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Abstract:
The basic problem considered in this thesis is how to discretize a random process observed at one end,
and after transmission, to reconstruct the desired signal from the discretized data received at the other
end. The discretizing process consists of sampling, quantization and a presampling operation. The
system under consideration in this work can either be regarded as a data communication or a data
processing system.

The main purposes of this work are: 1. To solve for the optimal realizable pre-transmission filter
(prefilter) at one end, and the optimal realizable reconstruction filter (postfilter) at the other end using a
state-space representation and the innovations approach.

2. To investigate the functions of the optimal realizable pre- and postfilters in comparison with that of
the optimal unrealizable filters. 3. To investigate the smoothing problem as a function of allowable
delay.

The major contributions of this work are: 1. The state-space and innovations approach has been
successfully applied to derive the optimal realizable zero-lag pre-and postfilters. The initial step in the
procedure is to find the optimal post (pre) filter with a given pre (post) filter. Joint optimization then is
carried out for the special case in which the quantization noise and channel additive noise are absent.
The optimal filters are specified as solutions to differential equations in the state variables. 2. In the
absence of the optimal prefilter, the optimal finite-lag postfilter has been found. An error-reduction
factor and a delay-efficiency factor have been defined in order to study the effect of introducing delay
on reducing the error between the output of the system and the desired signal. 3. Numerical examples
of the performances of various systems have been worked out, and interpretations are given. 
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ABSTRACT

The basic problem considered in this thesis is how 
to discretize a random process observed at one end, and 
after transmission, to reconstruct the desired signal from 
the discretized data received at the other end. The dis­
cretizing process consists of sampling, quantization and 
a presampling operation. The system under consideration 
in this work can either be regarded as a data communi­
cation or a data processing system.

The main purposes of this work are: I. To solve
for the optimal realizable pre-transmission filter 
(prefilter) at one end, and the optimal realizable recon­
struction filter (postfilter) at the other end using a 
state-space representation and the innovations approach.
2. To investigate the functions of the optimal realizable 
pre- and postfilters in comparison with that of the opti­
mal unrealizable filters. 3. To investigate the smoothing 
problem as a function of allowable delay.

The major contributions of this work are: I. The
state-space and innovations approach has been successfully 
•applied to derive the optimal realizable zero-lag pre- 
and postfilters. The initial step in the procedure is to 
find the optimal post (pre) filter with a given pre (post) 
filter. Joint optimization then is carried out for the 
special case in which the quantization noise and channel 
additive noise are absent,. The optimal filters are speci­
fied as solutions to differential equations in the state 
variables. 2. In the absence of the optimal prefilter, the 
optimal finite-lag postfilter has been found. An error- 
reduction factor and a delay-efficiency factor have been 
defined in order to study the effect of introducing delay 
on reducing the error between the output of the system and 
the desired signal. 3. Numerical examples of the perfor­
mances of various systems have been worked out, and inter­
pretations are given.



Chapter I

INTRODUCTION

1.1 'Problem Statement
\

In designing data communication or data processing 
systems, channel capacity is often one of the major design­
ing factors. Whenever the amount of information exceeds 
the capacity of the channel being used for transmitting 
the information, it is advantageous, or even necessary, to 
compress the information before transmission. For example, 
one has to discretize an analog signal before transmitting 
•it through a digital channel. After receiving the com­
pressed information such as the discretized data at the 
other end, one then tries to reconstruct the original in­
formation from the compressed data according to a certain 
fidelity criterion.

Numerical analysis provide an example of the dis­
cretization and reconstruction process. For example, 
functions such as exp(x), cos(x), etti., are first tabulated 
and stored. One then approximates the value of exp(x) at 
an arbitrary point by some kind of interpolation process 
from a set of tabulated values.

■ The system under consideration in this thesis is
depicted in Fig. 1.1. ni(t) in Fig. 1.1^ is the primary



2

z (t)

L

z (t)

Z (t)

Pre­
filter Quantizer Post­

filter

M t ) d(t)

(a)

W
s (tk> g (t) d 0 (t)

(b)

TX1 (t)

S (t, )

Figure 1.1 A sampled-data communication system.
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observation noise. The observation process r(t) is dis­
cretized before transmission. The discretizing of r(t) 
could simply be accomplished by sampling and quantization, 
but in general it might be advantageous to operate on r(t) 
prior to sampling in such a way that the overall distor­
tion is reduced. This is one of the basic reasons why a 
prefilter is inserted in the system. The functions of the 
prefilter will be investigated in more detail later. The 
function of the postfilter is obvious; to reconstruct the 
desired signal from the discretized and possibly contam­
inated data received at the other end. The functions of 
the quantizer are:

1. To combat the additive noises in the channel 
(55) .

2. To reduce the amount of information to be 
transmitted (31) .

In this work, the design of the quantizer is not 
undertaken; only its effects on the design of the optimal 
pre- andpostfilters are considered. In Fig. 1.1^, the 
input-output relationship of the quantizer is specified by 
an additive noise n^t^.) called the quantization noise.
If the sampling process is periodic, t^-kT, otherwise t^ 
denotes the time the kth sampling takes place. In
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Fig. 1 ,1, n (t, ) and the channel additive noise n (t. ) areo q a: ■ C . K .
combined to become n z (t^). The characterization of the
quantization noise will be discussed in Section 1.5.

Depending on whether m ,  n or/and n are presentc q
or not, the system shown in Fig. 1.1 can either be re­
garded as a PCM (Pulse Code Modulation) system, a PAM 
(Pulse Amplitude Modulation) system, or a data processing 
system.

The distortion between d(t) and d 0 (t) is due to 
nj, n 2, and the sampling process. The object is to apply 
the innovations approach to find the optimal realizable 
pre- and postfilters for reconstructing d(t) according to 
a mean-square-error criterion, and to discuss their physi­
cal interpretations.

1.2 Historical Summary
Previous work in this area can be grouped into 

three categories: I. The frequency domain analysis, where
the optimal filters are specified by their transfer func­
tions which are the frequency domain representation of the 
impulse response of the.optimal filters. 2. The state- 
space approach, where the optimal filters are specified by 
differential or difference equations which relate the
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inputs to the outputs of the, optimal filters. 3. ' Numeri- 
cal methods; while both of the above two methods can be 
used in conjunction with numerical methods, the one that 
will be mentioned in this thesis is that of Kellog1s (31). 
The three methods are discussed in more detail as follows.

I. Frequency domain analysis: Ever since Wiener’s
work in linear least-squares estimation of continuous ran­
dom processes (the system is shown in Fig. 1.2), the re-

3.

suit has been extended by various people. Costas (10) 
studied the system shown in Fig. 1.2^, where an unreal!z-. 
able pre-transmission filter with a power constraint is 
added. The error reduction resulting from the usage of 
this prefilter were shown to be moderate for a simple sig­
nal such as a first-order G.M. (Gauss-Markov) process with 
a white additive noise. Franklin (47), and Tretter. and 
Steiglitz (57) considered the system shown in Fig. 1.2 , 
where a sampler is included. They also considered fixed- 
lag postfilters but did not provide a detailed quantita­
tive error analysis. Katzenelson (30), Steiglitz (54), 
and Ruchkin et al. (50) investigate the system shown in 
Fig. 1.2^, where quantization is included. Since the ef­
fect of. the quantization process can always be .
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Figure 1.2 (cont.) Models of communication systems.
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characterized as adding noise to the signal, this system
reduces to that shown in Fig. 1.2 . They studied the

c
tradeoff between the number of quantization levels and 
the sampling rate.

Goodman and Drouilhet (19) studied the system 
shown in Fig. 1.2 which includes a pre-sampling filter. 
They assume that the power spectrum of the input signal 
is bandlimited, and modeled the quantization noise as an 
uncorrelated white noise. Thus, this system reduces to 
the one considered by Costas.. Robbins (49), Derusso (12), 
Chang (9), and others investigated the system shown in 
Fig. 1.2^, where the filters are constrained to be zero- 
lag realizable filters. Quantization was not considered 
in their work. No error analysis has been found in the 
above three papers; hence, it is not quantitatively clear 
what role the optimal realizable prefilter plays. Brown 
(5) and Spilker (53) studied the same system with unrea­
lizable filters. The optimal unrealizable filters found 
in this case are ideal bandpass filters. A similar result 
was obtained by Chan and Donaldson (7) in.their work on
the system shown in Fig. 1 . 2 ,  where n(t) can be quanti-9
zation noise or/and channel additive noise. One of the
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major contributions of their work was that they found that 
the jointly optimized unrealizable pre- and postfilters 
eliminate the aliasing effect which will be explained in 
Section 1.4. Hayes (20). studied the system shown in 
Fig. I .2^ in which the prefilter was put behind the- sam­
pler. Thus, it is not surprising that this prefilter has 
no effect on the aliasing error.

The frequency-domain analysis is restricted to 
stationary processes, time-invariant systems, and steady- 
state conditions. Furthermore, it only applies to those 
stationary processes having power spectral densities that 
can be factored. The solutions for jointly optimized pre- 
and postfilters found by frequency-domain methods are in 
general .rather messy when realizability is required. As 
the expressions for the transfer function of the optimal 
filters get m ore.complicated, it becomes increasingly dif­
ficult to realize and analyze these filters.

2. State-space approach: Kalman (28) and Kalman
and Bucy (29) originated the state-space approach to 
linear estimation problems as extensions of Wiener's work. 
Meditch (37), Fraser (13), and Mehra (38) extended this 
work to the smoothing problem. Kailath and others (23-27)
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successfully applied the innovations approach to this 
problem. The innovations approach will be further dis­
cussed in Section 1.4. The systems considered by these 
researchers were either purely continuous or purely dis­
crete, whereas in this thesis, a partly continuous and
partly discrete system is considered.\

Moore and Hetrakul (40) applied the state-space 
approach to a PAM system. They considered the problem of 
reconstructing the signal at discrete points in time based 
on continuous observations of the contaminated input. The 
problem considered in this thesis is how to reconstruct 
the analog signal continuously from discrete observations. 
Petersen (42) considered the system shown in Fig. 1.1 
with no word about quantization. He started the solution 
by proposing a particular model for the pre- and post­
filters structure. The prefilter in his model consists of 
a continuous KSVF (Kalman State Vector Filter) followed . 
by a coder which is simply a gain matrix. The optimal 
postfilter in his model can also be represented by a KSVF. 
This structure is intuitively appealing but needs fo be 
generalized. Further, no error analysis is contained in 
Petersen's work. Also, no clue can be found about
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suboptimum systems. For example, what is the situation 
when the optimal prefilter is absent?

The basic ideas behind the state-space approach
are:

a. Instead of characterizing the signals by their 
covariance functions, or their power spectral densities, 
characterize them by differential or difference equations 
in the state variables with a white noise as the driving 
function. The signals can be represented as linear com­
binations of the state variables.

b . . Instead of estimating the desired signal di­
rectly, estimate the state variables first. The best 
estimate of the signal is simply a linear combination of 
the best estimates of the state variables.

c . Instead of finding the impulse responses.of 
the optimum filters, which are specified by integral 
equations (or the analogous equations with a summation 
term on one side of the equations in the discrete case), 
or by transfer functions in frequency domain, specify the 
optimal filters by differential or difference equations 
which relate the inputs to the outputs of the optimal
filters.
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The major advantages of the state-space approach.

are:

a. Both the differential or difference equations 
which specify the optimal estimates exhibit the charac­
teristic of recursiveness.. That means that it is not 
necessary to store all the past information. Thus, the 
amount of. storage required is reduced. If one cannot 
solve the differential or difference equations analyti­
cally, he can use an analog or a digital computer.

b . This approach can be applied to nonstationary 
processes arid time-variant systems. The only requirement 
is that the state models of the signals and the noises be 
given. Furthermore, transient behavior and nonperiodic 
sampling can be analyzed using the state-space approach.

The major problem encountered in the state-space 
approach is the modeling of the signal and noise by state 
variables. For a discussion of this modeling problem, 
see Kailath (24) , Kailath and Geesey (2 7), and Moore and 
Anderson (39).

3.. Numerical methods: both of the above two-
methods can be used in conjunction with the numerical 
methods. The one that is of interest here is that of
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Kellog1s (31). He investigated the systems of,Figs. 1.2f 
and 1.2^ numerically. The key points in his approach are;

a. The impulse response of the optimal filters are 
assumed to vanish outside a certain time interval.

b. The.approximate impulse responses of the opti­
mum filters are found by locating their sampled values at 
discrete points of time. For example, if the impulse re­
sponse of the optimal filter is f(t), the numerical method 
finds the,values of f(t) at t=b*k-T, where k=0, I, 2, ..., 
and Ol < b .<_ I . One then plots f (t) from this discrete set 
of sampled values to yield an approximate solution of f(t)

While the numerical method is certainly one possi­
ble way to deal with the filtering problem, its difficulty 
lies in its computational complexity. Also, one has to be 
careful of,the roundoff error in the numerical analysis 
itself.

■1.3 Outline of Contents and Statements of Results
In Section 1.4, some of the basic concepts and 

tools, such as the orthogonality principle of linear esti­
mation, used in this work are discussed. This discussion 
will provide some insight into the problem under consid­
eration. In Section 1.5, the characterization of



quantization noise is discussed. The approximations made 
by other researchers about the quantization noise are 
given a heuristic justification in that section.

The method used in Chapters 2, 3, and 4 is the 
state-space and the innovations approach. The optimal 
filters found are realizable.ones.

In Chapter 2, the reconstruction problem is studied. 
Since the system under consideration is partly discrete 
and partly continuous, it is necessary to have both con­
tinuous and discrete state models of the signal. The 
continuous model is assumed to be given, and the problem 
is to discretize it; this problem is solved in Section 2.2.

Both the zero-lag and the fixed-lag optimum filters 
are specified by the coefficients of differential equa­
tions. The amount of delay is constrained to be an in­
teger multiple of the sampling period. Error expressions 
have also been found for both the filtering and the 
smoothing problem. For the smoothing problem, we defined 
an error-reduction factor, and a delay-efficiency factor; 
and investigate this problem using numerical examples. It 
is found that the stronger the noise, the greater the de­
lay required for the performance of an optimum realizable



15
filter to approximate that of the optimum unrealizable 
I ■ ' V  ' . f ' :

filter. It is also found that error reduction due tp the
first sample of delay usually contributes.a major portion 
of the overall error reduction, i.e., the error reduction 
using infinite-lag postfilter (the unrealizable post­
filter). For the case of a first-order G.M.- process with 
a white additive noise, it is found that the maximum error 
reduction that.can be achieved by introducing delay is 
essentially accomplished within five samples of delay; 
i.e., the performance of the optimal realizable fixed-lag 
postfilter approaches that of the optimal unrealizable 
postfilter within five samples of delay in this case.

The. design of the optimal prefilter with a given 
postfilter is investigated in Chapter 3. We first notice 
that if the number of sampled-data links can be made equal 
to the number of states, and na in Fig..I.I^ is absent; 
then the prefilter of. the jointly optimized pre- and post­
filters is simply a continuous KSVF. In the case when 
there is only one sampled-data link, the optimal prefilter 
can be represented as the combination of a continuous KSVF 
followed by a coder where the impulse response of the 
coder is in general an impulse train.
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Joint optimization of the pre- and postfilters with 

a single sampled-data link is discussed in Chapter 4. In 
the case when nz in Fig. 1.1 is absent, the jointly opti­
mized prefilter can be represented as a cascade of a con­
tinuous KSVE followed by a constant coder, which is the 
model proposed by Petersen (42) . In this case, since the 
optimal postfilter can be found easily by the method de­
rived in Chapter 2 of this thesis once the constant coder 
is known, and since that KSVF is a well known filter, the 
problem reduces to finding the constant coder. Nonlinear 
programming has been successfully applied to find the 
constant coder in the steady state.

A summary and some extensions of the frequency- 
domain approach, to this problem are presented in Chapter 5. 
The results found in previous chapters are checked here 
by examples. Numerical examples are then worked out and 
performances of various systems are compared. .

For examples worked out in Chapter 5, it is found 
that in the absence of nz, the main function of the rea­
lizable prefilter is to prevent the aliasing of the pri­
mary observation noise Cn1 in Fig. 1.1).
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Finally, in Chapter 6, the results of this work 

are summarized, and suggestions for further work in this 
area are provided..

1.4 Basic .Concepts and Theorems
Some of the basic concepts and Theorems which are 

fundamental to the problem being investigated are dis­
cussed in this section. The discussion will provide some 
insight into the problem under consideration..

1.4.1 Sampling theorem and aliasing effect
Assume that we are given the sampled value of a 

certain continuous function f(t) at t=..., -T, 0, T, .... 
It is natural to ask whether one will be able to find the 
value of f(t) at an arbitrary t from this set of sampled 
values. The answer to this question is the content of 
the Sampling Theorem (56). The theorem states that if a 
signal does not contain any frequency components higher 
than Wc radians per second, it is completely characterized 
by the values of the signal measured at instants of time 
separated by *T=(tt/w c ) seconds. If the signal is a

* -L(tt/w ) = Iim [ (tt/w ) + A]
c A^O C
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random process, then the phrase "completed characterized" 
is in the sense of zero mean-square-error. To give a 
simple interpretation of this theorem, assume that a ran­
dom process with a bandlimited spectral density as shown 
in Fig. 1.3 is being sampled by the sampler shown in 
Fig. 1.3^. The sampling period T is assumed to be equal 
to tt/w . The output of the sampler has a power spectrumc
shown in Fig. 1.3^. An ideal low-pass filter with cut-off 
frequency (O=O)c is used to reconstruct, the original signal. 
The output of this, low pass filter has a power spectrum 
exactly equal to that of the original one, and the mean- 
square-error between z and z° is zero.

Signals with perfect bandlimited spectra do not 
occur in nature. Frequently, a random process might have 
a power spectrum as shown.in Fig. 1.4^. If one passes 
this signal through the sampler shown in Fig.. 1.3^, the 
output of the sampler will have a power spectrum which is 
the sum of the waveforms shown in Fig. 1.4^. If we use 
an ideal low-pass filter to reconstruct the original sig­
nal, the distortion due to the sampling process will be 
observed as a result of two factors: the information
lost outside of the frequency band of the filter, and the
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S=(W)

(a)

T I
z (t) k=

6 (t-kT)
: % ____ . Sq(W)

Z 0 (t)

(b)

S*(u>)

(c)

Figure 1.3 Reconstruction of a bandlimited signal after 
sampling.
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S^(W)

s;(w)

I----------

Figure 1.4 Power spectrum of (a) a nonbandlimited signal; 
(b) its sampled output.
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tail effect of the induced frequency bands. The'second 
effect is called aliasing. If an ideal low-pass filter 
with the same cut-off frequency as the postfilter is added 
to the system as a pre-sampling filter, the aliasing ef­
fect can be eliminated and the distortion can be reduced. 
As shown in Fig. 1.5, by using this combination of the 
pre- and postfilters, the aliasing effect is eliminated, 
whereas the information lost outside of the frequency, band 
of the filters remains the same as in the case, with a 
postfilter only. It can be proved easily (32) that the 
use of the prefilter in this case halves the distortion.
It turns out that the combination of the ideal low pass 
pre- and postfilters in this case is optimal.

1.4.2 Orthogonality principle in linear estimation
This is the basic tool used in solving the linear- 

least-squares estimation problems. Assume that r(t) is 
the observation process, d(t) is the desired signal, and 
d(t) is the linear-least-squares, estimate of d (t) based 
on r (t ) for T^<t£T^, the orthogonality.principle states 
that the difference between d(t) and d(t) is orthogonal 
to r (t ) for all , i . e . ,

E [ (d (t) -d (t) ) r (t ) ] = 0 for T ^ t <Tf .

21
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z (t)

Figure 1.5
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(b)

(a) Optimal pre- and postfilters for the 
signal with power spectrum shown in Fig. 1 .4a ;
(b) the power spectrum of the resulting 
output.
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Depending.on the values of Tt and , applications of the 
orthogonality principle yields the solution to the linear 
filtering, predication, or smoothing problems.

To interpret this principle geometrically (58), 
see Fig. 1.6, where the shaded area represents those 
points that can be obtained by a linear operation on r,(T). 
One tries to select the vector lying within the shaded 
area so as to minimize the mean square error between it 
and d(t). It is intuitively clear that the projection of 
d(t) on the shaded area yields the optimum estimate of 
d(t). Thus, the error is orthogonal to r(T) and to any 
linear combination of r(r) for T^_crJxfg.

1.4.3 The innovations approach
The innovations approach was first defined by 

Kailath (23), but the approach itself has been used by 
various researchers before. This approach is equivalent 
to the whitening approach in the frequency-domain analysis. 
The word 'innovations' refers to the innovation processes, 
or equivalently, the whitening processes which represent 
the new information contains in some signal processes as 
time goes on.
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[d(t)-d (t) ]

Figure 1.6 Geometric interpretation of the orthogonality 
principle in linear estimation.

r (t) Optimum op­
eration on 

r (t)
d (t)

System (I)

System (2)

System

System (3)

Figure 1.7 The innovations approach.
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Kolomogdrov (34) seems to be the first one to use 

this approach to discrete linear estimation problems.
Bode and Shannon (4) used this approach to derive Wiener's 
result. Kalman,(28) applied this method in deriving his 
result of the state-space approach to linear discrete 
estimation. Recently, Kailath (23,24), Kailath and Frost 
(25), and Kailath and Geesey (26) applied this method to 
derive Kalman and Buoy's (29) results, and to extend these 
results to smoothing, and nonlinear estimation problems.

There are two basic concepts imbedded in the inno­
vations approach:

1. Since a signal with a flat spectral density is 
easy to deal with both in the frequency and in the time 
domains, one first converts the original observation pro­
cess into a white noise by an invertible filter. The re­
sulting white noise is to be called the innovation pro­
cess, and the invertible whitening filter is to be called 
the innovation filter. For a discussion of the existence 
of such an innovation process, refer to Kailath (24).

2. If there does exist such an invertible inno­
vation filter, then the original process and the inno­
vation process are equivalent to each other in the sense
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that they contain the same statistical information. Thus,

: ' ■ ’ - ■
the optimum estimation of the desired signal based on the 
innovation process will be the same as the one based on 
the original observation process.

A simple proof of the above statement, due to 
Van Trees (58), is given below. The proof hinges on the 
invertibility of the innovation filter.

System (I) shown in Fig. 1.7^ operates on r(t) to 
yield an output which is optimum according to some fidel­
ity criterion. In system (2), one first operates on r(t) 
with an invertible innovation filter f‘ (t,T) to obtain 
the innovation process u(t). One then operates on u(t) 
to yield an output which is optimum according to the same 
fidelity criterion used in system (I). We claim that the 
two systems have the same performance. Apparently, system 
(2) cannot perform better than system (I); otherwise, it 
will contradict the statement that system (I) is the op­
timum system given r(t) as its input. We claim that 
system (2) cannot perform worse than system (I) either.
If it does, we can design the third system shown in 
Fig. 1.7^, recalling that f^ is invertible. System (3) is 
equivalent to system Cl). That contradicts the statement
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that system (2) is the optimum system given u(t) as its 
input. Thus, the proof is completed.

The major advantages of the innovations approach
are: .

1. The derivation of the optimum filter is simpler
in general. ■

2. The smoothing problem can not only be handled 
more easily using the innovations approach, but will yield 
to a better physical interpretation.

3. The innovations approach can be extended to 
deal with nonlinear estimation problems. (14).

1.4.4 The smoothing problem
In general, the greater the delay allowed, the 

closer the performance of an optimum realizable filter 
will approximate that of the corresponding optimum unrea­
lizable filter (47,57).. It is of interest to investigate 
quantitatively the efficiency of this delay factor in a 
sampled-data system. For example, assume that the signal 
under consideration is the first-order Gauss-Markov pro­
cess with autocorrelation function R (t)=exp(-a|t |), and 
the system under consideration is shown in Fig. 1.3^. If

one uses the optimum fixed-lag realizable reconstruction
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filter, the mean square error between z (t) and z°.(t) is
determined by the reconstruction density function ^ (t) 
where

The general shape of ip (t) specified by Eq. (1.1) is shown
in Fig. 1.8. Depending on whether D=O,>0,- or<0 , we are 
dealing with the zero-lag, fixed-lag, or prediction prob­
lems. It is obvious from Fig. 1.8 that a delay of D=T is 
all that is needed for the performance of this optimal 
realizable filter to equal that of the optimum unrealiz­
able one. Shown in Fig. 1.9 are the following: a plot of
the error versus aT for the optimum zero-lag realizable 
postfilter (reconstruction filter), for the optimum unrea­
lizable postfilter in the absence of the prefilter; and 
for the jointly optimized.unrealizable ore- and post­
filters (see Section 1.4.1 of this thesis). The jointly 
optimized zero-lag realizable prefilter is simply a 
straight line in this case. Fig. 1.9 gives some

0 -°°<t< - (T-D)
at -2a(T-D) -at e - e e ] - (T-D) <t<D (1.1)

-2aT.h Da -at e ) e e D < t < °°.
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- (T-D)

Figure 1.8 The general shape of the 1 Reconstruction 
density function1 of a first-order G.M. 
(Gauss-Markov) process.
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zero-lag postfilter
unrealizable postfilter
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postfilters

.002

Figure 1.9 Normalized reconstruction error of a first- 
order G.M. process after sampling.
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indication about how much error reduction can; be achieved 
by using unrealizable filters, and by using a prefilter.

1.5 Characterization of the Quantization Noise
The effect of including a quantizer in the system 

can always be characterized as adding noise to the signal 
being quantized. Assume that y is the input of the quan­
tizer, s is the output, and n is the quantization noise 
as shown in Fig. 1.10. The model usually used to charac­
terize .the quantizer is .

s = y + n (1.2)

Various researchers have studied the character­
ization of this quantization noise. Widrow (60) and 
Katzenelson (30), for example, have shown that for many 
cases, n(t) can be approximated by an uncorrelated noise
with an autocorrelation function R (t ) which decreasesn
with T much faster than does the autocorrelation function 
of the input signal. The approximate variance of the 
quantization noise depends on the number of the quantiza­
tion levels only. Ruchkin (50) and others have shown that 
except for very coarse quantizing, and very small sampling 
period (with periodic sampling), the power spectrum of the
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y : end points of the M input ranges
i — I is : output level for y <_ y < y

Figure 1.10 An equal-interval quantizer.
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sampled version of the quantization noise for a large 
class of Y can be approximated by

S*(f) = T Rn (O) (1.3)

where

R n (O)
M i
I Z7i.! (S1-Y) Pr (Y) dy (1.4)

i=l

Y^ is the ith end point of the M input ranges; s^ is the
output level for y^ < y a n d  Pr (Y) is the probability
density function of y . But since * ” - (?-irfkmbS (f) =T- I e U7TIK1%(kT)

n  ]c=~oo 11

(1.3) essentially says that R (kT) for k^O is negligible 
in comparison with Rn (O); i.e., n(kT) is approximately 
a discrete white noise with

V k-j> “ Rn (0) Skj (1 .5)

The validity of (1.5) will be examined later using a 
time-domain analysis.

Bussgang (6) has found that for Gaussian inputs, 
the cross correlation between the input and the output of 
the quantizer is given by

E [y (t) • s (t ) ] = a i E [y (t) *y (x) ] = a! R (t-x) , (1.6)
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where

M y
I Si/ . - exp ( - x 2 / 2 )  dx.

i=l ■ y 1 "1 / W
(1.7)

Kellog (31) has found that the autocorrelation function of 
the output of the quantizer can be written as

(T) = I (s1/ /2TT)•/ i _ 1 h (p ,n ) exp (-Ti 2/2) dn
i=l (1 .8)

where

h (p ,ri) = I (s^/2) [erf ( ') - erf
i ' iy , - pn'

i=l /2 (l-p2) /2 (I-P 2 ) ] , d.9)

P (T) = R (T)

and

(1 .10)

2
/? -Derf (x) = /— /x exp (-t2) d t . (1.11)

Equations (1.8) and (1.9) can be solved by numerical in­
tegration.

Curry (11) has found that if we characterize the 
quantizer by s = c-y + nc . (1.12)
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instead of the commonly used .s=y+n (i.e., c=l); then by
letting C=U1, the signal to noise ratio ' (aiE[y2] to E [n2])

. • c 
is maximized, and the quantization noise n^(t) is as
white as possible. Furthermore, h^(t) is uncorrelated
with the input y, i.e., E t y n cJ=O. For our purposes
either (1.2) or (1.12) is adequate to model the quantizer.
With p(r) given, one can find R5 (t ) from (1.8) and (1.9);
then Rn (T) and Rn (t ) can be found from (1.2) and (1.12),

c
respectively.

■Assume that the input to the quantizer has an
■ autocorrelation function given by I^x )=e x ̂  ' using the
procedure.outlined above with c=a1, plots of Ry(x), Rn (x),
and Rn (x) versus ax for a Max equal-interval quantizer 

c
(35) with 2, 4, and 8 quantization levels are shown in ■ 
Fig. 1.11 and Table 1.1., Let us investigate the ratio 
Rn (kT)/Rn (0) and Rn (kT)/Rn (0) for k^O since those values.

c c
indicate when the sampled version of the quantization
noise can be approximateed as a discrete white noise. It
is obvious from Fig. 1.11 that the larger the sampling
period T is, the smaller the ratios Rn (kT)/Rn (O) and
R (kT)/R .(0) for k/0 become. To see the effect of the 
nc nc

number of quantization levels on those ratios, a plot of
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R v (t ) =exp (-a I T I )

R (t )k =2
R (t )

.001

Figure 1.11 Autocorrelation functions of quantization 
noises.
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Table 1.1 Autocorrelation functions of the input, output, 

and the quantization noise of a Max. equal-; 
interval quantizer '

*
k S k Ry OcT). Rg OeT) Rn OeT)

C
Rn OeT)

2 o • 1.0 0.6368 0.2314 0.3634
I 0.9048 .4585 .0917 .2111
3 .740 8 .3382 .0379 .1357
5 .6065 .2641 .0183 .0983
7 .4966 .2107 .0094 . .0749
9 .4066 .1697 .0048 .0586

4 0 .8814 .1050 .1191
I .7256 .0230 .0358
3 .5864 .0112 .0217
5 .4770 .0060 .0146
7 .3889 .0033 .010.3
9 .3175 .0018 .0075

8 0 .9632 .0367 .0381
I . 8440 .0057 .0070

- 3 .6892 .0029 .0039
5 .5635 . 00.15 . .0024
7 .4609 .0008 .0015
9 .3771 .0004 .0010

* The number of the quantization levels.
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those ratios versus the number of quantization levels (up ’ 
to 32) for a Max equal-interval quantizer is shown in 
Fig. 1.12. It is shown in Fig. 1.12 that the larger the 
number of quantization levels, the whiter the quantization 
noise becomes. It is also shown in Fig. 1.12 that the 
difference between the modeling of the quantizer with c=l 
and c=ai in Eq. (1.12)(Eq. (1.12) reduces to Eq . (1.2)
with c=l) becomes less significant as the number of quan­
tization levels, increases. This is also evident from the 
fact that ai approaches I as the number of quantization 
levels increases. Whether the quantization noise speci­
fied by Eq. (1.2) can be approximated by an uncorrelated 
noise depends on the value of a i . The closer a i approaches 
I, the less correlation there will be between the input 
signal and the quantization noise. These figures also 
provide a heuristic look at the result of Katzenelson (30) 
and others about the fact that the autocorrelation function 
of the quantization noise specified in (1.2), Rr (T), de­
creases with T much faster than that of the input signal.

Thus, in most of the practical cases, it is reason­
able to assume that the sampled version of.the quantization 
noise specified by (1.12) with c=ai can be approximated by
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R (0.1) /R (0)

Figure 1.12 Ratios of R^ (0.1) (or R^ (0.1) ) to Rr (O)
(R (0)) versus the numSer of quantization 
nc levels.
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a .discrete white noise uncorrelated with'the’ input signal 
and with i^s autocorrelation function given by /

R . (kT-jT) = R  (0)6 kj

where

Rn (0>C

M i ,
I 7 Y - (S1 - U 1Y ) 2 P (y) dy.

i=l yi-1

(1.13)

(1.14)

Notice that even though the quantization noise can be
approximated by an uncorrelated additive noise, it is
still dependent on the input signal since R^ (0) depends

c
on the power of the input signal.



