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Abstract:

The basic problem considered in this thesis is how to discretize a random process observed at one end,
and after transmission, to reconstruct the desired signal from the discretized data received at the other
end. The discretizing process consists of sampling, quantization and a presampling operation. The
system under consideration in this work can either be regarded as a data communication or a data
processing system.

The main purposes of this work are: 1. To solve for the optimal realizable pre-transmission filter
(prefilter) at one end, and the optimal realizable reconstruction filter (postfilter) at the other end using a
state-space representation and the innovations approach.

2. To investigate the functions of the optimal realizable pre- and postfilters in comparison with that of
the optimal unrealizable filters. 3. To investigate the smoothing problem as a function of allowable
delay.

The major contributions of this work are: 1. The state-space and innovations approach has been
successfully applied to derive the optimal realizable zero-lag pre-and postfilters. The initial step in the
procedure is to find the optimal post (pre) filter with a given pre (post) filter. Joint optimization then is
carried out for the special case in which the quantization noise and channel additive noise are absent.
The optimal filters are specified as solutions to differential equations in the state variables. 2. In the
absence of the optimal prefilter, the optimal finite-lag postfilter has been found. An error-reduction
factor and a delay-efficiency factor have been defined in order to study the effect of introducing delay
on reducing the error between the output of the system and the desired signal. 3. Numerical examples
of the performances of various systems have been worked out, and interpretations are given.
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ABSTRACT

‘ The basic problem considered in this thesis is how
to discretize a random process observed at one end, and
after transmission, to reconstruct the desired signal from
the discretized data received at the other end. The dis-
cretizing process consists of sampling, quantization and
a presampling operation. The system under consideration
in this work can either be regarded as a data communi-
cation or a data processing system.

The main purposes of this work are: 1. To solve
for the optimal realizable pre-transmission filter
(prefilter) at one end, and the optimal realizable recon-
struction filter (postfilter) at the other end using a
state-space representation and the innovations approach.
2. To investigate the functions of the optimal realizable
pre- and postfilters in comparison with that of the opti-
mal unrealizable filters. 3. To investigate the smoothing
problem as a function of allowable delay.

The major contributions of this work are: 1. The
state-space and innovations approach has been successfully
-applied to derive the optimal realizable zero-lag pre-
and postfilters. The initial step in the procedure is to
find the optimal post (pre) filter with a given pre (post)
filter. Joint optimization then is carried out for the
special case in which the quantization noise and channel
‘additive noise are absent. The optimal filters are speci-
fied as solutions to differential equations in the state
variables. 2. In the absence of the optimal prefilter, the
optimal finite-~lag postfilter has been found. An error-
reduction factor and a delay-efficiency factor have been
defined in order to study the effect of introducing delay
on reducing the error between the output of the system and
the desired signal. 3. Numerical examples of the perfor--
mances of various systems have been worked out, and inter-
pretations are given.




Chapter 1
INTRODUCTION

1.1 "Problem Statement

N

In designing data commuqication or data processing
sysﬁems, channel capaqity is often one of the‘ﬁajor design—'
ing factbrs.' Whenever the‘amount of informatidh exceédS'

. the capaéify of the channel being used for transﬁitting
the informatibn, it is advantageoué, or even necessafy, to -
compress the information before £ransmission. ‘For example,
one has'to.discretize an analog signal before transmitting
~it‘through,a digital channel. Aftef'receiving the com-
pressgd informaﬁion such as the discretized data at the
othér end, one then tries to reconstruct the original.in—
formation from the compressed data according to a éerﬁain
fidelity criterion. ‘
| Numerical analysis provide aﬁ example of the dis-
cretization and‘reconstruction process. For_examplg}
functions éuéh as exp(x), cos (x), etc., are first tébulated
and stored.. One then approximates thé value of eﬁp(x) at
an arbitrary'point by some kind of iﬁterbolation pfocess
from ‘a set of tabulated values. | ‘ |
- The system under consideration in this thesis is

depicted in Fig. 1.1. n;(t) in Fig. 1.1, is the primary
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Figure 1.1 A sampled-data communication system.




3
‘observation noise. 'The observation process r(t) is dis-
cretized before transmission. The discretizing of r (t)
could simply be accqmplished bj éampling and éqgntizatioﬁ,
but in general it“ﬁight be édvantageous'to 6perate on f(t)
prior to samp;ing in such a way that the overall distof;
tion is reduced. This is one of the basic reasons why ‘a
prefiltef.is inse?ted in the sysﬁem. fhe functions 6f the'
prefilter will be'inveétigated in more ﬁétail later. ' The
_function of the postfilter is obvious; to reconétruct the
desired siénal from the discretized and §Qséibly contam-
iﬁated data received at the other end. The functions of
the quantizer are:

1. To combat- the additive noises in the channel
" (55). - R

2.. To reduce the amount of information to be
_transmitted (31).

In this work, the desigh of thelquantizer is not
undertaken; only its effects on the design of the optimal
pre- and.postfilters are considered. In Fig. 1.lb, the
input-output relationship of the quantizer is specified by
an additive noise nq(tk) called the quantization noise.
If the sampling-process is periodic, tk=kT, otherwise tk

denotes the time the kth sampling takes place. In’
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Fig.l,lc,nq(tk) and the channel additive h?ise nc(tk)gre
combined to become nz (t, ). The characterizatioh of'tﬁg
quaqtization'noise will be discussed in Section 1.5.

Dépending on whether ni, n, or/and nq ére present
or not, the system shown in Fig. l.l‘can éither be re-~
garded as a PCM (Pulse Code Modulation) system, a PAM
(Pulse Amplitude Modulation) system, or a data.procéssing
éystem. | .

The distortion between d(t) and d°(t) is due_td
n;, nz, and the sampling process. The object is to applf
the innovatioﬁs approach to find the opfimal realizable
pre- and postfilters‘for reconstructing a(t) accbrding to
a mean—squére—error criterion, and to discuss their physif

cal interpretations.

1.2 Historical Summary

Previous work in this area can be grouped into
three catégories: 1. The fréquency domain analysis, where
the optimai filters are specified by their £ransfer func-
tions wﬁich are the frequenéy domain representation of the
impulse fesponse of the. optimal filters. 2. The state-
space épproach, where the.optimal filters are specified by

differential or difference equations which relate the
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- inputs tp the outputs of the:optimal fi;feré. 3}::ﬁﬁméﬁi_
cal'methodé{ while both of tﬂe above two methods can Se
used injconjupction with numerical methods, the one that
will be mentioned in fhis'thesis'is’that-of Kellog's (31).
The three'ﬁethods are.discqssed iﬁ ﬁére détail as folloWs.

1. Freéuency ddmaiﬁ énalysis: Ever since Wiener's
work in linear least-~squares estimation of coﬁtinuous‘rah—
dom pfécesses (the system is shown in Fig. 1.23), the re-
sult haé been extended by_various people.' Costas (10)'
. studied fhe system shoﬁn in Fig.‘1725, where an unrealiz-.
able pre-transmissibn filter with a power constraint is
added. lfhe error redﬁction resulting from the ﬁéage of
~ this prefiiter were shown to be moderate for a simple sig-
nal such as a first-order G.M. (Gauss-Markov) process with
a white additivg noise. Franklin (47), and Tretter and
Steiglitz (57) considered the system shown ip Fig. l.Zc,
where a:sampler is included. They also consiaered fixed-
lag posgfilters but did not provide -a° detailed guantita-
tive error analysis. ' Katzenelson (30), Steiglitz‘(54),
and Ruchkin et al. (50) investigéte the system shown ih

Fig. 1.2_, where quantization is included. Since the ef-

d
fect of. the quantization process' can always be . -
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Figure 1.2 Models of communication systems.
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Figure 1.2 (cont.) Models of communication systems.
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characterized as adding noiseiﬁo the signal, this'systéﬁ
reduces.to'that showq in Fig. l.ch They studied the
tradeoff betﬁeen the number of quéntizafion 1evelé and
-the éampling rate.

Goodman and Drouilhet (19) studied the system
shown in Fig. 1.2e which includes a pre-sampling filter.
They assume that the power spectrum of the input signal
is bandiimited, and modeled the qﬁantizatién noise as an
uncorrelated white noise. Thus, this system reduces to
thg ohé:éopsidered by Costas.. Robbins (49), Derusso (12),
Chang (9), and others investigated the system shown in
‘Fig; l.2f, where the filteré are constrained to be zero-
lag realizable filters. Quantization was not considered
in their.Work. No error analysis has been found in the
abdve thfee papers; hence, it is not quantitatively clear
'what réle the optimal realizable prefilter plays. Brown
(5) and Spilker (53) studied the same $ystém with unrea-
lizable filters. The optimal unrealizable filters found
in this case are ideal bandpass filters. A similar result
was ob?éinéd by Chah and Donaldson (7) in.their work on
the.syétém,shown in Fig. l.2g,'where n(t) Fan be qyanti—

zation hoise or/and channel additive noise. One of the
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major‘contributions of their work was that they,found'that

t@e;joiﬁtly optimized unrealizable pfe; éna postfiltérs
'eliminaté the aliasing effect which will be explained in

Section.l.4. Hayes (20) studied fhe system shown in |
- Fig. l.2h.in which the prefilter was pﬁt behind the-saﬁf
pler. - Thqs,-it is not surpfising‘thétAthis érefilter has
no effect on the aliasing error. |

| The frequency-domain analysis is restricted to

stationary prodesses,.time—invariant systems} and steady—.
state con@itions. Furthermore, it iny applies tolthose
stationary processes having péwef spectrai densities that .
can - be faqtored."The.sblutions'for jointly optimized pré—
and pbsffilters found by fréduéncy—ddmain methods are'in
general rather messy when reélizability-is ;eqﬁired. As
the expressions for the transfér function of the optima1 
filters get more . complicated, it bécomes increasingly dif-
- ficult to realize and analyze these filters.

2. - State-space approach: Kalman (28) and'Kalman
and Bucy (29) originated the state-space approach to
linear estimation problems as extensions of Wieper's wqu.
' Meditch (37), Fraser (13), and Méhré.(38) extendéa this

work to the smoothing problem. Kailath and others (23-27)
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succeszqlly applied the innovations approach to this
problem. ' The innovations approach will be further dis-
cussed in Section 1.4. The.systems.considered by these
resea:che?s were either purely continuous or ﬁurely dis;
crete,'wheféés in this thesis, a partly'céntinuous and
partly diécrete system is considered.
) Moore and Hetrakul (40) applied the stafe-space
ap?roach-to.a PAM system. They'considergd tﬁe problem of
recénstructing the sigﬁal at discrete pointé in time based
‘Qn coﬁtinuous observations of the cqntaminated input. The
problem conéidered in this thesis is.how to reconstruct
" the analqg signal continuously from discrete observations.
Petersen (42) considered the system shéwn iﬁ Eig. l.lc
with no Wofd-abOut Quantization. He started the solution
by propoging a particular model for the pfe- and post-
filteré structure. The prefilter in his modgl consists of
a continﬁous KSVF (Kalman State Vector Filter) followed .
by a coder which is'simply a gain matrix. The optimal
postfilter in his model qah also‘bé represented by a KSVF.
This structure is intuitively appealing but needs to be
generaliéed. Further, no erfor analysis is ééntained in

Petersen's work. 'Alsd} no clue cah be found about
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suboptimum sysfeﬁs. For example, what is theé Situation
when the opﬁimal prefilter is absent?

Thé'basic ideas'behinalfhe State—spécé!approach
are: | | ‘ |

a..-ihstgad of chéracterizing thé sighéls by their
covariance.functions, or their power spectral densities,
characterize Ehem'by différeﬁtial ér differénce equations
in the é;ate variables with a white nbise‘as the driving
.functiohf The signals can be fepréseﬁted as iineér com-
binationé of the state variables.

b. 'Ipstead of estimating the desired signal di-
rectly,'éstimate the state variables first.‘>The best |
estimaﬁe qf thg signal ié simply.a linear’combinétion of
the best:éstimates of the state variables.

é. _Iﬁétead of finding the impulse responses of
the optimum filters, which are specified by integrai
- equations (or the analogous equations with a summation
term on one side of thé équétions in the discrete case),
or by transfer‘functions in frequency domain, specify the
optimal ﬁiltérs by diffefential or difference equatipns
.which relaﬁe‘the inputs to the outputs of the optimal

filters.
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The major advantages of the étate—space:approachg
are: . i h

a; " Both ﬁhe differential or difference equations
-which specify the optimal estimates exhibit the charac-
teristic bf recursiveness. That means that it is not

necessary to store'ali the past information. Thus,  the

amount of,storagg required is reduced. If one cannot
solve thé'differential or difference equations analyti-
cally;lhe_éan’use an analog or a digital computer;

, b. This épéroach can be applied td nonstationary
processes éﬁd timé;variant systems. The only reguirement
is thatlthe.state models of the signéls and the noises>be
given. 'Furthermore, transienf behavior and nonperiodic
sampling éan be analyzed using the state-space approéch.

The majér problem encounteréd in tﬁe state-space
épproach_is the modeling of the signal and noise by state
variables. For a discussion'of this mddéling problem,
see Kailath (24), Kailath and.Geesey (27), and Moore and
Andéfson (39).

3;. Numerical methods: both of the above two:
methods can be uséd.in conjunction with the numéricai;'

methods.  The one that is of interest here is that of 
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_ Kellog's (31). He investigated the systems 'of Figs. 1.2

and 1.2g numerically. The key points in his approech are:

"a. The impulse response of the optimal filters are .

'assumed to vanish outside a certain time interval.
b. The. approximate 1mpulse responses of the opti—
" mum filters are found by locating their sampled values at
_discrete points of time. For -example, if the impulse re-
sponse of the optimal filter is f(t), the numerical method
Ifinds the values of f£(t) at t=b-k-T, where k=0, 1, 2, ...,
and 0. <b.<1l. One then plots.f(t) from this discrete set
of sampled values to yield an approx1mate solutlon of f(t)
While the numerical method is certainly one possi-
ble way to deal with the filtering problem, its difficulty
lies in 1ts computational complexity. Also, one has to be
careful of,the roundoff error in the numerical analysis.

itself.

1.3 Outline of Contents and Statements of Results

In Sectionil.4, some of the basic concepts and
tools, such“as the,orthogonality principle of linear esti-
mation, used‘in this work are‘discussedA This discuss1on
will provide some insight into the problem under con51d—

eration.. In Section 1.5, the characterization of

GE
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quantization noise is discussed. The apﬁrqximatipps'made
by.ééher researchers.about the.quantization noise aéé
"given a Heurisfic justifigation in that section.
Thé method used in Chaptérstz, 3, and 4 is the
'state—spacé‘and the innovations approach. The optimal
filters found are realizable ones. | |

In Chapter‘z, the reconstructién problemvis stﬁdied.
Since the system under consideration is‘partly discrete
and partly conﬁinuous, it is necessary to have béth con-
,tinuous §ﬁd diécfete staté models of the signal. The
c0ntinuoﬁ$ model is assuméd to be given,_and'the préblem
is to discretize it; this problem is solved in_Secfion.Z;Z.

Both the zero—lag and the fixed-lag optimum filters
are spécifiéd by fhe coefficients of differential equa-
tions. . The amount of delay is‘conétrained to bé'an in-
teger multiple éf the sampliﬁg period. Error expressions
have aléo.beeﬁ found for both the filtering and the
smoothing:problem. For the smoothing problem, we defined
‘an errorjréduction.factor, and a delay-effidiency factor;
and iﬁveStigate thisiprobIem using numerical examples. I£
is found thét the stronger the noise,- the greater the de-

lay required for the performance of an optimum realizable
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f?l?eflﬁéﬂéﬁéfoxi@ate that oﬁ the‘oét;mﬁmJunréa}i%églg
%ilfer;z.It is also found thét error féduétion due £éﬁ£ﬁe
. first sample'of delay usually contributes. a major portidn
of the oﬁerall error redﬁétion,"i.e., the error reduction
using infiﬁite—lag pqsﬁfilter (the unrealizable post-'
filter); For the case of a first-order G.M,fpxécess wifh
a white éddifive‘ﬁoise, it is found that the maximﬁm error’
reduction fhatAcan-be achieved by introducing delay is
essentially acéomplisﬁed within five sampleé 6f'dela§;
i.é.,;the.performancg of the obtimal realizable fixed-lag
ppstfilter appfoaéhes that of the éptimal unrealizable
péstfilter‘Wi%hin five saﬁples of delay in this case.

‘The:design of.the optimal‘prefilter with a given
poétfilter is investigated in Chapter 3. We first notice
théﬁ if the number of sampled-data links can be made équai'
to the numbgr of states, and n: in Fig..l.lC is absent}
fhen the érefilter of the jointif optimized pre- and post-
filters is simbly a continuous KSVF. In.the casé when
'the£e is only one sémpled-data link, the optimal prefiiter
can be répresentéd as the combination of a coﬁfinuous‘KSﬁF'
followed by a coder where the impﬁisé response of the

_coder is in general an impulse train.
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Joint optimization of thé pre- and postfilters'with
a singlé.sampled—data link is discussed in Chépter 4, 1In
the cése_when n: in Fig. 1.1, is abseqt} the jointly opti-
mized prefilter can be represented as a cascade of a con-
tinuous KSVF. followed by a constént cbder, which is the
model prqposed by»Petersen (42). 'In this case, since the
.optimal postfilter can be found éasily’by the méthdd'def
rived in Chapter 2 of this thesis once.the constant coder
is kﬁowp, and since that KSVF is a well known filter, the
problem‘redﬁces to finding the constant coder. Nonlinear °
prog;amming-has been successfully appliéd to find the
. constant codexr in the éteady state.

A summary and some extensions of the frequenéy-
démain approach,to this probleﬁ are presented in Chapter 5. .
The results found in previous chapters are checked here-
by examples. Numerical examples are then worked out:and
' performgnées of various systems aré compared. .

For examples worked out in Chapte; 5,'it is found
fhat in.the absence ofAn;, the ' main function of the rea-
lizable.pfefilter is £o-prevent the aliaéing'of the pri-

‘mary observation noise (n; in Fig. 1.1).
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Finally, in Chapter 6, the results of this work
are summarized, and suggestions for further work in this

area are provided.

1.4 Basic.Concepts and Theorems

Some of the basic concepts and Theorems which are
fundamental to the problem being investigated are dis-
cussed in this section. The discussion will provide some

insight into the problem under consideration.

1.4.1 Sampling theorem and aliasing effect

Assume that we are given the sampled value of a
certain continuous function f(t) at t=..., -T, O, T, ....
It is nétural to ask Whether oné will be éblelto fina the
value of £ (t) atAan'arbitrary t ffom this set of saﬁpied
values.  The answer to this question ié the content of'
the Sampiing Theorem (56). The Eheorem_sfates that if a
signal does not contain any frequéncy components higher
than'wé radians‘per second, it is completely characterized
by the values of the_signal meésured at instants of time

separatéd by *T=(1T/wc)+ seconds. If the signal is a

P R
(ﬂ/wc) = kixg [(Tr/mc) + A]
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random prbééés} then the phfase "combietéa characterized"
is in thg sense of zero mean-square-error. Té give a
simple intefpretation-of.this theorem, assume that a ¥an—
dom pfocess with a bandlimited spectral density as shown
in Fig. l'ja ié being sampled by the sampler’showh in
Fig. l.3b; The sampling pe;iod T ié aséumgd to be equal
to ﬂ/mc.' The Qutput,of the sampler hés'a'pdwer ;pectrum
shown in Fig. 1.3 . An ideal low-pass filter with cut-off
frequency W=w is used to reconstructgthe original signal.
The output of this low pass filter has'a power épectrum
exactly equal to that of the original one,.and the mean-
-square—érfor between z and z’ is zero.

Signals with perfect bandlimited spectra do not‘
occur in:nature. Frequéntly, a random procéss migh£ haVev
‘a power spectrum as.shown .in Fig. l.4a. If one passes
this signél through the sampler shoWn in Fig. 1'3bf the
output of the sampler will have a powef spectrum which is-
the sum df the  waveforms shown in Fig. l}4b. If we use
an ideél low-pass filter to reConstruct‘the original sig-
nal, the distortioh due to the sampling»process Qill be
observed as.é result of two,factorsﬁ the information

lost outside of the frequency band of théifilter, and. the
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Figure 1.3 Reconstruction of a bandlimited signal after
sampling.
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Figure 1.4 Power spectrum of (a) a nonbandlimited signal;
(b) its sampled output.
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tail effect of the induced frequency bands. The‘secon@
effect is called aliasing. If an ideal low-pass filter
with the same cnt—off frequency as the postfilter is added
to the, system as a pre- sampllng filter, the a11a51ng ef-
fect can be eliminated and the dlstortlon.can be reduced.
As shown in Fig. 1.5, by u51ng this combination of the
pre- and postfllters, the aliasing effect is eliminated,
whereas the 1nformat10n lost out51de of the frequency band
of the fllters remains the same as in the case with a‘
postfilter only. It can be proved easily (32) thatlthe
use of the‘prefflter in this c¢ase halves the distortion.
It turns out that the combination of the ideal low pass

li

pre- and postfilters in this case is optimal.

.1.4.2 Orthogonality principle in linear estimation

This is the basic tool used in solving the linear-
least-squares estimation probiems. Assume that r(t) is'
the observation process, d(t) is the desired signal, and.
&(t) is.the linear-least-squares, estimate of d(t) based |
on r(t) for TiiTin, the orthogonality principle states
that the difference between d(t) and a(t) is orthogonal

to r(t) for all Tijﬁjmf, i.e.,

EA(£)-d () r(1)] =0 for T,<T<T..
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Figure 1.5

(a) Optimal pre- and postfilters for the
signal with power spectrum shown in Fig. 1.4_;

(b) the power spectrum of the resulting

output.
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Depending. on the values of‘Ti and Tey applications of the
orthdgonalify principlé yields the solution to the linear
'_filtering, predication, or smoothing problemé.

To:interpret this principle geometrically (58),
see Fig. 1.6, where the shaded area represents those
points thafﬁcan be obtained by-a linear operation on_r(T).'
One tries to select the vector lyihg withiﬁ the shaded
area so as to minimize the mean square error between it
and d(t). It is intuitively clear ‘that the projection of
d(t) on the.shaded area yields the optimum estiﬁate‘of-
d(t). "Thus, the error isldfthogonal to r(t) and to any

linear combination of r(t) for Tifrjif.'

1.4.3 The innovations approach

The innovations approach was first defined by
Kailath (23), but the approach itself. has been used by
various researchers before.. This dpproach is equivalent
to the whitening approach in the frequency—dpmain analysis.
The erd.‘inhovatioﬁs"reférs to the innovation processes,
or equiValenfli,"the whitening pfocesses which represent'.
the new information contains in some signal processes as

time goes on.
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Figure 1.6 Geometric interpretation of the orthogonality
principle in linear estimation.
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Figure 1.7 The innovations approach.
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Kolomogorov (34) seeﬁs to be the first bﬁe to use
this épproach to discrete linear estimation'problems.
Bode and‘Shannoﬁ (4) used this approach to derive Wiener's
result. Kalman. (28) applied this mefhod in déeriving ﬁisl
result-of the sEate—space approach to linear discrete
estimation. Recently, Kailath (23,24), Kailath and Frost
(25), and Kailath énd Geeséy (26) applied this method to
derive Kalman and Bucy's (29) results, and to extend these
results to smoothing, and nonlinear esﬁimation_problems.

There are two basic concepts imbedded- in the inno-
vations approach;' |

1. Since a signal with a flat épeétfal_density is
easy to deal with both in the ffequency and .in the time
domains, one first converté.thé original observation pro-
cess into a white noise by an invertible filter. The re-
sultiné white noise is to be called thefinhovation pro-
cess, and the invertible whitening filter is to be called
the innovation filter. For a discussion of the existence
of such:aﬁ innovation process, refer to Kailath (24).

2. :If there does exiét such an invertible inno-
vation filtef, then the original“process and the inno-

vation process are equivalent to each other in the sense
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that they contain the same statistical information,: Thus,
~the optimum estimation of the desired signal haseq.onrthe
innovation process will be the same as the one basea on'
the original observation process. o

A simple proof of the ahove statement, due to
Van'Trees'(58), is given below. The proof hinoes on the
1nvert1b111ty of the innovation fllter.

System (L) shown in Fig. 1 7 operates on r(t) to
yield an'output which is optimum according to some fidel-
ity'crrterion. In system (2), one-first operates on r (t)
with anjinvertihle innovation fi;ter fu(t,r) to obtain
the innovation'process u(t). One‘then operates on u(t)
to yiela.an output which is oétimum according to the same.
fidelity criterion nsed in system’(l). We claim that the
tmo sfstems have the same performance; Apparently, system
(2).cannot’perform better than system (1); otherwise, it
will oontradiqt the statement that system (1) is the op-
timum system given r(t) as its‘input; We claim that
system - (2) cannot perform worse than 'system (1) either.

If it does, we can design the thlrd system shown in
Fig. 1‘7C’ recalling that fufis invertible. System-(B)is

equivalent to system (1). That contradicts the statement
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that system (2) is the optimum system given ukt) as its
input. Thué, the proof is completed. ‘
The major advantéges of'the innovations approach
are: |
1. ihe derivation of the 0p£imum‘fil£ér is simpler
in genefal.
| 2. Tﬁe smoothing probiem can not only be handled
more easiiy using the innovations approach, but will yield
to a better physical interprefation.
3. Thé innq%ations approach can be extended fo

deal with nonlinear estimation problems‘(14).

1.4.4 The smoothiﬁg problem

| InAéeneral, the greater the delay-allowéd, the
closer the performance of an optimum realizable filter
will appréximate tha£ of the corresponding optimum unrea;
lizable filtef (47,57). It is of interest té inﬁestigate
quantitatively the efficiency of this delay factor in a
sampled—data systém.‘ For examplé, assume that the signél_
underléonsideration is the first—ofder Gauss-Markov prd—‘
cess with autocorrelation func?ioh'Rz(t)=exp(-altl), and

the system under consideration is shown in Fig. 1.35. If

one uses the optimum fixed-lag realizable reconstruction
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filter,'thé mean square error- between égt)hand z° (t) is

determined by the reconstruction density function y(t)

W]:;le]';e
o o <t< = (T-D)
-pa . o iy
P(t) = Sy [2F-e722 D) 8 L rpyce (L)
(1-e ) ‘
(1 ~ e—ZaT)%-eDa e—at D < £ < o,

The general shape of ¥ (t) specified by Eg. (1.1) is shown
in Fig. 1.8. Depending on whether D=0,>0, or<0, we are
dealing with the zero-lag, fixed-lag, or prediction prob-
lems. It is obvious from Fig. 1.8 that a‘delay of D=T is
all that is needed for the performance of this optimal
réaliZgble'filter to equal that of the o?timum unrealiz-
able one. Shown in Fig. 1.9 are the following: 'a plot of
the error versus aT for the optimum zero-lag realizable

postfilter (reconstruction'filter), for the optimum unrea-

‘lizable postfilter in the absence of the prefilter; and

for the jointly optimized. unrealizable pre- and post-
filters (see Section 1.4.1 of this thesis). The jointly
optimized zero-lag realizable prefilter is simply a

straight line in this case. Fig. 1.9 giﬁes some
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= (T+D) D

Figure 1.8 The general shape of the 'Reconstruction
density function' of a first-order G.M.
(Gauss-Markov) process.
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Figure 1.9 Normalized reconstruction error of a first-
order G.M. process after sampling.
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ihdicétioh.atht how much erro? reduction céhfbe éphiéved

by usingiunrealizable filters, and by usiﬁg a prefilter.

1.5 Characterization of the Quantization Noise

The effect of including a quanﬁizef in the system
can alWays be characterized as adding noise to the signal
being qﬁantized. Assume that y is the input of thé quan-—
tizer, s is the oufpuf, and n is the quantizatioﬁ noise
as shown in'Fig. 1.10. lThe modei usually used to charac-

terize the guantizer is .

s =y +n : ' ' (1.2)

Various'researchers‘have studied the chafacterﬁ
ization of this quantizatioh noise. Widrow (60) aﬁd
Katzenéison (30), for example, have shown'thét for many
cases,'n(t) can be approximated by an uncorrelated noise
with an autocorrelation function Rn(T) wﬁich.décreases
with T much faster than does the autocorrelation function
of the input signal. The approximate variance of the
quantization nbisé depends 6n the number of the quantiéa-
tion leveis only. Ruchkin (50) and othefs have shown that
except for véry‘cgarse quantizing,tana very small sampling

period ‘(with periodic sampling), the power spectrum of the
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yl: end points of the M input ranges

S stoutput ‘level ' for yl_li.y < yl

Figure 1.10 An equal-interval quantizer.
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sampled version of the quantization noise for a large;

class of y can be approximated by

s:l(f) = T R _(0) ' (1.3)
where

. My 4

Ry0) = T f;i_;(sl—y) P_(y) dy (1.4)

yl is the ith end point of the M input ranges; s' is the
output level for yl_l§y<yirand Pr(y) is- the probability
density function of y. But since «x @ - , .
A s’ (£) =m- § & (2TEET g gup)
n n
k=—w
(1.3) essentially says that Rn(kT) for k#0 is negliéible

in comparison with Rﬁ(O)} i.e., n(kT) is approximately

" a discrete white noise with

. "

The validity of (1.5) will be examined later using a
time—doﬁaiﬁ analysis.

Buségang (6) has.found that for Gaussian inputs,
the créés cbrrelatién between the input and the output of

the quantizer is given by

Ely(t)-s(t)] =a; Ely(t)y(1)]=a, Ry(t-T)r (1.6)
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where
i
L] Y .
st/ i1 ¥ exp(-x2/2) ax. . : (1.7)

1 -y /2T

V)]
i
e~ =2

i

Kellog (31) has-found that the autocorrelation function of

the output of the quantizer can be written as

- M Yi
R (1) = ] (s*//2m):f ;_; h(e,n) exp(-n?®/2) an,
: i=1 v
: (1.8)
+ where
M . .
: : . _ i_ i .
hip,n) = J (s*/2)lerf( =L _err L 2P0 7 (1.9)
. i=1 V2(1-p2) V2(1-p2)
p(1) = R (1) | - ©(1.10)
" and
fx) = o [x ~t?) at | 1.11
erf(x) = /F A exp (-t . o (1.11)

Equations.(l.S) and (1.9) can be solved by numerical in-
tegration.
Curry (11) has found that if we.characteriZe the

quantiéer by s = c-y + nc,. ' (1.12)
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instead-of the commonly used.s=y+n.(i.e., c=1); then by
1etting.¢=a1, the signal to noise ratio'(a%Efyz];tévEIﬁé])
is maximizéd, and the qﬁantizatioq noise n,(t) is as
wﬁite as possible. Furthermofe, nc(t) is uncorrelated
with thelinput v, i.e., E[y-nc]=0. For oﬁr pqrposeé
either (1.2) or (l.lé) is adequate to model the quantizér.
With p(t) given, one can find R (1) from (1.8) énd (1.9);
then R (1) and R (1) can be found from (1.2) and,kl.l2),
respectively. .

‘Assume that the input to the quantizer has an

-ale :

. autocorrelation function given by RéT)=e Using the

‘procedure. outlined above with c=a,, plots of RY(T), Rﬁ(r),
and Rn (f) versus at for a Max equal-interval quantizer
c

(35) with 2, 4, and 8 quantization levels are shown in

Fig. 1.11 and Table 1.1. Let us investigate the ratio

Rn(kT)/Rn(O) and R (kT)/R_ (0) for k#0 since those‘values 

: c c :
indicate when the sampled version of the quantizatio

noise can be approximateed as a discrete White‘noise. It
is obvious from Fig. 1.11 that the'larger.the sampling
period i'is, the smaller the ratios Rﬁ(kT)/Rn(O) and

R (kT)/Rn.(O) for k#0 become. To see thé effect of the.

c c : ,
number of quantization levels on those ratios, a plot of
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Figure 1.11
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(t)=exp(-a|T]|)

\RY

Autocorrelation functions of quantization
noises.
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Table 1.1 Autocorrelation functions of the 1nput, output,
and the quantization noise of a Max equal—'
interval quantizer o
* .
kS k Ry(kT),' Rs(ki) Rnc(kT) Rn(kT)
2 0 1.0 0.6368 0.2314 '0.3634
1 0.9048 .4585 .0917 L2111
3 .7408 .3382 .0379 .1357
5 .6065 .2641 .0183 .0983
7 .4966 .2107 .0094 . .0749
9- .4066 .1697 .0048 .0586
4 0 .8814 .1050 .1191
‘ 1 .7256 .0230 .0358
3 .5864 .0112 .0217
5 .4770 .0060 0146
7 . 3889 .0033 .0103
9 .3175 .0018 .0075
8 0 .9632 .0367 .0381
1. .8440 .0057 .0070
3 .6892 .0029 ©.0039
-5 .5635 .0015 ..0024
7 .4609 .0008 .0015
9 3771

0004 .0010

* The number of the guantization levels.
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those ratios versus the number of quantization levelg (up
to 32) for a Max equal-interval quantizer is sho&ﬁ iﬁiaﬁ'
Fig. 1.12. "It is shown iﬁ Fig. 1.12 that tﬁe larger the
number of Quantization ITevels, the whiter fhe quantization
noise becémés. It is also shown in‘Fig. 1.12 that the
differencé.bétwéen the modeling of the quanfizer‘with c=1
and c=a; in Eq. (1.12) (Eq. (1.12) rgduces'to Eq. (1.2)
with c=l)<bécomes less.significant as the number of quan-
tization levels increases. fhis is also evident from the
fact Eha£ a1 approaches 1 as the number of quantization
levels inéréases. Whether the gquantization noise speci-
fied by Eg. (1.2) can be approximated by an uncorrelated
noise dependé on the value of ai. The éloser a1'approaches
1, the less correlation there will be between the inpu£
signai and the guantization noise. These figures-also
provide a heuristic.look at the result of Katzenelson (30)
and othefs'aboﬁt the fact that the autoco;relation‘funétion
oﬁ the quéﬁtizatibn noise specified in (1.2), Rﬁ(T), de-
creases with T much féster than .that of the inbut signal.

