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Abstract:
Mixed models arise in many experimental situations. In these experiments it is often of interest to test
hypotheses about the fixed effects and to perform tests of significance and estimate variance
components. Except in certain special cases, exact tests are not available for random effects in
unbalanced mixed models. Ordinarily, researchers apply techniques developed for balanced mixed
models or treat unknown variance components as known.

The design matrix for the particular mixed model of interest is obtained by concatenation of the design
matrices for oneway fixed effects model and sets of oneway random effects models. The fixed and
random components share a common variance. Standard methods of parameter estimation, such as,
Minimum Norm Quadratic Unbiased Estimation (MINQUE), Maximum Likelihood (ML) estimation,
and Restricted Maximum Likelihood (REML) estimation, were used. To solve the ML and REML
equations, a Fisher scoring algorithm was used. Because of the complexity of the original equations, it
was necessary to do some simplifications of the equations to gain efficiency in the computations.

The main objective is to develop procedures for making inferences about the means from the set of
fixed effects and the expectations from the sets of random effects. From the simulation results, the F
test with REML estimates appears to be promising for hypothesis testing under the particular mixed
model of interest. 
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ABSTRACT

Mixed models arise in many experimental situations. In these experiments it 

is often of interest to test hypotheses about the fixed effects and to perform tests of 

significance and estimate variance components. Except in certain special cases, 

exact tests are not available for random effects in unbalanced mixed models. 

Ordinarily, researchers apply techniques developed for balanced mixed models or 

treat unknown variance components as known.

The design matrix for the particular mixed model of interest is obtained by 

concatenation of the design matrices for oneway fixed effects model and sets of 

oneway random effects models. The fixed and random components share a common 

variance. Standard methods of parameter estimation, such as, Minimum Norm 

Quadratic Unbiased Estimation (MINQUE), Maximum Likelihood (ML) estimation, 

and Restricted Maximum Likelihood (REML) estimation, were used. To solve the 

ML and REML equations, a Fisher scoring algorithm was used. Because of the 

complexity of the original equations, it was necessary to do some simplifications of 

the equations to gain efficiency in the computations.

The main objective is to develop procedures for making inferences about the 

means from the set of fixed effects and the expectations from the sets of random 

effects. From the simulation results, the F  test with REML estimates appears to be 

promising for hypothesis testing under the particular mixed model of interest.
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CHAPTER I

In trod u ction

Mixed models arise in many experimental situations. In these situations the 

usual interest is to perform tests of significance and estimate variance components', 

and to test fixed effects. To illustrate this situation, we consider the following two 

scenarios: (I) an academic scenario related to evaluation of students’ performance. 

(II) an industrial scenario related to comparison of fabrics produced by different 

companies. EXAMPLE I. Suppose a mathematics department offers curriculum 

core courses which must be taken by a considerable number of students every 

semester. This situation requires the offering of many simultaneous sections of the 

same course. Although some sections are taught by professors, most of them are 

taught by teaching assistants (TAs) in masters and doctoral programs. Suppose 

that a supervisor of these courses is studying students’ performance. Of particular 

interest are possible differences which say exist among students from sections taught 

by professors versus sections taught by TAs. Since TAs are not permanent 

employees, the expected performance of students across all sections taught by 

masters (MS) level TAs and the expected performance of students across all sections 

taught by doctoral (PhD) level TAs may be of interest. More specifically, suppose a 

course is offered with twelve sections, three of which are taught by professors, four 

by PhD level TAs, and five by Masters level TAs. The main goal is to compare five 

means measuring performance: three from sections taught by professors, one based 

on expected performance of students from four sections taught by PhD level TAs, 

and one from expected performance of students from five sections taught by Masters 

level TAs. When examining performance of students in sections taught by MS or
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PhD .level TAs there are two sources of variability: (i) variability in performance 

between these sections taught by MS level TAs and those sections taught by PhD 

level TAs, and (ii) variability in performance among students within sections.

EXAMPLE II. As another example, a vendor submits lots of fabric from 

national and foreign companies to a textile manufacturer which also produces this 

fabric. The manufacturer wants to know if. the average breaking strength of the 

fabric produced by his/her factory is similar to breaking strength expected from 

fabric produced by national or foreign companies. Since there are many national 

and foreign companies, the interest is comparing three expectations: one from 

his/her factory, one from the set of national companies, and one from the set of 

foreign companies.

In both of these examples we find a common structure. In the academic 

example, the three sections taught by professors correspond to effects in a oneway 

fixed effects model, the set of four sections taught by PhD level TAs as a oneway 

random effects models, and the set of five sections taught by MS level TAs as a 

second oneway random effects model. In the fabric example, multiple lots of the 

manufacturers production may be modelled as a oneway fixed effects model, the set 

of national companies modelled as a oneway random effects model, and the set of 

foreign companies modelled as a second oneway random effects model. In each 

example, by concatenating the design matrices for fixed effects model and the 

random effects models we obtain a mixed model structure.

The analysis of the structure in each example highlights the problem 

considered in this thesis, that is, hypothesis testing related to the fixed effects in a 

particular mixed model, and estimation of parameters and variance components. . 

The following are methods used in this thesis to obtain estimators: method of 

moments to obtain ANOVA estimates, Minimum Norm Quadratic Unbiased
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Estimation (MINQUE), Maximum Likelihood (ML) estimation, and Restricted 

Maximum Likelihood (REML) estimation. To solve the ML and REML equations, a 

Fisher scoring algorithm is used. Because of the complexity of the original equations, 

it was necessary to do some simplifications to gain efficiency in the computations.

For hypothesis testing, the tests used are the likelihood ratio test, Wald’s test 

with ML and REML estimates either with or without Kackar and Harville’s (1988) 

correction, and two approximate F tests.

In Chapter 2 a description of the mixed model is presented. The methods 

used to obtain estimates are described in Chapter 3. The use of Fisher scoring is 

also discussed. The hypothesis testing procedures are described in Chapter 4. The 

results of simulations comparing tests of location parameters are presented in 

Chapter 5.
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CHAPTER 2

M ixed  M odels

The general m ixed m odel

Before describing the particular mixed model to be studied in this thesis, 

notation for mixed models will be introduced. The mixed model is a linear model in 

which some effects are fixed and some are random. The model can be written

y = X/3 + Zu + e, (2.1)

where y is an IV X I vector of data, /3 is an p X I vector of fixed effects parameters, 

X is a known N x p  design matrix corresponding to the fixed effects, u is an m x I 

vector of random effects, Z is a known N x m  design matrix corresponding to the 

random effects, and e is an iV x I vector of random errors.

The design matrix Z corresponding to the random effects can be partitioned 

as

Z — [Z1 Z2 • • • Z&], ( 2.2)

where Zq is the design matrix for the qth random factor or interaction. The vector of 

random effects u can be partitioned conformably with Z as

Ui
u = (2.3)

_u&

with mq being the number of elements in Uq. In the customary mixed model, the 

random effects have the properties

E(e) =  OjVxi5 (2.4)
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var(e) =  a%lN, (2.5)

E(u) =  Omxb (2.6)

var(ug) = (T2qIrrh q = l , 2, . . . , k,

cov(uq, uq) = O \/q ^  q', and

(2.7)

(2.8)

cov(u, e) = 0.

Utilizing (2.3) and (2.7)-(2.8), the variance structure of u is

D — ®  aClIrnq, 
7=i

(2.9)

(2 . 10)

where ® denotes direct sum of matrices (Searle, Casella and McCulloch 1992). The 

random component, Zu in (2.1), can be written as

Zu — [Z1 • • • Z&] — y^ZqUq 
9=i

( 2. 11)

and substituting in (2.1) gives

y — X/3 + y^Zf/UQ-fe. 
9=i

Hence, from (2.1) to (2.12) the variance of y is

S  = ZDZ' + U02IiV= £ 4 ^ + U02IiV
9=i

(2.12)

(2.13)

Since e in (2.12) is a vector of random variables, just as each Uq, we can define e as 

another u-vector, say U0, and incorporate it into (2.11); Let

Uq =  e Zq =  IiV CTq =  cr2.
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Then

k
y = X/3 + y^Z^Uq (2.14)

and

s  =  E Z g Z M - (2.15)

D escription  of th e m ixed m odel of interest

In the examples in chapter I, the fixed effects may be represented by X0At0* 

where X 0 is a known design matrix corresponding to the fixed effects and At0 is a 

vector of means corresponding to the fixed effects. The subsets of random effects 

may be represented by where Z is a known design matrix corresponding to the 

subsets of random effects and At1 is a random vector of means corresponding to the 

subsets of random effects./'

A matrix formulation of the model that shall be used is

where y is an /V" x I vector of data, fxQ is an m0 x I vector of fixed effects 

parameters, X0 is a known N  x m0 design matrix for a oneway fixed effects model, 

At1 is an m x I vector of random effects. The N x m  matrix Z is assumed known 

and is the design matrix corresponding to the random effects, and e is the N x  l  

vector of random errors.

The matrix X 0 in (2.16) can be written as

y — X 0At0 + ZAt1 + e (2.16)

(2.17)
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where u stands for the upper portion of the matrix,

m
X0ti =  ^  lubi , 

i = i
(2.18)

where Onxng. is an n x m0 matrix of zeros, n is the total sample size for the random 

effects model, and n0i is the sample size for the i th fixed effect..

The random components Z ^1 in (2.16) can be partitioned as

ZMi — [Zi • ■ • Z/j]
/xIi

q=i
(2.19)

where Z is a concatenation of k design matrices from oneway random effects models, 

every Z q is a design matrix corresponding to a random effects model, and fiiq is the 

vector of random effects for factor q., The number of levels of the qth random factor, 

and hence the order of /xiq, is denoted by m q, and

/xIg ~  (Irr^/ig, (2.20)

The design matrix Z can be written as

Z —

where is an n0 X m  m atrix of zeros, n0 will denote the tota l sam ple size for

the fixed effects m odel, I stands for the lower portion of the m atrix, and

k  VTq

Zz = ® ® 1tv  (2.22)
g= n = i

Hence, the random effects can be modeled as

Ofibxm
Zz (2.21)

H 1 = Wix -T U , (2.23)

where is a A: X I vector of means, W  is an m  X k  design matrix given by

k
■ W  = ®  lr%y,

g=i
(2.24)
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and

u ~  (0,D),

Using (2.23), the model in (2.16) can be written as

for D in (2.10).

y = XoAto + Z(W/z + u) + e

= XoAtfl' +ZW A t'+ Zu + e,

where ZW  is a design matrix for fixed effects. Thus

y = X/3 T Zu -f- e

where

= X/3 + 77,

X = .[X0 ZW],

(2.25)

(2.26)

(2.27)

(2.28)

and

The variance of rj is

77 = Zu + e.

(2.29)

. (2.30)

Var(77) =  X, (2.31)

where X is given in (2.13).

T heorem  2.1 Expected Mean Squares (EMS) for several sources of variation are 

given in tables B.l. -  B.3. (Appendix B).
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Proof: The results are obtained by repeated use of

E(YzAy) = tr(AS) + E(y)'AE(y). (2.32)

The following, is a proof for the Expected Mean Squares among fixed effects 

E(MSi) for case I, where m q — niq = and M  = m0 +  m.

The MS\ can be written as

%
MS1 =

dfx (2.33)

where SSx represents the sum of squares among fixed effects for case I, and the 

corresponding degrees of freedom are dfx = m0 — I.

