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A b str a ct. We  p r e s e nt a  d et ail e d st u d y of a s c al a r  diff e r e nti al e q u ati o n  wit h t h r e s h ol d

st at e- d e p e n d e nt  d el a y e d f e e d b a c k.  T hi s e q u ati o n a ri s e s a s a si m pli f c ati o n of a g e n e

r e g ul at o r y  m o d el.  T h e r e a r e t w o  m o n ot o n e n o nli n e a riti e s i n t h e  m o d el: o n e  d e s c ri b e s

t h e  d e p e n d e n c e of  d el a y o n st at e, a n d t h e ot h e r i s t h e f e e d b a c k n o nli n e a rit y.  B ot h i n -

c r e a si n g a n d  d e c r e a si n g n o nli n e a riti e s a r e c o n si d e r e d.  O u r a n al y si s i s e x h a u sti v e b ot h

a n al yti c all y a n d n u m e ri c all y a s  w e e x a mi n e t h e bif u r c ati o n s of t h e s y st e m f o r v a ri o u s

c o m bi n ati o n s of i n c r e a si n g a n d  d e c r e a si n g n o nli n e a riti e s.  We i d e ntif y ri c h bif u r c ati o n

p att e r n s i n cl u di n g  B a uti n,  B o g d a n o v – T a k e n s, c u s p, f ol d, h o m o cli ni c, a n d  H o pf bif u r -

c ati o n s  w h o s e e xi st e n c e  d e p e n d o n t h e  d e ri v ati v e si g n s of n o nli n e a riti e s.  O u r a n al y si s

c o n f r m s  m a n y of t h e s e  p att e r n s i n t h e li mit  w h e r e t h e n o nli n e a riti e s a r e s wit c h-li k e

a n d c h a n g e t h ei r v al u e a b r u ptl y at a t h r e s h ol d.  P e r h a p s o n e of t h e  m o st s u r p ri si n g

f n di n g s i s t h e e xi st e n c e of a  H o pf bif u r c ati o n t o a  p e ri o di c s ol uti o n  w h e n t h e n o nli n -

e a rit y i s  m o n ot o n e i n c r e a si n g a n d t h e ti m e  d el a y i s a  d e c r e a si n g f u n cti o n of t h e st at e

v a ri a bl e.

K e y w or d s: st at e  d e p e n d e nt  d el a y, t h r e s h ol d  d el a y, n e g ati v e f e e d b a c k,  p o siti v e f e e d -

b a c k, bif u r c ati o n ( B a uti n,  B o g d a n o v – T a k e n s, c u s p, f ol d, h o m o cli ni c,  H o pf).

2 0 2 0  M at h e m ati c s  S u bj e ct  Cl a s si f c ati o n: 3 4 K 1 8, 3 4 K 4 3, 3 7 N 2 5 ( P ri m a r y) 9 2 C 3 7, 9 2- 1 0,

3 7 G 1 5, 3 4 K 1 3, 3 4 K 1 6 ( S e c o n d a r y).

1 I ntr o d u cti o n

I n c o n si d e ri n g  m at h e m ati c al  m o d el s f o r t h e  d y n a mi c s of bi ol o gi c al f e e d b a c k s y st e m s, t h e

o c c u r r e n c e of  d el a y s i s al m o st  u bi q uit o u s a n d t hi s l e a d s t o v e r y i nt e r e sti n g bi ol o gi c al,  m at h e -

m ati c al, a n d  m o d eli n g  p r o bl e m s.  T h e s e  d el a y s a ri s e b e c a u s e of t h e ti m e r e q ui r e d t o  p r o p a g at e

f e e d b a c k si g n al s i n bi ol o gi c al s y st e m s. F o r  p h y si ol o gi c al e x a m pl e s o n e n e e d o nl y t hi n k of t h e

B  C o r r e s p o n di n g a ut h o r.  E m ail: t g e d e o n @ m o nt a n a. e d u
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c o n d u cti o n ti m e of a cti o n  p ot e nti al s i n a n e u r al f e e d b a c k ci r c uit [ 2 , 3 8 ], t h e ti m e r e q ui r e d t o

c o m pl et e  D N A s y nt h e si s,  mit o si s a n d c yt o ki n e si s i n c ell r e pli c ati o n [ 1 2 ], t h e si g ni f c a nt ti m e

r e q ui r e d t o  p r o d u c e  m at u r e c ell s i n t h e h e m at o p oi eti c s y st e m [ 1 0 , 1 6 ], a s  w ell a s a  m y ri a d

of ot h e r s [1 9 ]. E x a m pl e s i n e n gi n e e ri n g a n d  p h y si c al s etti n g s a r e ri c h a n d a b u n d a nt r a n g -

i n g f r o m c o nt r ol of s hi p s [ 4 4 ], vi b r ati o n c o nt r ol [4 5 ], a n d t h e  d el a y s  d u e t o t h e r el ati vi sti c

p r o p a g ati o n of si g n al s at t h e s p e e d of li g ht [ 1 1 ,6 6 ,6 7 ].

I n t hi s  p a p e r  w e st u d y t h e  d y n a mi c s of t h e  p o siti v e s ol uti o n s of t h e s c al a r st at e- d e p e n d e nt

d el a y  diff e r e nti al e q u ati o n ( D D E)

v ( x ( t) ) )  − µ τ ( t)x ′ ( t)  =  β e g ( x ( t −  τ ( t) ) )  −  γ x ( t) ( 1. 1)
v ( x ( t −  τ ( t) ) )  

w h e r e f o r t ≥  0 t h e  d el a y τ ( t) i s  d e f n e d b y t h e t h r e s h ol d c o n diti o n

Z 0 Z t

a =  v ( x ( t +  s ) ) d s =  v ( x ( s ) ) d s . ( 1. 2)
− τ ( t) t− τ ( t) 

W e a s s u m e t h at t h e c o n st a nt s β , µ , γ  a n d a a r e all  p o siti v e.

We will c o n si d e r t h e s y st e m ( 1. 1 ),(1. 2 )  wit h b ot h s m o ot h a n d  pi e c e wi s e c o n st a nt f u n cti o n s

v ( x ) a n d g ( x ) . I n t h e s m o ot h c a s e,  w e t a k e t h e f u n cti o n s t o b e  Hill f u n cti o n s

g − θ n +  g +  x n
v − θ m +  v + x m

vg ( x )  =  
g

, v ( x )  =  , ( 1. 3)
θ n +  x n θ m +  x m

g v

w h e r e t h e e x p o n e nt s m a n d n a r e st ri ctl y  p o siti v e r e al n u m b e r s.  We al s o a s s u m e t h at v ( x ) i s

st ri ctl y  p o siti v e a n d b o u n d e d a w a y f r o m z e r o:

− −0 <  v 0 ≤  v ( x ) ≤  v U ,  w h e r e v 0 =  mi n { v , v + } , v U =  m a x { v , v + } . ( 1. 4)

T hi s e n s u r e s t h at t h e  d el a y  d e f n e d b y (1. 2 ) s ati s f e s τ ( t) ∈  [a / v U , a / v 0 ], a n d i s t h u s b ot h

b o u n d e d a n d b o u n d e d a w a y f r o m z e r o.  M o r e o v e r, a p pl yi n g  L ei b nit z’ s r ul e t o (1. 2 ) wit h

v ( x ) ≥  v 0 >  0 s h o w s t h at dt
d ( t −  τ ( t) ) ≥  v 0 / v U >  0 s o t −  τ ( t) i s a st ri ctl y  m o n ot o ni c all y

i n c r e a si n g f u n cti o n of t.  C o n s e q u e ntl y t o p o s e ( 1. 1 ) –(1. 2 ) a s a n i niti al v al u e  p r o bl e m (I V P) it

i s s uf f ci e nt t o  p r o vi d e a n i niti al f u n cti o n x ( t)  =  ϕ ( t) f o r t ∈  [− τ ( 0 ) , 0] w h e r e τ ( 0 ) i s  d e f n e d

b y ( 1. 2 ).  We will t a k e t h e f u n cti o n g t o b e n o n- n e g ati v e a n d b o u n d e d  wit h

− −0 <  g 0 ≤  g ( x ) ≤  g U ,  w h e r e g 0 =  mi n { g , g + } , g U =  m a x { g , g + } . ( 1. 5)

We a r e i nt e r e st e d i n t h e  d y n a mi c s  w h e n t h e  Hill c o ef f ci e nt s m , n a r e s m all o r l a r g e, a n d

al s o c o n si d e r t h e c a s e of  pi e c e wi s e c o n st a nt f u n cti o n s o bt ai n e d b y t a ki n g t h e li mit s of v ( x ) 

a n d g ( x ) a s m a n d n →  ∞ . I n t h at c a s e  w e t a k e t h e li miti n g f u n cti o n s t o b e s et- v al u e d at t h e

t h r e s h ol d  p oi nt s  wit h

g ( x )  =  


  




  

  

g −  , x <  θ g

[g 0 , g U ], x =  θ g ( 1. 6)

g +  , x >  θ g

v −  , x <  θ v

v ( x )  =  [v 0 , v U ], x =  θ v ( 1. 7)

v +  , x >  θ v
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E q u ati o n ( 1. 6 ) i s  d e ri v e d f r o m (1. 3 ) b y r e g a r di n g t h e c u r v e { x , g ( x ) }  a s a s u b s et of R 2 a n d

t a ki n g t h e li mit a s n →  ∞  u si n g t h e  H a u s d o rff  m et ri c, a n d ( 1. 7 ) i s  d e ri v e d si mil a rl y. T h e r e

i s a l o n g hi st o r y of i n c o r p o r ati n g s et- v al u e d f u n cti o n s i nt o  diff e r e nti al e q u ati o n s, r e s ulti n g i n

diff e r e nti al i n cl u si o n s f o r o r di n a r y  diff e r e nti al e q u ati o n s [ 3 ,4 ], a n d i n  D D E s.  M all et- P a r et a n d

N u s s b a u m ([ 4 0 ,4 1 ]) c o n si d e r s et- v al u e d li miti n g s ol uti o n s i n t h ei r st u d y of sl o wl y o s cill ati n g

p e ri o di c s ol uti o n s.

A s s h o w n i n  A p p e n di x A , t h e s y st e m (1. 1 ) –(1. 2 ) a ri s e s a s a q u a si- st e a d y st at e r e d u cti o n of

t h e st at e- d e p e n d e nt  d el a y e d e xt e n si o n of t h e  G o o d wi n [2 1 ] o p e r o n m o d el st u di e d i n [ 1 8 , 6 3 ,

6 5 ].  T h u s t h e  m o d el i s t a k e n t o  d e s c ri b e t h e r e g ul ati o n of a b a ct e ri al o p e r o n i n  w hi c h t h e c ell s

a r e g r o wi n g e x p o n e nti all y at a r at e µ  a n d h a v e  f nit e t r a n s c ri pti o n al a n d t r a n sl ati o n al v el o citi e s

t h at a r e  p ot e nti all y  d e p e n d e nt o n t h e st at e of t h e s y st e m.  T h e n t h e f u n cti o n g d e n ot e s t h e

p r o d u cti o n  f u x of  m e s s e n g e r  R N A ( m R N A)  w hil e v i s t h e v el o cit y of t r a n sl ati o n /t r a n s c ri pti o n

of t h e  m R N A st r a n d t o  p r o d u c e t h e e n d  p r o d u ct ( p r ot ei n). x r e p r e s e nt s t h e  di m e n si o nl e s s

eff e ct o r c o n c e nt r ati o n.

T h e f u n cti o n g ( x ) i n (1. 3 ) i s m o n ot o n e i n c r e a si n g  w h e n g −  <  g +  ,  w hi c h  w e r ef e r t o a s a

p o siti v e f e e d b a c k c a s e. I n t h e o p e r o n c o nt e xt ([2 1 ]) t hi s c o r r e s p o n d s t o a n i n d u ci ble o p e r o n.

T h e cl a s si c al e x a m pl e  w o ul d b e t h e l a c o p e r o n r e g ul ati n g b a ct e ri al  utili z ati o n of l a ct o s e a s a n

e n e r g y s o u r c e.  C o n v e r s el y,  w h e n g −  >  g +  t h e f u n cti o n g ( x ) i s  m o n ot o n e  d e c r e a si n g,  w hi c h

w e r ef e r t o a s a n e g ati v e f e e d b a c k c a s e, a n d i n t h e o p e r o n s etti n g it  w o ul d c o r r e s p o n d t o a

re pressi ble o p e r o n.  T h e i m m e di at e e x a m pl e t h at c o m e s t o  mi n d i s t h e tr y p o p e r o n r e g ul ati n g

t h e  p r o d u cti o n of t h e a mi n o a ci d t r y pt o p h a n.

I n [1 8 ] it i s a r g u e d t h at t h e t r a n s c ri pti o n v el o cit y f o r a n o p e r o n s h o ul d b e a n i n c r e a si n g

f u n cti o n  w h e n g i s a  d e c r e a si n g f u n cti o n, a n d vi c e v e r s a,  w hil e t h e t r a n sl ati o n v el o cit y s h o ul d

al w a y s b e  m o n ot o ni c all y  d e c r e a si n g. I n t h e c u r r e nt st u d y,  w e  d o n ot  m a k e t hi s a s s u m pti o n

a n d i n st e a d c o n si d e r t h e  diff e r e nt  p o s si bl e c o m bi n ati o n s of i n c r e a si n g / d e c r e a si n g / c o n st a nt

g a n d v t o e x pl o r e  p ot e nti al  d y n a mi c s.  T o a v oi d c o nf u si o n  w e  u s e g ↑  t o i n di c at e t h at t h e

f u n cti o n g i s  m o n ot o ni c all y i n c r e a si n g o r e q ui v al e ntl y t h at g −  <  g +  .  T h e n g ↓  d e n ot e s t h at g

i s  m o n ot o ni c all y  d e c r e a si n g o r e q ui v al e ntl y t h at g −  >  g +  ,  w hil e  w e  u s e g ↔  t o  d e n ot e t h at

g −  =  g +  a n d s o g i s a c o n st a nt f u n cti o n.  Wit h a n al o g o u s  d e f niti o n s f o r t h e f u n cti o n v w e

d e n ot e  diff e r e nt c a s e s of t h e s e  p ai r s of f u n cti o n s b y ( g ↑ , v ↑ ) , ( g ↑ , v ↓ ) , ( g ↑ , v ↔ ) , et c.

S mit h [5 5 , 5 6 ] s h o w e d t h at a  D D E  wit h a t h r e s h ol d  d el a y c a n b e c o n v e rt e d t h r o u g h a

ti m e t r a n sf o r m ati o n t o a  di st ri b ut e d  d el a y  D D E  wit h a c o n st a nt  d el a y, s o t h e t h e o r y of t h o s e

e q u ati o n s i s a p pli c a bl e t o t hi s  m o d el. S o m e a ut h o r s h a v e  u s e d t hi s t r a n sf o r m ati o n t o st u d y

t h r e s h ol d  m o d el s a s  di st ri b ut e d c o n st a nt  d el a y  D D E s ( s e e f o r e x a m pl e [ 3 3 ,5 8 ]), b ut ot h e r ti m e s

t h e e xi st e n c e of t h e ti m e t r a n sf o r m ati o n t o c o n st a nt  d el a y  D D E h a s b e e n  u s e d a s a n e x c u s e t o

j u st i g n o r e t h e t h r e s h ol d  d el a y a n d t r e at t h e  d el a y a s if c o n st a nt.  We  will  d e m o n st r at e t h at t h e

m o d el ( 1. 1 )  wit h t h e t h r e s h ol d  d el a y (1. 2 ) c a n  di s pl a y v e r y  diff e r e nt  d y n a mi c s t h a n t h e s a m e

m o d el ( 1. 1 )  wit h a c o n st a nt  di s c r et e  d el a y.

I n t hi s  w o r k  w e  will t a c kl e (1. 1 ) wit h t h e t h r e s h ol d  d el a y (1. 2 ) di r e ctl y  wit h o ut t r a n s -

f o r mi n g t o a c o n st a nt  d el a y  D D E.  We  d o t hi s b e c a u s e  w e a r e al s o i nt e r e st e d i n  p r o bl e m s

wit h  m ulti pl e  d el a y s. F o r a  p r o bl e m  wit h  m ulti pl e t h r e s h ol d  d el a y s  d e f n e d b y  diff e r e nt i n -

t e g r a n d s, o r e v e n f o r a  p r o bl e m  wit h a si n gl e t h r e s h ol d  d el a y a n d a si n gl e c o n st a nt  d el a y, it

i s n ot  p o s si bl e t o  u s e a ti m e t r a n sf o r m ati o n t o c o n v e rt it t o a c o n st a nt  d el a y  D D E.  We al s o

p oi nt o ut t h at  w h e n µ  ≠  0, t h e t e r m e − µ τ  i n (1. 1 ) w o ul d c a u s e t h e ti m e t r a n sf o r m e d e q u ati o n

t o b e a  di st ri b ut e d  D D E  wit h c o n st a nt  d el a y, a n d n ot a di s c r et e  d el a y  D D E ( s e e [ 6 4 ]). Fi n all y,

w e b eli e v e it i s i nt e r e sti n g t h at t h e a n al y si s a n d n u m e ri c s of t h e s e  p r o bl e m s c a n b e t a c kl e d

di r e ctl y f o r t h e  p r o bl e m a s o ri gi n all y f o r m ul at e d.
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T h e o utli n e of t hi s  p a p e r i s a s f oll o w s. S e cti o n 2 di s c u s s e s t h e s e mi f o w g e n e r at e d b y

(1. 1 ) –(1. 2 ).  T h e f oll o wi n g S e cti o n 3 c o n si d e r s i s s u e s r el at e d t o t h e  p o siti vit y of s ol uti o n s a n d

t h e e xi st e n c e of a gl o b al att r a ct o r, a n d t h e n S e cti o n 4 e x a mi n e s t h e li n e a ri z ati o n of t h e s y st e m

at o n e of t h e st e a d y st at e s a n d t h e st a bilit y of t h e st e a d y st at e.

S e cti o n s 5 a n d 6 c o nt ai n a  d et ail e d i n v e sti g ati o n of t h e ri c h  d y n a mi c s g e n e r at e d b y t h e

s y st e m (1. 1 ) –(1. 2 ).  We c o m bi n e t h e v e ri f c ati o n of e s s e nti al n e c e s s a r y c o n diti o n s f o r l o c al

bif u r c ati o n s f r o m st ati o n a r y  p oi nt s  wit h n u m e ri c al st u di e s of o n e- a n d t w o- p a r a m et e r bif u r -

c ati o n s.  O u r n u m e ri c al t e c h ni q u e s a r e e xt e n si v el y  d o c u m e nt e d i n [ 1 8 ,6 3 ,6 5 ], a n d s u m m a ri s e d

i n  A p p e n di x C . C o n c e r ni n g  T h e o r e m s 5. 3 , 5. 4 , 5. 6 a n d 5. 9 a b o ut f ol d- a n d  H o pf- bif u r c ati o n s

t h e r e a d e r s h o ul d b e a w a r e t h at f o r  m o st st at e m e nt s  w e li mit o u r s el v e s t o  p r o vi n g o nl y t h o s e

p a rt s  w hi c h  m a k e t h e r e s ult  pl a u si bl e a n d s e r v e a s a b a si s f o r n u m e ri c al i n v e sti g ati o n. I n  p a r -

ti c ul a r,  w e  d o n ot v e rif y n o n- d e g e n e r a c y c o n diti o n s f o r t h e bif u r c ati o n s.  T h e o r e m s o n  H o pf

bif u r c ati o n f o r  diff e r e nti al e q u ati o n s  wit h st at e- d e p e n d e nt  d el a y c a n b e f o u n d i n [ 1 4 ,3 0 ,5 3 ].

We b e gi n i n S e cti o n 5 b y e x a mi ni n g t h e si m pl e r sit u ati o n i n  w hi c h t h e r e i s o nl y o n e n o n -

li n e a rit y,  wit h o n e of g o r v b ei n g c o n st a nt. I n S e cti o n s 5. 1 a n d 5. 2 w e c o n si d e r t h e c o n st a nt

d el a y c a s e s ( g ↓ , v ↔ ) a n d ( g ↑ , v ↔ ) r e s p e cti v el y.  T h e n i n S e cti o n s 5. 3 a n d 5. 4 w e c o n si d e r

( g ↔ , v ↓ ) a n d ( g ↔ , v ↑ ) . I n t h e s e t w o c a s e s v a n d t h u s τ  a r e v a r yi n g, r e s ulti n g i n st at e-

d e p e n d e nt  d el a y s.  We  f n d t h at t h e  d y n a mi c s a r e c o n si d e r a bl y ri c h e r a n d  m o r e s u r p ri si n g i n

t h e st at e- d e p e n d e nt  d el a y c a s e s,  wit h q u alit ati v e  diff e r e n c e s i n t h e  d y n a mi c s  d e p e n di n g o n

w h et h e r t h e g r o wt h r at e, µ , o r t h e  d e c a y r at e, γ , i s l a r g e r.

We c o nti n u e i n t hi s v ei n i n S e cti o n 6 b ut c o n si d e ri n g b ot h n o nli n e a riti e s, g a n d v . I n

S e cti o n 6. 1 w e b e gi n b y c o n si d e ri n g t h e c a s e  w h e r e θ g ≠  θ v . I n  p ri n ci pl e t h e r e s h o ul d b e f o u r

c a s e s t o c o n si d e r: ( g ↑ , v ↑ ) , ( g ↑ , v ↓ ) ,( g ↓ , v ↑ ) a n d ( g ↓ , v ↓ ) , b ut i n  p r a cti c e  w e  f n d t h at t h e

d y n a mi c s i s  d et e r mi n e d b y t h e c a s e s st u di e d i n S e cti o n 5 . F o r e x a m pl e  wit h ( g ↑ , v ↑ , θ g ≠  θ v )  

w e  f n d t h at t h e  d y n a mi c s a n d bif u r c ati o n s f r o m t h e st e a d y st at e ξ  a r e gi v e n b y t h e  p r e vi o u sl y

st u di e d c a s e s ( g ↑ , v ↔ ) f o r ξ  ≈  θ g a n d b y ( g ↔ , v ↑ ) f o r ξ  ≈  θ v .  C o n s e q u e ntl y,  w e ill u st r at e

j u st t w o of t h e s e c a s e s, ( g ↓ , v ↑ , θ g ≠  θ v )  a n d ( g ↑ , v ↑ , θ g ≠  θ v )  t o s h o w  h o w t h e  d y n a mi c s

r el at e s t o t h e  p r e vi o u s e x a m pl e s of S e cti o n 5 . T h e c a s e ( g ↑ , v ↑ , θ g ≠  θ v )  i s i nt e r e sti n g a s it

c a n r e s ult i n  u p t o  f v e c o- e xi sti n g st e a d y st at e s, t h r e e of  w hi c h a r e st a bl e.

If |θ g −  θ v |  ≪ 1 t h e n b ot h f u n cti o n s g a n d v i n f u e n c e t h e  d y n a mi c s, s o i n S e cti o n 6. 2 w e

c o n si d e r t h e  d y n a mi c s  w h e n θ g =  θ v . I n t h e c a s e s ( g ↑ , v ↑ ) a n d ( g ↓ , v ↓ ) b ot h f u n cti o n s

a r e i n c r e a si n g o r  d e c r e a si n g, a n d n o n e w  d y n a mi c s a ri s e, b e y o n d  w h at  w a s al r e a d y s e e n i n

S e cti o n 5 . H o w e v e r, t h e c a s e s ( g ↑ , v ↓ , θ g =  θ v )  a n d ( g ↓ , v ↑ , θ g =  θ v )  r e v e al s u r p ri si n g

d y n a mi c s i n li miti n g c a s e s.

S e cti o n 7 c o nt ai n s s u m m a r y r e m a r k s a s  w ell a s c o m m e nt s o n  p o s si bl e e xt e n si o n s of t hi s

w o r k.

Fi n all y, a s n ot e d a b o v e t h e a p p e n di c e s c o nt ai n t h e r e d u cti o n of t h e  m o d el of [1 8 ] t o t h e

sit u ati o n  w e c o n si d e r h e r e ( A p p e n di x A ) a s  w ell a s a b ri ef el a b o r ati o n i n  A p p e n di x B of  f v e

p r e vi o u sl y  p u bli s h e d  m o d el s t h at f all  wit hi n t h e c o nt e xt of t hi s  p a p e r, al o n g  wit h a s u m m a r y

a n d r ef e r e n c e s f o r o u r n u m e ri c al t e c h ni q u e s ( A p p e n di x C ).

2  T h e s e mi f o w of  diff er e nti a bl e s ol uti o n o p er at or s g e n er at e d  b y t h e

s y st e m ( 1. 1 ) –(1. 2 )

F o r  d el a y  diff e r e nti al e q u ati o n s a f a mili a r st at e s p a c e i s gi v e n b y t h e s p a c e of c o nti n u o u s

f u n cti o n s o n a c o m p a ct i nt e r v al, s e e e. g. [1 3 , 2 8 ]. I n c a s e of v a ri a bl e, st at e- d e p e n d e nt  d el a y s,
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h o w e v e r, t h e r e i s a s p e ci f c l a c k of s m o ot h n e s s  w hi c h  m e a n s t h at i n g e n e r al t h e i niti al v al u e

p r o bl e m i s n ot  w ell- p o s e d f o r o nl y c o nti n u o u s i niti al  d at a, n ot t o s p e a k of, s a y, s m o ot h n e s s of

s ol uti o n s  wit h r e s p e ct t o i niti al  d at a a n d li n e a ri z ati o n ([ 2 9 ,5 9 ]).

R e c all t h e  d e f niti o n of t h e s e g m e nt x t of a  m a p x : I →  R  f o r  w hi c h t h e  d o m ai n I c o nt ai n s

t h e i nt e r v al [t −  r , t] wit h t ∈  R  a n d r >  0 : x t i s t h e  m a p [− r , 0] →  R  gi v e n b y x t ( s )  =  x ( t +  s ) 

f o r − r ≤  s ≤  0. I n ot h e r  w o r d s, t h e r e st ri cti o n of x t o [t −  r , t] i s s hift e d t o t h e i nt e r v al [− r , 0].

I n t hi s s e cti o n  w e r ef o r m ul at e t h e s y st e m ( 1. 1 ), (1. 2 ) a s a  d el a y  diff e r e nti al e q u ati o n

x ′ ( t)  =  G ( x t )  ( 2. 1)

wit h a f u n cti o n al G : C 1 →  R  o n t h e  B a n a c h s p a c e C 1 =  C 1 ([ − r , 0], R ) of c o nti n u o u sl y

diff e r e nti a bl e  m a p s [− r , 0] →  R , f o r s o m e r >  0  w hi c h i s t o b e  d et e r mi n e d.  T h e n o r m o n C 1

i s gi v e n b y

|ϕ |1 =  m a x |ϕ ( t) | +  m a x |ϕ ′ ( t) |,
− r ≤ t≤ 0 − r ≤ t≤ 0

W e  will al s o  n e e d t h e  B a n a c h s p a c e C ⊃  C 1 of c o nti n u o u s  m a p s [− r , 0] →  R ,  wit h t h e

n o r m gi v e n b y

|ϕ | =  m a x |ϕ ( t) |.
− r ≤ t≤ 0

W e s h all v e rif y t h e h y p ot h e s e s f r o m [2 9 , 5 9 , 6 0 ] w hi c h g u a r a nt e e t h e e xi st e n c e,  u ni q u e n e s s,

a n d  diff e r e nti a bilit y,  wit h r e s p e ct t o i niti al  d at a, of s ol uti o n s t o a n i niti al v al u e  p r o bl e m  w hi c h

i s a s s o ci at e d  wit h (2. 1 ) i n a s u b m a nif ol d of t h e s p a c e C 1 .

We  m a k e t h e f oll o wi n g a s s u m pti o n s.  T h e f u n cti o n g : R  →  ( 0, ∞ ) i s c o nti n u o u sl y  diff e r-

e nti a bl e  wit h

0 <  i nf g ( R ) ≤  s u p g ( R )  =  g U .

T h e f u n cti o n v : R  →  [v 0 , ∞ ) ,  wit h v 0 >  0, i s c o nti n u o u sl y  diff e r e nti a bl e.  We  f x a n u m b e r

r >  a / v 0 a n d  n oti c e t h at r i s a n a  p ri o ri b o u n d f o r τ ( t) i n  E q. (1. 2 ).

N e xt  w e r e w rit e t h e s y st e m  E q. ( 1. 1 ), (1. 2 ) i n a f o r m  w hi c h i s  m o r e c o n v e ni e nt f o r o u r

p u r p o s e.  U si n g s e g m e nt n ot ati o n,  E q. ( 1. 2 ) b e c o m e s

Z  0
a =  v ( x t ( s ) ) d s ( 2. 2)

− τ ( t) 

wit h t h e s e g m e nt x t ∈  C .  M o r e g e n e r all y,  w e c o n si d e r t h e e q u ati o n

Z  0
a =  v ( ϕ ( s ) ) d s ( 2. 3)

− u

f o r u ∈  [0, r ] a n d ϕ  ∈  C .  U si n g  p o siti vit y of t h e f u n cti o n v a n d t h e I nt e r m e di at e  V al u e  T h e o r e m

w e i nf e r t h at f o r e v e r y ϕ  ∈  C t h e r e i s a  u ni q u el y  d et e r mi n e d s ol uti o n u =  δ ( ϕ ) ∈  ( 0, r ) of

E q. ( 2. 3 ).  T hi s yi el d s a  m a p δ  : C →  ( 0, r ) .

Pr o p o siti o n 2. 1. T he  m a p δ  : C →  ( 0, r ) is c o nti n u o usl y differe nti a ble  wit h

R 0
v ′ ( ϕ ( s ) ) χ ( s ) d s− δ ( ϕ )

D δ ( ϕ ) χ  =  −  
v ( ϕ ( − δ ( ϕ ) ) )  

.

I n c ase ϕ ( s ) =  ξ  f or all s ∈  [− r , 0],
a

δ ( ϕ )  =  
v ( ξ ) 

a n d
v ′ ( ξ )  

Z  0
D δ ( ϕ ) χ  =  −  χ ( s ) d s .

v ( ξ ) − a / v ( ξ ) 
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B ef o r e gi vi n g t h e  p r o of r e c all f r o m [5 9 , p a g e 4 7] o r [2 9 , p a g e 4 6 6] t h at t h e e v al u ati o n  m a p

e v C : C ×  [− r , 0] ∋  ( χ , u ) 7 → χ ( u ) ∈  R .

i s c o nti n u o u s ( b ut n ot l o c all y  Li p s c hit z c o nti n u o u s, l et al o n e  diff e r e nti a bl e), a n d t h at t h e

r e st ri ct e d e v al u ati o n  m a p

e v : C 1 ×  ( − r , 0) ∋  ( ϕ , u ) 7 → ϕ ( u ) ∈  R  

i s c o nti n u o u sl y  diff e r e nti a bl e  wit h

D e v ( ϕ , u ) ( ϕ̂ , û )  =  D 1 e v ( ϕ , u ) ϕ̂ +  D 2 e v ( ϕ , u ) û =  ϕ̂ ( u )  +  ϕ ′ ( u ) û , ( 2. 4)

w h e r e D 1 a n d D 2 d e n ot e  p a rti al  d e ri v ati v e s  wit h r e s p e ct t o t h e a r g u m e nt i n C 1 a n d i n ( − r , 0) ,

r e s p e cti v el y.  T h e s u b stit uti o n o p e r at o r

V : C ∋  ϕ  7 → v ◦  ϕ  ∈  C

i s c o nti n u o u sl y  diff e r e nti a bl e  wit h

( D V ( ϕ ) ϕ̂ ) ( s )  =  v ′ ( ϕ ( s ) ) ϕ̂ ( s )  f o r all ϕ̂ ∈  C , s ∈  [− r , 0],

s e e f o r e x a m pl e [1 3 , A p p e n di x I V,  L e m m a 1. 5].

Pr o of of  Pr o p ositi o n 2. 1 . F o r e v e r y ϕ  ∈  C t h e v al u e u =  δ ( ϕ ) i s t h e  u ni q u e s ol uti o n of t h e

e q u ati o n h ( u , ϕ )  =  0,  w h e r e h : ( 0, r ) ×  C →  R  i s gi v e n b y

Z  0
h ( u , ϕ )  =  a −  v ( ϕ ( s ) ) d s =  a −  e v ( I ( V ( ϕ ) ) ) , − u ) 

− u

wit h t h e c o nti n u o u s li n e a r i nt e g r ati o n o p e r at o r I : C →  C 1 d e f n e d b y

Z  0
( I ψ ) ( t)  =  ψ ( s ) d s .

t

T h e  m a p h i s c o nti n u o u sl y  diff e r e nti a bl e  wit h

D 1 h ( u , ϕ ) 1 =  − v ( ϕ ( − u ) )  <  0

a n d

D 2 h ( u , ϕ ) χ  =  − D 1 e v ( I ( V ( ϕ ) ) , − u ) D I ( V ( ϕ ) ) D V ( ϕ ) χ  =  − ( D I ( V ( ϕ ) ) D V ( ϕ ) χ ) ( − u ) 
Z  0

=  − ( I ( D V ( ϕ ) χ ) ) ( − u )  =  −  v ′ ( ϕ ( s ) ) χ ( s ) d s .
− u

T h e I m pli cit F u n cti o n  T h e o r e m a p pli e s at e v e r y ( δ ( ϕ ) , ϕ ) ∈  ( − r , 0) ×  C a n d yi el d s t h at l o c all y,

δ  i s gi v e n b y a c o nti n u o u sl y  diff e r e nti a bl e  m a p.  Diff e r e nti ati o n of t h e e q u ati o n h ( δ ( ϕ ) , ϕ )  =  0

gi v e s
R 0

v ′ ( ϕ ( s ) ) χ ( s ) d sD 2 h ( δ ( ϕ ) , ϕ ) χ  − δ ( ϕ )
D δ ( ϕ ) χ  =  −  =  −  .

D 1 h ( δ ( ϕ ) , ϕ ) 1 v ( ϕ ( − δ ( ϕ ) ) )  

I n t h e c a s e ϕ  i s c o n st a nt  wit h v al u e ξ  ∈  R , E q. ( 2. 3 ) gi v e s a =  δ ( ϕ ) v ( ξ ) , a n d b y t h e  p r e vi o u s

f o r m ul a,
v ′ ( ξ )  

Z  0
D δ ( ϕ ) χ  =  −  χ ( s ) d s .

v ( ξ ) − a / v ( ξ ) 



7D y n a mi cs of a st ate- de pe n de nt del a y- differe nti al e q u ati o n

U si n g t h e  d el a y f u n cti o n al δ  : C →  ( 0, r ) t h e s y st e m (1. 1 ),(2. 2 ) i s r e d u c e d t o t h e e q u ati o n

v ( x ( t) )  − µ δ ( x t )x ′ ( t)  =  β  e g ( x ( t −  δ ( x t ) ) )  −  γ  x ( t) ( 2. 5)
v ( x ( t −  δ ( x t ) ) )  

wit h s e g m e nt s x t ∈  C . E q. ( 2. 5 ) i s of t h e f o r m x ′ ( t)  =  G C ( x t )  ∈  R  wit h t h e  m a p G C : C →  R  

gi v e n b y
v ( ϕ ( 0 ) )  − µ δ ( ϕ )G C ( ϕ )  =  β  e g ( ϕ ( − δ ( ϕ ) ) )  −  γ  ϕ ( 0 ) ( 2. 6)

v ( ϕ ( − δ ( ϕ ) ) )  

We o b s e r v e t h at G C i s c o nti n u o u s.  T h e r e st ri cti o n G of G C t o C 1 i s c o nti n u o u sl y  diff e r e nti a bl e

b e c a u s e, f o r ϕ  ∈  C 1 ⊂  C ,  w e h a v e e v C ( ϕ , − δ ( ϕ ) )  =  e v ( ϕ , − δ ( ϕ ) ) .  H e r e e v : C 1 ×  ( 0, r ) →  R  i s

c o nti n u o u sl y  diff e r e nti a bl e, t h e  m a p δ  i s c o nti n u o u sl y  diff e r e nti a bl e, a n d t h e e v al u ati o n  m a p

e v 0 : C ∋  χ  7 → χ ( 0 ) ∈  R  i s li n e a r a n d c o nti n u o u s.

T o si m plif y t h e c al c ul ati o n s b el o w  w e n o w i nt r o d u c e t h e c o nti n u o u s  m a p

E C : C →  R , E C ( ϕ )  =  e v C ( ϕ , − δ ( ϕ ) ) ,

a n d t h e c o nti n u o u sl y  diff e r e nti a bl e  m a p

E : C 1 →  R , E ( ϕ )  =  e v ( ϕ , − δ ( ϕ ) ) ,

wit h t h e  d e ri v ati v e at ϕ  ∈  C 1 gi v e n b y

D E ( ϕ ) ϕ̂ =  D 1 e v ( ϕ , − δ ( ϕ ) ) ϕ̂ +  D 2 e v ( ϕ , − δ ( ϕ ) ) D ( − δ ) ( ϕ ) ϕ̂

=  ϕ̂ ( − δ ( ϕ ) )  −  ϕ ′ ( − δ ( ϕ ) ) D δ ( ϕ ) ϕ̂

f o r all ϕ̂ ∈  C 1 .  N oti c e t h at t h e ri g ht h a n d si d e of t h e  p r e vi o u s e q u ati o n  m a k e s s e n s e al s o f o r

a r g u m e nt s χ  ∈  C i n st e a d of ϕ̂ ∈  C 1 .  T h u s t h e y  d e f n e li n e a r e xt e n si o n s D e E ( ϕ ) : C →  R  

of D E ( ϕ ) : C 1 →  R .  U si n g t h e c o nti n uit y of t h e  m a p e v C , a n d t h e f a ct t h at  diff e r e nti ati o n

C 1 ∋  ϕ  7 → ϕ ′ ∈  C i s li n e a r a n d c o nti n u o u s  w e o bt ai n t h e n e xt r e s ult.

Pr o p o siti o n 2. 2. T he  m a p  C 1 ×  C ∋  ( ϕ , χ ) 7 → D e E ( ϕ ) χ  ∈  R  is c o nti n u o us.

I n ci d e nt all y, i n t h e c a s e ϕ  ∈  C 1 i s c o n st a nt  wit h v al u e ξ  ∈  R  w e h a v e

E ( ϕ )  =  ξ , D E ( ϕ ) ϕ̂ =  ϕ̂ ( − a / v ( ξ ) ) .

Wit h t h e li n e a r c o nti n u o u s e v al u ati o n  m a p e v 0 : C ∋  ϕ  7 → ϕ ( 0 ) ∈  R  w e o bt ai n f o r t h e

r e st ri cti o n G of G C

− µ δ ( ϕ ) v ( e v 0 ϕ )
G ( ϕ )  =  β  e g ( E ( ϕ ) )  −  γ  e v 0 ϕ . ( 2. 7)

v ( E ( ϕ ) )  

I n t h e s e q u el  w e  will s h o w t h at t h e i niti al v al u e  p r o bl e m

x ′ ( t)  =  G ( x t )  f o r t >  0, x 0 =  ϕ  ( 2. 8)

i s  w ell- p o s e d o n t h e s et

X G =  { ϕ  ∈  C 1 : ϕ ′ ( 0 )  =  G ( ϕ ) } ,

w hi c h i s a c o nti n u o u sl y  diff e r e nti a bl e s u b m a nif ol d of c o di m e n si o n 1 i n t h e s p a c e C 1 .  T hi s

r e s ult f oll o w s f r o m r e s ult s i n [ 2 9 ,5 9 ,6 0 ]  p r o vi d e d t h at t h e f oll o wi n g t w o a s s e rti o n s a r e v e ri f e d:



8 T. Ge de o n,  A.  R.  H u m p hries,  M.  C.  M a c ke y,  H.- O.  W alt her a n d  Z.  W a n g

1. X G ≠  ∅ ; a n d

2. G h a s t h e  p r o p e rt y t h at

e a c h deri v ati ve  D G ( ϕ ) : C 1 →  R , ϕ  ∈  C 1 , h as a li ne ar e xte nsi o n  De G ( ϕ ) : C →  R , a n d t he

m a p

C 1 ×  C ∋  ( ϕ , ϕ̂ )  7 → D e G ( ϕ ) ϕ̂ ∈  R  

is c o nti n u o us.

P r o p e rt y ( 2) i s a v e r si o n of b ei n g al m ost Fré c het differe nti a ble f r o m [4 2 ]. I n c a s e t h e  d el a y

f u n cti o n al δ  : C →  ( 0, r ) i s b o u n d e d a w a y f r o m z e r o,  w hi c h h a p p e n s t o b e t r u e f o r v b o u n d e d

al s o f r o m a b o v e a s i n t h e s u b s e q u e nt s e cti o n s, t h e  m a nif ol d X G i s si m pl y a g r a p h i n t h e s p a c e

C 1 , gi v e n b y a c o nti n u o u sl y  diff e r e nti a bl e  m a p f r o m a n o p e n s u b s et of t h e cl o s e d h y p e r pl a n e

{ ϕ  ∈  C 1 : ϕ ′ ( 0 )  =  0 }  i nt o a c o m pl e m e nt a r y li n e i n C 1 , s e e [6 2 , T h e o r e m 2. 4].

We n o w  p r o c e e d t o t h e  p r o of of  p r o p e rti e s ( 1) a n d ( 2).  We  f r st s h o w t h at X G ≠  ∅ .  T h e

c o nti n u o u s  m a p

[0, ∞ ) ∋  ξ  7 → β  e − µ  a / v ( ξ ) −  γ ξ  ∈  R  

i s  p o siti v e at ξ  =  0 a n d t e n d s t o − ∞  f o r ξ  →  ∞ .  T h e r ef o r e t h e I nt e r m e di at e  V al u e  T h e o r e m

yi el d s a z e r o ζ  >  0 of t hi s  m a p.  T h e c o n st a nt f u n cti o n ϕ  ∈  C 1 wit h v al u e ζ  s ati s f e s ϕ ′ ( 0 )  =  

0 =  G ( ϕ ) , s o it b el o n g s t o t h e s et X G .  T hi s  f ni s h e s t h e  p r o of of  p r o p e rt y ( 1).

T o  p r e p a r e f o r t h e  p r o of of t h e e xt e n si o n  p r o p e rt y ( 2)  w e c o m p ut e t h e  d e ri v ati v e s D G ( ϕ ) ,

ϕ  ∈  C 1 . F o r δ  : C →  R  w e  u s e t h e f a ct t h at r e st ri cti o n s of  diff e r e nti a bl e  m a p s m : C →  R  

t o C 1 r e m ai n  diff e r e nti a bl e,  wit h  d e ri v ati v e s D ( m |C 1 ) ( ϕ ) : C 1 →  R  b ei n g r e st ri cti o n s of t h e

d e ri v ati v e s D m ( ϕ ) : C →  R , ϕ  ∈  C 1 ⊂  C . It f oll o w s t h at

D G ( ϕ ) ϕ̂ =  − γ  ϕ̂ ( 0 )  +  
�  

1  �  
− µ δ ( ϕ )β  v ′ ( ϕ ( 0 ) ) ϕ̂ ( 0 )  · v ( E ( ϕ ) )  −  v ( ϕ ( 0 ) ) v ′ ( E ( ϕ ) ) D E ( ϕ ) ϕ̂ e g ( E ( ϕ ) )  

[v ( E ( ϕ ) )] 2

+  
v ( ϕ ( 0 ) )  h  

− µ  e − µ δ ( ϕ ) D δ ( ϕ ) ϕ̂ · g ( E ( ϕ ) )  +  e − µ δ ( ϕ ) g ′ ( E ( ϕ ) ) D E ( ϕ ) ϕ̂
i �  

. ( 2. 9)
v ( E ( ϕ ) )  

N o w  w e a r e r e a d y t o v e rif y  p r o p e rt y ( 2). I n t h e f o r m ul a f o r D G ( ϕ ) ϕ̂ , r e pl a c e t h e r e al n u m b e r

D E ( ϕ ) ϕ̂ b y D e E ( ϕ ) χ  wit h χ  ∈  C , r e pl a c e t h e f u n cti o n ϕ̂ b y χ , a n d r e pl a c e ϕ̂ ( 0 )  b y χ ( 0 ) .  T hi s

d e f n e s D e G ( ϕ ) χ  ∈  R  f o r ϕ  ∈  C 1 a n d χ  ∈  C s o t h at t h e  m a p s D e G ( ϕ ) : C →  R , ϕ  ∈  C 1 , a r e

li n e a r.  U si n g t h e c o nti n u o u s  diff e r e nti a bilit y of δ  : C →  R  a n d  P r o p o siti o n 2. 1 o n e s h o w s t h at

t h e  m a p C 1 ×  C ∋  ( ϕ , χ ) 7 → D e G ( ϕ ) χ  ∈  R  i s c o nti n u o u s.  T hi s  f ni s h e s t h e  p r o of of  p r o p e rt y

( 2).

Wit h ( 1) a n d ( 2) v e ri f e d, r e s ult s f r o m [2 9 ,5 9 ,6 0 ] a p pl y a n d yi el d t h e f oll o wi n g.

T h e s et X G i s a c o nti n u o u sl y  diff e r e nti a bl e s u b m a nif ol d of t h e  B a n a c h s p a c e C 1 ,  wit h

c o di m e n si o n 1.  E a c h ϕ  ∈  X G u ni q u el y  d et e r mi n e s a  m a xi m al c o nti n u o u sl y  diff e r e nti a bl e

s ol uti o n x : [− r , tx )  →  R , 0 <  tx ≤  ∞ , of t h e i niti al v al u e  p r o bl e m (2. 8 ). T h at i s, x i s

c o nti n u o u sl y  diff e r e nti a bl e a n d s ati s f e s x 0 =  ϕ  a n d x ′ ( t)  =  G ( x t )  f o r all t ∈  ( 0, tx ) , a n d a n y

ot h e r c o nti n u o u sl y  diff e r e nti a bl e f u n cti o n y : [− r , ty )  →  R , 0 <  ty ≤  ∞ ,  w hi c h s ati s f e s y 0 =  ϕ  

a n d y ′ ( t)  =  G ( y t )  f o r all t ∈  ( 0, ty )  i s a r e st ri cti o n of x .  All s e g m e nt s x t, 0 ≤  t <  ∞ , b el o n g t o

X G ( b e c a u s e of  E q. (2. 8 )).  Writ e x ϕ  =  x a n d tϕ  =  tx .  L et

Ω G =  { ( t, ϕ ) ∈  [0, ∞ ) ×  X G : 0 ≤  t <  tϕ } .
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T h e e q u ati o n

S G ( t, ϕ )  =  x t
ϕ  
,

d e f n e s a c o nti n u o u s s e mi f o w S G : Ω G →  X G . F o r e a c h t ≥  0 t h e s et

Ω G ,t =  { ϕ  ∈  X G : t <  tϕ }  

i s a n o p e n s u b s et of X G ( p o s si bl y e m pt y), Ω G , 0 =  X G , a n d e a c h  m a p

S G ,t : Ω G ,t ∋  ϕ  7 → S G ( t, ϕ ) ∈  X G , t ≥  0,

o n a n o n- e m pt y  d o m ai n i s c o nti n u o u sl y  diff e r e nti a bl e.

M o r e o v e r, t h e r e st ri cti o n of t h e s e mi f o w S G t o t h e o p e n s u b s et { ( t, ϕ ) ∈  Ω G : r <  t}  of t h e

m a nif ol d R  ×  X G i s c o nti n u o u sl y  diff e r e nti a bl e [6 0 ].

P o siti vit y,  di s si p ati vit y, gl o b al attr a ct or

I n a d diti o n t o t h e a s s u m pti o n s  m a d e i n S e cti o n 2 , w e a s s u m e i n t hi s s e cti o n t h at t h e f u n cti o n

v i s al s o b o u n d e d f r o m a b o v e b y a r e al n u m b e r v U ≥  v 0 . U si n g  E q. ( 2. 3 ) w e i nf e r

a a
≤  δ ( ϕ ) ≤  

v U v 0

f o r all ϕ  ∈  C .

Pr o p o siti o n 3. 1. F or e ver y c >  0 t here e xists c′ >  0 s u c h t h at f or all ϕ  ∈  X G wit h |ϕ ( t) |  ≤ c o n

[− r , 0] a n d f or all t ∈  [− r , tϕ )  we h a ve |x ϕ ( t) |  ≤ c ′ .

ϕP r o of. L et ϕ  ∈  X G wit h |ϕ ( t) |  ≤ c o n [− r , 0] b e gi v e n, a n d s et x =  x .  T h e  f r st t e r m o n t h e

ri g ht h a n d si d e of  E q. ( 2. 5 ) i s  p o siti v e a n d b o u n d e d b y t h e c o n st a nt

d U =  β  g U
v U

.
v 0

T h e v a ri ati o n- of- c o n st a nt s f o r m ul a yi el d s

Z �  �
t β v ( x ( s ) )  − γ  t − γ ( t− s ) − µ δ ( x s )|x ( t) | =  x ( 0 ) e +  e e g ( x ( s −  δ ( x s ) ) )  d s

0 v ( x ( s −  δ ( x s ) )  

− γ  t d
U � �  d U

≤  c +  e e γ  t −  1 ≤  c +  f o r 0 ≤  t <  tϕ .
γ γ  

d U
S et c ′ =  c +  γ  .  Wit h |x ( t) | =  |ϕ ( t) |  ≤ c o n [− r , 0] w e o bt ai n |x ( t) |  ≤ c ′ f o r all t ∈  [− r , tϕ ) .

O b s e r v e t h at f o r a n y ( c o nti n u o u sl y  diff e r e nti a bl e) s ol uti o n x : [− r , tx )  →  R  of  E q. ( 2. 5 ) a n d

f o r a n y t ∈  [0, tx )  t h e  f r st t e r m o n t h e ri g ht h a n d si d e of  E q. (2. 5 ) b el o n g s t o t h e i nt e r v al

� �  
v 0 v U[d L , d U ]  = β  e − µ  a / v 0 g 0 , β  g U ,
v U v 0

a n d i n t h e c a s e
d U

x ( t) >  w e h a v e x ′ ( t)  ≤  d U −  γ  x ( t) <  0,
γ  
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w hil e f o r
d L

x ( t) <  w e h a v e x ′ ( t)  ≥  d L −  γ  x ( t) >  0.
γ  

S et � �  
d L d U

Q =  ⊂  R
γ  

,
γ  

a n d

R =  { ϕ  ∈  C 1 : ϕ ([ − r , 0] ) ⊂  Q } .

Pr o p o siti o n 3. 2 ( Gl o b al e xi st e n c e, a b s o r pti o n a n d  p o siti v e i n v a ri a n c e,  p o siti vit y).

(i) F or all ϕ  ∈  X G , tϕ  =  ∞ .

(ii) F or e ver y nei g h b o ur h o o d  N of  Q i n R  a n d f or e a c h ϕ  ∈  X G t here e xists t( ϕ , N ) ∈  [0, ∞ ) wit h

x ϕ ( t)  ∈  N f or all t ≥  t( ϕ , N ) .

(iii) If ϕ  ∈  X G ∩  R t he n x ϕ ( t)  ∈  Q f or all t ≥  0 .

(i v) If ϕ  ∈  X G i s stri ctl y p ositi ve t he n xϕ ( t)  >  0 f or all t ≥  − r.

Pr o of. 1.  O n (i).  L et ϕ  ∈  X G b e gi v e n. F r o m  P r o p o siti o n 3. 1 t h e s ol uti o n x =  x ϕ  i s b o u n d e d.

U si n g t hi s a n d  E q. ( 2. 5 ) w e i nf e r t h at x ′ i s b o u n d e d. It f oll o w s t h at x i s  Li p s c hit z c o nti n u o u s.

A s s u m e n o w tϕ  <  ∞ .  T h e n  Li p s c hit z c o nti n uit y yi el d s t h at x h a s a li mit ξ  ∈  R  at t =  tϕ  a n d

x e xt e n d s t o a c o nti n u o u s  m a p x̂ : [− r , tϕ ] →  R . F r o m  u nif o r m c o nti n uit y o n t h e c o m p a ct

i nt e r v al [− r , tϕ ] it f oll o w s t h at t h e c u r v e [0, tϕ ] ∋  t 7 → x̂ t ∈  C i s c o nti n u o u s.  U si n g t hi s a n d t h e

e q u ati o n

x ′ ( t)  =  G ( x t )  =  G C ( x̂ t )  f o r 0 ≤  t <  tϕ  

wit h t h e c o nti n u o u s  m a p G C : C →  R ,  w e al s o c o n cl u d e t h at x ′ h a s a li mit η  ∈  R  at t =  tϕ . It

f oll o w s t h at x̂ i s c o nti n u o u sl y  diff e r e nti a bl e ( wit h x̂ ′ ( tϕ )  =  η ), a n d x̂ ′ ( tϕ )  =  G C ( x̂ tϕ  )  =  G ( x̂ tϕ  ) .

I n  p a rti c ul a r, ψ  =  x̂ tϕ  b el o n g s t o X G , a n d  d e f n e s a  m a xi m al s ol uti o n x ψ  : [0, tψ )  →  R  of

E q. ( 2. 1 ), wit h 0 <  tψ  ≤  ∞ . F r o m t h e s e mi f o w  p r o p e rti e s, it f oll o w s t h at  w h e n tψ  =  ∞  w e

h a v e tϕ  =  ∞ , i n c o nt r a di cti o n t o t h e a s s u m pti o n a b o v e,  w hil e i n t h e c a s e tψ  <  ∞  w e g et

tϕ  ≥  tϕ  +  tψ ,  w hi c h c o nt r a di ct s tψ  >  0.

2. O n (ii).  L et a n ei g h b o u r h o o d N of Q i n R  a n d ϕ  ∈  X G b e gi v e n. S et x =  x ϕ  .  T h e r e e xi st s

ϵ  >  0 s o t h at f o r
d L d U

d − ϵ  =  −  ϵ  a n d d + ϵ  =  +  ϵ
γ γ  

w e h a v e d − ϵ  >  0 a n d N ⊃  [d − ϵ , d + ϵ ].

2. 1. P r o of t h at  w h e n x ( t) ≤  d + ϵ  f o r s o m e t ≥  0  w e h a v e

x ( s ) ≤  d + ϵ  f o r all s ≥  t.

Ot h e r wi s e x ( s ) >  d + ϵ  =  d
γ  

U
+  ϵ  f o r s o m e s >  t. F o r t h e s m all e st u ∈  [t, s ] wit h x ( u )  =  x ( s ) w e

h a v e 0 ≤  x ′ ( u )  a n d, o n t h e ot h e r h a n d,

x ′ ( u )  <  d U −  γ  x ( u )  =  d U −  γ  x ( s ) <  − ϵ  γ  <  0.

2. 2. P r o of t h at  w h e n x ( s ) >  d + ϵ  f o r s o m e s ≥  0 t h e r e e xi st s t >  s wit h

x ( t) ≤  d + ϵ .

- --



1 1D y n a mi cs of a st ate- de pe n de nt del a y- differe nti al e q u ati o n

Ot h e r wi s e x ( t) >  d + ϵ  =  d
γ  

U
+  ϵ  o n [s , ∞ ) .  H e n c e

x ′ ( t)  <  d U −  γ  x ( t) <  − ϵ  γ  <  0 o n [s , ∞ ) ,

a n d c o n s e q u e ntl y x ( t) →  − ∞  a s t →  ∞ , i n c o nt r a di cti o n t o t h e a s s u m pti o n.

2. 3. It f oll o w s t h at t h e r e e xi st s t∗ ≥  0  wit h

x ( t) ≤  d + ϵ  f o r all t ≥  t∗  .

Si mil a rl y o n e  f n d s t( ϕ , N ) ≥  t∗  wit h

x ( t) ≥  d − ϵ  f o r all t ≥  t( ϕ , N ) .

H e n c e

x ( t) ∈  [d − ϵ , d + ϵ ] ⊂  N f o r all t ≥  t( ϕ , N ) .

3. T h e  p r o of of a s s e rti o n (iii) b e gi n s  wit h t h e a s s u m pti o n t h at f o r a gi v e n ϕ  ∈  X G ∩  R t h e r e

e xi st s s >  0  wit h x ϕ ( s )  >  d
γ  

U
, a n d i s t h e n a c c o m pli s h e d b y a si m pli f e d v e r si o n of a r g u m e nt s

a s i n  P a rt 2. 1.

4. O n (i v).  L et ϕ  ∈  X G b e gi v e n  wit h ϕ ( t) >  0 f o r all t ∈  [− r , 0]. S et x =  x ϕ  .  T h e

a s s u m pti o n x ( t) ≤  0 f o r s o m e t >  0 l e a d s t o a s m all e st t >  0  wit h x ( t)  =  0.  N e c e s s a ril y,

x ′ ( t)  ≤  0  w hil e  E q. ( 2. 5 ) yi el d s x ′ ( t)  >  0. It f oll o w s t h at x ( t) >  0 f o r all t ≥  − r .

T h e s ol uti o n  m a nif ol d X G i s a cl o s e d s u b s et of t h e s p a c e C 1 , a n d t h e r e b y a c o m pl et e  m et ri c

s p a c e  wit h r e s p e ct t o t h e  m et ri c gi v e n b y t h e n o r m o n C 1 .  T h e  n e xt r e s ult i m pli e s t h at t h e

s e mi f o w S G o n t h e c o m pl et e  m et ri c s p a c e X G i s  p oi nt  di s si p ati v e a s d e f n e d i n [ 2 7 ].

C or oll ar y 3. 3. T here is a b o u n de d o pe n s u bset  B G of t he s u b m a nif ol d  X G ⊂  C 1 ,  wit h

ϕ ( t) >  0 f or all ϕ  ∈  B G , t ∈  [− r , 0],

s u c h t h at f or e ver y ϕ  ∈  X G t here e xists t( ϕ ) ≥  0 wit h

S G ( t, ϕ ) ∈  B G f or all t ≥  t( ϕ ) .

Pr o of. C h o o s e c >  0 s o t h at N = ( 0, c ) i s a n ei g h b o u r h o o d of Q . S et R̃ =  { ϕ  ∈  C 1 : ϕ ([ − r , 0] ) ⊂  

N } .  L et ϕ  ∈  X G b e gi v e n.  C h o o s e t( ϕ , N ) a c c o r di n g t o  P r o p o siti o n 3. 2 (ii). F r o m E q. ( 2. 5 )

w e s e e t h at t h e  m a p G s e n d s t h e s et R̃ ( w hi c h i s  n ot a b o u n d e d s u b s et of C 1 ) i nt o a b o u n d e d

s u b s et of R , s a y, i nt o ( − b , b ) f o r s o m e b >  0. It f oll o w s t h at f o r all t ≥  t( ϕ , N )  +  r w e h a v e
ϕ

|( x ϕ )  ′ ( t) | <  b . F o r t ≥  t( ϕ , N )  +  2 r w e o bt ai n x ∈ { ψ  ∈  X G ∩  R̃ : |ψ ′| <  b }  =  B G .  T h et

s et B G i s a n o p e n a n d b o u n d e d s u b s et of X G ,  wit h 0 <  ϕ ( t) f o r all ϕ  ∈  B G , t ∈  [− r , 0]. S et

t( ϕ )  =  t( ϕ , N )  +  2 r .

R e c all f r o m [2 7 ] t h e  d e f niti o n of a gl o b al att r a ct o r of a s e mi f o w,  w hi c h i n t h e c a s e of o u r

s e mi f o w S G i s e q ui v al e nt t o s a yi n g t h at a s u b s et A G ⊂  X G i s a gl o b al att r a ct o r if it i s

• c o m p a ct,

• i n v a ri a nt i n t h e s e n s e t h at f o r e v e r y ϕ  ∈  A G t h e r e e xi st s a n e nti r e  f o wli n e1 ξ  : R  →  X G

wit h ξ ( 0 )  =  ϕ  a n d ξ ( R ) ⊂  A G , a n d

1 A n e nti r e  f o wli n e i s a c u r v e ξ  : R  →  X G wit h ξ ( t +  s )  =  S G ( t, ξ ( s ) )  f o r all t ≥  0 a n d s ∈  R  
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• if A G att r a ct s e v e r y b o u n d e d s et B ⊂  X G i n t h e s e n s e t h at gi v e n a n o p e n n ei g h b o u r h o o d

U ⊃  A G of A G i n X G t h e r e e xi st s tB ,U ≥  0 s u c h t h at

S G ([ tB ,U , ∞ )  ×  B ) ⊂  U .

T h e o r e m 3. 4. 8 of [2 7 ] g u a r a nt e e s t h e e xi st e n c e of s u c h a gl o b al att r a ct o r  p r o vi d e d t h e

s e mi f o w i s  p oi nt- di s si p ati v e a n d t h e r e e xi st s t1 ≥  0 s o t h at t h e s e mi f o w S G i s c o m pletel y

c o nti n u o us f or t ≥  t1 .  T h e  p r o p e rt y of b ei n g c o m pl et el y c o nti n u o u s (f o r t ≥  t1 ) i s e x pl ai n e d

aft e r  L e m m a 3. 2. 1 i n [ 2 7 ]. It  m e a n s t h at f o r e v e r y t ≥  t1 a n d f o r e v e r y b o u n d e d s et B wit h

S G ([ 0, t] ×  B ) b o u n d e d t h e s et S G ( { t}  ×  B ) i s  p r e c o m p a ct.

T o  p r o v e t h e l att e r  p r o p e rt y, it i s s uf f ci e nt t o v e rif y t h e sli g htl y st r o n g e r  p r o p e rt y t h at f o r

e v e r y b o u n d e d s et B ⊂  X G

(i) t h e r e e xi st s t1 ≥  0 s o t h at f o r e v e r y t ≥  t1 t h e s et S G ( { t}  ×  B ) i s  p r e c o m p a ct.

T h e or e m 3. 4. T he se mi f o w S G h as a gl o b al attr a ct or  A G ⊂  X G ,  wit h ϕ ( t) >  0 f or all ϕ  ∈  A G , t ∈  

[− r , 0].

Pr o of. 1.  We  f r st s h o w t h at f o r e v e r y b o u n d e d s u b s et B ⊂  X G t h e r e e xi st s c B >  0  wit h

|x ϕ ( t) |  ≤ c B a n d |( x ϕ )  ′ ( t) |  ≤ c B f o r all ϕ  ∈  B a n d t ≥  − r .

L et B ⊂  X G b e b o u n d e d ( wit h r e s p e ct t o t h e n o r m of t h e s p a c e C 1 ).  P r o p o siti o n 3. 1 g u a r a nt e e s

t h e e xi st e n c e of a c o n st a nt c B , 0 wit h |x ϕ ( t) |  ≤ c B , 0 f o r all ϕ  ∈  B , t ≥  − r . T h e n ( 2. 7 ) s h o w s t h at
ϕ

t h e s et { G ( x t )  ∈  R  : ϕ  ∈  B , t ≥  0 }  i s b o u n d e d, a n d  E q. (2. 1 ) gi v e s t h at t h e s et { ( x ϕ )  ′ ( t)  ∈  R  :

ϕ  ∈  B , t ≥  0 }  i s b o u n d e d.  Al s o t h e s et { ϕ ′ ( t)  ∈  R  : ϕ  ∈  B , − r ≤  t ≤  0 }  i s b o u n d e d.

2. Cl ai m: F o r e v e r y b o u n d e d s u b s et B ⊂  X G t h e s et S G ( { r }  ×  B ) ⊂  X G h a s c o m p a ct cl o s u r e

i n C 1 .

