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Abstract:

The temperature dependence of the intensities of the electron paramagnetic resonance (E.P.R..)
spectrum for one percent Eu++ impurities in fluorite crystals has been investigated. This temperature
dependence has been analyzed and has been shown to result from crystal expansion due to anharmonic
terms of the lattice vibrations and from the harmonic terms which modulate the crystal-field as seen by
the paramagnetic electrons.

It was determined that the relative intensities between forbidden and allowed hyperfine lines varied
with temperature as [formula not captured by OCR] Good agreement between the predicted
temperature dependence and the experiment were found; however, the value of C based on point charge
calculations was subject to some question because of crystal-field parameter values.

In the analysis of the hyperfine spectrum as it depends on spatial orientation with respect to the
magnetic field, certain "forbidden" hyperfine lines, heretofore not identified, were cataloged.
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ABSTRACT-

The temperature dependence of the .intensities of the
electron. paramagnetlc resonance (E.P.R.) spectrum for
one percent Eu*" impurities-in fluorite crystals has
been investigated. This temperature dependence has been
analyzed and has been shown to result from crystal expan-
sion due to anharmonic. terms of the lattice vibrations .
and from the harmonic terms which modulate the crystal-
field as seen-by the paramagnetic.electrons.

It was-determined that the relative intensities be-
tween forbidden and allowed hyperfine lines varied with
temperature as -

: "G/T
I/T, = (Lg/1,)qoq(L - CTS: Jo xiLexp x-117% ax).

Good agreement .between the predicted temperature depen-
dence and the.experiment were found; however, .the value
of C based on point charge calculatlons was.. subject to
some question because of crystal-field parameter values.

In the analysis of .the hyperfine spectrum as it de- ,
pends on spatial orientation with respect to the magnetic
field, certain '"forbidden'" hyperfine lines, heretofore not
1dent1f1ed were cataloged..




CHAPTER I
INTRODUCTION

The research problem in this thesis is the investi-
~gation of the temperature dependence of the intensities
of the E. P. R. spectrum lines of paramagnetic europium
impurities in those cubic crystals which are, for the most
part, bound by coulomb forces i.e. ionic binding.

Investigations made on Fu' " in CaF, were at first
concentrated on measuring the fine structure parameters
and hyperfine structure parameters, (Baker, éleaney, and
Hayes, 1958 and Lacroix, 1957), .The early interest also
sought to give reason for the crystal-field splitting of
an S-state by an electro-static fielq;f;fhg}theofies did
not give numerical aéreement with exbariﬁént;H but did
propose possible machanisms for the splittiagﬁ(Abragam
and Pryce, 1951), The spin Hamiltonian of Chapter II was

introduced to account for the nature of the splitting

ﬁThesaﬁparameters were measured not calculated (Pryce, 1950).

Temperature dependent effects between paramagnetic
ions and the crystal environment in which they may be
placed were first studied theoretically. Waller (1932)

in his paper ”Uber dle Magnetlslerung von Paramagnetlschen

oo ey -

Krlstallen in Wechselfeldern,” proposed two methods of
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paramagnetic relaxation, spin-spin and the spin-lattice
interactions. Fierz (1938), Kronig (1939) and Van Vleck
(1939, 1940) developed this fheory but found poor
agreement between susceptiﬁiiity experiments and the
theory. The failure of the explaination by Van Vleck
has been attributed to the chemistry of the alums to
which:he applied the theory (Manenkov and Orbach, 1966).

The advent of electron paramagnetic resonance (E.P.R.)
experiments introduced by Zav1osky (1945, 1946) and de-
VeIoped mainly by the Claredon Laboratory at Oxford,
~gave a new tool to relaxation measurements. A renewed
interest in this field was a result of a paper by Finn,
Orbach, and Wolf (1961). They proposed an additional pro-
cess, the Orbach process, for relaxation. Van Vlqu_(1940j
had considered the "direct" process for spin-lattice relax-
ation and a "Raman'" process. The direct process refers to
a first order effect involving a single phonon exchange be-

tween excited and ground state configurations of paramagif;

netic ions. The Raman process is a second order effect in--

volving two phonons and a virtdal process which allows the

entire phonon spectrum to interact between two para@%gnetic'

states. Orbach's process was simply a resonance fluore-

scence type process of two phonons which unlike the Raman
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process includes conservation of energy.

Finn, Orbach, and Wolf's work revived an interest in
spin-lattice relaxation which led to the consideration of
other temperature dependent effectéiﬁé&wgéﬂﬁ?hgﬁbﬁgyéhdwgﬁg/
paramagnets. Blume and Orbach (1962) -applied ££é”£€%£6&'
to S-state paramagééis and developed an orbit-lattice
interaction for Swgéate transition metal ions. In this
work they also proposed a form for the ground state split-
ting by a crystal field which allowed them to predict
phonon.COntributions to the femperature dependence of
ctystal field splitting&i The crystal field splitting
in S-state transition métal ions is small while the
hyperfine splitting is large. The crystal field splitting
of rare-earth S-state ions is large. - Eu' " in fluorite
crystals exhibits both a large crystal field splitting(\
and large hyperfine splitting making this ion ideal fofJ
a study of temperature dependent effects. |

Temperature dependent effects of crystal field para-
meters have Been measured by Rewaj (1968) and Horai (1964).
Rewaj assumed the dependence to be due solely to lattice
expansion and predicted the dependence of the parameter b4
to be

~16.3 ++) 1.1

b, = KR (CaFZ: Eu
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Where R is the nearest neighbor ion separation.. Walsh,
Jeener, and Bloembergen (1965) examined the dependence of
irpﬁig?buﬁtS}Sféﬁé-iBﬁ;barameters both as to temperature
dependence anddthéir‘dependence on R_directly,by subject-
ing the crystal to hfdrostatic pressure, Because of the
small value of b, it.was not possible to tell if orbit-
lattice effects contributed to the temperature dependence,
Hurren, Nelson, Larson, and Gardner (1969), made similar
hydrostatic pressure measurements for - the crystal field
++

parameter of CaFZ:. Eu and found

~8.9

b, = KR 1.2

4

The difference between Rewaj's results and Hurren, et.él.,
sugge;t an orbit-lattice contribution to b4.

In‘this‘work,the dependence of b4 on the orbit-lat-
tice interaction was examined by measuring the temperature
dependence of the intensities of the hyperfine sfectrum{
A similar investigation for the iron-group S-state ion was
undertaken by Shrivastava and Drumheller (1969).  Bir,
Bulikov, and Sochara (1965) have shown the angular depen-
’dence of the hyperfine intensities depend quadratically
on the crystal field parameter. In Bir's method the

hyperfine transitions depend on the strong magnetic field
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at the-nucleus created not so greatly by the laboratory.
magnet but by the eléctroni; state of the 4f shell of
spin 7/2z. This field, the effective field is

= A .
Heee = 53 < [SlY > . 1.3

nn

A is the experimentally measured-hyperfine coupling con;
stant g B8  is the nuclear magneton, |Te> are the elec-
tronic wave functions and 3 the spin operator for the
electrons. In Chapter 11 the wave functions Ye will be
developed. Then in Chapter III the induced field method
of Bir will be developed for the Eu’ " ion in fluorite
crystals. During this invéstigation some transitions

.predicted by the theory butilﬁ?fgggfofé ~not reported were

examined. The results of this invg;tigation are included
at the end of Chapter III.

The orbit-lattice interaction was largely developed
by Menne; Ames, and Lee (1968). Menne used the inter-
action to explain the temperature dependence of the hyper-
fine coupling constant A. Chapter IV will be devoted to
expounding the orbit-lattice interaction and applying it
to predict the temperature dependence of the hyperfine

spectrum.

The results displayed in Chapter V include corrections
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for crystal expansion extracted from the hydrostatic pres-
sure measurements of Hurren. Very glear spectra wefe ob-
tained in this ihvestigation due to using the single iso-

tope Eu151. The sample .obtained from A, E. C. was 96.67%

Eu151 and 3.33% Eu153

with trace amounts of rare earth
and other meﬁal ions present. The crystals were grown by
Optovac, Inc. |

The crystal structure chosen to produce a cubic
environment for the paramagnetic ion was fluorite. Ex-
amples of a fluorite crystal are CaF,, BaF,, and SrF,

The unit cell of fluorite is;faee—centered cubic. The
besis is usually an alkaline earth-halide molecule of the
form abz. The cation a of ‘the basis is located at (0,0,0)
corner of the cube. An anion b is located at .each posi-
tion (1/4,1/4,1/4) and (3/4,3/4,3/4) on the diagonel of
the cube.

The fluorite structure is referred to as eight-co-
ordinated because each cation is situated in an enyiron-
ment of eight nearest neighbors, all anions being located
at the eight cormners of a cube (See Fig, 1). The crystal
structure is also reférred to as XY to i#nclude in the

reference structures of this type where the bondlng may

not be ionic -and the X's and Y's can be a molecular




structure such as water.

Europium ions were chosen for the paramagnetic im-
purity because the doubi&ﬁiionized atoms replace the cation
of XY without requiriné a charge compensation elsewhere
in the crystal which would change the enyironmment of seme
sites from cubié to axial. The triple ionized gadolinium
ion would also have an 887/2.ground state such as europlum

but presented charge compensation problems.
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Crystallography of CaF, with functional cell of F and
Ca ion shown.




CHAPTER II

SPLITTING OF THE °

87/2 GROUND STATE OF
Eu' IN FLUORITE CRYSTAL

Crystal Field Théorx

The electric field at the paramagnetic electrons of
Eu ions in a crystal is the field from all sources in the
crystal, The strongest influence results from the nearest
neighbor ions. A first order effect can be calculated by
considering only these nearest neighbors. In order to
make this calculation a very simple model is devised for
the nearest neighbor interaction., First, the source ions
are considered to be point sources. This assumption is
much better for rare earth paramagnets than for the tran-

sition elementlgroups because ﬁﬁéflapwdf fhéhelectron wave
function of the deep-seated f eiectfon”Wifh the electronic
wave function of the anion is 1ess.. The anion will hence-
forth be fluorine F. Second, the fluorine ions will at
first be considered to be in a fixed position. This wili
neglect vibrations and use a time average position for the
fluorine as if in a rigid lattice. Third, a semi-classi-
cal theory will be used where the electric field is cal-

culated classically, then used.as alquéntum operator. Of

course, any variance of this theory with an experiment
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will point up the weakness of this- theory and also will

point to corrections which may be made to the theory

(Griffith, 1961, page 65)

The Hamiltonian of the ion in a crystal, ﬂncludlng y

_‘.-.'v -
[ SP — 7oA Sy

 0n1y Klnetlc and coulomb energles -and spin-orbit effects

n PXZA Zez o
= Z‘ {2 « — + ¢ (rk)z § + VCTk) . Z
k21 2m 1y k>d r

]\_S

k)

The term V(?k) is the potential energy of the kth electron

in the electrostatic crystal field. The other terms are
the same as for the free ion. When V(?k) is small, the

Hamiltonian can be written as

where Vl is a small correction due to the-Stark interaction
of the electrostatic field with the ion. This form of H
allows a perturbation type calculation to find the energy
1eveis relative to the ground state free atom, and the
wave function in terms of the free atom wave functions.
Using the model of Fig. 1.1 the electrosfaflz ~field
at the site of a paramagnetic electron can be calculated
classically considering the fluorine ions to be point

sources. In this way the field point is in a charge-free

region and the electric field results from a solution of
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Laplacets equation

vV () = 0 . 2.1
The potential energy V(?) of the paramagnetic electron is
then

V@) = ~| eddr

T IR-F
Chooéing the paramagnetic ion as the center of the co-
ordinate system, R is the location of the field source,
i.e. the fluorine iéns, and T is the location of the field
point, the electrons, In rare earth étoms the assumption
R > 7T is valid.

i
|R-F] = R% + r% - 2R cos v)*

Using a binomial expansion for the function 1/|R-T|, V(T)

is

V(F) = - epgi) c’zo B P, (cos y)dr. 2.3
2=0
Y is the angle between K and T and the expansion coeffi-
cients are the Legendre polynomials. té}fken, 1966, page
418).
In spherical coordinate systems the angle y can be

' . . -
expressed in terms of the two different directions of T
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and ﬁ as-.

cos y = cos 0, cos &, + sin 0, sin 0, C031?1F¢2),
¢'s are azimuthal angles-and 6's polar anglé;. The
Legendre polynomial P, can be expanded in~terms of spheri-
cal harmonics by the addition theord@}(Arfken, 1966, page

450-453)

& o
Px(COS 'Y)”= 74“' ZKZ'(“l)m YIE. (el’q)l)Yh-ﬁ,(eZ’q)Z)' 2.4

28+1 m=-Q

(Also see Messiah I, 1961 Appendix B).

' ' ep(R)dt, % . - .
VE) = 4n] —— 2 7 (I L .
| R REOGR. 2
ﬁzig(vl) Y2£%1’¢1)Y.g(62,¢2)- ' | 2.5

»
~

GrogE Theory

The point gkoup symmetry of XYg is'Oh} O%:refers to
the point group operations pefformed on a cube which can-
not be distinguished:- from tﬁe-ﬁnaffected cube. The set
of elements of this;grouphcontains an identity, the un-.

* changed cube; a 180° rotation about an axis pérpendicular
to each face of the cube and passing through the center
of the cube; a 180° rotation abou;’eachiaxiS'passing

through the midpoint of an edge and the center of the cubey.

¥
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two 120f rotations, clockwise and counter-clockwise,
about each of the cube diagonals; and two 90° rotations
about each face axis, clockwise and counter-clockwise.
Also'included in 0; are the improper rotations or each of
the proper rotations mentioned above followed by an in-
version.

The elements of the O point group can be grouped as
classes, these being the identity class, the 120° rota®
tion class of which there are éight elements, the two 180°
rotation classes, the face centered class of three elements,
and the edge centered class of six elements; the six 90°
elements form a class as-do the improper rotations asso-
ciated with each class above. If the elements are re-
presented by rotation matrices, the elements of the same
class all have the same trace. The trace is called the
character of the class and the point group.

There is only a finite number of ways in which a
finite abstract group can be made to represent the group
in terms of concrete mathematical entities. Any one way:
is called a "representation’ of the group and the number
of irreducible representations equals the number of
classes. A representation is said to be irreducible if it

cannot be expressed as the outer product of representation




14 .
of 1esser'dimensionality, A character table for 0, is
. given in Appendix A, An 1rreduc1bleL\representatlon in
terms .of the characters of the classes is given for the
_p0551b1e matyix representatiens of the group,

The abstract group of rotations.has been represented

by rotation matrices: These matrices transf ‘m functions
within a fiﬁite dimensional subspace.among tﬂeﬂeelves,and
if no set of functiens within this manifold, apart. from
the whole subspace, were 'to transform among themselves by
the group operations, the subspace would be irreducible
' (Gel'fand, Minlos, and Shapiro, 1963, page 16. -Also see
Appendix A)J The basis functions which are transformed
by the_grouﬁ elements, form a Euclidean space. Writing
these functions analytically can be accomplished an in-
finite number of ways. The-functions can be, however, an
orthogonal set. The functions are a ''basis'" of the repre-
sentation chosen and must traﬁsform distinctly among them-
selves by the operations of the group. Given any function
as one of the basis functions all the basis for the other
representations can be generated ofthegonal to one enother
(Tinkham, 1964,\page 41),

The set of all rotations is an 1nf1n1te group and the

~set of spherical harmonics form a set of basis functions.
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for the full rotation group. The spherical harmonics of
the same’ order % are

Y0(8,0) = (~1)" [(2".’“1)‘?"5’“?‘] P2 (cos )oY
4w (fFm) !

where 0 is the polar angle and ¢ the azimuthal engle in
spherical coordinates. P? are associated Legendre poly-
nomials, and -~% <1m < % (Messiah, 1961, page 495). A
transformation by a'spatial rotation transforms the Ym‘s

of order 4 among themselves

yh
2 cmn ' 2.6
then the C2 's are matrix elements as calculated in Ap-

pendix A, By the definition of an irreducible representa- -
tion, any,set'of 28+1 spherical harmonic of order % form

a basis for fhe full rotation group Since they transform
among themselves.

The crystalline field transforms according to its own

identity representation (Pl ) for Oh Only D(O), D(4),

(6) p(8)
c:ontaln.I‘.lg

the crystal field expansion in terms of spherical harmonics

when reduced under Oh Thus in

(8gw 2.5) only the & = 0, 4, -6, 8, ... need be'kept. The

Af electrons ofEu o will have spherical functions of &. ="3.

\«—'f

- Non-~zero matrix elements will result from direct products
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. - .
'Dcs).x DC%).X,DCBJ; Dcz) being the matrix of the crystal
field. It can bée seen that

(8 4 p(5) 4, p() | p(3) , p(2) , (1), p(0)y

thus no non-zero matrix will result for & > &, since only

p(6) x p(6) contain.DCO).
The & =0 spherical functions are not angular depen-

dent and only add a constant to the potential energy term

V(¥). Then

F phgtn e

=0 m=-%.

+ .
V(r)cubic B 2

r~18

where from eq. 2.2 and 2.5

Yzm - - dme
| (2p+1)R*L 1

Eq. 2.7 becomes.

