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Abstract:

This paper describes a sequential method of factoring a square non-singular matrix into two triangular
matrices, The purpose of this factorization is to enable the computation of the inverse of the original
matrix to he more easily coded for machine computation, for the means of finding the inverse of a
triangular matrix is well known. Herein we deal with a matrix whose principal minor determinants do
not vanish/,- The method of attack is to make use of pivotal condensa-. tion of determinants and also
the use of extensions identities to form the sequential method of evaluation. The results ob-tained
indicate the possibility of this method being used for machine computation,
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gguare ﬂonwﬂingulm' matriz fate two trisngulsy mabrd e The
purpose of this footorization 4¢ b0 énable the eomguta.meﬁ T
the inverse of the original matrik to be move easily coded fow
machine ¢ompubation,; Tor the meiwis of finding the inverse of
o triengular metyrix is well kvown, Heéveid we deal with'a
matrix whosé primcipal minor :ietermman by do not vanishs

The methed of attack is 1o make use of pivotal cordensan
tion of determinants amd alse the use of extensicnal identities
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INTRODUGTION R

The probiem of Ffinding the iriverse of a matrix ia ofte of
wimest impé%ﬁanw@.ﬁn,ﬁwqﬁﬁigaiiy‘aii‘b%éﬁéhas.9? aﬁpiiaé mathe
dnatics, The thsorebical solubion using thé adjoint method is
almost worthlsss dm ackial chuputation. Other methods OF ata
back im¢lude paribitioding; ay@m&@%ﬁa@é&ﬁ“an& ﬁt&ﬁiéﬁiﬁ%ﬁj@ﬁthﬁ
lc&sa'.F§g'gs@ﬁmﬁiaké'@ﬂﬁlﬁﬁé"§f“meﬁhaﬁsﬁw§5reser.#a'Eﬁrﬁyﬁga!s
- article (Paige and Taussky, 6). ALL suehlmethqaaﬁlhﬁwgyg@@_
vequire Lebovious computstion sad cons i&,ezgabig'ni@gmi'zz@_éime@ )
On the m%hﬁ? h@ﬁ@g‘iﬁlﬁhéhm@ﬁfimié»%rﬁangmiaxg ﬁh@lé¢&iag‘fmr
mechine demputation has beeén set up and is well kmown, . .« -

Thig anér‘%reaﬁg of the f&ﬁﬁ@fiﬁﬁﬁiéﬁ*ﬁf‘ﬁ-&ﬁﬁ&%iﬂ@ﬁl&r
mebrin into o tﬁiaﬂgulam m&tﬁicas@ The conditions lmposed
on ﬁh@ arﬁginai m&%%zx ars. valaﬁively-weakp Ve deveélop %j~”
method gf.@equensaﬁl g@m@aﬁaﬁi@m'qf‘%hg eleménﬁﬁ‘ﬂﬁﬂﬁhg-%ﬁian@
guﬁaw'ma%ri@e$ sueh tﬁaﬁ i%vmay be ébdaﬁnfe? gleatroniec coms
pubters, | S

We shall show thalt the eiémentg af ouw %raangul ar mabyiw
seb ave Fformed by simple apewa%iana @n iha twa by two detEﬁmia
~ nants cqmpiled in avaluaﬁlng the 6etarminant af‘the masr1a~by
successive pivotal aonaensahmeﬁso Then i€ A % BO we haVe
1w oty 1

A @ if B an& ¢ a¥e trlangmlax-our invam$a 4& “@&&1w

'By aamputaﬂa
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THE Euhdai-IEHTAL theorem
¥e take A= /ad)) as our given non-singular matrix with the
added condition that none of the first principal minor deter-
minants of any order vanishes. Ve shall factor A into two
triangular matrices, B and C, such that A= BC, where B and C

are of the form exhibited;

b, 0O 0 O 0
bij bij.0 o0 0
'Hi ~3} 0 0
a
7 AN Y b n
I G/zGH 0A= . = = <0F
O I Cd Caye = = = =c¥t
0 01 CIY. . = e<CH
(@))

