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Abstract:

This research work is concerned, with optimal parameter selection in differential games. The emphasis
is on deterministic two-person zero-sum differential games in which one or both the players are
constrained to use feedback controls of specified form. The specified forms for the controls consist of
weighted sums of state variables, the weighting factors being products of known time-varying
functions and of constants to be determined in an optimal manner. For these types of constraints on
feedback gains, necessary and sufficient conditions are examined for saddle points.

The general results are applied to linear-quadratic games, and for this class of games it has been shown
that the optimal controller parameters for a given initial condition xo are also valid for initial conditions
axo-co<&alpha<co. For the same class of linear-quadratic games, an additional development is given to
obtain control law parameters that are independent of initial conditions, so that a saddle point with
respect to the expected value of the performance index is obtained. In particular, it has been shown that,
for a class of linear-quadratic games, the operation of taking the expected value of the necessary
conditions corresponding to problems with known initial conditions is equivalent to finding the
necessary conditions for optimality corresponding to the expected value of the cost functional. The
approach and the results of this work are especially useful when only partial information about the
possible initial states is available to the players and when on-line computational facilities are limited.

Necessary and sufficient conditions have also been examined for the existence of saddle points under
the constraint of piecewise sub-optimal control laws, with consideration being given to the optimal
choice of the gain-change points and also to partial information about the possible initial conditions.

Sufficient conditions for advantageous strategies for either player are examined for a class of
linear-quadratic games in which the players are constrained to use suboptimal control laws. The
concept of a bargaining matrix has been introduced for the case that players bargain to adopt constant
feedback gains.

The results are applied to specific scalar and vector dynamic systems, and numerical solutions are
presented. A Fortran Program for computing the optimal parameters for a specific vector case has been
included. The results should broaden the class of practical problems to which differential game theory
can be realistically applied. By restricting the form of feedback gains so as to reduce the "latent cost" of
control implementation, it is possible in some cases to obtain control laws that are only nominally
suboptimal, but are both computationally feasible and implementable in practice.
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ABSTRACT

This research work is concerned with optimal parameter selection in
differential games. The emphasis is on deterministic two-—-person zero-
sum differential games in which one or both the players are constrained
to use feedback controls of specified form. The specified forms for
the controls consist of weighted sums of state variables, the weighting
factors being products of known time~varying functions and of constants
to be determined in an optimal manner. For these types of constraints
on feedback gains, necessary and suff1c1ent conditions are examined
for saddle points.

The general results are applied to linear-quadratic games, and
for this class of games it has been shown that the optimal controller
parameters for a given initial condition x; are also valid for initial
conditions oxy, —® < o < @, For the same class of linear~quadratic
games, an additional development is given to obtain control law param-
eters that are independent of initial conditions, so that a saddle
point with respect to the expected value of the performance index is
obtained. 1In particular, it has been shown that, for a class of
linear-quadratic games, the operation of taking the expected value
of the necessary conditions corresponding to problems with known initial
conditions is equivalent to finding the necessary conditions for
optimality corresponding to the expected value of the cost functional.
The approach and the results of this work are especially useful when
only partial information about the possible initial states is available
to the players and when on-line computational facilities are limited.

Necessary and sufficient conditions have also been examined for
the existence of saddle points under the constraint of piecewise sub-
optimal control laws, with consideration being given to the optimal
choice of the gain—change points and also to partial information about
the possible initial conditioms.

Sufficient conditions for advantageous strategies for either player
are examined for a class of linear-quadratic games in which the players
are constrained to use suboptimal control laws. The concept of a
bargaining matrix has been introduced for the' case that players bar-
gain to adopt constant feedback gains.

The results are applied to specific scalar and vector dynamic
systems, and numerical solutions are presented. A Fortran Program
for computing the optimal parameters for a specific vector case has
been included. The results should broaden the class of practical
problems to which differential game theory can be realistically applied.
By restricting the form of feedback gains so as to reduce the "latent
cost'" of control implementation, it is possible in some cases to
obtain control laws that are only nominally suboptimal, but are both
computationally feasible and implementable in practice.
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CHAPTER 1

INTRODUCTION




1.1 GENERAL

This research is concerned with optimal parameter selection in
- differential games. fhe emphasis is on deterministic two~person zero-
sum differential games in which one pléyer tries to minimize a certain
"gith cost functional while the other player (his opponent) tries to
maximize tﬁe.sgme cost functional, and one or both are constrained tq-
use feedback coﬁt;&ls of.specified form. The specified forﬁs for the
controls consist of weighted sums of state variables, the weighting
factors being products of known time-varying functions and .of constants
to be determined in an optimal manner. The object is to determine the
necessary and sufficient conditions for optimality for these types of

feedback gains and to develop computational methéds, for obtaining the

optimal parameters.

~

In this chapter, a brief surve§ of differential gaﬁes and contri-

butions and merit of this thesis are presented.

1.2 A BRIEF SURVEY OF-DIFFERENTIAL GAMES

| Differential games are associatéd with competitive situations
which evolye over time and are charagterized by differentiai equatioﬁs.
Isaacs.[21] established a base for study of such games.

Two-person zero-sum differential game can be described as follows.

\

. . : . .
Let x = [x, =x, ... xn] denote a vector im real Euclidean n space

1.72

and let R be a fixed region of . (x,t) spéce, where t denotes time.




3
The evolution of x(t), known as the state of the system; is assumed

to be determined by a set of first-order differential equationms.-

i - @wwe), x(e) =x, 11,2 cees D S (1.1)

where u = [ul u, oo up]vis a vector chosen by the minimizing playef

and v = [v Vo o eee quyis a Yector éhosen by the ma%imizing playér.
The choices of u and v are governed by real-valued functions of é
and time, defined over R; and are known as pure strategies. The vectors
u and v are known as strategy vectors or contfdl vectors. |

In the game of perfect information the players know the state of
the game at all times and they know how the game‘ﬁroceeds. Play begins
at.(§0,t0) and terminates at a previously defined surface ¢ contained.
in the boundafy of R.

A cost functional

T

3 =LGEM,D + | glu.,t) dt E @
- t ) “

0
is specified, where T is the final time, L(x(T),T) is a real-valued
function on {, and g is a real~valued function on (x,u,v,t) space.
. , * ' %
The object of the players is to choose u (x,t) and v (x,t) which are -

optimal. in the sense that for any other control vectors u and v

.there holds




(1.3)

* % %
Ju ,v) £ J@ ,v ) < J(u,v)
. . * * -
Such a pair of strategies (u ,v ), if it exists,defines what is known

The various problems in zero-sum'games are well

as a saddle point.

documented by Berkovitz [ 5] and Simakova [42].
A rigorous and complete derivation of the necessary conditions

for this two-person zero-sum game is presented by Berkovitz [ 3], by

considering two related optimal control problems; namely, that
Ep(t) = HP(t’to’X j is the ﬁinimizing solution of
T .
min J = Lx(1),T) + [ g@&u,v (x,t) dt (1.4)
u t : :
—_ 0 .
. %
%= £(x,u,y (x,0),t), x(£y) = x4 (1.5)
and gg(t) is the maximizing solution of
T % .
[ g(xsu (x,t) ,v,t) dt (1.6)
(1.7)

max J = L(x(T),T) +
V. =
— tO

A
3= EGu (20,00, x(t) =X
Berkovitz combines the two sets of necessary conditions for the above
mentioned control problems, and his results are
Hy = x (1.8)
H = -) (1.9)
x A
B =0 (1.10)




B, =.g ) . (1.11)
and
L (T) = A(T) ' C(1.12)

where HX dnotes 8H/3x, etc., A is the Lagrange multiplier used to

account for comstraint (1.1), and where

H(x,u,v,t) 4 g(x,u,v,t) + A'f(x,u,v,t) (1.13)

In the proof Berkovitz shows that the multiplier Au for the minimum
problem is identical to the multiplier Av for the maximum problem.

The related optimal control problems lead to two definitions of a
coﬁjugate point as in optimal control theory and two more sets of
necessary conditions. Schmittendorf and Citron [40 ] have established
the equivalence of the two definitions_of a conjugate point and the
equivalgﬁce‘of the two seté of necessary conditions throuéh the accessory
minimax problém; Their main result is that, along a trajectory resulting
from a saddle point solution, there does not exist a COnjugate point.

A variational approach is also adopted by Ho, Bryson, and Baron
[17], and by Baron [ 1], in studying pursuit-evasion problems for linear-
quad?atic games (games with linear dynamics and quadratic performance
indices). They initially seek opén—loop”solutions whereas 3erkovitz
[ 3] and Isgacs [21] seek closed-loop solutions.

Isaacs develops a two-player analogue of the Hamilton-Jacobi Bellman

equation of one-sided optimal control theory. and calls it "the main
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equation”, which is used as a heuristic toollto find éolutions to a
Qariety-of exampleé, Isaacs proves a verification theorem by means
of which he shows that if one obtains a sufficiently smooth solution
to the main equation, it is indeed a solution to the.géme.

Isaacs-assumes tﬁat the solution of a“game J*, E%’ gf is regular
everywhere eXCeﬁt on a finite number of surfaces éalled éingular
surfaces; He also proposes a method for finding singular surfaces; the
method_is based on the qualitative behavior of optimal strategies in
the neighborhood of these surfaces.

. Problems on the convergence of solutions of‘multi—sfage games to
thg solutioﬁ,of‘differential games an& the existence of solutions of |
differential games arelstﬁdied by Fleming [15] and Varaiya [46 ].

” Rhodes [36 ], Porter [35 ], and Kiriliowa [25] use functiopal
analysis to study differential games. Kuo [28;29] uses geometric

arguments to obtain mnecessary and sufficient conditions pertaining to

differential games.‘
‘ /.

Schmittendorf [41 ] considers linear-quadratic games and the rela-

tionships governing the time intervals of exiséence of solutions for
various problem formulatiéns when one ot both the players use open;
loop control.

A éradient algorithm fqr solving time-invariant parameter mini-

max problems is presente& by Heller, Cruz, and Medanic [ 16].

Nonzero-sum differential games in which the interests of the

players are not directly opposite, - and which admitrno simple. definition

L
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of solution, are inveetigated by Case { 10], Starr'and Ho [43 1, and
Rhodes [ 38 ].

Regade and Sarma [ 39 ] discuss some of the difficulties that can
arise when the bptimal control problem, in the preeence of uncertainty
in the plant, is formulated as a game.between the uﬁcertainty'and the
control variables. Nondeterministic qifferential games in which the
controllers have available only noise-corrupted output measurements are
considered by Behn and Ho [21, Rhodes and Luenberger [37 ], Rhodes
[36 ], and Wi;lman [49 ]. Ciletti t13]-examines linear-~quadratic games .
in which'a single player has a time lag on rhe availability of the
state vector.

Kervovskiy and Kunetsov [24 ] consider the case of the minimum
principle in differential games for N players. Durato and Kastenbaum
[52] apply game theory to sen51t1v1ty de31gn of optlmal systems.
Extensions of some of the results of lumped parameter differential games
to differential games which involve distributed systems are analyzed by
Landy [30].

The above referenees could be embellished with additional ones
listed in the bibliography of the recent first international conference

[19 ] on the theory and applications of differential games.

1.3 FORMULATION OF THE PROBLEM
Consider a dynamic system given by (1.1l) and the cost functional

(1.2). u and v may be constrained by the equations




u= ) o (£)Alx ‘ , (1.14)
5219 :
m .

v= ) B, (0)Blx ‘ (1.15)
521 30

,
where aj(t)'s and Bj(t)'s are known time fﬁnctions, and Aj;s and Bj's
are constant matrices of appropriate dimensions. Let A denoté the
set.{Aj}, and B denote the se£ {Bj}. The problem is to find or charac-
- terize AO and BO which are optimal in the sense that for any other

constant matrices A and B there holds

78%,3) < 3a”,8% < 5(a,3% | | (1.16)

First the simplest problem of constant feedback gains is considered

in Chapter 2, by assuming m, = m, = 1 and uj(t) = Bj(t) = 1. Then the

1
results are extended in Chapters 4 and 6 to complex situations involving
suboptimal control laws as specified by (1.14). and (1.15). .
Following Baron [ 1] and Berkovitz [ 3 ] variational procedures are
employed in Chapters 2, 4,and 6 to yield neceséary conditions for opti-
mality in terms of '‘a two-point boundary-value problem and an integral
equaFion. It is thén showﬁ that the sets of matrices A and B can be
evaluated by followiﬁg‘an igerétive ﬁrocedure.‘ The optimal parameters
found by the method suggested, will, in geﬁeral, depend upon the initial
conditions én.§. For a class of linear-quadratic games, a method is

presented in Chapters 4 and 6 to find constant control parameters that

are independent of initial conditions.




"1l.4 MERIT OF THE THESIS

It is evident from Section 1.2 that a number of papers have appeared
on zero-sum and nonzero-sum differential games,éince the appearance of
Isaacs' book [21] on differential games. The results of all these works
suffer because the implementation of time-varying control.[26] is a
difficult.task for either player if truly optimal control is employea.

In differential gamé situations, one must be equipped with an
automatic data—acquisition sensing system’to kno% the pfesent state of
the system and a decision device to compute and fegﬁlate the control to
be applied in accordance with the information available about the dynamiés
of the system. Herein lies a distinct advantage when coﬁstant feedback
gains are employed. The constant feedback géins can be computed in
advance, and the regulator is much simpler in constrﬁctioﬁ than when
optimal time-varying controls afe employed. The storage facilitieg
that are required when the control gains are to be computed at each
instént are cbﬁsideraﬁly higher than in the fixed éain éasé; hencé,
whenever space and costs have to be limited and are major considerations,
~constant feedback gains may be appropriate.

'Moreover, as indicated by Kleinman and Athans [26] in the case of

one-sided optimal control theory, the "on-line approach” of implementing

the time-varying control is difficult. Even for linear-quadratic games,
the optimal control laws depend on the solution of a matrix Ricatti

~

equation as shown in Chapter 2, and the solution is unstable in the
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forward time direction. On the other hand, some engiﬁeeringrdiffi—
culties are inherent in the off-line approach. 'Multi—input, multi-
output'systems.require the storage of a large number of time-varying
signals. These signals must not only be implemented simultaneously
but must be implemented in time synchronization with one anéther_and
in sypchronization with real time. The circuitry demanded by high-
order systems can become quite unwieldy. This difficulty can be
circumvented by using suboptimal feedback laws, since only a smaller
number of time-varying gasily implementable functions have to be stored,
or the time—varying functions éor the suboptimal controls might eveﬁ.
‘be chosen so as to bé'generatedton line.

Another interesting point is seen in the scalar case considered
in Chapter 3; namely, if cooperation is allowed between the players,'
both the players can use ;maller feedback gains and still have the
same saddle—point pay-off. It‘is also intefesﬁing.to see that the
suboptimal control laws can always be constant.feedback‘laws if coopera-
tion is allowed betwéen the blayers and still the suboptimal cost and
;he optimal cost can exactly coincide. Sfarr and Ho [43 ] have
indicated that in the case of nonzero-sum games both players could
gain if cooperation were péssible. In a similar fashion, cooperation
from the point of view of easelin control implementation, can be
advantagedas to both the.players. This conqeptual and practical

advantage of reducing the ''latent" cost of control implementation is

not apparent in the case of nonconstant-gain zero-sum games.
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Finally, when choosing unpredictable parémeters in an optimal
fashion for one—éided optimal control problems, it is natural to attempt
-to formulate these paraméters as random variables With associated |
probability distributiqns and fhen.to mipimize'the‘expectea value of a
cost functionai, But such a stochastic formulation might be diffiéult
bgcause very iittle might be known about the nature of the upknoWn
‘parameters. In such a case, as a conservative approach, ﬁature might
be thought of as an opponent having conflicting inferests with the
desiéner and trying to maximize whatever the designerlwants to minimize.
This is one of thg ways of rep;acing a stochastic probiem by a deter-
ministic one, and in such a case the approaches and results of this work

might be useful to thé designer.

1.5 CONTRIBUTIONS

The méin contribution of this thesis is the derivation of the
neceséary ana-Sufficient canditions for the existenée of a saddle ébint"
for a gemeral two-person zefo—sum differential game (in addition to
linear—quadratic games) when one or both the players use cont;ol laws
as spécified by equations.(l.14) and (1.15). The apﬁroach adopted in
this work is different from that adopted by Kleinman aﬁd Athans [ 24 for
the one—siéedvoptimal control theory and is more general and complete,

The extension of the approach to nonzero-sum games is a matter for

future investigation.
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Partial information about the possible initial conditions have

been considered through the

'ihformatioﬁ ﬁatrix" in Chapters 4 and 6.

The results of thrs work, clearly indicate tﬁat ty restricting the form
of feedback gains, it is possible in some cases toiébtain control laws
that are only nominally suboptimal, but are both computationally feasible
and implegentable in practice.

Another contributign is the derivation of the_sufficiént conditions
for advantageous strategies for either player for the case of linear-
'quadratic games. It'is a natural extension of the results [ 26 ] s
‘available in one-sided optimal control theory. The concept of "equiva-
lence pqint" introduced in'dhapter 3 and the."bargaining matrix" in
Chapter 5 can be used by players in deciding a mutual;y agreeable
"negotiated" pay-off which is a function of'the storage facilities of
each player and technicai knowhow, etc.

Another major contribution is the derivation of the necessary and
sufficient conditions fqr the existence of a séddle pqint under the
_constraint of piecewise suboptimal control,iaﬁs,‘with consideration
beiné given to the optimal choice of the gain-change poiﬁts-in time
and also to partial information ébout the possible initial conditions.

The results are more complete than the -existing results, even for the

case of one-sided control theory [26], [271], [6 1.
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1.6 ORGANIZATION OF THIS WORK
‘ ?he organizétion of the remainder of the work is as follows. In
Chapter 2, necessary and sufficient conditions ére examined for the
existence of saddle points for-a general.twofperson ;ero—sum‘differential
game when one or both players are constrained to use constant or
piecéwise—cénstant feedback gains. The general results are applied to
.linear—quadfatic games and a solution for the constant feedback gains is
obtained. | ) |

In Chapter 3, thelresults of Chapter‘2 are applied £o a specific
scalar example and nﬁmerical solutions are presented.. The equivélénce
point is introduced and it is shown that cooperation from the point of
Vi;W of ease ih control implementation can be advantageoué'tO'both
the players.

In Chapter 4, necessary and sufficient conditiqns are derived for
the.existence of a saddle point for a general two—persoﬁ zero—sum'
differential game when one or both the players use.sﬁboptimal control
laws as specified by equatipﬁs (1.14) and (1.15). For a class of linear-
quadratic games an additional development is given to obtain contro; law
parameters that are Jindependent of initial conditions so that a saddle
point with respect to the expected value of the performance index is

obtained. The results are applied to specific scalar and vector dynamic

systems and.numerical solutions are presented. : .
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In Chapter 5, sufficient conditions for advantageous strategies
for either playér are examined fof linear—quadratic games. The
concept of a’"bargﬁining matrix" is introduced. Specific scalar
and vector examples are included to illustrate the theory.

In Chapter 6, the procedure of Chapters 2 and 4 is extended to
thg case when the players use‘piecewise suboptimal‘cont;ol laws. |
Consideration is given to the case when partial information about
the possible initial conditions is available to the players. The
results are'applied to specific scalar and vector dynamic systems.

In Chapter 7, the results of Chapters 2 through 6 are summarized

and some open problems are discussed. - , -




CHAPTER 2

OPTIMAL PARAMETER SELECTION .
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2.1 INTRODUCTION

In this ghapter necessary and sufficient conditions for the
existénce of a saddle point for a general two-person, zero-sum
differential game under the constraint of constant feedback gains
is examined. The general analytical.results are applied to‘a linear-
quadratic4gaﬁe, and a solution for the constant feedback gains is
dbtained. A straight-forward iterative scheme for the evaluatioﬁ of
‘these constant feedback gains is‘suggested. This procedure is extended
to the case where the players are'réstricted to use constant feedback
gains dﬁring only specified intervals of time. The necessary conditions
for the general two-person zero-sum differential game without constént—
~gain congtraints is then derived from the neceéséry conditions for the
. constant-gain case. '

The constént feedbaék gains found‘by thg method suggested in
this chapter depend in general upon the initial conditions of the;
system. Tﬁe method,of‘Kleinmaﬁ andlAthans [ZGj is extendé& in a
. subsequent cﬁapter to compute feedback gains tha;-are independent
of initial conditions. The results of - this chapter are applied to
a particular scalar dynamic system in Chapter 3 in which detailed

numerical solutions are given.




17

2.2 FORMULATION OF THE PROBLEM: CONSTANT GAIN CASE

_Given is a dynamic system
_}:{__ = i(_}isﬂsls t) s E(to) = EO . : : (2.1)

whefe.§ is an'(n x 1) state vector, u and v are the control vectors
- of dimensioﬁs p and q, respectively, and t0 is the initial time.
A cos£ functional
T

J(u,v) = L(z(D,T) + [ glx,u,v,t) dt (2.2)

o

is given with the fina; time T specified. The real—vélued functions
f, L, and g are all assumed to be of class C2 with respect to.their
argur;zer}ts° The problem is to find or charaéteriée, if thgy exist,
particular controls QP.and 39 which are optimal in the sense that for
any other control vectors u and v, there holds

J(gosz) < J(go,zo) iJ(g,io) | (2.3)

~

subjeet to the conditioms

u = Ax : . (2.4)
and
v=Bx ' ' (2.5)

where A and B are constant matrices of appropriate dimensions.:

TV TR I 1)
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In the folloWing, standard variational procedures are applied
to yield necessary conditions for optimality in terms of a two-point
boundary-value problem and an integral equation. Tt is then shown
that the matfices A and B can be'evaluated by following an iterative =~
procedure.

The baéic differential game problem without constraints (2.4)
and (2.5) has been studied by various authors (Berkovitz [3 ], Baron
[ 1], and Rhodes [36]) and the results for the control vectors
u and v to be optimal in the minimax sense are presented ip Section 2.6.

Following Baron and Rhodes open-loop solutions are obtained
initiélly. Because conditions (2.4) and (2.5) are to be satisfied,
the ﬁroblém is more conveniently expressed as follows:

Given a dynamic system

x = £(x,Ax,Bx,t) , x(t) = x, : | (2.6)

\

and a cost functional

T : ‘
J(A,B) = L(x(T),T) + [ g(x,Ax,Bx,t) dt C 2.7

fo
find or characterize, if they exist, A0 and,BO which are optimal

in the sense that for any other constant matrices A and B,
3a%,8) < 5a%,3% < 7,39 | (2.8)

subject to the conditions
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A=0 | ‘ (2.9a)
and
B =0 - , - (2.9b)

2.3 NECESSARY CONDITIONS

Vector'Lagrange mulfiplier functions can be introduced té account
for the constraints (2.6), (2.9a), and (2.9b). Because A is a p x n
matrix and B is a q x n matrix, in general, rather than vectors, they

can be partitioned in terms of columns: Let

1 | - (2.10a)

A=lz; 3 =

and

B = [EJ.VPQ . hn] | : (2.10Db)
whérelgl,_éz, cees B and 21, EQ, ""'En are constant vectors; hence,

conditions (2.9a) and (2.9b) are rewritten as

5 0, k=1,2, ..., n

Jp

0 , k=1,2, ..., n

e
it

Following Baron [1 ] and Berkovitz [3 1, two related control
problems are considered: Find A to minimize J(A,BO) and find B'ta
maximize J(AO,B). The seg¢ond inéqualitygof (2.8) suggests that AO
is ‘the miqimizing solution for

T

min J, = L(x(D),T) + [ g(xax,8%, 1) dat (2.11a)
A0 %o |




(2.11b)
= [0] . o N |  (2.110)

The theory of one-sided optimal control theory is applicable to
the above problems. The augmented performance index is
: T 0 _ :
3, = LM, + [ [g(x,45,3x%,t) + - -
. N . )
0
n

.ii(i(E:AEquz,t)ié) - Z nigk] dt (22

whergill(t)_and ﬂk(t)'s”are Lagrange multipliers of appropriate dimen-
sions. Integrating-(é.lZ) by parts and considering only first-order

variations )

. - oL Nyt . ] ks ' .
PR - (1)) 851 + Aj(eg) Ex(ry) - kzlmk(cr) -
LN (2.13)
, ‘ T o5 T n 8H, . ‘
0, () " 82y + / (a + A P 'ox de + f 2 Go+ n) ' 88y
: £ ° t 92y
' 0 - 0
where -
iy 4 gax B, 0) + 21£Geax,3%,0) | (2.14)

Necessary conditions for a minimum are found by equating first-

‘order variations to zero. This is done by requiring

0, (T = n, (£, k=1,2, ..., n (2.153)
3L ' . : :
x|, . o a® | | : o (2.15b)

-| t=T
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oH

1_ - ” | |
—3—._1_{_ = -.Al . | (2.15¢)
and
oH : '

1 . : :

.5:_ = -f 5 ko= ;, 2, coey 1 . (2.15d?

Conditions (2.15a) and (2.15d) give

T °H

=

dt = 0 - k=1,2, ..., n T (2.15e)

|

t

¥
0

Now the first inequality of (2.8) suggests that Bo‘is the maxi-

mizing solution for

max J, = L(z(D),T) +: [ g(x,A"x,Bx, )" dt AR (2.16a)
8° _ ) |

= £ 00xBx,0 x(ty) = x, - (2.16b)
B = [0] ) | (2.16¢)

Paralleling the development adopted for the minimization problem,
the necessary conditions for the related maximization problem can be

shown to be

2 - -) - - (2.17a)

oL = 2,(D) ' ' o (2.17b)
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and \
T 3H2
| sgrdac=0 k=1,2, ooy mn (2.17¢)
e 2 : :
0
where
I\ 0 ' 0 ' :
Hz = g(E,A _}_{_:B_X_,t’) + AZE(E’A E,B_}Est) ' (2.17d)

“

From equations (2.15b), (2.17b), (2.15c), and (2.17a) it is evident

thap_&z(t) = A (1) éﬂ&(t). Necessary conditions for optimality -are,

1
therefore, )
Y : ' S
5% . , - | (2.18a)
%I: = A(D) _ (2.18b)
2| t=T : '
T : .
J Eac-o | (2.18¢)
0 B
and
T . - . _
] S-ac=0 : : (2.184)
t, —k

ACCESSORY MINIMUM PROBLEM:
As in one-sided control theory, the accessory minimum problem for
the related minimum'probiem is formulated by considering the second-

order variations of J a in (2.12). The accessory minimum problem is

1
T

. T o= ¥ ’ _]; ' [ T ’ v
min Jl = =§x (T)LE&(T)G_:E(T) + 2f [6x 631 6_;32 G_e_ln]

1
ngs to

fy[8x] 63y 6a) ... ¢sall dt (2.192)

&A

N




n .
8% = £,0% + Z;ﬂfgk, §x(ty) =0 . (2.19b)
k=1 _ )

G_é_k =0 . . (2.19¢)

where
Hxx Hxa Hxa
—1
-il-}—{ Ha Ha a
N —1-1 —1n
Hl_=
.H ® 00 H
a x aa a a
-~ 1 —1Irn

i . |

and where all the quantities H , H 's, H 'é f. 's, and
XX’ “xa a.a,
2;8;

(T) are evaluated along the optimal path xo(t) w1th

Il?LP

Equation (2.19a) can be rewritten as

. - 1
mlr: Jl = E_}g (T)LXX (T)GX(T) + = f {dx Hxx 8x + 26x' 2 H §k~.+

63ks | ‘ t0 ‘ lf—l R

i 9 9 - .'
AA[SEI 632 6_§n] }dt (2..1.9e).

