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ABSTRACT

Alternating-Direction Implicit (ADI) schemes are a class of very efficient algo-
rithms for the numerical solution of differential equations. Sinc-Galerkin schemes
employ a sinc basis to produce exponentially accurate approximate solutions to dif-
ferential equations even in the presence of singularities. In this dissertation we begin
with a broad overview of sinc methods for problems posed on both finite and infinite,
one- and two-dimensional domains. We then present a variety of finite difference
methods that lead to the introduction of a new Alternating-Direction Sinc-Galerkin
scheme based on the classic ADI scheme for a linear matrix system. We note that
when a Sinc-Galerkin method is used to solve a Poisson equation, the resulting ma-
trix system is a Sylvester equation. We discuss ADI model problems in general and
then prove that when a symmetric Sinc-Galerkin method is employed, the resulting
Sylvester equation can be classified as an ADI model problem. Finally, we derive our
Alternating-Direction Sinc-Galerkin (ADSG) method to solve this resulting Sylvester
equation, specifying the use of a constant iteration parameter to avoid costly eigen-
value computations. We end by applying ADSG to a variety of problems, comparing
its performance to the standard technique that uses the Kronecker product, the Kro-
necker sum, and the concatenation operator.
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CHAPTER 1

INTRODUCTION

The subject of this thesis is the introduction of an Alternating-Direction Sinc-

Galerkin (ADSG) method and its application to the numerical solution of elliptic

partial differential equation boundary-value problems posed on two-dimensional finite

domains and on two-dimensional infinite domains.

Sinc methods were introduced by Frank Stenger in [23] and expanded upon by him

in [24]. Sinc functions were first analyzed in [29] and [30]. An extensive treatment of

sinc methods for two-point boundary-value problems is given in [9] and [11], the latter

of which also discusses elliptic and parabolic partial differential equations. Parabolic

and hyperbolic problems are discussed in detail in [7] and [14], respectively. A vari-

ety of singular elliptic problems are treated in [2], and the symmetric Sinc-Galerkin

method in this context is introduced in [10]. Sinc domain decomposition is presented

in depth in [12], [13], [16], and [17]. Iterative methods for symmetric Sinc-Galerkin

systems are discussed in [1], [18] and [19]. In [19] we also find an alternating-direction

Sinc-Galerkin method that is quite different from the one presented here. Sinc meth-

ods are discussed thoroughly in [26]. Applications of sinc methods may also be found

in [6] and [15]. A thorough review up to 1981 is found in [25]. The works cited above

generally involve applications on finite domains. Although sinc methods for problems
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posed on the nonnegative real line are presented in [11], very little work has been

done to extend these methods to more general infinite domains as is done in Chapter

2 and Chapter 4 below.

According to Stenger (see [26, p. vi]), sinc methods are based on the sine cardinal

(or sinc) function which dates back to the works of Bohr, de la Vallée Poissin and E.

T. Whittaker (see [29], for example). Symmetrization of the Sinc-Galerkin method

for two-point boundary-value problems was introduced by John Lund in [9]. The

numerical solution of elliptic problems via the Sinc-Galerkin method gives rise to an

algebraic system of linear equations whose matrix representation may be given by the

Sylvester equation

AX +XB = C (1.1)

or its equivalent Kronecker sum formulation,

(I ⊗A +BT ⊗ I)co(X) = co(C).

The ADSG method presented in this thesis is a direct application of the Alternating-

Direction Implicit (ADI) iteration equations (introduced by D. Peaceman and H.

Rachford in [20]) to the Sylvester equation that results when a symmetric Sinc-

Galerkin method is used to solve an elliptic boundary-value problem. This ADSG

method is an iterative scheme that may be used to solve (1.1) and which avoids both

the large matrix systems produced by using the Kronecker product and Kronecker
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sum, as well as the computation of eigenvalues and eigenvectors characteristic of the

standard matrix diagonalization procedure for solving (1.1).

Chapter 2 presents the basic definitions and theorems on interpolation and quadra-

ture that form the foundation for the discussion of sinc methods in general and the

symmetric Sinc-Galerkin method for elliptic partial differential equations in particu-

lar. To enhance the clarity of the presentation, sinc methods are first used to illustrate

the solution of a variety of one-dimensional problems on the unit interval. The Sinc-

Galerkin solution of boundary-value problems on the nonnegative real line is then

introduced. Little work has been done on the Sinc-Galerkin method for this type of

problem, so care is taken to develop this method thoroughly. These problems illus-

trate the exponential convergence rate such methods exhibit even when applied to

problems that have singular solutions. We then proceed with a thorough discussion of

elliptic problems and how to solve the resulting matrix systems using a diagonaliza-

tion procedure and a procedure involving the Kronecker product and Kronecker sum.

After presenting several examples of the Sinc-Galerkin method applied to problems

posed on the unit square, we conclude Chapter 2 with the introduction of the Sinc-

Galerkin solution of elliptic partial differential equations posed on the first quadrant,

an approach which is again relatively new.

Chapter 3 outlines the historical development of the ADI method by considering

finite difference schemes of ever-increasing complexity, applied to a parabolic prob-

lem on the unit square. The resulting ADI scheme is then adapted to solve elliptic
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problems, introducing iteration parameters and culminating with the numerical so-

lution of the specific elliptic problem that motivated the use of a constant iteration

parameter for the ADSG method.

Chapter 4 begins with a discussion of Galerkin methods in general and continues

with an exposition from [8] on the application of ADI iteration to the solution of

the matrix equation My = b. The subsequent direct application of ADI iteration

to the solution of the Sylvester equation introduces the ADSG method. Once the

ADSG method is derived in detail, we choose a constant iteration parameter and

select appropriate stopping criteria for the examples to be presented. We end the

chapter by employing the ADSG method to solve several elliptic problems on both

the unit square and on the first quadrant. We note that the ADSG method exhibits

rapid convergence with exponential accuracy and as such is a practical alternative to

the comparable methods used in the previous chapters.
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CHAPTER 2

THE SINC-GALERKIN METHOD

Introduction

Since their introduction in [24], sinc methods have been used to solve a variety

of differential equations ([2], [6], [9], [11], [14], [15], [25], [26]). Their exponential con-

vergence rate have made such methods excellent tools for accurately approximating

the solution to partial differential equation boundary-value problems that are posed

on infinite domains or whose solutions are singular on all or part of the boundary of

a finite or infinite domain.

Sinc Basis Functions

Let C denote the set of all complex numbers and for all z ∈ C define the sine

cardinal or sinc function by

sinc(z) ≡











sin(πz)

πz
, z 6= 0

1, z = 0.

(2.1)

For h > 0 and any integer k, the translated sinc function with evenly spaced nodes

at {kh}∞k=−∞ is denoted S(k, h)(z) and defined by

S(k, h)(z) = sinc

(

z − kh

h

)

. (2.2)



6

-3
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-1

-1

0

0
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1

2
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3

3

x

y

Sinc Function

Figure 1. The sinc function for real values of x on the interval [−3, 3].

A sketch of the sinc function for real values of x on the interval [−3, 3] is shown in

Figure 1. A sketch of sinc translates, S(k, π/4)(x) for k = −1, 0, 1 and for real values

of x on the interval [−3, 3] is shown in Figure 2. Note these translates are centered

at −h, 0, and h, respectively.
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Sinc Translates S(k, h)(x)

Figure 2. The translated sinc functions (k = −1, 0, 1) for real values of x on the
interval [−3, 3].

Exact Interpolation and Quadrature

If IR represents the set of all real numbers and f is an arbitrary function defined

on IR then the Whittaker cardinal expansion of f is denoted C(f, h)(x) and is defined

by

C(f, h)(x) =

∞
∑

k=−∞
f(kh)S(k, h)(x) (2.3)

whenever the series converges. The Whittaker cardinal function interpolates f at

the points {kh}∞k=−∞. The series was originally discussed in [29] and later thoroughly
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analyzed in [30]. A class of functions in which the cardinal function of f converges

to f is the Paley-Wiener class B(h) defined below. (Recall that a complex-valued

function is called entire if it is analytic at all finite points in the complex plane.)

Definition 1. For any h > 0, the Paley-Wiener class of functions B(h) is the family

of entire functions f which when restricted to the real line satisfy f ∈ L2(IR) and on

the complex plane are of exponential type π/h, i.e., f satisfies

|f(z)| ≤ Keπ|z|/h (2.4)

for some K > 0 and for all z ∈ C.

The remarkable fact that a function that interpolates f at a countable number of

points on the real line can be exact for all z ∈ C is expressed in the theorem below,

which is proven in [11, p. 24].

Theorem 1. If f ∈ B(h) then for all z ∈ C we have

f(z) = C(f, h)(z) =

∞
∑

k=−∞
f(kh)S(k, h)(z). (2.5)

Furthermore, if f ∈ L1(IR), then we have the trapezoidal rule

∫ ∞

−∞
f(t) dt = h

∞
∑

k=−∞
f(kh). (2.6)

Approximate Interpolation and Quadrature

In an attempt to find a less restrictive class of functions than B(h) for which

the formulas of Theorem 1, while no longer exact, remain exponentially accurate, we

begin with
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Definition 2. In the complex plane C, let DS denote the infinite strip domain of

width 2d, d > 0, given by

DS ≡ {w ∈ C : w = u+ iv, |v| < d}. (2.7)

Let Bp(DS) be the set of functions analytic in DS that satisfy

∫ d

−d
|f(t+ iv)|dv = O(|t|a), t→ ±∞, 0 ≤ a < 1

and

Np(f,DS) ≡ lim
v→d−

{

(
∫ ∞

−∞
|f(t+ iv)|pdt

)1/p

+

(
∫ ∞

−∞
|f(t− iv)|pdt

)1/p
}

<∞.

For p = 1 let N(f,DS) ≡ N1(f,DS) and B(DS) ≡ B1(DS).

The following theorem which is proven in [11, pp. 35, 48], shows that sinc inter-

polation and quadrature methods are exponentially accurate for functions in Bp(DS).

Theorem 2. If f ∈ Bp(DS), p = 1 or 2, then there exists a positive constant K1 such

that on the real line IR

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

f −
∞
∑

k=−∞
f(kh)S(k, h)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞

≤ K1e
−πd/h. (2.8)

Additionally, if p = 1 then there exists a positive constant K2 such that

∣

∣

∣

∣

∣

∫ ∞

−∞
f(t) dt− h

∞
∑

k=−∞
f(kh)

∣

∣

∣

∣

∣

≤ K2e
−2πd/h. (2.9)

In practice, however, only finite sums can be calculated. Below, we define the

truncated cardinal series and the truncated trapezoidal rule and then minimize the

effect of truncation on convergence by assuming appropriate growth conditions on f.
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The truncated cardinal series is denoted CM,N(f, h)(z) and defined by

CM,N(f, h)(z) ≡
N
∑

k=−M
f(kh)S(k, h)(z). (2.10)

The truncated trapezoidal rule is denoted TM,N(f, h) and defined by

TM,N(f, h) ≡ h

N
∑

k=−M
f(kh). (2.11)

The quadrature error for functions in B(DS) is given in the following theorem whose

proof may be found in [11, p. 49]

Theorem 3. Suppose f ∈ B(DS) and there are positive constants α, β, and C so

that

|f(x)| ≤ C

{

e−α|x|, x ∈ (−∞, 0)
e−β|x|, x ∈ [0,∞).

Choose the positive integer M arbitrarily, let

N =

[∣

∣

∣

∣

α

β
M + 1

∣

∣

∣

∣

]

(2.12)

(where [| · |] denotes the greatest integer function) and let

h =

√

2πd

αM
≤ 2πd

ln(2)
(2.13)

for the truncated trapezoidal rule TM,N(f, h) given in (2.11). Then

∣

∣

∣

∣

∣

∫ ∞

−∞
f(t) dt− h

N
∑

k=−M
f(kh)

∣

∣

∣

∣

∣

≤ K3e
−
√

2πdαM (2.14)

where K3 is a constant depending on f.
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For problems on a subinterval, Γ, of the real line we employ a conformal map φ

for which φ(Γ) = IR. Suppose d > 0 and let φ be a one-to-one conformal map of D

onto DS where

D =

{

z = x+ iy :

∣

∣

∣

∣

arg (φ(z))

∣

∣

∣

∣

< d ≤ π

2

}

. (2.15)

Then over a contour Γ = φ−1(IR) we have the following methods of interpolation

f(z) ≈ C(f, h) ◦ φ(z) ≡
∞
∑

k=−∞
f(zk)(S(k, h) ◦ φ)(z) (2.16)

and quadrature

∫

Γ

f(x) dx ≈ h

∞
∑

k=−∞
f(zk)/φ

′(zk) (2.17)

where zk = φ−1(kh).

Examples of Domains and Maps

Example 1. If φ(z) = ln

(

z

1 − z

)

then D is the eye-shaped domain denoted DE,

defined by

DE =

{

z ∈ C :

∣

∣

∣

∣

arg

(

z

1 − z

)∣

∣

∣

∣

< d ≤ π/2

}

and shown in Figure 3. The contour Γ is the interval (0, 1) and zk = φ−1(kh) =

ekh

1 + ekh
. (See [11, pp. 63-64].) Note that when d = π/2, DE becomes the circle

|z − 1
2
| < 1

2
.
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d

D
E

Eye-Shaped Domain DE

Figure 3. The domain DE for d = π/3 and Γ = (0, 1).

Example 2. If φ(z) = ln(z) then D is the wedge-shaped domain denoted DW , defined

by

DW =
{

z ∈ C : z = reiθ, |θ| < d ≤ π/2
}

,

and shown in Figure 4. The contour Γ is the interval (0,∞), and zk = φ−1(kh) = ekh.

(See [11, pp. 71-72].) Note that when d = π/2, DW becomes the right half-plane.
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Figure 4. The domain DW for d = π/3 and Γ = (0,∞).

Example 3. If φ(z) = ln(sinh(z)) then D is the domain denoted DB, defined by

DB = {z ∈ C : | arg(sinh(z))| < d ≤ π/2} ,

and shown in Figure 5. The contour Γ is the interval (0,∞), and zk = φ−1(kh) =

ln(ekh +
√
e2kh + 1). (See [11, pp. 80-81].) Note that when d = π/2, DB becomes the

right half-plane.
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Bullet-Shaped Domain DB

Figure 5. The domain DB for d = π/3 and Γ = (0,∞).

A short list of conformal mappings may be found in Table 1 below, [11].

To develop sinc methods on arcs Γ in the complex plane or on the real line we

begin with the following.

Definition 3. Let D be a domain in the complex plane with boundary points a 6= b.

Suppose φ is a one-to-one conformal map of D onto the infinite strip DS satisfying

φ(a) = −∞ and φ(b) = ∞. Let ψ denote the inverse of the mapping φ and let

Γ = ψ(IR). We define the function space B(D) to be the class of functions F analytic
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Table 1. Conformal mappings and nodes for several subintervals of IR.

a b φ(z) zk

a b ln
(

z−a
b−z
)

a+bekh

1+ekh

0 1 ln
(

z
1−z
)

ekh

1+ekh

0 ∞ ln(z) ekh

0 ∞ ln(sinh(z)) ln(ekh +
√
e2kh + 1)

−∞ ∞ z kh

−∞ ∞ sinh−1(z) sinh(kh)

in D which satisfy for some constant a with 0 ≤ a < 1,

∫

ψ(x+L)

|F (z)dz| = O(|x|a), x→ ±∞ (2.18)

where L = {iy : |y| < d} and for γ a simple closed contour in D

N(F,D) ≡ lim
γ→∂D

∫

γ

|F (z)dz| <∞. (2.19)

Further, for h > 0, define the nodes

zk = ψ(kh) = φ−1(kh), k = 0,±1,±2, ... . (2.20)
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The next theorem which is proven in [11, p. 70] shows that the exponential

convergence rate of the truncated trapezoidal rule is preserved under conformal map-

pings.

