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Abstract:

Mixed models arise in many experimental situations. In these experiments it is often of interest to test
hypotheses about the fixed effects and to perform tests of significance and estimate variance
components. Except in certain special cases, exact tests are not available for random effects in
unbalanced mixed models. Ordinarily, researchers apply techniques developed for balanced mixed
models or treat unknown variance components as known.

The design matrix for the particular mixed model of interest is obtained by concatenation of the design
matrices for oneway fixed effects model and sets of oneway random effects models. The fixed and
random components share a common variance. Standard methods of parameter estimation, such as,
Minimum Norm Quadratic Unbiased Estimation (MINQUE), Maximum Likelihood (ML) estimation,
and Restricted Maximum Likelihood (REML) estimation, were used. To solve the ML and REML
equations, a Fisher scoring algorithm was used. Because of the complexity of the original equations, it
was necessary to do some simplifications of the equations to gain efficiency in the computations.

The main objective is to develop procedures for making inferences about the means from the set of

fixed effects and the expectations from the sets of random effects. From the simulation results, the F
test with REML estimates appears to be promising for hypothesis testing under the particular mixed
model of interest.
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ABSTRACT

Mixed models arise in many experimental situations. In these experiments it
is often of interest to test hypotheses a;bo‘ut the fixed effects and to perform tests of
significance and estimate variance compoﬁents. Except in certain special cases,
exact tests are not available for random effects in unbalanced mixed models.
Ordinarily, researchers apply. techniques developed for balanced mixed models or

treat unknown variance components as known.

The design matrix for thé particular mixed model of interest is obtained by
conca,tena,"cion of the design matrices for oneway fixed effects model and sets of
oneway random effects models. The fixed and randoxﬁ components share a common
variance. Standard methods of parameter estimation, such as, Minimum Norm
Quadratic Unbiased Estimation (MINQUE), Maximum Likelihood (ML) estimation,
and Restric(ted Maximum Likelihood (REML) estimation, were used. To solve the
ML and REML equations, a Fisher écoring algorithm was used. Beca,ﬁse‘ of the
complexity of the original equations, it was necess:adry to do some simplifications of

the equations to gain efficiency in the computations.

The main objective is to develop procedures for making inferences about the

means from the set of fixed effects and the expectations from the sets of random

effects. From the simulation results, the F' test with REML estimates appears to be

promising for hypothesis testing under the particular mixed model of interest.




CHAPTER 1

Introduction

Mixed models arise in many experimental situations. In these situations the
usual interest is to perform tests of significance and estimate variance components,
and to test fixed effects. To illustrate this situation, we consider the following two
scenarios: (I) an academic scenario related to evaluation of students’ performance.
(IT) an industrial scenario related to comparison of fabrics produced by different
companies. EXAMPLE 1. Supp'ose a mathematics department offers curriculum
core courses which must be taken by a considerable number of students every
semester. This situation requires the offering of many simultaneous sections of the
same course. Alfhough some séctions are taught by professors, most of them are
taught by teaching assistants (TAs) in masters and doctorgl programs. Suppose
that a supervisor of these courses is studying students’ performance. Of particuiar
int‘erest are possible differences which say exist among students from sections faugh't
by professors versus’sections taught by TAs. Since TAs are not permanent
employees, the expected performance of students across all sections taught by
masters (MS) level TAs and the expected performance of students across all sections
taught by doctoral (PhD) level TAS may be of interest. More specifically, suppose a
course is offered with twelve sections, three of which are taught by professors, four
by PhD level TAs, and five by Masters level TAs. The main goal is to compare five
means measuring performancé: three from sections taught by professors, one based
on expected performance of students from :,four sections taught by PhD level TAs,
and one from expected performance of students from five seétion,s taught by Masters

level TAs. When examining performance of students in sections taught by MS or
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PhD level TAs there are two sources of variability: (i) variability in performance
between these sections taught by MS level TAs and those sections taught by PhD

level TAs, and (ii) variability in performance among students within sections.

EXAMPLE II. As aﬁother example, a vendor submits lots of fabric from
national and foreign companies to a textile maﬁufacturer which ‘also produces this
fabric. The manufacturer wants to know if the average breaking strength of the
fabric produced by his/her factory is similar to breaking strength expected from
fabric produced by national or foreign companies. Since there are Iﬁany national
and foreign companies, the interest is comparing three expectations: one from
his/her factory, (;ne from the set of national companies, and one from the set of
foreign companies. |

In both of these examples we find a common structure. In the academic
example, the three sections taught by professors correspond to effects in a oneway
fixed effects model, the set of four sections taught by PhD level TAs as a oneway
random effects models, and the set of five sections taught by MS level TAs as a
second oneway random effects model. In the fabric example, multiple lots of the
manufacturers production may be modelled as a oneway fixed effects model, the set
of national companies modelled as a oneway random effects model, and the set of
foreign companies modelled as a second oneway random effects model. In each
example, by concatenating the design matrices for fixed effects model and the
random effects models we obtain a mixed model structure.

The analysis of the structure in each example highlights the problem
considered in this thesis, that is, hypothesis testing related to the fixed effects in a
particular mixed model, and estimation of parameters and variance components.
The following are methods used in this thesis to obtain estimators: method of‘

moments to obtain ANOVA estimates, Minimum Norm Quadratic Unbiased
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Estimation (MINQUE), Maximum Likelihood (ML) eéﬁimation, and Restricted
Maximum Likelihood (REML) estimation. 'To solve the ML and REML equations, a
Fisher scoring algorithm is used. Because of the complexity of the original equations,
it was necessary to do some simplifications to gain efficiency in the computations.

For hypothesis testing, the tests used are the likelihood ratio test, Wald’s test
with ML and REML estimates either with or without Kackar and Harville’s (1988)
.correction, and two approximate F tests.

In Chapter 2 a description of the mixed model is presented. The methods
used to obtain estimates are described in Chapter 3. The use of Fisher écori_ng is
also discusseci. The hypothesis testing procedures are described in Chapter 4. The
results of simulations comparing tests of location parameters are presented in

Chapter 5.




CHAPTER 2

Mixed Models

The general mixed model

Before describing the particular mixed model to be studied in this thesis,
notation for mixed models will be introduced. The mixed model is a linear model in

which some effects are fixed and some are random. The model can be written
y=X08+Zu+e, _ (2.1)

‘Wheye y is an N x 1 vector of data, B is an p X 1 vector of fixed effects parameters,
X is a known N X p design matrix corresponding to the fixed effects, u is an m x 1
vector of random effects, Z is a known N x m design matrix corresponding to the
random effects, and e is an N x 1 vector of random errors. |

The design matrix Z corresponding to the random effects can be partitioned

as
Z=[Zy Ty ZH, ' (2.2)

where Zg is the design matrix for the ¢ random factor or interaction. The vector of
random effects u can be partitioned bonforma,bly with Z as

u
: ’ (23)

uk '

with .mq being the dumber of elements in ug In the customary mixed model, the

random effects have-the properties

E(e) = ONxs (2.4)
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var(e) = 021N, (2.5)

E(u) = Oy, | (2.6)

 var(ug _ agIm,' =12k, (2.7)
cov(ug ug) = 0 Vg # q, @nd ‘ (2.8)
cov(u,e) = 0. (2.9)

Utilizing (2.3) and (2.7)—(2.8), the variance structure of u is

{

k
D =P oI, (2.10)
g=1

where @ denotes direct sum of matrices (Searle, Casella and McCulloch 1992). The

random component, Zu in (2.1), can be written as

111‘

k
Zu=[Z,--ZQ | ¢ | =Y Zgy : (2.11)
uk 9=
and substituting in (2.1) gives
Lk
y=XB+ ) Zjugte. - (2.12)
g=1- ‘

Hence, from (2.1) to (2.12) the variance of y is
S = ZDZ' + o2IN = qz_:laglzqzzﬁ o2IN ' (213)

Since e in (2.12) is a vector of random variable_s,h just as each ug, we can define e as

another u-vector, say uo, and incorporate it into (2.11); Let

w=e Zo=IN of =0’




Then
. k . ,
g=0 i : ‘
and -
k 1
Y= quzqffq (2.15)

Description of the mixed model of interest

In the examples in chapter 1, the fixed effects may be represented by Xop,,
where Xo is a known design matrix corresponding to the fixed effects and u, is a
vector of means corresponding to the fixed effects. The subsets of random effects
may be represented by Zp,, where Z is a known design matrix corresponding to the
subsets of random effects and g, is a random vector of means corresponding to the
subse;ts of random effects./

A matrix formulation of the Iﬁodel that shall be used is
vy =Xotto + Zpq + e, B : J(’2.16‘l)

where yisan N x 1 véctor of data, g, is an mg x 1 vector of fixed effects
parameters, Xg is a known N x mo design matrix for a oneway fixed effects model,
py is an m x 1 vector of random effects. The N x m matrix Z is assumed known
and is the design matrix corresponding to. the random effects, and e is the N x 1
vector of random errors.

The matrix Xg in (2.16) can be written as

(2.17)
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where u stands for the upper portion of the matrix,

7y .
Xow = 6P 1ny, : (2.18)
=1 )
where Onyng is an n X mg matrix of zerds, n is the total sample size for the random
effects model, and ng; is the sample size for the it fixed effect..

The random components Zgu, in (2.16) can be partitioned as

M1 k
Ty =2 2R | ¢ | =Y Zgun, (2.19)
ik 7=t ‘

where Z is a concatenation of k design matrices from oﬁeway random effects models,
every Zgis a design matrix corresponding to a random effects model, and M1gis the
vector of random effects for factor g. The number of levels of the ¢** random factor,

and hence the order of Mg 1s denoted by mg, and
Mg~ (T pg, UzzIm;)- (2.20)
The design matrix Z can be written as

7 = { Omxm] - | (2.21)

where Op, xmis an ng X m matrix of zeros, no Will denote the total sample size for

the fixed effects model, [ stands for the lower portion of the matrix, and

k
Z, = @%1%. (2.22)

g=11=1

Hence, the random effects can be modeled as
 m=Wp+u, | (2.23)

where p is a k X 1 vector of means, W is an m X k design matrix given by

k
W = g_;l lm, (2.24)




)

S N/

and

u~ (0,D),

for D in (2.10).
Using (2.23), the model in (2.16) can be written as

y = Xomo+Z(Wp+u)+e

= Xopog+ZWp+Zu+e,
where ZW is a design matrix for fixed effects. Thus

y = XB+Zu+te

= XB+m,
~where

X =[X, ZW],

p= [ S } :

and
n=%2Zu+e.
The variance of i is
Var(n) = X,

where X is given in (2.13).

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

Theorem 2.1 Expected Mean Squares (EMS) for several sources of variation are

given in tables B.1. — B.3. (Appendix B).
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Proof: The results are obtained by repeated use of
E(y'Ay) = tr(AX) + E(y)'AE(y). (2.32)

The following, is a préof for the Expected Mean Squares among fixed effects

E(MS;) for case I, where mg = %Z, nig= j‘% and M = mg + m.
. The MS; can be written as
55,

oy (2.33)

MS; =

where 557 represents the sum of squares amoﬁg’ fixed effects for case I, and the
correspdnding degrees of freedom are df; = mg — 1.

Taking expectations to both sides of equation (2.33), we obtain

| E('Msl) = E(jfl). (2.34)

The S5 can be Writtep as
551 = y'(Pay — Pao))Y, | (2.35)

where

P,, = Xo(X{Xo) X, (2.36)
P, = Xo1 (XoyXor) ™ Xy, | (2.37)

X is given in (2.17), @nd

Xor = Xolm,

_ [ Olnﬁl ] . (2.38)

Using (2.32), E(S5) is

E(8%)) = tr(Pgy X) — tr(Poeg, B) + B'X'P,, X3 — B'X'P,,, XB. (2.39)




10

Using equation (2.17), the matrix Py, in (2.36) can be written as

D -1, 1 Onysm
P, = o Lo 11y 2.40
° [ Onxn Onxn (2.40)

Using equation (2.38), the matrix Py, in (2.37) can be written as

~1pl, 0 \
P, { Onxn Onun | (2.41)

The matrix X in (2.31) can be partitioned conformably with the matrices Py, in

(2.40), and P, in (2.41), as

z:[@&wg e e L ()
Onxrn - @q=1‘@i=11mqlﬁ-qo’(2]+@i='103J , _

Using matrices Py, in (2.40), Py, in (2.41), and X in (2.42). E(SS;) becomes
i ‘
E(SS1) = moog — Uo anoﬂzo - (anoﬂzo)

= (mo—1)og + ZniO(#io — fio)?

