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Abstract:
The temperature dependence of the intensities of the electron paramagnetic resonance (E.P.R..)
spectrum for one percent Eu++ impurities in fluorite crystals has been investigated. This temperature
dependence has been analyzed and has been shown to result from crystal expansion due to anharmonic
terms of the lattice vibrations and from the harmonic terms which modulate the crystal-field as seen by
the paramagnetic electrons.

It was determined that the relative intensities between forbidden and allowed hyperfine lines varied
with temperature as [formula not captured by OCR] Good agreement between the predicted
temperature dependence and the experiment were found; however, the value of C based on point charge
calculations was subject to some question because of crystal-field parameter values.

In the analysis of the hyperfine spectrum as it depends on spatial orientation with respect to the
magnetic field, certain "forbidden" hyperfine lines, heretofore not identified, were cataloged. 
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ABSTRAqT-

The temperature'dependence of the intensities of the 
electron paramagnetic resonance (E.P.R.) spectrum for 
one percent■Eu+^ impurities in fluorite crystals has 
been investigated. This temperature dependence has been 
analyzed and has been shown to result from crystal expan­
sion due to anharmonic.terms of the lattice vibrations , 
and from the harmonic terms which modulate the crystal- 
field as seen by the paramagnetic.electrons.

It was'determined that the relative intensities be­
tween forbidden and allowed hyperfine lines varied with 
temperature as

ix

' - - /9/T
W =  ^•f/Ia)T=0(1 - CT* X ![exp x-1]"1 dX) .

J o
Good agreement between the predicted temperature depen­
dence and the experiment were found; however, the value 
of C based on point charge calculations was.,subject to 
some question because of crystal-field parameter values;

In the analysis of the hyperfine spectrum as ,it de­
pends on spatial orientation with respect to the magnetic 
field, certain "forbidden" hyperfine lines* heretofore not 
identified, were cataloged.



CHAPTER I 

INTRODUCTION

The research problem in this thesis is the investi­

gation of the temperature dependence of the intensities 

of the E. P. R. spectrum lines of paramagnetic europium 

impurities in those cubic crystals which are, for the most

part, bound by coulomb forces i.e. ionic binding,
+ +Investigations made on Eu in CaF2 were at first 

concentrated on measuring.the fine structure parameters 

and hyperfine structure parameters, (Baker, Bleaney, and 

Hayes, 1958 and Lacroix, 1957) , The early interest also 

sought to give reason for the crystal-field splitting of 

an S-state by an electro-static field.'The. theories did 

not give numerical agreement with experiment, but did 

propose possible mechanisms for the splitting (Abragam 

and Pryce, 1951), The spin Hamiltonian of Chapter II was 

introduced to account for the nature of the splitting. 

Thesejparameters were measured not calculated (Pryce, 1950).

Temperature dependent effects between paramagnetic 

ions and the crystal environment in which they may be 

placed were first studied theoretically. Waller (1932) 

in his paper "tiber die Magnetisierung von Paramagnetischen
I' ''''..I v - • ,U'"":', - ---' - - • - • -

Kristallen in Wechselfeldern/' proposed two methods o,f
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paramagnetic relaxation, spin-spin and the spin-lattice 

interactions. Fierz (1938), Kronig (1939) and Van Vleck 

(1939, 1940) developed this theory but found poor 

agreement between susceptibility experiments and the 

theory. The failure of the explaination by Van Vleck 

has been attributed to the chemistry of the alums to 

whichxhe applied the theory (Manenkov and Orbach, 1966).

The advent of electron paramagnetic resonance (E.P.R.) 

experiments, introduced by Zaviosky (1945, 1946) and de-
- | ' ti"

yeloped mainly by the Glaredon Laboratory at Oxford, 

gave a new tool to relaxation measurements. A renewed 

interest in this field was a result of a paper by Finn, 

Orbach, and Wolf (1961). They proposed an additional pro­

cess, the Orbach process, for relaxation. Van Vleckil (1940) 

had considered the "direct" process for spin-lattice relax­

ation and a "Raman" process. The direct process refers to 

a first order effect involving a single phonon exchange be­

tween excited and ground state configurations of paramag-■; 

netic ions. The Raman process is a second order effect in­

volving two phonons and a virtual process %hich allows the 

entire phonon spectrum to interact between two paramagnetic' 

states. Orbach*s process was simply a resonance fluore­

scence type process of two phonons which unlike the Raman
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process includes conservation of energy.

Finn, Orbach, and Wolf's work revived an interest in 

spin-lattice relaxation which led to the consideration of 

other temperature dependent effeets-fbetween ' phonons and the 

paramagnets. Blume and Orbach (1962) applied the method

to S-state paramagnets and developed an orbit-lattice\Vinteraction for S-state transition metal ions. In this 

work they also proposed a form for the ground state split­

ting by a crystal field which allowed them to predict 

phonon contributions to the temperature dependence of 

crystal field splitting/ The crystal field splitting 

in S-state transition metal ions is small while the

hyperfine splitting is large. The crystal field splitting
+ +of rare-earth S-state ions is large. Eu in fluorite 

crystals exhibits both a large crystal field splitting; 

and large hyperfine splitting making this ion ideal for 

a study of temperature dependent effects.

Temperature dependent effects of crystal field para­

meters have been measured by Rewaj (1968) and Horai (1964). 

Rewaj assumed the dependence to be due solely to lattice 

expansion and predicted the dependence of the parameter b^ 

to be

b4 = KR (CaF2 : Eu++)-16.3 1,1



4
where R is the nearest neighbor ion separation.. Walsh, 

Jeener, and Bloembergen (1965) examined the dependence of 

iron-grbup_ S-state-ion'!'parameters both as to temperature 

dependence and their dependence on R directly,by subject­

ing the crystal to hydrostatic pressure, Because of the 

small value of b^ it was not possible to tell if orbit- 

lattice effects contributed to the temperature dependence, 

Hurren, Nelson, Larson, and Gardner (1969), made similar 

hydrostatic pressure measurements for the crystal field 

parameter of CaFg: ■ Eu++ and found

b4 = KR"8,9 . 1.2

The difference between Rewaj’s results and Hupren, et.al., 

suggest an orbit-lattice contribution to b^.

In this work the dependence of b^ on the orbit-lat­

tice interaction was examined by measuring the temperature
V

dependence of the intensities of the hyperfine spectrum.

A similar investigation for the iron-group S-state ion was 

undertaken by Shrivastava and Drumheller (1969). . Bir, 

Bulikov, and Sochara (1965) have shown the angular depen­

dence of the hyperfine intensities depend quadratically 

on the crystal field parameter. In Bir's method the 

hyperfine transitions depend on the strong magnetic field
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at the nucleus created not so greatly by the laboratory, 

magnet but by the electronic state of the 4f shell of 
spin 7/2. This field, the effective field is

ef f ^n ̂ n
1.3

A is the experimentally measured hyperfine coupling con­

stant gn $n is the nuclear magneton, |Y > are the elec­

tronic wave functions and S the spin operator for the 

electrons. In Chapter TI the wave functions xPq will be 

developed. Then in Chapter III the induced field method 

of Bir will be developed for the Eu++ ion in fluorite 

crystals. During this investigation some transitions

predicted by the theory but //heretofore -,,not reported were 

examined. The results, of this investigation are included 

at the end of Chapter III.

The orbit-lattice interaction was largely developed 

by Menne, Ames, and Lee (1968). Menne used the inter­

action to explain the temperature dependence of the hyper­

fine coupling constant A. Chapter IV will be devoted to 

expounding the orbit-lattice interaction and applying it 

to predict the temperature dependence of the hyperfine 

spectrum.

The results displayed in Chapter V include corrections
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for crystal expansion extracted from the hydrostatic pres­

sure measurements of Hurren, Very "clear spectra were ob­

tained in this investigation due to using the single iso-
ICl

tope Eu . The sample obtained from A, E. C. was 96.67% 

Eu"*"^ and 3.33% Eu"*"^ with trace amounts of rare earth 

and other metal ions present. The crystals were grown by 

Optovac, Inc.

The crystal structure chosen to produce a cubic 

environment for the paramagnetic ion was fluorite. Ex­

amples of a fluorite crystal are CaEg, BaFg7 and SrFg.

The unit cell of fluorite is face-centered cubic. The 

basis is usually an alkaline earth-halide molecule of the 

form abg. The cation a of the basis is located at (O7O 7O) 
corner of the cube. An anion b is located at each posi^ 

tion (1/4,1/4,1/4) and (3/4,3/4,3/4) on the diagonal of 

the cube.

The fluorite structure is referred to as eight-co­

ordinated because each cation is situated in an environ­

ment of eight nearest neighbors, all anions being located 

at the eight corners of a cube (See Fig. I). The crystal 

structure is also referred to as XYg to include in the 

reference structures of this type where the bonding may 

not be ionic and the X 's and Y's can be a molecular
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structure such as water.

Europium ions were chosen for the paramagnetic im­

purity because the doubly;' ionized atoms replace the cation 

of XYg without requiring a charge compensation elsewhere 

in the crystal which would change the environment of some 

sites from cubic to axial. The triple ionized gadolinium
g

ion would also have an ground state such as europium

but presented charge compensation problems.
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___I _

Unit Cell
O  Ca

Figure 1.1

Crystallography of CaF2 with functional cell of F and 
Ca ion shown.



CHAPTER II
SPLITTING OF THE 8S7^2 GROUND STATE OF 

Eu; IN FLUORITE CRYSTAL 

Crystal Field Theory

The electric field at the paramagnetic electrons of 

Eu ions in a crystal is the field from all sources in the 

crystal. The strongest influence results from the nearest 

neighbor ions. A first order effect can be calculated by 

considering only these nearest neighbors. In order to 

make this calculation a very simple model is devised for 

the nearest neighbor interaction. First, the source ions 

are considered to be point sources. This assumption is 

much better for rare earth paramagnets than for the tran­

sition element groups because 'overlap of the , electron wave 

function of the deep-seated f electron with the electronic 

wave function of the anion is less. The anion will hence­

forth be fluorine F . Second, the fluorine ions will at 

first be considered to be in a fixed position. This will 

neglect vibrations and use a time average position for the 

fluorine as if in a rigid lattice. Third, a semi-classi­

cal theory will be used where the electric field is cal­

culated classically, then u s e d a s  a quantum operator. Of 

course, any variance of this theory with an experiment
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will point up the weakness of this theory and also will 

point to corrections which may be made to the theory

(Griffith, 1961, page‘65)

The Hamiltonian of the ion in a crystal rihcLudlng ; . 

Ohdy^hd-Iiati5C , and coulomb' energies and spin-orbit effects

'S H = I
k=l 2m

Ze' Sr

+ 5 C r Sv + V (rv )}+: ̂
k>A r-,

The term V Cr^) is the potential energy of the K electron 

in the electrostatic crystal field.■ The other terms are 

the same as for the free ion. When V(r^) is small, the 

Hamiltonian can be written as

H = H + V 1 o I

where is a small correction due to the Stark interaction 

of the electrostatic field with the ion. This form of H 

allows a perturbation type calculation to find the energy 

levels relative to the ground state free atom, and the 

wave function in terms of the free atom wave functions.

Using the model of Fig. 1.1 the eIec t r oSt a hi dy,field 

at the site of a paramagnetic electron can be calculated 

classically considering the fluorine ions to be point 

sources. In this way the field point is in a charge-free 

region and the electric field results from a solution of
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Laplace’s equation

V^VCr) = Q , 2.1
The potential energy V Cr) of the paramagnetic electron is 

then

V Cr)

r

ep(S) dr
|5-?1

2. 2

Choosing the paramagnetic fon as the center of the co­

ordinate system, 8 is the location of the field source, 
i.e. the fluorine ions, and r is the location of the field 

point, the electrons. In rare earth atoms the assumption 

8 > r is valid.
|S-r| = (R^ + r  ̂ - 2rR cos y)^

Using a binomial expansion for the function I/ |5-r|, V (r) 

is

V(f) ep (R)
L=O

P0 (cos y)dr, 2.3

y is the angle between S and r and the expansion coeffi­

cients are the Legendre polynomials, (^rfiken, 1966, page 

418) .

In spherical coordinate systems the angle y can be 

expressed in terms of the two different directions of r



and S as-.

cos Y = cos O1 cos Q2 + sin 8  ̂ sin Q2 cosZQ^cj)^ ,

(J)1S'are azimuthal angles and 0's polar angles. The 

Legendre polynomial can be expanded in terms of spheri­

cal harmonics by the addition the or eh) (Arfken,. 1966, p&ge 

450-453)

12

P 0Ccos y)" LY-Dm Ym Ce1,̂ 1CY-mCe2,*2).
2&+1 m=-& ^ 1 1  x z z 2.4

(Also see Messiah I » 1961 Appendix B)

V (r) = 4 Tr epCR)aT2 ^ {r y _ l
&=0%R 2$+l

A^2,4>2)" 2.5

Group Theory

The point group symmetry of XYg is . 0̂ , refers to

the point group operations performed on a cube which can­

not be distinguished- from the, unaffected cube. The set 

of elements of this group contains an identity, the un-. 

changed cube; a 180° rotation about an axis perpendicular 

to each face of the cube and passing through the center 

of the cube; a 180° rotation about each axis passing 

through the midpoint of an edge and the center of the cubej .



two 1200 rotations., clockwise and' counter "clockwise, 

about each of the cube diagonals; and two 90° rotations 

about each face .axis, clockwise and counter-clockwise.

Also included in are the improper rotations or each of 

the proper rotations mentioned above followed by an in­

version.

The elements of the point group can be grouped as 

classes, these being the identity class, the 120° rotaS, 

tion class of which there are eight elements, the two 180° 

rotation classes, the face centered class of three elements, 

and the edge centered class of six elements; the six 90° 

elements form a class as do the improper rotations asso­

ciated with each class above. If the elements are re­

presented by rotation matrices, the elements of the same 

class all have the same trace. The trace is called the 

character of the class and the point group.

There is only a finite number of ways in which a 

finite abstract group can be made to represent the group 

in terms of concrete mathematical entities. Any one way 

is called a "representation” of the group and the number 

of irreducible representations equals the number of 

classes. A representation is said to be irreducible if it 

cannot be expressed as the outer product of representation

13
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of lesser dimensionality, A character table for is 

given in Appendix A, An irreducible^ representation in 

terms.of the characters of the classes is given for the 

possible matrix representations of the group,

The abstract group of rotations.has been represented 

by rotation matrices'. These matrices transform functions 

within a finite dimensional subspace.among themselves and 

if no set of functions within this manifold, apart from 

the whole subspace, were to transform among themselves by 

the group operations, the subspace would be irreducible 

(Gel' f and,, Minlos, and Shapiro, 1963, page 16. Also see 

Appendix A).. The basis functions which are transformed 

by the group elements, form a Euclidean space. Writing 

these functions analytically can be accomplished an in­

finite number of ways. The functions can be > however, an 

orthogonal set. The functions are a "basis" of the repre­

sentation chosen and must transform distinctly among them­

selves by the operations of the group. Given any function 

as one of the basis functions all the basis for the other 

representations can be generated orthogonal to one another

(Tinkham, 19 64^\page 41).
. '-a :. ■

The set of all rotations is an infinite group and the 

set of spherical harmonics form a set of basis functions
I
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for the full rotation group, The spherical harmonics of 

the same order I are

___Q-, im<j>y®C9 , «  - v o n ™ C2^fiya,a i ;
. 4Tr (>im) ;

P^Ccos 9)e'

where 0 is the polar angle and <p the azimuthal angle in 

spherical coordinates. P™ are associated Legendre poly­

nomials, and < m 5 (Messiah, 1961, page 495). A 

transformation by a spatial rotation transforms the Y™'s 

of order H among themselves.

JI- « X •
2.6

then the C^n ’s. are matrix elements as calculated in Ap­

pendix A. By the definition of an irreducible representa- • 

tion, any, set of +1 spherical harmonic of order £ form 
a basis for the full rotation group since they transform 

among themselves.

Thei crystalline field transforms according to its own

identity representation (T^ ) for . Only D ^ ,  D ^ ,

p (6) D ^ . . .  contain. P1 when reduced under. O,. Thus inIg h
the crystal field expansion in terms of spherical harmonics 

(§qr 2.5) only the i = 0, 4, 6, 8,... need be kept. The

4f electrons ofEpi, will have spherical functions of f. = 3., 

Non-zero matrix elements will result from direct products
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jc D'^  ̂ jc D ̂ ^  D ̂ ^  being the matrix of the crystal 

field. It can be seen that

D jc jc D^3  ̂ s jc

!.Dt-6  ̂ + D t-5-1 + D ^ O  + d C3) + d (2) + D C1) + D CO)j

thus no non-zero matrix will result for £ > 6 , since only 

x contain

The R, =;0 spherical functions are not angular depen­

dent and only add a constant to the potential energy term 

V Cr). Then

V A c w c - 2,7

where from eq. 2.2 and 2.5

Y&m 4ire
(2&+l)RZ+l- (62*2^ T 2P ^

Eq. 2.7 becomes.