0O 0 0 O



Then
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Nz hj, Cjrh3t ji ¥V Pi+aj e o liz C'% I o’y By
BC -

Bz S cUtHII Hi clifHi cMtHI * * %;I'/ IR N3z

However, if the two matrices are equal, we know that the

corresponding elements must he equal. That is

- 1h/l‘ w3ere p is the minimum of
y h— = K a.y,

for hy our method of construction it is obvious that
bih= 0 for Kk, that ClJ= 0 for k>j, and Cic= 1.
We shall prove the following theorem:

Theorems

©)) l ka # # « eaizlez atr 1Mk
RZ ale = = = a iz |
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1 it #_*
nll Sl . - Akl

where we use the notation Aitken, I1);

a@ . . K . e e e a,j alf
az/ * e e o o o o ¢ Jj azk
v M* %+ a)j aiid 1
ajj &r
a ay alk

To begin our proof, we note that b,,-a, and, in fact, that

the first column of B equals the first column of A, thus bf,-atl.

1low a.j-— b,, )
cjJ = alf -
au

The solution for b£l is as follows*

a Ix- C12+ DbEl

b,z= afl - bf] cu = a% - af, a-x

1M L n
au



Solving for c2j

gt = cU +

c2j alyy’ a2 HjJ

lm
ak a,,

lai, Bill

la,, B11

To prove the theorem we shall use the first law of induc-

tion# noting that the column of Vs 1is to he computed fTirst.

Assume the theorem true for bgwhere 1?2j -1 and Cj
where j - I< k. Then we have
hE - B, . ... a’§-/
Ia” ® ®© © e o o
Cj-, i .. - iHal *
lale . = = Y1 a |

Uow consider

®) Q — f. . ... »am=, lat(

la, . .. *e e 2a |

By use of our extensional identities (Aitkenf 1) we get the

above equal to



K o « ealfyjl/ la, e e +aJlJ 1 aj-',j/
ia” ° ° eaJ_VZ a/\ » IaIL hd e an-|J-J|. atJ/

#
lal « « e8lIfyj-l | la., * « »aZ'yj-2I

"Dividing the first row of the numerator by Ila,, #

and the second row by Ja, . . L,AyiirJ we have:
1 03",
DL J( CFE # # # H _
lau . . .Bj-lyj-l I
k&ii, ,f t Slij 3—. " .

laK o o « a/-iyj-il

But this becomes, upon another application of the extensional

r,

lal < + eadlydd/ lalt « * «aedyi-d adlyjl
L iio# # # 05 23 Ln e o e .LlJ] — ¢« o O
lall o o o o Bj-JDZI la,, . e

and following the same procedure as above this becomes:



or

1S Pl si s sYBMH 1 -
Ik = « = a}Jd*I

Bi e e -aij H a

30z

033

/

BB - - . . a)rsin

la, = . -a’gjal

2+ * <a3sH aLj-il

lall = = . 35591

Il -

la,,

en -

Xj-, OJEj

- oK e

(-1

» "aZ)}V aJsil

e egj-vfI-v a Ljl

* eaJ-J-V I

cJ-SJ

S1J laB- s- s «a M3V a.j/ — i
/8, o o o avSj-Yl

h, . . «@-V.jv&ifl

hr....

in general

V/fr CI-Kj

_ 7 HSH tIMEJ
A=

Ba # » «-ifj4 a Jl
I8|t ® e o o a\]/’j_;]_

I°it > « »Rj-BjJIH R/ |

lbii « « « « g

—y TE
/M

K cJKz]
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If we let n= J - 2 we have

o — s7d vy G-k, j
/a3, aMi A2z

la, aJ lal a0

bl ala« aty

b, adl a,
I ou
/a’é a™l % 7. py % 03")
— la, ajl - 5 0

j-i
- Z_hVj'k 0JkyJ

ati - b# OU™

K uJKy

Uow let j - k=1 and we have

a . . "but this i1s a Ffinite sum
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P-
aii - Z 5 Finally replace ™ by k
Jt-1 ’
s - i OKi but this is the value of bt
k-1
il
for from our original matrices a<j =£7, OHj F N
and so we see that
Q c b/ » , . -a, __ HujL = for

