a number of options available for weighting. The most common method
used to calculate factor scores is Bartlett’s method (Bartlett, 1937) as it leads to unbiased
estimates of the true factor scores. In subsequent analyses we use the factor scores created

using Bartlett’s method.

2.4 Determination of Groups

The Carnegie Classifications partitioned the schools using two indices to determine
classifications for each university. Determination of the group partitions is the most
subjective aspect of the Carnegie Classifications because the lines dividing groups are hand
drawn each update rather than delineated in an objective fashion. In years when the
data are poorly separated, a problem exacerbated by the ranking step that underlies the
scores, determining an optimal place for the lines to be drawn is ambiguous at best and
could cause schools to move back and forth in different classification groups without any
(substantive) change in their characteristics or those around them. It is possible to consider
a more objective cluster-analysis approach to identifying groups of institutions that are
similar within group and different between using a method such as k-means or model-based
clustering. A problem with clustering in two dimensions as would be required to use the
two indices from the Carnegie Classifications or the methods of Kosar and Scott (2018) is
that the clusters may not be organized along the common direction of “higher” values based
on the original ranking values. In fact, some of our attempts to cluster the two-dimensional
scores used in the Carnegie classifications led to clusters that were oriented from upper left
(low aggregate, high per-capita) to lower right (high aggregate, low per-capita). In such a
case, the groups were not tied directly to overall productivity. Unsupervised classification
methods tend to identify groups in data but those groupings cannot be controlled. They

may not correspond to desired groupings nor match the constrained splits used to divide
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schools in the Carnegie Classifications based on more aggregate and per-capita production
is better.

The SEM model described above has a notable advantage over developing two-
dimensional scores because it creates a single score. This means that the schools are ordered
from lowest to highest. Further, they are given a numerical value that can be used to identify
groups of schools while maintaining a clear ordering to the groupings from lowest to highest

on this single dimension despite using unsupervised classification.

2.4.1 Model-Based Clustering

There are dozens of algorithms for clustering data (Everitt and Hothorn, 2011),
with some differences among methods becoming more apparent in higher dimensional
spaces. We employ mixture modeling (also called latent variable modeling) to estimate
an overall distribution based on the mixtures of these distributions as well as to identify
the group memberships and quantify uncertainty in those group memberships. In this
situation, identifying groups of observations in a single-dimension is particularly well-suited
to considering the distribution of scores to be made up of a finite mixture of a suite
of univariate normal distributions with different centers and possibly different variances.
Moreover, this constitutes the key difference between the solution proposed by Kosar and
Scott (2018b) and our SEM-based classifications. PCA-based solutions require clustering
algorithms to operate on two (or more) dimensions as opposed to a single variable.

The basic idea for univariate (single variable) mixture modeling is to define the overall

density of the n observations in the vector y as

fly.v) = me(yi),

where 7; are the mixing proportions across the g clusters and sum to 1 and f;(y) is the

density of the ith cluster and 1 is a vector of parameters used to define the mixture. The
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densities are assumed to be normally distributed with different means and variances that are
either the same or allowed to differ across the clusters. The densities are estimated based
on the observations assigned to each cluster. The challenge in this problem is to define the
cluster memberships of the n observations; the EM algorithm is used to iteratively search for
optimal allocations and, given a current allocation, estimate the mean, variance, and mixing
rates for the different clusters. This process results in optimal choices of cluster assignments
and densities of clusters for a given choice of ¢ and whether variances are the same or differ
by cluster.

We used the mixture modeling as defined in the mclust R package (Fraley et al., 2012)
which uses the Bayesian Information Criterion (BIC) to select both the optimal number
of clusters and whether the clusters are best described with the same variance or different
variances. Results of this exploration are in Panel A of Figure 2.5, where the mixture model
with three groups and equal variances was the optimal cluster solution based on BICs. This is
fortuitous as it aligns with the number of groups used in the original Carnegie Classifications
but it is possible to consider an optimal solution for a pre-defined number of clusters. The
clusters themselves are displayed in Panel B of Figure 2.5, showing the non-overlapping low,
medium, and high splits for the three clusters. Panel C of Figure 2.5 shows that at the
boundaries of the clusters, the cluster assignments become less certain (the uncertainty is
defined as 1 minus the estimated probability of the assignment of the observation to the
identified cluster). It seems reasonable to assume that the classifications for the standard
Carnegie results are less certain near the boundaries. Unfortunately, arbitrarily defined
boundaries do not lend themselves to quantification of such uncertainty.

A critique of this approach is that we are proposing a two-step method where we first
define scores on this new factor of factors and then perform clustering of these scores as
opposed to directly allocating schools to different clusters from the original measurements

or rankings. While a more direct approach has advantages in terms of using the original
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Figure 2.5: Clockwise from top left: Panel A:Plot of BIC values associated with normal
mixtures. Panel B: Plot of cluster membership. Panel C: Uncertainty plot associated with
each cluster. Panel D: Density plot of clusters.
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information for creating groups, the unsupervised nature of the group allocation, especially
in higher dimensional spaces, makes it hard to get cluster solutions that always match
with expectations and desires for a school-to-group allocation model. By taking a first
step to create a reasonable single dimensional scale, the mixture model is able to allocate
schools into groups along this single gradient. The results that allow exploration of both
the optimal number of clusters and the uncertainty of the classifications at the boundary
provide tangible improvements over the arbitrariness of both choices in the standard Carnegie
method. Further, it allows for group determination that is clearly better aligned with the

research goals than other approaches.

2.5 Shiny Applications for Sensitivity Analysis

For any version of university ranking or classification, it is of interest to determine how
sensitive both results are to changes in the underlying data, especially since institutions are
implementing policies intended to change locations in Carnegie results. We independently
developed a Shiny (Chang et al., 2017) application in R designed to allow the user to select
a school and assess the sensitivity of that school’s classification to changes in the underlying
variables for both the Carnegie and SEM-based methods and modified it to be similar in style
to the one developed by Kosar and Scott (2018b). In much of the same way their application
functions, the user can select a school and then use a slide bar to either increase or decrease
the number of PhDs awarded in each category, research staff size, or research expenditures.
Sliders can be reset to the true value by pressing the reset button. In the vein of the stated
goals of the Carnegie Classifications, the application also allows for identification of a five-
school cohort of similar institutions. For administrators interested in identifying a cohort of
similar institutions, the application prints a list of the five closest schools to the institution
of interest.

Figure 2.6 demonstrates how this application (found at: http://ccsemclassifications.


http://ccsemclassifications.shinyapps.io/sem_app
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Figure 2.6: Screenshot of the SEM-classifications application assessing Oregon State
University

shinyapps.io/sem_app). can be used by administrators and institutional researchers to
assess the efficacy of a proposed policy change. As an example, we highlight Oregon State
University in Figure 2.6, which is classified in the second group in the SEM-based result.

Changes can be made to either a single variable, all of them, or a selected few. The
application takes the user input and re-calculates the PCA-based indices or SEM-based
results on the new dataset, depending on which tab in the app is being used. It then shows
where the university would be relative to other schools in that update. In Figure 2.7, we show
the effect of substantive changes to the counts of PhDs awarded at the selected institution.
If Oregon State had awarded an additional 10 PhDs in Social Science and Other categories,
as well as 20 STEM PhDs and 10 Humanities PhDs, their score on the univariate factor of
factors would be high enough to place them in the top group. The path to improvement
is different for each institution, especially because moving into and out of ties can lead to
substantive changes in both the SEM classifications and the Carnegie Classifications.

The application also gives a table of the selected institution’s nearest neighbors for a
comparison peer set. Schools with slightly higher factor scores are considered “aspirational”

peers and neighbors with slightly lower scores are considered “peer” institutions.


http://ccsemclassifications.shinyapps.io/sem_app
http://ccsemclassifications.shinyapps.io/sem_app
http://ccsemclassifications.shinyapps.io/sem_app
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Figure 2.7: SEM classifications after adding PhDs

For administrators and decision makers at institutions, an interactive application
allows users to explore and assess sensitive spots in both classification systems and inform
institutional policy. Administrators can test hypothetical policy actions to determine
their efficacy on both classification systems. Moreover, the applications can be used to
compare the sensitivity of changes in the underlying variables across classification systems.
The availability of all code and data underlying app makes the results transparent and

reproducible and would make updating the results to a new dataset relatively trivial.

2.6 Discussion

2.6.1 Comparing Carnegie vs. SEM Classifications

It is similarly useful to illustrate differences in classification between the Carnegie
(Classifications and our SEM analogue. While they function in similar ways, the SEM
classifications do not deal with institutional size in the same way that the Carnegie
(Classifications do; rather, the SEM classifications more harshly penalize smaller institutions.
This drives separation in institutions (a goal of the analysis) but does tend to put smaller
schools farther away from large ones.

Table 2.4 gives the institutions that saw the most dramatic change in classification from
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the Carnegie to the SEM Scale. None of the institutions that were categorized as R1 in the
2015 Carnegie Classifications were categorized by the SEM in the lowest group; however, 31
of them were moved into the middle tier. Within the R2 schools, 46 institutions were moved
into the lowest tier of the SEM classifications. All 54 R3 institutions were classified in the
lowest tier of the SEM classifications. This implies that the SEM classifications tended to
penalize institutions; none improved their standing relative to their Carnegie Classification.
Some notable R1 institutions that are classified in the middle tier SEM classification include:
Rice University, Carnegie Mellon University, University of Oregon, and Tufts University, all

of which are near the borderline between R1 and R2 in the Carnegie Classifications.

R1 R2 R3

SEM Low 0 46 54
SEM Middle 31 61 0

SEM High 8 0 0

Table 2.4: SEM classifications vs. Carnegie Classifications indicate some disagreement about
middle-tier institutions.

2.6.2 Problems Addressed by the SEM Classifications

The rotated solution of Kosar and Scott (2018) is a notable improvement over using
two separate PCAs to generate the scores for the Carnegie classification system that retain
similar definitions while directly assessing the overall percentage of variation. However, this
approach does not necessarily lead to easily defined groupings any more than the original
Carnegie methodology. We employed SEM methods to first assess an equivalent approach
using the same structure their target loadings and the two separate PCAs of the Carnegie
classification target - but found that there is too much shared information to estimate that

structure using SEM. Instead, we propose to separate STEM and non-STEM components
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where possible and share information where it is not, and then create a factor of factors to
map these two correlated but somewhat independent factors into a single scale that can be
easily and explicitly used for classification.

SEM-based classifications do not solve every shortcoming of the Carnegie Classifica-
tions. They rely on the same data and are therefore subject to the same problems created
by the use of snapshot data rather than multi-year averages. In the same way that the
PCA loadings can change from one release to another, the SEM’s weights relating manifest
variables to latent traits can also change. However, unlike PCA, SEM has a broad set of
tools for diagnosing model fit that can be utilized to determine degradation of the model
over time. It is also able to test for different structures of loadings in two datasets, such as
between 2015 and the upcoming 2018 data.

The SEM-based classification method allows for determining classifications based on a
single factor-of-factor score rather than on hand-drawn delineations. While any automated
method for determining both the number of clusters and cluster membership has the
possibility of selecting either an overly complicated solution or too few groups, the mixture
model resulted in a reasonable three-group solution. It is also possible to fix an optimal
number of clusters if necessary; however, we did not need to do so. The ability to measure
uncertainty in institution’s classifications is also beneficial. For administrators at schools
on either side of a partition, it is useful to know if their institution’s classification is highly
uncertain or if it is relatively well-classified in a certain group. Further, while one could
apply bivariate clustering algorithms to the results from the Carnegie Classifications (e.g.
Kosar and Scott (2018)), many of the two-variable clustering methods give results that are
not well-behaved relative to the research goals.

Finally, this method of institutional classification is well documented and reproducible.
It can be applied to new datasets and consistently compared. The Shiny applications created

to assess the sensitivity of each classification method can be used to identify a cohort of
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similar institutions, determine key differences between institutions, and predict the outcome

of certain policy actions.

2.6.3 Further Research

This research addresses a statistical question, not a qualitative one. The Carnegie
Classification of doctoral institutions has changed over time both in their explicit efforts to
deemphasize hierarchical interpretations by institutions as well as their interest in capturing
the more nuanced differences between institutions and the classes that they fall within,
and it is likely that they will change in the future. In fact, the Indiana University Center
for Postsecondary Research has already announced that the 2018 update “will reshape
membership of the Doctoral Universities and Master’s Colleges and Universities categories...
to accommodate ‘Doctor’s degree: professional practice’ within their methodology” Carnegie
Foundation for the Advancement of Teaching (2019). The efficacy of including different
variables into the SEM-based classification system is not something that we assessed;
however, the SEM method would intuitively allow for addition of a new items and possibly
a third latent factor, such as related to professional doctorates.

Other methods could be applied to the classification stage. Mixture modeling is not
the only method for determining clusters with univariate data, even though it does provide
a reasonable solution here. A one-step solution that combines building the latent factors
and binning the factor-of-factor scores into three groups, if it were possible, would be ideal.
Further work could focus on comparing different univariate clustering on the SEM scores or
even focus on bivariate clustering algorithms that are constrained to provide more reasonable

groups with the Carnegie indices.
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Abstract

It is often of interest with multivariate or high-dimensional data sets to represent the
high-dimensional data in a two or three-dimensional map. Methods range from classical
multidimensional scaling and related tools to more recent developments such as t-distributed
Stochastic Neighbor Embedding. Across most mapping methods, it is possible for an
observation to have an undue impact on the shape of the resulting map or ordination;
such a point would be considered influential. This paper focuses on a method for diagnosing
influential points based on the impact that each point has on the resulting map when left
out singly. Utilizing Permutation-based Multivariate Analysis of Variance (PERMANOVA),
we propose a pseudo-F statistic-based diagnostic that can be utilized for any type of map.
We present simulation studies to assess the efficacy of the diagnostic for various mapping
methods and across different data structures, and compare the effectiveness of the diagnostic
across several real data sets. A specific focus on challenges related to using the diagnostic
method for t-SNE maps, along with discussion on how t-SNE should be used in the presence

of potentially influential points, is included as well.

3.1 Introduction

Consider the problem of visualizing (potentially high-dimensional) multivariate data. It
can be useful to generate a 2 or 3-D mapping (ordination) of some higher-dimensional space,
projecting the high-dimensional data into an ordination that can be directly visualized so
that structure that might be hard to detect in many dimensions is made more clear in
the lower-dimensional map. There are many methods that exist to accomplish this task,
ranging from tools such as classical multidimensional scaling (MDS) to more modern tools
like t-distributed Stochastic Neighbor Embedding (t-SNE), among others.

In a regression model, the estimated coefficients or predictions might be affected in
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meaningful fashion by the inclusion or exclusion of a single point—such points are referred
to as influential (Cook, 1977). A suite of tools have been developed to identify and measure
the impact of influential points on the results of regression models. Mapping tools, on the
other hand, have a different purpose: they are used to explore and visualize the structure
of data whereas regression is concerned with inference and prediction of a chosen outcome
variable. Unlike regression or classification, many tools for dimension reduction and higher-
dimensional data visualization are unsupervised, meaning that they do not take advantage
of some marked response variable. Instead, they capitalize on the signal present just in a set
of features and produce a result driven only by the features being visualized. Despite this
difference, mapping tools such as MDS are also susceptible to being influenced by aberrant
data values, much in the same way that a regression model might be susceptible to the
impact of influential observations.

The goal of this work is to develop a diagnostic that can be used to help identify
influential points for mapping methods and potentially quantify how much they impact the
resulting mapping, no matter the version of mapping that was used. Additionally, this
method can be used to assess the sensitivity (or, in some cases, insensitivity) of each method
to influential points and the impact that this sensitivity might have on how an end-user might
want to interpret the resulting map produced. Note that while robustness to influential points
might at first seem like a positive trait for an ordination method, masking distinctly different
observations in a mapping may have negative consequences as well.

This paper overviews the novel statistical methodology we have developed to identify
influential points that, when excluded from a data set, can meaningfully impact the
shape of an ordination. We overview our methodology step by step, present results from
simulation studies that show meaningful evidence of our method’s ability to detect influential
observations, and highlight some mapping techniques where our method is more/less

impactful.
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3.2 Tools for High-Dimensional Data Visualization

3.2.1 Multidimensional Scaling

MDS was initially developed by (Torgerson, 1952), and takes as input a distance or
dissimilarity matrix representing the distance between pairs of observations and returns
locations for points in some selected lower dimensional space, or map. This distance does
not have to be Euclidean (although it often is). MDS returns maps of points that are
interpreted in a Euclidean space; in general, the more dissimilar two observations are in the
high-dimensional space, the farther apart they should be in the resulting lower-dimensional
ordination.

Consider a multivariate data set X y«p, where N is the number of observations and P
is the number of features. For distinct pairs of points, z;, and x;, define d; ; as the interpoint
distance or dissimilarity between the x; and z;. Generally, MDS attempts to create a map
that positions map points to align with distances in the high-dimensional space by minimizing

a discrepancy function which is defined as

Su(@r, 22, an) = > (dir — |1z — 2 )7, (3.1)

i
where z;, zy refer to the " and """ points in the lower-dimensional representation (map)
and ||z; — zy|| are approximations of dissimilarities in mapping spaces using the Euclidean
distance measure. MDS is related to PCA; it relies on the same singular value decomposition
as PCA and can be expressed equivalently as PCA when the original distances are Euclidean
and variables are scaled equivalently (see Gower (1966) and Everitt and Hothorn (2008)).

However, MDS is more generally applicable because it can be applied to any dissimilarity or

distance measure and only requires the distance or dissimilarity matrix, D.
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3.2.2 Sammon Mapping and IsoMDS

Various alternatives or improvements to MDS have been developed since it was proposed
and developed in the 1950s. Several such variations are non-metric, meaning that rather than
representing the actual distances (or parametric functions of those distances), they retain
information about the ordinal ranks of the dissimilarities (Borg and Groenen, 1997). Such
non-metric MDS methods rely on the calculation of a different objective function, also called
a Stress metric (Cox and Cox, 2008), and may relax assumptions to varying degrees about
relationships between the high-dimensional distances and their lower-ordered approximations
in the map. Kruskal’s non-metric MDS, also known as isoMDS, attempts to arrange the

resulting z; and z;; map points to minimize the following stress function,

div— |z — 24
Stress = \/Z ”leljz ZZH, (3.2)

where ||z;—zy|| is the position of the points in the map that reduce Stress under the constraint
that the rank orders of the distances between points remain the same both in the ordination
and the high-dimensional space (Kruskal, 1964).

Sammon mapping is a non-linear method that extends MDS to scale the stress metric
by the pairwise distances d; #, attempting to better maintain local structure by equalizing
the impact of large and small distances (Sammon, 1969). This method further improves on
MDS by better focusing on local structure (Ghojogh et al., 2020). The objective function for
Sammon mapping is defined for the function ¢(Z) which is referred to as either Sammon’s

Stress or Sammon’s Error and takes the form

1 (diy — |2 — 20| )
> diy = di i ’

2

¢(2) (3-3)

where z; and z; are the mapped points.

For MDS, Sammon mapping, and isoMDS, an iterative algorithm like Gradient Descent
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is typically used to optimize the Stress metric for each nonmetric mapping technique (Cox
and Cox, 2008). As such, the choice of parameter (z;’s) initializations can impact the final

model result.

3.2.3 Additional Mapping Techniques

This paper considers only a few of many different methods for creating maps from
high-dimensional data. They range in terms of complexity, with some adding relatively
minor changes to the MDS structure to those that share similarities with other branches of
mathematics, such as topological data analysis. While the focus of this paper is on more
classical techniques, there are various additional methods for generating lower-dimensional
representations of high-dimensional data.

A more recently developed tool, Stochastic Neighbor Embedding (SNE - see Hinton
and Roweis (2002)), bases maps on two measurements of similarity, p; s, the similarity in
the high-dimensional space, and ¢;;, the similarity in the low-dimensional space. These
metrics of similarity are based on joint probability distributions represented by Gaussian
distributions, and are related to each other to create a resulting map. An extension to
SNE called t-distributed Stochastic Neighbor Embedding (t-SNE, see Van Der Maaten and
Hinton (2008)) improves the method by utilizing a t-distribution with 1 degree of freedom
(also known as a Cauchy distribution) for the low-dimensional similarity metric, ¢; ;. More
detail on t-SNE is given in Section 3.7.

Our influence diagnostic can be extended to be used on any mapping technique that
produces points in lower dimensional space, but seems to be most effective for identifying
influential observations for MDS and similar methods. Some of the methods may not have
issues with influential points affecting the shape of their resulting ordinations due to the way
that they are constructed; however, these explorations highlight some interesting behaviors

of the methods as discussed in Section 3.7.
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3.3 Defining “Influence” in High Dimensional Maps

3.3.1 Cook’s Distance

Belsley et al. (1980) define an influential point as a data point “which, either individually
or together with several other observations, has demonstrably larger impact on the calculated
values of various estimates (coefficients, standard errors, t-values, etc.) than is the case for
most of the other observations.” In regression modeling, as in most statistical methods, care
must be taken to properly distinguish between an outlier and a so-called influential point.
An outlier is typically denoted as a point that is either much larger or smaller than similar
observations on a specific scale. However, an outlier may not necessarily be influential;
a truly influential point must be outlying enough relative to similar observations that it
impacts the fit of the regression line or other important aspects of the model, depending on
the definition of influence. The identification of influential points that can impact the results
of a model is well-established.