P r o of: ( a)  L et B ⊂  X G b e a b o u n d e d s u b s et of C 1 .  D u e t o  P a rt 1 t h e s et s { x ϕ ( t)  ∈  R  : ϕ  ∈  

B , − r ≤  t ≤  r }  a n d { ( x ϕ )  ′ ( t)  ∈  R  : ϕ  ∈  B , − r ≤  t ≤  r }  a r e b o u n d e d.  U si n g t h e  M e a n  V al u e

T h e o r e m  w e s e e t h at i n  p a rti c ul a r t h e s et S G ( { r }  ×  B ) i s e q ui c o nti n u o u s.  A s it al s o i s b o u n d e d

i n C , t h e  A s c oli – A r z el à  T h e o r e m i m pli e s t h at it s cl o s u r e i n C i s c o m p a ct.

( b) We t u r n t o t h e s et { S G ( r , ϕ ) ′ ∈  C : ϕ  ∈  B }  of  d e ri v ati v e s,  w hi c h i s b o u n d e d i n C , a n d

p r o c e e d t o s h o w t h at it i s al s o e q ui c o nti n u o u s.  A s i n  P a rt ( a) o n e s e e s t h at t h e cl o s u r e K of

t h e s et

{ S G ( t, ϕ ) ∈  C : ϕ  ∈  B , 0 ≤  t ≤  r }  

i n t h e s p a c e C i s c o m p a ct.  T h e  m a p G : C 1 →  R  i s t h e r e st ri cti o n of t h e c o nti n u o u s  m a p

G C : C →  R  w hi c h i s  u nif o r ml y c o nti n u o u s o n t h e c o m p a ct s et K ⊂  C .  U si n g t h e b o u n d e d n e s s

of t h e s et { ( x ϕ )  ′ ( t)  ∈  R  : ϕ  ∈  B , − r ≤  t ≤  r }  a n d t h e  M e a n  V al u e  T h e o r e m o n e  f n d s t h at t h e

c u r v e s

[0, r ] ∋  t 7 → S G ( t, ϕ ) ∈  C , ϕ  ∈  B ,

a r e  u nif o r ml y  Li p s c hit z c o nti n u o u s, h e n c e e q ui c o nti n u o u s.  N o w l et t0 ∈  [0, r ] a n d ϵ  >  0 b e

gi v e n.  T h e r e e xi st s δ ′ >  0  wit h

|G C ( ϕ )  −  G C ( ψ ) |  ≤ ϵ  f o r all ϕ , ψ  i n S G ([ 0, r ] ×  B ) wit h |ϕ  −  ψ |  ≤ δ ′ ,

d u e t o  u nif o r m c o nti n uit y of G C o n K .  D u e t o e q ui c o nti n uit y t h e r e e xi st s η  >  0  wit h

|S G ( t, ϕ ) −  S G ( t0 , ϕ ) |  ≤ δ ′ f o r all ϕ  ∈  B a n d t ∈  [0, r ] wit h |t −  t0 | <  η .
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H e n c e

|( x ϕ )  ′ ( t)  −  ( x ϕ )  ′ ( t0 ) | =  |G ( S G ( t, ϕ ) )  −  G ( S G ( t0 , ϕ ) ) | 

=  |G C ( S G ( t, ϕ ) )  −  G C ( S G ( t0 , ϕ ) ) | <  ϵ  

f o r all ϕ  ∈  B a n d t ∈  [0, r ] wit h |t −  t0 | <  η .

( c) T h e  A s c oli – A r z el à  T h e o r e m i m pli e s t h at t h e cl o s u r e of { S G ( r , ϕ ) ′ ∈  C : ϕ  ∈  B }  i n C

i s c o m p a ct. F o r t h e cl o s u r e of S G ( { r }  ×  B ) i n C 1 t o b e c o m p a ct it i s s uf f ci e nt t o s h o w t h at

e v e r y s e q u e n c e of  p oi nt s ϕ j ∈  S G ( { r }  ×  B ) , j ∈  N , h a s a s u b s e q u e n c e  w hi c h c o n v e r g e s i n

C 1 .  L et a s e q u e n c e ( ϕ j)
∞  i n S G ( { r }  ×  B ) b e gi v e n.  P a rt a) i m pli e s t h at t h e r e i s a s u b s e q u e n c e1

w hi c h c o n v e r g e s i n C t o s o m e ϕ  ∈  C .  P a rt b) s h o w s t h at t h e s u b s e q u e n c e h a s a s e c o n d a r y

s u b s e q u e n c e s o t h at t h e  d e ri v ati v e s of t h e l att e r s u b s e q u e n c e c o n v e r g e i n C t o s o m e ψ  ∈  C .

It f oll o w s t h at ϕ  ∈  C 1 wit h ϕ ′ =  ψ ,  w hi c h i n t u r n yi el d s c o n v e r g e n c e of t h e s e c o n d a r y

s u b s e q u e n c e t o ϕ  ∈  C 1 a s k →  ∞ .

3. We n o w s h o w t h at f o r e v e r y b o u n d e d s u b s et B ⊂  X G a n d f o r e v e r y t ≥  r t h e s et

S G ( { t}  ×  B ) ⊂  X G h a s c o m p a ct cl o s u r e i n C 1 .  L et B ⊂  X G b e b o u n d e d a n d l et t ≥  r . F o r e v e r y

ϕ  ∈  B ,

S G ( t, ϕ )  =  S G ( t −  r , S G ( r , ϕ ) ) ,

h e n c e

S G ( { t}  ×  B )  =  S G ( t −  r , ·) ( S G ( { r }  ×  B ) ) .

U s e t h at t h e cl o s u r e of S G ( { r }  ×  B ) i n C 1 i s c o m p a ct a n d b el o n g s t o X G ( si n c e X G i s a cl o s e d

s u b s et of C 1 ), a n d t h at t h e  m a p S G ( t −  r , ·) i s c o nti n u o u s, a n d c o n cl u d e t h at t h e cl o s u r e of

S G ( { t}  ×  B ) i n C 1 i s c o nt ai n e d i n a c o m p a ct s u b s et of X G ⊂  C 1 .

4. P oi nt  di s si p ati vit y f r o m  C o r oll a r y 3. 3 i n c o m bi n ati o n  wit h c o n diti o n (i) f r o m t h e  p r e-

vi o u s  P a rt 3 of t h e  p r o of yi el d e xi st e n c e of a gl o b al att r a ct o r, s e e t h e r e m a r k s  p r e c e di n g

T h e o r e m 3. 4 .

5. Fi n all y  w e s h o w t h at f o r all ϕ  ∈  A G a n d t ∈  [− r , 0] w e h a v e ϕ ( t) >  0.  L et ϕ  ∈  A G

b e gi v e n.  T h e r e e xi st s a s ol uti o n x : R  →  R  of E q. ( 2. 5 ) wit h x 0 =  ϕ  a n d all s e g m e nt s x s ,

s ∈  R , i n t h e c o m p a ct s et A G . It s uf f c e s t o  d e d u c e x ( t) >  0 f o r all t ∈  R .  P r o of of t hi s: Fi r st,

o b s e r v e t h at x i s b o u n d e d.  A s s u m e x ( t) ≤  0 f o r s o m e t ∈  R . I n c a s e x ( t)  =  0  E q. ( 2. 5 ) yi el d s

x ′ ( t)  >  0 −  γ  x ( t)  =  0. It f oll o w s t h at x ( u ) <  0 f o r s o m e u ∈  ( − ∞ , t) . I n c a s e x ( t) <  0 s et

u =  t. F o r e v e r y s ≤  u t h e v a ri ati o n- of- c o n st a nt s f o r m ul a yi el d s

− γ ( u − s )x ( u )  ≥  x ( s ) e +  0,

h e n c e
γ ( u − s )x ( s )  ≤  x ( u ) e ( →  − ∞  a s s →  − ∞ ) ,

a n d  w e a r ri v e at a c o nt r a di cti o n t o t h e b o u n d e d n e s s of x .

Li n e ari z ati o n

We n o w t u r n t o li n e a ri z ati o n.  At a  p oi nt ϕ  ∈  X G t h e t a n g e nt s p a c e of t h e  m a nif ol d X G i s gi v e n

b y

T ϕ  X G =  { χ  ∈  C 1 : χ ′ ( 0 )  =  D G ( ϕ ) χ } .

4
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F o r ϕ  ∈  Ω G ,t t h e  d e ri v ati v e

D S G ,t ( ϕ )  : T ϕ  X G →  T S G ,t ( ϕ ) X G

i s gi v e n b y

D S G ,t ( ϕ ) χ  =  w
ϕ ,χ  
t

ϕ ,χw h e r e w =  w i s t h e  u ni q u e c o nti n u o u sl y  diff e r e nti a bl e s ol uti o n [− r , tϕ )  →  R  of t h e I V P

w ′ ( t)  =  D G ( S G ( t, ϕ ) ) w t f o r t >  0, ( 4. 1)

w 0 =  χ  ∈  T ϕ  X G . ( 4. 2)

E q u ati o n ( 4. 1 ) i s c all e d t h e li n e a r v a ri ati o n al e q u ati o n al o n g t h e s ol uti o n x ϕ  o r al o n g t h e

f o wli n e

S G ( ·, ϕ ) : [0, tϕ )  ∋  t 7 → S G ( t, ϕ ) ∈  X G .

S u p p o s e t h at ϕ  ∈  X G i s a st ati o n a r y  p oi nt of t h e s e mi f o w S G , t h at i s, tϕ  =  ∞  a n d S G ( t, ϕ )  =  
ϕ

ϕ  f o r all t ≥  0.  T h e n ϕ  i s c o n st a nt si n c e f o r e v e r y t ≥  0, x ϕ ( t)  =  x ( 0 )  =  S G ( t, ϕ ) ( 0 )  =  ϕ ( 0 ) ,t

h e n c e
ϕ

ϕ ( s )  =  S G ( r , ϕ ) ( s )  =  x r ( s )  =  x ϕ ( r +  s )  =  ϕ ( 0 ) f o r e a c h s ∈  [− r , 0].

L et ξ  ∈  R  d e n ot e t h e v al u e of ϕ .  T h e n x ϕ ( t)  =  ξ  f o r all t ≥  − r .  T o o bt ai n t h e li n e a r

v a ri ati o n al e q u ati o n al o n g t hi s c o n st a nt s ol uti o n i n t e r m s of g , v , a , β , µ , γ  w e c o m p ut e t h e

v al u e s D G ( ϕ ) ϕ̂ , ϕ̂ ∈  C 1 f r o m t h e f o r m ul a (2. 9 ).  U si n g  P r o p o siti o n 2. 1 (f o r t h e v al u e s a n d f o r

t h e  d e ri v ati v e s of t h e  m a p δ  i n c a s e of c o n st a nt a r g u m e nt s) a n d t h e c al c ul ati o n of D E ( ϕ ) ϕ̂

ri g ht aft e r  P r o p o siti o n 2. 1 (i n c a s e of c o n st a nt a r g u m e nt s),  w e  f n d

(  
1  �  

− µ a / v ( ξ )D G ( ϕ ) ϕ̂ =  − γ ϕ̂ ( 0 )  +  β  v ′ ( ξ ) ϕ̂ ( 0 ) v ( ξ ) −  v ( ξ ) v ′ ( ξ ) ϕ̂ ( − a / v ( ξ ) )  e g ( ξ )
[v ( ξ )] 2

� � Z �  � )
0v ′ ( ξ )− µ a / v ( ξ ) − µ a / v ( ξ )+  − µ e −  ϕ̂ ( s ) d s g ( ξ )  +  e g ′ ( ξ ) ϕ̂ ( − a / v ( ξ ) )  

v ( ξ ) − a / v ( ξ ) 

Z  0 � �  
− µ a / v ( ξ )=  − γ ϕ̂ ( 0 )  +  A ϕ̂ ( 0 )  +  µ A ϕ̂ ( s ) d s +  β e g ′ ( ξ )  −  A ϕ̂ ( − a / v ( ξ ) )  ( 4. 3)

− a / v ( ξ ) 

wit h
v ′ ( ξ )  − µ a / v ( ξ )A =  β  e g ( ξ ) . ( 4. 4)
v ( ξ ) 

T h e v a ri ati o n al e q u ati o n ( 4. 1 ) al o n g t h e c o n st a nt s ol uti o n x ϕ  : [− r , ∞ ) ∋  t 7 → ξ  ∈  R  b e c o m e s

� �  
− µ a / v ( ξ )w ′ ( t)  =  −  γ w ( t)  +  A w ( t)  +  β e g ′ ( ξ )  −  A  w ( t −  a / v ( ξ ) )  

Z  0 ( 4. 5)
+  µ A  w ( t +  s ) d s

− a / v ( ξ ) 

T h e  d e ri v ati v e s T G ,t =  D S G ,t ( ϕ ) , t ≥  0, f o r m a st r o n gl y c o nti n u o u s s e mi g r o u p o n t h e

cl o s e d h y p e r pl a n e T ϕ X G of t h e s p a c e C 1 .  T hi s s e mi g r o u p i s gi v e n b y T G ,t χ  =  T G ,e ,t χ ,  w h e r e

T G ,e ,t : C →  C i s t h e s ol uti o n o p e r at o r a s s o ci at e d  wit h t h e cl assi c al i niti al v al u e  p r o bl e m

w ′ ( t)  =  D e G ( ϕ ) w t f o r t >  0, ( 4. 6)

w 0 =  χ  ∈  C , ( 4. 7)
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wit h t h e c o nti n u o u s li n e a r f u n cti o n al L : C →  R , L =  D e G ( ϕ ) , a s i n t h e  m o n o g r a p h s, e. g.,

[1 3 ,2 8 ].  R e c all t h at b y  d e f niti o n t h e s ol uti o n w : [− r , ∞ ) →  R  of t h e i niti al v al u e  p r o bl e m ( 4. 6 ),

(4. 7 ) i s o nl y c o nti n u o u s,  wit h t h e r e st ri cti o n w |[0, ∞ ) c o nti n u o u sl y  diff e r e nti a bl e a n d s ati sf yi n g

E q. ( 4. 6 ).

T h e e xt e n d e d  d e ri v ati v e D e G ( ϕ ) : C →  R  i n t h e c a s e j u st c o n si d e r e d ( w h e r e ϕ  ∈  X G i s a

st ati o n a r y  p oi nt  wit h v al u e ξ ) i s gi v e n b y ( 4. 3 ), n o w f o r ϕ̂ ∈  C .  T h e r ef o r e t h e e q u ati o n (4. 6 )

c oi n ci d e s  wit h  E q. ( 4. 5 ), c o n si d e r e d f o r c o nti n u o u s  m a p s [− r , ∞ ) →  R  w h o s e r e st ri cti o n s t o

[0, ∞ ) a r e diff e r e nti a bl e a n d s ati sf y  E q. ( 4. 5 ) f o r all t ≥  0.

T h e st a bilit y of t h e z e r o s ol uti o n of t h e li n e a r v a ri ati o n al e q u ati o n ( 4. 5 ) i s  d et e r mi n e d

b y t h e s p e ct r u m σ  ⊂  C  of t h e g e n e r at o r of t h e s e mi g r o u p ( T G ,t ) t≥ 0 o n T ϕ X G ⊂  C 1 ,  w hi c h

c oi n ci d e s  wit h t h e s p e ct r u m σ e ⊂  C  of t h e g e n e r at o r of t h e s e mi g r o u p o n C .

T h e s p e ct r u m σ e c o n si st s of t h e s ol uti o n s λ  ∈  C  of t h e c h ar a cteristi c e q u ati o n ,  w hi c h i s

o bt ai n e d f r o m t h e a n s at z R  ∋  t 7 → e λ  t ∈  C  f o r a c o m pl e x- v al u e d s ol uti o n of E q. ( 4. 5 ) a s
λ tf oll o w s.  We  w rit e  d o w n E q. ( 4. 5 ) f o r w : t 7 → e ,  m ulti pl y b y e − λ t, a n d o bt ai n t h e e q u ati o n

�  � Z  0
− µ  a / v ( ξ ) − λ  a / v ( ξ )λ  =  − γ  +  A +  β  e g ′ ( ξ )  −  A e +  µ  A e λ  s d s ,

− a / v ( ξ ) 

o r e q ui v al e ntl y,

�  � Z  0
− µ  a / v ( ξ ) − λ  a / v ( ξ ) −  µ  A0 =  λ  +  γ  −  A −  β  e g ′ ( ξ )  −  A e e λ  s d s . ( 4. 8)

− a / v ( ξ ) 

T o i n v e sti g at e t h e st a bilit y of st e a d y st at e s i n  diff e r e nt s p e ci al c a s e s,  w e  m a k e e x pli cit

v a ri o u s f o r m s of ( 4. 8 ).

If  w e st u d y t h e c a s e  wit h a c o n st a nt  d el a y, i. e. v i s a c o n st a nt f u n cti o n  wit h v ( ξ )  =  v −  =  v +  

i n (1. 3 ) a n d (1. 7 ), t h e n v ′ =  0 a n d  h e n c e A =  0.  T h e c h a r a ct e ri sti c e q u ati o n r e d u c e s t o

− µ  a / v − λ  a / vλ  =  − γ  +  β  e g ′ ( ξ ) e . ( 4. 9)

Si mil a rl y, if  w e st u d y t h e c a s e  wit h g c o n st a nt b y s etti n g g −  =  g +  i n (1. 3 ) a n d (1. 6 ), t h e n

g ′ ( ξ )  =  0 a n d t h e c h a r a ct e ri sti c e q u ati o n i s of t h e f o r m

Z  0 �  �  
− λ a / v ( ξ ) )λ  =  − γ  +  A −  A e − λ a / v ( ξ ) +  µ A e λ s d s =  − γ  +  A ( 1 −  e 1 +  

µ  
. ( 4. 1 0)

− a / v ( ξ ) λ  

We r e m a r k t h at  w h e n µ A ≠  0 i n (4. 8 ), t h e i nt e g r ati o n of t h e s ol uti o n e λ t o v e r t h e  d el a y

i nt e r v al r e s ult s i n a t e r m µ / λ  t e r m a s a p p e a r s i n (4. 1 0 ). Di vi si o n b y λ  d o e s n ot a ri s e i n

t h e c h a r a ct e ri sti c f u n cti o n s of  di s c r et e  d el a y  D D E s, a n d s o e v e n if (1. 1 ) l o o k s at  f r st gl a n c e

li k e a  di s c r et e  d el a y  D D E,  w h e n c o m bi n e d  wit h t h e t h r e s h ol d  d el a y c o n diti o n (1. 2 ) it i s a

di st ri b ut e d  d el a y  D D E.  T hi s a c c o r d s  wit h t h e r e s ult s of S mit h [ 5 5 ,5 6 ]  w h o s h o w e d t h at a  D D E

wit h a si n gl e t h r e s h ol d  d el a y c a n b e c o n v e rt e d t h r o u g h a ti m e t r a n sf o r m ati o n t o a  di st ri b ut e d

d el a y  D D E  wit h a c o n st a nt  d el a y.

W h e n  w e st u d y t h e li miti n g c a s e  w h e r e b ot h g a n d v a r e  pi e c e wi s e c o n st a nt a s  d e f n e d i n

(1. 6 ) a n d ( 1. 7 ), t h e n t h e r e a r e i nt e r v al s  w h e r e A =  v ′ ( ξ )  =  0. F o r a st e a d y st at e ξ  i n s u c h a n

i nt e r v al, t h e c h a r a ct e ri sti c e q u ati o n si m pli f e s t o

λ  =  − γ , ( 4. 1 1)

w h e r e t h e r e i s a  u ni q u e n e g ati v e r e al c h a r a ct e ri sti c r o ot a n d t h e st e a d y st at e i s st a bl e.

-
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5 D y n a mi c s  wit h o n e  Hill f u n cti o n

At a st e a d y st at e x ( t) ≡  ξ  ∈  R , e q u ati o n (1. 2 ) r e d u c e s t o

a
τ ( ξ ) =  ,

v ( ξ ) 
( 5. 1)

s o t h e  d el a y i s still st at e- d e p e n d e nt.  E q u ati o n ( 1. 1 ) b e c o m e s

− µ τ ( ξ )0 =  h ( ξ ) :=  β e g ( ξ ) −  γ ξ  ( 5. 2)

at a st e a d y st at e.  Wit h g ( x ) a n d v ( x ) d e f n e d b y ( 1. 3 )  w e h a v e t h at

− µ a / v −
β g −  ≥  h ( 0 ) =  β e g −  ≥  0, h ( x ) ≤  β e − µ a / v U g U −  γ x ≤  β g U −  γ x .

C o n s e q u e ntl y a n y st e a d y st at e s ati s f e s ξ  ∈  [0, β g U / γ ], a n d t h e r e i s al w a y s at l e a st o n e s u c h

st e a d y st at e.

T h e st e a d y st at e s o c c u r at t h e z e r o s of h ( ξ ) ,  w hi c h f r o m (5. 2 ) o c c u r at t h e i nt e r s e cti o n s of

β e − µ τ ( ξ ) g ( ξ )  a n d γ ξ .  T h u s t h e n u m b e r of st e a d y st at e s  d e p e n d s o n t h e b e h a vi o r of t h e t e r m

e − µ τ ( ξ ) g ( ξ )  i n (5. 2 ).

We b e gi n b y c o n si d e ri n g t h e si m pli f e d s etti n g  w h e r e eit h e r g o r v i s a c o n st a nt f u n cti o n,

w hil e t h e ot h e r o n e i s eit h e r a Hill f u n cti o n  d e f n e d i n ( 1. 3 ), o r a  pi e c e wi s e c o n st a nt f u n cti o n

(1. 6 ) o r (1. 7 ).  T hi s l e a d s t o t h e f o u r c a s e s  di s c u s s e d b el o w.

Wit h v ±  :=  v −  =  v +  i n (1. 3 ) a n d (1. 7 )  w e o bt ai n v ( ξ )  =  v ±  i n d e p e n d e nt of t h e v al u e of ξ  

a n d c o n s e q u e ntl y a c o n st a nt  d el a y τ  =  a / v ±  , a n d e q u ati o n ( 1. 1 ) r e d u c e s t o

− µ τ  x ′ ( t)  =  β e g ( x ( t −  τ ) )  −  γ x ( t) , ( 5. 3)

w hi c h i s a c o n st a nt  d el a y  D D E  wit h a  m o n ot o n e f e e d b a c k n o nli n e a rit y.  We c o n si d e r t hi s c a s e

f r st f o r  d e c r e a si n g a n d i n c r e a si n g g i n S e cti o n s 5. 1 a n d 5. 2 , r e s p e cti v el y.  T h e r e s ult s  w hi c h

w e o bt ai n c o r r e s p o n d t o s e mi-l o c al  p r o p e rti e s of e q uili b ri a  w hi c h a r e f a mili a r f o r t h e c o n st a nt

d el a y e q u ati o n ( 5. 3 )  wit h a s uf f ci e ntl y s m o ot h n o nli n e a rit y g . If g i s st ri ctl y  d e c r e a si n g t h e n

t h e r e i s a si n gl e e q uili b ri u m s ol uti o n, f r o m  w hi c h  p e ri o di c s ol uti o n s bif u r c at e off i n a s e q u e n c e

of  H o pf bif u r c ati o n s  w h e n a  p a r a m et e r  m ulti pl yi n g g g r o w s t o i n f nit y.  T h e s e  p e ri o di c s ol u -

ti o n s c a n b e  di sti n g ui s h e d b y t h ei r o s cill ati o n f r e q u e n ci e s. St a bl e  p e ri o di c o r bit s o c c u r o nl y

at t h e l o w e st  p o s si bl e f r e q u e n c y, f o r s o- c all e d sl o wl y os cill ati n g peri o di c s ol uti o ns [3 1 ]. If g i s

i n c r e a si n g t h e n  m ulti pl e e q uili b ri a a r e  p o s si bl e.  H o pf bif u r c ati o n s f r o m t h e s e e q uili b ri a yi el d

p e ri o di c o r bit s  w hi c h a r e all  u n st a bl e. F o r  m o r e  d et ail e d i nf o r m ati o n a b o ut t h e n u m e r o u s

l o c al a n d gl o b al r e s ult s o n s ol uti o n s of a ut o n o m o u s  d el a y  diff e r e nti al e q u ati o n s  w hi c h  w e r e

a c hi e v e d  d u ri n g t h e  p a st  d e c a d e s s e e, f o r e x a m pl e, t h e s u r v e y [ 6 1 ].

S e cti o n s 5. 1 a n d 5. 2 c o nt ai n r e s ult s  w hi c h a r e n ot c o v e r e d b y t h e e xi sti n g t h e o r y.  We

c o n si d e r t h e li miti n g c a s e s a s t h e s m o ot h f u n cti o n g a p p r o a c h e s a  pi e c e wi s e c o n st a nt f u n cti o n,

a s t h e s e h el p t o  u n d e r st a n d b ett e r t h e c h a n g e s  w hi c h o c c u r i n t h e  d y n a mi c s  w h e n c e rt ai n

p a r a m et e r s g r o w t o i n f nit y.  T hi s al s o aff o r d s  u s t h e o p p o rt u nit y t o  p r e s e nt, i n t h e si m pl e r

s etti n g of c o n st a nt  d el a y s, t h e  m et h o d s  w e  will s u b s e q u e ntl y  u s e  w h e n t h e  d el a y s a r e st at e-

d e p e n d e nt i n S e cti o n s 5. 3 a n d 5. 4 .

Wit h g −  =  g +  i n (1. 3 ) a n d (1. 6 ), g i s a c o n st a nt f u n cti o n,  w hil e v − ≠  v +  r e s ult s i n a

st at e- d e p e n d e nt  d el a y.  We c o n si d e r t h e t w o c a s e s of v d e c r e a si n g o r i n c r e a si n g i n S e cti o n s 5. 3

a n d 5. 4 , r e s p e cti v el y.  T h e g e n e r al c a s e  w h e r e g a n d v a r e b ot h n o n- c o n st a nt i s st u di e d i n

S e cti o n 6 .

---
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5. 1 C o n st a nt  d el a y  wit h  d e cr e a si n g g  ( g  ↓ , v  ↔ )  

I n t hi s s e cti o n  w e st u d y ( 1. 1 ) –(1. 2 )  wit h a c o n st a nt  d el a y τ  a n d  d e c r e a si n g g .  T h e  D D E r e d u c e s

t o (5. 3 )  wit h τ  =  a / v ±  o n s etti n g v ±  =  v −  =  v +  i n (1. 3 ) o r (1. 7 ). We r e q ui r e g −  >  g +  i n (1. 3 )

o r (1. 6 ) t o e n s u r e t h at g i s  d e c r e a si n g.

θ g

β e − µ τ  g −  

β e − µ τ  g +  

Fi g u r e 5. 1: St e a d y st at e s of (1. 1 ), gi v e n b y (5. 2 ), o c c u r at t h e i nt e r s e cti o n s of ξ  7 → 
β e − µ τ  g ( ξ )  a n d ξ  7 → γ ξ .  T h e s e a r e ill u st r at e d f o r v a ri o u s γ  i n t h e li miti n g c a s e of ( 1. 6 )

±  −  −a n d ( 1. 7 )  wit h v =  v =  v +  , s o t h e  d el a y τ  =  a / v ±  i s c o n st a nt, a n d g >  g +  , s o g i s

m o n ot o ni c all y  d e c r e a si n g: ( g ↓ , v ↔ ) .

β e − µ τ  g ′ ( ξ )  −  γA s n ot e d a b o v e, if h ( 0 ) ≥  0  wit h g d e c r e a si n g  w e h a v e h ′ ( ξ )  =  <  0.

T h e r ef o r e,  wit h s m o ot h g d e f n e d i n (1. 3 ), f o r a n y  f x e d v al u e s of t h e  p a r a m et e r s t h e r e i s

al w a y s e x a ctl y o n e st e a d y st at e ξ .  We n ot e f o r l at e r  u s e t h at r e a r r a n gi n g ( 5. 2 ), f o r a n y  f x e d

v al u e of ξ  >  0, t h e r e i s al s o a  u ni q u e v al u e of γ  f o r  w hi c h ξ  i s a st e a d y st at e.

Fi g u r e 5. 1 ill u st r at e s t h e  u ni q u e n e s s of t h e st e a d y st at e  wit h a  pi e c e wi s e c o n st a nt g d e f n e d

b y ( 1. 6 ) a s γ  v a ri e s.  At t h e ‘ c o r n e r s’, t h e st e a d y st at e ξ  =  θ g s ati s f e s ( 5. 2 )  wit h g =  g +  a n d

g =  g −  r e s p e cti v el y,  w hi c h gi v e s ri s e t o

β e − µ τ  g +  β e − µ τ  g −  

γ 1 =  a n d γ 2 =  . ( 5. 4)
θ g θ g

We r ef e r t o t h e st e a d y st at e  w h e r e e − µ τ  g ( ξ )  a n d γ ξ  i nt e r s e ct o n t h e v e rti c al li n e s e g m e nt of

t h e c u r v e a s a si n g ul ar ste a d y st ate .  T h e si n g ul a r st e a d y st at e e xi st s f o r γ  ∈  ( γ 1 , γ 2 ) ,  w h e r e t h e

b o u n d s o n γ  a r e gi v e n b y ( 5. 4 ).

N e xt,  w e c o n si d e r t h e st a bilit y of t h e st e a d y st at e f o r t h e  pi e c e wi s e c o n st a nt f u n cti o n

g d e f n e d i n (1. 6 ). If γ  ∈  ( 0, γ 1 )  ∪  ( γ 2 , + ∞ ) , t h e i nt e r s e cti o n o c c u r s o n t h e h o ri z o nt al li n e

s e g m e nt s.  T h e n A =  g ′ ( ξ )  =  0 a n d t h e c h a r a ct e ri sti c e q u ati o n ( 4. 8 ) r e d u c e s t o (4. 1 1 ), a n d

h e n c e t h e st e a d y st at e  m u st b e st a bl e.  T hi s i m pli e s t h at i n t h e li miti n g c a s e o nl y a si n g ul a r

st e a d y st at e  m a y b e  u n st a bl e.  H o w e v e r, t h e c h a r a ct e ri sti c e q u ati o n i s n ot  d e f n e d i n t hi s

sit u ati o n a n d  w e t h e r ef o r e c o n si d e r t h e s m o ot h n o nli n e a rit y g d e f n e d i n ( 1. 3 ) f o r l a r g e n .  A s

a c o n s e q u e n c e of t h e c h oi c e s  m a d e i n t hi s s e cti o n, A =  0 a n d g ′ ( ξ )  <  0  wit h n >  0.

It f oll o w s i m m e di at el y f r o m (4. 9 ) t h at t h e r e a r e n o r e al n o n- n e g ati v e c h a r a ct e ri sti c v al u e s

w h e n g ′ ( ξ )  <  0. S o, s u p p o s e λ  =  α  ±  iω , ω  >  0 i s a s ol uti o n of t h e c h a r a ct e ri sti c e q u ati o n

(4. 9 ).  T h e n f o r λ  =  α  +  iω  w e h a v e

− µ τ  − ( α + iω ) τ  − µ τ  α  +  iω  =  − γ  +  β e g ′ ( ξ ) e =  − γ  +  β e g ′ ( ξ ) e − α τ  [c o s ( ω τ ) −  i si n ( ω τ ) ] .
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E q u ati n g r e al a n d i m a gi n a r y  p a rt s r e s p e cti v el y,  w e o bt ai n

− µ τ  − α τ  α  +  γ  =  β e g ′ ( ξ ) e c o s ( ω τ ) , ( 5. 5)

ω  =  − β e − µ τ  g ′ ( ξ ) e − α τ  si n ( ω τ ) . ( 5. 6)

N o w s u p p o s e t h at λ  =  α  +  iω  i s a r o ot of t h e c h a r a ct e ri sti c e q u ati o n  wit h α  ≥  0.  T h e n

γ  ≤  α  +  γ  ≤  β e − µ τ  e − α τ  |g ′ ( ξ )  c o s ( ω τ ) |  ≤ β e − µ τ |g ′ ( ξ ) |.

C o n s e q u e ntl y, if

γ  >  β e − µ τ  |g ′ ( ξ ) | ( 5. 7)

t h e n α  <  0 f o r all t h e c h a r a ct e ri sti c v al u e s a n d t h e st e a d y st at e i s a s y m pt oti c all y st a bl e.  N oti c e,

t h at si n c e (5. 2 ) i s al s o s ati s f e d at a st e a d y st at e, e q u ati o n ( 5. 7 ) i s e q ui v al e nt t o

ξ g ′ ( ξ )  
<  1. ( 5. 8)

g ( ξ ) 

We a r ri v e at a s uf f ci e nt c o n diti o n f o r st a bilit y of t h e  u ni q u e st e a d y st at e: w h e n ( 5. 8 ) i s s ati s f e d

at a st e a d y st at e, t h e st e a d y st at e i s a s y m pt oti c all y st a bl e.

T h e f u n cti o n ξ  7 → ξ g ′ ( ξ ) / g ( ξ ) pl a y s a c e nt r al r ol e i n t h e a n al y si s, s o  w e st u d y it s  p r o p e rti e s

h e r e.  Diff e r e nti ati n g g i n (1. 3 ) gi v e s

n θ n ( g +  −  g − ) ξ n − 1
g

g ′ ( ξ )  =  ( 5. 9)
( θ g

n +  ξ n ) 2

a n d  h e n c e
ξ g ′ ( ξ )  n ( g +  −  g − ) ( ξ / θ g ) n

=  . ( 5. 1 0)
g ( ξ ) ( 1 + ( ξ / θ g ) n ) ( g −  +  g + ( ξ / θ g ) n )  

N o w, l et
p ( 1 −  r ) x p

f ( x , p , r )  =  ( 5. 1 1)
( 1 +  x p ) ( r +  x p )  

a n d  n ot e f r o m (5. 1 0 ) t h at f ( ξ / θ g , n , g − / g + )  =  ξ g ′ ( ξ ) / g ( ξ ) .  T h e f oll o wi n g  p r o p o siti o n  will b e

e s s e nti al i n t hi s a n d f oll o wi n g s e cti o n s.

Pr o p o siti o n 5. 1. Let f ( x , p , r ) : R 3
> 0 →  R  be de f ne d b y (5. 1 1 ) t he n

1. F or f xe d p >  0 , r >  0 ,

li m f ( x , p , r )  =  li m f ( x , p , r )  =  0.
x → 0 x → ∞  

2. F or f xe d r >  0 wit h r ≠  1 we h a ve li mp → ∞  | f ( 1, p , r ) | =  ∞ ,  wit h

p ( 1 −  r )
f ( 1, p , r )  =  ,

2 ( 1 +  r ) 

a n d | f ( 1, p , r ) |  ≤ p / 2 .

3. F or f xe d r >  0 a n d f xe d x >  0 wit h x ≠  1 ,

li m f ( x , p , r )  =  0.
p → ∞  

M o re o ver, f or f xe d r >  0 a n d a n y f xe d x − ∈  ( 0, 1 ) a n d x +  >  1
� �  �  �  

li m  m a x | f ( x , p , r ) | =  li m  m a x | f ( x , p , r ) | =  0.
p → ∞  x ∈ [0, x −  ] p → ∞  x ∈ [x + ,∞ )  
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4. F or f xe d r >  0 wit h r ≠  1 a n d f xe d p >  0 , re g ar di n g | f ( x , p , r ) | as a f u n cti o n of x o nl y,

| f ( x , p , r ) | h as a u ni q ue gl o b al  m a xi m u m at x =  r 1 / 2 p wit h

1 / 2 )p ( 1 −  r1 / 2 pf ( r , p , r )  =  ,
1 +  r 1 / 2

1 / 2 pa n d | f ( r , p , r ) |  ≤ p.

Pr o of. F oll o w s  u si n g el e m e nt a r y  diff e r e nti ati o n a n d al g e b r a.

P r o p o siti o n 5. 1 s h o w s t h at ξ  7 → ξ g ′ ( ξ ) / g ( ξ ) i s a  u ni m o d al f u n cti o n  w hi c h a p p r o a c h e s

z e r o  u nif o r ml y a s n →  0, b ut  w hi c h r e s e m bl e s a  d elt a-f u n cti o n  wit h it s  p e a k at ξ  =  

θ g ( g − / g + ) 1 / 2 n →  θ g a s n →  ∞ .

N o w (5. 8 ) a n d  P r o p o siti o n 5. 1 ( 1) s h o w t h at if ξ  ≪  θ g o r f o r ξ  ≫  θ g t h e st e a d y st at e  m u st

b e a s y m pt oti c all y st a bl e. F r o m (5. 8 ), a n e c e s s a r y c o n diti o n f o r t h e st e a d y st at e t o b e  u n st a bl e

i s t h at |ξ g ′ ( ξ ) / g ( ξ ) |  ≥ 1, b ut f r o m  P r o p o siti o n 5. 1 ( 4) w e h a v e

ξ g ′ ( ξ )  n |1 −  r 1 / 2 |1 / 2 n≤ |  f ( r , n , r ) | =  
g ( ξ ) 1 +  r 1 / 2

w h e r e r =  r g =  g − / g +  .  T h u s a  n e c e s s a r y c o n diti o n f o r t h e st e a d y st at e t o b e  u n st a bl e i s t h at
1 / 2 n| f ( r , n , r ) |  ≥ 1. F o r g d e c r e a si n g, t h e v al u e r g =  g − / g +  >  1, a n d t hi s n e c e s s a r y c o n diti o n

f o r i n st a bilit y b e c o m e s n >  1 a n d

�  � 2g −  2
r g =  ≥  1 +  . ( 5. 1 2)

g +  n −  1

Si n c e t h e st e a d y st at e i s  u ni q u e, a st e a d y st at e bif u r c ati o n c a n n ot o c c u r, a n d  w e t h e r ef o r e

i n v e sti g at e t h e e xi st e n c e of  H o pf bif u r c ati o n s.  At a  H o pf bif u r c ati o n, λ  =  ± iω , a n d ( 5. 5 ) a n d

(5. 6 ) r e d u c e t o

− µ τ  γ  =  β e g ′ ( ξ )  c o s ( ω τ ) , ( 5. 1 3)
− µ τ  ω  =  − β e g ′ ( ξ )  si n ( ω τ ) . ( 5. 1 4)

A s β , γ , ω , e − µ τ  >  0 a n d g ′ ( ξ )  <  0,  w e  m u st h a v e c o s ( ω τ ) <  0 <  si n ( ω τ ) , a n d h e n c e ω τ  ∈  

( π / 2 +  2 k π , π  +  2 k π ) f o r k ∈  N .  We  d e n ot e b y ω k a n y s ol uti o n of ( 5. 1 3 ) a n d (5. 1 4 )  wit h t h e

p r o p e rt y t h at ω k τ  ∈  ( π / 2 +  2 k π , π  +  2 k π ) f o r k ∈  N .

N ot e t h at at a  H o pf bif u r c ati o n, i n a d diti o n t o (5. 1 3 ) a n d (5. 1 4 ), e q u ati o n (5. 2 ) m u st al s o

b e s ati s f e d.  T h e s e t h r e e e q u ati o n s c a n b e r e a r r a n g e d a s

β  − µ τ  γ  =  e g ( ξ ) , ( 5. 1 5)
ξ  

ω  c ot ( ω τ )  =  − γ , ( 5. 1 6)
p

γ 2 +  ω 2

|g ′ ( ξ ) | =  . ( 5. 1 7)
β e − µ τ  

W e  will c o n si d e r t h e s e e q u ati o n s s e q u e nti all y t o s h o w t h at γ  a n d ω  c a n b e r e g a r d e d a s

f u n cti o n s of ξ , r e s ulti n g i n a si n gl e e q u ati o n t o s ol v e f o r ξ . Fi r st n ot e t h at f o r a s m o ot h n o n-

li n e a rit y g ( ξ ) , a n d f o r a r bit r a r y ξ  >  0, e q u ati o n ( 5. 1 5 ) gi v e s a  u ni q u e v al u e of γ  =  γ ( ξ ) >  0.

M o r e o v e r, si n c e g i s  m o n ot o ni c all y  d e c r e a si n g,  w e al s o o bt ai n t h at ξ  7 → γ ( ξ ) i s  m o n ot o ni c all y

d e c r e a si n g.  B e c a u s e of t h e r e m a r k s f oll o wi n g  P r o p o siti o n 5. 1 w e  will b e  p a rti c ul a rl y i nt e r e st e d
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=  θ g ( g − / g + ) 1 / 2 ni n t h e c a s e s  w h e r e ξ  =  θ g a n d ξ  . U si n g ( 5. 1 5 ), (5. 4 ) a n d (1. 3 ) it i s e a s y t o s e e

t h at γ ( θ g )  = ( γ 1 +  γ 2 ) / 2 a n d γ ( θ g ( g − / g + ) 1 / 2 n )  =  
√

γ 1 γ 2 / ( g − / g + ) 1 / 2 n .  T hi s s h o w s t h at t h e

γ  v al u e c o r r e s p o n di n g t o t h e e xt r e m u m of ξ g ′ ( ξ ) / g ( ξ ) c o n v e r g e s t o t h e g e o m et ri c  m e a n of γ 1

a n d γ 2 a s n →  ∞ ,  w hil e t h e γ  v al u e c o r r e s p o n di n g t o ξ  =  θ g i s e q u al t o t h e a rit h m eti c  m e a n

of γ 1 a n d γ 2 i n d e p e n d e nt of t h e v al u e of n .

N e xt, f o r a gi v e n γ  >  0, it f oll o w s f r o m t h e  p r o p e rti e s of t h e c ot a n g e nt f u n cti o n t h at t h e

e q u ati o n ( 5. 1 6 ) gi v e s a s e q u e n c e of s ol uti o n s { ω k } k ≥ 0 wit h ω k τ  ∈  ( π / 2 +  2 k π , π  +  2 k π ) f o r

k =  0, 1, 2, . . .,  wit h e a c h ω k u ni q u el y  d e f n e d a s a f u n cti o n of γ .  R e c all t h at τ  i s c o n st a nt

b e c a u s e  w e a r e c o n si d e ri n g v −  =  v + =  v .  T h u s t h e v al u e s ω k →  ∞  a s k →  ∞ . It f oll o w s

t h at s ol uti o n s ω k of t h e e q u ati o n ( 5. 1 6 ) f o r  f x e d γ  m u st s ati sf y c ot ( ω k τ )  →  0 a n d h e n c e

ω k τ  →  π / 2 +  2 k π  a s k →  ∞ .

Si n c e g i s  d e c r e a si n g, t h e l a st e q u ati o n (5. 1 7 ) t h e n b e c o m e s

q  
γ 2 +  ω k

2

g ′ ( ξ )  =  −  . ( 5. 1 8)
β e − µ τ  

N oti c e  h e r e t h at t h r o u g h (5. 1 5 ) w e h a v e γ  a s a f u n cti o n of ξ ,  w hil e f r o m (5. 1 6 ) w e c a n r e g a r d

e a c h ω k a s a n i m pli citl y  d e f n e d f u n cti o n of γ  a n d h e n c e of ξ .  T h u s it r e m ai n s o nl y t o s ol v e

(5. 1 8 ) f o r ξ , o r  m o r e  p r e ci s el y,  w e n e e d t o s ol v e f o r a ξ k f o r e v e r y ω k .

C o m bi ni n g ( 5. 1 3 ) a n d (5. 1 5 )  w e s e e t h at at a  H o pf bif u r c ati o n

ξ g ′ ( ξ )  
c o s ( ω τ )  =  1. ( 5. 1 9)

g ( ξ ) 

T h u s, t h e f u n cti o n ξ  7 → ξ g ′ ( ξ ) / g ( ξ ) al s o  pl a y s a r ol e f o r  H o pf bif u r c ati o n s.  C o n s e q u e ntl y,

i n st e a d of s ol vi n g (5. 1 8 )  di r e ctl y f o r ξ ,  w e p r o c e e d b y c o m bi ni n g ( 5. 1 5 ) a n d (5. 1 8 )  w hi c h l e a d s

t o q  
γ 2 +  ω 2

γ ξ  k− µ τ  β e =  =  −  ,
g ( ξ ) g ′( ξ )  

a n d h e n c e
q

ξ g ′ ( ξ )  
=  −  1 + ( ω k / γ ) 2 . ( 5. 2 0)

g ( ξ ) 

C o m bi ni n g ( 5. 2 0 ) a n d (5. 1 0 ), it r e m ai n s t o  f n d ξ  t h at s ol v e s

qn ( g +  −  g − ) ( ξ / θ g ) n

=  −  1 + ( ω k / γ ) 2 . ( 5. 2 1)
( 1 + ( ξ / θ g ) n ) ( g −  +  g + ( ξ / θ g ) n )  

We al r e a d y c o n si d e r e d t h e b e h a vi o u r of t h e l eft- h a n d si d e of ( 5. 2 1 ) i n  P r o p o siti o n 5. 1 . T h e

b e h a vi o u r of t h e ri g ht- h a n d si d e i s c o n si d e r e d i n t h e f oll o wi n g  p r o p o siti o n.

p
Pr o p o siti o n 5. 2. Let s k ( ξ )  =  1 + ( ω k / γ ) 2 w here γ  =  γ ( ξ ) is de f ne d b y (5. 1 5 ) a n d ω k s atis fes

ω k τ  ∈  ( π / 2 +  2 k π , π  +  2 k π ) a n d is a f u n cti o n of γ  a n d he n ce of ξ  t hr o u g h (5. 1 6 ).  T he n

� � 1 � � 1�  � 2 2 �  � 2 2
π ( 2 k + 1 / 2 ) π ( 2 k + 1 )

1. 1 +  ξ 2 =  m k ( ξ )  ≤  s k ( ξ )  ≤  M k ( ξ )  =  1 +  ξ 2 .
β τ e − µ τ  g U β τ e − µ τ  g 0

π ( 2 k + 1 )
2. 1 <  s k ( ξ )  <  1 +  

β τ e − µ τ  g 0
ξ  f or all ξ  >  0 .
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Pr o of. U si n g ( 5. 1 5 )
! 1�  � 2 2

ω ks k ( ξ )  =  1 +  ξ 2 .
β e − µ τ  g ( ξ )  

R e c alli n g ( 1. 5 ) a n d al s o  u si n g t h e b o u n d s o n ω k τ , t h e i n e q u aliti e s i n  P r o p o siti o n 5. 2 ( 1), a n d t h e

e x p r e s si o n s f o r t h e b o u n d s m k ( ξ )  a n d M k ( ξ )  f oll o w e a sil y,  w hil e  P r o p o siti o n 5. 2 ( 2) i s w e a k e r

t h a n  P r o p o siti o n 5. 2 ( 1).

R e c all t h at f o r a  H o pf bif u r c ati o n,  w e n e e d t o s ol v e (5. 2 0 ) f o r ξ , b ut t hi s i s t h e s a m e a s

s ol vi n g f ( ξ / θ g , n , g − / g + )  =  − s k ( ξ ) ,  w h e r e t h e r el e v a nt  p r o p e rti e s of f a n d s k a r e st at e d i n

P r o p o siti o n s 5. 1 a n d 5. 2 . P r o p o siti o n s 5. 2 ( 1)  d e f n e s b a n d s [m k ( ξ ) , M k ( ξ )]  wit hi n  w hi c h e a c h

s k ( ξ )  li e s. Si n c e |s k ( ξ ) | >  1 a n d li m ξ → 0 f ( ξ / θ g , n , g − / g + )  =  li mξ → ∞  f ( ξ / θ g , n , g − / g + )  =  0,

f o r all ξ  s uf f ci e ntl y l a r g e o r s m all  w e h a v e f ( ξ / θ g , n , g − / g + )  >  − s k ( ξ ) .  O n t h e ot h e r h a n d,

c o n si d e ri n g ξ  =  θ g , b y  P r o p o siti o n 5. 1 ( 2), f ( 1, n , g − / g + )  →  − ∞  a s n →  ∞  w hil e s k ( θ g )  ≤  

M k ( θ g )  i s b o u n d e d.  C o n s e q u e ntl y, f o r n s uf f ci e ntl y l a r g e f ( 1, n , g − / g + )  <  − s k ( ξ ) . It f oll o w s

t h at t h e r e a r e at l e a st t w o  p oi nt s ξ −  <  θ g <  ξ +  f o r  w hi c h f ( ξ k
± / θ g , n , g − / g + )  =  − s k ( ξ k

± ) , a n dk k

h e n c e  w hi c h s ol v e (5. 2 1 ). Wit h t h e c o r r e s p o n di n g v al u e s of γ  a n d ω k d e f n e d b y ( 5. 1 5 ) a n d

(5. 1 6 ) t hi s  d e f n e s t w o s ol uti o n s of ( 5. 1 5 ) –(5. 1 7 ).

We al r e a d y n ot e d t h at t h e st e a d y st at e  m u st b e st a bl e, a n d h e n c e c a n n ot  u n d e r g o a  H o pf

bif u r c ati o n f o r ξ  s uf f ci e ntl y s m all o r l a r g e.  O n t h e ot h e r h a n d,  H o pf bif u r c ati o n s  m u st o c c u r

f o r n s uf f ci e ntl y l a r g e, a s f o r l a r g e e n o u g h n t h e f u n cti o n f will  pi e r c e t h r o u g h t h e b a n d

s k ( ξ )  ∈  [m k ( ξ ) , M k ( ξ )]  f o r ξ  ≈  1. I n  p a rti c ul a r, a s uf f ci e nt ( b ut n ot n e c e s s a r y) c o n diti o n f o r

t hi s t o o c c u r i s t h at M k ( θ g )  <  −  f ( 1, n , g − / g + ) , o r e q ui v al e ntl y t h at

! 1� � 2 2
( g − / g + )  +  1 π θ g ( 2 k +  1 ) 

n >  2 1 +  . ( 5. 2 2)
( g − / g + )  −  1 β τ e − µ τ  g 0

T hi s c o n diti o n f oll o w s f r o m e v al u ati o n of t h e f u n cti o n f at x =  1.  A  m o r e c o m pli c at e d b ut

ti g ht e r b o u n d c a n b e  d e ri v e d  u si n g t h e  m a xi m u m of f .  T h e r ef o r e a n ot h e r s uf f ci e nt c o n diti o n

t o e n s u r e t h at t h e k -t h  H o pf bif u r c ati o n o c c u r s i s t h at

+ ) 1 / ( 2 n )M k ( θ g ( g
− / g + ) 1 / ( 2 n ) )  <  −  f ( ( g − / g , n , g − / g + ) .

W hil e t h e r e i s a  u ni q u e st e a d y st at e ξ  f o r t h e c a s e of  d e c r e a si n g g wit h c o n st a nt τ , t h e

l o c ati o n a n d  p r o p e rti e s of t hi s st e a d y st at e  will  d e p e n d o n t h e v al u e s of t h e ot h e r  p a r a m et e r s.

T h e f oll o wi n g t h e o r e m c oll e ct s t o g et h e r o u r r e s ult s f o r t hi s c a s e.

T h e or e m 5. 3. Let ξ  be t he ste a d y st ate of t he  D D E (1. 1 ), (1. 2 ) wit h c o nst a nt del a y τ  a n d n o nli ne arit y

g de f ne d b y (1. 3 ) wit h g  m o n ot o ni c all y de cre asi n g (s o g −  >  g + ).  T he n:

ξ g ′ ( ξ )
1. If | | <  1 , t he n t he ste a d y st ate ξ  is as y m pt oti c all y st a ble.

g ( ξ ) 

g −  � � 222. If n ≤  1 , or n >  1 a n d r g =  <  1 +  , t he n t he ste a d y st ate ξ  is as y m pt oti c all y st a ble.g +  n − 1

3. F or a n y f xe d n >  1 , a n d f or 0 <  ξ  ≪  θ g o r ξ  ≫  θ g , or e q ui v ale ntl y f or γ  ≫  γ 2 o r 0 <  γ  ≪  γ 1 ,

t he ste a d y st ate is as y m pt oti c all y st a ble.

4. F or a n y f xe d ξ  ≠  θ g , let γ  =  γ ( n , ξ ) be t he v al ue of γ  s u c h t h at (5. 2 ) is s atis fe d a n d he n ce ξ  is

a ste a d y st ate.  Or, f or a n y f xe d γ  wit h 0 <  γ  <  γ 1 o r γ  >  γ 2 l et ξ  =  ξ ( n , γ ) s atisf y (5. 2 ) a n d

he n ce be a ste a d y st ate.  T he n ξ  is as y m pt oti c all y st a ble f or all n s uf f cie ntl y l ar ge.
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5. Let (5. 2 2 ) be s atis fe d f or f xe d n ≥  2 a n d f xe d k ≥  0 .  T he n as γ  is v arie d

( a) T here are t w o f a milies of ( at le ast) k +  1 H o pf bif urc ati o ns.  O ne e xists f or γ  <  
√

γ 1 γ 2 / ( g − / g + ) 1 / 2 n a n d t he ot her f or γ  >  ( γ 1 +  γ 2 ) / 2 . I n t he frst f a mil y, t he c h ar a c-

teristi c v al ues λ j =  iω j s atisf y ω jτ  ∈  ( π / 2 +  2 jπ , π  +  2 jπ ) f or j =  0, 1, . . . , k a n d cr oss

t he i m a gi n ar y a xis fr o m left t o ri g ht as γ  is i n cre ase d,  w hile i n t he se c o n d f a mil y t he y cr oss

t he i m a gi n ar y a xis fr o m ri g ht t o left.

( b) F or ξ  ∈  [θ g , θ g ( g − / g + ) 1 / ( 2 n ) ] or e q ui v ale ntl y f or γ  ∈  [ 
√

γ 1 γ 2 / ( g − / g + ) 1 / 2 n , ( γ 1 +  

γ 2 ) / 2 ] t he ste a d y st ate is u nst a ble  wit h at le ast k +  1 p airs of c o m ple x c o nj u g ate c h ar a cteris -

ti c v al ues λ j =  α j ±  iω j wit h α j >  0 a n d ω jτ  ∈  ( π / 2 +  2 jπ , π  +  2 jπ ) f or j =  0, 1, . . . , k.

6. Let γ  ∈  ( γ 1 , γ 2 )  be f xe d.  T he n as n is i n cre ase d t here is a n i n f nite se q ue n ce of  H o pf bif urc ati o ns

w here t he re al p art of λ k =  α k ±  iω k b e c o mes p ositi ve  wit h ω k τ  ∈  ( π / 2 +  2 k π , π  +  2 k π ) f or

k =  0, 1, 2, . . .

Pr o of. ( 1) a n d ( 2)  w e r e al r e a d y s h o w n i m m e di at el y aft e r t h e  p r o of of  P r o p o siti o n 5. 1 .

T h e  f r st  p a rt of ( 3) t h e n f oll o w s f r o m  P r o p o siti o n 5. 1 ( 1), si n c e li mξ → 0 f ( ξ / θ g , n , g − / g + )  =  

li mξ → ∞  f ( ξ / θ g , n , g − / g + )  =  0 i m pli e s |ξ g ′ ( ξ ) / g ( ξ ) | <  1 <  s k ( ξ )  a n d ξ g ′ ( ξ ) / g ( ξ )  =  − s k ( ξ )  

c a n n ot h ol d f o r ξ  s uf f ci e ntl y s m all ( 0 <  ξ  ≪  θ g ) o r l a r g e (ξ  ≫  θ g ).  T h e s e c o n d  p a rt f oll o w s

f r o m (5. 1 5 ) o n n oti n g t h at g m o n ot o ni c all y  d e c r e a si n g i m pli e s t h at γ ( ξ ) i s  m o n ot o ni c all y

d e c r e a si n g  wit h li m ξ → 0 γ ( ξ )  =  + ∞  a n d li m ξ → ∞  γ ( ξ )  =  0.

F o r t h e  f r st  p a rt of ( 4), c o n si d e r a st e a d y st at e at a  f x e d v al u e of ξ  a s n i s v a ri e d,  wit h t h e

ot h e r  p a r a m et e r s  f x e d e x c e pt f o r γ  =  γ ( n , ξ ) w hi c h i s  d et e r mi n e d b y ( 5. 2 ). T h e r e s ult t h e n

f oll o w s  di r e ctl y f r o m t h e  f r st  p a rt of  P r o p o siti o n 5. 1 ( 3). T o  p r o v e t h e s e c o n d  p a rt of ( 4) n ot e

t h at  w h e n g −  >  g +  f r o m (1. 3 ) w e  h a v e g −  >  g ( ξ ) >  g +  w hi c h  u si n g ( 5. 4 ) i s e q ui v al e nt t o

β e − µ τ  g ( ξ )
γ 2 > >  γ 1 .

θ g

Fi x γ  >  0 a n d  u si n g ( 5. 1 5 ), w e f u rt h e r r e w rit e t hi s a s

γ 2 ξ  γ 1>  >  . ( 5. 2 3)
γ θ g γ  

C o n s e q u e ntl y, f o r ξ  =  ξ ( n , γ ) s ati sf yi n g ( 5. 2 ), if γ  <  γ 1 t h e n  w e  h a v e ξ  >  θ g γ 1 / γ  >  θ g

w hil e γ  >  γ 2 i m pli e s ξ  <  θ g γ 2 / γ  <  θ g .  T h e r e s ult t h e n f oll o w s f r o m t h e s e c o n d  p a rt of

P r o p o siti o n 5. 1 ( 3).

F o r ( 5), e q u ati o n ( 5. 2 2 ) i m pli e s t h at

−  f ( 1, n , g − / g + )  >  M k ( θ g )  >  M k − 1 ( θ g )  >  . . . >  M 0 ( θ g ) .

H o w e v e r, s j( ξ )  ≥  1 f o r all ξ  ∈  R  a n d li m x → 0 f ( x , n , g − / g + )  =  li mx → ∞  f ( x , n , g − / g + )  =  0.

C o n s e q u e ntl y f o r e a c h j ∈ { 0, 1, . . . , k }  t h e r e a r e at l e a st t w o v al u e s of ξ  w hi c h s ol v e

−  f ( ξ / θ g , n , g − / g + )  =  s j( ξ ) .  T h e l a r g e st s u c h ξ  wit h ξ  >  θ g ( g − / g + ) 1 / ( 2 n ) a n d t h e s m all -

e st  wit h ξ  <  θ g d e f n e t h e r e q ui r e d  H o pf bif u r c ati o n s. Si n c e, a s al r e a d y n ot e d, γ ( ξ ) d e -

f n e d b y (5. 1 5 ) i s a  m o n ot o ni c all y  d e c r e a si n g f u n cti o n of ξ  wit h γ ( θ g )  = ( γ 1 +  γ 2 ) / 2 a n d
√

γ ( θ g ( g − / g + ) 1 / ( 2 n ) )  =  γ 1 γ 2 / ( g − / g + ) 1 / 2 n , t h e r e s ult f oll o w s.

F o r ( 6)  w e c o n si d e r t h e b e h a vi o u r of t h e  H o pf bif u r c ati o n  p oi nt s a s n →  ∞ .  A p pl y-

i n g  P r o p o siti o n 5. 1 ( a n d r e c alli n g t h at g −  >  g +  b e c a u s e g i s  d e c r e a si n g), t h e f u n cti o n

|ξ g ′ ( ξ ) / g ( ξ ) | t a k e s it s  m a xi m u m at ξ  =  θ g ( g − / g + ) 1 / 2 n >  θ g ,  w hil e al s o |θ g g ′ ( θ g ) / g ( θ g ) | =  
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Fi g u r e 5. 2: Bif u r c ati o n s of ( 1. 1 ) –(1. 2 ) f o r ( g ↓ , v ↔ ) wit h  p a r a m et e r s β  =  1. 4, µ  =  0. 2,

g −  =  1, g + =  1 / 2, θ g =  1, γ  =  a =  1, a n d v =  v −  =  v + =  2. ( a)  T h e li miti n g c a s e  wit h

g d e f n e d b y ( 1. 6 ) s h o wi n g t h e st a bl e ( g r e e n s oli d li n e) a n d si n g ul a r ( bl a c k  d a s h e d li n e)

st e a d y st at e s. ( b)  Wit h s m o ot h n o nli n e a rit y g d e f n e d b y ( 1. 3 ) a n d n =  5 0. S oli d li n e s

d e n ot e st a bl e o bj e ct s i n cl u di n g t h e st a bl e st e a d y st at e ( g r e e n) a n d a st a bl e li mit c y cl e

( r e p r e s e nt e d b y  m a xi m u m a n d  mi ni m u m of x ( t) o n t h e  p e ri o di c s ol uti o n).  D a s h e d li n e s

r e p r e s e nt  u n st a bl e st e a d y st at e s  w hi c h h a v e t w o ei g e n v al u e s  wit h  p o siti v e r e al  p a rt (i n

bl a c k). ( c)  A s i n ( b) b ut  wit h n =  2 3. ( d)  T w o- p a r a m et e r c o nti n u ati o n s i n n a n d γ  of

t h e  H o pf bif u r c ati o n s  d e f n e d b y (5. 1 5 ) –(5. 1 7 )  wit h t h e ot h e r  p a r a m et e r s a s a b o v e. S oli d

c u r v e s i n di c at e t h e  p a rt s of t h e b r a n c h  w h e r e t h e r e a r e n o c h a r a ct e ri sti c v al u e s  wit h

p o siti v e r e al  p a rt ( a n d h e n c e a st a bilit y c h a n g e at t h e bif u r c ati o n), a n d  d a s h e d li n e s

i n di c at e t h e  p a rt s of t h e b r a n c h  w h e r e t h e r e a r e al r e a d y  u n st a bl e c h a r a ct e ri sti c v al u e s.

T h e o ut e r m o st c u r v e of  H o pf bif u r c ati o n s i s a s s o ci at e d  wit h t h e st a bilit y c h a n g e s e e n

i n ( b).  T h e  d a s h- d ott e d v e rti c al bl a c k li n e s  d e n ot e γ  =  γ 1 a n d γ  =  γ 2 , t h e l o c ati o n s of

t h e  H o pf bif u r c ati o n s i n t h e li miti n g c a s e a s n →  ∞ . ( e)  P r o fl e s of t h e st a bl e  p e ri o di c

o r bit s f r o m t h e o ut e r m o st c u r v e of  H o pf bif u r c ati o n s i n ( d) at γ  =  1 f o r  diff e r e nt v al u e s

of t h e c o nti n u ati o n  p a r a m et e r n . (f)  T h e s a m e  p e ri o di c o r bit s a s i n ( e), b ut n o w s h o w n

a s a  p r oj e cti o n o nt o t h e  pl a n e ( x ( t) , x ( t −  τ ) )  w h e r e τ  =  0. 5.  T h e a r r o w i n di c at e s t h e

di r e cti o n of t h e  f o w.  T h e s q u a r e  d e n ot e s t h e si n g ul a r st e a d y st at e i n t h e li miti n g c a s e.
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| f ( 1, n , g − / g + ) |  ≫ 1.  C o n s e q u e ntl y f o r  f x e d k t h e t w o  H o pf bif u r c ati o n  p oi nt s, ξ −  a n d ξ +  
k k

<  θ g <  θ g ( g − / g + ) 1 / 2 n <  ξ +s ati sf y ξ −  
k .  U si n g  P r o p o siti o n 5. 1 ( 3) w e c o n cl u d e t h at ξ ± →  θ g a sk k

n →  ∞ .

