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Abstract

Deuteron, the simplest possible nucleus consisting of a proton and neutron, is often used as a target in elec-
tro-scattering experiments, where a beam of electrons collides with a stationary deuteron sample. To calculate the
interaction between the deuteron and electron, it is necessary to have a working model of the deuteron’s nuclear
potential and the resulting wave function. In cases where the internal substructure of the nucleons is negligible,
such as with elastic scattering, a low energy theory may be used to describe the deuteron. In this regime, the
nuclear interaction binding the proton and neutron contains One Pion Exchange potentials (V_OPE), the tensor
operator (S1z), and spin/isospin coupling terms. The goal of this project was to calculate the deuteron wave func-
tion and physical electromagnetic observables using this low-energy nuclear potential starting from the three-di-
mensional Schrodinger equation. This was accomplished using both analytical and computational methods. The
matrix elements for the spin, isospin, and angular components were derived analytically using Wigner coeflicients
and angular momentum coupling techniques. The radial component matrix elements were solved computationally
using Gaussian-Laguerre quadrature integration and matrix linear algebra. The resulting observables, including
the ground-state binding energy (-2.2245 MeV), root mean square radius (1.908 fm), and magnetic moment
(0.854 uN), all align with experimental measurements. These results indicate that the interaction potential and
low-energy assumptions used are valid and model the deuteron accurately. Electron-deuteron elastic scattering
experiments, such as those at Jefferson National Lab, could make use of this model to calculate the theoretical
cross-sections to compare to their experimental data. The model could also be extended to experiments outside of
Jefterson Lab to compute cross-sections for neutrino-deuteron elastic scattering.

'The deuteron nucleus is made of a single proton and a
neutron bound together and is the 2nd lightest nucle-
us beyond a single proton. We are motivated to study
the binding interaction and resulting deuteron wave
tunction as the first step in understanding more com-
plex nuclei. Furthermore, understanding how the two
constituent particles (the proton and neutron) bind
together is necessary information in determining how
other external particles interact with the deuteron as
a whole. The simplest type of external interaction is
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Figure 2: Feynman diagram of one pion exchange
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between a neutron and proton, forming a deuteron

nucleus.

Figure 1: Electron-deuteron elastic

scattering kinematics diagram.

elastic electro-scattering, where a beam of electrons
is scattered oft a stationary deuteron sample. Elas-
tic scattering occurs when the total kinetic energy is
conserved, and the internal structure of each particle
(and thus its identity) is maintained, as shown in Fig.
1. Such interactions are frequently created at Jeffer-
son Laboratory and other collider facilities. Thus, to
predict how electrons will interact with the stationary
deuteron targets in experimental settings, we must first
model the deuteron and its wave function.

When modeling elastic scattering oft a deuter-
on or a deuteronV OPE by itself (with no external in-

teraction), we can use a first-order interaction poten-
tial that does not consider the internal quark structure
of the proton or neutron. In this low energy regime,
the dominating interaction that holds the deuteron
together is the One Pion Exchange Potential (S12),
depicted in Fig. 2.(S12), The full nuclear interaction
potential as given by van Kolck1 reads,
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Where G is the operator that acts on the spin and Tis
the operator that acts on isospin. From previous litera-
ture (Piarulli et al) we define the exact contact poten-
tial VT and one-pion-exchange potentials as follows:
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where Rs =0.7 fm and Cgs= —1.2565 fm® is a con-
stant fixed to reproduce the binding energy of the deu-
teron. Rs plays the role of a cut-off.

Additionally, to handle singularities at short
distances (such as dividing by factors of r), a regulariz-
ing function is introduced to smooth the potential;

1

CRL(T') =1-

r—Ryp,

BRI

is the regularizing function with Ry = 1.0fm and a; = %.

The other constants are the nucleon axial coupling
ga = 1.29 the pion decay constant F, = 184.80
MeV and the mean mass of the pion m, = 138.04
MeV.

'The goal of this project is to model the deuteron
using the described low energy interaction potential,

and finding the ground-state wave function, binding
energy, and other electromagnetic observables. Section
2A constructs the wavefunction. Section 2B solves the
Schrodinger equation as far as possible using analytical
methods. Section 2C computationally solves for the
remaining components and calculates several physical
observables of the deuteron. Finally, sections 3 and 4
present the final results and discuss their significance.

