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Abstract:

This investigation is concerned with the derivation of the equations of motion of a real fluid from a
Lagrangian density function. Dissipation of energy by viscous forces is introduced into the Lagrangian
density function hy a hydrodynamic gauge transformation of the second kind analogous to the
transformation used in electrodynamic systems. The equations of motion for the viscous fluid are
analyzed, and are found consistent with the Navier-Stokes equation when the fluid flow is taken to he
irrotational, the ratio of the fluid velocity to the velocity of sound is small, and the terms quadratic in
the viscous coefficient are negligible.

The effects of the proposed transformation on the hydrodynamic field are analyzed through
construction of the various densities- associated with the field. Employing the conservation of
momentum, the Navier-Stokes equation for a viscous fluid is obtained. From this result, it is concluded
that the validity of the hydrodynamic gauge transformation used to introduce viscosity into the
equations of motion of a real fluid is established.
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ABSTRACT

This investigation is concerned with the derivation of the -

' equations of motion of a real fluid from a Lagrangian density

function. Dissipation of energy by viscous forces is introduced
into the Lagrangian density function by a hydrodynamic gauge
transformation of the second kind analogous to the transforma-
tion used in electrodynamic systems. The equations of motion
for the viscous fluid -are analyzed, and are found consistent .
with the Navier-Stokes equation when the fluid flow is taken to
be irrotational, the ratio of the fluid velocity to the velocity
of sound is small, and the terms quadratic in the viscous coef-
ficient are negligible. ' ’

The effects of the proposed transformation on the hydrody-
namic field are analyzed through construction of the various
densities- associated with the field. Employing the conservation
of momentumn, the Navier-Stokes equation for a viscous fluid is
obtained. From this result, it is concluded that the validity of
the hydrodynamic gauge transformation used to introduce viscosity
into the equations of motion of a real fluid is established.
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INTRODUCTION

- The purpose of the study underteken in this thesis is to
construct a Lagrangien density funetion which-provides the equatioﬁs
of motion of a dissipative, classical hydrodynamicﬂsystem.' Equations
of motion'dbtaineq from the Lagrangiaﬁvdensity,function:5y means of
the variational principle must be consistent with the Navier;Stoses
equation. of hydrodynamics. This is the criteria which wili_be used
to determine the cerreet form of the Lagrangien density functieh‘for
a real fluid.

For the treatment of a conservatlve hydrodynamic system, the
variational pr1nc1ple has been used with success. 'However,-for a
nonconservative system in which there is'a dissipation of energy,
the treatment of the system is not as well defined. The difficulty
arises in the formation of an appropriate Lagrangian deﬁsity function
for the system. Presently, there is ne accepted, standard techniqne
for the treatment of a general di551pat1ve energy system by a
variational principle. In a real fluid, it is known that the vlscous -
stresses resﬁlt in mechanical energy belng dissipated from the system.
This dissipative process takes place irreversibiy as a.continuai'f'

degradation of system energy.
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In this thesis, the attempt'is made. to introduce viscosity._f“ﬁ
into the quations of motion of an irrotational‘fluid by considering
the analogy between dissi?ative processes in hydrodynamics and -
electrodynamips and by employing a gauge trénsforméﬁ;on.' This
trapsformation{ followipg electrodynamicé,-is cailed a gauge
transformation of the seéohd kind. It is shcwﬁ that the transforﬁa—
tion does not change thé wave functions of a qﬁanfum hydrod&namic“
representation of the system.

To avoid confusion, a discussion of the establishéd gauge
transformation of hydrodynamics is included‘which is denoted as a
gauge transformatioh of the firstrkina, in keeping Withlthe
electrodynamic nomenclature. In the foilowipg section, the discugsion'

begins with a review of variational tebhniques.
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FORMUTATION OF THE VARIATIONAL FRINCIPLE

Introduction

Variational methods coupled with a canonical formalism are very
versatile and have enjoyed widesprgad_ applicatj.on. ‘ In ad@ition, a
classical canonical forxhalisni for a system is a necessary p:ergqui-
site for the subsequeni_:' gquantization of the systen, Wegtzell, Sch:i.f‘:t'2 >
and Ito3»

. For this study, the technigues.of the variatioﬁal p:;"incj.ple
will be applied to attempt a classigal canonical formalism of a
dissipative Wdrodﬁmic system. However, before é.eveloping‘ the
field equations from a generalized Lagrangian density, the methods
usea in classical mechanics will be described briefly, see for