Taking expectations to both sides of equation (2.33), we obtain

E(SSi). E(MSi) =
dfx

The SSi can be written as

SSi = / ( P s 0 -P*oi)y>

where

(2.34)

(2.35)

P= o^X o(X (,X o)-% , (2.36)

P koi = X0i (Xz1Xoi)-1Xf

X 0 is given in (2.17), and

(2.37)

Xolrzi,

Ino 
Onxi

Using (2.32), E(SSi) is

(2.38)

E(SSi) = Ir(PicoS) -  tr (P ^ S ) + /TXzP icoX/? -  /TXzP icoiX/?. (2.39)
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Using equation (2.17), the matrix P 270 in (2.36) can be written as

P^0 - © S i T̂ -Ircfo I no 0 b̂xra
Jnxn mxn (2.40)

Using equation (2.38), the matrix P xoi in (2.37) can be written as

#01 7% InbIk °rbxn 
Onxn Onxn (2.41)

The matrix S  in (2.31) can be partitioned conformably with the matrices P270 in 

(2.40), and P 2701 in (2.41), as

© S i  crOE = . On0Xn
■ V \k  sv\V\ -I -I / _2 (2.42)Onxn ©5=1©Z=11TTig IkqtjI + ©Si ctO ‘

Using matrices P 270 in (2.40), P 2701 in (2.41), and E in (2.42). E(SS1) becomes

m, 2. Crn* \ 2
E(55i) =  moCTp — ctq + ------I '^niofxi0 I

z=i no Vz=I /
m

—  ( u ip  — 1)<7q +  n i p  —  p , . o ) 2

Z=I 
at m

= (m0 -  1)(j 2 +  — ^( f i i o  -  p,.Q)2, (2.43)
z = i .

because nio =

Therefore the expected mean squares for fixed effects E(MS1) in (2.34) 

becomes

E(MS1) = H s s 1)
UlQ-I

= + “  -̂o) .• (2.44)d//(m0 - l )

The proofs for all other expected mean squares are identical and will not be 

presented.
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Table I: Data
Fixed Effects Random Subset I Random Subset. 2

level I level 2 level I level 2 level I level 2 level 3
86 81 89 75 91 82 88
90 88 85 77 86 85 72
97 99 87 85 87 82

87 86 72

Table 2: Notation

Fixed Effects Random Subset I Random Subset 2
level I level 2 level I . level 2 level I level 2 level 3
2/110 2/210 2 /in , 2/211 2/112 2/212 2/312
2/120 2/220 2/121 2/221 2/122 2/222 2/322
2/130 2/230 2/131 2/231 2/132 2/332

2/240 2/241 2/342

Exam ple

Assume some data (Tables I and 2) for the model of interest (2.26): 

yijq = response in the ith effect, j th replication, and ^ subse t

% — 1 , 2 ,  . * *, 777-

j  =  1 , 2 ,  . . . , n ' i q

q = 0 ,1,2,..., k

mq =  number of means in the qth subset of random effects 

niq = number of observations in the ith effect, and subset 

k = number of random subsets

M  = total number of fixed and random effects

>
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mo =  total number of fixed effects 

m  =  total number of random effects

mq = number of means in the qth subset of random effects 

N  — total number of observations

n =  ■ total number of observations in the random effects 

niq = number of observations in the Ith effect, and ^ subse t 

nq = number of observations in the qthsubset

M  =  m o+ m
k

m = YL m q
9=i

N  = n0 + n
m

lT i o - Y L  Hoi
• * = i  

Wq

Tlq — ■ T ,  Tljo  
I=I
k Wq

Tl = J L J L rIiq
q = o i = i  

p =  m 0 + k

fioi = parameter corresponding to the ith fixed effect

Pq =  parameter corresponding to the qth subset of random effects

uiq — random component corresponding to the Ph random effect, and qthsubset 

eijq =  random error in the ith effect, j th replication, and qthsubset.

The model for the data in Table I is
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' 8 6 ' Z l O X
90 I 0
97 I 0
81 0 I
88 0 I
99 0 I '
87 0 I
89 0 0
85 0 0
87 0 0
75 0 0
77 = 0 0
85 0 0
86 0 0
91 0 0
86 0 0
87 0 0
82. 0 0
85 0 0
88 0 0
72 0 0
82 0 0

_ 72 _

OO

0 0 0 0 \
0 0 0 0
0 0 0 0
0 0 0 0
0. 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
I 0 0 0
I 0 0 0
I 0 0 0
I 0 0 0
0 I 0 0
0 I 0 0
0 I 0 0
0 0 I 0
0 0 I 0
0 0 0 I
0 0 0 I
0 0 0 I
0 0 0 I /

/  I O \  
I O 
O I 
O I 

V  i

' A i ‘
Po2
A

. A  .

" 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
I 0 0 0 0
I 0 0 0 0
I 0 0 0 0
0 I 0 0 0
0 I 0 0 0
0 I 0 0 0
0 I 0 0 0
0 0 I 0 0
0 0 I 0 0
0 0 I 0 0
0 0 0 I 0 ,
0 0 0 I 0
0 0 0 0 I
0 0 0 0 I
0 0 0 0 I
0 0 0 0 I

un
U2I
Ul2
U 22

U32

+

Clio
6120

e 332

e 342

.y = [ X0 I ZW ] /3 + Zu + e

= X/9 + Zu + e
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CHAPTER 3

V ariance C om ponents E stim ation

Introduction

General procedures used for parameter estimation are described in Searle, 

Casella and McCulloch (1992). The methods developed in this thesis are based on 

those general procedures. The final equations are simplified for computational 

purposes.

M axim um  Likelihood Estim ation (ML Estim ation)

Likelihood Function

Assuming

y ~ N (X /3 ,3 ) ( 3 . 1 )

the likelihood function is

£  = £(/3,E |y) = (3.2)

ML Estimation Equations

Maximizing L in (3.2) can be achieved by maximizing the logarithm of L which 

shall be denoted by I:

I  =  log£ = ArIogf2 - )  _  i i 0g|j;| -  i  Iy -  Xfll' S  * 1 (y -  X fl) . (3.3)
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To maximize I, differentiate (3.3), first with respect to /3, which yields

Jfg =  Ir;; =  X '2 - 'y  -  X '3-iX /3. (3.4)

Second, differentiate (3.3), with respect to to obtain
Ql i  I

^  = 9 ^  = - 2 tr(s ' l z «z ?) + 2 (y -  X/?)' S -1ZjZis "1 (y -  X/3), (3.5)

for ? =  0 ,1, . . . ,

A general principle for maximizing I  with respect to /3 and the <j |  is to 

equate (3.4) and (3.5) to zero and solve the resulting equations for /3 and the (t|  s. 

The ML. estimates are obtained by solving the following equations:

X '2-iX j§ =  X 'S -iy , (3.6)

and

^ ( S - 1ZeZy =  (y -  x 9 ) '  B -1ZeZ1gS "1 (y -  X^) , ' (3.7)

for q = 0, . . .  ,k.

An equivalent expression for the ML equation (3.7) can be written as 
k k

E  4+1®  M s-'Z gZ ^ )}  =  E  4+1®  {/PZ gZ ^Py}, (3.8)
q=o ■ q=o' .

where is the qth column of Ik, and ® denotes Kronecker product (Searle, Casella 

and McCulloch, 1992),
k

S  = I i i W y
q=o

(3.9)

and

P = S - 1 -  S"1X (X S -1X,)"X,E -1. (3.10)

Before deriving alternative expressions for these equations, note that (except 

in what turns out to be limited cases with balanced data (Searle, Casella and 

McCulloch, 1992)) closed form expressions for the solutions of ML equations (3.6) 

and (3.8) cannot be obtained. Therefore, solutions to these equations have to be 

obtained numerically.
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Asym ptotic Dispersion Matrices for ML Estimators

The model in (2.27), with the replacement of Zu by the equivalent expression from 

(2.11), can be written as

y — X/3 + Z1Ui + Z2U2 ■+••• + Zjtufc+ e. (3.11)

Letting Gq =  ZqZ'q, and G0 = IN, the following assumptions (Miller,, 1977) are 

made about the model in (3.11).

ASSUMPTION 3.1. The random vectors U1, u2, . . . ,  uk, e are mutually 

independent, with

e ~  N(O5VqI zy), and (3.12)

Uq ~  N(0, OgIrrtz), (3.13)

for q = 0 ,1, . . . ,  &.

ASSUMPTION 3.2. The matrix X has full rank p.

ASSUMPTION 3.3. N > p +  & + I.

ASSUMPTION 3.4. The partitioned matrix [X : Zg] has rank greater than p, 

for each q, q = 1,2,. .  . ,k.

ASSUMPTION 3.5. The matrices G0, G1, . . . ,  Gk in (3.11) are linearly 

independent.

ASSUMPTION 3.6. The matrix Zq consists only of zeros and ones and there 

is exactly one I in each row and at least one I in each column, q = 1,2, . . . , / : .

ASSUMPTION 3.7. Each mq, q = 1,2,.... ,k  , tend to infinity. By 

implication, N  also tends to infinity.

Under these assumptions, a useful property of the ML estimator 6 of

(3.14)
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where
r2 I

rL
is that as IV • .00 and mg —> 00 for all q,

VN{0 -  9) N(O,iV[I(0)]-1),

where 1(0) is known as the information matrix, and defined as

1(0) =  -E

Accordingly

v50507  '

var(0) ~  [1(0)] 1.

(3.15)

(3.16)

Note, the result in (3.15) depends on mg 00. The case where m g /t  00 is treated 

later.

In (3.4) we used the symbol for 51/5/3. This is extended to using Ij5js for 

5^/5/35/3' and I 50S for 52l/5/3d<T2'. Then,

1(0) = I '  /3  ' _  — E r St

<72
(3.17)

where the components of the matrix of second derivatives, known as the Hessian ( 

H ), are

Ipp = - X 7E - 1X, (3.18)

. ^  = - X 7E -1ZgZ^E-1 (y -X /3 ) ,  (3.19)

for g = 0, . . . ,  &, and

1ZgZgE 1ZgZg)

-  (y -  X/3)' E -'Z gZ ^E -'Z gZ ^E -1 (y -  X /3), (3.20)
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for g =  0, . . . ,  g' = 0 , . . . ,  A:.

Therefore the information matrix is
X zS - 1X 0

k k ,
2 ^ 4 + 1 ®  E « ^ ® t r  ( S ^ G ^ G ^ )
9=0 q=:0

(3.21)

where Gg = ZgZg. Asymptotically the variance matrix of the estimators is 

approximately the inverse of the information matrix giving 

(XzS - 1X )-1 ■ 0
var k k

E 4 s ®  E e
W=O q=Q

^ ' ® t r  (S ^G g S -^G y

S"1 =

'@&,Po2 Qrhxn
©g=i ©E=u ^niq Ini5c7I + 0Qnxn

Qn0Xn

OnxT̂ [© g = i0 ^ i I TTieIni7crI + ©
- 1

The matrix X in (2.28) can be written as

0 i2 i  !rto ^rhxk 
Qnxm ©<jr=iln?

X =

- 1

(3.22)

It is of interest to know what asymptotic properties exist if N  —> 00, but 

mq /> 00 for some q.

L em m a 3.1 XzS -1X is a block diagonal matrix.

Proof:

‘'The matrix S  in (2.31) can be written as

then

X zS -1X =
© t2 i nTo^ Qrrhxk

_■ Qkxm ©g=l 1TT7 [©g=l ©T^l 1TTi71Hec7I ^  ©Erl crO ©9=1!^

Therefore, XzS  1X is a block diagonal matrix. □
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T heorem  3.2 Let 1(0) be the information matrix from the mixed model defined in 

(3.21) partitioned as'

where

1(0 ) =

r  1 ( 9 )1 1 0 0 0  '
0 1 ( 9 )2 2 0 0

0 0 1 ( 9 )3 3 1 ( 9 )3 4
0 0 1 ( 9 )4 3 1 ( 9 )4 4  J

l ( 0 )n 0
■ o 1(0)22 X7S - 1X,

1 ( 9 )3 3  1 ( 9 )3 4  

1 ( 9 )4 3  1 ( 9 )4 4 o E 4 t l ®  E 4 + +11)'® tr ( Z - 1Z f lqE -1Z9Z1q) ,
q̂=O q=o

and the zeros are conformable partitions of the matrices of zeros in (3.21). The 

dimensions of the matrices are: I(0)n  is an m 0 x m0 matrix, I(0)22 is a) k x k 

matrix, !(0)33 is a I x I matrix, 1(0)34 is a I x & matrix, 1(0)43 is a & ,x I matrix, 

1(0)44 is a k  x k  matrix, and the zeros are the corresponding matrices of zeros. For 

a fixed mq, <7 = 1,2, . . . ,&, if TV 00, then ■

M
m
—too

" K 11 0 0 0 ■
0 0 0 0
0 0 K33 0 ’
0 0 0 0

where, K 11 is an m0 x m0 diagonal matrix of constants whose' values are in the 

interval [0, ^r], and K 33 = a scalar.

Proof:

The information matrix 1(0) in (3.21) can be written as

1 ( 0 ) =

r  l ( 9 ) i i 0 0 0  '
0 1 ( 9 )2 2 0 0

0 0 1 ( 9 )3 3

CO
ST

0 0 1 ( 9 )4 3

--1%
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where

IW n  =
7TTk  ̂
©  »1*0-2,
1=1

I ( 0 ) 22 =

k

9=i

A; nt M
®  0  + ®  crO
_g=iz=i 1=1

- 1 k  
0 ! ^  
9=i

I k /
E
2=1

1 (0 ) 3 3  = h r  ( S - 1E - 1)

1  f j V - m  (  1
2 I (fjO)2 q±£?x Vo +

1 k  ,
I(^)34 =  . - E e | '® t r ( 2 - i 3 - % z Q

z q=i

I  k  1'
=

V=i

1
V -
f e n»9

1 v '

y n t  + ^ b

1 (9 ) 4 3  =  [ 1 ( 0 ) 3 4 ] ' ,

1 ( 9 ) 4 j E E ei ® e? ® tr ( S - 1ZgZ)S-1Z9 Z^)
z g=ig=i

5 ©
«=1

E
2=1

\  n

+ 4 /  j

Additional details on the first and second derivatives are given in Theorem 3.5.
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Taking limits yields

=  K“ ' 

= °-

j f e o j ^ W 33' = K33’

= 0 ,

=  0 '™d.