Cook (1977) proposed a measure of influence called “Cook’s Distance” that has since
become one of the most common tools for diagnosing influential points and distinguishing
them from simple outliers. The idea is predicated on the concept that by leaving an out an
influential observation, the results of the model should change. This process of jackknifing
observations is done for all the observations in the data. Specifically, Cook’s Distance,

denoted C; for the i* observed data point, is defined as

>t (U = Fj-a)?
Ps? ’

C; = (3.4)

where g; is the complete-data fitted value for the 5" observation, ¥j(—i) is the fitted response
value for the model with the i"* observation omitted, s?> defined as the mean-squared error
for the model with all observations used, and P, the number of predictor variables. Cook’s

Distance, C;, asymptotically follows an F-statistic from an Fp x_p distribution, the method
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does not typically use p-values to determine how “influential” a point is. Rather, the F-
statistics themselves are typically compared to cutoff values, or observations with relatively
large Cook’s Distance values are considered for investigation of influence based on “rules of
thumb”. It is difficult for a single observation to exert a large degree of influence when the
number of observations is large, and typically in those cases, points with large F-statistics

must be increasingly abnormal.

3.3.2 Identifying Influential Observations in Maps

Similar to a regression setting, the resulting maps produced by ordination methods
may be impacted by the inclusion or exclusion of points. In short, an “influential” point in
a lower dimensional mapping can be defined as one that, when excluded, drives meaningful
differences in the map as compared to when that point is included. An outlier, on the other
hand, might look different in the high-dimensional space (or on a subset of features) from
other observations, but may not meaningfully change the shape of the map when left out.
Thus, an outlier may not be an influential observation in a particular mapping method. It is
important to note that maps are arbitrary in location, scale, rotation and orientation, so our
measure of influence needs to focus on changes to configurations of maps that are invariant
to these arbitrary changes. We focus on the relative comparison of inter-point differences in
the lower-dimensional mapping to assess changes in maps.

Joliffe (2002) overviews tools for identifying influential observations in PCA, which is a
dimension-reducing technique that is related to MDS. Influence functions (Critchley, 1985;
Hampel, 1974; Huber, 1981) have been defined for loadings in PCA. However, most mapping
techniques are not based on linear combinations of the original variables (and their estimated
coefficients) as in PCA, so the influence assessment needs to be based on the mapped points.

Much of the literature around robustness of mapping results and multivariate outliers

centers on dealing with the problem by modifying the dimension reduction technique to be
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resistant or robust to impacts of influential points rather than identifying observations that
impact the shape of the resulting map for a given method. Blouvshtein and Cohen-Or (2018)
analyzed the effect of outliers on the maps produced by MDS and Sammon mapping. In
general, neither method is particularly robust to the effects of multivariate outliers. They
propose a method to detect outliers prior to the generation of the selected map so that those
points can be removed from the data. Blouvshtein and Cohen-Or’s method involves treating
the pairwise distances between points in the lower-dimensional space as edges of triangles
that can be formed by every (g ) pairs of points. Generally, if one of the two points is an
outlier, the edges dy, do, and ds will not satisfy the triangle inequality (i.e., d; + dy > d3),
whereas inliers tend to satisfy it. They recommend a rule to examine the histogram H of b,
defined as the number of edges of broken triangles created by assessing all the possible pairs
of points, and generate a threshold that is intended to identify inliers vs. outliers so that
outliers can be removed prior to making the final version of the map.

Two other papers, Forero and Giannakis (2012) and Kong et al. (2019), frame the
problem in a slightly different way. They consider a penalized Stress metric for optimization,
utilizing regularization to better identify outlier points. In both cases, they are able to
identify outliers using a majorization-minimization procedure that iteratively produce more
outlier-robust maps of the lower-dimensional embedding of interest.

Alternatively, archetypal analysis (Cutler and Breiman, 1994) can be used to identify
outlying points in a multivariate space. The method approximates a convex hull that lies
around the boundary of a data set based on designated “archetype” points; these extreme
points have been used to identify potential multivariate outliers (Potts, 2021) in the general
P-dimensional space. While this method may be effective at identifying and categorizing
extreme points on the boundary of the multivariate space, it does not necessarily answer the
question of whether or not the inclusion or exclusion of those points might change the shape

of a resulting lower-dimensional representation. This is the problem we seek to answer with
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our method.

3.3.3 Permutational Multivariate Analysis of Variance

Although the previous methods give rise to identifying extreme points in maps, they
do not clearly inform the influence of a given observation on the resulting shape of the
ordination. Since the goal of this research is to present a methodology for identifying and
quantifying influential observations in maps, our goal is to extend the ideas that underlie
Cook’s Distance from a regression framework to a mapping setting. This necessitates the use
of distance matrices rather than raw observations, and requires the use of a distance-based
extension of multivariate analysis of variance (MANOVA) methods to generate a partitioning
of variation that can produce a statistic similar to the F-statistic used in Cook’s Distance.

Permutational multivariate analysis of variance (PERMANOVA) is a tool that allows for
partitioning variation across multivariate data in a distance-based framework and assessing
hypotheses using a permutation-based approach (see Anderson (2001) and Anderson (2017)).
In other words, it allows for generalization of ANOVA-type tools on multivariate data
sets with a given choice of distance/dissimilarity. Much like parametric multivariate
extensions of ANOVA, PERMANOVA allows for testing of no difference in population
means simultaneously across all P response variables, across either quantitative or categorical
explanatory variables.

A critical difference between parametric MANOVA and PERMANOVA is that the latter
method makes no assumption of multivariate normality. It only requires an assumption
of exchangeability of permutable units (observations) under the null hypothesis and only
requires the dissimilarity matrix and the design matrix (Anderson, 2001). For simplicity
and its usage below, we focus on using PERMANOVA for two-group comparisons in our
P-dimensional space. PERMANOVA relies on the use of permutation tests of pseudo-F

test statistics to generate p-values, because the null distribution of the pseudo-F test is not
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usually known. In a similar vein as ANOVA, PERMANOVA requires the calculation of
among-group sum of squares (SS54) and residual within-group sum of squares (SSy ). Using

the notation of Anderson (2001), the total sum of squares (SS7) is calculated as

S&ﬂ:Z:E:T%” (3.5)

Partitioning of variation can be obtained via subtraction of the residual sum of squares
SSy from the total sum of squares (as in the sums-of-squares decompositions in ANOVA),
which is defined as the sum of each of the groups’ squared distances between the observed

data and the group centroid, as defined below for the I** group as

g
SSy =Y Wi, (3.6)
=1

where g = 2 is total of number of groups present. The W, is defined as

%: S o Wﬁf (3.7)

j=(i+1)
with n; defined as the the group sample size (such that ¢ n, = N) and where €l is a
binary indicator between the i** and j** samples that equals 1 when samples are in the [*
group and 0 otherwise.
The resulting partitioning of SS7 — SSy allows for calculation of a pseudo F-test
statistic (which is a multivariate analogue for a standard F ratio). This tests the null
hypothesis that there are no differences in the positions of the group centroids in the distance

matrices as

S8,
=4

SSw

g (3.8)

/

where N is the total number of observations and ¢ (here it is always 2) is the number of
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groups.

P-values are then obtained in a permutation-based method, meaning that they are
directly calculated based on the number of observed permutations that are more extreme
than a given result. The p-value, then, is calculated as follows, where k is the number of
permutations (either a random sample of all possible permutations or, when feasible, all

possible permutations as used below), k* is the number of observed values that are greater

k*+1

e for a random

than the observed pseudo-F statistic, f,s, and the p-value generated as
sample of k permutations and is % when generated across an exhaustive search of all possible
permutations.

All PERMANOVA models were performed using the R package vegan (Oksanen et al.,

2020). Because of the limited number of unique permutations possible below, we will focus

on the calculation and interpretation of the pseudo-F statistic.

3.4 Method Overview

We propose a method here for identifying influential observations that is agnostic to
the mapping method. In addition, our method follows a philosophical framework similar in
flavor to Cook’s Distance for mapping methods; however, it relies on a different set of tools
than its regression analogue.

We propose holding out each observation and observing those impacts, calculating hold-
out maps using a jacknife resampling approach, where each of the 1, ..., IV observations is held
out, one at a time. Rather than basing the test on a standard F distribution, as is Cook’s
Distance, our method utilizes permutation-based, multivariate ANOVA (PERMANOVA)
tests to calculate pseudo-F test statistics. Our method borrows from some of the Mantel
test (Mantel, 1967), which is a method for comparing two distance matrices by vectorizing
the pairwise dissimilarities and using the Pearson correlation of those pairwise dissimilarities

to assess how similar two maps are. The correlation provides a map similarity measure that
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is invariant to the arbitrary aspects of different maps made on the same observations. In
Mantel’s test, permutations are used to test a null hypothesis of no relationship among two
maps.

In general, we seek to identify an extreme observation which, when left out, causes
large differences in the shape of the resulting ordinations and changes the relative inter-point
difference in the maps. The methods rely on a few different ideas. Figure 3.1 shows four MDS
plots with observations held out; the lower-right Panel labeled “61” removes the aberrant
point 61. Visually, the shape of each group within the map appears slightly different with
only point 61 removed, implying that the point-to-point distances in the map have changed
slightly, even though the map still conveys general three-group structure. In particular,
observation 45 appears to move from the edge of its group towards the center and the relative
orientation across the three groups shifts. In the case of the other three observations removed,
the point-to-point distances appear unchanged, even when the removal of observation 60
leads to a reversal in the second dimension’s direction that does not substantively impact
the structure of the groups.

For the method, first a way to quantify inter-point distances is needed. Dissimilarity
matrices contain information on point-to-point distances (or dissimilarities) and, when
vectorized, the Pearson correlation of the distance matrices measures similarity of two
configurations by comparing the similarities in the different resulting map distances. Because
of the leave-one-out approach, each map is missing one observation and its pariwise distance
in the resulting correlation exploration. A simple example is used to illustrate this. We
vectorize distance matrices in the following way, where dso refers to the distance between
the second and third observations in the map and d3 1) is the distance between observations

2 and 3 with observation 1 removed. The example distance matrix looks like the following:



93
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Effect of Influential Point on Classical MDS Map
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Figure 3.1: MDS maps for maps with four different observations held out. The lower-
right Panel (“61”) provides the map with the potentially influential point removed whereas
the maps for points “17, “2”7 and “60” show the maps when those points are removed,
respectively.  The structure when observation 61 is removed changes somewhat, as
demonstrated by slight shift in relative position of observation 45 to its group and changes to
“angles” within each of the groups, but only minor changes in the shape of the maps occur
when observations 1, 2, or 60 are removed (despite a reversal of the y-axis when observation
60 is held-out).
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NA NA NA
D(X3x3) = NA 0 d2,37[,1] ) (39)
NA dso_q 0

when the first observation is held out. The column-vector form then would be:

NA
NA
NA
NA
D(*Xg = 0. (3.10)
d32[-1)
NA

da 31
0

A correlation matrix of the vectorized distances can be computed using the pairwise
complete observations to leverage all available information to estimate correlations between
each of the vectorized distances in the presence of some missing data values. This is required
because the maps we will compare involve withholding target observations which cause their
dissimilarities to be unmeasured. Figure 3.2 visualizes the missingness pattern for the case
where the third observation is held out (nonzero distances are shown across a color gradient
with purple being the smallest and blue, green, yellow being the order of larger distances,
respectively).

Similarities (or correlations) can then be converted to distances; one such metric for
doing this is d;» = \/2(1 — 1) (James et al., 2013) where r; ;s is the Pearson correlation

between i and ', the vectorized distance matrices. Together, this generates a N x N distance
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Figure 3.2: Plot of dissimilarity matrix for map (N = 61) with the third observation held
out. White space refers to missing observations. Purple refers to the smallest distances with
green, blue, and yellow distances being larger.

matrix D* among the N hold-out maps.

We can then utilize PERMANOVA to assess the evidence of the differences in our
resulting maps for each observation when it is removed. This step borrows from the concept of
the Bonferroni Outlier test diagnostic (see Weisberg (2014)), which uses a predictor variable
that is a binary indicator where a single row is one and all others are zero. The Bonferroni
Outlier Test fits separate linear models for each observation, collects the N t-statistic p-
values, and adjusts the p-values using a Bonferroni correction of min(pval+ N, 1). We replace
the t-test with a pseudo-F statistic and the t-based p-value with a permutation-based p-value.

Our method tests whether or not the configuration of the map without the held-out
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point is different from maps with other single points removed. This involves the simultaneous
generation of NV tests, one for each of the held-out observations. However, by construction
of the binary indicator variable we use in our method, each of the possible permutations are
the same for each of the N tests. This yields a single permutation distribution for all of the
tests that limits the smallest p-value that can be observed to %

Figure 3.3 shows the permutation distribution generated for a series of MDS maps
shown in Figure 3.1 as well as one for t-SNE maps built from the same data. Note that the
potentially influential point has an extremely large pseudo-F statistic for the MDS map so for
that map, the pseudo-F statistics are shown on a log-scale; for t-SNE, the test-statistic values
are much smaller and can be shown on their original scale. It is possible to obtain negative
values very close to zero in the permutation distribution when using R’s vegan package
for PERMANOVA-—and has been seen in other uses of PERMANOVA when working with
non-Euclidean distances (Fletcher and Underwood, 2002). Therefore, the pseudo-F values
shown in Figure 3.3 for MDS are adjusted by a small amount 0.01 to make them positive in
order to allow for the log transformation; the pseudo-F statistic values for the t-SNE plot
are not adjusted as they are all positive. The p-values generated from the permutation are
calculated as the number of more extreme observed pseudo-F statistics than the observed
value - thus, for both maps, the possible p-values are the same. Therefore, the p-values
provide a relative ranking of pseudo-F statistics that matters more than the individual p-
value; the most extreme points in two different maps will share the same p-value even if
the test statistic values for that observation are very different relative to their respective
permutation distributions.

Our influence measure approach is as follows:

1. For each observation in the data set, remove it, and generate a map in the selected
number of dimensions (usually two) from the resulting (N-1) observations for a selected

ordination method. (For accounting purposes, it is useful to keep the N x 2 structure
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Figure 3.3: Permutation distributions (Panel (a)) shown for the MDS maps shown in Figure
3.1 and the Panel (b) shows permutation distribution for t-SNE maps.

but replace the holdout observation map locations with N A).

2. Generate a Euclidean distance matrix of the /N x 2 matrix from the new mapped points

and vectorize it. Repeat for each of the N held-out observations.

3. Generate a pairwise-complete Pearson correlation matrix from the combination of these
vectorized distances that measures similarity of distances (for pairs where information

is available).

4. Convert that correlation matrix (of all the hold-out vectorized distance matrices) into

a distance matrix among the maps using the d; ; = \/2(1 — r; ).

5. Generate the pseudo-F statistics for each holdout observation. This means that on a
100-observation data set, 100 individual tests are performed where each test uses an
independent variable that is equal to 1 for the index of the holdout observation and 0

elsewhere. The hypotheses for this test statistic are specified as:
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e Hy: No differences in map with observation ¢ removed vs. those without 7 removed,

and

e H,: Some difference in map with observation ¢ removed.

6. Calculate a p-value for the influence of observation ¢ by comparing its pseudo-F statistic
to the results for the same distance matrix where the 1 is shuffled across all NV possible

locations.

It is important to note that this method is not simply an outlier detection method;
rather, observations that are simply outlying on a feature (or group of features) will not
necessarily be identified as influential. For instance, consider the case of MDS maps made
from just P = 2, which may rotate and scale into the map projection but do not reduce
the dimension. In the 2D — 2D case, the relative distances created from the maps will
be identical for each holdout observation, meaning that our method cannot identify the
unusual points as influential points, even if they are extreme on either the first or second
variable. This problem decreases as the number of dimensions gets larger. As the sample
size N grows, the relative ability of a point to influence others will decrease, so the ability to
identify influential observations in maps where P is small and N is large may be somewhat

limited, unless those points are dramatically different across the P > 2 features.

3.4.1 Generation of P-Values

In a typical PERMANOVA model, the number of permutations that could be generated
from a covariate is potentially quite large, given that in most cases the combinations of a
response and predictor can be shuffled in many ways. For instance, with N = 100 and a
balanced design with two levels for the binary factor, we would have (1(2)0) = 4950 different

arrangements; therefore, the smallest possible permutation-based p-value obtainable would

be ﬁ' However, because of the structure of the method presented here, the predictor
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variable is always a vector with a single 1 in the held out observation row and 0’s in all of
the remaining rows. Thus, there are only N possible permutations for the predictor variable
in each PERMANOVA model.

The p-value for each test would be directly calculated as k, the number of results that
as or more extreme than a given observation’s pseudo-F, meaning that a lower bound on the
p-value is 1/N. In a very small data setting, assuming a typical a = 0.05, if N < 39, the
smallest p-value would be larger than 0.05. Because we are considering N tests, we might
consider a multiple testing correction for the p-values generated. For example, we could use
the Benjamini-Hochberg False Discovery Rate adjustment (Benjamini and Hochberg, 1995).
A more conservative approach, such as a Bonferroni correction to control the Type I error
rate (as is used in the Bonferroni Outlier test), would require the p-value to be multiplied
by the number of simultaneous tests performed, N. The Bonferroni-based approach would
yield an adjusted smallest p-value of % x* N =1 and all of the other p-values adjusted to 1.
In large data settings, it may be feasible to a false discovery rate adjustment. Instead, it
may make more sense to use the p-values based on their rank regardless of their magnitude.
The p-values can instead be construed as providing a sorting of the observations based on
their relative extremeness that is a 1 — 1 mapping of the pseudo-F statistics.

Much in the way that Cook’s Distance uses the size of the F-statistics to identify
influential observations, the pseudo-F statistic or p-value can be compared based solely on
relative magnitude to provide an influence diagnostic. In a setting where only a single
influential point is present, we would expect to see that influential point have the smallest
p-value (or, equivalently, the largest pseudo-F statistic) of those obtained. In simulations,
the pseudo-F statistics of possibly influential points are often orders of magnitude higher

than the other values in the permutation distribution.



100

3.5 Simulation Studies

We conduct a series of simulations to assess the efficacy of the method at identifying
influential points in various different situations. In all cases, we simulate data from
multivariate normal distributions and used Euclidean distances to generate the initial
configurations. In the simulations, each iteration simulates a new data set, runs the mapping
procedure, and tests the consistency of the configurations for each of the N holdout points.

We simulate observations that can be considered unusual in the mean structure,
indicating that it may change between several groups formed by the rest of the data across
one or many of the variables simulated. We test the impact of observations that differ in
mean structure on a single feature ranging up to varying across all the features simulated.
Typically, this type of aberrant value would lead to a distinct observation in the map
produced, particularly in the case of MDS.

We consider the following scenarios: First, we simulate data in a scenario where all of
the observations present come from one of three groups (each with the same mean across
ten simulated features). While some observations may be more/less extreme than others,
no obviously extreme points, nor any that break the group structure, are considered in
Simulation One. This allows for assessment of spurious detections when no influential points
are present. In Simulation Two, we add to the three-group data an extreme point that
varies across the three group means for each of the ten features considered, breaking the
clearly-defined group structure in the other observations. In Simulation Three, we instead
add an observation that is very large on all ten features, but does not vary across the three-
group mean structure. This could be thought of as equivalent to an observation which is

exceedingly small as well.
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3.5.1 Power to Detect Differences

In order to determine a notion of how extreme a potentially influential point might be,
we quantify the extremeness of an observation in the multivariate or high-dimensional space.
We calculate the Mahalanobis distance (Mahalanobis, 1936) for the potential influential point
as compared to the original distribution of multivariate normal points of each simulated data
set.

Given a vector & with P elements,the Mahalanobis distance of a given point to the data

centroid, /i, is calculated as

D%/Ial = (f_ﬂ)tx_l(f_ﬂ)a (311>

with given estimated covariance matrix 3. The Mahalanobis distance can be calculated
across each of the simulated potential influential points and compared to get a sense for
how the efficacy of the influence diagnostic changes when influential points are only mildly
outlying compared to very extreme points. Note that we lack an objective, single source of
truth that clearly distinguishes an observation as being influential; however, we expect that
as an observation is more extreme relative to its peers in a multivariate space, it is more
likely to influence the shape of the resulting map. Thus, Mahalanobis Distance is used as a
way to estimate the effect size of the different points to then assess the power of the method
to detect influence: at larger Mahalanobis distances to the centroid, we would expect to see

higher rates of detection.

3.5.2 Type 1 Error Assessment: No Extreme Values

In the most basic simulation, we consider N = 60 observations on P = 10 features, each
taken from independent normal distributions with N, = 20 observations from each group.
Group means of one of u = [20,40,60] are used, and variances of o> = 35 for each of the

features and covariances of 0 since the data are simulated to be uncorrelated. The data are
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then standardized so that overall, for each of the j features, fi; = 0 and 6]2- = 1 across the
observations for the three simulated groups. An example simulated data set we consider
in the simulation study is shown in Figure 3.4, with resulting maps for MDS, isoMDS, and
Sammon mapping included.

For each simulation, we assess the detection rate R as

X ]\f (z4)
R; = nz The
where I(z;) is a binary variable evaluated for each of the i = 1, ..., N objects in each simulated
map. It is defined as one if the p-value is less than the level of significance, «, and zero
otherwise. The significance level for the test is typically set to 0.05, and ng being the
number of simulations run.

Because of the way the permutation tests work, for a large enough sample size, the most
extreme points will always be less than a when the significance level is set to a = 0.05. In
the case of this simulation, two observations will always be under the significance threshold.
Thus, p-values alone may not be the most useful measure for identification of potential
influential points since the most extreme points will always have small p-values regardless of
relative extremeness. Due to the skew in the distribution of pseudo-F values, we compare
the median F-statistics in Table 3.1 for the two largest values. These results do suggest
some possibility of spuriously generating large pseudo-F statistics. Note that across the
simulations, the MDS maps had a median pseudo-F statistic of 11.5 vs. 3.8 for the Sammon

maps for the most extreme observations.