' Thus, in most of the practical cases, it is reason;
able to assume that the sampled version of. the Quantization

noise séecified by (1.12) with c=a; can be approkimated.by'
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R,(0.1)/R_(0)

I} 1
2 4 8 16 42

Figure 1.12 Ratios of Rn(O.l)(or Rn COBEE) O Rn(O)

(R_ (0)) versus the numbBer of quantization
N levels.
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é:QiséreﬁéfWhite noise uncorrelated'withwtbe?ihpﬁt signal

énd With.its autocorrelation function givén by

R (kT-3T) = R_ (0) akj, | (1.13)
o c , .
where
M . .
. . . ) . :
R_(0) = ] [¥ (sT-a;y)® PL(¥) dy. .. (1.14)
c i=1 yi-t : _ : o

Notice that even though the quantization noise can be
approximated by an uncorrelated additive noise, it is
still dependent.on the input signal since‘Rn (0) depends

c
‘on the power of the input signal.




Chapter 2
THE OPTIMAL POSTFILTER

2.1 Problem Statement and Preliminary Remarks

The system under consideration in this chapter is
depicted iﬁAFig. 2.1. Shown in Fig. 2;la'is the syétem
that generates the signal z(t) to be éémpled, possibly
gquantized, and then transmitted to the receiving endf
'Fig. 2.1b specifies the relation bétween the desifed sig-
nal and,thé sfate vector. Shown in:Fig; 2.1, is the
overall syétem.being considered;‘where the sampling is
periodic; h(k) can be quantization noise or/and channel
additive noise; and g(t,kf) is the'prtfiltef tbAbe de-

termined. The Systems'equations are

x(t) = A(t) x(£) + T(t) w(t), | (2.1) -
z(t) = H(E) x(t), 2.2
r(kT) = z(kT) + n(kT), | o C(2.3)

and .the desired signal is given by

d(t) = C(t) x(t). - (2.4)

The T in Eqg. (2.3) is the sampling period.. In order to
simplify notétion, we will occasionally denote kT by k

. from hefe on if it does not cause confusion. The state
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? .
4 s B (o )Etsl I A6
A(t)
(a)
x (t) & d(t)
(b)
n (k)
(t) (k k)
: o + r( igt, KT')

(c)

Figure 2.1 The design of the postfilter:

signal; (c) the system.

k)

(a) the message
model; (b) the generation of the desired
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7,

vector x(t)-is an n-vector; w(t) is an 24vector;VQ(t)fi$.

4

dimensions of A(t); I'(t), H(t), and C(t) are nxn, nx4%,

i%n, and pXn, respectively. Let
Rghw,f) = El£(e) n' (1)1,
R, (t,T) = Eln(t) n'(1)]

and

- , .
Vn(t) = Rn(t’t) En“ ()1,

where £,n1 are any related signal.

Prior statistics of the sytem are

Eln(k)] = E[x(iT)] = 0 ‘ (2.5)

E[w(t)] =

R_(t;1) = V_(t) §(t-T) | (2.6)
R (#;Ts1) = 0 for >4, T, o (2.7).
Rwﬁ(t,kT) =0 | ” (2.8)

and the initial covariance Vx(ﬁiT) is known, where QiT
denotes. the initial time the eétimation begins, 'Lét
g(t/zi,zf,n(k)) A 1inear least-squares estimate of
£ (t) based on the observation of the n(k)'s for zifkizf.
Depending on whether m>%ey M=Le, OF M<fey where m=<t/T>,

‘we are dealing with the prediction, filtering, and

an vagcto;, and r(t), z(t), and n(t) aré i—vectofé. The'
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smoothing problems. A steady-state.estimatién corresponds
to li%fm.j.If an unrealizablg filter wifh.an infiﬂite mem-—
ory caéacity is used'as:thé postfilter4,2f=¥2i=w7 .ﬁifher'.
one of the above two situétions is usually assumed a prior
conditiqh.in'the frequenéy-dbmain approach to this'problem.
In some cases, one of mére_of the qpantitieslzi,ﬂf, or/and
n(k) can be omitted from the notation defined above when
there is no need to specify them. For example, when there
is nolneea £o specify zi,zf and n (k), g(t) will be used to -
denote g(ﬁ/ﬁi,if,n(k)). When there is no need to specify

zi and n k), g(t/lf) will be used to denote

_ é(t/li,kf,n(k)). In this work, the initial time liT-does

not have to be -«, but ziT<t and £i<£f. Thus, finite time

observations and transient behaviors can be analyzed using

'this state-space approach.

At a first glance, it seems that the probleﬁ can be
solved ih two steps:

1. Find d(k) from the r(j)'s ﬁsing'a discrete
filter. | | |

2. Find d(t) from the d(k)'s using a filter which

is the optimal reconstruction filter if the d(k)'s are

the inputs.

yere—
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This is indeed the case if the optimum filter under
consideration is an unrealizable filter .with an inf;nite
memory capacity. To prove this point, assume d(t)=z(t).

for easy presentation, and let

y) = J g, (t,kD) z(k), | (2.9)
. k= —

[=¢]

where the quantities g, (t,kT)'s satisfy the equation

0

B[z (t) - ] g, (t,kT) z(k)] z' ()} =0 (2.10)

= - ®

for all t, j; i.e., g,(t,kT) represents the impulse're=

sponse of the.optimum filter to reconstruct z(t) from the .

z(k)'s. %(k) in Eqg. (2.9) is the optimum discrete esti-

mation of z(k) from the r(j)'s for all j, i.e:,
CE{[z(k) - 2(k)] r'(§)} = 0 for all j,k. (2.11)

Let

'\1' S . A~ ’

E(-) = () - g(-). : (2.12)
Then (2;11) becomes

E[¥(k) r'(j)] = 0 for all 3, k. = (2.13)
We want to prove that y(t)=;(t); i.e., to prove that (from

the orﬁhdgonality principle)
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i) - y(0)] £1(3)} =0 for all 3

frb@ (2;12) it fbllowsﬂthat
z(k) = z(k) - Z(k). - ‘ (2.14)

Substituting (2.14) into (2.9) yields.

y(€) = J. g, (kD) (z(k) - 2Z(&)]
4 Lo
= ] g, (t,kT) z(k) - ] g, (t,kT) Z(k).
k== - (2.15)
" Thus,
Elz(0)-y(8)] £ (I= Ellz(t) = § ‘g, (£,kT) z(k)
S T k= - -
+ 1 g, (t,kT)
k=~
x z(k)] r'(3)}
= E{[z(t) - ] g,(t,kT)z(k)Ir'(3)}
. k= = - . ’
¥ ] gy (6, kDEIF () ' ()]
k= ~ o o
. ‘ (2.16)

The second term on the right-hand side of (2.16) is zero

from (2.13). For the first term,
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fic~18

E{l[z(t) =
i v X

go (£,kT) z(K)] r' ()} = EAlz(t)

- ] o (£,KT) z (k)]

X [2"(3) + n'(j)1}

= E {[z (t)

T g, (£,kT) z(k)] z'(3)} +
k= .

-0

E{[z(t) L 9o (t,kT) z(Xk)] n'(§)}.

- 00

k
(2.17)
The first term on the right-hand of (2.17) is zero from
(2.10). The second term is also zero since n(k) is as-
sumed to be uncorrelated with the signal. Thus, from the

above arguments,
E{lz(t) - y(t)] £' ()} =0 for all j; (2.18)

i.e., ykt)=§(t) from the orthogdnality principlef‘ Tﬂe
postfilter‘that impleménts the two steps mentioned before
is shown in Fig. 2.2. | |

If‘reaiizability is required, let z(t) denote the
zero~-lag optimum esfimate of z based on the r(k)'s for
k<m; i.e., z(t)=z(t/%;,m,r(k)), where m=<t/T>.

.Eq. (2.10) becomes




z (k/-*,°,r (k))

n (k)
Z(k) /l\r(k) : = : /z\(t/_oo,oo,r(k))
Q/ —>ga(3,k) gb(t,J’D——»

ga(j,k) & the optimal unrealizable discrete filter to
reconstruct z(j) from the r(k)'s.

gb(t,jTﬁ éthe optimal unrealizable continuous filter
to _reconstruct 2z (t) from the z(3)’'s.

Figure 2.2 A two-filter structure for the optimal unrealizable
postfilter.

87
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e ' CoT S
E{lz(t) - ] 9o (t,kT) z(k)] z'(3)} = 0 ' for j<m,
k= (2.19)
and (2.13) becomes
E[d(k) £'(3)1 = 0 for 3 < k. . (2.20)

Following the same procedure used for the case of unrea-

lizable fi;ter, (2.16) becomes

E{[z(t) - y(£)] £' ()} = E{[z(¢)

m

- kZ 9o (£,kT) z(k)] xr' ()}
m

+ kz go (t,kT) E[d (k) r'(3)]

(2.21)

If E{[z(t)-y(t)] r'(j)} is zero for all j<m, the two steps
mentioned before will yield the optimai zero-lag estimate
of z(t). The first term on the right-hand side of (2.21)

is zero for all j<m from (2.19) and the fact that n(j) is
uncorrelated with z(t). But the second term might not be
zZero since E[%(ks r'{(j)] is_guaranteed zero only if jfk,

whereas the summation is from k= - o fo k=m. If z(t) is a
first—ordex Gauss-Markov process, and A(t)=-a and H(t)=1

in Equetions (2.1) and (2.2), respectively, theh
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exp(-a(t-kij)ﬁ if'k%m" , _
go (£, kT) = o (2.22)

0 . . otherwise

Substituting (2.22) into (2.21) yields
E{lz(t) - y(t)] £' ()} = E{lz(t) - go(t,mT) 2z mIizr' ()}
' &

+ 9y (t,mT) E[d (m) r"(j)].(2.23)

It is easy to prove -that E{[z(t)-y (t)] r'(j)} = 0 for ali
jgm in this-gase., Thus, the two steﬁs mentioned before
will yield .the optimum zero-lag estimate of z(t) in the
case When'z(t) is a first;order Gauss—-Markov process.’ Thé,
fact tﬁat z(t)=x(t)éthe state variable in the case when |
z(t) is & first-order Gauss-Markov process whereas fof a
higher order signal, z(t) is usually a linéaf combination
.of the state variables suggests that instead of estimating
z (k) alone, one should estimate the entire state véctor
x (k) at first in the case with a fealizable filter. This
point will'becqme clear later.

Since results pertaining to both the continuéus'and
discrete KSVF (Kalman State Vector Fiiter) are needed as
backgrounds in the following wérk,Asummaries and discus-

sions of those results are presented in Appendices A and B,

respectively (51).
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The System under consideration is:pérﬁly continuous
and partly discréte. In order to use the‘statefspace ap-
proach, one mus£ discretize the continuqus stafe equation”
given by (2.1) first. The discretizétion.of the continu-
ous state equatién, and some discussions iﬁ this respect
are given iﬁ Appendix € (22). |

* Prediction and filtering are considered ip the

following section. Smoothing is considered in Section 2.3.

2.2 Optimum Filtering and Prediction’

In this section, let

E(t/<p/T>) = g(t/zi,<p/T>,r(k)) = linear least-squares

' ' . prediction (or filtering)
of £(t) based on the
r(k)'s for Qijkifp/T>,
where p<t.

and let
g(t) = g(t/<t/T>)'=-linear least-squares'zero-lag
. estimate of & (t) baséd on the
r(k)'s.

‘Ff¢m (C.1), it follows that

R(£/<p/T>) =8 (£,p) =(p) + [TO(£,v) I (vV)w(V¥/<p/T>) dv
” P o (2.24)

Since w(v) is independent of x(j) and is uncorrelated with

n(j) for jT<v,
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Ww(v/<p/T>) = 0 (2.25)
Hence (2.24) becomes
R(t/<p/T>) = d(t,p) %(0). . ' (2.26)

Thus, optimum prediction of the desired signal can be
.found_eésily from Eg. (2.26) once the oétimUm zero-lag
_estimafe 6f the desired signai is.kndwn., Hénce, our éf--
forts will be concentrated on solving'£he filtering érob-
lem in the remainder of this section. Two al#ernative
derivations whiqh.lead to two different fdrmé 6f the opti-
mal zero-lag postfilter are presented in thg following

two subsections.

2.2.1 A two-filters structure

A'étraightforward derivation of the optiﬁal post-
filter, which results in a two-filter structure, is given
as follows; Substituting p=mT into (2.26) where m=<t/T>,

yields‘

X(t) = ¢(t,mT) x(mT), for mT<t< (m+l)T (2.27)

or in another -form,
(o]

x(£) = ] @(t,kT) x(k) [ug(t-kT) - u (t=(k+1)T)], -(2.28)

k=4,
A
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WPefe_ugKF).is'tbeAﬁnit step funcfiéﬂ; ;Tﬁﬁs}'ﬁﬁé'bpﬁigal
éoéffil%er:cah be‘répfésented by the caséade‘éf a.diééfete
KSVF whicﬁ generatesvﬁ(ﬁ)(s fol;owéd byla filter with im-
pulse response’given by
¢ (t;mT) . for mI<t.< (m+l)T
gs (t,mT) = | - ‘ (2.29)
- 0 cherwisef ‘ '

The gz(t,mT) inen by (2.29) is the impulse response of
the optimal.zero—lag postfilter for recbnstructing x (t)
from the X(kSVs. Finally, a(t)'is oﬁtained by the equa-

+ion
d(t) = C(t) =x(t) o : (2.30)

The block diagram of this system is shown in Fig. 2.3.

Tt 'is interesting to notice the differehces be--
tween.the system shown in Fig. 2.3 and thé system shown in
Fig. 2.2, where bothAsystems have a tW§~filter structure.
The_firgt filter in the system shown in Fig. 2.2 is to ob-
tain the infinite-lag optimal estimate of the desired sig-
nal d(k){s at discrete points .in time. Whereas when rea--
liéability is required, the first filter in the systeﬁ.
shown in Fig. 2.3 is to obtain the zero-lag optimal esti—

mate of the entire state vector x(k)'s instead of the




Discrete KSVF

o
X (m) }

Kd(m) + I i
unit l

delay |

l

H(m) f< ®(m,m-1J) |
I

o (t,mT) if mT<t<(m+l)T

0 otherwise .

Figure 2.3 A two-filter structure for the optimum zero-
lag postfilter.
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de51red 51gnal d(k) which .is usaally a 1inear dombination
of the state variables. The second filters in.the.thq
systems differ from each other accordingly. '

An alternative derlvatlon based on the innevations
approach,_which will also lead to ‘the solution of the op-
- timal filtering, is ‘presented next. This alternative deri~v
vation w111 not only yield a different filter 'structure,

but will also enable one to solve the smoothing problem.

2.2.2 The innovations approach

‘There are three basic eoncepts behind this develop-
ment:

L. The innovations concept which has already been
discussed in Section 1.4.3.

2. It cah be seen from (2.28) that the zero-lag
optimal estimate of the state vector, x(t)(and thus, d(t)),
is a piece wise continuous function in time.

3. Recall that if a function f(t) has a jump at
certain points, theh the derivative of f(t)‘w1ll contain
iméulse functions at those points. An example is shown
'ih Fig. 2.4. |

The discrete innovation procese ud(k) of r(k) is -

given by Eq. (B.1ll). ud(k)'can either be geherated by a
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Figure 2.4 A piece-wise continuous function, and its derivative.
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dis¢£et¢.filtér, or by a feedback loop in the 6ptimuﬁ sys-

tem for filtering the desired signal, as will be explained

!

laterf The'ﬁroof'that ud(k)-is a discrete white noise is
given in.Appenaix B.

At this point, let us look at the genéral éituatioh
including'ﬁhe‘smoothing; the prediction,lana the filéering
problems. Let %(t/zf)=§(t/zi,zf,r(k)), since
%(t/zi,gf}r(k))=§(t/£i,2f,ud(k)) from the discussion made

in Section 1.4.3.

SL .
. £ .
x(t/8g) = ] g(t,kT) ug(k). .- (2.31)
k=21 . ' .
: 'L

From the orthogohality principle, for 8,5k ey
B{Ix(t) - X(t/2.)] ul(k)} =0. o (2.32)

Substituting (2.31) into (2.32), and using (B.29) to ob-

tain, for %, <k<%.

g(t,kT) = Elx(t) ul (kT 1 Vo), . (2.33)

d

where V _ is given by (B.28). Substituting (2.33) into
a . : .
(2.31) yields
~ _ . _l 4)
x(t/8e) = ] Elx(t) ud(gT)]Vu (k) uy (k). (2.3

k=2. d
i
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For a zero-lag estimation, &_=m=<t/T>,

. _ £
X (t/2:)=% (t/m)=x(t), and (2.34) becomes’

~ m
x(t) = 7}
< k=4, d

1

Substituting T=kT into‘(C-l) yieldé, for kT<t

x(t) = o (t,kT) x(kT) + &Ej@(t}v)r(v) w(v) dv. (2.

Since ud(k) depends on x(j) and n(j) for j<k only,

E[ud(k) w(v)] = 0  for v>kT. . (2.

Thus, for kT<t,

. : v
Elx(t) u('i(kT)] =6 (t,KT) Elx(k) ué(k)] + [ (t,v)T (V)
kT
E[w(\))ué(kT)] dv .
= o (t,kT) Elx(k) ujk)]l. : - (2.

From (B.18), it follows that,

Elx (k) u} (k)]

Il

Elx (k) ¥(k/k-1)1 H' (k)

+ Elx (k) ntk)l. - (2.

. -1 ’.' :
E[x(t)»ud(kT)] V. (k) ud(k)- , (2.

EXx(k) [Hk) {}\é(k/k-.-l) + n(k)]"}i

35)

36)

37)

38)

39)
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Since n 'is assumed to be uncorrelated with x,

il

Elx (K) ué(k)] Ex (k). % (k/k-1)] H' (k)

I

V;(k/k-l)'H'(k), ' ©(2.40)

where the second equality is due té the rélation
-x(k)=§(k/k-l)+§(k/k—l), the third eéuality is due to the
orthogonality principle; and v;(k/k-1)=E[§é(k/k—;)]..'
Substituting-(2.4b) into (2.38), then substitﬁting the
result into (2.33):to obtain, for kT<t,

1

g(t,XT) = & (t,kT) Vv(k/k-1) H' (k) V.
X ud

(k). (2.41)

From Equétiéns (2.35), (2.41), and (B.13), it follows that

o

m ..
x(t) = ] o(t,kT) Rgy(k) ug(k). ' (2.42)

i
where K (k) is given by (B.13), ud(k) is given by (B.11),
and m=<t/T$. Differentiating both sides of (2.42) with

respect to t for mT<t<(m+l)T to obtain

Eﬂ&(k/k—i)+§(k/k-1)]Q(k/k¥1)}'n'(k).
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. > ’ m ‘
. ax (t) y 90(t,kT) Kq (k) uy (k)

) 2t

2

k=4%.

L A(t)®(t,kT) Ky(k) ug (k)
i _

= A(t) x(t),

(2,.43)

where the second equality comes from qu (C.2)} and the

third equality comes from (2.42). At the sampling in-

stants, let

mT = 1lim (mT-4A),
A0 |
and
+ .
mT = lim (mT4+A).

A0

Then from (2.42),

m-1 :
x(mr) = ] o(uT,kT) Ky(k) uy(k),
k=4,
1
and
~ -+ m ) !
X(mT ) = )] &(mT,kT) Kd(k) ug (k) .

k=4.
i

(2.44)

(2.45)




61
Thus,=

X(mT') - R(@T) = K;m) ugm) : (2.46) -

From (2.43) and (2.46), it follows -that for all t,

&) = A R + )

LKW ug (L)8 (£=2T),~ (2.47)

. ,Q'l.

where Kd(zj is the discrete KSVF gain given by (B.13),
ud(g) is the discrete innovation process of r (%) given by
(B.11), and §(t) is the unit impulse function. Two differ-
ent block diagrams which realize (2.47) are shown.in |

b
by a separated discrete filter. In Fig. 2.5b, ud(z) is

Figures 2.5a and 2.5,. In Fig. 2.5a, ud(z)‘is generated

generéted by a feedback loop. Since X (t) .contains discon-
tinuities at the sampling instants, one.has to keep in mind
that y(LT) in Fig. 2.5_ is X(2T/(2-1)T) instead of X(4T).
In other'wo;ds, S; and S, in Fig. 2.5b must be in syn-
chfonism.’ | |

The structure of the oﬁtimal postfiltér shown in

. Fig. 2.5 1is similar to the postfilter structure obtained

b
by Petersen (42). The difference is that: in Petersen's
work, the prefilter is constrained to be the combination

of a-continuoqs KSVF followed by a constant coder, thus,




Figure 2.5

Discrete KSVF

; W 1. | %(t)
KdLJ | S
I
|
: A(t)
|
I
=
1 ;((t)
—S-I
A(R)
S
y (2) :
H(R)
(b)
The optimum zero-lag postfilter: (a) The innovation process
is generated by a separate discrete KSVF. (b) The innovation

process is generated by a feedback loop.

c9
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the observation process at the rece1v1ng.end 1s restrlcted
to be the sampled verision of the class of random pro—f
cesses which can be represented as linear combinations of
the output of the continuous KSVF. Whereas in this work,
the:only rest;iction about the observation process at the
recéiving end is that they must be characterizable by
state équations such as Equations (2.1) througﬁ (2.3) and
(C.7). Thus, the.prefilter caﬁ either be abéent, Oor can
be a filter whose outputs can be charaéterized by state
equations;

| The structure of the optimal postfilter shown in-
Fig. 2.5b bears the form of a KSVF (between a coﬁtinuous
and a discrete KSVF). The major difference is that:the
boundary conditions of the integrator-shown in Fig. Z.Sb
are reset at the sampling instan?é. A similar result has'
been found by Moore and Hetrakul (4of.

Once the optimal filteéring is solﬁed, the optimal
prediction can.be obtained by Eq. (2.26);
The éerror covariance of the state vector, E[%Z(tf];

and of the'desired signal; E[d%(t)], are obtained in
Appéndix D.

Smoothing problems are considered next.
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2.3 Optimal Smoothing

Only delays which are integer multiples of T are "
considered here. We will solve this problem in three
steps. First, we will look at the problem in which theé

delay is oné sample. Then, we will treat delays of more

" than one sample. Finally, we will‘put the solution to

the above two cases in one form with the former one con-

sidered as an initial condition. Tet

= g(t/ﬁi,m+nd,ud(k))

linear-least-squares estimate of £ (t)
given the r(k)'s for zifkfjm+nd), where

m= <t/T>.
Then from (2.31),
X(t,nd) = x(t) + ] g(t,aT) ua(%),\ \ (2.48)
. ‘ L2=m+1 :

wheré g(tfﬁT) is given by Eg. (2.33), and

ugy (uk) = r(mtk) - 20 (mk)/ (mbk-1)] (2.49)

frém (B.18), where %[(m+k)/(m+k—l)] is the best estimate

of z (m+k) giveﬁ the r(i)'s for i<m+k-1. If k=1 (delay of
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one sample), (m+k—l)T=mT<t If k>2 (m+k- l)T>(m+1)T>t

Thus, it is necessary to con51der separately the problem

of a delay of one sample.

2.3.1 Delay of one sample

=1 into (2.48) yields .

Substituting ng

.§(t,l) - §(t) + g(t, (m+l)T) ud(m+l),' " (2.50)

where from -(2.33),

g(t, (m1)T) = Elx(t) uf(m+l)] vl m+1)., (2.51)

and from (B.1l1l),

ugy (m+l) = r(m+l) - 2 (m+l/m)

H(m+l) x(m+l) + a(m+l) - H(m+l) §(m+l/m5ﬂ

(2.52)
From (2.26),
X (m+l/m) = @ (m+l,m) x (m) | ' (2.53)
and
X(t) = ®(t,mT) x(m). for mT<t<(m+l)T (2.54)

From Equations (2.53), (2.54), and the properties of a.
transition matrix,

X (m+l/m) = ®(m+l,t) x(t) for mT<t<(m+l)T. . (2.55)
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Substituting t=(m+1)T, and t=t into (C.1) to ‘obtain

. . . (m+1)T -
xm+l) = o (M+1)T,t) x(t) + [ o ((m+1)T,v)T (v)w(v)dv..

(2.56),

Substituting (2.55) and (2.56) into (2.52) to obtain

ug (m+l) = H(m+1)e ((m+l),t) [x(£)=X (t)] + H(m+l) x

(m+1)T . , : :
¢ ((m+1)T,v)T (v) w(v) dv + n(m+l)
t : (2.57)
Thus,
Elx(t) u(;(m+1)] = Blx(6) ¥1(6) 10" (1) T,0) B (mtl) +
ft<m+l)TEtx<t)w' (v)Ir (v)@'((m;l)T,.v)
H' (ni+1_) av + E[x(t) n' (m+l)]. (2.58)
From (2.6) and (C.1),
Elx(t) w' (\))‘] =.o for v<t, ' ' - (2.59)
and
Elx(t) w'(t)] = (i/2)r(t) V., (€) | ‘ (2.60)

“Thus, the second term on the right-hand of k2.58) is. zero
from (2.59) and (2.60). The third term is also zero since

. thé noise is assumed to be uncorrelated with the signal.
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Henée}lfé;5é)rbecomes

Il

Elx(t) uj(m+)] = Elx(£) %' (£)] ' ((m+l)T,£) H' (mil)

Il

Vu() @ ((ml)T,E) B (mil) . (2.61)

from the orthogonality principle. Substituting (2.61)
into (2.51) yields

1
d

g(t, (m+l)T) = W;(t) ®}((m+l)T,t) H'(m+l)-V; (m+l) (2.62)

Substituting (2.62) into (2.50) to obtain

%(t,l)==§(£) + V;(t)Q'((m+l)T,t) H'(m+l)V;l(m+l) u

(m+1),
. d ' .

d
(2.63)

For the moment, we will leave (2.63) as it is, and divert
our attention to the case of a delay of more than one

sample.

2.3.2 Delays of more than one sample

For j>m+2, we write (B.1ll) in another form (m=<t/T>)

Il

ug () = r(d) - z(3/3-1)

H(3) x(3) +n(3) - H(3) %(3/3-1). (2.64)

Substituting (C.7) and (2.26) into (2.64) yields
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ud(j)f:H(?}[é(j,j-i) x(j—1)4-wd(j—;)1-5ﬁ(ji@(j,%4}?'§gé-})
4+ n(j) | |

= H(1)8(3,3-1) ¥(G-1) +HE) wy(3-1) + n(3).  (2.65)

Thus,
Elx(t) uy (311 =Elx(t) X' (3-1)1e' (5,3-1) H'(§)
+ Elx(t) wi(3-1)] H'(3) +Elx(t) n' (7).
| (2.66)

Since t<(3-1)T, Elx(t) w}(j-1)1=0 from (C.13).
Eix(t) nf(jT)]is also zero since the néise is assumed to
be uncorrelated with the signal. Thus, (2.66)4beéomes,
for j>m+2
Elx(t) uf(IT)] = Elx(t) ¥' ((G-1)D)] ¢ (3,3-1) H' (§)
(2.67)

From (2.47), it follows that:

X(3-1).=0 ((3-1)T,t) x(t)

[(3-1)T] o :
+ f o ((3-1)T,v) ] Ky(2)ug(2)s(v=2T) dv
Tt =L, ‘ ;
) 1
C ) 5-1
= e((3-1)T,t) x(£) + } e((3-1)T,T) Kg(8) uy(n).
, L=m+1 -

(2.68).
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Substituting t=(j-1)T and T=t into (Cfl)_tq,obtéiﬁ.j~

(3-1)T

% (3=1) =& ((3~1)T,t) x(t) + [ o ((5-1)T,v)IT (v) w(v) dv.
'« _ _ |
(2.69)
Substraétihg (2.68) from (2.69) yields, for jimfé
" ) N (3-L)T
x(3-1) =@ ((j-1T,t) x(t) + [ 2 ((3-1)T,Vv)T (v) w(v) dv
t : .
o1 . | _
- )  %((3-1)T,T) Kq(2) ugq (). (2.70)

L=m+1

Through the use of Equations (2.59) and (2.60), and the

orthogonality principle,

Elx(£) ¥'(3-1)] =V (t) o' ((3-1)T,¢)
| j-1 .
o L Bl ug)] K ()
X ' ((§-1)T,RT). o o (2.71)
for j>m+2. Assume first that j=m+2. Thén j—1=m+1f and
E[x(t) §'kﬁ+1)k=v§(t) ¢'((m+;)T,t)-E[x(t)ﬁé(m+1)]Ké(m+1)[
| l'f2.72)
Substi#uting (2.61) into (2.72) to obtain o (2.73)

E[x(t)-k'(m+l)];=v§(t)¢'((m+1)T,t)[I-—H'quJ K} (m+1)].




70

Substituting (2.73) into (2.67) yields
BIx () uj(m+2)]=Vy(£) ' ((m+l)T,t) [T- B! (m+l) K} (m+l)]

X &' (m+2,m+1) H' (m+2). (2.74)
Substituting (2.74) into (2.33), we obtain

g(t,(m+2)T)==V§(t) @'((m+l)T,t)[I-—H'(m+l)Kéhn+l)]®%nHﬂ,m+2

x H' (m+2) vV L(m+2). ' (2.75)
Ugq : -

Foi j?m+2, we havé
o' ((3-1)T,8) = é'((j-z)f,t) @'(j;l}j—Z) E (2.76{
and | |
@}((j—l)f,iT)v= ' (5-2,2) &' (§-1,5-2), (2.77)

Substituting (2.76) and (2.77) into (2.71) yields, for

j>m+2/

Elx (£) ¥' ((3-1)T)]= vy(£) o' ((§=2)T,t) o' (j-1,3-2)

j=2 : S _ L _
-0 E[X(tMé(Q]KéUD®Wj-2&)®%j-Lj-2)
L=m+1 : .

+Elx (tuy(3-1)1 K} (3-1)¢" (3=1,3-1)]
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o Jj=2 , ]
= [y (£)e' ((3-2)T,8) = ] Elx(t) uf(2)] KI(R)0'(j-2,2)]
'x o' (J-1,3-2) - E[x(t) uy (3-1)1 Ké(j—l). : (2.78)

Through ‘the use of Equations (2.71) and (2.67), we have
Elx () ¥' ((G-1)T)T = Elx(t) ¥' ((3-2)T)] o' (3-1,9-2)
- E[x (£)¥'((3-2)T) o "(5-1,§-2)

X H' (5-1) K(’i(’j—l); : C(2.79)

i.e.,

E[x(t) X' ((j-1)T)] =

Blx (£)X' ((3-2)T) 18" (3-1,3-2) [T-H' (3-1) K4(3-1)1.(2.80)

for j>m+2. Substituting (2.80) into (2.67) and then sub-

stituting the result into (2.33), we obtain

g(t,jT)==E[x(t)§'((j-2)T)]®'(j—l,j—2)[I—H'(j—l) K3(3-1)]

1

G ') v

(3) ' - (2.81)

for j>m%2,

2.3.73 General solution
The general solution.can be expressed in two differ-

ent forms: the first one repreéents the solution of the .
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fixed-point smodthihg (51) . The second one repreSéhté’the
solution of the fixed;légAsmoothing.
1. We first obtain the solution of thé fixed-point

smoothing. Let
B(t,3) = E[x(t) X' (JT)] for joml. (2.82)
Then
B(t,]J) = B(t,j-1) -@'(j,3-1) [I-H"(]) K3(3)1 for j>m+l
(2.83)
with

B (t,,..m)

Vy(£) @' ((m+l)T,t) @' (m,m+l). . (2.84)
Substituting (2.82) into (2.81) to obtain

g(t,3T) = B(t,3-1) &' (3,3-1) H'(3) V;l(j) for F>m+l.

d o i
" (2.85)
" Finally, for ndz;,
.x(t,nd) = x(t,nd—l).+ g(t,m+nd) ud(m+nd)
—_ O - . - ~1Y It '
—.'x(t,nd l)-i-B(t,m+nd l)@'(m+nd,m+nd l} H (m+nd)
vl () u, (mn.) (2.86)
Ugq d d a’’ :

where X(t,0)=%(t), B(t,j) is specified by (2.83) and
(2.84), and m=<t/T>. At the sampling instéﬁts, the result

obtained here checks with. the known result for the optimal
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dlscrete fixed- p01nt smoothlng (51; pp.374, Eqsf‘(8m3—106)

and (8 3 107)

which

D, (1)

Dm(i)'

Ay (1).

and

(i) =

2. To put the general solution in another form

corresponds to fixéd—lag-smoothing, define

l,. ‘ : . (2.87a)

[I-H' (m+i-1) Ry (m+i-1)] @' (m+i,m+i-1) for i>1,

(2.87b)
-1, (2.88_)
i . m ' , )
I Dm(j) with ¢ (j) given by (2.87) (2.88b)
=1

j

Using the above definitions, Equations (2.62), (2.75),

and (2.81) become

g(t,(m+1)T)==v§(t)®'((m+1)T,t)Am(;) H' (m+1) v;l(m+;)j

g(t,(m+2)T)==V§(£)®'((m+1)T t)D (2) H' (m+2) vu

d

(2.89a)
l(m+2)
a
-1
e

-Vw(t)®'((m+1)T t)A (2) H' (m+2) vu (m+2),

(2.89b)

and, for k>2, -
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g (t,m+k) "= E[x(t) X' ((3=2)T)] &' (m+k-1,m+k-2) D_ (k)

[ -1 | ‘
H' (m+k) Vu (m+k), . (2.890)

d

respectively. By fepeatedly using (2.80), we obtain,

for kzi
g(t,m¥k) = Vo (t) ' ((m+l)T,£) A_ (k) H' (m+k) VT (m+k).
X m ud

. (2.90)

Substituting (2.90) into (2.48) to obtain
g

X (t,ng) = X(t) + Vy(t) @' ((m+l)T,¢) kzlnm(k), (2.91)
where
n (k) = A (k) H' (mk) V;l(m+k) uq (m+k) (2.92)

d

The block diagrém which realize Eq. (2.91) is shown in
Fig. 2.6, whgre ud(R) and x(t) can be generated by the
system shown in Fig. 2.5. Eq. (2.91) corresponds to the
solution of the fixed-lag smoothing. To obtain a solution
in the form of a differeﬁtial equation in the state vari-
ables, differentiating both sides of (2.91) with respect

to t for mT < t < (m+l)T to obtain




Uy (m+j_) o I (3)
>( X ) >

~

A (3) H' (m+3) V;;(m+j)

X (t,n ) for mT<t< (m+l)T

d

Figure 2.6 The optimal fixed-lag postfilter specified
by Eq. (2.91).
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A A . .
X (t,ng) = x(t) + [V (£)0' ((m+L)T,£) + Vy(t) &' ((m+l)T,¢)]

ng
8 kzlnm(k)‘

Since

9% (t, (m+l)T)

i = A(t)0 (£, (m+1)T)

from (C.2), and
' ((m+l)T,t) @' (t, (m+1)T) = I

from (C.3) and (C.4), we.have

$' ((m+1)T,t) = ~A' (£) @' ((m+1)T,+t).

