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Abstract:
ABSTRACT Recently (2) T. Okubo has shown that the frame ( or principal, (1)p82) bundle F(Xn) of a
differentiable manifold Xn of class Cr(r≥4) admits a tensor field Φ of type (1,1), rank nR, satisfying
Φ3=-E , In this thesis I generalize the notion of a frame bundle and consider a fibre bundle Tm(Xn)
having m (1< m< n) linearly independent tangent vectors as fibre. Following the method of T.Okubo it
is shown that the bundle Tm (Xn) also admits such a tensor fieldΦ A symmetric affine connection is
then assigned to Tm(Xn) and the differential geometry of Tm(Xn) is developed on the basis of this
tensor structure and of the extended lift of a vector field in Xn. .

The latter portion of this thesis considers the case m=1; the so-called tangent bundle T(Xn) = T (Xn) ,
It is now well-known that the tangent bundle T(Xn), with Xn a Riemannian manifold, admits a tensor
field F of type (1,1), rank 2n, satisfying F2= -E. It is shown here that T(Xn) also admits such a tensor
field F when the base manifold is only an affinely connected space, A symmetric affine connection is
introduced in T(Xn) on the same principle as before and the geometry of T(Xn) similarly discussed. In
particular it is shown that the natural lift C (7),(3) of a path C in Xn is again a path in T(Xn).

Finally, an interesting aspect of this thesis from a technical point of view is the use made of the
"adapted frames" as originated by K, Yarn and T. Okubo (6) as our reference frames instead of the
usual "natural frames"„ This choice of frames results in a number of simplifications in the calculations. 
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ABSTRACT

(v )

R e c e n t ly  (2 )  T . Okubo h a s  shown t h a t  th e  f ra m e  ( o r  p r i n c i p a l ,  ( l ) p 8 2 )  
b u n d le  FCxl̂  o f. a  d i f f e r e n t i a b l e  m a n ifo ld  Xn o f  c la ss_ C .^  ( r  Z  4 ) a d m its  a  
t e n s o r  f i e l d  4 i  o f  ty p e  ( 1 , 1 ) ,  ra n k  , s a t i s f y i n g  - 1E  .  I n  t h i s
t h e s i s  I  g e n e r a l i z e  t h e  n o t io n  o f  a  fram e  b u n d le  and  c o n s id e r  a  f i b r e  b u n d le  
Tm(Xn) h a v in g  m ( 1 <  n ) l i n e a r l y  in d e p e n d e n t  t a n g e n t  v e c t o r s  a s  f i b r e „ 
F o llo w in g  t h e  m ethod  o f  T . Okubo i t  i s  shown t h a t  th e  b u n d le  Tm(Xn ) a l s o  
a d m its  su c h  a  t e n s o r  f i e l d  dp, . A sy m m etric  a f f i n e  c o n n e c t io n  i s  th e n  a s s ig n e d  
t o  Tm(Xvt) a n d  t h e  d i f f e r e n t i a l  g e o m e try  o f  Tm-(Xa) i s  d e v e lo p e d  on  th e  b a s i s  
o f  t h i s  t e n s o r  s t r u c t u r e  a n d  o f  t h e  e x te n d e d  l i f t  o f  a  v e c t o r  f i e l d  i n  X n  «

The l a t t e r  p o r t i o n  o f  t h i s  t h e s i s  c o n s id e r s  t h e  c a s e  m ~ l ;  t h e  s o - c a l l e d  
t a n g e n t  b u n d le  T (X « )s s  T \ (Xvn) . I t  i s  now w e ll-k n o w n  t h a t  t t ie  t a n g e n t  b u n d le  
T (X n) , w i th  Xn a  R iem an n ian  m a n i f o ld ,  a d m its  a  t e n s o r  f i e l d  F o f  ty p e  ( 1 , 1 ) ,  
r a n k  2 n , s a t i s f y i n g  F —E» I t  i s  shown h e r e  t h a t  T(Xn) a l s o  a d m its  su ch  
a  t e n s o r  f i e l d  F when th e  b a s e  m a n if o ld  i s  o n ly  a n  a f f i n e l y  c o n n e c te d  s p a c e ,
A sy m m etric  a f f i n e  c o n n e c t io n  i s  i n t r o d u c e d  i n  T(Xn) on  th e  same p r i n c i p l e  
a s  b e f o r e  a n d  t h e  g e o m e try  o f  T(X n)  s i m i l a r l y  d i s c u s s e d .  I n  p a r t i c u l a r  
i t  i s  shown t h a t  t h e  n a t u r a l  l i f t  C ( 7 ) , ( 3 )  o f  a  p a th  C i n  Xn i s  a g a in  a  
p a th  i n  T(Xn) .

F i n a l l y ,  a n  i n t e r e s t i n g  a s p e c t  o f  t h i s  t h e s i s  fro m  a  t e c h n i c a l  p o i n t  
o f  v iew  i s  t h e  u s e  made o f  t h e  " a d a p te d  f ra m e s"  a s  o r i g i n a t e d  b y  K. Yano 
a n d  T . Okubo (6 )  a s  o u r  r e f e r e n c e  f ra m e s  i n s t e a d  o f  t h e  u s u a l  " n a t u r a l  
f r a m e s " . T h is  c h o ic e  o f  f ra m e s  r e s u l t s  i n  a  num ber o f  s i m p l i f i c a t i o n s  i n  
t h e  c a l c u l a t i o n s .



INTRODUCTION

U n t i l  r e c e n t l y  (2 )  i t  h a d  b e e n  a n  o p en  p ro b le m  a s  to  t h e  t e n s o r  

s t r u c t u r e s  a d m i t te d  b y  th e  f ra m e  b u n d le  F(X n) o f  a  d i f f e r e n t i a b l e  m a n ifo ld  

X n „ t h a t  i s ,  a  k in d  o f  t a n g e n t  b u n d le  w hose f i b r e  i s  com posed o f  n  l i n e a r l y  

in d e p e n d e n t  v e c t o r s .  T h is  t h e s i s  h a s  g e n e r a l i z e d  th e  n o t io n  o f  a  fram e  

b u n d le  and  c o n s id e r s  a  f i b r e  b u n d le  T^1(Xa ) h a v in g  m ( l <  m < n ) l i n e a r l y  

in d e p e n d e n t  v e c t o r s  a s  f i b r e  a n d  f o l lo w in g  t h e  m ethod  o f  T . Okubo i t  i s  

shown t h a t  Trn(Xn) a d m its  a  t e n s o r  s t r u c t u r e  H o f  ty p e  ( 1 , 1 ) ,  ra n k  n  „ 

s a t i s f y i n g  H3 -  H = •  0 , o r  e q u i v a l e n t l y  a  s t r u c t u r e d  s a t i s f y i n g  

dp =  — tz. ,  M o re o v e r, H decom poses t h e  u n i t  t e n s o r  E o f  r a n k  i -̂V-VŶ n 

i n t o  two co m p lem en tary  t e n s o r  f i e l d s  P a n d  Q o f  ty p e  ( 1 ,1 )  an d  o f  r a n k s  

n  a n d  mn, r e s p e c t i v e l y ;  a n d  H a c t s  on  P a s  a n  a n p i h i l a t o r  an d  on  Q a s  

a n  a lm o s t  p r o d u c t  s t r u c t u r e „

I n  a s s ig n m e n t  o f  a f f i n e  c o n n e c t io n s  t o  Tm(Xn) we h av e  a  p a t t e r n  due 

t o  K. Yano a n d  E . T . D a v ie s  (7 )  when th e  b a s e  s p a c e  Xyl i s  R ie m a n n ia n 8 

H ow ever, s in c e  t h e  t e n s o r  s t r u c t u r e s  c o n s id e re d  i n  t h i s  i n v e s t i g a t i o n  

a r e  c o h e r e n t  t o  t h e  a f f i n e  s t r u c t u r e  o f  t h e  b a s e  m a n if o ld  XvvV t h a t  i s ,  

in d e p e n d e n t  o f  th e  m e t r i c  s t r u c t u r e , t h e  g e o m e try  p f  Tv̂ X vJ  s h o u ld  b e  

m o s t p r o f i t a b l y  d i s c u s s e d  i n  a  fram ew ork  f r e e  from  m e t r i c  c o n s i d e r a t i o n s .  