V(r) cubic = r I J  4" > !m=-4
+ r Y 6mym

m=- 6 6

The rotation about the z axis o£',;1ff//2 transforms the 

coordinate,system as:

x -»• y, y -x, and z -> z.

The spherical functions , and Y^^ are the only
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invariants of order- 4 under this transformation, and
+

Y g  are the only order 6 invariants.(Low, 1960, Table II) 

Considering point charges and XYg

V(r) -Ze2r4

+ ZB2T6

'4jt
9

,7 iff- 
13J i /

Y% + 2 /7? CY^ + r  j)

Y6 + /IT (y 5 + Y"! 39 9 0 6 ,

which may be written as

VCr) = (0% + 50%) + BgfoO  ̂ 210%) . 2,8

0™ is the sum Y™ + Y"™ in which any-common numerical 

factors have been taken out and included in B (Jones, 

Baker and Pope, '1959 and Stevens, 1952).

Operator Equivalence

A vector f can be defined as a vector of Type "T" 

following Condon and Shortley (1935), with respect to a 

general angular momentum when it meets the following 

commutation relations:

•i T'A 
31’ -m' ihTne Jtmn-

e£'mn Levi-Civita tensor density (Goldstein, 1959,

page 129) , defined to be zero if any-two of the indices 

I, m, n are equal, and either +1 or -I otherwise, according
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as (A, m, n) is an even or odd permutation of (pc, 7 ,z) .
Two excellent expositions of the subject of angular momen­

tum in quantum mechanics can be found in Chapter II of 

J. S , Griffith's' The Theory of Transition^Metal ions (1961) 

and Chapter XII of A, Messiah's Quantum Mechanics, Volume 

II (1962) .

The replacement theorem follows from the Wigner- 

Eckart theorem and^spyhthat if f  ̂ and f 2 are both type T 
with respect to J then <a ' jm | ct" j 'm' :> f. y<a' jm | l a"im ’ ̂  

where y = y (a'd ,j 'j) independent of m and m ' . A corollary 

to the replacement theorem is:

Bor any vector f of type T with respect to the 

relation

<a' jm I f I a" jm' > = y<a' jm | j" [ a ' jm' > 2.9

holds'"with y •= y (a', a", j). Note on the right side of the 

equation the quantum numbers j and"a’ are the same for 

both b%?a:iand ket. This results because any component of 

j can only generate functions within the manifold of 2j + 1 
eigenstates belonging to j and a'. The manner of using 

this theorem and the corollary would be to evaluate y for 

any one matrix element then use the replacement theorem.

The replacement theorem allows the crystal field 

operator in terms of the spherical functions YjJ1 to be
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replaced by angular momentum- operators. If the spherical 

functions are written in terms of their cartesian equiva­

lents, each of the components x, y, and z can be replaced 

by operator equivalents i n . j  , and jz , These opera­

tors are to be expressed in a standard representation 

whose basis vectors are the set |ajm>, that is in the 

normalized

h - ̂  %  + 1V  -> ' U 
jo = h

3.1 - -1V 1 * - ^  3- ' 2.10

Because of the noncommuting nature of the operators, ' 

mixed products such as xy must be symmetrized when re­

placed by operator equivalents, for example:

xy 1/2 (xy + yx) l/2y (jx jy + jyj$) •

The crystal field written in operator equivalent form 

is from eq. 2.8,
V(r) = + 50%) + B^CO* - - 2.11a

0? = SSjJ - 30j(j+l)jJ + 25jJ - 6j(j+l) + 2j2 (j + l)2,4
,4 JL

2 I1+ + J
.4

2,11b



og = 231 jO * + I05j2(j+I)2j2

"525jCj+l)j.2 + 294j2 , 5j3(j+i)3 + 40j2cj+l)2

-60jCj + D 2,11c

°6 ̂ T 0 + + " X j + 1) - 38}

+ {lljz - jCj+1) " 38}C;4 +. j4)

(Jones, Baker, and, Pope, 1959, Table 3).
2.Ild

The Spin Hamiltonian

The angular momentum of the europium ion is 5 = f+§=A. 

The shells are all closed with respect to orbital angular 

momentum. In the above notation then, replace ^ with $.

A difficulty results since 5 is not a T type vector with 

respect to I. The result of this is to nullify the re­

placement theorem. Physically, this result states that 

the Stark effect cannot split a system which has a closed 

electron shell.

Group theory, which explains the type of splitting 

allowed if the mechanism were present, predicts a crystal 

field splitting of three levels. The group must now

be a double group to account for the nature of half in­

tegral angular momentum systems where a twofold.rotation



-7/Zt+-5/2
Vz *+ sJz

H / /  (too)

Figure 2.1 X-band spectrum 0.1% Eu - CaF7 at 78°K
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is single valued. The- zero magnetic field splitting of 

a J = 7/2 system is calculated in Appendix A.

Experimental evidence clearly shows there is a cry­

stal field interaction, fig, 2.1 shows the splitting of 
the ground state by a Zeeman- effect. The fine structure 

spectrum can only be explained if a crystal- field inter­

action exists. This splitting will be calculated below 

and the energy level diagram of fig, 2.2 shows the zero 
field splitting.

An explanation of the S^state splitting by Van Vleck 

and Penney (1934) concluded that an orbit-spin coupling 

mixed in excited states in which L is not zero. Abragam 

and Pryce (1951) considered the spin-spin interaction 

between dipoles which depends on spin variables and posi­

tion variables

spin^spin V sV x ^ 3- 2,12

The crystal field distorts the orbits which are coupled to 

other spins resulting in a net distortion of the grotind 

state. The distorted S-state can interact whith the elec­

tric field.

An acceptable theory which shows good agreement with



Cm

Figure 2.2 Fine structure splitting Eu - CaF9 as a function of magnetic 
Field. z
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the experiments on S-states has not been developed to date. 

An heuristic Hamiltonian can be proposed in which the coef­

ficients and of eq, 2.8 are measured experimentally. 
This is the '.’Spin Hamiltonian" for S.-state ions.

H =. g#.3 + 6^(0% + 50%) + B^CpO  ̂ZlO*) +

.+ 2.13

gg;H>S is the Zeeman effect of a magnetic dipole g g^ = 

in a magnetic field, There is also a nuclear Zeeman term 

g^P^-vt which is small compared to other spin Hamiltonian 

terms but is kept in order to devise nuclear wave functions 

required to explain the hyperfine interaction (see Chapter 

III) .

An interaction between the electrons and the nucleus 

is called the hyperfine interaction.. This interaction is 

essentially a spin-spin interaction as eq. 2.12; An s 

electron has a finite, probability of being within the 

nuclear volume giving rise to the Fermi contact term

(Stt/S). gggN8N S Cre - rn) f-§ .
F . J . Milford (1960) has a simple derivation of this term 

in the American Jouqmal of Physics. '

The spin-spin term of the hyperfine interaction does 

not predict as large a hyperfine coupling tensor which
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is a constant■fov E u? as is measured in experiments.

William Hayes (1963) accounts for the hyperfine interaction 

as resulting mostly from the Fermi contact, term of un­

paired s electrons density at the nucleus, In Eu all the 

s electrons are paired? thus no hyperfine splitting should 

occur. It is thought, however, that the unfilled para­

magnetic shell will polarize the s electrons by exchange 

interactions such that one of the pair will have a greater 

electron density in the nucleus than the other. The hyper- 

fine interaction is included as a :spin Hamiltonian term 

and A is measured by experiment (Baker, Bleaney? and 

Hayes, 1958).

Fine Structure '

Taking the Hamiltonian

H = gig.3 + B^CQO + 50%) + B^(0% - 210%),

the crystal field dominates when.;& is small and group 

theory predicts a zero field splitting. Replacing the 

operators 0 by spin operators in a standardxrepresentation 

as given in Table II, and evaluating matrix elements be­

tween the basis of the representation, |SMg>, an eight 

by eight martix results, The matrix has four distinct 

diagonal elements. <S,M |Hc^ | S,M[^ = <S, -M | Hc^ | S , -M> , a
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result which stems from Kramer *s theorem (Tinkham,.1964, 

page 143.) For any half^integral angular momentum system 

an electric field of any symmetry can at best remove de­

generacy such that each new level:!is of even degeneracy. 

This is because an electric field results from a time re­

versal symmetry. The matrix can be written as two four 

by four matrices along the diagonal. The cubic field 

operators 0 bmly have.off-diagonal elements between M and 

M ±4 by virtue of the terms and S^. By an interchange 

of rows.and columns the 4 x 4  matrix becomes two 2 x 2 
matrices along the diagonal.

figure. 2,3
+ 7/2 + 1/2

±7/2 Cyb^ba") 35CbjySb^) 0 0
±1/2 SSCb^-Sbo) Ob^-Sb^) 0 0
+ 5/2 0 . 0 C-lSb^-Sb^) 3(5b4+7bG)

±3/2 0 0 SCSb^+Tb^) cC-Zb^+Qb^)
/

where b^ = 60B^ and b, = 120B, 6 6 of eq. 2.13.

By diagonalizing the above matrix the eigenvalues of 

energy are
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Ei , 14b4 . 20ba, M = ^5/2,

E2 " 2b4 ± 161)6' M = ±7/2,

E3 ■" Zb4 + 16%6, M = ±3/2,

and E^ s .IBb4 " IZb*, M - ±1/2,

The and levels are degenerate, and since each level 

is twofold degenerate because of Kramer's degeneracy, two 

twofold degenerate levels and a four fold level are split 

by a zero magnetic, field Hamiltonian,

Figure 2,4

Zero Field Splitting

±SgjTrTS (2)

'S7/2 CS) ±7/2: ±1/2 .fn;: (4)

±1/2 Fr. C2)

If a magnetic field is introduced such that the field 

is directed along the z axis of the crystal field (±x, ±y, 

±z are equivalent z axes) the spin Hamiltonian is

g #.S + -A (O^ + 50)) +4-
1260

& (0° - ZlO*)

(when") the (m!agnetic ̂ ield is small the states are perturbed
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by. - g3,HSz which removes the remaining degeneracy.
In the strong field region, the crystal field term 

is the perturbation and the eigenfunctions belonging to 

Sz are perturbed by

Cf 60
COqo S O ^  ♦

1260
6 CO” -'210*) 2.14

Figure 2.2 displays the splitting as a function of the 

field strength H.

The eigenvalues, of H when considering eq, 2.14 as a 

small i?cf: ggH are

<m |h 1 Im 1X M 1-Ih 1 |m  >
M' - h0 * E0M M '

2.15

with
A^  = <M|g@|S§-llM> ' g*k.
IZ

The eigenfunctions belonging to Sz are. ] aSM>y^T)hese are 

shortened to |M> within the manifold S = 7/2 S’or Eu ions; 

-7/2 < M < 7/2, The resulting levels are

^±7/2 = ^g^C7/2) + Bb^ + b ^
SSCb^-Zbo)

4 g #
3(5b,+7b,)

^±5/2 = " ISb^^Sb^i. * O
4 g #

2.16a

2.16b
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E±3/2 = ±@^(3/2) -3b4 + 9bg ± V5̂ 5J)4+7b6:) A2;:;16c
4g3H

and

E±i/2 = ±gBH(l/2) + 9b4 - Sb6 ± 35(b4-3b6)' 2_i6d
4g3H

Angular Dependence of Fine Structure.

When the coordinates x, y, and z of the crystalline 

field do not coincide with the vector external magnetic 

field, the vector products of eq. 2.13 must be written in 

a common coordinate system. In eq. 2.13 it is implied 

that the coordinate system chosen is along the three equi­

valent crystal axes. Maintaining this coordinate system,

] | H (S^ sin9 cos# + S sinQfsfft# + ■ cos6 ) .
In the experiment the magnetic field &  was always at 

right angles to a (100) axi^ of the crystal. In the cal­

culations the rotations are always in the x, z plane; thus 

the azimuthal angle # is zero. The terms of the matrix of 

figure 2.5 times gBfl/are the matrix elements of H of eq. 

2.13. b^ and bg are respectively b^/gSH and



-7/2 -5/2 -3/2 -1/2 1/2 3/2 5/2 7/2

-7
2

7b4+b6 
-7 /2 co s  0

17/2 s in  0 O O / T i
(04-30 6 )

O O 0

-5
2

fT /2 s in  0 -130^-506 
-5 /2 co s  0 /3  s in  0 O O

VTi
(04+7/506) O 0

-3
2

O VT s in  0 -304+906 
- 3 / 2cos 0

J I i  s in  0 
2

O O VTi
(04+7/ 206) 0

- I
2

O O /T i/2
s in  0

9b6-5b6
- l / 2cos 0

2 s in  0 O 0 T iT
(b4-3b6 ) .

1
2

V5T
(b4-3b6) O O 2 s in  0

904-506 
l/2 c o s  0

[Ti s in  0 
2

0 0

3
2

O / T i
(04+7/50 6) O O

75 s in  0 
2

- 3V 9V
+3/2cos 0

/ T s in  0 0

5
2

O O /T i
(04+7/3%)

O O VT s in  0 -1304-506 
5/2 cos 0

JT  sin  0 
2

7
2

O O O T i i
(04- 306)

O O JT  s in  0 
2

7V b6
+7/2cos 0

Figure 2.5



gBtifx? the angle 0 Is the angle between a (100) axis of
1 V  ' ' 'the crystal,■chosen as the z axis 'of the coordinate system, 

and the magnetic field ?K, The resulting matrix is dis  ̂

played in Fig. 2.5,

An approximate diagonalization of this matrix using 

perturbation techniques can be used when HA << 60 gauss,

Using a much larger field, H^, it is possible to treat the 

crystal field as a perturbation as in eq. 2.16; however, 

a representation written with the z axis along the Hq di­

rection is then necessary. In this case the crystal field 

operators 0 written in the cartesian form for the spheri­
cal harmonics will transform as

S + gZ/
x -» x sin 0 ->S sin 0 ^ sin 0

X 2
and

z -> z cos 0 -> S cos0 z

where again all products of S , S+ , and S_ must be symmet

trized. This has been done for the operators O^, o|, O^, 
4Og of eq. 13, (Stevens, 1951 and Jones, Baker, and Pope).
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Table 2.1

Jones;,;, Baker ,'".and Pope (1959)

V  * ! a4s+'i ■

Q42 ^  ^  i  04° ^  Y  a 42 +  f  a A 4y) " c o s ' y  0.41 +.|- Q 43 J  S l n  2cf>

°4 "̂  (  8" 04° ^ T  ° 42 + 4  ° 44)  cos 4̂ ) ^  ICO41 -  IO43 ) s in  4<j)

°44 " ^ « 6̂  #  Og2 Og4 Og'

°62 -» ( 3T V  + %# °64 " #  Ogtl ^

^  f 0S1 + i 06.3 + °65) sil1 2*

O,4 -> 0 -  5 0 2 + 1 3  0 ,4  _ 11 n 6
6 ( 16 ° b 32 0 1§

+1 ( ?  ̂ 6̂  + "f °63 ^ °65^ sin 4^

cos 4tj)

°66 ^ ( 16 06° ^ il °62 + °64 " ̂  °65) cos

■̂1 I 3 n , l  ^  I O..3 +  3 q ,54 6 "  J  6 ^  Q 5̂ j sin 6̂)

The Hamiltonian with an angle 0 between the crystal axis 

and the magnetic field (chosen to be the z axis of CO" 

ordinate system) rotated about the y axis is



33

H = gGHS^+%4;3 
60z § °4 + T- 0I + S[(i 0” - £  O3I=: :| °4 I °4

ioJ)c°s 48 - ifoj

x(- t l '06 - —\ } 11 .P6Te v6

io|) sin 40]} + ^6
1260

32 °6
231 n6
s? 6

-I «1
21Ct-TF °6

+ ^ O . -  Yg- Og) cos 48+ Og

Og) sin 40' ]} 2.17

Tables giving_ the values of the matrix elements of

the * s are given by Low (I960) and Drumheller (1969).

A concluding note to give further insight into the

transformation of the On 's follows. The On 1s are a. m . m
linear combination of Of"?*. and On which are spheri- 

cal harmonics written in symmetrized operator equivalent 

form. The common numerical coefficients are not included. 

