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Abstract:
This research work is concerned, with optimal parameter selection in differential games. The emphasis
is on deterministic two-person zero-sum differential games in which one or both the players are
constrained to use feedback controls of specified form. The specified forms for the controls consist of
weighted sums of state variables, the weighting factors being products of known time-varying
functions and of constants to be determined in an optimal manner. For these types of constraints on
feedback gains, necessary and sufficient conditions are examined for saddle points.

The general results are applied to linear-quadratic games, and for this class of games it has been shown
that the optimal controller parameters for a given initial condition xo are also valid for initial conditions
αxo-∞<&alpha<∞. For the same class of linear-quadratic games, an additional development is given to
obtain control law parameters that are independent of initial conditions, so that a saddle point with
respect to the expected value of the performance index is obtained. In particular, it has been shown that,
for a class of linear-quadratic games, the operation of taking the expected value of the necessary
conditions corresponding to problems with known initial conditions is equivalent to finding the
necessary conditions for optimality corresponding to the expected value of the cost functional. The
approach and the results of this work are especially useful when only partial information about the
possible initial states is available to the players and when on-line computational facilities are limited.

Necessary and sufficient conditions have also been examined for the existence of saddle points under
the constraint of piecewise sub-optimal control laws, with consideration being given to the optimal
choice of the gain-change points and also to partial information about the possible initial conditions.

Sufficient conditions for advantageous strategies for either player are examined for a class of
linear-quadratic games in which the players are constrained to use suboptimal control laws. The
concept of a bargaining matrix has been introduced for the case that players bargain to adopt constant
feedback gains.

The results are applied to specific scalar and vector dynamic systems, and numerical solutions are
presented. A Fortran Program for computing the optimal parameters for a specific vector case has been
included. The results should broaden the class of practical problems to which differential game theory
can be realistically applied. By restricting the form of feedback gains so as to reduce the "latent cost" of
control implementation, it is possible in some cases to obtain control laws that are only nominally
suboptimal, but are both computationally feasible and implementable in practice.
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ABSTRACT
This research work is concerned, with optimal parameter selection in 

differential games. The emphasis is on deterministic two-person zero- 
sum differential games in which one or both the players are constrained 
to use feedback controls of specified form. The specified forms for 
the controls consist of weighted sums of state variables, the weighting 
factors being products of known time-varying functions and of constants 
to be determined in an optimal manner. For these types of constraints 
on feedback gains, necessary and sufficient conditions are examined 
for saddle points.

The general results are applied to linear-quadratic games, and 
for this class of games it has been shown that the optimal controller 
parameters for a given initial condition xq are also valid for initial 
conditions cxxq , < a < â. For the same class of linear-quadratic
games, an additional development is given to obtain control law param­
eters that are independent of initial conditions, so that a saddle 
point with respect to the expected value of the performance index is 
obtained. In particular, it has been shown that, for a class of 
linear-quadratic games, the operation of taking the expected value 
of the necessary conditions corresponding to problems with known initial 
conditions is equivalent to finding the necessary conditions for 
optimality corresponding to the expected value of the cost functional. 
The approach and the results of this work are especially useful when 
only partial information about the possible initial states is available 
to the players and when on-line computational facilities are limited.

Necessary and sufficient conditions have also been examined for 
the existence of saddle points under the constraint of piecewise sub- 
optimal control laws, with consideration being given to the optimal 
choice of the gain-change points and also to partial information about 
the possible initial conditions.

Sufficient conditions for advantageous strategies for either player 
are examined for a class of linear-quadratic games in which the players 
are constrained to use suboptimal control laws. The concept of a 
bargaining matrix has been introduced for the'case that players bar­
gain to adopt constant feedback gains.

The results are applied to specific scalar and vector dynamic 
systems, and numerical solutions are presented. A Fortran Program 
for computing the optimal parameters for a specific vector case has 
been included. The results should broaden the class of practical 
problems to which differential game theory can be realistically applied. 
By restricting the form of feedback gains so as to reduce the "latent 
cost" of control implementation, it is possible in some cases to 
obtain control laws that are only nominally suboptimal, but are both 
computationally feasible and implementable in practice.
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• CHAPTER I 

INTRODUCTION
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1.1 GENERAL

This research is concerned with optimal parameter selection in 

differential games. The emphasis is on deterministic two-person zero- 

sum differential games in which one player tries to minimize a certain 

given cost functional while the other player (his opponent) tries to 

maximize the same cost functional, and one or both are constrained to 

use feedback controls of specified form. The specified forms for the 

controls consist of weighted sums of state variables, the weighting 

factors being products of known time-varying functions and of constants 

to be determined in an optimal manner. The object is to determine the 

necessary and sufficient conditions for optimality for these types of 

feedback gains and to develop computational methods, for obtaining the 

optimal parameters.

In this chapter, a brief survey of differential games and contri­

butions and merit of this thesis are presented.

1.2 A BRIEF SURVEY OF DIFFERENTIAL GAMES .

Differential games are associated with competitive situations

which evolve over time and are characterized by differential equations.

Isaacs■[21] established a base for study of such games.

Two-person zero-sum differential game can be described as follows.

Let x = [x, x„ ... x ]? denote a vector in real Euclidean n space —  1 2  n
and let R be a fixed region of (x,t) space, where t denotes time.
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The evolution of .x(t), known as the state of the system, is assumed 

to be determined by a set of first-order differential equations.

= fiCx.u.v.t), x(t ) = X0 i = I, 2, (1.1)

where u. = [u^ u^ ... u^] is a vector chosen by the minimizing player

and v = [v v_ ... v ]*is a vector chosen by the maximizing player.
“  \ i 2 q

The choices of _u and v are governed by real-valued functions of x

and time, defined over R, and are known as pure strategies. The vectors

ju and v are known as strategy vectors or control vectors.

In the game of perfect information the players know the state of 

the game at all times and they know how the game proceeds. Play begins 

at .(XQjtg) and terminates at a previously defined surface £ contained 

in the boundary of R.

A cost functional

J = L(x(T),T) + J g (x,u,v ,t) dt (1.2)

is specified, where T is the final time, L(x(T),T) is a real-valued

function on £, and g is a real-valued function on (x,_u,v_,t) space.
A A

The object of the players is to choose u_ (x, t) and v_ (x, t) which are 

optimal, in the sense that for any .other control vectors ju and v_

there holds
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* * A A

J (_u ,v) <_ J(Up ,v ) £  J (u,v ) (1 .3 )

A A
Such a pair of strategies (u_ ,v ), if it exists, defines what is known

as a saddle point. The various problems in zero-sum-games are well

documented by Berkovitz [5] and Simakova [42].

A rigorous and complete derivation of the necessary conditions

for this two-person zero-sum game is presented by Berkovitz [ 3], by

considering two related optimal control problems; namely, that 
O Ou_ (t) = Up (t,tQ,Xg) is the minimizing solution of

min J = L(x(T),T) + J g(x,u.,v (x,t)) dt

x = f (x,u,v (x,t),t), x(t0) = Xq

(1 .4 )

(1 .5 )

and v (t) is the maximizing solution of

max J =L(x(T),T) + J g(x,u (x,t) ,v,t) dt (1.6)

X = l(xsu ( x , t )  ,V,t) , XCt 0) = 2Eq ( 1 ' 7)

Berkovitz combines the two sets of necessary conditions for the above 

mentioned control problems, and his results are

(1.8)

(1 .9 )

H 1 = x A —

H — —X x —

O (1.10)
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H = O (1.11)v

and

Lx (T) = A_(T) (1.12)

where Hx dnotes 3H/3x, etc., X_ is the Lagrange multiplier used to 

account for constraint (1.1), and where

(1.13)

In the proof Berkovitz shows that the multiplier A for the minimum

The related optimal control problems lead to two definitions of a 

conjugate point as In optimal control theory and two more sets of 

necessary conditions. Schmittendorf and Citron [40 ] have established 

the equivalence of the two definitions of a conjugate point and the 

equivalence of the two sets of necessary conditions through the accessory 

minimax problem. Their main result is that, along a trajectory resulting 

from a saddle point solution, there does not exist a conjugate point.

A variational approach is also adopted by Ho, Bryson, and Baron 

[17], and by Baron [1], in studying pursuit-evasion problems for linear- 

quadratic games (games with linear dynamics and quadratic performance 

indices). They initially seek open-loop solutions whereas Berkovitz 

[ 3] and Isaacs [21] seek closed-loop solutions.

Isaacs develops a two-player analogue of the Hamilton-Jacobi Bellman 

equation of one-sided optimal control theory,and calls it "the main

— u
problem is identical to the multiplier A^ for the maximum problem.
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equation", which is used as a heuristic tool to find solutions to a 

variety of examples. Isaacs proves a verification theorem by means 

of which he shows that if one obtains a sufficiently smooth solution

to the main equation, it is indeed a solution to the game.
A * *

Isaacs assumes that the solution of a game J ,, xi , v is regular 

everywhere except on a finite number of surfaces called singular 

surfaces. He also proposes a method for finding singular surfaces; the 

method is based on the qualitative behavior of optimal strategies in 

the neighborhood of these surfaces.

. Problems on the convergence of solutions of multi-stage games to 

the solution of differential games and the existence of solutions of 

differential games are studied by Fleming [l'5] and Varaiya [46 ].

Rhodes [36 ], Porter [35 3, and Kirillowa [25] use functional 

analysis to study differential games. Kuo [28,29]- uses geometric 

arguments to obtain necessary and sufficient conditions pertaining to 

differential games.

Schmittendorf [41 ] considers linear-quadratic games and the rela­

tionships governing the time intervals of existence of solutions for 

various problem formulations when one . or both the players use open- 

loop control.

A gradient algorithm for solving time-invariant parameter mini­

max problems is presented by Hellet, Qruz, and Medanic [ 16]•

Nonzero-sum differential games in which the interests of the 

players are not directly opposite, and which admit no simple definition
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of solution, are investigated by Case [10], Starr and Ho [ 43 ], and 

Rhodes [38 ].

Regade and Sarma [39 ] discuss some of the difficulties that can 

arise when the optimal control problem, in the presence of uncertainty 

in the plant, is formulated as a game between the uncertainty and the 

control variables. Nondeterministic differential games in which the 

controllers have available only noise-corrupted output measurements are 

considered by Behn and Ho [2 ], Rhodes and Luenberger [37 ], Rhodes 

[ 36 ], and Willman [49 ]. Ciletti [ 13] examines linear-quadratic games ,

in which a single player has a time lag on the availability of the
■ ,

state vector.

Korvovskiy and Kunetsov [24 ] consider the case of the minimum 

principle in differential games for N players. Durato and Kastenbaum 

[52] apply game theory to sensitivity design of optimal systems. 

Extensions of some of the results of lumped parameter differential games 

to differential games which involve distributed systems are analyzed by 

Landy [30].

The above references could be embellished with additional ones 

listed in the bibliography of the recent first international conference 

[19 ] on the theory and applications of .differential games.

1.3 FORMULATION OF THE PROBLEM

Consider a dynamic system given by (1.1) and the cost functional

(1.2). u and v may be constrained by the equations
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u =  Jj a. (t) 
j=l J

(1.14)

Z =  I 3.(t)Bj3 
J=I 2

(1.15)

where a (t)'s and 8^(t)'s are known time functions, and A ^ ’s and 's 

are constant matrices of appropriate dimensions. Let A denote the 

set U j}, and B denote the set {B^}. The problem is to find or charac- 

• terize A^ and B^ which are optimal in the sense that for any other 

constant matrices A and B there holds

J(A0 , B ) Z J ( A 0 ,B0) Z J ( A , B ° )  (1.16)

First the simplest problem of constant feedback gains is considered

in Chapter 2, by assuming m = m = I and a . (t) = 8.(t) = I. Then the
■ I  ̂ J 3

results are extended in Chapters 4 and 6 to complex situations involving 

suboptimal control laws as specified by (1.14) and (1.15).

Following Baron [ I ] and Berkovitz [3] variational procedures are 

employed in Chapters 2, 4, and'6 to yield necessary conditions for opti­

mality in terms of a two-point boundary-value problem and an integral 

equation. It is then shown that the sets Of matrices A and B can be 

evaluated by following an iterative procedure. The optimal parameters 

found by the method suggested, will, in general, depend upon the initial 

conditions on x.. For a class of linear-quadratic games, a method is 

presented in Chapters 4 and 6 to find constant control parameters that 

are independent of initial conditions.
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1.4 MERIT OF THE THESIS

It is evident from Section 1.2 that a number of papers have appeared 

on zero-sum and nonzero-sum differential games, since the appearance of 

Isaacs' book [21] on differential games. The results of all these works 

suffer because the implementation of time-varying control [26] is a 

difficult task for either player if truly optimal control is employed.

In differential game situations, one must be equipped with an 

automatic data-acquisition sensing system'to know the present state of 

the system and a decision device to compute and regulate the control to 

be applied in accordance with the information available about the dynamics 

of the system. Herein lies a distinct advantage when constant feedback 

gains are employed. The constant feedback gains can be computed in 

advance, and the regulator is much simpler in construction than when 

optimal time-varying controls are employed. The storage facilities 

that are required when the control gains are to be computed at each 

instant are considerably higher than in the fixed gain case; hence, 

whenever space and costs have to be limited and are major considerations, 

constant feedback gains may be appropriate.

Moreover, as indicated by Kleinman and Athans [26] in the case of 

one-sided optimal control theory, the "on-line approach" of implementing 

the time-varying control is difficult. Even for linear-quadratic games, 

the optimal control laws depend on the solution of a matrix Ricatti 

equation as shown in Chapter 2, and the solution is unstable in the
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forward time direction. On the other hand, some engineering diffi­

culties are inherent in the off-line approach. Multi-input, multi­

output systems require the storage of a large number of time-varying 

signals. These signals must not only be implemented simultaneously 

but must be implemented in time synchronization with one another.and 

in synchronization with real time. The circuitry demanded by high- 

order systems can become quite unwieldy. This difficulty can be 

circumvented by using suboptimal feedback laws, since only a smaller 

number of time-varying easily implementabIe functions have to be stored, 

or the time-varying functions for the suboptimal controls might even 

be chosen so as to be generated on line.

Another interesting point is seen in the scalar case considered 

in Chapter 3; namely, if cooperation is allowed between the players, 

both the players can use smaller feedback gains and still have the 

same saddle-point pay-off. It is also interesting to see that the 

suboptimal control laws can always be constant feedback laws if coopera­

tion is allowed between the players and still the suboptimal cost and 

the optimal cost can exactly coincide. Starr and Ho [43 ] have 

indicated that in the case of nonzero-sum games both players could 

gain if cooperation were possible. In a similar fashion, cooperation 

from the point of view of ease in control implementation, can be 

advantageous to both the players. This conceptual and practical 

advantage of reducing the "latent" cost of control implementation is 

not apparent in the case of nonconstant-gain zero-sum games.
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Finally, when choosing unpredictable parameters in an optimal 

fashion for one-sided optimal control problems, it is natural to attempt 

to formulate these parameters as random variables with associated 

probability distributions and then to minimize the expected value of a 

cost functional. But such a stochastic formulation might be difficult 

because very little might be known about the nature of the unknown 

'parameters. In such a case, as a conservative approach, nature might 

be thought of as an opponent having conflicting interests with the 

designer and trying to maximize whatever the designer wants to minimize. 

This is one of the ways of replacing a stochastic problem by a deter- 

ministic one, and in such a case the approaches and results of this work 

might be useful to the designer.

1.5 CONTRIBUTIONS

The main contribution of this thesis is the derivation of the 

necessary and sufficient conditions for the existence of a saddle point 

for a general two-person zero-sum differential game (in addition to 

linear-quadratic games) when one or both the players use control laws 

as specified by equations (1.14) and (1.15). The approach adopted in 

this work is different from that adopted by Kleinman and Athans [ 26] for 

the one-sided optimal control theory and is more general and complete. 

The extension of the approach to nonzero-sum games is a matter for 

future investigation. •
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Partial information about the possible initial conditions have 

been considered through the "information matrix" in Chapters 4 and 6.

The results of this work,clearly indicate that by restricting the form 

of feedback gains, it is possible in some cases to obtain control laws 

that are only nominally suboptimal, but are both computationally feasible 

and implementable in practice.

Another contribution is the derivation of the. sufficient conditions 

for advantageous strategies for either player for the case of linear- 

quadratic games. It is a natural extension of the results [26 ] *

available in one-sided optimal control theory. The concept of "equiva­

lence point" introduced in Chapter 3 and the "bargaining matrix" in 

Chapter 5 can be used by players in deciding a mutually agreeable 

"negotiated" pay-off which is a function of the storage facilities of 

each player and technical knowhow, etc.

Another major contribution is the derivation of the necessary and 

sufficient conditions for the existence of a saddle point under the 

constraint of piecewise suboptimal control,laws, with consideration 

being given to the optimal choice of the gain-change points in time 

and also to partial information about the possible initial conditions.

The results are more complete than the existing results, even for the 

case of one-sided control theory [26], [27], [6 ].
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1.6 ORGANIZATION OF THIS WORK

The organization of the remainder of the work is as follows. In 

Chapter 2, necessary and sufficient conditions are examined for the 

existence of saddle points for a general two-person zero-sum differential 

game when one or both players are constrained to use constant or 

piecewise-constant feedback gains. The general results are applied to 

linear-quadratic games and a solution for the constant feedback gains is 

obtained.

In Chapter 3, the results of Chapter 2 are applied to a specific 

scalar example and numerical solutions are presented. The equivalence 

point is introduced and it is shown that cooperation from the point of 

view of ease in control implementation can be advantageous to both 

the players.

In Chapter 4, necessary and sufficient conditions are derived for 

the existence of a saddle point for a general two-person zero-sum 

differential game when one or both the players use suboptimal control 

laws as specified by equations (1.14) and (1.15). For a class of linear- 

quadratic games an additional development is given to obtain control law 

parameters that are 'independent of initial conditions so that a saddle 

point with respect to the expected value of the performance index is 

obtained. The results are applied to specific scalar and vector dynamic 

systems and•numerical solutions are presented. ,
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In Chapter 5, sufficient conditions for advantageous strategies 

for either player are examined for linear-quadratic games. The 

concept of a "bargaining matrix" is introduced. Specific scalar 

and vector examples are included to illustrate the theory.

In Chapter 6, the procedure of Chapters 2 and 4 is extended to 

the case when the players use piecewise suboptimal control laws. 

Consideration is given to the case when partial information about 

the possible initial conditions is available to the players. The 

results are applied to specific scalar and vector dynamic systems.

In Chapter 7, the results of Chapters 2 through 6 are summarized 

and some open problems are discussed.

&

)



CHAPTER 2

OPTIMAL'PARAMETER SELECTION
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2.1 INTRODUCTION

In this chapter necessary and sufficient conditions for the 

existence of a saddle point for a general two-person, zero-sum 

differential game under the constraint of constant feedback gains 

is examined. The general analytical results are applied to a linear- 

quadratic game, and a solution for the constant feedback gains is 

obtained. A straight-forward iterative scheme for the evaluation of 

these constant feedback gains is suggested. This procedure is extended 

to the case where the players are restricted to use constant feedback 

gains during only specified intervals of time. The necessary conditions 

for the general two-person zero-sum differential game without constant- 

gain constraints is then derived from the necessary conditions for the 

constant-gain case.

The constant feedback gains found by the method suggested in 

this chapter depend in general upon the initial conditions of the 

system. The method of Kleinman and Athens [ 26] is extended in a 

subsequent chapter to compute feedback gains that are independent 

of initial conditions. The results of this chapter are applied to 

a particular scalar dynamic system in Chapter 3 in which detailed 

numerical solutions are given.
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2.2 FORMULATION OF THE PROBLEM: CONSTANT GAIN CASE

Given is a dynamic system

x = f(x,u,V 3t), X(Lq) = Xq (2.1)

where x is an (n x I) state vector, u_ and v are the control vectors 

of dimensions p and q , respectively, and t^ is the initial time.

A cost functional

T
J(u,v) = L(x(T),T) + J g(x,u,v,t) dt (2.2)

tO
is given with the final time T specified. The real-valued functions

2
f̂, L 5 and g are all assumed to be of class C with respect to their 

arguments. The problem is to find or characterize, if they exist, 

particular controls u^ and v^ which are optimal in the sense that for 

any other control vectors u. and v, there holds

J(xP,v) <_ J (u.̂  ,v^) <_ J (u,v^) (2.3)

subject to the conditions

u = Ax (2.4)

and

jv = Bx (2.5)

where A and B are constant matrices of appropriate dimensions.
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In the following, standard variational procedures are applied 

to yield necessary conditions for optimality in terms of a two-point 

boundary—value problem and an integral equation. It is then shown 

that the matrices A and B can be evaluated by following an iterative -= 

procedure.

The basic differential game problem without constraints (2.4) 

and (2.5) has been studied by various authors (Berkovitz [3 ], Baron 

[ 1], and Rhodes [36]) and the results for the control vectors 

ij and v to be optimal in the minimax sense are presented in Section 2.6.

Following Baron and Rhodes open-loop solutions are obtained 

initially. Because conditions (2.4) and (2.5) are to be satisfied, 

the problem is more conveniently expressed as follows:

Given a dynamic system

x = f (x,Ax,Bx, t) , x(t^) = Xq (2.6)

and a cost functional

T'
J(A,B) = L(x(T),T) + J g (x,Ax,Bx,t) dt (2.7)

tO
find or characterize, if they exist. A® and B^ which are optimal 

in the sense that for any other constant matrices A and B ,

J(A0jB) £  J (A0,B0) £  J (A,B0) (2.8)

subject to the conditions
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and

B = O  (2.9b)

2.3 NECESSARY CONDITIONS

Vector Lagrange multiplier functions can be introduced to account 

for the constraints (2.6), (2.9a), and (2.9b). Because A is a p x n 

matrix and B is a q x n matrix, in general, rather than vectors, they 

can be partitioned in terms of columns: Let

A =  [a a . . .■ ' a ] (2.10a)— I — 2 — n

and

B = [b b0 ... b ] (2.10b)— I — 2 — n

where , a_, ..., a and b 1, b0, ..., b are constant vectors; hence,— I — 2 — n — I — 2 — n
conditions (2.9a) and (2.9b) are rewritten as 

= _0 , k = I, 2, . . . , n 

j>k = £  , k = I, 2, ..., n

Following Baron [ I ] and Berkovitz [3 ], two related control
0problems are considered: Find A to minimize J (A,B ) and find B to

maximize J(A^5B). The second inequality.of (2.8) suggests that A^ 

is the minimizing solution for

T - - 1 I
min J1 = L(x(T),T) + / ‘ g(jx, Ax,B°x, t) dt (2.11a)

A = O  (2.9a)
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x = f(x,Ax,B x,t) , x(tg) = 2Eq

A = [0]

(2.11b)

(2.11c)

The theory of one-sided optimal control theory is applicable to 

the above problems. The augmented performance index is

T o
J lfl = L(X(T)jT) + / [g(x,Ax,B x,t) +

_X'(l(x,Ax5B0x,t)-x) - I nA&J dt (2.12)
1 k=l

where ^ ( t )  and jn^(t)'s are Lagrange multipliers of appropriate dimen­

sions. Integrating (2.12) by parts and considering only first-order 

variations I

- A  CO)'S2 (T) + X'<t ) Sx(t ) - I Cnk(I)
t=T k=l (2.13)

T n 3H.
% (t0)),<S- % +  f ^dx +  -!> ' dt +  I I ( a T  +

tO -  tO k=1 ^
where

H 1 = g(x,Jbc,B°x, t) + !.̂ f (x, Ax,B°x, t) (2.14)

Necessary conditions for a minimum are found by equating first- 

order variations to zero. This is done by requiring

21k (T) = HfccV s k — I, 2, ..., n

3L
3x t=T

3 Ai (T)

(2.15a)

(2.15b)
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"9x "" (2.15c)

and

aHl

^  =  •

k = I, 2j (2.15d)

Conditions (2.15a) and (2.15d) give 

T 9H,

tO 9” k
dt = 0 k = I, 2, .. ., n (2.15e)

Now the first inequality of (2.8) suggests that B is the maxi­

mizing solution for

T
= TYvfrS .Tl +max J = L(x(T),T) +: / g(x,A°x,Bx,t) dt (2.16 a)

B

X = _f (x,A X 5B x 5 t) s X (Iq) = Xq

B = [0]

(2.16b)

(2.16c)

Paralleling the development adopted for the minimization problem, 

the necessary conditions for the related maximization problem can be

shown to be 
3H2
""to " 2

(2.17a)

9L
3x t=T

X2(T) (2.17b)
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and ^

T 9H
/ dt = k = I, 2, n (2.17c)
tO
where

Hg = g(x, A^x1Bx, t) + _lgf^(x,A^x,Bx,t) (2.17d)

From equations (2.15b), (2.17b), (2.15c), and (2.17a) it is evident
A

that X0(t) = A,(t) = X(t) . Necessary conditions for optimality are,• — 2 ■ — I • —
therefore.