0 ,

where, K u  is an m0 X m0 diagonal matrix of constants whose Tfc diagonal element is

I v nio
iV f  o,

and K 33 =  is a scalar.

□

From Theorem 3.2 the conclusion is that Ji0 and cr̂  are consistent estimators 

of fj,0 in (2.29) and Cr3, the first component of <r2 in (3.14) respectively. As IV ^  oo, 

the amount of information regarding fx in (2.29) and (t|,q  = 1,2, . . .  ,k does not 

increase to infinity if mq does not increase to infinity. Specifically, it can be shown 

that

I(S)s ® - f , a n d
9=1 aq



One implication is that ft in (2.29) and a ^ q  = 1,2, . . .  ,k the components of cr2 

excluding in (3.14) are not consistent estimators. Therefore jl(#)] 1 will provide 

poor estimators of var(/3) and var(di2) when m q are small, even though N  may be 

large.

R estricted  M axim um  Likelihood E stim ation (REML E stim ation)

Rather than using y directly, REML (Thompson, 1962) is based on linear 

combinations of elements of y, chosen in such a way that those combinations do not 

contain any fixed effects, no matter what their value. These linear combinations are 

shown to be equivalent to residuals obtained after fitting the fixed effects. This 

results from starting with a set of values k*'y where vectors k*' are chosen so that

k*'y = k*'X/3 +  k*'Zu, 

contains no term in /3, so that

k*'X/3 = 0 V /3^0.

Hence

k*'X = 0.

Therefore, the form of k*' must be

k* = c'M*,

(3.23)

(3.24)

(3.25)

(3.26)

M x = I -  X(X7X )-X '. (3.27)

for any c' and where
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Since X is of order N x p  and rank p equation (3.24) is satisfied by only 

N  — p linearly independent values of k*'. Thus, in using a set of linearly 

independent vectors k*' as rows of K*' we confine attention to K* y. This approach 

is discussed in Searle, Casella and McCulloch (1992).

REML Estimation Equations . '

With

we have, for K* X =  0,

y ~N(X/3,2 )

K*'y ~N (0,K *'£K *).

(3.28)

(3.29)

The REML equations can therefore be derived from the ML equations of (3.8),, by 

suitable1 replacement s:

y by K*'y,

X by K*'X,

Z by K*'Z, and 

E by Kv EKL

The Information Matrix for REML is given by

io a  =
^q=O

® Z 4 + T '®  {tr(PGgPGy)} ,
q=o

where

= E "1 -  E -1X (X E - ^X7)- X-E-1 

=  K*(K*'EK*)-1K*'.

P
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With

p  = I r 1 -  S -1X(XrS - 1X )-X '^ -1

= IC (K ^ S ir )-1K*', (3.30)

from Theorem in Appendix M.4f,(87) in Searle, Casella and McCulloch (1992), 

equation (3.8) becomes

® tr (PZgZ^) =  ^ e ^ + 1 g, {y'PZgZ^Py} . (3.31)
g=o q=o

An alternative form (Searle, Casella and McCulloch, 1992) of (3.31) can be 

developed by direct multiplication. It is easily established that P S P  = P. Hence in 

the left-hand side of (3.31) we can use the identity and put the equations in the form

E = g « ®  E e g f C ®  ( M P Z ^ P Z ^ ) }  S 2 = E 4 + 1® {y'PZgZ^Py}. (3.32)
?=o q=o q=o

M inim um  Norm  Quadratic Unbiased Estim ation

(M IN Q U E Estim ation)

MINQUE estimation requires distributional properties concerning first and 

second moments in (2.4) -  (2.9) [see Rao (1971a) and Rao (1971b)], but does not 

require the normality assumption that is the foundation of MLE and REML 

procedures. Also MINQUE estimation does not require iteration, just the solution 

to a system of linear equations. However, estimators obtained by MINQUE are 

functions of a priori values used in place of the variance components in the 

estimation procedure itself. Any MINQUE estimate is the same as a first iterate of 

REML, using a priori values needed for MINQUE as the starting values for REML

iteration.
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M INQUE Estimation Equations

The MINQUE estimation equations are

E 4 + T '®  Itr(P oZ gZ y0Zl7Z ^ ) S 2 = ® {y'PoZgZ y 0y } ,
?=o q=:Q q=o

(3.33)

where
;2 I

Po = S 0- 1 -  S 0- 1X(XzE01X )-X zS 0- 1, (3.34)

and

So = £ z ? V «<0
q~o

(3.35)

where the c r^ s  are a priori arbitrary values. The MINQUE estimation equations 

in (3.33) are similar to those of REML in (3.32). A MINQUE solution is equivalent 

to the result of the first iteration using the REML equations (3.32) provided that 

the initial values for a REML procedure are the same as the a priori values for a 

MINQUE procedure.

MINQUEO Estim ation

A particular easy form of MINQUE is the MINQUEO form when the a priori 

values for each <j | ,  q = 0 ,.. are set equal to zero, excgpt for C0^  = I.

MINQUEO Estimation Equations

The MINQUE equations (3.33) reduce to
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k ,

2s eq+iq=o

h
® E '

=̂O

where

,(&+!)*q+i '® {tr(Ma Ee&+i® {y'M=ZgZ%V[=y},
q=o

(3.36)

•~2 ^Ol

L °ok J
and

Mk = I -  X(X7X)-X'. (3.37)

Equation (3.36) is solved directly for <t \.

Solving the Likelihood Equations

The solutions to the ML equations in (3.6) and (3.8), or to the REML 

equations in (3.32) do not have a close form. After considering some iterative 

procedures, the Fisher Scoring method was adopted.

Fisher Scoring M ethod

This method is based on the derivatives of the log-likelihood function in (3.3), and 

uses the expected value of the Hessian matrix in (3.17). The log-likelihood function 

must be maximized within the parameter space (Harville, 1977).

This iterative method of maximizing the log-likelihood function begins with 

an initial estimate 9 ^  of 9 in (3.14) and then proceeds by calculating new

estimates, — 0 ,1 ,2 ,----Iteration continues until the estimates converge.

The iteration for this method is as follows.

-i <91
39 a(t)

0h+i) _  gw (E[H])<

= 0(t)+ [ l ( 0 (t))]
39 9(t)

(3,38)
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where H  is the Hessian matrix given in (3.17) and I ( O ^  is the Information matrix 

evaluated at 0 ^ . The convergence criterion is based on the norm of

I1(Ow )I -I
30 0.0

Sim plified E quations for th e  M odel of In terest

The non-zero elements from the first and second derivatives in (3.4), (3.5), and 

(3.18) -  (3.20) are given in Theorem 3.5. To obtain some of these simplifications the 

following lemmas are useful.

L em m a 3.3 ZgZg =  0, for q ^  q'.

Proof:

Assume q = I , ^  =  2. The proof for all other pahs g ^  g' is identical and will not be 

presented,

Z i =

0Ubxrzi
Irii

Orfexrri
Orfexrri

jUfeXrri

Z 2 =

then

Ortxrri
0 UiX r n

®r^i Iul2 
Orfexrn

jUfeXUl

Z71Z2 Oui xUb ® S i  l? ii Oui xrfe Ornxrfe ■ • • 0m  xnk

— 0

urfexrn 
Onxrn 

®r% Iui2 
Orfexm

m  xm
uixm-
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L em m a 3.4 Z^S 1Ttq — 0, for q ^  q'.

Proof: Assume q = l, q' = 2. The proof for all other pairs q ^  q' is identical and 

will not be presented. From equation (2.13)

and

5T =. ^ liV + Z D Z ',

S " 1 = (TqItVT ZDZ

<̂o

{ k m ,  1 ^
I w -  z TJ

yq=n=i + niqj

using the Woodbury’s binomial inverse theorem (Press, 1982). Then

T1qTt-1Tq = TJq
I { k m  i \  '

00 O2 Zi w -  z
crO ^ g = I J = I ' +  JJjgy

(3.39)

l - 1 JTilCf ^

[ XT7̂ 0JTixrrfe • • • Umxmk,

JTfe

0J?J2-
Lj = i

0  JJfe XJTfe

IjJfe
OjTfe XJJfe 

OjJfexJTfe

Therefore, by lemma 3.3,

Z^S 1Zgf = 0.
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T heorem  3.5 For the model of interest in (2.27), the first and second derivatives 

in (3.4), (3.5), and (3.18) -  (3.20) simplify to the following,

I/? =
*0

® {yi-o — nioflio)
i=i

e 4 '® eq=i z=i
nig

°L
0I + niq

[yi-q— nitftqi
q = I , .. .,&, (3.40)

where /3i0 is the ith f30 corresponding to the fixed effects, i — I , . .  . ,m 0,/3qis the qth 

/3 corresponding to the random effects, q = l , __, k,
■ Tliq

yi-q= Y^yrn

where

^  = 2

/  m, '

EZ=I
I

+ (  zi-q V

ei-q =
1=1

g •. _  I  yijo -  PiO if q — 0
\  yijq — (3q otherwise,

(3.41)

n W OrrfexA:
I

4/3 =  “ “ 2 ©EX-yo
 .

' Wq

EZ=I

Z
crO

_1_

I

+ 1 .

(3.42)

4 ^  = Oo

irrfexi

^ n ic p lq l  I -
Z=I

0 (&-i)xi
+ 1

(3.43)
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I
2 ^

' Wq

E
/
I

X

M2Inig
&
4  + W J

i
Fo

Wq

%=\
I - 3 ^  +  3

4 + n»?

/  . XH*g
• 

I
Z X 3IHm
^  + Hmj _

(3.44)

2a"o

/  &r% \

q=\%-i-^-\-n%qj

+
i k WqTtiq /  V  I mi Ho

2 ^ Z ) £ Z )  ew -  : (e^o)2,Z<J0 g=i%=i;=i y ^- + ^F0 i=li=1
(3.45)

2fq

& ^
N - m  + J2 ^ 2  

q=u=i

(
niq

L 4 " ^ W :

+

Fq

2(rg

I
Fo

& n tH , /  . \

i q _ \

Q=IZ=Ij=I \

k Wq
E E = I g
q=n=.i 

m> Ho
(e^o)

Z=Ijz=I
(3.46)
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.K z

® e%.o
1=1

I '1 - ^ -
q=i i=i \ ys + niqj 1 + (%riig

<%

(3.47)

Proof:

Equations (3.40) -  (3.47) are the result of applying standard matrix algebra 

results. The following is a proof for the first derivative £p in (3.40).

Using matrices X 0 in (2.17), Z in (2.21), and W  in (2.24), matrix X in (2.28) 

can be partitioned conformably with the random and fixed effects as

X = I H-O Orib x &
Onxrzg. ©g=1l ^ (3.48)

Using matrices Z in (2.21) and Zi in (2.22), the matrix S -1 in (3.39) can be 

partitioned conformably with matrix X as

_ ■ I  ■ ( k m ,  1 \
! A l -  Z 0 $  > : Z 7

crO ^ g = i z = i  +  n i q j

(3.49)

Equation (3.4) can be written as

Ip = X7ST1y - X 7E -1X ^

=  X 7E - 1C y - X / ) ) , (3.50)
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where

/Vt-!X'E

and

© S i 1TTio °m xn  
Okxn © 2 = 1 .

(TsVr̂  -J /
M 7«= l 1 T

j V0 X U

Onxn ©2=1 ©Si I Ini - I n - - I J 1.

Oo

Orr&xn

O l-X S  ( ® g - i l ^ , )  ® g = i @ 5 ,  I s
’ S + s ,Vq

-In--U

y - x / 3  = yo
yi

©Si Ihio Onbx&
Onx r® ©2=1 In,

/30
/3

(3.51)

yo -  (©Si Irzio )/3q
Yi _ (©2=1 ̂ nq)fi

Therefore ip in (3.50) can be written as

4, =  X '3 - i(y -X /3 )

(3.52)

i/'-Ho
rrsTJb i/ tPi=i 1I

0 &x% (©2=i In,) ©2=1©

yo — (©Si Irzio )/30 
y i _  (©2=1 ln^

Orrbxn
(

Wil
%=\

, +'4gI ?

<Ob I/
/

L X
©2=i Ing ©2=1 Ing © S i

/
Inig -

X

sVb

i . Tn--Ib (yi -  (©2=1 Ing)/̂ )

(3.53)

For the upper portion of the matrix in (3.53), where 2 = 0, assume i = I.

This portion becomes

[In10 Oix:(nb,-n10)]yo -  [In10 , oix(nb-ni0)] 

= Ui'O ~ n-iô io-

In10
°(nb-n10)xi A

(3.54)
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The proof for any other value of i is identical' and will not be presented.

