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Abstract:

The isotope shift in chromium was measured using Fabry-Perot interferometric technique. The shift
was observed in the 5D4.-5P3 line and in the 5D1-5P1 line for the atomic numbers 50-52. The normal
mass effect and the volume effect were calculated and compared to the observed shift. The resulting
residual shift was attributed to the specific mass effect. No attempt was made to calculate the specific
mass effect theoretically.

The experimentally observed shift was 85+5 mK. The volume effect shift was calculated to be 4 mK.
The normal mass effect was calculated to be 7.7 mK. The residual shift was then 81+5 mK.

A three prism Steinheil-Streander spectrograph with a Fabry-Perot interferometer was used. A hollow
cathode discharge tube (cooled in liquid air) with chromium trioxide on the surface of the hollow
cathode comprised the remaining important features of the experimental set-up.
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ABSTRACT

The isotope shift in chremium was measured using Fabry-
Perot interferometric technique. The shift was observed in
the 5D, -5P, line and in the 5D;-5Py line for the atomic num-
bers 50-52° ° The normal mass effect and the velume effect
were calculated and compared to the observed shift. The re-
sulting residual shift was attributed to the specific mass
effect. No attempt was made to calculate the speclfic mass
effect theoretically.

The experimentally observed shift was 85+5 mK. The vol-
ume effect shift was calculated te be 4 mK., The normal mass
effect was calculated t@ be 7.7 mK. The residual shift was
then 81+5 mK. '

A three prism Steinheil-Streander spectrograph with a
Fabry-Perot interferometer was used. A hollow cathede dis-
charge tube (cooled in liquid air) with chremium trioxide
on the surface of the hollow cathode comprised the remaining
important features of the experimental set-up.




INTRODUGCTION

Optical spectrosecopy has been the major tool in the
analysis of atomic structure,l‘ With the advent of high
resolution spectroscopy, first used by Michelsen in 1892,2
and the development of-é theory to explain the hyperfine
. structure of the multiplet lines in the atemic spectra which
were subsequently observed, optical spectroscopy has become
an important tool im the analysis of nuclear structure.’ In
19249 Paulil proposed that the hyperfine strﬁcture (HFS) re-
sults from a magnetic:ceupling between the nucleus and its
orbital electrons. Pauli's explanation was soon shown to be
essentially correct, but some HFS .experiments yielded ansmalous
values., These anomalies were later interpreted as due to an
effect called isetope shift. This paper contains a brief
review of the theories dealing with the HFS agd with isetope
shift. Sinee isotope shift and HFS utiliée similar assuméa
tiens on the nucleus, both are treated here.

-In the Behr theory_of the atoms.5 the nucleus is assﬁmed
to be a point charge, and the interactien between the nucleus
and the electrons is a coulqmb type. This simple assumption
is uwseful as a first approximation and serves to describevthe

gross structure of the atem, The intrinsic spin and magnetic
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moment of the elecﬁren is required for an explénatien of. the
observed fine structure in atomic speetra. If it is'alsé |
assumed that the nueleons have an intrinsie spin and that the
nucleus has a resultant angular momentum and magnetic moment,
then the HFS can be related to the resulting interactiens be-
tween the magnetic multipole mememts of the nucleus and the
electrons.

The energy levels contributing to the productien of HFS
are due, in general, to the magnetic interaction meﬁtioned
above. However, the levels may be modified by the additien
of a factor, which is uswally small, arising from an electro-
statiec interaction between the nucleus aﬁ& the electrons.
Seme of the results from the analysis of fine structure apply
to Hyperfine structure since they arise from similar effects.
Among these are the lLande interval rule,’ and the seleetien
rules.” HFS also exhibits Zeemann and Paschen~-Back effects
similar to these found in fine strueture and afe trea;ed in

6 Experimentally, hyperfine structure is

a similar manner,
observed only if the nucleus has nen-zereo angular mementum.,
This condition is satisfied in atems with odd-even, even-odd,

and odd-odd nuclei, That is, with an odd number of prot@ns‘

and an even .-number of -neutrens, etc.. Hyperfine structure
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will be discussed more completely in part II.

The isotope shift studies»fall naturally into twe
categories; the mass and the volume effecté° The mass effect
is further divided into the normal and specific mass effects.
- These effects are described in part III. The volume effect
has many aspects and gives much insight inte the structure
of the nucleus. The experimental data on the velume effect
would indicate that the term shift is caumsed hainly by s
electrons, the sign of the shift being obtained by assumiﬁg
that the s electron raises the level of the heavier isetope
relative to the lighter one. Experiments also show that the
spectral lines of the even isotepes are always arrangéd in
the order of their mass numbers, and separations tend to be
of the same order of magnitude for differemt isotopes in a
particular spectral line., Odd-even staggering is observed
i.e. the lines of the odd isotopes are shifted towards the
isotope of lower atomic number. These features are shown
graphically in Fig. 1l. Mack and Arroe7 have written an
"excellent review which includesha survey of the litefatmre
of the isotope shift. .studies te 1956. The volume effect
will be discussed mere completely in part IV,

The following explanatien of figure 1 is taken from




. . . B “b’_ .
the review article bj Mack anrd Arroe;7 “Figure la shows a term
shrinkage that eccurs im all spectra, aﬁd ig the only shift
in the spectra in the hydregén—like isoelectronie sequence:
the shift (measured from the value postﬁlated for an infinitely
massive nuéleus) tends to reduce the term differences and is
strictly propertional to the term value‘and to the reciprocal
of the mass of the atom or iop; thus the separation between
adjacent mass numbers is approximately inversel& proportiona1 
to the squafe'of the aferage‘mass, This universal term
shrinkage is qompletely aecounted for aé the normal mass
effeet. For simplicity it is net shown in the other parts
of figure 1, all of which show selective shifts, i.e., éhifts
occurring only in eertain levels.