ACCESSORY MINIMUM PROBLEM:

(2.18a)

(2.18b)

(2.18c)

(2.18d)

As in one-sided control theory, the accessory minimum problem for 

the related minimum problem is formulated by considering the second- 

order variations of in (2.12). The accessory minimum problem is

T
min J = "T5X 1 (T)Lxx (T) Sx(T) + 4  / [ 6x1 6ji' da? ... 6a^]I 2 _ _  ^

H 1 Idx^ da^ da* ... da^]' dt (2.19a)
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5i  = 4 t 6̂  + , 6̂ cV  = -

6 a, = O  — k —
where■

k=.l
(2.19b)

(2.19c)

x x  Xa1

^a1X H-I- S1S1

a x  a a-—or— — n— I

H■ a., a — 1—n

a a-TT-Il

and where all the quantities H , H s , H 's, f , f ’s , and^ x x  xa, a.a. — x — a,
----  — — k  — i— j —  — k  q

L xx (T) are evaluated along the optimal path jc®(t) with A = A .

Equation (2.19a) can be rewritten as

I I T n
min J 1 = j 6 x ” (T)Lx x .(T)6x(’T) + j f  { & ’HX X  6x + 2Sx1 J H 6a^ +
ga/s 1 4 —  t0 "r™ k=l ^ k

[5a! 6a! ... 6a'] H..[6a! 6a! ... 6a']'}dt (2.19e)— I — 2 — n AA — I — 2 — n
\

where is an (np -x np) matrix which consists of partitioned matrices

1W

Necessary conditions (2.15a) - (2.15e) can be applied to the above 

problem. The Hamiltonian for.the accessory minimum problem is

H - -JtSx1Hxx Sx f 26x' I H Sa^ +
J- ^ — ... k=l -===k
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[6a; 6a; 6a; 6a']? + a!(f 6x + — n — 1 — x —

(2 .20)

where ot^(t) is a Lagrange multiplier of dimension n x I. Necessary 

condition (2.15e) implies that the constant parameters 6a^'s are to be 

determined by minimizing the integral of Hamiltonian with respect to 

the 6_a^'s, holding x, ct̂ , and t fixed.

A necessary condition for a minimum of / dt is

dt > 0

t0

(2.21)

by which it is meant that the (np x np) matrix which consists of
i ? _
H dt must be positive semidefinite. It 
0

is evident from (2.20) and (2.21) that a necessary condition for the■ 

accessory minimum problem is

partitioned matrices ----- f3W

dt > 0 (2.22)

Note that condition (2.22) is analogous to the Legendre-Clebsch 

condition in the nonconstant gain case.

Necessary condition (2.15e), when applied to the accessory 

minimum problem, reduces to 

T n
. / {H 6x + . V H 6a. + f' U1) dt = 
t0 j-l SkSj " i k -1

0 k = I, 2, ..., n (2.23a)
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= Q' (2.23b)

Condition (2.23a) can be rewritten as

a- dt] (2.23c)-1

T
assuming that / dt is nonsingular. With the above assumption,

t0and if condition (2.22) is satisfied,
I

. / H.: dt > 0 (2.24)/ A A
tO

Note that condition (2.24) is analogous to the strengthened Legendre- 

Clebsch condition in the nonconstant gain case.

(2.15c) when applied to the 

to

Necessary conditions (2.15b) and 

1 accessory minimization problem reduce 

n
H 6x + T h , Sa1 + f’ Ct1 = -a x x —  xa, -̂ k -x — 1 — I .

H
SL1 X

H-1- ^ 1 --2 T a0x T “S-2
.■ + I — 2— Sx dt + J

rt O

— n—

tO

& —n _
or

"6<
Sa~

\ • H a-x
H-I-

f'
A— 2 HH ■a0x T — a

•
= " t/ hAA dt] [ /'

— 2— Sx dt + ./ . “ 2

Sa — n
tO tO

H*a x —n—

tO 4 '—n

(2.25a)
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with the boundary condition

O1(T)- = Lx x (T) dx(T) (2.25b)

Assuming t) = 2(Pdx 4- , the necesshry conditions equivalent to

(2.25a) and (2.25b) are

P + Pf + f'P + &x — x 2 x x . (2.25c)

with the boundary condition P(T) = -jL x (T). Also,

i  + 4  4  + 2:J 111Xak5̂ k + pJ j a k5̂ k (2.25d)

with the boundary condition J^(T) = 0.

The necessary conditions for the accessory minimum problem are 

satisfied by the trivial solution 8x(t) = 0, da^ = 0, k = I, 2, ..., n, 

and U1(I) = 0. The value of J 1 obtained by using this trivial 

solution is

J 1 = 0 (2.26)

Sak tS = 0

The following lemma proves that it is indeed a minimizing solution of J1 . 

Lemma I: What ever may be the optimal path,

min J = O  (2.27)
Sak ',

Consider the identically zero integral



27

(2.28)

(2.29)

(2.30)

T n
O = J  a ’(fix - f^fix - I I _ ^ak)

t0 , 1 ^  k = l A c

Necessary condition (2.25b) gives

a^(T)6x(T) = Sxt(T)Lx ^(T)Sx(T)

From necessary condition (2.25a)

n
-a^Sx = SxtHx ̂ Sx + J ^ a kX6- +

From necessary condition (2.23a)

" / fllJ r s k V t ' / J r ^ l d t  =

^  IcI 1h W ^  + - + -  J 1h W ^ 1 dt ( 2 -31)
Substituting (2.29) , (2.30), and (2.31) in (2.28), it follows that

T n
0 = fix’ (T)L (T)Sx(T) +. / [Sx'H S x +  2 Sx] dt +

x x  k=l —k—

I (Saj Sat Sa')' dt

Therefore,, min J 1 = 0.
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Hence, it is evident that Sx (t) = 0, Sa^ = 0, k = I, 2, . n, and 

a^(t) = 0 form an optimal solution for the accessory minimum problem. ' 

With 6a.^fs = 0, necessary condition (2.25d) gives £^(t) = 0. It is 

evident that equation (2.25c) need be satisfied along an optimal path 

by and B^.

The above arguments also indicate that

J 1(SA5SBg) >_ 0 (2.32a)

0But for this accessory minimization problem B is kept constant and is 

not a function of x; and therefore SBG = 0, and

J X S A 5 0) > 0 I -
(2.32b)

ACCESSORY MAXIMUM PROBLEM:
The accessory maximum problem for the related maximum problem is

max J2 = fSx’(T)Lv v(T)Sx(T)
s X X

, T .
+ i ! [6xl Sbj_ Sb* ... Sb^]H2[Sx' Sb; Sb;

(2.33a)

. Sb']' dt— n
(2.33b)

where

HX X H— i Hxb — n

Hb,x — 1— ViVz Hb lb — 1—n

Hb X— n— ViVz Hb b —n—n

(2.33c)
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i  = 4 6-  + ^ 4  5- k s ^ (to) = --  k=i -k

66. = O
— k  -

(2.33d) 

(2.33e)

By following the procedure adopted for the accessory minimization 

problem, it can be shown that the necessary conditions for the accessory 

maximization problem are

I 11BB dt I  0
(2.34a)

I n
. / {H. 6x + y H, , 6b. + fJ* a„} dt = 0., k = I, 2, n (2.34b)4  4 5 -  j:i%  - 4 - 2
where ^ ( t )  is the Lagrange multiplier used to account for the constraint 

(2.33d). Ihus,

^ b 1
^ l

T T
“ -f / Hb b dt]" [ / T

6x dt + J ^ 2

6b — n

rt
H 

O ‘ I i Of
t

4';—it™

tO

4—n

a2 dt] (2.34c)

assuming / H dt is nonsingular, which, when combined with condition

(2.34a) gives

/ HBB dt ' 0
(2.34d)
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HX X6^  + .I " x b . %  + ' -S2---  k=l — k —
(2.35a)

or, equivalently.

P + Pf + f'P + = [0]— x — x 2 x x (2.35b)

with the boundary condition P(T) = -L^ ^(T)

I2 + Ia + 2 J 1̂ k = ̂ (2.35c)

with the boundary condition ̂  (T) = .

max J = O
6b. 's l — k
Jo(0,6B). < 0

(2.36 a) 

(2.36b)

ACCESSORY MINIMAX PROBLEM:

Consider the differential game

i TJ2 (6A,6B) = ^ x t(T)Lx x (DdxCT) + J f (6x' 6a^ ... Sâ

Sb' ... 6bt)H(6xt 6a* ... 6a' 6b' ... 6b'/ dt (2.37a)—n — n —  — I — n — I — n

where
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HX X
H

X a 1 
— I

H
x a  
— n

H , 
LSki Hx b  

— n

H
JLiiL i

H

- 1^ n S i k i V
H = H a x  

—n—

Hb  x  —1—

H
a  a 1 

—nr—IlWi
B a a

—n - n

llA n V1
VV

(2.37b)

B b =  Bba.,—n—  —n— I

where H , = H,

b bHb a Hb b —n—n -Ti— I

[0] if the Hamiltonian H is separable in A and B .

(2.37c)6i  - - V z  + J A 6Sk + ■ J  A  - ctO1 " ^k=l Ac k=l —k

6 ^  - SBk = 0 .

Necessary conditions analogous to 

this accessory minimax problem.

From (2.32b) and (2.37a), 

J1(SA1O) = J2(SA1O) > 0

From (2.36b) and (2.37a),

J2 (O1SB) = J2 (O1SB) < 0

It is also evident that

J 1(O1O) = J2(O1O) = J2 (O1O) = 0

(2.18a) - (2.18d) are applicable to

(2.38a)

(2.38b)

(2.38c)
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Thus, if conditions (2.24) and (2.34d) are assumed, then there exists 

a unique saddle point solution (0,0) to the accessory minimax problem. 

It is evident, therefore, that (A^,B^) form a saddle point for the 

original problem if they satisfy the necessary conditions (2.18a) - 

(2.18d), (2.22), and (2.34a) and if there exists a P(t) satisfying 

the differential equation (2.25c).

T T
A Note on the Nonsingularity of / dt and / Hb b dt:

Because u. = Ax = Ji a^x^ (2.39a)

— 1 ~

H = x?HC-
JL1Z1 1 JJU

I = x. x.H S iSj i j u u
(2.39b)

where the superscript c denotes constant gain case. Therefore,

' u  I1p x Z1p 

Similarly,

xP1P1'bU HtxI1P xZ1P •" xP1P1 (2.39c)

bBB " txI1p xZ1P ••• xP1P1’“I VtxI1p xZ1P V p 1 ".3M)
Note that H C and H C are computed along the optimal path cbrre- u JU jv v
spending to constant gains.
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Necessary conditions for the existence of a saddle point in 

the nonconstant gain case are

H^ ch  > 0 (2.40a)

and

< 0  (2.40b)

where and are to be computed along the optimal path corre­

sponding to nonconstant gains.

Whenever and do not depend upon the optimal path (e.g.

in linear-quadratic games)

HnC = H CU U  U U

and

Hnc =A H uV V  V V

Hence, for this class of differential games which are assumed to 

be well-posed in the sense that there exists a saddle point to the 

nonconstant game, it follows that

hM
and

(2.41a)

(2.41b)

Z



34

are also to be satisfied along the optimal path corresponding to 

constant gains. In cases where

H > 0 u u

%v v < °
T T

/ H.. dt and / Hijt3 dt are nonsingular if and only if the components * AA * 'Rn
tO

x^, ..., Xn of the state vector are linearly independent. A proof 

of this statement is given in the following section where general 

results of this section are applied to linear-quadratic games.

2.4 APPLICATION TO LINEAR QUADRATIC GAMES 

Consider a linear system

x = Fx + G 1U + G„v (2.42)

where: x is an n x I state vector,

F is an n x n matrix, ' ■

G^ is an n x p matrix,

Gg is an n x q matrix, 

u is a p x I control vector, and 

v is a q x I control vector.

The functions F, G^, and G^ are assumed to be piecewise continuous 

functions of time with a finite number of jump discontinuities during 

the interval t^ to T.
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The cost function J is a quadratic function of the state vector 

and controls:

T
J = x ’ (T)Sx(T) + f (x'Qx + u'R u + v'R v) dt (2.43)

tO

where: S is an n x n symmetric constant nonnegative-definite matrix,

Q is an n x n symmetric nonnegative-definite matrix,

is a p x p symmetric positive-definite matrix, - - ;

is a q x q symmetric negative-definite matrix- 

The entries of Q, R , and R. are assumed to be piecewise continuous 

functions of time with a finite number of jump discontinuities during 

the interval t„ to T. u and v are constrained by equations (2.4) ando —  —

(2.5).

The problem is to find, if they exist, and which are 

optimal in the sense that for any other constant? gain matrices A and B

J(A0 sB) <_ J (A°,B°) £  J(A,B°) (2.44)

The results of Section 2.3 are now applied to the above problem. 

The state equation is

x = Fx + G 1Ax + G.Bx = (F + G1A + G0B)x (2.45)— — 1 —  2 — I 2 —

The performance measure.is



36
T

J = x'(T)Sx(T) +. J (x'A'R Ax + x'B'R-Bx + x'Qx) dt 
tO

By comparing (2.2) and (2.46),

L(x(T),T) = x'(T)Sx(T)

Condition (2.18b) therefore reduces to 

_X(T) = 2Sx(T)

Now

H = x ’A ’R-^Ax + x'B* R^Bjc + + X1 (F + G^A + G^B)x

Condition (2.18a) becomes

= 2Qx + 2A,R 1Ax + 2B’R0Bx + (F + G 1A + G0B) ’ A = -A

with end condition defined by (2.47).

Assume that A.( t) and x(t) are related by

A(t) = 2P(t)x(t)

where P = P(t) is an n x n matrix to be determined.

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)
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Substituting (2.50) into (2.49) and using (2.45), it follows that

P + P(F * G3A + G2B) .+ (F + G1A + G2B ) 'P + A'R^A + B 1R2B + Q = [0]
(2.51)

with the boundary condition P(T) = S .

Now considering only the terms of H that depend on A,

= ^ ( X 1A 1R1Ax + A 1G1Ax) (2.52)

The first term within the parenthesis of (2,52) can be expanded, as 

follows:

x'A'R-Ax = [x, x —  I —  1 2 ... x ] n

V r A  V e A
V eA  A 'eA

a 'R a a ?R a 
-n !“ I — n 1-2

V e A
W n

a 1R a 
— n 1“ n

[x x .... x ] 
1 2  n

n
n

a ’R a x  + a 'R T a x  
— I. 1— 1 1 — 1 1  -,,Z0-Ic k .k=2

n

-2'E 1£ 2X2 + £2,R1 J l
k #

W

n-1
a 1R — n

a x + a ’R T a x  
1— n n — n I k k
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il'El-lxl +  ̂ V e IxI . ^ A xR +K= 2

S 2 lfiA i  + S 2 1r Ix2 J a \  +K=I
W  2 (2.53)

O
a 'R-a + a 1R x  > a x, —n 1—h n ~n I n k k

Therefore, after a little algebra,

„2^ - ( X iA eR1Ax) = 2R1a1x^ + 2R1x1 I OfeXfc 
-J- k=2

arid similarly

(2.54)

, J 7(S1A lfi1Ai) = Zfi1SjXj + Zfi1Xj J  akXk 
J K X

W j

j = 1 ,  2, , n (2.55)

Now

X iG1Ax = X iG, ̂ 1X1 + a0x„ + , . . + a x )  —  I —  ■ —  I — I I — 2 2 — n n (2.56)

Therefore

- ( X iG1Ax) = X1G1 iX = 2x1GiPx

arid

(2.57)

(XjG Ax) = 2x.G iPx , j = I, 2, ,..,Saj —  I —  j I — (2.58)
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Conditions (2.18c) therefore reduce to

I CR1S1X^ + R1X1 I SkXk) dt = - / X1G1tPx dt
k=2

/ (R1S2X^ + R1X2 ■ ! BkXk) dt = - / X2G1tPx dt

t() kf2 °

/ (R1BnX^ + R1Xn J  akxk) dt = - / XnG1tPx dt
tO k=1 tO
The above set of equations can he rewritten as

V i  V i x2 ■••• V i xn
V z xI kIxZ klXZXn

V n xI V n X2 "" V n

(2.59a)

^l X1G1tPx

-2 X2GitPx
T «

dt • = - / •

• tO °
a— n x G 1tPx n I —

(2.59b)

or equivalentlys

It,

xI1P

x Z1P

lV pj

r I1x I1P V p  ‘ ’' V p 1 dt

^l V p
— 2 V p
'• T «
• = “ / .
a—n tO X I L n pj

G1 tPx dt I —
(2.59c)

where is the p x p identity matrix.
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Let the np x np matrix M^(tg,T) be defined by 

TV f0’T) ' I lxI1P X2 V "  xJ p v e I1xI1P V p  ••• V p ldt (2-60a)
.Therefore,

X 1I— I I P
a_ X0I— 2 T 2 P
•

■ -m^ (C0 -P / •

tO .
a X I—n L n pJ

G ’Px dt I — (2.60b)

-Izassuming that (t0 ,T) exists. Similar relations can be found for 

B, i.e.,

V q
b„ T X0I-2 = (t ,T) / 2 q
• tO 0

b x I— n L n qj
GlPx dt 2 — (2.60c)

assuming that (tg,T) exists, and where M2 (t0 ,T) is defined by 

T ■
M2 (tQ jT) ^ / [ X 1Iq X2Iq ... XnIqI-R2 [X1Iq X2Iq ... xnIq]dt(2.60d) 

tO
It is evident from (2.48), (2.59c), (2.60a), and (2.39c) that

/ 11M  dt e M i(V T) r °
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since is positive definite. In fact, is the integral of 

equation (2.60a) and hence >_ 0 is satisfied for the class of 

linear-quadratic games under consideration.

Note that = R^ > 0. Similarly,

T
/ liBB dt ’ M 2 (V T) i  0 

tO
since R is negative definite and H = R0 < 0.

Equation (2.51) can be directly derived from equation (2.25c). 

Hence, the existence of a P(t) satisfying (2.51) is a sufficient 

condition for the existence of a saddle point.

Equations (2.60b) and (2.60c) are useful for the iterative tech­

nique to be discussed in Section 2.5. Another simplified form for the 

necessary conditions (2.18c) and (2.18d) can be derived from (2.59a). 

The set of equations (2.59a) can be rewritten as
T T
/ RjjAx x ' dt = - / G^Px x! dt (2.61a)

If R is time invariant, (2.61a) reduces to I
T T

R-A / x  _x * dt = t / GjPx x,” dt

tO tO T
Let the (n x n) matrix. / 2C x ’ dt be denoted by W(tg,T). Then 

A =  -RixC / G^Px X t dt]W (t0 ,T) (2.61b)
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assuming that W ^(tg,T) exists.

Similar relations can be found for B ; i.e.,

I .. T
/ R_Bx x' dt = - / G'Px x ’ dt (2.62a)

to t , /

and if is time invariant,

1 T -IB = ~R~ [ / G^Px x' dt]W (t0 ,T) (2.62b)
tO

Furthermore, if G^ and G^ are time-invariant also, equations 

(2.61b) and (2.62b) reduce to

A = -R™1G ^ ( t 0 ,T)W™1(t0 ,T) (2.63a)

and

-I -IB = -R2 Gj5(t0 ,T)W (t0 ,T) . (2.63b)

where the (n x n) matrix g(tg,T) is defined by 

T
5(t0 ,T) =. / Px x* dt (2.63c)

tO
It can be observed that for a linear time-invariant system with 

constant feedback gains the (n x n) matrices x x* and"P.x x * satisfy 

the following linear vector matrix differential equations:

d ■— (x x') + ( F  + G 1A + G_B)(x x') + (x x')(F + G1A + G0B)' = [0]

-^(Px x') - Px x' (F + G1A + G2B) ' + (F + G1A + G B) 'Px x' +
(A1R1A + B'R2B + Q)x x' = [0]
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The optimal cost of using the optimal constant feedback controls 

can be found by using the necessary conditions for optimality. The 

performance index

T
J = x* (T)Sic(T) + j (x’A'R Ax + X 1B 1R9Bsc + jx’Qx) dt (2.64a)

tO •
can be rewritten as

J = 2c(t0)P(t0)x(t0) +. J [(X1A 1R1Ax + Jt1B 1R2Bx + x ’Qx) +
tO

~j~(x* (t) P (t) x(t) ] dtQL —  — (2.64b)

where P(t) satisfies equations (2.51) with the boundary condition P(T) 

= S. Using equations (2.45) and (2.51), equation (2.64b) can be shown 

to reduce to

J tO^p tQ^ (2.64c)

A  Note on the Nonsingularity of M 1 and W.

The nonsingularity of W s M 1, and depends on the independence 

of components of the state vector. Consider a set of vectors 

h^tstg) , h2 (tst0) , . h^(t,t^) where

j = I, 2, ...s n (2.65)

h Ij ̂ ts tO^ 

h2j tÔ

L1Hjct5V .
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in which the elements h_̂_. (t, t^) are continuous functions of time t over

the time interval t_ < t < T. It is shown in f 32 I that the h.’s
u  —  —  — j

are linearly independent over the same time interval if and only if
rT * 'the Gram matrix . J H (t,t_)H(t,t_.) dt of the m x n matrix

tO
H(t,t0) = Lh1Ctjt0) Ii2 Ctjt0) Ĉtjt0)] C2.66)

is nonsingular CH denotes the conjugate transpose of H ) . Now, the 

integrand of. C^.60a) can be written as H H , as is shown below, and 

the columns of the corresponding H are shown to be linearly independent
I

if the X1 *s are linearly independent.

The integrand of C2.60a) is

lxI1P V p xIi1P1 'eI1xI1P V p V p 1

It is well known [33], that if R1 is a positive-definite symmetric 

matrix, there exists a nonsingular matrix C such that

R l = C C

It is evident, therefore, that the integrand of C2.60a) can be 

written as E 1H where

H = C [ X 1I X0I ... x I ]I p  2 p n p

Let C  = [C1 c0 ... c ]. Then —I —2 —p
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H [-lXl -2X1 * * ' -̂ pxI -lx2 -2X2 * • ’ -%)x2 ' • * -%xn -£-2Xn *
c x ]— p n

The columns of H are independent if and only if the linear 

combination

kIl-5IxI ^l-5ZxI ° T c 1 -̂] d" »• • -f c^x 4- k0_c0x_ 4- ooopl-p I In— I n Znr-Z n

k c x = 0  pn—p n - ( 2 ,

is satisfied only when the constants

k U  ■ °> i  = I ,  2 , 0 . 0 ,  P,  j  — I , 2 g • » e y H

E q u a tio n (2 .6 7 a ) can be r e w r i t t e n  as
( •

l £ l  =2 ** * -5P l t k I l k21 " ' e kP l1 ' x I + =2 • • • C
T

Ck12 k22 « « e k r) 3 X0 “f" « • • p /  2 + l%  —2 « « • C
- p

. [k ln k2n kp„] ,xn ■

o r

G'Ek1X1 + —2X2 + * *• 4- k x ] = 0  —n n —

w here

h  ’  [k i i k2 i  * * * V

(2.

But, because x^, x^, «.„, x^ are.assumed to be linearly independent 

and because C* is nonsingular, equation (2.67b). is satisfied if 

and only if . k = 0, n

67a)

67b)
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Hence, M and, similarly, M 0 and W are nonsingular if and only if 
I ^

Xf, X2 , ..., Xn are linearly independent.

Considering equations (2.39c) and (2.39d) and assuming H nn > 0 

and H < 0, it is evident from the above discussion that / H . . d't
vJ -  t0 M

and / Hgg dt are nonsingular if and only if the components x^, X2 , 
tO. ,  xn of the state vector are linearly independent.