For the lower portion of the matrix in (3.53), assume q = l .  This portion 

becomes

rr\ /  - X X
[Ini ° ix (n -7i)} — [In1 0Ix(U-Ti)] (B

T=i
I

1 ^ i  -  C f - — T 1 H 1 1 U 1

x 4  + n n / /

yi
1U1 

O ( U - T l ) X l

—  [1 U1 0 I x ( U - U ) ]  y i
O ( U - T l ) X l

A

' [1 U1 0 I X ( U - T l ) ]  0
1=1

- 1H11U1 yi -
1H

O ( U - U ) X i

TTT1 TTl

T l  ( y i - i  — n i i / ? i )  — ^ 3  
1=1  1=1

nil

L# + ^ i
[ y i - i  — n i i f l i l

m
=  Ei=i

I - nn

I  +  nil
[ j / i - i  — H i i ^ i ] . (3.55)

The proof for any other value of q is identical and will not be presented.

C orollary 3.6 The solution to = 0 for Ip in (3.40) is 

A) For any niq i = = !,..., mg, and g = 0 ,1 ,. . . ,  fc

3 Ao
A

(3.56)
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q=i

(X^,Xo)-^X(,yo
'TnqTiiq /
IZ Y jV iTfI

1 + TkqTfi0
<3

E lLi l i  + ^

where X q is given in (2.17), and yo is the corresponding vector y conformably 

partitioned according to equation (2.28).

B) When data are balanced ( i. e., niq= for i = I , . . . ,  m q, and 

q = 0 , 1, . . .  ,k  ), then

^  =  (X 'X )-iX 'y

Yo
y 5

(3.57)

where /3 is the MLE of (3, y0 is a vector of ordinary sample means for the m0 levels 

of fixed effects, and y is a vector of ordinary sample means for the k subsets of 

random effects.

C orollary 3.7 When data are balanced ( niq— for i = I , . . .  ,m q, and 

q = 0 ,1 ,... ,k  ), the MLE equations for (Tq and crq for q = I , . . .  ,k  are

1
2

/  Wq

EẐ=I
0, and (3.58)

I &T7T,T%, / \ I .TThTko. HQ IIiO

I
2al

k Wq
jV - E E

q-u=x
(3.59)
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The solutions to these equations are

k VnqTkq TVq Tko M  k  TTtq

Y j T lY ^ eIjq+ Y Y eIjO -  J r Y Y eIq
^ 2  q=n=ij=i z=ij—i iV q—iz—icrn — —-----------------

N  — m
(3.60)

N - M
N  — m

for MSV in Table B.2 (Appendix B), and

a I  -

(3,61)

for MS4, and MSj in Table B.2 (Appendix B).

C orollary 3.8 The Fisher Scoring Equations (3.38) for the t th iteration are the 

following

-I ^0b+1) = 0b) _  [(e [h ])w]'
39 0(

(3.62)
f  /  [  p 0 i  x  b ) i  \  n i b )

= 0 b) _  i E "pp I +/3 •
\  _ ^(pp Id2O2 /  ^o2 ’

where expressions for the first and second derivatives are given in Theorem 3.5.

Exam ple (continued)

Using the matrices from example in Chapter 2, and appropriate equations 

from this chapter, the results obtained are the following:
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MINQUEO estimates

Solving equation (3.36), the results obtained for cr$ are:

r a r " 31.9325 '
O-I = *1 = 10.2176

U 2J ( 20.4699

and, the ordinary least squares solutions for /3 are

' J o i  " " 91.0000 ‘
A* 88.7500.
§1 83.4286

. A  _ . 82.7778 .

REML estimates

(3.63)

(3.64)

'■ Solving equation (3.32) using Fisher scoring method (3.38) with MINQUEO 

estimates as the initial values, the results are

r n  i " 33.2270 "
<t2.= î2 = 9.8400

L^22 J 14.9354

Using the REML estimates, the vector ft can be estimated by

(3.65)

/3 = ( X ^ - 1X )-1X7E - V  
' 91.0000 '

88.7500 
83.6535 '
83.1278

(3.66)

MLE

Solving equations (3.6) and (3.8) using Fisher scoring method (3.38) with REML 

estimates as the initial values, the results are

Au' ‘ 91.0000 ‘
Ao2 88.7500
Ar 83.4759

L A2 J . 83.0591 .

(3.67)
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and

P o2 ' ' 29.4456 "
<r2 = -i2 = 1.0180

. ^2 . 8.0130
(3.68)
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CHAPTER 4

H y p o th esis  T esting

Introduction

In experimental designs with mixed model structure, it is often of interest to 

test hypotheses about the fixed effects. Except in certain special cases, exact tests 

are not available for unbalanced mixed models. Commonly used techniques 

developed for balanced mixed models are applied or unknown variance components 

are treated as known. A research goal is the development of a procedure to analyze 

experiments with the mixed model structure in equation (2.16). The hypotheses of 

interest concern expected means from a set of fixed effects, ^t0, and expectations 

from sets of random effects, ^ 1.

H ypotheses

The general linear null and alternative hypotheses of interest are

H0: C'/3 = 0 versus H0: C (3 ^ 1O, (4.1)

where C is a p x r  matrix of rank r < p ,  /3 is a p x l  vector of fixed effects and 

expected random effects, and 0 is an r X I vector of zeros. For the hypotheses of 

interest, the tests used are the Likelihood Ratio test, Wald’s test with ML and 

REML estimates either with or without Kackar and Harville correction (Kackar and 

Harville, 1984), and two approximate F  tests.
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1 For the Likelihood function in (3.2), the hypothesis of interest in (4.1), and 

the MLEs from equations (3.6) and (3.8), the likelihood ratio test statistic (Searle, 

1971) is

A
supLu,
9eU0

supLy

(4.2)

where 0 is defined in (3.14), Lg is the likelihood function in (3.2) maximized under 

the null hypothesis, Lg is the likelihood function in (3.2) evaluated at the MLEs.

Under assumptions 3.1 to 3.7 regarding the model in (3.11), the test statistic 

A asymptotically follows

-  21og(,A ~  Xjgr), (4-3)

where xgr) is a standard notation for a chi-squared distribution with r degrees of 

freedom. If at least one mq is small, then the approximation in (4.3) may be poor.

The test statistic —21ogeA in (4.3), when the null hypothesis is not true 

follows an approximate non-central x2 distribution

-  21ogeA ~  X(r,A)

where A may be represented by

A
/3'C [Cz(XzS - 1X )-1C] 1 Cz/3 

2 "

and C is given in (4.1), '(3 is given in (2.29), and S  is given in (2.13).
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W ald’s Test w ith  MLE E stim ates

Under the same conditions described for the likelihood ratio test, the Wald’s 

test statistic, described by Rao (1973), is

(4.4)

where C is given in (4.1), /3 is the vector of MLEs, and S  is given in (2.13). S  is 

estimated using the MLEs.

Under assumptions 3.1 to 3.7 about the model in (3.11), the Wald’s test 

statistic W  asymptotically follows

W %(r)' (4.5)

The test statistic W  in (4.4), when the null hypothesis is not true follows an 

approximate non-central y2 distribution

W ~

where A may be represented by

A =
jd'C [Cz(XzS - 1X )-1Cl C'/3

and C is given in (4.1)., f3 is given in (2.29), and S  is given in (2.13).

W ald’s Test w ith  MLE E stim ates

Kackar and Harville’s Approximation

The traditional Wald’s test procedure uses an estimate of var(C'/3) that in 

some cases seriously underestimates the true variance. Kackar and Harville (1984)
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suggest that a more conservative estimate, namely V a r icll( C zjS ) ,  be used instead. The 

procedure to obtain the new estimate is as follows:

Considering the model in (2.27), let

and a set of linear combinations of /3

(4.6)

#  =  Cz/9. ;  (4.7)

In this section a more convenient notation about S  will be used, instead of E, 

and E #2 instead of E. Thus

&& = C'Pcp

= C '( x 'E ^ X ) " 'x 'E ^ y ,

^ rO2 = Cẑ 02

=  Cz (XzE ^ X ) " 'X zE ^ y .

Note that

=

( 4 - 8 )

(4.9)

(LlO)

Kackar and Harville (1984) show that & & -  !Pro2J and !Pro2 -  !Pr are independent. 

They also show that ^ 02 is unbiased for !Pr. Accordingly,

var [ViV ( ^ 02 -  !Pr)] -  var \ /N  -  Sr02)] + var [ViV ^Sr02 -  !Pr)

=  var :[V F  ( ^ 0. -  #0=)] + JVC' (X 'S ^ X )  "* C.

(4.11)
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Using first order Taylor series expansion, the approximate variance of 

y /N {$ &  — &&) is

var [VfV (# >  - I f r02)] -  iVC'E* [var(<r2) ® E 02] E*'C, (4.12)

where C is given in (4.1),

and

E 9

E* = [E* E; . . .EJ0,  (4.13)

(4.14)

(X/E - 1X )-1X/S - 1ZgZ'gE - 1[X(X/E - 1X )-1X/E “1 - I ^ ,

for 5 = 0,1, . . . ,  h. The corresponding estimate of E^ is

E* =  (X 'E ^ X )-:X 'E ^ Z g Z ^ E ^ [X (X 'E ^ X )-:X 'E ^  -  !Ag, (4.15)

therefore, the expression for the new estimate is

% h ( C %  = C (X 'E ^ X )- iC  +  CE*(V ® E o , ) ^ ^ ,  . (4.16)

where X is given in (2.28), E is given in (2.13), E 02 is obtained using the MLEs,

V  = var(<r2)

X > tS ®  E 4 + T ' ® tr (s ^ g Js S g ?_g=o q-=o

- i

•> (4.17)

where Gq = ZgZ^, and

a-2

'rI ,

(4.18)
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The components of V are obtained from the inverse of the information matrix, 

equation (3.22).

Walds test statistic becomes

Mth =  (C % '[% h (C ^ )]-X C ^ ) . (4.19)

C orollary 4.1 From Corollary 3.6, when data are balanced,

^  =  (X 'X )-iX 'y ,

does not depend on unknown variance components. Thus

, <9 (X^X)-1X'

= o.

Then, in equation (4.16)

C'E*(V ® )E*'C = 0. (4.20)

Therefore, the expression for vafkh(C'/3) in (4.16), for balanced data becomes

vSfkh(C^) =  C '(X 'S:^X )-^C . (4.21)

That is, the Kackar and Harville’s correction disappears when data are balanced.

The test statistic Wkh in (4.19), when the null hypothesis is not true follows 

an approximate non-central y2 distribution

Mth ^  X(r,A),.

where A may be represented by

/TC [Cz(XzE - 1X )-1C]-1 0 /3

and C is given .in (4.1), /3 is given in (2.29), and E is given in (2.13).
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W ald’s Test w ith  REML E stim ates

The same test statistic described in (4.4) will be used, except that instead of 

using the MLEs, the REML estimates will be used.

The procedure used to obtain vaxkh(C'3) in (4.4) will be used, but the 

REML estimates will be used instead of using MLEs. The same replacement in 

equation (4.16) is needed to obtain the new Wkh, Wald’s statistic with Kackar and 

Harville correction.

Note that V in (4.17) can be written as

for P  in (3.30).

A pproxim ate F  Test w ith  MINQUBO Estim ates

This approximation was suggested by Kachman (1988). In model (2.27), the

W ald’s Test w ith  REML E stim ates

Kackar and H arville’s A pproxim ation

V = var(<72)
-i

(4.22)

ordinary least squares estimator of (3 is

,3 =  (X 'X )-iX 'y .

The associated quadratic form for testing the hypothesis in (4.1) is

SSh = 3 'C  [Cz(XzX )-1C] 1 C ^

= /A y , (4.23)



45

where

A = X(XzX )-1C [Cz(XzX )-1C] 1 Cz(XzX )-1Xz. (4.24)

The expectation of SSh under the null hypothesis is

EfSSy = t r (AE)

/„2= Ctr (4.25)

where S  is given by (2.13),

^  =  (Z^AZg),
9=o

(4.26)

and

o-2 =

r2 I

7I  .

(4.27)

To construct a test statistic, Kachman (1988) suggested estimating C a -2 by 

the MINQUEO procedure with an additional constraint to force independence 

between SSh and the estimator of Ccr2.