"In its simplest manifestation (Fig. 1lb), from Z=2
throuéﬁ about the first third of the atomic table, the
selective shift of a level may be either sign, depending on
the electron qﬁantam numbers; and ﬁhe magnitude of the shift
per unit mass chahge for these 1evelé that are most strongly
affected in any spectrum is somewhat smallef than the normal
mass effect and varies from element t® element in roughly the .
same way, l.e., inversely as the mass squared, or aﬁprexin

mately linearly in the mass when the mass differences are
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small compared with the mass itself. This shift is identified
with the specific mass effect, |

"All of the follewing phenomena are attributed te the
field effect, and the uswal hypothetical reference level is
not that with infinite mass but that with zero volume (zero
mass)., About where the specific mass effect becomes in-

3

appreciable ( 1®°'K9‘where K stands fer Kayser, or em™!) there

.begins to be noticeable, but only among certain levels (Fig.,
le), an increase in the energy with increasing maéso The
energy change depends only upon the configuration, and is
greatest in the case of a configuration with a single un-
balanced s electron; but for a ﬁ%aeleetren it grows te about
@ne;fifth this magnitude in heavy atoms. Notice thgt the
enly characteristic distinetions to be observed experi-
mentally between the specific mass effeet (Fig. ;b) and the
field effect when the latter is appreximately linear
(Fig. lc) are thag,the former may have either sign while
ﬁhe latter is always negative; alse, the ﬁW@ effects differ
markedly with respect te their dependeﬁce upon the electronic
guantum numberso

"Figure 1d illustrates odd-even staggering (. o o).

¥Figure le shews the meost general situatien, which is
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beginning to be recognized as the usuwal one in the field
effect regioen of the atomic table: even for increases of
2 in N (i.e., when N stays edd or stays even) the pesition

of the level is appreciably nonlinear in N,.¥
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ITI, HYPERFINE STRUCTURE |

The following is a reviéw of the magnetic aﬁd electro~
statiec interactions bgtween a nucleus and the core eleectrens.
The results are‘qualitatively the same as those obtained from
é rigerous quantum mechanical treatment with @niy a- few miner
élterations° A more thorough treatment is to be found in the
literatureo3
A; Magnetic Dipole Interaction between Atemic Ngcleus'and

Orbital Electrons

From classical electredynamies, it is seen that the
energy of magnetic interaction between an atomic nucleﬁs

and orbital electrons is given bygz

U= = J;Xﬁj dv

where A is the nuclear vector petemtial, j is the current
. density of the electrons, and V indicates the volume of the
atem, To a first approximation, the nucleus is considered a

magnetie dipole and the vegtor potential is then~given by,

A=px¥/ 3

where)i is the magnetic mement of the nucleus. A better




~approximation would be given by expanding'i in powers of r .

9.
1
This would resolve the nuclear mégnetie field iﬁto monopole,
dipele, quadrupole, and"multipele compenents of higher order.
However, poles of even order would not be symmetrical in the
nucleus with respect to the nuclear equatorial plane, and,
therefore, they cannot :exist.* The magnetic octupele inter-
action cemtributes very little to the energy and there is
no conclusive evidence that this interaction has been ob- -
served in optical spec%roseopyo Neglecting terms higher thanj

dipole, the interactior energy is written

o _[Axt 2 Jd, o L R TrDgy
u J:,Y'3 devo= ‘J\v ¢3 .

The magnetic field of the electrons at the nucleus 159-

- ¥ ey
Moy = \f\g TéA dv

The expression for the energy may be simplified by utilizing
the relétionship between the magnetiec momentjmI and the

nuclear spin I M= 25-%!'% I Qs where él is the nuclear

*See H, Kopferman3 page 5. In partigular; when the
veet@E potential outside of the nucleus is -expanded in powers
of r”*, then the first-order point seource is the magnetic
sounterpart of the electrie dipole., Second-order magnetic

..point. senrces correspond Lo the -electric guadrupole.,
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gyromagnetic ratio and M is the proton mass. Using units of
_ thg nuclear magneton, Jhg C2 #‘}%n , the relation is con-

M
cisely written as

A

- -
prz fn PrE B e le

which implies that

In order teo obtain the shift of the energy levels, it is
necessary to take the time average over the unperturbed

electronic motion, that is: -
AW = -pu; HIY eos(fy, P oY) )

H(0) and 3 are anti-parallel for a single electron.  The
) =
orbital angular momentum of the electren, f, is directed

opposite to the magnetic field that it preduces at the

nucleussﬁ;(o)° The intrinsic magnetie m@hent‘ef ﬁhe elec;=

tr@n,]is, caﬁ be cénsidered as being located om the electren

orbit and increases or dec¢reases the field Eﬁ(@) depending

on whether s ahd.ﬁare parallel or anti-parallel. When ﬁ(e)
-

and J are anti-parallel and &r is positivé,j41 is mest stable

N
‘when it is parallel to H(o), then cos(I,J) = =1. This means
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that the change in energy level is

AW= D wgp = AITes (13) .

== -

I and J precéss jointly about the total angular mementum of

b
- the atem, F, so that

cos (1,3) = ( F?* = I - g% )/2,:'5

In the quantum mechanical‘treatmentgﬁI is replaced by
oy .
the component along the z axisngI and H(o) by HZ(®),F2, u
Rl ' '
Jz, and I® are replaced by F(F+l1), J(J+1), and I(I+l). re-
wh

spectively., F can take en all values F =II#JL |i+J=1L cocooy

\I-J{. The change in emergy levels is finally given by

Awir e A/p [ FIF+1) = 1(T+)) =T3(T+) ]

with — —
A= pg O /13 = g QEHM/S Q

B, Electrostatic Quadrupole Imﬁeraeti@n between Nucleus and
Orbital Electrons
The difference between the electrostatic interaction

energies for a nucleus with finite volume and one of point
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charge is

au = QHK,J%NM%;df/'ﬂ Z &* j;~€? dv

where €f), is the charge density of the nueleus, €, the
charge density of the electrons and Y, is the eieé%rostatie
potential of the orbital electrons. For electréﬁs with zero
charge density at the eenter of gravity of the nueclear éhargep
Y, may be expanded in peowers of (x,y,z) about the origin
which is taken as the center of gravity of the nuelear charge,
This gives; using an ordinary Tayler series expansion in

three variables where, for exaﬁple‘@%= %fg ete. an energy of

AUz el pogiordy v [ Bl dylode o a2y (0 Jdy
v X |
vl [ pn Lot g, o 4wy oy 03 + -+ o= ]dv - %ézf;%a!v“
' ,

But Y(o)= ziiv.;@ and P corresponds to an electric dipole

1

which vanishes in the nucleus from symmetry consideratioens.