On rotation the spherical harmonics Y™ are transformed 

into linear combinations of the spherical harmonics be­

longing to the same manifold^^:

Ybe--rV ^ 1Ifl c';mn YS C0-*)- 2.6

Tt- The transformation matrix whose elements are'the C 

unitary. This matrix is the operator

■St,—
mn ?§ is

yitj) ("J*p0
T
J
%m>= R (cji) I £m> 2.18

r
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Table 2.2
J one s'? Bake'T ? and Pope [1959] 

Baken? "Bleaney, and Hayes (1951)

Form of Operators

O40 = 35Sz4 V' {•;30sCS'+ll »  2 5 }sz 2 ^ 6S(.S+1). + -3S2 (S-HX2 .

Q4 2 = y { 7 S z 2 V  SGS+ll -  S> CS+ 2+S^2) + GS+2+S_2H 7 S z 2^SC S+n^5}3  

O44 = 1 (S ^ . + S^4)

O60 = 231SZ6 » :1 0 5 {3 S Gs--Fll^lSz4 + { l0 5 S 2 (S + l)2-5 2 5 s (SPl) + 294}SZ2 

^5s3GS+1)3 = 40S2 GS+1)2 -  60S (S+l)

O62 = 1.'[{33SZ4^[18S(S+1)+123]Sz 2 GS+!) 2PlOS (S+1)+102}(S+2 P S_2)

+ Gs+ 2 + sJ ) { 3 3 S 24 ^ etc. Ij

°6 4 = H l l S z2 ^ SGS+1)-38KS+4 + s_ 4) P (S+4 P S_4){1 1 Sz2-S (S+1)-38>] 

O66 = Gs+6 + s_ 6)

°43 = Ci4) ( S z GS3+ + s j )  + GS+3 + S_3) s z l .

°63 = i( .[H S  3-3S(S+l)S -59SJGS 3 P S_3)+(S+3+S_3)[llS 3-Z v-- :x “ z v P
-3S (SPl)S ->59S„J I

062 = .t ( ( 3® 5'"S,^<30S(S+1)-15>+S/3<5S2 (SPl) 2-105(S+l)+12>J (S^ P S jP
+ (S P S j.[35% ^ W < 30S (S + l')fT 5> + S .< 5S 2 (S+l)-105(SPT )+12>]}

V- V  ^41 = J (175S|j3-35 GS+1) CS+ + Sj+(S+ + Sj 178̂ (5+1)̂  ̂ }
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<j) is the angle -of rotation, the angular momentum opera" 

tor and p a unit vector acting as the axis, -of rotation, 

(Messiah, 1964 Appendix D , Section 10 and Chapter XXXI).

Geltfand, Minlos, and Shapiro (1963) derive this operator 

in terms of Euler angles, The solution is the Generalized 

Spherical functions which are also.used in Chapter 111 to 

explain the hyperfine interaction. The function is derived 

in. Appendix A..

Baker, Bleaney, and Hayes (19^W) have used first 

order perturbation calculations to find the angular de" 

pendence of the fine structure energy levels. In eq. 2,16 

the ifoTltSwing substitutions" are made to show this depen,-"< 

,dpnce (BIeaneyV Baker, 'andTHayes , 195 8):

^4 ^ ^4 p; b(, q , 2.19

where

p = 1-5 U 2m 2 + m 2n2 + n 2&2)
and

q = ^|{lli2m 2n2 - (&2m 2 +'m 2n2 + n 2&2) + ~ >  . 2.20

In eq. 2,20 (&, m, n) are the direction cosines to the 

(x,y ,z) axis. In spherical coordinates

Z - sin 6 cos 0 
m = sin (j) sin tj)
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experiment are made in the 

<J> is !if/2 thus
s ?r s zn 2 0

The angular dependence of the difference between adjacent 

levels (since transitions' between these levels /WeYe-Yhe 

measured quantities: in the expej:iffi¥nt, the differences 

AM +1 are plotted rather than the energy levels themselves) 

is plotted in .Fig, 2,6.

When 0 is zero the fine structure transitions of 

eq. 16 are plotted in Fig, 2.2 when the energy difference 

between AM ±1 levels is 0.33 cm  ̂ in energy (the 10 GHz 

microwave energy). This figure Shows the location of the 

high field splitting of the fine structure levels which 

result from eq. 2.16,

and

n R cos 6, .

Since The.TrotatiohsTy of the 

xrz plane, the azimuthal angle

p - I r j sin2 0 cos2 0 = 1

q - I' r sin2 20 ,
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Figure 2.6 The angular dependence of the fine-
structure spectrum rotated about a (100) 
axis .

-H=
J



CHAPTER III

THE E . P. R. EXPERIMENT AND THE HYPEREINE INTERACTION

Magnetic Resonance

The principle of magnetic resonance experiments is 

the Zeeman effect. In this experiment a gyromagnetic top 

is placed in a magnetic field. The interaction, between 

the magnetic moment

V 3.1

and the magnetic field ca'ttses a Larmor precession of the 

top. trJ is the angular momentum of the top. The torque •. 

on a magnetic moment p in. a magnetic field is ''' r

T = ^ x t

From mechanics -T *= thus

■>;

E - v ;i
3.2

The solution to this equation, where H is constant and the 

angle between y.and S nonzero, is a precession of frequency

■ W 0 = y50 . 3.3

The energy levels of the paramagnetsebf eq. 3.2 are 

fixed, depending on the component of y in the direction of
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H.

■ E" = -y.ii.

If rf is not a constant but is perturbed by a weaker mag- 

netic field at right angles to H q, the perturbing field 

will appear to average to zero from a reference frame 

rotating at the Larmor frequency. When is also rota­

ted, it will have an. average H f e time as an effective 

field when the rotation is close to the Larmor frequency. 

When the two frequencies are the same, resonance occurs 

giving rise to the name magnetic resonance. From the

view of the rotating reference frame, when is in re-
—>

sonance, the field Hg appears to be zero and now will
->■ ->

cause a precession of U about changing the eigenstates 

of J to other combinations within the manifold of 2J + I. 

These transitions both absorb and emit enerfgy to the 

system maintaining H^.

The coordinate system is selected such that z is 

Mbzig the magnetic field Hg and the perturbing field is the 

magnetic component of sinusoidal microwave radiation. The 

Hamiltonian is

Ho + H1 3. 5

where H^ is the spin Hamiltonian, which for the present 
discussion will be the electronic Zeeman term

4



3.6
4Q

h O =. gGH'S = :ggi,H,0S z 

in the representation of Chapter II.

H1 =. g3K1'$ 3.7

and

• H1 ^ S1 cos tot. 3.8

The probability per unit time that a paramagnet initially 

in state |m> will be in state |m'> from time dependent 

perturbation theory is

mm'
mm' 'gO) 3.9

If the spin-lattice relaxation mechanism keeps an ex­

cess of the paramagnets in the lower energy states the dis­

tribution function g (!̂) will be Loretzian,

n 2T„
g(v)

I (V; -v)2
3.10

where T^ is the characteristic spin-lattice relaxation 

time introduced into the Bloch, equation (Bake, 1962) .

In a sample with a large number of paramagnets, and 

given a time long compared to the relaxation times, the 

probable number of paramagnets at an energy Epi = p i s  

governed by Boltzmann statistics,
m '4IrtV
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N

N,
f>-VkT'
y  e“ Era/IcT

when

E << kT; —
I  N0

- S ' < in < S

' fl
'I - R g M k T  

2S + I

Then

AN = N + I 
N,

n_ = -ELgifiEL-
N,

3.11

3.12

3.13

3.14

,Q "0 "0 CS + I)

From eq. 3.9 the operator

Sx - I CS+ + S J
requires selection: rules hj&j = ±1. That is the only tran- 

sitions between energy levels differing by | Aj*| = I will be 

stimulated by the microwave radiation. Since the lower 

states are more populqus^~jy>

AN =’N q ggH/2(S + I)kT, • 3.15

more, simulated absorption will occur than stimulated 

emission. If the microwave power is low enough to pre­

vent saturation, the line shape of eq. 3.\10 wijJT^o^cur;) 
Saturation occurs when the radiation is intense enough to 

equally populate both levels. When this occurs the ratio 

between microwave power absorbed by the sample and power
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available is not linearly related to the population of 

paramagnets occupying the energy levels. The' intensity 

of a resonance line will be controlled by the matrix

<M'ISx |M> .

An accurate measure of the intensity will be the area 

under the curve w ^ ,

I = g ^ X 2 1 Sxm m i I2 g(v)dv ,
-OO

I = CgBH1 1 Sx 4̂m ’ |! 3.16

Figure 3.1 is an.actual plot of the absorption of micro- 

wave power versus the magnetic field for Eu in Cap2.
The six large lines are the AM = -1/2 transition

when a (100) crystal field axis is along H q . The small 

satellite-lines adjacent to the six major, lines are the 

mutual spin flip with fluorine nuclei discussed by Baker, 

Hayes, and O'Brien (1960). The overlap of these lines is 

virtually eliminated at very low temperatures since the 

more uniform local fields sharpen the line shape function 

g(v). The existence of six lines depict the further

splitting of the M = 1/2 and M =  -1/2 levels by the
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Tf // (loo)

The direct absorption at X-band for AM = 1/2 -1/2.

W // (loo)

Figure 3.2
The phase detected AM = l/2-<->-l/2 absorption with field 
modulation.



hyperfine interaction, which will be explained later in 

this chapter.

The method for producing the microwave frequency
'hmagnetic field perpendicular to Î 0 - and of detecting 

absorption is detailed in Appendix B . It is noted, how­

ever,. that the spectrometer measures the derivative of 

the absorption lines not the lines of Fig. 3.1,. Figure 

3.2 is a display of the microwave absorption detected in 

this manner for the same AM = 1/2 •<--> - 1/2 spectrum..

The Hyperfine Splitting

The smallest energy splitting measured in the experi­

ment was the hyperfine interaction. The Hamiltonian of 

an electron.in a magnetic field ft, is derived from a 

vector potential. This discussion of the hyperfine inter­

action is well-treated by Milford, I960, and is reproduced 

in Appendix D. Another spin Hamiltonian term is introduced 

into the phenomenological Hamiltonian of Chapter II

H(Hyperfine) = it • it. • ft ' 3.17

where it is a symmetric tensor of order 2. For Eu impuri-
->

ties in fluorine crystals, ft is also isotropic and
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The spin Hamiltonian is now

H = g # 3  + (of + Sof) (0° - 21o 5)
60  ̂ 4 1260 0 b

+ + gn 3n 3.19

the last term being.the nuclear Zeeman term.

For Eu the basis functions now included the nuclear
2function belonging to I and I^.• Note,the nuclear spin I 

is ,5/2 for both isotopes 151 and 153 which occur in abun­

dance .

I = 5/2; -5/2 < m £  5/2 . 3.20

If a product wave function 

Y = TevFn= !y SM> I Im>

is used as a basis with respect to some common z axis,

T = J 5- S and I implied, the matrix formed from H of 

eq. 3.10 and the |%-m>'s having selected a coordinate 

system, would be an 8 x 6 = 48 matrix.

Calculation of Core Hyperfine Field

The 48 by 48 matrix can be diagonalized numerically 

for specific orientations of the crystal axes. The dif­

ficulty of this method can be reduced when the crystal 

field parameter is small relative to the Zeeman term.
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Drumheller and Rubins (1964) have used perturbation theory
e Ato approximate the diagonalization when is very small. 

For rather large B4 such as is found in Eu++ in cubic cry­

stals, this method may only be successful for very high 

external magnetic fields. It was found that a microwave 

frequency of.55 GHz was too great to allow clear resolu­

tion of forbidden transitions of Eu++ hyperfine lines in 

fluorite crystals. Perturbation techniques can be used to 

diagonalize the electronic 8 by 8 matrix when the wave * 
functions of the spin Hamiltonian is written in a represent 

ation of the product of the eigenfunctions of I and S.

3.21

For this purpose the Hamiltonian 3.19 is written as 

. H He + Hn + Hen 

where the electronic hamiltonian is

3.22

ggS-5 + —  (O4 + SO4) ^ 3.23

In eq. 3.23 the.order six terms of eq. 3.19 have been left 

off. ^'Th'b^ terms are small and need only be included when 

energy levels are being computed. The nuclear Hamiltonian

-K'

C
b4 about 1/2 when A is about^ioq x IQ.-̂ ...err."1.
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having eigenfunctions cf>.̂ pis 

H 'n “ Sn6nff'r - 3.24:

In eq. 3.24 quadrupolar terms are also left off. The term 

which couples the eigenfunctions of He and, Hn is the 

hyperfine term

= A I - 3 . 3.25
It is because of the coupling term eq. 3.25 that the nuc­

lear wave functions are written as dependent on the

electronic state indexed M. The fine structure levels of 

Chapter II are the

Ee <5 M 0M M ' ' 3.26M 1 1 M'

of eq. 2.19 with the angular correction of eq. 2.20 in­

cluded. The 1s are the functions which diagonalize He , 

Using the representation of eq. 3.21

if:
F (S " ^ M 0M M 1V >

+A<Y.' e 3.27
(M)

> d )  , ^mmt

If A is small such that A(E. e ■ Em  ) is much less than one/,\

ife) is possible to set M = M 1 in eq. 3.37 and. not lose
/ ;V
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accuracy in the hyperfine■term. Thus'the spirit of the 

calculation implies accuracy to .1%. Then to find the 

eigenvalues of nuclear energy E and the eigenfunctions

^ m ^ ’ t îe ^  + matrix of must be diagonalized. The 

prime of refers to the dependence of the set'{<() 

on the electronic states.

The second.term in eq. 3.27

MM,m/m ^ ^  M 1 11 1 M 
and the last term of eq. 3.27

* < 0 3 1 0  ::<4-™CM) 3.28

S n h H
(M) 
rm Î l CM)

n • Tm 1" 1Tm 1 
can be combined.to a single nuclear term where'M = M 1 
Thus eq.s:. 3.28 and 3.29 become

3.29-

The g-g ^SlSl  ̂  has units of magnetic field. It is

termed variously as the "induced".field, the core hyper­

fine field and Bir.' s effective field after G . L ; Bir (1964) 

who originally? developed the theory. The "effective"

For Eu++ in CaF^, A = 34 x 10  ̂ cm  ̂ and Ee^ - E ^  is 

about 0.3 cm
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field as seen by. the nucleus then is

The field direction and' magnitude depend on the electronic 

states Tjyj which have an angular dependence in this re­

presentation on.the crystal field orientation. Physically 

one views this field as being the magnetic field the 

nucleus sees because of the orbital electrons. The total 

field at the nucleus is. jly f + % ,  the vector sum of

the external field and the effective field. For A =

34 x 10 ^ cm  ̂ and nuclear magneton Bn = 5.03538 x 10 ^ y g / G  

and the.spectroscopic splitting factor gn is 1.44 for 
Eu"*"̂"*" and 0.637 for Eu"*"^, we have then, Me££ = 92,700

MOb gauss for Eu15* and 44,500 M gauss for Eu1^3.
151 ’When the experiment on Eu is done at X-band (v = 10 GHz) 

the external magnetic field is about 3,600 gauss for the 

transitions M = 1/2 -1/2 which are. of most importance

to the experiment. Thus the external field is less than 

4% of the induced field. In this case the induced field 

will dominate as the quantization axis of the nuclear 

Zeeman effect. ■

When an electronic transition occurs the effective 

field changes both magnitude and direction such as to



rotate the effective quantization axis (Ileff+ti)/JBe f = z. 

The eigenfunctions in the rotated system can be expressed 

as a linear combination of the s e t } belonging to the 

■manifold of I.’ The unitary transformation matrix which 

represents a rotation is

■ ETmm ("-B-Y)].= T
and transforms, the set of orthonormal s as

. 3.SI

The specific form for this matrix T^ , is the operator

R>(6) = exp[-i0j*p]
u 1"

mm'
,-lVtZv-— s-\" /*-

• iyd z e - i.gJ(x (eJ 1 3.32

u is the. unit vector defining the axis of rotation in 

3-space, 0 is the angle of rotation about the axis and J 

is .the angular momentum operator. Expressing the arbitrary 

rotation in terms of Euler's angles, a is a rotation about 

the z axis, 3 a second rotation about the new x axis then 

Y  a rotation about the z axis of the previous .system.

These three rotations can be made equivalent to a single 

rotation 0 about u (Messiah, 1962). Cellfand, Minlos, and 

Shapiro.(1963) have found.an expression for this matrix
-3Jand expresses e pUx of eq. 3.3^ as the matrix

- ■ 1V
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where y is the cosine of g ,.I indexes the manifold of the 

2 1 + 1  matrix.