The d i f f i c u l t y  i n  t h e  t h e o r y  o f  c o n n e c t io n s  o f  Trvx(Xn). l i e s  p a r t i a l l y  i n  

t h e  f a c t  t h a t  Xn i s  a lw a y s  re d u c e d  t o  a  t r i v i a l  a f f i n e  s p a c e  when th e  

c o n n e c t io n  i s  g iv e n  so  t h a t  Tw(Xn) i s  i n t e g r a b l e ,  a n d  m o s t ly  i n  t h e  f a c t  

t h a t  a  b a s i c  sy m m etric  c o n n e c t io n  i s  r e q u i r e d  i n  o u r  c a s e  t o  s a t i s f y  two 

c r i t e r i a :  t h a t  t h e  p a r a l l e l  d is p la c e m e n t  o f  t h e  h o r i z o n t a l  l i f t  ( 2 ) ,  ( ? )  

o f  a  v e c to r  f i e l d  i n  Xn  c o in c id e  w i th  t h e  p a r a l l e l i s m  o f  L e v i - C i v i t a , a n d  

t h a t  th e  n a t u r a l  l i f t  o f  a  p a t h  i n  Xn s h o u ld  b e  a  p a th  i n  Tq(Xn ) .



2

T h is  t h e s i s  g iv e s  a> sy m m e tric  a f f i n e  c o n n e c t io n  t o  t h e  b u n d le  T^(X^) 

f u l f i l l i n g  t h e  ab o v e  r e q u i r e m e n ts  a n d  d i s c u s s e s  t h e  g eo m etry  o f  Tm(X k)  on  

th e  b a s i s  o f  t h e  t e n s o r  s t r u c t u r e  H a n d  o f  t h e  e x te n d e d  l i f t  o f  a  v e c t o r  

f i e l d  i n  Xn , The n o t io n  o f  th e  e x te n d e d  l i f t  i n  Tw(Xn) o f  a  v e c t o r  f i e l d  . 

i n  Xn b e in g  a  g e n e r a l i z a t i o n  o f  w h a t S , S a s a k i  (3 )  h a s  c a l l e d  t h e  e x te n s io n  

o f  a  v e c t o r  f i e l d  i n  t h e  c a s e  o f  a  b u n d le  w i th  a  s i n g l e  t a n g e n t  v e c t o r  

a s  f i b r e ,  t h a t  i s ,  t h e  c a s e  m —  I ;  a n d  w h a t K. Yano and  E . T . D a v ie s  ( ? )  

h av e  c a l l e d  t h e  c o m p le te  l i f t ,  a g a in  f o r  th e  c a s e  m = l .

As f o r  a  t a n g e n t  b u n d le  w hose f i b r e  i s  a  s i n g l e  t a n g e n t  v e c t o r  i t .  

i s  now w e ll-k n o w n  t h a t  when th e  b a s e  m a n if o ld  i s  R iem an n ian  t h e  b u n d le  

a d m its  a  t e n s o r  f i e l d  F o f  ty p e  ( 1 , 1 ) .  r a n k  2 n , s a t i s f y i n g  F k" -  - E ; (4 )  

a n d  F t r a n s f o r m s  t h e  v e r t i c a l  d i s t r i b u t i o n  o f  Tl (X n) o n to  t h e  h o r i z o n t a l  ■ 

d i s t r i b u t i o n  a t  e a c h  p o i n t  o f  T " '( " if )  . ! I c % v r  I t  i s  shown h e re  t h a t  

a n y  t a n g e n t  b u n d le  T^(X n) a d m its  su c h  a  t e n s o r  f i e l d  F when th e  b a s e  

m a n if o ld  i s  o n ly  a n  a f f i n e l y  c o n n e c te d  s p a c e .  ' A sy m m etric  a f f i n e  

c o n n e c t io n  i s  i n t r o d u c e d  i n  T1(Xia) on  th e  same p r i n c i p l e  a s  b e f o r e  a n d  

th e  g e o m e try  o f  Tl (X n) s i m i l a r l y  d i s c u s s e d .  I n  p a r t i c u l a r ,  i t  i s  shown 

t h a t  t h e  n a t u r a l  l i f t  C o f  a  p a t h  C i n  Xn i s  a g a in  a  p a t h  i n  T l (X n) 

w h ich  g e n e r a l i z e s  r e s u l t s  o b t a in e d  b y  S . S a s a k i  (3 )  a n d  b y  K. Y ano"an d  '

E . T . D a v ie s  ( ? ) •

F i n a l l y ,  i t  s h o u ld  b e  re m a rk e d  t h a t  a  s y s te m a t ic  u s e  o f  th e  " a d a p te d  

f ra m e s"  a s  o r i g i n a t e d 'b y  K. Yano an d  T . Olcubo (6 )  i s  made th r o u g h o u t  t h i s  

t h e s i s ,  a n d  i t  i s  t h e  a u t h o r ’ s  o p in io n  t h a t  t h e  w ork  r e q u i r e d  t o  do th e  

same c a l c u l a t i o n s  w i th  r e s p e c t  t o  t h e  s o - c a l l e d  " n a t u r a l  f ra m e s"  w o u ld  b e  

p r o h i b i t i v e .



CHAPTER I

THE BUNDLE Tnl(Xll) WITH MULTIPLE TANj ENT VECTORS X AS FIBRE

I .  The e x i s t e n c e  o f  a t e n r o r  f i e l d  H o f  ty p e  ( 1 ,1 )  i n  T1,,(X ,)
3

s a t i s f y i n g  H -  H -  0 .

We a d o p t  t h e  f o l lo w in g  c o n v e n t io n s  f c r  i n d i c e s :

Cxl tâ Cjd) I1̂  j =  I > V v  ■ •, V\
I 3, V, T | «-j — \ , 2 ,  - -  ̂Ml

A ,B ,C ,D ,E

an d  l e t  Xn be  an  n - d im e n s io n a l  d i f f e r e n t  i s  b l e . ,  m a n ifo ld  o f  c l a s s  C 

w i th  r  >  4 .  I f  we l e t  X ^  b e  t h e  com ponen ts  o f  m ( 1 <  m <  n ) l i n e a r l y  

in d e p e n d e n t  v e c t o r s  o f  Xn w i th  r e s p e c t  t o  a  l o c a l  c o o r d in a te  n e ig h b o rh o o d  

U (u ''-), th e n  we c a n  c o n s id e r  t h e  ( r .- i-  m n)- d im e n s io n a l  d i f f e r e n t i a b l e  m an i­

f o l d  Tlvi(Xll) w i th  l o c a l  c o o r d in a te s  ( r J 1, XJn ) ^  ( u ‘ , Xn , , . . . ,  X(tol) i n  th e  

n e ig h b o rh o o d  UX En X - • X E n =  UX & ' . L e t  U(u',x) an d  U1 (Urv) b e  two o v e r la p p ­

in g  c o o r d in a te  n e ig h b o rh o o d s  o f  Xr . T hen U X Eivia an d  U1X e '" 11" a r e  o v e r ­

la p p in g  c o o r d in a te  n e ig h b o rh o o d s  i n  Tm(Xn) and  c o r r e s p o n d in g  t o  th e  

t r a n s f o r m a t io n  i 'l l ^  i n  U U1 we h av e  th e  t r a n s f o r m a t io n

Z

(1.1) <

U v =  U flW t )

U r i i i i l  c ,
2

V

I n  th e  f u t u r e  we s h a l l  w r i t e  Kv =  1OW \  i t  so  t h a t  we c a n  d e s c r ib e  t h e
A ^  ̂ i t  \ K

n mn c o o r d in a te s  i n  Tm(X n) a s  ~ w h ere  '==(A an d  'r  ^  ^   ̂ . 

( 1 .1 )  i s  now w r i t t e n



4

Z

(1. 2) <

K
A

z

an d  f o r  c o n v e n ie n c e  we w r i t e  ( 1 .2 )  a s  "y — y  • Now

Z

( 1 .3 ) 3, f j
X f

I C ' A;
V

w h e r .  ^
A 5 , .  o_

; and  i n  p a r t i c u l a r  C —  L  -  -  .,-Ck • Now-,

4  f 1*' — OtuiC1' == C
j  - - - A '

'X

<>i V'1’ - Otv̂jlA !(,,,I (̂rll 6 U0J ^

= ^ t O j U v I U  ”  d j f  =  K n - M t
? CkJ \  ni l . , I '

and  c o n s e q u e n t ly  ( 1 .3  ) becom es .. ^ ^

/  4 V V

Ctn\ 
__/ \_

rCnl tn)

( 1 .4 ) M

o
a , , # '

) (rn)

V
X J v ^ U \ i Z CnN

y
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im p ly in g  t h a t

( 1 .5 )  A A -

From w h ich  we h av e  th e  f o l lo w in g  ( 5 » p . 214)

Theorem  1 . 1 . I f  m i s  e v e n , th e n  th e  b u n d le  Thl(X lv) h a s  t h e  same o r i e n t a ­

t i o n  a s  Xu ; an d  i f  m i s  o d d , Tvx(X il) i s  a lw a y s  o r i e n t a b l e .