Chapter 2

THE OPTIMAL POSTFILTER

2.1 Problem Statement and Preliminary Remarks
The system under consideration in this chapter is 

depicted in Fig. 2.1. Shown in Fig. 2.Ia is the system 
that generates the signal z (t) to be sampled, possibly 
quantized, and then transmitted to the receiving end.
Fig. 2.Ij3 specifies the relation between the desired sig­
nal and the state vector. Shown in Fig. 2.1 is the

c
overall system being considered; where the sampling is 
periodic; n(k) can be quantization noise or/and channel 
additive noise; and g(t,kT) is the postfilter to be de­
termined, The systems equations are

x (t) = A (t) x (t) + r (t) w (t) , (2.1)
z (t) = H (t) x (t) , (2.2)
r(kT) = z (kT) t n(kT) , (2.3)

and the.desired signal is given by

d(t) = C(t) x (t). (2.4)

The T in Eq. (2.3)' is the sampling period. In order to
simplify notation, we will occasionally denote kT by k 
from here on if it does not cause confusion. The state
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(a)

X (t) C(t) d(t)

(b)

n (k)

z (t)_________/  z (k) er (k) d 0 (t)
I

(c)

Figure 2.1 The design of the postfilter: (a) the message
model; (b) the generation of the desired 
signal; (c) the system.
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vector x.(t).- is an n-vector; w(t) is an ^-vector; d (t) is.
ah P -vector, and r(t), z (t), and n (t) are i-vectors. The' , ' 'K ' • - " I '

dimensions of A (t), F (t), H (t), and C (t) are n%n, nx£, 
ixn, and pxn, respectively. Let

R^n(t'T) = E U(t) n' (T)], .
R n (t ,T ) = E[n (t) n' (t ) ]

and
V n (t) = Rn (t,t) = E[n2 (t) ] ,

where C ,n are any related signal.
Prior statistics of the sytem are

E [w (t) ] = E [n (k) ] = E [x (iT) ]. =. 0 (2.5)
R (t,T ) = V (t) 6 (t-T ) (2.6)w w
R (Z.T,r) = 0 for t >£.T, (2.7).X W  I I

R (t,kT) = 0 (2.8)

and the initial covariance V^(2/T) is known, where 
denotes the initial time the estimation begins. Let

A ̂(t/Z^ , n (k)) = linear least-squares estimate of 
C (t) based on the observation of the ^(k)'s for .
Depending on whether m> Hff m=&^, or . , where m= <t/T>,
we are dealing w i t h .the prediction, filtering, and
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smoothing problems. A steady-state estimation corresponds 
to .If an unrealizable filter with an infinite mem­
ory capacity is used as the postfilter, Either
one of the above two situations is usually assumed a prior 
condition in the frequency-domain approach to this problem
In some cases, one of more of the quantities or/andi r
H (k)" can be omitted from the notation defined above when 
there is no need to specify them. For example, when there

Zsis no need to specify JL , and n (k) , £ (t) will be used to 
denote ? ( t / £ ^ , ,n (k)). When there is no need to specify

Zs

and n (k), C (t/£^) will be used to denote 
C ( t / I  n (k) ) . In this work, the initial time JL T- does 
not have to be.-00, but £^T<t and JL < . Thus, finite time
observations and transient behaviors can be analyzed using 
this state-space approach.

At a .first glance, it seems that the problem can be 
solved in two steps:

Zv1. Find d(k) from the r(j)'s using a discrete
filter.

2. Find d(t) from the d (k)'s using a filter which 
is the optimal reconstruction filter if the d(k)'s are 
the inputs..
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This is indeed the case if the optimum filter under 

consideration is an unrealizable filter.with an infinite 
memory capacity. To prove this point, assume d(t)= z (t) 
for easy presentation, and let

00
y (t) = I g0 (t,kT) z ( k ) (2.9) 

k= -

where the quantities g0 (t,kT)1s satisfy the equation

C O

'E{.[z (t) - I g0 (t,kT) z (k) ] z' (j) } = 0 (2.10)
k= - oo

for all t, j; i.e., g 0 (t,kT) represents the impulse re­
sponse of the.optimum filter to reconstruct z (t) from the

Az (k)'s . z(k) in Eq. (2.9) is the optimum discrete esti­
mation of z (k) from the r(j)'s for all j, i.e.,

. :E{ [z.(k) - z (k) ] r 1 (j) } = 0 for all j,k. (2.11)

•Let

%(-) = %:(') - %(-). (2.12)

Then (2.11) becomes

E [z (k) r ' (j)] = 0 for all j, k. (2.13)

We want to prove that y(t)=z(t); i.e., to prove that (from 
the orthogonality principle)
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.E {[z (t) - y (t)] r ' (j)} = O for all j.

From (2.12) it follows that ' ;

z (k) = z (k) - z (k) . (2.14)

Substituting (2.14) into (2.9) yields

y (t) (t,kT)[z(k) 

(t,kT) z (k)

- z (k)]

/  CO

- I g0 (t,kT) 
k= - 00

z (k) .
. (2.15)

Thus,
CO

E {[z (t)-y (t) ] r ' (j) }= E {[z (t) - I g0 (t,kT) z (k)
k= - 00

CO

+ I ’ g 0 (t1,kT)k= - co

x z (k) ] r' (j) >

= ' E {[z (t) - I g 0 (t,kT)z(k)]r' (j)} 
k= - 00 ■

+ 1 g0 (t,kT)E[z (k)r' (j) ]
k= - 00

(2.16)

The second term on the right-hand side of (2.16) is zero 
from (2.13). For the first term,
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E {[z (t ) = . J go (t,kT) z (k) ] r 1 (j ) } = E  {[z(t)

' - ■ k= — 00
- OO . - "

- I go (t,kT) z (k).]
]<i= —  oo

x [Z ' (j) + n ' (j)] }

= E {[z (t) - I g 0 (t,kT) z (k) ] z ' (j ) > + 
k= -'co

E {[z (t) - I g 0 (t,kT) z (k) ] n ' (j ) } . 
k= ■ 00

(2.17)

The first term on the right-hand of (2.17) is zero from 
(2.10). The second term is also zero since n(k) is as­
sumed to be uncorrelated with the signal. Thus, from the 
above arguments,

ti {[z (t) - y (t) ] r' (j) > = 0 for all j; (2.18)

i.e., y(t)=z(t) from the orthogonality principle. The 
postfilter that implements the two steps mentioned before 
is shown in Fig. 2.2.

AIf realizability is required, let z (t) denote the 
zero-lag optimum estimate of z based on the r(k)'s for 
k<m; i.e., z (t) =z (t/JL ,m,r (k) ) , where m.= <t/T>.
Eq. (2.10) becomes



n (k)

z (k)

z (k/-00,00, r (k) )

0 z (t/-“ ,°°,r (k) )

g (j,k) = the optimal unrealizable discrete filter to 
reconstruct z(j) from the r(k)1s .

g, (t ,jT ) ^ the optimal unrealizable continuous filter 
to reconstruct z (t) from the z (j)1s .

>u
CO

Figure 2.2 A two-filter structure for the optimal unrealizable 
postfilter.
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E{ [z (t) go (t,kT) z (k) ] z' (j ) } O ' for .j<m, 
(2.19)

and (2.13) becomes

E [cl (k) r 1 (j ) ] = 0 for j>. < k. (2 .20)

Following the same procedure used for the case of unrea­
lizable filter, (2.16) becomes

E { [z (t) - y (t) ] r ' (j ) } = E { [z (t)
m

- I g0 (t,kT) z (k) ] r ' (j) } 
k= - co
m

+ I g0 (t,kT) E[S(k) r ' (j ) ] 
k= - 0° ' ■

(2 .21)

If E {[z (t) -y (t) ] r 1 (j ) } is zero for all .j<m, the two steps 
mentioned before will yield the optimal zero-lag estimate 
of z (t). The first term on the right-hand side of (2.21) 
is zero for all j<m from (2.19) and the fact that n (j) is 
uncorrelated with z (t) . But the second term might not t?e 
zero since E[z(kj r '(j )] is guaranteed zero only if j<k, 
whereas the summation is from k= - °° to k=m. If z (t) is a 
first-order Gauss-Markov process, and A (t)= - a and H (t)=1 
in Equations (2.1) and (2.2), respectively, then



g0 (t,kT)
'exp (-a (t-kT) )' if k=m

otherwise
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.. (2.22)

Substituting (2.22) into (2.21) yields

£{[z(t) - y (t) ] r 1 (j ) } = E {[z (t) - g0 (t,mT) • z (m) ] r 1 (j ) }

+ g 0 (t,mT) E[d(m) r '(])]. (2.23)

It is easy to prove that E {[z(t)-y (t)] r' (j)} = 0 for all 
.j<m in this- case.. Thus, the two steps mentioned before 
will yield the optimum zero-lag estimate of z (t) in the 
case when z (t) is a first-order Gauss-Markov process. The, 
fact that z (t)= x (t)=the state variable in the case when 
z (t) is a first-order Gauss-Markov process whereas for a 
higher order signal, z (t) is usually a linear combination 
■of the state,variables suggests that instead of estimating 
z (k) alone, one should estimate the entire state vector 
x (k) at first in the case with a realizable filter. This 
point will become clear later.

Since results pertaining to both the continuous and 
discrete KSVF (Kalman State Vector Filter) are needed as 
backgrounds in the following work, summaries and discus­
sions of those results are presented in Appendices A and B, 
respectively (51).
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The system under consideration is partly continuous 

and partly discrete. In order to use the state-space ap­
proach , one must discretize the continuous state equation 
given by (2.1) first. The discretization of the continu­
ous state equation, and some discussions in this respect 
are given in Appendix C (22).

Prediction and filtering are considered in the 
following section. Smoothing is considered in Section 2.3.

2.2 Optimum Filtering and Prediction
In this section, let

£ (t/<p/T> ) = E; (t/Jl̂  , <p/T> ,r (k)) = linear least-squares
prediction (or filtering) 
of £ (t) based on the 
r(k)'s for 2,̂  <3c<_<p/T> , 
where p<t.

and let

£ (t) = £(t/<t/T>) = linear least-squares zero-lag
estimate of £ (t) based on the 
r (k) 1 s .

From (C.l), it follows that

^ (t/<p/T>) =$(t,p) x (p) + (t,v) T (v)w(v/<p/T>) dv
P (2.24)

Since w(v) is independent of x (j) and is uncorrelated with 
n(j) for j.T<v,
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w(v/<p/T>) = O (2.25)

Hence (2.24) becomes-

x(t/<p/T>) = $(t,p) x(p) . (2.26)

Thus, optimum prediction of the desired signal can be 
found easily from Eq. (2.26) once the optimum zero-lag
estimate of the desired signal is.known. . Hence, our ef­
forts will be concentrated on solving the filtering prob­
lem in the remainder of this section. Two alternative 
derivations which lead to two different forms of the opti­
mal zero-lag postfilter are presented in the following 
two subsections.

2.2.1 A two-filters structure
A straightforward derivation of the optimal post­

filter, which results in a two-filter'structure, is given 
as follows. Substituting p=mT into (2.26) where m=<t/T> , 
yields

x (t) = $(t,mT) x (mT) , for mT<t< (m+1) T (2.27)

or in another form,
C O

x (t) = I $(t,kT) x (k) [u (t-kT) - u (t-(k+1) T) ] , (2.28)
k=*i
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Where u (t) is the unit step function. Thus, the'optimal
V  .:.■■■ f ' - - . . - ' ' , .  'postfilter can be represented by the cascade of a discrete

■ AKSVF which generates x (m)1s followed by a filter with im­
pulse response given by

C $ (t;mT) for mT<t.< (m+1)T'
g2 (t,mT) = < (2.29)

I 0 otherwise •

The g 2 (t.,mT) given by (2.29) is the impulse response of 
the optimal zero-lag postfilter for reconstructing x (t) 
from the x(k)'s. Finally, d(t) is obtained by the equa­
tion

d(t) = C(t) x (t ) (2.30)

The block diagram of this system is shown in Fig. 2.3.

It is interesting to notice the differences be-i
tween the system shown in Fig. 2.3 and the system shown in 
Fig. 2.2, where both systems have a two-filter structure. 
The first filter in the system shown in Fig. 2.2 is to ob­
tain the infinite-lag optimal estimate of the desired sig­
nal d (k)'s at discrete points in time. Whereas when rea­
lizability is required, the first filter in the system 
shown in Fig. 2.3 is to obtain the zero-lag optimal esti­
mate of the entire state vector x(k)'s instead of the
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T
z (ty

Discrete KSVF

unit
delay

K, (m)

g i(t ,m T )
$ (t,mT) if mT<t<(m+l)T 

O otherwise •

Figure 2.3 A two-filter structure for the optimum zero- 
lag postfilter.
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desired signal'd(k) which.is usually a linear combination 
of the state variables. The second filters in the. two 
systems differ from each other accordingly.

An alternative derivation based on the innovations . 
approach, which will also lead to the solution of the op­
timal filtering, is presented next. This alternative deri­
vation will not only yield a different filter structure, 
but will also enable one to solve the smoothing problem.

2.2.2 The innovations approach
There are three basic concepts behind this develop­

ment:
1 . The innovation's concept which has already been 

discussed in Section 1.4.3.
2. It can be seen from (2.28) that the zero-lag 

optimal estimate of the state vector, x (t) (and thus, d (t)), 
is a piece-wise continuous function in time.

3. Recall that if a function f(t) has a jump at 
certain points, then the derivative of f(t) will contain 
impulse functions at those points. An example is shown 
in Fig. 2.4.

The discrete innovation process u^(k) of r(k) is 
given by Eg. (B.IT). u^(k) can either be generated by a



df (t)
dt

25 (t)

t

Figure 2.4 A piece-wise continuous function, and its derivative.
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discrete filter, or by a feedback loop in the optimum sys­
tem for filtering the desired signal, as will be explained 
later. The proof that (k) is a discrete white noise is 
given in Appendix B .

At this point, let us look at the general situation 
including the smoothing, the prediction, and the filtering 
problems. Let x (t/&£)=x(t/&^,&f ,r(k)), since 
x (t/il^,£f ,r (k) )=x (t/£^,£f ,U^ (k) ) from the discussion made 
in Section 1.4.3.

Z f'
x (t/lr.)' = I g(t,kT) u, (k). (2.31)

From the orthogonality principle, for ,

F{[x(t) - x(t/£f )] U^ (k) } = 0. (2.32)

Substituting (2.31) into (2.32), and using (B.29) to ob­
tain, for &.£<k<£f

g(t,:kT) = E[x(t) u' (kT) ] V “1 (k), (2.33)
a Ud

where V is given by (B.28). Substituting (2.33) into 
Ud '

(2.31) yields *
*f n

x(t/2f) = I E[x(t) u ' (kT)]V x (k) u,(k). 
f k=£i d ■ Ud d .

(2.34)



58
For a zero-lag estimation, i^=ia=<t/T>, 

x(t/Af)=x(t/m)=x(t), and (2.34) becomes

- v -i •x (t) = I E [x (t) u' (kT) ] V (k) u- (k) .
k=£i a ud d

Substituting r=kT into (C-I) yields, for kT<t

(2.35),

x (t ) = $(t,kT) x (kT) + $ (t,v)r (v) w(v) dv . (2.36)

Since u^(k) depends on x(j) and n(j) for j <k only,

E [u^ (k) w (v) ] = 0 for v>kT. (2.37)

Thus, for kT<t,

t
E [x (t) u'(kT)]=0(t,kT) E [x (k) ul (k) ] + / $ (t, v ) T (v)

. , k T

E[w(v)u^ (kT) ] dv ■

= $ (t,kT) E [x (k) u^(k)] .• (2.38)
»

From (B.18), it follows that,

E[x(k) u^ (k)] = ti (x(k) [H(k) x(k/k-l) + n(k)]'},

= E [x (k) x (k/k-1) ] H' (k)
+ E[x(k) n' (k) ] . (2.39)
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Since n is assumed to be uncorrelated with x ,‘

E [x (k) u^ (k) ] = E [x (k). x (k/k-1) ] H 1 (k)

= E{[x (k/k-l)+x (k/k-1)] x (k/.k-l) } • H 1 (k) 

= V£ (k/k-1 )• H' (k) , (2.40)

where the second equality is due to the relation 
■x (k)=x(k/k-1)+x(k/k-1), the third equality is due to the 
orthogonality principle; and (k/k-1)= E [x2 (k/k-1)].■ 
Substituting (2.40) into (2.38), then substituting the 
result into (2.33) to obtain, for k.T<t,

g (t, kT) = <S(t,kT) V~ (k/k-1) H 1 (k) v " 1 (k) . (2.41)
X d

From Equations (2.35), (2.41), and (B.13), it follows that

m "
x(t) = I $(t,kT) K,.(k) u-(k)'. (2.42.)

k=A.

where Kfl(k) is given by (B.13), u^(k) is given by (B.ll), 
and m=<t/T>. Differentiating both sides of (2.42) with 
respect to t for m.T<t< (m+1) T to obtain
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dx (t)
at

m
Ik=&

3 $ (t ,kT) 
21 Kd (k) Ud (k)

m
= I A (t) $ (t,kT) K, (k) Uj (k) 

k=£i d d

- A (t) x (t) ,

: • - • '

. (2.43)

where the second equality comes from Eq. (C.2), and the 
third equality comes from (2.42). At the sampling in­
stants , let

mT = Iim (mT-A) , A-̂ o
and

mT+ = Iim (mT+A). 
A->° .

Then from (2.42),

_ m-l
x (mT ) = I 0(mT,kT) K, (k) u, (k) , (2.44)

k=&d d d

and
m

= Ji 0(mT,kT) Kj (k) u, (k) . 
k=A± '

x (mT ) (2.45)
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Thus,' . : •

x(inT+) - x (mT"") =.Kd (m) (in) .(2.46) '

From (2.43) and (2.46), it follows that for all t,

CO.

x(t) = A (t) x (t) + I K (SI) u,U)S(t-£T), (2.47)

where Kd (Z) is the discrete KSVF gain given by (B.13), 
ud (JU is the discrete innovation process of r(&) given by 
(B.ll), and 6 (t) is the unit impulse function. Two differ­
ent block diagrams which realize (2.47) are shown in 
Figures 2.5^ and 2.5^. In Fig. 2.5^, ud (£) is generated 
by a separated discrete filter. In Fig. 2.5^, ud (£) is 
generated by a feedback loop. Since x(t).contains discon­
tinuities at the sampling instants, one has to keep in mind 
that y .(JlT) in Fig. 2.5^ is x (JIT/ (Jl-I)T) instead of x (JlT) .
In other words, S 1 and S2 in Fig. 2.5^ must be in syn­
chronism.

The structure of the optimal postfilter shown in 
Fig. 2.Sj3 is similar to the postfilter structure obtained 
by Petersen (42). The difference is that: in Petersen1s
work, the prefilter.is constrained to be the combination 
of a continuous KSVF followed by a constant coder, thus,



Discrete KSVF
Z (t ) / 7. (&)

z (t ) / z (£)

unit
delay

(b)

Figure 2.5 The optimum zero-lag postfilter: (a) The innovation process
is generated by a separate discrete KSVF. (b) The innovation
process is generated by a feedback loop.
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the observation process at the receiving end is restricted

• - . -: ; Z
to be the sampled verision of the class of random pro'-: : 
cesses which can be represented as" linear combinations of 
the output of the continuous KSVF. Whereas in this work, 
the only restriction about the observation process at the 
receiving end is that they must be characterizable by 
state equations such as Equations (2.1) through (2.3) and 
(C.7). Thus, the prefilter can either be absent, or can 
be a filter whose outputs can be characterized by state 
equations.

The structure of the optimal postfilter shown in
Fig. 2. Sj3 bears the form of a KSVF (between a continuous
and a discrete KSVF). The major difference is that the
boundary conditions of the integrator shown in Fig. 2.5^
are reset at the sampling instants. A similar result has

• >been found.by Moore and Hetrakul (40).
Once the.optimal filtering is solved, the optimal 

prediction can be obtained by Eq. (2.26).
rXi9The error covariance of the state vector, E [x (t)]; 

and of the desired signal; E [d2 (t)], are obtained in 
Appendix D .

Smoothing problems are considered next.
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2.3' Optimal Smoothing ,

Only delays which are integer multiples of T are " 
considered here. We will solve this problem in three 
steps. First, we will look at the problem in which the 
delay is one sample. Then, we will treat delays of more 
than one sample. Finally, we will put the solution to 
the above two cases in one form with the former one con­
sidered as an initial condition. Let

£ (t ,nd ) = £ (t/jL ,m+nd ,r (k) )

= £ (t/£i7m+nd ,ud (k))

- Iinear-least-squares estimate of g(t) 
given the r (k) 1 s for <k£(m+hd ) , where 
m= <t/T>.

Then from (2.31),
, ' m +ndx (t, n ,) = x(t) + I g(t,£T) u, (£) , (2.48)

A=m+1

where g(t,&T) is given by Eg. (2.33), and

ud (m+k) = r (m+k) - z [ (m+k) / (m+k-1) ] (2.49)

from (B.18), where z [(m+k)/ (m+k-1)] is the. best estimate 
of z (m+k) given the r(i)'s for i <m+k-l. If k=l (delay of
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one sample) , (m+k-1 ) T=mT<t. If k>2 , (m+k-1 ) T> .(m+l; \ T> i .

■ • ■ - ■ ■ ' -I-,
Thus, .it is necessary to consider separately the problem 
of a delay of one sample.

2.3.1 Delay of one sample
Substituting n^=l into (2.48) yields ...

x (t, I) = x (t) + g (t, (m+1) T) u^(m+l), (2.50)

where from (2.33),

g (t, (m+l)T) = E [x (t) u ' (m+1) ] V™1 (m+1) , (2.51)
a ud-

and from (B.11),

(m+1) = r (m+1) - z(m+l/m)

= H (m+1) x (m+1) + n (m+1) - H (m+1) x (m+l/m) .
(2.52)

From (2.26) ,

x (m+l/m) = <Hm+l,m) x (m) (2.53)

and

x (t) = $(t,mT) x (m) . for mT+t < (m+1) T (2.54)

From Equations (2.53), (2.54), and the properties of a.
transition matrix,

x (m+l/m) = $ (m+1, t) x(t) for m.T<t < (m+1) T . (2.55)
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Substituting t = (m+1)T , and x=t into (C.l) to'obtain 1 • • ' ' . . ' ' ;(m+1) T

x (m+1) =$((m+l)T,t) x(t) + Jt f ( (m+1) T,v j F (v ) w( v) d v.
(2.56)

Substituting (2.55) and (2.56) into (2.52) to obtain

ud (m+1) = H (m+1) $ ( (m+1) , t ) [x (t) -x (t) ] + H (m+1) x 

(m+1) T
/ $ ( (m+1) T,v ) T (v ) w(v) dv + n(m+l)t (2.57)

Thus,

E[x(t) (m+1) ] = E[x(t) x'(t) ]$ ' ((.m+l)T,t) H'(m+1 ) +

/(m+l)TE ix(t)w' (v)]!' (v)<l>l((m+l)T,v) t

H' (m+1) dv + E [x (t) n 1 (m+1) ] . (2.58).

From (2.6) and (C.l),

E [x (t ) w* (v)] = 0 for vet, (2.59)

and

E [x (t) w' (t)] = (1/2) T (t) Vw (t) (2.60)

Thus, the second term on the right-hand of (2.58) is. zero 
from (2.59) and (2.60). The third term is also.zero since 
thd noise is assumed to be uncorrelated with the signal.
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Hence,. (2.58) becomes

■ :

% .E[x(t) (m+1) ] = E [x (t) x' (t) ] $' ( (m+l)T,f) H 1 (m+1)

= V~(t) .$•((m+l)T,t) H ' (m+1) (2.61)

from the orthogonality principle. Substituting (2.61) 
into (2.51) yields

g (t , (m+1)T ) = V M t )  $ 1 ( (m+l)T,t) H 1 (m+1) V™1 (m+1) (2.62)x ud

Substituting (2.62) into (2.50) to obtain

x(t,l)=x(t) + V~(t)0'((m+l)T,t) H' (m+1)V - 1 (m+1) ud (m+1),
a

(2.63)

For the moment, we will leave (2.63) as it is, and divert 
our attention to the case of a delay of more than one 
sample.

2.3.2 Delays of more than one sample
For j>m+2, we write (B.ll) in another form (m=^t/T>)

ud (j ) = r (j ) - z (j/j-1)

= H (j ) x (j ) +n (j ) - H (j ) x (j/j-D . (2.64)

Substituting (C.7) and (2.26) into (2.64) yields
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Ud (j) = H(j) [$ (],]-!) x(j-l) + w  (j-1) ] - H(j)$ (j, j-1) x(j-l)

+ h(j)
I N  i

A,H(j)3> (j, j-1) x(j-l) +H(j) w (j-1) + n(j) . (2.65)

Thus,

E[x(t) u" (jT) ] = E [x (t) X 1 (j-1) ]$' (j, j-1) H' (j)

+ E[x(t) w' (j-1) ] H 1 (j ) + E [x (t) n' (jT) ]
(2.66)

Since t<(j-l)T, E [x (t) (j-1) ]=0 from (C. 13.) .
E [x(t) n' (jT)]is also zero since the noise is assumed to 
be uncorrelated with the signal. Thus, (2.66) becomes,
for j>m+2

E[x(t) u'(jT)] = E [x (t) x' ( (j-1) T) ] #'(j,j-l) H 1 (j )
(2.67)

From (2.47), it follows that

x (j-1). = $ ( (j-l)T,t) x (t)
[ ( j-1 ) T] - CO

+ / 3> ( (j -I) T , v ) I K (£)u (£)6 (v-£T). dv
t . £=£i

j-1= ( (j-1) T, t) x(t) + I $((j-l)T,T) K (£) u, (£) .
£=m+l

(2.68)
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Substituting t=(j-l)T and T=t into (C.l) to obtain '

. ■ • . ' ' • : ' V :
(j-DT

x (j-1) = $ ( (j-l)T, t) x (t) + / $ ( (j-l)T,vJ F (v) w(v) dv.
t

(2.69)

Substracting (2.68) from (2.69) yields, for j>m+2 

^ % (j-DT
x(j-l) = $ ((j-lT,t) x (t) + / ■ $ ( (j-l)T,v)r M  w(v) dv

t

»  ■- I $((j-l)TfT) K.(A) U-(A). (2.70)
£=m+l d d

Through the use of Equations (2.59) and (2.60), and the 
orthogonality principle,

E[x(t) x'(j-l) ] =V£(t) 0' ((]-l)T,t)

j-1. - I E[x(t) u'(A)] K-(A)
A=m+1 a a

% $'((j-l )T ,AT). (2.71)

for j>m+2. Assume first that j=m+2. Then j-I=IiH-I, and 

E [x (t) x 1 (m+1 )]= (t) $ ' ( (m+1) T, t) - E [x (t) u^ (m+1) ] (m+1) .

(2.72)
Substituting (2.61) into (2.72) to obtain ^
E [x (t) x' (m+1)] =V%(t)$' ( (m+1) T , t ) [I - H ' (m+1) (m+1)] .
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Substituting (2.73) into (2.67) yields

S

E[x(t) u^ (m+2 ) ] = V~ (t) ( (m+1) T , t ) [ I - H • (mtl) K' (m+1) ]

x (m+2,m+1) H' (m+2).. (2.74)

Substituting.(2.74) into (2.33), we obtain

g (t, (m+2) T) = V^(t) $ ' ( (m+1) T , t ) [I - H ' (m+1) K^(m+1) ] '(m+1,m+2)

x H ' (m+2) V 1 (m+2). (2.75)
a

For j>m+2, we have

0'((j-l)T,t) = 3>' ( (j-2)T,t) ■$' (j-l/j-2) (2.76)

and

0'((j-l)T,AT) = 0'(]-2,&) $'(i-l,j-2), (2.77)

Substituting (2.76) and (2.77) into (2.71) yields, for 
j>m+2,

E[x(t) x' ((j-l)T)]= V£(t) $'((j-2)T,t) $ ' (j -1 , j - 2)
j-2

- I l  E [x (t)Uj (£) ] Ki(j!) $ '(j~2 ,£) $ '(j-1, j-2) 
&=m+l a a

. +E[x(t)u^(j-1) ] K^(j-1)$' (j-l, j-i)]
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j - 2 , '

= [V^ ' ( (j-2)T,t) - I E[x(t) u' (£)] K' (£)$ ' (j-2 ,£) ]
£=m+l u a ; :•

x ^ ' (j~l/j-2) - E[x (t) (j-1) ] K^(j-l). (2.78)

Through the use of Equations (2.71) and (2.67), we have

E[x(t) x' ( (j-l)T) ] = E[x(t) X 1 ( (j-2) T) ] (j~l,j-2)

-E[x(t)x'((j-2)T)30'(j-l,j-2)
. x H 1 (j-1) (j-1) ; (2.79)

I • G « f

E [x (t) x 1 ( (j-l).T) 3 = .
. E[x (t)x' ( (j-2)T) 3$ ' (j-1, j-2) [I-H' (j-1) (j-1) ] .. (2.80)

for j>m+2. Substituting (2.80) into (2.67) and then sub­
stituting the result into (2.33), we obtain

g (t, jT) = E[x(t)x' ( (j-2_)T) ]$' (j-1, j-2) [I-H' (j-1) (j-1) ]

(j, j-1) H 1 (j) V"l(j) (2.81)
d

for j>m+2.

2.3.3 General solution
The general solution can be expressed in two differ­

ent forms: the first one represents the solution of the
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fixed point smoothing (51). The second one represents the 
solution of the fixed-lag smoothing.

I. We first obtain the solution of the fixed-point 
smoothing. Let

B (t, j ) = E [x (t)' x' (jT) ] for j>m+l. (2.82)

Then

B(t,j) = B (t, j-1) • 0 ' (],]-!) [I-H' (j ) (j ) ] for j>m+l

(2.83)
with

*
B(t,m) =V^(t) $ 1 ( (m+1) T , t) 0 1 (m,m+l) . (2.84)

Substituting (2.82) into (2.81) to obtain

g(t,jT) = B (t ,j-I) 0'(j,j-l) H 1 (j) V~1 (j) for j>m+l.
d

(2.85)
Finally, for n_>l, ,d—
A  Ax (t,nd ) = x (t ,n^-1). + g(t,m+nd ) u^(m+n^)

= x (t,n^-1) + B (t>m+nd-l)0 1(m+nd ,m+n^-1) H ' (m+n^)

x v U1 ( ^ n d ) ud (m+nd ) , (2.86)

where x (t,0)=x (t), B (t,j) is specified by (2.83) and 
(2.84), and m=<t/T>. At the sampling instants, the result 
obtained here checks with the known result for the optimal
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discrete fixed-point smoothing (51; pp.374, Eqs._ (8.3-106) 
and (8.3-107) .

2. To put the general solution in another form 
which corresponds to fixed-lag smoothing, define

(2.87^)

Dm (i) — [I-H'(m+i-l) (m+i-1) ] 0'(m+i,m+i-l) for i>l,

V1) = 1
and

n D (j) with cm (j) given by (2.87) 
j=l m
i

Using the above definitions, Equations (2.62), (2.75),
and (2.81) become

g (t, (m+l)T)'= V M t ) $ '  ( (m+l)T,t)A (I) h ' (m+1) v"1 (m+1) ,
X  IR « U na

(2.89)
g(t,(m+2)T)=V~(t)$'((m+l)T,t)D^(2) H' (m+2) V™1 (m+2)

d
=.V~(t)3"((m+l)T,t)A^(2) H ' (m+2) V™1 (m+2),

. d
(2.89^)

and, for k>2.
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g(t,m+k) = E[x(t) x' ( (j-2 ) T) ] $ ' (m+k-1 ,m+k-2) (k)

H ' (m+k) V 1 (m+k) , 
Ud ' (2.89^)

respectively. By repeatedly using (2.80), we obtain, 
for k>l

g (t ,m+k) = V£(t) 4>' ( (m+1) T, t ) (k) H 1 (m+k) V 1 (m+k) .
ud

(2.90)
Substituting (2.90) into (2.48) to obtain

x(t,n,) = x (t) + V M t )  $ ' ( (m+1) T, t) 'I n (k), a . x k=l m (2.91)

where

n (k) = Am (k) H' (m+k) V 1 (m+k) u, (m+k)
III III Q.

(2.92)

The block diagram which realize Eq. (2.91) is shown in
Fig. 2.6, where u^ (Jl) and x(t) can be generated by the 
system shown in Fig. 2.5. Eq. (2.91) corresponds to the
solution of the fixed-lag smoothing. To obtain a solution 
in the form of a differential equation in the state vari­
ables, differentiating both sides of (2.91) with respect 
to t for mT < b < (m+1)T to obtain



75

Am (j) H 1(m+j) Vu1 (m+j)
d

for mT_<t< (m+1) T

Figure 2.6 The optimal fixed-lag postfilter specified 
by Eg. (2.91).
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(t,nd ) = x(t) + [V^(t)$' ( (m+l)T,t) + V~(t) S' ( (m+l)T,t) ]
■ ; ■

n<5 ' '' ■
■ x I nm (k). ' (2.93)

k=l m
Since

3 $ (t, (m+l)T2  _ A(t)$ (tf (m+l)T) (2.94)o t
from (C. 2 ) , and

$ 1 ((m+1)T,t) $'(tf (m+l)T) = I  (2.95)

from (C.3) and (C.4), we have

$'((m+l)Trt) = -A'(t) $'((m+l)T,t). (2.96)

Substituting (D.26) and (2.96) into (2.93), and after some 
manipulation, . we obtain for mT. < t < (m+l)T,

x (t ,n-,) = A(t)x(t,n.) + F (t)V (t)!' (t)*' (m+1) T , t ) I n (k) .
k=l

(2.97)

At the sampling instants,
™+nd-l

(mT- ,n^) = x (mT~). + I g (m,k) Ufl (k) ,
k=m

(2.98)

and

/N +x (mT , n .
m+nd

x (mT ) + I g (m,k) u (k) . 
£=m+l

(2.99)
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In this problem, since g (t,jT) has different forms for:
t<jT and t>jT, it is necessary to check the continuity of
g(t,jT) at t=jT before proceeding. From (2.41), it fol-

+lows that for t^-jT

Iim g (t, jT) = VMj/j-1) H' (j) y- 1 (j) . (2.100)
t-j T+ d

For t-^jT , m=<t/T>=j-l. Thus, x (jT-) =x (jT~/mT) =x (j/j-1) , 
and (jT )=V^(j/j-l). Hence, from (2.62),

Iim g(t,jT) = Iim g(t,(m+1)T) 
t^jT t->jT

= Iim [V~(t)0'((m+l)T,t)H'(m+l)V--'-(m+l)]
__ X  U j

t-»jT . d

= V~(j/j-l) H ' (j) V - 1 (j). (2.101)
X Ud

From (2.100) and (2.101), it follows that

Iim g(t,jT) = Iim g(t,jT). (2.102)
t->jT+ tf j T~
■ •• .