Al s o f o r  f x e d k , a s n →  ∞ , t h e v al u e of ω k ≤  ( 2 k +  1 ) π / τ  r e m ai n s b o u n d e d, a s  d o e s γ  b y

( 4).  C o n s e q u e ntl y f o r (5. 1 8 ) t o b e s ati s f e d it f oll o w s t h at g ′ ( ξ k )  m u st al s o r e m ai n b o u n d e d a s

n →  ∞ .  T h e n i n t h e li mit a s n →  ∞  t h e  H o pf bif u r c ati o n s  m u st c o n v e r g e t o t h e “ c o r n e r s ” of

g ( ξ ) w h e r e ξ  =  θ g a n d γ  =  γ 1 o r γ  =  γ 2 .  C o n s e q u e ntl y f o r a n y  f x e d γ  ∈  ( γ 1 , γ 2 )  a s n →  ∞  

t h e r e i s a n i n f nit e s e q u e n c e of  H o pf bif u r c ati o n s.

Fi g u r e 5. 2 ill u st r at e s t h e b e h a vi o u r of (1. 1 ) –(1. 2 ) f o r ( g ↓ , v ↔ ) .  P a n el s ( b) –(f)  w e r e c o m-

p ut e d n u m e ri c all y  u si n g d d e b i f t o o l  a s  d e s c ri b e d i n  A p p e n di x C .

Fi g u r e 5. 2 ( a) a n d ( b) s h o w t h e si mil a riti e s b et w e e n t h e  d y n a mi c s  wit h t h e  pi e c e wi s e c o n-

ti n u o u s n o nli n e a rit y (1. 6 ) a n d t h e s m o ot h  Hill f u n cti o n g d e f n e d i n ( 1. 3 )  wit h n =  5 0.  T h e

si n g ul a r st e a d y st at e i n ( a) b e c o m e s a n  u n st a bl e st e a d y st at e i n t h e s m o ot h c a s e,  wit h a b u b bl e

of st a bl e  p e ri o di c o r bit s e xi sti n g b et w e e n t h e  p ai r of  H o pf bif u r c ati o n s  w h e r e t h e st e a d y st at e

c h a n g e s st a bilit y.  T h e st a bl e  p e ri o di c o r bit s at γ  =  1 f o r i n c r e a si n g v al u e s of n a r e s h o w n

a s  p r o fl e s i n Fi g u r e 5. 2 ( e) a n d  p r oj e ct e d o nt o t h e ( x ( t) , x ( t −  τ ) ) - pl a n e i n Fi g u r e 5. 2 (f). T h e

a p p a r e nt li miti n g b e h a vi o u r t h at i s r e v e al e d i s t h e t o pi c of [ 3 1 ].

W h e n t h e v al u e of n i s  d e c r e a s e d, t h e i nt e r v al of γ  v al u e s b et w e e n t h e  H o pf bif u r c ati o n s

s h ri n k s,  u ntil f o r n s uf f ci e ntl y s m all t h e st e a d y st at e i s al w a y s st a bl e, a s s e e n i n Fi g u r e 5. 2 ( c).

I nt e r e sti n gl y, e v e n t h o u g h t h e r e i s n o bif u r c ati o n i n t hi s c a s e, t h e g r a p h i n Fi g u r e 5. 2 ( c) still

h a s a  pl at e a u a r o u n d  w h e r e t h e si n g ul a r st e a d y st at e s e xi st i n Fi g u r e 5. 2 ( a).

Fi g u r e 5. 2 ( d) s h o w s t w o- p a r a m et e r c o nti n u ati o n s i n t h e ( γ , n ) pl a n e of t h e  H o pf bif u r -

c ati o n s.  T hi s r e v e al s t h e  H o pf bif u r c ati o n s a s s o ci at e d  wit h ω k f o r k =  0, 1, . . . , 4,  wit h e a c h

s u c c e s si v e  H o pf bif u r c ati o n o nl y e xi sti n g f o r  p r o g r e s si v el y l a r g e r v al u e s of n , a s i m pli e d b y

(5. 2 2 ). I n  p a rti c ul a r t h e r e i s n o  H o pf bif u r c ati o n f o r n <  2 4 a n d a s e c o n d  H o pf bif u r c ati o n i s

o nl y s e e n if n >  1 0 0.  T hi s i s  w h y n o  H o pf bif u r c ati o n i s s e e n i n Fi g u r e 5. 2 ( c)  wit h n =  2 3, a n d

o nl y o n e  p ai r of  H o pf bif u r c ati o n s i s s e e n i n Fi g u r e 5. 2 ( b)  wit h n =  5 0.

Fi g u r e 5. 2 ( d) al s o ill u st r at e s  T h e o r e m 5. 3 ( p oi nt s 5 a n d 6)  w h e r e t h e a d diti o n al  H o pf bif u r-

c ati o n s o c c u r ri n g a s n i n c r e a s e s a p p r o a c h t h e v e rti c al a s y m pt ot e s γ  =  γ 1 a n d γ  =  γ 2 i n t h e

li mit a s n →  ∞ .  N oti c e al s o t h e e xi st e n c e of  H o pf bif u r c ati o n s  wit h γ  >  γ 2 i n Fi g u r e 5. 2 ( d);

s o it is p o s si bl e f o r t h e st e a d y st at e t o b e  u n st a bl e o ut si d e t h e i nt e r v al γ  ∈  [γ 1 , γ 2 ], al b eit o nl y

f o r a  f nit e r a n g e of v al u e s n b y  T h e o r e m 5. 3 ( p oi nt 3).

5. 2 C o n st a nt  d el a y  wit h g  i n cr e a si n g ( g  ↑ , v  ↔ )  

I n t hi s s e cti o n  w e st u d y ( 1. 1 ) –(1. 2 )  wit h c o n st a nt  d el a y a g ai n, b ut i n c o nt r a st t o t h e  p r e vi o u s

s e cti o n  w e a s s u m e t h at g i s i n c r e a si n g.  We t h u s a s s u m e g −  <  g +  i n (1. 3 ) a n d (1. 6 ), wit h

v −  =  v + =  v ±  s o t h e  d el a y τ  =  a / v ±  i s c o n st a nt, i n d e p e n d e nt of ξ .

W h e n g i s i n c r e a si n g, it i s  p o s si bl e f o r  m ulti pl e st e a d y st at e s t o c o e xi st. F o r e x a m pl e,

c o n si d e ri n g t h e li miti n g c a s e  w h e r e g i s gi v e n b y ( 1. 6 ), a s s h o w n i n Fi g u r e 5. 3 , t h e r e a r e  u p

t o t h r e e c o e xi sti n g st e a d y st at e s, i n cl u di n g a si n g ul a r st e a d y st at e, a s t h e sl o p e of t h e li n e γ ξ  

c h a n g e s.  T h e c o r n e r s  d e f n e d b y (5. 4 ) gi v e ri s e t o f ol d bif u r c ati o n s  d u e t o a c h a n g e i n t h e

n u m b e r of st e a d y st at e s. Si n c e t h e s e bif u r c ati o n s i n v ol v e a si n g ul a r st e a d y st at e t h e y a r e n ot

t r ul y f ol d bif u r c ati o n s b ut  w e  u s e t hi s t e r m si n c e, a s  w e s h o w b el o w, t h e y r e f e ct t h e  p r e s e n c e

of t r u e f ol d bif u r c ati o n s f o r t h e s m o ot h n o nli n e a rit y g d e f n e d b y ( 1. 3 )  wit h g ′ ( ξ )  ≫  0.  T hi s i s

ill u st r at e d i n Fi g u r e 5. 4 ( a)  w h e r e t h e r e a r e t w o f ol d bif u r c ati o n s b et w e e n st a bl e a n d si n g ul a r

st e a d y st at e s,  wit h t h e o ut e r st e a d y st at e s st a bl e, a n d t h e  mi d dl e st e a d y st at e i s si n g ul a r.
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θ g

β e − µ τ  g +  

β e − µ τ  g −  

Fi g u r e 5. 3: Ill u st r ati o n of h o w t h e n u m b e r of st e a d y st at e s of ( 1. 1 ) gi v e n b y (5. 2 ) c h a n g e s

wit h t h e i nt e r s e cti o n s of ξ  7 → β e − µ τ  g ( ξ )  a n d ξ  7 → γ ξ .  T h e s e a r e s h o w n i n t h e li miti n g
±  −  −c a s e  wit h v =  v =  v +  s o τ  =  a / v ±  i s c o n st a nt, a n d g <  g +  i n (1. 6 ) s o g i s  pi e c e wi s e

c o n st a nt a n d  m o n ot o ni c all y i n c r e a si n g: ( g ↑ , v ↔ ) .

x ( a )  x ( b )  

θ g θ g

γ γγ 2 γ 1 γ 2 γ 1

0 0. 5 1 1. 5
0

2 0

4 0

6 0

F ol d
H o pf

0. 3 4 1 6

1. 9 3 1 0

( c )n

γγ 2 γ 1

Fi g u r e 5. 4: Bif u r c ati o n s of ( 1. 1 ) –(1. 2 )  wit h ( g ↑ , v ↔ ) a n d  p a r a m et e r s β  =  2, µ  =  0. 0 2,

g −  =  0. 1, g + =  1, θ g =  1, γ  =  1, a =  2 a n d v =  v −  =  v + =  2. ( a)  T h e li miti n g c a s e  wit h

g d e f n e d b y ( 1. 6 ). St a bl e st e a d y st at e s a r e s h o w n a s g r e e n s oli d li n e s, a n d t h e si n g ul a r

st e a d y st at e a s a bl a c k  d a s h e d li n e. ( b)  Wit h a s m o ot h n o nli n e a rit y g d e f n e d b y ( 1. 3 )

wit h n =  3 0. ( c)  T w o- p a r a m et e r c o nti n u ati o n s i n n a n d γ  of t h e f ol d ( bl u e) a n d t h e

H o pf ( bl a c k) bif u r c ati o n s  wit h t h e ot h e r  p a r a m et e r s a s a b o v e.  T h e  d a s h e d v e rti c al li n e s

d e n ot e γ  =  γ 1 a n d γ  =  γ 2 , t h e l o c ati o n of t h e f ol d bif u r c ati o n s i n t h e li miti n g c a s e a s

n →  ∞ .  T h e r e d  d a s h- d ott e d c u r v e  d e n ot e s t h e b o u n d o n t h e f ol d bif u r c ati o n s gi v e n b y

(5. 2 8 ).
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Wit h g d e f n e d b y t h e  pi e c e wi s e c o n st a nt f u n cti o n (1. 6 ), a s i n S e cti o n 5. 1 , f o r t h e n o n-

si n g ul a r st e a d y st at e s  w e h a v e A =  g ′ ( ξ )  =  0.  T h e c h a r a ct e ri sti c e q u ati o n i s a g ai n of t h e f o r m

(4. 1 1 ), s o t h e s e st e a d y st at e s  m u st b e st a bl e.  O nl y t h e si n g ul a r st e a d y st at e  m a y b e  u n st a bl e,

a n d si n c e it c o e xi st s  wit h t w o st a bl e st e a d y st at e s, it i s n at u r al t o r e g a r d it a s  u n st a bl e e v e n

t h o u g h t h e  d y n a mi c al s y st e m i s i n f nit e  di m e n si o n al a n d t h e c h a r a ct e ri sti c e q u ati o n i s n ot

d e f n e d at t h e si n g ul a r st e a d y st at e.  T h e bif u r c ati o n  di a g r a m f o r t hi s c a s e i s ill u st r at e d i n

Fi g u r e 5. 4 ( a).

F o r t h e s m o ot h n o nli n e a rit y g ( ξ ) d e f n e d b y ( 1. 3 ), f r o m (4. 9 ) t h e c h a r a ct e ri sti c f u n cti o n i s

gi v e n b y
− µ τ  − λ τ  ∆ ( λ )  =  λ  +  γ  −  β e g ′ ( ξ ) e . ( 5. 2 4)

C o n si d e ri n g λ  ∈  R  f r st, n ot e t h at ∆ ( λ ) i s a s y m pt oti c t o λ  +  γ  f o r λ  ≫  0.  O n t h e ot h e r h a n d,

u si n g ( 5. 2 )  w e  f n d �   �
ξ g ′ ( ξ )

∆ ( 0 ) =  γ  1 −  .
g ( ξ ) 

( 5. 2 5)

C o n s e q u e ntl y  w h e n
ξ g ′ ( ξ )  

g ( ξ ) 
>  1 ( 5. 2 6)

t h e r e i s al w a y s a r e al c h a r a ct e ri sti c v al u e λ  >  0 a n d t h e st e a d y st at e i s  u n st a bl e.  M o r e o v e r

t h e r e i s a c h a r a ct e ri sti c v al u e λ  =  0 if a n d o nl y if

ξ g ′ ( ξ )  
=  1, ( 5. 2 7)

g ( ξ ) 

a n d t h e r e s ult s  d e v el o p e d i n S e cti o n 5. 1 , a n d i n  p a rti c ul a r  P r o p o siti o n 5. 1 , c a n b e a p pli e d t o

t h e f ol d bif u r c ati o n s.  T h u s f o r n ≫  0 t h e r e  will b e t w o f ol d bif u r c ati o n s ξ ± ≈  θ g : o n e  wit h

γ  ≈  γ 1 a n d t h e ot h e r  wit h γ  ≈  γ 2 ,  w h e r e γ 1 a n d γ 2 a r e d e f n e d b y ( 5. 4 )  wit h γ 2 <  γ 1 si n c e g

i s i n c r e a si n g.

T o f n d t h e f ol d bif u r c ati o n s, e q u ati o n s ( 5. 2 7 ) a n d (5. 1 5 )  m u st b e s ol v e d t o g et h e r.  We  f r st

d o t hi s n u m e ri c all y. Fi g u r e 5. 4 ( b) s h o w s t h e r e s ulti n g bif u r c ati o n  di a g r a m f o r t h e s m o ot h

n o nli n e a rit y g ( ξ ) d e f n e d b y ( 1. 3 ) wit h n =  3 0, r e v e ali n g, a s e x p e ct e d, t w o s m o ot h f ol d bi -

f u r c ati o n s,  wit h a n i nt e r m e di at e b r a n c h of  u n st a bl e st e a d y st at e s b et w e e n t h e st a bl e st e a d y

st at e s.

T o f u rt h e r i n v e sti g at e  w h e n  m ulti pl e st e a d y st at e s a ri s e f o r s m o ot hl y i n c r e a si n g g , n ot e

t h at a n e c e s s a r y c o n diti o n f o r  m ulti pl e c o e xi sti n g st e a d y st at e s i s t h at  m a x ξ ≥ 0 { h ′ ( ξ ) }  ≥  0.

T hi s i m p o s e s a c o n st r ai nt o n t h e  p a r a m et e r s a s f oll o w s.  T h e f u n cti o n g h a s a si n gl e  p oi nt of

i n f e cti o n x̄ wit h g ′′ ( x̄ )  =  0,  w hi c h c a n b e c o m p ut e d b y  diff e r e nti ati n g g t wi c e t o  f n d

�  � 1 / nn −  1
x̄ =  θ g .

n +  1

N ot e t h at x̄ >  0 r e q ui r e s t h e r e st ri cti o n n >  1.  Wit h x̄ ,  w e c a n c o m p ut e t h e  m a xi m al v al u e of

t h e  d e ri v ati v e

( n +  1 ) 1 + 1 / n ( 1 −  n ) 1 − 1 / n

m a x { h ′ ( ξ ) }  =  h ′ ( x̄ )  =  β e − µ τ  g ′ ( x̄ )  −  γ  =  β e − µ τ  ( g +  −  g − )  −  γ .
ξ ≥ 0 4 n θ g

T h e r ef o r e, if t h e r e a r e  m ulti pl e st e a d y st at e s, t h e  p a r a m et e r s  m u st s ati sf y

( n +  1 ) 1 + 1 / n ( n −  1 ) 1 − 1 / n
− µ τ  ( g − )γ  ≤  β e +  −  g . ( 5. 2 8)

4 n θ g
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Fi g u r e 5. 4 ( c) s h o w s a t w o- p a r a m et e r c o nti n u ati o n of t h e f ol d bif u r c ati o n s f o r i n c r e a si n g

g . F o r l a r g e n t h e f ol d s a p p r o a c h t h e a s y m pt ot e s γ  =  γ 1 a n d γ  =  γ 2 d e f n e d b y t h e li miti n g

c a s e.  A s n d e c r e a s e s t h e t w o f ol d bif u r c ati o n s  m o v e cl o s e r t o g et h e r  u ntil t h e y c olli d e i n a

c u s p bif u r c ati o n.  At t h e c u s p, t h e t h r e e st e a d y st at e s c oi n ci d e, a n d at t hi s  p oi nt h ( ξ ) i s a
¯m o n ot o ni c all y  d e c r e a si n g f u n cti o n of ξ  wit h a z e r o of  m ulti pli cit y t h r e e at t h e st e a d y st at e ξ .

C o n s e q u e ntl y n ot o nl y i s h ( ξ̄ )  =  h ′ ( ξ̄ )  =  0 at t hi s  p oi nt, b ut al s o t h e f u n cti o n h ′ ( ξ )  att ai n s

it s  m a xi m u m at ξ̄ a n d t h e c u s p  p oi nt li e s o n t h e b o u n di n g c u r v e d e f n e d b y ( 5. 2 8 ), a s s e e n i n

Fi g u r e 5. 4 ( c).

T h e a n al y si s of  H o pf bif u r c ati o n s f r o m S e cti o n 5. 1 c a n b e r e p e at e d  wit h o nl y  mi n o r

c h a n g e s f o r t h e c a s e of i n c r e a si n g g .  C h a r a ct e ri sti c v al u e s a g ai n s ati sf y ( 5. 5 ) a n d (5. 6 ), a n d

at a H o pf bif u r c ati o n ( 5. 1 3 ) a n d (5. 1 4 ). Si n c e g ′ ( ξ )  >  0,  w e r e q ui r e si n ( ω τ ) <  0 <  c o s ( ω τ ) 

a n d h e n c e

ω τ  ∈  ( 2 k +  3 / 2 ) π , ( 2 k +  2 ) π ) , k ∈  N .

E q u ati o n s ( 5. 1 5 ), (5. 1 6 ) a n d (5. 1 7 ) c a n a g ai n b e c o n si d e r e d s e q u e nti all y, a n d r e d u c e d t o a si n gl e

e q u ati o n t o s ol v e f o r ξ ,  w h e r e f o r i n c r e a si n g g , e q u ati o n ( 5. 1 7 ) b e c o m e s

q  
γ 2 +  ω k

2

g ′ ( ξ )  =  . ( 5. 2 9)
β e − µ τ  

T hi s l a st e q u ati o n i s  m o st e a sil y c o n si d e r e d b y c o m bi ni n g it  wit h ( 5. 1 5 ) t o o bt ai n

q
ξ g ′ ( ξ )  

=  1 + ( ω k / γ ) 2 , ( 5. 3 0)
g ( ξ ) 

w h e r e ξ g ′ ( ξ ) / g ( ξ ) i s still gi v e n b y ( 5. 1 0 ) a n d  P r o p o siti o n s 5. 1 a n d 5. 2 b ot h a p pl y.

We c o n cl u d e t h at a s γ  i s v a ri e d t h e r e i s a s e q u e n c e of  H o pf bif u r c ati o n s  p a r a m et e ri z e d b y

a f r e q u e n c y ω k →  ∞  s ati sf yi n g ω k τ  ∈  ( ( 2 k +  3 / 2 ) π , ( 2 k +  2 ) π ) f o r k ∈  N ,  w h e r e f o r e a c h  f x e d

k t h e r e i s a  mi ni m al n at  w hi c h t hi s bif u r c ati o n e xi st s. F u rt h e r m o r e, t hi s  mi ni m al n g r o w s  wit h

k . A d diti o n all y, f o r a n y  f x e d k a s n →  ∞  t h e bif u r c ati o n  p oi nt s s ati sf y γ  →  γ 1 a n d γ  →  γ 2 .

Fi g u r e 5. 4 ( b) s h o w s t h at t h e st e a d y st at e s l o s e st a bilit y at t h e f ol d bif u r c ati o n a n d t h e r e s ulti n g

u n st a bl e st e a d y st at e  u n d e r g o e s a  H o pf bif u r c ati o n.  T hi s i n di c at e s t h at t h e r e s ulti n g  p e ri o di c

o r bit s a r e  u n st a bl e a n d t h u s n ot c o n s e q u e nti al f o r t h e a s y m pt oti c  d y n a mi c s i n c o nt r a st t o t h e

c a s e of  d e c r e a si n g g .  T h e t w o- p a r a m et e r c o nti n u ati o n of t h e  f r st  H o pf bif u r c ati o n i s s h o w n

i n Fi g u r e 5. 4 ( c).

We c oll e ct o u r r e s ult s f r o m t hi s s e cti o n t o g et h e r i n t h e f oll o wi n g t h e o r e m.  W hil e t h e r e a r e

m a n y si mil a riti e s b et w e e n  T h e o r e m s 5. 3 a n d 5. 4 , t h e  p r e s e n c e of f ol d bif u r c ati o n s i nt r o d u c e s

s o m e i m p o rt a nt  diff e r e n c e s.  N ot e al s o t h at si n c e g i s i n c r e a si n g, i n t hi s s e cti o n  w e h a v e

r g =  g − / g +  <  1 a n d al s o γ 1 >  γ 2 .

T h e or e m 5. 4. Let ξ  be a ste a d y st ate of t he  D D E (1. 1 ), (1. 2 ) wit h c o nst a nt del a y τ  a n d n o nli ne arit y g

de f ne d b y (1. 3 ) wit h g  m o n ot o ni c all y i n cre asi n g (s o g −  <  g + ).  T he n

( ξ ) ( ξ )
1. T he ste a d y st ate ξ  is as y m pt oti c all y st a ble if

ξ g ′ 

<  1 , a n d u nst a ble if
ξ g ′ 

>  1 .
g ( ξ ) g ( ξ ) 

2. F or a n y f xe d ξ  ≠  θ g l et γ  =  γ ( n , ξ ) be t he v al ue of γ  s u c h t h at (5. 2 ) is s atis fe d a n d he n ce ξ  is

a ste a d y st ate.  Or, f or a n y f xe d γ  wit h 0 <  γ  <  γ 2 o r γ  >  γ 1 l et ξ  =  ξ ( n , γ ) s atisf y (5. 2 ) a n d

he n ce be a ste a d y st ate.  T he n ξ  is as y m pt oti c all y st a ble f or all n s uf f cie ntl y l ar ge.

g −  � � 223. If n ≤  1 , or n >  1 a n d r g =  >  1 −  , t he n t he ste a d y st ate ξ  is as y m pt oti c all y st a ble.g +  n + 1
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4. If n >  1 a n d r =  g −  

<  1 −  2
� 2

, t he n t here e xists ξ −  <  θ g ( g − / g + ) 1 / 2 n <  ξ +  a n dg +  n + 1

γ ( ξ − )  <  
√

γ 1 γ 2 / ( g − / g + ) 1 / 2 n <  γ ( ξ + )  s u c h t h at as γ  is v arie d, t here is o ne br a n c h of

st a ble ste a d y st ates  wit h ξ  <  ξ −  a n d γ  >  γ ( ξ − )  a n d a n ot her st a ble br a n c h  wit h ξ  >  ξ +  a n d

γ  <  γ ( ξ + ) . F or γ  ∈  ( γ ( ξ − ) , γ ( ξ + ) )  t he t w o st a ble br a n c hes of ste a d y st ates c o-e xist  wit h a

br a n c h of u nst a ble ste a d y st ates  w hi c h e xists bet wee n f ol d bif urc ati o ns at ( ξ , γ )  = ( ξ −  , γ ( ξ − ) )  

a n d ( ξ , γ )  = ( ξ +  , γ ( ξ + ) ) .

5. Let f xe d n ≥  2 a n d f xe d k ≥  0 s atisf y

! 1� � 2 2
1 + ( g − / g + )  2 π θ g ( k +  1 ) 

n >  2 1 +  . ( 5. 3 1)
1 −  ( g − / g + )  β τ e − µ τ  g 0

T h e n as γ  is v arie d

( a) T here are t w o f a milies of ( at le ast) k +  1 H o pf bif urc ati o ns fr o m t he u nst a ble ste a d y-st ate.

O ne e xists f or γ  <  
√

γ 1 γ 2 / ( g − / g + ) 1 / 2 n a n d t he ot her f or γ  >  ( γ 1 +  γ 2 ) / 2 . I n t he frst

f a mil y, t he c h ar a cteristi c v al ues λ j =  α j ±  iω j wit h ω jτ  ∈  ( 3 π / 2 +  2 jπ , 2π  +  2 jπ ) f or

j =  0, 1, . . . , k cr oss t he i m a gi n ar y a xis fr o m left t o ri g ht as γ  is i n cre ase d,  w hile i n t he

se c o n d f a mil y t he y cr oss t he i m a gi n ar y a xis fr o m ri g ht t o left.

( b) F or ξ  ∈  [θ g ( g − / g + ) 1 / ( 2 n ) , θ g ], or e q ui v ale ntl y f or γ  ∈  ( 
√

γ 1 γ 2 / ( g − / g + ) 1 / 2 n , ( γ 1 +  

γ 2 ) / 2 ) , t he u nst a ble ste a d y st ate h as o ne p ositi ve re al c h ar a cteristi c v al ue a n d at le ast

k +  1 p airs of c o m ple x c o nj u g ate c h ar a cteristi c v al ues λ j =  α j ±  iω j wit h α j >  0 a n d

ω jτ  ∈  ( 3 π / 2 +  2 jπ , 2π  +  2 jπ ) f or j =  0, 1, . . . , k.

6. Let γ  ∈  ( γ 2 , γ 1 )  be f xe d.  T he n as n is i n cre ase d t here is a n i n f nite se q ue n ce of  H o pf bif urc ati o ns

o n t he br a n c h of u nst a ble e q uili bri a  w here t he re al p art of λ k =  α k ±  iω k b e c o mes p ositi ve  wit h

ω k τ  ∈  ( 3 π / 2 +  2 k π , 2π  +  2 k π ) .

Pr o of. T h e  f r st  p a rt of ( 1) f oll o w s f r o m (5. 8 ),  w hil e t h e s e c o n d  p a rt f oll o w s f r o m (5. 2 4 ) –(5. 2 6 ).

T h e  p r o of of t h e  f r st  p a rt of ( 2) i s i d e nti c al t o t h e  p r o of of t h e  f r st  p a rt of ( 4) of  T h e -

o r e m 5. 3 . T o s h o w t h e s e c o n d  p a rt of ( 2), n ot e t h at  w h e n g +  >  g −  f r o m (1. 3 ) w e  h a v e

g +  >  g ( ξ ) >  g −  w hi c h,  u si n g ( 5. 4 ), i s e q ui v al e nt t o

β e − µ τ  g ( ξ )
γ 1 > >  γ 2 .

θ g

Fi x γ  >  0 a n d  u si n g ( 5. 1 5 ), w e f u rt h e r r e w rit e t hi s a s

γ 1 ξ  γ 2
>  >  .

γ θ g γ  

H e n c e, f o r ξ  =  ξ ( n , γ ) s ati sf yi n g ( 5. 2 ) if γ  >  γ 1 t h e n ξ  <  θ g γ 1 / γ  <  θ g .  O n t h e ot h e r

h a n d, if γ  <  γ 2 t h e n ξ  >  θ g γ 2 / γ  >  θ g .  T h e r e s ult f oll o w s f r o m ( 1) a n d t h e s e c o n d  p a rt of

P r o p o siti o n 5. 1 ( 3)

St at e m e nt ( 3) i s s h o w n si mil a rl y t o t h e c o r r e s p o n di n g r e s ult i n  T h e o r e m 5. 3 , n oti n g t h at

si n c e g i s i n c r e a si n g r g =  g − / g +  <  1,  w hi c h r e s ult s i n a  diff e r e nt i n e q u alit y t h a n t h e o n e

f o u n d i n (5. 1 2 ).

T o s h o w ( 4) c o n si d e r t h e c u r v e of st e a d y st at e s ( ξ , γ ( ξ ) )  f o r ξ  >  0  w h e r e γ ( ξ ) i s  d e f n e d

b y ( 5. 1 5 ).  U si n g  P r o p o siti o n 5. 1 , t h e c o n diti o n s of ( 4) i m pl y t h at ξ g ′ ( ξ ) / g ( ξ ) h a s a  m a xi m u m

=  θ g ( g − / g + ) 1 / 2 nv al u e l a r g e r t h a n 1 at ξ  .  L et ξ −  <  θ g ( g − / g + ) 1 / 2 n <  ξ +  b e t h e  p oi nt s  w h e r e
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θ v

β g e − µ τ −  

β g e − µ τ +  

Fi g u r e 5. 5: St e a d y st at e s of ( 1. 1 ) a r e gi v e n b y ( 5. 2 ), a n d h e n c e o c c u r at t h e i nt e r s e cti o n s

of ξ  7 → β e − µ τ ( ξ ) g a n d ξ  7 → γ ξ .  T h e s e a r e ill u st r at e d f o r v a ri o u s γ  >  0 i n t h e li miti n g

c a s e of (1. 6 ) a n d (1. 7 )  wit h g ±  =  g −  =  g +  , s o g ( ξ )  =  g ±  i s a c o n st a nt f u n cti o n, a n d
−v >  v +  , s o v i s  pi e c e wi s e c o n st a nt a n d  m o n ot o ni c all y  d e c r e a si n g : ( g ↔ , v ↓ ) .  T h e n

τ ( ξ )  =  a / v ( ξ ) i s st at e- d e p e n d e nt; τ ( ξ )  =  τ −  =  a / v −  f o r ξ  <  θ v , τ ( ξ )  =  τ + =  a / v +  f o r

ξ  >  θ v a n d τ ( ξ ) i s s et- v al u e d  w h e n ξ  =  θ v .

ξ −  g ′ ( ξ − ) / g ( ξ − )  =  ξ +  g ′ ( ξ + ) / g ( ξ + )  =  1.  T h e n t h e st e a d y st at e i s st a bl e f o r ξ  <  ξ −  a n d

ξ  >  ξ +  , a n d  u n st a bl e f o r ξ  ∈  ( ξ −  , ξ + ) .  N o w diff e r e nti ati n g ( 5. 1 5 ) w e  f n d t h at

�   � �   �
β  − µ τ  β  − µ τ  β  − µ τ  ξ g ′ ( ξ )  γ ( ξ ) ξ g ′ ( ξ )

γ ′ ( ξ )  =  −  g ( ξ )  +  e g ′ ( ξ )  =  g ( ξ ) −  1 =  −  1 . ( 5. 3 2)
ξ 2

e
ξ 2

e
ξ  g ( ξ ) ξ  g ( ξ ) 

T h u s γ ( ξ ) i s a  d e c r e a si n g f u n cti o n of ξ  w h e n t h e st e a d y st at e i s st a bl e, a n d a n i n c r e a si n g

f u n cti o n  w h e n it i s  u n st a bl e. F r o m t hi s ( 4) f oll o w s.

T h e  p r o of s of ( 5) a n d ( 6) a r e si mil a r t o t h e  p r o of of  T h e o r e m 5. 3 , wit h t h e  m ai n  diff e r e n c e

b ei n g t h at f o r a  H o pf bif u r c ati o n f r o m t h e  u n st a bl e st e a d y st at e  w e r e q ui r e ω k τ  ∈  ( 3 π / 2 +  

2 k π , 2π  +  2 k π ) ,  w hil e f o r g i n c r e a si n g a s uf f ci e nt c o n diti o n t o o bt ai n a s ol uti o n of ( 5. 3 0 ) i s

t h at M k ( θ g )  <  f ( 1, n , g − / g + ) .

It  w o ul d b e i nt e r e sti n g if t h e  H o pf a n d f ol d bif u r c ati o n s c o ul d e x c h a n g e  p o siti o n s o n t h e

b r a n c h, s o t h at t h e st e a d y st at e l o st st a bilit y i n a  H o pf bif u r c ati o n i n st e a d of a f ol d bif u r c ati o n.

H o w e v e r, t hi s c a n n ot h a p p e n  wit h a c o n st a nt  d el a y b e c a u s e, a s t h e t h e o r e m s h o w s, st a bilit y

i s al w a y s l o st  w h e n ξ g ′ ( ξ ) / g ( ξ )  =  1 at  w hi c h  p oi nt t h e r e i s a z e r o c h a r a ct e ri sti c v al u e gi vi n g

ri s e t o a f ol d bif u r c ati o n.

5. 3 St at e- d e p e n d e nt  d el a y  wit h v  d e cr e a si n g a n d g  c o n st a nt ( g  ↔ , v  ↓ )  

T o  u n d e r st a n d t h e  d y n a mi c s of (1. 1 ) –(1. 2 )  wit h a st at e- d e p e n d e nt  d el a y,  w e i m p o s e g ±  :=  

g −  =  g +  i n (1. 3 ) a n d (1. 6 ), s o g ( ξ )  =  g ±  i s a c o n st a nt f u n cti o n.  We  f r st c o n si d e r a  d e c r e a si n g

f u n cti o n v wit h v −  >  v +  i n (1. 3 ) a n d (1. 7 ).

It i s c o n v e ni e nt t o l et τ +  :=  a / v +  a n d τ −  :=  a / v −  .  T h e n at a st e a d y st at e ξ  wit h v −  >  v +  ,

e q u ati o n ( 5. 1 ) i m pli e s τ ( ξ ) i s a n i n c r e a si n g f u n cti o n of ξ  wit h τ −  <  τ ( ξ ) <  τ +  , s o e − µ τ ( ξ ) i s

a  d e c r e a si n g f u n cti o n of ξ .  U n d e r t h e s e ci r c u m st a n c e s, h ( ξ ) i s  m o n ot o ni c all y  d e c r e a si n g a n d

e q u ati o n ( 5. 2 ) h a s e x a ctl y o n e s ol uti o n, a n d s o t h e r e i s al w a y s a  u ni q u e st e a d y st at e.

Fi g u r e 5. 5 ill u st r at e s t h e  u ni q u e n e s s of t h e st e a d y st at e i n t h e li miti n g c a s e  w h e n v d e f n e d
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b y ( 1. 7 ) i s  pi e c e wi s e c o n st a nt. T h e st e a d y st at e s at t h e c o r n e r s a r e a s s o ci at e d  wit h

β g ± e − µ τ +  
β g ± e − µ τ −  

γ 3 =  a n d γ 4 =  . ( 5. 3 3)
θ v θ v

A s  di s c u s s e d i n S e cti o n 5. 1 , t h e st e a d y st at e i s st a bl e if γ  ∈  ( 0, γ 3 )  ∪  ( γ 4 , ∞ )  a s t h e n A =  

g ′ ( ξ )  =  0 a n d t h e c h a r a ct e ri sti c e q u ati o n ( 4. 8 ) r e d u c e s t o ( 4. 1 1 )  wit h e x a ctl y o n e n e g ati v e r e al

c h a r a ct e ri sti c v al u e.  C o n s e q u e ntl y, t h e st e a d y st at e  m a y o nl y b e  u n st a bl e i n t h e si n g ul a r c a s e

f o r γ  ∈  ( γ 3 , γ 4 ) .

Si n c e A ,  w hi c h i s gi v e n b y ( 4. 4 ), i s  u n d e f n e d f o r si n g ul a r st e a d y st at e s, t h e c h a r a ct e ri sti c

e q u ati o n ( 4. 1 0 ) c a n n ot b e  u s e d t o st u d y t h e st a bilit y of t h e si n g ul a r st e a d y st at e s. S o, i n st e a d

w e c o n si d e r t h e st a bilit y of t h e st e a d y st at e s f o r t h e s m o ot h v el o cit y n o nli n e a rit y v d e f n e d i n

(1. 3 ). T h e r e  will b e s o m e si mil a riti e s t o t h e a n al y si s i n S e cti o n 5. 1 , b ut t h e  p r o bl e m st u di e d

i n t hi s s e cti o n  wit h st at e- d e p e n d e nt  d el a y i s si g ni f c a ntl y  m o r e c o m pli c at e d t h a n t h e c o n st a nt

d el a y  p r o bl e m c o n si d e r e d b ef o r e.

Wit h g c o n st a nt a n d v d e f n e d b y (1. 3 ) t h e c h a r a ct e ri sti c e q u ati o n i s of t h e f o r m (4. 1 0 ).

R e c alli n g t h e  d e f niti o n of A f r o m (4. 4 ) a n d  u si n g (5. 2 ),  w e o bt ai n at a st e a d y st at e ξ  

v ′ ( ξ )  ξ v ′ ( ξ )− µ τ ( ξ ) ±A =  β  e g =  γ  <  0, ( 5. 3 4)
v ( ξ ) v ( ξ ) 

si n c e v −  >  v +  i m pli e s v ′ ( ξ )  <  0. It f oll o w s t h at t h e ri g ht- h a n d si d e of (4. 1 0 ) i s n e g ati v e

w h e n λ  ≥  0, a n d s o t h e r e a r e n o n o n- n e g ati v e r e al c h a r a ct e ri sti c v al u e s.  T hi s i s n ot s u r p ri si n g

si n c e  w e al r e a d y k n o w t h at t h e st e a d y st at e i s  u ni q u e, a n d t h e r ef o r e t h e r e a r e n o st e a d y- st at e

bif u r c ati o n s.

F u rt h e r m o r e, si n c e v ( ξ ) i s a  Hill f u n cti o n, it f oll o w s t h at

ξ v ′ ( ξ )  
=  f ( ξ / θ v , m , v − / v + ) , ( 5. 3 5)

v ( ξ ) 

w h e r e f i s  d e f n e d b y (5. 1 1 ).  T h u s  P r o p o siti o n 5. 1 will b e r el e v a nt i n  w h at f oll o w s.

T o i n v e sti g at e t h e st a bilit y of t h e st e a d y st at e  w e c o n si d e r c o m pl e x c h a r a ct e ri sti c v al u e s.

L et λ  =  α  +  iω , ω  >  0 t h e n ( 4. 1 0 ) i m pli e s

�  �  
µ− ( α + iω ) τ ( ξ ) )α  +  iω  =  − γ  +  A ( 1 −  e 1 +  ,

α  +  iω  

A   
− α τ ( ξ )=  − γ  + ( 1 −  e c o s ω τ ( ξ ) ) ( α 2 +  ω 2 +  µ α )  +  e − α τ ( ξ ) si n ω τ ( ξ ) µ ω ]

α 2 +  ω 2

− α τ ( ξ )+  i
A

[e − α τ ( ξ ) si n ω τ ( ξ ) ( α 2 +  ω 2 +  µ α ) −  ( 1 −  e c o s ω τ ( ξ ) ) µ ω ].
α 2 +  ω 2

E q u ati n g t h e r e al a n d i m a gi n a r y  p a rt s yi el d s

h i  
− α τ ( ξ )α  +  γ  =  

A
( 1 −  e c o s ω τ ( ξ ) ) ( α 2 +  ω 2 +  µ α )  +  e − α τ ( ξ ) si n ω τ ( ξ ) µ ω  ,

α 2 +  ω 2

h i  
− α τ ( ξ )ω  =  

A
e − α τ ( ξ ) si n ω τ ( ξ ) ( α 2 +  ω 2 +  µ α ) −  ( 1 −  e c o s ω τ ( ξ ) ) µ ω  .

α 2 +  ω 2

I s ol ati n g e − α τ ( ξ ) si n ω τ ( ξ ) a n d 1 −  e − α τ ( ξ ) c o s ω τ ( ξ ) r e s p e cti v el y gi v e s

�  �  �
− α τ ( ξ )A 1 −  e c o s ω τ ( ξ ) ( α  +  µ ) 2 +  ω 2 = ( α  +  γ ) ( α 2 +  ω 2 +  µ α ) −  µ ω 2 , ( 5. 3 6)

� �  
A e − α τ ( ξ ) si n ω τ ( ξ ) 

  
( α  +  µ ) 2 +  ω 2

�  
=  ω  ( 2 α  +  γ ) µ  +  α 2 +  ω 2 . ( 5. 3 7)
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N oti c e t h at si n c e A <  0, f o r α  ≥  0 t h e l eft- h a n d si d e of ( 5. 3 6 ) i s n o n- p o siti v e. O n t h e ot h e r

h a n d,  w h e n

γ  >  µ  ( 5. 3 8)

a n d α  ≥  0 t h e n t h e ri g ht- h a n d si d e of ( 5. 3 6 ) i s st ri ctl y  p o siti v e. C o n s e q u e ntl y if ( 5. 3 8 ) h ol d s,

t h e n all t h e c h a r a ct e ri sti c v al u e s  m u st h a v e α  <  0 a n d t h e st e a d y st at e i s a s y m pt oti c all y st a bl e.

N e xt  w e s h o w t h at t h e st e a d y st at e i s al s o st a bl e if γ  ≤  µ  a n d

ξ v ′ ( ξ )  1
<  . ( 5. 3 9)

v ( ξ ) µ τ ( ξ ) 

T o  d o s o, f o r c o nt r a di cti o n s u p p o s e t h at λ  =  α  +  iω  i s a c h a r a ct e ri sti c v al u e  wit h α  ≥  0 a n d

ω  >  0  w h e r e γ  ≤  µ  a n d ( 5. 3 9 ) h ol d s.  T h e n | si n ω τ ( ξ ) |  ≤ |ω τ ( ξ ) | a n d ( 5. 3 9 ) i m pli e s

ξ v ′ ( ξ )  ω
si n ω τ ( ξ ) <  . ( 5. 4 0)

v ( ξ ) µ  

C o n s e q u e ntl y, u si n g ( 5. 3 4 ),

 �  γ ω  � �  
A e − α τ ( ξ ) si n ω τ ( ξ ) ( α  +  µ ) 2 +  ω 2 <  

µ  
( α  +  µ ) 2 +  ω 2

� �  
=  ω  ( 2 α  +  µ ) γ  +  

γ  
( α 2 +  ω 2 )

µ  

≤  ω  
�  
( 2 α  +  γ ) µ  + ( α 2 +  ω 2 )  

�  
.

H o w e v e r, t hi s c o nt r a di ct s t h e a s s u m pti o n t h at λ  =  α  +  iω  s ati s f e s ( 5. 3 7 ). We t h u s c o n cl u d e

t h at t h e st e a d y st at e i s a s y m pt oti c all y st a bl e  w h e n e v e r (5. 3 8 ) o r (5. 3 9 ) i s s ati s f e d.

Si n c e t h e ri g ht- h a n d si d e of ( 5. 3 9 ) i s b o u n d e d b el o w b y 1 / µ τ +  , it f oll o w s f r o m  P r o p o si-

ti o n 5. 1 ( 1) t h at t h e st e a d y st at e i s st a bl e f o r 0 <  ξ  ≪  θ v a n d f o r ξ  ≫  θ v .

T o  d et e r mi n e  w h e n t h e st e a d y st at e  m a y b e  u n st a bl e  w e i n v e sti g at e t h e b a si c s p e ct r al c o n -

diti o n f o r  H o pf bif u r c ati o n, n a m el y, t h e e xi st e n c e of a  p ai r of c o m pl e x c o nj u g at e ei g e n v al u e s

o n t h e i m a gi n a r y a xi s.  A  p r o of t h at  H o pf bif u r c ati o n s a ct u all y o c c u r f o r o u r e q u ati o n s  w o ul d,

of c o u r s e, r e q ui r e i n a d diti o n t h at a  p ai r of ei g e n v al u e s c r o s s e s t h e i m a gi n a r y a xi s at n o n z e r o

s p e e d, t h at a n o n r e s o n a n c e c o n diti o n i s s ati s f e d, a n d f u rt h e r m o r e t h at t h e ri g ht h a n d si d e of

t h e  d el a y  diff e r e nti al e q u ati o n h a s c e rt ai n hi g h e r o r d e r s m o ot h n e s s  p r o p e rti e s, s e e [1 4 ,3 0 ,5 3 ]

f o r t h e c a s e of st at e- d e p e n d e nt  d el a y s.

A s s u m e t h at λ  =  ± iω , ω  >  0 s ol v e s e q u ati o n ( 4. 1 0 ).  T h e n  wit h α  =  0 e q u ati o n s ( 5. 3 6 ) a n d

(5. 3 7 ) r e d u c e t o

A ( 1 −  c o s ( ω τ ) ) ( ω 2 +  µ 2 )  =  ω 2 ( γ  −  µ ) , ( 5. 4 1)

A si n ( ω τ ) ( ω 2 +  µ 2 )  =  ω ( ω 2 +  γ µ ) . ( 5. 4 2)

Si n c e A <  0 a n d t h e ri g ht- h a n d si d e of (5. 4 2 ) i s  p o siti v e, at a n y  H o pf bif u r c ati o n  w e  m u st

h a v e si n ( ω τ ) <  0 t o s ati sf y (5. 4 2 ). M o r e o v e r, t h e l eft- h a n d si d e of (5. 4 1 ) i s n e g ati v e, a n d s o a

H o pf bif u r c ati o n i s o nl y  p o s si bl e if t h e ri g ht- h a n d si d e i s al s o n e g ati v e, t h at i s if

γ  <  µ . ( 5. 4 3)

I n S e cti o n 5. 1 it  w a s s o si m pl e t o r e w rit e ( 5. 5 ) a n d (5. 6 ) a s (5. 1 6 ) a n d (5. 1 7 ) t h at  w e  di d s o

wit h o ut c o m m e nt. E q u ati o n ( 5. 1 7 ) i n v ol v e s t h e  d e ri v ati v e g ′ ( ξ ) ; h e r e t h e a n al o g o u s t e r m i s

v ′ ( ξ )  w hi c h i s  p a rt of A .  We  w a nt t o r e w rit e ( 5. 4 1 ) a n d (5. 4 2 ) a s o n e e q u ati o n f o r ω  w hi c h i s
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i n d e p e n d e nt of v ′ ( ξ )  a n d o n e e q u ati o n f o r v ′ ( ξ )  w hi c h c o nt ai n s n o t ri g o n o m et ri c f u n cti o n s.

T o a c c o m pli s h t hi s  w e  m a k e  u s e of h alf- a n gl e f o r m ul a e.

L et U =  ω τ / 2 t h e n

ω τ  2 si n 2 U 1 −  c o s ( ω τ )
t a n =  t a n U = =  ,

2 2 si n U c o s U si n ( ω τ ) 

a n d h e n c e  u si n g ( 5. 4 2 ) a n d (5. 4 1 )

ω τ  ω ( γ  −  µ )
t a n =  ( 5. 4 4)

2 ω 2 +  γ µ  
.

We  n e xt si m plif y ( 5. 4 2 )  u si n g a n ot h e r h alf- a n gl e f o r m ul a. Still  wit h U =  ω τ / 2, f r o m t h e

st a n d a r d f o r m ul a
2 t a n U

si n ω τ  =  ,
1 +  t a n2 U

o n s u b stit uti n g f o r t a n U f r o m (5. 4 4 ) w e o bt ai n

2 ω ( γ  −  µ ) ( ω 2 +  γ µ )
si n ω τ  =  .

( ω 2 +  γ 2 ) ( ω 2 +  µ 2 )  

S u b stit uti n g t hi s i nt o ( 5. 4 2 ), r e a r r a n gi n g a n d  u si n g ( 5. 3 4 ) gi v e s

ξ v ′ ( ξ )  ω 2 +  γ 2

=  . ( 5. 4 5)
v ( ξ ) 2 γ ( γ  −  µ ) 

At a H o pf bif u r c ati o n e q u ati o n s ( 5. 2 ), (5. 4 1 ) a n d (5. 4 2 )  m u st all b e s ati s f e d. T hi s i s e q ui v -

al e nt t o s ol vi n g
β g ±  

− µ τ ( ξ ) ,γ  =  e ( 5. 4 6)
ξ  

al o n g  wit h ( 5. 4 4 ) a n d (5. 4 5 ).

We  will f oll o w si mil a r st e p s a s i n S e cti o n 5. 1 , a n d c o n si d e r ( 5. 4 6 ), (5. 4 4 ) a n d (5. 4 5 ) s e q u e n-

ti all y,  u si n g t h e  f r st t w o e q u ati o n s t o  d e f n e γ  a n d ω k a s f u n cti o n s of ξ , s o t h at it o nl y r e m ai n s

t o s ol v e (5. 4 5 ) f o r ξ .  B ut b e c a u s e of t h e st at e- d e p e n d e nt  d el a y a n d t h e c o n st r ai nt (5. 4 3 ) t h e

sit u ati o n i s n ot a s si m pl e a s i n t h e c o n st a nt  d el a y c a s e c o n si d e r e d i n t h e  p r e vi o u s t w o s e cti o n s.

N ot e  f r st t h at f o r a n y ξ  >  0 e q u ati o n ( 5. 4 6 ) gi v e s a  u ni q u e v al u e of γ  =  γ ( ξ ) .  M o r e o v e r,

si n c e a s al r e a d y n ot e d, τ  i s  m o n ot o ni c all y i n c r e a si n g it f oll o w s t h at γ  i s a  m o n ot o ni c all y

d e c r e a si n g f u n cti o n of ξ .

F o r γ  s ati sf yi n g ( 5. 4 3 ), t h e ri g ht- h a n d si d e of (5. 4 4 ) i s n e g ati v e.  T h e n b e c a u s e of t h e

p r o p e rti e s of t h e t a n f u n cti o n i n ( 5. 4 4 ) t h e r e will b e at l e a st o n e s ol uti o n ω τ  t o (5. 4 4 ) s ati sf yi n g

ω τ  ∈  ( ( 2 k +  1 ) π , ( 2 k +  2 ) π ) f o r k =  0, 1, 2, . . ..  We  d e n ot e b y ω k a n y s ol uti o n of (5. 4 4 ) f o r

w hi c h ω k τ ( ξ ) ∈  ( ( 2 k +  1 ) π , ( 2 k +  2 ) π ) .

At t hi s  p oi nt,  w e h a v e  d e f n e d γ  a n d ω k a s f u n cti o n s of ξ .  We still n e e d t o s ol v e f o r

ξ , o r ξ k f r o m (5. 4 5 ). We al r e a d y c o n si d e r e d t h e b e h a vi o u r of t h e l eft- h a n d si d e of (5. 4 5 ) i n

P r o p o siti o n 5. 1 , s o  w e n o w c o n si d e r t h e b e h a vi o u r of t h e ri g ht- h a n d si d e.  L et

ω k
2 +  γ 2

r k ( γ )  =  . ( 5. 4 7)
2 γ ( γ  −  µ ) 

U s u all y  w e  will t a k e γ  =  γ ( ξ ) ,  d e f n e d b y (5. 4 6 ), b ut i n t h e  p r o p o siti o n b el o w  w e c o n -

si d e r r k ( γ )  f o r g e n e r al γ .  N ot e t h at a s ol uti o n of (5. 4 5 ) c o r r e s p o n d s t o a s ol uti o n of

f ( ξ / θ v , m , v − / v + )  =  r k ( γ ( ξ ) ) , a n d si n c e v i s  d e c r e a si n g b ot h f a n d r k will b e  n e g ati v e at

s u c h a s ol uti o n, t h u s f r o m (5. 4 7 ) w e r e q ui r e γ  <  µ .
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Pr o p o siti o n 5. 5. Let r k ( γ )  be de f ne d b y (5. 4 7 ) a n d ω k s atisf y ω k τ  ∈  ( ( 2 k +  1 ) π , ( 2 k +  2 ) π ) f or

i nte ger k ≥  0 .  T he n f or γ  ∈  ( 0, µ ) it h ol ds t h at
�  � 2

1. |r k ( γ ) | ≥  2
ω k

µ  
.

2. r k ( γ )  →  − ∞  as γ  →  0 or γ  →  µ ,

( 2 k +  2 ) 2 ( π / τ − ) 2 +  γ 2
3. |r k ( γ ) |  ≤ .

2 γ ( µ  −  γ ) 

Pr o of. T h e  p r o of i s el e m e nt a r y.

W hil e t h e r e i s a  u ni q u e st e a d y st at e ξ  f o r t h e c a s e of  d e c r e a si n g v wit h c o n st a nt g , j u st a s

i n S e cti o n 5. 1 t h e l o c ati o n a n d  p r o p e rti e s of t hi s st e a d y st at e  will  d e p e n d o n t h e v al u e s of t h e

ot h e r  p a r a m et e r s.  T h e f oll o wi n g t h e o r e m c oll e ct s t o g et h e r o u r r e s ult s f o r t hi s c a s e.

T h e or e m 5. 6. Let ξ  be t he ste a d y st ate of t he  D D E (1. 1 ), (1. 2 ) wit h g ( ξ )  =  g ±  c o nst a nt, a n d v

m o n ot o ni c all y de cre asi n g, s o v −  >  v +  a n d t he st ate- de pe n de nt del a y τ  de f ne d b y (1. 3 ) e v al u ate d at

t he ste a d y st ate is τ ( ξ )  =  a / v ( ξ ) .  T he n

ξ v ′ ( ξ )  11. If <  t he n t he ste a d y st ate ξ  is as y m pt oti c all y st a ble.
v ( ξ ) µ τ ( ξ ) 

2. T he ste a d y st ate ξ  is as y m pt oti c all y st a ble if  m ≤  1 / ( µ τ ( ξ ) ) , or if b ot h  m >  1 / ( µ τ ( ξ ) )  a n d
v −  �  

2
� 2

r =  r v =  <  1 +  .v +  m µ τ ( ξ ) − 1

3. F or a n y f xe d  m >  0 , a n d f or 0 <  ξ  ≪  θ v o r ξ  ≫  θ v , or e q ui v ale ntl y f or γ  ≫  γ 4 o r 0 <  γ  ≪  γ 3 ,

t he ste a d y st ate is as y m pt oti c all y st a ble.

4. If γ  >  µ  t he ste a d y st ate is as y m pt oti c all y st a ble.

5. F or a n y f xe d ξ  ≠  θ v l et γ  =  γ ( m , ξ ) be t he v al ue of γ  s u c h t h at (5. 2 ) is s atis fe d a n d he n ce ξ  is

a ste a d y st ate.  Or, f or a n y f xe d γ  wit h 0 <  γ  <  γ 3 o r γ  >  γ 4 l et ξ  =  ξ ( m , γ ) s atisf y (5. 2 ) a n d

he n ce be a ste a d y st ate.  T he n ξ  is as y m pt oti c all y st a ble f or all  m s uf f cie ntl y l ar ge.

6. Let µ  >  γ 3 .

( a) F or a n y k >  0 , f or all  m =  m ( k ) s uf f cie ntl y l ar ge t here are t w o f a milies of ( at le ast) k +  1

H o pf bif urc ati o ns as γ  is v arie d. I n t he frst f a mil y, t he c h ar a cteristi c v al ues λ j =  α j ±  iω j

wit h ω jτ  ∈  ( ( 2 j +  1 ) π , ( 2 j +  2 ) π ) f or j =  0, 1, . . . , k cr oss t he i m a gi n ar y a xis fr o m left t o

ri g ht as γ  i n cre ases,  w hile i n t he se c o n d f a mil y t he y cr oss t he i m a gi n ar y a xis fr o m ri g ht t o

left.

( b) Let γ  ∈  ( γ 3 ,  mi n{ γ 4 , µ } ) be f xe d.  T he n as  m is i n cre ase d t here is a n i n f nite se q ue n ce

of  H o pf bif urc ati o ns  w here t he re al p art of λ k =  α k ±  iω k b e c o mes p ositi ve  wit h ω k τ  ∈  

( ( 2 k +  1 ) π , ( 2 k +  2 ) π ) .

Pr o of. St at e m e nt s ( 1) a n d ( 4)  w e r e al r e a d y s h o w n; s e e e q u ati o n s ( 5. 3 4 ), (5. 3 9 ) a n d (5. 3 8 ).

Cl ai m ( 2) f oll o w s f r o m ( 1)  u si n g  P r o p o siti o n 5. 1 , si n c e

1 / 2ξ v ′ ( ξ )  m |1 −  r |1 / 2 m v≤ |  f ( r , m , r v ) | =  v 1 / 2v ( ξ )  1 +  r v

w h e r e r v =  v − / v +  >  1.
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Cl ai m ( 3) al s o f oll o w s f r o m ( 1), si mil a rl y t o t h e  p r o of of  T h e o r e m 5. 3 ( 3).

St at e m e nt ( 5) i s  d e ri v e d si mil a rl y t o  T h e o r e m 5. 3 ( 4), b y  u si n g ( 5. 4 6 ) a n d (5. 3 3 ) t o s h o w

<  e − µ τ ( ξ ) <  e − µ τ −
t h at e − µ τ +  

i m pli e s t h at γ 3 / γ  <  ξ / θ v <  γ 4 / γ .

Fi n all y, ( 6) i s  m o r e  d eli c at e t o  p r o v e.  A s n ot e d b ef o r e  P r o p o siti o n 5. 5 , t o  f n d a  H o pf

bif u r c ati o n  w e n e e d t o s ol v e f ( ξ / θ v , m , v − / v + )  =  r k ( γ ( ξ ) ) . Si n c e f o r ξ  ≠  θ v t h e f u n cti o n

f ( ξ / θ v , m , v − / v + )  →  0 a s m →  ∞ ,  w e b e gi n b y c o n si d e ri n g ξ  =  θ v .  R e c all t h at γ ( ξ ) d e f n e d

b y ( 5. 4 6 ) i s a  m o n ot o ni c all y  d e c r e a si n g f u n cti o n of ξ . M o r e o v e r,  u si n g ( 1. 3 )  w e s e e t h at τ ( θ v )  =  

2 a / ( v −  +  v + )  ∈  ( τ −  , τ + ) ,  w hi c h i s i n d e p e n d e nt of t h e v al u e of m .  T h e n

β g ±  
− µ τ ( θ v )  ∈  ( γ 3 , γ 4 ) ,γ ( θ v )  =  e ( 5. 4 8)

θ v

a n d γ ( θ v )  i s al s o i n d e p e n d e nt of t h e v al u e of m .

N o w t h e r e a r e t w o c a s e s t o c o n si d e r. Fi r st c o n si d e r t h e c a s e  w h e r e γ ( θ v )  <  µ . If

( v − / v + )  +  1
�  

( 2 k +  2 ) 2 ( π / τ ( θ v ) ) 2 +  γ ( θ v ) 2
�  

m >  2 , ( 5. 4 9)
( v − / v + )  −  1 2 γ ( θ v ) ( µ  −  γ ( θ v ) )  

t h e n

m ( v − / v +  −  1 ) 
�  

( 2 k +  2 ) 2 ( π / τ ( θ v ) ) 2 +  γ ( θ v ) 2
�  

f ( 1, m , v − / v + )  =  −  <
2 ( v − / v + +  1 ) 2 γ ( θ v ) ( γ ( θ v )  −  µ ) 

≤  r j( γ ( θ v ) ) , j =  0, 1, . . . , k .

H e r e t h e e q u alit y c o m e s f r o m  d e f niti o n of f , t h e st ri ct i n e q u alit y f r o m (5. 4 9 ) a n d t h e l a st

i n e q u alit y f oll o w s f r o m a si mil a r a r g u m e nt t h at  p r o v e s  P r o p o siti o n 5. 5 ( 3), t h e o nl y  diff e r e n c e

b ei n g t h at h e r e  w e  u s e t h e a ct u al v al u e of τ ( θ v )  i n t h e i n e q u alit y, r at h e r t h a n t h e b o u n d τ −  .

Wit h t hi s i n e q u alit y a s t h e st a rti n g  p oi nt,  w e e x a mi n e  w h at h a p p e n s  w h e n  w e i n c r e a s e

ξ  a w a y f r o m θ v . If ξ  i s i n c r e a s e d t h e n γ ( ξ ) d e c r e a s e s  wit h li m ξ → ∞  γ ( ξ )  =  0.  B ut r j( γ ( ξ ) )  

a n d f ( ξ / θ v , m , v − / v + )  a r e b ot h c o nti n u o u s f u n cti o n s of ξ  wit h li m ξ → ∞  r j( γ ( ξ ) )  =  − ∞  a n d

li mξ → ∞  f ( ξ / θ v , m , v − / v + )  =  0.  C o n s e q u e ntl y f o r e a c h j =  0, 1, . . . , k t h e r e e xi st s a ξ  s u c h t h at

f ( ξ / θ v , m , v − / v + )  =  r j( γ ( ξ ) ) .

If i n st e a d ξ  i s  d e c r e a s e d f r o m θ v t h e n li mξ → 0 γ ( ξ )  =  + ∞ , s o γ ( ξ ) >  µ  f o r ξ  s uf f ci e ntl y

s m all.  H o w e v e r, f o r γ ( ξ ) <  µ  w e h a v e li m γ ↗ µ  r j( γ )  =  − ∞ ,  w hil e f ( ξ / θ v , m , v − / v + )  i s

b o u n d e d, s o a g ai n f o r e a c h j =  0, 1, . . . , k t h e r e e xi st s a ξ  s u c h t h at f ( ξ / θ v , m , v − / v + )  =  

r j( γ ( ξ ) ) .

S ol uti o n s of t hi s e q u ati o n  d e f n e t h e  H o pf bif u r c ati o n  p oi nt s,  w hi c h gi v e s t h e r e q ui r e d

H o pf bif u r c ati o n s  w h e n γ ( θ v )  <  µ .  T o s u m m a ri z e t h e a r g u m e nt  u p t o t hi s  p oi nt, f o r a  f x e d

k a n d a n y l a r g e e n o u g h m =  m ( k ) s ati sf yi n g ( 5. 4 9 ), w e f o u n d t w o f a mili e s of k +  1  H o pf

bif u r c ati o n s, o n e f o r ξ j <  θ v a n d o n e f o r ξ j >  θ v , b y  f n di n g a p p r o p ri at e γ ( ξ j)  t h at s ati sf y

f ( ξ j/ θ v , m , v − / v + )  =  r j( γ ( ξ j) )  f o r e a c h j =  0, . . . , k . S e e Fi g u r e 5. 7 ( d) f o r ill u st r ati o n of t h e s e

f a mili e s a s f u n cti o n s of t h e  p a r a m et e r s m a n d γ .

N o w c o n si d e r t h e  m o r e  d eli c at e c a s e  w h e r e γ 3 <  µ  ≤  γ ( θ v )  <  γ 4 .  T h e a b o v e a r g u m e nt

f ail s i n t h at c a s e a s | f ( ξ / θ v , m , v − / v + ) |  ≫ 0 f o r ξ  =  θ v b ut t h e c o r r e s p o n di n g γ  i s γ ( θ v ) ,  wit h

γ ( θ v )  >  µ , a n d b y ( 4) t h e st e a d y st at e  w o ul d b e a s y m pt oti c all y st a bl e. I n st e a d, n oti n g t h at γ ( ξ ) 

d e f n e d b y ( 5. 4 6 ) i s  m o n ot o ni c all y  d e c r e a si n g, t hi s f u n cti o n i s i n v e rti bl e a n d  w e c a n i n st e a d

c o n si d e r ξ  =  ξ ( γ ) a s a f u n cti o n of γ . Fi x γ  ∈  ( γ 3 , µ ) , a n d c o n si d e r t h e b e h a vi o u r a s m →  ∞ .