T heorem  4.2 An unbiased estimator of Ccr2 which is independent of SSh is given 

by

Ccr2 = y By, (4.28)

where L  is given by (4.26),

B

AqA q

A0TAz,

IiV -X (X zX )-1Xz,

note that A0A q is any factorization of IiV— X(XzX) 1Xz, such that A0 has full 

column rank, that is A0Aq = IiV — X(XzX )-1X z. The factorization is not unique, so
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the structure of a particular A0 is of no importance,

T — Mg,
q=o

M b* : (I/V-p- P b*),

P b* =

B* -  [bi- ' -bM,

bg = A0ZgHg,

Hr/ =
niq

L n̂ q J
;5
k

Tg — A0ZgZgAo,

Ar = E 4 K® E e ^ ®  N T gM B *T gM ^)}
[g=0 g=o

-i

and Aig is the qth element of Ai , for g = 0,1, . . . ,

Proof:

In model (2.14), random vectors Hg are unknown. Rao’s (1972) MINQUE procedure 

considers a “natural” unbiased estimator, $, assuming that the vectors Hg were 

observable:

$ = C c 2 

= u M u,

U0.

Ufc

M = ®  Afsi
S=I

where
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and vCg is the qth element from the vector C given in (4.26), for g = 0,1,. . . ,  In 

contrast, the use of y 'B y as an estimator is considered, because u is not observable. 

Annihilation of the fixed effects from model (2.14) yields the invariant estimator

. S* = y'AoTA'y 

= u' M* u,

where

M* -  Z(O)A0TAoZ(O),

Z(Q) = [Z0 Z], and

Z0 = I A".

The main goal is to find M* as close as possible to M, subject to unbiased and 

independence constraints. Note that

A0TA0

is a function of T. The procedure involves the minimization of an Euclidean norm

||wf(M* - M ) w f ||2 = tr f W 0* (M* -  M )W | W f ( A T - M ) W 0*1 , (4.29)
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where W 0 is a matrix of weights that can be written as

Wo =  @  Woz, (4.30)
i=i

where

W qi = W0IjV, (4.31)

k '
W 02 = WgLnr, 

9=1
(4.32)

and wq, for </ = 0 ,1, . . . ,  /c are non-zero constants. The values of Wq represent 

’’guesses” for aq, q = 0 , 1, . . .  ,k.

The norm in (4.29) is minimized subject to the following three constraints:

I. Unbiased constraint

E ^ B y j = ZlV2 (4.33)

which implies,

L 't = C, (4.34)

where

L — [Lo Li • • • Lfe],

Lq = Vec(Tq),

the vec(Tg) (vec for vector) is obtained by successively stacking the columns of Tq 

into a single vector,

Tg — A'0ZqZ'qAo,

= A0TAo,B
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where T  is yet to be determined.

2. Independence constraint

A SB  - 0.

A sufficient condition is

AZgZgB = 0,

for g = 0 ,1, . . . ,

3. Symmetry of B constraint

B = B'

We impose symmetry indirectly by forcing B to satisfy

AZgZgB = 0, Vg, and

(4.35)

(4.36)

(4.37)

(4,38)

BZgZgA = 0, Vg.

If the solution is not symmetric, replace B in (4.38) by

It turns out that the solution for B, which is function of T, is symmetric, so B does 

not have to be replaced by

b  =  b ± A

The constraints in (4.38) can be written as

(IN® B*z)t =  0, and

(IN® B*')I(jV,i\*) = 0,
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where I(jV,/Vjs a permutation matrix (Searle 1982). To justify the above, note that

(I#®  B*')t =  vec(B*'T).

Therefore, we need to show that B*'T is sufficient for

AZgZgB = 0, Vg.

First, note that

B*yT = 0 4=^ bgT = 0 V9.

Thus, it is enough to show that

bgT = O ^  AZgZgB = 0.

This result can be established as follows:

bgT =  0 eL±ab*'T = 0m+quq

e ^ +gn'gZ'gA0T = 0 

X'ZgZ'gAoT =  0 ,

( because bg = HgZgA0 and X7Zg = e^+gn'g) 

AZgZgA0T = 0 

=> AZgZgA0TAo = 0 

=>• AZgZgB = 0.

Following a similar procedure, it can be shown that

(IN®  =  0

is sufficient for

BZgZgA = 0, V9.
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Then, the minimization problem in (4.29) reduces to minimize

where A* is

A* = A* ® A^, and

-A-i — Ag Z (O)WoZl0) Aq ,

subject to

L't =  C,

(In ® B*')t = 0, and

(IN® B ^ I iN , = 0.

Using Lagrange multipliers, the equations to solve are

dt 0,

<9Q o,

d q
8 X2

0, and

d q
8 X3

0,

where

Q = t'A*t -  2A; [L't - C ] -  2A'2[(IiV® B*')t] -  2A'[(I^<g, B*')I(iv,iVj].

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)
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Applying standard procedures for minimization gives

^  = 2A*t -  2LAi -  2(lA® B*)A2 -  2I^n ,I0-N®  B*)A3 = 0, (4.45)

Qj
 C

d
? 

£> Il —2[L't -  £] = 0, (4.46)

Â2 -2[(lA ®  B*')t] = o’, and (4.47)

Â3 -2[(IA®B'*')I(A,M] = °- (4.48)

Using the expression for A* given in (4.40), and solving equation (4.45) for t, gives

t  = (A*-1 O A r 1HLA1 + (IN®  B*)A2 + I(A,A^jV® B*)A3]

= ( A r 1 ^ A r 1)LA1 + (A*”1 ® A r 1B^A2 ■

+ ( A r 1 ® A r 1) ! ^ , # # ®  B*)A3].. (4.49)

Premultiplying both sides of equation (4.49) by (A£ ® B*'), and using equation 

(4.47), the result is

(IjV® B r A r 1JLA1 + (IN.® B*/A r 1B*)A2 +  (In ® B ^ r 1) ^ # , # # ®  B*)A3 = 0.

(4.50)

Solving (4.50) for A2 yields

A2 = r i A ®  (B ^ A r1B=H-B*'Ar1JLA1

-  [I#® (B * 'A r1B *)-B * 'A r1JI(A ,# A ®  B*)A3. ■ (4.51)

Replacing A2 in (4.49) by the expression in (4.51) yields

t =  ( A r 1 ® A r 1JLA1 + ( A r 1 ® A*-1B*)(-[IA® (B * 'A r1B*)-B*'A*-1]LA1
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-  [I#®  B*)A,)

4- ( A r '  ® Ar')I(#,A (fA (g) B*)A3]

= (Aj 1 ® Aj 1)[(IiV:® I/y)LAi — [IN® P a s ]LAi — [IjV® ^ ab]I(N,])$-N® B*)As 

+  (IN® IN)I(N,N$N® B*)A3],

where

P as = B*(B*,A*-1B*)- B*/A r 1 •

Additional simplifications yields

t  =  (A ^ - 1 ® A l - 1^L X 1 -[ IN ®  P ABjLX1 - [ I N ®  P ab]I(N,Is$ N ® B * ) \3

+ 1(N,I^.N®  B*)A3]

=  (A*-1 ® A I - ^ I n ® [ I N-  P asDLA1 +  (In ® [ I # -  P as] ) ^ ^ ,^ ^ " ®  B*)A3] 

= [.(A*-1 ® A r 1DiV- P asDLA1 + (A?"1 ® A r 1DiV- PAs])I(iV,i#iV® B*)A3].

(4.52)

Using properties of permutation matrices, note that

I(k,N}(N,0-N® B*')I(N ,N r ® W - (4.53)

Premultiplication of (4.52)- by the right-hand-side of (4.53) and using (4.48) yields

! ( ^ B r v r 1 ® A r 1D iV -P abDLA1 

+ !(& ,]# * 'A r 1 ® A r 1 DiV- PAB])I(iV,i#iV® BDA3 

. ' = ! (^ ,M B ^ A r1 ® A r 1DiV- P abDLA1

+  ( A r 1 D A - P a b ] ®  B ^ A r 1BDA3 =  O. (4.54)

To solve (4.54) for A3, .a generalized inverse of A r 1D A - P a b ] is needed. One such 

generalized inverse is [IA — P a b ] A*. Solving (4.54) for A3 yields
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A3 = - ( A r 1C IiV -P ^] (S )B -A r1B * ) - x

I (A:,M B wA J-1 O A*"1 [IA - P ab])LA1 

= - ( [ I A -  P ab]A* ® [BwA r 1B*]-) x

!(JblM BwA r 1 ® A r 1ElA- P ab])LA1.

Using properties of permutation matrices, additional simplifications yield

A3 =  -I(&,Aj(A,M[lA~ P ab]A? <g> [BwA r 1B *]-)!^ ,A)X 

(B-A*"1 ® A r 1ElA- P abDLA1 

= -!(JblM E B -A r1B*]" ® [IA - P ab]A*) x 

( B - A r 1 ® A r 1ElA- P abDLA1

= - I (A;,M(B-A*-1B *)-B -A *-1 <S) ( IA -  P ab)]LA1. (4.55)

Replacing A3 in (4.52) by the expression in (4.54) yields

t  = ( A r 1 (S) A rD K [La -  P ab] (S) [IA - P abDLA1]. ' (4.56)

Premultiplying both sides of equation (4.56) by L', and using equation (4.46) yields

L  =  LKA*"1 [LA— P ab] <S> A*"1 [IA - P abDLA1 . ' (4.57)

Solving equation (4.57) for A1, yields

Ai = [LK A r1D A - P ab] 0  A r 1P A -  P abDL]"1/:, (4.58)

assuming that the inverse in (4.58) exists. Replacing A1 in (4.56) by the expression 

in (4.58) yields

t  = ( A r 1 0  A*-1) X '

[([IA - P ab] 0  P A -  P ab])L[LKA1- 1I lA -  P as] 0  A*"1^ -  P abDL]"1/:.

(4.59)
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Using t  =  vec(T) and equation (4.59), the matrix T can be written as

k
T = Ai 1IliV -  P ^ iy^T gA xJljV - P ab]Ai -1, (4.60)

q=o

where Aig is the qth element of X1 given in (4.58).

Because the main interest is to obtain MINQUEO estimates, the weight 

matrix, W 0 in (4.30) is chosen to be

W 0 = IiV OiVxm 
OmxiV O77Ixm (4.61)

That is, all weights are set to zero except w0 is set to one. For W 0 in (4.30), the 

matrix Ai in (4.41) simplifies to an identity as shown below:

A i — A 0 Z (o)Wo Z(Q)Ao 

= A ' [ I iVZj r

= A^fIiV OiVxnji

=  IiV

IiV OiVxm " IiV'
OmxiV O7Tixm Z'

IiV
Z1 •An

(4.62)

Thus for MINQUEO, equation (4.59) simplifies to

t  — [(IiV-p— P b*) ® (I/V-p— P b*)]IAi , (4.63)

where

P b* = B*(B*/B*)_B*/,

L =  [vec(T0) • • • Vec(Tyfe)], and 

, Tg =  A 0ZgZgA0.

Therefore, equation (4.60) simplifies to

k
T = M ^T gA igM B *,

q=o
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where

M b* = (IjV-p- P b*),

and the expression for C is given in (4.26). The final expression for B is

B = A0TAq.

□

The statement of Theorem 4.2 assumes that the inverse
h , k - i

M T gM s*T*]V%,.)}
q=o <j—0

exists. Theorem 4.3 describes conditions under which the inverse exists.

T heorem  4.3 .

A) If within each subset q — the sample sizes are equal then the

ordinary MINQUEO estimator of Crr2 is independent of y'Ay.

B) If the sample sizes for qth subset are not equal and mq = 2, then 

independence and unbiasedness can not be imposed.

C) In either case, when m q > 3  Mq, or mg — 2 and n iq=  i = I , . . . ,  mg, 

then independence and unbiasedness can be imposed.

Proof:

P ro o f of A)

From theorem 4.2

A0Az0 = I N -  X(X zX )-1X7, (4.64)

and A0A0 =  I/V-p Therefore

A0bg - 0 bg = 0. (4.65)
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To show h*q = 0, let n* = - ^  be the common sample size for all levels within the qth 

random subset. Then

Hg = I TT̂1 n* (4.66)

and

Next, considering

^ ( p - q  — lZ iq ^m sIT'*-

■ A0Aq = IjV- Ppo(X),

where “ppo” represents “perpendicular projector operator”,

ppo(X) = X(X7X )-1X',

k '
X = @ X g ,

q=o

then,

k
ppo(X) = 0  ppo(X9). 

q=o

Notice that, for q — 1 ,2 ,. . . ,  A;,

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

ppo(X9) = Ppo(I72g) 

- 1 I l ' (4.72)

Assume q = I. The proofs for all other values of q are identical and will not be 

presented. From equation (4.72)

Z in1 Z1I 77̂ n*
Oubxi 
I  Ui

I O72l-^x i
(4.73)
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Then, ;

Aob1 =  AoA0Z1Hi

= [I/V— PPo(X)]Z1n1, (4.74)

becomes

Aob1 = [Ii\r- ppo(X)]Z in i •
k Oribxi

IN"- 0 P p o (X g ) In1.
g=o . On-Tjxi

f Oribxi Orj1Xi
In1 — % In1:In1

I . On-Tjxi On-Tjxi
Orj1Xi Orj1Xi

< In1 1 — In1 >
. On-Tjxi . On-Tjxi

Thus, for equal sample sizes, B* = 0. Accordingly B*ZT — 0 and B*'T' = 0 

regardless of how T is constructed and the independence constraint need not be 

imposed.

