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ABSTRACT

In this thesis asymptotic solutions of the n-th order, linear,
homogeneous differential equation

'x(n)(t) + Al(t)x(n"l)(t)-+..,+ An(t)x(t) = 0

are obtained, where the A,(t) are continuous complex-valued functions
on{a,»). The solutions dre found by transforming the given equa-
tion into a vector-matrix differential system for which the result

of ‘N. Levinson, Duke Math. J. 15 (1948), pp. 111 - 126, is appli-

" cable. To apply his result, asymptotic estimates for the zeéros of
related characteristic polynomials are obtained. -The special case
where n = 3 is treated in detail. The oscillatory nature and
boundedness properties of solutions of the given -equation are also
investigated. The results generalize those of G. W. Pfeiffer,

J. Diff. Equations 11 (1972), pp. 138 - 144 and pp. 145 - 155.
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INTRODUCTION
.'In this thesis we investigate the asymptotic behavior of

solutions of ordinary linear homogeneous differential equations

= (6) + 4 0x® () 44 a_(Oxe) = 0 .

wﬁere the‘Aj(t) are continuous complex*valpéd functioﬁs‘on [a;é )X
Several authors have considered pa:ticula; cases of this problem.
Coppel [2] determined asymptoﬁic solutions of (r&')' + py =.0 under
certain restriétions on p and q. To.obtain‘his‘sblutions, he trans-
formed both the dependent and the independént variables so that the‘
resulting”equation.could be compared with éither z(t) + z(t) = 0 or
z(t) - z(t) = 0. He used a fundamental fesult of Levinson [5] to
determine the asymptotic solutions.

4

In a similar fashion, Hinton [4] studied the two-term

(m) (k) ‘

différential'equation (ry + qy = 0. His conclusions are
based upon a comparison of the transformed éystem with a system

- with constant coefficients whose characteristic pol&nomial is given
by either_xn.+ A =0 or A" - = 0. DPfeiffer [6] discusges'solu—
tions of y";.k py' + qy = 0 by following the same pfoéedures'and
ultimately comparing the transformed equétioﬁ with one whose

characteristic pélynomial is either A3 +2=20 or‘x3 - A =0.
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To study :‘the solutions of equation (1), we employ thé same ‘ - Afﬁ
techniques as those of the previously mentioned authors. However,
we allow the transformed equation to-be compared with a system

R . . . ! n-1
whose characteristic polynomial is given by A + aik +.. .+ a s
where the aj are complex-valued constants. In order to apply the
fundamental result of Levinson, we derive asymptotic estimates for ﬂ

the zeros of the characteristic polynomial. Lemma 1.2 and Lemma 1.5

of Chapter 1 include these egtimates. The other lemmas of'Chapter 1

are used to prove the central theorems of Chapter 2. These
theorems present specific asymptotic solutions of equation (1).
The case n = 3 is treated in detail because the algebraic calcula-

tions are not so tedious.

Chapter 3 contains several results describing the oscillatory
nature and boundedness properties of solutions of (1). Some o ‘

illustrative examples of the theory appear in Chapter 4.




CHAPTER 1
FUNDAMENTAL LEMMAS

The primary purpose of this thesis is to investigate the asymp-
tofic behavior of solutions of ordinary; linear, homogeneous difier—
ential equations. The present chapter is.devotéd to a derivétion of
the transformations and lemmas used to prove the Centralvtheoréﬁs
given in Chapter 2.

We begin with the n~-th order equation

20 44 @xT () A @ =0 @D

and assume that the coefficient functions Aj(t) j=1,2,...,n, are
continuous complex-valued functions of the real variable t on an
interval a_i‘t‘< ®(. Equatioﬁ (L ﬁay be feplaced by the equivaleﬁt-”
first order vector-matrix differentiél system. |

y'(t) = Qy(t) (@

where y(t) = [x, k',...,x(n_l)]T and
K 1 0 - .+ .. 0]
0 0 1 o o s 0
a- |- Z :
0 0 0 - o v o 1
(A A1 ez o Ay
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_ Upon changing the dependent variable erm y'to z(t), by setting
z(t) = T(t)y(t), where T is the nonsingular diégonal matrix
T = diafo(t), 1, ¢_l(t),°.1, mz—n(t)}, and‘m(ﬁ) is any positive,
continuously differentiable function on a < tz< © , system (2)
becomes

2'(e) = [TaT b+ T 2o, L3

We transform this system, in turn, by introducing a new inde-
pendent variable s given by

t ‘
s(t) = [ o(t) dt ' (%)
a . ’

To ensure that the function s(t) has a unique continuous inverse

t = w(s); defined on 0 < s < » , we further require @(t) to be non-

integrable on a < t < o . In terms of the new variable s, (3) may

be written as

20002)) - By(s)) =(u(s)) (5)

’

—1T'T—l]. It is important to note

where B(Y(s)) = [m—lTCZT_l +
that ¥(s), and not s, is the argument of each of the functions‘@_l,
-1 .

T, @, T ~, and T' occuring in this expression. The explicit struc—

ture of the matrix B is indicated by




[ o2 1 0 v 0 ]
0 0 1 .. 0
0 0 o' .. 0
) S o G
0 0 0 - 1 .
-4 9" —An_lcpl—n —An_ZqJZ'n Ce . —Altp—l +(2'—n)(P'CP_2_‘

The central theorems of Chapter.Z are applications of a funda-
mental resuit of Levinsbn [5] to system (3). For‘convenience of‘
reference this resﬁlt, taken without change of notétion from
Coddington and Levinson [1], page 92, is reproduced next as
Theorem 1.1. Observe that the dependent variable z, as well as

@-l, T, Q, T_l and T', are all composite functions of s in system

T

(5).  On the other hand, the dependent variable x and the n X n
matrices V and R, in system (7) have the iqdependeﬁt variable t as
. their arguments. 'The notation [V| is used to denote the norm of V,

and E is the n x n identity matrix.
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Theorem:l;l‘ Consider the iinear system
x'(t) = (A + V(&) + R(t)) x(t)
‘Let A be a constant matfix with characteristic roots pj,
j=1,2,...,n, all of which are distinct. Let the matrix V be

differentiable and satisfy

-
JIvi(e)] dt < o
0

and let V(t) -0 as t—oo. Let the matrix R be intégrable and let
_ : .
TR dt < o
0
Let the roots of det(A + V(t)-—_kE) = 0 be denoted by

» Aj(t), j=1,2,...,n. Clearly, by reordering the uj if necessary,

lim A, (t) = uj. For a given k, let

t —>c0

"ij(t) = Re(%, (t) - Aj(t))

_ Suppose all j, 1 < j < n, fall into one of two classes I. and I

1 2°
¢
‘j € Il‘if'é:ij(T) dt -« as t-® and ;
% e
b P 4T K g2y 20
t

. 12y X (d ‘
emy 2,0k G220
1 |

(73
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where k is fixed and K is a constant. .Let pk be'a chatracteristic
vector of A associated with ﬁk’ so that
APy = Py
Then there is a solution ¢k of (7) and a to, 0 f-td < o , such that
. t o
1im ¢k(t) exp [- { Ak(T) dt] = P

t—>00
o .

If the hypothesis is satisfied for all k, 1 <k <mn, and if & is the
matrix with co;umns ¢l’ ¢2,.;., ¢n, then & is a fundamental matrix |
because detd(t) # 0 for 1arée t since the pj'are independent.

. The lgngfhy form of the hypothesis of Theorem 1.1, concerning
the real part of the differénce‘of the eigenvalues, suggests the
following COnvention.A We,éhall, henceforth, say that afunction D(t),
defined on é é_t < o ; satisfieé Condition I iff éithe¥

e e}

() [ D(E) dt = o and
) a

t

f 2 D(t) dt > -K , a i;tl f-tz for some constant K
t

1

or else

t

(ii) ‘f 2'D(t) dt <K, a imtl_g té for some constant K
. t -

1
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By ;he same token, 4 function D(s), defined on 0 < 8 < o ; sétisfies
Condition I iff (i) or (ii) is fulfilled with a = 0 and t = s. ane
the domain of D is ﬁnderstood, we shall simply say that D satisfies
Condition I;

To métivate_much of what follows, let us éxamine, for a moment,
Theorem 1.1. Sincg Aj(t) denqtes a zero of én n-th dégree polynomial
in A, if n > 5 it will usually be impossible to egpress ii(t)‘
explicitly in terms of the coefficients of the polynomial. Fértu-
nately, exact expressiohs for these zeros aré not needed to make use
of Theorem 1.1. For, suppose each Aj(t) admits of an approximate
représgntation of the form‘kj(t) = Xj(t) % njgt), where nj(t) is

integrable on [0,0). Then Re[kk(t) - Aj(t)] = Re[?k(t) —'Xj(t)] +

t

Re[nk(t) — nj(t)]' It follows that ij(t).= Re[xk,(t) - )\j‘(t)]
satisfies Condition I, with k fixed, and for every j, iff’Dki(t) =
Re[i#(t) - Kj(t)] does also.