N

t t A
[6&1 6_a_1_2 6__2_1n]H

where HAA is an (ap.x np) matrix which comsists of partitioned matrices

H ©
a.a,
_l—J )
Necessary conditions (2.15a) - (2.15e) can be applied to the above

problem. The Hamiltonian ﬁl for the accessory minimum problem is

n

=1
By = plox'Hy ox + 26x' ZlH_ 8a, +




Ml
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[6a! &a) ...

1 63, sa! sa) ... sa'l + o

1
Saj iy, l0a; da

n .
) £ da) (2.20)

where gl(t) is a Lagrange multiplier of dimension n x 1. Necessary
condition (2.15e) implies that the constant parameters ng's are to be

determined by minimizing the integral of Hamiltonian f. with respect to

1

the Gak's, holding x, o., and t fixed.

- oot T

A necessary condition for a minimum of f ﬁl dt is
o

32 T_ _ :
~— [H,dt>0 ‘ (2:21)

2 1 —_
oA ‘to

by which it is meant that the (np x np) matrix which consists of
2 T :
{ fi_dt must be positive semidefinite. It
da.a, 1
is evident from (2.20) and (2.21) that a necessary condition for the:

partitioned matrices

accessory minimum problem is

T .
. [H,, dt >0 ' (2.22)
%o

Note tﬁat condition (2.22) is analogoﬁ; to the Legendre-Clebsch
condition in the nonconstant gain casé.

Necessary condition (2.15e), when applied to the éccessory
minimﬁm prsbleﬁ, re&uces to
n

' ‘ =
X6§.+..Z H &gj + iak'gl} dt 0 k

0 1, 2, ooy n (2.23a)
-1 ékrj ~

M

T
AR
%o

"
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Condition (2.23a) can be rewritten as

» T . = ¥
le ,Ha x| ‘EEE
Sa, H L f"l
T —2 T 3%| T |- . .
JHy, atl o+ [ | TVlexac+ [} 7 | ade= O (2.23b)
to T t0 . ' T tQ : ‘
sa H £!
a x -2
S [ T T
or
[ T X 7 v 7]
qil Ha ;1 £a 4
sa ) £71
=2 T _1. T T2y ' T A, | _ ' .
“l=-fEy, a0 | T exde+ [ | T gy de] (2.23¢)
0 B % | o
Sa H £
a x —~a
= -1r] -n
T -7 f .
assuming that f HAA dt is nonsingular. With the above assumption,

‘
and if conditiog (2.22) is satisfied,

: j Hy, dt >0 (2.24)

Note that condition (2.24) is analogous to the strengthened Legendre-

Clebsch condition in the nonconstant gain case.

Necessary conditions (2.15b) and (2.15c) when applied to the

‘accessory minimization problem reduce to

~& (2.25a)
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with the boundary condition

-El(T) .E.E(T) dx(T) . ‘ . ‘ 3 (2.25b)

Assuming gi(t) = 2(Pdx + 51),,the necessary conditions equivalent to

(2.25a) and (2.25b) are

' =
P+P_jfz+_f2{_P +-_;Jd_§§ [0] ) ‘ . (2.250)
with the boundary condition P(T) = %'x X(T). "Also,
© ]_ n : ’
E,t f' +5: L H_ 8a +P 2 £ 83 =0 (2.25d)

k=1 %% k=1 2k
ﬁith the boundary condition gi(T) = 0.

.‘The necessary conditions for the accessory minimum problem are
satisfied by the trivial solution Qg(ti\f 0, 6§k =0,k=1, 2, ..., 0,

and.gi(t) = 0. The value of 31 obtained by using this trivial

solution is

jp=0 - . (2.26)

ng's =0
The fbllowing lemma proves that it is indeed a minimizing solution of Ei.
Lemma 1: What ever may be the optimal path,

min J, =0 ' | ' - (2.27)
ng's 1 . . .

Consider the identically zero integral




27

f

o

IN~

n
- f£68x - ) £ 68a) (2.28)
I et _

Necessary condition (2.25b) gives

al(Mex(n) = 6x' (DL (1) 6x(T) | 229

From necessary condition (2.25a)

_.' -1 ' ’
Gy6x 6x' HEEE x + . Zaakn_a_k 5x + alf §x (2.30)

From necessary condition (2.233)

..A_tngvl, zl%kaak dt = -tf 25 ' 2 dt = \
T oo n
.tf {kziEkHak—Gx ’ Gal kzliil—a-k
n n -
8a) ‘21 aa ak + ...+ 82l kzlﬂén%ag‘} dt (2.31)

SubstitutingA(2.29), (2.30)., and (2.31) in (2.28), it follows that

T
— o ¥

0 = 8x" (DL, _(DEx(T) +. J Isx'm_ _8x + 2 zé_a_kH Sl de+

T ' _
¥ 12 ' ¥ v 1yt =
.tf (6a) 6a) ... 6aDH,,(8a) day ... fa)tdr = 2]

0

Therefore, min J. =0.

Qik's
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Hence, it is evident that &x(t) = O, dgk =0, k=1, 2, ..., n, and
gl(t} = 0 form an optimal solution for thé‘accessory minimum problem. -
With 6§k's = 0, necessary condition (2.25d) gives gi(t) f 0. It is
evident that equation (2.25c) neéa be satisfied along an optimal path
by AO and BO.

The above arguments also indicate that.
- 0 '
Jl(GA,GB ) >0 (2.3223)

. e . 0. o .
But for this accessory minimization problem B~ is kept constant and is

not a function of x; and therefore GBO-= 0, and
J (84, 0) >0 : (2.32b)

ACCESSORY MAXIMUM PROBLEM:

The accessory maximum problem for the related maximum problem is

max J. = 26x' (D)L _(T)6x(T) . (2.33a)
Sb, 's z 2= X - S :
—k s
1 T | ~
-— ] ] 1 L} 1 ) A 1] N
+ z.tf [6x' &b} &by ... 6blIH [8x' &by by sb']" dt
0 (2.33b)
where
\r- N
By x B B, 0 Hap
xx xb; X, LA
H .
oA b.x H H esos H
By = |+ b1 PP LELA | . (2.330)
Box B %pp, o Bob
| = 01 02 —n—n}
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n

£éx+ ) £ 6b, x(t) =0 - (2.35d)
X k=1 2k X 0

8B, = O o - (2.33e)

By following the procedure adopted for the accessory minimization
'probiem, it can be shown that the necessary conditions for the accessory

maximization problem are

T : .
[ Hgyde <0 (2.34a)
to :

s i
. {H 6_}_{_+ H 6£.+f' g}dt=,_(_)_,k=1s 2,_0..,-1'1' (2n34b)
g Tl bR T Ty % |

where ﬁb(t) is the Lagrange multiplier used to account for the constraint

(2.33d). Thus,

6D | : m ] : (£ ]
1 . b,x ~b,;
.16b . T T|H T i £!
2| e fugy an ™ [ BoBlexac+ [ [R2) g, a0 - (2340
. Yo Y%l . Y% L] '
o L] . ;
qbn Hb X jb
: -n
| T | |
assuming f HBB dt is nonsingular, which, when combined with condition
(2.34a) gives
T . .
[ Hgy dr <0 : | (2.34d)

%o
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n
H S6x+ ) H

X X kel xb, —k  Tx 2 2
or, equivalently,
P+Pf + £'P+3H__ = (0]
X Tx 2XxX
witﬂ the boundary condition P(T) = %Lx x(T)°
. 1 % .ﬁ ,
g, +f£'' g +5. )H . &b, +P £ &b, =0
with the boundary condition §2(T) = 0.
max 32 =0
1
ng s '
J,(0,6B). < 0
ACCESSORY MINIMAX PROBLEM:
Consider the differential game
1 - 1t |
—_ ) — 1. ¥ v
J,(8A,88) = 76x (T?EE.E(T)QEQT) + 5 tf (6x" 8aj ... sal
] T\ v ' PN v Ry
b, e Gbn)HFQE 8a; ... da by eee Gbn) dt

where

{2.35a)

(2.35b)

(2.35¢)

(2.363)

(2.36b)_

(2.37a)




(1 . : n
By x Pxa e Hpy B © By
22X 22, £ e
H
a.x . - H . H
B 22 2 LA
H = ax aa - aa Sabp, 0 Hap
- —n—1 —nn 1 =1
H H . H .o H
byx " hiay bya th_b_l byb
By Hpa 0 Hpa Hpp o0 By
L-1r— —n—1 —nn 1ol patani]

2
[)
H
o
==}
i
jas]
i

n
% = £ 6x+ ) a +.) £ &b, , 6x(t) =0
R - " = - 0

(2.37b)

[0] if the Hamiltonian H is separable in'A.and B.

(2.370)

Necessary conditions analogoﬁs to (2.18a) ~ (2.18d) are applicable to.

"this accessory minimaX'prdblém.
From (2.32b) and: (2.37'a) ,
J,(8A,0) = J,(84,0) >0
. From (2.36b) ana (2.37a),
'32(0,6ﬁ)» = 1,(0,68). <0 |
It is also evﬁdent that

31(0,0) = 32(0‘,0) = J,(0,0) = 0

(2.38a)

(2.38b)

(2.38¢c)
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Thus, if conditions (2.24) and (2.34d) are assumed, then there exists

a unique saddle point solution (0,0) to the accessory minimax problem.

It is evident, therefore, that (AO,BO) form a saddle point for the
original problem if.they satisfy the necessary conditions (2.18a) -

(2.18d), (2.22), and (2.34a) and if there exists a P(t) satisfying

the differential equation (2.25c).

T ’ T
A Note on the Nonsingularity of f HAA dt and f HBB dt:
' . t t
0 0
n ‘ .
Because u = Ax =. 2 2% (2.39a)
. =1 .
c
= x.H
Ya T Tu
2181 ==
¢
= x. x.H (2.39b)
a.a. i uu
~i—j - =
where the superscript ¢ denotes constant gain case. Therefore,
17 C :
= cee cos I 2.39
HAA [xle XZIp xnIP] EH.E[XIIP XZIP X pJ F 39¢)
Similarly,
17C ¢
= e cee I 2.394d
Hpn [xle XZIp gnlp] EZ.XFxle XZIp X p] (2.394)
Note that Hﬁ u and HS Q'are compﬁted along the optimal path corre-

sponding to constant gains.

IR

vy




Lol

33

\

Necessary conditions for the existence of a saddle point in

the nonconstant gain case are

HOC 20 | R (2.40a)
and
.HI;CV <0 : I (2.40b)

n
where Hucu and Htcv are to be computed along the optimal path corre-

sponding to noncomnstant gains.

Whenever H C_ and H'C do not depend upon the optimal path.(e.g,, .

v ¥ ¥

in linear-quadratic games),

nc c
H =H
uu uu
and

nc c
H 2 H
yx yv

Hence, for this class of differential games which are assumed to
be well-posed in the sense that there exists a saddle point to the

nonconstant game, it follows that

BB —

Hy, 20 o ' _ - : (2.41a)
and
H. <0 - (2.41b)
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are also to be satisfied along the optimal path corresponding to

constant gains. In cases where

¢ >0
uu
1S _<o0
vy
I : T . .
. f HAA dt and f HBB dt are nonsingular if and only if the components
t,. t
0 0

S Xys Kgy eees X of.the state vector are linearly independent. A proof

of this statement is given in the following section where general

results of this section are applied to limear—-quadratic games.

2.4 APPLICATION TO LINEAR QﬁADRATIC GAMES

Consider a linear system

x=Fx+ Gu+ Gyv ' (2.42)

1= 2

where: x is an n x 1 state vector,
F is an n x n matrix,

G1 is an n x p matrix,

G2 is an n x q matrix,

uis ap x 1 control vector, and
v is a q x 1 control vector.

The functions F, G,, and G, are assumed to be piecewise continuous

1’ 2

functions of time with a finite number of jump discontinuities during

the interval t0 to' T.
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The cost function J is a quadratic function of £he state vector
and controls: |
T

J=x"(Dsx(T) + [ (x'Qx + u'R

t

u+ ¥RV dt : : (2.43)
o ' o

I

where: S is an n X n symmetric constant nonnegative-definite matrix,
‘Q is an n x n symmetric nonnegative-definite matrix,

R, is a p x p symmetric positive-definite matrix, -

1
R2 is aq.x g syﬁmetric negative~definite matrix.
The entries of Q, Rl’ and R2 are assumed to be piecewise continuous

functions of timg with a finite number.of jump discontinuities during
the intervél t0 to T. u and v are constrained by-equafions (2.4) and.
(2.5).

The problem is to find, if they exist, A9 and B9 which aré

optimal in the sense that for any other constant’ gain matrices A and B

3% < 3%,8% < 5a,8% | B (2. 44)

- The results of Section 2.3 are now applied'to the above problem.

The state equation is

k= Fx + G Ax + G,Bx.= (F+ GA+ GB)x A (2.45)

2 1

The performance measure.is
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T

J = x"(Tsx(T) +. [ (x'A'RAx + x'B'R Bx + x'Qx) dt (2.46)
. \ .
0

By comparing (2.2) and (2.46),

L(x(T),T) = x"(T)Sx(T)

Condition (2.18b) therefore reduces to

A(T) = 28x(T) (2.47)
-Now
H = x'A'RjAx + x'B'R,Bx + x'Qx + A" (F + GjA + G,B)x (2.48)

Condition (2.18a) becomes

= 20x + 2A'R A+ GB)'A = -2 (2.49)

1 2 1

=)

Ax + 2B'R Bx + (F + G

with end condition defined by (2.47).

Assume that A(t) and_g(t) are related by
CAD) = 2P()x(1) ' ’ (2.50)

where P = P(t) is an n X n-matrix to be determined.
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Substituting (2.50) into (2.49) and using (2.45), it follows that

P+ P(F + GlA + GZB)'+ (F + GlA + GZB)'P + A'RlA + B'RZB + Q = [0]
(2.51)
with the boundary condition P(T) =
Now considering only the terms of H that depend omn A,
oH _ _3 1At . ‘. .
EEI 321(5 A-RlA§,+ul G, Ax) \ (2.52)

~ The first term within the parenthesis of (2.52) can be expanded, as

follows:

x'"A'R_Ax = [x. x e X ]

1= 1 2 n
- S o -
L] ) ?
-él Rlil __1 Rla2 PN _gl Rlin xl
¥ t
a, Rlal 2, ngz oo 'EZ.RIQH x2
a 'Ra a 'Ra .o a 'Ra x
n 11 —m I—2 - n I™m L nJ

1a 'R ax +a 'R
BN TN LA
n
a. 'R + ‘
22 T1%0™2 32 12Kk
k#2
1 T2 7T Ta : ’
' n-1
a 'Rax +a 'R z ax

© e
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n

2
= ]
=2y Rlalxl + al 'R x Z ___kxk +-

n
7 2 4
2 Rlazxz *2,'Rix, zlikxk :
k#2
q
a 'R.a x> + a 'R. %, Z 2
-n Imnn n g7

-

Therefore, after a little algebra,

n
3 2
—5—(§'A'R1A§) = 2R.a x] + 2Rlx1 Z,ékxk

-1

—1 . k=2

and similarly

n
-—E—{X'A'R Ax) = 2R a.x? + 2R_x, z ax i
k=1

FEVRSEE By%5 T Ny

k#j

— 7 . ‘
A6 Ax = 276 (agx) 22%2

Therefore

o
R ] — 1
EEI(A GIA§) le1 A= 2lelPx

and

3

+ a + ... 4+ ax )
—n'n

a3 +—@Q'6 Ax) = 2ij 'Px , i=1, 2,

(2.53)

(2.54)

. (2.55)

k(é,56)'

(2.57)

(2.58)




@

39

Conditions (2.18c) therefore reduce to

'The above set of equations can

2
1*1 ®%i%)
-2
RiXp¥; Rix,
IT .
to Ll ©
Rlxnxi Rlxnx
or equivélently,-
.1 ]
xllp
XZIp
T [
) { . Rl[xilp
Ojx 1
L 0 P

where I
p

T 2 n
(Rya %) + Ryxg Z gx) dt =
0 .
5 n
i {O(Rlazx2 + R 1%9 z xk) dt = -
k#2
T 2 n
{O(R ax + Rx kzl = k) dt

Rl}?lxn

R1%%,

2

XZIp

6o e

f x,G, "Px dt
%o

T

¥
{ x2G1 Px dt

0

T

- { XnGl

0

be rewritten as

'Px dt

o _ . T
Z1 X6, P2
B 1
_52 sz1 Px
T
at . { == J - dt
. tO
T .
a thl Px
-él Xllrnl
—%2 XZIp
' .. T o
x L dt = = °
n P] . { ’ °
a 0
C npl

is the p x p identity matrix.

(2.59a)

" (2.59b)

G, 'Px dt

:(2,59c)
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let the np x np matrix Ml(tO,T) be defined by

. A
= ’ I 6 o o ! oo : .
M, (£, T) tj [x,T, 5,1, X LVR [T %1 x I lar (2.602)
(] . '
.Therefore,
N - 1
2 xlIP
32 T x21p
. Y § . .
‘ M T(t,T) [} | 6Px de (2.60Db)
t
L . 0 L
a x I
—n | |0 p]

assuming that Mil(tO,T) exists. Similar relations can be found for

B, i.e.,

b ] x.1 1

hl ) xllq
b T |x,I ’

2= ate,n [ 7Y oppx ar ~ (2.60¢)

. t, | . '

0
x 1.
[T | 1 q]

assuming that M;l(FO,T) exisfs, and where Mz(to,T) is dqfined by

. T ., ,
A - .
M, (ty,T) = tf (2T, %I oo XTI IR T L e x,I,1dt(2.609)
0 )
It is evident from (2.48), (2.59¢c), (2.60a), and (2.39c) that

T
jHAA dt = M (t,,T) > 0

%o
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since R, is positive definite. In fact, H is the integral of

1
equation (2.60a) and hence H

AA

AA > 0 is satisfied for the class of

linear~quadratic games under consideration.

Note that Huu =R, > 0. Similarly,

u 1
T
tf Hpp dt =M, (t),T) <0
0 .
since R, is négative definite and H__= R, < 0,
S 2 vV 2 -

Equation (2.51) can be directly derived from equation (2.25c¢).

Hence, the existence of a P(t) satisfying (2.51) is a sufficient

condition for the existence of a saddle point.

Equations (2.60b) and (2.600) are useful for the iterative tech-

nique to be discussed in Section 2.5. Another simplified form for the

‘necessary conditions (2.18c¢c) and (2.18d) can be derived from (2.59a).

The set of equations (2.59a) can be rewritten as

T T
- RAx x' de = - [ GlEx x' dt
%o %o

If R. is time invariant; (2,§1a) reduces to

T T
RlA f.§_§' dt = = f GiB§.§’ dt
t t
0 0 T _
Let the (n x n) matrix. I.E.Ev dt be denoted by W(tO,T). Then
. | %o o
O T -1
A=-R"T [ GiPx x' dt]W "(ty.T)
%o

{2.613)

(2.61b)
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assuming that W-l(tO,T) exists.
Similar relations can be found for B; i.e.,

T . T

tf RZBE x' dt = —-tf GéP_}E x' dt . - (2.62a)
0 0"
and if R2 is time invariant,
T
) _ -1 . ; -1 R ,
B =-R,I fGZP_}ggg dt]W ~(ty,T) (2.62b)
t
0
Furtfiermore, if G, and G, are time-invariant also, equations

1 2
(2.61b) and (2.62b) reduce to

- _ =1,/ -1 )
A= Rl Glg(tO,T)W (tO,T) (2.63a)
and
B =V—RN1G'E_,(t T)W-l‘(t T) | ' (2.63b)
R AR t0° : o ' : '

where the (n x n) matrix E(tO,T) is defined by
AT : .
E(ty,T) =. [ Px x' dt ' _ (2.63c)
to :

It can be observed that for a linear time-invariant system with
constant feedback gains the (n x n) matrices x x' and Px x' satisfy
the following linear vector matrix differential equations:

-- LB "
lA + G2B) [0]

A+ G,B) (x X + (xx")(F+ 6

_d v .
dt(§§)+(F+Gl

A+ G2B)' + (F+ G

-4 ' v '
dt(Pz{_E ) - Px x"(F + Gy

. ' L
JA+ GB) 'Px x' 4+

_ (A'RlA + B"RZB + Qx x' = [0]
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The optimal cost of usihg the optimal constant feedback controls
can be found by using the necessary conditions for optimality. The

performance index

I .
J = x"(T)Sx(T) + [ (x'A'R Ax + x'B'R Bx + x'Qx) dt - (2.64a)
g
can be rewritten as
. T
= Al fnt 1,
J = x(t)P(t)x(ty) +.tf [(x'A'R.Ax + x'B'R Bx + x'Qx) +
0

E%(g'(t)P(t)g(t)] dt (2.64b)

where P(t) satisfies equations (2.51) with the boundary condition P(T)
= 8. Using equations‘(2.45) and (2.51), equation (2.64b) can be shown

to reduce to

3 = x" ()P x(ty) | (2.64c)

A Note on the Nonsingularity of Ml MZ’ and W.

The nonsingularity of W,_Ml, and M, depends on the independence

2

of components of the state vector. Consider-a set of vectors

hi(t,toy, hy (t,t), --es b (t,t) where

hlj(t,toﬂ

by, (E,t0) | |
gj(t,t ) = : _ s j=1, 2, «ces n (2.65)

3250
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in which the elements hij(t,to) are continuous functions of time t over

the time interval t, < t < T. It is shown in [ 32] that the Bj's

0
are linearly independent over the same time interval if and only if
T ' ‘ . .
* : .
the Gram matrix. f H (t,tO)H(t,tO) dt of the m x n matrix
tO‘ -
H(t’to) = [El(t’t) hz(t)to) °'.' hn(t’to)] ‘ (2"66)

* .

is nonsingular (H denotes the conjugate transpose of H). Now, the
% :

integrand of (2.60a) can be written as H H, as is shown below, and

the columns of the corresponding H are shown to be linearly independent

L
if the xi's are linearly independent.

The integrand of (2.60a) is

. .
[xlIP XZIp oo xnIp] Rl[xle XZIP_ cee xnIP]

1 is a positive~definite symmetric

matrix, there exists a nonsingular matrix C such that

It is well known [ 33], that if R

- C '
Rl ccC

It is evident, therefofe, that the integrand of (2.60a) can be
written as H'H where
H=TC Fxle XZIp cee xnIP]

Let C' = [c, ¢

1 & e Ep]’ Then
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H=[c.x C, X eee C X

1¥1 S%q c X . c X C.X_  C,X

S*1 2% ¥ v &%) e &%) SX) ..
c x ]
—pn

The columns of H are independent if and only if the linear

combination

kllglxl + k2152x1 + ... + kplgpxl + . + klnglxn + anEQXn + ..
' k cx =0 (2.672a)
prpn =
is satisfied only when the constants
kij =0, i=1,2, ..., p, ij=1,2, ..., n
Equation (2.67a) can be rewritten as .
. . ’ )
[Eﬁ. Ly e _gp][kll k21 oo kpl] Xy + [El Ly e Ep]
)
[k12 k22 coe kp2] x, + ... f [El < oe EP]
7 - 0
[kpy lpp eoe R 1'%, =0
or
9 B =
c [Elxl + EQXZ + ...+ khxn] 0 ‘ (2.67b)
where
= ]
ki [kli kZi °e khi]

But, because x s X are . assumed to.be linearly independent

1o Xos oo

and because C' is nonsingular, equation (2.67b) is satisfied if

and only if k) =k, = ... = kﬁ =0.




Hence, Ml

Xl, X2 >

Considering equations (2.39c¢) and (2.39d) and assuming

and Hv < 0, it is evident from the above discussion that f

and, similarly, M
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2

and W are nonsingular if and only if

., X are linearly indepéndent.

H > 0
uu

dt

and f HBB dt are nonsingular if and only if the components Xis. X5

9

Ceces xn‘of the state vector are linearly -independent.

2.5 SCALAR CASE

If x, u, and v are all scalar functions of time, the necessary

conditions for a saddle point become:

x.= (F+ G

A+ GZB)x 5 x(to) = x

1
P+ 2B(F + G.A +GB) + AR+ B°R
1 2 1
T
[ epx? at
A
t
0
A= - ‘
T o, .
J rRx" ac
to :
and
T
. [ epx at
2
t
0
T2
. f sz dt
c ,

0

2

" (2.68)

¢

(2.69)

ﬂ2°70)

(2.71D)
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The ab9ve equations suggest a procedure (even for the general
case) for evaluating the constants A and B. First, assume some
initial values for A and B and solve equations (2.68) and (2.69) for
x(t) and P(t), respectively. Next, evaluate equations (2.70) and
(2.71) to obtain new values for A and B. .Finally, repeat the pro-
cedure in the hope that A and B will eventually converge to-a saddle

point.

