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We investigate the dynamical tide in a gravitational wave (GW)-driven coalescing binary involving at
least one neutron star (NS). The deformed NS is assumed to spin rapidly, with its spin axis antialigned with
the orbit. Such an NS may exist if the binary forms dynamically in a dense environment, and it can lead to a
particularly strong tide because the NS f-mode can be resonantly excited during the inspiral. We present a
new analytical solution for the f-mode resonance by decomposing the tide into a resummed equilibrium
component varying at the tidal forcing frequency and a dynamical component varying at the f-mode
eigenfrequency that is excited only around mode resonance. This solution simplifies numerical
implementations by avoiding the subtraction of two diverging terms as was done in previous analyses.
It also extends the solution’s validity to frequencies beyond mode resonance. When the dynamical tide back
reacts on the orbit, we demonstrate that the commonly adopted effective Love number is insufficient
because it does not capture the tidal torque on the orbit that dominates the back reaction during mode
resonance. An additional dressing factor originating from the imaginary part of the Love number is
therefore introduced to model the torque. The dissipative interaction between the NS and the orbital mass
multipoles is computed including the dynamical tide and shown to be subdominant compared to the
conservative energy transfer from the orbit to the NS modes. Our study shows that orbital phase shifts
caused by the / = 3 and / = 2 f-modes can reach 0.5 and 10 radians at their respective resonances if the NS
has a spin rate of 850 Hz and direction antialigned with the orbit. Because of the large impact of the / = 2
dynamical tide, a linearized analytical description becomes insufficient, calling for future developments to
incorporate higher-order corrections. After mode excitation, the orbit cannot remain quasicircular, and the
eccentricity excited by the / = 2 dynamical tide can approach nearly e ~ (.1, leading to nonmonotonic
frequency evolution which breaks the stationary phase approximation commonly adopted by frequency
domain phenomenological waveform constructions. Lastly, we demonstrate that the GW radiation from the
resonantly excited f-mode alone can be detected with a signal-to-noise ratio exceeding unity at a distance of
50 Mpc with the next-generation GW detectors.

DOI: 10.1103/PhysRevD.110.024039

I. INTRODUCTION

The first observation of a binary neutron star (BNS)
merger on August 17, 2017, demonstrated the future
promise of detecting imprints of matter effects of a neutron
star (NS) in gravitational wave (GW) signals [1-4].
Detecting an NS with a significant spin misaligned with
the orbit can be especially interesting for at least two reasons.
First, such a system can be highly informative about the
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formation history of the binary. A misaligned spin has been
considered to be smoking gun evidence that the binary
formed dynamically in a dense stellar environment [5].
While most NSs in the Galactic BNS population have low
spins [6], nothing fundamental prevents a rapidly spinning
NS in acoalescing binary. The maximum dimensionless spin
an NS can have before it breaks up is about 0.67 [7], or about
a spin rate of 1000 Hz (depending on the equation of state).
The fastest-spinning pulsar known, J1748-2446ad, has a
spin rate of 716 Hz. It resides in the globular cluster Terzan 5
and has a light companion [8], both conditions favorable for

© 2024 American Physical Society
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the dynamical production of GW sources [9]. If an NS
similar to J1748-2446ad is captured into a compact and/or
highly eccentric orbit through, e.g., binary-single encoun-
tering [10], it may merge quickly while retaining a
significant spin when entering the sensitivity band of
a ground-based GW detector. Second, matter effects can
also lead to rich dynamics in the binary’s evolution when
the spin is misaligned [11]. It can both modify the
precession of the orbit [12,13] and cause extra dephasing
of the GW signal through both Newtonian (via tidal
interactions [14-20]) and post-Newtonian (or PN via,
e.g., quadrupole-monopole interactions [21,22]) effects.

Of particular interest to this work is the tidal interaction
and we will focus on a special scenario in which the
deformed NS has a spin antialigned with the orbit. It has
been shown in both theoretical studies [23-27] and numeri-
cal relativity simulations [28-30] that tidal deformation is
significantly amplified when the spin is antialigned, because
the antialigned spin shifts the eigenfrequency of the NS
fundamental mode oscillation, or f-mode, down to a lower
value in the inertial frame (or equivalently, it shifts the tidal
forcing frequency up in the frame corotating with the NS),
so that the NS f-mode can be resonantly excited during the
inspiral stage.

While leading to a strong signal, the resonant excitation
of a mode also leads to theoretical challenges in modeling
this effect. Some earlier milestones in this effort include
Ref. [31] in which the author computed the asymptotic
energy transfer of a resonantly excited mode, and Ref. [32]
where the authors identified the key effect of a resonantly
excited mode can be modeled as a jump in the orbit’s
frequency evolution at the mode resonance. Other works
discussing mode resonances in coalescing binaries include
Refs. [23,24,26] for f-modes, Refs. [31,33-37] for gravity
modes, Refs. [23,38-41] for Rossby/inertial modes, and
Refs. [42—44] for interface/crustal modes.

While a model as simple as a jump in the frequency
evolution at the mode resonance may be sufficient in
modeling other modes whose tidal coupling is small, for
the f-mode that dominates the tidal interaction, more
detailed modeling is desired when constructing faithful
GW waveform templates for parameter estimation. In
particular, such a model should smoothly connect the
analysis of f-mode in the adiabatic (zero driving frequency)
limit [14-20] to those that include corrections from finite-
frequency effects, or even mode resonance. Analytical
models for the f-mode’s evolution and its orbital back-
reaction can be highly valuable for parameter estimation
purposes because they can be generated in large quantities
with manageable computational costs. The inference of tidal
signatures in BNS signals further plays a central role in
constraining the equation of state of NS matter [45-52].
An analytical model can also guide the empirical
calibration against numerical simulations in the nonlinear
regime [53,54]. Some major steps forward in integrating the

f-mode resonance into GW waveform construction under
the effective-one body (EOB) framework [55] include
Refs. [56,57] for nonspinning NSs and Ref [25] for
spinning ones. The authors proposed to modify the tidal
Love number with a frequency-dependent “dressing factor”,
known as the “effective Love number” so that the tidal
backreaction on the orbit takes the same form as in the
adiabatic limit. The effective Love number description
quickly gained popularity in the literature when modeling
NS dynamical tides. See, e.g., Refs. [27,58-64].
However, there are a few aspects to be improved for the
analysis in Ref. [25]. One is that its numerical implemen-
tation may not be ideal when mode resonance does occur.
The lowest-order finite-frequency correction of the tide has
a diverging behavior at mode resonance, which is unphys-
ical because the mode spends only a finite amount of time
near resonance [31]. The authors of Ref. [25], following
their earlier analyses in Refs. [56,57], introduced another
diverging term with an opposite sign to cancel the diver-
gence. A similar procedure to remove the divergence is also
adopted in Ref. [24]. While theoretically accurate, sub-
tracting two diverging terms to get a perfect cancellation
can be challenging in numerical implementations.
Moreover, the evolution of the tidally induced NS mass
multipole in the formulation of Ref. [25] is accurate only up
to resonance, and the effective Love number is adequate in
describing the backreaction only when the tidal forcing
frequency is below resonance. In particular, we will show
explicitly that the effective Love number fails to describe the
torque between the NS and the orbit, which dominates the
tidal backreaction around mode resonance. It is actually
what leads to the jump in the waveform’s frequency
evolution shown in earlier analyses [32]. The effective
Love number is also insufficient in describing the GW
radiation due to the coherent interaction of NS and orbital
mass multipoles when finite frequency corrections are
included. Indeed, a recent analysis in Ref. [61] comparing
waveforms generated following Ref. [25] found it insuffi-
cient in describing systems where f-mode resonance hap-
pens, and the effective Love number treatment does not
improve the agreement with numerical relativity when
compared with models without f-mode resonances [20,65].
We therefore aim to improve the analysis by Ref. [25] in
describing the NS f-mode resonance including the leading-
order correction due to NS spin. We will start by enhancing
the treatment of the mode amplitude evolution in Sec. Il so
that all diverging terms are eliminated analytically for easy
numerical implementation. More importantly, we extend the
validity of the solution to frequencies beyond mode reso-
nance. In Sec. III, we examine the relation between NS mass
multipoles, the effective Love number, and tidal back-
reactions on the orbit. We will show that the commonly
adopted effective Love number captures only the radial
interaction but misses the tidal torque, yet the torque is what
dominates the backreaction around mode resonance. A new
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dressing factor is therefore introduced to describe the
torque. It is followed by Sec. Il B where we describe the
system’s evolution throughout the inspiral, including both
pre and postresonance regimes. We consider in Sec. [V B
the tidal phase shift in the GW signal using both energy
balancing arguments and osculating orbits. The osculating
orbits further allow us to examine in Sec. [V C the deviation
from the quasicircular inspiral in the postresonance regime.
We also analyze the detectability of the GW from the
resonantly excited f-mode in Sec. IV D. Lastly, we conclude
and discuss in Sec. V.

Throughout the paper, we adopt geometrical units with
G =c=1. We will use M, to denote the mass of the
tidally deformed NS and R, its radius. Together they lead to

natural units E; = M%/Rl and w, = /M, /R;. The mass
of the companion is denoted with M,. To describe the
orbital dynamics, we further define M, =M, + M,,
=M M,/M, and n = u/M, as the total mass, reduced
mass, and symmetric mass ratio. As our focus is the tidal
interaction, we simplify the analysis by modeling the
orbital dynamics at Newtonian order while including the
leading order quadrupole GW radiation. A more rigorous
analysis should incorporate relativistic effects, as they are
crucial in the late inspiral stage. This would entail replacing
our Newtonian Hamiltonian to, e.g., that constructed under
the EOB framework, as done in Refs. [25,56,57]. We defer
such an upgrade to a future study.

II. ANALYTICAL SOLUTION OF TIDAL
AMPLITUDE

We begin our discussion by first examining the evolution
of the amplitude of a tidally driven NS mode throughout the
inspiral stage. The mode amplitude is directly related to the
tidally induced mass multipoles [see later Eq. (38)] and is
what determines the backreaction on the orbit, a topic we
will discuss in detail in Sec. IIL.

The motion of a perturbed fluid parcel with Lagrangian
displacement & can be written in the corotating frame to
linear order in € as [66]

E+mXE+C§:aext, (1)

where Q is the spin vector, C is a self-adjoint operator
describing the hydrodynamic response of the star, and .4
is an external acceleration acting on the star.