3.5.3 Single Influential Points

We retain the same simulation method with the three group structure from the previous
simulation (with N = 60) but add several types of influential points in the following

simulations. In the first, we consider adding a single aberrant point with mean 0 and
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Simulated Data with No Extreme Points Added
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Figure 3.4: Plot of simulated data with no aberrant observations
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Simulation One Simulation Results

Method Median largest | Median second-largest
pseudo-F Stat pseudo-F Stat

MDS 13.51 6.99

isoMDS 20.18 8.59

Sammon 4.09 3.36

Table 3.1: Table of pseudo-F statistic results for the 100 simulations when no influential
points are present for three mapping methods. By construction, the method has the same
detection rate and non-detection rates for & = 0.05 due to the structure of the permutation-
based tests performed. The median pseudo-F statistics for the two largest pesudo-F statistics
observed (or equivalently, for the smallest two p-values which, in this case, are always < 0.05)
are large for MDS and isoMDS, and are smaller but still relatively large on a pseudo-F scale
for the Sammon maps.

standard deviation 1 (after the data are standardized), which means that the point can vary
across the three groups and clearly break the group structure for each of the 10 features.
An example unusual observation is shown in the Panel (a) of Figure 3.5, with the Panels
(b), (c), and (d) showing each of the resulting ordinations. In general, all three mapping
methods place the extreme point far away from the three well-separated groups; however,
the isoMDS map seems to cluster each of the groups more tightly than does the MDS or
Sammon maps.

Since the goal of the method is to identify undue influence of the aberrant observation
on the resulting ordination when each point is left out, visual assessment of the maps may
not provide strong intuition as to whether a point will be identified as influential or not.
The results of the simulation study with 100 simulations per ordination type are shown in
Table 3.2, with p-values and median pseudo-F values of the aberrant, but not large, point
included. The diagnostic method identifies the influential point about 90 percent of the

time when assessing MDS maps, as compared to 51 percent for isoMDS and 17 percent for
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Simulated Data with Extreme Point Added
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Figure 3.5: Simulated data with unusual point (simulated with mean 0): Panel (a) includes
an observation that breaks clearly-defined group structure and its impacts on the three maps
in Panels (b), (c), and (d).
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Simulated Data with Extreme Point Added
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Figure 3.6: Panel (a) shows an observation that is much larger across all features than the
other observations and its impacts on the three maps in (b), (¢), and (d).
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Detection Rates by Mahalanobis Distance: Mean-0 Observation
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Figure 3.7: Detection rates by Mahalanobis distances for each of the 100 simulations, using
conditional density plots. As distance increases, detection rate increases rapidly for the
aberrant points with mean 0 in MDS maps, and increases somewhat less clearly for Sammon
and isoMDS maps. Bandwidth set to 3.

Sammon mapping. Moreover, the difference in pseudo-F values generated is interesting; for
MDS the median pseudo-F statistic is very large, 171.40. For isoMDS, the median pseudo-
F for the potentially influential point is 8.31, which is still large on a test statistic scale,
although much smaller than the MDS case, and for Sammon mapping the median pseudo-F
is 2.26.

Figure 3.7 shows the detection rates by Mahalanobis distance for the 100 simulations.
We would expect that as points become more extreme (i.e., points that have a higher
Mahalanobis distance), they would be more likely to be flagged by the method as potentially
influential points. This is certainly the case for MDS maps and appears to be similar for
Sammon maps. It is less clear in the Panel (b) of Figure 3.7 where the isoMDS results do
not show an increase in detection rates at higher distances; however, this may be because

the variation in distances is not large enough to reveal the trend in this simulation.
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It appears that generally, the MDS maps are highly sensitive to the observations that
do not clearly belong to any of the groups (but are neither very small or very large), with
isoMDS maps being relatively sensitive as well. By contrast, the Sammon maps are somewhat
sensitive but appear to be less impacted by the presence/absence of the potentially influential
point, at least in terms of preserving interpoint distances of the remaining points.

We additionally consider a second case where observations may be either very large or
very small relative to the other observed data. We add a single large observation to the
data in the same way as the mean-0 observation. Large observations are simulated to have
a mean values equal to three standard deviations larger than the O-mean of the rest of the
standardized data, for each of the 10 features. The results for large observations are shown
in Table 3.2. The influence diagnostic tool appears to treat these observations differently
than it does the influential point with mean-0. An example of a “large” observation is given
in the Panel (a) of Figure 3.6, with resulting maps shown in the Panels (b), (c¢), and (d). The
MDS and Sammon maps appear to place the extremely large observation nearest to Group
Three at a slight distance—the isoMDS map pushes the aberrant observation far from all
three groups.

Table 3.3 contains detection rates for the extremely large observation, which are 23%,
12%, and 19% for MDS, isoMDS, and Sammon mapping methods, respectively. Interestingly,
the diagnostic appears to perform the worst for isoMDS at identifying large observations as
influential. Given the much smaller median pseudo-F statistic size for each of the three
methods, it seems apparent that this diagnostic does not as clearly identify points that are
dramatically larger as being influential in most cases, even though the Mahalanobis distances
are similar to the previous simulation. This implies that the rest of the map might be less
impacted by inclusion/exclusion of a single point that is extreme across all of the features.

In both settings, the power to detect the influential point increases relative to the

extremeness of the observation that breaks group structure. Figure 3.8 shows an initially-
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Identification Rate by Mapping Method: Mean-0 Observation

Method Correctly  Identified | Correctly — Identified | Median pseudo-F for
Influential Non-Influential Candidate Influential
Point
MDS 0.90 0.982 174.40
isoMDS 0.47 0.975 8.31
Sammon 0.23 0.971 2.26

Table 3.2: Correct identification rates for each mapping method for an aberrant observation
that varies across groups with mean 0 (i.e., is not larger /smaller than the other observations).
Results from 100 simulations.

increasing detection rate for MDS with drop in detection rates as extremeness increases. The

diagnostic has increasing detection rates for Sammon mapping but decreases for isoMDS.

3.5.4 Dimensionality of Influential Features

The number of features on which an observation is anomalous is potentially an
additional critical element, and can impact how the method detects influence. Per the
previous simulation set up, we simulated observations from the central group (with mean
p = 40) and allowed a single feature at a time to be simulated from the larger group (mean
i = 60). The same variances/covariances were kept from the previous simulations, and the
data were scaled so that in the final data set, the mean of the central group was 0 for all 10
features. We repeated this set up, incrementing the number of features that differed from
the central group to a different group mean up to P — 1 = 9 features in order to see how
the diagnostic would detect differences based on different points that are only unusual on a
small number of features.

Examples of two simulated data sets, along with resulting detection rates from the study,

are shown in Panel (a) and Panel (b) of Figure 3.9, respectively. For the methods where
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Detection Rates by Mahalanobis Distance: Large Observation
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Figure 3.8: Detection rates by Mahalanobis Distances for each of the simulations for the
larger aberrant observation. For MDS and Sammon mapping, detection rates generally
increase as Mahalanobis distances increase. For isoMDS, the initial detection rates start
higher than in the initial case, but appear to decrease as Mahalanobis distance increases.
Results shown for 100 simulations. Bandwidth set to 3.
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Identification Rate by Mapping Method: Large Observation

Method Correctly  Identified | Correctly — Identified | Median pseudo-F for
Influential Non-Influential Candidate Influential
Point
MDS 0.23 0.971 1.97
isoMDS 0.12 0.969 0.50
Sammon 0.19 0.969 1.35

Table 3.3: Correct identification rates for each mapping method for an aberrant observation
that is extremely large (outlying) on all features, which are substantially lower than those
generated for a point that overlaps between the observed groups.

influential points more heavily impact the shape of the resulting map, the rate of correct
detections of potentially influential points increases as the observation differs from the main
group on more dimensions. For the MDS maps, detection rates appear to increase up to the
point where shifting the individual dimension from one group to another shifts the entire
observation’s group membership—at that point, at least in a situation where the “influence”
from an observation is shifting from one group to a second group, we would expect to see a
nearly symmetric decrease in detection rates (since being relatively extreme in 1 dimension
and “regular” in nine dimensions is essentially the opposite scenario of being extreme in
nine dimensions and “regular” in one). The diagnostic appears to detect influential points
for isoMDS maps at a slightly higher rate as the number of features increases, but it does
so inconsistently and even decreases from three to four features. The detection rates for
Sammon mapping were generally low but does increase as the number of unusual features

increase.
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Figure 3.9: In Panel (a), data were simulated to differ across two dimensions to
detection rates as the number of extreme values increases across features. Panel (b) shows
the detection rate trends for each map type. Results shown from 100 simulations.
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3.6 Overview of Real Data Results

3.6.1 Penguin Data

The Palmer penguin data set (Horst et al., 2020) contains information pertaining to
three different species of N = 344 penguins: Chinstrap, Adelie, and Gentoo. Several of
the critical distinguishing features include the bill length, bill depth, body mass, and flipper
length. Bill lengths and depths are measured on the culmen, which is the upper ridge on the
penguins’ bills. Researchers may be interested in identifying differences in the species across
a suite of morphological characteristics, and potentially in seeing those differences projected
into a lower-dimensional space. We might assume that penguins differ by species, but the
actual groupings might be complex or overlapping. The penguins form relatively distinct
groups that align with their species when measured on these biometric markers.

For the purposes of testing the mapping diagnostic, we utilized on the physical
measurements of the penguins, including the bill length (in mm), bill depth (in mm), flipper
length (in mm), and body mass (in grams), as shown in Figure 3.10. We consider two
versions of this exploration: the original, uncontaminated data set, and one where we add

artificial points to the real observations.

3.6.1.1 Uncontaminated penguin data set We first assess the performance of the

influence diagnostic on the actual penguin data set, as shown in Figure 3.10, in order to
identify whether any penguins appear to be potentially influential. Using MDS, isoMDS,
and Sammon mapping on the standardized variables with Euclidean distance, we identified
potentially influential penguins as follows: 1) Use the p-value to determine candidate
influential observations, and 2) Assess the relative extremeness of each candidate influential
observation using the size of the pseudo-F statistic.

For MDS, the most influential penguin is a Chinstrap (see Panel (b) in Figure 3.12),
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Spaghetti Plot of Palmer Penguins (Scaled)
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Figure 3.10: Spaghetti plot of the scaled Palmer penguin data across the four morphological
variables, colored by species type.

and is highlighted in a spaghetti plot in Figure 3.12. The identified penguin appears to
differ somewhat from the characteristics of other Chinstrap penguins in that it has longer
bill length and shorter flipper length than other Chinstraps. The isoMDS map and Sammon
map (shown in Panels (a) and (c), respectively, in Figure 3.12) pick the same penguin as
having the largest pseudo-F statistic. They both choose a Gentoo penguin that appears to
be small on all four metrics, at least relative to other Gentoos.

Figure 3.11 shows the pseudo F-test statistics for each of the penguins in the data set for
each of the three mapping methods considered. Across the mapping methods, MDS appears
to have the most sensitivity to extreme-values with isoMDS showing some fairly large test
statistics for each of the three groups. Note that for MDS, the penguin species that appears
to generate the most influence on the maps are Chinstrap penguins, which tend to be highly
variable across flipper and bill measurements. The diagnostic for isoMDS may be better at
identifying within-group influential points based on the fact that it identifies several large

pseudo-F statistics for each of the three species whereas the MDS seems to choose a single
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Figure 3.11: Pseudo-F test statistics for penguins without any influential points added,

colored by penguin species type. Panel (a) shows the pseudo-F statistics for MDS, Panel(b)
for isoMDS, and Panel (c) for Sammon mapping.
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Figure 3.12: Spaghetti plots of the penguin with largest pseudo-F statistic from the three map
methods. Panel (a) and (c) show the same penguin (an Adelie) selected as most influential
(observation highlighted) in the isoMDS and Sammon maps. Panel (b) shows the Chinstrap
penguin selected as most influential in the MDS-map. In both cases, the selected penguins
tend to be either large or small relative to the penguins of their same species.

penguin with a large pseudo-F statistic and identifies some penguins with moderately large
pseudo-F statistics. For Sammon mapping, the maps appear to produce consistently small
pseudo-F stats, indicating that the maps are relatively stable across inclusion/removal of

any of the penguins.

3.6.1.2 Contaminated penguin data set We additionally simulated various single pen-

guins to add to the data set to test the method’s ability to distinguish it from the additional

penguins. We considered a handful of cases, much in the same vein as the previous simulation
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studies:

e Penguin with large measurements across all 4 dimensions. Such a penguin might look
similar to a Gentoo species when considering only the bill depth and bill lengths, but

would have much larger mass (akin to an Adelie) and similarly larger flippers.

e Penguin with small bill (length and depth), large mass, and large flippers. Such a

penguin differs from the patterns observed by all three species in the data set.

e Penguin with obviously aberrant value for mass only. In this setting, we simulate a
penguin that appears similar to a Chinstrap, but with an obviously aberrant body

mass measurement. This penguin is intended to simulate an incorrect single value.

Each potentially influential penguin was added to the data set and considered
independently for each of the three mapping methods, and is shown in the Figure 3.13.
The penguin data were scaled prior to the addition of the simulated penguin, and scaled
after the addition of the new (aberrant) observation.

Resulting pseudo-F statistics are shown in Panels (a), (b), and (c) in Figure 3.14. For
the first situation, where the aberrant penguin is large across all four metrics, the MDS
maps appear to be impacted by its inclusion and but it is only for MDS is that penguin
identified as influential. In the situation where we simulate a penguin with a small bill and
large relative mass and flipper length, the structure does not appear to be different enough
from the other penguins in the data set to substantially affect the shape of the isoMDS and
Sammon maps, but similarly, the observation is detected as influential for MDS. Finally,
in the case where we have a simulated penguin that looks like a Chinstrap with very large
mass, we identify relatively large pseudo-F statistics for both the isoMDS and MDS maps
(although in the case of isoMDS, it is not the largest one).

In each of the scenarios we see that in the MDS map, the aberrant penguin is clearly

identified as having a large pseudo-F statistic that is much larger than the others observed. In
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Figure 3.13: Palmer penguins data with various influential observations included. Panel (a)
shows a spaghetti plot of a penguin that is large on all four measurements, Panel (b) shows
the profile of a penguin with small bill measurements and large mass and flipper length, and
Panel (c) shows a penguin that looks like a Chinstrap except that it has extremely large
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Pseudo F-Stats: Very Large Penguin
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Figure 3.14: Pseudo-F statistics for penguin data contaminated with penguins of various
types. Panel (a) provides the pseudo-F statistics for a penguin that is large on all features
considered. Panel (b) provides pseudo-F statistics for a penguin with small bill but large
mass and flipper length, and Panel (c) provides the pseudo-F statistics for a penguin with
vary large mass.
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the isoMDS map, the penguin has one of the largest five such pseudo-F values. Interestingly,
the isoMDS appears to be more affected by several of the “real” penguins in the Chinstrap
and Adelie groups than the simulated abberant penguin. The results for the Sammon map
indicate that it does not seem to be as seriously impacted by the inclusion/exclusion of the
unusual penguin.

One critical difference between the results of the simulation studies and the results
for the Sammon maps on the Palmer penguin data set is that there are no large pseudo-
F statistics identified here; this lack of potentially spurious detections may imply that the
maps for those methods are simply too stable to be affected by the removal of a single
observation when the sample size is larger. Unlike the simulation studies, where none of the
observations within the simulated groups to be considered influential, it is possible that an
extreme penguin could itself be different enough from the others in its group that it does
substantively change the shape of the resulting MDS ordination. These results imply that

different types of influential points may affect maps differently.

3.6.2 Carnegie Classification

The Carnegie Classification (CC) is a method for classifying institutions of higher
education based on several metrics of institutional productivity. The 2015 version of CC was
based on data ranging from doctorates awarded in STEM, Non-STEM, Humanities, Social
Sciences, and Other (professional) fields, as well as research expenditures in STEM and Non-
STEM fields and two proxies for institutional faculty size (tenurable faculty headcount and
research faculty headcount).

The Carnegie Classification is typically based on a ranked set of institutional features
due to the presence of outlier institutions on several metrics. In particular, some institutions
spend a great deal of expenditures on research compared to others, so the actual CC is based

on two indices generated using principal component analysis on the ranked data that are
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Figure 3.15: Map of the doctoral-granting institutions from the 2015 Carnegie Classification.
R1 institutions refer to the “Very High Research” category, R2 refers to the “High Research”
group, and R3 refers to the “Moderate Research” category.
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shown in Figure 3.15 (see Harmon et al. (2019) and Kosar and Scott (2018b) for details
on ranking). This ranking process has a similar effect on the results as to a log-transform
(Kosar and Scott, 2018b).

In the method used for calculation of the 2015 Carnegie Classification, the data were
ranked (using the minimum method for ties, as specified in (Kosar and Scott, 2018b)).
This has the effect of consolidating the data, so observations with particularly large values
for features like STEM expenditures are somewhat less extreme. It is likely that fewer
institutions would be detected as outlying and thus, likely, fewer would be observed as
influential points in this setting. Therefore, we investigate scaled versions of the un-ranked
data in part to assess whether or not some of the relative extreme points appear as influential
relative to other universities in the group, using Fuclidean distance and MDS.

For MDS, the institutions that are identified as influential appear to be those that
differ from the average profile, particularly as it relates to STEM output. The institution
with the largest pseudo-F statistic is Harvard University, followed by Capella University,
Walden University, and Johns Hopkins University. Each of the top 4 schools are either
institutions known to operate at large scale (Capella and Walden) or with large research
endowments/funding (Harvard and Johns Hopkins). The top 15 institutions are shown in
Table 3.4.

A spaghetti plot of the institutions with the largest pseudo-F statistics is given below,
shown on the scaled data. For the schools with the top 10 largest pseudo-F statistics, the
un-ranked values of at least one of the main features in the Carnegie Classification appears
to be near the largest in the data set. For some institutions, like Harvard (shown with the
largest value on PDNFRSTAFF (the scaled count of non-tenured postdoc researchers)), they
are near the maximum value on most or all of the metrics included. Unsurprisingly, several
of the institutions with the 10 highest pseudo-F statistics include schools that spend a great

deal of money on STEM and non-STEM expenditures relative to their peers.
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(a) Pseudo-F Statistics for each of the most influential schools, including
Harvard, with the largest Pseudo-F statistic.

Influential Universities: Unranked Data

Influential Non-Influential

Harvard University ]
Capella Universi
Walden University

)

Scaled Value

FACNUM
HUM_RSD
NONS.ERD
OTHER_RSD
PDNFRSTAFF
SERD
S0CSC_RSD
STEM_RSD
FACNUM
HUM_RSD
NONS.ERD
OTHER_RSD
PDNFRSTAFF
SERD
SOCSC_RSD
STEM_RSD

Feature
(b) Original scaled data values for the most influential schools.

Figure 3.16: Diagnostic results and scaled, original data values for the three most influential
institutions in the 2015 CC data set. Panel (a) shows the pseudo-F statistics highlighting
the most influential schools in the map, and Panel (b) shows the original scaled values for
each of the institutions relative to the the other institutions in the CC data set.
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Carnegie Classification: Top-15 Influence Candidates

Name Pseudo F-Stat | p-value

Harvard University 2943.986 0.006

Capella University 13.831 0.009

Walden University 12.842 0.012

Johns Hopkins University 1.993 0.015
University of Phoenix - Arizona 0.916 0.018
Alliant International University - San Diego 0.897 0.021
University of Wisconsin - Madison 0.666 0.024
Massachusetts Institute of Technology 0.634 0.027
University of Washington - Seattle Campus 0.343 0.030
University of Michigan - Ann Arbor 0.312 0.033
Argosy University - Phoenix Online Division 0.308 0.036
Stanford University 0.301 0.039
Northcentral University 0.203 0.042

Liberty University 0.096 0.045

University of California - Berkeley 0.081 0.048

Table 3.4: Table of the top 15 most “influential” universities in the scaled 2015 Carnegie
Classification data set.

3.7 The Curious Case of Extreme Points and t-SNE

3.7.1 t-SNE
One of the notable new methods for high-dimensional data visualization is t-SNE. t-SNE
has been cited more than 21,000 times in use cases ranging from biology (Amir et al., 2013)

to economics (Greengard et al., 2020) to natural language processing and machine learning
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(Liu et al., 2018). The method generates low-dimensional representation of high-dimensional
data that can be used to identify common groups, visualize data structure, and attempts to
better maintain both local and global structure than previously-developed methods. t-SNE
centers on calculation of a balance between two (symmetric) similarity metrics. The first,
called p;;/, is a conditional probability based on the Euclidean distance between pairs of
points z; and 2 in the high-dimensional space. In the lower-dimensional representation, this
similarity is defined as ¢; 4 for map points z; and z;.

A good representation of the high-dimensional space should mean that p; ;; and ¢; ; look
reasonably similar to each other; since these are both simply joint probabilities, the objective
function of t-SNE is a symmetricized Kullback-Leibler divergence between the two, defined

as

KL=Y"3" palog®?). (3.12)
i

qii

t-SNE improves on SNE, which uses a light-tailed Gaussian distribution for both the
higher and lower dimensional similarity metrics. This leads to a phenomenon known as the
“crowding problem” where the two-dimensional map cannot accommodate many neighbors
in high dimensions, leading to an inability to preserve relative distances between points in
the map (Van Der Maaten and Hinton, 2008). By utilizing a Cauchy distribution instead,
t-SNE better preserves the local structure of the data and is better able to handle more
neighbors in high dimensions. Most of the minimization of objective functions is done via
gradient descent (and some methods require simulated annealing because the algorithm can
get caught in local optima). Critically, because the optimization is non-convex, and as a
consequence of the gradient descent methods used to optimize it, t-SNE has the potential to
provide different maps when run on the same data at the same perplexity based on different

random number seeds.
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While t-SNE is a more complex method than MDS and related techniques, it does share
a relationship to PCA. t-SNE is subject to a pre-processing step involving PCA. In most
implementations, a process called “whitening” the data via PCA is performed on the initial
data set (or input distance matrix) to reduce the dimensionality to a reasonable value (Van
Der Maaten and Hinton, 2012). For instance, in Van der Maaten’s initial paper, several
examples reduced the initial dimensionality of the data to 30 for computational gains (Van
Der Maaten and Hinton, 2008).