Thus the energy shift may be simplified to

.A U = -‘/2[ P L0 &jﬁm nidy + -‘“anllﬂe-j;/:‘mx‘jdv Yoes b t;y%w}e‘ipm%@\%@
V ' .

This is merely the double sealar product of two second rank
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tensors Qi,j and 19::5 where
Qﬁj.:: fvpmr\aimj_dv o

Transforming fzo a coordinate system with (E )h‘,ga)sp‘ecifically
for the representation of the nuelear charge distribution and
(x,y,2) for the electrestatic field, with symmetry abount § and

z respectively, the change of potential becomes

L]

Z,\'La{Q*-'-‘n €/a [ Q'm ww. + Qlﬁ LQ\““" Q%lﬁ% .]

Note that from the eylindrical symmetry about the z axis and
the fact that at the nucleus, \77“.l? =0 and LA -2 LPM::,Q@W

that AUg may be written as
S e ' 2_ % \
Aug= @, A L(3a r )/ome@v
.and also that -

f(B&zuv“")j’JMelv :.f(_g S”“-r"‘)/smdv ( %Qosae’&. - i? )

where & is the angle betweenf and z. The expressioen,

| ef(s§z~\'13j>m¢’=\' o
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is called the éﬁadrupale moment .

The shift in erergy level may be found by averaging
over all of the umperturbed eigenvalues, (It must be kept
cally symmetric charge distributiens; net for spherieally
symmetric distributions whose quadrupole moments are zeros)
Thus AW‘Q is given as

A\'JQ = 84 Q L?%LDB (% cos® & .-é): B/, [%CQsa(IJ)az]

where

B= e Q Yl

10 has showh

in the limit of large quantum numbers. Gasimir
that

[Eeettmy-31= 3letern -2 )I(T+) | /350271 )2T)
for small quantum numbers, whkere € is determined by

¢ = F(Rn) =T(3+)) =3(T0)

€. Determination of HFS Splittings

The total energy of a given lével with quantum number F
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may be represented by

. 32 (e +1) ‘EE‘ICI«-I?SCS‘H)
We = Wy + Atz + B T3 37T zs o0

The separation (in wave numbers) between any pair of levels

(1,2) is given as G, ,

G, = %A (¢, -¢p) « % B[Q\(c\+|§-t?,_(cz+\)J/I(2‘£-—0_3(23*\) .

\2

Thus A and B may be determined from any twe unperturbed

intervals,ll

although more intervals may be used as a check
en accuracy. When B is negligible the splitting of the levels
is given by Wy = W; + AC/2 and the total width of the split-

ting is given by

AW = AT(RTH) for T2 T, W = AJ(2T+1) Lo T2 T,

where AW is the interval from'lJ+I| to.lJella The interval
rulé, however, always holds for HFS term differences° The

intervals are in the ratie (I+J):(I+J-1):(I+J=2): etc..

B, Determinatioen of‘gds from A
It is desirable, in éany cases, to know the value of the

nuclear magnetic moment. This may be found frem the A values

‘in HFS splitting. The change in energy level is regarded as
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the sum of the change in emergy level from the orbital

magretic field and from the spin magnetic field, that is

BWrr = Dwg +Dwyg

Using a treatment similar to that part A above the reépeetive

magnetic interactions are written

DW,, = A Hytoy eos Cug, Hylod) = =z Hyloyeos (T,0) -,

1

However,

3 =D
If-\’el@! = & l¥rxv)

b
and since angunlar mementum is quamtized,\ﬂntvwd75=9 R

this implies that

- N
Hﬁhﬂ = 2% i )/

la i 3 ® -

Regarding the electron and the nucleus as small magnets

gives teo a first approximation,
A Weo = -’“i{i‘s E(‘.o.s (E,8) = 3 ees (Lv-)casér,s)]g
.= 3
Combining these expressions, the resulting energy change is

Z’Swﬂ . EL ((%,h \2 ';.Ls QIETQ cos (T,0) = Is cos (2,5) +31s C;bstx,wgaosmﬁ‘)l
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Geudsmitl7 has shown that this may be written as

OWwgp = Ay [ FEv) -T(a60) - 31 ]

where
T0+«1) )
- 2 Ay 24 .
A.“ e JLia1) 3 e

ThuS/A may be found frem the HFS splitting factor.
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III. THE MASS EFFECT IN ISOTOPE SHIFTL?»13,14
The total kimetié eneréy of the atom is

T: = é? 5—' vV, b - B gty

S m
in-cartésian coerdinates, where Weis the electronic wave func-
tien, -and the atomic particles are numbered from 1 to n
v&here,m1 would for example represent the mass of the ﬁucleuso
To eliminébe the ﬁuclear motioen, center of MaSS‘geordinates

are introdueced whereby the kinetic enérgy takes on the form

AL} 2 L2 . ‘
. h* T LS - E_ vy J
[ SE R aoms Gy gy % e

Thekfirst'term in this expression represents.the center of
mass motion and is disregarded. By introducing the reduced
mass, the expression becomes

T - B2 o.2 . 12 '.,\7.,v. o
_T"E zmg Y SO T d]%

Here' the first term causes. the normal mass effect and the

second term is the specifiec mass effect.