As for the conclusion of the theorem, it entails the asymptotic

t
relation Iim @, (t) exp [ -A (1) dt = p, which becomes
. 't -0 k_ i £ k k . .
o
M.+ 1im @ (t) exp f -A, (1) dT = p, where M is a nonzero constant.
t-—->00k € k . k
o

7/

But, a nonzero constant times a characteristic vector is also a




.
characteristic vector. Hence, the c0nclusioh cf the thecrem‘remains
valid if A () is replaced by any approx1mat10n A (t) such that the
dlfference A () - A (t) is integrable, on [t NOR

Now, let us return to the matrix B(y(s)) of system (5). Sup-
pose its characteristic polynomial is given by

n— l

P(A) = A" + B (s)) ..+ B_(s) having A (s), k=1,2,...,n, as its

zeros. Suppose that the Bj(s) are continuous and ‘that

1lim B,(s) = a., for j=1,2,...,n, where the a, are complex—valued
g =00 3 ]

e e ! n-1 s ; . ' , e
constants. Set p(A) = A7 + alk R an‘and impose the condition

that the zeros W s k=1,2,...,n, of this polynomial shall be‘distinct.'
By-Rouché's Theorem, and a reordering of the indices if necessary,
we have‘that %k(s) is continuous on [0,%), and we may take

lim Ak(e) = s k=1,2,...,n.

S — 00

The rate at which each difference Ak(s) - 1, converges to zero

k
is dependent upon how fast the differences Bj(s) - aj of the respec-
tive -coefficients in P(A) and p()) converge to zero. Under our_,‘
assumptions, Bj(s) - aj and Ak(s) - belong to the class of com-
plex-valued functions f(s) that are continuous oh [0,;9, and Which'
converge to zero as s becomes infinite. It can be readily verified
that (Lemma 1, Appendix'l) any such function that is a;member of
1.9[0,99 is also a member of Lr[0,®) for r é?q.. Furthermore, if £(s)

and g(s) are two such functions with £(s) ¢ LqIO,mD and




g
g(s) ¢ Lr[O,aﬂ, an application of Holdef's inequaiity (Lemma‘Z,“
Appendix 1) shows:that the prodact f(s)-g(s) qf these fﬁnctions is a
member of Lm[O,@) where m ; max (1, qr/(q+r)).

.‘ As has been mentioned, eXact‘formulas for the zeros of an
arbitrary n-th degree polynomial éannot be found, in’general. Thus,
it becomeslnécéésary to resort to methods that yield'apprdxima#ions
to such zeros. We now proceed to establish five important lemmas.

Two of these give useful approxiﬁations togkk(s):‘ The other three

set forth sufficient conditions for Re[Ak(s) -_Aj(s)], defined on | |

[0,0), to satisfy Condition I.

1

Lemma 1.2 - Let P(A)‘=;An + Bl(s)lnh +oouk Bn(s) where the Bj(s)

are continuous complex-valued functions defined on 0 < s < o .
Suppose that

(i) 1im B.(s) = a.,. j=1,2,...,n, where the a, are complex-
: g —.00 C J ] J

valued  constants,

(ii) p(A) =_An + élkn=l Fieot an has distinct zéros pj,

3=1,2,...,1,

(iii) (aj7— Bj(s)) e 1200,%), j=1,2,..,,n;

¢




9
Then the zeros_lk(s), k=1,2,...,n, of P()) are given by .

n

A (8 = (P'(uk))—l jZ%[aj - Bj(S)]ui—j + n, (s) where n, (s) is

some integrable function on [0,»), and where Ak(s) is that zero of

P(A) which converges to H, as s becomes infinite. To avoid

k

ambiguity of notation, let it be understood that

@) = ') Ma, =B ()] + n(e), 1f = 0.

Proof: As has been pointed out, hypothesis (i) makes it possible to

ensure that Xk(s) - W, is continuous on [0,o) and converges to zero

k

as s bécomes'infinite, ‘Hence,ywe may seﬁ Ak(s) = uk + ak(s) where

- = - )\ . . A - - ! =
sli?«?k(s) 0. Since k(s) is a zero of P(A), P(uk +_&k(s)) 0.

The left member of this equation may be viewed as a polynomial of
degree n in ak(S). When written as such, we obtain

P"(uk)

] 1 . — n =
POy) + PR+~ o+t o =0

which gives P(uk) + P'(uk)&k[l + o(1)] = 0, where o(l) designates a ‘

function of s that converges to zero as s becomes infinite. Solving

for G s and noting that 1/[1 + o(l)j = [1+ o(1)], . we have
Py
OLk(S) . P‘ (uk) [l +: O(l)]

AN,
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Now, p(uk) = 0, and P'<uk)‘= [p'(uk) + 0(1) ], because thé differénces
Bj(s> - aj:r j=192:°°'>,n> in_P'(Uk) - P'(pk) =

n-1
23 (n-j)[Bj(s) - aj]uE—J—l are all continuous on‘[O,aa and converge

j=1
to zero as s becomes infinite. Moreover,-
[1+o(D)]/Ip"(w) + o] = [1+o(1)]/p"(w), and p' () # 0

since, by (ii), the u, are distinct., Hence

k
~P(w ) + plw) , _
ak(ﬁ) = > () [1 + _é(l) } = gk(s) + (s,

) n
where ¢ (s) = (P'(uk))—l jzl[aj - B, (‘Q]ui_j =
(P'(uk))—l[P<“k) - }(uk)] and é{zﬁonk(s) = (0. Note that s appears

in the coefficients of P(uk). Since Ak(s)';'uk‘+ ek(s) + nk(s),
it is evident that nk(s? has the form‘given in the conclusion of the
theorem.

We mnext prove ;hat nk(S) is integrable. Starting with thg
equation ?(“k'+ ek(s) + nk(é)) = 0,.We expres; its left hand mgmﬁe?
as a polynomial of degree n in nk(s). This- gives
+o.F nz = 0, which may be expressed_as

‘ ‘l
P(uk + sk) + P (uk +g) X

P(pk + €£) + P'(pk + ek) k[l + o(1)] = 0. For reasons that are




Ll L)
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already'familiar,.we.héve P'(uk'+ ek) = p'(ﬁk) + o(l). Thus, we find
t . = |
that P(uk + ek) + p (uk)nk[l + o(1)] 0.

Now, expand P(uk + ek) as a polynomial in e to obtain

k.’

n [1+o(1)] =0 (8)

k 1 M
Then use the definition of ek(s) to verify that

P(uk) + P'(uk)ek‘+...+ e + p'(u
P(n) + B GiDe = (R - p'(u) ey

Equétion (8) becomes

[B' (i) - p'(u e, + 5 B (el +out el = —pu)n [1+ o(D)]

k kk 2 k”k "k k" k

Each term on the left hand side of this last equation consists of
bourided fUnctions‘times products‘of7two or more factors of the tyﬁe
Bj(s) - aj, j-1,2,...,n. From hypothesis (iii), it follows that
each term is an int?grable function on [0,o) so that nk[l + o(1)]
is integrable. Theréfore, nk(s) is inteérable, aﬁd'the proof is

complete.

In stating our next lemma, it will Bﬁ convenient if we first
define ij(s) = Re[kk(s) —_Aj(s)], on 0 < s < oo, ‘The lemma
specifies sufficient conditions for each ij(s) to satisfy

Condition I when k is fixed, and j=1,2,...,h.
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Lemma 1.3 Let P()A) = AT Bk($)kn_l S Bn(s) where the Bj(s)

are continuous, complex-valued functions defined on 0 < s < ® ,
Suppose that the zeros of P(A) are denoted by Ak(s), R=l,2,...,n,
and that

(i) lim B.(s) = a., j=1,2,...,n, where the a, are complex-
s > J J

valued constants,

cet a2

Ly
- n

-(dd) the zeros ”j’ j=1,2,...,n, of p(A) = A +‘al

are distinct,

(iii) a; - Bj(s); j=1,2,...,n, are members of L2[O,m),

n :

(iv)  for fixed k, Re gglpam - Bm(s)] [(p'(ﬁk))—lﬁi‘m
e =} n-m]
2 )y hiE ™

satisfies Condition I if j is an index such that
RE[uk j‘uj] = 0.

Then, ij(s) = Re[kk(s) 7.Aj(s)] satisfies Condition I for the

fixed k and all j=1,2,...,n.
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_ggggﬁ:‘ This lemma will be pfoved by éonsidering‘the separate cases
when Re[uk - u.] # 0 and Qhen Re[u - u.] = 0. First, suppose that
k is flxed and J is an index for which Re[uk - u ] # 0 Then

1im Re[k (s) - A (s)] =L # 0 because Ak(s) and Aj(s) are continuous

S —>

on [0,») and converge to u, and uj, respectively., If L is positive,

k
ij(s) satisfies part (i) of Condition I. If L-is negafive, part

' (ii) of Condition I holds. Consequently, Re[Ak(s);-'Aj(é)] satisfies
Conditiqn I for fixed k, and any j such that Re[u‘k - uj] # 0.

Next, assume that for some index js Re[y, = p.] = 0. Then, by
: k |

Lemma 1.2, Re[Ak(s) —.A.(s)] is equal to

l 1~ m}

Re Z [a -5 (s>][<p ) T - @ () + Relny (s)-n, ()1,

m=1
Where‘both N égd nj are integrable ondl:_s fla>. (ﬁoté that this
expression vanished if j=k, so there is no need to -assume that
j#¥k.) In v1rtue of hypothes1s (iv), Re[A (s) - A (s)] fulfills

Condition I. Hence, the conclusion of the lemma is: establlshed

s

An alternative, and more easily applied version of Lemma 1.3

is given by:
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Lemma 1.4 With P(A), Bj(s), and Ak(s) the same as in Lemma 1.3,

suppose that

(i) lim B.(s) = a,, j=1,2,...,n, where the a, are complex—
S > 00 J ’ ’ J

valued constants,

P

(ii) the zeros pj, j=1,2,...,n, of p(A) = AT+ a, o

are distinct,
(iid) aj - Bj(s), j=1,2,...,n, are integrable on 0 < s < w,

Then Rg[xk(s) - Aj(s)] satisfies Condition I for k=1,2,...,n, and

j=1,2,...,n.