4 N ' . 6 .
A = - 4dmnm _ 6m,,m
V) cupic = T R LYg | T mZ—6 Y. Y6

~

The rotation about the z axis ofyﬁyz transforms the

Loy

coordinate. system as:

X >y, y > -x, and z > z,

The spherical functions Yg, Yi, and Yi4 are the only
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invariants of order 4 under this transformation. Yg and

+
Yfg are the only order 6 invariants. (Low, 1960, Table II).

Considering point charges and XY

8
vy ozl an T 28 00, 2 o 4 L ody ]
V(r')=-———5——' _— ——-—,—Y4A+—/7F(Y4_+Y_4)-
. R 9 9 ) 9 )
2.6 A 0 Lo .
rIEr AW 18 Y o 8 ap vl e vty
R 13,0 9 9 ‘
)\’/t, _
which may be written as
>y - 0 4 0 4
V(r) = B,(0, + 50,) + B (0 - 210) . 2.8
Om

o is the sum Yg + Yi?lin which any. common numerical
factors have been takeh out and included in B (Jones,

- Baker and Pope, 1959 and Stevens, 1952).

Operator Equivalence

A vector T can be defined as a vector of Type "T"
. following Condon and Shortley (1935), with-respect to a
general ‘angular momentum ? when it meets the following

commutation relations:

[jz’ﬂﬁﬂ - ithSJLmn’
€ omn is the Levi-Civita tensor density (Goldstein, 1959,

page 129), defined to be zero if any - two of the indices’

%, m, n are equal, and either +1 or -1 otherwise, according
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as (&, m, n) is an eyen or odd permutation of (x, y,z).
Two excellent expositions of the subject of aﬁgular momen -

tum in quantum mechanics can be found in Chapter II of

and Chapter XII of A, Messiah's Quantum Mechanics, Volume

IT (1962).

The replacement theorem follows from the Wigner-
Eckart theorem ggg:géigthat if Tl,and TZ are both type T
with respect to j then <a‘jm|T1|a”j‘m'> f,y<a'jm]T2[a”jm'>
where y = y(a}d,j'j) independent of m and m'. A corollary
to the replacement theorem is:

Por any vector T of type T with respect to ?, the
relation

. . LT - '
<a'jm|T|arjmt> = y<o'jm|jlotjm'> 2.9

‘hoids*with ;i? y(a'; a'l, j).‘ Note on the.right side of the
equation the quantum numberé j and a' are the same- for

both Qggﬁand ket. This results because any component of

? can dhly.generate functions within the manifod of 2j+1
eigenstates belonging to j and a'. The manner of using
this theorem and the corollafy-would be to évaluate-y for
any one matrix -element then use the replacement theorenm.

The replacement theorem allows the crystal field

operator in terms of the spherical functions Yg to be
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‘replaced by angular momentum- operators. If the spherical
functions are written in terms of their cartesian equiva-
lents, each of the components x, y, and z can be replaced

by operator equivalents in.jx, and j,+ These opera~

j'y-’
tors are to be expressed in a standard representation

whose basis vectors are the set |ajm>, that is in the

normalized
. 1 .. . . 1 ..
jg 5 = (g + 1j,) = =— ]
Loy X A
jo = jz
. 1 . . . 1 . .
Jap == Uy =33y = 3= ],
«1 JT X -y Y 2.10

Because of the noncommuting nature of the operators, -
mixed products such as xy must be symmetrized when re-
placed by operator equivalents, for example:

xy > 1/2 (xy + yx) > 1/2y (g3, *+ 3,38

The crystal field written in operator equivalent form

is from eq. 2.8,

>y 0 4 ) 6 ‘ 4 f‘/‘? .
V(F) = B,(0) + 503) + Bg(0g - 210g) . 2.11a
09 = 3557 - 305(3+1)3° + 2552 - 6j(j+1) + 250517,

4 1 T4, .4
00 7 2 [?+ ’ 3«] 2.11b
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0g = 231 30 < 315§ (j*1) % + 10557 (+1) %52
Qszsj(j+1)j§ + 29437 < 55°(5+1)3 + 4052 (§+1)
~603 (§+1) - 2,11c

b1 [pad , hyiiii2. -
Og = 7 [Cj+ + J“){lljz « j(j+1) - 381}
: .2 R P S
+ {1137 - §(+1) - 383(5F + 5%
: 2.11d
(Jones; Baker, and Pope, 1959, Table 3).

The Spin Hamiltonian

‘The angular momentum of the‘europium ion is J = 1+3=8§.
The shells are all closed with respect to orbital angular
momentum. In the above notatioﬁ then, repléce ? with §.
A difficulty results since $ is not a T type vector with
- respect to T. The'resuif of this is to ﬁullify the re-
placement theorem. Physically, this result states that
the Stérk effect cannot split a system which has a closed
electron shell.

Group theory, which explains the type of splitting
allowed if the'mechaniSm were present, predicts a crystal
field splitting of three levels. TheAOh _group must now
be a double group to-account.for the nature of half in-

tegral angular momentum systems where a twofold. rotation
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is &ingle valued. The zero magnetic field splitting of
a J = 7/2 system is calculated in Appendix A.
Experimental evidence clearly shows there is a cry-
stal field interactiom, Fig. 2.1 shows the splitting of
the ground state by a Zeeman-effeéf."The fine structure
spectrum caﬁ only be.explained if a crystal field inter-
action exists. This splitting will be calculated below
and fhe energy level diagram of Fig; 2.2 shows the zero
field splittipg. ' |
An explanation of the S-state .splitting by Van Vleck
and Penney (1934) concluded that an orbit-spin coupling
ﬁixed in excited states in which L is not zero. Abragam
and Pryce (1951) considered the spin-spin interaction
between dipoles which depends on spin variables and posi-
tion variables
5.5 3 o Cak)E

Hspinvspin RS k/rikﬁ- R

.3
jk "k 2.12

The crystal field distorts the orbits which are coupled to
~other spins resulting in.a net distortion of the ground
state. The distorted S-state can interact whith the elec-
tric field,

An acceptable theory which shows good agreement with
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Figure 2,2

Fine structure splitting Eu - CaF, as a function of magnetic
Bield,
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the experiments on S-states has not been developed to date.
An heuristic Hamiltonian can be propoéed in which the coef-
ficients B4 and BB of eq. 2.8 are measﬁred experimentally.

This is the "Spin Hamiltonian! for S-state ioms.
B P& 0 45 - 0 _ 4 .
H = gglf*S + B,(0, + 50,) + B (0, - 210) + T-K.3

* ghﬁnéﬁ*-f. 2.13

&

.g&ﬁhg is the Zeeman effect of a magﬁétic dipole.g&jj= ﬁe

i/

in a magnetic‘fiéld. There is also a nuclear Zeeman term
_gNBﬁfmT which is small compared to other spin Hamiltonian
terms but is kept in order_fo devise nucléar wave functions
required to explain the hyperfine interaction (see Chapter
I11),

An interaction between the electrons and the nucleus
is-called the hyperfine interaction,  This .interaction is
~essentially a spin-spin interaction as eq. 2.12:. An s
electron has a finite probability of being within the

nuclear volume giving rise to the Fermi contact term
. I 5
(81/3) gBgyBy 8 (¥, -t ) I.5.
F. J. Milford (1960) has a simple derivation of this term

in the American Jdumnal of Physics.’

The spin-spin term of the hyperfine interaction does

not predict as large a hyperfine coupling tensor K, which
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is a constant for Eu? as is . measured in experiments.
William Hayes (1963) accounts for the hyperfine interaction
as resulting mostly from the Fermi contact. term of un-
paired s electrons density at the nucleus, In Eu all.the
s electrons are palred, thus no hyperfine splitting should
occur. It is thought, hawever; that the unfilied paras
~ magnetic sheil will poiarize the s electrons.by exchange
interaétions such that one of the pair will have a greater
electron dénsity in the nucleus than the other.- The hyper-
fine interaction is included as a;spin Hamiltonian term
‘and A is measured by experiment (Baker, Bleaney, and

Hayes, 1958).

Fine Structure ~

Taking the Hamiltonian

- o 0 ~4 0 _ 4
H=g ”H§ + By (0, + 50,) + Be(0g - 210),

the crystal field dominates wheniﬁgis small and group
theory predicts a zero field splitting. Replacing the
operators 0 by spin operators in’a standardrrepresentation
as given in Table II, '‘and evaluating ﬁatrix glements be-
tween the basis of the representation, ]SMS>, an eight

by eight martix results. The matrix has four distinct

"diagonal elements. <S,M|Hcf|S,M@§= <S,fM|HC£lS,~M>, a
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result which stems from Kramer's theorem (Tinkham, 1964,

- page 143.) For any halfrintegral angular mbmentum system
an electric field of any'éymmetry can at best remove de-
generacy such that each new leveliis of even degeneracy.
This-is because an electric field results from a time re-
versal symmetry., The matrix 'can be written as two four
by four méfriceé along .the diagonal, The cubic field

operators 0 daly have offwdiagonal elements between M and
4

M *4 by virtue of the terms Si and S°. By an interchange
" of rows.and columns the 4 x 4 matrix becomes two 2 x 2

matrices along the diagonal.

_ Figure 2.3
+7/2 - ox1/2
27 /2 (Zb4+bé) ‘ 35Cb4“356) 0 0
x1/2 35(b4v3b6) (9b4—5b6) 0 0
;5/2 0. 0 (—13b4—5b6) 3(5b4+7b6)
+3/2 0 0 3(5b,+7b¢) a(—3b4+9b6)
¢
where b4 = 60B4 and b6 =_120B6 of eq. 2.13.

By -diagonalizing the above matrix the eigenvalues of

energy are
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E, =.14b4'v 20b6’ M = %5/2,
E, = 2b, + 16b,, M = 17/2;
E3_‘=_2b4 + 1636, M= 23/2,
and E, =_n18b4 - 12b6, M= 2x1/2,
The EZ and E3 levels are degenerate, and'since each level

is twofold degemerate because of Kramer's degeneracy, two
twofold degenerate levels and a four fold level are split

by a zero magnetic field Hamiltonian.

Figure 2.4

_.Zero Field Splitting

el
| isﬁz_r;7\ (2)
ey i
S7/2 8 i7j?i 21/2 450 (4)

~. 1/2CEy (2)

If a magnetic field is introduced such that the field

is directed along the z.axis of the ¢rysfa1 field (*x, %y,
+z are equivalent z axes) the spin Hamiltonian is

b 4 bg

H=g @J?'+ _4 [02 * 50,
60 1260

4
6)

a0
(Q6 - 210

@@gﬁ;)the{@hgnetici@ield is small the states are perturbed

A .
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by Hq =LgB@SZ.which.Temoves the memaining degemneracy.

In the strong field region, the crystal field term
is the perturbation and the eigenfunctions belenging to
S, are perturbed by

b ) _
4 50
vV = — (0, + 50
cf 60 4

bg

1260

4

4
1)

0 ..
(0g ~210g). 2.14

-+

Figure 2,2 displays the splitting as a function of the
field strength H. '
The eigenvalues of H when considering eq, 2.14 as a

small H H, %% gBH are

17
: <M|H, [M'><M'[H, M >
_ =0 R 1 1
%M,— %g@+,<M]Hl]M> + 21 IR 2.15
M Ey = By

- with

By = <Mlgefis > = gppM.
Ci\» v . -
The eigenfunctions belonging to SZ are.]aSM>{4ghese are
shortened to |M> within the manifold S = 7/2 for Eu ions;

~7/2 <M < 7/2, The resulting levels are
™ 2
: 35(b4—3b6)

By, = *g8H(7/2) + Tb, + bg: T 2.16a
‘ FEb
IF] - 3(5b4+7b6)2

Big/z - *8HH(5/2) - 13by-Sbex , 2.16b

4gath,
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%

- VA :
( : ¥z (r 2 7
E = +gBH(3/2) -3b, + 9b, +.>(5b *Tbe) 2j16¢
+3/2 ~ TO% 4. 6 H
; 4gBH )
and
2
‘ 35(b,-3b,)
_ . ) . 4 6 2.16d
Eyqp = *8BH(1/2) + 9b, - 5bg * — 0y

Angular Dependence of Fine Structure.

When the cbordinétés‘x,.y, and z of the crystalline
field do not coincide with the vector externai magnetic
field, the vector products of eq. 2.13 must be written in

a common coordigﬁ?e system. In eq. 2.13 it is implied

LY

that the coordinate system chosen is along the three equi-
valent crystal axes. Maintaining this coordinate system,

o SN
the sscalar product§E§§ becomes
Ly . = . — _
S = + ¥ Sind + .
HES H(SX sin® cos¢ Sy 51n9(§%9¢ cos6 )

In the experiment the magnetic field ® was always at
right angles to a (100) axﬁ%hof the crystal. In the cal-
culations the rotations are always in the x, z plane; thus
the azimuthal angle ¢ is zero. The terms of the matrix of
figure 2.5 times_g&Hﬁare the matrix elements of H of eq.

2.13. b!

1 and bl

6 are.respectively b4/gBH and




-7/2 ~5/2 -3/2 -1/2 1/2 3/2 5/2 7/2
-7 | Tb,+bg [7/2 sin 8 0 0 Y35 0 0 0
2 |-7/2cos 6 (bgy-3bg)
-5 |{7/2sin 6|-13b,-5bg 75
2 ~5/2cos 6|J3 sin 6 0 0 (by+7/5bp) 0 0
) 0 J3 sin B |~3b,+9bg |{15 sin © 0 0 175
2 -3/2cos 8| 2 (by+7/2bg 0
~1 0 0 J15/2 9b,-5bg |2 sin © 0 0 Y35
2 sin O -1/2cos 6 (by-3bg)
1| 35 9b4-5bg |15 sin 6 0 0
2 | (by-3bg) 0 0 2 sin 6 1/2cos 6| 2
3 0 [75 75 sin 6 |-3b,+9bg |{3 sin 8 0
2 (by+7/5bg) 0 0 2 +3/écos G
5 0 0 {75 0 0 {3 sin 0 |-13b4-5bg|{7 sin ©
2 (b4+7/5b6) 5/2 cos 0| 2
2 0 0 0 J35 0 0 V7 sin 6 |7b,+bg
2 (by=3bg) 2 +7/2cos 6

Figure 2,5

0¢
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'b6/gSH[3 the angle 6 is the angle between a (100) axis of
the cf%stal,-chosen as the' z axis ‘of the coordinate system,
and the magnetic field %ﬁs The resulting matrix is‘disﬂ
played in‘Fig.-Z.S,\ |

An approximaté»diagonalization of this matrix usiﬁg

perturbation techniques can be used when H*

?OA<< 60 gauss,

—

Using a much larger field, wy; it is possible to treat the

crystal field as a perturbation as in eq. 2.16; however,

a vepresentation written with the z axis along the H, di-

" rection is then necessary: In this case the crystal field

operafors 0 written in the cartesian form for the spheri-

cal harmonics will transform as
X -+ X sin © +SX sin § + ———— sin 6

and’

"z > z cos 6 > SZ cos®
where again all products of SZ, S,, and S_ must be symme%
trized, This-has been done for the operators 02, Oj, Og,

Og of eq. 13, (Stevens, 1951 and'Jones, Baker, and Pope).
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~Table 2.1

Jones:, Baker,and Pope (1959)

°©.,3 “5 52 885 g b
0 g -—. L’ =5
4 8 Qﬁ * 59 rh‘s 04
1 ~
0,2 ~+ (q\%\o4 <\§\042 P2 04‘) ‘cos 29 l(-l 0,1 +.2.0 3) sin 2¢

4 1 ; . R .
04 - (.§‘04° 5.%.042 +.%.044) cos 4¢ 5.1(041 5.1043) sin 4¢

N 105 , 2 _ 63 0% ~ 231 066

_ =50 _ 1065
" 16 % 7% =16 0
1 40,17 4 2 4 ~33 6
> (33“06 + 35067+ = 3 0, 0 ) cos 26

1 1 9 3 33 5 .
T 6 +'§ 0 + _.8.\06 ) sin 2¢

/\

4 1 0.5 2 .13 44 _ 11 6)
0%+ (~.1 09 ~2_0,%+=20
( 6 5 6 16 6 - 35 6 cos 4¢

. 1 .

(3
6 1 0 15 2 3 4 1 6
0g" (""‘06 ~ 55 06" + 0% - e Og ) cos 69

The Hamiltonian with an angle'e between the crystal axis
and the magnetic field (chosen teo be the z axis of co-

ordinate system) rotated about the y axis is
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o S ol o § ok - 35 od v st o] - 4 0
* %—Oj)cos 40 - i(0; - i0;) sin 401} + D6 _
B Ly 1260 |
Xﬁ%?ﬁ - 1202 - 82 of - % 02 - 210 (-7 O
" 1—2\6‘6‘ - 75702 cos 46+ i(% 0} +&>og’
- 12 02) sin 48 13 | 2.17

Tables_givinglthe values of the matrix elements of
the OE 's arglgiven by Léw (1960) and Drumheller (1969).