> » and Corben and Stehles. )

example Goldsteinlp , Lendaw and Lifshitz
Discrete Mechanical. Systenm

The equations of motion of clasgical particle mechanics
are obtained from the Principle of Ieast Action or Hamilton's

Principle Whichfstates that an action integral of the form

J=é7‘2L dr (1)

has an extremmm for the path. of the motion in the time interval from

tl to te,

for the system,

and the integrand function is defined to be the Lagrangian




i

The condition for the integral to be stationary is given by

2
54‘ L(%’;ﬁb'f) J]L =0 y

/

where it has been assumed that the Lagrangian is a function only of
the generalized coordinate q and the first time derivative of the
generalized coordinate. Carrying out the variation, the equation

of motion for the system is

d /2L . - o
dr i ) e 9 )

with
a8
T N#
For a system with n degrees of freedom, as given by the
number of generalized coordinates, the Lagrangian must be varied
independently with respect to each of the generalized coordinates.
For n generalized coordinates, the equations of motion for a discrete,

conservative mechanical system are

Al D
dF </) i . > T B )

The above set of second order equations represents the Euler-

Lagrange differential equations for the system.
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When the potential energy is a function of the generalized
coordinates and the kinetic energy is quadratic in the generalized

velocity coordinates, the Lagrangien can be expressed as

L=T-V s
where T is the kinetic energy,
and V is the potential energy.

When expressed in generalized coordinates, the Lagrangian formulation
is invariant with respect to the coordinate systemu.
Hamilton's principle may be extended to nonconservative

systemsu’ 2 and is given in the form

72
gf St M Ea L
%,
where T is the kinetic energy,
and W is the virtual work.

In this form, it is required that the first variation of the integral
of the kinetic energy and the virtual work done by the forces on
the system during the displacement must vanish. Other forms of the
equations of motion for nonconserveative and nonholonomic mechanical
systems are well established in the literatureh’ 25 6.
Continuous Mechanical System

The treatment of the transition from a discrete mechanical

system to a continuous mechanical system is given by Goldstein%.
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For this typé of system, the action intergral to be varied has the

form

A =/°ZD dx, dx, dX; dx, ) (2)

where X, represeﬁts X, ¥y, 2, and t.
The integrand function in equation (2) is often called the
differential Legrangian function or the Lagrangian density function

since the Lagrangian can be expressed in the form

L "'/I Jx,'dxl dX s .

The significant difference between.the Lagrangian’density
funcetion and the integrand function of egpation (1) is the role:of
the independent variables, For & diserete systeﬁ, the independent
variasbles are. the generalized coordinates. In.the,trahsitipnlto a
continuous mechgnical system, properties of the system'become
" described by‘independent field variables with the coordinates of
configuration space serving, to use an analogy, as a sort of book-:
keeping system to keep track of the independent_variaﬁles} _The
coordinates no longer have the significance that they previously“
did in the description of a discrete, mechanical system.

The variational formalism.may alsovbe:uséd t0 obtain tﬁe
description of fields, Wentzell, and Landau and Lifshitz7._ A

claggsical field is specified by one or more independent functions of




T
space and time called field quantities. In hydrodynamics, the
important field quantity is the velocity field which may be
constructed from canonically conjugate field variables, where the
canonical variables are obtained in the usual way from the Lagrangian
densityl. In this study, a classical continuum field will be considered

in order to arrive at the equations of motion for the field.

Field Equations

For the present work, the Lagrangian density function is
assumed to be a function only of the field variables, and the first
space and time derivatives of the field varisbles. For simplification,

only one field quantity, m(xj), will be expressed, i.e.,
e ( )}Xl ’)XL ))x3 ) ))(* )
The action integral to be extremized is

I =/°ZO Q/XI c/)‘z ng °/X4. )

where the integration is to be carried out over a definite region
of configuration space. Suitable boundary conditions are applied
such that the variables take on certain prescribed values at the

boundary.
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Generally following the techniques of Wentzell, Weinstocks,

9

and Fox”, a one parameter family of comparison functions is introduced

A By x et () )

where it is assumed that the actual extremizing function is

m(xl, X5 x3, xu) and that the addition of an arbitrary function
f(xl, Xpr X35 Xh) generates a family of functions which reduce to
the extremal function when the parameter epsilon assumes the value
Zero.