From (2.46), (2.90) , (2.98), (2.99) , and (2.102), it
follows that
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x (mT+ , n ) - x  (mT ,n,)=V%(m) 0'(m+l,m)A (n,) H' (m+n.)

Q. Q X  Itl u.  u

VU5 (m+nd) ucl ̂ " d 1

= V^(m) 0'(m+l,m) nm (nd ), (2.103)

where the second equality .follows from the substitution 
of (2.92). Combining (2.97) and (2.103) to obtain for 
all t>&^T (where is the initial time the estimation
begins).

+ T v (Jl) $'(&+!, Ay n,(n.) 6(t-AT). 
'A=Aj, * * o

(2.104)

where m=<t/T>. In order to get rid of m, let

A (t , n ,) = f 1 ( (m+1) T , t ) - % Om Oc)
k=l

(2.105)

Then for mT. < t < (m+l)T,

A(t,nd ) = -A' (t) A(t,nd ) (2.106)

from (2.96). At the sampling instants.
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X (mT+ ,n ) = $ ' (m+1 ,m) J n m  (k) ,
k=l m

and

ndX (mT ,n,) = 0' (m,m) I (k)
k=l m ■

Thus,

,+X (mT ,n ) -■ X(mT ,nj nd "d
0 ' (m+1 ,m) . I n (k) - I T] (k) . 

k=l k=l -1

Finally, through the use of Eqs. (2.104) (2.106) ,
(2.109), we have

x(t,nd ) = A(t) x(t,nd ) + T (t) (t) I' (t) X (t,nd )

+ I V%(A)0'(A+1,A) n„(n,) 6 (t-ZT) , &=&. J6 a

where

X (t,nd ) =~A'(t) X (t,nd )

co nd nd
+ I $ (&+!,&) [ J n n (k)“ J n „ 1 (k)]S (t-£T) 

k=l ^ k=l ^-1

(2.107)

(2.108)

(2.109) 

and

(2.110)

( 2 . 1 1 1 )
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an^irIp (k) !'is given by (2.92) . The block diagram of the .

V-'- - : : : ' : y , 'system which implements (2.110) and (2.111) is shown in
Fig. 2.7, where the innovation process is generated by a 
discrete filter. The advantages of the system shown in 
Fig. 2.7 over the system shown in Fig. 2.6 are the fol­
lowing: I. It is no longer necessary to calculate x(t)
and (t) in Fig. 2.7. 2. There is no need to. find out
during which sampling instants t. lies; i .e ., there is no 
need to find out m=<t/T>. 3. In the case in which the
inputs are stationary, there will be no need to calculate 
such parameters as <£> ((m+l)T,t) which varies continuously 
with time (notice that in this case, r, V^,.A, etc., 
become constants).

The derivations of the error covariance of the 
smoothing problems are presented in Appendix D.

2.3.4 Delay efficiency
From (D.ll), it follows that

"a '
VS!̂ t,nd^ = Vd ^  - I g^(t, (m+k)T),k—I

= V£(t) - g^ (t,(m+l)T) - —  - g| (t, (m+i)T)

- g|'(t, (m+nd)T) (2.112)
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O O

r(t)v (t)r'(t) x

v%(2) $'(&+!,&)

A (t,nd )

Figure 2.7 The optimal fixed-lag postfilter specified by 
(2.110) and (2.111).
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where n^T denotes the total amount of delay, and )'] 

g^(t,(m+k)T) for k>0 is given by (D.12). The V~(t) on 
the right hand side of (2.112) represents the zero-lag 
minimum-mean-square error of estimation. The 
g^(t, (m+l)T) represents the error reduction due to the 
first sample of delay, and g^ (t, (m+i)T.) represents the. 
error reduction due to the ith sample of delay, etc.
Notice that the error reduction due to the ith sample of 
delay for i>l is independent of n^, the total amount of 
delay. Also notice that the error reduction due to the 
ith sample of delay, g^(t,(m+i)T), is uncorrelated with 
the error reduction due to other samples of delay, 
g^(t,(m+j)T) for j^i. Define

ED (t ,i) = g^(t, (m+i)T) (2.113)

and
gi (t, (m+i) T)

EN(t,i) = ' ---- (2.114)

for ixL. For steady state conditions and stationary in­
puts, define

t
EDS(i) = (1/T) / E D (t ,i) dt (2.115)0

t
ENS(i) = (1/T) J EN(t,i) dt (2.116)
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for i>l. E D (t ,i) and EDS (i) indicate the amount of the 
error reduction, and E N (t,i) and ENS(i) indicate the effi­
ciency of the error reduction .by allowing the delay ex­
tended to the ith sample. Numerical examples are worked 
out in the next section.

2.4 Examples
Example 2.1: A first-order Gauss-Markov process

with a white additive noise. Related equations are given 
by (2.1) through (2.8) with A (t) = - a, F (t) =1, (t) =2,

(O)=Ct , and d(t)=z(t)=x(t). The discretized state 
equations are given by (C.6) and (C.7). The transition 
matrix of A is

$(t) = exp(-aT) (2.117)

Let

a = $ (T) = exp (-aT ) (2.118)

and

V (I+ot2) + a (1-a2) — / [V • (I+ot2 ) +<j (1—ct2)]2 —.4
q = -2— -------------2inr11----------------- - (2-119)n

where is the variance of n, i.e., Vn=Etn2] which is 
assumed given. From (B.13) through (B.16), the steady- 
state discrete Kalman-Bucy filter gain is given by
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(2 .120)
a '-; ■/

and the variance of the discrete, innovation process at the 
steady-state is

Vn a/q (2 .121)

Through the use of (2.87), (2.88), and (2.120), it. follows
that for i>2,

Am (I) = q1"1 , (2.122)

where q. is given by (2.119). From (E). 37, it follows that

(t) = exp (-2 (t-mT) )• (m) + cr [1-exp (-2"(t-mT) ],
(2.123)

where the steady-state (m) can again be found, by using
Equations (B.13) through (B.16),

VrV (m) = V% , = V  eKz, = V  • (3 -q) /a (2.124)x xd n d  n

Substituting (2.122) and (2.121) into (D.12) to obtain

gd (t,'(m+i)T) = V~(t) exp(- ( (m+1) T-t) ) q1™ ^/( V ^ ) 35 . (2.125)
'

where VrV (t) is given by (2.123). To obtain the steady- x
state solution, define

T
ERS (nd ) = (1/T) /gV~(t,nd ) dt, . (2.126)
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where (t,^) is given by (D.ll) with d (t)=z (t) (i.e. , 

(t,nd )= V ^ (t,n^)), gd (t,(m+k)T) is given by (2.125), and 
V^(t )=VV(t) is given by (2.123). After some manipulation, 
we obtain.

E RS(nd ) a - ( (l-a2)/2T) (a - Vti ^  ) + I EDS(i),
n 01 i=l

(2.127)
where EDS (i) is given by

EDS(i) = (a/2T Vn ) q2l_1 [V^-a) (1-a2) + a2 (l/a2-l)

+ 2 (V~d-0)] (2.128)

with V^d=V̂ v (m) , as given by (2.124). From (2.116), it 
follows that

ENS(I) = ------------ EDS •(1-)-------------------- (2.129)
a - ((1-a2)/2T) (a - Vn - (a-g)/a)

and

ENS (i) = ENS(I) q2(l“1) for i> 2. (2.130)

Plots of ERS(nd ) versus nd with Vn/a and aT as 
parameters are shown in Figs. 2.8 and 2.1^. aT is a con­
stant in Fig. 2.8, and Vn /ct is a constant in Fig. 2.10.
Log (ENS(i)) versus i are plotted in Figs. 2.9 and 2.11.
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Figure 2.8 Normalized m.s.e. (mean square error) versus
the amount of delay allowed for Example 2.1,
aT=0.01.
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.002

Figure 2.9 Delay efficiency of Example 2.1, aT=0.01.
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Figure 2.10 Normalized m.s.e. versus the amount of delay 
allowed for Example 2.1, VfiZa=O.05.
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Figure 2.11 Delay efficiency of Example 2.1, V^/o=0.05.
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Numerical data are given in Tables 2.1 and 2.2. The 
asymptotes shown in Figs. 2.8 and 2.10 indicate the per­
formance of the optimal infinite-lag postfilter. Notice 
that different scales are used for different figures.

First.of all, it can be seen from Tables 2.1 and 2.2 
that the mean-square-error with an infinite-lag optimal 
postfilter is about half of the error of an optimal zero- 
lag postfilter in this example.

From Figs. 2.8 and 2.9, and Table 2.1, it is clear ■ 
that as Vn increases, more delay is required for the per­
formance of the optimal realizable filter to approximate 
that of the optimal unrealizable filter. Similar situ­
ation occurs as T decreases, as shown by Figs. 2.10 and 
2.11, and Table 2.2. That is, delay efficiency converges 
more slowly to zero as Vn increases or as T decreases.

From Eq.. (2.130), it follows that as q increases,
E N S (i) decreases more slowly with i ; which in turn means 
that more delay is required for the performance of a 
realizable filter to approach that of the corresponding 
optimum unrealizable one. Thus, we plot q versus Vn/o, 
and q versus aT in Figs. 2.12 and 2.13, respectively. It 
is shown that q increases with Vn but decreases with T.



Table 2.1 Effect of delay on error reduc­
tion for Example .2.1, aT=0.01

v'/an- 3V i • ERS(kd) EDS (i) ENS(i) %

0.01 0 0.0172
I .0084 0.0088 . 51.77

, 2 .0077 .0006 3.67 .
3 .0077 .0000 0.26
4 - .0077 .0000 0.02
5 ' .0077 

.0077
.0000 0.00

0.03 0 .0261
I .0153 .0107 41.18
2 .0132 . .0022 8.39
3 .0127 .0004 1.71
4 .0126 .0000 0.35
5 .0126

.0126
.0000 0.07

0.05 0 .0326
I .0208 .0117 36.09
2 .0174 .0034 10.39
3 .0165 .0010 2.99
4 .0162 .0003 0.86
5 .0161

.0161
.0001 0.25

Table 2.2 Effect of delay on error reduc­
tion for Example 2.1, V^/0=0.05

aT V i ERS (JO a EDS(i) ENS(i) %
0.01 0 0.0326 ♦

I .0208 6.0118 36.09
.2 .0174 .0034 10.39
3 .0164. .0010 2.99
4 .0162 .0003 0.86
5 .0161

.0161
.0001 0.25

' .05 0 .0826
I .0416 . .0405 49.59
2 .0387 .0029 3.55
3 .0385 .0002 0.25

' 4 .0385 .0000 0.02
5 .0385

.0385
.0000 0.00

.10 0 .1304
I .0609 . .0695 53.28
2 .0589 .0020 5.16
3 .0589 .0000 0.05
4 .0589 .0000 0.00
5 .0589

.0589
.0000 .0.00
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Figure 2.12 q versus aT, an indication of the rate of 
convergence of the delay efficiency for 
Example 2.1.
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V0

Figure 2.13 q versus Vn/a, an indication of the rate of 
convergence of the delay efficiency for 
Example 2.1.
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It is shown in Figs. 8 and 10 that the error reduc- 
: ' ' ! i

tion due to the first sample of delay dominates the over­
all error reduction— the error reduction with an infinite- 
lag in this example. As T increases, or as Vn decreases, 
this domination becomes more prominent. It is also shown 
that for this example, the performance of the fixed-lag 
optimal realizable postfilter approach that of the optimal 
unrealizable filter when the delay is of five samples or 
less.

Example 2.2: A first-order Gauss-Markov process
with a colored noise. The desired signal and the obser­
vation models are the same as in Example 2.1, except now 
n (t), the continuous version of h(k) is characterized by 
the state equation(see the discussion in Appendix C)

h(t) = -b n (t) + wn (t) .

where

E[w(t) w (r)] = 0

and

E[wn (t) wn (x)] = V n S(t-T).

Augmenting the state equation by letting 
xa (t) = [x (t) , n (t) ] ' .
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Then

-a 0 w  (t)
X (t) = X a (t) .+

0 -b ”n (t)-

and

r (k) = [I 1] xa (k) .

The corresponding discretized state equation is

xa (k)
a 0 

0 3
x a (k-1) +-Wd Ck-I),

where

kT
e-(kT-t)a 0 I W  (t)

W-J (k-1) = /
. (k-1) T 0 e" (M-t)b

and

3 = e x p (-bT).

Following the same procedure used in Example 2.1, the 
results we obtain are

ERS (n,) =Ct - ( (l-a2)/2T) (c-0) - £ . EDS (i) .
a •' i=l
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where

/  ,

k2 = (k2-k 3) /2k4 ,

k, = a (1-a2) (1+32) + V (1-32) (1+a2) ,n -

k 3 = k 2 - 4 k,,, ■

k4 = cr • g (1-a2) + v -  ot-(l-32) ,1 n

and EDS (i) is obtained from. (2.115) , i.e. ,

EDS(I) = ' (ki / M  • {[62 kf (a-3) 2 - 20ki (x -3) a - a (k*.-3) ] % 

((1-a2 )/2T) + a 2a 2 (ki-3)2 (l/a2-a2 )+2aa (ki-3) 9ki >

' EDS (2) = (ki /k4) • {[62 (a-3) 2 - 20 (a-3) - a-a], ( (l-a2)/2T) +

a2a2 (l/a2-a2) + 2a9a (a-3).

and .

EDS (i) = EDS (2) k f (l“2) for i>2 . 

From (2.116), it follows that

ENS(1) (a - ( (l-a2)/2T) (0-9)] '

ENS (2) = ENS(I) (EDS (2)/EDS (I) ) ,

(2.131a )

(2.131b )
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and

E N S (i) = ENS(2) k? (l-2) for i>2. (2.131 )

With V /a=0.I , aT=0.02, and b varying from 7a to
n • '

13a, plots of ERS(n^) versus n^, and Log(ENSfi)) versus i 
are shown in Figs. 2.14 and 2.15, respectively, and numeri­
cal data are given in Table 2.3. With V /a-0.1, b=7a, and 
aT varying from 0.02 to 0.1, the same quantities are shown 
in Figs. 2.16 and 2,17, and numerical data given in 
Table 2.4. Finally, with b=7a, aT=0.02, and V^/c varying , 
from 0.1 to I, we have Figs. 2.18 and 2.19, and Table 2.5.

The delay efficiency curves consist of two straight 
lines, as is also evident from (2.131).

As can be seen from Tables 2.3 through 2.4, the max­
imum error reduction that can be achieved (i.e., with in­
finite delay) varies from approximately 20% to 40% of the 
zero-lag error in this example.

■ It is shown in Fig. 2.15 that as b increases, delay 
becomes more efficient. This means that as the noise be- , 
comes whiter, delay becomes more desirable.

From Figs. 2.16 through 2.19, it is shown that the 
larger T or/and the smaller are, the smaller the delay 
required for the performance of the optimal realizable
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Figure 2.14 Normalized m.s.e. versus the amount of delay 
allowed for Example 2.2, V /o= 0.1 and 
a T = O .02. n
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Figure 2.15 Delay efficiency of Example 2.2, V /a=0.I and 
aT=0.02. n



Table 2.3 Effect of delay on error re­
duction for Example 2.2, 
V^/0=0.1, aT=O.02

b V i,EES (ka:

7a 0 0.1009
I .0863
2 .0851
3 .0842
4 .0834
5 .0828

... .0802
10a 0 .0975

I .0818
2 .0799
3 .0784
4 .0773
5 .0765

.0740
13a .0 .0946

I .0780
2 .0753
3 .0735
4 .0722
5 .0713

.0689

EDS(i) . ENS(i) %

0.0147 14.56
.0012 . 1.17
.0009 0,94
.0008 .76
.0006 .60

.0157 16.15 

.0019 1.98 

.0015 1.49 

.0011 l.i2 

.0008 0.84

.0166 17.56' 

.0026 2.76 

.0019 1.96 

.0013 1.39 

.0009 0.98

Table 2.4 Effect of delay on error re­
duction for Example 2.2,
b=7a and V /G=O.I n

aT V 1 ERS (k ) EDS(i) ENS(i)
0.02 0 0.1009

. I .0863 0.0147 14.56
2 .0851 .0012 1.17
3 .0842 .0009 0.94
4 .0834 .0008 0.76
5 .0828

.0802
. 0006 0.60

.06 0 .1359
I .0943 .0157 " 30.64
2 .0919 ■ .0036 1,74
3 .0907 .0012 x0.91
4 .0900 .0006 0.48
5 .0897 .0003 0.25

.0893 ,
.10 0 - .1690

I .1035 .0656 38.80
2 .1007 .0027 1.62
3 . .0998 .0009 0.55
4 .0995 .0003 0.19
5 ■ .0994 .0002 0.06

: . .0993

100
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Figure 2.16 Normalized m.s.e. versus the amount of delay 
allowed for Example 2.2, V^/o=0.1 and b=7a.
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Figure 2.17 Delay efficiency of Example 2.2, V /a=0.I and 
b=7a.
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V / a=l

Figure 2.18 Normalized m.s.e. versus the amount of delay 
allowed for Example 2.2, aT=0.02 and b=7a.
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V /a=0.5

Figure .2.19 Delay efficiency of Example 2.2, aT=0.02 and 
b=7a.



105
Table 2.5 Effect of delay on error reduction for '

Example. 2 .2, aT=0.02 and b=7a'
V n/ a kCT1 ERS(kd ) EDS(i) ENS(i) %
0.1 0 0.1009

I .0863 0.0147 14.56
■ 2 .0851 . .001,2 1.17
3 .0842 .0009 0.94
4 .0834 . .0008 0.76
■5 .0828

.0803
.0006 0.60

0.5 0 .2851
I .2695 .0155 5.45
2 .2644 .0051 1.79
3 .2600 . .0045 1.56
4 • .2560 ,00 39 ■ 1.37 '
5 .2527

.2295
.0034 , 1.19

1.0 0 .4101
I .3958 .0143 . 3.49
2 .3984 .0064 1.56
3 .3836 .0057 1.40
4 .37 84 .0052 1.26
5 .3738

.3319
.0047 1.14

Table 2.6 Effect of delay on 
Example 2.3

error reduction for.

ka ,i ' ERS(Icd ) EDS (i) ENS (i) %
0 ■ 0.5327
I .3373 .1954 36.67
2 .3353 .0020 0.39
3 .3349 .0004 0.06

' 4 .3349 .0000 0.00
5 .3349

.3349 •
.0000 ■ 0.00
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filter to approximate that of the optimal unrealizable 
filter.

In this Example, the amount of error reduction due 
to the first sample of delay still contributes most of 
the overall error reduction. Also, the error reduction 
due to subsequent samples of delay converges more slowly 
to. zero than in the white-noise case.

Example 2.3: A second-order Gauss-Markov process
without noise. Related equations are given by (2.1) 
through (2.8) with n (k)=0, d(t)= z (t), I(t)=the identity 
matrix, H(t)=[l, 1], and

A (t)
-a 0 

0 -b

Vtl

Rx (0,0)

2aaa 0 

0 2bc^ ,

0 f

and V z (O)=CT=Ua+ ^ .  This problem is similar to Example 2.2 
It is found that, in this Example, most of the error re­
duction is achieved by the first sample of delay for
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various combinations of parameters. ,Wifh b=10a, aT=0.3 , 
Ofci=O • 60a ' plots of ERS (n^) versus n ^ , and Log(ENSfi)) 
versus i are shown in Figs. 2.20 and 2.21, respectively.

For more complicated problems, the simple relation 
ships exhibited by (2.130) and (2.131) no longer exist. 
Hand calculation is still possible, but with additional 
effort. In those cases, computer solutions are more 
feasible.•
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Figure 2.20 Normalized m.s.e. versus the amount of delay 
allowed for Example 2.3.
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Figure 2.21 Delay efficiency of Example 2.3.



Chapter 3

THE OPTIMAL PREFILTER , V

3.1 Problem Statement and Preliminary Remarks
The system under consideration is shown in Fig. 1.1. 

Related equations are

X (t) = A x (t) + F w  (t) , (3.1)
Z (t) = H x (t) , (3 .2 )
r (t) = z (t) + ni (t) , (3 .3 )

y (t) I F (t,v) r (v) dv. (3.4)
Ti

s (k) y(k) + n 2 (k), (3 .5 )

d (t) C x (t) = the desired signal. (3.6)

and
C O

d°(t) = I G(t,kT) s (k) , (3.7)
k=&^

where k=kT. (3.1), (3.2), and (3.6) are similar to (2.1),
(2.2) , and (2.4), respectively, except that A, F, H, and 
C are constrained to be constants in this case. x, w, z, 
y, and d are vectors (column matrices), and A, F, H, C,
F , and G are matrices of appropriate dimensions. Prior 
statistics are
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'' ' • Etn2 (k) ] = E[ni (t) ] = E[x(0)] = E[w (t) ] = 0, (3.8)

Rw (T) = E [w (t) W(t-T) ] = Vvjr (t) 6 (t-T) , (3.9)

Rwx (T ) = E [w (t) x (t-T)] = 0 for T>0 , (3.10)

and

rWIU1 <t) " Rwn, (T> " V n 2 = 0 <3-ID.

where

R ^ n  (t ) =  E [ C ( t )  n (t-T ) ] (3 .12)
and

R^(t ) = E[C(t) g(t-T)]. (3.13)

Also, Rx (O) and V^ are'known. General constraints of.this 
chapter are

Constraint 3.1. The signal and noises are. sta­
tionary, and the filters are time-invariant.

Constraint 3.2. As shown by Eg. (3.11), n: (t), 
n2 (kT), and w (t) are uncorrelated with one another, where 
U1 is the primary observation noise, and n 2. represents 
quantization noise or/and channel additive noise.

Constraint 3.3. Realizability of the filters is 
required.
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Constraint 3.4. The sampling process is periodic.
\  ' ‘ . .•>

J, Constraint 3.5. The system is at steady state;
i .e . , (29). With the postfilter given, the prob
Iem is to design an optimal prefilter for minimizing the
mean square error between d(t) and d° (t).

Refer to Fig. 1.1, there can be multiple sampled- 
data links between the two filters. By this we mean that 
multiple samplers, quantizers, and channels can be used 
to transmit y (k), i .e ., y(k) can be a vector of 
dimension > 1 .

A prefilter essentially performs two functions:
1. To combat the loss of information due to sam­

pling. The work of Chang (9) and Petersen et al. (42) 
essentially deals with this problem.

2. To combat the loss of information due to addi­
tive channel noise or/and quantization noise. The work 
of Hayes (20) and Costas et al. (10) belongs in this cat­
egory.
Several other researchers, such as Kellog (31,32) and 
Chan and Donaldson (7,8) tried to treat both problems.

Derusso (12) suggested that the optimum prefilter 
in the case with a single sampled-data link could simply
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be a scalar Wiener filter, which was later disapproved by 
Chang (9). Petersen (42) proposed that the prefilter of 
a jointly optimized pre- and postfilters pair can be rep­
resented by the combination of a continuous KSVF (Kalman 
State Vector Filter) followed by a .coder which is simply 
a gain matrix., We shall prove later that this is not true 
in general except for the special case when nz=0. But 
this structure of the prefilter is intuitively appealing. 
We shall show later that the optimal prefilter, not neces­
sarily the jointly optimized one, can be represented by

W i.xthe cascade of a continuous KSVF followed by a coder where 
the impulse response of the coder is an impulse train in 
general instead of a single impulse at the origin, as it 
is the case in which the coder is a gain matrix.

Let

C(t/T^,Tf ,n (t )) = the linear lease-square estimate
of C(t) based on the observation

'
of n (t ) for T.<T<Tr.i— —- r

The 5(t/T^,Tf , n (t )) defined above is similar to the 
 ̂ ■£(t/jl^, Jl̂ 7 ri (k) ) defined in Chapter 2 except that

/N

£(t/T\ ,Tj;, ri(T)) represents the optimal estimation based, 
on continuous observation (continuous in time), whereas
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£(t/£^,&£, n (k).) represents the optimal "estimation based

*on discrete estimation. We shall let £(t/Tf ,n (t ) ) denotes 
I (t/-°°,Tf ,n (t ) ) and %(t/&^,n(k)) denotes C , Jlf ,n (k) ) 
from, here on.

The basic idea behind Petersen's work is the fol­
lowing. Suppose one is given x (t0/t0fr (t )), the best 
estimate of x(t) for t>t0 is then given by. (51, pp. 349)

x (t/10 , r (t ) ) = $(t,to) x(t0/t0 ,t (t ) ) (3.14)

from (C.l) since w (t ) is independent of r (v) for t >v , 

where $ is the transition matrix of A. It is due to 
Eg. (3.14) that enables one to say that as far as esti­
mating x(t) for t>t0 based on r (r) for .T<t0 is concerned, 
x (to/t0,r(t )) provides all the useful information con­
tained in r(%) for T£t0. Thus, if there is no constraint 
on the number of sampled-data links, and if n 2=0'; one can 
use a continuous KSVF to obtain y (t)=x(t/t,r (t )). Then 
transmit the whole vector x(kT/kT,r(t )) after sampling 
through the channel. Finally, Eg. (3.14) is used to re­
construct x(t) for kT<t<(k+1)T; i.e., since (refer to 
Fig. 1.1)

= y(k) = x (kT/kT,r(t )) ,s (k) (3.15)



we have •

x(t/m,s (K)) = x(t/m,y (k))
. = x [t/m,x (kT/kT,r (t ) ) ]
= $ (t,mT) x (mT/mT,r (t ) )
= s (m) , (3.16)

from (3.14) and (3.15), where m=<t/T>. Notice that 
x(t/m,s(k)) represents the optimal estimation.based on 
the discrete observation of the s(k)'s, whereas 
x(mT/mT,r (x)) represents the optimal estimation based on 
the continuous observation of the r (t). In this case, 
the whole system acts as if it is an optimum fixed- 
interval (of interval T) prediction system in the absence 
of sampling. The only information that is lost at time t 
due to sampling is r(v) for mT<v< (m+1) T; whereas the in­
formation about r (v) for v<mT is retained despite the 
periodic sampling process. It should be intuitively clear 
that in this case, the continuous KSVF used as the pre­
filter is optimum (jointly optimized with the postfilter). 
This point is implicit in Petersen's work, and we proceed 
to prove it analytically in Section 3.2.

If n2 7̂ 0, and the continuous KSVF is still used as 
a prefilter, then
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s (k) = x (kT/kT,r (t ) ) + n 2 (k) , (3.17)

and

. x (t/m, s (k) ) .= x {t/[m, (x (kT/kT,r (r ) )+n2 (k) ] }

^ x(t/m,x(kT/kT,r (t )). (3.18)

Thus, Eq. (3.14) is no longer applicable in this case.-
Hence, due to the. disturbance of n 2 , x (kT/kT,r (x) ) might 
not represent all the useful information about r (x) for 
vT<kT. ' Instead, one tries to operate on r (t) in such a 
way not only to protect the information contained in r(t) 
against sampling, but also to protect it against the con­
tamination of n2 .

Conditions for the optimal prefilter with a given 
postfilter are given in Appendix E.

3.2 Jointly Optimized Pre- and Postfilters with Multiple 
Sampled-Data Links
Additional constraints in this section are: 
Constraint 3.6. n 2 (k)=0.
Constraint 3.7. The number of sampled-data links 

is equal to n, the number of states.
With Constraints 3.1 through 3.7, the equation that specie 
fies the optimal prefilter can be obtained from (E.31); 
the resulting equation with d(t)=x(t) is
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fCO . COJ / R (3+v) 6F' (3) G' ( V )  dv a S -. 0 0 XJ-

00
V  /» 0 0  -  0 0  -  0 0

2 L fn fn*0m G(v~ZT) Fn (a) R (AT+o-g) GF' (g)
£  Z = - C O  0 0 o A Z T  °  r

G 1(v) dv da d3]dia = 0  (3.19)

where Fq (a) denotes the optimum prefilter and 5F (g) is the 
variation defined by (E.ll)', and

if &T>0
OAilT

otherwise

Since n 2= 0 , if we let

G (t)
0 (t) if 0<t<T 

0 otherwise.

(3.20)

(3.21)

then G (t) will be the optimum postfilter if 
y(t)=x (t/t,r(t )) (see Fig. 1.1 , where s(k)= y (k) since 
n 2=0). Thus, all we need to prove is that the F ^ (t) 
specified by (3.19) is the continuous KSVF. Then both 
the pre- and postfilters are jointly optimized. Substi­
tuting (3.21) into (3.19) to obtain
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fexr (6+v) " $(v) C Fo (a) Rr (B-a) da}6F ' (8) $ ' (v)

d 3 dv]dia = 0. (3.22)

From (3.1)/ it follows that

x (t) =$(t-T) x (T) + /t^ (t-v) E w(v) dv. (3.23)
■ T

Thus,

• Rx (t-T ) = E [x (t) X(T) ]
t= $ (t-T) R (O) + / § (t - v ) T E [w (v) x (T ) ] dv.

(3.24)

Since w(v) is independent of x (t ) for v >t , E [w (v ).x (t )]=0 
for v >t ; and (3.24). becomes, for t - T > 0 ,

Rx (t-T) = $ (t-T) Rx (O). (3.25)

Since nx (t) is independent of the signal,

Rxr (I3+V) = E[x (3+v) r (0) ]
= E [x (3+v) z (0) ] + E [x (3+v) ni (0)]'
= R (3+v) H'. . (3.26)x

Lemma 3.1 #(t) 3>(v) = 0(v) 0(t) = $ (t+v) .
Proof. This is simply one of the properties of a tran­
sition matrix (see Eg. (C.3)).
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From Eq. (3.25) and Lemma 3.1, since 3, v>0.,

: ’ , ' ' - :
R (3+v) = #(3+v) R (0) 
x x

= $ (v) 0 (3) Rv (O)

■ ' = ^(V) R (3) (3.27)x

Substituting (3.27) into (3.26) to obtain

Rx r (3+v) = $(V)- Rx r (3)* (3.28)

Substituting (3.28) into (3.22) yields

' (/t Z00̂ (V) [Rvr. (3) - J00F (a) R (3~a) da] 6F' (3) 0' (v) o o xr o o jl

d 3 dv}d .a = 0. (3.29)

It is obvious from (3.29) that it is sufficient to let

' Rx r (3) ~ C Fo (ct) Rr (3“a) dct = 0 (3.30)

To illustrate that (3.30) is also a necessary condition 
for (3.39) to hold, let us look at the special case when 
the dimension of x is equal to 2 and r(t) is a scalar.
In this case, let

(3.31)

f

0 (v)
0! (v) 02 (V)"

O g ( V ) * 4  ( V )
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6F = [Sf1 , ; Sf2 ] ', (3.32)

and

Rx r (3) " C Fo (a) Rr (a~P) da = [Bl (G), B2-(B)]*.
(3.33)

Substituting (3.31) through (3.33) into (3.29) to obtain

I

$1 (v) 0 2 (V) B 1 (B) 0i (v) 02 ( V )

f r [Sf1 (B) ,Sf2 (B)]0 0 0 3  ( V ) 04 (V) B2 (B) $  3  (V) 0 4 (V)

d S dv dia

J09 (Sfi (B) [Bi (B) ( /T $i (v) dv) + B 2 (B) ( (v) $2 (v) dv) ]0 0 0

+ Sf2 (B) [B1 (B) ( fT$i (v) $ 2 (v) dv) + B 2 (B) ( /T $2 (v) dv) } dBo o 0

/00ISf1 (B) [B1 (B) ( A 23(V) dv) + B 2 (B) ( A  3 (V) 04 (V) dv)]0 O d 0
T T

+ Sf 2 (B) [B1 .(B) (/ 0 3 (v) 0 4 (v) dv) + B2 (B) (/ 02 (v) dv} d B

(3.34)

Since Sf1 (B) and Sf 2 (B) are arbitrary functions of. B , 

the o n l y ■possible solution of (3.34) is

B1 (B) = B2 (B) = 0 . (3.35)

Thus, (3.30) is also a necessary condition for (3.29) to 
hold. It is clear that a similar argument can be applied
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to higher-order systems. Since (3.30) is the vector ■ 
Wiener equation, we have y (t)=x(t/t,r(T)), and the proof 
is completed. The block diagram of this system is shown 
in Fig. 3.1.