We perform a phase-space decomposition of the fluid
into eigenmodes as [66]

E} [ € }
| = , 2
[e 2| i, 2
where g, = q,(t) is a mode’s amplitude whose temporal

evolution is to be solved in this section, and €, = &,(r) is
the mode’s spatial eigenfunction. We use ry; to denote a

fluid element’s position inside the NS, which should be
distinguished from the orbital separation denoted by r. The
summation runs over all the radial and angular quantum
numbers as well as the signs of the mode’s eigenfrequency
@, (in the corotating frame). When acting on an eigen-
mode, the operator C satisfies

CE, = @2E, +2i0, R X, (3)

The equation of motion for each mode in the corotating
frame is given by [66]

q{l —"_ imaQa = fﬂ’ (4)

where
fa = é(&maext), (5)
€q = 2(E4 0,6, + QX E,). (6)

For this work, we will focus on the case where the binary
moves in the x-y plane in an initially quasicircular orbit, and
Q is either aligned (Q > 0) or antialigned (Q < 0) with the
z-axis, the direction of orbital angular momentum. We
further consider the case where the fluid is perturbed by the
companion’s tidal field so a., = —VU.

We incorporate the spin as a small perturbation. To linear
order, the eigenfrequency of a mode a in the corotating
frame @, is related to its nonrotating value @, via [67,68]

(£2, Q2 < &)

Aw,=w, — w4 = —i
(gmga)
-m fdrnsQ’%s(zéea‘r‘fa‘h + ‘f?;‘h)
T draeril&ar + Ll + D&,
mg

a

Here &, , and £, are the radial and tangential components
of &, (see, e.g., Ref. [69]), which are evaluated for a
nonrotating star. In the last line we have approximated
the density ¢ as a constant and &,, ~1&; ), ~ A for the
f-modes. Note that our result shows good agreement with,
e.g., table I in Ref. [70] for different polytropic models.
Higher-order spin effects are ignored in this study but see
e.g., Refs. [63,71]. We also ignore the gravitational red-
shift, relativistic frame dragging [25], post-Newtonian
spin-tidal couplings [72], and nonlinear hydrodynamic
corrections [73] to the mode frequency in this analysis for
simplicity.
We normalize the modes as

@40 (@q0 + 0p0) (a2 Ep) = E18ap = ©a0€40ap,  (8)
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where E; = M?}/R,. We further define [69]

_ £, -VU)
Ua = T

My (R\H! .
—wor (22) (BT mimap-a) 9
Im R(Ml) ( r ) € ’ ( )

where W,,, = 4nY,,(7/2,0)/(21+ 1) and I, is the overlap
integral given by

1
1, :Wfd%gg; : V(’{lefm)' (10)
This allows us to write
qg + fma@'a = fmaOUa- (1 1)

We adopt the same reality condition as used in Ref. [66]
and require that q,, ,, = qZ,, _m, and &, _, =&, _m, -
In other words, for two modes with opposite signs of the
frequency @, and the azimuthal quantum number m, (but
other quantum numbers are the same), their amplitudes and
eigenfunctions are related by complex conjugation [66].
This condition further requires that 7, = (=1)™I_,, for
the overlap integral.

While the mode expansion should include a spectrum of
modes, in an NS the f-mode strongly dominates the tidal
coupling (see, e.g., [58]). Therefore, in our numerical
analysis, we will focus on the [, =2 and [, = 3 f-modes
and ignore all the other modes. We will nonetheless maintain
the generality of our analytical expressions and keep
summations over modes. The analytical nature of our study
means our results apply to a generic choice of NS equation
of state (EOS) as long as one chooses the appropriate values
of (R, w,,1,) for given M,. When presenting numerical
results to validate our analytical expressions, a NS model
consistent with the SLy [74] EOS is assumed by default,
which has M, = 14My; and R, = 11.7 km [45]. The
companion is treated as a point particle (PP) with
M, = M. The initial orbit is assumed to be circular. We
assume @y = 27 x 1.8 x 10° Hz (M,w, = 0.08) and
I, =0.18 for the [, =2 f-modes, and @, = 27 x 2.5 %
10° Hz (M@, = 0.11) and I, =0.11 for the I, =3
f-modes [25]. The overlap integrals I, are related to the
(adiabatic) Love numbers via Eq. (43) and the chosen values
lead to kyy = 0.08 and k3 = 0.02.

To have an extended postresonance region, we consider a
rapidly spinning NS with Q = —2x x 850 Hz when pre-
senting numerical results. The minus sign (Q < 0) indicates
that the spin is antialigned with the orbital angular momen-
tum. This corresponds to a dimensionless spin of —0.45.
While this value is higher than the spin rate of J1748-
2446ad (8], it is still less than half of the maximum spin rate
a NS can in principle have. For the assumed SLy EOS, the

maximum spin rate is estimated to be |Q, | = 27 x 1.8 x
10° Hz [45]. A NS with a softer EOS will typically have
higher mode frequencies, yet such a NS can also support a
higher spin rate because both effects scale as the dynamical

frequency of the NS \/M, /R3. As a caveat, we emphasize
that our treatment of the background NS is only accurate to
the linear order in Q/@, where @? = M /R}. This modifies
the corotating frame mode frequencies by the Coriolis force
according to Eq. (7). We do not account for the effect of
rotation on other background quantities, and we also ignore
rotational corrections to the eigenfunctions. For the modes
to be resonantly excited before the merger, approximated by
the location of the innermost stable circular orbit (ISCO)
Fico = OM, (=22.1R, for the SLy EOS), or a GW frequency
Of fico = Wisco/® = 1570 Hz, the critical spin rate is

lamisoo — Wy

Q) @0 ~ 0
cnt la -1 *
27 %260 Hz for I, =2,
~ (12)
-2z x53 Hz forl, =3.

We have used Eq. (7) and set m, = [, for the estimation
above. On the other hand, for a harder EOS like H4 [75],
the binary contacts each other (r = 2R)) outside the ISCO.
The GW frequency when they contact is about f,_g, =
1345 Hz. In this case, the critical spin rates are

o)  fla®ar — ®a

o -1
—2z x 140 Hz for [, =2,
~ (13)
+27 x5 Hz for [, =3.

In this case, the [, > 3 f-modes can be resonantly excited
even for a nonspinning NS.

Motivated by the general solution of a driven harmonic
oscillator, we solve the mode amplitude evolution analyti-
cally by decomposing it as

o = 5% + ¢S

_ b‘(:-q) emima(d—u) | cff”“) e-il@at-y,) (14)
In other words, we decompose the mode into an equilib-
rium component that varies with the driving force, and a
dynamical tide component that varies at the oscillator’s
eigenfrequency. We also introduce slow varying mode

amplitudes b and ¢ with the fast-evolving phase
components factored out. We will in the following sections
describe closed-form solutions to each component.
Before proceeding, we emphasize that in our work the
different meanings of “adiabatic,” “equilibrium,” and
“dynamical.” We will use “adiabatic” to mean the zero-
frequency limit where the orbital frequency is set to

@ = ¢ = 0 in the amplitude equation (while we still keep
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r and ¢). In other words, in the adiabatic limit we set g, to
(im,Qq,) in Eq. (11). The word “equilibrium” is used
when the mode amplitude can be approximated by Eq. (18)
[or in many practical cases, Eq. (16)]. Therefore, the
equilibrium solution in our language contains the finite-
frequency (@ > 0) correction to the adiabatic solution.
This is different than the equilibrium tide used in, e.g.,
Refs. [69,76], for the zero-frequency limit (which is our
adiabatic tide). Our convention is also different from that
used in, e.g., Refs. [25,56,57], where the finite-frequency
correction was referred to as the dynamical tide. In our
notation, however, the dynamical tide will mean strictly the
resonantly excited component that oscillates at the mode’s
eigenfrequency.

A. Equilibrium tide via resummation
Let b, = g,e™ %) and V, = U,e™ ¥ the equa-
tion for b, is thus
by + i(w, — m,o)b, = iw4V,, (15)

where 6 =@ — Q and @ = ¢. Prior to resonance, b, is
slowly varying, allowing us to obtain an approximate

equilibrium solution by ignoring the b, term [31],

R VR 16
w,—mgo A,V (16)

where A, = @, — m,0 = (0, + m,Q) — m,w. Note that
while »{ gives a good approximation to b, when
m,o < @,, it diverges when the mode becomes resonant
with A, =0 or m,w = w, + m,Q. However, the diver-
gence is not real as the mode will only resonate with the
orbit for a finite amount of time [31].

To prevent the divergence in the algebraic solution of the
equilibrium tide, we proceed as follows. First, we write

b,= b + bV + ..., and obtain the next order approxi-
mation to b, still under the equilibrium (i.e. away from
resonance) assumption as

b = b,
Ib( ) macoco
A, A @

(I, + 1) (17)

Inspired by Ref. [31], we now resum b, as

b0

(eq) _ ,(0) M, _
R R OO
Aamaﬂv

- u — 18
AZ —i[m, - A, (1, +1)] (18)

Note that the equilibrium solution b is everywhere finite.
The orbital decay acts as an effective damping term. When

resonance happens, we have b = 0.

B. Dynamical tide

After constructing an algebraic equation of the equilib-

(ca) _ plea

rium tide g, exp [—im,(¢ — Qt)], we now solve

{ym) =q,— q,(fq) For this, it is
convenient to define ¢ = g™ exp li(wyt =y, ,)),
where vy, , = (0, + m,Q)t, — m,¢,. The subscript “r”
under a quantity means the quantity is evaluated on
resonance when A, = 0. The equation of motion for

com g

for the dynamical tide gq

I _ g o VIO gileat—ma(#-Q0)—yu, (19)
with

a0V = iwyV, — bEY —in bV . (20)

Note that ¢, has net accumulations only when A, =0, as
the phase in the exponential is stationary and can be
approximated as

mat—ma(fﬁ—ﬂt)—wrz—%cbrfz. (21)

where we have defined a shifted time 7 =1r—1t,. The
dominant driving term expanded around mode resonance
(A, =0) is given by

i,V 22iw,0V e,

(l‘f‘y_gf/tgwr)
22"
[l—— (I+ 1)t/ tgy , +imgay, 7]

(22)

Since we solve the tidal perturbation to the first order, the
PP orbit has been adopted to eliminate 7, 7, @ in terms of
@y, and tg,, = @]y, [see Eq. (66)]. Note that the driving
term vam%he% as |z| increases, highlighting the fact that the
dynamical tide’s excitation is localized near mode reso-
nance in both phase and amplitude.