T . Okubo (2 )  h a s  t o l d  me t h a t  th e  f ra m e  b u n d le  F (X r)  o f  an  n -d im e n -  

s i o n a l  d i f f e r e n t i a b l e  m a n ifo ld  o f  c l a s s  Cr ', r  ^  4 ,  a d m its  a  t e n s o r  f i e l d  

o f  ty p e  ( 1 ,1 )  w hose cube i s  - E ,  t h e  i d e n t i t y .  H ere we i n t e n d  t o  show 

t h a t  Tm(Xvx) a l s o  a d m its  su c h  a  t e n s o r  f i e l d .  F o llo w in g  T . Okubo d e f in e  

a  f i e l d  o f  q u a n t i t i e s  i n  Tv (X vi) a t  a  p o i n t  b y

r

( 1 . 6)

I '
i  nI

•j

4 i i

,  («-1 

0
TjVIm

VH
X

U ni
rN

(m)
Tivi uol

0 ■ ■ ■• 0 G
s

X

■A

J

O o

( M!

> (nA

Cm

w here  we now assum e t h a t  X lv i s  a n  a f f i n e  o p ace  w i th  a  sy m m etric  l i n e a r

c o n n e c t io n  w hose com ponen ts  w i th  resp ect to  the l o c a l  c o o r d i n a te s  (u 'x)
Cl p /

.  I f  U(Urx) and U8(Uk) are two o v e r la p p in g  c o o r -p  tv
a r e  I j l = V  y

nd i n a t e  n e ig h b o rh o o d s ,  th e n  I ' t r a n s f o r m s  a c c o r d in g  t o  t h e  law  ( c f  l , p . ? 9 )

d.7) r $  = H a tX xU c lU Hf + VjlVvU6 _



We d e n o te  by

Theorem  1 . 2 .

N ;  I r i th e  c o v a r i a n t  d e r i v a t i v e  o f  a v e c to r  f i e l d  v :

fv -x- i
J  '  -J

B -TT-C TT A(x) i v r ci : - = i i
( 2 ) I T  a r e  t h e  com ponen ts  o f  a  t e n s o r  f i e l d  o f  ty p e  ( 1 ,1 )

— 8

i n  Tva(Xa ) w i th  r e s p e c t  to  t h e  l o c a l  c o o r d i n a t e s  ( ^  ) •

P r o o f ; F o r  b r e v i t y  we w r i t e  ("7< f o r  t h e  nX n  m a t r ix  1 1 j  j

;
E f o r  t h e  n X n  m a t r ix

and

Then

I b  =

T («■> zTrTT

C 0
I l
P
' m - |

X

i t  C  =

r ,  E

o
n

VVX

X

Cv-t V

H E '

0 0
T1 E
'I

X

(m)
- A _ TrTi TTTn

%
E O n ^

E fH)

> [mx

O C
E

E

O

J
rG C

Cnvf

U
f Hl-I

O C
E

E

E
v J

O
N

P

t
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I L V r c I c0 -
r C O--O 0]( C o

r  E I CL

E

0 E

m-i

Q O
E

^  r

Thus

-J l r ,  E

K i r r - i '

j

G 0
PI W

—  \

V>\
-I
IYl-I

Q 0
E

E

V n  E

m u st show :

-C -
A

D

J

I V  - l p 3B, f K hB

Now from  ( 1 .4 )  we s e e  t h a t

w h ich  p r o v e s  ( I ) .  To p ro v e  (2 )  we

B tt-A

L

UO

f I E
X pU vu

C Vv-I
(ml 

—/ v E E  \

I

A

(1 .8 ) G G '^

6 1;’U

I

V
X llfliiUjv 'X-X

J f /
F o r  b r e v i t y  we w r i t e  T * .  Q no i n  p l a c e  o f  t h e  n % n  m a t r i c e s  ' Q L

f * j  T1 I  E .1
, I l  I • r e s p e c t i v e l y ;  a n d  A, A1 i n  p l a c e  o f  t h e  n x n  m a t r i c e s

E X Q  x v j '  J  r  a
Q i l E j  a nd  ! '

( 1 .8 )  we now h av e

Notts t h a t  AA1 —  A1A = - E . From ( 1 .4 )  and



O
 

’

8
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4  4  1^ 8' % —

O
l \  Dvvi A t- A G.

O " ' 0 0
E

E
W-I

A Vi A'4- AGi-i tz.

Now

X, =

z O
c '
r zW x - I

V

C ' 0  0

E
E

G E
K'r—I / p  VV - p

where \ A i s  the n ^ n  m atrix | K

A  = A E  K +  AG.

v
Ul So we m u st show

now A U  A  - H A P  13 t h e  r i^ n  matl^ xx s  uric Ti /> Ii ni<*v.. xjw I  ^

G a  E U L x A V i ' ^

. r I n/ a . V

w here  we

a
h av e  w r i t t e n  =  ~  ^

a
and

So i t  re m a in s  t o  show t h a t

a , )

Now from  ( 1 .7 )  we g e t



10

w h ich  g iv e s  ( 1 .9 )  s in c e  I bj- = [I ̂  . T hus ^
a n d  th e  p r o o f  i s  c o m p le te .

I f  we l e t  5  =  -  | -  iL I  H - E  , t h e n  c l e a r l y  A = - E .  ;

an d  th u s  t h e  b u n d le  Tm(Xn) a d m its  a  t e n s o r  f i e l d  o f  ty p e  ( 1 ,1 )  w hose cube  

i s  - E .

I f  we d e f i n e  t h e  t e n s o r  f i e l d s  P a n d  Q o f  ty p e  ( 1 ,1 )  b y :

( a )  P - - I m - E

( b )  &  — I l i

-Btt ^ 
R

t h e n  we s e e  t h a t  P an d  Q a r e  o f  ra n k  n  an d  nm r e s p e c t i v e l y  a n d  s a t i s f y

( c )  P - Y Q - E

( d )  P P  =  ?   ̂ P Q - = G l P  =  O

show ing t h a t  P a n d  Q a r e  c o m p le m e n ta ry . I f  we m u l t i p l y  ( a )  an d  (b )  by  

H, we have

(e) "E2P = -X lM -2E = -X 2+1 2-= 0
(f) I 2Q -  B2IL2 = E.*E2= XTL = Q.

r e s p e c t i v e l y .

Thus we h av e
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Theorem  1 .3 .  The T e n s o r  f i e l d  H decom poses t h e  u n i t  t e n s o r  f i e l d  E o f  

r a n k  H f n m  i n t o  th e  tw o co m p lem en ta ry  t e n s o r  f i e l d s  P an d  Q o f  ty p e  

( 1 ,1 )  w hose r a n k s  a r e  r e s p e c t i v e l y  n  a n d  nm. H a c t s  on  P a s  a n  a n n i h i l a t o r  

and  on  Q a s  an  a lm o s t  p r o d u c t  s t r u c t u r e .

L a t e r  on  we s h a l l  show t h a t  P a n d  Q a r e  th e  t e n s o r  f i e l d s  c o h e r e n t  

t o  t h e  h o r i z o n t a l  an d  v e r t i c a l  d i s t r i b u t i o n s  o f  t h e  m u l t i p l e  t a n g e n t

b u n d le  Tm(Xn ) . (6 ,p 2 0 5 )  We a l s o  n o te  t h a t  P a n d  Q h av e  t h e  com ponen ts
(rotIwA

( 0 ) TvVV tv v ^  (VV)I

^  0 - O - o
r > i :

- C i U

-Crj \  iMM)
V J

(<A

U )

" /Cm)

(Vv)

CvaA Cn) , I . (ixK

0 0  
nhItx-Y 1 
'Vi ^'U)
P k T ‘
1 jv &(%-)

0 ■ "  0

C u
X

J  I A (f(vV

(VA)

( n)

( w )

' )iw)

(W’V

2 . The g eo m e try  o f  Tm(Xy,). A d a p te d  f r a m e s .  ( 2 ) ,  ( 6 ) ,  ( ? ) .