=1
' ' . N3 = \2 '
= (mo—1)og + MZ(,U"I:O — Jio)%, (2.43)
. =1, ‘ .

because njg = 7‘]‘\7;

Therefore the expected mean squares for fixed effects E(MS;) in (2.34)

becomes
' o E(SS1)
E(MS;) = —
7
= op+ Z fio— fio)’ : (2.44)

Mo _1 z 1
The pfoofs for all other expécted mean squares are identical and ‘will not be

presented.
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Table 1: Data

Fixed Effects || Random Subset 1 Random Subset. 2
level 1 | level 2 || level 1 | level 2 level 1 | level 2 | level 3
86 81 89 75 91 82 88
90 88 85 77 86 85 72
97 99 87 85 Il 87 82

87 ' 86 ) 72

Table 2: Notation

Fixed Effects || Random Subset 1 Random Subset 2
level 1 | level 2 || level 1 | level 2 level 1 | level 2 | level 3
| Y110 Y210 Vi | Yom Y1z Y212 Y312
Y120 Y220 |l Y121 | Y221 Yizz | Y2z Y322
Y130 Y230 Yi1 Ya31 Y132 | Y332
| Y240 Y241 Y342
Example

.Assume some data (Tables 1 and 2) for the model of interest (2.26):
Yijg = Tresponse in the ™" effect, 5% replication, and qthsjubset
i = 1,2,...,mgq
7 = L2,..,niq

g = 0,1,2,...,k

mg = number of means in the ¢** subset of random effects

number of observations in the 5™ effect, and ¢**subset

k = number of random sﬁbsets

M = total number of fixed and random effects
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mo = total number of fixed effects
m = total number of random effects
mg = number of means in the ¢** subset of random effects
N = total number of observations
n =+ total number of observations in the random effects
njg = number -of observations in the it’f effect, and q.thsu\bset‘
ng = number of observations in the ¢*"subset
M = Mo -|— m
k
m = Z mq
g=1
N = ng+n
my
ng = Z Nog
Ty
ng = ) nig
=1
k my
no= > > mig
q=0z=1
p = Mo -} k
Boi = parameter corresponding to the i** fixed effect
Bg = parameter corresponding to the q¢*" subset of random effects
ujg = -random component corresponding to the " random effect, and q""subset
eijqg = random error in the ¢ effect, 5% replication, and ¢**subset.

The model for the data in Table 1 is
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_ 1
r - — - = - =
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ZW |8 + Zu +
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Zu

+
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CHAPTER 3

Variance Components Estimation

Introduction

General procedures used for parameter estimation are deseribed in Searle,
Casella and McCulloch (1992). The methods developed in this thesis are based on
those general procedures. The final equations are simplified for computational |

purposes.

Maximum Likelihood Estimation (ML Estimation)

Likelihood Function

Assuming
y ~N(X6,%), o (3.1)

the likelihood function is ‘
e~3(v-XB)' 57 (v-XP)
(2m)slz)2

L=1(8,3ly) = (3.2)

ML Estimation Equations

Maximizing L in (32) can be achieved by maximizing the logarithm of L which

shall be denoted by £:

£ =1ogL = — Nlog(2r) - %log]E] _ % (y—XB) S (y~XB).  (3.3)
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To maximize £, differentiate (3.3), first with respect tb B, which yields
ol

by = 75 = X'sly - X's-1xg8. | (3.4)
Second, d1fferent1ate (3.3), with respect to aq to obtain
14 8£ = 1 tr(% 1ZZ)—I—l( —X,@)'E"lZ Z;37 (y — X8) | (3.5)
%= aaq P FYTV = ’ ‘

for g=0,1,...,k.
A general principle for maximizing £ with respect to 8 and the 0(2] is to
equate (3.4) and (3.5) to zero and solve the resulting equations for B and the 0(21 s

The ML estimates are obtained by solving the following equations:
X'$1X8 = X'S 1y, (3.6)
and

tr(57ZgZy) = (v — Xﬂ) 1zqz' £ (y - XB), O (37)
forg=0,...,k.
An equivalent expression for the ML equation (3.7) can be written as
k ko
k / k D 'D
Sertie {(5712q2p) ) = ;)qul@ {yPzgzPy}, (3.8)

q=0
where elqc is the ¢"* column of Ik, and ® denotes Kronecker product (Searle, Casella,

and McCulloch, 1992),

k
$=Y 225 (3.9)
q=0
and
P=3%"_51X(XEIX) XS (3.10)

Before deriving alternative expressions for these equations, note that (eicept
in what turns out to be limited cases with balanced data (Searle, Casella and
McCulloch, 1992)) closed form expressions for the solutions of ML equations (3.6)
and (3.8) cannot be obtained. Therefore, solutions to these equations have to be

obtained numerically.
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Asymptotic Dispersion Matrices for ML Estimators

The model in (2.27), with the replacement of Zu by the equivalent expression from

(2.11), can be written as
y=XB+Zyuy +Zouy 4 -+ + Zjuk+ e. (3.11)

Letting Gg = ZgZy, and Go = IN, the following assumptions (Miller, 1977) are
made about the model in (3.11).
ASSUMPTION 3.1. The random vectors uy, us,...,uf, e are mutually

independent, with

e r N(O,‘JSI]\Z),"a,nd (3.12)

for ¢=10,1,...,k. |

ASSUMPTION 3.2. The matrix X has full rank p.

" ASSUMPTION 33. N> p+k+ 1.
- ASSUMPTION 3.4. The partitioned matrix [X : Zq] has rank greater than p,

foreachq,q#1,2,...',k. | I

ASSUMPTION 3.5. The matrices Go, Gy, ..., Gk in (3.11) are linearly
independent. | l

ASSUMPTION 3.6. The matrix Zg consists only of zeros and ones and there
is exactly one 1 in each row and at least one 1 in each column, ¢ = 1,2,...,k. |

ASSUMPTION 3.7. Each mg, ¢ = 1,2,...,k , tend to infinity. By
implication, N also tends to infinity. | ' -

Under these assurﬁpfions, a useful property of .the ML estimator 8 of

-0:[[32], - (3.14)

g




where

is that as NV — oo and mg — oo for all g,

VN(8 — 8) ~= N(0, N[1(8)]7Y),

where I(8) is known as the information matrix, and defined as

[ 0%
Accordingly
(3.16)

var(6) ~ [I(6)]".
Note, the result in (3.15) depends on mg — co. The case where mgq/+ oo is treated

later. :
In (3.4) we used the symbol £z for 9¢/03. This is extended to using {gg for

0%£/0B0B" and L for 0*£/9BAc? . Then,
<8 _ | les b |
1(9)_1[02}_ E.[&ﬂﬁ o | | (3..17)

‘where the components of the matrix of second derivatives, known as the Hessian (

H ), are
lpp = —X'271X, (3.18)
ooy = — X'V ZGZE (y — XB), (3.19)
for ¢ =0,...,k%, and
2 L 7. %" 747!
03031 = 5131(2 Zq ‘qE q q)
— (y—XB)XT'Z2ZE 22,3 (v — X)), (3.20)
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forg=0,...,k; ¢ =0,...,k.

Therefore the information matrix is

s | X'¥-1X L 0 ‘ .
I = | k _ iy . (3.21
2= 0 shne Zeg,::)' F(zeEicy) | B2
‘ g=0 :
where Gg = ZqZQZ. Asymptotically the variance matrix of the estimators is
approximately the inverse of the information matrix giving
. X'Z1x)-t -0
var [ ?2 } o~ Tk k+1 (k+1)/ —1 -1 -
o | 0 2 eqf1 ® Z eqi1 ( GgX~ Gq)
. =0
(3.22)

It is of interest to know what asymptotic properties exist if N — 00, but

mg /> oo for some gq.
Lemma 3.1 X'37'X is a block diagonal matrix.

Proof:

“The matrix X in (2.31) can be written as _
©12105 Onyxn ‘
Y=
| [ Onxn @%—1@2 11nq1'- 0q+@z 105 |7
then '
51 SN alg Onyxn }
= -1 .
Onxn [@q 1@?11 1n, 1y, "’ Di 1‘70]
The matrix X in (2.28) can be written as
X = @;’2’1 17&9 Oryxk
Onxm @q:1 ]-qu
S0
<1 iliniogs Omyxk ,
Xy X = .0 k 1/ k my 1, 1/ 2 7 217 nk 1 ’
kxm @q:1 Ny [@q=1@z=1 Ty n-qaqu' D210 @qﬂ 7y

Therefore, X'¥-1X is a block diagonal matrix. n]
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Theorem 3.2 Let I(8) be the information matrix from the mixed model defined in

(3.21) partitioned as’

I-(‘9)11. 0 0 0
: _ 0 I(0)22 0 0
I(e) - 0 0 I(8)ss 1(8)sq |’
0 0 1(0)ss 1(0)4s
where
[ 1(6)1; 0 ]
= X'EIX
-0 1(0)22 ‘ )
( 1(0)33 1(0)34 ] _ ]‘/+1 (k_l_]_), 1 ] ,
L 1(0)43 1(0)44 J o (]z:O q+1 Z Q’+1 (E Zqzqz Zqu) 5

and the zeros are conformable partitions of the matrices of zeros in (3.21). The
dimensions of the matrices are: I(6);; is an mg X mg matr‘ix, I1(0)s is a k x k
matfix, I(0)s3is a 1 x 1 matrix, I(6)s4 is a 1 X k matrix, I(0)s3 is a £ x 1 mati*ix,
I(0)44 is a k X k matrix, and the zeros a,re‘the corresponding matrices of zeros. For

a fixed mg, ¢ = 1,2,...,k, if N — oo, then .

K1 0O 0 07
0 0 0 O

]%}Lnoojv—:[ 0 0 Ks3 0|’
0 0 0 O

where, K1y is an mg X mg diagonal matrix of constants whose values are in the

interval [0, 2], and Kaz = 2(012)2, a scalar.
0 0

Proof:

The information matrix I(8) in (3.21) can be written as

[ 1(8)1n O 0
0 I8 O
o)=1 -4 \0( ) I(0)ss I(0)as |’
0 0 I(
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where
L
I(a)ll = @ nio_z")
’I;=1 9o

k 1-1 k
1(8), = @1' [@@lnql' JQ+@UO:I @177(,

g=1 g=11=1

g=1= od +nZQo'q

k
1(0)s = 5> el (S22
=1

1(0)u = 2> ebgelon (s 223 72,2,)

Additional details on the first and second derivatives are given in Theorem 3.5.
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Taking limits yields

]{}EIOONI(H)AB = ‘O,a,nd

A 0 = 0,

where, K11 is an mq X mo diagonal matrix of constants whose ** diagonal element is

I . njo  nio
ANy WO
and Kas = @ is a scalar.
. m]
From Theorem 3.2 the conclusion is that fi, and &2 are consistent estimators
of pg in (2.29) and o2, the first component of o2 in (3.14) respectively. As N — oo,
the amount of information régarding pin (2.29) and 05, q - 1,2,..., k‘ does not
increase to infinity if mq does not increase to infinity. Specifically, it can be shown

that

k
]{}m 1(0)22 = mq and

27

q~ 194
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i 10u=D gt

g=129¢
One implication is that & in (2.29) and 33, ¢g=1,2,... k the components of o?
excluding o2 in (3.14) are not consistent estimators. Therefore [1(5)]_1 will provide
poor estimators of var(3) and var(&*) when mg are small, even though N may be

large.

Restricted Maximum Likelihood Estimation (REML Estimation)

Rather than using y directly, REML (Thompson, 1962) is based on linear
combinations of elements of y, chosen in sech a way that those combinations do not
contain any fixed effects, no matter what their value. These linear combinations are
shown to be equivalent to residuals obtained after fitting the fixed effects. This

results from start;ng with a set of values k*'y Where vectors k*' are chosen so that
k*y = kX8 + k*Zu,  (323)
contains no term in B3, so that |
kK*XB8=0 VB #£0. | (3.24)
Hence |
kX = 0. | , | (3.25)
Therefore, the form of k* must be
k¥ = ¢'M,, | (3.26)
for any ¢’ and where |

M, =I— X(X'X)"X". ‘ (3.27)
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Since X is of order N x p and rank p equation (3.24) is satisfied by only
N—p linearly independent values of k*'. Thus, in using a set of linearly
1ndependent vectors k* as rows of K* we confine attention to K* y. This approach
is discussed in Searle, Casella and McCulloch (1992)
REML Estimation Equations

With
y~N(XB,%) e
we have, for K¥*X = 0,

K*'y ~ N(0, K¥SK*). (3.29)

~ The REML equations can therefore be derived from the ML equations of (3.8), by

suitable replacements:

y by Ky,
X by K*X,
Z by K*Z,and

> by K*IK*

The Information Matrix for REML is given by

n

k
1 A k
(o*) = 5;—;,‘*5111@ Selii @ {(PGPGq)}
where

P = 37 - 3UX(XEX)XED

= K*(K*3K*)"K*.
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With

vl

= 37 - STIX((X'EIX)TX/E !

