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Abstract:

Sinc basis functions form a desirable basis to use for solving singular problems via domain
decomposition. This is because both the Sinc-Galerkin and sinc-collocation methods converge
exponentially, even in the presence of boundary singularities. For Poisson’s equation with
homogeneous Dirichlet boundary conditions posed on a rectangular domain, the Sinc-Galerkin and
sinc-collocation methods have been well developed. The sinc methods have also been developed for
any domain which can be mapped to a rectangular domain via an invertible or conformal mapping. In
order to increase the number and complexity of domains which can be handled via sinc methods,
domain decomposition techniques are used.

The Sinc-Galerkin and sinc-collocation domain decomposition methods are first studied for a two-point
boundary-value problem. Both of the traditional methods of domain decomposition, overlapping and
patching, are developed. This lays the groundwork to readily determine which method is most suited to
any given problem. Because the goal is to clearly develop and test the sinc domain decomposition
methods, techniques such as subdomain iterations and preconditioning are not employed here. The
number of subdomains is limited to two in order to limit the complexity of the presentation. Numerical
results are presented for both decomposition methods that exhibit the nearly identical errors achieved
whether one uses the sinc-collocation or Sinc-Galerkin method.

Next the patching and overlapping Sinc-Galerkin methods are presented for Poisson’s equation
presented on a rectangle. For certain parameter choices the sinc-collocation system is identical for these
problems, and is thus not presented separately. Again the number of subdomains is limited to two in
order to present the material more clearly. Both domain decomposition methods perform well, and this
is highlighted in the numerical examples.

Finally, Poisson’s equation is studied on an el-shaped domain. In the derivation of the discrete system,
it becomes evident that the patching domain decomposition method is the method of choice for this
problem. The derivation and numerical examples are presented using three subdomains, although
multiple subdomains could certainly be used. Numerical examples illustrate the ability of this method
to handle these types of problems.
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ABSTRACT

Sinc basis functions form a desirable basis to use for solving singular prob-
lems via domain decomposition. This is because both the Sinc-Galerkin and sinc-
collocation methods converge exponentially, even in the presence of boundary sin-
gularities. For Poisson’s equation with homogeneous Dirichlet boundary conditions
posed on a rectangular domain, the Sinc-Galerkin and sinc-collocation methods have
been well developed. .The sinc methods have also been developed for any domain
which can be mapped to a rectangular domain via an invertible or conformal map-
ping. In order to increase the number and complexity of domains which can be
handled via sinc methods, domain decomposition techniques are used.

The Sinc-Galerkin and sinc-collocation domain decomposition methods are.
first studied for a two-point boundary-value problem. Both of the traditional meth-
ods of domain decomposition, overlapping and patching, are developed. This lays the
groundwork to readily determine which method is most suited to any given problem.
Because the goal is to clearly develop and test the sinc domain decomposition meth-
ods, techniques such as subdomain iterations and preconditioning are not employed
here. The number of subdomains is limited to two in order to limit the complexity
of the presentation. Numerical results are presented for both decomposition methods
that exhibit the nearly identical errors achieved whether one uses the smc—collocatlon

. or Sinc-Galerkin method. -

Next the patching and overlapping Sinc-Galerkin methods are presented for
Poisson’s equation presented on a rectangle. For certain parameter choices the sinc-
collocation system is identical for these problems, and is thus not presented separately.
Again the number of subdomains is limited to two in order to present the material
more clearly. Both domain decomposition methods perform well, and this-is high-
lighted in the numerical examples.

Finally, Poisson’s equation is studied on an el-shaped domain. In the derivation
of the discrete system, it becomes evident that the patching domain decomposition
method is the method of choice for this problem. The derivation and numerical
examples are presented using three subdomains, although multiple subdomains could
certainly be used. Numerical examples illustrate the ability of this method to handle
these types of problems.




CHAPTER 1

' INTRODUCTION

The subjept of this thesis is the solution of Poisson’s equation via domain
decompoéition coupled with sinc methods. For a general domain Q € R?, Poisson’s’

equation with homogeneous Dirichlet boundary conditions is given by

—Vu(z,y) = —Au(z,y) = fz,y), (z,9) €Q
(1.1)
w(z,y) = 0, (z,y) € 0Q.

Many methods for Poisson’s equation have been highly developed. If € is
a rectangle, for example, using a finite difference methbd leads to a sparse matrix
system which can be efficiently solved with specializéd techniques for banded matrices.
One such difference method has a quadratic rate of convergénce depending on the
properties of the fourth—order_partials of the solution. See-[3] for a development of
this method and numerical results. Similarly, one can develop a finite element method
(see [12]) that has a quadratic rate of convergence depending on the properties of the
second-order partials of the solution. The matrix system has the same structure as

that arising from -a centered diﬁérence method.
- Sinc methods for Poisson’s equation on a rectanglé have been well-studied in
[2], {17), 18], [21], [23], and [27]. They are desirable methods to use for a variety of
reasons. First, the sinc approximations converge exponentially to the true soluﬁon.
The tradeoff for this rate of convergence is a full matrix. system, as is true of most

" spectral methods. Since the procedure is a product method, its most convenient

application occurs when Q = I x J, where I and J are intervals.
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Each method for_ soiving partial differential equations excels on a particular
class of problems. For example, finite differences yield simple ﬁethods which work
well for problems with analytic solutions. The finite element methods work well for
these problefns and can more easily handle complicated geometries and--boulndary
conditions. The sine methods excel for problerhs with boundary singularities, as dis-
cussed in [27]. The convergence estimates.for both the finite. difference and finite
element methods depend on the smoothness of the partial derivatives of the solution.
Thus there is no guarantee that they will perform well on problems with any singu- .
larity. This is also true of other spectral methods.  Thus the sinc methods are in a
class of their own when it comes to dealing with boundary singularities. °

If the domain €2 is not a rectangle. there are fwo besic methods for the dis-
cretization of (1.1). The first method involves redeveloping the discrete system and
the error analysis for each new domain. Finite element methods take this approach.
The second approach invokes .a change of coordinates to exchange the domain Q for a
domain on which the numerical method has been previeusly develloped; In this case,
the Laplacian becomes a more general elliptic operator. This method has received
1ese attention than it warrants due to the fact that the coefficients of ;che trvansformed
Laplacian may be singular. This has no effect on the sinc implementation or fesult-
ing calculations and accuracy. The method developed in this thesis, in combination
with both of the above methods, is advocated in [27], and handles any domain whose
boundary consists of finitely many analytic arcs.

Extensions to more general domains seem possible only if the domain can be
split into two or more pieces, each of which could be ﬁapped to 1ts own rectangle.
The solutions in each subdomain must then be matched in some manner. This leads
to a need for general domain decomposition methods.

Domain decomposition techniques have been of great interest lately, especially
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with the advancement of parallel computing technology. A series of conferences on
domain decomposition methods began in Paris in 1987 with the First International
Symposium on Domain Decompositioh Mgthods for Partial Differential Equations.
The prbceediﬁgs from each of these conferenc_es is a good source of informa;tion on -
domain decomposition. For example, [9] containé the proceedings from the confer-
eﬁce held in Moscow in May, 1990. Applications of these methods include field-scale
simulations of fluid flow in porous media ahd two-dimensional convection—diffusioﬁ
problems. See 5] ancl [8] for more details ;_)n these applications. By breaking these
large-scale problems into multiple subproiolems, parallel processors may be used to
efficiently solye these problems using iterative techniques.

_HaJ{/ing made the decision to decompose the domain €2, there are two tradi-
tional methods of handling the decomposition: patching and overlapping. When the
problem at hand does not motivate one method over another it is natural to ask which
method is preferable. Such comparisons must include a measure of accuracy B,alanced
with respect to impiementation considerations. In certain cases, the two methods can
be shown fo be related, if not identical. See [6] for more details. When iterative pro-
cedures are used to solve the problems on parallel computers, the patching method
has a lower overhead cost. On the other hand, the overlapping method is considered
to be more robust (see [5]). Due to the potential advaritages of each method, this
-thesis will carry out the discretization using both decompositions for the sinc basis.

As in any product method, there is a-clarity of presentation imported by first
‘ fully understand{ng the implementation- of the procedure for the one-dimensional
problem. For this reason, the patching and overlapping methods are carried out for
the sinc methods on an 1nterva1 Sinc methods here refer to both the Sinc-Galerkin
and sinc-collocation prqcedures, which are introduced in Chapter 2. These proce-

dures complement one another and provide the link to establish (numerically) the
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" convergence of the procedure. These two methods are spelled out in Chapter 3 and
the examplgs included show fhat, Wiﬂ_l respect to accuracy and iIﬁ'p_lementation, they
are numeri_caily_equivalent. ,
~ Chapter 4 presents both the patching a,nd. overlapping methods for Poisson’s
equation on a rectangle. In this chapter, only two subdomains are used. Because
the Sinc-Galerkin and sinc—c_:olloca,tion methods are the same for Poisson’s equation
with an appropriate choice of weights, only the Sinc-Galerkin method is discussed.
Again, both the p'af;ching and overlapping methods perform'equally well, as seen in
the examples. | |
Chapter 5 addresses the solution of Poisson’s equation on an el-shaped domain.
This is the final tool neededfor solving such equations on more.complex domains.
The method used for the development ‘of the discrete system mandates that the
subdomains must not overlap, and at least three subdomains must Be used for this
domain. ’fhus the patching method is developed for use with ,three'subdoma,ins,
though multiple subdomains are possible. The numerical results are quite good for

this method.




CHAPTER 2

SINC METHODS FOR DIFFERENTIAL EQJUATIONS

Introduction

Sinc methods for differential equations have .been well-studied since their in-
troduction in.[25]. They have been applied to a variety of differential equaﬁons sﬁch
as two-point boundary-value problems, Poisson’s equation, the wave equation, the
heat equation, the advection-diffusion equation, and Burgers’ equation. Both the
Sinc-Galerkin and sinc-collocation methods are well-suited for problems with bound-
ary singularities. They also both converge exponentially, even inlthe presence of such
boundéry singularities. For-an overview of sinc methods for differential equations see
[17], [26], and [27]. |

" The second section presénts an introduction to sinc interpolation and quadra-
ture methods. These are necessary tools for deriving the Sinc-Galerkin and the sinc-
collocation methods for solving differential equations.' For problems with constani;
coefficients, the Sinc-Galerkin method might well be the method of choice. For prob-
lems with variable coeﬂiéients, the sinc-collocation method is especially convenient
because the coefficients are more efﬁcientuly handled. In order to leave a clear path
‘for future work,; both methods are presented here. rI‘_he Sinc-Galerkin method is de-
veloped in the third section and the sinc—collocatic;n method is derived in the fourth

section.
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Sine Interpolation and Quadrature Methods

The following sine interpolation and quadrature results are presented in detail

in [17], [26], and [27]. For h > 0 and any integer j, define the sine translates on the
real line by

where for z E C

Three examples of these translates are shown in Figure I.

Figure I: The sine translates S(j,h)(x) for h = & 4 shown on [5,5]

In order to present the interpolation and quadrature results on the real line,

the Paley-Wiener class of functions is defined as follows.

Definition 2.1 Let h be a positive constant. The Paley-Wiener class of functions
B{h) is the family of entire functions f such that on the real line f G L2(Z) and in

the complex plane f is of exponential type w/ h, i.e., there exists JT > 0 so that

f(z) < K exp(7r|z|/h)

for all z E C.
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The sine interpolation and quadrature methods are exact on members of the Paley-
Wiener class of functions, as seen in Theorem 2.1.

Theorem 2.1 Iff EB(h), thenfor all z GC,

0o

IW = E /(&&)%

A:=—00

Furthermore, if f E L1(I),

roo @
[/ f(u)du=h E /(&&)-

&=-00

See [22] and [24] for the proof of the first and second parts, respectively, of this

theorem.
The Paley-Wiener class of functions is quite restrictive. For practical applica-

tions, a larger class of functions on which these methods perform well is desirable.

Define the infinite strip Ds by

Ds = Zu+iv:W\W<d< ™ . (2.1)

Ds is shown in Figure 2.

Figure 2. The domain Ds

In order to extend the sine interpolation and quadrature results, define the

class of functions Bp(Ds) .
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Definition 2.2 Let B?(Dg) be the set of functions analytic in Dg that satisfy

d .
[t ildy=0(ul?), u— o0, 0<a<1

and

v—d— -

N(f,Ds) = lim {(/o;lf(u+iv)|pdu)1/p

+ ( [ Z 1 (u— z"v)lpdu> l/p}

< o0

As seen in Theorem 2.2, proven in [17], the sinc interpolation and quadrature methods

perform quite well on this class of functions.

Theorem 2.2 If f € B?(Ds)-, p =1 or 2 then there ezists a positive constant K;
such that
“f -, f(kh)S(k,h)”' < K; exp(—nd/h) . .

k=—o0

Additionally, if p = 1 then there exists a positive constant K, such that
0 o 00 '
‘ [ fwdu—n Y- f(kh)l < K exp(—2rd/h) .
-0 k=—00
In practice, only finite sums can be- calculated. The effect of truncation can
be minimized by assuming appropriate growth conditions on f, as summarized in the

following theorem proved in [24].

Theorem 2.3 Assume f € BP(Dg) for p =1 or 2 and that there are positive con-

stants o, B, and C so that

- exp(—alul), u € (—o0,0)
|f(u)] < C{ exg(—ﬁu),? u € EO, 00)

Make the selections

N= U%M + 1]]




and
h= (Ld> "
aM

where [|-[] denotes the greatest integer function. Then there exists K3 > 0, independent

of M, so that

. Hf— i\’: f(kh)S(.k,h)“ < K3‘exp(—(7rdan')1/2) _
. ey

oo

he (@yﬂ N
aM

then there egists K4 > 0 independent of M so that

Additionally, if p=1 and

‘/;O:Of(x)dx— h i f(kh){ < K, eXP(—(27TdaM)l/2) . :
' k=—M

To solve problems on the finite interval (a, b), use the conformal map

zZ—a .
$(z) =In (b — z) . | (2.2)
This map carries the eye-shaped region

Dy = {z =z+iy:

ZzZ—a : ™
“Tg(b—z)‘<d-2} - @3

onto the infinite strip Dg in (2.1). An example of Dg is shown in Figure 3.

To describe the sinc quadrature and interpolation rules, the function space

B(Dg) is defined as follows.