The matrix, of eq. 3.32, e ~ ^ Jz and e_iaJz, can be 

shown to'be simply

e |M>' = e iYM|M> ■„ (Messiah/. 1962) 3.34

The derivation of the matrix [Pjnm* (u) ] is shown in 

Appendix A. The nuclear eigenfunctions in the representa­

tion which has the quantization axis shifted by differing 

electron spin states then becomes

* (M) = y i
' m Mil Pmm *

In eq. 3.35 the function cos 0 

tween the electronic states M ,

(M)
m

= y
M r .

3. 35

depend on the angle be-

- cos Cit11 ItjtJ

(see eq. 3.30). This dependence then accounts for the 

angular dependence of the hyperfine coupling; that is, 

while Pjrm  ̂ (U) is a rotation matrix in the space spanned 

by the nuclear eigenfunctions its argument depends

on the electronic eigenfunction Tjn . Actually y depends 

on the transition between the eigenfunctions .

From eq. 3.27 the energy eigenvalues are

+. V n [ffeff + ffi 3.36
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The effective field, can be. substituted fg-r the total 

field in the hueIeaT Zeeman tehjii,. thus

En = 8n 6n”  • 3,37
The field H can be calculated from eq, 3,30 and 

becomes

a) H

b) H

c) H

I C M ) . _ ■ ■ A,
< w e

-Sr. :+ '.SI . +
I y M 3X ® n ^ n - I ......

2
,C M )  ^  ' . . A .S+ ' .v. .S

a
t

'
V

7  •

Im  -  ' ’7 • a

■ g n 3 
A
R

n  M 1 INI 
, A 3.38

3n n

From Chapter II when the crystal axes are rotated in 

the X"z plane by an angle 0, the electronic wave functions 

become
< M IV 1 | M ’>

Ifu^ = |M> * l'
«' =M0 - EM'°

-V'y r<h I V,i I &><&I V,i | M>
% & (4  : Eg]

M ’ >

. <MlVq IM X k IVa |M> 
(13° *

] |k> 3,39

where is the crystal field interaction of the fourth 

order spherical harmonics,
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n  ̂ o
t  ̂ ~ cos 40)0 
- . 2 2

2
4

+ C +■ I cos 4 6 ) ,  Si sin 40[0% - ioj)} 3,40

The sixth order harmonics are not included because of the

which are the eigenfunctions of Sz when the magnetic field 

is selected as the z direction.

In order to calculate the energy levels directly from 

perturbation theory the entire spin Hamiltonian of eq. 3.19 

is used with product wave functions |M?m> used as the repre­

sentation. In this calculation the perturbation is the 

crystal field plus the hyperfine interaction. Again as in 

the induced field method the nuclear Zeeman term is left 

off. With the hyperfine term written as

and the crystal field interaction as eq. 3.40, the energy 

levels are calculated from second order perturbation 

theory

*
small value of b^

Hhf,= AI-S = A  (IzSz) + §  (S+I_ + S_I+) 3.41

"p = "pm bM ,m

ft
6 Q., 5 x 1 0 ^  'em'*1 ? b^A SSx IOt^ cm 1 or b^/b^ 0,99%.
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With H  ̂ + ̂  ef£ + H from eqs. 3,40 and. 3.41 the energy 

levels of eq, 2 16, M, m levels become,

a) E± 7/z?m R -iT- gSH' +'F  b4 + Scos 6) + . b g i '^-Am
B 2 , .

35 ■ u4
+ =T . g W o  -: s

7 T m)

b) E±5/2?m = '̂ f- S @H " E4'C3 + Scos 8 ] Sbfi ± Am

+ ^  I SC^ , m2) Jb 19 m]

75b,
c) m IiZZfB  = ' 4  8 » H " Ifc4 U  ♦ 5 =OS 46) ♦ Sb6 I

.+ I  Am ± I3C5| • m b  ± 27 mil

35b
d) E±1/2 = ±| g 3tl + . I b4 [3 + 5 cos 48) r Sb6 +

2
4  A= 4 l2| - m 2 ± 31 m]

4g 3 H 

3.42

. b.b, b6
In the above expressions terms of order ^ and
i 2
b4 2sin 40 are not included in the second order calcula'
g#"
tion. The above energy levels are accurate to the order 

of perturbation for 8'. <_ '5° which is adequate for the 
measurements discussed in Chapter IY,

In the E ,P', R, experiment the energy of the photon
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exciting 'transit ions' between the levels of eq,. 3,42 is fixed 

and the .resonance''condition is ■ achieved by varying the ex  ̂

ternal field Hq , for the hypeifine' transition, excluding a 

.perturbation. equal to or higher than =' ̂ 2 the field 

where the transition occurs is called the line position. 

These. transitions are

a)-fii ™ 2,±5/2 = H0 2 - ^ l 3 S C b 4q.,31p6)2

, 3C5b4V 7 b 6)2 » IvpiVSm')

- m2)- 5(̂ | Ti m'2) ± C7m-19m)}

W  h^ ; 2,13/2 "  -H0 - b4S 2 14b6 • f 5” -3™) - m 0

x { 5 ( ^ m ?) xr 3 ( ^ i pm'2) ± Cl9m-27jn’) >

O  K % 2 , ± l / 2  = H0 2 IZb4S 2 '14b6 "-' THT-E3 C5b4q±7b6)2
'2

35[b^q-3bQ)2]]  ̂ y(3m'  ̂m ')

xE 3 C " m ) 51 + m'2 ±(27m-31m')]

HiT/2, + 1/2 = "o " T-Q v ̂

’ xE-1- "It2 Ti - 31 Cm - mi')-] ? 3,43
2

In the above expressions, terms of order b.b./H and fb) /H
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were dropped. ' Also a small angle was assumed such that the

term of order /S Stn 46 were not included, A;" \ J

q ^ 1/8(3 +. '5 cos 6) determines the angular dependence for

angles 8' < 5°. The allowed transitions of eq, 3,43 are ^  . . . .
displayed as the derivative of the microwave'absorption 

versus the applied magnetic field. In the display of 

Fig. 3,2, the angle.$ is zero. Figure 3.2 is the diffe­

rentiated spectrum. Figures 3.3(a) through (c), show the 

transitions of Figure 3.2 as the angle 6 is varied from 

zero to five'degrees. It can be noticed that the line 

intensities are a function of angle, some.lines being of 

zero intensity at zero degrees.

The transitions between the energy levels. occur, when 

the intensity, eq. 3,16, is other than zero.

I s g2g%;2|<M'm'|S_|Mrm|>2 3.44
■ I x (y

The operator =Z"£Q(S+ + S_J induces transition which

follow the selection rules AM = ± I . The selection rules
' 2 are with respect to the unperturbed eigenfunctions of S ,

S . If the wave functions of the energy levels were also

eigenfunctions of S^, ; the quantum numbers S and M

would be said to be ('good" quantum numbers. The wave

functions are. expressed as a linear combination of the
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2

eigenfunctions' Qf S f SjjJ. thetefote, transitions between 

levels indexed and % of. eq, 3.45 occur when M r and M 

do not differ by one. These transitions are usually weaker 

than those transitions between M, M r levels differing by 

one and are called HfOrbiddenn transitions, In the Eu 

ion in fluorite crystals, "forbidden" transitions occur 

between levels indexed by different m.as well, and are 

termed "forbidden hyperfine" transitions. As can be seen 

in Fig. 3.3, the forbidden lines can have greater inten­

sity than allowed lines.

In the induced field method, the wave functions M, m 

are written in a representation where the product of wave 

function belonging to Hg and those belonging to . The 

wave functions of Hn depend on the electronic state 

through the rotation matrix of eq. 3.35. 1 Then eq. 3.45 

becomes

3.45

Note that this expression consists of two parts, the pro- 

bability of an electronic transition

mm 3,46
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©  - 4

(C) -- 5
Figure 3.3 Hyperfine spectrum for AM = 1/2 -<-> "1/2.

Taken at room temperature, compare line width 
with Fig. 3.2. 0 is angle between field
and (100) axis.
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Substituting JEtom eq ,, 3-. 42 „ 3', 46 becomes

m m '' 
Wn 3 . 4 7

In eq.. 3.47 the superscript M fS- are npw the same, the set

1 * “ } is an orthonormal set thus

m m 1'
Ip l mro- M l 3.48

The line intensities of eq, 3.45 can be found using

^^mm't) ^ matrix elements of Table. 3.2 (see. Appendix A).

Table 3,2 /

» Analytic Form of the F u n c t i o n s | ,(p)]2 
...... ..... . (Fi.r̂ .. aud. ̂S q char a., ̂ f.9.6 4()̂.  ̂ ..... ..... ..

■ s •- X x. \ ' \ 'x X 'x " 's N,' x'x X x X '  x ' \ X  X^x x x Xs X-'

lP5/'2,5/2t-
x I *> X x ■» X 'X X X N 't

JP3/2,3/2l
' X ' X > X ' X ' * ~ s X V X X s- X ' - X ' X -'

lpl / 2 , l / 2 l  I
- x x  x X' % x  x x x x  x x  k X 1̂ 1X 1V, '•'‘v \ k

lP5/2,3/2l

( 1 ^ p ) . ( 5 p 2 ^ p ' 1 ) 2

'I
'I
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T  ~ - l  • •

The argument of the P W  ' s , 31, is the cosine of

the angle between the core hyperfine fields of state M 

and M ! . The iiideces M and W  are those of the corresponding 

electronic part of the intensities of e q 3,45, The 

experiment to be described in Chapter IV was performed by 

rotations of 0 about a (100) crystal axis, thus by choice, 

the rotations take place in the Xvz plane.

eff

p = cos 0 = He f f " • He f /

I H e f / I  I H e f / '
3.49

P
H j|, H ./' + Ĥ m HxM'

j „z|»=:)2 + „xW 2y H .(M.)2 t Hj (M') 2
3.50

(H.,2 + H '2D"1/2 - H / 1! I + (— )2 J"1/2 3.51( Z Jsv ' / ' Z • H

when ĤxZHz . is small a TaylortlS expansion of eq. 3.51 sub^



stituted into eqv 3,50 results in

Ti
H MtH M z z

M h M t
. I . .H -

I H {!■ - - I
- -■ m,,: -ZI + ...} 3,52

Substituting eq. 3.38 into 3,52 and using V 11 to first 

order, only is present in the perturbation calculation
M I

of Hx . In the calculation, a symmetrized Sx times
- Q - 7results in an and combination.

±1S ,V Y4-" S CS+1) - Y42’0’"2

Then eq. 3.52 becomes

M M r ' T b ,s in 40 9 <M| O0zl |M> <m '| O0zi |M’>
U F M ■■ 1 1 C " ------ ----) C- ----------1: ̂ ----------  )] 3.53IMMvI :: 24g3H M " Mt

The values of the matrix elements of 0°4 are found in Low
(1960, page 18). The approximation of eq. 3.53 is accurate

for angles less than 10°. For angles greater than 10°, higher
Morder calculations of eq. 3.50 could be made using ¥ 

calculated to higher orders.

Eq. 3.53 is greater for the AM = 1/2 -1/2 electronic

calculation. The intensities of the lines in this group, 

therefore vary greatly as is seen from Fig. 3.3. Bir, 

Butikov, and Sochara (1965) measuring intensities of the 

AM = 1/2 •<-* ^1/2 spectrum were able to verify the predicted
: ' ''"XXy . . -v; " -W. ... - -
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Figure 3.6 The AM = l/2<-> fl/2 hyperfine spectrum 
with both isotopes Eu-*-̂ -̂ and Eu1 in 
CaF-, The magnetic field is 3° to a (100) 
axis .
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intensities of this theory for some lines of the spectrum.

Namely the allowed, Am - ^5/2 +5/2 Am - +3/2 -<-> +3/2

transitions and the forbidden Am f +5/2 •+■•+• ±3/2 and

Am F +5/2 +-+ +1/2 transitions. Application of the theory

to other lines was not attempted because they -used an

europium sample containing both isotopes 151 and 153,

Figure. 3 shows the confusion resulting in this case since

the two isotopes have different hyperfine coupling con-

stants, Stice and Worsencroft (1970) were able to verify

the theory for other lines in the AM = 1/2 - 1/2
151spectrum by using the single isotope Eu , . In that same 

work the weaker forbidden lines Am = +1 in AM = +3/2+--++1/2. 

spectrum were found and the theory applied to show good 

agreement. This was the first report.of these lines as 

far as the author was able to ascertain. Figure 3 :T . ^  

is a display of the AM = 3/2 -++- 5/2 spectrum which overlaps 

the spectrum. In Fig. 3 the same spectrum

is displayed when an angle of 2 1/2° was between the mags
/Vv

netic field and a (100) crystal axis. Figure 3 /7,f ( is 

a histogram of the position of the expected energy from 

the theory, the height is' relative to the expected inten­

sity and the width the measured line with at 78°K from 

the experiment.
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AM = 3 / 2 . %AM-i/2*»5/̂

2.7k6 2.8 k& 2.9K.6 3.0 k G

Figure 3.7 Forbidden hyperfine lines in the AM = ?>/2+~+l/2 
spectrum of Eu-CaF?. The doublet between 
M = 1/2, and M = rl/2 was later resolved but 
that between M = -1/2 and M = 3/2 was not.
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!.able 3,3

The line positions.calculated fo%• the
hyperline spectrim of figure 3.7 ,

"center " 3547 " 726 F= 2823 gauss, the lines from

left to right of the M  = 1/2 3/2 are:

5/2,3/2 = 108,3 ■ . 1/2, 1/2 =; He-19.7 .5/2,.3/2 FF

5/2,5/2 - Hc-91,4 1/2,«1/2 = H c-41.I .3/2, -5/2 F=

3/2,5/2 = 11-38.7 -1/2, 1/2 = Hc+41.4 -3/2,^3/2 =
3/2,1/2 = H1c - 7 6.9 -1/2,-3/2 = Hc-S.0 -5/2,-5/2 =
1/2,3/2 = Hc- 1.3 -3/2,-1/2 = H q +75.3

3/2,3/2 = H -55.5C -1/2,-1/2 = Hc+15.6

Hc+108

H c+38.6

H c +54-

Hc+91



CHAPTER JY

■ORBIT^LATTICE INTERACTION 

Nece's'sayy AppJQ'Yî 'a't'i-e’ns-

CRapter II dealt witR tRe Interaction of tRe parav 

magnetic electrons'and tRe crystal field. CRapter 111 

tRen presented a tReory wRicR predicted tRe intensities of 

tRe E,F.R.■transitions as function of spatial orientation. 

BotR presentations assumed tRe crystal-lattice to be rigid. 

TRat is, tRe position of tRe lattice sites were assumed 

to be fixed in time. There is, of course, an internal 

energy which is associated with the vibrational-kinetic 

motion of the ions. Several macroscopic phenomena can be 

explained from the quantum treatment of these vibrations, 

called lattice vibrations. The local surroundings of t h e . 

paramagnetic ions in.fluorite crystals'is altered in such 

a wayQas to "couple" the quantized vibrations or phonons■ 

to the paramagnetic electrons. Thus, temperature changes 

will shift the energy levels and subsequently alter the 

E.P.R. spectrum as to line position as well as the intensity 

of the hyperfine spectrum.

In this chapter appropriate corrections to the crys­

tal field parameters will be proposed by an analysis of
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of the orbit^lattice interaction. This interaction can be 

imagined to be an interaction between.the quantized lattice 

vibrations and the-paramagnetic electrons.

The potential energy term or binding energy ■ of a.peri­

odic crystal varies as the ions in the.crystal are displac­

ed from equilibrium by a displacement.u^^ of the sth ion 
in the ith unit cell. The potential expanded in a Taylor's 

series is

v = yO L  uA  cT T T ^ +- Ls HSij " ~ B Uc/  /  SS ' ,U' , j j ' S i

X u_.j\. C- ^  V
‘S ' ** V P t=U ,j',.!0s i  s' i

 ̂ . j j ' i"
 ̂ uS i .u Ct o,U c" V'ss's",ii'i",jj'j" s ^ i s x s ^

C V
3uS^i 3uS '̂  i' .3uS"*1' i"

"  + • • •
4.1

where U3^  refers to the jth cartesian component of U3^, 

The cubic term in the binding energy expansion is the anh 

harmonic term and it accounts for the first order correct 

tion to lattice expansion which would be zero if only har­

monic corrections were considered. The effect of



anhaxmonic forces as■explained by Ziman [1965) follows:

"As the temperature rises'the amplitude of the 
lattice -vibrations increases, se that the aye  ̂
rage R S', values of ■ the. displacement U s î etc. , 
increase, The anharmonic "terms contribute to 
the free energy of: the crystal, which is. now no 
longer necessarily a.minimum.for vibrations a  ̂
round the assumed tequilibriumh configuration 
in which each U 5^ vanishes.. The.whole crystal 
then expands [or contracts) until it finds 
the volume where the total free energy is a 
minimum."