2.5 SCALAR CASE

If x, u, and v are all scalar functions of time, the necessary 

conditions for a saddle point become:

x.= (F + G1A + G2B)x , x(tQ) = xQ

P + 2P(F + G1A + G2B) + A2R1 + B2R2 + Q

/ G P x 2 dti _ _ _
T 2 

/ R1X dt

P(T) = S

(2.68)

(2.69)

(2 c 70)

and

B

2■. . J G2Px dt

. / R x  dt
tO •

(2 .71)
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The above equations suggest a procedure (even for the general 

case) for evaluating the constants A and B . First, assume some 

initial values for A and B and solve equations (2.68) and (2.69) for 

x(t) and P(t), respectively. Next, evaluate equations (2.70) and 

(2.71) to obtain new values for A and B. Finally, repeat the pro­

cedure in the hope that A and B will eventually converge to a saddle 

point.

2.6 LINEAR DIFFERENTIAL GAME WITHOUT CONSTANT-GAIN CONSTRAINTS

The linear differential game without the constraints (2.4) and

(2.5) has been considered by Baron [ I ] and Rhodes [36]; the 

results are

u°(t) = -R"1(t)G^(t)P(t)x(t) (2.72)

v° (t) = -R21 (t) G^ (t) P (t) x( t) , (2.73)

where P(t) satisfies the matrix Ricatti equation

P + F'P + PF - P(G1R^1G^ + G2R21G p P  + Q = [0] (2.74)

with the boundary condition P(T) = S . The cost from time t^ to 

terminal time T of using these feedback controls is

J[u°,v°] = x'(t0)P(t0)x(t0) (2.75)
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2.7 DIFFERENTIAL GAME WITH MIXED CONTROLS

2.7.1 FORMULATION OF THE PROBLEM

Consider the problem of finding min max J when the players can
JJ v

use mixed controls; namely, each player is restricted to use constant 

feedback gains only during a certain specified interval of time, and 

the intervals of restriction may be different for each player. The 

control diagrams in Figures 2.1 indicate four different cases of 

mixed controls. In Figure 2.1(a), for example, the minimizing player 

is restricted to use constant feedback gains during the interval t^ to T 

whereas the maximizing player is restricted during t2 to T. It is 

evident that the minimizing player will choose different constant 

feedback gains for the intervals t^ to tg and tg to T, and similarly 

the maximizing player will choose different controls for the intervals 

Cq to t^ and t^ to tg.

Figure 2.1(a) is considered first for the derivation of the 

necessary conditions for a saddle point. As in Section 2.2, consider 

a dynamic system characterized by .

x = f.Cx,Ji,v,w,A,C,B,t) , x(t0) = Xg (2.76)

and a cost functional 

v T
J = L(x(T),T) + / g(x,u,V,w,A,C,B,t) dt (2.77)

tO
with the initial time tg and final time T specified and where f̂, L, 

and g have the properties given in Section 2.2.



H rirl 2.1. Control for mix'* eootroU.

(•)

tO H *2 Vi
H - * 1-  

*— B1- -B2-O

■A--.

(b)

Fl|uro 2.2. Control dl.'iroe for pUc e w l s e  conitnnt
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The problem is to find or characterize, if they exist, ju^, V^5 

w^j , C0 s and which are optimal in the minimax sense.

The motivation for this problem stems from the fact that 

ordinarily the storage facilities for each player are limited and 

that the players actually want to switch their controls to constant 

feedback gains whenever possible, and each player may want to show, 

initially at least, to the other player that he is capable of imple­

menting the nonconstant-gain controls. In this way the storage 

facilities for each player can be taken into account. As an illustra­

tion consider that the controls are applied as shown in Figure 2.1(a). 

The players may choose their intervals of using constant feedback 

gains according to an agreed prespecified law. For example, the 

players may choose 

(T - t]) = K 1T 

(T - t2) = K 2T

where K 1 and K^ are proportionality factors that depend on storage 

capabilities and possibly other considerations such as technical 

knowhow. If the storage facilities of player A are extensive, he 

may choose K 1 to be small and vice versa. The player, say the 

minimizing one, with less storage facilities will obviously try to 

induce the other player to use constant controls, by making a 

side payment which may be a function of B and also of the storage 

facilities of the other (maximizing player. The concept of bargaining



can also be introduced; namely, the minimizing player, for example, 

might tell his opponent that his side payment depends on the interval 

during which his opponent implements constant feedback gains. The 

element of cheating also enters the picture; for example, with a 

conservative approach, the first player might not announce his full 

storage capabilities and the other, honest player may in fact use 

constant feedback gains for a larger interval of time than is necessary 

In such a case the optimal strategy is advantageous to the first player 

Again, controls as shown in Figures 2.1(b), 2.1(c), and 2.1(d) 

are to be considered to introduce flexibility for each player in his 

choice of intervals of constant or nonconstant feedback gains. Each 

player may try to confuse the other player by selecting his controls 

in a random manner depending upon his storage capabilities.

2.7.2 NECESSARY CONDITIONS

Consider the case of Figure 2.1(a). The cost functional is

/ 1  ft2
J = L(x(T),T) + / g(x,u,v,t) dt + / g(x,Ax,w,t) dt

tO . tI

T
+ / g(x,Cx,Bx,t) dt 

tZ
The procedure of Section 2.3 is applicable. Let

51

(2,78)
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H 1 = g(x,u,v,t) + V  f(x,u,v,t) (2.79)

H 2 = g(x,Ax,w,t) + jn* £(x,Ax,w,t) (2.80)

H3 “ g(x»Cx,Bx,t) + £* f(x,Cx',Bx,t) (2.81)

where _X, n_, and £  are the vector Lagrange multipliers used to account 

for constraint (2.76) in the intervals t^ to t ^  to and t2 to T 9 

respectively.

Resulting necessary conditions 

[3L/9x] t=T = £(T)

£(t2) = £(t2)

ACt1) = JlCt1)

In the interval t^ to tl9 

X = f(x,UjV,t)

SH1Zau = oi —

BH1ZSv = 0 I —

and

BH1 Z9x =• -X I —  —

ate

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)
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In the interval t^ to

x = f^x.,Ax,w, t) (2.89)

9H2
z = —n 

Bx
(2.90)

BH9 (2.91)

and

t2 M 2
/ _ dt = 0 , .k - I, 2, . ,  n ■

In the interval tg to T,

(2.92)

x = f^(x,Cx,Bx,t) (2.93)

BH.

4 " £  ■
(2.94)

T BH
J — — dt = 0 , k = 1, 2, ..., n
t2

and

(2.95)

T BH3
J -T-—  dt — 0 , k — I, 2 j ..., n
t a^k 
2

(2.96)

Similar relations can be derived for the cases corresponding to Figures 

2.1(b), 2.1(c), and 2.1(d).
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2.8 APPLICATION TO LINEAR QUADRATIC GAMES

Consider a linear dynamic system given by (2.42) and a cost

having the properties described in Section 2.4 and the control diagram 

of Figure 2.1 (d). Following the development of the previous,section, 

it can be shown that necessary conditions for a saddle point are as 

follows:

End-point conditions are

functional given by (2.43) with the associated weighting matrices .

3x 1t=T
(2,97)

u(t2) = fi.(t2) C2.98)

ICt1) = JiCt1) (2,99)

In the interval t^ to t^

x = Fx + G1Ax + G Bx —  —  I —  2 ~ (2.100)

(2,101)

(2.102)

and

k = I, 2, (2.103)



In the interval t^ to $

x = F x +  G 1U +  G0Dx —  —  1— 2 — (2.104)

SH04 "  -A
(2.105)

3H
3n = 0 (2.106)

and

I BH9
/ —  dt = [°] 
tZ

(2.107)

In the interval t^ to T 5

x =  Fx + G.r + G-v (2.108)

9H3 .
»2 * :

(2.109)

BH
= 0 3 and Br —

(2.110)

BH
"(2,111)

where

L(X(T)sT ) = X s(T)Sx(T) (2.112)
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Using equations (2.112), (2.113), (2.114), and (2.115) the 

necessary conditions are rewritten below.

In the interval t^ to T,

BH,

2Q2I + F'£_ =

Assuming

P = 2P x—  P- (2

and using equations (2.108), necessary condition (2.116) becomes

2R r = -G11O = -2G 1P x 1—  I I p—

r = -RT1G11P x-  I l  p-

Similarly,

v - - ^ 1G11PpX (2

where P satisfies the matrix Riccati equation 
P

t + P F  + F 1P - P  (G1R 11G11 + G0R^1G0 ')P ■ + Q p p p  p p i l l  2 2 2 p .

with the boundary condition P^(T) = S and

[0] (2

.116)

.117)

.118)

.119)

.120)
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x = Fx - G1R^1G11Px - G0R01G0 1Px (2.121)
—  —  1 1 1 —  2 2 2  —

• In the interval t^ to , assume that

n(t) = 2P (t) x(t) (2.122)
—  n  —  •

The necessary condition (2.98) becomes

P (t ) = P (t ) (2.123)Tl X P X

Condition (2.106) gives

u = -R-T1G 1 'P x (2.124)—  I I n—

Differentiating (2.122) and using (2.104), (2.123)) and (2.124), 

necessary condition (2.105) yields

P + P (F + G0D) + (F + G0D)1P - P G1R 11G 11P + D 1R D  + Q =  [0] n fi 2 2 n n a. i i x
(2.125)

with the boundary condition P^(t2) = P p (t2) . Using an approach 

similar to that of Section 2.4, the necessary condition (2.107) yields

G01P x dt (2.126)2 n-

A '
d

"xI1q
X0I-2

I t2= -M11 (Z1, ^  I
2 q

d
—n

h
x IL n cU

where
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W q  V q  W  dt

In the interval t to t., assume that ■0 1.

X.(t) = 2P^(t) x(t) .

The necessary condition (2.99) becomes

xI1q

X2Zq

x I
,n cU

(2.127)

(2.128)

pX cV  " (2-129)

Differentiating (2.128) and using equations (2.100), (2.128) and (2.129), 

the necessary condition (2.101) yields

Px .+ Px (F + G1A + G2B) + (F + G1A + G2B)'P + A tR1A + B ’R^B + Q = [0]

(2.130)

with the boundary conditions Px Ct1) = Pr (t ^ . Again, using an approach 

similar to that of Section 2.4, the necessary conditions (2.102) and

(2. 103) yield

-I V p

% -I V p

» = -(M1)"1 /
• A t

»

Ai
0 X I 

n P

and (2.131)
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V 'xi \

%
=  - ( M f ) - I  ; ^

A t

y ,

b 0 X I-n n  q

G ' P x  dt 
2 *~

where

tL

and

1

"I'p

V p

X I n P

XiIq

xZ1q

x I n q

R1 [xnI x II i p  Z p V p 1 . -it

rP1xI11 V q  •• V q 1 it

The cost functional is 

• t
I
t

J = x * (T)Sx(T) + J ^(x1A'RjAx  + x'B 1R^Bx + x'Qx) dt

'0

+ J  ̂(u.'Rĵ u + x'D'RgD]: + 2: 1Qjc) dt

+  / Cr 1R x  +  V 1R9V + x'Qx) dt 
t 2

(2.132)

(2.133)

(2.134)

(2.135)
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This can be reduced to a simple form. Consider first 

T
X t(T)Sx(T) + / CrtR1T + v 'R2v  + x'Qx) dt (2.136)

t 2
T= *' (I12)Pp (t^ C t 2) + I [(r'R^r + V tR2V + x'Qx) + -^(XtPpX) ] dt
t2 • (2.137)

Now

-T^CxtP x) = xP x + x*P x + x ’P x (2.138)dt —  p—  —  p—  —  p—  —  p—

Substituting for Pp from equation (2.120) and for Z from equation 

(2.121), and after some algebraic manipulation, equation (2.137) yields

^ ' (t2)Pp (t2)^ (t2)

Now consider

(t̂ )Pp (^iC^) + I Cu1r1U + x*P1r2dX. + x'Qx) dt
tI -

t2 .
= x f Ct1)P^Ct1)XCt1) + / (UtR1U + X tD tR2Dx + x ’Qx) + ^ ( x ' P ^ )  dt

tI
which by using equations (2.124) and (2.125) reduces to

^ tP V tP - ctP
Now it is evident that

J -  (tl)pn(tl)- (1:l) + / CxtA tR1Ax + X tB tR2Bx + x'Qx) 
tO

dt (2.139)



By use of equation (2.130) and after some algebraic manipulations, 

(2.139) reduces to

J = x'(t )P(t )x(t ) (2.140)—  0 ^ 0 —  0

61

2.9 SCALAR CASE

If x, u, and v are all scalar functions of time, the necessary 

conditions for a saddle point are simplified. In the interval t^ to T,

x = Fx + G1T + G2V (2.141)

■r--RT1G1tP x (2.142)l i p

arid

v = -R2^G2 1P pX (2.143)

where Pp satisfies the matrix Ricatti equation

Pp + 2PpF - Pp(G1R11 + G2R"1) + Q = O . ,  (2,144)

with the boundary condition Pp(T) = S .  In the interval t1 to tg,

x = Fx + G1U + G2Dx (2.145)

-RilGl'P nx
(2.146)

and
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l2 9

/ G2pIx dt.Jl_ _ _ _
t2 O 

/ R0X dt 
tI

(2.147)

where P satisfies the differential equationn
\+2Fv (F + G D) - P712G^lf1 + D2R2 + Q = O (2.148)

with the boundary condition P ^ (t2) = Pp (t2). In the interval t^ to t^,

x = Fx + G^Ax + G2Bx

A

£
I 1G1PxX2 dt

J 1R x2 dt 
J I 
t„

and

(2.149)

(2.150)

t,
j 1G2P x 2 dt

I R2X2 dt

(2.151)

where Px satisfies the differential equation

2 2Px + 2PX (F + G1A + G2B) + AzR1 + B R ■ + Q »•0 

with the boundary condition P^(t1) = P^(t1).

(2.152)
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The above equations suggest a procedure (even for the general case)

for evaluating the controls u, r , and v and also the constants A, B ,

and D. The procedure is as follows: First, solve equation (2.144) and

store P (t). Then assume some initial value for D, and using P (t ),
P

solve equation (2.148) and store P^(t). Then assume some initial 

values for A and B , and using P^(t^), solve equation (2.152) and store - 

P^(t). Then solve for x(t) for all the intervals [t^,t^] , , and

[tg,!]. Next evaluate equations (2.147), (2.150), and (2.151) to obtain 

new values for D, A, and B. Finally, repeat the procedure until D, A, 

and B converge to a saddle point.

2.10 CONSTANT GAIN PLAYER VERSUS A VARIABLE GAIN PLAYER

Consider the differential game when one player is constrained 

to use constant feedback gains throughout the duration of interest 

while the other player is free to select his control at each instant. 

Figure 2.1(e) refers to the B constant case, and Figure 2.1(f) 

refers to A constant case.

Figure 2.1(e) is a particular case of Figure 2.1(d) when t^ = t^, 

tg = T, and D = B .  Hence, the necessary conditions can be obtained 

by inspection.
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Figure 2.1(f) is a particular case of Figure 2,1(a) when tg=t^, 

tg=!, and w=v. Here also the necessary conditions can be obtained 

by inspection.

The results for the above two problems are applied to a scalar 

case in Chapter 3 in which detailed numerical results are given.

2.11 VARIABLE-GAIN CASE: DERIVATION BASED ON PlECEWlSE-CONSTANT GAINS

By using the results of Section 2.7.2 necessary conditions 

for a saddle point for the unconstrained case when the players are 

free to choose their controls can be derived.

Consider a dynamic system

k = f.(x> U jVsfc) , x(.t0) = Xq (2.153)

and a cost functional

T
J = L (x(T),T) + / g (X5U5Vjt) dt (2.154)

with the initial time t^ and final time T specified and where f_5 L 5 , 

and g have the properties given in Section 2.2.

Consider the control diagram shown in Figure 2.2(a), From the 

nature of the results of Section 2,7.2, necessary conditions for a 

saddle point corresponding to controls implemented as shown in 

Figure 2.2(a) are

J 1 dt = 0
fcn

(2,155)
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T 8H2

I a = k d t ' S' '
I *

(2.156)

A  8Hi at - o
t 3hk
o

(2.157)

,T 3H

I1 *  *  ;  =
(2.158)

■H i = -X1 
9x

(2.159)

8H2 , - X 2 
325.

z and'

(2.160)

i|it=T ■ I 2 W (2.161)

. I 2 Ct1) - X1 (F1) (2.162)

where superscripted V s  denote distinct vector Lagrange multipliers, and

H 1 = g(x,Ax,Bx, t) + (I"*") ’ (f (x,Ax,Bx,t) - x) (2.163)

H2 = g(x,Cx,Dx,t) + (X2) '(f(x»Cx,Dx,t) - x) (2.164)

Similarly, if the duration of the game is divided into m parts

as shown in the control diagram in Figure 2.2(b), necessary 

conditions for- a saddle point are
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Jh  dt - O'
H = 1,2, ».. , m 

k = 1,2, , . . n

t 3H  ̂ ooe.3 ID
/ & — &- dt = ,

k “ • • • s n

S5
—  - ,. & = 1,2, ,..,m

^■(t 3_) = I* 1 Ct 1> , & = 2 ......m

where

Hjj, = g(x?AAx ,  Bĵ x, t )  + (X^) ' (f^(x,A^x,B^2i , t )  -  x)

(2.165)

(2.166)

(2.167)

(2.168) 

(2,169)

(2.170)

Now if the interval (t^ - t^ ^), H = 1,2, ..., m, is made sufficiently 

small and writing t^ = t^_^ + At, the necessary condition (2.165) 

reduces to

I + At). 9H (2.171)

If At 0 but not identically to zero the integrand may be assumed 

to be constant during At. Hence (2.171) reduces to
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£ = 1 , 2, . . . , m 
k = I, 2, .. . , n

From equation (2.170) it is evident that 
„ £ £

k
I, 2, 
I, 2,

m
n

Therefore condition (2.172) reduces to

{ 4 0 ;
£ I ̂ 2 5 ..1.3 m
k = I, 2, .. . , n

"£-l

(2.172)

(2.173)

(2.174)

Since at' t^_^ is nonzero, in general, condition (2.174) reduces to

9H1 _  _ l _ _ m
2 m t Tm-1

SH1 3HI m
2 mtn 3u I1 3u0 — I —

(2.175)

When At 0, equation (2.175) reduces to 

3H/9u = 0 (2.176)

Similar relationships hold for v, i.e.,

3H/ 9 v = (2.177)

When At -> 0, equations (2.167) and (2.168) become

3H/3x —A (2.178)

with the boundary condition X(T) = ['3L/3-x] Equations (2.176).,

(2.177), and (2.178) are, in fact, necessary conditions for the

unconstrained case.
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SUMMARY OF THE RESULTS FOR THE PROBLEM POSED IN SECTION 2.2:

NECESSARY CONDITIONS FOR A SADDLE POINT

k = .f (x,Ax,Bx,t) , x(to) = Xq

J = L(x(T),T) + / g(x,Ax,Bx,t) dt
tO

3H/ 3x = -_X_

[3L/3x]t=T = X(T)

T ■
/ 3H/3A dt = [0]

tO
T

/ 3H/3B dt = [0] •
tO

T
j H A A d t > 0

tO

/ 11BB dt ^  ° 
tO
where .

H = g (SC)AscrBx, t) + A_,̂ .(x>Ax.,Bx,t)

SUFFICIENT CONDITIONS '

The existence of a continuous p(t) satisfying

P + Pf + f'P + &  = [0]— x —x 2 xx
Iwith the boundary condition P(T) = yL^(T) , is a sufficient condition for 

the existence of a saddle point. It is to be noted that f^, H , and 

Lxx(T) are to be evaluated along the optimal path generated by (A0 5B0) 

which satisfy the necessary conditions mentioned above.



CHAPTER 3

SCALAR QUADRATIC GAMES
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3.1 INTRODUCTION

In this chapter, the results of Chapter 2 are first applied to 

a basic minimization problem for a scalar dynamic system and then to 

a two-person zero-sum differential game in which system response is 

characterized by a scalar dynamical equation. Numerical solutions 

are discussed in Section 3.4 where some interesting results are 

brought to light.

It is shown that cooperation is possible even in zero-sum games 

from the point of view of control implementation. This conceptual 

and practical advantage of reducing the "latent" cost of control 

implementation is not apparent in the case of nonconstant-gain zero- 

sum games.

3.2 A SCALAR MINIMIZATION PROBLEM

Consider the basic minimization problem for a linear scalar 

dynamic system

X =  -X + U s Xq = I (3.1)

subject to the restriction

u = Ax (3.2)

The object is to choose the parameter A so as to minimize the 

performance index J,
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2 /  2J = x (T)Z + J u dt 
0.

(3.3)

Now

X = -Xd-U , x(t^) = I

(A-I) x

Therefore 

x(t) = e (A-I) % (3,4)

and

x (T) = e (A-I)T (3.5)

Now

J = x (T)Z + / A2X2 dt 
0

By substituting (3.4) and (3.5) in (3.6) and simplifying,

(3.6)

j = e2(A-l)T + _ & ! _  (e2(A-l)T_i) 
2 (A-I)

(3,7)

F or an extremum of J ,

S= ° (3,8)
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Differentiating equation (3.7) and simplifying, the necessary condition 

(3.8) is equivalent to

e2(A-l)T[2T(A_1) ̂ 2  + 2A - 2) + (A2 - 2A) ] + (2A - A2) = 0 (3.9)

Another way to obtain the above result is to apply the results 

of Section 2.5 of Chapter 2, assuming B = O ,  F = - I ,  = 1 ,   ̂0,

and = I. Equations (2.68), (2.69), (2.70), and (2,71) give

(A-I) x , x(tn) = I

P + 2P (A-I) + A = O  , P(T) = I

(3.10)

(3.11)

A Iqfx2 ^
T

/ x2 dt

(3.12)

and 

B = O (3.13)

To evaluate (3.12),

/ 1X 2 d t  -  d t  -  f e 2 ( A " 1 , T -S-
0 0

The solution of (3.11) is

2 (A-I)

P(t) (A2 + 2A - 2) ^2(A-I)(T-t) ____ A^_
2 (A-I) 2 (A-I)
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Let S =  (A2 + 2A - 2)/2(A-I), and W = A2/2(A-I). Thus,

P(t). = Se2 Â"‘1) w

/ Px2 dt =J (Se2 (A-:L)T-We2 (A~1)l:) dt 
0 0 .

= STe2 ̂A 1^t _ W ___(e2 (A-I) T_1}
2 (A-I)

,T 9 
J Px dt 
0_____ _

f x 2 dt 
0

STe2(A-1)T- W ( e ^ ! z l )
________ 2 (A-I)

CejCA-D T,!
2 (A-I)

and therefore,

(2 CA-D STe2 ̂a-1 ̂ T-W(e2 ̂A~1  ̂T-I) )
Ce2( A - I ) T ^

By cross multiplying and simplifying,

e2 (A-I) T (2T (A-l) (A2 + 2A - 2) + (A2 - 2A)) + (2A - A2) = 0

which checks with equation (3.9)= The constant A can be evaluated 

by following the iterative procedure expressed in Section 2,5«

3.3 TWO-PERSON ZERO-SUM DIFFERENTIAL GAMES

3=3.1 CASE I: CONSTANT FEEDBACK CASE

Consider the case of a linear time-invariant system governed by
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x = -0.5x + I.25u + 1.5v , Xq = 2

The quadratic cost functional is 
T

J = X(T)2S + / (u2 - 4v2 + 2x2) dt'
0

Equations (2.69), (2.70), and (2.71) of Section 2.5 give

P + 2F(-0.5 + 1.25A - I.SB) + A2 - 4B2 + 2 - 0 , P(I) - S

. / Px dt 
A = -1.25—9--------

T  9/ X dt 
0

J Px2 dt
B = 0.375-9-------T 9

/ x dt
0

and

Joptimal X2P (tQ) = 4P(0)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3,19)

Different terminal times T are chosen, and for each T , the 

parameter S is varied from 0 to 10. For each S , the saddle point and the 

performance measure have been computed (Figures 3.1, 3.2, and 3.3).

3.3.2 MIXED CASES

The same dynamic system (3.14) and the same cost functional (3.15) 

are considered. Two cases depending on which player follows the constant 

feedback gains are considered.
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+ T =  0.25

Slope of the line

T Very large 
Same point for all S 

A = -G1ZR1 
B = -G0ZR0

n Vo

-1.25 -:
Feedback gains A

Figure 3.1. Variation of saddle point.
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A Const 
B Const I m

A Const 
B Nonconst

A Nonconst 
B Nonconst

A Nonconst 
B Const

T Very large
for all cases

Figure 3.3. Variation of performance index.
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CASE 2: A CONSTANT AND B NONCONSTANT

This case corresponds to the minimizing player using constant 

feedback gain while the maximizing player is using nonconstant control. 