I n t hi s c a s e t h e f u n cti o n v ( ξ ) d e f n e d b y ( 1. 3 ) a p p r o a c h e s t h e  pi e c e wi s e c o n st a nt f u n cti o n (1. 7 ),

a n d t h e st e a d y- st at e f u n cti o n h ( ξ ) ( r e c all (5. 2 )) a p p r o a c h e s t h e c a s e ill u st r at e d i n Fi g u r e 5. 5 .
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Si n c e γ  i s  f x e d  wit h γ  ∈  ( γ 3 , µ )  ⊂  ( γ 3 , γ 4 ) ,  w e  f n d ξ  →  θ v a n d v ′ ( ξ )  →  − ∞  w hil e v ( ξ ) 

a n d ξ  r e m ai n b o u n d e d a n d b o u n d e d a w a y f r o m z e r o.  C o n s e q u e ntl y, f o r m s uf f ci e ntl y l a r g e
ξ v ′ ( ξ )  <  r j( γ )  f o r j =  0, 1, . . . , k . F r o m h e r e t h e a r g u m e nt  p r o c e e d s a s i n t h e c a s e γ ( θ v )  <  µ .
v ( ξ ) 

St at e m e nt ( 6) b al s o f oll o w s t ri vi all y i n t h e c a s e t h at γ 3 <  µ  ≤  γ ( θ v )  <  γ 4 .

Alt h o u g h  T h e o r e m 5. 6 ( 6) i s st at e d f o r o n e- p a r a m et e r c o nti n u ati o n i n m o r γ ,  w e c a n

al s o  d r a w c o n cl u si o n s f o r t w o- p a r a m et e r c o nti n u ati o n of t h e  H o pf bif u r c ati o n s i n t h e ( γ , m ) -

p a r a m et e r  pl a n e.

T h e a r g u m e nt  u s e d i n t h e  p r o of of  T h e o r e m 5. 6 ( 6) i n t h e c a s e  w h e n µ  ∈  ( γ 3 , γ 4 )  s h o w s t h at

f o r a n y γ −  >  γ 3 t h e k -t h  H o pf bif u r c ati o n o c c u r s f o r γ  ∈  ( γ 3 , γ − )  f o r all m s uf f ci e ntl y l a r g e.

T h e n b e c a u s e of  T h e o r e m 5. 6 ( 5) t h e k -t h  H o pf bif u r c ati o n a p p r o a c h e s γ  =  γ 3 a s m →  ∞ , a n d

i n t h e ( γ , m ) - p a r a m et e r  pl a n e t h e l eft si d e of t h e  H o pf bif u r c ati o n c u r v e s a s y m pt ot e t o γ  =  γ 3

a s m →  ∞ . Si mil a rl y f o r a n y γ +  <  µ  t h e ot h e r i n st a n c e of t h e k -t h  H o pf bif u r c ati o n o c c u r s

f o r γ  ∈  ( γ + , µ )  f o r all m s uf f ci e ntl y l a r g e, a n d t h e ri g ht si d e of t h e  H o pf bif u r c ati o n c u r v e s

a s y m pt ot e t o γ  =  µ  a s m →  ∞ .

I n t h e c a s e t h at µ  >  γ 4 , a si mil a r a r g u m e nt c a n b e a p pli e d t o s h o w t h at t h e k -t h  H o pf

bif u r c ati o n c u r v e a s y m pt ot e s t o γ  =  γ 3 a n d γ  =  γ 4 i n t h e ( γ , m ) - p a r a m et e r  pl a n e.

T h e r e a r e n e v e rt h el e s s  diff e r e n c e s b et w e e n t h e c a s e s  w h e r e γ  c o n v e r g e s t o γ 3 o r γ 4 a s

m →  ∞  a n d t h e c a s e  w h e r e γ  →  µ  a s m →  ∞ .  T o s e e t hi s c o n si d e r f o r  f x e d k t h e li mit a s

m →  ∞  w h e n v a p p r o a c h e s t h e  pi e c e wi s e c o n st a nt f u n cti o n ( 1. 7 ).  T h e n f r o m T h e o r e m 5. 6 , w e

h a v e ξ  →  θ v , a n d γ  ∈  [γ 3 ,  mi n{ γ 4 , µ } ]. Si n c e τ ( ξ ) ∈  [a / v U , a / v L ] a n d ω k τ ( ξ ) ≤  ( 2 k +  2 ) π  

it al s o f oll o w s t h at ω k i s b o u n d e d.  T h u s t h e n u m e r at o r of t h e ri g ht- h a n d si d e of ( 5. 4 5 ) al s o

r e m ai n s b o u n d e d.  N o w t h e r e a r e t w o c a s e s t o c o n si d e r.

Fi r st s u p p o s e t h at a s m →  ∞  a n d ξ  →  θ v t h at v ′ ( ξ )  b e c o m e s  u n b o u n d e d, t h at i s v ′ ( ξ )  →  

− ∞ , o r e q ui v al e ntl y t h at A →  − ∞ . T h e n t h e l eft- h a n d si d e of ( 5. 4 5 ) b e c o m e s  u n b o u n d e d i n

t h e li mit a s m →  ∞ . Si n c e t h e n u m e r at o r of t h e ri g ht- h a n d si d e i s b o u n d e d,  w e  m u st h a v e

γ  −  µ  =  O ( 1 / A ) →  0 t o s ati sf y e q u ati o n ( 5. 4 5 ). T o s u m m a ri z e, if v ′ ( ξ )  →  − ∞  a s m →  ∞  w e

m u st h a v e t h at γ  →  µ  i n t hi s li mit.

O n t h e ot h e r h a n d, if A <  0 r e m ai n s  f nit e a s m →  ∞ , b e c a u s e γ , ξ  a n d v ( ξ ) a r e b o u n d e d

a n d b o u n d e d a w a y f r o m z e r o i n t h e li mit, t h e o nl y  p o s si bilit y i n (5. 3 4 ) i s t h at v ′ ( ξ )  al s o

r e m ai n s  f nit e.  B ut a s m →  ∞  t h e f u n cti o n v ( ξ ) a p p r o a c h e s a st e p f u n cti o n, a n d t h e o nl y  pl a c e s

w h e r e v ′ ( ξ )  i s n o n- z e r o a n d  f nit e a r e n e a r t h e c o r n e r s of t h e li miti n g v el o cit y n o nli n e a rit y.

C o n s e q u e ntl y, t h e o nl y  p o s si bilit y f o r a  H o pf bif u r c ati o n t o e xi st f o r a r bit r a r y m i s t h at t h e

st e a d y st at e at  w hi c h t hi s  H o pf bif u r c ati o n h a p p e n s c o n v e r g e s t o t h e c o r n e r s of t h e li miti n g

v el o cit y n o nli n e a rit y.  T h at i s, i n t h e li mit a s m →  ∞  wit h A <  0  f nit e,  w e  m u st h a v e t h at

γ  →  γ 3 o r γ  →  γ 4 wit h ξ  →  θ v ,  w h e r e γ 3 a n d γ 4 a r e d e f n e d b y ( 5. 3 3 ).

B el o w  w e ill u st r at e t h e  diff e r e nt  p o s si bl e b e h a vi o u r s all o w e d b y  T h e o r e m 5. 6 i n t h e t h r e e

c a s e s: µ  <  γ 3 , µ  ∈  ( γ 3 , γ 4 )  a n d µ  >  γ 4 .

C a s e 1: We b e gi n  wit h t h e c a s e µ  <  γ 3 .  B y  T h e o r e m 5. 6 ( p oi nt 4) t h e st e a d y st at e  m u st b e

st a bl e  w h e n e v e r γ  >  µ ,  w hil e f o r γ  ≤  µ  w e h a v e γ  ≤  µ  <  γ 3 s o b y  T h e o r e m 5. 6 ( p oi nt 5) t h e

st e a d y st at e i s st a bl e f o r all m s uf f ci e ntl y l a r g e, o r b y  T h e o r e m 5. 6 ( p oi nt 3) it i s st a bl e f o r all

γ  s uf f ci e ntl y s m all.

Fi g u r e 5. 6 s h o w s a n e x a m pl e of t h e b e h a vi o u r of ( 1. 1 ) –(1. 2 ) f o r ( g ↔ , v ↓ ) wit h µ  <  γ 3 <  

γ 4 .  P a n el ( b) s h o w s t h e s m o ot h c a s e f o r s e v e r al  diff e r e nt v al u e s of m ,  w hi c h r e v e al s t h at t h e

st e a d y st at e i s al w a y s st a bl e.  P a n el ( a) s h o w s t h e b e h a vi o r i n t h e li miti n g c a s e wit h ( 1. 7 ). I n

t hi s c a s e t h e si n g ul a r st e a d y st at e c a n o nl y b e c o m e a st a bl e st e a d y st at e f o r l a r g e  f nit e m .

I n t h e  m o d el (1. 1 ) –(1. 2 )  w e c o n si d e r t h e  p a r a m et e r s γ  a n d µ  t o b e i n d e p e n d e nt, b ut  d e-
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Fi g u r e 5. 6:  Bif u r c ati o n  di a g r a m of ( 1. 1 ) –(1. 2 )  wit h ( g ↔ , v ↓ ) a n d  p a r a m et e r s β  =  3, µ  =  
0. 5, g −  =  g + =  1, γ  =  1, θ v =  1, a =  2, v −  =  2 a n d v + =  1. ( a)  T h e li miti n g c a s e  wit h v

d e f n e d b y ( 1. 7 ).  T h e st a bl e st e a d y st at e i s s h o w n a s a g r e e n s oli d li n e. ( b)  Wit h s m o ot h

v el o cit y n o nli n e a rit y v d e f n e d b y ( 1. 3 ) wit h m =  1, 1 0, 8 0, 2 0 0 a s i n di c at e d b y c ol o r.

T h e st e a d y st at e i s al w a y s st a bl e.

p e n di n g o n  h o w t h e  m o d el i s  d e ri v e d, t h at  m a y n ot b e t h e c a s e. F o r e x a m pl e, t h e c u r r e nt

m o d el ( 1. 1 ) –(1. 2 ) c a n b e  d e ri v e d a s a r e d u cti o n of t h e o p e r o n m o d el i n [ 1 8 ]. I n t h e  m o d el i n

[1 8 ] t h e  p a r a m et e r e q ui v al e nt t o γ  i s a n eff e cti v e r e m o v al r at e  w hi c h i s t h e s u m of t h e a ct u al

d e g r a d ati o n r at e  wit h t h e  dil uti o n b e c a u s e of t h e g r o wt h r at e µ .  C o n s e q u e ntl y, i n t h e  m o d el of

[1 8 ], a n d i n si mil a r s y st e m s  m o d elli n g g e n e r e g ul at o r y  d y n a mi c s i n a g r o wi n g c ell,  w e o bt ai n

t h e n at u r al  p a r a m et e r c o n st r ai nt γ  >  µ , a n d e x p e ct  d y n a mi c s c o r r e s p o n di n g t o Fi g u r e 5. 6 .

C a s e 2: N e xt, i n Fi g u r e 5. 7 , w e ill u st r at e t h e b e h a vi o r of (1. 1 ) –(1. 2 ) f o r ( g ↔ , v ↓ ) wit h

µ  ∈  ( γ 3 , γ 4 ) .  P a n el ( a)  d e pi ct s t h e b e h a vi o r of t h e li miti n g c a s e  wit h  pi e c e wi s e c o n st a nt

v d e f n e d b y (1. 7 ). P a n el ( b) s h o w s t h e c a s e of t h e s m o ot h v el o cit y n o nli n e a rit y ( 1. 3 ) wit h

m =  1 0 0.  T h e st e a d y st at e cl o s e t o x =  θ v u n d e r g o e s a  p ai r of  H o pf bif u r c ati o n s c r e ati n g a

b u b bl e of st a bl e  p e ri o di c o r bit s  w hi c h c o e xi st  wit h t h e  u n st a bl e st e a d y st at e f o r a n i nt e r v al of

v al u e s of γ  w hi c h i s a s u bi nt e r v al of ( γ 3 , µ ) .  A s r e q ui r e d b y  T h e o r e m 5. 6 ( 4) t h e st e a d y st at e

i s a s y m pt oti c all y st a bl e f o r γ  >  µ .  T h u s, i n c o nt r a st t o t h e  p r e vi o u s c a s e, t h e si n g ul a r st e a d y

st at e  m a y b e c o m e eit h e r a st a bl e o r  u n st a bl e st e a d y st at e f o r v e r y l a r g e  f nit e v al u e s of m .

P a n el ( c) i s si mil a r t o  p a n el ( b) b ut f o r m =  3 2. I n t hi s c a s e t h e st e a d y st at e i s al w a y s st a bl e,

a n d n o  H o pf bif u r c ati o n s a r e s e e n.

Fi g u r e 5. 7 ( d) s h o w s a t w o- p a r a m et e r c o nti n u ati o n of t h e  f r st t h r e e  H o pf bif u r c ati o n s il -

l u st r ati n g  T h e o r e m 5. 6 ( 4- 6). T h e st e a d y st at e i s st a bl e b el o w a n d o ut si d e t h e o ut e r m o st  H o pf

c u r v e a n d  u n st a bl e ot h e r wi s e, a n d  H o pf bif u r c ati o n s a p p e a r s e q u e nti all y f o r i n c r e a si n g v al u e s

of m .  T h e bif u r c ati o n c u r v e of  f r st  H o pf bif u r c ati o n ( c o r r e s p o n di n g t o k =  0 i n t h e a n al y si s

a b o v e) i s cl e a rl y s e e n t o a s y m pt ot e t o γ  =  γ 3 a n d γ  =  µ  a s m →  ∞ .  T h e s u b s e q u e nt  H o pf

bif u r c ati o n s al s o a p p r o a c h t h e s e li mit s a s m b e c o m e s l a r g e r, b ut  d o s o  m o r e sl o wl y.

F o r t h e  p a r a m et e r v al u e s s h o w n i n Fi g u r e 5. 7 t h e i n e q u aliti e s γ 3 <  γ ( θ v )  <  µ  <  γ 4 h ol d.

C o n s e q u e ntl y, (5. 4 9 ) a p pli e s a n d gi v e s a s uf f ci e nt c o n diti o n o n m t o e n s u r e t h at t h e k -t h  H o pf

bif u r c ati o n a ri s e s. F o r t h e gi v e n  p a r a m et e r s ( s e e t h e c a pti o n of Fi g u r e 5. 7 ) t h e s e s uf f ci e nt

c o n diti o n s a r e a p p r o xi m at el y m >  8 4, 3 1 6 a n d 7 0 3 f o r k =  0, 1, 2 r e s p e cti v el y,  w h e r e a s i n

Fi g u r e 5. 7 t h e c o r r e s p o n di n g  H o pf bif u r c ati o n c u r v e s h a v e  mi ni m al m v al u e s of a p p r o xi m at el y

m =  3 4, 1 4 7, a n d 3 3 6.  T h e r ef o r e, at l e a st i n t hi s c a s e, t h e s uf f ci e nt c o n diti o n i s n ot ti g ht.  N o

H o pf bif u r c ati o n s a r e s e e n f o r m <  3 4 i n  p a n el ( d),  w hi c h e x pl ai n s  w h y n o  H o pf bif u r c ati o n s

[] 
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Fi g u r e 5. 7:  Bif u r c ati o n  di a g r a m of ( 1. 1 ) –(1. 2 )  wit h ( g ↔ , v ↓ ) a n d  p a r a m et e r s β  =  3, µ  =  
0. 3, g −  =  g + =  1, γ  =  1, θ v =  1, a =  3, v −  =  0. 5 a n d v + =  0. 2. ( a)  T h e li miti n g c a s e  wit h

v d e f n e d b y ( 1. 7 ).  T h e st a bl e st e a d y st at e i s s h o w n a s a g r e e n s oli d li n e, a n d t h e si n g ul a r

st e a d y st at e a s a bl a c k  d a s h e d li n e. ( b)  Wit h a s m o ot h v el o cit y n o nli n e a rit y v d e f n e d

b y ( 1. 3 )  wit h m =  1 0 0. S oli d li n e s r e p r e s e nt st a bl e o bj e ct s i n cl u di n g t h e st a bl e st e a d y

st at e (i n g r e e n), a n d e n v el o p e of t h e  p e ri o di c o r bit (i n r e d a n d bl u e).  D a s h e d li n e s

r e p r e s e nt  u n st a bl e st e a d y st at e s  w hi c h h a v e t w o ei g e n v al u e s  wit h  p o siti v e r e al  p a rt (i n

bl a c k). ( c)  A s i n ( b) b ut  wit h m =  3 2. ( d)  T w o- p a r a m et e r c o nti n u ati o n s i n m a n d γ  

of t h e  H o pf bif u r c ati o n s ( s h o w n a s s oli d c u r v e s)  wit h t h e ot h e r  p a r a m et e r s a s a b o v e.

T h e o ut e r m o st c u r v e of  H o pf bif u r c ati o n s i s a s s o ci at e d  wit h t h e st a bilit y c h a n g e s e e n

i n ( b).  T h e bl a c k  d a s h- d ott e d li n e  d e n ot e s γ  =  γ 3 =  0. 0 3 3 3 a n d t h e r e d  d a s h- d ott e d

li n e  d e n ot e s γ  =  µ  =  0. 3, t h e l o c ati o n of t h e  H o pf bif u r c ati o n s i n t h e li miti n g c a s e a s

m →  ∞ .  N ot e t h at γ ( θ v )  =  0. 2 2 9 3 <  µ  <  γ 4 =  0. 4 9 5 9. ( e)  P r o fl e s of t h e st a bl e  p e ri o di c

o r bit s f r o m t h e  H o pf bif u r c ati o n s i n ( b) at γ  =  0. 1 3 a n d m ∈  [5 6, 2 0 0 ] a s i n di c at e d b y

t h e c ol o r  m a p. (f)  P r oj e cti o n of t h e  p h a s e s p a c e  d y n a mi c s i nt o t h e ( x ( t) , x ( t −  τ̂ ) )  pl a n e

at γ  =  0. 1 3  w h e r e τ̂ =  τ ( θ v )  =  6 0 / 7.  T h e a r r o w i n di c at e s t h e  di r e cti o n of t h e  f o w.  T h e

s q u a r e  m a r k s t h e  u n st a bl e st e a d y st at e i n t h e li miti n g c a s e at t h e t h r e s h ol d.
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w e r e  d et e ct e d f o r m =  3 2 i n ( c).

A s m i n c r e a s e s, t h e st a bl e  p e ri o di c o r bit s c r e at e d i n t h e  H o pf bif u r c ati o n at γ  =  0. 1 3 ∈  

( γ 3 , µ )  a r e s h o w n i n Fi g u r e 5. 7 ( e) a n d (f). P a n el ( e) s h o w s t h e  p r o fl e s of t h e s e o r bit s,  w hil e

i n (f)  w e s h o w t h ei r  p r oj e cti o n i nt o t h e ( x ( t) , x ( t −  τ̂ ) )  pl a n e.  N ot e t h at si n c e t h e  d el a y τ  i s

st at e- d e p e n d e nt  w e  d o n ot  u s e t h e a ct u al  d el a y f o r t hi s  p r oj e cti o n, b ut  w e t o o k τ̂ =  τ ( θ v ) .

T h e li miti n g b e h a vi o u r a s m →  ∞  i s q uit e  diff e r e nt f r o m t h e c o n st a nt  d el a y c a s e c o n si d e r e d

i n S e cti o n 5. 1 . N ot o nl y i s t h e s h a p e of t h e  p r o fl e  diff e r e nt, b ut c o m p a ri n g Fi g u r e 5. 7 (f) a n d

Fi g u r e 5. 2 (f) w e s e e t h at t h e  di r e cti o n of r ot ati o n of t h e o r bit s, a s i n di c at e d b y t h e a r r o w s, i s

r e v e r s e d i n t h e t w o e x a m pl e s.

C a s e 3: T h e  f n al c a s e t o c o n si d e r f o r (1. 1 ) –(1. 2 )  wit h ( g ↔ , v ↓ ) i s  w h e n γ 3 <  γ 4 <  µ , a n d

t hi s i s ill u st r at e d i n Fi g u r e 5. 8 . P a n el s ( a) –( c) s h o w t h e  d y n a mi c s f o r t h e li miti n g c a s e  wit h t h e

pi e c e wi s e c o n st a nt v el o cit y n o nli n e a rit y ( 1. 7 ) a n d f o r t h e s m o ot h c a s e  wit h t h e  Hill f u n cti o n

f r o m (1. 3 )  wit h m =  2 5 0 a n d m =  1 0 0 r e s p e cti v el y. F o r t h e li miti n g c a s e i n ( a) t h e si n g ul a r

st e a d y st at e  wit h x =  θ v a p p e a r s a s a st r ai g ht li n e s e g m e nt f o r γ  ∈  ( γ 3 , γ 4 ) .  T h e si n g ul a r

st e a d y st at e s b e c o m e  u n st a bl e st e a d y st at e s i n t h e s m o ot h c a s e a s s h o w n i n ( b), a n d t h e r e i s a

b u b bl e of st a bl e  p e ri o di c o r bit s b et w e e n t h e  p ai r of  H o pf bif u r c ati o n s.

Fi g u r e 5. 8 ( d) s h o w s t h e l o c u s of t h e  p ri n ci p al  H o pf bif u r c ati o n f o r a t w o- p a r a m et e r c o nti n-

u ati o n i n m a n d γ .  B el o w a n d o ut si d e t h e c u r v e of  H o pf bif u r c ati o n s t h e st e a d y st at e i s st a bl e,

w hil e b et w e e n t h e  H o pf bif u r c ati o n s it i s  u n st a bl e.  We s e e t h at t h e  H o pf bif u r c ati o n c u r v e s

a p p r o a c h γ 3 a n d γ 4 a s m →  ∞ , a s f oll o w s f r o m  T h e o r e m 5. 6 . Si n c e γ 4 <  µ  a n d  n e c e s s a ril y

γ ( θ v )  ∈  ( γ 3 , γ 4 )  w e a r e g u a r a nt e e d t h at γ ( θ v )  <  µ , s o f o r all s u c h e x a m pl e s  T h e o r e m 5. 6 g u a r -

a nt e e s t h at t h e r e a r e i n f nit el y  m a n y  H o pf bif u r c ati o n s.  H o w e v e r, t h e y  m a y o c c u r f o r v e r y

l a r g e v al u e s of m . F o r t h e e x a m pl e  d e pi ct e d i n Fi g u r e 5. 8 , o nl y o n e  H o pf bif u r c ati o n i s o b -

s e r v e d  wit h m ≥  1 1 7. F o r t h e  p a r a m et e r v al u e s of t hi s e x a m pl e t h e s uf f ci e nt c o n diti o n ( 5. 4 9 )

( wit h k =  0, 1) e n s u r e s a  f r st  H o pf bif u r c ati o n f o r m >  1 5 2,  w hil e a s e c o n d o n e i s e n s u r e d f o r

m >  6 0 2,  w hi c h i s o ut si d e t h e  p a r a m et e r r a n g e c o n si d e r e d i n Fi g u r e 5. 8 .

If t h e v al u e of t h e  Hill c o ef f ci e nt m i s r e d u c e d s uf f ci e ntl y t h e n t h e r e a r e n o l o n g e r a n y

H o pf bif u r c ati o n s a n d t h e st e a d y st at e r e m ai n s st a bl e, a s s e e n i n Fi g u r e 5. 8 ( c). I nt e r e sti n gl y,

e v e n t h o u g h t h e r e a r e n o l o n g e r a n y  H o pf bif u r c ati o n s i n t hi s c a s e, t h e  d e p e n d e n c e of t h e

st e a d y st at e x o n γ  i s still v e r y si mil a r t o ( a) a n d ( b),  wit h a n o b vi o u s  pl at e a u vi si bl e i n t h e

g r a p h of x i n Fi g u r e 5. 8 ( c) f o r γ  ∈  ( γ 3 , γ 4 ) .

Fi g u r e 5. 8 ( e) a n d (f) r e s p e cti v el y s h o w t h e  p r o fl e s a n d t h e ( x ( t) , x ( t −  τ̂ ) ) - s p a c e  p r oj e cti o n s

of t h e st a bl e  p e ri o di c o r bit s at γ  =  0. 4 a s m i n c r e a s e s,  w h e r e  w e c h o o s e τ̂ =  τ ( θ v ) .  T h e

p e ri o di c o r bit s a p p r o a c h a c e rt ai n st r u ct u r e a s m →  ∞ .  N ot e t h at t h e  di r e cti o n of r ot ati o n i n

b ot h Fi g u r e 5. 8 (f) a n d Fi g u r e 5. 7 (f) i s cl o c k wi s e,  w hil e i n Fi g u r e 5. 2 (f) it i s c o u nt e r cl o c k wi s e.

5. 4 St at e- d e p e n d e nt  d el a y  wit h v  i n cr e a si n g a n d g  c o n st a nt ( g  ↔ , v  ↑ )  

H e r e  w e a g ai n c o n si d e r t h e  m o d el ( 1. 1 ) –(1. 2 )  wit h a c o n st a nt f u n cti o n g ( ξ )  =  g ±  a n d st at e-

d e p e n d e nt  d el a y, b ut n o w  w e c o n si d e r t h e c a s e of i n c r e a si n g v , s o v −  <  v +  i n (1. 3 ) a n d (1. 7 ):

( g ↔ , v ↑ ) .

A s ill u st r at e d i n Fi g u r e 5. 9 , it i s  p o s si bl e f o r  u p t o t h r e e st e a d y st at e s t o c o e xi st  d u e t o t h e

f ol d bif u r c ati o n s at t h e c o r n e r s a s s o ci at e d  wit h γ  =  γ 3 a n d γ  =  γ 4 .  N ot e t h at i n S e cti o n 5. 3

w e h a d γ 3 <  γ 4 . Si n c e t h e f u n cti o n v i s i n c r e a si n g i n t hi s s e cti o n, it f oll o w s f r o m t h e  d e f niti o n

(5. 3 3 ) t h at n o w γ 4 <  γ 3 . I n t h e li miti n g c a s e  w h e r e v i s  d e f n e d i n (1. 7 ), at t h e n o n- si n g ul a r

st e a d y st at e s t h e c h a r a ct e ri sti c e q u ati o n i s of t h e f o r m (4. 1 1 ), a n d h e n c e t h e s e st e a d y st at e s a r e

st a bl e. F o r γ  ∈  ( γ 4 , γ 3 )  t h e t w o st a bl e st e a d y st at e s c o- e xi st  wit h a si n g ul a r st e a d y st at e, at



3 9D y n a mi cs of a st ate- de pe n de nt del a y- differe nti al e q u ati o n

0 0. 5 1

2

3

4

0 0. 5 1

2

3

4

St a bl e
U n st a bl e = 2
H o pf
M a x a m p
Mi n a m p

0. 1 8 7 4 0. 5 4 5 6

1

x

θ v

γγ 3 γ 4 µ  

( a ) ( b )x

θ v

γγ 3 γ 4 µ  

0 0. 5 1

2

3

4

0 0. 3 0. 5
1 0 0

2 0 0

3 0 0

4 0 0

x

θ v

γγ 3 γ 4 µ  

( c ) ( d )m

γγ 3 γ 4

x

t

m

( e )  ( f ) 

x
(t

−
 τ̂

) 

x ( t)  

Fi g u r e 5. 8:  Bif u r c ati o n  di a g r a m of ( 1. 1 ) –(1. 2 )  wit h ( g ↔ , v ↓ ) a n d  p a r a m et e r s β  =  3, µ  =  
1. 5, g −  =  g + =  1, γ  =  1, θ v =  1, a =  2, v −  =  2 a n d v + =  1. ( a)  T h e li miti n g c a s e  wit h v

d e f n e d b y ( 1. 7 ).  T h e st a bl e st e a d y st at e i s s h o w n a s a g r e e n s oli d li n e, a n d t h e si n g ul a r

st e a d y st at e a s a bl a c k  d a s h e d li n e. ( b)  Wit h a s m o ot h v el o cit y n o nli n e a rit y v d e f n e d

b y ( 1. 3 )  wit h m =  2 5 0. S oli d li n e s r e p r e s e nt st a bl e o bj e ct s i n cl u di n g t h e st a bl e st e a d y

st at e (i n g r e e n) a n d a st a bl e li mit c y cl e ( r e p r e s e nt e d b y  m a xi m u m a n d  mi ni m u m of x ( t) 
o n t h e  p e ri o di c s ol uti o n).  D a s h e d li n e s r e p r e s e nt  u n st a bl e st e a d y st at e s  w hi c h h a v e

t w o ei g e n v al u e s  wit h  p o siti v e r e al  p a rt (i n bl a c k). ( c)  A s i n ( b) b ut  wit h m =  1 0 0.

( d) T w o- p a r a m et e r c o nti n u ati o n s i n m a n d γ  of t h e  H o pf bif u r c ati o n s s e e n i n ( b).  T h e

d a s h- d ott e d li n e s  d e n ot e γ  =  γ 3 =  0. 1 4 9 4 a n d γ  =  γ 4 =  0. 6 6 9 4, t h e l o c ati o n of t h e

H o pf bif u r c ati o n s i n t h e li miti n g c a s e a s m →  ∞ . ( e)  P r o fl e of t h e st a bl e  p e ri o di c

o r bit s f r o m t h e  H o pf bif u r c ati o n s i n ( b) at γ  =  0. 4.  T h e c ol o r  m a p i n di c at e s v al u e s

of t h e c o nti n u ati o n  p a r a m et e r m . (f)  P r oj e cti o n of t h e  p h a s e s p a c e  d y n a mi c s i nt o t h e

( x ( t) , x ( t −  τ̂ ) )  pl a n e at γ  =  0. 4  w h e r e τ̂ =  τ ( θ v )  =  4 / 3.  T h e a r r o w i n di c at e s t h e

di r e cti o n of t h e  f o w.  T h e s q u a r e  m a r k s t h e  u n st a bl e st e a d y st at e i n t h e li miti n g c a s e at

t h e t h r e s h ol d.

C 
---- ~ 

5 0 0 

1. 0 0 5 1. 0 0 5 

1 1 
I 

0. 9 9 5 
0 9 9 5 1( ~ 

1 5 0 
0 0. 5 0. 9 9 5 1. 0 0 5 
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θ g

β e − µ τ +  
g

β e − µ τ −  
g

Fi g u r e 5. 9: Ill u st r ati o n of h o w t h e n u m b e r of st e a d y st at e s of ( 1. 1 ),  w hi c h a r e gi v e n b y

(5. 2 ), c h a n g e s  wit h t h e i nt e r s e cti o n s of ξ  7 → β e − µ τ ( ξ ) g a n d ξ  7 → γ ξ .  T h e s e a r e s h o w n

i n t h e li miti n g c a s e of ( 1. 6 ) a n d (1. 7 )  wit h g ±  =  g −  =  g +  , s o g ( ξ )  =  g ±  i s a c o n st a nt
−f u n cti o n, a n d v <  v +  s o v i s  pi e c e wi s e c o n st a nt a n d  m o n ot o ni c all y i n c r e a si n g: ( g ↔  

, v ↑ ) .  T h e n τ ( ξ )  =  a / v ( ξ ) i s st at e- d e p e n d e nt; τ ( ξ )  =  τ −  =  a / v −  f o r ξ  <  θ v , τ ( ξ )  =  
τ + =  a / v +  f o r ξ  >  θ v a n d τ ( ξ ) i s s et- v al u e d  w h e n ξ  =  θ v .

w hi c h t h e c h a r a ct e ri sti c f u n cti o n i s n ot  d e f n e d.  T hi s l e a d s  u s t o c o n si d e r t h e s m o ot h v el o cit y

n o nli n e a rit y ( 1. 3 ).

B e c a u s e t h e s m o ot h v el o cit y n o nli n e a rit y a p p r o a c h e s t h e st e p f u n cti o n s h o w n i n Fi g u r e 5. 9

a s m →  ∞ , it f oll o w s t h at f o r all m s uf f ci e ntl y l a r g e t h e r e  will b e a  p ai r of f ol d bif u r c ati o n s at

( ξ , γ )  = ( ξ −  , γ ( ξ − ) )  a n d ( ξ , γ )  = ( ξ +  , γ ( ξ + ) ) ,  wit h ( ξ −  , γ ( ξ − ) )  →  ( θ v , γ 4 )  a n d ( ξ +  , γ ( ξ + ) )  →  

( θ v , γ 3 )  a s m →  ∞ .  T o st u d y t h e a s s o ci at e d bif u r c ati o n s c o n si d e r t h e c h a r a ct e ri sti c e q u ati o n

w hi c h h a s t h e f o r m (4. 1 0 ).  Writi n g t h e c h a r a ct e ri sti c f u n cti o n ∆ ( λ ) a s

Z  0
∆ ( λ )  =  λ  +  γ  −  A +  A e − λ τ ( ξ ) −  µ A e λ s d s , ( 5. 5 0)

− a / v ( ξ ) 

it f oll o w s f r o m (5. 2 ) t h at at a st e a d y st at e

Z  
ξ v ′ ( ξ )0

∆ ( 0 )  =  γ  −  µ A 1 d s =  γ  −  µ τ ( ξ ) A =  γ  −  µ τ ( ξ ) γ  
− a / v ( ξ ) v ( ξ )  

�  1 �ξ v ′ ( ξ )  
=  γ µ τ ( ξ ) −  . ( 5. 5 1)

µ τ ( ξ ) v ( ξ ) 

H e n c e, λ  =  0 i s a c h a r a ct e ri sti c v al u e if a n d o nl y if

ξ v ′ ( ξ )  1
−  =  0. ( 5. 5 2)

v ( ξ ) µ τ ( ξ ) 

I n a d diti o n, n ot e t h at
ξ v ′ ( ξ )  1

>  ( 5. 5 3)
v ( ξ ) µ τ ( ξ ) 

i m pli e s t h at ∆ ( 0 ) <  0.  At t h e s a m e ti m e, it i s e a sil y s e e n t h at f o r r e al λ  t h e c h a r a ct e ri sti c

f u n cti o n s ati s f e s ∆ ( λ ) →  + ∞  a s λ  →  + ∞ .  We c o n cl u d e t h at  w h e n ( 5. 5 3 ) i s s ati s f e d t h e r e i s

a r e al  p o siti v e c h a r a ct e ri sti c v al u e a n d h e n c e t h e st e a d y st at e i s  u n st a bl e.

We n o w s h o w t h at f ol d bif u r c ati o n s o c c u r w h e n ( 5. 5 2 ) i s s ati s f e d. T o t h at e n d, c o n si d e r

t h e c u r v e of s ol uti o n s ( γ ( ξ ) , ξ ) w h e r e γ ( ξ ) i s  d e f n e d b y (5. 4 6 ),  w hi c h b y (5. 2 ) i s t h e l o c u s of

st e a d y st at e s i n ( γ , ξ ) - pl a n e.  Diff e r e nti ati n g t hi s r el ati o n s hi p  wit h r e s p e ct t o ξ  w e  f n d

� �γ ( ξ )
γ ′ ( ξ )  =  −  1 +  µ ξ τ ′ ( ξ )  .

ξ  
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H o w e v e r, τ ( ξ )  =  a / v ( ξ ) i m pli e s t h at

a v ′ ( ξ )  v ′ ( ξ ) τ ( ξ )
τ ′ ( ξ )  =  −  =  −  . ( 5. 5 4)

v ( ξ ) 2 v ( ξ ) 

T h u s � �  �γ ( ξ ) v ′ ( ξ ) τ ( ξ ) µ τ ( ξ ) γ ( ξ ) � ξ v ′ ( ξ )  1
γ ′ ( ξ )  =  −  1 −  µ ξ  =  −  . ( 5. 5 5)

ξ  v ( ξ ) ξ  v ( ξ ) µ τ ( ξ )
� �  

ξ v ′ ( ξ )  1H e n c e s g n ( γ ′ ( ξ ) )  =  s g n −  , a n d γ ′ ( ξ )  c h a n g e s si g n  w h e n t h e l eft- h a n d si d e of
v ( ξ ) µ τ ( ξ ) 

(5. 5 2 ) c h a n g e s si g n,  w hi c h e n s u r e s t h at f ol d bif u r c ati o n s o c c u r at t h e s e  p oi nt s i n t h e ( γ , ξ ) -

pl a n e.

W hil e t h e a b o v e a n al y si s a p p e a r s si mil a r t o t h e c o n st a nt  d el a y c a s e c o n si d e r e d i n S e c -

ti o n 5. 2 , t h e st at e- d e p e n d e n c y of t h e  d el a y i nt r o d u c e s t w o si g ni f c a nt  diff e r e n c e s.

Fi r st,  wit h a st at e- d e p e n d e nt  d el a y a n d i n c r e a si n g v , f ol d bif u r c ati o n s o c c u r w h e n ( 5. 5 2 )

i s s ati s f e d,  w h e r e a s i n S e cti o n 5. 2 wit h i n c r e a si n g g w e f o u n d f ol d bif u r c ati o n s  w h e n (5. 2 7 )

i s s ati s f e d.  T h u s f o r t h e c o n st a nt  d el a y c a s e t h e f ol d bif u r c ati o n s o c c u r  w h e n t h e  u ni m o d al

f u n cti o n ξ  7 → f ( ξ / θ g , n , g − / g + )  =  ξ g ′ ( ξ ) / g ( ξ ) i s e q u al t o 1, a n d s o t h e r e i s at  m o st o n e  p ai r of

f ol d bif u r c ati o n s. I n c o nt r a st, f o r t h e st at e- d e p e n d e nt  d el a y c a s e, f ol d bif u r c ati o n s o c c u r  w h e n

t h e  u ni m o d al f u n cti o n (5. 3 5 ) i s e q u al t o 1 /µ τ ( ξ ) . F o r i n c r e a si n g v , t h e f u n cti o n ξ  7 → 1 / µ τ ( ξ ) i s

al s o a n i n c r e a si n g f u n cti o n, t h u s t h e f ol d bif u r c ati o n o c c u r s at t h e i nt e r s e cti o n s of a  u ni m o d al

f u n cti o n  wit h a n i n c r e a si n g f u n cti o n.  Cl e a rl y, s u c h f u n cti o n s  m a y h a v e  m ulti pl e  p ai r s of

i nt e r s e cti o n s a n d h e n c e  m ulti pl e  p ai r s of f ol d bif u r c ati o n s. F r o m  P r o p o siti o n 5. 1 , f o r t h e  Hill

f u n cti o n v ( ξ ) d e f n e d b y ( 1. 3 ) w e h a v e t h at ξ  7 → ξ v ′ ( ξ ) / v ( ξ ) i s  m o n ot o ni c all y  d e c r e a si n g f o r

>  θ v ( v − / v + ) 1 / 2 mξ  , s o t h e r e  will b e at  m o st o n e i nt e r s e cti o n  wit h t h e i n c r e a si n g f u n cti o n

ξ  7 → 1 / µ τ ( ξ ) o n t hi s i nt e r v al.  T h u s if t h e r e a r e a d diti o n al f ol d bif u r c ati o n s t h e y  m u st o c c u r

f o r ξ  <  θ v ( v − / v + ) 1 / 2 m <  θ v . I n t h e c u r r e nt  w o r k,  w e  will n ot l o o k f o r t h e s e a d diti o n al f ol d

bif u r c ati o n s, n o r  will  w e s h o w t h at t h e y c a n n ot e xi st.  E v e n if it  w e r e  p o s si bl e t o s h o w t h at

t h e y c a n n ot e xi st  w h e n v i s  d e f n e d b y (1. 3 ), w e  w o ul d e x p e ct t h at a d diti o n al f ol d bif u r c ati o n s

c o ul d b e i n d u c e d b y s uit a bl e  m o di f c ati o n s t o t h e v el o cit y n o nli n e a rit y.

A s e c o n d  diff e r e n c e b et w e e n t h e st at e- d e p e n d e nt a n d c o n st a nt  d el a y c a s e s c o n c e r n s t h e

st a bilit y of t h e st e a d y st at e n e a r t h e f ol d bif u r c ati o n.  N ot e t h at t h e a r g u m e nt aft e r (5. 3 9 )

i n S e cti o n 5. 3 still a p pli e s t o s h o w t h at t h e st e a d y st at e i s st a bl e if γ  ≤  µ  a n d (5. 3 9 ) h ol d s.

C o n s e q u e ntl y, a f ol d bif u r c ati o n  w hi c h o c c u r s f o r γ  <  µ  m u st i n v ol v e a st a bl e st e a d y st at e

w hi c h l o s e s st a bilit y at t h e f ol d bif u r c ati o n.  H o w e v e r, t hi s a r g u m e nt  d o e s n ot a p pl y  w h e n

γ  >  µ , a n d  w e  will s e e e x a m pl e s  w h e r e st a bl e st e a d y st at e s l o s e st a bilit y i n a  H o pf bif u r c ati o n

wit h γ  >  µ , a n d al s o f ol d bif u r c ati o n s  w h e r e t h e st e a d y st at e i s  u n st a bl e o n b ot h si d e s of t h e

bif u r c ati o n ( wit h  diff e r e nt n u m b e r s of  u n st a bl e c h a r a ct e ri sti c v al u e s).  T hi s c o nt r a st s  wit h t h e

c o n st a nt  d el a y c a s e i n S e cti o n 5. 2 w h e r e  w e s h o w e d t h at a st a bl e st e a d y st at e c a n o nl y l o s e

st a bilit y at a f ol d bif u r c ati o n.

A s  w a s t h e c a s e  w h e n v w a s  d e c r e a si n g,  H o pf bif u r c ati o n s a r e g o v e r n e d b y e q u ati o n s

(5. 4 1 ) a n d ( 5. 4 2 ). H o w e v e r, si n c e v i s i n c r e a si n g  w e n o w h a v e A >  0.  At a  H o pf bif u r c ati o n

t h e ri g ht- h a n d si d e of (5. 4 2 ) i s st ri ctl y  p o siti v e, a n d h e n c e si n( ω τ ) >  0. Si n c e si n ( ω τ ) >  0

i m pli e s c o s( ω τ ) <  1, it t h e n f oll o w s t h at t h e l eft- h a n d si d e of (5. 4 1 ) i s al s o st ri ctl y  p o siti v e,

a n d a  H o pf bif u r c ati o n i s o nl y  p o s si bl e if t h e ri g ht- h a n d si d e i s al s o st ri ctl y  p o siti v e, t h at i s if

γ  >  µ . ( 5. 5 6)

A s i n S e cti o n 5. 3 , w e  f n d  H o pf bif u r c ati o n s b y s e q u e nti all y s ol vi n g ( 5. 4 6 ), (5. 4 4 ) a n d

(5. 4 5 ). E q u ati o n ( 5. 4 4 ) h a s i n f nit el y  m a n y s ol uti o n s ω k ( γ ( ξ ) )  f o r k =  0, 1, . . .  wit h ω k τ  ∈  
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( 2 k π , ( 2 k +  1 ) π ) . Fi n all y, t o s ol v e (5. 4 5 )  wit h v ′ ( ξ )  >  0,  w e n e e d t o  d et e r mi n e ξ  t h at s ati s f e s

f ( ξ / θ v , m , v − / v + )  =  r k ( γ ( ξ ) )  >  0 ( d e f n e d i n ( 5. 4 7 )).  U s u all y w e  will t a k e γ  =  γ ( ξ ) ,  d e f n e d

b y ( 5. 4 6 ), b ut i n t h e  p r o p o siti o n b el o w w e c o n si d e r r k ( γ )  f o r g e n e r al γ .

Pr o p o siti o n 5. 7. Let r k ( γ )  be de f ne d b y (5. 4 7 ) a n d ω k s atisf y ω k τ  ∈  ( 2 k π , ( 2 k +  1 ) π ) f or i nte ger

k ≥  0 .  T he n f or γ  >  µ  it h ol ds t h at rk ( γ )  >  0 a n d

1. r k ( γ )  is  m o n ot o ni c all y de cre asi n g,

2. r k ( γ )  →  + ∞  as γ  →  µ  a n d r k ( γ )  →  1 / 2 as γ  →  + ∞ ,

( 2 k +  1 ) 2 ( π / τ + ) 2 +  γ 2
3. r k ( γ )  ≤  .

2 γ ( γ  −  µ ) 

Pr o of. T h e  p r o of i s el e m e nt a r y.

T h e f oll o wi n g l e m m a  will b e n e e d e d i n t h e  p r o of of  T h e o r e m 5. 9 .

1L e m m a 5. 8. F or x >  0 let f ( x )  =  ( 1 −  e − x )  t he n f ( x ) is stri ctl y  m o n ot o ni c all y de cre asi n g f orx

x >  0 wit h

1 =  li m f ( x ) >  li m f ( x )  =  0. ( 5. 5 7)
x → 0 x → + ∞  

P r o of. T h e t w o li mit s i n (5. 5 7 ) a r e e a sil y v e ri f e d.  T o s h o w t h e  m o n ot o ni cit y of f ( x ) f r st

diff e r e nti at e t o o bt ai n
h i1 − xf ′ ( x )  =  −  1 −  ( x +  1 ) e .

x 2

T h e a s s u m pti o n f ′ ( x )  =  0 f o r s o m e x >  0 yi el d s e x =  1 +  x w hi c h i s i m p o s si bl e f o r x ≠  0.

U si n g c o nti n uit y  w e i nf e r t h at o n ( 0, ∞ ) t h e r e i s n o si g n c h a n g e of f ′ ( x ) , a n d t h at f ′ ( x )  i s

st ri ctl y  m o n ot o ni c f o r x >  0.  B e c a u s e of ( 5. 5 7 ) f i s  d e c r e a si n g.

T h e f oll o wi n g t h e o r e m c oll e ct s o u r r e s ult s f o r t h e c a s e of i n c r e a si n g v wit h c o n st a nt g .

T h e or e m 5. 9. Let ξ  be a ste a d y st ate of t he  D D E (1. 1 ), (1. 2 ) wit h g ( ξ )  =  g ±  c o nst a nt, a n d v

m o n ot o ni c all y i n cre asi n g, s o v −  <  v +  , a n d t he st ate- de pe n de nt del a y τ  de f ne d b y (1. 3 ) e v al u ate d at

t he ste a d y st ate is τ ( ξ )  =  a / v ( ξ ) .  T he n

( ξ ) 1 ( ξ ) 11. If
ξ v ′ 

<  t he n t he ste a d y st ate ξ  is as y m pt oti c all y st a ble,  w hile if
ξ v ′ 

>  it
v ( ξ ) τ ( ξ ) m a x { µ ,γ }  v ( ξ ) µ τ ( ξ ) 

i s u nst a ble.

2. F or a n y f xe d ξ  ≠  θ v l et γ  =  γ ( m , ξ ) be t he v al ue of γ  s u c h t h at (5. 2 ) is s atis fe d a n d he n ce ξ  is

a ste a d y st ate.  Or, f or a n y f xe d γ  wit h 0 <  γ  <  γ 4 o r γ  >  γ 3 l et ξ  =  ξ ( m , γ ) s atisf y (5. 2 ) a n d

he n ce be a ste a d y st ate.  T he n ξ  is as y m pt oti c all y st a ble f or all  m s uf f cie ntl y l ar ge.

3. T he ste a d y st ate ξ  is as y m pt oti c all y st a ble if  m ≤  1 / ( τ ( ξ ) m a x { µ , γ } ) , or b ot h  m >
�  

2
� 2

1 / ( τ ( ξ ) m a x { µ , γ } ) a n d 1 ≥  v
v

−  

+  >  1 −  
m τ ( ξ ) m a x { µ ,γ } + 1

.

4. F or a n y f xe d  m >  0 , a n d f or ξ  ≫  θ v , or e q ui v ale ntl y f or 0 <  γ  ≪  γ 4 , t he ste a d y st ate is

as y m pt oti c all y st a ble. F or a n y f xe d  m >  1 , a n d f or 0 <  ξ  ≪  θ v o r e q ui v ale ntl y f or γ  ≫  γ 3 t he

ste a d y st ate is as y m pt oti c all y st a ble.
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5. If  m >  1 / ( µ τ + )  a n d v −  
<  

�  
1 −  2

� 2
t he n t here e xist ξ −  <  θ v ( v − / v + ) 1 / 2 m <  ξ +  wit hv +  1 + m µ τ +  

γ ( ξ − )  <  γ ( ξ + )  s u c h t h at as γ  is v arie d t here is a br a n c h of ste a d y st ates  wit h ξ  <  ξ −  a n d

γ  >  γ ( ξ − )  a n d a n ot her br a n c h  wit h ξ  >  ξ +  a n d γ  <  γ ( ξ + ) . F or γ  ∈  ( γ ( ξ − ) , γ ( ξ + ) )  t hese

t w o br a n c hes of ste a d y st ates c o-e xist  wit h a br a n c h of u nst a ble ste a d y st ates  w hi c h e xists bet wee n

f ol d bif urc ati o ns at ( ξ , γ )  = ( ξ −  , γ ( ξ − ) )  a n d ( ξ , γ )  = ( ξ +  , γ ( ξ + ) ) .

6. Let µ  <  γ 3 .

( a) F or a n y k >  0 , f or all  m =  m ( k ) s uf f cie ntl y l ar ge t here are t w o f a milies of ( at le ast) k +  1

H o pf bif urc ati o ns as γ  is v arie d. I n t he frst f a mil y, t he c h ar a cteristi c v al ues λ j =  α j ±  iω j

wit h ω jτ  ∈  ( 2 jπ , ( 2 j +  1 ) π ) f or j =  0, 1, . . . , k cr oss t he i m a gi n ar y a xis fr o m left t o ri g ht

as γ  is i n cre ase d,  w hile i n t he se c o n d f a mil y t he y cr oss t he i m a gi n ar y a xis fr o m ri g ht t o left.

F or all j s uf f cie ntl y l ar ge t hese bif urc ati o ns o c c ur o n t he br a n c h of u nst a ble ste a d y st ates

bet wee n t he f ol d bif urc ati o ns i de nti fe d i n ( 5).

( b) Let γ  ∈  ( m a x { γ 4 , µ } , γ 3 )  be f xe d.  T he n as  m is i n cre ase d t here is a n i n f nite se q ue n ce

of  H o pf bif urc ati o ns  w here t he re al p art of λ k =  α k ±  iω k b e c o mes p ositi ve  wit h ω k τ  ∈  

( ( 2 k π , ( 2 k +  1 ) π ) .  All b ut f nitel y  m a n y of t hese bif urc ati o ns are l o c ate d o n t he br a n c h of

u nst a ble ste a d y st ates bet wee n t he f ol d bif urc ati o ns.

Pr o of. T h e l a st  p a rt of ( 1) i s s h o w n aft e r ( 5. 5 3 ). T o e st a bli s h a s y m pt oti c st a bilit y  w e s h o w t h at

R e ( λ ) <  0 f o r all of t h e c h a r a ct e ri sti c v al u e s t h at s ol v e (4. 1 0 ). F r o m ξ v ′ ( ξ ) / v ( ξ ) <  1 / µ τ ( ξ ) 

a n d ( 5. 5 1 ) it f oll o w s i m m e di at el y t h at λ  =  0 i s n ot a c h a r a ct e ri sti c v al u e.  T o s h o w t h at λ  >  0

i s n ot a c h a r a ct e ri sti c v al u e, e v al u ati n g t h e i nt e g r al i n ( 5. 5 0 ) w e o bt ai n

− λ τ ( ξ ) )  
A

∆ ( λ )  =  λ  +  γ  −  ( 1 −  e ( λ  +  µ ) .
λ  

B ut
ξ v ′ ( ξ )  γ

A =  γ  <  ,
v ( ξ ) τ ( ξ ) m a x { µ , γ }  

h e n c e

1 − λ τ ( ξ ) )  
γ γ

∆ ( λ ) >  λ  +  γ  −  ( 1 −  e ( λ  +  µ ) >  λ  +  γ  −  ( λ  +  µ ) ,
λ τ ( ξ ) m a x { µ , γ }  m a x { µ , γ }  

w h e r e t h e l a st i n e q u alit y f oll o w s f r o m  L e m m a 5. 8 . N o w t h e r e a r e t w o c a s e s t o c o n si d e r. If

γ  >  µ  t h e n

∆ ( λ ) >  λ  +  γ  −  ( λ  +  µ )  =  γ  −  µ  >  0.

O n t h e ot h e r h a n d, if γ  ≤  µ  t h e n

�  �γ γ
∆ ( λ ) >  λ  +  γ  −  ( λ  +  µ )  =  λ  1 −  ≥  0.

µ µ  

I n b ot h c a s e s t h e c h a r a ct e ri sti c f u n cti o n s ati s f e s ∆ ( λ ) >  0 f o r all λ  >  0 s o t h e r e a r e n o r e al

p o siti v e c h a r a ct e ri sti c v al u e s.

T o c o m pl et e t h e  p r o of of ( 1) it r e m ai n s t o s h o w t h at t h e r e a r e n o c o m pl e x c h a r a ct e ri sti c

v al u e s λ  =  α  +  iω  wit h α  ≥  0 a n d ω  >  0. F o r t h e c a s e γ  ≤  µ  t h e  p r o of i s t h e s a m e a s i n

S e cti o n 5. 3 ( w h e r e (5. 3 9 ) h ol d s i n d e p e n d e nt of t h e si g n of v ′ ( ξ ) ). F o r t h e r e m ai ni n g c a s e, if
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( ξ ) 1γ  >  µ  t h e a s s u m pti o n of t h e t h e o r e m r e a d s
ξ v ′ 

<  .  L et λ  =  α  +  iω  b e a c h a r a ct e ri sti c
v ( ξ ) γ τ ( ξ ) 

v al u e  wit h α  ≥  0 a n d ω  >  0 t h e n

  �   �  
|A e − α τ ( ξ ) si n ω τ ( ξ ) ( α  +  µ ) 2 +  ω 2 |  ≤ A ω τ ( ξ ) ( α  +  µ ) 2 +  ω 2

ξ v ′ ( ξ )   �  
=  γ  ω τ ( ξ ) ( α  +  µ ) 2 +  ω 2

v ( ξ ) 

<  ω  
  
( α  +  µ ) 2 +  ω 2

�  

� �  
<  ω  ( 2 α  +  γ ) µ  +  α 2 +  ω 2 .

C o n s e q u e ntl y ( 5. 3 7 ) i s vi ol at e d, a n d s o t h e r e i s n o s u c h c h a r a ct e ri sti c v al u e.  T h u s α  <  0 f o r all

c h a r a ct e ri sti c v al u e s a n d t h e st e a d y st at e i s a s y m pt oti c all y st a bl e.

St at e m e nt ( 2) i s  d e ri v e d si mil a rl y t o  T h e o r e m 5. 3 ( 4), b y  f r st  u si n g (5. 4 6 ) a n d (5. 3 3 ) t o s h o w

<  e − µ τ ( ξ ) <  e − µ τ +
t h at e − µ τ −  

i m pli e s t h at γ 4 / γ  <  ξ / θ v <  γ 3 / γ , t h e n a p pl yi n g  P r o p o siti o n 5. 1

a n d ( 1).

St at e m e nt ( 3) f oll o w s f r o m ( 1)  u si n g  P r o p o siti o n 5. 1 ( p oi nt 4), si n c e

1 / 2ξ v ′ ( ξ )  1 / 2 m m ( 1 −  r v )
≤  f ( r , m , r v )  =  ,v 1 / 2v ( ξ )  1 +  r v

w h e r e r v =  v − / v +  ∈  ( 0, 1 ) . St at e m e nt ( 4) al s o f oll o w s f r o m ( 1),  u si n g  P r o p o siti o n 5. 1 ( p oi nt

1), si mil a r t o  T h e o r e m 5. 3 a n d  T h e o r e m 5. 6 , w h e r e f o r t h e s e c o n d  p a rt of ( 4), m >  1 e n s u r e s

t h at

m ( 1 −  v − / v + ) ( ξ / θ v ) m β g ±
− µ τ ( ξ ) →  0f ( ξ / θ v , m , v − / v + ) γ ( ξ )  =  � � �  �  e a s ξ  →  0.

1 + ( ξ / θ v ) m v − / v + + ( ξ / θ v ) m ξ  

ξ v ′ ( ξ )
T o s h o w ( 5),  n ot e t h at t h e  p a r a m et e r c o n st r ai nt s e n s u r e t h at f ( ξ / θ v , m , v − / v + )  =  >  

v ( ξ ) 
1 =  θ v ( v − / v + ) 1 / 2 mw h e n ξ  .  T h e n si n c e f ( ξ / θ v , m , v − / v + )  →  0 a s ξ  →  0 a n d a s ξ  →  ∞  it

µ τ ( ξ ) 

f oll o w s t h at t h e r e e xi st s ξ +  >  θ v ( v − / v + ) 1 / 2 m a n d ξ −  <  θ v ( v − / v + ) 1 / 2 m w hi c h b ot h s ol v e ( 5. 5 2 ).

We t a k e ξ −  t o b e t h e l a r g e st ξ  w hi c h s ol v e s ( 5. 5 2 )  wit h ξ −  <  θ v ( v − / v + ) 1 / 2 m ,  w hil e a s  di s c u s s e d

aft e r ( 5. 5 5 ), ξ +  i s  u ni q u e.  T h e n it f oll o w s f r o m (5. 5 2 ), (5. 5 5 ) a n d t h e a dj a c e nt a r g u m e nt s t h at

t h e r e i s a  p ai r of f ol d bif u r c ati o n s at ( ξ , γ )  = ( ξ −  , γ ( ξ − ) )  a n d ( ξ , γ )  = ( ξ +  , γ ( ξ + ) ) ,  w hi c h a r e

c o n n e ct e d b y a b r a n c h of  u n st a bl e st e a d y st at e s, a n d n o ot h e r f ol d bif u r c ati o n ( b e si d e s ξ  =  ξ + )

wit h ξ  >  ξ −  . F o r ξ  >  ξ +  , it f oll o w s f r o m (5. 5 5 ) t h at γ ′ ( ξ )  <  0 a n d h e n c e t hi s b r a n c h e xi st s f o r

ξ  ∈  ( ξ +  , ∞ )  a n d γ  ∈  ( 0, γ ( ξ + ) ) . If γ ( ξ + )  <  µ  t h e n t h e  w h ol e of t hi s b r a n c h of st e a d y st at e s i s

st a bl e, ot h e r wi s e b y ( 1) it i s st a bl e f o r all ξ  s uf f ci e ntl y l a r g e, gi v e n b y c o n diti o n γ ( ξ ) <  µ .

F o r t h e b r a n c h  w hi c h e xi st s f o r ξ  ∈  ( 0, ξ − ) , it f oll o w s f r o m (5. 4 6 ) t h at γ ( ξ ) →  + ∞  a s ξ  →  0.

H e n c e γ ( ξ ) t a k e s all v al u e s i n [γ ( ξ − ) , + ∞ ) f o r ξ  ∈  ( 0, ξ − ) .  H o w e v e r, a s di s c u s s e d aft e r ( 5. 5 5 ),

it i s  p o s si bl e f o r t hi s b r a n c h t o h a v e a d diti o n al f ol d bif u r c ati o n s. If t h e r e a r e n o a d diti o n al f ol d

bif u r c ati o n s a n d γ ( ξ − )  <  µ  t h e n t h e b r a n c h of st e a d y st at e s i s st a bl e f o r γ  ∈  ( γ ( ξ − ) , µ ) .  Al s o,

if m >  1 b y ( 4) it i s st a bl e f o r all ξ  s uf f ci e ntl y s m all, o r, e q ui v al e ntl y, f o r all γ ( ξ ) s uf f ci e ntl y

l a r g e.

T o s h o w ( 6),  f r st c o n si d e r t h e c a s e  w h e n γ ( θ v )  d e f n e d b y ( 5. 4 8 ) s ati s f e s γ ( θ v )  >  µ . If

1 + ( v − / v + )  
�  

( 2 k +  1 ) 2 ( π / τ ( θ v ) ) 2 +  γ ( θ v ) 2
�  

m >  2 , ( 5. 5 8)
1 −  ( v − / v + )  2 γ ( θ v ) ( γ ( θ v )  −  µ ) 
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t h e n

m ( 1 −  v − / v + )  
�  

( 2 k +  1 ) 2 ( π / τ ( θ v ) ) 2 +  γ ( θ v ) 2
�  

f ( 1, m , v − / v + )  =  >
2 ( 1 +  v − / v + )  2 γ ( θ v ) ( γ ( θ v )  −  µ ) 

≥  r j( γ ( θ v ) ) , j =  0, 1, . . . , k .

H e r e t h e e q u alit y c o m e s f r o m t h e  d e f niti o n of f , t h e st ri ct i n e q u alit y f r o m (5. 5 8 ) a n d t h e l a st

i n e q u alit y f oll o w s f r o m a si mil a r a r g u m e nt a s i n t h e  p r o of of  P r o p o siti o n 5. 7 ( p oi nt 3), b ut

u si n g t h e a ct u al v al u e of τ ( θ v )  i n t h e i n e q u alit y, r at h e r t h a n t h e b o u n d τ +  .

Wit h t hi s i n e q u alit y a s t h e st a rti n g  p oi nt, i n c r e a si n g ξ  a w a y f r o m θ v w e  h a v e

li mξ → ∞  γ ( ξ )  =  0.  B ut r j( γ ( ξ ) )  a n d f ( ξ / θ v , m , v − / v + )  a r e b ot h c o nti n u o u s f u n cti o n s of ξ  wit h

li mξ → ∞  r j( γ ( ξ ) )  =  ∞  a n d li m ξ → ∞  f ( ξ / θ v , m , v − / v + )  =  0.  C o n s e q u e ntl y f o r e a c h j =  0, 1, . . . , k

t h e r e e xi st s a ξ  s u c h t h at f ( ξ / θ v , m , v − / v + )  =  r j( γ ( ξ ) ) .

Si mil a rl y, f o r ξ  d e c r e a si n g f r o m θ v ( s e e al s o t h e  p r o of of  T h e o r e m 5. 6 ) it f oll o w s f o r e a c h

j =  0, 1, . . . , k t h at t h e r e e xi st s a ξ  s u c h t h at f ( ξ / θ v , m , v − / v + )  =  r j( γ ( ξ ) ) .  A s i n t h e  p r o of of

T h e o r e m 5. 6 t hi s  d e f n e s t h e r e q ui r e d  H o pf  p oi nt s f o r t h e t w o f a mili e s of k +  1  H o pf bif u r c a -

ti o n s.

T hi s a r g u m e nt f ail s i n t h e  m o r e  d eli c at e c a s e  w h e r e γ 4 <  γ ( θ v )  ≤  µ  <  γ 3 . I n t hi s c a s e

f x γ  ∈  ( µ , γ 3 ) , a n d c o n si d e r t h e b e h a vi o u r a s m →  ∞ . Si n c e γ ( ξ + )  →  γ 4 a n d γ ( ξ − )  →  γ 3 ,

it f oll o w s t h at γ  ∈  ( γ ( ξ + ) , γ ( ξ − ) )  f o r all m s uf f ci e ntl y l a r g e.  T h e n si n c e γ ( ξ ) d e f n e d b y

(5. 4 6 ) i s  m o n ot o ni c all y i n c r e a si n g f o r ξ  ∈  ( ξ −  , ξ + ) , t hi s f u n cti o n i s l o c all y i n v e rti bl e a n d  w e

c a n i n st e a d c o n si d e r ξ  =  ξ ( γ ) a s a f u n cti o n of γ . F r o m h e r e t h e a r g u m e nt  p r o c e e d s a s i n t h e

p r o of of  T h e o r e m 5. 6 ( 6).

We n o w  p r e s e nt s e v e r al e x a m pl e s t o ill u st r at e t h e c o m pl e x  d y n a mi c s all o w e d b y  T h e o -

r e m 5. 9 . T h e r e a r e e s s e nti all y t h r e e  m ai n c a s e s t o c o n si d e r  d e p e n di n g o n  w h et h e r µ  f all s

a b o v e, b el o w o r  wit hi n t h e i nt e r v al ( γ 4 , γ 3 ) .  A s i n S e cti o n 5. 3 w e st a rt  wit h t h e si m pl e st c a s e

w h e r e t h e r e a r e n o  H o pf bif u r c ati o n s.