BY = = = = « alhH |

How we shall examine the C matrix. If we take

Istif » . .a gu-s/  Qiftcl
lauU « « 'aJOj-' alJdjl

and multiply by bjj , which we now know, we have

R — Bh. »# akl « fabh« . , a1
Jak . = ~ajWd" avjl IBY o o « aJpHT

Again using our identities, we have

B, . .<-alJH,I Bl - = "azyl* aHkl
lal, = -<OfijH aljdl Bn - aJi

la( . = "aJak; | o> L Rj-1jj. 2



Ividing the fTirst row by

by @, .aHjJ ,we have
I
lai—S- S -
(&,
lal . - ra-Lis-r |1
Jatt . *aJkJj) aldjf
lall = - *aJI7ZJu

13-

lal, . = . |

C
QU # » #AJA2CIKI
Ia:n e e e e 1

J-W-Z RilrL
NEENH

B, ® * rajJJv3 aJzAal
laH o « «J3J3 aj> 1
lall = « “aJJ/-!l1

and following the same procedure we have

Jil-2.

la-11 « #
ian ¢ o

or in general,

/-V<

-f # # #ch i
by « + S o Bj--51

%

a xc/
e aJJ/-j/

o #O#

kB, e e < .<aji--i

and the second row

which equals

0 J-I7K

0ZIM

041X »

bj.r* OHK
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), # # YT IR V/ A kK *
hu <=« < 3P :fy W

If we let n-jJ - 2, we have

fo. ax/ _IZ’MQ— C>*,k

lal HIJ  )a, aik/

/all aJxl la & a>/ A
- bZ}—* 0z-z-*
/u ail 1-1
[
1k ak/ 2/3g cIMAr
fac ave Hr-* O/
a 1-1
ajk — ajl ac< CH >
a d-i
- a:k “« Jdck~ bJM  0Z-"zA
A" bAJ 1 cCcJ-A-
a 1-/

which hy a similar method as applied to the previous case

re-



duces to
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but from the matrix product

or

Hence,

B and the

of B and the jth row of C. But

J
lall * « »aill # iai, * « I-' 0.1id
Iav..- ﬁ’...*ayjl
b-. . .a, A a c as desired.

/N = * « _ajjl

if the theorem is true for the (-1)th column of

g-nDth row of C, It vi3l be true for the jth column

we have seen i1t is true for

the first and second columns of B and the first and second

rows of C,

and our

induction is complete.
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SEQU UTIAL COMPUTATION
Ve have now proved. It la possible to factor a non-singular
matrix whose fTirst principal minor determinants do not vanish
into two triangular matrices. Let us now consider the deter-

minant A from the aspect of pivotal condensation (Aitken, I1).

a,? = * awvr
BI axip
@) /Al - S H e e« #H e $ # where i e
#
- a,n

By pivotal condensation we have

Py a' l1a@ aule S =/ al/

Pu I 1all awle # e |a° aWwil
@ H-. J_ - # # s # # e #
(a,rrL
- # e # e e e # -
[ar il Pu  atije # *? a.v
Let
® - K

then (8) takes form

avlk a- - <o .