Proof: . Since, the aj - Bj(s) are continuous on [0,®), and tend to
zero as s becomes infinite, they are all members of LZIO,aﬁ. Hence,

the zerog‘xk(s) k=1,2,...,n, may be represented as in Lemma 1.2.

N
M3

For any particular k, Re[xk(s) - Aj(S)] = Re[uk

n
a ) ' yy~Ll n-m ' -1 n-mj _
Re ;Zé[am Bm(S)][(P R I P (uj)) M ] + Re[n, (s) nj(S)]
As in the proof of Lemma 1.3, we consider when
Re[uk - uj] # 0, and when Re['uk - ”j] = 0. If-Re[uk - Hj] # 0,
it follows as before that Re[kk(é) —'Aj(s)] satisfies Condition I.

In case Ré[uk - pj] = (0, (iii) and Lemma 1.2 ensure that

Re[Ak(s) —_Aj(s)] is equal to a.finite sum, each term of which is




bl L,
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inteégrable on [O,w). Since any integrable function satisfies part
(ii) of Condition I, Rg[Ak(s) - Aj(s)] satisfies Condition I for

'k=1,2,...,n, and j=1,2,...,n, as was to be shown.

To illustrate how Lemma 1.2 may be replaced by an analogous

result, involving a more general requirement than we present the

following lemma. Further extensions-are possible at the expense of

considerable additional algebraic manipulations aﬁd attending anal-

ytical difficulties.

n-1

Lerma.1.5 Let P(X) =.An + Bl(S)A +...+'Bn(s) where the‘Bj(s)

are continuous complex-valued functions on 0 < s < © , Suppose that
(i) lim B.(s) = a., j=1,2,...,n, where the a. are complex-
S —» 00 J J )

valued constants,

(ii) p(A) = AP+ oa kn—l +...+ a has distinct zeros p;,
: . 1 n 3

j=1,2,...,n,

(idid) aj - Bj(s),‘j=l,2,...,n, are members of LBIO,«D,

Then, the zefos‘kk(s), k=1,2,...,0, of P()A) are given by

Ak(s) = + e#(s) f nk(s)

where nk(s) is integrable on 0 < s < o, and
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n

e (8) = (' )T mzl[am - B ()T "+

n n
(' (1)) {m;l[am -~ B_(s) I, mj{gl[am - 1§m<s>]<n~m>u§ " ] +

irl .
-% (p'(:uk))—3 p"(ﬁk) {mZQ[am - Bmgs>]ui'm}2 .

Proof: The proof of this lemma follows along the same lines as that

of Lemma.l.z. Set'Ak(s) = 4+ ek(s) + nk(s), where sk(s) is that

k
function already defined in the statement of the lemma. Since
_Ak(s) satisfies the equation P(Ak) = 0, for every s, we have

P(uk + € + nk)'= 0. The left side of this equation may be viewed

as a polynomial in nk(s), so that we have

P +e) F B Gy +oedn +...+-n§ = 0. By hypotheses (i) and (ii),

the term ek(s) and the difference.kk(s) =y both converge to zero

as s tends to infinity. Hence, nk(s) also converges to zero; and so.
| P(uk + ek) + P'(pk + ek)nk[l +-o(1)] = Q.

As s becomeS‘infinite, P‘(ﬁk'+ ékj converges £o the nonzero value

p'(uk). Using this fact, we obtain

P(uk.+ g) + P'(uk)nk[l + o(1)] = 0.
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Expansion of P(uk + e ),_as a polynomial in Ek’ yields
1 ‘ " n ' I- ‘ = . ’
P(uk) f P (uk)sk R € + p (pk)nk[l + o(1) ] 0 (9)

Hypotheses (i) and (iii), ensure that sk(s) is a membet of-LS[O;w).
Therefore, eE(s) is integrable on 0 < s < », for 3 <m < mn.

" (Lemma 2, Appendix 1). Equation (9) may be written as

POy) + B pe 5 Py e + () + p‘(uk')'nk[l +o(M)] =0 (10)

where f (s) is some 1ntegrable function on. [0 00) Defining

P(A) P(X) - p(A), we transform equatlon (lO) into
) + I () + BGi)] 4L pr)el + g (o) =
K k IR K T OEtS)

- u)dn [1+ o] AD

where gk(s) = f (s)’+ l-% (uk)e2 ;' From the definition.of 5(#),
together with (111), it follows that P(uk) is a member of L [O o)
aiso. Consequently, P! (u ),‘and P"(u ), are ‘members of LB[O,MO.

The function gk(s) is therefore 1ntegrable on 0 <s < @l. Replacing

;k by its expreséion

= (! -1 3 1 -2 7 Nt‘
€ = (p (Uk)) ?(uk) + (p (uk))_ P(uk) Py +
Lo 33 S0 12 ne
we conclude that the left side of equation (11) is integrable.

' Hence'nk-is an‘iﬁtegrable function, and the lemma holds.
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In order to introdﬁce our final lemma, we make two important
restrictions in the hypotheses Ei) and (ii) of Lemma 1.5. TFirst, we
rgquire that all of the coefficients aj of p(}) be real, instea& of
allowing them to be complex-valued. Since all of'the uj‘arg‘still to S
be distinct, complex-valued zeros of p(A) must now occur in conju-

gate pairs, if they occur at all. Secondly, we impose the condition

. that no more than two of the uj are to have real parts equal to the

same real number. In particular, if p(}) admits ‘of distinct conju- -
gate pairs of complex zeros, the real pafg'of oné pair is not equal
to the real part of any other pair. Neither.is‘a real. zero to equal
the real part of a complex zero. These alterations in Lemma i.5,

lead to the following result.

t
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‘ ‘ ‘ n n-1 .
Lemma 1.6 Let P(A) = + Bl(s)A +.o.F Bn(s) where the Bj(s)
are continuous, complex-valued functions defined on 0s s < . Let

the zeros of P(A) be denoted by.Ak(s); k=1,2,...,n, and suppose that

(1) lim B,(s) = a,, j=1,2,...,n; where the a, are real-
S —» o0 J J

valued constants,

(ii) the zeros uj, J=1,25...,n, of p(A) =.An + alkn~l L a,
are‘distinct; furthermore, Reuj = Reﬁ.k implies that
g =
(iv) for fixed k,
n _n-m
- L |
v Im[B (s) JIm 5 (H ) -
n n (n - m)]iZn—m—r—l
L, Zm[(a - B (s))(a_ - B <s>>11m[ 5 }—
n n ' P'Yﬁ ) 2n-m~r
2 ) Linl(a - B ROMNCHES <s)>]1ml . ]
1
m=1 r=1 (»" (1)),

satisfies Condition I for any index j such that

Re[vj'— ukJ = 0.

Then, Re[Ak(s) —_Aj(s)] satisfies Condition I for the fixed k and all

j=1,2,...,n
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EEQQE: As in the proof of Lemma 1.3, we consider the separate cases:
when Re[ﬁg‘— uj] # Qf and When'Re[ﬁk - uj] = 0. If j is an index
for which Re[ukA— uj] # 0, the proof tﬁét Reikk —_Aj] satisfies Con-
dition I ié jgst the same as in the proof of Lemma 1.3.
So suppose j is an index such thaf Re[uk - uj]'= 0. Then?
since the coefficients of p(k) are_real numbers, hypothesis (ii)

. implies that“pk = pj, where Ej denotés the complex conjugate of ﬁj'
Under our present restrictions on the aj and‘the'zeros‘of p(A),
Lemmé 1.5‘still applies. Thus, we have Ak(s) = ﬁk + ekts) + nk(s)
and.Aj(s) = ﬁi + ej(s) + nj(s), where nk(s) and nj(s) ére integrablg,
and ek(s) and Ej(S) have the form given in the conclusién of that
lemma. Using thesg expressions, and the fact that Re[ﬁk - ﬁj] = 0,
we obtaiﬁ.ReIAk(s) —_Aj(s)j = Re[ek(s)‘j ej(s)} + Re[nk(s) - nj(S)].
‘As was inferred earlier, When.nk(s) and‘nj(s) aré integréble on
[Q,aﬁ, Re[Ak(s) —_Aj(s)] satisfies Condition I iff

Re[ek(s) - ej(s)]'dOes. Hence, our proof will be gompl?te.if_we
can show that Re[ek(s) - ej(s)] satisfies ConditionvI with My f E&.

To this end, denote the imaginary unit by i and the complex

conjugates of e, and ej by'E andlzﬁ, respectively. Also observe

k k
that Re[ek - ej] = (1/2)[6k +oe - € —‘ej], and that
p'(ﬁﬁ) =.p'(ﬁk).‘ By using familiar conjugation laws, we may then

verify that

N -1
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n D~m

= gs S : M
o - a0 ks
n : : 2n-m-r-1
(n - m)u 1
21 ), ) la =B (s))la_~ B_(s))In 0 SRS
m=1 r=1 °* " T r [ (p"('uk,)‘)2 } _.
S« | p"(p, ) 2REE
i Z Z [a - B (s)]la, - Br(S)]Im[ kK 3 ]
m=1 r=1 | s (R‘(uk))

Finally; add to the forgoing expreésibn its cémplex conjugatel'
Except for a factor of 4, this rgéults in thé expression given in
hypothesis (iv), which is presumed to fulfill Condition I. We con-
clﬁde that, for fixed k, Re[Ak(s) f.Aj(s)] éatisfies Condition I
in case j is any index such that Re[uk - ﬁj] = 0, This con;ludes

the proof of the lemma.