2.6 LINEAR DIFFERENTIAL GAME WITHOUT CONSTANT-GAIN CONSTRAINTS
The linear differential game without the constraints (2.4) and
(2.5) has been considered by Baron [ 1 ] and Rhodes [ 36 ]; the-

results are

[«

~

t

~
|

= RN (DCHOP(Dx(D) | @

<
P
+
-

T

- B N0e(0R(DR(D ‘ | (2.73)
where P(t) satisfies the matrix Ricatti equation

: ] - -1 i -1 T ;
P+ F'P f PF P(GlRl Gl + GZRZ G2)P + Q = [0] (2.74)

A

with the'boundary condition .P(T) = S. The cost from time ty to

teminal time T of using these feedback controls is

31%,01 = 2" (e )P(rx(t) o (2.75)
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2.7 DIFFERENTIAL GAME WITH MIXED CONTROLS

2.7.1 FORMULATION OF THE PROBLEM

Consider the problem of finding min max J when the players can
use mixed controls; namely, each plgyeg'isy;estricted to use constant
feedback gains only during a certain specified interval of time, and
the intervals of restriction may be different for each player. The
- control diagrams in Figures 2.1 indicate four different cases of
mixed controls. In Figure 2.1(a), for example, the minimizing player
is restricted to use constant feedback gains during tbe interval ty to T
whereas the maximizing player is restricted during ty to T. It is
evident that the minimizing player will choose different constant
feedback gains for'the intervals t; to &y and tp to T, and similarly
fhe maximizing player will choose different controls for the intervals
ty to tl and tl to t,.

Figufe 2.1(a) is considered first ﬁor.the derivation of the

necessary conditions for a saddle point. As in Section 2.2, consider

a dynamic system characterized by .

i{_ = £(_}_{_923i3'ﬂ:A:C’Bst) 9 E(to) = EO (2.76)

and a cost functional
T

J= L&, + [ gx,u,v,w,A,C,B,t) dt 4 (2.77)

t
0

with the initial time ty and final time T specified and where £, L,

and g have the properties given in Section 2.2.
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0

The problem is to find or characterize, if they exist, 39, Vo,

6 ,0 0 )
w , A, C, and BO which are optimal in the minimax sense.

fhe motivation for this problem stems from the fact that
ordinarily -the storage facilities for each player are limited and
that the playefs actually want to switch their controls to comnstant
feedback gains whenever possible, and each player may want to show,
initially at least, to the other player that he is capable of imple-
menting the nonconstant-gain controls. In this way the storage
facilities for each player can be ﬁaken into dccount. As‘an illustra-
tion consider that the controls are applied as shown in Figure 2.lka).
The players may choose théir intervals  of using constant feedback
gains according‘to an agreed prespecified law. TFor example, the

players may choose

(T - tl) KlT

|
~
-3

(T—tz)- 2

where K, and K2 are proportionality factors that depend on storage

1

capabilities and possibly other considerations such as technical

knowhow. If the storage facilities of piayer A are extensive, he

may choose Kl to be small and vice versa. The player, say the

minimizing one, with less storage facilities will obviously try to
induce the other player to use constant controls, by making a

side payment which may be a function of B and also of the storage

facilities of the other (maximizing player. The concept of bargaining
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;can also be introduced; namely, thg minimizing player, for example;
might tell his opponent that his side payment depends on the interval
during which his opponent implements constant feedback gains. The
element of cheating also enters the picture; for exaﬁple, with a
conservative-approach, tﬁe first player migh£ not announce his full
storage capabilities and the other, honest player may inlfact use
constant feedback gains for a larger interval of time than is necessary.
In such a case the optimal strategy is advantageous to the first player.

Again, controls as shown in Figures 2.1(), 2.1(c), and 2.1(d)
are to be considered to introduce flexiﬁility for each player in his
choice of_iﬁtervals of constant or.nbnconstant feedback gains. Each
player may try to confuse the other player by sélecfing his controls

in a random manner depending upon his storage capabilities,

2.7.2 NECESSARY CONDITIONS

Consider the case of Figure 2.1(a). The cost functional is

ts. t2 o :
J = L(x(T),T) + f’lg(zsz,'lst) dt + [ “g(x,Ax,u,t) dt
t t
0 . 1
T i
+ [ g(x,Cx,Bx,t) dt (2.78)
t,

The procedure of Section 2.3 is applicable. Let
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g(x,u,v,t) + A" £(x,u,v,t)

H, = g(x,Cx,Bx,t) + p' £(x,Cx,Bx%,t)

3

for constraint (2.76) in the intervals t0 to tl,'t1 toAtz, and t

respectively.

Resulting necessary'conditions are
[8L/3x] . _o = 2(D)

n(t,) = o(ty)

n(ty)

In the interval t0 to tl’

BHl/Bu =0
BHI/BV =0
and

il
|
>

BHl/B_}E

2

(2.79)

(2.80)

(2.81)

‘where A, n, and p are the vector Lagrange multipliers used to account

to T,

(2.82)
(2.83)

(2.84)

(2.85)
(2.86)

(2.87)

(2.88) -
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In the interval t, to t

1 2°

x = £(x,Ax,w,t) (2.89)
oH . ] .
2= (2.90)
90X : ‘ . .
oH '

2 .
5 = ] _ . (2.91)
and

tz 81-12 .

[ “55~de=0 , k=1,2, ..., m - (2.92)
£, ok

In the interval tz'to T,

é_= £(x,Cx,Bx,t) L {2.93)
oH . ' '
3= | (2.94)
9X . . .

T 3H

—3dt=0 , k=1,"2, coe, n . -€2.95)
AT .

2
and

T 9H, _

[ ==dt=0 , k=1,2, ..., n . (2.96)
€ ab, .

Similar relations can be derived for the cases corresponding to Figures

2.1(b), 2.1(c), and 2.1(4).
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2.8 APPLICATION TO LINEAR QUADRATIC GAMES

Consider a linear dynamic system given by (2.42) and a cost
funcfional given by (2.43) with the associated weighting matrices .
haviné the properties described in Section 2.4 and the control diagram
of Figure 2.l'kd). Following the developmentlpf thé previous. section,

it can be shown that necessary conditions for a saddle point are as

" follows:

End-point conditions are

oL -
L = o (T 2,97
ox |t=T 2D - | (2.97)
n(t)) = p(ty) : " (2.98)
_x_(tl) = _Tl__(.tl) i ‘ (2999)
In thg intérval t0 to tl,
x = Fx + GiAx + G Bx L ' " (2.100),
oH _ ‘ .
1_ 3 : : .
x O — . : g {(2.,101)
t OJH
flgz——dt 0, k=1, 2, ..., m (2.102)
t. %k
0
and
ty 8H1 ) ‘ .
{ £-de=0 , k=1,2, ..., m (2.103)
t Oy :
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In the interval t, to t

1 2°
%=Fx+ Gu+ G,Dx - (2.104)
31—12 ’ X . . .
5 = -f ’ (2.105)
3H2

m -2 _ - @2.09)
and

[ ~2 at = (0] . (2.107)

t ' :

2
In the interval t2 to T,
x=Fx+Gr+Gy o | (2.108)
3H3 )

s - L S (2.109)
BHS . : - _
'—3__1: = 0, and ' ' : | . (27110)
3H ' ' , . '
v o2 : o : . (2.111)
Where'

L(x(T),T) = x' (T)Sx(T) - o (2.112)

Hl = x'0Qx + E'R]_AE + _}E'B'Rz + Bx + A'"(Fx + GlA_§ + G2B§_ - %) (2.113)
= < ' int ¥ A -

32 x'Qx+u ng + x'D RZDE + n'(Fx + GlE + G2D§ X) ‘(2,114)
= w0 v v ¥

H3 x'Qx + Rl£ + v RZX + p'(Fx + Gl_l_r_‘+ Gzz) (2.115)
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Using equations (2.112), (2.113), (2.114), and (2.115) the
necessary conditions are rewritten below.

In the interval t, to T,

2
9% L
“or
2Qx + F'p = =p . (2.116)
Assuming
P_ = ZPPE . ’ (20117)

aﬁd using equations (2.108), necessary condition (2.116) becomes -

— \ '=_ f
2R. T = Gl_g 2Gl PpE

l._
or
r = -R. Y. 'P xl : | : : ©{2.118)
- 171 p— | - . , ) . ' ‘
Similarly,
v = -R.16,"P x ' (2.119)
— 72 71 Tp °

where Pp satisfies the matrix Riccati equation

R le ' + e.r g DR+ Q= [0] . (2.120)

S
Pp + Ppr + F P P (Gl 16 9By 2

with the boundary condition Pp(T) = S and
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. _ -1, _ -1 .,
x = Fx GlRl Gl Px GZRZ G2 Px . (2.121)

-In the interval tl to t2, assume that

n(t) = 22 (t) x(t) ' (2.122)

The necessary condition (2.98) becomes
Pn(tz)‘ = Pp‘(tz) (2.123)

Condition (2.106) gives

u = —Rilclang ' (2.124)

Differentiating (2.122) and using'(2.104), (2.123)s and (2.124),

necessary condition (2.105) yields

. ' -1 .
P +P (F+GD) + (F+GD)'P -PGR,G.'P + D'R
pt BT D)+ (F 4GP -G

1 61 oD+ Q= 101

(2.125)
with the boundary condition Pn(tz) = Pp(tz). Using an approach

similar to that of Section 2.4, the necessary condition (2.107) yields

ﬁ;{ xqu

'('12 ‘t2 xZIq .

"= -M;l(tl,ta f TGP xd (2.126)
4 R

| | | . q]
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A F2 | 24
Mn(tl’,tZ) = tf‘ g Rz[xqu leq b xan] dt : (2..127)
" .

In the interval tO to t_, assume that

1

CA(E) = ZPA(t) x(t). ‘ - (2.128)
The necessary condition (2.99) becomes
P)\ (tl)’ = Pn(tl) : (2.129)

Differentiating (2.128) and using equations (2.100), (2.128) and (2.129),

the necessary condition (2.101j yields

s ‘. ' T .
.PA.+.P)\(F+ G A + GZB) + (F + G1A+ GZB) P +AR1A+B R

L B+ Q= [0]

2
(2.130)

with the boundary conditions PA(tl) = Pn(tl),”'Agaiﬁ? using an approach

similar to that of Section 2.4, the necessary conditions (2.102) and

(2.103) yield

1 xle .

E'2 't;l XZIp _

. =_(M72b—1 f .+ | 6'Hx dt , and (2.131)

o : t - : :
0

a, anIP
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b xqu
I
Lb t x2 q
= —ad™ fl e ex de
= )\) t ° 12 A}—{-
hn 0 |x 1 '
Byl L9
where
) #le
Y. 1
1 _f- % P
:ﬁx(tdtl}-£ T Ry XL x 11 dt
0 .
x I
np
and
Xin
S
M. (t,t) = . | R I I ... 1 dt
My (o { 25Ty %ol *nly]
x I
n qf
L .

The cost functional is

. .t : '
J=x"Msx(M) + [ 1&'A'R/Ax + x"B'R,Bx + x'Qx) dt
t

2
0‘
£2
+ (u'R;u + x'D'R,Dx + x'Qn) dt
¢ ,
1
T .
+ f (£'R1£ + X'RZX + x'Qx) dt

ty

(2.132)

(2.1335

(2.134)

(2.135)
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This can be reduced to a simple form. Consider first

T . :
x"(T)Sx(T) + f (E'R]_E + X'Rzl + x'Qx) dt (2.136)
t
2
T : . 4
- ! v 1 ' LY
= x (tZ)Pp(tZ_)E(tZ) + { [(x Rl£+ v Rzz + x'Qx) + dt(—}i sz(‘)] dt
2 : < (2.13D)
Now ) -
_.d_ ¥ = "D ¥ 2
Gt &P ® = X x4 xPox + x'P % (2.138)

Substituting for I;p from equation (2.120) and for x from equation
(2.121), and after some algebraic manipulation, equation (2.137) yields
t

' (£)P (£)x(e,)

Now consider

t

) 2
. 1 It \
X (t2)Pp(t2)§(t2) + { (u Rl-E + x'D R2D_}5 + x'Qx) dt
. 1 ,
t2 . :
d
= ' 1 ! v LSO |
x'(t)P (£)x(t)) + { (u'Ru + x'D'RDx + x'Q) + g (x'P x) dt
1 ' .

which by using equations (2.124) and (2.125) reduces to
1
' (£)P (£)x(E))

Now it is evident that

ty

= ot 1Al S LInt
I = x'(E)P (e)x(t) +. { (x'A'RjAx + x'B'R
0 .

,Bx + x'Qx) dt o (2.139)
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By use of equation (2.130) and after some algebraic manipulations,

(2.139) reduces to

3 = 2" IR(eIx(E) _ | . (2.140)

2.9 SCALAR CASE
I1f i, u, and v are all scalar functions of time, the necessary

conditions for a saddle point are simplified. In the interval t2 to T,

x = Fx + G;T + G,v ‘ (2.141)
r=-R7Yc.'P x (2.142)
171 p c , ’

and
v-= —R-lG P x : | ‘ '. (2.143)
2 72 %p

‘whére Py satisfies the matrix Ricatti equation

2eeimy T+ ooryh + Q- (2.144)

]
o

with the boundary condition Pp(T) S. In the interval ty to tg,
. /

x = Fx + Glu + G,Dx (2.145)

-1, : ‘ .
= -~ : , .14
R1 G1 an (2.146)

[=1
|

and




I Iy ")
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t2P2
[ "6 Px” dt

D= - '~ o | (2147

, 2
ft R x
1

dt

where Pn satisfies the differential equation

: 20 -1, 2 :
gf+2%7(F + G2D) - g7GlRl + DR, +Q=0 : (2.148)

with the boundary .condition Pn(tz) = Pp(fz). In the interval t. to t.

0 1’
X = Fx + GAx + G,Bx ) (2.149)
t
i 1G1PAx2 dt
t.
P : , - (2.150)
. ’ _ :
[ rx? at
1
‘o
and
.
1 2
| Tepp x" at
to . :
B=-— ‘ ' (2.151)
1
0

where P, satisfies the differential equation

)
A+ G,B) + AR, +BR+ Q=0 - (2.152)

Py + 22)(F + G 1 )

with the boundary condition Pk(tl) = Pn(t1)°
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The above equations suggest a procedure (even for the general case)
for evaluating the.cqntrols u, ¥, and v and also the constants A, B,
and D. The procedure is as follgws: First, solve equation (2.144) and
store Pp(t). Then assume somé initial yalue for D, and using Pp(tz),
solve equap%oﬁ (2.148) and store Pn(t). Then assume some initial
. values for A and B, and using Pn(tl), solve équation (2.152) and store
Pktt)' Then solve for x(t) fgr all the intervals tto,tl], [tl’tZ]’ anq
[tz,T], Next evaluate equations (2.147),‘(2.150), and (2.151) to obtain
new values for D, A, and B; Finally, repeat the procedure until D, A,

and B converge to a saddle point.

2.10 ° CONSTANT GAIN PLAYER VERSUS A VARIABLE GAIN PLAYER

Consider the differential game when one player is constrained
to use constant feedback gains throughout the duration of interest
while the other player is‘free to select his control at each'instgnte
Figure 2.1(e) refers to the B constant case, énd Figure 2.1(f)
refers to A constant éase;

Figure 2.1(e) is a particular case of Figure 2.1(d):when tg = ts
t2 =T, and D = B. Hencea the‘neceSSary conditions cgh be obtained

by inspection.
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0 t1°

Figure 2.1(f) is a particular case of Figure 2,1(a) when t
Here also the necessary conditions can be obtained

=T, and w=wv.

t2
by inspection.
The results for the above two problems are applied to a scalax

case in Chapter 3 in which detailed numerical results are given.

2,11 VARIABLE-GAIN CASE: DERIVATION BASED ON PIECEWISE~CONSTANT GAINS

By using the results of Section 2.7.2 necessary conditions

for a saddle point for the unconstrained case when the players are

free to choose their controls can be derived.,

Consider a dynamic system
x = £(xuv,t) , x(t) =x, (2.153)
and a cost functional
T :
J=LEM,D + [ g&,u,v,t) dt (2.154)
t . .
-0
time t0 and final timé T specified and where £ L,
From the

with the initial

and g have the properties given in Section 2.2.
Consider the control diagram shown in Figure 2.2(a).
nature of the results of Section 2.7.2, necessary ponditions for a
saddle point corresponding'to controls implemented as shown in

Figure 2.2(a) are
. .

oH ‘

[Pl ae =0 (2.155)

tO Bék




/ Tz dt = 0
£ %

l .

t. 3H
[t1-Lac=0
t b

0
T 3H
[ s5d=0
tl a—k N

i R
x
8H2 -
cE S
and
oL = 2
Hler =2
2 _ 51
CAT(e)) = AT
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 (2.156)

(2.157)

(2.158)

(2.159)

(2.160)

(2.161)

(2.162)

where superscripted A's denote distinct yvector lLagrange multipliers, and

H

as shown in the control diagram in Figure 2.2(b), necessary

1

]

g(zﬁA)_{_’Bl{_st) + (ll)'(i(,E’AJ_{_sB_)_{_st) "é)

g(x,Cx,Dx,t) + (Lz)'(ﬁ(z,cz,Dg,t) - é)

(2.163)

(2.164)

Similariy, if the duration of the game is divided into m parts

conditions for. a saddle point are




tz 5H £ =1,2, ,e., m '
& ac =0, (2.165)
tﬂ:—laak k= 1’2’ n', n .

t sH : £=1,2, cco, M .
[t HLac=0 , | | (2.166)
tz._la——& k=12, ..y n
oH . ‘
L= b e=1,2, .., m : (2.167)
0x . : :
m _ L ' ‘
A @ = Sl | (2.168)
2 a1 _
A (tz—l) = A (t,q,—l) s 2 =2, ceeym | (2,16?)
where
Hy = g(x,A%x, B¥x,t) + (%) ' (£(x,A%,B%,t) - %) (2.170)

Now if the interval (tz - tz-l)’ £ =1,2, ..., mis made sufficiently
small and writing ty =ty 4 + At, the necessary condition (2.165)

reduces to

' _1 + At aH 2 ='1,2’, cooy M
j("2 148095 4 -0, (2.171)
t aat k=1,2, veup n :

If At > 0 but not identically to zero the integrand may be assumed

to be constaﬁt during At. Hence (2.171) reduces to




=0, | . (2.172)

QL
M
[x3
~
I
=
-
N
s}

d d = .o
Hg ) [.E y BHR . .2 1, 2, , M (2.173)
L % % ? k=1, 2, «e., n

by ba,  8u

Therefore ‘condition (2.172) redﬁces to

3 = .
) -0 T s e (2.174)
Bﬁ,xkt = k=1,2, «.v, n

— 2~1

Since Xﬁ at'tg_1 is nonzero, in general, condition (2.174) reduces to
3l oH, | 9H_| v
__-:lL =_§ = .., = 0 =0 (2.175)
pult, du |t du" |t '

— 170 - 11 = | m-1

When At - 0, equation (2.175) reduces to

9H/3u = 0 (2.176)
Similar relationships hold for v, i.e.,

H/dv = 0 (2.177)
When At - 0, equations (2.167) and (2.168) become

BH/3x = -A , (2.178)

with the boundary condition A(T) = [BL/&g]t=T. Equations (2.176),
(2.177), and (2.178) are, in fact, necessary conditions for the

unconstrained case.
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SUMMARY OF THE RESULTS FOR THE PROBLEM POSED IN SECTION 2.2:

NECESSARY CONDITIONS FOR A SADDLE POINT

..5_2 = __f_(z(_,Az{_,B}_{_, t) s T E(to) = EO
J = L™, + [ g(x,Ax,Bx,t) dt
t
. 0
3H/0x = -\

[8L/3x], _p = A(T)

T

[ sH/3A dt = [0]
tO :

T

[ sm/eB at = [0]
%o

T
tf By, dt >0

0

T
tf Hpp dt < 0

0
where

A ' -
H = g(x,Ax,Bx,t) + A'£(x,Ax,Bx,t)
SUFFICLENT CONDITIONS -

The existence of a continuous p(t) satisfying

P+ PEf + £'P + ;H = [0]
X TX 2xx
with the boundary ¢ondition P(T) = %LXX(T), is a sufficient condition for

the existence of a saddle point. It is to be noted that fx’ Hxx’ and
Lyxx (T) are to be evaluated along the optimal path generated by (AO,BO)

which satisfy the necessary conditions mentioned above.

0




CHAPTER 3

SCALAR QUADRATIC GAMES
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3.1 INTRODUCTION

In this chapter, the results of’Chapter 2-are first applied to
a basic minimization problem for a scalar dynamic system and then to
a two-person zero-sum differential game in Which system response is
characterized by a scalar d§namical équation. Numerical solutions
are discussed in Section 3.4 where some interesting results -are
brought to light.

It is shown that cooperation is-possible'even in zero-sum games
from the poiﬁt of view of control imfiementation. This conceptual
and praétical advantage of reducing the "létent" cost of coﬁtrol

implementation is not apparent in the case of nonconstant~gain zero-

sum games.

3.2 A SCALAR MINIMIZATION PROBLEM
Consider the basic minimization problem for.a linear scalar

dynamic system

%x=-x+ u, Xy = 1 , ' : : (3.1
subject to the restriction . ,

u = Ax ' o (3.2)

The object is to choose the parameter A so as to minimize the

performance index J,




T
2
(0% + [ dt

J =
0. .
‘Now
x=-x+u , x(t)=1
. 0
= (A-1)x
Therefore

| x(t) = e(A—l)t

and

x(T) = e (A-1)T

Now

3=xm?+ fZA?xzn ae

By substituting (3.4) and (3.5) in (3f6)[énd simplifying,

Q2U-DT 42 2(-DT

J = AT
2(A-1)

For an extremum of J,

8J
A - 0

71

1)

(3.3)

(3.4)

' (3.5)

(3n62

o

(3,8)

N
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Differentiating equation (3.,7) and simplifying, the necessary condition

'(3.8).is equivalent to

e2(A—1)T

[2T(A-1) (A% + 284 - 2) + (A2 - 20)] + (A - 2D =0 (3.9)

Another way to obtain the above result is to apply the results

of Section 2.5 of Chapter 2, assuming B = 0, F = -1, G

1 =1, G2 = 0,
‘and R; = 1. Equations (2.68),.(2.69), (2.70), and (2.71) give
k= (A-Dx , x(g) =1 S (3.10)
P+ 2p(a-1) +A% =0 , P(D) =1 @A
T
IOPX2 dt
A= - {(3.12)
T
| x2 at
0
and
B =0 | | o . o (3.13)
To evaluate (3.12),
‘ 2 (A
fo2 dt = fTez(A".l)t dt = & @bt -D
0 - 0 2(a-1)
The solution of (3.11) is
(A2 + 24 - 2) _2(a-1) (T-t) a2 : '
P(t) = e\ -t) - _ 8 ‘

2@l 2(a-1)
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A ,,2 A L2
.Let S & (A + 2A - 2)/2(A-1), and W = A“/2(A-1). Thus,

G2(A-1) (T-t) _

P(t). =S W

T T .
f Px? dt =f (Sez(A—l)T—Wez(A_lk) dt
0 0 , -

- STe2 (A"l)T - __W____(ez (A"l)T_l)
: 2(A-1)
fTsz dt sre? (A1) T-W(_____ez(A—l)T‘l)
A=-g = - TEDT )
0 2(A-1)

and therefore,

(A1) sTe2(A-D Ty (o 2A-DT_p),
(eZ(A—l)T_l)

A=

By cross multiplying and simplifying,

i

e>A-DT(27(a-1) (a2 + 24 ~2) 4 (a2 - 2a) 4 (24 - 42) = 0

which checks with equation (3.9). The constant A can be evaluated

by following the iterative procedure expressed.in Section 2.5.-
3.3 TWO-PERSON ZERO-SUM DIFFERENTIAL GAMES

3.3.1 CASE 1: CONSTANT FEEDBACK CASE

Consider the case of a linear time-invariant system governed by




%X = -0.5x + 1.25u + 1.5v , X, = 2 - (3.14)

The quadratic cost functional is

T
3=x(m% + [ - w4 2x?) a6 (3.15)
0 |

Equations (2.69), (2.70), and (2.71) of Section 2.5 give

B + 2P(=0.5 + 1.25A — 1.58) + A> - 4% +2 =0, P(T) =S (3.16)
) .
[ px” ac
A= -l250—— | . (3.17)
2 . .
f X 'dt
0
.
f sz dt ‘
B = 0.375—9—T—-—— : (3.18)
T o
f x dt
0
and
J = x2P(t.) = 4P(0) - (3.19)
“optimal 00 : > e

Different terminal times T are chosen, and for each T, the
parameter S is varied from'O to 10. For each S, the saddle point and the

performance measure have been computed (Figures 3.1, 3.2, and 3.3).

3.3.2 MIXED CASES

The same dynamic system (3.14) and the same cost functional (3.15)
are considered. Two cases depending on which player follows the constant

feedback gains' are considered.
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+ T=0.25 W
- T =0.50 L 3
Slope of the line
= -(GaRl)/(GlRQ) T Very large
Same point for allS R
e N - A= -G /R
* =
S~ z’ 22
~~ + "

T 6 - 1
91*.\ ;}I
§F P

B Tty
; . ~7F~“r“"'°“ 5=
S e
A . Ry —
F -4 X o, 7 T
Feedback gains A
Figure 3.1. Variation of saddle point.
o
J=h.10 J=k.10 g
\kz—/
- 0.4
2.0 o, 7 ody2 0.8 ¢ RN 0

Feedback gain A

Figure 3.2. Locus of contours of constant J near the saddle point.

Feedback gains B

Feedback gain B
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A Const
B Const .-y m
A Const N o
B Nonconst Peg s e |
'
L

Nonconst A Nonconst
Nonconst B Const

_ T Very large
for all cases

Figure 3.3.

7 T v

L 6 8 10

Parameter S

Variation of performance index.
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CASE 2: A CONSTANT AND B NONCONSTANT

Tﬁis case corresponds to the minimizing player using constant
feedbaqk gain while the maximizing player is using nonconstant control.
Following Sections 2.10 and 2.11, the neceésary conditions for .

optimality are

P+ 2P(=0.5 + 1.25A) + 0.5625P% £ A> + 2= 0 , P(T) =S (3.20)
% = (-0.5 + 1.25A + 0.5625P)x , Xy = 2 (3.21)
. T .
f -Px_‘z- dt _ oo
A =_—1.25—9-T—-———— , . » (3.22)
2 : o
) f x dt
0
and
J = P(t)x% = 4P(0) o : (3.23)
optimal 0°70 :

~

Different terminal times .T are chosen, and for each T, the-
parameter S is varied from O to 10. For each S, the constant A and the
) performanée measure have been computed (Figures 3.3 and 3.4) by following

the iterative procedure suggested in Section 2.10.
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const
B const 1\0‘32

T=0.25

noncgnst
con

2 [
Parameter §

Figure 3.4. Variation of feedback gains.