Theorem 4. Let F ∈ B(D) and let h > 0. Suppose φ is a one-to-one conformal

mapping of the domain D onto DS. Let ψ = φ−1, zk = ψ(kh) and Γ = ψ(IR). Assume

further that there are positive constants α, β, and C such that

∣

∣

∣

∣

F (z)

φ′(z)

∣

∣

∣

∣

≤ C

{

e−α|φ(z)|, z ∈ Γa
e−β|φ(z)|, z ∈ Γb

(2.21)

where

Γa ≡ {z ∈ Γ : φ(z) ∈ (−∞, 0)} (2.22)

and

Γb ≡ {z ∈ Γ : φ(z) ∈ [0,∞)}. (2.23)

Choose the positive integer M arbitrarily, let

N =

[∣

∣

∣

∣

α

β
M + 1

∣

∣

∣

∣

]

(2.24)

and let

h =

√

2πd

αM
≤ 2πd

ln(2)
(2.25)

for the truncated (mapped) trapezoidal rule

TM,N(F, h, φ) ≡ h
N
∑

k=−M

F (zk)

φ′(zk)
. (2.26)
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Then

∣

∣

∣

∣

∫

Γ

F (z)dz − TM,N(F, h, φ)

∣

∣

∣

∣

≤ K4e
−
√

2πdαM (2.27)

where K4 is a constant depending on F, d, φ, and D.

The Sinc-Galerkin Method

In this section we develop the Sinc-Galerkin method for the two-point boundary-

value problem

Lu(x) ≡ −u′′(x) + p(x)u′(x) + q(x)u(x) = f(x), a < x < b

(2.28)

u(a) = u(b) = 0.

Sinc methods for these problems are thoroughly discussed in [9], [11], [24], and [25].

While the development below is given for a finite interval (a, b), the modifications

necessary for problems posed on an infinite interval are minimal and involve little

more than an appropriate selection of the conformal map, φ(z).

Begin by choosing φ(z). Let ψ(z) = φ−1(z) and suppose h > 0 and the positive

integers M and N are given. For j = −M, ..., N define the sinc basis functions

Sj(x) ≡ S(j, h) ◦ φ(x) = sinc

[

φ(x) − jh

h

]

. (2.29)

The approximate solution to (2.28) is given by

um(x) =
N
∑

k=−M
ukSk(x), m = M +N + 1 (2.30)



18

where the coefficients uk are to be determined. The Sinc-Galerkin method requires

orthogonalizing the residual Lum − f against each sinc basis function, Sj , using a

weighted inner product. If we define the inner product of f and g, denoted (f, g), as

follows

(f, g) =

∫ b

a

f(x)g(x)w(x) dx, (2.31)

where w(x) is a weight function, then for j = −M, ..., N we require that

(Lum − f, Sj) = 0.

To simplify the notation we orthogonalize Lu− f against each basis function and

obtain for j = −M, ..., N,

∫ b

a

(−u′′(x) + p(x)u′(x) + q(x)u(x) − f(x))Sj(x)w(x) dx = 0.

Integrating by parts to remove all derivatives of u gives

∫ b

a

f(x)Sj(x)w(x) dx = −
∫ b

a

u(x)(Sjw)′′(x) dx (2.32)

−
∫ b

a

u(x)(pSjw)′(x) dx +

∫ b

a

u(x)q(x)Sj(x)w(x) dx+BT

where

BT = (upSjw)(x)
∣

∣

∣

b

a
−(u′Sjw)(x)

∣

∣

∣

b

a
+(u(Sjw)′)(x)

∣

∣

∣

b

a
. (2.33)

Note that the weight function w may be chosen so that the boundary term BT

vanishes. To record the approximations to the integrals above it is convenient to
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introduce the notation δ
(p)
jk where

δ
(p)
jk ≡ hp

dp

dφp
[S(j, h) ◦ φ(x)]

∣

∣

∣

x=xk

, p = 0, 1, 2, ... (2.34)

and xk = φ−1(kh) = ψ(kh). These quantities are given explicitly in the following

theorem which is proven in [11, p. 106].

Theorem 5. Let φ be a conformal one-to-one map of the simply connected domain

D onto DS. Then

δ
(0)
jk =

{

1, j = k
0, j 6= k

δ
(1)
jk =

{

0, j = k
(−1)k−j

k−j , j 6= k

δ
(2)
jk =

{

−π2

3
, j = k

−2(−1)k−j

(k−j)2 , j 6= k.

The following theorem whose proof may be found in [11, pp. 108, 110], gives the

approximations to the inner products necessary for forming the Sinc-Galerkin linear

system.

Theorem 6. Let φ be a conformal one-to-one map of the simply connected domain D

onto DS. Assume φ(a) = −∞ and φ(b) = ∞ and let xk = φ−1(kh). Further assume

that there exist positive constants α, β, and K such that

|F (x)| ≤ K

{

e−α|φ(x)|, x ∈ Γa
e−β|φ(x)|, x ∈ Γb

(2.35)

where F = upw, uφ′w, or u
[

φ′′

φ′
w + 2w′

]

and Γa and Γb are as defined in (2.22) and

(2.23), respectively. Choose the positive integer M arbitrarily, let

N =

[∣

∣

∣

∣

α

β
M + 1

∣

∣

∣

∣

]

(2.36)
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and let

h =

√

πd

αM
. (2.37)

(a) Let vw ∈ B(D) for v = f or qu. Then

∣

∣

∣

∣

∣

∫ b

a

(vSjw)(x)dx− h

(

vw

φ′

)

(xj)

∣

∣

∣

∣

∣

≤ L0M
−1/2e−

√
πdαM (2.38)

where L0 is a constant depending on v, w, and d.

(b) Let u(pSjw)′ ∈ B(D) and let the boundary term (upSjw)(x)
∣

∣

∣

b

a
be zero. Then

∣

∣

∣

∣

∣

∫ b

a

(pu′Sjw)(x)dx+ h

N
∑

k=−M
(upw)(xk)

δ
(1)
jk

h
+ h

(

u(pw)′

φ′

)

(xj)

∣

∣

∣

∣

∣

≤ L1M
1/2e−

√
πdαM (2.39)

where L1 is a constant depending on u, p, w, φ, and d.

(c) Let u(Sjw)′′ ∈ B(D) and let the boundary term −(u′Sjw)(x)
∣

∣

∣

b

a
+(u(Sjw)′)(x)

∣

∣

∣

b

a

be zero. Then

∣

∣

∣

∣

∣

∫ b

a

(u′′Sjw)(x)dx− h

N
∑

k=−M
u(xk)

[

δ
(2)
jk

h2
(φ′w)(xk)

+
δ
(1)
jk

h

(

φ′′

φ′ w + 2w′
)

(xk)

]

− h

(

w′′u

φ′

)

(xj)

∣

∣

∣

∣

∣

(2.40)

≤ L2Me−
√
πdαM

where L2 depends on u, w, φ, and d.

Now we apply Theorem 6 to the integrals in (2.32). Choose w so that the bound-

ary terms, BT , vanish. Use the approximation

um(x) =
N
∑

k=−M
ukSk(x), m = M +N + 1
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given in (2.30) in place of u, so that uk replaces u(xk), and delete the error term of

order O
(

Me−
√
πdαM

)

to obtain the following set of m equations where −M ≤ j ≤ N,

N
∑

k=−M

[

− 1

h2
δ
(2)
jk φ

′(xk)w(xk) −
1

h
δ
(1)
jk

(

φ′′(xk)w(xk)

φ′(xk)
+ 2w′(xk)

)]

uk

−w
′′(xj)

φ′(xj)
uj −

N
∑

k=−M

1

h
δ
(1)
jk p(xk)w(xk)uk −

(pw)′(xj)

φ′(xj)
uj

+
q(xj)w(xj)

φ′(xj)
uj =

f(xj)w(xj)

φ′(xj)
. (2.41)

This system of equations may be expressed more conveniently in matrix form as

{−1

h2
I(2)D(φ′w) − 1

h
I(1)D

(

φ′′w

φ′ + 2w′ + pw

)

(2.42)

−D
(

w′′ + (pw)′ − qw

φ′

)}

u = D

(

w

φ′

)

f

where the m×m diagonal matrix D(g) is given by

D(g)=







g(x−M)
. . .

g(xN)






,

the vectors u and f are defined by

u = [u−M , ..., uN ]T

and

f = [f(x−M), ..., f(xN)]T

and the m×m Toeplitz matrices I(p), p = 0, 1, 2, are given by I(p) ≡ [δ
(p)
jk ]. Note that

I(0) is the identity matrix and I(1) and I(2) are the skew-symmetric and symmetric

matrices, respectively, given by
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I(1)=



















0 −1 1
2

· · · (−1)m−1

m−1

1
. . .

. . .
. . .

...

−1
2

. . .
. . .

. . . 1
2

...
. . .

. . .
. . . −1

(−1)m

m−1
· · · −1

2
1 0



















and

I(2)=



















−π2

3
2 − 2

22 · · · −2(−1)m−1

(m−1)2

2
. . .

. . .
. . .

...

− 2
22

. . .
. . .

. . . − 2
22

...
. . .

. . .
. . . 2

−2(−1)m−1

(m−1)2
· · · − 2

22 2 −π2

3



















.

The choice of weight function w can have a significant impact on the difficulty

of solving the system (2.42). The choice w(x) =
1

φ′(x)
for the weight function is

thoroughly reviewed in [25] and the following theorem specifying the convergence

rate for that choice of weight function is proven in [24]. In all examples below we

assume solutions exist and are unique.

Theorem 7. Assume that the coefficients p, q, and f in

Lu(x) ≡ −u′′(x) + p(x)u′(x) + q(x)u(x) = f(x), a < x < b

(2.43)

u(a) = u(b) = 0

and the solution u are analytic in the simply connected domainD. Let φ be a conformal

one-to-one map of D onto DS. Assume also that f/φ′ ∈ B(D) and uF ∈ B(D)

where
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F = (1/φ′)′′, φ′, (φ′′/φ′), (p/φ′)′, p, (q/φ′).

Suppose there are positive constants C, α, and β so that

|u(x)| ≤ C

{

e−α|φ(x)|, x ∈ Γa
e−β|φ(x)|, x ∈ Γb.

(2.44)

If the Sinc-Galerkin solution is defined by

um(x) =

N
∑

k=−M
ukSk(x) (2.45)

where the positive integer M is arbitrary,

N =

[∣

∣

∣

∣

α

β
M + 1

∣

∣

∣

∣

]

, h =

√

πd

αM
(2.46)

and the {uk}Nk=−M are found by solving the discrete system given in (2.42), which for

the choice w(x) =
1

φ′(x)
becomes

{−1

h2
I(2) − 1

h
I(1)D

(

p

φ′ −
φ′′

(φ′)2

)

− D

(

2(φ′′)2

(φ′)4
− φ′′′ + pφ′′

(φ′)3
+
p′ − q

(φ′)2

)}

u = D

(

1

(φ′)2

)

f , (2.47)

then

||u− um||∞ ≤ KM2e−
√
πdαM . (2.48)

We note, however, that if p ≡ 0 in (2.28) then the resulting differential operator is

self-adjoint, and it is proven in [9] that choosing the weight function w(x) =
1

√

φ′(x)

implies

(

φ′′w

φ′ + 2w′
)

(x) =
φ′′(x)

(φ′(x))3/2
+ 2

(

1
√

φ′(x)

)′

≡ 0, so that the system in

(2.42) becomes
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{−1

h2
I(2) +D

(

φ′′′

2(φ′)3
− 3(φ′′)2

4(φ′)4
+

q

(φ′)2

)}

y = D

(

1

(φ′)3/2

)

f (2.49)

where y ≡ D(
√
φ′)u. Since I(2) is symmetric, the Sinc-Galerkin system in (2.49) is a

symmetric discrete system for computing the coefficients yk in

ym(x) =
N
∑

k=−M
ykSk(x). (2.50)

The identity yk = uk
√

φ′(xk) allows us to compute the coefficients uk and thus the

approximate solution um(x) of the self-adjoint problem. The resulting method is

sometimes referred to as the Symmetric Sinc-Galerkin Method. The use of a symmet-

ric system matrix enhances computational efficiency and plays a valuable role in the

development of the Alternating-Direction Sinc-Galerkin method below.

The following theorem, proven in [11], states that exponential convergence is at-

tainable with the symmetric Sinc-Galerkin method for self-adjoint two-point boundary-

value problems.

Theorem 8. Assume
√
φ′(1/

√
φ′)′,

√
φ′f and (

√
φ′(1/

√
φ′)′′ − q) and y are analytic

in the simply connected domain D. Let φ be a conformal one-to-one map of D onto

DS. Assume also that f/
√
φ′ ∈ B(D) and yF ∈ B(D), where

F = (1/φ′)′′, φ′, φ′′/φ′, 1/
√
φ′(1/

√
φ′)′′, q/φ′.

Suppose there are positive constants Cs, αs, and βs so that

|y(x)| = |u(x)(φ′(x))1/2| ≤ Cs

{

e−αs|φ(x)|, x ∈ Γa
e−βs|φ(x)|, x ∈ Γb.

(2.51)



25

If

ym(x) =
N
∑

k=−M
ykSk(x) (2.52)

is the assumed Sinc-Galerkin solution and the coefficients {yk}Nk=−M are determined

from the discrete system in (2.49) with M an arbitrary positive integer,

N =

[∣

∣

∣

∣

αs
βs
M + 1

∣

∣

∣

∣

]

, and hs =

√

πd

αsM
(2.53)

then

||y − ym||∞ ≤ KsM
2e−

√
πdαsM . (2.54)

Next, we establish the relationship between α and αs and between β and βs for

a finite interval (a, b). Let Γ be the finite interval (a, b) and suppose x ∈ Γ. We note

that if x ∈ Γa =

(

a,
a+ b

2

)

then 0 <
x− a

b− x
< 1 and if x ∈ Γb =

[

a+ b

2
, b

)

then

x− a

b− x
≥ 1. Since φ(x) = ln

(

x− a

b− x

)

, it follows that φ(x) < 0 if x ∈ Γa and φ(x) ≥ 0

if x ∈ Γb. From (2.44) we deduce that

|u(x)| ≤ C

{

(

x−a
b−x
)α
, x ∈ Γa

(

x−a
b−x
)−β

, x ∈ Γb.
(2.55)

Similarly, from (2.51) we deduce that

|u(x)(φ′(x))1/2| ≤ Cs

{

(

x−a
b−x
)αs

, x ∈ Γa
(

x−a
b−x
)−βs

, x ∈ Γb.
(2.56)

Note that φ′(x) =
b− a

(x− a)(b− x)
. The condition (2.55) leads to

|u(x)| ≤ K

{

(x− a)α, x ∈ Γa
(b− x)β, x ∈ Γb

(2.57)
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where K is constant, and the condition (2.56) leads to

|u(x)| ≤ Ks

{

(x− a)αs+1/2, x ∈ Γa
(b− x)βs+1/2, x ∈ Γb,

(2.58)

where Ks is constant. Comparing (2.57) and (2.58) yields

αs = α− 1/2 (2.59)

βs = β − 1/2. (2.60)

In a similar manner, for problems on Γ = [0,∞), if we choose φ(x) = ln(x) then

αs = α− 1/2 (2.61)

βs = β + 1/2 (2.62)

and if we choose φ(x) = ln(sinh(x) then

αs = α− 1/2 (2.63)

βs = β. (2.64)

Examples on the Unit Interval

In this section we employ Sinc-Galerkin methods to solve a number of two-point

boundary-value problems to illustrate exponential convergence even in the presence of

boundary singularities. Some of these examples will lead to a set of two-dimensional

examples to be used later in this chapter and in Chapter 4. Since the problems

in the examples considered are posed on the unit interval, we let φ(x) = ln
(

x
1−x
)

.