A. The Specific Mass Effect
The specific mass effect expresses the mutwal eoupling

of electroms and hence does not oceur in one electron atems.
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The energy of the coupling may be regarded as a perturbation,

giving the additiemnal energy

7.2 [ % (q ‘
A\,J:—»-a- Z JJ"{’ ('\7{"\-75)'\}‘@]\/'

2mn; i#d’ v

This may be integrated by parts, leading to a pefturbation

energy : .
| . - k2 72U dy |
Aw = & oo, %‘£¢‘. J o

3

Following Kopfermann,” a simple example is the two electron
problem in a central petemtial. .The zero ordér eigenfunc-
tiens, inm terms of the eigenfunctions of the individual

electrons u and v, are given byll

4= g [utive) 2 rowe ]

The plus sign holds for the singlet system and the minus
sign fer the triplet system. Iﬁserting this inte the ex-
pressien for the energy reduces the energy expressiem'to a

single term

since
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But from the form of the electronic eigenfunctiens, 4w has a
nen-zero value only if Al=2%| - K@pfermann3 has given values

for some configurations and their agreement with experiment.

B. The Normal Mass Effect
The Bohr theory of‘the atom adequately describes the
normal mass effect for the hydrogen atem. For example the

second line of the Balmer series shows a normal mass shift

2

between HL and H® of 5.600 K,* in agreement with :calculation.

The deuterium component is on the high wave number side. The

energy levels in terms of the reduced mass are

) .

2
W, = R_%_Z (- %)= T.U- @&

Iy " e

This gives a limne shift which is

g (!V\.,_"M|>
ac 13,12 M. M,

'{e

where M is the mass number of the nucleus, mp

proton. It is easily seen that the normal mass shift is in-

versely proportional to M., For mass numbers on the order of

20 and larger, this effect is smaller than anyﬁobservable HFS

the mass of the‘

*5ee the comments on figure 1.
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splitting. Fig. 1 shews the main features of the hermal and
specific masé effects as well as the volume effect, which is
treated in the fellowing sectiono' Fig. 2 shows graphieally
the normal mass effect as a funcﬁion of the hassﬁnumber‘as
well as the line width due to ﬁhe instrument and the line
width due to Doppler breoadening. The instrument line width

and Doppler width are discussed in part V.
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‘ Fig. 2
:wﬂ
Normal Mass Effect, Doppler
1 Widthy and Instrument Width
! versus Mass Number, with Term
Value at 20,000 K
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IV. NUCLEAR VOLUME EFFECTS IN ISOTOPE SHIFT
Ao Nﬁclear Charge Distribution
The initial work on a relgtivistie theory of the effects
of finite nuclear size on the energy levels was doﬁe by
Rosenthal and Breit;5 and Racah.1® The perturbation methed
utilized by Rosenthal and Breit yields ﬁhe following ex-

pression feor the iseotope shift of a singlé electron:

| 4n R L |
AtwW= g \# . [plemﬂ \ja B
where: |

2
Wip) is the square of the non-relativistic atomic
wave funetion at the center of the nucleus

O, is the radius of the first Bohr orbit

peh-2 )y 2 = nuclear charges ol = fine
structure constant

b2 REB I la, '~ p, = radius of the
nucleus -

%ﬁ: is the fractlonal change in nuelear radius with
Y change in nuclear mass

B is a quantlty dependent upen the charge distribution

in the nucleus .
The éxpression SW refers te the change iﬁ energy produced by
the &eparture of the nuclear potential from the Goulomb peten-

tial of a point charge. The difference between the change in
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energy of terms belenglng to different isotopes of the same
element is referred to as the differential shift ASM), and
this is the shift which can be experimentally measured.
The theory is develéped for s and p electrons, since
only these electroﬁs have an appreciable pfébability of being
in the region of the nucleus,

18 19

@Goudsmit, "~ Breit, ” and Fermi.and Segrez@ found the

2
expression for | (0),

3
25 2a, __d_g'n:
YTOY = s G-3)

where Zi and Za are the effective nuclear charges in the inner

and outer regions respectively, n_ is the effective principle

o)

quantum number, and ¢ is the quantum defect. For s electrons

Zi = Z. From the Bohr theory, the term value is

: 2 , »
T= RE, /ﬂnb .
This gives

.32 4 P Az,p |
= 4 g By 3
ASW = TRz (V=3 [szpﬂ31 ;&

Crawford and‘Schawlowzl have calculated values of B for

various charge distributions within the nucleus. Their re-

- sults seem to indicate that a uniferm chafge distribution
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yields values in closest agreement with experiment. The B
value for a uniform charge distribution and a spherieal

nucleus is

3
B= (2p*1)(2p+3) .

~Te find (L&a&/ﬁa or, the same thing, ( 5v)/v , the
semi-empirical law for the nuelear volume®? r = roMl/B, is
used, This gives

(ae) /e = (V3)(BMYV/M

where M = masé‘numbero Using this method'and taking accomﬁt
of shielding effects ( to be discussed later in part V), .Brix
and Kopferman23 and,Humbachzh.have analyzed a great deal of
~ experimental data from maﬁy elements. ‘The main resmlts afe 
briefly, (1) the observed shifts are on an average smaller by
a factor of one-half tham these predicted by the velume effect

-13,

using r =1.2 x 10 ms (2) the shifts-vary with the neutren

numbers in a manner which appears te be associated with the

2k ;25,26 (3) the odd-even stéggering phenomena

magic numbers,
are still unexplained. These results (from the'paper by

Wilets, Hill, and Ford)27 are shown in Fig. 3.
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IV. B. DNuclear Def@rmation

Wilets, Hill; and Ford?! have investigated some of the
possible causes for the‘obsefved anomalies. Their in«
vestigations include studies of nuclear pelarization, nen-
Coulomb forces, and distortion of the nmcleus. They conclude
that the distortion of the nucleus is the most probablé cause
of the anomalies.

The distortion of the nueleﬁs is discussed in terms of
nuclear models. The shell model with various ceupling
meehanisms28 and the Bohr-Mottelson?” unified modei are two
models that will be cénsidered heréo Wilets, Hill, and Ford
havé utilized the unified model in their paper-.and théir
results apply to this model.