Time ¢t
o 0.1 0.2 0.25
0
S.= 8.0
T=0.25
-2
A constant
B constant
-4 )
A constant
B nonconstant
-6
A nonconstant
B nonconstant
-8
=10
Figure 3.6. Gains for the minimizing

player.

T very large for all cases
[ 8 1

State of the system, x

Gains

=

0

Scalar Case.

S = 8.0
T=0.25
Y
N A constant

\‘\\(/ B nonconstant

N
A constant \\\\\
B nonconstant \
L
ol 2 ‘25
Time t
Figure 3.5. The state of the systea.
S = 8.0
T = 0.25
A nonconstant
B nonconstant
A constant
B constant
A nonconstant
B constant
0 a b, S
Time t
Figure 3.7. Gains for the maximizing
player.
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CASE 3: A NONCONSTANT AND B CONSTANT

This case corresponds to the maximizing player using constant
feedback gain while the minimizing player is using variable gain.

Following Sections 2.10 and 2.11, the neéessary conditions are

2

P + 2P(-0.5 + 1.5B) - 1.5625P2 - 482 + 2 =0 , P(T) = S (3.24)
k= (20.5 + 1.5 - 1.5625P)x , =X, = 2 | (3.25)
T
f sz dt
B = 0.375_—%———_ ‘ : (3.26)
I x% at
0
and
- 2 _ : '
Joptimal = P(E)%g = 4B(0) | (3.27)

)

Different terminal times T are chosen, and for each T, the parmeter
S is varied from 0 to 10. For each S, the constant B and the performance
measure have been computed (Figures 3.3 and 3.4) by following the

iterative procedure suggested in Section 2.10.

3.3.3 CASE 4: DIFFERENTIAL GAME WITHOUT CONSTANT-GAIN CONSTRAINTS

This game is one in which both A and B uses nonconstant-—gain
controls. The same dynamic system and the éaﬁe cost functional as
for the previous cases are consideredg Following Section 2.6,

necessary conditions for a saddle point are
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%x = -0.5+ 1.25u + 1.5v (3.28)
. 2 ’ .
P-P-P°+2=0 , P(I) =8 (3.29)
0 | .
a0 = -1.25Px (3.30)
. .
w0 = 0.375Px (3.31)
and

= x(0)2P(t.) = 4P(0)’ . (3.32)
optimal "0 . )

Different terminal times T are chosen, and.for each T, tﬁe
parameter S is varied from 0 to 10. For each S, the performance
measufe has been computed.

_The results for the above~mentioned four cases are given in
Figures 3.1, 3.2, 3.3, and 3.4, .Figufe 3.1 illustrates the variation
of sgddle pointé A and B for Case 1 with respecf to the paramtef S
for a fixed terminal time T.

Figuré 3.2 illustfates the locus of contours of comstant J
neér the saddle point fo; Case 1.

Figure 3;3 illust?ates the variation of the'performan;e measure
with réspect to S for all four cases for a fixed terminal time T,

Figure 3.4 illustrates the variation of constants A and B with

respect to S for a fixed terminal time T for the first three cases,
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3.4 DISCUSSION OF RESULTS
The steady-state value of the matrix Riccati equation (3.29),
when the players are using nonconstant feedback gains, is equallto
unity. Hence when the final time T is‘sﬁfficiently large the non-
constant feedback gains essenfialiy reduce to the constant feedback
gains. .Thus, when the final time T is very large, the saddle points

A.and.B can be computed from equations (3.30) and (3.31), i.e.,

-1

A 1 1 “steady-state

-R

-1.25

B = = lg! p

2 9 “steady-state =.0'375

It is evident that this saddle point should benthe same regardless
of the value of S.
From equations (2.70) and (2.71) of Chapter 2, it is observed

that for a scalar time-invariant case, A and B are related by the

equation

B= _ﬁl;(_;_z__
R G
21

From Figure 3.1 it is evident that they indeed follow this law;

and as final time T and S are varied, the saddle points telescopically

-1
2

constant gain, mixed control gain, and nonconstant gain all become

converge to the point (—RilGl', -R Gz') as expected, As time T - <o,

equivalent. Thus, whenever the duration of the game is sufficiently

large, it seems appropriate to use comstant gains.

(N}
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Congidering Figure 3.3, it canhbe concluded that whenever the
player is restricted to use constant feedback gain he will be at a
disacivantage9 as expected. For the particular example under considera-
tion, it is also seen from Figure 3.3 that it is advantageous for the
maximizing player when both are using constant feedbéck gains, ﬁnder
exactly what conditions constant gains are advantageous to one player
or the other will be considered in a subsequent chapter.

It is interesting to note from Figure 3.3 that all the performance
index curves for different terminal time T intersect at a common point,
and the point has been named the "Equivaiencg Point", since at that
point the pe¥formance index and control laws are the same regardless
of the original design intent and regardless of the final time T.
Consideration of Figure 3.4 reveals not only that the pay-off is the
same at the equivalence point but that all feedback gains A are
the same at the'equivalenqe point, as also are gains B, ﬁhatéver may
be the final time and whateﬁer may be the fype of control being used.
Whether such  phenomena will occur in linear time-~invariant vector
cases and in linear timg—varying cases is a matter for further
investigation.

From Figure 3.3, when S is small an& near the equivalence point,
the performance index is almost the same as the nonconstant-gain
performancé index. Whenever the parameter S is near the equivalence
point, thérefore, it may be appropriate to use conétant feedback

gains.
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Figure 3.3 suggests in fact that concepts such as negotiation,
bargaiﬁing, and side payments between the players may be beneficial to
both. Due to the lack of technical know-now and/or té tﬁe.cost of
implementing nonconstant gains, the minimizing player, for example, -
knowing his limitations, might induce player B to use constant gains
.by giving a fraction'of pay-off mn as indicéted in'Figure 3.3, as |
a side payment. The players méy agree on'a negﬁtiated pa&—off where
an intermediate agéncy,-say the Government, may come into the'picturg;
and any player who doéé not comply to the rules.of agreement, may
be heavily penalized. The ruleé of side payment, bargaining, etc.,

are matters for further investigation.




CHAPTER 4

SUBOPTIMAL CONTROL LAWS
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4.1 INTRODUCTION

In this chapter necessary and sufficient conditions are derived
- for the existence of a saddle point for a general twoeperson zero-sum
differential game when one or.both players use control laws of specified
forn;° The.spécified forms for the controls consist of weighted‘sums
of the state.variables, therweighting factoré'being products of known
tiﬁe—varying functions and of constants to be determined in an optimal
manner. The general results are applied fo linear=quadratic games
(games with linear dynamics aﬁd quadratic performance indices). . For
this class of differential gaﬁes, an additional develépment is given
to ob;ain contr61 law parameters that are inéepen@ent of initial condi-
tions so that a saddle point with respect to the.expected value of the
performance index is obtained.

The results are applied to specific scalar and vector dynamic
© systems, and numerical solutions are presented. The appfoach and ‘the
results of this chap£er are egpecially useful when only partial informa;
tion about possibie initial states is.available to the players and when
on-line computational facilities are limited. The results should
broadep:thé class of practical problems to which differential game
theofy can be realistically applied. By restricting the form of feed-
back gains, it is possible in soﬁe cases to obhtain control laws that
are oﬁly'pominally suboptimal, but are both computationally feasible

and implementable in practice.

TR T R )
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In the case of one-sided optimal control theorf, necessary condi-
tions for computing constant feedback parameters that are independent
of initial conditions have been derived by Kleinman and Athans [26,
but their ;esuits are not directly appliéable when only partial inférma—
;ion about possible initial states ié known. In addition, the épproach
" adopted in tﬁis.chapter for finding the optimal'gains differ from thgt

of Kleinman and Athans.

| 4.2 fORMULATION OF THE PROBLEM: BOTH PLAYERS CONSTRAINED

.Consider a dynamic system given by ( 2.1) and a cost functiomal
given by (2.2) with the associated weighting matrices having the
pfoperties‘déscribed in Section 2.2. The problem is to find or charac-
terize, if they exist, particular controls 39 and XP which are optimal

in the sense that for any control vectors, u and v, there holds
J‘(_gosy_) 1J(30,319) f_J(g,zo) | (4.

Controls u and v may be constrained to be of the form

m

. 1 . .
u=-7Y a,(t) Al x (4.2).
14 T ‘ ‘
and
™ . .
v =7 8.(t) BY x o - (4.3)
1T :

where
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A3 = [0] . =1, 2, au., m (4.4)
and
3 = [0 ' i=1,2, ...y my (4.5)

and Where‘u;(t)'s and Bj(t)'s are scalar functions of specified form.
Aj's anq.Bj's\ére constant matrices of appropriate dimensions and are
. to be‘determfnéd to satisfy (4.1).

In genefal, the optimal Aj's and Bj's aré funétions of the initial
~stat_e_g(fo).; In Section 4.6, we coﬁsidef-the case where the players
_desire to fdrm'control laws (4.2) and (4.3) that.are indepeqdent of
the initial state: Each player assumes some a priori distribution of
.possible initial states and satisfies conditions for optimality 6nly _

in an expected value sense.

4.3 NECESSARY CONDITIONS- -
Variational procedures are applied to yield the necessary condi-~
tions for optimality. For convenience the (n x p ) matrix Al and the

(n:x q) matrix Bd are partitioned in terms of columns: Let

S A ; . . o

Al 8 [gi g% cos gi} J=1l, 2, Joey my

and

i & pd bl oL B j=1,2, oo, m
- 21 =22 °. “Zn S oLy Lo °‘~ s Iy




where EJ _J cees _gi and ]_)_J_, RJ, .., b are constant vectors, i.e.,

2n
3 _ =1, 2, «.., m " :
g =2 k=1, 2, ..., n' (4.6)
-3 _ j=1, 2, ..., m
b =20 k=1, 2, ov, 2 (4.7)
Let
B 3 T _
g = g(xy Y o.A X, ) B.B;E,t) : _ (4.8)
and
m m
E = £(§, Z a.A{g, Z B.ng)t) (4.9)
=11 7 3=1 :
The development of Section 2.3 is'applicable. Let ﬁi(t)'s and Ei(ﬂ's

denote.the vector Lagrange multipliers that account for the constraints
(4.6) and (4.7) respectively in the two related ;ptimal control problems
and A(t) be the common Lagrange multiplier that account for the
constr;int‘(ZJJg Also, let

B = g + l'—ji ‘ ) ’ (4910)
It can be easily seen that the necessary conditions are

A = -3H/3x _ (4.11)

with the boundary conditions

A = oL/ex] : ' (4.12)

ﬂf;(to) = _Tllj;(T) ' - ' © (4.13)
j ) o

03 (tg) = £3(D) | O (414)
j o -

H_?__k = —Dk . ) (4.15)
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_ ¢ 1, 2, , N )

= - (4.1

bJ Ek J= i, 2, s m2 (4 6)

From (4.13), (4.14), (4.15), and (4.16),

T Bﬁ o - k=1, 2 n

f —5de =0, j=1r 2 (4.17)
B b

to agk 1

T g =1, 2

[ =dt=0, g e (4.18)

to ab J s, H * 2 .

Conditions (4.12), (4.17), and (4.18) are then ﬁecessary conditions for

a saddle point.

4.4 SUFFICIENT CONDITIONS

'The sufficient conditions derived in this chapter follow the pro-
cedure adopted by Rhoaes [36] for the case of zero-sum games without
gain constraints. Let A denote the set'{Aj}, B denote the set:{Bj},

n denote the set‘{ﬂi}, and p denote the set {Qi}.

Theorem 1: A sufficient condition that the A0 and B0 which satisfy
equations (4 4), (4.5), and (4 11) to (4.18) are indeed opt1ma1 in the
sense of a saddle point‘is that there exists a scalar function
I(A,B,x,n,p) which satisfies the folloﬁing five propertieé;

1) min S(E,A,Bo,n,p) =0 . (4.19)
A - ’ .

- 2) " The minimm in (4.19) occurs for A = A (4.20)
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3) max S(E,AO,B,n,p) =0 (4.21)
B

4) The maximum in (4.21) occurs for B = BO k _ (4.22)

5y 10a%,8%, (M) ,n(D ,p (D) = LG(D),D) (4.23)

whé?é”AO,—BO:h(t), p(t) are determined by the necessary conditions
(4.11) to (4.18), and where the scalar function S is defined by the
equétion

8(x,A,B,m,0) = I+ I}'c_f_.+ g ' | (4.24)

Tﬁe prime in (4.24) denotes the transpose, and It and Ix represent the
partialiderivatives with respect to t and gjrespectivei;.

Pro&f of the above theofem follows from that of Rhodes [36] and
is given in Appendix A. The main difficulty in speecific problems lies

in the selection of the scalar function I. For linear-quadratic games

with gain constraints, a suitable I function is given next.’
4.5 APPLICATION TO LINEAR QUADRATIC GAMES

NECESSARY CONDITIONS

Consider a linear dypnamic system given by (2.42) and a cést func-
tional given by (2.43) with the associatéd ﬁeighting matrices having
the propertiés described in Section 2.4. Following the procedure out-

lined in Section-2.4, it can be shown that the necessary conditions are
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T my
- ak[Rl.XajAJ + GlPlax' dt = [0,k =1, 2, ..., m) (4.25)
to =]
T b o
j B[R, ZB 8J + ¢! Plxx' dt = [0Lk =1, 2, ..., m, (4.26)
%o =1
_ﬂii(T) = _ﬂi(to) i=1 2, 5 ml (4.27)
- k=1, 2, , I :
3 - J i=1 2, «y M )
25 (M = 2 (tg) k=1, 2, ..., n° (4.28)
my m, my m2
P+ B(F+ G o, Adre, Es By + (F + G, Za A e Tgahe+
J =1 Jéﬂ 1y=13 2y=1]
my my m, . m,
( Ea ady 'R ( 20ch3> + C Ze 8%) 'R, < Es Fhrae=01. (429
j=1 .

with the boundary condition P(T)‘= S. After some algebraic maniﬁulations,

the optimal cost JO can be shown to be equal to

3 - x' (£ P(r)x(ty) ' ‘ ‘  (4.30)

SUFFICIENT CONDITIONS

The sufficient conditions of Section 4.4 can now be applied to

the above problem. Consider

- By

n . . .
1(A,8,5,0,0) = x' (DPOx® + ] ] @) - @+
C k=l §=1 : '
m .
Py abel-ed® @

k=1 j=1
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Therefore,

m m
0 o n
S(x,4,8 ,n,0) = x'Px + ) z nk(a - @)% + ) z 83 ()°
k=1 j=1 k=1 j=1"
m m m
J 0 1 . j ' j 0 ] j
(b)) + x'P[F + Gl.g a A + GZ_Z Bj(B ) lx + x'[F + Gl'z a A +
j=1 j=1 j=1
m,. m m.

. , 1,
c, 7 8,H° 1 ex + x'( J oAy (] e ad)x+
j:l J j_.___l J j=l J

. m
2 0 2 3.0
=] BB R(] B, BDDx+ x'0x
'=l j=l

or
m ‘m
1

2
S (x,4,8°,n,0) = x'[P + P(F+Glz o, Ay ¢, ] 8, @H% +
. =1 J J 1

m m . m m

2 1
(F+GZOLAJ+GZB(BJ))'P+(20LAJ)R(20LAJ)+
=1 7 3—1 j=1 7 j=1 7

m m 1

m
( Els (35 'R, ( Z 8,8H% +Qix + Z T - @)Y s
j= k=1 j=1

It is evident that the minimization of S with respect tolgi

rise to the necessary condition (4.25); and from (4.29) and (4.32),

gives

the minimum of S is equal to zero.
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Similarly it can be shown that the sufficient conditions (4.21)

and (4;22) are also satisfied by the necessary conditions. Finally,

the scalar function I(E,AO,BO,n,p)'reduces to
0 _0 - :
I(x,A ,B ,n,p) = x'Px (4.33)

'Sufficignt condition (4.23) is then satisfied by‘tﬁe boundary condi-
tion P(T) = S.
Hence the existence of a P(t) satisfying condition (4.29) is a

sufficient condition for the existence of a saddle point.

4.6 AVERAGING 0V£R INITIAL CONDiTIONS

| Conditions (4.25) and (4.26) suggest a scheme for finding
controller parameters that do not depend upon the initial conditions.
The problem is to find or characterizé, if they exist, A% and B
.Whi;h are optimal in the sense that for any other sets of gain matrices

A and B there holds .

x * % '
E,(J(A,B)] < E;[J(A ,B )] , (4.34)
and .

P *
E,[3(A,B)] < E,[7(4,B)7 - (4.35).

where the expectation operators B, and E, are taken over distributed
initial states. The players will try to satisfy. the conditions

. (4.25) and (4.26) in an average senée.
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Now
x(1) = ¢(t,t)x(t)) = ¢(t. tp)xg

where ¢(t,t0) is the transition matrix corresponding to

m .m
(F + 91-2 ochJ + 6, Z

BjBJ).
j=1 h|

1

Therefore conditions (4.25) and (4.26) reduce to

m
T . X
f_ock[Rl.z ujAJ + GIP1¢xgx,"¢'  dt = [0]
ty j=1
T n 3 ,

T T ¥ —_

{ Bk[szZlBjB + GiPloxoxy '’ dt = [0]
0

(4.36)

(4.37)

(4.38)

It is evident from (4.37) and (4.38) that, in general, the constant

- gain matrices (AJ)'S and (BJ)'é do depend on the initial conditions.

Assume that x. is a random vector and further assume that

=0

_ 2
E(xyg %59) = Ky 3B(xp9)

(4.39)

If we then require that (4:37) and (4.38) be satisfied in an expected

value sense,

T oy

] -
[ o IR } aghl + GiP1gke' dr =[0]
t0 j=1

(4.40)
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and

T . T2 4

/ B[R, zlsjBJ + GP1eKe'  dt =[0] : (4.41)
t U=

0 , .

where K is the (n x n) matrix [K ] and where the K 's depend upon
the advance information available to the players. For example, if
uniformly distributed initial states apply, and if the components are
independent, all Kii's are equal and all Kij's, i# j, are zero. But
if ?10 = 4x20,.

In this way partial information about the possible initial conditions

for example, then K22 = (1/l§ﬁil and Klz = K21 = (1/4)Kll

can be taken into account in the design of the controller.

Note that if the ratios XlO/xiO’ X20/¥iO’ o us an/x are

10
known for some nonzero Xi0o equations (4.37) and (4.38) can be solved
without knowledge of specific initial values.

A separate.derlvatlon of the necessary condltlons (4.29), (4. 40),
and (4 41) starting w1th the problem of finding the expected value of
the performance index is given in Appendix B.

Because equation (4.29) still has to be satisfied by the A*'s
and B*'s which do not.depend on the dinitial conditions, it is clear
that the sufficient conditions of Section 4.4 are satisfied in an

expected sense, the initial condition being treated as a random

variable.
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L% *
The value of J obtained by using these suboptimal A 's and B 's,

after some algebraic manipulations is
= " " ’ ' I
J EOP(tO)zo . . (4.42)

and the expected value of J is

3 = £r(®(t)K) - (4.43)
where
K = E(x(t)x' () | | - (4.44)

Of course, each plgyer could'use a different K in the design of
his controller,‘and the one coming closest to fhe true K would benefit
in average performance. Equation (4.34) is the pessimistic viewpoint
of the minimizing player and equation (4.35) is the pessimistic view-
point of the maximizing player. |

Froﬁ equations (4.37) and (4.38), note that the 0p£imal constant

feedback gains for a scalar case never depend upon the initial state,

even though the optimal performance index does depend upon the initial
state; namely, ' ¢

- .
Joptimal - XOP(tO) o (4.45)
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_4.7» CONVERGENCE OF SUBOPTIMAL CONTROLS WHEN my -+ o and m, > ®

Consider the Hilbert space L ,T] which consists of those real-

2l
valued functions of t in the interval [tO,T] for which If(t)1'is

Lebesgue integrable and in which the inner product is defined as

T

&/ &

o

x(t) y(r) dt ) : - (4.46)
and assume that there exists an f(t) € Lz[tO’T] orthogonal to evefy

aj(t). This means

- aj(t) £(t) =0 | =1, 2, ce., ® (4.47)
to

Assume that the aj(t)'s, j=1,2, ... are‘independent. By the Gram-
Schmidt orthogonalization procedure [31], one can find én orthonormal

: sequence'{ej} such that for each n, the space éenerated by the first n

ej's is the same as the space generated by the first n aj's, i.e.,

k : : ‘
e, = ) C .a (t) : (4.48)
k j=1 kij

Consider

T k T _

[ e (&) £(t) at = .Z Cy 5 / a,(t) £(2) dt = 0

t =1 7 g

0 .
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T
[ e (B) £(r) dt =0 _ (4.49)

%o
where ek's,‘k =‘l, 2, ... form an-orthonormal infinite sequence.
Assume further tha£ the sequence'{ek(t)} is complete.
Definition: An orthonormal sequence'{ei} in a Hilbert spacé H is said
to Be complete if the closed subspace generated by the ei's is H.

It is well known [ 31] that an orthonormal sequence {ek} in a
Hilbert space‘H is.complete if and only if the only vector orthogonal

to each of the ei's is the null vector, i.e., f(t) = 0 almost every-

where. If £(t) is continuous, however, then

£(t) =0 : ' (4.50)

Considering the necessary conditions (4.37) .and (4.38) or (4.40)
and (4.41), it is evident that condition (4.50) is applicable component-

wise. Therefore,

g o ' ‘ '
RI.Z aAl + GIP = [0] (4.51)
j=1 :
and similarly
I arp oy : ' |
R, BjB + GoP [q] ‘ (4.52)

j=1
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or

.Elngj = -r;elp (4.53)
4=

and

. 020 g 33 = -r7lare , (4.54)
55 2 2 :

Substituting (4.53) and (4.54) into (4.29) we obtain

5 1 _ . -1 1 -1 ' — :
P+ PF+F ? P(GlRl Gl + GZRZ Gl)P + Q = [0] (4.55)

with the boundary condition P(T) = S. Therefore when my = and

m, = @, the problem solution.essentially reduces to the unconstrained

gain solution.
Consider
T .
S o (e £ () de =0 1 (4.56)
: m . . o
tg 1 , 1
where we have considered a finite sequence instead of the infinite

sequence and let m, + «, Assume that
Ligmfm (t) = g(v) (4.57)

i.e., fm (t) uniformly converges to g(t) as m, - . Then from (4.56)

1 1
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T T
f o () (£ (1) -'g(r)) dt = -f o, (t) g(t) dt : (4.58)
tO - 1 t

0

k=1, 2, .cu, my

For each k let m, > to get
T , T
J o, (£)_Lim (£ () - g(B) dt =0 = -/ o, (t) g(t) dt (4.59)
%o 1 1 : %o

k=1, 2, ...
Hence g(t) = 0 almost everywhere. Therefore, it is clear that if
m -+ o and m, -+ o the suboptimal control laws essentially converge té

the "truly optimal control laws in the linear-—quadratic game.

48 u SUBOPTIMAL AND v TRULY OPTIMAL CASE

Variational procedures are employed in Section 2.7 to yield the
necessary conditions when each player is restricted to use piecewise
coﬁstant gains only during a certain specified interval of time.
Similar procedures can be gpplied to the problem of this chaptér.
Consider, for example, the control diagram of Figure 4.1(a) which
indicates that the minimizing player_uées suboptimal control through-
out .the duration of play and the maximiéiné player uses truly optimal
contfol. |

Following the procedure outlined in Section 2.7, it can be shown

that the necessary conditions are
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to T
mj
—— Dopls  ——
=1
| e v —_—3
(a)
to T
b u SENEEPRAIE
m
2 )
s z Bijlc_ ]
J=1

(b)

Figure 4. 1. Control diagrams.
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T .
H =
/ aj dt = 0 k- i 5 > 2 (4.60)
t. 2a J s 3 > Ty
0 “Zxk
H
%;'=_9 (4.61)
- JL .
A(T) = % (4.62)
—=|t=T
S PR, DU k=1,2, ..., n ,
n (M = ng () . §=1,2, ceohm (4.63)

where A and ﬂi(t)'s are vector Lagrange multipliers that account for

the constraints

m
x = f(x, ) a.Alx,v,0) (4.64)
—_ .=1 J — — X
3
and
.3 _ k=1,2, ..., n
g =0 i=1,2, e, my (4.65)

Similar results apply to the case of Figure 4.1(b) where the maximizing
player uses suboptimal control and the minimizing player uses truly

optimal control.

APPLICATION TO LINEAR-QUADRATIC GAMES:

Consider a linear dynamic systeﬁ given by (2.42) and the cost
function (2.43) with £he associated weighting matrices having tﬁe
_ properties described iﬁ Section 2.4 and with the control diagram of

Figure 4,1(a>°
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Following Sections 4.5 and 4.6, it can be shown that the

necessary conditions are

T ™ ‘
. f-ozi[Rl.'Z ngJ + GPlxx' dt = [0] i=1,2, ...om - (4.66)
t0 j=1
v = -R. TGP | (4.67)
T=Th 5 2 o | : 4.
where P(t) sgtisfies the differential equation
m “ m )
S j ‘ j 1 _ -1
P + P(F+_Gl_2 a A7) + (F+Gl.2 0 A7) P - PGyR, TGP +
j=1 j=1
™, o, . ‘
(Y 0, AR () a,ah) + Q= [0] (4.68)
.=l J : l j=l J .

J
with the boundary -conditions P(T) = S.
If the first player is known to select his gains to be independent

of initial conditions, condition (4.66).reduces to

m !