Abbreviating the detailsl’ 8, 9, the variation process leads to

2L ) S 325;:7_—_ J i 0
i S i s 0 \3<:———— o )
*+ ¢ 1 5

with dxlL the volume element in configuration space.
Since the function f(xl, Xpr Xz xh) is arbitrary, the first

variation is satisfied by

= e
LR
N m 4
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In general for multiple field quantities, the equations of

motion for the field take the form

b
g Tt Ml
R N/ dme ’
g g <)x- )
4
where the implied double sum convention7 has been employed and
where m, , i=1 2, - - -, n represents the number n of independent

field variables.

The result given by equation (4) is referred to as the Euler
equations and are the equations of motion for the field. These
field equations have been obtained assuming the Lagrangian density
function to have as its arguments the field quantities and the first
space and time derivatives only of the field varisbles. The
formulation of a Lagrangian density function for a dissipative fluid
system consistent with the field equations will be taken up in

Section IV,

Navier-Stokes Equation
The Navier-Stokes equation is named in honor of Claud Louis

Marie Henri Navier and George Gabriel Stokes, and is written as

DU 7l i A Ll PN
ot +/o +3X3; ® il T 4:;; o €7
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where (/‘ is the i th component of the velocity,
/° is the fluid density,
e is the fluid pressure,
and 7?2% is the ij th component of the hydrodynamic stress

tensor.
For the purposes of the present work, when the hydrodynamic
stress tensorlo is approximated to first degree in the viscous
coefficient and when irrotational flow conditions are taken into

account, the Navier-Stokes equation becomes

/5”}{4_=-VF+31/«V(V-L7) )

where p is the coefficient of viscosity.

The velocity components will be used in the form which is designated

as the Eulerian representationll.

12

The substantive derivative operator, Aris and Milne-Thompsonl3,

is expressed as
0 i e
P B iV '

A convenient identity of the velocities is

(-TF-V)F = LLVv —77x(v><17‘) )




Ll
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where the quantity

—

vV X v

is the rotation or vorticity of'the fluid.

In the following section, the development of variational -

techniques to.various fluid systems will be briefly described.
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APPLICATION OF THE VARIATIONAL PRINCIPLE

TO HYDRODYNAMIC SYSTEMS

Introduction

The development and application of the variational principle
to hydrodynamics has taken several forms and methods of approach.
Basically, however, an appropriate Lagrangian density function is
sought which will yield the Navier-Stokes equation subject to the
boundary and flow conditions. Thus, a major obstacle to be overcome
is the correct expression of the Lagrangian density function for a
fluid system which will provide the proper equations of motion. Some
of the applications of the variational principle to fluid systems

will now be described briefly.

Equations of Motion
An application of the variational method to the Lagrangian
density function for a non-viscous or perfect fluid is given by

Batemanlh. The Lagrangian density is written as

) A
2 rf3f s )
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where /0 is the fluid density,
(ﬂ ; /8 are components of the velocity potential,
oA, 1s an undetermined Legrange multiplier,
“, v, w are components of the velocity,

and + /(o) is some function of the density,

with the velocity field defined as
U;:V,’_f‘i-o'\v?/? ) (7)

Variation of this Lagrangian with respect to the variables
/0 5 oA, and ﬁ? gives the equations of motion for a perfect

fluid, i.e., a fluid experiencing no dissipative forces

22 . VP
/007‘- )
where P is the fluid pressure and D/Dt is the substantive derivative
operator.

Ito3 employs a Clebsch transformation of the fluid velocity as
in equation (7), with vJ replaced by =-v,, to develop the equations of
motion. Considering a fluid system similar to that of the preceding

paragraphs, the Lagrangian density for a perfect fluid is written as

e R el
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_where -~ .is the fluid veiocity,
P isthe £luid density,

U is'thg internal energy per unit mass,

A is an ﬁndetefmined Lagrange multiplier,
and 90) ;?- are components of the velpé;ty,
The varigtion of‘the Lagrangisn density3 wifhiréspect to

/0 , =, 47 5 ZC?‘, and o4 again'gives Euler's equations éf
motion for the fluid.. . : | -

In conside}ing the case of an ideal fluid, a différeht
formulation 6f Hamilton's principle is given by Heriﬁells. It is
postulated that the tfeatmeﬁt'of a confinuoﬁs system for which |
thermodynamic pfoperties may not be disregarded should include'boﬁh

the potential energy and the intrinsic energy in the Lagrangian

density. This generalization for a continuous éystem is expressed as

- . | .
- (Y- = O
g/{T (U+\/>}»J’j ,
/ ‘ .

where . T is the kinetic energy,

U is the intrinsic energy,
and V is the potential energy.
This formulation leads directly to the equations of motion as before
provided that there is no irieversible éntropy production%s.
These treatments of an’'ideal fluid serve to demoﬁstrate the

Ay

power and elegance of thé variational principle; .However, a more
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interesting subject'is the co@sideraﬁion of the description of a
fluid experiencing dissipaﬁive forces. Thege forces arise fnom the
viscous stress or internal friction within the fluid which accounts

for the mechanism of energy dissipation.