The Shell Model

The shell model was first introduced as a means of
explaining the existence of the "magic numbers,“3®93l An
éxact treatment of nuclear structure using inter-nuelear.
forees is not feasible, since the knowledge of these forces
is limited. Moreover, those forces are so coemplicated that
the mathematical diffieulties of such a treatment are at
present insurmcuntable.. Thus the interaction of the in-

dividual nucleons with the remaining nucleons is described
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by suitably chosen central fields ef force within which they
may move indepeﬁdently. An assumed over-all spherically |
symmetrie potential accounts for the average effect of the
attractions between nucleons. A square well potential is
assumed for heavy nuclei'and a parabolic potential well is
assumed for light nuclei. These give rise to various energy
levels and a coupling scheme is introduced se that the magic
numbers correspond to the populations of filléd energy

3‘

ievels.

Béiﬁwatef'saﬁodel
Tﬁé‘Béhr-Moﬁﬁelson ﬁnified hodel is'éh eitension of a moedel

31 Iﬁ'Raiﬁwéteﬁ?simodei,”the nucleons

?répééed”by ﬁainwater.
in an incompletely filled -subshéll exert a centrifugal
préssuré on the ®huclear core® (fiiléd'sﬁells, assumed
%iéid};‘causing it to be dgferméd to a shape with cylindrical
symmetry. If the subshell is-lesé than Kalf filled with
nacieens; a quadrupole @oﬁéht is inﬂucedwinfa=direction
opposSite to the nuclear spins If the éﬁbshelllis more than
hélf”fﬁll; the quadrupole moment is paréilel to I but posi-
tive with réSpect.to thé normal qaadrﬁpble_m@ﬁént.

The Raiﬁwater'model; while it is a good approximation

for weak def@rmati@ﬁs, is too crude to explain the differences
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between the deformations of isotopes of an element.

Bohf-M@tﬁelsenhModel

In the Bohr-Mbtpelson model the nuclear core is not re-
garded as a rigid sphere as in the Rainwater.modelp but is
treéted hydrodynamically as a liquid drop model. The nature
of the nuelear fluid is such that the nuéleus does not rotate
as a rigid body but the rotations ariée from circulating sur-
face waves. The rotational energy, therefore; involves only
the moment of inertia,of that portion of the nuclear fluid
that partieipates in the surface v}aves° Using this'model as
a basis, Bohr and Mottelson calculated the effective moment'
of inertia abeut an axis normal to the axis ef“sjmmetry of
the volumé° Their results show that the momenﬁ of imertia
increases with increasing nuclear deformation regardless of
the condition that the ﬂhalear'fiuid motions be strictly
irrotational. This ﬁedél is the only workable one for
Stréngly deformed nuclei.
2;:;Di§%értion of ﬁhe:Bpﬁr~Mottéléon Uﬁified'Modei-

. 'Wilets, Hill, and Féfd27 have Appliéd the Bohi-Mottelsen
model to the préblem of the isotope shift anqmaliés° If the
deformations aré'réstricted to be e¢ylindrically symmetric |

ellipseidal, thé nuclear radius is of the form
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Ry =0, [ 14 d P cose ]

(&> 0‘e®rre3ponds to prelate déférmation,o(( 0 to oblate),

Assuming a constant velume and a uniform charge density

T Ee . -
P = a8 Rie) | pir=zo | ¥>Rie) ,

. the constant volume assumption requires that

o |
Gy = & [ Ve B8 s (Bfas) oF ] /'20
Iy mast be kept in mind that ¢ is the intrinsie nuclear de-
formation parameter and not the deformation measurable from -
guadrupole mementso27 The perturbing energy of interest is
the difference between the eleetrén.poténtial energy in the
field of‘the deformed nucleus and that in the field of a
spherical nucleus of the same chérge and volume. Wilets;
Hi11, énd Ford show that the ratio of“ﬁhéLeméfgy changes is
J AR, . plzpad) < |
DE, 5
ﬁheré'Ed"cerrespends to déformaﬁian energy and Ev'correspands
to ordinary véluée effect eherg§ ehange‘and‘the_ratio of the

isotépe shift from the deforiation te the shift from the
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volume effect is

4
S‘AE:&) . 3 (2p+3) A( g;.:)
'l\: ) IO

The results of the work of Wilets, Hill, and Ford<’
provide an explanation for at least some of the anomalies
observed in thé heavier elements.

3. HNueclear Compressibility
The anomaly cencerning the factor of one half in the -

ratio

A ) wexpe\-\ mereted /A S W'ﬁ'heeve-\-iu.\

may be discussed in terms of the assumed constant in the
semi-empirical law for the nuclear radius. By the most

accurate results now available, the valwe of r_ = 1l.4 x 10-13

o
cm used by Wilets, Hill, and Ford in their work is somewhat
too large. A more reasonable value would be r0=102 X 1@'l3cm.

Radii Betermination

The semi-empirieal ferﬁula‘ VaM%‘NVm is only an approxi-
mation ef the radius of the nucleus. Actumally, the radius of
yhéinug;gus.is.not well defined since the density of nucleons
is:a qhaﬁtﬁm mechanical probabilify diétniﬁﬁtiong ‘Howgver,

estimates of the radius which enclose most of the charge can
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be made by several different experiments. The radius of the
whoele nucleus can be measured in some cases. Scett32 has

written a review article which cevers the subject to 1955,

33

X:rays from mesic'atoms
The Bohr orbits of a negative/M mesén near a nucleus are
210 times émaller than the electron orbits, since the ) meson
is 210 times heavier than the electron. The size of the orbit
in the lowest energy-level is of the same order as the size
6ffﬁﬁé'nﬁcleus if the atom is aﬁnleést moderately heavy. The
éﬁergy?of the ground state and 6ff£héﬁfo-fays~will’then
différ;frem those theoretically pfddﬁeéé by a Coulemb charge
bécauée'of the finite volume of the nué}eué; ‘The energy of
thésefK x-rays depends quitefsénSitifél&7éﬁ the radius of the