T
. f-ai[Rl.Z

to J

ajAj ¥ CIPIRe' dt=[0] 1=1,2, cocpm  (4.69)

" Again following the development of Section 4.5, it is evident
that the existence of a P satisfying differential equation (4.68)
with the boundary condition P(T) = S is a sufficient condition for

the existence of a saddle point.
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4.9 NUMERICAL EXAMPLES

A. SCALAR CASE .

Consider the case of a linear time—in§ariant system governed by
‘% = -0.5x + 1.25u + 1.5v, x =2 © (4.70)

The quadratic cost functiomnal is

I T RN N ‘

J = x(T) s+j0 (u” - 4v" + 2x7) dt . (4.71)
By assuming different values to the %(t)'s and Bj(t)’g, we can

have different subopt;mal éontrols for each-p;ayer. Figure 4.2 shows

the variation of performance index when various types of suboptiﬁal

controls are employed. Ig is seen that the variation of the perform-

ance index from the truly optimal saddle-point value is greatly

- reduced if we assume u = (Al + Azt)x and v = (Bl + th)x,- The state

of fhe system, the gains,.aqd thg éontrols for each player with .

different suboptimal controls are illustrated in Figures 4.3, b.b,

4.5, 4.6, and 4.7.

B. VECTOR CASE:

Consider the case of a linear time-invariant system governed

- ot lasl|v | (4.72)

A




Performance Index

10 1

Scalar case._
T=0.25

u= (Ao + Alt)x
v truly optimal
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u = (Ap + Alt)x
vs= (Bo + nlt)?(

u = Ax
v truly optimal

2
u (Ao + At + Azt )x
v truly optimal

u truly optimal
v truly optimal

//// 8
] 55/
ot u truly optimal
K’ v = Bx
¥ v \Y v v
4 5 6 7 8 9 10

Figure 4.2.

Parameter S

Variation of performance index.




State of the system, x

sl

0.5

Scalar case
S = 8.0
T =0.25
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u truly optimal
v truly optimal

2
) u = (A0 + Alt + Azt )x
o A -\\:?§> = truly optimal
v = Bx
\\\\
v = (Bo e Blt)x
0.05 0.10 0.15 0.20 0.25
time t

Figure 4.3. The state of the system.
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Scalar case
§=8.0
T =0.25
cined
- 0.1 0.2
-2
8 =Ax
ve iz
e &
¥ --(Aoonxxol_‘:z)x
‘8 e u'oﬁt)a — v truly optimal
ve a° + ‘lt)l
pry ® truly opt
v truly optisal
=10
Vigure 4.4 Cains for the miniwizing player.
Scalar case
$=8.0
T = 0.25
2.3
v truly optimal
w truly optimal 2
-l--u‘OA‘tOAzt)l //
2
Fo (
L (A' + Alth
ve 3+ tix
1
1.3 4
LR -3
1 velkx
0.3
0.05 0.10 0.15 0.20
: time ¢

Pigure 4.6 Cains for the meximizing player

§

Contrele

Scalar case

$ 8.0
Te0.25
> :
ema ¢
0.1 0.2
- we i
v truly optimal
: )/
-® I-(AoﬁAltbllt)l .
v truly optimal .//‘. Uy + 4y0)n
- v = (3 + t)ps
; 7 Lo
7 v 2
& ./~"". -—.7“‘“~-—,‘-—'-'-'—-—""/
./. w truly optimal .
7 v truly optimal
-8 /
‘nnu 4.5 Controls for the miniaizing playsr.
Scalar cass
$=3.0
T=0.25
s
\ .
N\ v truly optimal
N w truly optimal
3 \\ ﬂ‘--(lo“lCOAzll
-~ ""'""-.,
Lo .
o” ~
1,~. P en u= (Ag + A t)x g
b ardmals i i
= Az ~
‘v Bx \\
~
. ~
4 ~
0.3
0.05 0.10 0.15 0.20
Tine ¢

FPigure 4.7. Controle for the maximizing player.
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!

where u and v are scalar controls. .The quadratic cost functional is

4 1 1

x'(T) 2D +. [ (& + 0.5
1 2 | 0

2 _ 4wy ar (4.73)

First it is assumed that the initial con&itions are known to be

=1 , | | S (478)

The oﬁtimal feedback gainé and the performance index are computed.
The details of related computations are outlined in Appendix C.

Next the feedback gains that are independent of initial condi-
tions are computed, as‘also are the average performance index and the
actual performance index resulting from use of these feedback gains

when the initial conditions are given by equation (4.74). In computing
the above feedback gains, it is assumed that E(xio) = E(xﬁo)'and that

X0 and X,q are independent.

It is then assumed that partial information about the initial
conditions are known--two cases are considered. In the first case it

. 2. .2 . _
is assumed.that E(xlo) = 16E(x20), and in the second case x. = 4x20°

10

It is evident that the matrix K will in the first case be equal to
1 0 1 1/4 '
and in the second case be equal to . It is
0 1/16 _ 1/4 1/16

to be noted that the optimal parameters in the second case coincide
with these ‘when the specific initial conditions are known, and satisfy

%10 = 40
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X0 -2.0
The above.computational scheme is repeated for =

. _ %50 0.5
The results are tabulated in Table 1. 1t is to be noted that in

calculating the average performance index from equation {4.43), K
is normalized to have E(xiO) = 1. In other words, the normalized

given in Table 4-1is to be multiplied

average performance index JN

.by E(xio).to get the specific average performancé‘index.

This example particularly illustrates the advantage of.using
the constant feédbéck gains since the variation of the performance
index from the truly 6§timal saddle point value is nominal when
constant feedback gains are employed. Table 4-lclearly indicates the

nature of the solutioms.

4,10. CONCLUSION

Necessary and sufficient conditions for the existence of a saddle
point when one or both the players use Suboptimal controls have béen
examined. In the special caée of 1ineaf—quadratic gamés, it has been
shown that the optimal cont?oller parameters for a given initial
condition x, are also valid for initial comnditiomns ox,; =® < a < ®,

=0
Consideration has also been given to the optimal choice of the parameters
. ) i
when only partial information about possible initial states is avail-
able to the players. It is evident that cooperation and negotiation

are possible in zero-sum games from the point of view of control

implemenfation;




TABLE 4-1

RESULTS FOR A VECTOR CASE

(Constant Feedback Gains)

Actual
Case Gain ) Initial - Performance
# Conditions | Design Information| Conditions| Optimal Gains Index
1 u truly - X109 = 2.0 A(t) = —RIlGiP(t)
optimal 1 J = 14.0195
v truly X,n = 0.5 |B(t) = =R, G!P(t)
20 2 79
optimal n .
P(t) from equation (4.55) Jﬁ = 3.5049
2 u=Ax  |Initial conditions " A = [=3.4825 ~4.3371] J = 14.0867
v = Bx included in the B=[ .8706 1.0843] J_ = 3,5217
design N
3 u-=Ax E(_xloz) = E(xzoz) "o |A = [<3.2786 ~3.7776] J = 14,1215
7 N
= “|E =0 B = .8196 9444 J_=4.42
v = Bx (xlo XZO) B=1 1 N 35
4 u=Ax E(xloz) = 16E(x202) " A = [<3.6166 -4.3788] J = 14.0988
- ) = 0. " B=[ .9041 1.0947] T =2,
v = Bx E(_x10 xzo) B = [ 0947] JN 2.6983
- = n { .
5 u = X0 4x20 Same as #2 Same as ‘#2
v = Bx .

(table continued)

01T




TABLE -4-1 (continued)

Actual

Caée Gain . - Initial Performance
#__| Conditions |Design Information |Conditions Optimal Gains Index
6 |u truly - %o = =2.0 |A(t) = -R]'eIP(6) ~
optimal -1 J = 7.4371
v truly Xnn = 0.5 |B(t) = -R_"G'P(t)
: 20 2 2
optimal . R .
i P(t) from equation (4.55) JN = 1,.8593
7 |u=Ax Initial conditions %,y = ~2.0 |A = [-3.766 -4.3951] J = 7.4810
included in the . A
v = Bx design : x20 = 0.5 B=[ .9415 1.0988] JN ="1.8702
8 |u=Ax Ekxlbz) = E(Xzoz) " Same as #3 J = 7.5047
= E(x, =0 T = 4.4
v f Bx xlO x20) = N4 35
— 2 - 2 11} ot ’ =
9 |u=Ax E(x10 ) 16E(x20 ) Same as #4 J 7.4876
. A _
v = Bx E(x10 XZO) =0 JN = 2.6983
10 ju = Ax X0 = —4x20 " Same as #7 Same as #7
v = Bx :

TIT
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CHAPTER 5

SOME CONSIDERATIONS REGARDING ADVANTAGEOUS STRATEGIES
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5.1 INTRODUCTION
In this chapter sufficient conditions for advantagebus strategies
for either.playgr are examined for a linear-quadratic game in which
the players are constrained to use suboptimal control laws as specified
by equations (4.2) and' (4.3). The concept of a "bargaining matrix"

is introduced, and numerical results to illustrate the theory are

included.

5.2 SUBOPTIMAL COSiS

It is shown in Chapters 2, 3, and 4 that the optimal perfo;mance
index for linear—quadratic games depends on the initial state vector
and on the initial value of the matrix P, which.satisfies the matfix
Riccati equation (4.55) for nonconstant feedback gainé and (4.29) for
suboptimal éontrols given by (4.2) and (4.3). In this section, an
expression for the difference of P(to)'s‘is derived wheﬁ the players
use two different suboptimal controls. The procedure parallels thé
one adopted by Kleinman and Athans'[26 ] for the corresponding one-
sided optimal control problem.

Consider a linear dynamic system given by (2.42) and a cost func-
tional given by (2.43) with the assoéiated weighting matrices having
the préperties déscribed in Section 2.4. The two suboptimal gains

to be considered are defined as follows.
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et

_ 3 | |
A = .Z o, (£)4] . (5.1)
j=1
_Sl i ] .. ..
A, = _Z v ()4 (5.2)
J=1 . , - .
, ;2 3 o . , _
B, =. ) B.(t)B; ‘ . ©(5.3)
1 j=1 i 1
82 . j .
B, = .Z 8,08 (5.4)
j=1
}
'Let‘
Fyp = F + GA  +6,8) . A )
= . . e - . P - . (5"6)
Fyp = F + GA) + C,B, | ‘

" It is .evident from the foregoing chapters that the following relations

are to be satisfied for optimality.

RS ) 6 MRS o o s s s G 5

. o . . . o . N .
P. +P F_. +F' P +A'R A +B'R.B. +Q = [0] (5.7)
with the boundary condition P(T) = S, and

P ' ' ' = . |
P2 -+ PZFNZ +.FN2P2 + A2R2A2 + B2R2B2 + Q [0] ‘ (5.8)

[

with the boundary condition P(T) S. Therefore,

B oL _ _ Al . qt T o o :
Pl PlFNl FNlPl AlRlAl BlRZBl Q. (5.9)
From equations (5.5) and (5.6),

Fyp = Fyp ¥ .61 (8 = 8 + G (B - By)
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- B,) 'GP,

((Ai,- A2)'Gi + (Bl

' .
FNlPl
and

P_F

P_F 1Fyx2 +

1'N1

Pl[Gl(Al - A) + 6,8y

Substituting (5.10) and (5.11) in (5.9),

= ' - — Al - 1
Py = -FoPr ~ Pifye T ARAy 7 BiRoBy

- _ 1At _ Tnt
[(A) - 4)'6] + (By - B 'C}IPy

P,[G (4 = A,) + G, (B) -

- From equation (5.8),

= -F! - - A - 71! -
Py = “FyoPy — PoFyp ~ ApRiAy = BoRoBy

Subtracting (5.13) from (5.12),

- (Pl'_

!‘Uc

6P(t) = FNZ(P

1~ B

+ B'R.B - [a

515
222" 1R2Bl 1

- Pple 4y
Equafion (5.14) can be rewritten as

. _ .— ' _ _
SP(t) = FN26P SPFN2 (Al

-(8, - ?2?'Ré(31 - By - (4 -

= Ay +6,(By -

- ' 1
A,) "Ry (8

+ FroPy

-Q

B,)]

Q

P

Z)F

_ Tt
8,)7Gy + (B

AZ)

% 't
Ay) (91P1 +

(5.10)

(5.11)

(5.12)

(5.13):

+ Al R A

27172 T l 1 1

- 1ht
BZ) G2]Pl

(5.14)

R1A2) +
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- - ¥ 1 - T ] _
(B1 B2) (qul + R2B2) (GlPl + R1A2) (A1 A2)

- (632, +‘R232)'(Bl - B)) /
Because Pl(T) = P2(T) = 5,
e (T) =[O}
If can be shown that the matrix differentiél equatioﬁ ‘
L =-F'L-LF+GU

with boundary condition L(T) has the solution

L(t) = ¢"(T,0)L(T)¢(T,t) — [ ¢"(1,t)G(T)U()d(t,t) dr -
. : t

where ¢(t,t0) is the transition matrix corresponding to F(t).

¢(t;t0) F(t)¢(t,t0)a¢(t0;t0) =1

and
$(tgot) = —¢(ty, )F (L) ,¢(ty,ty) = I

These results are used in equation (5.15) to obtain
T . PR
= 1 - 1 -
8P (t) { $3(T,0)[(A] = A,))'R (A - A))
- . L ] _ - ¥ 1 '
+ (B1 B2) RZ(Bl Bz) + (Al A2) (GlP1 + R1A2)
_ W f 1 t R -
+ (Bl BZ) (G2Pl + R2B2) + (Gl}?l + RlAZ) (Al A2)

+ (6P, + R,B,)'(B; ~ B,)1¢,(1,t) dr.

(5.15)

(5.16)
(5.17)

(5.18)

Therefore

(5.19)

(5.20)

(5.21)
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where ¢2(t,t0) is the transition matrix corresponding to FNZ(t)°
Another expression for SP(t) can be found by interchanging

the subscripts in equation (5.21) and mﬁltiplying the resulting

expression by -1.
T
= ! r— - ' -
8(t) = 1{ $1 (T, ) [=(Ay = A))'R;(A) - A,)

- _ 1 - _ 1 1 ‘
By = B Ry(By = By) + (&) = 4,))"(G)P) + RjA))

- t(nt
+ (By - B,)'(C;P,

+ RzBl) + (GiP2_+ RlAl)'(Al - Az)
_+ (GEPZ + RzBl)f(B1 - Bz)]¢1(1,t)‘dT (5.22)

Yet another form of 6P(t) which is used in Section 5.3 is

obtained from the following identities:

\ ) = '[ . —
G1P2 + RlAl (GlP2 + RlAZ).+ Rl(AlA A2)
v = ' . -
GZPZ + R2B1 (G2P2 + R2B2) + RZ(Bl B2)
Therefore,
- ¥ | ) = - | T - -
(A1 Az) (GlP2 + RlAl) (A1 Az) (GlP2 + R1A2) + (Al A2) Rl(Al Az)
(5.23)
- ' ' . = - ' ' : - V -
(Bl B2) (G2P + RZBl) (Bl ‘BZ) (G2P2 + Rsz) + (Bl ‘ BZ) R2(Bl BZ)
S (5.24)
v ’ 1 ‘ - = ' - o U _ .
(GlP2 + RlAl) (A1 Az) (GlP2 + R1A2)(A1 A2) + (A1 Az) Rl(Al A2)

(5.25)
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2

(5.26)

] [ - - 1 v - - } 1 -
-(GZPZ + RZBl) (Bl Bz) (G2P2 + RZBZ) (Bl : B2) + (Bl -BZ) RZ(Bl B
Substituting (5.23), (5.24), (5.25), and (5.26) in (5.22), the result
is_

" T

SP(E) = [ 93(T, ) [(A; .- A,)'R (A - A)) + (B, = B)) 'Ry (B; - B

)
' 2

- v ' - ' 1
f (Al A2) gGle + RlAZ) + (Bl BZ) (G2P2 + RZBZ) +

(G1P, + RjA) (A - 52) + SGéP2'+ 3232)'(31 - B le(r,t) dr
’ (5.27)

Equation (5.27) is a general expression for the difference in cost
of implementing two different suboptimal géins. An expression for
the difference between a suboptimal cost and the nonconstant saddle

| ‘ point pay-off is derived in the next section.

5.3 ADVANTAGEOUS STRATEGIES

If we assume that A2 and B2 correspond to optimal unconstrained

controls and Al and Bl correspond to suboptimal comstrained-gain

controls, then

1

* - ' ‘
A2(t) 'A2(t) = .—R1 G1P2 (5.28)

1

* - ' . .
B,(t) = B,(t) =-R, GIP, ' ‘ | (5.29)
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where Pz(t) satisfies (4.55).

Therefore,
GéP2 + R2B2 = [0] (5.31)
with (5.30) and (5.31), (5.27) gives
T 1 ‘ * ] *
SP(t) = [ ¢1(t,0)[(4; - A)) 'R (4) - A)
t
. % . : I* . - -
‘+ (Bl_ - B2) Rz(Bl- Bz)]¢l('r,t) dt (5.33)

Whether the suboptimal controls A, and B, are advantageous to-

1 1

one player or the other with respect to the nonconstant saddle point
pay-off is determined by (5.33):. naﬁely, if 6P(t0) is greater éhan
zero, then the éuboptimal controls specified by equations (5.2) and
(5.3) are advantageous to the maximizing playgr and vice versa.

It is evident from equation (5;33) that GP(toj = (0 if Al = A:

*
and Bl ='Bz. But it is to be noted that because the integrand of

equation (5.33) consists of a positive definite term and a negative

) %
definite term, the integral can become zero even if Al # A2 and B1 #
B* ) ‘

9

The above discussion can be illustrated by the following geometric
argument. Let a denote the optimal saddle point pay-~off, b the pay-off

when the minimizing player uses suboptimal control while the maximizing
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player uses optimal confrol, ¢ the pay-off when the maximizing
player uses sﬁboptimal control while the minimiéing player uses
oﬁtimal control, and d the pay-off when both the players use sub-
optimal coﬁtrol. Also, let E* an& z* denote the truly optimal

controls.. Therefore,

® %
J(u,v) =a
. *
J(Alg,g ) =b
, *
J(u, Byx) = ¢

J(Alg, Blg) =d

It is evident from saddle point theory that

and

d <b

Therefore, d can lie anywhere between b and ¢ and whether it is

greater than a or less than a is actually determined by (5.33)
Sufficient conditions for advanéageous strategies are derived

next for the game with a time-invariant system and when the players

use constant feedback gains.

Y T P 2 S |
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TIME INVARIANT SYSTEM (CONSTANT FEEDBACK GAINS) .

Scalar Case
From Section 2.5 for a time-invariant system under the constraint

of constant feedback gains,

2 -
.. & fe x” at
1 R1 fxz dt
and
e fPlxz dt
B, = - == ——
1 R2 fxz,dt

from which

B, =

A1G2R
1 G

z 1- - . : o ' (5.34)
12 :

Consider the term within brackets of (5.33):'

A - AR (A < A%y + (B, - BY)'R.(B: - B
(A). - A)) 'Ry (4 2 1 27 T2y 2

_ %2 % 2
= (Al - A2) Rl -+ (Bl - BZ) R2
9 2 % * %9 %2 '
= AlRl + BlRZ - 2A1A2R1 - ZBlBZR2 -+ (AZ) Rl -+ (BZ) R2 ' (5.35)
in which
G
* .1
Ay =~ Rle ,
G
*___2
B, =" %%
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and the resultsof (5.34) are used to obtain

(2R, + CoR;) (AR, + P,G)°

2
GRRy

which is equivalent to the right—hand,member of (5.35). Therefore,

T ¢i(T,t6)(G§R + c R) (AR, + P, )

6P(t0? = tj : GZR - at
0. 112
Because GlRlRZ is always negative, it .is evident that constant feed- |
back galns will be advantageous to the maximizing player if and only
2 2
2 . 2 €1 . % ' -
if CR. + G.R, < 0 or — + — > 0 and vice versa for the minimizing
172 271 Rl .Rz .
player. ‘ ‘ ' '
| 2 o .
It is evident that the quantity-ﬁ;-+ if-would certainly be a
1 2

deciding factor for the negotiated performance index in the case that

the players bargain to adopt constant feedback gains.

VECTOR CASE

It is known from Sections 2.4 and 2.6 that for a time-invariant’

system

A1 = —R Gli(tO,T)W (tO,T) . ‘ ’ (5.36)

B, = -R, Gég(tO,T)W (to,T) : o . (5.3D)
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AY - plgrp (t) 5.38

2 1 61F2 \ (5.38)
and '

¥ = -r7lgrp (t) - (5.39)
2 2 7272 L L RS

Substituting (5.36), (5.37), (5.38), and (5.39) in (5.33) and'simpli—.

fying, it follows that

T -1 -1 -1
8B(tg) = [ ¢](T,e)(BW [ = B,)"(G;R;7G] + GR,7G)

& 1171 | |

@& - B (1,0) dr (5.40)

Therefore, the maximizing player will be at an advantage if (GlRilGi.+
GZR;;Gé) >0 and vice versa for the minimizing player. If (GlRllGi +

GZR;lGé) is indefinite, however, nothing can be said as’ to which player

is benefited by the use of constant feedback gains unless the optimal
gains are computed and substituted in equation (5.33). Conditions

for which GlelGi + GZRElGé might become indefinite for a special case

4din which either GlRZlGi or‘GZR;lGé is nonsingular is‘giﬁen in the
next section. ' | ‘ | |

By réstricting the information available to‘both players to be
the same, partial information about the ppssible initial conditions

can be accounted for by properly interpreting & and w matrices as

done in: Chapter 4.
. . _l 1 . - “,' .
1t is clear that if GlRl Gl + G2R2 G2 equals zero, P2 and Pl

satisfy the same differential equation

P + PF + F'P + Q =[0]
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_with the boundary condition P(T) = S and the system equation reduces to

%X = Fx

for the nonconstant case and also for the constant feedback case.

It is also clear that if the players decide to negotiate the

use of constant feedback gains, the negotiations will certainly depend

-1, -1 v -1,
upon GlRl Gl + G2R2 G2, and hence the matrix GlRl Gl + G2R2 G2 may

- rightly be named as the bargaining matrix.

Care should be exercised in determining.advantageous strategies,
in regard to whether the probiem is well posed in the saddle point -
sense; namely, Whethe; there exists a glosed—lopp nonconstant saddle
point solution. It is well known [ 1,41] that there exists a closed-
loop saddle point solution for the unconstrained-gain linear—quadratic
~game under consideration if and only if
T -1

det [I + f cw(T,t)(GlR1 Gi + G2R2 é)w'(T,t)cht] #0 (5.41)
t

£ € [£),T]

where S = c'c and w(t,to) is the transition matrix corresponding to F.
In other words, there exists a closed-loop saddle point solution if

and only if Qi(t) # =1 for .all t E{[tO,T], where Qi(t) are the eigen

i
values of the matrix

T ' \

[ cw(T, t)(GlRl Gi + G2R2 Gy)¥' (T, t)c'dt
t ,

LL. k.
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-1 -1_,,
If'(GlRl Gi + G2R2 Gé) > 0, clearly each Qi(t) > 0. Hgnce,

a saddle point solution exists for the unconstrained-gain game when- .-
. ever constant feedback gains are advantégeous to the maximizing player.
On the other hand, if GlRIlGi + GZR;lGé < 0, the pertinent saddle point-

solution exists only for a'specified interval determined by (5.41).

These facts are illustrated by numerical examples in Section 5.5.

5.4 INDEFINITENESS OF THE BARGAINING MATRIX
A test for the indefinifeness of the bargaining matrix is formu-
lated for the special case when GlRilGi or GzRglGé is nonsingular.

Without loss’of generality, it is assumed that GlRilGi is nonsingular.
Then according to a theorem [ 33] concerned with the simultaneous

reduction of two quadratic forms, there exists a nonsingular real

matrix M such that

-1 '
t — .
M GlR1 GiM = I (5.42)
and
7
-1 S :
v ™ = 44 .
M G2R2_G M d;ag(rl, Tys sees rn) . (5.43)
where for any choice of M, the quantities Tys Tys eeey T oare
necessarily the roots of the polynqmial_equétion
| xG e - o lell =0 ' : ’ : (5.44)
11 1 272 20 , .

Equations (5;42) and (5.43) give

M'«;Rfl

-1 -
' 1 = 1
1R Gl + G2R2 GZ)M dlagFl + r 1+ r

L gr ees LX) (5.45)
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Because R2 is negative definite, it is necessary that ¥, < 0 ,
i =

i-= 1, 2, ceey Mo Therefore, the negotiation matrix for the special

_case of GlRl " being non51ngular is indeflnlte if and only if there
1

exist roots rl, r2 to the polynomial equation lelRl Gi 2 2 I =0

such thatlrll <1 <-Jr2|.
5.5 NUMERICAL EXAMPLES

A. SCALAR CASE: ADVANTAGEQUS TO THE MAXIMIZING PLAYER

Consider the case of a linear time-invariant system governed by

(4.70) and the cost functional (4.71). The bargaining matrix is

G

=~ N
N o,

=1.0>0
2

+

';dln

=
=

.Hence, for the specific scalar system considered, constant feed-
backlgains are always advantageous to the maximizing player as is
also evidenced by Figure 3.3. From Section 5.3, it is evident that
unconstrained-gain saddle point.solutions always exist for this specific

game under consideration.

B. SCALAR CASE: ADVANTAGEOUS TO THE MINIMIZING PLAVER

Consider the case of a linear time-invariant system governed by
X =-0.5x+ u+ 1.5v , X, = 2.0 ‘ - (5.46)

The cost functional is
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1

3= + [ @ - 29?4 %P at o | (5.47)
0 .

The bargaining matrix is

=N
NN

+ = -,125 < 0

w! [
WI )

=
N

‘For the existence of an unconstrained saddle point solution we have

from (5.41)

T, 2 2
1, 2
14+ [ (T, t) (= +==) dt # 0  oni[t,,T]
{ 4 Ry Ry . 9tR
oY
T (-t
1-.125f e at # 0 on [ty,T]
t : .
oY
1 - .125(1 - e(t‘T)) # 0 on [tg,T] e : (5.48)
(t-T) _ |

Since 1 - e

o

>0 and <1, an unconstrained saddle point solution
exists for all T. 1In this case constant feedback gains -are advantageous

to the minimizing player. The results are given below for T = 1.0,

7.2727 without gain constraints;

Performance Index

7.2532 with gain constraints;

Performance Index

Optimal Parameters: A = -1.4939 and B = 1.1204.
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C. VECTOR CASE

Consider the case of a linear time-invariant system governed by
equation (4.72) and the cost functional (4.73). The bargaining matrix

is

-1, -1, _Jo _ fo]1 o o
o & et + 6,55%) - mz[o 1} [2]4{0 2] - [0 1J29

‘Hence, constant feedback gains for this specific example are
always advantageous to the maximizing player as Table 4-1 clearly

illustrates.