We can evaluate the dynamical tide amplitude as

(dyn) _, ma(}va‘r
Ccy N ——

my -
\/Sa2 Pppr

2 M R (I41)
=4/ % _iWImIa —2 —
mg, 96?? Ml M;

X (M0,) =118 (M,@40) F (1) (23)

F(u)
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where in the second line we have used the PP orbit to
express V, , in terms of ,. The dimensionless, order unity
quantity F(u) describes the excitation of the dynamical tide
and it reads

Flu) = fu 2i(1 —i—al'u) i ze“"a“zdu, (24)
—oo (14 apu + 2is,u”)
and
u= (1 [ Sama@ppc/2 T, (25)
f— -1, = =M, [Mm) 8/3 _ Mm)-sﬁ]. (26)
r 256 r 4

Using Eq. (26), we effectively treated u = u(w) because
the instance of resonance (when @ = ®,) is most straight-
forwardly identified using frequency. Here we still use the
PP orbit to convert time and frequency, which is accurate to
the linear order in (Ar/r) but loses accuracy when (Ar/r)?
corrections become important. Such nonlinear corrections
are left for future studies. Further, s, = Sign[m,]. The

Fo(u) = f fe(w)e™**du,

constants @, = [(21 =9)/6]\/(25,/m,)/(@,tgy ;) and
ay = [-2(1+1)/3]\/(25a/m,) [ (@,1gy,) are both small
quantities because (@, fgy;) > 1.

While F(u) can be numerically integrated easily, it is
nonetheless instructive to derive its analytical expressions
to know the asymptotic behaviors. For this, we decompose
the integrand excluding the phase into two components that
are respectively even and odd about u = 0, with

2i _ —diazu

fe(u) =227 folu) U t2is,027 (27)

where ay=a,—ay /2=—{(101~1)/12) /(@5 /) (tgns,).
Since a3 « (m],i‘g\,‘,‘r)‘”2 < 1, we only keep aj to the linear
order. Note that only the even component has net accu-
mulation across mode resonance. The odd component is a
small correction important only near resonance and its
significance decreases for modes excited earlier in the
inspiral. The two components can be separately integrated,
leading to

= (44 16u*)"! {sa [4u sin(u?) + 8u? cos(u?) + v2r(1 + 4u?) (l ks [\/%u} )}

+i [4;; cos(u?) — 8u? sin(u?) + V27z(1 + 4u*) (1 +2Fc [\/%u} )} } (28)

Fow)= [ fowe du,

_af | 1+ 2is,u
- -5
- 0.3654s,a3

" (14 1.3685is,u%)*

and F(u) = F,(u) + F,(u). In the function above, Fs and
Fc are Fresnel integrals, and Ei is the exponential integral.
Asymptotically, we have F,(—o0)= F,(+00) =0 and
F.(+00) = (\/#n/2)(i +5,) = 1.25(i + s5,). At mode res-
onance, F,(0)=F,()/2=(1/x/8)(i+s,) and F,(0) =
5,a3(2 — \/eEi[-1/2]) /8 = 0.36545 ,a5. Fig. 1 shows the
real and imaginary parts of F(u) computed from the sum of
F,.(u) and F,(u) in Egs. (28) and (29) and from numerical
integration of Eq. (24).
Going back to b with

) o (4vm) il (=, )~(@0,+m, Q7] (30)

+ 2is, e isat’ -

2is,u>
(1 + 2is,u?)? iven

(29)

where we use the leading-order quadrupole formula to write
¢ — ¢, as functions of frequencies

1 M,

¢ ¢r)pp 7 [ mr) =5/3 _

(Ma)™P]. (31)

The comparisons of the new analytical solution with
numerical values and with previous results from Ref. [25]
are presented in Fig. 2 for the mass multipole Q33 with
I = m = 3. The relation between mass multipole and mode
amplitude is given later in Eq. (38). We have normalized the
result by its adiabatic limit obtained by replacing b, in
Eq. (38) with @,V ,/ (@, + m,Q;). The gray line in the top

024039-6



DYNAMICAL TIDES DURING THE INSPIRAL OF RAPIDLY ...

PHYS. REV. D 110, 024039 (2024)

1.5 f === Numerical F(u) .
Fe(u)
=== Fe(u) + Falu)

1.0

Im[F(u)]

-2 0 2
u

FIG. 1. Real and imaginary parts of F(u). The F,(u) part
(whose integrand is even with respect to u; red-dashed lines)
dominates the result and it is only a function of u. The F,(u)
component (included in the olive dashed lines) corrects the
solution near mode resonance and vanishes when u — +oo. It

depends on an overall scaling factor a; o (wi,,)~"/% In the
example shown, a; = —0.18.

panel is the numerical result from solving the coupled
differential equations governing the evolution of the mode
and the orbit [see Egs. (52) and (53)]. In this process, we
keep the tidal backreaction due to the [ = 3 tide but drop the
backreactions from the / = 2 tide. The [ = 2 tide can cause
the orbit to deviate significantly from the PP limit, requiring
higher-order corrections that are beyond the scope of this
work (also Ref. [25]) that solves the tide at the linear order
(in both backreaction and fluid displacement; see later the
discussion about Fig. 5 and Sec. V). Our new solution
agrees well with the numerical one throughout the inspiral
as shown in the red dashed line in the top panel, and its
decomposition into the equilibrium tide [Eq. (18)] and the
dynamical tide [Eqgs. (23) and (30)] is presented in the
bottom panel. In comparison, the solution constructed
following Ref. [25] is given in the olive dashed line.!
While it has excellent accuracy in the preresonance regime,
it shows a spike at 510 Hz that is due to the imperfect
numerical cancellation between the diverging term in
Eq. (16) and the counterterm [second line in their
Eq. (6.10)] at mode resonance. When extended to the
postresonance regime, the solution from Ref. [25] loses

'In particular, we use the part after b, in Eq. (6.10) from
Ref. [25]. The relation between the Love number and mass
multipole is given by Eq. (42). Note that their Ay, measures the
frequency shift of a mode in the inertial frame, so it corresponds
to our Aw, + m,

Numerical
Steinhoff+ 21
=== This work
2 - 1
5
S
3 0 |
S
=¥}
o'
20 1
| “ 1 1
— Ttal
=== Equilibrium tide
=== Dynamical tide

[}
=
T

Re [Q33/Q33(0)]

|
[S]
=
T

500 1000 1500
f [He|

FIG. 2. Top: comparison of different analytical approximations
for the / = m =3 mass multipole. We have normalized the
results by the adiabatic limit, and the result also corresponds to

the Love number as ki3/ k;‘;q] (0) = Q33/033(0), see Eq. (42).
The solution from Ref. [25] (olive dashed line) is corrected
according to Footnote so that it applies to / = 3. Because the
S + 21 solution requires the subtraction of two diverging terms at
mode resonance (around 510 Hz), it may cause numerical
artifacts. Furthermore, the phase and amplitude of the multipole
are inaccurate in the postresonance regime. The new solution
(red-dashed line) however fixes these issues and matches the
numerical solution throughout the entire evolution. Bottom:
decomposition of the solution into an equilibrium tide component
and a dynamical tide component. The equilibrium component
vanishes smoothly at mode resonance, facilitating the numerical
implementation. The dynamical tide is excited at mode resonance
and dominates the postresonance solution. In this figure and all
other figures for the [ = 3 tide, we include the tidal backreaction
on the orbit only from the / = 3 tide and exclude the [ = 2 tide.

accuracy in both amplitude and phase, which we will
discuss quantitatively in the subsequent section (Sec. 11 C).

As an aside, we also prove using Eq. (23) that the
dynamical tide is a converging series as [ increases. For
this, we note first that @, =~ @, /l+ [(I - 1)/1]Q for the
f-modes that are most likely to be excited with m, =~ [.
Further,
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MN\L2 /R, \-3/2
M, o 112 (Hl) (El) . (32)
t t

In the slow-rotating limit with |Q| < ||, we have

o) o (LY (My) 5 (RiE
“ ] M, M,) "

This is clearly a converging series. In the case where |Q|
dominates, we first note that only when © > 0 can there be
infinitely many f-modes be resonantly excited all at @, =~ Q.

The maximum Q a NS can have is (M/R3)(1/2), which

leads to
M\ /R N\
(dymn) 2L L
o a0 (32 ()

In the high-/ limit, the (M;/M,) <1 term decreases
exponentially while the /'/? increases only as polynomial.
Therefore, the series is also converging. For Q < 0, only
modes with @,y > —(/—1)Q can experience resonance.
Because this is a finite set of modes, divergence cannot

happen.

2|

(33)

(34)

C. Comparison with previous analysis

We elaborate further on the relation between our new
solution and that obtained in previous analyses such as
Ref. [56] and [25].

We note that Eq. (15) can be solved locally around mode
resonance by expanding

W, — Ma0 = M0, T~ M,— T,
mr

(35)

where @w = (¢ — ¢,). This leads to the solutions in the

resonance region obtained in [56] and [25] (in particular,
the last line in Eq. (6.10) of Ref. [25]). In this case, we have

g . ' Mg .
bg“)zfcoao‘lf’a‘,e‘%g‘”"z/ e~ Tt gy,

V x""‘“—i—%wz'ﬁ ™ —JW-Q—E-wz'ﬁ
n jLa0 ar 102 / e ‘" dw,
@, —c0
V
D ar_G() (36)

- \/Sa 3@,
where? v = (, /S aMa@pp /2] @) = (0/®,)u and

’Note that 7 in Ref [25] is related to our v as 7=

V/(2/m,)(8/3)v and their ¢, = (3/8)(®,/®?). Our analysis also
indicates that a factor of /m,/2 = +/1,/2 in the phases in
Eq. (6.11) of Ref. [25] is missing. The magnitude of the last term

in their Eq. (6.10) lacks a factor of /1,/2.

:is0? v —is,0?
G(v) = ie"= e "V dy
=0

- \/g(sa + i)eisa” {1 + (1 + is,)Fc [\/%v}
il

Note that G(0) = F,(0) and lim,_ o G(v)e =" =
F(+00), indicating the consistency in both the mode
amplitude at resonance and their asymptotic values.

(37)

However, the phase of b2 is accurate only in the vicinity
of mode resonance. It also overestimates the magnitude of
oscillations in the postresonance region. Another way to
obtain a local solution is to solve ¢, [cf. Eq. (23) without
the “(dyn)” superscript] using a stationary phase approxi-
mation, and then transfer the resultant ¢, to b, using
Eq. (30) [15]. Such a solution gives the correct phase in the
postresonance regime but not in the prior-resonance
regime. Indeed, the general solution of a driven oscillator
should contain two terms varying at distinct frequencies as
in Eq. (14), and a local solution with a single term can thus
be extended accurately only in one direction. The dis-
cussion therefore highlights the necessity of decomposing
the tide into the equilibrium and dynamical components in
the presence of mode resonance.

ITII. BACKREACTION ON THE ORBIT
USING EFFECTIVE LOVE NUMBER

In this section, we first convert the mode amplitudes
found in the previous section to mass multipoles of the NS,
and then use the mass multipoles to define effective Love
numbers following the approach used in Ref. [57]. The tidal
back reactions will then be written in terms of the effective
Love number so that they take the same form as in the
adiabatic limit, except for the Love number replaced by
their frequency-dependent effective values. We highlight
that a pure real effective Love number as introduced in
Ref. [57] is insufficient to model the dynamics. In par-
ticular, it captures only the tidal acceleration in the radial
direction. To capture the acceleration in the tangential
direction (i.e., the tidal torque), a new dressing factor,
originating from the imaginary part of the effective Love
number for each (/, m) harmonic, will be introduced. We
will demonstrate explicitly that it is this torque that
dominates the impact on the orbit near mode resonance.