(2.93)

- (2.94)
(2.95)

(2.96)

Substituting (D.26) and (2.96) into (2.93), and after some

manipulation, we obtain for mT. < t < (m+l)T,

% (£,ng) = AR (E,ng) + T(E)V, ()T (£)2" (mHL)T, &)

At the sampling instants,
mng_j

ﬁ(mT—,nd) = ';{(mT_)\+ - Z ' g(m,k) ud(k)r

=m .

and
m+nd

T ng) = 2@ + ] gmk) ug (k) -

2=m+1

Rg
Zn
k=11
(2;97)
'(2:93)
(2.99)
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in this pfoblem, since g (t,jT) has different f6£h; féfE
t<jT and t>jT, it is necessary to check the continuity of
g(t,JjT) at t=jT before proceeding. From-(2.4l), it fol—‘.

lows that for t>jT

lim g (t,3T) = Vi (3/3-1) B' (5) V1

(3).  (2.100)
=377 § :

For t*jT , m=<t/T>=j-1. Thus, X(jT )=% (3T /mT)=%(5/3-1),

and VY (T )=Vy(j/j-1). Hence, from (2.62),

lim g(t,3jT) = 1lim g(t, (m+1)T)
t+3T T
= Tim [V%(t)Q'((m+l)T,t)H'(m+l)V;lmH4J]
. - X d
t>]T
= Vo (j/3-1) H'(j)'v'l(j). ~(2.101)
X ud
From (2.100) and (2.101), it follows that
lim g(t,3jT) = 1lim g(t,3jT). 2 ' (2.102)

5T £>3T
From (2.46), (2.90), (2.98), (2.99), and (2.102), it

follows that




78

%(mT+,nd)r-§(mT—,nd)==V§(m) o' (m+l,m)A_ (ng) H' (m+ny)

-1
V " (m+tn,) u
ud d

(m+n

g (m+ng)

- ' .
Vk(m) &' (m+1l,m) nm(nd), (2.103)
where the second equality follows from the‘substitution

of (2.92). Combining (2.97) and (2.103) to obtain for

all t>2iT (where ziT is the initial time the estimation

begins) .

n d .
,&(t,nd)==A(t)§(t,na)-+r(t)vw(t)r'(t)@'((m+1)T,§)k£lnm(k)

fQZQ Ve (8) @' (a+1,8) ny(ng) §(t-4T). (2.104)
TR
where m=<t/T>. 1In order to get rid of m, let
N4
x(t,nd)==@'((m+1)T;t) kélnm(k) (2.105)

Then for mT. < £ < (m+1)T,

x(t,nd) = —A' (t) x(t,nd) (2.106)

from (2.96). At the sampling instants,
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‘n
a T
AT ng) = o mil,m) § o (x), O (2.107)
: k=1 _ o
and

. - g .. ,
AT ,ng) = 0 (m,m) kzlnmfi(k) | . (2.108)

Thus,

L _ K D4 ’ ny | .

A (mT",ng) = A(mT ,nd)==®'(m+1,m)k£fngkq-sznhl(k).(2.109)

Finally, through the use of Eqs. (2.104), (2.106), and

(2.109), we have

%(tng) = A(E) &(t,ng) + T(£) V() T'(E) A (£,ny)

d

. )

. V%(l)@'(£+l,2) nz(nd) 6(#—2T),: (2.110)

L.
i

where

X (tmg) =K' (£) X (t,ng)

ny )

No_q (k)18 (t-2T),

o |
1 e+, ) [ ] n,(k)-
%=2i k=1

)
k=1
(2.111)
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and, nz(k)¢1s glven by (2 92). The block dlagram of the.
system Whlch 1mplements (2 110) and (2.111) is ShOWn in
Fig. 2.7,.where the innovation process is generated by a
discrete fil£er. The advantages of the sfstem shoﬁn in
Fig. 2.7 over the system shown in-Fig. 2.6 are the fol-
lowing: - 1. It is.no.longer necéséa;y to calculate\%(t) '
and Vx(t) in Fig. 2.7. 2. There is no need to. find OutA
during whiéh sampling instanﬁs t. lies; i.e., there is no
need to find out"m=<t/T?. 3. In the case in which the -
inputs are stationary, there will be no need to'célculate
such parameters as ¢ ((m+1)T,t) which #aries continuoﬁsly
with time (notice that in this case, P,.VW;.A, etcf,
become constants). | ‘

The derivations of the error covariapce of the

smoothing problems are presented in Appéndix D.

. 2.3.4 .Delay efficiency

From (D.11l), it follows that

n
. ' X d
Va(t,nd).= vg(t} - kglgé(t,(m+k)T):
= Vy(e) - gi(t, (m+l)T) - ... - gj(t, (m+i)T)

g3 (t, (min ) T) o (2.112)
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!

f==00

ﬂg(nd)ﬁ(t—QT)

b (2+1,2) + Sl

- n
M3 H' (4 +5 )vu;mj) o

o )

A(t,nd)

A(t)k

=

Figure 2.7

VML) 9 (2+1,0) "

(25:1.10) jand

f(t,nd)

A(t)

F(B)V, (£)T' (£) x

A(t,nd)

{2l LY.

The optimal fixed-lag postfilter specified by
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where ndT.dgnotes‘the total amount of délay, ahé;?-fff
gg(t,¢m+ky¢) for k>0 is given by (D.12). The VY (t) on
the . right hand'side'of (2.112) represenfs the zero-lag
minimum-mean-square error.of éstimation. The
gé(t,(m+l)T) represents the efror reduction due to the
first sample of delay, and gé(t,(m+i)T) represents the.
errof redgction due:to the ith sample of deléy, etc.
Notice that the error reduction due to the ith sample of

delay for i>1 is independent of n the total amount of

dl
delay. Also notice that the error reduction due to the
ith sample of delay, gé(t,(m+i)T), is uncorrelated with

the error reduction due to other samples of delay,

gg(t,(m+j)T)'for j#i. Define
ED (t,i) = gé(t,(m+i)T) : (2.113)
and

gg (ts (m+i)T)
VI(E)

EN (t, i) (2.114)

for i>1. For steady state conditions and‘stationary in-

puts, define

t

(1/T) [ ED(t,1) dt (2.115)

EDS (1)

Il

ENS (i)

n .
(1/T) & EN(t,1) dt (2.116)
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for iil; ED(f,i$ and EDS(i)lindicaté tﬁe'éméunt of the
error redﬁction, and  EN(t,1i) and ENS(i) indicate the effi-
ciency of the error reduction by allowing the delay éx—
tended‘to the ith sample. Numerical examples are worked

out in the next section.

2.4 Examples

Example 2.1: A first-order Gauss-Markov'pfocess

with a white additive noise. Related equétioné are given
by (2.1) through (2.8) with A(t)=-0, T (t)=1, v, (t)=2,
VX(O)=0, and d(t)=z(t)=x(t). The discretized state
equations are given by (C.6) and (C.7). The transition

matrix of A is

9 (t) = exp(-aT) S (2.117)
Let | | |
o= 8(T) = exp (-aT) (2.118)
and |
V_(1+0%) + o(l-a?) - YTV (TFaT) o I=a) T2 '
q= - AR (2.119)
n

where Vn is the variance of n, i.e., VniE[nZ] which is
assumed givenﬂ From (B.1l3) through (B.l6), the steady-

state discrete Kalman-Bucy filter gain is given by
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K, = 9 | S T 2.120)
and the variance of the dlscrete 1nnovat10n process at the
steady—state is

V. =V_ a/q g | (2.121)

Through the use of'(2;87); (2.88), and (2.120), it follows

-that for iZZ}

.l . i~-1 ' . ’ : b :
A ) =g, | - (2.122)

where q.is given by (2.119). From (D.37, it follows that
vy (t) = exp(-2(t-mT)). VY (m) + 0[l-exp (-2(t-mT)],
' (2.123)
where the steady-state V;(m) can again be found,bytusing
Equations (B.13) through (B.16),

- Vo= . = (5 —a) /0
Yx(m) de Vn Kd Vn (e-q)/ B . (2.124).

Substituting (2.122) and (2.121) into (D.12) to obtain
gq (E, MHT) = V¥ (£) exp (- (@l T-t))q™ /(V.0)". (2.125)

where Vg(t) is given by (2.123). To obtain the steady-

state sdlution, define-

T .
ERS(nd) (l/T) [ vy (e, nd) at,. (2.126)
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where'V;(tind) is given by (D.1l) with d(t)=z(t) (i.e.,
Va(t,nd)fvg(t,na)), gd(t,(m+k)T) is given by (2.125), and
Va(t)=V§(t) is-given'by (2.123). After some manipulation,
we obtain, '
!

ERS(nd)-= g-—((léaz)/zw)(o-vn ﬁéi) + izlEDS(i),

(2.127)

where EDS (1) is given by

2i-1

EDS (i) (0/2T V) q [v;d—o)(l—uz) + 0% (1/02%-1)

+ 2 (V;d—a)] (2.128)

with v§d¥v§(m), as given by (2.124). From (2.116), it

follows that

ENS (1) = _ EDS (1) (2.129)
o - ((1-a?)/2T) (o - V_-(a-q)/a)
and
ENS (i) = 2-1) gor 352, (2.130)

ENS (1) g

Flots of ERS(ny) versus ny with v /o and aT as
parameters are shown in Figs. 2.8 and 2.1, . aT is a con-
stant in Fig. 2.8, and'Vn/c is a constant in Fig. 2.10.

Log (ENS(i)) versus 1 are plotted in Figs..2.9 and 2.11.
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Figure 2.8 Normalized m.s.e. (mean square error) versus
the amount of delay allowed for Example 2.1,
aT=0.01.
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ENS (1)

<01

«002

Figure 2.9 Delay efficiency of Example 2.1, aT=0.01.
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o L1

ERS(kd)

Figure 2.10 Normalized m.s.e. versus the amount of delay
allowed for Example 2.1, Vn/o=0.05.
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Figure 2.11 Delay efficiency of Example 2.1, Vn/o=0.05.
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Numerical.déta are given in Tables 2.1 and 2.2. The -
asymptotes shown.in Figs. 2.8 and 2.i0 indicate ﬁhe pef-
formaﬁce of the optimal-infinite-lag postfiltér. Notice
thét different scalés ére used for different figureé.

First_of all, it can be seen from Tables 2.1 ana 2.2
that the mean4SQuare—error with an infinite-lag optimal
postfiltér is about half of the error of an optimal zero-
lag postfilter .in this exaﬁple;

Frdm Figs. 2.8 and 2.9, and Table 2.1, it is clear
that as.Vn-inqreases; more delay'is required'for'the per-
fdrmance of the optimal realizable filter to appré#imate
that of the optimal unrealizable filter. Similar situ-
atién ocgﬁrs as T decreases, as shoﬁn by Figs. 2.10 and
2.11, ana'Table 2.2. That is, delay effiéiency con#erges
more siowly to zero as Vn increaSeé‘or'as,T decreases.

From Eg. (2.130), it follows thét as q iﬁéfeases,
ENS(i) decreases more slowly with i; which in turn means
that more delay is feqﬁired for the performance of a
realizable‘filfer £o.appr0ach_that of the‘cofreSPOnding
optimum unrealizabie one. Thug, we plot g versus Vn/o,'
. and g versus aT in Figs. 2.12 and 2.13, respectively. It .

is shown .that g ihcreaées wii:h-Vn but decreases with T. -




.Table 2.1 Effect of delay on error reduc- . Table 2.2 Effect of delay on.error reduc-

tion for Example 2.1, aT=0.0l tion for Example 2.1,.Vn/G=0.05
vﬁ/o kgri ERS(k,) EDS(i) ENS(i) 2 . ar ki ;Rs(kd) ‘EDS(i)' ENS (1) 3
0.01 o] 0.0172 . 0.01 0 0.0326 N
1 .0084 0.0088 . 51.77 1 .0208 0.0118 36.09
.2 .0077 .0006 3.67 2 .0174 .0034 -  10.39
3 .0077 .0000 . 0.26 3 .0164. .0010 2.99
4 ..0077 .0000 0.02 4 .0162 .0003 0.86
5 .0077 .0000 0.00 5 .0le61 .0001 0.25
.0077 _ .0161
0.03 0 .0261 - _ .05 0 .0826
1 .0153 .0107 41.18. : 1 ©.0416 . .0405 49.59
2 L0132 .0022 8.39 - 2 .0387 .0029 3.55
3 .0127 .0004 1.71 3 .0385 .0002 0.25
4 .0126 .0000 '0.35- o S 4 .0385 .0000 0.02
5 .0126 .0000 0.07 .. 5 .0385 .0000 0.00
.0126 .0385 -
0.05 0 .0326 : _ .10 0 .1304
1 .0208 .0117 36.09 1 .0609 .  .0695 53.28
2 .0174 . .0034 10.39 2 .0589 .0020 5.16
3 .0165 - .0010 2.99 3 .0589 .0000 0.05
4 .0162 .0003 0.86 4 .0589 .0000 0.060
5 .0161 .0001 0.25 5 .0589 .0000 .0.00

.0l6l .0589

16
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Figure 2.12 g versus aT, an indication of the rate of
convergence of the delay efficiency for
Example 2.1.
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Example 2.1.
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It'ié shown in Figs.. 8 and 10 that the error reduc-
. ‘ C :
tion due to the first sample of delayldominates‘the over-
all error reduction--the error reduction with an infinite-
lag in this example. As T increases, or as Vn decreases,
this dqmination becomes more prominent. It is also shown
that for this example, the performance of the fixed-lag
optimal realizable postfiiter_approach thét of the optimal
un;ealizabie filter Qhen the deiay is of fi&é samples or

less.

Example 2.2: A first-order Gauss-Markov process

‘with a colored noise. The desired signal and the obser-
vation models are the same as in Example 2.1, except now
n(t), the continuous version of n(k) is characterized by

the state'equation(éee the discussion in Appendix C)

n(t) = -b n(t) + wn(t)

where
Elw(t) Wn(T)] =0
and
Blw, () w, (T)] =V 8(t=T).

Augmenting the state equation by letting

x5 () = [x(t), n(&)]".
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Then

. . -a 0] . . w(t)
Xa(t)'=. ga(t)_+
0 -b wn(t):

‘and

r(k) = [1 11 x_(k).

The corresponding discretized state equation is

o 0
xa(k) = xa(k—l) +-wd(k—l),
0 R -
where .
. T e~ (kT-t)a 0 o Tw(t)
wq(k=1) = [ o dt
: (k=-1)T 0 e—(kT—t)b Wn(t)
and

g = exp(—bT).

Following the same procedure used in Example 2.1, the

results we obtain are

D4

JZJEDS(i);_
i=1

ERS (n

3 =0 - ((1-a?)/2T) (6-8) -
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where

_ (ki1-B)-(1-a?)
N 7 e
k]_ = (kzl_k 3)/2]{4,
k, = o(l-a®) (1+8%) + V_ (1735)'(1+&2),

ks.-=-k§ - 4 kuy,

ot
5
il

OrB(l-a®) + V. -0 (1-8%),

and EDS (i) is obtained from (2.115), i.e.,

EDS (1) :

= /ke) - 182 kf (0-B)% - 20Ky @ -B) 0 - a(ka-B)] X
((1—a2)/2T)-+02a2(kl—B)z(1/a2—a2)+2oa(k148)ek1}
CEDS(2) = (ki/ks)- {[0% (a=8)% - 26 (a-B)-0-0a] ((I-a®)/2T) +
.U?az (L/a?-a?) + 2060 (a=B). |
and
EDS (i) = EDS(2) k272) - for i>2.

From (2.116),’it follows that

EDS (1) |
[0 - ((1-02)/2T) (0-0)1 '

,ENS(l) = (2.l3la)

Il

ENS(2) = ENS(1) (EDS(2)/EDS(1)), | (2.131,)
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and

ENS (i) = ENS(2) k2 72) for i>2. | (2.131_)

With Vn/0=0.l, aT=0.02, and b varying from 7a to
a’ and Log (ENS(i)) versus i

are shown in Figs. 2.14 .and 2.15, respectively, and numeri-

13a, plots of ERS(nd) versus n

cal data are given in Table 2.3. With Vn/O—O.l, b=7a, and
aT varying from 0.02 to 0.1, the same-quantities are éhOWn
in Figs. 2.16 and 2.17, and nume;ical data given in ‘
Table 2.4. Finally, with b=7a, aT=0.02, and V /0 varying
from 0.1 to 1, we haveyFigs. 2.18 and 2.19, and Tabie 2.5.
. The delay efficiency curves consist of two straight

lines, as is also evident from (2.131). |

As can be seen from Tables 2.3 through 2.4, the max-
imum error reduction'thét can be achieved (i.e., with in-
finite delay) vafies from approximately 20% to 40% of the
zero-lag error in this example. |

It is shown in Fig. 2.15 that as b increases, deiay
becomes more éfficieﬁt. This means that as the noise be-
comes whiter, delay becomes more desirable.

From Figs. 2.16 through 2.19, if is shown £hat the
larger T or/and the .smaller Vn are, the smaller the delay

required for the performance of the optimal realizable
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Figure 2.14 Normalized m.s.e. versus the amount of delay
allowed for Example 2.2, V_/o= 0.1 and
n
aT=0.02.
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ENS (i)

SO

—

Figure 2.15 Delay efficiency of Example 2.2, Vn/o=0.l and
aT=0.02.




Table 2.3 Effect of delay on error re-

duction for Example 2.2,
Vn/0=0.l, aT=0.02

Table‘2.4 Effect of delay on error re-

duction for Example 2.2,

b=7a and Vh/0=0{l

b kgsl  ERS(ky) = EDS(i) = ENS(i) % - ar kel ERS(k)  EDS(1)  ENS(i)
72 0 '0.1009 _ 0.02 0 0.1009

1 .0863 0.0147  14.56 1 .0863 0.0147 14.56

2 - .0851 .0012 . 1.17 2" .0851 .0012 1.17

3 .0842 .0009 0,94 3 .0842 .0009 0.94

4 .0834 .0008 .76 4 .0834 .0008 0.76

5 .0828 .0006 .60 5 .0828 .0006 0.60

...-0802 .0802
10a O .0975 .06 0 .1359 .

1 .0818 .0157 16.15 1 .0943 .0157 ~ 30.64

2 .0799 .0019 1.98 2 .0919 .0036 1,74

3 .0784 .0015 1.49 3 .0907 .0012 0.91

4 .0773 .0011 1.i2 4 .0900 .0006 0.48

5 .0765 .0008 0.84 5 .0897 ~.0003 0.25

.0740 ' - .0893 :

132 0 .0946 .10 0. .1690 .
1 -.0780 .0166  17.56 1 ©.1035 - .0656. 38.80

2 .0753 .0026 2.76 2 .1007 .0027 1.62

3 . .0735 .0019 1.96 3 .0998 .0009 0.55

4 - .0722 .0013 1.39 4 .0995 .0003 0.19

5 .0713 .0009 0.98 5" <0994 .0002. 0.06

' . .0993 :

.0689 .

00T
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Figure 2.16 Normalized m.s.e. versus the amount of delay
allowed for Example 2.2, Vn/o=0.l and b=7a.
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Figure 2.17 Delay efficiency of Example 2.2, Vn/0=0.l and
b=7a.
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Normalized m.s.e. versus the amount of delay
allowed for Example 2.2, aT=0.02 and b=7a.
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ENS (i)

.001 | | 1 I

Delay efficiency of Example 2.2, aT=0.02 and
b=7a.

Figure 2.19
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Table 2.5 Effect of delay on error reductlon for
Example 2. 2,aT—O 02 and b=7a’
Vh/c kd.,i ERS (kd) EDS (1) ENS (1) %
0.1 0 ©0.1009 T :
' 1 .0863 0.0147 14.56
-2 .0851 - .0012 1.17
3 .0842 .0009 0.94"
4 .0834 .0008 ~0.76
‘5 .0828 ~.0006 0.60
.0803 : :
0.5 0 .2851 ,
1 .2695 .0155 - 5.45
2 .2644 -.0051 1.79
3 .2600 .0045 1.56 .
4 . 2560 ,0039 +1.37
5 .2527 - .0034 1.19
.2295
1.0 0 .4101
1 .3958 .0143 3.49 .
2 . .3984 .0064 1.56
3 ~.3836 .0057 1.40
4 .3784 .0052 1.26
5 .3738 .0047 1.14
.3319 '
Table 2.6 Effect of delay on error reduction for
Example 2.3 -
kd,l ERS(kd) EDS (i) ENS (i) %
0 0.5327 C
-1 .3373 .1954 36.67
-2 .3353 .0020 0.39
3 .3349 .0004 . 0.06
"4 .3349 . .0000 " 0.00
5 .3349 0.00

.3349 .

.0000 -
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filter to‘approximate'that of the optimal unrealizable

filter.

In this Example, the amount.of error reduction due

to the first sample of delay still contributes most of‘

the overall error reduction. Also, the error reduction

aue to subsequent samples of delay converges more slowly

to zero than in the white-noise case.

Example 2.3:

without noise.

A second-order Gauss-Markov process

Related equations are given by (2.1)

through (2.8) with n(k)=0, d(t)=z(t), T (t)=the identity

matrix, H(£)=[l,-l], and

A(t)

Vw(t)

R_(0,0)

1i

=a

{9 -

0

b

and VZ(O)=0=0a+ob. This problem is ‘similar to Example 2.2.

It is found that, in this Example, most of the error re-

"duction is-achieved by the first sample of delay fqr
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variéus bbﬁbindtipns of parameéérs;'AWiﬁh b%;Oa,_aTéQfB,
Ob=0'60;(.9i6ts of ERS(nd) veréus g and Log(ENS(i)5
versus i are”shown in Figs. 2.2b‘and 2.21, respectively.
h Fof'mére complicated problems, the simple relation-
ships exhiﬁited'by (2.130) and (2.131) no longer exist.
Hand caléulatiqn is.sﬁill possible,‘but with additidnal

effort. In those cases, computer solutions are more

feasibie.:
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Figure 2.20 Normalized m.s.e. versus the amount of delay
allowed for Example 2.3.
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Figure 2.21 Delay efficiency of Example 2.3.




Chapter 3
THE OPTIMAI PREFILTER

3.1 Problem Statement and Preliminary Remarks

The system under consideration is shown in Fig. 1.1.

Related equations are

X(t) = A x(t) + T w(t), - o (3.1)
z(t) = H X(t), . (3.2)
£(E) = z(6) +m(8), L (3.3)
y(t) = [ F(t,v) r(v) dv, . (3.4)
Ti : .
s(k) = y(k) + n,(k), ~ (3.5)
d(t) = C x(t) = the desired signal, (3.6)
apd
) = J G(t,kT) s(k), . (3.7)
k=4, o

where kékT; (3.1), (3.2{, and (3.6) are similai to (2.1),
(2.2), and (2.4), respectively, except that A, T, H; and
C afe constrained to be constants 'in this case. x, w, Z,
vy, and d are vectors (column matrices), and A, T, H, C,

F, aﬁd G.are matrices of appropriate diménsions. Prior

statistics are
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CElna ()] = Blm (£)] = BIx(0)] = E[w(t)] = 0, (3.8)

R, (1) = Elw(t) w(t-1)] = Vg (B) 8 (t-1), L (3.9)
'RWX(T) = Elw(t) x(t-1)] = 0 for 1>0, (3.10)
and
Ry (1) = R (1) = R (1) = 0 N (3.11)
where
Ry, (t) = ELE(E) n (t=1)] B . (3.12)
and | |
'R (t) = BLE(E) E(t-T)]. | - (3.13)

Also, RX(O) and VW are ‘known. General'constraintsvof_this

chapter are

Constraint 3.1. The signal and noises are sta-
tionary, and the filters are time-invariant.

:Constraint 3.2. As shown by Eq. (3.11), n, (t),
nzﬁkT), and w(t) are uncorrelated with one another, where
' n, is the primary observation noise, and nzfrepresenté
quantiéation hoise or/and'channel addiﬁive‘noisé.

Constraint 3.3. Realizability”of the filters is

required.
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:Coﬁstraint 3.4. The sampling process is'peiiddic.
; CSpstraint 3.5. The system is at steady s#éie;&
i.e., Ri,'Ti+—m (29). With the postfilter.giﬁen, tﬁuaprob~
lem is to design an optimal prefilter for minimizing the
mean squaré error bétween.d(t) and do(t).

Refer to Fig. 1.1, there can be multiple Sampled-
data 1inksAbetween.the two filtefs. By this we mean that
multiple samplers, quantizers, and channels can be used
to transmit y(k), i.e., y(k) can be a vector of
dimension > 1.

A prefilter essentially performs two functions:

1. To combat the loss of information due to sam-
pling. The work of Chang (9) and Petersen et al; (42)
éssentially deals with this problem. ‘

| 2; To combat thé loss of infbrmation due fo addi-
tive channel noise or/and quantiéatién noise. The work
of Hayes (20) and Costas et al. (lO)-beléngs_in this cat-
egory. | |
Several other researchers, such as KRellog (31,325 and
Chan and Donaldson (7,8) tried to treat bqth p%oblems.

Derusso (12) suggested that the -optimum érefilter_

in the case with a single sampled-data link could simply
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be a scalar Wiener filter, which Waé laterAdisappfovgd bf
.Chang (9). Petersen (42) proposed that the ?refiltef.of
. a jointly.optimized pre- and postfilters pair can be rep-
resented By.the combination of a continuousﬂKSVF (Kalman
'étaté Vector Filter) followed by a_codér ﬁhich is simpiy
a gain matrixvt We shall prove later that this isxndt true
~in general except for the special case when nz;o. But -
:this struéture 6% the prefilter is intuitively appealing.
We shall éhow latet that the optimal prefilter, not neces-
sarily the‘jointlquptimized one, can be represented by
the cascadé of a cgﬁtinuous K§VF followed by é'coder where
the imptlse response of the coder 1is an impulse train in
general.instead of a single impulse at the 6rigin, as it
is thé case in which the coder is a gain matrix.

Let

A

E(t/Ti,Tf;n(T)) = the linear lease-square estimate
of £(t) based on the observation

of'n(T) for'Tiiiin.

The E(t/T. T n{t)) defined above is similar to the

fl
g(t/z ,zf, n(k)) defined in Chapter 2 except that
g(t/T Tf, n{(t)) represents the optimal estimation based.

on contlnuous observatlon (contlnuous in- tlme), Whereas
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) %(t/zi,zf, n(k)) -represents the optimalfgstimation béééq
. on discrete.estimation. We shall let %(t/Tf,n(T5) aénotes
E(t/==,Tc,n (1)) and (t/%..n(k)) denotes E(t/-e,%c,n (k))
from here on. ' ' '

The basic idea behind Petersen's work is_the.fol—

lowing. Suppose one is given §(to/t0,r(T)), the best

estimate of x(t) for tzﬁ& is then given by (51, pp. 349) .
X(t/ty,r (1)) = 0(t,t,) X(tg/to,t(r)) - (3.14)

from (d.l) since w(t) is independent of r(v) for t>v,
where ¢ is the transition matrix of A. It is due to

Eg. (3.14) that enabies one to say that as far as esti-
mating x(t) for t>t, based qn'r(T)-fbr.Tito is concerned,
ﬁ(to/to,r(T)) provides all the useful information_con—
tained in r(T5 for t<ty,. Thus, if there is no constraint
on the number of sampled-data links, and if n,=0; one can
use- a qqntinuous KSVF to obtain'y(t)=§(t/t(r(r))u ‘Then
transmit the whole Vector'ﬁ(kT/kT,r(T)) after sampling
through the channel. Finally,'Eq. (3.14) is‘used to re-
‘construct x(t) for hmit;(k+l)T; i.e., since (refer to
Fig. 1.1) '

s(k) = y(k) = x(kT/kT,r (1)), , . (3.15)
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' we have -

% (t/m, s (K)) = x(t/m,y(k))

%[t/m,§<kT/kT,r(r))]

o (t,mT) x(mT/mT,r (1))

Il

=2 (t,mT) s(m), (3.16)

frém (5.14) and (3.15), where m=<t/T>. Notice that.
%(t/m;s(k)) represents the optimal estimationfbased on
tHé discrete observation of the s(k)'s, whereés
%(mT/mT,r(T)) represents thé optimal estimation based on
the continuous observation of the r(t). in this case,
the whole system acts as if it is an optimum fixed-
interval (of interval T) prediction system in'the abéence
of sampling. The only information that is lost at time t
due to éampling is r(v) for mT<v< (m+1)T; whereas the in-
formation about r (v) for v<mT is retained despite the
periodic sampling process. It should be intuitively élear
that in this case, the continuous KSVF used as the pre-
filter is 6ptimum (jointly optimized with tﬁe'postfilter).
Thié point is implicit in Peterseh's work, and we proceed
to prové:it énalytically in Section 3.2. |

If n,# 0, and the continuous KSVF is still used as

a prefilter, then
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s(k) = %(kT/KT,r (1)) + n2 () , ' (3.17)
. and | |
CR(E/ms (k) = %{t/Im, (X (KT/KT,x (1)) +n, (k) 1}

| '76 g(t/m,?:(k'i‘/kT,r(T))‘.‘ : s

Thus;, Eq; (3.14) is no longer applicable in this case:
Hehcé, due to the,disturbancé of n,, x(T/kT,r (1)) might
not represent all the useful inférmation about rfT).for
xw<kT.  Instead, one tries to operate on r(t) in such a

way not only to'protect the information contéined in r(t)
-against sampling( but also to protect it‘againstnthe-con-‘
" tamination of n,.

B Conditions for the optimal prefilter with a given

' postfilter are given in Appendix E. |

3.2 Jointly Optimized Pre- and Postfilters with Multiple
Sampled-Data Links’

Additional constraints in this section are:

Constraint 3.6. nz(k)=0;

Constraint 3.7. Themnumber of‘sampled—data links"
is-equal'to n, the number of states.
.With Cohstraiﬁts 3.1 through 3.7, the equation that speci-.
 fies fhé optimal prefiltef can be obtained ﬁrom (E.31);

the resulting equation with 4d(t)=x(t) is
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. [ﬁmﬂf R (B+v) SF'(B) G'(v) dv 4 B’—

o

zg-m [ QAzTG(v-ZT) F_(a) R_(4T+a=B) SF' (B)

G'(v) dv do dBl s, = O B ©(3:19)

where F_(a) denotes the optimum prefilter and 6F (8) is the

variation defined by (E.11), and

LT if 2T>0 :
OART = l - (3.20)

0 otherwise
‘Since n,=0, if we let

o(t) if 0<t<T |
G(t) =4 _ (3.21)
0o otherwise, ‘ ‘
then G(t) will be the optimum postfilter if
y(t)=§(t/t,r(T)) (see Fig. l.lc, where s(k)=y(k) since
n,=0). Thus, éll we need to prove is that the Fo(t)
specified by (3.19) is the continuous XSVF. Then both
the pre- and postfilters are jointly optimized. Substi-

tuting (3.21) into (3.19) to obtain
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T . o . o
[&,L?{er(8+v)-@(V)L)Fo(a) Rr(B—u) da}GEJ(B)é'(V?
agavlg = 0. T (3.22)

From -(3.1),; it follows that

x(t) = .0 (t~1) xKT) + ft®(t4v) P'W(V)'dV.' (3.23)
S T ‘
~ Thus,
R (t-T) = Elx(t) x(1)]
} + . :
= o (t-1) R_(0) + [ o(t-v)T Elw(v) x(1)] dv.
- _ T

(3.24)

Since w(v) is independent of x(t) for v>t, Elw(v).x(t)]=0

for v>T; and (3.24). becomes, for t-1>0,
RX(th) = ¢ (t-T) RX(O). . . (3.25)

Since n; (t) is independent of the signal,"

I

ink8+v3 E[x (B+v) r (0)]

E[x(B+v)z(0)] + E[x(B+v) n; (0)1" .
| = RX(B+V) H'. . | (3.26)-

Lemma 3.1 o(t) &(v) = &(v) ®(t) = &(t+v).