5.6 CONCLUSION_

Consideration has been given to sufficient coyditioﬁs for
advantageous stratggies in 1inear—quadrétic games. This effort is
by no meané complete. It has been shown that'for linear-quadratic
time-invariant games, in general, a sufficient condition for constant
feedback gains to be advantageous to the maxiﬁizing player is that
the bargaining matrix GlRilGi + GzRglGé >0, A mafter.for further

investigation is the extension of the present approach to games in

which partial information about the possible initial conditions is

different for each player.’




CHAPTER 6

1

DIFFERENTIAL GAMES WITH PIECEWISE SUBOPTIMAL CONTROLS
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6.1 INTRODUCTION

I; this chapter‘necessary and.sufficient conditions are derived
for the existence of a saddle point for a generai two-person zero-sum
differential game when one or botﬁ thg piayers use séboptimal~contfol
laws of specified form. The specified fopms‘for the controls COHS{S?
.of weighted'sums of tﬁe state yarigbleg{'the weighéing factors being
products of known time varying functions and of piecewise-constant |
functions to be defermiﬁed in an optimai manner. To simplify termin-
ology, the controls Wﬁich are formed in this way will hereafter be

referred to,as piecewise control laws. 'The time intervals associated

with the piecewise control laws can be different'for e;ch:player, The
 general results are applied to linear-quadratic games; and for this
class of differential games, an additional development is giveﬁ to
obtain piecewise control law paraﬁete?s that are inﬁependent of initial
coﬁditions, so fhat a saddle point with_réspect to the expected val#e
of the perfdrmance index is obtained. Consideration haé also been
. ' \
given to the problem of optimizing the gain change points.
The results are applied to scalér and vector aynamig systems;

and numerical solutions‘afe presented. .

- Iﬁ the case of one-sided opfimal control theory, necessary condi-
.tions for computing piecewise-constant feedback parameters that.are
independent of initial conditions have been derived\by Kleinnian,

et al. [27 ], but they did not consider optimizing the gain change

points.
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An extension of the algorithm presented in [27] to the case where
the gain-change points are also optimized has been presented by
Bertsekes [6 1 for the casé of one—sidedvpptimél control theory, but:
neither all the necessary conditions nor piecewise suboptimal controls
have been considered in [6 1. Moreovér, the results in both [27]
' and [§ ] are not directly applicable when partial information about

possible initial states is known.

6.2 FORMULATION OF THE PROBLEM

Consider a'dyﬁamic'system giyen‘by ( 2.1) and a cost functional
given by ( 2.2) with the aésociated Wéiéhting matripes having the
préperties deséribed iﬁ Section 2.2. The problem is to find or gharac—
terize, if they exist, particular controls Ep and XP whi;h are

optimal in the sense that for any other control vectors, u and v,

IA

t};ere holds' J(_EO V) f_J(_qO ,XO) J'(_g,_go) .

In Seétion.6.3} confrols u and't are constrained to be of thé
form given in the control diagram of Figure 6.1(a). "Results for the
more general case, Fggure 6.1(b), are rea&il& obtained on this basis

and are listed in Section 6.4.

Constraints include

At = 0] o ‘ j=1, 2, ;..,'mll

4% = [0] - §=1,2, e, my,

34 - [0] . =1, 2, Y

and

2?3 = 0]  §=1,2, ey m, | ' !

22




tO . tl 7 i
Qi 12 21
E A z e J 2
W | iy 2
j=1 j=1 .
"21 e e
e lJ » Z e
Z B B Sa s
&1 J=1
J=1 t
2
tO :-tl §_t2 s
(a)
0 tl ts_2 ik
E :
oy ol L e A
H H : Hs—l :Hs
& 1 7. \ m i
g 14 : Iw. ¢ V3
‘—Z AY I — Z G e
: qb ! : wj
3= I J=1
(il B b e 0T | :
el il Mol L
RIS, SRy " SRR g B
bl i o Wi
i=1 j=1
t2 ts—l
toitlf-tz "its—lf—T
(b)

Figure 6.1. Control diagrams.
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In general the optimal AlJ's, AZJ's, BlJ‘s, BZJ'S are functions

of the initial state EO' Section 6.6 is devdted to the case where the

players desire to form control laws that are independent of the initial

state: each player assumes some a priori distribution of possible
initial states and satisfies conditions for optimality only in an

expected value sense.

6.3 NECESSARY CONDITIONS

Variational p;ocedureS'are applied fo yield the necessary condi-
tions fo; optimality. For conveniénce the (p x n) matrices Alj;s,
and Azj’s and the (¢ x n) mafrices Blj's and sz's are partitioned

in terms of columns: Let

1§ _ .1 150 . 13 o '

A = Lgl 52‘ e @ .] j = l,.z, cees My (6.2)
2a 2- 2‘- 2- . ] N '
1= Lglj QQJ oo gnJ] 3=1, 2, ..., o, .‘6.3)
13 13 .13 13 S ‘ ) ‘

B = [b)" b,” ... b "] =12, e, my, o (6.4)

and

2j 25 2] 24 . S

B<d = [_b_l:l 223 _En]] J=ly 2, eens my, (6.5)

k

For convenience 1et.§1s.§2’.and.§3 denote the state vector x

) i3 . . ] _
where ng's and E}J‘s, i= 1, 2,are constant vectors.

of the system during the interval t0 to tl’ t1 to tz, and tz.to T,

respectively, and let
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11 15 21 13
j=1 j=1
™2 3 R
g, = gCx, V o A%x, 7 a . 8Yx . o ) (6.7)
2 =92 L Gp4f Fgs L P14P Epo .
J—l j=1
A2, T 25 |

Similar identities_il, jz,'£3 are defined forli, The augmented cost

functional for the related minimum problem is

m

' t : 11 .
J_o=Lx(M,D + [ Mg, + AN -&) - 1 Zn 1Ty e+
a 1 -—-1=1 -1 21 =
t j=1 k
0
£y 23
| “le, + A3 x>-z zn 314237 ac +
2 2 =2 ) k
t, j=1 k=1 .
T - . 94 '
f Iey + A5 >—2 Xn "4 ae - (6.9)
37 53%=3 1 e k
t =1 k=1
2
where £1’ EQ"fa? 812 895 and gy are evaluated at the optimum BlJ's
and wherg_&l,uiz, 33, niJ' s ﬂij's are vector Lagrange multipliers of

appropriate dimensions. Integrating by parts and considering only

first-order variations, it follows that

63 =L w(m + zll If{n () = ni3(e) 1 sald +
a  8x| o~ 311 VAREENIS O
™2 n 24 24
] L) -nmy sl + (g - 8|  arg +
J=1 k=1 t1
t, oH. '
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t, oH, ' T 5H! ™1 =n

- (——%GX—Adx)dt+ f(———éch-Aax)dt+j ). 2( +
tl . t, ‘ tg j=1 k=1 Bak
™2 n H
‘13)'513]dt+f ) 2(——2—3—+n23)'6a3] dt +
t1 j=1 k=1 Sak
T ™2 n
3 . 2] 2]
) z< + i) sad] at _ (6.10)
t, j=1 k=1 5ad K k
"'1(
where
v s o= 1
1 85 + Al éi i=1, ?, 3 | (6.11)
A necessary condltlon for optlmallty is that GJ = 0.: Therefore,

the terms.that multlply the 1ndependent variations Ga 's and Qgﬁj's

must be zero. Thus:

1j _ 1. k=1, 2, cees, n
n -~ (£g) _n_ (£ j=1. 2. , (6.12)
23 = 23y k=1, 2, «u., n '

t, oH _

1——-—13. dt = 0 1; i g o0 (6.14)

- s H 3

tO ng 11

t, oH T dH .
[2—2 4+ [ —3-a=0 EZDL 2 .o (6.15)
t. pad ¢ pa’d =12, eees myy ‘

1 "k 2 =k

t :
Now consider f ~Ai§gl dt. Integrating by parts gives
iy
t ' t t. . , , :
fLatex, de=atex| T - [ Tatexdt (6.16)
1—1 17— t + =1T= s
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63_{_=dx—_i£ dt.

Therefore,
tl .
1 = 1 — ) b .
RN A (e dx(ey) = Ay (e %, (£)dey
0 N
and
t, ' ~ t) .
TR = 1 . - 7 L] : - 1
J T ek, ae = Aj(e))dx (£) = A(epk (ep)dey = [ 7 Aqox de
t t
0 : S ¢
Similarly,
:, | -
782 = 1! - 17
. { A58k, dt = AJ(t,)dx,(t)) = Aj(ty) dx,(t,) +
1 .
_ _ t, .
- T, L] - )
RGO} NCHEN J 7 Ajex at
. t
: 1
T . o
[ PR, 1 K - 1 R
tj. Ajsky dt = AL(T) dx(T) CA3(ty)dxg(t)
- . T,
1
4 {--A—35_~’5 de
2

(6.17)

(6.18)

(6.19)

- (6.20)

Substituting (6.12) - (6.15) and (6.18) - (6.20) in’ (6.10) and assuming

that x is continuous, it follows that
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]

= 2_1_‘ 4 - 1 _ ) '
8J 9x t=Tdz(tl?) A3(Max(T) + {2,(t)) - A (e} dxle)) +
. i ' K
{25(6) = A (e) 1" dx(t)) + (H) - Hy) ar, +
. t=t
t. oH .
IS W :
- { (g *+ Ag)x e+
0 .
.t dH . t. 9H . :
2,2 1 1 3 .
&ty T | 6, &

Therefore, for 6Ja to be zero, it is required that

o (t) =

Y
BHB/B.}.{_ = .__)‘_3
[oL/0x] 5 = A5(D)
o, /3x = -2,

BHi/QE = =)
EHCHRERWCS
in addition to conditions (6.12) to (6;15){

A similar set of conditions can be found for the related maximum
problem. The two sets of necessary conditions can be combined as

was done in Section 2.3, and the necessary conditions for the prbblem

formulated in Section 6.2 are




Hl(‘tl) = HZ(tl)
3H3/3_}E = .-2_‘.3

[aL/0x] ¢ =,13(T)
3H2/3§. = -A 2
A, () = Ag(t)

BHl/aﬁ = A

2(E) = Ay(ep)

t
.j.l._i%g at = [0]
t, 04
t, oM, T oH,
f —— dt + f >
t, A%l £, a2l
1 2
t
1 M t
{ —Fac+ [ 2
o aBJ N
T 9H,
—5z dt = [0]
t  3B°d
.

= [0]

(o]

138

1,

2,

LAY

12

21

m

22

11

(6.21) -

(6.22)
(6.23)
(6.24)
(6.25)
(6.26)
(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

It is evident from (6.21) and (6.22) that for optimality of gain-

change points H has to be continuous at the gain-change points.
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SUFFLICIENT CONDITIONS : .

The sufficient condition for this problem follows that of Section

4.4 1if A denotes the set'{AlJ, Azj,'tl}, B denotes the set {BlJ, sz, t

.13 2% ‘ SPREPE: R
n denotes Fhe set {ﬂk s Ty }sand p dénotes the set ﬁglk’ sz}.

6:4 NECESSARY AND SUFFICIENT CONDITIONSr—GENERAL.CASE

Considér the control diagram of Figure 6.1(b), which indic tes
that there are s &istinct intervals of interest. It is assumed in
Figure 6.1(b) that players alternate in changing their gain values; .
other assumptions are éossible and related necessary conditions~for
optimality could be obtained. Néte that s in Figure 6.1(b) is neces-‘
sérilyyodd for any integer w.

Following the.development of the previous section, it can be

shown that necessary conditions are:

Hi(Fz) = H2+1(t£) ;g =1, 2, ..., 8-1 (6.33)
A () = .)\'H_l‘(t‘z) £=1,2, ..., -l (6.34)
= A (T)

—1t=T

oH, | .

_EE=_AR' 2,'=1, 2, sosy S (6.35)
i+1 tR 3H2

Z. —@ D3 4t T Lo i=0, 2, 4, ic, s-1 (6.36)
2;"'1 t l BA '5 j = l 2 m \

L= ’ ] ,:--",s l,"l+:(i/2)

where for i = d, the first term in the summation is ignored; and

US| 1 R R W

ZL

1
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where, for i = s-1,
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(6.37)

i

]
o
(&

-
o~

«y S=1

> By 14(i/2)

the last term in the summation is ignored.

The sufficient conditions of Section'6;3 apply for the general-

case if

2]

A is the set {a%, %3, ...

2]

B is the setI{Blj, B, ...

23

n is the set'{nlj, N 7y e

p is the set'{élj, E?J,

st+1,
A29, ¢
s+lj
B 29, t,, £, ceey t__
o+l 2° 74 , s.}
n 2 31, and '
s+1,
g2

17 32 cree Be

6.5 APPLICATION TO LINEAR-~QUADRATIC GAMES

NECESSARY CONDITIONS

Consider a 1ineér dynamic system given by (2.42) and a cost func-

tional given by (2.43) with the associated weighting matrices having

the ‘properties described in Section 2.4 and the control diagram of

Figure 6.1(a).

necessary conditions are

Following Section 4.5, it can be shown that. the

m
£ 11, :
[ 7 ogIry Z o AT+ GiP. ] x x; dt = [0] (6.38)
o k=12, ey myy
t, 12 5,
] 7oy R ) 0y A+ Gle]xzxz at +
t j=1
1
T 23
f azk[R Z o, + GIP lx x! dt = 101 (6.39)
) k=1, 2, ceusmyy
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o1 t M1

el 1 . 2, . 1j
{ B[Ry 1 By BTGP lxxy de + { B[R, jz By B + GiP,Ix,x) dt

et —2
0 J—l . .Y
: _ = 10] (6.40)
k=]‘., 2,.,..,m21
and
T Toa 24 ’
! = =
f K [Ry %@ B -FGP]X}B dt = [0], k .1,2,.“,n52 (6.41)
2
Pi, P2, and P3 satisfy the following differenti,al equations?
]?1 + PlF + FlPl + C = [0] (6.42)
with t}'xe boundary condition Pl(tl) = Pz(tl);
P2 + PZF + F2P2 + C = [0] (6.43)
with the boundary condition P2(t2) = P3(t2); and
P3 + PF, + FyP, + Cg 3~ FO] (6.44)
with the boundary condition P3(T) = S, where -
. M1 . .
F =F+G o AY+e, |8 B J (6.45)
o ps 21 g,
Fy=F+ 6 ] oA i, G, Z By B J (6.46)
1 .
j= l
™y 0 T2 .
Fy=F+ 6 Z ay A I+ ] 8,37 (6.47)
3 . J 1 2 o1 23 ‘

’
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Because x'is continuous, condition (6.51) yields
KAy ..

m%l 15 mil 15 mfl 1j' m§1 15
C=( a, A7) 'R.( a, A7) + ( B..BT) 'R ( B..B™) + Q  (6.48)
1 31 13 , ]'j=1 13 =1 1j 2 j=1 1j »
M2 . 2, a1 . P21 L .
C, = () ay,A 'R () & £ (] 8 BDR B BT) v @ (6.49)
j=1 =1 j=1 - j=1 - :
and
myp 2j" ™2 25" Moo 23 Mag 23
= ( 1 1
Cq (_Z oty ;A7) Rl(_z 0y A7) + ('z ByB ) Ry( ) BB ) + Q@ (6.50)
i=1l j=1 j=1 =1
For optimality of gain change points
B (t)) = Hy(t)) : | : ~(6.51)
Hy(t,)) = Hy(t,) L . (6.52)
Conditions” (6.51) and (6.52) can’be further simplified.- Let
o .
11
A 1j . '
A, 2.7 o, A , i=1,2 . : (6.53)
1i 4=1 13 ‘t=ti
m . .
12 -
A 23
A,, S ) a.A . i=1,2 (6.54)
?1 j=1 23 t=t,
m
: 21 .
A 1j . )
By = _2 By 4B . i=1,2 (6.55)
m
22
A 23 - ,
B,. £ ) B,.B . i=1,2 : (6.56)
B = s t=t;
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v ' -
x'(t) (AR () Ay g + By R, (£)B,, + Qx(ty)

11+ GByq)

+

_>5(tl)
a

|
2x (tl)Pl(tl) (F + G, A -

2'(t)) (A Ry () Ay g + By Ry (£)Byy + Qx(t))

+

2x' (tl)PZ(tl) (F + G]_A21 + GZBll) _§(tl) : (6.57)

t=t1‘

Set

A

P(tl) Pl(tl) = PZ(tl)_ ' (§.58)'

With this, equation (6.57) reduces to

2 (e [A Ry (£ Ay + 2P(E)Cy (B Ay,

- AélRl(tl)AZl - 2P(tl)G‘l(tl)A21]§(tl) =0

4

or

x' (e )[(A; + Ay 'Rl‘(tl) + 2P(t)G (e ) 1(A ) - Ay )x(ty) = 0 (6.59)

oY
+

T - v ‘ + ' =
. ;{ (tl) (All A21) [Rl(t_'z(All AZl) + 2Gl(tl)P(tl) ]E(tl) 0 (6.60)
Because All # AZl’ in general, and because -(6.60) must be satisfied'

by 3{_(t1), it follows that

Rl(tl) (All + A21) + 2G'l(t1)1>(t1) = [0] - . (6.61)
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Similarly, condition (6.52) yields

[0] (6.62)

I

R,(ty) (B, + B,o) + 2Gé(t2)'1>(t2)

Conditions (6.61) and (6.62) ére-neceséary conditions for optimality .
of gain change pointé and are to be satisfied in addition to (6.38)-
(6.44).

After some algebraic manipulations, the optimal cost JO can be
shown to be equal to

10 = 5" ()P (1) x(E) | | (6.63)

SUFFLCIENT ‘CONDITIONS
'The sufficient conditions of Section 6.3 can now be applied to

the above problem. ‘Consider

) ™1 n. 15" ' lj 0 -
I(x,4,8,n,0) = x'(£)P(t)x(t) + 21 kZ n; (ak ak )) +
M2 n . . . _ 2 |
Y 21112{3'(312{3 - (312(3)'0) +.e(t, - tg) +
j=1,k=1 .
v 15,13 1
Z ) o J(b R Ho +
j=1 k—
n - 24 24 .2. O 02 e :
jzl-kzigkﬂ(g_J - B - ey - ) (6.64)

where P(t) is defined by (6.42), (6.43), and (6.44) in the respective
time intervals.
By pafalleling the procedure outlined in Section 4.5, it can be

shown that the sufficient conditions of Section 6.3 are satisfied
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in view of the necessary conditions (6.38) - (6152).. Finally, the
scalar function I(E,AO,BO,n,p) reduces to -
lI(E,AO,BO,n,p) = x'Px _' " "~ (6.65)
Hence the existence of P(t) satisfyiqg (6.42) - (6.44) in the respec-
tive time inpexvals is a sufficien£ condition for the existence of

'a saddle point. B - N

6.6 AVERAGING OVER INITIAL CONDITIONS

Conditions (6.38) ~ (6.41) suggest a scheme for finding controller-

parameters that do not depend upon the initial conditions. The prob-
. ) i * %
lem is to find or characterize, if they exist, A. and B which are
. B ’ :
optimal in the sense that for any other sets of gains matrices A and

B there holds

* % % o ' : '
El[J(A ,B) ] f_El[J(A ,B )] . - - (6.66)
and
. * % * ’ .
E,[3(4 ,B)] <E,[3(4,5)] . (6.67)

where the expectation operators E1 and E2 are taken over distributed
initial states. The players will try to satisfy the necessary condi-
tions in an average sense. By paralleling the procedure outlined in

Appendix B, it can be shown that for the class of linear-quadratic
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games under consideration, -the operation of taking . the expected values
of the necessary conditions for optimality, conditions that correspond
to known initial conditions, is equivalent to finding the necessary

conditions for optimality corresponding to the expected value of J.

Now,
~§i(%) = ¢i(ti’ti—l)§i(ti_1) : ) (6.68)
o = Fiop 5 ¢ (tpety) =1 | | (6.69)
¢2 = F2¢2 s ¢2(tl ’tl) =1 . . (6-70)
b3 = Fabg 5 05(5,1) = T (6.71)

Assume that §0 is a random vector and further assume that

. . 2 . |

E(XiOXjO) = KijE(xlO) (6.72)
and therefore,
E(x.x!) = K _ ' (6.73)

=0-0
where the Kij's, the entries of K, depend.upon the advance information

available to the players as discussed in Section 4.6. Therefore,

E(x,x]) = E[¢ (£t %%y ¢1(E,5 1 = K¢y (6.74)
ISimilarly,

E(xyx)) = ¢,(t,t,) ¢, (51, EIKe; (£1,85) ¢5(E,E,) . (6.75)
and

E(xgE) = 0,(t,t,)0,(ty,t) 41 (1,10 ) K ¢1(E D 65 (Ey,t) 03(E,t))

(6.76)
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Let

1

for all i. Equatiors (6.74), (6.75), and (6.76) therefore reduce to

¢ = . ¥ ' 2
E(xlx1 ¢1K®l _ _ (6.78)
" = 1 .
E(x2x2 ®2K¢2 (6.79)

ll

1
E(xzgxg) = 04K,
If it is then required that conditions (6.38) - (6.41) be satisfied

in an.expected value sense,

< m
T g - .
S ' v = =
tf ulk[lezloLle + @GP JoRe] de = [0] k=1,2, .o, By (g g
0 ] ] . :
£, V) 25
] 1
] aZk[Rl.Z 0y A7) + GIR,18,Ke) dt +
t =
1
T 2 23 _ :
' ' = | = LN ] L]
W) oy AT+ 6P eKey dt = [0 k=1, 2, ..., my, (6.82)
t =1
2
£ ™1 15
1 T
- Blk[Rz.E BB + Gy 1e.Ke; dt +
t Jj=1 .
0
ftz m%Z 14 '
. 8. [R, Y 8..8°J + c!p 16 ,Ke! dt = [0]
4 TIkTT254 71 | 22172772 (6.83)

k=1, 2, ..., m

1
. 21

and

o.Ko! ' , (6.80)
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T

2 ' .

, 2j v [ = =

_ tj’ BZk[Rzgesz + 6P leKel dt = [0k k=1, 2, ..., m
2 . :

29 (6.84)

Note that if the ratios XlO/XiO’ XZO/xiO ..i xno/xiO are known

for some nonzero X, the necessary conditions can be solved without

0’
knowiedge of the specific initial ﬁaiues.
By paralleling the procedure outlined in Sections 4.5 and 4.6,
it can be shown that the suffiéient conditions of Section 6.3 are
satisfied by~A*'s and B*'s in an expected sense, the initial cogdition
being treated as a random variable. |

' % *
The value of J obtained by using these suboptimal A 's and B ‘s,

after some algebraic manipulations is

= 1
J zzoPl(tO)g_c0 (6.85)
'and‘the eipected value of Jis
J = e (B(t)K) _ : - (6.86)

Of courée, each player éould use a different K in.the design of
his controller and the one coming closest to the true K would benefit
in average performance.

" Note that whereas the cénstant feedback gains are here independent
of Ihé initial state, the optimél performance index (6.85) depends

upon the initial state.
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,
6.7 NUMERICAL EXAMPLES

A. SCALAR CASE: AC-B PROBLEM

Consider the case of a linear time-invariant system governed by

Mo
Il

-0.5x + 1.25u + 1.5v , X, = 2 (6.87)

- The quadratic cost functional is

. 1 . . .

J =.x(T)ZS + f (u2 - 4v2'+ 2x2) dt - ‘ (6.88)
0 ‘

where T = 1, and t, = 0. Consider the controi diagram of Figure 6.2(a).

0

‘The minimizing player can select two intervals of constant gains
whereas the maximizing player is constrained to use the same constant
gain throughout the duration of the play. . Following Section 6.5, the

oﬁtimal parameters:for fixed gain intervals are

f 1 Plx2 dt

< S (6.89)

b=

]

1
=
N
U-. .

. j P2x2 dt

tl .
-1.25 B . (6.90)
f xz dt '

t

o
i

t
1 T
'f Plx2 + 'f P2x2 dt
tO tl . ' ’ . _ ’
B=+0.375 (6.91)
12 . Lo "
[+ x%at+ [ x% at
t

tl'

0
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(a)
e—— A < C >
B K D >
(b)
c— A = G E G
< B S D > F H —
(c)

Figure 6.2. Control diagrams.
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Where P. and P, satisfy (6.92) and (6.93), respectively:

1 2
. y S 2 2
P2 + 2P2(—0.5 + 1.25C + 1.5B) + C” - 4B" + 2 =0 (6.92)
with the boundary condition P2(T) = §, and
P+ 2P, (<0.5 + 1.25A + 1.58) + A" - 48"+ 2 = 0 (6.93)

with the boundary condition P_(t,) = P, (t.).
1'1 271
The method of successive approximations is used to find the
’ .
optimal gains. The details of related computations are outlined in

Appendik C. Different gain-change times t, are chosen, and for each

1

tl’ the parameter S is varied from 4 to 10. Figure 6.3 shows the

variation of performance index with t Note that the optimum t

1’ 1
occurs nearer to the end of the game than -to the beginning. An
analogy can be made‘here to the case of a runner who makes a final
exerted effort near the end of a long race. It is evident from Figure
6.3 that with two gain-change intervals. and with constant feedback

gains, the minimizing player can force the difference between the

saddle point value and the actual performance index to be nomirnal.