In analyzing the temperature dependence, corrections for 

lattice expansion will be made as if it were an independent 

effect from the harmonic term. This assumption, that the 

effects can be separated, is then based on the assumption 

that a Taylor's series expansion is valid.

In Chapter V corrections for the anharmonic term will 

be made from measurements of the dependence of crystal- 

field parameters on hydrostatic pressure. Then the crystal 

field will be expanded as a Taylor's series in terms of the 

ion displacements. As a further simplification it is as­

sumed that only.nearest neighbor ions will contribute to a 

crystal field, thus upon replacing the displacement variables 

with normal mode variables only the 27 normal modes of the 

XYg functional cell will be considered. The normal modes 

will then be written in terms of phonons by quantizing the 

harmonic oscillators and a simple Debye model will allow

68
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averaging which will predict a temperature dependence.

To effect those corrections a model based on vibra^ 

tions'of small amplitude is adopted. The binding energy 

of the.crystal? which is assumed to be a function of the 

positions of the ions, is expanded in .a TayToffs series of 

displacements from equilibrium of the ions. The equili­

brium state is that where no unbalanced force would be 

acting on the ions. The expression to third order terms 

is eq. 4.1. The zero order term is constant and, can be 

neglected as long as the crystal remains intact. The first 

order term is zero from the definition of equilibrium. The 

quadratic order term is called the harmonic term and approxi­

mates the deviation from a rigid lattice by considering a 

restoring force which varies linearly with displacement.

The harmonic motion of the ions will affect the crystal- 

field seen by the paramagnetic ions. The crystal-field 

should not be confused with the binding energy of the cry­

stal. The crystal-field is measured at the electron of a 

paramagnetic ion from a coordinate system fixed to the 

nucleus of that ion and is given in a simplified system 

which only considers the effect from the nearest neighbor 

fluorine ionsL

Again, as in Chapter 11? the classical solution of the



electric potential energy of the paramagnetic f electrons 

of Eu interacting with the'eight ligand fIuprine ions which 

are the nearest neighbors• is. expressed in terms of spheri­

cal harmonics

V, I ■ I-'e jt-o- i W - 4,2.

In eq..4;2- means the summation over all f electrons each 

being positioned at' coordinates (r'̂ ,0 Further sim­

plification, is obtained by assuming point charges for the 

fluorine ions. This assumption neglects covalency and over 

lap which, while they■are■not■neglegable? are at least a 

lesser effect for deep-seated f electrons than would appear 

in transition metal ions (Simanek and Huang, 1966). As - . 

suming point charges -in eq; 4.2 the coefficients

Vm =■ Y -e’e , Ym p. (0i(j)i) . 3v m. ' L o + i -  ̂ J ̂ i-1 Ri^ 1 21+1

where the ith fluorine ion,is located at position 

(R^,8..̂ ,c}>£) and has an effective charge e ' . This potential 

energy results from a sqlution to the point charge LaPlace; 

equation solved in terms of Legendre polynomials subsequen­

tly expanded to the solution of .eq. 4.2 and 4,3 by the 

addition; theorem for spherical harmonics (Arfkens, 1966).
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The position of the fluorine ions (Ri ? ?4>±) Qf eq. 4.3

is not constant. Because of lattice vibration, which are 

assumed to be; much smaller in magnitude than K i , V  of 

eq. 4,2 can be expressed as a Taylor's .series in terms of 

the cartesian coordinates of the ionic displacements cy ,

&
vd = I-I I
• I m--^

{V
V3'

■ I
j ' I  3 a" b  a I + , . , }

x re A 4.4

In eq. 4.4 refers to the oy th component Ia^ = (x,y,z)

as j = (1,2,3)] of the displacement of the i ion. In the

XYg functional cell there are 27 degrees of freedom; that

is, the motion of the complex can be described with 27

linearly independent variables. The choice of the cartesian

(x,y,z) components of all nine ions could be exchanged for

"normal" coordinates of like number 27. The subscript 0

of eq. 4.4 refers to the value of these functions at zero

displacement or at R^0 ? the equilibrium position. The first

term of eq, 4,4 is then the rigid lattice crystal field
i

presented in Chapter II, The term linear in oy is called 

the orbitAattice interaction following Van Vleck (1939).

The orbit-lattice interaction
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V 0L * & j , i: 9 a ̂
- % - Z I- ,1 Te7.Y” CfIeJe]. 4,5

is now expanded in terns of the noimmal modes-' of %Yg using 

the chain -rule 'of differentiation.

:9V. cm-

3 V
,.-I' f i i .

 ̂ cI - k TfT
The-q’s-are the normal modes coordinates and Vm ^ from the

point charge model is giVen -by eq, 4,3,

The ground state-of the Eu - ion is an ’ ■ As poin­

ted out in Chapter II.a Stark effect of an electric field 

and S state-system’does not exist. It is through admixing 

of higher order states into the ground state that a crystal 

field splitting results. Similarly, the orbit-lattice 

interaction will add-to the splitting by admixing higher 

order states into the ground state of several 4f electrons. 

Because the excited states of Eu are separated by large 

energies the perturbation of the orbit-lattice interaction 

will be calculated considering only the coupling of" 6s 
orbitals.into the 4f orbitals of the ground state.

The- type - of matr.ix elements which will be us-ed in the 

perturbation of the rigid-lattice. crystalT-f.ield by the



QFhit-lattice' 'interaction are

^¥ (4f)6? 6s Iv QL I  ̂ 4.6

TRe ground state wave function T 7 is a product wave, 

function

) T (4f ) 7>= I C W ) /  C4f ) /  C4t) /  E4f) /. (4f ) _ /  (4f ) _ /

% C4f)^3* > 4.7

and the excited state

; R 04f36,:6s) = P 67I C4f) 1t C4f)/(4f) / ( 4 f ) / ( 4f)]ii+

x (4f) + 6s+> 4.8v n
7The symbol refers to a normalized sum of the wave

functions made by a combination of (3,2,1 ,0 , fsl, - 2 , - 3) taken 

six at a time for (i,j,k,l,m,n). The angular part of the 

atomic wave functions are spherical harmonics of order 

three for the 4f orbitals. The + s i g n  refers to the spin 

being up. All orbitals are + spin in keeping with Hand's 

rules. Resulting non-zero wave functions will be of the 

type

4 C4f ) / | V 0LI 6s+ !>,. 4.9

From eq. 4.5 V ol is seen to be an infinite series of all
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spherical harmonics. Of these only those spherical har-. 

monies of order thr.ee h. 3] of eq, .4,5 will result in 

non-zero terms in'eq, 4,9,-

Symmetry Reductions~

From eq, 4.5 only the terms where & 3 need to be

retained. Also in eq. 4.5 the variables a^  can be changed 

to the normal coordinates of XYg which will allow great 

simplification in the calculations, by use of group theory. 

In eq. 4,5 it is desirable to use those particular com­

binations' of Y^m which form the basis of the irreducible 

representation of the group. These functions transform 

among themselves without being reduced to other combina­

tions of the Oji group (Tinkham,.1964 Chapter III). As 

is shown in Appendix A the character of Y^m under Oji under 

Oji is reducible, as

r C V o h + rZu + r4u + r5u • ■ 4.10

See Table 4.1. Since Y5 is reducible only in terms of odd 
inversion symmetry representations the one dimensional 

I12u and both three dimensional and then only

the base functions of these irreducible representations can 

be expressed in terms of order three spherical harmonics



Griffith, 1961 pg, 166), MQTe simply, stated, since by 
‘

eq. 4.10 Yuli's reducible In terms Qf the basis ,functions, 

given, then it la possible te find an inverse function 

wher.e the basis functions. 'f4̂  and are expressible
' ' --H '

in terms of Y^m *s

From Table A . 19e,6YCG.ri££i t h . 'Cl961) the basis func­

tions for the irreducible. representations. F2ai? F ^ ,  and Fgu

in terms of the Y^m are

CCPzu 3,A,) R C4n/14)1/2(Y32' - Y3"2) ,

CCr^uS,! ) = -l/2C47r/14)1/2rC5)1/2Y3’3 + [3) 2Y3lJ,

ccr^3,0) = ^rr/?)1/2 Y3°,

ccr^3, -i) = -l/2(4-n-/14)1/2l51/2Y33 + (S)1Z2Y3"1],

cerg^s,!) = -1/2(4w/14)1Z2fS1Z2Y33 - S1Z2Y3"1],

c(r5u3,o} = (4n/14)1Z2 (Y32 + Y3"2),

arid
ccr5u3,.i) ^1/2 (47T/14) 1Z2Il1Z2Y3J3 S1Z2Y31J. 4.11

In eq. 4,5 for Vql. the Yjn̂  as above a&e arranged in
linear combinations of and can be expressed in terms of 

the Ym 3 . ■ The particular combination of the displacement
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Table 4,1
. 0.I1 . E ■ •■ SC^ . 30., 60,- ■ ■ 6Cy| ' 0\- .^3 ". .■35? - 65 7 63

rIg
I I i I I I I I I I

r2g I I ■ I Tl . T.l I I I T- I -I

Pv 2 . "I 2 G 0 2 T- I ■ 2 0 03g

r. 3' • 0. I T I I 3 ‘ 0 -I -I I#

r5g
3 ' 0 . “1 I Tl 3 ' 0 -I I -I

hu- I I I ' V I "I Tl -I -I -I

r2u I I I Tl "I -I -I -I I I

r3u 2 -I 2 0 0 -2 I T 2 0 0

r4u- 3 0  ̂I Tl I -3 0 I . I -I

rSu 3 0  ̂I I -I -3 0 I -I I

27 0. T-I "-I I t3 0 I 3 -I

r (Y3).' 7 I vvl • T-l T 7 T, I I I I
-

(XY8);
rIg- * r2g + ■r3g *r Z'r4g + -r3g + ^lu + Jfci ' + 1SnZ

+ 3P4U +
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ou ̂ multiplying tkes-e bases. functions %ust baye the same 

symmetries as.the bases.functions themselves since the 

potential V q ^ has symmetry. These combinations of 

VMpE. it r.ansf p:rn>s .:a*S >'.t|Le' - irreducible.' representations 

of Ojl are .simply the .'normal' modes of the X Y g. molecule,

The XYg molecule then has a .unitary transformation matrix 

for which each operation of the group transforms the 27 
components of the nine ion displacements among themselves.

The character of these 27 x 27 matrices can be ob­

tained as f o l l o w s T h e  identity leaves all 2 7 components 

unchanged; or a 27 x 27 unit matrix. The trace is/r 27,

An inversion leaves only the center ion in place, thus 

the matrix must contain off diagonal elements to transform 

the three cartesian displacements of one ,ion to other ■

ionic positions. The central' ion is not transformed to a 

new position but the components of the axial type - vector

displacement of this central ion transforms as of

Table 4.1. T^u is the basis of an axial character of XYg 

on'inversion is then inversion for a single basis, 

that is -3. The character of X Y g under any class of 

symmetry operations of 0̂  is then the product of the 

number of ions, not moved from their, original place by the 

operation times"' the' character of the axial vector for
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that operation. Table 4.-1 lists the character representa­
tion of (XYg)i This representation is reducible as (see 
Appendix. A)

r CXY8) * 1 Ig + rZg + r3g + r4g + 2rSg + r Zu

+ r 3u + 3r4u + rSu

T^ and T 2 are one'dimensional. One of

4.12

Landau and Lifshitz (1958, Chapter XII) show these to be 

the 27 normal modes, 

the three T^y lS represents a translation of the whole 

molecule while one of the polar Tg^'s is a rotation of the 

molecule. The other 2(3) representations are the normal 

modes of vibration. Since only those modes which transform 

as order three spherical harmonics contribute to Vnr , the
8antisymmetric'(T̂ u , T^y and Tgy normal modes are(hhe only 

ones that need be considered. Again this results from

expressing Vnr in' terms of those basis functions ,of 0. 
expressible in terms of Y ™ , the normal modes multiplying 

them must have the same symmetry since V q ^ itself must 

have Oji symmetry.

Equation 4.5 written using the basis functions of eq. 

4.11» each multiplying the q normal mode of like symmetry, 

becomes
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V OL " v ^rZu?3-* c ^ Z u 3 j Zu^^Z-1

♦ I ■ ’t e r a . t ^ e f e / ’sVOqtig-.t). 4.isI =,3:1,0 ' pU 3U

TKe coupling coefficients ^  CT^u ? 3)' determined for a point 

charge model are [Huang and !none., 1964 and Menne, Lee, 

and Ames, 1968)

VCTgu,3) ^ ee'

V(ar4u ,3) = G20_^e;) (r3/R5-).

VCbr4u,3) ,  ̂ and

VCTsu,:)

27

4 vTS" ee' (r3/R3). 4.14

The a and b designation, refer to the, two different, thre^e 

dimmensional T4u representations.

If d electrons, as in transition metal ions, were 

present in the crystal only gerade [even] normal modes 

would be required to write V ql since the bases functions 

would then be expressed in terms of Yg •
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In order to express the normal modes of X Y g as 

Debye waves to effect a quantization of the vibrational 

spectrum the normal modes q^ must be expressed in terms 

of the displacement's . This can be done by equating 

coefficients z

Figure 4.I

between eq. 4.5 and 4.14 or by use of the formula (Huang

and !none, 1964 taken from Heine, 1960)
ii

q(A) = % I\ (R) Ra 
R

where the R's are the point group operations of O^ T^(R) 

is the matrix element of the X th representation of the 

matrix which transforms the bases of eq. 4.11 under the 

operation R . These are given in Table A.16 of Griffith, 

(1961) . a is any component of displacement of a fluorine 

ion and the Eu ion. A physical model of Fig. 4.1 is very



helpful in finding .these normal modes,. . The nprmai modes 

of interest are C H e n n e A m e s p  and. Lee, '1968).

cItrO1., /a) - .1/724 Iq^hqvL q 7;1-tL2m v?*qz2'XX.. ẑ.. .Xx.. Y

q(ar4u,i) - .72/8 I CQyL q z1 Y +9s2'"Qr3+‘3z3’Qy4+Qz41

U C Q x 1-Qz1 m x 2m L +Qx 3*Qz3-Qz3V ^ z 45 t

CiCar4y, ̂ l) =̂ cI - Ca r4u,!), Cthe complex nature iffesuits from
using a standard representation,- 

see Griffith,.1961 page 36.)

SCar4u8O) = ̂ lQx1qQynQx2-Qy2-Qx3-Qy3-Qx4+Qy4],
q CM4u , I)  = r CQx l t Qx2̂ x 3+Qx4 '  8V

.UCQy1+Qy2+Qy3+Qy4-8Ynl],
Pfbr4u--1).= q* Cb Flu?1) >

SCbf4U-O) " »



IC fSu - '1C = V c r 5u, I),

+ qtr^ ' 13

^  CQx1^ z1-Qx 2 ̂ / - Q x3 i Q V  .Qx^ q z4U  ,'
and

ClCr5u,03 - I  CQx i-qy,1+qx 2+qy,2-qx:5+Qy3 .Qx4-^.43 4.15

In eq. 4.15 the displacements of opposite ions have been 

coupled to a single variable which reflect the ant'd symme­

tric nature of the normal modes considered,

Q-̂ a =■ a?) + a ^+4 4.16

where the j th ion is given as in Fig, 4.1. X , Y^, and 

Zn are the appropriate displacements of the central ion.

Quantization of The Lattice Vibrations

In order to obtain the temperature dependence through 

an orbit-lattice interaction of the- crystal-field coupling, 

the quantum nature of coupled harmonic oscillators should 

be applied. As shqVrh.,in AppAndgbc,'Q.::'the, a th component of 
the displacement of the  ̂ th ion in the N -representation 

is the operator
. . , , 4.17

Ch-/ 2wk>a;M):L/ 2 A eak [a4exp (>-$ 4 y) + a Jexp (>14^. ]]
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%  is the jijass ef.. the crystal, ■ The (j-'s are the three acous­

tic modes of sound in the c^ystalf two transverse and one
-> , * 

longitudinal,• k . is the wave vector of phonon state k ,

^ . is the position vector of ion i,
I

# is the direction

cosine between polarization:vector <r and the a direction
- •• a.

in the crystal, . a -> (^,y, z)> finally â . and a'^.are 

annihilated and creation.operators for occupation number ; 

■space of the phonons of wave vector iL

The position vector i.v of eq, 4,17 can be written as 

' I1 =i 4.18

where is position of the j th paramagnetic ion and R. 

is the position of the i th ligand ion from the center of 

the XYg configuration. The long wave, length approximation 

is made by assuming l;.iL = °+^ykY j°+',vzkZj^<<: 1
were A n  are direction cosines between the a axis and 

Menne (1969) has been able to express eq, 4.17 exactly 
and found little difference in assuming a long wave length 

approximation, With the long wave-length approximation

'In the Debye approximation the dispersion relation is 
such that the group velocity.equals the phase velocity,
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substituted into 4,17

Il.+ 1/2 Gl'^) ̂  + ,..]

expanded te second order, and

4,18

TIie normal modes of eq., 4,15 are linear combinations of 

the antis'ymmetr.ic of eq, 4,16. The;' terms linear in

. °f eq, 4.18 will add to zero when substituted into 

the normal modes of eq. 4.15, Also since the normal modes 

have .a. net displacement of zero the constant terms will

add to zero. Then .