We start by relating the multipole moment of the NS in
the inertial frame to the amplitude of the associated mode
with the same (I, m) as [73],

Ly.my,

Qim =MR' Y " I,b,e™me?, (38)
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L,
where we have used Y &™

S ama)=(m) Note further that the summation runs over
modes with both signs of eigenfrequencies. This corre-
sponds to a symmetric trace-free tensor (indicated by the
brackets around the indices) in a Cartesian coordinate,

Ny Y,

= N,MR"Y Y-

as a short-hand notation of

Ly.my,

"> Lbe et (39)

where N; =4xzl!/(21+ 1)!! and the tensor yﬁ;;;“-"*’ is
defined in Ref. [77]. At the same time, the tidal moment
(also symmetric and trace-free) can be written as

1

Ei iy =—Myo; i~

r
=S Wy

We can define an effective Love number of each (I,m)
harmonic so that it maintains the same form as in the
adiabatic limit as

2k

(iroit)
Qir...iyVim ™ 21——1)“

RZH'IS,] “yih ) , (41)

which leads to

ki = zl+1% ( ) k_.€C.  (42)

The last equality follows the reality condition on the mode
amplitude. Note that in the nonspinning adiabatic limit,

Az

2141 L (43)

Kim| a0 = kio =

and the Love number is the same for all values of m. Using
the leading-order equilibrium solution from Eq. (16),
we have

K80

(eq.0)
Kt @) = K @) = s

where mode a has (I,,m,) = (I, m), and we have used the
fact that Aw, & m, [Eq. (7)],s0 A, = —A_,, . This result

agrees with Ref. [70]. Because of rotation, we have

2
eq,0 y,

Note that the difference between kE;q‘O) and kj, are due to
the finite frequency response of amode as in Eq. (16). Their
difference is on the order (Q/@,)% As a caveat, the mode
structure can be modified by rotation at order (Q/@,q)?
(e.g., due to the centrifugal force), which is not accounted
for in our current framework as Eq. (1) is only to linear
order in rotation. But see Ref. [63] for more discussions on
rotational corrections beyond Eq. (7).

We can further define an effective dressing factor x; for
each harmonic / as

(21 =) Qy;,. i Er--
K= = - -
! 2k£0R2£+1 8 ,gh---*a
(2I+1 k
+ )Z ﬁelm (46)

so that x;k;, becomes the effective LLove number in
Ref. [57]. Note that Y, W?, =4xz/(21+ 1), so when
w=Q=0, ks, =1. The reality condition that k;, =
kj _, further requires that x; is real.

As we will see shortly, the effective Love number x;kqo
can only capture the radial acceleration of the tidal back-
reaction. We hence introduce an additional factor y; to
describe the torque, which we define as

21+1Z W2 Im [k,m} @)

Note that y; vanishes in the equilibrium limit but becomes
finite when kj,, has imaginary component as mlm[k,, | =
—mlImlk; ).

To derive the conservative part of the dynamics, we write
the Hamiltonian of the system to linear order in the NS’s
rotation [32,66,73] as,

H = Hyp + Huode + Hint, (48)
where
Hy, = p?/(2u) + p3/ (2ur®) —uM,/r,  (49)
with p, = pi and p, = ur’e,
@,>0 0>0
Hpoge = Z €0, 4390 = Ey Z o Vibar (50)
and
@,>0 @,>0
Hiy =Y e,(ifads—ifsda) =—E1 Y (Vobs+Vib,).

(51)
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The three pieces respectively represent the PP orbit, the
eigenmodes inside the NS, and the mode-orbit interaction.
While we use b, and V, in the above expressions,
we emphasize that the generalized displacements we
use are (r,¢,q,) and their associated momenta are
[Pr, Pgs (iE1/@q0)gzs). The Hamiltonian depends explic-
itly on time because V b}, ~ exp(im,Qt¢) in the interaction.
We will come back to this point later when discussing the
energy conservation of the system [Eq. (60)].

The dynamics of the orbit is thus given by

P+ =g, (52)
n} + 2?‘@ = 0p (53)

Where g, and g, are accelerations along the radial and
tangential directions and they include both a dissipative
contribution due to GW radiation and a conservative piece
due to tidal interaction, which we can derive from the
interaction Hamiltonian as

@, =0
. (I, + 1)Re(V,b
9 == Z +1)Re(V,b;)
MM, l+l) 21+1) 21+1 W2 Relk
) > WiRel ]
MM R 2141
= —2——22 l+ l)KIkIO( ) N (54)

@, =0

=—— Im([V,b?]
9 ur o ,ur Zm“ m|

21
:_K&Z 2”1)( ) “zmwz im{k;],

M M R 2141

where we have used Eqs. (42), (46), and (47) and their (real
and imaginary) dressing factors.
Note that we can further write the interaction energy as

M?2 R\ 2i+1
‘Hi.nt = —ZTQZKIIQO (?) . (56)
In the limit where Q — 0 and @ — 0 (i.e., k; = 1), we have
1 M? R\ 2i+1
H =Q=0)=—-Hyy=—2 kp(—=] . (57
mode (@ 0) > Him =— Z ro(r) (57)

However, in general, there is no simple relation between
H o4 and kkyy. Note further that when Q # 0, H o4 is the

mode energy in the corotating frame. For a specific mode a
in the inertial frame, its canonical energy is [78]

inertial)
E(mode a — Hmode‘a + QJmocle‘a
@, + myQ

@g

E\w,+ m,Q

Hmode‘a :7 b;ba, (58)

@a0

where J 4o o = MaH o4/ @, is the angular momentum of
the mode. Using the asymptotic values of F,(u), we have
when u — oo (after summing over a mode a and its
complex conjugate)

2ICON

2 wu0(w,+m,Q) V2,

El Sy mpp‘r
5(2141) M,)\2
=5 Winki
192 (M 1)

R, 2(£+1)M Mo YWO-DB. (50
X W (M wq0)(M,@,) . (%9)

r

While H, 4. does not relate to k; and y; in a simple
manner, we note that its derivative is

O0H

E{lnernal) —H

mode

@, =0

= -2E, Z w, + m,Q)Im[V,bz]. (60)

We remind readers that the dH;,/dt term originates from
the fact that the Hamiltonian depends on time explicitly.
Together with the total time derivative of H,,,,

@, =0

Hiw=2E, z {A Im[V,b;, ]+ la+1)Re[V,b,] , (61)

we have
Eige = Eﬁ::;:ﬂl) +H, = —prgf.) —coyrgg), (62)

which describes the expected energy transportation from
the orbit to the tide.

Figure 3 shows the integral of the Eq. (62). In
the equilibrium limit with |w,|> @ and |w,| > |Q|,
[Im(b,)/Re(b,)| ~ |F/(rA,)|, leading to

(1)

Oy @ @ R
rg,(f) A—a—m—a«l (for equilibrium tide).  (63)

Therefore, in the equilibrium limit, the torque term (or y;)
can be ignored. However, when dynamical tide becomes
important and [Im(b,)/Re(b,)| ~ 1, we have
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J— |F“‘*"”’+H /By
107%F If( pigh )dtllfq 7
- If( :wrgi”) dt|/ By
10-6- P
=)
=~
5 1078} .
=
10—1(]_ i
10—12_ i
107 10°

[ [He

FIG. 3. Energy in the [ =3 tide, E;g = Ef:j:m] and H,,,
shown in the gray line. Also shown in the dashed lines are the
integrals of the two terms in Eq. (62). In the low-frequency,
equilibrium limit, the radial term (olive line) dominates the
change and it is negative (the change of the total equilibrium
energy is still positive when including AE,;). Near mode
resonance, the tangential torque (red line; positive) dominates
the change of tidal energy.

(1)
orgy @ L
g(’) Nm > 1 (for dynamical tide).  (64)

Furthermore, the torque term has a secular contribution
when integrated across mode resonance,

/ —mprg;)dt

~2E,m,o,V, rIm[ {dyn) / e‘%w’zd!}

2 m 0w
= LV2E, ~
PP.x

E(inerﬁal) (00), (65)

mode

where we have used Egs. (23), (30), and (55), and
evaluated the integral with a stationary phase approxima-
tion on the exponent in Eq. (30). Note that the resonance
condition requires m,w, = @, + m . The tidal torque
leads to the postresonance mode energy, Eq. (59), and it is
greater than the absolute value of the interaction energy by
a factor of ~(@,tg,,)"/*(r,/r)!*!. Therefore, the torque
term dommate% the evolution near mode resonance, and
missing the y; term will lead to an inaccurate description of
the dynamical tide.

IV. DYNAMICS THROUGHOUT THE INSPIRAL

Using the tools developed above, we will discuss the
coupled evolution of the orbit and the mode in this section.
We will start by reviewing the orbital evolution under the
PP limit in Sec. [V A. Tidal corrections to the orbit will then

be derived using both an energy-balancing argument and
the osculating orbit technique coupled with the tidal

accelerations g() and g() derived above. In particular,

Sec. IV B is devoted to deriving the phase shifts, the most
dominant tidal signature, as functions of both frequency
and time. The deviation from a quasicircular inspiral due to
the dynamical tide will be discussed in Sec. IV C. Lastly,
we consider additional GW signatures arising from the
oscillating f-modes and orbital eccentricity in Sec. IV D.

A. Point-particle (PP) evolution

We begin the discussion of this section by briefly
reviewing the orbital evolution of two PP masses inspiral-
ing due to GW radiation. Results here are used in Sec. Il to
derive the linearized mode amplitude evolution. They will
also serve as the baseline values onto which we add the tidal
perturbation.

The PP frequency evolution is given by

. 96 n
opp =3 MZ (M,0)"'/3. (66)
We further define t,,, = @/d,,, which serves as a measure

of the instantaneous GW decay timescale. The orbital
energy and separation of the PP orbit changes according to

o 21
Zw_ w2 (67)
E r 3th

where Ep, = —M M, /(2r). Note EPP <0 and 7y
our convention.
Expressing @ and r as functions of ¢ leads to

-8/3 -8/3 o)t (ro)*
Mrmpp) — (M) = v ~\ar
t t

P

It is also useful to relate the phase ¢ to @, which has been
given earlier in Eq. (31).