Proof. This is simply one of the properties of a tran-

sition matrix (see Egq. (C.3)).
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From Eq. (3.25) and Lemma 3.1, since Q, V>Q,:

RX(B+V)

2 (B+v) R_(0)

?(v) 2(8) R, (0)

& (v) RX(B) : ‘ . (3.27)

Substituting (3.27) into (3.26) to obtain

R, (B+V) = 2(v). R ®8). . (3.28)

r

Substituting (3.28) into (3.22) yields

”
i

,{Ionooo@(v) [er(B) - foooFo (O(,) Rr(B—O(,) da]SFl (B)@l (V)

It is obvious

er(B)
To illustrate
for (3.39) to

the dimension

In this case,

o (v) =

d.de}dia = 0. . (3.29)

from (3.29) that it is sufficient to let

- [P (@) R, (B=a) da = 0 | (3.30)

that (3.30) is also a necessary condition
hold, let us look at the special case when
of x is equal to 2 and r(t) is a scalar.
Let

@1 (v) <I)2 (v)

.(3.31)

Y O
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§F = [8£,, ; 8£,1", | ' (3.32)
and
Rep(B) = [F_ () R_(a-B) do = [B, (B), B2.(8)1'.
(3.33)

Substituting (3.31) through (3.33) into (3.29) to obtain

0y (v) 9, (v)||B:1 (B) o 9 (v)  ®,(v)

(Tl [8F, (B),8E,(B)1| - |
°0 1o 5(v) 0y (v)||B2(B) 85(v) Oy (v)|

d g dv dia
'Lf{6f1(3>i31<B)(L?®f(v)dv)4—Bz(ef(ﬁ%1hﬂ o, (v) av)]

.+af2(s)IBr(6>(,ﬁbuv>¢z(v) dv) + Bz (B) (ﬁ%%(v)av)}'ds 0

P%E (8) [B (B) (JTo2 (v) Av) + B, (B) (JRa (v) &4 (v) av)] | |0
0 _ o 3 0

. T ‘M
+38£2 (B) [B: (B) (f0<1> 3(v) @y (v) dv) + Bz (B) (fOQi(V) dv} 4 B
(3.34)
Since §f; (B) and 6f, (B) are arbitrary functions of B,‘

the only . possible solution of (3.34) is
By (B) = By (B) =0 | o (3.35)

.Thus, (3.30) is also a necessary condition for (3.29) to

hdld. It is clear that a similar argument can be applied
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to'higher;order systems. Since (3.30) is the véc£of“
Wigher equation, we have y(t)=%(t/t,r(T)), and the proof
is completed. The block diagfam of this system is shown
in Fig. 3.1. | | J

I£ ié possible to prove that the above system with
the number .of samplea—data links equai to the dimension
of the state vector is the optimum system in the sense
that féwer sampled-data links with the jointly.oétimizea
pre- and postfilters will resﬁlt.in an increasg of dis-
tortion, whereas increasing the number of sampled-data
links will not reduce the error.

In the case in which there is only one sampled-data
1ink_avaiiable, the-questioﬁ is if one can, in some way,
codé the components of §(kT/kT,r(T)) befére rather than
after sampling,(és Eq. (3.16) does) so ﬁhét the perfo;—
mance of this system is close to the system with ﬁultiple
sampled;éata links. In this case, at the receiving end,

one will receive a scalar gquantity in the form

s(3) = [T (ETv) R(v/v,r(n)) av, L (3.36)

- 00
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w(t) " é‘I x (t) & z(t)
A
(a)
___continuous KSVE _
x_?L)
i d(t
o5 51 S:/—-q(t)—»c—»()
{qm:
'{Q(t—mT) i mT<t<(m+1)T
A IO otherwise
l
|
H |
|
___________ ]
(b)

Figure 3.1 The jointly optimized pre- and postfilters with
multiple sampled-data links and n2=0: (a) the
message model; (b) the system.
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where N(f):represents the codér insertedlin tﬁe system
before sampling. Notice that no matter'whateﬁer‘N(t)uone
'chése, s(j) will always be a scalar and a function of the
sampling instants only instead of a function of the continu-
ous time. Hence, in this case, one ;oses the.freedém to
operate bn-%(kT/kT,r(T)) in any way he wants; for example,
to oéerate on X (kT/kT,r(t)) as Eq. (3.16) -does. In this
sense, Pétersen's pre— and postfilters structure is,actuf

ally a suboptimum system (42).

3.3 The Optimum Prefilter with a-Single Sam?led—Data Link
In addition to Constraints 3.1 through 3.5, the

following constraints are imposed in this section:

Constraiﬁt 3.8. There is only one sampled-data
link avaiiable.

Constraint 3.9. r(t) and d(t) are scalars; i.e.,
H and C are row matrices.

| Constraint 3.10. n, (k) can either be present or

abéept. “If n,#0, it might represent the quantization
noise approximated by a discrete‘white noise or/éhd an
independent channel additive noise. In'thé case in which
the indepéndent Ehannel noise is present, a power cbn—

straint of
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By = LR R @) @ axas e

is imposéd on.fhe-pfefilter. From here on, f(a) is used
to denote fO(u), the optimum prefiltg:, in order to sim-
plify the.nétation.' )

The equation. that specifies tﬁe optimal prefilter‘
can be obtained from (E.43) or (E.50) depending on the.
characteristics of n,. The résultihg equation with B
in (EL43) or (E.50) replaged-by t for easy preSentation
is (igporing realizability constraint at first)

J‘der(tH'r) gv) av = [°17 [ 'g(V,—> T) .g(~V) dv

- [ 2}:—00 - CO

Rr(£T+r—u) + c, Rr(tfa)]'f(a).du,

(3.38)

where Cs?T:Cz‘LT g?(v) dv and ¢, is given by (E.48) if
nzkrepresents‘the quahtization noise alone; caékf, where
.2 1is the Lagrange muitiplier if a power-cdnstraint such

as the one given-by Eq. (3.37) is imposed on the pre-
fiiter; and cgs=0 if h2=0. Rewriting (3.38) in sSuch a form

[7 Rgp (£4v) g(v) dv = [ £(1) & (e-1) d&t, ' (3.39)

- - ¢
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where
H(t-T) = jz_mijf(jT+t~T)  ‘. . : .k3.40)
& =’£:g2(V) dv +_c5”' - .(3;41)
and
.Ej ; {: g(v-3T) g(v) dv for j#0 - (3.42)

Now let x(t)ﬁ[xl(t),xg(t),...,xh(t)]', and assume that
g(t)-is given a certaiﬁ reconstruction filter. Then the
equations sbecify the optimal prefilter for estimating
the x;'s for i=i,2,...,n with a .single sampled-data link

are

(=3

i

[Z g) ®

- OO

t+v) dv fm fi(I)

- 00

Xig( (t-1) dart, (3.43)

for i=1,2,...,n. 1In vector form,

'f“ é(v) R%r(t+v) av = [° F(Tyzf(t;T) at, (3.44)

==00 . -0

. — ’ ' ’
wherg er(p)—[Rxlr(p),szr(o),-o-rRan(p)] » and |
F(T)=[f1(T),fz(T)}u..,fn(T)J'. Notice that (3.44) is
simply a vector fepresentation of the disjoint équatibns
of (3.43), it does not represent the egquation for a multi=

ple sampied—déta links system, but merely enables one to
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iﬁvestigate various estimates at the same time (this_;s‘
also evident from the fact that g(t) in (5:44) is a v
sc;lar). » .

Ffom here on, several_lemmas and theoreﬁs are de-
4veloped for solving the problem under considerafion in
this éectién; All the lemmas and theorems to be pre-
sented latér have the constraints given by Constraints 3.1

through 3.5 and Constraints 3.8 through 3.10.

3.3.1 The structure of the optimal prefilter

Lemma 3.2 The optimal prefilter for estimating
- d(t)=C-x(t) is £(t)=C-F (t), where F(t) is spedified by .

(3.44) and C is a row matrix.

Proof. Premultiplying by C on both sides of (3.44) to.
obtain
[Te R (t+v) ‘g(v) dv = [T[C F(1)] & (£-1) dr, (3.45)
-0 Y. . . .
where

C-Elx (t+v) £ (0)]

C R (t+v§
. UxXr

E[C-x(t+v) r(0)]

- Rgp (£4V) | (3.46)
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Substituting (3.46) into (3.45) yields

- 00 - 00

[Rg, (t+v) g(v) av = [* [C F(T)IE (t-T) dt. (3.47)
Comparing (3.47) with (3.39), we obtain
£(t) = C-F(t), o  (3.48)

where F(t) is specified by (3.44)

We now introduce.the.innovations approach to the
prefilterfhg problemﬂ..instead of'wdfking with r(t) 4di- .
rectly, one first converts it to an innovation prbcess |
‘u(t) by a.causal,‘ahd causally invertible filter fﬁ.-

One fhen finds the optimal prefilter fy assuming that
u(t) is the observation process. As seen in Fig.3.2,
the actual optimal prefilter, £, is the combination of

f and £ ; i.e.,
u . v :
£(£) = £,(8) @ £ (t), - (3.49)

where © denotes convolution. It can be seen clearly from
Fig. 3.2 that the insertion of the causally invertible fu

doés not affect the optimality of the overall structure,

.éinqe if fu turns but to be undesirable, one can always
in¢lude the inverse of fu in fy to cancel the effect of

fu. Thié"argument is basically the same as the one used




Figure 3.2

The innovations approach to the prefiltering problem.

8CT
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in deriving'the Wiener filter using the innovatione ap-~
proach. For aldetail discussion of the above afgument;
see Section 1.4.3 of this thesis (58). . The point is that
the effect of the innovation filter put before- sampllng
can be cancelled by the remainder of the optlmal pre-
filter. If instead, one does not have the freedom-ln
choosing the prefiiter but has the freedom in choosing
the postfllter, "then the innovation filtef f addea be-
fore sampling w1ll not be 1nvert1ble by the postfllter.
In this case, the addition of a pre—sampllng fllter w11i
,altet'the performance of‘the optimum system.

o When the observatlon proces51511(t) 1nstead of

r(t), (3. 44) becomes

[}

[® g (v) R (t+v) dv = f Fo() ] ;ﬁ nu(jT+t—r) art.

(3.50)
Since u(t) is an innovation process,
R (E=7) = Eflu(t) u(t) !
=V._ 6(t-1), - : (3.51)

u
where V is the variance of u, which is a scalar, and is
determined by r(t) (see Appendix A, Equations (A.32) and

(A.48), and the discussion about colored noise) .
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Substituting (3.51) into (3.50) yields
!mg (V) Ry, (t+v) v = j;_wvu &y F(£+3T) (3.52)
With the realizability constraint, g(t) and Fy(t) are zZero
for'£<0. _Thus, Eg. (3.52) becomes'

g (v) R, (t+v) dv = V. £, Ty (3.
[ gv) Ry (£4v) av j£—<t/T>u £y F (£43T) * (3.53)

for t, v>0, and (3.41) and (3.42) become

g = [T9%(v) av + o, o (3.54)
£, = [T g(v-iT) g(v) dv for j#0 . (3.55)
'3 _oAjT i .

where the symbol_QNjT is given bf (3.20). In this section,
thé innovation pfocess u(t) of the observation process
‘'r(t), and the Vafiance of the_inhovation process,_Vu, are
assumed given. for a discussion of the innovation process,

" see Appeﬁdix A (23).

Theorem 3.1 The Fy(t) specified by (3.50) satisfies the

differential equation
d'F_(t)/dt = A F_(t | - 3.56
.‘.Y(_)/ y( ) ( )

for t>0, and t#kT for k=0,1,....
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Proof. Fiist of all, it is seeﬁ from (3.53).that the-sum;
mation on the righﬁ—hand sidé.of.(3.53)'shanges its lower
bound.evetf time t‘passes through a sampling instant.
Thus, it is obv1ous that unless the E 's possess certaln
characterlstlc, Fy(t) will in general be a plece—w1se

continuous functlon of t. Next, we have

a R (&)

XU _ ax(t+v)
T— [——é~t——-— u(v)]

E{[A x(t+v) +I’w(tfv)] u(v)?}t. | . (3.57)

Since u(v) is 1ndependent of w(t+v) for t>0 (see

Appendlx A),

B [w (t+v) W(v)] = 0 for 0. - :‘ (3.58)
Thus, -
™ g () for t50; . (3.59)
& xu . :
i.e.,
R (t) = ®(t-1) Ry (1) for t,r20, (3.60)

where o (t) is.the.transition matrix of A. Since t, vzp,

-

o (t+v—t) R__(t)

Ry (EFV) xu

|

¢ (v) qu(t). . 2 ' (3.61)
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Substituting (3.61) into (3.53) yields, for t>0,
Uy sem avi R () = Vu-j£—<t/T>'€j By (EHIT T
; - (3.62)
Let

L =-£fg(v) o (v) dv, o C (3.63)

where L is a nxn matrix, and is in general nonsingular
(L is nonsingular if ¢ (v) is nonsingular). Prémultiplying
by L_-1 on both sides of (3.62) to obtain

o0

3 , L= | ‘
R_(t) =V_L ~7J s F_(t+jT) for t>0. (3.64)
xu u J==—<t/T> J Y_ .

Differentiafing both sides of (3.64) with respect to t

for kT<t<(k+l)T, where k=0,1,..., we have

: -1 3 y
dR.__(t)/dt =V _ L E. 3F_(t+3T)/3t. (3.65)
x4 u j£}<t/T> S 4 .

Substituting (3.59) into (3.65) to obtain, for
KTt < (k+1)T, (k=0,1,..),

(o]

- . ) ,
AR _(t) =V L~ ) £, OF_ (t+3T)/9t. (3.66)
Xu u j =\_ <t/T> j Y . . .

Substituting (3.64) -into (3.66) yields

L1 E {aFy(t+jT) ( )}.
v L. [ . Ee{——=—— - A F_(t+jT)};] = 0.
u. j2-<t/T> I ot Y

(3.67)
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Slnce (3 67) has to be satlsfled for arbltrary t>0 except
Cat sampllng 1nstants, and since at least orie E #O in gen~

eral (& for example); it is both sufficient and necessary

that
OF (E+IT) /0 = A F_(£+3T) £+3T>0, t#kT for k=0,1,...
(3.68)
i.e.,.
ar_ (t)
—dF— = AF (t), for €50, and AKT for k=0, 1,...
(3.69),

Lemma 3.3 L& (t).= o(t) L
Proof. ' Since L =.Lfg(v)®(v) dv, where g(v) is a 'scalar,

Lemma 3.3 follows directly from Lemma 3.1.

Theorem 3.2 The structure of the optimal realizabie pre-

filter with any given realizable postfilter can be repre-
sented by,theecascade,of a continuous KSVF followed by'al
coder, where the impulse reeponse of the. coder is_an im-
pulse train in .general.

. In Chapter 4, we will prove a thedreﬁ which says
that in the case in which nz(k) is absent, ﬁhe coder of

the jointly optimized prefilter is simply a gain matrix;
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i.e., the impulse response of the coder in.this case 'is

simply an impulse function at the origin.

Proof. From Theorem 3.1, Fy(t) for t#kT satisfies the
equation ‘
dF (t)/dt. = A F.(t),
MOV A E (),
whose solution is-
P (t) = &(t-kT) F (kT - o 3.70
| y( ) . '( ) ‘y( ) ( )
for kT<t< (k+1)T. Thus, the only problem left is to find

F (kT) for k=0,1,..., etc. From (3.64), with t=kT for

k=0,l};.., we have
0.

L qu‘ ('k'l‘) = Vu jz_kgj Fy (kT+3T) . a (3.71)

Through-thé use 6f'(3.60) and Lemma 3.3, Eg. (3.71) can
be written as .

-1 . _ . e .
(3.72-1)
k=1, V, §(T)1,qu(0) = £y F (0) +Eo F(T) + L. +E;
FyfiT) + ...

(3.72-2)
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R RN '
= v 0} =
k=3, V, (]T)Iﬂgxu(o) _E_j F (0)-FETj+l v

_ (372-3+1)
For a stable system, both & and Fy(kT) vanish as k in-
creaégs. Thus, a solution of the F?(kT)'s in terms of a

liﬂear combination of the [V;lx @(jT);L-RXﬁ(O)]‘s‘for
j:oyl,.., etc., éan be found from (3.72), fof”example, by

reduction'méthod;' The solutioh can be written as

izo a,; ®(ET)]-L-R_(0), (3.73)

Fy(kT) = vu [
where the aki's are scalars, and are funqtionslof the

Ej's for j=0,1,.., etc. From (3.73) and (3.705,-it fol-

lows that for mT<t< (m+1) T,

| FyFF) ® (t-mT) Fy(mT)

1

= [izo a ; ®UT)] L Vv~ @ (t-mT) qu(o), (3.74)

where the second equality follows from Lemma 3.1 and

Lemma 3.3. Slncg o (t) qu(O)=qu(t)-for t>0 frqm:(3.60),

. 1
a

A R . (t-uT) (3.75)

l~1 8

Fy(t) = [ ®(iT)] L Vu

i=0
fbr mTit<(m+l)T. The optimal prefilter to operate on’

u(t), the innovation process of r(t), is




136

L E ) = e () . (3.76)

f?oQ.Lemma73.2. substituting (3.75) into (3.76) yields

1

fy(t) cLizo a_. @(ii)] L [vu qu(t—wT)]. (3.77)

Let.
Xp = C 1 qmi

Il ~18

®(iT)] L, for m=0,1,... (3.78)

i=0

then (3.77) becomes, for mT<t<(m+1)T

i
fy(t) = X, 1V

Vo7 R (£-mT) 1. _ - (3.79)

. The general form.of fy(t) for t>0 is

© ' ’ o
= -1 - - - -~ _
£, (8) = kzéxk Vi Ry (£KT) [u_ (£-kT) - u_ (£=(k+1)T) ]
(3.80)
from (3.79), where us(f) is the unite step function and
x 1s given by '(3.78). Slncel[qu(t-kT)_us(t-(k+l)T)] is
nonzero for t> (k+1)T only,
-kT): - (k+1)T) = (k1) T) - ;
qu(t kT) us(t,(k DT) = (T) qu(t (k+1)T) us(t (k+1)T)
| | . (3.81)
from' (3.60). By the use of (3.81), (3.80) can be re-
written in the form

-1

u qu(t—kT) gs(ﬁ—kT)—x]{ @(T)g;.

It~ 8

fy(t)-= Xy Vv

k=0

_l . : .'-
Vi Ry (b= &+1)T) ug (t= (k+1)T) }
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o . —l ’
z N,V qu(t—kT) us(t—kT)

0
=[] N 8(t-km)] ® [V_© R_(t) u_(£)], (3.82)

where No=X and Ni=X£%i_l®(T) for i>1, and @ denotes con-

volution. - From Fig. 3.2, the actual optimal prefilter is

£(t) = £ (t) ® £, (t) ‘ . (3.83)

where £,.08) repreéents the innovation filter. Substituting

(3.82) into (3.83) yields

(1

k

. . -1 N
£f(t) Nk-G(t-kT)] (] [Vu qu(t) us(t)q G)fu(t)

0

5

-1 ’
Lo SEoKD] @ [V Ry, (6) u (00 F, (8)].

0
(3.84)

Recognizing that the continuous KSVF can be represented
by the combination of an innovation filter followed by a
filter characterized by its impulse res@onse (23)

. 1 )
fw(t) = Vu qu(t) us(t), (3.85)

i.e.,

the continuous KSVF-

Vu" qu(t) us(t) ® ?u(t). (3.86)

st(t)
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Thus, (3.84) becomes

£(t) = [Z N 6(t—kT)] eFk (t)
k=0

kz Ny Fp g (t-kT) G (tk T) - (3.87)

Hence, the opsiﬁal pre?ilter can be represented by the
comﬁinatieh_bf a éontinuoqs KSVF followed by a.qoder,where
the impulse response of the coder is en impulse trein;
i.e., iet_N(t) denotes the impulse response of-the coder,

then

Il o~ 8

N(t) = N, §(£-iT). (3.88)

1=0
Thus, the proof is completed. The block diagram of the
: strﬁcture‘of the optimal prefilter is shown in Fig 3.3.
The coder contained in the optlmal prefilter cor-
responds to. the perlodlc factor contalned in the transfer
functlon of the optimal prefilter obtalned from a
frequency—domaln analysis. As we shall see in Chapter 4,
the optimal coder of the jOlntly optimized pre- and post-
filters becomes a constant row matrix when n, in Fig. 1.1

is absent. .

Several examples with suboptimal postfilters are

worked out next. Notice that in this section, nothing has
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Figure 3.3 The optimum prefilter with a single sampled-data link and
a given postfilter.
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been sald about what kind of postfllter is belng used-

i;é}, the postfllter can be of any reconstructlon fllter.%

3.3.2 Ekaﬁples

Example 3.1

The impulse respohse of the postfilter is given by
g, (B) if O0<t<T
g(t) =, '
0 otherwise,
where ge(t) can be of any continuous function of t. In
the case in which g(t) represents a zero~order hold,
ge(t) becomes a constant. From (3.54).and (3.55), assum-
ing that n, (k)=0; we have

T 2 : =
& g (t) dt if k=0

0 otherwise.

Then from'(3.64),_it follows that
Ry () = V. & Fy(t),

where L depends on ge(t) and the input signal, and ‘is
given by (3.63).
Thus,

o . -
Fy(t) =-gvu£0). L qu(t)-us(F)
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From (3.76) and (3.83), the optimal prefilter for esti-
mating d(t)=C x(t) is given by

£t) =g c L IV.E R (£)-u_(6) @ £ ()]

=g CLF_(t) o  (3.89)

Ng =~ CL . o (3.90)
and

N. =0 for j#0 . ' . (3.91)

by comparing (3.89) with (3.87). It is seen from this
example.that if g(t)'is constrained to be of finite-time
duration,ﬁthe optimal prefilter can usually be found"
without tdo.much t?ouble. | |

Example 3.2

The impulse #esponse of the postfilter is given by
g(t) = exp(-t) for O<t . : (3.92)

Again, assume n,=0; then from (3.54) and (3.55), we have

&5 = (l/zi_exp(—lle) | : (3.93)

for j>0. Substituting (3.93) into (3.72) yields,




142

1

: G N o L ST
VB RGO = /) F 0 + T E ) 4 e Py (1)
+ ..
| (3.94-1)
-1 ; _ ~T =T :
VI MRL(0) = /2 [e7F (0 +Fm v T E e o+ Ll

+ o (1T Fy(iTj Foaee o (3.94-2)

-1 N “KT o “(k=1)T L oy
o = ‘
Vu Lo (kT) qu(O) (1/2) [e . Fy}O) + ? = Fy(T) + ...
. : o -
+ F_(kT) + F + + ...
' y( )+ e y(‘k 1)T) | ]
(3.94-k+1) .
Since eij vanishes when j>®, substracting [e-T°(3.94-2)]

from (3.94-1) yields

-1, -T . _ =27 .
.L Vu I;— e ®(T) ] qu(O) = (1/2) Q. e ‘? Fy(O),
i.e., .
_ ~2T,-1 . -T C -1 ‘
Fy(O) =2 @Q-e®) TII-e” 2(M] LV~ R (0).

éimilarly, by the method of mathematical induction, it is
© found ‘that
:’Fy(kT) = o ((k-1)T) [®(T) - I-e_T]Fy(O) " (3.95)
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From (3.70), (3.60), and (3.95),

1

() 1 =2T -7 - -
- 2(1l-e ) L [I-e “O(T)] Vu qu(t) for“O§t T
Fy(t) = o .
' ' =T 2Ty ot e~ T m -1 i
[0 (T)~Te 1'2(1 e )'L-[I e @(T)] Vu RXu(t T)
” for £>T.
(3.96)

From (3.76), (3.83), (3.86), and (3.96), it follows that

the impulse response of the optimai prefilter is given by

E(t) = N, F_(£) u () + N, Fy o (£=T) ‘u_ (t-T) (3.97)

where
N, - 201227y ¢ 1 [1 - " o (T)]
and |
N, =e NQ;
By compagingl(3.97) with (3.87), it is found that Nj=0

for j>2.




Chapter 4

JOINT OPTIMIZATION OF THE
PRE- AND POSTFILTERS

4.1 Problem Statement and Preliminary Remarks

In this chapter, the joint optimization of the pre-
and-poetfiiters of the system shown in Fig. 1.1 is con-
sidered. System equations and prior statistics are given
by Egs. (3;1) through (3.11). The constraints of the sys-—
tem being considered are giveh by Constreints 3.1 through
3.5 and Constraints 3.8 through 3.10. The central result
of this chapter is the derivation of the structure of the
jointly optimized pre- and postfilters when n:. in Fig. 1.1
is absent; |

We have mentioned in Section 3.3.l.that-themcoder
contained in the optimum prefilter corresponde to the
periodlc factor contained in the transfer functlon* of
the optimum prefilter obtained from the frequency —-domain
approach. When n,=0 (see Fig. l.lc), this periodic factor
: can be shifted to the receiving end to be'inclﬁded in the

postfilter without influencing the performance of the

*A periodic transfer function H* (S) has the proper-
ty that H* (S) = H*(S+jn 2T) for n=0,1,2,..., where T is the
period. T
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systém, asjpointed 6ut by Robbins (493. Thus) the-iﬁgulse
response of the optimal prefilter becomes a continuous
function instead of a piece—wiée continuous function in
thiS‘case.' That is, the céder contained in the optimai
prefilter becomes a constant matrix (a gain matrix). A
proof of this point from the state-space approach is
.presented in Section 4.3. The pfoof, toéether with the
developmenf'leading to the p;oof serves several purposes:

1. Degeneration of'the joint optimization problem.

2. To illustrate the consistency between_thé
state-space approach and the frequency-domain analysis.

3. To derive the strﬁcture of the jointly opti- -
mized pre- and postfilters.

4.2 Degeneratioh of the Joint Optimization of the Pre-
o and Postfilters :

The basic background of the degeneration of the
joint optimization problem is provided by the following

theorem.

Theorem 4.1 Let

x  (€) = x(t/=»,t,r(t)) = the linear least-square
estimate of x(t) based on
r(t) for -W<Iit, where x
and r are given by (3.1):
through (3.3).




146
xs(t)-is'the bes£ zefo—lag estimate of x(t).in.fhe ébsence
of sampling. -That is, xs(t) is .the output of the continu-
ous KSVF. Also let v (k) £ the sum of a linear combination
of the xs(j)'s for j<k and an independentfnoise np(k);

i.e.,

k
vl = 1ohy g x (3) 4 ng o). L (4.1)

Then the theorem says that -
Xy (t/-2m,v(k)) = X(t/-=m,v(k)),

where the quantity %(t/&i,zf;n(k)) has been defined in’
Chapter 2 and m=<t/T>,

Furthermqre,
E{lx(t) - x(t/-o,m,v(k))]12%} = B {x(t) - xg (£)1%} +

E{[xs(t) -

%, (t/==,m,v(k))1%}.
From here on, E will be used to denote %(t/—W,m,v(k)),
and g will be used to denote £(t), where £ can be of any
related signals (such as x and Xs) etc.), in order £Q
simpiify'nOtationsr
Proof. From the orthoganality principle, it follows that

for k<m,
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El(xg = %) v' (0] = 0. ey

%

We want to prove that for k<m,
E[(x - §s) v' (k)] = 0.
Since X=X = (x-xs) + (xs—xs),

—A ' - _ ' y -A \ ' .
El(x-x.) v' (k)] El(x-x ) v' (k)] + E[(x ~x.) v (k) 1.
(4.3)
The second term on the right-hand side of (4.3) is zero
from (4.2). Substituting (4.1) into the first term on the
right-hand side of (4.3) yields for kim' o
k . |
- v - - [y [} .
ElG=xg) v! ()] = ] Ellx-x) xL(3)] hy s +

j:—oo
B[ (x-x,) nl(k)]. ' (4.4)

The first'ferm on the right-hand side oft(4.4) is zero
since x_(j) is a linear combination of f(T) for T<JT. The
seCona terﬁ is also zero since np(k)'is assumed to be an
independent noise. Thus, the first‘terﬁ on the right-hand

side of (4.3) is also zero, and we have, for k<m

il

B[ (x-%,) v{k)] = 0; | | (4.5)

i.e., .

il

R(t/=em, v (k) = X (t/==,m,v (k). © (a.6)
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The error covariance of [x(t)-ﬁ(t/—W,m,v(k))] can be writ—
ten as

El(x-%)%] = E[(x-%;)?1

il

E{[(x-x ) + (x,~%_)1%}

E[(X—Xs)zl + E[(xs—ﬁs)z] + E[(X—XS) (Xs"ﬁs)']
+ E[(xs—ﬁé) (x—xs}'],

where E[&2]=E[E£']. Since X, is ‘a linear combination of
k ' 4
vk)=[ ) hy_y ¥ (3) + n, (&)1,

J=—x
- -7 v — -5 _ ' = ‘
El (x %) (xS x )'] E[(xS x,) (x xs) I 9 (4.7)
Thus,
M2y o - 2 v 25 32
El (x-x) J El (x xs) 1 + E[(xs XS) 1. . (4.8)
'Eq. (4.8) completes the proof.
Since d(t)=C x(t), the error covariance of esti-

mating d(t) based on the observation of skk) (see.Fig. 1.1)

for —ew<k<m is
E{la(t) - d(t/-=,m,s(k))1%} = C BE{[x(t)-x_(£)]%}C" +

C E{[xs(t) -

"o

¢ (t/==,m,5 (K)) 12} C'. (4.9)

I
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It 1s seen’ from (4.9) that the overall error con51sts of
two terms.‘ The first term on the rlght—hand 51de'of (4 9)
represents the error due to the noise n;(t)-(see Eig. 1.1),

and is independent of the coder N The second term

k’s.
cofresponds to the error due to sampling and ﬁz(k),‘and is
dependeht.oh the coder. |
-Lemma 4. 1 The sampled value of the output of the optimum
prefllter, vy(j), can be represented hy a llnear combi~

nation of the x_(k)'s for k<j.

Proof. From (3.87), it follows that

y&)=,ffW)rtbv)d§

= fo k£0 k k (V-kT) ug (Vv-kT) r(t~v) dv
= N [T F._(v-kT) r(t-v) dv. (4.10)
k£0 kK yp ks '

Let p=v-kT; then v=p+kT and dv=dp, end (4.10) becomes

y ()

1
B~
2
e
—

st (p) ri (t—kT)fp] ‘dp‘

= ] W x_(t-kT) ' , (4.11)
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Let t=jT; then (4.11) becomes

y(m) = [ N x_ (GT-kT) a2

k

lo~18

0

Let i=j-k; (4.12) can be written és

3 : : .
y(3) = iz=_m Ny_j X (i). - ' | (4.13)

Since n, in Fig. 1.1 is assumed to be uncorrelated
with the input signal, we have the following conclusion
drawn from Theorem 4.1 and Lemma 4.1:

Theorem 4.2 The joint optimization of the pre- and post-

filters shown in Fig. 1.1 can be degenerated to the prob-
iem of finding the optimum postfilter G(t) and the optimum
‘coder.Nk for estimating xS(t) from the s(j)'s for |
J<<t/T>, where | o

.8(3) =y(@) +n,(3), . (4.14)
v (3) is given by (4713), and x_(t) is specified by the
state eguation (from (A.33) or (A.49) depending on the

characteristic of n; (t)).

xs(t) = A xs(t) + Kc u(t), - (4.15)

where Ké is the continuous KSVF gain given by (A.35) or

(A.51), and u(t) is the innovation process of f(t)'given
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by:(A.34)'or (A.50) deéendiﬁg on fhé éharactériétic-Bf
n: (t), the primary observation noise.

It is seen from (4.13) that the codgr containedvin
the optimum prefilter can be considered as a discrete
filter Qperating on the xs(j)‘sﬁ That‘is, one‘qan assume
that fhe;e are n éamplers Which sample xs(t) to givg the
.xs(j)'s, Qﬁere n equals the dimension of~£he state vector.
Then the'xs(j)'s are operated on by the coder to yield
v (k), which is.thén quantized and transmitted. through. the
channel. ‘The block diagrm of this degenefated system is
-Ehown in Fig. 4.1.

Since bothythe first- and second-order stati$£ics
of xs(t) arg known, the system shown in'Fig. 4.1';3 simi-
lar to the system considered by Hayes (20; also see
'Fig. l.2h)lexcept:that the input .to the codef shéwn in
Fig. 4.1 is a vector instead of a scalar.

If the output of the coder can.be chafacterized by
state eqﬁqtions, one.can,use the method developed in
.Chapter 2 to solve for the optimal postfilter.i Thé case .

in which n, (k)=0 is investigated in the next section.
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1, (%)
z (t) r(t) continu- x _ (t)
ous S
+
& b KSVF
(a)
)
Xs(t) Xs(k) a(t)
Coder SR o

Figure 4.1 Degeneration of the joint optimization problem:
(a) generation of xs(t); (b) the degenerated
system.
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4.3 Jointly Optimized Pre- and Postfilters with n, (k)=0

The structure of the optimum filters will be given
by Theorem 4.3. Several Lemmas are given before proving
Theorem 4.3.
Lemma- - 4.2
® (t) R (0) if €0

R, (£) = Elx_(t+7) x!(1)] = s o
B ' R, (0)0' (-£) if <0
< L

Proof. From (4.15), it follows that for t>0

X (t¥r)==¢(t5 x (1) + ft §(t—u)i{ (M) ol . (4.16)
s S T . ¢

Thus, for t>0

Blx_(t4D x(D]=0(t) Elx (1) x!(1)]

+ [F o (ta) K, Blup)xl(m)] .

(4.17)

From (A.9) ‘(where Ti = ~® gnd Tf=t) and the fact that u(t)

is a white noise, it follows that for u>t

Elu(m) xl(T)] = 0. ' (4.18)

Substituting (4.18) into (4.17) to obtain

Rxsgt) = o (t) RXS(O) - for 20 (4.19)
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For £<0,

R_ (t)

I

E[xs(t+T) x;(T)]

-E[XS(T) xL(t+1) 11,

@ (-t) R (0)1, S ' (4.20)°
< | .

from (4.19). Thus,

Rxs(t) = RXS(O) o' (-t). for £<0 C(4.21)

The proof is completed by combining (4.19) and (4.21).

Lemma 4.3 £j=£_j,.where Ej is giveh by (3.54) and (3.55).

Proof. Since‘<E:.l=,_l':c:“T g(t) g(t—jT)-dt for j#0, the re-
sﬁlt follows by 1ett£Lg u=t—jif

Befofe we proceed with Theorem 4.3, let us assume
that'ng(k)'migﬁt not be zero, and investigate Wﬁat in
geﬂeral will happen if one insists onAusing a prefilter

whose impulse response is continuous in time. 'If the

Fy(t) speqified by (3.53) is continuous. in t, then

Fy‘kT) = & (kT) Fy(O) for k>0 (4.22).

from Theorem 3.1. Substituting (4.22) into (3.72) to

obtain
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V;IF.RXU(O) =.[E0f17+§1@(w)'+ ceo ¥ giQ(iT) + ... ] F,(0),
(4.23-1)

- l '
VLD DR (0) = ey T g0(T) + ...+ g 10 (iT)

Lt JE(0), (4.23-2)

-1 . . _ , . ' . .
Vu o (3T) L qu(o) = [g_j I+ g_j+lq>(T) + ...+ ‘Ei-j ® (iT)

+ ... ] Fy(O) (4.23-9+1)

Premultiplying both sides of (4.23—2)'by & (-T) to obtain

vl or (0)
u Xu

£240(-T) By (0) + [g, T+ £,0(T) + ...1F, (0)

1

€1 ®(-T) F_(0) + V" L R_(0), (4.24)

where the first equality follows from the application of
Lemma 3.1, and the. second equality follows from the sub-
stitution of (4.23-1). After cancelling the common terms.

on both sides of (4.24), we have
g_l o (-T) Fy(O) =0 (4.25)

Since @ (-T) and Fy(O) are nonzero in general, (4.25)

implies that. -~
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Similarly, one can obtain the equation

Ej = 0 for all j<0.