F o r  f u t u r e  r e f e r e n c e  we now make the: f o l lo w in g  d e f i n i t i o n : :

D e f i n i t i o n  2 . 1 . L e t  v  b e  a  v e c to r  f i e l d  i n  Xn w hose com ponen ts  w i th

r e s p e c t  t o  t h e  c o o r d in a te  n e ig h b o rh o o d  ( u Vl) a r e  v \  Then we l e t

T a -  ( T t l l t V )  -S  (
A

I t  i s  e a s i l y  v e r i f i e d  t h a t  AT a r e  t h e  com ponen ts  o f  a  c o n t r a v a r i a n t  

v e c to r  f i e l d  i n  Tm(Xn) w i th  r e s p e c t  t o  t h e  c o o r d in a te  n e ig h b o rh o o d  

( u \  . We s h a l l  c a l l  t h i s  vec t o r  f i e l d  th e  e x te n d e d  l i f t  o f  C  V.

I n  th e  c a s e  o f  a  s i n g l e  t a n g e n t  v e c t o r  a s  f i b r e  S . S a s a k i  (3 )  h a s  c a l l e d  

V an  e x te n s io n  o f  IT \
fl

The f i b r e s  a t  a  p o i n t  ( u c) i n  Xn fo rm  a  su b s p a c e  o f  Tm(Xn) w hose



I Z

t a n g e n t  sp a c e  i s  sp a n n ed  b y  t h e  mn l i n e a r l y  in d e p e n d e n t  v e c to r s  i n  T^(Xn) 

w hose com ponen ts  w i th  r e s p e c t  t o  ( ) a r e

M o re o v e r, i f  a t  e a c h  p o i n t  P i n  Tlll(Xvi) we c o n s id e r  t h e  sub s p a c e  o f  th e  

t a n g e n t  s p a c e  t o  Tyix(Xu) a t  P c o n s i s t i n g  o f  th o s e  d i s p la c e m e n ts  ( I tz  ^ 

s a t i s f y i n g  A  =■ 0  .  t h e n  i t  i s  c l e a r  t h a t  t h i s  p la n e

i s  sp a n n ed  by  th e  n l i n e a r l y  in d e p e n d e n t  v e c t o r s  o f  Tlll(X 11) w hose compon-

1e n t s  w i th  r e s p e c t  t o  ( u n , X v^  ) a r e

( 2 .2 )  ^  j

», A n  • A
We c a l l  t h e s e  two d i s t r i b u t i o n s  sp a n n ed  b y  \"n j an d  V0 .  ̂ r e s p e c t i v e l y ,  

t h e  h o r i z o n t a l  a n d  v e r t i c a l  d i s t r i b u t i o n s . ( 2 ) ,  ( 6 ) ,  ( 7 ) .  L e t t i n g  

A ^  __ C - ^ V  we s e * t h a t  ap an  t h e  t a n g e n t  sp a c e  o f  Tm(X n) .

K. Yano an d  T . Okubo (6 )  h a v e  n o m in a te d  / \ \  th e  a d a p te d  f ra m e s  o f  Tvi(X a)

t o  d i s t i n g u i s h  them  from  t h e  n a t u r a l  f ra m e s  o f  Tm(Xn) c o r r e s p o n d in g

t o  ( <-: ) .  x • / -   ̂ N

C o n s id e r  th e  m a t r ix  \ A x I \  C 1J \  o f  r a n k  n  f  mn and

( 2 . #  <

l k \ )  = [&\

I A'I “ A
d e n o te  t h e  i n v e r s e  m a t r ix .  Then

from  w h ic h  one  h a s  t h e  f o l lo w in g  f i v e  r e l a t i o n s :



)

r

<

( 2 .4 )

cX 6> - 1‘- -  ( i , c 1:; Cj.1 -  s i si
Bl1Bi 6 K i 11 C X  - i *

. n ( \  p  np C S  ,
U s in g  th e s e  r e l a t i o n s  t h e  q u a n t i t i e s  13 . j  , O . ^ , Vy- j '  ^  " J , *  ca n  be 

o b ta in e d .  Thus



V- ’ • 'k 1 ^  ^  J-<

C‘V0 > C X i‘ i'.
- J  _

5; SI
( 2 .8)

>1c. 5 j  S t

From ( 2 . 5 )  a nd  ( 2 . 6 )  we have

^ a - ^ l L v  O
I x  \\
O ,

( 2 . 9 ) =  6 a
i

From ( 2 . 7 )  a nd  ( 2 . 8 )  we have

( 2 .10)

L  / j  ^

C6Z1 = ( l)

From ( 2 . 6 ) ,  ( 2 . 8 ) ,  ( 2 . 9 ) ,  an d  ( 2 .1 0 )  we h a v e

[b \  =:( 4 .0)

(2.11) Z

( <  i s  summed)

A' A -  (AllA, kVaV ' A' . .’a)
I

\
i\ow c o n s id e r  t h e  d i f f e r e n t i a l s  ' I ' I  d u a l  t o  th e  n a t u r a l  f ra m e s  

t h a t  i s ,  \ ^ A  j ~  S a  an<l l e t  =  ^ X k " b a r e  T

CV
i



Then th e  d i f f e r e n t i a l s  A ''C a r e  d u a l  t o  t h e  a d a p te d

f ra m e s  .  In d e e d

=  <( A ) A' sAt*')
— AxB <( C')a  ̂ = A ^ 0A
— a ^ aV -  s x

15

I n  g e n e r a l  t h e  d i f f e r e n t i a l s  I  ) a r e  n o t  e x a c t ,  t h e  ro u n d

b r a c k e t s  i n d i c a t i n g  t h i s  f a c t .  We l e t

( 2 . 12 )
T

_ Q  " '  ^
Then th e  d i s t r i b u t i o n s  a r e  ho I o non-i c  ( i n v o l u t i v e )  i f  an d  o n ly  i f  i— • 1—^ uX 

v a n i s h e s .  (7 )  R e c a l l  t h a t  X x = A x^ A  no t h a t  i n  p a r t i c u l a r  from  ( 2 .1 1 )

X j  ~  B vî  O A ■= d j  -  15 SUWVAWci")

x J ^  C j / C  A -  O u   ̂ 0  . . v

K eep in g  th e s e  a n d  ( 2 .1 1 )  i n  m ind  l e t  u s  c a l c u l a t e  C V L 3 „ \  ; f i r s t  n o t in g
Q  . . I/ 1

t h a t  Cj LZI^ \  i s  sk ew -sy m m etric  i n  t h e  lo w e r  i n d i c e s .  T h a t i s .

O  '• v

( 2 . 1 3 )  S 3 : ; 4  ( l . j  E i x  X i B / )
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( 2 .1 4 )
i

=  5 1 .  — " X \ 0 )

-  O '
C )  -(2-l5) = B a  V ' ^ x ^

=  s I  ( ^ O  - X u O )

^ (W=  C tlfA

=  CfcKXj C i- I iOfc ) + t \ ( X a6 ^ -X ;Bj V) 

-  S lS fv CTilB k T lBjM

=  -  ^ c k i C H i M l t i

(2.16) C

(T) "  'V
( 2 .1 ? )  t L ' t h ,

• • \  

iJpl = cX C T jM C - T M M

=  C k C l j T K T l K  C C k ( T jflB 1K l i CjM )

T uBifxi = T 1C -M lK l ■
" k

r i  & C S  M  n i  c-V
-  ( d  , , i ) ,  =  -  '  u  6 ,\ a J



I?