Depending on the size of the initial dimensionality of the data, this step may drastically
reduce the number of dimensions that t-SNE needs to deal with. However, it has some
potential to impact the resulting ordination, particularly if the number of initial dimensions
kept is relatively low or PCA does not do a great job of fitting the original data set. At best,
the t-SNE mapping is only as good as the initial PCA is. For the simulations shown in this
paper, no whitening was performed, and the original distance matrix was passed to t-SNE
directly.

Campbell et al. (2019) explored different methods than PCA as an intermediate
dimensionality reduction step in t-SNE. They compared PCA, Independent Component
Analysis (ICA), Linear Discriminant Analysis (LDA), Sammon Mapping, and Locally Linear
Embedding (LLA) as preliminary steps in t-SNE and found that resulting maps tended to
form different groupings with variation in separation based on the initial step in the process.
While we did not consider assessing the impact of different intermediate dimensionality
reduction techniques in this analysis, it does present an interesting route for additional
research. Instead, since our influence diagnostic can be used for any mapping tool, we
compared the results of t-SNE to the results obtained by MDS on several of the data sets

previously considered.
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3.7.2 Simulations

We consider the same simulations used for MDS and related methods: No influential
points present, one that bounces between group means, and another with an observation that
is relatively large on all dimensions. When no aberrant points are added, the median pseudo-
F value generated for the smallest p-value is 1.67. Detection rates for the 100 simulations
with potential influential points added are shown in Table 3.5. Interestingly, compared to the
rates of detection for the other mapping techniques, the diagnostic does not appear to identify
differences in map shapes based on inclusion/exclusion of any of the observations. Thus, it

appears that t-SNE maps are not impacted by the presence of an aberrant observations.

Identification Rates for t-SNE

Method Correctly Identi- | Correctly Median pseudo-

fied Influential Identified Non- | F for Candidate

Influential Influential Point
Mean-0 Observation 0.02 0.967 0.779
Large Observation 0.01 0.967 0.567

Table 3.5: Identification rates for t-SNE for an aberrant observations, including the mean-
0 observation that varies across groups and one that is extremely large (outlying) on all
features. Note that detection rates are substantially smaller than those of the other methods
explored.

This is unsurprising in the t-SNE setting because the t-SNE maps we have explored
tend to place the very large or very small point in the center of the map or within one of the
groups of points. Generally, the relative magnitude of the outlying observation on any single
dimension tends to be less important than the structural differences, at least when it comes
to identifying the influence in MDS maps. The permutation distributions shown in Figure

3.3 illustrate that the range of permutation values for t-SNE maps is much smaller than that
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Figure 3.17: Two maps showing the position of an aberrant point. Panel (a) gives the t-SNE
map which puts the aberrant point (shown with the orange dot in the bottom right-hand
group. Panel (b) gives the MDS map that correctly places the aberrant point away from any
of the groups.

of MDS in the presence of an influential point. Figure 3.17 shows this phenomenon a bit
more clearly—in the t-SNE map in the Panel (a), the aberrant observation is placed close to
the observations in the central group, whereas in the MDS map in Panel (b), the aberrant

observation is pushed away from the three distinct clusters of observations.

3.7.3 A Note on Perplexity

For the simulations, we determined the value of the perplexity parameter subjectively
based on the plots produced by the t-SNE runs. Van der Maaten and Hinton (2008) note
that tSNE is not overly sensitive to changes in perplexity; however, if perplexity is too
small, the resulting ordination will contain a large number of small groups (as perplexity
can be interpreted as a rough estimate of the expected number of neighbors for a point)
and if perplexity is too big, then the groups may be situated closely enough to not be
distinct. In either case, a potentially influential point could be made more distinct in the
map, but this is not the behavior we hope to identify. Rather, we seek to identify the impact

of influential observations in well-calibrated maps, so for methods like t-SNE, we use the
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tuning parameters that might be used in real applications. Here, perplexity was chosen to

be 10 for the simulations (results from investigation of other perplexity values not shown

here).

3.7.4 MNIST

To further investigate the performance of the diagnostic on MDS map as compared to
t-SNE, we examined the MNIST data set (LeCun et al., 1998). The MNIST data set is
commonly used to assess methods for multivariate or high-dimensional data, and was one of
the primary data sets used in Van Der Maaten and Hinton (2008). The data consists of 60,000
images of handwritten digits, each with 28 x 28 pixels. When transformed into a multivariate
data format, the images can be characterized as a data set with P = 784 dimensions (one for
each pixel in the images). We selected a stratified random sample (N = 201) of the original
MNIST data set to explore the influence diagnostic, containing a randomly-selected set of
100 “0” digits, 100 “3” digits, and a single “7”, which was selected to be considered as a
potential influential point due to the likely differences in the shape of the values. Given this
selection, the data set is of dimension 201 x 784 meaning that it has nearly 4 times as many
dimensions as it has rows. Note that this wide structure is very different from the situations
examined previously.

While MNIST is decidedly higher in dimension than most of the other data sets
mentioned in this paper, it provides an important example of interpretable data. Typically,
each digit (between zero and nine) forms into a distinct group; however, there are a number
of digits that may be drawn in non-typical ways or may be written in ways that look like
another number (i.e., someone might have drawn a “3” that looks similar to an “8”, etc.).
Thus, by observing the specific image of a number that is identified as influential, we might
gain better insight into how well the method identifies different numeric patterns.

We ran the influence diagnostic for MDS and t-SNE maps, as shown in Figure 3.18 (with
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original class labels shown in the left-hand plot in Panels (a) and (b). The resulting pseudo-
F test statistics for each observation are shown in Figure 3.19. Interestingly, the MDS
maps seem to be unaffected by the inclusion/exclusion of the “7” observation, indicating
that the MDS maps are not substantially altered by the inclusion/exclusion of the unusual
observation, “7” (which is shown in the far right plot in Panel (b) in Figure 3.18).

Rather, a different observation altogether had the largest pseudo-F statistic: a “0”.
The results from the holdout tests indicate that the MDS map did not appear to have been
contaminated by any particularly aberrant observations; the pseudo-F test statistics were
all on a relatively similar scale. Based on the shape of the MDS maps generated with each
observation held out, they do not appear to differ substantively for any of the held-out values;
although, it is worth noting that for the first value held out, the map is rotated 180 degrees
compared to the other maps.

For the MNIST sample shown in Figure 3.18, t-SNE maps in Panel (a) were evaluated
at a perplexity of 20. Based on a visual inspection of a range of perplexity values between
5 and 100, the maps appeared stable across a wide range of perplexity values (results not
shown). Thus, a perplexity of 20 was chosen as a reasonably central value for map stability.
The pseudo-F test statistics do not get quite as large as those for MDS, and the results
suggest that t-SNE does not recognize the impact of any influential values as it appears to
place the “7” in with the “3” observations. The pseudo-F statistics range between 0 and
about 3. The digit with the largest F statistic identified was a “0” and the potentially
influential observation, the “7”, had a very small pseudo-F statistic (and large associated
p-value). Observing the shape of the maps in for each holdout observation, we see some
differences in shape and rotation due to the nature of how t-SNE creates maps, but there
are consistently two well-defined groups that appear to maintain their pairwise distances for
the most part. Some of the challenges in identifying influential points in the t-SNE maps

could be due to the random variation in map configurations for each holdout map (higher
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Figure 3.18: t-SNE and MDS plots showing the original class labels without any holdout
observations, and showing the map when either the observation with the largest pseudo-F
statistic is removed, or when the aberrant observation (“7”) is removed. Panel (a) shows the
t-SNE maps with clearer group separation with Panel (b) showing the MDS maps, which
do not separate the groups very clearly. Both maps seem to be largely unaffected by the
removal of each observation, possibly because there are 200 observations so no single point
exerts much influence over the entire map, or because “7” resides too close to the other digits

explored.
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tSNE Pseudo F-Stats: MNIST Sample
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Figure 3.19: Pseudo F-Statistics for MDS (shown in Panel (a)) and t-SNE maps (shown in
Panel (b)), each of which do not show evidence that the long “7” included is influential.

variability related to run-to-run map variability).

The results shown in Figure 3.19 suggest that neither method identified any substan-
tially influential points. This may be because the “7” simply did not differ from the observed
“0” and “3” digits in the data set, or that the single aberrant point was, in essence, drowned
out by the larger number of well-defined, well-grouped observations in the “0” and “3”
groups. This result highlights the potential risk that influential points may be harder to
detect in settings where the number of observations or potentially the number of features
is high (especially if the number of aberrant dimensions is low for the potential influential
point). In any case, one critical takeaway is that even in the presence of no detected influential

points, the range of pseudo-F statistics for t-SNE is much smaller than that of MDS.



133

3.8 Conclusions and Extensions

The proposed method uses a similar framework as to the tools available in regression
in order to identify potentially abberant data points that can impact the shape of maps.
Critically, the choice of ordination technique can impact the efficacy and sensitivity of maps
to influential points. Some methods, like MDS, are highly responsive to influential points
that do not look like the rest of the data. Maps resulting from these methods will typically
make such points obvious.

Alternatively, t-SNE is not particularly sensitive to single points that are highly
dissimilar to others in the data set. It is often not obvious that such observations are
present when viewing a t-SNE map. In many cases, the unusual data points are pushed
towards the center of the resulting ordination, making them difficult to identify.

Depending on the use case and problem to be solved, this sensitivity (or lack therof)
may be benificial or potentially problematic. In some instances, it may be necessary to
create maps that are relatively stable even in the presence of influential points; the results in
this paper suggest that t-SNE might be more effective for creating maps in those situations.
However, care should be taken when interpreting results from such maps as there may be
substantively different observations that get grouped together in the resulting ordination,
like the “7” that was grouped together with the “3” values in the MNIST data.

Much like in regression, we recommend taking an iterative approach to dealing with
influential points. It is common practice in regression diagnostics to identify the point with
the highest Cook’s Distance, remove it, and re-fit the model to see the new dispersion of
observations’ impacts on the model. A similar approach might be useful when creating
high-dimensional data maps using these techniques.

We recommend identifying the observation with the largest pseudo-F statistic, removing

it, and re-assessing the diagnostic’s results with the reduced set. By cleaning out some of the
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most influential points, the resulting maps should be more reproducible, of higher fidelity,

and provide potentially more meaningful results for the retained points.

3.8.1 A Note on Sample Size and Dimensionality

Two factors have the potential to greatly impact the computational complexity of
generating maps: the dimensionality of the data set and the sample size considered. There
are N distinct permutations to explore. In larger sample size scenarios, this makes the
diagnostic somwehat computationally expensive. Also, the number of p-values less than a
chosen cutoff value is directly related to N because of the permutation-based approach used.

In truly high dimensional data, it is possible that an observation may only differ
substantively on a small number (say 1 or 2) of features in a data set with potentially
thousands of dimensions. The computational cost of mapping on such a large data set can
impact the speed of computing the diagnostic due to computational challenges in making
each holdout map. In such a case, it may be useful to consider a method for trimming the
number of features considered. Using a method such as penalized matrix decomposition (see
Witten and Tibshirani (2010)) to trim noise features might reduce the complexity of the
initial feature set used in the map. Additionally, a “whitening” process could be used by
initializing one of the mapping methods used here with the first K principal components
from a PCA, as is done in t-SNE to reduce computational complexity (Van Der Maaten and
Hinton, 2008). Methods for pre-processing the data prior to influence detection is left as an
avenue for future research, but might prove the key to computational feasibility on vastly
more complex data sets than those considered here. Potential impacts of “whitening” on

detection of influential points are unclear.

3.8.2 Future Work

There are several considerations for future work that might be worth considering. Based

on the differences in t-SNE maps produced by Campbell et al. (2019), an exploration of the
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impact of different intermediate dimensionality reduction step in t-SNE could be interesting.
It is certainly possible that using PCA as an intermediate method for reducing the data
dimensionality prior to t-SNE, or choosing a different dimension reduction technique, could
either enhance or hamper the ability of this diagnostic to identify influential points.

For several of these methods, we initially examined metrics that assess the individual
contribution of each feature to the cost function for specific mapping techniques. Inter-
estingly, for t-SNE, the individual cost contributions for the points that were simulated as
influential were relatively small, and observations that had high individual cost were often
not obviously outlying in the maps created. Some additional research into the dynamics
of individual cost contributions—and how tightly these tie to the resulting changes in
ordinations when points are included/excluded from maps—could provide an interesting
avenue for future work.

Additionally, examining additional mapping techniques may be worthwhile as well.
Not all mapping methods are unsupervised; some methods, like Linear Discriminant Analysis
(LDA, see Izenman (2008)), contain response information that can be used in driving greater
separation between classes in the resulting maps, Extending this method to supervised
ordination methods would require potentially re-thinking what it means for an observation
to be influential given that class information is available, and the method would need to
be compared to existing methods for detecting influence in supervised mapping techniques.
Extensions to other unsupervised ordination techniques may be worth consideration as well;
while this paper assesses a linear method for doing dimension reduction (MDS) and a non-
linear methods (Sammon mapping, isoMap, t-SNE, etc.), there are a bevy of other methods
that might be worth assessing in the future, including UMAP, Laplacian Eigenmaps, and
others. While our method can run with any of the proposed methods, an assessment of the

efficacy of the method would be needed.
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Abstract

Monothetic clustering (MC) is a useful tool for generating interpretable clusters based
on divisive bipartitions of multivariate data. When applied to multivariate or higher-
dimensional data, it is possible that noise features may contaminate the MC results,
necessitating the use of sparse methods to obtain improved clustering results. Additional
benefits of feature selection prior to clustering include improved computational performance
and potential to improve the monothetic characterization from each resulting cluster.
This paper proposes a novel method for sparse monothetic clustering based on a two
step process. First, the method uses a penalized matrix decomposition to reweight the
distance/dissimilarity matrix (or, equivalently, the input data) and second, the application
of MC to the reweighted sparse data to obtain a “sparse” monothetic clustering. Tuning for
two parameters, the number of clusters, K, and the degree of sparsity, s, is discussed, and
bivariate extensions to existing tuning rules are presented. The methods are demonstrated
with a range of applications that illustrate both the challenges and utility of the method as

compared to other methods for clustering, both sparse and non-sparse.

4.1 Introduction

Clustering is an important method for unsupervised statistical learning that allows for
data-driven identification of similar observations or objects. Consider a data matrix X y«p
with N observations or objects and P features. Various methods for clustering X into
meaningful groups exist. Clustering has long been a primary tool for data scientists to
determine groups in unsupervised data problems (see Kaufman and Rousseecuw (1990) and
Everitt and Hothorn (2008)). When no clear group labels are identified a priori, clustering
can be used to identify common characteristics between observations and to group them

into similar groups based either on single characteristics or on relationships between many
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characteristics.

In many cases, the data to be clustered may contain both signal-bearing features (i.e.,
meaningful structure related to groups), and features which may only contribute noise.
Sparse clustering attempts to reduce the number of features used as input in a clustering
problem in order to drive better results by focusing the clustering algorithm on just the
signal-bearing features. In some cases, such as high-dimensional settings where the number
of observations, IV, is less than the number of data features, P, some clustering algorithms
will perform poorly or break down completely (Witten and Tibshirani, 2010). However, the
data need not be high-dimensional to pose potential problems for clustering algorithms; in
many cases, the true number of signal-bearing features may be less than the total number
of features available to be used—these remaining “noise features” can actually hamper the
ability of the algorithm to segregate the data into groups that best represent the truth
(Brodinova et al., 2019).

We propose a novel method for feature selection in MC using a two-step algorithm:
first, selecting relevant features via a sparsification method to generate a set of weights,
w, and reweighted dissimilarity matrix, u, and then to perform MC on the reweighted
data. This work extends the framework of sparse hierarchical clustering proposed by Witten
and Tibshirani (2010) and additionally formalized by Hastie et al. (2015) to the divisive
bipartitioning method of Chavent (1998). Our sparse MC method is operationalized in the
monoClust package (Tran et al., 2022) in the statistical software R (R Core Team, 2022).
Three critical advantages can be obtained by using sparse clustering methods; the solution is
more interpretable because it relies on fewer features, the cluster solution will potentially be
more accurate, and removal of noise features may lead to potentially large improvements in
computational performance (depending on the method). Feature selection can also improve
the characterization of each cluster and lead to a more useful and interpretable result.

This paper overviews relevant background information about monothetic clustering and
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the sparse clustering framework of Witten and Tibshirani (2010). We then propose our new
sparse MC methodology and a novel perspective on how to choose optimal tuning parameter
values for the degree of sparsity and the number of clusters. We present simulation studies
to explore tuning and compare sparse MC to other methods, and evaluate the method on a

set of real data sets.

4.1.1 Monothetic Clustering

Clustering requires some measure of distance, or dissimilarity, between pairs of objects.
We can define d(z;, z;) (or simply d; ;) as the measure of similarity between objects z; and

x} for all of the P features. A common choice for distance is the Euclidean distance (2 norm)

across the P features, d;;; = \/ Z;ll(Xm — X ;)%. Hierarchical clustering methods take as
input D, the dissimilarity/distance matrix of all pairwise d(z;,zy) across the P features.
Other methods, such as K-means or K-medoids, can be applied directly to the data matrix
and take the dissimilarity measure into account as part of their objective function. For
hierarchical methods, a method for linkage must be defined—this is the way that distances
between clusters are defined. In many cases, clustering methods are considered polythetic,
meaning that the clusters can be characterized by a shared set of similar characteristics on
variables, or monothetic, meaning that the clusters can be characterized by at least one
well-defined common property for each cluster.

Monothetic clustering (MC, Sokal and Sneath (1963)) differs from traditional polythetic
hierarchical clustering methods in that it makes cluster decisions based on a single property
at a time; resulting clusters thus share a set of characteristics rather than simply being
“similar” based on a dissimilarity metric that takes several features into account. This
shared characteristic property of MC means that the resulting clusters are easier to interpret,
generally, than those created by other clustering methods, which may generate clusters in

which objects in the same cluster share no common characteristics.
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MC methods first arose in the case of binary data (Williams and Lambert, 1959) and
have since been known as descendant conceptual clustering methods (Michalski et al., 1981).
A method for MC, inspired partly by the classification and regression trees of Brieman et al.
(1984), was developed by Chavent (1998). The algorithm generates both a hierarchy of a
set of objects (a recursive clustering) as well as a monothetic characterization of each cluster
(i.e., a common, interpretable characteristic for observations in each group).

A global criterion, called inertia, I(Ck), is defined as the total variability around the
cluster centroid, and is used as a target for a clustering algorithm that iteratively searches
for optimal splits from each multivariate response (feature). When the chosen dissimilarity
metric is Euclidean distance, the inertia for cluster Cx is equivalent to the criterion, also
called inertia, used in Ward’s Method for hierarchical clustering (Ward, 1963).

Let N be the number of objects in a set {2. Each object is described on P features
Xi, ..., Xp, which are weighted equally (although note that this need not be the case, indeed
the interest of this work is to reweight the X’s in a data-driven fashion). The inertia is a

measure of homogeneity within a cluster £ = 1, ..., K defined as

cy=— 3 &, (4.1)

kit eCy,i>it

where ny, is the cardinality (i.e., the number of unique observations) in cluster Cy. In our
applications, d; » is defined as the Euclidean distance measure, but other types of distance
or dissimilarity can be used.

Note that minimizing the within-cluster inertia of a partition (i.e., the similarity of
objects within each cluster) is equivalent to maximizing the between-cluster inertia (the
dissimilarity of objects in separate clusters)—this theme of MC means that the method
is similar in its goal to K-means clustering as well as hierarchical clustering with Ward’s

method as the selected linkage.
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Binary splits are typically displayed in a tree diagram that outlines each of the rules,
as shown in Figure 4.1. A binary split s(Cy) on a given cluster C will result in a partition
of the original cluster into two smaller clusters, Cy; and Cyrr (L and R refer to ‘left’ and
‘right” in the dendrogram produced). The inertia decrease before and after the partition is

defined as

The optimal split, s*(Cy), is the one that maximizes this decrease in inertia and is denoted

as

s*(Cy) = argmaxsA(s, Cy). (4.3)

Various simulation studies have been performed on the MC method proposed by
Chavent (1998), as well comparisons to other clustering methods (see Chavent et al.
(2007) and Chavent and Lechevallier (2006)). Comparing across simulated data sets as
well as six real data sets, they found that the MC algorithm outperformed K-means and
Ward’s methods in making correct classifications when the number of clusters was small.
Additionally, in the case of numerical data sets, MC returned higher quality clusterings
(based on a measure of cluster efficacy, proportion of inertia explained) than the other
methods when data volumes were higher.

MC provides both a set of clustered groups (a “clustering”) of the data as well as a
set of common characteristics for every observation in a given cluster, called a monothetic
characterization. This provides a more interpretable solution than polythetic clusterings,
which may group observations together that share no common characteristics. Figure 4.1
provides an example of the resulting clusters and a tree diagram of bipartitions as applied

to the Palmer penguin data (Horst et al., 2020). This data set contains four measurements
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Figure 4.1: Plot of MC of Palmer penguins data set. Two bipartitions are made on flipper
length and bill length, shown in Panel (a) and used to generate the three clusters shown in
Panel (b) based on the red lines partitioning the space. The clusters are highlighted and the
monothetic characterization for each group is annotated over the resulting clusters.

of penguin anatomy for three species (Gentoo, Adelie, and Chinstrap), including the flipper
length (mm), bill length (mm), bill depth (mm), and body mass (grams), The method applied
to the P = 4 standardized variables for the N = 344 penguins with Euclidean distance for
K = 3 splits them into three clusters based on splits made on flipper length and secondary
splits based on bill length. The values shown in Panel (a) of Figure 1 are scaled, whereas
those reported here are on the original scale. Based on the splits, we refer to Cluster One
as the “Large Flipper” group, which contains penguins with flipper lengths greater than
206.5 mm (most of which are Gentoos). Cluster Two refers to the “Small Flipper, Large
Bill” group that has flipper lengths less than 206.5 mm and bill lengths greater than or
equal to 43.25 mm. Finally, Cluster Three refers to the “Small Flipper, Small Bill” group
with flipper lengths smaller than 206.5 mm and bill lengths that are smaller than 43.25mm.
Other methods will not provide so clear an interpretation of the clusters, and objects within
a cluster might not share those common characteristics, even though the clusters created
may be similar.