Following Sections 2.10 and 2.11, the necessary conditions for • 

optimality are

P + 2P(-0.5 + I.25A) + 0.5625P2 + A2 + 2 = 0 , P(T) = S

x = (-0.5 + 1.25A + 0.5625P)x , x = 2

A = -1.25-

T
./ Px dt 
0
I 9

/ x dt

and

jOptimal " P(t0)x0 "

(3.20)

(3.21)

(3.22)

(3.23)

Different terminal times .T are chosen, and for each T, the' 

parameter S is varied from 0 to 10. For each S , the constant A and the 

performance measure have been computed (Figures 3.3 and 3.4) by following 

the iterative procedure suggested in Section 2.10.
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A  const
B const

A  const
B nonconst
T-0.25

. A  const
B const
T-1.0

2§f}|?nst
.T-0.25

0.375
T  very large

Parameter S

Scalar Case

0.25
A  constant
B nonconstant

A nonconstant
B nonconstantA constant

B constant

A constant
B nonconstant

Figure 3.4. Variation of feedback gains. Figure 3.5. The state of the system.

Time t
0.25

S - 8.0
T  -  0.25

A  constant
B constant

A  constant
B nonconstant

A nonconStafcX
B nonconstant

Figure 3.6. Gains for the minimising 
player.

S - 8.0
T - 0.25

A  nonconstant
B nonconstant

A constant
B constant

A nonconstant
B constant

Figure 3.7. Gains for the maximizing 
player.



79
CASE 3: A NONCONSTANT AND B CONSTANT

This case corresponds to the maximizing player using constant 

feedback gain while the minimizing player is using variable gain. . 

Following Sections 2.10 and 2.11, the necessary conditions are

P + 2P(-0.5 + 1.5B) - 1.5625P2 - 4B2 + '2 = 0 , P(T) = S (3.24)

x = (-0.5 + 1.5B - 1.5625P)x , xQ = 2 (3.25)

at
B = 0.375—^------  (3.26)

,T 2J x2 dt .
0

and

jOptimal = pcV xO 4P (0) (3.27)

Different terminal times T are chosen, and for each T, the parmeter 

S is varied from 0 to 10. For each S , the constant B and the performance 

measure have been computed (Figures 3.3 and 3.4) by following the 

iterative procedure suggested in Section 2.10.

3.3.3 CASE 4: DIFFERENTIAL GAME WITHOUT CONSTANT-GAIN CONSTRAINTS

This game is one in which both A and B uses nonconstant-gain 

controls. The same dynamic system and the same cost functional as 

for the previous cases are considered, Following Section 2.6, 

necessary conditions for a saddle point are
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x = -0.5 + I.25u + 1.5v (3.28)

P - F - P 2 + 2 = 0 , P(T) = S (3.29)

u0 = -1.25Px (3.30)

V0 = 0.375PX (3.31)

and

J = x(0)2P(t_) = 4P (0)optimal U
(3.32)

Different terminal times T are chosen, and for each T, the 

parameter S is varied from 0 to 10. For each S , the performance 

measure has been computed.

The results for the above-mentioned four cases are given in 

Figures 3*1, 3.2, 3.3, and 3.4. Figure 3.1 illustrates the variation 

of saddle points A and B for Case I with respect to the paramter S 

for a fixed terminal time T.

Figure 3.2 illustrates the locus of contours of constant J 

near the saddle point for Case I.

Figure 3.3 illustrates the variation of the performance measure 

with respect to S for all four cases for a fixed terminal time T.

Figure 3.4 illustrates the variation of constants A and B with 

respect to S for a fixed terminal time T for the first three cases.
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3.4 DISCUSSION OF RESULTS

The steady-state value of the matrix Riccati equation (3.29), 

when the players are using nonconstant feedback gains, is equal to 

unity. Hence when the final time T is sufficiently large the non­

constant feedback gains essentially reduce to the constant feedback 

gains. Thus, when the final time T is very large, the saddle points

A.and B can be computed from equations (3.30) and (3,31), i.e.,

_ R — I q I p
I I steady-state

”1
® ~ -R2 ^2 ^steady-state

-1.25

0.375

It is evident that this saddle point should be the same regardless 

of the value of S .

From equations (2.70) and (2.71) of Chapter 2, it is observed 

that for a scalar time-invariant case,A and B are related by the 

equation

B = -
AR1G2

V l

From Figure 3.1 it is evident that they indeed follow this law; 

and as final time T and S are varied, the saddle points telescopically 

converge to the point (-R^G^* , - R ^ G g ') as expected. As time T -> <» , 

constant gain, mixed control gain, and nonconstant gain all become 

equivalent. Thus, whenever the duration of the game is sufficiently 

large, it seems appropriate to use constant gains.
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Considering Figure 3.3, it can be concluded that whenever the 

player is restricted to use constant feedback gain he will be at a 

disadvantage, as expected. For the particular example under considera­

tion, it is also seen from Figure 3.3 that it is advantageous for the 

maximizing player when both are using constant feedback gains. Under 

exactly what conditions constant gains are advantageous to one player 

or the other will be considered in a subsequent chapter.

It is interesting to note from Figure 3.3 that all the performance 

index curves for different terminal time T intersect at a common point, 

and the point has been named the "Equivalence Point", since at that 

point the performance index and control laws are the same regardless 

of the original design intent and regardless of the final time T. 

Consideration of Figure 3.4 reveals not only that the pay-off is the 

same at the equivalence point but that all feedback gains A are 

the same at the equivalence point, as also are gains B, whatever may 

be the final time and whatever may be the type of control being used. 

Whether such phenomena will occur in linear time-invariant vector 

cases and in linear time-varying cases is a matter for further 

investigation.

From Figure 3.3, when S is small and near the equivalence point, 

the performance index is almost the same as the nonconstant-gain 

performance index. Whenever the parameter S is near the equivalence 

point, therefore, it may be appropriate to use constant feedback 

gains.
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Figure 3.3 suggests in fact that concepts such as negotiation, 

bargaining, and side payments between the players may be beneficial to 

both. Due to the lack of technical know-now and/or to the cost of 

implementing nonconstant gains, the minimizing player, for example, ■ 

knowing his limitations, might induce player B to use constant gains 

by giving a fraction of pay-off mn as indicated in Figure 3.3, as 

a side payment. The players may agree on a negotiated pay-off where 

an intermediate agency., say the Government, may come into the picture; 

and any player who does not comply to the rules of agreement, may 

be heavily penalized. The rules of side payment, bargaining, etc., 

are matters for further investigation.



CHAPTER 4

SUBOPTIMAL CONTROL LAWS
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4.1 INTRODUCTION

In this chapter necessary and sufficient conditions are derived 

for the existence of a saddle point for a general two-rperson zero-sum 

differential game when one or both players use control laws of specified 

form. The specified forms for the controls consist of weighted sums 

of the state variables, the weighting factors being products of known 

time-varying functions and of constants to be determined in an optimal 

manner. The general results are applied to linear^quadratic games 

(games with linear dynamics and quadratic performance indices). For 

this class of differential games, an additional development is given 

to obtain control law parameters that are independent of initial condi­

tions so that a saddle point with respect to the expected value of the 

performance index is obtained.

The results are applied to specific scalar and vector dynamic 

systems, and numerical solutions are presented. The approach and the 

results of this chapter are especially useful.when only partial informa­

tion about possible initial states is available to the players and when 

on-line computational facilities are limited. The results should 

broaden the class of practical problems to which differential game 

theory can be realistically applied. By restricting the form of feed­

back gains, it is possible in some cases to obtain control laws that 

are only nominally suboptimal, but are both, computationally feasible 

and implementable in practice.
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In the case of one-sided optimal control theory, necessary condi­

tions for computing constant feedback parameters that are independent 

of initial conditions have been derived by Kleinman and Athans [26] , 

but their results are not directly applicable when only partial informa­

tion about possible initial states is known. In addition, the approach 

adopted in this chapter for finding the optimal gains differ from that 

of Kleinman and Athens.

4.2 FORMULATION OF THE PROBLEM: BOTH PLAYERS CONSTRAINED

Consider a dynamic system given by ( 2.1.) and a cost functional

given by (.2.2) with the associated weighting matrices having the

properties described in Section 2.2. The problem is to find or charac-
0 0terize, if they exist, particular controls tj and v which are optimal 

in the sense that for any control vectors, ju and v, there holds

J(u°,v) <_ J (u®,v^) £  J(u,v°) (4.1)

Controls u and v may be constrained to be of the form

(4.2) .

(4.3)

m,
u = £ a . (t) Aj x  

I 3

and

v = J  8.(t) B3 x

where



Aj = [0]
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j = I, 2, (4.4)

and

= [0] j = l , 2 ,  ... , m2 (4.5)

and where a.(t)’s and g.(t)’s are scalar functions of specified form. 

A^’s and 's are constant matrices of appropriate dimensions and are 

to be determined to satisfy (4.1).

In general, the optimal * s and B^’s are functions of the initial 

state x(ty). In Section 4.6, we consider the case where the players 

desire to form control laws (4.2) and (4.3) that are independent of 

the initial state: Each player assumes some a priori distribution of

possible initial states and satisfies conditions for optimality only 

in an expected value sense.

4.3 NECESSARY CONDITIONS'

Variational procedures are applied to yield the necessary condi-
-S

tions for optimality. For convenience the (n x p. ) matrix Aj and the 
"I(nr.x q) matrix Bj are partitioned in terms of columns: Let

A3 - IaJ «! I 5 2 5 e o o 5

and

J . I 9 2 5 OfO9
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where

a? = O 
— k  -

6? = O 
— k  —

Let .

> i i i -ia and b , , b^, ..., bJ are constant vectors,— n — I — 2 —n
J I 9 2j Oea9 Hl-
k = I, 2, o .., n
J Ij 2 9 Oeo9 Hî
k = I 9 2, ...9 n

g(x. I « Â x,
3=1 3

I BiB3Xjt) 
3=1 3

and

IeCe9

(4.6)

(4.7)

(4.8)

f = f (x9 I a AjX 9 I 3 BjX 9t)
~ - j=l.3 3=1 3
The development of Section 2.3 

denote the vector Lagrange multipliers that account for the constraints

(4.6) and (4.7) respectively in the two related optimal control problems 

and _X(t) be the common Lagrange multiplier that account for the 

constraint (2.1). Also9 let

H = g + X'f (4.10)

(4.9)

is applicable. Let r̂J (t) *s and £ J (t) 's

It can be easily seen that the. necessary conditions are

\ = -9H/9x. (4.11)

with the boundary conditions

X(T) = [9L/9x]t=T (4.12)

JijcV  = a j (T) (4-i3)

£j(t0) = P.j(l) (4-14)

(4.15)
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*1
k = I, 2, .. . , n
j 1» 2 y * 6 ° 5 ^2

From (4.13)s (4.14), (4.15) and (4.16),

Z1 - 5J d t  
tO a-ik

k = 1,2, 
j I, 2,

(4.16)

(4.17)

/
t,

k = I, 2, . .., n
3 — I, 2, ..., mg (4.18)

Conditions (4.12), (4.17), and (4.18) are then necessary conditions for 

a saddle point.

4.4 SUFFICIENT CONDITIONS

The sufficient conditions derived in this chapter follow the pro­

cedure adopted by Rhodes [36] for the case, of zero-sum jgames without 

gain constraints. Let A denote the set {A*5}, B denote the set {B*1},

H denote the set , and p denote the set .

Theorem I: A sufficient condition that the A0 and B0 which satisfy

equations (4.4), (4.5), and (4.11) to (4.18) are indeed optimal in the 

sense of a saddle point is that there exists a scalar function 

I(A,B,x,n,p) which satisfies the following five properties.

I) min S(x,A,B^,n,p) = 0 (4.19)
A

2) The minimum in (4.19) occurs for A = A^ (4.20)
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3) max S (x,A°,B,ri,p) = 0 (4.21)

B

4) The maximum in (4.21) occurs for B = B^ (4.22)

5) !(A0 sB0 sX(T),n(T),p(T)) = L(x(T),T) (4.23)

where A0 s_B'°7n(t) s p(t) are determined by the necessary conditions 

(4.11) to (4.18)s and where the scalar function S is defined by the 

equation

S(xsA,Bsn sp) = I + I*f + g (4.24)

The prime in (4.24) denotes the transpose, and and represent the 

partial derivatives with respect to t and x,respectively.

Proof of the above theorem follows from that of Rhodes [36 ] and 

is given in Appendix A. The main difficulty in specific problems lies 

in the selection of the scalar function I . For linear-quadratic games 

with gain constraints, a suitable I function is given next.

4.5 APPLICATION TO LINEAR QUADRATIC GAMES

NECESSARY CONDITIONS

Consider a linear dynamic system given by (2.42) and a cost func­

tional given by (2.43) with the associated weighting matrices having 

the properties described in Section 2.4. Following the procedure out­

lined in Section 2.4, it can be shown that the necessary conditions are
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/ Ctk ER1 ^ct1Aj' + G1Pjxx* dt = [0], k = I, 2,
3=1

, In1 (4.25)

J 3 [R l3.Bj + G-Pj2B* dt
tn K 3=1J .

[Oj1 k = I, 2, i m2 (4.26)

n£(T) = n?(tn) 3 = I, 2......m
k U k = I, 2, n

Hl1 Hlg Hl1 Hlg

P + P(F + G1 ia.A^ + G0 I&.B^) + (F + G Ia A^ + G Ig B^) *P + 
1I=Ij z J=Ij 1J=Ij z J=Ij

(4.27)

(4.28)

I __
( fa.AJ)*R ( Ia.AJ) + ( Ig.BJ)*R0( Ib,BJ) + Q = [0] . (4.29)
-•-iJ ■ J- j=13 i=i3 z 4=13

2

with the boundary condition P(T) = S .  After some algebraic manipulations,

0the optimal cost J can be shown to be equal to

I — * ( Iq ) I* ( ̂ q )-( ̂ q ) (4.30)

SUFFICIENT CONDITIONS

The sufficient conditions of Section 4.4 can now be applied to 

the above problem. Consider

n . m I
i(A,B,x,n,p) = x*(t)P(t)x(t) + I I np'ti - (£k)0) +

k=l j=l

n ”2

k=l j=l
(4.31)
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Therefore.

n “l . n m 2 .
S(X9A 9Bu ,n,p) = x ?P x +  I I n^(aJ - (a^)0) + I %

k=l j=l ' k=l j=l K

+ x'P[F n V- -L n V o+ G I a Aj + G I B (Bj) ]x + x * [F + G J a 
j=l J j=l J J=I J

Aj +

2 I I .
G £ B 1(Bj)0I1Px + x'( I ct.AJ) 1R ( £ Ct1Aj) 

3=1 J 3=1 3 3=1 3
x +

m2 . ™2
x’( I (B-(Bj)0)'R9( X B1(Bj) V h-X1Qx

3=1 3 3=1 3

S(x9A 9BU9n9p) = x ’[P + P(F + Gi% C t 1A j  + G % B-(Bj)0)
3 = 1 J 3=1 J3=1

f B (Bj)0) + Q]x + I I1Bj '(aj - (aj)°) (4.32)
3=1 J " 3=1 3 k=l 3 = r *  K K

3It is evident that the minimization of S with respect to aĵ  gives 

rise to the necessary condition (4.25); and from (4.29) and (4.32)9 

the minimum of S is equal to zero.

( I BXBj)0) % (
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Similarly it can be shown that the sufficient conditions (4.21) 

and (4.22) are also satisfied b y 'the necessary conditions. Finally, 

the scalar function I(x,A^,B^,ri»p) reduces to

I(x,A^,B^,ri ,p) = x'Pjx (4.33)

Sufficient condition (4.23) is then satisfied by the boundary condi­

tion P(T) = S .

Hence the existence of a P(t) satisfying condition (4.29) is a 

sufficient condition for the existence of a saddle point.

4.6 AVERAGING OVER INITIAL CONDITIONS

Conditions (4.25) and (4.26) suggest a scheme for finding

controller parameters that do pot depend upon the initial conditions.
, * *

The problem is to find or characterize, if they exist, A and B 

which are optimal in the sense that for any other sets of gain matrices 

A and B there holds . •

E 1(J(A*,B)] <_E^[J(A*,B*)] (4.34)

and .

E2[J(A*,B*)] ^  E2 [J(A,B*)] (4.35).

where the expectation operators E^ and E2 are taken over distributed 

initial states. The players will try to satisfy.the conditions 

(4.25) and (4.26) in an average sense.
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Now

x ( t )  = < K t,t0) x ( t 0) = ( K t j t 0)X0

where is the transition matrix corresponding to

*1 . *2 '
(F + G £ cc A 0  +  G 2  I  B BJ) .

' j=l 3 j=l 3

Therefore conditions (4.25) and (4.26) reduce to

(4.36)

(4.37)

(4.38)

It is evident from (4.37) and (4.38) that, in general, the constant 

gain matrices (A3) tS and (B3) tS do depend on the initial conditions.

Assume that xn is a random vector and further assume that

E(xi0 Xj0) KijG(xIQ)
(4.39)

If we then-require that (4.-37) and (4.38) be satisfied in an expected 

value sense.

(4.40)
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and

(4.41)

the advance Information available to the players. For example, if 

uniformly distributed initial states apply, and if the components are

if X10 = 4x 20, for example, then K 22 = (IAb)K11 and K 12 = K 21 = (1/4)K11» 

In this way partial information about the possible initial conditions 

can be. taken into account in the design of the controller.

•Note that if the ratios x ^q A^iO ̂ x20^Xi0’ * ° ’ Xn0^Xi0 are

without knowledge of specific initial values.

A separate derivation of the necessary conditions (4.29) , (4.40), 

and (4.41) starting with the problem of finding the expected value of 

the performance index is given in Appendix B .
A

Because equation (4.29) still has to be satisfied by the A 's
Aand B 's which do not depend on the initial conditions, it is clear 

that the sufficient conditions of Section 4.4 are satisfied in an 

expected sense, the initial condition being treated as a random

are zero. But

known for some nonzero x ^qs equations (4.37) and (4.38) can be solved

variable.



96

The value of J obtained by using these suboptimal A 's and B 's, 

after some algebraic manipulations is

J = 2^1’C V  X0 (4-42)

and the expected value of J is

J = tr(P(t0)K) (4.43)

where

K = E(x(t0)x’ Ct0)) (4.44)

Of course, each player could use a different K in the design of 

his controller, and the one coming closest to the true K would benefit 

in average performance. Equation (4.34) is the pessimistic viewpoint 

of the minimizing player and equation (4.35) is the pessimistic view­

point of the maximizing player.

From equations (4.37) and (4.38), note that the optimal constant

feedback gains for a scalar case never depend upon the initial state,

even though the optimal performance index does depend upon the initial 

state; namely,

Joptimal = xOp ^tV (4.45)



97

4.7. CONVERGENCE OF SUBOPTIMAL CONTROLS WHEN m -»- « and ny

Consider the Hilbert space L^tt^jT] which consists of those real­

valued functions of t in the interval [t^,!] for which |f(t)j is 

Lebesgue integrable and in which the inner product is defined as

(x/y) = / x(t) y(t) dt (4.46)

and assume that there exists an f(t)£  L2 [tQ ,T] orthogonal to every

a . (t). This means 
3

j a. (t) f(t) = 0 
3

3 = I, 2; (4.47)

Assume that the a (tj's, j = I, 2, ... are independent. By the Gram-

Schmidt orthogonalization procedure [31], one can find an orthonormal

sequence {e_. } such that for each n, the space generated by the first n

e.’s is the same as the space generated by the first n a.'s, l.e.,
3 3

(4.48)

Consider

T k T
/ e, (t) f(t) dt = I C, / a (t) f(t) dt = 0

«0 tO J
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I o 6 • j

T
/ eJcCt) f(t) dt = O (4.49)
tO

where e^'s, k = I, 2, ... form a n ■orthonormal infinite sequence.

Assume further that the sequence {e^(t)} is complete.

Definition: An orthonormal sequence {e^} in a Hilbert space H is said

to be complete if the closed subspace generated by the e^'s is H.

It is well known [ 31] that an orthonormal sequence {e^} in a 

Hilbert space H is complete if and only if the only vector orthogonal 

to each of the e^'s is the null vector, i.e., f(t) = 0 almost every­

where. If f(t) is continuous, however, then

f(t) E 0 (4.50)

Considering the necessary conditions (4.37).and (4.38) or (4.40) 

and (4.41), it is evident that condition (4.50) is applicable component­

wise. Therefore,

CO .

R 1 I a A3 + G'P = [0] (4.51)
J=I J

and similarly 

00 .
R I B B3 .+ GIP =

J=I 3 A

[0] (4.52)
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or 

00 ■
I a.A3 = -R1 G'P (4.53)

3=1 J

and

CO
^ B-Bj - - C 1GlP (4.54)

J - I 1

Substituting (4.53) and (4.54) into (4.29) we obtain

P + PF + F'P - R (GiR i 1g1 + G2R21(;2)P + Q = [°] (4.55)

with the boundary condition P(T) = S . Therefore when = 00 and 

mg = co, the problem solution.essentially reduces to the unconstrained 

gain solution.

Consider

I  dt ’ 0 k = I, 2, ...,Hi1 
m^ = I, 2, 3, ... (4.56)

where we have considered a finite sequence instead of the infinite

sequence and let m Assume that
I

^ fm1(t) = g(t) ’ (4.57)

i.e., f (t) uniformly converges to g(t) as m 
m I

00. Then from (4.56)



I

100
T T

/ a, (t)(f (t) - g(t)) dt = - J  a (t) g(t) dt (4.58)
to i to

k = 1 , 2, . .. ,

For each k let ->• ” to get

T T
J ct (t) Iim (f (t) - g(t)) dt = 0 = -/ Ot1 Ct) g(t) dt (4.59)k m- I k
tO 1 1 t0

k = I, 2, ...

Hence g(t) = 0 almost everywhere. Therefore, it is clear that if 

m oo and m -> “> the sub optima I control laws essentially converge to 

the truly optimal control laws in the linear-quadratic game.

4.8 u SUBOPTIMAL AND v TRULY OPTIMAL CASE

Variational procedures are employed in Section 2.7 to yield the 

necessary conditions when each player is restricted to use piecewise 

constant gains only during a certain specified interval of time. 

Similar procedures can be applied to the problem of this chapter. 

Consider, for example, the control diagram of Figure 4.1(a) which 

indicates that the minimizing player uses suboptimal control through­

out the duration of play and the maximizing player uses truly optimal 

control.

Following the procedure outlined in Section 2.7, it can be shown 

that the necessary conditions are
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tO
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T
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I2BjBjX ---------»

j = l  2 
(b)

F ig u re  4 . 1 .  C o n tro l d ia g ra m s.
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T

I 0 k = I, 2, ... , n 
J I 9 2 $ • • • 9 (4.60)

9H
9v 0 (4.61)

X(T)

-k^T  ̂ -̂ k ̂ tO^
k = I, 2, .. ., n 
j = 1, 2, ... , Di1

(4.62)

(4.63)

where X. and ji^(t) ’s are vector Lagrange multipliers that account for 
the constraints

x = f(x, I cx Ajx,v,t)
j=l 3

(4.64)

and

k = I, 2, ..., n 
j = I $ 2, ..., m^ (4.65)

Similar results apply to the case of Figure 4.1(b) where the maximizing 

player uses suboptimal control and the minimizing player uses truly 

optimal control.

APPLICATION TO LINEAR-QUADRATIC GAMES:

Consider a linear dynamic system given by (2.42) and the cost 

function (2.43) with the associated weighting matrices having the 

properties described in Section 2.4 and with the control diagram of 

Figure 4.1(a).
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Following Sections 4.5 and 4.6, it can be shown that 

necessary conditions are

where P (t) satisfies the differential equation 

m- m
o I » I *  _-I
P + P(F+.G. I a.AJ) + (F+G, I a .A3) 'P - PG R G P  + 

J=I J ^j=I 3

the

(4.66)

(4.67)

( I a A V R 1 ( I a.A3) + Q 
j=l J j=l J

[0] (4.68)

with the boundary conditions P(T) = S .