It is possible to prove that the above system with 
the number.of sampled-data links equal to the dimension 
of the state vector is the optimum system in the sense 
that fewer sampled-data links with the jointly optimized 
pre- and postfilters will result in an increase of dis­
tortion, whereas increasing the number of sampled-data 
links will not reduce the error.

In the case in.which there is only one sampled-data 
link available, the question is if one can, in some way,

' A.code the components of x(kT/kT,r(t )) before rather than 
after sampling (as Eq . (3.16) does) so that the perfor­
mance of this system is close to the system with multiple 
sampled-data links. In this case, at the receiving end, 
one will receive a scalar quantity in the form

s (j ) = /-̂ tN (jT-v) x (v/v,r (t ) ) dv,
- O O

(3.36)
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(a)

continuous KSVF
x ( it)

git) =
$ (t-mT) if m.T£t < (m+1) T 
0 otherwise

(b)

Figure 3.1 The jointly optimized pre- and postfilters with 
multiple sampled-data links and n 2=0 : (a) the
message model; (b) the system.
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where N (t) ■ represents the coder inserted in the system 
before sampling. Notice that no matter whatever N (t) one 
chose, s (j ) will always be a scalar and a function of the 
sampling instants only instead of a function of the continu­
ous time. Hence, in this case, one loses the freedom to 
operate on-x(kT/kT,r(t )) in any way he wants; for example, 
to operate on x(kT/kT,r (T)) as Eq. (3.16) does. In this
sense, Petersen's pre- and postfilters structure is actu­
ally a suboptimum system (42).

3.3 The Optimum Prefilter with a Single Sampled-Data Link
In addition to Constraints 3.1 through 3.5, the 

following constraints are imposed in this section;

Constraint 3.8. There is only one sampled-data 
link available.

Constraint 3.9. r(t) and d(t) are scalars; i .e .,
H and C are row matrices.

Constraint 3.10. n 2 (k) can either be present or 
absent. If n 2/C), it might represent the quantization 
noise approximated by a discrete white noise or/and an 
independent channel additive noise. In the case in which 
the independent channel noise is present, a power con­
straint of
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- O O  - O O  • -I-P = / /  f (a) R (a-3) f (g) da dB (3.37)Y o o .  r 1 .

is imposed on the prefilter. From here on, f (a) is used
to denote f .(a) , the optimum prefilter, in order to sim-

°
plify the notation.

The equation, that specifies the optimal prefilter 
can be obtained from (E.43) or (E.50) depending on the 
characteristics of n z • The resulting equation with B 
in (E.43) or (E.50) replaced by t for easy presentation 
is (ignoring realizability constraint at first)

-— 0 0  - 0 0  -r-n — C O/ Rd r (t+V ) g (v) dv = / ['I / g (v- T) g (v) dv
—  0 0  0 0  C O  — 0 0  '

Rr (JlT+r-a) + C 3 Rr (t-a) ] f (a). da ,
(3.38)

where C 3=T-C2*/00 g 2 (v) dv and C 2 is given by (E.48) if o
n 2 represents the quantization noise alone; C 3=XT, where 
A is the Lagrange multiplier if a power constraint such 
as the one given by Eq. (3.37) is imposed on the pre­
filter; and C 3=O if n 2=0. Rewriting (3.38) in such a form

f00 Rflr (t+v) g(v) dv = /” f (t ) £  (t-T) dr, (3.39)
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where

3 (t-T) = I Rv, (jT+t—T)I-CO ] r
• C C O  9Co = J g (V) dv + >  3

(3.40)

(3.41)

and

Cj = J00 g(v-jT) g (v) dv for j^O (3.42)

Now let x (t) = Cx1 (t) ,x2 (t) , . . . ,x (t) ] ' , and assume that
n

g (t)'is given a certain reconstruction filter. Then the 
equations specify the optimal prefilter for estimating 
the x^'s for i=l,2,...,n with a single sampled-data link
are

J00 g (y) R (t+v) d v  = /” f . (t ) S (t-T) dT, (3.43)XiT

for i=l,2,...,n. In vector form.

/ g (v) Rxr (t+v) dv = /” F (t )3  (t-T) dT, (3.44)
• —  C O  —  o o  • •

where'Rxr (p) = [Rx ir(p) ,Rx zr(P) f.. .,.R (p).] ' , and
F (t ) = [fx (t ) ,f 2 (t ) f (t ) ] ' . Notice that (3.44) is■
simply a vector representation of the disjoint equations 
of (3.43), it does not represent the equation for a multi­
ple sampled-data links system, but merely enables one to
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investigate various estimates at the same time (this is 
also evident from the fact that g(t) in (3.44) is a 
scalar).

From here on, several lemmas and theorems are de­
veloped for solving the problem under consideration in 
this section. All the lemmas and theorems to be pre­
sented later have the constraints given by Constraints 3.1 
through 3.5 and Constraints 3.8 through 3.10.

3.3.1 The structure of the optimal prefilter 
Lemma 3.2 The optimal prefilter for estimating 
d(t)= C -x(t) is f(t)=C-F(t), where F (t) is specified by . 
(3.44.) and C is a row matrix.

Proof. Premultiplying by C on both sides of (3.44) 
obtain

/00C R^r (t+v) g(v) dv = J00 [G F (t ) ] S(t-T) dx,

= C-E[x(t+v) r (0)]
= E [C•x(t+v) r (0)]

= Rdr(t+v)

where
C Rxr(t+v)

to

(3.45)

(3.46)
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/00Rdr (t+v) g (v) dv = /“ [C F(t )]E (t-T) dr. (3.47)

Comparing (3.47) with (3.39), we obtain

f(t) = C - F (t), (3.48)

where F (t) is specified by (3.44)
We now introduce the innovations approach to the

* 'prefiltering problem. Instead of working with r(t) di- .
rectly, one first converts it to an innovation process
u(t) by a causal, and causally invertible filter f^.
One then finds the optimal prefilter f assuming thatY
u(t) is the observation process. As seen in Fig.3.2, 
the actual optimal prefilter, f, is the combination of 
fu .and f ; i . e . ,'

f(t) = f (t) © f (t), (3.49)u . - y

where © denotes convolution. It can be seen clearly from
Fig. 3.2 that the insertion of the causally invertible f
does not.affect the optimality of the overall structure,
since if f turns out to be undesirable, one can always
include the inverse of f in f to cancel the effect ofu y
fu. This argument is basically the same as the one used

Substituting (3.46) into ' (3.45) yields



f (t)

Figure 3.2 The innovations approach to the prefiltering problem.
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in deriving the Wiener filter using the innovations ap­
proach . For a detail discussion of the above argument, 
see Section 1.4.3 of this thesis (58). . The point is that 
the effect of the innovation filter put before sampling 
can be cancelled by the remainder of the optimal pre­
filter. If instead, one does not have the freedom in 
choosing the prefilter but has the freedom in choosing
the postfilter, then the innovation filter f added be-u
fore sampling will not be invertible by the postfilter.
In this case, the addition of a pre-sampling filter will
alter the performance of the optimum system.

When the observation process is u (t) instead of
r (t) , (3.44) becomes

■ .
- C O  - C O  _I g (v) R (t+v) dv = / F (t ) I R (jT+t-x) dx. 

— 00 — 00 j— - 0 0 y U
(3.50)

Since u(t) is an innovation process,

Ru (t-x) = E [u (t) u (x) ]
= Vu 6. (t-x) , (3.51)

where Vu is the variance of u , which is a scalar, and is 
determined by r(t) (see Appendix A, Equations (A.32) and 
(A.48), and the discussion about colored noise).
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• oo
.Tg(V) R (t+v) dv = ;£ V P (t+jT) (3.52)-OO j =—00 U J Y

With the realizability constraint, g(t) and F (t) are zero 
for t<0. Thus, Eq. (3.52) becomes

Substituting (3.51) into (3.50) yields

C 9(V) Ex u (t+V) dv = I V g FLfttjT) '
j=-<t/T> 3 Y

(3.53)

for t , v>0, and (3.41) and (3.42) become

Co = /“g 2 (v) dv t O (3.54)

. C OL = /  g(v-jT) g (v) dv for j^O
3 0AjT

(3.55)

where the symbol.OAjT is given by (3.20). In this section, 
the innovation process u(t) of the observation process 
r(t), and the variance of the innovation process, V , are

U

assumed given. For a discussion of the innovation process, 
see Appendix A (23).

Theorem 3.I The F (t) specified by (3.50) satisfies the
Y

differential equation

d Fy(t)/dt = A F (t) (3.56)

for t>0, and t^kT for k=0,I ,....
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Proof. First of all, it is seen from (3.53) that the sum­
mation on the right-hand side of (3.53) changes its lower 
bound every time t passes through a sampling instant.
Thus, it is obvious that unless the £• 1s possess certain
characteristic, F (t) will in general be a piece-wiseY
continuous function of t. Next, we have 

'• 3 Rg - (t-  = U(V)]

= F {[A x (t+v) + T w(t+v) ] u (v) } . (3.57),

Since u(v) is independent of w(t+v) for t>0 (see 
Appendix A),

E [w(t+v) u (v)] = 0 for t>0. (3.58)

Thus,

•a Rx u (t)
----ft----= A  R x u (t) f o r t >0! (3.59)

i.e.,

R^cu (t) = $(t-x) Rxu (t ) for t , T >̂ 0 , (3.60)

where § (t) is. the transition matrix of A. Since t, v>0, 

Rxu(t+v) = $ (t+v-t) Rxu(t)
= # (v) Rx u (t). (3.61)
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Substituting (3.61) into (3.53) yields, for t>0,

[/” g (v) $ (v) dv] Rxu (t) = V n - J ' (t+jT).
j=-<t/T> 3 Y (3.62)

- C OL = 7  g (V) # (v) dv, (3.63)

where L is a n xn matrix, and is in general nonsingular 
.(L is nonsingular if # (v) is nonsingular) . Premultiplying

-Iby L on-both sides of (3.62) to obtain

Rx u {t) = Vu L"1 I  Zn F (t+jT) for t>0. (3.64)XU U j=-<t/T> 3 y

Differentiating both sides of (3.64) with respect to t
for kT<t<(k+1)T, where k=0,1,..., we have

C O

dR (tVdt = V L™1 I £ 3F (t+jT)/9t. (3.65)
XU U j={—<t/T> 3 y

Substituting (3.59) into (3.65) to obtain, for
k.T<\t< (k+1) T, (k=0,1, . .) ,

w

A  R X U ( t )  =  v U  L ~  I q  9F (t+j.T)/3t.U j=-<t/T> 3 y .

Substituting (3.64) into (3.66) yields

-I * 3F (t+j.T)
^  ^ j L < t / T > ^ ^  Gt -- - A  ^  (t+jT)}]

(3.66)

(3.67)
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Since (3.67). has to be satisfied for arbitrary t>0, except
at sampling instants, and since at least one C .^0 in gen-;3 :
eral (Co for example); it is both sufficient and necessary 
that

3Fy (t+jT)/at = A Fy (t+jT) t+jT>0, t^kT for k=0,1, . .
(3.68)

i .e. ,.
dF (t)
— —  = A Fy (t), for t>0, and t^kT for k=6,l,...

(3.69) .

Lemma 3.3 L $ (t) .= $ (t) L
Proof. Since L =, |”g (v) $ (v) dv, where g (v) is a scalar. 
Lemma 3.3 follows directly from Lemma 3.1.

Theorem 3.2 The structure of the optimal realizable pre­
filter with any given realizable postfilter can be repre­
sented by.the cascade of a continuous KSVF followed by a 
coder, where the impulse response of.the. coder is an im­
pulse train in general.

In Chapter 4, we will prove a theorem which says 
that in the case in which n2 (k) is absent, the coder of 
the jointly optimized prefilter is simply a gain matrix;
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i.e., the impulse response of the coder in this case is 
simply an impulse function at the origin.

Proof. From Theorem 3.1, F (t) for t^kT satisfies the
• y

equation .

dF (t)/dt..= AF.(t),. y y
whose solution is

F y (t) = § (t-kT) F (kT) (3.70)

for k.T<t< (k+l)T. Thus, the only problem left is to find 
F y (kT) for k=0,I ,..., etc. From (3.64), with t=kT for 
k=0,I,..., we have

CO
L R u (kT) = V  I ? F (kT+jT). (3.71)

XU . ■ U j=-k 3 Y

Through the use of (3.60) and Lemma 3.3, Eg. (3.71) can 
be written as

k=0, V"1 L. Rx u (O) = S0 Fy(O) + Cl Fy (T) + . . . + q F y ( i T ) + . ..
(3.72-1)

■ - I  ■ ■k=l, VuX$(T) L R xî (O) = L 1 Fy (O) +Co Fy (T) + ... + C ^ 1

Fw (IT) + ...
' y ,

(3.72-2)
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k-j. Vu1 ^ljT) L R x u (O) = 5_j Fy (O) + C_.+1 Fy (T) + ... :

+ 5I-j Fy<lT> + ••
(372-j+l)

For a stable- system, both Ck and Fy (kT) vanish as k in­
creases. Thus, a solution of the F (kT)'s in terms of a 
linear combination of the [Vu x (jT) -L-R^u (0) ]'s for 
j=0,1,.., etc., can be found from (3.72), for example, by 
reduction method. The solution can be written as

Fy (kT) -I [ I a $(iT)]-L-R (0),x=0 K xu (3.73)

where the 's are scalars, and are functions of the 
C- 1 s for j=0,1 , . . , etc. F:
J

lows that for m\T <t< (m+1) T ,
C-'s for j=0,1 , . . , etc. From (3.73) and (3.70), it fo.1- J

Fy (t) = $ (t-mT) Fy (mT)

[ I a . $(iT)] L V™1  ̂(t-mT) R 1 (O), (3.74)i_0 mx u xu

where the second equality follows from Lemma 3.1 and 
Lemma 3.3. Since 0(t) Rxu (t) f°r t>_0 from (3.60),

F y (t) = [.Iq .ami $(iT)] L V u1 Rx u (t-mT) (3.75)

for m.T£t< (m+1)T . The optimal prefilter to operate on', 
u(t), the innovation process of r(t), is
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■ fy(t) = C Fy (t) (3.76)

from Lepna 3.2. Substituting (3.75) into (3.76) yields
v' '' - •. ■ . - j ' ,

O O  - ‘

fy (t) = c.[. X Uml *(iT)] L [V"1 Rxu (t-mT) ] . (3.77)

Let.
■00

Xm = C [ I a 0(iT)] L, for m=0,1 , . . . (3.78)i_ 0 nix

then (3.77) becomes, for mT<t<(m+l)T

fy (t) = Xm'^u1 Rx u <t"mT)1- <3.79)
The general form of f (t) for t>0 isY —

o o -
fY (t) = kl0X k Vu Rx u (t"kT) [us (t-kT) - u s (t-(k+l)T)]

(3.80)
from (3.79)., where u' (t) is. the unite step function and 
k is given by (3.7.8) . Since [Rxu (t-kT) ug (t-.(k+l)T) ] is 

nonzero for t^(k+l)T only,

Rxu (t-kT.) ug (t-(k+l) T) = $ (T) Rx u (t-(k+l)T) u s (t- (k+l)T)
■ (3.81)

from (3;60). By the use of (3.81), (3.80) can be re­
written in the form

fy (t) = kI0 ^ k  vU1 RXu(t-kf) us (t-kT) - x k $ (T) x: 

vU1 (k+DT) us (t-(k+l)T)}
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. J o n 1= v U 1 R 1U ^  U 5 ( t - ^
■

CO

= [ I N 6 (t-kT)] ® [V"1 R (t) u (t)]f (3.82)k=0 u xu

where N 0= Xo and Ni= X r X ^ 1 $ (T) for i>l, and © denotes con­
volution, • From Fig. 3.2, the actual optimal prefilter is

f(t) = fy (t) © fu (t) (3.83)

where f^(t) represents the innovation filter. Substituting 
(3.82) into (3.83) yields

C O

f(t) = [ I N 6 (t-kT) ] © [V"1 Rv11 (t) u (t) ) © f  (t) k=0 u xu s u
C O

= [ I N 6 (r-kT) ] © t v"1 R (t) u (t)©f (t)] ._q -*»■ LI 2vU. o  Li

(3.84)

Recognizing that the continuous KSVF can be represented 
by the combination of an innovation filter followed by a 
filter characterized by its impulse response (23)

fW (t> = v U 1 R X U  (t) Vt*' (3.85)

i . e. ,

F^s (t) = the continuous KSVF

= v U 1 R X U (t) U S (t) ® fU ^ " (3.86)
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Thus, (3.84) becomes

OO .
f(t) = [ I N. 6 (t-kT) ] © F. (t) 

k=0 K ks
. . . »  ' • .

■= I N, F, (t-kT) u (tk-T) (3.87)
k=0 K Ks s

Hence, the optimal prefilter can be represented by the 
combination of a continuous KSVF followed by a coder where 
the impulse response of the coder is an impulse train; 
i.e., let N (t) denotes the impulse response of the coder, 
then

00
N(t) = I N . S(t-iT). (3.88)

i=0
Thus, the proof is completed. The block diagram of the 
structure of the optimal prefilter is shown in Fig. 3.3.

The coder contained in the optimal prefilter cor­
responds to., the periodic factor contained in the transfer 
function of the optimal prefilter obtained from a 
frequency-domain analysis. As we shall see in Chapter 4, 
the optimal coder of the jointly optimized pre- and post­
filters becomes a constant row matrix when n 2 in Fig. 1.1 
is absent. .

Several examples with suboptimal postfilters are 
worked out next. Notice that in this section, nothing has



Continuous KSVF n 2 (k)

I N [6 (t-kT)]

Figure 3.3 The optimum prefilter with a single sampled-data link and 
a given postfilter.

d (t)
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been.said about what kind of postfilter is being used;

: ' ■ , ■ ■ • i ■■■:i.e ., the postfilter can be of any reconstruction filter.:

3.3.2 Examples 
Example 3.1

The impulse response of the postfilter is given by 
Zge (t) if .0£t<T

g (t) =A
Co otherwise.

where g^(t) can be of any continuous function of t. In 
the case in which g(t) represents a zero-order hold, 
ge (t) becomes a constant. From (3.54) and (3.55), assum­
ing that n%(k)=0; we have

g*(t) dt

0

if k=0 

otherwise.

Then from (3.64), it follows that

L 'Rxu(t) = vU 5» Fy (t>'
where L depends on g^(t) and the input signal, .and is
given by (3.63) . 
Thus,

V t-) = ' V  5.)'1 L Rxu (t) "uS ftl
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From (3.76) and (3.83), the optimal prefilter for esti­
mating d(t)=C x (t) is given by

f (t) = c;1 C L tv"1 Rxu (t)-Ug (t) © fu (t)]

= C L Fkg (t) (3.89)

from (3.86). Thus,

N0 = C0 C L .  (3.90)

and

Nj = 0 for j^O (3.91)

by comparing (3.89) with (3.87). It is seen from this 
example that if g(t) is constrained to be of finite time 
duration, the optimal prefilter can usually be found' 
without too much trouble.
Example 3.2

The impulse response of the postfilter is given by 

g (t) = exp(-t) for Oct . (3.92)

Again, assume n2=0; then from (3.54) and (3.55), we have 

Cj = d/2) exp (- I j |T)

for j>0. Substituting (3.93) into (3.72) yields.

(3.93)



^u1 = (1/2) [Fy (O) + e"1 Fy (T) + + :;-iT' Fy (IT)

- (3.94-1)
Vu1Lf(T)Rx u (O) = (1/2) Ee-vFy (0) + Fy (T) + e_T Fy (2T) + . : .

+ e-(i-l)T p (iT) + (3.94-2)

. .

*
Vu1 L ̂  (kT) Rx u (O) = (1/2) [e"KT Fy (O) + e“ (k“1) T Fy (T) + ...

+ F (kT) ■ + e_T F ( (k+l)T) + ...] y y .
(3.94-k+l)

• ' • .

• . .

Since e vanishes when j"̂ 00, sabstracting [e-T* (3.94-2) ] 
from (3.94-1) yields

L Vu1 [I - e"T $ (T) ] Rx u (O) = (1/2) (I - e"2T) Fy (O) ; ■ 

i. e . ̂ ■

Fy (O) = 2 (I - e Z1), x U - O 1 $ (T)] L Vu Rx u (O),.

Similarly, by the method of mathematical induction, it is 
found that

Fy (kT) = <3? ( (k-1) T.) [§ (T) - I-e“T]Fy (0)

142

(3.95)
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From (3.70), (3.60), and (3.95),

Vt}
f2 (l-e 2T) L [I-e~T$ (T) ] v"1 R^u (t) for 0<t T 

.N (T)-Ie™T ] 2.(l-e_2T) (T) ] V - 1 R (t-T)U XU .
for t>T.

(3.96)

From (3.76), (3.83), (3.86), and (3.96), it follows that
the impulse response of the optimal prefilter is given by

f(t) = N 0 Fks (t) U g (t) + N1 Fkg (t-T) U g (t-T) (3.97)

where

N0 = 2 (l-e-2T) C L [I -e-T 0 (T)]

and

N1 = e T N0 .

By comparing (3.97) with (3.87), it is found that Nj=O 
for j>2.



Chapter 4

JOINT OPTIMIZATION OF THE 
PRE- AND POSTFILTERS

4.I Problem Statement and Preliminary Remarks
In this chapter, the joint optimization of the pre- 

and postfilters of the system shown in Fig. 1.1 is con­
sidered. System equations and prior statistics are given 
by Eqs. (3.1) through (3.11). The constraints of the sys­
tem being considered are given by Constraints 3.I through
3.5 and Constraints 3.8 through 3.10. The central result 
of this chapter is the derivation of the structure of the 
jointly optimized pre- and postfilters when nz in Fig. 1.1 
is absent.

We have mentioned in Section 3.3.1 that the coder 
contained in the optimum prefilter corresponds to the 
periodic factor contained in the transfer function* of 
the optimum prefilter obtained from the frequency-domain 
approach. When n.2=0 (see Fig. 1.1 ), this periodic factor 
can be shifted to the receiving end to be included in the 
postfilter without influencing the performance of the

*A periodic transfer function H*(S) has the proper-.
ty that H * (S) 
period.

H* (S+jn^JL) for n=0,1,2, T where T is the• • 7
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system, as pointed out by Robbins (49). Thus, the impulse 
response of the optimal prefilter becomes a continuous 
function instead of a piece-wise continuous function in 
this case. That is, the coder contained in the optimal 
prefilter becomes a constant matrix.(a gain matrix). A 
proof of this point from the state-space approach is 
presented in Section 4.3. The proof, together with the 
development leading to the proof serves several purposes: 

I. Degeneration of the joint optimization problem. 
.2. To illustrate the consistency between the 

state-space approach and the frequency-domain analysis.
3.. To derive the structure of the jointly opti­

mized pre- and postfilters.

4.2 Degeneration of the Joint Optimization of the Pre- 
and Postfilters
The basic background of the degeneration of the 

joint optimization problem is provided by the following 
theorem.
Theorem 4.I Let

xs (t) = x(t/-°°,t,r (t ) ) = the linear least-square
estimate of x(t) based on 
r (t ) for -°°<T_<t, where, x 
and r are given by (3.1) 
through (3.3).
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xg (t) • is the best zero-lag estimate of x (t). in the absence
of sampling. That is, xg (t) is.the output of the continu-

Aous KSVF. Also let v(k) = the sum of a linear combination 
of the xs (j)'s for j <k and an independent noise np (k); 
i.e. ,

v (k)
k
F  V j xg (j) + np (k) . (4.1)

Then the theorem says that •

x (t/-°°,m,v(k)) = x (t/-®,m,v (k) ) ,

where the quantity C(t/5-^, ilf ,n (k) ) has been defined in 
Chapter 2 and m=<t/T>,
Furthermore,

E {[x (t) - x (t/-«>,m,v (k) ) ] 2 } = E {[x (t) - xs (t) ] 2 } +

E{[xg (t) - 

xg (t/-<»,m,v (k) ) ] 2 } .
zx y\From here on, E, will be used to denote %(t/-™,m,v(k)), 

and  ̂will be used to denote £(t), where £ can be of any 
related signals (such as x and xg , etc.), in order to 
simplify notations.

Proof. From the orthoganality principle, it follows that
for k<m.
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e H xs - x ) V  (k) ] = 0. (4.2)

■ ■?We want to prove that for Jc<m,

E [ (x - Xg) v' (k) ] = 0.

Since x-xg = (X-Xg ) + (Xg - X g ),

E[ (x-xg) v' (k) ] = E[ (x-xg) v' (k) ] + E[ (xg-xg) v' (k) ] .

(4.3)

The second term on the right-hand side of (4.3) is zero 
from (4.2). Substituting (4.1) into the first term on the 
right-hand side of (4.3) yields for k<m '

E [ (x-xg ) v' (k) ] j L toE[(X"Xs) xs ( j ) ]  hk- j  +

E[ (x-x ) n' (k) ] . P (4.4)

The first term on the right-hand side of (4.4) is zero
since x (j) is a linear combination of r (t ) for t <jt . The s —■
second term is also zero since n (k) is assumed to be anP
independent noise. Thus, the first term on the right-hand 
side of (4.3) is also zero, and we have, for k<m

E [(x-xg ) v (k) ] 0 ; (4.5)

i. e. ,

x(t/-™,m,v(k)) = X g (t/—.oo,m,v (k)) (4.6)
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The error covariance of [x(t)-x(t/-»,m,v(k))] can be writ­
ten as
■E[ (x-x) 2 ] = E [ (x-x_) 2 ] .s

= E{[ (x-x ) + (x -x ) ] 2 }
* S  S

= E [ (X-Xs )2 ] + E f ( X g- X s )2 ] + E f ( X - X g ) (Xs - X g ) ']

+ E [ (X5-Xg) (x-xg) ' ] ,

where E [£2]=E f ££1]. Since x is a linear combination of 
k s

y(k) = [ I hk_ . x (j) + n (k)],
J =  -OO P

Ef (x-xg) (Xg-Xg)'] = E[(xg-xg) (X-Xg) ' ] = 0  (4.7)

Thus,

E f (x-x)2] = E[(x-xg)2] + E[(xg-xg)2]. (4.8)

Eq. (4.8) completes the proof.
Since d (t) =C x (t-) , the error covariance of esti­

mating d (t) based on the observation of s (k) (see . Fig. 1.1) 
for -<»<\k<m is

E {[d (t) - d (t/-°=,m, s (k)) ] 2 } = C E {[x (t)-xg (t) ] 2 }C' +

C E{[xg (t) - :

xg (t/-°o,my s (k) ) ] 2 } C ' . (4.9)
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ft is seen from (4.9) that the overall, error consists:of

. ' ■ . ' ' ; I . ’:1 • -two terms. The first term on the right-hand side of (4.9)
represents the error due to the noise m  (t) (see Fig. 1.1),
and is independent of the coder 's . The second term .
corresponds to the error due to sampling and n2 (k), and is
dependent on the coder.
■ Lemma 4.1 The sampled value of the output of the optimum 
prefilter, y (j), can be represented by a linear combi­
nation of the x (k)'s for \k <j .
Proof. From (3.87), it follows that

f 00y (t) = J f (v) r(t-v) dv o

= f I N, F, (v-kT) u (v-kT) r(t-v) dvo i,_n K Ks s

= I .N, f00 F, (v-kT) r(t-v) dv. . (4.10)
k=0 K kT K

Let p=v-kT; then v-p+kT and dv=dP, and (4.10) becomes

00
y(t) = I %  I” F (p) r [ (t-kT)-p] dp 

k=0 K 0

C O

= I N, x (t-kT) (4.11)
k=0



150
Let t=jT; then (4.11) becomes ■

C O

y. (jT) = I N X (jT-kT) (4.12)
k=0 K S

Let i=j-k; (4.12) can be written as

j
Y (j) = J  N . .  x (i) . (4.13)

I = - O O  J

Since n2 in Fig. 1.1 is assumed to be uncorrelated 
with the input signal, we have the following conclusion 
drawn from Theorem 4.1 and Lemma 4.1:
Theorem 4.2 The joint optimization of the pre- and post­
filters shown in Fig. 1.1 can be degenerated to the prob­
lem of finding the optimum postfilter G (t) and the optimum 
coder. for estimating X3 (t) from the s (j )’s for 
j.<_<t/T> , where

. s (j ) = y (j ) + n 2 (j ) , (4.14)

y (j) is given by (4.13), and X3 (t) is specified by the 
state equation (from (Al 33) or (A.49) depending on the 
characteristic of %  (t) )..

X3 (t) = A X3 (t) + Kc u (t ) , (4.15)

where Kc is the continuous KSVF gain given by (A.35) or 
(A.51), and u(t) is the innovation process of r(t) given
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by (A.34) or (A.50) depending on the characteristic of 
nx (t), the primary observation noise.

It is seen from (4.13) that the coder contained in 
the optimum prefilter can be considered as a discrete 
filter operating on the x-(j)'s. That is, one can assume 
that there are n samplers which sample xg (t) to give the 
■ x (j) 's, where n equals the dimension of- the state vector 
Then the x (j)'s are operated on by the coder to yield 
y(k), which is then quantized and transmitted through, the 
channel. The block diagrm of this degenerated system is 
shown in Fig.. 4.1.

Since both the first- and second-order statistics 
of x (t) are known, the system shown in Fig. 4.1 is simi-S
Iar to the system considered by Hayes (20; also see 
Fig. 1.2^) except that the input to the coder shown in 
Fig. 4.1 is a vector instead of a scalar.

If the output of the coder can be characterized by 
state equations, one can.use the method developed in 
Chapter 2 to solve for the optimal postfilter. ' The case 
in which n 2 (k)=0 is investigated in the next section.
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H1 (t)

z (t) I f

e
r (t)

\________ .
continu­

ous

2toX

Z
KSVF

(a)

Coder

j
y(j)= I Ni-kxs (k)k=-=o J k s

(b)

Degeneration of the joint optimization problem: 
(a) generation of x (t); (b) the degenerated
system.

Figure 4.1
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4.3 Jointly Optimized Pre- and Postfilters with n,'(.k)=Q 
The structure of the optimum filters will be given 

by Theorem 4.3. Several Lemmas are given before proving 
Theorem 4.3.
Lemma 4.2

( $ (t) R (0) if t>0
R (t) = E[x (t+ T) X ' (T ) ] =xs . s  - s LR (0 )4> ' (-t) if t <0 

xs
Proof. From (4i15), it follows that for t> 0

x (t+T ) = $(t) Xe (T ) + J 4- (t-ia) K u(U) ay „ (4.16)
s T c

Thus, for t> 0

E [xg (t+ t) Xg(T)]=$(t) Etxg (T) Xg (T)]

+ Jt $ (t-U ) K E[u(U)xM t )] dU .T C S
(4.17)

From (A.9) ‘(where T^ = -00 and T^=t) and the fact that u(t) 
is a white noise f it follows that for U

E [u (u ) x ' (t ) ] = 0 . (4.18). s

Substituting (4.18) into (4.17) to obtain

R (t) = 4> (t) R (0) for t>0 
xs * xs

(4.19)
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For t<0,

R Ct) = E[x (t+T) x '(T)] xg s s
= -CE [Xg (T) X^ (t+T)]},

- = {$ (-t) Rx (0)}, (4.20)
s

from (4.19). Thus,

R (t) =. R (0) $'(-t). for t <0 (4 .21)

The proof Is completed by combining (4.19) and (4.21).
Lemma 4.3 where g. is given by (3.54) and (3.55).J . J J

Proof. Since £.= ./ g(t) g(t-jT)*dt for j^O, the re-3  o - j T
suit follows by letting y=t-jT.

Before we proceed with Theorem 4.3, let us assume
that'n2 (k) might not be zero, and investigate what in
general will happen if one insists on using a prefilter
whose impulse response is continuous in time. If the
F (t) specified by (3.53) is continuous in t , theny

F y (kT) = $ (kT) Fy(O) for k>0 (4.22)

from Theorem 3.1. Substituting (4.22) into (3.72) to
obtain
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V u 1 l  R XU (0) = I + .^3 (T) + ... + Si-MiT) + ... ] Fy (O).,

(4.23-1)

v ^ ( T )  L Rx u (O) = [S_1 I + So* (?) + ... + Si_1*(iT)

. + . . . ] Fy (0 > , (4.23-2) 

V "1 f (jT) L Rx u (O) = [S_j I + S_j+1M T )  + . .. + Si.j * (IT)

+ ... ] F (O) (4.23-j+l)

Premultiplying both sides of (4.23-2) by $(-T) to obtain

vU1 L Rx u (0) = C l *  (-T) Fy (O) + (S0 I + S1 * (T) + ...]Fy (0)

■ = C i  *(-T) Fy (O) + V "1 L Rx u (O) , (4.24)

where the first equality follows from the application of 
Lemma 3.1, and the second equality follows from the sub­
stitution of (4.23-1). After cancelling the common terms 
on both sides of (4.24), we have

L i  *(-T) Fy (O) = 0 (4.25)

Since * (-T) and F (0) are nonzero in general, (4.25)y
implies that.