Definition 2.3 Let Dg be the domain described in (2.3) in the z = z + iy plane
with boundary points a # b on the real line. Let w = #(z) be the conformal map of
Dg onto the infinite strip Dg given in (2.2). Denote by z = 7(w) the inverse of the

mapping ¢ and let

FE{zGC:z:T(u),uéR}zT(R{)z(a,b).
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Figure 3: The domain De ford= «/S, 0= 0,and 6= 1

Then B(De) is defined as the class of functions analytic in De which satisfy for some

constant a with 0 < o < I,

J \F(z)dz\ = 0(\u\a) , u—ioo

t{utl)
where L = {iv : |u] < d) and for 7 a simple closed contour in De

N(F,De) = Ilim \] \F(z)dz\ < 00 .
Further, for h> 0 and k= 0,+1, + 2 , .. denote the nodes

n-+

xk = T(kh) = (J-1(kh) = M+ 1 . (2.4)

The sine quadrature rule on (a, 6) is contained in the following result.

Theorem 2.4 Let F E B(De) with h > 0, let ¥ be the one-to-one conformal map
given in (2.2), and let xk = (“\(kh) be as given in (2.4). Assume that there are
positive constants a , ft, and C, so that

f (x-a)a 1, x€(a,(a + b)/2)
f(2) -\ 6—m~1, xE[@+ b)y2.b)

Make the selections

N= ‘'-M+I



|
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- (@) "
aM

Then there ezists a constant K5 > 0, indépendent of M, so that

and

b X F(z) | 1/2
’/a F(x)dw-—thM ¢’(:I:Z) < Kjsexp (—(ZWdaM) /> .

Two-Point Boundary—Vélué Problem

The linear two-point boundary-value problem with honiogeneous Dirichlet

boundary conditions on the finite interval (a,d) is given by

Lu() = —u'(z) +p(a) (@) + g(z)u(z)
=" f(z), a§x<b . (2.5)

u(a) = u(b)=0.

Sinc methods for problems of this type are discussed in detail in [16], [17], [25], and
[26]. ' '
The basis functions used: in solving (2.5) are defined by

Si(z) = SG, ko d(a), 6

where ¢ is given in (2.2). A graph of these basis functions can be seen in Figure 4.

The approximate solution is given by

N
un(z) = >, wSk(z), m=M+N+1, (2.7)
k=—M '
where h > 0 is fixed.

The Sinc-Galerkin Method

“The Sinc-Galerkin method for (2.5) is clearly developed in [16],-{17], [25], and

[26]. The Galerkin method requires orthogonalizing the residual Lu,,— f against each
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Figure 4: The sine basis functions Sj(x) for h = w4 shown on (0,1)

basis function using a weighted L2inner product. To simplify notation, orthogonalize

Cu - f against each basis function yielding
[Cu—/,S) —0, M<j<N,
where
{f,9)= Ja f{x)g[x)u(x)dx
and
ldx) = (<3)) r, r>0
Thus for =M < j < N
rb
£ (00 + p()ur(x) + a(ulx) —f(x)) Si{xju(xjdx = 0.
Integrating by parts to remove all derivatives from u yields
L, TO)SIuix)dx = —L u(x) (Sju)™ (x)dx
(2.8)
— [ u() (pSjU))(gdx + I u(x)a(x)sj(xju(xjdx + BT

where

BT —(upSjUj)(x) —(U'SU)(x)  + (uSU))(X)



13

The exponent 7 in thg weight function w can be chosen so th{at the boundary term
BT disappears. |

The follbWing notation will be necessary for writing down the discrete Sinc-
Galerkin and sinc—qollocation systems. For a function v defined. on (a, b) denote by ¥

the m x 1 vector
= 1osi) - Aem)I”, (2.9)

and let D(v) be the m x m diagonal matrix

V(T—m)
D(y) =
v(zn)
Also define
[(J, Jed@l _ =10, B
0 k=3
60 = hZ(S(,h x‘ {_’k_- 7
GGWes@l| | = Cus
@ g =z k=j
5(2) = h2 5, h) o d(z —={ 3 o
and define the m x.m matrices I® for p =0,1,2 by
® =9, 4k = —M,...,N.

Applying the sinc quadrature rule to (2.8) and using this notation yields the

following set of m equations where —M < j < N

. N 6(2) (i) ¢
0 =h 2 u(zy,) ’—’;(¢'w)( r) + L= %3¢ ( ,
M ¢

+ h(

)(a;J )+h Z (upw)(:c,c 5(1) (2.10)
o a(8) - (%) e ()
+ O(Mexp (—(wdo;M)l/QD .

w—|—2w> (wk)]




14

Now replace u by u,, as required for the Galerkin method and drop the error term. -

s

Notice that um(zx) = ux and-w = (¢')~". Then (2.10).becomes

N (2) (1) " '
=3 [5 ($)" () + ((;;Hﬁz«m-r))(wk)J
M

+ ush <((¢') )>(xj)+h Z ur(p(¢')~ )(xk)fsfi (2.11)

(0 >>($j?_ujh((¢,)l+r)@Hh(w,)w)w

Using the notation given above to write (2.11) as a matrix equation yields the discrete

Sinc-Galerkin system, whose coefficient matrix is

w{a(5) -0 3) 2 i ()

(2.12)
(@)} (@)
(#) (@)
‘The second derivative matrix in (2.12) is given by
1 ~1 1 "
A =—I® - —1Op ( 1—2r )
(@r) =1 = e (a- gy
. / ,—1. . A
= (@) () )
( <(¢ 77 ) \ (¢
The discrete Sinc-Galerkin system for (2.5) is then given by
| L 1\ |
where ’
T=lu_p ... uy] (2.14)

and f.is deﬁned‘ in (2.9) with + replaced by f. The following theorem for the conver-

gence of this method in the case p(z) = 0 is proven in [25)].
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Theorem 2.5 Let the numbers uy, (k= —M, ... , N) be determined by (2.13), and

let um(z) be ds defined in (2.7). Then assume f/\/¢, uw(¢')?, ug//# € B(Dg) and

that there exist positive constants o, 3, and C so that

(- a)**2, g ¢ (a,(a+0)/2)
[u(z)] < C{ (b= 22, € [(a+1b)/2,b)

Choose r =1/2, h = (Wd/(aM))l/Q, and
o .
N = ’—M—I— 1” .

I5

Then ' .
”um _'u”oo S OMze—WrdaM

where u s the solution of (2.5) with p(z) = 0.-

The Sinc-Collocation Method

The sinc-collocation method for the problem (2.5) is discussed in detail in [1];
[7], [11], [17], and [19]. Collocation requires orthogonalizing the residual against dirac

delta functions centered at the sinc nddes

5j(:1\:) =6(z —x;) . /

' Aga;in for simplification of notation, ﬁrst ‘api)ly this method to Lu — f to get
< Lu—f,6;>=0.

Uéing the L? inner product

<59>= [ F@e(e)is

yields the equation
. b :
A / (Lu — f) (2)8;(z)ds =0 .
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Recalling properties of the dirac delta function‘found inl [13] leaves the equatilons
(Lu—f)(z;)=0.

_ ’i‘he resulting scheme is defined by the m equations (m = M + N+1) .

Lun(z;) = f(z;), j=—-M,...,N . S (2.15)

. Because the approximation (2.7) used in the Sinc-Galerkin method is not differentiable
at z = a and at z = b, a weighted approximation is needed. This new approximation

is given by _ : .
_ J wn (' (2! Sk(@) S l

k=—M

Substituting into (2.15) yields

(B33

Expanding the derivative terms yields
N

(2) s - " '
wn(d (2 ) (2-1) kJ — ¢ iy
3 @) |- @) - S 2Z><(¢,)l)<g>.

50 " ﬁ o (="
9 () 0+ @) + o) (Gt ) e
+ (a@)7) ()]

= )

The fundamental matrices for the discrete sinc-collocation system are

cQ) = {7},'21‘] @ — —D ((21 —1) ( ¢,)2 ¢,) o

i (((w_);l) <<¢1>) - + <¢q'>2>}

K =CUD()) - '. (2.17)

and
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The resulting discrete sinc-collocation system is given by

&ﬁzD(aém)f 'l ’@ﬁ&

where % is given in (2.14) and f is given by (2.9) with v replaced by f. Notice that
if p(z) = 0 and I = 1/2 then this system is the same as the Sinc-Galerkin system
(2.13) for r = 1/2, i.e., T'yjy = Kyj3. Also notice that the coefficients p and ¢ are
not differentiated in the sinc-collocation method, but they are in the Sinc-Galerkin
method. For this reason the sinc-collocation method is advantageous for problems
with variable coefficients. The following theorem concerning the convergence of this

method for the case p(z) =0 and ¢(z) > § > 0 is found in [1].

Theorem 2.6 Let the numbers uy, (k = —M, ... , N) be determined by (2.18)
and let um(z) be as defined in (2.16). Then assume u(¢')3/* € B(Dg) and that there

ex1st positive constants o, B, and C so that

| (z—a)*" 2, g€ (a,(a+0)/2)
[ulz)] < 0{ (b— 22 3 € [(a+5)/2,b)

Choose.l = 1/2, b = (nd/(aM))*/?, and
N = [ M+ 1‘] .

Then
”um _ U”oo < CM3/26—\/7rdaM

where u 1s the solution of (2.5) with p(z) =0 and q(z) > 6 >0 .

Poisson’s Equation on a Rectangle

Let © be the rectangular region {(z,7) : a <z < b,s <y < t}. Let 6% be the
boundary of €. Poisson’s equation with homogeneous Dirichlet Boundary conditions

is given by
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~V?u(z,9) = —Au(z,y) = f(z,9), (z,9) € _
. ' (2.19)
wz,y) = 0, (3,y) €09 .
The sinc methods use a product of bases for the basis in two dimensions. The follow-
ing discussion only addresses the Sinc-Galerkin method. A similar approach works for
the s‘inc-.collocation method. The complete development can be found in {2], [17], [18],’
and [20]. There are several ways to achieve the Sinc-Galerkin and the sinc-collocation
systems for (2.19). Following the traditional Galerkin development, assume an ap-
proximation of the form |
Ny N‘.‘J ’
Umgam, (T,Y) = DD, unSin(x,y) (2.20)
J=—My k=—M,
where
Sir(z,y) = Sj()Sk(y) -

Here my = M, + N, + 1, my =M, + N, +1, S;(z) = S(j, h) o ¢(z), as given in (2.6),
and

Su(y) = S(k, 1) o P(y) - o (2.21)

The conformal map ¢ is given in (2.2), and the map % is given by

Z— 8\
¥(z) = In (t - z) . (2.22)
~ Using a weighted L? inner product .

(f,9) = /s t /a bf(w,y)g(w,y)(¢’(w)¢'(y))‘r dzdy ,

orthbgonalize the residual (again using v to simplify the notation) against each basis

function

(,C’U; — f, Sjk) =0 N
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for —M, <j <N, énd —M, < k < N,. Perform integré,tion by parts to. remove all
derivatives from the u terms. Then apply the sinc quadrature rule as necessary and
replace 4 by Um,,m,. See [17] for the painfully lengthy details.

The above approach is simple but quite messy. An approach found in [17] which
is useful in deriving the domain decomposition method is given below. This method
is more straightforward than the traditional approach and the resﬁltin;g systems are
identical. |

. Fix z = z,. Along this line, Poisson’s equation' implies that
~Usa(Zp, Y) — Uyy(Tp, ¥) = f(Zp, y) .
Since z is fixed, re\;vrite the equation as
—Uyy(Tp, Y) = F(@p, Y) + Usa(Tp, Y) -
Notic’ge that the boundary_ conditions imbly
u(zy, ) = u(z,,t) =0 .

This is now a two-point boundary-value problem like those discussed in the second

section. Thus the resulting system for each z, looks like

Ciay 1) = (55 ) (o )+ el 1)

'Allowing p to vary, the overall system is given by °

) (e om)

T 1
PTU =D <(¢I)T+1

Transposing each side and multiplying on the right by the diagonal matrix yields the

equation

UTTD ((')*) = (F + Uss) - (2.23)
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Here U = [u(xj,yk)] and F' = [f(z,yx)] are the m, X m, matrices fofmed from
point evaluation of w and £, respectively. The. m, x My MatTix Uy = [Uge (24, yx)] is
the point evaluation of the second partial deﬁvative of w with respect to z, and the
~diagonal matrix is of size my X m,,. |

Similarly, fix y = y,.. The resulting two-point boundary-value problem is
B —Uaa (T, Yg) = f(Z, Yg) + tyy (2, Yq)
with. boundary conditions
u(a,yq) = u(b,yy) =0 .
Apply the Sinc-Galerkin method to this new boundary-value problem and let ¢ vary

to get the matrix equation
LUD ((¢)*) = (F+ Up) - 2
Adding (2.23) and (2.24) yiélds the Sylvester equation
TUD ()*) + UTED (@')*) = (F+ Uy + F + Uso)
(2.25)
= F.

There are many approaches to solving equations of this type. Because of the work

to come in domain decomposition, the approach taken will be to concatenate each

side of (2.25). The following two definitions will be helpful in simplifying the discrete

Sinc-Galerkin system. More details can be found in [14] and [17].

Definition 2.4 For a matric B = (bz]) , 1<i<m, 1<j<mn, the concatenation
of B is the mn x 1 vector . o -
' éil
co(B) = b?a
Bin

where l_);k s the kth column of B.
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Definition 2.5 Let A be an m x n matriz and B be a p X ¢ matriz. The Kfonecker

or tensor product of A and B is the mp x ng matriz

dllB aisB ... (L]_nB
ARB = CLZ?‘B anB ... ag,-LB'
\ am]_B G,mgB .o amnB

A useful property of concatenation is given in Theorem 2.7.

Theorem 2.7 Let A be m X m, X bem X n, and B be n x n. Then
co(AXB) = (BT @ A)co(X) .

Proof of this theorem is given in [14] (with the notation vecA instead of co(A)) and

[17]. Concateﬁating each side of (2.25) yields the system
[0 (@) *) @ T+ (D (W) *) ) ® 1] co(U) = co(F), ~  (2.26)

which is then solved directly.