If the first player is known to select his gains to be independent 

of initial conditions, condition (4.66) reduces to

/ Ct1 IR1 I ct.AJ + G p ] (J)K(J)' dt = [0] i = I, 2
J=I

5 o • « j in-j (4.69)

Again following the development of Section 4.5, it is evident 

that the existence of a P satisfying differential equation (4.68) 

with the boundary condition P(T) = S is a sufficient condition for 

the existence of a saddle point.
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4.9 NUMERICAL EXAMPLES 

A. SCALAR CASE .

Consider the case of a linear time-invariant system governed by

x = -0,5x + I.25u +.I.5v, Xq = 2 (4.70)

The quadratic cost functional is 

' 0.25
J = X(T)2S + / (u2 - 4v2 + 2x2) dt (4.71)

0

By assuming different values to the <V(t)'s and S^(t)ps, we can 

have different suboptimal controls for each player. Figure 4.2 shows 

the variation of performance index when various types of suboptimal 

controls are employed. It is seen that the variation of the perform­

ance index from the truly optimal saddle-point value is greatly 

reduced if we assume u = (A^ + A^t)x and v = (B^ + B^Ox. The state 

of the system, the gains, and the controls for each player with 

different suboptimal controls are illustrated in Figures 4.3, 4.4, 

4.5, 4.6, and 4.7.

B. VECTOR CASE:

Consider the case of a linear time-invariant system governed 

by

0 I 

0 0
u + (4.72)
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u *» (Ag + A^t)x

Scalar case„
T - 0.25

v truly optimal

u - A x
v - B x

(Ag + Ajt)x
v truly optimal

u - (Aq + A1t + A^t )x 
v truly optimal

u truly optimal 
v truly optimal

u truly optimal 
v - B x

Figure 4.2. Variation of performance index.
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Scalar case

u truly optimal 
v truly optimal

u = (Aq + A^t + A 21 )x 
V =  truly optimal

V = Bx

time t

Figure 4.3. The state of the system.



Oel
me

107

feeler eeee

T • 0.2$

v tmly optimal

f— ' v truly optlael
v truly optimal

■ truly optlael 
o  truly optimal

a truly optimal
u truly optimal

Figure 4.5 Ceatrole for the mlplaitlag player.Figure 4.4 Calme for the mielmlelng player.

feeler case 
t - 0.0 
T • 0.25

w • A*
v • Sr

Scalar case

u truly optimal
u truly optimal

<*0 ♦ Y  ♦ Y*)

Time t

Figure 4.4 Celoe for the marlmlmlog player Figure 4.7. Controle for the aealmlmlog player.
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where u and v are scalar controls. The quadratic cost functional is

X t(T)
Pt I 

I 2
x(T) +. / (x^ + 0.5u - 4v2) dt

0
(4.73)

First it is assumed that the initial conditions are known to be

2.0"
0.5

(4.74)

The optimal feedback gains and the performance index are computed.

The details of related computations are outlined in Appendix C.

Next the feedback gains that are independent of initial condi­

tions are computed, as also are the average performance index and the 

actual performance index resulting from use of these feedback gains

when the initial conditions are given by equation (4.74). In computing
2 2the above feedback gains, it is assumed that E(Xin) = E(xon) and thatXU ZU •

x ^q and x^Q are independent.

It is then assumed that partial information about the initial 

conditions are known— two cases are considered. In the first case it

is assumed that E(x ^q ) = IbE(Xgg), and in the second case x ^q =

It is evident that the matrix K will in the first case be equal to
20°

I 0

0 1/16
and in the second case be equal to

I 1/4 

1/4 1/16
It is

to be noted that the optimal parameters in the second case coincide 

with these when the specific initial conditions are known, and satisfy

20"
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X- - -2.010 =
X-- 0.520

The above computational scheme is repeated for

The results are tabulated in Table I. It is to be noted that in

calculating the average performance index from equation (4.43), K
2

is normalized to have E(x^) = I. In other words, the normalized

average performance index given in Table 4-1 is to be multiplied 
2by E(x ^q ) to get the specific ayerage performance index.

This example particularly illustrates the advantage of using 

the constant feedback gains since the variation of the performance 

index from the truly optimal saddle point value is nominal when 

constant feedback gains are employed. Table 4-1 clearly indicates the 

nature of the solutions.

4.10. CONCLUSION

Necessary and sufficient conditions for the existence of a saddle 

point when one or both the players use suboptimaI controls have been 

examined. In the special case of linear-quadratic games, it has been 

shown that the optimal controller parameters for a given initial 

condition Xq are also valid for initial conditions ax^, -°° < a < <». 

Consideration has also been given to the optimal choice of the parameters
C

when only partial information about possible initial states is avail­

able to the players. It is evident that cooperation and negotiation 

are possible in zero-sum games from the point of view of control 

implementation.



TABLE A-I

RESULTS FOR A VECTOR CASE 
(Constant Feedback Gains)

Case Gain 
# Conditions Design Information

Actual
Initial

Conditions Optimal Gains
"Performance 

Index

I u truly xIO -= 2.0 A(t) = -RT1G tP (t)
optimal _L • J- J = 14.0195
v truly X20 = 0.5 B(t) = -R21Gp(I)
optimal

P(t) from equation (4.55) Jvr = 3.5049 N
2 u =  Ax Initial conditions R' A = [-3.4825 -4.3371] AJ = 14.0867

V = Bx included in the B =  [ .8706 1.0843] Jvt = 3.5217
design N

3 u =  Ax_ Efe102) -  Efe202) it A = [-3.2786 -3.7776] J = 14,1215

v = JBx E(*io xZO1 = 0
B =  [ .8196 .9444] Jvt = 4.4235

4 u =  A x Efe102) - ISEfe202) I? A = [-3.6166 -4.3788] J = 14.0988

n>

E(xio x ZO1 = 0
If B = [ .9041 1.0947] Jn  = 2.6983 .

5 u =  A x X10 ’ 4xzo
ft Same as #2 Same as #2

v = J B x

(table continued)

H
O



TABLE 4-1 (continued)

Case
#

Gain
Conditions Design Information

Actual
Initial

Conditions Optimal Gains
Performance

Index

6 u truly xio = "2 -° A(t) = -R^1GpCt)
optimal J = 7.4371
v truly X 20 = 0.5 B(t) = -R G'P(t)
optimal . I L

P(t) from equation (4.55) Jn  = 1.8593

7 Initial conditions xio = ~2*0 A = [-3.766 -4.3951] J = 7,4810
included in the

v = Bx design x20 = °-5 B. = [ .9415 1.0988] J = 1.8702 
N

8 u = Ax E(x 102) = E(x 202)
Tl Same as #3 J = 7.5047

v = Bx E<J£10' V  ‘ 0 3 = 4.4235 N
9 u = Ax ECx102) - ISECx202) IV Same as #4 J = 7.4876

v = Bx E<x10 x20> " 0 Jm  = 2.6983 N
10 u = Ax xI0 ’ -4x20

V Same as #7 Same as #7
v = Bx

111
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5 .1  Introduction

In this chapter sufficient conditions for advantageous strategies 

for either player are examined for a linear-quadratic game in which 

the players are constrained to use suboptimal control laws as specified 

by equations (4.2) and (4.3). The concept of a "bargaining matrix" 

is introduced, and numerical results to illustrate the theory are 

included.

5.2 SUBOPTIMAL COSTS

It is shown in Chapters 2, 3, and 4 that the optimal performance ■ 

index for linear-quadratic games depends on the initial state vector 

and on the initial value of the matrix P , which satisfies the matrix 

Riccati equation (4.55) for nonconstant feedback gains and (4.29) for 

suboptimal controls given by (4.2) and (4.3). In this section, an 

expression for the difference of P(tg)'s is derived when the players 

use two different suboptimal controls. The procedure parallels the 

one adopted by Kleinman and Athans [26 } for the corresponding one­

sided optimal control problem.

Consider a linear dynamic system given by (2.42) and a cost func­

tional given by (2.43) with" the associated weighting matrices having 

the properties described in Section 2.4. The two suboptimal gains 

to be considered are defined as follows.
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A 1 = I a (t)A^ 

3=1 3 
• S1

4  = . % / j (C)A^
j=l

B1 = I 3 (t)B.j 
X j=l 3 1

S2B2 = I 6 (I)B̂
3=1 3 ^

(5.1)

(5.2)

(5.3)

(5.4)

FN1 = F + G1A 1 + G2B1

FN2 = F +  G1A 2 + G2B2

(5.5)

(5.6)

It is evident from the foregoing chapters that the following relations 

are to be satisfied for optimality.

P1 + p IfNI + fNIpI + W l  + *1*2*1 + Q " [0] 

with the boundary condition P(T) = S , and

*2 + P2FN2 + FM P2 + A 2R2A 2 + B2E 2B2 +  ^ ^

with the boundary condition P(T) = S. Therefore,

P1 = -p IfNI “ FN1P1 " A 1R1A 1 “ *1R2*1 “ Q 

From, equations (5.5) and (5.6),

(5.7)

(5.8)

FN1 FN2 + G1 (A1 “ A2^ + G2 (*l “ B2)

(5.9)



(5.10)Fm Pl  "  (<A1 -  V 0I + <B1 -  B2 > 'G2>P1 + FK2P1

and

p IfKI ' p IfK2 + P1 [G1 (A1 - V  + G2 (B1 - (5.11)

Substituting (5.10) and (5.11) in (5.9)

P1 - ' V i  - pIfK2 - XiElAl - bIr2=I - Q

- [ ( a I  -  A2)'G »  + (B1 -  B2) 'G p P 1

-  P1 [G1 (A1 -  A2) + G2 CB1 -  B2) ] (5.12)

From equation (5.8)

P2 “FN2P2 P2FN2 “ A 2R1A 2 B2R2B2 - Q (5.13).

Subtracting (5.13) from (5.12)

P1 -  P2 -  6 P (t)  = -F^2 (P1 -  P2) -  (P1 P2^FN2 + a Pr Ia2 AiRlAl

+ B-R2B2 -  B-R2B1 -  [(A1 -  A2)'G i  + (B1 -  B3) - G ^

- PllGl<Al " A2> + G2<B1 " V l (5.14)

Equation (5.14) can be rewritten as

6P(t ) -  - I ' 2SP -  JPFh2 -  (A1 -  A2) 'R 1 W1 -  A2)

- ( B 1 -  B2) 'R 2 CB1 -  B2) -  (A1 -  A2) '(G -P 1 + R ^ 2) +
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-(B^ - B,)'(Ĝ Pi + R̂ Bz) - %  + RiA,)'(Ai - A,)

- %  +  W ' ^ i  - *2)

Because Pi(T) = P,(T) = S,

SP(T) =[0]

It can be shown that the matrix differential equation 

L = -F'L - LF + GU

with boundary condition L(T) has the solution
T

L(t) = ^ 1(Tjt)L(T)(J)(Tjt) - J (J)' (T,t)G(T)U(T)(|)(T,t) dT
t

where (J)(Ijtg) is the transition matrix corresponding to F(t) .

4»(t,tg) = F(t)<J)(t,t0) ,(J)(t0 ,t0) = I

and

Ktg,t) = -(J)(t0 ,t)F(t),<J)(t0 ,t0) = I

These results are used in equation (5.15) to obtain 

T
6P(t) = J .J1̂ (Tjt) [(Ai - A,) 1Ri(Ai - A,)

+ (Bi - B2)'R2 (Bi - B2) + (Ai - A 2)'(G^i + R ^ )

+ (Bi - B2)'(G^Pi + R2B2) + (G’Pi + R ^ 2) ' (Aj - Ag)

+ ( G p i  + R2B2)'(Bi - B2) ]<|,2 (T,t) dT

(5.15)

(5.16)

(5.17)

(5.18)

Therefore

(5.19)

(5.20)

(5.21)

I
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where is the transition matrix corresponding to F^Ct)*

Another expression for 6P(t) can be found by interchanging 

the subscripts in equation (5.21) and multiplying the resulting 

expression b y  -I.

T
6P(t) = J [-(A1 - A2)'R1 CA1 - A 2)

- (B1 - B2) 'R2 (B1 - B2) + (A1 - A 2) ' ( G ^  + R ^ )

+ (B1 - B2)' ( G ^ 2 + R 2B1) + (G'P2 + R 1A 1) ' (A1 - Aj)

+ (G^P2 + R 2B1) '(B1 - B2) !^(T.t) dT (5.22)

Yet another form of 6P(t) which is used in Section 5.3 is 

obtained from the following identities:

G p 2 + R 1A1 - ( G p 2 + R 1A 2) + R1 CA1 - A 2)

G p 2 + R2B1 = (GJP2 + R2B2) + R2 CB1 - B 2) .. .

Therefore,

(A1 - A2) ' ( G p 2 + R1A1) = (A1 - A 2) ' ( G p 2 + R ^ )  + (A1 - A ^ t R1 (A1 -

(5.23)

(B1 - B2)'(Gp2 + R2B1) = .(B1 - B2)'(Gp2 + R p 2) + (B1 - Bj)'R2 (B1 - B^
(5.24)

( G p 2 + R1A1)'(A1 - A2) = ( G p 2 + R1A 2H A 1 - A ^  + (A1 - A ^ ' R jl(A1 - Ag) '

(5.25)
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.<e2P2 + W ttI " V  - <G?2 + E2B2), (B1 - B2) + (B1 " W 6I " S 2>
(5.26)

Substituting (5.23), (5.24), (5.25), and (5.26) in (5.22), the result 

is
' T

3 P ( t )  = J <j) | (T ,t )t (A1 . -  A2) 1R1 (A1 -  A2) + (B1 -  B2) 1R2 (B1 -

+ (A1 - A 2) ’ ( G p 2 + R1A 2) + (B1 - B2) ' ( G p 2 + R p 2) +

( G p 2 + R1A 2)'(A1 - A 2) + ( G p 2 + R 2B2)'(B1 - B ^  J^r.t) dx

(5.27)
Equation (5.27) is a general expression for the difference in cost 

of implementing two different suboptimal gains. An expression for 

the difference between a suboptimal cost and the nonconstant saddle 

point pay-off is derived in the next section.

5.3 ADVANTAGEOUS STRATEGIES

If we assume that A 2 and B2 correspond to optimal unconstrained 

controls and A1 and B1 correspond to suboptimal constrained-gain 

controls, then

A 2 (t) = A*(t) = -Ri1G p 2

- - R - 1G p 2

(5.28)

B2(t) = B2 (t) (5.29)
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where P^Ct) satisfies (4.55). 

Therefore.,

G p 2 + R1A 2 = [0]

%  + *2B2 =

(5.30)

(5.31)

with (5.30) and (5.31), (5.27) gives 

T
5P(t) = J ^1 (Tjt)[(A1 - A*)VR1(A1 - A*)

+ (B1 - B2)'R2 CB1- B*)If1 Cr,t) dr (5.33)

Whether the suboptimal controls A 1 and B1 are,advantageous to •

one player or the other with respect to the nonconstant saddle point

pay-off is determined by (5.33): namely, if SPCt^) is greater than

zero, then the suboptimal controls specified by equations (5.2) and

(5.3) are advantageous to the maximizing player and vice versa.
X *

It is evident from equation (5.33) that 6P(t^) = 0 if A1 = A 2 
*

and B1 = Bg. But it is to be noted that because the integrand of

equation (5.33) consists of a positive definite term and a negative
*

definite term, the integral can become zero even if A 1 f Ag and B1 f 
A

The above discussion can be illustrated by the following geometric 

argument. Let a denote the optimal saddle point pay-off, b the pay-off 

when the minimizing player uses suboptimal control while the maximizing
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player uses optimal control, c the pay-off when the maximizing

player uses suboptimal control while the minimizing player uses

optimal control, and d the pay-off when both the players use sub-
* *optimal control. Also, let u and V i denote the truly optimal 

controls.. Therefore,

* *
J(u 5v ) = a

JCA1X sV ) = b 
*J(u , B1X) = c  

JCA1X s B1X) = d

It is evident frpm saddle point theory that

a <_ b 

a > c 

d c 

and 

d b

Therefore, d can lie anywhere between b and c and whether it is 

greater than a or less than a is actually determined by CS.33)

Sufficient conditions for advantageous strategies are derived 

next for the game with a time-invariant system and when the players 

use constant feedback gains.
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TIME INVARIANT SYSTEM (CONSTANT FEEDBACK GAINS) .

Scalar Case

From Section 2.5 for a time-invariant system under the constraint 

of constant feedback gains,

' 2G1 Jp 1X dt 

R1 Jx 2 dt

and

G2 /P1x dt

2̂ Jx2 dt

from which

B A 1G2R 1 
1 G1R2

(5.34)

Consider the term within brackets of (5.33)

(A1 -  A*> 'R1 CA1 -  A*) + (B1 -  B*) 'R2 CB1 -  B*>

(A1 - A ^ 2R1 + (B1 - B2) 2R 2

2 2 * A , * 2  A 9A 1R1 + B1R2 - ZA1A 2R1 - 2 ^ ^  + (A3)zR1 + (B3)zR 3 (5.35)

in which 

A
h

A vtO
B2 — igp2
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and the results of (5.34) are used to obtain

(G1R2 + G2Ri)(ARl + P2G1)2

g Ie Ir2 .

which is equivalent to the right-hand, member of (5.35). Therefore,

T ^ ( T , t n)(G,R9 + G^R ) (AR + P9G )2 
6P(tn) = / -4=---- ^--- 1 y---~---- ----- — ----  dt

t* . G1R1R2
2

Because G^R^R^ is always negative, it is evident that constant feed­

back gains will be advantageous to the maximizing player if and only

2 2 4  4if G1R0 + G0R1 < 0 or — H ——  >. 0 and vice versa for the minimizing1 2  2 1 • Rg

player. , 2 2
G1 G2

It is evident that the quantity rf- + -r—  would certainly be a
R1 R2

deciding factor for the negotiated performance index in the case that 

the players bargain to adopt constant feedback gains.

VECTOR CASE

It is known from Sections 2.4 and 2.6 that for a time-invariant 

system

A1 = -R11G ^ ( t 0 ,T)W_1(t0 ,T) 

B1 = -.R"1G ^ ( t 0 ,T)W"1 (t0 ,T)

(5.36)

(5.37)
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A* = - R i1G p 2 ( t )  ' (5 .3 8 )

and

B2 - -K2lG2P2<t) . (5'39) 

Substituting (5.36) , (5.37) , (5.38) , and (5.39) in (5.33) and simpli­

fying, it follows that 
T

SP(t0) = J ^ ( T . t M e w " 1 - P2) ,XG1R"1G^ + G 2R^1G2)
tO _1

(5W - P2 )(|)1 (T,t) dr (5.40)
— 1Therefore, the maximizing player will be at an advantage if ( G p ^  Gj. +

G2R21G p  > 0 and vice versa for the minimizing player. If ( G p ^ G ^  +

GgRg Gg) is indefinite, however, nothing can be said as to which player

is benefited by the use of constant feedback gains unless the optimal

gains are computed and substituted in equation (5.33). Conditions

for which G1R1^G' + G0R0^G' might become indefinite for a special case .L-LJ- 2. L 2.
in which either G^R^^G^ or G2R ^ G 2 is nonsingular is given in the 

next section.

By restricting the information available to both players to be 

the same, partial information about the possible initial conditions 

can be accounted for by properly interpreting % and w -matrices as 

done in Chapter 4.

It is clear that if G^R^^G^ + GgR2^G2 equals zero, P2 and P^ 

satisfy the same differential equation 

P + PF + F'P + Q =[0]
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with the boundary condition P(T) = S and the system equation reduces to 

X = F x

for the nonconstant case and also for the constant feedback case.

It is also clear that if the players decide to negotiate the 

use of constant feedback gains, the negotiations will certainly depend 

upon G j R ^ G ^  + G2R2^G2 ’ an^ hence the matrix G^R^G^ + G2^2^G2 Inay 

rightly be named as the bargaining matrix.

Care should be exercised in determining advantageous strategies, 

in regard to whether the problem is well posed in the saddle point • 

sense; namely, whether there exists a closed-loop nonconstant saddle 

point solution. It is well known [ 1,41] that there exists a closed- 

loop saddle point solution for the unconstrained-gain linear-quadratic 

game under consideration if and only if 

T 1 1
det' [I + / CTp(T^)CG1R 1 G^ + G ^ 2 GpTp1 (T,t) c!dt] 4 0 (5.41)

t C  [t0 ,T]

where S = c'c and Tp(t,ty) is the transition matrix corresponding to F . 

In other words, there exists a closed-loop saddle point solution if

and only if Qi(t) 4 -I for all t £  [t^,!], where Q ĵ t) are the eigen
\values' of the matrix

T ■ I i
/ cip(T, t) (G1R1^  + G2R2 Gpip'(T,t)c'dt
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If + G2R2^GP  > clearly each Q^(I) > 0. Hence,

a saddle point solution exists for the uncons trained-gain game when­

ever constant feedback gains are advantageous to the maximizing player. 

On the other hand, if G^R^"*"G^ + G^R^^G^ < 0, the pertinent saddle point 

solution exists only for a specified interval determined by (5.41). 

These facts are illustrated by numerical examples in Section 5.5.

5.4 INDEFINITENESS OF THE BARGAINING MATRIX ■

A test for the indefiniteness of the bargaining matrix is formu-
-1 . ■ -Ilated for the special case when G^R^ G^ or Gg^^ is nonsingular.

-IWithout loss of generality, it is assumed that G^R^ G^ is nonsingular. 

Then according to a theorem [ 33] concerned with the simultaneous 

reduction of two quadratic forms, there exists a nonsingular- real 

matrix M such that

M tG1R" 1G^M (5y42)

M 1G2R21G^m  = diag(r1, r2 , .., rn) (5.43)

where for any choice of M, the quantities r ^  r2 , 

necessarily the roots of the polynomial equation

r are n

IxgI e I 1gI  -  - 0
(5.44)

Equations (5.42) and (5.43) give 

M t (G1R11G^ + G2R21G p M  = diag(l + r ^ I + r ) n (5.45)I + r2 .
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Because Is negative definite, it is necessary that <_ O ,

1 = 1 ,  2, n. Therefore, the negotiation matrix for the special

case of G being nonsingular is indefinite if and only if there

exist roots r^, r^ to the polynomial equation |xG^R^ G| - G^Rg G^] = 0 

such that |r̂ | < 1  < Itg l '

5.5 NUMERICAL EXAMPLES

A. SCALAR CASE: ADVANTAGEOUS TO THE MAXIMIZING PLAYER

Consider the case of a linear time-invariant system governed by 

(4.70) and the cost functional (4.71). The bargaining matrix is

1.0 > 0

Hence, for the specific scalar system considered, constant feed­

back gains are always advantageous to the maximizing player as is 

also evidenced by Figure 3.3. From Section 5.3, it is evident that 

unconstrained-gain saddle point solutions always exist for this specific 

game under consideration.

B. SCALAR CASE: ADVANTAGEOUS TO THE MINIMIZING PLAYER

Consider the case of a linear time-invariant system governed by

x = -0.5x + u + 1.5v , Xq = 2.0 (5.46)

The cost functional is
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J = X2(T) + / (u - 2v2 + x2) dt (5.47)

0
The bargaining matrix is

O21 G2 .
—— h ——  — — .125 < 0  
R1 R2

>
For the existence of an unconstrained saddle point solution we have 

from (5.41)

T G? G!
I + / (T, t) (■—  + -i) dt ^ o oni[t ,T]

t I 2

I - .125 / e 
t

-(T-t) dt V 0 on [tg,T]

on [ty,T] (5.48)I - .125(1 - e (t~T)) f 0

Since I — e v y 0 and j< I, an unconstrained saddle point solution 

exists for all T. In this case constant feedback gains are advantageous 

to the minimizing player. The results are given below for T = 1.0.

Performance Index = 7.2727 without gain constraints;

Performance Index = 7.2532 with gain constraints;

Optimal Parameters: A = -1.4939 and B = 1.1204.

i
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C. VECTOR CASE

Consider the case of a linear time-invariant system governed by 

equation (4.72) and the cost functional (4.73). The bargaining matrix 

is

c A l0I + G2E2lG2 - ^ 0 I 0
2 0 2 0 0 

0 I > 0

Hence, constant feedback gains for this specific example are 

always advantageous to the maximizing player as Table 4-1 clearly 

illustrates.