A concluding note to give further insight into the
fransformation éf the Og fs.follows. The Og's are a

.. . . ./’ﬂ)+ - . .
linear combination of Q~§\ and OE which are spheri-

-

cal harmonics written in symmetrized operator equivalent
form. The common numerical coefficients are‘not included.
On rotation the sphericél harmonics Y% are transformed
into linear combinations of the spherical harmonics be-

longing to the same manlfoldk%

Y(waf7 chm¢y 2.6

B R ENCIV SN 3 S e AT R e e -

T s
~'“ The transfommatlon matrlx whose elements are the Cmn ‘s is

e — e ——
e Y P

- et

\A—/\_/ -

unitary. This matrix 1s the operator
1o (5.7 K A
e 10 ( “)\Jg R(¢) |fm> 2.18
2‘ “

E!

;)
¥
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Table 2.2

Jones, Baker, and Pope (1959)
Baker, Bleaney, and Hayes (1951)

Form of Operators Onm

= 355 4 < $30S(SH1) ~ 25)5,2 <68 (s+1) + 352(s+112.

(=]
N
I

: : e , 2 ‘
4 %1{7322 ~ S(S+1) = 538,248 23 + (542+5.2){75,%<S §s+11$5}],

' 4
0, = Lesgt + 5y

2318,° = 105{3scs+1157}s 4 4. {10582(S+l)2—~5258CS+1) +294}8,2

o
o\
o
1

ass§(s+1)3 = 4082(S+1)2 ~ 60S(S+1)

042 = £[{335,%[185 (5+1)+12315,% (S+1) 2+108 (5+1)+102} (5,2 + 5_2)

4

+ (5,7 + 5.21338," ~-etc.}]

F[1118,7 = s(s+1)-38} (5% + 5.%) + (5,4 + 5.%){118,2-5 (5+1)~38}]
1 6 6

oo =2 5,8 45

3. y{s (g3 3 3,43

0,° = (_4){52(3 L8+ (87 + 8 )sz} _

0g” = %;{.[11523»—35 (S+1)S,=595 ] (s+3 + s_3)+(s+3+s_3) [11323_
p -38(S+1)8 _-59s 1} |
4’

.H{I35s \5~S/3<3os (s+1)~15>+s@<552(8+1)2—105(s+1)+12>] (s, +5.)

Ry
+ (s, +8 )[353/2 —s 3<303(s+r) 15>+5, <552(s+1)—105(s+1)+12>]}

o
o)
N
[}

04t = i {[7536, ~35(s+1)sU.—~s/Z] (Sy + S )+(s+ + S )[7s (s+1)s/ s(]}
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¢ is the angle. of rotatiqn;,jj the angular momentum opera-
tor and ﬁ a unit véctor‘acting as the axis -of rotation,
(Messiah, 1964 Appendix D, Section 10 and Chapter XIII).
Geltfand, Minlos,~and'8hapiro (1963) deriyve this operator
in terms of Euler angles, The solutien is the Generalized

Spherical Functions which are also. used in Chapter III to

.explain the hyperfine interaction. The function is derived

in. Appendix A.
. 4
Baker, Bleaney, and Hayes (195@} have used first
order perturbation calculatiens to f£ind the angular de-~

pendence of the fine structure energy levels, In eq. 2,16

the: follow1ng substltutlons are made to show thlS depen-}

P e — e — e R NS, .

degnpe (Bleaney, Baker "qu/Hayes, 1958)

e

b4 -+ b4 p; b6 *be q | 2.19
where | |
P = 1«5(22m2 + mznz ¥ nzgz)
and
q = ——{11\2 252 . (£2m2‘+'m2n2 + nzz?) + %T}' 2.20

In eq. 2,20 (&, m, n) are the direction cosines to the

(x,y,2z) axis. In spherical coordinates

b

sin 6 cos ©

=]
u

sin ¢ sin ¢
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and
n = cos 9,.

T T e T e, ‘ L .
Since 'the. rotations ; of the experiment are made in the
) e T T

X«z plane, the azimuthal angle ¢ is 1/2 thus

_ 5 .2 . 2. 5 L2
P=1- 7 Sin 0 cos™ 9 = 1 ~ 15 Sin 26
_ 4. 21 . 2
q f.l ~ —g sin™ 20,

The angular dependence of the difference between adjacent

levels (since transitions ' between these lévels ‘Were the
) e

[

Bt T e,
experiment, the differences
N C e Sl

S g -

measured quantiﬂ%ﬁiiiii@%? e
AM *1 are plotted rather than the energy levels themselves)
is plotted in Fig., 2,6. '

When © is zero thé fine structure transitions of
eq. 16 are plotted in Fig, 2.2 when the energy difference
between AM *1 levels is 0.33 Cm—1 in energy (the 10 GHz
microwave energy). This figure shows the location of the

‘high field splitting of the fine structure levels which

result from eq. 2.16.
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Figure 2,6

The angular dependence of the fine-
structure spectrum rotated about a (100)
axis.




CHAPTER III

THE E. P. R. EXPERIMENT AND THE HYPERFINE INTERACTION

Magnetic Resonance

The principle of magnetic resonance expériments is
the Zeeman effect. In this experiment a gyromagnetic top

is placed in a magnetic field. The interaction: between

the magnetic moment

3.1

and thé magnetic field calises a Larmor precession of the

‘top. nJ is the angular momentum of the top. The torque ..

. - . . . .
on a magnetic moment- -y 1in a magnetlc field is

T= ZxH
From mechanics.T = é%i, thus
)

S-S =T 3.2

dt

Ny
N

The solution to this equation, where H is constant and the

g - > T ..
angle between u.and H nonzero, is a precession of frequency

(—D>0='Y—H>’ 3.3

0

The energy levels of the paramagnets<of eq. 3.2 are

fixed, depending on 'the component of U in the direction of
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Y

by

e
T= -M.H, 3.4
= :

If i 1s not a constant but is perturbed by a weaker mag-
. - :

netic field at right angles to Hy, the perturbing field

N

H1 will appear to average to zero from a reference frame

‘ . ->

rotating at the Larmor frequency. When‘H1 is also rota-

ted, it .will have an. average life-time as an effective

field whén the rotation is close to the Larmor frequency.

When the two frequencies are the same, resonance occurs

~gilving rise to the name magnetic résonance. From the

-

. view of the rotating reference frame, when H; is in re-

1
sonance, the'field ﬁO appears to be zero and ﬁi now wi11
éause a precession of ﬁ about ﬁl changing the eigenstates
of 3 to o£her combinations within the manifold of 2J + 1.
" These transitions both absorb and emit'ener@y to the
system maintaining ﬁl‘

The coordinate system is selected such that z is
_ alérig the magnetic field HO and the perturbing field is the
magnetic component of sinusoidal microwave radiation. The

Hamiltonian 1is

H=H +H | . 3.5

. . . . ‘ :
where HO is the spin Hamiltonian, which for the present

discussion will be the electronic Zeeman ferm
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Hy = g8H'S = .86H,S, . 3.6

in the representation of Chapter II.

Hy = géi{"S - 3.7
and
. N N

“Hp = Hy cos wt. : 3.8

The probability per unit time that a paramagnet initially
in state |m> will be in state |m'> from time dependent

perturbation theory is

2 q mm' 2
Wome = 4B HRSES T [ Cg(v) 3.9

If the spin-lattice relaxation mechanism keeps an ex-
cess of the paramagnets in the lower energy stateé the dis-
tribution functiqn_gﬁ&j will be Loretzian,

n 2T

2
N2

S 3.10
1T, (2m) Cvo -v)

gv) =

where T, is the characteristic spin-lattice relaxation
time introduced into the Bloqﬁyequation (Pske, 1962).

In .2 sample with a largé%number of paramagnets, and
~given a time long compared to the relaxation times, the
probable number of paramagnets at an energy Em =ﬁi§yﬁ is

~governed by Boltzmann statistics,
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N f“e—Em/kT

0 e
when ”
. SR Y
B << krT; N o1 gBlm/kT ©
n, Nj 2S + 1
Then

N, . 2KT (S + 1)

From.eq. 3.9 -the operator

_1
Sy = 5 (S, *+ S.)

o W TEazkT 30 S imsS

3.11 -

3.13

3,14

. _ ‘
requires selection: rules Q¥%= +1, That is the only tran-

J O

sitions between energy levels'differing by l&&ﬂ= 1 will be

stimulated by the microwave radiation. Since the lower

states are more populous -
AN ='NO gBH/2(S + 1)KkT,

more. simulated absorption will occur

emission. If the microwave power is

vent saturation, the line shape of eq.

Saturation occurs when the radiation

3.15

than stimulated

low enough to pre-

— S

e .
10 will occurs
N L L

3.

is intense enough to

equally populate both levels. When this occurs the ratio

between microwave power absorbed by the sample and power
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available is mot linearly related to the population of
paramagnets occupying the energy levels. The intensity
of a resonance line will be controlled by the matrix

<M' S |M>

An accurate measure of the intensity will be the area

under the curve Wy

o]

=
Il

1
ettt s M2 | gy

-0

i
1

vl‘ ’_2 !
r
[ger, [s ™| 1. . 3.16

Figure 3.1 is an.actual plot of the absbrption of micro-
wave power versus the magnetic field for Eu'' in CaF,.
The six large lines are the AM = 1/2«~ -1/2 transition
when a (100) crystal field axis is along HO' The small
satellite-lines adjacent to the six major.lines‘are.the
mutual spin flip with fluorine nuclei discussed by Baker,
Hayes, and O'Brien. (1960). The overlap of these lines 1is-
virtually eliminated at very low temperatures since the
more uniform local fields sharpen the line shape function

~g(v). The existence of six lines depict the further

splitting of the M = 1/2 and M = -1/2 levels by the
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H 7 (100)
} } ‘ } t
3450 3500 3!550 3 LOO 35S0
gauss
Figure 3.1

The direct absorption at X-band for AM = 1/2 +> -1/2,

H 7 (100)

s e |
~A—Ah A M

) ] { 1

———

v T ¥ ]
34s0 3500 3550 3600 3650
gauss

Figure 3,2

The phase detected AM = 1/2+>-1/2 absorption with field.
modulation.
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hyperfine interaction, which will be explained later in
this chapter.

The method for producing the microwave frequency
s

_magnetic field{ﬂ& perpendicular to %%.and of detecting

absorption is detailed in Appendix B, It is noted, how-
ever, that the spectrometer measures the dérivative of
the absorption lines not the lines of Fig. 3.1. Figure
3.2 is a display of the microwave absorption detected in

this manner for the same AM = 1/2 <> - 1/2 spectrum.

The Hyperfine Splitting

The smallest energy spiitfing measured  in the experi-
ment-was the hyperfine interaétion. The HamiltOnian of
an electron. in a magnetic field ﬁ, is derived from a
vector potentiai. This discussion of the hyperfine inter-
action is well-treated by Milford, 1960, and is reproduced
in Appendix D. Another spin -Hamiltonian term is introduced

into the phenomenological Hamiltonian of Chapter II
> .
H(Hyperfine) = % . X . § - 3.17
>

where X is a symmetric tensor of order 2. For Eu impuri-
>

ties in fluorine crystals, R is also isotropic and

th =AT .3 S | 3.18
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The spin Hamiltonian is now

b b.

H = gaff-§ + 24 (0§ + 505) +—r— (00 - 2104)
60 1260
+ AT:S +-gn8n T%%?, | 3.19

the last term being.the nuclear Zeeman term.

For Eu the basis functions mnow included the nuclear
function Belonging to 12 and I, .. Note, the nuclear spin I
is 5/2 for both isotopes 151 ahd 153 which occur in abun-

dance.
I =5/2; -5/2 <m<5/2 ‘ ' 3.20
If a product wave function |
v o= YYo= | ySM>| Im>
is used as a basis with respect to some common z axis,
¥ = )%@m; S and I implied, the matrix formed from H of
eq, 3.10 and the kM;m>'s having selected a coordinate

system, would be an 8 x 6 = 48 matrix.

Calculation of Core Hyperfine Field

The ‘48 by 48 matrix can be diagonalized numerically
for specific orientations of the crystal axes. The dif-
ficulty of this method can be reduced when the crystal

field parameter is small relative to the Zeeman term.
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Drumheller and Rubins (1964) have used perturbation theory
to approximate the diagonalization when B4 is very smallf
For rather large B4 such as is found in Eu+f in cubic cry-
stals, this method may only be successful for very high
external magnetic fields. It was found that a microwave
frequency of.55 GHz was too great to allow clear resolu-
tion- of forbidden transitions of Eu' ' hyperfine lines in
fluorite crystals. Perturbation techniques can be used to
diagonalize the electronic 8 by 8 matrix when the wave -
functions of the spin Hamiltonian is written in a represent-

ation of the product of the eigenfunctions of I and S.
= y® 4 G5 .2
“li\:/['?,m %ﬂ/ ¢m e . 3.21
For this purpose the Hamiltonian 3.19 is written as
HE H® + B+ g 3.22

where the electfonic hamiltonian is

B = a3 ¢ L 0] + 50 3.23
: 47%)
60
In eq. 3.23 -the.order six terms of eq. 3.19 have been left
off. K Th terms are small and need only be included when

/\"/‘

energy levels are being computed. The nuclear Hamiltonian

e T
[ oy Sy .
‘«fn ST S e e T e b

o e g R

% ' : o
b, about 1/2 when A is about&ﬁ$0 X 1“"*cm.{; .o

. e T
e e 5. - Lo
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haying eigenfunctions ¢(ﬁ)is_

H' = g8 A1 3.24

In eq. 3.24 quadrupolar terms are also left off. The term

which couples the eigenfunctions of H® and H"™ is the

hyperfine term

" = AT . 8, 3.25
It is because of the coupling term eq. 3.25 that the nuc-
lear wave functions ¢£M) afe-written és dependeﬁt on the
electronic state ‘indexed M. The fine structure levels of
Chapter II are the

By Swpr o= <% 1EC 1Y, S ' 3,26

of eq. 2.19 with the.angular correction of eq. 2.20 in-
cluded. The TMe‘s are the functions which diagonalize He

Using the representation of eq. 3.21

e

=EM

M'm'> 8

v
5

< 1Y M

AV

e ' M) %y, (M _
ra<ty 181y, o> - <o )L§i?m*£v)> 3,27

rg 80 <o, WD 1T1e O 5o

If A is small such that A(EMe'- EMe) is much less thanvon%Q

&

27

/&%>is possible to set M = M' in eq. 3.37 and not lose

|

(s
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accuracy in the hyperfine'term.* Thus the spirit of the
calculation implies accuracy to.1%. Then to find the
edigenvalues of nuclear energy E(M)m and the eigenfunctions
¢m(M2 the 21 + 1 matrix of H} must be diagonalized. The
prime of Hﬁ refers to the dependence of the set'{¢m(M)}

on the electronic states.

The second.term in eq. 3.27

B o <oy, Mo, M0 5.28

n - Aew® ~.e
MM,m.'m - IA‘<lP M1§l"~}’

and the last term of eq. 3.27

. a0 M M
AHﬁMLm'm = &pByf 1'<¢é )|fl¢mg ) 3. 2%

can be combined.te a single nuclear term where M = M'.

Thus egs. 3:28.and'3.29 become
) g ey Cuf. Tl s MY
< [lgpBH e Ay P ISR T ey,

A
&n8n

The <W§|§|Wﬁ> has ‘units of magnetic field. It is

termed variously as the "induced'". field, the core hyper-
fine field and Bir's effective field after G. L. Bir (1964) -

who originglly: developed the theory. The "effective"

* ' = ‘ - " . )
" For Eu'" in Can, A =.34 x-lO'4 cm 1 and'EeM - EeM is

about 0.3 cm T,
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field as seen by the nucleus then is

/é}”f §%n<¥§|§lfﬁ>@ 3.30
The field direction and magnitude depend on the electronic
states Yy which have an angular dependence in this re-
.presentafion on. the crystal field orientation. Physically
one views thlS field as belng the magnetlc field the
nucleus sees because of the orbltal electrons The total
field at the nucleus isiﬁ% =Lﬁé£f + ﬁo, the vector sum of
the external field and the effective field. For A =

-4

34 x 107% cn”! and nuclear magneton B = 5.03538 x 10724

ug/G
and the.spectroscopié splitting factor‘gn is 1.44 for

151 153

Eu and 0.637 for Eu

151

, we have thenjﬂeff = 92,700

S » gauss for Eu 153.
M. MfJ

When the experiment on Eu

and 44,500 gM,M“gauss for Eu
151 45 done at X-band (v = 10 GHz)
the external magnetic field is about 3,600 gauss for the
transitions M = 1/2 <> -1/2 Which.are.of most importance
to the experiment. ‘Thus the external field is less than

% of the induced field. In this case the induced field
will dominate as the quantization axis of the nuclear
Zeeman effect. |

When an electronic transition occurs the efdective .

field changes both magnitude and direction such as to
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rotate ‘the effective quantlzatlgn aX1s(weff+w/Jweff+
The eigenfunctions in the rotated system can be expressed

H|= z.

as a linear combination of the set”{¢£M)} belonging to the
manifold of I. ‘The‘unitary transformation matrix which

represents a rotation is

gl - _
: [T‘mm (O‘,B’Y)]' =T

and transforms. the set of orthonormal ¢m's as

¢ = F I, - :
mo gy T (es8uy)e o 5.31

The specific form for this matrix Tim, is the operator

S

. : -1 -if Lo
R, (0) = exp[-ioF %] = e 1¥Jz ¢ 1BJx o 1oy 3.32 .