0 .



156
Similarly, one can obtain the equation '

Cj = 0 for all j <0 .

Since £j=?_j from Lemma 4.3, we have, for any j^O

Cj = 0. (4.26)

In other words, the constraint that Cj=O' for any j^O has 
to be imposed on the postfilter no matter whether the 
postfilter is optimum or not if one insists that the im­
pulse response of the optimum prefilter be continuous. In 
the case in which a jointly optimized solution is desired, 
this constraint has to be taken into consideration in de­
riving necessary conditions for the jointly optimized pre- 
and postfilters.

Theorem 4.3 With Constraints 3.1 through 3.5 and Con­
straints 3.8 through 3.10, with n 2 (k)=0, the optimal pre­
filter of the jointly optimized pre- and postfilters can 
be represented by the combination of a continuous KSVF 
followed by a constant coder N, where

N =  Cq1 C L, (4.27)

Ca = /o°V.(t) dt, (4.28)
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fOO '

L = J0 g (v) $ (v) dv, (4.29)

and C is known (see (3.6)). The g(t) that appears in 
(4.28) and (4.29) represents the impulse response of the 
optimum postfilter for estimating d (t)=Ox (t) , and is 
given by

g(t). = C G (t) , (4.30)

where G (t) is the impulse response of the optimal post­
filter for estimating Xg (t) from the y (j)'s. y(j) is 
given by

y (j ) = N Xg (j ) , (4.31)

and X g (t) is specified by (4.15).
The state equation and the observation model given 

by (4.15) and (4.31) are similar to those given by (2.1) 
through (2.3) with x(t) replaced by x ’(t) , . H replaced by 
N, and w(t) replaced by.u(t). u(t) is a white noise un­
correlated with Xg (T) for -T <t. The model given by (4.15) 
and (4.31) fits in the standard model used in Chapter 2 
with n(k)=0. Thus, the optimum postfilter can be obtained 
by the analysis we have in Chapter 2, assuming N is known.
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Proof.- Since G (t) is the impulse response of the optimum 
postfilter for estimating (t) from the y (jT )'s , where 
y (j ) is the sampled value of the output of the prefilter 
and is a linear combination of X5 (j) (see Eg. (4.31)),
G (t) is the impulse response of the optimum postfilter 
for estimating x(t) with the given prefilter from 
Theorem 4.1. Also, since d(t)=C x(t), g (t)=C- G (t) is the 
impulse response of the optimum postfilter for estimating 
d(t) with the given prefilter. Thus, all we need to prove 
is that the prefilter specified above also satisfies the 
necessary and sufficient condition (Eg. (3.38) with 
C 3=O) for it to be an optimum prefilter.

Since the impulse response of the prefilter speci­
fied above is a continuous function of time, the post­
filter must satisfy the eguation

for all j^O, where is given by (3.55), in order forD
the prefilter to be optimum, as follows from the dis­
cussion prior to the statement of Theorem 4.3. Let

z\£(t/k) = 5 (t/-0o,k,y (i) ) = the linear least-sguare
estimate of £ (t) based on 
the observation of y(i) 
for -oo<d<k.
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and , ' ’

? (t) = C (t/m) ,

where m=<t/T>. Then

m
x (t) = I G(t-iT) y (i) (4.32)

3 _ = —  C o

From (2.27) and (4.15) , Xg (t) can also be expressed as

x (t) = 0(t-mT) x (m) (4.33)S - S

for m'Tj<t< (m+1)T. Xg (m) can be obtained from (B.9) through
(B.16) with V =0 (i.e ., K 0=O), V =0, and V obtained from wix n w
the discretized state equation of (4.15); and with x re­
placed by xs, H replaced by Ny and r replaced by y. Fur­
thermore, assume that the estimation process is at steady- 
state condition. Then

Xg (m) = $ (T) xs (m-l).+ Kd [y(m)-N(m)$.(T..)x (m-1)], (4.34)

where we have used the fact that $(m,m-l)=0(T) ($ is the
transition matrix of A). After combining terms, (4.34) 
becomes

xs (m) = [ I - K d N] 0 (T)' Xg (Itt-I), + Kd y (m) , 

where I is the identity matrix. By repeatedly using

(4.35)
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(4.35), we obtain 

'' 'm
Ss (m> = 1 Kd y(i),i=—CO ■

where. '

^  = U  Kd N] $ (T) .

Substituting (4.36) into (4.33) to obtain 

: A mxs (t) = J $ .(t-mT)^m 1 K , y (i) .
i=-oo a

for mT<t< (m+1) T. Comparing (4.38) with (4. 
mT < t < (m+1) T ,

G(t-iT) = $ (t-mT) k ,

Let v=t-iT and &=m-i. Then for m.T<t< (m+1) T

v = t - iT = (t-mT) +^ (m-i)T 
= (t-mT) + &T.

Since mT^t<(m+l)T in (4.39), (4.39) becomes 
v=t-iT and £=m-i)

n
G(v) = $ (V-KT)TJ Kd for &T<v<(&+l)T

(4.36)

(4.37)

(4.38) 

32) yields, for

(4.39)

f

(4.40) 

(after letting

(4.41)
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where : is .,given by (4.37) . Next, let us investigate the 
, value of Ci . From (3.55) ,

Cl

*

, O O

4 g(v)

/oT g (v)

g (v+T)

g (v+T)

dv

,2Tdv + J g (v) g (v+T) dv +
• T

“U+1)T
+

T
g (V) g (v+T) dv + (4.42)

From (4.41) and (4.30), (4.42) becomes

■*T. omCl = / g (v) C$(v) K- dv + g (v) CO(V-T)^f K + ... +o T a

J g ( V )  CO(V-(A-I)T)-O K- dv +
(A-I)T d

j (A+!) T g(v) CO (v-AT) {>*+1 K- dv + ... . (4.43)
AT a

Substituting (4.37) into the second term on the right-hand
side of (4.43) and using Lemma 3.1 to obtain
2T 2T

/ g(v) CO (V-T)-O-2 K dv = J g (v) ; CO (v)0 (-T) [I-K-N] x 
T a T a

O(T)^Kd dv

*Sihce g (v) is a piece-wise continuous function.
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= . /2T g (v) C$ (V)^K dv - C f2T g (v) § (v-T) K (T) ̂T a T a

x Kd dv (4 .44)

The integrand of the first term on the right-hand side of 
(4.44) is in the same form as the integrand of the first 
term on the right-hand side of (4.43). By letting u=v-T, 
the second term on the right-hand side of (4.44) becomes

J 2T g (v) C4> (v-T) K. N$(T)$K, dv T a a

= JoT g(y+T) c$(u) Kd Nf(T)^-Kd dy 

= /T g(y+T) g (y ) N4> (T)-^K, dy0 u

= /qT C$(u )^g (y) N0 (T)^Kd dy

= C[/gT g(y)$'(y) dy ] [^N$ (T)T^Kfl] f (4.45)

where the second and third equality follow from the sub­
stitution of (4.41), and the last equality follows from 
the fact that g (y) is a scalar. Similarly, the (£+l)th 
term on the right-hand side of (4.43) can be written as

/ U+1)T g (v) C$ (V-JlT)-^+1 K dv 
£T a
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'r U L + 1 ) T ■ o ' := J q(v) Cf (V) 5> f-JZ-T) • ri-K.Wl $ K dv

j(5,+l)T g(v) C$ (V-(Jl-I)T)^ K- dv - 1
HT d '

(4.46)

The integrand of the first term on the right-hand side of 
(4.46) is in the same form as the integrand of the &th 
term on the right-hand side of. (4.43). By letting u=v-2T; 
the second term on the right-hand side of (4.46) can be 
written as

I U+1)T 
&T

g(v) C(MV-JiT) Kd N M T ) y  Kd dv

/oT g(y+JiT) [Cf (n) Kd ] N M T ) ^  Kd dy

IJ  g(y+JlT) g(vi) M  (T)y  Kd dy

fT Cf (u )$£ g (y ) Nf (T)/ Kd dy

= • C [/gT g (y ) f (y ) dy ] [ /  Nf ( T ) / % ] (4.47)
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Through the use of Eqs. (4.44) through (4.47)., Eq. (4.43)

■ . • • /  - '

becomes

fT  OmCl = C [/ g (V) # (V) dv + ; g (V) $ (V) dv + ... J1?- Kj - 
0. T d

, ,1J1 OmC [/ g(v)0 (v) dv + / g(v)0 (v) dv + ... ]x
0 T

(T) Kd ] - ... -

C [/Jr g (v) $ (v) dv + /2T g (v) f (v) dv + __ j x

(T)^Kd ]

= C [j” g(vjf(v) dv] [I - N$ (T) - ... - T ^ - 1X0.

NO (T)^ - ...,] Kd

= C L^[I - m  (T) - . . . - m  (T) - ... ] Kd , (4.48)

where the last equality follows from the substitution of 
(3.63). Since N= £0 C L from (4.27) ,

C L $  = N (4.49)

From (B.13^) and (B.14), it follows that with Vn=O (where 
H is replaced by N),

N Kd = N V£(j/j-l) N 1 [N (j/j-1) N ']"1

I (4.50)
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Thus,

Co N t>= C0 N [I - Kd N]$ (T)

. ■ = Co [N - N Kd N] $ (T)

= Co [N - (T) = O  (4.51)

Furthermore, for a stable system, -$-+0 as A->o°. Through 
the use of (4.49) and (4.51), we finally obtain

Cl = C0 N ^  [I - N$ (T) - ... - N$ (T) ] Kd

= 0 • [I - N4> (T) - ... - ii“1 *N4.(T) - ...]*K,
Cl .

= 0. (4.52)
Similarly, one can obtain

Cj = C L ̂ [I - m  (T) - ... -r-tf*-1 NO(T) - Kfl

= 0 (4.53)

for all j>l. Since Cj= C_j from Lemma 4.3, we conclude 
that

Cj = 0 for all j^O (4 .54)

from (4.53).
The rest of the proof can be done easily. Since 

the prefilter is assumed to be the combination, of a con­
tinuous KSVF followed by a constant coder N,
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f(t) = N  Fk s (t)

C u ;1 L V "1 Rxu (t) Us (t) ® fu (t)] (4.55)

where the second equality follows from the substitution 
of Eqs. (3.86) and (4.27). Let

Fyr <t) = Sr1 -L V "1 Rx u Ct) U5 (t) (4 * 56 )

and
fyr(t) = c Fy r Ct).

Substituting (4.56) into (4.55) to obtain

(4.56b )

f(t) = C [Fyr (t) © fu (t)] = fyr (t) © fu (t) (4.57)

Since Cj= 0 for j^O from (4.54) , (3.70) and (3.71) can be
satisfied by letting Fy (t)=Fy r (t). Since (3.70) and (3.71) 
completely specify the optimum Fy (t), the f(t) given by 
(4.57) is the optimum prefilter by comparing (4.56^) with 
(3.76) and (4.57) with (3.83). Thus, the proof is com­
pleted.

We have seen from this theorem that with the opti­
mum prefilter, one tries to estimate Xg from the y(j)'s, 
where the quantities are modeled by (4.15) and (4.31). 
Without the optimum prefilter, one tries to estimate x 
from the r(j)'s, where the quantities are modeled by (2 .1 )
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through (2.3). As far as the postfilter is concerned, the 
models are quite similar to each other (with and without 
the optimum prefilter). The only difference is that in 
the case with the optimum prefilter, one has a certain 
freedom in choosing the coder N in order to reduce the 
error. Without the optimum prefilter, the observation 
matrix H is fixed.

The block diagram of the (degenerated) jointly op­
timized system with n 2=0 is shown in Fig. 4.2.

With the background we have•so far, the only prob­
lem left is to find the coder N, which we solve in the 
next section by the nonlinear programming techniques..

4.4 The Application of Nonlinear Programming
In this section, the prefilter is restricted to 

the class of filters that can be represented by the com­
bination of a continuous KSVF followed by a constant coder. 
If nz'in.Fig. 1.1 is absent, this structure of the pre­
filter is optimum as proven in the previous section. 
Otherwise, it becomes a suboptimum system..

4.4.1 Outline of procedure
Since the coder N is a constant, matrix, the output 

of the prefilter is given by (4.31). The observation .



y (t)=N x (t)

Figure 4.2 Degeneration of the joint optimization problem when n 2=0.

168
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process at the receiving end, s (j), is given by (3 .5 ) ; and... I

• . : IXg (t) is specified by (4.15). The problem of finding 
/\ 'Xg(t/-°°,m,s(i)) has been solved in Chapter 2 assuming the 
coder N is known. Thus,, the problem is to find the coder 
N. Let. C(t)=| (t/-°°,m,s (j )) . Then from Theorem 4.1, it 
follows that

E {[x (t) >  x (t) ] 2 } = E {[x (t) - Xg (t) ] 2> +

E {[xs (t) - Xg Ct)] 2K  (4.58)

Since d (t) =C x(t),

E {[d (t) - d (t) ] 2 } = C E ([x (t) ] 2 }C1 +

C E{[xg (t) - xg (t)]2} C ' . (4.59)

The first term on the right-hand side of (4.59) is inde­
pendent of the coder N. For the second term, write

E. {[x (t) - x (t) ] 2} = Vv (t) s s xg

= $ (t̂ mT.) Vv (m)0'(t-mT) + 
xs

/ 0(t-v) K V K'$'(t-v) dv.mT c u e
(4.60) .

for ntT<t< (m+1) T from (D.37). The second term on the right- 
hand side of (4.60) is again independent of the coder N. •
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Integrating the first term on the right-hand side of 
(4.60) from t=0 to t=T, then dividing it by T to obtain 
(m=0 for .0<t<T)

J = (1/T) fT $(t) V~ (D) $' (t) dt (4.61)s o xs

Premultiplying by C and then postmultiplying by C  on 
both sides of (4.61), the function that we want to mini­
mize with respect to the coder N is

Jn  = C Jg C  = (1/T)C-/oT 0(t) V~ (0)$' (t) dt C .

(4.62)

Jn  corresponds to the part of the error that depends on 
the coder N , and Jn  corresponds to the error with a pen­
alty function given by (D.16). Since steady-state con­
dition is assumed (Constraint 3.5), (O)=Vr̂ is speci-

xs xs
fied by the following equations

Kd = v~ N 1 
xs

[N N' + V ] 1 , (4.63)

= $ (T) $' (T) + V , . (4.64)
Xs Xs Wd

and

■ Vx = [I " Kd N] V5 'x S d ' x S
(4.65)
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where

/0T  ̂(t) Kc Vu K- *• (t) dt, (4.66)

where Vy is the variance of the innovation process u(t) 
of r(t), and Kc is the continuous KSVF gain for estimating 
the x (t) from the r(t) (see Eqs. (3.1) through (3.3)).
Eqs. (4.63) through (4.65) are obtained from Eqs. (B.13)
through (B.16) with Vwn=O , V^=Vw ; with x replaced by 
xs , H replaced by N, and Vri replaced by Vri , where n2 is

(4.67)

(4.68)

specified by (3.5); and with

(j) = V% (j-1) = V% ,
Xs xs xs

. V% (j/j-1 ) = V% (j-l/j-2 ) = V^ , 
X s xs xs

and

Kd (j) = Kd (j-1). (4.69)

Eq. (4.66) is obtained from (C.9) with t = (k+1)T-t ; and
with I(t ) replaced by Kc , and V ^ (t ) replaced by Vy . Let

Vvx.

eI e 2

e2 e
. e

n+1 .

e
Z

(4.70)
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where £=n+'(^) . n is the dimension of the state vector . 
Also, let

N =  tni , n 2 F ... , 'n ] . (4.71)

A brute-force method to find the optimal coder is
described at first as follows: Eqs. (4.63) through (4.65)
consist of a set of Riccati equations that enables one to
solve for the VrV in terms of such parameters as N, V

xs n2
and V , etc. One then substitutes the expression of the 

wd
found above into (4.62). Finally, the n^'s can be 

found by the ordinary calculus. In simple cases such as 
when the input signal is a first-order Gauss-Markov pro­
cess, this brute-force method can be applied easily.
But in more complicated cases, the Riccati equations of 
(4.63) through (4.65) are rather hard to so'lve. In 
these cases, the nonlinear programming techniques can be 
applied to find the optimal coder N. Substituting (4.70) 
and (4.71) into (4.63) through (4.65), we obtain a set of 
equations in the n^'s and e^'s in the form

FEi Ee1 ,e2 • • • 7 e ; ni /H2 / • • * 7 ]
(4.72)
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where all the quantities are scalars. Substituting' (4.70) 
into (4.62) to obtain 1

m " i i..
JN  = I. b, [ I (e ) :*]. (4.73)
1N ■ i=i J k=i *

Consider both the e^'s and n^'s as variables; the problem
is to minimize subject to the equality constraints of
(4.72), and the constraints that the diagonal elements of
the VrV. (see (4.70)) be nonnegative. This is a typical 

xs
problem that can be handled by the nonlinear programming 
and search techniques. An algorithm developed by 
Pierre (45) has been applied to this problem. Examples 
will be given in Section 4.4.2, and in Chapter 5.

4.4.2 Examples
Example 4.1; A second-order Gauss-Markoy process as the 
input signal.

Referring to Fig. 1.1, the signal and observation 
models at the sending end are given by the following 
equations:

-a 0 

0 . -b
(4.74)x ft) x (t) .+ w (t) .
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and

r(t) = [I, 1 ] x (t) + m  (t)

where

Vt-T.)
2aaa O 

O 2bcrb
8 (t-T),

and

Rni (t-T). = Vn 6 (t-T) .

(4.75)

At the receiving end, n 2=0. Since the gain of the pre­
filter is nonunique in the absence of n 2 (see the dis­
cussion after (E.33) in Appendix E), one can let

N =  [I, n 2].

From the procedure outlined in Section 4.4.1, it is found 
that e 2=-n2 e 3 and O1=n| e 3, where the e^'s are defined 
by (4.70) with &=3. Letting e=e 3, the function to be 
minimized can be expressed in the form

JN (e,n2) = [n2•e • (I-U^ab ) - n 2 e- (l-a|) - e •(l-ab )/3.]/2T

subject to the equality constraint

FE (e,n2) = ipc e 2 + e (Y^- + ^ b ,
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.where a =exp(-aT) and a =exp (-bT) , and

f.'- ki ab + k 3 n 2 + 2 k 2 n 2 aaab /

Il' b 
S- ki - ki k 3.

f = - n 2 (aa " “b ’2'

Il ki + 2 n 2 k 2 + n| k 3,

ki k 2-

k 2 . k 3
= /0T * (t) Kc vu k ; (t) dt,

and

Kc = the continuous KSVF gain for estimating the
x(t) from the r(x) for -=°<r_<t, where the x(t) 
and r(t ) are specified by (4.74) and (4.75).

Furthermore e>0. The result found by the nonlinear pro­
gramming technique for the case a=-I, b=-3 , aa=0.1875, 
^b= O . 104.2, V n=I, T=0.1, and d(t)=[l, 1] x(t) is

n 2 = 0.91 .

The steady-state prefilter is specified by the following 
equations:

xg (t) = A xg (t) + Kc u(t), (4.76)
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y(t) = [i, 0.91] X s (t) (4.77)

where

u (t) '= r (t) - [I, 1 ] -xg (t) ,,

and

0.1690

0.0.9 84

The steady-state optimal postfilter is specified by the 
following equations:

• OO
x(t)' = A x(t) + K, I u, (i) 6 (t-iT)

a  k = - »  a

and

d° (t) = . [I, 1 ] x (t) ,

where

ud (i) . = y (iT)
-aa

N-
0

x (iT),
-ab

(4.78)

(4.79)
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Kd = [0.6747, 0.3574].

To check the validity of Eg. (4.27)(Theorem 4.3), 
one has to find the impulse response of the optimal post 
filter g(t), which is found to be

00
g (tO = [ga (t) + gb (t) ] u (t,0) + I (0.7942)1"'1

^ i=l
[ (0.7942-otb ) ga (t-iT) + (0.7942-0^) gb (t-iT) ]

^u (t,iT) ,P

where

ga (t) = 0.6750 exp(-t), 

gb (t) = 0.3575 exp(-3t),

U p (t,iT) = ug (t-iT) - ug (t-(i+l)T),

and

ug (t)'= the unit step function.

(3.54), since nz=0, c 3=0 and

C0 == / J  g 2 (t) d t

and

From
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/oT [ga (t)+g,b (t) ] 2 d t +  J  (0..7942)2 (l~1)/ (:L+1)T
i=l

[(0.7942-ab ) ga .(t-iT) +' (0.7942-aa ) gK (t-iT) ] 2dta 3b
0.09069

Also, since

0 C U
exp (-t)

0 exp (-3t)

from (4.29),

L = J  g (t) 3> (t) dt 0

[0.0907, 0.0825]

We thus have

Co1 C L f [0.9996, 0.9097]

= [1,0.91] = N.

Hence, except for a very slight round-off error, (4.27)
has been verified to be correct.

We used a diagonal matrix in this example in order 
to simplify computation. The same procedure can be used 
to handle the problem with a nondiagonal matrix A.
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Example 4.2: A second-order Butterwprth process as the
input signal. '

The signal and observation models are

x (t) + w (t)

and

r(t) = [I, 0] x (t) + ni (t) ,

where

Rw (t-r) =

and

Rti (t-T) = (2.45/coc ) 6 (r-T) .

Again, n 2= 0 . By an argument similar to that used in 
Example 4.1, one can let N = [I, n 2]. The procedure for 
solving this example is similar to that of Example 4.1, 
except that the expressions are more complicated. The 
details are omitted. The result found by nonlinear pro­
gramming for the case in which oj =1, T=tt , 
d(t)=[I, 0]-X(t) is

2/2w:c
6 (t~T )

X (t)
-Cl) -Cl) /? C

and
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na = 0.4239.

This result checks with the one found by Petersen (42).
These two examples primarily serve as a check for 

the correctness of the development we have here. More 
examples with physical interpretations will be given in 
Chapter 5.



Chapter 5

SYSTEM PERFORMANCE

5.1 Problem Statement and Preliminary Remarks
The design of the optimum realizable pre- and 

postfilters, and the design of the fixed-lag postfilter 
have been studied using the state-space approach in pre­
vious Chapters. It is o f .interest to investigate the per 
formance of various systems in this Chapter. We will 
study the physical interpretations of this problem such 
as the primary function of the optimum realizable pre­
filter; how much error reduction is achieved by the addi­
tion of a prefilter; how much complication this creates 
in implementation; how the addition of a prefilter com­
pares with allowing delay at the receiving end, i.e., 
with having a finite-lag optimum postfilter in the ab­
sence of a prefilter; how close the performance of the 
optimum realizable filter is to that of the optimum un­
realizable filters; and how close the performances of 
certain suboptimum systems are to that of the optimum 
systems. Unless specifically mentioned, all the system 
considered in this chapter have a single sampled-data
link.
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Since only stationary inputs , ■ time-invkrianl;, sys­

tems , and steady-state conditions will be considered in 
this chapter, it is helpful to look at the frequency- 
domain approach to this problem briefly first. This will 
serve to check the results obtained in the previous 
chapter of this thesis.

5.2 The Frequency-Domain Approach to the Filtering
Problem ,
Most of the solutions obtained using the frequency

domain approach to filtering problem are based on the
solution of Wiener's problem, where the function to be
minimized with respect to g(t) (or S (f), the fourier9
transform of g(t)) is

J = R (0) - 2/°° R , (t+ot) g(T) dr + Jm g(p) f” R (p-t )

g(x) dp di. (5.1)

In the frequency domain.

J = Rd (O) - 2j-ro Sg (f) Srd (-f) d f +  /coISg (f) I2 Sr (f) df,

(5.2)

where S . (f) is the fourier transform of R . (t ).
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The solution for the optimum unrealizable filter ob­
tained from (5.2) is

V f) = S<ir(f )/Sr (f)/  ■ <5.3a)

and the optimum realizable filter is

Sg <f) - (l/S+(f)).[Sdr(£)/s;(£)] + , .(B-Sb)

where E(f) = C (f)• C (f) with C (f) (C (f)) containing 
upper (lower) half plane poles and zeros only, and 
C(f) = [5(f)]+ + [?(f)]_ with

-00[ £(f) ]+ = J0 ?(t) exp (-j27rft) d t ,

and

o .
[5(f)]_ = / £(t) exp (-j2TTft) dt,

where.j denotes the imaginary number. , 5(f) is the fourier 
transform of any real time function.

Let us consider the system shown in Fig. I-Ic 
with the following assumptions: the number of sampled-
data link is one; the inputs are stationary; the filters 
are time-invariant; n 2 is an independent noise. Further­
more, a power constraint is imposed on the prefilter.
Then the function we want to minimize with respect to the

(5.4)

(5.5)
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pre- and postfilters is given by (E.42) with all 
titles being scalars:

J = Rd (O) - (2/T) J00 1°° Rdr (8+v) f (3) g (v) dv d3

x {/" g (v-AT) g (v) dv [/“ /“ f (a) R
—  ° 0  —  00. —  O O

x f (8 ) dad8 + Rn (A)} + X • J" / f (a ) 

x f (8 ) dad8

with the power constraint being given by (E.40). 
frequency domain,

J = Rd (O) - (2/T) /00Sg (f) Sf (f) Sdr (-f) df

.+ H l s  (f) I2 [|S (f) J2 S (f) + S (f)]*.df-co y -L r . n2

+ x - H l s f (f) I2 sr (f) df,
—  0 0  '

where we have, used the relations

H a  (t) b(t) dt = H  S (f) S. (-f) df,__ — a D

the quan

+ (1/T) 

.(£T+8 -a)

Rr (8-a)

(5.6) 

In the

(5.7)

(5.8)

and
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*

[Sa (f )] = I a (kT) exp (-j2TtfkT)
k=-00

O O

= (1/T) I S (f - (k/T) ) 
k=-°°

= the spectrum of the sampled version of 
a (t). (5.9)

where Sa (f) and (f) are the fourier transforms of real 
time functions a (t) and b (t), respectively. The last 
term on the right-hand side of (5.7) is independent of 
Sg(f). Comparing (5.7) with (5.2), the transfer function 
of the optimum unrealizable postfilter is seen to be.

Sg (f) = Sf (-f) Sd r (f)/D(f) (5.10)

from (5.3 ), where a

Di (f) = 11 Sf (f) I 2 S (f.) + S (f) ] * ; (5.11)
i- JL 1 1 2

and the transfer function of the optimum realizable post­
filter is.

Sg (f) = d / D + (f)) [Sf (-f) Sd r (f)/D" (f)]+ . (5.12)

from (5.3^). In terms of the Laplace transform variable 
s , the optimum realizable postfilter can be written as
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(by letting f s /2tt j, where j is the imaginary number)

Sg (s) = (l/D+ (s)) [Sf (-s) Sd r (S)ZD" (s) ] + / (5.13)

where

D(s) = [|Sf (s) J2 Sr (s) + Sn2 (s)]* = [|sf (s) J2 Sr (s)]*

+ [Sn 2 (s) 1 • (5.14)
For the prefilter, since

C O  ^
/ Sa (f) Sb (f) df = / S (f) Sh (f) (reference number 9)

(5.15)
(5.7) becomes

J = Rd (O) - (2/T)/00 Sf (f) S (f) Sd (-f) df + (1/T)
—  00 y  U,‘L

X /"[JSf (f) J2 Sr (f) + Sn2 (f)] [|Sg (f) I2];* df 

+ A*/00 J Sf (f) J 2 Sr (f) df; (5.16)

i • 6 • f

j = Rd (O) - (2/T)/00 Sf (f) Sgi(JE) Sdr (-f) df

+ (VT)Jro. J Sf (f) J2 Sr (f) [(Jsg Cf)/2)*.+A] df 

+ (1/T) J” Sn2 (f) [|Sg (f) J2]* df. (5.17)
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The last term on the right-hand side of (5.17) is inde­
pendent of the prefilter. Comparing (5.17) with (5.2), 
we find that the optimum unrealizable prefilter is given 
by . ■

Sf (f) = Sg (-f) Sd r (f )/Se (f) , . (5.18)

where

Se (f) = {[|Sg (f) I2]* + X}Sr (f); (5.19)

from (5.3a ); and the optimum realizable prefilter is 
given by

Sf (f) = (1/Se (f)) [ Sg (-f) Sdr (f)/s"(-f)]+ . (5.20)

from (5.3^). In.terms of the Laplace transform variable 
s, the optimum realizable prefilter can be expressed as 
(by letting f=s/2irj in (5.20) , where j denotes the imagi­
nary number)

Sf (s) = (1/Se (s)) [Sg (-s) S (s)/Se (s) ]+ (5.21)

where

Se (s) = {[ |S (s) I2]* + U S r (S). (5.22)
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5.2.1 Jointly optimized unrealizable pre- and postfilters 

It has been shown by Chan and Donaldson (7) that 
the jointly optimized unrealizable pre- and postfilters 
in the case in which m  =0.are ideal bandpass filters with 
identical passband. The width of the passband is fs=l/T, 
where T is the sampling period. Thus, the jointly opti­
mized pre- and postfilters eliminate aliasing. The same 
situation exists when m . The extension is straight­
forward and will not be proved here.

Brown (5) has shown that when n 2=0 Cn1 ; refer 
to Fig. 1.1 ), the passband is determined by

t o if |s d r  (f)|2/sr (f) >'

lSdr (f~k/T) I V s r (f-k/T)
J  ‘ for any k^O

Sf (f) [or Sg (f)] \  (5.23)
I= 0 ,otherwise.

Inside the passband, the filters satisfy the equation

Sf (f) Sg (f) = T Sd r (f)/Sr (f), . (5.24)

where s^r (f)/sr (f) is the unreaiiable Wiener filter in the 
absence of sampling. The mean-square error between the 
,desired signal d(t) and the output of this system is given 
by .
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J = / [Sd (f) " I Sdr (f) |2/Sr (f)]. df + / Sd (f) df, (5.25)
fS ' • fs

where, f ' denotes the complement of the passband f . Thes • . . ■ , s
first term on the right-hand side of (5.25) represents.

• ■ ■

the error due to the primary observation noise n. (see 
Fig.1.1), and the second term represents the error due 
to sampling. Recognize that

/ [Sd (f ) - Sdr (f) V S r (f) I. df = the mean-square error
-°°

caused by using the unrea-
. v  • Iizable Wiener filter in 

the absence of sampling.

Thus, inside the passhand, the optimum unrealizable pre- 
and postfilters try to filter out the noise just as the
Wiener filter does (32). . But outside the passband, the

'
system simply ignore both the signal and the noise.
Since fs=l/T, as T increases, fg decreases. This means 
that as T increases, the optimum unrealizable pre- and 
postfilters become more and more ignorant of the effect of 
n1 (t), and concentrate their efforts in dealing with the 
aliasing effect.
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. It is ,interesting to compare (5.25) ,with (4.9) . .

' ‘ ': ; . : ' . ' ' : . :' .iThe first term o n ;the right-hand side of (4.9) represents 
the error due to n, ■ by using the optimum realizable zero- 
lag pre- and.postfilters. Since this is the error pro­
duced by using the Wiener filter in the absence of sam­
pling, it is seen from (4.9) that this part of the error 
(due to U1) remains unchanged when sampling is introduced 
in the case of optimum zero-lag filtering.

5.2.2 Jointly optimized realizable pre- and postfilters 
When there is no delay factor, the only poles of 

the bracketed expressions on the right-hand side of 
(5.13) and (5.21) are the ones due to s^r (s)• Let these 
poles be denoted by X . for i=l,2,...,n ; and leti p

_ n
Sa (s) = [3^ (-S) Sd r (s)/Se (s)]+ = ml Otj/  (StYi ) ,

i—I
(5.26)

and

sb (s) [Sf (-S) Sd r (s)/D
n

(s) ] + I 3•/(sty ),
+ i=l 1 1

(5.27):

where the X V s  are known, and the a^ and 3 V s  are to be 
determined.
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Substituting (5.27) into (5.13) to obtain

■

S (s) = (1/D (s)) [ I 3 . / (s+Y. ) ] .
9 i=l 1 1

(5.28)

Thus,

3 (s) S (-s)]*= a/D(s)[ % 3 ■ / (sty . ) ] [ I 3 •/ (-sty . ) ] } 
g 5 i=l 1 1 i=l 1 3̂

[S 'Ts) S (s)]*+S* (s)] -L x n 2

Bi
i=l (S+Yi) ]* tJ 1 ("Styi )

0i ]} (5.29)

where we have used the relation

[C (s) n (s)] = C (s) n (s) (reference 9), (5.30)

and £(s) and n (s) are the Laplace transforms of any real 
time functions. Similarly, by substituting (5.26) into 
(5.21), we obtain

[Sf(S) Sf ("s) Sr (s)] [S2'(s)]* +X [ J 1 (SfYi ) ' J 1 ( - s ^ ) 1

(5.31)

Let X = [I Sg (s) |2] and Y = [|Sf (s) |2 'S^ (s)] , then one 
can solve for X and Y from (5.29) and (5.31) in terms of



192
ai' and . By substituting the resulting,X and Y
into (5.13) and (5.21), one can find expressions for 
Sg(s) and, Sf (s) in terms of, av, , etc. By substituting 
the resulting (s) and Sf (s) into (5.26) (or (5.27)), 
the and Bf lS can be found by equating coefficients. 
Finally, X can be found from the power constraint given 
by (E.40) (with the quantities transformed into the s 
domain). . .