= K*(K*SK*)7'K*, (3.30)

from Theorem in Appendix M.4,(87) in Searle, Casella and McCulloch (1992),

equation (3.8) becomes
ok, SN I o
Segti®tr (PZgzy) = Y eliie {y'Pzz Py} (3.31)
g=o g=o

An alternative form (Searle, Casella and McCulloch, 1992) of (3.31) can be
de{reloped by direct multiplication. It is easily established that PXP = P. Hence in

the left-hand side of (3.31) we can use the identity and put the equations in the form

;)elgj_} ® qug,kﬁ)’@o {e(PLZiP2yZy)} 6 = é:)eé?ﬂ@ {y'PzziPy). (3.32)
= =0 =

Minimum Norm Quadratic Unbiased Estimation

‘(MIN QUE Estimation)

MINQUE estimatioﬁ requires distributional properties concerning first and
second moments in (2.4) — (2.9) [see Rao (1971a) and Rao (1971b)], but does not
require the normality assumption that is the foundation of MLE and REML
procedures. Also MINQUE estimation does not require iteration, juét the solution
to a lsystem of linear equations. However, estimators obtained by MINQUE are
functions. of a priori values used in place of the variance components in the
estimation procedure itself. Any MINQUE estimate is the same as a first iterate of
REML, using a priori values needed for MINQUE as the starting values for REML

iteration.
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MINQUE Estimation Equations

The MINQUE estimation equations are

K k k
Eoeé“j_}@ gje(q’”ﬁ)’ea {1(Po2ZiPo2y 7))} 3 = Y ebti 0 {y'PoBZiPoy ),
g= =0 g=0

(3.33)
where
&
|7,
o,
Py = 35! — 71X (X85 1X) "X/ S5, (3.34)
and’
k
Bo = Y ZgZyog®, (3.35)
g=0

where the aé(o)s are a priort arbitrary values. The MINQUE estirﬁation equations
in (3.33) are similar to those of REML in (3.32). A MINQUE solution is equivalent
to the result of the first iteration using the REML equations (3.32) provided that
the initial values for a REML procedure are tile same as the a prior: Va,lﬁes for a

MINQUE procedure.

MINQUEGO Estimation

A particular easy form of MINQUE is the MINQUEO form when the a p‘rz'orz'

values for each aé, q=0,...,k, are set equal to zero, except for '03,(0) = 1.

MINQUEO Estimation Equations

The MINQUE equations (3.33)-reduce to
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k k k
kyx k » !
E_:Oeqf:% ® q}_joeg e (M2 M. Z47),)} 52 = qz_oeé;ﬂ ® {yMoZgZM.y},

(3.36)
where
~9
290
. 0
gl=1 "
5ok
and
M, =I- X(X'X)~X'. (3.37)

Equation (3.36) is solved directly for &2.

Solving the Likelihood Equations

The solutions to the ML equations in (3.6) and (3.8), or to the REML
equations in (3.32) do not have a close form. After considering some iterative

procedures, the Fisher Scbring method was adopted.

Fisher Scoring Method |

This method is based on the derivatives of the log-likelihood function in (3.3), and
uses the expected value of the Hessian matrix in (3.17). The log-likelihood fanction
‘must be maximized within the parameter space (Harville, 1977).

This iterative method of maximiziﬁg thev log-likelihood functiqn begins with
an initial estimate 0 of @ in (3.14) and then proceeds by calculating new
estimates, O(H'l),t =0,1,2,.... Iteration continues until the estimates converge.

The iteration for this method is as follows.

_1%

Pty — g(t)_[(E[H])(t)] e

a(t) .
(3,38)
= 694 [1(6%)]” %ﬁi

o(t)
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where H is the Hessian matrix given in (3.17) and I (9(’?)) is the Information matrix

evaluated at 6@, The convergence criterion is based on the norm of

Ko 5

e(t)'.

Simplified Equations for the Model of Interest

The non-zero elements from the first and second derivatives in (3.4), (3.5), and
(3.18) — (3.20) are given in Theorem 3.5. To obtain some of these simplifications the
following lemmas are useful.

Lemma 3.3 ZgZq =0, for ¢#¢'.

Proof:

Assume ¢ = 1, ¢’ = 2. The proof for all other pairs ¢ # ¢ is identical and will not be

presented,
[ Opyxrny |
@;’Zﬁlnl 1
On, xmy
Z1= O’I'lgxm ’
On.xm |
[ Oy, |
0%)(?’7’[2 .
Z —' @i:llnﬂ )
27 Ongxm |
Onerné
then
[ Opyxm, |
O%Xm
o . @7;:1177422
ZiZy = | Omn @2 1, Om i Omixrs, - Oma e, | Oy xr
| Onexmy. |

- Omxm.
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Lemma 3.4 Zy%~'Zg =0, for ¢ +# .

Proof: Assume ¢ =1, ¢' = 2. The proof for all other pairs q # ¢’ is identical and

" will not be presented. From equation (2.13)
> = olIN+ ZDZ',
and

= = [o2v+2zDZ]"

1
)
0

Tnl .
IN-7Z @@ ,
(q =11=1 ?f%JF”W) }

using the Woodbury’s binomial inverse theorem (Press, 1982). Then

IN— z(ﬁz@liJrnzq) ”zq

Z57'Z = z{

— , -
1 |™ 1
- 2D
0 |o=1 7 +1
[ Omyxm
Im

[ImOmxmomxm“'Omxm_] Om;xm

L Omkxmz
e
‘ =1
Therefore, by lemma 3.3,

2457 Z¢ = 0.

(3.39)
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Theorem 3.5 For the model of interest in (2.27), the first and second derivatives

in (3.4), (3.5), and (3.18) — (3.20) simplify to the following,

m
Ze%n) ® (y5.0— nioBio)
=1

1
by = —
8. Ug-

% + nig

k . my | ng ‘
Sebo Y [1- 2| g nigh |

, ¢g=1,...

ko (3.40)

where B0 is the i f§, corresponding to the fixed effects, i = 1,...,my, fBqis the ¢g*

B corresponding to the random effects, ¢ = 1,...,k,
g
yiq= D Yiig
j=1

9=1
where
Tiq
eiq = ) eijg
=1
i — i yijo— PBio  if ¢=0
Lg — yijq— Bg  otherwise,
@%’E’lnio Omyxk
1 my
bog = —— k- 1
BB 0'3 kam @q=1 Z( 1 221)} 9
’ 7=1 'ﬁ;‘l'og
Om)xl .
I 1 o
bpog = —— | Yonigig|l———| |>
0'0 =1 :nlqoog +1

O(k-—l)xl

(3.41)

(3.42)

(3.43)
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g
m, [ | 2. 3
1 3 .
— gl - g 43 | g | - | :
90 |1=1 ] 02 + nig & T nig + nig
(3.44)
| | km, .
1 nig
fg = —5 (V-2
o 20'8 ( q:l’l,zz-.:lg: + nzq)
A, 2
My Thyq ei.q 1 M Tho
+ 4222 BZJQ_ . 42 (6Zj0 ) (34:5)
Oq 13=15=1 o —I—nz(_, 00 3=1;= ‘
' 2
bpp = N —m+ 1~
0“0 20'0 (]Z:IZZ:I( g;:"’niq) }
k my ng ciq 2
- ZZZ e1ig— &
. g=1=15=1 & 2t nig

. nig 1

+ 200 LX:IZZ: ZQ( _Q_{_.nzq) (%'I‘nzq)}
my Tho

- GBS ],

(3.46)




my
Y e ®eig
g . ]_ L =1 - (3 47)
0 Zek@) eral 1 — ,
-q ry | -
= ZZ=1 | Z +nig) \1+ %2

Proof:

Equations (3.40) - (3.47) are the result of applying standard matrix algebra
results. The following is a proof for the first derivative {5 in (3.40).

Using matrices X; in (2.17), Z in (2.21), and W in (2.24), matrix X in (2.28)

can be partitioned conformably with the random and fixed effects as

. B2 1n,  Onoxk ] '
X = . 3.48
[ Onxm @];:11% ( )

Using matrices Z in (2.21) and Z; in (2.22), the matrix 71 in (3.39) can be

partitioned conformably with matrix X as

X0 = W2\ ODe — |7

[ N b om
L Ino 07?0X'n O’n(‘,xm 1
o ( Onxn In Z: ”@1% i (Omxs 1)
: q

i q= T nig
» I'no Onox’n
1
= =1, @k om (1, —_1 4 TREE (3.49)
0o | Unxn g=1Wi=1 | g @H?iq Thiq Mg |
R O'q P

Equation (3.4) can be written as

= X'Tly - X's1Xg

= X’Z‘l(y — Xﬂ)a ' (350)
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where
— - In) Ofnoxn
X./E_l = [ 6987{;1 177£0 QS)" >(17’111 } i 0 @k @an 1 _ 1 1 1/
X7 g=1*n, | O | 12xX73 q=1Ui=1 | g ;§-+?’liq Thq 734 |
q
‘ @?21 1, . Omyxn .
_ | ' 3.51
O'g kang (@]q{;:l ]';'Iq> @]5:1 @:ZII (Iniq - ig_l'ni ]'Iniq]‘{n,q) ’ (3 )
: , _ ‘ sz T
and .
y—X8 = [ ¥o _ Di; L, (;cnoxk Bo ‘
Ly Onxm  Dgmiln, || B
| (@z 11no):30 ]
= | . (3.52
—(@F1n)8 (3:52)
Therefore {g in (3.50) can be written as
g = X'EY(y—-Xpg)
Dy 1n, Omyxn
1
T o3 Okxny (EBq 113 )@q B In, — ag 1ntq1;7iq>
pom LY
q
[ Yo-— (@%%61 1n,)B0 ]
Y1 - (@q:l 17741)18
‘ % ' (@@1 1In,-o)yo - (@%E1 1’rzi0177¢o)ﬂo
T x (@](;:1 1, — €Bz]1€=1 15, iy (In-q 7 1In, 1, | | (71— (EBé::l 1n,)B) |
. ;qg’*"ntq
(3.53)

For the upper portion of the matrix in (353), where ¢ = 0, assume ¢ = 1
This portion becomes

+ 1 . :
[1;210 ler'("%r—nlo)]y() - [1/7240 ‘01><(Tlo—n‘10)] [ o ] 0

0(770—n10)><1 '
= y1-o—n10510-

(3.54)
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The proof for any other value of 7 is identical and will not be presented.
For the lower portion of the matrix in (3.53), assume ¢ = 1. This portion

becomes

m 1 ‘
([1%1 O1x(n-n)] ~ [1n, O1x(n-n)] D (In-l — gz—lmllhl))

1=1 3211 + ng1
— | 1n1
(ZY1 [ O(n—n)xl } ,31>

= [1n, Oix(n-ny] (Y1 - [ 1n ] ﬁ1)

O(n—’l’})xl

1 1 ‘
][77z1 02 17’&1 1I <y1 - [ 0 & J 131>
1=1" 5% + ng1 \ (n-n)x1

m | my o )
= Z_: Y31 — ng1f1) — Z = : [y5.1 — ni164)

GBS

— [1p, Oixmin)l§

7=1 7=1 5% + 141
™m e

= Z l-= o [yi1— ni1f] - (3.55)
=1 5—% 'I‘ nil .

The proof for any other value of ¢ is identical and will not be presented.

Corollary 3.6 The solution to £5 = 0 for £ in (3.40) is

A) For any njgi=1,...,mg and ¢=0,1,...,k

(3.56)
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[ (XSXO)_IXGYO

- [ 1 7
| 2.2 viig| — e
— k k 1=15=1 1 + ‘% .
Zeq ® > ‘
g=1

m e
E’H“—ggﬁ M.

where X, is given in (2.17), and yyo is the corresponding vector y conformably

partitioned according to equation (2.28).
B) When data are balanced (i. e., njg= 7‘]‘\7} fori=1,...,mg and
¢g=0,1,...,k ), then A .

— (XIX)_IX,y

- [3)

where [ is the MLE of B, ¥, is a vector of ordinary sample means for the mg levels

o)

(3.57)

of fixed effects, and ¥ is a vector of ordinary sample means for the & subsets of

random effects.