U is the. unit vector defining the axis of rotation in
3-space, 0 is the angle'of'rotafion about the axis and J

is the angular momentum operator. vExpressing the arbitrary:
rotation in terms of Euler's angles, o is a rotation about
the z axis, B a second rotation about the new x axis then

Yy a rotation about the z axis of the previous .system.

These three rotations can be made equivalent to a single.
rotation 6.about U (Messiah, 1962). Gel'fand, Minlos, and
Shapiro. (1963) have found.an expression for this matrix

and expresses e—BJX of eq. S.S?xas the matrix

Ry =R(8) = [Pp 0 (39)] 3.33
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where uw is the cosine of B,.I indexes the manifold of the

21 + 1 matrix.

ivyJ Pad .

The matrix. of eq. 3l32; e 772 and ¢ *%z, can be
shown t0 be simply
eﬁlYJZIM> =.e-lYM|M> «  (Messiah,.1962) 3.34

The derivation of the matrix [Pmi-(h)] is shown in
Appendix A. The nuclear eigenfunctions in the representa-
tion which ‘has the quahtization axis shifted by differing

electron spin states then ‘becomes

M) _ N .

In eq. 3.35 the function cos 6 = ﬁ depend on the angle be=

tween the electronic states M, M'.
o o
= Cos (HM HM, )

(see eq. 3.30). This dependence then accounts for the

angular dependence of the hyperfine coupling; that is,

while Pmm% () is a rotation matrix in the space spanned
by the.nuclear eigenfunctions ¢£M), its argument depends

on the electronic eigenfunction Tme. Actually ﬁ depends
on the transition.between the eigenfunctions WMQ.
From eq. 3.27 the energy eigenvalues are

MM

W i Bl .1
B = Bg o+ g B [H gp+ K] 1 3.36
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The effective field can be substituted for the total
field in the nuclear Zeeman term, thus

M) - 3.37

EM‘— g B gl Heff .

n

The field'H[ ) can be calculated £rem eq, 3,30 and

becomes
. .S+ 'S
OM).= ey .+ «. e
a) H_ e <$M]~w—zf—— ]£M>
o A oS, . 8 '
b) HﬁM? =' —E—E <£§l——,—:;ri I$§>
-®n"n " 2.
m _ ' e
C) HZ "_fEPE—f <£MISZIWM> . ) 3.38

n"n

From Chapter II when the crystal axes are rotated in

the x~z plane by an angle 6, the electronic wave functions
. become

<MV Mt

0 -
1

|wﬁ> = |M> ol M'>

\ +2’z <k]V1]2><z]V1]M>
k 2 (E —Ek)(E HE)

+

‘<M|V1|M><k[V%|M> 1 | 539
By Ey )
where V, is the crystal field interaction of the fourth

order sphérical harmonics.
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b, 3 5 g 5 5 ,
Vi s — {(~+ — cos 40)0,; + (- = — ces 4610,
60 8 8- A2
+ (32 43 cos 40)0) ~ 51 sin 400 « 205} 3.40

4

The sixth oxrder harmenics are'ngt included because of the
small value of b6*{ In eq. 3.5b;the |M,m>'s are the |M>'s
which are the eigenfunctions of SZ when the magnetic field
is selected as the z directlon.

In order to calculate the energy levels directly from
perturbation theory the entire spin Hamiltonian of eq. 3.19
is uged with product wave functions M,m> used as the repre-

sentation. In this calculation the perturbation V, is the

1
crystal field plus the hyperfine interaction. Again as in
the induced field method the nuclear Zeeman term is left

off. With the hyperfine term written as

—->

AT 2 : A
tht_ AL.S = A{IS } + %5 (8,I +S.1I,), 3.41

and the crystal field interaction as eq. 3.40, the energy

levels are calculated from second order perturbation

theory
\ 12
<yt e Hy [Myme |
B =0+ <M,m|H, [M,me + §r [SMLMUTLERTT
M,m M,m ? 1 Mfnt O . gY
B S Mm "~ EM o
"5 = 0.5x70° el b= 55x10°% ! or b /B, 0,99%
6~ % € e Py 6/ P4 V77"
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Withfll +Heff +}1hf from eqs. 3,40 and 3.41 the energy

levels of eq. 2,16, M, m leyels hecome,

' 7 T e o 7
a) Ei7/27m = ijigBH +.§.b4(3 + 5cos 8) t.be 2 > Am
-3 b42 .'.A: 2
+—7f moimﬁo—— (_—-vm * m)
' - .25 ' 13
b) EiS/Z,m =-3> g 8H - b (3 + 5ces 6 ). 6 2 %—Am

I+

o 33
c) MEiS/Z?m = 17 g BH .~ § b4(3 * 5 cos 48) + 9b, ZEEHE—

S 2. 5
+ = Am * ZEEH-ISC = m*) % 27 mf
1 35b,°
d) E+1/2 = 5 g BH+ 5 b, (3 + 5 cos 40) ~ Sb, *
ST 4g B8 H
+.l_'Am J: - mz + 31 m] 3.42
Ty Amox _ ”1 % .
_ bbb
Inzthe above expressions terms of order g8’ gBk: and
by 2

28N sin® 46 are not included in the second order calcula-
Itlon The above energy levels are accurate to the order
of perturbation for €.< 5° which is adequate for the
measuréments discussed in Chapter IV,

In the E.P} R. éxperimentithe energy of the photon
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exciting transitions between the levels of eq, 3,42 is fixed
and the resonance  condition is-achieyed by varying the ex-~
ternal field‘HO;. For the‘hyperfine'transition; excluding a
perturbation.equal to or higher than &M = *2, the field
where thé transition occuT§ is calied the line positiom.

These. tran31t10ns aref

= : oo 2

. o1y A2
- 3(5b4q+7b6) ° 7{7mv5m ) "'ZHO
(7G5 < n®) - 537 ~m?) 2 (m-19m)}
p) HM CH % biq = 14D, - Atsmesd) oA
D) Hy5pp,2372 = Ho * Pga = 14bg ~ Flom-3m) = fgg

54{5 (37?-_“1“2) « 3 (% ;sz .

=mm! _ : , Sl | 2
c) Hegyp 11/ = Ho * 12byq * -1dbg. Zﬁ6~£3(5b4qi7b6)
. | | ,
- 35(b,q=3bg) 0. ~ F(3m - m'),_%no
XE3(§% - mz) - é% + m? +(27m-31m') ]
2
= mm!- _ 35 Coan 22 Ay AY
d) H+1/2 +1/2 ’JHO.“ 7‘0 (bﬁqmgb6) " Zcm+m l;f-4H0
w350 2 2 .
x_[_—zi-- +m° «mtT % 31(m -mt)] , - - 3.43

In- the-above expressions.terms of order b6b4/H and [b)Z/H
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were dropped. ~ Also a small angle was assumed such that the
term of order (54)ZAH §in2f4e were not included.qfi:z:jz
q = 1/863 +. 5 cps 9) determines the angular dependence for
angies & < 5°. The allowed transitions of eq., 3,43 are
dispiafed as the deriyvative of the microewave’ absorption
versus the applied magnetic field; In the display of
Pig; 3.2, the angle.¢ is zero. Figure 3.2 is the diffe-
rentiated spectrum. Figures 3.3(a) through'(c), show the
transitions of Figufe 3.2 as the angle 6 is varied from
zero to five'dggrées. It can‘be noticed that the linme
intensities are a function of angle, some.lines being of
zero intensity at zero dgérees,

The transitions between the emnergy levels. occur. when

the intemsity, eq. 3.16, is other than zero.

I = g282%32|<M'm'|S ]Mnm|>2: 3.44
.. ;.1_ b (o
The operator Sk =<fg?(8+ + S_) induces transition which

follow the selection rules AM = + 1. The selection rules
are with respectlto the unperturbed eigenfunctions of Sz,
SZ.' If the wave functions of the energy levels were also
eigenfunctions of SZ, S,; the quantum'numbers S and M

would be said to be Ugood“‘qﬁantum numbers. The wave

functions are. expressed as a linear combination of the
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eigenfunctions of Sz, S, 5 therefore, transitions between
levels indexed M!' and M of eq, 3.45 occur when MY and M
do not differ by one. These transitiens are usually weaker
than those transitiens between M, M' levels differing by
one and are called “"forbidden! trénsitions. In the Eu
ion in fluorite crystals, "forbidden" transitiens occur
between levels indexed by differeﬁt m.as-well, and are
termed "forbidden hyperfine transitions. As can be seen
in Fig. 3.3, the forbidden lines can hévé.greater inten-
sity than allowed lines.

In the induced field mekthod, the wave functions M, m
are written in a representation where the product of wave
function belonging to He and those belonging to Hn' The
wave functions of Hn depend on the.electronic state
through the rotation matrix of eq. 3.:35," Then eq. 3.45

becomes

1 = q%efm A et oD |s M7 Gy 2

2,2, 2 M M, 2 My, M2
g 37H1.1<me |s ¥ > 17 <o o> 3.45

Note that this expression consists of two parts, the pro-
bability of an electronic transition

_mm!
W

I PR PRSI 3,46
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13
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(b) S

(CY, e

Hyperfine spectrum for AM = 1/2 +» -1/2,
Taken at room temperature, compare line width
with Fig. 3.2, 6 is angle between field

and (100 faxisy
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Substituting from eq. 3.42, 3,46 becomes

I\ M, 2 .
! = =9 \}l ZYRmme)l¢mb?l : 3.47
In eq.,3;47 the superscript M's-are mpw the same, the set
{¢mM} is an orthonormal set thus
gmt T o .
w = |P mm(y)l 3,48

The line -intensities of eq. 3.45.can be found using

5/2 3 Cu) matrix elements of Table.B.Z-(see.AppendiX A).
- .Table 3,2 ,
Analytic Form of the Functlonsl“f',Cp)]
. ““”.uu.““LBlrMand\SQchaya,“19643.QW\\_““W”ANUU
N ~ N \\‘\.\'\'\‘\,‘\ N NN W \\ ~NtNC \\ NN N N EANN
52,5721 |.123/2,3/2] |P1/2,1/2] 5 |P5/2,3/2|
T T 1+ 2_u- . 1- -
EHT e “)\c$2,“) GG L2 | ol d
F3/2,1/2 Fs/2,1/2
T 1-u 14+
GH2. @, S )2 10¢5 )2 G )3
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The argument of the PI m,ﬂ(p) s, y, is the cosine of
the angle between the core hyperflne fields of state M

and MU, The 1ndeces M and N are those of the corresponding

‘\A\‘_&

electronic part of the intensities of eq. 3.45, The
experiment to be described in Chapter IV was performed by
rotations of © about a (100) crystal axis, thus by choice,

the rotations take place in the x<z plane.

Hegs - Hess

Figure 3.4

Mo, MY
eff eff . 349

— Ty
Hege | Hoge |

BRI |

oMo M Moy M
- o By M B 3.50
sz,(M’)Z - (M szH 0z Ty cM')
H ‘
R RO R A e S R S A 3.51

when H /H_. is small a Tayler's expansioﬁ of eq. 3.51 sub-~
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stituted into eq,. 3.50 results in.

. My M oMM
= iTZT/IT L - —I‘;XM ~ HKM]] +o.. ) 3,52
IH;Q HZ | 2 H H :
Ty -z z

Substituting eq. 3,38 inte 3,52 and using TéM to first

' 1 .. 5 -
qrder2 only O4 1s present in the perturbation calculation

of HXM. In the calculation, a symmetrized S  times 041
results in an 0;0 and'042 combination.
Then eq. 3.52 becomes
. s 10 1,0 Y
MM 1 bysin 48 <M|0", |M>  <M]O 4|Mv>
oA [1age () ( )] 3.53
MMl “% 24ggH M M!

The values of the matrix elements of 004 are found in Low
(1960, page 18). The approximation of eq. 3.53 1is accurate
for angles less than 10° For angles greater than 101 higher
order calculations of eq. 3.50 could be made using TeM
calculated to highér orders.

Eq. 3.53 is greater for the AM = 1/2 <> -1/2 electronic
calculation. The intensities of the lines in this group,
therefore vary greatly as is seen from Fig. 3.3. Bir,
Butikov, and Sochara (1965j measuring intensities of the

M = 1/2 <> <1/2 spectrum

RS Sart e L TG e i e STl e

were able to verify the predicted

TS T e
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Figure 3,6 The AM = 1/2+> «1/2 h{gerfine spegtrum
with both isotopes Eu 1 and Eu in
Can, The magnetic field is 3° to a (100)
axis.
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intensities of this theory for some lines of the spectrum,
Namely the allowed, fm = %5/2 <+ 25/2 Am = 23/2 <+ 23/2
transitions and the forbidden Am & %5/2 <+ x3/2 and
Am = %5/2 <+ %1/2 transitions, Application of the theory
to other lines was not attempted because' they used an
europium sample containing both isotopes-lSI.and'153.
Figgre.Bj@}shows the confusion resﬁltigg in this case since
the two’i;otopes“have' different hyperfine coupling con-
stants, Stice and Worséncroft (1970) were able to Vérify
the theory‘for Sther lines in the M = 1/2 <> - 1/2
Eulsi.

In that same.

+

spectrum by using the single isotope
work the weaker forbidden lines Am = %1 in AM = *3/2<«>x1/2.
spectrum were found and the theory applied to show good

agreement. This was the first report.of these lines as

14

far as the author was able to ascertain. Figure 3§£¢wtj§
) . ey
is a display of the AM = 3/2 <> 5/2 spectrum which overlaps

the?éﬁfjgﬁzspectrum. In Fig. SX?LZi}the same spectrum
is- displayed when an angle of 2 1/é° was between the magm
netic field and a (100) crystal axis. Figure 3{%?@;}”15'
a histogram of the positioﬁ of the expected energy from
the theory, the height is relative to the expected inten-
sity and the width the measured line with at 78°K from

the experiment.
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AM = 3/2 == 5/,

AMZ) /2 w232 j

y i o,

> A ekt Aok

4 &\

5/2 o ¥ SRy M I o SOV =872

(b)
| | |l Il 1 | |
t t } }
2.7k6 2.8KG 2 9KkG 30KG

Figure 3,7 7PForbidden hyperfine lines in'the AM = 3/2+1/2
spectrum of Eu-CaF,. The doublet between
M=1/2, and M = 9%/2 was later resolved but
that between M = ~1/2 and M = 3/2 was not.
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Table 3,3 "

The line positioens. calculated for the
hyperfine spectrum of Figure 3.7,

Hcenter =,3547 = 726 = 2823 gauss, . the lines from

left to right of the M = 1/2 3/2 are:

5/2,3/2 = H_-108,3 - . 1/2; 1/2 = Hgel9,7 - =5/2,+3/2 =
5/2,5/2 = H-91.4  1/2,%1/2 = H_81.1 =3/2,-5/2 =
3/2,5/2 = H_~38.7 ?1/2,'1/2 = H.+41.4 -3/2,-3/2 =
3/2,1/2 = HC§76.9 -1/2,-3/2 = H_-5.0  -5/2,-5/2 =
1/2,3/2 = H- 1.3 -3/2,-1/2 = H_+75.3
3/2,3/2 = H_-55.5  -1/2,-1/2 = H_+15.6

HC+108

HC+38.6

H +54-
C

Hc+91




CHAPTER IV
ORBIT-LATTICE INTERACTION -

Chapter II dealt with the interaction of the para-
magnetic electrons. and the'érystal field. 'Chaptér IIT
then presented a theory which prediéted the intensities of
the E.P.R. transitions as functien of spatial orientation.
Both presentations assumed the crystal-lattice to be rigid.
That is, the‘position of fhe lattice -sites were assumed
to be fixed in time. Thexe is, of course, an internal
energy which is associated with the ¥ibrational-kinetic
motion of the ions. Several macroscopic phenomena can be
explained from the quantum treatment of these vibrations;
called lattice'Vibratiohs; The local surroundings of the.
péramagnétic ions in fluorite crystals’is altered in such
a wayéas to 'couple'" the quantized vibrations or phonons:
to the paramagnetic electroms. 'Thus, temperature changes
" will shift the energy levels and subsequently.alter the
E.P.R. spectrum as to line position as well aﬁ the‘intenéity
.of the hyperfine spectrum,. |

In this chapter appropriate corrections to the crys--

tal field.parameters will be proposed by an ahalysis of
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of the orbit-lattice interéctiqn. This interaction can be
imagined te Be'an interaction bétween.the quantized lattice
vibrations and the-paramagnetic electrons.

The potential energy term or binding energyjéf a.peri-
odic crystal varies as the lomns in the.crystal are displac«
ed from equilibrium by a displacement.as% of the sth ion
in the 2th unit cell.' The potential expanded in a Taylor's

series 1is

j ) j
V=vy_ +5% uld, ( Dot ) y J
O sy B ¥ o uSJzo sst,8t,53t ° %
a3 . 2
j! 7.V
X u_, o )
L& 0
S = ou Jzau ,J X
. & j! "

where u 3 refers to the jth cartesian component of u_j.
The cubic term in the binding energy expansion is the an-
harmonic term and it acceunts fer the first exder cérrecs
tion te lattice expansien which would be zero if only har-

monic corrections were considered. The effect of
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anharmonic forces as. explained by Ziman (1965) feollows:

"As the temperature rises the amplitude of the

lattice yibratlens increases, so that the aye~

rage R.M.S, values oflthé,displacement.usﬁ etc.,

increase, The anharmenic terms contribute to

the free energy of’ the crystal, which is now mno °

longer necessarily a.minimum.fer ¥ibratiens a-

round the assumed tequilibrium'. configuration

in whiech each ugg vanishes.. The. whole crystal

then expands (or contracts) until it finds

the volume where the total free energy is a

minimum, " '
In analyzing the temperature dependence, corrections for
lattice expansion will be made as if it were an independent
effect from the harmonic term, This assumption, that the
effects can be separated, is-then based on the assumption
that a Taylor's series expansion is valid.