P ro o f of B)

By lemma 3.3, fox q ^  q1, q = 1 , 2 , ,  k, and g' = 1,2 , . . . ,  fc,

tr (TgMg-T^Mg*) = 0.

For q — q\

tr (TgMg* TgMg*) — tr(MB*TgMB*Tg), (4.75)

because symmetry of M g., and properties of the trace operator.

Note that ,

M s*Tg = 0 t r (Mg*TgMg^Tg) : 0. (4.76)
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To show

Mg*Tg = 0,

note that

Mg-Tg = (IjV— Pg-)Tg.

Also,

( I N — P b - ) T g =  0 4=^- T g  6  9?(B*), and

T ge% (B *)^=>T gE% (b*),

because Tgbg = 0 for $ ^  q'. Furthermore, it will be shown that

Tg e %(b%) <=)> AoTg E %(Aob*).

The proof of this statement follows.

Proof of: Tg E £(b j) A0Tg E %(A0b*).

Tg E %(bg) ==> Tg = bgR for some R  

= ¥  A0Tg=AobgR  

=Y- A0Tg E 3?(A0bg).

(4.77)

(4.78)

Proof of: A0Tg E 3£(A0b*) ^  Tg G %(b*).

A0Tg E IR(Aobg) ==> A0T g =  A0bgR for some R

AyA0Tg = Az0AobgR 

= >  T g=  bgR

because A0A0 = iN -p

TgER(b%).
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Therefore

T g G %(bg ^  AoTg G Sft(AobJ).

The proof of A0Tg G 9?(A0bJ) follows.

Because

AoTg — AqAq ZgZ jAo,

and

AoA^Zg G %(AobJ) AoTg G' ^(A0bJ),

then, it is sufficient to show A0A10Zq G 3?(A0bJ).

Assume g = I. The proof for any other values of g is identical and will not be 

presented. From equations (4.67) -  (4.72)

AoA qZ1 — [IiV-  Ppo(X)JZ1

IiV-  @ P P o(X g) 
g-o

OfibXl Ofibxl
I f i n Of it iX l

OfiblXl l f ibi
I n - T i x i O f i - T i x l  i

OfiQlXl
r

- I
1rkiTt -

On-Tixi
OfibXl

O n - T i x i

Ofibxi 
_ 1 ^ i n^ 
1^i
On-Tixi

[-1  I ] . (479)

Now, using equation (4.79),

AobJ A o  A q Z g l lg

Ofib X l O rt ix i

. l n “ -  1 ^ u

- 1 ^ i k 1 ^ i n ^
O f i - T ix l O fi-T iX l

nn
n2i
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Uribxi

On-Tixi

(n2i — nu). (4.80)

Because nn  ^  n2i, equations (4.79) and (4.80) imply that A0A^Zg E 9?(A0b*), and 

the conclusion is that

tr (T iM B * T gM g») — 0 Vg ,

and

' k k ,
E e« S ®  2 4 + 7 '®  M T 4MB-Tj M i.))

_q=o q=o

does not exist. Therefore the constraints can not be satisfied.

P roo f of C)

This is a conjecture. A proof is in progress.

Considering equation (4.23), theorems 4.2 and 4.3, the test statistic is

□

SSH V2®I 
OtJ2 Vl®2 ’ (4.81)

where V1 and V2 are the degrees of freedom corresponding to the numerator and 

denominator respectively, O1 and O2 are factors that will be defined in the 

Satterthwaite procedure. The approximate null distribution of F  is

F ~  F1("i j

where Tj^1, denotes the SnedecoCs F  distribution with V1 and V2 degrees of 

freedom. The accuracy of this approximation is evaluated in the simulation study ' 

(chapter 5).
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Satterthwaite procedure to estimate degrees of freedom

Satterthwaite (1941) developed a procedure to estimate the degrees of freedom, 

corresponding to a quadratic form in normal random vectors.

Assume that

Oi SSh ^ x I1, and

Matching' first and second moments from the chi-square distribution yields

(4.82)

(4.83)

E [4 i(% )]

var [Ai(SSjy)]' 

E [A2/ ? ^ 2 

var [A2ZlV2

2v1, 

z/2, and 

2 jz2.

Solving for the unknown parameters yields

(trA S )2
Vl ~  Ir(A E A E ) 5 (4.84)

„ _  (trAE)
tr (A E A E ) 5 (4.85)

(trB E )2
-  tr (B E B E ) 5 (4.86)

.  . (trBS)
2 tr (B E B E )' ' . (4.87)

In practice E is substituted for E in (4.85) -  (4.88). The test statistic in

(4.81) simplifies to

_  SSh tr(BE) ‘ 
ZlV2 tr (A S ) ' (4.88)
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The test statistic F  in (4.82), when the null hypothesis in (4.1) is not true 

follows an approximate non-central F  distribution

where A may be represented by

/TC [C7(XOC)-1C] " 1CT^ 1 .
A =

A pproxim ate F  Test w ith  REML Estim ates

For the likelihood function in (3.2), the hypothesis of interest in (4.1), and 

the REML estimates from equations (3.32) and (3.8), a test statistic is obtained by 

assuming

c ' ( x 'x  1X^ 1C ^  ^ c '  (X7S - 1X) 1C, (4.89)

where S  is S  with REML estimates. Accordingly,

^ C

therefore

C7 X7S - 1X C
-I

C7̂  - C7 (X7S - 1X) C 

^ Tank(C)F1raiJc(C),;/,

-i
c 73

(4.90)

P C
F  =

C7 (X7S - 1X) 1C C7/3

rank (C)

and F  has an approximate distribution

(4.91)

F - F 1

where v* is the rank(C).
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P rocedu re  to  estim ate  denom inator degrees of freedom  

Let

W ii = a  (XzS - 1X) 1C,

and

= a  (XyS - 1X) 1C. .

Replacing (4.92) and (4.93) in (4.89) gives

W d -  ^ W j .

Then

W dl W dW ,1 ~  ^ I 1■rank(C) >

and

t r ( W / W dW /

rank(C) u '

Matching the first two moments, the equations obtained are

^ tr (W J i W jW Ji ) '
Th1

rank(C)
— Jlz

P

var
tr (W j= W dW j

rank (C)

- I
x5— var p

therefore

p — 2[rank(C)] 2 '

[vec^W, 1)][var(vecWd)][vec(W,1)] ’

(4:92)

(4.93)

(4.94)

(4.95)

(4.96)

(4.97)

(4.98)

(4.99)
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where

k k
Var(VecWd) % ^^TvecSgvec'SyVgg, (4.100)

q=oq=o

- i ,
C ^X 'S  X ) - 1 C

= Cz(XzS - 1X )-1 (X'S.
V2=CT2
1ZgZ(^-1X)(XzS - 1X )-1C, and (4.101)

Y = var(a-2), (4.102)

The expression Vgg represents the element in the qih row and the qnh column of V. 

In practice W j1 is substituted for W j1 in (4.100), and V is replaced by V given by

(4.22).

The test statistic F  in (4.91), when the null hypothesis in (4.1) is not true 

follows an approximate non-central F  distribution .

where A may be represented by

^ /3ZC [Cz(XzS - 1X )-1C] " 1 Cz/3

Exam ple (continued)

Using the matrices from example in Chapter 2, the estimates obtained in 

Chapter 3, appropriate equations from this chapter, and considering the hypothesis 

in (4.1), where C is

C =

1 1 1 ' 
- 1 0  0 
0 - 1 0  
0 0 - 1

(4.103)



Likelihood Ratio Test

The results obtained are the following.
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For A in (4.2) and for -21ogeA in (4.3) the result obtained is

-  21ogeA = 5.2485, (4.104)

with rank(C) =  3 degrees of freedom. Under assumptions 3.1 to 3.7 ( in particular 

mq — > oo ) about the model in (3.11), the statistic in (4.104) asymptotically follows 

a X2 distribution with 3 degrees of freedom, and the corresponding P-value is 0.1545.

W ald’s Test with MLEs

The solution for var(C/9) in (4.19) is

var(C/3) Cz(XzS - 1X )-1C
" 17.1766 9.8152 9.8152

9.8152 14.5400 9.8152
9.8152 9.8152 15.8715

For W  in (4.4), the result obtained is

(4.105)

W  = 6.3205, (4.106)

with rank(C) — 3 degrees of freedom. Under assumptions 3.1 to 3.7 ( in particular 

mq — > oo ) about the model in (3.11), the statistic in (4.106) asymptotically follows 

a x2 distribution with 3 degrees of freedom, and the corresponding P-value is 0.0970.

Wald’s Test with MLEs and Kackar-Harville correction

The solution for Varu1 (C'3) in (4.19), with V given in (4.17), is

Varkh (Cz3) Cz(XzS ^ X ) - 1C + CzE*(V ® Sos)E*zC
" 17.1766 9.8152 9.8152 "

9.8152 14.6227 9.8152 .
' 9.8152 9.8152 15.9781

(4.107)
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MT =  6.2797, (4.108)

with rank(C) =  3 degrees of freedom. Under assumptions 3.1 to 3.7 ( in particular 

m q > 00 ) about the model in (3.11), the statistic in (4.108) asymptotically follows 

a x 2 distribution with 3 degrees of freedom, and the corresponding P-value is 0.0988.

For Wkh in (4.19), the result obtained is

W ald’s Test with REML estimates

The solution for Var(CzyS) in (4.19), with REML estimates is

vs;(c'/3) Cz(XzS - 1X )-1C 
" 19.3824 11.0757 11.0757

11.0757 20.7922 11.0757
11.0757 11.0757 19.9121

For W  in (4.4), with REML estimates, the result obtained is

W =  4.5586

(4.109)

(4.110)

with rank(C) = 3 degrees of freedom. Under assumptions 3.1 to 3.7 ( in particular 

mq — s- oo ) about the model in (3.11), the statistic in (4.110) asymptotically follows 

a x2 distribution with 3 degrees of freedom, and the corresponding P-value is 0.2071.

W ald’s Test with REML estimates and Kackar-Harville correction

The solution for Varjdl(CzyS) in (4.19), with V given in (4.22), and REML estimates 

is

Varkh (C ẑ ) Cz(XzE ^1X )-1C + CZE*(V ® E<f)E*zC
‘ 19.3824 11.0757 ' 11.0757 '

11.0757 20.8965 11.0757 .
11.0757 11.0757 20.0577

(4.111)



68

W  = 4.5286 (4.112)

with ranlc(C) =  3 degrees of freedom. Under assumptions 3.1 to 3.7 ( in particular 

mq — » oo ) about the model in (3.11), the statistic in (4.112) asymptotically follows 

a x2 distribution with 3 degrees of freedom, and the corresponding; P-value is 0.2098.

A pproxim ate  F  Test w ith MINQUEO estim ates

The equations (4.81) to calculate F, (4.23) to obtain SSh , (4.28) to obtain TTr2, 

and (4.84), (4.85), (4.86), and (4.87) to obtain zq, 0i, z/g, and O2 respectively were 

used. The result obtained is

SSh v2&ir  =  ---- —
CJcr2

= 1.0715. (4.113)

The degrees of freedom are, Zz1 =  2.0249, zz2 = 2.6504. The approximate null 

distribution of F  in (4.113) is F(2.0249,2.6504) under assumptions 3.1 to 3.7 ( in 

particular mq — > 00 ) about the model in (3.11). The corresponding P-value is

0.4571.

For Wkh in. (4.19), with REML estimates, the result obtained is

A pproxim ate F  Test w ith REM L estim ates

The equations (4.91) to calculate F , and (4.99) to calculate degrees of freedom v for 

the denominator were used. The result obtained is

/3 c  a  (XzS - 1X)
F = ------

0(3

rank (C)
= 1.5195. (4.114)

The degrees of freedom are, rank(C') = 3, 1/ = 8.1623. The statistic in (4.114) has 

an approximate distribution F1(3,8.i623> under assumptions 3.1 to 3.7 ( in particular 

mq — ;• 00 ) about the model in (3.11). The corresponding P-value is 0.2810.
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Conclusion

Considering the P-values from the tests used, the conclusion is similar for each of 

them. There is not enough evidence to reject the null hypothesis of no difference 

among means and expected means

Ho: C f3 = 0 .
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CHAPTER 5

S im u lation , C onclusions, and Future R esearch

Sim ulation

In this Chapter, the performance of the test statistics described in Chapter 4 

are evaluated and compared by means of simulation. The evaluation is based on test 

size and power under different conditions. The simulations were run under model 

(2.27) in chapter 2, for m 0 — 2 and k = 2 random subsets.