34

nicleus. Fitch and Rainwater ebserved the x-ray energies

and deduced a value of r**l2 xau\wa\:f; The -detailed course
of events when a AA meson is slowed to rest is very
intéreéﬁing°32_ After a few collisions’ Wlth electrons, the me-
‘son is usually captured‘invafeireular'éfbit (aboﬁt one 210th
the size of a corresponding electron Bohr orbit). The mesen
then centinues to lose emergy by ejecﬁing electrons from the
atom (similar to the Auger‘effeet) until the primciple

quantum number is of the order of the gquare root of Z. At
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ﬁﬁis'péiﬁt, the diminishing Auger tramsitien;probability is
overtaken by the increasiﬁg probability of radiative trans-
iﬁions‘and meson begins to emit hard x-rays; finally reaching
2p and ls erbitals in a tetal time of 1@'15.to 10713 seconds.
It remains in this orbit wntil it decays or is absorbed by

the nucleus in a time of l@'."6 or 1@'7 secends.,

Eieetr@n 3cattering

B& utiliziné phaéé shift caiculations and a moedel of
nucleér charge distribution, the radius of the nucleus can
be-determined‘Very accurately from electren scattering ex-
perimenté° Yennie, Ravenhall, and Willson35 have:used several |
models which seem to indicate that the. smoothed uniform
charge distributien is in the closest agreement with experi-
menﬁ° This result agrees with the work of Crawford and
Schawlow mentioned earlier, Beth methods seem to indieaté
a value of 1.2 x 10”7 em for L

Other methods for Determining r, and Validity of Radii

The other methods available rely on an assumed knowledge
of the nueclear forces. These results are larger, for the

most part, than 1.2 x 10713 but are still smaller (in

general) than the previously used value of 1.4 x 10713,

36

Williams has discussed the validity of the various métheds.
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At preéént because of their accuracy and agreemgnt; the
mesic atom experiments and the electron scattéring measure-
ments seem té give the best value for roe
IV, €. Screening effects
| So far, the shift has been considered only in terms of
an ns electron. This is justifiablé only in the absence of
screening effects. The effect of screening an ns electron

2 electrons has been

21

by a d electron or mutual screening by s

3 and also by Créwford and Schawlaw.

treated by Kepfermann

Thus far this paper has considered only the penetration
by the valence electron of the! shell core, and has regarded
the clesed shell electronic core of the atom as rigid. How-

ever, when the atom is ionized, the valence electror is re-

moved and thus its screening effeet on the electronic core
is removed and the core electrons meve in closer to the

i nucleus. DPisregarding the normal mass effect, the measured
value of ﬁhe isotope shift differs from the expeeted shift
associated with the ns electron by a factor $T,,,={l=)8T, .

Crawford and Sehawlaw21 have made a first order estimate of

the value of & in Hg. They give e ¢ .16. This is calcmlated

from the Hartree functiens for Hg. - Kepfermann3 agsumes that

ol 18 nearly zero for most heavy elements.
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V. EXPERIMENTAL ARRANGEMENT
1. Chromium: |
Chromium has stable isotopes at M= 50,52,53 and 5h. %or

these isotopes the isotope shift has net been studied exten-
37 |

sively. Since Arroe’' has done Workjén the chromium isetopés

52 and 53, (see Table I) this experiment was performed te

supplement the data by including ¢r’®,  Natural chromium

was. used. Thg relative aBundances'Qf.thé naturally ocecurring
isotopes are: - Gr5®~ha5%g Gr52—83;§%;-0r53-9oh%5 and Gr54=23%L
Thé isotope shiftss.6r59a¢r52 and Gr§2m6553, should be
obsefvaﬁie with thé equipment to be déscribed.- The ehrémium
lides that were investigatéd:aﬁéithgif"férh values are given
intable TI. e

2. 'Hollow Cathode Light Source
-""Thefﬁollew‘céthode diééharéé‘ﬁﬁ%éjﬁas griginally de-

38

veiﬁpédfby H, Schuler, ‘Thefdiééhaﬁég*ﬁuﬁe used in this

éiﬁéfiﬁéﬁt is a modified Schulefyt§;éﬂég§éieped by Austern,
Hsék, and Arrée.>? It differs iﬁ“éé%é%ai respects from tﬁe
ériéiﬁglfSehuler tube.*? The tube ubéd in this case was

manifactured by Radio €Gorporation of Ameriea for Dr. Arroe

and its impertant features are shown in fig 4. The main

portion of the tube is of soft glass with the anode and
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TABLE I

Results of Arroe's work3® on the isetope shift Gri3.-gp52

fern | (in mE)
aks? 5p,-a5p 5p, | +4,2.9+1.0
aks? 5p3-dSp P, 41.0+0.8
dbg? 5B3md5p 5P2 - 40.3+2,0
aks? 5925d5p 5P3 40.0+2.0
a*s? 5p,-a’p p, 40.0+2,0°
a*s® ’pp-a’p 7P, 39 +3
akg? 551=d5p °p, | L1 +2

d*s? °p,-a’p °p 41.070,8

1
a*s? pg-a’p B, 41.3+1,0




- 37 -
TABLE II

Lines investigated and their term values

Term Combination

‘SPB
a5(%s); s, - a5(%s)p |°p,
R s,
d5(6$) 532 - dks(6E)p 7Di
5, - S,

533 - 5P3

5p, - 5p,

ak s? |5, - a5(6s)p 5P,
532 - '5P2

592 - ‘5p1

5Bl - . 5P2

[Py - ?Pl

°p_ - op

36

Term value (in X)

19194.2
19203.0
19208.7
19707.2
18479.8
18692. 1
18700,9
18859,9
18868.7
18874 .4
18985.4
18991.1 |

19051, 1
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eathede of covar. The dimemsi@ns'ef the tube are such as
to give it an f-number of 3 which is required to match the
eéticé of the spectrograph and will be discussed iatero The
pbwer suéply used in conjunction with the discharge tube was
voltage regulated, the high voltage being applied through |
éﬁitable stabilizing resistors. Most of the exposures were
tékén with the current throqgh the tube in the range of
100 to 125 milliamperes and with a voltage drop of about 450
#eits across the tube, The current density in the hollew
eathode was about 160 ma/emz; a value which should not be
. exceeded beecause of the Stark effect.