Since gj=g_j from Lemma 4.3, we have, for any j#0
£, = 0. _ : - (4.26)

In other words, the constraint that gj=0-for any j#0 has
to be imposed on fhe postfilter no matter whether the
postfilter is optimuﬁ or not if one insists that the im-
pulse response of the optimum prefilter be continuous. In
the case in which a jointly optimized-solution is desired,
this constraint has to be taken into consideration in de~
'.rivihg necessary conditions for the jointly optimized pre-

.and postfilters.

Theorem 4.3 With Constraints 3.1 through 3.5 and Con-

straints 3.8 through 3.10, with n, (k)=0, the optimal pre-
filter of.the jointly optimized pre- and pﬁstfilters can
be represented by the combinétion of a continuous KSVF
followed by a constant coder N, where

N=¢gtcr, | S (a.27)

i

g = [Tof(t) at, . (4.28)
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L =_£fg(v) % (v) dv, o o :(4.29)

énd C is known (see (3.6)). The g(t) that'appearé in

{4.28) and (4.29) represents the impulse response of the

optimum postfilter for estimating d(t)=C-x(t), and is
given by

Tg(t). =¢C G(t), ‘ : (4.30)
where. G (t) is the impulse responée of the optimal post-
filter for estimating x  (t) from the y(j)'s. y(j) is
given by "

y(3) = N x_(J), , (4.31)

and xs(t) is specified by (4.15).

" The state equation and the observation model given

. by (4.15) and (4.31) are similar to those given by (2.1)

through (2.3) with x(t) replaced by xs(t),,H replaced by
N, and w(t) replaced by . u(t). wu(t) is a white noise un-
correlated'with xS(T) for ¢ <t. Thé model givén by (4.15)
and (4.31) fits in the standard médel used in Chapter 2
with n(k)=0. Thus, the optimum poétfilter‘can.be obtained

by the analysis we have in Chapter.2, assuming N is known.
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Proof. - Slnce G(t) is the 1mpulse response of the optlmum
postfllter for estlmatlng X (t) from the y(jT) s,‘where
y(j) is the_sampled value of the output of the prefilter
and is a linear‘combination of xs(j) (see Eq. (4;51)),
'G(t) is the impulse response of the optimum.postfilter
for eetimating x(t) with the given prefilter from
Theofem 4.1. Also, since d(t)=C x(t), g(t)=C~G(t) is the.
impulse response of the optimuﬁ postfilter for:estimating
d(t) with'the given ptefilter. Thus, all we need to pfove
is that the'prefilter specified above aleo satisfies the
,neoessary and sufficient conditioh (Eq. (3.385 with
C3;O) for it to be an optimum prefilter.

| Since the impulse response of the prefilter speci-
fied above is a continuous functlon of tlme, the post-_

fllter must satisfy the equatlon

for all j#0, where E. is given by (3.55), in order for
the prefllter to be optimum, as follows from the dis-

cussion prlor to the statement of Theorem 4.3. Let'

E(t/k) = %(t/—w,k,y(i)) = the linear least-square
estimate of £(t) based on
the observation of y (i)

for -~<ic<k,
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and , _ .
%(t) = g ('t/m) r

where m=<t/T>. Then
N m- _ .
x () = _Z G(t~iT) y (i) : (4.32)
) Pl
From (2.27) and (4.15), xs(t) can also be expressed as
x(£) = @ (t-mT) X_(m) | . (4.33)

for mT<t< (m+l)T. §S(m) can be obtained from (B.9) through
(B;16) with anfo (i.e., KO£O), Vn=0, and Vw o?taingd from
the discretized state equation of (4.15); and with x re-
placed by~xs, u feplaced by N; and r réplaced by v. Fur-
thermore, assume that the estimation pfocess is at steady~

state condition. Then
xg (@) = 8(T) X (m-1) + Kgly (m)- N(m)o(mR_(m=1)1, (4.34)
where wé have used the fact that o (m,m-1)=%(T) (@ is the

transition matrix of A). After combining terms, (4.34)

becomes

§g(m) = [I - Ry N] o(T) §S(m—1)_+ Ky ¥ (m), (4.35)

where I is the identity matrix. By répeatedly using
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:(4.35), we obtain

Rm = T 9

=

m=1 Kd vi), | | (4.36)

where .
\}= [T - Kd N] & (T). ' o (4.37) -

Substituting (4.36) into (4.33) to obfain

¢ (t-mT) 9™t Ky v (i) © (4.38)

for mT<t< (m+1)T. Comparing (4.38) with (4.32) yields, for

mT<t<(m+l)T,

G(t-iT) = ¢ (t-mT)$™ % Kd. | ' ' (4.39).

Let v=t-iT and %=m-i. Then for mT<t<(m+1)T,

v =+t - iT (t-mT) +§(m—i)T

= (t-mT) +12T. ’ (4.40)
Since mT£ﬁ<(m+1)T in (4.39), (4.39) becomes (after letting

v=t-iT and f%=m-1i)

t

G(v) = o(v-2m)¢" K, for &T<v<(L+1)T (4.41)
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where ié;givennby (4.37). iNekt,_let us_inﬁeéﬁigate the

fvalue of §. Ffom-(3.55),

Il

& = [79¥) g(vim) av

il

L? gv) g(v+r) av + 2T g(v) g(v+T)~av L

(2+1)T
+ g(v) g(v+T) dv + ... (4.42)
T ‘ .

From (4.41) and (4.30), (4.42) bécomes

5 = [ g cow) Ry dv + 2T g(v) CO(V-T)H K. + ... +
0 ‘ : T ‘ d

f(i:)T g(v) Co(v-(2-1)T)§" K, av +
DT 6y o (veam) § 4L Ky dv + ... . (4.43)
LT

Substituting (4.37) into the second term on the right-hand
sidé of (4.43) and using Lemma 3.1 to obtain

2r - 2T :

[ gv) Co(v-T)Y® K, dv = [ g(v):Co®(V)d(~T) [I-K_N]x
o ) d 7 , d

(I)(T)ﬁ'Kd av

*Since g(v) is a piece-wise continuous function.
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= [*Tgw) ce (v)PK, dv - ¢ [*T g(v)o (v-m) K, No (7))
T " T :
x Ky dv - T (4.44)
The integrand of the first term on the right-hand side of
(4.44) is In the saﬁe form as the integrand of the first
term on the right-hand side of (4.43). By letting ﬁ=v—T,
the second term on the right-hand side of (4.44) becomes
- 2T
/
T

g(v) CO(v-T) Ky NO(TIKy dv

tl

L? gM+T) CO () Ky N@(TyﬁKd du

[P ge+m) g me (xR, @

LF Co ()Y () No (TIYRy du

i

c[ﬁ? gu)o@) dul t0N¢(Ty9Kd], (4.45)

where the second and third equality follow from ﬁhe sub-
stitution of (4.41), and the last equality follows from
the fact that g(@) is é séalar. Similarly, the (&+41)th
term on the righf;hand side of (4.43) can be written as

(L4+1)T
j’ '
LT

81 % av

g(v) Co®(v-2T) a
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:"}(z+1)T7

T

= [T 50y co(v-(a-1)T) ¢ K. dv -
T N d

f(52,+l)T
T

g (v) c@(v)¢g—zT)-[:—kdm]®(f)§¥ K

a 9v

1

g (v) c¢(v—zT)KdN@(T)ﬁﬁKd ey

(4.46)

The integrand of the first term on the right-hand side of

(4.46) is in the same form as the integrand of the fLth’

term on the right-hand side of (4.43). By letting ﬁ=v—£T;

the second term on the right-hand side of (4.46) can be

written as

g(v) Co(v=2T) K

d

[ AT
LT d

ﬂ? g @+eT) [Co M) Kyl No (T Ky dy

!

ﬁ? gﬁ1+£T5 gu) N@(T)aﬁ Ky du'.

Il

[ cowd g ey kg a

et grew) al 1 ne(m¥irg)

No (T)¢* K. dv

(4.4?)




164

Through the use of Egs. (4.44) through (4;47X,.Eq; (4.43)

becémés-
- T o 27T N
g = c,[& g(v)e(v) av + [“" g(v)o(v) av

2T
/
T

c [foT'é(V)é(v) dv + g(v)e (v) av

ONe (1) Y K1 - ...

C [L? g(v)@(v)ldv + f2T g(v)e(v) av 4

T

toeeo JOKy -

+ NI

e (et - L

N (T)x}z_ - ..

= ¢ LI - 9o (T) - v.. =¥ No(T) - ...

where the last equality follows from the

(3.63). Sincé N=E;l

C L from (4.27),
CLY= g N

From (B.13,) and (B.14), it follows that

H is replaced by N),

d

=1

c [,f0°° é(v)@(y) avl$ [T - N0 (T) - ...

N Kg = N Vy(3/3~1) N' [N Vy(3/3-1) N'1°

_ '\9'2'—17(

]'Kd’ (4.48?

substitution of

(4.49)

with Vn=0 (where

1

(4.50)
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Thﬁs, . : ‘ o : _ ; ,

& NO= & N[I - K, NJ2(T)
= & [N - N K; N1&(T)
= g [N - N]&(T) = 0 : - (4.51)

Furthermore, for a stable system, 1}&0'as oo, Thrbugﬁ:'

the use of (4.49) and (4.51), we finally obtain

G =g NV IT-n(m) - ... -9 mo(m -1 gy
= 0-[1-No(m) - ... - “lowe(m) - ...1-x,
= 0. | o ' (4.52)

Similarly, one can obtain

£y = C'Lj&[l - No(T) - ... =9¥L No(m) - ..,]ﬁJ'l Ky

=0 (4.53)
for all j>1. ,Sihce gj=§_j.from Lemma 4.3, we conclude
that

£ = 0 for all j#0 : : (4.54)

from (4.53).
The rest of the proof can be done easily. Since
the prefilter is assumed to be the combination of a con-

tinuous KSVF followed by a constant coder N, -

S~
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f(t) = N st(t)

c et 1 V;l R, (t) u () @ £ (t)] T (4.55)

where the second equality follows from the substitution
of Egs. (3.86) and (4.27). Let

I R | | 3
Fop () = & L V" R (€) ug () . (4.56_)

and

fyr(t) = C Fyr(t)' ' - | (4.56b)

Substituting (4.56) into (4.55) to obtain

f(t) = C FFyr(t) ® £ ()] = fyr(t) ® fu(t)(4.57)

Since éj=0 for j#0 - from (4.54), (3.70) and (3.71) can be
satisfied by letting Fy(t)=Fyr(t)' Sincg (3.70) and (3.71)
completely specify the optimum Fy(t), the f(t) given by
(4.57) is the optimum prefilter by comparing (4.56b) with
(3.76) and (4.57) with (3.83). Thus, the proof is com-
pléted.

We have seen from this theorem that with the oéti—
mum prefilter,‘one tries to estimate X from the y(j)'s,
where the quantities are modeled by (4L15) and (4.31).

Without the optimum prefilter; one tries to estimate x

from the r(j)'s, where the quantitiés are modéled'by (2.1)
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thréugh (2.3). As far as thé poétfilter is concerned;_the
-modelslareAquite similar. to each other (with‘aﬁd Wiﬁhout
the'op£imum prefilter). The only.differehEe is £hat in
the caseIWith the optimum pfefilter, one hqs a'certain.
freedom in’éhoosing the codér N in order ta‘réduce the>
error. Without tﬁe optimum prefiltef, the observation
matrix H is‘fixed. |

The-block diagram of the (dégeneratedi jointly op-
timized system with n,=0 is shown'in Fig; 4.2:'

Witﬂ the background we have so far, the only prob-
lem left is to fiﬁd the coderAN, which we solve in the

next section by the nonlinear Programming techniques..

4.4 The Application of Nonlinear Programming

In this section, the prefilter is restricted to
the class of filters that can be represented by theiCom—
bination of a continuous KSVF followed by a comstant coder.
If n, 'in Fig. 1.1 is absent, this struqturé of the pre-
‘filter is optimum'aé proven ih the previous section.

Otherwise, it becomes a suboptimum system.

4.4.1 Outline of procedure

Since the coder N is a constant. matrix, the output

of the prefilter is.éiven'by (4.31). The observation .




Figure 4.2

y(t)

o>

y (£)=N x_ (t)

Degeneration of the joint optimization problem when n,=0.

wn|+=

89T
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process at the recéiving end, s(j), is given by (3.5)§faﬁé.
xs(t) is 'specified by (4.155. .Thé problem of fiﬂdin§;% 
‘§S(t/—w;mhé(j5) has been solved in Chapter 2 assuming the
coder N is known. Thush'fhe pfoblem ié to find,the'codér
N. Let,%(tf=%(t/—w,m,s(j)). Then f;om-Theorem 4.1, iE -

'follows that

E{[x(tXﬂ~.§(t)]2} E{[x(t) - §S(t)]2}'+

E{lx (t) - ﬁsft)]z}.-' | (4.58) -
Since-d(t)=c x(t),
E{fd(;) - d(6)1%) = ¢ Ellx(e)1%}ct +
| ¢ Elx_(£) - x_(0)1%} C'. . (4.59)
The first term on the right-hand side.of k4.59) is inde-
pendent of the coder N. . For fhe second term, write |

E{lxg (t) = R (£)12} = Vy (t)
. : s

Q(tymT)Vg (m) o' (t-mT) +
S .

t ' oty e ,
£T @(t—j) Kc Vu Kc¢ (t y) dy. |
(4}6Q)A

for MT5;<(m+i)T from (D.37). The second term on the right-

hand side of1(4.605 is again independent\of the coder N.
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Integrating the first term on the right-hand side of
(4.60) from t=0 to t=T, then dividing it by T to obtain
(m=0 for 0<t<T)
Ig = (W/m) [Te) vy (0 ety ac  (4.61)
s :
Premultiplying by C and then postmultiplying by C' on
both sides of (4.61), the function that we want to mini-

mize with respect to the coder N is

R | J— A.T ] ]
Jg=CJd, Cc' = (1/T)C & o (t) V;g(O)@ (t) at c.._

(4.62)

JN corresponds to the part of the error that depends on

the coder N, and JN corresponds to the error with a pen-

alty function given by (D.16). Since steady-state con-
dition is assumed (Constraint 3.5), Vg (0)=V§ is speci-
S .

s
fied by the following equations

- _ 1
—_— |} 1
Kd = V; N' [N V; N' + Vnz] ’ (4.63)
S. S
n — ' '
V; = @(T)_V; @ () + VW ’ . E (4.64)
s - . s . d :
and '
V; = [I - Kd N] V; ’ - (4.65)

S S
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where

- {
= T ' v ‘ ,rb.-
Yy [T e(t) K, v, K, @' (t) dt, o aees)
Where'Vu is the variance of the innovation process u(t)
of r(t), and Kc is the continuous KSVF gain for estimatiﬁg
the x(t) from the r(t) (see Egs. (3.1) through (3.3)).
Egs. (4.63) through (4.65) are obtained from Eqé. (B.13)
through (B.16) with an=0, Vw=vwd; w1#h x replaced by
Ry H replaced by N, and Vn replaced by Vn ;- where np is .
. 2

specified by (3.5); and with

,V§ (3) = V; (3-1) =.V§ ’ - (4.67)
S S S -
vy (3/3-1) = Vy (3-1/3-2) = V% , - (4.68)
s S : . 8
and
Kg(3) = Kg(3-1). (4.69)

Eq. (4.66) is obtained from (C.9) with t=(k+1)T-T; and
with F(Tf replaced by L and Vw(r) replaced by Ve Let

[él‘ez - ..o

Vg = 1. - : ' (4.70)
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where f=n+(3). n is the dimension of the state Vecﬁdfff

Also, let

N = [ni, nzs -eo , 0] ; (4.71)

A brute-force method to find the optimal coder is
described at first as follows: Egs. (4.63) through (4.65)
consist of a set of Riccati equations that enables one to

solve for the V; in terms of such parameters as N, V

. s _ 2
and V., r etc. One then substitutes the expression of the
a . :
V; found above into (4.62). Finally, the ni's can be
X .

found by the ordinary calculﬁs. In simple cases such as
when the iﬁput signal is a first-order Gauss—-Markov pro-
cess, this.b;ute—force method can be aéplied easily.

But in more.coﬁplicated cases, the Riccati equations of
(4.63) through (4.65) are rather hard to sdlﬁe. In

thgse cases, thelnénlinear programmiﬁg techniques can be
applied)fo find fhe optimal coder N. Substituting '(4.70)
and (4.71) ‘into (4.63) through (4.65), we obtain a set of
equafioné'in the“ni's and ei's in the form

. |y L P
FE, [e 15, -.or €5 My mg, «oop n = J ¥ [ 1 (e) O
* k=1 £=1 :
- (4.72)

'n O.k
x[ ¥ (m.) 3%1 =0
j=1 J .
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where all the quantities are scalars, §ubs£it@£iﬁ§'fg{70)-'
into (4.62) to obtain S

Mo g i - o ~
ae= I b LI (e 1. .  (4.73)

Consider both the ei's and ni's as variables; the problem

is to minimize JN subject to the equality conétraints of
(4.72), and the'cbnstfaints that the diagpnal;elemehts of
thelvg (sée (4.70)) be nonnegative. This is a typical
problez that can be handled by the nonlineér pfogramming
and search techniques. An algorifhm developed by

Pierfe (45).has been applied to this‘pfoblem..'Eiamples

will be given in Section 4.4.2, and in Chapter 5.

4.4.2 Exampies

Example 4.1: Azéecdnd~order Gauss-Markov process as the

input signal.

Referring to.Fig. 1.1, the signal‘and observation
.models'atlﬁhe seﬂdiné end are givén by the following
equations:' |

a0 e
%(£) = o oxey +ww). T (4.74)
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~and

r(t) = [1, 11 x(£) + m (t), ' - (4.75),
where

.2aoa. 0
Rw(t-t) = . S (t-1),
0 2boy, '

and

‘Rn1 (t~T) = Vn S(t-T1).

At the receiving end, n,=0. Since the gain of the pre-
filter is nonunique in the absence of n, (see the dis-

cussion after (E.33) in Appéndix E), one can let

From the procedure outlined in Section 4.4.1, it is found
that e;=-n, e; and e;=n e,, where the e;'s are defined
by (4.70) with 2=3. Letting e=ej;, the function to be

minimized can be expressed in the form

JN(g,nz)_ = [ns-e-(l-a 0, ) - n§ e~ (1-oc;) -e- (1-0@)/3.]/21'

subject to the equality constraint

FE(e,nz) =9, e® +e (§,-9) +¢,,
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.where aé=exp(-aT) and ab=exp(-bT), and

Y =k a; + k3 n3 a; + 2 k2 n2 qaab,
¢y = k& = ki ks,

9 = n2 (0, - ub)z,‘

l?d =_k1,+ 2 n, ko + n§ ka,

k1 ks .
= (T ' '
& ®(t) K, v, K. @' (t) dt,
ko ks| -
and
K, = the continuous KSVF gain for estimating the

x(t) from the r(t) for -~<r<t, where the x(t)

and r(t) are specified by (4.74) and (4.75).

Furthermore e>0. The result found by the nonlinear pro-
gramming technique for the case a=-1, b=-3, 0a=0.1875,

0,=0.1042, V =1, T=0.1, and d(t)=[1, 1] x(t) is
n, = 0.91.

The steady-state prefilter is specified by the following
equations:

k (t) = A x_(£) + K_ ult), -  (4.76)
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and

(e =11, 0.911 x(6) S .77
-wherg
u(t) =-r(t) - [1, 1]-x (t),
-1 0
. A, =
0 -3 ,
and
0.1690
K =
C

'10.0984

The steady-state optimal postfilter is specifiéd by the
following equations:

. 0

X(t) = A x(t) + Ry 1 ug(d) §(e-im - (4.78)
. k=0 AL

and

d°(tj:=:[ln 1] x(t), o (4.79)
wﬁére

-0 0
a ~
ud(i).—,y(iT) - N- x(iT),
- 0
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and

Kd = [0.6747, 0.3574].

To check the validity of Eg. (4.27) (Theorem 4.3),
one has to find the impulse response of the optimal pbst—

filter g(t), which is found to be

g(t)==[ga(t)-+gb(t)] up(t,O)-F'Z-(0.7942

)i—l
i=1 o

- [(0.7942-0,) g_ (t-iT) + (0.7942—aa)'gb(t—iT)]

Xup(t{iT),
where
g, (£) = 0.6750 éxp(ft),
g (£) = 0.3575 exp(-3t),
qp(t,iT) ='us(t—iT) - us(t¥(i+1)T),
and

us(t)'é the unit step function.

From (3.54), since n,=0, c3=0 and

g, = L? g% (t) dt
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(0.7942)2 (1=1) [ (+1)T

T , (%)
[7la, (B +g (£)1% at + ] .
: = 1T

i=1
: _ » : o s )
{f0.7942 ab) ga‘t iT) + (0.7942 aa) gb(t 1T)] dt
= 0.09069.
Also, since

exp (-t) 0
CI)(t) =1 ’
S0 exp (-3t)

from (4.29),
L = Lf g(t) @(t) dt

.[0.0907, 0.0825].

We thus have’

g}l CL

[0.9996, 0.9097]

e

[1,0.91] = N.

Hence,'except for.a_very slight round-off errog, (4.27)
has been verified to be correct.

We used a diagonal matrix in this example in'ofder
to simélify computation. The same procédure.can be used

to handle the problem with a nondiagonal matrix A.
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Example 4.2: A second-order Butterworth process as the
input signal. ‘

The signal and observation models are

_ 0 1
x(t) = x(t) + w(t)
-0 -—w V2
e c °.
and
r(t_) = [1, 0] x(t) + n; (t),
where
. } 0 0
Rw(t-T) = . § (t-1)
10 2/ 2w}
c
and
Rnl(t—j) = (2.45/w) §(r-1).

Again, n2=0; By an argument similar to £hét uSedlinl
Example 4.1, one can let N=[1, nxl. The procedure fof
so0lving this example is éimilar to that of Example 4.1,
except that the expressions are more complicated. -The
details are omitﬁed. "The result found by nonlirear pro-
gramming ‘for the case in which wc=l,:T=ﬁ; and

a(t)=[1, 01-x(t) is
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L'.n2 ¥xo.4239; |
Thié.reéult'checks with the one found by Petéréen (42).
These twé.examples primarily serve as-a'check for
the correctnéss of the development we have heref More
examples With physical interpretationé will be given in

Chaptetr 5.




Chapter 5

SYSTEM PERFORMANCE

5.1 Problem Statement and PréliminarX,Remarks

The design of the optimum realizable pre- aﬁd
postfilters;'and thérdesign of the fixed-lag postfilter
have been studied using the state-space approach in pre-
vious Chapters. It is Qf.interest to investigate'the per-
fofﬁance of various systems in this Chapter. We will
study the physical intérpretationé of this problem such
as the primary fuhction of the optimum realizable pre-
filter; how much error reduction is achievéd by the addi- "
tion of a prefilter; how much complication this creates
in implementati&n; how the addition of a'prefiiter com-
pares with allowing delay at fhe receiving end, i.e.,
with having a finite—lag optimum postfilter in the ab-
sence of a prefilter; how closé the performance of the
optimum realizablé filter is to that of the optimum un-
realizable filters; and how close the performances of
certain suboptimum systems are to thét of the optimum
systems. Unless specifically mentioned, all the system
considered in ﬁhis chapter have a single sampled-data

link.
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Slnce only statlonary inputs, - tlme 1nvarlaat eys—
tems; and steady state condltlons will be con51dered in
this chapter, 1t is helpful to look at the frequency—
domain approach to this problem briefly first. This will
serve to check the results obtained in the previous
chapfer of this thesis. '

5.2 The Frequency-Domain Approach to the Fllterlng
Problem _ A C

' Most of the solutions obtained using the frequency-
domain approach to filtering problem-are based on the |
solution of Wiener's probleﬁ, where the function to be
minimized with respect to g(t) (or Sq(f), the fourief

transform of g(t)) is

I=Rg(0) =27 R_y(t+a) g(dr + [° g(0) [T R (p-1)
g(t) dp dr. | (5.1)

In the frequency domain,

I=Ry(0) - 2f" 85(E) S q(-) af+ [ is (£) ]2 s_(£) af,

— 00 -0

(5.2)

where S.(f) is the fourier transform of R. (7).
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The_éolgﬁion for the optimum'unrealizable'filtéf ob-
tained from (5.2) is
Sq(£) = 84 (E)/8,(£), (5.3
and the optimum realizable filter is

‘ _ ' + ’ - )
S4(£) = (1/8](£)) -8, (£)/8_(£)],, (5.3,)

where E(£)=ET(£). £ (£) with £ (£) (£ (£)) containing
upper (lower) haif plane poles and zeros only, and

E(E)=[E(£)], + [E(£)]_ with

i

[E(£Y], = [T&(t) exp(-j2nft) dt, (5.4)

and
0

[ E(t) exp(-j2mft) at, (5.5)

= Q0

[E(£)]_

where.j.denoﬁes the imaginary number. . &(f) is the fourier
transform of any real time function.

Let us consider the system shown in Fig; 1.1,
with the‘follOWing assumptions: the numbe% of sampled—‘
data link is one; tﬁe inputs are stationary;'the filters
are time—iﬁvariant; n, is an independent noise. .Further-
more, a power constraint is imposed on the préfilter.

Then the function we want to minimize with respect to the
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pre- and postfilters is given by (E.42) with all the quan-

tities being scalars:

T =Rg(0) = (2/7) [T [T R, _(B+v) £(B) g(v) av dB + (1/T)

ws 00 we 0O

x % gv-2T) g(v) av ([~ [ £(x) R_(4T+8-0)

- OO = 00, = OO

x £(8) dadg + R (W)} +1-f" [7 £@) R_(8-a)

C =00 =00

x £(8) dudB (5.6)

with the‘péwer constraint being given by (E.40). 1In the

frequency domain,

~J =R (0) - (2/7) | sg(f) S (f) 84, (~f) df.”

- 00

+ T8 (B 1S (B) ]2 s(f) + s (£)17.af

* ® ‘ 2 ' .
+ A {WJSf(f)I Sr(f) af, . (5.7)
where we have used the relatibns

[Tate) b(e) at = [T s_(f) s, (~£) af, (5.8)

- 00 . = QO

and
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L
o

.[S%(f)]* = 7 a(kT) exp(-j2mEkT)
. ) k.=_°°

o«

(1/T),k2 s (f - (k/T))

e

the spectrum of the sampled version of

a(t). . (5.9)

where Sa(f) ahdlsb(f) are the fourier transforms of real
time functions a(t) and b (t), respectively. The last
term on the right-hand side of (5.7) is indepenaent of
S4(f).. Comparing (5.7) with (5.2), the transfer function

of -the optimum unrealizable postfilter is seen to be

S4(£) = 8¢ (=€) Sy (£)/D(f) o (5.10)
from (5.3_), where
D(£) = [I8g(£)|2 S_(£) + 5 (£)]; (5.11)

and the transfer function of the opfimum reaiizable post-
filter is
. . : ‘ B
Sg(f) = (1/D (£)) [Sg (-£) Sdr(f)/D ()1, (5.12)

from (5.3b). In terms of the Laplace transform variable

i . S, the optimum realizable postfilter can be written as
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(by letting'fés/ij,'Where 3 is the imégihary number)
. + - - . -
Sg(S) = (}/D (s)) [8c(-s) Sdr(S)/D fS)]+, (5.13)
where

_ “y ]2 * oy 2 ®
D(s) = [JSf(S)L S (s) + Sy, ()1 = []sg ()] Sr(S)] _

. * v
+ [Snz(s)]' (5.14)

For the prefilter, since

{:s:(f) Sg(f)ldf.= [ s, (£) S;(f) (reference number 9)

(5.7) becomes

J

= R, (0) - (2/11){0o Sg (£) Sg(f) Sar(—f) df + (1/T)
o . , L Lk
X Im[[sfgf)lz S, (f) + Snz(f)] []Sg(f)]21 af
AT |Sg (£)|* s_(£) df; ' (5.16)
l1.€.,
J ——

= R, (0) - (Z/T?fm Sg¢ (£) Sg(f) 84, (-£) af |
i+ (1/T)I:, 8 (6)]2 s_(£) [KISg(f)Jz)*,+A] af

+ (/7)) Sy, (£) []Sg(f)]z] df. (5.17)

-0

(5.i5)
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‘The_last term on the right-hand side of (5.17) is inde-
peﬁdent éf the prefilter. Comparing (5.17) with (5.2),
we find that'the optimum unrealizable prefilter is given

by

S (£) = 8. (-£) S5 (£)/8(£), .  (5.18)

where

@)
..from (5.3a); and the optimum realizable préfilter‘is
given by |

Sf(f) = (l/S;(f)) [Sg(—f) Sdr(f)/S;(~f)]+- (5.205
from (5.35’._ Inﬁterms of the Lapiace_transform variable
s, the optiﬁum realizable prefiltér can be expressed as

(by letting f=s/27j in (5.20), where j denotes the imagi-

nary number)

Sf(S)

(1/8](s)) [8_(=s) Sy, (s)/S_(s)], (5.21)

where

S, (s)

* : .
{[1sg(f)|2] + 1Ys _(£); o (5.19) . .

ﬂ|sg(s)|z]* + A}s_(s). '-. ' _ (5.22):
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5.2.1 Jointly optimized unrealizable preF andTédétfilters

It has been shown by Chan and Donaldson‘(7) that
the jointly op£imized unrealizable pre- and postfilters
in the case in which n1=0,are‘ideal bandpass filters with
ideﬁtical béésband. The width of.£he passband is fs=l/T,.
where T is the samﬁling beriod. Thus, the jointly'opti—
mized pre- and postfilters eliminate aliasing. The éame
situation exists when ni1#0. The exteﬁsion is straight-
forwérd and will not be proved here.

Brown (5) has shown that when n2=0l(n1#d; refer

to Fig. l.lc), the passband is determined by

# 0 if |y (£)[%/s_(£) >-

|84y (E-k/T) | /8 (£-k/T)
for any k#0

Sf(f) [or Sg(f)] - (5.23)

= 0 ' otherwise.
. Inside the passband, the filters satisfy the equation
Sf(f) Sg(f) =T Sdr(f?/sr(f)" : | (5.24)

where Sdr(f)/sr(f) is the unrealiable Wiener filter .in the
absence of sampling. The mean-square error between the
desired signal d (t) and the output of this system is given

by
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fS

- y - (2 ‘ ' =y

J =] [84(f) = |84 (£)[?/S_(£)] 4f + ff' S4(f) df, (5.25)

Where_f' denotes the complement of the passband £ . The
first term on’ the rlght hand 51de of (5 25) represents.
the error due to the prlmary observatlon noise n ;. (see

Fig. 1.1), and the ‘second term represents the error due

to sampllng. Recognlze that

>

oo . _ » 2 ) . - ’
{m[Sd(f) Sdr(f) /Sr(f)l af the mean sqnare error
caused by using the unrea-
lizable Wiener filter in

the absence of;samplingr

Thus, inside the nessbend,.the optimum unrealizable pre-
and postfilters try to filter out the noise,jnst as the -
Wiener filter does (32)._ But outside the passband, the
system simply ignore both the signalland“the hoise.
Since'fs=1/T,-as.r'increases, f .decreases. This means
that as T increases; the optlmum unrealizable pre- and
postfllters become more and more ignorant of the effect of
n, (t), and concentrate their efforts in deallngiw1th the

aliasing effect.
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It 1s 1nterest1ng to compare (5. 25) w1th (4 9)
The flrst term on the rlght hand 31de of (4 9) represents
the error. due to nl by u51ng the:optlmum reallzahle zero-
lag pre- and,postfliters. S;nce this is the error pro-'
duced by'nsing,theiwiener filter in the,absenee'of sam-
pliné, it,ie eeen'from (4.9) that this part of the‘error
(due to n, ) remalns unchanged when sampllng is 1ntroduced

in the case of optlmum zero—-lag fllterlng

5.2.2 Jointly'optimized realizable pre- and.pestfiiters
| When there is no delay factor, the only poles of

the bracketed‘expressions on the rigthhand‘side df.