Methods

Constructing the Wave FunctionWe construct the
deuteron wave function as the tensor product of the
radial, angular, spin, and isospin components. Experi-
mental results show that the deuteron has positive par-
ity and a total angular momentum of J = 1, constrain-
ing the possible quantum numbers. The wave function
then f1, the form shown below, with only the radial
functions remaining unknown.
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'The equation above shows that the total wave function
of the deuteron is the sum of the S and D waves, where
the S wave has a total orbital angular momentum of 0
(L=0) and the D wave has a total orbital angular mo-
mentum of 2 (L=2). We know the angular, spin, and
isospin components exactly: the YL's are the typical
spherical harmonics, the Xg’s are the coupled spins,
and the X’s are the coupled isospins given by,

Xss, = [5153155, = ) (1/251,1/25,,15 5,) 11/25,,) [1/252,)
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and, analogously
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where the first term in the summation is a Clebch-Go-
rdan coefhicient.

To solve for the unknown radial component of
the wave function, we expand the fi, radial functions
onto the 2nd order Laguerre polynomial basis (L®)
along with a normalization term and a negative ex-
ponential that accounts for the decay behavior of the
nuclear interaction (i.e. the deuteron’s wave function
going to zero as the distance separating the two parti-
cles grows and the wave function going to zero as the
two particles approach the same location). This leaves
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the expansions coefficients (C]) as the only unknown
parts of the wave function that must be solved within
the Schrédinger eigenvalue equation.

£ =) ot g

1
Y?‘
g () =NLP (yr)e 2

l!

Lingp
W e

Analytical Solution
To solve the 3D Schrédinger equation, we apply the

variational principle to find the ground state wave
function and energy by solving the associated eigen-
value equation.
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In this way, we find the minimum ground state bind-
ing energy and the corresponding wave function ex-
pansion coeflicients. Thus, it is necessary to find all
of the Hamiltonian matrix elements, including the
values contributed by both the kinetic and potential
energy terms. Applying the nuclear potential to the
wave function within the Hamiltonian matrix, we find
non-zero matrix elements that can be computed an-
alytically: pure spin/isospin elements and the tensor
operator element.
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To solve these elements, we expand and rearrange
the spinors, spherical harmonics, and operators using
Clebsch-Gordan and Wigner coefficients (expansion
coeficients used in the coupling of 2+ angular mo-
menta). Given states of definite spin and orbital an-
gular momentum, these terms reduce to constants and
coeflicients in the remaining radial equation.

Once all three spin, isospin, and tensor operator matrix
elements are calculated, their values can be plugged
back into the Hamiltonian matrix. If we explicitly ex-
pand the wave function, we are left with the following
radial functions. These are coupled differential equa-

tions as they both contain the f; and £, terms.
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Computational Methods
The remaining matrix elements to compute are the f1,
radial components.

(LT +V|A0)

The potential energy components cannot be solved
exactly, so we utilize the computational Gauss-
ian-Laguerre quadrature integration technique. This
method is similar to traditional trapezoidal Riemann
sums but utilizes non-uniform intervals that are cal-
culated and weighted to fit the Laguerre polynomials
found within the integrand. Thus, the potential matrix
elements’spatial integrals are computed directly, where

®i and Xj are the Gauss-Laguerre weights and points
respectively.
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Using the kinetic energy operator in spherical coordi-
nates and performing the integral numerically, we find
the kinetic energy components
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Choosing to use the first 40 terms in the fg, expan-
sion, our Hamiltonian becomes an 80x80 matrix af-
ter solving for these radial matrix elements. Once the
Hamiltonian matrix is found, it can be plugged into
the eigenvalue Cl the coefficients and energy.

Of interest is the Hamiltonian matrix itself, as
shown in Fig. 3. The kinetic energy components have
no cross-terms and are strongest in the D-wave (fX).
Similarly, the pure spin/isospin components also lack
cross-terms but are strongest in the S-wave (fo) where
they contribute a large attractive (negative) potential.
Most interesting is the tensor components, which do
have cross-terms, meaning there is interference hap-
pening between the S and D waves. This occurs due
to the non-symmetric nature of the tensor operator as
it couples the particles’ spin and angular components.
This tensor operator contributes additional attractive
interactions between the proton and neutron and gives
the deuteron some of its defining characteristics.