The walls of the hollow cathode must be quite uniformly
coated with chromium to give a good spectrum. This was accom-
plished.by carefully pouring Grz@ﬁ powder through the gas in-.
. let of the tube and adding enough distilled water to f£ill the
hollow cathode, With the powder im émspensions the cathode
was heated slowly. As the water evaporated, a thin layer of
Gr2®3 was depesited on the wall of the cathede. This pro-
cedure had to be repeated several times during the course of
the experiment. |

The hollow cathode dischargé tube is coeled by ligquid

air to reduce the Hoppler width (see fig. 2). The Doppler
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. width of the lines depends upon the temperature according to

the equation
87 f':;c
A = ¢ (TIxi10") -

where T is the temﬁerature (°k ) of the disecharge and M is
the mass number of the atgm; The ﬂoppler width is due te the
random motions of the atoms of the gas. The individual atoms
emit mene-chromatic light in thé reference system moving with
theﬁ, but if tﬁe atom is meving with a veloeity v relative
ﬁo-aﬁ-qbéerver, the freqﬁehcy t6 the observer appears shifted
by. an. amount 4, V/e  compared ﬁiﬁhgfhe'frequency M, of the
ééﬁ?éé*aﬁ rest. PR |

3, fhe"Gas Filling System

" Tiye kinds of rare gas-suppl§ ngtgﬁé are readily adapt-
éﬁlgﬂﬁg this tyée of experimént%"éﬁe is a system in which the
géé'i§$éireulated through  the §¥stem by méans of a mercury
'diffﬁSi@n'pumpo The 6thef,'WHiéh was used in this eiperiment
ié?ﬁhéﬁ"leas complicated, eeﬁsisﬁin@ only-of a container for
the rare gas and a charceal trap through which the gas must
pass to reach the diséharéé tﬂbéo The purpose of the char-

- coal trap is to remove any impurities that may be im the

raré gas or that may have.enteréd the system frem the Cr2®3°




) X - 40 -

The charcoal‘trap is cooled by liguid air to impreve its
efficiency. Two valves separated by a short length of glass
tubing are inserted between the gas centainer and the char-
é@;iwtrap permitting the additien of small amounts of gas to
the discharge tube., The rare gas container was made from a
Pyrex flask with a capacity éf about 1 liter. In this ex-
périmentsfit was filled with helium to a pressure of about

75@ mm Hg,
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4o The Fabry-Perot Interferometer -

The principles'éf thé Fabry-Perot interferometer are
covered in most intermediate optics textbooks. However, a
brief revigﬁ of the ffinge'pattern will be given here pre-
liminary £o a discgssion of the data reduction and the effect
of varying pressure on the interferometriec pattern.

A schematic diagram eof the Fabry-Perot interferometer
is shown in. fig. 5a. The conditiens for maxima are R2dcose=
MA, M0\, 2= ° The‘fringes-are concentrie cirecles with
the origin as the center., Each eircle corresponds te a given
value of & o A ring disappears each time d is decreased
by M2 . The rings nearest the center have the largest values

of n. The intensity of the finges is given by

v2

I = Tono / [ |+ (:-’:m;zsk, sin ® (&8/2) 1

where r is the reflectivity of the plates and § is the phase
difference, the refecting power ps w2 s and"g is deter-

mined from

dnd Ccos o
A

$ =

The half-intensity width of the instrument, AS , is given




(See fig., 2). 'Fr@m the conditions on the ‘r.naxima, it is seen
that the distance betweén fringeé is oF = \/ed o Since a
shift of about 80-40 mK was expected im this expériment, d
was required to be abéut 15-20 mm. _

The change of the pressure of the air between ﬁh_e Fabry-
Perot flats can cause a shift in the spectral l:"Ln'es° This .
*pressure shift? may be calculated from the Lorenz-Loréntz

laws:

. .
m=l L = congtant
mE 42 P '

where P is the density of the a!ir,, and n is the index of re-

fraéti@m of the air., This law may be rewritten as

' . .
mll_ \ pu e \ p 5

Using

Aps lom HQJ P e V60 o m ‘-\3 , s LO0poRS,

. - | . |
one obtains Am% 3.0X0 " ., However, 4Mm may be rewritten

in terms of 4¥ with RdCam = & T therefore, for




N - bh -
@' = 20,000k, AC X60mk, Thus, on long exposures a change
in atmospheric pressure of 1 cm could cause a significant

broadening of the fringes.

Two different Fabry-Peroﬁ interferometers were used. The

frame of one was construected of solid invar steeck and the frame

of the other of seolid brass stock. . The spacers were corrected
for uniform width by checking for flatness with twé silvered
glass plates. The spacers were made of an invar alloy that
has a low coefficient of expansien at room temperature. The
quartz flats were adjusted on the frame in the usual manner.
Fig. 5b shows the details of the frame.

The quartz flats were silvered in an evaporation unit
such as thét described by Telansky;he this is a braSS'tuBe
85 cm long and 10 cm in diameter. The quartz plates are |
mounted near the ends of the tube and silver is placed on a.
filament at the center of the tube. When the tube is
evacuated, the filaﬁént is beated by an electric curreit and

the plates are silvered very eévenly,
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50 Spectrograph

A three prism Steinheil-Streander spectrograph was
available for this‘experiment; The spectrograph wasvfocused
by méans of the 5875, 5015, and 4713 A helium lines-éndgthe
dispersion curve was measured using known helium and chromium
lines, With this curve, the lines on the photographic plates
could be readily idemtified.