(5.13) .and (5.21) are the ones due tQ Sdr(s);'-Let these

poles be deneted by ki for i=l,2,...,np; and let

; S o : , n - o
S,(8) = [55(=s) S5, (8)/8 ()1, = L &;/(s+7,),

(5.26)

and

B,/ (s+Y;),

Al ~18

‘Sb(s)-= [Sf(_s) Sdr(S)/D ()1, +
(5.27)
where the Xi's.are known, and the o, and B;'s are to be

determined.
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Substituting (5.27) into (5.13) to ‘obtain :

n
_ +
S4(8) = (/D7 (s)) [ ] By/(sty)l (5.28) .

i=1
Thus,

. n n
(8, (s) 8,(=8)1" = W/D(s)L ] B,/ (s+y;)1L | 8/ (=s+y )1}

i=1 i=1

l

T [8f(s) 8. (s)17+S] ()]

Bi | Bi *

{L z (s+ ) I+ [ z T—EI"—T']} p ‘(5.29)

where we have used the relation
* * * %
[E (s) n(s)] = & (s) n (s) (reference 9), (5.30)

and &(s) and n(s) are the Laplace trénsforms of any real
time functions. Similarly, by substituting (5.26) into

(5.21), we obtain

| N T s S
[Sé(s)]* +A Ezl(S+Yi)'i£l(—S+Yi)} )

[S;(s) Sg(-s) S, (s)] =

(5.31) -

Let x={|sg(s)]2]* and Y=[|S¢(s)|2'S_(s)1", then one

can solve for X and ¥ from (5.29) and (5.31) in terms of
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, Bi, Yih'and . By substltutlng the resultlng X ‘and Y

%
into (5. 13) and (5 21), one can flnd expre551ons for _
Sg(s) and S (s) in terms of a Bi’ etc. By substltutinq
the resultlng S (s) and S (s) 1nto (5 26) .(ox (5.27)),
the o, and B, \s can be found by equating coefflclents.
Flnally, A can be found from the power constralnt glven
by (E.40) (with the quantltles transformed 1nto the s
'domain){ | | |

'ThiS'method is in géneralrrather‘cumbersomey even
for special cases such .as that in which n,=0 (éee |
'fig. l.lc). This special case‘has,been studied by

Chang'(9)‘and Robbins (49). The result is summarized as

follows. The optimum prefilter can be expressed as

Sg(s) = K, S (s)/8[(8), - . (5.32)

‘and the optimum postfilter is given by
Sg(s) = 8, (s)/ (K Sy (s)) o © (5.33)

wheré-Ko is an arbitrary constant,

S,(s) = [8,(=8) 84, (s)/(S,(s) S.(s)1, , . (5.34)
Sp(8) = [S,(=s) S5, (s)/8,(s) S ()1, ,*  (5.35)

and
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= , ' * ' R T
S?(S) = [Sa(S) Sa(-s)] = [Sb(S)-SbffS)] i?‘ (5;?6%
Clearly, - _ _ ‘ %
Sa(s) Sa(—s),= Sb(s) Sb(—s). . . (5.37)
The solutipﬁ-can; again, be started by assuming that

s, (s) = ai/(S+Yi).

i~

i=1
We Qill comparé the result obtained in Chapter 4
with the abbvé-equations using an example. That is, we’'
will show that the result .obtained in Example 4.1 satis-
fiéé the_above eqﬁaﬁions. It follows from k5;32) that
Kosa(s) represents the part of the-prefilter that operateé
on the normélizéd innovation process of r(t)--the primary

observation process. Thus, (refer to Fig. l.l),'the power

spectrum of the output of the optimum prefilter is:
_ w2 _ ' - . .
Sy(s) = Ko Sa(s) Sa( s). (5.38) .

From (4.76) and K4.77), since u((t) is a white noise, we
haye

1 1

Sy(S)-= (1, 0.9}] (s;—A) Kc Vu Ké(iél—A) [, 0.911"'.

(5.39)
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Comparing (5.38) with (5.39) to obtain .  ~* . i

[1, 0.91] (sI-a)~ %

K, S_{(s)

a Kc/Vu

VT 0.26 [(s+2.3075)/ ((s+1). (s+3))].
(5.40)

similarly, §, (s) can be found from (4.78) and (4.79).

Since Vﬁ =0.0057 (& the variance of the innovation process

d
of yv(k)), we have

5, (s) = 0.0778 (s+2.3074)/[(s+1)- (s+3)1. (5.41)

First, it can be seen that with a properly chosen

S5(8) S (=8) = S (s) 8§ (-s).

Furthermore, we-want to check'to see whether (5.35) and
(5.34) can also be satisfied by the Sa(sf_and'sb(s)
given by (5.40) and (5.41). .From (5.36) and (5.40), it

folibws that o
* . S _
S¢(S) =-[Sa(s) S, (-s)] : ‘
' X
T o T -1 X |
V.. ¢ 0.26 === (=x_z ~) - b
Uy : Jxa - Ta ] }x (1-x_z)

a .
K 1 T=a_2) (I=o,2) ’

. -1 -
(o) . (l—aaz )(l—ubz.

,'(5}42)'
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where xa=0.79, aa=0.9, ab=0.74, and xb=0.067. xThe Sb(s)
- found by (5.35) with Sa(s) given by (5.40) is (notice that
 tHe constant KO does not -affect the result since it is

cancelled by the numerator and denominator in (5.35)):

Sy (8) = 0.0779 (s+2.3077)/[(s+1) (s+3)]. (5.43)

(5.41) represents the ;esult found directly from the
state-space apprpach, wheréas (5.43) repreéents the result
found using the. equations derived from the frequency-
domaiﬁ approach aésuming Sa(s) is kpown; 'Comparipg (5.41)
with (5.43), we see that except for round-off efrof,
.(5.355 is satisfied by the result obtained in Example 4.1.
It islpbvious that (5.34) can also be satisfied by the
Sa(s) and Sb(s) given by (5.40) and (5.41). Thusf except
for a slight round—off-erfor( the result found using the
state—-space approach éatisfies the eguations dgrived.from
the frequency—domain analysis.

| The fact.that'the-periodic factor of the transfer
fuﬁction of a prefilter can be shifted to the receiving
end.in the case in which n,=0 can be seen from (5.30).
* (s), where S*

f f
p - P
the periodic factor of the prefilter. Then

Assume that S'f(s)=Sf Ks) S (s) represents
c
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I

Sis) = B.(5) 8¢ (9) 5. (%) [s; () 5. (-a1T¥T

P P

|

[5,(s) S (8) S (-5)1" [S, (8) S; (-8)1 . (5.44)
C C P &) .

Thus, if y, is the output of f_, one can sample y, first;
transmit it through the channel; and then pass it through

fp' The resulting output will have power spectral density
S*( )

s).
Y

5.3 FError Analysis.

The performances of various systems will be inves-—
tigated by means of several examples in this section.
Instead of providing the details about how those examples

were worked out, we will outline the general procedures

"in the following subsection, and emphasize the results and

their physical interpretations in the remainder of this

chapter. .

5.3.1 Outline of the general procedure used in working
the examples

In the case in which no consideration is given to
the design of the prefilter, expressions of the error
covariance of the system with the optimum postfilter has -

already been given in Appendix D. With stationary inputs,




197
time—invgfiant systems} and with the aséumptioh thé£:tpé
estimation process has reached a steady-state doﬁditib%},
then the.gé(t) given by (D.14) and (D.15) can also. be
found by the frequency-domain apbroach (57). The result

ig:
. - p-1 - K -
gq(t) =L [S4.(s)/8. 7 (s)1, (5.45)

wherenf"1 denotes the inverse Laplace transform, and
S:_(s)=[s;(s)]*. Egs. (D.13) and (5.45) enables one to
'find the steady-state error when S:(s) andtsdr(s) are
known.

In the case in which the optimum prefiltér is
presen£ bﬁt‘the system is constrained by Constraints 3.1
through 3.5 and Constraints 3.9 and 3.10, then Theorems
4.l-through 4.3, and Eq. (4.9) provide the basic tools
for finding the error. The first term on the right-hand
side-of (4.9) represents the error resulting frém ﬁsing
the Wiener filter (or the Kalman-Bucy filter) in the ab-
senée'of sampling, which is a well known quantity. The
second term on the‘#iéht—hand side of (4.9) is dependent
" on whether n, is presént or absent, and on the number 6f

the sampled-data links that are available.
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Wﬁéﬁ.théfe‘is oﬁly oﬁe éaﬁpled—daté'iink'avéilabie,
and n»=0, we héve seen from Theorem 4.3'that once the
constant codef N is known, the joint o?timization problem
is reduced to the problem of desighing £he postfilter
without conéidering'the prefilter. Thus, our procedure
‘is first to find'the optimum coder using the state-space
_gpprqach'(section 4.4), and then Egs. (D.13) and (5.45)
(where r is replaced by y, the output of the optiﬁum pré—
.wfilter; see Egq. (4.31)) are used to find the'exéréssibn‘
of the second- term on the right-hand side of (4.55.

When there are n sampled-data links available,
: where:n is thé dimension of the state Vectofvwhich char-
acgerizes the inpﬁt signal, and n,=0, an expression of
the’Second‘term oh the right-hand side of (4.9) can be
found as follows. From the résults obtained in Section
3.2, the éignai observed at fhe receiving end is the
.xS(k)‘s (the sampled version of xs(t),which‘ithhe oﬁtput'
of £he cbntinuous KSVF, and'is specified by (4.15)). From

(D;37), it follows that

E{[xsgt);—gs(t)Jz}==®(t—mT),v§sgm) ' (t-mT) + f

[® o (t-v) K_V_K' 8" (t-v) av, m=<t/T>.
T cC u c
me (5.46)
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Since .the observation process is xs(kT),'V§,(m)=0, and

s
(5.46) becomes

E{lx (£) - X (£)1%} = fI:T @ (t-v) K, V_K! @’ (£=v) dv. (5.47)

:where-Kc is.the steady-state continuous KSVF géin, and V_
'is the inno&ation process of the primary obéervation pro- .
cess.r(t). Both Kc and Vu_can be found by the known re-
sults of Kalman filtering. Finally, the steady-state
error can be found by integrating both sides of (4.9)
from t=0 to t=T, and then dividing by T on both sides of
the resulting eqﬁation. |

The steady-state error of the system With.the
- jointly optimized unrealizable pre- and postfilters can
be ﬁqund from.(5.25) (with n,=0). Thus, we have outlined
the .general procedure used in calculating the steady-state
error of the optimum systems.— Error calculations for
suboptimum systems with a ZOH. (zero order hold) as the
postfilter will be explained in the examples.

Before proceeding, let us define the following'
quantities as the normalized steady-state mean-sduare
error betWeen.the desired signal and the output of the

systems specified thereafter:




;':éUﬁéé:
EUNG:’
.EG:.:
Eﬁé:
EFM:

- EFZ:

and -

EFGQ:

Also defihe.
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with the jointly optmlzed unreallzable pre—
and postfilters.

with the optimum unreallzable postfllter
and w1thout a prefilter.

with the optimum reallzable postfilter and
without a prefllter.r

with the jointly. optlmlzed reallzable pre~
and postfilters.

w1th the jointly optimized pre- and ‘post-
fllters, and with multiple sampled-data
links.

with a ZOH (or the modified. ZOH with a
gain factor) as the postfilter, and with
the optimum prefilter. .

with a ZOH as the postfllter and without a -

prefilter.

with the modified ZOH (with.a gain factor)
as' the postfilter and without a prefilter.

with the cascade of a continuous KSVF fol-

lowed by a constant coder as the prefilter,
and with the optimum postfilter: in the case
in which n,#0.

ED .=-EFG + EG

EDM =-EFM + EG

and

EDZ

EMZ - EFZ.
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Fcrthetmcte;,assume that 0 is the tariance’of the‘desired
signal. Define'a given system as being asympototically
stable if the resulting mean—Squa;e error between the
output of the system and the desired sighal does not'ex—'
ceed 0 as T2, |
. nzsd in all of the fcllowihg‘suhsections except
'5.3.6 irefer to Fig. 1.1 o) - By Theorem 4. 3,_the'optimum’
reallzable prefilter in the absence of n» is s1mply a
cascade of a Vector Wiener filter (contlnuous KSVF) fol—
lowed by a constant coder. It is well known that the'
function of the Wiener filter is to try to filter out the
' noase; this fact suggests that in the absence of nz, the
essential function of the prefilter is to try to -reduce
the aliasing of the hoise ni1. The validity of this as-
sumption will be inﬁestigated.in the foliowing subsec-
tions. | |

5.3.2 Case l: A first-order Gauss—Markov process“with '
an uncorrelated colored noise .

The:modeis of the signal and observaticn processes

are given by the following equaticns;

% (t) ~a x(t) + v}(.t); _ ' ,:('5.4'8):

a) = x@®), - (5.49)
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ﬁrkt) = -b ni(t) +ow_ (t), . (5.50)
and l

.r(t) = x(t) + n; (t), ' | - (5.51)

with prior statistics given by

kw(t—Tf =20 § (t-1) - (5.52)

an(tfw) - 2 v, 8(t-T) - ‘(5753)
~.and

wan(tfr) =0 | (5.54)

The.performances of various sytems for this example
are shown in Figs;'S.l and 5.3 through 5.9, and Tables 5.1
through 5.3.

In Fig. 5.1, we plot EFG and ED Qersus aT with

Vn/0=i, and with b varying from 5a to l4a. As shown in

Fig. 5.1, the error reduction achieved by the addition of

the optimum prefilter in contrast to.the case with the

optimum postfilter only shows a peak value at a certain
samplihg period. This phenomenon can be explained as
follows. Since the noise has a broader spectrum than the

signal,‘the aliasing of the noise is expected to get worse
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Figure 5.1 EFG and ED versus aT for Case 1.
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Table 5.1 Normalized errors of the optimum systems. w1th

and without a prefllter for Case 1, V /o l.

b al . EFG EG . ED ED/EG 3
l4a 0.1 . 0.3953 0.4080 0.0127 - 3.19
’ .2 .4501 .4858 .0357 7.35
«3 .4983 .5521 .0538 9.75
.4 .5407 .6053 .0645 10.65
.5 .5782 .6479 " .0696 10.75
.6 .6115 - .6828 ..0713 10.45
e .6409 7129 .0709 10.20
.8 .6672 .7365 .0693 9.96
79 .6906 .7576 .0670 8.84 -
1.0 .7115 .7760 .0644 8.30.
2. .8362 .8787 .0404 4.68
3. .. .8891 .9168 .0277 3.02
5a 0.1 .4807 .4822 .0014 0.30
.2 .5277 .5328 .0050 .94
.3 .5691 .5786 .0094 1.63
.4 .6056 .6194 .0138 S 2,22
.5 . .6378 .6553 .0174 2.66
.6 .6663 .6866 .0203 2.95
o7 .6917 .7139 .0222 3.10
8 .7142 .7376 .0233 3.16
.9 .7343 .7582 .0238 3.14
.0 .7523 7762 .0239 3.09

1
2. .8594 .8767 .0173 1.97
3. .9047 .9168 .0121 1.32
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at a sampling period smaller than the one where the alias-
1ng of the signal becomes serious. To 1llustrate this
lpoint further,-refer to Fig. 2, where it is ehown‘that at
a certain sampling period, the'aliasing of the noise is
rather sevehe,(Fig.'S.zb) but the aliasing of fhe signal,
is pé£ (Fig. 5.2d).. The sampling periods at which the
aliasing of the noise becomes serious whereas the alias-

ing of the signal is not are the periods for which the

function of the reelizable prefilter comes into play.

These are the sampling periods around the point where the

peak error reduction occurs in Fig. 5.1. At other sam-
pling perlods, either the a11a51ng of both the SLgnal and -
the noise are 1n51gn1f1cant or the alla51ng of the signal

becomes so severe that nothing much can be done by the

-optimum realizable zero-lag prefilter. Also shown in

Fig. 5.1 is the'fact that when b ihcreases, more error
reduction is achieved by using the oétimum'pfefilter.

This phenomenon is further illustrated in Fig. 5.3, where
the‘error'reduction«efficiendy ED/EG is plotted versus eT‘
for variohe b (Vn/0=1). It is seen from Fig. 5.3 that as
b inereases, ED/EG also inereases. Since as b increases,

the spectrum of the noise becomes broader and the aiiasing
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S (w) S_(w)

(a) (c)

*
Sn(w) Sz(w)

(b) (d)

Figure 5.2 The aliasing of random processes with
different spectrums (after sampling).
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b=14a

ED/EG

aT

Figure 5.3 The error-reduction efficiency ED/EG versus
aT for Case 1.
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‘becomes worse, the results of Figs. 5.1 and 5;3»é£eﬁés
expedted. Also for the same reason, as b increases, the
sampling period at which the aliasing of the noise becomes
séfioﬁs-geté smaller;” Thus, the péak error reduction
occurs at'é;smaller sampling'period as b increases. - This
phenomenon is illustrated in Fig. 5.4. 1In Fig. 5.5, we
plot ED/EG versus aT with Vn/o varyihg from 0.1 to 1. We
seé:from this figure that ED/EG increases with Vn/c.
Since increasing Vn simply means that the noise becomes
more severe, this result is, again, as expected.

Thus, we.have shown that the essential function of
the optimum realizable zero-lag prefi;ter is to try to
reduce the aliasing of the noise n, in this example. Sim-
ilar results hold for higher-order signals, as we shall
see_later.

The iﬁability of the optimum realizable'zeroflag
prefilter to deal.with the éliasing of the signal éan also
be seen from the fact that in the absence of the noises
n, and n, (refer to Fig. 1.1.), the optimﬁm realizable
zefo—lag.prefilter for the case of a first-order Gauss-
Markov process ié simply a straight line; i.e., it simply

does not do anything in this case. For higher-order
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Figure 5.

209

14 18

b/a

4 The sampling period at which peak error reduc-
tion occurs by using the optimum prefilter

for Case 1.
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%

ED/EG

aT

Figure 5.5 The error reduction efficiency ED/EG versus
aT for Case 1.
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signals, since the optimum system,must gstiﬁate £héigt§te§
x, (t) first, as far as estimating one sfate'qémponen#'jﬁ
(x; (t) for example) is concerned, other components (ﬁj(t)
for j#1) behave as if they are noises.' Thus, -the oétimum
realizable éero—lag prefilter can still do something even
if the observation noises are absent in the caée with
higher-order signals. This point will be further ilius—'
trated in Section 5.3.4.

When the postfilter is the Z70H, the optimum pre-
filter can be found és follows. Since

1 if 0<t<T, where T is the sampling period
g(t) = _ . . (5.55)

0 otherwise. - E

this is Jjust a special case of Example 3.1. Thus, the

optimum zero-lag prefilter in this case is

£(£) = n_-£ _(t), | ~ (5.56)

where fk;(t)'if the impulse of the Wiener filter, and-na

can be found by (3.90) to be (where naFNO)

il

n.

_ = I1 - exp(-am)1/aT. B (5.57)

One- can also use the ordinary calculus' to find the

coder n, - From Example 3.1, the optimum prefilter in this
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case is the cascade of continuous Wiener filter leloWég'

by a gain factor. Denoting .this gain by ka’ we see thaé

the error is given by

I

EFZ £ (1/T) J'OT E{ld(t) - k  d_ (0112} at

-9 . . b2
.O 2 ka na R (0? + ka Rd

S S

q (0),  (5.58)

where n. is given by (5.575, andfds(t) is the output of
the Wiener filter. Differentiating EFZ with reéspect to
k, and equéting the.result.to zero to obtain ka;na’ which
is the result obtained by (3.90). The steady-state error

then becomes

EFZ = g - n; Ry (0), - . ' - (5.59)

S

where n_ is given by (5.57) and ds(t)‘is the output of
the Wiener filter.
The steady-state error EZ (of the system with a

ZOH as the postfilter and without a prefilter) is

EZ

It

(1/T) fOT E{ld(t) - r(0)]%} at

20-(1 - na) + Vn' _ (5.60)

where n, is given by (5.57).
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Plots of EFZ and EZ versus atT w1th b l4a, ond Qltﬂ
V. /0 varylng from 0.2 t0 0.7 are shown in Flg. 5. 6 Wlth r
numerical data given in Table 5.2. Note that as T 1n—' 
creases, EZ becomes larger than o. .ﬁence,'the system with
a ZOH as tho postfilter and without a prefilter is not aﬁ
asymptotioaliy stable system (see the definition of an

asymptotically stable system in Section 5.3.1). One can .

. add a gain factor kz to improve the performance of this

system. The error with this modified ZOH is

i

EMZ = (1/T) LF Ella(t) - k, r(0)1%} dt

0 -2k no+ k% (0+vV. ). ' (5.61)
4 a zZ n )

It is easy to find that- the optimum kz=na0/(0+vn), and

EMZ becomes
EMZ = [l_ nac/(0+vn)1. . | (5.62)

Since the difference between the modified ZOH.and the ZOH
is simply é gain factor kz, the optimum prefilter with
the modified ZOH ‘as the postfiiter it simply l/kZ of the
one with the ZQH as the postfilter, and the combination
of the pre- and postfilters are the same for the two sys-

tems (the system with the ZOH as the poétfilter and with
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Figure 5.6 EFZ, EMZ, and EZ versus aT for Case 1.
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Table 5.2 Normalized errors of the suboptimﬁm_systems
with ZOH as the postfilter, and with, and
without an optimum prefilter for Case 1,

b=14a.
v, /o aT EFZ EMZ EDZ EDZ/EMZ % EZ
0.7 0.04 - 0.3045 0.4348 0.1302 29.94 0.7394
.06 .3182 .4459 . .1276 28.63 .7588
.08 .3315 .4567 .1251 27.40 .7799 -
.10 - .3446 L4672 .1227 26.26 .7967
.3 .4598. .5609 .1001 18.03 .9721
.5 .5518 .6357 ..0839 13.20 1.1261
.7 .6257 .6957 .0700 ©10.07 -
.9 .6853 L7443 .0589 7.92
1.0 .7108 .7650 .0541 "~ 7.07
2. .8647 .8900 .0253 2.84
3. .9274 .9410 .0153 - 1.44
.2 .04 .1606 .1992 .0386 ° 19.40 0 .2395
.06 ©  .1707 .2150 ° .0378 17.62 © .2588
.08 .1932 .2303 .0371 "16.13 .2779
.10 .2089 .2453 .0364 14.84 .2967
.3 .3480 .3780 .0300 7.94 L4721
.5 .4582 .4839 .0249 5.14 © .6261
.7 .5482 .5680 .0207 3.65 ~ .7617
.9 .6202 .6377 .0174 2.74 .8813
1.0 .6509 .6670 .0160 2.41 .9358
2. .8367 . 8442 .0075 0.89 1.3353
3. .9124 - .9163 .0040 . 0.44 :
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éhélapiiﬁum-ﬁrefilterland the system with’thé.modifiéd
ZOH as the postfilter and with the corresponding optimum
-prefilter). Plots of EMZ versus aT with b=l4a and with
'Vn/c varying from 0.2 to 0.7 afe also shown in.Fig 5.6
with humerical-daté given in Table 5.2. :Numerical data
for EDZ=EMZ-EFZ and the error reducﬁion efficiency
EDZ/EMZ versus aT are also given in Table 5.2 EDZ/EMZ
versus aT_ié plotted in Fig. 5.7.

Interestingly, both EDZ and EDZ/EMZ are monotoni-
cally decreasing function of the sampling period T.
Similar results are obtained for higher*order signals.
This phénomenon can be explained as follows. The oufput

of the modified ZOH in the absence of the prefilter is

a®(t) = n_ r(mT) ' ' : (5.63)

=n_ [d@mI) + m (D) ]

for mf:¢<(m+l)T,.where n, is given by (5757)' Since_na'
_is a mdnotonically decreasing function of the.sampling

period T, d°(t) has a smaller weiéht_on both the signal
and noiée as T increases. Thus, with the modified ZOH,

the effect. of the presence of the noise becomes less and

less prominent as T increases. This can also be seen




%

EDZ/EMZ

Figure 5.7

2 1

aT

EDZ/EMZ versus aT for Case 1.
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from (5.62), where EMZ depends on the factot.ni&/k&%&ﬁ)f
As T increases, n, decreases, and ngc/( +Vn) becomes less
and less an indication of how severe the noise is. Re-
call that the éssential function of the prefilter is to
deal with the aliasing of the noise n; . If the.noise
becomes less significant, the function 6f’the'prefilter
also beéoﬁes less prominent. In the limit when n;=0,
EFZ=EMZ in this example. 'Since the noise appears to be.
less significant as T increases with the modified ZOH,
EMZ approaches EFZ gsAT increases. This argument ié
similar to'tﬁe one we made Before about the function of
the jointly optimized unrealizable pre- and postfilters
where as T increases, the fiiters gradually ignore the
. effect of the noise n but concentrate their efforts in
dealing with.the aliasing of the signal.

A plot of EUNFG, together with its component ERRSA
(the part of the error due to sampllng) and ERRN (the
part of the error due to noise n;), versus aT with Vn/c=l
and b=l4a, is shown in Fig. 5.8. It can be seen from
Fig. 5.8.th§t as T iﬁcreases, ERRSA gradually comes to
dominate thé overall error.

Finally, in Fig. 5.9, we plot, from bottom to top,

EUNFG, EUNG, EFG, EFZ, and EG versus aT with V_/0=0.8 and
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normalized error

aT

Figure 5.9 From bottom to top, EUNFG, EUNG, EFG, EFZ,
and EG versus aT for Case 1.
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b= 13a 1n order to compare the performances of varlous
systems.‘ Numerlcal data for Flg 5.9 are glven in 3

Table 5. 3.' More 1nterpretatlons w1ll be glven 1n

Sectlon 5 3. 6

5.3.3 Case 2: @A second-order Butterworth process w1th
.an__uncorrelated white noise .

The models of the signal and noise, etc., ‘are the

same as those given in Example 4.2 with mc=l)

0 0 . .
R (tmt) = | §(t-1), . - (5.64)
0 200/ 2 ' ’ '
(t-T) = 10 8 (t-1), .- - -~ (5.65)
n._l . . . ) i
.-and
an(t—r) = 0. - ‘ - . (5.66)
. Plots of EUNFG and EFG vérsus aT are shown in
Fig. 5.10. °

It is of intérest to investicate hoW-much'error're;
ductioh is'achieved by uSing.multiple sampied-data links
in contrast'to a singie sampled—data'link in thisfex¥
ample. - The result is shown in Fig. 5. ll‘ where it is
seen that (EFG EFM) 1is small compared W1th EFG (or EFM),‘

i.e., the error reductlon achleved is poor. _Slmllar




Table 5.3 Performances of various systems for Case l} Vn/o = 0.
i and b=13a. :

aT ' EUNFG EUNG EFG EFZ - EG EMZ EZ

0.02 0.1982 . 0.2313 0.2735 © ' 0.2906 0.2739 ~ 0.3874 0.7199
.04 .1986 .2342 .2878-  .3046 .2893 .3994 .7394
.06 .1992 .2384 .3017 .3182 .3049 L4112 .7588
.08 .1996 .2438 .3152 .3316 .3207 L4227 L7779
.10 .2002 .2504 .3283 .3446 .3366 .4340 .7967
.2 .2032 .2931 .3892 .4055 .4128 .4865 .8873
.3 .2074 .3411 L4427 .4598 .4790 .5335 . .9721
.4 .2131 .3865 .4899 .5084 .5338 .5754 1.0516
.5 .2202 L4271 .5316 .5518 .5793 .6130
6 .2288 .4632 .5685 .5907 .6167 .6466
.7 .2385 .4956. .6012 .6257 .6502 .6768
.8 .2493 .5247 . .6303 .6571 .6783 .7039
.9 .2609 .5513 ' .6564 .6853 .7028 ©  .7283

1.0 .2731 .5755 . .6796 =~ .7108 .7242 .7503

2. .4033 7362 .8181 .8647 .8462 .8832

3. . .5142 .8166 .8766 .8961 .9373

.2974

zze
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Figure 5.10 EFM, and (EFG - EFM) versus T for Case 2.
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resuits héias for a second-order Gauss—MéfkoQ ﬁrdéesé
either wiﬁh or without noise. Whether the same situation
-exisﬁs for higher—érder signalé and for more comélicated
noises reﬁains to be éhecked. Since there is no coder
included in‘the oétimum ppefilter with multiple saﬁpled—
data links when n,=0, it is in general much easier to in-
vestigate thé perforimance of this sytem than that of the
systém with a.single sampled-data link. Thé investigation
of the éefformance of the system with multiple sampled-
data linké»gives a cleaf indication of how well fhe per-
formance of thg_system with a single sampled-data lihk
' will be. Thus, most of the insight into the prefiltering
problem with a single sampléd—data.link can be obtained
by looking at. the system.with multiple sampled-data links..
We will take this shortcut in the folloWing subseétions.

5.3.4 Case 3: A second-order Gauss-Markov proéess
without noise

The signal and observation models are given in..
Exgmple 4.1 with n, =0, b=10a, aﬁd 0b=0.60a.

Siﬁce this is a second-order system, as far as esti-
mating one of the state compohents (x, (t) for example) is

concerned, the other component (x,(t)) behaves like noise.
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Thus, the optimum realizable prefilter can stili do some-

I -

thing inithié case (in.the absence of nl),'as;foliéws
from the discussion in Section 5.3.2.

Plots of EUNFG, EUNG, EFM, and EG (dotted line)
versus aT afe shown in Fig. 5.12, with'numerical data
given in'Table 5.4{ It is seen éhat the error reduction
achieved by adding the 6ptimﬁm réalizable zero-lag pre-
filter with multiple sampled-data links in contrast to
the system with optimum realizable zero-lag postfilter
only and with single sampled-data link is rather sméll in
this case. Also, sihce (EFM-EG) is small, it is expected

_that (EFG-EFM) cah not be large.

5.3.5 Case 4: Second-order Gaﬁss—Markov processes with
uncorrelated colored noises . )

The signal and the observation models are the same
as those given in Example 4.1 except thé-noise,is now

specified by
) = -  (5.67
n, (£) = -d m (£) + w_(t) ( )
with

. R (t=1) =2 d_ V_ §(t-1) _ (5.68)
W n n . ,

and




normalized error

Figure 5.12

aT

From right to left, EUNFG, EUNG, EFM, and EG (dotted line)
versus aT for Case 3.

LiCd
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Table 5.4 Performances of various systeﬁs fof,Casé 3,

-A"oa=0.6ob and b=10a.
aT EUNFG " EUNG . EFM EG
0.02 0.0177 0.0238 £ 0.0798 0.0799
.04 ..0353 L0612 .1466 .1467
.06 :0526. - .0875 ©.2031 . .2032
.08 0697 C L1144 '.2514 . .2517
.10 . .0862 1391 .2931 .2936
.2 ' .1606 .2403 .4318 .4412
.3 2211 .3349 .5257 .5327
.4 2664 .3986 .5861  .5968
.5 . .3039 . .4519 .6316 .6449
.6  .3349 .4906 6677 - .6828
.7 . .3615 .5312 . .6975 .7134
.8 . .3849 .5594 .7227 .7389
.9 .4058 5900 .7443 . .7606
1.0 L4249 6113 . .7631 .7790

2. .5634 , . 7556 .8683 .8791

3. _ .6534 .8281 . .9110 -9185
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w
"'n

R ..w'.(.t"'?).= 0 - - ) , :; (5.69‘)
;Plots of EFM and EbM are shown in Fig. 13;‘and
plot of EDM/EG 1is éhown in Fig. 5.14, with nﬁmerical data
given in Table 5.5. It is seen from these'figﬁres that
EDM and EDM/EG again exhibit peak values at a cerfain
sampling period. Plots of EUNFG, EFM, and EG versus aT
are shown in Fig. 5.15, with numerical data giveh in”
Table 5.6. |
.Similar to tpe case of a first-order Gauss-Markov
process with uncorrelated colored noise, if a %ZOH is used

és the postfilter, the corresponding‘optimum prefilter

can be found to be

£(t) = [na’ nb] st(t),
where st(t) is the impulse response of. the continuous
KSVF, n_ is given by (5.57), and

| Ly = [1 - exp(~bT)]/bT.

The optimal coder N=[na, nb] can either be found from
(3.90) or by ordinary calculus as we did in Section 5.3.2.

The optimum gain. factor of the modified ZOH can be found
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Figure 5.13 EFM and EDM versus aT for Case 4.
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Figure 5.14 The error-reduction efficiency EDM/EG versus aT for Case 4.
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. Table 5.5

.Normalized errors of the optimum systems with,
and without a prefilter for Case 4, \Y /0 0.5,
.ca b’ and b 3a.
a . arT EFM EG EDM EDM/EG %
11.5a 0.04 0.3306 0.3314 0.0008 0.24
.06  ..3550 .3567 .0017 0.48 -
.08 .3779 .3808 .0029 0.76
.10 .3996 .4039 .0043 1.06
.3 .56 36 - .5810 ;0174 3.10
.5 .6650 6668 .0218 3.18
.7 .7317 .7535 .0218 2.89
.9 .7783 .7986 .0203 2.55
1.0 .7964 .8159  .0185 2.39
2. .8911 .9033 .0122 1.35°
3. .9268 .9351 .0083 0.89
15.5a - .04 .3152 .3168 .0016 0.50
.06 .3400 .3434 .0034 0.99
.08 .3635 .3691 .0056 1.52
.10 .3857 .3937. .0080 2.04
.3 .5535 .5798 .0263" 4.54
.5 .6571 .6866 .0295 4.30
.7 .7255 .7535  .0280 3.72
.9 .7730 .7985 .0255 :3.20
1.0 .7916 .8159 .0243 2.97
2. .8885 .9032 .0147 1.63
3: .9251 .9352 .0101 1.08
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Figure 5.15 EUNFG, EFM, and EG versus aT for Case 4.




Performances of various sytems for Case 4, O

Table 5.6 =0, ,
- v _/0=0.5, b=3a. a b’
e} aT EUNFG EFM EG EF7Z EMZ EZ
11.5a 0.04 0.2444  .0.3306  0.3314 0.3309 0.3839 0.5775
.06 .2466 .3550 .3567 .3556 .4073 6142
.08 .2487 - .3779 .3808 .3791 .4295 .6499
.10 .2510 .3996 .4039 .4014 .4506 .6844
.2 .2633 .4920 .5038 .4978 .5416 .8416
.3 .2780 .5636 .5810 .5740 .6132 .9766
.4 .2951 .6198 .6404 .6350 .6702 1.0394
.5 .3140 .6650 .6668 .6844 .7162
.6 .3340 .7015 .7237 . 7248 .7536
.7 .3543  .7317 .7535 .7583 .7845
.8 .3746 - .7569 .7781 .8863 .8101
.9 .3846 .7783 .7986 .8099 .8317
1.0 .4139 .7964 .8159 .8299 .8499
2. .5662 .8911 .9033 9311 .9403
3. .6625 .9268 .9351 9646 .9695
4. 7267 .9451 .9820 .9.820

.9514

bee
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e : - S f%wﬁp"”
to bg gquél to I(pa Oa + n, Gb)/(oa +'Ob‘T Vn)]. _?he ex—.

pfeésion-af EFZ, EMZ, and EZ are‘given_by the following

equations:

EBFZ = Ga + Gb‘— [na, nb] Rk {(0) [n

S

a) nb'] v,

. _ . . _ ) . - -
EMZ = o, + oy = {0, + nyo,)?/ (0, + o +.Vn)1'.
and

' BZ = 200 (l-n ) + o (1-n)] + vn.