For situations where either the number of observations or the number of features is
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very large, MC can be computationally intensive because it investigates all the possible
bipartitions of the features. Two R Packages allow for implementation of MC: monoClust
(Tran et al., 2022) is used to generate the results in this paper; the divclust package can be
used to implement MC both for quantitative and categorical variables (Fuentes and Chavent,
2015).

An objective measure of cluster efficacy is needed to assess the efficacy of the following
clustering results; we use the Rand index (Rand, 1971) as a measure of similarity between
two sets of group labels. Consider two potential partitions of N objects C'; and Co—these
may be potentially two clusterings of K = 2 or more, a cluster label and class label, or other

partitions of some sort. The Rand index is defined as E‘T*S’ where a refers to the number of

2
elements that are in the same subset in C; and C5, and b refers to the number of elements
that are in different subsets in C; and C5. In their paper, Witten and Tibshirani use an
alternative measure, Cluster Error Rate (Chipman and Tibshirani, 2005), to describe the
quality of clusterings. CER is calculated as CER = 1 — Rand. For this, as well as later
comparisons of cluster results, we use the Rand index, in order to quantify the similarity

of the clusters produced when comparing to known class labels, or to different clustering

solutions.

4.1.2 Motivating Example

Witten and Tibshirani (2010) present a motivating example to illustrate why sparse
K-means is useful compared to a non-sparse K-means clustering. Simulating from a
multivariate normal distribution where two groups differ only by a mean shift on the two
features, they demonstrate that K-means as applied to both features will not result in good
group discrimination vs. K-means applied only to the axis where the groups are shifted.

Because MC makes bipartitions based on a single feature at a time, in a bivariate case

it will either split the data horizontally or vertically. Thus, the situation proposed by Witten
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and Tibshirani (2010) must be modified to present some sort of challenge as a horizontal or
vertical split completely separates the groups they present. Instead, we consider a tightly-
bound, independent, bivariate normal distribution positioned next to a more elongated group
simulated from an independent bivariate normal with a shifted mean and more variation in
the vertical direction. Both groups are simulated with 500 observations; Group One has
means 4 = (0,0) and variances 1 and 1 in both directions, and Group Two with u = (5,5)
and variances 1 and 3, respectively, to make it stretch in the y-direction. The resulting data
form a tight, uniform circle positioned next to a long ellipse.

As shown in Figure 4.2, the actual clusters are not completely separated, nor can
they be separated with a single vertical or horizontal line. MC as applied to both features
simultaneously provides a curiously unintuitive result that splits based on V2, assigning
one cluster to V2 > 2.08 and V2 < 2.08. This clustering yields a Rand index of 0.86.
Alternatively, by using only the first feature, V1, and splitting the groups into V1 > 2.51
and V1 < 2.51, the “sparse” MC method is able to find a more intuitive bipartition with a
much higher Rand index of 0.97. In such a case, a sparse monothetic method that removes
V2 from consideration in the clustering not only better captures the cluster membership
but also more useful monothetic rule-based characterization of the data based on the more

meaningful variable, V1.

4.2 FExisting Methods for Sparse Clustering

Witten and Tibshirani (2010) introduced a framework for sparse clustering that is
further expounded in Hastie et al. (2015). They define the majority of clustering problems

as a function of parameters © and data Xy p that take the form

P
(X 44
max ;w]fg( 5, 0), (4.4)
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Motivating Example: Monothetic Clustering
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Figure 4.2: Motivating example showing two clustering solutions, where MC results are
improved with only one feature used and two cluster solutions. Panel (a) shows the actual
clusters, Panel (b) shows the MC using both dimensions that split on feature “V2”, and
Panel (c) shows the more intuitive clustering using only feature “V1” both in the distance

calculation and as the candidate for bipartitions.

V1

(c)
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where f;(X;,0) is a function of the j™ feature X;, and G is the parameter space to be
defined for a specific clustering method. To achieve sparsity in such a clustering method, a
two-step method is proposed. First, a matrix decomposition must be performed to provide
either a reweighted distance/dissimilarity matrix, or a set of weights, w, that can be applied
to the original P features to effectively “sparsify” the original data. Then, the reweighted
distance/dissimilarity matrix can be used as a newly sparse input to methods like hierarchical
clustering that take the distance matrix as input. In the case of K-means and methods that
can be applied to the original data, the weights can be more directly applied.

Witten and Tibshirani first pose the sparse clustering problem in the following form:

P
(X, 0 biject t 2<1 < > 4.5
maz ;w]m 1.0) subject to [lwll} < 1, [l < s, w; >0, (4.5)

where w; refers to a set of weights that are applied to each of the P features X; and s is a
tuning parameter that controls how sparse the feature set used should be. This provides a
general framework wherein the first constraint, ||w||3 < 1, assures that at least one feature
will be nonzero. The L1 norm, ||w||; < s, provides penalization that allows weights to be
shrunk all the way to 0. One of the key challenges is choosing the right value of s, which
controls the right level of sparsity. Generally, smaller s values will lead to a “sparser” solution

whereas larger s values will lead to more features being used.

4.2.1 Sparse K-means Clustering

In a K-means setting, this can be directly utilized to optimize the dimensionality of
the space used in the K-means algorithm. A sparse K-means algorithm proposed by Witten
and Tibshirani (2010) applies sparsity to clustering via estimation using a Lasso-penalized
weighting of the variables, w;, to create a weighted dissimilarity matrix, D*. The solution

below maximizes the between-cluster SS (BCSS) in K-means for a given choice of K:



148

macpé Zw] {— sz“vﬂ Z Z div;} subject to [Jw|3 <1, ||Jw]|] < s,

"' e€Cl

where s is a tuning parameter to control the sparsity and w; is a set of weights applied to
the P features. Essentially, this weights each feature’s contribution (d; ;) to the distance
based on the w;’s.

Much of the research following Witten and Tibshirani’s initial paper in this area has
focused on improvements to the sparse K-means implementation. Friedman and Muelman
(2004) developed an alternative method for achieving sparse distance/dissimilarity matrices,
called Clustering Objects on Subsets of Attributes (COSA), that is discussed in Section
4.2.3. Brodinové et al. (2019) introduced a framework for dealing with outliers in the
presence of noise features by incorporating a weighting function that penalizes outlying
observations, effectively adding weighting to the objects to be clustered as well as the
features that were already subject to weights. Arias-Castro and Pu (2017) propose a slightly
different alternative to Witten and Tibshirani’s approach called Sparse Alternate Sum (SAS)
clustering that is applied to K-medoids, instead applying a hill-climbing method that is more

directly optimized than the alternating optimization necessary for sparse K-means.

4.2.2 Sparse Hierarchical Clustering

A direct translation of this framework cannot be applied to hierarchical clustering in
the way that it is applied to K-means clustering, because hierarchical clustering does not
directly optimize a criterion in the above form. This is because HC generates a dendrogram
that provides a solution for all potential groupings from the single cluster solution containing
all objects to the solution containing N singleton clusters. These have dendrograms have

to be cut horizontally to provide a single clustering solution. Witten and Tibshirani (2010)
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point out that one could attempt to build a sparse hierarchical clustering algorithm that cuts
the dendrogram, calculates the BCSS that results, and optimizes based on that criterion.
However, such a case would require a more obvious method for when and how to cut the
resulting dendrogram, and the weights might differ across different heights in the tree.
They instead developed a method that recasts the overall (weighted) dissimilarity

matrix U gy = Zj d;  j as the solution to the optimization:

P
%%x{; w; ;di,i/,jUM} subject to ;Ufl, <1, lwl <1, ||w| <s, w; > 0, V5.
(4.6)

The solution to the optimization uses components of Witten’s sparse principal
component proposal (2009). The algorithm is as follows. Let u be a vector of length N?
containing all elements in (U, )nxy strung out. Define Dyz2,p as the matrix whose j™"

column contains the N? elements of the (d;ir.j)Nxn dissimilarity matrix based on the gth

feature. Then we seek to find the solution to the following optimization:

maz(u’ Dw) subject to ||w||3 < 1, [Jw||| < s, [|ull3 < 1,V 7, (4.7)

w,u

where the components w and u are iterated until convergence to get both the optimal weights
w and the vectorized dissimilarity constraint, u. This criterion is the penalized matrix
decomposition (PMD) that informs the sparse principal components criterion proposed in
Witten et al. (2009). Both the sparse hierarchical clustering and sparse K-means presented

in Section 4.2.1 are operationalized in the R package sparcl (Witten and Tibshirani, 2018).

4.2.3 COSA Alternative

An alternative to the reweighted distance/dissimilarity matrix provided by the PMD

of Witten and Tisbhirani (2009) can be generated using a method called Clustering Objects
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on Subsets of Attributes (COSA, Friedman and Muelman, 2004). Motivated by problems
in high-dimensional settings, COSA seeks to accomplish two tasks: clustering objects into
homogeneous groups while collecting (potentially overlapping) subsets of variables for each
group of objects.

Let C}, denote the index of observations in cluster k£ of K clusters. COSA seeks to solve

the following optimization problem:

P
mgnimize > a(n) ) Z(wjdzyz",j + Awjlog(wy)), (4.8)
keK ii'€Cpy J=1

over any clustering C and a set of weights wy, ..., wp > 0 subject to 25:1 w; =1 with A >0
as a tuning parameter. The a(ny) is defined as a function of the number of elements in the
k' cluster, with a common choice being an equal weighting a(ny) = t

Minimizing the objective function of Equation 4.8 with A = 0 results in a convex
combination of attributes with smallest average within-cluster dissimilarity; Witten and
Tibshirani (2010) note that this is the only way they were able to “zero-out” weights for any
features with the COSA criterion. The weights will concentrate on the features with more
dissimilarity, and pathologically, it is possible that a single attribute could receive weight 1
with the other features receiving weight 0.

The COSA procedure is optimized using an alternating strategy that alternates between
optimizing with respect to cluster assignment C and the feature weights wy, ..., wp. It stops
when it finds a local minimum; it is not guaranteed to find the global minimum. Tuning
for A, the scale parameter, which controls how many objects in a given cluster C} have
influence on the weights, is important as results can be sensitive to the choice of A\, and is
typically done by comparing clusterings across a grid of A values (Friedman and Meulman,

2004). COSA generates a reweighted dissimilarity matrix that can be input directly into

clustering algorithms; however, Witten and Tibshirani (2010) note that in practice, COSA
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rarely results in a sparse set of features and instead tends to spread the weights across them

all.

4.3 Methods

4.3.1 Our Proposed Sparse MC Method

Our proposed method for feature selection in MC involves using the two-step algorithm
of Witten and Tibshirani and translating it specifically for use with MC. First, the PMD is
generated on the original non-sparse input data matrix X yxp. As described in Hastie et al.
(2015) and Witten and Tibshirani (2010), the goal is to simultaneously generate a set of
weights w; > 0V j that control the contribution of each of the P features into a reweighted
dissimilarity matrix. In the case of standard hierarchical clustering and other dissimilarity-
based methods, the reweighted dissimilarity matrix is of primary interest; however, for ease
of implementation with monoClust software, we reweight the original input data based on
the w;’s. Once the weighting vector w is obtained, a reweighted data matrix can be generated
by reweighting on the original multivariate data matrix by multiplying the weights by each
of the X features to generate X* = [X7, ..., X}| = [w1 X}, ..., wpXp|. Distances can then be
calculated from those reweighted variables to obtain a sparse distance matrix U* = dist(X™).
In the case of Euclidean distance, the distance matrices obtained from the PMD, U yyy =
> wjdi g, is equivalent to D* = 3. d;, ; where d; ;, ; is the feature-wise Euclidean distance
matrix obtained from the reweighted data X* as shown in Figure 4.3. This result allows
us to use the reweighted data X™ as an input to monothetic clustering directly rather than
passing in the sparse distance matrix U, meaning that this first step could be extended
both to distance-based methods as well as methods that work on the original datset such
as K-means, partitioning around medoids (PAM, Kaufman and Rousseeuw (1990)), or even
the model-based clustering methods of Fraley and Raftery (2002).

Other methods can be used in this first step, including the COSA method, to obtain a
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Dist Matrix of Weighted Features U from PMD vs. Distance Created from Weighted Data
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Figure 4.3: Heatmap showing the distance matrices created when using Fuclidean distance
from the sparse clustering, or equivalently taking the Euclidean distance matrix of the
weighted data, in Panel (a), and the plot the vectorized distance matrices plotted against
each other in Panel (b) indicate that, for Euclidean distance, the weights can be applied to
the original data and input to the clustering.

reweighted dissimilarity matrix with an associated set of weights. Note that while the PMD
has been shown to be effective in many cases (Witten and Tibshirani, 2010), other methods
beyond those explored here may be useful for “sparsifying” the input data and generating
weights. Additionally, while we do not consider weighting the original observations or objects
to be clustered, research suggests that this might be helpful in the presence of outliers
(Brodinova et al., 2019). We leave this for potential future work.

Since the R package monoClust (Tran et al., 2022) takes as input the original data
matrix, our method essentially provides a wrapper around monoClust that calls it, using the
reweighted variables in the clustering. If w; = 0 for any X, that feature is not considered
for bipartitioning, as well as adding no distance to the distances between observations.

We perform sparse MC on standardized (mean = 0, SD = 1) data before weighting, in
order to avoid having different scales of variability input to the PMD step when sparsifying
the input distance/dissimilarity matrix. Note that the number of potential bipartitions is
reduced compared to non-sparse inputs to the MC algorithm; moreover, the splits are based

on the scale of the reweighted data. To provide more interpretable dendrograms and results,
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the resulting splits should be visualized on the variables divided by their w;’s, and then

un-standardized to return to the original units of the variables.

4.3.2 Selection of Tuning Parameters

In the case of sparse methods for MC, optimal solutions are based on two parameters:

e K: The number of clusters, and

e s: Degree of sparsity (this controls the number of features being set to zero).

Non-sparse clustering methods use all available features in generating a given clustering
solution, thus the primary concern for most methods is determination of the optimal K value.
Various methods exist to optimize the number of clusters K. These include the Elbow
method for looking at a plot of within-cluster dispersion (see Everitt (2012)), or picking
the K that provides the largest average silhouette statistic (Rousseeuw, 1987) or Calinski
and Harabasz pseudo-F statistic (1974). These methods can be used to identify the optimal
number of clusters as long as K > 2 but do not inform the critical question of whether
clustering is reasonable or not (i.e., does K = 1). Tibshirani et al. (2001) define the Gap
statistic as a statistic for estimating or selecting the optimal number of clusters for K-means

and hierarchical clustering. The Gap statistic is defined for a given choice of K as

Gapy(K) = E*{log(Wk)} — log(Wk), (4.9)

where Wi is a measure of observed within-cluster dispersion for a given clustering solution
with K clusters, and E*{log(Wk)} is the expected value of the within-cluster variability
when clusters are generated from a reference distribution with no clusters present. When

the distance used is Euclidean, W is defined as:

(X ), (4.10)

k=1 i, €CY,
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where ny, is the number of observations in each cluster. Thus, the Gap statistic is related to
the inertia calculation used to drive bipartitioning in MC.

The idea underlying the Gap statistic is that when clustering solutions are “good”, there
should be a large difference, or “gap”, between the observed within-cluster dispersion that
takes advantage of real structure vs. the reference distribution that is built assuming there is
no cluster structure for the same number of clusters. The Gap statistic is calculated across
a grid of K values in R using the clusGap function in the cluster package (Maechler et al.,
2022). Various rules have been developed for tuning or “optimizing” K values associated
with the “optimal” Gap statistic (and are operationalized within clusGap), and are discussed

below:

e Global Max: Choose K value such that overall Gap statistic value is maximized

Maechler et al. (2022).
e First Max: Choose the K-value of the first local maximum Maechler et al. (2022).

e Tibshirani 1SE: Choose the smallest value of K such that Gapy(K) > Gapy(K +1) —
Sk+1, Where si1 is the standard error of the Gap statistic defined for K 4+ 1. More
explicitly, sxyq is defined as /1 + %SD(K + 1) where B is the number of reference
data sets generated and SD(K + 1) is the standard deviation of the within-cluster

dispersion measures for the K + 1 as initially proposed by (Tibshirani et al., 2001).

e First SE Max: Proposed by Maechler et al. (2022), choose the smallest Gap statistic
value such that it is not less than the first local maximum minus its associated standard

error, choosing Gapy (K) > localmaz(Gapy(K)) — SE(localmaz(Gapy(K))).

e Global SE: Following Dudoit and Fridlyand (2002), choose the smallest Gapy(K) >
maz(Gapn(K)) — SE(maz(Gapn(K))).
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Indeed, no method for identifying K is perfect; the Gap statistic was found by Sugar and
James (2003) to fail to detect a clear four-cluster solution generated from distinct exponential
distributions, and Dudoit and Fridlyand (2002) note that the Gap statistic has been found to
overestimate the optimal number of clusters in some applications. Numerous improvements
have been proposed to the Gap statistic, including the weighted Gap method of Yan and
Ye (2007) that leverages a weighted version of the within-cluster sum of errors as the intra-
cluster dispersion measure.

Gap has additionally been used to tune for s in sparse clustering implementations. In
their version of sparse hierarchical clustering, Witten and Tibshirani (2010) use a modified
Gap statistic based on permuted data to generate a tuning parameter for s only, with K

fixed. They denote it Gap,(K), and it is defined for a given choice of K as

Gap,(K) = log(B*¥) — Zlog (oB°5), (4.11)

where A is the total number of permutations used to calculate the reference distribution and
«B*K is the weighted between cluster sum of squares for a given reference distribution. The
solution presented by Witten and Tibshirani is reliant on knowing the true value of K as
it does not account for the problem of having uncertainty in the number of clusters. Some
work has been done on tackling that problem in the case of sparse K-means.

In a setting where the Gap statistic can vary across s in addition to K, the situation is
more complicated. As an example, consider fixing s to be small, in this case s = 1.1, in order
to induce a very sparse feature selection. With a small value of s, it is possible to reduce
the number of features used by the MC to either a single variable, or close to one, so that
all of the potential bipartitions from the MC are limited to a single feature (and the inertia
it is trying to partition). We consider a simulated data set to illustrate such a situation,

where data across six groups are simulated from independent normal distributions across
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Feature Weights: Too Much Sparsity

Gap Statistics Across 100 Runs

Monothetic Splits
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V1<005919 | V12=-005919 V1<0.05826 | V12=005826 /
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(a) Monothetic Splits (b) Gap Statistics for K (c) Feature Weights

Figure 4.4: Monothetic bipartitions for a simulated data set with N = 80, K = 6, shown in
Panel (a), Gapy(K) values across potential values of K in Panel (b), and feature weights in
Panel (c) shown for a scenario that is too sparse. The first 20 features are “signal” bearing
whereas the other 80 features do not vary across groups. While the overly sparse solution
does remove the noise-bearing features from consideration in the MC, it also removes nearly
all of the signal features and reduces the features available for splits to two (with primary
weight on feature V1).

P = 100 features with only the first 20 “signal” features varying across each of the means
= [42,46,50, 54, 58, 62] and the additional 80 “noise” features that do not vary by group.
Each group is simulated with 20 observations, resulting in N = 120. Figure 4.4 illustrates
such a situation—the sparsity parameter s = 1.1 is set to be too punitive and leads to the
complete removal of all but two features; feature V1 contains % = 90% of the feature weight
and thus defines most of the variability present in the reweighted distance matrix, with the
remaining 10% going to feature V18. Gapy(K) appears to underestimate the true number
of clusters as it is optimized at K = 3 clusters, using the Global Max rule. Thus, when the
reweighted data is input into the MC algorithm, the Gap-optimized 3-cluster solution makes
2 recursive splits using only feature V1. In this example where too much penalty is applied,
K is too small, and the MC makes splits on only a single feature. Thus, real signal appears
to have been removed along with the noise features.

This underscores the need to get both tuning parameters right—and because MC makes

bipartitions on a single feature at a time, an overly sparse solution may prevent access to
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important signal variables that aid in partitioning the full space and be more impactful for
MC than in a polythetic situation. Brodinova et al. (2019) devised a method to tune both
parameters simultaneously and suggest that choosing either s or K first will lead to incorrect
group identification. They propose using a modified Gap statistic Gapy ;c that is measured
across a grid of both K and s values, and additionally weights the observations as well as the
features to reduce the potential impact of outliers. This simultaneous exploration of tuning
can then be presented in plots of the Gap statistic shown varying either across K with
different lines used for varying values of s, or vice-versa. We find it more natural to present
the z-axis of the Gap statistic plots to vary by K, but present both options. Brodinova
et al. (2019) directly compare tuning based only on Gapy(K) using the Tibshirani 1SE rule
to optimmizing both s and K based on the maximum value (Global Max) as part of their
simultaneous tuning process (and using an observation-weighted Gap statistic, which we do
not use here).