CHAPTER 2
ASYMPTOTIC SOLUTIONS

In this chépter we present five theorems and one corollary deé—\
cribing asymptotic solutions of linear differential equations. The
proofs of these results are based on the preliminary 1emmas ana
Theorem 1.1, of Chapter 1. Thélfirst two theorems, as well as the
final theorem, are expressed in father genéeral terms. Therefore,
they appear to be quite complicated. The other theorems deal'ﬁith‘a
third order linear differential equationm. |

In the case of the third order equafion, it is possible to make
a number of simplifications in Ehg general theory. For then, the
order of the diffeféntial equation‘is no longer an indefinite fixed
"n". Thus, with considerably less effort, we are able to obtain
sharper results when n=3.

.Oscillatory and boundedness pfopéffies of our asymptotic solu-

tions are examined in Chapter 3.
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' 'Theéorem 2.1  Consider the linear differential equation

=™ o) + 4 =" @) s @@ =0 (1)

Suppose that _
(1) Ai(t)’ j=1;2,...,n, are continuous complex-valued
functions defined on [a,),
(ii) @(t) is a positive, continuously differentiable function
defined on [a,%),

co

S (i) [ e(r) dt = o,
a .

(iv)  lim @' () 2(t) = 0,
t—=>co

() lim'A.(t)@—J(t) = a,, j=l,2,;..5n; where the a, are
t—=>o0 J, J J

complex valued constants,

(Wi p0O) =T+ anP e

ﬂjs jf;;zs-'-sn’

...+ a, has distinct zeros
. J

(vii) (@'Q_z)‘ and (qu;J)‘, j=1,2,...,n, are integrable on

[33033

(viii) cp'cp'3/2 and [aj - Ajcp_J]cpl/Z, j=1,2,...,n, are all mem-

bers of Lz[a,w),
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(ix) For fixed k, .

-1

n '
IE 2)‘ S (n-mtl) -3(n—mtl - ' -
Re{ L [a - (nm ) 5 (n ) A _l(pm (p - A q)m]

[ )™ - )T e )
.satisfies Condition‘I'if j is an index for which
Reui = Reuk_ ‘(See Page 5 for the definition of
Conaition'I).'
Then, Fhere exists a éolution Xk(t) of (l)'énd a nu@ber to’
a4 < t_ < o, such that |

—. 0

o1 t ‘ L
ngt) = ¢ () [exp tf [ + & (0 Jp(t) dtl1 + o(1)] (12)

o
v

where

n

1 1 | - -
ek(.t) i m;l(P. () ey - Ao -

(ommt1) %3 (nemtd)

=m-1
2 . Am—]fP ?

“nem

&

T -
Furthermore, the first n-1 derivatives of Xk(t) have the asymptotic
form
. : . t .
ey = g exp [l + e (Do) drllu] + o()]
e (e T k
: o

for j=1,2,...,n-1.




25
If hypothesis (ix) is satisfied for k=1,2,...,n, then there
will exist n linearly independent solutions of the type just des-

cribed.

Proof: In the previous chapter, we transformed Equation (1) into

the system
d_Z_(_g_é_g&= B(v(s)) z((s)) )

The argument #(s) was obtained as the inverse of ‘the function
¢ .
s(t) = [o(T)dt . Expression (6), Page 2, indicates the explicit
a .
form of the matrix B(Y(s)). It was noted that hypothesis (i), (ii),

and (iii) ensure that t = y(s) is uniquely defined, and that the

t

elements of B(y(s)), as well as w(s)i.are continuous on 0 i_s <00 .
fhus, the traﬁsformation of (1) into (5) is possiblél Moreover, t
tends to infinity with s. |

With the addition of hypothesis (iv) and (v), it follows that
B(¢<s)) convegges'to the constant matrix C whose elements are identi-

S

fied by
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[ 0 1 0 o]
0 0 1 0
c=10 0 0 0
T4 -1 T2 st

A direct expansion of dét[B(w)(s)) - AE], reveals that the coeffi-~
cients of the characteristic poiynOmial
P(A) = P Bl(s)An_l +...+ Bn(s), associated with B(y(s)), may be

written as

: ) , _ ‘
B. = A g3 + (n=j+1) "=3 (n~j+1) . —~3-1 (13)
4 J(S) 5@ 5 As_q® o+ b (s)

wherein ¥(s) is the_ argument of Aj’ @,.and Aj—l’ and bj(S) is a sum

of terms each involving @'@_g raised to a power m > 2, and AO = 1,

Again, let Aj(s) and uj denote the zeros of B(A) and
p(A) = AT alkn_l'+...+ a s respectively. As has already been

pointed out on page 7 , we may assume that lim A,(s) = p.,
S~ 0

j=1,2,...,n. Because of (vi), each uj is a simple zero of p(X);
therefore, pf(pk) # 0. The rest of our proof consists of a detailed
explanation of how Theorem 1.1 may be applied to system (5).

With.s, rather than t, viewed as the independent variable, set

A =C, V(s) = B(y(s)) - C, and R(s) = 0. Hypothesis (vii) then

U {
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N [o.0] . 0 :
guarantees- that [ ]V'(s)lds‘= f [B'(t)ldt <o , 1im V(s) = 0.
0

a g —>

[0
of course,'f [R(s)lds = 0. Hence,_all of the hypotheses of
0 :

Theorem 1.1 will be satisfied, provided ij

, (s) = Re[Ak(s).j Ajgs)]
fulfills Condition T with k fixed and for all j=1,2,...,n.

To ascertain the behavior of the ij(s), we show that thé
hypotheses of Lemma 1.3 are fulfilled. Returning to Equation (13)

and using (iv) and (v) we first verify that 1lim B.(s) = aj. "As .
. . S—> 00

has already Seén mentioned, the‘uj afe.d;stinéé. Neét, employ the
transformation't = Y(s) to change from the variable t fq s in hypo-
thesis (viii). This reveals that o¢'(yP(s)) qrz(w(S)) and

[aj - Aj(w(s)) @_j(w(s))] are members of L2[0,m). These functions
are also continuous on 0 < s < w , énd they converge to zero as s
becomes infinite. Conéequently, bj(é) is integrable on [0 ,x). Thus,
aj - Bj(s) is a member of L2[03®) for j;l,Z,.;.,n. We héye shown
that every.hypothesis‘éf Lemma i.3 holds, éxcépt the last one.. But,
it also holds,ﬁin virtue of (iv). Therefore, Lemma 1.3 is in force.
It follows\that, for fixed k, Condifion I is éatisfied by each

ij (s), j=1,2, ceesm
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With this result established, Theorem 1.1 may be applied. We

conclude that there exists a SOIution‘zk(w(s)) of system (5), and a

number_so, 0 f_so < o, such that

s

2 (0(s) = [exp [ A (£)dellp, + o(1)] (14)
S, ‘

where Py is the eigenvector of C corresponding to the eigenvalue Wy -

The symbolism ©(l) denotes a vector whose componerts tend to zero

(but not necessarily at ‘the same rate) as s becomes infinite.

Let us center our attention, for a moment, on Equation (14).

By Lemma 1.2, we have

n ‘
) -1 - n-7j N
= + ! -
) =+ @ y)) jZQ[aj HOMNMEENG
where nk(s) is integrable on [0,®). Replacing Bj(s) by its equiva-

lent expression (13), we obtain

’ - ‘—l - —j-_
A (s) = e+ (p! (. )) j;l[aj Ajcp .
2 ' .
—34+D) T=3(n=d+l) - —§-1 -3
(n,J+,) 5 (n g+ ) Aj_l(P ) J _ bj(S) ]u;': J + nk(s)

where bj(s) is integrable on [0,0). Collecting integrable terms,
we may write this equatio'n\asvkk(s):uk +4e;(¢(s)) + n;(s) where
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ko oeorpay L S o3 (i) T=3 (=g o=j=17 n-j
e = (@ () ‘j;l[aj A0 g o AP Ty
and
n ‘ . ;

M) = m () = (' )T j;lbj@.)uﬁ‘j’

is integrable on [0,).

Using this result, in (1l4), we have

' s . _ ' s o
z, (W(s)) = [exp S{ [y + e;(w(i))ldal[exp E{ nl’;(E)d'é]I.pk + o(1)].

(o] : o

t

Now set dk = exﬁ foo n{:(s)ds, and observe that
‘ s_
S ) . - . " .
exp | nl';(g)d.g = dk explo(1)] = dk[l + 0{1)]. What is more,
: ‘
o

a,[1 + o) ][p, +0(1)] = [dp, +0(1)] ; consequently,

7 () = Lexp [ Ty e (W(8)) delld p, + 0(1)]

(o}
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Note that dk is a.scalaf, Where?s‘pk'is-an n-component vector.
Recalling that F = Y(s), and that t‘Becomeé infinite With s, we
rewrite this result as |

ot
z, (£) = [exp tf [, + e, (D 1ep(r)dr]{d p, +0(1)]

(o}

where ek(t) is the same function of t that eg‘is of Y(s). Without

2 n—l]T;

loss of | ity, | = '
oss of generality, We may take dkpk [l,.uk, uk,..., uk

For, with dkpk thus defined, it follows by direct expansion; and
the fact that p(uk) = 9, that [C - My E] d, P = 0. Since
z(t) = T(t)y(t), we have

o(e) x (0) . ', \. 1+ o)
G o |9, + o(®)
1 ; ' 2 '
g () x!'(t) t . ¢ + o(1)
] ,Xk = Jexp J’[uk + ek(r)]m(r)dT] k .
| e i
(Pz—n(t) xlin"l)(t)\ S ‘cpi'—l+ o(l)J

From this we verify that Xk(t) and its first n-1 derivatives have
the properties described in the conclusion of our theorem. If
hypothesis (ix) is satisfied for k=1,2,...,n, then by Theorem 1.1,

' we have n liﬁearly indeperident solutioens of ‘the type described‘abové.
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The only purpose for which hypothesis,(ix) was‘used; in the
proof of the préceding theorem, was to confirm the final hypothesis
of Lemmé 1.3. The conclusion of Theorem l.l<is still true, and, in
fact, it is true for k=1,2,...,n, if (ix) is replaced by the alter-
native hypothesis of our next theorem.  When applicable, Theorem 2.2

is generally easier to apply than Theorem 2.1.