Furthermore, we let d = π/2, N = [|αM/β + 1|] and h =
√

πd/αM. Errors over the
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set of sinc grid points

S = {x−M , ..., x−1, x0, x1, ..., xN} (2.65)

where

xk =
ekh

ekh + 1
(2.66)

are reported as

||ES(h)|| = max
−M≤k≤N

|u(xk) − uk|. (2.67)

Errors are also reported on a uniform grid

U = {z0, z1, ..., z100} (2.68)

where

hu = 0.01 and zk = khu for k = 0, 1, ..., 100. (2.69)

These errors are given as

||EU(hu)|| = max
0≤k≤100

|u(zk) − um(zk)|. (2.70)

Example 4. Consider the two-point boundary-value problem

Lu(x) ≡ −u′′(x) +
u(x)

x(1 − x)
= −13x2 + 13x− 2, 0 < x < 1

(2.71)

u(0) = u(1) = 0
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whose exact solution, u(x) = x2(1 − x)2, is known. Let the weight function be given

by w(x) =
1

φ′(x)
and choose the positive integer, M , arbitrarily. From the form of

the exact solution we note that we should select α = β = 2. While in general we may

choose N = [|αM/β + 1|], in problems where αM/β is an integer, one may choose

N = αM/β ( [11, pp. 40-41]). So here N = M and from (2.46) h =
π

2
√
M
. The

resulting discrete system from (2.47)

{−1

h2
I(2) +

1

h
I(1)D (2x− 1) +D

(

3x− 3x2
)

}

u = D
(

x2(1 − x)2
)

f (2.72)

allows the construction of the following set of errors in Table 2.

Table 2. Errors in the Sinc-Galerkin solution of (2.71).

M N m h ||ES(h)|| ||EU(hu)||
2 2 5 1.11072 1.801e-003 1.917e-003
4 4 9 0.78540 4.318e-004 4.322e-004
8 8 17 0.55536 4.979e-005 5.079e-005
16 16 33 0.39270 1.733e-006 1.650e-006
32 32 65 0.27768 1.176e-008 1.116e-008

Note that we have exponential convergence even though q(x) =
1

x(1 − x)
is singular

at x = 0 and at x = 1.

The next problem demonstrates that exponential convergence is attainable even

when the exact solution, u(x), is singular at a boundary point of the domain on which

the problem is posed.
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Example 5. Consider the two-point boundary-value problem

Lu(x) ≡ −u′′(x) +
u(x)

x2
=

ln(x) − 1

x
, 0 < x < 1

(2.73)

u(0) = u(1) = 0.

Once again we solve the system using the weight function w(x) =
1

φ′(x)
. Since the

exact solution, u(x) = x ln(x), is known we use it to determine α and β. We note

that x ln(x) ≤ 1 − x when x is close to 1 and x ln(x) ≤ x1−ǫ for 1 − ǫ > 0 when x

is close to 0. Thus we may select β = 1 and α = 1 − ǫ. For convenience we choose

α = β = 1. Since αM/β is an integer we choose N = M and h = π/
√

2M . The

resulting discrete system

{−1

h2
I(2) +

1

h
I(1)D (2x− 1) +D

(

1 − x2
)

}

u = D
(

x2(1 − x)2
)

f (2.74)

gives the following errors in Table 3.

Table 3. Errors in the Sinc-Galerkin solution of (2.73).

M N m h ||ES(h)|| ||EU(hu)||
2 2 5 1.57080 3.023e-002 4.333e-002
4 4 9 1.11072 1.497e-002 1.681e-002
8 8 17 0.78540 4.515e-003 1.544e-003
16 16 33 0.55536 6.076e-004 8.327e-005
32 32 65 0.39270 2.624e-005 2.445e-006
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Example 6. Now consider the following strongly singular problem

Lu(x) ≡ −u′′(x) +
u(x)

x2
= f(x), 0 < x < 1

(2.75)

u(0) = u(1) = 0,

where f(x) =
4 −√

x

4x
. For reference, the exact solution is u(x) = x− x

√
x. Assume

α = β = 1. For an arbitrary positive integer M we have N = M and for d = π/2 we

have h = π/
√

2M. The resulting discrete system

{−1

h2
I(2) +

1

h
I(1)D (2x− 1) +D

(

1 − x2
)

}

u = D
(

x2(1 − x)2
)

f (2.76)

leads to the following errors in Table 4.

Table 4. Errors in the Sinc-Galerkin solution of (2.75).

M N m h ||ES(h)|| ||EU(hu)||
2 2 5 1.57080 6.954e-003 8.888e-003
4 4 9 1.11072 2.690e-003 3.010e-003
8 8 17 0.78540 6.310e-004 4.628e-004
16 16 33 0.55536 6.423e-005 4.175e-005
32 32 65 0.39270 2.029e-006 1.215e-006

Note that even though q(x), f(x), and u(x) are singular, exponential convergence is

still attained.

In the next four examples we employ the symmetric Sinc-Galerkin method. We

use d = π/2 and reiterate that αs = α− 1/2, βs = β − 1/2,

N =

[∣

∣

∣

∣

αs
βs
M + 1

∣

∣

∣

∣

]

, and hs =

√

πd

αsM
. (2.77)
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Tables 5, 6, 7, and 8 below, exhibit the errors for the symmetric Sinc-Galerkin method,

where errors on the sinc grid are reported as

||ESs(hs)|| = max
−M≤k≤N

|u(xk) − usk| (2.78)

and errors on the uniform grid are reported as

||EUs(hu)|| = max
0≤k≤100

|u(zk) − usm(zk)|. (2.79)

Example 7. Consider the problem given in (2.71), which we restate here for reference.

Lu(x) ≡ −u′′(x) +
u(x)

x(1 − x)
= −13x2 + 13x− 2, 0 < x < 1

u(0) = u(1) = 0.

Note that the exact solution is u(x) = x2(1 − x)2. Choose the positive integer, M ,

arbitrarily and assume w(x) =
1

√

φ′(x)
. Recall that αs = α − 1/2 and βs = β − 1/2.

Since in this example α = β = 2, then we may choose αs = βs = 3/2. Although in

general N = [|αsM/βs + 1|], in this case αsM/βs is an integer and we can choose

N = M. Since d = π/2 then from (2.53) we have that hs =
√

πd/αsM = π/
√

3M.

The resulting discrete system (2.49) for the coefficients {usk}Nk=−M in the approximate

solution

usm(x) =
N
∑

k=−M
uskSk(x) (2.80)

of (2.71) is

{−1

h2
I(2) +D

(

1/4 + x− x2
)

}

D((x(1 − x))−1/2)us = D
(

(x(1 − x))3/2
)

f . (2.81)
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Solving this system we obtain the errors reported in Table 5. Note that the symmet-

ric Sinc-Galerkin method yields results even more accurate than the standard Sinc-

Galerkin method, as can be seen by comparing Table 5 to Table 2.

Table 5. Errors in the symmetric Sinc-Galerkin solution of (2.71).

M N m hs ||ESs(hs)|| ||EUs(hu)||
2 2 5 1.28255 5.801e-004 1.916e-003
4 4 9 0.90690 1.307e-004 2.386e-004
8 8 17 0.64127 1.098e-005 1.293e-005
16 16 33 0.45345 2.237e-007 2.109e-007
32 32 65 0.32064 6.976e-010 6.581e-010

Example 8. Next, we use the symmetric Sinc-Galerkin method to solve the problem

given in (2.73) which we restate as

Lu(x) ≡ −u′′(x) +
u(x)

x2
=

ln(x) − 1

x
, 0 < x < 1

u(0) = u(1) = 0.

The exact solution is u(x) = x ln(x). Once again, let w(x) =
1

√

φ′(x)
. Since we chose

α = β = 1 in our analysis of (2.73) above, we now choose αs = βs = 1/2, so that

N = M, and since d = π/2 we have that hs =
√

πd/αsM = π/
√
M. The resulting

discrete system for the coefficients {usk}Nk=−M in the approximate solution

usm(x) =

N
∑

k=−M
uskSk(x) (2.82)

of problem (2.73) is

{−1

h2
I(2) +D

(

1/4 + (1 − x)2
)

}

D((x(1 − x))−1/2)us = D
(

(x(1 − x))3/2
)

f (2.83)
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and it generates the errors in Table 6. Again, by comparing to Table 3 we see that

the symmetric Sinc-Galerkin method is more accurate.

Table 6. Errors in the symmetric Sinc-Galerkin solution of (2.73).

M N m hs ||ESs(hs)|| ||EUs(hu)||
2 2 5 2.22144 4.853e-003 2.109e-002
4 4 9 1.57080 1.920e-003 3.862e-003
8 8 17 1.11072 3.164e-004 3.639e-004
16 16 33 0.78540 1.611e-005 1.062e-005
32 32 65 0.55536 1.642e-007 6.218e-008
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Example 9. Next we consider the strongly singular problem given in (2.75) which we

restate below for reference,

Lu(x) ≡ −u′′(x) +
u(x)

x2
= f(x), 0 < x < 1

u(0) = u(1) = 0

where f(x) =
4 −√

x

4x
. Recall that the exact solution is u(x) = x − x

√
x. As before,

assume α = β = 1 so that αs = βs = 1/2. For an arbitrary positive integer M we

have that N = M and for d = π/2 we compute hs = π/
√
M. The resulting discrete

system

{−1

h2
I(2) +D

(

1/4 + (1 − x)2
)

}

D((x(1 − x))−1/2)us = D
(

(x(1 − x))3/2
)

f (2.84)

leads to the following errors in Table 7. Comparing these results to those in Table 4

we see, as noted before, that the symmetric Sinc-Galerkin method is more accurate.

Note once again that, despite having several singularities, excellent accuracy is still

Table 7. Errors in the symmetric Sinc-Galerkin solution of (2.75).

M N m hs ||ESs(hs)|| ||EUs(hu)||
2 2 5 2.22144 1.577e-003 9.326e-003
4 4 9 1.57080 2.584e-004 1.997e-003
8 8 17 1.11072 3.178e-005 1.943e-004
16 16 33 0.78540 1.213e-006 6.021e-006
32 32 65 0.55536 8.991e-009 4.147e-008

obtained.
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Example 10. Lastly, we use the symmetric Sinc-Galerkin method to solve a problem

in which αs and βs are different. Consider

Lu(x) ≡ −u′′(x) +
u(x)

x2
= f(x), 0 < x < 1

(2.85)

u(0) = u(1) = 0

where

f(x) =
−3

4
√
x

+
15
√
x

2
− 35x

√
x

4
+

(1 − x)2

√
x

.

Since the exact solution, u(x) = x3/2(1−x)2, is known, we see that α = 3/2 and β = 2

so that αs = α−1/2 = 1 and βs = β−1/2 = 3/2. For an arbitrary positive integer M

we have N = αsM/βs = 2
3
M if M is a multiple of 3 or N = [|αsM/βs+1|] = [|2

3
M+1|]

otherwise. Since d = π/2 we have, from (2.53), that hs = π/
√

2M. The resulting

discrete system

{−1

h2
I(2) +D

(

1/4 + (1 − x)2
)

}

D((x(1 − x))−1/2)us = D
(

(x(1 − x))3/2
)

f (2.86)

leads to the errors reported in Table 8.

Examples on the Nonnegative Real Line

As it is pointed out in [11, p. 124], the convergence theorems above hold in the

case where b = +∞ with only minimal changes in the integrability requirements on

the functions. Below we employ Sinc-Galerkin methods to solve ordinary differential

equation boundary-value problems posed on [0,∞). For these problems we select
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Table 8. Errors in the symmetric Sinc-Galerkin solution of (2.85).

M N m hs ||ESs(hs)|| ||EUs(hu)||
2 2 5 1.57080 2.376e-003 7.204e-003
4 3 8 1.11072 1.758e-004 9.427e-004
9 7 17 0.74048 1.201e-005 2.938e-005
19 13 33 0.50963 7.128e-007 7.695e-007
38 26 65 0.36037 3.862e-009 3.718e-009

either φ(x) = ln(x) or φ(x) = ln(sinh(x)), where use of the latter requires exponential

decay of the solution to guarantee an exponential convergence rate. Once again we

let d = π/2, choose M arbitrarily, select appropriate values for α and β and define

h =
√

πd/αM. If αM/β is an integer then N = αM/β otherwise N = [|αM/β + 1|] .

We note that the set of sinc grid points is

S = {x−M , ..., x−1, x0, x1, ..., xN} (2.87)

where from Table 1, xk = ekh when φ(x) = ln(x) and xk = ln(ekh +
√
e2kh + 1) when

φ(x) = ln(sinh(x)). Errors on the sinc grid are reported as

||ES(h)|| = max
−M≤k≤N

|u(xk) − uk|. (2.88)

Errors are also reported on a uniform grid

U = {z0, z1, ..., z100} (2.89)

where if we let hu = 0.02 and hv = 0.2 then for 0 ≤ k ≤ 50, zk = khu and for

51 ≤ k ≤ 100, zk = 1 + (k − 50)hv. Since lim
x→∞

u(x) = 0, we restrict examination of
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the uniform error to values of x no larger than 11. These errors are given as

||EU(hu)|| = max
0≤k≤100

|u(zk) − um(zk)|. (2.90)

Consider the following example.

Example 11.

Lu(x) ≡ −u′′(x) +
u(x)

x2 + 1
= f(x), 0 < x <∞

(2.91)

u(0) = lim
x→∞

u(x) = 0

where f(x) =
x(7 − x2)

(x2 + 1)3
. Since the exact solution, u(x) =

x

x2 + 1
, is known and decays

algebraically, we use φ(x) = ln(x) and note that α = β = 1. For an arbitrary positive

integer M we have N = [|αM/β|] = M and again assuming d = π/2 we use (2.46)

to compute h = π/
√

2M. The nodes are given by xk = ekh. Using the weight function

w(x) =
1

φ′(x)
= x and solving the resulting discrete system (2.47)

{−1

h2
I(2) − 1

h
I(1) +D

(

x2

x2 + 1

)}

u = D
(

x2
)

f (2.92)

gives us the following errors in Table 9.
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Table 9. Errors in the Sinc-Galerkin solution of (2.91).

M N m h ||ES(h)|| ||EU(hu)||
2 2 5 1.57080 7.269e-002 1.173e-001
4 4 9 1.11072 1.390e-002 2.516e-002
8 8 17 0.78540 1.455e-003 2.332e-003
16 16 33 0.55536 1.065e-004 1.600e-004
32 32 65 0.39270 2.457e-006 4.311e-006

Example 12. For the following problem, in which the coefficient q(x) =
1

x2
of

u(x) contains a singularity on the boundary of the domain, we again employ a Sinc-

Galerkin method. Consider

Lu(x) ≡ −u′′(x) +
u(x)

x2
= e−x(2 − x+

1

x
), 0 < x <∞

(2.93)

u(0) = lim
x→∞

u(x) = 0.

Since the exact solution, u(x) = xe−x is known, and decays exponentially, we use

φ(x) = ln(sinh(x)) and note from (2.44) that α = β = 1. For an arbitrary positive

integer M we have N = M and since d = π/2 we have h = π/
√

2M. The nodes are

given by xk = ln(ekh+
√

e2kh + 1). Using the weight function w(x) =
1

φ′(x)
= tanh(x)

and (2.47), we solve the resulting discrete system

{−1

h2
I(2) − 1

h
I(1)D(sech2(x)) − D

(

tanh2(x)

(

2sech2(x) +
1

x2

))}

u

= D
(

tanh2(x)
)

f (2.94)

to obtain the following errors in Table 10.
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Table 10. Errors in the Sinc-Galerkin solution of (2.93).