Plots of EFM, EFZ, EMZ, and EZ véréus*aT for b=3a,
d=lla, and 0 =0, =V_ are shown in Fig. 5.16, with nu@érical
-data given in Table'5.7. It is seen from Fig. 5.16 that
EF 2 is'Very|qloseutd EFG iﬁ this case. .

The:erréf;redﬁction efficiency EDZ/EMZ is plotted in
Fig. 5.17,_with part of the numerical data given.in
‘Table 5.7. A look at-Figs. 5.17 and 5.7 in COﬁparison to .
Figs.. 5.14 and 5.5 indicates that by adding a prefilter,
greater advantage can be obtained when the,postfilter is
suboptimum than in the case when the postfi;ﬁer is‘bpti—
mum. ~thé that the scales uéed in drawing these figures

are different from one another.




236

normalized error

aT

Figure 5.16 EFM, EFZ, EMZ, and EZ versus aT for Case 4.
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Taple 5L7-berma1ized errors of the subééfﬁﬁﬂﬁ sy%téms'
P " with ZOH as postfilter, and with, and without.
an optimum prefilter for Case 4, o_=0, , b=3a,
and V_/0=0.5. a
- d aT EFZ EMZ EDZ EDZ/EMZ % . EZ
11.5a 0.04 0.3309 0.3839 0.0530  13.80 0.5774
.06 .3556 .4073 .0517 12.68 .6142
.08 .3791 .4295 ..0504 11.74 .6499
.10 .4014 . .4506 .0492 10.92 . ..6844
.3 .5740 .6132 .0392 6.39 - . .9766
.5 .6844 .7162 .0318 4.42 1.1951
.7 .7583-  .7845 .0262 3.34
.9 .8099  .8317  .0218  2.62
1.0 .8299 .8499 .0200 2.35
2. .9311 .9403 .0092 0.97
3. .9646 .9695 .0049 0.51 ‘
15.5a .04 .3156 .3839 .0683 17.80 .5774
" .06 .3408 .4073 .0665 16.32 .6142
.08 .3647  .4295 .0647 - 15.07 .6499
.10 .3675 .4506 .0631 13.98 .6844"
.3 .5641 .6132 .0491 8.01 .9766.
.5 .6770 .7162 .0392 5.47 - 1.1951 -
.7 .7526 .7845 .0319 4.06
.9 .8054 .8317 .0263 3.16
1.0 .8259 .8499 .0250 2.82
2. .9299 .9403 .0104 1.15
3 .9637 .9695 .0058 0.59
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Figure 5

aT

.17 The error reduction efficiency EDZ/EMZ versus aT for Case 4.

A
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5.3.6 " Conclusion

It has been sho&h tﬁat in the case in which ﬁz=0,
the primdry functioﬁ of the realizable prefilter is'to
try to filter out the effect of the primary observation
noise m; before it is sampled; i,e., to try to reduce the
raliasing of n,. On the one hand, i£ is rather disappoint~
ing to find out that the error reduction achieved by in-
troducing this optimum prefilter is not as much as we ex-
pected. On the other hand, although introducing a
prefilter in the system comblicates the synthesis process,
it does not necessarily complicate the implemeptation of
the overall system. An example is ﬁsed to illustrate this
point. Asgume that one tries to reconstruct a first—order
Gauss-Markov process d(t) with autocorrelation equal to
exb(—at). d(t) is contaminated by noise n, (t) at the
sending end. The optimum system with postfilter only is
‘shown in'Fig.-5.18a where the postfilter is the cascade’
of a discrete Wiener filter followed by a filter charac-
terized by its impulse response

exp (-at) if 0<t<T

glt) = a | (5.70)

0 otherwise.
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n(t)
Discrete
0
zi(t) r(t) (k) Wiener zs(k) e ‘z (L)
Filter
(a)
~JeXp-aT) if e 1
g (t) {0 otherwise.
n(t)
Continuous .
z (t) £CEVY iieder s R R) S ugik) -l 6
» g(t) b——
Filter
(b)
Figure 5.18 The optimum systems: (a) without a prefilter

and (b) with a prefilter, where z(t) is a
first-order G.M. process.
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The optimum system with pre-~ and,postfiltéfsjis éhowp»in_

‘.

Fig. 5.l8b;'wherg we have a cbntiﬁuéus'W;enerifiite:??sf
the optimum prefilter and g (t) specified by (5.505 asafhe
impulse résponse of the optimum poétfilter. Thus, we
have seen tﬁat in the case with prefilter, all oneﬂneéas
to do is to shift the discretelwiener filter té the other
side and convert it to become a continuous Wiener filter.
Similar results hold for higher-order signais; i.e., the
~addition of an optimum prefilter simplifies the structure
of the optimum postfilter. Whether this complicates or
simplifies the implementation of the overall system de-
pends on the practical situations.

‘Thus, when the noise n; is severe, or when high ac-
curacy is required, it is probably worthﬁhile to include
a prefilter.in the system.

Wé have also seen that the efficiency of reducing
the error by the addition of a prefilter is more prominent

in the case with a suboptimum postfilter than in the case

with the optimum postfilter. Since suboptimum postfilters '

are assumed to be fixed, the addition of a prefilter com-
plicates the implementation in this case. However, the

expressions of the optimal prefilter (either the impulse-
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H

reépoﬂse“iﬁ'the Eimé domain or the.trahsfefzfﬁhcﬁiSn:ih‘
the frequency domain) can be‘obtained easily in this éasé;
i.e., thé synthesis process is straightférward.. |

From the results we obtained in Chapter 2, aﬁd ‘
those of Trétter and Steiglitz (57), for most‘practical:
situatiohé, the performance of an unrealizable postfilter
can be approximately achieved by allowing a finite delay"
beforé an estimation is-made. Another interesting fact
seen from Figure 5.9 by compafing the cufves of EUﬁG with
EFG is that in general, to allow a delay in tﬁe estimation
process is'pften more worthwhile than to insert a pre-
filter in the system.if the delay does not cause any .
serious problems.

The prefilter structure of the cascade of a contin-
uous KSVF followed.by a constant coder prévides a sub-
optimum sysﬁem when quantization noise or/and channel
additive ‘noise are present; i.e., when n,#0. We will
look at this problem briefly in the following example.

Assume that the signal and the primary observation -

noise n, are the same as those given in Section 5.3.2.

Now, noise n, has an autocorrelation function

an(t—T) = Vn2 S(t-1)
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With Vnz/ﬂ;0.0Z, Vn1/0=l (o=oa+0b), b=15a, plots of
EFGQ andlEG Qersus aT are shown in Fig. 5.19. Since EFGQ
.representé the stgady—state error resulting from using
this suboptimum system with a prefilter whereas EG repre-
sents the_efror resulting'ffom using the optimum system
without prefiltef, it is not éurprising to see that in

some regions of the sampling periods EFGQ is larger than

EG.




normalized error

Figure 5.19

aT
EFGQ and EG versus aT, where the signal and n, are the same
as those given in Case 1, and n, represents the quantization
noise.

vve




Chapter 6
""" CONCLUSION, AND SUGGESTIONS FOR FURTHER WORK .-, . |

The design of the optimum pre- and postfilters fof
the system shown in Fig. 1.1 has been solved under Var;ous
assumptions; The theoretical resuits are presented in
Chapters 2 through 4, and numerical results are presénted
in Chapters 2 and 5.

This work results from the fusion of ﬁhreé threads:
the work of Robbins (49), Chang (9), Chan aﬁd Donaldson
(7), Rellog (32) and others on the design of optimum pre-
and postfilters in a sampled-data systeﬁ; the work of
Kalman (28), Kalman and Bucy (29), Petersen .(41) and
others on the state-space approach to the. linear esti-
métion problem; and the work of Bode and Shannon (4),
Kailath (23) and others on the innovations approach to
the filtering prbblem;

We bring together results in both the continuous
and the disérete linear estimation of random functions
obtained using the state-space and the innoQations ap-
proach. The heart of the state-space approach is the
modei, or state equations, which characterizé‘thé iﬁput

signal and.the noises. In continuous estimation, there
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'are:eentignons-state'eqnatiens,and“dn:diseretefestinatioh
there areudiscrete state equations On the other hand‘
we have a- system Wthh is partly contlnuous and partly
dlscrete. Thus, in order to use the state space ap—
proach, one must have both continuous and dlscrete state
'equations wh;ch characterize the 1nput 51gnal and the
discretized version of.the same signal, respectiveiy.
Since the continuous state equation is assumed qiven:
in our work, discretization of the contlnuous state.
equatlon, Wthh is present in Appendix C (22), is the
first step in the derlvatlon of the optimum postfilter.
For the remainder of the derivation, we have repeatedly
used the orthogonallty principle and the innovations con-
cept. The result shows a close relationShip between the -
optimum postfllter we derlved and both the contlnuous and
the discrete KSVF (Kalman State Vector Filter).

We have .obtained zero—lag, as well as_flnlte—lag,
optimum pestfilters in Chapter 2, where the amount of de-
lay is censtrained to be an integer multiple of the sam-~
pling period T.  The error reduction factor ED(t,1) and
the deIayjefficieney factor EN(t,i)'have been defined as

functions of the current time t, and the ambunt of delay’
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Sl Lo 4 } el ; - 1I b
iT, ED 1s closely related to the reconstructlon eff;gl-,
. ' 'ﬁ i :

eney dens;ty deflned by Tretter and Stelglltz (57), ‘h?
‘ED has broader appllcablllty (to nonstatlonary processes,
time- varlant systems, and . nonsteady~-state condltlons,"
etc.), and ED is expressed expllcltly in terms of the
delay time 1T |

In the steady state, ndmetical results ohtained in:‘
Chapter 2 show that |

1. By using the optimum 1nf1n1te lag postfllter in
contrast to the optimum zero-lag pestfllter, one can Qb—“
tain from mederate to substantial error reductien_def
‘pending on the inputs. for the examples worked out in
Chapter 2, the range of error reduction yaries from ap-
proximately 20% to 50% of the errer of the system with
the optimum zero—laglpostfilter.

2. In general, the more severe the hoise ié, the
greater the delay required for the performanceiqf,the
optimum finite—lag.postfilter:to approximate-that of the
eptimum infinite—lag postfilter: That is, error reductien
_converges:more slowly with stronger noise.

. 3. .The error reduction due to the first sample Of“;
delay cbhtfibutes a major portien of the‘overall'erter'

‘reduction in general.
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“;é.'lfof thé case of a first-order éa;sé;ﬁakaV‘prd—
cess with discrete white noise, it is found that the-over—
all error reduction is essentially achieved Within five
samples of délay. A semi-log plot-of the steady—state_
delay-effiéiency factor ENS(i) versus the delay fime.iT
is a stréight line in this case

In:Chapter 3 and Appeﬁdix E,. the design of the op-
timum prefil£er with a given postfilter is studied. Un-
like the.design of the postfilter, where one can use the
orthogonality priﬁciple to siﬁplify the derivation, here
we have to start from the integral equation obtained by
the calculus of variétions. But the innovations concept
is still applicable.

It is not hard to imagine thaf there must exist some
relationship between the oétimum realizable prefilte; and
the continuous KSVF (Vector Wiener filtef). We first
notice that if there is no constraint on the number bf
the sampled-data links that are available,,and q&anti;
zation noise and channel addi£ive noise are absent, then
the optimﬁm zero-lag prefilter is the continuous KSVF. In
thié case, the whole system acts like fixed-interval pre-

diction system (with interval equal to the sampling
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period) in fhe absence of the sampling pfocess. In the-
case in which there is onl? one sampled-data link avail-
able, thercontinuous KSVF is still part of the optimum
realizable zero-lag Prefilter as shown by Theofem 3.2.
In Chépter 4, the joint optimization problem’ is
studied. We mentionéd in Chapter 4 that_if'one insists on.
using.a prefilter whose impulse responsé is cohtinuous‘in
* time, then the condition that Ej=0 for j#0. must be satis-
fied by the postfil;er in order for the prefilter to be
optimﬁm (gj is given by (3.55)). Together with the neces-
sary condiﬁions that must be sétisfied by thé pre- and
postfilters (Egs. (3.53) and’ (4.39)) in order for them
to be optimum, this in effeéf yielded thrée equationé
that the pre~ and postfilters must sétisfy in order for
them to be 6ptimum (with the impulse response of the pre-
filter being continuous in time); It is. well known tha£
when-the?e are more equations thén_unknowﬁs, these equa;
tions must be consistent with one another. It has'been
shown by Theorem 4.3 that in the case in which n2=0.(refer
to Fig. l.ic), the condition that €j=0 for j#¥0 is consis-
tent with the necessary conditions for the pre- and post— 

filters to be optimum. When n,#0, the condition that
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£=0 for j#0 will not be satisfied by th‘é-"pos_,fcfii'téi: %n
generél. In this case, it has been shown in Theorem 4.2 .
and Fig. 4.1 that as far as filtering (zero-lag) is con-
cerned, a more general approach to this problem is‘to'
sémple xs(t5 kthé output of the continuqus KSVP) firsf,
and tﬁen éémbine}the xs(k)'s linearly using tﬁe coder N
(see Eq- (4.13)) before quantization and transmission.
Note that this is different from having multiple sémpled;'
data linké since we still have only one channel.  Also
notice tﬁat ﬁ is not a cons#ant~ﬁatrix in general with
nz#O, but instead, N can be considered as a.discréte
filter with memory (again, see Eq. (4.13)). The system
shown in fig. 4.1 has three filters. The first one is
the continuous KSVF which is a well known filter. The
second one (the coder) and the third one (the postfilter)
try to yield'a linear least square estimate of xs(t) sub-
ject to the conditiohs shown in Fig. 4.1. The degenerated

system shown in Fig. 4.1, is similar to the system con-'

b
sidered by Hayes (20, also See.Fig. l.2h), but not quite
the same since we now have multiple inputs to the coder.

If the coder can be represented by a dynamic system;

i.e., if the output of the coder can be characterized by
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state equations, then the de51gn of the postfllter can be
solved by the method developed in Chapter 2 " In the case
in which n2=0, Theorem 4, 3 shows that the’ optlmum coder |
becomes a constant matrix. The steady-state coder can
then be iound by nonlinear programming. ' The functions
appearing-in.the nonlinear programming formulation.are_
»polynomials;f ' |

Finally,.with some help from the-frequency—domain
approach;lwe have the following conclusions about.the‘
performance of various systems in the steady‘state as.
drawn from the numerical examples worhed out in Chapter~5:

1. ;The.primary function of the optimum zero-lag, |
realizahie prefilter in thehabsence of quantization noise’
or/and channel additive noises is to combat the aliasing
of the primary.observation noise nl.

2. on the one hand, when nzéo, the error reduction
achieved.hy,the.addition of the optimum zero—lag prefilter
in contrast.to the system with'optimum postfilter:only is -
rather smail. But on the other harnd, the addition of a
.prefilter does not necessarily complicate'the implemen-
tation.of the overall system since the addition of thel
optimum prefilter simplifies the structure of'the optimum

fpostfilter;
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Thus, we conclude that when the prlmary observatlon,ﬁ
4 A ..‘:-,’

ﬂnoise ngyls rather severe, or when hlgh accuracy is re-
quired, it is probably worthwhile to include the zero—lag'
'optimuﬁ prefilter in the system

3. The efflclency of reducing the error by the ade
'dltlon of a prefllter is more promlnent in the case with
a suboptlmum postfilter than in the case w1th an optlmum
_postfllter. The addition of an optimum prefllter w1th a
- glven suboptlmum postfilter compllcates the 1mplementation;
but the synthe51s process is stralghtforward

4. To allow a delay in the estlmatlon”process is
often more worthwhile than to insert a prefilter in the
system. .

5. For the examples in Chapter 5, the error‘reduc¥.
tion achieved by using multiple sampled—data lrhks in
contrast to a single sampled—data.lihk is small.

Coﬁparisons of system performancelare‘shown in
Figs. 5.9, 5.11, 5.12, 5.15,-and 5.16.

On.the'whole; the numerical part of'this work should .
be‘expanded. For example, it is well known that one of:
the major advantages of the state-space approach is that

it reduces the-storage requirements. Although we have the
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theoretical results, we do not have numerical gxamplgs tP;
.illustrétq.this point. Another major-ad?antage of éhé
state-space approach is in its appiicability to nonsta-
tionary prqcésses, etc. 1In Chapter 2, the design.of the
éostfiltef has included the situafion‘with nonsfationary
processes, time-variant systems, etc.} but again, no ex-
amble has been worked out. Also, the state-space épproach
.enables one to léok into the transient response of the
system. We have not probed into this problem. Suboptimum
'systems have not been given awcaréful look either.

Thefe'are several importan£ extensions that mefit
further work in this area: i

1. 'A; mentioned above, one of the main reasons that
the stafe—space approach is adopted is because éf its ap-
plicability to nonstationary processes, etc. In deriving
the optimum prefilter, and in solving the joint optimi-
zation problem, we have excluded nonstationéry processes
and time-variant systems. Inclusion of those cases is
certainiy one of the important:extensions that merits

further work. This extension can be started from

Eq. (E.18).
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2. We have pOinted out in Chapter 3, the essential
functions of the prefilter are to combat the error due to ‘
sampling and to combat the error due to quantization noise'
or/and channel additive noises. This work deals primarily
_ with its'first function One can start from the degen- .
erated system shown in Fig 4.1 to 1nvestigate both the
first and the second functions of the'prefilter.- This
involves‘the interesting probléem of the trade—Cff between
the number.cf'quahtizatidn leyels'and the sampling rate.
'It alsc inyolves.the problem‘of taking the chaunel dis-
turbance ihto consideration. |

3. We have obtained the optimum fixed-lag poSt;
filter With no consideration given to the prefilter in
Chapter 2 It is interesting to notice that the smoothing:
problem w1th a prefilter is a two- dimen51onal problem,‘ |
namely, delay at the sending end and delay at rece1v1ng
'eud. .In_View of the substantial.error reduction achieved
- by usihé unrealizable filters, further,work‘injthis re—.‘
spect is surely'worthwhile,

4. - Numerical methods have been mentioned in the
‘Introductory Chapter With the understandlng of the gen-

eral structure of the optlmum pre— and postfilters
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obtained ffomythe etate—space apéreach, it is likely that
numerical methods can be used to ‘greater advantage That
is, the state-space method used in conjunction with numer-
ical methods might provide a 51mpler solution to the fil-
tering probiem. For e%ample, (3.72) might be solved by.
numerical methods with some simplified assumptions on the
characteristics of the filters.

1. A steady-state solution corresponds to a stable
system,with an infinite past data available. It is'desir—
able to remove the assumption abeut the availability of
an infinite past data. That is, it is of interest to
study the transient response of the systeme.

There are other important extensions such as the
comparison.of the present work with the rate distortion’
function; the modeling of the state equations; the'ekis—
tence problem of the innovation processes, and the exten-

sion to correlated noises.
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Appendix A

CONTINUOUS. KALMAN-RUCY STATE«VECTOR
FILTER AND ITS EXTENSIONS

Given?thevstate and.Obsefvation models

R(E) = A(E) x(8) + T(E) w(t) ~ . o (A.1)
z(t)ff‘H(t),x(t)“ R ‘ _'f : ~“‘ ‘ ':(A.Z)
r(t) 2 z(t) +n@®) - @)

with prior statistics.

CElw(®)] = Eln(0)] = E[Q(O)] o :‘ f (3. 4)
R (t,7) = v st sy
R%wgo,f)_= 0, for >0 . (a.e)
R, () =V () s(emn) W
and
‘Rx(o;pj,a'vX(O). ' ' ‘ - ' A f “.‘Af8).

_We seek the'optimal estimafe of g(t), g(t/Ti,Tf,r(T)),
(from‘hefé og, §(t7Ti,Tfr(T)) will be dénotedfby<x(t/T£)),,
based on f(T) fof-TiﬁﬁfIf using‘a.minimum—mean—squére,
error éfiteriqn;. |

ASéume,fifst that We,are.givén the iﬁnovation prb—

' éeSSVu(t)'or r(t). Then from the:argumehf,made in':

" Section 1,4.3 of this thesis,
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N ) . e
Cx(E/T) = [ T g(e,v) u) av, . T (a.9)
2RI LN o - AL
- where g(t,v) is.to be deterﬁinéa'from the 6rthogqhali£y
principlé,'i;e;f from the equation
E{[x{t)-X(t/T¢)] u' (1)} = 0  for T, < T.< T. (A.10) -
Substitute (A.9) into (A.10). Since

Elu(t) u' (1)1 = V (£) 8§(t=T),

3 o . : | .
CElx(t) u(c)] = [ F g(t,v) Elu®) u'(1)] dv.
. Ti |
=g, ) V_(T); o7 @an

-1

g(E;T) = Blx(t) (@1 V_i ().~ (a.12)

For realizébie filters,T =t:énd (A.92) becomes

£
At | ' |
x(t) = [ g(t,v) u(v) dv. . - (A.13)
T. : o .
i
Differentiafing both sides of (A}lB) with respect to t
yvields

ity = [ iﬁggiili'ﬁ(vjzdv +ogle,e) ult).  (A.14)
S T, o - .
1




From (A.12) and (A.1l)

39’3(1;,_& .= E[dé{ét) u(v)] V;l (v)

E{IA(E) x(£) + I(t) w(B)T ulv)} vV, ()

l(v) (A.15)

A(t) g<t,v) + T (t) R o, (Er) v
Substituting'(A.iS) into (A.14) yields

.
~

f(6) = A(t) R(t) + g(t,t) u(t) +
R R, (E) VT () uwly) ay.
T.
. |

(A.16)
It can be shown that with the given prior statistics,

‘Rwu(t,T) f Vo (£) 8 (t=1) | : (A.17)

Substituting (A.17) into (A.16) yields

[
A

L R(E) = A(E) R(E) + [g(t,t) + (1/2) vV (£)] u(t).

- (A.18)
Thus, the"key steps in this innovations approach to the
Kalman-Bucy filtering problem and its'extenéioﬁs are first,
to find the innovation process using an invertible trans-

fbrmaﬁioﬁ; second, to find V;l(t) and E[x(t) u'(t)]1;
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and finéllf,lto specify the oﬁtiﬁum filéér as the solution
to a differential equation. | |

We;will not go inﬁo the dgtéil_of tﬁe derivation.
The_interésted reader 1is directed to Kailath.(23) or Sagex
aﬁd Melsa (51). instead, we .will discuss the interpfe—
tafibhs of the innovation process. rLef us look .4t ‘two
'differént‘Sitﬁations:.

1. When n(t) ip (A.3).iS'a white noise, i.e.,

R (£,1) =V_(£) §(t-1), o (B.19)

the innovation process is given by
u(t) = w(t) = z(t) . - _~ (A.20)
First, lét us prove that u(t) is a white noise. From

' (A.2) and- (A.3),

H(t) x(£) + n(t) - H(E) X(t)

u(f)

H(E) () + (). - s - L (B.21)

Thus,

Efu(t) u'(r)] = E{[E(t) ¥(t) + n(t)][r(t) - 5(r)1"

H) E@®)Ir (0-2(0)1')
f B £ (0] - BEln(t) 2 (0)].
. (A.225

’
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For T<t, f;bm the orthogonality principle;

EH() [x(r) - 2(H)1'h=0 (8.23)
From (A.i)véﬁa (8.19), -

E[ﬁéf&“r'kT)] = 0 for <t . '..“"(3.24)
. Aiso,.sinéé Z (1) dependé on r(p) andlﬁ(b) fof:§§;<t oﬁl?,

E[nkt)-%fkr)] =0 - i_'v ‘ 2'7 . (A.és)
Frqm (A,égi'througﬁ (A;QS){‘

ﬁ[u(#ylu'(T5] S0 for gt L (A.26)
A,similar,a%gﬁment applies for.r>£; hence, for,Tgt,

ﬁ[u(t){v(T)] = 0 i “ _ | ' 1{A.27)

For t=t,-

Elu(t) u' (£)] = E{[H(t) ¥(t) +n(£)]-[H(E) ¥(t) + n(t)]'}

CH(t) Vy(t) H' (v) + H(t)nE[k(t) n'(£)] +
Eln(t) ¥' (£)] H' (£) + Eln(t) n' (£)]. (A.28)
Because of (A.3) and the orthoganiity prinéiple,_

BI¥(6) n'(£)] = ELX(t) £'(£)] - BIX(E) x' (£)] H'(£). .

i

E[¥(t) x' (£)] H' (t)

~vy (k) H'(E), T (a29)
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BIX(E).n' (£))-= Eln(e) x' (£)1}" = -vi(t) H'(£) (A.30)

Since Vg(ﬂjfvx(t), a flnlte'quaptlty,'and,an(t).lsfalSO
given a finite'value, all the quantities in (A.28) are of
finite valué except the-term E[n (t) n' (£)1] which is in-
. finite. Heﬁpey

Blu(t) u'(t)] ="Eln(t) n' (£)]. o (a.31)
From (A.31) and (A.27),

Elu(€) u' ()] = v (£) §(t=1). . (A.32)

The optimal zero-lag realizable filter for esti-
matiné x(t) from r(t) with n(t) being a white noise is.

specified by:the following equations: (51)

Z(t) = A(E) R(£) + K (E) u(e) - . .- ‘(5.33)
' u.(t..).__.= r(t) - H(t) X (t) " - - (A.34)
‘.K;gt5';-rv;<t) HU(E) 4T (E) V_(£)] valkt)' (a.35)
V(e = AG) Uy (£) + Vy(E) AT (t) + 1) y§<t)'r'<£r'

- R (%) Vn(t) gé(@) . - - (A.36)°
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2. n(t)=0; in this case, the right-hand side of

(A.20) is zero, and it no longer represents the innovation

. process of ;Kt). Instead, thg ihnovation process is given
by |

u(t) = £(t) - H*(ﬁ) x () o (A.37)
where | |

H*(£) = H(t) + H(t) A(t). _ (n.38)
and | | |

Dty = d[H(té£x(t)]

S f(E) x(8) + H(E) X(E)
= H(t) x(t) + H(t) [A(t) x(t) + T(t) w(t)]
= H* (t) x(t') + H(t) T(t) w(t). (A.39)
Substituting (A.39) into (A.37) yields
u(t) = H(t) ®(t) + H(t) [(t) w(t).  (n.40)

(A.40) is in the sameé form as (A.21) with H*(t) replacing
" H(t), and w(t) playing the role of n(t).  The proof that
u(t) given by (A.40) is a white noise is similar to the

previous proof; the key equations are, for T <t,
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) . '_' . LV __-f" Co C
E[;é(g)__fr-.(rr)] = BE[x(thF(T)] =0 " . T (Al4l)

“ER(E) 1 =0 L U (Baz)

_AE[w(t) r(t)]
- 3T

Elw(t) £'(1)] =0 T (n.43)

Elw(t) %(r)] =0 S : (A.44)
The first two equations follow from: the ortﬁoqonéiity
principle, -and the last two equatiqhs follow from the fact
that w(t) is uncorrelated with x(T). and ﬁ(Tf:fbr'I<tf
Thus, for“T<t,, .
E{u(t) u' (1)] = B {H*(£) X' (£) + HE®)T(£)w(E)]

C[E(T) - HF (1) x(1)1'}
=0 o S (A.45)

A similar'argument applies fof‘T>t.. ForvTit,_

Efu(t) u'(£)] = EL{H*(t) ®(t) + H(t) T(t) w(t)]?}

(A.46)

similarly, H(t)-T (£) "E[w(t) -w' (£)]-T' (£)H' (£) is the

only terﬁ'in (A.46) tﬁat has an infinite value, thus,

Efu(t) u' ()] = V_(£) 8 (t-1), C o (A.47)
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where
Vo(E) = H(E)T(£) V_(£) T'(t) H' (). | (A.48)
The resﬁlts,for the optimal zero-lag realizable filter in

"this case are given by the following equatiormns: (pp. 338,

reference 51)

X(t) = A(E) x(t) + Kc(t) u(t). (a0
u(e) = r(e) - H* (£) % (t) B (3.50)
Kc(t) = IV§(£) H*' (t) + T (t) Vw(t) f'(t) H' (t)]

X [H(t) r(t) vw(t>l r'(t) H' <‘t>]'jL - (A.51)
\}}w{(t) = A(ﬁ) vy () + V'}L{(t) AT (t) + T(t) V_(t) T'(t)

= K (t) [H() T(t) v (t) T'(t) H'(£)] K,(t), (A.52)

where H*(t) is given by (A.38).

For a dispussioh about how to'specify_the.initial
conditions, refer'to pp. 544 of Van Trees (58).

When n(t) in (A.3) is a colored noise, then depend—
ing on whether it contains a white noise component or not,
the proble@ can be reduced to one of the above two cases.

Let

n(t) - nw(t) + nr(t), .I : (A.53)




266
where n_ (t) is a white noise, and n_ (t) is spécified.by

the state equations

g(-t)_;'"B(t) $(t) +T_(£) w_(t) | (A.54)

n(6) = I_(6) w (), | . (a.55)
where

.E[w¥(t) w(t)] = Vwrw(t)~6(t—T). : ' - (8.56)

‘Augument the original state equation to include 6§ (t), and

define

x_ (t) = [x(t), 4(£)1", (257
Wy (£) = [W(€) yw, (£)] o (8.58)
Then
A(t) 0 T(t). 0
x_(t) = x2(€) + | W (E),
0 B (t) 0 T_(%)
_ , - - (A.59)
and
r(t) = [H(t), I_(£)] x (t) + n_(t) (3.60)
where

Rwa(t(T) = E[w;(t)]-é(t—T)




w er ,
= S{t—-1). (A.61)
VW W(t) VW (t)
r r _J

If nw(t)#o,:the above equatiohs are the ﬁodel of the case
with additive white noise.. If'nw(t)=0, Eg. (A.57) through
(A.60) is the model of the noise—fréeAcase.

To éive a heuristic loqk at the invertibility of
the trénsformation which-yields the innovation process,

note that from (A.33) or (A.49),

$(t) = A(t) x(t) + K_(t) u(t).

For the casg with additive white noisé, we have from (A. 34)
r(t) = u(t) + H(t) %(t). | © (A.62)
For the noise-free case,
Cr(t) = u(t) + HY(E) x(£). | (A.63)

Thus, if u(t) is given, r(t) can be obtained either by
(A.33) and (A.62), or by (A.49) and (A.63) depending on
the characteristic of the noise.

Substituting (A.34) into (A.33) yields

e

(£) = [A(t) = K_(t) H(£)] x(t) + K_(t) r(t)- (A.64)
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(A.63) represents a. feedback system.' A 51m11ar 51tuaticn
can be found in the noise—free case. Due to thls feed-
back, there is no need to store: r(T) for T<t. Thie feed—

: back loop accounts for the recursiveness of the Solutlon g




Appendix B

DISCRETE KALMAN-BUCY STATE-VECTOR .. - '
FILTER AND ITS EXTENSIONS P

The discrete “state and- observation equations are

x(k) = 0 (k,k-1) x(k-1) '+ wg(k=1), - l © (B.1)

z(k) = H(K) x(k), - . (B.2)
and

r(k) = z(k) + nk). : - (B.3)

with prior statistics

Bl 001 = ElG)] = Elx(@1 =0  (8.4)

Rwdki(ks = vwd(j) ij;' L ..,' © (B.5)

ngﬁ;%} =-vg(j) g (B.6)

Rnwé(j}kf = Vnwd(j) ajk, | R (B.7)
.and |

R_(0,0) = V. (0). e -~ (B.8)

We seek for the linear least-squares estiﬁate of x(k),
Q(k/zi,p).(to be denoted by x (k/p) from here on), based

on the observation of r(j) for #;<j<p.
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The general p;ocedure-usediin deriving the optimall
discrete filter is similar to that used for tﬁe continuqﬁ%
optimal filter described in Appendig A; aﬂd is simplérf‘
‘Thus, the details will not be given here. For the de-
tails, refer to Sage and Melsa (5l}léhépte£37).,'The,solﬁ—‘

tions- are

x[(3+1) /31 = ©(3+1,3) X(G/3) + K, (3) [£(3) - H() R(3/3)]

‘(329)
263/9) - X(3/(3-1)) + Kg(3) ug ) . - | (Bild)
ug(3) = x(3) - BHEG) XG/(G-1), | - ; (8.11)
K, (3) =V, () V1 (5), | .' o S @B;ié);
K3 (3). = v;(j)(jrl)f H'(3) vQé(j), - | (3;13}‘
.vudkj) ¥-§(j>'v§<j/>jfl)) H'(3) + v (j)} - (Bfl45 

Vy(3/.03-1)) = [0(3,3-1) - K, (3-1) H(G-1)] Vy(3-1) (8 (5,3-1)
- K, (3-1) HEZ1)1' + v (5-1)
- X, (3-1) V,_(3-1) K} (3-1), (B.15) -
Ve (3) = [I‘f_Kd(j) H(J)] V;(j/jfl))}.' : o : (B.16)
'wﬁere ud(ﬂ) is,the‘discreté innovation process of f(j}..:

The above equations.can be applied;tb the case when




271 |
n (k) #0 asbﬁell as to the case when n(k)=0. When n (k)#0,

(B.13) .can be written in the alternative form
K, (3) = vy () B' () VIR S mam
a X : n . ' : '

Thus, in'discfété estimation} it is no 16nger necéssafy
to distinguish between the caée in.which n(k) is present'
and that in which n(k) is absent. The sédqﬁd case is
simply a special case of the forﬁer one. To prove fhat

ud(j)is a white noise, write qﬁj) in the form -

ug(3) = r(3) - HE) x(3/(G-1))

T H(G) ¥(3/(-1)) + n(3) " ’(B.iS)t
Then | |
E[ud(j) ﬁé(k)] ; E{[H(]) g(j/kj-l)) + nkj)]

| ” (£ (k) -~ H(K) %(k/(k=1))]} (3;195-
If k<j, it follows from the orthogonality pfinciple that |
BYG/G-1) £ ] =0 o 'i (320
and | |
E[Qxi)(j—l>>‘§*(k/(k—1>)] =0. S (B.21)
From (ﬁ,é) and (B.f){'

B[n(§) r' ()] = 0. o (Ba22),
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Also, siﬁcé.;(k/(k—l)) depéﬁds on‘g(k) and nki) for'iik;i
only, ‘ » | :

E[n(ji’é(k/(k—i)ij —o ' (3.23)

From (B.lé),thfotgh (B.23), for k <3, | .