5.6 CONCLUSION

Consideration has been given to sufficient conditions for 

advantageous strategies in linear-quadratic games. This effort is 

by no means complete. It has been shown that for linear-quadratic 

time-invariant games, in general, a sufficient condition for constant 

feedback gains to be advantageous to the maximizing player is that 

the bargaining matrix G1R" 1G^ > 0 .  A matter for further

investigation is the extension of the present approach to games in 

which partial information about the possible initial conditions is 

different for each player.



CHAPTER 6

DIFFERENTIAL GAMES WITH PIECEWISE SUBOPTIMAL CONTROLS
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6.1 INTRODUCTION

In this chapter necessary and sufficient conditions are derived 

for the existence of a saddle point for a general two-person zero-sum 

differential game when one or both the players use suboptimal- control 

laws of specified form. The specified forms for the controls consist 

of weighted sums of the state variables, the weighting factors being 

products of known time varying functions and of piecewise-constant 

functions to be determined in an optimal manner. To simplify termin­

ology, the controls which are formed in this way will hereafter be 

referred to,as piecewise control laws. The time intervals associated 

with the piecewise control laws can be different for each player. The 

general results are applied to linear-quadratic games; and for this 

class of differential games, an additional development is given to 

obtain piecewise control law parameters that are independent of initial 

conditions, so that a saddle point with respect to the expected value

of the performance index is obtained. Consideration has also been
x

given to the problem of optimizing the gain change points.

The results are applied to scalar and vector dynamic systems; 

and numerical solutions are presented.

In the case of one-sided optimal control theory, necessary condi­

tions for computing piecewise-constant feedback parameters that are 

independent of initial conditions have been derived by Kleinman, 

et al. [27 ], but they did not consider optimizing the gain change 

points.
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An extension of the algorithm presented in [27] to the case where 

the gain-change points are also optimized has been presented by 

Bertsekes [6 ] for the case of one-sided optimal control theory, but 

neither, all the necessary conditions nor piecewise suboptimal controls 

have been considered in [6 ]. Moreover, the results in both [27] 

and [6 ] are not directly applicable when partial information about 

possible initial states is known.

6.2 FORMULATION OF THE PROBLEM

Consider a dynamic system given by ( 2.1) and a cost functional 

given by ( 2.2) with the associated weighting matrices having the 

properties described in Section 2.2. The problem is to find or charac­

terize, if they exist, particular controls vP and v^ which are 

optimal in the sense that for any other control vectors, _u and v, 

there holds J(u^,v) <J(u^,v^) < J(u,v^) .

In Section 6.3, controls u and v are constrained to.be of the

form given in the control diagram of Figure 6.1(a). Results for the
I ' '

more general case, Figure 6.1(b), are readily obtained on this basis 

and are listed in Section 6.4.

Constraints include

Alj = [0] 3 = 1> 2, e e e 9

A2j = [0] ■ 3 = I, 2, ..., m 12

Blj = [0] j = I, 2, ..., m 21

and

B2j = [0] j = I, 2, .... m22
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, h > *
2j

j=l

iuIl

j=i

— 2

Ij

t0 I  tx < t2 < T 

(a)

s + I

's-2

~s—I
s-1

m

j=i

s-l

tO I  tI I  t Z ' I  tS-I -  T

Figure 6.1. Control diagrams.



s are functionsIn general the optimal A ^ ' s, 's, s, 1

of the initial state Xr.. Section 6.6 is devoted to the case where the— 0
players desire to form control laws that are independent of the initial 

state: each player assumes some a priori distribution of possible

initial states and satisfies conditions for optimality only in an 

expected value sense.

6.3 NECESSARY CONDITIONS

Variational procedures are applied to yield the necessary condi-
Iitions for optimality. For convenience the (p x n) matrices A 's, 

and A2^ 1S and the (q x n) matrices B ^  ’s and B2-3 lS are partitioned 

in terms of columns: Let
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Alj = Iay ay  ••• & I — I, 2, ..., m^^ (6.2)

A2j - [a2J -23 & I = I, 2, ..., m^2 (6.3)

B 13 - [by b y  ... I — 1,1, ™21 (6.4)

and

By  - [by k 23 ... & j' = I j I, • • • > m22 (6.5)

where a^*3 * s arid bf"3 ' s — k ,1=1, 2,are constant vectors.

For convenience let x^s Xri,'and x„ denote the state — z — J vector 2£

of the system during the interval tQ to t^, t^ to and to T s 

respectively, and let



134
mIl 1 . m21

SCiSi > I — 1 ’ ^
j=l J j=l 3

(6.6)

m12 2 m21 ■.
S(jio ’  ̂ a2i^ —2’  ̂ 6-i .B 2E99

j=l 3 j=l 3 Z

v12 21 '
g(- 3 ’ j=1a2jA - 3 ’ j=ie2jB -3* fc)

(6.7)

(6.8)

Similar identities Ji are defined for _f. The augmented cost

functional for the related minimum problem is

t mil
J = L(Xd) d) + I 1Eg1 + A i d 1 - X1) -  I I Hkj Ikjj dt + 

t0 J=I k=l k .

I 1 Is2 + A^d2 ~ Z 2) ~ I I Hkj A ^ j dt +
Z z * Z j=l k=l K k 

m,12 n
/ Is3 + A 3U 3 - %3) - I I Ak3 X jl dt
t9 . J=I k=l

(6.9)

where f^, A 2 » A 3’ S19 82 » and are evaluated at the optimum B 3 *sIi 2i
and where A 1*. A 2 >. A3’ A k ' 3 ’ Ak *s are vector Lagrange multipliers of 

appropriate dimensions. Integrating by parts and considering only 

first-order variations, it follows that

{Ja " ! i
0̂.1 HSA(T) + I I (AkjCt0) "Jlkj CtI^' SŜ j +t=T j=l k=l K 1 ^

uî 2 ^I I (AkjCt1) " A^j (T)) Sa2j + (g - g2)
3=1 k=l K 1 ^  K 1 Z t=t. dtI +

.tI 9HiI  E-^Sx - Ai6A 1] dt +
t O “
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t, 3H 6 T 3H' t mIl n 3H

'I ( - ^ S x  l 2 6^ 2 ) dt +  / ( - # 2 5  " x ) dt +  / [ £ I (— j t
t -  2 / . t ~  J J . t j=l k=l 3 a ^

tfy « 4 j] dt I
J=I

I  (-
k-1 SaJ3

+ nv3) ^ 3 I dt- +

+

T m l2
I  M
t0 j=i

n
T c

k=l
+ i 3> SaJ3) dt (6.10)

where

H. = g. + Xl f. i = I, 2, 3 (6.11)x x — i — I

A necessary condition for optimality is that = 0. Therefore,
11 2ithe terms, that multiply the independent variations % kJ 's and da ^ 's 

must be zero. Thus:

^J3(Co) - a j 3 ttp

Hj3 Ct1) = IiJ3 (T)

k = I, 2, 
j = I. 2,
k = I, 2, 
j = I, 2,

tI 9Hi

V5?1" 1
t„ BH T BH
/ 2 dt + S - I t dth  84 3 tZ s4 3

k
j

k
I

I , 2 , .
1 , 2, .

I, 2, ..., n
I, 2 , .. •,

Now consider / 1 .ApiE1 dt. Integrating by parts gives

/ 1 A p i 1 dt
tO

/ 1 Ap2E dt 
tO

(6.12)
(6.13

(6.14)

(6.15)

(6.16)
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But

Sx = dx - x dt\ — — —I I (6.17)

Therefore, 

, t_
XlSx — 1 —

and 

t

IlCt1)d̂ Ct1) - Xl(I1)X1Ct1)dt1

tI r./  1 A ldX1 dt = A1Ct1) dE1Ct1) -  A lC t^A1Ct1) d t1 -  /  A ldE 
tn o

Sx dt (6.18)

Similarly,

tZ/ 1 ^ * 2  dt - A2<t2)d2 2 (t2) " d̂ 2ftI1
+

■ X'(t1)i2(t1)dti - / 2 XJSiE dt
tI

/.AldE 3 dt = AlCT)dx(T) - A^Ct2) dx3(t2)
T.

I. A l dE  dt

(6.19)

(6.20)

Substituting (6.12) - (6.15) and (6.18) - (6.20) in (6.10) and assuming 

that x is continuous, it follows that
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6J = a

3L
3x dx(T) - ^(T)dx(T) + U 2 Ct1) " A 1Ct1))' d̂ C t1) +

- ^ C t2) “ A 2Ct2) )' d2£(t2) + Ch1 - H 2)
t=t.

dt^ +

rh 9H1 "
■' /  C - ^  + A1) ^  d t  +

tG “
t 8H, . t 3H/ ( " A  +. A,) '«S dt + / ( A  +  A V 6A  dt

Therefore, for SJq to be zero, it is required that

V W  = * 2 ( W

aH3/ax = -X3 

taL/ax]t=T = X 3 (T)

aH2/ax = -X2

A 2Ct2) = A 3Ct2)

SH1ZQx = -A1 
A 1Ct1) = A 2 Ct1)
in addition to conditions (6.12) to (6.15).

A similar set of conditions can be found for the related maximum 

problem. The two sets of necessary conditions can be combined as 

was done in Section 2.3, and the necessary conditions for the problem

formulated in Section 6.2 are
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(6.21)H 1Ct1) = H 2 (I1) 

H 2(I2) = H 3Ct2)

SH3/3x = -X3 

[3L/3x]t=T = A3(T) 

3H2/3x  = “A  2

— 2^2^ ~ — 3^2^

SH1ZSx = -A1
- 1 ^ 1 ^  = -2^1^

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

f I SH
J I
tO 9A

r dt = [0] 3 — I » 2, .. • , ■ m-.

T SB,t? SHI1 dt + J2 ^
T dt — [0] j — I; 2, ..., Bi-

M * *  J'2 SHr

tO BBlj tI SBlj
dt — [0] 3 — -L> 2, ...»

(6.29)

(6.30)

(6.31)

T SHJ -— ~  dt = [0] 3 = I; 2, ...» m22 (6.32)
t SB J 

2

It is evident from (6.21) and (6.22) that for optimality of gain-

change points H has to be continuous at the gain-change points.



139
SUFFICIENT CONDITIONS

The sufficient condition for this problem follows that of Section

4.4 if A denotes the set {A^ ,  , t^}, B denotes the set { B ^ s B ^

•n denotes the set {jn^, and p denotes the set

tj.

6.4 NECESSARY AND SUFFICIENT CONDITIONS— GENERAL CASE

Consider the control diagram of Figure 6.1(b), which indir tes 

that there are s distinct intervals of interest. It is assumed in 

Figure 6.1(b) that players alternate in changing their gain values; 

other assumptions are possible and related necessary conditions for 

optimality could be obtained. Note that s in Figure 6.1(b) is neces­

sarily odd for any integer w.

Following the development of the previous section, it can be 

shown that necessary conditions are:

V V Il W ¥ H Si = I, 2, ... , s-1 (6.33)

W “ 4 +i(V a = I, 2, ..., s-1 (6.34)

3L 
3 x t=T

Xg(T)

a y .
3x " • -A

T
y i

[0 ]

& = I, 2, ... , s

i = Q ,  2, 4, ..., s-1 
j = I, 2, ... , •1+:(i/2) \

(6.35)

(6.36)

where for i = 0, the first term in the summation is ignored; and
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i+2I /

2=i+1 V i 9b I  + ^  ̂
[0] 1 = 0 ,  2, 4, s-1

j = I, 2, ..., m2 ,l+(i/2)

(6.37)

where, for I = s-1, the last term in the summation is ignored.

The sufficient conditions of Section 6.3 apply for the general 

case if

1 . Jii-
A is the set {A , A , ..., A 2 J , t-, t , 

Ii 2i J±i-
B is the set {B ^ , B , ..., B 2 ^ , t-, t , , 

Ii 21 Jii-
n is the set {ji , it_ , .. . , n. 2 J }, and

s+1.* 11 2i
P is the set , £_ , }.

* ts-2^

• tS-Ij

6.5 APPLICATION TO LINEAR-QUADRATIC GAMES 

NECESSARY CONDITIONS

Consider a linear dynamic system given by (2.42) and a cost func­

tional given by (2.43) with the associated weighting matrices having 

the properties described in Section 2.4 and the control diagram of 

Figure 6.1(a). Following Section 4.5, it can be shown that the 

necessary conditions are

1 1 “i i A  J 1aIjj^i
m_

A1^ + G'P ] x x* dt = [0] I I (6.38)

I, 2. * m Il

/ a2k^Rl X a2jA  ̂ + GlP2-*-2-2 dt +
3=1
m„

/ “2ktRl .I + GiP 3I- 3S3 dt ’ 101
t2 J 1 k = I, 2, ...

(6.39)



/ 1|?lk[E2 J 16Ijslj + G2P l J 2 l 4  dt + / 2eIkfc2 J 16Ij
tO 3 1 - I  3-1

Blj + G p 2Jx2X,; dt

[0] (6.40)
k = I, 2, * ™21

and

/ e2ktR2 J  e2jB2j + G2R3^— 3^3 dt = [0^  k = 1$ 2 ’ ' '
t2 j=1

22 ■
(6.41)

R ls R2 s and ^3 satisfy the following differential equations’:

P 1 + P 1F1 + FJP1 + C1 - [0] (6.42)

with the boundary condition P^(t^) = P2 (t^);

P2 + P2F2 + FJP2 + C2 - [0] (6.43)

with the boundary condition P ^ t  ) = P^(Cg) I and

P 3 + P 3F3 + FJP3 + C3 - [0] (6.44)

with the boundary condition P^(T) = S , where -

m Il m 21 ±.
F = F + C ■ I a  +  G  J e B 6
X I j = l 13 ^ j = l 3

(6.45)

F2 " F + G1 J 1V 2j + S  jI1V  J (6.46)

mi2 2. m22
1 S - - F +  gI J 1V  t S j 1V (6.47)
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11 - . 11 . . 21 . . 21 - .

( I a Alj)'R ( I a .Alj) + ( f B B  ^)'R ( f B B  J) + Q 
..J=Ilj 1 j=l 12 J=I j j = l 3

(6.48)

m .

2 = ( I 021^)'*l( I * ( I 'Rgd + Q
j=l 3 3=1 3 3=1 3 3=1 3

(6.49)

and

m i2 m i2 m22 9 . m22 9
i Z J \  lT> /  V Q -Rz J^

3 ‘ ( .i/zj4 3> 'K l( . 1 / 2 /  3> + ( ly^ iI1W  ) + Q (6-50)

For optimality of gain change points

H l(tl) H 2 (tl)
(6.51)

(6.52)

Conditions- (6.51) and (6.52) canrbe further simplified.-

a U  In

a H  4 J 10U a

= -  - I1V 13
3=1

A 2 2  9 4

>2i 6 I 1V 2z

t=t.

t=t .

t=t.

t=t.

i = I, 2

i = I, 2

i = I, 2

i = I, 2

(6.53)

(6.54)

(6.55)

(6.56)

Because x is continuous, condition (6.51) yields
/X



I

+ 2 z ' ( t ^ ( Y ( F  + G ^ 4 . G ^ )

= (A21Rl ^ V A21 + BllR2^tl)B

+ 2 x ' ( t ^ ( Y ( F + G ^ 4 . G ^ )
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t=t
^Ct1)
I

11 + Q) xC^)

t=t
XCt1)
I

Set

PCtx) - P 1(C1) P2 (tI)

With this, equation (6.57) reduces to

(6.57)

(6.58)

^tx) *• a Iir I ^ i) An  + ZP(C1)G1(C1)A11

“ A21Rl(tV A21 “ Zp (C1) G1(t1) A21M I 1) = 0  

or

X 1(C1) [(A1 1 + A21) 'R1(C1) + 2P(t1)G1(t1)](A11 - A21M t 1) = 0 (6.59)

x ,(t1)(A11 - a21) '^r1 ( C ^ a 1I +N A2X) + 2G^(t1)P(t1)]x(t1) = 0 (6.60)

Because A 11 4 A21, in general, and because (6.60) must be satisfied 

by X(C1) , it follows that

R1(I1) (An  + A21) + 2G^(t1)P(t1) = [0] (6.61)
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Similarly, condition (6.52) yields

R2(I2)(B12 + B22) + 2G£(t2)P(t2) = [0] (6.62)

Conditions (6.61) and (6.62) are necessary conditions for optimality . 

of gain change points and are to be satisfied in addition to (6.38)- 

(6.44).

After some algebraic manipulations, the optimal cost can be 

shown to be equal to

^  cV p IctO ^ cV (6.63)

SUFFICIENT CONDITIONS -

The sufficient conditions of Section 6.3 can now be applied to 

the above problem. Consider

I(x,A,B,n,p) = x ’(t)P(t)x(t) + I - (S^j)0) +
11 n.
I I lj=l k=l

12 n
J 1 I a 3 ' ^  - “> + t(ti -J=IzR=I

2j,0,

3=1 k=l 
m,

I - t(t2 - (6.64)
22 nI I

3=1 k=l

where P(t) is defined by (6.42), (6.43), and (6.44) in the respective 

time intervals.

By paralleling the procedure outlined in Section 4.5, it can be 

shown that the sufficient conditions of Section 6.3 are satisfied



in view of the necessary conditions (6.38) - (6.52). Finally, the 

scalar'function I(x,A^,B^,n,p) reduces to

I(x,A°,B0 ,n,p) = x'Px (6.65)
Hence the existence of P (t) satisfying (6.42,) - (6.44) in the respec­

tive time intervals is a sufficient condition for the existence of 

a saddle point.  ̂ .

6.6 AVERAGING OVER INITIAL CONDITIONS

Conditions (6.38) - (6.41) suggest a scheme for finding controller

parameters that do not depend upon the initial conditions. The prob-
* *

Iem is to find or characterize, if they exist, A and B which are
f

optimal in the sense that for any other sets of gains matrices A and 

B there holds

E 1[J(A*,B)] £  E 1EKA*,B*)] (6.66)

and

E2EKA*,B*)] £  E2E K A 1B*)] (6.67)

where the expectation operators E1 and E2 are taken over distributed 

initial states. The players will try to satisfy the necessary condi­

tions in an average sense. By paralleling the procedure outlined in 

Appendix B, it can be shown that for the class of linear-quadratic

145
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games under consideration, the operation of taking, the expected values 
of the necessary conditions for optimality, conditions that correspond 
to known initial conditions, is equivalent to finding the necessary 
conditions for optimality corresponding to the expected value of J.

Now,

Zi (Y  = +j.(V  V i ^ 1 C V 1) ■ (6.68)

^i = f I^i ; ^ ( ^ , y  = I (6.69)

*2 = F2 *2 ; I2Ct1,^) = 1 (6.70)

*3 = F3*3 ; ^(tg ,tg.) = i (6.71)

Assume that x-. is a random vector and further ~v assume that

E(X10Xj0) - KijB(Xio) (6.72)

and therefore,

ECx0^ )  = K (6.73)

where the K^j's, the entries of K, depend upon the advance information

available to the 'players as discussed in Section 4.6. Therefore,

ECx ^ )  = E U 1( ^ t 0)X0X' ^ ( t , t 0)] = Cfr1Ktf,; (6.74)

Similarly >

E (X2- P  = t ^  cfr1(t1 ,tp)Kcfr1(t1 ,tg)^ (t, t ^ (6.75)

and

(6.76)
E(x^x )̂ = (J)̂ Ct,!2) <f>2̂t2jtl ^ l ^ l ,t0 ̂  ^
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V t* V  = V i(V i’tI ^  ••• ^ cV tI5 V V V  (6-77)

for all I. Equations (6.74), (6.75), and (6.76) therefore reduce to

E ( X j ^ j )  =

E (x2x p  = $2%$2

- »3K»^

(6.78)

(6.79)

(6.80)

If it is then required that conditions (6.38) - (6.41) be satisfied 

in an.expected value sense,

T ‘ mH

/ 01IiJ r I. I ctXj + GiP p $lK$l dt - k " 1 * m Il (6.81)
tin -

I + G1P 21$2K^
dt +

J ^ + G3P 3) ̂ 3K$3 dt - [0] k - I, 2, .... Hi33 (6.82)
t3 -  jJ I

/tl6Ikt^ jI1 6Ijslj + g P i 14Im I dt +

; + G2P 2142K42 dt ■ 101 (6.83)
k — I; 2, IHrt 1

and



14852J g [ E j g  B2j + GIP ]$ K$I dt = [0];k = I, 2, ....2k 2" 2j
z2

2 3' 3 3 (6.84)

Note that if the ratios xJjQ ̂ xi0’ x20^xi0 *" * XnO^XiO are ^nown

for some nonzero x ^q , the necessary conditions can be solved without

knowledge of the specific initial values.

By paralleling the procedure outlined in Sections 4.5 and 4.6,

it can be shown that the sufficient conditions of Section 6.3 are 
* *

satisfied by A 's and B 's in an expected sense, the initial condition 

being treated as a random variable.
* A

The value of J obtained by using these suboptimal A * s and B ’s , 

after some algebraic manipulations is

J " ^or IttO1So (6.85)

and the expected value of J is

J = tr(P(t0)K) (6 . 86)

Of course, each player could use a different K in the design of 

his controller and the one coming closest to the true K would benefit 

in average performance.

Note that whereas the constant feedback gains are here independent 

of .the initial state, the optimal performance index (6.85) depends 

upon the initial state.
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6.7 NUMERICAL EXAMPLES

A. SCALAR CASE: AC-B PROBLEM

Consider the case of a linear time-invariant system governed by

-0.5x + I.25u + I.5v X0 = 2 (6.87)

The quadratic cost functional is 

I
J =.x(T) S + / (u - 4v + 2x ) dt 

0
(6.88)

where T = I, and t^ = 0. Consider the control diagram of Figure 6.2(a)

The minimizing player can select two intervals of constant gains 

whereas the maximizing player is constrained to use the same constant 

gain throughout the duration of the play. . Following Section 6.5, the

optimal parameters:for fixed gain intervals are

J tl 2,x dt

-1.25 (6.89)

/ 1 2x dt
0

T
/ p2x2 dt

-1.25 (6.90)

J x2 dt 
tn'I
t,

.|2C + / PgX dt

B =+0.375 Jt1 9 T
/ x dt + / x dt

(6.91)
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r ... n >

(a)

*

■>

(b)

(c)

Figure 6.2. Control diagrams



(6.92)

where and satisfy (6.92) and (6.93), respectively:

° 2 9P 2 + 2P2(-0.5 + 1.25C + 1.5B) + C - 4B + 2 = O

with the boundary condition P 2(T) = S , and

2 2P 1 + 2P1(-0.5 + 1.25A + I.SB) + A 4B + 2 = 0 (6.93)

with the boundary condition P ^ t 1) = P2 (I1) .

The method of successive approximations is used to find the
I

optimal gains. The details of related computations are outlined in 

Appendix C. Different gain-change times I1 are chosen, and for each 

t ^  the parameter S is varied from 4 to 10. Figure 6.3 shows the 

variation of performance index with t ^  Note that the optimum I1 

v. occurs nearer to the end of the game than to the beginning. An 

analogy can he made here to the case, of a runner who makes a final 

exerted effort near the end of a long race. It is evident from Figure 

6.3 that with two gain-change intervals.and with constant feedback 

gains, the minimizing player can force the difference between the 

saddle point value and the actual performance: index to be nominal.