M N m h ||ES(h)|| ||EU(hu)||
2 2 5 1.57080 2.398e-002 2.739e-002
4 4 9 1.11072 1.125e-002 1.319e-002
8 8 17 0.78540 3.156e-003 3.525e-003
16 16 33 0.55536 3.968e-004 4.205e-004
32 32 65 0.39270 1.615e-005 1.194e-005

In the next two examples we employ the symmetric Sinc-Galerkin method to solve

the same two problems posed on the nonnegative real line. We let d = π/2, choose

M arbitrarily, select appropriate values for αs and βs, and define hs =
√

πd/αsM. If

αsM/βs is an integer then we let N = αsM/βs, otherwise we let N = [|αsM/βs+1|].

Tables 11 and 12 below, exhibit the errors for the symmetric Sinc-Galerkin method,

where errors on the sinc grid are reported as

||ESs(hs)|| = max
−M≤k≤N

|u(xk) − usk| (2.95)

and errors on the uniform grid are reported as

||EUs(hu)|| = max
0≤k≤100

|u(zk) − usm(zk)|. (2.96)

Example 13. Consider the problem given in (2.91) which we rewrite below for ref-

erence.

Lu(x) ≡ −u′′(x) +
u(x)

x2 + 1
= f(x), 0 < x <∞

u(0) = lim
x→∞

u(x) = 0
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where f(x) =
x(7 − x2)

(x2 + 1)3
and the exact solution is given by u(x) =

x

x2 + 1
. We use

φ(x) = ln(x) and note that since α = β = 1 then αs = α − 1/2 = 1/2 and βs =

β + 1/2 = 3/2. For an arbitrary positive integer M we have that N = M/3 if M is

divisible by 3 and N = [|M/3+1|] otherwise. Using d = π/2 we compute hs = π/
√
M.

The nodes are given by xk = ekh. Using the weight function w(x) =
1

√

φ′(x)
and

(2.49), the resulting discrete system

{−1

h2
I(2) +D

(

1

4
+

x2

x2 + 1

)}

D

(

1√
x

)

us = D
(

x3/2
)

f (2.97)

gives us the errors in Table 11. Note that here the symmetric Sinc-Galerkin method

does not perform quite as well as the standard Sinc-Galerkin method, which can be

verified by comparing the results here with those in Table 9.

Table 11. Errors in the symmetric Sinc-Galerkin solution of (2.91).

M N m hs ||ESs(hs)|| ||EUs(hu)||
3 1 5 1.81380 1.308e-001 1.888e-001
6 2 9 1.28255 3.524e-002 5.176e-002
12 4 17 0.90690 5.836e-003 7.459e-003
24 8 33 0.64127 1.645e-003 4.572e-004
48 16 65 0.45345 2.657e-004 1.605e-005

Example 14. Now we employ the symmetric Sinc-Galerkin method to solve the prob-

lem in (2.93) which we rewrite below for reference.

Lu(x) ≡ −u′′(x) +
u(x)

x2
= e−x(2 − x+

1

x
), 0 < x <∞

u(0) = lim
x→∞

u(x) = 0
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where we recall that the exact solution is u(x) = xe−x. We use φ(x) = ln(sinh(x)) and

note that since α = β = 1 then αs = α − 1/2 = 1/2 and βs = β = 1. For any even

positive integer M we have N = M/2, otherwise N = [|M/2 + 1|]. Using d = π/2 we

have hs = π/
√
M. The nodes are given by xk = ln(ekh+

√

e2kh + 1). Using the weight

function w(x) =
1

√

φ′(x)
=
√

tanh(x) and (2.49), we derive the discrete system

{−1

h2
I(2) +D

(

sech2(x)

(

1 − 3

4
sech2(x)

)

+
tanh2(x)

x2

)}

D
(

√

coth(x)
)

us

= D
(

tanh
3

2 (x)
)

f , (2.98)

which we solve to obtain the errors in Table 12. Comparing the results here with those

in Table 10, we see again that the standard Sinc-Galerkin method performs slightly

better than the symmetric Sinc-Galerkin method.

Table 12. Errors in the symmetric Sinc-Galerkin solution of (2.93).

M N m hs ||ESs(hs)|| ||EUs(hu)||
2 1 4 2.22144 1.189e-002 4.216e-002
5 3 9 1.40496 8.480e-003 1.435e-002
12 6 19 0.90690 5.524e-003 6.261e-003
22 11 34 0.66979 1.348e-003 1.486e-003
43 22 66 0.47909 9.526e-005 9.078e-005
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Elliptic Problems on the Unit Square

In this section we apply the symmetric Sinc-Galerkin method to the Poisson

problem

−△u(x, y) ≡ −(uxx + uyy) = f(x, y), (x, y) ∈ Ω = (0, 1) × (0, 1)

(2.99)

u(x, y) = 0, (x, y) ∈ ∂Ω.

Let Mx, Nx, My and Ny be positive integers and assume the approximate solution to

(2.99) takes the form

usmx,my
=

Ny
∑

j=−My

Nx
∑

i=−Mx

usijSij(x, y) (2.100)

where

mx = Mx +Nx + 1, my = My +Ny + 1

and the basis functions {Sij(x, y)}, −Mx ≤ i ≤ Nx, −My ≤ j ≤ Ny are given by

Sij(x, y) = [S(i, hx) ◦ φx(x)][S(j, hy) ◦ φy(y)]

for φz(z) = ln

(

z

1 − z

)

, where z = x or y. Define the inner product by

(f, g) =

∫ 1

0

∫ 1

0

f(x, y)g(x, y)v(x)w(y)dxdy

where the product v(x)w(y) plays the role of a weight function. Assume that product

is given by

v(x)w(y) =
1

√

φ′
x(x)φ

′
y(y)

.
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Orthogonalizing the residual via

(−△usmx,my
− f, Skl) = 0

for −Mx ≤ k ≤ Nx, −My ≤ l ≤ Ny yields mxmy equations. In a manner analogous

to the development for ordinary differential equations above, the specifics of which

are detailed in [11, p. 196], we apply Green’s identity to remove the derivatives from

u and choose the positive integer Mx arbitrarily. Assuming

|u(x, y)| ≤ Cxαs+1/2(1 − x)βs+1/2yζs+1/2(1 − y)ηs+1/2

for some constant C, we determine parameters αs, βs, ζs and ηs and then use these

to compute hs ≡ hx = hy =
√

πd/αsMx and the positive integers Nx = [|αsMx/βs +

1|], My = [|αsMx/ζs + 1|], and Ny = [|αsMx/ηs + 1|]. (The discussion on how to

choose N when αM/β is an integer also applies here.) Finally, use quadrature rules

(deleting error terms) to approximate the iterated integrals and replace u(xp, yq) with

uspq to derive the discrete sinc system (which, for generality, we have left in terms of

v(x), w(y), hx and hy)

w(yl)

φ′
y(yl)

Nx
∑

p=−Mx

[

− 1

h2
x

δ
(2)
kp φ

′
x(xp)v(xp) −

1

hx
δ
(1)
kp

(

φ′′
x(xp)v(xp)

φ′
x(xp)

+ 2v′(xp)

)

(2.101)

−δ(0)
kp

v′′(xp)

φ′
x(xp)

]

uspl +
v(xk)

φ′
x(xk)

Ny
∑

q=−My

[

− 1

h2
y

δ
(2)
lq φ

′
y(yq)w(yq)

− 1

hy
δ
(1)
lq

(

φ′′
y(yq)w(yq)

φ′
y(yq)

+ 2w′(yq)

)

− δ
(0)
lq

w′′(yq)

φ′
y(yq)

]

uskq

=
f(xk, yl)v(xk)w(yl)

φ′
x(xk)φ

′
y(yl)

.
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For p = 0, 1 and 2, we define I
(p)
mx to be the mx ×mx Toeplitz matrix with jk-th

entry δ
(p)
jk and we define I

(p)
my to be the my ×my Toeplitz matrix with jk-th entry δ

(p)
jk

(see Theorem 5). Let Dmx(g) denote the mx ×mx diagonal matrix defined by

Dmx(g)=







g(x−Mx)
. . .

g(xNx)







and define themy×my matrix Dmy(g) similarly. Let U and F be themx×my matrices

with jk-th entries given by usjk and f(xj, yk) = f

(

ejhx

ejhx + 1
,

ekhy

ekhy + 1

)

, respectively.

The discrete sinc system may be put into matrix form as the Sylvester equation

AX +XB = C (2.102)

where noting that for z = x or y,

−1

(φ′
z)

3/2

(

1

(φ′
z)

1/2

)′′
=

1

4

and

φ′′
z

(φ′
z)

3/2
+ 2

(

(φ′
z)

−1/2
)′

= 0,

we have

A = Dmx(φ
′
x)

[

− 1

h2
x

I(2)
mx

+
1

4
I(0)
mx

]

Dmx(φ
′
x)

B = Dmy(φ
′
y)

[

− 1

h2
y

I(2)
my

+
1

4
I(0)
my

]

Dmy(φ
′
y)

(2.103)

C = Dmx((φ
′
x)

−1/2)F Dmy((φ
′
y)

−1/2)

X = Dmx((φ
′
x)

−1/2)U Dmy((φ
′
y)

−1/2).
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If the matrices A and B are diagonalizable via the matrices P and Q, respectively,

so that P−1AP = Λa and Q−1BQ = Λb where Λa is a diagonal matrix (consisting of

the eigenvalues {αi}mx
i=1 of A) and Λb is a diagonal matrix (consisting of the eigenvalues

{βj}my

j=1 of B) then the Sylvester equation, (2.102), may be written as

PΛaP
−1X +XQΛbQ

−1 = C. (2.104)

Multiplying (2.104) by P−1 on the left and by Q on the right, we obtain

ΛaY + Y Λb = Z (2.105)

where Y = P−1XQ and Z = P−1CQ. It follows that (2.105) has the component

solution

yij =
zij

αi + βj
(2.106)

for 1 ≤ i ≤ mx, 1 ≤ j ≤ my. X is recovered from Y via X = PYQ−1.

Alternatively, we can solve the Sylvester equation using the Kronecker product,

Kronecker sum, and the concatenation operator. According to [4, p.30], the Kronecker

sum of the mx×mx matrix A and the my×my matrix B is denoted A⊕B and defined

by

A⊕ B ≡ A⊗ I(0)
my

+ I(0)
mx

⊗ B (2.107)

where ⊗ denotes the Kronecker product. We see in [4, p. 31] that (2.102) is equivalent

to

(I(0)
my

⊗A +BT ⊗ I(0)
mx

)co(X) = co(C) (2.108)
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and using the Kronecker sum we may rewrite (2.108) as

(BT ⊕ A)co(X) = co(C). (2.109)

According to [4, p. 30], if {λi} and {µj} are the eigenvalues of BT and A, respectively,

then {λi+µj} are the eigenvalues of BT ⊕A. Since the eigenvalues of B are the same

as the eigenvalues of BT it follows from (2.109) and (2.108) that (2.102), has a unique

solution if and only if no eigenvalue of A is the negative of an eigenvalue of B. (Clearly

(2.109) may be solved using Gaussian elimination.) We also note that if B = AT then

the Sylvester equation takes the form

AX +XAT = C (2.110)

and is referred to as a Lyapunov equation. We can transform this Lyapunov equation

using (2.109) to obtain an equivalent matrix equation

(A⊕ A)co(X) = co(C). (2.111)

Based on results in [11, p. 203], we again expect exponential accuracy as

||u− usmx,my
||∞ ≤ CsM

2
xe

−
√
πdαsMx (2.112)

for some constant Cs. For the examples below we set d = π/2, choose Mx arbitrarily

and select parameters αs, βs, ζs and ηs. If αsMx/βs is an integer then we let Nx =

αsMx/βs otherwise we let Nx = [|αsMx/βs + 1|]. If αsMx/ζs is an integer then we let

My = αsMx/ζs otherwise we let My = [|αsMx/ζs + 1|]. If αsMx/ηs is an integer then
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we let Ny = αsMx/ηs otherwise we let Ny = [|αsMx/ηs + 1|]. Note that balancing the

different error terms in the inner product approximations dictates that hx = hy, so

we define hs ≡ hx = hy =

√

πd

αsMx
. We report the maximum errors over the set of

sinc grid points

S = {xi}Nx
i=−Mx

× {yj}Ny

j=−My
(2.113)

and the set of uniform gridpoints (with stepsize hu = 0.01)

U = {wi}100
i=0 × {zj}100

j=0 (2.114)

given wi = ihu and zj = jhu as

||ESs(hs)(x, y)|| = max
−Mx≤i≤Nx
−My≤j≤Ny

|u(xi, yj) − usij|

and

||EUs(hu)(x, y)|| = max
0≤i≤100
0≤j≤100

|u(wi, zj) − usmx,my
(wi, zj)|,

respectively.

Examples on the Unit Square

Example 15. Consider the elliptic problem

−△u(x, y) = f(x, y), (x, y) ∈ Ω = (0, 1) × (0, 1)

(2.115)

u(x, y) = 0, (x, y) ∈ ∂Ω
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where f(x, y) = −2x2(1− x)2(1− 6y+ 6y2)− 2y2(1− y)2(1− 6x+ 6x2) and the exact

solution is given by u(x, y) = x2y2(1− x)2(1− y)2. Note that this problem is a higher

dimensional analogue of the problem in Example 7. Recall that φz(z) = ln

(

z

1 − z

)

for z = x or y. Choose parameters αs = βs = ζs = ηs = 3/2 so that M ≡ Mx =

Nx = My = Ny and hs ≡ hx = hy = π/
√

3Mx for d = π/2. Hence m ≡ mx =

my = 2M + 1 and the system size is m2 ×m2. Since the nodes xi = eih/(1 + eih) and

yj = ejh/(1 + ejh) are also the same, then A = B in the Sylvester equation (2.102).

Since I
(2)
mx is symmetric, then A is symmetric and the resulting discrete system for

the elliptic problem (2.115) is a Lyapunov equation, (2.110), which we represent as a

matrix equation of the form given in (2.111). This system is solved using Gaussian

elimination to generate the errors in Table 13. Note the exponential convergence

and the similar degree of accuracy when compared to the analogous one-dimensional

problem whose results are exhibited in Table 5.

Table 13. Errors in the symmetric Sinc-Galerkin solution of (2.115).

M m m2 hs ||ESs(hs)(x, y)|| ||EUs(hu)(x, y)||
2 5 25 1.28255 5.084e-005 1.117e-004
4 9 81 0.90690 8.211e-006 1.495e-005
8 17 289 0.64127 6.893e-007 8.260e-007
16 33 1089 0.45345 1.400e-008 1.367e-008
32 65 4225 0.32064 4.361e-011 4.207e-011
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Example 16. Consider the elliptic problem

−△u(x, y) = −
(

x ln(x)

y
+
y ln(y)

x

)

, (x, y) ∈ Ω = (0, 1) × (0, 1)

(2.116)

u(x, y) = 0, (x, y) ∈ ∂Ω

whose exact solution is u(x, y) = xy ln(x) ln(y). As in Example 8 we see that one may

choose the parameters αs = βs = ζs = ηs = 1/2 so that M ≡ Mx = Nx = My = Ny

and hs ≡ hx = hy = π/
√
M when d = π/2. Since the nodes xi = eih/(1 + eih) and

yj = ejh/(1 + ejh) are the same and as before I
(2)
mx is symmetric, then the resulting

discrete system for the elliptic problem (2.116) is a Lyapunov equation which we may

express in matrix form as

(A⊕ A)co(X) ≡ (I(0)
mx

⊗ A+ A⊗ I(0)
mx

)co(X) = co(C) (2.117)

where I
(0)
mx is the mx × mx identity matrix and m ≡ mx = my = 2M + 1. Note

that the coefficient matrix in (2.117) is m2 ×m2. Solving this system using Gaussian

elimination we obtain the errors reported in Table 14 which are analogous to the errors

reported in Table 6. These results illustrate the expected exponential convergence.
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Table 14. Errors in the symmetric Sinc-Galerkin solution of (2.116).