The collimator of the spectrograph has dimensionS'giving
an f-number of 9. A magnification of about 3 was required to
utilize the entire height of the photographic plate. Thus
the light source had to be faBo
6, Film and Exptzasr:u:*es"’2

A spectroscopic plate of high sgnsitivity in the green
wavelengths was desired for this experiment. The plate'
chesen was Kbdak i@Ba-Go This plate has strong sensitivity
throughout the blue and green regions with a maximﬁm at about
5550 A , It has a sharp cut-off just.beyond 5700 A on
the long waveléngth side, Gonéequently, this plate has very
good green semsitivity witheut appreciable-red'sensitiQiﬁy,

Due to the small relative percentage of some of the
isotepes in natural chromium which were studied, long ex-

posures had to be taken., For example, if the Gr52 components
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were just observable, an increase in exposure of about 400

times would be necessary to just observe the Cr’9 components.

Exposures of about 5 hours duration were used to obtain
the data reported here., In all, 27 different exposures were
taken, including exposnré times up to 12 hours in length.
Some of the plates were not suiﬁable for reading of data due
to maladjustment of the interferometer, effects of incorrect ]
temperature of the D19 developer, and effects of the pressure
shift,

7. Data Reductien

The maxima for the Fabry-Perot interferometer are given

by

Rd Cos® = mA

A ray of light entering the interferometer at an angle &
enters the spectrograph teleécope at the same angleo. The ray
is focussed aﬁ a distance proportional to tan® fréﬁ the
center of the telescope and since n is very large, 8is very
small and one may set tanpx ® and cosem|- ©/% . Thus the

.diameter of a fringe ebeys the relationship

¥* = (1-cosp )L
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where € is a proportionality censtant. The square of the

fringe diameter is

Xo = (1- 32)e

But n is a large integer and d is a relatively small number9 )

therefore,

L]

Thus the difference of squares of fringe diameters is given by

o

2 2 C m ;.’ ,
T8 X,W = E,l ( I

Since

X2z (1=cos6 ¥ C
" is the fringe diameter squared, and mA=2dCos & then
2_ .2 o S

Xm Xman 2d

From this expressioen, ,

) Q - Xfi = Ayl
2d X ?

and from the equation for the difference of squares of frimge

diameters, &f~§&iz , We obtain the result
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2
M X = % )

2 2
K ™ Ksr

m (A=) =

Again, by means of the condition for maxima, and with

small, the final result is

2 12
XM =X, - A=A
‘ 2 e
‘ Xh%-“ K o) A%
where
A-a
e

is Eﬁé W$ve.number difference, 4;6“ o

In practice, the fringé pesitions'for a siygle liné'are
;gad5gghg’microeomparater; ThesgspésitiOns are-recerdea as
-éneJrea@s from the edge of the fringe pattern to the center
of the péttern and then to the opposite edge. Thus, the
diameter of a fringe is fouiid. An afray of numbers, frém
which the isotope shift may éasily be céleulated, is set:up

in the following manner:

) 2 2 2 ‘

x v ! ! g - o = L] -
” va\ xffw&,

x":\'g' ) N2 N

Xn\.H ) xm*z L » - » s

»
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Let D be the average of all the .lX;;?' - X,f;\:"i 4
(x"2. X::\“;» ~== , Then the shift between compenents is
given by | |

where d is the interferemeter spacing.
For the measurements reported here, all readings on the
photographic plates were taken with a Hilger micrecemparator

which is capable of reading pesitions to 0,001 mm.
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VI, CONCLUSION

The resp.lts of the data reduction are listed in table

IIIo The volume effeet was ircluded as well as the normal

mass effeet. The residual shift was obtained by subtracting

the normal mass effeet and by adding the volume effect.
The volume effeet was calculated from the formwla derived
by Rosemthal & Breit for a uniform charge distribution
within the nueleuso. That iss

AT L dry 2P Pay 2
ASW = z Rz( dm [mlm“] 2 P '%“; (2pe1}(2p48)

with S
pel1-g?2* = 0928
5 _
a= sz 1/\3%. 03
e ABF 2= 24
li° Y 2, = | -8
@,= 0,529 X10 o

bz ohz %08 p1 78

Bue to the complexity of the spectfag AT/ m was caloulated

rather than d¢/dm » This ratic of differences was found to

vary from zero by not more than %0,04 ., Thus to a goed

, appréximation one ecan say AS/am= 0. With these values, the'

volume effect becomes
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ASW = T 1soxi0

For example, at

T= 20000K 5 ASW= 42/ mk .

The normal mass effect shift was calculated as was

indicated in part II, " That is:
Uﬂ (M&"H‘)

AT = g3, Tom,

A, Comparison of Results

The shift reported here is that'frem ero2.¢r59, However,
the shift €r’3-€r52 ¢ould also be read. The values obtained
fer this shift are not reperted since Arr@e?é work with sep-
arated isctopes afforded much better'aeeuraéyo The shift
6r93-Cro2 was. found to be #2 + 6 mk. This is in good agree-
ment with the earlier work of Arroe (see table I).,

The upeertainty sh@ﬁn in table iII is the average of
all rms deviations from the meaﬁ value for all lines read.

The uneertainty given in table I is the largest deviation
from the mean value of all plates reédoBS

At the present state of the theory, the residuwal shift
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indieated in table IIT ecan probably be attributed enly to the
specific mass effeect as this is the only remaining effect
that can account for such a large observed shift.

Due te the extreme complexity of the calculation of the
specific mass effect shift, there is no comparisen of

theoretical and experimental results.
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TABLE III

Results for ﬁhe isotepe shift-Cr52—\Cr5®'

Term Combination Term Value Volume Shift Normal Mass

(in mK) Shift (in mK) .
5 - 5 T _ 7.
Dh : P3 . l§h8ho9 L . 7 7
Dy - Opy 18996.2 b 7.7
Term Gombinatien | Experimental ‘ Residual Shift
Shift (in mK) (in mK)
’p, - P | 8545 '8115

5Dl - 5P1 84i+5 \ 8145
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