Theorem 2.2  Suppose hypotheses: (i) through (viii) of Theorem 2.1

continue to hold. Im addition, let

2 .
=] (n-j+1) =3(n-j+1) v =3-1

- a,] ()

be integrable on [a,«) for j=1,2,...,n.

Then, there exist n linearly iﬁdependent golutions kat),
k=1,2,...,n, -0f (1) and a number to’ a < t0 < o, such that

t. .
xk(t) =@fl[exp'£pk@(f)d1][l + o(1)].

o

Moreover, the first n-1 derivatives of xk(t) have the asymptotic

form

e . t |
2 (6) = 3 ewp [ me(Ddr]le] + o] 3712, 0.

t
(o]
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Proof: This theorem caﬁ:be‘estgblished by repeating that part of
the proof given for Theorem l.ZiWhich used h&potheses (i) through
(viii). Having found bj(s)to be integrable, continue the proof
i by showing that aj - Bj(s) is also in;egfable on [0, , under the
additional hypothesis of the present theorem. Then, invoke
.(8) COH;

k]
forms to Condition I. Finally, apply Theorem 1.1 using the fact

Lemma 1.4, dinstead of'Lemma'l.3, to verify that every D

that for k=1,2,...,n, Ak(s) = My

on 0 < s < o,

- As with the foregoing theorem, the rest.-of the theorems in this

chapter are obtained by making a variety of changes in the hypo-

thesis of Theorem 2.1. Three of the next four theorems are stated

t

for the third order differential equation, rather than for the

general equatign of order "n'". Under this restriction on order, it~

is mﬁch‘easier.to find eXpliCi£ formulas fof the coefficients of
the cﬁaracteristié‘polynomial P(A).A.Consequently, there is no;ﬁeed
to approximate the Bj(s>, j=1,2,3. In our fourth Eheorem, we afe
again coﬁcerned with the n=th order differential equation.

Our initial‘théorem; pertaining to the third ofder equatioh5“
comes -about when hypofheses (iv), (v), (viii), and (ix) of
Theorem 2.1 are £evised as follows. The product @Ep—z in (iv) is

-* allowed to converge to any comstant c; the aj of (v) are requiréd

+ ni*(s) where ﬁk*(s) is integrable
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to be real; the new functions described by (viii) need only be

members of LB[O,w); and finally; since the aj are all real num-

bers, we may algebraically simplify hypothesis (ix).

Specifically, this yields:

Theorem 2.3

Consider the linear differential equation

x'"' () + A, (t) x"(tj + A, (8) x'(t) + A(t) x(£) =0 (15)

Suppose

(1)

(i1)

(1ii)
(iv)

(v)

Aj(t), j=1,2,3, are continuous complex—-valued functions

-~ defined on a < t-< »,

o(t) is a positive, continuously differentiable function
defined on a_i‘t <o,

[Fode = «,
[ (e

T =2 ~ .
lim ¢'¢ © = ¢, where ¢ is a constant,

t - .

Defipe:ﬁl(t)

A ()9 (D)

B,(6) = A,(0)972(E) - A (£)9' (D)9 (1) -
(@' (D972
B,(8) = A, (09 (0) .~ A (D) (B9 ()

1im B, (t) =‘aj, j=1,2,3, where the aj are real-valued
t—o00 ¥ ?

constants,
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. ‘ 3 2 ,
(vi) p(A) = A7 + 81A + aQA + ag has distinct zeros

ul, Hys p3, and Reuj = Reyk implies “j = Hpos

. -2 ~j '
(vii) (o'e 7)' and (Aj¢ J)‘, j=1,2,3, -are integrable on [a,»),

3

(viii) [aj —.ﬁj(t)]w(l/B)(t), j=1,2,3, are members of L3[a;m),’
(ix) For fixed k,
3 [ u3—m
o) Im B [Im. ;% ) } - ‘
& p'
3 3 5-m~r
‘ (3-m)u
@23 Z)Im[(a _8)(a -5)1m s -
e m T r ; 2
m=l r=1 _ | (' ()
72 P ()T
3 o) ZIm[(am-_ﬁmxar—,ﬁr)]{zm Lk ]
o omslr=l ‘ (' ()7

satisfies Condition I if j is an index for which

Re[u£ - uj] = 0, It is to be understood that p£-='l

Then there exists a solution xk(t) of (15) and a number to’ such

that

t ‘ .
x (£) =9 (Oexp [Iu + e, (0Ip(rdrl[1 + o(D)]
: t

. O

where
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' m=1
| 3 ) 2 y ‘
(p'(uk))—z{ z%am —.Bm]ui_m]E?]F%n - ﬁm](B - m)ui_m} - (16)
m= | m=

3 . )
2 (! <uk>)“3p"<uk->{ e, - 5,17
. : . m=‘ '

Furthermore, the first and second derivatives of'xk(t) have the
asymptotic forms

. ' t '
x (£) = [exptf [u, + e'k(fr')]cp.('r)dr [u, = ¢ + o(D)] |

o

" and

T

x () = o(t) [exp tf [, + ‘sk(T)‘]cp(T)dT’]['ui = e +o()]

o
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- Proof: The proof of this theorem follows the line of proof given

for Theorem 2.1. Hypotheses (i), (ii), and (iii) allow to be trans=

formed into the system

d2CU8)) — Bry(s))z(w(s)) an
where
| (p'q)—z 1 0 1
BW(s) ={ 0 0 1
-3 2 =1 . =2
.—A3@ —Az@ ' —Ai? -t ]

,\ and 7 = [(PX, X" " (P—lx"]T

t .
f (1) dt and
a .

The argument Y(s) is obtained by letting s(t)

denoting the inverse transformation by t = ¥(s). The elements of
B(Y(s)), and ¥(s) are continuous on 0_3 8‘< &J. Moreover, t tendé
to infinity with s. From hypdthesis (iv) and (V),.We observe tﬁét
as s tends to infinity, or equivalently as ; tends to infinity,

B(¥(s)) approaches the constant matrix C displayed below.

10
C = 0 1
by b3

where bl’ b2, b3 are cnnstants.
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By direct expansion'of det[B(Y(s)) - AE], we find that tﬁe coeffi—l
cients of the characteristic polynomial
P(A) =_A3‘f‘ﬁl(w(s))kz‘+.ﬁ2(W(sj)A +_§3(¢(s))vassociated with
B(¥(s)) are those given in hypothesis (iv) with the argumént t
replaced by Ws). Let_Aj(s) denote the zeros of P(}).

Again, utilizing Rouché's Theorem and renaming subscripts if
JTLPp

necessary, we may take lim A (s) = Uj’ j=1,2,3, in virtue of (vi).
: s =00 : : .

We shall now apply Theorem 1.1 to system (17).

.Letting-A\= C,-and V(s) = B(¥(s)) - C, hypothesig (vi) shows

(0]
that f [V'(s)]ds_< oo , furthermore, 1im V(s) = 0. 1In our case,
' 0 : : 'S >

the matrix R(s) meﬁtione& in Theorem 1.1, is identically zero.
--Hénce, the hypotheses of Theorem 1.1 will be satisfied providéd thé
real part of __Ak(s) —'kj(s) satisfies Condition I. .

Hypothesis (viii) implies that:the functions (aj —.ﬁj(¢(s))
are members of LB{Ofb).. Now applying Lemma 1.6, we may verify that
Re[lk(s) —_Aj(s)]-satisfies Conditidn I. Hence, we may conclude by
Theorem 1.1 that'thére exists a solution zk(w(s)) and a numbersso
such that‘ |

o . . |
2, (W(s)) = [exp £ 3k(&‘} dellp, + o)1,

o}

I N )

h
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where 129 is the eigenvector of C corresponding to the eigenValue My

No loss in generality results in assuming that Py is of the form
2 .7 | | ' t
P = [1, we-e, w-wel™, Since 'z(t) =.T(t) y(tr), and s(t) = éfcp(.T)dT,

we may retrace the transformations back to the variables x and t,

obtaining
t

x () = ¢ "(t)[exp. [ A (s(D)p(D)dar]1 + o(D)].
‘ t ' ‘

o

Now using the asymptotic form of Ak(s) given by Lemma 1.5, we con-
clude that the asymptotic form of Xk(t) as that given in the conclu-

sion of the theorem. In a similar fashion, we transform the other

two componénts of the asymptotic form of‘zk(¢(s)) to obtain the

expressions for the drivatives of xk(t) given in the conlcusion of

t

this theorem.