S1 -.. I %k;o 3 X k +-̂ y" ^yk+Sz ẑk-)

where 

' U
■ t t 0(k/2wrAM)l/2 +&,t ■iJ.tj0), 4.19

k ,a "'"ko.1'

•The coordinate location of the fluorine ions is +̂ L/ R 

and g fs are defined

i I if i R.3.,4 
8%  ̂ if i R 1,2
_ I  ̂ I if i n 2,3
gy ■ ,1 "if i R 1,4

i•gz ■ - I if i - I,2,3,4

4,20
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Since'.

I ^ it4 » Ik] < " 'Itx * ̂ t / ,  Zfk.
i+4 i+4 ,

____-
k,cr Icpv

Then the nonmal modes of eq, 4.15 ate written In operator 

form using the 'small wave-length approximations, as

qCr?,,'A?) F= %
k;o *2u'"2^ yk

= C ^ z k  ̂ yk+^Bk)

* **zk[*%%k*%yk+%zk)^"**xk("%zk:Ayk:^zk)^

+ $ % k ( ^ 2k + % # + % z k ^ + * * z k ( - W \ k + % z k ^

" *°xkC%xk+%yk+%zk)'"*°yk(%xk+%zk+%yk)' 

"*^zk(%xk+%yk+%zk)^+**xk(%xk"Ayk:%zk)^ 

"**yk(Azk"Ayk+%:k)+**zk(%zk'%yk+%zk)': 4 , 21

w h ic h  r e d u c e s  to

qI ' q(r2u ’A 2) " ^ \ < 4 * ° z k ^ y ^ z k * * ^ y # % ^ z k

* 1 Z k W y f c 3.
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similarly the other normal mode becomes

v'4.q2 - qCar4̂ J)- m ^  ̂  .

+ *' " C a r ^ ^ l )  R ,

^3 " " Z ^ U k  cf* yk^y#z]^ '
K ,O' *

jS',; ̂ .. ■ '

 ̂.'cI* Chr , , "ID = q*.

q6 = q(br4u,o) - iM - I uk>a *aziCxJck2+Ayk2+xzk2),
Jn. ? C7

q8 " qtrSu51 .̂ 3J2’ ,^rt LTk,a -̂"̂ aykXx]cXyk+l3>CTxkAxkXyk

Su1
k,a

+ ^ z k ^ x k ^ k - ^ y k ^ z k ^  = q*(r,,..-D
ft

q 10
and

q9 q ^ 5 u ^ ^  3 Uka ^ % k XxkXzk"$ ykXykXz k ] 4.22

Crystal^field Energy Shift Due to Orbit-lattice Interaction 

The energy shift of the ground state by the orbit- 

lattice interaction is a second order perturbation cal­

culation thus,

AE,, -P I.'|.<y#._,T.T>.|2
CEV E )

4,23
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where from eq. 4.7 .

-  I C4<3C4f),.2+ „1!.C4ti,*C4f21* W l 2'hC4#l3>  ,
The C4f) are the vrave■ functfons-' ef the 4f electrons, The 

plus or minus sign refers.to the spin. Then as defined 

in eq. 4.8,

|T > = |(6s)+6(4f)„+> *3 ' < m' < 3 , 4,24JU —  . — '

In eq, 4,23 (6s) refers to an.electron in a higher^unfiIled 

level. In the calculation only the 6s electronic excited 
state will be mixed into the ground state by V ql , This 

assumes•other excited states being too far removed in 

energy above the ground state to contribute significantly. 

Also atomic ground state and excited state functions 

will be used since the energy levels of Eu++ in a crystal 

environment have not been calculated, Then

AE -  V  
m

|<C6s)6(4f)m|VnL[7C4f)m>|
- E 6s

2
4.25

where V ql is given by eq, 4.14, Substituting V ql into 

eq. 4.25 the energy shift is calculated by evaluating the 

matrix elements, Let

6s r3 IR4 f 4*26
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then

AE , B I  ^|S3i: I or3" , * ..OT5^ t 3*,Dell2 v: '2 V

+ 1 Ctj2jY3*) * cy3 ”z,T3” j]6igj 2

+ J I '~!J 7> ,V-JjnJ ':'V3"(Y-2 ,V31"] Jq2

, I/T CY3'3,Y3mJ- ,/5- CY31,Y3m Jlq10

287%^ \ " »
27

;' I,. 20

ITT [ Y ^ + T T I „ m->

fl -^fIVT-CY33,Y3mJ +VT CY3'1,Y3mJ]q4

IVTCY33,Y3mJ -VTCY3' S Y 3mJlqI 3r m, '28TT-'1 
27

4.27

ITTCY J v * )3 '^3

+VTCY3'1, Y3mJlq7.!2 * 2 I^-CY3",Y3mJq3+ 2ITCY3^ Y 3mJq0I2

The notation (Y^m , Y^n) refers to scalar products of 

spherical functions, Using the orthogonal properties of 

the Y^nifS ;

AS ». I5|5qz + 9q10+a7q.sl" + 4(4S)|2VTqv  3qg
X • • .

+ 3 I Sq4-ISq8+ qy I 2 + 8| Sq3+ qs | 2 4.28

'■ 7T% 2+ '3 ISq2-ISqio+' qs |‘ + S | Sq4VSq3+ ■ ^q7
+ 4(45)|2/7 q1-VT qg |2]
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Since is imaginary and qg real,

-f 2VJ q 1 »VT qg | R |27T q1 +V? qg | ,

To evaluate 4,ZS^Van Vleck-type directional averages 

over the Debye wave present in the crystal are performed 

(Van Vleck, 1939).

In Fig. 4,2 Aak = cos(a,5) and O^ak = cos(a*,ak). 

Each vector $ has three polarizations, one longitudinal, 

Oq , in the £ direction; and two transverse, a^, and . 

The three are mutually orthogonal, thus there is no loss 

of generality by choosing a, in direction of increasing 

6, Then

Axk = sin 9 cos <(); A k = sin 6 sin * , 

zkand A cos 6



a'l$Q

and

-H C G S  '9 C Q S  '<p j F  C G S Sin 4,29

”■ "s^n

The products of the and %a%_fs' which occur in eq, 4.28

are averaged over all possible directions of $, This 

average is taken as follows; -as an. example in 

 ̂̂ 06Uk-*2 ̂ ak-* ̂  >av ^et a ~ ■z’ directions are equivalent
in the average over all space thus

•277
L = ._^L_
'ok

? 4cos 0 cos 0 sin0 d0 dfy

1
2

I C. I
cos°0 sin.0 d0 , = y r

and for the transverse mode

2 cW 4^ v  " I T
77' 7 277

(-sin 0)  ̂ cos^0sin0 d0 d̂ >

= ^  . (cos^0 ^ CQS^ 0) sin0 d0 f 2/35 , .

However, in averaging ove? all possible k both. and 

spanned all space. Thus for each transverse mode



9.1

^ w C1Ii 5 > & ■  B 1 ;

The othex avexages'in eq, 4,28 axe easily obtained.In the 

same .xiahhex, Thus fox ^ ^

<#rt2 » » k >r': ' . V W S

4,30

. 2, 2. T' 3»
' < * a k % k ^ g k ^ a v  * - >,:r =<$_, %,%k*gk*ak ̂gk ''av *̂ak*gk ̂
Fox the txansvexse modes a

<$ak̂ ak2>5> <*ak2̂ k2\k2i':av - 1/35,
<9.khk\khk\k2#  " '1/210 

<«ak2\ k 2h k 2'av = 2/10S

slCk4Sk1Ok 1 S k V  '1/7° ■and
= 3/35. 4.31ak- Agk av.'

The noxmal modes of eq, 4,22 axe each multiplied

by

^ c, ^ -12I a-̂exp (i$»f 0 J + c,c.J



.9.2

then 

IUke-1
' 'K4K 4; h  r 2 e%pC2tt,.%] + /aga^ ^ , 4 %

+ ^1fĉ 2 e x p , 4.32

The wave functions used in cemputing the matrix elements 

of V qjj .are now the particular Born^Oppenheimer states 

CBak, page 6, 1964)

l?s> ' I ms 4,33k ■ k

and the matrix elements of the combination of normal 

modes involving the occupation number space of phonons are

^ V l u I J v

Thus eq , 4,32 becomes .

4.34

Iu1 4.35
ko 1 ̂ av

When eq. 4.35 is averaged over all k, the terms involving 

exp (2iS• I .) and exp (-2i$• .) average to zero. The average

number of phonons in state k is the Bose^Einstein function 

for Bosons

<nkKaV a exp Chw/ KT") -1
4.36
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4 .4.
IukcrI 2' = . k : ; K f l s a p .Gaii/KTJ a j * 1 + 1 / 2 } ,  4 ,37

K is the BoItz-niann constant, ., The relation between the 

frequency and the wave number k is obtained by using

Debye approximation, i.e,,,

H e - 4.38

Y is the group velocity, .of the er mode of phonons. in the
. ' ‘ . ' ,

crystal. Equation 4.37 then becomes, neglecting ground
*

state corrections ,

Iuko-I2 = ^ ^ 4---[exp hai/KT" - 'I]"1 ' 4.39
■ V 0 M '

The density of k states is assumed dense and

k2 dkdfiI V
( 2 'Ir-)'

"3

where V is the volume of.the crystal 

. k 2dk R- ̂ 2-dV . - ■
I

Prom eq, 4.38

-The energy of avharmonic- osciTlator . is TL 1'r Cn+l/'2] Jih 
The ground, state 'energy is' then En r "l/2Xha) for each 
oscillator. ' ' "'



then

I I V l 2 '"
k

........

• ' ' H 4 It
'  ̂"7 . : ' 7"zy

0). Jmax •
• ■ ' w .aw

' exp Chw/KT )
4,40

where V^i is the crystal density p =; 31/V . In eq, 4,39 let

then

and

then

" # m y  KT

KT
" Ir ' ̂

dw ^  d x cr h

I IVl2* —
2V go- P”

;,(.KT36
E

t i  , r  J' '

T
x:.

q e ” I
4.40(a)

0 - tr
T wmax

w is the cut off frequency of the crystal for the mode. 

It is determined by the finite number of lattice sites • 

in a real crystal.

The Debye model averages over the wave vector 4.30 

are substituted into 4,27, The summation over the modes 

cr. Then from eq. 4,40, 4,27 becomes
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P _ , _ ' > e e K  2 '' I I - " rR6 »  4  ' ̂6'4 ̂ ' C5 3 ) ;̂
• D4 n lr ^ J. •: ■ • ■ ..• ■ -IT— — "----

" IE4 2 T  E^l: C8I1C49)

t ' •'2'

pTT

:©3fT
'■ r -

• • % dPc 
eX  t, 'I

I J
T  ^ -• " z~T~^).

3,<’ T . , »w
6

In • Chapter' III th.e intensities of . the hy-perfine lines 

depend on through the terms 04 of eq. 3.53, h is given 

for small angles between a (100) crystal axis and the 

external magnetic field to be

:?i/2,-i/2 = I
b. s i n ;40/‘7
(— ---- ----)Z 4050

g8Hn
4.41

Substituting for b ^ , b4RL-b40L. b4RL being the rigid 

lattice term and b4^R being the energy shift of orbit- 

lattice then

/fl/2,^1/2'
by,RL sin 49 7 

^ I . C-4-------- — ) 4.0 5 Q
ggH,

. 2b 40L

6 4

. b.RR .sin 40?
C ^ -------- -D ' 4050
. Sg Ho

4,42
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Tlie effect Qf t>4 appears to decrease the angle between 

the core hypeyffne fields the nucleus aee as b . ^  increases, 

The relative intensities between the 'Am ^ 2:5/ Sfl 
lines and the ±5/2 2:3/2 lines ef AM = 1/2 +-*- *1/2
transitions, is predicted from eq, . 3,48 to be

hi/I = |P5/2 
. . 5 . 3./.2.'? S./.2.i

|P5/2 (h) I 2
5/2,5/2

3(1 b ) 
I +

4.43

designates the intensity of a forbidden transition and 

Ia the intensity of an allowed transition. Then

IfZIa : i  (I£/Ta)RL Il - Cf (t)] 4.44

where

(,.,/Rb:
'4

3V

E4f " E 6 s

y  * v /  i i - i - i 6

and

f (t). R T t
e/T

sc5 Cex' v I) dr

J a

(64) (53)
(81)(49)

0/T

r 5 (ex *l)"1dr 4.45

'i

4,46
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Fe? Ca1F 2 - the' parameters are; p r. 3V8 g/ciij2 ? R  ̂-2., 27 A, '

e t R" »e, Ft. ;3 ,'34 m: IQ^ 'cm/seC?. r ' 7.,36 -IÔ  cjn/sec
3  ■' ''

and the values-' q£ . Cr ) and, E are.

E 6 s   ̂ E4 £  f ‘Q*7 R 4

It 3 Ir 6^ > " .4,2 % 10*25 cm3

[See Ho and Ruoff, 1967; Menne, Ames-, and Lee, 1968 and 

Herman and Sklllman,.1963),



• CHAPTER V 

EXPERIMENTAL RESULTS 

The Correction Due to Lattice Expansion

The anhatmonic contribution to the free energy of the 

crystal cause the crystal to expand, or contract with 

temperature until it finds a volume.where the total free 

energy is a minimum (Ziman,■1965), The effect of expan­

sion is to move the ligand ions further from the para­

magnetic ion, thus weakening the crystal field. Attempts 

to predict the anharmonic effects via third order cor-. 

rections to the binding energy of.the crystal are begin­

ning to come forth (Sharma, 1970) . The theory has not, to 

the author's knowledge, been extended to predict correc­

tions of crystal field parameters. However, the crystal 

field parameters have been measured at various hydrostatic 

pressures and from bulk modulus data their dependence on 

nearest-neighbor distances has been determined (Hurren, 

et. al5,1969). / jHurren's work predicts the following 

dependences:

KR -8.79
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R &s. tJle nearest neighbor distance,

T . Rewaj (1968) measured as a function of. temper­

ature , In this work he included the low temperature 

measurements of K. Horai (1964), Rewaj assumed the varia- • 

tion of resulted totally from lattice expansion. These 

results led him to predict that b^ would depend on the 

nearest neighbor distance as

b4 - KR"16'3

for CaF2,

B4 = KR "21.2 ^  KR"23.8 5 %

for SrF2 and BaF2 respectively, Rewaj’s results indicate 

other temperature dependent mechanisms than lattice ex­

pansion are effecting b 4 , when they are compared with the 

pressure dependent data of Hurren.

This thesis proposes that an orbit-lattice interaction 

of the type developed in Chapter IV is responsible for the 

additional temperature dependence of b4 . To examine this 

proposal, the intensities of the hyperfine spectrum lines 

were compared to the intensities predicted by the theory 

outlined in Chapter III, Specifically, the ratio of the 

intensities of the Am = ±3/2 ±5/2 to the Am ±5/2-*~>±5/2

lines of the M r. 1/2 -1/2 spectrum were examined for
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small angles between a (100) crystal axis and the external 

magnetic field, This ratio is dependent on O42 , The de­

pendence is outlined in Chapter 111.-

Phonon Contribution

To correct for the lattice expansion dependence, the 

pressure data of Hurron, et< al. (1969) were used with the
'-I" 1— r - -1r v— - - — .

therjnal expans ivityidata, Fig. 5.2; Finally, B4 as a func- 
(̂ tionTqf^temperature was plotted in Fig, 5.3, The relative 

intensities from Table 3.2 for Am = 65/2 <->.±3/2 to 

Am = ±5/2 <-> ±5/2 are with eq, 3.48

If/Ia 5(1 - )̂/(L
where from eq, 3.53

7Th = I - (— -!—  sin 46) z 4050.
V  *®H0

Then (I^/I^)^' s were found for each O4-(T) . O4(T) are the

predicted O4 from Fig. 5.3. The experimentally measured 

If/I were then corrected by /^subtracting off the thermal 

expansion correction and these data plotted in Fig. 5,4.

