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Abstract:

This thesis presents a method of graphical analysis for electric circuits which is based upon some of the
simple aspects of tensor analysis as recently applied in electrical problems* A development of the
method is made in such a manner as to be understandable by undergraduate engineering students. The
relationship 'between the homogenous linear transformation used in teaser analysis, and the ordinary
system of three simultaneous linear equations found ¢ in -elementary analytic geometry is shorn? and
the graphical representation of this transformation is used as a basis of the later developments# It
becomes possible through such a presentation to solve a system of three simultaneous linear equations
graphically* by applyingl some principles Of descriptive geometry® A brief development of the
tensor notation is included in order that this notation can be used in the more complex developments of
the later parts® The possibility of the study of electric circuits through tx graphical analysis based upon
such a presentation is discussed briefly* and a few of the fundamental methods of procedure for such
an analysis are presented® An extension, of the principles to include equations with complex
quantifies, is made* and these are applied to the study of alternating current circuits® General circuit
problems in this form are found to be very complicated* but most of the actual problems are simplified
enough that they can be handled on a practicable basis® The method is found to be particularly useful
in handling unbalanced three-phase systems* either directly or by means of symmetrical components®
With the latter® the transformation to such components can be made by aeons of a chart which has the
acme form for all problems of this nature.

In the commonly occurring cases where the sere-phase components are absent™® this chart tsheet the
form of a convenient slide rule* on which the too remaining sets of components can be obtained from
two settings of the slide# As with the tensor analysis which it parallels* "this method maizes possible a
simultaneous analysis of an entire network®. It also offers a graphical introduction to tensor methods
for the student who has had a limited mathematical background® Extensions of the graphical method
to other fields are indicated* and it is hoped that such Indications will lead to an increased application
and interest in the valuable and important concepts given the engineer by tensor analysis®
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A METHOD OF GRAPHICAL ANALYSIS FOR UNBALANCHD
THRER-FHASHE CGIRCUITS

by
Armin fs LA

Mogbraot

Thip theels prosents a method of grephical snalysis for aleectrie
cirauite vwhich ie hased upon come of the simple oupeets of Lensip
analysis as recontly =spplied in electrical problems A development
of the method iz wade in such a manner as fo be tndersiandable by wnder-
groduate sngineering stufents. The relationship betyeso the homogenous
livear pransformation used in tensdy enalysis, and the ordinary syshem
of three simulbsnsous linéar squations fonnd in slementary analyiis
peometry im shown, and the graphieal vepresentabion of this transfonme
ation iz uzod as 4 basis of the labter developmenise It becomen pussible
through such a presentabion to solve & system of three simuliénuecue
linenr couations gravhieelly, by applying some principles of descrliptive
geometry. A brief development of the tensor notabicn is ineluded in
arder that this notation tan be moed in the mors gomblex developments
of $he later parbs. Toe possibility of the piudy of eleetric eirculis
through 6 graphical anslysis based vpon sugh & presentation is dlseussed
briefly, avd o few of the fundamental methods of progedure for such an
analysis are presented.

An extension of the priveiples fo include equatlons with complex
guantitics iz made, ang these ere applied to the study of alternating
current eireuits. CGeneral ecireult problems in this form are found teo
be very complicated, bubt wost of the actual problems are simplifisd
enough that they cen be bapdled on a praeticsble besis. The method ig
found 40 be parblieularly useful in handling vanbalenced three-phass
systems, elther directly or by meens of symmeiricel components. With
the letter, the treansformatlon to such gomponenis can be medo by means
of & ehart whieh has $he geme form for all preblems of This nabure.
in the esmmonly ceowrring cages vhere the zeorp-phase eomponenta are
abeent; this chart takes the fozm of a comvenlent slide rule, on which
the tws wentining sete of components can be obialned fron Hwo setblngs
af the alidey

As Tith the tensor analysis which 1t pevallels, this method makes
possible & simuibtaveous analysis of en ontire netuork, It also offers
a graphical introdpction o tongor metheds For the shudent who has had
a limited mathematical backgrounds Eriensions of the grevhiecal methed
¥ other fields ave indicated, and i% is boped thet such indications
will lead to an increased applicedion end interest in the veluable
and imporiont concepts giveon the engineer by fensor apalysise
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A MBTHOD OF GRAPHICAL ANALYSIS FOR UNSYAMETRICAL

THRER~PHASE CIRCUITS

*The key to the simplest analysis of albermating curprsents lies in the
vse of graphical mevhods."l This statement made by Dr. Kennelly in 1898
has been well verified since that time for graphiegl methods have heen wide-
ly developed and applied in practically every branch of electrical engineer~
ing. In fact, in most cases the graphical development has paralleled close-
ly the appliecation 6f-the‘analytiéal mathematice, and often has proved so

valuable that it has become the accepted method of proceedure.

For instance, we find the concept of the time vettor used by Steiﬁmeﬁ32
as @ pletorial representation of the complex number which had bsen zo suce
cessfully introduced by Kennellyd and Steinmetzt to represent alternating
current quantitieg; A study of the effect on such vectors of the changes
which take place under certain operating conditions led bto the discovery of
the invaluable circle diagramd® which gince has éome into general use in the
analysis of the operatiﬁg characteristics of alternating eurrent machinery.
Likewise charts and graphs proved themselves indispensable in the study of
magnetic eircuits when the correspbnding mathemsbical equabions were found
0 be too complicated Tor practical use. A survey of the field of power
transnission reveals numerous applications of gfaphical proceedures, gome
of which, such as the Mershon diagram6, and the Dwight7; and the Thomas8
charts, have become standard equipment in the handling of many of the prob-
lems in this field. Similar applications are o be found in practically

every branch of the electrical engifieering field.
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The development presented in this thesis is an attempd o glve a
graphical interpreitation of a few of the simpler applicabions which have

recently been made of btensor analysis in the study of eleetrie cireuibs.

"For many years the concepts introduced by vector analysis were suffilcient

for handling thé typas of electromagnetic phenoména encountereq in slec=
trical eireuits and apparatus; bubt with the later increasing complexities
involved in machine @esign, Steinmetz®s complex numbers became inadequate
for universal application,*'9 Consequently, Gabrisl Kron of the Generéi

Blectric Company issued in 1932 a series of mimeographed articles dealing

with the applications of tensor anulysis to electrical maehinerylo

and gave
an informal paper on the subject before the winter convenbtion of the AIER
in TFanuary, 1953.1% This is apparently the first atbempt at such an appli~
cation in the field of slectrical engineering, but almost immediately a
widespread interest in this new tool was apparent, énd maﬁy.a;ticleé began
to appear concerning various applications of tensor and matrix methods to
electrical problems.l8 Rron revised and enlarged his original work, pub-
lishing it as a series of articles in the General Hlectric ReViewlﬁ, and
in this form it ié the most cmmpreheﬁsive tregtment of the applications of
tensor snalysis té electriec circult problems found in sveilable 1i%eratﬁre.

It is primarily on some of the elementary paris of this work that the

material of this thesis is based.

Pensoy analysis, from bhe very beginning stages of iis development
demonstrated itself to be an exitremely powerful and useful mathematbtical

concept. It quickly proved its worth in the fleld of gewmetry, and the
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demande of relativistic and quanitum physies showed thalt its methods were
capable of a wide varigty of applicaﬁionﬁq How these recent aﬁtemp%g'to
apply it to the type of problems with which engineers are primarily
concerned have clearly shown that here al lasit is a tool, powerful and
versatile enough %o cope with the increasingly couplex probleme of the

enginesring field.

The rapidly increasing interesd brought‘gbaut by the success df these
applications has made it imperative that engineers who wish %o Kesp pace
with present literature acguire a working knowledge of tensor principles.
In fact, it ig safe to predicit +that befcre long a thorough knowisdge of
tensor analysis will be an indiSpensaﬁle requisite of the well %rained
engineer. Up %o the present bime, however, such an undersbanding is the
gpecial privileps of the few who have had an éppor%uniﬁy to study a ¢oh~-
siderable emount of advanced mathematicse. HWow it has been found that many
of the applications presented in this thesis can be based directly upon
the moathematieal forms‘encoun%ered in elementary algebra and snalyiic
goometry, and therefore should be within the grasp of the undergraduite
engineering student, or of the engiheer whose mathematical background is
limited. For this reason care has beeh bteken Lo prasent ﬁhe ma$arial in
such a way that‘it can be undersiood by one whko has had no more than the
equivalent of one year of college mathematics. It is hoped that in this
way, such a presentation may help to bring sboubt a more general unfepr-

gbanding of this powerful mathematical coneepla
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Therefore! while the primaiy pﬁrpose of th;s thesis 1s to present a

gnaphical ﬁarallel of the appliecation Of tensc; analyasis to elechric citw
euibs, insofar as physical Limitations will permit, it is'also hoped that
the form of presentation will accomplish two other results. First, the
graphlcal presentation offers an excellent introduction to tensor methods.
One of the chief obstacles in fhe path of a general understanding of ter-
sors ia the difficulty of obtaining a clear mental picture of the concepts
involved,'* Since some of the more elementary of these ars here developed

graphically, and are thus given a physical ihterpretatioaw iy is hoped

this will provide a ground work of such a nature that the mental hawards

of the more advenced cdncepts‘are materially reduced. In the second place,
when such an approach is made, the close connection between the simpler
aspects of tensor analysis and the forms encountered in algebra and in

analytic geometry is stressed.

With these points in mind, care has been taken to develop the maberial
from the standpoint of one not acguainted with tensor methods; Ordinary
algebraic notation is nsed for the first developmeﬁts, with the:ﬁensor notaw
tion introduced for handling the more complex applications. Also an attempt
is made a® all times to keep the close connection between the graphical,
the algebraic, and the tensor soncepts in mind. For instance a.system.of
simultaneous linear equations is shown graphically as a transformation from
one set of coordinates Yo snother, and this in Burn ls shown ﬁo be the

equivalent of a fundamentalitranéformaﬁion‘used in tensor analysis.
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An might be expected, &ince ‘it 'is'based upon a different fovm of
mathematics, the graphicsl andlysis presented here' hés 1ittle in cdumon
“gith methods now in atdepted uge, r«:any-z{w:@e'. or. 1éss -su@é.ésaf-zil mﬁ%ﬁéﬁé
of graphical analysis for slechrie ¢ireiiva’ heve boen '&éﬁéwﬁéﬁg ’ amcmg ‘
‘whieh may be mentioned the oue by E&&ﬁﬁ.'q. ‘which ‘is p@-&i&uﬁ.@ﬁy*@yﬁiééﬁl‘e .
o vaviable frequency: eiveuits, those pressnied by Leel6, wﬁi‘eh%éi_‘.‘ire ‘-*r,"ng
effedt of ¥he variation of any ‘¢iréuil constant upon ‘the other. géix;ééii; |
walues, énd a :ée’eeziﬁly déveloped m‘eﬁhagﬁi of hatdling gmapl’iiﬁgé‘iiy fimpe'aéﬁcas
in parallel, given by eaemg.gr? Hovevor, all ‘of “these ave based ‘poi “the
equéations for o single Qi&awrie aire:mi%,, or purtion of a esweui'k;e Aa ﬁi‘%h
the ewmapamimg mathematics, 'i*;he aireuw eonstants are iﬂéx éf:‘a:eahly migen
‘gd with the values ‘{mpressged dpon the direui'b? with the resul‘% *eim*i; fxﬁm
sach new condition a hew equation musd be se&b ap, and 'lik:ewise & new

graphival plot must be madse

The strength .of the. tensor method lies ‘Lo the Pact thab w1l She gohe
ditions within.a complex machine .or ﬁe}wﬁm can be represented By a4 .é;mgle“
e;luatim} .+ apd this equation not eszly Jes um;hangaa in form when a ehange
vakes place within the cimuit but it is similar in form for smilar Pob=
lemp involving different netwovks -or machines. Likewlse the graphical ep~
plicabion sets up a space structure which is nisemlv in the analysis of all
problems of a certaln Hypes Vamatian of: individual guantities Wiﬁhm a
gmn problem can be studied directly as a shif® -in the pas&,ﬁicm of eerfaam
lines or pai.n%m 'in most cases nob affecting many of the e:ri:hex*l valuesg anei
in no ase affecting the general form of the problem. Furiher, wﬁsmn

gertain physical Limitations, thls method allows an analysis pf an ez_zfsix'e




network. ab. One time; -a Poahurs phich could not be expesied of & mebhed

basad: upon - the mathemabvics aﬁAavsingle~¢ixcuitrqn&$@-» Loy

: Applieaﬁions in ﬁhis %he&is will ha eenfxnad %e %he analyﬁis cf
elaatria eircuit& c&lyg thmugh tha same pﬂinaiplea may aaaily be' appiieﬁ
%o ather types of eleetrical problams as well as to prsblems &n oﬁher :
“ielﬁs of engiuaer;ng where he eorreapcndlﬂg %ensor tranaxarma%&ens ara
applieablen Sﬁeady s%a%a GOnditions only heve been eonslﬂerads ﬁhaugh
aéa n %hare seemg w6 be A pasaibiii%y of an am%ensibn 0 cover some %ypes
of ﬁrauazen% aanditionso. Ex%ensmans have been made %o.inaluda eomplax
qaan%itiesn however; making possible a‘a%ﬁdy of aléeénaﬁing eufrentS;