V*x * ® ° 3rtn-t
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Hence, we see that
a* a,* -
ak eococoe
0 M-—M: . s ® . ®0H
f##??#%l -*° Heigh-U
where
) gd .. K, K~
ST a7-1

In this notation we shall

ar/

al

-

V

and that C takes the form

see that B takes the form

O Osee ..0
ag 0..

ar

a ..
g §¥

- ##*#---

v
allee. ..,
2 S



18-

Hence, we see that

i
a2 bu o~ S,.L-i .1
t4

= ciyy = a";n7

~

To prove the latter true we refer to (Il)

a -- a. i‘é‘él
g—x

and following the extensional identities of Aitken we have

S
lar aw/> I" llaK « = * Kd B« o = *akzZkl ai+a |

T olal - - Faagal K I * e eaKk aCtkydtk)

hut a,V = laF * . oy £0
Kk
a4 aij = /a4 = = <akk altyd
aif € Ki = = <aJf aCtigkfll #

How from (4)

IBL . . eaakK altk*k
kel — Ya, . = eakk/

- _al- or the same form as
ag @2).
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Prom 04) we see that

alj ~ K 1e «*Kk./Ifijit)

hut from (5)

A . N # # # NN & o/

IaF » o o « 3

a or (13) as desired.
" aA

Hence, we see that the elements of B and C may he compu-
ted sequentially as a product of 2*2 determinants hy computing
the Jth column of B and then the Jth row of C. We see that the
kth column of B is found hy dividing the Tfirst column of the
(k-1)th pivotal condensation of A hy the first prilnci al minor
of the (k-2)th pivotal condensation. Likewise, the kth row of
C is found hy dividing the first row of the (k-1)th pivotal

condensation hy its fTirst principal minor.



Consider the matrix

How we have* hy pivotal condensation

4 =8

20-

AH rXAMFXE

2 3 10 1
1 2 0 2 1
0O 1 1 1 2

3 0 12 1
1 -124 1
2 2 2 4
9 -1 4 -1
1 1 2 1
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 CONOLUSTONS | )

In this ?&E@?g the results &6?1V6d show a Simple sequens
tial method of faewriza,tmn of a nemsmgu;ax rgatmx;&cse_
first prineipal mimows do not vanisha A methed for Gémpﬁﬁiﬁg
the dnverses of the reaultzng tr Lang ular matrices has, been
coded fqr machine éamputaﬁian f?razewy Duncan &nd Gﬁllﬁrﬁ
1958)s ) | R

| Tor @amyuﬁ§ﬁim@al §urpééesg w% ééﬁa'%hat,we grevéﬁaiuaﬁ§
ing two by two determinants to solve for the jth eolum of By,
and using thage resuiﬁs to solve for the Jth row of Gg wherezn
agamn we have anly 0 evaiuaﬁe Ly by'twa ﬂaberminan%s, ﬁh@
mignifiéant advantaga ﬂf this methedg dheﬂg is dhe $iMb1a Bek
quential method of aﬁtadko ' o

Wé algo note that by weakening the aondlbians af oUT " O=
riginal matrix further work taen be dﬂﬂ@q Fog exaﬁpleﬁ chang-
ing the nonsvenishing aéﬁditi@n of the firs% pmiwci@ai minéfs
wmuld lead usy in effech; to resmitﬂ &bt&ime& fmam 1n%erahangw
ftng rows by elemenbary operations, | . _

The posaihili%y of wompubing the 4&?@?3&8 of the trlanguw
lar matrices in = sxmila% sequentagl metho& could lga@_ba ans
other 1ling of reseawchﬁ This method maé'havg an advantoze in
enabling the campuﬁaﬁimn mf A inverﬁe d¢raeﬁly‘thraugh @waper
se&ificatign¢ ‘

The next abnd;%xaﬂ to be elimamaﬁea ccul& bg the nom=




. “”’123‘;*. .. S
singuiewiﬁy of ﬁﬁ‘:g:* original ma‘&rixg l'ﬂhéﬁs m;ai:had }pzjaba}aly
could be applied to singular matricesy  In t}gis;c cameé it m?ulé,
seen ‘that the B malriz would heve ner null ecoluma vecbtorsy

where ¥ denotes the wank of the matrix.
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