151

B. A VECTOR CASE .......

Consider the case of a linear time-invariant system governed by

(6.94)
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x'(T) x(T) + / (x2 + 0.5u - 4v2) . d't
O I

where u and v are scalar controls. The quadratic cost functional is 

rA I I

_1 2

The players are restricted to use piecewise-constant feedback gains 

and four equal time intervals are chosen. The control diagram of 

Figure 6.2(c) illustrates the case. Following Section 6.5, the 

necessary conditions for the case of Figure 6.2(c) are
t- t-

-1

(6.95)

A =  -(0 2) / dt (/ 1^ K ^  dt) (6.96)

B =  -A/4

C =  -(0 2) / 2J y 2K 1 ^  dt(/ 2 ^2K 1 ̂  dt)
-I

(6.97)

(6.98)

D = -C/4

t t .
E = -(0 2) / jP <j) K <j)I d t .. (/ K dt) ̂ 3 T3"2 T3 ““ 'I 3 2 3

t 2 t 2

F =-E/4
x I ,

G = -(0 2) ( J P4 <(>4K 3 ^.dt)( / G4K 3 ^  dt)

(6.99)

(6.100)

(6.101)

(6.102)

H = -G/4 (6.103)

where it is assumed that t^ = 0.25, t^ = 0.5, I3 = 0.75, and T =  1.0 

seconds, K, K^, K 3, and K 3 are the expected value of the state at
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tg, t ,^t2 , and t^, respectively, i.e.,

Ki *i^ti,ti-l^i-l^ti-l’ti-2^ * 2 ^ 2 ’tÎ  * 1 ^ 1 ’t0^K *l^t:l ,t:0^

* 2 ^ 2 ’ t I  ̂ ••* ^I t̂ I 5tX-I^' (6.104)
and where ■

(J)1 = (F + G1A + G2B) (J)1 ; = I (6.105)

(}.2 = (F + G1C + G2D) (j,2 ; ^ ( t ^ t ^  = I - (6.106)

<J>3 = (F + G1E + G2F) (|,3 ; = 1 (6.107)

(J)4 = (F + G3G + G2H) (J)4 ; (J)4(I3jI3) = I  (6.108)

P 4 + P 4(F + G1G + G2H) + (F + G1G + G2H ) 1P 4 +

G tR1G + H tR2H + Q = .[0] (6.109)

with the boundary condition P 4(T) = S .  Similarly,

P 3 + P 3(F + G1E + G2F) + (F + G1E + G3F) tP3 +

; E tR 1E + F tR01F +  Q = [0] (6.110)—  1—  —  2“

with the boundary condition P 3^ 3) = P 4^ 3);

P 2 + P 2(F + G1C.+ G2D) + (F + G1C + G2D) tPg +

CtR1C + D tR2D + Q =  [0] (6.111)
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with the boundary condition = P^C^) 5 and

P 1 + P 1CF + G 1A + G0B) + (F + G1A + G0B) 'P1 +I JL Jr- Z—  Jr- Z—  I

A 1R1A + B'R2B + Q =  [0] (6.112)

with the boundary condition P 1(I1) = P^(t^ .

The method of successive approximations is used to compute the 

optimal parameters. The details of the computations for this case 

are given in Appendix C.

In addition to the above results, a number of different constant- 

gain time intervals were chosen, and for each case, under different 

partial information about the initial conditions, the optimal parameters 

and the performance index were computed. Results are tabulated in 

Table C-2. The variation of optimal gains with time t for the case 

with four constant gain intervals is also illustrated in Figures 6.4 

and 6.5. It is evident from Figures 6.4 and 6.5 that the optimal 

piecewise-constant gains approach the nonconstant feedback gains as 

the number of gain-change intervals increases. Table 6-1 clearly 

indicates the nature of the solutions.

6.8 CONCLUSION

Necessary and sufficient conditions for the existence of a saddle 

point when both players use suboptimal controls have been examined. 

Similar variational procedures can be applied to problems of finding
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Nonconstant Gains

Gains that are independent of initial 
conditions for four constant-gain intervals

Figure 6.4. Gains for the minimizing player. and A^ are the 
entries of A, etc.
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VECTOR CASE

/

Nonconstant Gains

Gains that are independent of 
initial conditions for four 
constant-gain intervals

Time t
. Gains for the maximizing player. and are the

entries of B, etc.
Figure 6.5
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min max J when the players can use mixed controls; namely, when each 
u v

player is restricted to use suboptimal controls only during specified 

intervals of time. In the special case of linear-quadratic games, it 

has been shown that the piecewise optimal controller parameters for a 

given initial condition Xq are also valid for initial conditions 

CXXq  , -co < a < oo. Consideration has been given to the optimal choice 

of gain-change times and also to the case when only partial informa­

tion about possible initial states is available to the players.
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T A l U  t-1

US ULTS rot A VECTOt CASK 
(Piecewise Conetaat Feedback Celas)

Case
No. Design In fo rm ation

No. of A ctual
I n i t i a l

, Conditions
I I n i t i a l  c o n d itio n s  

Included l a  th e  deeI^n
I Y  * - J -°

Y  "  ° - s
I n i t i a l  co n d itio n s  
Included l a  th e  design

2 Y  -  - 2 -0 
*20 * ° - S

I n i t i a l  c o n d itio n s  
Included  l a  th e  design

4 Y  * - J -°

*20 *  ° - 3

2 tcxJo1 - tcxJo1
tc x I o V  -  0

I Y  "
Y -  °-5

tcY)1 - tcxJo1 
tCxi o V  -  0

2 Y  "  - l -°  
Y -  ° - 5

- ■

tcxJo1 - tcxJo1 ■* Y  “  - J -°
t c Y i V  *  0 Y -  ° - s

3 E u J 01 -  ISEU 20) 

tc Y i V - 0

I Y  * - 2 -0 
Y -  0 3

EUj0) -  UE(^0)
t c Y V  -  0

2 Y  -  - 2 0
Y  "  0 3

tcxJo1 - litcxJo1 4 Y  " -2 0
tc Y xTO1 -  0 Y -  ° - 3

4 Y - - 4Y i  . Y  * " 2 0 
Y -  ° - 3

2 Y  "  - 2 0
Y  - 0 3

4 *io * •J-° 
Y -  °-3

Optimal Celne
3.766

.9413
4.3931] 
1.0988]

-  3.2733 -  3.3717) 
2.9827 -  3.2012)

.8188 .8429)

.7457 .8003]
3.1314 -  3.0863)

3.6183 -  3.8937)
-  5.2147 -  5.8809] 
- 1 2.5685 -13.4328]

.7879 .7716)

.9046 .97391
.7877 .8861)
.6232 .9282)

-  3.2786 -  3.7776)
.8196 .9444]

3.4351 
3.4160 - 

.8588 

.654

3.3783 * 
3.4185 • 
3.1507 • 
2.4929 - 

.8446 

.8546 

.7877 

.6232

3.6166 - 
.9041

3.3970 - 
3.2652 - 

.8493 

.8163 
3.3647 - 
3.4410 - 
3.3872 • 
2.9981 ■ 
.8412 

.8603 

.8468 

.7495 
Same as

• 3.6456]
• 3.6207]

.9114]

.9052)

• 3.6520]
• 3.6002]
• 3.5445)
• 3.7126]

.9130]

.9001)

.8861]

.9282]

• 4.3788) 
1.0947]

• 3.5479]
• 3.4468]

.8870)

.8617]
• 3.5819]
• 3.6458)
• 3.8679]
• 4.2787]

.8955]

.9115]

.9670)
1.0697)

#1

Same aa #1

Same as I l

Performance
Index

J  -  7.4810 

J ,  •  1.8702

J g -  1.8825

J  -  7.4386 
3 ,  •  1.8596

J  -  7.5047 
Jg -  4.4235

J  -  7.5264 
J g -  4.4345

J  -  7.4504 
j .  -  *.4001

J  -  7.*«76 
Jg -  2.6931

J - 7.5335 
3„ -  2.7130

J  -  7.4500 
jg  -  2.6859

ec5O1O* '  [-1 /4  X /liJ

t t5 O5O'* "  £ l / *  1 / u ]

EWY&xy, - [JHi *:£?]
t c5O ^  -  [ i  i ]

EU(I1)VCtl)) -
E (V t2)X U i ) )  -  [ J ™  

E(Vt3)Vti)) - [J”s

ECVti*

Same as I l

Same as I l

Same as I l

- T (M e) at Calm. 
Change Time#

[;:]

tuOliO1 " [o l]
EUcY V(Y). -;S»]

ecM o1 _ [o i]
E(VYsicY) - ":%%]
E(Vt2)Vtt2) - [.;“27; 

EU(YVti)) - [_;“5

ecM o* " [o i/u] 

tcMo1 " [o izi*]
E (V t1)X(Ei ) )

ecM o1 * & i/i*]

f  .7182 -.4370"! 
L-.4370 .2807]

o I
m * J

,. r •*iti-.3107"
1 [-.3107 .1335]

f  .7202 -.43571
[-.4357 .2778J
f  .505* -.40831
[-.4803 .33751

Sams s s  #1

Same a s  #1

tame as  I l
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CONCLUSIONS
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7.1 EEPEISE

This thesis has been concerned with the analysis of differential 

games with constraints on feedback gains. Continuous two-person 

zero-sum differential games with perfect information have been 

considered. The analysis with the simple constraint of constant 

feedback gains paved the way for the analysis of games with more 

complex situations involving suboptimal and piecewise suboptimal 

control laws. Under these constraints on feedback gains, necessary 

and sufficient conditions are examined for the existence of saddle 

points in general and also in linear-quadratic games. For a class of 

linear-quadratic games a way is indicated to obtain control-law param­

eters that are independent of initial conditions, so that a saddle 

point with respect to the expected value of the performance index is 

obtained. Partial information about the possible initial states has 

also been considered. For the class of linear-quadratic games, .

sufficient conditions' for advantageous strategies for either player 

have been examined.

The general results were applied to specific scalar and dynamic 

systemss and numerical solutions were presented. The method of 

successive approximation was used to compute the optimal parameters-.

7.2 CONCLUDING EEMAEKS AND SUGGESTIONS FOR FURTHER RESEARCH

The results of this thesis can be extended to cover nonzero-sum 

differential games. For the most part, these extensions are straight­

:!
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forward. All of the existing solution concepts (e.g., nash-equilibrium 

strategies, minimax strategies, and noninferior sets of strategies) 

can all be analyzed with feedback gain constraints. Noting that 

constant feedback gain strategies have added additional features, 

such as negotiation and bargaining, to the originally considered zero- 

sum games, it is natural to suspect that they will yield additional 

interesting features in nonzero-sum differential games.

One such feature is apparent at the outset. Starr and Ho [43 ] 

have shown that for nonzero-sum differential games, closed-loop 

solutions, in general, are different from open-loop solutions. It is 

evident, however, that closed-loop and open-loop solutions will be 

the same if constant feedback gain strategies are adopted. The effect 

of adding constraints on feedback gains to the existing solution 

concepts of nonzero-sum differential games is a matter for further 

investigation.

The extension of constant feedback gain strategies to stochastic 

games of imperfect information is also a matter worthy of further 

investigation. For example, consider the case of a linear-dynamic 

system with a quadratic cost functional and with independent white . 

zero-mean Gaussian noise additively corrupting the output measurements 

of each controller. A possibility for the form of control strategies is

o :
u (t) = Ak1CtZt)
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and .

v°(t) = Bx (t/t)
—  ~~ Z

where

x . (t/t) = E{x(t) /Y . (t) > ' i = I, 2

" th 
where Y .(t) is the measured output function for the i player up 

I .
to time t, and includes a priori information, and where A and B 

are constant matrices of appropriate dimensions. ‘ The object may 

be to find or characterize, if they exist, and B^ which are optimal 

in the sense that for any other matrices A and B ,

E{J(A, B°)/Y1(T) }<_ E{J(A0 9B0)ZY1(T))

E{ J ( A°, B°)/Y2 (T)} < E{ J ( A, B°)/Y2 (T) }

It is suggested that the problem of differential games with 

constant feedback gains might be reformulated in a’Hilbert space and 

be analyzed using functional analysis techniques. Such a reformula­

tion could simultaneously consider such system types as linear discrete­

time systems and linear distributed-parameter systems.

■ It is also suggested that attention be given to sensitivity 

considerations in differential games. For example, one would like 

to know the effect of variations in the weighting matrices of the
• I

dynamical system and of the cost functional on the saddle point and
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on the performance index. It is suggested that the approach and the 

results of Chapter 5 might be useful in this respect.

Also, worthy of further investigation are the sufficient condi­

tions for advantageous strategies for the case of linear time-varying 

systems and when partial information about the possible initial 

states is different for each player.

The development of efficient computational algorithms for the 

computation of optimal parameters is another area for further research. 

In particular, the method of successive approximations, used in this 

thesis to compute the optimal paramters, assumes that the process will 

eventually converge. An attempt can be made to prove the convergence 

of this process by the use of the contraction mapping theorem. This 

is an open area even for the case of one-sided optimal control theory.

More consideration should also be given to the choice and the 

number of time functions to be generated for a satisfactory approxi­

mation to truly optimal control laws and to the speed of convergence 

of the suboptimal control laws to the truly optimal case.

Finally, all the investigations suggested above can be effected 

with other constraints imposed on the system, e.g., terminal-time 

constraints , energy and amplitude constraints, and also systems with

inaccessible states.
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In this appendix a proof is presented for the sufficient condi­

tions of Section 4.4, for the existence of a saddle point for a 

general two-person zero-sum differential game when the players use 

control laws as specified by equations (4.2) and (4.3).

Consider equation (4.19)

0m£n S (x,A,B ,n,p) = 0 

Therefore, for all A,

S(x,A,B®,n,p) >_ 0 ’ . (A.I)

or

(It + V - ^ + g) > 0
B=B

o r

o I -(it + I 'f) x — B=B

Thus,

T
dt > - / (I + I 'f) B0 “  Jt t x -

(A.2)

(A. 3)

(A. 4)

\
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/ S l g d t >' -I
tO |B

+ I
t=T,B=B t=t°,B=B6

> -L(x(T),T) + I
t=t0 sB-B0

(A. 5)

L(X(T)sT) + . / g 0 dt I  1 t=t° SB=B°
(A.6)

It is evident that equality holds throughout the above develop- 
0ment for A = A , in which case

L(x (T),T) + / g
tn (A0 sB0)

dt = I
t=t°SA=A°,B=B0

(A.7)

From equations (A.6) and (A.7) it follows that

t=t°,A=A0 ,B=B0
K A 0 sB0) < J(ASB°) (A.8)

It can similarly be shown that

0 0 o = JCA0 sB0) > J(A0 sB)
t=t ,A=A ,B=B

(A.9)
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B .I PRELIMINARY REMARKS

It is indicated in Section 4.6 that for the linear-quadratic games 

a saddle point with respect to the expected value of the performance 

index, the expectation being taken over distributed initial states, 

will be obtained if the players, satisfy necessary conditions (4.25) 

and (4.26) in an average sense. In this section a separate deriva­

tion of the necessary conditions (4.29), (4.40), and (4.41) starting 

with the problem of finding the expected value of the performance 

index is presented. The results of this section clearly indicate 

that for the class of linear-quadratic games under consideration, the 

operation of taking the expected value of the necessary conditions 

for optimality corresponding to J with known initial conditions is 

equivalent to finding the necessary conditions for optimality corre-r 

spending to the expected value of J.

\ B .2 DERIVATION OF THE NECESSARY CONDITIONS FOR THE EXPECTED VALUE OF J 

Given is

T
J = x*(T)Sx(T) + /. CutR 1U + v ’R„v + x*Qx) dt

tO

Let
Bi1 m 1 m 2 m

C M l  a A V riC I a Aj) + ( I B.Bj)'R ( I
j=l 3 j=l J j=l J 3=

2 j
f3.BJ) + Q 

I 3 .
(B. I)

and
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(Bo 2)

Therefore,

x dt = X ^ U f (T,t0)S(j)(T,t0) +

T
- / (t,t0)C(j)(t9t0) dt]x^ (Bo3)
tO

where ^(t,^) is the transition matrix corresponding to F^. There­

fore,

T
E(J) = tr{[<l)'(T,t0)S<|>(T,t0) +■ / *'C4 dt]K} (B.4)

tO

where E is the expected-value operator, tr denotes the matrix trace 

operator, and K = E[Xq x^’]•

The object is to find the min max E(J) subject to the conditions
A3 BJ

i = Fjj(J), ^(t0 ,t0) = I  (Bo5)

= 0 (B.6)

and

fcj = 0 e.7)
- K -

For convenience the (n x n) matrix (j> is partitioned in terms of its

T
J = X 1(T)Sx(T) + / x'C



I

171

columns, i.e.,

<i> = [<t>, <t>0 ... U— I — z — n (B.8)

where ^  , • i • » are (n x I) vectors. The development of Section

2.3 is applicable. Let _n^(t)’s and £^.(t) *s denote vector Lagrange 

multipliers that account for constraints (B.6) and (B.7), respectively  ̂

in the two related optimal control problems and 2_(t) be the common 

Lagrange multiplier, to account for constraint (B.8). Also, let

H = tr(<j>’Cc!>K) + I
k=l -k IHc (B.9)

It can be easily seen that the necessary conditions are

-£(t0) - r£<T> j = I, 
k = I, 2 $ • • • 9 mI

n (B.10)

- 4 (I)
j = I,
k = I,

2 9 •«• 9 n2n (B.ll)

3HZdik = -Ak k = I, n (B.12)

3/3ik.{tr((|.,S<i,K)}t=T = Ak (T) ' k = I, 2 9 • • • 9 n (B.13)

TI  3HZ3^k dt = ID
tO

k = I, 
j - I, 2 9 • • • 9

n
“l .

(B. 14)

rT iJ 3fiZ9£k dt = IO k = I, 
j -  I. 2* .0.9 n

m2
(B. 15)

It is shown in the following that the above necessary conditions actually 

reduce to equations (4.29), (4.40), and (4.41).

. I
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Some useful relations are in order:

8 ( ) _ r 3 ( ) __3_( )
3AJ

and

-I

3 ( ) (B.16)

TT tr(<j)*S<j>K) = 2S^>k
%  ■ 3

where

(B.17)

K "" —2
(B. 18)

Also,

^ ( A 1) 'E1A1I 1 - ZR1A 1I 1I 1 ' (B.19)

■^Tlr (A1) ' R1A1I 2
SAx ■L.

R 1A1I 1I' + R1A1I 2I 1'

and

-S-(Z1A1 X) = zx'
BA

in which z is a (p x I) vector and x is an (n x I) vector. 

In view of (B.17), condition (B.13) reduces to

(B. 20)

(B.21)

2S (KT)Rj = Xfc(T) k — I s 2, n (B.22)

or
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2S(j,(T) [Ic1 k2 .... ^ q] = IA1(T) .A2 (T) ••• ^ 1(T) ] (B.23)

Denoting

X(t) = [X1Ct) X (t) ... X (t)] (B.24)■ — x ■ — z — n

It follows that

2S<j)(T) K = X(T) (B.25)

Condition (B.12) becomes

2 C <j)k. +F' X . = -X . j = I, 2, n (B.26)J N-j -j

or

2C<t>K + F^X = -X (B.27)

Assume that X(t) and <j>(t) .are related by

X(t) = 2P(t) (j)(t)K (B. 28)

with the boundary condition P(T) = S . Substituting (B.28) into (B.27) 

and using (B.5) it follows that

P + PF1vt + F ’P + C = [0] (B.29)N N

with the boundary condition P(T) = S . Now,



— T-tr ((})' C(JiK) = — ;rtr [ (j) ’ ( I a.A2) 'R1 ( I a .A 
9AX dAX j=l 3 j=l 3

m 174 m 
*̂* • ,

J M u  /■ V AjJ(J)K]

• n nI I I I «4̂)4̂ )
=1 I=C1 j = i 3 j = i 3BA1I

m.

I I-sTiia a AjJ-R ( I a AjJ1 K J 
=1 2=1 9AX j=l 3 j=l 3 *

n n
I I

i=l 2=1 BA'I I . A[“i(a1)XaV u + A  *1<.I 'ViaV u +B A  —  j — Z

“l
-j T  I V 1CA1) 'R ( I a A3J1 K ] 
9AX 1 X ' 1 j=2 3 • (B.30)

Equation (B.30) can be evaluated term by term: The first term is

I j “i<vVu4+ vVuV1=1 2=1

(R1A1(J)K'.J)' + R1A1(I)KcJ)') = 2a ^ A 1 (J)K(J)' (Bo 31)

in which the last step is possible because K is an (n x n) symmetric 

matrix. The second term of equation (B.30) is
n n n n

J1 J1W ajvWVu = J1 CChai )±lhA
a R ( I a A3) W  

3=2 3
(B.32)
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The third term of equation (B.30) can similarly be shown to reduce 

to

CtlR 1 ( £ cx.A-b W  
1 3=2 3

The net result is

. m,
_3 
3 A

Ytr(<})'C(j)K) = Za1R. \ a Â (|)K<j)’
1 j=l 3

(B.33)

Consider also

Za1G^P <i>K(t>’

Condition (B.14 ) , therefore, reduces to condition (4.40) of Chapter 4. 

Condition (B.15) can similarly be shown to be equivalent to condition 

(4.41) of Chapter 4.



APPENDIX C

FORTRAN PROGRAM FOR COMPUTING OPTIMAL PARAMETERS FOR A 
VECTOR CASE WITH THE CONTROL DIAGRAM OF FIGURE 6.2(c)



C.l GENERAL

The particular Fortran program to be described below can be used 

to solve two-point boundary-value problems occurring in optimal control 

theory and differential games. The program has been written for the 

computation of the optimal parameters for the vector case with four 

constant gain intervals corresponding to the control diagram of 

Figure 6.2(c). The constant gain intervals need not be equal and 

partial information about the possible initial conditions can be taken 

into account by merely changing specific cards. The flow diagram 

of digital computer program is given in Figure C M .  Results for a 

vector case with four gain-change points is given in Table C.2.

The seventh and eighth iteration gave identical results.

C.2 SUBROUTINE RKAM

The computation of the. optimal parameters require extensive 

solution of differential equations. For this purpose, the main 

computer program frequently calls RKAM(YjD Y iY D sV F jUY) which is a 

Fortran IV subroutine [53 ] used on the XDS Sigma 7 Computer for 

solving any set of coupled, first-order, ordinary differential 

equations of order 201 or less. It is stored in the MSU-EE Fortran 

Library.

The subroutine allows the programmer to choose from the following 

integration methods:

177
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1) Fourth-order Runga-Kutta;

2) Adams-Moulton Predictor Corrector with relative error check;

3) Adams-Moulton Predictor Corrector with absolute error check. 

The programmer must supply: '

1) A short main program which calls RKAM;

2) A subroutine, DERFUN, which contains the system of n simul­

taneous first-order equations to be solved; and

3) A set of data cards which gives all the appropriate initial 

values, etc.

The data cards contain the initial conditions, the integration 

method to be used, the point interval desired and the desired number 

and type of graphical output. For a detailed discussion of the data 

cards.see [53]. A fourth-order Runga-Kutta integration was used in 

the Fortran program given in Table C.I.

C.3 DETAILS OF THE FORTRAN PROGRAM

Statements 17 and 18 are to be changed when the information 

available to the players about the possible initial states is to 

be changed. In the Fortran Program indicated, A = 1.0 and B =  0.0.

X
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Hence, ECx q Xq ) = K ,= I B 
B A

I O 
O I This corresponds to the case

when- the initial conditions are not included in the design.
I -1/4 

-1/4 1/16
I B 
B A
-2.0 and x^Q= 0.5,

If A = 1/16 and B = -1/14, ECx q x^) = K  

Because the actual initial conditions are x ^  

it is evident that, in this case, the players are including the 

initial conditions in computing their optimal parameters. .It is to 

be noted that the scalars A and B are used here to denote -entries - 

of K during the first constant-gain time interval and should not be 

confused with the parameters A and B_. Because the matrix K accounts 

for a priori information available to the players, it can rightly be 

called the information matrix for the first time interval.

Statements 72 ~ 77 are for calculating E(x(t^)x*(t^)) =

[: Cl I . SQ1/SP1 A I D"
Therefore = SQl/SPI SRl/SPI D C is used by

players as the information matrix for the second constant-gain time 

interval. Statements 84 - 89 are for calculating the information

matrix K„ I F 
F E for the third time interval and statements 99 —

for10 4 are for calculating the information matrix = [h  g ] 

the fourth time interval.

SUBROUTINE DERFUN

Statements 52 - 55 are for modifying the initial conditions 

from what has been read from the data cards to the computed value of 

P^(tg) . Statements 76 - 79 and statements 100 - 103 are for
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changing the initial conditions to !^(tg) and !^(t^), respectively.

The flow diagram clearly illustrates the major features of the 

program.

A NOTE ON THE STEP SIZE USED FOR INTEGRATION:

A step size of 0.001 was selected on the basis that successive 

reduction in step size did not alter the results appreciably. A 

very small step size might lead to undesirable round-off errors 

during computation and so, in general, the step size should not be too 

small or too large.

Consider the scalar dynamic system governed by (4.70) and the cost 

functional (4.71) with S = 6 and consider the case with constant feed­

back gains for both the players.

The percentage errors in the performance index with constant 

gains, the performance index with nonconstant gains, and the parameter 

A for a step size of 0.005 are about .2%, 0%, and 4.5%, respectively, 

when compared with the results for step size 0.001. The percentage 

errors for the same quantities for a step size of 0.002 are .026%,

0%, and 1.2%, respectively, when compared with the results for step

size 0.001.