Corollary 2.4  Suppose that hypotheses (i)} through (viii) of

Theorem 2.3 hold and, in addition, suppose that Im[qu;J+l],

j=1,2,3, are integrable on a < t < o . Then thé'cqnclusion of

Theorem 2.3 holds.
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, L | _
Proof: 1If the Im[Aj@ . l], j=1,2,3, are integrable, then so are
Im[BjQ] j=1,2,3. Since the Im[Bj]’converge to zero as s tends to
infinity, and are cdnﬁinuous, products of them when multiplied by

¢o(t) are also integrable functions.of t omn a < t <« . Hence

hjpothesis (ix) of Theorem 2.3 holds and the corollary is proved.

- Looking back, the additional_constraiﬁt in hypothesis (vi) of
Theorem 2.3 which is not present in hypothesis (vi).of Theorem 2.1
was used to show that the real part of the'differenqe of_Ak(s) and
_Aj(s) may be expreésed-as the function given in -hypothesis (ix)

.0f Theorem 2.3 (except for a multiplier of ¢). If“one dispenses
. with this additional constraint, there is usually no such simplifi-
cation for‘Re[Xk(s)rr.Ast)}. It is then necessary to use the appro-

ximate expressions for A and_lj'given by Lemma 1.5. The following

k

theotrem illustrates this change} The proof of this theorem follows

that of Theorem 2:1 and is not given here.

' )
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Consider the linear differential equation

x'U(E) + AL (D) XN(E) + AL(D) x'(6) + Ay(E) x(£) =0 (15)

Suppose

(1)

(ii)

(1ii)

(iv)

(v)

(vi)

(vii)

(viii)

.Define,ﬁl(t)

Aj(t), j=1,2,3, are continuous complex—valued functions

defined on the interval [a,x),

. @(t) is a positive, continuously differentiable function

defined on a < t < o,
[e(e)de = o,
a

. -2 ‘ .
1im @%p = C, where c is a constant,
t —00

A ()¢ T (E)

, -2 Crn =3
By() = 4,009 2(2) = A (B () (e) -
@ e e
(0 = 4,(0973(0) - A, ()" ()G (D)

and suppose 1im B, (t) = a,, j=1,2,3, where the a, are
' t—>c0 J o J J
complex-valued consfants,

p(A) =.A3 + a1A2 + a,A + a5 has distinct zeros

Ul9 U2’ U39‘

(@'¢—2)' and (Aj®—3)', j=1,2,3, are integrable on [a,w),

[aj_—_ﬁﬁ(t)]@(l/3)(t), jFl,2;3;.are members of[L3[a,m),;
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e e Tos .2 L
- (1dx%) ’ Define E(A) = (Bl al)A + (B2 az)k + (B3 a3) and
suppose the real part of
~ T S N S
P (uy) P(uj) PPt Cny) ) P(uj)P.(ui)

- + — + —= -
P PO pren? ete)?

" ~ ‘. 2
p (uj)(P(uj))

tey VY5
(p (uj))

1 Py )’

' 3
(p (uk)) '

D=

multiplied by‘th), satisfies Condition I.

Then there exists a solution xk(t) of (15) and a number to; such

that
| 1 t . . S .
Xk(t) = @ (Oexp [ [w + e, (D lp(r)dT][1 + o(1)]
E :
where

P () B’

N
(' ()"

P PRy
€, = ~—— -+ )

R pren?

. Furthermore, the first and second derivatives of Xk(t) have the
asymptotic forms

| . o
x, (£) = [exp~{ fy, + ek(T)]@(I)dT [, = c+ o(1)]

[o]

and
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kc + o(l)‘]‘

t
() = (t) [exp [ [uk + ek(T)]cp(T)ﬂ'r][uIZc ~ U
t ,

o

We conclude this chapter with one more theorem. This théorem,

as well as Theorem 2.1, is used in Chapter 3, to derive oséillatory
and boundedness properties of solutions of n-th order linear

differential'equations. For these purposes, it is not always

necessary to have asymptotic expressions available for the charac-
teristic values of the related differential system. This fact is

reflected in the hypotheses of the ensuing theorem. They are suf-

ficiently strong that Theorem 1.1 may be applied, even in the

absence of asymptotic representations of the characteristic values.

T
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Theorem 2.6 Conéiﬁer the linear differentiai equation

= (6) + A ) =T (0w s (0) x(6) = o (L)
- Suppose that )
(1) ‘Aj(t), j=1,2,...,n, are continuous, real-valued function
defined on [a,x),
(ii) q{t) is a positive, continuously‘differéhtiable,
function defined on [a,00), '
o .
(iii) [ o()dt = » ,
a
iv)  lim o 2 =0
C(dv) in o'p = 0,
t >0
(v) 1im A.(t)qrj(t) = a,; j=1,2,...,n, where the a, are-
constants,
. o , . .7 n~-1 .
(vi) the zeros uj, i=1,2,...,n, of p(A) = A" + alA 4.0+ a

are distinct and Repk =‘3euj implies uk = uj,

(vid) (qf@-2>' and (qu;J)', j=1,2,...,n, are integrable on

la,o00) .
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Define P(A) = det[B(t) - AE] where B(t) has the form

oo 1 0 , o :
0 1 . 0
‘ 0 0 _(P'(P_Z 0
B(t) = . ) e
| -0 0 Y .« . . 1
| -n l-n . 2-n -1 e
:-AnCP "‘An_lCP '.-An_zgp | e e e —,Alcp +(2__n)q)rq) |

Then there exist n linearly independent solutions‘xk(t),'

k=1,2,...,n, of (1) and a number ts 85ty < @, such that

t . .
w0 = ¢ e [ (9000 @t + o()]

o
and

. . t L.
xéﬁ?(t)~= o3 exp g‘;k(r)q(T) at]lud + o], 371,2,...,m01

(e}

where_kk(t) is that zero of P(A) which converges to M as t becomes

infinite.
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Proof: The proof of this theorem is essentially the same as that

of Theorem 2.1. The most important‘difference is that all the

coefficients of P(A) and p(}) are real-valued instead of complex-
valued. Hence, any complex-valued zeros of P(2) or P(A)‘occur as

conjugate pairs. This observation, together with hypothesis (vi),

allow us to verify that Re[kk - Aj] satisfies Condition I (as
- functions of s), for any indices k and j, 1 <k, j j{n. For, if

] =

J ‘}‘

i
o
“

Re[uk - uj] # 0, the condition holds as before. ‘If Re[uk -u

then Re[uk - uj] = 0 identically for all s.
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CHAPTER 3
OSCILLATORY ANDrBOUNDEDNESS PROPERTIES OF SOLUTIONS
. In this chapter we study tﬁe oscillatory and bpundedness
properties of solutioné oﬁ the differential'equation
=™ () + Al(t)x(n‘l)(t) Fook A (Dx(E) = 0 e,

where the coefficients Aj(t)’ j=1,2,...,n, are assumed to be contin-
uous real—vaiued functions defined on [a,x). We shall call a'
nontrivial solution x{t) of (1) oscillatory if and only if it has an

infinite number of zeros in the interval [a,©), and we shall call

it nonoscillatory otherwise. Equation (1) will be called oscillatory

if an& oniy if it admits of some nontrivial oscillafory solution.
Otherwise, it will be called nonoscillatory. Our results are Eased
upon the theorems developed in Chapter 2 COncérning-asymptotié
solutions of (1).

Although asymptotic solutions only provide information on some
interval [to,aO where tolz‘a;‘ nevertheless,vis readily verified,
as is done in Pfeiffer {71, that a éolution is oscillatory on [a,c)
iff it is 6scillatory én [to,aﬁ.

Having derived asymptotic forms for the derivativés.of solu-
tions of (1) in Chaptef 2, Qe also present‘boundedness properties

for these derivatives by employing our earlier results.
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In addition to the assumption thaf the coeffigients:Aj(t)'afe
all real-valued, we suppose that all the hypotheses of. Theorem Z.l
hold. Undé? these assumptions, each aj is necessérily‘reél. The‘
following corollaries of Theorem 2.1 describe the oscillatory nature

and boundedness properties of solutions of Equation (1).

Corollary 3.1 If Imuk # 0, then Equation (1) is oscillétory.

Cotrollary 3.2 ILf for k?l,Z,...,n, hypothesis (ix) of Theorem 2.1
is satisfied and all the ﬁk are real, then Equation (1) -is mnon-

oscillatory.‘

Corollary 3.3 If Reﬁk < 0, then the modulus of the asymptotic

solution xk(t) of (1), described in the conclusion of Theorem 2.1,
increases without bound as t becomes infinite. The same is true of

the first n-1 derivatives of xk(t).

Corollary 3.4 If Reuk < 0, then the modulus of the asymptotic
solution xk(t) of (1), descriBed in the conclusion of Theorem 2.1,
converges to zero as t becomes infinite. The same is true of the

first n-1 derivatives of xk(t).

. ©0 _ ) - )
Corollary 3.5 If Rep, = 0 and f Re[ek - @'@ 2] dt < '« , then the
. . N a .

k

modulus of the solution described by the conclusion of Theorem 2.1.

is bounded on [a,x).
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Corollary 3.6 If Reuk =0 and;i'Re[ek - qﬂ@ '] dt = o , then the

modulus of the solution of (1), described by the conclusion of
Theorem 2.1 is unbounded on [a,c). - ' |

To illustrate how these Corollaries may be established, we

shall prove the first three.