The PP orbital evolution can be modeled by adding the
following Burke-Throne accelerations (e.g., Ref. [32]) to
the orbital dynamics, Egs. (52) and (53),

g£gw) _ IGPMr
5r°

< 0in

i [1»2 + 6r7¢* + %} , (69)

W 8 Mr Y
9" =5 [9 2 —62g + 20 - Zurgs (10)

ZM}
where we have written the ¢» component into a form that is

valid even when the r— ¢ relation is modified by the
presence of the tide [73].
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B. Tidal phase shift

The dominant impact of the tide on the orbital evolution
is that it causes a phase shift relative to the PP limit. This
section is dedicated to deriving such a phase shift. We will
start by deriving first the orbital phase shift as a function of
frequency (that is, comparing the phases of two systems at
the same frequency). While the phase shift at a given
frequency offers a straightforward description of the tide,
physically what is measurable is the phase shift measured
at the same time. Therefore, in the second half of this
section, we will also derive the phase shift directly as a
function of time using the technique of osculating orbits.
The osculating orbits also allow us to extract the post-
resonance eccentricity excited by the dynamical tide which
we will discuss further in Sec. IV C.

1. Energy balancing

We use an energy-balancing argument to derive the
dynamics as a function of GW frequency f = @w/z. The
duration of coalescence t and the orbital phase ¢ can be

computed as
dE/df
t= d
I

o= [ 1L ar,

Therefore, the tidal corrections to the time and phase can be
computed as [73]

(1)

(72)

| [dAE., dE. AE
At | — [ —8 -4 \g47, 73
' fEPP(deW dfg“’EPP) f ( )

N f [(dAEq dEqu_E
2p() = | Epp( T, Epp)df, (74)

where the first term in the parenthesis describes a
conservative effect that at a given frequency, the equilibrium
energy of the system is modified relative to the PP orbit. We
have AE.q = AEy, + Ege and Egge = Hig + Eone ™. The
AE,, describes the change of the orbital energy because
both the location and the value of the radial effective

potential’s minimum change due to the presence of the
tide [73],

ar g™ (75)
r - 3re?*’

AE A

il O Sl (76)
Epp r

Note that we have used g?‘eq), or the equilibrium component

of the radial acceleration [using b from Eq. (18) in
Eq. (54)], as it describes the component that is phase
coherent with the orbit. When the dynamical tide is excited
after mode resonance, the effective potential changes on a
timescale shorter than the orbital decay timescale and
excites eccentricity of the orbit, a point we will discuss
further in Sec. IV C. The Ej,. term describes energies due to
the tidal degrees of freedom, including both its interaction
with the orbit [Eq. (56)] and the inertial-frame mode energy
from Eq. (58).

The tide also affects how much energy is radiated
through GW [second term in Eq. (74)]. Here we restrict
our discussion to the lowest-order quadrupole radiation that
is affected by the tide in two ways. The first one is the r — @
relation is modified compared to the PP orbit, and the
second equality in Eq. (70) captures this modification as
discussed in Ref. [73]. The second effect is that the tidally
induced NS mass quadrupole can couple with the orbital
quadrupole, allowing additional GW radiation. In our
numerical calculations, we do not include the second
effect. Instead, we present here an analytical calculation
of it. The impact of this term in the adiabatic limit has been
well established, see, e.g., Ref. [73] and references therein.
Thus, we focus on the finite frequency correction (which
can still be considered the equilibrium tide in our defi-
nition) and the dynamical tide (only excited on resonance)
to the NS quadrupole. Our calculation complements the
EOB framework which computes the dissipative effect only
under the adiabatic (i.e., the zero-frequency) limit; see,
e.g., Ref. [57].

From [73],

I 4 S
AEns—orb:_§< nJ;Q(;rrb):_EZWZm(Q?mQ?:} ) (??)

For the orbital mass quadrupole, we have

5 =~ (—imw)3prte=me: (78)
the ignored term is smaller by a factor of 1/(w,,,).

We note that the NS quadrupole can be decomposed into
an equilibrium and a dynamical component because
0% o [b,(fq) + b,(;dyn)]. The time variation of each compo-
nent also mainly comes from the phase evolution (respec-
tively goes as 2w and 2w, for the [ = |m| = 2 components),
while the rate of change on the amplitude of b, is smaller
by a factor of ~it/w, ~(®,ty,,)""/%. Furthermore,
b, + b}, = 2A,Im[b,], which is small both before reso-
nance (as Im[b,] is small) and during mode resonance as
A, =~0. The equilibrium component is coherent with the
orbit throughout the evolution because, in our definition, it
is the component that varies at e in the inertial frame.
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The derivation presented in Ref. [73] can thus be readily
extended to include the equilibrium tide as

e 8
AEflscil}rb = —EleR%Mfﬁm“ﬁ
x Zméwgm Z LRe[bSY).  (79)
a,m, =0
Note that
AE, (@ Q0 (@
. rb( ) _ 22(_) #KI, (80)
AE,_op(@=0) Qxn(w=0)

as m = 0 modes do not contribute to the radiation but they
affect the radial acceleration. Therefore, an effective Love
number k; is inaccurate in modeling the radiation from the
beat of the NS and orbital mass quadrupoles even in the
equilibrium limit.

We approximate the third derivative of the mass quadru-
pole due to the dynamical tide as

di)’“ ( Im @ )3MR21 C(dyn) —xm,,(ﬁ,—xm,,a)f (81)

where mode a in the above equation stands specifically for
the [, = =mg = 2 f-mode with @, > 0. We also have
Qgs‘_d;’“ =(Q nscI’"“) The energy dissipation rate with the

phase expanded near mode resonance reads

8
AET = =1 (20,) uriM R}
x Wyl Re e (82)

The phase shift due to this term can be evaluated as

AE @)
A¢(dyn) — —meL_mdt,

ns—orb
PP

) ()2
({5 (5]

u—+oo

—0, (83)

where u = \/@,r and we have used a stationary phase
approximation in the second line. The mode amplitude is
approximated using Eq. (23) at resonance with F(u = 0) =
F,(0) [see the discussion below Eq. (28)]. This is justified
because e is even about 7= u =0 while [F,(u) -
F,(0)] is odd. Note that under this approximation,
AP, (4 — o) = 0. While the F,(0) contribution may
survive, it is nonetheless a small correction because

F, x a3 « (mrtgw‘r)‘m. Therefore, at least at the leading

order, the interaction between the NS mass quadrupole due
to the dynamical tide and the orbital quadrupole does not
lead to net time or phase shift when integrated across mode
resonance. In the vicinity of mode resonance with |u| <1
and Fs # Fc, the magnitude of tidal phase shift due to this
dissipative effect compared to that due to the conservative
effect [first term in Eq. (74)] can be estimated from the ratio

A ¢(d)’“)

“Vns—orb _,

A¢(m)

. d .
AES™ JE,

mertial
Eoed /E

@ g0 Var

~ed "ar 12, 84
Ty, ]b,] (84)

(m tgwr)

The equilibrium component has a similar magnitude
because the equilibrium and dynamical mass quadrupoles
have comparable magnitude near mode resonance (see the
lower panel of Fig. 2). Therefore, the conservative effect
(energy transfer from the orbit into the excited mode)
dominates the phase shift.

The phase shift at a given frequency is shown in the top
panel of Fig. 4 for the [ = 3 tide. The [ = 2 tide is excluded
in the computation here. We use the gray and red lines to
respectively represent the numerical and analytical results.
It is interesting to note that the main effect can be captured
by a steplike jump at mode resonance. The amount of jump
can be calculated as

inertial
Ay — Enoie ()

E

PP.r

and A, = w,At,, (85)

be the asymptotic time and phase shifts of a mode a (and its
complex conjugate) integrated to infinity. More explicitly,
25(21+1)

M, (R, 2+
Ap, = — W2 k
Pa 61442 710 (Ml) (M )

X (Mwa0) (M, ) #1173, (86)

The numerical values for the /, = 3 and [, = 2 f-modes are

My\ [k
i (2) )

§ R, \( u/2% o, /m \'/3
11.7km/) \2.5x10°Hz/ \510Hz/

(87)
M k
Aelica =T (M?) (O.f)%)

" R, \°( @y/2% o, /r \!
11.7 km 1.8 x 10° Hz/ \ 950 Hz

(88)
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FIG. 4. Tidal phase shift due to the / = 3 f-modes. The top
panel shows the orbital phase shift at a given frequency and the
bottom one at a given time (7, is the time when r = 2R). The
middle panel is the GW phase shift of the frequency domain
waveform. The gray curves are results extracted numerically
while the red curves are from analytical calculations [Egs. (74),
(94), and (120)]. Also shown in the olive dashed lines are
approximate estimations [Egs. (90), (95), and (97)] that estimate
the secular phase shifts.

With the jump magnitudes Ar, and A¢,, we can then
write the approximate frequency evolutions of the time and
phase shifts as

AT(f) ~ At l“a+h“(f) (89)
Ad(f) = ag, D), (90)

where the tanh function is used to smoothly transition the
phase shift from nearly 0 to its asymptotic value after mode
resonance. The numerical constant in front of u is set to
unity for simplicity, yet it provides sufficient accuracy for

the approximation, as shown in the olive dashed line in the
top panel of Fig. 4.

After a mode’s resonance, there appears to be a large
fluctuation in the phase shift. Our analytical solution does
not fully capture this oscillation because the orbit is no
longer quasicircular and Eq. (75) can capture only the
averaged change of separation (see Sec. IV C). Nonetheless,
a large portion of the oscillation is not physically observable
and therefore does not impact the waveform analysis. For
this, we note that phase shift should be measured at a fixed
time ¢ instead of frequency f (or w). They are related
through

ar(f)~-220,

[0]

©1)

AG(f) = Ad(1) + wAr = A(t) - gAm(t), (92)

where Aw(f) and A¢(¢) are the shifts of orbital frequency
and of orbital phase measured at a fixed time. Since
@?*/@ > 1, the second term in the last equality in Eq. (92)
can appear large. It causes a large fluctuation in A¢(f),
though the true observable Ag(f) varies much less.
Equivalently, we can consider the phase of the frequency
domain GW waveform, which under the stationary phase
is [79]

(f) = 22f1(f) - 26(f) - 5 (93)
so the tidal shift is given by’
AY(f) =2xfAt(f) —2A0(f) =~ —2A¢(1), (94)

and the At contribution cancels out.
While Ag(f) is not directly measurable, itis nonetheless
a useful quantity to compute, because its asymptotic

behavior can be captured by a particularly simple form,
Eq. (90). Using Eq. (92) and replacing At with A¢/w,
[Eq. (85)], we have

A, (95)

Alr(f)zz(mﬂ—l =

r

) 1+ tanhu

*When comparing the phase shift of two waveforms, it is
important to keep in mind that one has the freedom to shift one
waveform’s time and phase at a reference point relative to the
other by arbitrary constants. This is because we do not know
a priori of a signal’s time and phase of arrival. As a theoretical
study, we fix Af(fpr) =0 and A¢(f.) = 0 at fre = 100 Hz
for simplicity, which approximately corresponds to Af(f.s =
0) =~ A@(frer = 0) =0 as the tide is important only when
fZ 500 Hz. When computing, e.g., the mismatch between
two waveforms [80], however, the freedom in Af(f,) and
A¢g(fer) needs to be marginalized over.
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- @(t)] 1+ tanh u

A(t) =~ [l —%} TA%, (96)
[, 2561 ¢ 8/3 =3/8 1 +tanhu
= [1 TE(M@J TA¢Q’ (97)

as estimations of the secular shift of the orbital phase in the
frequency and time domain, respectively. Note the form
is consistent with previous results obtained in, e.g.,
Refs. [32,35] except for the minor difference that we
use here a tanh instead of Heaviside used in Ref. [35] to
smoothly connect the pre- and postresonance values. These
approximate expressions are shown in the mid and bottom
panels of Fig. 4 in the olive dashed lines, which show
decent agreements with both the numerical (gray lines) and
the full analytical (red lines) results.