In Chapter V corrections for the anharmonic term will
be made from measurements of the dependence of crystal-
field parameters on hydrostatic pressure. Then the crystal

field will be expanded as a Tawgor's series in terms of the

ion displacements. As a further simplification it is as-

sumed that only.nearest neighbor ions will contribute to a

crystal field, thus upon replacihg'the displacement variables
with normal mode variables only the Zj normal modes of the
XY, functional cell will be considered. The normal modes

will then be written Iin terms of phonons by quantizing the

harmonic oscillators and a simple Debye model will allew
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averaging which will predict a temperature dependence.

To effect these corrections a quel based on vibra-
tions' of small amplitude is adoptédl The binding energy
of the. crystal, which is assumed te be a functien of the
positions of -the ions; is‘expahded in .a Tayler's series of
displacements from equilibrium of the tens. The equili-
brium state is that where no unbalanced force would be
acting on'ihe ions. The expression to third order terms
is eq. 4.1. The zero order term is constant and, can be
ﬁeglected as long as -the crystal remains intact. The first
order term is zero from the definition of equilibrium. The
quadratic order term is called the harmonic term and approxi-
mates the deviation from a rigid lattice by considering a
restoring force which varies linearly with displacement.
The harmonic motion of the ions will affect the crystal-
field seen by the paramagnetic ions. The crystal-field
should not be confused with the binding energy of the cry-
stal. The crystal-field is measured at thé electron of a
paramagnetic ion from a coordinate system fixed to the
nucleus of that ion and is given in a simplified system
which only considers the effect from thé nearest neighbor
fluorine ions. |

Again, as in Chapter II, the classical solutioen of the
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electric potential energy of the paramagnetic f electromns
of Eu interéctipg with the - eight ligand flugrine ions which
are the nearest nelghbors- is expressed in terms of spheri-
cal harmonics |
Vo= ozo % r Xy ™ ‘Yf—‘:m\ (9 4> ). | 1.2,
C & 350 m=p © K K Tere '

=0

In eq..4;2-ze means. the summation over all £ electrons each
being positioned at' coordinates (Te,ee,¢e). Further sim-
plification,is obfainedfby assuming point charges for the
fluorine ions. This assuﬁption~n¢glects covalency and over-
lap which, while they-are not.neglegable, are at least a |
lesser effect for deep-seated f electrons than would appear
in fransition metal ions (Simanek and Huang, 1966); As- .
suming point charges'in eq:. 4.2 thé coefficients

m
~ele . Y p(©9idi)

1 Riz+l 20+l

Il ~10C0

Vi = ;
where the ith fluorihe-ion,is located at position

(Ri;Qi,¢i) and has an effective chargeje'. This'potential
energy results from a solution to the-point charge LaPlace:
equation solved-in terms of Legendre polynomials subsequen-

tly expanded to the solution of .eq. 4.2 and 4.3 by the

addition  theorem for sphérical harmonics (Arfkemns, 1966).

/r.
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The position of the fluorine ions (Ri,ﬁi,¢i) of eq. 4.3
is not constant. Because of lattice vibration; which are
assumed to beﬂhuch.smaller in magnitude than Ri; V.. of

eq. 4.2 can be expressed as a Tayler's. series in terms of

the cartesian coordinates of the ionic displacements qj,

V. =.2-.2 .% '{v.ml +. ¥ IQ'VQ?. ) di + }
¢ imser 20 Jaaaot, 70
x 1t Y (8, ,0,) 4.4

In eq. 4.4 ulj refers to the aj th component [aj = (x,y,z)
as j = (1,2,3)] of the displacement of the i ion. In the
XY, functional cell there are 27 degrees of freedom; that
is, the motion of the complex can be described with 27
linearly independent variables. The choice of the cartesian
(x,y,z) components of all nine ions could be exchanged for
"normal'" coordinates of like number 27. The subscript 0

of eq. 4.4 refers to the value of these functions at zero
displacement or at Rio’ the equilibrium position. The first

term of eq, 4.4 is then the rigid lattice crystal field

.

+ is-called

presented in Chapter II. -The term linear in dj
the orbit-lattice interaction following Van Vlieck (1939).

The orbit-lattice interaction
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L % ..aym_x_ L ym
VOL :;z'~z ) == o "Te”Yg Cee¢e)- . 45
Ceman 5 vwy o TSR T '

' is now expanded in terms of the nogmal medes’ of XY¥g using

the chain rule of differentiatien,

" 4 - — j .
d qij k.2 ak 9 oy

The q's-are the normél modes coordinates and Vm2 from the
point charge model is given by eq. 4.3,

The ground state.of the Eu-ion is an 857/2,- As poin-
ted out in Chapter II a Stark effect of an-electric field
and S state‘-system does not exist. It is throﬁgh admixing'
of higher order state5 into the ground state that a crystal
field splitting results. Similarly, the orbit-lattice
interaction will add: to the éplitting by admixing\higher
order states into the ground state of several 4f electroms.
Because the excited states of Eu are.separated by karge
energies the perturbation.of the orbit-lattice interaction
will be calculated con51derlng only the coupling of 6s
orbitals. into thé 4f orhitals of the gr@und state,

The type of'matrlx elements which will be used in the.

perturbation of the Tlgld Tattice crystal-field by the
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orbit-=lattice interactieon arxe

Y iaeyor gslVarl¥ g7 4.6
The ground state wave functioen W(4f)7 is a-product wave.
function ~

+

|2 agy7y= G057 (4), 7 (40) T (a8) T (48) T (48D
% (4f)?3+ > 47
and the excited state

fﬂwc4f)656§)=tP67l(4f)i+(4f)j+(4f)k+(4f)ﬁf(4f)m+

/

x (46) T esT> 4.8

The  symbol P67 refers to a normalized sum of the wave
functions made by a combination of (3,2,1,0,%1,-2,-3) taken
six at a-time for (i,j,k,1l,m,n). The angulér part of the
atomic wave functions are. spherical harmonics of order
three for the 4f orbitals. The + sign refers to the spin
being up. All orbitals are + spin in keeping with Hund's
rules. Resulting non-zero wave functions will be of the
type

<(a£), "IV l6sT > 4.9

From eq. 4.5 Vi is seen to be an infinite series of all




74

. spherical harmonics. Of these only those spherical har-.

monics of order three (& = 3) of eq, 4,5 will result in

non-zero terms in eq., 4,9,

"Symmetry'Re&uCtid S

From eq:-415 only the terms whete & = 3 need to be
retained; Also 1In eq. 415 the variables uij can be changed
to the normal coordinates of XY8 which will allow great
simplification in theJcalculations, by use of group theory.
In eq. 4.5 it is desirable to use those particular com-
binations-'of-YSm which form the basis of the irreducible
representation of the Oh_group. These functions transform
among themselyves without being reduced to other combina-
tions of the~0h_group (Tinkham, 1964 Chapter III). As
is shown in Appendix A the character of Y3m under Oy under

Oh is reducible. as

3)0h +-P2u + T4u + FSu .. 4.10

T(Y
See Table 4,1. Since Y, is reducible only in terms of odd
inversion symmetry representations the one dimensional
Ty and both three dimensional T4u'and L then only
the base functilens of these irreducible repregéptations can

be expressed in terms of order three spherical harmonics .




Lt LLY

75

(Griffith, 1961 pg. 166). Maore simply. stated, since by
eq. 4.10,Y3\ié reducible in terms of the basis fuhctions.
_given, then. it .iIs pessible’te find an inverse function
where the hasis’ functlons PZu’ T4u and P.. are expregs;ble,
in terms of ng‘s.

From Table A,1908f2Griffith, (1961) the basis func-.
tions for the irreducible:representations.T', , T, agd Tty

in terms of thnggm are

1/2 -2

C(qu 3;A2) i (4:[1/14) (Y ¥3 ):

C(Tyy3,1) = ~1/20n/an Y 2Ly 2y 3 o ) v,

C(r 5,0 = /N2y’

C(r, 3, -1) =_-1/2(4w/14)1/2[5l/2Y33 + (3 M2y oy,

C(rg 3,1) = -1/2(4w/14)1/2[31/2Y33.« s1/2y, 13,
C(re,5,00 = Ga/int? w2+ v7h,

and

C(re 3,°1) = -1/2(m/1) 213t/ 2y 73 Rl S R S B

In eq. 4.5 for VOL‘thngm .as above &he arranged in

P

linear combinations of 0p and can be expresséd in terms of

the Yms.- The particular combination of the displacement
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Table 4,1
. 0R E O '.8.'C.3. SCZ .6,C.2.'..' . ‘.6_.6'_4.‘". © By _8.‘8,3" --33‘2 - 652 6S

Plg 1 1 1 1 1 1 1 1 1 1
Fzg 1 1 1 =1 . =1 1 1 1 =1 -1
Psg 2 =1 2 0 ‘0‘ 2 =1 2 0 0
F%g 3 0 =1 =1 1 3 0 -1 -1 1
ng 3 0 «1 1 =1 3 0 -1 1 -1
Mgy 11 1 Qw1 =1 el -1 -1 -1
qu 1 1 1 =1 -1 -1 -1 -1 1 1
TSu 2 -1 2 0 0 -2 i -2 0 0
P4u‘ 3 0 -1 -1 1 -3 0 1 1 -1
r5u 3 0 -1 1 -1 -3 0 1 -1 1
TﬁXX§)27G 0. =1 -1 1 -3 0 1 3 -1
POZ) 7 1 sl <l oosl 57 s1 1 11
v (X¥g)- Pig * Tog * Dsg # 3Ty * Tsg * Ty # Ipy # Toy




77
aij multiplying these bases. functions must hayve the same
symmétrie§ as.the bases functions “themselves since the
potential VoL has Ohlsymmetry. These combinations eof
qij W@ig@ﬁtmansﬁ?j@s:w§¢t§é‘irreduciblefrepréSentati@ns
of'Oh_are‘simply thefnormél“modeS'of the XYS.meiecnle.

The XYg molecule then- has a unitary transf@rmatioh‘matrix
for which each operatien ef the group transforms the 27
components of.the nine ien displacements among thémselves.
The charaéter of these 27 x 27 matrices can be ob-
tained ds follows? Thé iaentity leaves all 27'comp0nents
unchanged; or a 27 x 27 unit matrix. The trace isC}27.
An inyersion leaves only the center ion in place, thus
the matrix mgst,contéin off diagonal elements to transform
the three cartesian displacements of one .ion to other: -
ionic positions. The central ion is not transfdrmed fo a
new- position but the compénents of the axial type.vector
.

displacement of this-central ion transforms ac’r4 oF/

Table 4.1. T is the basis of an axial character of XY8

4u
on:inversion oy is then inversion for a single ¥, basis,
that is =3, The character of XY, under any class: of
symmetry operations of .0, 1is then-the product of the

number of ions not meved from thei%.orig@nal place by the

operation times:the character of the axial vector Tﬁu for
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that operation. Table 4.1 lists the character representa-
tion of CXYSJ‘ This representatiofd is reducible as (see

Appendix. A)

P(XYg).* Byg * Tog * Tgg * Igg * 205y * Toy

+ T + 3T + T

3u 4u S5u .
Landau and Lifshitz (1958, Chapter XII) show ‘these to be

4,12 -

the 27 normal modes. 'y and r, are. one dimensional. One'-of
the three F4u's represents a translation of the whole
molecule while one of the bolar Fsg's is a rotation of the
molecule;_ The ‘other zﬂ representétions are the normal
modes of vibration. Since only those modes which transform
as order three spherical harmonics contribute to VOL’ the

&

antisymmetric*w T'pu and 'y, normal modes arefﬁhe only

2u’
ones that need be considered. Again this results from

expressing Votrjﬁzﬁgfﬁgfgfthose basis functions of O

_5,’: N By ve)

expressible in terms of Y?P the normal modes multiplying
thém must have the same.symmetry since'VOL itself must
have 0;, symmetry.

Equation 4.5 written using the basis functions of eq.
4,11, eéch multiplying the q normal mode of like symmetry,

becomes
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VoL & V(Tgye3) Clp3:A5) allyy A7)
Y Y VP, .3)CT . 3,2)q 00T, ,1)
iéil;o ésa;b S
' i=;1 o T 533 Ty, ) 4,13

The coupling coefficients V(I;,,3) determined for a point
charge model are (Huang and Inone, 1964 and Menne, Lee, -

and Ames, 1968)

8]10_

. oz &
V(T5y03) = » eet (r7/R7),

(20 ! 3,554 -
V(aT,,,3) = -L___gi_l (r°/R }’

28 V2 ee! 3,55
V(bTyy,3) . (x7/R%) , and

27
V(I:,,3) = 4 /15 ee'  3/RYy. 4.14
3

The a and b designation. refer to theftW6”différen;:fhfée

dimmensional.F&ﬁ”repfe§entations.

If d electrons, as in transition metal ions, were
present in the crystal only gerade (even) normal modes
would be required to write Vi since the bases functions

would then be expressed in terms ef'Yzm.
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In order to express the normal modes of XYq as
Debye waves to effect a quantization of the vibrational
spectrum the normal meodes q) Mmust be expressed in terms

of the displacement's aiJ. This can be done by equating

coefficients 2

Figure )

between eq. 4.5 and 4.14 or by use of the formula (Huang
and Inone, 1964 taken from Heine, 1960)
i
q(x) =) T, (R) Ra
R

where the R's are the point group operations of 0h Fij(R)
is sthe matrix element of the ) th representation of' the
matrix which transforms the bases of eq, 4.11 under the
operation R, These are. given in Table A;16: of Griffith,
(1961). o is any component of displacement of a fluorine

ion and the Bu ion. A physical medel ef Fig. 4.1 1s very
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helpful in f£inding these normal medes, . The normal modes

of interest are (Menne, Ames;,anduLee,'“EQES),

AT gys8) = 3/V28 IQX}+Qy%TQZ%quf¥Q§%+Qz?"

3 &3 A 3.~ 4 4 4-"
“QX7?QY QQZ +QX +QY *QZ j’

4

q(ar4u?l) = JEVS I(QY%?Qél;Qy2+9%%+QyB+QZS“Qi4+QZ )

¢

ZfQ;2+QX3+Q;3:Q;§;QXA*Q24)],

<

+iEQX11Q;1tQX

- % o ‘ ‘ i
q(ar¢u,a1) quﬂ(ajhuﬁl)’ (the complex nature.results from
B using a- standard repregéntatioﬁf4”
see Griffith, 1961 page 36.)

qCar4ua0)

: _ 1 1.2 .3 4. -
A(blyy 1 = 17 [(Qx *Q QT Q- YY)

1. 2.3 4
. -8Y
.fl?QY‘+QY +QY TQY. _n)J,
‘%

q(bT4u-«l)_=‘q Lbr4u’1)?

1 2 3 4 ]

,q(bP4u.0) fQZ +sz+Qz-“Zn )

1
—i
b=
N
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QCFSU, ‘"1) = q (FSU’ l);

| o 2.2 3 3 -
rq(lg ,1) = I[QY1+Q21“QY +Q, 1, quﬁvqy4éqz4)

N
{74
1T .2 .2 3 -3

#Q, " +Q, ", *+q, 7 +q, 1, Fre, 1,

~20Q,"
and
1 1Ll 2 2 3 3 4 A4
q\(.rsu,o) B zr CQX T‘Qy\ "I'QX ""Qy\ V\QX +Q}7‘ “QX vQ()/;})' 4,15
In eq. 4.15 the displacements of opposite ieons have been

coupled to a single variable which reflect the antisymme-

tric nature of the nermal modes considered,

o

Lol A 4.16

where the j th ion is given as in Fig, 4.1, Xn’ Yn’ and

z, are the appropriate displacements of the central iom.

Quantizationlgg The Lattice Vibrations

In order to obtain the temperature dependence through
an orbit-lattice interaction of the. crystal-field coupling,
the quantum nature of coupled harmonic oscillators should
be applied. As-shewn:in Appép@ixf@ﬁthe\d'th component of
the displacement of"the j th ion in the N-representatien

is the operatoer

' - . - 1/2 .o e o A8e > o (i >

o7 ﬂ'kzo Ch/Zwk,&M] 2 g qki?keXPClk”xj)ﬁﬁkeXPCii”sz]
? .
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M is the mass of,the'crysfal,. The o's are the three acous-
tic modes of sound .in the cry$td1;thQ tménsyerse and one
1@ngitudinal.-§diS‘the wavé vector of phonen state k%,
i; is the position vector of fem i, 9%, is the direction
cosiné between polarization wvector & and the o direction

in the cr?stal,.d + X,y,z). Finally a; and aTk;are

annihilated and creation operdtors for occupation number ;

space of the phonons of wave vector X.