We consider using Gap; i for both parameters s and K, respectively, defined as

GCLP&K(S, K) = E*{ZOg(Ws,K)} - log<Ws,K)a (412)

where W, i refers to the given within-cluster dispersion for a clustering with K clusters
chosen and a sparsity parameter of s. These rules must be extended to consider both
comparing K values within a given choice of s*, or across a grid of reasonable values for
K grouped by values of s. Brodinova et al. (2019) tuned by choosing the optimal Gaps k
across a grid of s values based on a modified 1-SE rule applied for each value of K, and then
chose the combination of s and K such that Gap, x was maximized. We instead propose a
simultaneous, holistic assessment of the resulting plots, such as those in Figure 4.8, which
can be arranged so that Gaps i varies across an x-axis for K, with various lines representing

the s values, or vice-versa.
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Additionally, we propose several novel bivariate extensions of the Gap rules that can
be considered in choosing values of s and K simultaneously. Because some of the univariate
Gap statistic rules consider picking either the smallest s or smallest K within a standard
error of the maximum Gap statistic, we have to consider either sorting across K or s after
picking an optimal value for the other parameter based on Gap. This leads to an extension
of two rules per univariate rule in some cases, denoted “KS” when the Gaps are grouped by
s values and sorted by K prior to picking the optimal value, and “SK” when grouped by K
and sorted by s. Generally, we find that “SK” rules tend to prioritize tuning for sparsity
and “KS” rules tend to prioritize tuning for number of clusters based on the way that the
sorting is performed. A definition of each of the rules is given in Table 4.1. Note that these
differ slightly from the two-step process favored by Brodinova et al. (2019), although the

closest comparison would be the Tibshirani SK rule.

4.4 Simulation Studies

4.4.1 Selecting Tuning Parameters

In line with the methods used for simultaneously identifying K and s in Brodinové et al.
(2019), we opted to use the Gap statistic for assessment of both tuning parameters. Much
of the previous literature pertaining to MC methods focuses on methods for determining
the optimal number of clusters that do not address the fundamental question of whether
clustering should be considered at all (K > 1 vs. K = 1) (Tran, 2019).

In that vein, we first assess the viability of the Gap statistic and its tuning rules on
each of the parameters independently, holding the other at either a known or reasonable
value. An assessment of the Gap statistic specifically for MC does not currently exist in
the literature, and has the benefit of both establishing a baseline efficacy for tuning each

parameter as well as helping to inform which way of tuning is best for MC specifically.
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Bivariate Gap Rule Definition

Global Max Chooses the combinations of s and K that generate the
largest Gap statistic value observed across the range of

values considered.

Tibshirani.SK Sorts the Gap values by K within s-values (arranged in
increasing order). Then, picks the optimal values of s

and K according to Tibshirani’s 1SE rule.

Tibshirani.KS Sorts the Gap values by s within K-values (arranged in
increasing order). Then, picks the optimal values of s

and K according to Tibshirani’s 1SE rule.

GlobalMaxSE.SK Identifies the Global Max Gap statistic and sorts all
combinations of s and K with Gap statistics within
1-SE of the Global Max. Optimal value is based on
sorting by s within grouped K-values (arranged in

increasing order).

GlobalMaxSE.KS Identifies the global Max Gap statistic and sorts all
combinations of s and K with Gap statistics within
1-SE of the Global Max. Optimal value is based on

sorting by K within grouped s-values (arranged in

increasing order).

Table 4.1: Bivariate Gap statistic rules considered for tuning for s and K.

4.4.2 Simulation 1: Use of Gap To Optimize K (With No Noise Features)

Our first simulation considers a data set with a known number of clusters in order to

test the efficacy of the Gap statistic in properly tuning K for MC methods specifically. We
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simulate no noise-bearing features, meaning that the groups vary across all of the features in
the simulated data sets. First, a one-cluster simulation is considered, based on independent
normal distributions with the same mean and variance with N = 90 and P = 20. For
comparison, we examine scenarios with three and six-clusters, where the data are simulated
from independent normal distributions with equal samples sizes in each group, Nx = 30.
Each of the group means are the same across P = 20 features. We do this in two scenarios,
one with K = 3 groups (resulting in N = 90) and the other with K = 6 groups (resulting in
N = 180). In the three-group version, group means are pu = [42,46,50] for all 20 features.
In the six-group simulations, group means are p = [42,46, 50, 54, 58, 62] for all 20 features.
For both versions, the variance is held constant for each variable at o = 21 (and 0 for the
covariances). The simulated data are then standardized before clustering.

The results are presented in Figure 4.5, which shows a bar chart of the optimal K chosen
by each method, much in the same way as Brodinové et al. (2019) explored tuning parameters
for their robust sparse K-means algorithm. When only one group is present (Panel (A) of
Figure 4.5), the Gap statistic appears to identify this clearly, indicating that it performs
reasonably well at minimally assessing the clusterability of the data with MC. The K =1
value was never selected in any of the simulations where multiple groups were simulated (i.e.,
Panels (b) and (c) of Figure 4.5). Table 4.2 gives the percentage of correctly-identified K-
values across the different rules for assessing optimal Gap values for the three and six-cluster
solutions. These results appear to suggest that the efficacy of the Gap statistic decreases
when tuning for K as the number of clusters increases. There also appears to be some
disagreement across the rules; in both situations the Tibshirani 1SE rule appears to perform
the best, while the other rules tend to overestimate the true number of clusters—sometimes

substantially.



161

Optimal K Value: 1 Cluster

Count

First FirsiSE Global
Rule
|
FirstSE
T3 3 155 N
GlovalSE Tibshirani []
Glooal
I ciovaise
Tibshirani
12 3 4 6 1 2 3 4 5 &8
Value

Optimal K Value: 3 Clusters

(a) One Cluster

First

Version

Optimal K Value: 6 Clusters

First

‘ FirstSE

Firstse Global 00 ==
75 75
50 50
e » Rule
0 e | . e ) A _I — _— |
§ GlobalSE Tibshirani 2034 58T jé, ETUTEE D] EEREESEEEDN Z:i.E
© e [ ciovaise
75 - Tibshirani
50 50
25 25
| =lm 1
1 2 3 4 s 8 7 1 2 3 4 s e 7 ’ 123 45672829 ‘\_ﬂ 123 4586782091
MNumber of Clusters Number of Clusters
(b) Three Cluster Version (c) Six Cluster Version
Figure 4.5: Optimal K values across different rules for the Gap statistic across 100

simulations. Panel (a) gives the one-cluster version, which chooses a single cluster for all
simulations except one (for the First and Global Max rules). Panel (b) shows 3-cluster
solution, and Panel (c¢) shows 6-cluster solution. Note that the K = 1 solution was never
selected when multiple groups were simulated in Panels (b) or (c).
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Percent of Simulations Selecting Correct K Value
True K | Global First Tibshirani| First SE | Global
Value Max Max 1SE Max SE
3 Clusters | 0.00 0.01 0.53 0.12 0.12
6 Clusters | 0.00 0.00 0.17 0.00 0.00

Table 4.2: Percentage of correctly-identified K-values across 3 and 6-cluster simulations for
each of the Gap statistic tuning rules.

4.4.3 Simulation 2: Use of the Gap Statistic to Optimize s with fixed K

The following simulation is an extended investigation of the Gap statistic as presented in
Witten and Tibshirani (2010), specifically focused on MC. In this setting, we fix the number
of clusters at either three or six and only consider MC solutions with its respective number of
clusters selected. Similar to the studies shown in Simulation 1, no previous literature exists
to assess the effect of the PMD-based sparsification process on MC specifically; rather, most
work focuses on either K-means or standard hierarchical clustering methods.

Similar to Simulation 1, we simulate data from independent multivariate normal
distributions with varying means across three groups across a total of P = 100 features,
20 of which differ across the groups and 80 of which do not differ across groups. In the
three-cluster version we allowed the means to vary across p = [42,46,50] and in the six-
cluster case, means vary across p = [42,46, 50, 54,58, 62] with both cases having the same
variance of 02 = 21 (and 0 for covariances). The 80 features that do not vary across groups
are all simulated with the same mean. We assess the efficacy of the Gap statistic on these
data across 50 simulations, each of which were standardized prior to tuning and clustering.

Panel (a) in Figure 4.6 shows the individual Gap statistic profiles across a range of
s-values for each of the simulated realizations; while each simulated data set has some

variability, the patterns in the Gap statistic appear to be relatively similar across runs.
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Figure 4.6: Panel (a) shows the plot of Gap statistics for 50 simulations across spectrum of
s values on simulated data with three clusters. Panel (b) shows the optimal s-value across
50 simulations based on each rule.

Panel (b) of Figure 4.6 shows a bar plot of the optimal s value chosen by the Gap statistic
when employing each of the rules defined in Section 4.3.2. Witten and Tibshirani (2010)
continued simulations for sparse hierarchical clustering that showed mixed results relative to
performance; our results appear to be similarly mixed and somewhat variable depending on
the rule chosen. The First, Global, and Global SE rules tend to be highly variable in choosing
optimal tuning parameters, whereas Tibshirani 1SE and the First SE rule of Maechler (2019)
tend to favor sparser (often the sparsest possible) solutions.

Another assessment of tuning for sparsity can be obtained via examination of the feature
weights obtained across each simulation. Table 4.3 provides the percentagse of non-zero
weights applied to signal-bearing features and noise features, and Figure 4.7 plots each of
the weights for all of the 50 optimal tuning parameter values across the 50 simulations. For
each of the rules, the Gap statistic performs reasonably well at identifying at least some of

the signal-bearing features (to the left of the dashed line, features 1-20), and down-weighting
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most of the noise-bearing features. The mean percentages of nonzero signal features given
weight in Table 4.3 are relatively low because for most of the rules, a sizeable proportion of
signal-bearing features are zeroed out. This is not surprising as the PMD has the ability to
down-weight both the true noise variables as well as some of the signal-bearing features with

less associated variability.

Average Signal/Noise Feature Identification
Rule Mean Percentage of | Mean Percentage of Spuri-
Nonzero Signal Features ous Noise Features

First 24.0% 1.4%

First SE 19.0% 0.4%

Global 94.3% 12.7%

Global SE 71.5% 2.6 %

Tibshirani 1SE 10.0% 0.4%

Table 4.3: Table showing the detection rates for signal-bearing features across the
simulations, as well as the mean spurious detection rates for noise features for each of the
single variable Gap tuning rules. Results based on 50 simulations.

The Global Max rule appears to have the most weight attributed to noise features,
and it captures the highest percentage of signal-bearing features, on average, followed by
the Global SE rule of Dudoit and Fridlyand. Both rules appear have more variability in
the weights generated as compared with Tibshirani’s 1SE rule that assigns nearly the same
weight to the same features consistently. It is important to note that across each of the
simulations, most “optimal” tuning parameter values still assigned some nonzero weight to
noise features; however, when viewed from the perspective that the sparsification process is
essentially “cleaning up” the space of features, even the most liberal method (Global Max)

appears to remove much of the influence of the noise features, even if they are less frequently



165

given weights of 0 and shrunken out of the distance matrix completely.
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Figure 4.7: Optimal feature weights evaluated for each of the Gap rules for all 50 simulated
realizations applied to MC with K held constant. The first 20 features (left of the red dotted
line) are the signal-bearing ones, and the last 80 are noise features.

4.4.4 Simulation 3: Simultaneously Choose Tuning Parameters

Similar in setting to the simulations of Witten and Tibshirani (2010), we simulate
4 equally-sized groups with N, = 20, N = 80, and P = 100, from independent
multivariate normal distributions, of which only 20 signal features vary across the groups
(u = [42,46,50,54] with ¢ = 15 for all variables prior to scaling), and constant means
of 48 for the non-varying 80 noise features. The data sets being simulated are technically
high-dimensional, given that they have dimension 80 x 100.

Rather than taking the approach of trying to optimize s or K individually, we instead

adopt a simultaneous approach for tuning and apply the set of bivariate extensions to the
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rules overviewed in Section 4.3.2. The goals of this simulation are twofold: First, we wish
to empirically compare rules for tuning the two-parameter Gap statistic to recommend a
method for simultaneous tuning across s and K. Additionally, we seek to highlight that
properly-tuned sparse MC will provide better grouping as compared to the MC on entire set
of features. By contrast, we additionally assessed the Gap statistic when no distinct clusters
exist (i.e., K = 1), and all rules for the Gap statistic tended to favor the K = 1 values
(results are not shown).

Figure 4.8 shows the Gap statistic values for both tuning parameters for one of the 100
simulations, presented in the Panel (a) with the z-axis representing the K values, and in
the Panel (b) varying over the s values. We find that the latter plot style better informs the
initial question of whether clustering should be performed or not, because the one-cluster
solution is presented as a line across all potential sparsity parameter values. In the example
in Figure 4.8, it is clear that on simulated data with clear structure, there is evidence of
more than a single cluster because the Gap statistic values for the one-cluster solution are
clearly less than any other K value considered, for any level of sparsity.

The feature weights for the Gap-tuned sparse MC are shown in Figure 4.10. Table 4.4
provides the mean number of signal-bearing features that were assigned nonzero weight along
with the mean spurious nonzero weight assigned to noise features for each of the bivariate
Gap rules. The results for the bivariate case are somewhat similar to those shown in Table
4.3 for the univariate Gap tuning rules.

For each of the rules, the choice of weights appears to be reasonable; we would expect
the first 20 features to have non-zero weights and the last 80 noise features should be set
to 0. The Global Max typically assigns more weight to the right number of features, but it
does so at the cost of also assigning more spurious weight to noise features. Additionally,
clustering solutions chosen using the Global Maximum rule tend to suffer less from “honing

in” on a single feature, instead rarely assigning weights near one to individual features, like
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Gap Statistics Presented In Two Ways
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Figure 4.8: Gap statistics across s, K visualized in two ways for a single simulated data
set. Panel (a) shows Gap varying across K-values and colored by s. Panel (b) shows plots
varying across s (left is more sparse) and colored by K.
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Figure 4.9: Panel (a) contains the optimal number of clusters and Panel (b) contains the
optimal sparsity parameter values chosen by each of the rules across 100 simulations. The
K =1 solution is not shown in Panel (a) as it was never selected as an optimal choice for
any of the rules. Note that Tibshirani SK clearly favors a sparser solution and appears to
recover the correct four cluster solution more often than other rules.
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the other methods tend to do. Tibshirani SK and Global Max SE KS rules assign almost no
spurious weights, but this may be because they tend to favor sparser solutions with most of

the weight applied to only a small number of features.

Average Signal/Noise Feature Identification
Rule Mean Percentage of | Mean Percentage of Spuri-
Nonzero Signal Features ous Noise Features
Tibshirani KS 11.9% 0.01%
Tibshirani SK 57.2% 4.1%
Global Max 89.7% 24.1%
GlobalMaxSE KS | 42.1% 0
GlobalMaxSE SK | 61.1% 2.5%

Table 4.4: Table showing the detection rates for signal-bearing features across the 100
simulations, as well as the mean spurious detection rates for noise features for each of the
bivariate Gap tuning rules.

Interestingly, the results of both simulations appear somewhat mixed; the two-
dimensional use of the Gap statistic has varying success at identifying K and s depending on
the rule used. None of the rules appear to clearly outperform the others. Each of the rules
appeared to have relatively variable results in estimating the correct number of clusters, and
the only methods that got K = 4 right more often than other values were the Global Max
and Tibshirani SK. Interestingly, Tibshirani KS, which is intended to prioritize getting K
right, selected a smaller value of K = 2 as optimal most frequently. In terms of sparsity,
both of the Tibshirani rules both tended to be biased towards a more sparse solution (i.e.,
smaller s values); in particular, Tibshirani SK favored a sparsest solution much of the time.
The other rules tended to favor less sparse solutions but all appeared to induce at least some

sparsity as they picked more middling values of s, but were inconsistent in terms of picking
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Optimal Feature Weights Across 100 Simulations by Bivariate Gap Rule
Feature Weights: TibshiranikKs Feature Weights: TibshiraniSK Feature Weights: Global Max
1.00

075 0754

3 £
2080 3 0501
> >

025 0251

u
[
JM

0.00 000

0 25 50 75 100 0 25 50 75 100
Feature Feature
Feature Weights: GlobalMaxSEKS Feature Weights: GlobalMaxSESK
1001 1

|
.o

0.0p W

075
S

2 050
=
025

oo tledadAd AR Il

50 75 100 0 25 50 75 100
Feature Feature

Figure 4.10: Weights of features from Gap-tuned sparse MC across 100 simulations for each
of the rules. The first 20 features (left of the dotted red line) are “signal” bearing and vary
aross groups, whereas the remaining 80 features are “noise” features. The percentages of
signal-bearing features with nonzero weight vs. noise features spuriously assigned nonzero
weight are given in Table 4.4.
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Rand Indices based on Bivariate Gap Rules
Bivariate Gap Rule Mean(Rand) SD(Rand)
Tibshirani.SK 0.714 0.036
Tibshirani.KS 0.669 0.042
Global Max 0.817 0.028
GlobalMaxSE.SK 0.728 0.042
GlobalMaxSE.KS 0.747 0.038

Table 4.5: Mean Rand indices with standard deviations in parentheses for each of the tuning
methods used. Results based on 100 simulations.

a value for s.

Finally, we assess which method appears to generate the best cluster structure.
Clusterings were generated with each of the “optimal” parameters based on the rules and
their Rand indices are compared to the known groups in Table 4.5. Perhaps counter-
intuitively, the Global Maximum method actually appeared to result in the most accurate
clusterings, despite often generating more clusters than necessary. The other methods tended
to perform similarly, although it should be noted that Tibshirani KS performed the worst
among the methods, at least in terms of Rand index.

These results indicate that the multivariate behavior of these rules mostly align with
the univariate rules, at least for MC. The mixed performance of each of the Gap rules
indicates that the none of the rules for determining the “right” tuning parameters is always
optimal; however, the plots generated in Figure 4.8 appear to be the most important tool
used in determining the right value of K and s in that they make a few conclusions clear.
First, the one-cluster version produces smaller gaps at all levels of sparsity, indicating that
the data form several distinct groups (i.e., clustering is reasonable). Second, they allow for

diagnosing different behaviors of the Gap curve across K and s that might inform the tuning
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process. The Gap statistic still allows for single-step tuning that can reasonably answer
whether clustering is reasonable (i.e., the one vs. two or more cluster solution), so even with
mixed results in efficacy, we believe that it provides a better tool for tuning than some of the
other techniques that exist for choosing K. Based on this, we recommend a more holistic
approach when tuning: First, create the plots across K and s and second, compare the
optimal values of K and s to plots produced for each of the rules. Then, pick the values that
seem most reasonable based on the results obtained, considering the results from the rules

as information to assist in making a final decision on s and K.

4.4.5 Simulation 4: Comparison with Other Methods

Using the same data as Simulation 3, we assess the quality of resulting clusterings across
several methods. We compare the resulting Rand index results for each of sparse MC, non-
sparse MC, sparse hierarchical with complete linkage (implemented in sparcl) and sparse
hierarchical with Ward’s method (modified from the original sparcl implmentation), and
non-Sparse hierarchical clustering using both complete linkage and Ward’s method. Finally,
we compare against an “oracle” method where both tuning parameters are known a priori;
i.e., only the signal-bearing features are used and K = 4.

Due to the mixed results from the tuning, we opt to show the sparse MC performance
with both Tibshirani SK and Global Max, since the latter had the best performance in terms
of Rand index and the former performed the best in terms of inducing sparsity while correctly
returning the true value of K. The sparcl method is tuned using the same method, but
with hierarchical clustering (using complete linkage and Ward’s method) on the weighted
dissimilarity matrix; whereas we tune the other methods for K individually. The oracle
method is set to the optimal K = 4 value to set an upper threshold on clustering performance

for comparison purposes. Non-sparse methods are tuned using the Tibshirani 1SE rule (for

K only).
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The impact of noise features on the results of the clustering can come in two ways:
1) Mis-identification of the right number of clusters, and 2) mis-clustering observations
based on use of the wrong features for bipartitions. The results of the 100 simulations
are shown in Table 4.6. Sparse MC using the Global Max rule has the highest Rand index
for any of the non-oracle methods and chooses, on average, roughly 37 non-zero weights,
indicating that it generally tends to remove most, but not all noise features. Sparse MC
with Tibshirani SK is potentially too sparse as it tends to penalize all but two to three
features to zero-value weights. In general, the sparse clustering methods outperform the
non-sparse methods; however, sparse hierarchical clustering with complete linkage performed
substantively worse than the MC with the same rules applied. It is possible that a different
set of rules would be optimal for sparcl with hierarchical clustering than the rules we
determined for MC. Additionally, it is interesting that the sparse MC outperformed its non-
sparse counterpart. Finally, note that the Global Max-tuned sparse MC solution slightly
outperformed the “oracle” method that used MC with only the signal-bearing features and
using the a priori known K = 4; this is likely due to the difference in how the two algorithms
weight the features. The sparse method will assign different weights to the non-zero features
whereas the oracle method applies the same weight of one to all features without regard to
relative importance. This could reflect more clear structure in some signal-bearing features

and the weights, allowing the sparse method to focus on just those features.