2. Osculating orbits

For the completeness of the study, we also present a
direct derivation of the dynamics as a function of time ¢. We
use the method of osculating orbits and change (r, 7, ¢, )
to (p, e, @, ¢p). the instantaneous semilatus rectum, eccen-

tricity, orbital phase, and argument of pericenter, according
to [32]

P
= 98
"=1 +ecy’ (98)
M
= —r€S¢, (99)
P
. M,
¢ = p—;[l + ec¢,]2, (100)

where ¢y = cos(¢p — o), sy = sin(¢p — ). The inverse
relations are

p= %ﬁf (101)
2= (%— )Z%, (102)
esy=F %, (103)
ecy=L-1. (104)
The evolution of osculating variables is given by
Z—ﬁ (105)

p= 9>
VM (1+ ecy)™?

VP

¢ = ————|[(3e+4cy + ec
T+ ecg) | # 7+ ec2)9

+ (254 + es24)9], (106)
. —\/;_7
- _ve 2
e¢0 2\/M;(l + €C¢) [(e + C¢ + ecz&)gr
— (454 + e524)94) (107)

and Eq. (100).
The zeroth order solution of the set of equations can be
obtained from the PP orbit under GW decay

21
Ppp=Tpps  (€Cy)pp =0, (es4)pp=—3——. (108)
PP PP 3wty,
To find the tidal correction, we first ignore GW decay
and consider a system interacting just due to the equilib-

rium tide with a radial acceleration gﬁ"‘*‘”. Such a
conservative system permits a solution with p =é =20
and c4 = 1, which indicates ego = e¢p. From Eqs. (100)
and (107), we have

E.t'eq)

ecy ~ ————.
¢ M, /13,

(109)

The same result can also be obtained by first combining
Eqgs. (98) and (100) to get ¢*> = (M,/r*)(1 + ecy), and
then compare it with Eq. (75) or Eq. (52) with # set to zero.

Note again the above equation is accurate only before
mode resonance; an additional oscillatory component in
ecy will be excited by the dynamical tide in the post-
resonance regime (Sec. IV C). Nonetheless, Eq. (109) is
sufficient for us to find the deviation in p caused by tide,
which follows from Eq. (105),

Aj A A

A _32p B9 .. (110)
o 2T 9

The Ag, term contains two contributions,

Agy = gy + Ag™. (111)
The first piece is due to the tidal torque [mainly from the
dynamical tide; Eq. (55)]. The second piece is because the
GW acceleration is modified by the tide. By replacing
(r, @) in the second equality in Eq. (70) with osculating
variables, we have

AgE”  9Ap e
—_—r ”

2 (112)
g,(f ) 2 rp
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Consequently, we can rewrite the equation goveming the
evolution of Ap as

. () (teq)
A A -
-— P_ ( =3 p—l— fw) 6 g )
Fop g

113
pp g r/p(} ( )

The solution of this equation is given by

(I) g(t‘eq)
p(t) = / 2 6 dt,
pp pp 95 M,/ ,%P)

(1) (teq)
1 94 gr dpp
:Tf,gp 37 ) do, (114)

Tpp 9go

Note that while we change the variable to @ in the second
line for easier evaluation of the integral [as the mode
amplitudes are given in u and u is treated as a function of @;
Egs. (23), (30), (26)], here Ap(t) is the change in p
measured at a fixed time (assuming the tidal and PP orbits
are aligned at past infinity). After evaluating the integral to
a certain frequency @, we map it back to the desired time
according to

Hw) =ty (0) + At(w) ~

(0 —Aw), (115)

= Ipp
where f,, is the PP mapping from @ to t, At is from
Eq. (73), and Aw is computed from Eq. (119) which we will
introduce shortly.

We can compare the sizes of the two terms in the
parenthesis in Eq. (114). First, we note that

940 F

~— 116
M,/p; or (116)
Therefore,
(1)
9p /900 @19y (117)

Mr/P%) r9r

which becomes the comparison shown in Egs. (63) and
(64). In particular, whereas in the equilibrium limit, the
radial acceleration plays the major role, near mode reso-
nance it is the torque that dominates the orbit evolution.
If we ignore the ecy term and adopt the same stationary
phase approximation that leads to Eq. (65), we can
approximately carry out the integral in Eq. (114) as

Eeria) (o
AP(t) ~— (rpp‘r) ) [1 4 tanh u(1)],
rPP )umr r
1 + tanh u(z)
—ipp(2)At, — (118)

The tanh function is introduced to smoothly connect the pre
and postresonance values. Alternatively, the same result can
be obtained by noticing the change in p at a given frequency
f = w/xis nearly zero as Ap(f) =~ (4/3)ecy ~ 0 based on
Eq. (100). Eq. (118) then follows the same argument that
leads to Eq. (92).

Once we have Ap calculated, we can compute the
frequency and phase shifts as functions of ¢.

(te)
Ao 3A 3Ap 24!
20 _ _28P 5, 4,____"’_ =, (119)
@ 2rpp 21 M/ry
A
A (1) :fAMrg/ﬁm (120)
Dpp

The resultant A¢g is shown in the red line in the bottom
panel of Fig. 4 for the / = 3 tide. We use [—1g(t./M, —
t/M, + 1)] as a modified time coordinate with ¢, the time
when r = 2R. Note that when computed as a function of
time, the amount of oscillations in the postresonance part is
much milder and it will be quantified in the following
section.

As our computation is at the linear order in Ap/p, it is
accurate only when the tide is not too strong. This is why
in the figures, we have focused on the [ =3 tide
when comparing the numerical and analytical calcula-
tions. The backreactions are included for the / =3 tide
and the [ = 2 contributions have been excluded. This does
not impact much the calculation of A¢, for the [ =3
f-mode because the [ = 3 is excited at a lower frequency
(w,/(27) = 510 Hz), or an earlier time, compared to the
[ =2 mode (w,/(27) = 950 Hz). For completeness, we
show in Fig. 5 the phase shift induced by the [ = 2 tide
(with the tidal back reactions from the / = 3 components
turned off). The analytical estimations [Eq. (88)] start to
lose accuracy, emphasizing the need to incorporate higher
order effects [which includes both higher order terms in
Ap/r that come in at (R/r)'° and higher order terms in
&/R that come in at (R/r)®]. Interestingly, frequency is no
longer a monotonic function of time when the [ = 2 tide is
included and this can be seen from the backward turning
of the gray line in the top panel of Fig. 5. This is due to the
excitation of orbital eccentricities by the dynamical tide,
which we will discuss in Sec. IV C below (see also Fig. 7).

C. Eccentricities excited by the dynamical tide

In this section, we discuss the orbital dynamics in the
postresonance part, focusing on the eccentricity excited by
the dynamical tide.

While a nonzero eccentricity e appears in the osculating
variables even in the pre-resonance regime, caution is
required when interpreting this result. While both the
GW decay and the equilibrium tide can cause a finite
“eccentricity” in the osculating equations [see Egs. (108)
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FIG. 5. Similar to Fig. 4 but for the / = 2 tide. The analytical
calculations [e.g., Eq. (88)] become inaccurate because the tidal
perturbation is so large and keeping only terms linear in Ap/ry,
is no longer sufficient.

and (109)], these effects do not break the quasicircular
approximation of the orbit. This is because the argument of
pericenter ¢, proceeds at the same rate as ¢ itself. More
specifically, we have

2 1 MR,
3an‘ g](j"-fﬂ

an(¢ — ¢) = (equilibrium tide only)

(121)

which evolves only on the GW decay timescale, much
longer than the orbital decay timescale. This means the
separation r evolves also slowly over ~fg,. See also
Ref. [81] on related discussions.

In contrast, once a mode is excited, the interaction energy
changes on a timescale [m(® — @,)]™", which can be much
faster than the GW decay timescale. Therefore, the orbit
cannot settle at the bottom of the effective potential and
therefore cannot remain quasicircular due to the interaction
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o
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FIG. 6. Oscillatory eccentricities in excited by the [ =3
dynamical tide.

energy being oscillatory. Instead, a forced eccentricity is
excited [82]. The results are numerically confirmed in
Figs. 6 and 7. To quantify this, we note that the binary
separation r and its time derivative 7 do not depend on e
alone but instead depend on ecy and esg. Our goal is
therefore to find approximate expressions for the oscillatory
parts in ecy and es,, as they are the terms causing deviations
to the quasicircular approximation.

To proceed, we start with the assumption that ecgy =~
Ap/ry is small. This assumption will be justified later. To
estimate es 4 then, we note from Eq. (99) that esy o 7 = p,
and from Eq. (105) we have p o g4. Therefore, we arrive at

() gg)
M/’

(e5,4) ) = —

¢
&) (esg)pp = (122)
9

where we have used the superscript “(osc)” to emphasize
that it is the oscillatory component, in contrast to the

secular component in Eq. (108). To estimate (ec,)(*), we
note that (¢ — ¢o) =~ —37/2, so

d .
_(ec¢a)(osc) = epp(m - ¢0)’

dt
42 2 g0 (123
es“”’ M /r rppg ' )

Integrating the equation and approximate quantities vary-
ing on the GW decay timescale as constants [or equiv-
alently, doing integration by parts and ignoring terms
suppressed by 1/(@tgy )], we have

2
(osc) [ (r)di‘
(ecy) o gy at,

(124)

Further,
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FIG.7. The top panel shows the frequency-time relation when
the /=2 tide is included. The frequency is computed
f = ¢/x = @/x. The middle and bottom panels are similar to
Fig. 6 and it shows the eccentricity excited by the [ =2
dynamical tide. All results shown in this figure are extracted
numerically.