To achieve the collocation system for (2.19), proceed as above using the col-
location method to write the system for each ordmary differential equation. Because
\the p and g terms are zero here, the system with [ =1 /2 is 1dentlca.1 to the one given

in (2.26) when r = 1/2.
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CHAPTER 3

DOMAIN DECOMPOSITION FOR ORDINARY DIFFERENTIAL
EQUATIONS

- Introduction

The two traditional methods of domain de'composition, overlapping and pétch—

ing, have similar approaches. For the two-point boundary-value problem

Lu(@) = —u'(@) +p@)u'(z) + a()u(z)
= flx), a<z<b _ (3.1)

u(a) = u(b)=0,

the domain Q = (a,b) is split into two éubintefvals, Q! and Q2. if the subintervals
overlap, the differential equation is solved on each subdomain and the solutions are
matched at the new endpoints. Nice overviews are found in [4] and [10]. For the
pat'ching method, Q! and O? have only a co;ﬁmon endpoint. In this case, the problem
is sblved on the subdomains, and the S(.)lutions and their derivatives are matched at
this point of intersection. This method is described in [4] and [15]. |
Patching domain decomposition methods are traditionally used for solving el-
liptic problems such as Poisson’s equation. Certain characteristics of the sinc methods
make an overlapping approach desirable: Because of this, both methodé are followed
~ through in this preliminary work on the two-point boundary-value problem. These
methods have beén shown to be related, and in some cases, identical. - For more de-
tails see [5] and‘[6]. For a recent-survey of the literature on domain decomposition

techniques see [8].
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The second section presents the overlapping method of domain decomposition.
Both the Sinc-Galerkin and sinc-collocation overlapping methods are given. The third
section presents the patching method of domain decomposition. Again, both the Sinc-
Ga,lerkinh and sinc-collocation techniques are applied. Numerical examples are given

in each section.

The Overlapping Method of Domain Decomposition

This general method is outlined in [4]. Split the domain  into two subdomains,

Q! = (a,&) and Q2 = (£1,1), a < & < & < b. Then solve the problems

—u'(z) + p(@)v(z) + ¢()u(z) = f(z), z€Q

| - (3.2)

u(a) = 0, .

—v"(z) + p(z)v'(z) - a(z)v(z) = f(z), z€Q?
g ' (3.3)
v(b) = 0,
and
ué) = v(&)

(3.4)

u(€) = (&) -

Whether using the Sinc-Galerkin or sinc-collocation overlapping methods, the follow-
ing conventions are used. Let ¢’ denote the conformal map given in (2.2) on the
subdoma,iﬁ O, and let SJ denote the respective basis functions given in (2.6) on\Qj )
Notice that the non—honiogeneoué boundary conditions (3.4) introduced by the de-
composition are not satisfied by the Si. Therefore we must introduce the extra basis

functions

= (z —a)® -3 T Aa—a | ' .
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and
N> o= (*e»)3(« MV o+ | r M) m 0-S)
The basis function Wi(z) is chosen so that (a) = ™ (a) = uj”(a) = 0, Ul(E2) = I,
and WI(™2) = 0. Similarly, w2(z) satisfies w2(& = Wg(6) = Wg(b) = 0, W\2(*]) = I, and
W2(Ci) = 0. See Figure 5 and Figure 6 for a view of these boundary basis functions

when a= —, 6=4, £i= 9, and £2= 1.

Figure 5. The boundary basis function W on the interval fil= (—1,1)

Figure 6. The boundary basis function W2 on the interval Q2= (.9,4)
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In the region of overlap, which will be quite small, the approximate solution
may be taken to be the solution in Q! or 02 since they are, within the order of the
methdd, equél.
The Siﬁc—Galerkin Overlapping Method

The approximate solutions used for (3.2) and (3.3) are

. Nl . ) .
Ut () = > wpSi(x) + uyrpwi(z) ,mt = M+ N +1 - (3.7)
k=—M1 .
and
N? :
V2 (%) = V_pp2_ 1w2(x) + Y v;SiHz) ,m’ = M* + N% 41, (3.8)
j=—M?

respectively. Thus the superscript denotes either subdomain Q! or 2. From the

boundary condition at &;

i Nl N2
> wSi(6) Funpwi(é) = voapow(@)+ > vSHE)
k=—M1 j=—M2
(3.9)
= V_pm2-1 .
Similarly, the bbundary condition at & yields
N? Nt
vopeoawa (&) + Y, viSi (&) = D wSi(&) + unipwi(ée)
j=—M? k=—M1 .
' (3.10)
= Upnly1 -

Let

—

b= SLin(@) - Sin(&) wi(&)]

and

b2 = [w2(§2) S 2(€2) - .SJ2\I2(§2)]
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and let €; denote the appropriately sized row vector with 1 in the Jth position and -
0 elsewhere. Orthogonalizing the residual with respect to the m! or m?2 sinc basis

functions in Q' or Q?, respectively, yields the under-determined bordered systems

G =f1 (3.11)
and
Gl = f ‘ ‘ (3.12)
where
. | E(wl)
gj:[ R I ] (3.13)
1 ((¢1) )1+ mt x{(ml+1)
and !
QEZ[M ‘ 1“3,} . (3.14) .
((¢2)I)1‘+T m2x(m2+1) '

The notation £(w;)/((¢'))**" represents the m! x 1 matrix whose entries are given
by L(wi(z3))/ (") (z}))'*", and similarly for £(ws)/((¢?)")**". The nodes zi and z?

- are defined in (2.4) for the subdomains Q' and 2, respectively, where A/ is given by

i 7.rd 1/2
- \aMi

for j = 1,2. The matrices T' and I'? are defined in (2.12) where ¢ is replaced by

the formula

¢* and ¢?, respectively. The resulting coupled system for (3.1) with block coefficient

matrix is then

g e[a ik |
B! B2 =| 6 (3.15)
el g || % 2

where the m! x 1 vector f' and the m? x 1 vector 12 are defined as

Fi_p(_ Y Y7 ._ - ,
F1=2(yym) i =12, (3.16)
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U = [’U,_Ml ’LLN1_|_1] 5
(3.17)
v = [’U_M2_'1 'UNZ]T,
p=| B ] | (3.18)
° _€m1+1 ’ ) )
B} = [ F§ ] , (3.19)
b

and ©7 is an appropriately sized zero Iﬁatrix (either m' x (m1 +1) or m? x (m?+1)),
for j = 1 or 2, respectively. The matrices B are 2-x (m? + 1) for j = 1,2 and the
vector §is a 2 x 1 zero vector.

Each of the three sample problems presented in this chapter is posed on the
interval (—1,4). For the overlépping domain decomposition method this interval is
broken into the two S;ubinte;cvals Q' = (—1,1) and 92 = (.9, 4). The solution in
the region of overlap is taken to be the approximate solution in Q. The problefn’
. was checked for sensitivity to the amount of overlap. Extremely'sma,ll overlaps did
decreasé the overall accuracy. The degradation in error is obvious for overlaps smaller
than .001. For each problem the coefficients chosen are p(z) =1 and q(z) =1, and
the weight function exbonen‘ts used are r = [ = 1/2. The choices of p(z) and ¢(x) are
made with the expectation that thiS.Wﬂl be apprépriepte for elliptic pa;tial differential
equations. The choice of d was 7/2, and for consistency o was chosen to be 1 in
each example. Even in this more g’enérél setting, and without balancing errors with a
tuned choice of a, the error predicted in Theorem 2.5 is nearly. attained. More finely
tuned choices of a can further improve these results.

 Let |

s = max u(z) — ua(z)|
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where S = {z : —M" <k < N'}U{z?: ~M? < j < N?} is the set of all grid points

generated from the Sinc-Galerkin method and 4.1s given by

| uma(z),z e
ua(z) = { voa(3) . 7 592\91

Here the true solution is given by u(z). A uniform error is found by letting

1Bo]l = max|u(y) —ua(v)] -

“where U = {y; = —1+55/100 : 0 < j < 100} is a uniform grid of mesh size 0.05.
Note also that in each example N/ = M7 for j = 1,2. The problems are all run using
MATLAB, Version 4.1, which provides sixteen digits of precision on a DECstation
5000,/200. |

Example 3.1 Consider the test problem

. 4 9 A .
—u'(z) + ' (z) +ulz) = (%) (z* - 22° — 292 4 69z + 38)

w(-1)=wu(d) = 0
which has the analytic true solution giveﬁ by
4\? 2 2
u(z) = (53) (o +1)2(z — 4)? .

As is expected, the method berforms very Weil on this problem. Deﬁne M=M 1 = M?
and hence the mesh sizes satisfy h! = h? = h. Thus h = 7/v/2M. Note tha;c in
Figure 7 the true and approximate solutiéns are plotted only on the interval .9, 2] for
M= 2,4, and 8. This was done to betfer illustrate the coﬁvergence near the region

of overlap..' "The errors reported in Table 1 illustrate nearly exponential convergence.
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M h lHSs I WEwi\

2 1.5708e-]-00 2.20156 - 02 3.4013e - 02
4 L1107e4-00 9.48116 - 03 9.96846 - 03
8 7.85406-01 2.67986 - 03 2.51056 - 03
16 555366 -01 2.55626 - 04 2.38606 - 04
32 3.92706 -01 7.35226 - 06 6.89136 - 06
64 2.7768e -01 4.48026 - 08 4.21406 - 08

Table I: Error in the approximation of u for Example 3.1 using the Sinc-Galerkin
overlapping method

Figure 7. Sinc-Galerkin overlapping solution for Example 3.1
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Example 3.2 Next consider the test problem

" / (2 4z* — 2023 — 142 + 98z + 113
—we) () Fule) = (3) {E—2)( +2)

.u(—l):u(4) = 0

which has the sihgular true solution given by

Jer)E-2)
- .

2
u(z) =

Again the metﬁod perforr_ns well on this prc;blem, though the presénce of boundary
singularities (u’ and u" are not defined at the endpoints) causes larger errors than in
Example 3.1. The errors are reported in Table 2, with M = M! = M? and hence
h=h!=h=7/\PM | |

The column' labelled ||Es||¢ is a prediction of the error calculated from the

error at the previous step using the Sinc-Galerkin convergence rate,
[tm — v|jeo < CM2eVrdM
Hence,

|vom — ullee < C(2M)2eVTda2M
= O (MPeVrdM )‘/5 @M)>*M~2V2 .

Thus a prediction of the error at t_he next step can be made via the formula
| Es(2M)|l ~ || Bs(M)||V2(2M)2 M~ (3.20)

Notice the nearly exponential convergence exhibited by a comparison of the adjacent

columns ||Es|| and ||Es||e in Table 2.
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M h |1 Es]| Eslle - [1&u]|

2 1.5708e+00 1.5175e ~ 01 S 1.6736e — 01
4 '1.1107e+00 1.0394e —01. 1.5653e — 01 1.0077e — 01
8 7.8540e — 01 4.8658¢— 02 5.1620e — 02 4.4876e — 02
16 5.5536e — 01 1.4629¢ — 02 9.9374e — 03 1.3458e — 02
32 3.9270e — 01 2.4870e — 03 1.0227e — 03 2.2984e — 03
64 2.7768¢ — 01 1.9342e — 04 4.6998¢ — 05 1.7875e — 04

Table 2: Error in the appr0x1mat10n of u for Example 3. 2 using the Slnc-Galerkln
overlapping method

Example 3.3 Consider the test pro.blem

4do* — 142°% — 4122% + 562 + 104
64(z + 1)1-5

—u"(z) +u'(z) +u(z) =

u(~1)=u(d) = 0

. which has singular true solution given by

VT + 1(z — 4)* |

wz) = 16

This p_ro‘L)lem is the‘ 6n1y one of the given examples which can truly benefit from
domain decomposition. There is a boundary singularity at t]ﬁe left-hand endpoint.
Thus it is advantageous to concentrate more nodes on the left-hand subdomain Q2,
and decrease the amount of work necessary to achieve a desired accuracy. The nu-
~merical error for domain decomposition with M* = M? = M is given in Table 3,
" and the true and approximate solutions a;re shown in Figure' 8 for M = 2,4, and
" 8. In this case b = h' = B* = 1/v2M. In Table 4, the number of nodes in the

left-hand subdomain Q' is fixed at 129, corresponding to M?! = 64, and the number




of nodes in the right-hand subdomain f22 is allowed to increase as indicated. Thus

hl =

the left and M2 = 32 on the right to achieve the same error as that obtained with

M1l= M2= 64

magnitude as for the cases M2= 32 and M2= 64. Thus the size of the systems can

32

27768 and h2 = o/ v*M 2. The results show that one can use M1 = 64 on

In addition, with M 1= 64 and M2 = 16, the error is of the same

be dramatically decreased, while the same error is achieved.

Table 3: Error in the approximation of u for Example 3.3 using the Sinc-Galerkin

overlapping method

Figure 8: Sinc-Galerkin overlapping solution for Example 3.3

h
1.5708c + 00
1.1107c + 00
7.8540c - 01
5.5536¢ - 01
3.9270c - 01
2.7768c - 01

HEsll

2.2852c
1.4880c
6.8459c
2.0531e
3.4897¢c
2.7141c

01
01
02
02
03
04

lEall
2.3394c - 01
1.4258c - 01
6.6033c - 02
1.9821e- 02
3.3660c - 03
2.6173c - 04
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M h? 1l N Eul
2 1.5708¢+00 9.6309¢ — 02 9.6309 — 02
4 1.1107¢+00 1.9016e—02 1.9205¢ — 02
8 7.8540e—01 4.9133¢ — 03 . 4.7255¢ — 03
16 5.5536e —01 3.2919¢ — 04 3.0967e — 04
-32 3.9270e— 01 2.714le— 04 2.6168¢ — 04
64 2.7768¢ —01 2.714le— 04 2.6173¢ — 04 .