B. A VECTOR CASE I L L e

Consider the case of a linear time-invariant system governed by

X 0 1} |x 0 - 10 '
1 - 1 v E (6.94)
X 0 0| ix 11 2

Il
+
(=1
+




AC-B PROBLEM
5.0/ P, Q, R, S Scalar Case
Performance Indices with
PPiecewise Constant Gains

Horizontal lines - Performance Indices with
Time-Varying Gains

Performance Index
ST

4.2 L
gl : 0.2 0.4 0.6 0.8 1.0

Time tl

Figure 6.3. Variation of performance index with gain-change time.
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‘where u and v are scalar controls. The quadratic cost functional is
4 1 ' 1 5 . 2 9
x' (D) x(T) + [ (x5 + 0.50° - 4v") dt (6.95)
12|, o 1

The players are restricted to use piecewise-constant feedback gains
and four equél time intervals are chosen. The control diagram of

Figure 6.2(c) illustrates the case. Following Section 6.5, the

necessary conditions for the case of Figure 6.2(c) are

&

ot t A
A=-(0 2) [T ¢xe ar (f Toxe ae) "t L (6.96)
t ' t
0 0
B.=-Al4 (6.97)
' ) £ -1
€=-00 2) [ “p o,k 45 de([ “ok 6] dt) (6.98)
t - t
1 1 |
D = -C/4 | - L (6.99)
- tg .t -1 _ :
E=-(0 2) [ P4 9,K, 0} at. ([ | 8K, 9% dt) " (6.100)
Tt L o
2 2 »
F==E/4 | ' . . . (6.101)
T T 1 :
=-(0 2)( [ P, ¢,Kd3.d0)( [ ¢,K 0, dE) (6.102)
t t .
3 3
H = -G/4 | | ' | o (6.103)

where it is assumed that tl = 0.25, t2 = 0.5, t, = 0.75; and T = 1.0

3

seconds, K, K K2, and K, are the expected value of the state at

1’ 3
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t,, and t,, respectively, i.e.;

Ctpo Tyt 3
i : ( , ' ’ N
Ry = 0, (et 00, qCEy g5ty 9) oo 0,0ty t )¢, (£, t)KE; (£,8,)

1 - X N
o5ty sty) wvn ¢i(eE, 1) (6.104)
and where - - .

q>l = (F.+ Glé + G213_) ¢1 H ¢l(t0,t0) =1 (6.105)
6y = (F+ G C+ D¢, 3 9,(ty,t) =T : (6.106)
¢4 = (F + G.E + szr“_) ¢q 3 ¢3(t2,t2) =1 o (6.107)
b, = (F+ G8+ G4, 5 6,(tg,t) =T ' _ (6.108)
.\ ) : "_
P4+P4§F+Gl_§+ Gzﬂ)+(F+G1§+ GZE_) P4+
G'RG+E'RE+Q = [0] (6.109)
with the boundary condition P4(T) =S, Similaflf, :
. y 1 '
P3 + P3(F + Gl_E_ + GZE_) + (¥ + GlE + GZE_) P3 +
v 1 . = .
E'RE + E'R,F + Q = [0] (6.110)
with the boundgry condition P3(t3) = P4(§3);
- ' '" .
P, + Pz(?.+ G,C+ G,D) + (F+ GC+ G,D)'P, + |
C'R.C+ D'R,D + Q = [0] - (6.111)

1~ 2
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with the boundary condition Pz(tz) = PB(tZ); and

1
Py * P (F+ GA+ GB) + (F+ GA+ GB)'P, +

A'RA+ B'RB+ Q= [0] (6.112)

with the boundary condition P_(t.) = P_(t.).
11 271
The method of successive approximations is used to compute the
optimal parameters. The details of the computations for this case.
are given in Appendix C.
In addition to the above results, a number of different constant~

_ géin time intervals were chosen, and for each caée, under different
partial.information aﬁout the dinitial conditioqs, the optimal parameters
and the performance index were computed. Results are tabulated in

Table C-2. The variation of optimal gains with time t for the case
with four constant gaimn intervals is also illustrated in Figures 6.4

and 6.5. It is evident from Fiéurés 6.4 and 6.5 that the optimal
piecewise-constant gains approach the néﬁconstant feedback gains as

the number of gain-change intervals increases. Table 6-1 clearly

indicates the nature of the solutions.

6.8 CONCLUSION
Necessary and sufficient conditions for the existence of a saddle
point wheﬁ both players use suboptimal controls have been examined.

Similar variational procedures can be applied to problems of finding
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VECTOR CASE

Time t
e el O O
-2.0
Q -3.0
o
«
(&)
4
8 Nonconstant Gains
0 E
ks
Q
é’ 1
\ Al '
il
~2Py
A2 CZA/
E
e 2 c
e 2
v=4.0

Gains that are independent” of initial
conditions for four constant-gain intervals

Figure 6.4. Gains for the minimizing player. A, and A2 are the

‘entries of A, etc.
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VECTOR CASE

B z Hl
G S g oy
0.9 T 1 //f
8 e T = \

//////f F Nonconstant Gains
w |0.8 2
=]
pe
o
(&
K
[3)
i g : 0.5P
e Gains that are independent of 12
- 0.7 initial conditions for four
P i constant-gain intervals

Hy
0.6
LO.S
0 0,2 0.4 0.6 0.8 1.0

Time t

Figure 6.5. Gains for the maximizing player. Bl and B2 are the

entries of B, etc.
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min max J when the players can use mixed controls; namely, when each
u v :

player is restricted to use suboptimal controls 6nly during specified

intervals of time. In the special case of linear—quadrafiq games, it

has been shown that the piecewise optimal controller parameters for a

given initial condition X, are also valid for initial conditions

0Xg, —o < 0 < @, Consideration has been given to the optimal choice

of gain-change times and also to the case when only partial informa-

tion about possible initial states is available to the players.
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TARLE 6-1
RESULTS FOR A VECTOR CASE

(Plecevise Constant Feedback Gains)

No. of Actual
Case . Intervals Inicial Performance .E(3x") at Cain.
No. Design Information . Conditions Optimal Cains Index Change Times
1 Initial conditions 3 X0 = =2.0| A= [ 3.766 4.3951]| J = 7.4810 Elxx’) - [ 1 -1/4
) A : e e ~1/4 1/16
FORAMOS En. the deniss o 0.5\ 3o 9615 1.098]| 3, = 1.872 \
Inttial conditions 2 X0 = =2.0| A = [ 3.2753 - 3.3717] Hxx!) = [ 1 -1
0 = J = 7.5302 Xy -1/6 1716
FUCSERRL N Wy Susian 0= 0.5[ € = [~ 2.9827 - 3.2012)
3= .8188 .8429]| 7 . o | -5907 <.4578
SR A " sasbes Iy = 18825 [EG(e,)x"(r,)) [—.csn L3547
Initial conditions ‘ ««2.0| A= [~ 31516 - 3.0863] E( [‘ ‘;]
included in the design :" J = 7.4386 %P [o
= 0.5| ¢ = [~ 3.6183 - 3.8957) = .8206 -.4368
20 £ 3. = 18596 [E(x(e)x'(e,)) = [
Ee - 5.2107 - S.0009]] F P&y -.4368  .2325
C = [-12.5685 -13.4328) (a(ey)x(e)) = [_;"gg ';:3
Bel .7879 .116] -
1 £ . .3808 -,3710
Dol .90 9791 (x(edx(e3) = [—.3710 :3615
Pe( .7877 .8861)
i Eel .6232 .9282)
2 |edp = wtady 1 X = <2.0| A = (- 3.2786 = 3.7776]| 3 = 7.5047  [Exxg) = B ﬂ
E(xpx0) = 0 X0 0.5 B[ 8196  .9644]| 5, = 4.4235 . i :
3.y § 10
E(xyy) = My * %ip = *2:0L Lo (=350 = ikASET} 5 o 7.5280 1), [l | = [o 1]
K -0 = 0.5| € = (- 3.4160 - 3.6207]| 5 _ : [ .80ss -.3549
*10%20" ) o e | B s et = 1553 _m,]
b i D=l .85  .9052]
2 2 : 1 0
Elxp) = Exq) * Tp = -2.0 A= [-3.3783 - 3.6520]| 5 _ 5 450 [EEE) = g 1]
(¢ -0 = 0.5| € = [~ 3.64185 - 3.6002] | 5 _ _ [ 9505 -.2008
fodind g E = [~ 3.1507 - 3.5445) s et ¢k i [—-ml -'-“‘]
\ = . .8078 -.3528
c=- :— 2.4929 - 3.7126; E(a(t)x'(e) = | "307 .1551]
B[ .3846  .9130
D=l .8546  .9001] E(x(t)x(t)) = [.:g:g: i
re[ .7877  .8861) “ =
Ee[ .6232 .9282] '
iy 2 : st 0
3 [ee]yp = 16E(5) 1 Xjo = ~2.0| A= [~ 3.6166 - 4.3788) | J ='7.4876  [E(zx)) [o 1/16]
£0xyg%,0) = O X0 = 0.5 3= .90a1 1.0947] 3, = 2.6983
2 2 ¢ 1-0
2y = 16E( 2 = =2.0| A = [~ 3.3970 - 3.5479) ey - [ J
“z‘m’ - o'n) :;: e 0,5] €= (- 3.2652 - 3.4068)] I = 73333 S gy e
. 3= .93 .gs8y0)| dx = 2710 [EGx(e)x(r)) = [-.um .um]
: D=( .8163 .8617)
t(x;’) - 16E(3) s 2o = -2.0 A= [- 33647 - 358191 [ _ ;00 (e = [: J“]
(xjg%p0) =0 y9® 0.5| €= [ 3.4410 - 3.64581| 5 _ 5 caco
; gLl 9142 -.3107
E = [~ 3.3872 - 3.8679] :(‘“l)x.“l)) -l 0 Feds
C = [~ 2.9981 - 4.2787] : ‘noz .us1
Bel 8412 .8955) E(x(ey)x’(ep) = [—:Assr :1713]
De[ .203 .51u3] .5054 ~-.4083
el .88 .9670] Ea(t)x'(£9) = | Ls03 .n;s]
g Be[ .7495 1.0697) | '
4 :m--um : Lm--l.ﬂ Same as /1 Same as f1 Seme as /1
. X9 * 0.5
2 20 ® =2.0 Same as /1 Same as 1 * Same as M1
Xy = 0.5 :
f 4 x _*=2.0 Same as /1 Same a8 1 Same as 01
X0 0.5 - j
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7.1 REPRISE

This thesis has been concérped with the analysis of differenfial
_ gameslwith constraints on feedback gains. Continuous two-person
zero-sum differential games With perfect information have been
considered. The analysi; with the simple-constraint of constant
feedback gains paved the way for the analysis éf games with ‘more
complex situations involving subobtimal and piecewise suBoptimal
control laws. Under these constraints on feedback gains, necessary
and sufficient conditiqns are examined for the existence of.saddleﬂ
points in general and élsq in linear-quadratic games. For a class.of
linear~quadratic games a way is iﬁdicated”to obtain control-law param-
eters that are independent of initial conditions, so that a saddle
point with respect to the egpected value of thé perforﬁance index is
obtained. Partial info;matién about the possible initigl states has
also been considered. For the ClaSS‘O} linéar—qﬁédratic games,
sufficient conditions for advantageous strategies for either player-
have been examined. |

The general results were applied to'specific scalar and dynamic
systems, and numerical solutions were presented. The method of

.-

successive approximation was used to compute the optimal parameters.

7.2 CONCLUDING REMARKS AND SUGGESTIONS FOR FURTHER RESEARCH
The results of this thesis can be extended to cover nonzero-sum

differential games. For the most part, these extensions are straight-

(R A)
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‘forward. Ali of the existing solution éoncepts (e.g., nash-equilibrium
strategies, minimax strategies, and noninferior sets bf strategies)
can éll be apalyzed Qith feedbaék gain constraints. Noting that
constant feedback gain stratégieé hévé added additional features,
such as negotiation and bargaining, to the originally considéréd zero-
sum games, it is natural to suspect that they wiil yield additional
interesting features in nonzero-sum differential games.

One such feature is apparent at the outset. Starr and Ho [43 ]
have shown that for noﬁzero—sﬁm differential games, elosed—loop
solutions, in génerai,'are different from open-loop éolutions. It is
evident, however, that closed-loop aﬁd open-loop solutions will be
the éame if constant feedback gain'stfategies afe adopted. The effect
of adding constraints on feedback gains to the existing solution
concepts of nonzero-sum differential games is a matter for further
investigation. |

The gxtension of'cénstant feedback gain strategies to stocﬁastic
games of imperfect information is also a matter worthy of further
investigation. For example, consider the case of a linéar—d&namic
system with a quadratic cost functiénal and with independent white
zero-mean Gaussian noise additively corrupting the output measurements

of each controller. A possibility for the form of control strategies is

w1 = Ax (t/1)

(W (R
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.and
0, . .~
v (t) = Bx, (t/t)
where
‘. fci(t/t) = ﬁ{z(t) /Yi(t)} - i=1, 2

"where Yi(t) is the measured output functiop for ‘the i?h player up

to timé t, and includes a'priori infofmation,Aand where A and B

‘are constant matrices of appropriate dimensions. ’The objéét may

be to find or characterize,if they exist, Ao'and B0 which are optiﬁal

in the sense that for any other matrices A and B,

E{3( A ) [ (DY < E{3(2, 8 /2(1)}

| E{J(AO, BO) /YZ(T")} <E{J(A, 'BO) /[Y,(1)}
It is suggested that thé'problem of‘differengial games with

constaht feedBack gains‘miéht be reformulated in a Hilbert spacé and
be analyzed using functionai analysis techniques. Such a reformula-
tion could simultaneously éonéider such‘s&stem t&pes as linear discrete-
time systems and linear distributed-parameter:systems.

'_It is also éuggested tha£ attention be given to sensitivity
considerations in differential games. For gxample, one would like
to know the effect of variations in the weighting matrices qf the

1

dynamical system and of the cost functional on the saddle point and
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on the performance index. It is suggested that the approach and the
resqlts of Chapter 5 might be useful in this respect.

Also, worthy of further investigat;on are the sufficient condi-
tions for advantageous strategies for the case of linear time-varying
systems and when partial information about the possible initial
states is different for each player.-

The development of efficient computational algorithms for the
computation of optimal parametefs is another area for further research.
In partiéular; the method of successive approximations, used in this
thesis to compute the optimal paramters, assumes that the process will
eventually converge. An attempt can be made to prove the convergence
of tﬁis process by the use of the contraction mépping theorem. This
is an open area even for the base.of one-sided optimal control theory.

More consideration should also be given to the choice and the
number of time functions to be generated for a.satisfactory approxi~
mation to truly optimal control laws and to the speed of convergence
of the suboptimal control laws to the truly optimal case.

Finally; all the investigations suggested above éan be effected
ﬁith other constraints imposed on tﬁe system, e.g., terminal-time

constraints, energy and amplitude constraints, and also systems with

inaccessible states.
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'PROOF FOR THE SUFFICIENT CONDITIONS OF SECTION 4.4
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In this appendii a proof is presented for the sufficient condi-
tions of Section 4.4, for the existence of a saddle éoint for a
general two-person zero-sum differential game when the players use
control laws as specified by equations (4.2) and (4.3).

Consider equation (4.19)
. 0
min S(x,A,B ,n,p) =0

Therefore, for all A,

S(E,A,Bo,n,p) >0 R : (A.1).
or
(T, + ;E' £+ g)l 0 >0 : | fA;z)
or
g‘BO 2=, + 10 l 0 - | | (A.S)
Thus,
T fT 't
. dat > - I +1I -
{Ong_ to(t C

|V

o dt | ' (A.4)

Tar
R cT N
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T
[ g] adt > -I + 1} ‘
t, ‘BO ' )téT;B=BO ,t=t0,B=BO
> -L(x(T),T) +1I 0 0 (A.5)
t=t -,B=B
or
T . .
' L(_}_{_(T) ,T) +. I g 0 dt kd I 0 0 !(A',6)
t, |B t=t ,B=B

1Y
It is evident that equality holds throughout the above develop-

ment for A = AO, in which case

- ,
L(x(T),T) + [ g| o o dt =1 (A.7)
) \

ty |(A7B t=c0,A=A0;B=BO

From equations (A.6) and (A.7) it follows that

Il o o o=30%8% <amEY | (A
t=t ,A=A ,B=B i . '

It can similarly be shown that
= 3a%,8% > 3%,3) © (A.9)

I
|t=tO,A=A0,B=B0
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B.1 PRELIMINARY REMARKS )

It is indicated in Section 4.6 tﬁat for the linear—quadratic games
a saddle point with respect to the expected value 0f the performance
index, the expectation being ﬁaken over distributed initial states,
will be obtaine& if the pla&ers satisfy necessary conditions,F4.25)
and (4.26) in an average sense, In this section a separate deriva~
.tion of the necessary conditions (4.29), (4.40), and (4.41) starting
with the problem of finding-the expected vélue of the performance
index is‘presented. The ‘results of tﬁis section clearly indicate
that fof the class of lineér—quadratiq games under consideration, fhe
operation of taking the expected value of the neceésary conditions
for optimality corresponding to J with known initial conditions is

'eduivalent to finding the necessary conditions for optimality corre-

sponding to the expected value of J.

B.2 DERIVATION OF THE NECESSARY CONDITIONS FOR THE EXPECTED VALUE OF J

. Given is
T ) . .
J = x"(Dsx(T) + f (E'ng + X'Rzy_+ x'Qx) dt
t-
0
Let ’
‘m m m m
Cz (] aa) R (] aady+ (]8B)'R(] BB +0Q (8.1)
j=14 j=1 4 j=17 =17

J=3

and
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m m
F . =F+G, J aal+c 7 a8
N lj=l J 2j=l 3
Therefore, ‘
T ' .
J = x"(T)sx(T) + {ng dt = E(')[d,'(T,tO)Scb(T.,to) +
0 L :
T ‘ -
v .
: {‘¢ (t,t)Colt,ty) atlx,
0

(B.2)

(8.3)

where ¢(t,t0) is the transition matrix corresponding to F_. There-

fore,

E(D) = tr{[¢"(T,t)So(T,t) +.

N

T ' . .
] ¢'co atlr}
to )

(B.4)

where E is the expected-value operator, tr denotes the matrix trace

operator, and K ='E{§0‘§6'].

The object is to find the min max E(J) subject to the conditions

¢ = FN¢9 ¢(t09t0) =1

=0
and
-
B=0

For convenience the (n x n) matrix

AY BJ

(B.5)

(B.6)

(B.7)

¢ is partitiomed in terms of its
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columns, i.e.,

¢ =19 9 (B.8)

g e Qn]
wherelii,_g s eses in are\(q x 1) vectors. The devélopment of Section
2.3 is applicable. Let Di(t)'s and Ei(t)'s deﬂote‘Qector’Lagrange
mﬁltipliers thét_account for constraints (B.6) and (B.7),'respective1y;
in the two related optimal control prdblems and A(t) be the common

-

Lagrange multiplier to account for constraint (B.8). Also, let

R
H = tr(¢'CK) + ) A

A'F o . (B.9)
et - ;
It can be easily seen that the necessary conditions are
3 j 3=1, 2, cuey
nJ(t,) = 03 (T) !
TRU0T Tk k=1,2, ..o n (B.10)
Jepy = o3 j=1,2,...,m : _ : .
£ (tg) = £y (D k=1, 2, 0, 0 - B
BH/a‘?ik‘ = _}—k k = 19 29 ’oeo', n ’ . ‘ (Bolz)
' = . = . -.
a/3¢, Ler (¢ S¢_K_)}t='l‘ 2 (D) k=1, 2, .5 n (8.13)
'T A j ' | | ’ k ="]-.‘ 2 . QQC"nA .
[ su/9a) at =0 ST o meee (B.14)
—k - =1, 25, ooy m1
t
0
T j ' k=1, 2 n
o — : = 9 § ©ocegy .
] BH/3b; dt =0 5-1. 2 i (B.15)

g

It is shown in the following that the above necessary conditions actually

reduce to equations (4.29), (4.40), and (4.41).
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Some useful relations are in order:

2O 20 20 20
A7 Bai da’ 9ad
- -_ —n
. 2 . -
and
3 _ -
—BEj—tr.(qb'S(pK) = 28 4)&3
where
kK=l L kJ
Also,

5 o1, .1 1, .,
N Alil(A ) 'RATS, = 2RAT G0,

3 .r,oaly e 1
Soh i,

3

‘ 1'. v\ 1 ]
RiA 910y + RiA o0,
and

al(E'Alﬁ) = _Z_li'
3A

in which z is a (p x 1) vector and x is an (n x 1) vector.

In view of (B?l7), caondition (B.13) reduces to

250(Dk; = Ay (D

or

k=1,2, ..., m

(B.16)

. (B.17)

(B.18)

(8.19)

(B.20)

| '(.B.Zl)k

(B.22)
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256k, k, +-- k1= [LM LD ... A D] (8.23)
Denoting
MO 2 A A, e A (D] S (B.24)

It follows Ehat
28¢(T) K = A(T) : " (B.25)
Condition (B.lZ) becomes

j=1,2, ..., (B.26)

2Cok, +FA, = -1,
%y TRy T A
or
209K + FgA = -4 ' ' ' (8.27)

Assume that A(t) and ¢(t).are related by

A(y) = 2é(t)¢(t)K . : - (B.28)

with the boundary condition P(T) S. Substituting (B.28) into (B.27)

t

and using (B.5) it follows that

P+ PFy + FyP + C = [0] . , E (8.29)

with the Eoundary condition P(T) S. Now,
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.—a—ltr(q,'cq,m - —-——tr[q) ( 2 o AJ> Ry ( 2 o AJ)¢K] =
dA : 3A j=1

m
3w i 3
_._izlgil(zom) R(zaA)%Km)

——( oLA)R( uA)K)=

n m

2,1, ,1 F 2y k| Al
I T adeh malex, + 2y z agh) "Ry g Ky ¥

o

3 v oalyrg ¢ F o ad
oL 204D .Rl(jzzajA XTI (3:30)

Equation (B.30) can be evaluated term by term: The first term is

2k 1
z 2 (AD'R.A DK . =
i=1 ¢= laA 11 1=

TOF o2, i, !
' - =
izl 9,2 l“l(RlA 2K 0195 RA 9Ky ;00)

2 l ‘| ] 1 F 1 ¥ 2 ¥
oy (RIATGR' 9" + R ATGRY ) = 20L1R1A Ko | (8.31)

in which the last step is possible because K is an (n x n) symmetric

matrix., The second term of equation (B.30) is
o,

n n
( AJ) R o ATY K . = “agR ( Ao x ¢! =
121 22 il Z %3 1%1 iz i iZl 221 Z K FLPE LS

ml

R (7 o.Ad) ks | - (B.32)
1423 ' .
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The third term of equation (B.30) can similarly be shown to reduce

to

y

R.() oA gr 4!
1 j=2 3

The net result is

_.m

Iy e PR

tr(9'CeK) = 2a131 Z o A7 9K (B.33)
9A =1 .

Consider also

3, 2 b ’
—( ) MF.¢)) = ) —3A,Gio.A 9 0 G ¢, = @ Girg' =
Al gZp"% NER T L 17152 171

2a G P¢K¢

Condition (B.14), therefore, reduces to condition (4.40) of Chapter 4. .

Condition (B.1l5) can simiiarly be shown to be equivalent to condition

(4.41) of Chapter 4.




APPENDIX C

FORTRAN PROGRAM FOR COMPUTING. OPTIMAL PARAMETERS FOR A
VECTOR CASE WITH THE CONTROL DIAGRAM OF FIGURE 6.2(c)
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'C.1 GENERAL

‘

The particular Fortran program to be described below can be used
to solve two-point boundary-value problems occurring in optimal control

theory and differential games. The program has been written for the

~ computation of the optimal parametefs for the vector case with four

constant gain intervals corresponding to the control diagram of

Figure 6.2(c); The constant gain intervals need not be equal and
partial information about the possible initial conditions can be taken
into account by merely changing specific cards. The flow diagram

of digital compﬁter program is given in Figure C.1l. Results for a
Qector case with four gain-change points is giveﬁ in Table C.2.

The seventh and eighth iteration gave identical results.

C.2 SUBROUTINE RKAM

The computation of the. optimal par;meters require éxténsive
solution of-Aifferential equations. For this purpose, the main
computer program ffequenfly calls RKAM(Y,DY,YD,VF,UY) which is a
Fortran IV subroutine [53 ] used on the XDS Sigma % Comppter‘for
solving any set of coupled,.first—order, ordinary Aifferential
equations of order 201 or less. It is stored in the MSU-EE Fortran
Library. |

The subroutine allows the programmer -to choose from the following

integration methods:
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1) Fourth-order Runga-Kutta;
2) Adams-Moulton Predictor Corrector with relative error check;
3) Adgms-Moqlton Predictor Correctof with absolute error check.
The prograﬁme; must supply: - |
1) A short méin program which calls RKAM;
- 2) A'sﬁbroutine, DERFUN, which contains tﬂe system of'n s;mui—
taneous first-order eqﬁations to be solved; and
3) A set of data cards which gives all the appropriate initial
values, etc.
| The data cards contain tﬁe initial conditioms, the integration
method to be used, tﬁe point intervél desired and the desired number
and type of graphical output. ‘For a detailed discussién of the data

cards see [ 53]. A fourth-order Runga-Kutta integration was used in

the Fortran program given in Table C.1.

C.3 DETAILS OF THE FORTRAN PROGRAM
Statements 17 and 18 are to be changed when the information
available ‘to the players about the possible initial states is to

be changed. In the Fortran Program indicated, A = 1.0 and Bl=‘0n0@
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Hence, E(x x')‘= K= L Bi_tL1 0 This corresponds to the casey
* TR0 70 " |B A 0 1f-
when- the initial conditions are not included in the design.

If A= 1/16 and B = -1/14, E(x, X)) = K = [% i] - [‘liz’ 1%2:] :

Because the actual initial conditions are x., = -2.0 and %50~ 0.5,

10 0

it is evident that, in this case, the players are including the

. initial conditions in computing their optimal parameters. .It is to

be noted that the scalars A and B are used here to denote entries-

of K during the first constant-gain time interval and should not be

confused with the parameters A and B. Because the matrix K accounts
for a priori information available to the players, it can rightly be
called the information matrix for the first time interval.

Statements 72 = 77 are for calculating’E(XCtl)x'(tl)) =

SP1 . sQI B 1. SQl/SPJ‘:IQ 1 D] .
|:SQ1 SRl:I" Therefore Kl— [SQl/SPl SRl/SPl—_ D C is used by

players as the information matrix for the second constant-gain time

interval. Statements 84 — 89 are for calculating ﬁhe informatibh

matrix K2 = [% g] for the third time interval and stateﬁents 99 -
104 are for calculating the information matrix K3 = [? ' ] for

H G
the fourth time interval. ’
SUBROUTINE DERFUN
Statements 52 - 55 are for modifying the initial conditions
from what has been read from the data cards to the computed value of

P4(t3). Statements 76 - 79 and statements 100 - 103 are for
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changing the initial conditions to P3(t2) and Pz(tl)’ respectively.
The flow diagram clearly illustrates the major features of the

program.