. The mqstﬂehgplata,anﬁlysas‘ara.@¢ﬁ§$pzelghég not move than thrves indee
pendent equations ave invelved. Therefore ﬁhehmstha@ iﬁ.Parﬁieulg%;yraaapﬁw
ed %0 & siudy Qf‘ﬁhraeﬂphasa Bystenss W@en'%ha principles are applied in
cbtaining the symmetrxcal gomponenss, pf an unbalanced thres<phase sysbem,
immediate snecess zs apparenﬁ for, i% becomes poasible %0 construcy a ehaft
fram which these mempanenﬁs can be wéa& eaaily@ and zn ﬁha eammonly oeoiTe
1ng cage whera the zera*phase eampoﬁents ave absent this chart fakes %ha

form of a very eonvenieﬂﬁ slideurulea

- No atbenpt is made-hore %o QﬁVG$ ﬁhewﬁielﬁ‘ﬁhnréughly or ko exhaust Yhe
possibilities of &ny p&rﬁigﬁmar branch, asxhhaygmyjecb appesys %aa‘ﬁﬁp&d to
permit more than a preliminary survey. Sarte gﬁ,%h& gassihilit&as:agg points
ed oub, howsver; znd £% is Hoped that enough material im presented $o glve
an incentive for a more compleve study of this appavently useful method of

prigsentations
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PART Tt - -STMULTANEOUS- LINEAR- D4UATTONS. WITH REAL.VAIVES ONEY « o

RMiﬂi"G and Implieit Wormess: + 4. o P G, :

Tt us begin by ;gagxsj.iﬁex?mg 8 systom of three simuljancbus linsar
equations;, LB Y b ez Ry | | '
L e R P 3« . bl o ; l : ,-1-;, e v S b i

BgX F .hgy *+ B8 = 13;3_, T U £

Lo BE T T e E

LRI )

vhaz-e: ‘the aﬁa,, bigy and c?s are mnstanb raal mmberss The valves af

R

Ky ¥ ami % whma 1*111 satisa,y ’bhase eqtm‘isicna nza:;r be f‘mm& bzr usin,g

detemninambe es followsy - . - '- L e

La'i; D represent %s d&a‘semimﬁ c%f ‘t'a!'zé 2, b, axui é ‘?&lﬁeﬁ? &nd ae@im
Ty as the mincm of al i By Po 4% the minor of day amw with 8 azzd -h $o

,represent‘*ﬁhe mmors of the b mnd € ﬁmnue:;se: resyectivelsr,\ Wiﬁh the a‘dc}e&ﬂ o

P
s

assmap#ioﬁ that the syishol indinde né% fmly the miﬁcr, but ‘alde the pr o

pezf pius m’ mnus sign aaﬁeramg $0 the pnsi%ion of ke 3sspeeﬁive a, b:?,'
or e va:i,ue in the deﬁermlnam 33, Such miuors wi*bh ‘pr@pe'ﬁ“ Sten inem&ed »
&ra kawn as 'i;he ”mfau%rs" o’i‘ ‘thew xfaepwﬁive za,, b, o e m.mbam Equa«

‘mimm (1) Inay ‘bhen he "smlvescl"{ fo’r* x,, y, an& % in w‘;vhis i‘es:t’mf

s ) .
L L CH L, 6

‘ _' 34:* k1r1+bgrg*k33’5
A R I L N D

y = 3{181 Sl l‘lcgsg "i‘ikgsg | S Lo (2)
; PN 0o Dy "~’;,; CLL
: i I, v S ':. . ‘- . . . ." v ‘zj ’2‘.“;{}‘ . k‘tl%l‘ :ﬁl kﬂﬁg * Kg‘.&‘g? ERE S T AN _' P " P

LTI K : LT RPN ~ v ey [N v \:,'.

AR VR T

Thesa equa‘oi«ms may, now be pu‘b in a fmc*m similar 1;0 ‘i;ha% aﬁ aquatiwzs
{li by sa’sﬁmg ﬂp 8 deteminaﬂt oi’ the eeef’i“i cien'bs whieh wm;ld be t:he -

"_':'.xw_gz;s@ ax-gnspose" of D. This iz done by degtgminit;g nine pets. of values




(which we can reprssent by the letbers 4, e, and £) such that:

d = L. ey = X2 £y = 1B
1 5 1 B 1 5

‘ = B = W3 e . S8 C oy
. = b2 - 33

giving us equations (2) in the Pform:

X = dlkl + Blk2 + flks

y

it

doky + egky + folix (4)
z = Ggky + egky + Tyl

Hquations (1) and (4) are now in the same form, but we can see that

the positions of the x, ¥y, and % values and of the ky, ké, and ky values

have been inbverchanged.

In order that no confusion may result in what follows, we will spesk
of the x, y, and z values as being in the *implieit" form when involved in
the equations as they are in equations (1l); and as being in the “explicitr

form when in the positions they occupy in equatbions (4).

Interpretation of the Equations as a Transformation of Coordinates:

Select a system of coordinate linear axes in space and leb the POSim
tion of a point P with respeet to them be defined by its coordinate dis-
tances, x, y, and z. Wow debermine another set/of values, which may be
called x*, y¥, and z%, in such a way thatb:

X' = a)x + by + €12

agx + bgy + c3z (8)

it

y!

1t

z' = agx + bpy + oz




.vhere ;jhe. ats, Wiy, and.e's ave. pnee ,agam-:a"nnsdsanﬁ Falussy Seps fhey are

nod dn any way affecy bod b;r $ha pcssi'&icn ai" he. minh Pa .

Fow Shink of “bhe = ?:-pi y“ " and gv as“repr‘as'eviﬁi'ng %falﬁeé--sﬁ’ﬁ* “the  coppdie
.-'ﬁates oF P with vespedt Ho ambhar g6 ot akes, X’ Y?g and- Z¢ *aspacﬁwea y;
From squations {B) it mlﬂ. B8 gesn’ “phaty when the ‘;ramss of m ¥, and 7 are
Zero, the values of %7, ¥, and z? drg 4180 zervos Thus Xty Y?, and % gye

- doprdinate a:i:es“}‘m’sfiag'a'-czmﬁcm‘ m;t sin wix.h ﬁha wigmai sebs

Equai;wns (5) Zna;r ‘Bherafﬁ;?e be sam *ﬁo represent a ﬁrausi‘ema%mn M‘
| '%ha sbordinates of P fram the ax*igiﬁal %2 yﬂ and z valies to ihé e xff
’y* and =zt valués« m Wost of B apm:ma‘blons i-a ml? be i‘mm.d movs cons
venieén‘i; %0 have :a:, ¥ ami Z empressad expliaitlyg hcswever, and this ¢an be
dezze by 'bhe mothod shown in the preeeedmg Sé(ﬁfl@ﬁg %husv »

| R R E R

| LoyEaET ey et T (8)

5w AT S gt 4 Bt

wheve the dotermifiante of vhe dfsy o', ‘and s iz the inverss iranspise of

‘that of the als, b's, and ¢fe 48 fn equskions (4),

Trom the similarity between equations (1) and (BY » and bé%wee'n"ﬁé)
and (63, 1% may be Seen ‘bba‘ia aﬂy sysﬁem of %hros simulﬁaneﬂus 1inaa‘w
equébiéﬂs gan be | n’serprer.ed s a %ansfamahim,, mem syeczfiaally as
8 hamagenema ‘bzﬁanaf:mna%ioﬂ, Phom ong sysisem ot eaarainaﬁes o azwmem
T t’éﬁll’l therefore Be in order for tas 'i‘;a examine Shis %raﬁssz_ﬁa%on in

greater detail.
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The Unit Pointe:

One of the first problems will be to delermine the form of the -
sevond set of sxes. This will ianvolve First of all a location of the':
Yunit points" on these axes; i.es those points which will have as %heiz?"

x7, y*, and z' ¢vordinetes (1,0,0), {0,1,0); and {0,0,1) regpectivelys.

Let us consider the first of these, the unit point on the X¥ a:;:fs;
with coordinates (1,0,0). In order o losate this point with refersnce
%0 the original 'sef; of axes, i.e., %0 find ﬂ.és X, ¥ and =z eaardina?teé;a i:i;
is mérely necsssary to subshitube the given vélues of x*, ¥y, and gt in
syuations {6). The threa #our&inatesj of the X' unit point are immé&iat’ely
sgen 0 be ‘(.éi-gﬁggég)w Likewise the Yf'.. unit point will be Found 6 have the

coordinates (oy,es »63) , and the Z' uni$ point the coordinates (£1:T0585) 0

Let us nnv;z investigate the point with x7, ¥'s and z? coordinateg of
(2,0,0) » By substitubing ss before, it will be seen that its 'coor&in:aﬁ es
in the original system ave (2d ,24, ,2d,), or in other words, i is a point
gn a straight line through the origin and the X* unit point. More géﬁerélu
ly speaking, the poim{ whose ,tr&nsfofmed eoordinates sre (‘K:PQO.QO) will have
coordinabes in the original system of (x;'a px'd éx"d g 5 and if the‘vaiues
of the d's ave consfant, it can be seen %ﬁa‘k these points all fall on the
seme straight line. But these points ave algo on the X* &xis, and if x* is
allowed bo take ¢n all réal values, all points on Hhig axis will satisfy

these eonditions, In other words, the X* axis is a sﬁraig;k‘ifs line.

Likewise it ocan be shov-}g $hat the ¥* and %' axes are shraight lines

Py
)

and we ¢an mske the general statement that if the cosffipients in the

oy
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equations (5) or (6) are constants, both sets of axes are linear, and
conversely, if all the axes are linear, the coefficients of the equations
must have constant values. Therefore
these equations may be said to repre-
sent a homogeneous linear transforma-

tion of coordinates.

A space representation of such a
transformation is shown in fig. 1. A

right hand system of axes in a rectan-

Fig. I Unit Points and AXxis gular Cartesian form is chosen for the
System for Linear Transfor-
mation of Coordinates original eet for simplicity and con-
venience in plotting. It may be remarked here that the discussion given

above la perfectly general and that neither set of axes need be either
rectangular or Cartesian in form. However, we usually have a choice in
the form of one or the other of the sets, and throughout this thesis the
original set will be given the rectangular Cartesian form. This choice

should be made wherever possible for the added simplicity it gives.

The coordinate distances of the unit points representing the various
coefficient values of the equations (6) are also indicated on fig. 1. It
will be noticed that these are measured in the units of the original system
in each case. Also, it may be noticed that the transformed axes are labelled
at the unit points instead of at the positive end as is customary. For con-
venience the unit point and the axis will, be given the sane symbol here. As

it is always apparent to which reference is made no confusion should result.
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Danger of srowding and %he relat$ve unimportance of. the wniy pazaba om
ﬁge original Cariesian axeg makes 1t impwaeaieal o apply Shis ecnvemim
o them, and ﬁhey will be lshelled ab their positive ends in the usual
mapher. Also to prevenit tog cﬁawdedta picture, the pesitive reys enly of
the trensfomed exes will jia,_e ghown, and these sxes will always ha-ﬂmﬁﬁ
in color. The X%y ¥', apd 2° aﬁfmbala will always refer b0 the ﬁzﬁansfeme&
system, and these axes may take any posibion as long as they aﬁe'miﬂeaﬁ
"and the origin im eammon‘fug‘bwﬁﬁ‘sysﬂems@. Likewise Xi Ty and 2 i3l ai»
ways velfer ththa Qriginal.?eeﬁangularaﬁamtasian,systamﬁ ?hiSsﬁaﬁaﬁﬁbﬁ

will be used until the more ccnvenient,ﬁeﬁéor-ngﬁaﬁipn is Inbroduceds

Coofficlents and Coordinabes:

It will be seen, from this analysis that the position of the unik
_pointe depends only upon the values of the aéaﬁﬁ%@ieﬁtﬁ in the equations
of transfoymation. Thus, sines all @mé are lineair,  the zgélmmre poates
tions. of the ﬁwglsatﬁ'ameAéefiﬁiwaly fiﬁad by the values of tﬁeae‘eéeffiw ”
cients. These values may theyefore be said o debermine $he bransformge
tlon, and when,arfaﬁgeﬂmas~a~maﬁwik or determinany will Be known as the
matrix or determinant, respectively, of the transformations.” I iz thus

& very simple progess tb.reppﬁsen#-%hevaeefficien&g in any system of two

On.the other hand iﬁ:eaulbazﬁeanvﬁhaﬁﬁtha values of $hie coordinates,.
By Vo, %y and @by y¥y 2%y depend oply upon the pbﬁiﬁi&&naﬁ"thé point B and
the form of the parpiculer axis sysbem refeived bo;. unot-beihy involvred in

any way in the transformatien frem one system bo the obhers.