M m m2 hs ||ESs(hs)(x, y)|| ||EUs(hu)(x, y)||
2 5 25 2.22144 3.952e-003 1.055e-002
4 9 81 1.57080 1.305e-003 2.788e-003
8 17 289 1.11072 1.830e-004 3.075e-004
16 33 1089 0.78540 8.564e-006 1.081e-005
32 65 4225 0.55536 7.969e-008 8.851e-008

Example 17. Consider the elliptic problem

−△u(x, y) = −3

4

[

x
√
x− x√
y

+
y
√
y − y√
x

]

, (x, y) ∈ Ω = (0, 1) × (0, 1)

(2.118)

u(x, y) = 0, (x, y) ∈ ∂Ω

whose exact solution is u(x, y) = xy(1−√
x)(1−√

y). Let αs = βs = ζs = ηs = 1/2 and

let M ≡ Mx = Nx = My = Ny. For d = π/2 compute hs ≡ hx = hy = π/
√
Mx. The

resulting discrete system for the elliptic problem (2.118) can be expressed in matrix

form as

(A⊕ A)co(X) = co(C) (2.119)

where as before m ≡ mx = my = 2M +1, the m×m matrix A is given in (2.103) and

the coefficient matrix A⊕A in (2.119) is m2×m2. Solving this system using Gaussian

elimination we obtain the errors reported in Table 15. Note that the method performs

quite well and the errors here compare favorably with the errors reported for the one-

dimensional analogue of this problem. (See Table 7 above.)
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Table 15. Errors in the symmetric Sinc-Galerkin solution of (2.118).

M m m2 hs ||ESs(hs)(x, y)|| ||EUs(hu)(x, y)||
2 5 25 2.22144 2.531e-004 1.911e-003
4 9 81 1.57080 7.006e-005 3.691e-004
8 17 289 1.11072 7.765e-006 3.433e-005
16 33 1089 0.78540 2.596e-007 1.201e-006
32 65 4225 0.55536 1.746e-009 8.954e-009

We conclude this section with an example in which Mx, Nx, My, and Ny may all

be different.

Example 18. Consider the following elliptic problem.

−△u(x, y) = f(x, y), (x, y) ∈ Ω = (0, 1) × (0, 1)

(2.120)

u(x, y) = 0, (x, y) ∈ ∂Ω,

where f(x, y) = 2xy3 [3y2(−1 + y)2(−1 + 2x) + x2(x− 1)(10 − 30y + 21y2)] . Note that

the exact solution is u(x, y) = x3(1 − x)y5(1 − y)2. Let αs = 5/2, βs = 1/2, ζs = 9/2,

and ηs = 3/2. Choose Mx arbitrarily and compute Nx = 5Mx. Note that My = 5
9
Mx

when Mx is a multiple of 9 and My =
[∣

∣

5
9
Mx + 1

∣

∣

]

otherwise. Similarly, Ny = 5
3
Mx

when Mx is a multiple of 3 and Ny =
[∣

∣

5
3
Mx + 1

∣

∣

]

otherwise. Compute mx =

Mx +Nx+1, my = My +Ny +1 and for d = π/2 note that hs ≡ hx = hy = π/
√

5Mx.

Determine the mx ×mx matrix A, the my ×my matrix B, and the mx ×my matrix

C using (2.103). Use the Kronecker sum to express the resulting Sylvester equation
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for the solution of (2.120) as

(BT ⊕ A)co(X) = co(C). (2.121)

Solve (2.121) using Gaussian elimination to obtain the errors in Table 16.

Table 16. Errors in the symmetric Sinc-Galerkin solution of (2.120).

Mx Nx mx My Ny my hs ||ESs(hs)(x, y)|| ||EUs(hu)(x, y)||
1 5 7 1 2 4 1.40496 1.267e-004 3.870e-004
2 10 13 2 4 7 0.99346 1.451e-005 4.679e-005
3 15 19 2 5 8 0.81116 6.743e-006 1.230e-005
5 25 31 3 9 13 0.62832 4.142e-007 8.439e-007
11 55 67 7 19 27 0.42361 5.044e-009 6.168e-009

Elliptic Problems on the First Quadrant

We now apply the symmetric Sinc-Galerkin method to the Poisson problem on

the first quadrant given by

−△u(x, y) = f(x, y), (x, y) ∈ Ω = (0,∞) × (0,∞)

u(x, 0) = 0, x ∈ (0,∞)

u(0, y) = 0, y ∈ (0,∞) (2.122)

u(x, y) → 0 as x→ ∞

u(x, y) → 0 as y → ∞

Though little work has been done on using the symmetric Sinc-Galerkin method on

this class of problems, the technique is developed here to provide yet another setting in
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which to test the ADSG method presented in Chapter 4. Mimicking the development

for the elliptic problem on the unit square above, we let Mx, Nx, My and Ny be

positive integers and assume the approximate solution to (2.122) takes the form

usmx,my
=

Ny
∑

j=−My

Nx
∑

i=−Mx

usijSij(x, y) (2.123)

where

mx = Mx +Nx + 1, my = My +Ny + 1.

While the basis functions {Sij(x, y)}, −Mx ≤ i ≤ Nx, −My ≤ j ≤ Ny are still given

by

Sij(x, y) = [S(i, hx) ◦ φx(x)][S(j, hy) ◦ φy(y)],

we note that for problems on the first quadrant we may choose either φz(z) = ln(z),

or φz(z) = ln(sinh(z)) where z = x or y. We note further that the choice of φ for

z = x may differ from the choice of φ for z = y. The choice of φ will determine the

nodes. Define the inner product by

(f, g) =

∫ ∞

0

∫ ∞

0

f(x, y)g(x, y)v(x)w(y)dxdy

where as before the product v(x)w(y) is given by

v(x)w(y) =
1

√

φ′
x(x)φ

′
y(y)

.

Orthogonalize the residual via

(−△usmx,my
− f, Skl) = 0.
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In a manner analogous to the development for problems on the unit square above,

we remove the derivatives from u and choose the positive integer Mx arbitrarily.

Assuming that either

|u(x, y)| ≤ Cxαs+1/2x−βs+1/2yζs+1/2y−ηs+1/2 (2.124)

or

|u(x, y)| ≤ Cxαs+1/2e−βsxyζs+1/2e−ηsy (2.125)

holds for some constant C, we determine parameters αs, βs, ζs and ηs and then use

these to compute hs ≡ hx = hy =
√

πd/αsMx and the positive integers Nx =

[|αsMx/βs+1|], My = [|αsMx/ζs+1|], andNy = [|αsMx/ηs+1|]. (Again, the discussion

on how to choose N when αM/β is an integer also applies here.) Finally, we use

quadrature rules (deleting error terms) to approximate the iterated integrals and

derive the discrete sinc system given in (2.101), where φx(x) and φy(y) have been

suitably replaced. We define I
(p)
mx , I

(p)
my , Dmx(g), Dmy(g) and U as before. We also

define the mx×my matrix F according to our choices for φx(x) and φy(y) as follows.

Suppose φz(z) represents either φx(x) or φy(y). Let ψz(z) = φ−1
z (z), the inverse of

φz(z). If φz(z) = ln(z) then ψz(z) = ez. If φz(z) = ln(sinh(z)) then ψz(z) = ln(ez +

√
e2z + 1). Now let F be the mx ×my matrix with jk-th entry given by f(xj, yk) =

f (ψx(jhx), ψy(khy)) .

The discrete sinc system may be put into matrix form as the Sylvester equation

AX +XB = C (2.126)
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and we note that in this case if φz(z) = ln(z) then we still have that

−1

(φ′
z)

3/2

(

1

(φ′
z)

1/2

)′′
=

1

4
.

However, if φz(z) = ln(sinh(z)) then we have

−1

(φ′
z)

3/2

(

1

(φ′
z)

1/2

)′′
=

4 cosh2(z) − 3

4 cosh4(z)

and the matrix A and/or the matrix B must be modified accordingly. In either case

φ′′
z

(φ′
z)

3/2
+ 2

(

(φ′
z)

−1/2
)′

= 0.

We report the maximum errors over the set of sinc grid points

S = {xi}Nx
i=−Mx

× {yj}Ny

j=−My
(2.127)

and the set of uniform gridpoints

U = {wi}100
i=0 × {zj}100

j=0 (2.128)

as

||ESs(hs)(x, y)|| = max
−Mx≤i≤Nx
−My≤j≤Ny

|u(xi, yj) − usij|

and

||EUs(hu)(x, y)|| = max
0≤i≤100
0≤j≤100

|u(wi, zj) − usmx,my
(wi, zj)|,

respectively. Let hu = 0.02 and hv = 0.2. Note that if 0 ≤ i ≤ 50 then wi = ihu,

whereas if 51 ≤ i ≤ 100 then wi = 1 + (i − 50)hv. Similarly, if 0 ≤ j ≤ 50 then

zj = jhu, whereas if 51 ≤ j ≤ 100 then zj = 1 + (j − 50)hv.

Examples on the First Quadrant



56

Example 19. Consider the elliptic problem

−△u(x, y) = f(x, y), (x, y) ∈ Ω = (0,∞) × (0,∞)

u(x, 0) = 0, x ∈ (0,∞)

u(0, y) = 0, y ∈ (0,∞) (2.129)

u(x, y) → 0 as x→ ∞

u(x, y) → 0 as y → ∞

where f(x, y) =
2xy

(x2 + 1)(y2 + 1)

[

3 − x2

(x2 + 1)2
+

3 − y2

(y2 + 1)2

]

and the exact solution is

given by u(x, y) =
xy

(x2 + 1)(y2 + 1)
. This is analogous to the problem in Example 13.

Since the exact solution decays algebraically with respect to x or y, then for z = x

or y we choose φz(z) = ln(z). We also note that the exact solution satisfies (2.124)

and hence we can choose the parameters αs = ζs = 1/2 and βs = ηs = 3/2 so

that M ≡ Mx = My, N ≡ Nx = Ny = [|1
3
M + 1|] and hs ≡ hx = hy = π/

√
M

when d = π/2. (Note that if M is divisible by 3 then N =
M

3
.) Let m ≡ mx = my =

M+N+1. Since I
(2)
mx is symmetric, then the matrix A in the Sylvester equation (2.102)

is symmetric. Since the nodes xi = eih and yj = ejh are the same, then A = B and the

resulting discrete system for the elliptic problem (2.129) is a Lyapunov equation which

we represent as a matrix equation of the form given in (2.117) and solve to generate

the errors in Table 17. Note that the uniform errors in Table 17 are analogous to

those reported in Table 11.
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Table 17. Errors in the symmetric Sinc-Galerkin solution of (2.129).

M N m hs ||ESs(hs)(x, y)|| ||EUs(hu)(x, y)||
3 1 5 1.81380 6.507e-002 1.074e-001
6 2 9 1.28255 2.368e-002 3.310e-002
12 4 17 0.90690 3.396e-003 5.345e-003
24 8 33 0.64127 1.912e-004 3.226e-004
48 16 65 0.45345 4.832e-006 1.253e-005

Example 20. Consider the elliptic problem

−△u(x, y) = f(x, y), (x, y) ∈ Ω = (0,∞) × (0,∞)

u(x, 0) = 0, x ∈ (0,∞)

u(0, y) = 0, y ∈ (0,∞) (2.130)

u(x, y) → 0 as x→ ∞

u(x, y) → 0 as y → ∞

where f(x, y) = 2(x − xy + y)e−(x+y) and the exact solution is given by u(x, y) =

xye−(x+y). We note that the exact solution has the form given in (2.125) and thus

we can choose the parameters αs = ζs = 1/2 and βs = ηs = 1. Once again it

follows that M ≡ Mx = My and either N ≡ Nx = Ny =
M

2
if M is even or

N ≡ Nx = Ny = [|1
2
M + 1|] otherwise. Let m ≡ mx = my = M + N + 1. We

also have that hs ≡ hx = hy = π/
√
M when d = π/2. Since the exact solution decays

exponentially with respect to x or y then for z = x or y, we choose φz(z) = ln(sinh(z))

and compute the nodes xi = ln(eih+
√
e2ih + 1) and yj = ln(ejh+

√
e2jh + 1). We again

derive a Lyapunov equation which we transform into an equation of the form given
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in (2.117) and solve using Gaussian elimination. We thus obtain the errors in Table

18. Note that the errors in Table 18 are roughly comparable to those in Table 12.

Table 18. Errors in the symmetric Sinc-Galerkin solution of (2.130).

M N m hs ||ESs(hs)(x, y)|| ||EUs(hu)(x, y)||
2 1 4 2.22144 8.104e-003 1.861e-002
5 3 9 1.40496 1.718e-003 4.745e-003
12 6 19 0.90690 1.295e-003 2.258e-003
22 11 34 0.66979 3.359e-004 5.175e-004
43 22 66 0.47909 2.553e-005 1.762e-005
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CHAPTER 3

ALTERNATING-DIRECTION FINITE DIFFERENCE METHODS

Introduction

When applied to a parabolic partial differential equation such as the diffusion

equation, explicit finite difference schemes require a large number of small time steps

to ensure stability (and convergence) whereas implicit finite difference schemes require

the solution of a large system of equations at each time step. The Crank-Nicolson

scheme combines both explicit and implicit schemes. The Alternating-Direction Im-

plicit (ADI) method, introduced in [20], is a splitting of the Crank-Nicolson scheme

that combines both explicit and implicit schemes.

The ADI method, now part of a class known as operator splitting methods, led

to the development of more accurate and efficient algorithms for the numerical ap-

proximation of solutions to partial differential equations. This is mainly because it

reduced the large matrix systems necessary for such approximations to simple tridi-

agonal subsystems.

In an attempt to develop easily implemented algorithms with a great increase in

accuracy over standard finite difference methods, ADI and Galerkin methods were

combined and extensively analyzed in [3]. More recently, in [18] and [19], banded pre-

conditioners and the conjugate gradient method have been employed to obtain fast
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accurate solutions to matrix systems such as that found in (2.108). In the Alternating-

Direction Sinc-Galerkin (ADSG) method [1], which is described in detail in Chapter 4

below, an attempt is made to avoid both the very large matrices (and the correspond-

ing extensive storage requirements) that result when a system matrix is constructed

as a Kronecker sum and the computation of spectral bounds (which are typically

employed in ADI schemes to determine optimum iteration parameters).

Finite Difference Methods

To more comprehensively illustrate the development that leads to the Alternating-

Direction Sinc-Galerkin method we begin with the following parabolic problem.

Example 21. Consider

∂u

∂t
= △u ≡ ∂2u

∂x2
+
∂2u

∂y2
, (x, y) ∈ Ω = (0, 1) × (0, 1), t > 0 (3.1)

with Dirichlet boundary conditions

u(0, y, t) = 0, y ∈ (0, 1), t > 0

u(1, y, t) = 0, y ∈ (0, 1), t > 0

(3.2)

u(x, 0, t) = 0, x ∈ (0, 1), t > 0

u(x, 1, t) = 0, x ∈ (0, 1), t > 0

and the initial condition

u(x, y, 0) = sin(πx) sin(πy), (x, y) ∈ Ω. (3.3)



61

For reference, the exact solution to this problem is given by

u(x, y, t) = e−2π2t sin(πx) sin(πy).