Dissipative Systems

Primarily, ;he variational principle has been confinea to the
description of reversiblé.thermodynamic processes. In particular,
these reversible processes are adigbatic procesges whereby the
entropy of the systém is conserved. Investigationé by others intq-#he
validity and extengion of the variational principle to a dissipativé
system or an irreversible process will be described in the remaiﬁder'
of this section.l_ |

Historically, the first approach fb a formﬁlgtion of the eﬁuations
of mofion for a viscous fluid and dissipative energy system is
described in Millikanl6. A variational method is attempted for a
viscous fluld under steédy flow conditions. The Légrangian.density

which is considefed has the form

9?0 - I(U’VJ W) VU) V'V) VW)

with the components of the velocity denoted by u, v, w, and the first

/

order partial derivatives are with respect to the spatial cogrdinates.

However, Millikanl6 concluded that this Lagrangian density would not

produce the desired hyarodynamic relstions.
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A General Variation Principle |
The formulation of a general variation principle which would be
applicable to a wide variety of dissipative systems is attempted
by Herivell7. 'This.variation prineiple is stated as:
"For a certain general class of irreversible processes there
exists g dissipation fﬁnction _é? such that the rate of change
of the kinetic energy minus the rate of Working'of the mechanical
forces (other than frictional force) acting on the system plus
the dissipation Tunction is statioqary ﬁith respect.to the
.velocities produeing this change, the (generalized) accelerations
of the system being kept constant duripg the course of the
variation.h o
It is asserted by Herivell7, thq; a general formulation of a
variation principle for a dissipative-progess appears feasiblgh An
important characteristic of a dissipative or irrevérsibie_process is
that there does not exist a heat function analogous to a pbtential
energy or internal energy function. Thus, tb describe the most
general thermodynamic process, rafes of changé of energy ana not
ﬁerely changes of energy must be consideredlY. Fo? a verification of
this principle, comparison is made with fluid systems whose equations

of motion are already known.,
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For a perfect fluidl7, the variation expressed as

5/{1—’fﬂfl+/(u -;-v)} T -

where U and V are the internal and potential energies, respectively,
leads to the dynamic equations as before.
Extending this principle to the case of a viscous fluid, Herivel

gives the variation as

R Y S e SRR
5/[((”’ or i

_ i
S . A L

where the rate of change of mechanical energy per unit mass is
given by the term

G T
which represents energy expended against the hydrostatic pressure due
to expansion of the system. The rate of dissipation of mechanical
energy per unit volume as a result of the viscous forces is denoted by

e Sy P | 1
gL

L}_ )X‘. .

Omitting the details of the variationl7, Herivel obtains a result

consistent with the Navier-Stokes equation.
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The applications of the variation priﬁciple enunciated ﬁy
Herivel to cases where the equations of motion are known have proveﬁ
correct. However, some aspects of the theory have been reviewed
and it is reformulatedl8 to be amendble for any thermodynamic system.
The assumption used previously that the kinetic energy should be
replaced by the sum of thg kinetic and intrinsic energies is not
correct when there is irreversible entropy productiop.

The modified principle is reformulated as follows:

"For é general class of thermodynamic systems there exists a

a dissipative function Jﬂf such that the rate of change of the

.kinetic energy plus intrinsic energy minus the rate at which

the external forces are doing work on the system, minus _g; )

is stationary with respect %o fhe‘velocities producing this

change, the (generalized) rates of change of the velocitiés

being regarded as constant for thé‘purpose of the variation."

Using this formulation for a perfecﬁ fluidlS, the equations of
motion are cobtained as before. It is noted‘by'Herivel that the results
obtained for perfect and viscous fluids hold only for proper choice
of the dissipation function, However, a problem arises in the .
selection of a proper dissipation function when the desired results

are not known beforehand.. This weakness in the sbove method has

not been completely resolved.
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Principle of Virtual Displacements

Additional work in the development of a veriation principle for
hydrodynamics is presented by Lieber, Wan, and Andersonl9. This : : ‘f
formulation of a variation principle differs from that of HerivellT’ 18 -
in that a complete acecount of the energy dissipation of the system is
‘considered. The principle of virtual displacements for thg flow of
a viscous fluid éxprésses the condition that, "o - - the work done
by the forces applied to a‘surface enclosing a rea; fluiq is stationary
for any real path satisfying ﬁoundary condiﬁions assigned at the
surfaces.” To verify this principlé, Lieber, Wan, énd Anderson have

19

applied it to a viscous fluid. Omitting the details™, the equations

of motion of a viscous fluid are produced as before.