This method is in general rather' cumbersome, even 
for special cases such as that in which n 2=0 (see 
Fig. 1.1 ). This special case has been studied by 
Chang (9) and Robbins ,(49). The result is summarized as 
follows. The optimum presfilter can be expressed as

' Sf (s) = Ko Sa (S)ZsJ(S)/ . (5.32)

and the optimum postfilter is given by

, Sg (s) = Sb ( S ) / (Kq Sfjj(S)) (5.33)

where' Kq is an arbitrary constant,

Sa (s) = [Sb (-s) Sdr (s)Z (Sj (s) S~ (s) ]+ , (5.34)

Sb (s) = [Sa (-s) Sd r (S)ZSj(S) S J (s) ] + , (5.35)

and
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S<j>(s) = [Sa (s) Sa (-s)]* = Isb (S) ■ Sfa (-s)] *

Clearly,

Sa (S) Sa (-s). = Sb (s) Sb (-s). (5.37)

The solution can, again, be started by assuming that 
n

We will compare the result obtained in Chapter 4
with the above equations using an example. That is, we 
will show that the result -obtained in Example 4.1 satis­
fies the above equations. ,It follows from (5.32) that 
Kq Ss (S) represents the part of the prefilter that operates 
on the normalized innovation process of r(t)— the primary 
observation process. Thus, (refer to Fig. 1.1), the power 
spectrum of the output of the optimum prefilter is:

From (4.76) and (4.77), since u(t) is a white noise, we 
have

S (s) = K! Sn (s) Sn (-s).y  O  a. a. (5.38)

S, (s) = [I, 0.91] (sI-A) -I K V K ' (-sI-A)C U C
-I [I, 0.91] '.

(5.39)
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Comparing (5.38) with (5,39) to obtain . • '

K S_(s) = [I, 0.91] (Sl-A)""1 K /V~U d C U

= /XT 0.26 [ (s+2.3075)/( (s+1). (s+3))].

(5.40)

Similarly, Sfa (s) can be found from (4.78) and (4.79) .
Since Vy^=O.0057 (= the variance of the innovation process 
of y(k)), we have

Sfo(S) = 0.0778 (s+2.3074)/[ (s+1)• (s+3)]. (5.41)

First, it can be seen that with a properly chosen

S^(S) (-s) = Sb (S) Sb (-s).

Furthermore, we-want to check to see whether (5.35) and 
(5.34) can also be satisfied by the S ^ (s) and Sfa(S) 
given by (5.40) and (5.41). .From (5.36) and (5.40), it 
follows that

8*0) = [Sa(s) (-s)]*

V • 0.26 
Ud

(1-x z 1) a
- I , -I.

• (1-x z) 
xa a

(l-aaz ) (l-afaz . ) (l-aaz) (l-afaz) '

(5.42)
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where xa=0.79 , «a= 0 .9 , Cxfc=O. 74, and Xfo=O. 06 7. The Sfo (s) 
found by (5.35) with SI (s) given by (5.40) is (notice that

Cl

the constant Kq does not affect the result since it is 
cancelled by the numerator and denominator in (5.35)):

Sfo(S) = 0.0779 (s+2.3077)/[(s+1) (s+3)]. (5.43)

(5.41) represents the result found directly from the
state-space approach, whereas (5.43) represents the result
found using the.equations derived from the frequency-
domain approach assuming Sa (s) is known: Comparing (5.41)
with (5.43), we see that except for round-off error,
(5.35) is satisfied by the result obtained in Example 4.1.
It is obvious that (5.34)' can also be satisfied by the
S (s) and S, (s) given by (5.40) and (5.41). Thus, except a D

for a slight round-off error, the result found using the
state-space approach satisfies the equations derived from
the frequency-domain analysis.

The fact that the periodic factor of the transfer
function of a prefilter can be shifted to the receiving
end in the case in which n 2=0 can be seen from (5.30).

* *Assume that S_(s)=S_ (s) Sf (s), where Sf (s) represents
c p P

the periodic factor of the prefilter. Then
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S*(s) =. fe- (s) S (s) S (-s) [S (S) s, (-S)')*}* ; ■
.y c C P • P :

= IS (s) S (s) S (-s)]* [Sf (s) Sf (-s)]*. (5.44)
C fC . fP fP

Thus, if Y1 is the output of fc , one can sample Y1 first; 
transmit it through the channel; and then pass it through 
fp. The resulting output will have power spectral density

Sy (s).

5.3 Error Analysis.
The performances of various systems will be inves­

tigated by means of several examples in this section. 
Instead of providing the details about how those examples 
were worked out, we will outline the general procedures 
in the following subsection, and emphasize the results and 
their physical interpretations in the remainder of this 
chapter. .

5.3.1 Outline of the general procedure used in working 
the examples

In the case in which no consideration is given to 
the design of the prefilter, expressions of the error 
covariance of the system with the optimum postfilter has 
already been given in Appendix D. With stationary inputs,
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time-invariant systems, and with the assumption that the

. ■■ : ■
. • • , testimation process has reached a steady-state condition, 

then the. gd (t) given by (D.14) and (D.15) can also be 
found by the frequency-domain approach (57). The result 
is:

gd (t) " 0̂ '1 [Sd r (s)/S*™(s)]f (5.45)

where of denotes the inverse Lapiace transform, and
Sr (s)=[S (s)] . Eqs. (D.13) and (5.45) enables one to

*find the steady-state error when Sr (s) and S^^fs) are 
known.

In the case in which the optimum prefilter is 
present but the system is constrained by Constraints 3.1 
through 3.5 and Constraints 3.9 and 3.10, then Theorems
4.1 through 4.3, and Eq. (4.9) provide the basic, tools
for finding the error. The first term on the right-hand 
side of (4.9) represents the error resulting from using 
the Wiener filter (or the Kalman-Bucy filter) in the ab­
sence of sampling, which is a well known quantity. The 
second term on the right-hand side of (4.9) is dependent 
on whether n 2 is present or absent, and on the number of 
the sampled-data links that are available.
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When there; is only one sampled-data link available 

and n2=0, we have seen from Theorem 4.3 that once the 
constant coder N is known, the joint optimization problem 
is reduced to the problem of designing the postfilter 
without considering the prefilter. Thus, our procedure 
is first to find the optimum coder using the state-space 
approach (Section 4.4), and then Eqs. (D.13) and (5.45)
(where r is replaced by y, the output of the optimum pre­
filter; see Eq. (4.31)) are used to find the expression 
of the second term on the right-hand side of (4.9).

When there are n sampled-data links available, 
where n is the dimension of the state vector which char­
acterizes the input signal, and n2=0, an expression of 
the second term on the right-hand side of (4.9) can be 
found as follows.. From the results obtained in Section 
3.2, the signal observed at the receiving end is the 
Xg (k)'s (the sampled version of Xg (t) which is the output 
of the continuous KSVF, and is specified by (4.15)). From 
(D.37), it follows that

6 {[x (t) - x (t).] 2 } = 4> (t-mT) V% (m) 0 '(t-mT) +s s - xs . -

J t  §(t-v) Kq V u K; (t-v) dv, m?=<t/T>.
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Since the observation process is x (kT), V~ (m)=0, and

S Xs(5.46) becomes

Ei tix (t) - x (t)] 2> = Jt 4> (t-v) K V _ K' $ 1 (t-v) dv. (5.47) S 3 mT c u e

where K is the steady-state continuous KSVF gain, and V 
is the innovation process of the primary observation pro­
cess r(t). Both Kc and V^.can be found by the known re­
sults of Kalman filtering. Finally, the steady-state 
error can be found by integrating both sides of (4.9) 
from t=0 to t=T, and then dividing by T on both sides of 
the resulting equation.

The steady-state error of the system with the 
jointly optimized unrealizable pre- and postfilters can . 
be found from. (5.25) (with n 2=0). Thus, we have outlined 
the .general procedure used in calculating the steady-state 
error of the optimum systems. Error calculations for 
suboptimum systems with a ZOH- (zero order hold) as the 
postfilter will be explained in the examples.

Before proceeding, let us define the following 
quantities as the normalized steady-state mean-square 
error between the desired signal and the output of the 
systems specified thereafter:
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; \ , • EUNFG: with the jointly optimized unrealizable pre- 
and postfilters. ' '' '

EUNG:' with the optimum unrealizable postfilter 
and without a prefilter.

EG: with the optimum realizable postfilter and 
without a prefilter.

EFG: with the jointly.optimized realizable pre- 
and postfilters.

EFM: with the jointly optimized pre- and post- 
filters, and with multiple sampled-data 
links.

EFZ: with a ZOH (or the modified.ZOH with a 
gain factor) as the postfilter, and with 
the optimum prefilter.

EZ: with a ZOH as the postfilter and without a 
prefilter.

EMZ:. ■ with the modified ZOH (with a gain factor) 
as’ the postfilter and without a prefilter.

and
: EFGQ: with the cascade of a continuous KSVF fol­

lowed by a constant coder as the prefilter, 
and with the optimum postfilter in the case 
in which n 2^ 0 .

Also define.
ED .=-EFG + EG 
EDM =.-EFM + EG

and
EDZ = EMZ -.EFZ.
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Furthermore, assume that o is the variance of the desired 
signal. Define a given system as being asympototically 
stable if the resulting mean-square error between the 
output of the system and the desired signal does not ex­
ceed, a as T-*00. .

.
n 2=0 in all of the following subsections except 

5.3.6 (refer to Fig. 1.1 ). By Theorem 4.3, the optimum 
realizable prefilter in the absence of m  is simply a 
cascade of a Vector Wiener filter (continuous KSVF) fol­
lowed by a constant coder. It is well known that the 
function of the Wiener filter is to try to filter out the 
noise; this fact suggests that in the absence of nz, the 
essential function of the prefilter is to try to reduce 
the aliasing of the noise m . The validity of this as­
sumption will be investigated in the following subsec­
tions.

5.3.2 Case I: A first-order Gauss-Markov process with
an uncorrelated colored noise .

The.models of the signal and observation processes 
are given by the following equations:

x(t) = -a x .(t ) + w(t), (5.48)

. d(t) = x (t), (5.49)
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ny (t) = -b m  (t) + (t) ,

and
r (t) = x  (t) + nx (t) , 

with prior statistics given by 

Rw (t-r) = 2a a 6 (t-x)

Rw (t-x) = 2b Vn 6 (t-x)

. and

(t-x) 0

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)

The performances of various sytems for this example 
are shown in Figs. 5.1 and 5.3 through 5.9, and Tables 5.1 
through 5.3.

In Fig. 5.1, we plot EFG and ED versus aT with 
Vn/a=l, and with b varying from 5a to 14a. As shown in 
Fig. 5.1, the error reduction achieved by the addition of 
the optimum prefilter in contrast to the case with the 
optimum postfilter only shows a peak value at a certain 
sampling period. This phenomenon can be explained as 
follows. Since the noise has a broader spectrum than the 
signal, the aliasing of the noise is expected to get worse
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b=5a
b=14a

Figure 5.1 EFG and ED versus aT for Case I.
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Table 5.1 Normalized errors of the optimum systems with, 

and without a. prefilter, for Case I, V /a=i.

b aT ■ EFG EG . ED ED/EG %
14a 0.1 . 0.3953 0.4080 0.0127 3.19

.2 .4501 .4858 .0357 7.35 •

.3 .4983 .5521 .0538 9.75

.4 .5407 .6053 .0645 10.65

.5 .5782 .6479 .0696 10.75.

.6 .6115 .6828 . .0713 10.45
1 .7 .6409 .7129 .0 709 10.20

.8 .6672 . 7365 .0693 9.96

.9 .6906 .7576 .0670 8.84
1.0 .7115 .7760 .0644 8.30
2. .8362 .8787 .0404 4.68
3. ■ .8891 .9168 .0277 3.02

5a 0.1 .4807 .4822 .0014 0.30
.2 .5277 .5328 .0050 .94
.3 .5691 .5786 .0094 1.63
.4 .6056 .6194 .0138 2.22
.5 .6378 .6553 .0174 2.66
. 6 .6663 .,6866 .0203 2.95
.7 .6917 .7139 .0222 3.10
.8 .7142 .7376 .0233 3.16
.9 .7343 .7582 .0238 3.14

1.0 .7523 .7762 .0239 3.09
2. .8594 .8767 .0173 1.97
3. .9047 .9168 .0121 1.32
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at a sampling period smaller than the one where the al.ias-
. ■ ' Im g  of the signal becomes serious. To illustrate this 
point further, refer to Fig. 2, where it is shown that at 
a certain sampling period, the aliasing of the noise is 
rather severe (Fig. 5.2^) but the aliasing of the signal 
is not (Fig. 5.2^)., The sampling periods at which the 
aliasing of the noise becomes serious whereas the alias­
ing of the signal is not are the periods for which the 
function of the realizable prefilter comes into play.
These are the sampling periods around the point where the 
peak error reduction occurs in F.ig. 5.1. At other sam­
pling periods, either the aliasing of both the signal and 
the noise are insignificant or the aliasing of the signal 
becomes so severe that nothing much can be done by the 
optimum realizable zero-lag prefilter. Also shown in 
Fig. 5.1 is the fact that when b increases, more error 
reduction is achieved by using the optimum prefilter.
This phenomenon is further illustrated in Fig. 5.3, where 
the error reduction efficiency ED/EG is plotted versus aT 
for various b (V^/a=l). It is seen from Fig. 5.3 that as
b increases, ED/EG also increases. Since as b increases,

\

the spectrum of the noise becomes broader and the aliasing
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S„ (w)

S„ (a)) S„ (w)

Figure 5.2 The aliasing of random processes with 
different spectrums (after sampling).
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b=14a

Figure 5.3 The error-reduction efficiency ED/EG versus 
aT for Case I.
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becomes worse, the results of Figs. 5.1 and 5.'3 are as 
expected. Also for the same reason, as b increases, the 
sampling period at which the aliasing of the noise becomes 
serious gets smaller. Thus, the peak error reduction 
occurs at a smaller sampling period as b increases. This 
phenomenon is illustrated in Fig. 5.4. In Fig. 5.5, we 
plot ED/EG versus aT with V^/a varying from 0.1 to I. We 
see from this figure that ED/EG increases with V /a.
Since increasing V simply means that the noise becomes 
more severe, this result is, again, as expected.

Thus, we,have shown that the essential function of 
the optimum realizable zero-lag prefilter is to try to 
reduce the aliasing of the noise n̂  in this example. Sim­
ilar results hold for higher-order signals, as we shall 
see.later.

The inability of the optimum realizable zero-lag 
prefilter to deal with the aliasing of the signal can also 
be seen from the fact that in the absence of the noises
U1 and n 2 (refer to Fig. 1.1 ), the optimum realizable

) ■ 'zero-lag. prefilter for the case of a first-order Gauss- 
Mar kov process is simply a straight line; i.e., it simply 
does not do anything in this case. For higher-order
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Figure 5.4 The sampling period at which peak error reduc­
tion occurs by using the optimum prefilter 
for Case I.
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b=14a

Figure 5.5 The error reduction efficiency ED/EG versus 
aT for Case I.
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signals, since the optimum system, must estimate the'states 
Xi (t) first, as far as estimating one state component
(xi (t) for example) is concerned, other components (x.(t)' 3
for j£l) behave as if they are noises. Thus, the optimum 
realizable zero-lag prefilter can still do something even 
if the observation noises are absent in the case with 
higher-order signals. This point will be further illus­
trated in Section 5.3.4.

When the postfilter is the ZOH, the optimum pre­
filter can be found as follows. Since

I if 0_<t<T, where T is the sampling period
g (t) (5.55)

otherwise.

this is just a special case of Example 3.1. Thus, the 
optimum zero-lag prefilter in this case is

f(t) = V fks(t)' (5.56)

where f^g(t) if the impulse of the Wiener filter, and n^ 
can be found by (3.90) to be (where na=N0)

[I - exp (-aT) ]/aT. (5.57)

One can also use the ordinary calculus- to find the 
coder n ^ . From Example 3.1, the optimum prefilter in this
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case is the cascade of continuous Wiener filter followed 
by a gain factor. Denoting this gain by k , we see that 
the error is given by

EFZ = (1/T) fT {[d(t) - k d (0)]2} dt .0 a. S

a - 2 ka • na • Rd (0) + k 2 R (0), (5.58)
s s

where n& is given by (5.57), and d^ft) is the output of
the Wiener filter. Differentiating EFZ with respect to
k and equating the result to zero to obtain k =n , which a a a
is the result obtained by (3.90). The steady-state error 
then becomes

EFZ = 0 - n 2 R . (0) , (5.59)
cl ClS

where na is given by (5.57) and dg (t) is the output of 
the Wiener filter.

The steady-state _ etfror EZ (of the system with a 
ZOH as the postfilter and without a prefilter) is

EZ = (1/T) fT d {[d (t) - r(0)]2} dt o
= 2 G ■ (I - n ) + V , 

where n^ is given by (5.57).

(5.60)
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Plots of EFZ and EZ versus aT with b=14a, and with
' ■ - : ' . ' . ' -Vn/a varying from 0.2 tO 0.7 are shown in Fig. 5.6 with

numerical data given in Table 5.2. Note that as T in­
creases, EZ becomes larger than a. .Hence, the system with 
a ZOH as the postfilter and without a prefilter is not an 
asymptotically stable system (see the definition of an 
asymptotically stable system in Section 5.3.1). One can . 
add a gain factor to improve the performance of this 
system. The error with this modified ZOH is

EMZ = (1/T) /oT d {[d (t) - k z r (0) ] 2 } dt

= a - -2 k n a  + k 2 (cr+V ). (5.61)z a z n

It is easy to find that-the optimum k =n o / (a+V ), andz 3 n
EMZ becomes

EMZ = [I - n 2a/(a+V )]. (5.62)a n

Since the difference between the modified ZOH and the ZOH 
is simply a gain factor k ^ , the optimum prefilter with 
the modified ZOH as the postfilter is simply l/k^ of the 
one with the ZOH as the postfilter, and the combination 
of the pre- and postfilters are the same for the two sys­
tems (the system with the ZOH as the postfilter and with
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Table 5.2 Normalized errors of the suboptimum systems 

with ZOH as the postfilter, and with, and .
without an 
b=14a.

optimum prefilter for Case I

V /c n' aT EFZ EMZ EDZ EDZ/EMZ % EZ
0.7 0.04 0.3045 0.4348 0.1302 29.94 0.7394

.06 .3182 .4459 ■ .1276 2 8.63 .758-8

.08 .3315 .4567 .1251 27.40 .7799

.10 .3446 .4672 .1227 26.26 .7967

. 3 .4598. .5609 .1001 18.03 .9721

.5 .5518 .6357 . .0839 13.20 1.1261

.7 .6257 .6957 .0700 10.07

.9 .6853 .7443 .0589 7.92
1.0 .7108 .7650 .0541 • 7.07
2. . 8647 .8900 .0253 2.84
3. .9274 .9410 .0153 • 1.44

.2 .04 .1606 .1992 .0386 19.40 .2395
.06 .1707 .2150 ' .0378 17.62 .2588
.08 .1932 .2303 .0371 16.13 .2779
. .10 .2089 .2453 .0364 14.84 .2967
.3 .3480 .3780 .0300 7.94 .4721
.5 .4582 .4839 .0249 5.14 .6261
.7 .5482 .5680 .0207 3.65 .7617
.9 .6202 .6377 .0174 2.74 .8813

1.0 .6509 .6670 .0160 2.41 .9358
2. .8367 .8442 .0075 0.89 1.3353
3. .9124 ' .9163 .0040 0.44



2 1 6

the optimum prefilter and the system with the modified 
ZOH as the postfilter and with the corresponding optimum 
prefilter). Plots of EMZ versus aT with b=14a and with 
Vn/a varying from 0.2 to 0.7 are also shown in.Fig 5.6 
with numerical data given in Table 5.2. Numerical data 
for EDZ=EMZ-EFz and the error reduction efficiency 
EDZ/EMZ versus aT are also given in Table 5.2 EDZ/EMZ 
versus aT is plotted in Fig. 5.7.

Interestingly, both EDZ and EDZ/EMZ are monotoni- 
cally decreasing function of the sampling period T.
Similar results are obtained for higher-order signals.
This phenomenon can be explained as follows. The output 
of the modified ZOH in the absence of the prefilter is

d° (t) = n r (mT) (5.6 3)a.

= n [d (mT) + m  (mT) ] a
for m.T <t< (m+1) T , where n is given by (5.57) . Since n:— • SI a.
is a monotonically decreasing function of the sampling 
period T, d ° (t) has a smaller weight on both the signal 
and noise as T increases. Thus, with the modified ZOH, 
the effect, of the presence of the noise becomes less and 
less prominent as T increases. This can also be seen
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V /a=.I

Figure 5.7 EDZ/EMZ versus aT for Case I.
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from (5.62) , where EMZ depends on the factor n 2a/(a+V ).:a n
As T increases, n^ decreases, and n^u/f +V^) becomes less 
and less an indication of how severe the noise is. Re­
call that the essential function of the prefilter is to 
deal with the aliasing of the noise ni  ̂ If the noise 
becomes less significant, the function of the prefilter 
also becomes less prominent. In the limit when ni=0, 
EFZ=EMZ in this example. Since the noise appears to be. 
less significant as T increases with the modified ZOH,
EMZ approaches EFZ as T increases. This argument is 
similar to the one we made before about the function of 
the jointly optimized unrealizable pre- and postfilters 
where as T increases, the filters gradually ignore the 
effect of the noise n but concentrate their efforts in 
dealing with the aliasing of the signal.

A plot of EUNFG, together with its component ERRSA 
(the part of the error due to sampling) and ERRN (the 
part of the error due to noise U1 )., versus aT with V^/o=l 
and b=14a, is shown in Fig. 5.8. It can be seen from 
Fig. 5.8 that as T increases, ERRSA gradually comes to 
dominate the overall error.

Finally, in Fig. 5.9, we plot, from bottom to top, 
EUNFG, EUNG, EFG, EFZ, and EG versus aT with V^/a=0.8 and'
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Figure 5.8 Normalized ERRSA, ERRN, and EUNFG versus aT for Case I.
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Figure 5.9 From bottom to top, EUNFG, EUNG, EFG, EFZ, 
and EG versus aT for Case I.
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b=13a in order to compare the performances of various 
systems. Numerical data for Fig. 5.9 are given in 
Table 5.3. More interpretations will be given in 
Section 5.3.6.

5.3.3 Case 2; A second-order Butterworth process with 
.an uncorrelated white noise

The models of the signal and noise, etc., are the
same as those given in Example 4.2 with to =1,

' • V 1 (t- T)
■ and

O O

_0 200/2

10 6 (t-r) ,

6 (t-T ) , (5.64)

(5.65)

R (t- t) = 0. (5.66)wn

Plots of EUNFG and EFG versus aT are shown in
Fig. 5.10. '

It is of interest to investigate how much error re­
duction is achieved by using multiple sampled-data links 
in contrast to a single sampled-data link in this ex­
ample. The result is shown in Fig. 5.11, where it is 
seen that (EFG-EFM) is small compared with EFG (or EFM); '
i .e ./ the error reduction achieved is poor. Similar



Table 5.3 Performances of 
. .. and b=1.3a.

various systems for Case I, V /o = 0 . 8

aT ' EUNFG EUNG EFG EFZ ■ EG EMZ EZ
0.02 0.1982 . 0.2313 0.2735 0.2906 0.2739 0.3874 0.7199
.04 .1986 . .2342 .2878 . 3046 .2893 .3994 .7394
.06 .1992 .2384 .3017 . 3182 .3049 .4112 .7588
.08 .1996 .2438 . 3152 .3316 .3207 .4227 .7779
.10 . .2002 .2504 . 3283 .3446 .3366 .4340 .7967
.2 .2032 .2931 .3892 .4055 .4128 .4865 .8873
. 3 .2074 .3411 .4427 .4598 . .4790 .5335 . .9721
.4 .2131 . 3865 .4899 .5084 ' .5338 .5754 1.0516
.5 .2202 .4271 .5316 .5518 .5793 .6130
.6 .2288 .4632 .5685 .5907 .6167 .6466
.7 .2385 .4956. .6012 .6257 .6502 .6768
.8 .2493 .5247 .. .6303 .6571 .6783 .7039
.9 .2609 .5513 .6564 .6853 .7028 .7283

1.0 .2731 .5755 • .6796 .7108 .7242 .7503
2. .4033 .7362 . 8181 .8647 .8462 .8832
3. . . .5142 .81.66 .8766 .2974 .8961 ,9373

222
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EFG-EFM

.0015

Figure 5.10 EFM, and (EFG-EFM) versus T for Case 2.
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EUNFG

Figure 5.11 EUNFG, and EFG versus T for Case 2.
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results holds for a second-order Gauss-Markov process 
either with or without noise. Whether the same situation 
exists for higher-order signals and for more complicated 
noises remains to be checked. Since there is no coder 
included in the optimum prefilter with multiple sampled- 
data links when n 2=O , it is in general much easier to in­
vestigate the performance of this sytem than that of the 
system with a. single sampled-data link. The investigation 
of the performance of the system with multiple sampled- 
data links gives a clear indication of how well the per­
formance of the system with a single sampled-data link 
will be.. Thus, most of the insight into the prefiltering 
problem with a single sampled-data link can be obtained 
by looking at. the system with multiple sampled-data links. 
We will take this shortcut in the following subsections.

5.3.4 Case 3: A second-order Gauss-Markov process
without noise

The signal and observation models are given in 
Example 4.1 with n1= O , b=10a, and o^=0.6o^.

Since this is a second-order system, as far as esti­
mating one of the state components ( X 1 (t) for example) is 
concerned, the other component (x2 (t)) behaves like noise.
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Thus, the optimum realizable prefilter can still do some-

V""".  • •' - N v  V  .thing in this case (in the absence of U 1 ), as follows 
from the discussion in Section 5.3.2.

Plots of EUNFG7 EUNG7 EFM7 and EG (dotted line) 
versus aT are shown in Fig. 5.12, with numerical data 
given in Table 5.4. It is seen that the error reduction 
achieved by adding the optimum realizable zero-lag pre­
filter with multiple sampled-data links in contrast to 
the system with optimum realizable zero-lag postfilter 
only and with single sampled-data link is rather small in 
this case. Also, since (EFM-EG) is small, it is expected 
that (EFG-EFM) can not be large.

5.3.5 Case 4: Second-order Gauss-Markov processes with * •
uncorrelated colored noises

The signal and the observation models are the same
as those given in Example 4.1 except the noise is now
specified by

^n1 (t) = -dn nx (t) + w r (t) (5.67)

with

• R (t-T) = 2 d V 6 (t-r) (5.68)w n n

and
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Figure 5.12 From right to left, EUNFG, EUNG, EFM, and EG (dotted line) 
versus aT for Case 3.
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Table 5.4 Performances of various systems for. Case; 3, 

■'■a =0.6a^ and b=10a. ;■

aT EUNFG EUNG EFM EG ,
0.02 0.0177 0.0238 0.0798 0.0799

O ■ .0353 .0612 .14 66 .1467
.06 .0526. .0875 .2031 .2032

00O .0697 .1144 ' .2514 .2517
.10 .0862 .1391 .2931 .2936
.2 .1606 .2403 .4318 .4412
.3 .2211 .3349 .5257 .5327
.4 . 2664 .3986 .5861 .5968
.5 .3039 . .4519 .6 316 .6449
.6 .3349 .4906 .6677 .6828
. 7 .3615 .5312 .6975 .7134

. 8 . 3849 .5594 .7227 .7389

.9 .4058 .5900 .7443 .7606
OI-1 ' .4249 .6113 .76 31 .7790

2. .5634 .7556 .8683 .8791

3. .6534 . 8281 .9110 .9185
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R ' ‘('t-T) ■ = O . (5.69)

W W  '" n ' , . ■ ,

Plots of EFM and EDM are shown in Fig. 13, and 
plot of EDM/EG is shown in Fig. 5.14, with numerical data 
given in Table 5.5. It is seen from these figures that 
EDM and EDM/EG again exhibit peak values at a certain 
sampling period. Plots of EUNFG, EFM, and EG versus aT 
are shown in Fig. 5.15, with numerical data given in 
Table 5.6.

Similar to the case of a first-order Gauss-Markov 
process with uncorrelated colored noise, if a ZOH is used 
as the postfilter, the corresponding optimum prefilter 
can be found to be

f (t) = Ina , nb ] Fk s (t),

where F^s (t) is the impulse response of.the continuous 
KSVF, n is given by (5.57), and

n^ = [I - exp (-bT) ]/bT.

The optimal coder N = [n^, n^] can either be found from 
(3.90) or by ordinary calculus as we did in Section 5.3.2. 
The optimum gain.factor of the modified ZOH can be found
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b=ll.5a
b=15.5a

Figure 5.13 EFM and EDM versus aT for Case 4.



\ V /0=0.5

a b
b=3aV / =0.5

d=ll.5a
d=15.5a

0.25

Figure 5.14 The error-reduction efficiency EDM/EG versus aT for Case 4.
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Table 5.5 Normalized errors of the optimum systems ,with,

and without a prefilter for Case 4, V / Ct=O'. 5/'
a =a, , and b=.3a. na b

d aT EFM EG EDM EDM/EG %
11.5a 0.04 0.3306 0.3314 0.0008 0.24

.06 .3550 .3567 .00i7 0.48

.08 .3779 . 380 8 .0029 0.76

.10 . 3996 .4039 .0043 1.06

.3 .5636 .5810 .0174 3.10

.5 ' .6650 .6668 .0218 3.18

.7 .7317 .7535 .0218 2.89

.9 .7783 .7986 .0203 2.55
1.0 .7964 .8159 .0185 2.39
2 . .8911 .9033 .0122 1.35
3. .9268 .9351 .0083 0.89

15.5a .04 .3152 . 3168 .0016 0.50
.06 . 3400 .3434 .0034 0.99
.08 .3635 .3691 .0056 1.52
.10 .3857 . 3937. .0080 2.04

. . 3 .5535 .5798 .0263■ 4.54
• .5 .6571 .6866 .0295 4.30
: -7 .7255 .7535 .0280 3.72
. .9 .7730 .7985 .0255 3.20
1.0 .7916 .8159 .0243 2.97
2. .8885 .9032 .0147 1.6 3
3. .9251 .9352 .0101 1.08
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a b
b=3a
d=ll.5a

EUNFG

Figure 5.15 EUNFG, EFM, and EG versus aT for Case 4



Table 5.6 Performances of
V /o=0.5, b=3a. n

various sytems for Case 4, °a tV  .

d aT EUNFG EFM EG EFZ EMZ EZ

11.5a 0.04 0.2444 . 0.3306 0.3314 0.3309 0.3839 • 0.5775
.06 .2466 .3550 .3567 .3556 .4073 .6142

COO .2487 ■ .3779 . 3808 .3791 .4295 .6499

O I—I .2510 .3996 .4039 .4014 .4506 .6844
.2 .2633 .4920 .5038 .4978 .5416 .8416
.3 .2780 .5636 .5810 .5740 .6132 .9766
.4 .2951 .6198 .6404 .6350 .6702 1.0394
.5 .314 0 .6650 .6668 .6844 .7162
.6 .3340 .7015 .7237 .7248 .7536
.7 ' .3543 .7317 .7535 .7583 .7845
.8 .3746 .7569 .7781 .8863 .8101

- -9 .3846 .7783 .7986 .8099 .8317

H O .4139 .7964 .8159 . .8299 .8499
2. .5662 .8911 .9033 .9311 .9403.
3. .6625 .9268 .9351 .9646 .9695

. . 4.. .7267 .9451 .9514 .9820 .9.820
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to be equal to [ (n^ % )  / (a & + Ufe + Vr ) ] . The 'px-.
press ion of EF Z, EMZ, andJ EZ are given, by the following 
equations:

EFZ-= oa + CTb - [„a , nb ] Rx (O) tn ; nb ] ' ,
s ,

■ EMZ = Oa + Ob - K n aOa 4- nbob ) V ( o a + Ofo + Vn )],

and
EZ = 2 [o (1-n ) + o (1-n, ),] + V .a a D d  n

Plots of EFM, EFZ', EMZ, and EZ versus aT for b=3a, 
d=lla, and aa=crb=vn are shown in Fig. 5.16, with numerical 
■data given in Table 5.7. It is seen from Fig. 5.16 that 
EFZ is very, close to EFG in this case.