We attempt to find a numerical solution to this problem by proceeding as follows.

Choose positive integers, M and N, arbitrarily. Define the spatial increments

∆x = ∆y =
1

M + 1
. (3.4)

Choose the time increment ∆t and set

µ ≡ ∆t

(∆x)2
=

∆t

(∆y)2
. (3.5)

Discretize the computational domain so that

xi = i∆x for i = 0, 1, 2, ...,M + 1,

yj = j∆y for j = 0, 1, 2, ...,M + 1, and

tk = k∆t for k = 0, 1, 2, ..., N.

Assume ukij approximates u(xi, yj, tk).

An Explicit Finite Difference Scheme

Consider the following explicit finite difference scheme for solving (3.1)-(3.3).

Approximate the partial derivatives using

uk+1
ij − ukij

∆t
=

uki−1j − 2ukij + uki+1j

(∆x)2
+
ukij−1 − 2ukij + ukij+1

(∆y)2
(3.6)
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and rearrange terms to obtain the iterative scheme (for i, j = 1, ...,M)

uk+1
ij = (1 − 4µ)ukij + µ(uki−1j + uki+1j + ukij−1 + ukij+1). (3.7)

From (3.3) we can start this iteration with

u0
ij = sin(πxi) sin(πyj) (3.8)

We use lexicographic ordering of the grid points (left-to-right, bottom-to-top)

along with (3.7) to approximate the solution to the parabolic problem in (3.1)-(3.3).

Then for k = 0, 1, 2, ..., N − 1, the scheme may be represented using the matrix

equation

uk+1 = AEuk (3.9)

where the M2 × 1 vector uk is defined by

uk = [uk11, u
k
21, ..., u

k
M 1, u

k
12, u

k
22, ..., u

k
M 2, ..., u

k
1 M , u

k
2 M ..., u

k
M M ]T , (3.10)

AE is the M2 ×M2 block Toeplitz, symmetric, block symmetric, block tridiagonal

matrix given by

AE=

















P µI O · · · O

µI
. . .

. . .
. . .

...

O
. . .

. . .
. . . O

...
. . .

. . .
. . . µI

O · · · O µI P

















,

I and O are the M ×M identity and zero matrices, respectively, and P is the M ×M

Toeplitz, symmetric and tridiagonal (TST) matrix given by
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P=

















1 − 4µ µ 0 · · · 0

µ
. . .

. . .
. . .

...

0
. . .

. . .
. . . 0

...
. . .

. . .
. . . µ

0 · · · 0 µ 1 − 4µ

















.

Note that u0 is defined by (3.8). To analyze the stability, consistency and conver-

gence of this and other finite difference schemes, it is often helpful to determine the

eigenvalues and eigenvectors of the matrices used in their construction. We note from

[22, pp. 113-115] that a common M ×M, Toeplitz, tridiagonal matrix T of the form

T=

















a b 0 · · · 0

c
. . .

. . .
. . .

...

0
. . .

. . .
. . . 0

...
. . .

. . .
. . . b

0 · · · 0 c a

















has eigenvalues, λk, for k = 1, ...,M given by

λk = a+ 2
√
bc cos

(

πk

M + 1

)

(3.11)

and eigenvectors, qk, for k = 1, ...,M given by

qk =

[

(c

b

)
1

2

sin

(

πk

M + 1

)

,
c

b
sin

(

2πk

M + 1

)

,
(c

b

)
3

2

sin

(

3πk

M + 1

)

, (3.12)

...,
(c

b

)
M
2

sin

(

Mπk

M + 1

)]T

.

The explicit scheme above is of order O(∆t + (∆x)2). (The order of a scheme

is also called the local truncation error.) However, von Neumann stability analysis

reveals it is stable only if µ ≤ 1
4

(see [22, p. 38]) so that ∆t
(∆x)2

≤ 1
4

or ∆t ≤ 1
4(M+1)2

.
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Thus for ∆x = 0.01 we must have ∆t ≤ 1
40000

. We note that stabiity requires an

enormous computational cost.

An Implicit Finite Difference Scheme

Instead of the explicit scheme above we may construct an implicit finite difference

scheme to solve (3.1)-(3.3) by approximating the partial derivatives as follows

uk+1
ij − ukij

∆t
=
uk+1
i−1j − 2uk+1

ij + uk+1
i+1j

(∆x)2
+
uk+1
ij−1 − 2uk+1

ij + uk+1
ij+1

(∆y)2
(3.13)

and then rearranging terms to obtain (for i, j = 1, ...,M)

µ(uk+1
i−1j + uk+1

i+1j + uk+1
ij−1 + uk+1

ij+1) − (4µ+ 1)uk+1
ij = −ukij . (3.14)

If we define the M2 × 1 vector uk as in (3.10) (which corresponds to using the lexi-

cographic ordering of the grid points), then the scheme in (3.14) may be represented

in matrix form as

AIu
k+1 = uk (3.15)

for k = 0, 1, 2, ..., N − 1, where AI is given by

AI=

















Q −µI O · · · O

−µI . . .
. . .

. . .
...

O
. . .

. . .
. . . O

...
. . .

. . .
. . . −µI

O · · · O −µI Q

















,

and Q is the M ×M, TST, positive definite matrix given by
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Q=

















1 + 4µ −µ 0 · · · 0

−µ . . .
. . .

. . .
...

0
. . .

. . .
. . . 0

...
. . .

. . .
. . . −µ

0 · · · 0 −µ 1 + 4µ

















.

Again u0 is defined by (3.8). The M2 ×M2 matrix AI is block Toeplitz, symmetric,

block symmetric, block tridiagonal, strictly diagonally dominant and positive definite.

The numerical solution of (3.1)-(3.3) using this implicit scheme involves solving

the matrix system (3.15) for k = 0, 1, 2, ..., N − 1. This implicit scheme is of order

O(∆t+ (∆x)2) and is unconditionally stable. However, it represents a system of M2

equations in M2 unknowns for each time step. For ∆x = 0.01 we must solve a system

of 9801 equations in 9801 unknowns at each time step. Once again, this represents

an enormous computational cost.

The Crank-Nicolson Scheme

If we approximate the partial derivatives in (3.1) using the average of a centered

difference at the k-th time step and a centered difference at the (k + 1)-st time step

we obtain the Crank-Nicolson scheme given by

uk+1
ij − ukij

∆t
=

1

2

(

uk+1
i−1j − 2uk+1

ij + uk+1
i+1j

(∆x)2
+
uk+1
ij−1 − 2uk+1

ij + uk+1
ij+1

(∆y)2
(3.16)

+
uki−1j − 2ukij + uki+1j

(∆x)2
+
ukij−1 − 2ukij + ukij+1

(∆y)2

)

.
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Rearranging terms we obtain (for i, j = 1, ...,M)

(1 + 2µ)uk+1
ij − µ

2

(

uk+1
i−1j + uk+1

ij−1 + uk+1
i+1j + uk+1

ij+1

)

(3.17)

= (1 − 2µ)ukij +
µ

2

(

uki−1j + ukij−1 + uki+1j + ukij+1

)

.

The matrix form of the Crank-Nicolson scheme for the parabolic problem (3.1)-(3.3)

is then given by

ACuk+1 = BCuk. (3.18)

The vector uk is defined in (3.10) and the matrices A and B are given by

AC=

















R −µ
2
I O · · · O

−µ
2
I

. . .
. . .

. . .
...

O
. . .

. . .
. . . O

...
. . .

. . .
. . . −µ

2
I

O · · · O −µ
2
I R

















and

BC=

















S µ
2
I O · · · O

µ
2
I

. . .
. . .

. . .
...

O
. . .

. . .
. . . O

...
. . .

. . .
. . . µ

2
I

O · · · O µ
2
I S

















,

where R and S are the M ×M TST matrices given by

R=

















1 + 2µ −µ
2

0 · · · 0

−µ
2

. . .
. . .

. . .
...

0
. . .

. . .
. . . 0

...
. . .

. . .
. . . −µ

2

0 · · · 0 −µ
2

1 + 2µ
















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and

S =

















1 − 2µ µ
2

0 · · · 0
µ
2

. . .
. . .

. . .
...

0
. . .

. . .
. . . 0

...
. . .

. . .
. . . µ

2

0 · · · 0 µ
2

1 − 2µ

















.

Again u0 is defined by (3.8).

The Crank-Nicolson scheme is of the higher order O((∆t)2 + (∆x)2) and is un-

conditionally stable. However, it still requires the solution of M2 equations in M2 un-

knowns along with an additional matrix-vector multiplication at each time step. Next

we consider the classical Peaceman-Rachford Alternating-Direction Implicit (ADI)

scheme and apply it to approximating the solution of (3.1)-(3.3).

An ADI Scheme for Parabolic Problems

In 1955, Donald Peaceman and Henry Rachford, Jr., [20], published a new scheme

that employed the idea of splitting each time step into two half-steps, and combined

both implicit and explicit schemes on each half-step. This Alternating-Direction

Implicit (ADI) scheme is a perturbation (or factorization) of the Crank-Nicolson

scheme. Let v2k
ij represent ukij and let v2k+1

ij represent intermediate values of the

dependent variable used only as an aid to obtaining the values at the new time level.
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Construct the classical Peaceman-Rachford ADI scheme as

v2k+1
ij − v2k

ij

(∆t/2)
=
v2k+1
i−1j − 2v2k+1

ij + v2k+1
i+1j

(∆x)2
+
v2k
ij−1 − 2v2k

ij + v2k
ij+1

(∆y)2
(3.19)

v2k+2
ij − v2k+1

ij

(∆t/2)
=
v2k+1
i−1j − 2v2k+1

ij + v2k+1
i+1j

(∆x)2
+
v2k+2
ij−1 − 2v2k+2

ij + v2k+2
ij+1

(∆y)2
. (3.20)

Assuming, as before, that ∆x = ∆y, (3.19) and (3.20) may be rearranged to form the

system

−v2k+1
i−1j + (2 +

2

µ
)v2k+1
ij − v2k+1

i+1j = v2k
ij−1 − (2 − 2

µ
)v2k
ij + v2k

ij+1 (3.21)

−v2k+2
ij−1 + (2 +

2

µ
)v2k+2
ij − v2k+2

ij+1 = v2k+1
i−1j − (2 − 2

µ
)v2k+1
ij + v2k+1

i+1j (3.22)

which is unconditionally stable even though each of (3.21) and (3.22) is separately

unstable. These equations may be written as a system of matrix equations

AAv
2k+1 = b2k

(3.23)

AAw
2k+2 = c2k+1

where the vectors v (corresponding to grid points ordered left-to-right, bottom-to-

top) and w (corresponding to grid points ordered bottom-to-top, left-to-right) are

defined by

v2k+1 = [v2k+1
11 , v2k+1

21 , ..., v2k+1
M 1 , v

2k+1
12 , v2k+1

22 , ..., v2k+1
M 2 , ..., v

2k+1
1 M , ..., v2k+1

M M ]T (3.24)

and

w2k+2 = [v2k+2
11 , v2k+2

12 , ..., v2k+2
1 M , v2k+2

21 , v2k+2
22 , ..., v2k+2

2 M , ..., v2k+2
M 1 , ..., v

2k+2
M M ]T , (3.25)
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the vector

b2k = [b1, ..., bM2 ] (3.26)

satisfies

b(j−1)M+i = v2k
ij−1 − (2 − 2

µ
)v2k
ij + v2k

ij+1 (3.27)

where for each j ∈ {1, ...,M}, i runs from 1 to M, and the vector

c2k+1 = [c1, ..., cM2] (3.28)

satisfies

c(i−1)M+j = v2k+1
i−1j − (2 − 2

µ
)v2k+1
ij + v2k+1

i+1j (3.29)

where for each i ∈ {1, ...,M}, j runs from 1 to M. Furthermore, if T is the M ×M,

TST, strictly diagonally dominant, positive definite matrix

T=

















2 + 2
µ

−1 0 · · · 0

−1
. . .

. . .
. . .

...

0
. . .

. . .
. . . 0

...
. . .

. . .
. . . −1

0 · · · 0 −1 2 + 2
µ

















,

then AA is the M2 ×M2 tridiagonal matrix given by

AA =











T O · · · O

O
. . .

. . .
...

...
. . .

. . . O
O · · · O T











. (3.30)
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The system (3.23) is of order O((∆t)2+(∆x)2). It can be solved more cheaply than

the explicit scheme because there is no stability constraint and it can be solved more

efficiently than both the implicit scheme and the Crank-Nicolson scheme through the

use of the Thomas algorithm for tridiagonal matrices. The system may be solved even

more efficiently by first solving the M matrix equations (each only M ×M) given by

Tv2k+1
j = b2k

j ,

where

v2k+1
j = [v2k+1

1j , ..., v2k+1
Mj ]

and

b2k
j = [b2k(j−1)M+1, ..., b

2k
(j−1)M+M ]

for j = 1, ...,M (b(j−1)M+i is defined in (3.27)) and then solving the similarly defined

M matrix equations (each only M ×M)

Tw2k+2
i = c2k+1

i ,

where

w2k+2
i = [v2k+2

i1 , ..., v2k+2
iM ]

and

c2k+1
i = [c2k+1

(i−1)M+1, ..., c
2k+1
(i−1)M+M ]

for i = 1, ...,M (c(i−1)M+j is defined in (3.29)). A graph of the ADI solution to (3.1)-

(3.3) at the final time step, t = 1
2
, is given in Figure 6 below, along with graphs of

the exact solution and the error.
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Figure 6. 3D plots of the approximate solution, w(x, y, t), the exact solution, u(x, y, t)
and the error, e(x, y, t) for the parabolic problem (3.1)-(3.3) for ∆x = ∆y = ∆t = 1

20

at t = 1
2
. Note that for this example ||w − u||∞ = 8.7939 × 10−6.

An ADI Scheme for Elliptic Problems

It is noted in [27] that the alternating-direction implicit (ADI) method can be

applied to steady-state (elliptic) problems by using the first estimate as the initial

condition, considering iterations instead of time steps, and replacing the increment

ratio µ ≡ (∆x)2/(∆t) with an iteration parameter. To be specific, we apply the

Peaceman-Rachford alternating-direction scheme to approximate the solution to the

following elliptic problem.
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Example 22. Consider the following problem on the unit square.

−△u ≡ −
(

∂2u

∂x2
+
∂2u

∂y2

)

= f(x, y), (x, y) ∈ Ω = (0, 1) × (0, 1), (3.31)

with Dirichlet boundary conditions

u(0, y) = 0, y ∈ (0, 1)

u(1, y) = 0, y ∈ (0, 1)

(3.32)

u(x, 0) = 0, x ∈ (0, 1)

u(x, 1) = 0. x ∈ (0, 1)

Assume the source term is

f(x, y) = 3xyex+y[(x+ 3)(1 − y) + (y + 3)(1 − x)], (x, y) ∈ Ω (3.33)

and note for reference that the exact solution is given by

u(x, y) = 3ex+yxy(1 − x)(1 − y). (3.34)

Letting v2k
ij represent ukij and assuming ∆x = ∆y as before, we construct the

Peaceman-Rachford ADI scheme for the given problem as

−v2k+1
i−1j + (2 +

1

r
)v2k+1
ij − v2k+1

i+1j = v2k
ij−1 − (2 − 1

r
)v2k
ij + v2k

ij+1 + (∆x)2 fij

−v2k+2
ij−1 + (2 +

1

r
)v2k+2
ij − v2k+2

ij+1 = v2k+1
i−1j − (2 − 1

r
)v2k+1
ij + v2k+1

i+1j + (∆x)2 fij.