Table 4: Error in the Sinc-Galerkin overlapping approximation of u for Example 3 3
with M! = 64 and h' = .27768 on the left-hand subinterval

The Sinc-Collocation Overlapping Method

The approximations used for (3.2) and (3.3) are

i 1/ (1 Si(®)
> uk((¢ ) (xk))l((¢1),(x))l + un1 1w () |

¢ k=—M1

U1 (2)

(3.21)
N '
&Y, wSi(®) + uniawi(z)
. k=—M1

~and
'— V_p2_1WolT v 2 ! 532(37)
vmz('x) = | Mm2o1w2(T) + Z i((6%) (7)) (32 (@)

T

 (3.22)

N2
~ voppeowa(z)+ Y. 055 )
. CL j=—M?

respectively, where wi(z) and wy(z) are given in equations (3.5) and (3.6). The
approximate sums in (3.21) and (3.22) reflect the fact that these sums are, within
the order of the method,‘ equal. ‘The latter sums are easier to calculate in practice,

éndpe_rform equally well. Applying the boundary condition at & and & using the

latter approximations given in (3.21) and (3.22) yields the same equations given in
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(3.9) and (3.10), respectively. Let B!, B, &; , i, and ¥ be as defined in the previous

section. Collocating the system yields the under-determined, bordered systems

Cli=f!
~and
Co=f?
where
E(wl)‘ :
c,lz[ K} ‘ o } (3.23)
. ((¢1)/)2 l (i 41) -
and _ _ .
L(wz) ’ :l ' . R
c2=‘[ = ‘ Kc? . 3.24
S I CODES N Bl WP (324

- The matrices K} and K} are defined in (2.17) where ¢ is replaced by ¢' and 2,

respectively. The resulting coupled system for (3.1) with block coefficient matrix is

then .
¢t el [u ik
B! B =| 4§ (3.25)
o ¢ || i
where for j = 1,2, f7 is an m? x 1 vector given by
fV=D<~4L—>fg © (3.26)
((¢7))=4) " , '

and ©7 is an appropriately sized zero matrix. Note that (3.25) l:lS structurally the .
. same as (3.15) where the Galerkin matrices G and G? have been replaced by the
collocation matrices C} and C?, respectively. The collocation matrices are found in
(3.23) and (3.24). |

_As. seen in the following three examples, the errors achieved via the sinc-
collocation overlapping method are almost identical to those achie'ved' Wwith the Sinc-

Galerkin overlapping method. The error predicted in Theorem 2.6 is nearly attained.
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Example 3.4 This problem, the same is in Example 3.1, has analytic solution

u(w) = (5 )<m+1> (z —4)?.

<

As expected, the method works well on this problem.‘ As seen in Figure 9 and Table
5 the sinc¢-collocation overlapping method perfoﬁﬁs well, with M = M* = M? and
h = B! = h?* = w/v/2M. The errors exhibit almost exponential convergence and
the uniform errors ||Ey || are nearly identical to the errors on the sinc grid S, “ES”
Comparing the results in Table 1 to those in Table 5, and comparing Figure 7 to Figure
9, shows that the Sinc-Galerkin and smc—collocatlon overlappmg methods perform

almost identically on this analytic problem

M h 1Bl |Eu]|

2 1.5708¢ + 00 " 4.0066e — 02 5.3626e — 02
4 1.1107e+00 7.6096e —03 8.1290e — 03
8 7.8540e —01 2.7713e — 03 2.6082¢ — 03
16 5.5536e —01 2.5819e — 04 2.4157e — 04
32 3.9270e — 01 7.3083e — 06 6.9339¢ — 06
64 2.7768e —01 4.6774e — 08 4.4299¢ — 08

Table 5: Error in the approximation of u for Example 3.4 using the sinc-collocation

overlapping method -
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Figure 9: Sinc-collocation overlapping solution for Example 3.4

Example 3.5 This problem, the same as in Example 3.2, has solution

28+ 1)(4 -x)
o 5

u=

The boundary singularities make this a much harder problem than that in Example
3.4. In spite of the singularities, the method performs well, as indicated in Table 6.
Here again M = M1—M2and h = h} = h2= k/\J2M. The column labelled H-Es||c
is a prediction of the error calculated from the error at the previous step using the
sinc-collocation convergence rate. The formula used for this is derived like (3.20) and
is given by

WEs(2M)\\¢ w 11Es (M)IIM2(2M)32M "3/ V2 . (3.27)

Notice the nearly exponential convergence exhibited by a comparison of the adjacent

columns ||ES| and ||Es ||c.
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Mo 18sl Bsle 1l

2 1.5708¢+00 1.4893¢ 01  — 1.5644e — 01
4 1.1107e+00 1.0367¢ —01 1.2443e —01 1.0071le — 01
8 7.8540e — 01 4.8654e — 02 4.8461e — 02 4.4942¢ — (2
16  5.5536e — 01 1.4630e — 02 1.0808e — 02 1.3482¢ — 02
32 +3.9270e — 01 2.4870e — 03 1.2842¢ — 03 2.2907e — 03
64 2.7768¢ — 01 1.9342e— 04 6.8123¢ — 05 -1.7781e — 04

Table 6: Error in the approximation of v for Example 3.5 using the sinc-collocation
overlapping method

Example 3.6 This problem, the same as in Example 3.3, has solution

_ Va4

This exaﬁplé has a boundary singularity at one endpoint. Again the method performs
well, as seen in Figure 10 and Table 7. Here M = M' = M? a,nd h=h!=hr=
7/v/2M. Comparing these to Figure 8 and Table 3 shows that the Sinc-Galerkin and
sinc-collocation overlapping methods perform identically on this singular problem.
Because the singularity is only at the left-hand endp.oint, one caﬁ fix the number of
nades in the left-hand subdomain Q' at 129, corresponding to M' = 64 and let the
number of nodes in Q2 the 'right—hand subdomain, vary. As seen in Table 8, one can

achieve the same amount of accuracy using fewer nodes in 02.




o B~ N

32
64

Table 7: Error in the approximation of u for Example 3.6 using the sinc-collocation

overlapping method

Figure 10: Sinc-collocation overlapping solution for Example 3.6

h
1.5708e + 00
1.1107e + 00
7.8540e - 01
5.5536e - 01
3.9270e - 01
2.7768e - 01

38

HEsll
2.3058e - 01
1.4891e - 01
6.8460e - 02
2.0531e - 02
3.4897e - 03
2.7141e —04

lEy I
2.3474e - 01
1.4242¢ - 01
6.6117e —02
1.9848e - 02
3.3592e - 03
2.6059% - 04
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h2

125

€l

1.5708e + 00
1.1107e + 00
7.8540e — 01
5.5536e — 01
3.9270e — 01
2.7768e — 01

7.4345e¢ — 02
1.9799¢ — 02
4.8137e — 03
3.1914e — 04
2.7141e — 04

2.7141e — 04.

7.4345¢ — (02
1.9779 — 02
4.6152¢ — 03
3.0017¢ — 04
2.6054e — 04
2.6059¢ — 04

Table 8: Error in the sinc-collocation overlapping approximation of for Example
3.6 with M* = 64 and k' = .27768 on the left-hand sublnterval

Patching Domain Deéomposition Methods

The patching -domain decomposition method is described in [4] and proceeds

as follows. Split the domain into two non-overlapping subdomains, 0=

= (£,b), a < £ < b. Then solve the problems

() + p(@)u(2) + g(a)ulz) |

—~v"(z) + pla)u(@) + g(z)v(z)

v(b) =

and

u(f) =
J(E) =

u(a) =

v(¢)
v'(€) -

(a,¢) and
flz), zeQ!
0,
flz), z€ 0?
0,
(3.28)
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The Sinc-Galerkin and smc-collocatlon methods both use the following conventions.
As was done for the overlappmg method, let ¢’ denote the conformal map given in
(2.2) on the subdomain €/ , and let SJ denote the respectlve basis functions given
in (2.6) on . Recall that the subdomains Q7 have changed from that in the over- .
lapping techniques, and thus so have the functions ¢’ and S’,Z. Notice that the non-
hqmogeneous boundary cqnditions introduced by the decomposition are not satisfied
by the S’,{. Therefore we must again introduce extra basis functioﬁs similar to those

in (3.5) and (3.6). These are given by

wi(z) = (z — a)® ( _'3 . fel > ., | ('3.29)'

€=ay” (5 a)*

and

wy(z) = (z = b)® ( G :3b) ég b;’ 4) o (3.30)
The choice of w;(z) satisfies w;(a) = wi(a) = w{(a) =0, w1(§) = 1, and w}(¢) = 0.

| Similarly wa(8) = wh(5) = wf(E) =0, wa(€) = 1, and w(§) = 0. |

The Slnc-Galerkln Patchlng Method

For this method the same approximate solutions as in (3.7) and (3.8) are used.

c

From the first boundary condition on « and v at & ,' comes the relation

N1 :
> urSH(E) + unryawn (£) = v_pre_1wa(€) + Z v;52 ()
]i?:—M1 ) ) ]——M2

and so

UNLypr = Vpr2—q - ’ (331)

Unfortunately, the derivative boundary condition at ¢ creates more difficulty. The
nature of the sinc basis and its derivatives leaves either a system which gives the same
condition as the first boundary condition, or a condition which is unsolvable with -

regards to the first boundary condition. In either case, another way to approximate -
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the derivative conditions must be found. The alternative chosen from among several

tested was a three-point approximation to the derivatives, [3]. Let § > 0 and then
1
u'(€) = 5elu(é - 26) — 4u( — 8) + 3u(&)] + O(6°)

and

V() = STol(E +25) = 40(€ + 8) + 30(€)] + O(8")

The boundary condition on u' and v’ in (3.28) yields

Nl
> u (SHE—26) —4SHE—6)) + unips (wi(€ —26) — 4wi (¢ — 8) +3)
j=—M . ’
- (3.32)
N2
= ~v_po_1 (Wa(€ +26) —dws(E+6) +3) — 3w (SE(E+25) — 4SE(E+9)) .
- . . k=—M?2
Let '
by = [S1,n(E—26)— 48, (E—6) ... Si.(¢—26)— 45k (€ —6)
| ' (3.33)
wi(€ —26) — 4w (€ — 6) + 3]
- and
54 = [ LUQ(f + 25) — 4(1)2(6 + (5) +3 SEMz(f + 2(5) — 4SZM2(§ + 6) cen
(3.34)

%2 (€ +26) — 45%:(6 4+ 6) ]
Orthogonalizing the residual with respect to the m! or m? sinc basis functions in
Q' or O, respectively, yields the under-determined bordered systems given in (3.11)
and (3.12). Again I'! and I'? are defined in (2.12) with ¢ replaced by ¢' and ¢2,

respectively, and G} and G? are given in (3.13) and (3.14), respectivély. Notice that
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the regions O* and 02 differ here since we are patching. The resulting coupled system

for (3.1) with block coefficient matrix is then

Gt e[ @ Fi -
B! B =| ¢ - (3.35),
ot ¢ |7 72
where f-7 for j = 1,2, is given in (3.16),
| b ' (3.36)
? —€m1+1 , .
and _
7 .
B2=|"%| . - .
2 [ . ] (3.37)

The vectors % and ¥ are defined in (3.17), Bf is 2 x (m? + 1)', ©7 is an m?/ x (m? + 1)
zero matrix, and §is a 2 x 1 zero vector. The same problems as in the overlapping .
domain decomposition method are presented in this section. In each problem the
intérval (-1,4) is broken into the two non-overlapping sﬁbintervalé (—1,1) and (1,4).
The problem was checked for éensitivity to the size of §. The choice § = .01 was used
in the following examples, and seemed to produce the bes;s results. Each pfobl,em
was run with cdeﬁicients p(z) =1 and ¢(z) = 1, and the weight function éxponents
used were r = [ = .5. The choices for d and « were 7/2 and 1, respectively. As
be;fore, more carefully tuned c_hoicés of a could iﬁprove the numerical results. As in

the previous examples, the problems were run with M* = N* and M? = N2,

Example 3.7 Consider the problem

25

—u"(z) +u'(z) + u(z) = ( 4 )2 (a* — 2% — 2922 + 69z + 38)

w(—-1)=u{4) = 0,
which has true analytic solution

| u(z) = (%)2 (x+1)2*(z —4)%.
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As predicted, the method works well on this problem. As seen in Figure 11 and Table 9
the patching method performs well, with M = M'=M?andh=hl=h= 7/\V/2M.
The errors exhibit almost exponential convergence and the uniform errors ||Ey|| are .
nearly identical to the errors on the sinc grid 3, || Es|). |

| It is interesting to compare results from the Sinc—Galerki/n patching method in
Figure 11 to the results from the Sinc-Galerkin overlapping method in Figure 7. While
" the patching method starts out much more poorly than the overlapping metjnod, the

errors are very close at M = 64, as seen in a comparison of Table 9 and Table 1. The

same phenomena will hold in the next examples.’

Table 9: Error .in the approximation of u for Example 3.7 using the Sinc-Galerkin

patching method

M h 1 Es|l Byl -

2 1.5708¢+00 1.6299¢ + 00 1.6323¢ -+ 00

4 1.1107e+00 3.8467¢ —01 3.8427¢ — 01

8 7.8540e— 0l 3.3391le— 02 3.2594e — 02
16 5.5536e — 01 1.9320e —03 1.8742¢ — 03
32 3.9270e— 01 5.382le — 05 5.2164e — 05
64- 2.7768¢ — 01 4.6443¢ — 07 4.5055¢ — 07 -

S
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Figure 11: Sinc-Galerkin patching solution for Example 3.7

Example 3.8 Next consider the test problem

4x4 - 20x3- Ux2+ 98%+ 113

—u"{X) + u\x) 4((4-T)(I+a;))3/2

it(-1) = u@4) = 0,

which has the singular true solution

2il(z + 1)(4-x)

U:- 5 °

The steepness of the solution due to the boundary singularity makes this a more
interesting problem than Example 3.7. In spite of the singularities, the method per-
forms well, as indicated in Table 10. Here again M = M1= M2and 4= 41= 42=
A \/2M. The formula for the predicted error column, [|[Es||Gis given in (3.20). It is

again reported for each appropriate case.
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M heoo | Es|| | Eslle | By

2 1.5708e+00 2.0067e+ 00 — 2.0061e + 00
4 1.1107e400 2.9090e — 01 — 2.9055e — 01
8 7.8540e — 01 4.7885e — 02 -2.2127e — 01 4.4338¢ — 02

16 5.5536e — 01 1.4392e — 02 9.7148¢ — 03 1.3248e — 02
32 3.9270e — 01 2.4466e — 03 9.9936e — 04 2.2622e — 02
64 2.7768e — 01 1.9028e — 04 4.5922¢ — 05 1.7615e — 04

Table 10: Error in the ‘approximation of u for Example 3.8 using the Sinc-Galerkin
patching method

- Example 3.9 Consider the test problem

4z* — 142°® — 4122 + 56z + 104

—W@%Hﬂ@+U@)=

64(z + 1)1
uw(~-1)=u(4) = 0,
which has the siﬁgular true solution
Vz + 1(z —4)?
u(z) = 16 :

This problem also has a boundary singularity at one endpoint. Again the methbd
performs well, as seen in Figure 12 and Table 11. Here M = M* = M? and h =h'=
h*=r/ V2M. Because the singularity is only at the left-hand endpoint, one can ﬁx
t_he number of nodes in the left-hand subdomain at 129, corresponding to M 1 =64
aﬁd let the number of nodes in 2, the right-hand subdomain vary. As seen in Table

12, one can achieve the same amount of accuracy using fewer nodes in 2.