The $paca~ivfe§?!§¢f:h B e P N T Yy : ,

- .i'&.hés- alresdy beon soiiced ..%ha%s ﬁhe. '.:‘ia,WG;E: systhens, gf.;:;zxe,ss.-: ha.yze,_a; tzmn» .
mon opigin. It may also be. mbsarveﬁ that the. ;;asit:im of. the paizl“b wii:b.
respoch S0 this origin is hos affected by dhe posivion of these axesu _Jet
ks now draw o -spagesvertor OF; and 4t wi,ll be.spen.al onee, Shat :%hez» magniw
tuds and- dzx’eesim’x of' $his. vedbor. fa. zm B, way dependent “pon the sjs%am
of axes: selecteds Iy iz -thus said to be “mvamant" under any wanafor:ma»
tlon of the Yype we Nave bsen dzseussixim Iv %ensor snalysis such FRvari-
ank faxfms ave of $he uﬁmasn mpartama@ for. a’nmxz Bhem $he vhole, scheme of
analysis is buili. ‘fi;ia:- mwfw sl Lk .ﬁhérefwe ‘b, of pﬁmary @mp@%amea in
*Bhis diaa&saim Por we will f‘ind that vhile it will always be refema& ‘im
scme sys'tem Of axes, i.'bs pmpart&es ave mcw*e fun&amen@al ’ahan thess t:si‘ any

sueh sys%em, fcm w remama unchangad m any system ‘i:hat may be selec*ﬁeﬁa

ﬁké\aequinm$e Velues now fuke @&:a-newjméaaiﬁgﬂﬁaﬁ %h@ﬁ’beccme'ﬁh@‘
componsnis isag the spase~vaciiod perallieh fﬁé theiy. respeoiive :5,3635:@" Suek-d
Teetop  thng ..gives Us a graphical representetion of, the velstions &aweau_
the #wo sets of doordinambes, and sinee it 4 invariant it makes it immedi-
ahely possible 30 find ane pf*&he setey 'hawgr-xg- given the ovhew set and %he

squations oF transfoemabion, .

Graphxcal In%erpreisa‘oi o0z

We dan i;%m represent thrée smulisaxzeuus Jn nga eguatﬂ ong as 8 h@ﬁ(}*
geneady Iinear transfarmaumn ‘of “§he Comporent fraluss of a spaea««ve@em
and can x'epresenﬁ ﬁhis $ransformebion g:r*aphwany ag I8 done. in fig. Sy

Tt now bEcomes paas&ﬁlé to give a gmph:.cal interprc*hatmn to gach af the
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component parts of equations (6). By selecting the two sets of axes as

was done for fig. I, the nine constant coefficient values become the three
sets of coordinates of the three

Z
unit points, X7, Y*, end Z*. The
two sets of variable or coordinate
values, x, y, Z, and x*, y*, z*“, be-
come the two sets of three components
X Z each of the vector OP along their

respective axes. Thus the fifteen
component parts of equations (G) are
represented by fifteen separate val-
ues in the graphical picture.

Not only are the components of
Pig. 2 Simultaneous Linear

Equations Represented Graph- the equations kept separate, but of
Ically ae a Transformation
of Components of a Vector more importance Is the fact that the

coefficient and the variable values are represented by two distinct types
of configuration, for while the coefficient values determine the form of
space structure which is to be used, the variable values represent the

relationship of an Invariant space-element to these reference forms.

Evaluation of the Explicit Variables:

Assuming that the transformation determinant is known and that the x*,
y*, and z* coordinates of the point P are given, it is a very simple matter
to determine the values of x, y, and z graphically when these are expressed

explicitly as in equations (6). If two equations only are involved, the
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representation may be made on one plane.

becones necessary to have a space figu

XZ PLANE

If three equations are given, it

re and this is best shown for these

purposes on two projections as

shown in fig. 3. a third quad-

rant projection of the right

hand system of axes is used,

which places the horizontal XY

plane above the vertical XZ

plane, and keeps the positive

ends of the Y and Z axes up-

ward, and of the X axle to the

right.

Pig. 3 is a representa-

tion of a definite problem:

Given the equations:
X = Bx* + 2y" + z*
y «4xf + y* - 2z*

Z = -X* + y" + 3z*

Q)

Show the relationship between

the two sets of axes, and

evaluate x, y, and z for given

values of x”, y”, and z*.

Pig. 3 Evaluation of Explicit Variables

The unit points, X", Y\ and Z»,

and (1,-2,3). Plot these and through

will be respectively (G,4,-1),

(8.1,1),

each in turn and the origin construct
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the corresponding axis. Selac%ingsaﬁmévpainﬁ P, loented by ite coordinates,
gay (By=344) ; dﬁ,ﬁheﬂtmaﬁsfaﬂmeﬂuaxesg-iaaw-hav;ng~giVBn:x‘=25;y%%$l;:23m44,
¥t will be found. that the coordinabes with respset o the original sysbem |
dan'ka-qbﬁaiued‘by”ﬁakiﬁg(%Wiaé‘eaah-gfﬁtﬁe-Q&rﬁQQIanscnmponenﬁsnefley mins
vl oha of edeh comporent of ¥ty plus. ﬁmur twimes gach tomponsny. of. %*-vﬁhaa
adding algebwaieally sll of the eemponents parallsl .60 each of ths erigingl,
aress Thip would ‘give the valus of x as. ‘BB 4. (»1)¢2 *-éﬁlg‘ﬁrley'ﬁli@h ig |
identical with the value which would be abtainad by substituting the siven-

values of x%, y%, and ﬁ’ i aquatians (7}0. e 1A-:L:xﬁ

‘Graphieaily'ﬁhis praeess cgnéisﬁé ﬁarely of reading off the«reaﬁaﬂéaw
lar Cartesian coordinates of the point P, once 4% has been loea%aﬁvwiﬁhxrea
forénés 'to the trandformed systen. For insYange in: the problem given; tha.

coordinates of' P ¢an be wead from fig. 3 .a8 {B,«1,0) oy this would mean
28, yol, %29, ultich cheok tho values Obtained. by subsbitublons Thus 4
the pransformetion consdtants remain unchangad, the values of x,.¥, ebd z
for any set of values of =%, y', and %¥ cay be vead divechly Srom . dig~
gram such as Digs B« I% will be shown laber that this apparently very.

simple proceedure tan b givén gdome very useful applicationp. -

g?%ension‘ﬁa Faﬁr énﬂ‘ﬁdmaf@qéagiana;

The method of msing projection planes can easil 1y be. extended to cover
the conditions which arise when four o more simuljaneous pouations sre ine
volved: TFour equabtions, for example, will reduive.four originsl and four .
ﬁﬁﬂﬂﬁfﬁ?ﬂéﬁ'ﬂﬂéﬁ#l o gpece figure of auch mn arrengement ¢&ﬂ b$‘ﬁ$awﬂ,iE

onie view, of course, bub by selecting projection planes proverly, as shown
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In fig. 4, it is possible to evaluate the explicit variables by the pro-
cess just described.
Let the four rectangu-
lar Cartesian axes be repre-
X seated by W, X, Y, and Z

and the transformed axes by

point P will now be located
by means of its four coordi-
nate values wf, x*t y*, and

and the explicit values

y, and z coordinates of

Fig. 4 Graphical Representation of Four this point.
Simultaneous Linear Equations

It will be noticed that the fourth plane is used only for a check, as
any three planes will give the desired information. Extensions can be made

to any number of equations by adding another plane for each added equation.

Evaluation of the Implicit Variables - Solving the Equations:

Since the space vector fixes the relationship between the two sets of
coordinate values, it should be possible, having one set and the transfor-
mation given, to determine the other set, whether this set is in the expli-
cit or in the implicit form. It will now be shown that It is possible to
evaluate the implicit variables, in short to solve two or three simultaneous

linear equations, by a simple modification of these same graphical methods



E”e Wil‘! 0w have gwen the *m:v.u@s ﬁf %he g ¥y and B in etgua%:wma (6},
oY in wher wo‘nde. the reatangul.ar aaordmai;es of the pcim} B Wity be xfiamg
- Ghe melem Do bscomes -one of’ deternining the éw_pon@ms of the veeﬁt}y op
parallel ”iw eaah "¢ the’ transTormed- axes whon These axes zaay ma}ze any' aﬁgle
with eadh Gther, ‘or with the omginal seiz« ‘ lﬁs an ba &mze quwa easx.ly
in 5 plang when anl:, i;vm equa‘aidﬂs ax»e invalvea, "imﬁ in erdar f;o fimi these

amnpanams in ﬁhme amensions’w is neae%ary i:a prajeet *'zshe figure oxnm &

*%;him pla.ne whi,eh will be ;Qerpéncliaular im $he %hne af twa Qf %he ]
fcmaa ARG o ﬁh&s may be d{mea ’by ayplxring v:he prmeiples of c&z*%hmg;aaal
| pmjwﬁim us *fwxzé in amr gl emem;ary ’ﬁerﬁ m ﬁeserimwe gemewm zéw

' mmveniaﬁme %& eox&sﬁmwimn is z;hcmi “ii‘i fig.; 5 B am} is desgmhea he.eea

ctms%mctim fezr (}raphieal mlu'bien of Three Eauatmnss 18

.. From the Sransformabion. souetions ccnstruﬁt *éhe Sy sets af oxes
ag was done for fig. Ly agaiw kewping X; ¥, and Z orthogonal aud Gare
i}esiam Ve tvm lanes ag. :sz i 3; and nse thind quaamw pmjecﬁim,

: In the verﬁieal Plan@ .‘iv draez &8 G@naﬁxue‘hicm line e-»g;, harimmala
Ly, &4 such s way that &% infercect two of the azes, say ¥* end &%, in

. the peints e and g resppetivelys Projsel from the points ey and g fo

oo Pkany T, Loc&ﬁmg ep and By as the indorsections of the. sorasponding

projeatmn ines and wesqz Druy Yhe line es-ggs

. ﬂal@xc“?} s thiva @lané mﬁ,, ad fagent. bo- Plane 11, by dmwiksg Bhe

 Folding 1ins FLg,,.;g, perpendisuler: 3o Sgegs. . Now since dhe Lling =g is
horizontal, s projection on the’ hobizonbal plaws Will be pardllel )
A%, Plans ITT will be pevpendicwlay to ib, and i% will project on
Blane 15T a8 & polhd sugs. Fuvbher, Phane TIT will also Be parp@%mim
eylar %o the plane YFOAY, and this plane will vrojeet on Plane ¥IT as
the mzm Oe¥Taltyn  How projeet Y and the veetor OF 4o Rlane TIT.

.Lh& emxg;mam m‘,* @P gamilal %9 tHe O ams can now bg found on
Plane TII by draging. the line }’Wagmrallel W0 0¥ty until 1% fnter~ -
Betts The plane YYOBY, i.8. the lihs Og¥¥3%%3e This will give ong pro-
jeotlon o the point H.- *;‘he sbher sey be Pound on Plane XTI as the
intersection of 4 projwetion lise from Ry and a iine drawn throuph Py




/%/4/yr Iz
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/s
Given:
2X" + 4y* +
SXt + Z*B
X* -
Solution:
Fraomi
Plane

z7= 1) Il

Fig. 5 Graphical Solution of Simultaneous Linear Equations
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ﬁarallal $0 0pX'3. From the point Ry bhus located, a line pavallsl
to, 0¥ {or agwg i, preforved) can be drawa until 4% intersests.the
ooy axis in Baq - How 08, S8, and P will Yo the Yhres canponent |
 1ives vequired, #6d dhely vespachive lenglhs!in Sterns Oof ie unit
lengths of Sach of the ‘sorresponditg axes wxll ﬂa ahe *aquzra& yalw
-ues of the respeeﬁiva G@Qfdlﬂateﬁw e : :

3 LY

sznae eaeh af ﬁhese l;nes iﬁ parallei o i%s vespeetivé axaé, 1%
.. is not necegsary. thek wo heve projegtions of each in itg. Trug length
- ke ‘apcerlain tHese valuesy howsver, foy sach ons will be. f@yeshara@sa&
. ... on any ppojeshion plone. in sxact prgparﬁiﬁu B0, the fomeaharhanxng ef
- the uni¥ disbance of. e corvesponding zmis on the same. plane.”  Ta
: . .. other words the weguired walusy Hf x?} ¥y and .27 can be Fonnd frum
" Plapge IE ss the lengths oft the wrcgaaizans ‘of ahe scorresponding cothe
porens Lines .en $hat plang in. vemds of the q&rraapaading(gx;ai uuzt
distences as shown o bhe sane plane, opr C

—t Hobp ok o LBgB n L T Delg
- R N e RS2 1 I ammeinmain - {8
o ﬁgﬁ"a" o e E}pY?g ; “ ' {‘.\252'.?2‘ %)

fh@ae vation’ ean big’ easzly evaluaﬁa@ b; any ana af Savaral.ma%h¢&$9

i ’bim aaﬁmaﬁ 'geréhapa bam;g o mnawre ﬁha liaﬂg% Q‘f’ the pm;jaemm ebﬁ IRP,; |

Cfaw ins%anaaﬁ wwth a d&wiﬁew Beh f@% tae prugaetsd 1anguh af the GK? mnibq

© o Thag the eguaﬁiﬁns gan e solved by a8 puraly geaphieal proaeeﬁures Fayahar,

" the metlidd is perfectly getoral for éli,ﬁww and three sqguatvion sysStems with
conabant eparficlents, havipg only physiaal limi%aﬁ&ans a5 we find- cnmmon :

ig all graphieal proceedures,'

9

The Denaor Kaﬁaﬁiﬂn@a -

e now Baﬂh a point wheve we ket nrbfﬁtahiy in%raduee some af %he
_ valnaule eontepis af~%ensmr na%aﬁion, siﬂae %hia na%aﬁian is par%iculaﬁly
fa&ap%a& %e probiens of #hﬂ type we hava bgan ﬂiseuﬁsimg, ﬁnd will aavq s

«mueh\ﬁima and. %xaubla in ﬁh@ apnlicaﬁiaaa mhinh ave o f@ll@Wé

Instend of Indiseting a series of variebles as we have Hone heretofore

by means of an %Y, 4 nyﬁg ahﬁlaw“z%@'gglyvana symbol will bé #sé@g'Wiyh
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different indices to distinguish between different variable quantities
it may represent, Thus, instaad of the above, we would use Xqs xgﬂ and %z,
We now make two additlonal modmfzcatlonse First, the letter "yv is CORIROL
ly used to indicate a system of variables in rechtangular Garitesian coordi~
nates, while "x" ig used to represent wvariables in any sVsﬁem.h Also, the
type of vector we have been considering would be known as "eontravariantt,
and superseripts rathgr than subscripts.are commonly used in ids represento~
tioh. Our values would now be represented by yt, y2, y%, for the x, y, and

%y Trespestively, and xla xE, xs, for x', y¥; and z*.