The test statistics considered are:

o F test with MINQUEO estimates (F-mO), 

o F test with REML estimates (F-reml), 

o Likelihood ratio test (LRT), 

o Wald’s test with MLE (W-mle),

o Wald’s test with MLE and Kackar-Harville correction (W-mle-k), 

o Wald’s test with REML estimates (W-reml), and

o Wald’s test with REML estimates and Kackar-Harville correction (W-reml-k).

The conditions under which the simulations were conducted are described in 

terms of level sizes (mg), sample sizes (Wg), variance conditions (<Tg), and means.

The mg level sizes are:

1, - Small, mg =  3,4 for g =  1,2,

2, - Small, mg = 2,3 for q = 1,2, and

3, - Large, mg = 10,15 for g = 1,2.
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The niq sample sizes are:

1. - Small, (2,3), (2,3,4), (2,3,4,2)

where sample sizes are grouped by levels of fixed effect (first parenthesis) 

and levels of the two random subsets (second and third parentheses).

2. - Small, (2,3), (2,3), (4,2,3).

3. : Small, (2,3), (2,3,4,2,3,4,2,2,3,2), (3 ,4 ,2 ,3 ,4,2,2,3,2,3,4,2,3,4,2).

4. - Large, 'niq= (10,15), (10,15), (20,10,15).

5. - Large, niq = (10, 15), (10, 15, 20, 10, 15, 20, 10, 10, 15, 10),

(15, 20, 10, 15, 20, 10, 10, 15, 10, 15, 20, 10, 15, 20, 10).

The CTq values are:

1. - ctq =  I, of = 0.2, and of = 0.3,

2. - of = I, of =  0.5, and of = 0.5, and

3. - of =  I, of = 0.05, and of =  0.05.

Means were selected so that exact F  tests (which assume knowledge of
£j2

Vg) have the following power: 1 2 3

1. - Power = .05 (null condition, means are equal),

2. - Power =  .40 (non-null condition, means are not equal), and

3. - Power = .80 (non-null condition, means are not equal).

For each simulation condition 500 iterations were executed, except for those 

cases with large mq and large niq where 200 iterations were executed. Tables with 

size and power of tests are included in the results.

To obtain tables of theoretical power for the F  test with MINQUEO 

estimates, the use of a set of means under a non-null condition, for a given power of
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.4 and .8 was appropriate. The test statistic F  in (4.82), when the null hypothesis is 

not true follows an approximate non-central F  distribution

' ^  -̂ (̂ l,̂ jA))

where V1 and P2 represent the degrees of freedom for the numerator and 

denominator respectively. A may be represented by

f3'C [C z( X zX ) - 1 C] " 1 C ẑ i
A= 2 '

To obtain tables of theoretical power for the F  test with REML estimates, 

the use of a set of means under a non-null condition, for a given power of .4 and .8 

was appropriate. The test statistic F  in (4.91), when the null hypothesis is not true 

follows an approximate non-central F  distribution

F ~

where V1 and P2 represent the degrees of freedom for the numerator and 

denominator respectively. A may be represented by

p ' c  [Cz(XzS - 1X )-1C ]"1 c 'p
-  g ’A =

To obtain tables of theoretical power for the y2 (Chi2) tests, the use of a set 

of means under a non-null condition, for a given power of .4 and .8 was appropriate. 

■The' test statistics, -21ogeA, W, and Wkh, when the null hypothesis is not true 

follow an approximate non-central %2 distribution

X(r,A>

where r is the rank(C) =  3. A may be represented by

P1C [Cz(XzS - 1X )-1C ]"1 a p
A =

2
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Simulation Results

Table 3: Empirical Size of Tests (Nominal Test Size = .05, — 1,0.2,0.3)

Size (mg) Size (niq) FunO F-reml .LRT W-mle W-mle-k W-reml W-reml-k '
I.- Small I.- Small .0080 .0320 .0780 .1220 .1140 .0880 .0860
2.- Small 2.- Small .0300 : .0320 .1020 .1880 .1780 .1160 .1040
2.- Small 4.- Large .0640 .0840 .0900 .2060 .2020 .1480 .1360
3.- Large 3.- Small .0400 .0560 .0800 .0940 . .0900 .0780 10780
3.- Large 5.- Large . .0550 .0500 .0800 .0950 .0950 .0500 .0500

Underlined values represent difference between Empirical size of test and the Nominal 
test size of .05 not significant.

Table 4: Theoretical Power of Tests

Size (mq) Size (nig) F-mO F-reml Chi2
I.- Small I.- Small .2822 .3640 .4725
2.- Small 2.- Small .3124 .3207 .5035
2.- Small 4.- Large .1469 .2801 .4161
3.- Large 3.- Small .3920 .3932 .4207
3.- Large 5.- Large .2564 ,3907 .4039

(Nominal Power =  .4, for exact F,  = 1 ,0.2,0.3) 

Table 5: Empirical Power of Tests ( <ĵ ~= 1,0.2,0.3)

Size (mq) Size (nig) F-mO F-reml LRT ' W-mle W-mle-k W-reml W-reml-k
I - Small I,- Small .1140 .3520* .4900 .6240 .6140 .5180 .5060
2.- Small 2.- Small .1780* .2620* .5080 .6140 .6140 .5280 .5220
2.- Small 4.- Large .1800* .3660 .4820 .6260 .6260 .5540 .5520
3.- Large 3.- Small .3500* .3880* . .4460 .5080 .5060 .4600 .4560
3.- Large 5.- Large .1700* .3500* .3950 .4200 .4200 .3800* .3800*

Underlined values represent difference between Empirical power and the theoretical
Power not significant. Starred values correspond to values underlined in Table 3.
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Table 6: Theoretical Power of Tests

Size (m9) Size (nig) F-mO F-reml Chî
I.- Small I.- Small .6083 .7512 .8749
2.- Small 2,- Small .6637 .6795 .9004
2.- Small 4.- Large .2870 .6083 .8185
3.- Large 3.- Small .7876 .7917 .8236
3.- Large 5.- Large .5539 .7887 .8046

(Nominal Power — .8, for exact F, = 1,0.2,0.3)

Table 7: Empirical Power of Tests ( = 1,0.2,0.3)

Size (mg) Size (niq) F-mO F-reml LRT W-mle W-mle-k W-reml W-reml-k
I - Small I.- Small .2720 .7660* .8660 .9140 .9100 .8740 .8720
2,- Small 2,- Small .4340* .6540* .8680 .9320 .9320 .8880 .8820
2.- Small 4.- Large .3180* .7200 .7980 .9000 .9000 .8400 .8400
3.- Large 3.- Small .7700* .8140* .8340 .8500 .8500 .8340 .8320
3.- Large 5.- Large .4300* .7700* .7950 .8200 .8200 .7800* .7800*

Underlined values represent difference between Empirical power and the theoretical 
Power not significant. Starred values correspond to values underlined in Table 3,

Table 8: Empirical Size of Tests (Nominal Test Size = .05, = 1,0.5,0.5)

Size (mq) Size (riiq) F-mO F-reml LRT W-mle W-mle-k W-reml W-reml-k
I.- Small I.- Small .0120 .0380 .0880 .1580 .1520 .1000 .0980
2.- Small 2.- Small .0400 .0480 .1200 .2180 .2080 .1420 .1400
2,- Small 4.- Large .0700 .1380 .1420 .2880 .2840 .2180 .2080
3.- Large 3.- Small .0340 .0620 .0780 .1020 .1020 .0780 .0780
3.- Large 5.- Large .0350 .0800 .0650 .0850 .0850 .0800 .0800

Underlined values represent difference between Empirical size of test and the Nominal
test size of .05 not significant.
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Table 9: Theoretical Power of Tests

Size (mq) Size (mg) F-mO F-reml Chî
I.- Small I.- Small .2209 .3658 .4725
2.- Small 2.- Small .2563 .3212 .5035
2,- Small 4.-.Large .1086 .2658 .4161
3.- Large 3.- Small .3366 .3946 .4207
3.- Large 5.- Large .1786 .3884 .4039

(Nominal Power = .4, for exact F,  cr̂  = 1,0.5,0.5)

Table 10: Empirical Power of Tests ( = 1,0.5,0.5)

Size (mg) Size (nig) F-mO F-reml LRT W-mle W-mle-k W-reml W-reml-k
I.- Small I,- Small .0920 .3760* .5160 .6520 .6460 .5660 .5420 .
2.- Small 2.- Small .1680* .3000* .5160 .6380 .6320 .5440 .5360
2.- Small 4.- Large .1700* .4160 .5260 .6880 .6820 .5920 .5900
3.- Large 3.- Small .2880* .4020* .4380 .5000 .5000 .4520 .4500
3.- Large 5.- Large .1300* .3900 .4000* .4350 .4350 ■ .4000 .4000

Underlined values represent difference between Empirical power and the theoretical 
Power not significant. Starred values correspond to values underlined in Table 8.

Table 11: Theoretical Power of Tests

Size (mg) Size (nig) F-inO F-reml Chf
I.- Small I.- Small .4757 .7539 .8749
2.- Small 2.- Small .5533 .6805 .9004
2.- Small 4.- Large .1886 .5787 .8185
3.- Large 3.- Small .7062 .7934 .8236
3.- Large 5.- Large .3753 .7858 .8046

(Nominal Power = .8, for exact F, = 1,0.5,0.5)
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Table 12: Empirical Power of Tests ( cr̂  =  1,0.5,0.5)

Size (mg) Size (riig) , F-mO F-reml LRT W-mle W-mle-k W-reml W-reml-k !
I.- Small U- Small .2080 .7760* .8720 .9280 .9280 .8900 .8880
2.- Small 2.- Small .4020*■ .6640* .8580 .9460 .9460 .8940 .8880
2.- Small 4.- Large .2480* .7220 : .8100 .9100 .9100 .8560 .8540
3.- Large 3.- Small .6680* .8200* .8440 .8680 .8680 .8480 .8480
3.- Large 5.- Large .2700* .7300 .7650* .7950 .7950 .7500 .7500

Underlined values represent difference between Empirical power and the theoretical 
Power not significant. Starred values correspond to values underlined in Table 8.

Table 13: Empirical Size of Tests (Nominal Test Size = .05, — 1 ,0.05,0.05)

Size (mg) Size (nig) F-mO F-reml LRT W-mle W-mle-k W-reml W-reml-k
I.- Small I.- Small .0120 .0280 .0740 .1100 .1060 .0700 .0680
2.- Small 2,- Small .0300 .0260 .0920 .1420 .1380 .0900 .0860
2.- Small 4.- Large .0440 .0380 .0560 .0940 .0900 .0760 .0700
3.- Large 3.- Small .0480 .0500 .0680 .0840 .0840 .0640 .0620
3.- Large 5.- Large .0450 .0500 .0700 .0800 .0800 .0500 .0500

Underlined values represent difference between Empirical size of test and the Nominal 
test size of .05 not significant.

Table 14: Theoretical Power of Tests

Size (mg) Size (riig) F-mO F-reml Chi2
I.- Small I.- Small .3209 .3541 .4726
2.- Small 2.- Small .3575 .3088 .5035
2.- Small 4,- Large .2864 .2965 .4161
3.- Large 3.- Small .4001 .3896 .4207
3.- Large 5.- Large .3696 .3913 .4039

(Nominal Power = .4, for exact F, =  1,0.05,0.05)
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Table 15: Empirical Power of Tests ( cr| = 1 ,0.05, 0.05)

Size (mg) Size (rtig)' F-mO F-reml LRT W-mle W-mle-k W-reml W-reml-k
I.- Small I.- Small .1340 .3140* .4720* .5600 .5460 .4780* .4680*
2,- Small 2.- Small .2000* .2260* .4820 .5920 .5820 .4800 ■ .4680
2.- Small 4.- Large .2440* .2620* ,3860* .4880 .4820 .4400 .4240*
3.- Large 3.- Small .3740* .3720* .4360* .4700 ,4680 .4180* .4160*
3.- Large 5.- Large .3150* .3900* .3625* .4100 .4100 .4000* .4000*

Underlined values represent difference between Empirical power and the theoretical 
Power not significant. Starred values correspond to values underlined in Table 13.

Table 16: Theoretical Power of Tests

Size (m9) Size (nig) F-mO F-reml Clfif
I.- Small I.- Small .6818 .7364 .8749
2.- Small 2.- Small .7408 ,6577 .9004
2,- Small 4.- Large 1 .6213 .6405 .8185
3.- Large 3.- Small .7999 .7871 .8236
3.- Large 5.- Large .7584 .7894 .8046

(Nominal Power = .8, for exact F,  cU = 1,0.05,0.05)

Table 17: Empirical Power ( <7̂ =  1,0.05,0.05)

Size (mq) Size (riiq) F-mO F-reml LRT W-mle W-mle-k W -reml. W-reml-k ‘
I.- Small I.- Small .3440 .7420* .8560* .8960 .8960 .8560* .8480*
2.- Small 2,- Small .5120* .5940* .8460 .9280 .9260 .8780 .8640
2.- Small 4.- Large .4720* .6280* .7660* .8480 .8420 .7880 .7840*
3.- Large 3.- Small .7880* .7900* .8360* .8500 .8460 .8300* .8300*
3.- Large 5.- Large .7150* .8100* .8350* .8500 .8500 .8100*. .8100*

Underlined values represent difference between Empirical power and the theoretical
Power not significant. Starred values correspond to values underlined in Table 13.
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Discussion

For the analysis of these results, the criteria used is based on the evaluation of the 

size of the tests first, and then, the empirical power.