. o 125
9 lL+tho-o,’ (125)
(1)
I+1
00t 9 (126)

in the postresonance regime. Using Eq. (125) to evaluate
I g‘(;)dt, we have

2 g’

(ecy) o) v - — T
?) I+ 1M,/r},

(127)

where we have replaced the (@ —w,) part in Eq. (125)
by @ to avoid divergence near resonance and it does not
affect much the postresonant estimations. Note that

(ecy)v%) /(es4) %) = 1/(1+ 1)*> < 1, which is consis-
tent with the assumptions we made at the beginning.
The comparison between the numerical and analytical
estimations of the oscillatory eccentricity is shown in Fig. 6
for the [ = 3 tide (with [ = 2 tide excluded). To numeri-
cally extract the oscillatory component, we use Eqgs. (103)
and (104) to compute the total eccentricities from the
numerical (r, 7, ¢, ¢) and then remove the PP values given
in Eq. (108). The equilibrium tide can also cause a secular
contribution to ecy [Eq. (109)], yet numerically it is
sufficiently small to be ignored. The analytical estimations
are accurate for a small range of frequencies after mode
resonance and lose accuracy in the later evolution.
Nonetheless, they provide a decent estimation of the order
of magnitude for the deviation from the quasicircular
approximation. Interestingly, the magnitude of the eccen-

tricities increases with frequency as the magnitude of g](fz 4

increases.

The numerically extracted eccentricity due to the [ =2
tide is shown in Fig. 7. Here in the top panel, we present
also the instantaneous GW frequency (still defined through
f=¢@/n) as a function of time, which is no longer a
monotonically increasing function as in the PP case. This
confirms the eccentricity excitation as shown in the middle
and bottom panels. The magnitude of this eccentricity can
exceed 0.05 near the end of the inspiral. An estimation of its
detectability will be presented later in Sec. IV D.

Lastly, we estimate the magnitude of the oscillatory
eccentricity as a function of the phase shift Ag, [Eq. (85)].
We have

AE, = 0,ur,g} b, (128)
AE,
AP~ o, —, (129)
E
PP

where t.; = \/1/a@, is the duration of resonance. We thus
have

Iy ! =
€S¢ ~ |A¢| (T) (mrtgw‘r) 3;2' (130)

While the magnitude of the forced eccentricity increases as
1/r « @*/3, its overall magnitude is suppressed by the
large factor of (mj,i‘g‘,‘,‘r)y2 x @, /%, The postresonance
eccentricity is therefore less significant compared to the
phase shift for modes excited earlier during the inspiral
(e.g., gravity and inertial modes).

D. GW from the dynamical tide

While the dominant impact of the tide is the phase shift
discussed in Figs. 4 and 5, we also consider additional
features caused by the dynamical tide. In particular, once
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the f-mode is resonantly excited, it will ring at its natural
frequency (= m @, in the inertial frame) and emit GW
accordingly. This is similar to the postmerger oscillation of
two nonspinning NSs [45,83-90]. For the oscillation to be
excited during the inspiral stage, it requires either a highly
eccentric orbit or a rapid, antialigned spin of the NS.
Numerical simulations [91,92] have confirmed the former
case, and our study aims to provide a detailed discussion of
the latter scenario when the NS is rapidly spinning. Further,
the deviation from the quasicircular approximation (Fig. 7)
allows GW to be emitted at frequencies other than ¢/ for
the quadrupole GW. Both effects are examined in this
section for the [ = 2 tide that dominates the back reaction.

To compute the GW strain from the oscillating f-mode,
we use the quadrupole formula [77],

L2
hi = — Qi 131
50 (131)
From Eq. (38), we have
05 = —2N, (20, )* M R,
x Re[(I))" cae™2rt+ivs], (132)

where we have expressed the mode amplitude in terms of
€qa = qqexpli(w,t —y,)] which stays nearly constant after
resonance. The subscript a stands for the f mode with
(l4,|m,|) = (2,2) and the factor of 2 comes from summing
over m, = £2 contributions.

The strain tensor can be projected to the two polar-
izations as

hy =5 (ckeek - ebel)h (133)

jj,

Sl e

hy = = (eiel + evel)hy;, (134)

[ N

where ey = (cosy, —siny,0), ey = (cosisiny, cosicosy,
—sinz). The angle 1 is the line of sight and y specifies the
x-axis of the detector relative to the orbit. We have

ns __ __
A =

(1 + cos?1) (Zmr

2
> ) hRe[c e 2@+ W] (135)

@

2w, \ 2 L
hy = cosz(—r) h3Im|c, e~ 2 +iwo], (136)
@
where @? = M| /R}, yo = y, — 2y, and
2 M3}
B =\ —=————1,. 137
0 lS R]DL a ( )

For the rest of the discussions, we will assume that the
detector’s antenna response is such that the observed strain

is given by h,. To gain some analytical insights, we can
replace ¢, with the asymptotic mode energy, Eq. (59),
leading to

1 + cos?1)

nsN(

00 UEON ) st +w).  (138)
where
o o [P (M) (00 (20,
=7V 4r \M,)\w, J\®, )] RD,
xay®. (139)

While for the [ = 2 tide, Eq. (59) loses accuracy because of
the neglecting of higher-order effects, it nonetheless pro-
vides the scaling of the strain amplitude with different
parameters, in particular the frequency, or @,, at which the
mode is resonantly excited, hence the spin rate €; as
my@, = @; + my;. The Fourier transform is given by

(with £ > 0)

il =1 [ wperiad

1 s2) AT T
gﬁ_i§iﬂ x mmkb#—quﬂ, (140)

where T = (3/8)tgy, is the approximate duration for the

f-mode to ring, so |A™(f)] « ;2. This allows us to

compute the signal-to-noise ratio (SNR p) of the f-mode,

R
o= [

which varies slowly with respect to @, when the noise
power spectral density (PSD) S(f) is nearly flat.
Damping on the excited f-mode has been ignored in the
calculations above. This is justified by noticing that the
energy loss from the excited f-mode can be estimated as
[assuming it is dominated by GW radiation and other
mechanisms, such as Urca reactions [93] or nonlinear fluid
instabilities [76], are subdominant; cf. Eq. (77)]

dlogf, (141)

) 8 e
Eode = = =W (000xn ).

5 (142)

The energy-damping timescale of the excited f-mode
is thus

Epnen®) (c0)

|Emode|

Iz 1 @\ [ @
= — — (M =5Bg@7!. 143
64 Wyky (mr) (ma(} S (143)

Imode =
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FIG. 8. GW strain from the [, = [m,| =2 NS f-mode excited
by the dynamical tide, assuming the source is located at D; =
50 Mpc and the detector’s antenna response is such that the
observed strain is h,. The red line is computed using the
numerical mode amplitude and the olive dotted line is from
the analytical estimation Eq. (140). The sensitivity of the next
generation of GW detector Cosmic Explore is shown in the gray
line. The numerically computed strain can be detected with a
matched-filtering SNR of p = 1.3. Varying the spin rate of the NS
does not affect the SNR much.

The ratio of this timescale to the remaining time of the
inspiral is thus

t mode

12 M.\ 5/3 7/3
P ms ) (o) () 049
g lawr 22K20 1 @y @a0

Numerically, this ratio is about 1.4 x 10? for the system we
consider. Therefore, damping of the f-mode can be safely
ignored.

In Fig. 8 we show the strain from the I, = |m,| = 2 NS
f-mode excited by the dynamical tide. The red trace is
computed by plugging into Eq. (135) the numerical mode
amplitude ¢, with the equilibrium component [Eq. (18)]
removed. The source is placed at a luminosity distance of
D; = 50 Mpc. The time domain waveform is sampled at a
rate of 8192 Hz and then transferred to the frequency
domain. To avoid boundary effects in the Fourier trans-
form, we let the system evolve to r = R, and then window
out the portion where r < 2.3R; with half of a Hann
window (i.e., the window function varies from 1 at time
when r =2.3R, to 0 when r = R|). The GW frequency
corresponding to the truncation is 1390 Hz ~ 0.89f .-
The SNR estimate is insensitive to the truncation location
because the amplitude of the signal in the frequency
domain is proportional to the duration of the signal, and
T ~tgy ~ f=%/3 is dominated by the low-frequency end
(i.e., the location of resonance). If we instead more
conservatively window out the portion where r < 2.6R,,
or f > 1160 Hz, the SNR is reduced only by 7%. As a

reference, the olive dotted line shows the analytical
estimation based on Eq. (140), which overestimates
(underestimates) the amplitude (width) the width of the
peak. We nonetheless verified its accuracy by artificially
reducing the Love number by a factor of 100 to eliminate
higher-order (Ar/r) effects. Also plotted in the gray line is
the sensitivity of Cosmic Explorer (CE) [94-96].

Interestingly, the GW from the f-mode can be detected
with an SNR p = 1.3 for a source at 50 Mpc from the
numerical result (red curve in Fig. 8). Because CE’s
sensitivity is nearly flat up to 1000 Hz, the SNR does not
vary much concerning the spin rate of the NS as long as it is
more negative than the critical value estimated in Eq. (12),
consistent with the scaling discussed below Eq. (140). At
Q = -2z x 300 Hz, we can still recover the signal with
p = 0.8. If the NS is described by the harder H4 EOS, then
the SNR becomes p = 0.9 when Q = -2z x 200 Hz, and
p =2 when —Q = 27 x 400 Hz. This indicates GW from
the NS f-mode can be a signature to look for in addition to
GW from the orbit with the next generation of detectors
(including CE and the Einstein Telescope [97,98], as well as
the Neutron Star Extreme Matter Observatory [99] that has a
sensitivity comparable to CE with f ~ afew x 1000 Hz).
The peaklike feature of this signal should allow it to be
detected with little degeneracy with other effects from the
orbital inspiral, and identifying the peak frequency directly
constrains the combination of NS f-mode frequency and its
spin rate, while the height provides additional information
on the Love number.

The deviation of a quasicircular inspiral is another effect
caused by the dynamical tide that we want to examine. For
this, we decompose the strain tensor into modes as

hy =ihy = "hoy 5V, (145)

where _,Y,, is spin weighted spherical harmonic with spin
—2. When computing the derivatives of the orbital quadru-
pole Q?jrb = ur;r;j, we replace 7 and ¢ using Egs. (52) and
(53), leading to

Z oM, [M, .
hoy — 4 2igh 232
2 \/;'€ DL[r+r¢

—rg, — i* +ir(gy + Ziép)} . (146)

In terms of the osculating variables, we have

(_gr + Ig@a)

; 3
— =2i :
hyy = hye™ 2% [l + (Ee% —|—I€S¢) + M, } . (147)

where
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UM,
ho = — . 148
=8, /284 148)

Because g%,)/(ZM,/p?) ~ (es4)®9 [Eq. (122)], the non-
circular component of the GW can be estimated as

5h22 ~ (€S¢)(osc)h0€_2£¢. (149)

Because (esy)® ~ cos [m,(¢ — ,1)], we see that Shy,
has a component that varies at 2@, (together with a high-
frequency component at 4@ — 2@, which is outside the
sensitivity band of a GW detector). Therefore, this effect
should be added coherently with the GW from the NS
f-mode [Eq. (136) and (135)].