A NOTE ON THE STEP SIZE USED FOR INTEGRATION:

A step size of 0.001 was selected on the basis that successive
reduction in step size did not ;lter the results appreciably. A
-very small step éize'might lead to undesirable round-=off errors
during computation and so, in general, the step size should not be too
small or too large.

Consider the scalar dynamic system governed by (4.70) and the cost
functional (4.713 with é = 6 and consider the case with constant feed-
back gains for both the players:

The percentage errors in the performance index with constant
gains, the performance index with nonconstant gains, and’the parameter
A for a step size of—0.00S are about .2%, 0%, and 4.5%, respectively,
when compared with the results for step éize 0.001. The percentagé
errors for the same quantities for a step size of 0.002 are .026%,

0%, and 1.2%, respectively, when compared with the results for step

size 0.001.
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\',/

Choose initial values for
A, B, C, D, E, F, G, and H

}
Solve for P4(t); t3 £ <7 k——( B8 J—
Equation (6.109)

]

Set
P4 (t4) =R (ty)

i
Solve for P3(t); t2 5 - §_t3

Equation (6.110)

- Set
P2(t2)=P3(t2)

[_§olve for Pz(t); t1 <t < t2

Equation (6.111)

|

Set
P, (t))=P, )

Solve for Pl(t); t
Equatio

Figure C.1. Digltal computer flow diagram.
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Solve for d)l(t:); to L 2 -
Equation (6.105)
i
Evaluate
b 5
2 il e
Equation (6.104)
1

1

Solve for ¢2(t); t1 < pe ok
Equatipn (6.106)

2

Evaluate

o 4 el
- il § TR
Equation (6.104)

J
Solve for ¢3(t); t, £ ot
Equation (6.107)
4

K

Evaluate

= 1 H
3 Bl
Equation (6.104)

K

J
Solve for ¢4(t); R

3
Equat{fn (6.108)
Evaluate Terminate
J and J T
Equations (6.85)
and(6.8 ‘ Print
Evaluate New Values for A, B, C, Kl’ K2’ K3
D, E, F, G, and H T
Equations (6.96) - (6.103) Bl ahe
New Values

Yes if

Replace Initial . ,
Values by New Values -‘

Figure C.l. Digital computer flow diagram (continued).
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TABLE C-1. FORTRAN PROGRAM FOR A VECTOR CASE WITH FOUR GAIN CHANGE POINTS

DBUBLE PRECIS1ON UY,AY,BY,CY,RY,8Y,2Y,PY;QY,TY i 3
DIMENSIEN Y(9),DY(S),YD(35)aVFL45),UY(45) | 2
ECUIVALENCE (UY(1)2AY)»(VUY(2)28Y) s (UY(3),CY),(UY(4)sRY) 3

#0UY(5),8Y), (UYI6)2ZY) s tUY(7),PY), (UY(8),GY)s(UY(9)2TY) &
COMMBN/NAML/ZAY,BY,CY,RY,8Y,2Y,PY,QY,TY ]
COMMON 1,0,T1,T2sNsAIBICIDIJLIJ2,ESFIGaH 6
CEMMON A1,81,AZ,B2,C1,01,C2,02sJ35J4 7
CBMMON E1,E2,F1,F2,G1562,H1 42 8

| CBMMEN Y‘(3Lo):Y2(3oo):Y3(300);Yl(300);Y5(3oo);Y6(300):Y7(3Oo): ]

#Y8(300),Y3(300),Y10(300},Y11(300),Y12(300),Y13(300),Y14(3C0)s 10

#Y15(200)2y! 6(300):Y17(JCu):YAa(3DO)IY19(300)1720(300))V21(300)I 11

#Y22(200)sY23(300),Y24(300) i2
CEMMON Y25(309)2Y26(300)2Y27(3C0), Y25(300)1729(300)'Y30(300)i 13

#Y31(’CO)IY32(300)1733(3OG);YJ“(300):Y35(300):Y36¢300)1Y37( 20). 14

#Y38(300)2Y39(300':Y40(300),Y421(3¢0)2Y42(300),Y43(3C0)2Y44(300) 15

#¥pY¥45(300),Y46(3C0),Y47(300),Y48(3C0) 16

¢ ELEMENTS 6F K BR E(X8%XxB8!) 17

Asloe 0 i8

B:D . 19
e xnxtxAL VALVUES FER THE PARAMETERS 20
Ate=346 el

A22ab,0 22
Cilu=3,2 ] 23
C2s=2¢8 g 24

| 815049 25
B2=140 26
P130s8 27
D2s0e7 % 28
E{ae2:8 29
E2s=3.2 30
Fis0e? 31

F2s048 gg
6iu=2.0 .

G2ee3,2 34
His0e5S ‘35
H2s0e8 . - 36

€ STEP siZg ’ - 27
7220001 a8

€ (INTERVAL 6F CONSTANT GAIN/STEP srz;)ox 39
J1s251 | ; 4c
J2s251 : . M
J33251 A2
J4s251 : % - 43

¢ ITERATIVE PRECEDURE BEGINS y . B
D8 25 Nai,S : _ B
SOLUTIEN FBR Pu4(T) f ; 3 46

. Jei : i i &7
TeJb G, A8
T1se¢99901 49

' CALL RKAM (Y,DY,YD,VF,UY) e it 50
€ SsLUTIEN FoR P3(T) 7 Nige? 4
g2 . 3 ) g e L -1

1eJ3 ' ' ¥ 53
Tise74901 s4

CALL RKZM (YsDYsYDsVFiUY) , 5

€ SBLUTISN FgR P2(T) ~ 56

Je3 ; &7
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TABLE C-1. (continued)

1s02 4

Tised5301 |

CALL RkAM (Y,DY.YD,yF,UY)
€ SBLUTIEN FBR F1(T)

Jei

1=yl
T1s424901
_CALL RKAM (Y,DYsYDsVF,UY)

C SOLUTIBN FeR FHIL(T)
J=5

1=y
T1we00099 .
CALL RgAM (Y}DY:YD:VF;UY)
€ COMPUTATIEN B8F Ki BR E(X(T1)«X
SP1a(Y13(Jl)*s2)#(A(Y1H(J]
S01a(Y13tJ1)»Y15(J1) )+ (Y14l
AlY14(J1)%Y15(J1)+B) P
SR1s(Y15(J1)#+2)+(A=(Y16(J1
. CsSR1/5P1
i D=sQRy/SP1
€ SBLUTIBN FBR PHIZ(T)
.. Jug
| £31 i
T19925099 . ,
CALL RKAM (YaDYsYDsVF,UY) |
€ CEeMPUTATIBN &F K2 BR E(X(T2)eX
‘SPz-tvzz(42)-«2)'(cntyz3(42
Sgasty22(J2)«Y24(J2))+(Y23(
#e(Y23(J2)Y24(J2)%D)
SR2=(y2hk(J2)we2)+(CoiY25(J2
E=SR2/5pP2
Fss0Q2/5P2
SPaNe(SP2+SPY)
SQ2Nz(SQ2e5P1)
S€R2N=(SR2#5P1)
€ SALUTIEBN FBR PHI3(T)
Je?
Is}
T12+50093
CALL RKAM (Y2DY»YDsYF,UY)

€ 'COMPUTATIBN 8F K3 B8R E(X(T3)*X

SPae(Y3;(J3)esp)*(EnlY32(V3
SQ3e(y31(J3)ey33(U3))+(v32(
#LY32(J3)#Y33(J3)sF)
SR3IT(Y33(U3)me2) +(En(Y34(J3
GeSR3/SP3
HeSQ3/SP3
SP3INs (SP3aSP2N)
SO3N=(SQ3s5P2N)
SR3IN= (SR3«SP2N)
€ S8LUTIBN FBR FHI4(T)
: J=g 3
Is}
T1=475099
i CALL RkAM (YsDYaYDsvF,UY)
€ ACTVAL INITIAL CONDITIBNS
X180«2.0

(T20YY. | e 2t o
yea2))+{240eY13(J1)sY14(J1)*B)
Jl)'Y16(J1)-A)O(Y13(J1)0Y16(JIJOB)*

Jeu2))+(2400Y15(J1)0Y16(J1)*B)

t12) 1) i J
Jue2) )+ (240ay22(J2)4Y23(J2)+D)
JZ)OYZS(JE)OC)Q(YZE(JZ).YZS{JZ).D)

Jaa2))s(2e00y2h(J2)#Y25(J2)4D)

.. o =
#e2))+(2408Y371 (JU3)2Y32(J3)sF)
J3)8y34(J3)eE ) (Y31(J3)aY34(J3)sF)e

Yea2))+(2405Y33(J3)4Y3H{J3)F)
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TABLE C-1. (continued)
. X28r¢0.45 185
C ELEMENTS OF S L 116
S1s440 : 117
S2ai¢0 118
S4s2+0 ; o) a8 119
TRPB2Y10(1)4(AsV1203))+(2+CaY11(1)eB3) ; 120
; WRITE (108,170) TRPO ) - 121
170 FBRMAT (1HO,15X, 'THE AVERAGE PERFORMANCE INDEX 1S:i1,E15.8) 122
PreR-((x:a-’a)~v10(1))~(2.c-x:3-x25-yx1(1))0((x20-~2)-712(1)) 123
: NRITE (103,:50) PFerR : 124
§50 FBRMAT (1H0, 15X, 1THE CBNGTANT PERFSRMANCE INDEX BY FERMULA 125
# 1S1',E15.8) : - 128
C NEW APPROXIMATIEN FER THE PARAMETERS
SAL=Y171J1)
$SB1sY18(J1)
ScieY19(J1)
SD1sY20( V1)

SEysY211J1)
DET1*(SAL1+#SC1)=(SBLlaw2) 3 ¢
Alu=2.0+((Sp1¥SCL)=(S31+SE1))/DETYL
A2s=2.0+((SALaSEL)= (SBLaSD1))/DETL
Biz=A1/440 ;
B2s=A2/440

SA2:=Y26(J2)

$B2aY27(V2)

Sc2sY28(J2)

Sp2sY29(J2)

SE2aY30(J2)
DET25(SA24SC2)=(SB22#2) ;
Cysv2.0n((SD2+5C2) = (5B2¢SE2))/DET2
C2e=2,0%( (SA2*SE2)=(SB2#5D2) ) /DET2
Dis=C1/%+0

D2s=C2/440

SA3sY35(J3)

$B3=Y36(J3)

S$C3=Y37(.3)

SD32Y38(J3)

SE3=Y39(v3)
DET3=(SA3sSC3)=(SBIeu2) /
Els=240e((SD3+5C3)=(SB3«SE3))/DET3
E2e=2+0°((SA3+SE3)~(58325D3))/CET3
Fle=E1/440

F2e=E2/400

SAgeYhi(Jb)

SBseYAS(Ja)

SCheYH6(J4)

SO4aYLT (J4)

SEAsYAB(J4) .
DETA=(SA44SC4)=(SDYee?) B e .
Gywe2e0e( (SD®SCH)=(SBanSEL))/DETH
G2e=2+00((SAURSEL)=(SB4eSD4))/DETH
Hie=Gi/400

H2eeG2/400

WRITE (108,851) A1,A2,C1,C2

WRITE (108,552) B1,B2,pt.p2

MRITE (108,553) E1,E2.F1,F2

WRITE (108,55%) G1sG2,H1,H2
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TABLE C-1. (continued)

‘54
552
553
554
559
560
561

es

WRITE (10g,559) SP1,SG1,SR1
WRITE (108,560) SP2N,SQ2N,SR2N
WRITE (108,561) SP3N,SG3N,SR3N iy Y 3
FBRMAT (1HQ25Xs 'AC PARAFETER VALUES ARE!,3X,4(F845,3X))
FBRMAT (1H0s5Xs'BD PARAMETER VALUES ARE',3Xs&(FB45,3X))
FBRMAT (1HO, 5%, 'EF PARAMETER VALUES ARE!',3X,4(F8.5,3X))
FERMAT (1H0s5%Xs'GH PARAMETER VALUES ARE!,3Xs4(F10¢5,3X))
FORMAT (1HO,5X,'E(XXT)y AT T1 IS1,3X,3(F845,3X))
FBRMAT (1HO,5X, 'E(XXT) AT T2 1S1,3X,3(F8¢5,3X))
FERMAT (1HO:5X, 'E(XXT) AT T3 15'23X,3(F8:5,3X))
CeNTINUVE

- END

SUBRBUTINZ DERFUN(Y,DY,T) 5 ! "

DBUBLE PRECISISN LY,AY,BY,CY,RY,8Y,2Y,PY,QY,TY

DIMENSISN Y(1),DY(1) " i .

EOQUIVYALENCE (UY(1),AY), (UY{2),BY), (UY(3),CY), (UY(4),RY)
#a(UY(5),0Y), (UY(B)aZY), (UYL7),PY),LUY(8),QY), (UY(9)4TY)

CBMMAN/NAMY/AY,BY,CY,RY,8Y,2Y,PY,QY,TY

COMMBN ]lJlTll1ZlN:A;B.CID:JllJZJEIFIG)H

COMMON A1,B1:A2082,C1,01,C2,02493204

COMMON E1,E2,F1,F2,G1,G2:H 1 H2 : ; - . . .

CBMMSN Y1(300)sY2(300),Y2(3¢0)2Y4(2001,Y5(23¢0)2Y6(300),Y7(200),
#Ya(300),V9(3CC),Y10(300),Y:1(300),le(300),Y13(300).Y1%(330);
#Y15(300)sy16(300),Y17(300),¥L2(300)»Y15(300)2Y20(233C)sY25(2300)4
#Y22(300)2YZ2(300),Y24(300C) ;

COMMEN Y25(200)2Y261200),Y27(200),Y28(300),Y29(300),Y30(3C0)s
#Y31(200),Y32(300),Y33(200),Y34(300),Y33(3C0),Y36(300),Y37(200),
#Y38(300)2Y39(3C0),YL0t30Q),Yhy(3C0)sY42(3C0),Y43(3C0),Y44(300)
#2v45(200)2Y46(300)2Y47(300),Y48(300)

JS5sJ4=3

J63J3-3

J7892-3

JB=J1-3

IF (JeEQe2) GO T8 9

IF (JsEQe3) G TO 19

IF (JeEQes) GB TO 29

IF (J«EQ+5) GO 7O S5

IF (J+EQes) GB TB 65

IF (JeEQe7) G8 TO 75

IF (J+EQe3) 68 T 85

IF (JsEQe9)y 65 TO 12

IF (J.E0¢10C) G2 TB 22

IF (JeEQe11) G3 TB 32

IF (TeGTeT1) G2 79 5

IF (146TeJS) G2 7O &

Lesg+3

Yi(L)=AY

Y2(L)=BY

Y3(L)=CY

Jel-1

TiaTi=T2

Hel

IF (1eLEsQ) Mai
TQ1=61+(24C*H1)
TC2962+(2,0%H2)
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TABLE C-1. (continued)

2015 (40 (H1#22) )=(0a50(51442))"140
2025 (4+CoHleH2) = (D+52614C2}
lQal(koo'(Hz‘oz))-(0-50(62002))
DY(1)s-(2,0%TQL*Y(2))+201 . ”
uy(Z)=-Y(1)-(TQZ°Y(Z))-(701|7(3))0202
DY(3)e=(2+C#Y(2))=(2:0eTQ2eY (3124203
RETURN I 2 - A
€ HMODIFYING INITIAL CBNDITIBNS FER THg THIRD TIME INTERVAL
9 Yegdeyy (1)
Y(2)=sy2(1)
Y(3)sY3(1)
Je9 .
42 IF (TeGTeT1) G& T 8
IF (1+6TeUs) GB T8 7
Le1+3
Ya(lisay
YS(L)s=BY
YétL)=CcY
7 lel=l
TieTieT2
8 M=) 3
IF (l1eLEeQ) Meal
TR3I=E1+(240%F1)
TOAsE2+(2,0%F2) | . il
204w (8.0 (Flvee2))=(0s5e(Elws2))=1eD
205 (40%F14F2)=(0+5oE10E2)
2062 1440%(F2#42))=(0:54(E2442))
DY(1)2(2,C*TQ3#Y(2))+1Q%
DY(2)2=y(1)=(TQ4*Y(2))=(TQ3¢Y(3))+205
DY(3)a=(24CoY(2))=(2404TQkheY(3))4206
RETUFN SN : )
€ MBOIFYING INITIAL CSNDITIONS FBR THE SECEND TIME INTERVAL
19 Yi(gld=Ys(1)
Yi2)=Y5¢1)
Yi3)=Y6(1)
Je10 p
22 IF (TeGTeT1) GO TO 18
IF (1+GTeJ7) GO TB 17
Le]+3
Y7(L)sAY
Y8(L)aBY
. Yst(L)sCy
47 lele-}
TisT3-T2
48 Ne

1 g
IF (14LEeQ) Mei
T0S2C1+(2,0401)
TO6=C2+4(240+D2) 2 . -
2073 (4.0 (D1%#2))=(0sS»(CLwe2)) =140
Z08*(4s0°C12D2)=(Ce5+C1*C2)
209%(4.0%(D2v#2))=(00s52(C20¢2))
Dy(i)e=(2.04TQ5eY(2))*207 |
DY(2)aeY(1)=(TGE*Y(2))=(TCS52Y(3))+208
DY(3)ne(2400Y(2))=(2:0¢TC6oY(3))+1Q9
% RETURN 3 s . .
€ MBDIFYING INITIAL CENDITIONS FER THE FIRST TIME INTERVAL
29 Y(g)eY7(1)
- Yt(2)eyvgtl)
Y(3)ey¥9(1)
Jeil
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TABLE C-1. (continued)

32

37
38

L1 ]
50

S8
60

IF (TeGTeTY) Ce Te 33

IF (1eGTey8) GS TO 37

Lej+3

Yi0(L)saY

Yii(L)eBY

Yi2(L)sCY

Injey

TisTleT2

Ns] )

IF (leLEeQ) Mai

TC7=A14(240Q%81)

TCasA2+(2,0%B2) .
ZCFnlh.OO(nicoal) =(0eSs(A1ne2))e1,0
2052 (440%31B2)=(DeSeAlA2)

ZCHe (bop®(E24#2) )m(pe5e(A2822))
DY{1)sa(2,0#T279Y(2))+2Q7
nv(2)--y(1)-(ch-Y(2))-('37-Yt3))+zcs
DY(3)se(2402Y(2))=(2:02TQa*Y(3))+2GH
RETURN

IF (TeLTeT1) GB T8 50

IF (leLTe4) GI TO 48

Melw3

Yi3(M)=pY

Yi4(M)=BY

YiS(mn) =Y

Y16(M)=RY

Yi7(M)sBY

Y18(N)e2Y

Yig(M)spY

Y20(M)=QY

Y21(M)aTY

le+g

TisT1eT2

CONTINUE

T072A1+(2.0%81)

TQgeA2+(240#B2)

DY(1)sy(3)

DY(2)sY(H)
DY(3)s(TQ7sy (1)) *{TABsY(3))
DY(4)=(TQ72Y(2))+(TQS8eY(4)) |
DY(S)s(y(1)sad)+(Ar(Y(2)oe2))s(2908Y(1)aY(2)0B)
DY(6)mY(1)aY(3))+lAsY(2)aY(4))+(Y(L)aY(4)eB)+(Y(2)8Y(3)eB)
DY(7)s(y(3)ss2)+(Ae(Y(b)sa2))+(2,02Y(3)aY(4)28)
DY(8)=(YL1(M)DY(S))+(Y12(M)«DY(6))
DY(9)e(yYi11(MI#DY(6))+(YL12(M)«DY(7))
RETURN

IF (TeLTeT1) GO TE 60

IF (leLTes) GO TO S8

Mgle3

Y22(m) =AY

Y23(M)=BY

Y24 (M) =CY

Y25(M) «RY

Y2&(M)enY

Y27(M)=2Y .

YZ2g(n)spy

Y29(M) QY

Yag(mystY

lajel

TisT1+72

CONTINUE

TQ5:C1+(2,04D1)

TCE=C2+(2404D2)

DY(1)eY(3d)
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TABLE C-1. (continued)

‘75

(1]
70

85

78
80

DY(2)sY(H) -

Dy(3)e(TQSey(1))+(TQbey(3))
DY(&4)a(TOSeY(2))+(TQbsY(4)) e :
DYfS)a(y(g)we)s(Co(Y(2)%e2))4(2,08Y(1)eY(2)eD)
DY(6)s(yl1)ay(3))e(Cay(2)ay(4))+(Y(1)ey(4)ep)+(Y(2)ay(3)ep)
DY(7)s(y(3)en2)+lcoly(4)na2))e(2:00Y(3)0y(4)eD)
DY(B)a(YB(M)*DY(S5))(YI(M)sDY(6))
DY(9)=(YB(MI#DY(6))+(YI(MI=DY (7))

RETURN

IF (TeLTeT1) GO T8 70

IF (leLTes) GO TE 68

Mejel

Y31(m) =AY

Y32(M)«BY

Y33(M)eCY

Y34(M)eRY

Y35(M)agY

Y3as(MyazY

Y37(M)=PY

Y3g(M)eQY

Y3S(M)sTY

Jal+t

TiaTieT2

CONTINUE

TC3sEj+(2.0%F1)

TQy=E2+(2.C*F2)

DY(1)=Y(3)

Dyg2)=y(4)

DY(3):(TA3sY(1))4(TQ4sY(3))
DY(&)s(TQ3eY(2))*(TQ4eYIN)) sohl 0 o .
DY(5)s(y(1)es2)+(Ee(Y(2)e22))+(2,08Y(1)aY(2)aF)
DY(G)-(Y(1)0Y(3))O(E-Ytz;OYlh))#(V(1)0Y(61-F)¢(Y(2)'Y(3)°F)
DY{7)s(Y(3)aa2)+(Es(Y(4)vs2))4(2002Y(3)aY(4)sF)
DY(8) = (YS(M)*DY(S))+(Y6(MICY(6))
DY(9)a(YS(M)#CYLE))a(YELM)DY(7))

RETURN :

IF (TeLTeT1) GO TB 80

IF flsLTe4) GB 70 73

Mela3

YAO (M) =AY

Ya1(M)aBY

Ya2(M)sCY

YA3(M)=RY

Yas(M)20Y

Y45(M)n2Y

Yag (M) ePY

Y&7(M)=QY

Y43(M)sTY

Is]+q

T1aT1+72

CONTINUE .

TQ1sG1+(2eC*H1)

TQ23G2+(2+C*H2)

DY{1)=Y(3) :

pY(2)ay(s) s ;

DY(3)s(TOLeY(1))*(TQ22Y(I))
DY(A)a(TQieY(2))+(TQZ=Y(S)) .
DY(S5)a(y(g)es2)+(Ge(Y(2)ve2))+(2,CoY(1)0Y(2)H) |
DY(6)s(y(1)eY(3))+(Gey(2)ay (b)) e(Y(L)ay(B)oH)+(Y(2)2Y(3)eH)
DY(7)a(Y(3)#e2)(Gr(Y(8)222))4(2,02Y(3)#Y(4)*H)
DY(8)e(Y2(MI*DY(5))+(Y3(M)eDY(6))
DY(9)a(Y2(M)#DY(6))+(YI(M)I=DY (7))

RETURN

END




| TABLE C-2.

RESULTS FOR A VECTOR CASE--FOUR GATN CHANGE POINTS
(Initial Conditions Not Included in the Design)

. (Actual Initial C_onditions——x10 = =~2,0, Xog = 0.5)
Number Qf
Iterations _ 0 1 7
Parameter A [~3.6, =4.0] [-3.3836 ~3.7036] - [-3.3783 -3.6520]
B [ 0.9, 1.0] [ .8459  .9259] [ .8446  .9130]
c [-3.2, -2.8] [~3.4397 ~-3.6520] * [-3.4185 -3.6002]
D [ 0.8, 0.7] [ .8599  .9130] [ .8546  .9000]
E [-2.8, -3.2] - [-3.1654 -3.5583] [-3.1507 =~3.5445]
F [ 0.7, 0.8] [ .7913  .8896] [ .7877  .8861]
[ [-2.0, =3.2] [-2.4891 -3.7098] [-2.4929 -3.7126]
B [ 0.5, 0.8] [ .6223  .9275] [ .6232  .9282]
J 7.4730 7.4506 7.4504
3N 4.4248 4.007 4.005
(EGe(e)x"(e)) | [ 29445 72217 -[ .9503 -.2015] " [ .9505 ~.2008]
-.2217 L4415 -.2015  .4596] -.2008 4646
E(x(ty)x'(t,)) | [ .7938 -.3644] [.8070 -.3543] .8078 -.3528
-:3644  .3974) |=.3543  .3526] -.3528  .3561]°
E(x(ty)x'(t3)) | [ .6084 =.3678 [ .6190 -.3833] [ .6206 -.3819
-.3678  .3573 -.3833 3429 [-.3819  .3434

06T .
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DATA CARDS FOR ONE ITERATION

PARAMETER EPTIMIZATISN IN DIFFERENTIAL
3. ! 1 2 1 ¢ 2 0
°0001 190E=q4  1e0E=Q7 $00E00
100 e 746
490 J 10 EnO
075 =e(D) . 746
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3, i 1 .2 1

20001 1005'04 1005'07 zooEoo
875 2496 - ' -
4¢0 . 1 0 200
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pAqAMETER SpTIMIZATleN IN DIFFERENTIAL
3. i 2 21 0 0
°0001 TegE=Dk 1eQE= 07 . 10E0D
(Y1) o246 ..
4¢0 ., 1e0 . 2n0
. 923 e dD1 0246
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3 1 1 1 o] 0 -0
00001 1005'04 {e0E=CY 100500
. 028 -0 004
4eC . 1e0 260
. Q0 =ol01 0 eQDL
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9 1 = 1 Q o]
001 1°CE'04 1ooE o7 loOEOO
000 0254 . ) L.
- 300 Ce0 . Oeo S PY
000 ': o .

L 254
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9 Tt 1 .2 _t
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000! ° 10gE=04 190E-07  100E0D
© 0288 T - 8804 - L
io0 .000 T I 100
0%0 - S ‘
0
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. e001 1»05-09 1-05-07 150E00
e50 2754 - . ..
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°0u . R

075
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075 10004 .
100 Ce0 060 %0
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