4.5 Real Data Analysis

To further assess both the efficacy and challenges of the sparse MC method, we applied
sparse MC to various real data sets with three different structures. In one setting, we evaluate
data sets that were contaminated with artificial noise features. We compare results to actual
class labels in those data sets as we have natural groups to compare. Additionally, we apply

the method to high-dimensional data with relatively few records.
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Rand Index by Clustering Method
Simulation Method | Rand Index | SD(Rand) Mean #
Nonzero
Weights
Tibshirani SK Sparse | 0.714 0.035 2.38
MC
Global Max Sparse MC | 0.816 0.028 37.25
Tibshirani Sparse Hierar- | 0.652 0.056 2.10
chical Complete
Global Max Sparse Hier- | 0.680 0.041 51.02
archical Complete
Tibshirani Sparse Hierar- | 0.706 0.395 2.73
chical Ward
Global Max Sparse Hier- | 0.711 0.040 58.07
archical Ward
Oracle MC 0.809 0.019 20
Oracle Ward 0.940 0.029 20
Oracle Complete 0.915 0.048 20
Non-Sparse MC 0.667 0.027 100
Non-Sparse HC Ward 0.666 0.0317 100
Non-Sparse  HC Com- | 0.687 0.0413 100
plete

Table 4.6: Results from comparison of clustering method comparison show best performance
(in terms of Rand Index) is from the Global Max-tuned Sparse MC method. All non-sparse
methods were tuned using the Tibshirani 1SE rule. Results based on 100 simulations.
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4.5.1 Palmer Penguins

The Palmer penguin data set refers to body measurements taken on penguins collected
from three islands in the Palmer Archipelago, Antarctica, originally collected and published
by Gorman et al. (2014). Measurements of several physical characteristics were taken for
N = 344 penguins, including bill length (mm), bill depth (mm), flipper length (mm), and
body mass (grams). In total, the data comprise three species: Chinstrap, Adelie, and
Gentoo penguins, each with relatively distinct profiles across those four dimensions. The
Palmer penguins data set can be accessed via the palmerpenguins package in R (Horst et al.,
2020). Additionally, we acknowledge the Palmer Station LTER and the US LTER Network
for making the data publicly accessible.

Researchers may be interested in taking measurements of the biological features of
penguins, exploring groups of penguin morphological groups, and comparing those groups
to the species of the penguins. In such a case, more features may be measured than the four
mentioned above; some of those may or may not drive meaningful differences in the species
segmentation. We simulated added features to replicate such a situation, where additional
variables contribute only noise and drive no meaningful separation between groups. We
scaled the data and added noise features from independent normal distributions with means
of 0 and standard deviations of 1 to the observations to determine how well the sparse MC
method would discriminate between the noise and signal-bearing features and cluster the
penguins into groups.

We examine the performance of sparse MC across the various tuning rules vs. standard
MC with no noise features as well as in the presence of noise at varying levels. We include
10 and 100 noise features in order to better understand how each method performs in the
presence of some noise vs. substantial noise. Figure 4.11 shows the Gap statistic plots for all
three cases. In all cases, the Gap statistic plots suggest that multiple groups are appropriate

as opposed to a single group; Gap values are consistently higher for K > 1 even when
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Gap Statistics: Penguins w/o Noise Gap Statistics: Penguins w/o Noise
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Figure 4.11: Gap statistic plots for the sparse and non-sparse monothetic clusterings of
the Palmer penguin data show that the one-cluster solution is not optimal, indicating the
presence of multiple groups, even when noise features are present. Panels (a) and (b) show
the case where no noise features are present, Panels (c¢) and (d) give the Gap for the 10-noise
feature situation, and Panels (e) and (f) provide the 100-noise feature Gap plots.
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Nonzero Weights by s Value For Penguin Data
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Figure 4.12: Number of nonzero features retained in the clustering solution for each value of
s across the data sets with no noise, 10 noise features, and 100 noise features added.

10 or 100 noise features are added to the data at all s values. For each of the data sets,
the sparsity parameter controls a slightly different amount of penalization; as the number
of features shown in Figure 4.12 increases, the same s value leads to a slightly less sparse
solution. For the two most sparse values of s, the number of nonzero features remains the
same, two, irrespective of the number of noise features added. Thus, it might make sense
that in the case of data sets with large numbers of features, a wider and finer grid of s values
should be considered.

This leads to a potential difference in how the tuning rules might select values for s in
the scenario where there are more noise features present. We consider the various Gap tuning
rules for each version of the data, as shown in Table 4.7. Like the results from Simulation
Study 3, the rules do not all agree; in general, the Tibshirani SK prefers the sparsest solution
possible and Global Max (and related methods) tend to prefer more clusters. All of the rules
lead to choices of s that induce sparsity in the two situations where noise features are

available; only the Tibshirani SK rule leads to a choice of s that induces sparsity when no
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noise variables are present. We find that at least in this situation, the Global Max SE KS
and Global Max SE SK rules return the same result, which seems to either be equivalent to
the Global Max rule or prefer slightly smaller values of K for a given s-value.

The resulting weights are interesting to compare as well, as shown in Figure 4.13. The
key difference between the sparse MC and the non-sparse version is that the sparse method
allows for differentiated weights for each of the four variables compared to constant weight
for each of the four features used as splitting candidates by the non-sparse MC. Figure
4.12 shows the number of nonzero weights as a function of s for each of the data sets; as
s increases, the total percentage of nonzero features increases quickly in the no-noise and
10-noise feature cases, but s must be chosen to be relatively large to include all 104 features
in the 100-noise feature scenario. In each case, the sparsest value of s = 1.1 leads to only
two nonzero features being available for monothetic splits.

With zero weights, the features will be unavailable for bipartitioning, and with nonzero
weights they can be more/less likely to be included for splits. Features with high weight are
much more likely to be used in splitting. In the cases where the tuning results in a solution
that is potentially too sparse, only one or two variables may be available for splitting. We
compare the sparse bipartitions with the non-sparse MC applied to the no-noise data set. All
the methods make initial splits on flipper length as shown in Figure 4.14, and increasingly
rely on flipper length in later situations, partly because the tuning preferred a sparser solution
in the presence of greater noise. In the 100-noise feature scenario with non-sparse MC, we
found that the MC made an initial split on the same variable, flipper length, but made all
subsequent splits based on noise features (results not presented).

We additionally compare the resulting clusters to each other and to the species
information for each of the penguins to determine how well the sparse MC performed in
the presence of at least some noise. Ideally, the sparse MC method would look somewhat

similar to the non-sparse MC when no noise is present; potentially, it might relate more
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Rule K | s | Nonzero Features

No Noise Data

Tibshirani KS 2 141 4
Tibshirani SK 51 1.1 2
Global Max 6 | 3.1 4
Global Max SE KS | 3 | 3.1 4
Global Max SE SK | 3 | 3.1 4

10 Noise Features

Tibshirani KS 3121 12
Tibshirani SK 4 1.1 2
Global Max 6 | 2.1 12
Global Max SE KS | 6 | 2.1 12
Global Max SE SK | 6 | 2.1 12

100 Noise Features

Tibshirani KS 4 1.1 2
Tibshirani SK 4 |11 2
Global Max 4 111 2
Global Max SE KS | 2 | 1.1 2
Global Max SE SK | 2 | 1.1 2

Table 4.7: Optimal tuning parameter values across each of the bivariate Gap rules applied
to the Palmer penguin data, with varying levels of noise features added.
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Feature Weights for Sparse MonoClust: Penguins
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Figure 4.13: Feature weights for the sparse MC on the Palmer penguin data, with each
version tuned for s using the Global Max rule. The version with no noise features added
includes weights only for the first four features, and 14 weights are included for the version

with 10 noise features added, with just the first 14 shown for the version with 100 noise
features added.
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Palmer Penguin Splits: No Noise

fiipper_length_mm < 0.39477  fiipper_length_mm >= 0.39477

bil_length_mm <-0.13583 | bill_length_mm >= 013583 body_mass_g <1.14 | body_mass_g>=1.14
bill_depth_mm <-0.6677 | bill_depth_mm >=-0.6677
body_mass_g <-0.5521 | body_mass_g >=-0.5521 n=55
n=63 n=63 n=7 M= 150
n=88 n=57 M= 300 M=237  M=313
M=129 M=141

(a) MC Splits: No Noise

Sparse Palmer Penguin Splits: No Noise

fiipper_length_mm < 0.00706 , flipper_length_mm >= 0.00706

bill_length_mm < -0.00226 | bill_length_mm >=-0.00226 body_mass_g < 0.02032 | body_mass_g >= 0.02032

bill_depth_mm <-0.01007 | bill_depth_mm >=-0.01007
body_mass_g <-0.01039 | body_mass_g>=-0.01039

=55
Z63 n=63 n=7 z
n=84 n=61 M- 533 M=237  M=313 M=190
M=129 M=141
(b) SMC Splits: No Noise
Sparse Palmer Penguin Splits: 10 Noise Features
flipper_length_mm < 0.00638 |, flipper_length_mm >= 0.00638
fipper_length_mm <-0.01992 | flipper_length_mm >=-0.01992 flipper_length_mm < 0.03479 | fiipper_length mm >=0.03479
n=108 n=96 n=76 n=53
M=136 M =267 M=227 M=166

(c) SMC Splits: 10 Noise Features

Sparse Penguin Splits: 100 Noise Features

flipper_length_mm < 0.00145 , flipper_length_mm >= 0.00145

n=199 n=134
M=114 M=215

(d) SMC Splits: 100 Noise Features

Figure 4.14: Monothetic bipartitions of the Palmer penguins data, both in the presence of
noise features and when only the original four variables are used. Bipartitions are shown for
cluster solutions using the Global Max rule.
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Rand Indices for Penguin Clustering Comparisons
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Figure 4.15: Rand indices comparing each of the clustering solutions to each other and to
the species label, both on the original data as well as the data with 10 noise features added.
The sparse MC produced a very similar clustering (Rand = 0.99) in the presence of noise
features as did the MC with no noise features present.

closely to the species information as well. Figure 4.15 gives a comparison based on the Rand
index between each of the cluster solutions and the species type to determine how similar
the cluster results are to each other and to the species labels (which may not necessarily
represent the true groups present). The sparse MC without noise is nearly identical to the
non-sparse MC result. With 10 noise features present, the sparse MC is more similar to
the non-sparse MC without noise than the non-sparse MC applied to the noisy data; this
indicates at least some evidence that the sparsification process provides efficacy in mitigating

the impacts of some noise on the clusters generated.
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Carnegie Variables

PDNFRSTAFF Headcount of non-tenurable research staft
FACNUM Headcount of tenured/tenure-track faculty
S.ER.D Stem Expenditures (in thousands of dollars)

NONS.ER.D | Non-Stem Expenditures (in thousands of dollars)

STEM_RSD PhDs awarded in STEM-related fields

HUM_RSD PhDs awarded in Humanities-related fields
SOCSC_RSD PhDs awarded in Social Sciences fields
OTHER_RSD PhDs awarded in other fields

Table 4.8: Definitions of the variables used in the Carnegie data set.

4.5.2 2015 Carnegie Classification

The 2015 Carnegie Classification (CC) data set contains eight variables related to
productivity of doctoral-granting institutions (see Harmon et al. (2019) and Kosar and Scott
(2018a)). The variables and their definitions are included in Table 4.8. Typically, because
some of the institutions are substantially outlying on some of the variables (particularly
STEM expenditures (S.ER.D), we rank the institutions first and work with the ranks rather
than the original values). The data are ranked (with tied institutions assigned the average
rank) and subsequently standardized as an initial step, and we apply sparse MC and non-
sparse MC with Euclidean distance in order to assess the interpretations and splits based on
the clusters generated.

Figure 4.16 shows the Gap statistic plots for the CC data set, which show a preference
for multiple clusters across all levels of sparsity. Gap-tuning rules differ slightly on the right
number of clusters; Tibshirani KS selects a four-cluster solution whereas the Global Max and

related rules tend to favor the most clusters examined, six, and they favor slightly less sparse
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Gap Statistics: 2015 Carnegie Classification Gap Statistics: 2015 Carnegie Classification
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Figure 4.16: Bivariate Gap statistic plots for the Carnegie data using sparse MC, presented
with K running along the x-axis in Panel (a) and across s values in Panel (b), indicate that a
multiple-cluster solution is optimal; however, the tuning rules disagree on the optimal values
of s and K. Tibshirani KS chooses the s = 3.1 and K = 4.

solutions. For the purposes of this example, we use the Tibshirani KS rule as it did not choose
the maximum number of clusters considered. Additionally, the non-sparse version of MC
tuned only for K and leveraging Tibshirani’s 1-SE rule also chooses a six-cluster solution.

The resulting splits are shown in the dendrograms in Figure 4.17. Interestingly, the
first splits are made on different (although related) features, STEM-related expenditures
(S.ER.D) for the sparse MC, and STEM PhDs awarded (STEM_RSD) for the non-sparse
version. The second splits appear to mostly focus on faculty or postdoc headcounts; in the
sparse version, the method splits on Non-Tenurable Research Staff (PDNFRSTAFF) for one
additional bipartition, with Social Science PhDs awarded (SOCSC_RSD) for the other. The
non-sparse MC focuses on Tenured Faculty headcount (FACNUM) as well as Non-Tenurable
Research staff (PDFNRSTAFF) for its second splits, and then splits based on different types
of PhDs awarded in additional recursive splits.

The resulting clusters provided by both methods, as well as the original 2015
classifications, are compared in parallel coordinate plots in Figure 4.18. The sparse MC

splits based on STEM expenditures, Research Staff headcount, and Social Science PhD
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Sparse MC Splits (Tibshirani KS)

SERD<000368 | SERD >=000368

PDNFRSTAFF <-0.01023 | PDNFRSTAFF >=-0.01023 SOCSC_RSD <0.00828 | SOCSC_RSD >= 0.00828
n=84 n=73 n=42 n=77
M=70 M=249 M=90 M=262

Non-Sparse Splits

STEM_RSD <027578 | STEM_RSD >= 0.27578

PDNFRSTAFF <-0.66151 | PDNFRSTAFF >= -0.66151 FACNUM < 0.86446 | FACNUM >= 0.86446
HUM_RSD <-0.38896 | HUM_RSD >= -0.38896 OTHER_RSD <-0.15976 | OTHER_RSD >=-0.15976
=83 n=65
M=70 n=39 n=38 n=23 n=28 M=262
M=71 M =249 M=118 M=44

Figure 4.17: Monothetic bipartitions for the 2015 Carnegie Classifications ranked data set.
Panel (a) shows the splits for the sparse MC using Tibshirani KS Gap rule (choosing a
four-cluster solution) and Panel (b) shows the splits for the non-sparse MC, which chooses
a six-cluster solution.
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count, and the clusters are all clearly sorted based on those features. The non-sparse MC
similarly sorts institutions based on features used in the bipartitioning; however, because
there are six clusters selected, the groups are less clear in Figure 4.18. Table 4.9 shows the
comparisons of the clustering solutions vs. the actual CC groups (categorized as R1, R2,
and R3), along with cluster names that reflect both the monothetic characterization of each
cluster as well as their majority CC group. These comparisons are somewhat subjective
because the CC labels themselves are the result of a process akin to cluster analysis, but
when paired with the monothetic split diagrams, they provide an opportunity for interesting
discussion. In the four-cluster solution from the sparse MC, Cluster 1 mostly contains R2
and R3 universities, which aligns with the splits that would assign them to the schools with
both the smallest STEM expenditures as well as below-average postdoctoral researchers. On
the other hand, Clusters 2 and 3 appear to contain most of the mid-tier R2 institutions, and
all of Cluster 4 aligns with R1 institutions, characterized by high STEM expenditures and
awarding the most Social Science PhDs. In the non-sparse MC clusters obtained, the top
and bottom clusters are similar to the sparse versions (Clusters 1 and 6)—but the middle
clusters are further split based on Humanities and Other/Professional PhDs awarded. In
this case, the preference for a four-cluster solution from the sparse MC provides a slightly
easier-to-interpret set of clusters than in the non-sparse MC case.

The CC’s method for deriving the Basic Classification (levels 15, 16, and 17) are mostly
sorted based on size, but can vary based on different combinations of attributes. Because of
the complexity of the methodology, schools in the same group can actually be very different
from each other on certain attributes. In this sense, the interpretations of the resulting
groups from the MC and sparse MC-based methods are clearer than that of the original CC
groups, because the PCA-based classifications lack a single monothetic characterization for

institutions in each group.
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Carnegie Classification vs. Cluster Membership

Cluster Cluster Name CCR1|CCR2|CCR3

Sparse MC' Clusters (with s =3.1, K =4)

1 Less Research 0 32 52
2 Middle Tier: More Postdocs 12 59 2
3 Borderline: STEM Over Social 26 16 0
4 Most Research 7 0 0

Non-sparse MC' Clusters

1 Mostly Small: Low STEM 0 31 52
2 Mostly Large: High STEM 64 1 0
3 Middle Tier: Fewer Humanities 0 37 2
4 Middle Tier: Humanities Focus 10 28 0
5 Borderline: Less Professional/Other 18 5 0
6 Borderline: More Professional/Other 23 5 0

Table 4.9: Table comparing the clusters generated by the sparse MC (tuned by Tibshirani
KS) and the class labels generated in the 2015 Carnegie Classification. The labels are not
true class labels, but inform an interesting comparison about how the sparse MC results
compare to the CC groups.
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Figure 4.18: Parallel coordinate plots showing the values for each of the eight Carnegie
features for the original 2015 Carnegie Classifications, sparse MC, and non-sparse MC. Panel
(a) shows the original classifications, Panel (b) shows the sparse MC clusters, and Panel (c)
shows the clusters resulting from the non-sparse MC clustering.
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4.5.3 High-Dimensional LC-MS Data

It may be of interest to generate sparse clusterings of data where the number of objects
is much smaller than the number of features. An example of this was used in an example
comparing COSA to sparse hierarchical clustering in Kampert et al. (2016). The data refer to
P = 1550 attributes of liquid chromatography-mass spectrometry (LC-MS) measurements
of plasma lipids from two types of mice: transgenic and wildtype (Damian et al., 2007),
which we are calling the ApoE3 data. Each mouse was sampled twice; however, one
transgenic mouse did not survive the experiment, leading to measurements of 10 wildtype
and 9 transgenic mice and a data dimension of 38 x 1550 with no missing values in the
data (data were standardized and Euclidean distances used). In Kampert’s comparison
between COSA and sparse hierarchical clustering using sparcl, the latter method performed
surprisingly poorly in reconstructing consistent clusters that matched species information
(Kampert et al., 2016).

We assessed the same data set and compared sparse MC to sparse hierarchical clustering
and non-sparse clustering methods with both complete and Ward’s method linkages selected,
optimally tuning each method independently, and analyzing the data directly as overviewed
in Kampert et al. (2016). Tuning via the Tibhsirani SK rule (in order to prioritize inducing
sparsity) as well as the Global Maximum Rule (which was optimal in Simulation 4), using
both the Global Max and Tibshirani SK Gap rules for the sparse clustering methods, and
Gap-based tuning using Tibshirani’s 1SE rule was used to tune for K in the non-sparse
methods. Since the data were originally used to compare COSA to existing sparse clustering
methods, we additionally include COSA as implemented in Kampert et al. (2016) (with
complete linkage and Ward’s method selected in the resulting hierarchical clustering, and
Gap-tuned only to select optimal values of K'). Direct implementation of COSA with MC,
along with additional tuning considerations, is left for future research.

Table 4.10 shows the Rand index for each of the clustering methods shown vs. the species
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of the mouse, assuming that the species labels are the only true labels for comparison. It is
possible that there are several sub-groups based on the species (or the first/last measurement
per mouse) but Kampert et al. (2016) focused on whether clusters found were predominantly
transgenic or wildtype, which is related to using species as an assessment target.

Although there are slight differences due to the independent tuning done for each sparse
clustering method, all of the sparse methods tended to choose similar tuning values for each
clustering method, resulting in similar penalization of features for each Gap rule. The non-
sparse MC had clusters with closer ties to the species than the sparse implementations; other
versions were all similarly low on the Rand index. This may be due to the generally poorer
performance of the PMD in sparsifying the data, and is reflected in the feature weights for
the sparse MCs shown in Figure 4.20. In both cases, the majority of the weight is on Feature
238, with some weight being spread over other features in the slightly less sparse version
tuned by the Global Max rule. Even at less sparse choices of the tuning parameter s, we
found that the PMD tended to focus mostly on Feature 238 both for sparse MC and sparse
hierarchical clustering implementations. By contrast, COSA did not fully shrink any of the
features; this behavior of “honing in” on the single feature exhibited by the PMD was one of
the key reasons why the sparse hierarchical clustering result was less desirable than COSA
with hierarchical clustering on the same data set (with the same linkage) in Kampert et al.

(2016).

4.6 Glass Data

Data pertaining to P = 13 different measurements on chemical concentrations of
different elements for N = 180 archaeological glass vessels from various groups were originally
presented in Janssens et al. (1998) and Lemberge et al. (2000) and a high-dimensional
spectroscopy version of these data were used in an example by Brodinové et al. (2019).

We examined the thirteen variable version (standardized with Euclidean distance) in order
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Rand Indices vs. Species on ApoE3 Data
Simulation Method Rand Index Nonzero | Number
Weights of
Clusters

Tibshirani SK Sparse MC 0.511 34 2
Global Max Sparse MC 0.492 4 4
Tibshirani Sparse Hierarchical | 0.488 4 2
Complete
Global Max Sparse Hierarchical | 0.496 34 6
Complete
Tibshirani Sparse Hierarchical | 0.488 4 2
Ward
Global Max Sparse Hierarchical | 0.559 34 6
Ward
COSA Complete 0.88 1550 5
COSA Ward 0.85 1550 5
Non-Sparse MC 0.736 1550 4
Non-Sparse HC Ward 0.489 1550 2
Non-Sparse HC Complete 0.489 1550 2

Table 4.10: Table showing the Rand indices, number of nonzero weights, and number of
clusters for each of the methods used on the ApoE3 data set.
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Figure 4.19: Monothetic bipartitions and feature weights for sparse and non-sparse versions
on the ApoE3 data set show that a single feature drove the main split for both methods,
with additional splits being based on other signal-bearing features.
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Figure 4.20: Feature weights for the two sparse MCs of the ApoE3 data. The PMD step used
in this example appears to focus specifically on Feature 238, which leads to a less optimal
clustering for each of the sparse methods (including both the sparse monothetic and sparse

hierarchical methods considered).
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Gap Statistics: Glass Data Gap Statistics: Glass Data
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Figure 4.21: Plots of Gap statistics across differing values of K and s on the Glass data
show strong evidence in favor of multiple clusters, but there appears to be a divergence in
Gap behavior depending on the level of sparsity. Less sparse methods prefer a nine-cluster
solution whereas more sparse methods prefer fewer clusters.

to examine the performance of the method and compare to the groups generated by the
sparse MC.