Principle of Minimum Dissipation
The principle of minimum dissipation which is Qiscussed by .

Lieber and Waneo’ 2l

attempts to establish a formal connection
between the principle of stationary dissipation and the Priﬁciple

of Least Constraint of Gauss. For a fluid surface on which stresses

are applied, "= = « the difference between the sum.of thé rate of
"work done by these stresses plus the bod& forces, and the‘dissipation
fate plus the local‘temporal change of kinetic energy is stationary."
This principle is hypothesized upon the assumption that, subject
to the constraints and boundary conditions, fhe time rate of dissipa-

tion of energy is a minimum. ILieber and Wan estaeblish that sufficient
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auxiliary conditions are given by the laws of conservation of mass
and energy to prove the minimum dissipation principle.
To examine the results which would be obtained using this
principle, several applications to viscous fluid flow are considered

20, 21, 22 that an Euler

by Lieber and Wan. However, it is found
equation is obtained which does not compare with the Navier-Stokes
equation. This is interpreted by Lieber and Wan to imply that more
solutions are obtained than are admitted by the Navier-Stokes

equation.

The application of a minimum dissipation principle to a wviscous
fluid is considered by Dickerson23. To implement the minimum
dissipation principle, Dickerson considers the total energy dissipation
between two component systems to be a minimum. In addition, the
velocity is separated into two parts

/
V4=&/¢‘L‘+% )
which is in effect performing a Clebsch transformation, and the

difference of the time rates of dissipation of energy is represented by

THSER ~Rele i e
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where R is the time rgfe of dissipation of energy from the
unprimed system,
R' is from the primed system,
and . dx3:is the differential volume element.

ol

As given by Lamb™ , the time raﬁe of dissipation of energy per

unit volume is expréssed by

= - P lb_f.a-_ V=
/G? Y +',/M ) J
X.
?. .
where /~ is the fluid preésure,
A is the coefficieht of viscosity,
and /~ is a function of the spatial derivatives of the

of the veloeity components.
Carrying out the variation,procgss23, the Navier-Stokes equatioﬁ‘is
dbtained.for a viscous fluid.

The attempt has been made in this section to indicate some of
the methods and techniques whieh have been devised for the st;dy of
dissipative hydrodynamic systems., In all of fhesg treatments, the
variational principle ﬁas been used ‘exelusively. The folléwing

section considers the development of a Lagranglan density fdnction for

a real fluid by means of 8 hydrodynamic gauge transformation.

Lkl - L




IV
DEVELOBMENT OF A HYDRODYNAMIC

GAUGE TRANSFORMATION

Introduction

In the following sections, the attenpt is made to introduce
viscosity into the equations of motion of an irrotational fluid by
considering a transformation of the wave functions represehting a.
quantum.hydrod&namic fiui&. So as not to confuse the usual gauge

3

transformation of hydrodynamics~ with the transformetion proposed in

this study, the gauge transformation is reviewed below.

Gauge Transformation
It is convenient to represent the hydrodynamic veloeity field

in Clebsch's form as

—b:; -7 v; 49 -2 ;?. 4 . (’8)

The scalar quantities Q? 3 ,A' s and & are not uniquely determined
by the velocity field. Therefore, it is possible to find equivalent
representations in which the velocity is invariant undef transformation
from one representation to another. Such a transformation is calléd

a gauge transformation which in this étudy will be denoted as a gauge

transformation of the second kind.

i S5 PR S N, S—
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To review the established gauge transformation of hydrodynamics,

the scalar product is formed from equation (8) and a virtual displace-

ment at constant time is considered
eed i m ARV g L
which becomes

V.d¥ = =d@ - pd ¥ ¥

For the left side of the above equation to be invariant under

the transformation

9y - ¢
A = )\/)
Y SGRE

the following is true
d(@'-¢+2'8" )= 248 + 6'dr’
Taking

¢0,“ 40 ﬁ-,)\/éQ "= & )*/ 4
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the above becomes

d(9)\/+w) o NGRS S

> dé + g da

or

dw =(8'-6)dN +(r-p)do .