Another convention is the use of a lijeral index to represent all the
numerical index velues from 1 to % in turn. Thus y¥ would rapresent yl,

y?, y°, and our squations (B) now hecomea; -

]
et
]

oly’ + afy® + ofy®
14 0242 4 gB2y5 :
= G%y - 02y~ + Ogy : (10)
ByL 2, OB
Gyt + GBy® + oByP

or %0 shorten the notation Ey-usa of literal indices:

HM
i

M
L&)
n

xt = 2:'0

[£14 .
. . 3 ' . ‘
x# = B %" or xB= 5 %" {11)
%2 = > Cry

I% has been furbher agreed that when one index appears twice in the
same term -- as it does on the right side of equations (11) ~- a sumation
of the three terms represenited will be assumed, and the summation sign may

therefore be omitted. These sguations then become:

x® = Cfy" | | (12)
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which is the usual form of ‘ensor notation For equations such as those we
have been considering. In tensor analysis these equations are said B0 re~
preéent a btransformation, and in particular i all the values of'thg‘matrix
03 are constand, the trensformabion is linear. Also, each member of the
above "tensor squation” is an invariant, sinde it is not cﬁangéd“by the
transformation. These concepbts are exactly what we observed in the study
of equations {5) and (&) graphically, for the G; is the set of constant
coefficient values, while the members represent the space vector GP. Tt
may be poinbed out that this vector is reﬁyesanted by its components, as
it slways will be, and tha% it is these values, nob ‘the vector, which are

changed during the transformation.

A vector such ag 0P, representad hy three eam@onent values, is known
as = tensor of the first order. ‘Tha matriz G? represents anine differens
terms, and is known as & bensdr of the second order. Hers i% 1s bthe tensor
of %ransformation, and will be known as the transformation tensor or matrix.
The determinant of the nine valuss vepresented will be indicated by [0l and
will be known as the determinent of the transformation, being identical

with the "D" of equations (8) and (3).

S0 far we have been discussing the Yensor eguivalent of equabions (5)
though it was found ﬁﬁat the form of equations (68) wes much mova'ﬁsefﬁi for
our purposes. In order‘%a veduoe the equations repfesented by the fensor
equatioﬁ (12) %o a form comparable with that ofuequations (8), it will be
necesaary to obtaih & matrix or bensor whieh ism the‘”invérse" of Gg, and

which will be represented by the symbol YE.
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This "inverse" form is defined sueh thad eééh slemen: of the dader
minant (Y] ise the éalue of the cofaetor (see page 12} of the sorresponding
element in |¢] divided by the value of |g] . Using these aymbclé, squa-
tions (128) noﬁ becone:

Ve & Y Dty _ (13}

Hownver, here the indiees ave subscrlnﬁs, indieating Wcovarlaab" ben-
BODE e which are defined as those tensors whlon transpose 1nverqaly ta
’%ha contravariant tensors as shown here. This covariant vectgx~can be
dvawn in much the same way that the conbtravaviant one was, but the compo-
nent values are no longer the coordinates of the terminal point with re~
spect %o the various ares. Thué from a gréphimal stendpoint, the covariant
form is not useful 0 us, and 1t will be necessary to changse this vector in-
to a contravariant opne. This can be done simply by "transposing® the brans.

formation tensor, i.¢. by interchanging the rows and columns in its deter—

minant, and then shifting the indices of the component vector values. ‘The
equations now are in the desired form, equivélent $0 equabions (6).
y* = Y xS | (14)

Many problems in connection with electric eircuits involve systems of
simultaneous squations, and the tensor ngﬁation a8 well as the graphical
nethods deveioyad shove are v&r& aﬁglicabla té'thageq It will be noticed
in eguations (14) that the farbesian soordiﬁates are in the left hand mem~
ber, and this member has only the one seid of'guanﬁitias invoelved. This is
an indication that we are going to use the Cart;sian éoordinates as the

original reference sysfem (as we have dope in the graphical development).
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Thus it will be the most convenient to indicate the olbages in electric
circui$ problems by means of bhese "y” values, for in most cases the voli
ages are impressed upon, or fixed by ccndi%ians outside the network, while

. the curreats depend upon the volbages and the network consthants.

Since the coefficlent values discussed in this part ave real and con-
stant, these will represent resisbance values only, and we can represent
the transformation matrix by Rﬁn Thus & system of three simultaneous eéuaw
tione in a direct current network would have the form:

| B = gD (15)
which is similar %o that for é single elamént in ordinary notation.

‘ ¥
It c¢an be shown that equations for complicated netwoerks, or for the

analysis of complicated machinery, cah be reduced to some such simple
jtensor expressions This 1s perhaps one of the most valuable aspects of

this aspplication, for with this notation there is no longer a need to seb

up a new equation each time a new problem is atiacked, or the conditions

of a gilven problem are changed. The close reélationship which exists between
various types of problems is kept in evidence, &nd mental and mathematical

processes are therefore Kept at a minimum,

The transformation shown by equations (12), (14), and (15) is one of
the fundamental ones in ‘tensor analysiss We have therefore not only demonw
strated a method af.solving three gimultaneous‘linear equations, but have
also glven a graphical interpretation of this important transformatioh as
well as of the fundamental tensor concepts of =@ GOntravariantrvactcr and

>

an invariant.
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Buch a transformation, of courge; has a wide-spread application in all
types of problems, and in any of these the graphical method presented here
may be used to supplement other types of analysis. In electrie cireuit prob-
lems, K;onalvﬁas shown that such a transfbrmation may not only be used to ob-
taln currents in terms of volbtages and resistances, or viee verss, bub it
may alse be uged to calculate curfents in a éystem after a rearrangement of
system elements in terms of the currents before, voltages after in terme of
voltages before, and other types of relationships. Thers will not %Be voom
here ﬁo;mention all types of such applications: A few ave ﬁresenﬂed, nore

to illustrate the preceedure than to 06VQr'any one branch of the field, and

more extended applications will be made in later parts of this thesis.

Applications o Problems:

The problems presented here deal with applications to slectric circuits
only, though it should be kept in mind that the method usged can be applied
in other fields as well as o other types of electrical problems just as
readily. Since, in this section, we ave dealing with real mumbers only,
the problems will invelve only resistances snd direct current ﬁeﬁwarksv
Actual solubions are not ecarried out, as the methods gre those presented
above. In each case, however, the equations and transformation matriyx are

indicated.

It should be kept in mind that for purposes of graphical shalysis and
for vroblems where it is not nécessary %o evalilate the Yimplielt” wvarisbles,
the method can be applied to any problem which involves a system ¢f gimule

taneous linear equations. The problems presented here sre confined to those
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whioh Involve not more than three independent equations, and which there-

fore can be "solved” by the graphical method.

Problem 11 Given a network as shown in fig, 6, set up equations for
voltages in terms of three of the currents, and arrange the transfor-
mation matrix.

Equations:
el = 1Irl + iSrS + iBrS
E2 = -IqRi - 11R4 + I2R4
% = -1SrS + 1SrS + 1SrS
Matrix:
rl r2 r3
~(R1+R4) R4 0
0 -RS  R3+R5

Pig, 6 Network for Problem 1

Problem 2. Given the network in fig. 7. Proceed as for Problem 1.

Equations:
Ei= 11R1+I3R3

O = LiRiI+1iR2+1IR5-13R5-12R2
G = I1R5-13R3-13R4-13R5"I12R4

Matrix:
ri 0 r3
R1+R2+R3 —R2 -R5
r5 R4 _(R3+R4+Rs)

Fig. 7 Network for Prob. 2

Problem 3. Given the network in fig. 8, Proceed as for Problem I.

Equations:

EI= IIRFTI5R2+15H5-16R2

E2b [11R3"™*I5R2"'I5R3™16R2+1GR3+16R6
E3= -1iR4+15R4+15R5+16R6

Matrix:
ri R2+R5 -R2
r3 -(R21BB) r2+r3+r6
AJWW —«4 R4+R5 RA

Pig. 8 Network for Prob. 3.
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The equations in each of the above problems give us three current vale

ues oply. Of course, it can be seen that by proper substitubion any three

of the various values can be found. However, it is also possible to obtain

the other ecurrent values in terms of the Ehree considered by means of a gece

ond trensformation as shown in the example given here.

. Problem 4. Given the network of Prob. &, £ig. B« By means of a graphe
ical transfommation, obtain the values of the currents, Iz, Iz, and 14,
in terms of those valuss used in the equations, i.e. Ii1, Is, and Ig.

The sguations relabing these currents are:

Ig-': , Iﬁ“IG
Iz =1y -~ Iz + I
Ty = Iy = I
and the itransformation matrix is:
0 1 mlg
Yi= |1 [-1] 1]
1|1 Of

or pI%= ygr® (16)

(17}

Such’ a transformation may be plotted separately, assuming Is, Iz,
and I, as values in the restangular Cartesian sysbtem. However, we can
easily find the inverse btranspose of matrix (17) as: ‘

12| 1] of
of =[1 | 1|~
o | 1| -f

(18)

and using this form we can work directly from the current axes of the
graphical transformation for Prob. 3, finding a new set of axes whose
‘coordinates will be the values of the three required currenits. The
graphical construelion for this double transformation is shown in fig. .
8, where values have been assumsd for bthe resistances as follows:

Ry =33 Ry =5; Rg =1,

Rl-"-‘B; Bg=l; 123:4;

giving the transformation matrix:

2 4 | -1
By =|4 | -5 6
6 | 1

§ c:,q

(19}
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9 Double Transformation

The space vector OP is shown in
black, and the six components of QP
parallel to each of the six trans-
formed axes will be, respectively,
the six required values of current.
On the diagram the axes in red (la-
belled Rs) are parallel, respect-
ively, to the currents I, 15, and
Ig; the blue axes (Ct) giving the
values of 12, 1g, and 14 in order.

Since both sets of axes are at
various angles, it will be necessa-
ry to draw two additional projection
planes, one perpendicular to a pair
of the Ra axes, and the other per-
pendicular to a pair of the Ct axes,
if we are to make a complete study
of the problem. Such a complicated
figure results, that unless a parti-
cularly open form is possible, it
will hardly be practicable for
actual study; and two separate fig-
ures will usually be much more con-
venient.

This application does, however,
show a case where both of the trans-
formation axes are in a general
rectilinear form, and it also demon-
strates the possibility of trans-
forming from one sot of current val-
ues to another. In addition, it
shows the possibility of applying
a "double transformation'™, i.e. a
second transformation to a set of
transformed axes, and gives a graph-
ical interpretation of the tensor
form:

Era= CX I 8 (20)

where is the tensor represented
by the matrix (18), is the mat-
rix (19), 18 represents the cur-
rents lg, Ig, and 14, and Em are
the three given voltage values.
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Graphieal Analysiss

One of the primary adyantages of a graphical repxesenﬁaﬁion is that by
means of it the effect of the change of one guantity on the/ether‘quantities
méy be chserved directly without the necessity of mathematical caleulation,
We are particularly fortunate with bhis method in that each of the quantif
ties involved is represented meparately from the rést. It thus becomes an
vasy matter to make & graphical analysis of almost any nature desiraé¢ Ho
attempt will be made here to @iscuss this phase of the development in de~
tail, as this is an extensive study within.i%self. However, some of the
types of analyses which can be made are indicated, with the idea in mind
that they may at some Vime be studied more thoroughly, that the full value

of these concepts mgy be realized.