Corollary 3.7 When data are balanced ( njg= j‘% fori=1,...,mg and

¢=0,1,...,k ), the MLE equations for o2 and ogforg=1,...,k are

=1

1 1 [ e VI .
5 (Z [_% + (ﬁg) D =0,and . (3.58)

1 k my nig ei.q ? 1 -1 Mo
goimd |G g |t g (cin
0 g=12=15=1 ) + W 0 7=15=1

1 LA . |
~ (N*ZZ YVIN) —_—_o.. | (3.59)
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The solutions to these equations are

kE my my Yy Mo

Zzzemfr ZZ%O Zzez q

52 o g=t=y=1 q_1z
2 =
N m

(3.60)

N-M
= MS7N

—m
for MS7 in Table B.2 (Appendix B), and
Y M?2 M

9¢ = Z'

2=1

. (3.;615
M(N'— M)

M
= MS4 MS7]V(N—_)

for MS, and MS7 in Table B.2 (Appendix B).

Corollary 3.8 The Fisher Scoring Equations (3.38) for the #* iteration are the

following °

-1 Q{
06

17— 1)
0 _ | (x| tes Lo | “ ¢ 1%
A bop Lo | ) L ’

where expressions for the first and second derivatives are given in Theorem 3.5.

ettt — g _ [(E[H])(t)]

e(t)
(3.62)

Example (continued)

Using the matrices from example in Chapter 2, and appropriate equations

from this chapter, the results obtained are the following:
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MINQUEQO estimates

Solving equation (3.36), the results obtained for &3 are:

52 31.9325
F2=|52 | =|10.2176
52 20.4699

g3

and, the ordinary least squares solutions for B are

- B 91.0000

~ | Boa | _ | 88.7500.
p= B | | 83.4286
B 82.7778

REML estimates

. Solving equation (3.32) using Fisher scoring method (3.38) with MINQUEO

estimates as the initial values, the results are

G2 33.2270
=32 | = 9.8400 |.

52 14.9354

Using the REML estimates, the vector 3 can be estimated by

B = (Xli—lx)—lxli—ly

91.0000
88.7500 |

' 83.6535
83.1278

MLE

(3.63) |

(3.64)

(3.65)

(3.66)

Solving equations (3.6) and (3.8) using Fisher scoring method (3.38) with REML

estimates as the initial values, the results are

Bot | [ 91.0000
A= Bos | _ | 88.7500
Tl B || 834759

By 83.0591

(3.67)




and

~2
23
e
)

|

37

|

29.4456
1.0180
8.0130

J

(3.68)
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CHAPTER 4

Hypothesis Testing -

Introduction

In experimental designs with mixed model structure, it is often of interest to
test hypotheses about the fixed effects. Except in certain special cases, exact tesfs
are not available for unbalanced mixed models. Commonly used techniques
developed for balanced mixed models are a,pplied or unknown varian(;e components
are treated as known. A research goal is the development of a procedure to ,a,nalyz'e
experiments with the mixed model structure in equation (2.16). The hypotheses of
' interest concern expected means from a set of fixed effects, py, and expectations

from sets of random effects, ;. .

Hypotheses

The general linear null and alternative hypotheses of interest are

Ho:C'B=0 versus HguC'B#0, ' o (41)

where C is a p X r matrix of rank rig p, Bis a p x 1 vector of fixed effects and
expected random effects, and 0 is an r x 1 vector of zeros. For the hypotheses of
interest, the tests used are the Likelihood Ratio test, Wald’s test with ML aﬁd
REML estimates either with or without Kackar and Harville correction (Kackar and

Harville, 1984), and two approximaté F tests.
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Likelihood Ratio Test

. For the Likelihood function in (3.2), the hypothesis of interest in (4.1), and
the MLEs from equations (3.6) and (3.8), the likelihood ratio test statistic (Searle,
1971) is |

supLpg
A OeQI; o
supL
055) 0

(4.2)

where 8 is defined in (3.14), L@ is the likelihood function in (3.2) maximized under
. \ .
the null hypothesis, La is the likelihood function in (3.2) evaluated at the MLEs.
Under assumptions 3.1 to 3.7 regarding the model in (3.11), the test statistic

A asymptotically follows
— 2log A ~ X?r)a ' (4.3)

where X%r) is a standard notation for a chi-squared distribution with r degrees of
freedom. If at least one mg is small, then the approximation in (4.3) may be poor.
The test statistic —2log,A in (4.3), when the null hypothesis is not true

follows an approximate non-central x? distribution
- zlogeA ~ X%’I",/\)’

where A'may be represented by

\ gcloxsix)ic o | ‘ [
o 2 ..) T "

and C is given in (4.1), B is given in (2.29), and 3 is given in (2.13).




statistic W asymptotically follows
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Wald’s Test with MLE Estimates

Under the same conditions described for the likelihood ratio test, the Wald’s

test statistic, described by Rao (1973), is

W = (CB)[C(X'EIX)CIHCR). | (1.4) |
where C is givén in (4.1), B is the vector of MLEs, and X is given in (2.13). £ is
estimated using the MLEs.
Under assumptions 3.1 to 3.7 about the model in (3.11), the Wald’s test

W~ X%T')a : (45)

The test statistic W in (4.4), when the null hypothesis is not true follows an

approximate non-central x? distribution
W~ X
where A may be represented by
, -1
,_#c lcx'=-1x)tc| T o
= 2 - .

and C is given in (4.1), B is given in (2.29), and X is given in (2.13).

Wald’s Test with MLE Estimates

Kackar and Harville’s Approximation

The traditional Wald’s test procedure uses an estimate of var(C/ [A'}) that in

some cases seriously underestimates the true variance. Kackar and Harville (1984)
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.‘ suggest thdt a more éonservative estimate, namely Var, (C’ ,@), be used instead. The
procedure to obtain the neﬁv estimate is as follows:

Considering the model in (2.27), let

2
7
03

o? — : |, _ (46) '
ot |
and a set of linear combinations of 3

v =CB. C4)

In this section a more convenient notation about 3 will be used, 3¢ instead of X,

and B¢ instead of . Thus

T = CBe
= o (X'9EX)" X2y, (4.8)
and
Tpe = CPBp
= o (xX=Fx) X8ty 49
Note that
@02 -V = [@02 — @02] + [@02 — !p] . (4.10)

Kackar and Harville (1984) show that [!ffoe - @oe] and [@oﬂ — !P] are independent.

They also show that W is unbiased for W, Accordingly,

var [\/N (@02 — W)] = var [\/N (@02 — !T’@)] 4+ var [\/]v (!T/oe - !P)]

~. ~ 1

= var VN (T - @ )] + NC' (X'S5X)” C.

(4.11)
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Using first order Taylor series expansion, the approximate variance of

VN (T~ ) is
var [N (#pe — Pp)| ~ NOE* [va;r(&z) ® X| B¥C,
where C is given in (4.1),
E*=[E; Ei---Ey,

and

. o(xEEx) T xsR
By = - dog

= (X'ZX)TIX'ETZ 25X (XS IX) X s — 1N,
for ¢ =0,1,...,k. The correspondiﬁg estimate of Ejis |
By = (X'S5X)'X'S5 27 [X(X'SHX) XS5 — 1IN,
therefore, the expression for the new estimate is

Fatn(C'B) = C'(X'S1X)1C + C'EX(V @ 3 )E*C,

(@12)

(4.13)

(4.14)

(4.15)

(4.16)

where X is given in (2.28), X is given in (2.13), X is obtained using the MLEs,

V = wi8?)
k k k (k‘+i)/ -

= 2| eghi® Y eV et (S2GEAGy) | -,
q=0 q=0 ) .

where Gg = ZquJ, and

(4.17)

(4.18)
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The components of V are obtained from the inverse of the information matrix,
equation (3.22).

Walds test s.tatisfic becomes
Wi = (C'B) [Fatn(C'B))(C'B). O (419)

Corollary 4.1 From Corollary 3.6, when data are balanced,

o~

B = (X'X)"'XYy,

does not depend on unknown variance components. Thus -

e - XXX
: o 80-2
= 0.
Then, in equation (4.16)
C'E (V@ 3;)E"C = 0. (4.20)

Therefore, the expression for ¥afi,(C’ E) in (4.16), for balanced data becomes
Farm(C'B) = C'(X'E7 X)L C. A (4.21)

That is, the Kackar and Harville’s correction disappears when data are balanced.
The test statistic Wiy, in (4.19), when the null hypothesis is not true follows

an approxinia,te non-central x? distribution
th ~ X%’,-,,\)[

where )\ may be represented by

poloEsx)ic T as
Am > .

and C is given in (4.1), B is given in (2.29)‘7 and 32 is given in (2.13).
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Wald’s Test with REML Estimates

The same test statistic described in (4.4) will be used, except that instead of
using the MLEs, the REML estimates will be used.

.'Wald’s Test with REML Estimates

Kackar and Harville’s Approximation

The procedure used to obtain ¥ars(C'3) in (4.4) will be used, but the
REML estimates will be used instead of using MLEs. The same replacement in
equation (4.16) is needed to obtain the new Wia,, Wald’s statistic with Kackar and
Harville correction. |

Note that V in (4.17) can be written as

o~

V = wi(8?)
E i B By (B B ]
= 2|Yeitie > eilV @t (PGPGy)| (4.22)
g=0 g=0

for P in (3.30). '

Approximate F' Test with MINQUEOQO Estimates

This approximation was suggested by Kachman (1988). In model (2.27), the
ordinary least squares estimator of 8 is
B = (X'X)"'X'y.

The associated quadratic form for testing the hypothesis in (4.1) is

o~

sy = Bclcxx)ic]” B

= Y'Ay, (4.23)
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where
A =X(X'X)c[c(x'x)1c] T ¢(X'X)IX. (4.24)
The expectation of SSg under the null hypothesis is

E[SSy] = tr(AX)

— 5'0.2, - (4.25)
where X is given by (2.13),
k k+1 ' |
o !
L= ;L;oeq:ll:l R tr (ZqAZq) , (4'26)
and
oy
2
o
JEI. :1 _ (4.27)
(oA

To construct a test statistic, Kachman (1988). suggesfeci estimating £'3° hy
the MINQUEOQ précedure with an additional constraint to force independence
between SSy and the estimator of Lo,

Theorem 4.2 An unbiased estimator of £’ which is iﬁdepe_ndent of SSy is given

by
L'o? = y'By, (4.28)
where L is given by (4.26),

B = ATA),

CAQA] Iv— X(X'X)'X/,

note that AgAj is any factorization of IN— X (X'X)~1X', such that Ay has full

column rank, that is AgA} = IN— X(X'X)~1X'. The factorization is not unique, so
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the structure of a particular Ag is of no importance,

k
T = ‘E*ZTquqMB*,
g=0
Mg = (IN_p- Pg.),

PB* — B*(B*IB*)_B*/,
B* = [b]---bf,

by = AyZgng,
[ nag
ng = N

L "myg

Ty = AbZeZh,

-1

- k
Al = Zeéﬁ%@ Z g:lil),® {tI‘ TqMB*TqMB*)} £,
=0

;

and Aigis the ¢™ element of Ay, for ¢ =0,1,..., k.

Proof:
In model (2.14); random vectors ug are unknown. Rao’s (1972) MINQUE procedure

considers a “natural” unbiased estimator, ®, assuming that the vectors ug were

observable:
& = (o2
= W' Mu,
where
Up
u= 3
uk
. R 2 3 -
M = @ M,

g=1




Lo
k
. )c’ ,
M, = D =41, |
iy ™

and Lgis the ¢"* element from the vector £ given in (4.26), for ¢ = 0,1,...,k. In
contrast, the use of y'By as an estimator is considered, because u is not observable.

Annihilation' of the fixed effects from model (2.14) yields the invariant estimator

* = y'A,TALy
= W M*q,

where

M* = Zo) Ao TA)Z o),
Zy=[Zo Z], and

Zo=1IN

The main goal is to find M* as close as.possible to M, subject to unbiased and

independence constraints. Note that
B = A(TAg,

is a function of T. The procedure involves the minimization of an Euclidean norm

!

W3 M7 = M)W = tr ([ W (M° M)Wé]‘ Wi - MW, (429)
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where Wy is a matrix of weights that can be written as

W = ZGEWOZ', (4.30)
where
Wi = wolpy, (4.31)
. |
Wi, = qGEWgIm” ' (4.32)
and wg, for ¢ = 0,1,...,k are ion-zero constants. The values of wgq represent

"guesses” for 0g, ¢ =0,1,...,k.
The norm in (4.29) is minimized subject to the following three constraints:

1. Unbiased constraint
Ely'By] = £'o” (4.33)
‘which implies, |
L't =L, (4.34)

where

L=[Ly Ly---Lj, .