The theoretical!curve plotted in Fig. 5.4 is the function

I£/Ia = CIfZIa R])ll - CF(T)] . 5.3
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Figure 5.1b, versus nearest neighbor distance from pres­
sure data of Hurren et. al., (1969).
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Batchelder and Slimnons, Cl964) for 
data 6.40K < T < 32Q°K and coef? 
ficient of Thermal expansion above 
320° is 24 x IO^tV 0C Coombes, 
Ballard, and McCarthy (1951).

Figure 5.2 Thermoexpansivity of CaF2.

32.0
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Figure 5.3 b. versus temperature due to lattice expansion. Actual 
variation of b. from all effects can be found in Rewaj 
(1968) and Horai (1964).
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OExperimen^aI Ratios 
A  Corrected 4or Ldd^xcx= ExpOuAS'OA

Figure 5.4(a) Ratio of forbidden to allowed intensities
of hyperfine spectrum as they vary be­
cause of orbit-lattice interaction.
Angle between (100) axis and field 2.3°.
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Q  Expen mcrrl a I IO5

C o r r e c t e d  f o r  L e v H i c  
Expcvns'or\

Figure 5.4 (b) Ratio of forbidden to allowed intensities 
as in Fig. 5.4 (a) when angle is 3.9°.
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Figure 5,5 Forbidden to allowed intensity ratio depend 
linearly on F (t ) .
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Table' 5,1

0 - Angle between ClOO) axis and Magnetic field

°K .
Temperature .

b, expansion 
. . x -.10. . . .cm 11.. . if/ia

. . exper Ixii eri t a,l. . . if/i,corrected

4.2 57.9 0.087 ifc' Q O M- • 0.087

78 57,9 0.087 i 0,003 0.0.87

198 ■ 57.5 0.073 •± 0.005 0,074

298 56.6 0,065 i 0.005 0.069

363 55,9 0.054 ± 0.008 0.060

498 54.7 0,036 + 0,012 0.045

0 = 3.9° K

78 57.9 0.246 ± 0.001 0.246
198 57.5 0.230 ± •0.007 0.232
291 56.6 0.204 ± '0.009 0.217

363 55.9 0.178 ± 0.006 0,184

418 55.0 0.148 ± 0.03 0.174

V
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wKe-r'e

FCT). F T6

/ 9 '..T
^c5 Cex  v I )  ^  dx

0

The values fox FCT) weye computed on a Hewlett-Packard 

Model 9100 A calculator;- The Debye temperature was taken 

as 500°K,. Huffman and Norwood (1960)£found

H = (5136 ± 2,5)°K (elastic constants)

and

H -.508 ± 5)pK (specific heat).

In Chapter IV the orbit-lattice interaction predicts 

the result of eq. 5.3, with

C =
2 ee ’ 2 | <RAf 11-51 _ >. C -z )

(64)(53)

E4f-" E 6 s

-4.45

(81)(49) pr'
(-% ) C—B)

The calculation assumes point charge interaction between 

4f electrons and the fluorine ions which are modulated by 
lattice vibrations. As was pointed out in Chapter II, a 

crystal field interaction for S-state ions results from 

perturbations to the ground state. Therefore, a crystal 

field splitting results where
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'K e'e v̂ x -r? 
R5

S-,4

is replaced by and a spin Hamiltonian is used. For this 

reason the orbit^lattice interaction.was also expected to 

be less than that predicted in eq, 5.3. When

. b 4R"
5.5

is substituted into eq, 4.45

2b.4RLR41-CR4f |.r3 IRfoH 2 
C B  „ - O---- — - - - - - - ------  X

<r4>|2 (E,

C64)C53) 

(81)(49)
5.6

eir
J ( - ^ )

h

In eq. 5,6 2/3VJ' is left off since it is very small Com-

uared to l%v^^ . This satisfies ones intuition which sug4r t  . ■ -—   ’-̂ x. s
gest only the transverse modes should contribute signi­

ficantly to V ql. In this casey however, a lower Debye 

temperature should have been used. The cut off frequency 

for the transverse modes was not available to allow the 

calculation for a lower- Debye temperature. The data plot­

ted in Fig, 5.4 and 5.5 indicate a lower Debye temperature 

could have been used. In eq, 5.6
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U i »  . " < R «I  ̂ 4Ir4I >  . 5'7

The value of 4T^i> was also calculated- on the Hewlett^ 

Packard 9100A calculator from 4f wave function of Eu given 

by Herman and Skillman, (1963)

<f4> = 0.1744 (A)4 5,8

Using the data listed at the end of Chapter IV with these 

results' then-

Ct h e o r y  = 0 . 1 3 9 4 4  % I O ' 5 ( 0K ) '  ̂ 5 . 9

From the data of Fig, 5,5

' C = 0.155 x IO"5 (0K)"6 at 0 . - 3.9° exp

and

C = 0.23 x IO"5 (0K) at 9 = 2,3° . exp v J

The intensity measurements were hampered by changing 

line widths. The line width at 4.2°K was 2 gauss for the 

allowed line and was 4 gauss at 4980K .. The intensities 

are proportional to the area under the absorption curve. 

Since the derivative of the absorption curve was.taken

I = x (j|. ) dx Edx. (Eoo +0) 5.10

- OO - CO



Ill

TJie integrals ■ a^e the Cauchy principle Value integrals 

and were evaluated using a 10 grid numerical integration. 
Since the ration of intensities were measured at fixed 

temperatures the line width ratio were assumed constant. 

This.assumption proved fairly accurate, however, line 

widths are difficult to measure to better than 0.1 gauss,
If the line widths ratios do not vary, the intensity can 

be approximated by measuring the height between inflection 

points or the total height of the derivative trace.

The cavity resonance frequency changes with temper­

ature , because of expansion. Then parameter measurements 

involving g'§H were made at each temperature since ggl|1=hv 

is different at each temperature point.

A possibility of saturating the strong absorption 

lines exists at low temperature where the relaxation times 

are long. The microwave power was reduced at low temper­

atures to eliminate saturation. The signal to noise ratio 

is greatly improved at low temperatures but the lower 

power setting account for the large error bars in Fig. 5.4.

The agreement is better than should be expected. If 

an exact calculation of the crystal, field interaction 

from a single 4f electron is used to determine the constant 

K in eq. 5.4, the theoretical value of C , eq . 5.9 would be
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I/2Sth the value given. Usually' oxbit^lattice interactions 

are an order of magnitude lower than predicted, I Sfmanek • 

and Orbach (1966), Menne, Ames, and Lee (1968), and 

Shrivastava and Drumheller (1969)]. This would seem to 

justify the substitution in eq.' 5,4 where K is determined 

from a single 4f electron calculation. The use of the 

Debye model for phonons is of course an obvious area for 

improvement. The better results are obtained in the high 

temperature portion of the data, however, where the Debye 

model is least reliable, In the high temperature region

F(T) '<* T, 5.10

while in the low temperature region

F(T) cc T6 . 5,11

The 0 = 4° data show the better results indicating perhaps 

a consistent tilting of the crystal at low temperatures, 

for the 2 1/2° data because of contractions of the crys­

tal mounting. The experiment was much more effected by 

angular variation than temperature variation, thus the 

data at any particular orientation was completed for all 

temperatures before a new orientation was attempted. The 

results of 0 ?= 4° were calculated at 0 = 3,9!°; to
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obtain an agreement pf .tire. '4pK points, Tbe angle could not 

be measured to better than 0 2 9 ? thus these results are 

consistent,

Menne (1969) presented an improved theory for the 

orbitnlattice interaction where an exact.result replaced 

the long wave length approximation of Chapter TV, Also 

the optical modes of the. phonon spectrum were considered. 

These improvementsreduce to the long wave-length result / 

obtained earlier (Menne, Ames f̂ n d  Lee, 1968) . Simanek 

and Huang, (1966) improved the results of Simanek and 

Orbach? (1966) by including covalency effects. These im­

provements are more important for transition metal ion 

than for rare earth ions since the 4f electrons are deep- 

seated and covalency with the fluorine ion wave function 

is less. Using -e for e ’, the point charge of the fluroine 

may also be erroneous. Since the crystal field is effected 

by more than nearest-neighbor effects, a charge Me might 

be used where M is a Madelung constant for Cap2. This 

effect was accounted for by replacing ee1/R by m  __„

Results' of this experiment confirms that the tem­

perature dependence of the intensities of the hyperfine 
,

interaction is.associated with an orbit-lattice inter- 

action and do not result;;, only from lattice expansion. This
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•result increases . the ''understanding of -crystalfields and 

the dependence' of even deeply seated cere electrons on 

the periodic structure of the crystal.' >



APPENDIX A

Notes- 'on Kepres on. t at ions .

A representation of a finite- group is a mapping 

g -» T , such that each element of the group corresponds
. o

to a linear tranfbrmation'of a finite-dimensional space R. 

The representation is irreducible.if R has no.invariant 

sub spaces, other than the null subspace, w i t h , respefck to

the transformation T^. A subspace R^ of R is invariant: 

with respect to the reprosentationt if all operation 

transform the components of R^ only within the closed- 

space of R^ (Gel1fand, Minlos, and Shapiro, 1963).

The representation of the group.0^, see Chapter II, 

is chosen as the unitary matrices which transform the 

irreducible base functions'of . Tinkham (1964) , in his 

Chapter three presents -proofs and methods by which any 

representation can be reduced to a linear compositions of 

irreducible representations. Only physical quantities 

having the same irreducible representations can have non­

zero .effects on a system, if they do not have the same 

symmetry for certain irreducible basis function a combina­

tion of the quantities cannot have like symmetries. For 

instance the product of a normal mode of the XYg molecule: 

of Chapter IV with the basis function which are expressible
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in terms-of spherical harmonics of order three must have 

the same symmetry as the potential energy function they 

represent if the potential function.is to be.invariant 

under the operation of'the group 0^. It is inferred from 

the nature of " electric ■ field thatthe potential ■ function 

must have symmetry.

Reduction of Spherical Harmonics

In the character table for the group, the gerade 

(g) representation refer to those bases which are "even" 

with respect to inversion and,the .ungerade. (u) representa­

tions have odd parity. Since spherical harmonics

are also g or u , the reduction need only be accomplished

with 0 rather than .' Then the odd Y™ will reduce in

terms of the u bases and the even Y^ in terms of the

T bases, g
A rotation of 6 about any.. symmetry axis in the same 

class is equivalent through a unitary transformation to 

all 8 rotations in the same class. The character of the 

class is given by the trace.of the transformation matrix 

since

W Tr CuTgU ).

A rotation about the z axis transforms Yh as

A. I
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C2(a)Y%(8,*) = Y^CG,* + a) A. 2

Where C2.(a) is a rotation matrix of the rotation a about

the z axis.

Y ^ C G + a).= Y%(8,*), 'A. 3

The 2% + I dimensional square matrix which transforms the 

subspace

R = (Y"A , ....  Y%-,1, Y \ )  A. 4

by the equation
_  & A. 5< - I Aum < m=-Jl

has be eq. A.3 diagonal elements as 

-iila

^ia [-Jl+1) —
I X

A. 6

The trace of eq. A .6 is

t;r [T (a)] = \ c 
s m= + &

ima A. 7

Equation A.7 reduces to
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i „ima _ sin'Ca'+1/2) A 0
-% 6 " sin a/2 • A ; ■

By.eq. A. 8 it ■ is possible to deduce the character for the
operation a for of order a. Table 4.1 of Chapter IV .

shows these characters for Y ^ . -

The number of times -aa an irreducible representation

occurs in a reducible-representation, is given as

a9t = E Z ^c Xa Cc)xCc) A.9

where are the characters of the irreducible representa­

tion of class.c, x (c) the character of the reducible, 

representation of class c , Ic the number of operations in 

class c a n d . h is obtained from

z tc .Xa (C) Xe(C) = h Sae. A. 10

As an example, to ascertain the number of times I^u 

occurs in the reduction of Y™ under symmetry, the 

character of T0 are:

Xr2TP) = I, Afi = I ;xr2 (2Tr/r3) = I,

%2n/3 = 8; Xr=C")= I, = 3;
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X^2 ( tt) .= -I, = 6; and

Xr  ̂' (tt/2) = -l,,l ■ tt/2 .= 6.

24. Using the characters from Table 4.1 for Y™Thus h

it is found that occurs once. The only other symme-'

tries' which occur, are T4u and Tgu ,,once each.

Half Integral Angular Momentum .

From eq.. A. 8 the character, of the spherical function
rotated about an axis by a is

'x (J ).(a) = sin.(J + 1/2) a
: sin a/2 ' A*8

In eq. A .8 a rotation by,Zr + a.results in

Xw O-^f) - Sip(J-IlZS) Q-2f) = (-!, x.O) _
sin(a/2+tt) -1

Thus if J is half integral

X CJ) (oi+2ir) = "X^^ (a) . A. Tl

The character after a 2it. rotation is double valued, in fact 

only a rotation of 4n.produces the identity.. Because of 

the above, for half-integral angular momentum new classes 

must be added to the cubic group to account for the double 

valued nature of ' 2tt rotations'. - These are in Table A. I,

R for . a .2tt rotation of the identity class -E, RCg, and RC^. •
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TIie classes RCg do not form new classes but double the 

dimensionality of the two Cg classes.

Since the size of the 0 group has increased by three 

classes, new double-value irreducible representation must 

be added. In the Bethe notation these are T g , Tj, and Tg.
O

The character of the Syyg ground state of Eu can be 

deduced from eq. A .8 and is given in Table A.I. From 

eq. A.9 the dimensionality h is now 48, the F (7/2) 

reducible representation reduced as

F(7/2) + Tg + Ty + Tg A.12

Tg and Ty are two dimensional or two fold degenerate and 

T0 is a four fold degenerate level. Equation A.12 saysO
that if the physical mechanisms are present, a cubic 

field will split the Syyg ground state into two'':two fold 

levels and a four- fold level" (See'Chapter Tl);

The Generalized Spherical Functions.

When a rotation in space is performed, the bases 

functions transform within a 2Z+1 square dimensional is a 

unitary matrix belonging to the "rotation group." Then 

consecutive spatial rotations infer

1Cg1 V g2) = Tgl Tg2’ A.13
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• Table A . I.
/ ;

CTinkKam-, 19 6<A)

O ' . :e I- R I 90^. | -8RCj, 3 0 , + 3 R C , I' 6Cg+6RC% .I SC4 I GRC^

h ' l I i I I I I I

4 ' I I : I I I -I -I -I

Slr3 ' 2 : 2 ' -I -I 2 0 0 0

r4 3 . 3 0 0 -I . — . I I

rS 3 ■3 0 ■ . 0 -I I -I -I

r6 2- ■ -2 I . -I 0 0 /2 -/2

r 7- 2 -2- I -I 0 0 -/2 72

8 4 -4 -I I 0 0 0 0

-8 I -I 0 0 0 0
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Where T is the matrix belonging to operation g. As a 

matter of convenience Euler angles are used to specify a 

particular orientation in space

TC*,.».*2) = . T ^  T e T A.14

Ti is. a positive rotation about the x axis by „4 2then 
T 2

T q transforms the system about the new x axis by 0, finally 

a rotation about.the previous z axis by , places the 

system in the desired orientation.