" "Proof of Corolla;j 3.1: Both the real part and the imaginary part

of the asymptotic solution Xk(t),"given by Equation (12) on
Theore m 2.1, are solutions of (1). Takiﬁg the real part, we have

the solution

t t -
xk(t) = ¢ lexp [ Re[uk + sk]@ dt}{cos [ Im[uk + ak]@ dt 1+ o(1)1] |
‘ to . . tO . ‘ S : 1
Since e, = o(l) and @(t) is nonintegrable, it is clear that if

k

Imuk # 0, the gbsolute value of the argument of the cosine function
increasgses without bound as t becomes infinite. Hence, xk(t) is

oscillatory and, ﬁhus, equation (1) is oscillatory.
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Proof of Corollary 3.2: If for k=1,2,...,n, hypothesis (ix) is

satisfied,,and all the ﬁk are real, then there are n linearly
independent solutions of (1) specified by (12) of Theorem 2.1.
Each of these is nonoscillatory. TFor the gk(t) are now real-valued,

and the factor [1 + 6(1)] of the solution xk(t) becomes and remains

positive. We-still must show that every solution is mnonoscillatory.

n

To this end, let x(t) = 21 cy xk(t) denote an arbitrary nontrivial
' k=1 . :

soiﬁtion of (1). Let o denote the indéx of the greatest zero W for‘

which Cp # 0. 'Note that

9 exp [ Tw + e, J0 dr][L + o(1)]
xk(t) t to‘

lim ——— = lim , ‘ .

t— o Xa(t) 4> -1 N ‘
¢ “[exp [ [u, + e Joarlll + o(1)]

t, :
St ) .
= -t_:]_imoo[exp g[pk —ud+€k —Ea]q) dt][1 + O(l)] =
| o |
if k #0 . F

Therefore, x(t) = c, xa(t)[l + o(1l)] and, for sufficiently large/

ts x(t) # 0 on [fl,w).

Ll L
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Proof of Corollary 3,3: The modulus of the solution given by (12)
os Theorem 2.1 has the form

t : .
% (t) | = [exp [ Relw + ¢ = 0'¢ Jodclll + o())]
t

o

Recalling that @kp—z = o(l), Ek(t) = 0(1), and ¢(t) is nonintégrable
on fa,0), it is clear that the modulus from hypothesis (iv)

katt)| of the solution xk(t) increasgs without bound as 't becomes

infinite, if Reuk > 0.
To draw the same conclusion for the derivatives, express the

modulus of the j~th . derivative of xk(t)_as

i T L. :
|X1i3)(t) | = '[afp tf Relp, + e + (3-1) o %10 dr]]ui + o) 1.

o
for j=1,2,...,n~1. For the same reasons as before, the modulus

of the j-th derivative of the solution xk(t) increases without

bound as t becomes'infinite.'

The last three corollaries of the foregoing list may be esta-

blished by making only slight modifications in the above proof.
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By' using Theorem 2.5, instead of Theorem 2.1, it,ié-possible
to state and prove anéther set of corollafies pertaining to the
oscillatory nature and boundedness properties of solutions of the
third order linear differentiai equatioﬁ.‘ In this instance, thé
oscillatory nature may be characterized in terms of the behavior of

the discriminant of the polynomial p(A) = AB + %1%2 +a, A+ a

2 3"

The. following corollaries are obtained when Theorem 2.6 applies.
The proof of these corollaries may be constructed using the same
techniques employed in the proofs of the previous corollaries of

this chapter:

Corollary 3.7 If one of the zeros My of p(}) has nonzero ima-

ginary part, then eguation (1) is oscillatory.

Corollary 3.8 If all of the zeros of p(A) are real, then equation

(1) is nonoscillatory.

Corollary 3.9 If Rep, > 0, then the modulus of the solution Xk(t)

of (1) described by the conclusion of Theorem 2.6'iﬁcreases‘without‘
bound as t becomes infinite. The same is true for the first n-1

derivatives of Xk(t)f
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Corollary'B.lO If Repk

< 0, then the modulus of the solution
xk(t) described by the conclusion of Theorem 2.6 converges to zero
as t becomes infinite. The same is true for the first n-1 deriva- ’ o |

tives of xk(t).
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CHAPTER 4
SUMMARY AND EXAMPLES

In‘this‘chapter'we discuss briefly the results of.the first
three éhapters of this thesis.‘ Chapter 1 contains the preliminary
lemmas used in the prodf of the theorems given in Chapter 2. 1In
Chapter 2, several theorems were presented which gavé the asymptotic
form of solutions of cergain iinear differential equations. These
theérems are applications gf_Theorem 1.1 to a fifét order differ~
ential system. The differences between the various theorems have
already been bointed out:

In each of these theorems an unspecified function @(t) appears.
One may question whfther a method exists which will determine an
applicable func#ion (). The answer to this question is-still
unresolved. .HoWever, therémare certainly.some likely candidates
for fhis function. -Among these candidates are the functions

1/3 1/3

.lAj(t)l s IReAj(tﬁll/j5‘and IImAj(t)[ ¥, 3=1,2,...,n. Of course,
any suéh choice must still be governéd by the requirements.that

@(t) be continuously differéntiable, nonintegrable on [a,») and
~satisfy the other relevant hypotheses of the applicable theorem.
Using two of these suggestéd possibilities, we generalize tﬁe results

of Pfeiffer [6]. _
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0, A 1/3

“Let n =3, A 5 = s A3 = 1r, and o(t) = r . Then

;=
Theorem 2.1 generalizes‘Theorem 4 of Pfeiffer. In this case, the
hypotheses of Theorem 2.1 are 1ess restrictive than those of

Pfeiffer's theorem. For‘instance;‘Theorem 2.1 does not require A3
to be g‘real—valued functiqn nor p(A) to be.X3'+'l. In fact? p(M)

may have complex-valued coefficients. It is worth mentioning that

' Theorem 2.1 corrects an oVersight‘by Pfeiffer. He should have

-1/3

included the requirement that Im[q r ] satisfy Condition I among
his,other‘hypothéses, It ‘then becomes possible to prOvevhis theorem

by constructing a proof similar to that of Theorem 2.1.

If n = 3, A1 =~0,'A2,= q, Aé =‘£, and @(t) = q 1/2 , Theorem 2»1“
generalizes Theorems 6. and 8 of Pfeiffer 6 .
- _ _ 5 _ - _ 1/n
If Al = A2 S e © Ah—l =0, An,—‘q,‘@ = q s Theorem 2,1

generalizes a corollary of Hinton [4;‘p. 5941,

At the outset of Chépter 3 a number of corollaries of Theorem
Theorem 2.1 are giveh which describe oscillation and boundedne%s‘
properties of solutions of linear differentail equations. Thgge
corollaries generalize Theorems 4 and 5 of Pfeiffer [7}.

Théorem 2.1 may not be applicable to a differential equation of
(m) 1 (k)

the form [r y + qy = 0, unless r possesses a continuous k-th

derivative. This equation is treated by Hinton [4], using methods
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analogous to those of Pfeiffef. If r does not have a continuous
k—fh derivative, Hinton's transformation coupled with the asymptotic
form of the zeros of the characteristic polynomial found in Ghaptér
1, may be employed tb generalize his results.
Pfeiffer [6] also considetrs an equation of the form

y + aztszy' + aztszy =0 as an example. He.obtained.results
‘describing the asymptotic form of its .solutions for a broad fange of
‘ values of B1 and 32; 'However, if ‘

§2/5)(282 +‘l)‘> By > (1/2)(82 - 1), he could draw no.coﬁclusions
using his theorems. We shall describe the asymptotic form of the
solutions fot values-of B1 and'Bz which include‘those that satisfy
the preceding inequ?lities..‘This examplé,‘stated as Theorem 4.1;'
-also illuétrates the manner in which one may apply Theorem 1.1

without determining close approximations of the characteristic

values of the system.
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Theéorem 4.1  Consider the equation

() + Othle'(t) + &ZtB,ZX(t)‘ =0 (18).

where a3, Oy, B3, By are real constants. Suppose one of the

following hypotheses holds. .
| (82/3)

(1) o, # 0, B > -3, and B >~§‘a1. Define o@(t) = t- .
- 3 S 1+ /34 3 '1"—' /3 i
Wy = =Y0p o, Wy =Va, T, u3=./<76——'-§-—'w
()" o #0, B > -2, and 8 >-§— By. Define p(t) = +(F1/2)
w =0, u2=/oTli, u3=—/oa_11

If a7 is equal to zero, then that part of the relevant hypo-
theses concerning B; is assumed to hold. Similarly, if ap = 0,
that part of the hybothesis concerning B, is assumed to hold. Then

there exist three solutions of (18) and a number té such that

. . |
Xk(t) = @_l(t)[exp fka(T)@(T) dr][1 + o(l)] k=1,2,3
. £ :

o]
whereﬂkk(t) is that root of
22+ ToptPig% ) - @ e e 2 Ix + 0t (1) -
altslcp"(t)(p—4(t) =0

which converges to uk‘as t tends to infinity. Moreover, the first

I I T A
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two derivatives of xk(t) have the following asymptotic forms:

t
xi(t) = [exp { Kk(T)@(T) dT][uk + o(l) ]

(o}

and

i
xi(t) = ¢(t) [exp [ A (D9 (1) dTJ[Ui + o(1)]
t

(e]

\

Given that a; # 0, and o, # 0, Region I of the above diagram
depicts those values of B; and B, where hypothesis (i) holds.
Region II depicts those values of B; and. B, where hypothesis (i)'
holds. The unlined region has been considered by Ghizzetti [3].

His results may be found in Coppel [2, Page 92].
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Proof: For brevity, we shall merely sketch the proof of this

theorem.