Lg = vec(Ty),

the vec(Tg) (vec for vector) is obtained by successively stacking the columns of Tyq

into a single vector,

B = A,TA,
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where T is yet to be determined.

2. Independence constraint
A¥B =0. (4.35)
A sufficient condition is’
AZqZ'qB =0, | (4.36)
for g =0,1,...,k.
3. Symmetry of B constraint

B=B. - - (4.37)

We impose symmetry indirectly by forcing B to satisfy

AZJZ{B =0, Vg, and
(4.38)

If the solution is not symmetric, replace B in (4.38) by

B+ B
B = .
: 2

It turns out that the solution for B, which is function of T, is symmetric, so B does
not have to be replaced by

B+B
B = .
2

The constraints in (4.38) can be written as

(IN® B¥)t = 0, and

(IN®B)IN,M =0,




50

where I(V,Njs a permutation matrix (Sea,rle.1982). To justify the above, note that
| (IN® B*)t = vec(B*'T).
Therefore, we need to show that BT is sufficient for
AZqZ&B = Q, Ygq.
First, note that |
BT =0 <= b’&'T =0 Vq.
Thus, it is enough to show that
b"(_‘Z'T =0 AZqu]B = 0.
This result can be established as follows:

== e%_*_qn&Z:]AoT =0
= XIZqZIquT = 0,

( because by = ngZyAo and X'Zg = e;'»),@_l_qnf])

I

AZZ AT =0

I

AZGZiATA) = 0

I

AZqZ'(_ZB = 0.
Following a similar procedure, it can be shown-that

(IN® B*)I(N,N5 =0
is sufficient for

BZZyA =0, Yq.
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" Then, the minimization problem in (4.29) reduces to minimize

t'A*t, - (4.39)

where A* is
A*=AT® A], and (4.40)
Al = AGZ(O)WOZ€0)AO, (4.41)
subject to
Lt=CL, (4.42)
(IN® B*)t =0, and (4.43)
(IN® B*')I(N,]\/i') =0. ' (4.44)

Using Lagrange multipliers, the equations to solve are

0 _

0As

where

Q = t'A™t — 2AJ[L't — £] — 2A3[(IN® B¥)t] — 2A5[(IN® B*)I v, M.
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Applying standard procedures for minimization gives

] |
T2 = 247 —2LX, — 2(INE BN — AW NING B = 0, (4.45)
0Q _ , _ |

= “ALt-L=o, | . (446)
STQ — —9[(IN®B")t] =0, and \ O (44T)

: A

0Q _ _ | | |
7, = 2IN® BN, = 0. (4.48)

Using the expression for A* given in (4.40), and solving equation (4.45) for t, gives’

t = (A7 @ ATTY[LA + (IN® B*)A2 + IV, MIN® B*)As]
= (AT ®ATT)LA + (AT @ ATIBY)A,
+ (AT @ AN, MIN® B*)As). (4.49)

Premultiplying both sides of equation (4.49) by (A} ® B*), and using equation
(4.47), the result is '

(IN® BYA7 ™ )LA; + IN® B¥AT'B*)X; + (IN® BYA; I N, MIN® B*)A; = 0.

(4.50)
Solving (4.50) for A, yields
A = —[IN® (BYA;'B*)"BYA; L),

- [IN® (BYA;™'B*)"BYA; "IN, NIN® B*)As. (4.51)
Replacing A in (4.49) bsf the expression in (4.51) yields

t = (AJTT®ATTHLA + (AT @ AT BY)(-[IN® (BYAIIB*)"BYAI LA,
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= [IN® (B*’A;—lB*)—B*'A;-l]I( N,MIN® B*)X;)

+ (AT ® ATTHIV, MIN® B*)As]
= (A @ ATH[AN®INLA; — [IN® P ap]LA; ~ [IN® P4g][ N NIN® B*)As

+ (IN® INLN,MIN® B*)As],
where
Pap = B¥(BYA;"'B*)"B¥A ™.
Additional simplifications yields
t = (A7 @ATH[LA — [IN® Pus]LA; — [IN® Pap][ N, MIN® B*)As
+ IN,NIN® B*)As]
= (AT ®ATT)AN® [IN~ P4p])LA; + (IN® [IN— Pas))[(V,NIN® B*)As]

= [(ATT' @ AT IN—P4p])LA; + (A ® AT IN= P4s))LN,MIN® B*)As).

(4.52)
Using properties of permutation matrices, note that
Ik, NIV, HIN® B*)I (N, N= Lk, N{B* @ IN). (4.53)
Premultiplication of (4.52) by the right-hand-side of (4.53) and using (4.48) yiglds

Lk, M{B¥A;™ @ A7 [IN— P4s])LA
+ Xk, B A7 @ A{TIN— Pap))IN, NIN® B*)As
= Ik, NBYAIT @ A;HIN- Pas])LA

4+ (AFYIN-P4] @ BYAIIB*)A; = 0. | (4.54)

To solve (4.54) for As,.a generalized inverse of A}~ [IN— P p] is needed. One such

generalized inverse is [IN— P 4p]AZ. Solving (4.54) for A; yields
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As = —(A;IN- Pus] ® BYAIIBY)" x
Ik, NiB"A{™ ® Aj™ IN— P 4p])LAs
= —([IN—P4p]A; ® [BYA;'B*]7) x
Lk, N{BYAT™ ® Aj 7 [IN— P4g])LA;.
Using properties of permutation matrices, additional simpliﬁcatioﬁs yield
As = =Xk, N}V, H[IN— ll:)AB]AT ® [B¥AIT'B*] 7))Lk, Nyx
(BYAT™ @ A} [IN- P4p])LA
= Ik, M[BYA;™'B*]” ® [IN— P4p]A}) X
(B¥AT™' ® AT IN-Pap])LN
= —Ik N(BYA;'B*)"BYAI"1 @ (IN— P4p)]LA;. (4.55)
Replacing Az in (4.52) by the expression in (4.54) yields

t= (A7 @ AT )((IN- Pasl ® IN— PasTAL.  (456)
Premultiplying bot‘il sides of equation (4.56) by L/, and using equation (4.46) yields
L=T(AIIN-Pasl ® Al IN-Pus)TAi. (4.57)
Solving equation (4.57) for Ay, yields
A1 = [L(AIIN— Pyp] @ AX Y IN— Pag)L] "L, (4.58)
assuming that the inverse in (4.58) exists. Replacing A; in (4.56) by the expression
in (4.58) yields -
t = (AT @ AT X
([IN—Pas]® [IN- PAB])L[L'(AT"i'[IN —Pap] ® AT [IN- Pyp])L] L.

(4.59)




%3]
Using t = vec(T) and equation (4.59), the matrix T can be written as

k
T = AT_I[IN— PAB]ZTQ)\IQ[IN_ PAB]AT_l, ' (460)
g=0
where Ayg is the ¢™* element of A; given in (458)
Because the main interest is to obtain MINQUEQ estimates, the weight

matrix, Wy in (4.30) is chosen to be

WO:[ IN ONxm}. ' (4.61)

OmxN Omxm

That is, all weights are set to zero except wo is set to one. For Wy in (4.30), the |

matrix A7 in (4.41) simplifies to an identity as shown below:

A.I = A()Z(o) Wo Z,(O) Ao

AL IN OnNxm|| IN
= AoV Z] [ OmxN Omxm} [ A } Ao

| v
IN : O (4.62)

fl

Thus for MINQUEDQ, equation (4.59) simplifies to
t = [(IN_p— Pp+) ® (IN_p— Pp.)JLA,, (4.63)
where |
Ps. = B*(B*B*) B,
L = [vec(To)- - vec(Tk)], and
Tq = ApZgZyAs.

Therefore, equation (4.60) simplifies to

T = M;_:)* ZTQ)‘]-QMB*7
g=0
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where

MB* = (IN_p— PB*)

-1

k
k
A= qz_joeéﬂ Z ety ;31)'® {tr(TMz-TgM5.)}| £,
and the expression for £ is given in (4.26). The final expression for B is

B = A,TA..

The statement of Theorem 4.2 assumes that the inverse

k -1
k

eii® Z g ® {ou( (M- TeM.)} |

g=o0 " . |

exists. Theorem 4.3 describes conditions under which the inverse exists.

Theorem 4.3 .

A) If within each subset ¢ = 1,. .., k, the sample sizes are equal then the

ordinary MINQUEQ estimator of £L'6? is independent of y'Ay.

B) If the sample sizes for gt subset are not equal and mg = 2, then

independence and unbiasedness can not be imposed.

C) In either case, when mq 23 Vg, or mg=2 and ngq % =1,..

then independence and unbiasedness can be imposed.

Proof:
Proof of A)

From theorem 4.2
ApAL =IN— X(X'X)Ix/,
and AgAo = IN_p Therefore

Aob _0<=>b*~0

.,mq,

(4.64)

(4.65)
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To show by =0, let n* = % be the common sample size for all levels within the ¢**

random subset. Then
ng = lmn”
and
Zgng = Zglmn”.
Next, considering

. AoAj = IN— ppo(X),

where “ppo” represents “perpendicular projector operator”,

ppo(X) = X(X'X)1X,

k

g=0

then,
k :
ppo(X) = (P ppo(Xg).
g=0 .
Notice that, for ¢ = 1,2,...,k,

ppo(Xg) = ppo(ln,)

(4.66)
(4.67)
(4.68)

(4.69)

(4.70)

(4.71)

(4.72)

Assume g = 1. The proofs for all other values of ¢ are identical and will not be

presented. From equation (4.72)

Z11‘11 = lemn*

Oy x1
= ].nl TL*.
L On—nx1

| (4.73)
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Aob;‘ = A0A6Z1rl’11

= [IN-ppo(X)|Zin, (4.74)

becomes

Aobt = [IN—.PPO(X)]Z1H1 ‘

g=0

1p,
| On_nx1

[ Opyx1
_ 1711
0.

Onpx1

. On-nx1 |

k
[IN -P pPO(Xq)]

Onoxl
177,1. n*

On—nx1

[ Onxa

On-nx1

i 077ox1‘ |
1774 n* -
| On_nx1

Thus, for equal sample sizes, B* = 0. Accordingly B¥T = 0 and B*T’ -0

regardless of how T is constructed and the independence constraint need not be

imposed.

Proof of B)

By lemma 3.3, for ¢ # ¢/, ¢ = 1,2,...,k, and ¢' = 1,2,.. .k,

t2(TgMp-TgMp.) = 0.

For ¢ = ¢/,

tI‘(TqMB*TinB*) = tr(MB* TqMB*Tq), (475)

because symmetry of Mg+, and properties of the trace operator.

Note that

MB*Tq =0= tl‘(MB*TqMB*Tq) = 0. (476)
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To show
Mpg:T¢=0, | _ (4.77)
note that
Mg Tq= (IN— Ps:)Tq. (4.78)
Also,

(IN—- PB*)Tq =0 <= Tq S ?R(B*), and

Tge R(B*) <= Tg€ ‘éfe(b’;])?
because T&ba = 0 for ¢ # ¢’. Furthermore, it will be shown that
Tge R(b) <= AoTq € R(Aoh%).
The proof of this statement follows.
Proof of: Ty € R(b;) = AgTq€ R(Aob}).
Tge R(by) = Tg= bR for some R

- A()Tq € ?R(Aob&)

 Proof of: AoTq € R(Aobj) = Tq € R(bY).

) A.()qu %(Aoba) = Aqu: Aob’&R fOI‘ some R

l

ALA T = AjAcbiR

I

because AjA, = IN_p
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Therefore

The proof of AyTqe€ %(Aoba) follows.

Because
Aqu = AoAGZququ,
and

then, it is sufficient to show AgA{Zg € %(Aoba).
Assume ¢ = 1. The proof for any other values of q‘is identical and will not be -

presented. From equations (4.67) - (4.72)

AoApZy = [IN—ppo(X)|Z;

- k Oﬂoxl' Omxl
1n, Oryy <1
= |Iy-— o(X ‘ 11 1
qezaopp( Q) Oy, x1 1n,
On-nx1 On-mxi .
[ Opyx1 . Opyxa
_ lnn%l —'1771111&7,2‘1:L

_ Iy n
1y, T 1ny, T'LJ;L

On-nx1  On_nx:
OTonl

~1n, % |
= ~1 1J. 4.79
1py, & -1 1] (4.79)

{ On-nx1

' Now, using equation (4.79),

Aoba = AoABqu]q
Onp x1 Ompx1

_ .177«11 7715 '_]-7711_7:/2%1:L |: 11 ]
- b1 iy
—17'121 m 177217%11' a1

On-nxi  On_nxi
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07’[0 Xézl
— —1n, 3
= 1m1%fl (n21 — n11). (4.80)
On-nx1
Because ni; # ng1, equations (4.79) and (4.80) imply that AcAGZy < %(Aoba), and

the conclusion is that
tr(TlMB*TqM%*) =0 Vq,

and
-1

Yehi® > el (i(TMz-TgMp.)}|
=0 q:O S

does not exist. Therefore the constraints can not be satisfied.
Proof of C)

This is a conjecture. A proof is in progress.