Effect of Variation in One of the Implicit Coordinates:

A change in the value of any one of thersix coordinates will affecs
only ‘the position of P, and fhrough %his the value of some of the other
coordinates. The positions of the axes, however, will not be affecbeds
Interpreted slectrically this merely means that chénging the voltages or

currents in a net-work will not affect the resistance values,

Such & change of impliéiﬁ values car best be siudied from a figure
in two projection planes as is fig. 10. Care should be %aken that the
line representing the varying coordinate be drawn sdjacent to P, and thus
P will move along this eoordinate line, or along the line PT in fig. 10,
and the values of the other eoordingtes for any pcsi%ion such s P® can.

be obgerved easily.
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It will be noticed that a change

in one of the current values, such

as 1 will not affect the other current values, but will probably affect

Lri = i®'In

Fig. 10 Effects on Position of
P as Coordinate I3 1is Varied

ance and capacity of the circuit.

all three of the voltage components
En. Zero value for one of the
voltages will be found at sane
point such as P" where the line PT
crosses the proper axis. In gen-
eral the maximum values in such
cases as shown here will be at in-
finity, though the relative rates
of change of the various quantities

can be obtained from an analytic

study of the diagrams.

A point should be emphasized
here, end that is that at this
stage we are stressing the mathe-
matical rather than the electrical
aspects of the problems involved.
With any change in an electric cir-
cuit, there is associated certain

transient effects due to the induct-

These effects are not considered in this

thesis, but rather we will always consider a '"'change" as referring to a

change in the steady state conditions of the circuit only.
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Bffect of Variation in Expliaiﬁ Coordinates:

When the voltages are varied, the effect on the current values = in
the férm we have been using ~=- is not 20 apparent, since now the p?oblem
besomes one of solving for the impliaid ﬁsriabieé fgr each naw‘éasitibn of
P. However, since the caeffiéient values are not changed, the position of
Plane IIT (as in fig. 8) is not affected, and the necessity of working—
through this plane doas‘natlencmdber the analysis unduly. Once again we
notice thabd & change ln one coordinabte Qoes nét affect the cther coordi-
ﬁates of the same sefe‘ Iﬁ oblter words esach of the voltages in & problem
such as Prob. 1, page Bl, may be‘varied independently of the otherég bub
a variation in one of the voltages will usually affect all of the current

values in one way or ancther.

Bffect of Variation of the Coeffiecient Values:

When one of the eoefficient values is altéredg & nore coﬁplex tiroblem
results, for while the position of ﬁhe point B with respsct to the Qrigin.
is not necessarily changei, one or move of the sransformed sxes will be
moved, and the coordinsbes of P in the transformed s&stem will thus take

on new values,

Phe bast‘method of abback here is through a situdy of the ehanga'in
position of +the unit poinitse If dbut a single coefficient value is altered;
all values will remain unﬁhanged exaepi one of the coordinates of one of
_ the uni% poinbs. Sﬁch a variaﬁion.muéf be lipear as is shown in fig. 11

where the value of dy (the resistance B%)‘is‘allowad bo change.
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The effect will make itself evident in the coordinate values in one
of two ways. If the implicit, Or current, values are assumed to remain
unchanged, a new location of P in accordance with the new unit length of
Rjl must be found. The corres-
ponding values of the Cartesian
coordinates can then be read off
directly as was done in evaluat-

ing explicit variables.

If, however, the voltages
are assumed to remain constant
while the resistance value is
changed, the point P will not
be effected, but the new current

values must be found through use

of Plane 111 as for the problem
Fig. 11 Variation of Coordinate of solving the equations.
Values - Currents Held Constant
This Plane 111 will, of course, be taken perpendicular to the plane

of the two unaffected axes, so that it will not change during the analysis.
IT care is taken that the position of point R (see fig. 5) is not affected,
it is possible to carry out the analysis without working through Plane I11
at all. So many different conditions arise from the many different forms
in which the data and requirements may be presented that no attempt will be
made here, even to mention the forms such an analysis may take. These few

hints are given to indicate the general methods, however.
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Often’ in actual practice two -or ﬁore of the coafficient valués ﬁill
vary simultanecusly ~- as i& the ecase in -each of the problems on page 31,
1 the relationship between these variations is known, and it will be in
moat cases, such problems can also be handled by using separabe projection
planes as in fig. 11, If the Variatioﬂ-iQVleqé one unit point only, the
locus of that poinﬁ will new become g eurvé on one or bobh planes. If
two coordinabe values are invol%ed, the two loci‘should be construeteé and
carrésponaing points on each selected for study. In either case the anale
ysis will be based upon the principles.meﬁtioned above for variation in

one value ounlys The study becomes more complicated, of course, ac more

values vary simultanecusly, but no case has been found in the brief study

which has been made of this aspeet in which some type of analysis could

not be made.

We have therefore found that the graphical representation of the
tensor transformation is not only of value within itself for the new
concepts which'it presents to oné nngchooled in tensor metheds, bubt it
also has many inbteresbing and useful applicationa, perhaps the mest valo-
able of which is this graphical analysis. We will now proceed to exitend
these applications to include those conditions which are found in don-

nection with a study of alternabing current eircuis,
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PART II: APPLICATIONS TO FROBLEMS INVOLVING ALTERNATING CURRENTS

Problems Involving Resistance Only:

AL the pfesent time direct currents play such a-relatively unimporsant
part in the field of electrical engineering %5&# if the metho&s developed
in Part I are to have any real use in‘elec%rie c¢ircuit analysis, they must
be extended to include the field of alternating currents as well. 'This
- will mean that the equatbions wilI involve complex numbers., OF course, suéh
pumbers ¢an be plotted reandily encugh by using an axis of real.values and
an axis of xmaglnary ones, but an extensionh of this type of plotting to
handle throe simulbanecus egquations becemes t00 complex to be handled. The
method which bas been found most adaptable is to separate the transforma
Tion of the real values and that of the imaginaries, and to work with the

two separate trapsfomations.

For conciseness a tensor novabtion will be used throughout, end unless
otherwige specified the vﬁlﬁage values will be referred to a restangular
Carbesian system as bef&re, Also, we will conbinue 0 consider only steady
state conditions, though nowlthe ¢ircuit constants will include not only
resistances, but inductsnces and capaeitanees'aS'wella As is customary,
%haée latter vaiues ﬁill be considered as ohmic reactances, and will be
indicated by the symbol "X", “R¥ will be used for resistance values, but
now insbtead of the resistance matrix Kl we will deal with the impedance
matriz Z§, which will be complex in form, i.e. each element will be a come
plex number, Qur goneral equation (15) now tahes the form;

= ZmIn ' - {21)
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which is thus in a form gimilar to that of the eguation Por the simplest

unidy in an albernating current network, as given in ordinary‘notation;

It must be kept invmind thgt all values in equations (21) are somplex.
These may best be broken down into real and imaginary components as:
A" g = gyt ) (22)
I% will be besx,ﬁo éonsider at this point only thoée cireuits whiéh,.
involyve resistance only, for which equaﬁiana {22) becoune: |
| A+ 58" = ROR o ;;ngvn (23)
and when the real values ave sétvequal to the reals and imaginaries equal

to imaginaries:

A" = pO® "
- (24)

M ol

B" = 2l

Each of these equations is now identical with oequationg (15) and
therefore can be represented b& 8 hoﬁogeneaus lipear transformabion as .
deseribed.in Par% I. The ﬁragsfoématioﬁ‘is;éeeh %é be the ssme for bhoth
sets of eguations, and so on1y one.se% of transformed axes will bé neces-
sary. 'Two space vectors will bé needed, however, and the values of the
diffefent components Wi}l Be as shown in fig. 18, Fig. 1% shows the solu~-
- bion of smn actual set of equatiéné faf the implicit values. A third plene
nust again be selected as in fig. 5, and this confines the method to net
mowe than three eguations. ForlconVenieﬂce in visuslizing, the "realv
vacbor OA ig represented in blue, while the ™imaginary" vector QB.is_red;

Graphical analysis can be applied %o this/case as wag done in the
applicatioﬁs to direct current networks, s six additional camponent

values are involved, added complexity will result. Howsver, it will be
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Equations:
El = £QR+jD+3(-2+j2)+ (-1+J3)

E2 = 22+j1D)- (-2+jg)+2(-1+}3)
E3 = 3{2+jD+ (-2+J2J- (-1+J3)
Solutions:
El1L * -3 + jll
4 + §J 6
E3 = 5+ 33
12 Evaluation of Explicit Variables
Equations; ERL « Am + JBra
12-35 - 2(U1+3v1)+4U2+jVv2)+ (U3+jV3)
4-33 = 3UNMNJVLD+ {0Z+Iv2)+ (@U3+JIV5)
2436 = @UNJV1)- (U2+JV2)-2(U3+jV3)
Solutions:
Un = I, 5, -2 vn = 2, -2, -1
or: jla 1 + 722

-Jiuz2 = 3 - J2

13 Solving Equations with Complex Variables
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noticed that a change in the real values will nob affect the imaginary
-‘valuess gnd vice versa, for nhis particular case. Thls is equlvalsnt to
saylng that when 8 clreult has registance only, the power Tactor angles
between the eurreﬂﬁs and volitages are nat affected by a change in %he ohe

se% or the other.

The Problem when all Values are Gompleéxs:
~ When the xmpedance matrlx Z involves complex numbers the problem be-
comes more compl;eated but s%ill can be handled within cerisin limitations,
Piret the real and imaginary componegts of the matrix should be sgparated:
7 = gl 4 gl | |  (29)
Three simultansous linear eéuations of the type to be considered may

be written in the form:

ategt = (R (U3 VL) (RE 1) (0R4372) + (RE+525) (0B 570)
424307 = (BE+pef) (ULegvh) + (BB x5) (0P 5vR) +(BE+XE) (U3+598)  (26)
A3+38% = (RB+jx%) (U1+jv1) +(RS+JX5} (UB+373)+ (RB+x3 ) (UB+78)

or in tengor form-
£ o+ §B = (R?} + FEEHUR + 57 o (an)

By expanding the right hand members of either of the above forms,
i% will be seen that:

m . - 18 RS 11271 ¢ 3 ket Iyl 118
A%+ JET = (RRUT < XN} HEW Hsg?’ ) | (28)
and by.saparating the real values Tran the imaginary:
' ) A0 o iR L Tyl
A = RRUY « ¥V

B = gyl , yilph '(29)
n YL

it

thus giving the vectors & and B expressed as the sum or as the difference

ef two pbher space vechors.
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Equations:

A1H-JB1 = (2+J4) (2+JD) + (3+J2) (-2-32) + (5+jD (1-JD
a2+jb2 = (2+J32)+jDH+A+ID(-2-32)+(1+3DH A -jD)
A3H-JB5 » (1+J3) 2+jD) +(1+J2) (-2-J32) +(3+J3) (1-IJD
Solutions:

Am =4 , 1,7 El» 4 - J4
or: Es =1 - J1
Bri = -4, -1, 1 E3 = 7 + Jl

Evaluation of Explicit Variables
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It will be noticed at once that thers are now two tﬁansformaﬁiéna.iﬁw
volved. Since both of these may be faken from a set of rec¢tangular Corbe- -
slan c¢oordinates, both trénsfqrmations ﬁay he shown on one Qiagram,'though‘
of course there will be an added eomplexiﬁy‘for we now have nine axes With
which %o deal inasbtead of six as befors. Fig. 14 shows the usual two-plane
projection of a figure such as would be used for the evaluabtion of axplici%
forms or for graphical analysis., The Rreall or'ﬁR“ axes ars shown in blub,
the "imaginary”, or "X" axes, in red, and the original "¥" sxes in blaék.
The *realt® vector A° is shown as a light blue line, with the two component
vectors as light blue dashed lines, The,veetor Xﬁvn,has been constructsed
in a reverse direction, then‘édded to FoU".  The "imaginary" vector B" is-

similarly shown with ite com@onsnts in light red lines.

Such a diagranm as shown in fig. 14 is too complicated to be used con-
veniently for the purposes we have in mind. Fortunately, however, most
agtual problems will have_cqndi%ions whioh will simplify the diagram masew

rially. Some exaﬁples ol this are presented here.