In order to identify which results controlled test size, Bradley’s (1978) liberal 

criterion was employed. According to this criterion, in order for a result to be 

considered as a controlled test size, its empirical test size (d) must be contained in 

the interval 0.5« < d < 1.5«. For « =  0.05 level of significance used in this study, 

therefore, the interval becomes 0.025 < « < 0.075. The percentage of controlled 

tests sizes for each test statistic are presented in Table 18. These percentages are 

obtained with respect to a total of 15 possible results (15 different conditions: 5 

combinations of m g and riiq, and 3 sets of variances).

After considering only results that controlled test size, the determination of 

the group among best test power, is performed separate for each combination of m q 

and Uiq used in these simulations. In order to identify which of those results are 

among the best power tests, a criterion based on the highest empirical power 

obtained (pwh) was employed. According to this criterion, in order for a test to be 

considered among the best test power, its empirical power (pw) must be contained 

in the interval 0.9pwh < pw < Pwh- For each condition of rnq and Uiq used in these 

simulations, this interval may be different. The percentage of tests among best test 

power for each test statistic are presented in Table 18. These percentages are 

obtained with respect to a total of 30 possible results (30 different conditions: 5 

combinations of m q and n*,, 3 sets of variances, and 2 power levels).

An example to show this procedures will be appropriate. Lets consider case 5 

(3.- Large m q and 5.- Large riiq) from Table 3. The tests that controlled test size 

are: F  test with MINQUEO estimates (F-mO), F  test with REML estimates 

(F-reml), Wald’s test with REML estimates (W-reml), and Wald’s test with REML
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estimates and. Kackar—Harville correction (W—reml—k), because the corresponding 

empirical size of tests in this Table are in the interval 0.025 < a < 0.075. Now, lets 

consider case 5 (3.- Large Mq and 5,- Large Niq) from Table 5. The results among 

best test power are: F  test with REML estimates (F-reml), Wald’s test with REML 

estimates (W-reml), and Wald’s test with REML estimates and Kackar-Harville 

correction (W-reml-k), because the corresponding empirical power of tests in this 

Table are in the interval 0.9p^ < pw < pwh- Note that, for pwh = 0.38, the highest 

empirical power corresponds either to W-reml or W-reml-k, and the interval 

becomes 0.342 < p w < 0.38. After considering the 4 possible results to be included 

among best test power, the result from F-mO is 0.17 and does not follow in the 

interval. Therefore the other 3 tests, F-reml, W-reml, and W-reml-k are among 

best test power because the corresponding empirical powers are 0.35, 0.38, and 0.38, 

and they follow in the interval.

Table 18: Percentages of controlled test size and among best test power

F-mO F-reml LRT W-mle W-mle-k W-reml W-reml-k
% Controlled test size 80.0 80.0 33.3 0 0 26.7 33.3
% Among best test power 20.0 63.3 33,3 0 0 26.7 33.3

The F  test with MINQUEO estimates (F-mO), controls the test size in 80 % 

of the simulated tests. 20 % of simulated tests control the test size, and are among 

tests with higher power. This F  test does not perform very well in cases 2 (2.- 

Small, 2.- Small) and 3 (2.- Small, 4.- Large), because in both cases m q = 2, and 

sample sizes (n^) are not equal. According to Theorem 4.3, part B, independence 

and unbiasedness can not be imposed.

The F  test with REML estimates (F-reml), controls the test size in 80 % of 

the simulated tests. 63.3 % of simulated tests control the test size, and are among
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tests with higher power. This F  test performs acceptable under different conditions. 

The difference between empirical power values and theoretical power is not 

significant in most of the cases, except when mq is small and niq\s large, and in 

presence of large variability.

The Likelihood ratio test (LRT), controls the test size in 33.3 % of the ' 

simulated tests. Also 33.3 % of simulated tests control the test size, and are among 

tests with higher power. This test does not perform very well, except in cases with 

small variability.

Wald’s test with MLE (W-mle) and Wald’s test with MLE and 

Kackar-Harville correction, do not control the test size in any case.

Wald’s test with REML estimates, controls the test size in 26.7 % of the 

simulated tests. Also 26.7 % of simulated tests control the test size, and are among 

tests with higher power. This test does not perform very well, except in cases with 

small variability. Some times performs well in presence of large mq and large niq

Wald’s test with REML estimates and Kackar—Harville, controls the test size 

in 33.3 % of the simulated tests. Also 33.3 % of simulated tests control the test size, 

and are among tests with higher power. This test does not perform very well, 

except in cases with small variability. Some times performs well in presence of large 

mq and large niq

Any of these tests have correct asymptotic distributions as each mq — * oo, 

Values as small as 2 or 3 for mq present problems.

For a test that controls test size, and the empirical power of test agrees with 

the theoretical power, then, this information would be useful for sample size 

determination.



81

Conclusions

The F  test with REML estimates appears to be promising. The tabled 

results show some consistency under most of the conditions. Most of the tests 

perform acceptable under conditions of large level mq and large sample sizes niq

The Likelihood ratio test (LRT), Wald’s test with REML estimates with or 

without Kackar-Harville correction, after controlling test size, they have good 

power.

Almost no effect was shown by Kackar-Harville correction.

Future Research

An interesting aspect would be to improve the F  test with REML estimates 

for large sample sizes and large variability. The possibility of using Bartlett (1954) 

correction for the Likelihood Ratio test could be an interesting option.

Another important topic for future research would be, the study of an 

optimal design under suitable assumptions of ratios between cr|, for g = I , . . . ,  &, 

and <Tq, or under a priori information about these ratios.
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A P P E N D IX  A

N otation  and M atrix Dim ensions
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M a tr ix  D im ensions

A  : N  x N A0 : TV x (TV -  p)

B : N  x N B* : (TV — p) x &

bq : (N  -  p) x l B : TV x TV

(3 : p x I C : p x r

D : m x m E* : p x N (k  + I)

E*q : p x N  

G q : N  x N

e : TV x I

K* : TV x (TV -  p)

k* :7V x I L : (TV - p ) 2 x (A: + I)

Lg: (TV-p)^ x I £ :(&  + !) x (& + I)

Ai : (& + I) x (& + I) M : (TV + m) x (TV + m)

Ms* : (N  — p) x  (TV — p) fx : k x I

pi0 : m 0 x l Ix1 : m x I

ng : m q x I P  : TV x TV

t) to I X I S  : TV x TV

Tg : (N — p) x (N — p) 0 : (p +  & + I) x I

u : m x I V : (fc + I) x (jfc + I)

W i m x k X : TV x p

X u : n0 x p X - I i n x p

X 0 : TV x m0 y : TV x I

Z : TV x m Zu i n0 x m

Zi : n x m Zg: TV x mg
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N o t a t i o n

number of random subsets

total number of fixed and random effects

total number of fixed effects

total number of random effects

number of means in the qth subset of random effects

total number of observations

total number of observations in the random effects 

number of observations in the ith effect, and ^ su b se t 

number of observations in the ga subset

1. 2. .  .., TTiq

1. 2. .  .., T iiq

0 ,1,2,..., k

m 0+ m
k

q=i
n0 + n
m
23 noi
i=i
m,
2 3 ^ gi=i
k Wq

E E " . ?q=oi=i 
Wo + k
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A P P E N D IX  B

E xpected  M ean Squares
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T a b l e  B . l :  E x p e c t e d  M e a n  S q u a r e s

C a s e  I: m q = a n d  niq = ^

EXPECTED MEAN SQUARES

M S\: Among
Fixed Effects

crO "h 5-/ Ẑ'o) m 0 — I

MS,:
Among Expected 
Random Effects

+ E  W - M ) & -1

MSr3: Among
Random Levels +  3tr^ A + M i(m  -  I) ) m — I

MS4: Within the 
qih Random
Subset

crO + m q - I

MSr3: Within
Random Subsets

crO +
q=i

m — k

MSr3: Among All 
Fixed and
Expected 
Random Effects

ao +  M (p-i)(l ^
g=i

+ 'M k ip -^ iT q  P-) +  ^  _  2 ) 6  W p - 1

MSj'. Error crI N - M

where, fj, and are described in (2.29), al is described in (2.5), and the rest of the 

notation is described in Appendix A.
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Table B.2: Expected Mean Squares

Case II: niq =

EXPECTED MEAN SQUARES <$

M Si: Among
Fixed Effects

Among Expected 
Random Effects

MS's: Among
Random Levels

MS4: Within the 
qth Random
Subset

MS's: Within
Random Subsets

MS6: Among All 
Fixed and
Expected 
Random Effects

MS7: Error

0O + M (rLi)J2  (No -  li-oYi-i

 ̂+ Whg (1 - 3 4  +m, N

crO +  +
9=i

crO + M7I

iV
M ( ^ - 1 ) ^ W - N ) '

crO + Mtm-yC)(m9_  l)og 
9=i

M(p-i)
Jc m

^ 2 m q ( f j , q  -  J x . ) 2  +  ^  (^*0 -  /<■•)"
.9=1 Z=I

m0 -  I

fc -  I

m — I

I

m — k

p - 1

N - M
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Table B.3: Expected Mean Squares

Case III: any and m q

SfOCZRCE EXPECTED MEAN SQUARES

MSi: Among
m

V0 +  ?7̂ _1 E nZo (Ai ZO Abo) m0 -
Fixed Effects Z=I

I

MS';:
Among Expected 
Random Effects

k
a )2

?=i

MS's: Among
Random Levels

+
&

nfciZ)
9=i

nq- Z=I

k
+ r n b i E r c g ^ g -  Z2-)2 

9=i

& — I

m — I

MS'4: Within the 
Random

Subset V /

m? -  I

MSf5: Within
Random Subsets

crO +
9=i

ZZfl —

^  \

Z=I

V

m — k



92

Table B.3: Expected Mean Squares

Case III: any and m q

(continued)

EXPECTED MEAN SQUARES

MSq\ Among All 
Fixed and
Expected 
Random Effects

MS7: Error

crQ + phX )
q=i

\
z=i nq

nq N

/m  k \
+ p b  + Y^nWq

\z=i q=i J

Z m  k \
_  iV(p-i) Y ni0^ 0+ Y nqN\ 1=1 q=i J V ~  I 

N - M
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G L O SSA R Y
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A, 45 l(0 )n , 19

A qAq5 45 ■ 1(0)22, 19

A*, 51 1(0)33, 19

A l, 51 1(0)34, 19

B 5 45 1(0)43, 19

B*, 46 1(0)44, 19

b%,46 K u , 19

/3,8 Kss5 19

C/3, 38 K*, 23

Cov(Ug5U^)5 5 k*,22

cov(u, e), 5 L 5 48

D 5 5 Lg5 48

EtSSW], 45 4 ,1 5

E(e), 4 ^ , 1 5

E(u), 5 , I?

E(y'Ay), 9 4 o |, 17

E*, 42 17

E%,42 A5 39

% , 42 Ai5 46

77, 8 A, 39

F, 61 f , 4 5

E(^jt2)5 61 Co-2, 45

Ft,*,v, 63 C o 2, 45

Gg5 42 M 5 46

H 5 17 M*, 47

1(0), 17 M b*, 46
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M e ,  22 o-2, 17

Mi#? 7 5 ^ , 3 6

m , 7 ~2
t r O) 26

# , 3 3 2 , 5

AtO; 33 S o , 25

i i q ,  46 T ,  4t6 -

z/, 63 t, 48

z / * , 63 46

K1 , 61 6>, 16

K2 , 61 0i, (51

P ,  23 02, (51

P o ,  25 ' . u, 4

P ,  15 u, 46

P b*, 46 var(e), 5

P(UO) 9 var(u9), 5

Pfuoi) 9 ' P  'var A 2
ppo(X), 57 cr

PPo(X9), 57 varidl(C/3)

$ ,  46 TA, 65

$*, 47 12

41 W 0, 47

41 w , 7

^o*) 41 W d, 64

Q , 5 1 W d, 64

S g ,  65 W ,  40

-SrSfH-, 44 % h ,  43

,18
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X, 8

Xo, 6 

X qi , 9 

Xou, 7

y, 4

Z ,4  

Z,, 7

z m , 7

Zn, 5