T hus from  ( 2 .1 3 )  -  ( 2 .1 8 )  we g e t

r
C )  ' & O  "  &

U L l
O  -  ^  o  " k y

‘j I =  t i  13 ijp -  t i a U U  -  G U u  =
.Av

( 2 . 1 9 X 0 1 3 ^  -

Iu, j  ■ ■ M

xL  U a

-  C l U L

v U n L  \ 
' ioi W i U - i t x U , U t i U

=  i ^  a . L t ~^c
( n ( Y  'd "

=  T 3;

p A- p i
' i<x \jb
t

\ Ol

n  Vi n  V= I 
'  i U  j k ]

Thus
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( P 1I  I v / ) ) - T j  I  V j ^  I ? ,  / I  —

T m  ( n1;^ -, VjI

T m R u  'l

w here

- m

k
i s  t h e  c u r v a tu r e  a f f i n o r :

RjlOx4 =  ^ jR V ^ V j^ r ^  VjV  Vj^ r 1I
So ( 2 .1 9 )  becom es

C ) . . &  Q - A
U l 3 . -  = W U

O  ' A  0  - A  Q  ’ 1 A

= ^  cl^V u " lll 1̂Vu ~

( 2 . 20) ) TuLi LLi M —  ' — RR J \ (X A-(Y)
"  %

jJ l
• • L

- I - W ^  P 1' T<— 1 I—-A, ; — r  — 1 j  O ^

V
J..S \

From w h ic h  we h av e

D' ATheorem  1 . 2 . The h o r i z o n t a l  d i s t r i b u t i o n  D j i s  h o lo n o m ic  i f  an d  o n ly  

i f  Xix i s  t h e  t r i v i a l  a f f i n e  sp a c e  An. ( i . e . ,  I ^  = L  )

The N i je n h u i s  t e n s o r  p l a y s  art im p o r ta n t  r o l e  i n  t h e  th e o r y  o f  s p a c e s  

o f  com plex  a n d  a lm o s t  com plex  s t r u c t u r e .  I n d e e d ,  i t  i s  known (5 )  t h a t  i f  

a  t e n s o r  F o f  ty p e  ( 1 ,1 )  s a t i s f i e s  FA= - E , th e n  F in d u c e s  a  com plex  s t r u c t u r e  

i f  an d  o n ly  i f  i t s  N i j e n h u i s  t e n s o r  v a n i s h e s .  We s h a l l  now show t h a t



Theorem  1 . 2 .  can  be  r e s t a t e d  i n  t e r n s  o f  t h e  N i je n h u i s  t e n s o r  

o f  " H - P 5 . N L : \  i s  d e f in e d  by ( 5 , p . 227) , ( 6 )

(2.21) Nĉ  = He (C1hT L fe H V  II BQhIe
We now com pute th e  com ponen ts  o f  K  q q  f i r s t  n o t in g  t h a t  (\| L. :

S in c e l V o we se e  fro m  ( 2 .2 1 )  t h a t

I
^  =  N ^ u  -

Now

/
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,0

c  - )-E i O A p V 1 M}

_  r-k 0 ^  p k  pl- r - (W iM ) p  I  O 4  r\^wv' a)
-  O j % w _ p A A A b A  4 , -  o r ^ A

4 W

4  Y
M jCvaU-,

f

P p -  cp \ n
So we hav e

P  = P “  RJ p  0
I i\V

i t  -kv v i -V
<2- ^ A  = -V i î -V

&Y

4 t(

n ; ; -  ( P i r lV P 1̂ l ) I ; , )
, J

I J l r

, tr ;  = oFrom w h ich  we se e  t h a t  14 cR> 0  :i-f  an d  o n ly  i f  

so  we hav e  th e  f o l lo w in g  r e s t a t e m e n t  o f  Theorem  1 .2 :

Theorem  1 . 3 .  I n  o r d e r  t h a t  TivvCXvx' b e  i n t e g r a b l e ,  o r  t h a t  t h e  N i je n h u i s

an d

t e n s o r  o f  H v a n i s h ,  i t  i s  n e c e s s a r y  an d  s u f f i c i e n t  t h a t  X n be  th e  t r i v i a l

a f f i n e  s p a c e ,  ( i . e . , t h a t  "= Q )

3 . D e r iv a t io n  o f ^ /  [4 ^^ w i th  r e s p e c t  to  an  a r b i t r a r y  v e c t o r  f i e l d

V a I n j U M .
( Vh)

,-_N X Aê  a X i\ B t t K
A \ ( v  =  P

t e n s o r  f i e l d  H  g, w i th  r e s p e c t  t o  th e  a d a p te d  f ra m e s . Now

/-TrXx (Xe). AA A BTTlX
F i r s t  we com pute C-E-Iu • '  j \ I V  Lt g ,  t h e  com p o n en ts  o f

I f
o u r
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Now
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A \ n  -A n-R

i E O O 
n  t
Pl E

' D

X r
0 O
1 IV> Zv

Tm-.

r . E

vy

A 'X t ; -
C (I

Hm-,

H E

C O
E

F

V 
\  ./

I1 r, E

X

E G "v
-E
-E

J L 1

(3>1) ( l ) | E  =

f

O f l - - O C

S 0

\

0 &I

J

C O1 r
E

E

I, O C
I l
n

IV|

O
J \

E
X

t, E

O C
O 
0

O E

G G

J

G (f
E

F

Now l e t  \ |  (^ )  b e  a  v e c t o r  f i e l d  i n  Tl11(X ll) a n d  c o n s id e r  t h e  I n f i n i t e s i ­

m al t r a n s f o r m a t io n  C ' > C X < I . W ith  r e s p e c t  t o  \ j  th e  L ie

d e r i v a t i v e  ^ o f  o u r  t e n s o r  f i e l d  i s  g iv e n  by  ( 2 ) ,  ( 5 ) ,  ( 7 )

( 3 .2 )  "== ^ 0 ^ %  - E  ^ t i l  o

Cn0)
Now l e t

( 3 .3 )

fD

U i t  s  A  k
CM")!
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b e  th e  com ponen ts  o f  0 6  K- % w i th  r e s p e c t  t o  t h e  a d a p te d  f ra m e s ,

an d  s in c e = A \ A | T  E g ,  “ ’ ha ve

( 3 »  - E t - A x 6 A ^ ( E )

R e c a l l in g  t h a t  =  / ^ D Y y  , ( 3 . 2 )  c a n  b e  w r i t t e n

h

( 3 . 5 )
^ I ab = A1oN0I vI t -  At E U vVa.+AveI t l v  V

Cv0) = avo \ 0 I k Ca/  AtOnVi - 'A  LN
E A1B A Z A ^ C E V r X s N 0

Now l e t  f v )  A  o \ D b e  t h e  com ponen ts  o f  th e  v e c to r  f i e l d  v

w i th  r e s p e c t  t o  th e  a d a p te d  f r a m e s . T hen we ca n  w r i t e  \  — Aoo ( X I 

so  t h a t  b y  ( 2 . 3) ,  ( 3 . 5 ) becom es

(3.6) Y Y r =  i D A u o j ^ f  I v  ( X̂A ( E-V̂ n)
( V p)  . XV- V - ZTf- ^ W s ^ i v f A V c v n  

E At^ x k AX (Dxr Tv( AX(Vf)

=  CvfTto(AxX X H )  -  AXCDrTZAf(Vf) 

f  Avs AVAXfDx T f  A fC vf)

From ( 3 . 3 ) .  ( 3 . 6 ) ,  a n d  ( 2 . 3 )  we hav e
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0 . 7 )  ( / T f h =  A\ khBf \ n .  J / T V kVc

^ A lQte^. Xx(A^fxr)

r

=  AVAr6A ' A c ft T  (lfr ̂

- A \ ( l f r !-/Au.

+ M0 (S)r I r OV(Nr)

We now exam ine t h e  i n d i v i d u a l  t e n t s  i n  ( 3 . 7 ) •

(3.8) AxA Ar6 ( \ f  Tu> ( Af MS Ci-VrO =

[A \ S A 1VAQcvr X TiV r T

I aX  A>iAr6v r  (IO1t I^A va 

AVXr8X X x r (IVrT luAV =

AfXw(I)r + ArT f d V V W T i A '/ )  t o p T /

0 . 9 )  A x a ( X ) r  X u  ( A w *  o r ) ~
' AxA C ifD r TtCvf -V AV (VTlYr Tx A f =

( I ) h T-u (\X I AV (VfdVrTx Atuft
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( 3 .10) AvB fitf T r (AJ1(Nf) -

f T
{t)l I t C-Nf +  AfCxf (I) fT r fV

P u t t i n g  ( 3 . 8 ) ,  ( 3 . 9 ) ,  ( 3 .1 0 )  i n t o  ( 3 . 7 )  we o b t a i n

o.iD ( f i t  =  ( \ f  Iw (B r ^ A ( ' 4  X<" ^ R
cn̂  A \ INf (IYr Io1 A t - m t l t v f

-  AXk(Nf ClA^X^Aoi +  CEYitiTt ( f

A A f f f C l f f I r A f
>

— (v f I luCBf -  (B fT - t f f+  (B tuI r W

+ (  k\(D- ( + l - k *  -  1 0 I-1 '  kufA

+ [ A f C N f d f l r Af +IAf  N f d f f

R e c a l l  t h a t  I(f_\ [ H ii x '—  A n (\ V ^  ja f>  f  [ W ith  t h i s  i n  m ind we
>x

exam ine t h e  l a s t  f o u r  te rm s  o f  ( 3 . 1 1 ) .
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( 3 . 12) A \ ( \ f  ( r f j . iL A /-  A r d 1) JtX t —

(\r (1)1 (Tto A-X-Xt a/ )  = WT(C S itoIx
Now from  ( 2 . 3 ) ,  / \ J g  l \ ^ ~  S { so t h a t

Av6Xm A ffi + A ( ' '  Xw AfB =  t h a t

A r6Iu> Ar = ~ At BXto Aj,6.