We ran the method and generated Gap statistic plots across a grid of 10 potential values
of K and 10 potential s-values. Interestingly, there is a bit of a divergence between the “less
sparse” values of s and the more sparse ones, and this is reflected in the optimal choices
from the tuning rules. The Tibshirani-based rules both select s = 1.1 and K = 2, the Global
Max rule selects s = 4.6 and K = 5, and the Global Max SE rules both select s = 3.1 and
K = 4. We evaluated cluster solutions for each of the tuning rules.

The feature weights from the sparsest clustering, the Tibshirani-based version, result in
nonzero weights only for the “P205” and “Al203” concentrations, with the majority of the
weight on the former. The other methods chose values of s that did not lead to any chemical
features being set to 0, but reweighted them with most weight still applied to “P205” and
“AI203” features.

Lemberge et al. (2000) analyzed four distinct groups of glass types: Sodic, Potasso-
Calcic, Potassic, and Calcic, each of which are well-separated in a plot of the ratio of

Ca0O/(CaO + K20) plotted against Na20 concentration for all glass vessels present. We
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Figure 4.22: Feature weights across the chemical concentrations in glass for each of sparse
monothetic clusterings based on the tuning suggestions for Tibshirani rules (K =2, s = 1.1),
Global Max (K = 5, s = 4.6), and Global Max SE rules (K =4, s = 3.1).

recreate that plot in Figure 4.23 in order to compare the results of each sparse MC clustering
solution based on the P = 13 features. The Tibshirani-based method chooses only two
clusters and separates the Potassic from the rest of the glass types, in Panel (b) of Figure
4.23. Panels (c) and (d) show that the less sparse versions tend to separate out the Calcic and
Potasso-Calcic glass objects, but both separate the Sodic group into two separate groups,
each after making initial splits on different features (P205 for the sparse version, and AT203
for the less sparse versions). Note that both variables are relatively strongly correlated
(r = 0.84) so subsequent splits were based on different features for both of the less sparse

MC solutions.

4.7 Discussion

We have proposed a method for imposing sparsity in MC using a two-step algorithm:
first, selecting relevant features via a sparsification method to generate a set of weights w

and reweighted dissimilarity matrix u, and then to perform MC on those reweighted data.
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Figure 4.23: Plots of the ratio of CaO/(CaO + K20) plotted against Na20 concentration
for all glass vessels, colored by groups from Lemberge et al. (2000) in Panel (a) and by sparse
MC cluster labels from each of the optimal tuning rules in Panels (b), (¢), and (d).
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This extends the framework of sparse hierarchical clustering to the divisive bipartitioning
method of Chavent (1998). Results indicate that, at least in some cases, the bipartitions
made on sparse input data will be more interpretable and lead to better clustering results.

Because this method relies on Witten and Tibshirani’s penalized matrix decomposition
to reweight the input data matrix, the same computational constraints are a potential
consideration. If either N or P are very large, this method may perform slowly; indeed,
by comparison to sparse hierarchical clustering proposed by Witten and Tibshirani, sparse
MC may be more problematic because MC is typically slower than traditional hierarchical

clustering.

4.7.1 Computational Gains

Inducing sparsity prior to using MC allows for potential gains in compuatational
efficiency, an additional benefit in addition to providing a more interpretable set of
bipartitions and potentially more accurate clustering. Without considering the impact of
the calculation of the distance matrix, the computational complexity of MC on numeric
data is o(K PN (log(N) + P)) where K is the number of clusters of the finest partition, P
the number of features, and N the number of objects (Chavent et al., 2007). By contrast,
agglomerative hierarchical clustering methods with Ward’s method can be implemented with
complexity o(N?) (see McQuitty (1966); Chavent et al. (2007)).

The removal of g features used from P to P* = P—q features reduces the computational

complexity of sparse MC by

o(KPN(log(N) + P) = K(P = q)N(log(N) + (P — q))).

It can be shown that this results in a reduction in computation time by o( K Nq(log(N)—2P+
q)). In Table 4.11, which gives the results from a comparison of run times for sparse vs. non-

sparse MC on the 100 simulated data sets used in Simulation 4, the sparse MC was able to
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Run Times for Sparse vs. Non-Sparse MC
Method Mean Time (seconds) | SD Time
Sparse MC 1.10 0.14
Non-Sparse MC 1.63 0.19

Table 4.11: Mean run times for sparse and non-sparse MC applied to the data sets used
in Simulations 3. Sparse MC was able to provide results 32% faster, on average, than the
non-sparse MC clustering.

outperform the non-sparse MC by 32%, on average, on a laptop with 16 GB of memory. This
illustrates that by reducing the number of features input to the MC algorithm, the number
of bipartitions necessary to explore at each split is potentially substantively reduced. For
large data sets with many features, the more sparsification is induced, the more benefits for
computing speed.

Note that at least when comparing sparse MC to other forms of sparse hierarchical
clustering, the time to calculate the N x N dissimilarity matrix should be considered;
however, it is worth noting that our implementation calculates this twice—both in the step
to calculate the weights and sparse reweighted dissimilarity/distance matrix, and again in

the actual calculation of the MC (on the new dissimilarity/distance matrix).

4.7.2 Future Work and Extensions

This method currently considers only quantitative variables. Tran (2019) points out
that categorical features with many categories, or mixtures of data that include both
categorical and quantitative features, can lead to computational difficulty in searching for
best splits. Fuentes and Chavent (2015) attempt to tackle this problem with Divclus-T
method on non-sparse data; however, obtaining the reweighted sparse data matrix to use
as input is not a trivial problem. It does, however, represent a useful avenue for direct

extensions to this work, perhaps extending work related to the Grouped Lasso for sparse
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clustering of mixed categorical and quantitative data (Choi and Park, 2014).

The results of the ApoE3 data analysis also indicate that the PMD is not always the
most appropriate method for “sparsifying” a data set. The COSA method, and potentially
other methods that borrow from the sparse implementations of PCA, could be interesting
alternatives to consider comparing to the performance of the PMD used in this paper. It
may be the case that some methods for sparsification lend themselves better to different data
structures and that the choice of sparsification algorithm could be considered a parameter
to test in future implementations. Future work could therefore consider implementing a
COSA-based version of sparse MC and comparing different sparsification methods with MC
in various situations, and additional investigation of tuning strategies for COSA might be
necessary.

Additionally, it would be useful to identify a framework for a one-step solution to both
induce sparsity and generate clusters simultaneously in monothetic clustering. The two-step
framework of Witten and Tibshirani provides a useful tool for extending sparsity to various
methods, but a more natural way to select features and generate clusters may be found
in Bayesian methods such as mixture modeling. Extensions of MC to such a framework,
which might be able to both induce sparsity and potentially drive bipartitioning, could be

an interesting path for future work.
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CHAPTER FIVE

CONCLUSIONS AND EXTENSIONS

5.1 Conclusions

Methods for dealing with multivariate data in both supervised settings and unsupervised
ones will continue to be an area of importance as the fields of statistics, data science, and
computer science converge. As more data are generated (and at an increasing rate), methods
that are more judicious in identifying and using features will become increasingly important.

Chapter Two discussed the Carnegie Classification (CC) and proposed an alternative
method to generate institutional classifications based on the same data, but using structural
equation modeling and objective model-based clustering to determine both the number of
groups and groups themselves. This framework provides a platform for a discussion about
the limitations of the CC methodology and provides a novel approach to classify institutions;
however, improvements to the substantive quality of the groupings could be made by making
enhancements to the data as well as the algorithm. Our method does not explicitly match
the CC groupings, and in some cases, it may put too much weight on aggregate production
(particularly in the case of schools with high per-capita production like the California
Institute of Technology, which our method considers in the second group). Additionally,
the CC continues to evolve and change, with potential new data being introduced in future
releases. Our method would need to expand to take any such features into account either as
new manifest variables mapped to the current latent factors of production, or to create new
latent factors to be added to the model.

Chapter Three focused on a diagnostic tool for identifying influential points in mapping
tools, primarily MDS and similar methods. The method can be used quite flexibly —

we simply need a distance matrix and maps, meaning that our method could also be
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implemented on multi-step variable creation methods like those underlying the CC or factor
analysis, where a “map” of two factors could be created from multiple input features. For
researchers using any such methods, our diagnostic either adds an entirely new way to think
about influential points, or provides another tool for diagnosing influence. We identified a key
drawback associated with the use of the diagnostic is that it detects influence at substantially
different rates depending on the mapping techniques considered. For instance, t-SNE maps
appear to place dramatically different singleton points near the center of the map or within
groups of points rather than placing them clearly far from other observations. Thus, t-SNE
maps are less impacted by obviously aberrant objects and may not accurately reflect their
location in the map in the same way that MDS and similar methods might, and our method
does not detect such points as having large pseudo-F statistics. Additionally, irrespective of
the mapping technique used, some other limitations of the method are important to consider.
For one, the method relies on permutation-based techniques, meaning that the p-values are
limited and can be difficult to interpret—the most extreme observation will have the same p-
value for two different methods, even if one has a relatively small pseudo-F statistic compared
to another. We recommend using the pseudo-F values to quantify “extremeness” over simply
using the p-values. On large data sets, the efficacy of the diagnostic may be limited; the
computational complexity of the PERMANOVA-based procedure may cause this method
to perform slowly, and the individual contribution of a single influential point may become
harder to detect in the presence of many observations.

Chapter Four developed an implementation of sparse monothetic clustering (MC) that
allows for improvement of results based on feature selection prior to recursive bipartitioning.
This novel approach combined the penalized matrix decomposition framework of Witten
and Tibshirani (2010) and the regression tree-inspired clustering algorithm proposed by
Chavent (1999) and implemented by Tran (2019). Imposing sparsity on MC leads to various

benefits, including computational improvements as the MC has fewer potential bipartitions
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it needs to search across, and potentially better cluster reconstruction in the face of noise
features in multivariate data sets. Additionally, by splitting on signal-bearing features, the
monothetic characterization (and thus the interpretation) of the resulting clusters can be
improved. We discussed various challenges associated with the method, including tuning for
two parameters, s, the degree of sparsity, and K, the number of clusters. In certain cases,
the PMD favored a solution that was too sparse, giving the MC algorithm only one or two
nonzero features to consider for splits. In those cases, a COSA-based sparse MC algorithm,
or potentially something different, might be worth consideration. An important aspect of
our implementation of sparse MC is that data sets used for analysis may not always respond
well to either the PMD step or the MC step—data sets where this method works well need
to both contain strong signal features in the presence of noise features, and also contain clear

clusters that can be well-partitioned via monothetic splits.

5.2 Extensions

5.2.1 One-Step Ordination and Extensions to SEM Framework

Our proposed alternative to the CC in Chapter Two could be extended to frameworks
that involve a more thorough characterization of each institution, potentially along the lines
of using IPEDS data as suggested by Zong (2021). Although our model only includes two
latent factors that combine to form the factor-of-factors score, inclusion of additional features
beyond the scope of the Carnegie data could provide a potentially interesting avenue for
research. Additionally, sparse methods for SEM may be worthwhile in this setting because
IPEDS considers a much wider set of variables than does the original CC. Implementations
of sparse SEM have been developed by Jacobucci et al. (2021) and could be considered in
this setting as well as on the original eight CC variables. An alternate way to obtain a
“sparse” SEM would be to use a Bayesian implementations of SEM like that of Merkle and

Rosseel (2018), and choose prior parameter values to induce a sparse set of weights.
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Methods for identifying latent factors like those overviewed in the SEM alternative to
the Carnegie Classification could be extended to other settings beyond classification of higher
education or institutional research. In sports statistics, for instance, there may be several
interesting extensions: for instance, this framework could be used to quantify metrics that
pertain to both offense (one latent factor) and defense (another latent factor)—for NBA
basketball players. A single score could be created in a similar manor by generating an
overall factor-of-factors score that combines contribution to both offense and defense, and
used to generate a score for each player per game. Those latent factor scores—or score
distributions across games in a season or entire career—could be then used either directly in
a clustering algorithm or as part of a multi-step clustering involving functional estimates of
player score densities as overviewed using QBR for NFL quarterbacks by Davis and Lopez
(2015) and extended by Anderson (2017).

Additionally, while the two-step process we generated is sufficient to generate scores
and clusters, it would be desirable to utilize a method that combines both the dimension
reduction/latent variable model and the group identification. Stratton (2022) overviews
a Bayesian framework using infinite mixture modeling in an ecological framework. This
one-step process could be viewed as an extension to the model-based clustering used,
which explores mixture modeling for the clusters; instead of simply using algorithm-based
techniques the SEM we used to generate latent productivity variables, we could instead

estimate an underlying mixture model to drive the resulting ordination (Hui et al., 2015).

5.2.2 Influence in Other Map Settings

The PERMANOVA-based influence diagnostic could be explored in various other
mapping techniques, both unsupervised as well as supervised. Unsupervised mapping
tools like UMAP, Laplacian Eigenmaps, isoMap, etc. that are often used as competitors

for MDS and t-SNE could be assessed to evaluate how well potentially influential points



203

affect the shape of the resulting ordination. In the related world of supervised mapping
techniques, methods such as linear discriminant analysis (LDA, see Izenman (2008)),
quadratic discriminant analysis (QDA, see James et al. (2013)), and other similar methods
that all can be used to create maps using both a set of input features as well as an observed
categorical response variable. Generally, because these methods use the observed class
information in the generation of the maps, they can visualize more meaningful separation
between groups. As a proof of concept, we applied the PERMANOVA-based influence
diagnostic to maps created using LDA on the same simulated data sets as those explored
in Chapter Three. In this case, the potential influential point is marked as a member of a
single group, but is simulated to have observed values that vary across the group structures.
Figure 5.1 shows the LDA maps created and assessed.

We conducted an initial simulation study to compare the efficacy of the influence
diagnostic on LDA maps and compared them to classical MDS maps. The data were
simulated with three groups where the potentially influential point was assigned to the middle
group, but its values were allowed to vary across the group structures. The results from 10
simulations are summarized in Table 5.1. The method appears to detect the influential
point about 70% of the time for LDA maps compared to 80% for the classical MDS, with a
nearly identical spurious detection rate. The pseudo-F statistics are dramatically different,
however, as the candidate influential point has a huge value for classical MDS vs. a mean
value of 8.74 for LDA, which is still quite large on a pseudo-F scale. This may be because
the potentially influential point does not appear to be pushed as far away from the groups
in the LDA maps as in the classical MDS maps, as seen in Figure 5.1.

Further exploration of existing influence diagnostics for LDA and related methods (like
partial least squares discriminant analysis) would be necessary to formalize this approach
and determine both how well our method would work and how novel our diagnostic would

be in this setting, but a Cook’s Distance-flavored diagnostic could be a useful tool given the
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Figure 5.1: Results from analysis of influence diagnostic on LDA maps using data
from simulation studies in Chapter Three, with the first and potentially-influential 61st
observations held out for LDA in Panels (a) and (b), respectively, and for classical MDS in
Panels (c) and (d).
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Identification Rate by Mapping Method

Method Correctly  Identified | Correctly  Identified | Mean pseduo-F for
Influential Non-Influential Candidate Influential
Point
LDA 0.70 0.978 8.74
Classical MDS 0.80 0.98 467.32

Table 5.1: Correct and spurious identification rates for the LDA maps and classical MDS
maps with a potentially influential observation included.

similarities in how supervised maps are created and used. It is possible that in a supervised
setting where input data points do not align with the class label, these types of mapping
techniques may actually be more substantively impacted than in the unsupervised settings,

and be a reason for poor group discrimination due to the influence of a single observation.

5.2.3 Monothetic Clustering Extensions

The performance of the Gap statistic as specifically applied to monothetic clustering was
mixed; while it seemed to perform a reasonable job in identifying the right level of sparsity,
it tended to favor more clusters than necessary. This aligns with the findings of Tran (2019)
where the Calinski and Harabasz’s pseudo-F statsitic proved to be liberal in identifying the
proper number clusters, and required a two-step hybrid approach to answer the fundamental
one vs. two (or more) clusterability question. Each of the methods for tuning monothetic
clustering solutions (both sparse and non-sparse) represents a series of pros and cons; no
single method appears to outperform the others. Additional research focused specifically
on identifying an optimal tuning method may provide a worthwhile opportunity for future
research.

A few potential tweaks to the Gap statistic could be worth investigating. Weighted
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measures of the Gap statistic, such as the weighted Gap statistic proposed by Yan and
Ye (2007) or the observation-weighted robust version employed by Brodinova et al. (2019)
might help to mitigate the impacts of outlying observations on the recursive bipartitioning
performed, and thus lead to more precise tuning for K.

This work primarily focused on the implementation of monothetic clustering in the
MonoClust package (Tran, 2019); however Chavent’s Divclust package provides a poten-
tially broader set of tools for implementing categorical features in addition to quantitative
ones (2015). The PMD framework for generating a sparse distance matrix would potentially
need to be altered in order to perform feature selection for categorical variables; however,
this may be possible utilizing the PCA-based method that allows Divclust to recursively

bipartition categorical or mixed categorical-quantitative data.

5.2.4 Sparse Implementation of t-SNE

The framework explored for generation of sparse monothetic clustering can be applied
to any distance-based method, not just clustering. The two-step process used for monothetic
clustering could be used to develop a sparse method for t-SNE (and other distance-based
mapping procedures) involving the use of the penalized matrix decomposition first and the
input of the sparse distance/dissimilarity matrix as the second step. This idea is explored as
an extension to COSA by inputting the dissimilarity matrix from COSA into classical MDS
maps (Kampert, et al 2017), but could easily be extended to other mapping techniques and
using different methods for obtaining feature selection in the first step. Alternatively, one
could replace the PCA initialization step in the t-SNE algorithm with sparse PCA as a
competitor method for obtaining sparse t-SNE maps; however, this would be a less direct
way of generating t-SNE maps from sparse data.

Figure 5.2 shows an example of two t-SNE maps created from a contaminated version

of the Carnegie Classification data where 10 noise features have been added to the original
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Figure 5.2: t-SNE maps with perplexity of 30 for noisy (with 10 noise features added)
vs. sparse CC data using PMD for sparsification show some potential improved grouping
based on classes (at least visually, particularly between groups R2 and R3) and could be an
interesting avenue for future research.

8 CC variables. Panel (a) of the figure shows the sparse version where many of the noise
features have been removed using the PMD and the sparse distance matrix is input to t-SNE;
Panel (b) shows the t-SNE fit to the CC data with all the noise features added.

On the face of things, the sparse t-SNE map appears to better organize the plot so that
the Carnegie-defined groups are close together and relatively well-separated; the noisy version
is not so clear. However, a more objective measure of quality is necessary to determine the
efficacy of sparse t-SNE maps. Since t-SNE’s cost decreases as a function of perplexity, cost is
not a suitable measure for this comparison. Determination of a suitable metric to determine
the quality of a t-SNE map, and simulation studies that show the efficacy of sparse t-SNE
in a repeatable, objective fashion, could lead to worthwhile improvements to t-SNE in the

future.
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5.2.5 Sparse Improvements to Influential Point Diagnostic

Given that the penalized matrix decomposition, along with other methods for sparsify-
ing matrices like that of COSA, can potentially reduce noise in a distance matrix, it might
be interesting to attempt to merge the PERMANOVA-based influence diagnostic with the
first-step sparsification methods presented in Chapter Four.

Such an exploration could focus on situations where the distances are contaminated
by noise variables that might make seeing real differences between objects more difficult.
Consider a scenario where one is tasked with creating maps from a P = 100 dimensional data
set, but only 20 of those features actually drive substantive structure. Then, an influential
point may be different in some meaningful sense on those 20 features; removing the 80 noise-
bearing features could certainly increase the PERMANOVA-based influence diagnostic’s
ability to detect such an influential point. Efficacy could be assessed through gains in power,
but the impact of potentially inflated false detection rates would need to be investigated

because the PMD itself could be impacted by influential points.

5.2.6 Applications to Natural Language Processing

Some interesting extensions of the work presented in this discussion could be used as
part of a Natural Language Processing (NLP, see Loukanova, 2021) workflow. NLP involves
the processing of unstructured text data to identify common patterns in text, including
keywords, common themes, and an attempt to quantify semantic meaning. Typically, the
unit of analysis considered is a called a “document”, which is a collection of words that
may range from a few sentences to something as long as an entire novel. A document-
term matrix is a n X w matrix where n refers to the number of distinct documents and
w refers to the individual words/phrases that occur in each document, with each element
of the matrix referring to the frequency of occurrence of each word per document. These

document-term matrices are always multivariate and may be high-dimensional if the number
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of words/phrases w is large enough.

It is often of interest to visualize documents or identify common documents based on
frequency of words or themes extracted from methods like from methods such as Term
Frequency-Inverse Document Frequency (TF-IDF, Ramos, 2003). Mapping methods like
classical MDS, t-SNE, and others will often be used for this purpose. Based on the results
overviewed in this work, our proposed diagnostic could feasibly be used to identify aberrant
or influential documents in a corpus, if they exist, based on MDS maps created from
the document-term matrix. Additionally, although t-SNE has been adopted as a common
method for visualizing documents in this way, our findings imply that such maps may not
be useful in identifying obviously different documents unless they form a distinct group. If
t-SNE maps are desired, we recommend overlaying a MST (built from the original document-
term matrix) as a simple way to enhance the quality and consistency of those visualizations.

Additionally, clustering methods may be applied to identify common groups of
documents. While pre-processing is often used as an initial step to remove irrelevant
stopwords, etc. from the text, an additional filtering via the use of sparse clustering methods
could provide an additional layer of simplification to improve the results of a clustering.
Sparse monothetic clustering could be used in this (quantitative) setting in order to generate
distinct groups based on counts of single words or phrases, leading to a more interpretable

grouping of documents from a corpus.
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