Suppose hypothesis (i) holds. By fdllowing the method of proof
of Theorem 2.3, we obtain a system much like (17). In this case,

the matrix has only real elements. Hence the characteristic poly-

nomial has real coefficients and Az(w(s)) ?'75(¢(s))} So the real
difference of any two zeros of P(A) is easily shown to satisfy
Condition I. Now apply Theorem 1.1 to the system. The reamindef
of the proof consists of transforming the.resqlt té-the vériables
t and x.

Suppase hypotheéis (! hélds. By again foliowinglthe ﬁethod

of the proof of Theorem 2.3, we obtain a system much like (17). The

T

characteristic polynomial has only real coefficients. If aj < O,
the limit of the zeros of the characteristic polynomial are real

numbers. So the real part of the difference of any two characteris-

tic values satisfies Condition I. If o9 > 0, we have by direct

calculation, that

and that Reké(t) = Re)s(t) =‘—(l/2)kl(t)m Observe that if one o(1)

term is drbpped from the above expression, the difference between

-+ the resulting approximate value of Al(w(é)) and the exact value
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Of,Al(w(S)) may not be-integrab;e. In this réspect;-this applica=
tion of Theorem l.i is differen; than tHe theorems of Chapter 2.
Noﬁ} ﬁse the ﬁonotoné properties of the expression.above to show
that in terms of s, RQ[Ak(w(s)) - XjCW(S))] satisfies Condition I
for any values of k‘aﬁd‘ju Theorem 1.1 then applies and the‘p?oof
of this theorem follows.

Our final exam@le'is an épplication of Theorem 2.1 to a
differential equation which is npt treate& by any ofher’known

theorem.

‘ Exaﬁgle 4.2‘ ‘Let @ = 1, and apply Theorem 2;1 to the équation‘<
xE) e x(e) + (L + 4 Da(e) = 0

Then there aye‘thrééISOIutions‘xk(t) having the asymptotic repre-

sentations | | | |

x (t) = ersé{ukt + % [—i}l; + 1w ]m&)} [T+ o(D)]

where uk,‘k=l,2,3,‘areAthe‘three roots of -1,
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APPENDTCES
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APPENDIX 1.

" In this appendix we state and prove two lemmas concerning
integrability properties of the class of comple%—valued functions
of the real variable s that are continuous on 0 < s <o , and which .
converge to zero as s becomes infinite. These lemmaé find frequent

application in the main body of this thesis, and in Appendix 2.

Lemma 1  Suppose that
(i) f(s) is a continuous complex-valued functiqn, of a real
variable s, defined on 0 <'s <o ,

(i1) lim f(s) = 0,

8 - 0
(1i1) £(s) is a member of LI[0,0), 1 < q <w,

Then £(s) is a member of Lr[O,w) for all r such that ¢ < r < o .

Proof: By hypotheses (i) and (ii), we may choose an 8,0 0 j_so‘<lm

A}

such that |£(s)| < 1 on s, S8 <@, Hence,

[ 1£(e)|Tas < [ |£(s)]%as
s, 5

and the conclusion follows from (iii).
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Lémma 2 Suppose that
(1) £(s) and g(s) are continuous complex—valuéd functions of

a real variable s om 0 < 5 < o,

(ii) lim £(s) = 0 and 1lim g(s) = O,

'8 >0 ' S —00
(iii).-f(s) € Lq[O,w) and g(s) € Lr[O,m) where 1 < q, ¥ < 0,
Then the product function £(s).g(s) is a member of Lm[O,MO where

m = max(l,qr/(q+r)).

Proof: Let o = (qtx)/r and g = (gt+x)/q. Applying'Hgider‘s |

Inequality we have

[15el /(D) gq ]| O (O gy o [ O/ Aty y 1/
: 0] : 0 .

T

Since the right hand éide of the inequalit§ is finite, by hypothesis
(iii), so is the left hand side. Thus, the lemma is_proved if
qr/(qtr) > 1.

On the otﬁerthand, if qr/(g+r) < 1, let S, be éhosen so th;t

l qr/ (g+r)

]f-g < 1 when 8, S 8 < @ Since

‘ , N

[ |f-glds < [|£f-g] qr/ (gtr) s
S g
° o

we have that the product function is a member of 1'10,0). This

concludes the proof of the lemma.
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APPENDIX 2

The purpose of this appendix is to present a method of genera-
ting approximate formulas for the zeros of a polynomial whose
coefficients are functions of & real variable. The method is one
which may be iterated to achieve closer approximations at each suc~
cessive stage of the process.

Let P(A) = 12 + B (s)k R B (s) where the B.(s) are con-

tinuous complex~valued functlons of a real varlable s defined on the

interval 0 < 58 < . Suppose that llm B:(s) = a,, j=1,2,...;n,
- t - : J :

where the a, are complex—valued‘constants. Let p(}) =_An + a An_l

1
qzxn—z +...+ a, and require the zeros Moo k=1,2,...,n, of this poly-
nomial to be distinct. Using Rouché's Theorem, it can be verified
that the zeros_kk(s), k=1,2,...,0, of P(}) are continuous functions

of s. By reordering the indices if necessary, we may assume that

1im_Ak(s) = Y 3=1,2,...,0.

s —>®o

The rate at which each difference_xk(s) -y oonvefges to zero
is depenoent upon how fast the differences a, — Bj(s) of the respec-
tive coefficients in p(A) and P(A)‘converge to zero. In-the gengfal
case of ann > 5, it is usuallj impossible to express'kk(s) expli-
citly as a function of the:coéfficients 33(3). Theréfore, an exact

determination of_kk(s) ~ in terms of-aj.—_Bj(s), i=1,2,...,0,

Uk:
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will usually be oﬁt of Ehe ques?ion.' A suitable approximation to
.Ak(s) may be regdily 6btained, ﬁowever. For our purpose, we seek
an approximate zero Xk(s) of P(}A) such that the difference‘

xk(s) - ;?(s) is integrable on [O,«Q;'

To this end, set Ak(s) =y, + uk(s). Remembering that Ak(s)

k
is a zero of P(A), and dropping the subscript for cohvenience,'we
have P(0 + o) = 0. Now, P{(n + a)-ma§ be viewed>as a polynomiél of
degree n in d. ‘Writiﬁg’it‘a§ such; we obtaiﬁ_ ‘

P(y) + P'(w)a +...+ o™ = 0. Since d(s) converges to zero as s

becomes infinite, this equation may be expressed as

Pu) + Pt all + o(1)] = 0 a9

where o(l) designates a function which vanishes as s becomes infinite

infinite. As s becomes infinite

; o n-1 .
_ o1l ‘ . D—3-1
P'() = nu” "+ ) B (s) (a7
f =l j
J

converges to p'(M). We may assume that P'(u) is nomzero.on
s, < s < ®©, when s, is sufficiently large, for the zeros of p(d)
are distinct, and p' () # O.

With the understanding that s i_so, equation (19) may be solved

for a. This yields ‘ ' ; . -

- - T L r o] 20y
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To make the dependence of o upon the differences aj - Bj(s) more
explicit, recall that ﬁ(p) = 0, and write equation (19) as

o= - %@‘ [1+ o(1)] e

or

jal

o= @GN Yl -3 @I 14+ 0]
4=1 . ] .

Since P’(ﬁ) = p‘(ﬁ)[i + o(1)], and 1/T1 + o(1)] = [1+ o)1, an .

alternative form of equation (20) is

R S YAy o (22).

p' (W)
From equations (20) and (22), it is evident that an approximation to
“A(s) = p+ a(s) is ‘given by either

The second form would appear to be preferabie to the first, because
its denominator is independent of the variable s. However, as we
shall see, the first form has some advantages when it comes to

determining successively better approximations to A.

—
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. Let us examine how close the approximate zero

A(s) = m —I‘%]}ig-i—;- 3 ' - (23)
is to the exact zero A(s) of‘P(A). Set_k(s).= ﬂ ;'P?Ez; + B(s).

We shall show that if aj -~ Bj(s) is a member of Lq[O,m), then

~A(s) —li(s) = B(s) is a member of Lr[O,aD, where r = méx(l;q/Z).

- For simplicity, let

n

- PG _p() = PG _ prpoyyL _ _\ 7.~
e(s) = - 5oy Een ®' (1) jZé[aj' HON RS

Again, stérting with P(A) = 0, and employing thé'same kind of
reasoning as before,'we develop the succéssipn of equationsﬁ
PG =0 .
P(u+ €+g) =0
Pu+ €) +P'(p+ &) [L+o0(1)] =0 o '(24)
P(u+e) +p' (W [L+o(1)] =0 | .
P(w +P'(w) + (1/2)1’-"‘(1u)€‘2 took gl = —p'(ﬁ')B [1+0(1)]
Using the definition of e; we obtain
(1/2)P" (e + (/6P (e’ Aok €T = p (0B [1 + o(D] (25
‘By suppositibn, the a.j - Bj<s) are chtinuous on {0;«0, converge to
zero as s becomes infinite, and are members of L910,%. From
Lemma 2, it?follows that the left hand side of equation (255 is a

member of Lr[O,w), where r = max(1l,q/2). As a special case, if
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q = .2, we have shown that the difference B(s) = A(s) h_i(s), with
D - €7D SO '
CA(s) = u O integrable on [0,w).

To continue the procedure, we could use_equatioﬁ (24) next to

define o
P

P(u.+€) _
P (w)

§(s) = = P F o) ° where ¢ =
It can be verified that if aj - Bj(s) is a member of LqIO;mO, then

._X -~ u -~ 6 is a member of Lr[O,w) where © = max(l,q/3); This

should suffice to indicate how these approximations may be extended.

&
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