Table 11: Error in the approximation of u for Example 3.9 using the Sinc-Galerkin

patching method

Figure 12: Sinc-Galerkin patching solution for Example 3.9

h
1.5708e + 00
1.1107e + 00
7.8540e - 01
5.5536e —01
3.9270e - 01
2.7768e - 01

46

HEslI

1.2811e4-00
1.4888e - 01
6.8455¢e - 02
2.0531e - 02
3.4897e - 03
2.7141e - 04

HEslI
1.2803e + 00
1.4278e - 01
6.59306 - 02
1.98116 - 02
3.3652e - 03
2.61596 - 04
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]

M n? 2l
2 1.5708e+00 1.5056e— 01 1.5106e — 01
4 1.1107¢4-00 1.9831e—01 1.9615¢ — 01
8 7.8540e — 01 6.0257e—02 5.9407e — 02
16  5.5536e — 01 5.7655e¢ — 03 5.6809¢ — 03
32 3.9270e—01 2.714le — 04 2.6086e — 04
64 2.7768¢ — 01 2.714le— 04 2.615% — 04

Table 12: Error in the approximation of u for Example 3.9 using the Sinc-Galerkin

patching method with M! = 64 and h! = .27768

The Sinc-Collocation Patching Method

Here the same approximations as in.(3.21) and (3.22) are used, and w; and

wy are given in (3.29) and (3.30), respectively. The discretization of the boundary

conditions on v and v at ¢ is given in (3.31). Similarly, the discretization of the

boundary conditions on «’ and v’ at § is given in (3.32). The block coefficient matrix

is structurally the same as in (3.35) where the Galerkin matrices G} and G? are

replaced by the collocation matrices C} and C2, respectively, as seen below

ck e[ ik
B} B? =| 6
of ¢||7 7
~where f 7 for j = 1,2, is given in (3.26),
Bl — 53
_€m1+1
and ‘
B2 = | b4
er |’

and.the vectors b3 and by are given in (3.33) and (3.34), respectively.

(3.38)
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The ‘samé'problems as in previous examples are presented here. In each prob-
lem the interval (-1,4) is broken into the two non-overlapping subintervals (-1,1) and
(1,4). The problem was checked for sensitivity to the size of §. The choice 6§ = .01
was used in the following examples, and seemed to producé the best results. Each
- problem was run with coefficients p(z) = 1 and ¢(z) = 1, and. the weight function .
exponents used were 7 = [ = .5. The choices for d and o wére 7 /2 and 1, respectively.

As in the earlier examples, the problems were run with M* = N! and M2 = N2,

Example 3.10 Thié problem, as given in Example 3.7, has analytic solution

@)= () @+ - 42

As expected, the method works well on this problem. As seen in Figure 13 and Table
13 the patching method performs well, with M = M! = M? and h = B! = h? =
7/v/2M. The errors exhibit almost exponential convergence and the uniform errors

are nearly identical to the errors on the sinc grid S.

.M h | Esl | Evll
2 1.5708¢+00 1.7109¢+00 1.7111e4 00
4 1.1107e+00 2.7094¢ — 01 2.7056e — 01
8 7.8540e — 01 3.1750e —02 3.0943¢ — 02
16 5.5536e —01 1.9591e — 03 1.9000e — 03
32 3.9270e — 01 5.4150e —05 5.2495¢ — 05
64. 2.7768¢ — 01 4.7482¢ — 07 4.6092e — 07

‘Table 13: Error in the approximation of u for Example 3.10 using the sinc-collocation

patching method
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Figure 13: Sinc-collocation patching solution for Example 3.10

Example 3.11 This problem, as given in Example 3.8, has solution

20(i + V)(4- i)

[~ ]
J

The boundary singularities make this a much harder problem than that in Example
3.10. In spite of the singularities, the method performs well, as indicated in Table
14. Here again M = M1= M2and h = hl—h2 = %/\/2M. The formula for
the predicted errors column, ||£s]|c, is given in (3.27). It is again reported for each

appropriate case.

Example 3.12 This problem, as given in Example 3.9, has solution
-to = 4)2.

This problem also has a boundary singularity at one endpoint. Again the method
performs well, as seen in Figure 14 and Table 15. Here M = M 1= M2and h = hl —
h2 —itlyJtM. Because the singularity is only at the left-hand endpoint, one can fix
the number of nodes in the left-hand subdomain at 129, corresponding to M1 = 64
and let the number of nodes in $12, the right-hand subdomain, vary. As seen in Table

16, one can achieve the same amount of accuracy using fewer nodes in fl2.
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h

2] 1Eslc | Eoll

1.5708¢ + 00
1.1107e 4 00
7.8540e — 01
5.6536e — 01
3.9270e — 01
2.7768e — 01

2.0208e + 00
1.6020e — 01
4.4530e - 02
1.3235e — 02
2.2480e — 03 -
1.7277e - 04

2.0211e + 00
1.6052e — 01
4.7889% — 02
1.4392e — 02
2.4466e — 03
1.9028e — 04

3.1796e — 02
1.0568¢ — 02
1.2548¢ — 03
6.6563¢ — 05

Table 14: Error in the approximation of u for Example 3.11 using the sinc-collocation

patching method

I

h

1Es]

B

1.5708e -+ 00
1.1107e + 00
7.8540e — 01
9.5536e — 01
3.9270e — 01
2.7768e — 01

1.4456¢ 4 00
1.4905e — 01
6.8457e — 02
2.0531e — 02
3.4897e — 03
2.7141e — 04

1.4448e + 00
1.4278e — 01
6.6034e — 02

©1.9830e — 02

3.3572¢ — 03
2.6020e — 04

Table 15: Error in the é,pproximation of u for Example 3.12 using the sinc-collocation

patching method




Figure 14: Sinc-collocation patching solution for Example 3.12

h?
1.5708e + 00
1.1107e + 00
7.8540e - 01
5.5536e —01
3.9270e - 01
2.7768e - 01

51

11Bsll
1.1066e —01
2.2433e - 01
6.1302e - 02
5.8142e —03
2.7141e-04
2.7141e - 04

(AW
[.111Se —01
2.227% - 01
6.0458e - 02
5.7296e - 03
2.5946e - 04
2.6020e - 04

Table 16: Error in the approximation of U for Example 3.12 using the sinc-collocation
patching method with M 1= 64 and hl= .27768
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CHAPTER 4

DOMAIN DECOMPOSITION FOR POISSON’S EQUATION

Introduction

Poisson’s equation on a rectangle with homogeneous Dirichlet boundary con-

ditions is given by

—Vu(z,y) = —Au(z,y) = f(z,9), (z,9) €Q
- (4.1)
u(z,y) = 0, (z,y) €0Q.

Consider splitting the domain
Q={(z,y):a<z<bs<y<t}

into one or more subdomains. In this chapter, 2 is split into two subdomains. Choose

a<£1§§2<bandlet

A ={(z9):a<z<&s<y<t}
and

P ={(z,y) &<z <bs<y<t}.

Let M={&y):s<y<tlandI?={(&,9):s<y <t}
The classical approach to domain decomposition for (4.1) requires the solution

of the systems

_Au(wa y) = .f(way) ’ (w7y) = ot

u(z,y) = 0, (z,9) € ot \ Tt
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and
—Av(z,y) = f(z,9), (z,y) € Q?

v(z,y) = 0, (z,y) € 0Q*\I?.
For the overlapping method the matching conditions require

’U,(f]_, y) = _ v(fl) Z/) ) (517 y) € ]-_‘2
u(§27y) = U(f2ay) ) (f%y) € Fl :
For the patching method note that & = & = € and thus I'''=T?=T. The matching

conditions require that .

wE,y) = v&y), Ey)er

0 ov
o &1 = —5 v, Eer,

where v is the outward unit normal for the appropriate subdomain. -Thesg techniques
for elliptic probiems are described in [6]. In the second section overlapping domain
decomposition is developed for Poisson’s equation using fhe Sinc-Galerkin method.
The sinc-collocation method is equivalent for this problem With_r =1l=1/2. In
the third section patching domain decomposition is developed. Numerical results are

presented in each of these sections.

Overlapping Domain Decomposition for Poisson’s Equation

An easier approach for using the sinc methods is to proceed as in the develop-
ment of the discrete sinc system for Poisson’s equation in the last section of Chapter
2. The approximations given for Poisson’s equation in (2.20) do not meet the required

conditions. Thus the approximations

Nl+1 N,

Uml ,my (x,y) = Z Z 'u’jk\y;: (x)Sk(y) (42)

j=—M} k=—M,
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and

i m, (3:1) = z””: S5 002 $@5.0) (43

J=—M2—1k=—M,
are used where

Sl(a:) —M! << N:
].' e J ’ T — - z
i (z) { wi(z), j=Nl+1

and

2 _ w2($)a Jj= _M:12: —1
‘I’j(‘”)‘{ S:(z), —MZ<j<N?

Here, ‘wi(z) ‘and wy(z) are the boundary basis functions given in (3.5) and (3.6),
respectively. The sinc basis functions Sj(z) and S?(x) are as defined in (2.6) with

-conformal maps : ‘

poma(22)

#(z) = In (”Z:il) .

" The sinc basis functions Sk(y) are defined in (2.21) and the conformal map ¥(y) is

and

given in (2.22).
 Fixz = e, —M! <p< NL Along this line the approximation given in

(4.2) has the form

Ni+1 N

Umim, (%) = D D up¥i(a)Sk(y)

= z’/: ('U;pk;"l‘uNz1+1kw1( )) Sk( )

k=—M,
Ny

= >y oSk (Y) )

k=—M,
Along this line, the problem being solved is
~Ug (T, Y) — Uy (,9) = fzp,9), s <y <t

u(le,, s) = u(a:}],t) =0
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or ‘
—’U:yy(.'ﬂ‘zl,,y) = f(x;ny) + ua:a:(xglny) ‘7 s<y< ?
w(zy,s) = u(zy,t) =0.
This is a second-order two-point boundary-value pro%lem with homogeneous Dirichlet
boundary conditions. Using either the Sinc-Galerkin method or the sinc-collocation

method (they are the same for this problem when r=1=1 /2) the system to be

solved is given for —M} < p < N} by

- Tipaog =D ((0)77) (Fla} ) + Bea(e}, D)) - @y

Here &, is a vector with entries ¢, , f| (%5, %) is a vector with entries f(zl,y;), and
ﬁm(lle,,gj') is a vector with entries um(x;,yk) for ;My < k < N,. From (2.12) the

coefficient matrix for 7 = 1 /2 has the form

R 1
Ty =510+ 0 (3)

for j=1,2.
* Allowing p to vary yields the equation

IL,C7 =D ((0)*?) (F* + Um)T L (4.5)

Transposing each side of (4.5) yields

. Oor

CT), D (W)) = F' + Use . @.7)

The matrices C = [cj], F* = [f (:b}, Ur)], and Upg = Use(x], yr) are of size ml X my,.

In order to write this in terms of a system that can be solved for U, notice that

. : 1 .
Cpk = Upk + UN141,5W1(T) -
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Let B, be the ml x (ml + 1) partitioned matrix
B = [I : wl,} , | | (4.é)
W.here @1 is the ml x 1 vector with entries w; (). Then
C=EU E
Subsﬁtuting this into the‘system (4.7) yields
BU (r} /2)T D ((@)?) = F' + Uss - - (4.9)

Similarly, let z = 22 € 92, ~M2 < p < N2. Along this line, the differential

equation lt'akes the form

_’Uyy(xz%’y) = f(xgay) + Umm(xf,,y) , S<y <t

v(z3,5) = v(zl,t)=0. .

Notice that vy,2 m, has the form
Um2 ,my (3;1277 y) = Z Z vjk\pz(x2)8k(y)
J=—M2—-1k=—M,
Ny /
= Z (Vpk +U—M§—1,kw2($123))8k‘(y) .

k=—M,

Let Ey be the mﬁ X (m2 + 1) partitioned matrix
B = [52 : I] . (4.10)

where @, is the m2 x 1 vector whose entries are given by w, (a:?) Proceeding as above

yields the system
By (T2),) D (W )3/2) =F 4V, (4.11)

where V = [vji], F? = [f (2}, yi)], and Vae = [vse(2F, yx)] are m2 X m, matrices.
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Now fix y = y,, —M, < ¢ £ Ny. The problem to be solved is now the

one-dimensional domain decomposition problem
(@, y) = f(@,) + (o) , @€ O
uey) = 0
—Ve(2,Y) = f(z, Yg) + 'Uyy(xayq) ', e
?(b,yq) = 0
with matqhing conditions given by
.'u.'(glayq) = (€1, )
w(é¥) = v(éa,v,) - )

There are my of these problems so letting ¢ vary yields the three coﬁpled equations

GijyU =D (((¢1)’) _3/2)' (F'+Uy) » . (4.12)
BIU + va =0, | ©(4.13)
and \
GiV =D (((¢2)’) —?/2) (F2+Vy) . O (414)
Here G} /é is given by
Gij2 = - Fi/z } mCA , (4.15)

(@) |t sny

' gf/"z is given by
g2 . —U_)’g . 1-\2 '
/2 — ((¢2))372 1/2 )

dm2x(m?2+1)

(4.16)

B! and B? are the boundary matrices found in (3.18) and (3.19), respectively, and ©

is a 2 X m, zero matrix. From (4.12) comes the equation

D (((¢1)')3/ 2) GlolU = F* +T,, . @1




<
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Adding (4..9) and (4.17) yields the system

BU (Ti)" D()") + ((0)") gv

For simplification of the notatioﬁ, rewrite (4.18) as

AUC, + AUC, = F*

where
A =E
4 =D ((#)"") 6
= (i) D ()")
and

Co=1

is an my X my identity matrix. Concatenating each side of (4.19) and using Theorem ;

2.7 yields the under-'determined-system

= F'+ U, + U, + F*

. (4.18)
= F'.