In addition to finding the Hamiltonian matrix,
we can use the same Gauss-Laguerre quadrature in-
tegration to find various physical observables. In this
particular study, we calculate the deuteron root-mean-
square matter radius and the deuteron magnetic mo-
ment, given by the following operators:

- The rms matter radius where i is the index of

the particle
1 Z
FZ ey E ri2

i=1,2

- 'The magnetic moment
A 1+t ..
i, = Z (—2 ) L,
i=1,2
1+ 1! 1-¢ ,
e 2 () o ()

i=1,2

Once the full wave function is known (having solved
for the remaining C) coefficients via the eigenvalue
equation), Monte Carlo integration can be used as
an alternative numerical method to calculate more
complex operators. In this technique, the integral is
approximated by the wave function’s probability dis-
tribution, and the operator is calculated directly on
the de-coupled neutron and proton particles.

Kinetic Energy
fo f

f(}'

fz'

Spin/Isospin Potential
fu f2

fz'

Tensor Potential
fo fa

fo'

Figure 3: Full Hamiltonian matrix elements split
into kinetic, pure spin/isospin, and tensor operator
components, with fo and f» interaction terms on the off-
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In this study, we use Monte Carlo integration to cal-
culate the root-mean-squared matter radius as given
previously. As this method relies on having a repre-
sentative random sample, there is inherent VN error
within the values measured. However, this error is in-
versely proportional to N where  is the total sample
size. Thus, it is important to use a large sample size
(over 100,000 points) to produce a reasonable answer.
This can be seen in Fig. 4 as the error bars decrease
in size when the total sample size gets larger. Our fi-
nal results are calculated using a total sample size of

300,000.

Results
From our analytic and computational solutions,
we find the radial function expansion coeflicients
(€1) and thus the radial functions themselves. A spatial
plot of the fo and f2 functions is shown in Fig. 5 as
a function of relative distance between the two par-
ticles in the nucleus. Integrating over both waves, we
find that the S-wave accounts for about 95.4% and the
D-wave 4.6% of the deuteron ground state wave func-
tion. Both radial components approach zero at large
and small r values, as expected from our construction
of the expansion basis

Another set of results are the numerical values
calculated for the deuteron binding energy, rms radius,
and magnetic moment observables. The exact values
are listed in Table 1. Additionally, experimental values
are provided as a comparison to our theoretically de-
rived numbers (Van Der Leun and Alderliesten, Mus-

Table 1: Electromagnetic Observables

Exact Numerical Monte Carlo Experimental
Numerical
Binding Energy —2.2245 MeV — —2.2246 MeV
RMS Matter Radius 1.908 fm 1.896 + 0.009 fm 195fm
Magnetic Moment 0.8450 uN — 0.8574 uN

tafa, and Kellogg et al).

Finally, in order to ensure our Gauss-Laguerre
quadrature integration is providing a stable answer, we
perform the integration repeatedly, as shown in Fig. 6,
while varying the algorithm parameters:

- M: The number of Laguerre Polynomials to in-
clude in the f_I expansion. Our final results were

calculated using M = 40.

- N:Thenumberofintegrationpointsinthequadrature
integration. Our final results were calculated using
N =100.

- y: A parameter that controls the integration grid
size when converting between integration points
(x’s) and physical distances (r’s). Our final results
are calculated using y = 4.0.

Discussion
Fig. 6 illustrates that the chosen algorithm parame-
ters fall within the stable regions, where the calculated
deuteron binding energy is not diverging. Thus, it is as-
sumed that the numerical Gauss-Laguerre quadrature
integration is accurate.

Additionally, we have strong agreement within
1 percent between the theoretically calculated and ex-
perimentally found observable values. As they match
closely, we can conclude the low energy model used to
derive the results is an accurate representation of the
ground state deuteron nucleus.

RMS Radius Values
vs Sample Size in MCMC

—— Analytic Solution
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Figure 4: Root-mean-squared matter radius values for
varying sample sizes in Markov Chain Monte Carlo
integration, showing the reduction in error as sample

size grows.
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Figure 5: The radial wave function components with Cy,
coefficients solved as a function of distance. Both the §
(L=0) and D (L=2) wawves are negative (attractive) at

close range and go to zero at large r values.

A further conclusion is that the first order interaction
potential defined at the start of this paper is valid un-
der the low energy assumptions (where the proton/
neutron internal structures are negligible).

'The next steps for this project are to calculate
more observables using the Monte Carlo integration,
including electron-deuteron elastic scattering form
factors and cross sections. These values could then be
compared to Jefferson Laboratory scattering data, fur-
ther constraining the theoretical model.
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Calculated Detueron Binding Energy for Varying Numerical Parameters
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Figure 6: To validate the Gaussian-Laguerre quadrature integration, we vary the numerical parameters and plot the

calculated ground-state energy to show they produce a stable value.
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