T hus

0.13) Av^ r m S r Am"tx f ( S =  

â cn)” (I)S r^ 0" AvBAr(I)1J t-y Ar =  
x r a ) \  A?s(x rAws- Im A l.'1) = C x f m S ^ r  •= 

-  ( \ f  (Dv
S u b s t i t u t i n g  ( 3 .1 2 )  a n d  ( 3 .1 3 )  i n t o  ( 3 . U )  we g e t

( 3 .1 4 )
>
r (NirXw(I)Jw' (H)VrX xS  I  V t  Xr (N)1

T  - Q - .
U U u u ^

X -  (xVfR)^ S i S .
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4 .  Nec e s s a r y  an d  s u f f i c i e n t  c o n d i t io n s  t h a t  Lv \\ '') .!,< v"'
' n 1

w here  Ir  i s  th e  e x te n d e d  l i f t  o f  a  v e c to r  f i e l d  ■ 1 I n  X,\ .

L e t  XT b e  a  v e c to r  f i e l d  i n  Xn w ith  com ponen ts  t ' L w ith  r e s p e c t  t o
■) -TH A

t h e  c o o r d in a te  n e ig h b o rh o o d  ( u ;l ) .  T ak in g  t h e  e x te n d e d  l i f t  u 

( D e f i n i t i o n  2 .1  ) o f  I ^ a s  th e  g e n e r a to r  o f  a n  i n f i n i t e s i m a l  t r a n s f o r ­

m a tio n  we now w is h  t o  com pute

I

com pute —  A' Zv I
6

L e t  u s  f i r s t
Z=A

l i f t  L w ith  r e s p e c t  to  t h e  a d a p te d  f r a m e s .

( f  )* =  i A
=  Irj T E ^ r j -

= Tj' i  C- 'Irvii
=

, t h e  com ponen ts  o f  th e  e x te n d e d

(V) C1vaVa

cVj Vj B -C X ij i  

H f iL v V h S ir ^ iX a T j 

X x u t  j + X p a T i  

x p i v X  r p j

So
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( W f I x -  -  ( tS
Now from  ( 3 .1 4 )  we hav e  - 7 /  C
( 4 . 2)  '

C fA i r  ^   ̂ ' . ,  . n  . .  u

w h e re , o f  c o u rs e  ( l ^ i )  ^  i s  g iv e n  by  ( 3 . 1 ) .

<4 .3, ( J t ) )  =  -  ( T i )  U v h  i h u

1 ' + T t  U  ( CBv t '  auiJ

0 O1XjCBtu
V  ( B “ 0 - c^ - ( B “ 0 ' D lV

=  n

(4 .4) ( T T ) I  = -Cb I ^ cbH  ( B l i j J f frxlv

( 7 A1
+(%T(Ef u?DMvu-(v r (s B  cK-1̂ i*

= - L t p U h I  O - I jB v f

i  (vr (Bjx O-Cff O-b K-i^  

= -  (B ^  OfeflT1'
( '  x -k  -c k(>
^  s in c e  0 i s  in d e p e n d e n t  o f  y , .
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(4-5) =

V (Ir)ulOlVi ciuui/’" (V f(I)J  C&Wj

= - O - U ( V ) H  (I) t T j ( v f

•H ff . O'O^cov*1' — (V f ( I )^ o L a ) j "

=  (E)Io i j (X Li-V t ) -  ir' t o ’t t i o ; / "

— (vV* (D fO iL-Ii j I

=  ( X ) ^ l K c j (V1Tt )- I J i I i n Xv 6V)(x ?D 

- V K ^ x t J ( V ) K K r / ; }

=  ( x f e \  x K L  (X jK -D T t X K r /

- t ' K ^ kT t j x K V J ri r / ^

=  ( x t X  V / (t v /  T X j i r /  - v rfe VjV

-  Rjiak I y /

=  ( E X J V v V ^ j V kT  L ijX v /

=  (X) V XK ' 'I" Va ) ( see <7) P- 9 )
(Vi)

=  U  J U f ,

( s e e  (7 )  p .  9 )
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( 4 .6 )
h i

( v M
, u

v
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So from  ( 4 .3 )  th ro u g h  ( 4 .6 )  we have

( 4 .7 )
C \r^

&

J-<
:£iL)

( v ^

L
J -A

( a ) ? -  a t
(v/<)

JO. j A .  ( V V H i - A xI 

( V ' )

ihus / I ab = AXA A/ («sVu = C if “d oî y if
( P )  tfV )  1

r Q an d  h e n c e  we h a v e :i r j i
(viv) -t t A

Theorem  4 . 1 . A n e c e s s a r y  an d  s u f f i c i e n t  c o n d i t io n  t h a t  11 y b e  i n ­

v a r i a n t  u n d e r  a n  i n f i n i t e s i m a l  t r a n s f o r m a t io n  g e n e r a te d  b y  th e  e x te n d e d  

l i f t  o f  a  v e c t o r  f i e l d  v  i n  X va i s  t h a t  v  d e f in e  a n  a f f i n e  c o l l i n e a t i o n  

( s e e  ( ? )  p .9 )  i n  X Vv .

A g a in  i f  we d e f in e  a  t e n s o r  f i e l d  5 .  b y  yd = = " = [  -0- t  z O -  ^  )■$; b y ^

th e n  'V i s  o f  ra n k  n  + mn, s a t i s f i e s  T i  -  - 1  , an d  th e  abo v e  th eo rem

a l s o  ho ld s  good f o r  ^

5. I n t r o d u c t i o n  o f  a symmetidc a f f in e  connection in to  Tt(Xn) .

We now in t r o d u c e  i n t o  T^(Xn) (w h ic h  c a n  a lw a y s  b e  d o n e , s e e  ( l ) p . ? 8 )  

a  sy m m etric  a f f i n e  c o n n e c t io n  whose com ponen ts  w i th  r e s p e c t  t o  th e  n a t u r a l  

f ra m e s  a r e  • To f i n d  i t s  com ponen ts  0 ^  w i th  r e s p e c t  t o  th e  a d a p te d

f ra m e s  we w r i t , ,  ^  j) =  .

Then (Xj ^  an d  Gu^ m u st s a t i s f y  ( s e e  ( l ) p . 7 7 )

^  ^  +  Ou c  ^  x  - =  ^  jx
w here i n  t h i s  c a se
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s u b s t i t u t i n g
A

S= - 1,(1 Kx'

■Xy. -V- 8b< Ai 6Aa -  6^ (Ai)

B u t A ^  — A v ( A l )  so  t h a t  .

( I vAx^ Av8Ax1K ^ v-  A1!  @/x (A|) 

so A /  i / l  - X v  A x K  AVS A XC

(5.1) Q j!, =  AlvN Axh A @&c Ay Av )

an d  hence

from  w h ich  we o b s e rv e  t h a t

A \ ^

( 5 .2 ) r r
w h ich  h a s  b e e n  p r e v i o u s ly  d e r iv e d  ( 2 .2 0 ) .