:'(4.19) |

(4.20)
(4.21)

, (4.22)

(4.23)

[ClT ® Ar + CY ® A2] co(U) = co(F*)

or

Pco(U) = co(F)

where -

(4.24)

P=Cr@ A, +CF oA, .

Similarly from (4.14) comes the system

D(()")GhaV =F 4V (4.25)
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Adding (4.25) and (4.11) yields the system

BY (Ta) D(@))+2 ((#)) GV = FtVetVy+ P
' | (4.26)

= F?,

Again for simplicity rewrite (4.26) as

AsVCs + AVCy = F? (4.27)
where
As = E, | o (4.28)
3/2 .
A, =D (((¢2)') ) G (4.29)
T
Cs=(T%,) D()*?), (4.30)
~and ,

Co=1 (4.31)

is an my X my identity matrix. Concatenating each side and again using Theorem 2.7

yields the under-determined system ' . | .
[Cg ® As + T ® A4] co(V) = co(F?) o o | (4.32)
o '
Qco(V) = co(F?) o | (4.33) -
with | | |

Q=CI®A4;+CT® A, .

Finally, the boundary terms represented in (4.13) can be written

BUI+BWVI=0. (4.34)
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Again concatenating each side of (4.34) and applying Theorem 2.7 yieids the system

_or

(I ® Bi) co(U) + (I ® Bf,) co(V) = co(®) - (4.35) |
| Rco(U) + Sco(V) .= g, . (4.36)
where
R=I®B., - . o (4.37)
S=I®B?, : (4.38)

and § is a 2my X 1 zero vector. Combining the systems (4.24), (4.33), and (4.36) -

yields the following. block matrix system

P e co(U) co(F1)
R S = 5 ’
el 9 co(V) co(F?)

where the zero matrix ©' is of size m,m2 x m,(ml + 1) and the zero matrix ©2 is of
; 1 2
size mymg X my(m2 + 1).

In each of the following three sample.problemsl
Q:{(’a.v,y):—-l<a:<4, O<y<l1}.
Thus in this section, O and Q2 are chosen so that |
| O ={(z,y):-1<z<1,0<y<1}

and
2 ={(z,9):09<z <4, 0<y<1}.
As before, d is chosen to be /2 and « is chosen to be 1. Let the sinc error be defined
by . |
|Bs]| = max u(z,y) - va(z, )l o (4389)
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where
S={:1:,];:—M;Sk‘SNi}U{x?:—MiSjSNi}x{yj:—MijSNy}.

is the set of all grid points generated from the Sinc-Galerkin method and u A is given

by

_ ) Ui, (z,9), (z,y)€Qb
vl y) = { vmg,m:(m,y), (z,y) € 2\ QY - (4.40)

Without loss of generality, the approximate solution in the region of overlap can be
chosen t0 be umy m,(z,y). The errors obtained from upmy m, (z, y) and V2 m, (%, 7)"
were both checked, and the higher of the two numbers is reported.in the tables.

Similarly define a uniform error by

Bl = (mgvluw,y) — ua(z, )| (4.41)

where

U=A{(-1 +5j/100,k/100) :0<7 <100, 0<k <100}
is a uniform grid over (2.
Example 4.1 Consider the problem
~Au(z,y) = f(z,9), (z,9) € Q= (-1,4) x (0,1)

w(z,y) = 0, (z,y) €090,

where f(,y) is chosen so that the true solution is given by

(2+1)(z ~ 41 - y)°
3.1596 '

u(z,y) =

This problem is an analogue of that given in Example 3.1. The choices M = M} =
M? = M, and N = N} = N2 = N, are made. The choice oo = 1 implies that M = N
and b = AL = h2 = h, = 7/v/2M. A mesh plot of the approximate solution with
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M s is shown in Figure 15, and a contour plot which displays the convergence of
the approximations for increasing Af is shown in Figure 16. The contour levels are
decreasing from the center out to the boundary. As seen in Table 17, the method

performs well on this problem and the results are consistent with those of Example

3.1.

Figure 15: Sinc-Galerkin overlapping solution for Example 4.1 with M = s

Figure 16: Contour plots from the Sinc-Galerkin overlapping solution for Example
4.1 with contour lines at it = .8, .6, .4, and .2
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M h - IEs]] | Bl

2 1.5708¢400 6.1074e — 02 8.2025¢ — 02
4 1.1107e+00 - 3.6344e — 03 1.0926e — 02
6 9.0690e — 01 3.5574e — 03 3.5572 — 03
8. 7.8540e —01 1.2540e— 03 1.1371e— 03

—
==

7.0248¢ — 01 5.8874e — 04 5.0834e — 04 “

Table 17: Error in the Sinc-Galerkin overlapping method for-Example 4.1
Example 4.2 Consider the problem
—Au(z,y) = f(@,9), (z,9) € Q2= (-1,4) x (0,1)

uw(z,y) = 0, (z,y) € 0Q ,‘

Wherte‘ f(z,y) is chosen so that the true solution is given by

@ DE -0y
(@, y) = 3.1877 '

This example is analogous to Example 3.2. Here M = M} = M2 = M, and N
N} = N? = N,. The choice o = 1 implies that M = N and h = hi = 2 = h,

7/v/2M. This problem has boundary singularities, and thus is a harder problem than

the one given in Example 4.1. A mesh plot of the approximate solution for M = 8

is shown in Figure 17 and contour plots from the approximate and true solutions

are shown in Figure 18. Notice that the contour levels in this picfure are different

than the ones uséd in Figure 16. The highest contours are in the center of the figure.

The method pei‘forms wéll, although the boundary singularities cause larger errors,

as seen in Table 18. Again the results are consistent with those in Example 3.2.
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Figure 17: Sinc-Galerkin overlapping solution for Example 4.2 with M = s

Figure 18: Contour plots from the Sinc-Galerkin overlapping solution for Example
4.2 with contour lines at u = .9, .75, and .6

M h lEslI HELI

2 15708+ 00 2.2048e - 01 2.3170e - 01
4 1.1107e+ 00 1.3576e - 01 1.3705e - 01
6 9.0690e - 01 8.9681le - 02 8.9632e - 02
8 7.8540e- 01 6.2029 - 02 6.1673e —02

10 7.0248e - 01 4.4326e - 02 4.4104e - 02

Table 18: Error in the Sinc-Galerkin overlapping method for Example 4.2
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~

Example 4.3 Consider the problem
—Au(z,y) = f(z,9), (z,9) € Q=(-1,4) x (0,1)
u(z,y) = 0, (z,9) €00,

where f(z,y) is chosen so that the true solution is given by

V(@ + Dy(z — 4)*(1 - y)? .

54371

u(z,y) =

This 'is an analogue of Example 3.3. In this example M = M = M2 = M, and -
N = N} = N! = N,. The choice @ = 1 implies that M = N and h = AL =
h: = ﬂhy = 7/v/2M. This problem has boundary singularities, and thus is a harder
problem thaﬁ the one given in Example 4.1. The method performs well, although
the boundary singularities cause iarger errors, as seen in Table 19. Figures 19 and
20 show the steepness of the solution. Notice that the singularities are located along
the lines y = 0 and z = —1. The s'olution is ver3.r steep near this singularity,. causing
slightly larger errors than in Example 4.2. This could be corrected by tuning the
choices of N}, N1, hl and hy. It is also advantageous to fix the number of nodes in
the z direction as M2 = N2 = 2 in Q® and let M, = N, = M} = N} vary. Thus
h% =1.5708 and hl = h, are varying. As seen in Table 20, nearly identical errors are

obtained for M} =10, with a much smaller system size. Additionally, the reduction .

in system size allows larger cases such as M} = 12 and M. = 14 to be run.




Figure 19: Sinc-Galerkin overlapping solution for Example 4.3 with M = 8

Figure 20: Contour plots from the Sinc-Galerkin overlapping solution for Example

0.8~

66

4.3 with contour lines at it = .8, .6, 4, and .2

oo PA~DN

Table 19: Error in the Sinc-Galerkin overlapping method for Example 4.3

h
1.5708e + 00
1.11076 + 00
9.0690e - 01
7.8540e - 01
7.0248e - 01

HSsll
3.5832e - 01
2.3420e - 01
1.5612e —01
1.0813c-01
7.7340e - 02

INI
3.7729c - 01
2.3657e - 01
1.5294e - 01
1.0619c - 01
7.6184c - 02
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My =M,  hy=h, (2 | B |
2 1.5708e + 00 3.5832e — 01 3.7729¢ — 01
4 1.1107e + 00 2.3418¢ — 01 2.3656e — 01
6 9.0690e — 01 1.561le — 01 ,1.5290e — 01
8 7.8540e — 01 1.0812¢ — 01 1.0617e — 01
10 7.0248¢ — 01 7.733%¢ — 02 7.6156e — 02
12 6.4127¢ — 01 5.6768e — 02. 5:5569¢ — 02
14 9.9371e — 01 4.2554e — 02 4.1750e — 02

Table 20: Error in the Sinc-Galerkin overlapping method for Example 4.3 with M2 =

2. N
Patching Domain Decomposition for Poisson’s Equation
- For the patching method the approximations
Ni+l DNy
Umimy = D, D Un¥i(2)Sk(y)
j=—M} k=—My
“and
Um2,my = Z Z ”Jk\l’2($)5k(y)
j=—MZ2-1k=—My
are used where '
Si(x), —M; <j <N
1 ’ z=J ="Vg
(=) = {wl(:z;) j=Ni+1
and '
9 _ Wy (.’E) = —M2 —1
\IIJ(‘T) = { 52(3;) M2 <jk Nz

Here the boundary basis functions w;(z) and wZ(:zf) are given in (3.29) and (3.30),

respectively. S}(z) and S%(z) are given in (2.6) with conformal maps ¢'(z) and ¢*(z),
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respectively, and Sy(y) is defined in (2.21). Fix z = z} € Q! for —M! < p < N?. -

Along this line the approximation given in (4.42) has the form

N+l Ny
Uiy (Tpr¥) = D > uip¥i(zp)Sk(y)
j=—Mik=—M,
NZI
= > (uer +unpyiawn(zy)) Se()
P
k=—M," ,
Ni’!
= ), wSh(y) -
k=—My
The problem being solved is
_’U':c:c(wzlwy) - uyy(xglny) = f(xglny) » <Y< t
u(zy, 8) = u(zy,t) = 0

or
—uyy(mzl,,y) = f(le),y) + umm(w;lny) y 8 <Y< t
w(zy,s) = u(zy,t) =0

This is a second-order two-point boundary-value problem with homogeneous Dirichlet
boundary conditions. Using either the Sinc-Galerkin method or the sinc-collocation
method (they are the same for this problem when r = [ =.1/2. ) the system to be

solved is given for —M} < p < N} by
T ptag =D (0)7") (F@h ) + Taaley, 9) -
Heré the same notation as in (4.4) is used. Allowing p to vary yields the equation
I} ,ZGT =D ((¢;)f3/2) (F*+ UM)T : (4.44)
Again, C, F*, and Uy, are as used in (4.5). Transposing each side of (4.44) yields

CTljs = (F* + Us) D ((0)™?)
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or
In order to write this in terms of a systein that can be solved for U, notice that
o =t g 1)
Let Ey be the m} x (ml + 1) partitioned matrix of (4.8),
El = |:I .L(_}’]_ ] s
where @ is the m. x 1 vector with entries w; (7). Then
O = ElU .
Substituting this into the system (4.45) yields
T :
EU (T3,)" D (@)?) = F' + Uss - C (a4
“Similarly, let z = z € Q?, where —M? < p < N2 Let E, be the m2 x (m2+1)
partitioned matrix of (4.10), '

E2:—:-.|:(D'2 I],

where s is the m2 x 1 vector with entries wz(:v?). Proceeding as above yields the

system . : . .

By (1% /2jT D ((@)?) = F*+ Vio . (a7)

Heyé V, F?, and V,, are the same matrices used in (4.11). Now fix y = y,, =M, <

g< Ny. The problem to be solv.ed is now the one-dimensional domain decomposition

problem | ' |
~Upe(T,Y) = f(Z,Yg) + Ugy(,9,) , T €N

u(a,yy) = 0
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—'Uma:(x) yq) = f(za yq) +'Uyy($’.yq) , T € 9%

'U(ba yq) = 0

with matching conditions given by

u(fiayq). = v(§,9,)
uw(g,yq) = 'U:c(gayq)

for ¢ = —M,, ... N,. There are m,, of these problems so letting ¢ vary yields the three

coupled equations .

GippU=D (((¢1)’)_ _3/2) (F* + Uyy) , (4.‘48) |
BIU+BYV =0, o (4.49)
and :
2 o( ranr) ~3/2 2
g1/2V =D <((¢ ) ) ) (F + Vy.u) : (4.50)

Here Gj/, and G}/, are given in (4.15) and (4.16), respectively. Bj and BZ ate the
boundary matrices given ‘in (3.36) and (3.37), respectively. The zero matrix © 1s of
size 2 X my. |

From (4.48) comes the equation
n3/2 _ :
D (((¢1)') ) GLoU = FL 4T, . (4.51)
Adding (4.46) and (4.51) yields the system

| E]_U (F%N)T D ((1/}/)3/2> +D (((¢1)1)3/2) g%/zU — Fl + U:m: + Uyy —|—F1
| o | (4.52)
= F'.

For simplification of the notation, rewrite (4.52) as

AUC: + AUC, = F*., (4.53)
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where A, Ay, C1, and Cy are defined in (4.20), (4.21), (4.22), and (4.23), respec-
tively. Concatenating each side of (4.53) and applying Theorem 2.7 yields the under-

determined system
[C'f ® A1+ CF ® Ag] co(U) = co(F?)

or

Peo(U) = co(FY) . | (4.54)

Again
P=CT@A +CT®A4,.

Similarly from (4.50) comes the system
2\ 3/2 2 2 .
D (((¢ )) ) GippV = F2 4V . (4.55)

Adding (4.55) and (4.47) yields the system

BV (13,) D (@) +D (((&2)')3/ 2) GV = F 4 Vg + Vi + F?
| (4.56)
: = F?.