The error-reduction efficiency EDZ/EMZ is plotted in 
Fig. 5.17, with part of the numerical data given in 
Table 5.7. A look at Figs. 5.17 and 5.7 in comparison to 
Figs.. 5.14 and 5.5 indicates that by adding a prefilter, 
greater advantage can be obtained when the. postfilter is 
suboptimum than in the case when the postfilter is opti­
mum. Note that the scales used in drawing these figures 
are different from one another.
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a b
b=3a
d=ll.5a

Figure
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Table 517 Normalized errors of the suboptimum systems'

; 1 ‘ with. ZOH as postfilter, and' with, and .without
an
and

optimum
V /o=Q.. n

prefilter 
5..' . .

for Case 4 - °a=V b=3a,

■ d aT EFZ EMZ EDZ EDZ/EMZ % . EZ

11.5a 0.04 0.3309 0.3839 0.0530 13.80 0.5774
.06 .3556 .4073 .0517 12.68 .6142
.08 .3791 .4295 .0504 11.74 .6499
.10 .4014 . .4506 .0492 10.92 . ..6844
. 3 .5740 .6132 .0392 . 6.39 . .9766
.5 .6844 .7162 .0318 4.42 1.1951
. 7 .7583 .7845 .0262 3.34
.9 .8099 .8317 .0218 2.62

1.0 . 8299 .8499 .0200 2.35
2. .9311 .9403 .0092 0.97
3- .9646 .969.5 .0049 0.51

15.5a .04 .3156 . 3839 .0683 17.80 .5774
.06 . 3408 .4073 .0665 16.32 .6142
.08 .3647 . .4295 .0647 15.07 .6499
.10 .3675 .4506 .0631 13.98 .6844
.3 .5641 .6132 .0491 8.01 .9766
.5 .6770 .7162 .0392 5.47 1.1951
.7 .7526 .7845 .0319 4.06
.9 .8054 .8317 .0263 3.16

1.0 .8259 .8499 .0250 2.82
2. .9299 .9403 .0104 1.15
3. .9637 .9695 .0058 0.59
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Z

d=ll.5a
d=15.5a
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Figure 5.17 The error reduction efficiency EDZ/EMZ versus aT for Case 4.
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5.3.6 Conclusion
It has been shown that in the case in which n 2=0 , 

the primary function of the realizable prefilter is to 
try to filter out the effect of the primary observation 
noise ni before it is sampled; i.e., to try to reduce the 
aliasing of nt . On the one hand, it is rather disappoint­
ing to find out that the error reduction achieved by in­
troducing' this optimum prefilter is not as much as we ex­
pected. On the other hand, although introducing a 
prefilter in the system complicates the synthesis process, 
it does not necessarily complicate the implementation of 
the overall system. An example is used to illustrate this 
point. Assume that one tries to reconstruct a first-order 
Gauss-Markov process d(t) with autocorrelation equal to 
exp(-at). d(t) is contaminated by noise U1 (t) at the 
sending end. The optimum system with postfilter only is 
shown in Fig. 5.18^ where the postfilter is the cascade 
of a discrete Wiener filter followed by a filter charac­
terized by its impulse response

r exp (-at) if 0<t<T 
g(t) = ■ (5.70)

VO otherwise.
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z (t)

n (t)

Discrete
Wiener
Filter

g (t) z° (t)

(a)
q(t) =jexp(-aT) if 0_t T ,

otherwise.

n (t)

z (t) /"N r (t)
Continuous 

Wiener 
Filter

Zs (t) /Zs (k) Z 0 (t)

(b)

Figure 5.18 The optimum systems: (a) without a prefilter
and (b) with a prefilter, where z (t) is a 
first-order G.M. process.
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The optimum system with pre- and,postfilters ' is shown in. 
Fig. 5. ISfaf'where we have a continuous Wiener .filter, as,' 
the optimum prefilter and g (t) specified by (5.70) as the 
impulse response of the optimum postfilter. Thus, we 
have seen that in the case with prefilter, all one needs 
to do is to shift the discrete Wiener filter to the other 
side and convert it to become a continuous Wiener filter. 
Similar results hold for higher-order signals; i .e ., the 
addition of an optimum prefilter simplifies the structure 
of the optimum postfilter. Whether this complicates or 
simplifies the implementation of the overall system de­
pends on the practical situations.

Thus, when the noise ni is severe, or when high ac­
curacy is required, it is probably worthwhile to include 
a prefilter.in the system.

We have also seen that the efficiency of reducing 
the error by the addition of a prefilter is more prominent 
in the case with a suboptimum postfilter than in the case 
with the optimum postfilter. Since suboptimum postfilters 
are assumed to be fixed, the addition of a prefilter com­
plicates the implementation in this case. However, the 
expressions of the optimal prefilter (either the impulse■
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response in the time domain or the transfer'function 'in 
the frequency domain) can be obtained easily in this case;
i .e ., the synthesis process is straightforward.

From' the results we obtained in Chapter 2, and 
those of Tretter and Steiglitz (57), for most practical 
situations, the performance of an unrealizable postfilter 
can be approximately achieved by allowing a finite delay 
before an estimation is-made. Another interesting fact 
seen from Figure 5.9 by comparing the curves of EUNG with 
EFG is that in general, to allow a delay in the estimation 
process' is often more worthwhile than to insert a pre­
filter in the system if the delay does not cause any 
serious problems.

The prefilter structure of the cascade of a contin­
uous KSVF followed by a constant coder provides a sub­
optimum system when quantization noise or/and channel 
additive noise are present; i.e., when n 2^0. We will 
look at this problem briefly in the following example.

Assume that the signal and the primary observation • 
noise n^ are the same as those given in Section 5.3.2.
Now, noise n 2 has an autocorrelation function

R (t-x) = V  6 (t-x)
n 2 n 9
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With V /0—0.02, V /o-l (o-o +o ) , b=15a-, plots of•lip Ilj cl .D
EFGQ and EG versus aT are shown in Fig. 5.19. Since EFGQ 
represents the steady-state error resulting from using 
this suboptimum system with a prefilter whereas EG repre­
sents the. error resulting from using the optimum system 
without prefilter, it is not surprising to see that in 
some regions of the sampling periods EFGQ is larger than 
EG.
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b=15a
EFGQ

Figure 5.19 EFGQ and EG versus aT, where the signal and n̂  are the same 
as those given in Case I, and n 2 represents the quantization 
noise.
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Chapter 6

' ' 'CONCLUSION,' AND SUGGESTIONS FOR FURTHER WORK ,

The. design of the optimum pre- and postfilters for 
the system shown in Fig. 1.1 has been solved under variousI

assumptions., The theoretical results are presented in 
Chapters 2 through 4, and numerical results are presented 
in Chapters 2 and 5.

This work results from the fusion of three threads: 
the work of Robbins (49), Chang (9), Chan and Donaldson 
(7), Kellog (32) and others on the design of optimum pre- 
and postfilters in a sampled-data system; the work of 
Kalman (28), Kalman and Bucy (29), Petersen (41) and 
others on the state-space approach to the linear esti­
mation problem; and the work of Bode and Shannon (4), 
Kailath (23) and others on the innovations approach to 
the filtering problem'.

We bring together results in both the continuous 
and the discrete linear estimation of random functions 
obtained using the state-space and the innovations ap­
proach. The heart of the state-space approach is the 
model, or state equations, which characterize the input 
signal and the noises. In continuous estimation, there
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are -continuous state equations, and in discrete estimation 
there are discrete state equations. On the other hand, 
we have a system which is partly continuous and partly 
discrete. Thus, in order to use the state-space ap­
proach, one must have both continuous and discrete state 
equations which characterize the input signal and the 
discretized version of. the same signal, respectively.
Since the continuous state equation is assumed given 
in our work, discretization of the continuous state 
equation, which is present in Appendix C (22), is the 
first step in the derivation of the optimum postfilter.■ 
For the remainder of the derivation, we have repeatedly 
used the orthogonality principle and the innovations con­
cept. The result shows a close relationship between the • 
optimum postfilter we derived and both the continuous and 
the discrete KSVF (Kalman State Vector Filter).

We have obtained zero-lag, as well as finite-lag, 
optimum postfilters in Chapter 2, where the amount of de­
lay is constrained to be an integer multiple of the sam­
pling period T. The error reduction factor ED (t,i ) and 
the delay-efficiency factor E N (t,i) have been defined as 
functions of the current time t, and the amount of delay
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' /  ■■ 1 » " v : ■ ... ■iT 1. ED is. closely related to the "reconstruction effici-. Y  - '' . . .. < ' ' ' . Y  : . Y  ' ." Y  f I::,, -
ency density" defined by Tretter and Steiglitz' (57)j ^ut
■ED has broader applicability (to nonstationary processes,
time-variant systems, and nonsteady-state conditions,
etc.), and ED is expressed explicitly in terms of the
delay time iT.

In the steady state, numerical results obtained in 
Chapter 2 show that

I. By using the optimum infinite-lag postfilter in 
contrast to the optimum zero-lag postfilter, one can ob-. 
tain from moderate to substantial error reduction de­
pending on the inputs. For the examples worked out in 
Chapter 2, the range of error reduction varies from ap­
proximately 20% to 50% of the error of the system with 
the optimum zero-lag postfilter.

.2. In general, the more severe the noise is, the 
greater the delay required for the performance of the 
optimum finite-lag postfilter.to approximate that of the • 
optimum infinite-lag postfilter. That is, error reduction 
converges more slowly with stronger noise.

. 3. The error reduction due to the first sample of.. . 
delay contributes a major portion of the overall error 
reduction in general.
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,4. For. the case of a first-order Gauss-Markov'pro­
cess with discrete white noise, it is found that the over­
all error reduction is essentially achieved within five 
samples of delay. A semi-log plot of the steady-state 
delay-efficiency factor ENS (i) versus, the delay time iT 
is a straight line in this case

In Chapter 3 and Appendix E,. the design of the op­
timum prefilter with a given postfilter is studied. Un­
like the design of the postfilter, where one can use the 
orthogonality principle to simplify the derivation, here 
we have to start from the integral equation obtained by 
the calculus of variations. But the innovations concept 
is still applicable.

It is not hard to imagine that there must exist some 
relationship between the optimum realizable prefilter and 
the continuous KSVF (Vector Wiener filter). We first 
notice that if there is no constraint on the number of 
the sampled-data links that are available,.and quanti­
zation noise and channel additive noise are absent, then 
the optimum zero-lag prefilter is the continuous KSVF. In 
this case, the whole system acts like fixed-interval pre­
diction system (with interval equal to the sampling
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period) in the absence of the sampling process. In the 
case in which there is only one sampled-data link avail­
able, the continuous KSVF is still part of the optimum ■ 
realizable zero-lag prefilter as shown by Theorem 3.2.

In Chapter 4, the joint optimization problem is 
studied. We mentioned in Chapter 4 that if one insists on 
using.a prefilter whose impulse response is continuous in
time•, then the condition that C-=O for j^O- must be satis'-* . . .  ]
fied by the postfilter in order for the prefilter to be 
optimum ( C• is given by (3.55)) . Together with the neces- 
sary conditions that must be satisfied by the pre- and 
postfilters (Eqs. (3.53) and (4.39)) in order for them
to be optimum, this in effect yielded three equations 
that the pre- and postfilters must satisfy in order for 
them to be optimum (with the impulse response of the pre­
filter being continuous in time). It is. well known that 
when there are more equations than unknowns, these equa­
tions must be consistent with one another. It has been 
shown by Theorem 4.3 that in the case in which n2=0 (refer
to Fig. 1.1 ), the condition that C-=O for j^O is consis- 

c 3
tent with the necessary conditions for the pre- and post­
filters to be optimum. When n 2^0, the condition that
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£j-0 for j^O will not be satisfied by the postfilter in ' 
general. In this case, it has been shown in Theorem 4.2 
and Fig. 4.1 that as far as filtering (zero-lag) is con­
cerned, a more general approach to this problem is to 
sample Xg (t) (the output of the continuous KSVF) first, 
and then combine the x (k)'s linearly using the coder N 
(see Eq. (4.13)) before quantization and transmission.
Note that this is different from having multiple sampled- ' 
data links since we still have only one channel. Also 
notice that N is not a constant matrix in general with 
n2jt0, but instead, N can be considered as a discrete 
filter with memory (again, see Eq. (4.13)). The system
shown in Fig. 4.1 has three filters. The first one is 
the continuous KSVF which is a well known filter. The 
second one (the coder) and the third one (the postfilter) 
try to yield a linear least square estimate of x (t) sub­
ject to the conditions shown in Fig. 4.1. The degenerated 
system shown in Fig. 4.I^ is similar to the system con­
sidered by Hayes (20, also see Fig. 1.2^), but not quite 
the same since we now have multiple inputs to the coder.

If the coder can be represented by a dynamic system; 
i .e ., if the output of the coder can be characterized by
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state equations, then the design of the postfilter"can be
solved by the method developed in Chapter 2. In the case'. • ■ ■ .' ’ . V' .
in which na =0, Theorem 4.3 shows that the optimum coder 
becomes a constant matrix. The steady-state coder can 
then be found by nonlinear programming. The functions 
appearing in the nonlinear programming formulation are 
polynomials. .

Finally, with some help from the frequency-domain 
approach) we have the following conclusions about the 
performance of various systems in the steady state as . 
drawn from the numerical examples worked out in Chapter 5:

1. The .primary function of the optimum zero-lag. 
realizable prefilter in the absence of quantization noise 
or/and channel additive noises is to combat the aliasing 
of the primary observation noise n i .

2. On the one hand, when Viz = O r the error reduction
achieved by the addition of the optimum zero-lag prefilter 
in contrast to the system with optimum postfilter only is 
rather small. But on the other hand, the addition of a 
prefilter does not necessarily complicate the implemen­
tation of the overall system since the addition of the 
optimum prefilter simplifies the structure of the optimum 
postfilter. ■ •
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' Thus, we conclude that when the primary observation

- - . .v - : . - - - ' . ^  - <:' i) '
noise n1 is rather severe, dr when high accuracy is re­
quired, it is. probably worthwhile to include the zero-lag 
optimum prefilter.in the system.

3. The efficiency of reducing the error by the ad­
dition of a prefilter is more prominent in the case with • 
a suboptimum postfilter than in the case with an optimum 
postfilter. The addition of an optimum prefilter with a 
given suboptimum postfilter complicates the implementation; 
but the synthesis process is straightforward.

4. • To allow a delay in the estimation process is
often more worthwhile than to insert a prefilter in the 
system. . " • .

5. For the examples in Chapter 5, the error reduc­
tion achieved by using multiple sampled-data links in 
contrast to a single sampled-data link is small.

Comparisons of system performance are shown in 
Figs. 5.9, .5.11, 5.12, 5.15, and 5.16.

On the whole, the numerical part of' this work should 
be expanded. For example, it is well known that one of 
the major advantages of the state-space approach is that 
it reduces the storage requirements. Although we have the



theoretical results, we do not have numerical examples to
' ■ V •• ' •

illustrate this point. Another major advantage of the 
state-space approach is in its applicability to nonsta­
tionary processes, etc. In Chapter 2, the design .of the 
postfilter has included the situation with nonstationary 
processes, time-variant systems, etc., but again, no ex­
ample has been worked out. Also, the state-space approach 
enables one to look into the transient response of the 
system. We have not probed into this problem. Suboptimum 
systems have not been given a careful look either.

There are several important extensions that merit 
further work in this, area:

I. As mentioned above, one of the main reasons that 
the state-space approach is adopted is because of its ap­
plicability to nonstationary processes, etc. In deriving 
the optimum prefilter, and in solving the joint optimi­
zation problem, we have excluded nonstationary processes 
and time-variant systems. Inclusion of those cases is 
certainly one of the important extensions that merits 
further work. This extension can be started from 
Eq. (E. 1.8) .

253
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2. We have pointed out in Chapter 3, the essential 
functions'-of the prefilter are to combat the error due to 
sampling and to combat the error due to quantization noise 
or/and channel additive noises. This work deals primarily 
with its first function. One can start from the degen­
erated system shown in F ig. 4.1 to investigate both the 
first and the second functions of the prefilter. This 
involves the interesting problem of the trade-off between 
the number of quantization levels and the sampling rate.
It also involves the problem of taking the channel dis­
turbance into consideration.

3. We have obtained the optimum fixed-lag post­
filter with no consideration given to the prefilter in 
Chapter 2. It is interesting to notice that the smoothing 
problem with a prefilter is a two-dimensional problem, 
namely, delay at the sending end and delay at receiving 
end. In view of the substantial.error reduction achieved 
by using unrealizable filters, further work in this re­
spect is surely worthwhile.

4. Numerical methods have been mentioned in the 
Introductory.Chapter. With the understanding of the gen- • 
eral structure of the optimum pre- and postfilters ..
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obtained from' the state-space approach,, it is likely that 
numerical methods can be used to greater advantage. That 
is, the state-space method used in conjunction with numer­
ical methods might provide a simpler solution to the fil­
tering problem. For example, (3.72) might be solved by. 
numerical methods with some simplified assumptions on the 
characteristics of the filters.

I. A steady-state solution corresponds to a stable 
system with an infinite past.data available. It is desir­
able to remove the assumption about the availability of 
an infinite past data. That is, it is of interest to 
study the transient response of the systems.

There are other important extensions such as the 
comparison of the present work with the rate distortion 
function; the modeling of the state equations; the exis­
tence problem of the innovation processes, and the exten­
sion to correlated noises.



APPENDIX



Appendix A

CONTINUOUS. KALMAN-EUCY STATE-VECTOR 
FILTER AND ITS EXTENSIONS '

Given the state and observation models

x (t) = A (t) x (t) + F (t> w(t') - • • (A. I)
z(t) — H(t) x (t) ' (A.2)

. r (t) = z (t) + n (t) . (A. 3)

with prior statistics

. E [w (t).] = E [n (t) ] = E [x (0 ) ] = 0 (A. 4 )
Rw (tv t ) = (t) 6 (t-T) (A. 5).

Rxw (0 ,x) = 0, for T>0 (A. 6)

. Rw n (t/T) = Vw n (t) 8 (t-T) (A.7)

and

Rx (0,0) = Vx (0) . (A.8)

/sWe seek the optimal estimate of x(t), x (t/T^ , T^ , r (x ) )., 
(from here on, x (t/T^ ,Tfr (x.) ) will be denoted, by x (t/T^) ) 
based on r (x) for T.^<x <Tg using a minimum-mean-square . 
error criterion. .

Assume first that we are given the innovation pro-, 
cess u(t) or r (t). Then from the argument made in . 
Section 1,4.3 of this thesis,



*'(t/Tf ) / f ' g (t, v ) u (v) dv.
■i.

(A.9)

where g(t,v) is.to.be determined from the orthogonality 
principle, i .e., from the equation

E { [x (t) —x (t/Tf j ] u' (T) } = O for Th. '< t..< Tf (A.10)

Substitute (A.9) into (A.10). Since 

E [u (t) u' (t ) ] = V (t) 6 (t-T ).,

T
. E [x (t) u .'(t )] = J f g (t , v ) E [u (v) u ' (r)] dv ■

?i

= g(t,T) V u (T) ; (A. 11)

g (t, T ) = E [ x (t ) u (t )] Vu 1̂(T). (A.12)

For realizable filters ,TJ-=t and (A.9) becomes
f

x (t). =, Jt g (t, v ) u (v) dv. (A.13)
?!

Differentiating both sides of (A.13) with respect to t 
yields

x (t) It d g ( t , T ) -

■ 31 u (v) ■ dv + g (t, t) u (t) . (A.14)



From (A.12) and (A.I)

9g (t,v) 
St U(V)] vU1 (V)

=' E){[A(t) x (t) + r (t) w (t) ] u (v ) } v'1 (v )

= A(t) g(t,v) + r (t) Rwu (t, ) Vu1 Cv) (a .15)

Substituting (A.15) into (A.14) yields

■xx.(t) = A (t) x (t) + g (t, t) u (t )■ +

Jt F(t) Rwu (t,v ) Vu1 Cv ) u (v) dv 
Ti (A.16)

It can be shown that with the given prior statistics,

Rw u (t'T> = v „ n (t) Sffc-T) (A.17)

Substituting (A.17) into (A.16) yields

x(t) = A (t) x (t) + [g (t, t) + (1/2) V (t) ] u (t) .wn
(A.18)

Thus, the key steps in this innovations approach to the
Kalman-Bucy filtering problem and its extensions are first,
to find the innovation process using an invertible trans-

-1formation; second, to find V y (t) and E[x(t) u' (t )];
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and finally, to specify the optimum filter as the solution 
to a differential equation.

We will not go into the detail of the derivation.
T h e .interested reader is directed to Kailath (23) or Sage 
and Melsa (51). Instead, we .will discuss the interpre­
tations of the innovation process. Let us look at two 
different situations:

I . ■ When n(t) in (A.3) is a white noise, i.e.,

Rn (t,r) = vn (t) 6 (t-T) , (A.19)

the innovation process is given by

u (t ) = r (t) • z (t) . (A. 20)

First, let us prove that u(t) is a white noise. From 
(A.2) and (A.3),

u (t) = H (t) x (t) + n(t) - H (t) x (t) 

= H (t) x (t) + n (t) . (A.21)

Thus ,

E.[u (t) u' (t  ) ] = F {[H (t) x (t)' + n (t) ] [r (t  ) - z (t  ) ] 1

=. H (t) 6  (x (t) [r (t  ) - z (t  ) ] ' }

+ E [n (t j r ' (t ) ] - E [n (t) z ' (t ) ] .
(A.22)
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For T <t, from the orthogonality principle,'

E tic (t) ' [r (t ) - z (f )]'}.=■ 0 (A.23)

From (A.7) and (A.19),'

Efn (t ) r ' (t ) ] = 0 for t <t (A. 24)

Also, since z (T ) depends on r (p) and n (p) for p<T <t only,

E [n (t) z ' (t ) ] = 0  (A. 25)

From (A.22) through (A.25),

E [u (t) u' (t ) ] = 0 for 'cr <t (A. 26)

A similar .argument applies for T>t;. hence,, for x^t,

E [u (t) u ' (x ) ] — 0 (A. 27)

For x=t, •

E [ u (t ) u' (t) ] = E{[H(t) x(t) + n (t) ] • [,H(t) x (t) + n (t) ] ' }

.= H(t) (t) H' (t) + H(t),-E[x(t) n ' (t) ] +
■ x

E [n (t.) x' (t) ] H' (t) + E[n(t) n'.(t)]. (A.28) 

Because of (A.3) and the orthoganlity principle,

E [ x (t ) n' (t) ] = E [x (t) r' (t) ] - E[x.(t) x'(t).] H ' (t). .

- -E [x (t) x ' (t) ] H 1 (t)

= -V%(t) II' (t) , ' ' ■ (A. 29)
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i.e., " ' •. '
,x, . . ' • . . ■

■E-[x (t) ..n' (t) ] ■ = ' {E[n(t) x' (t) ] } ' = -V£(t) H' (t) (&. 30)

Since Vo- (tV). <V (t) , a finite quantity, and. V (t) is. also^ WTl
given a. finite value, all the quantities in (A..28) are of 
finite value except the term E.[n (t) n' (t) ] which is in­
finite. Hence, . .

E [u (t) u' (t) ] = E [n (t)- n' (t) ] .. (A. 31)

From (A. 31) and (A.27),

E [ u (t ) u ’ (f ) ] = V (t) 6 ( t - T  ) . (A.32)n

The optimal zero-lag realizable filter for esti­
mating x (t) from r.(t) with n (t) being a white noise is.
specified by the following equations: (51)

*x (t) = A .(t ) x (t) + Kc (t) u (t) (A. 33)

u (t) = r(t) - H (t) x (t ) (A.34).
■ _i ■K (t) =. [v% (t) H' (t) + r (t) V (t) ] V  -1 (t) (A. 35)c x wn u

■ v v (t) = a (t ) V v (t) + V v (t) A'(t) + r(t) (t) r'(t)

- K (t) V n (t) K/(t) (A. 36)
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2. n (t)=O; in this case, the right-hand side of 
(A.20) is zero, and it no longer represents the innovation 
process of r (t). Instead, the innovation process is given 
by

u (t) = r(t) - H* (t) x (t ) (A.37)

where '

H* (t) = H (t) + H (t) A (t ) . (A.38)

and

* /4— ̂ _ d [H (t.) x (t) ] r ( t ) --------at-----

= H (t ) x (t) + H (t) X  (t )

= H (t) X  (t ) + H (t) [A (t) X  (t) + F (t) W  (t) ]

= H*(t) x (t ) + H (t) r (t) w(t). (A. 39)

Substituting (A.39) into (A.37) yields

u (t) = H* (t) x (t) t H (t) F (t). w (t) . (A.40)

(A.40) is in the same form as (A.21) with H* (t) replacing 
H (t), and w(t) playing the role of n(t). The proof that 
u (t) given by (A. 40.) is a white noise is similar to the 
previous proof; the key equations are, for 't <t.
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. E[x (t) 'r'-fT) ] = 1 (T ') I = O
r, ■ . 3T

i ■ ' -,Oj /v ' ■ . ■ ' .E [x (t) X i(T)] ^ 0 .■

E[w(t) (T)] , . i W f t p T r l l  = o

E[w(t) X(T)] T 0

' R ;41)
(A.42) 

(A. 43) 

(A.44)

The first two equations follow from the orthogonality 
principle-, and the last two equations follow from the fact 
that w (t) is uncorrelated with x (t ). and n (t ) for T<t.

Thus, for t<t,.

E•[u (t ) u ’ (T) ] = eJ {[H* (t) . x' (t) ■+ H (t) r (t)w (t) ]

[r (t ) - H* (t ) x (t ) ] 1 }

= . 0 (A. 45)

A similar argument applies for t > t .. For T=t,

E [u (t) u' (t) ] = E {[H* (t) x (t ) + H (t) r (t) w (t) ] 2 }
(A.46)

Similarly, .H(t)-T (t)-E[w(t)-w' (f) ]- T M t ) -H' (t) is the 
. „ / 

only term in (A.46) that has an infinite value, thus,

E [u (t) u' (t ). ] = V (t) 6 (t-T )', (A.47)u
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where

V u (t) = H (t)r (t) V w (t) >' (t) (A. 48)

The results for the optimal zero-lag realizable filter in 
this case are given by the following equations: (pp. 338, 
reference 51)

x (t) - A (t) x (t ) + Kc (t) u (t). 

u (t) = r(t) - H* (t) x (t)

Kc (t) = [V% (t) H*' (t) + T (t) Vw (t) r'(t). H' (t)]

(A.49) 

(A.50)

* [H(t) r (t) Vw (t) r ' (t) H ' (t) ] (A.51)

Vr (t) = A (t) Vr (t) + Vr (t) A' (t) + f (t) V (t) T ' (t)

- K (t) [H(t) T (t) V (t) I' (t) H ' (t) ] K'(t), (A.52)C W  C

where H*(t) is given by (A.38).
For a discussion about how to specify, the initial 

conditions, refer to pp. 544 of Van Trees (58).
When n(t) in (A.3) is a colored noise, then depend­

ing on whether it contains a white noise component or not, 
the problem can be reduced to one of the above two cases. 
Let

n (t) = nw (t) + nr (t) , (A.53)
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where (t) is a white noise, and n (t) is specified by
the state equations

5(t) = B (t) ^(t) + T (t) w (t)

nr (t) = Ic (t) wr (t) ,

(A.54) 

(A.55)

where.

E[wr (t) w (t) ] = Vw w (t) • 5(t-T) .
r

(A.56)

Augument the original state equation to include 6 (t), and 
define

x (t) = [x(t) , ^(t)]' (A.57)

W (t) = [w (t) ,W (t) ]
d.  J. (A.58)

Then

xa (t)
A (t) 0

0 B (t)
(t) +

r(t). o

Tr (t)
■wa (t),

(A.59)

and

r(t) = [H (t ) , I (t) ] x (t) + n (t)C a. W (A.60)

R ^ ( t , T ) E [w|(t)]* 6 (t-T)

where
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V (t) -P_

>'

W w w r

v W  w  ( t > V (t>
6 (t~T) (A.61)

If nw (t)^0, the above equations are the model of the case 
with additive white noise.. If (t)=0, Eq. (A.57) through
(A.60) is the model of the noise-free case.

To give a heuristic look at the invertibility of 
the transformation which -yields the innovation process, 
note that from (A.33) or (A.49),

x (t) = A (t ) x (t) + (t) u (t) .

For the case with additive white noise, we have from (A.34) 

r(t) = u (t) + H (t) x (t) . (A.62)

For the noise-free case,

r(t) = u (t) + H* (t) x (t).. (A.63)

Thus, if u(t) is given, r(t) can be obtained either by 
(A.33) and (A.62), or by (A.49) and (A.63) depending on 
the characteristic of the noise.

Substituting (A. 34)' into (A. 33) yields

X  (t) - [A (t) - Kc (t) H (t) ] X  (t ) + Kc (t) r (t) (A. 64)



(A.63) represents a. feedback system. A similar situation 
can be found in the noise-free case. Due to this feed­
back, there is no need to store r (t ) for .t <t. This feed­
back loop accounts for the recursiveness of the solution.
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Appendix B

DISCRETE KALMAN-BUCY STATE-VECTOR, 
FILTER AND ITS EXTENSIONS

The discrete state and observation equations are

x (k) = $ (k,k-'l) x(k-l) ‘+ (k-1) ,

z (k) = H (k) x (k) ,

. (B. I ) 

(B.2)

and

r (k) = z (k) + n (k) . (B.3)

with prior statistics

E [w^ (k) ] - E [n (k ) ] = E [x (0 ) ] = 0

E - (jZ k ) = V (j) « ,
d d J

(B. 4)

(B .5)

Rn (3'k) = Vn (j> V '

Enw,<j'k > = Vnw <3> 6jk'd d J.

(B.6)

(B.7)

and

Rx (0,0) = Vx (O) . (B.8)

We seek for the linear least-squares estimate of x(k), 
x (k/tL , p) (to be denoted by x(k/p) from here on) , based 
on the observation of r (j ) for -
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The general procedure used in deriving the optimal 

discrete filter is similar to that used for the continuous
'. ' . ' ' - - J

optimal filter described in Appendix A 7 and is simpler. 
Thus, the details will not be given here. For the de­
tails,. refer to Sage and Melsa (51; Chapter 7). The. solu­
tions are

x[(j+l)/j].' = $(j+l,j) x (j/j ) + K 0 (j) [r (j ) - H(j) x(j/i)]
(B. 9 )

x (j/j) = x (]/(]-!)) + Kd (j ) Ud (j ) (B.10)

ud (j ) = r (j ) - H (j ) x (]/(]-!)), (B.ll)

K0 (j) -.Vw n (J) V"hj), ' . . (B.12)

Ki(j). = V^(j/(jrl)) H' (j ) V ”1 (j ) , ' (B .13)'
X Ud

V 1 (j) = H(j) V~ (]/)]-!)) H'(j) + V  (j), • (B . 14)Ud ■ x ■ .

Vv(j/.(j-D ) = - K 0 (i-1) H(i-l)] V~(i-l)[$(i,i-l)

- K 0 (i-1) H(i-l)] ' + Vw (i-1)

- K 0 (i-1) Vw (i-1) KJ (i-1), (B. 15)

v%(i) = [i - Kd (i) H (i)j V v (i/i-i)), . (b .ie)

where ud (i) is. the discrete innovation process of r (i). . 
The above equations.can be applied to the case when
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n (k) 7̂ 0 as 'well as to the case when ri,(k)=0. When n(k)^0/
(B.I3) can be written in the alternative form

-1Kd (j) = V£(j) H' (j) Vn-i Cj) . (B.17)

Thus, in discrete estimation, it is no longer necessary 
to distinguish between the case in which n(k) is present 
and that in which n(k) is absent. The second case is 
simply a special case of the former one. To prove that 
ud (j) is a white noise, write û ( j) in the form

ud (j ) - r (j ) - H (j ) x (j/ (j-1) )
= H (j ) x (j/ (j-1) ) + n(j) (B..18)

Then

E[ud (j ) Ud (k) ] = E {[H (j ) x (j/ (j-1) ) + n (j ) ]

[r (k) - H (k) x (k/ (k-1) ) ].} (B.19 )

If k <j , it follows from the orthogonality principle that

E[x(j/ (j-1) ) r ' (k) ] = O . - -  (B.20)

and

E [x (j / (j -I)) x'(k/(k-l))] = 0 .  (5.21)

From (B.6) and (B.7),

E[n(j) r ' (k) ] = 0. (B..22)
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Also, since x (k/ (k-1) ) depends on x(&) and n(&) for 
only,

E[n(j) x(k/ (k-1) ) ] =O.''..'

From (B. 19 ) ,through (B. 23) , for k <j,

E [u^ (j ). (k) ] = 0 .

Similarly, for k > j , ' - '

E[ud (j) u^(k)]'= 0

For j=k,

Etud (k) u^(k)] = E ([H (k) x (k/ (k-1) ) + n(k)]
a ,  ' ' '. [H (k) x (k/ (k-1) ) + n(k) ] ' }

= H (k) V~(k/(k-l)) H ' (k) +-V (k) x ■ n

+ E[n(k) x 1 (k/ (k-1) ) ]• H ' (k)

+ H (k) E [x (k/ (k-1) ) n ' (k) ] .