Eguations for a wo-Coil Transformer:

The relationship which exists {under steady state) between bhe voltw
ages and currents in a two~coll fransformen may be expressed as:354

Bl = 231l + xl13 -
' (30)

i

2 2l 218
K XiI + ZEI

where the "Z" values represent the impadances of the coeils, and the =xn
values the reactive effects of bthe mutual inductance {all velues sre made

Yequivalent"). Por this iransformation, thén, the two transformation




matrices will be:

rs and 4 = G

making of R™ a "diagonal'™ matrix, and thus placing the "R" axes along the
rectangular axes (though with unit points at different distances). Also
1Q] since is the same as Xg the matrix
becomes '"'symmetric', i.e. it is not
changed when transposed, mfce typical
set of axes for such a transformation is
shown in fig. 15. With only two equa-
tions, the representation can be made on
one plane, and the values can be studied
analytically at will.
Extensions to Three Coils:
Fig. 15 Transformation Axes
For Two-Coil Transformer By using two projection planes a
study can be made of the voltages and currents in a three-coil transformer,
or in any system of three coils having mutual inductance. The transforma-

tion matrices are:

*q 0 0
0 0 and 32
0 0 4 Xi

Equations for Unbalanced Three-Phase Networks:
Assume a Y connected three-phase system with line voltages of three

unequal values jfl, and three unequal impedance loads represented by "Z"
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symbols (Z7~1 zZ2, Zg), The equations for voltages in terms of the currents
may now be written: (not tensor notation)
EI-2 ° 2111 '* z2Z17

E2-3 ~ ZZ1Z " % % 33)

% -1 "zI111 + zS1S

(€D)

and the transformation axes are shown in fig. 16,

Zi=2+j1
22=S+j2 Of course these are merely sugges-

Zg-1+JS tioQg of the various ways in which equa-

0 oo V. tions may be set up for study. 1t will
be noticed that the method is particu-
larly adapted to a study of three-phase

% -3 circuits, since in these circuits the
customary set of three simultaneous equa-
-R3
tions occur very frequently.
1 1 0
X 1
X ] Later another method of attack will

be presented for such circuits. At
Fig. 16 Transformation for
Unbalanced Three-Phase Circuits present we shall notice a few other as-
pects of the general method. So far we have been concerned primarily with

evaluating explicit forms. It will be seen that in the form in which these

equations have been presented, many valuable studies of an analytical nature
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similar to that discussed in éart I ean be made, also. We do dot go inko
detail concerning such applications here as no new meﬁﬁods are introduced,
and we are more concerned in ihis thesis with a mention of several of the
general applications which can be made than we are in boo detsiled a‘study

of any particular one,

Solving Bquations in ‘the Gpmpléx Forms

When we attempt to solve for the implicit values in those eguations
above which involve two transformations, difficulties arc immediately en—
countered in breaking down the cambined vectors A™ and B into the compo=
nent vectofs. So far it’has no% been Ffound possible to solve such equaw
tions by a direes graphieal.proceedure. Pwo albernate methods whieh allow
graphical study, and which also aid the student in familiarizing himself

with the methods involved are diseussed'here,

It is possible %o change esquabtions {21) into a Porm in which the cur-
rents are expressed explieitly by using the "inverse‘transposef.qf the ten-
sor Z% as‘was done in Part I. This new bensor will be called Yh and ecan be
obbtained in exactly the same manner as Y was obtained from O except that
complex numbers will now be involved thyoughout the process and musi be
handled in the proper manner. The hew tensor equation will now be:

My ES

These complex values ean again be separated ss was doﬁe for equaﬁions

(29) by using (G2 + jFR) for Y2, (*Fv is used instead of the usual "B" %o

- prevent ambiguity with the "B". of the former sguations.)
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Equations (B5) then become:
N o ol pfinl
Ut = GRA" . riig
= hpl ¥ ,m
o V= ofEt e Ely
and these aquations can be handled in the same manner as equations {29)

have been handled in %he'abOVe discussions.

Graphical Appreximations:

Under ceertain conditions -~ and it so happens that these conditions
are thoss most commonly met in actual practice «- it is sometlmes possible
to obtain values close o the aatual implioit walues graphzcally by malking
an agsumption which will lead %o a seriss of gpproximetions which under
certain conditions will converge to the fequired values. These approzimae
tiong are not given hers as having any practical value, fe& all the methods
are guite complicated, but they are useful in acquainting one with the

various aspects of the graphical proceedure we have been discussing.

Cage I. The values of one of the two transformetion matrices are small

vhen compared %o those of the other.

In such cases 1% is possible to obtain a first approximation by neg-
. ¥
lecting the smeller ftpansformation. Successive approximations will converge

boward a solution in some of these cases; and usually a frial of an approxi-
mation or two will show whethér eonvergence or divergence is taking place.

a) When "R" is a diagonal matrix and its valuss are smaller than
those of the c¢orresponding diagenal in w¥*, the "R" values may be
neglacted for a first spproximation. It has been Found necessary
that the graphical length of the units on the "B" axes must alao
be amall when compered with any of the components of the given
space veotors, but this can alwsys be arfanged by proper choice

of soale lasngbhs.
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-A
Approximations:
First:
% = -1.9
Second:
Vi = -3.0+
-2.0

Third:-Solutions

Equations:

-6.5-J2.5 (0.5+)D) (U 1+4jV1)+I3(U2+jV2)+j4(U3+V3)
6.0+J37.0 = J3(Ul+jvl) +(1+j2) (1j2+jv2) + Jl(u3+JIV3)
7.6+J2.2 = J4UI+jVD+j1U2+jV2)+(0.2+32) (u3+jv3)

Fig. 17 Solving Three Simultaneous Equations by
Successive Approximations

M
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The proceedure fcr such successive approximeiions is shown in
fig. 17 The point =4 is plotted as the negative of the terminal
of the vector Op (the vectors themselves are omitted o avoid une
necessary lines). Neglecting the "R* values and soling for the
"YY components of AR from equations (29), it is Pound thabt by ta-
king =i, the corresponding components along the " sxes will be
approximations of the "V* valuss. These are read off and recorded
as the first approximation. A correction of -REVE is then applied
to the OB vector, giving the point B'., Solving as before we now
obtain an approximation of the "U* values, A correction of REUD
is now applied to the position of ~A, giving the point =4¢, whose
cspordinates are the second approximebions of bthe "Vv values. This
is continued; each time applying the corrections to the positions
of the original pointg, until the values of the successive correc-
tions in esch case approach a constant value. Usually if there is
convergence only three or four approximabionsg are necessary.

Most transformer problems will be of this type, and we will
algo find included some of the problems involving inductive net-
works, particulerly where the inductive values are large compaved
with the resisiances involved.

b} When "R" is an ovdinary square matrix, but the values are .
again small compared with those of "X, the same procsedure can
be applisd. It has been found that in general the rabio of the
values must be considerably greater in this case, and that cases
in which divergence %takes place are more common than For a).

¢) When the "K" values are small compared with those of »Re,
they can be neglected for the first approximetion and the pro-
ceedure is the same as above with the YR® and "X* interchanged.

II. The values of the two transformation matrices are nearly egual.

a) Let the values of the two fransformation matrices be identical.
Bguetions (88) then reduce bo:.

] ROpE = 1/2(8 + A1) (37)
RAYD = 1/2(5% - AT)

We esn easily find the midpoint of the sum of the vectors OA
and 0B, and oalling this point "0v, we can golve for its coordi~
nates along the three transformed axes, Thess coordinsbtes will
represent the required values of U®. Likewise we can find the
values of V8 from the midpoint of the sam of the vectors OB and
~0A« This construction is shown in fig. 18. '
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Fig. 18 Solution when the

Two Matrices are

phase circuits,

can, iIn some of

ca/e

Solutions:

Identical
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Such a condition is ideal and
will probably never be met in actual
practice, but it does suggest a meth-
od of attack for problems where the
"R"™ and "X" matrices are similar.

b) When both transformations are
diagonal, and the values are approxi-
mately equal, the three sets of axes
become rectangular.

A First approximation is obtain-
ed from the midpoints of the sum and
difference of the two given vectors
as described above; then these approx-
imate values can be applied as correc-
tions in the manner shown in Case 1,
either to find new midpoints for sec-
ond approximations by this same meth-
od, or to be applied alternately in
exactly the manner described for Case
I, as often the one approximation will
give close enough to the correct value
that the simpler method of Case 1 will
converge.

It will be noticed from fig. 19,
which shows the transformation and
vector construction for this case,
that all the components can be read
off directly in the two projection
planes and Plane 111 is not needed.

It might be remarked that the
three equations involved here are
not at all inter-related, and there-
fore can be very easily solved alge-
braically. A special form of this
cose is a single equation involving
complex values, which plots entire-
ly along a straight line.

The case of unbalanced three-

as given by equations (33) and shown in fig. 16,

its forms,

also be handled by this method.

c) When the values of the "R"™ and nXflmatrices are approximately
the same, though both matrices may have a general form, approach
is made in this same manner, though of course Plane 111 will now
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be necessary. It will be found that problems which cannot be
handled by the method of Case 1 can often be solved by taking
V* the midpoints for a first approximation. If there is not too

much difference in the two

sets of values, this method

often gives an approximation
Am= 10, -6, 7 close enough to converge to-

Bm*= 2, 13, -1 ward a solution.

Approximallone:
First:
Up= 3,1.0,3.0
ur= 2,0.8,1.5 be noticed, is quite complicated.

The approach given here, as may

Actual:
YFun = 2, 1, 1
Approximations becomes almost Impossible, except on

shown for Un
values only a very large plot, to keep the vari-

When all nine axes are separate, it

ous values sorted out. Also the
conditions under which useful ap-
proximations are obtained are so
interrelated and difficult to deter-
mine beforehand that it is hard to

set any definite rules.

Fig. 19 Axes for Case 11 b) It should be kept in mind with
all of these methods that convergence of the approximations will depend not
only upon the relative values in the two matrices, but also upon the arrange-
ment which these values have, and upon their interrelationship with the com-
ponents of the space vectors. A positive test of whether or not a problem
can be handled can only be made by trial, and it will be found that conver-
gent approximations can be obtained in only a fraction of those cases where

they might be expected
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~ As was remarked before, none of thess methods is at all pracitieal,
exéept as an aid in the atudy of the method., Facllity and'un&era%aﬁding
of $he prifciples involved will come fron atbtacking one or more such
problems iﬁ this manner, bub the algebraic solutians pgan be obtained
more de?i;iﬁe;y and eas;iy in all cases, and if & graphical study ig
roguired, 1t is best o usevthe equations (36) to obtain-the‘expliciﬁ

Porine

Thus we have seen that with no mere difficulby than would be expect-
ed from the more complicsted mathematics involved, we have beaﬁﬂable ta
extand ouxr épplications %o ineclude the field of alternating cérrents,

. Again, one of the most valuable aspects appears to be thatvnf the graph-
ical analysis, which can be performed with ahﬁast the same ease that was
found in Part'r¢ Three~phase.circuits prove themselves particularly
adaptable %o handling by this method, and we shall now proceed %o dise

euss an applicabion which is specially usefﬁl in this type of circulte.
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PART III: SYMMETRICAL GOMPONENTS IN UNBALANCED THREE=-PHASE CIRCUITS
Perhaps the most useful applications of %his graphical method are to
be found in threewphase ciréuits where unbalance makes desirable the com«
putation of symmebtrical components. The eguations which give thése éampdw
nents can be considered as representing a homogensous linéarntranéfbrma;
tion, since the coefficients involved are consbant; and since the %rané—
formation matrix will be the same for sll problems, it hecomes possible to

construet a chart from which the transformed values can be read directiy.

Bauations for Symmebrieal Components:

I we have given three upbalanced voltages, or currente, in a2 three-
phase circuit, it is possible to resolve these into thres seds of balaneced
camponents,. one with a positive phase sequence, one with a negetive phase

sequence, and one with zero phase sequencquQ The equations for dbbaining '

these "symmetrical components" are given as; (nob tensor notation)
V0 = 1/8(Va + Vp + Vo) |
Vi = 1/3(V, + avy +22V,) (38)
V2 = 1/5(T, +2Vy + aVe)

'where Va, Vp, and Vg are the three unbalanced voltages; VOD Vl, and 7° are
values of a cofrespénding:phase‘af‘the.zeio~phase, positive~phase, and nega-
tiVewphasg quponenﬁsj respectivelys and "a" ie an operator which éro&uees

a rotation of 180° in the direction of the phaée sequeneé a, b, ¢c¢ Thus va"
has a value of (-0.5 + j0.866) when Vg leads Vi, in the usual crank phase
dilagram. ngaﬂ will then be (~0.5 ~ jO.866), and will produce a robdation of
240° in the same dirvecticn. We will assume this direction bf ro%atiop, aﬁd

these values of "a¥ and "a®" throughout this section.
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If we have given three unbalanced currents, I,, Iy, and I, we can

likewise resolve them into symmetrical components by similar equationss:

0= 1/8(1s + Ip + Io)
It = 1/8(14 + alp +a214) (39}
® = 1/3{1g +agIb + als)

The teﬁsor aéuivalent of fhese two sets of eqﬂationéiwill bes
BEa= g™
. o {40)
and B o= g

where 8§ is the complex transformation matrix. ¥ron shows®d by usé of
spinors (tensors 1nvblving compleﬁ numbers) that these current and volbe
age values transform the ssme way, though ordinarily under the. assumption
he mekes of invariant power input, the current will transform as a contrg-
variant vactor,:and the voltage as a covariant vector, In our diseussion
we have not made this distinebion, in the Pirst pléee becavse we do not
wish to limit the discussion to those cases having invariant power (Kron
shows the more general transformaﬁions‘in the later parts of his wérk)s,and
in the second place we have always referred the voltages to a rectangular
Cartesian system of axes, In such a gystem there is no &ifferencequﬁweea
a ceunbravariant aﬁd‘a covariant vector, Therefore, should we wish to apply
this restriction it would make no difference in the above discussion excepﬁ_
in the form of the tensor equations, whiech would then appear in exacily the

form given by Kron.