O
Considering equation (4.23), theorems 4.2 and 4.3, the test statistic is
SSu vo0
F=2E2n (4.81)
L'o? vibs ‘

where 11 and v, are the degrees of freedom corresponding to the numerator and
denominator respectively, #; and 0 are factors that will be defined in the

Satterthwaite procedure. The approximate null distribution of F is
F ~ F("1719)7

where F{,,,.,) denotes the Snedecor’s F' distribution with v, and v, degrees of
freedom. The accuracy of this approximation is evaluated in the simulation study -

(chapter 5).
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Satterthwaite procedure to estimate degrees of freedom

Satterthwaite (1941) developed a procedure to estimate the degrees of freedom,
corresponding to a quadratic form in normal random vectors.

Assume that

0155w ~ x2,, and (4.82)
0L702 % x 2 . | (4.83)

Matching first and second ﬁloments from the chi-square distribution yields
E [91(55[—[)] = 1/1.,
var [01(SSH)] = 2w,
E [925/’;2]. = vy,and

var [(92,6/’;2] = 2u,.

Solving for the unknown parameters yields

o= tr((i;‘;?;—), S (4.84)
0, = Egg—iljm’ . - (4.85)
2= {r(g];_zB);)’ - (4.86)
b = ﬁé‘%- SRR )

In practice 3 is substituted for 3 in (485) ~ (4.88). The test statistic in
(4.81) simplifies to
_ SSg tr(BE) -
Lo tr(AZ)

(4.88)
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The test statistic I in (4.82), when the null hypothesis in (4.1) is not true

follows an approximate non-central F' distribution
F ~ F(Vla’;b./\)’

where A may be represented by

. ': BC [c'(X'X)2-10} - cpe

Approximate F Test with REML Estimates

For the likelihood function in (3.2), the hypothesis of interest in (4.1), and
the REML estimates from equations (3.32) and (3.8), a test statistic is obtained by

assuming
&1 . . X2 ! 1 -1
C’ <X’2 X> C 2o (X'E7X) T C, (4.89)
14

where 3 is 3 with REML estimates. Accordingly,
o~ A N — _1 - : " o~ ’ ¥ ’ — ‘_1 o~
3'c [c’ (X'S1X) c} cB <~ Lpc [c’ (x'=1X)™ c] c'B
Xv .
~  1ank(C) Fank(c),, (4.90)

therefore

g'c [c' (x81x)” c] "B

F= - rank(C) ’

(4.91)
and F' has an approximate distribution
F~ By

where v* is the rank(C).
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Procedure to estimate denominator degrees of freedom

Let

Wa = (X'241X)"1 C,

and
W, =0 (X'57'X)” C.

Replacing (4.92) and (4.93) in (4.89) gives
2
W, ~ 22w,
v
Then
2

_;A .__!-. . XI/
Wd 2ded Z o~ 7 rank(C)s

and

o 1
tr (Wdzded2> Y
rank(C) T

Matching the first two moments, the equations obtained are

il 1
tr (Wd *WW, 2) 2
E|— |=B|X
rank(C) v’
b <W;‘%deg%) 21
var rank(C) - [_V_] ’

therefore

2[1‘a,n'k((/3\)]2 '
[vec (W ;)] [var(vecW )] [vec(W ;1)) ’

o

(4:92)
(4.93)
(4.94)

(4.95)

(4.96)

(4.97)

(4.98)

(4.99)




where
: k k
var(vecW,) szecsqvec'sqqu, (4.100)
. =0 '
9 [c'(X'2‘1X)-1C
Sq =
e 6%

~2
o =0

= C(XETX) XS ZZE T X)(X'STIX) " C and  (4.101)

V=var(8y). O (4.102)

The expression Vgq represents the element in the ¢** row and the ¢"** column of V.
In practice \/7\7;1 is substituted for W3 in (4.100), and V is replaced by V given by
(4.22). |

The test statistic F' in (4.91), when the null hypothesis in (4.1) is not true

follows an approi{imate non-central F' distribution .
Fr~ F(V*W))‘)’

where A may be represented by

gclos-x)-1c) " op
= = 2 B

Example (continued)

Using the matrices from example in Chapter 2, the estimates obtained in
Chapter 3, appropriate equations from this cliapter, and considering the hypothesis
in (4.1), where C is

1 1 1
-1 0 0 A
c=|3 2 ol (4.103)
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The results obtained are the following.

: Likelihood_ Ratio Test

For A in (4.2) and for —2log,A in (4.3) the result obtained is
— 2log, A = 5.2485, (4.104)

with rank(C) = 3 degrees of freedom. Under assumptions 3.1 to 3.7 ( in particular
mg — oo ) about the model in (3.11), the statistic in (4.104) asymptotically follows

a x? distribution with 3 degrees of freedom, and the corresponding P-value is 0.1545.

Wald’s Test with MLEs

The solution for var(C'3) in (4.19) is

7ar(C'g) = C'(X'E'X)'c
[ 17.1766 9.8152  9.8152
= | 9.8152 14.5400 9.8152 |. (4.105)
9.8152 9.8152 15.8715 |

For W in (4.4), the result obtained is
W =6.3205, A (4.106)

with rank(C) = 3 degrees of freedom. Under assumptions 3.1 to 3.7 (in particular
mg— oo ) about the model in (3.11), the statistic in (4.106) asymptotically follows

a x? distribution with 3 degrees of freedom, and the corresponding P-value is 0.0970.

Wald’s Test with MLEs and Kackar-Harville correction

The solution for ¥at,(C'B) in (4.19), with V given in (4.1"7), is

@ha(C'B) = C(X'Z3X)7'C+ C'B (V@ T )E¥C
17.1766 9.8152  9.8152

= 9.8152 14.6227 9.8152 |. (4.107)
1 9.8152 9.8152 15.9781
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For Wk in (4.19), the result obtained is

W = 6.2797, (4.108)

with rank(C) = 3 degrees of freedom. Under assumptions 3.1 to 3.7 ( in particular
mgq — oo ) about the model in (3.11), the statistic in (4.108) asymptotically follows

a x? distribution with 3 degrees of freedom, and the corresponding P-value is 0.0988.

Wald’s Test with REML estimates.

The solution for 7ar(C’/B) in (4.19), with REML estimates is

7w@r(C'g) = C'(X'E'X)"lc

19.3824 11.0757 11.0757 7

11.0757 20.7922 11.0757 | . (4.109)
11.0757 11.0757 19.9121

For W in (4.4), with REML estimates, the result obtained is
W = 4.5586 (4.110)

with rank(C) = 3 degrees of freedom. Under assumptions 3.1 to 3.7 (in particular
mgq — oo ) about the model in (3.11), the statistic in (4.110) asymptotically follows

a x? distribution with 3 degrees of freedom, and the cori*esponding P-value is 0.2071.

Wald’s Test with REML estimates and Kackar-Harville correction

The solution for ¥ary,(C'B) in (4.19), with V given in (4.22), and REML estimates
is
Tana(C'B) = C(X'SHX)C + OBV @ x)E*C
19.3824 11.0757 11.0757

= 11.0757 20.8965 11.0757 | . (4.111)
11.0757 11.0757 20.0577
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For Wk in (4.19), with REML estirﬁates, the result obtained is

W = 4.5286 | (4.112)

with rank(C) = 3 degrees of freedom. Under assumptions 3.1 to 3.7 (in particular
mg — oo ) about the model in (3.11), the statistic in (4.112) asymptotically follows

a x* distribution with 3 degrees of freedom, and the corresponding P-value is 0.2098.

‘Approximate I Test with MINQUEO estimates

The equations (4.81) to calculate F', (4.23) to obtain SSy, (4.28) to obtain £'o?,
and (4.84), (4.85), (4.86), and (4.87) to obtain 1y, 6y, vy, and 0, respectively were

used. The result obtained is “

S5m 1261
Lla? v10,

= 1.0715. (4.113)

F =

The degrees of freedom are, 1y = 2.0249, v, = 2.6504. The approximate null
distribution of F'in (4.113) is Fl2.0249,2.6504) under assumptions 3.1 to 3.7 (in
particular mg — co ) about the model in (3.11). The corresponding P-value is

0.4571.

Approximate F' Test with REML estimates

The equations (4.91) to calculate F', and (4.99) to calculate degrees of freedom v for

the denominator were used. The result obtained is

3'c [c' (x/g1x)” C]
rank(C)

= 1.5195. (4.114) :

-1 -
c'B
F =

The degrees of freedom are, rank(C) = 3, v = 8.1623. The statistic in (4.114) has
an approximate distribution F3 g162s) under assumptions 3.1 to 3.7 ( in particular

mqg — oo ) about the model in (3.11). The corresponding P-value is 0.2810.
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Conclusion

Considering the P-values from the tests used, the conclusion is similar for each of

them. There is not enough evidence to reject the null hypothesis of no difference

among means and expected means

4 HoI C/l@ = 0.
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CHAPTER 5

Simulation, Conclusions, and Future Research

Simulation

In this Chapter, the performance of the test statistics described in Chapter 4
aré evaluated and compared by means of simulation. The evaluation is based on test
size and power under different conditions. The simulations were run undér model
(2.27) in chapter 2, for mo = 2 and k = 2 random subsets.

The test statistics considered are:

o F test with MINQUEQ estimates (F-m0),

o F test with REML estimates (F-reml),

o Likelihood ratio test (LRT),

o Wald’s test with MLE (W-mle), |
o Wald’s test with MLE and Kackar-Harville correction (W-mle-k),
o Wald’s test with REML estimates (W-reml), and

o Wald’s test with REML estimates and Kackar-Harville correction (W-reml-k).

The conditions under which the simulations were conducted are described in

terms of level sizes (mg), sample sizes (nig), variance conditions (aé), and means.

The mq level sizes are:

1.- Small, mg= 3,4 for ¢ = 1,2,
2.- Small, mg= 2,3 for ¢ = 1,2, and
3.- Large, mq=10,15-for ¢ =1,2.
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The njgsample sizes are:

1.- Small, ﬁiqz (2,3),(2,3,4),(2,3,4,2)
where sample sizes are grouped by levels of fixed effect (first parenthesis)
and levéls of the two random subsets (second and third parentheses).
2.- Small, nig= (2,3),(2,3), (4,2,3).
3. Small, nig=(2,3),(2,3,4,2,3,4,2,2,3,2),(3,4,2,3,4,2,2,3,2,3,4,2,3,4,2).
4.- Large, nig= (10, 15), (10, 15), (20,10, 15).
5.- Large, nig= (10, 15), (10, 15, 20, 10, 15, 20, 10, 10, 15, 10),
(

15, 20, 10, 15, 20, 10, 10, 15, 10, 15, 20, 10, 15, 20, 10).

The UGZZ values are:

l- 02=1,02=0.2, and o5 =0.3,
2- 02=1,02=0.5, and o2 = 0.5, and
3- o2=1,02=10.05, and o2 = 0.05.

Means were selected so that exact F' tests (which assume knowledge of

BRI

V¢) have the following power:

1.- Power = .05 (null condition, means are equal),
2.- Power == .40 (non-null condition, means are not equal), and

3.- Power = .80 (non-null condition, means are not equal).

For each simulation condition 500 iterations were executed, except for those
cases with large mq and large njg where 200 iterations were executed. Tables with
size and power of tests are included in the results.

To obtain tables of theoretical power for the F test with MINQUEQ

estimates, the use of a set of means under a non-null condition, for a given power of
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4 and .8 was appropriate. The test statistic F' in (4.82), when the null hypothesis is

not true follows an approximate non-central F' distribution
F~ F(V171‘27’\)7

where v; and v, represent the degreeé of freedom for the numerator and

denominator respectively. X may be represented by

gcloxx)tc] cps
A= : .