The system above is analogous to the system given in (3.21)-(3.22). The iteration

parameter r > 0 is the analog of µ/2 dictated by the choice of time step ∆t in an
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initial-value problem. In this context, k represents successive iterates rather than

successive time steps and fij = f(xi, yj). This scheme is of order O((∆x)2). The

system above may be written as the system of matrix equations

AAv
2k+1 = b2k + (∆x)2f

(3.35)

AAw
2k+2 = c2k+1 + (∆x)2g,

which is analogous to the system given in (3.23). The vectors v2k+1,w2k+2,b2k, and

c2k+1 are defined in (3.24)-(3.29) and the vectors f and g are defined by

f = [f11, f21, ..., fM 1, f12, f22, ..., fM 2, ..., f1 M , f2 M , ..., fM M ]T (3.36)

g = [f11, f12, ..., f1 M , f21, f22, ..., f2 M , ..., fM 1, fM 2, ..., fM M ]T . (3.37)

To solve this system we define the M×M, TST, strictly diagonally dominant, positive

definite matrix

T=

















2 + 1
r

−1 0 · · · 0

−1
. . .

. . .
. . .

...

0
. . .

. . .
. . . 0

...
. . .

. . .
. . . −1

0 · · · 0 −1 2 + 1
r

















,

and note that the system matrix AA has the same form as the M2 ×M2, tridiagonal

matrix given in (3.30).

Before solving the resulting system we discuss the problem of computing iteration

parameters. We note from [21, p. 662] that the determination of iteration parameters
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for an arbitrary elliptic problem is an unsolved problem. However, in special cases,

such as for the continuous ADI model problem given in (3.31)-(3.32), we can find an

optimal sequence of iteration parameters using the following procedure.

Let M − 1 denote the number of interior mesh points in the row or column of

greatest length. Define a = 4 sin2( π
2M

), b = 4 cos2( π
2M

), and let σ = a/b. Suppose

z = σ
1

m−1 where m is still to be determined. In 1961, D. Young, [31], discussed a

variation of a procedure due to E. Wachspress specifying that after m “double sweeps”

(iterations) the factor of reduction of the error is approximately

Pm =

(

1 − z1/2

1 + z1/2
e−z

3/2/(1−z)
)4

.

Since the average factor of reduction per double sweep is defined to be Sm = (Pm)1/m ,

we choose m so as to minimize Sm by evaluating Sm for several values of m. Finally

the iteration parameters are chosen to be rk = 1/(bzk−1) for k = 1, 2, ..., m, and we

use them in the cyclic order r1, r2, ..., rm, r1, r2, ... .

For the elliptic problem given in (3.31)-(3.33), we choose M = 20 so that a =

4 sin2( π
40

) ≈ 0.02462, b = 4 cos2( π
40

) ≈ 3.97538, and σ = a/b ≈ 0.00619. Computing

Sm for several values of m we obtain

S6 ≈ 0.3152, S7 ≈ 0.3086, S8 ≈ 0.3060, S9 ≈ 0.3056, and S10 ≈ 0.3064.

The minimum value of Sm is taken as 0.3056, which occurs for m = 9. It follows

that z = σ
1

m−1 = σ
1

8 ≈ 0.52969. The corresponding iteration parameters are given
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specifically by

r1 ≈ 0.25155, r2 ≈ 0.47493, r3 ≈ 0.89666,

r4 ≈ 1.69291, r5 ≈ 3.19623, r6 ≈ 6.03450,

r7 ≈ 11.39319, r8 ≈ 21.51045, and r9 ≈ 40.61191.

Below in Table 19 we display the results obtained using the ADI scheme above in

(3.35) and three different sets of iteration parameters given by (1) r1, r2, ... , r9, (2) r1 =

0.25 and rk+1 = 2rk for k = 1, 2, ..., 8, and (3) rk = 17 for k = 1, 2, ..., 9. Note the ex-

cellent convergence obtained with the third choice of a constant iteration parameter

of rk = 17. This result motivated the choice of a constant iteration parameter for the

Alternating-Direction Sinc-Galerkin (ADSG) scheme introduced in Chapter 4 and

thus greatly facilitated the solution of the resulting matrix systems. A graph of the

ADI solution to the elliptic problem in (3.31)-(3.33) obtained after nine iterations

using the constant iteration parameter rk = 17 is also given in Figure 7, along with

graphs of the exact solution and the error. The column headed iter gives the number

of complete double sweeps (iterations) and the columns headed par give the param-

eters rk used each iteration. The maximum absolute error over all grid points is

denoted by ||u− w||∞.
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Table 19. Errors in the ADI solution of (3.31)-(3.33) for three sets of parameters.

iter par ||u− w||∞ par ||u− w||∞ par ||u− w||∞
1 0.25155 5.608e-001 0.25 5.608e-001 17 1.069e-001
2 0.47492 5.364e-001 0.50 5.352e-001 17 1.416e-002
3 0.89666 4.913e-001 1.00 4.851e-001 17 3.963e-003
4 1.69291 4.122e-001 2.00 3.954e-001 17 1.033e-003
5 3.19623 2.998e-001 4.00 2.642e-001 17 8.187e-004
6 6.03450 1.630e-001 8.00 1.183e-001 17 7.009e-004
7 11.39320 5.181e-002 16.00 2.285e-002 17 7.000e-004
8 21.51045 5.512e-003 32.00 1.002e-003 17 6.953e-004
9 40.61191 6.952e-004 64.00 7.105e-004 17 6.953e-004
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Figure 7. 3D plots of the approximate and exact solutions and the error for the elliptic
problem (3.31)-(3.33) in Example 22, solved using the constant parameter rk = 17.
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CHAPTER 4

AN ALTERNATING-DIRECTION SINC-GALERKIN METHOD

Introduction

The Galerkin method is a variational method for approximating the solution of

differential equations based on the weak form of the differential equation. Let {χi}∞i=1

be a dense linearly independent set in a Hilbert space H and suppose that

HN=span {χ1, ..., χN}. In HN , define the approximation

uN(x) =
N
∑

k=1

ckχk(x)

to the solution u ∈ H of the differential equation Lu = f where the coefficients

{ck}Nk=1 are to be determined. Galerkin’s idea is to require the residual

RN(x) ≡ (LuN − f)(x)

to be orthogonal to each χj ∈ HN with respect to the inner product on H.

The Sinc-Galerkin method, employed throughout Chapter 2 of this thesis, used

a linearly independent set of sinc basis functions to construct the approximations to

the solutions of a variety of differential equations. Alternating-Direction Galerkin

(ADG) methods were first introduced by Jim Douglas, Jr. and Todd Dupont in 1971.

The Douglas-Dupont ADG method is described in detail in [3]. Below we develop
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an alternating-direction Galerkin method that differs significantly from the Douglas-

Dupont ADG method. By applying alternating-direction iteration to the discrete

system in (2.102) we obtain the Alternating-Direction Sinc-Galerkin (ADSG) method

for the Sylvester equation that is the main goal of this thesis.

An Alternating-Direction Scheme for a Linear System

As described in [8], alternating-direction iteration may be used to solve the linear

system

My = b (4.1)

when the matrix M is symmetric positive definite (SPD), M can be expressed as a

sum of SPD matrices H and V, M = H + V, and numerical implementation of the

following algorithm

y0 = 0,

(H + pjI)yj− 1

2

= b − (V − pjI)yj−1, (4.2)

(V + qjI)yj = b − (H − qjI)yj− 1

2

, j = 1, 2, ..., J

is efficient. When the eigenvalues of M are in the positive-real half-plane (which is

certainly the case for an SPD matrix M) and, in addition, H and V commute, the

system (4.1) is classified as a discrete ADI model problem and (4.2) is very efficient.

(See [28].)
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While the method in (4.2) shows that different iteration parameters pj and qj

may be used in each iteration, the original Peaceman-Rachford method used qj = pj

and, according to [8], this choice is now known to be appropriate when H and V have

the same eigenvalue bounds. Now if we suppose that this common eigenvalue interval

is [a, b] with
a

b
≪ 1, then a relative error norm of

||Yj − Y ||
||Y || ≤ ǫ is attained when

J >
1

π2
ln
( ǫ

4

)

ln
( a

4b

)

(4.3)

with iteration parameters

pj = b dn

[

2j − 1

2J
K,

√

1 − a2

b2

]

, (4.4)

where dn(z, k) is the Jacobian elliptic function of argument z and modulus k, and K

is the complete elliptic integral, K(k). (See [8].)

For our purposes we focus on the Sylvester equation

AX +XB = C. (4.5)

We note once again that when B = AT the resulting linear system,

AX +XAT = C, (4.6)

is referred to as a Lyapunov equation. The relevance of ADI iteration to the solution

of (4.6) was revealed in [5], in 1984, when it was observed that (4.6) represents a

discrete ADI model problem. Below we establish a slightly more general result. We

show that sometimes even if B 6= AT , indeed even if A and B do not have the same

size, we may still have that (4.5) represents an ADI model problem.
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For the mx ×mx matrix A, the my ×my matrix B, and the mx ×my matrices X

and C, the Sylvester equation (4.5) is equivalent to

(I(0)
my

⊗ A+BT ⊗ I(0)
mx

)co(X) = co(C). (4.7)

If H = I
(0)
my ⊗ A and V = BT ⊗ I

(0)
mx , then by the ‘mixed product rule’ [4, p. 25], we

have that HV = (I
(0)
my ⊗ A)(BT ⊗ I

(0)
mx) = BT ⊗ A = (BT ⊗ I

(0)
mx)(I

(0)
my ⊗ A) = V H.

Thus H and V commute. If A and B are SPD then H and V are SPD and since

H+V is the Kronecker sum of A and B it follows that H+V is also SPD. Thus (4.7)

represents a discrete ADI model problem. We conclude that if A and B are SPD then

the Sylvester equation in (4.5) represents a discrete ADI model problem.

The Alternating-Direction Sinc-Galerkin (ADSG) method proposed below is an

iterative scheme that may be used to solve the Sylvester equation that results when

one employs a symmetric Sinc-Galerkin method to solve the Poisson equation (2.99).

In that case, the mx×mx matrix A, the my×my matrix B, and the mx×my matrices

C and X are given by

A = Dmx(φ
′
x)

[

− 1

h2
x

I(2)
mx

+Dmx

( −1

(φ′
x)

3/2

(

1

(φ′
x)

1/2

)′′)]

Dmx(φ
′
x)

B = Dmy(φ
′
y)

[

− 1

h2
y

I(2)
my

+Dmy

( −1

(φ′
y)

3/2

(

1

(φ′
y)

1/2

)′′)]

Dmy(φ
′
y)

(4.8)

C = Dmx((φ
′
x)

−1/2)F Dmy((φ
′
y)

−1/2)

X = Dmx((φ
′
x)

−1/2)U Dmy((φ
′
y)

−1/2)
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using the definitions specified in Chapter 2. We note that since the matrices I
(2)
mx and

I
(2)
my are symmetric then the matrices A and B are symmetric. Moreover, we learn in

[11, pp. 216-218] that the matrices A and B given in (4.8) are also positive definite.

It follows that when a symmetric Sinc-Galerkin method is used to solve a Poisson

problem posed on any finite domain, the resulting Sylvester equation is a discrete

ADI model problem. The ADSG method below results from a direct application of

the ADI equations in (4.2) to the discrete system in (4.7).

An Alternating-Direction Sinc-Galerkin Method

In [4, p.25] we find that for the m×n matrix P, the n× r matrix Q, and the r×s

matrix R we have

co(PQR) = (RT ⊗ P )co(Q). (4.9)

Applying (4.2) to the discrete system in (4.7) yields

[

I(0)
my

⊗ A+ pjI
(0)
my

⊗ I(0)
mx

]

co(Xj− 1

2

) = co(C) −
[

BT ⊗ I(0)
mx

− pjI
(0)
my

⊗ I(0)
mx

]

co(Xj−1)

and

[

BT ⊗ I(0)
mx

+ qjI
(0)
my

⊗ I(0)
mx

]

co(Xj) = co(C) −
[

I(0)
my

⊗A− qjI
(0)
my

⊗ I(0)
mx

]

co(Xj− 1

2

).

Distributing the column vectors and applying (4.9) we find that

co(AXj− 1

2

) + pjco(Xj− 1

2

) = co(C) − [co(Xj−1B) − pjco(Xj−1)]
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and

co(XjB) + qjco(Xj) = co(C) −
[

co(AXj− 1

2

) − qjco(Xj− 1

2

)
]

.

It follows that

AXj− 1

2

+ pjXj− 1

2

= C − (Xj−1B − pjXj−1)

and

XjB + qjXj = C − (AXj− 1

2

− qjXj− 1

2

).

Factoring the common factors and rewriting both equations, taking the transpose of

the second, we conclude that

(A+ pjI
(0)
mx

)Xj− 1

2

= C −Xj−1(B − pjI
(0)
my

)

and

(BT + qjI
(0)
my

)XT
j = CT −XT

j− 1

2

(AT − qjI
(0)
mx

).

We construct an ADSG iterative scheme for solving (4.5) as follows: Assume the

mx × mx matrix A, the my × my matrix B, and the mx × my matrix C are given

by (4.8). Let X0 be the mx ×my zero matrix and compute Xj for j = 1, 2, ..., using

Xj− 1

2

as temporary place holders, i.e., let

X0 = O, (4.10)
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and solve successively

(A+ pjI
(0)
mx

)Xj− 1

2

= C −Xj−1(B − pjI
(0)
my

)

(4.11)

(BT + qjI
(0)
my

)XT
j = CT −XT

j− 1

2

(AT − qjI
(0)
mx

).

where the positive real numbers pj and qj may be the typical iteration parameters

associated with the ADI method. In order to avoid the often costly computation

of eigenvalues, however, we include a simplifying stipulation in this ADSG scheme,

i.e., based upon numerical experiments, we use a constant iteration parameter p ≡

pj = qj = 17 for all j. This constant was derived numerically using a variety of test

problems. We solve each system in (4.11) via Gaussian elimination.

Since we do not compute spectral bounds for the matrices A and B, we do not use

the typical iteration parameters associated with ADI. We stop iterating when either

(1) the maximum norm of the difference between consecutive iterates from Xj−1 to

Xj becomes smaller than a specified tolerance, which we take as

c(Mx)M
4
xe

−π
√

2αsMx , or

(2) the number of iterations exceeds
m2
xm

2
y

7(mx +my)
.

Note that Mx is an arbitrary positive integer used in the construction of the matrices

A and B. Based on numerical experiments, if Mx = 2k we use c(Mx) = 1001−k. For

simplicity, we also use c(Mx) = 1001−k in the examples in which Mx = 6k below.

Recalling the equation for X in (2.103) we note that the approximate solution, U, to
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the given elliptic problem may be computed using the final iterate Xf as

U = Dmx((φ
′
x)

1/2)XfDmy((φ
′
y)

1/2).

Examples on the Unit Square

We now revisit the examples on the unit square first presented in Chapter 2. We

recall that in each case we chose parameters αs, βs, ζs and ηs based on the asymptotic

behavior of the exact solution. We then chose Mx arbitrarily and computed Nx, My

and Ny as follows: Nx =
αs
βs
Mx if

αs
βs
Mx is an integer and Nx =

[∣

∣

∣

∣

αs
βs
Mx + 1

∣

∣

∣

∣

]

otherwise; My =
αs
ζs
Mx if

αs
ζs
Mx is an integer and My =

[∣

∣

∣

∣

αs
ζs
Mx + 1

∣

∣

∣

∣

]

otherwise;

Ny =
αs
ηs
Mx if

αs
ηs
Mx is an integer and Ny =

[∣

∣

∣

∣

αs
ηs
Mx + 1

∣

∣

∣

∣

]

otherwise. We let

mx = Mx +Nx + 1 and my = My + Ny + 1 and for d = π/2, defined hs =

√

πd

αsMx
.