Thus, the generating function of the transformation may be

/
assumed to be a function of & and )* , and it follows that

D w
9,"6=)/\/ )
d
/\—)~’ =T;_£_
The transformation is then constructed as
dw
TG o R '
9/'5 N W
Telaer ) ¢
g /0w +
)




b T
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These equations define the generating function which is found to
be of the form
)\/
o (R AR Ve L

where f(g)is an arbitrary function of the parameter & .

The combination /O)s' has been employed instead of /\’ alone, as
/J/\'and @ are conjugate variables, as are ,° and ¢ in
hydrodyna.mics3. It is noticed that the so called phonon variables,

o and f , are not modified by the gauge ltransforma.tion but the
roton variables in the combination, (o/\' and & , are changed by

the transformation.

Proposed Hydrodynamic Gauge Transformation

In the following paragraphs, a different kind of gauge
transformation will now be considered. It is known that a hydrodynamic
analogy of sorts may be obtained from the Schrgdinger equation by the

transformation of the wave function

4
g

where R and S are real variables and

/
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If the analogy is restricted to the phonon variables only,

3 «Cgy /0 and gﬁ, so that

Ry
] e

—

then

T N
¢9 2¢m Lo W ) {.9%)

and in addition, it follows that

ARSI
i {2 X R
P2 )
L
o =27/}L"‘v>‘ —%V%*Jl
with

These equations of a quantum hydrodynamic representation suggest
a scheme for introducing viscosity into the hydrodynamic equations.
The following reasoning is purely heuristic and is not intended to be

rigorous but merely suggests an analogy.

|t
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The internal friction or viscosity generates forces which
disperse the energy in a given local disturbance of the hydrodynamic

system in the same manner as it is recalled the coupling between the

source and the field will do in electrodynamic systems. This coupling
is introduced into electrodynamic Systemsl by a gauge transformation

of the second kind as

<
b e o Sl
The question posed is whether viscosity may be introduced into

the hydrodynemic equations of motion by an analogous transformation.

To this end, consider the gauge transformation

Wit Btk e T :

where M 1is the coefficient of viscosity,
/% is the mass density of the fluid at rest,
w is, at the moment, an arbitrary function
of the conjugate variables, /o and ¢9 3

Y' 1is a constant.
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From equations (9) and (10), the transformation gives
*H yw *
P = i L, P>

# s g, 5
= B /é.\_ }L Y 5 5 /
2L¢m }L,, el //:: (ﬁ )% ) )

so that the consequence of the transformation is that

TR o =i, W(f/aéfl
o ') )l. ! (//)
ol

This thesis is concerned with an analysis of the consequences
of this hydrodynamic gauge transformation of the second kind upon
the equations of motion of an irrotational fluid. The equations of
motion of the hydrodynamic field to be analyzed are obtained from

the Lagrangian density by the variational techniques of Section II.

Equations of Motion

From Appendix A, the Lagrangian density before transformation

is written as

b e Sl
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where /° is the fluid density,
U~ is the fluid velocity,
&  is the internal energy,
and ¢ is the velocity potential function.

Under the hydrodynamic transformation of equation (11) , the

Lagrangian density becomes
U EE R R ; Y

£ ks Lhis e ph S

el o
e

2

) (/z)
where
' / / / /
gty e B )
Dropping the primes and considering the variation of the

transformed Lagrangian density with respect to the variables V'{_ 5

[ 5 and ¢ , the variation of Vi vields

P Vi "'/"Vg'—% —/zof- V9_7( =UIOR R, o)

&
‘V"g_ = Vg'- cp + /o Vg'_ B * ('3 b)

Again borrowing an interpretation from electrodynamics, it is

suggested that equation (13 a) states that the momentum density of
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the system is composed of a kinetic momentum plus a potential

momentum, i.e., a momentum associated with the viscous forces in the

fluid. Equation (13 b) represents the new form of the velocity with

respect to the gauge transformation.
Varying ¢ gives

S -ue=) xR

)

S X%
Yo
3 o0 7
<+ﬁ- ¥ )¢ > "42' -—QQ ;;;;— )

*V(,A

A~

Expanding and collecting terms, the above equation becomes

after simplification
W3
{1-asr | EE ruiena))

AT A i iy
7 D/W{) +-u1vﬂ/°}=0)

which implies the continuity equation

Saan e (14)

if the function 7 does not depend on gﬂ but is a function of

/0 alone.
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Varying (9 gives

— v - & - oI ok
a3 /09/ L o OF
o R e s )
T - —J 3£
f’/ o Ta {5 ”i(fu)}
A ATY
/Z V). ( %/, > = @) '

which becomes after employing the continuity equation and simplification

) D
e () e L D)