T h e re  w ou ld  b e  v a r i o u s  w ays o f  i n t r o d u c in g  A Be i n t o  S u l  j X ,^  Ir
h o w ev er, we now assum e t h e s e  com ponen ts  i n  th e  n a t u r a l  f ra m e s  s h o u ld

L  = C c n j^ t K )
I

s a t is fy * . an d

A’ IiiIj i  =  © !•  =  V jA

( 5 .3 )

® > v ' =  0

®V' "  ©i/r = Af' it 

& L  = 0
® i '  =  -  Irn Vbt  v i  W Um  PiA

i _ T a H ^ p o \ T a P h n b
W b i  ' 10,

-vr 1A p  h n  ^

V
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U sin g  ( 5 .1 )  a n d  ( 5 .3 )  we now com pute t h e  com ponen ts

( 5 .4 ) i 'Jl

- = O k i " ® L EV1rBB)

H

I &V, O j  k ;
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O
i - s : ; c e

( 5 .8 )  (Il)4 l

nA'C'O °= G 

=  Ct;

+  CXflClj Blii'+  f e  Bj 6B D  

=  + X lX u X

^  ^ 8 )"+

=  X X - X j ( X x ; H ® j i  

+ 6  X u-B l'  + X X - X B r

^  ^  X t (-i,:, r A ) X ^ 4  d x  ( - I ^ 1 i 

=  ' t ^ - X j Ci ^ X h C

X n  n. ^ P t- -y. - ntv n 1, 
") 1 id ij-s -  A(Y) ' jb h t
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( 5 . 10)

( 5 . H )

P u t t i n g  ( 5 . 4 ) - ( 5 . H )  t o g e t h e r  we g e t :

' - ,V
, I i v =  0

xt.
© V ' '=  0 V tw I g . H 4iUj\ = - £  v t ,

A
=  Q

A
=  0

I

K i =  0 IK = s l

( 5 .1 2 )
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I t  i s  e a s i l y  s e e n  t h a t  ( $ .1 2 )  s a t i s f i e s  t h e  r e l a t i o n  ( $ . 2 ) .  

We now f i n d  a  n e c e s s a r y  an d  s u f f i c i e n t  c o n d i t io n  t h a t

w here

( 5 .1 3 )



33

UJ

U

Q Ju  ̂V °< 4 1

c ' K ' A ^ t ^  =0 V w
m  i
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from  w h ich  we se e  t h a t  Q  i f  and  o n ly  i f  lx  j\cx X =  (

an d  th u s  we h av e  t h e  f o l lo w in g ;

Theorem  5 . 1 : A n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  t h a t  t h e  c o v a r i a n t

d e r i v a t i v e  o f  H v a n is h  i s  t h a t  b e  f l a t .

N ex t we d e te rm in e  th e  n e c e s s a r y  an d  s u f f i c i e n t  c o n d i t i o n  t h a t  th e  

c o m p le te  l i f t  V  ^  o f  a  v e c t o r  f i e l d  V ' i n  X m b e  a  p a r a l l e l  v e c to r  f i e l d

i n  Tm(X h) ,  t h a t  i s ,  t h a t  N \  0  w hore
A ,,

r - \V
XV( 5 .1 5 )
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P u t t i n g  th e s e  t o g e t h e r  we g e t

(5.16)

i f  an d  o n ly  i ffrom  w h ic h  we se e  t h a t

an d  so we hav-i:

Theorem  5 .2 .  A n e c e s s a r y  an d  s u f f i c i e n t  c o n d i t i o n  t h a t  t h e  e x te n d e d

l i f t  V  ^ o f  V b e  a  p a r a l l e l  v e c t o r  f i e l d  i n  Tivx(X h) i s  t h a t  I  1 b e  a  p a r a l l e l  

v e c to r  f i e l d  i n  an d  d e f i n e  t h e r e  a n  a f f i n e  c o l l i n e a t i o n .  (5 )



CHAPTER I I

THE TANGENT BUNDLE T (X ) =  T j ( Xn)

I .  The e x i s t e n c e  o f  an  a lm o s t  com plex  s t r u c t u r e  F . F ' - -E  

f o r  T( X1) .

I n  t h i s  c a s e  t h e  l e t t e r s  X ^ o f  th e  p r e c e d in g  c h a p te r

a r e  r e d u c e d  t o  a  s i n g l e  l e t t e r  X " , an d  t h e  G reek  l e t t e r s
, n __ D

now ru n  from  I  t o  2 n . On w r i t i n g  bVL-   ̂ ^

th e  p o i n t  t r a n s f o r m a t io n  o f  T(X ix) a s

f

we h av e

(1.1) = A1X i i'*<i ' - V

11
w h ich  we w r i t e  m ore s im p ly  a s

D /

K\  =W UJUL fA-Ci

w h ere  th e  c a p i t a l

Roman l e t t e r s  A1B 1C , . . .  t a k e  t h e  v a lu e s  I ,  . . . , n , n f l , . . . , 2 n .  A lso
A*'  ̂ .0' A1.1 Dv / i f f  Z) A1V rA K U

And

f =
^

X i i Vlau Ah -

so  t h a t

( 1 . 2) J f

A '  IV%
V 1

\

\

-v
c);:

3 V

I *

tiV

f

\

V
f-v

A v f

\

A l
y

fro m  w h ich

cU

an d  th u s  t h e  t a n g e n t  b u n d le  T(Xli) i s  a lw a y s  c r i e n t a b l e  ( 5 , p 2 l 4 ) .
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D e f i n i t i o n  1 . 1 . ( 4 ) , ( 5 )  A 2 n -d im e n s io n a l  d i f f e r e n t i a b l e  m a n if o ld  Mlll
j— A

o f  c l a s s  C L , r  Z, 2 ,  a d m i t t i n g  a  t e n s o r  f i e l d  I ^  o f  ty p e  ( 1 ,1 )  s a t i s f y i n g  

F tM - C — — 0  q i s  s a id  t o  be a n  a lm o s t  com plex  sp a c e  a n d  th e  t e n s o r  

f i e l d  V i s  s a id  t o  a s s i g n  to  t h e  m a n if o ld  a n  a lm o s t  com plex  s t r u c t u r e .

A v e c t o r  f i e l d  \  ^  i n  My1 i s  s a id  t o  b e  a lm o s t  a n a l y t i c  i f  ^  =  Q
r  (Vt)

w here  T" i s  th e  o p e r a t o r  o f  L ie  d e r i v a t i o n .

When th e  b a s e  d i f f e r e n t i a b l e  m a n if o ld  o f  c l a s s  C 1 ,  ( r ' > 4 ) ,  i s  

R ie m a n n ian , S . T a c h ib a n a  ( 4 )  h a s  shown t h a t  t h e  t a n g e n t  b u n d le  T(Xll) 

a d m its  a n  a lm o s t  com plex  s t r u c t u r e  F , F a - E ;  t h i s  s t r u c t u r e  w as a l s o  

d e r iv e d  b y  K, Yano an d  E . T . D a v ie s  (7 )  by  th e  u s e  o f  th e  one fo rm

,  We s h a l l  s e e k  now a n  a lm o s t  com plex  s t r u c t u r e03 " cIijA ltP 1
f o r  a n  a f f i n e  t a n g e n t  b u n d le .

I n  t h i s  c a s e  t h e  a d a p te d  f ra m e s  / \  \  a r e  com posed o f  n  v e c to r s  Eo
■A

an d  n  v e c t o r s C-j*
h a v in g  com ponen ts

a.3) B p - ( p  - F j ) , P  " ( M j )
n tV eXf \ n i l  _ r  I * p  ̂ , _ A X

w here  we hav e  w r i t t e n  ) - = P l 1 ; —  ^  \  i • The d u a l  / \  ^
J J  P t

w i l l  t h e r e  f o r e  b e  com posed o f  v e c t o r s  an d  P  ^ h a v in g  com ponen ts

0.4) Bkk =  ( p ,0) ) P  a =- ( , p
Theorem  1 . 1 . A t e a c h  p o i n t  ( F  ) o f  T(Xn) t h e r e  e x i s t s  a  f i e l d  o f  

q u a n t i t i e s  F  ^  s a t i s f y i n g

( ! )  =  G /

(11) Fa6F P - - P
P r o o f :
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Now

T hus

^ bCb =

Z

F t

f
0

c z
'  I

l—

From  c o n d i t io n  ( I ) we m u st have

f I1- I

r \
6Ji

I
c *  I

j l J

g F
V J h i

:---
---

-~
x

Tl
C—

Il

J • .—  >

( 1 .5 )  X
=  - 

J *
n  fi

" N i
T hus F B

im p ly in g  t h a t

\

So c o n d i t i o n  ( i i )  t a k e s  t h e  fo rm
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\ r

Fi
p t iK

I

Fj

p ;

N
'

n  i 
J

z \
C i

°J

- s ;
V J

r
p l i  p i  ,

' I 1 J 1 J

v
F- F1 -P  F t̂

' J 1 1 r J

C  iv p Iv 
J J

F f f  F r ;

\ f

J K

P D
n  T i

1  - 6 J

X

y

T hus we o b t a i n

<») F ; F 11 + F j =  -  o

(b) F f F j - F f p " =

(0 F 1: -  r f
J u

i—  IP O-Iv

O

“ > F t F r ; - - = J

From ( c )  an d  (d )  we g e t

( , „  F f  , F f = - P - P r ;



an d  c l e a r l y  t h e s e  s a t i s f y  ( a )  an d  ( b ) .  C om bining  ( 1 .5 )  an d  ( 1 .6 )  we g e t

( 1 .7 )

r
I k

'  i

Theorem  1 . 2 . The f i e l d  o f  q u a n t i t i e s  ( 1 .7 )  d e s c r ib e d  i n  Theorem  1 .1  

i s  a  t e n s o r  f i e l d  g l o b a l l y  d e f in e d  on  T(Xr ) .