The position vector &% . of eq, 4.17 can be written as

i .
_—>‘_+O )
(Q/i"'/qu-"ﬁi 4.18
S0 L S 0
where xj is position of the ] th paramagnetic ion and ﬁi
is the position of the i th ligand. ion from the center of
the XY8 configufatioh.'.The long‘wavé'length approximation
. . _ "o 0., 0 '
is made by assuming k-ﬁj H_k(AXka +Akaj fﬁzkzj)<< 1.
were A ;. are direction cosines between the o axis and k.
Menne (1969) has been able to express eq, 4.17 exactly
and found little difference in assﬁming a leng wave length

approximation, With ‘the long wave-length approximation

* T
. 'In-the Debye approxXimation the dispersion relation 1s
such that the ‘group wvelecity .equals the phase velecity,

Vq AN

wd
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substituted into 4 17

1kx§i li E Il - lk‘ﬁ R 1/2Ck +0)2 LI

expanded te second order, and

R £} . 1K s Ilwli ﬁ\vl/ZCE EIS R B 4,18

The'normal’modes of eq. 4;15 are linear combinations.of
“the antlsymmetrlc Qj of eq, 4. 16” Thie " terms linear in
ik ﬁ _ eq, 4. 18 will add to zero when substituted into
the nermal modes of eq. 4.15. Also since the normal modes
have a net displacement of zero the constant terms will
add to zero. Then . |

U L . )
i kzo o k i. 1, 42
“.‘2 {( xkfgy, %ykfgz Aok

i+4- 2

i+4 i+4
* (gx ka*g§- -Ayk%gz -Azk) b

where

CoLe 0
.2 > 0 A —1k'f- ). 4.19
Uy o~ G/ 2, M)l/z ikehy" *ay e ]

X,0 k R (a

-The coordinate-location of the fluorine ions is i@/{ﬁiR

and g's are defined

i 11if i~ 3,4

1 13f1s2,3 gt gt 4,20
g :_ iR _ . . -
¥ ~I 2f 1= 1,4
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Since.’ .
i+4 T Y S i+4 . 2
IgX' '2kagy - 'Zykfgz zzkl
1. 42
* g, ?‘zk:|

1

i

Q 0‘....kz‘®‘ukc.r o7 Z/BCgX

Then the mormal medes of eq. 4,15 are written in eperator

form using the small waveslength -approximatiens, as

)2+®o.

: . 24 S
(Thyoly) =) U S T00 0 (Shq ohy )
ERSWIT VR k%@ ke F7 kel Axx ky “kz vk

. 2
XCF%Xk“%yk+%%k)
e | s o v .
® Q'zk[“XXk“Aykflzk) ~ Xk(“ﬁxk:ﬁykgﬁzk)
+ @G (v%ﬁ +% +x ‘)2 ( A k +A )2
vkt "Xk “yk "zk k xk- “yk "zk
" xk(ﬁxk yk+Azk) Yk(xxkfxzkfxyk)

o 2. -0 - 2
~® zkﬁxxk+xykfxzk) e xk(xxkﬂkykszzk)

a o] 2
R P U S S PO B B
which reduces to
41 7 A(Tpyrhy) = J*‘Ukcl@ xk%yk%zk *YKAXRZZK

o .
Q'zkﬁxkzykj’

+
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similarly the other normal mode becomes
-4

a, 7 qlal, 510 = Sw ] T 6@ o eaa® ,
2 AT 31T Ko 8 a2 adady

" Oxid o a7 (@l <1) 7 oay

L ! B ) N Ly }
9z =q(aly,,0) ="z 'Zu%”k,él@ S P S LT

_ o . .0 2 . 24
95 = Kt1? ykjl% xk+%yk fazk;Jﬁ
_ 2472 o 2 2 2
dg = a(blyy,0) = =5~ kZ Ui,o @ 2 Pax Py o)
-2
_ _- 4 o . .0
Gg = a(lg5,,1) = “?jé?kig U,o L2 pidadyit 20 aadaadyx
?
0] . _ *® _ %
*e zl<-(7‘x1<>‘zk"17‘yk>‘zk):I =aq (Fgy,-1) = 9 45
and
. : 4 3
99 = alT5,,0) = % ) Uko J::.q‘)téqck>‘X]<>‘zk-(IDG
T ?

k

AvahorT
o ygﬂykyzk%u 4.22

Crystal-field Energy Shift Due to Orbit-lattice Interaction

The energy shift of the ground state by the orbit-
lattice interaction is a second order perturbation cal-
culation thus,

P ® o g 12 -
AEOL.F.Z,]4?AVVOLL¥>.: | A

2
?

v Y *
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where from eq. 4,7 .
RN I NP BN CE P D PR PRIC T UL
The (4f)m are the wave. functions of the 4f electrons, The

plus or minus sign refers.to the spin. Then as defined

in eq. 4.8,

. L
[¥7> = [ (6)76(48) "> <3 2am <3, 4,24

In eq. 4,23 (6s) refers to an.electron in a higher-unfilled
leyel.  In the calculation only the 6s électronic excilted
state will be mixed inte the ground state by VOLf This
assumes- other excited states being tee far removed in
energy above the ground state to centribute significantly.
Also atomic ground state and excited state functions

will be used since the energy levels of Eu'’ in a crystal
environment have net been calculated, Then

SR CEO I CE M A LA S I B

 Byg 7 E

4,25

AE = .}
m 6s

where Vo, 1s given by eq, 4.14, Substituting VQL into
eq. 4.25 the energy shift s calculated by eyaluating the

matrix elements, Let

RO B ST SR

Egg v Egq -
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. ther

=} WISJTICYS e e AR RN

. ”rm“ B I A N AN

+ ll 215 CY ;Yg'm)W‘?c%l-.;YBm)JqZ

o 4,27
2877 1 23 Ty, e v 1o 2

3 1|“ B, M s (0™ ~m—'—'—~34
[]7_(Y33;Y3m) ~J§“(Y3“1,Y3m)]q8 - E§£:flf“(Y Y.

2872

p o 2 2 0 2
30 1M 1,4 21 550x5", ¥sMagr 5200, Y5 )ag]l

The notation (Y3m, st) refers to scalar products of

spherical functions. Using the orthogonal properties of

the Ysm's;
N 2D 77”“ , 2
AE =. 778T) IS]Sq +9q10 qsl * 4(4QIZJ7QIT ngl
+3|5q4§15q8 7” +'815q3+ ZZZ q8|2 4,728
| ZJ“ '2 177 2
+ 3]5q,~15q, o+ T3~ q5] +5I5q4*9q8 9q7|

+ 4(45)]2/2 qlm/'“ q9|




89

Since q, is imaginary and qq real,

Y2/7 q =73 qg| = |277 q; /3 qql .
To evaluate 4,28 Van Vleck-type directional averages
over the Debye wave present in the crystal are performed

(Van Vleck, 1939),

Figure 4.2 >

Uiy
: A
% |
(#1,02,03) = (X,y,2) 0 :31
|
B ' 4
¢ g 8 '
el
X
o

& o - o & > >

In Fig. 4,2 Aak cos(a,i) and @ -3 cos (a ,ok).
Each vector k has three polarizations, one longitudinal,
90> in the k direction; and two transverse, 01> and Oy

The three are mutually orthogonal, thus there is no loss

of generality by choosing 3, in direction of increasing

.. Then
Xxk = sin 0 cos ¢; Ayk F.5in 0 CsInid®,
and A = cos O

zk
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dlso

@Oh

) . . . 03
Fi 7 c0s 9 cos 95 0

yk-ﬁ,CQS'e sin ¢ 4,29
and

% _ain o

27 7 ssin ¥,

The products of the @ ,'s and % ;'s which eccur in eq, 4.28
are averaged over all possible directions of X, This

average 1s taken as follows;.as an. example in

<(®O°akaﬁﬁdk)4 >av let o = .z, all directions are equivalent

in the average ever all space thus

&~

' . : ZW'
<(®Ooak)2(Auk)4>aV = - % JW J cosze cos4e sin® do d¢
vt Ja

il
N

T .
J c0569 sin6 do = %,
0 .

and for the transverse mode

27 2 4
J (~sin 6)° cos 6sin6 do d¢

o1 <2 4 1 (v
<@, 71 ") Py T -"‘4vr"'J 0

o
0

m b 6 :

= { (cos™® = cos @) sin6 d6 = 2/35 ,

o .

However, in ayeraging over all possible Kk beth ¢; and o,

spanned all space, Thus fer each transverse mode
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The other averages in eq, 4.28 are easily ebtained.in the

same manher. Thus for u:

2, e e
Lk - Poxis o : 4,30
<o 2o P Pelliecs @ AN L > o= 17105
ok - 78k “yk "t ek BkTakT Bk vk :
2, 2, 2.0 3, S A L
%Pox Mok Mgk Tav T “Pax®prtak ek Tav "ok Mgk sy =i

For the transverse modes o
a2, 20 e L2, 2, 2.7
<¢ak-%ak >a,'" <®ak~%5k-ﬁykgﬁav = 1/35,

-

. _ 2 - 3
@ @pitait prctyx T T 1/210

2, 2, 2
<@ Mg Mg Pay = 2/105

3.
<@ k%ex ok MpKkav. "

énd

~1/70 .

2 4.
$Boi Mgy gyt = 3/35. 4.31

The normal modes q; of eq., 4,22 are each multiplied

by

2.2 12 2.7 0y
Uk@ = k R (W) Ia.keXP(lK?grj ] + C,C.:I
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. then
2 k‘R oy ;
Uie ! 20, M Loy “PCZ&E )+ akaKT ””aITc £
“,k@
+\?RT2 QXpCinitzj)] . 4,32

The wave functions. used in computing the matrix elements
of Vo @re now the particular Borm-Oppenheimer states

(Bak, page 6, 1964)

p e = ms
]TS> ]nk> ¥y 4,33

and the matrix elements of the combination of normal

modes involving the occupation number space of phonons are

2 " .
|<nk‘lUkO|nk>| . 4.34

Thus eq. 4.32 becomes..

4,4
Uty ~ a2 D ey 4.35

When eq. 4.35 is averaged ovetr all k, the terms involying
exp(21k 2 ) and exp(- 21k 2 ) average to zero., The average
numberx of phonens in state k is the Bose«Einstein function

for Bosons

<nk%av ;'::.”‘“”1'I‘;;ﬁvﬁ : 4.36
- exp (frw/XKT) -1




LY L s

93

2 k R o
o s BRI

ke
K is the Boltzmann cmnstant 'The'relation between the
frequetcy Wy Ko and the ‘wayve numbeT k is ebtained by using
Debye apprOleatlon l.e.,

.fwké
- © Vgo 4,38

Vgo is the group veloclty of the @‘mode of phonons. in the

crystal, Equatlon 4.37 then becomes, neglecting ground

®

state corrections )

. 3 4‘ ‘ ey ‘. -1 i '
l:’z = M__]:exp 'I'TUSJ/KE:”— 1] 1 4,39

lU:-
ko v, M

The density.of -k states is assumed dense and

Vv 2
LY ——=y k7 dkdQ
k(2w

where V is the volume of. the crystal. From eq. 4.38

o2
I EC
Ly

(O

The energy of & lharmonlc osclllator is Eo Cnﬂ/Z) hw
The ground.state energy is then E0 5 1/2 hw for each
osc111at0r

{Ie)s:p@m/KT)—x ]“l o 1/2} 437 :




~ then
/J”v)
5 qu, |2 o R PR s
R L e 4.40
k YRR /. - exp (Bw/KT) <1

where /gyis the crystal density |p =M/V. In eq. 4,39 let

o
X B g :
Xy F I w@/KT

‘then
o g O
and
KT .
dwg —E d;'o(
then
4 : 0 0 . ,x !
T Il ® o T D0 T A
k 2V oo PT R - 4.40(a)
' . 0 e ~1
0 Ir .w
¢ max
woax 1S the cut off frequency of the crystal for the mode.

It is determined by the finite number of lattice sites
in a real crystal.

The Debye model averages ever the wave vector 4.30
are substituted inte 4q27{ “The summation ever the modes

o. Then from eq. 4,40, 4,27 becomes
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. (ee° z ls’l%fl I’Ra >~T C64)C531&h

E = b4
- |E i eol " (81) (49)
m S A R e
oyT
45 ax
e o1

In -Chapter III the intensities of the hyperfine lines
depend omn b, through the terms\ﬁ of eq. 3.53, ﬂ{;is_given‘
for small ‘angles between a (100) crystal axis and the
external magnetic field to bé

b simi4&”

. 4 j 2 : '
H =1 - (252 4050 4,41
/2,-1/2 =

RL 0L RL

Substituting for b4, b4 vb4 . b4 being the rigid

lattice term and b4OL being the energy shift of orbit-

lattice then

i " _ b4RL.sin 4Q 2
| B o Vol w —) "~ 4050
| 22T . gBH .
| | C2p, 0 .bARL.s;n 19, -
: L S )% 4050 ,  4.42
b RL g8 H
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- The effect of b4OL appears to decrease the angle between

_the core hyperfine fiélds the mucleus see as b,°" increases.

4
The relative iIntensities between the fm = F5/2«+25/2

lines and the 25/2 <+ %3/2 lines of MM = 1/2 =+ <1/2
transitions. is predicted from eq, 3.48 to be
TZ/1 -=-|pPl = . W | £
£ o VR LY I
S I VN Y AR S(LaM)

5/2
5/2,5/2

- 4.43
i 2 1+ K

P | ,

If designates the intensity of a forbidden transition and

I, the intensity of an allowed transition, Then

: . .RL
Te/T, (1p/1 )% I1 - c£(e)] 4,44
where
5 3.2 ]<R4f‘T3|R6 > (64) (53)
CE(t) = _“  (ee'/R”) T rX :
b4RL ]g4f ~ Egg | (81) (49)
_ /T
*( h7 ¥ vl7 D=9 x° (eXe1) Ydx 4.45
v/, t & |
and
©/T

fet). = T0 | x7(e® < 1) dx 4 4,46
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" . oz o .
For Canxthe parameters are{g‘;_S!S_g/gms, R /2,27 A,
et m se, Vi = 334 x ;05‘qm/gec,,'y&f#7,s6;x 10° cm/sec
and the values of.Crz] and E are.

Bes = Bgp = 007 R,

6s |

<R4f|T3]R6S > =.4,2 x 10722 cms.

(See-Ho and Ruoff, 1967; Menne, Ames, and.Lee, 1968 and

Herman and Skillman, 1963),
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- CHAPTER V
EXPERIMENTAL RESULTS

The Corréction Due to Lattice Expansion

_ThejanhérmeniCncontribution to the free energy of the
crystal cause the crYstallto expand. or contract with
temperature until it finds a volumeiwhere the tétal free
energy is a minimum (Ziman,. 1965). The effect of expan-
sion is to move the 1igand iéns further from the para-
ﬁagnetic ion, thus weakening the crystal field. Attempts
to predict the anharmonic effects via third order cor-.
rections to the binding energy of.the crystal are begin-
ning to come forth (Sharma, 1970). .The theory has not, to
the author's knowledge, been extended to predict correc-
tions of crystal field parameters. However, the crystal
field parameters have been measured at various hydrostatic
pressures and from bulk modulus data their.dependencé on
nearest-neighbor distances has been determined (Hurren,
et. al,,1969). /%\>Hurren's work predicts the following

A S -
dependences:
=.KR”8'79
and

b, = KIR™3O
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R is the nearest neighbor distance.

T. Rewaj tlQGS)'measured b4 as a function eof temper-
ature, In this work he included the low temperature
measurements of K. Horai (1964), .Rewaj assumed the varia- -
tion of b, resulted tetally from lattice expamnsion. These
results led him to predict that b, would depend on the

nearest neighbor distance as

~16.3

b, = KR

4
for Can,

B _ KR th.z 1\23,8 5,2

4 = and XR

for SrF2 and BaF2 respecfively, Rewéj's results indicate
other temperature dependent mechanisms than lattice ex-
pansion are effecting b4, when they are compared with the
pressure dependent data of Hurren.

This thesis proposes that an orbit-lattice interaction
of the type developed in Chapfer IV is responsibie for the
additional temperature dependence of b4. To examine this
proposal, the intensities of the hyperfine spectrum lines
were compared to the intensities predicted by the theory
outlined in Chapter III. Specifically, the ratio of thé
intensities of the Am = *3/2 <> #5/2 to the Am 25/2<«+%5/2

lines of the M = 1/2 <~ ai/z spectrum were examined for
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small angles between a (100) crystal axis and the external
magnetic field, This vatic is-dependent on b42, The de=.

pendence is outlined in Chapter III.

Phonon Contributien

To correct for the lattice ‘expansion dependence, the
pressure data of Hurren, et}«al. (1969) were used with the
thermal expﬁﬁ?i&ii?@dafa, Fig. 5.2: Finally, B, as a func-
(@iEﬁzgffgtemperature was plotted innFig. 5.3, The relative
intensities from Table 3.2 for Am = &5/2 +;,i3/2 to

Am = *5/2 <+ £5/2 are with eq, 3.48
Ig/Ty = 501 - @y/Q + /)

where from eq, 3.53

b 2
sin 46)% 4050.