For irrotational flow, the substantive derivative of the velocity

becomes
D U i
Sl e 1f1 | 2
DA N g e o L

fZ;B:L = VS _€f£» . *
DA # IF PR /;
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Equation (15) is written as

s0 that the equations of motion become

ko % Wl e E ) € 2
>F V?[(E(f)+f¥m-‘\f
Vs s ﬂ b—(ﬁ

= A P —/00 )j_} )
75 R gy ) g[ 2
\——L o — % /o
b+ Vi (yg(f)Jrf ) %

M b
+ — r w
2. V@{“’A Wa iy (e

which becomes

it B

LTI /5
oF e N




33
when the internal energy is assumed a function only of the density
and it is assumed that
e REE
9/0 /’2 )
where P is the fluid pressure.
From the condition used to obtain the continuity equation, if

it is assumed that

w=/QM/o ; (/7)

then equation (16) becomes

\v)

D_;/_Y::_/-ol_ VP—Z}Z— V(V-‘\?). (/3)

This equation becomes the Navier-Stokes equation for irrotational

flow of a viscous fluid

— 4 M e
ST e L g + — =— V(V-V (1

when the constant is evaluated as

Y’"‘i
5 )

and the flow velocities are assumed small compared to the velocity
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of sound, i.e.,

1
1V i y /
s )
so that
o A X
- T eV
Vige o) |~ =R N
Z e e
’\/“1
where the last term is of order ;;f? and may be neglected.
s
Discussion

The simplest way to analyze the effect of the hydrodynamic
gauge transformation upon the hydrodynamic field is to construct
the various densities associated with the field. These quantities
are found from the Lagrangian density function following Wentzell,
and Landau and Lifshitz7, as reviewed in Appendix B,

The Lagrangian density

) ek ol
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written in terms of the conjugate variables /o and 47 is

of=/{-f_zl£)-z_cc+§~f}

Va
P = it &

 p )

where use has been made of equation (13 b), which becomes after

simplification
P — <M\ B

_% VO + O(A‘)

where now

7 islaw L

and the terms that are quadratic in the viscous coefficient are
assumed to be negligible.
Thus, the quantities /o and 40 are readily seen to be conjugate

variables for
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The momentum density defined as

Tl Koy 2RSS
A >XA )gﬂ )
becomes
. -4
ZZA r X o f

A, - Téi @ V, w
o 1

o 4
using equation (13 b) and it is seen, as stated previously, that
there is a momentum density associated with the viscous field.

The companion Hamiltonian density of the field is

LT e
/[7_ T } P YQ(/O’V’A>

)

by substituting the expression for the Lagrangian density and
eliminating terms involving 79 . Hence, the energy density of the

fluid has decreased from that of a perfect fluid by the presence of
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a term proportional to the divergence of the kinetic momentum.

The energy density current is seen to be

; NP .
e e AN

(¥ R
B ) ez

[

]

= WVA+VA{P+/;’-“-£/° V';}
_’“'4 V/o (7»‘+of>

when the Lagrangian density is expressed in the form
A )17
I=P+/ L/ 2

Actually, the energy density current

has decreased from that of an ideal fluid because of the decrease in

the Hamiltonian density with the pressure modified as

V/ol> .

P i P A f§é¥£1i ( ~

/
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Finally, the stress tensor or energy momentum tensor

5
E1% L s d £ g ¢l
4 i ><Tx¥:) R
becomes
~ N yd
il
% Gl T
= o Vs o el
b e
7I..
O{g’"& )
or P bt
= AT AL |
Boha e s e )

The above stress tensor employed with the momentum density,

,5 5- , in the equation expressing the conservation of momentum

k : %k
/&5+A?A} e )

gives the Navier-Stokes equation.
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For the above expression becomes

»r

D . by i :
/&ef “yF () ~aFL e VM‘”}

&4
“”#W”ﬁfT%W+%WR

T e e N

or upon rearranging terms

o) B - ik .
£ STt SR A Y

~

since the last term is of order A , 1t may be neglected.