8ince the transformation tensor {(or spiner) S@ is complex, it will be

decagsary to break it down into real and imaginary pvarts as was done for 2ﬁo
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These we will term RI* and QtY, respectively. These matrix values are:

| -0.5+J0.866 -0.5-j0.866 41
| -0.5-jJ0.866 -0.5+j0.866
and:
| | | 0 0] 0
Rm = 1 -0.5 -0.5 while ov " O 0.866 -0.866 42
1 -0.5 -0.5 0 -0.866 0.066

These transformations are shown in the usual two plane projections in

Y.
2 fig. 20. Values are assumed for the un-

balanced currents in equations (39) as:

la - 3 - JS
Ib= 2+ j4 @)
10 “ -1 + J3

These will be broken down into "U"
and "V” values as before, but the trans-
formed values will now be ™"U", and "V
since this transformation involves cur-

rents only.

/ It will be noticed at once from fig.
20 that the Rg and Rg axes are identical.
The R™ axis extends upward to the right
Components at 45° in both projections; the Q" axis
is missing entirely, and the Q3 and Q3 projections fall along the Yg and Y3

axes, with directions reverse in the two projection planes.
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The equations similar in form 4o (29) will now be:l
= Rébm - Q™
= Eébm * Qéﬁm

To evaluate 30 it is necessary therefére to move out three Ry units along

(44)

the Ry axzs, then (2-~1), or 1, of the common Rg,Rs units parallel to the
common HpRz axise From this point, which is labelled B, on fig. 20 we.
move vertically a distance of =4 of the g unlts plus a -3 of the Q3 unlts,
or since these units have the same length, but opposite directions, we ocan
move in Plane II a =(4~3) or =1 of these units, and in Piaﬁe I a «{=4+3) or
+l of the same units. Likewise we can find the values of 3V by finding
the point Ry, Vl units along the By axig, plus (v3+v5) units paraliel %o
the Rng axxs, then from Ry moving vertieally »(Uzwﬂs} units in Flane I,

and +(U2~U3) units in Plane IJ.

" A Graphical Chart for (btaining Symmetrical Components:

It will be noticed that except for the directions of Qg and Qg, Plane
I ahd Plane IT in fig. 20 are idenbtical, The points Ry and Ry sach occupy
the seme relative positions on both planes, and the distance verticelly from
each %o the corresponding vector terminﬁs is the same in maguitude but re-

versed in direction on the two planes.

These Facts enable us to construct a chart as shown in fig. 81 which
¢an be used for obbtaining any symmetrieal components for valuss within ife

range.

The point R, will now be located ab the intevsection of the two lines

passing through the points Ul on the Ry axis, and (ﬂg+U5) on the Rg.g axis.




The value of 3tA is the Yi co-
ordinate of this point (Ru). The
*31? value will be found by mov-
ing vertically from Ru a distance
of -(vV2-v») of the "°Q' units, then
reading the value on tho Yg axis.
3T? will be vertically +(V2-\V)

nQn units from Ru.

The 3V values can be found
likewise, except that 3V2 will be
+U2-1T) units, and SvVs will be
-(U2-1?) units from the point Rv.
This reversal of sign is caused by
the difference of signs in the
equations (44), and is the point
most likely to cause confusion

Fig. 21 Syrmnetrical Component
Chart in those operations.

These vertical distances will best be measured by a pair of dividers
from the " scale which is included on the chart, though placed a little
to the left of the Yg_g axis to prevent confusion. Better yet, a separate

"0, scale could be made and used as a ruler over the face of the chart.

In order to read the actual U and V values it is necessary only to
have scales along the Ya axes which will have units three times the length

of the ordinary wYw units. Such axes will be known as the "Y/3" axes, and
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are shown on fig. 21, with heavy black lines %o iﬂdicafe these units on
the graph. A chart to be fully useful should be large enough %o have ten
of these "Y/3' units in each direchion. Then by proper haﬁﬁling of the
decimal points, it will be found that such a chart will be larze enough

%0 accommodate practically any problem which may arise.

The Symmetrical Component Slide Bule:

As hag been shown above, the hovizonbtal components of the "R" points

will give the values of T* and V. Bub: ﬁi + le = 10 '(45)

or these give us the values of the zZero~phase canponents.,

In aetuai practica these zero-phase components are,cqmmonly absent.
If they are not, it is a simple proéeedure to dete&mine theiy vélue as one-
third of the vector sum of the three given quantities. They can then be
subiracted from each, leaving an unbalanced gystem with no zero-phase come
ponents. If these are absent, however, equation (45) indicates that there
are no horizontal components §f the points Ry and By. Therefors thess
points must in each case Ffall on the Ye.z axis, making it possible for us
to simplify our chart of fig. 21 into a slide rule by means of which we can
determine the other two component values by taking four reédings from two

sethings of the slide.

The slide rule will have four scales, three fixed, and one on the slide.
b
Since the sum of the Ry components and the Ry s components must always re-

turn to the vertical axis, we need have only one "RY seale along this axis,




| =60~
the units of which will correspond with the intérseaﬁions of the lines
parallel to'the Ry z axls through each unit along the Ry axig; with the
vertical Yoz axise Othef fixed scales will be %he "Y" ascale, and the
"Y/B" scale es along the Yo s axis in fig. 2l. The slide will carry the
"Q" scale. In order that it can be used conveniently in a horizontsl
position, the positive values are kepﬁ to the right, and the negative %o

the left of the zero point, as is shown in Tig. 22 bolow.

r Frxed . ) v v [
[ T A L - T T LA A A N T A B2 %5.
30 BT B8 Ot B M 1 1R BT e Y
L T AN RPN SN PO AN < PRI AN I8
_,'js_..,.. L.a,c.’,.....lé.;...,.ié.g.....'/.;......Il.“.’.,..:..ly.......|‘.?........|5L.......|I..a.......i’;. m.lzib““h'z':-r' ""lg,',' T ",'3:',4Q
Slide

Drawn to 1/2 secale

Fig. 22 Seales for Symmetrical Component Slide Rule

Use of the Symmetrical Component Slide Rule:
Given a éeries of wvalues, say.voltages this times
T, = ot + jpl |
Ty = 4% 4 552 ' .' (46)
| Ve = A 4 ng '
in which there is no gero~phase component, i.e. Vg + Vp + V=0
Find the positive and negative phase sequence components:
Vl = 3? = I@'+'j§3

=3

{47)
V= =30 + jB

Only one value is necessary to £ind the point on the "R" axis, and

that can most eassily be the firsb. Thus set the "0 of the "Q" scale
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opposite the value of Al on the "R" scale. Determine (52~B3)a The point
on the "Y", or bether yet on the "¥/3n, seale which is above ~(BP=B2) on the
"Q" scale will give $he required value of A2, vhile thet above +(B2-B3) will
give A5, Setting "O" of the "Q" scale again, this time under Blion "R", the
values of B2 and of B% will be found ovsf points corresponding %o +(AZ~A3),
and to w(A3~A5), respeétively, Thus the four readings may be taken FTrom two
setbtings of the "Q" scale, and from these one of each of the componenmt volts-
ages {or currents) can be written down. If the other two vectors in any of
the sets of balanced components are reguired, they may be obtained by roba-
ting Yhe known veector through 120% and 2407, respectively, in the proper

phase sequence direction.

Design and Limitations of the Slide Rule:

The scale ratios for the slide rule can be found directly from the

chart, fig. 21, These will be found to be:
wyn pongw g et g "Y/ﬁﬂj = 1.00 : 0,866 ; 1.50 : 3,00 (48)‘

for corresponding unit lengths. Assuming a ten inch rule, and since it is
much more convenient to have the ;cale with positive and negative sides,
with zero at the center, we find that we can arrange to have fen of the
ny /5 divisions to each half-scale, giving lengths of main scale divisions,
and number of divisions 1o the half-scale for the scales as shown in Table I.

TABLE I -

Scale . | Length of Division | No. Div. to 1/2 Scale.
wyn 0,167 in. 30
qu ’ Go 1.4_4_. " 55
RN ‘ 0,250 80

wy/En 0,500 * - 10
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These divisions are large encugh that the "Y" and "Q" scales can
sasily be subdivided into five parts for each main scale division, bhe
"R" geale into ten parts, and the "Y/3% seale into twenby pafts¢, Phis

"\
makes .possible fairly accurate reading to two and %hreé significant fige
ures, and compares favorably in relative accuracy with other seales thatb
would be found on the standard ten~inch slide rule. Longer rules, would

of course, have eorraspondingly‘longer divisions, and would bherefore

give readings accurabte to a greater number of significant Figures. -

This number of divisions will handle almost any problem withoud any
difficulty. It is often necessary, of course, o use factors of 10, 1/10,
1/100, etc. to reduce the data so that it will fit the scales, but if this
ig done uniformly, the results will be multiplied by the same factor. If
some values are large, and bthara small, reduction should be made so thatb
the large values will be on scale, with the smaller oﬁas talking perhaps
but fractionzs of main scale divisions. Relative éccuragy will be kept by
doing this. Some skill and experience will be necessary to handle thase
calculations smoothly, but several problems have been worked oub using
this rule, and no paritieular difficully has been encounitered, aside from

the care which must be used in the directiqns along the "Gt scale.

The Tuverse Transformation:

It is often desirable to change the symmetrical components back into
the unbalanced values. Such an inverse transformation can also he hendled
on the chart or slide rule without particular difficulty. In order o oOb-

tain our transformation forms i% is easiest to solve the three equations




{38) or (39) for the unbalanced values, This is most easily done through
the tensor form of equations (40). Here let Sg_represenﬁ the inverse

$ranspose of the tensor Sh. Then:

B = gligQ
a
(49)
and = gi1
and we find the values of S (which absorbs the factor 3) to be:
| 2 1 1
ﬁg = | 1 a® | a : (50)
1 a | af

giving us real and imsginary transformation matrices:

3 B T I of o0 o |

it
'

B8 = | 1] <0.5] 0.5 and @@ =|o0|-0.866| O.868| (51)

L} =0.5| «0.5 : 0| 0.866 | -0,866

But these will give us transformaﬁion axes identical with those in fig. 20,
eixcopt thaly the Qp and Qp sxes afe interchanged. This will merely mean

that we will now have to move in the veverse direction onm the "G" scale on
the chart, aﬁd since there is no longer a factor of 3, we can read the val-

ues directly from the "Y" axes.

Uae‘ggvthe 8lide Rule for Inverse Transformations:

Since ‘the pbints Ry and Ry on. the chart need no longer fall on the
Yo.3 axis, the assumption on ﬁhich the slide rule was constructed no long-—
er holds, However, by some modifications we can adapt its use to the
inverse transformations also. ILebt us see what %hese mddifiCations are

by once again congidering an actual probleme
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Given three symmetrical component values asg:
10 =T+ 47
=%+ 2 (52)
1% = T + i |
Find the corresponding unbalanced values by means of the

symmetrical component slide Tuls.

‘Firsts in orﬁér to use the slide rule, it is necessary once again t0
négleot the zero-phase components. These can be sdded to each of the val-
ues later. This will be the same as confining our directions with respect
to the "R" axes on the chart to motion along the‘Rzuﬁ axis only. MNow each
unit along this sxis is one unit of “Y" horizontally, and one-half unit in
a negetive direction vertically; or this is one~third of the length of an
wRY uni%:Qn the slide rule, %aken in a'nega%ive direction. Thus we will
set the "O" of the "Q" scale dpposite nl/B(f?éﬁ5) on the "RY SQaleQ Values
of U® and U will be read off on the "¥" scale opposite points correspond-
ing to +(T2-T0), and ~{V-T2), respectively, on the "Q* scale. The sebw

ting for the "V values will be with the "O" of the "gr scale opposite
| m1/3(ﬁ34v3), with values of V® and 7o read off on the "¥" gcale opposite

=(ﬁ84§5), and'+(ﬁg#ﬁ§), respectively, on the "Qr scale.

Assuming that we have found these points, it is necessafy %o add in

the zero~phase components for each onz, that is:

Ig = (U + T1) + j(v + T
I, = (U + T« 3(v2 + )  (53)
To = (B + T + §(¥ + T
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" Avalysis of Unbslanced Ihree~Phase Cireuibs:

We have now presented bwo methods of attack for analysis of un~
balanced three~phase eircults, Many problems will be presented in-a
form where it is not necessary to obbtain the symmetrical componen%s;
and in such cases the methods given in Part II can be applied. When
symmetrical components will be useful for any reason whatsoe%er, the

methods of this part should make it possible to obtain these eagily.