Since x (k/(k-1)) is a linear combination of r(&) for 
&<k-l, which are uncorrelated with h (k), and x (k) is 
uncorrelated with. n(k) (from (B. I ) and .(B.7)),'

E [x (k/(k-1) ) ■ n ' (k) ] = ,{E[n'(k) x ' (k/(k-1) ) ] } * .

l<k-i 

(B . 2 3.)

(B.24)

(B.25)

(B.26)

also

0 ( B . 2 7).
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Hence,

Vu^ (k) = E[ud (k) (k) ] H (k) -V^ (k/)k-l) ) -H1 (k) + V (k) .

: (B.28)

From (B.21)v (B.22), and (B.25),

E[ud (k) ud (j)] = V (k) Skj (B . 29).

with V (k) given by (B.28). If n (k)=0> (B.29) reduces
to d

E[Ud (k) ud (j)] = [H(k) V~(k/(k-l)) H' (k) ] Skj. (B.30)

Colored noise problems can again be handled by aug­
menting the state representation. Assume that ' . •

n(k) = nw (k) + n^ (k) (B.31)

where n^ (k) is a discrete white noise, and nc (k) is spec­
ified by the.state equations

£(k) - $ (k,k-l) C(k-l) + w, (k-1) n • cin

nc (k) = Id (k) E(k)

where
RW (k,j) 

dn , Vw E(k) S
dn kj

(B . 3 2 ) 

(B.33)

. (B.34)
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and''

W k ' i v^ ki * « •

Let

x (k) = [x (k) 7 C (k) ].' '
Cl. (B.

and

■wa (k); = [Wdl (k>, :wdn (k) ] ' . '

Then

X a O O
0 (k,k-l)

0 4>n (k,k-l).
x (k-1) ■ + w (k-1)

a. 0.

and

r (k) = [H (k) , I j (k) ] x. (k) + n (k)

with

E [w_ (k) w ' (j)] V k) v (k)-
Vn d (k> .

kj

Thus/ the problem- reduces to the white noise, or to the

35)

3.6)

37)

38)

39)

40)

noise-free ease.



Appendix C
_

' DISCRETIZATION OF CONTINUOUS STATE EQUATION

The problem is to discretize the continuous state 
equation given by (2.1) with prior, statistics given by 
(2.5) through (2.8) . From (2.1) it follows that

' ,t :X (t) = <E> (t, T ) x (t ) + / 0(t,v) r (v) w(v) dv (C. I)
T

where $(t,v) is the transition matrix of A (t) with the 
following properties (51):

Property I .

9 f (t, T ) /9 t = A (t) $(t,T). (C. 2 )

Property 2 .

■ $ (t, T )• $ ( t , p) = $ (t, p ) . (C. 3)

Property 3.

0(t,t) = I  = the identity matrix. ■ (C.4)

Substituting t=kT and T = (k-1)T into (C.l) yields ■

x (k) = $(k,k-l) x (k-1) + J - $ (kT,v) T (v)w(v)dv.
(k-1) T

(C. 5)

Let (22)

wd (k-1) = fkT $ (kT,-T) I (t ) w (t ) dx-. (C. 6)
(k-1) T
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Then,
• ,

x(k) = <i>(k,k-l) x(k-l) + w (k-1) (C.7)

Some of the properties of (k) are the following:

Property I . ■

E[wd (k) w^ (j ) ] = Vw (k) Sk  ̂ (C.8)

where

V (k) = J (k+1)T$ ( (k+l)T,T)r (t ) V (r) T 1(T) $' ((k+l)T,T)dt.
d kT w ' ■

CC.9)
This property can be established as,follows: From (2.28),

E[w (k). w'(i)] = / (k+1)T I (j+1)T$ ((k+i)T,v) r (V)
. . kT jT

X E[w(v) -W1 (T ) ] r ' (t ) 1 ( (j+1) T,t ) dv dT
(C.10)

= / (k+1,'r f (3+1,,r<t ( (k+l)T,v)r (v) V (v) x 
kT jT --.r,; w

6 (v-T) T 1(T) $ ' ( (j+1)T ,T) dv d T ; (C.ll)

i . e . ,

E[wd (k) -W^j)] = / (k+1)T$ ( (k+l)T,v)r (V) Vw (V) T '(v)

(C.12a)X ((k+l)T,v) dv
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if j=k> arid.. 1 '

E [w^(k) (j)] = O otherwise. (C.12^)

Property 2.

E[x(t) w^(kT)] = 0 for t < kT. (C.13)

This property follows directly from (2.7), (2.6), and the
definition of w^(k) given by (C.6).

Property 3.

E [n (k) w^ (j ) ] = 0 (C.14 )

This follows directly from (2.8) and (C.6). Thus, the 
discrete state equation given by (C.7) fits the general 
form of the discrete state equation as given in Appendix B 
with vwn (k) =O .

There is one more property of interest.
Property 4.

E [w (t) w^ (k-1) ] = 0 for t < (k-l)T, or t > kT. (C. 15) 

To establish this property, we write

,Tz-rnE [w (t ) w' (k-1) ] = /K1 E [w (t) w' (V) ] r' (V) (kT,v) dv.
(k-1) T

(C.16)
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■:; ■ • ■ T ' ' •• ■ ■: .V-.J ■■■From. (2 .’,7')it follows that . \ : ' :

.

E'[w(t) W^ (k-1) ] /"IcfP 'i VT7(t)6 (t-vjr* (v)$» (kTrv) dv.
(k-1) T W

(C .17)

Thus,

E [w (t) (k-1)]
Yw (I)P1 (t) $ ' (kT, t) for (k-il)T<t <kT,
(1/2) (t) P ' (t) § ' (kT, t) for t=kT, (k-1) T,.
O - otherwise..

(C. 18)

In this work, the observation process is assumed • 
given in discrete form, where z (k) in (2.3) is - given by

z(k) = H (k) x (k) . (C. 19 )
. ’ - ■ • . -

If a continuous noise n(t) is added before sampling, dis­
cretization of n(t) is needed. This does not present any 
problem if n (t) does not contain a white noise 'compoiient,. 
The corresponding discretized noise is simply n(k) with
autocorrelation function equal to R • (t,r), where t=kT and

• - n

x=jT for any integers k, j. If n(t) does contain a white 
noise component, the discretization of n(t) is not so 
straightforward.. Since in a continuous time system, the 
autocorrelation function of a white noise is an impulse 
function, at t=0; whereas it is senseless to have an J..
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impulse,function appear in the discrete'model. The point

■ / ,■ ' • V  : '.is that, the white noise representation is only an approx­
imated model of some random process. To find out the dis­
cretized model of a noise which is approximated by a con­
tinuous white noise, one has to go back to the original 
correlation function that characterize the noise. For ex­
ample, a noise n 0 (t) with an autocorrelation function 
shown in Fig. C .I can be approximated by a continuous 
white noise, i .e .,

R (T) = V 6(T) (Cf 20)n o ' n o

where 6 (t ) = the unit impulse function, and

v = / r  (t ) dr. (C.21)n O oo n o

If this noise is sampled with sampling period T, then the
only values of R (t) that needed to be investigated aren o
at t=..., -T, 0, T, ... If R (jT)/R (0) for j^O isn O n o
small enough, one can approximate n 0 (k) by a discrete 
white noise, i .e .,

(k-j) n 0d 6kj (C.22)
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R (T)

-.03 -.02 - 01 0.0

Figure C.l The autocorrelation function of random process 
which can be approximated by a white noise.
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where

n 0d <0) ’ (C.23)

Thus, one can approximate both n 0 (t) by a continuous
white noise/ and n (k) by a discrete white noise but with

. 0
different variances, i.e., V , in general.n 0 n 0d



Appendix D

ERROR COVARIANCE OF LINEAR ESTIMATION

A general expression of the error covariance of the 
filtering, prediction, and smoothing problems is developed 
first. Let'V (t)=EU2 (t)] . ' Then from (2.31) , it follows 
that

*f • f
I I

SL=SL̂  k=&^ g (tr£T) E[ud (I) ud (k)]g' (t,kT) ,

(D.l)
A . A awhere x (t/£^)=x( t / ,i ^ , r (k))=linear least-square estimate 

of.x(t) given the r(k)'s for <Jlf. Substituting (B.29) 
into (D.l) yields

V- (t/Jc. ) = I g (t, IT) V (Z) g'(t,&T), (D.2)
. Jl=Jli ud '

where V (Z) is given by (B .28). From (2.12), it follows 
d

that.

V^(t/Zf ) = S {[x (t) - x (t/£f) ] 2 }

= Vx (t) - E [x (t) x' (t/Jlf ) ] - E [x(t/Jlf) x' (t) ]

+ v~(t/jif ) . (D. 3)
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Eitgiti (2.12) and, the orthogonality principle.,:'

• ^:[x.(t) X' (t/i ) ] = E[x( t / &  ) x' (t) ] v- (t/z_) • •' 1 - . . 3- . - 1 - X •• • . £ ■ f ’«
(D.4)

Thus, (D. 3.) becomes

V~(t/A^) = (t) - V-(t/2f)
& '

= Vv (t). - I g(t,&T) Vu. (5,) ' g.'.(t,JlT) ,
i (D.5)

where the second equality results from the use of (D.2). 
Since d(t)= C (t)•x (t),

£f
va (t/£f) = vd (t) - I C(t.) g(t,£T) V (2)g' (t,AT)C'(t).

Z=Z d ■
(D.6)

Depending on-whether Z ^ <m, £^=m, or &^>m, where m= <t/T>; 
we are dealing with the prediction, filtering, or smooth­
ing problems,- respectively. Let

gd (t ,£T) = C (t) g (t., £T) / V ^ I T T
ud

(D.7)

Then (D.6) becomes

Jf .
(t/Zf ) = Vd (t) - I g^(t,£T). (D.8).

Z=Z^ .
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For prediction and filtering problem, Substituting
(2.41) into (D. 7.) to obtain, for .&<m.

gd (t'/XT) = C(t)4>(t,£T) V~(&/2-l) Hb(^)Zv-T-P T
. x ud

= C (t)$(t,AT) K (£) ZVT-T H T  (D. 9)
■ • ' ud

where (5.) is given by (B. 13) . When (zero-lag),
Eq.- (D . 8) becomes

m
V^(tZm) = V~(t) = V (t) - I q U t ' l T )  (D.10)

i .

with g(t,£T) for ,£_<m given by (D. 9) . For smoothing prob­
lem ̂ >m, . (D.7) becomes

. ■ m+nd
V~(t/£f). = .V~(t,hd) = V^(t) - I g|(t,£T)

. £=£.

nd
= v^(t) - l.qi (t, (m+k)'T) , (D.ll)
■ k=l a

where nd=£f-m>0 , Vg (t) is given by (D. 10 ) , and g^ (t,(m+k) T) 
for k>0 can be obtained by substituting (2.90) into (D..7) ,
i.e. ,



285

g (t,(m+k)T)- ='C(t) V% (t)$ ' ((m+l)T,t)Am '(k)H' (m+k)/v-l (m+k)T  ' : . . -X- III ■ ; U  ■'d
for k> 0 , (D. 12)

For a stationary input signal, $ (t,&T)=0 (t-£T)/ and
C (t) and H (k) become constants. At the steady state

K, (i). and V (&) become constants. Under these 
. . d
conditions gd (t,£T)=gd (t-£T) for all I . Substituting 
this expression into (D.8) and integrating both sides of 
(D.5) from t=0 to t=T to obtain

where the second equality comes from letting v=t-£T and 
interchanging the order of integration and summation; 
gd (v) is given by

m+nd

i

Vd - (1/T) r  9^ (V) dv (D.13)

C O (v) K- /V-1 d ud (D. 14)

for v>0, .and

gd (v) =C (v+kT) 0 (-V- (k-1) T) {[I-H1 K̂ ] $ ' (T) }k H- Vy1
ld (D.15)
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for -kT<y<-(k-l)'T, .'where k>0. The expression-

d/T) Ig represents the error with a penalty
function

. V (1/T) if 0<t<T
P (t) = j (D.16 )

-O- otherwise.

The gd (v) corresponds to the 'reconstruction efficiency 
density' defined by Tretter and Steiglitz (57). More 
generally, is a function of two variables as shown in 
Eg. (D.7).

To obtain-a differential equation for the zero-lag ' 
errpr covariance V% (t), we first write'

d E [x (t) x ' (t) ] 
d t , E[ (dx(t)/dt) x' (t) ] + E[x(t) (dx' (t)/dt) ] .

- (D . 17)

Subtracting (2.43) from (2.1) to obtain for t^kT, k=0,.

dx (t)/dt = ■ A (t ) x (t) + r (t) w (t) (D.18)

Using the result of (D.18), the first term on.the right- 
hand side of (D.17) can be written as



E[ (dx(t)/dt) .x|;(t)] = E {[A (t ) x(t) + F (t) w (t) ] x'(t) }. ; C , ‘ I ■ '( 't 4‘ 1 :. .. . . . . .  !

= A(t) V~(t) + T(t) E[w(t) X 1 (t) ] .
CD.19)

Again from- (D. 18) , it follows that for k.T<p<t <(k+1) T, 
k=0

x(t) = &(t,p) x(p) + Jt Q (t,v) I (v) w (v) dv (D. 20)
P

Thus,

E [w (t ) x'Ct)] = E[w(t) X 1 (p ) ] $ ' (t, p) + /t EtwCt) w (v ) ]
P

$' (t,v) r 1 (v) dv. (D . 21)

Since x (p) depends on x (t ) and n (t ) for .x̂ p only,

E [w (t) X 1 (p)] = 0  for p <t. (D.22)

From (2.6),,it follows that

4- A. '

I E [w (t) W(v)]#'(t,v)r'(v) d v = /  V (t)8(t-v)$'(t,v)r'(v)dv 
P . P W -

= (1/2) Vw Ctj r Mt) . ■ (D.23)
Substituting (D.23) into (D.19) to obtain

E [ (dx (t) /dt) x' (t) ] = A (t) V (t) + (1/2) r(t) V (t) F' (t) ., ' • . X W
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CD . 24 )
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Similarly, ' ^  ^
.. :v ’ ' • ■ .. ■; ;' , ■ 

E[x(t) (dx* (t)/dt)] =V^(t) A 1 (t) + (1/2) r (t) V (t)r'(t) .
(D.25)

Substituting. (D.24) and (D.25) into (D.17) yields, for 
mT < t < (m+1) T ,

v~(t) = A(t) v~(t) + (t) a  1(t> + r (t) vw (t)r'(t).

(D.26-)
At the sampling instants, from (2.12), (2.44), and (2.45),
it follows that

a, - m-1
x(mT ) - x(mT) - I &(m,k) K. (k) u, (k) (D.27)

k=&^ a d

and

+ m-1
x(mT ) = x (mT) I $ (m,k) K, (k) u, (k)

a.

+ Kd (m) ud (m) ]

Thus,
% + x (mT. ) x (mT ) - K d (m) ud. (m)

(D. 2 8 )

(D. 29 )

and
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■ '■ •’ ' - -x; ' - ’ ' , ■'/ ■■ ■ \ .V~ (m? I = (mT ) - E[x(mT,.) (mT) J (m) ,

(m) E [ud (mT ) x ! (mT™) ]

+ K (m) V (m) K ' (m) . (D.30)
Ud a

From (D.27), it follows that

m-1
E [x (mT ) u' (mT) ] = E { [x (mT) - I $ (m, i) K (i) u, (i) u' (m) }

a i=£. a • a •i

' = E [x (mT) ud (mT) ] 

m-1
I 5 (m, i) -K (i) E [u,.(i) u' (m) ] .I=Jli d d . . d

- (D.31)
The second term on the. right-hand side of (D.31). is zero 
since ud (k) is a discrete white noise. Thus, • ■

E [x (mT ) - ud (mT) ] = E [x (m) ud (m).]

= VrV (m/m-1) H 1 (m) x
= K (m) V 1 (m) (D. 32)

d

The second equality follows from (2.40), and the third- 
equality follows from (B.13J. Through the use (D.32), 
we obtain
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(mT+) - V~(mT ) -Kd (m) V-; • (m) KJ1 (m)
'i

(D.33)

Eg. (D.33) can also be obtained from (D.5). Combining 
(D..33) and (D. 26) yields, for all t> A^T=Ihe initial time,.

v;wt) = a (t ) v~(t) + v~(t) A' (t) + r (t) v (t) ri (t)
, - X  X  W  .

CO '
- ' I K (£) V11 (£) K'(A) 6 (t-£T) . (D.34)

A=2. Q ud cl

Another form of the zero-lag error expression can 
be obtained as follows. Substituting p=mT into (D.20) 
to yield for m.T<Vt < (m+1) T,

x (t) = $ (t,mT) x (m) + Jt $(t,v)r(v) w (v) dv. (D.35)
mT

Thus,

V% (t) = E {[.$ (t,mT) x (m) + Jt $(t,v) (v) w(v) dv] x
mT

[5>,(t,mT) x (m) + Jt $ (t,T) T (t ) w (t ) dr]}. (D.36)
mT

%Since x (m) is independent of w(v) for mT < v , (D.36) be­
comes
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V^(t) = $ (t,mT) (m) (t,.mT) + Jt 5> (t, v) T (v) V (v)r'(v)
' ' . m T . ' ' '

*0'(t,v) dv. (D.37)



■ , Appendix E

.CONDITIONS FOR THE OPTIMAL PREFILi1ER ' '

From Fig. 1.1, ignoring realizability and assuming 
n2 (tk.)=0 at; first, one can write

Y (t) = Jc0 F (t, v) r (v) dv ' (E.l)
. Ti ' .

and

C O

d° (t) = I G(t,t ) y (t ) ., (E . 2)
k=&. . k - %

where T ^ .and denote the initial conditions. Let 
d(t) = [d1 (t) ,d2 (t) , . . . , dp (t) ] ; and df (t) = [df (t) fd? (t) ,'

O. ..,d (t)]. Then given Rd (t.,T ) , ^dr (t,T), Rr (t,T) , and
G (t,t^), the problem is to minimize

-Ti = /“ qi (t) ti Ctdi (t) - d?(t)]2} dt . (E. 3)

for i=l, 2 ,■. . . ,p,. where (t) is a rionnegative weighting 
function. Let

Cdia = A column matrix consisting of the diagonal 
terms of the square matrix Cr .

arid
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Q(t) = A diagonal matrix with its ith diagonal 
element equal.to .

Thus, the problem is to minimize every element of J,. ,dra'
where

Jdia = ,t/00 Q.(t) E {[d (t) — d° (t) ] [d (t) — d° (t) ] 1 } dt]dia

r 00= K  Q(t) [Rd (t,t)-RddO (t,t)-RaOd (t,t)+RdO (t,t)]dia dt

(E.4)

with Rd , Rdr, Rr , and G given. From (E.2), it follows 
that

Rdo(t,t) Ik=£•i
'I G(t,t )R (t,,t )G’ (t,t.)

. K Y K 3 3
(E.5)

Through the use of (E.l), R^(tk ,tj) is given by

Again, from (E.l) and (E.2), it follows that

Rddo(tVt)' = 'J lz *dy(t,tk ) G'(t,t%) • (E.7)

and



294

= / 'Rdr lt^ej F ' Itk '61
, "lI

.» ■ . ■ <v '
'■ - 'I::' "!V']

<E-8)

Furthermore, since [d (t) - (d° (t).) ' ] = [d° (t) d' (t) ] ' ,

{d(t) (d°(t)) '}]dia =• d' (t) >]dia (E.9) -

By the use of Eqs. (E.5) through (E.9), (E.4) can be
written as.

' C O  COJdia = J00 - Q (t) [R (t,t) - 2 I P  Rdr'(t,3)F' (t. ,3)G' (t,t. )d0 
■ a R=Jli Ti ar ' K k -

Tl ' Tl f C O  - O O
+ I I G (t , t, ) J 7 F (t, ,a)R . (q, 3)F,‘(t. ,B)da ' d3 

j = £i R=Ai K Ti Ti K r :

X G ' (t,tj)]dia dt. (EJlO)

In order-to use the method of calculus.of variations, let 

F (t ,T-) = Fq (t, t  ) + e 6F (t,T) , ■ (E.ll)

where Fq denotes the optimum prefilter. SF (t,T ) denotes 
the variation, and e is an arbitrary quantity. Substi­
tuting (E.ll) into (E.10), we have (after some manipula­
tion) , '

Jdia = I" Q (t)'[P0 (t) + e, P1 (t) + E2 P 2 (t.)]dia: d t , .(E. 12)
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where
OO

P1 (t)

x da d3 ] • G ' (t, t^ ) , (E. 13)

I I G ( t , t ) [ / . J  F ft ,a)R (a,6) F' (t.,6) 
k=£i J=Hi K Ti Ti ° K r 3

x da d&]G'(t,t.)+ % % G(t,t,)/°° r  F(t,,a)

C O

■ X S F ' (tk ,3) G' (t,tk ) dg, (E.14)

and

Pg(t) = i.. I G(t,t ) 6F(t ,a)R (cue) 6F'(t.,g)/k=&i j=£i ' K Ti Ti . r J .

da dg G '(t,tj). (E .I5)

A necessary condition for Fq to be the optimum prefilter 
is .
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3 Jdia
Be /” Q(t) [P1 (t) ]dia

'i
O

" i V--:1, ■
.(E.16)

Since Q (t) is .nonnegative and . [P2 (t) ] di represents the 
variance functions.of the outputs of the postfilter if ' 
SF (t,T ) is the prefilter.

3 2 Jdia 2 / Q (t) [P2 (t)Jdia dt > 0. (E . 17 )

Thus, (E.16) is both necessary and sufficient to specify 
the optimum prefilter. Substitute (E.14) into (E.16). 
Since the-diagonal elements of the first term on the 
right-hand side of (E.14) are equal to those of 'the second 
term, we have

I T  [ I G'(t,t ) r.F.(t.,a)R (a,g)da-R, (tJ3)]
]=&. -oo . Ti k=Ai k Ti ° k r . dr

' x 6F' (t.,B) G' ('t,t.) d6>dia dt - 0 (E..18).

for an arbitrary SF (t,8). If all the quantities in (E.18) 
are scalars, rearranging the terms in (E.18) to obtain

Z r6f'(t.,exr<3(t)g(t,t.) [R (t,8). - I g(t,t.)- x
J = Ii Ti .  ̂ -0° 1 a r  X=Ai k

J . f (t, ,a) R (a,8) da] dt} dS = 0,
Ti. .

(E.19)
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Where we have used lower case f g, and q to denote F , G ,
h': ' /  ' i' - \ ' . ' .. . .and Q,. respectively, in order to emphasize that they are
scalars... Eq.- (E.19) is equivalent to Eq. (B.8) obtained
by Kellog (32).

- - -Let,us investigate the case in which the signal and 
noises are■stationary, and the filters are constrained,to 
be time invariant, i .e .,

R. (t,x ) -- R.(t-x) (E. 20 )
F(t,x) = F (t-T) , (E. 21)

and '
G(t,T).= G (t-T ) ' (E . 2 2 )

Also, assume that the sampling process is periodic; i.e., 
t^=kT,, and let

I (1/T ) • I if JD<.t<T
Q (t) = V  (E .2 3)

L 0' otherwise,
where I is the identity matrix, and T is the sampling per­
iod. Furthermore, assume TV , 5,̂ —̂ co.. From these assump­
tions, a solution could be obtained from (E.18) directly, 
but in order to simplify later development, let us start 
from- (E. 4).. By use of (E.23 ) and (E.5), we have

Jm Q(t) R o (t,t) dt = (1/T) J1 I ■ I G(t-kT) 'R (k-j) x
— CO ® k = —Ooj= — CO I

G'(t-jT) dt. (E.24).
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tegration and summation, we have
Let v-t-jT and after interchanging the order of in­

I
J c = - C O

I
J=

G (k-kT)' Ry (k-j ) G ' (t-jT) dt

J  J - ( Jrl)T g ( v _ At) £) G , (v) dv _
-j=—co — -j y

(E • 25)

The inner summation is equal to J00 G(V-AT)Ry(A)G' (V) dv;
thus,

J00 Q (t) R^o (t , t ) dt = (1/T) I f°° -G(V-AT)R (A)G'(v)
£ = — oo — oo Y

dv,
(E.26)

where

■ Ry (A) ■- J00 / 00F (a ) Rr (AT+a-8) F '(g) da dg (E.27)
^ -CO — oo

from (E.6). Similarly,

J“ Q(t) Rddo (t,t) dt = (1/T) Jco Rd y (V) G'(v) dv
. . (E.28)

where

Rd (v) = J00 Rd r (3+v) F 1(G) dg.
■* —  CO

(E.29)
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'T '':' V- -

Frpm . Eqs . (E. 26) through (E.29) , and the fact, that 1. '' :

(t/t) ] ^ d f̂d ^diaf * (E . 4 ) becomes

Jdia = [Rd (O) - (2/T)/“ '■/" R (B+v) F 1(B)G1(V) dv dB +— OO — OO

. . .  r-i p C O  m 0 0  * 0 0(i/T) 2 J f j  g (v - a t ) f (a )r  (a t +b-w ) f 1 (B) x
£ = —  O O  —  O O  —  C O  — 00

G 1 (v) dv da dBld ^a (E.30)

Following the same procedure as for the time-variant sys­
tems, the optimum time-invariant prefilter is found to 
be specified by the equation

.00 -00[/ I Rd r (Btv) SF' (B) G' (v) dv dB -

CO
V  r 0 0  ' /* C O  - o o  - C O

■ I I  I I I G(v-AT) F (a) R (ATta-B) F 1 (B)G1(V)X
C O  —  C O  - C O  —  00

dv da dB]d^a

= 0 (E . 31)

With a single sampled-data link, and a single input and 
output, all the quantities become scalars, and (E.31)
reduces to
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I
- C O

— • . I" . ■ .■ '• (-.CO ■ ■ r oo v  ,CO .: (6+v) g(v) dv - J I [/ g(y-ilT.) g (y) dv]
—  00 ’ —  —  OO _  OO : ' / ' '

(S-T+a-B) fQ (a) da] 6f (3) dB = 0 . • (E.32)

Since Sf($) is ah arbitrary function in B , it is both 
sufficient and necessary that

, OO/ R^r (3+v) g (v) dv
00 ,

I 00 I [J00 9 (v-AT) g(v)dv)Rr (jlT+a-6)
- O O  £ = * — 00 - C O

< fQ (a) da = 0 (E. 33)

When n 2 is absent (see Fig. 1.1), there is no need to im­
pose a power constraint on the prefilter since one can add 
a gain factor K to the prefilter and the inverse 1/K to 
the postfilter without influencing the performance of the 
system. When n 2^0, (E.2) becomes

d° (t) = % G(t,t ) [y(t ) + n 2 (t, ) ] . (E . 3 4)
k=-co ^ K K

Then

td0 (t,t) = J  I G(t,tk ) [Ry (t ,tj) + R _
K = —  Co' ]  = —  o o

(tv ,t.)

+ Rn2 Y etk -tIl + %  etR - Y e (E.35)
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and •

'
Rda°;(t-t)' = kL „ . [Edy tt^ k l i R an2 (t' V >  (E . 36 )

Substituting . (E. 35) and (E..36) into (E.4) z and using (E.9) 
to obtain. '

• " i-- •

dia !"' Oit)' fed (t,t)
CO OO

+ I 'I G(t,t )
— CO' ~  — CO

(tv ,t.)

+ .Ryng (t

~ 2 I [*dy(t,tj) + G'ftft.i^dt.

(E .37)

From here on, the problem under consideration will be con­
fined to the. special case of stationary inputs, time- 
invariant systems, periodic sampling, steady-state condi-; 
tions, and.Q(t) given by ' (E.23) .. . In this case,. (E.37) 
reduces to

Jdia
c • r03{Rd (0) - (2/T) / [Rdy (v) + R dn2 (v)] G' (v) dv +

(1/T) /“ G (v-iiT) LR (£)
Co —oo y

(£)] G ' (v) dv}dia.

+ Ryn2 (&)+R (&) +112 r

(E.38)
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Let us look at two different situations: ,

I . nz(kT) is an independent noise; then

R (v) = R (AT) = R (AT) = 0 .  (E.39)Cin2 yn2 n 2y

It is clear that if there is no power constraint on the 
prefilter in this.case, one can simply add a gain factor 
of K-*00 to the prefilter, and add 1/K to the postfilter. 
Then the effect of n 2 on the signal disappears because of 
an infinite signal-to-noise ratio, whereas the effect of 
other factors remain unchanged. Thus, it is necessary to 
have a power constraint on the prefilter in this case.
This constraint is given by

Py - tRy (O)Idia = [/“ T  F(a) Rr (B-a) F ' (6) da d B ] ^ .

(E.40)

Then the function to be minimized is

Jdia = Jdia + [ W "  J00 F(ct) Rr (3-a) F 1(B) da d3]dia, (E.41)

where is given by (E.38), and X is the Lagrange mul­
tiplier. Substituting (E.27) and (E.29) into (E.38), 
then substituting the result into (E.41) to obtain
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n r CO -  COJdia = [Rd (O) - (2/T) / . / R ( 6 + V )  F' ( 6 )  G'(v) dv a (3 +

—  0 0 — 00

CO
(1/T) I 1°° G (v-ZT)' {/” f00 F (a) R (£T+6-a) F' (g)x

£ = : — o o  — o o  — o o  — oo

da d'6 + R (&) G 1 (v) dv +A «/” /” F (a) R (g-a)X
n ? -co -co r

F 1 (6). da JBJdia- (E.42)

Using the method we used before for the case when n 2=0, 
we find that the optimal prefilter is specified by the 
equation

0 0  - CO

[f°° I" Rd^(Btv)GF'(B) G'(v) dv dB - j"°° I f G(V-AT) x
—  c o  —  o o  — o o  — o o  o o  — co

Fq (a) Rr (£TtB-a) GF1 (B) G 1 (v) dv - TA Fq (a) R (B-a) /

GF1 (B)} da JBJdia = 0, (E.43)

where A is to be chosen to satisfy (E.40).

2. n 2 (kT) represents quantization noise specified 
by (see Fig-. 1.1)

s (k) = a2 y(kj t n 2 (k) (E. 44)
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where y is . the input and s is . the output of the ■'quantizer,

.V1 - •' ' '
and a2 is'given by Eg. (1.7) and is assumed to be absorbed 
in the prefilter. Then the quantization noise is uncor­
related with (but not independent of) the input signal ■ 
and the observation noise; i„e., (refer to Fig. 1.1)

(v) % y ( ^ ) 0. (E.45)

Assume that the quantization noise can be approximately 
characterized by a discrete white noise (refer to 
Section 1.5 of this thesis); i.e..

Rn2 (k-'j) Rn2 (O)6fcj (E.46)

Let yn and s^ denote the normalized input and output of 
the quantizer, and let y^ and S^ denote the normalized Ith 
end point of the input ranges and the normalized output

i-1 i ' 1level for y . <y^<y^, respectively. Then

R (k-j) % (0)6kj
i

Ry(O)^n (gi _ y^)2 P^(y^) dy,
yi-1 n

(E. 4 7)

since both the actual quantization steps and the output
1/2levels are linear proportional to [Ry(O)]
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(8; Eq. (11 )). The P (y ) in (E.47) represents the prob-

• . ’ • i * .
ability density function of y . From (E.47), it follows 
that

2 .

(0)/Rw '(0) = j'
i-l

(s_ - yB l Pr (yn ) dyn = °Z (E. 4 8 )

Thus, it is seen that with the simplified assumption on 
the quantization noise, the noise-to-signal ratio depends 
only on the quantizer and riot o n ,the prefilter. The power 
of the prefilter in this case is to be optimized instead 
of being constrained to be a certain value. Substituting 
(E.47) and (E.45) into (E.38), we have

Jdia = [Rd (0) - (2/T) Jm Jco Rdr (3+v) F 1(B) G ’(v) dv dB +

(1/T) I f G (V-JlT)' {/” Jc0 F (a) Rr (JlT+8-a) F 1(B)
=  —  C O  —  C O  — ; O O  - O O

- C O  r C O  , C Oda d'B G 1 (v) dv + Cz / J / G (v) F(a)Rr ($-a)
—  0 0  —  C O  - C O

X

F 1(B) G 1 (V) dv da d8]dia, (E.49)

where c 2 is given by (E.48). (E.49) is similar to (E..42)..
Thus, the'solution can be written down directly in the form
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, . if, .■ 'I ^dr (6+v) 6f ' (3) G' ( V )  dv d6 - J • / •
-O O  —CO ’ ; — CO -O O

,r, .

Hr''" -f'=°' I I : G(V-S-T) X-
CO — CO

E (a) R (&T+B-a) + c- t /” G (v ) F (a) R (6-a)] x
°  'r  '. . -a, o  . r

SF1 (B) G 1(V) dv da d6>dia = 0. (E.-50)

For the case when, both quantization noise and an 
additive independent channel noise are present, one will 
-need to impose a power constraint on the prefilter in 
general. In this case, the quantization noise can be ap­
proximated by an independent white noise since R^(O) in 
(E.47) is preassigned a certain value.
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