9
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Therefore, as found previously, the equations of motion for

the hydrodynamic field are

/O:TF = =VF —;ﬁz— At

Thus, the hydrodynamic gauge transformation has yielded
equations of motion of the hydrodynamic field which are equivalent to
the Navier-Stokes equation for irrotational viscous fluid motion.
This agreement of the equations of motion establishes the validity

of the hydrodynamic gauge transformation of this study.
G Ji




SUMMARY

In this study, it is proposed that an investigation of a
disgipative, classical hydrodynamic system can be undertaken in a
manner similar tq that employed fdrAdissipative procésses in an
electrodynamic system. An examination’of.the gauge-transform;tion
usgd to introduce coupling between source and field in electrodynamic
systems suggested a means whereby viscosity may be introduced into
the hydrodynamic system under consideration.

For the present work, a proposed hydrodynamic gauge transformation
of the second kind'issexamined to determine the validity of the trans-
formation for the introduction of viscous effects into the equations
of motion. Using variational techmiques to obtain the dynamic
equaﬁions of the fluid, the validity of the hydrodynamic gauge
transformation proposed in this study is establisﬁed by the equivalence
of the result with the Navier;stokes eguation. This agreement of the
equations of motion of the fluid with the NawierLStokeg.equatioﬁ.is
limited by the comsideration of an irrotational fluid flow, and in
the méthematical analysis b& the éssumptiéns that the fluid flow
velocity is small compared to the velocity of sound and that the_
te%ms quadratic in the viscous coefficient are negligible, -

An additional outcome of +the application of the hydrodynamic

gauge transformation is the observation that the momentum density of




ko
the fluid field can be considered to be compo;ed‘of both a kinetic
momentum and a potential momentum. Using an electrodynamic
interpretation, this pofential momentum is associated with the internal
friction or viscoﬁs forces of the hydrodynamic system. ’

The consequences 6f the hydroaynamic gauge‘transformation are
analyzed bthrough the construetion of the various densities associsgted
with the hydrodynamic field., Forming the field densities in the
usual mamner, the equations of motion of the hydrodynamic field are
found from the conservation of momentum, The equivalence of the
resulting equations of motion of the hydrodynamic field with the
Navier-Stokes equation substantiates the hydrodynamic gauge ‘
transformation of'the.second kind as proposed in this study for a

classical, dissipative hydrodynamic system,
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4
Part A
Lagrangian Density Function
" For this study, the Lagrangian density function ‘o:E‘ a real
fluid is formed in a direct fashion by manipulafing the velocity
potential function. Although the fluid system under consideration
is a dissipative oné, the Tagrangian density of an ideal fluid is-
formed3’ 1k and the viscous effect of the dissipative fluid is A
introd.uced through the pr@posed ﬁydrodynamic gavge transfofmation,
The Lageanéian density of an ideal fluid is constructed by

considering fluid flow within an enclosed volume with the kinetic

energy of the fluid given by

/ z 3 h
7=fre

where /° is the fluid density
V' is the fluid velocity
3 -
and Jdx is the differential volume element.

Gorréspdndingly, the total internal energy of the fluid is

U= fe &) 7

where it is assumed that the internal energy per unit mass, & (p) B

is a function solely of the density.
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Iastly, the term

//% i

is incorporated where 49 is called the velocity potential fuﬁction,
The expression used for the velocity in this study is a particular
form of the general Clebsch velocityl5 . In this study, it is
through this term that the viscous effects in a real fluid are intro-
duced into the lLagrangian dénsity.

Collecting the above guantities, the action integral for the

system is formed

7 =[x aTer

where the lLagrangian density funcbion is

SRS 3

and where [o is the fluid density,
- 1is the fluid velocity,
£ ( (o) is the internal energy,

and (ﬁ is the velocity potential function.
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Part B

Hydrodynamic Field Densities

The consequences of the proposed hydrodynamic gauge transformation

are examined through construction of the various field densities in
a manner following Wentzell, and Landau and Iifshitz7. When the

Lagrangian density is expressed as

Slee L e )

the canonically conjugate variables are determined from the relations

N - 73 :

}/\A
In the usual nomenclature of field theoryl, the quantity Z:k is
denoted as the momentum canonically conjugate to the field variables.

In order to have conservation of momentuml’ 7, the momentum

density of the field is taken to be

2
SRR TR

AL

where /| 1is the field variable,

Application of the conservation of energy to the total energy




L7

of a classical, continuum fieldl’ i leads to the continuity equation
D M
Sj;:—— + V7 . f = o :

where At is the Hamiltonian density or the energy density of the

field defined by
¥ =LA -1
and _{ is the energy density current
/" VXL
o A Sl T :
\XA)

A stress tensor which is in agreement with the definitions of
the energy density and the energy density current of the field is

given as

and is called the canonical energy momentum tensorl.
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