If initially ^m n CtI5I >0 > ĉ2) are the matrix elements 

which transform a system by a rotation g, a second infini- 

tesmal rotation of a about the final z axis results in a 

transformation expanded in a Taylor’s series of

+a - mn cj). + ...... A. 15
W T

and' the differential transformation operator is ■

Ag = 9 /9(j)2 A.16

Similar operations.about the x and .y axes results in 
differential transformation operatorsl,

Ai - - cot 0 sinc|)0 3 /dcj)+ 5̂n +cos^0 3 /3 (J), ^
1 sin 0

and A.17
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A ■dr2 ^ .9cos 4 2 CG5 '4)2 -̂ 5-in $2' ' '

If tlie operators' of eq, A, 16 and A. 17 are combined as

Ht =! i A 1' A 9A I Z

= i A^ + A 2

and

H3 = i A3 A.18

the H+ and H- are respectively step up and.step down 

operators of the eigenfunctions of the z component of 

angular momentum divided by hr. (Gel rf and, Minlos , and 

Shapiro, 1963). The eigenvalue equation

H 2 u = A(A -+■ l)u A.19

results in the differential equation

3 au 2cos 802uA__EL + cot 0' Ai + ~
96 sin 6 C-

'3.2u
3 (j)-! 2 3 3(j);

: O ,-I-) + I) U = O ,  A, 20
3 (j>.2 2

using H 2 = Hj2 + .H22 + H32 . '
The H^s-are the generators'of the infinitesimal rotations' 

of the spherical functions The transformation matrices 

of .eq. A.14 satisfy A.20. ' Equation A.14 can be expressed
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as

T O 1, M  2) «

Calso see "Messiah, V e l , I!, :Chapter ICHI, 1961],

Writting as. a Taylor series'

„ i  ̂ ij <j, w ■■ ̂z.. -tl—  + , . , . A. 22
: - 2 1  25
Vy _ ;

it can be seen that

e-iJz^l I jM r> _ e’W  ] JM?. . A, 23

The operator e 3 however, cannot be so easily derived,

Solving eq. A. 20 with u = Tjnn results in the differential 

equation

A,21

^ + cote —  + r&(A+l] 
d6z d0 I

2 7h ^2mn' cos Q+m 
sin^ 0

0

A. 24

where u - u and u r n -

Tmn C4>,.G 4.2) 'iM^l
uWm

in 2̂

Gel' fand, Minlos , and Shapiro (19.63) show the solution in 

terms of a variable p f cos 0 to be
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■ d"5PBft I C P ^ V .^ * *  ]- A. 26

The constant A is 

A
.  ̂ ._j,.n Till •g^m) i g +nj)r-
2 I g-rm] ? (JL+m) I- (Jl̂ n) I

In Chapter 111 the generalize^spherical functions for 

f - 5/2■are'required. These•are.given.in Table,A.2. How -- 

ever, in Chapter 111 only I Pĵ n I ̂  are required , Bir and 

Sochava, "(1964) give the IPmn^?!'2 and present the .follow­

ing properties,'

Iflm n W 2 = IpI w i 2nm

IpI n  W l 2 = I C-u)l A. 26

■ |  IpL  W i 2 - I

and
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m

Table A .2

. TL . . I A n W I 2

5/2 5/2 Cr2 )5

5/2 3/2 5 , c i ^ . ' c i p .)4

5/2 1/2 10 • - ' C ^ zC1J11)3

3/2 .3/2 C1^ )  (3^ p)2

3/2 1/2

cllE) (SijAn-I)Z1/2 1/2



APPENDIX B

Experimental Equipment

The E . P. R. experiment is basically stimulated ab­

sorption and emission of microwaves by the paramagnetic 

electrons in a sample. The absorption exceeds the emission 

which allows intensity measurement to be recorded. The 

general experiment is outlined in Pake, (1962); The micro- 

wave frequency is fixed and is oriented such that the 

sinusoidal H field of the electromagnetic resonance is at 

right angles to the field of a large electromagnet. In the 

Schrodinger picture, a time dependent perturbation on 

the Zeeman levels, induced by the electromagnet., is caused 

by the microwave H field. Because the microwave field is 

at right angles to the Zeeman field transitions of AM = ±1 

are allowed between levels written in terms of the Zeeman 

effect representation. The electromagnet's field strength 

is varied to examine different transitions at the fixed 

microwave frequency.

To produce the perturbation-microwave field a cylin­

drical cavity is designed to resonate in the TEq ^  mode.

In this mode the magnetic field is directed along the cen­

ter axis of the cylinder and the electric field here is zero. 

Thus, the center axis is placed between the poles of an
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electromagnet- parallel to the pole faces or perpendicular 

to its 5 field. Most designs of equipment can be found in 

Poole's Electron Spin Resonance (196 7).

The spectrometer may briefly be described as a super­

heterodyne with balanced mixer detection and magnetic field 

modulation. The block diagram of Fig. B .I shows the entire 

system. The basic parts are:

1. Signal and local oscillators, X-band 
klystron, with ferrite isolators.

2. Microwave bridge, with ferrite circulator 
and a slide-screw tuner.

3. Resonant cavity, TE ,, cylindrical with 
sample on the axis.

4. ' Magnet with field-dial,. adjustable
0 to 10 kilogauss.

5. Modulation coils and driving oscillator 
0 to 50 gauss peak to peak at 400 Hz.

6. Microwave mixer, preamp and I. F. amplifier.

7. 400 Hz phase sensitive detector.

8. Automatic frequency control system (A.F.C.). -

9. X-Y recorder, X-driven by field dial.

This spectrometer was designed by D , H. ■ Dickey (1966; j, 

and Appendix C , 1969) . The operation is generally as fol­

lows : microwave power, frequency modulated at 90 kHz, is

fed into a reflection type cavity which is an arm of a ba­

lanced bridge. Balance is achieved by adjusting the size
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C  - CIRCULATOR 
SST - SLIDE SCREW TUNER 

C - TEqii CAVITY
M - MIXER-PREAMPLIFIER 
A - ATTENUATOR 

AO - AUDIO OSCILLATOR

- ISOLATOR 
SK- SIGNAL KLYSTRON 
LK- LOCAL KLYSTRON 
IF- 30 MHz AMPLIFIER 

AFC- FREQUENCY STABILIZER 
LIA- LOCK-IN AMPLIFIER

Fig. B-I. Block Diagram of Superheterodyne Spectrometer.
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of the iris to the cavity or by an adjustable slide-screw 

tuner to produce standing waves in the cavity arm. The 

balance can be upset by power absorption by the sample in 

the cavity. The cavity is in a magnetic field which is 

amplitude modulated at 400 Hz, so that the resonance con-. 

dition is varied at that frequency. .The microwave power 

reflected through the circulator to the mixer is thus 

amplitude modulated at 400 Hz. The reflected power is 

"beat" against the power from a local oscillator which is 

operated 30 MHz higher than the signal oscillator. The 

beat is amplified and the 90 kHz signal at which the sig­

nal oscillator was modulated is filtered and used to "lock" 

the signal to the resonance frequency of the cavity. The 

400 Hz signal is phase-sensitive detected and the resultant 

dc signal is recorded. The spectra of Chapter II and III 

are copies of these recordings.

Table IX of Dickey's thesis (1969) is a list of the 

components used in the spectrometer. Additions to the list 

are :

2 Isolators Airtron-Pacific P/N 890350

I X-Y Recorded Hewlett Packard 700SB

and

I Helium Dewar System as per Dickey's design 
b.y H. S . Martin and Son.



APPENDH  C

Phonons'

The details: of this appendix „axe expounded in the 

Aarhus Summex School L e c t u r e s Phonons and Phonon Inter - 

actions, edited by T . A«;B'ak? (1969),

Harmonic Oscillator

Messiah, (1941) details the Dirac method for the 

quantum solution of the harmonic oscillator problem. A 

single oner.dimehsional harmonic oscillator is character­

ized by the Hamiltonian

where P ,and u are the momentum and displacement variables 

which obey the commutation relation

To avoid constants in the calculation the variables

' - H = p 2/2m + 1 / 2  m(+2 u 2, C.l

I u , p ] C. 2 .

H = h  wH,

and

P = (m Ir uf-. P ' C,3

are introduced such that
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H H 1/2 CP2 + q2) C ,4

and

iq, ?3 * J  C , 5

Instead of th.e Hermltian operators' Q,.and P the non^' 

Hermitian operator a is- introduced such that

a F ! / /T 'C Q  + iP )

and

af F l//2“  (Qv.iP) C , 6
which from eq, C .5 have the commutation relation

[a, a’i'] F HlC; . C,7

The Hamiltonian of eq. C .3 becomes

H - 1/2 C a a^ + â " a) C , 8

and from E q . C .7

H F N op + 1/2 C .9
fwhere Nyp = a a

"V -- - .From the wave.mechanics solution to the eigenvalue problem 

of eq. C .I ? the eigenvalues of H are

/E Jn F Ir W q (n + 1/2) . C . 10

thus, from eq. C ,3 and the eigenvalue problem

H In> F (n + 1/2) |n> . C sIl
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The definition of N is such that ■

N0p.|'n̂  . =i n I h C ,12

The eigenvector being in occupation number space which 

from the commutation relation of eq, C ,7 leads to the 

following

a^”|!h> R /n+'f I n + 1?> C , 13

and

a |iir- =Vn|n^l> , C . 14

Because of. eqs. C , 13 and 0,14, a^ and a are called res­

pectively creation and destruction operators.

Coupled Oscillators

A mechanical system with N degrees of freedom which 

has its potential energy expressible in a non-negative 

quadratic form in terms of the displacements can be trans­

formed to a system of variables expressable as N decoupled 

harmonic oscillators. Small lattice vibration can to 

first order be considered by such a scheme. If only nearest 

est neighbor interactions are considered the Hamiltonian 

can be expressed as

H - lP'k 2/2Mk = 4  I C1IS

The matrix cf)̂  is symmetric, i . e ; ,
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4> R • (jj

Th.e -yamiableS- e#e Introduced as a cojnplete set of

N orthononJtal elgeny.ect’QTS of N^components? ot labels the 

vector, & the' component, are the eigenvector of the

matrix

dM  " ^ m Wt.

Thus the eigenvalue problem is.

C , 16

K *  B \  " “ « H 2 C . 17

and the eigenvalues are real because is a real

symmetric matrix.
0In the advent of degeneracies, the B^ are allowed to 

be as,complete orthonormal complex set such that

I B 3:
ag ' C. 18

if there is no degeneracy

1/r «.>=. 0 f0r “a !* “iI C , 19

and the completeness relation is

I B \  , « C, 20
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New,as fox the Single oscillator,the inverse trans^ 

formation between the conjugate u and p and the normal mode

-

'k - I Co, * ata B«; )

and

fk .,i, Z (a Bk2 . .ta ' k C , 21

The transform or inverse transform of eq, C .21

aa "
' - I
/2W

Z + I #  )

and

V2i? I < u  M1,^. ;u:k a- He
C,22

Using eq. C .18 the commutation relations 

and

^ aC*! ag -6Ug C.23

result. Then the Hamiltonian eq. C .15

H=I Ca t
a a + 1/2) . C.24
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The eigenvectors ©f the decoupled occupation nujnber space 

is the product of the spaces of each oscillator

I j n2 f • • s f • r * • !̂1 f3 I h ^ P’2  ̂ , IP -j b > . s C , 25

and the results of eq_, C .12, C ,13, and C „ 14 ■ apply',

The Linear Chain' Crystal

The potential for a.linear chain of equal masses 

connected by springs only to the nearest neighbors has 

the Hamiltonian

I ( 5 ^ )  + !
k=l 2M

3ol Cu]c+1"Uk) 2 ClUJ +lU-̂z) C. 262
k=l

where the first and last mass are assumed fixed . Com­

paring eq. C .26 with eq. C ,15 , C .16, and C .17 for k not 

I or N

>Bk-l + 2Bk"Bk+l
2 ,w /w. B1 C . 27

where

Wq = <(>/M .

The set of difference equations eq, C ,27 has two solu­

tions

B1 R e ^ : B and e^^^kb 
K

where b is the separation of nearest neighbors and q is
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•related to oj by' the' di.spersgl'9n relation 

. . 2
- ̂ 2--- • ^ 2 Cl v- cos- q b Q „ 
ttiQ

The Three D Iim eh s' Tona I' Crystal

If b̂ . is a primitive translation vector the is 

defined such that

t. Sk 27i6ik C.29

or \

Sk 6m
ltJl-Cta  x SkJ

C. 30

Then with

q

such that ,Mi b 1 k n
crystal and h^

i H C, 31

isrthe length of the k th dimension of the 

is an integer such that

q C,32

to satisfy" the boundary' conditions, Then" for a three 

dimensional crystal C; 21 becomes
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I  !  ,____
q er VZm

^  Jl: â ' eocp Clq . ' C., 33

+ e

where IVIN is the m a s s ' of the crystal is the position of 

atom k in the lattice and qr̂  is a polarization vector 

which the element can displace, two transverse and one 

longitudinal,

In Chapter IV the components of eq, C .'33 are. re­

quired thus by dotting the a unit vector with eq. C ,33

ak Iqcr 2Mw
a
qa

£a exp(iq.i^) + a C,34



APPENDIX D

Mechanism of The Hyperfine Interaction

A paramagnetic ion in a cubic environment has a hyper- 

fine interaction ■

hyp D. I

where f is the nuclear spin and 5 the effective electron 

spin. To calculate A the matrix elements of

„ .  I V , „  h «  :
■ 1 rI 1I r i

+ S J e f J i ->T7, )  K  ■ D D. 2

must be found. The last term in eq. D.2 is the Fermi con­

tact term and has a value only for s electrons which have a 

probability of being within the nuclear volume. Hayes (1963) 

shows that even when the ground state is made up of f elec# 

trons, = 3, the Fermi term can contribute to eq. D. I.

To derive D.2 Milford, (1960) began with Maxwells equa­

tion Li.

curl X D. 3

where

t (r) Sn6I
->•r

r3
D . 4
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The Hamiltonian for an electron in an electromagnetic field 

is

H = -i -j- T %
, fP + e £) + V(r) + 2g 3 D. 5

Expansion of eq. D.5 gives

i ' = + V%r) + I—  (f.X + X-?)+.
2rilc"

A2 + D.6

substituting eq. D.4 into D .6

— c?-x ♦ A?) i l i i !
2mc 2mc f ]

eyrnh ^ _ (r x ?)
2mc 3

Oyt1Ir2 t • t
3me

r x p = ht the orbital angular momentum of the electron. 

Thus the third term on the right of eq. D .6 is

(P-X + X-P)
Gauge = 0

kyn l h f -  - -i-
r 2mc

D. 7

The diamagnetic term in is very small for field less 

than several hundred thousand gauss.

The last term of eq. D.5 is

2gS- H v := -2g$ •[f x £] . D. 8
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In eq. D.4'r/r^ can be written as - grad 1/r then eq. D .8 is 

20S • V x £ = -23? • ? x (? -V 1/r) . D.9

Singularities occur in both terms,

1/r = 4it 6 (r)

where 6(r) is the Dirac delta function 

6(r) = 0 , r / 0 ;

6 (r) (?r = I if volume of integration includes r = 0.

To- investigate the singularity in (?•?)(f•V)1/r = K(r), the 

integral

K(r)
Ve

Cr) d3? D . 10

is/^;qxWlhdd-: f (r) is any function which is continuous in

the neighborhood Ve ? Ve is a sphere of radius £ surrounding 

r = 0. . K(r) contains two kinds of terms typically 

(a) 2TnW S xIjciJ 7lIZr and (b) Zbvn B(SxIy a Sy Iy)«$«x*y 1/r.

In V  f(r) can be expanded in a Taylor's series 
■’ £
f(r) = f (0) + r-?f(0) + 1/2(r-?)(r-;y) fCO) + ... D.ll

where ? is the gradient operating only on f .

D.10 are zero or of order e11, n £  I except

All terms in
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2Ynir f  CO)
2

* 8Z1Z
. .g2.^

5'i2

Cl/iF) + Cl/'?.)

atr̂ hirrr-̂ 'if
I',:-""''-' N--'-

Type (a) terms in K!Cr) are even functions of oc, y, z; while 
r • grad f is odd, ■The integral over the symmetric vol­

ume of odd integrands vanish. ■ Terms resulting from pro­

ducts of type (a) terms and the third term of eq_, D. 11 are

either even or odd. Odd terms integrate to zero and even 

terms are of order 1/r which by virtue of the volume

d r -  4-frr dr integrate to terms of order sen . Type Cd)

terms of K Cr) are odd in two variables C* and y) while 

r ' grad f contains only terms which are odd in a single 

variable. The products are then odd in at least one vari­

able and integrate to zero. The oddness of type Cb) terms 

also insure f (.0) times type (b) terms intergrate to zero.

Type Cd) terms times the third term of D .11 integrate to 
2

order e terms. Thus

I
x •

2&y af00)i;s .I ■ '6.2
*i JCn

^ i 1
] i d3r + $ Ce)2

Ve
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Since Ve i§ symmetric

3

I
V2 1 d-3

2' I' ' -6' ' i  ,3 .V — d r R 
r

Ve J to

- &2 I j3ji — T - d r
Oz r

a V
«r2 ;

Ve

Ve

and

N - ZynIrBf CO) t-t j V2 i d3r = -4 tt (ZyriIrBfCO)

j Ve

S-I I V2 i  d3r 
Ve

The hyperfine interaction betwen an electronic system 

of spin S and orbital momentum L and a nucleus of spin I 

is

H 1 = Zynfr.B't-t/r3 - Zy-IrB' f (^-V) (t-V) 1/r}’

+ 16Tr/3ynKf 3-f 6 (r) . D.1Z

The prime on the second term in 3.ZS means matrix elements 

evaluated using this term exclude the origin. The second
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texji} is more often written as

($.V) (f-V) 1/r « III - :3 C§.r) Cf ̂r)
r - 5 D , 13

j
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