Again for simplicity rewrite (4.56) as

AVCs+AVC =F?, (4.57)

~where Az, A4, Cs, and C, are given in (4.28), (4.29), (4.30), and (4.31), respec-

tively.” Concatenating each side of (4.57) and applying Theorem 2.7 yields the under- .
determined system

g [Cg ® A3 +C ® A4] co(V) = co(F?)

or

Qco(V) = co(F?), = (4.58)
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with . .
Q=C] @ A3 +CF ® A4, .

Finally, the boundary terms represented in (4.49) can be written
ByUI+BXVI=0. (4.59)
Coﬁcaténating each side of (4.59) and applying Theorem 2.7 yields the system

(1® BY) co(U) + (I® BZ) co(V) = co(©) -

or

 Reo(U) + Sco(V) =4, - (4.60)

where R and S are given in (4.37) and (4.38), respectively, with B replaced by By,
j=1,2,and f is a 2m, % 1 zero vector. Combining the systems (4.54), (4.58), and

(4.60) yields the following block matrix system

P O co(U) co(F™)
R s _| 7
ol 9 | | co(V) co(F?)

Here ©' is a mym?2 x my(m} + 1) zero matrix and ©2 is a myml x my(m2 + 1) zero
matrix.

In each of the following.three sample'problems.
Qz{(m,y):—1<x<4, 0<y<l1}.
In this éection, Q! and 02 are chosen so that
le{(m,y)':—l <z<l,0<y<l1} .

and -

P={(zy):1<z<4,0<y<1}.
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Again d is chosen to be 7/2, and « is chosen to be 1. The sinc error ||Es|| and
the uniform error ||Ey|| are defined in (4.39) and (4.41), respectively, where the
a,pproximate_solution is given by -
. 1
e ={ i
- The solutions #my m, and Umzm, are defined in (4.42) and (4.43), réspectively.

These examples are the same ones reported in the previous section on the
overlapping method. This provides an opportunity to compare the results of both
methods. Mesh plots of the approximate solution are not shown, for they are nearly
identiéal to those in the previous section.

Example 4.4 Consider the problem

—Au(s,y) = fl5y), (@y) €Q=(~1,4) x (0,1)

w(z,y) = 0, (x,y) € 00 ,

where f(z,y) is chosen so that the true solution is given by

(z+1)(z - 4?1 - y)°
3.1596 ‘

’LL(:II, y) =

This same problem was used in Example 4.1 With_ thg overlapping method. In this
example M = M! = M2 = M, and'N = N} = N2 = N,. The choice a = 1 implies
that M = N an(.;l h = hl - h? = h, = 7/+/2M. Contour plots of the approximate
solutions are shown in Figure 21, where the contour levels decrease away from the

center of the domain. As seen in Table 21, the method performs well on this problem.
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>*0.5

Figure 21: Contour plots from the Sinc-Galerkin patching solution for Example 4.4
with contour lines at it = 8, .6, .4, and .2

M h [1M] \Eu\

2 15708e+ 00 9.5648e —01 1.1284e + 00
4 1.1107e+ 00 7.885le - 02 7.0616e - 02
6 9.0690e - 01 2.8389e - 02 2.4483e - 02
8 7.8540e- 01 1.1334e- 02 9.7983¢ - 03

03 4.4390e - 03

10 7.0248e - 01 5.1896e

Table 21: Error in the Sinc-Galerkin patching method for Example 4.4

Example 4.5 From Example 4.2 comes the problem

-Au(x,y) f(x,y), @ ?2)€f2=(-1,4) x (0,1)

u(x, y) o, (X,y) EAQ,

where f(X,y) is chosen so that the true solution is given by

Mx+ D(x- 4y - y)

utxy) = 3.1877
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In this example M = = My and N = N* = NJo= Ny. The choice a = |
implies that M = N and H= Ht = HR= Hy = &/ V.M. This problem has boundary
singularities, and thus is a harder problem than the one given in Example 4.4. The
method performs well, although the boundary singularities cause larger errors, as seen

in Table 22 and as illustrated in the contour plots of Figure 22.

Figure 22: Contour plots from the Sinc-Galerkin patching solution for Example 4.5
with contour lines at u= .9, .75, and .6

M h IIfisl| \{=T\\

2 15708e T00 1.27176 + 00 1.4591e + 00
4 111076+ 00 1.35366 - 01 1.36986 - 01
6 9.0690e -01 8.9824e- 02 8.9559e - 02
8 7.8540e -01 6.2544e - 02 6.24016 - 02

10 7.0248e -01 4.47426 - 02 4.4618e - 02

Table 22: Error in the Sinc-Galerkin patching method for Example 4.5
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Exarhple 4.6 From Example 4.3 comes the problem

—Au(z,y) = f(z9), (3,9) € Q= (-1,4) x (0,1)

w(z,y) = 0, (z,y) €09,

where f(z,y) is chosen so that the true solution is given by

Y+ Dyle— 41—y

5.4371

Iu’(x’ y) =

In this example M = M. = M2 = M, and N = N} = N2 = N,. The choice o: = 1
implies that‘M =N and h=hl =h2=h,=m/ v/2M. This problem has boundary
singularities, and thus is a harder problem than the one given in Exaniple 4.4. The
method performs well, al’ghough the boundary singularities cause larger errors, as seen
‘in Table 23. Figure 23 shows the stéepness of the solution vi@ contour -plots. As in
Example 4.3, the singularities suggest that it might be advantageous tdﬁx M? and
allow M} = M, to vary. Asseen in Table 24, nearly identical results for M} = 10 are
obtained with M? - 6. Thus A2 = .90690 and Bl = h, are varying. The reduction in

system size allows larger cases of M. to be run. -

M h | Es|] | Eul

2 1.5708e¢ 400 6.4327¢ —01 7.5272é — 01
4 1.1107e4+00 2.3423e —01 2.3659¢ — 01 -
6  9.0690e — 01 1.5610e — 01 1.52826 — 01
8 7.8540e —01 1.0813e —01 1.0619¢ — 01

=
o

. 7.0248¢ — 01 7.7340e — 02 7.6181e — 02

Table 23: Error in the Sinc-Galerkin patching method for Example 4.6




Figure 23: Contour plots from the Sinc-Galerkin patching solution for Example 4.6
with contour lines at it = .8, .6, .4, and .2

Table 24: Error in the Sinc-Galerkin patching method for Example 4.6 with

MX ~ hy

1.5708e + 00
1.1107e4-00
9.0690e - 01
7.8540e - 01
7.0248e - 01
6.41276 - 01
5.9371e-01

77

1EslI
3.77266 - 01
2.3426e - 01
1.56106- 01
1.0812e-01
7.73366 - 02
5.67676 - 02
5.77126 - 02

[IEd Il

3.4774e -
2.3662¢ -
1.52826 -
1.06106-
7.60926 -
5.5499e -
4.93786 -

01
01
01
01
02
02
02

6.
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CHAPTER 5

- POISSON’S EQUATION ON AN EL-SHAPED DOMAIN

Introduction

The goal in developing the sinc methods for domain decomposition was to
increase the complexity of domains on which problems can be solved via sinc metﬁods.
The sinc methods can easily handle partial differential equaﬁons posed on a rectangle,
a semi—inﬁnifce strip, and an infinite strip. In fact, a second-order partial differential
equation posed on a domain that éaﬁ_be mapped, either cénformally or via a twice
continuously differentiable change of variables with a nonzero Jacobian, to a rectangle
can be solveci using sinc methods. This chap‘ger is dedicated to solving Poisson’s
equation on an el—shdpéd domain. Because the Sinc-Galerkin and sinc-collocation
systems for Poisson’s equation are identical for this prdbiem (with r =1 =1/2), as
seen in (2.13) and (2.18), only the Sinc-Galerkin method will be discussed here.

" Poisson’s equation on a general domain © With homogeneous Dirichlet bound-
ary conditions is given by - |
—Au(z,y) = f(2,9), (2,9) €L

(5.1)
w(z,y) = 0, (z,y) € Q.

In this chapter, f.o'r a< ¢ <band s < v < t, the domain €2 is given by
Q={(z,y):a<z <&, s<y‘<t}U{(w,y):a<w<b, s<y<n~}.

See Figure 24 for é'picture of Q.
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( &

Figure 24: The domain d

In order to use the methods of Chapter 4 to build the system, some concessions
must be made. The development of both the patching and overlapping methods
requires the cancellation of terms from neighboring subdomains. For this reason,
the neighboring subdomains should share the same nodes along the line of overlap.
For instance, in the examples in Chapter 4, the same y nodes were used in each
subdomain in order to ensure this cancellation. These considerations imply that for
either method, at least three subdomains should be used in the development of the
method for the el-shaped domain. Of course, many more subdomains could be used
here, but the method is most easily described by limiting to three subdomains.

The overlapping method is more complex in this case than the patching method.
The requirement of sharing nodes mandates the placement of the regions of overlap.
Unfortunately, this placement creates a new (but much smaller) el-shaped domain.
Thus, no progress is made in this decomposition. Subdomain iteration could elimi-
nate this restriction but this technique is not considered here. For this reason, the

patching method is the one used.
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Sinc-Galerkin Patching Method on an EI-Shaped Domain

Consider splitting the domain Q into three non-overlapping subdomains as

follows. Let

= {9y):a<x <£ , 7<%/<(},
= {9y):a<x <f£ ,s<y<T7},

and

fi3= {(x,y) <X <b,s<¥U<7}.

Let F1= {(a:;,7) :ta<x < £} and F2= {(Cy) :s <y < 7}. This decomposition is

seen in Figure 25.

Q1 = —
F2 .,
7
Q2 3
a e

Figure 25: The subdomains for

From (5.1) comes the new problems

-Au(x,y) f(x,y) , (x,y) e Q1

u(a, y) UE,y) =o,7 <y<t

ux,t) — 0,a<x<¢£,
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—Au(z,y) = f(z,9), (z,y) €
v(a,y) = 0, s<y<wy

v(z,8) = 0,a<z<¢,
and

—Aw(z,g) = f@9), (59) P
w(z,s) = w(z,7)=0, <z<b

wby) = 0,s<y<y.
The boundary conditions enforced are then -

u@y) = v@) (@)

v(z,y) = w(z,y), (z,y) €T

aﬁd

Oou v 1
g(x) y) - _alj(x’y) ’ (:v,y) el
Ov _ Ow o
g(xay) - Oy (way) ’ ($,y) el )

where v is the appropriate outward unit normal. Additionally, there is a compatibility
condition
u(é7) = v(§7) = w(§)-

We make the approximations

N1 N} .
Umieg(,9) = > 2 un¥i(@)Ti(y)
© j=—ML k=—M}—1
NI4+1 NZ+1 '
Uml ,m2 (x,y) = Z Z 'Ujk\IIl(m T} (y) (5.2)

j=—M} k=—M?2

:z: Z‘I

wﬂﬁ,m%(xay) = Z Z w]k\Il2($)T (y) .

j=—M2-1k=—M}
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Here, the basis functions are given by
. Si(z), —M}<j< N}
VHE)

wl(m), j = N;‘ +1

S (z), —MZ<j<N?
Cm@); k=-M}-1
Tily) = ,

Si(y), —My <k< N}

and , :
(z) =

m(y), k=N]+1

The boundary basis functions are given by .

wi(z) = (z — a)?’.((g - éf_—a;)
wa(z) = (z —b)° (€ = éf— b;)

47
t4

YT
and
Y -3 4'y~s
) = (y— 5) w-wy )

=
=0 <<;:
(

The conforinal maps used are
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and

¥*(y) = 1In (é/-s) :

YTy
~ The following notation will be necessary for developing the discrete Sinc-

Galerkin system. Let

. T
By = ih I] ,
E?,_[cvzsl],
E{’:[I.Ew’l},

and

— .

. Here 7, is the m] x 1 vector with entries 7;(y4) for —M} < k < Ny, 1, is the m2 x 1
vector with entries 7,(y7) for —M? < k < NZ, & is the m} X 1 vector with entries
wi(z}) for —M; < j < N, and & is the m} x 1 vector with entries wy(x2) for
—M3; < j < N

Notice that these matrices can be used for point evaluations of the approxima-

tions as follows. Let U = [u;z] be the m}, X (m} + 1) matrix of coefficients from Q! in -

(5.2). Similarly, let V = [v;z] be the (ml + 1) x (mz + 1) matrix of coefficients from
Q2 and-let W = [wj] be the (m2 + 1) x m? matrix of coefficients from 3. Then
. [um}c,m% (lenyql ]: UE; ,
[vm}c,mg(x;ayg ] = EZLVEf )
and
[wmi,mg (3312,, yg)] =E;W .
Fix y = y; € o, —M; < g < N,. Along this line, the equation being solved

is
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_'Uf:c:z:(x7 y;) = f(xa y;) +uyy(ma y;) ) (.'Ii,y;) %

u(a,g) = u(€,y)=0.

This is a second-order boundary-value problem with homogeneous Dirichlet boundary

conditions. The discrete system for this problem is

D (((¢1)I)3/2) 1_‘i/2(-'E)UEl‘ =F' 4+ Uy . (5.3)

Here the matrices F''-= [f(z}, y;)] and Uyy = [uyy (2, y3)] are of size ml xmy. T} ,(x)
is the ml x ml matrix I'! given in (2.12) with r = 1/2 where the z is used to indicate

the size of the matrix I'7 . This matrix has the form

I )(z) = (;;)2](2)+D(%) . ' | (5.4)

Now fix z = 22 € Q%, —M2 < p < N2..Along this line, the equation being

solved is
—wyy(22,9) = f(@2,y) + Wzl y) , (z2,y) € Q°
w(ahs) = wlahy)=0.

This is another second-order boundary-value problem with homogeneous Dirichlet

boundary conditions. The discrete system for this problem is given by
' T
BsW (T35() D ((07))*?) = F* + Wes - (5.5)

Here T}, (y) is the same matrix given in (5.4) but it is of size my X mj. The matrices
F3=[f (:cjz,y,%)] and Wy = [Weyp (x?, y)] are of size m2 x m2.”