C a s e 1: γ 4 <  γ 3 <  µ .  T hi s i s ill u st r at e d i n Fi g u r e 5. 1 0 . P a n el ( a) s h o w s o n e- p a r a m et e r

c o nti n u ati o n s of t h e st e a d y- st at e s i n γ  f o r s e v e r al  f x e d v al u e s of m , al o n g  wit h t h e li miti n g

c a s e ( 1. 7 ),  w hil e  p a n el ( b) s h o w s t h e t w o- p a r a m et e r c o nti n u ati o n of f ol d bif u r c ati o n s of st e a d y-

st at e s i n t h e ( γ , m ) pl a n e.  We s e e t h at f o r all m s uf f ci e ntl y l a r g e t h e r e i s a  p ai r of f ol d

bif u r c ati o n s at ( ξ , γ )  = ( ξ −  , γ ( ξ − ) )  a n d ( ξ , γ )  = ( ξ +  , γ ( ξ + ) ) ,  wit h ( ξ −  , γ ( ξ − ) )  →  ( θ v , γ 4 )  a n d

( ξ +  , γ ( ξ + ) )  →  ( θ v , γ 3 )  a s m →  ∞ .  A s r e q ui r e d b y  T h e o r e m 5. 9 , t h e st e a d y st at e i s al w a y s

u n st a bl e b et w e e n t h e f ol d bif u r c ati o n s,  w hil e  w e o b s e r v e it t o al w a y s b e st a bl e ot h e r wi s e.

Si mil a r t o t h e a n al y si s i n S e cti o n 5. 2 t h at l e d t o (5. 2 8 ), i m p o si n g m a x { h ′ ( x ) }  ≥  0 l e a d s t o

t h e n e c e s s a r y c o n diti o n
− µ τ ( ξ ) ±γ  ≤  − β µ τ ′ ( ξ ) e g ( 5. 5 9)

f o r t h e c o e xi st e n c e of t h r e e st e a d y st at e s.  H o w e v e r, t h e al g e b r a t o t u r n t hi s i nt o a n e x pli cit

c o n diti o n ( c o m p a r e (5. 5 9 ) wit h (5. 2 8 )) i s c h all e n gi n g  wit h a st at e- d e p e n d e nt  d el a y (5. 1 ), s o

i n st e a d  w e a p pl y t hi s c o n diti o n n u m e ri c all y.  T h e r e d  d a s h- d ott e d c u r v e i n Fi g u r e 5. 1 0 ( b)

d e pi ct s t h e c o n diti o n ( 5. 5 9 ). F o r a n y  f x e d m , t hi s c u r v e  p r o vi d e s a n  u p p e r b o u n d o n γ  f o r

t h e e xi st e n c e of f ol d bif u r c ati o n s a n d h e n c e  m ulti pl e c o e xi sti n g st e a d y st at e s.  B y t h e s a m e

a r g u m e nt a s i n S e cti o n 5. 2 t h e c u s p bif u r c ati o n  m u st li e o n t hi s c u r v e.  T hi s c a n b e s e e n i n

Fi g u r e 5. 1 0 ( b)  w h e r e t h e c u s p  p oi nt ( γ , m )  = ( 0. 4 8 4 4, 5. 0 0 0 2 ) li e s o n t hi s b o u n di n g c u r v e.

B e c a u s e of ( 5. 5 6 ), t h e r e c a n b e n o  H o pf bif u r c ati o n s f o r γ  <  µ , a n d si n c e t h e f ol d bif u r-

c ati o n s all o c c u r f o r γ  <  µ , t h e r e c a n b e n o  H o pf bif u r c ati o n s b et w e e n t h e f ol d s, a s s e e n
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Fi g u r e 5. 1 0: Bif u r c ati o n  di a g r a m of ( 1. 1 ) –(1. 2 )  wit h ( g ↔ , v ↑ ) a n d  p a r a m et e r s β  =  1. 4,

µ  =  0. 8, g −  =  g + =  1, γ  =  θ v =  a =  1, v −  =  0. 5 a n d v + =  1. B y ( 5. 3 3 ) t hi s i m pli e s

γ 4 =  0. 2 8 2 7 <  γ 3 =  0. 6 2 9 1 <  µ  ( C a s e 1). ( a)  O n e  p a r a m et e r c o nti n u ati o n of t h e st e a d y

st at e i n γ  f o r t h e v el o cit y f u n cti o n s i n ( 1. 7 ) a n d i n (1. 3 )  wit h  diff e r e nt  f x e d v al u e s of m .

F o r m <  5 t h e st e a d y st at e i s al w a y s st a bl e. F o r m >  5 it i s  u n st a bl e b et w e e n t w o f ol d

bif u r c ati o n s, a n d f o r l a r g e m a p p r o a c h e s t h e li miti n g c a s e (1. 7 ) ( d e n ot e d b y m =  ∞  i n

t h e  f g u r e). ( b)  T w o- p a r a m et e r c o nti n u ati o n of t h e f ol d bif u r c ati o n s i n t h e ( γ , m ) - pl a n e,

wit h a c u s p  p oi nt at ( γ , m )  = ( 0. 4 8 4 4, 5. 0 0 0 2 ) .  T h e r e d  d a s h- d ott e d c u r v e  d e n ot e s t h e

b o u n d o n t h e f ol d bif u r c ati o n s gi v e n b y ( 5. 5 9 ).

i n Fi g u r e 5. 1 0 . F o r γ  >  µ ,  T h e o r e m 5. 9 e n s u r e s t h at t h e st e a d y st at e i s st a bl e f o r γ  s uf f -

ci e ntl y l a r g e o r f o r m s uf f ci e ntl y l a r g e. I n Fi g u r e 5. 1 0 w e s e e t h at a ct u all y t h e r e a r e n o  H o pf

bif u r c ati o n s at all a n d t h e st e a d y st at e i s st a bl e f o r all v al u e s of γ  >  µ  a n d f o r all m >  0.

0 0. 5 1 1. 5
0

2

3

4

St a bl e
U n st a bl e = 1
U n st a bl e = 2

U n st a bl e  3
F ol d
H o pf
H o m o cli ni c
U n st a bl e p o

1. 1 8 4

0 1 2 3
0

2

3

x

θ v

γ 4 γ 3 γ  

( a ) ( b ) 

θ v

x

γ  

Fi g u r e 5. 1 1:  O n e  p a r a m et e r bif u r c ati o n  di a g r a m s of (1. 1 ) –(1. 2 )  wit h ( g ↔ , v ↑ ) f o r

v a r yi n g γ  a n d s m o ot h i n c r e a si n g v d e f n e d b y ( 1. 3 ),  wit h t h e e x p o n e nt m i n t h e v el o cit y

n o nli n e a rit y  d e f n e d b y ( a) m =  5 0 a n d ( b) m =  2.  T h e ot h e r  p a r a m et e r s a r e t a k e n t o

b e β  =  1. 4, µ  =  0. 2, g −  =  g + =  1, θ v =  1, a =  1, v −  =  0. 1 a n d v + =  2. B y ( 5. 3 3 ) t hi s

i m pli e s γ 4 =  0. 1 8 9 5 <  µ  <  γ 3 =  1. 2 6 6 8 ( C a s e 2). S oli d li n e s r e p r e s e nt st a bl e o bj e ct s

( wit h st a bl e st e a d y st at e s s h o w n i n g r e e n), a n d  d a s h e d li n e s r e p r e s e nt  u n st a bl e o bj e ct s

( wit h  u n st a bl e st e a d y st at e s s h o w n i n g r e e n, bl a c k o r g r e y  d e p e n di n g o n t h e n u m b e r of

u n st a bl e c h a r a ct e ri sti c v al u e s). I n ( a) a b r a n c h of  u n st a bl e  p e ri o di c o r bit s i s r e p r e s e nt e d

b y t h e 2- n o r m (5. 6 0 ) of t h e  p e ri o di c s ol uti o n ( r e d  d a s h e d li n e i n i n s et),  w hil e i n ( b) r e d

a n d bl u e li n e s r e p r e s e nt t h e  m a xi m u m a n d  mi ni m u m v al u e s of x ( t) o n t h e  p e ri o di c

o r bit.
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C a s e 2. T h e c a s e µ  ∈  ( γ 4 , γ 3 )  i s ill u st r at e d i n Fi g u r e s 5. 1 1 – 5. 1 4 . Fi g u r e 5. 1 1 s h o w s t w o

o n e- p a r a m et e r c o nti n u ati o n s i n γ  f o r  diff e r e nt v al u e s of m .  At  f r st gl a n c e, Fi g u r e 5. 1 1 ( a)

f o r  w hi c h m ≫  0, l o o k s  m u c h li k e t h e c o r r e s p o n di n g c o n st a nt  d el a y c a s e  wit h i n c r e a si n g g

ill u st r at e d i n Fi g u r e 5. 4 ( b) i n S e cti o n 5. 2 . I n b ot h of t h e s e e x a m pl e s t h e r e a r e t w o f ol d bif u r-

c ati o n s, l e a di n g t o a n i nt e r v al of bi- st a bilit y of st e a d y st at e s, a n d  H o pf bif u r c ati o n s b et w e e n

t h e f ol d bif u r c ati o n s l e a di n g t o  u n st a bl e  p e ri o di c o r bit s.  H o w e v e r, a s s h o w n i n t h e i n s et of

Fi g u r e 5. 1 1 ( a), f o r t h e st at e- d e p e n d e nt  d el a y  wit h µ  <  γ 3 t h e  u p p e r b r a n c h of st a bl e st e a d y

st at e s,  w hi c h e xi st s f o r x >  θ v , l o s e s st a bilit y i n a ( s u b c riti c al)  H o pf bif u r c ati o n, a n d n ot at t h e

f ol d bif u r c ati o n.  R e c all t h at f o r t h e c o n st a nt  d el a y c a s e c o n si d e r e d i n S e cti o n 5. 2 w e s h o w e d

t h at t h e st e a d y- st at e c o ul d o nl y l o s e st a bilit y i n a f ol d bif u r c ati o n.

Fi g u r e 5. 1 1 ( b) ill u st r at e s t h e  d y n a mi c s f o r a  m u c h s m all e r v al u e of m , b ut  wit h t h e ot h e r

p a r a m et e r s  u n c h a n g e d. I n t hi s c a s e m i s t o o s m all f o r f ol d bif u r c ati o n s t o o c c u r, b ut  w e still

f n d a  p ai r of  H o pf bif u r c ati o n s, o n e s u p e r c riti c al a n d o n e s u b c riti c al, l e a di n g t o a st a bl e

p e ri o di c o r bit, a n d al s o a v e r y n a r r o w i nt e r v al of bi st a bilit y of t hi s  p e ri o di c o r bit a n d a st a bl e

st e a d y st at e b et w e e n t h e s u b c riti c al  H o pf bif u r c ati o n a n d a s a d dl e- n o d e of  p e ri o di c o r bit s

bif u r c ati o n.  T hi s i s q uit e  diff e r e nt f r o m t h e  d y n a mi c s s e e n b ef o r e  w h e r e, f o r  d e c r e a si n g g o r

v r e s p e cti v el y i n S e cti o n s 5. 1 a n d 5. 3 , o nl y s u p e r c riti c al  H o pf bif u r c ati o n s  w e r e o b s e r v e d, a n d

f o r i n c r e a si n g g i n S e cti o n 5. 3 w h e r e  H o pf bif u r c ati o n s o nl y o c c u r b et w e e n t h e  p ai r of f ol d

bif u r c ati o n s.

T h e b r a n c h e s of  p e ri o di c o r bit s i n Fi g u r e 5. 1 1 ( a) a n d ( b) a r e r e p r e s e nt e d  diff e r e ntl y. I n

Fi g u r e 5. 1 1 ( a) w e  pl ot t h e L 2 n o r m of t h e  p e ri o di c s ol uti o n of  p e ri o d T ,  d e f n e d a s

�  
1

Z  T � 1 / 2

∥ x ∥ 2 =  |x ( t) |2 dt . ( 5. 6 0)
T t= 0

I n c o nt r a st, i n Fi g u r e 5. 1 1 ( b)  w e di s pl a y t h e b r a n c h of  p e ri o di c o r bit s b y  pl otti n g b ot h  m a x x ( t) 

a n d  mi n x ( t) o v e r t h e  p e ri o di c o r bit,  w hi c h cl e a rl y s h o w s t h e a m plit u d e of t h e  p e ri o di c s ol u -

ti o n.  B ot h r e p r e s e nt ati o n s c a n b e  u s ef ul o n bif u r c ati o n  di a g r a m s si n c e at a  H o pf bif u r c ati o n

all t h r e e e x p r e s si o n s a r e e q u al t o t h e st e a d y st at e v al u e a n d t h e r ef o r e t h e  p e ri o di c o r bit s e m -

a n at e f r o m t h e st e a d y st at e s at  H o pf bif u r c ati o n s.  H o w e v e r, t h e r e p r e s e nt ati o n ( 5. 6 0 ) h a s t h e

a d diti o n al  p r o p e rt y t h at ∥ x ∥ 2 →  x s a s t h e s ol uti o n a p p r o a c h e s a h o m o cli ni c o r bit t o a s a d dl e

st e a d y st at e x s .  A n e x a m pl e of t hi s i s s e e n i n Fi g u r e 5. 1 1 ( a) w h e r e t h e b r a n c h of  u n st a bl e

p e ri o di c o r bit s e m a n ati n g f r o m t h e s u b c riti c al  H o pf bif u r c ati o n a p p e a r s t o t e r mi n at e i n a h o -

m o cli ni c bif u r c ati o n at t h e  mi d dl e st e a d y st at e.  We  will i n v e sti g at e h o m o cli ni c bif u r c ati o n s

b el o w, a n d s o  w e  will  m ai nl y  u s e t h e L 2 n o r m (5. 6 0 ) t o r e p r e s e nt  p e ri o di c o r bit s.

T o i n v e sti g at e t hi s e x a m pl e f u rt h e r i n Fi g u r e 5. 1 2 w e  p r e s e nt t w o- p a r a m et e r c o nti n u ati o n s

of t h e bif u r c ati o n s i n γ  a n d m ,  wit h all t h e ot h e r  p a r a m et e r v al u e s t h e s a m e a s i n Fi g u r e 5. 1 1 .

Fi g u r e 5. 1 2 ( a) s h o w s h o w t h e γ -m p a r a m et e r  pl a n e i s  di vi d e d i nt o r e gi o n s  w h e r e t h e r e a r e

0, 1 o r 2 st a bl e st e a d y st at e s.  T h e s e r e gi o n s a r e  p a rtl y b o u n d e d b y a c u r v e of f ol d bif u r c ati o n s,

b ut  m ai nl y b y a c u r v e of  H o pf bif u r c ati o n s,  wit h t h e t w o bif u r c ati o n c u r v e s  m e eti n g at a

B o g d a n o v – T a k e n s ( B T) bif u r c ati o n  p oi nt, at  w hi c h t h e c h a r a ct e ri sti c e q u ati o n h a s a  d o u bl e

z e r o c h a r a ct e ri sti c v al u e.

Fi g u r e 5. 1 2 ( b) s h o w s t h e l o c u s of t h e f ol d bif u r c ati o n s, al o n g  wit h c o di m e n si o n-t w o bi -

f u r c ati o n s  w hi c h o c c u r o n t hi s b r a n c h.  Diff e r e nt li n e t y p e s / c ol o u r s a r e  u s e d t o i n di c at e t h e

n u m b e r of  u n st a bl e c h a r a ct e ri sti c v al u e s ( n ot c o u nti n g t h e z e r o c h a r a ct e ri sti c v al u e a s s o ci at e d

wit h t h e f ol d bif u r c ati o n it s elf). Si n c e ( ξ +  , γ ( ξ + ) )  →  ( θ v , γ 4 )  a s m →  ∞ , a n d µ  >  γ 4 , it f oll o w s

t h at γ ( ξ + )  <  µ  f o r all m s uf f ci e ntl y l a r g e.  A s e x pl ai n e d b ef o r e  P r o p o siti o n 5. 7 , t h e s e f ol d

bif u r c ati o n s  w hi c h o c c u r f o r γ  <  µ  al w a y s i n v ol v e a st a bl e st e a d y st at e.  T h e f ol d bif u r c ati o n s

-
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Fi g u r e 5. 1 2:  T w o p a r a m et e r ( C a s e 2) bif u r c ati o n  di a g r a m s of ( 1. 1 ) –(1. 2 )  wit h ( g ↔ , v ↑ ) 
a n d s m o ot h i n c r e a si n g v d e f n e d b y ( 1. 3 ).  T h e bif u r c ati o n  p a r a m et e r s a r e γ  a n d m ,  wit h

t h e ot h e r  p a r a m et e r s f o r all t h e  p a n el s t a k e n a s st at e d i n t h e c a pti o n t o Fi g u r e 5. 1 1 . ( a)

T h e  p a r a m et e r s p a c e i s  di vi d e d i nt o r e gi o n s  w h e r e t h e r e a r e 0, 1 o r 2 st a bl e st e a d y st at e s

a s i n di c at e d.  T h e s e r e gi o n s a r e  p a rtl y b o u n d e d b y a c u r v e of  H o pf bif u r c ati o n s ( bl a c k),

a n d  p a rtl y b y a c u r v e of f ol d bif u r c ati o n s ( bl u e).  T h e s e t w o c u r v e s  m e et i n a  B o g d a n o v –

T a k e n s ( B T) bif u r c ati o n  p oi nt at ( γ , m )  = ( 1. 1 7 9 5, 3. 0 2 0 9 ) . ( b)  T w o- p a r a m et e r c o nti n u a-

ti o n of t h e f ol d bif u r c ati o n s o nl y.  T h e f ol d c u r v e i s  d r a w n a c c o r di n g t o t h e n u m b e r of

c h a r a ct e ri sti c v al u e s  wit h  p o siti v e r e al  p a rt; s oli d bl u e f o r z e r o,  d a s h e d bl u e f o r o n e, a n d

d a s h e d li g ht bl u e f o r t h r e e.  T h e  d a s h e d v e rti c al bl u e li n e s  d e n ot e γ  =  γ 3 a n d γ  =  γ 4 ,

gi v e n b y ( 5. 3 3 ), t h e l o c ati o n of t h e f ol d bif u r c ati o n s i n t h e li miti n g c a s e a s m →  ∞ .  T h e

r e d  d a s h- d ott e d c u r v e  d e n ot e s t h e b o u n d o n t h e f ol d bif u r c ati o n s gi v e n b y ( 5. 5 9 ).  T h e r e

i s a c u s p  p oi nt at ( γ , m )  = ( 2. 0 3 2 1, 2. 1 0 5 8 ) .  T h e s a m e  B T  p oi nt i s  d et e ct e d a g ai n a s  w ell

a s t w o f ol d- H o pf  p oi nt s at ( γ , m )  = ( 1. 7 1 5 3, 2. 4 6 1 2 ) a n d ( γ , m )  = ( 1. 9 3 5 4, 2. 1 7 4 8 ) . ( c)

C o nti n u ati o n of t h e b r a n c h of  H o pf bif u r c ati o n s e m a n ati n g f r o m t h e  B T  p oi nt (i n bl a c k),

wit h t h e b r a n c h of f ol d bif u r c ati o n s s h o w n i n bl u e f o r s c al e.  T h e s e  H o pf bif u r c ati o n s

al w a y s i n v ol v e a st a bl e st e a d y st at e t h at l o s e s st a bilit y, eit h e r i n a s u p e r c riti c al  H o pf

bif u r c ati o n t o a st a bl e  p e ri o di c o r bit (t h e s oli d bl a c k c u r v e), o r i n a s u b c riti c al  H o pf

bif u r c ati o n t o a n  u n st a bl e  p e ri o di c o r bit (t h e  d ott e d- d a s h e d bl a c k c u r v e).  T w o  B a uti n

bif u r c ati o n s at ( γ , m )  = ( 1. 0 7 2 1, 4. 6 0 6 9 ) a n d ( 5. 3 3 5 2, 1. 2 9 2 9 ) w h e r e t h e c riti c alit y of t h e

H o pf bif u r c ati o n c h a n g e s a r e  d e n ot e d b y r e d st a r s. ( d)  C o nti n u ati o n of t h e b r a n c h of

H o pf bif u r c ati o n s  w hi c h  p a s s e s t h r o u g h b ot h f ol d- H o pf  p oi nt s.  T hi s bif u r c ati o n c u r v e

o nl y i n v ol v e s  u n st a bl e st e a d y st at e s.  T h e  d a s h e d bl a c k c u r v e r e p r e s e nt s  H o pf bif u r -

c ati o n s  wit h o n e  u n st a bl e ei g e n v al u e, a n d t h e  d a s h e d g r a y c u r v e  wit h t w o  u n st a bl e

ei g e n v al u e s.  T h e c h a n g e i n n u m b e r of ei g e n v al u e s  wit h  p o siti v e r e al  p a rt o c c u r s at t h e

f ol d- H o pf  p oi nt s.
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w h e r e a st a bl e st e a d y st at e i s c r e at e d / d e st r o y e d a r e s h o w n a s t h e s oli d bl u e s e g m e nt of t h e

c u r v e of f ol d bif u r c ati o n s  w hi c h i s a s y m pt oti c t o γ  =  γ 4 i n Fi g u r e 5. 1 2 ( b). I n c o nt r a st, t h e  p a rt

of t h e b r a n c h a s y m pt oti c t o γ  =  γ 3 a s m →  ∞  c o n si st s of f ol d bif u r c ati o n s of t w o  u n st a bl e

st e a d y st at e s ( wit h  diff e r e nt n u m b e r s of  u n st a bl e c h a r a ct e ri sti c v al u e s).  T h e  B T  p oi nt, al r e a d y

s e e n i n Fi g u r e 5. 1 2 ( a), s e p a r at e s t h e s e t w o  p a rt s of t h e b r a n c h of f ol d bif u r c ati o n s.  C o n s e-

q u e ntl y, o nl y  p a rt of t h e b r a n c h of f ol d bif u r c ati o n s  d eli n e at e s t h e b o u n d a r y b et w e e n r e gi o n s

of  p a r a m et e r s p a c e  wit h  diff e r e nt n u m b e r s of st a bl e st e a d y st at e s.  T hi s c o nt r a st s st a r kl y  wit h

t h e c o n st a nt  d el a y c a s e c o n si d e r e d i n S e cti o n 5. 2 a n d t h e st at e- d e p e n d e nt c a s e  wit h µ  >  γ 3

( s h o w n i n Fi g u r e 5. 1 0 ), f o r b ot h of  w hi c h st e a d y st at e s o nl y l o s e st a bilit y i n a f ol d bif u r c ati o n.

Fi g u r e 5. 1 2 ( c) s h o w s t h e  H o pf c u r v e  w hi c h t e r mi n at e s at t h e  B T  p oi nt.  We v e ri f e d n u -

m e ri c all y t h at at all  p oi nt s o n t hi s c u r v e t h e  H o pf bif u r c ati o n i s f r o m a st a bl e st e a d y st at e

t h at l o s e s st a bilit y.  Cl o s e t o t h e  B T  p oi nt, a n d at t h e ot h e r e n d of t hi s b r a n c h a s m →  ∞ , t h e

H o pf bif u r c ati o n i s s u b c riti c al l e a di n g t o a n  u n st a bl e  p e ri o di c o r bit.  B ut o n a l a r g e s e g m e nt

of t hi s c u r v e ( a n d i n  p a rti c ul a r f o r t h e s m all e st v al u e s of m o n t h e c u r v e) t h e  H o pf bif u r c ati o n

i s s u p e r c riti c al l e a di n g t o a st a bl e  p e ri o di c o r bit.  T w o  B a uti n bif u r c ati o n  p oi nt s,  w h e r e t h e

H o pf bif u r c ati o n c h a n g e s c riti c alit y, s e p a r at e t h e s u b a n d s u p e r c riti c al s e g m e nt s of t h e c u r v e.

Fi g u r e 5. 1 2 ( a) s h o w s t h e n u m b e r of st a bl e st e a d y st at e s i n t h e γ -m p a r a m et e r  pl a n e, a n d j u st

t h e  p a rt s of t h e bif u r c ati o n c u r v e s t h at  d eli n e at e t h e s e r e gi o n s.  T h e r e gi o n  wit h n o st a bl e

st e a d y st at e s c o nt ai n s a st a bl e  p e ri o di c o r bit ( b e c a u s e of t h e s u p e r c riti c al  H o pf bif u r c ati o n o n

t h e l eft- si d e of t hi s r e gi o n).

Fi g u r e 5. 1 2 ( d) s h o w s a n ot h e r c u r v e of  H o pf bif u r c ati o n s f o r t h e s a m e  p r o bl e m.  T hi s c u r v e

p a s s e s t h r o u g h t h e t w o f ol d- H o pf bif u r c ati o n  p oi nt s s e e n o n t h e c u r v e of f ol d bif u r c ati o n s

i n Fi g u r e 5. 1 2 ( b). We n oti c e t h at  w hil e t h e s e  p oi nt s a r e cl o s e t o g et h e r o n t h e b r a n c h of f ol d

bif u r c ati o n s (t h e y a r e b ot h cl o s e t o, b ut o n  diff e r e nt si d e s of, t h e c u s p  p oi nt), a s t h e i n s et

s h o w s, t h e y a r e o n  diff e r e nt l e g s of t h e b r a n c h of  H o pf  p oi nt s, a n d h e n c e f a r f r o m e a c h ot h e r

o n t hi s b r a n c h of  H o pf bif u r c ati o n s.  T h e c o di m e n si o n-t w o f ol d- H o pf bif u r c ati o n  p oi nt s a r e

of i nt e r e st, a s s u c h bif u r c ati o n s a r e i m p o s si bl e f o r t h e c o n st a nt  d el a y  m o d el of S e cti o n 5. 2 .

H o w e v e r t h e  H o pf bif u r c ati o n s s e e n i n t hi s e x a m pl e all g e n e r at e  u n st a bl e  p e ri o di c o r bit s

bif u r c ati n g f r o m  u n st a bl e st e a d y st at e s, a n d  w e  will n ot st u d y t h e m f u rt h e r.

I n Fi g u r e 5. 1 3 w e c o nti n u e o u r st u d y of t h e  d y n a mi c s s e e n i n Fi g u r e s 5. 1 1 a n d 5. 1 2 b y

s h o wi n g o n e- p a r a m et e r c o nti n u ati o n s of t h e  d y n a mi c s a n d bif u r c ati o n s a s γ  i s v a ri e d f o r

diff e r e nt  f x e d v al u e s of t h e st e e p n e s s  p a r a m et e r m i n t h e  Hill f u n cti o n (1. 3 ). F o r m s m all t h e r e

i s a  u ni q u e st a bl e st e a d y st at e f o r e a c h v al u e of γ  a n d n o bif u r c ati o n s o c c u r. F o r m >  0. 8 3 5 5

t h e r e i s still a  u ni q u e st e a d y st at e, b ut it i s  u n st a bl e b et w e e n a  p ai r of s u p e r- c riti c al  H o pf

bif u r c ati o n s,  w h e r e a b r a n c h of st a bl e  p e ri o di c o r bit s e xi st s.  T hi s i s ill u st r at e d i n Fi g u r e 5. 1 3 ( a)

f o r m =  1. 2,  w h e r e  w e s e e t h at t h e  p e ri o d of t h e  p e ri o di c o r bit s i s  m o n ot o ni c all y i n c r e a si n g

f r o m t h e l eft  H o pf  p oi nt t o t h e ri g ht  H o pf  p oi nt.

I n c r e a si n g m f u rt h e r f o r m >  1. 2 9 2 9  w e  p a s s t h e l o w e r  B a uti n bif u r c ati o n s e e n i n Fi g -

u r e 5. 1 2 ( c) a n d t h e ri g ht  H o pf  p oi nt b e c o m e s s u b c riti c al. T h e b r a n c h of  p e ri o di c o r bit s i s still

c o nti g u o u s, b ut a f ol d bif u r c ati o n of  p e ri o di c o r bit s b o r n i n t h e  B a uti n bif u r c ati o n  di vi d e s t h e

b r a n c h of  p e ri o di c o r bit s i nt o a n  u p p e r st a bl e b r a n c h a n d a l o w e r  u n st a bl e b r a n c h.  T h e  p e ri o d

i s n o l o n g e r  m o n ot o ni c all y i n c r e a si n g o n t h e b r a n c h of  p e ri o di c o r bit s, b ut att ai n s a  m a xi m u m

p e ri o d n e a r t o t h e f ol d bif u r c ati o n of  p e ri o di c o r bit s, b ut o n t h e  u n st a bl e b r a n c h of  p e ri o di c

o r bit s ( a s ill u st r at e d f o r m =  2 i n Fi g u r e 5. 1 3 ( b)).

F o r m >  2. 1 0 5 8 t h e c u s p bif u r c ati o n s e e n i n Fi g u r e 5. 1 2 ( b) i nt r o d u c e s t w o f ol d bif u r c ati o n s

of st e a d y st at e s ( s e e n f o r m =  2. 1 5 i n Fi g u r e 5. 1 3 ( c)). A s m i s i n c r e a s e d f u rt h e r t h e  m a xi m u m

p e ri o d s e e n o n t h e b r a n c h of  p e ri o di c o r bit s i n c r e a s e s  d r a m ati c all y a n d t h e  p oi nt  w h e r e t h e
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Fi g u r e 5. 1 3:  C a s e 2 o n e- p a r a m et e r bif u r c ati o n  di a g r a m s f o r ( g ↔ , v ↑ ) wit h v a r yi n g γ  

a n d  diff e r e nt  f x e d v al u e s of m ,  wit h t h e ot h e r  p a r a m et e r s t h e s a m e a s i n Fi g u r e s 5. 1 1

a n d 5. 1 2 . S oli d li n e s r e p r e s e nt st a bl e o bj e ct s i n cl u di n g st a bl e st e a d y st at e s (i n g r e e n)

a n d st a bl e  p e ri o di c o r bit s ( r e p r e s e nt e d b y t h e 2- n o r m (5. 6 0 )). D a s h e d li n e s r e p r e s e nt

u n st a bl e o bj e ct s i n cl u di n g  u n st a bl e st e a d y st at e s ( d e p e n di n g o n t h e n u m b e r of ei g e n -

v al u e s  wit h  p o siti v e r e al  p a rt, g r e e n f o r o n e, bl a c k f o r t w o a n d g r a y f o r t h r e e a n d

m o r e) a n d  u n st a bl e  p e ri o di c o r bit s ( r e p r e s e nt e d b y 2- n o r m (5. 6 0 )). H o pf bif u r c ati o n s

a r e  m a r k e d b y bl u e st a r s, f ol d bif u r c ati o n s of st e a d y st at e s b y bl a c k s q u a r e s, a n d h o -

m o cli ni c bif u r c ati o n s b y r e d ci r cl e s. F o r t h e b r a n c h of  p e ri o di c o r bit s, T l i s t h e  p e ri o d at

t h e l eft  H o pf bif u r c ati o n, a n d T r at t h e ri g ht  H o pf bif u r c ati o n.  T h e  p oi nt o n t h e b r a n c h

w h e r e t h e l a r g e st  p e ri o d, T m a x , o c c u r s i s  m a r k e d b y a b r o w n  di a m o n d.
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m a xi m u m  p e ri o d o c c u r s a p p r o a c h e s t h e i nt e r m e di at e st e a d y st at e ( s e e Fi g u r e 5. 1 3 ( d)).

C o m p a ri n g  p a n el s ( d) a n d ( e) of Fi g u r e 5. 1 3 s u g g e st s t h at ( 1. 1 )  u n d e r g o e s a c o di m e n si o n -

t w o gl o b al bif u r c ati o n b et w e e n t h e s e  p a n el s.  T h e b r a n c h e s of  p e ri o di c o r bit s e m a n ati n g f r o m

t h e  H o pf bif u r c ati o n s  w h e r e t h e st e a d y st at e s l o s e st a bilit y n o l o n g e r j oi n  u p i n  p a n el s ( e)

a n d (f). I n st e a d, e a c h b r a n c h e n d s at a h o m o cli ni c bif u r c ati o n t o t h e i nt e r m e di at e st e a d y st at e

( at  diff e r e nt v al u e s of t h e  p a r a m et e r γ ).  T h e  p a n el s s h o w n s u g g e st, b ut  d o n ot  p r o v e, t h at

a s m i s i n c r e a s e d t h e b r a n c h of  p e ri o di c o r bit s a p p r o a c h e s t h e f ol d  p oi nt  wit h T m a x →  ∞  at

t h e  f r st  p oi nt  w h e r e a h o m o cli ni c bif u r c ati o n o c c u r s. F u rt h e r e vi d e n c e i s  p r e s e nt e d i n t h e

t w o- p a r a m et e r c o nti n u ati o n of Fi g u r e 5. 1 4 ( a)  w h e r e t h e h o m o cli ni c c u r v e s s e e m t o a p p r o a c h

t h e c u r v e of f ol d s. F o r l a r g e r v al u e s of m >  2. 3, c o di m e n si o n- o n e h o m o cli ni c bif u r c ati o n s t o

t h e i nt e r m e di at e s a d dl e st e a d y st at e a r e f o u n d.  E x a m pl e s of  d y n a mi c al s y st e m s  wit h a si n gl e

b r a n c h of h o m o cli ni c bif u r c ati o n s t e r mi n ati n g at a f ol d bif u r c ati o n of st e a d y st at e s c a n b e

f o u n d i n [1 , 3 5 ]. O u r e x a m pl e i s s o m e w h at  diff e r e nt f r o m t h o s e, a s  w e h a v e t w o b r a n c h e s of

h o m o cli ni c bif u r c ati o n s.

T h e h o m o cli ni c bif u r c ati o n o n t h e b r a n c h e m a n ati n g f r o m t h e l o w e r  H o pf  p oi nt i n Fi g -

u r e s 5. 1 3 ( e) a n d (f)  d o e s n ot  p e r si st f o r l a r g e m , b ut i n st e a d t h e h o m o cli ni c bif u r c ati o n a n d t h e

H o pf bif u r c ati o n it s elf  m o v e t o w a r d s t h e f ol d bif u r c ati o n a n d t e r mi n at e at t h e  B T- p oi nt f o u n d

p r e vi o u sl y.  T hi s i s ill u st r at e d i n a t w o- p a r a m et e r c o nti n u ati o n i n Fi g u r e 5. 1 4 ( a),  w hi c h s h o w s

t h e b r a n c h of f ol d bif u r c ati o n s of st e a d y st at e s  p a s si n g t h r o u g h t h e  B T  p oi nt, n e xt t o a b r a n c h

of  H o pf bif u r c ati o n s, t h e n a b r a n c h of h o m o cli ni c bif u r c ati o n s, t h e l att e r t w o b r a n c h e s b ot h

t e r mi n ati n g at t h e  B T  p oi nt t a n g e nti al t o t h e b r a n c h of f ol d bif u r c ati o n s at t h at  p oi nt.  T hi s

i s  w ell- k n o w n b e h a vi o u r f o r  B o g d a n o v – T a k e n s bif u r c ati o n s, a n d c a n b e s e e n i n t h e n o r m al

f o r m di a g r a m f o r t hi s bif u r c ati o n i n S e cti o n 8. 4 of [ 3 5 ]. B o g d a n o v – T a k e n s bif u r c ati o n s h a v e

r e c e ntl y b e e n a n al y s e d f o r c o n st a nt d el a y  D D E s i n [ 6 ] ( w h e r e Fi g u r e s 5 a n d S 8 r e s e m bl e t h e

p a rt of Fi g u r e 5. 1 4 ( a) cl o s e t o t h e  B T  p oi nt), b ut  w e a r e n ot a w a r e of a n y s y st e m ati c st u d y of

t h e m i n st at e- d e p e n d e nt  D D E  p r o bl e m s.

W hil e i n t h e cl a s si c al  u nf ol di n g t h e bif u r c ati o n c u r v e s e xt e n d a r bit r a ril y f a r f r o m t h e  B T

p oi nt, i n o u r e x a m pl e i n Fi g u r e 5. 1 4 ( a) b ot h t h e b r a n c h of h o m o cli ni c o r bit s a n d t h e b r a n c h of

f ol d bif u r c ati o n s t e r mi n at e.  T h e b r a n c h of f ol d bif u r c ati o n s t e r mi n at e s at a c u s p bif u r c ati o n

wit h t h e ot h e r b r a n c h of f ol d bif u r c ati o n s.  T h e  p r o xi mit y of t h e c u s p  p oi nt t o t h e  B T  p oi nt

s u g g e st s t h at o u r s y st e m  m a y b e cl o s e t o a c o di m e n si o n-t h r e e  B o g d a n o v – T a k e n s – c u s p ( B T C)

p oi nt.  W hil e  w e a r e n ot a w a r e of a s y st e m ati c st u d y of t hi s bif u r c ati o n, t h e y h a v e b e e n

o b s e r v e d i n a n e u r o n  m o d el i n [ 1 ], a n d s o m e of t h e bif u r c ati o n st r u ct u r e s t h at  w e  f n d r e s e m bl e

t h o s e i n [1 ].

T h e h o m o cli ni c bif u r c ati o n o n t h e b r a n c h e m a n ati n g f r o m t h e  u p p e r  H o pf  p oi nt i n Fi g -

u r e s 5. 1 3 ( e) a n d (f) i s al s o s h o w n i n Fi g u r e 5. 1 4 ( a) a n d  p e r si st s f o r a r bit r a r y l a r g e v al u e s of m

(it  w a s al r e a d y s e e n  wit h m =  5 0 i n Fi g u r e 5. 1 1 ( a)), b ut t h e r e i s a c h a n g e i n st a bilit y o n t hi s

b r a n c h f o r m >  4. 6 0 6 9  d u e t o t h e  B a uti n bif u r c ati o n s e e n i n Fi g u r e 5. 1 2 ( c).

T h e  m a xi m u m  p e ri o d of o r bit s f r o m t h e o n e- p a r a m et e r c o nti n u ati o n s  d e s c ri b e d i n Fi g -

u r e 5. 1 3 a r e al s o s h o w n a s a c u r v e i n t w o- p a r a m et e r s p a c e i n Fi g u r e 5. 1 2 ( a). T hi s c u r v e

a p p r o a c h e s t h e ri g ht  m o st c u r v e of f ol d bif u r c ati o n s  wit h t h e  p e ri o d b e c o mi n g  u n b o u n d e d a s

it  d o e s s o.  O u r c o m p ut ati o n s of t h e t w o b r a n c h e s of h o m o cli ni c bif u r c ati o n s al s o t e r mi n at e

cl o s e t o t hi s  p oi nt.  We c o nj e ct u r e t h at t h e c o- di m e n si o n t w o of t h e h o m o cli ni c o r bit s al r e a d y

d e s c ri b e d i n Fi g u r e 5. 1 3 t h at o c c u r s  w h e r e t h e b r a n c h of  m a xi m u m  p e ri o d o r bit s t e r mi n at e s

will o c c u r o n t h e b r a n c h of f ol d bif u r c ati o n s.  T hi s  w o ul d b e c o n si st e nt  wit h t h e  p r e vi o u sl y

m e nti o n e d e x a m pl e s of c u r v e s of h o m o cli ni c bif u r c ati o n s  w hi c h t e r mi n at e at f ol d bif u r c ati o n s

[1 ,3 5 ].
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Fi g u r e 5. 1 4: ( a)  Bif u r c ati o n  di a g r a m n e a r t h e  B o g d a n o v – T a k e n s  p oi nt s h o w n i n Fi g -

u r e 5. 1 2 f o r ( g ↔ , v ↑ ) s h o w s a b r a n c h of  H o pf bif u r c ati o n s a n d a b r a n c h of h o m o cli ni c

bif u r c ati o n s e m e r gi n g f r o m t h e  B T  p oi nt.  T h e  d a s h e d b r o w n li n e  d e n ot e s t h e  p oi nt i n

p a r a m et e r s p a c e  w h e r e t h e l a r g e st  p e ri o d  w a s e n c o u nt e r e d o n t h e b r a n c h e s of  p e ri o di c

o r bit s s h o w n i n Fi g u r e 5. 1 3 , wit h t h e  p e ri o d s h o w n i n t h e l o w e r i n s et.  T h e  u p p e r i n -

s et s h o w s t h e o r d e ri n g of t h e c u r v e s e m e r gi n g f r o m t h e  B T  p oi nt. ( b)  P r o fl e of t h e

u n st a bl e  p e ri o di c o r bit  wit h  p a r a m et e r s β  =  1. 4, µ  =  0. 2, g −  =  g + =  1, m =  2. 3 5,

γ  =  1. 7 5 5 0, θ v =  1, a =  1, v −  =  0. 1, a n d v + =  2.  T h e bl u e c u r v e s h o w s t h e  p e ri o di c

o r bit  wit h  p e ri o d T =  1 8 3. I n t h e i n s et t h e  p a rt of t h e  p e ri o di c o r bit (i n bl u e) n e a r

t o t h e i nt e r m e di at e st e a d y st at e i s o v e rl a y e d b y a li n e a r a p p r o xi m ati o n t o t h e  d y n a m -

i c s i n r e d ( s e e t e xt f o r  d et ail s). ( c)  P r oj e cti o n of t h e  p e ri o di c o r bit f r o m ( b) o nt o t h e

s p a c e ( x ( t) , x ( t −  τ / 2 ) , x ( t −  τ ) )  w h e r e τ  =  5. 1 9 2 6 i s c h o s e n t o b e t h e  d el a y at t h e i n -

t e r m e di at e st e a d y st at e r e p r e s e nt e d b y t h e o r a n g e  d ot.  T h e s oli d bl a c k li n e r e p r e s e nt s

t h e  d o mi n a nt o n e- di m e n si o n al li n e a r st a bl e  m a nif ol d a s s o ci at e d  wit h t h e c h a r a ct e ri s -

ti c v al u e − 0. 0 4 5.  T h e  p a r all el o g r a m  d e n ot e s t h e  pl a n e a s s o ci at e d  wit h t h e  d o mi n a nt

u n st a bl e c h a r a ct e ri sti c v al u e s λ  =  0. 0 1 8 4 ±  1. 4 7 3 8 i.

I n Fi g u r e 5. 1 4 ( b) a n d ( c) w e  di s pl a y o n e of t h e  p e ri o di c o r bit s f o r m =  2. 3 5 f r o m t h e l o w e r

b r a n c h of  p e ri o di c o r bit s s h o w n i n Fi g u r e 5. 1 3 ( e). T h e o r bit i s s h o w n cl o s e t o t h e h o m o cli ni c

bif u r c ati o n at t h e e n d of t h e b r a n c h, f o r  w hi c h t h e  p e ri o d i s l a r g e. Fi g u r e 5. 1 4 ( c) s h o w s a

p h a s e s p a c e  p r oj e cti o n of t h e  p a rt of t h e o r bit cl o s e t o t h e i nt e r m e di at e st e a d y st at e. I n t hi s

p r oj e cti o n t h e o r bit a p p r o a c h e s t h e s a d dl e st e a d y st at e f r o m a b o v e cl o s e t o t h e  d o mi n a nt

st a bl e  di r e cti o n ( a s s o ci at e d  wit h t h e c h a r a ct e ri sti c v al u e  wit h n e g ati v e r e al  p a rt cl o s e st t o z e r o

w hi c h i s λ  =  − 0. 0 4 5), b ut  wit h a g r o wi n g o s cill ati o n a b o ut t hi s  p oi nt i n t h e  pl a n e  d e f n e d

b y t h e  d o mi n a nt  u n st a bl e  di r e cti o n ( a s s o ci at e d  wit h t h e c h a r a ct e ri sti c v al u e  wit h  p o siti v e

r e al  p a rt cl o s e st t o z e r o  w hi c h i s λ  =  0. 0 1 8 4 ±  1. 4 7 3 8 i).  T o f u rt h e r c o n f r m t h at t hi s li n e a r

n 
0. 3 

0. 1 
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b e h a vi o u r i s  d et e r mi ni n g t h e  d y n a mi c s n e a r t o t h e i nt e r m e di at e st e a d y st at e x ∗  , i n t h e i n s et

of Fi g u r e 5. 1 4 ( b) w e  pl ot i n r e d t h e c u r v e

∗  − 0. 0 4 5 t 0. 0 1 8 4 tx ( t)  =  x +  k 1 e +  k 2 e c o s ( 1. 4 7 3 8 t) ,

f o r s uit a bl y c h o s e n c o ef f ci e nt s k j, a n d o b s e r v e t h at it o v e rl a y s t h e  p e ri o di c s ol uti o n o v e r  m o st

of t h e ti m e i nt e r v al s h o w n.  T hi s b e h a vi o r i s si mil a r t o t h at a s s o ci at e d  wit h S hil ni k o v t y p e

c o m pl e x  d y n a mi c s, b ut i n c o nt r a st  wit h t h e c o n st r u cti o n of a c h a oti c att r a ct o r of S hil ni k o v

t y p e, t h e  p e ri o di c o r bit  pi ct u r e d i n Fi g u r e 5. 1 4 ( b) a n d ( c) i s  u n st a bl e.

x

T

( a )  x ( b )  

T

γ  

γ γ  

γ  

t t

Fi g u r e 5. 1 5:  P r o fl e s a n d  p e ri o d s of  p e ri o di c o r bit s o n t h e b r a n c h e s t h at a p p r o a c h h o -

m o cli ni c bif u r c ati o n s i n Fi g u r e 5. 1 3 ( e)  wit h m =  2. 3 5 f o r ( a) t h e  u n st a bl e  p e ri o di c o r bit s

o n t h e b r a n c h e m a n ati n g f r o m t h e s u b c riti c al  H o pf bif u r c ati o n at γ  =  1. 7 3 4, a n d ( b) t h e

st a bl e  p e ri o di c o r bit s o n t h e b r a n c h e m a n ati n g f r o m t h e s u p e r c riti c al  H o pf bif u r c ati o n

at γ  =  1. 2 4 0.

Fi g u r e 5. 1 5 ( a) a n d ( b) s h o w s t h e  p r o fl e s a n d  p e ri o d s o n t h e t w o b r a n c h e s of  p e ri o di c

s ol uti o n s s e e n i n Fi g u r e 5. 1 3 ( e).  C o m p a ri n g t h e s e t w o  p a n el s  w e s e e t h at t h e  p e ri o di c o r bit s

o n t h e t w o b r a n c h e s a r e v e r y  diff e r e nt,  wit h t h e  u n st a bl e o r bit i n Fi g u r e 5. 1 5 ( a) h a vi n g a s m all

a m plit u d e a n d  wit h x ( t) b el o w t h e st e a d y st at e v al u e al o n g t h e  w h ol e o r bit o n t h e e nti r e

b r a n c h. I n c o nt r a st st a bl e  p e ri o di c o r bit s s h o w n i n  p a n el ( b) h a v e  m u c h l a r g e r a m plit u d e.

C a s e 3: It r e m ai n s t o c o n si d e r t h e c a s e  w h e r e µ  <  γ 4 <  γ 3 .  M a ki n g a s m all c h a n g e t o

t h e  p a r a m et e r s c o n si d e r e d i n t h e e x a m pl e i n Fi g u r e s 5. 1 1 t o 5. 1 5 b y c h a n gi n g t h e v al u e of β  

f r o m β  =  1. 4 t o β  =  2 b ut l e a vi n g t h e v al u e s of t h e ot h e r  p a r a m et e r s  u n c h a n g e d, r e s ult s i n

µ  =  0. 2 <  γ 4 =  0. 2 7 0 7 <  γ 3 =  1. 8 0 9 7.  H o w e v e r, alt h o u g h µ  <  γ 4 i n t hi s c a s e µ  i s cl o s e t o γ 4

a n d t h e  d y n a mi c s a n d bif u r c ati o n s a r e v e r y si mil a r t o t h o s e s h o w n i n Fi g u r e 5. 1 1 , s o  w e  d o

n ot s h o w t h e m h e r e. I n st e a d i n Fi g u r e 5. 1 6 w e c o n si d e r a n e x a m pl e  wit h µ  ≪  γ 4 <  γ 3 .

T h e o r e m 5. 9 s u g g e st s t h at st a bilit y  m a y b e l o st i n eit h e r a  H o pf o r a f ol d bif u r c ati o n,

b ut f o r t h e e x a m pl e i n Fi g u r e 5. 1 6 wit h µ  ≪  γ 4 w e s e e t h at t h e st e a d y st at e al w a y s l o s e s

st a bilit y at a  H o pf bif u r c ati o n.  U nli k e t h e  p r e vi o u s e x a m pl e, t h e r e i s n o l o n g e r a  B T  p oi nt,

a n d f o r all m s uf f ci e ntl y l a r g e t h e st e a d y st at e l o s e s st a bilit y i n a s u b c riti c al  H o pf bif u r c ati o n

cl o s e t o t h e f ol d bif u r c ati o n, r e s ulti n g i n a s h o rt b r a n c h of  p e ri o di c o r bit s t h at t e r mi n at e s i n

a h o m o cli ni c bif u r c ati o n t o t h e i nt e r m e di at e st e a d y st at e c r e at e d at t h e f ol d bif u r c ati o n, a s

ill u st r at e d f o r m =  5 0 i n Fi g u r e 5. 1 6 ( b) –( d). F o r m s m all, b el o w t h e c u s p bif u r c ati o n at m =  

5. 0 0 0 7, γ  =  0. 7 5 7 2, t h e  H o pf bif u r c ati o n s a r e s u p e r c riti c al l e a di n g t o a b r a n c h of st a bl e  p e ri o di c

o r bit s b et w e e n t h e  H o pf bif u r c ati o n s, si mil a r t o Fi g u r e 5. 1 3 ( a). A s s e e n i n Fi g u r e 5. 1 6 ( b) t h e

H o pf bif u r c ati o n s a n d h o m o cli ni c  p oi nt s a r e v e r y cl o s e t o t h e f ol d bif u r c ati o n s.  T hi s  m a k e s

1. 7 5 5 1. 7 8 0 

3 ::I: J 
1. 2 4 1. 7 8 

4 

2 

, Wl 
I I 

0. 1 8 
1 1 2 

0. 9 1 
0. 4 

ll 1. 7 3 3  1. 7 5 5 

1. 7 3 4 0 
u _ 

1. 2 4 0 
0  2 0 0  4 0 0 0 5 0  1 0 0 
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Fi g u r e 5. 1 6: Bif u r c ati o n  di a g r a m s of ( 1. 1 ) –(1. 2 )  wit h ( g ↔ , v ↑ ) a n d  p a r a m et e r s β  =  1,
µ  =  0. 1, g −  =  g + =  1, θ v =  1, a =  2, v −  =  0. 2 a n d v + =  1. B y ( 5. 3 3 ) t hi s i m pli e s µ  <  
γ 4 =  0. 3 6 7 9 <  γ 3 =  0. 8 1 8 7 ( C a s e 3). ( a)  T h e li miti n g c a s e  wit h v d e f n e d b y ( 1. 7 ). T h e

st a bl e st e a d y st at e i s s h o w n a s a g r e e n s oli d li n e, a n d t h e si n g ul a r st e a d y st at e a s a bl a c k

d a s h e d li n e. ( b)  Wit h s m o ot h v el o cit y n o nli n e a rit y v d e f n e d b y ( 1. 3 )  wit h m =  5 0. S oli d

li n e s r e p r e s e nt st a bl e st e a d y st at e s (i n g r e e n).  D a s h e d li n e s r e p r e s e nt  u n st a bl e o bj e ct s

i n cl u di n g  u n st a bl e st e a d y st at e s ( d e p e n di n g o n t h e n u m b e r of ei g e n v al u e s  wit h  p o siti v e

r e al  p a rt, g r e e n f o r o n e, a n d g r a y f o r t h r e e a n d  m o r e) a n d  u n st a bl e  p e ri o di c o r bit s

( r e p r e s e nt e d b y 2- n o r m (5. 6 0 )). ( c) a n d ( d)  P r o fl e s a n d  p e ri o d s of t h e  p e ri o di c o r bit s o n

t h e b r a n c h e s s h o w n i n ( b) t h at t e r mi n at e at h o m o cli ni c bif u r c ati o n s a n d e m a n at e f r o m

t h e s u b c riti c al  H o pf bif u r c ati o n s at ( c) γ  =  0. 4 1 7 5 a n d ( d) γ  =  0. 7 5 8. ( e)  T w o- p a r a m et e r

c o nti n u ati o n s i n m a n d γ  of t h e f ol d a n d t h e  H o pf bif u r c ati o n s  wit h ot h e r  p a r a m et e r s

a s a b o v e.  T h e  d a s h e d v e rti c al bl u e li n e s  d e n ot e γ  =  γ 3 a n d γ  =  γ 4 t h e l o c ati o n of t h e

f ol d bif u r c ati o n s i n t h e li miti n g c a s e a s m →  ∞ .  T h e r e d  d a s h- d ott e d c u r v e  d e n ot e s

t h e b o u n d o n t h e f ol d bif u r c ati o n s. (f)  T w o  p a r a m et e r c o nti n u ati o n of t h e c u r v e of

H o pf bif u r c ati o n s,  wit h t h e t w o  B a uti n bif u r c ati o n  p oi nt s a n d t h e c riti c alit y of t h e  H o pf

bif u r c ati o n i n di c at e d.  T h e  H o pf bif u r c ati o n s  d eli n e at e t h e  p a r a m et e r s p a c e i nt o r e gi o n s

w h e r e t h e r e i s 0, 1 o r t w o st a bl e st e a d y st at e s, a s i n di c at e d.  Al s o s h o w n i n t h e i n s et s i s

t h e  m a xi m u m  p e ri o d c u r v e ( si mil a r t o Fi g u r e s 5. 1 3 a n d 5. 1 4 ),  w hi c h t e r mi n at e s at t h e

p oi nt  m a r k e d F h 2 wit h i n f nit e  p e ri o d.
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n u m e ri c al c o nti n u ati o n of t h e b r a n c h e s of h o m o cli ni c bif u r c ati o n s v e r y  d eli c at e, a n d s o  w e

d o n ot s h o w t h e c u r v e s of h o m o cli ni c bif u r c ati o n s i n t h e t w o  p a r a m et e r c o nti n u ati o n s i n

Fi g u r e 5. 1 6 ( e) a n d (f). I n st e a d i n t h e i n s et s i n Fi g u r e 5. 1 6 (f) w e s h o w t h e c u r v e f o r m e d b y

t h e  p e ri o di c o r bit s of  m a xi m u m  p e ri o d s f r o m t h e o n e- p a r a m et e r c o nti n u ati o n s i n γ ; a s  w a s

d o n e i n c a s e ( b) i n Fi g u r e s 5. 1 3 a n d 5. 1 4 . T hi s c u r v e i s b o r n f r o m t h e  B a uti n bif u r c ati o n  p oi nt

a n d t e r mi n at e s at t h e  p oi nt l a b ell e d F h 2 o n t h e c u r v e of f ol d bif u r c ati o n s,  w h e r e t h e  p e ri o d

b e c o m e s i n f nit e.  We e x p e ct t w o c u r v e s of h o m o cli ni c bif u r c ati o n s t o b e b o r n at t hi s  p oi nt,

a n d t o  p e r si st f o r a r bit r a ril y l a r g e m ( a s s e e n i n ( b) f o r m =  5 0).

5. 5 S u m m ar y

We b ri e f y s u m m a ri z e t h e r e s ult s of S e cti o n 5 . We h a v e s e p a r at el y st u di e d c a s e s  wit h c o n st a nt

d el a y a n d  d e c r e a si n g ( S e cti o n 5. 1 ) a n d i n c r e a si n g ( S e cti o n 5. 2 ) f u n cti o n g , a n d t h e n t h e c a s e s

wit h c o n st a nt g b ut  wit h st at e  d e p e n d e nt  d el a y  wit h v el o cit y v d e c r e a si n g ( S e cti o n 5. 3 ) o r

i n c r e a si n g ( S e cti o n 5. 4 ).  T h e s e r e s ult s c a n b e c o m p a r e d b et w e e n c o n st a nt a n d st at e- d e p e n d e nt

c a s e s b ut  wit h t h e s a m e t y p e of n o nli n e a rit y ( S e cti o n 5. 1 a n d 5. 3 , a n d S e cti o n 5. 2 a n d 5. 4 ), o r

b et w e e n t h e t w o t y p e s of n o nli n e a rit y  wit h t h e s a m e t y p e of  d el a y ( S e cti o n 5. 1 a n d 5. 2 , a n d

S e cti o n 5. 3 a n d 5. 4 ), a s  w e  will  d o b el o w.

I n g e n e r al, t h e  d y n a mi c s  wit h st at e- d e p e n d e nt  d el a y i s si g ni f c a ntl y ri c h e r t h a n t h at of t h e

c o r r e s p o n di n g c o n st a nt  d el a y c a s e. F o r  d e c r e a si n g n o n-li n e a rit y ( S e cti o n 5. 1 v s S e cti o n 5. 3 )

i n t h e c o n st a nt  d el a y c a s e t h e r e i s a r a n g e ( γ 1 , γ 2 )  of t h e  p a r a m et e r γ  w h e r e t h e  u ni q u e

e q uili b ri u m  u n d e r g o e s a s e ri e s of  H o pf bif u r c ati o n s a s t h e  Hill c o ef f ci e nt n →  ∞  ( Fi g u r e 5. 2 ).

I n c o nt r a st, i n t h e st at e  d e p e n d e nt c a s e a n e w c o n st r ai nt b e c o m e s i m p o rt a nt a s  w e s h o w t h at

H o pf bif u r c ati o n s c a n o nl y o c c u r f o r γ  <  µ .  T h e r ef o r e, if t h e µ  i s b el o w t h e r a n g e ( γ 3 , γ 4 )  

t h e  u ni q u e e q uili b ri u m i s al w a y s st a bl e ( Fi g u r e 5. 6 ),  w h e n it i s a b o v e ( γ 3 , γ 4 )  w e r e c o v e r t h e

r e s ult f r o m S e cti o n 5. 1 ( Fi g u r e 5. 8 ), a n d  w h e n µ  ∈  ( γ 3 , γ 4 ) , t h e r e s ult of S e cti o n 5. 1 i s c o n f n e d

t o v al u e s of γ  ∈  ( γ 3 , γ 4 )  ∩ { γ  <  µ }  = ( γ 3 , µ ) ; s e e Fi g u r e 5. 7 .

W h e n t h e f e e d b a c k n o nli n e a rit y i s i n c r e a si n g  wit h c o n st a nt  d el a y ( S e cti o n 5. 2 ) t h e s y st e m

h a s  m ulti pl e e q uili b ri a f o r γ  i n a n i nt e r v al  w hi c h a p p r o a c h e s ( γ 2 , γ 1 )  i n t h e li mit a s t h e

f e e d b a c k n o nli n e a rit y a p p r o a c h e s a  pi e c e wi s e c o n st a nt f u n cti o n.  T h e st a bl e e q uili b ri a al w a y s

l o s e st a bilit y at f ol d bif u r c ati o n s at t h e e n d s of t h e i nt e r v al, l e a di n g t o bi st a bilit y of st e a d y

st at e s f o r t hi s i nt e r v al of γ  v al u e s.  H o pf bif u r c ati o n s c a n o nl y o c c u r o n t h e  mi d dl e b r a n c h of

u n st a bl e e q uili b ri a.

A s  d o c u m e nt e d i n S e cti o n 5. 4 , t hi s s c e n a ri o c h a n g e s  d r a m ati c all y f o r st at e  d e p e n d e nt  d e-

l a y s. F o r i n c r e a si n g v t h e r e i s a g ai n a c o n st r ai nt a n d  w e s h o w t h at  H o pf bif u r c ati o n s c a n o nl y

o c c u r f o r γ  >  µ .  C o n s e q u e ntl y if µ  >  γ 3 t h e r e a r e  n o  H o pf bif u r c ati o n s.  O n t h e ot h e r h a n d,

w h e n µ  <  γ 3 n e w  d y n a mi c s a r e o b s e r v e d. I n t hi s c a s e st a bl e e q uili b ri a c a n n o w l o s e st a bilit y

i n a  H o pf bif u r c ati o n a n d t h e i nt e r a cti o n of t h e  H o pf a n d f ol d bif u r c ati o n c u r v e s i n t w o-

p a r a m et e r c o nti n u ati o n i n γ  a n d t h e  Hill c o ef f ci e nt l e a d s t o e xi st e n c e of  B o g d a n o v – T a k e n s

p oi nt s, f ol d- H o pf  p oi nt s a n d a  p o s si bl e  d o u bl e h o m o cli ni c bif u r c ati o n.  T hi s l a st s c e n a ri o,

d o c u m e nt e d i n Fi g u r e 5. 1 3 , s u g g e st s t h at a c u r v e of  p e ri o di c o r bit s c o n n e cti n g s u b c riti c al a n d

s u p e r c riti c al  H o pf bif u r c ati o n s of t h e st a bl e e q uili b ri a, c olli d e s  wit h a f ol d bif u r c ati o n  w h e r e

t h e e q uili b ri u m al s o a d mit s a h o m o cli ni c o r bit.  C o nti n u ati o n of t h e c u r v e of  p e ri o di c o r bit s

i n t w o- p a r a m et e r s p a c e s u g g e st s t h at t h e c u r v e s plit s i nt o t w o c u r v e s of  p e ri o di c o r bit s e a c h

t e r mi n ati n g at a h o m o cli ni c bif u r c ati o n at t h e  mi d dl e e q uili b ri u m b r a n c h, b ut at  diff e r e nt v al -

u e s of  p a r a m et e r γ .  A l e s s  d r a m ati c r e s ult, b ut  p e r h a p s  m o r e i m p o rt a nt f o r a p pli c ati o n s, i s

t h e o b s e r v ati o n of bi st a bilit y b et w e e n a st a bl e  f x e d  p oi nt a n d a st a bl e  p e ri o di c o r bit i n Fi g -
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u r e 5. 1 3 ( b), a s c e n a ri o t h at i s i m p o s si bl e i n t h e c o n st a nt  d el a y c a s e of t h e  G o o d wi n o p e r o n

m o d el c o n si d e r e d i n S e cti o n s 5. 1 a n d 5. 2 .

6  D y n a mi c s  wit h t w o  Hill f u n cti o n s

We n o w c o n si d e r t h e  m o d el (1. 1 ), (1. 2 )  wit h b ot h t h e f u n cti o n s g a n d v n o n- c o n st a nt at t h e

s a m e ti m e. I n t h e li miti n g c a s e t h e s e f u n cti o n s a r e  d e f n e d b y (1. 6 ) a n d (1. 7 ), a n d  w h e n

θ v ≠  θ g , t h e st e p s i n t h e f u n cti o n s o c c u r f o r  diff e r e nt v al u e s of x , s o t h e y r e d u c e t o t h e c a s e s

c o n si d e r e d i n S e cti o n 5 wit h v c o n st a nt f o r x i n a n ei g h b o u r h o o d of θ g , a n d g c o n st a nt f o r x

i n a n ei g h b o u r h o o d of θ v .  Wit h s m o ot h n o nli n e a riti e s  d e f n e d b y ( 1. 3 ) a n d l a r g e e x p o n e nt s

m ≫  0, n ≫  0,  w h e n θ v ≠  θ g w e  will s e e  d y n a mi c s a n d bif u r c ati o n s n e a r x =  θ g si mil a r t o

t h o s e o b s e r v e d i n S e cti o n s 5. 1 a n d 5. 2 , a n d si mil a r t o S e cti o n s 5. 3 a n d 5. 4 n e a r x =  θ v .  O n t h e

ot h e r  h a n d,  w h e n θ v =  θ g n e w  d y n a mi c s a r e o b s e r v e d.