SHe= 1 s (s
' e @’HO

e S : K (
Then (If/Ia)&)s were found for each b4(T). b4(T) are the
predicted b4 from Fig. 5.3. The experimentally measured
If/Ia were then corrected by ééﬁﬁtracting off the thermal
expansion correction and these data plotted in Fig. 5.4,

The theoreticalicurve plotted in Fig. 5.4 is the function

171, = (171, NI - cremI . 5.3
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1.76 ) +

1.7

158

/03 qu)‘ /D‘q)

). 74521

). 741+

1735 |

|
| |

o 3888 389% 3904
Leg (RA

Figure 5.1 b, versus nearest neighbor distance from pres-
sure data of Hurren et, al., (1969).
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Batchelder and Simmons, (1964) for
data 6,4°K < T 5 320°K and coef«
ficient of ?herﬁgl expansion above
320° 1824 x.10°Y/°C " Coombes,
Ballard, and McCarthy (1951).

(6] 80 166 ‘| 240 P 7
Temperature ~K

e 5.2 Thermoexpansivity of CaFZ.
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Figure 5.3 b, versus temperature due to lattice expansion. Actual
variation of b, from all effects can be found in Rewaj

(1968) and Horai (1964).
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OExperimental Ratios
A Corrected for Lattice Expansion

(), (1~ €T § ey dx)
038 w0 "

| | |
T

Figure 5.4(a)

——

| I
200 300 400 500

Temperoture K

Ratio of forbidden to allowed intensities
of hyperfine spectrum as they vary be-
cause of orbit-lattice interaction.

Angle between (100) axis and field 2.3°.
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.25
-+ 21
-+ .9
. -I5
Q = 0. 185%]0 é
Htnr
O Exper:men‘{‘ol Ratios
4.5 A Correcked for Lattice
Expansion )
6 GVT -
— (o) (1- CT o) d
) (=4
4.5
| | | g |
o 1270 2'00 5'00 4'00 5(’)0

Temperature °K
Figure 5.4 (b) Ratio of forbidden to allowed intensities
as i Fig.: 5.4 (@) when angle is" 3,897,
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-+ .0§
b |
(v ' I2

e/ 4 -\ 15 o, &
F(n= T"j X5[e*-17 dx  x107 K-
(0]

Figure 5,5 Forbidden to allowed intensity ratio depend
1linearly on F(1), '
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Table 5,1

°K . b, expansion I1./1 I/l

- Temperdture ... x:la?..dmﬁl.....experi%eﬁtal... cortected
4.2 57.9 0.087 * 0,01 0.087
78 57,9 0.087 = 0,003 0.087
198 . 57.5" 0.073 * 0.005 0,074
298 56.6 0,065 * 0.005 0.069
363 55.9 0.054 * 0.008 0.060
498 | 54,7 0.036 + 0,012 0.045
6 = 3.9° K
78 57.9 0.246 + 0.001 0.246
198 57.5 0.230 +-0.007 0.232
291 56.6 0.204 +°0.009 0.217
363 ' 55.9 0.178 * 0.006 0.184
418 55.0 0.148 .03 0.174

1+
- O




108

where

- The values for F(T) were cemputed on a Hewlett-Packard
Model 9100 A calculatér,. The Debye temperature was taken
as SOOfK.. Huffman and Norwood (1960) #found
H =-(5136 * 2,5)°K (élastic constants)
and
H =.508 = 5)°K (specific heat).
In Chapter IV the orbit-lattice interaction predicts

the result of eq. 5.3. with

3 2
e e’ , |<Rye|r R >
oo Ll 4.45

A ‘ 4f. 6s

ok
(64)(53)  h —= + Ly B
2 7 [
(81) (49) opn 5Y v i

@2' T

The calculation assumes poinf-charge interaction between
4f electrons and the fluorine ions which are modulated by
lattice vibrations. As was pointed out in Chapter II, a
crystal field interactioﬁ for S-state ions results from
perturbations to the ground state. Therefore, a crystal

field splitting results where

LY Ml J. S
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' ' 'K .el e. !\.4 T‘ ‘4‘.}>’% | 5 . 4
= S N . e
R

is replaced by B,.and a spin Hamiltonian is used. For this
reason the orbit-lattice interaction.was. also expected to

be less.than that predicted in egq. 5;3. When

b4R2 . eel .
T ey 5.5
ST H R
is substituted into eq. 4.45°

20, RPRA <R, |22 R > | 2 (64) (53)

_ Py 4£ 65 5 6

. 4 '2 ‘ ‘ .

|<r™>] (Bye - Egg) (81) (49)

K
x 2 () ()8
VT oy

2
em
In eq. 5.6 2/3V22‘is left off since it is very small com-

pared to l%v£%

I3 wf"ﬁ"”"’-):_—_'?_ﬂq—‘ fﬁ-\a

. This satisfies ones intuition which sug=

. ) - T N "‘\,/\7/ - 5
~gest only -the transverse modes should contribute signi—'
ficantly to VOL' In this case, however, a lower Debye
temperature should have been used. The cut off frequency
for the transverse modes was mot available to allow the
calculation for a lower Debye temperature. The data plot-

ted in Fig. 5.4 and 5,5 indicate a_lowér Debye temperature

could have been used. 1In eq. 5.6
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e AR B Ry 5.7
The value of <T4P was also Calculated en the Hewlett-~
Packard 9100A calculator £rom 4f wave function of Eu- given
by Herman and Sklllman, (1963) .-

. ’ o
s = 0:1744 )* | 5,8

Using the data. listed at the end of Chapter IV with these
results then

_ “5 ops =6
Ciheory = 0-13944 x 10 (°K) 5.9

From the data of Fig, 5.5

C "5
exp

n

0.155 x 107> (°k)"% at 6 .= 3.9°

and

0.23 x 10°°

n

[¢] —_ [+]
cexp‘ (°K) at © -'2.3_

The intensity measurements were hampered by changlng
line widths., The line width at 4. 2° K was 2- gauss for the
allowed line and was 4_géuss at 498°K;. The intensities
are proportional to the area under the absorption curve.

Since the dgfivative of the absorption curve was. taken

o0 -
(o]

1= x &) ax=| Bax. (8, v0) . 5.10

- -0
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The integrals-are the Cauchy principle value integrals:
énd were evaluated using a 10 grid numerical integration.
Since the ratios of intensities wére:measured at fixed
temperatures the line width ratio were assumed censtant.
This.assumption proved faifly éccUrate, hewever, line
widths are difficult fO‘measure'to better than 0,1 gauss.
If the line widths ratios do not vary, the intensity camn
be approximated by measurding the height between inflection
points or the total height of the derivative trace.

The cavity resonance frequency €hanges with temper-
ature, becanse of expansion. Then parameter measurements
involving.gQH were'made'at.eaéh temperature since_gBHl=hv
is differentlat each temperature point. ‘

A possibility of saturating the strong absorption
lines exists at low temperature where the relaxation times
are long. 'Thé microwave'power was reduced at low temper-
atures to eliminate saturation. The signal to noise ratio
is greatly improved at low temperatures but the lower
power. setting account for the large error bars in Fig. 5.4.

The agreement is better than should be expected. If
én exact calculation'of the cryétal.field interaction
from a single 4f electron is used to determine the constant

K in eq. 5;4, the theoretical value of C, eq. 5.9 would be
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1/25th the value given, Usually orbit<lattice interactions
are an order of magnitude lower‘than p%edicted? [Simanek -
and Orbach (1966),‘Menne; Ames, and Lee (1968), and
Shrivastava and Drumheller (1969)]. This wouid seem to
justify -the substitution in.eq.'5;4 where K is determined
from a single 4f electron calculation. The use of the
Debye model for phonons"is of course an obvious area for
improvement; The better results are obtained in the high
temperature portion of the data, however, where the Debye

model is least reliable., In the high temperature region
E(T) « T, 5.10

while in the low temperature region

F(T) « T® | 5,11

The 6 = 4° data show the better resﬁlts indicating perhaps
a consistent tilting of the crystal at low temperatures,
for the 2 1/2° data Because of contractions of the crys-
tal mounting. 'The experiment was much more effected by
angular variation than temperature variation, thus the
data at any particular orientation was. completed for all
temperatures before a new orlentation was attempged, The

results of 6 = 4° were calculated at 6 = 3,9% to
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obtain an agreement of the 4°K points, The angle could not

be measured to better than 0,.2°%, thus these results are
consistent,

Menne (1969) presented an improved theory for the
orbitnlattice interactien where an exact. result replaced
the leng wave length appreximatien of Chapter IV, Also

the optical:ﬁe@?éﬂpf ﬁhgapbonon spectrum were considered.

I E e

These improvements(iedﬁ§§ fb7théuiénéiwéverlength resul{f:

obtained earlier (Menne, Ames;~and Lee, 1968). Simanek
and Huang, (1966) improved the results of Simanek and

Orbach, (1966) by including covalency effects. These im-

'provements are more important for transition metal ion
o

than for rare earth ions since the 4f electwons are deep-

-seated and covalency with the fluorine ion wave function

is less. Using -e for e', the point charge of the fluroine
may also be erromeous. Since the crystal field is effected
by more than nearest-neighbor effects, a charge Me might

be used where M is a Madelung constant for CaFZ. This

-

effect was accounted for by replacing ee! /R> by B4.fi‘:
Result$s of this experiment confirme that the tem-

perature dependence of the intemnsities of “the hyperfine
/o “ '
interaction is.associated with an orbit-lattice inter-

1 -

action and do not result; only from lattice expansion. This

C
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result increases. the understanding of.crystalvfields‘and
the dependence of eyven deeply seated cere electrons on

the periedic structure of the crystal.’ !




A representatlon of a finite group is a mapping

g~ Tg; such that éach element of the group corresponds
to"a.linear tranformation of a finite-dimensional space R.
The representation is irreducible-.if R has no.invariant
subspaces, other than the null subspace, with,resﬁe@F to
the transformation Tg. A subspace Rl.Of R is invariant:
with respect to the representatiéﬁ;Tg if all operation T
transform the components of Ry oﬂiylwithin the clpsed-
space of‘R1 (Gel'fand; Minlos; and Shapiro,; 1963).

The representation of the_group.Oh, see Chépter II,
is chosen as the unitary matrices which transform the’
irreducible base functions' of Oh‘ Tinkham (1964), in-his
Chapter three presents proofs and methods by which any -
representation can be reduced to a 1iﬁear compositions of
irreducible representations.‘ Oniy physical quantities
having the same irreducible representations can have non-
zero.effécts on a system, if they do not have the same
symmetry for certain.irreducible‘bas@é function a combina-
tion of the quantities cannot have like symmetries. For
1nstance the product of a normal .mode of the XYgq molecule

of Chapter IV with the basis function which are expressible
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in terms of spherical harmonics of order three must have .
the same symmetry as.-the potential energy function they
repreéent if the potential-functionﬁig to-be. invariant
under the oﬁeration:of~thé'group Qﬁ;ﬂviﬁﬁiSFinferred from
the,natureiof'electriC'field'that;theﬂpoténtial-fgnction

-must have Oh symmetry.

Redudtiqn-Qﬁ Sphericai Harmonics

In the character table .for the Oh.group, the gerade
(g) representation refer to those-bases which are "even"
with respect to inversion'and,the.ungerade:(u) representa-

tions have odd parity. Since spherical harmonics Y%m

are. also g or u, the reduction need only be. .accomplished

. with O rather than O Then the odd Yﬁ will reduce in

h*
terms of the u bases’-I‘u and the even Y% in terms of the
I' bases.
g -
A rotation of & about any.symmetry dx&SWin‘the same’
class ‘is equivalent through a unitary transformation to
all © rotations in the same class. The character of the

class is given by the trace.of the transformation matrix

since
‘ "oy = oot -
TT(Tg) _Tr(uTgu ). . Al

. ‘ " L m
A-rotation about the z axis transforms Y% as
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e, (0)Yg(0,0) = YP(0,6 + ) A.2

Where CZ.(@) is a rotation matrix of the rotation o about

the z axis.

YR8, + a).= ™™ Y (8,9, A3

The 2% + 1 dimensional square matrix which transforms the

subspace
_ 2 -2+1 =1 L
R= (Y., Y,° ..., Yoo, YY) A4
by the equation
n g L m
) ='é=_2Tum Ty, A5
has be eq. A3 diagonal elements as
~ifa
to(8+1) — ——
TN
Y
I T
| b Figa A6
The trace of eq. A.6 is
. . % -
tir, [T ()] =73 ™ . A7
B m==4 ,

Equation-A.7 reduces to
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E: Jimo _ sim(a+1/2)

sin a/2 AiS

By-.eq. A.8 it-is possible to deduce the character for the
operation a for Y% of order &. Table 4.1 of Chaptet IV
shows these charactérs for-Y?.'
The number of times\au an irreducible representation
occurs-in.a reducible representation is given. as
a% =X 3 o x*e)x(e) A9
R c c X ) XC .
where x® are the characters of the irreducible representa--
tion of class.c, x (c) the character of theii§&ucible.
representation of class c, zc the number of operations in
class ¢ and .h is .obtained from
: -0 B - : ‘
i QC:X (c) x"(¢) =nh 6@8. A.10

As an example, to ascertain the number of times T',

occurs in the reduction of Yg under Oh symmetry, the

. 1\’7
XAHE) = 1, 2= 15y 7 (2mA3) = 1,

character of P? ase:

. .
Xzﬂ/3 = 8; X E(m)= 1, Qﬂ = 3




x'2 (1) .= -1, % = 6; and
xrz"(w/ZJ =_—1;Z-ﬂ/2«= 6.

~

Thus h = 24. 7Using the characters from Table 4.1 for Y?

it is found that T occurs once...The only other symme-:

2u

tries which occur. are T, and T , once each.

5u

Half Integral Ahgular quenthm_>

From eq. A.8 the charaéter.of the spherical function

rotated about an axis by d_is

.XCJ)E;T\ sin. (J_+ 1/2)u
L';mmh  sin a/2°

In eq. A.8 a rotatien by . 2m + a.results in

) aramy = S1R0UI*1/2) Car2m) 1y 4 (@)
sin(a/2+m) J

Thus if J is half integral
X (aramy = D (@), . AL

The character after a 2m rotation is double valued, in fact
only a rotation of 4m. produces -the identity!. Because of
the above, for half—integral'angular momentum new classes:-
must be added fd the cubic .group to.account for the double
valued nature of ‘2m rotations. - These are in Table A.l?-

R for.a .2m rotation of the identity class ‘E, RC3, and RC4.'




120

The classeS'RCZ'do not form new classes but double the
dimensionality of_the two C2 classes.

Since the size of the O.group has increased by three
classes; new double-value irreducible representation must

be added. In the Bethe notation these are F6’ T and T

77 8°
The character of the 887/2.ground state of Eu can be

deduced from eq. A.8 and is given in Table A.1. From

eq. A.9 the dimensionality h is now 48, the T'(7/2)

reducible representation reduced as

r(7/2) ~ Fg + Ty + Ty A.12

F6 and F7 are two dimensional or two fold degenerate and

Tg is a four f6ld degenerate level. Equation A.12 says

that if the physical mechanisms are present, a cubic

field will split the S7/2 ground state into twotwo fold 7 -

levels and a four fold level (See Chapter T11).

The Generalized Spherical Functions. '

When a rotation in space is performed, the bases
functions transform within a 2%+l square dimensional is a
unitary matrix belonging to the "rotation group.'" Then-

consecutive spatial rotations infer

T(gys 85) = Tgy Tgys A.13
1°. 52 1 82
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Table A.1 .
(Tinkham, 1964)

-8G5} -BRC

- 8R(.

2.1

- 6C

2+6RC

2 .| 6C

LLL Y

4 | 4
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Where T is the matrix belonging to operation g. As a
matter of convenience Euler angles are used to specify a

particular orientation in space

T(6;58,92) =Ty T o Ty . A.14
T¢ is a positive rotation about the x axis by ¢,then
) \
Té transforms the system about the new x axis by o, finally

a rotation about.the previous z axis By $,, places the
system in the desired orientation.

If initially Tmn(¢i’e’ ¢2) are the matrix elements
which transform a system by a rotation g, a second infini-
tesmal rotation of o about the final z axis results in a

transformation expanded in a Taylor's series of

i
\

T (ggy) = T, (8,,8,6, +a ) = T _(9;,6,6,)

Tan ¢, +  .ui.. AL 15
335,

and the differential traisformation operator is -

+ol

A, =3 /Bd)2 - A.16

3

:Simiiarrbgeiafiéhﬁ,ghoqg‘ﬁﬂgfx@éﬁ&ty éiegﬁf§5u1E§ §ﬁ7’

differential transformation operators',

A, = -cot 8 sing, /8¢?u51n b, +cos¢, /3¢, -
sin © ?

and ' A.17
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CH TR YR
9 . SIn® 99q

A, a-fcet'ﬁcos 9, 3

-wsin q; 2\ .&%—‘— .
S "2
I£ the operators of eq. A,16 and A.17 are combined as
Hﬁ s 1 Alxn'AZ
He = 1 A, + A
and

HS = 3 A

A.18
. the H+ and H- are respectively step up and.step down.
operators of the eigenfunctions of the z'component of
angular momentum diyided by . (Geltfand, Minlos, and

Shapiro, 1963). The eigenvalue equation

H2 u= (8 + Du A.19

results in the differential equation

2 . 2 e 2
0 Zu + cot g AU 1 - ( 2°u__ 2cos 638°u
50 36 sin“ 3 ¢a2? 991 3¢2
+ 2%y v 44 1) u=0, A, 20
a2
using H2 = le +‘H22 + Hsz

The H's-are the.generators’of the infinitesimal rotations
of the spherical functions. The transformatien matrices

of eq. A,14 satisfy A,20, Equation A.14 can be expressed
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as
T(9,0,0 ;) = " zh oyl ouiTad A.21

(also see Messiah; V@i.'II;;Chaptef‘XIII; 1961),

Writting e ™9zl a5 a Taylor's series

. J".Zl' 6 2
M2t 21 Lage, 2L 0 AL22
- z71 2
it can be seen that
o~iJz07 |oM> = o> 1Mo | oaM> . A.23

The operator e tIx? however, cannot be so easily derived.