Often it is also désirable to obbtain the equivalent sy@metrigal
components of tﬁe impedances in a three-phase network, so ﬁha% having
given the symmetrical components of, say, the volteges, the currenis
can be obtained directly in the symmetrical form. If the symmetrical
form of both currents and voliages cannot be obtained directly in such
a manner that these equivalent symmetrical impedances can be obbtained
from thelr values, formulae such as given by Kron in Part II of his -
work, equations (.100)26 can best be used for obtalning these. The sym~
" metrical transformations just discussed can be used for the first steps
in this transformation, and either the slide rule or chart can be used

to advantage.

We have thus developed a Hool whiéh seems to be particularly adapb-
ed to three~phase systems. The éymmetrical componént slide ruls is one
application of our graphical method which apparently offers a real saving
of time in the ealculation of acbual values., Therefore for these cire
cuits, we not only ha&e a method of graphical anélysisﬁ‘but we.aiss have

a useful graphical aid in the solution of problems.
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PART IV: THE METHOD IN GENHRAL
If we are to use this graphical method advantageously, it is essential
that we .understand élearly all of its Limitations, as well as those Peabures
of it which ave in its favor. VSDmé of these aﬁvaﬁﬁages.and shdrtcamings
have been<mentionedf§reviously; but are recapiﬁulated‘here for emphaéisi‘and

to give here a summary of bthe various aspects we have been considering.

Advantages:

One of the obvious advantages of this method, which is_common‘%§ all
graphicel presentations, is the ease wiih whieh a complebe analytieal sﬁudy
of the problam can be carried out, The whole prcblwn'is‘presented in a .
form which gives a concrete ﬁictmﬁe'of what is baking place. One who has
become fémiliar with‘the.method of proceedure used will soon find it possi-
ble to visualize the effects of cerbain changes in a nebwork im terms of the
changes which will %ake place in the corregponding space struchure. Long
mathematical eomputations are no longer necessary in order.to study such

changes, for the effects can be read off dirvectly as from a chart,

By picturing a network as a space structure with its corresponding
sebts of axes, a new concepth of the ele¢trical eircuit is introduced. No
longer is a passive network just a gréup of'wires, ¢oileg, and condensers
through Wbick} yoltages chase currents in accordance with some abstraetk
mathematical formulees Rather, the voltage and eurrent guantibies take on
the form of g configufatioh within a space stru;ture;'Wiéh which they are
related, but which they do not affect. The cireuib conatantslbeeqme perma-~

nently unentangled from the quantities, such asg voltage, currvent, flux, ebc.
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whiclhi are impresaséd upon the eircuit. The felé%ioaship which exists is kepb
'elearly apparent at all times, however, and thé engineer who deals with a
éircuiﬁ from this poiﬁh of view no longer deals with a passive enbanglement
of physical end mental quanbities, but with a elearly organized space, as
real in its mense as are bhe spaces with which the physicist has iealﬁ s0
effeetively in recent years. Wiﬁh:his point of view in common with that of
the physieist, he is further enabled to-épﬁly.other valuable fin&iﬁgé‘ef |
this clogely reléted field, as well as the ﬁﬁportant agpects which the

mathematician has developed from a similgr point of view.

EKron points oub thaﬁ fhese éoneepts aﬁe more fuﬁdamen%al than may ab

fifst be supposed., In his é;seussions hé demonstra%e$ olearly Fhat the gire

cult constants, such ds resistance, capacitance, :i;ﬂéuc“&a.r.ueeg sto,., éan &~
ways he assccialed with spacé structure, while the currvents, potenitials,
fluxes, snd other "impressed® quantities ave conaideredvas configurations.
within puch spacsss IFrom these fumdgmeﬂﬁal points of view he pr@deeés o
apply the powerful unaerlyihg relationships. found by fansar analysis %o the
complex problems found in the analysis of ro%ating electrical machinery,
and does so with a success that demonstrates the scgndnesé oﬁ his reasoning.
If this graphical method helps in any way %o preéentvsuch'fundagenjal aspects

in a clearer light, therefore, iﬁ will be of value for this one thing alone.

The ultimate possibilities of the concepts of, take the space veetor
for insbance, can only he surmised at this peint. Representing such diverse
guantities as pobential and current by the same space vector is certainly

not in line with previcusly mccepbed procesdure; and a presentation of these
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guantities from such a differsnt point of view may open the way to new

findings concerning them.

Hany persons, partloularly those who have had considerable contach
with advanced physics, mathemamics?'aﬁd kindred slﬁ)jem;s“_l have reached a
point where it is no longer necessary for bthem %o have a physieal picture
of what they are dealing with in ardér that They can resson §learlya Howe
ever, their most advanced reaséning'was‘somewﬁerez in its early stagos, pers
haps, based upon such a physieal form, and it was helpful bo -such persons |
in their early acquaintanceship with the subject to have such conerebe foms
to build on. Therefore it is hoped that picturization mede possible by the
method presented here will aid in the introduction of stme of the great con-
cepts involved o those who have:néﬁ comz into conbact with th@m pbﬁ?ioﬂ%ly;
and that it Will‘sﬁimglate, td some degree at least, en increased interssh

in the teasor snalysis with which it s 60 closely related.

Limitations:

We should nod over;cak bhe variocus shortcomings of this meﬁhcdﬁ'hQWQVGrg'
Home of thosme ars inhﬁrant witﬁ graphical'gnalysia;‘éama are wehkaesses in
the method itself§ and others can be overcome by propey mapipulation, At
any rabe, they sﬁaul& be thoroughly understood if ¥he method Is to be used

suocesafully.

In common with other @rapﬁiqﬂl Eebhods,<ma will find that offen the
data will sppear in suech a form that it is.physically impossible or
jmpracticable to handle it. Smhetiméa@ in such esses, itv is posaibvle tfo

choose units in such a manner that lines which would be off the graph
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otherwise, will be within haﬁdling éighance, Once in a while a view of
some of the lines or aﬁgles on critical plénes.will not be at all satis~
faetory{ Ofﬁen smal; drafting exrrors wiil'introauce largs erroré in sone
of the values. Other troubles of a similar nature will be apparent, some
but not ell of which can be a}iminaﬁed by drafting facility. It might be
mentioned here that when Plane III is used, its selection must be made
with gread care, and only experience‘aan wive a delinite idea @f the besd
piane %0 use, In fact, ékill and experience in drafting will be necessary

o overcome a large number of the difficuliies of this sypeé.

As has been shown, the explicit forme may be evaluated in any number
of dimensions by the proper selection of pﬁajection.planesc It has not been
found possible, however, to perform the reverse process, of solving the equa-

tions, in more than three dimensipns, Gue to the difficulbies of projacﬁion'

involved, Thus the application g a method of solving equations is confined

to systems of nobt more than three simultaneous linear equations, and even
here we must further cénfine'curSGIVes to those equations which involve only
one transformation except for hhg few cases which can be approximabed as de-
seribed in Part IT, As the value of a graphical method in actually solving
such equations is of relatively smalllimportance, and further,'as a iargs
part of the-aéuations which will be met in electrical circuit analysis will
be within the raquirééllimitationsg thig shortcoming should not be consider

ed too serious a ons.

Care must be taken in the handling of real and imaginary values in the

”:alﬁarnating‘current applications for there is no inherent way of telling
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‘them apart. In our work we have used two colors, blue for the real veluss
and transformations, and red for the 1ma@inary ones {in genéral}, with black
for quantitlas involving both. This might be ftaksn as a puggestion, or
solld lines for one, with dashed 1ines for the oﬁhar, could be used wheve

eolor would not be pra@tlcdbleg

While this method introduces a néw'eoncspt in the electrical space
vector, it slso does not show dipeetly in any way the valusble time vector
used so successfully in slternating current problems. The $ime vector can,
of gourse, be readily computed b any‘ﬁime from ﬁhér?elatimnship between
the real and imaginary quantities, but becuuss 6f ity value,; the accepted
forms of'analysis sﬁané in no danger of being supplanted by %he:spacGJVectorw
traﬁsformation method described here.. Rather, this method should be con-

sidered as a valuable supplement to other methods now in common use.

Possible Valua43§'§g<;ntroducﬁian'§g Tensoy Analysis:

Muﬂgﬁiéétbeen pointed out savefal ti@esi the linear transformation dis~
eygsed in this theais is oné'qf the fundamental forms in tansem'analyais;
The inberpretation of three simultaaaéas linear equ&tians 88 a linear tpanse
formabion is within itself a tensor concept. By showing graphically exach-
ly how this may be, and then plcturing the transformation, an elemenbary

insight is given into tensor analysis.

The concept of an‘invariant is clearly demonstrated in the spases vector.
The search for these lnvariants, which, while beiﬁg ralated %o & spate Struc-

ture, are not affected by & change in such a rveference system, is one of the
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prime objectives of tensor asslysis, While ﬁhe qﬁanﬁity’dchussed here is
net.one of the fundmmental inveriants, it hes meny of the properties of the
nore imporbant ones, and it can be pictured graphivally, whereas many of
the others canhot ba. Thus it sheould help to smooth the way for an under~

sbanding of the more conplicated Lorms.

The difference is shown here between the first order btensonr, or vector,
and the second order $ensor, which in this case ﬁas the transformation tenw
sor. The definition of & teasor as "a system of numbers or functione whose

" gomponents ohey & cerbain law of transfaﬁmation‘ﬁhen the variables undergo
a given Eransformaticn"37 mgy how Ys betber understood, since ope such
transforma%ioﬁ'isrthe type discussed heres A clear mental conceph of fen-
sora of the gecond and higher'ardeyﬂ s difficult to obbsain, but once again
the mental picbures obtainable from these constructions should help clsar

away the mental hazards imvolved in the more diffieult concepbe.

We have &lso pregented here a method of handling "spinors™ or bensors
involving complex numbers, and while we have not had bo go into any of the
technicalities of these, we perhaps have shown ﬁhﬁ$ while they are a little
more involved than ordinary tensors, there is little difficuliy aside from
this added complexity in handling thems We have also used, without sbresg-
ing the point, a weighted tensor in the trunsformetion gilven in equations
(40) and others in the same section. Such concepis will be clarified only
with an actual study of tensor forms, but the mental pletures presented

here may carry through %o advanbage i sueh sbudy.
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No attempt has been made here %o present clearly the diffsrence between

covariant snd contravarignt vechors,'sincg the former 4o not adaph theme
selves readily to graphical presentaﬁiéhé A mention of the difference of
their laws of transfarmation was made, however; and it might be remarked
‘that by an exten%ioﬂ of the methods ngen hora, & pieture of the nnvariant
form similar bo bhan glven of the contravayiant form night be obbained, and
wsed to clarify the study of these eoncepts if necessaryj but such a pro-

sentation would be outside of the range of vur discussion here.

Thus ‘this presentation ﬁay heave its value to the beginning‘atudent in
tansor analysig. It seems perfectly pmssible that by pﬁoeeadlﬂg along
gimilar lines, graph;cal preuenta%wmn mﬁ the vectors in some of the moye
eomplicated transformetions, ebe., could be made. Such fiay be of value
within theméelvas$ though in. tensor work there is danger in trying to hang
onto a physical pieture of the systems btoo long. 4% least the trasnsition
from ordinary algebra o the simpler aspects of tensor analysis is byridged
here in & manner that shOu;d make a@pareﬂﬁ the fact that while tensor analy-
sis has many involyed and complex concepbs, its elementary Torms sare only &

short step beyond the concepis of elementary algebra and analybic geomesrys

Ixtended Applications:

The linear fransformation in tensor apalysis has already found a wide
epplication in such fields as dynamics, physics, and geometry. Application
to electrical problems when presented in a grapﬁiaal fOnm as done have,
glves more or‘less valuable resulbsi and there is no reason to believe that

similar results will not come from. applications in other fields. It may
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not be possible 1o find.maﬁy piaces where the system fits as admirsbly as
it doms the problems of unbalanced Phree-phase cireuits, buf it ie et least
interesting to speoulate on the physieal inberpretation of the variocus com-

ponerts when applied in soms of thepe othey flelds.

It is also highly probéble~%hat grephical interprotations of sﬁhér '
applications of tensor éﬁaiysis in the elecirical field may lead 1o worth
while results. Kron's wor% ia full of such épplications, only one or two '
of which have been mentioned hers. UF course many of these are physically
too complex Bo be considered, buﬁ'mn the other hén@v mahy are well wiﬁhin
$he rahga of possibility. For example, tha-mathaﬂ.used hers eaul@‘be |
applied directly in some of his én&lyses of the simpler motors, ingluding

gome as complex as the thres-phase inductilon moitor,

Other possibilities are ﬁoo numerous to mention, but it is sincerely -
hoped that by clarifying the understanding of some of the fundamemtaisv
this presentation will help to spur others on to make wider and more de-
tailed applications of this powerful tool which bhas so recently been placed

in the hands of the engineer; namely, tensor analysis.

« The End =
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