R e c all t h e n ot ati o n ( g ↓ , v ↓ ) t h at i n di c at e s t h e  m o n ot o ni cit y t y p e of f u n cti o n s g a n d v ,

i nt r o d u c e d i n S e cti o n 1 . N ot e t h at if v −  >  v +  t h e n v ( x ) i s a  d e c r e a si n g f u n cti o n of x , t h e n τ ( x ) 

gi v e n b y ( 5. 1 ) i s a n i n c r e a si n g f u n cti o n of x , a n d t h e r ef o r e e − µ τ ( x ) i s a  d e c r e a si n g f u n cti o n of x .

It f oll o w s i m m e di at el y t h at f o r ( g ↓ , v ↓ ) t h e f u n cti o n h ( x ) ( s e e (5. 2 )) i s st ri ctl y  m o n ot o ni c all y

d e c r e a si n g a n d h e n c e f o r g a n d v b ot h  m o n ot o ni c all y  d e c r e a si n g t h e r e i s e x a ctl y o n e st e a d y

st at e.

If eit h e r o r b ot h of g o r v i s i n c r e a si n g t h e n it i s  p o s si bl e t o h a v e f ol d bif u r c ati o n s a n d

a d diti o n al st e a d y st at e s.  T o s e e t hi s, c o n si d e r a st e a d y st at e ξ  wit h b ot h v a n d g gi v e n b y ( 1. 3 ),

i n  w hi c h c a s e t h e c h a r a ct e ri sti c e q u ati o n h a s t h e f o r m (4. 8 ),  w hi c h c a n b e  w ritt e n a s ∆ ( λ )  =  0

wit h Z  0
− λ τ ( ξ ) −  µ A ( ξ )∆ ( λ )  =  λ  +  γ ( ξ ) −  A ( ξ ) −  ( Q ( ξ ) −  A ( ξ ) ) e e λ s d s ( 6. 1)

− τ ( ξ ) 

w h e r e ( r e c alli n g (4. 4 ) a n d (5. 1 5 ))

ξ g ′ ( ξ )  v ′ ( ξ )  ξ v ′ ( ξ )− µ τ ( ξ ) − µ τ ( ξ )Q ( ξ )  :=  β e g ′ ( ξ )  =  γ  , A ( ξ )  =  β  e g ( ξ )  =  γ  .
g ( ξ ) v ( ξ ) v ( ξ ) 

T h e  p r o p e rti e s of A ( ξ ) a n d Q ( ξ ) w e r e al r e a d y  d e s c ri b e d i n  P r o p o siti o n 5. 1 . N o w

Z  0
∆ ( 0 )  =  γ ( ξ ) −  Q ( ξ ) −  µ A ( ξ ) 1 d s =  γ ( ξ ) −  Q ( ξ ) −  µ τ ( ξ ) A ( ξ ) 

− τ ( ξ )
� �ξ g ′ ( ξ )  ξ v ′ ( ξ )  

=  γ ( ξ ) 1 −  −  µ τ ( ξ ) .
g ( ξ ) v ( ξ ) 

H e n c e, λ  =  0 i s a c h a r a ct e ri sti c v al u e if a n d o nl y if

ξ g ′ ( ξ )  ξ v ′ ( ξ )
M ( ξ ) :=  +  µ τ ( ξ ) −  1 =  0. ( 6. 2)

g ( ξ ) v ( ξ ) 

I n a d diti o n,  w e n ot e t h at M ( ξ ) >  0 i m pli e s t h at ∆ ( 0 ) <  0.  At t h e s a m e ti m e, f o r r e al λ  t h e

c h a r a ct e ri sti c f u n cti o n s ati s f e s ∆ ( λ ) →  + ∞  a s λ  →  + ∞ .  We c o n cl u d e t h at  w h e n M ( ξ ) >  0

t h e r e i s a r e al  p o siti v e c h a r a ct e ri sti c v al u e a n d h e n c e t h e st e a d y st at e i s  u n st a bl e.

We n o w s h o w t h at f ol d bif u r c ati o n s o c c u r w h e n ( 6. 2 ) i s s ati s f e d.  T o t h at e n d, c o n si d e r t h e

c u r v e of s ol uti o n s ( γ ( ξ ) , ξ ) w h e r e γ ( ξ ) i s  d e f n e d b y

β g ( ξ ) − µ τ ( ξ )γ ( ξ )  =  e , ( 6. 3)
ξ  
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w hi c h b y ( 5. 2 ) i s t h e l o c u s of st e a d y st at e s i n t h e ( γ , ξ ) - pl a n e.  Diff e r e nti ati n g t hi s r el ati o n s hi p

wit h r e s p e ct t o ξ  w e  f n d

γ ( ξ ) γ ( ξ ) g ′ ( ξ )
γ ′ ( ξ )  =  −  +  −  γ ( ξ ) µ τ ′ ( ξ ) .

ξ  g ( ξ ) 

U si n g ( 5. 5 4 ) w e o bt ai n

� �
ξ g ′ ( ξ )  ξ v ′ ( ξ )

ξ γ ′ ( ξ )  =  γ ( ξ )  +  µ τ ( ξ ) −  1 =  γ ( ξ ) M ( ξ ) . ( 6. 4)
g ( ξ ) v ( ξ ) 

H e n c e s g n ( γ ′ ( ξ ) )  =  s g n ( M ( ξ ) ) , a n d γ ′ ( ξ )  c h a n g e s si g n  w h e n M ( ξ ) d o e s,  w hi c h e n s u r e s t h at

f ol d bif u r c ati o n s o c c u r at t h e s e  p oi nt s i n t h e ( γ , ξ ) - pl a n e.

N ot e t h at t hi s i s a  di r e ct g e n e r ali s ati o n of t h e f ol d bif u r c ati o n s f o u n d i n S e cti o n 5 a s (6. 2 )

r e d u c e s t o ( 5. 2 7 )  w h e n v i s a c o n st a nt f u n cti o n, a n d t o ( 5. 5 2 )  w h e n g i s c o n st a nt.

N e xt  w e  d et e r mi n e  w h e n  H o pf bif u r c ati o n s  m a y a ri s e f o r t h e g e n e r al c a s e  w h e r e b ot h g

a n d v a r e n o n- c o n st a nt. F o r λ  ≠  0,  u si n g ( 6. 1 ) w e c a n r e w rit e t h e c h a r a ct e ri sti c e q u ati o n

∆ ( λ )  =  0 a s
− λ τ ( ξ ) )  

�  µ  �  
− λ τ ( ξ )λ  =  − γ  +  A ( ξ ) ( 1 −  e 1 +  +  Q ( ξ ) e . ( 6. 5)

λ  

At a  H o pf bif u r c ati o n  w e s et λ  =  iω ,  wit h ω  ≠  0, a n d f r o m (6. 5 ) o bt ai n

�  �  
− iω τ  )  

µ  − iω τ  iω  =  − γ  +  A ( ξ ) ( 1 −  e 1 +  + Q ( ξ ) e
iω  

�
ω 2 −  iω µ  

�  

=  − γ  +  A ( ξ ) ( 1 −  c o s ω τ  +  i si n ω τ ) +  Q ( ξ ) ( c o s ω τ  −  i si n ω τ ) .
ω 2

T a ki n g r e al a n d i m a gi n a r y  p a rt s, t hi s r e d u c e s t o

� �µ
γ  =  A ( ξ ) 1 −  c o s ω τ  +  si n ω τ  +  Q ( ξ ) c o s ω τ , ( 6. 6)

ω� �µ
ω  =  A ( ξ ) si n ω τ  −  ( 1 −  c o s ω τ ) −  Q ( ξ ) si n ω τ . ( 6. 7)

ω  

N ot e t h at  w h e n ω τ  =  2 k π  f o r k ∈  Z  t h e l a st e q u ati o n r e a d s ω  =  0,  w hi c h c o nt r a di ct s t h e

r e q ui r e m e nt t h at ω  ≠  0 f o r a  H o pf bif u r c ati o n. It f oll o w s t h at at a  H o pf bif u r c ati o n

| c o s ( ω τ ) | <  1. ( 6. 8)

T h e e q u ati o n s ( 6. 6 ) a n d (6. 7 ) c a n e a c h b e r e a r r a n g e d i n t w o  w a y s:  f r st, a s A ( ξ ) ( 1 −  

c o s ω τ )  =  ot her ter ms , o r, s e c o n d, a s A ( ξ ) si n ω τ  =  ot her ter ms .  D oi n g s o, t h e n e q u ati n g

t h e s a m e e x p r e s si o n s f r o m t h e t w o e q u ati o n s gi v e s

A ( ξ ) si n ω τ ( ω 2 +  µ 2 )  =  ω ( γ µ  +  ω 2 )  +  Q ( ξ ) ( ω  si n ω τ  −  µ  c o s ω τ ) , ( 6. 9)

A ( ξ ) ( 1 −  c o s ω τ ) ( ω 2 +  µ 2 )  =  ω 2 ( γ  −  µ ) −  Q ( ξ ) ( ω 2 c o s ω τ  +  µ ω  si n ω τ ) . ( 6. 1 0)

N ot e t h at  w h e n g + =  g −  s o g i s c o n st a nt a n d Q ( ξ )  =  0 t h e s e e q u ati o n s r e d u c e t o (5. 4 1 ) a n d

(5. 4 2 ). O n t h e ot h e r h a n d  w h e n v + =  v −  s o v ′ ( ξ )  =  0 a n d h e n c e A ( ξ )  =  0, e q u ati o n s ( 6. 9 )

a n d ( 6. 1 0 ) c a n b e s h o w n t o r e d u c e t o ( 5. 1 3 ) a n d (5. 1 4 ).

U si n g ( 6. 8 ), t h e l eft- h a n d si d e of (6. 1 0 ) h a s t h e si g n of A ( ξ ) ( r e c all al s o (5. 4 1 )  w hi c h h a s a n

i d e nti c al l eft- h a n d si d e).
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W h e n Q ( ξ )  =  0, t h e ri g ht- h a n d si d e of ( 6. 1 0 ) h a s t h e si g n of γ  −  µ . F o r t h e g e n e r al c a s e

wit h Q ( ξ ) ≠  0, si n c e | c o s ω τ |  ≤ 1 a n d | si n ω τ |  ≤ ω τ ,  w e o bt ai n

|Q ( ξ ) ( ω 2 c o s ω τ  +  µ ω  si n ω τ ) |  ≤ |Q ( ξ ) |( ω 2 | c o s ω τ | +  µ ω | si n ω τ |) ≤ | Q ( ξ ) |ω 2 ( 1 +  µ τ ) .

T h e n,  w h e n A ( ξ ) <  0, a n d h e n c e v i s a  d e c r e a si n g f u n cti o n, t h e l eft- h a n d si d e of (6. 1 0 ) i s

n e g ati v e,  w hil e t h e ri g ht- h a n d si d e s ati s f e s

ω 2 ( γ  −  µ ) −  Q ( ξ ) ( ω 2 c o s ω τ  +  µ ω  si n ω τ ) ≥  ω 2 ( γ  −  µ ) − | Q ( ξ ) |ω 2 ( 1 +  µ τ ) 

=  ω 2 ( γ  −  µ  − | Q ( ξ ) |( 1 +  µ τ ) ) . ( 6. 1 1)

C o n s e q u e ntl y, t h e r e c a n b e n o  H o pf bif u r c ati o n s if γ  >  µ  +  |Q ( ξ ) |( 1 +  µ τ ) .

Si mil a rl y f o r t h e c a s e t h at A ( ξ ) >  0 ( a n d h e n c e v i s a n i n c r e a si n g f u n cti o n), t h e l eft- h a n d

si d e of ( 6. 1 0 ) i s  p o siti v e,  w hil e t h e ri g ht- h a n d si d e s ati s f e s

ω 2 ( γ  −  µ ) −  Q ( ξ ) ( ω 2 c o s ω τ  +  µ ω  si n ω τ ) ≤  ω 2 ( γ  −  µ )  +  |Q ( ξ ) |ω 2 ( 1 +  µ τ ) 

=  ω 2 ( γ  −  µ  +  |Q ( ξ ) |( 1 +  µ τ ) ) . ( 6. 1 2)

T h u s,  w h e n A ( ξ ) >  0 t h e r e c a n b e n o  H o pf bif u r c ati o n s if γ  <  µ  − | Q ( ξ ) |( 1 +  µ τ ) .

N ot e t h at b ot h t h e c o n diti o n s h e r e r e d u c e t o t h e  p r e vi o u s o n e s i n t h e li mit a s Q ( ξ ) →  0, o r

e q ui v al e ntl y a s g ′ ( ξ )  →  0.  A s i n S e cti o n 5 , w e  will  d e al  wit h t hi s b y c o n si d e ri n g t h e  diff e r e nt

c o m bi n ati o n s of i n c r e a si n g a n d  d e c r e a si n g f u n cti o n s v a n d g s e p a r at el y.

6. 1 T w o  Hill f u n cti o n s  wit h θ g  ≠  θ v  

Wit h g a n d v b ot h v a r yi n g a n d θ g ≠  θ v , t h e  d y n a mi c s  will b e c o m p a r a bl e t o a c o m bi n ati o n

of t h e f o u r si m pli f e d c a s e s a s  di s c u s s e d i n S e cti o n 5. 1 – 5. 4 . I n  p a rti c ul a r, if b ot h g a n d v

a r e  d e c r e a si n g f u n cti o n s, t h e r e i s al w a y s e x a ctl y o n e st e a d y st at e.  T h e  d y n a mi c s i n t h e c a s e

( g ↓ , v ↓ ) will b e si mil a r t o t h e c a s e i n S e cti o n 5. 1 n e a r t o x =  θ g a n d si mil a r t o t h e c a s e i n

S e cti o n 5. 3 n e a r t o x =  θ v .  T h e si n g ul a r st e a d y st at e s i n t h e li miti n g c a s e gi v e ri s e t o st e a d y

st at e s i n t h e s m o ot h c a s e  w hi c h  m a y  u n d e r g o  H o pf bif u r c ati o n s  w h e r e t h e st a bilit y of st e a d y

st at e c h a n g e s, a s ill u st r at e d i n S e cti o n s 5. 1 a n d 5. 3 .

F o r t h e c a s e s  w h e n g a n d v h a v e o p p o sit e  m o n ot o ni cit y, t h e r e a r e  u p t o t h r e e c o e xi sti n g

st e a d y st at e s.  T h e bif u r c ati o n s o c c u r ri n g n e a r t h e t w o r e s p e cti v e t h r e s h ol d s a g r e e  wit h t h e

e x a m pl e s i n S e cti o n 5 . Si n c e t h e  d y n a mi c s c a n b e e x pl ai n e d  u si n g t h e r e s ult s of S e cti o n 5 w e

o nl y b ri e f y c o n si d e r t h e  d y n a mi c s  wit h θ g ≠  θ v a n d  p r e s e nt t w o e x a m pl e s, o n e  wit h ( g ↓ , v ↑ ) 

i n S e cti o n 6. 1. 1 , a n d a n ot h e r f o r ( g ↑ , v ↑ ) i n S e cti o n 6. 1. 2 . I n t hi s l a st e x a m pl e, it i s  p o s si bl e

f o r  u p t o  f v e st e a d y st at e s t o c o e xi st  wit h s uf f ci e ntl y st e e p n o nli n e a rit y.

T h e c o n st a nt s γ j f o r j =  1, 2, 3, 4 i nt r o d u c e d i n ( 5. 4 ) a n d (5. 3 3 ) i n S e cti o n 5 will al s o  pl a y

a r ol e h e r e.  W h e n θ v ≠  θ g w e a g ai n  d e f n e t h e s e  u si n g ( 5. 4 ) a n d (5. 3 3 ).  H o w e v e r, si n c e b ot h

t h e f u n cti o n s g a n d v a r e n o n- c o n st a nt  w e n e e d t o  d e f n e a v al u e f o r τ  i n (5. 4 ) a n d f o r g i n

(5. 3 3 ). We  p r o c e e d a s f oll o w s. F o r γ 1 a n d γ 2 gi v e n b y ( 5. 4 ), t h e r e q ui r e d v al u e of τ  i s τ ( θ g )  

a n d  h e n c e  w e t a k e τ  =  τ −  if θ v >  θ g a n d τ  =  τ +  if θ v <  θ g . Si mil a rl y i n ( 5. 3 3 ) w e t a k e g =  g −  

if θ g >  θ v a n d g =  g +  if θ g <  θ v .

6. 1. 1 D e cr e a si n g g  a n d i n cr e a si n g v  ( g  ↓ , v  ↑ , θ g  ≠  θ v )  

W h e n g a n d v h a v e o p p o sit e  m o n ot o ni cit y, eit h e r ( g ↓ , v ↑ ) o r ( g ↑ , v ↓ ) , a n d θ g ≠  θ v , t h e r e a r e

u p t o t h r e e c o e xi sti n g st e a d y st at e s i n t h e li miti n g c a s e. Fi g u r e 6. 1 s h o w s s u c h a n e x a m pl e i n

t h e c a s e ( g ↓ , v ↑ , θ v <  θ g ) .
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θ v θ g

β g − e − µ τ +  

β g + e − µ τ +  

β g − e − µ τ −  

Fi g u r e 6. 1: St e a d y st at e s of (1. 1 ), gi v e n b y (5. 2 ), o c c u r at t h e i nt e r s e cti o n s of ξ  7 → 
β e − µ τ ( ξ ) g ( ξ )  a n d ξ  7 → γ ξ .  T h e s e a r e ill u st r at e d f o r v a ri o u s γ  i n t h e li miti n g c a s e of ( 1. 6 )

a n d ( 1. 7 ) f o r ( g ↓ , v ↑ , θ v <  θ g ) .  T h e r e d li n e s  d e n ot e t h e sl o p e s γ j, ill u st r at e d h e r e  wit h

γ 4 <  γ 1 <  γ 2 <  γ 3 .  T h e r e i s a si n g ul a r st e a d y st at e at ξ  =  θ v f o r γ  ∈  ( γ 4 , γ 3 )  a n d at

ξ  =  θ g f o r γ  ∈  ( γ 1 , γ 2 ) .

Fi g u r e 6. 1 s h o w s t h at if γ  ∈  ( γ 4 , γ 3 )  t h e n t h e r e a r e t h r e e st e a d y st at e s i n t h e li miti n g

c a s e.  At  m o st t w o of t h e s e st e a d y st at e s  will b e st a bl e,  wit h t h e i nt e r m e di at e st e a d y st at e at

x =  θ v si n g ul a r. If t h e i nt e r v al s ( γ 1 , γ 2 )  a n d ( γ 4 , γ 3 )  o v e rl a p t h e n it i s  p o s si bl e t o h a v e o n e

st a bl e st e a d y st at e c o e xi sti n g  wit h t w o si n g ul a r st e a d y st at e s. S u c h a s c e n a ri o i s ill u st r at e d i n

Fi g u r e 6. 2 ( a)  w hi c h h a s t w o si n g ul a r st e a d y st at e s a n d o n e st a bl e st e a d y st at e f o r γ  ∈  ( γ 1 , γ 2 ) .

T h e  n u m b e r of st e a d y st at e s c h a n g e s  w h e n γ ξ  i nt e r s e ct s β e − µ τ ( ξ ) g ( ξ )  at t h e c o r n e r s al o n g

θ v at  p a r a m et e r v al u e s γ 3 a n d γ 4 .  T h e si n g ul a r ‘f ol d’ bif u r c ati o n s gi v e ri s e t o cl a s si c al f ol d

bif u r c ati o n s i n t h e c a s e of s m o ot h n o nli n e a riti e s  d e f n e d b y ( 1. 3 ), a s s e e n i n Fi g u r e 6. 2 ( b) f o r

t h e c a s e m =  n =  4 0.  We n ot e f r o m (6. 2 ) t h at si n c e g ′ a n d v ′ h a v e o p p o sit e si g n s,  w e r e q ui r e

ξ v ′ ( ξ ) / v ( ξ ) >  1 / ( µ τ ( ξ ) )  f o r a f ol d bif u r c ati o n t o o c c u r, a n d s o f o r m =  n a s o m e w h at l a r g e r

v al u e of t h e st e e p n e s s  p a r a m et e r m i s r e q ui r e d t o o bt ai n a f ol d bif u r c ati o n t h a n  w o ul d h a v e

b e e n t h e c a s e  wit h c o n st a nt g (f o r  w hi c h, b y (5. 5 2 ), f ol d bif u r c ati o n s o c c u r  w h e n ξ v ′ ( ξ ) / v ( ξ )  =  

1 / ( µ τ ( ξ ) )  i s s ati s f e d).

I n t h e e x a m pl e  p r e s e nt e d i n Fi g u r e 6. 2 t h e f u n cti o n v i s i n c r e a si n g  wit h µ  <  γ 4 , a n d s o

w e e x p e ct t o s e e si mil a r b e h a vi o u r f o r x ≈  θ v a s i n  C a s e 3 of S e cti o n 5. 4 , w hil e si n c e g i s

d e c r e a si n g t h e b e h a vi o u r f o r x ≈  θ g s h o ul d b e si mil a r t o t h at s e e n i n S e cti o n 5. 1 . T hi s i s

i n d e e d  w h at i s o b s e r v e d.

Si n c e v i s i n c r e a si n g, f r o m (6. 1 0 ) a n d (6. 1 2 ) it i s n e c e s s a r y t h at γ  >  µ  − | Q ( ξ ) |( 1 +  µ τ ) 

f o r  H o pf bif u r c ati o n s t o o c c u r.  H o w e v e r, t hi s  d o e s n ot i m p o s e a n y a d diti o n al c o n st r ai nt s

a s i n t hi s e x a m pl e µ  − | Q ( ξ ) |( 1 +  µ τ ) <  µ  <  mi n j= { 1, 2, 3, 4 }  γ j, a n d a s  w e al r e a d y s a w i n

S e cti o n 5 , H o pf bif u r c ati o n s t y pi c all y o c c u r f o r γ  >  mi n j= { 1, 2, 3, 4 }  γ j. S o t h e st e a d y st at e c a n

l o s e st a bilit y i n a  H o pf bif u r c ati o n cl o s e t o t h e f ol d  p oi nt.  T hi s i s s e e n i n Fi g u r e 6. 2 ( b) cl o s e

t o ( γ , x )  = ( γ 3 , θ v )  a n d i s si mil a r t o t h e b e h a vi o u r o b s e r v e d i n  C a s e s 2 a n d 3 i n S e cti o n 5. 4 .

Fi g u r e 6. 2 ( c) s h o w s t w o- p a r a m et e r c o nti n u ati o n s of t h e s e bif u r c ati o n s.  A p a rt f r o m t h e  H o pf

bif u r c ati o n s gi vi n g ri s e t o a st a bl e  p e ri o di c o r bit f o r γ  ∈  ( γ 1 , γ 2 )  t h e r e st of t h e  d y n a mi c s

o b s e r v e d a r e r e m a r k a bl y si mil a r t o t h o s e s e e n i n Fi g u r e 5. 1 2 wit h v i n c r e a si n g a n d c o n st a nt

g . I n  p a rti c ul a r, a s t h e st e e p n e s s of t h e n o nli n e a riti e s gi v e n b y m =  n i n c r e a s e s, t h e f ol d

bif u r c ati o n s a p p r o a c h γ  =  γ 4 a n d γ  =  γ 3 wit h t h e st e a d y st at e s at  w hi c h t h e y h a p p e n

a p p r o a c hi n g θ v , t h e f ol d bif u r c ati o n s  di s a p p e a r at a c u s p  p oi nt ( at γ  =  2. 1 5 3 5),  w hil e t h e  H o pf
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Fi g u r e 6. 2:  Bif u r c ati o n s of (1. 1 ) –(1. 2 ) i n t h e c a s e ( g ↓ , v ↑ , θ v <  θ g )  wit h  p a r a m et e r s

β  =  1. 4, µ  =  0. 2, g −  =  1 >  g + =  0. 5 4, θ v =  0. 5 <  θ g =  1, a =  1, a n d v −  =  0. 1 <  v + =  2.
Wit h t h e s e  p a r a m et e r s µ  <  γ 4 =  0. 3 7 8 9 <  γ 1 =  0. 6 3 3 4 <  γ 2 =  1. 2 6 6 8 <  γ 3 =  
2. 5 3 3 5. ( a)  T h e li miti n g c a s e  wit h g d e f n e d b y ( 1. 6 ) a n d v d e f n e d b y ( 1. 7 ). T h e st a bl e

st e a d y st at e i s s h o w n a s a g r e e n s oli d li n e, a n d t h e si n g ul a r st e a d y st at e a s a bl a c k

d a s h e d li n e. ( b)  Wit h s m o ot h n o nli n e a rit y g a n d v d e f n e d b y ( 1. 3 )  wit h m =  n =  4 0.

P e ri o di c s ol uti o n s a r e r e p r e s e nt e d b y  m a xi m u m (i n r e d) a n d  mi ni m u m (i n bl u e) of

x(t) o n t h e s ol uti o n. ( c)  T w o- p a r a m et e r c o nti n u ati o n s i n m =  n a n d γ  of t h e f ol d a n d

t h e  H o pf bif u r c ati o n s  wit h t h e ot h e r  p a r a m et e r s a s a b o v e.  T h e r e i s a c u s p  p oi nt at

( γ , m )  = ( 3. 8 9 4 8, 2. 1 5 3 5 ) , a  B T  p oi nt at ( γ , m )  = ( 1. 5 5 0 2, 4. 2 0 7 3 ) a n d f ol d- H o pf  p oi nt s

at ( γ , m )  = ( 2. 3 3 9 9, 3. 0 3 4 6 ) , ( 3. 2 6 3 2, 2. 4 1 9 8 ) , ( 2. 9 7 4 1, 2. 8 9 7 6 ) a n d ( 2. 3 1 7 8, 9. 3 1 9 1 ) . ( d)

P r o fl e of t h e st a bl e  p e ri o di c o r bit s at γ  =  1 e m a n ati n g f r o m t h e  H o pf bif u r c ati o n s i n

( c).  T h e c ol o r  m a p i n di c at e s v al u e s of t h e c o nti n u ati o n  p a r a m et e r m =  n .

bif u r c ati o n s a n d st a bl e  p e ri o di c o r bit s c a n o c c u r f o r s m all e r v al u e s of m >  0. 8 0 7 9.  T h e r e i s

al s o a  B o g d a n o v – T a k e n s bif u r c ati o n, f ol d- H o pf bif u r c ati o n s at  w hi c h  H o pf bif u r c ati o n s c r o s s

t h e f ol d  p oi nt s, a n d f o r t h e f ol d cl o s e t o γ  =  γ 3 t h e st e a d y st at e l o s e s st a bilit y i n a s u b c riti c al

H o pf bif u r c ati o n f o r a r bit r a r y l a r g e m =  n , a n d n ot at t h e f ol d bif u r c ati o n.

T h e  m o st si g ni f c a nt  diff e r e n c e b et w e e n t h e e x a m pl e s h o w n i n Fi g u r e 6. 2 a n d  C a s e s 2

a n d 3 f r o m S e cti o n 5. 4 i s t h e  p ai r of  H o pf bif u r c ati o n s s e e n f o r x ≈  θ g a n d γ  ∈  ( γ 1 , γ 2 ) . I n

Fi g u r e 6. 2 ( c) t h e st e a d y st at e i s s e e n t o l o s e st a bilit y b et w e e n a  p ai r of  H o pf bif u r c ati o n s f o r

m >  2 3. Si n c e f o r m =  n ≫  0 t h e f u n cti o n v i s e s s e nti all y c o n st a nt e x c e pt f o r θ  ≈  θ v , it f oll o w s

t h at v i s cl o s e t o c o n st a nt f o r θ  ≈  θ g a n d s o t h e s e  H o pf bif u r c ati o n s a n d t h e r e s ulti n g  p e ri o di c

o r bit s f oll o w t h e  d y n a mi c s e x pl o r e d i n S e cti o n 5. 1 . I n d e e d, t h e  d y n a mi c s a s s o ci at e d  wit h t h e

H o pf bif u r c ati o n s a n d  p e ri o di c o r bit s f o r x ≈  θ g s e e n i n Fi g u r e 6. 2 i s r e m a r k a bl y si mil a r t o
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t h at s e e n f o r c o n st a nt v a n d  d e c r e a si n g g i n Fi g u r e 5. 2 of S e cti o n 5. 1 . T h e  H o pf bif u r c ati o n s

a r e s u p e r c riti c al, g e n e r ati n g a st a bl e  p e ri o di c o r bit  w hi c h c o- e xi st s  wit h t h e  u n st a bl e st e a d y

st at e b et w e e n t h e  p ai r of  H o pf bif u r c ati o n s.  T h e a m plit u d e of t h e  p e ri o di c o r bit i s s h o w n f o r

m =  n =  4 0 i n Fi g u r e 6. 2 ( b), f r o m w hi c h  w e s e e t h at it i s al w a y s s m all a n d s h ri n k s t o z e r o at

t h e  H o pf bif u r c ati o n s at e a c h e n d of t h e i nt e r v al.

Fi g u r e 6. 2 ( d)  d e pi ct s t h e  p r o fl e of s u c h st a bl e  p e ri o di c o r bit s f o r a  f x e d v al u e of γ  i n

b et w e e n t h e t w o  H o pf bif u r c ati o n s.  A s m =  n →  ∞ , t h e  p e ri o di c o r bit s a p p e a r t o a p p r o a c h a

li miti n g  p r o fl e.  N oti c e t h at t hi s st a bl e  p e ri o di c o r bit o s cill at e s a r o u n d θ g b ut  d o e s  n ot c r o s s

t h e ot h e r t h r e s h ol d at θ v =  0. 5.  T h u s i n t h e li miti n g c a s e a s m =  n →  ∞  t h e  d el a y  will b e

c o n st a nt a n d e q u al t o τ +  o n t hi s  p e ri o di c o r bit. I n [ 3 1 ]  w e c o n st r u ct sl o wl y o s cill ati n g  p e ri o di c

s ol uti o n s f o r b ot h c o n st a nt a n d t h r e s h ol d  d el a y s, a n d  u si n g t h o s e c o n st r u cti o n s it c a n b e s e e n

t h at t h e li miti n g  p r o fl e i n Fi g u r e 6. 2 ( d) i s a sl o wl y o s cill ati n g  p e ri o di c s ol uti o n.

6. 1. 2 I n cr e a si n g g  a n d i n cr e a si n g v  ( g  ↑ , v  ↑ , θ g  ≠  θ v )  

θ v θ g

β g + e − µ τ +  

β g − e − µ τ −  

β g − e − µ τ +  

Fi g u r e 6. 3: St e a d y st at e s of (1. 1 ), gi v e n b y (5. 2 ), o c c u r at t h e i nt e r s e cti o n s of ξ  7 → 
β e − µ τ ( ξ ) g ( ξ )  a n d ξ  7 → γ ξ .  T h e s e a r e ill u st r at e d f o r v a ri o u s γ  i n t h e li miti n g c a s e of ( 1. 6 )

a n d (1. 7 ) f o r ( g ↑ , v ↑ , θ v <  θ g ) .  T h e r e d li n e s  d e n ot e γ  =  γ 4 , γ 2 , γ 1 , γ 3 i n a s c e n di n g

o r d e r.

W h e n v a n d g a r e b ot h i n c r e a si n g  wit h θ g ≠  θ v t h e r e a r e  u p t o  f v e c o e xi sti n g st e a d y st at e s

i n t h e li miti n g c a s e a s s h o w n i n Fi g u r e 6. 3 . T h e f o u r c o r n e r s at t h e r e s p e cti v e t h r e s h ol d s

θ g a n d θ v a r e a s s o ci at e d  wit h t h e e m e r g e n c e of f ol d bif u r c ati o n s.  A n e c e s s a r y a n d s uf f ci e nt

c o n diti o n t o o bt ai n  f v e c o e xi sti n g st e a d y st at e s i s t h at ( γ 2 , γ 1 )  ∩  ( γ 4 , γ 3 )  ≠  ∅ .  N ot e t h at si n c e

g i s n o w i n c r e a si n g t h e v al u e s γ 2 <  γ 1 h a v e t h e o p p o sit e o r d e r t h a n i n  p r e vi o u s e x a m pl e, s e e

(5. 4 ).

Fi g u r e 6. 4 ( a) s h o w s s u c h a n e x a m pl e,  wit h  f v e c o- e xi sti n g st e a d y st at e s i n t h e li miti n g

c a s e  w h e n γ  ∈  ( γ 2 , γ 1 ) .  R ef e r ri n g t o t h e  di s c u s si o n i n S e cti o n s 5. 2 a n d 5. 4 , i n t h e li miti n g c a s e

t h e n o n- si n g ul a r st e a d y st at e s a r e al w a y s st a bl e, l e a di n g t o t ri st a bilit y of st e a d y st at e s i n t hi s

p a r a m et e r i nt e r v al.  T hi s t h e n l e a d s t o t ri st a bilit y of st e a d y st at e s f o r s m o ot h n o nli n e a riti e s

wit h m =  n s uf f ci e ntl y l a r g e, a s  d e pi ct e d i n Fi g u r e 6. 4 ( b).

F oll o wi n g t h e  di s c u s si o n i n S e cti o n s 5. 2 a n d 5. 4 , t h e i nt e r m e di at e si n g ul a r st e a d y st at e s

b e c o m e  u n st a bl e st e a d y st at e s b et w e e n t h e f ol d bif u r c ati o n s i n t h e s m o ot h c a s e.  H o w e v e r, t h e

b e h a vi o u r i s n ot t h e s a m e at e a c h of t h e f ol d s. I n t h e e x a m pl e  p r e s e nt e d i n Fi g u r e 6. 4 w e h a v e

µ  ∈  ( γ 4 , γ 3 ) , a n d s o  w e e x p e ct t o s e e si mil a r b e h a vi o u r f o r x ≈  θ v a s i n  C a s e 2 of S e cti o n 5. 4 ,
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Fi g u r e 6. 4:  Bif u r c ati o n  di a g r a m of (1. 1 ) –(1. 2 ) f o r ( g ↑ , v ↑ , θ v <  θ g )  wit h  p a r a m et e r s

β  =  1. 4, µ  =  0. 2, g −  =  0. 5, g + =  1, γ  =  0. 8, θ g =  1, θ v =  0. 5, a =  1, v −  =  0. 1 a n d

v + =  2.  Wit h t h e s e  p a r a m et e r s γ 4 =  0. 1 8 9 5 <  γ 2 =  0. 6 3 3 4 <  γ 1 =  γ 3 =  1. 2 6 6 8.

( a) T h e li miti n g c a s e  wit h g d e f n e d b y ( 1. 6 ) a n d v d e f n e d b y ( 1. 7 ). T h e st a bl e st e a d y

st at e i s s h o w n a s a g r e e n s oli d li n e, a n d t h e si n g ul a r st e a d y st at e a s a bl a c k  d a s h e d

li n e. ( b)  Wit h s m o ot h n o nli n e a rit y g a n d v d e f n e d b y ( 1. 3 )  wit h m =  n =  2 0. ( c)  T w o-

p a r a m et e r c o nti n u ati o n s i n m =  n a n d γ  of t h e f ol d a n d t h e  H o pf bif u r c ati o n s  wit h

t h e ot h e r  p a r a m et e r s a s a b o v e.  T h e r e a r e t w o c u s p  p oi nt s at ( γ , m )  = ( 2. 0 3 2 9, 2. 1 0 5 3 ) 
a n d ( 0. 8 4 2 6 5, 5. 7 8 7 1 ) , a  B T  p oi nt at ( γ , m )  = ( 1. 2 0 0 9, 2. 9 8 2 5 ) , t w o f ol d- H o pf  p oi nt s at

( γ , m )  = ( 1. 6 8 2 0, 2. 5 1 7 2 ) a n d ( 1. 9 5 1 9, 2. 1 6 2 9 ) , a n d t w o  B a uti n bif u r c ati o n s at ( γ , m )  =  
( 5. 4 3 6 5, 1. 2 9 2 8 ) a n d ( 1. 0 7 0 9, 4. 6 8 9 0 ) .

w hil e si n c e g i s i n c r e a si n g t h e b e h a vi o u r f o r x ≈  θ g s h o ul d b e si mil a r t o  w h at  w a s o b s e r v e d

i n S e cti o n 5. 2 , a n d t hi s i s  w h at  w e o b s e r v e.

F o r t h e f ol d bif u r c ati o n n e a r ( γ , ξ )  = ( γ 4 , θ v ) , t h e st e a d y st at e l o s e s st a bilit y at t h e f ol d f o r

all m s uf f ci e ntl y l a r g e ( s e e n f o r m =  n =  2 0 i n Fi g u r e 6. 4 ( b)). Si n c e v i s i n c r e a si n g, f r o m (6. 1 2 )

t h e r e c a n b e n o  H o pf bif u r c ati o n s f o r γ  <  µ  − | Q ( ξ ) |( 1 +  µ τ ) .  H o w e v e r, li mm → ∞  Q ( ξ )  =  0 f o r

ξ  ≠  θ g , a n d si n c e γ 4 <  µ  t h e r e c a n b e n o  H o pf bif u r c ati o n s n e a r t o t h e f ol d f o r m s uf f ci e ntl y

l a r g e.  T h e s a m e i s n ot t r u e f o r t h e f ol d cl o s e t o ( γ , ξ )  = ( γ 3 , θ v ) ,  w h e r e si n c e γ 3 >  µ  t h e st e a d y

st at e  m a y l o s e st a bilit y i n a  H o pf bif u r c ati o n n e a r t o t h e f ol d  p oi nt,  w hi c h i s i n d e e d  w h at i s

s e e n f o r all m s uf f ci e ntl y l a r g e.  T hi s i s si mil a r t o t h e b e h a vi o u r s e e n i n t h e  p r e vi o u s e x a m pl e

i n Fi g u r e 6. 2 a n d t o  C a s e s 2 a n d 3 i n S e cti o n 5. 4 .

F oll o wi n g t h e t h e o r y of S e cti o n s 5. 2 a n d 5. 4 , a s m =  n i s i n c r e a s e d t h e r e  will al s o b e

a n i n f nit e s e q u e n c e of  H o pf bif u r c ati o n s o n t h e  u n st a bl e b r a n c h e s t h at c r o s s θ g a n d θ v . F o r

t h e b r a n c h t h at c r o s s e s x =  θ g t h e s e  H o pf bif u r c ati o n s  will b e c o n f n e d b et w e e n t h e f ol d

-------------
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bif u r c ati o n s a s m =  n i s i n c r e a s e d.  N o  H o pf bif u r c ati o n s a r e s e e n o n t hi s b r a n c h i n Fi g-

u r e 6. 4 ( b) b e c a u s e t h e v al u e of m i s t o o s m all,  wit h t h e  f r st  H o pf bif u r c ati o n o nl y o c c u r ri n g

f o r m =  n ≈  6 1.

0 1. 2
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γγ 4 γ 2 γ 1 µ  

Fi g u r e 6. 5: Bif u r c ati o n s of ( 1. 1 ) –(1. 2 ) i n t h e c a s e ( g ↑ , v ↑ , θ v <  θ g )  wit h s m o ot h n o n -

li n e a riti e s g a n d v d e f n e d b y ( 1. 3 )  wit h m =  n =  1 0 0, a n d ot h e r  p a r a m et e r s β  =  1. 4,

µ  =  1, g −  =  0. 5 >  g + =  1, θ v =  0. 5 <  θ g =  1, a =  1, a n d v −  =  0. 5 <  v + =  2.  Wit h

t h e s e  p a r a m et e r s γ 4 =  0. 1 8 9 5, γ 2 =  0. 4 2 4 6, a n d γ 1 =  γ 3 =  0. 8 4 9 1.

Fi g u r e 6. 5 s h o w s a n ot h e r e x a m pl e f o r ( g ↑ , v ↑ , θ g ≠  θ v ) , b ut t hi s ti m e  wit h µ  >  γ 3 w hi c h

c o r r e s p o n d s t o  C a s e 1 i n S e cti o n 5. 4 . I n t hi s e x a m pl e n o  H o pf bif u r c ati o n s a r e o b s e r v e d o n

t h e  u n st a bl e b r a n c h t h at c r o s s e s ξ  =  θ v .  T hi s f oll o w s f r o m (6. 1 2 ) b e c a u s e t h e r e c a n b e n o

H o pf bif u r c ati o n s f o r γ  <  µ  − | Q ( ξ ) |( 1 +  µ τ ) , a n d |Q ( ξ ) |  → 0 a s n →  ∞  f o r ξ  ≠  θ g .  O n

t h e ot h e r  h a n d, a  p ai r of  H o pf bif u r c ati o n s i s o b s e r v e d o n t h e b r a n c h of  u n st a bl e st e a d y

st at e s t h at c r o s s e s ξ  =  θ g . I n t hi s c a s e (6. 1 2 ) d o e s n ot  p r e cl u d e  H o pf bif u r c ati o n s b e c a u s e

P r o p o siti o n 5. 1 ( 2), wit h f ( x , p , r ) gi v e n b y Q ( ξ ) wit h  p a r a m et e r p =  n f r o m g , s h o w s t h at

|Q ( ξ ) | c a n b e a r bit r a ril y l a r g e f o r ξ  ≈  θ g a s n →  ∞ .

6. 2 T w o  Hill f u n cti o n s  wit h θ g  =  θ v  

T h e c a s e s of ( g ↑ , v ↑ , θ v =  θ g )  a n d ( g ↓ , v ↓ , θ v =  θ g )  w h e r e b ot h f u n cti o n s a r e eit h e r i n c r e a si n g

o r  d e c r e a si n g a r e r e a s o n a bl y st r ai g htf o r w a r d.  H o w e v e r, t h e t w o c a s e s f o r  w hi c h o n e f u n cti o n

i s i n c r e a si n g a n d t h e ot h e r  d e c r e a si n g, ( g ↓ , v ↑ , θ v =  θ g )  a n d ( g ↓ , v ↑ , θ v =  θ g )  a r e alt o g et h e r

m o r e  d eli c at e a n d s u r p ri si n g.

6. 2. 1 g  a n d v  b ot h i n cr e a si n g or  d e cr e a si n g ( g  ↑ , v  ↑ , θ g  =  θ v )  a n d ( g  ↓ , v  ↓ , θ g  =  θ v )  

I n b ot h t h e s e c a s e s ξ  7 → β e − µ τ ( ξ ) g ( ξ )  i s  m o n ot o ni c, s o t h e e xi st e n c e of st e a d y st at e s i s st r ai g ht-

f o r w a r d f oll o wi n g t h e t h e o r y i n S e cti o n 5 . Writi n g θ g v f o r t h e v al u e of θ  w h e n θ g =  θ v , a n d

d e f ni n g

β e − µ τ +  
g +  β e − µ τ −  

g −  

γ 1 3 =  a n d γ 2 4 =  , ( 6. 1 3)
θ g v θ g v

wit h g a n d v b ot h  d e c r e a si n g, t h e r e i s al w a y s a  u ni q u e st e a d y st at e. I n t h e li miti n g c a s e of

pi e c e wi s e c o n st a nt n o nli n e a riti e s ( 1. 6 ) –(1. 7 ), t hi s st e a d y st at e i s st a bl e f o r γ  <  γ 1 3 a n d γ  >  γ 2 4 ,

a n d i s si n g ul a r f o r γ  ∈  ( γ 1 3 , γ 2 4 ) . I n t h e s m o ot h c a s e, t hi s gi v e s ri s e t o a  u ni q u e st a bl e st e a d y

st at e f o r v e r y s m all o r v e r y l a r g e γ .  T h e q u e sti o n t h e n a ri s e s a s t o  w h e n t h e st e a d y st at e  m a y

n -* 
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l o s e st a bilit y i n a  H o pf bif u r c ati o n f o r γ  i n o r n e a r t h e i nt e r v al ( γ 1 3 , γ 2 4 ) . F r o m (6. 1 1 )  w h e n g

a n d v a r e b ot h  d e c r e a si n g  H o pf bif u r c ati o n s c a n n ot o c c u r if

ξ g ′ ( ξ )
γ  >  µ  +  |Q ( ξ ) |( 1 +  µ τ )  =  µ  +  γ ( 1 +  µ τ ) . ( 6. 1 4)

g ( ξ ) 

T h u s  w h e n g i s a c o n st a nt f u n cti o n,  w hi c h i m pli e s t h at Q =  0, t h e r e c a n o nl y b e  H o pf

bif u r c ati o n s  w h e n γ  <  µ  a s s e e n i n S e cti o n 5. 3 . I n c o nt r a st, b y  P r o p o siti o n 5. 1 , w e h a v e

|θ g v g ′ ( θ g v ) / g ( θ g v ) |  → ∞  a s n →  ∞  w hil e ( 6. 1 4 ) c a n n ot b e s ati s f e d  w h e n |ξ g ′ ( ξ ) / g ( ξ ) | >  1.

C o n s e q u e ntl y f o r n l a r g e t h e r e i s n o c o n st r ai nt  p r e v e nti n g  H o pf bif u r c ati o n s, a n d  w e e x p e ct

t o s e e  H o pf bif u r c ati o n s f o r ξ  ≈  θ g v f o r n s uf f ci e ntl y l a r g e, j u st a s  w e  di d i n S e cti o n 5. 1 .

0 0. 5 1 1. 5 2

0. 5

1. 5

0 0. 5 1 1. 5
0

5 0

1 0 0

2 0 0
( a )x

γ 1 3 γ 2 4
γ  

θ g v

( b )  

m
=

 n

γ 1 3 γ 2 4
γ  

- 0. 4

- 0. 2

0

( d ) 

x
−

x
∗ 

0 t2 − τ ( x t2 )  t2 t4 − τ ( x t4 )  t4

( c )x

t

m =  n

Fi g u r e 6. 6:  Bif u r c ati o n  di a g r a m of (1. 1 ) –(1. 2 ) f o r ( g ↓ , v ↓ , θ g =  θ v )  wit h  p a r a m et e r s

β  =  3, µ  =  0. 5, γ  =  1, θ g =  θ v =  θ v g =  1, a =  1, g −  =  1 >  g + =  0. 1, a n d

v −  =  1 >  v + =  0. 5.  Wit h t h e s e  p a r a m et e r s γ 1 3 =  0. 1 1 0 4 a n d γ 2 4 =  1. 8 1 9 6. ( a)

Wit h  n o nli n e a riti e s g a n d v d e f n e d b y ( 1. 3 )  wit h m =  n =  2 0 0.  T h e  H o pf bif u r c ati o n s

a s s o ci at e d  wit h st a bilit y c h a n g e o c c u r at ( γ , x )  = ( 0. 2 3 3 3, 1. 0 0 1 8 ) wit h ω  =  2. 3 1 2 8

a n d ( γ , x )  = ( 1. 8 6 6 9, 0. 9 6 5 9 ) wit h ω  =  2. 3 1 5 5. St a bl e  p e ri o di c o r bit s a r e r e p r e s e nt e d

b y  m a xi m u m (i n r e d) a n d  mi ni m u m (i n bl u e) of x ( t) o n t h e  p e ri o di c s ol uti o n. ( b)

T w o- p a r a m et e r c o nti n u ati o n s i n m =  n a n d γ  of t h e  H o pf bif u r c ati o n s  wit h t h e ot h e r

p a r a m et e r s a s a b o v e. ( c)  P r o fl e of t h e st a bl e  p e ri o di c o r bit s  wit h γ  =  0. 4.  T h e c ol o r  m a p

i n di c at e s v al u e s of t h e c o nti n u ati o n  p a r a m et e r m =  n . ( d)  P r o fl e of t h e st a bl e  p e ri o di c

o r bit  wit h m =  2 0 0 a n d γ  =  1. 3 a n d t h e ot h e r  p a r a m et e r s a s a b o v e.  T h e a s s o ci at e d
∗st e a d y st at e i s at x =  0. 9 8 4 8.  T h e  p e ri o d of t h e  p e ri o di c o r bit T =  t4 =  2. 8 7 7 2.

Fi g u r e 6. 6 ill u st r at e s t h e c a s e of g a n d v b ot h  d e c r e a si n g  wit h θ v =  θ g =  θ g v .  P a n el ( a)

s h o w s t h e  d y n a mi c s f o r s m o ot h n o nli n e a riti e s g d e f n e d b y ( 1. 3 )  wit h m =  n =  2 0 0. I n t hi s

2 0 0 

1. 3 

1. 2 

1. 1 

1 

0. 9 
2 0 

0 2  3 4 
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c a s e t h e st e a d y st at e i s  u n st a bl e b et w e e n t w o s u p e r c riti c al  H o pf bif u r c ati o n s.  T h e s e  H o pf

bif u r c ati o n s o c c u r cl o s e t o b ut sli g htl y t o t h e ri g ht of t h e li miti n g v al u e s γ 1 3 a n d γ 2 4 .  T h e

r e s ulti n g  p e ri o di c o r bit i s st a bl e o n t h e  w h ol e of t h e i nt e r v al b et w e e n t h e  H o pf bif u r c ati o n s.

Fi g u r e 6. 6 ( b) s h o w s a t w o- p a r a m et e r c o nti n u ati o n of t h e c u r v e of  H o pf bif u r c ati o n s at

w hi c h t h e st a bl e  p e ri o di c o r bit i s c r e at e d.  T h e a m plit u d e  pl ot of t h e  p e ri o di c o r bit s i n  p a n el

( a) of Fi g u r e 6. 6 s u g g e st s t h at  diff e r e nt b e h a vi o r i s s e e n n e a r t h e t w o  H o pf  p oi nt s, a n d t hi s i s

ill u st r at e d i n t h e  p e ri o di c s ol uti o n  p r o fl e s s h o w n i n  p a n el s ( c) a n d ( d). I n ( c)  wit h γ  =  0. 4, a s

m =  n i s i n c r e a s e d t h e  p r o fl e of t h e  p e ri o di c o r bit c o n v e r g e s t o a li miti n g  p r o fl e ( w hi c h  w e

c o n st r u ct i n [ 3 1 ]).  T h e sit u ati o n i s  diff e r e nt  wit h γ  >  1 a s s h o w n i n  p a n el ( d)  wit h γ  =  1. 3 a n d

m =  n =  2 0 0.  W hil e t h e r e i s a g ai n a l a r g e  p e ri o d  p e ri o di c o r bit, t h e  p r o fl e i s q uit e  diff e r e nt,

wit h x ( t) n e v e r  m u c h g r e at e r t h a n x ∗  e v e n t h o u g h t h e r e i s a l a r g e s e g m e nt t ∈  ( t0 , t2 )  of t h e

p e ri o di c o r bit f o r  w hi c h x ( t) >  x ∗  .  T hi s l a r g e s u bi nt e r v al of t h e  p e ri o di c o r bit o n  w hi c h t h e

s ol uti o n i s n e a rl y c o n st a nt l o o k s q uit e  diff e r e nt t o t h e  p e ri o di c o r bit s s e e n i n ( c).

T h e c a s e of ( g ↑ , v ↑ , θ v =  θ g )  i s a n al o g o u s t o t h e s c e n a ri o s c o n si d e r e d i n S e cti o n s 5. 2

a n d 5. 4 w hi c h l e a d t o a p ai r of f ol d bif u r c ati o n s  w h e n ( 6. 2 ) i s s ati s f e d, a n d a n i nt e r v al of γ  

v al u e s f o r  w hi c h t w o st a bl e st e a d y st at e s c o e xi st  wit h a n  u n st a bl e st e a d y st at e.  B e c a u s e v a n d

g a r e b ot h i n c r e a si n g, t h e f u n cti o n s ξ  7 → ξ g ′ ( ξ ) / g ( ξ ) a n d ξ  7 → µ τ ( ξ ) ξ v ′ ( ξ ) / v ( ξ ) a r e b ot h  p o s -

iti v e, a n d  m o r e o v e r θ g v g ′ ( θ g v ) / g ( θ g v )  a n d µ τ ( θ g v ) θ g v v ′ ( θ g v ) / v ( θ g v )  a r e i n c r e a si n g f u n cti o n s of

n a n d m , r e s p e cti v el y. Si n c e t h e c o n diti o n ( 6. 2 ) i s m o r e e a sil y s ati s f e d i n t hi s c a s e t h a n  w h e n

o n e of t h e s e f u n cti o n s i s z e r o o r  d e c r e a si n g, f ol d bif u r c ati o n s c a n o c c u r f o r s m all e r v al u e s of

m o r n f o r ( g ↑ , v ↑ , θ v =  θ g )  t h a n  w a s s e e n f o r ( g ↑ , v ↔ ) o r ( g ↔ , v ↑ ) .  A s m =  n →  ∞  t h e

i nt e r v al of bi st a bilit y c o n v e r g e s t o ( γ 2 4 , γ 1 3 ) . E q u ati o n ( 6. 1 2 ) i m p o s e s a c o n st r ai nt o n  H o pf

bif u r c ati o n s t o o c c u r  w h e n g a n d v a r e b ot h i n c r e a si n g.  H o w e v e r, si n c e Q ( θ g )  →  ∞  a s n →  ∞ ,

H o pf bif u r c ati o n s c a n o c c u r f o r all n s uf f ci e ntl y l a r g e.

6. 2. 2 g  a n d v  wit h o p p o si n g  m o n ot o ni cit y ( g  ↑ , v  ↓ , θ g  =  θ v )  a n d ( g  ↓ , v  ↑ , θ g  =  θ v )  

T h e s e c a s e s a r e alt o g et h e r  m o r e  d eli c at e a n d s u r p ri si n g, a n d n e e d e x pl ai ni n g i n s o m e  d et ail.

F o r t h e s m o ot h n o nli n e a riti e s  w h e n t h e  p o w e r m o r n i s l a r g e, a n d t h e f u n cti o n g ( x ) o r v ( x ) i s

cl o s e t o a st e p f u n cti o n,  w e  will i nf o r m all y r ef e r t o t h e  p a rt of t h e f u n cti o n  wit h l a r g e g r a di e nt

a s t h e i nt e rf a c e.  W h e n m ≫  n t h e v ( x ) f u n cti o n  will h a v e a  m u c h n a r r o w e r i nt e rf a c e t h a n t h e

f u n cti o n g ( x ) ,  w hil e g ( x ) will h a v e a n a r r o w e r i nt e rf a c e  w h e n n ≫  m .  T h e s e i nt e rf a c e s a r e

c e nt r e d at x =  θ v a n d x =  θ g , s o  w h e n θ g =  θ v t h e y  will o v e rl a p o r if m ≫  n o r m ≪  n t h e

i nt e r v al o n  w hi c h o n e i nt e rf a c e o c c u r s  will b e i n si d e t h e i nt e r v al o n  w hi c h t h e ot h e r i nt e rf a c e

o c c u r s.  W h e n g a n d v h a v e o p p o si n g  m o n ot o ni cit y t h e d y n a mi c s of ( 1. 1 ) –(1. 2 )  will b e v e r y

diff e r e nt  d e p e n di n g o n  w hi c h i nt e rf a c e i s n a r r o w e r.

F r o m (6. 2 ) t h e r e will b e a f ol d bif u r c ati o n  w h e n

ξ g ′ ( ξ )  ξ v ′ ( ξ )
0 =  M ( ξ )  =  +  µ τ ( ξ ) −  1.

g ( ξ ) v ( ξ ) 

W h e n v i s i n c r e a si n g b y  P r o p o siti o n 5. 1

θ v v ′ ( θ v )  ξ v ′ ( ξ )  ξ v ′ ( ξ )
li m =  + ∞ , a n d li m =  li m =  0, ( 6. 1 5)

m → ∞  v ( θ v )  ξ → 0 v ( ξ )  ξ → + ∞  v ( ξ )  

w hi c h e n s u r e s t h at a f ol d bif u r c ati o n  m u st o c c u r f o r m s uf f ci e ntl y l a r g e  w h e n n i s h el d c o n-

st a nt. If g i s  d e c r e a si n g t h e n ξ g ′ ( ξ ) / g ( ξ ) <  0 a n d t h e v al u e of m r e q ui r e d f o r a f ol d bif u r c ati o n

t o o c c u r  will b e l a r g e r t h a n  w h e n t hi s t e r m i s n o n- n e g ati v e, t h at i s,  w h e n g i s c o n st a nt o r i n-

c r e a si n g.  T h o s e c a s e s  w e r e c o n si d e r e d i n S e cti o n s 5. 4 a n d 6. 2. 1 . A n a n al o g o u s a r g u m e nt t o
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(6. 1 5 ) s h o w s t h at  w h e n g i s i n c r e a si n g a f ol d bif u r c ati o n  will o c c u r f o r n s uf f ci e ntl y l a r g e

w h e n m i s h el d c o n st a nt.

A  m o r e  d eli c at e q u e sti o n i s,  w h at h a p p e n s  w h e n m →  ∞  a n d n →  ∞  wit h g a n d v h a vi n g

o p p o sit e  m o n ot o ni citi e s. I n t h at c a s e o n e c o ul d e x p e ct t h at  w hi c h e v e r of t h e t e r m s ξ g ′ ( ξ ) / g ( ξ ) 

o r ξ v ′ ( ξ ) / v ( ξ ) g r o w s f a st e r a s m , n →  ∞  will  d et e r mi n e  w h e r e a n d  w h et h e r f ol d bif u r c ati o n s

o c c u r, h o w e v e r, a s  w e  will s e e, t h e b e h a vi o u r i s  m o r e n u a n c e d t h a n t h at.

We  will n o w c o n si d e r t h e c a s e ( g ↓ , v ↑ , θ g =  θ v =  θ g v )  f o r  w hi c h 0 <  r v <  1 <  r g ,  w h e r e

r g =  g − / g +  a n d r v =  v − / v +  .  E v al u ati n g M ( θ g v )  u si n g  P r o p o siti o n 5. 1 ( 2) w e o bt ai n

θ g v g ′ ( θ g v )  θ g v v ′ ( θ g v )  n ( 1 −  r g )  m ( 1 −  r v )
M ( θ g v )  =  +  µ τ ( θ g v )  −  1 =  +  µ τ ( θ g v )  −  1. ( 6. 1 6)

g ( θ g v )  v ( θ g v )  2 ( 1 +  r g )  2 ( 1 +  r v )  

T h e n if
( 1 −  r v ) ( r g −  1 )

µ τ ( θ g v )  >  , ( 6. 1 7)
( 1 +  r v ) ( 1 +  r g )  

it f oll o w s t h at M ( θ g v )  →  + ∞  a s m =  n →  ∞ , a n d i n  p a rti c ul a r M ( θ g v )  >  0 f o r all m =  n

s uf f ci e ntl y l a r g e.  T hi s e n s u r e s t h at t h e r e i s a  p ai r of f ol d bif u r c ati o n s a s γ  i s v a ri e d  wit h

m =  n s uf f ci e ntl y l a r g e.

Of c o u r s e, si n c e m a n d n a p p e a r i n t h e  diff e r e nt n o nli n e a riti e s v a n d g m o d elli n g  diff e r e nt

p r o c e s s e s, t h e r e i s n o r e a s o n b e y o n d  m at h e m ati c al c o n v e ni e n c e t o a s s u m e t h at m =  n . S o,

it i s i nt e r e sti n g t o c o n si d e r  w h et h e r f ol d bif u r c ati o n s still o c c u r a s m →  ∞  a n d n →  ∞  

i n d e p e n d e ntl y.

T h e c o n diti o n (6. 1 7 ) w a s a r ri v e d at b y e v al u ati n g M ( θ g v ) ,  w hi c h  h a s a c o n v e ni e nt f o r m

b e c a u s e of  P r o p o siti o n 5. 1 ( 2).  H o w e v e r,  w e  will s h o w b el o w t h at it i s n ot a n e c e s s a r y c o n diti o n

f o r e xi st e n c e of f ol d bif u r c ati o n s.  T o s e e t hi s, n ot e t h at f o r t h e c a s e  w e c o n si d e r  w e h a v e

0 <  r v <  1 <  r g , a n d  h e n c e
1 / 2 m 1 / 2 nr v θ g v <  θ g v <  r g θ g v . ( 6. 1 8)

F r o m  P r o p o siti o n 5. 1 ( 4) t h e  p o siti v e f u n cti o n ξ v ′ ( ξ ) / v ( ξ ) a c hi e v e s it s  m a xi m u m at ξ  =  
1 / 2 m 1 / 2 nr θ g v <  θ g v a n d t h e  n e g ati v e f u n cti o n ξ g ′ ( ξ ) / g ( ξ ) a c hi e v e s it s  mi ni m u m at ξ  =  r θ g v >v g

1 / 2 m 1 / 2 nθ g v .  T h u s, f o r ξ  ∈  ( r v θ g v , r g θ g v )  w e  h a v e ξ v ′ ( ξ ) / v ( ξ ) a n d ξ g ′ ( ξ ) / g ( ξ ) a s  w ell a s τ ( ξ ) 
1 / 2 m 1 / 2 nall  d e c r e a si n g f u n cti o n s of ξ  a n d it f oll o w s t h at M ( ξ ) i s  d e c r e a si n g f o r ξ  ∈  ( r θ g v , r θ g v )v g

a s  w ell a s s ati sf yi n g li m ξ → ± ∞  M ( ξ )  =  − 1.  C o n s e q u e ntl y,  w e e x p e ct M ( ξ ) t o o bt ai n it s  m a x-
1 / 2 mi m u m v al u e f o r ξ  ⪅  r v θ g v . If t hi s  m a xi m u m v al u e i s  p o siti v e, t h e n ( 6. 2 )  will h a v e at l e a st

t w o s ol uti o n s, i n di c ati n g t w o f ol d bif u r c ati o n s f o r  diff e r e nt ξ  v al u e s, o n e o n e a c h si d e of t hi s

m a xi m u m.  W hil e  w e  will n ot c o n si d e r t h e ot h e r c a s e of ( g ↑ , v ↓ , θ g =  θ v =  θ g v )  i n  d et ail,

w e n ot e t h at i n t h at c a s e g w o ul d b e t h e i n c r e a si n g f u n cti o n,  wit h r g =  g − / g +  <  1 <  r v , a n d
1 / 2 n 1 / 2 mf o r ξ  ∈  ( r g θ g v , r v θ g v )  w e  w o ul d  h a v e ξ g ′ ( ξ ) / g ( ξ ) p o siti v e a n d  d e c r e a si n g, ξ v ′ ( ξ ) / v ( ξ ) 

n e g ati v e a n d  d e c r e a si n g, a n d τ ( ξ ) i n c r e a si n g, f r o m  w hi c h it f oll o w s t h at M ( ξ ) i s  d e c r e a si n g
1 / 2 n 1 / 2 mf o r ξ  ∈  ( r g θ g v , r v θ g v ) , s o M ( ξ ) w o ul d o bt ai n it s  m a xi m u m v al u e f o r ξ  <  θ g v .