Solving eq. A.20 with u = Ton results in the differential

equation
2 AP 2
d > + cote du +.[z(z+1) . B -Zmn = 0+m ]u = 0
de do sin” ©

A.24

where u = u and
mn-

(6,0, ¢,) = "ML . omindy

T
mn PRI

Gel'fand, Minlos, and Shapiro (1963) show the selution in

terms of a variable p = cos © to be
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gk

Iegau)?™® Elfnjx+m 1. : A, 26

The constant A is-

A - .C;I)&ﬂn}.igéﬂl (gem) P'C2+ﬁjﬂ*‘—f7
2 &(h~m)} (R+m} !+ (&=n)!

In'Chapter-III-the'generalizeaSPherigal fhnctiqﬂs for
L = 5/2'are'required. These-are:giVen.in Table.A.2. How-.
ever, in Chapter III only IPﬁnjz are required . Bir and
Sdchava,”(1964)'give‘the [Pmng%ifz' and present fhg:follow«,

ing properties,’
‘ 2 8 2
By @7 = 12, ]

(~w) | 2 A.26

Ppn @17 = 25,

and

<

% 2
DRI
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Table A,2
....... o ‘n. N A
5/2 5/2 F°
5/2 3/2 50 (. iy
5/2 1/2 10« by 2 dimy
3/2 - 3/2 '(1'“2““) (3“31“)2
3/2 1/2 A aardsy
2
1/2 1/2 (5 (=l
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APPENDIX B

Experimental Equipment

The E. P. R. experiment is basically stimulated ab-
sorption and emission of microwaves by the paramagnetic
electrons in a sample. The absorption exceeds the emission

which allows intensity measurement to be recorded. The

~general experiment is outlined in Pake, (1962):. The micro-

wave frequency is fixed and is oriented such that the
sinusoidal H field of the electromagnetic resonance is at
right angles to the field of a large electromagnet. In the
Schrodinger picture, a time dependent perturbation on
the Zeeman levels, induced by the electromagnet., is caused
by the microwave H field. Because the microwave field is
at right angles to the Zeeman field transitions of AM = =1
are allowed between levels written in terms of the Zeeman
effect representation. The electromagnet}s field strength
is varied to examine different transitions at the fixed
microwave frequency.

To produce the perturbation-microwave field a cylin- |

drical cavity is designed to resonate in the TEO11 mode.

In this mode the magnetic field is directed along the cen-

ter axis of the cylinder and the electric field here is zero.

Thus, the center axis is placed between the poles of an
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electromagnet parallel to the pole faces or perpendicﬁlar
to its B field. Most designs of equipment can be found in

Poole's Electrpn Spin.Respnance (1967),

The spectrometer may briefly be described as a super-.
heterodyne with balanced mixer detection and magnetic field
modulation. The block diagram of Fig. B.1 shows the entire
system. The basic parts are:

1. Signal and local oscillators, X-band
klystron, with ferrite isolators.

2. Microwave bridge, with ferrite circulator
and a slide-screw tuner.

3. Resonant cavity, TE cylindrical with
.~ Toll
sample on the axis.

4., Magnet with field-dial, adjustable
0 to 10 kilogauss.

5. Modulation coils and driving oscillator
0 to 50 gauss peak to peak at 400 Hz.

6. Microwave mixer, preamp and I. F. amplifier.

7. 400 Hz phase sensitive detector.\

8. Automatic frequency control system (A.F.C.).-

9. X-Y recorder, X-driven by field dial.

This spectrometer was designed bY'D, H. Dickey (196@A,
and Appendix C, 1969). The operation is generally as fol-
lows: microwave power, frequency modulated at 90 kHz, is
fed into a reflection type cavity whieh is an arm of a ba-

lanced bridge. Balance is achieved by adjusting the size
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M

i

i:§%
==
I

Ol

A A

| SK LK
) AFC
o| LIA < 4 IF+
U - circunaTor 1 e
e R SK- SIGNAL KLYSTRON
011 LK- LOCAL KLYSTRON

M - MIXER-PREAMPLIFIER  IF- 30 MHz AMPLIFIER

A - ATTENUATOR AFC- FREQUENCY STABILIZER

AO - AUDIO OSCILLATOR LIA- LOCK-IN AMPLIFIER

Fig. B-1. Block Diagram of Superheterodyne Spectrometer.
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of the iris to the cavity or.by an adjustable slide*screw
tuner to produce standing waves in the cavity arm, Thé
balance can be upset by power absorption by the sample in
the cavity. The cavity is in a magnetic field which is
amplitude modulated at 400 Hz, so that the resonance con-.
dition is varied at that frequency. .The microwave power
reflected through the circulator to the mixer is thus
amplitude modulated at 400 Hz. The reflected power is
"beat'" against the power from a local oscillator which is
operated 30 MHz higher than the signal oscillator. The
beat is amplified and the 90 kHz signal at which the sig-
nal oscillator_was modulated is filtered and used to '"lock"
the signal to the resonance frequency of the ;avity. The
400 Hz signal is phase-sensitive detected and the resultant
dc signal is recorded. The spectra of Chapter II and III
are copies of these recordings.

Table IX of Dickey's thesis (1969) is a 1list of the
components used in the spectrometer. Additions to the list

are:

2 Isolators Airtron-Pacific P/N 890350
1 X-Y Recorded Hewlett Packard 7005B

and

1 Helium Dewar System as per Dickey's design
by H. S. Martin and Son.




e e e LLS, L]

APPENDIX C
Phonons’
The detaills of thils appendix are expounded in the

actions, edited by T. A, Bak, (1969).

Harmonic Oscillatoy

Messiah, (1941) details the Dirac methed for the
quantum solution of the harmonic oscillator problem. A
single one-dimensional harmonic oscillator is character-

ized by the Hamiltenian

H :’ﬁ?/Zm + 1/2 m@z uz, C.1

where P and u are the momentum and displacement variables

which obey the commutation relation
[u, ] =1it. c.2.

To avoid constants in the calculation the variables

H = Ir wH,
1 .
P ;4 R
u “(fﬁa). 9y\, .
and -
- L e
PAo(m I w)P C,3

are introduced such that
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H=1/2 %+ %)
and _
1Q, PJ = 1
Instead of the Hermitian operaters Q:and P the
Hermitian operator a is intreduced such that
a = 1/777(Q + iP)
and
3;Iq = 1/_!/2 (QviP)

which from eq, C.5 have the commutation relation
féy‘ﬁij = T
The Hamiltonian of eq. C.3 becomes
H=1/2( a aT + aT‘a)

and from Eq, C.7
H=N

T L .

op * 1/2

where NOP = a a
From the wave.méchanics solution to the eigenvalue

of eq. C.1, the eigenvalues of H are
/E'h = T wy (n + 1/2).

'fhus, from eq. C,3 and the eigenvalue problem

Hln> =(n + 1/2)|n>

C.4

C,5

non->

problem

C,11
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The definition of N is such that -
-.[\T()]?'nP = .IIIII- Pr C.12

The eigenvector being in‘occupation number space- which

from the commutation relatioen of eq. C,7 leads te the

following

aT¢ﬁ> = /n+l |n + 1> C,13
and

aln>  =4|n-<1> , ” C.14

.i.,

Because of egs, C,13 and C.14, a' and a are called res-~

pectively creation and destruction operators,

Coupled Oscillators

A mechanical system with N degrees of freedom which
.has its potential energy expressible in.a non-negative
quadratic form in terms of the'displacements can be trans-
formed to a system of variables expressable as N decoupled

harmonic oscillators. Small lattice vibration can to

first order-be considered by such a scheme. If only nearss?

est neighbor interactions are considered the Hamiltonian =

can be expressed. as

o

! 2 ' 1 ' ‘ 4 ‘
Ho= Py /M =7 %k Pxe Y% - C,15

?

The matrix ¢kg is symmetric, i.e.;,
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The variables Bax'&re'intgoduced as a compiete set of
N orth@noﬁmal.eigenyectors of N-cemponents, o labels the-
vector, & the cempomnent, 'B&(Q are the eigenvector of the

matrix
Drg = O3y r - c.le
Thus the eigenvalue problem is,
o 2l 2 |

o 2 .
and the e;genvalues-wa are real because'Dk is a real

%
symmetric matrix.
In the advent of degeneracges, the Bkk are allowed to

be aszcomplete orthonormal_comblex set such -that

‘ o g™ ‘
L Byt Bl Sup 2 C.18"
%
if there is no degeneracy
oo 8/ |
-g BB g = 0 for w, i Wg C.19
and the-completeness'relation is
. b
5y B% B% = C.20
a .

kB T Oxp v

LIyl
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Now,as for the single oscillator,the inverse trans-

formation between the conjugate u and p and the normal mode

B7y is
u, = ¥ (a, B, " + a ' B )
k 5 x Y a "k o k
and _
, -- \
by = i ] ,}E;M%—Eg a % - al 387, c.21
a

The transform or inverse transform of eq, C.21

| . - -
A N G VR A s S
K M

a =1

1
a R

Qb L B p‘ )

Using eq. C.18 the commutation relations -

' =Ta T4 Tq =
[aa?aB] _[a gaB ﬂ =0

o

and

Ia@, aBTJ=,6' C.23

ap

result., Then the Hamiltonian eq. C.15

-7 g T :
H = é tw, (a,’ a, + 1/2) . C.24
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The eigenvettors of the deceupled occupation number space

is the product of the spaces of: each escillater

In1’ nsznngynj}y;p? f Iﬂlﬁan?"‘ lnj?'}s C.ZS

and the results of eq, C(lZ; C,lS; and CL14-app1y,

The Linear Chain Crystal

The potential for a. linear chain of equal masses
connected by springs only to the nearest neighbors has
the Hamiltonian

2

k . ' k-1 . .
Pk - 1 2.1, 022
H=7) (=) + 359 7 (up.q-Up) +50 (ui+u,“) C.26
k=1  2M 207 kep LR ZTTELN

where the first and last masé are assumed fixed . Com-
paring eq. C.26 with eq. C.15, C.16, and C.17 for k not

l] or N

k-1 +\2BkTBk+1 = w'/w B

where

= é/M

The set of difference equations eq, C,27 has two solu-

" tions

B 14D ang evtaxd

! ""

k"~ °

where b is the separatien of nearest neighbors and q is
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related to w hy the dispersion relation

C a2
wo « o b
———t & 2(1 © cos gb/),

0

w

If by is-a primitive translation vector the g, is

defined such that

>, > ' .
or, -
E _ 2T g% X gﬁ
k - ‘ C.30
> > >
[bzltbm ble bk]
Then with
>
h. g.
q =) —=1 c.31
i N,
i

such that Nkbn isthe length of the k th dimension of the

crystal and h; is an integer such that

5 by = 2T h o C.32

to satisfyjthe boundary conditions, ' Then for a three

dimensional crystal C,21 becames:
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- . . . \h'f . -~ .‘Jx "4 '-__}; ./ \\
3 o=7 . - - @ [ oall exp(iqr8,) | C,33
ko3 g« VINN ©_ q = fg TREA
LT
. ag oS A 1k]

where MN i$ the mass’of the cryétal.&k is ‘the position of
atom k in.the lattice and 3& is a polarization vectop
which the element can-displacezitwg transverse and one
longitudinal,

In Chapter IV the cemponents of U, eq, C.33 are re-

quited thus by dotting the & unit-vector with eq. C.33

oy = ‘Z A _ 0

X [aq exp(ia.zi)-+ aqT.e¥P@5i€}Iiﬁﬂl ‘ C.34
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APPENDIX D

Mechanism_df The Hyperfine Interaction:
A paramagnetic ion in a cubic environment has a hyper-

fine interaction-

N S
H =AT1.5S : D.
hyp !

where T is the nuclear spin and S the effective electron
spin. To calculate A the matrix elements of
z [Z T § 'T -3(ri-§i)(ri-f)-

% * 5
1 1 i

H = gg BB,

+ §I v&(r ——%N) §1 . _f] D.2

must be found. The last term in eq. D.2 is the Fermi con-
tact term and has a value only for s electrons which have a
probability of being within the nuclear volume. Hayes (1963)
~shows that even when the ground state is made up of f elecd’
trons, %, = 3, the Fermi term can contribute to eq. D.1,

To derive D.2 Milford, (1960) beégan with Maxwells equa-

tion i MW?::;;i% |
H = curl X : ‘ D.3
where .
K _I)Xi‘>
(r) = g BE =— D.4
n-n z
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The Hamiltonian for an electron in an electromagnetic field

is
L 1 2 )
H‘a(?+e%)+vm+zs§-ﬁ D.5
.Expansion of eq. D.5 gives
) 2
H= %— + V(E) ¢ S (PR + RB)+-8 7 A% + 28850 D.6
2mc
substituting eq. D.4 into D.6
e- L. eBty, (T x%)» (T x 7 |
—(3.X + £.B) = [P . s . P]
2mc 2mc T . T
- .
- ey o, ExP)
2mc T -
_ e?nhz T .7
mc r?

T x B = hz the orbital angular momentum of the electron.

Thus the third term on the right of eq. D.6 is

i XL - 2% X4 1B D.7

T 2mc

Gauge~$'?z =

The diamagnetic term in Az is very small for field less
than several hundred thousand gauss.

The last term of eq. D.5 is

2680 = -28% -[¥ x R . D. 8
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In eq. D.4'?7i3 can be written as -grad 1/r then eq. D.8 is
288 - Vx K=-288 .V x (T -V 1/1) . D.9
Singularities occur in both terms,
2 >

V¥ 1/t = 47 6(1)
where 6(?) is the Dirac delta function
L/;#
T

§(¥) = 0, # 0;

6(?) & =1 if volume of integration includes r = 0.

To- investigate the singularity in (§-%)(f~$)l/r = K(?), the

integral

N = JK(?) £ (F) &°F D.10
Ve

e e }i_;.'r'i K > . . . . . .
is<examinéd: f(r) is any function which is continuous in

the neighborhood Ve :+ Ve is a sphere of radiusésurrounding

T = 0. _K(?) contains two kinds of terms typically

B o
\. 6 K | n (a
(a) ZXﬁhBSXIX%ijg/v and (b) ZhYHB(SXIy + Sny)éu[6x6y 1/r.

In}Vef(?) can be expanded in a Taylor's series
£(F) = £(0) + FV£(0) + 1/2(F- N (FH) £(0) + ... D.11

where V is the gradient operating only on f£. All terms in

D.10 are zero or of order en, n > 1 except
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- . 52 ' o2
2y £0) Ls ) mz GfrY + 5, T~y GYZ (/%)

A o '\f e
) 6 . a A : g‘, SRR
MR Renry i (/7)) dir

Type (a) terms in K%?) are eveﬁ functions of x; Y. z; while
%+-‘grad f is odd, -The integral over the symmetric vol-
ume V. of odd integrands yanish.. Terms resulting from pro-
ducts of type (a) terms and the third term of eq, D.1l are
either even or odd. 0dd terms integrate to zero and even
terms are of order 1/r which by virtue of the volume

a3y =,4ﬂr2dr integrate to terms of omdériggf Type (b)
terms of K(r) are odd in two variables (x ;nd y) while

T + grad f contains only terms which are odd in a single
variable. The products are then odd in ét least one vari-
able and integrate to zero. The oddness of type (b) terms
also insure de) times type (b) terms intergrate to zero.

Type (b) terms times the third term of D.11 integrate to

order 82 terms. Thus

. | 2 _
=1 F ooy e s, 1 2 1L a% s ()’
X4 1 1‘6xi T

Ve




10 I Y g I |

LLE

-

143
Since Ve is symmetric

1 2

3 - oyE Lady SN ‘ﬁéfigfdgr*a §~7' Eﬁdsr
. T - 6x Sy .
. J 4
Ve Ve Ve
f. ‘ .2 .
= ..6_2. ;‘_ ds’r
J sz~ 7
- Ve
and

N = 2y 1ef(0) | §.T &v2 L ad = can (29 meE(0)
n 3 T n

Ve
The hyperfine interaction betwen an electronic system
of spin S and orbital momentum L and a nucleus of spin I
is
: !
W' = 2y mel-T/r° - 2yeme £ 80 (. P)1/rd
+ 16m/3y KE 3.7 §(1) . D.12
The ‘prime on the second term in 3.25 means matrix elements

evaluated using this term exclude thé originm. The second
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. term is more often written as

ENAED v~ TLos@BHEn
- T

T

D,13
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