0. S . (B.24)

Elug (3). uj k)] =
Similariy, for k >,
Elug (3) uj(k)] = 0 (B.25).

For j=k,

Elug (k) ul ()] = ELHEK) ¥(k/(k-1)) + n(k)]

(H(K) XK/ (k-1)) + n()]")

1.

Hk) vy (k/(k-1)) H'(k):+'Vn(kf

+ Eln (k) Q'(k/(k41)>1-ﬁ'(k)l
+HE) EIXGK/(k-1)) n'(K)1.  (B.26) -
Since §(k/(k¥l)) is a linear combinétion of r(&) foff’ -
£<k-1, which are uncorfelated with ﬁ(k);andlx(k) is‘éiso .ﬂ

‘uncorreiated with n(k) (from (B.1) and (B.7));

E[¥(k/(k-1)) n' (k)] = @EIn(k) x' (k/(k=1))]}"

=0 : .. (B.27)
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Hence, ;4ffff,‘ .

Yy %)= Blug (o) ug ()] = 500 -Vy (0/)k=1)) *H' &) + ¥, (k).
(B.28)
From (B.21)7 (B.22), and (B,25),

Elug (k) W}()] = v (k)

(B.29)
a .

6kj
with Vu (k) given by (B.28). 1If n(k)=0, -(B.29) reduces

d
to

Blug () w3 ()] = [HGK) 0/ (k1)) B 00T 8y (B.30).

Colored noise problems:can again be'handled by aug-

menting_the'state representation.‘ Assume that
n() =n_ (k) +n &) - . - (B.31)

‘where nw(k) is a discrete white noise, and,nc(k) isfspéc;

ified by the state equations

€(k)A= ¢ (k,/k-1) ggk—ly + oW (k-1)" (B.32)

Cn (k) = T.(k) E(k) o . (B.33)
where -

R, (k,3) =v_ &(k) S . _ S (B34

an . - an k1
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R ° ‘(k,j_) ='."Vnd'(-k) 6kj' o o . (.'B'.35)’

- Let

r

xaﬂ(.k)‘ Ix(k), E(R)1' - P (B.36)

' and

-

SR = g 00, g 01 L (B3

Then

10 (k,k-1) 0

i

xakk)- ' ga(kjl)'+ waKk—l).‘

0 o @n(k,k-l) (B.38)

and

) = [HK), T30 x_ (k) P00 (8.39)

with

E[Wé(k) wé(j)]:; . ij' . (B.40).
: Vnd(k) "Vw (k)
: dn

- Thus; the'problem-reduces to.the.white noise, or to tﬁe

noise-free case.




Appendix C
- DISCRETIZATION OF CONTINUOUS STATE EQUATION .

The problem is to discretizé the continﬁous sfaté
equation given by (2.1) with prior statistics given by
(2.5) through (2.8). From (2.1) "it follows that

x(t) = o(t,7) x(1) + ft®(t,v) T(v) w(v) dv (C.

: : T : .
where ¢ (t,v) is the transition matrix<of A(t) with the

foilowing properties (51): -

Property 1.

30(t,1) /3t = A(E) @ (t,T). T

Prébért? 2.
@(t;T)EQkT,p) = 2(t,0). | " ' (.
Prqper£y 33
¢(£;£) = 1 £ the identity matrix. . (c.

Substituting t=kT and T=(k-1)T into (C.1) yields -

x(k) = 00k,k-1) x(k=1) + [FT 0 (xT,v)T (v)w(v)av.
(k=1)T ' L
‘ (C.5)"
Let (22)"
o _ (kT o ' '
Wy k-1) = ®(kT,Tt) T(t) w(r) dTn (C.6)

(k-1)T

1)

4)
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Then,
x () = 0(k,k-1) x(k-1) + wy(k-1) C(c.7)
Some of'thé'properties of w (k) are the following:

Propefty 1.

Bl 0) Wy ()1 =V, ) 85 c.8).
where
v, ) = [T (gm0 r (0) Vo) T (o) et ((stl) T dr.
a KT , _

(C.9)
This property can be'established‘as.follows: From (2.28),

(k+1)T (3+1) T
| -

Blw (k) wl(3j)] =
d__ d kT JjT

o ((k+1)T,v) T (v)

XEBlw(v)-w' (r)] T'(1) o' ({J+1)T,1) dv dr

(C.10)

= J(k+l)T f(j+l)T®((k+l)T,v)F(v) VW(v)x
kT jT o m o

S (v-1) Tf(T) &' ((3+1)T,T) Av dT; (C.11)
i.e.,

f(k+l)T

Elw, (k) -w! (3)] =
d a kT

O ((k+1)T,v)T (v) V_ (V) T (v)

¥0' ((k+1)T,v) av xc.lza)
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if j=k; and s

Elwg (k) wh(3)1]

= 0 otherwise. '(C.lzb)
Property 2.
E[x(t)'wé(kT)] = 0 for £ <kT. - (C.13)

This property follows directly from (2.7), (2.6), and the

definition of wd(k) given by (C.6).

Propérty 3.

Eln(k) wi(3)] = 0 (C.14)
This follows directly from (2.8) and (C.6). Thus, the
discrete state equation given by (C.7) fits the general
form of the discrete state eqﬁation as given in Appendix B
with V. (k)=0.

wn

There is one more property'of interest.

Property 4.

Elw(t) wé(k—l)] = 0 for t < (k-1)T, or t >.kT. kC.lSY

To establish this property, we write

kT
= [
(k=1)T

Elw(t) wé(k—l)] Elw(t) w" (V)IT'"(v)o"'(kT,v) dv.

(C.16) -
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ffom?(2f75;'ifikoiiéws that

&

e

Elw(t) wj(k-1)] = frT vw(t)é(t—v)T'(v)é'(kT,Q) av.
S (k-1)T | E g
‘ . (q;l7)'
Thuéf"
| V,(E)T'(£)00 (kT,t)  for (k=1)T<t<kT,
Blw(t) W) (k=101 = { (1/2) V_(£)T' (£)e' (kT,t) for t=kT, (k-1)T, '
. ' b‘ ' _y . ’. I, otherwise.A‘

.(C:18)
In this work, the observatiqn'prdcess is'aésumed‘
given ih_discrete'fofm, where z (k) in (2.3) is. given by
z (k) = H(k) x(k). RS - (C.19)
.If a continuous noise'n(t) is added before samplihg, dis-
cretization of n(t) is needed. This does not present any -
problem if n(t) does not contain a white noise comporent.
The chreépondiﬁg discretized noise is siﬁpiy n(k) with
,autocorfelatién function equal to Rﬁ(t,T), where t=kT and
t=3jT for ahy.integefs k, j. TIf n(t) does contain a white
noise compoﬁént, the discretization of n(t) is not so
straightforward.. Since in a continuous time system, the
autocqrrélation function of a white;noise is an impulse

. function. at t=0; whereas it is senseless to have an ...
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1mpulse functlon appear in the discrete’ model The p01nt
Jis that the whlte noise representatlon is only an approx—
1mated model of some random process To flnd out the dlS—
cretized model.of a noise which is approximated by a con-
tinuous white noise, one has to go back to the origihal
correlation function that characterize the noise. For eﬁ—
ample, a noise n, (t) with an autocorrelation function
shown in Fig. C.l1 can be- approximated by a continuous

white noise, i.e.,

R, (1) =V, §(1) | | ©(C,20)

where § (1) 4 the unit impulse function, and
- |
v. = [ R_ (1) dT. - (C.21)
-0 - T Iy '
If this noise is sampled with sampling period T, then the
only values of R, (t) that needed to be investigated are
. 0 ’
at t=..., =T, 0, T, ... If R_ (3JT)/R_ (0) for J#0 is
. ‘ . n, Do
small enough, one can approximate n, (k) by a discrete

white noise, i.e.,

Rno(k—a) = Vnodakj ' (C.22)
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Res(it)

% 1 1 1 1 A

s Olim 202 = 00 0000 0T,  Lg i RDS

Figure C.1 The autocorrelation function of random process
which can be approximated by a white noise.
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Vn,a = Ry, (0 : . " (C.23)

Thus, one can approximate both n, (t) by a continuous -
white noiée;‘énd n (k) by a discrete white noise but with
different variances, i.e., V_ #V in general.

. . ‘n, n,d




Appendix D.
ERROR COVARIANCE OF LINEAR ESTIMATION

A general expression of the error covariance of the
filtering, prediction, and smoothing problems is developed
first. Let'vg(t)=E[gZ(t)].' Then from (2.31), it follows

that

e 2
Vﬂ(t/ﬁ.) = z Z L . 1
x 7t P20, k=, g 2T) "Elug (2) uy()1g’ (£,kT),

(D.1)
A
where Q(t/zf)=x(t/£i,£f,r(k))élinear-least—square estimate

of x(t) given the r(k)'s for g ,<k<i.. Substituting (B.29)

into (D.1) yieids

Ve(t/8g) = T gl(t,aT) Vy () 9 (8,2T), (D.2)

where Vu (2) is given by (B.28). From (2.12), it follows
d :
that.

i

v (t/0g) = B{Ix(E) - X(t/2.)1%}

il

Vi (£) = Elx(£) x'(t/8:)]1 - E[R(t/%¢) x'(t)]

+ vﬁ(t/zf). ' | o "~ (D.3)
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'.From (2 12) and the orthogonallty prlnc1ple

l

II

E[x(t) 2 <t/£ ) 1 E[x(t/z ) X" (t)] = vA(t/z )

(D 4)

Thué, (D.3j becomes -

vg(t/flf) = v;((t) = v;{(t/lf)
: gf- ) o . ,
= V_(t) - ) g(t,4T) V.. (&) g'(t,eT),
X =t T ugq

(D.5)
where the second equality results from the uée of (D.2).

Since d(t)=C(t)-x(t),

Vg(t/ﬁf)‘? Vd(t) - )  C(t) g(f;zT) vud(z)gﬁ(t,zT)c'(t).
cd d°. =Ty . | .

(D.6)
Dépending.bh~whether £f<m, 2f=m, or lf>m, Whefe'm;<t/T>;
we are dealing with the prediction, filtering, or smooth-

1ng problems, respectlvely Let

gd(t LT) = C(t) g(t,nm) /‘ﬁ‘T S e

Then (D.6)‘beéomes

i

Va(t/ﬂf).='vd(tf_-

It~

ga(t,eTy. - (D.8)
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For predlctlon and fllterlng problem, ijm. Substituting

(2. 41) lnto (D.7)  to obtaln, for A <m.

gd(tJRT) = C(t)¢(t,2T) vm(z/z-l) Hﬂ(zjy§1l(h)
. . X o Uy
= C(t)?(t,2T) Ky (R)/V(TT7 (D.9)

where K (2) is glven by (B 13) When £f=m (zero—lég),

"Eq. (D. 8) becomes'

: ' m : .
n ) = Y = - 2
vy (t/m) VY (t) = Vg(t) 222 gd(t,zm) ~ .- (D.10)
. - i .
with g(t,QT) for f<m given by (D.9). For-sméothing prob-
lem:%>m,.(D.7) becomes

m-+n

. S , d |
V(E/8e) = vy (t,ng) = Vy(t) - 222 g (t,oT)
. - i .
: ny . | ,
= VY(t) - -Z,gg(t,(m+kyT), (D:11)

k=1

where nd—ﬂf m>0, VN(t) is glven by (D. 10), and gd(t(m+k)T)
for k>0 can be obtained by substltutlng (2.90) into (D.7), -

i.e.,
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gq (Er (m+k)T) = C(t) Vy (£)' ({m+tl)T, £)A (k) H' (mtk)y/ V-1 (m+k)
i e . X m:: - . ‘_ _ud_. :
for k»0. = - : ' (D.12)

For a stationary input signal, .@ (£,2T)=® (£t-2T), and
C(t) and H(k) become constants. At the steady state

(2i+-m), Kd(ly and Vu (2) become constants. Under these
- d

conditions gd(t,zT)=gd(t—£T) for all 2. Substituting
this expression into (D.8) and integrating both sides of

(D.5) "from t=0 to t=T to obtain

| | mn, |
(1/T) foT V3 (t/ming) dt = V- (1/T) fOT ] of(t-em) at
=V - (1/7) f“‘gfi(v) av (D.13)
“ng _

where the second equality comes from letting v=t-&T and
interchanging the order of integration and summation;
gd(v) is given by’

g:(v) = Co(v) K, /v-1 3 (D.14)
d ' d ¥

for v>0, .and.
1

94 (V) =C VA (v+kT) & (~v= (k=1)T) . {[I-H' K'1 0" (1)} H- v™
X . d u
d (p.15)
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for —kTiv{—Kk—lfT,fwhere k>01 The expression.

(l/T) L? Vg(f);at:fepresents the erfer with a penalty
" function - ' ) ' - . A
| (L/T)  if 0<t<T |
p(£) = {_ | , | (D.16)
AR ¥ otherwise.

' The gd(v) cofresponds‘to the reconstructlon eff1c1ency
density' deflned by Tretter and Stelglltz (57) More
generally, gd is a functlon of two varlables as.shown in
Eg. (D.7). |

To obtain. a differenfial equation for fhe zero—leg

. error covariance Vk(t)’ we first write-

dE[¥(L) ¥' ()]

d t.

= BL@¥(6)/at) ¥ (6)1 +BI¥(t) (@¥' (v)/at)T.
- BNNCR 17)

Subtractlng (2. 43) from (2. l) to obtain for t#kT k= O

1, ...,
d¥ (t)/dt = A(f) ¥(t) + I'(t) wit) , (D.18)
- Using the result of (D.18),-thevfire£ term on the right-

hand side of (D.17) can be written as
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Bl @ ey /de) Ry o)1

!

Rl

A() VY(E) + T () Elw(t) X' (t)].
. : -
Again from:(D.185,.it follows that for kTﬁpit<(k+1)T,
k=0,1,..., |
¥(t) = o(£,0) ¥(o) + [Eo(t,v)T(v) w(v) dv - (.
. 7w ,

Thus,

Elv (£) ¥' ()] = Elw(t) %' (0)10' (t,0) + [5 Elw(t) w(v)]

0
o' (t,v) T'(v) dv. - . (D.21)
'-Since Q(p) depends on x(t) and n(t) for T<p only,
"Elw(t) %' (p)] = 0 for p<t. | (D.22)

Fromv(2.6),,i£'foiles that

P p ‘
= (1/2) V_(£)T'(t). - (D.

Substituting (D.23) into (D.19) to obtain

(D

ZE{[A(tifﬁgtj +f;g£)iw(£5if§fkt£}.ﬂif

.19)

20)

(PR (E) wiv)le' (£,%)T" (v) dav= [T vw(t)s(t-v)Q'kt,vyr'(v)dv

23)

CEL@x(6)/a) x' (£)]=A) V,(£) + (172)T(8) ¥, (£) T (£).
- S ' I ‘ ‘ ' 24)
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2L .

Similérly, ‘
E[Q(t)(dk;(ﬁ)ydt)]==v;(t) A' () + (1/2) T (£) v ()T ().
| | (D.25)
Substitutihgi(n.24j~and (D.25) into (D.17) yields, for
mT <t < (m+l)T,
V;(t)f=A(t) V;(F)-+V§(t) A' (t) +T (t) Vw(t)P"t).
(D.26)
At the sampling instants, from (2.12), (2.44), and (2.45),

it follows that

m-1 .
X(mT ) = x(mT) - J 6(m k) Ry(k) ug(k) =~ (D.27)
k=1 - .
and
n + m-1. )
Cx(mT') = x(@T) - . [ ] @ (m,k) Ky(k) uy k)
k=2, 4
+ Rym) ug(m)] | - (D.28) |
Thus,
Xmr) = ¥@T) - Kym) ugy(m) | (D.29)

and
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.v§(§§fi}=§§i$i*g}-égg(ﬁ?f) ué(mT)]'Ké(m{,Q{,f

t

Kgm) Blug (e )%! (u17)]

=FKd(m) Vud(m) Ké(m). B - (D.30)

From (D.27), it follows that

. om-1- :
E[¥@mT ) ul(mT)] =E{[x(mT) - }] &m, i)k, (i)u, (i) u! (m)}
. 4 o i=e, darmtrd ar

*FfE[x(mT) ul )]

m-1

L @(m,1)-Ky(i) Elug(i) ulfm].
: gt

L. .
i .
(D.31)
The second térm‘on the. right-hand side of (D.3i)_is zZero

since ud(k) is a discrete white noise. Thus,

CEEME) - uj@mD] = Blxm) ujm)]

V%(m/m—l) H' (m)

Kd(m)_vud(m) ‘ (D.32)

The éeCond equality follows from (2.40);1and'the third-
equality folloﬁs from (B.13). Through the use (D.32),

we obtain
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I;V'}‘{’(r‘ﬂflf'ﬁL) -V () =,-Kd:(rq)’\_fi;;<_";) A'I.% M) - (D.33)

K

Eq. (D.33) can also be obtained from (D.5). Combining

(D.33) and'(D.26) yields, for all t>£iTéthe initial time,

VR(E) = ALE) Vp(E) £ UR(E) AT(E) £ T(E) V,(8) T (E)

{
le~18

Kd(k) Vu (2) Ké(zx S (t=2T) . (D.34)

Qi d

L

Anotheér form of the zero-lag eripr expression can
be obtained as follows. Substituting p=mT into (D.20)

to yield for mT<t <(m+1)T,

%(£) = o (£,mT) Xm) + [T o(t,v)T(v) w(v) dv. (D.35)
e -

Thus,

i

E{[e(t,mT) ¥(m) + ft o(t,v) (v) w(v) davl] x
mT

Vf}g(t)

[o(t,mT) ¥(m) + [© o(t,0)T(r) w(t) drl}. (D.36)

N
Since x(m) is independent of w(v) for mT <v, (D.36) be-

conmes




. 291

Vm(ty:; 6xt?mT) v&(mjaﬂ(frmi)'+ [t o (t,v)T (v) v&gv)y'gyg.
B R A o Cor

X.0' (t,v) dv. .. S (D.37)




'Appendix E
.’/ CONDITIONS FOR THE OPTIMAL PREFILTER

From Flg l 1, 1gnor1ng reallzablllty and assumlng

nz(t ) 0 at flrst, one can wrlte

y(t) = [T F(e,v) rv) av . (B.1)
. Ty : , : ,
" and
. .0 _ y _ S
a- (t), = kzl_G(t,tk)_y(Fk)I . o (E.2)
i

‘ where-Ti.and Ly denote the iniﬁial_cbnditions. ‘Let
d(£)=1d, (£),d, (£),..., d_(£)]; and a7 (£)=[a] (£),d5 (£),
...,d;(t)']., __Then given Rd(-‘t"T)A’ 'Rdr(trT')r RI' (trT)l and
G(t,t, ), the problem is to minimize

_ e ' o) 2 . .
= f q; (t) Edla, (v) - d; (£)1%) at . : (E.3)

[o o]
' for i=1,2,...,p. where qi(t) is a -nonnegative weighting~'

function. Let

Edié = A column matrix consisting of the diagbnal
" terms of the sqﬁare‘matrix £,

and
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Q(t)’=‘A diagonal matrix with its ith diagonal
element equal. to g5 -
Thus, the problem is’ to minimize_every element of J.. P

dia
where

© ; o, o - '
J3ia = I{w Q(t) E{ld(t)-a~ (x)1ld(t)-a (t}] 3 atlgia
= I; g(t) [Rd(t,t)—Rddo(t,t)—Rdod(t,t)+Rdo(t,t)hia<1t.
(E.4)

'with Rd’ Rdr’ Rr’ and G given. From (E.2), it follows
that |

R.oo(t,t) = J ¥ G(t,t )R (t,,t.)G"' (t,t.). (E.5)

N T 7 AR ]

i 7 7i

Through the use of (E.1), Ry(tk,tj) is given by

Ry“_:k’,tj_) = fT. fT..F(tk,oc)er(ot,B) F (tij) dg ag.

ot (E.6)
Again, from (E.1l) and (E}Z), it follows that
St) =" ' ‘ E.7) .
- Ryq0 (Bi). kzg Rdy(t,ﬁk).g (trty) g )
) i

and
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VR el
.o L

Ray(Eti) = R (68) F (k) df L ()

Furthermo#é} since [é(t)-(do(t))f] = tdo(t)“d'(t)j';l_

PR O ey At ey
[Eda(e) @ (&))"}, = [ () a () g5, (;,9>.

. By the'use‘bﬁ Egs. (E.5) thrdugh-(E.9), (E.4) can be
written as ' ‘

o]

Jgin = IWAQ(t)IRd(t,t)-ZkZQ %3 Ry (£/B)F" (£, ,B)G' (t,t,)dB
' _ o TMiti o -
f T Y ettt [T F(e )R (0, 8)F (t.,8)da dB
j=4; k=, K T, T, k o -] .
XA, S (3:10)

In order .to use the‘method of calculus. of Variafions, let
F(t,t) = Fo(t,T)' + eSF(t,T), , S (E.11)

where F_ denétes the Spﬁiﬁum'prefilter.A.SF(t;T) dénotes
"the variation, and e is an arbitrary qﬁantity,.‘Substi—

‘tuting‘(ﬁ;ll) into (E.lO), we.haVe.(aftef-some manipula-
Aﬁion), o

Jaia T [T 0) By (£) + & By (£) + € P, (£)1q;45 4t/ (E.12)

-_00 -




where
Py () = Rj(t,t) - j££.&1 Rap (€/B)FL (£5,6)6" (t,t,) a8
' 1 1 '
+ G(t,t ) [[7 [ F_(t, ,0)R_(a,;8) F'(t,,B)
' kgz. jgu. k LL %1 o kiTx © J
1 1 1 1
*do 481 G (t,ty), - - (E.13)
p () = 7 Gt £ ) [ [T F_(t ,0)R_(a,8) F'(t.,B)
' k=g . jég.. k 'r.ﬁr. ok = -
;L 1 . 1 1
< do 4g1GT (e k) + ] ] G(t,t, ) [ [T Flt,a)
- “hy ITRy Ti T3

’ 'I'F' 1 .' ALK B '.‘°° 4
X R, (a,B) o (t4/8)dadpG’ (t ts) 2k££. %1 Ry (£/8)
l‘ 1
x 8F' (t, ,8) G'(t,t,) d8, . (E.14)
and
P, (t) =} ] Gty [T [T ST () ,a)R (0,8) §F'(t,8)X
k=g, J=4. T, T,
A 1
do dB G’ (t,t)). ” | : (E.15)

A necessary condition for Fo to be the optimum prefilter

is
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LIRS | |
Se—r = {m Q(t) FPl(t)Jdia at = 0 (E.16)

5

Since Q(t) is nonnegative and,[Pz(t)]dia repreaents the
variance functions.of the outputs of the postfilter if
SF (£,1) is the prefilter,
2 .
8 Jdia _

e =2 [T ale) [P, (0)] g, dt > 0. (E.I7)

—
Thus, kE.iG) is both necessary and suffiaient to specify
the obtimum prefilter. Substitute (E.l4)‘int0 (E.16).
Since the-diagoﬁal'elements of the first term on the

right—hand side of (E.14) are.equal to those of the second

" term, we have

o~ 8
o~ 38

T T T 6t (e,t) [TF.(t, ,0)R_(0,B)do~R. (£8)]
. e - Ti K gi k Ti o 'k r i _ dr

X SF'(t,6) G'ft,rj)_ds}dia dt = 0 . (B.18)

for an arbitrary 6F (t,B). If all the quantities in (E.18)

are scalars) rearranging the terms in (E.18). to obtaiﬁ
Lo een (e B a(e) gt ty) R (6,8) - ] gty ) x
J=L. T, . . - k=9 . .
b ] ) A 1
&g £ (t o) R (o,8) da] dt} ap = 0, - L (E.19)
i. 5 _




297

U R T I . -
where‘we have ueed lower case f, g, and g to denote ¥, G,

éhd dh”reépeetfﬁeiyi inrofder to emphasize-that'they:ate
scalars. .. Eq. (E.19) is equlvalent to Eg. (B.8) obtaihed
by Kellog (32) - | 4
Let us 1nvestlgate the case in ‘which the signal and
n01ses are. statlonary, and the fllters are constralned to

" be time invariant, i.e.,

R.(t,T) = R.(t-1) - S (B.20)

‘F'(t,'"t\) -;-'.F(.t:—T) S | o L (‘E'.Aél).. |
and - " . h | o 4‘

G(t,T). = G(t-T) : ~ | (E.22)

'Also, assume that the sampling process is périodic; i.e.,
tk=kT,.ahd iet

{(i/T)-I if 0<t<T

Q(t) = S (E.23)
o . otherwise,

“where I is_the identity matrix, and T is the sampllng per-
iod.. Fthheerre, asSuﬁe Ti’ li%— . From these assump-

tions, a solution could be obtained from.(E.lS) directly,'
but in Qfder.to'simplify later de&élopmeht,‘iet us stert'

from.(E;4)m By uee of (E.23) and (E.5), we have

f Q(t) R0 (t,t) at = (1/T)f Z Z _G(E-KT) Ry (k- 5)  x
k——oo J=-

G'(t—jT)ldt. "‘ K o | ' (E.24)
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Let v=t-jT and %=k~j; after interchanging the order of in-
tegration and summation, we have

[oe] [o.0]

[T 1 77 Gk-kT) R (k=3) G'(t-3T) dt-
0 k== j:-oo y ’

= 7 |7 mEDT gemen) R (1) G (v) av].
j=—w -3T y .

(E.25)

The inner sﬁmmation is equal to fm G(v—QT)Ry(Q)G'(V) dv; -

thus,

J7 e(t) Rgo(t,e) dt= (1/T) [ [T GIv-2D)R (L)G' (v) dv,

P (E.26)
where
R (2) = {Z [:F(&) R_(2T+a~B) F'(g;'da as (E.27)
from (E.6). Similarly,
{w Q(t) Rddo(t’t) Q = (1/T) {w RdY(V) G'(V) av
(E.28)
where
Rdy(v) = | Rdr(5+v) F'(B) dR. . (E.29)
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ﬁrém-?QSf'(E126) through (E.29), and the‘faét Eﬁatnx“":

[Rddo(t,t)]dia=[Rdod(t,t)]dia, Eg. (E.4) becomes

- J

aia = [R3(0) - /m) [ f7 R,_(B+v) F'(B)G' (v) dv dB +

—_Q0 = OO

(l/T); f°° foo f°° G (v=-4T) F(O’-)Rr(Q:T+B_—OL) F'(B) X

d=—00 —00 =00 =~

G'(v) dv da aB] ;. (E.30)

Following the same procedure as for the time-variant sys-
tems, the optimum time-invariant prefilter is found to

be specified by the equation

7 ] Rgp (B+v) SF'(8) 6'(v) dv db -

—_—00 =00

T OIT T 1T e (v-a) F(0) R_(2T+a-B) F' (B)G' (v)x

== =0 —00 w00
dv da dB]dia
-0 . (E.31)

With a singie sampled-data link, and a single input and
output, all the guantities become scalars, and (E.31)

reduces to
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f%fif{éfﬁdfiB+V) gv) av = [T T 17 glv-21) g(v) av] x-

— - Q=wo0 —

R_(LT+a-B) foka) do] SE(B) dB = 0.  (E.32)

Since 6f(8f'is an arbitrary function in B, it is both

sufficient and necessary that

<o .

[P R, (B+) ‘glv) av = [7 7 [[7 g(v-2T)g (V)dVJR_ (4T+0-B)
dr ' . r

— — ,Q,_::—oo —c0
¢f_(a) da = 0. : o (E.33)

When-n2 is ébsénﬁ (see Fig. 1.1), there is no need to im- -
pose a power constraint on the prefilter since one can add
a gain factor K to the prefilter'and the inverse 1/K to
the postfilter Qithout influencing the perfopmance of thé

system. When n,#0, (E.2) becomes

[ee]

a%(e) = ] e(t,t) [y(t) +m, ()], (E.34)
, k=-o : .
Then
RO (t,t) = kz—m'jz_w G(t, &) [Ry(tk,tj) + RYHZ(tk,tj)
+ an (b 0ty + an‘tk,tj)] G' (£,t4) (E.35)
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and

RqqO (s t)- = ) [Rgy (Erty) + Ran, (Bt 1 6" (Eit

(E.36)
k==c..

Substituting (E.35) and (E.36) into (E.4), -and using (E.9)

to obtain

co =)

Taza = J_ QS Ry, 1) + kz_w 52_@ Gt ty) IR (t,t5) -

“+.R t. ,t.) + R

oy e By) Ry (B EDIE ()

-2 [Rdy(t,tj) + Rdnz(t,#j)]:G (t,tj)}dié_dt.

(E.37)"
From heré on, £he p;qblem uﬁder,consideratién Will be'COnk,
fined to ﬁhe:spécial case of stétionary inputs, time-
‘invariént systems,.periodic'sémpling, steady;staté condi—}.
tions, and,th)'éiveﬁ by (E.23). 1In tﬁis case,. (E.37y
: réduces fd,l ' a -

Jgin = {Rdgo) - (2/m) Im_[Rdva)-ngQZ(v)] G'(v) dv-+ .
zz;m (1/¢) £¥ G(v—zT)LRy(z);+Ryp2(z);+any(z) +
R .(2)1 G' (v) dv} (E.38)

n, dia
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Let us look at two different situations:

1. n2(kT) is an independent noise; then

Rdnz(V) - Rynz(zT).= RHQY(ZT) ) 9' | . (- 39)

It is clear that if there is no power constraint on fhé
prefilter in this,case; one.can simply add a gain factor
of K+ml£o fhe prefilter, and édd i/K tO'tﬁe-postfilter.
Then the effect of n, on the signél disappears because of
én infinite signal-to-noise ratio, whereas the effect of
other factors remain ﬁnchanged. Thus, it is necessary to
have a poﬁer constraint on the préfilter in this cése;

This constraint is given by’

Py = [Ry(d)]dia = [I: {: F(a) Rr(B—a) F'(B) da.dB]dia.
(E.40;

Then the-fpnction to be minimized is

‘qgia = Jdia; + [x-{j {Z F(0) R_(B-a) F'(B) do dB]dia, _(3.41)

where J 'iS'given.by (E.38), and XA is the Lagrénge mul--

dia
tiplier. Substituting (E.27) and (E.29) into (E.38),

then substituting the result into (E.41) to obtain
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I3ia = [Ry(0) - (2/T)£m [m Rgy (B+v) F'(B) G'(v) dv dB +
(l/T) 2 [~ G(v—lT){f [Z F(a) R, (AT+8- a) F! (B)x
f=—=00 —o . —00 ~00
da dB + R (z) G'(v) dav+a-f [7 F (o) R, (B o)X

-00 - QO

Ff(B).da ds]dia. (E.42)

Using the method we used before for the case when n,=0

we find that the optimal prefilter is specified by the

equation

[f [z R (B+v)6F (B) G'(v) dv ap - f“ f“ 5 [ G(v-2T) x

—_00 - 00

-0 =00 Qzm—00 =00

Fo(a) Rr(£T+B—a)6F'(B)'G'(V) dy - TX Fo(a) Rr(B-a)x

F'(B)}-do dBlg;, = Oy (E.43)
where A is to be chosen to satisfy (E.40).

2. n, (kT) repfesents quantization noise specified

by (see Fig. 1.1) .

s(k) = a, y(&) +n, (k) (E.44)
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where y is! the input and s 1q the output of the quantluer
and 3 is’ glven by Egq. (1.7) and is assumed to be absothed‘
in the prefllter. Then the quantization noise is uncor-

related with (but not independent of) the input sighal

and the observation noise; i.e., (refer to Fig. 1.1)

n, (V) =Ry QT =R =00 (E.45)

Assume that the quantization noise can be approximately

characterized by a discrete white noise (refer to

Section 1.5 of this -thesis); i.e.,

an(kej) = an(O)dkj | (E.46)

Let Y, and én denote the normalized input and output of
the quantizer, and let y; and s; denote the normalized ith
end point of the input ranges and the normalized output

level for.y;_}iyn<y;, respectively. Then

e

Rn2(0)6k

anlk-j)
= RY(O)I (s - y)? P (y) dy_ (E.47)
yi-1
n

since both the actual guantization steps and the output

1172

levels are linear proportional to [Ry(O)
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(8; Eq. (lla)j. The Pr(yn) in (E.47)_represehtgjtb@ﬂprpb—

ability density function of Y- From (E.47), it_féiibWs T

that
i
R_ (0)/R YO) = fyn (si -y )2 P (y)dy =c, (E.48)
2. Y N i-1 n Yn r yn yn T2t :
n

Thus, it is seen that with the simplified assumption on

the quantization noise, the noise-to-signal rétié depends
only on the quantizer and rnot on. the prefilter. The power
of the prefilter in this case is to be optimized instead
of being constrained to be a certain value. Substituting

(E.47) and (E.45) into (E.38), we have

Taia = [Rg(0) = (/D] [ Ry (B+v) F'(8) G'(v) dv d8 +

/Ty ¥ 7 G(vszf{fw [ F(a)R_(4T+B-a) F'(8) *

== - —00 =00

do d8 G'(v) av + ¢, [© [T J7 G(v) F(a)R_(B-a) x

=00 =00 =00

F'(R) G'(v) dv da dB]dia' . (E.49)

where c, is given by (E.48). (E.49) is similar to (E.42).

Thus, the solution can be written down directly in the form
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.~umv¢

R f Ry (B+v)6F'(B) G'(v) av as - [~ f z f G(v—zT)x

-0 =0 -0 =00 e 00 ——00

x
N

£ () R (T+6<a) + ¢, 7/ G(v) ¥ o (0 R (B=a)] x-

- 00

'GF'(Bi-G'(ViAdv do ds}aia'= 0. ) j-' L | (E.50)

For the case when. both quantlzatlon noise and an
addltlve independent channel n01se are present, one w1ll
'ﬁeed to impose a power constralnt on the prefilter in
'éeneral. In this case, the quanti;ation noise éan'be ép—
proximatéd by an iﬁdgpendent.whité noise sihce Ryko) in

(E.47) is preassigned a certain vaiue.
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