T o st u d y t h e st e a d y st at e s a n d f ol d bif u r c ati o n s of ( 1. 1 ) –(1. 2 ) f o r ( g ↓ , v ↑ , θ g =  θ v =  θ g v )  

w e  will  w o r k  di r e ctl y  wit h t h e f u n cti o n h ( ξ ) d e f n e d i n (5. 2 ). S u p p o s e t h e  p a r a m et e r s a r e

g −  >  β e − µ τ +  
g +c h o s e n s o t h at β e − µ τ −  

.  T h e n

− µ τ − −  − µ τ ( ξ ) − µ τ ( ξ ) − µ τ + +β e g =  li m β e g ( ξ ) >  li m β e g ( ξ )  =  β e g . ( 6. 1 9)
ξ → 0 ξ → + ∞  

Fi g u r e 6. 7 d e pi ct s s u c h a n e x a m pl e f o r  w hi c h β e − µ τ ( ξ ) g ( ξ )  i s a  m o n ot o ni c all y  d e c r e a si n g

f u n cti o n of ξ  i n b ot h t h e s m o ot h c a s e a n d t h e li miti n g c a s e a s m =  n →  ∞ , s o t h at t h e r e i s
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0 1. 5
0

2

3

0. 5 0. 9 1. 3
0

5 0

1 0 0

x

θ g v

γ 1 3 γ 2 4 γ  

( a ) ( b ) 

m
=

 n

γ 1 3 γ 2 4 γ  

0 0. 5 1. 5
0

0. 5

1

1. 5

0 0. 5 1. 5

0. 7

0. 9

1. 1

ξθ g v

( c )  ( d ) 

ξθ g v

γ  

x
Fi g u r e 6. 7: Bif u r c ati o n s of ( 1. 1 ) –(1. 2 ) f o r ( g ↓ , v ↑ , θ g =  θ v =  θ g v )  wit h β  =  1. 4, µ  =  0. 2,

g −  =  1, g + =  0. 5, θ g =  θ v =  θ g v =  1, a =  1, v −  =  1 a n d v + =  2.  Wit h t h e s e  p a r a m et e r s

β e − µ τ − − µ τ ( θ g v )g −  >  β e g ( θ g v )  >  β e − µ τ +  
g +  . ( a)  Wit h s m o ot h n o nli n e a rit y g a n d v d e f n e d

b y ( 1. 3 )  wit h m =  n =  1 0 0. ( b)  T w o- p a r a m et e r c o nti n u ati o n s i n m =  n a n d γ  of t h e  H o pf

bif u r c ati o n at  w hi c h t h e st e a d y st at e l o s e s st a bilit y  wit h t h e ot h e r  p a r a m et e r s a s a b o v e.

T h e v e rti c al li n e s at γ  =  γ 1 3 =  0. 6 3 3 4 a n d γ  =  γ 2 4 =  1. 1 4 6 2  d e n ot e t h e l o c ati o n of t h e

→  β e − µ τ ( ξ ) g ( ξ )H o pf bif u r c ati o n s i n t h e li miti n g c a s e a s m =  n →  ∞ . ( c)  G r a p h s of ξ  7 
a n d ξ  7 → γ ξ  wit h m =  n =  1 0 0 a n d γ  =  1. Si n c e ξ  7 → β e − µ τ ( ξ ) g ( ξ )  i s  m o n ot o ni c all y

d e c r e a si n g t h e r e i s a  u ni q u e i nt e r s e cti o n a n d h e n c e a  u ni q u e st e a d y st at e f o r a n d γ  >  0.
− µ τ ( ξ )( d) G r a p h of ξ  7 → β e g ( ξ ) i n t h e li miti n g c a s e,  wit h t h e bl a c k  d ot  d e n oti n g t h e

− µ τ ( θ g v )v al u e of β e g ( θ g v ) .  T h e i n s et  d e pi ct s t h e c o nti n u ati o n of t h e st e a d y st at e s i n t h e

li miti n g c a s e  wit h g a n d v d e f n e d b y ( 1. 6 ) a n d (1. 7 ). St a bl e st e a d y st at e s a r e s h o w n a s

g r e e n s oli d li n e s, a n d t h e si n g ul a r st e a d y st at e a s a bl a c k  d a s h e d li n e.

→  β e − µ τ ( ξ ) g ( ξ )al w a y s a  u ni q u e st e a d y st at e.  O n e c o ul d e a sil y a n d i n c o r r e ctl y a s s u m e t h at ξ  7 

will b e  m o n ot o ni c all y  d e c r e a si n g  w h e n e v e r (6. 1 9 ) h ol d s.  H o w e v e r, t hi s i s n ot al w a y s t r u e, a n d

i n d e e d i s n e v e r t r u e  w h e n (6. 1 7 ) h ol d s.  T o s h o w t hi s, r e c alli n g t h e  d e f niti o n s of g a n d v gi v e n

b y ( 1. 3 ) i n t h e s m o ot h c a s e, n oti c e t h at at t h e t h r e s h ol d, t h e f u n cti o n v al u e s a r e i n d e p e n d e nt

of t h e n o nli n e a rit y m o r n ,  wit h

g −  +  g +  v −  +  v +  

g ( θ g )  =  a n d v ( θ v )  =  . ( 6. 2 0)
2 2

T h u s f o r ( g ↓ , v ↑ , θ g =  θ v =  θ g v )  a n d 0 <  r v <  1 <  r g it  h ol d s t h at

−  +g >  g ( θ g v )  >  g , ( 6. 2 1)

--- ------

- ... 
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w hil e v +  >  v ( θ g v )  >  v −  i m pli e s

τ −  >  τ ( θ g v )  >  τ +  . ( 6. 2 2)

T h e n ( 6. 1 7 ) i m pli e s t h at

�   �  �  �  
( 1 −  r v )  r g −  1 r g −  1 2 r g

µ τ −  ( 1 −  r v )  
>  µ τ ( θ g v )  >  >  l n 1 +  =  l n . ( 6. 2 3)

( 1 +  r v ) ( 1 +  r v )  1 +  r g 1 +  r g 1 +  r g

B ut
2 r g 2 g − / g +  2 g −  g −  

=  =  =  ,
1 +  r g 1 +  g − / g +  g + +  g −  g ( θ g v )  

a n d

τ −  ( 1 −  r v )  a � v +  −  v −  �  a 2 a
= =  −  =  τ − −  τ ( θ g v ) .

( 1 +  r v )  v −  v −  +  v +  v −  v −  +  v +  

T h u s
�  �  

µ τ −  ( 1 −  r v )  
>  l n

2 r g
⇐ ⇒  µ ( τ − −  τ ( θ g v ) )  >  l n( g − / g ( θ g v ) )  

( 1 +  r v )  1 +  r g

− µ ( τ ( θ g v ) − τ −  )⇐ ⇒  e >  g − / g ( θ g v )  

− µ τ ( θ g v )  − µ τ − −⇐ ⇒  β e g ( θ g v )  >  β e g .

T h u s if t h e  p a r a m et e r s a r e c h o s e n s o t h at (6. 1 7 ) a n d (6. 1 9 ) b ot h h ol d t h e n

− µ τ ( θ g v )  − µ τ − −  − µ τ + +β e g ( θ g v )  >  β e g >  β e g , ( 6. 2 4)

a n d t h e f u n cti o n ξ  7 → β e − µ τ ( ξ ) g ( ξ )  i s n ot  m o n ot o ni c.  T hi s  w a s n ot t h e c a s e f o r t h e e x a m pl e

i n Fi g u r e 6. 7 , b ut b el o w  w e  will  d e m o n st r at e e x a m pl e s  w h e r e b ot h ( 6. 1 7 ) a n d (6. 2 4 ) h ol d, a n d

m o r e i nt e r e sti n g  d y n a mi c s a ri s e.  M o r e o v e r, t h e i n e q u aliti e s i n (6. 2 3 ) a r e n ot all ti g ht, a n d  w e

will al s o s h o w t h at it i s  p o s si bl e t o o bt ai n (6. 2 4 ) f o r  p a r a m et e r s f o r  w hi c h (6. 1 7 )  d o e s n ot h ol d.

ξ̂ ξ̄  

β e − µ τ −  
g −  

β e − µ τ +  
g +  

θ g v

− µ τ ( ξ )Fi g u r e 6. 8:  A n ill u st r ati o n of β e g ( ξ ) a n d γ ξˆ i n t h e c a s e ( g ↓ , v ↑ , θ g =  θ v =  θ g v )  
f o r b ot h s m o ot h n o nli n e a riti e s a n d i n t h e li miti n g c a s e m =  n →  ∞  w h e n ( 6. 2 4 ) h ol d s.

N o w s u p p o s e t h at ( 6. 2 4 ) h ol d s a n d c o n si d e r h ( ξ ) d e f n e d i n ( 5. 2 ). T hi s sit u ati o n i s ill u s -

t r at e d i n Fi g u r e 6. 8 . R e c all ( 6. 1 3 ) a n d al s o l et

β e − µ τ ( θ g v )  g ( θ g v )
γ g v :=  . ( 6. 2 5)

θ g v
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We  will n o w s h o w t h at  w h e n γ  ∈  ( γ 2 4 , γ g v )  f o r all m s uf f ci e ntl y l a r g e t h e r e a r e t h r e e st e a d y

β e − µ τ −  
st at e s. F r o m (5. 2 ), w e h a v e h ( 0 )  =  g −  >  0 a n d h ( ξ ) →  − ∞  a s ξ  →  + ∞ .  M o r e o v e r,

(6. 2 5 ) a n d γ  <  γ g v i m pli e s

− µ τ ( θ g v )h ( θ g v )  =  β e g ( θ g v )  −  γ θ g v =  γ g v θ g v −  γ θ g v = ( γ g v −  γ ) θ g v >  0.

F r o m h ( θ g v )  >  0 t h e i nt e r m e di at e v al u e t h e o r e m i m m e di at el y yi el d s t h e e xi st e n c e of o n e

st e a d y st at e ξ  >  θ g v ; t o s h o w t h at t h e r e a r e t h r e e st e a d y st at e s it s uf f c e s t o s h o w t h at t h e r e

e xi st s ξ̄ ∈  ( 0, θ g v )  wit h h ( ξ̄ )  <  0.

F o r a n y γ̂ ∈  ( γ 2 4 , γ g v )  w e  h a v e γ θˆ g v ∈  ( β e − µ τ −  
g −  , β e − µ τ ( θ g v )  g ( θ g v ) )  s o f o r s o m e ε >  0 it

β e − µ τ −
h ol d s t h at γ θˆ g v =  g −  +  2 γ ε̂ .  T hi s i m pli e s t h at t h e  p oi nt ξ̂ ( s h o w n i n Fi g u r e 6. 8 )  w h e r e

=  β e − µ τ −
t h e li n e γ ξˆ i nt e r s e ct s β e − µ τ −  

g −  s ati s f e s ξ̂ g − / γ̂ =  θ g v −  2 ε.  L et

ξ̄  =  θ g v −  ε =  
1
( ξ̂ +  θ g v )  ∈  ( ξ̂ , θ g v ) .

2

T h e n
− µ τ − −  − µ τ − −γ̂ ξ̄ =  γ̂ ( θ g v −  ε )  =  β e g +  2 γ ε̂ −  γ ε̂ =  β e g +  γ ε̂ .

We  h a v e g ( ξ̄ )  <  g −  si n c e g i s st ri ctl y  d e c r e a si n g, a n d t h e n

− µ τ ( ξ̄ )  − µ τ ( ξ̄ )  − µ τ − −  − µ τ (  ̄ − µ τ −
h ( ξ̄ )  =  β e g ( ξ̄ )  −  γ̂ ξ̄ <  β e g − −  ( β e g +  γ ε̂ )  =  β ( e ξ ) −  e ) g − −  γ ε̂ .

Si n c e ξ̄ <  θ g v ,  u si n g t h e  p oi nt wi s e li mit of t h e  Hill f u n cti o n t o it s  pi e c e wi s e c o n st a nt li mit  w e

h a v e li m m → ∞  τ ( ξ̄ )  =  τ −  . It t h e n f oll o w s f r o m t h e  p r e vi o u s e q u ati o n t h at t h e r e e xi st s m >  0

s u c h t h at h ( ξ̄ )  <  0,  w hi c h s h o w s t h at h ( ξ ) h a s at l e a st t h r e e si g n c h a n g e s, a n d s o t h e r e a r e

t h r e e c o- e xi sti n g st e a d y st at e s.

W h e n m >  1 a n d n >  1 it i s e a s y t o v e rif y t h at

� � � �d d− µ τ ( ξ ) − µ τ ( ξ )li m β e g ( ξ )  =  li m β e g ( ξ )  =  0,
ξ → 0 d ξ ξ → + ∞  d ξ  

f r o m  w hi c h it f oll o w s t h at t h e r e i s a  u ni q u e st e a d y st at e f o r all γ  s uf f ci e ntl y s m all o r l a r g e.

Bif u r c ati o n s f r o m t hi s st e a d y st at e  will  d e p e n d o n t h e n o nli n e a riti e s g a n d v .

I n t h e c a s e of s m o ot h n o nli n e a riti e s  w h e n o n e of m o r n i s h el d  f x e d  w hil e t h e ot h e r o n e

i s i n c r e a s e d t o i n f nit y t h e a r g u m e nt s of S e cti o n s 5 c a n b e a d a pt e d t o s h o w t h at i n t h e li miti n g

c a s e m →  ∞  t h e f ol d bif u r c ati o n s o c c u r at

β e − µ τ −  
β e − µ τ +  

g ( θ g v )  g ( θ g v )
γ 4 =  <  γ 3 =  . ( 6. 2 6)

θ g v θ g v

wit h si n g ul a r s ol uti o n s f o r γ  ∈  ( γ 4 , γ 3 ) . Si mil a rl y,  wit h m f x e d i n t h e li miti n g c a s e n →  ∞ ,

si n g ul a r s ol uti o n s o c c u r f o r γ  ∈  ( γ 1 , γ 2 )  w h e r e

β e − µ τ ( θ g v )  g +  β e − µ τ ( θ g v )  g −  

γ 1 =  <  γ 2 =  . ( 6. 2 7)
θ g v θ g v

Wit h g d e c r e a si n g,  w h et h e r f ol d bif u r c ati o n s o c c u r at t h e e n d s of t hi s i nt e r v al  will  d e p e n d

al s o o n t h e st e e p n e s s of v .  T h e s e li miti n g c a s e s c o r r e s p o n d t o s ol uti o n s of h ( ξ )  =  0  w h e r e t h e

li n e γ ξ  i nt e r s e ct s t h e c u r v e β e − µ τ ( ξ ) g ( ξ )  at it s  m a xi m a a n d  mi ni m a  w hi c h a r e ill u st r at e d i n

p a n el s ( a) a n d ( c) of Fi g u r e 6. 9 w h e n o n e of t h e v al u e s m , n i s  f x e d a n d t h e ot h e r t e n d s t o ∞ .
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n = 1 e 2
n = 5 e 2
n = 1 e 3

n =

− µ τ ( θ g v )β e g −  

− µ τ +
β e g ( θ g v )  

( a ) ( b ) 

− µ τ ( θ g v )β e g +  

β e − µ τ −  
g ( θ g v )

ξ  =  θ g v ξ  =  θ g v

− µ τ ( θ g v )β e g −  

( d )  

β e − µ τ +  
g ( θ g v )  

( c )  

− µ τ ( θ g v )  g +β e
− µ τ −

β e g ( θ g v )
ξ  =  θ g v ξ  =  θ g v

Fi g u r e 6. 9: Ill u st r ati o n s of t h e b e h a vi o u r of t h e f u n cti o n ξ  7 → β e − µ τ ( ξ ) g ( ξ )  i n t h e c a s e
− µ τ ( θ g v )  − µ τ − −  − µ τ +  

g +( g ↓ , v ↑ , θ g =  θ v =  θ g v )  wit h β e g ( θ g v )  >  β e g >  β e a s m a n d / o r

n t e n d t o i n f nit y, s h o wi n g t h at  diff e r e nt  m a xi m a a n d  mi ni m a a r e  p o s si bl e  d e p e n di n g

o n t h e li mit s t a k e n.  T h e i n s et s s h o w t h e f u n cti o n o n t h e i nt e r v al ξ  ∈  [0, 2 θ g v ] w hil e t h e

m ai n  p a n el s s h o w t h e b e h a vi o u r f o r ξ  ≈  θ g v .  T h e v al u e s of m a n d n a r e t a k e n t o b e

( a) m =  √1 0  f x e d a n d n →  ∞ , ( b) m 2 =  n →  ∞ , ( c) n =  1 0  f x e d a n d m →  ∞ , a n d,
−( d) n =  m →  ∞ .  T h e v al u e s of t h e ot h e r  p a r a m et e r s a r e β  =  1. 4, µ  =  0. 2, g =  1,

g + =  0. 5, θ g =  θ v =  θ g v =  1, a =  1, v −  =  0. 3 a n d v + =  2.

P a n el s ( b) a n d ( d) of Fi g u r e 6. 9 ill u st r at e  w h at h a p p e n s  w h e n m a n d n b ot h t e n d t o i n f nit y,

b ut o n e i s i n c r e a s e d  m u c h f a st e r t h a n t h e ot h e r, s h o wi n g t h at t h e s a m e e xt r e m a a r e o b s e r v e d

a s  w h e n t h e  m o r e sl o wl y i n c r e a si n g e x p o n e nt i s h el d  f x e d. Si n c e t h e  m a xi m a a n d  mi ni m a

of t h e n o nli n e a riti e s c o n v e r g e t o  diff e r e nt v al u e s  d e p e n di n g o n  w h et h e r m o r n i s i n c r e a si n g

f a st e r, a n d t h e li miti n g l o c ati o n s of t h e f ol d bif u r c ati o n s a r e  d et e r mi n e d b y t h e e xt r e m a, t h e

l o c ati o n of t h e f ol d bif u r c ati o n s a s m →  ∞  a n d n →  ∞  will  d e p e n d o n h o w t h e s e li mit s a r e

a p p r o a c h e d.  We  will i n v e sti g at e t h e  d y n a mi c s f o r  diff e r e nt r el ati o n s hi p s b et w e e n m a n d n

b el o w.

Si n c e t h e v al u e of β e − µ τ ( θ g v )  g ( θ g v )  i s i n d e p e n d e nt of m a n d n , t h e  m a xi m u m of ξ  7 → 

β e − µ τ ( ξ ) g ( ξ )  c a n n ot b e s m all e r t h a n t hi s v al u e,  w hi c h i m p o s e s t h e b o u n d t h at t h e ri g ht -

m o st f ol d bif u r c ati o n  m u st o c c u r f o r γ  ≥  γ g v . U si n g ( 5. 2 ) a n d (6. 2 ) it i s e a s y t o s h o w t h at

h ′ ( ξ )  =  γ M ( ξ ) w h e n h ( ξ )  =  0, t h at i s at a st e a d y st at e.  C o n s e q u e ntl y, if M ( θ g v )  =  0 t h e ri g ht

f ol d bif u r c ati o n  will o c c u r at ξ  =  θ g v wit h γ  =  γ g v ,  w hil e if M ( θ g v )  <  0 t h e n h ′ ( θ g v )  <  0 s o t h e

f ol d bif u r c ati o n o c c u r s f o r ξ  <  θ g v a n d γ  >  γ g v . Si mil a rl y, if M ( θ g v )  >  0 t h e f ol d bif u r c ati o n

will o c c u r f o r ξ  >  θ g v a n d γ  >  γ g v .  T h e s e sit u ati o n s a r e ill u st r at e d i n Fi g u r e s 6. 1 0 a n d 6. 1 1
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0 0. 6 0. 8
0

2

γ 2 4 γ g v

γ
x

( a )  ( b ) 

ξ  =  θ g v

β e − µ τ ( θ g v ) g (θ g v )  

β e − µ τ −  
g −  

β e − µ τ +  
g +  

x

γ  

θ g v

0. 3 0. 4 0. 5
0

1 0 0

2 0 0

3 0 0

0. 7 0. 8 0. 9
0

1 0 0

2 0 0

3 0 0

( c ) ( d ) 

m
=

 n

γ  ξγ g vγ 2 4

m
=

 n

θ g v

Fi g u r e 6. 1 0:  Bif u r c ati o n s of (1. 1 ) –(1. 2 ) i n t h e c a s e ( g ↓ , v ↑ , θ g =  θ v =  θ g v )  wit h

>  β e − µ τ +
β e − µ τ ( θ g v )  g ( θ g v )  >  β e − µ τ −  

g −  g +  a n d m =  n .  P a r a m et e r v al u e s a r e β  =  1 0,

µ  =  0. 2, g −  =  1, g + =  1 / 1 0, θ g v =  1, v −  =  1, v + =  2 a n d a =  1 8. 4 0 9 1, f o r  w hi c h

M ( θ g v )  =  − 1  w h e n m =  n . ( a)  Wit h s m o ot h n o nli n e a rit y g a n d v d e f n e d b y (1. 3 )

wit h m =  n =  1 0, a n d i n s et s h o wi n g t h e li miti n g c a s e a s m =  n →  ∞ . ( b)  T h e b e-

h a vi o u r of ξ  7 → β e − µ τ ( ξ ) g ( ξ )  a s m =  n →  ∞  wit h t h e i n s et s h o wi n g t h at t h e  m a xi m u m
− µ τ ( θ g v )of t h e f u n cti o n i s β e g ( θ g v )  i n t h e li miti n g c a s e. ( c)  T w o- p a r a m et e r c o nti n u ati o n

i n m =  n a n d γ  of t h e f ol d bif u r c ati o n  wit h t h e ot h e r  p a r a m et e r s a s a b o v e.  T h e f ol d

bif u r c ati o n s a r e al w a y s a s s o ci at e d  wit h  u n st a bl e st e a d y st at e s, a n d t h e r e i s a c u s p  p oi nt

at ( γ , m )  = ( 0. 5 2 7 1, 4. 2 8 3 0 ) . I n t h e li miti n g c a s e a s m =  n →  ∞  t h e f ol d s o c c u r at

γ  =  γ 2 4 =  0. 2 5 1 8 ( r e c all ( 6. 1 3 )) a n d γ  =  γ g v =  0. 4 7 2 5. ( d)  T w o- p a r a m et e r c o nti n u ati o n

i n m =  n a n d ξ  of t h e f ol d bif u r c ati o n s  wit h t h e ot h e r  p a r a m et e r s a s a b o v e.

w hi c h  w e  n o w  d e s c ri b e i n  m o r e  d et ail.

F r o m (6. 1 6 ), f o r a n y  p a r a m et e r s et  wit h 0 <  r v <  1 <  r g t a ki n g

� �  
1 1 +  r v r g −  1

m =  2 +  n ,
µ τ ( θ g v )  1 −  r v r g +  1

e n s u r e s t h at M ( θ g v )  =  0.  H o w e v e r, f o r t h e e x a m pl e i n Fi g u r e 6. 1 0 , w e  p r ef e r t o s et m =  n a n d

c h o o s e t h e ot h e r  p a r a m et e r s t o e nf o r c e e q u alit y i n (6. 1 7 ), w hi c h e n s u r e s t h at M ( θ g v )  =  − 1

f o r all m =  n >  0.  T hi s r e s ult s i n a f ol d bif u r c ati o n at γ  =  γ g v i n t h e li miti n g c a s e a s

m =  n →  ∞ , si n c e a s al r e a d y n ot e d M ( ξ ) i s  d e c r e a si n g at ξ  =  θ g v a n d al s o b ot h ξ v ′ ( ξ ) / v ( ξ ) 

a n d ξ g ′ ( ξ ) / g ( ξ ) b e c o m e i n c r e a si n gl y st e e p a s m =  n →  ∞  s o t h e  p oi nt ξ  at  w hi c h M ( ξ )  =  0

a p p r o a c h e s θ g v a s m =  n →  ∞ .  T hi s i s ill u st r at e d i n Fi g u r e 6. 1 0 w h e r e  p a n el ( b) s h o w s t h at

t h e  m a xi m u m of ξ  7 → β e − µ τ ( ξ ) g ( ξ )  t e n d s t o β e − µ τ ( θ g v )  g ( θ g v )  a s m =  n →  ∞  w hil e  p a n el s ( c)

-- m = n = 1 e 2 

-- m = n = 1 e 3 
-- m = n = 5 e 3 
-- m = n = 1 e 4 

- - ..... -- m = n = 2 e 4 
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β e − µ τ −  

− µ τ +
β e

( a )  ( b ) 

ξ  =  θ g v
ξ  =  θ g v

β e − µ τ ( θ g v ) g (θ g v )  
β e g (θ g v )  

β e − µ τ −  
g −  

β e − µ τ +  

− µ τ ( θ g v )  

g −  

g +  
g +  

0. 2 7 0. 3
0

4 0

8 0

0. 7 0. 8 5
0

4 0

8 0

0. 9
0

4 0

8 0

0. 9
0

4 0

8 0

( c ) ( d ) 

m
=

 n

m
=

 n

γ g v γ ∗  γ g v γ ∗γ  γ  

m
=

 n

m
=

 n

θ g v θ g v
ξ  ξ  

Fi g u r e 6. 1 1: ( a) a n d ( b)  T h e b e h a vi o u r of ξ  7 → β e − µ τ ( ξ ) g ( ξ )  a s m =  n →  ∞  i n t h e c a s e
− µ τ ( θ g v )  − µ τ − −  − µ τ +  

( g ↓ , v ↑ , θ g =  θ v =  θ g v )  wit h β e g ( θ g v )  >  β e g >  β e g +  wit h t h e s a m e

p a r a m et e r v al u e s a s i n Fi g u r e 6. 1 0 e x c e pt f o r t h e v al u e of a . I n ( a) a =  2 2. 1 5 9 1 a n d i n ( b)
− µ τ ( θ g v )a =  1 4. 6 5 9 1.  T h e i n s et s s h o w t h at li m m = n → ∞  m a x ξ  { β e − µ τ ( ξ ) g ( ξ ) }  >  β e g ( θ g v ) ,

wit h t h e  m a xi m u m i n di c at e d b y t h e  d a s h e d li n e i n t h e i n s et, a n d t h e v al u e at θ g v b y t h e

bl a c k  d ot. ( c) a n d ( d) s h o w t h e c o r r e s p o n di n g t w o- p a r a m et e r c o nti n u ati o n s i n m =  n
a n d eit h e r ( c) γ  o r ( d) ξ  of t h e f ol d bif u r c ati o n s  wit h t h e l eft  p a n el s h o wi n g t h e c a s e

of a =  2 2. 1 5 9 1 a n d t h e ri g ht  p a n el f o r a =  1 4. 6 5 9 1.  T h e f ol d bif u r c ati o n s a r e al w a y s

a s s o ci at e d  wit h  u n st a bl e st e a d y st at e s. I n ( c) t h e a s y m pt ot e  d e n ot e d γ ∗  f o r t h e f ol d

bif u r c ati o n i s o bt ai n e d  di vi di n g t h e  m a xi m u m v al u e of β e − µ τ ( ξ ) g ( ξ )  f r o m ( a) a n d ( b)

b y θ g v a n d i s s e e n t o b e st ri ctl y l a r g e r t h a n γ g v i n b ot h c a s e s.

a n d ( d) s h o w t h at t h e c o r r e s p o n di n g f ol d bif u r c ati o n a s y m pt ot e s t o γ  =  γ g v a n d ξ  =  θ g v a s

m =  n →  ∞ .

Fi g u r e 6. 1 1 ill u st r at e s t w o e x a m pl e s  wit h t h e s a m e  p a r a m et e r s a s i n Fi g u r e 6. 1 0 , e x c e pt f o r

t h e l e n gt h  p a r a m et e r a .  C h a n gi n g j u st t h e l e n gt h  p a r a m et e r a l e a v e s t h e r ati o r v u n c h a n g e d,

b ut c h a n g e s t h e v al u e of τ ( θ g v )  a s  w ell a s τ −  a n d τ +  .  Wit h a =  2 2. 1 5 9 1 a n d m =  n it

f oll o w s t h at M ( θ g v )  =  n / 1 2 −  1 a n d li m m = n → ∞  M ( θ g v )  =  + ∞ ,  w hil e f o r a =  1 4. 6 5 9 1  w e

h a v e M ( θ g v )  =  − n / 1 2 −  1  wit h li m m = n → ∞  M ( θ g v )  =  − ∞ .  A s Fi g u r e 6. 1 1 ( a) a n d ( b) s h o w,

f o r b ot h of t h e s e  p a r a m et e r s et s, (6. 2 4 ) i s s ati s f e d a n d ξ  7 → β e − µ τ ( ξ ) g ( ξ )  i s n o n- m o n ot o n e. It

i s al s o cl e a r f r o m t h e i n s et s i n t h e s e  p a n el s t h at i n c o nt r a st t o Fi g u r e 6. 1 0 , t h e  m a xi m u m of

ξ  7 → β e − µ τ ( ξ ) g ( ξ )  i s n o w st ri ctl y l a r g e r t h a n β e − µ τ ( θ g v )  g ( θ g v )  f o r all m =  n ≫  0.  C o n s e q u e ntl y,

a s s e e n i n Fi g u r e 6. 1 1 ( c), t h e ri g ht m o st c u r v e of f ol d bif u r c ati o n s a s y m pt ot e s t o a v al u e of

γ  w hi c h i s st ri ctl y l a r g e r t h a n γ g v a s m =  n →  ∞ .  A s Fi g u r e 6. 1 1 ( d) s h o w s i n b ot h c a s e s

t h e l o c ati o n of t hi s f ol d bif u r c ati o n c o n v e r g e s t o θ g v a s m =  n →  ∞ .  W h e n M ( θ g v )  >  0

-- m = n = 1 e 2 
-- m = n = 1 e 3 

-- m = n = 5 e 3 -- m = n = 1 e 2 

-- m = n = 1 e 4 -- m = n = 1 e 3 

-- m = n = 2 e 4 -- m = n = 5 e 3 

-- m = n = 1 e 4 

-- m = n = 2 e 4 
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t h e  m a xi m u m of β e − µ τ ( ξ ) g ( ξ )  o c c u r s f o r ξ  >  θ g v a n d c o n s e q u e ntl y f o r t h e f ol d bif u r c ati o n a s

m =  n →  ∞ , ξ  →  θ g v f r o m a b o v e a n d γ  →  γ ∗  f r o m b el o w f o r s o m e γ ∗  st ri ctl y l a r g e r t h a n γ g v .

F o r M ( θ g v )  <  0 t h e c o n v e r g e n c e i s f r o m t h e ot h e r si d e, b ut a g ai n γ  →  γ ∗  f o r s o m e γ ∗  st ri ctl y

l a r g e r t h a n γ g v .

We r e m a r k t h at f o r t h e e x a m pl e  wit h a =  1 4. 6 5 9 1 i n Fi g u r e 6. 1 1 , b e c a u s e M ( θ g v )  <  − 1 t h e

c o n diti o n ( 6. 1 7 ) i s vi ol at e d, e v e n t h o u g h t h e c o n diti o n (6. 2 4 ) i s s ati s f e d,  d e m o n st r ati n g a s  w e

cl ai m e d e a rli e r t h at ( 6. 1 7 ) i s n ot a n e c e s s a r y c o n diti o n t o o bt ai n ( 6. 2 4 ). T hi s al s o s h o w s t h at

it i s i n s uf f ci e nt t o j u st e v al u at e t h e v al u e of M ( θ g v )  t o  d et e r mi n e  w h et h e r f ol d bif u r c ati o n s

o c c u r.

I n Fi g u r e s 6. 1 2 a n d 6. 1 3 w e r et u r n t o t h e  p a r a m et e r s et  f r st c o n si d e r e d i n Fi g u r e 6. 9 f o r

g −  >  β e − µ τ +  
g +w hi c h β e − µ τ ( θ ) g ( θ )  >  β e − µ τ −  

.  N o w,  w e al s o c o n si d e r t h e  H o pf bif u r c ati o n s

a n d r e s ulti n g  p e ri o di c o r bit s.  Wit h t h e s e  p a r a m et e r s M ( θ g v )  <  0  w h e n m =  n >  0  wit h

M ( θ g v )  →  − ∞  a s m =  n →  ∞  a n d s o t h e  u p p e r f ol d bif u r c ati o n a p p r o a c h e s γ ∗  f o r s o m e

γ ∗  >  γ g v f r o m a b o v e a s m =  n →  ∞ , a s s e e n i n Fi g u r e 6. 1 2 ( c), si mil a r t o t h e l eft  p a n el of

Fi g u r e 6. 1 1 ( c). T h e ot h e r f ol d bif u r c ati o n i s s e e n i n Fi g u r e 6. 1 2 ( c) t o a p p r o a c h γ  =  γ 2 4 a s

m =  n →  ∞ , a s ξ  7 → β e − µ τ ( ξ ) g ( ξ )  e v ol v e s f r o m t h e s m o ot h f u n cti o n s h o w n i n Fi g u r e 6. 1 2 ( b) t o

it s li miti n g f o r m a s i n Fi g u r e 6. 1 2 ( d).  T hi s a g r e e s wit h t h e a r g u m e nt s  u n d e r Fi g u r e 6. 8 a b o v e.

F o r t h e o n e  p a r a m et e r c o nti n u ati o n s h o w n i n Fi g u r e 6. 1 2 ( a) t h e st e a d y st at e i s st a bl e f o r

all γ  s uf f ci e ntl y l a r g e o r s uf f ci e ntl y s m all, a n d l o s e s st a bilit y i n a  H o pf bif u r c ati o n ( a n d

n ot at t h e f ol d bif u r c ati o n s).  A t w o  p a r a m et e r c o nti n u ati o n of t h e s e  H o pf bif u r c ati o n s i n

Fi g u r e 6. 1 2 ( c) s h o w s t h at t h e y a p p r o a c h γ 1 3 a n d γ 2 4 a s m =  n →  ∞ , si mil a rl y t o h o w  w e s a w

t h e  H o pf bif u r c ati o n s  w e r e f o r c e d t o t h e e n d s of t h e i nt e r v al of si n g ul a r st e a d y st at e s ol uti o n s

i n S e cti o n 5. 1 .

I n Fi g u r e 6. 1 2 ( a) t h e r e a r e n o st a bl e st e a d y st at e s f o r γ  ∈  ( 0. 6 2 4, 0. 8 3 7 ) , s o  w e e x pl o r e d

t h e st a bl e i n v a ri a nt o bj e ct s i n t hi s c a s e  u si n g b ot h n u m e ri c al bif u r c ati o n  d et e cti o n a n d c o n -

ti n u ati o n a n d n u m e ri c al si m ul ati o n of t h e  D D E.  U si n g d d e b i f t o o l  w e  f n d t h at t h e  H o pf bi -

f u r c ati o n at γ  =  0. 6 2 4 i s s u p e r c riti c al a n d g e n e r at e s a b r a n c h of st a bl e  p e ri o di c o r bit s,  w hi c h

i s ill u st r at e d i n Fi g u r e 6. 1 3 . T h e r e i s a n a p p a r e nt c a n a r d e x pl o si o n [ 3 4 ] o n t hi s b r a n c h at

γ  ≈  0. 6 2 9  w h e r e t h e a m plit u d e of t h e  p e ri o di c o r bit i n c r e a s e s  d r a m ati c all y.  T h e c o nti n u ati o n

of t h e b r a n c h f ail s i n d d e b i f t o o l  at t hi s  p oi nt, b ut si n c e t h e  p e ri o di c o r bit s a r e st a bl e  w e a r e

a bl e t o c o nti n u e t h e m t h r o u g h t h e c a n a r d e x pl o si o n  u si n g si m ul ati o n  wit h d d e s d , a n d t h e n

c o nti n u e a g ai n  wit h d d e b i f t o o l  aft e r t h e c a n a r d e x pl o si o n, t o o bt ai n t h e c o nti n u o u s b r a n c h

of  p e ri o di c s ol uti o n s f o r m =  n =  4 0 s h o w n i n Fi g u r e 6. 1 2 ( a) a n d Fi g u r e 6. 1 3 . Aft e r t h e c a n a r d

e x pl o si o n f o r γ  ∈  ( 0. 6 2 9, 0. 8 4 ) t h e  p e ri o di c o r bit i s st a bl e  wit h l a r g e a m plit u d e a n d  m o d e r at e

p e ri o d ( T ≈  1 3) a n d e v ol v e s sl o wl y a s γ  i s v a ri e d.  T h e n at γ  ≈  0. 8 4 t h e  p e ri o d of t h e o r bit

g r o w s  d r a m ati c all y  w hil e t h e a m plit u d e i s r o u g hl y c o n st a nt. I n Fi g u r e 6. 1 2 ( a) t hi s b r a n c h i s

r e p r e s e nt e d b y it s 2- n o r m a s t h e r e d c u r v e.  T hi s c u r v e a p p e a r s t o t e r mi n at e o n t h e  mi d dl e

u n st a bl e b r a n c h of st e a d y st at e s  w h e n γ  =  0. 8 4.  H o w e v e r, a s s e e n i n Fi g u r e 6. 1 3 ( c) a n d ( d)

t h e a m plit u d e of t h e s e o r bit s r e m ai n s l a r g e, s o t h e r e i s n ot a  H o pf bif u r c ati o n at t hi s e n d of

t h e b r a n c h.

T h e l a r g e  p e ri o d o r bit s s h o w n i n Fi g u r e 6. 1 2 ( c) a n d ( d) s p e n d a l ot of ti m e cl o s e t o t h e

u n st a bl e st e a d y st at e o n t h e  mi d dl e b r a n c h b et w e e n t h e f ol d s,  w hi c h i s it s elf v e r y cl o s e t o t h e

t h r e s h ol d x =  θ g v , a n d r e s e m bl e r el a x ati o n o s cill ati o n s.  T hi s b r a n c h of  p e ri o di c o r bit s  m o st

li k el y e n d s i n a h o m o cli ni c o r bit t o t h e  u n st a bl e st e a d y st at e  wit h a n i n f nit e  p e ri o d.  T h e r e

i s al s o bi st a bilit y b et w e e n t h e st a bl e  p e ri o di c o r bit a n d a st a bl e st e a d y st at e f o r a v e r y s m all

r a n g e of  p a r a m et e r s γ  ∈  [0. 8 3 7, 0. 8 4 ].

I n Fi g u r e 6. 1 2 t h e r e a r e t w o f ol d bif u r c ati o n s, a s  w e h a v e s e e n i n  m a n y e x a m pl e s  w h e n
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0. 5 1
0. 6

0. 8

1. 2

0. 8 3 0. 8 4
0. 8 5

0. 9 5

0. 5 1. 5
0. 5

0. 6

0. 7

0. 8

0. 9

1x

γ  

θ g v

ξ  

( a ) ( b ) 

θ g v

1 1. 2
0

4 0

8 0

F ol d
H o pf

1 2 3
0

2 0

0 0. 5 1. 5
0. 6

0. 7

0. 8

0. 9

1

m
=

 n

γ 1 3 γ 2 4 γ g v
γγ ∗  

( c )  ( d ) 

ξθ g v

γ  

x

Fi g u r e 6. 1 2:  Bif u r c ati o n s of (1. 1 ) –(1. 2 )  w h e n ( g ↓ , v ↑ , θ g =  θ v =  θ g v )  wit h t h e s a m e

p a r a m et e r s a s i n Fi g u r e 6. 9 . ( a)  Wit h s m o ot h n o nli n e a rit y g a n d v d e f n e d b y (1. 3 )

wit h m =  n =  4 0.  T h e st a bl e  p e ri o di c o r bit s a r e r e p r e s e nt e d b y t h e 2- n o r m. ( b)

St e a d y st at e s o c c u r at t h e i nt e r s e cti o n s of ξ  7 → β e − µ τ ( ξ ) g ( ξ )  a n d ξ  7 → γ ξ ,  wit h γ ξ  
− µ τ ( θ g v )ill u st r at e d  h e r e  wit h γ  =  0. 9.  T h e bl a c k  d ot  m a r k s t h e v al u e of β e g ( θ g v ) . ( c)

T w o- p a r a m et e r c o nti n u ati o n i n m =  n a n d γ  of t h e f ol d bif u r c ati o n s (i n bl u e) a n d  H o pf

bif u r c ati o n s ( bl a c k)  wit h t h e ot h e r  p a r a m et e r s a s a b o v e. S oli d c u r v e s i n di c at e t h e  p a rt s

of t h e bif u r c ati o n b r a n c h  w h e r e t h e r e a r e n o c h a r a ct e ri sti c v al u e s  wit h  p o siti v e r e al

p a rt ( a n d h e n c e a st a bilit y c h a n g e at t h e bif u r c ati o n), a n d  d a s h e d li n e s i n di c at e  w h e r e

t h e  p a rt s of t h e b r a n c h  w h e r e t h e r e i s at l e a st o n e  u n st a bl e c h a r a ct e ri sti c v al u e. I n t hi s

e x a m pl e t h e st e a d y st at e al w a y s l o s e s st a bilit y i n a  H o pf bif u r c ati o n, a n d n ot at t h e f ol d.

T h e f o u r v e rti c al li n e s  d e n ot e γ 1 3 a n d γ 2 4 ( r e c all (6. 1 3 )) a n d γ g v ( r e c all (6. 2 5 )), al o n g  wit h

γ ∗  =  0. 9 3 0 5. ( d)  Pl ot of ξ  7 → β e − µ τ ( ξ ) g ( ξ )  i n t h e li miti n g c a s e  wit h g a n d v d e f n e d b y
− µ τ ( θ g v )(1. 6 ) a n d ( 1. 7 ). T h e bl a c k  d ot  m a r k s t h e v al u e of β e g ( θ g v ) .  T h e  d a s h e d li n e i s

o bt ai n e d b y t a ki n g t h e  H a u s d o rff li mit of t h e s m o ot h f u n cti o n, a n d e xt e n d s a b o v e t h e
− µ τ ( θ g v )p oi nt- wi s e li mit at θ g v b e c a u s e li m m = n → ∞  m a x ξ β e − µ τ ( ξ ) g ( ξ )  >  β e g ( θ g v ) .  T h e

i n s et  p a n el  d e pi ct s t h e c o nti n u ati o n of st e a d y st at e s i n t h e li miti n g c a s e. St a bl e st e a d y

st at e s a r e s h o w n a s g r e e n s oli d li n e s, a n d t h e si n g ul a r st e a d y st at e a s a bl a c k  d a s h e d

li n e.

r:r 
I 

I 
I 
I 
I 
I 
I 
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Fi g u r e 6. 1 3:  T h e b r a n c h of st a bl e  p e ri o di c o r bit s f o r ( g ↓ , v ↑ , θ g =  θ v =  θ g v )  w h e n

γ  ∈  [0. 6 2 4, 0. 8 4 ] f r o m Fi g u r e 6. 1 2 ( a). P a n el ( a) s h o w s t h e a m plit u d e of t h e  p e ri o di c

o r bit s al o n g t h e b r a n c h. ( b)  T h e  p e ri o d of t h e o r bit s. ( c)  P r o fl e s of t h e  p e ri o di c s ol uti o n s

s h o w t h at t h e l a r g e  p e ri o d o r bit s at t h e e n d of t h e b r a n c h a r e of r el a x ati o n o s cill at o r

t y p e.  P a n el ( d)  d e pi ct s t h e l a st  p e ri o di c o r bit f o u n d b y d d e b i f t o o l ,  wit h t h e i n s et  p a n el

s h o wi n g a z o o m of t h e  d y n a mi c s n e a r t h e s pi k e.
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Fi g u r e 6. 1 4: ( a)  O n e  p a r a m et e r c o nti n u ati o n of t h e st e a d y st at e  w h e n ( g ↓ , v ↑ , θ g =  θ v =  
θ g v )  f o r v a r yi n g γ  wit h t h e ot h e r  p a r a m et e r s t h e s a m e a s i n Fi g u r e 6. 1 2 e x c e pt m =  1 0 0

a n d n =  5 0 0 r e v e al s f o u r f ol d bif u r c ati o n s. ( b)  T h r e e st e a d y st at e s a r e i n di c at e d f o r

γ  =  0. 6 1 3 0 at t h e i nt e r s e cti o n s of ξ  7 → β e − µ τ ( ξ ) g ( ξ )  a n d γ ξ .
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7 6 T. Ge de o n,  A.  R.  H u m p hries,  M.  C.  M a c ke y,  H.- O.  W alt her a n d  Z.  W a n g

o n e of g a n d v i s i n c r e a si n g.  H o w e v e r, a s Fi g u r e 6. 1 4 s h o w s, it i s  p o s si bl e t o o bt ai n f o u r f ol d

bif u r c ati o n s b y j u st c h a n gi n g t h e st e e p n e s s of t h e n o nli n e a riti e s a n d r e s ulti n g  wi dt h of t h e

i nt e rf a c e s of t h e n o nli n e a riti e s. I n Fi g u r e 6. 1 4 w e  d o t hi s  wit h n ≫  m ≫  0. Si n c e n i s v e r y

l a r g e t h e f u n cti o n g h a s a v e r y s h a r p i nt e rf a c e, a n d  d r o p s f r o m v e r y cl o s e t o it s  m a xi m u m

v al u e g +  t o it s  mi ni m u m v al u e g −  w hil e v i s e s s e nti all y  u n c h a n g e d a n d e q u al t o v ( θ g v ) .  T hi s

r e s ult s i n t h e f u n cti o n ξ  7 → β e − µ τ ( ξ ) g ( ξ )  h a vi n g e xt r e m a cl o s e t o β e − µ τ ( θ g v )  g −  a n d β e − µ τ ( θ g v )  g +  ,

a s s h o w n  p r e vi o u sl y i n Fi g u r e 6. 9 ( a) a n d ( b).  O ut si d e of t hi s n a r r o w i nt e rf a c e, g i s e s s e nti all y

c o n st a nt, a n d t h e r ef o r e β e − µ τ ( ξ ) g ( ξ )  i s i n c r e a si n g, si n c e v ( ξ ) i s a n i n c r e a si n g f u n cti o n.  T h u s

t h e f u n cti o n ξ  7 → β e − µ τ ( ξ ) g ( ξ )  i s i n c r e a si n g, t h e n  d e c r e a si n g, t h e n i n c r e a si n g a g ai n. F o r m

s uf f ci e ntl y l a r g e ( s o t h at t h e  d e ri v ati v e of β e − µ τ ( ξ ) g ( ξ )  i s l a r g e r t h a n γ ) t hi s c r e at e s t w o f ol d

bif u r c ati o n s cl o s e t o t h e e n d s of t h e i n n e r i nt e rf a c e f o r g i n a d diti o n t o t h e ot h e r t w o f ol d

bif u r c ati o n s cl o s e t o t h e e d g e s of t h e o ut e r i nt e rf a c e of v .

Fi g u r e 6. 1 5 ( a) s h o w s t h at  wit h n =  5 m t h e s e c o n d f ol d bif u r c ati o n e xi st s f o r all m ≥  6 6. 3 9.

A s s h o w n i n Fi g u r e 6. 1 5 ( b) o n e  p ai r of f ol d bif u r c ati o n s e xi st s f o r ξ  <  θ g v a n d t h e ot h e r f o r

ξ  >  θ g v .  T hi s  h a p p e n s b e c a u s e θ g v i s i n t h e  mi d dl e of t h e s h a r p i nt e rf a c e of g , t h e o nl y ( v e r y

s h o rt) i nt e r v al o n  w hi c h β e − µ τ ( ξ ) g ( ξ )  i s  d e c r e a si n g,  wit h t w o of t h e c o r n e r s gi vi n g ri s e t o t h e

f ol d bif u r c ati o n s o n e a c h si d e of θ g v . Fi g u r e 6. 1 5 ( b) s h o w s t h at a s n =  5 m →  ∞  all of t h e f ol d

bif u r c ati o n s a r e s q u e e z e d i nt o ξ  =  θ g v , b ut i n Fi g u r e 6. 1 5 ( a) w e s e e t h at t h e li miti n g γ  v al u e s

of t h e f ol d s all a p p e a r t o b e  diff e r e nt.  B e c a u s e β e − µ τ ( ξ ) g ( ξ )  →  β e − µ τ −  
g −  a s m , n →  ∞  f o r all

ξ  <  θ g v ( a n d t o β e − µ τ +  
g +  f o r ξ  >  θ g v ), t w o of t h e f ol d bif u r c ati o n s a s y m pt ot e t o γ  =  γ 2 4 a n d

γ  =  γ 1 3 a s m , n →  ∞ , a s s h o w n i n Fi g u r e 6. 1 5 ( a).  T h e s e a r e t h e o ut e r t w o f ol d bif u r c ati o n s f o r

t h e s m all e st a n d l a r g e st ξ  v al u e s i n Fi g u r e 6. 1 5 ( b). T h e a s y m pt oti c γ  v al u e s f o r t h e i n n e r  p ai r

of f ol d bif u r c ati o n s  d e p e n d s o n t h e r el ati v e  wi dt h s of t h e i nt e rf a c e s of t h e g a n d v f u n cti o n s.

Wit h n =  5 m it a p p e a r s t h at t h e li miti n g γ  v al u e s a r e st ri ctl y i n si d e t h e i nt e r v al ( γ 1 , γ 2 ) .

Diff e r e nt b e h a vi o u r i s o b s e r v e d if m , n a p p r o a c h i n f nit y  wit h  diff e r e nt r el ati o n s hi p s. F o r

e x a m pl e, if n =  m 2 ( a s c o n si d e r e d  f r st i n Fi g u r e 6. 9 ( b)) t h e n t h e g i nt e rf a c e i s  m u c h n a r r o w e r

t h a n f o r v a n d t h e i n n e r f ol d s a s y m pt ot e t o γ  =  γ 2 a n d γ  =  γ 1 w hil e t h e o ut e r f ol d s still

a s y m pt ot e t o γ  =  γ 2 4 a n d γ  =  γ 1 3 a s s e e n i n Fi g u r e 6. 1 5 ( d).

If n =  m r →  ∞  f o r r ∈  ( 0, 1 ) t h e n t h e b e h a vi o u r of ξ  7 → β e − µ τ ( ξ ) g ( ξ )  a n d t h e bif u r c ati o n s

a r e c o m pl et el y  diff e r e nt, a s s h o w n i n Fi g u r e 6. 9 ( d) a n d Fi g u r e 6. 1 5 ( c). I n t hi s c a s e m ≫  n s o

t h e v i nt e rf a c e i s  m u c h n a r r o w e r t h a n t h e g i nt e rf a c e.  A s g i s  d e c r e a si n g t hi s r e s ult s i n t h e

f u n cti o n ξ  7 → β e − µ τ ( ξ ) g ( ξ )  b ei n g  d e c r e a si n g f o r ξ  s m all a n d l a r g e, a n d i n c r e a si n g o nl y o n a

s m all i nt e r v al a b o ut ξ  =  θ g v c o r r e s p o n di n g t o t h e n a r r o w i nt e rf a c e of v . I n t hi s s c e n a ri o t h e

li miti n g f o r m of t h e f u n cti o n β e − µ τ ( ξ ) g ( ξ )  i s still  pi e c e wi s e c o n st a nt f o r ξ  <  θ g v a n d ξ  >  θ g v ,

b ut  n o w t h e f u n cti o n i s  d e c r e a si n g r at h e r t h a n i n c r e a si n g at t h e c o r n e r s c o r r e s p o n di n g t o

γ 2 4 a n d γ 1 3 , s o t h e s e c o r n e r s n o l o n g e r r e s ult i n f ol d bif u r c ati o n s. I n st e a d t h e f ol d s o c c u r

cl o s e t o t h e l o c al e xt r e m a of β e − µ τ ( ξ ) g ( ξ )  s e e n i n Fi g u r e 6. 9 ( d), s o t h at, f o r i n st a n c e,  w h e n

n =  m 2 / 3 →  ∞  t h e f ol d bif u r c ati o n s i n Fi g u r e 6. 1 5 ( c) a p p r o a c h γ 4 a n d γ 3 d e f n e d b y ( 6. 2 6 ).

Fi g u r e 6. 1 5 ( b) s h o w s t h at t h e l o c ati o n s of t h e f ol d bif u r c ati o n s a r e s q u e e z e d i nt o ξ  =  θ g v

a s n =  5 m →  ∞  a n d t h e n o nli n e a riti e s i n ( 1. 1 ) –(1. 2 ) b e c o m e  pi e c e wi s e c o n st a nt f o r ξ  ≠  θ g v .

Si mil a r b e h a vi o u r  w a s o b s e r v e d  w h e n n =  m r →  ∞  f o r r >  0 b ut  w e o mit t h e  f g u r e s.  N oti c e

al s o t h at a s al r e a d y o b s e r v e d i n t h e  p r e vi o u s e x a m pl e, t h e o ut e r  H o pf bif u r c ati o n s at  w hi c h

t h e st e a d y st at e c h a n g e s st a bilit y a p p r o a c h γ 2 4 a n d γ 1 3 a s i n t h e li miti n g c a s e a s n =  m r →  ∞  

i n all of t h e s e e x a m pl e s.

Alt h o u g h t h e r e a r e f o u r f ol d bif u r c ati o n s i n t h e e x a m pl e i n Fi g u r e s 6. 1 4 a n d 6. 1 5 , b e c a u s e

of t h e l o c ati o n of t h e f ol d s it i s n ot  p o s si bl e t o o bt ai n  f v e c o- e xi sti n g st e a d y st at e s.

A s a  f n al e x a m pl e  w e c h a n g e j u st t h e  p a r a m et e r s v ±  i n t h e v f u n cti o n f r o m t h e  p r e vi o u s
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Fi g u r e 6. 1 5:  T w o  p a r a m et e r c o nti n u ati o n s of t h e bif u r c ati o n s of ( 1. 1 ) –(1. 2 )  w h e n ( g ↓  
, v ↑ , θ g =  θ v =  θ g v )  wit h t h e s a m e  p a r a m et e r s a s i n Fi g u r e s 6. 9 , 6. 1 2 a n d 6. 1 4 , e x c e pt

f o r m a n d n .  T h e b r a n c h e s of f ol d bif u r c ati o n s a r e s h o w n a s bl u e a n d r e d c u r v e s a n d

t h e  H o pf bif u r c ati o n s i n bl a c k. S oli d c u r v e s i n di c at e t h e  p a rt s of t h e bif u r c ati o n b r a n c h

w h e r e t h e r e a r e n o c h a r a ct e ri sti c v al u e s  wit h  p o siti v e r e al  p a rt ( a n d h e n c e a st a bilit y

c h a n g e at t h e bif u r c ati o n), a n d  d a s h e d li n e s i n di c at e  w h e r e t h e  p a rt s of t h e b r a n c h

w h e r e t h e r e i s at l e a st o n e  u n st a bl e c h a r a ct e ri sti c v al u e. I n all f o u r e x a m pl e s t h e st e a d y

st at e al w a y s l o s e s st a bilit y at a  H o pf bif u r c ati o n, a n d n ot at t h e f ol d bif u r c ati o n. ( a)

a n d ( b)  C o nti n u ati o n of t h e f ol d bif u r c ati o n s i n γ  a n d m wit h n =  5 m , s h o wi n g i n

( a) t h e γ  v al u e s of t h e f ol d bif u r c ati o n s a n d ( b) t h e v al u e of t h e st e a d y st at e ξ  at t h e

f ol d bif u r c ati o n.  C u s p bif u r c ati o n s o c c u r at ( γ , m )  = ( 0. 6 0 8 3, 6 6. 3 8 5 3 ) a n d ( γ , m )  =  
2( 1. 2 4 8 0, 7. 0 6 8 1 ) . ( c) a n d ( d) a r e si mil a r t o ( a), e x c e pt i n ( c) n =  m 2 / 3 a n d i n ( d) n =  m .

C u s p bif u r c ati o n s o c c u r i n ( c) at ( γ , m )  = ( 0. 9 5 7 7, 1 1. 3 8 7 9 ) , a n d i n ( d) at ( γ , m )  =  
( 0. 5 9 0 9, 2 2. 4 7 5 2 ) a n d ( γ , m )  = ( 1. 2 4 8 4, 7. 0 5 9 1 ) .

g +  >  β e − µ τ −  
g −e x a m pl e, t o o bt ai n a n e w e x a m pl e  wit h β e − µ τ ( θ ) g ( θ )  >  β e − µ τ +  

,  w h o s e  d y-

n a mi c s a r e e x pl o r e d i n Fi g u r e 6. 1 6 . Wit h m =  n t h e  d y n a mi c s  wit h o n e a n d t w o  p a r a m et e r

c o nti n u ati o n s i s v e r y si mil a r t o t h e e a rli e r c a s e s h o w n i n Fi g u r e 6. 1 2 wit h a si n gl e  p ai r of f ol d

bif u r c ati o n s a n d s o  w e o mit t h e  f g u r e s h e r e.  B ut  diff e r e nt c h oi c e s of m a n d n l e a d t o  m o r e

i nt e r e sti n g  d y n a mi c s s h o w n i n Fi g u r e 6. 1 6 . O n e- p a r a m et e r c o nti n u ati o n i n γ  wit h n a n d m

f x e d  wit h n ≫  m ≫  0, a s s h o w n i n Fi g u r e 6. 1 6 ( a) r e v e al s f o u r f ol d bif u r c ati o n s, a l a r g e i nt e r -

v al of γ  v al u e s o n  w hi c h t h e r e a r e t h r e e c o e xi sti n g st e a d y st at e s  wit h t w o st a bl e, a n d a s m all

i nt e r v al f o r γ  ∈  ( 0. 5 3 5 2, 0. 5 5 1 3 ) f o r  w hi c h t h e r e a r e  f v e c o- e xi sti n g st e a d y st at e s of  w hi c h

o n e o r t w o a r e st a bl e. Fi g u r e 6. 1 6 ( b) ill u st r at e s h o w t h e s e  f v e st e a d y st at e s a ri s e b e c a u s e f o r

n ≫  m t h e  d o w n w a r d g i nt e rf a c e i s  m u c h n a r r o w e r t h a n t h e i nt e rf a c e f o r t h e i n c r e a si n g v
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Fi g u r e 6. 1 6:  Bif u r c ati o n s of (1. 1 ) –(1. 2 )  w h e n ( g ↓ , v ↑ , θ g =  θ v =  θ g v )  wit h β  =  1. 4,
− −µ  =  0. 2, g =  1, g + =  0. 5, θ g =  θ v =  θ g v =  1, a =  1, v =  0. 1 a n d v + =  1.  A p a rt

f r o m m , n , v −  a n d v +  , t h e s e a r e t h e s a m e  p a r a m et e r s a s i n Fi g u r e s 6. 9 a n d 6. 1 2 – 6. 1 5 .

( a) O n e  p a r a m et e r c o nti n u ati o n of st e a d y st at e s i n γ  wit h s m o ot h n o nli n e a riti e s g a n d

v d e f n e d b y ( 1. 3 )  wit h m =  1 0 0 a n d n =  5 0 0.  T hi s r e v e al s f o u r f ol d bif u r c ati o n s a n d  u p

t o  f v e c o e xi sti n g st e a d y st at e s ( at  m o st t w o of  w hi c h a r e st a bl e). ( b) Ill u st r ati o n of t h e

f v e st e a d y st at e s o c c u r ri n g i n ( a) at t h e i nt e r s e cti o n s of ξ  7 → β e − µ τ ( ξ ) g ( ξ )  a n d ξ  7 → γ ξ  

wit h γ  =  0. 5 4 8 0. ( c) t o (f)  T w o  p a r a m et e r c o nti n u ati o n s of t h e f ol d bif u r c ati o n s ( r e d

a n d bl u e) a n d  H o pf bif u r c ati o n s ( bl a c k)  wit h ( c) n =  5 m a n d ( d) n =  m 2 ( e) m v a r yi n g

wit h n =  5 0 0  f x e d a n d (f) n v a r yi n g  wit h m =  1 0 0  f x e d.  T h e bif u r c ati o n c u r v e s a r e

d r a w n a c c o r di n g t o t h e n u m b e r of c h a r a ct e ri sti c v al u e s  wit h  p o siti v e r e al  p a rt; s oli d f o r

z e r o a n d  d a s h e d f o r o n e o r  m o r e.  C u s p  p oi nt s a r e  d e n ot e d b y c r o s s e s. I n ( e) t h e r e i s

a c h a n g e of st a bilit y at t h e f ol d bif u r c ati o n b et w e e n t w o  B o g d a n o v – T a k e n s bif u r c ati o n s

( d e n ot e d b y  pi n k  di a m o n d s) at ( γ , m )  = ( 0. 2, 1 6 5. 6 2 ) a n d ( γ , m )  = ( 0. 1 9 3 8, 4 3 8. 8 2 ) ,
ot h e r wi s e i n t h e s e e x a m pl e s t h e st a bilit y c h a n g e i s al w a y s at t h e  H o pf bif u r c ati o n ( a s

w a s t h e c a s e i n Fi g u r e 6. 1 5 ).
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f u n cti o n ( c o m p a r e  wit h Fi g u r e s 5. 3 a n d 6. 1 4 ). P a n el s ( c) a n d ( d) of Fi g u r e 6. 1 6 s h o w t w o-

p a r a m et e r c o nti n u ati o n s  wit h n =  5 m a n d n =  m 2 w hi c h r e v e al t h at  wit h t h e s e  p a r a m et e r

c o n st r ai nt s all f o u r f ol d bif u r c ati o n s  p e r si st t o a r bit r a r y l a r g e v al u e s of m wit h o n e  p ai r of f ol d

bif u r c ati o n s c o nt ai n e d i n t h e i nt e r v al ( γ 1 , γ 1 3 )  a n d t h e ot h e r i n t h e i nt e r v al ( γ 2 4 , γ 2 )  f o r all m

s uf f ci e ntl y l a r g e, j u st a s  w a s s e e n i n Fi g u r e 6. 1 5 . B ut f o r t h e  p a r a m et e r s  u s e d i n Fi g u r e 6. 1 6

w e h a v e ( γ 1 , γ 1 3 )  ⊂  ( γ 2 4 , γ 2 )  s o t h e r e a r e  f v e c o e xi sti n g st e a d y st at e s b et w e e n t h e r e d c u r v e s

i n Fi g u r e 6. 1 6 ( c) a n d ( d) f o r a r bit r a r y l a r g e m .

I n t h e e x a m pl e s s h o w n i n Fi g u r e 6. 1 6 ( c) a n d ( d) t h e st a bl e st e a d y st at e s l o s e s st a bilit y i n a

H o pf bif u r c ati o n j u st b ef o r e t h e f ol d bif u r c ati o n.  A s i n t h e  p r e vi o u s e x a m pl e s i n t hi s s e cti o n

t h e s e  H o pf bif u r c ati o n s a s y m pt ot e t o γ 2 4 a n d γ 1 3 a s m , n →  ∞ . I n Fi g u r e 6. 1 6 ( e) a n d (f) w e

e x pl o r e a  diff e r e nt s c e n a ri o,  w h e r e  w e k e e p o n e of m o r n f x e d b ut  m u c h l a r g e r t h a n z e r o,

a n d all o w t h e ot h e r o n e t o v a r y o n t h e  p o siti v e r e al li n e.