Next, fix.y = y2 c0?u 03, —M? < ¢ < N?. Along this line, the problem
being solved is a second-order domain decomposition problem in the z direction. The

problem is given by the equations
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—ee(z,97) = [z, yq) +uy(2,92) , (z,92) € 92

v(a, yq) = 0
and '

~na(,8) = (1)) Fun(e,8)) | (5,90) € @

w(b,y?) = 0

'~ with matching conditions on the boundary given by

v(é v = w(éyg)
'U:c(fayg) = w-’b‘(é.ay;)

Notice that the evaluation of v at the point (z,y?2) is given by

Nl4+1 NZ+1
Uml,m2 (z, yﬁ) = Z Z 'Uyk\I’l(-'l’)T2 (yq)
. j=—M} k=— M2
Ni+1 ) .
= Z ”jq‘I’gl' (z) + ”j,N§+1‘I’gl'($)T%v§+1 (Z/q2) _
j=—M}
Ni41 _
=, Vi) [qu + Uj,N5+1772(Z/Z)] :
j=—M} :

The (mj, + 1) x mZ matrix of these coefficients is given by V Ef. From (4.51), (4.59),

and (4.55) come the matrix formulations arising from this problem,

D (($))) Gl W = F + Wy, 9)
Bl(@)VEE + BX &)W = O, 6
and
D@ U@V EF = F 4V, 68

respectively. Here the matrices F* = [f(22,y7)] and Wy, = [wy, (3, y})] are of size

m2 xm?, F? = [f(z},47)] and V, = [vyy(xj,yk)] are of size m. X m2, and © is a zero
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matrix of size 2 x m2. The 2 x (mf + 1) boundary matrices B/ (x) are given by (3.36)
and (3.37), respectively. The matrix Gi/5(x) is given by

- I/

Gl (z z[ rt - J |
| 1/2( ) 1/2(53) ) ((¢1‘)/)3/2 T (L)
and G/,(z) is given by

=
_w2

Gnle) = | e | Th® |
1/2 ((¢2)/)3/2 1/2 (341
The vectors @” and @ have entries wi(z;) and wy(x?) and are of size ml x 1 and
m2 x 1, respectively. .

Finally, fix z = z, € Q' UQ? for —M; < p < N;. This is a second-order

~ domain decomposition problem in the y direction. The equations are given by

u(:z;;,t) = 0,

—’Uyy(le), y) = f(:c;‘ny) + vww(leny) ’ (*’E;n y) € QZ

v(zg,s) = 0,
with matching boundary conditions

v(zy,) = u(zg,7)
vy(x11577) _: 'u’y(x;];)’)/)

As before, we need the coefficients used in evaluation of v along the line z = a:zl,. They

are given by the mg x (m2 + 1) matrix EJ'V. The matrix equations for the system

are given by ‘

U (Ga) D (@) = F U, (5.9)
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T T ) o
U(By(v) +EV (BXy) =0, (5.10)
and o
T
B3V (92:@) D (())?) = F* + Vi . (5.11)
Here the 2 x (m] + 1) boundary matrices BJ(y) are given by
.1 _ 56
Bp(y) - l e_i ] 3

and

_em§+l

2y | bs
Bp (y) - l: b ’
" respectively, where ‘

55: [SEM2(7—25)—453M2(’)’—6) 812\,-2(’)’—25)—48]2\,2(’)’“6)

n2(y — 26) — 4na(y — 6) + 3]
and

b = [m(y+26) —dm(y+86)+3 S u(y+26)—4S ,0(y+6) ...

S}Vl ("}’ + 25) — 48.71V1 ("}’ + 5) ] .

The matrices F* = [f(z}, ;)] and Uzz = [uss(x}, y3)] are of size m} x ml, and the
matrices F'? = [f(x},y2)] and Viy = [vyy(z}, y2)] are of size ml x m2. The zero matrix

O is of size m} x 2. The matrices G/ 12(y) for j =1,2 are given by

=
T 1
=] e | Tat
el = ypE | B0 |
and

- =/

Gl (y =[ 1)y ‘ | )

1/?( ) ' 1/2( ) ((42)")3/2 Jmgxmgny




IR S —

88
The vectors 71" and 7;" have entries 77/(y}) and n%(y?) and are of size m;, x 1 and

mg x 1, resbectively.

@

Adding (5.3) and (5.9) and cancelling the appropriate terms (since F* 4+ Uy, +

Uyy = 0) the resulting equation is
p (((@))*?) Ty (2)U B + U.(g%)z W) D ((@Y)"?) =F". (5.12)
Adding‘(5.8) and (5.11) yields
) D (")) G s(a)V EE + BEV (g%/';(y))T D((#?))*) =F2.  (513)
Similarly, adding (5.5) and (5.6) yields the eéuati'on‘ ' |
BaW (2, )7D ((W7)2) + D (H)) Gul@W = F* . (5.14)

Finally concatenate (5.12), (5.13), (5.14), (5.7), and (5.10) and apply Theorem 2.7 to

- achieve the following set of five equations

Aco(U) = co(F%)
oy ch(V) = co(F?)
Cco(W) = co(F?)

Dco(V) + Eco(W) =290

Geo(U) + Heo(V)=6l.

Here A is of size mjm; x mj(m; + 1) and is given by
A= B ®D ((¢"))*") Tip@) + D (W) Gpw) © T -
The matrix B is of size mim2 x (ml + 1)(m2 + 1) and is given by

- B=(BF) @D (")) Gi(e) + D ((0*))**) G2uly) ® B

\
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The matrix C' is of size m2m? x (mZ + 1)m2 and is given by

C =D ((¥*))*) I(v) @ Bs + 10D (((6*))*%) Gu(a) -
The boundary matrices are D, which is of size 2m2 x (m} + 1)(m2 + 1); E, which is
of size 2m2 x (mz)(mi +1); G, which is of size 2mg x m}(m} + 1); and H, which is
of size 2my, x (m} +1)(m2 + 1). They are given by |
_ (pr\T o pt
D= (EF) ®Bl),
E=1® B(z),
_pl
G=B,(y)®I,

and

H=B)y)® Ey .

4 ‘

Lastly, the vector §* is of size 2m. x 1 and the vector 6 is of size 2m? x 1. The
matrix system formed from these equations is under-determined. This can be fixed
by noticing that one condition never addressed is vy,1 m2 & v) =0.

In each of the following four sample problems
Q={(z,y):—-1<2z<1,0<y<?2} U{(az,y):—1<x<4, 0<y<1}.'
Thus in this section, O, Q2, and‘ 0P are chosen to be |
| le{(a:,y):'—1<x<1; i<y<2},

92:{(a:,y):—1<.x<1, 0<y<1}.

- and

-.93:{(x,y):1<'x<4,‘0<y{1}.
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. As before, d is chosen to be 7/2, and . is chosen to be 1. Let the'sinc error be defined

by
| Es|| = ax [u(z,y) — ualz,y)|

where

S = {le-:—M;SjSNi}x{y;:—Mg}ngN;}_'

U {z}:—ME<j< NI} x {gf: M2 <k
2
My

IA

k

A

N}

k

IA
IA

: Ny}

U (e —ME<j <N} x{gf i -

is the set of all grid points generated from the Sinc-Galerkin method and u,4 is given

by

Ul ;m2 ($7y)7 (.’L‘, y) €

| Um},md (z,9), (z,9) €t
U’A(x, y) = '

- Similarly define a uniform error by
120l = max [ue,y) - va(e,s)l (5.15)
(zy)eU .

where .

U = {(-1+55/100,k/50):0 <5 <100, 0 <k < 50}

U {(—1+55/100,1+%/50):0<j <40, 0 < k < 50}

' is a uniform grid over 2. Notice that because of the homogeneous Dirichlet boundary

conditions on §2, these tést problems have solutions that are necessarily zero along
the interior boundaries, I'* and I'2. Introducing non-homogeneous Dirichlet boundary
conditions is the simplest way to aCcommodafe nonzero solutions along I’ and 2. |
This is then easily taken care of by adding boundary basié functions similar to those

used along the introduced boundaries. See [17] for details. Iri order to more easily
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and clearly define the method, only homogeneous Dirichlet boundary conditions are
presented here.

Example 5.1 Consider the problem

—Au(X, y) f(x,y) , (x,y) E

u(x, y) o, (X y) EdQ,

where f(X, y) is chosen so that the true solution is given by

(x- 1)Q+ 1)(4- x)y(y - D(y - 2)

u(x,y) =

x.y) 3.1596

The choices M = = Mbo= M= My and N = N* = No= N = TWL are made.
The choice a = | implies that M = N and h = h\ = h = h{y = hg = 7r/V2M. In

order to present the best view of the mesh plots, the domain $1, seen in Figure 25,
was rotated. This orientation in 13 can be seen in Figure 26. A mesh plot of the
approximate solution with M = 8 is shown in Figure 27, and a contour plot which
displays the convergence of the approximations for increasing M is shown in Figure

28. As seen in Table 25, the method performs well on this problem.

Figure 26: The rotated domain 12
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Figure 27: Sinc-Galerkin patching solution for Example 5.1 with M = 8

Figure 28: Contour plots from the Sinc-Galerkin patching solution for Example 5.1

M h HEsII HEYII

1.5708e + 00 1.9171e —01 2.7847e- 01
1.1107e + 00 1.9381le - 01 2.0510e - 01
9.0690e - 01 1.2459e - 01 1.3278e - 01
7.8540e - 01 2.8859%e - 02 3.1669e - 02
10 7.0248e - 01 1.1538e - 02 1.2919e - 02

o oA~

Table 25: Error in the Sinc-Galerkin patching method for Example 5.1
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Example 5.2 Consider the problem

—Au(x, y)

f(x,y) , (x)y) eQ,

u(x, y) o, (X,y) e dQ,

where f(x, y) is chosen so that the true solution is given by

{x- D2x+ 1)2(4 - x)2y2(y - N2y - 2)2
9.9057

This problem is analogous to that given in Example 4.1. The choices M = =
MI = = My and N = Ni = Ni — = N* are made. The choice a = | implies
that M = N and h= hk= Kkt= Hy= = o/ \/2M. A mesh plot of the approximate
solution with M = 8 is shown in Figure 29, and a contour plot which displays the
convergence of the approximations for increasing M is shown in Figure 30. As seen
in Table 26, the method performs well on this problem and the results are consistent
with those of Example 4.1. A comparison of the results in Table 25 and 26 shows
that in this example convergence is more rapid but the approximation starts off less

accurate.

Figure 29: Sinc-Galerkin patching solution for Example 5.2 with M = 8
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Figure 30: Contour plots from the Sinc-Galerkin patching solution for Example 5.2

M h lSsll 1St

2 1.5708e + 00 2.61246 - 00 3.12366 - 00
4 1.1107e + 00 7.8281e - 01 8.1220e - 01
6 9.0690e —01 1.43936- 01 F>T1 _C&
8 7.8540c - 01 1.3051e - 02 1.39206 - 02

10 7.0248e - 01 6.03146 - 03 6.23526 - 03

Table 26: Error in the Sinc-Galerkin patching method for Example 5.2
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Example 5.3 Consider the problem

“Au(z,y) = f@y), @y eq

w(z,y) = 0, (z,y) €09,

where f(z,y) is chosen so that the true solution is given by

u(z,y) = E-DE+DVEI=sy - D -2y
’ 5.4371

This problem is similar to that given in Example 4.6. The choices M = M} = M 2 =
M; = M? and N = N 1 = N; = N} = N; are made. The choice o = 1 implies that
M =N and h = h; = b} = h, = h;‘; = m/v/2M. A mesh plot of the approximate
solution with M = 8 is shown in Figure 31, and a contour plot which displays the
convergence of fhe approximétions for increasing M is showﬁ in Figure 32. As seen in
Table 27, the method pérforms well on this problem and the results are consistent with
those of Example 4.6. Notice that the singularities in this problem are located along

the lines’x — 4 and y = 0. To take advantage of the location of these singularities, set |
M; and Mj to be small numbers, and allow M2 = M % t0 vary. As seen in Table 28, |
for M7 = M} = 10 the same accuracy can be obtained with M, = M2 =6, and thus
hy = hy, = 90690 Add1t10na11y, the decrease in system size allows the case M; = 12

to be run.
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Figure 31: Sinc-Galerkin patching solution for Example 5.3 with M = s

Figure 32: Contour plots from the Sinc-Galerkin patching solution for Example 5.3

M h 1SSl 1ISt-1]

2 1.5708e + 00 3.0523e - 01 3.2472e- 01
4 1.1107e+ 00 2.0470e - 01 1.9217e —O01
6 9.0690e - 01 1.3837e- 01 1.9645e - 01
8 7.8540e —01 9.5542e - 02 1.0058e - 01

10 7.0248e - 01 6.7841le- 02 6.9221e —02

Table 27: Error in the Sinc-Galerkin patching method for Example 5.3
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M2=M? hZ=h | Es|| |1 Ev|l

z ¥
2 1.5708e + 00 1.3275e¢-4-01 1.6965e + 01
4 1.1107e +00 2.4700e+ 00 2.6105e 4 00
6 9.0690e — 01 1.3837¢ — 01 1.8585e — 01
8 7.8540e — 01 9.5542e — 02 1.6747e — 01

7.0248¢ — 01 6.7841e — 02 5.8683e — 02
6.4127¢ — 01 5.0452e — 02 4.1236e — 02

=
RS

‘Table 28: Error in the ‘Sinc-Galerkin patchlng method for Example 5.3 with M} =
M, L= 6.

Example 5.4 Consider the problem

—A'U:(x;y) f(ma y) ) (117, y) €

u(m,y) = 0, (z,y) €00,

where f(xz,y) is chosen so that the true solution is given by

’ | 31877

The choices M = M; = M7 = My = Mj and N = N; = N} = N; = N} are made.
The choice o = 1 implies that M = N and h = Al = h2 = hl = b2 = n/v2M.
A esh plot of the approximate solution with M = 8 is shown in Figure 33, and a
contour plot which displaifs the convergence of the approximations for incfeasing M
is shown in Figure 34. As seen in Table 29, the method performs well on this‘probllem

and the results are consistent with those of Example 4.6 and Example 5.3.




Figure 33: Sinc-Galerkin patching solution for Example 5.4 with M = s

Figure 34: Contour plots from the Sinc-Galerkin patching solution for Example 5.4

oo hA~N

Table 29: Error in the Sinc-Galerkin patching method for Example 5.4

h
1.5708e + 00
1.1107e + 00
9.0690e - 01
7.8540e - 01
7.0248e - 01

98

[7sll
2.5760e - 01
1.95066 - 01
1.3435e - 01
9.39806 - 02
6.7464e - 02

IN I
2.25216 - 01
1.15576- 01
2.0775e - 01
9.74646 - 01
6.60256 - 02
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