Since the problems were posed on the unit square, we employed the mapping φz(z) =

ln

(

z

1 − z

)

for z = x or y. In each case the resulting matrix equation was a discrete

ADI model problem expressed as a Sylvester equation or a Lyapunov equation. As

we did in Chapter 2, we report the maximum errors over the set of sinc grid points

S = {xi}Mi=−M × {yj}Mj=−M (4.12)

and the set of uniform gridpoints

U = {wi}100
i=0 × {zj}100

j=0 (4.13)

as

||ESsADSG(hs)|| = max
−M≤i≤M
−M≤j≤M

|u(xi, yj) − usij|
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and

||EUs
ADSG(hu)|| = max

0≤i≤100
0≤j≤100

|u(wi, zj) − usm,m(wi, zj)|,

respectively. For hu = 0.01 we define wi = ihu, for 1 ≤ i ≤ 100 and zj = jhu, for

1 ≤ j ≤ 100.

Example 23. Revisit the elliptic problem in Example 15 which we rewrite below for

reference,

−△u(x, y) = f(x, y), (x, y) ∈ Ω = (0, 1) × (0, 1)

(4.14)

u(x, y) = 0, (x, y) ∈ ∂Ω

where f(x, y) = −2x2(1 − x)2(1 − 6y + 6y2) − 2y2(1 − y)2(1 − 6x + 6x2) and the

exact solution is given by u(x, y) = x2y2(1 − x)2(1 − y)2. As in Example 15 we

choose the parameter values αs = βs = ζs = ηs = 3/2 so that for d = π/2 and

M ≡ Mx = Nx = My = Ny, we have hs =
π√
3M

and m ≡ mx = my = 2M + 1.

Now the m × m matrix A may be computed using (4.8). Since the nodes, given by

xi = eihs/(1 + eihs) and yj = ejhs/(1 + ejhs), are the same, then A = B in the

Sylvester equation (4.5). Since the matrix A (and similarly B) is symmetric, then

the resulting discrete system for the elliptic problem (4.14) is a Lyapunov equation.

Solving this equation using the Alternating-Direction Sinc-Galerkin method (4.10)-

(4.11), generates the errors reported in Table 20. The number of complete iterations
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used to solve the system for each value of M is given in the column headed Iter.

We note that the uniform errors here are of the same order of magnitude as those

obtained in Example 15 (where the Kronecker product, Kronecker sum, concatenation

operator, and Gaussian elimination were employed) and reported in Table 13.

Table 20. Errors in the ADSG solution of (4.14).

M m m2 hs ||ESsADSG(hs)|| ||EUs
ADSG(hu)|| Iter

2 5 25 1.28255 2.861e-005 9.752e-005 2
4 9 81 0.90690 1.534e-005 1.647e-005 3
8 17 289 0.64127 7.032e-007 8.829e-007 15
16 33 1089 0.45345 1.400e-008 1.368e-008 110
32 65 4225 0.32064 4.363e-011 4.207e-011 1914

Example 24. Revisit the elliptic problem in Example 16 which we rewrite below for

reference,

−△u(x, y) = −
(

x ln(x)

y
+
y ln(y)

x

)

, (x, y) ∈ Ω = (0, 1) × (0, 1)

(4.15)

u(x, y) = 0, (x, y) ∈ ∂Ω

where the exact solution is u(x, y) = xy ln(x) ln(y). As in Example 16 we choose the

parameter values αs = βs = ζs = ηs = 1/2 so that for d = π/2 and M ≡ Mx =

Nx = My = Ny, we have hs =
π√
M

and m = 2M + 1. Again we note that the nodes,

xi = eihs/(1 + eihs) and yj = ejhs/(1 + ejhs), are the same so A=B. Since A is also

symmetric, the resulting discrete system for the elliptic problem (4.15) is a Lyapunov



87

equation. Solving that equation using the Alternating-Direction Sinc-Galerkin method

(4.10)-(4.11), we obtain the errors in Table 21 along with the number of iterations

required to achieve the indicated accuracy. Note that the uniform errors here are of

the same order of magnitude as those reported in Table 14.

Table 21. Errors in the ADSG solution of (4.15).

M m m2 hs ||ESsADSG(hs)|| ||EUs
ADSG(hu)|| Iter

2 5 25 2.22144 7.585e-003 1.302e-002 2
4 9 81 1.57080 2.365e-003 2.879e-003 3
8 17 289 1.11072 5.629e-004 5.868e-004 12
16 33 1089 0.78540 3.521e-005 3.393e-005 177
32 65 4225 0.55536 2.944e-006 8.829e-008 2112

Example 25. Revisit the elliptic problem in Example 17 which we rewrite below for

reference,

−△u(x, y) = −3

4

[

x
√
x− x√
y

+
y
√
y − y√
x

]

, (x, y) ∈ Ω = (0, 1) × (0, 1)

(4.16)

u(x, y) = 0, (x, y) ∈ ∂Ω.

Recall that the exact solution is u(x, y) = xy(1 −√
x)(1 −√

y). Here as in Example

17 we let αs = βs = ζs = ηs = 1/2 and choose the positive integer Mx arbitrarily.

Since for the parameters chosen we have that M ≡ Mx = Nx = My = Ny then

m ≡ mx = my = 2M + 1 and hs = π/
√
M. Since the nodes are the same then
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A = B. Computing the symmetric matrix A using (4.8), and applying the Alternating-

Direction Sinc-Galerkin method to the resulting Lyapunov equation yields the errors

reported in Table 22 along with the number of iterations used to achieve the indicated

accuracy. Note that the method performs well, in that the number of iterations required

for large values of M is relatively small and the errors reported here are roughly

comparable to those reported in Table 15.

Table 22. Errors in the ADSG solution of (4.16).

M m m2 hs ||ESsADSG(hs)|| ||EUs
ADSG(hu)|| Iter

2 5 25 2.22144 4.522e-004 1.804e-003 2
4 9 81 1.57080 2.238e-004 3.684e-004 2
8 17 289 1.11072 3.286e-005 3.443e-005 4
16 33 1089 0.78540 2.387e-006 2.612e-006 21
32 65 4225 0.55536 4.490e-008 4.041e-008 318

Example 26. Revisit the elliptic problem in Example 18 which involved using differ-

ent values for Mx, Nx, My, and Ny. We rewrite the problem below for reference,

−△u(x, y) = f(x, y), (x, y) ∈ Ω = (0, 1) × (0, 1)

(4.17)

u(x, y) = 0, (x, y) ∈ ∂Ω,

where f(x, y) = 2xy3 [3y2(−1 + y)2(−1 + 2x) + x2(x− 1)(10 − 30y + 21y2)] when the

exact solution is u(x, y) = x3(1 − x)y5(1 − y)2. Recall that solving this problem using

the symmetric Sinc-Galerkin method required solving a Sylvester equation. Let αs =
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5/2, βs = 1/2, ζs = 9/2, and ηs = 3/2. Choose Mx arbitrarily and compute Nx =

5Mx. Note that My = 5
9
Mx when Mx is a multiple of 9 and My =

[∣

∣

5
9
Mx + 1

∣

∣

]

otherwise. Similarly, Ny = 5
3
Mx when Mx is a multiple of 3 and Ny =

[∣

∣

5
3
Mx + 1

∣

∣

]

otherwise. Compute mx = Mx + Nx + 1, my = My + Ny + 1 and for d = π/2

note that hs = π/
√

5Mx. Determine the matrices A and B using (4.8) and apply

the Alternating-Direction Sinc-Galerkin method to the resulting Sylvester equation to

obtain the errors reported in Table 23. As before, the column headed Iter shows the

number of iterations used to achieve the indicated accuracy. Note that the errors

reported below in Table 23 are comparable to those reported in Table 16.

Table 23. Errors in the ADSG solution of (4.17).

Mx Nx mx My Ny my hs ||ESsADSG(hs)|| ||EUs
ADSG(hu)|| Iter

1 5 7 1 2 4 1.40496 1.268e-004 4.006e-004 2
2 10 13 2 4 7 0.99346 1.446e-005 4.527e-005 4
3 15 19 2 5 8 0.81116 7.289e-006 1.289e-005 6
5 25 31 3 9 13 0.62832 4.136e-007 8.399e-007 47
11 55 67 7 19 27 0.42361 4.568e-008 6.206e-009 627
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Examples on Infinite Domains

Now we turn our attention to problems posed on the first quadrant and consider

an elliptic problem of the following form

−△u(x, y) = f(x, y), (x, y) ∈ Ω = (0,∞) × (0,∞)

u(x, 0) = 0, x ∈ (0,∞)

u(0, y) = 0, y ∈ (0,∞) (4.18)

u(x, y) → 0 as x→ ∞

u(x, y) → 0 as y → ∞.

Once again we determine the parameters αs, βs, ζs, and ηs according to the asymptotic

behavior of the exact solution (see (2.124) and (2.125)). We then chooseMx arbitrarily

and compute the positive integers Nx = [|αsMx/βs + 1|], My = [|αsMx/ζs + 1|], and

Ny = [|αsMx/ηs + 1|]. (The discussion on how to choose N when αM/β is an integer

also applies here.) We let d = π/2 and define hs ≡ hx = hy =
√

πd/αsMx.

We noted in Chapter 2 that assuming an approximate solution to (4.18) has the

form

usmx,my
=

Ny
∑

j=−My

Nx
∑

i=−Mx

usijSij(x, y) (4.19)

where mx = Mx + Nx + 1 and my = My + Ny + 1, the resulting matrix system

for the cofficients usij is a Sylvester equation AX + XB = C where the matrices

A, B, C, and X are given in (4.8). For the examples below, we note that the mapping

φz(z) = ln(z) is used when the exact solution decays algebraically with respect to z
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and φz(z) = ln(sinh(z)) is used when the exact solution decays exponentially with

respect to z, where z = x or y. We note further that if φz(z) = ln(z) then we have

that

−1

(φ′
z)

3/2

(

1

(φ′
z)

1/2

)′′
=

1

4
.

However, if φz(z) = ln(sinh(z)) then

−1

(φ′
z)

3/2

(

1

(φ′
z)

1/2

)′′
=

4 cosh2(z) − 3

4 cosh4(z)

and the matrix A and/or the matrix B must be modified accordingly.

We report the maximum errors over the set of sinc grid points

S = {xi}Nx
i=−Mx

× {yj}Ny

j=−My
(4.20)

and the set of uniform gridpoints

U = {wi}100
i=0 × {zj}100

j=0 (4.21)

as

||ESsADSG(hs)|| = max
−Mx≤i≤Nx
−My≤j≤Ny

|u(xi, yj) − usij|

and

||EUs
ADSG(hu)|| = max

0≤i≤100
0≤j≤100

|u(wi, zj) − usmx,my
(wi, zj)|,

respectively. Let hu = 0.02 and hv = 0.2. Note that if 0 ≤ i ≤ 50 then wi = ihu,

whereas if 51 ≤ i ≤ 100 then wi = 1 + (i − 50)hv. Similarly, if 0 ≤ j ≤ 50 then

zj = jhu, whereas if 51 ≤ j ≤ 100 then zj = 1 + (j − 50)hv.
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Example 27. Revisit the elliptic problem in Example 19 which we rewrite below for

reference,

−△u(x, y) = f(x, y), (x, y) ∈ Ω = (0,∞) × (0,∞)

u(x, 0) = 0, x ∈ (0,∞)

u(0, y) = 0, y ∈ (0,∞) (4.22)

u(x, y) → 0 as x→ ∞

u(x, y) → 0 as y → ∞.

where f(x, y) =
2xy

(x2 + 1)(y2 + 1)

[

3 − x2

(x2 + 1)2
+

3 − y2

(y2 + 1)2

]

and the exact solution is

given by u(x, y) =
xy

(x2 + 1)(y2 + 1)
. Choosing parameters as in Example 19, αs =

ζs = 1/2 and βs = ηs = 3/2. For arbitrary Mx we note that M ≡ Mx = My and

N ≡ Nx = Ny, and thus m ≡ mx = my and for d = π/2 we have hs = π/
√
M. If M

is divisible by 3 then N =
M

3
otherwise N = [|1

3
M+1|]. Since the exact solution decays

algebraically with respect to either x or y we use φz(z) = ln(z) for z = x or y. Since

the nodes xi = eih and yj = ejh are the same, then A = B and the resulting discrete

system for the elliptic problem is the Lyapunov equation, AX + XA = C, which we

solve using the ADSG method to generate the errors in Table 24. We note that while

the number of iterations is large, the errors are of the same order of magnitude as

those in Table 17.
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Table 24. Errors in the ADSG solution of (4.22).

M N m hs ||ESsADSG(hs)|| ||EUs
ADSG(hu)|| Iter

3 1 5 1.81380 1.484e-001 1.484e-001 2
6 2 9 1.28255 6.843e-002 7.352e-002 6
12 4 17 0.90690 5.908e-003 6.840e-003 239
24 8 33 0.64127 7.756e-004 3.182e-004 2567
48 16 65 0.45345 4.964e-004 1.255e-005 14587

Example 28. Revisit the elliptic problem in Example 20 which we rewrite below for

reference,

−△u(x, y) = f(x, y), (x, y) ∈ Ω = (0,∞) × (0,∞)

u(x, 0) = 0, x ∈ (0,∞)

u(0, y) = 0, y ∈ (0,∞) (4.23)

u(x, y) → 0 as x→ ∞

u(x, y) → 0 as y → ∞

where f(x, y) = 2(x − xy + y)e−(x+y) and the exact solution is given by u(x, y) =

xye−(x+y). We note that the exact solution has the form given in (2.125) and thus we

can choose the parameters αs = ζs = 1/2 and βs = ηs = 1 so that M ≡ Mx = My

and N = Nx = Ny. If M is divisible by 2 then N =
M

2
otherwise N = [|1

2
M + 1|].

Note m = M + N + 1, and hs ≡ hx = hy = π/
√
M when d = π/2. Since the

exact solution decays exponentially with respect to x or y then for z = x or y, we

choose φz(z) = ln(sinh(z)) and compute the nodes xi = ln(eih +
√
e2ih + 1) and yj =

ln(ejh +
√
e2jh + 1). We again derive a Lyapunov equation which we solve using the
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ADSG method and obtain the errors in Table 25. We note that the errors here are of

the same order of magnitude as those in Table 18.

Table 25. Errors in the ADSG solution of (4.23).

M N m hs ||ESsADSG(hs)|| ||EUs
ADSG(hu)|| Iter

2 1 4 2.22144 6.982e-002 7.372e-002 2
5 3 9 1.40496 5.395e-002 5.694e-002 4
12 6 19 0.90690 1.538e-003 2.262e-003 71
22 11 34 0.66979 3.389e-004 5.177e-004 206
43 22 66 0.47909 2.553e-005 1.763e-005 678

It should be noted that program execution times for the ADSG method are much

smaller than those for the algorithm that employs the Kronecker product, the Kro-

necker sum, and the concatenation operator. In that sense ADSG easily outperforms

that standard method, avoiding the large and often poorly conditioned matrices that

result from computing the Kronecker product, as well as the ensuing extensive storage

requirements. The ADSG method is also very competitive with the diagonalization

technique discussed in Chapter 2 (see (2.104), (2.105), (2.106)), but does not require

the often extensive work necessary to compute matrix eigenvalues and eigenvectors.

Thus the Alternating-Direction Sinc-Galerkin method is a fast and accurate practical

alternative to those standard methods and is versatile enough to be used to solve

singular and nonsingular problems in one or in multiple dimensions, on finite or on

infinite domains.
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