To obtain tables of theoretical power for the F' test with REML esfimates,
the use of a set of means under a non-null condition, for a given power of .4 and .8
was appropriate. The test statistic F' in (4.91), when the null hypothesis is not true

follows an approximate non-central F' distribution
F~ F(u*,u,A);

where vy and v, represent the degrees of ‘fre‘edom for the numerator and
denominator respectively. X may be represented by

,_#c [c@s1x)1c]” o
— ; ,

To obtain tables of theoretical power for the x? (Chi?) tests, the use of a set
of means under a non-null condition, for a given power of .4 and .8 was appropriate.
The test statistics, —2log, A, W, and Wk, when the null hypothesis is not true

follow an approximate non-central y? distribution
~ X(ry

where r is the rank(C) = 3. A may be represented by

A [C(x'=1X)1(] o
A= - .
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Table 3: Empirical Size of Tests (Nominal Test Size = .05, 02 = 1,0.2,0.3)

Size (mg) | Size (ny) | F-m0 | F-reml | LRT | W-mle | W-mle-k [ W-reml | W-reml-k |
1.- Small | 1.- Small | .0080 | .0320 |.0780 |.1220 | .1140 .0880 .0860
2.- Small | 2.- Small | .0300 | .0320 |.1020 |.1880 | .1780 .1160 .1040
' 2.- Small | 4.- Large | .0640 | .0840 | .0900 {.2060 | .2020 | .1480 .1360
3.- Large | 3.- Small | .0400 | .0560 | .0800 | .0940. | .0900 .0780 .0780
| 3.- Large | 5.- Large | .0550 | .0500 | .0800 |.0950 | .0950 | .0500 | .0500

Underlined values represent difference between Empirical size of test and the Nominal |
test size of .05 not significant.

Table 4: Theoretical Power of Tests

Size (my) | Size (n;y) | F-m0 | F-reml | Chi*
' 1.- Small | 1.- Small | .2822 | .3640 |.4725
2.- Small | 2.- Small | .3124 | .3207 | .5035
2.- Small | 4.- Large | .1469 | .2801 | .4161
3.- Large | 3.- Small | .3920 | .3932 | .4207
3.- Large | 5.- Large | .2564 | .3907 | .4039

(Nominal Power = .4, for exact F, 0% = 1,0.2,0.3)

Table 5: Empirical Power of Tests ( 07-=1,0.2,0.3)

Size (m,) | Size (ni) | F-m0 | F-reml | LRT '| W-mle | W-mle-k | W-reml | W-reml-k
1.~ Small | 1.- Small | .1140 | .3520* | .4900 | .6240 | .6140 .5180 -5060

2.- Small | 2.- Small | .1780* | .2620* | .5080 | .6140 | .6140 .5280 .5220

2.- Small | 4.- Large | .1800* | .3660 | .4820 | .6260 | .6260 5540 5520

3.- Large | 3.- Small | .3500* | .3880* | .4460 | .5080 | .5060 .4600 .4560

3.- Large | 5.- Large | .1700* | .3500* | .3950 | .4200 | .4200 .3800* | .3800*

Underlined values represent difference between Empirical power and the theoretical
Power not significant. Starred values correspond to values underlined in Table 3.
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Table 6: Theoretical Péwer of Tests

Size (my) | Size (ni;) | F-m0 | F-reml | Chi?
1.- Small | 1.- Small | .6083 | .7512 | .8749
2.- Small | 2.- Small | .6637 | .6795 | .9004
2.- Small | 4.- Large | .2870 | .6083 | .8185
3.- Large | 3.- Small | .7876 | .7917 | .8236 |
3.- Large | 5.- Large | .5539 | .7887 | .8046

(Nominal Power = .8, for exact F, o7 = 1,0.2,0.3)

Table 7: Empirical Power of Tests ( o7 =1,0.2,0.3)

Size (m,) | Size (ny) | F-m0 | F-reml | LRT | W-mle | W-mle-k | W-reml | W-reml-k |
1.- Small | 1.- Small | .2720 | .7660* | .8660 | .9140 | .9100 | .8740 .8720

2.- Small | 2.- Small | .4340* | .6540* | .8680 | .9320 | .9320 .8880 .8820

2.- Small | 4.- Large | .3180* | .7200 | .7980 | .9000 | .9000 | .8400 .8400

3.- Large | 3.- Small | .7700* | .8140* |.8340 | .8500 | .8500 .8340 .8320

3.- Large | 5.- Large | .4300* | .7700* | .7950 | .8200 | .8200 .7800* | .7800*

Underlined values represent difference between Empirical power and the theoretical
Power not significant. Starred values correspond to values underlined in Table 3.

Table 8: Empirical Size of Tests (Nominal Test Size = .05, 02 = 1,0.5,0.5)

Size (my) | Size (ni) | F-m0 | F-reml | LRT | W-mle | W-mle-k | W-reml | W-reml-k
1.- Small | 1.- Small | .0120 | .0380 | .0880 | .1580 | .1520 .1000 .0980
2.- Small | 2.- Small | .0400 | .0480 | .1200 | .2180 | .2080 1420 .1400
2.- Small | 4.- Large | .0700 | .1380 | .1420 | .2880 | .2840 2180 .2080
3.- Large | 3.- Small | .0340 | .0620 |.0780 |.1020 | .1020 .0780 .0780
3.- Large | 5.- Large | .0350 | .0800 | .0650 | .0850 | .0850 .0800 .0800

Underlined values represent difference between Empirical size of test and the Nominal
test size of .05 not significant.
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Table 9: Theoretical Power of Tests

Size (my) | Size (nyg) | F-m0 | F-reml | Chi?
1.- Small | 1.- Small | .2209 | .3658 | .4725
| 2.- Small | 2.- Small | .2563 | .3212 | .5035
2.- Small | 4.- Large | .1086 | .2658 | .4161 |
3.- Large | 3.- Small | .3366 | .3946 | .4207

3.- Large | 5.- Large | .1786 | .3884 | .4039

(Nominal Power = .4, for exact F', 03 =1,0.5,0.5)

Table 10: Empirical Power of Tests ( o2 = 1,0.5,0.5)

Size (m,) | Size (ny) | F-m0 | F-reml | LRT | W-mle | W-mle-k | W-reml | W-reml-k
1.- Small | 1.- Small |.0920 |.3760* | .5160 |.6520 | .6460 .5660 5420 .
2.- Small | 2.- Small | .1680* | .3000* | .5160 |.6380 | .6320 .5440 0360
2.- Small | 4.- Large | .1700* | .4160 | .5260 | .6880 | .6820 5920 | .5900
3.- Large | 3.- Small | .2880* | .4020* | .4380 | .5000 | .5000 4520 .4500
3.- Large | 5.- Large | .1300* | .3900 | .4000* | .4350 | .4350 - | .4000 .4000

Underlined values represent difference between Empirical power and the theoretical
Power not significant. Starred values correspond to values underlined in Table 8.

Table 11: Theoretical Power of Tests

| Size (m,) | Size (n;) | F-m0 | F-reml | Chi?
1.- Small | 1.- Small | .4757 | .7539 | .8749
2.- Small | 2.- Small | .5533 | .6805 | .9004
2.- Small | 4.- Large | .1886 | .5787 | .8185
3.- Large | 3.- Small | .7062 | .7934 | .8236
3.- Large | 5.- Large | .3753 | .7858 | .8046

(Nominal Power = .8, for exact F', 07 = 1,0.5,0.5)
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Size (mg) | Size (ny) | F-m0 | F-reml | LRT | W-mle | W-mle-k | W-reml | W-reml-k |
L.- Small | 1.- Small | .2080 | .7760* |.8720 [.9280 [ .9280 .8900 .8880 ‘
2.- Small | 2.- Small | .4020% | .6640% | .8580 | .0460 |.9460 | .8940 1 .8880
2.- Small | 4.- Large | .2480* | .7220 .8100 |.9100 | .9100 .8560 | .8540°
3.- Large | 3.- Small | .6680* | .8200* | .8440 | .8680 | .8680 - .8480 .8480
' 3.- Large | 5.- Large | .2700* | .7300 7650* | L7950 | .7950 .7500 7500

Underlined values represent difference between Empirical power and the theoretical
Power not significant. Starred values correspond to values underlined in Table 8.

Table 13: Empirical Size of Tests (Nominal Test Size = .05, o = 1,0.05,0.05)

Size (mg) | Size (ni) | F-m0 | F-reml | LRT | W-mle | W-mle-k | W-reml | W-reml-k |
' 1.- Small | 1.- Small | .0120 | .0280 |.0740 {.1100 | .1060 .0700 | .0680

2.- Small | 2.- Small | .0300 | .0260 |.0920 | .1420 | .1380 .0900 .0860

2.- Small | 4.- Large | .0440 | .0380 | .0560 | .0940 | .0900 .0760 -0700

3.- Large | 3.- Small | .0480 | .0500 |.0680 | .0840 |.0840 .0640 .0620

3.- Large | 5.- Large | .0450 | .0500 |.0700 | .0800 .| .0800 .0500 .0500

Underlined values represent difference between Empirical size of test and the Nominal
test size of .05 not significant.

Table 14: Theoretical Power of Tests

Size (my,) | Size (ny) | F-m0 | F-reml | Chi®
| 1.- Small | 1.- Small | .3209 | .3541 | .4726
2.- Small | 2.- Small | .3575 | .3088 | .5035
2.- Small | 4.- Large | .2864 | .2965 | .4161
3.- Large | 3.- Small | .4001 | .3896 | .4207
3.- Large | 5.- Large | .3696 | .3913 | .4039

(Nominal Power = .4, for exach F, o2 =1,0.05,0.05)
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Table 15: Empirical Power of Tests ( o2 = 1,0.05, 0.05)

LRT

W-reml-k

| Size (m,) | Size (ni)'| F-m0 | F-reml W-mle | W-mle-k | W-reml
1.- Small | 1.- Small | .1340 | .3140* | .4720* | .5600 | .5460 | .4780* | .4680* -
2.- Small | 2.- Small | .2000* | .2260* | .4820 | .5920 | .5820 .4800 - | .4680
2.- Small | 4.- Large | .2440* | .2620* | .3860* | .4880 | .4820 .4400 4240
3.- Large | 3.- Small | .3740% | .3720% | .4360* | .4700 | .4680 | .4180* |.4160%
3.- Large | 5.- Large | .3150* | .3900* | .3625* | .4100 | .4100 .4000* | .4000*

Underlined values represent difference between Empirical power and the theoretical
Power not significant. Starred values correspond to values underlined in Table 13.

- Table 16: Theoretical Power of Tests

| Size (m,) | Size (niy) | F-m0 | F-reml | Chi®
| 1.- Small | 1.- Small | .6818 | .7364 | .8749
2.- Small | 2.- Small | .7408 | .6577 | .9004 |
.| 2.- Small | 4.- Large | .6213 | .6405 | .8185 |
" | 3.- Large | 3.- Small | .7999 | .7871 | .8236 | _
3.- Large | 5.- Large | .7584 | .7894 | .8046 |

(Nominal Power = .8, for exact F', o2 = 1,0.05,0.05)

Table 17: Empirical Power ( ¢ = 1,0.05,0.05)

W-reml-k | .

Size (mg) | Size (ni) | F-m0 | F-reml | LRT | W-mle | W-mle-k | W-reml .

| 1.- Small | 1. Small | .3440 | .7420* | .8560* | .8960 | .8960 .8560* | .8480% |
2.- Small | 2.- Small | .5120* | .5940* | .8460 | .9280 | .9260 | .8780 | .8640

| 2.- Small | 4.- Large | .4720* | .6280* | .7660* | .8480 | .8420 7880 7840
3.- Large | 3.- Small | .7880* | .7900* | .8360* | .8500 | .8460 | .8300* | .8300*
3.- Large | 5.- Large | .7150* | .8100* | .8350* | .8500 | .8500 .8100*. | .8100*

Underlined values represent difference between Empirical power and the theoretical
Power not significant. Starred values correspond to values underlined in Table 13.
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Discussion

For the analysis of these results, the criteria used is based on the evaluation of the
size of the tests first, and then, the empirical power. |

In order to identify which results controlled test size, Bradley’s (1978) liberal
criterion was employed. According to this criterion, in order for a result to be
considered as a controlled test size, its empirical test size (&) must be contained in
the interval 0.5a < & < 1.5 For oo = 0.05 level of significance used in this study,
therefore, the interval becomes 0.025 < & < 0.075. The percentage of controlled
tests sizes for each test statistic are presented in Table 18. These percentages are
obtained with respect to a total of 15 p'ossibleuresults (15 different conditions: 5
combinations of m, and n;y, and 3 sets of variances).

After considering only results that controlled test size, the determination of
the group among best test power, is performed separate for each combination of m,
and n;; used in these simulations. In order to identify which of those results are
among the best power tests, a criterion based on the highest empirical power
obtained (p,n) was employed. According to this criterion, in order for a test to be |
considered among the best test power, its empirical power (p,,) must be contained
in the interval 0.95,n < P < Pyn. For each condition of m, and n;, used in these
simulations, this interval may be different. The percentage of tests among best test
power for each test statistic are presented in Table 18. These percentages are
obtained with respect to a total of 30 possible results (30 different conditions: 5
combinations of m, and n;q, 3 sets of variances, and 2 power levels).