181

Choose initial values for

Equation (6.109)

Equation (6.111)

Equation (6.112)

Equation (6.110)

Figure C.l. Digital computer flow diagram.
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New Values
Values

InitL

Terminate

Print the
New Values

Print

Replace Initial
Values by New Values

Equations
J and J.
Evaluate

Equation (6.104)

Evaluate

Equation (6.104)

Evaluate

Equation (6.104)

Evaluate
Equation (6.106)

Equation (6.107)

Solve for <p (t) ;
Equation (6.105)

Equation (6.108)

Equations (6.96) - (6.103)

Figure C.l. Digital computer flow diagram (continued).
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TABLE C l. FORTRAN PROGRAM FOR A VECTOR CASE UlTH FOUR CAIN CHANCE POINTS

DeuBLE PRECISION UY,AY,6Y,CY,9Y,eY,ZY,PY,0Y,TY 
DIMENSION Y(9)»DY(9)>YB(3S)<VFt'i5)»UY(45)
ECU!VALENCE (UY(1 WAY), (UY(2).BY), (UY(3)/CY), (UY(AXRY)
P/ (UY(S)1OY)« <UY< 6 W Z Y W  (UY(7>,PY>, (UY(8),SY>, (UY(SWTY) 
COMMeN/NAhl/AY, BY, CYlR Y ^YjZY1PY7QY, TY 
COMMON I, J, Tl,TZ,N, A,B»C<D, J1,J2,E,F,G,H 
COMMON Al.Bl, AZ,B2,Cl,0l,C2/02, J3. JA-
COMMON El,X2,Fl,F2,Gi,G2,Mi,H2 . . .
COMMON Y! I 3C0 ) , YB O O O  W  Y3 (300 >' Y A( 300) < Y5( 300) , Y6 ( 300 ) i Y7 (300) « 

PYg ( 300 ), YS (300, YlO (300), Yl I (300), YlZt 300), Y 13 ( 300), Y l A O C O  I, 
PY15(3CO)ir'-6(30O),Yl7(3C0),Yi3(3O0)/Yl9(3CO),Y2O(300),Y21(300), 
PY22(300WY23(300I,Y2A(300)COMMON Y25(300)»Y26(300) jY27(3C0)»Y2S(300)>Y29O00)»Y30(300)< #Y31(300)<Y32(300),Y33(300),Y3A(300)/Y35(300),Y36(300),Y37(3CO), 
#Y38(300)«Y39(300!»YA0O00)»YAl(3c0l»YA2(300)< YA3(3c0)jYAA(300)
P»YA5(300), YA6OC0), YA7(300),rA8(3C0)

C ELEMENTS OF K BR EtXO-XO')A.I.O B«O«0
C INITIAL VALUES FOR THE PARAMETERS

Ale-3.6 
A2»-*§0 
Cl--BiB 
C2--2.8 
Bi,0i9 
BB-IiO 
Dl-OiS 
02.0i7 
El--Big 
E2--3.B 
Fl,0i7 
FS-OtS 
Gl--BiO 
GB--BiB Hl-OtS 
HB-Otg C STEP SIZE 
TB,.001C (INTERVAL Or CONSTANT GAIN/STEP SlZEI-I 
Vl-B=I .
VB-ESl
V 3 - B 5 1
VA-BSlC ITERATIVE PROCEDURE begins DO 25 N»l,5 C SOLUTION FOR PA(T)
V-I
I-VATl-,99901Callfkam (y,dy,yd,vf,uy>C Solution for pbiti .
V-B ' 'I-VB
T1-.7A901 .
CALL RKAM (Y<OY<YD'VF,UY)

C SOLUTION FOR PZ(T)
J-B

1011
12 13 
I*15
16
1718 
19 BO 
BI BB 
BB BA 
BS 
BA 
B7 88
29
30
31
32
33 
BA
35
36
37
38
39 
AC 
Al 
AB 
»3

Il
A7
AS
49
50
51 
EB 
53 
BA
55
56
57
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1-J2Tl..49901 .call PkaM (Y.dy.yd.vF/UY) C SBLUTieN FBR PUT)
l»JlTie,24901
CALL RKAM (Y.DY.YO,VF.VY) C SBLLiT I SN FeR FHIl(T)

TABLE C-I. (continued)

JeS 
1*1Tl.«00099
call rkam CBHPVTATieN

(Y.DY.YD.yF.UY)

'sRielYlSt J U  **2 )♦(*• (Yieui) ee2) )*( 2,OeYlSl Jl) 1YlAtJD *8 ) 
C.SRl/SPl 
O.Sdl/SPlSBLUTieN FBR PHIZ(T)
i:\Tl,,25099 .call rkam (Y,oy,yd,vF,uy)

*SR2 • IY2A (jZD a2?+( Ce IY25 (J2) **2)) e (2,0*Y24 (jZ) .Y85 (J21 *0)
E. SRZ/SP2
F. S02/SP2 SPzNtISP2*SPl)SOPNt(SQZeSPl)
SRZN-(SRZeSPl)

SOLUTION FBR PHl3(TI J-7 
I«1Tl..50099CALL RKAM (Y<DY/YO,VF«UYI

...
,SS3 e(Y3 3 lJ3 )ee2 )*(Ee(Y3 4 U 3 )e.2 ))*(2 ,0 eV3 3 (J3 >eY3t(J3 )eF)
G. SR3/SP3H. SQ3/SP3 SP3N.(SP3.SP2N)SO3Ne(S03eSPZN)SR3N.(SR3.SP2N)

SBLUTieN FflR FHIt(T)
Jeg
1*1Tie.76099call rkan {y,dy,yd,vf,uy)

ACTUAL INITIAL CBNDlTlBNS
xiaee2,o

SS5960 61 626364
65
6667
68697071727374757677787980 81 82838485
86 87
88- 899091929394 • 9596
9798 .99 ICO ICl 102103104
105
106
III109
HO

!!I11»
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TABLE C-I. (continued)
X2e*0.5 

el e m e n t s bf s Si.4,O 
SE.1.0
TRPS-YlO(I) + tA.vlE111) +(2.0.^11(11.3)

so F e s M A i ' l ’ H O ^ l s L r H C  ceN3TANT PERFORMANCE INDEX BT FORMULA 
* T S l ' / E l S . g )

NEW APPRexiMATlBN FBR THE PARAMETERS
SAl«Y17t J U  
S B l - Y lB ( J l )Sci»ri9(jii
SOl-YEO(Jl)
SEl-YEl(Jl)
OETl1(SAl.SOl)-(SB1.»2)Al.-E.O.((Sd 1*SC1)-(S31*SE1)l/CETl 
A2.-2.0.( (SAl.SED - (SB1.SD1) l/DETl
Bl-.Al/A.OBE.-A2/A.0
SAE=YZfr(JZ)SB2»YZ7(JE)SCZ-YZB(JZ)
SDZ-YZs(JZ)
SEZ-YSoiJ2)0ET2-(SA2.SCZ)-(SB2.«2I 
ClfZ-O-I (SDZ-SCZ)-(SBZeSEZ))ZOETZ 
C2..Z.0.((SAZ.SE2)-(SBZ»SDZ))/DETZDl.-Cl/4'0 0Z.-CZ/4.0 SA3.Y3S(J3)SB3-Y36(J3)SC3-Y37U3)
SD3»Y38(J3)SE3-Y39(J3)OET3*ISa3»SC3)-(SB3.*Z)
E1..2.0.((S03.SC3)-(SB3*SE3))/DET3 E2.-2.Q.((SA3.SE3)-(S83«SD3))/0ET3
Fl-.El/4,0 F2.-E2/4-0SA4-Y44(J4)
SB4-Y4S(J4)SC4-Y46(J4)
S04»Y47(J4)SE4.Y4S(J4)0EY4»(SA4.SC4)-(SB4..Z)
Cl.-2.0-< IS04.SC4)-(SB4-SE4))/DET4 
GZ.-2.0.I(SA4.SE4)-CSB*.SD4))/0ET4
HI..Cl/At O 
H2.-G2/4•O 
WRITE (108.551) 
Write (108,552) 
WRITE (108,553) 
WRITE (108,554)

Al, A2,Cl, CZ
Bi,BZ,Cl,DZEl,E2,FI,FZ 
Cl,62,HI,H2

1:5
I l76118
120

ill
s«126
IIII
I : :1JIIUSiscI
III
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WRITE (10b,559) SPl,SQl,SRl 
WRrTE (108,560) SP2N,S02N,SR2N 
WRITE (108,561) SP3M,SG3N,SR3N551 Fbrhat u h o i SX,'Ac Parapeter values a r e '/3X,A(F8.5,3xn

552 Fbrmat ( 1h 0/5x ,'BO PaRaHEtER VALUES aREi,3X,A(F8.5,3X))
553 FeRMAT <1H0,5x ,'EF para m e t e r VALUES AP.E',3X,A(F$,5,3X) )
554 FBRm AT (1H0<5X, 'C-H PARAMETER VALUES APE •, 3X,4(F10.5,3X) I
559 FORMAT (1H0,5X,'E(XXT) AT Tl ISi,3X/3(F8.5,3X))
560 FBRMAT (1H0<5X,'E(XXT) AT T2 I S',3X,3(F8.5,3X))
561 FBRMat (1H0i5X,IE(XXT) AT 13 IS •,3X,3(F8.5,3X)I
25 CONTINUE

END

TABLE C-I. (continued)

SE
!«177178 
I”  180 181!SI

SUBRBUTINr DERFUN(Y,DY,T)OBUBLE PRECISIAN LY,AY,BY,CY,RY,9Y,2y,PYjOY,TY OlMENS I SN Yl I),DYll)EQUIVALENCE (UY(I)1AY), (UY(Z)1BY), (UY(3),"CYI, (UY(A)1RY)•a (UY(51,8Y>, (UY(6 ), 2Y), (UY(T)1PY), (UY(S)1QY), (UY(9).TY)CBMM3N/N AMl/AY1BY1 CY1 RY1BY1ZT1PY1QY1TY
CBMMBN I1J1Tl1TZ.N1A1B1Cy D1JI1JZ,E1F1G1HCBMMBN AllBlYAz1Bz1Cl1Dl1Cj1DZYjsrjA
CBMMBN EIyEZyFIyFj.GIjGZ.HIyHZ . .
CBMMSN Yl(300)Y YZ(3co),Y3(3G0)Y Y41300)Y Yv< 3GQ)/Y613001Y YT(300)Y 
H1Yg(SOO)1Yg I 3CC I1YlO (300 ),Y11 (300) ,YlZ (300) ,Yl 3 (300 !,Yl1I (200 IY #Y15(300)yy16( 300)^13(300)^121 300) YYlS(200)i Y20(20C) Y y 21( 200),*YZ2(300)1YZ3|200)1YZ4(30C)C6MM8N YZ5!300)yY26i3oO)yY2T(3OO)1 YZ8(200)yYZ9(300)yY30C2c0)y #331(300),y32(3C0),Y33<300),33*I 300) , Y3;(3C0>,Y361 3001 , Y37(300), #Y38(300)i Y39(SCO)1YAOI 300) ,341(300),Y4Z(3C0),Y43(300 I,Y441300)
#'Y45I 300).346(300),347(300:Y348(3001 J5.J4-3 J6 »J3-3 J7«jZ-3
J8.J1-3
IF (J.EQ.Z) GB TB 9
IF (J.EQ.3) GB TB 19IF (J.EQ.4 ) CS TB 29
IF (J.EQ.5) GB 78 55
IF (J.EQ.6 ) Ge TB 65
IF (J.EQ.7) GB T6 75
IF (J.EQ.3) GB TB 85
IF (J.E0.9) GS TB 12
IF (J.E0.1C) GS TB ZZ
IF (J.EQ.ll) G3 TB 32
IF (T.GT.T1) GS TB 5
IF (I.6T.J5) CS TB 4
L'I + 3 Yl(L)-AY YZ(L),BY Y3IL)*CY4 I-I-ITleTl-TZ . .5 M-IIF (I.LE-O) Mil T0l-6l*(Z,C-Ht)TCZ-GZ*(Z■O-HZ)

It12
13
I*15
161718 
19 ZO Zl ZZ2324
25
262728
29303132333435363738
4142
43

<0
0»
>l
0w
d1
»v
n>
ni
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TABLE C-I. (continued)

ZQ1"(4.0*(H1*.2))-(0.5«IS1««Z))*1'0
Z02«(4.C»Hl.H2)-(0'5.Gl«G2iZQ3«(4.o*(H2*»2)>-(o,G-'1G2»«2)>
6 Y |1 > ' . |2 .C » T 0 1 « Y (2 ) ) * Z C 1
b y ( Z l = - Y t  I ) - n OZ1 Y( Z )  ) - ( T 0 1 « r l 3 ) ) * Z 0 2
DY I 3 ) ■ - ( Z I C« YIZ ) I-IZiÔ Ô -YO) )*Z03

reOlFYlNG IN IT IA L  CBNDtlieNS FSR the t h i r d  t i m e  in t e r v a l  
9 Y(J)1Yl(I)Y(E)1YZ(I)

Y ( S ) 1Y a ( I )
J«912 If (T«GT*T1) Ge Te i IF (I.GTtJS) Ge TB 7 L1I1S YA(L)=AY YS(L)1BY Yfi(L)1CY

7 M - I  Tl1Tl-TS
8 H1 1IF (I.LE'O) M-I TBS1EIiIZ.O1Fl)ToA1EZ1(E1O1FE) ... .Zcai(A1Oi(FiiiZ))-(O-S1 (EI1 1S))-I1O 

Zasi(A1O1Fl1FE)-(O-S-El1ES) Zatl(A1O1 (FEllZ))-IOlS1 (EE1 1E))
D Y d  Ii-(E1CiTOS1Y(Z))1ZQ1DYlZI1-Yd I-ITQ-1Y(Z) I-(TCS1YO) ItZOS
DyOI1-(E1C1YIE) I-IE-O-TOA-Y(3) I1ZQfiRETURN . . . :C N80IFYING INITIAL CBNOITIONS FBR THE SECBNO TIME INTERVAL 19 Y(J)1YA(I)Y(E)1YS(I)
VOl=Yfi(I)JdO22 IF (T1GTiVl) GB TO Jg IF (1.GT.J7) GO TB 17 L1IAS VT(L)=AY VB(L)1BY YS(L)=CY 

17 M - I  TiiTi-Ta 16 MdIF (I.LE'O) M-I ToS1CI1 (Z1O1OI)T Dfi1CZ1O.O1DZ)ZoTl(A1Ol(Dl1 1Z))-(O1S1 (Ct1 1 Z))-IiD
Zeei(AlOlCl1OE)-(C-S1Cl1Cz)
Zo s i (A1O1 IDZ11Z)I-(OiS1ICE11Z))
DYdll-(ZiO1TOS1YIE) I1ZDT OY(Zl1 -Yd)-(TSfi1YIZ) I-(TCS1Y(S))-ZOg 
DY(3I1-IEiO1Y(a)I-IgiO1TSfi-Y(S))-ZQ7

C NBDIFdNG INITIAL CiNOniBNS F1R THjr FIRST TIME INTERVAL 29 Y(I)1YT(I)
V(Z)1Y1(I)V(S)1YS(I)Jdl

AA
AS
AtATASAS
50
515253 SA 
55 Sfi 57 SB5960 
61 62636465
666768 69

TE
737A
7576

79
80 81 82 83 BA85
8687888990
9192
93 9A 
M9697
98 .99 
100 
101 
102 103
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TAlLE C-I. (continued)
32 IF (T.GT.T1) Gg Tg 38 IF (I.GTtjS) G9 TO 37 L«I*3 YlO(L).AY Yll(L)-BY YlE(L)-CY37 I-I-I Tl-Tl-TE38 M-IIF (l.LE'O) M-I TC7-*l*(2.0»8l)TC3 -AE*(S1O-BE) . . . . .ZCFeI1IiOe(Bl--S) )-(0«5*(M--E))-1,0 ZC3-(4.O-Bl-BSI-(OiS-Al-AS)ZCH-(4.o»(ES--S))-(QiS-(AS-E))DY(I)-.(2,C-TCT-Y(S)I-ZQ- ...OY(S)--Y(I)-(TCa-YIS) I-(TQ7-Y(3))-ZCG DY(3)..(S,c-Y(2))-IS.O-TQa-Y(3))-ZCH Return55 If (YiLT-Tl) Ge Te 50 IF (I•LT-4) 63 TB 48 M-1-3 Y13(M).*Y YlA(M)-BY YlS(M)«CY YlG(M)-RY YlT(M)-OY YlS(M)-ZY Ylg(M)-PY YEO(M)-QY YEl(M)-TY 
* 8 I-I-I Tl.Tl-TE 50 CsnTINUET07-*1-(2,o-81)T08-*E-(SiO-B2)OV(I)-Y(T)DY(E)-Y(A)0Y(3).(T07-Y(1>)-(TQ8-Y(3|)OY(A>»(TQ7-Y(S))-(TqS-Y(A)) ...DY(S)-(Y(I)--S)-(A-IY(S)-S) )-(2,0-Y(l)*Y(2).BI . 0Y(6)«(Y(1),Y(3) )-(A-Y (S)-YIA I)-(Y(I)-Y(A)-B I-(Y(S)-YO)-B I 0Y(7). (YO)--Sl-IA-IYIA I--S) )-(S,oiYO)*Y(A)-B)OY(S)-IYll(M)-CY(S)I-IYlS(M)-DY(G) I OY(S)-(YlKM)-DY(G) I-IYlS(M)-DYI?))RETURN65 IF (T-LTiTl) 6 6 TO GO IF (IiLTiA) GO TB S8 M-I-3 YSS(M)-AY YS3(h)-BY YSA(M)-CY YSS(M)-PY YSG(M)-OY YST(M)-ZY .YSS(M)-PY YSS(M)-QY YSO(M)-TY 58 I-I-I Tl-Tl-TS 60 C8NTINUETQ5.CI.(S,0*D1)TCG-CS-(SiO-OS)DY(D-YO)
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TABLE C-I. (continued)

DY<2>«V(t>
Dy (3).(T05»Y(UH(TQ6.y (3)1 
DYC*).(T05»r(2))*(TQ6»Y(Y))
DY[5)»(Y(l!••a)*!:*IYlZ I*.!)Itls1OsYti)*YI2)»D1 
DY(6ls(YlU*Y(31)tlCsY(2l«Y(4lIt(Yll)#Y(4).0lt(Y(2l«Y(3)*DI 
DY(7|s(Y(3)s»Z)tlC,lY(4)s.2|)s(2,0sY(3)sY(4)s0) 
DY(8).(Y8(M)«DY(5) U(Y9lM)*0Y(6> )
DY(9)s(Y8(M)«DY(6))t(Y9(h)sDY(7)l 
Return75 If (T1LT1Tl) GO TO 70
IF (I.LTi4) GO TC 61 'hel.3 
YSl(H)SAV 
Y32(M)sBY Y33(H).cY 
Y34(M)sRY 
V35(M).0Y 
Y36(h).zY 
Y37(M).PY Y3e(h)sOY 
Y39(M)sTY 

68 lslsl
TlsTlsTZ70 cbntI Nue
TCSsEltlZ.OSFD 
T0A»Ezt(2,CsFZ)DY!I)sv|3)
0Y(2)sY(4)DY(3)s(TQ3sY(l))t(TQ4sY(3))
OY(A) s(TQ3sY(2) )*(TC4sY(4'))0Y(5)s(Y(I IssZItlFslY(ZIssZ))t(Z,0sY(l)sYl2)tF)0Y(6)s(Ytl)SYOI ItlEsY(Z)SYl Al)>( YlI)sY(4)sF)t(Yt2)sY(3)sFI DY(7)s(Y(3)ss2)t(Es(Y(4)..Z))s(2i0sYi3)sY(AlsF)
0Y(8)s(Y5!M)sCY(5)ItlY6(hlsCY|6)I 
DY(S)s(YB(M)«CY(6))s(Y6(M)sOY(7))
return85 IF (T1LT1Tl) GO TB 80 
IF (IsLT1A) GO TO 78 Msl.3 YAO(M)SAY YAl(M).BY YA2(M)sCY YA3(M).rY YAA(M)SOY YAS(M).zY YA6(M).PY YA7(M)sOY YA8(M).TY 78 I.(tl Tl.TltT2 to CONTINUET0l.Glt,2,csHl)
TOsSGztlg1CsHz)
OY(I).Y(3)
DY(2).Y(A) .
0Y(3) slTOlsyl I) )t|T(12sY(3) )
DY(A)s(TQl»Y(Z)It(TaZsYlA)) . . .
0V(5)s(Y(l)sszIt(Gs(Y(Z)SsZ)It(Z1CSY(I)SYlZ)SH)
0Y(6)s(Yll)SY(3) ItlGsyi ZIsYl A))t(Y(l)sY(A)sH)t(Y(Z)sY<3)sH) 
DY(7).(Yl3)*«Z)t(G'(Y(4)..Z)It(Z1QsY(S)SY(A)SH) 
OY(S)S(Yg(M)SOYlB))t(Y3(M).0Y(6))
DY(J)•(YZlM)SQYl6)lt(Y3(M)sOY(7))
RETURN
END

III19319A!SI
ill
260
i n20320A203206
237208209
210 211 212I!?215
11?ill22022122222322»225226 227HS230231



TABLE C^2.

RESULTS FOR A VECTOR CASE— FOUR GAIN CHANGE POINTS 
(Initial Conditions Not Included in the Design) 

(Actual Initial Conditions'— x ^q = -2.0, x^^ = 0.5)

Number of 
Iterations . 0 I 7

Parameter A -3.6, -4.0] [-■3.3836 -3.7036] [--3.3783 -3.6520]
B 0.9, 1.0] [ .8459 .9259] . [ .8446 .9130]
C [-3.2, -2.8] [--3.4397 -3.6520] 1 [--3.4185 -3.6002]
D 0.8, 0.7] [ .8599 .9130] [ .8546 .9000]
E —2.8, -3.2] ■ [--3.1654 -3.5583] [-■3.1507 -3.5445]
F [ 0.7, 0.8] [ .7913 .8896] [ .7877 .8861]
G [-2.0, -3.2] [-■2.4891 -3.7098] [--2.4929 -3.7126]
H [ 0.5, 0.8] [ .6223 .9275] [ .6232 .9282]

J 7.4730 7.4506 7.4504

4.4248 4.007 4.005

E ( X U 1)X1 U 1)) " .9445 - 2217 " .9503 -.2015 " .9505 -.2008

-.2217 .4415 -.2015 .4596 -.2008 .4646
E ( X U 2)X1 (tg)) - .7938 -.3644 ~ .8070 -.3543 ” .8078 -.3528

-.3644 .3974 -.3543 .3526 -.3528 .3561

E(XCt3)X1(t3)) " .6084 -.3678 " .6190 -.3833” ” .6206 -.3819

-.3678 .3573 -.3833 .3429 -.3819 .3434

190
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DATA CARDS' FOR ONE ITERATION
PARAMETER 6PT IM IZATiSN IN DIFFERENTIAL GAMES3, I .1 .2 -I ■ O O ..0o@00lIoO4,0

i«eE-Q4 ,746 ; IoQ
l«0E-07

2.0
ioOEoo IodE-06

*75 -OOOl - . #746PARAMETER GPTIMIZATIGN IN IDIFFERENTIAL g a m e s
3, I .1 -'2 _1 ■ .0 o . ..b - . ' f ‘=Ieool l«CE«o4 IooE-O7 looEoo 1,q E«o 6

@75 $496 '
4.0 , ltd 2.0
@50 "«c6l «496 ...

PARAMETER SpTIMIZATlSN IN DIFFERENTIAL 
3.' I . 1 . 2  -I O O ..6 
=@001 1@OE-04 IeQt-O? IeOEoO

@50 #£46
4.0 l.Q 2,0
«25 - »001 «246 . . . . . . . .PARAMETER SPTlMlzATlSN IN DIFFERENTIAL

0 . ..-Q1 »OEOO

O . .0 IeOEoo

3 I ,1. .2 ...I O®oOOl . I oQE-04 IeOE-C7
. o25 4,0 - o 004 , IoO 2.0.. OeC -,CDl . -«004PARAMETER SPTIMIzATISN IN I9 I ' .1. . 2 -I . OeOOl IoCE-04 IeCE-O7' OoO o254IoO CoO ' OoOOoOo 25 o OOl ■ .254PARAMETER OPTIMIZATION IN
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. O OIoO O 0C

IoO

O _.0I«0-00

IeO
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