It is thus interesting to compare D, 5hy, and Ay . The
GW strain from the oscillatory orbital eccentricity is

Dy 8hy ~ Dy (esy) ) hg ~ E|V,b,, (150)

where we have replaced (es;) ™ in terms of g using
Eq. (122) and then used Eq. (55). On the other hand, the

GW strain from excited NS mode is
D 1) ~ w2b, I, M\ R? ~E\1b,. (151)
Therefore, D, 8hyy ~ (R, /r)?D b, and the GW from the

orbital eccentricity is subdominant compared to the GW
from NS f-mode itself.

V. CONCLUSION AND DISCUSSION

The key conclusion of the paper is the following.

(1) We showed a new approach to analytically solve the
time evolution of mode amplitude, or equivalently NS
mass multipoles [Eq. (38)], in the presence of
resonance, by decomposing the amplitude into a
resummed equilibrium component [including finite
frequency corrections; Eq. (18)] and a dynamical
component that is excited only around mode reso-
nance [Eq. (23)]. The new formalism simplifies the
numerical implementation as both components re-
main finite throughout the evolution. This avoids the
need to subtract two diverging terms at mode reso-
nance as required in previous analysis [25,56,57].
Furthermore, the solution can be extended in the
postresonance regime whereas previous works are
accurate only up to the resonant frequency (Fig. 2).

(2) The effective Love number proposed in, e.g.,
Refs. [25,57] (kx; in our notation) can capture the
radial backreaction [Eq. (54)] but it does not
account for the tidal torque [Eq. (55)]. To capture
the torque, an additional dressing factor y; origi-
nating from the imaginary part of the Love number
of each (/,m) harmonic is necessary [Eq. (47)].

Near mode resonance, it is the tidal torque that
dominates the impact on the orbit (Fig. 3). The
effective Love number is also insufficient to de-
scribe the finite-frequency correction to the GW
radiation from the interaction of NS and orbital
mass multipoles [Eq. (80)], yet this effect is
subdominant compared to the conservative tidal
torque near mode resonance [Eq. (84)].

(3) We computed the tidal phase shift as functions of
both frequency and time using both energy-balancing
arguments and osculating orbits (Sec. IV B). The
dominant effect of mode resonance is a conservative
energy transfer from orbit to the NS mode [Eq. (65)].
Consistent with the previous analysis, this effect can
be approximated by a sudden change in the wave-
form frequency [Egs. (90) and (97)]. The effect
scales linearly with the amount of phase shift at
mode resonance, which can be 0.5 and 10 radians for
the I = 3 and / = 2 f-modes, respectively (top panels
in Figs. 4 and 5). While our analytical approxima-
tions of the phase shifts have good accuracy for the
[ =3 f-mode (Fig. 4), for the [ =2 f-mode linear
theory is insufficient, as illustrated in Fig. 5; we
discuss this point below. We further considered the
dissipative effect due to the interaction of NS and
orbital mass quadrupoles and showed the finite
frequency correction cannot be captured with the
effective Love number [Eq. (80)]. The dynamical tide
has no net contribution to this effect [Eq. (83)].

(4) Further signatures associated with the dynamical
tide were examined in Secs. IVC and IVD. In
particular, the orbit cannot remain quasicircular after
a mode’s resonance. The eccentricity excited by the
dynamical tide can further cause the frequency to
be nonmonotonic with time (Fig. 7). The excited
f-mode can also emit GW on its own. Such a signal
can be detected with an SNR greater than unity at
50 Mpc with the next generation of GW detectors for
a wide range of NS spin (Fig. 8).

While we focused on the resonant excitation of f-modes,
our approach is general and can be applied to the resonant
excitation of other NS modes [23,31,33—44]. For example,
the equilibrium component of each mode would allow us to
compute the correction to the effective Love number from
other NS modes (similar to, e.g., Ref. [59]). Our Eq. (18)
enables the incorporation of finite-frequency corrections
while avoiding divergence near resonance. On the other
hand, our analysis in Sec. IV C proves that the phase shift
near mode resonance [Egs. (74) and (120)] is the dominant
dynamical tide effect of low-frequency modes (such as
gravity modes) whereas the postresonance eccentricity
excited by such a mode is subdominant [Eq. (130)].

As a caveat, our analysis adopted a few simplifying
assumptions. In particular, our treatment of the orbital
dynamics is at the lowest order (i.e., Newtonian). Since the
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f-mode excitation mainly happens during the late inspiral
stage, relativistic corrections are crucial and we plan to
upgrade our study to the EOB framework [25,56,57] to
generate waveforms to be used for data analysis. Of
particular significance to the dynamical tide are the
corrections to the resonance frequency produced by redshift
and frame dragging (see e.g., Fig. 1 of Ref. [25]). These
effects further determine the critical spin rate required for
the f-modes to experience resonance. The amplitude of the
mode further depends on the duration of resonance through
the \/1/@, factor [e.g., Eq. (23)], and in the late inspiral
stage the orbital decay rate can see significant corrections
from the higher PN terms. The path forward to upgrading
our analysis to the EOB formulation is well-defined. Note
that our tidal Hamiltonian H 4. + Hiy plays the same role
as Hpp in Ref. [25], which also accounts for relativistic
redshift and frame dragging. The total Hamiltonian, the
central part of the EOB formulation, is constructed when
we further sum the tidal Hamiltonian to the upgrade PP
Hamiltonian, which can be found in, e.g., Ref. [100]. More
specifically, our k; can directly replace the effective Love
number in Ref. [25], while the y; [Eq. (47)] term describes a
backreaction torque missing in previous studies that should
be further integrated into the EOB evolution equations.
Besides the conservative dynamics, our Egs. (80) and (82)
further provide the finite-frequency and dynamical tide
corrections to the dissipative GW radiation from the
interaction between NS and orbital quadrupoles, which
improves the existing EOB models that compute the
dissipative effects under the adiabatic limit [see, e.g., the
discussion below eq. (5) of Ref. [57] ].

At the same time, higher-order spin corrections of the NS
should be incorporated for the rapidly spinning NSs
considered here. We note that spin corrects the effective
Love number [Eq. (45)] starting at Q? due to the finite
frequency response of the modes. The modification to the
background structure also enters at the same order [101],
yet such an effect is ignored in the current study. Further
investigations are hence required.

Our Fig. 5 highlights the need for developing tidal
theories in spinning NSs beyond the linear order in both
(Ar/r) and (¢/R). The higher-order effect in (Ar/r),
which corresponds to higher-order back reactions formally
entering at (R/r)'°, can be captured if we do not use a
closed-form expression for the tidal phase shift but instead
numerically solve the coupled differential equations gov-
erning the evolution of tide and orbit. For computational
efficiency, a hybrid approach may be taken where analyti-
cal expressions can be when u < —1 [Eq. (25)], and only
the evolution with u = —1 is tracked numerically.

To capture higher-order hydrodynamical effects [i.e.,
higher-order effects in (£/R)], new physical ingredients
must be included. At the lowest order, this includes adding a
three-wave interaction in the Hamiltonian [Eq. (48)] and a
nonlinear correction to the mass quadrupole [Eq. (38)]; see

Ref. [73] for details. The nonlinear hydrodynamic effects
enter at (R/r)® and therefore can be more significant than
the higher-order backreaction effects. Indeed, as shown in
Ref. [73], the nonlinear hydrodynamic effect effectively
lowers the eigenfrequency of a mode, enabling f-mode
resonance to happen in (more realistic) NSs with milder
spins. Moreover, the anharmonicity of the f-mode [102],
while being a higher order effect in (R/r), can become
import as it is amplified by mode resonance. The [, =2
f-mode can reach an energy nearly 10% of the binding
energy with resonance, which suggests the effective natural
frequency of the f-mode would be lower than the linear value
by ~10% [73]. Such a correction can become comparable or
even exceed various relativistic corrections considered in
Ref. [25]. The peak frequency of the GW signal from a
resonantly excited f-mode (Fig. 8) will also shift due to the
nonlinear hydrodynamic corrections (cf. the anharmonicity
of an oscillator [102]). Another type of nonlinear hydro-
dynamic effect is the excitation of small-scale fluid insta-
bilities such as the p-g instability [4,76,103-105]. As the tide
deviates more from the adiabatic limit and reaches higher
energy in a spinning NS, cancellations in the instabilities
growth rate may be reduced, potentially amplifying their
impact on the GW signal. Future investigations along these
directions are therefore crucial.

The strong [ = 2 tide in the presence of f-mode reso-
nance also means we need to be cautious when building
frequency-domain phenomenological models including
tides (e.g., Ref. [54]). As shown in Fig. 7, the quasicircular
approximation is no longer accurate and the frequency
evolution is no longer monotonic after the / = 2 f-mode’s
excitation. In the example shown in Fig. 7, the orbit hits
f = 1450 Hz at 4 different instants of time. As a result, the
orbit is not uniquely defined at a given frequency, violating
the underlying assumption of many frequency-domain
phenomenological models. Nonetheless, approaches sim-
ilar to that proposed in, e.g., Ref. [106] may be applied to
handle eccentricity in the frequency domain.

We do not consider the impact of NS crust
Reference [44] showed that the presence of a crust does
not affect the f-mode we consider here. We nonetheless
note that the energy stored in the f-mode is large enough to
potentially break the crust [42,43]. If this does happen, its
impact on the GW signal (both the tidal phase shift and the
GW emission from the f-mode itself) is unclear and requires
further investigation.

Besides the tidal phase shift considered in this work, a
rapidly spinning NS produces other matter effects in the
inspiral stage including dephasing and precession (in generic
spin configurations) due to spin-induced quadrupole, see,
e.g., Ref. [11] and references therein. The postmerger
oscillation is yet another signal due to matter effects with
promising detection prospects. A complete waveform model
should coherently integrate all these components to maxi-
mize the information that can be extracted.
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Suppose a misaligned spin is produced because of the
dynamical formation of the binary. In that case, there is also a
possibility that the binary will have some residual eccentricity
when it enters the sensitivity band of a ground-based GW
detector [9,107-111]. Discussions of tides in eccentric BNS
systems with varying initial eccentricities can be found in
Refs. [112-118]. Interestingly, Ref. [61] showed that f-mode
excitations observed in numerical relativity simulations are
not captured with the effective Love number prescription.
This is consistent with our finding because the solutions
constructed following Refs. [25,56,57] do not correctly
capture the oscillation frequency of the NS mass multipoles
in the postresonance regime (Fig. 2). A decomposition of the
mass multipoles into an equilibrium (following the orbital

phase) and a dynamical component (corresponding to the
excited oscillator) similar to our Eq. (14) (see also Ref. [119])
is instead a promising way of modeling tides in eccentric
systems. Such a decomposition can also help separate terms
that depend only on the instantaneous orbital configuration
and those depending on evolution history.
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