An example to show this procedures will be':‘ appropriate. Lets consider case 5
(3.- Large mq and 5.- Large n;y) from Table 3. The tests that controlled test size
are: F' test with MINQUEQ estimates (F-m0), F' test with REML estimates
(F-reml), Wald’s test with REML estimates (W-reml), and Wald’s test with REML
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estimates and Kackar—Harville correction (W-reml-k), because the corresponding
empirical size of tests in this Table are in the irnter‘val 0.025 < & £0.075. Now, lets
cogsider case b (3.- Large M, and 5.- Large NN;,) from Table 5. The results among
best test power are: F' test with REML estimates (F-reml), Wald’s test with REML
estimates (W-reml), and Wald’s test with REML estimates and Kackar-Harville
correction (W-reml-k), because the corresponding empirical power of tests in this
Table are in the interval 0.9p,4 < Puw < Pun. Note that, for p,, = 0.38, the highest
empirical power corresponds either to W-reml or W-reml-k, and the interval
becomes 0.342 < p,, < 0.38. After considering the 4 possible results to be included
among best test power, the result from F-m0 is 0.17 and does not follow in the
interval. Therefore the other 3 tests, F-reml, W-reml, and W-reml-k are among
best test power because the corresponding erﬁpirical powers are 0.35, 0.38, ;md 0.38,

and they follow in the interval.

Table 18: Percentages of controlled test size and among best test power

F-m0 | F-rem! | LRT | W-mle | W-mle-k | W-reml! | W-reml-k
% Controlled test size | 80.0 | 80.0 333 |0 0 26.7 33.3
% Among best test power | 20.0 | 63.3 33.3 {0 0 | 26.7 33.3

The F' test with MINQUEOQ estimates (F-m0), controls the test size in 80 %
of the simulated tests. 20 % of simulated tests control the test size, and are among
tests with higher power. This F' test does not perform very well in cases 2 (2.-
Small, 2.- Small) and 3 (2.- Small, 4.- Large), bécause in both cases my = 2, and
sample sizes (n;,) are not e;qual. According to Theorem 4.3, part B, independence -

and unbiasedness can not be imposed.

“

The F test with REML estimates (F-reml), controls the test size in 80 % of

the simulated tests. 63.3 % of simulated tests control the test size, and are among
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tests With higher power. This F' test performs acceptable under different conditions.
The difference between empirical power Valués and theoretical power is not
significant in most of the ca,sés, except when mg is small and n{qis large, and in
presence of large variability.

The Likelihood ratio test (LRT), controls the test size in 33.3 % of the
simulated tests. Also 33.3 % of simulated tests control the test size, and are among
tests with higher power. This test does not perform very well, except in cases with
- small variability. |

| Wald’s test with MLE (W-mle) and Wald’s test with MLE and
Kackar-Harville correétion,. do not control the test size in any case.

Wald’s test with REML estimates, controls the test size in 26.7 % of the
simulated tests. Also 26.7 % of simulated tests control the test size, and are among
tests with higher power. This test does not perform very well, except in cases with
small variability. Some times performs well in presence of large mq and large nig

Wald’s test with REML estimates and Kackar—Harville, controls the test size
in 33.3 % of the simulated tests. Also 33.3 % of simulated tests control the test size,
and are among tests with higher power. This test does not perform very well,
except in cases with small variability. Some times performs well in presence of large |
mq and large Nig

Any of these tests have correct asymptotic distributioné as each mg— oo.
Values as small as 2 or 3 for mq present problems. |

For a test that controls test size, and the empirical power of test agrees with
the theoretical power, then, this information would be useful for sample size

determination.
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Conclusions

The F test with REML estimates appears to be promising. The tabled
results show some consistency under most of the conditions. Most of the tests
perform acceptable under conditions of large level mg and large sample sizes nig

The Likelihood ratio test (LRT), Wald’s test with REML estimates with or
without Kackar-Harville correction, after controlling test size, they have good
power.

Almost no effect was shown by Kackar-Harville correction.

Future Research

An interesting aJs.pect would be to improve the F' test with REML estimates
for large sample sizes and large variability. The possibility of using Bartlett (1954)
correction for the Likelihood Ratio test could be an interesting option.

Another important topic for future research would be, the study of an
optimal design under suitable assumptions of ratios between 0(2], forg=1,...,k,

and o3, or under a priori information about these ratios.




82

REFERENCES CITED

'[1] M. S. Bartlett. A note on the multiplying factors for various X2
approximations. Journal of the Royal Statistical Society, B, 16:296-298, 1954.

(2] James V. Bradley. Robustness? The British Journal of Mathematical &
Statistical Psychology, 81:144-152, 1978.

[3] S. R. Searle G. Casella and C.E. McCulloch. Variance C’omponents John
Wiley & Sons, Inc., New York,NY, 1992.

[4] D. A. Harville. Maximum Likelihood Approaches to Variance Component
Estimation and Related Problems. Journal of the American Statistical
Association, 72:320-340, 1977.

[5] S. D. Kachman. Inference Procedures for Fized Effects in Multivariate Mized
Models. PhD thesis, Montana State Univ., 1988.

[6] R. N. Kackar and D. A. Harville. Approximations for Standard Errors of
Estimators of Fixed and Random Effects in Mixed Linear Models. Journal of
the American Statistical Association, 79:853-862, 1984.

[7] J. J. Miller. Asymptotic Properties of Maximum Likelihood Estimates in the
Mixed Model of the Analysis of Variance. The Annals of Statistics, 5:746-762
1977.

?

[8] S. J. Press. Applied Multivariate Analysis: Using Bayesian and Frequentist
Methods of Inference. Malibar, FL: Robert E. Krieger Publishing Co., 1982.

[9] C. R. Rao. Estimation of Variance and Covariance components - MINQUE
Theory. Journal of Multivariate Analysis, 1:257-275, 1971.

[10] C. R. Rao. Minimum Variance Quadratic Unbiased Estimation of Variance
Components. Journal of Multivariate Analysis, 1:445-456, 1971.

[11] C. Radhakrishna Rao. Linear Statistical Inference and Its Applications. John
Wiley & Sons, Inc., New York,NY, 1973.

[12] F. E. Satterthwaite. Synthesis of Variance. Psychometrika, 6:309-316, 1941.
[13] S. R. Searle. Linear Models. John Wiley & Sons, Inc., New York,NY, 1971.




83

[14] Shayle R. Searle. Matriz Algebra Useful for Statistics. John Wiley & Sons, Inc.,
New York,NY, 1982.

[15] W. A. Jr. Thompson. The Problem of Negative Estimates of Variance
Components. Annals of Mathematical Statistics, 33:273-289, 1962.




84

APPENDICES




85

APPENDIX A

Notation and Matrix Dimensions




A:NxN
B:NxN
bg: (N —p) x1
B:pxl
D:mxm
Ef:px N
Gg: N xN
k*: Nx1

Lg: (N —p)*x1

A (E+1) x(kE+1)
Mp«: (N —p) x (N — p)

Ho:mg X1

nqlqu1

P« : (N —p) x (N —p)
Tq: (N —p) x (N —p)

u:mx1
W:mxk
Xy:ingXp
Xo: N xXmg
Z:Nxm

Z;:nxm

86

Matrix Dimensions

Ao : N x (N —p)
B*:(N—p)xk
B:NxN

C:pxr

E*:px N(k+1)
e: N xl1
K*: N x (N -p)
L:(N—-p@2x(k+1)
L:(k+1)x(k+1)
M: (N +m)x (N +m)
pikxl

MHy:im X1
P:NxN
X:NxN
0:(p+k+1)x1
V:ik+1)x(k+1)
X:Nxp
Xiinmxp

y:Nx1
Z,:n9Xm

ZqINxmq
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Notation

k = number of random subsets

M = total number of fixed and random effects
mo = total number of fixed effects

m = total number of random effects
mg = number of means in the ¢** subset of random effects
N = total number of observations

n = total number of observations in the random effects
niqg = mnumber of observations in the it* effect, and ¢**subset
ng = number of observations in the ¢"*subset

P 1,2,...,an
j = 1,2,...,7’I,iq

g = 0,1,2,...k

M = mo—l—m
k

m o= > mg
=1

N = no—l-n
my

ng = Y no
=1
my

ng = ) mig
=1
k my

n = Zniq
g=01=1
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APPENDIX B

Expected Mean Squares
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Table B.1: Expected Mean Squares

. —m '
Case I: my = ¢ and n;, = i

SOURCE

EXPECTED MEAN SQUARES

MSy: Among
Fixed Effects

MS 2.
Among Expected
Random Effects

MSs: Among
Random Levels

MS,: Within the
gt Random

Subset

MSs: Within
Random Subsets

MSs: Among All
Fixed and

Expected
Random Effects

MS7: Error

2 N o 2
%0 + Mirg-D Zz_l (uio — o)

k
%+ M’Zaq Mk(k

M?r‘

q=1

k

N 2 4 L
‘72+W o

2 N T,
+ mz};l (pg0 — fi..)

mo—]_

where, 1 and pg are described in (2.29), o2 is described in (2.5), and the rest of the

notation is described in Appendix A.
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Table B.2: Expected Mean Squares

Case II: n;; = %

SOURCE

EXPECTED MEAN SQUARES

MSy: Among
Fixed Effects

MSQZ )
Among Expected
Random Effects

MS3: Among
Random Levels

MS,: Within the
gt Random

Subset

MSs: Within
Random Subsets

MSs: Among All
Fixed and
- Expected
Random Effects

MS7: Error

N & 2
od + m; (#i0— fio)

| N Mg\ o
o+ arth=ys (1 58 b+ (1) 2=k

g=1 m

2 N k 2 N —\2
o5+ M?q;lmqaq + ——M(m — 1)Z_:mq(,uq— i)

mg—l
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Table B.3: Expected Mean Squares

Case III: any n;, and m,

EXPECTED MEAN SQUARES

Random Subsets

SOURCE &
& 2
MS;: Among | 0§ + =7 > 1o (Kio — fio) mo — 1
Fixed Effects 7=1
k my 1 1\ ,
| s, R (n_ _ ;> o
| Among Expected g=1=1 tq
Random Effects
k 2
+i5D_ng(pg — B.) k—1
g=1
my
‘ k Z”gq
MSs: Among | o2 + Wliz ng— =1 0(21
Random Levels g=1| n
k 2
+mm_nglpg— i) m—1
g=1
My
MSy: Within the | 02 4+ =% ng =1 o2 mg—1 ‘
4: 1thin o+ S » :
gt Random
Subset
<& 2
k- anq
MSs: Within | 02 + Trg——kz ng— =1 é m—k
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Table B.3: Expected Mean Squares

- Case III: any n;; and m,

(continued)
SOURCE | EXPECTED MEAN SQUARES d
Ty
k Z”zq n
MSs: Among All %Z -+ | %%
Fixed and q=1
Expected
Random Effects
k
p_l‘ anoﬂzo‘l‘ anﬂq
=1 g=1
k 2
— V) (anﬂw + anﬂq) p—1
g=1
MS7: Error ol N-M
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GLOSSARY




A, 45
AgAl, 45
A*, 51
A%, 51
B, 45
B*, 46
b}, 46

B8, 8
B, 38

cov(ug ug), 5

cov(u,e), 5

D, 5
E[SSH], 45
E(e), 4
E(u), 5
E(y'Ay), 9
B, 42

Ej, 42

By, 42

17, 8

F, 61
Flur,), 61
Fye ,, 63
Gy, 42

H, 17
1(6), 17
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1(6)11, 19

- 1(8)a, 19

1(0)ss3, 19
1(0)34, 19
1(0)4s, 19
1(6)44, 19
Ky, 19
Kas, 19
K*, 23
k*, 22

L, 48

Lg, 48
05,15
les, 15
lsp, 17
boos, 17
Lo, 17
A, 39

Ay, 46

A, 39

L, 45
L'o?, 45
Lo, 45
M, 46
M?*, 47
Mp., 46




1, 61
vy, 61

P, 23

Po, 25

P, 15

P, 46
P,,, 9

P.,,, 9
ppo(X), 57
ppo(Xg), 57
®, 46

&+, 47

v, 41

U, 41
U, 41

Q, 51

Sg, 65

SSy, 44
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o?, 17
&%, 36

&2, 26




X, 8
Xo, 6
Xo1, 9
Xou, 7
y, 4
Z,4
2,7
Zp,, 7
Zu, 5
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