T h e v al u e m =  0 i n Fi g u r e 6. 1 6 ( e) c o r r e s p o n d s t o t h e v f u n cti o n b ei n g c o n st a nt, a n d si n c e g

i s  d e c r e a si n g, t hi s c o r r e s p o n d s t o t h e s c e n a ri o c o n si d e r e d i n S e cti o n 5. 1 . T hi s i s  w h y t h e c u r v e s

of  H o pf bif u r c ati o n s, b ut n ot t h e f ol d s, e xt e n d all t h e  w a y  d o w n t o m =  0. F o r 0 <  m ≪  n

t h e g f u n cti o n h a s a  m u c h n a r r o w e r i nt e rf a c e t h a n t h e v f u n cti o n, s o β e − µ τ ( ξ ) g ( ξ )  will b e

f r st i n c r e a si n g t h e n  d e c r e a si n g a n d  f n all y i n c r e a si n g a g ai n, si mil a r t o  m a n y of t h e e x a m pl e s

i n t hi s s e cti o n.  H o w e v e r f o r m ≫  n ≫  0 t h e v f u n cti o n  will h a v e a n a r r o w e r i nt e rf a c e, s o

β e − µ τ ( ξ ) g ( ξ )  will b e  f r st  d e c r e a si n g, li k e i n Fi g u r e s 6. 9 ( d) a n d 6. 1 5 ( c). I nt e r e sti n g  d y n a mi c s i s

o b s e r v e d  wit h n ≫  m >  0. I n  p a rti c ul a r, i n Fi g u r e 6. 1 6 ( e) t h e r e i s a  p ai r of  B o g d a n o v – T a k e n s

bif u r c ati o n s, a n d o n t h e c u r v e of f ol d bif u r c ati o n s b et w e e n t h e s e  p oi nt s a st e a d y st at e l o s e s

st a bilit y at t h e f ol d bif u r c ati o n,  u nli k e t h e  p r e vi o u s e x a m pl e s i n t hi s s e cti o n, b ut si mil a r t o

e x a m pl e s i n S e cti o n 5. 4 . I n Fi g u r e 6. 1 6 (f) w e e x pl o r e v a r yi n g n wit h m ≫  0  f x e d.  T h u s  w h e n

n =  0  w e a r e i n t h e s c e n a ri o of g f x e d a n d v i n c r e a si n g e x pl o r e d i n S e cti o n 5. 4 w hi c h i s  w h y

f ol d bif u r c ati o n s  p e r si st  d o w n t o n =  0 i n Fi g u r e 6. 1 6 (f). A s n i n c r e a s e s, o n c e t h e i nt e rf a c e

of t h e g f u n cti o n b e c o m e s n a r r o w e n o u g h t h e r e i s a c u s p bif u r c ati o n  w hi c h l e a d s t o a s e c o n d

p ai r of f ol d bif u r c ati o n s a n d  f v e c o e xi sti n g st e a d y st at e s f o r all n s uf f ci e ntl y l a r g e. F o r n

l a r g e t h e f ol d s a r e c o nt ai n e d i n t h e i nt e r v al s ( γ 2 4 , γ 2 )  a n d ( γ 1 , γ 1 3 ) , b ut  d o  n ot a s y m pt ot e t o

t h e e n d s of t h e s e i nt e r v al s a s n →  ∞  b e c a u s e m i s h el d  f x e d a n d  f nit e.

6. 3 S u m m ar y

I n S e cti o n 6 w e h a v e c o n si d e r e d t h e sit u ati o n  w h e r e b ot h f u n cti o n s g a n d v a r e n o n- c o n st a nt.

We f r st  d e ri v e d f o r m ul a e f o r t h e e xi st e n c e of b ot h f ol d bif u r c ati o n s ( 6. 2 ) a n d  H o pf bif u r c a-

ti o n s (6. 9 ) –(6. 1 0 ),  w hi c h r e d u c e t o f o r m ul a e  d e ri v e d i n S e cti o n 5 if eit h e r v o r g i s a c o n st a nt

f u n cti o n.

I n S e cti o n 6. 1 w e st u d y t h e c a s e  w h e n t h e t h r e s h ol d s a r e  diff e r e nt; θ g ≠  θ v .  N ot s u r-

p ri si n gl y,  w e r e c o v e r t h e s a m e  d y n a mi c s a n d bif u r c ati o n st r u ct u r e s a s i n S e cti o n 5 n e a r e a c h

t h r e s h ol d  w h e n m ≫  0, o r n ≫  0 si n c e i n t h e s e li mit s t h e b e h a vi o r l o c ali z e s i n t h e a r e a  w h e r e

t h e ot h e r f u n cti o n i s e s s e nti all y c o n st a nt. I n  p a rti c ul a r, i n t h e c a s e ( g ↓ , v ↓ ) t h e  d y n a mi c s i s

si mil a r t o t h at o b s e r v e d i n S e cti o n 5. 1 n e a r x =  θ g a n d t o t h at i n S e cti o n 5. 3 n e a r x =  θ v . I n

S e cti o n 6. 1. 1 w e c o n si d e r t h e e x a m pl e ( g ↓ , v ↑ ) w hi c h s u p p o rt s bi st a bilit y b et w e e n a n e q ui -

li b ri u m a n d  p e ri o di c o r bit a n d i n S e cti o n 6. 1. 2 w e e x a mi n e ( g ↑ , v ↑ ) w hi c h c a n e x hi bit  u p t o

f v e e q uili b ri a a n d t ri st a bilit y.

I n S e cti o n 6. 2 w e l o o k at t h e sit u ati o n  w h e n θ v =  θ g . Fi r st i n S e cti o n 6. 2. 1 w e c o n si d e r a r el -

ati v el y st r ai g htf o r w a r d sit u ati o n  w h e r e b ot h f u n cti o n s g a n d v a r e eit h e r i n c r e a si n g ( g ↑ , v ↑ ) 

o r b ot h  d e c r e a si n g ( g ↓ , v ↓ ) .  B ot h of t h e s e c a s e s a r e si mil a r t o t h ei r c o u nt e r p a rt s  di s c u s s e d i n
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S e cti o n 5 .

T h e  m o st i nt e r e sti n g c a s e i s  w h e n θ v =  θ g , b ut t h e  m o n ot o ni cit y of g a n d v d o n ot a g r e e

i. e. ( g ↑ , v ↓ ) a n d ( g ↓ , v ↑ ) .  T hi s i s  di s c u s s e d i n S e cti o n 6. 2. 2 . T h e  m ai n r e s ult i s t h at  w hi c h

b e h a vi o r  d o mi n at e s (i. e. t h e b e h a vi o r o b s e r v e d f o r i n c r e a si n g g o r v o r b e h a vi o r f o r  d e c r e a si n g

g o r v )  d e p e n d s s e n siti v el y o n t h e  w a y i n  w hi c h m a n d n a p p r o a c h i n f nit y.  We c a pt u r e t hi s

i nf o r m all y i n a c o n c e pt of “i nt e rf a c e  wi dt h ”; if m ≫  n t h e n t h e i nt e rf a c e of v i s  m u c h n a r r o w e r

t h a n t h e i nt e rf a c e of g a n d vi c e v e r s a.

Fi g u r e 6. 9 ill u st r at e s t h at t h e f u n cti o n ξ  7 → β e − µ τ ( ξ ) g ( ξ )  c o n v e r g e s t o  diff e r e nt li mit s a s

m a n d n g o t o i n f nit y at  diff e r e nt r at e s, i n di c ati n g t h at t h e f ol d bif u r c ati o n s  will o c c u r at

diff e r e nt  pl a c e s i n t h e s e li mit s.  We al s o o b s e r v e t h at a d diti o n al e q uili b ri a  m a y a p p e a r  w h e n

m a n d n a p p r o a c h i n f nit y at  diff e r e nt r at e s ( Fi g u r e s 6. 1 5 a n d 6. 1 6 ). Fi n all y,  w e o b s e r v e a

c a n a r d-li k e e x pl o si o n i n a m plit u d e of a  p e ri o di c o r bit t h at e m a n at e s f r o m a  H o pf bif u r c ati o n,

s e e Fi g u r e 6. 1 3 .

7  C o n cl u si o n s

T hi s  p a p e r i s l o n g a n d c o m pli c at e d, a n d h e n c e  dif f c ult t o s u m m a ri z e s u c ci n ctl y. S uf f c e

t o s a y t h at  w e h a v e i nt r o d u c e d a g e n e r ali z ati o n of a  p r o k a r y oti c g e n e r e g ul at o r y  m o d el, i n

(1. 1 ) –(1. 2 ), o ri gi n all y  d e v el o p e d i n [1 8 ]. T h e g e n e r ali z ati o n h a s b ot h n o nli n e a riti e s i n t e r m s

of f e e d b a c k b ut al s o n o nli n e a riti e s a p p e a ri n g i n st at e  d e p e n d e nt  d el a y s.  M o r e o v e r t h e  d el a y s

a r e g e n e r at e d b y a t h r e s h ol d c o n diti o n. It i s t h u s s o m e w h at n o v el f o r b ot h t h e  m at h e m ati c al

a n d  m o d eli n g lit e r at u r e.  T h e  f r st t h r e e s e cti o n s of t h e  p a p e r a r e c o n c e r n e d  wit h e st a bli s hi n g

i m p o rt a nt a n d r el e v a nt  m at h e m ati c al  p r o p e rti e s of t h e b a si c s y st e m (1. 1 ) –(1. 2 ). S e cti o n 2

e st a bli s h e s  p r o p e rti e s of t h e s e mi f o w g e n e r at e d b y (1. 1 ) –(1. 2 ),  w hil e S e cti o n 3 e st a bli s h e s

c o n diti o n s f o r t h e e xi st e n c e of a gl o b al att r a ct o r of t h e s e mi f o w. S e cti o n 4 d e al s  wit h t h e

li n e a ri z ati o n of (1. 1 ) –(1. 2 )  w hi c h i s of si g ni f c a nt  utilit y i n t h e f oll o wi n g S e cti o n s 5 a n d 6

w h e r e  w e e x a mi n e t h e b e h a vi o u r of ( 1. 1 ) –(1. 2 ) b ot h n u m e ri c all y a n d a n al yti c all y.

At t h e e n d s of b ot h S e cti o n s 5 a n d 6 w e h a v e off e r e d g e n e r al s y n o p s e s of t h e r e s ult s of

e a c h,  w hi c h  w e  will n ot r e p e at h e r e.  A s a n ai d t o t h e r e a d e r, i n  T a bl e 7. 1 w e h a v e li st e d all

of t h e  f g u r e s i n t hi s  p a p e r ill u st r ati n g  d y n a mi c s f o r v a ri o u s c o m bi n ati o n s of g a n d v , al o n g

wit h t h e t y p e s of bif u r c ati o n s t h at  w e o b s e r v e d n u m e ri c all y i n e a c h c a s e.

We h a v e st u di e d t h e t h r e s h ol d  m o d el ( 1. 1 ), (1. 2 )  di r e ctl y  wit h o ut a p pl yi n g t h e ti m e t r a n s-

f o r m ati o n of S mit h [5 5 ,5 6 ] t o c o n v e rt t h e e q u ati o n s t o a  di st ri b ut e d  d el a y  D D E  wit h c o n st a nt

d el a y.  We s h o w e d i n S e cti o n s 5. 3 – 6. 2. 2 t h at t h e  d y n a mi c s of t h e  m o d el (1. 1 )  wit h a t h r e s h ol d

d el a y i s alt o g et h e r ri c h e r a n d  m o r e s u r p ri si n g t h a n t h e  d y n a mi c s of t h e c o r r e s p o n di n g c o n -

st a nt  d el a y  m o d el c o n si d e r e d i n S e cti o n s 5. 1 – 5. 1 . I n s o  d oi n g  w e  d e m o n st r at e d t h at  p r o bl e m s

wit h t h r e s h ol d  d el a y s c a n b e a n al y s e d a n d st u di e d n u m e ri c all y  wit h o ut ti m e t r a n sf o r mi n g t h e

p r o bl e m s t o c o n st a nt  d el a y  p r o bl e m s.  O u r  m et h o d s a r e a p pli c a bl e t o  p r o bl e m s  wit h  m ulti pl e

d el a y s i n cl u di n g o n e o r  m o r e t h r e s h ol d  d el a y s.

M u c h of t h e al g e b r a i n t hi s  p a p e r i s r o ot e d i n t h e  u s e of  m o n ot o n e  Hill f u n cti o n s f o r g ( ξ ) 

a n d v ( ξ ) w hi c h i s b ot h r el e v a nt a n d q uit e j u sti f a bl e f o r  m o d eli n g i n t h e bi ol o gi c al r e al m.  O u r

al g e b r a i s h el p e d b y t h e  u s e of t h e f u n cti o n ξ  7 → ξ  f ′ ( ξ ) / f ( ξ ) w hi c h h a s a t r a ct a bl e f o r m (5. 1 1 )

w h e n f i s a  Hill f u n cti o n.  N oti c e t h at if f ( ξ )  =  C ξ p t h e n

ξ  f ′ ( ξ )  
=  p ,

f ( ξ ) 

s o  w e c a n t hi n k of ξ  f ′ ( ξ ) / f ( ξ ) a s a  d e s c ri pti o n of a l o c al  p o w e r of a n o n- p ol y n o mi al f u n cti o n.

----
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( g , v ) C o r r e s p o n di n g  f g u r e n u m b e r a n d bif u r c ati o n s

( g ↓ , v ↔ ) 5. 1 (β γ ), 5. 2 ( 1, 2, H, S)

( g ↑ , v ↔ ) 5. 3 (β γ ), 5. 4 ( 1, 2, F, H, C u)

( g ↔ , v ↓ ) 5. 5 (β γ ), 5. 6 ( 1, S), 5. 7 ( 1, 2, H, S), 5. 8 ( 1, 2, H, S)

( g ↔ , v ↑ ) 5. 9 (β γ ), 5. 1 0 ( 1, 2, F, S, C u), 5. 1 1 ( 1, F, h, H, FP ), 5. 1 2 ( 1, 2, B a, B T, F H, C u),

5. 1 3 ( 1, F, FP , H, h), 5. 1 4 ( 2, F, H, h, B T, C u), 5. 1 5 ( 1, H, h), 5. 1 6 ( 1, 2, F, H, h, C u, B a, F h2 )

( g ↓ , v ↑ ) 6. 1 (β γ ), 6. 2 ( 1, 2, F, H, C u, B T, F H), 6. 7 (β γ , 1, 2, H), 6. 8 (β γ ), 6. 9 (β ),

6. 1 0 (β , 1, 2, F, C u), 6. 1 1 (β , 2, F, C u), 6. 1 2 (β γ , 1, 2, F, H, C u), 6. 1 3 ( 1, H, h, C a),

6. 1 4 (β γ , 1, 4 F, H), 6. 1 5 ( 2, 4 F, H, C u), 6. 1 6 (β γ , 1, 2, 4 F, 5 S S, H, C u, B T)

( g ↑ , v ↑ ) 6. 3 (β γ ) , 6. 4 ( 1, 2, 4 F, 5 S S, H, B a, B T, F H), 6. 5 ( 1, 4 F, 5 S S, H)

( g ↓ , v ↓ ) 6. 6 ( 1, 2, H)

( g ↑ , v ↓ ) 

T a bl e 7. 1: S u m m a r y of v a ri o u s  d y n a mi c b e h a vi o u r s s e e n i n S e cti o n s 5 a n d 6 . T h e n ot a -

ti o n of ’ n. m’ r ef e r s t o  f g u r e ’ m’ of S e cti o n ’ n’ a n d t h e s y m b ol s aft e r i n di c at e t h e t y p e

of c o nti n u ati o n e x pl o r e d a n d t h e bif u r c ati o n s o b s e r v e d. β γ  a n d β  r ef e r s t o a  f g u r e

i n  w hi c h β e − µ τ  g ( ξ )  ( wit h o r  wit h o ut γ ξ ) i s  pl ott e d t o s h o w q u alit ati v el y t h e n u m b e r

of st e a d y st at e s of t h e s y st e m ( 1. 1 ) –(1. 2 ). 1 a n d 2 i n di c at e t h at 1 a n d / o r 2  p a r a m e-

t e r  n u m e ri c al c o nti n u ati o n  w a s  p e rf o r m e d.  T h e bif u r c ati o n s o b s e r v e d a r e  d e n ot e d b y

F ( F ol d), F P ( F ol d of  P e ri o di c  O r bit s),  H ( H o pf), S ( St a bl e- n o bif u r c ati o n), a n d h ( h o -

m o cli ni c) a n d f o r hi g h e r c o- di m e n si o n bif u r c ati o n s:  B a ( B a uti n or g e n e r ali z e d  H o pf),

B T ( B o g d a n o v- T a k e n s),  C u ( c u s p), F H (f ol d- H o pf), F h 2 (f ol d- h o m o cli ni c). 4 F  d e n ot e s

e x a m pl e s  wit h 4 f ol d bif u r c ati o n s, 5 S S  d e n ot e s 5 c o- e xi sti n g st e a d y st at e s, a n d  C a a

c a n a r d.  N ot e t h at ’l eft cli c ki n g’ o n a n u m b e r  will t a k e y o u t o t h at  f g u r e,  w hil e ’ Alt ← ’

will b ri n g y o u b a c k t o t hi s t a bl e.

W hil e a si mil a r a p p r o a c h c o ul d b e a d o pt e d f o r ot h e r n o nli n e a riti e s, t h e r e s ult s  w o ul d li k el y

b e q u a ntit ati v el y  diff e r e nt, b ut  w e e x p e ct t h at f o r  m o n ot o n e f u n cti o n s t h e y  w o ul d n ot s h o w

q u alit ati v e alt e r ati o n s.  H o w e v e r, if n o n- m o n ot o n e n o nli n e a riti e s  w e r e c o n si d e r e d t h e n  w e

e x p e ct t h at t h e r e  w o ul d b e s u b st a nti al q u alit ati v e a s  w ell a s q u a ntit ati v e  diff e r e n c e s.

F ut ur e  dir e cti o n s. I n [2 0 ] t h e a ut h o r s e x a mi n e t h e v a ri o u s  d y n a mi c  p att e r n s ( w h at t h e y

t e r m ‘ m ulti- s y n c h r o ni z ati o n’ o r ‘ m ulti- r h yt h mi cit y’) t h at e m e r g e f r o m  m o d el s of bi o c h e mi c al

a n d c ell ul a r o s cill at o r s c o u pl e d t o e a c h ot h e r, a n d ill u st r at e t h ei r c o n si d e r ati o n s  wit h e x a m pl e s

of t h e ci r c a di a n o s cill at o r a n d t h e c ell c y cl e.  W hil e c e rt ai nl y of i nt e r e st bi ol o gi c all y,  p e r h a p s

t h e  m o r e i nt e r e sti n g q u e sti o n i s  w h et h e r o r n ot o n e c o ul d c o n st r u ct a c at al o g, o r  di cti o n a r y, of

p o s si bl e  d y n a mi c al b e h a vi o u r s a ri si n g f r o m t h e c o u pli n g of N diff e r e nt  d y n a mi c s g e n e r at e d

b y  D D E s a s  w e h a v e c o n si d e r e d h e r e.

I n  p a rti c ul a r, c o n si d e r

v i( x i( t) ) )  ′ − µ iτ i( t)x i( t)  =  β ie g i( x i( t −  τ i( t) ) )  −  γ ix i( t)  ( 7. 1)
v i( x i( t −  τ i( t) ) )  

w h e r e f o r t ≥  0 t h e  d el a y τ i( t)  i s  d e f n e d b y t h e t h r e s h ol d c o n diti o n

Z Z0 t

a i =  v i( x i( t +  s ) ) d s =  v i( x i( s ) ) d s ( 7. 2)
− τ i( t) t− τ i( t)  

f o r i =  1, . . . , N .  A s s u mi n g t h at t h e s e s y st e m s a r e c o u pl e d t h r o u g h o n e o r  m o r e of t h e  p a r a m-

et e r s β i, µ i, γ i, a i o r t h r o u g h t h e f u n cti o n s τ i, v i, g i, t h e n  w h at c a n b e s ai d a b o ut t h e r e s ulti n g
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d y n a mi c s ? T h e  p a p e r [ 2 0 ] c o n si d e r e d b ot h ‘ s e ri e s’ a n d ‘ p a r all el’ c o u pli n g b et w e e n t h ei r t w o

d y n a mi c s, b ut o n e  w o ul d h a v e t o  p r e ci s el y  d e f n e  w h at  w a s  m e a nt b y t hi s  wit hi n t h e c o nt e xt

of ( 7. 1 ) –(7. 2 ).

F o r N =  2 o n e  mi g ht c o n si d e r a s y st e m

v 1 ( x 1 ( t) ) )  ′ − µ 1 τ 1 ( t)x 1 ( t)  =  β 1 x 2 e g 1 ( x 1 ( t −  τ 1 ( t) ) )  −  γ 1 x 1 ( t) ,
v 1 ( x 1 ( t −  τ 1 ( t) ) )  

v 2 ( x 2 ( t) ) )  ′ − µ iτ 2 ( t)x 2 ( t)  =  β 2 x 1 e g 2 ( x 2 ( t −  τ 2 ( t) ) )  −  γ 2 x 2 ( t) .
v 2 ( x 2 ( t −  τ 2 ( t) ) )  

O n e c o ul d r e g ul at e t h e st r e n gt h of t h e c o u pli n g b y a n a d diti o n al c o n st a nt i. e. b y c o n si d e ri n g

t h e t e r m β 1 a 1 x 2 r at h e r t h a n j u st β 1 x 2 .  T hi s  w o ul d all o w a n e x a mi n ati o n of t h e st r e n gt h of

c o u pli n g  w hil e k e e pi n g β ’ s t h e s a m e f o r c o m p a ri s o n  wit h a si n gl e  D D E o s cill at o r.  T hi s s e e m s

t o b e t h e si m pl e st li n e a r c o u pli n g; a n alt e r n ati v e  mi g ht b e c o n si d e ri n g β 1 ( x 2 ) , β 2 ( x 1 )  w h e r e

t h e s e a r e  Hill f u n cti o n s.  T hi s c o u pli n g r e s ult s i n a  p o siti v e  m ut u al f e e d b a c k i n t h e s e n s e t h at

m o r e x 1 m a k e s g ( x 2 )  bi g g e r a n d vi c e v e r s a.

F o r st a bl e o s cill ati o n i n a si n gl e  D D E  w e n e e d at l e a st o n e of t h e f u n cti o n s v o r g t o

b e  d e c r e a si n g.  A r e t h e r e  diff e r e n c e s if  w e c o u pl e s a m e ki n d o s cill at o r s ( − , + )  wit h ( − , + )  

o r ( + , − ) wit h ( + , − ) o n o n e h a n d a n d t w o  diff e r e nt o s cill at o r s ( + , − ) wit h ( − , + ) ? If  w e

m ut u all y c o u pl e t w o  D D E s i n a  w a y t h at t h e y f o r m a n e g ati v e f e e d b a c k l o o p, c a n  w e i d e ntif y

o s cill ati o n s t h at a ri s e  d u e t o l o c al n e g ati v e f e e d b a c k (i. e. t h e o s cill at o r t y p e ( − , + )  a n d ( + , − ) )

a n d t h e gl o b al n e g ati v e f e e d b a c k, t h at a ri s e s f r o m t h e  m ut u al c o u pli n g of t h e o s cill at o r s ? I n

p a rti c ul a r, c o n si d e r t w o t y p e s of  m ut u all y c o u pl e d e q u ati o n s. Fi r st c o n si d e r t h e c o u pli n g

t h r o u g h t h e n o nli n e a riti e s g

v 1 ( x 1 ( t) ) )  ′ − µ 1 τ 1 ( t)x 1 ( t)  =  β 1 e g 1 ( x 2 ( t −  τ 1 ( t) ) )  −  γ 1 x 1 ( t) ,
v 1 ( x 1 ( t −  τ 1 ( t) ) )  

v 2 ( x 2 ( t) ) )  ′ − µ 2 τ 2 ( t)x 2 ( t)  =  β 2 e g 2 ( x 1 ( t −  τ 2 t) ) )  −  γ 2 x 2 ( t) ,
v 2 ( x 2 ( t −  τ 2 ( t) ) )  

w h e r e b ot h v 1 , v 2 a r e  d e c r e a si n g, s o t h at e a c h e q u ati o n c a n s u p p o rt o s cill ati o n s  wit h c o n -

st a nt i n p ut f r o m t h e ot h e r o s cill at o r ( s e e S e cti o n 5. 3). If b ot h g 1 , g 2 a r e al s o  d e c r e a si n g t hi s

r e p r e s e nt s  m ut u al i n hi biti o n b et w e e n t w o o s cill at o r s a n d s u g g e st s t h e  p o s si bl e e xi st e n c e of

bi st a bilit y.

Alt e r n ati v el y, o n e c a n c o n si d e r c o u pli n g of t h e e q u ati o n s t h r o u g h t h e v f u n cti o n s r at h e r

t h a n n o nli n e a riti e s g ,  wit h all f u n cti o n s v 1 , v 2 , g 1 , g 2 still  d e c r e a si n g:

v 1 ( x 2 ( t) ) )  ′ − µ 1 τ 1 ( t)x 1 ( t)  =  β 1 e g 1 ( x 1 ( t −  τ 1 ( t) ) )  −  γ 1 x 1 ( t) ,
v 1 ( x 2 ( t −  τ 1 ( t) ) )  

v 2 ( x 1 ( t) ) )  ′ − µ 2 τ 2 ( t)x 2 ( t)  =  β 2 e g 2 ( x 2 ( t −  τ 2 t) ) )  −  γ 2 x 2 ( t) .
v 2 ( x 1 ( t −  τ 2 ( t) ) )  

D o e s eit h e r s y st e m s u p p o rt bi st a bilit y b et w e e n  p e ri o di c s ol uti o n s ? If s o,  d o e s t h e s h a p e

of t h e  p e ri o di c s ol uti o n s r e f e ct t h e f a ct t h at i n  m ut u all y r e p r e s si bl e c o u pl e d s y st e m s o n e

c o m p o n e nt i s hi g h  w hil e t h e ot h e r i s l o w ?

O n e c a n al s o c o n si d e r l a r g e r s y st e m of e q u ati o n s t h at a r e c y cli c all y c o u pl e d

v 1 ( x 1 ( t) ) )  ′ − µ 1 τ 1 ( t)x 1 ( t)  =  β 1 e g 1 ( x N ( t −  τ 1 ( t) ) )  −  γ 1 x 1 ( t) , ( 7. 3)
v 1 ( x 1 ( t −  τ 1 ( t) ) )  

v j( x j( t) ) )  ′ − µ jτ j( t)x j( t)  =  β je g j( x j− 1 ( t −  τ j( t) ) )  −  γ jx j( t) , j =  2, . . . , N . ( 7. 4)
v j( x j( t −  τ j( t) ) )  
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We h a v e al r e a d y t a c kl e d a  p a rti c ul a r  p r o bl e m of t hi s f o r m i n [1 8 ]  w h e r e w e c o n si d e r e d

d M v M ( E ( t) )  − µ τ M ( t)( t)  =  β M e f ( E ( t −  τ M ( t) ) )  −  γ̄ M M ( t) ,
dt v M ( E ( t −  τ M ( t) ) )  

d I v I ( M ( t) )  − µ τ I ( t)( t)  =  β I e M ( t −  τ I ( t) )  −  γ̄ I I ( t) ,
dt v I ( M ( t −  τ I ( t) ) )  

d E
( t)  =  β E I ( t) −  γ̄ E E ( t) .

dt

w hi c h i s e x a ctl y of t h e f o r m (7. 3 ),(7. 4 )  wit h N =  3 a n d g 2 ( x )  =  g 3 ( x )  =  x a n d µ 3 =  τ 3 =  0.

T o c o n cl u d e, t h e  w o r k  p r e s e nt e d h e r e o p e n s  m a n y i nt e r e sti n g q u e sti o n s o n h o w t h e i nt e r -

pl a y b et w e e n t h e c h a r a ct e r of t h e n o nli n e a rit y, st at e  d e p e n d e nt  d el a y a n d c o u pli n g aff e ct s t h e

l o c al a n d gl o b al  d y n a mi c s of  D D E s.

A p p e n di c e s

A R el ati o n of ( 1. 1 ) –(1. 2 ) t o t h e  m o d el of  G e d e o n et al. [1 8 ]

T h e  G o o d wi n  m o d el [ 2 2 ] f o r o p e r o n d y n a mi c s c o n si d e r s a l a r g e  p o p ul ati o n of c ell s, e a c h of

w hi c h c o nt ai n s o n e c o p y of a  p a rti c ul a r o p e r o n. ( M , I, E ) r e s p e cti v el y  d e n ot e t h e  m R N A,

i nt e r m e di at e  p r ot ei n, a n d eff e ct o r  p r ot ei n c o n c e nt r ati o n s. F o r a g e n e ri c o p e r o n [2 1 , 2 2 , 2 4 , 2 5 ,

4 6 ,5 1 ] t h e  d y n a mi c s a r e a s s u m e d t o b e gi v e n b y

d M
=  β M f ( E ) −  γ M M , ( A. 1)

dt
d I

=  β I M −  γ I I, ( A. 2)
dt
d E

=  β E I −  γ E E . ( A. 3)
dt

T h e  p r o d u cti o n  f u x f of  m R N A i s a s s u m e d t o b e a f u n cti o n of t h e eff e ct o r l e v el E . F u rt h e r-

m o r e, t h e  m o d el a s s u m e s t h at t h e  f u x of  p r ot ei n a n d  m et a b olit e  p r o d u cti o n a r e  p r o p o rti o n al

( at r at e s β I , β E r e s p e cti v el y) t o t h e a m o u nt of  m R N A a n d i nt e r m e di at e  p r ot ei n r e s p e cti v el y.

All t h r e e of t h e c o m p o n e nt s ( M , I, E ) a r e s u bj e ct t o  d e g r a d ati o n at r at e s γ M , γ I , γ E .  T h e  p a-

r a m et e r s β I , β E , γ M , γ I a n d γ E h a v e  di m e n si o n s [ti m e − 1 ].

I n [1 8 ] w e e xt e n d e d t h e cl a s si c  G o o d wi n  m o d el f o r t h e r e g ul ati o n of t h e b a ct e ri al o p e r o n

t o a sit u ati o n i n  w hi c h t h e c ell s a r e g r o wi n g e x p o n e nti all y at a r at e µ  a n d h a v e  f nit e t r a n s c ri p -

ti o n al a n d t r a n sl ati o n al v el o citi e s t h at a r e  p ot e nti all y  d e p e n d e nt o n t h e st at e of t h e s y st e m.

F o r t h e f ull  m o d el of [ 1 8 ], r et ai n t h e n ot ati o n of t h e o ri gi n al  G o o d wi n o p e r o n  m o d el,  d e n ot e

t h e t r a n s c ri pti o n al v el o cit y b y v M ( E ( t) )  a n d t h e t r a n sl ati o n al v el o cit y b y v I ( M ( t) ) , a n d l et

γ̄ i =  γ i +  µ . T h e n t h e e xt e n si o n i n [ 1 8 ] i s

d M v M ( E )− µ τ M ( t)=  β M e f ( E ( t −  τ M ( t) ) )  −  γ̄ M M , ( A. 4)
dt v M ( E ( t −  τ M ( t) ) )  

d I v I ( M )− µ τ I ( t)=  β I e M ( t −  τ I ( t) )  −  γ̄ I I , ( A. 5)
dt v I ( M ( t −  τ I ( t) ) )  

d E
=  β E I −  γ̄ E E . ( A. 6)

dt
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T h e s e e q u ati o n s a r e s u p pl e m e nt e d b y t h e t w o a d diti o n al e q u ati o n s  w hi c h i m pli citl y  d e f n e

t h e  d el a y s τ M a n d τ I b y t h r e s h ol d c o n diti o n s, n a m el y

Z Zt 0

a M =  v M ( E ( s ) ) d s =  v M ( E ( t +  s ) ) d s , ( A. 7)
t− τ M ( t)  − τ M ( t)

Z Zt 0

a I =  v I ( M ( s ) ) d s =  v I ( M ( t +  s ) ) d s . ( A. 8)
t− τ I ( t)  − τ I ( t)  

I n o u r e xt e n d e d  m o d el [ 1 8 ], a s i n t h e o ri gi n al  G o o d wi n [2 1 ] f o r m ul ati o n, t h e f u n cti o n f i s

a  m o n ot o n e i n c r e a si n g f u n cti o n f o r a n i n d u ci bl e o p e r o n, a n d f o r a r e p r e s si bl e o p e r o n f i s a

m o n ot o n e  d e c r e a si n g f u n cti o n.

T o  m a k e t h e t r a n siti o n f r o m t h e f ull  m o d el (A. 4 ) –(A. 6 )  p r e s e nt e d i n [1 8 ] t o t h e a p p a r e ntl y

si m pl e r sit u ati o n of ( 1. 1 ) –(1. 2 ) c o n si d e r e d h e r e i s r el ati v el y st r ai g htf o r w a r d.  We si m pl y n e e d

t w o a s s u m pti o n s:

1. We  f r st a s s u m e t h at t h e t r a n sl ati o n al v el o cit y v I i s  n ot r e g ul at e d b ut i s l a r g e  wit h r e s p e ct

t o t h e ot h e r c h a r a ct e ri sti c ti m e s i n t h e s y st e m s o t h e t r a n sl ati o n al  d el a y τ I ≃  0.

2. O u r s e c o n d a s s u m pti o n i n v ol v e s t h e e xi st e n c e of f a st a n d sl o w v a ri a bl e s [ 3 6 , S e cti o n 2. 3]

s o t h e r e i s a cl e a r s e p a r ati o n of ti m e s c al e s.

β M β I β E β M β I β EWit h t h e s e a s s u m pti o n s a n d t h e s u b stit uti o n s: E →  x , β  →  γ̄ I ( o r β  →  γ̄ E ),γ̄ M γ̄ I γ̄ E γ̄ M γ̄ I γ̄ E

f →  g , a n d τ M ( t)  →  τ ( t) w e i m m e di at el y o bt ai n t h e s y st e m (1. 1 ) –(1. 2 ) t h at  w e st u d y h e r e.

O n e  mi g ht t hi n k t h at ( 1. 1 ) i s s o m e w h at n o v el b ut i n f a ct si mil a r f o r m ul ati o n s a r e a v ail a bl e

i n  diff e r e nt sit u ati o n s.  B el o w, i n  A p p e n di x B w e gi v e s e v e r al ot h e r e x a m pl e s of  m o d el s i n t h e

s pi rit of ( 1. 1 ), b ut  w hi c h  diff e r i n  d et ail s t h at m a y o r  m a y n ot off e r si g ni f c a nt  diff e r e n c e s i n

b e h a vi o u r.

B  Ot h er e x a m pl e s

I n t hi s a p p e n di x,  w e  m e nti o n f o u r  diff e r e nt e x a m pl e s of  p r e vi o u sl y  p u bli s h e d st u di e s  w hi c h

c a n b e t h o u g ht of a s e xt e n si o n s of t h e c o n si d e r ati o n s i n t hi s  p a p e r.

A  bi st a bl e g e n eti c s wit c h

T h e t w o t y p e s of o p e r o n  d y n a mi c s o ri gi n all y c o n si d e r e d  w e r e cl a s si f e d a s eit h e r r e p r e s si bl e

(i n  w hi c h t h e  p r o d u cti o n  f u x f u n cti o n f i n (A. 1 ) i s a  d e c r e a si n g f u n cti o n of it s a r g u m e nt), o r

i n d u ci bl e (i n  w hi c h f i s a n i n c r e a si n g f u n cti o n of it s a r g u m e nt). I n t h e l a n g u a g e of  d y n a mi c al

s y st e m s t h e s e a r e n e g ati v e o r  p o siti v e f e e d b a c k s y st e m s.  H o w e v e r, t h e r e i s a t hi r d t y p e of

f u n d a m e nt al  d y n a mi c al e ntit y f o u n d i n  p r o k a r y ot e s, n a m el y t h e s o c all e d bi st a bl e s wit c h i n

w hi c h t h e eff e ct o r  p r o d u c e d b y o p e r o n X i n hi bit s t h e t r a n s c ri pti o n of  D N A f r o m o p e r o n Y

a n d vi c e v e r s a ( w hi c h  w e  mi g ht  d e n ot e a s a ( − , − ) s y st e m).  T h e  p a r a di g m ati c  m ol e c ul a r

bi ol o g y e x a m pl e of a bi st a bl e s wit c h  d u e t o r e ci p r o c al n e g ati v e f e e d b a c k i s t h e b a ct e ri o p h a g e

( o r  p h a g e) λ ,  w hi c h i s a vi r u s c a p a bl e of i nf e cti n g  E. c oli b a ct e ri a.  O ri gi n all y  d e s c ri b e d i n [ 3 2 ]

a n d v e r y ni c el y t r e at e d i n [ 4 8 ], it i s b ut o n e of  m a n y e x a m pl e s of  m ut u all y i n hi bit o r y bi st a bl e

s wit c h e s t h at h a v e b e e n f o u n d si n c e.  M o d el s of t hi s  p r o c e s s a r e t o b e f o u n d i n [2 6 ], [5 0 ], a n d

[9 ] a m o n g ot h e r s.

C o n si d e r a si m pl e  m o d el f o r t hi s  p r o c e s s i n  w hi c h t h e  d y n a mi c s of t h e i nt e r m e di at e of

b ot h t h e X a n d Y o p e r o n s i s f a st r el ati v e t o t h e  d y n a mi c s of t h e c o r r e s p o n di n g  m R N A M X
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a n d M Y , a n d eff e ct o r s E X a n d E Y .  T h e n  w e c a n  w rit e  d o w n a r e d u c e d v e r si o n of t h e  m o d el

(A. 4 ) –(A. 6 ) i n t h e f o r m

d M X − µ τ M X
( t)  v M X

( E Y )  
=  β M X

e fX ( E Y ( t −  τ M X
( t) ) )  −  γ̄ M X

M X , ( B. 1)
dt v M X

( E Y ( t −  τ M X
( t) ) )  

d E X =  β E X
M X −  γ̄ E X

E X , ( B. 2)
dt

d M Y − µ τ M Y
( t)  v M Y

( E X )  
=  β M Y

e f ( E X ( t −  τ M Y
( t) ) )  −  γ̄ M Y

M Y , ( B. 3)
dt v M Y

( E X ( t −  τ M Y
( t) ) )  

d E Y =  β E Y
M Y −  γ̄ E Y

E Y . ( B. 4)
dt

A n al y si s of t h e n et w o r k  d y n a mi c s of o r di n a r y  diff e r e nti al e q u ati o n s y st e m s [ 2 3 , 4 7 ] s u g-

g e st s t h at t h e s y st e m

d M X =  β M X
fX ( E Y )  −  γ̄ M X

M X ,
dt
d E X =  β E X

M X −  γ̄ E X
E X ,

dt
d M Y =  β M Y

f ( E X )  −  γ̄ M Y
,

dt
d E Y =  β E Y

M Y −  γ̄ E Y
E Y ,

dt

c o r r e s p o n di n g t o (B. 1 ) –(B. 4 ) i n b ot h ( + + )  a n d ( − − ) c a s e s i s a  p o siti v e c y cli c f e e d b a c k s y s -

t e m [1 7 ] a n d  will di s pl a y bi st a bilit y [ 2 3 , 4 7 ]. T h e r e c e nt p r e p ri nt [ 4 9 ] c a r ef ull y a n al y z e s t h e

b o u n d a r y of bi st a bilit y r e gi o n s i n b ot h ( + + )  a n d ( − − ) c a s e s.

B a s e d o n t h e r e s ult s f r o m [1 8 ], i n cl u si o n of  di st ri b ut e d  d el a y s c o ul d a d d a d diti o n al e q ui-

li b ri a, r e s ulti n g i n  m ulti st a bilit y.  A d di n g  d el a y s al s o c a n c h a n g e t h e r a n g e of bi st a bilit y i n t h e

p a r a m et e r s p a c e.

S y st e m ( + − ) i s a n e g ati v e f e e d b a c k s y st e m  w h e r e  w e e x p e ct t h at t h e t ri vi al e q uili b ri u m

will l o s e st a bilit y t h r o u g h  H o pf bif u r c ati o n if t h e sl o p e( s) of n o nli n e a riti e s a r e s uf f ci e ntl y

st e e p at t h e e q uili b ri u m.  A d di n g  d el a y s  m a y r e s ult i n a d diti o n al st a bl e e q uili b ri a a n d s e c -

o n d a r y  H o pf bif u r c ati o n s, a s  w a s o b s e r v e d i n [ 1 8 ].

A f or e st gr o wt h  m o d el

I n [3 9 ], t h e a ut h o r s c o n si d e r e d a n a g e st r u ct u r e d  m o d el f o r t h e g r o wt h of a si n gl e t r e e s p e ci e s

f o r e st.  T h e y s h o w e d t h at t h e  d y n a mi c s of t h e n u m b e r of a d ult t r e e s A i s g o v e r n e d b y

d A ( t) f ( A ( t) )  − µ τ ( t)=  e r b ( A ( t −  τ ( t) ) )  −  γ A ( t) ( B. 5)
dt f ( A ( t −  τ ( t) )  

i n c o nj u n cti o n  wit h t h e c o n diti o n

Z  t
f ( A ( s ) ) d s =  s̄ . ( B. 6)

t− τ ( t) 

I n (B. 5 ) µ  i s t h e  m o rt alit y r at e of s a pli n g s, f i s t h e v el o cit y of  m at u r ati o n of s a pli n g s, r i s t h e

bi rt h r at e, b i s t h e r e p r o d u cti o n ( bi rt h) f u n cti o n a n d γ  i s t h e  m o rt alit y r at e of a d ult s.
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S G 2 MG 1 G 0

R e sti n g 
p h a s e c ell s

δ N 

C ell d e at h  (a p o pt o si s )

C ell r e e ntr y i nt o pr olif er ati o n   =  β N

C ell diff er e nti ati o n 
Diff er e nti ati o n

γ P 

Pr olif er ati n g p h a s e c ell s

Fi g u r e  B. 1:  T h e  B u r n s a n d  T a n n o c k [ 7 ]  m o d el f o r t h e c ell c y cl e c o n si sti n g of a r e sti n g

p h a s e ( G 0 ) a n d t h e  p r olif e r ati n g  p h a s e P wit h t h e s u b- p h a s e s G 1 , S ( D N A s y nt h e si s), G 2 ,

a n d M ( mit o si s a n d c yt o ki n e si s). It i s a s s u m e d t h at c ell s c a n  di e f r o m t h e  p r olif e r ati n g

p h a s e at a r at e γ  a n d e xit i nt o t h e  diff e r e nti ati o n  p at h w a y f r o m G 0 at a r at e δ .  R e d r a w n

f r o m [3 7 ].

T h e G 0 c ell c y cl e  m o d el

T h e o ri gi n al G 0 c ell c y cl e  m o d el  p r o p o s e d b y  B u r n s a n d  T a n n o c k i n [ 7 ] i s ill u st r at e d i n Fi g-

u r e B. 1 , a n d c a pt u r e s t h e e s s e n c e of  w h at i s k n o w n of t h e c ell ul a r r e pli c ati o n  p r o c e s s at a

i nt e r m e di at e ( c ell ul a r o r n o n- m ol e c ul a r) l e v el of s o p hi sti c ati o n a n d k n o wl e d g e.  T h e  p r olif e r-

ati n g  p h a s e c ell s a r e  d e n ot e d b y P w hil e t h e r e sti n g G 0 p h a s e c ell s a r e  d e n ot e d b y N .

I n t h e el a b o r ati o n of [3 7 ], it i s  p r e s u m e d t h at c ell s  di e f r o m t h e  p r olif e r ati v e  p h a s e at a r at e

γ  s o t h e  f u x of c ell s t o  d e at h i s γ P , a n d  diff e r e nti at e f r o m G 0 at a r at e δ  s o t h e  diff e r e nti ati o n

f u x i s δ N .  C ell s i n t h e G 0 p h a s e c a n, i n a d diti o n t o  diff e r e nti ati n g, r e- e nt e r t h e  p r olif e r ati v e

p h a s e at a r at e β  s o t h e  f u x of c ell s i nt o  p r olif e r ati o n i s β N .  C ell s t h at e nt e r t h e  p r olif e r ati v e

p h a s e a r e a s s u m e d t o  p r o c e e d t h r o u g h t h e st a g e s G 1 , S , G 2 , a n d M i n a l o c k st e p f a s hi o n t h at

t a k e s a ti m e τ  t o c o m pl et e if  d e at h  d o e s n ot i nt e r v e n e.  O n c e  mit o si s i s c o m pl et e d, c yt o ki n e si s

p r o d u c e s t w o  d a u g ht e r c ell s t h at t h e n e nt e r G 0 .

B a s e d o n t h e a s s u m pti o n t h at t h e r at e β  of c ell e nt r y f r o m G 0 i nt o P , i s a f u n cti o n of

t h e si z e N of G 0 , t h e n it i s st r ai g htf o r w a r d t o s h o w t h at t h e  d y n a mi c s of t h e a u g m e nt e d

B u r n s / T a n n o c k c ell c y cl e  m o d el a r e g o v e r n e d b y t h e  diff e r e nti al  d el a y e q u ati o n

d N − γ τ  N τ β ( N τ  ) ,=  − [δ  +  β ( N )] N +  2 e ( B. 7)
dt

w h e r e  w e h a v e  u s e d t h e n ot ati o n N ≡  N ( t) a n d N τ  ≡  N ( t −  τ ) . E q u ati o n ( B. 7 ) h a s b e e n t h e

s u bj e ct of a n e xt e n si v e bif u r c ati o n a n al y si s i n t h e w o r k of [ 1 2 ].

N o w  w e c o n si d e r a sli g htl y  m o di f e d c ell c y cl e  m o d el i d e nti c al t o t h e  B u r n s / T a n n o c k

m o d el  wit h t h e a d diti o n al  w ri n kl e t h at t h e v el o cit y v wit h  w hi c h c ell s  m o v e t h r o u g h t h e

p r olif e r ati v e  p h a s e of t h e c ell c y cl e i s  u n d e r t h e c o nt r ol of t h e n u m b e r N of n o n- p r olif e r ati v e

c ell s.

R e m ar k  B. 1. O n e  w o ul d t hi n k t h at t h e v el o cit y of  m o v e m e nt t h r o u g h t h e  p r olif e r ati v e  p h a s e P

w o ul d b e a n i n c r e a si n g f u n cti o n of  d e c r e a s e d N w hi c h  w o ul d l e a d t o a  d el a y τ  t h at  d e c r e a s e s

a s N d e c r e a s e s.  T hi s  w o ul d l e a d t o c ell  d e n sit y  d e p e n d e nt i nt e r- di vi si o n ti m e s.

If  w e t a k e t h e n u m b e r of  p r olif e r ati v e  p h a s e c ell s at ti m e t a n d a g e a t o b e p ( t, m ) , t h e

m a xi m u m a g e at c yt o ki n e si s t o b e a m , a n d t h e v el o cit y  wit h  w hi c h t h e y  m o v e t h r o u g h t h e c ell
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E
I +

+

_

F

E x cit at or y  p o p ul ati o n

E xt er n al
i n p ut

I n hi bit or y c ell s

Fi g u r e  B. 2:  A s c h e m ati c r e p r e s e nt ati o n of t h e r e c u r r e nt i n hi biti o n ci r c uit c o n si d e r e d i n

[1 5 ].  T hi s  f g u r e i s  m o di f e d f r o m t h e o ri gi n al  p u bli c ati o n.

c y cl e t o b e v ( N ( t) ) , t h e n t h e e v ol uti o n e q u ati o n f o r p ( t, m ) i s gi v e n b y

∂ p ( t, m ) ∂ p ( t, m )
+  v ( N ( t) )  =  − γ p ( t, m ) ( B. 8)

∂ t ∂ m

a n d  w e h a v e t h e i niti al c o n diti o n

p ( t, m =  0 )  =  N ( t) β ( N ( t) ) . ( B. 9)

F oll o wi n g t h e s a m e  d e ri v ati o n  p r o c e d u r e a s i n [1 8 ], t h e  f n al e q u ati o n f o r t h e  d y n a mi c s of t h e

n o n- p r olif e r ati v e c ell ul a r  p o p ul ati o n N i s gi v e n b y

d N ( t) v ( N ( t) )  − γ τ ( t)=  2 e N ( t −  τ ( t) ) β ( N ( t −  τ ( t) )  −  ( δ  +  β ( N ( t) ) ) N ( t) . ( B. 1 0)
dt v ( N ( t −  τ ( t) ) )  

We al s o h a v e t h e a d diti o n al c o n diti o n t h at
Z  t

a m =  v ( N ( s ) ) d s . ( B. 1 1)
t− τ ( t) 

R e m ar k  B. 2. N ot e t h at, n ot  u n s u r p ri si n gl y, t h e a u g m e nt e d c ell c y cl e  m o d el i s i d e nti c al i n

f o r m ul ati o n  wit h t h e f o r e st g r o wt h  m o d el of [3 9 ].

A  m o d el f or r e c urr e nt i n hi biti o n

A  m o d el f o r t h e  d y n a mi c s of a r e c u r r e nt i n hi bit o r y n e u r al f e e d b a c k ci r c uit i s c o n si d e r e d i n

[1 5 ], h o w e v e r t h e  m o d el  w a s i n c o m pl et e o mitti n g t h e v el o cit y r ati o t e r m  w hi c h a p p e a r s i n all

of t h e ot h e r  m o d el s h e r e.  T h e t e r m v ( x ( t) ) / v ( x ( t −  τ ( t) ) )  i n (1. 1 ) i s e s s e nti al a s s h o w n i n

[5 ,1 0 ,1 8 ] f r o m c o n s e r v ati o n a n d  f u x a r g u m e nt s.  H e r e,  w e c o m pl et e t h e  m o d el of [ 1 5 ].

T o c a pt u r e t h e s pi rit of t h e r e c u r r e nt i n hi bit o r y n e u r al ci r c uit r y a n d off e r a c o m pl et e f o r -

m ul ati o n i n c o r p o r ati n g t h e r ati o t e r m,  w e c o n si d e r t h e sit u ati o n  wit h  d y n a mi c s  d e s c ri b e d

b y

d V ( t) Σ ( V ( t) )  
=  γ ( E −  V ( t) )  −  G ( F ( V ( t −  τ ( t) ) , ( B. 1 2)

dt Σ ( V ( t −  τ ( t) ) )  

w h e r e V =  E −  I i s t h e n et  p ot e nti al i n t h e n e u r o n, E ( I ) i s t h e e x cit at o r y (i n hi bit o r y)  p ot e nti al,

Σ  i s t h e v el o cit y of  p r o p a g ati o n of t h e a cti o n  p ot e nti al s a r o u n d t h e i n hi bit o r y l o o p b a c k t o t h e

s o m a, a n d G i s t h e r e s p o n s e of t h e n e u r o n t o t h e r e c u r r e nt i n hi bit o r y  d ri v e. F ≈  α V (α  >  0)

i s t h e  f ri n g f r e q u e n c y of t h e c ell, a n i n c r e a si n g f u n cti o n of t h e  p o st s y n a pti c  p ot e nti al V . I n

c o nj u n cti o n  wit h (B. 1 2 ), if t h e l e n gt h of t h e r e c u r r e nt i n hi bit o r y  p at h w a y i s L w e h a v e t h e

a n cill a r y c o n diti o n
Z  t

L =  Σ ( V ( s ) ) d s . ( B. 1 3)
t− τ ( t) 
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I n [1 5 ] it w a s a r g u e d t h at Σ  i s a n i n c r e a si n g f u n cti o n of t h e  p o st s y n a pti c  p ot e nti al V s o,

a s a c o n s e q u e n c e t h e  d el a y ti m e τ  i s a  d e c r e a si n g f u n cti o n of V . It  w a s f u rt h e r n ot e d t h at, o n

p h y si ol o gi c al g r o u n d s, G i s a n i n c r e a si n g f u n cti o n of t h e  f ri n g f r e q u e n c y F f o r s m all v al u e s

of F a n d  d e c r e a si n g  wit h i n c r e a si n g F p a st a c e rt ai n  m a xi m u m.

T hi s  m o d el c a n b e f u rt h e r g e n e r ali z e d t o a st at e  d e p e n d e nt  D D E  wit h  di st ri b ut e d st at e

d e p e n d e nt  d el a y s.  T hi s g e n e r ali z ati o n r el a x e s t h e a s s u m pti o n t h at t h e l e n gt h L i s c o n st a nt.

A  m o r e r e ali sti c a s s u m pti o n i s t h at t h e l e n gt h s a r e  di st ri b ut e d i n  p o p ul ati o n of n e u r o n s  d e -

s c ri b e d b y a  di st ri b uti o n K L .  N ot e t h at t hi s i s e q ui v al e nt t o h a vi n g v a ri a bl e  f ri n g t h r e s h ol d at

t h e s o m a t h at r e c ei v e s t h e i n hi bit o r y i n p ut.  T h e  m o d el t a k e s t h e f o r m

Z  � Z �  
d V ( t) ∞ Σ ( V ( t) )  t

=  γ ( E −  V ( t) )  −  G ( F ( V ( t −  ϕ ( t) ) K L Σ ( V ( s ) ) d s d ϕ , ( B. 1 4)
dt 0 Σ ( V ( t −  ϕ ( t) ) )  t− ϕ  

w h e r e V =  E −  I i s t h e n et  p ot e nti al i n t h e n e u r o n, E ( I ) i s t h e e x cit at o r y (i n hi bit o r y)  p ot e nti al,

Σ  i s t h e v el o cit y of  p r o p a g ati o n of t h e a cti o n  p ot e nti al s a r o u n d t h e i n hi bit o r y l o o p b a c k t o t h e

s o m a, a n d G i s t h e r e s p o n s e of t h e n e u r o n t o t h e r e c u r r e nt i n hi bit o r y  d ri v e. F ≈  α V (α  >  0)

i s t h e  f ri n g f r e q u e n c y of t h e c ell, a n i n c r e a si n g f u n cti o n of t h e  p o st s y n a pti c  p ot e nti al V .  T o

d e ri v e t hi s e q u ati o n  w e n ot e t h at t h e  di st ri b uti o n of t h e r e c u r r e nt l o o p l e n gt h s L i s a n al o g o u s

t o t h e  di st ri b ut e d  m at u r ati o n ti m e s i n  K e n d ri c k – M c C o r m a c k a g e st r u ct u r e d  m o d el s a n al y z e d

i n [8 ].  T h e a n al o g t o t h e  K e n d ri c k – M c C o r m a c k  m o d el of t h e a g e  di st ri b ut e d  p o p ul ati o n i s

∂ t E ( t, s )  +  ∂ s ( Σ ( V ( t) ) E ( s , t) )  =  − h ( s ) E ( s , t) ,

Σ ( V ( t) ) E ( t, 0)  =  G ( F ( V ( t) ) ) , E ( t0 , s )  =  f ( s ) , s ∈  [0, ∞ ) 

w h e r e s i s a  p o siti o n al o n g a l o o p, E ( t, s ) i s t h e a cti o n  p ot e nti al at  p o siti o n s of t h e l o o p a n d

t h e  p r o p a g ati o n v el o cit y Σ  d e p e n d s o n t h e v olt a g e at ti m e t.  T h e t e r m h ( s ) i s t h e  di s c h a r g e

of t h e a cti o n  p ot e nti al i n t h e s o m a  w h e n t h e ci r c uit h a s l e n gt h s .  T h e f u n cti o n h ( s ) c a n b e

e x p r e s s e d ( s e e [ 8 ])  u si n g t h e  di st ri b uti o n K L of ci r c uit l e n gt h s a s

K L ( s ( t) )  d
h ( s ( t) )  =  R σ  s ( t) .

1 −  K L ( s ( σ ) ) d σ  dt
0

S ol vi n g t h e  p a rti al  diff e r e nti al e q u ati o n al o n g t h e c h a r a ct e ri sti c s

d d
t( ϕ )  =  1, s ( t)  =  Σ ( V ( t) )  

d ϕ  dt

gi v e s t h e e q u ati o n (B. 1 4 ). F o r  d et ail s of t h e  d e ri v ati o n s e e [8 ].

C  N u m eri c al t e c h ni q u e s

O u r n u m e ri c al t e c h ni q u e s a r e d o c u m e nt e d i n  d et ail i n [ 1 8 ,6 3 – 6 5 ], s o h e r e  w e  will o nl y b ri e f y

s u m m a ri s e t h e m, a n d n ot e s o m e e xt e n si o n s of t h e  p r e vi o u s  m et h o d s.

All of o u r c o m p ut ati o n s a r e  p e rf o r m e d  u si n g  M A T L A B [4 3 ]. M ai nl y  w e  p e rf o r m n u -

m e ri c al c o nti n u ati o n a n d bif u r c ati o n a n al y s e s  u si n g t h e  M A T L A B  p a c k a g e d d e b i f t o o l  [5 4 ].

E xi sti n g v e r si o n s of d d e b i f t o o l  a r e o nl y i m pl e m e nt e d f o r  di s c r et e  d el a y s, a n d c a n n ot b e a p -

pli e d  di r e ctl y t o  p r o bl e m s  wit h t h r e s h ol d  d el a y. Si n c e t h e l a r g e st  p o s si bl e  d el a y i s a / v 0 , t o

i m pl e m e nt t h r e s h ol d  d el a y  p r o bl e m s i n d d e b i f t o o l  w e i nt r o d u c e  u p t o 1 0 0  d u m m y c o n st a nt

d el a y s t o  di s c r eti z e t h e ti m e i nt e r v al [t −  a / v 0 , t] o n a e q u all y s p a c e d  m e s h.  T h e t h r e s h ol d
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d el a y τ ( t) t h at s ati s f e s (1. 2 ) c a n t h e n b e c o m p ut e d b e a p pl yi n g n u m e ri c al q u a d r at u r e.  T h e

i m pl e m e nt ati o n i s e x pl ai n e d i n  d et ail i n [6 4 , 6 5 ], a n d i s a r e f n e m e nt of o u r e a rli e r  m et h o d s

[1 8 ,6 3 ].

O n e of t h e f e at u r e s t h at  m a k e s d d e b i f t o o l , a n d n u m e ri c al c o nti n u ati o n i n g e n e r al, s o

p o w e rf ul i s it s a bilit y t o f oll o w st a bl e a n d  u n st a bl e b r a n c h e s of s ol uti o n s e q u all y  w ell.  O c c a -

si o n all y  w e al s o  u s e n u m e ri c al si m ul ati o n of t h e  D D E t o  f n d st a bl e s ol uti o n s.  T h e st a n d a r d

M A T L A B s ol v e r f o r st at e- d e p e n d e nt  D D E s i s d d e s d  [5 2 ], b ut t hi s i s al s o o nl y i m pl e m e nt e d f o r

di s c r et e  d el a y s.  T o  u s e it t o s ol v e (1. 1 ) –(1. 2 ) a s a n i niti al v al u e  p r o bl e m  w e  f r st  diff e r e nti at e

t h e t h r e s h ol d c o n diti o n (1. 2 ) t o o bt ai n

d τ ( t) v ( x ( t) )  
=  1 −  , ( C. 1)

dt v ( x ( t −  τ ( t) ) )  

a n d t h e n s ol v e (1. 1 ), (C. 1 ) u si n g d d e s d . S e e [1 8 , 6 3 , 6 5 ] f o r i m pl e m e nt ati o n  d et ail s, a n d al s o

[6 4 ] f o r a n i n v e sti g ati o n of t h e  diff e r e n c e s b et w e e n (1. 1 ), (1. 2 ) a n d (1. 1 ), (C. 1 ).

T h e n u m e ri c al c oll o c ati o n  u n d e r pi n ni n g t h e d d e b i f t o o l  diff e r e nti al e q u ati o n s ol v e r, i s

b e st s uit e d t o s m o ot h n o nli n e a riti e s a n d s ol uti o n s.  W h e n m o r n i s l a r g e a n d o n e of t h e  Hill

f u n cti o n s i n (1. 3 ) a p p r o a c h e s a st e p f u n cti o n i s s u e s  m a y a ri s e i n t h e c o m p ut ati o n s.  H e r e  w e

m e nti o n s o m e t ri c k s  w e a p pli e d t o c o m p ut e t h e  f g u r e s i n t h o s e c a s e s.

T o ci r c u m v e nt  u n d e r f o w, o v e r f o w a n d  di vi si o n b y z e r o e r r o r s i n  M A T L A B  w h e n e v al u at -

i n g β e − µ τ ( ξ ) g ( ξ )  n e a r θ g o r θ v ( s u c h a s i n Fi g u r e 6. 9 ), w e r e w rit e t h e  Hill f u n cti o n a s

  
g −  +  g + ( x / θ g ) n

  , x ≤  θ g ,  1 + ( x / θ g ) n

g ( x )  =  
g − ( θ g / x ) n +  g +  

  x >  θ g ,  ,
( θ g / x ) n +  1

a n d si mil a rl y f o r v ( x ) . It c a n still b e  d eli c at e t o c o nti n u e b r a n c h e s of f ol d bif u r c ati o n s  w h e n

m o r n a r e l a r g e. I n  p r a cti c e,  w h e n n e e d e d,  w e a p pl y t w o  diff e r e nt t e c h ni q u e s f o r e xt e n di n g

b r a n c h e s of f ol d bif u r c ati o n s t o v e r y l a r g e v al u e s of m a n d / o r n . Fi r stl y, t h e  M A T L A B n o n-

li n e a r s y st e m s ol v e r f s o l v e  [5 7 ] c a n b e  u s e d t o s ol v e (6. 2 ) f o r e a c h  f x e d v al u e of m o r n , t o

e xt e n d t h e b r a n c h t o l a r g e v al u e s of t h e s e n o nli n e a rit y  p a r a m et e r s.  Alt e r n ati v el y, si n c e M ( ξ ) 

c h a n g e s si g n at t h e f ol d bif u r c ati o n, t h e s e c a n b e r e v e al e d b y  p e rf o r mi n g a c o nt o u r  pl ot of

M ( ξ ) i n t h e ( ξ , m ) o r ( ξ , n ) pl a n e a n d  di s pl a yi n g o nl y t h e M ( ξ )  =  0 c u r v e. F u rt h e r m o r e, t o

p e rf o r m t w o- p a r a m et e r c o nti n u ati o n of t h e f ol d bif u r c ati o n s i n ( γ , m ) o r ( γ , n ) ,  w e e v al u at e

t h e ri g ht h a n d si d e of (6. 3 ) t o g et t h e c o r r e s p o n di n g γ  f o r t h e f ol d bif u r c ati o n at ξ .  We a p pl y

s u c h t ri c k s e xt e n si v el y i n S e cti o n 6. 2. 2 .

We  w e r e  u n a bl e t o  u s e d d e b i f t o o l  s u b r o uti n e s f o r  d et e cti n g c o di m e n si o n-t w o bif u r c ati o n s

al o n g t h e f ol d a n d t h e  H o pf c u r v e s.  T hi s  w a s li k el y  d u e t o t h e c o m pl e xit y of t h e st a bilit y

c o m p ut ati o n s  wit h t h e a u g m e nt e d s y st e m d d e b i f t o o l  u s e s f o r t w o- p a r a m et e r c o nti n u ati o n

c o m bi n e d  wit h t h e l a r g e n u m b e r of  d el a y s i n o u r i m pl e m e nt ati o n.  T o  f n d t h e c o di m e n si o n -

t w o bif u r c ati o n  p oi nt s  w e c o m p ut e t h e st a bilit y of t h e  p oi nt s o n t h e c o di m e n si o n- o n e bif u r-

c ati o n b r a n c h e s a n d t r a c k t h e n u m b e r of c h a r a ct e ri sti c v al u e s  wit h  p o siti v e r e al  p a rt al o n g

t h e b r a n c h.  O n t h e f ol d b r a n c h, a f ol d- H o pf bif u r c ati o n o c c u r s  w h e n a c o m pl e x c o nj u g at e

p ai r of c h a r a ct e ri sti c v al u e s c r o s s t h e i m a gi n a r y a xi s. F ol d- H o pf  p oi nt s a r e al s o f o u n d o n a

b r a n c h of  H o pf bif u r c ati o n s at  p oi nt s  w h e r e a si n gl e r e al c h a r a ct e ri sti c v al u e c h a n g e s si g n.

A  B o g d a n o v – T a k e n s  p oi nt i s c h a r a ct e ri s e d b y a si n gl e r e al c h a r a ct e ri sti c v al u e c h a n gi n g si g n

o n a f ol d b r a n c h, at a  p oi nt i n  p a r a m et e r s p a c e  w h e r e a b r a n c h of  H o pf bif u r c ati o n s al s o

t e r mi n at e s.  N ot e t h at  w e  d o n ot c o m p ut e t h e n o r m al f o r m c o ef f ci e nt s of t h e s e bif u r c ati o n s.
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