P r o o f :  F o r  c o n v e n ie n c e  o f  n o t a t i o n  i n  t h i s  r a t h e r  t e d i o u s  p r o o f  we

w r i t e  c  i n  p l a c e  o f  V .  We m u st show t h a t

w here  c.

d d !

Now th e  i n v e r s e  t r a n s o m a t i o n

r

i s  a  c o o r d in a te  t r a n s f o r m a t io n  o f  t h e  fo rm  ( 1 .1 )

A c:f

v)
c a n  b e  w r i t t e n

( 1 .9 ) [  f - h h ' f  (ukii

So. from  ( 1 .2 )  we h av e

(1.10)
V

aV  0 "

F ^ r ,
AS.

y

From ( 1 .7 )  an d  ( I . 10) we h av eF i r s t  c o n s id e r
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r

V

V
A] r X

N o w  b y  ( 1 . 7 )  w e  m u s t  s h o w  t h a t  t h e  a b o v e  i s  e q u a l  t o

S o  w e  m u s t  s h o w

X

V

y



(1. 11)

(1 .12)

( 1 .1 3 )

rl'
'1 '

4'

- +  A lA vA

= AiI f A V - A ^ r U V

A - r f . ' r f ,  = A ^ f f  AfAA^;IaA f f -  A-'

- A f f r t A - A 1cV A f t
V

a n d  ( 1 .1 3 )  i s  e q u iv a l e n t  to

V n C  A l  f V
( 1 .1 4 )  i f ,  I f  =  A c  A1J. T b  f y  I  A  C V& A y j , I

- A l i f  I 1C A v -  A f f A t y f
i

We f i r s t  v e r i f y  ( 1 . 1 1 ) .  S in c e  , ; i s  a  c o n n e c t io n  we h av e

AZ-V f  i f f  Z- s : c V

an d  s in c e
A '_  AV. y i
v  —  r \  I  c  we have

■ r ^ f  Vif - A 1A  A l '

=  f t l  A ' A ' C +  A l A t v f '
So
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r ! ! =  A l r a ,  + s in c e
n a

C =  E 1 Vie

w h ich  p ro v e s  ( I . 1 1 ) .  Now

V  ^ f A' 5#
,----i— — - L -  —L . —  O f

c  B '

I n  p a r t i c u l a r

. , V A

A1

M  t-f: _
2 ) ^

i G
CnZih -  Q

0

w h ic h  y i e l d s

A 1 ,A ^V V
O --1 J )  p  P p 0 =  ~ AiIj Av,/

S u b s t i t u t i n g  ( 1 .1 5 )  i n t o  ( 1 .1 1 )  wo o b t a i n

"  i l l ' A^ 'P  = A V l t A - . - P f p

K ' n i '  i \&
br j  - A p f v - A X t Aa k t  ' - \ J

w h ic h  p r o v e s  ( 1 . 1 2 ) .  I t  r e m a in s  t o  v e r i f y  ( 1 . 1 4 ) .  From ( 1 .1 1 )  we o b t a i n
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d as) r i '  IrnW 
V ' j '

We s e e  t h a t  t h e  f i r s t  two te rm s  a g re e  w i th  th e  f i r s t  two te rm s  o f  ( 1 . 1 4 ) .  

Now from  ( 1 .1 5 )  we g e t

V
S u b s t i t u t i n g  ( 1 .1 ? )  i n t o  ( 1 .1 6 )  y i e l d s  ( 1 .1 4 )  and  c o m p le te s  t h e  p r o o f  o f

r-At h e  t e n s o r  c h a r a c t e r  o f  '~ X .
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L e t  (F ) d e n o te  t h e  com ponen ts  o f  F w i th  r e s p e c t  t o  t h e  a d a p te d  

f r a m e s ,  t h a t  I s ,  * Then

( F ) 8: _  B j8 ^ a F b  =  s J8 S l F t =  s oR

= s i  F i - r } F i - r ^ l

__________________ sj______ 0___________

( F 4  -  C b V f ^  = C jk8 S t F t  = C j s F t

= F i  = F i  -  i -

b;  c i  Ft = .J6F iF U ^ S t t F i

B1bU f U  s 8 F t =  Bj6C F t F l ^I i r t

= ^ i ( F iF U F h - F U r iF U F u )J
=  n t  FjU  r f -

r n i c *  v l

U  F i  u  +  F j  F t
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Thus

(1.18) ( m l =r

Z

y

N

O &

x - 4 V
O

As i n  C h a p te r  I  we l e t  — A ,\  X 1 w here  (7^ ~  A 

a n d  t h e  d i f f e r e n t i a l s  (  ^  A \  A ^  a r e  d u a l  to  ^ he *

A g a in , t h e  d i f f e r e n t i a l s  a r e  n o t  i n  g e n e r a l  e x a c t ,  t h e  c o n d i t io n

o f  h o lo n o m ity  ( i n v o l u t i v e n e s s )  b e in g  th e  v a n is h in g  o f  t h e  q u a n t i t y :

r - >  . - X

( 1 .1 9 )  ^

From ( 2 .2 0 )  i n  C h a p te r  I  we h av e  t h a t  t h e  com ponen ts  o f  c Z R
- X

Y  uU , n ,  i n

t h i s  c a s e  a r e :

Ji l u w JM ^ ^

( 1 . 20) < L X j ,f  -  I L t - X L i  =

TLi
X

p d
j i

L e t  \ j ^ b e  an  a r b i t r a r y  v e c t o r  f i e l d  i n  T(Xvx) a n d  c o n s id e r  th e

i n f i n i t e s i m a l  deform ation ^  f  p  g t r  . W ith  r e s p e c t  t o  \J n

th e  L ie  d e r i v a t i v e  o f  o u r  t e n s o r  f i e l d  \ " R i s  g iv e n  by  ( 6 )

L F "(1 .21)

As b e f o r e

B ^ dFX-F cL cN H  F o X L
(NJb)

we l e t  =  A \ l l \ ^ ( < £ f : & )ho  t h e  com ponen ts  o f  56
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w i th  r e s p e c t  t o  t h e  a d a p te d  f ra m e s . Then th e  same c a l c u l a t i o n  p e rfo rm e d  

i n  C h a p te r  I  g o e s  o v e r  and  we have

(1 . 22)

N 1 -Kvfj (F)VlSq ujC -(Vlui(F-)Ol

2 .  N e c e s s a ry  an d  s u f f i c i e n t  c o n d i t io n s  t h a t  th e  e x te n d e d  l i f t  o f  

a  v e c t o r  f i e l d  i n  X„\ b e  a lm o s t  a n a l y t i c .
v  "Y ^

F o r  t h e  c a s e  o f  a  s i n g l e  t a n g e n t  v e c t o r  C — A- a s  f i b r e ,  th e
A I ^

e n te n d e d  l i f t  U  o f  a  v e c t o r  f i e l d  lO '  i n  Xvx becom es (C h a p te r  I ,  D e f i n i t i o n  2 .1 )

(2.1) F  =  O S  f W )
an d  from  C h a p te r  I  ( 4 .1 )  t h e  com ponen ts  l ^ — lK  A S  o f  I w i th  

r e s p e c t  t o  t h e  a d a p te d  f ra m e s  a r e

( 2 . 2 ) ^

-— C
T a k in g  now th e  e x te n d e d  l i f t  T ‘ c-f If a s  t h e  g e n e r a to r  o f  a n  i n f i n i t e ­

s im a l  t r a n s f o r m a t io n  we com pute

U f O  = I ) u t O i u f ^ 1 u f O  )
( v O  '

Now b y  ( 1 .2 2 )r (1 .22 )

w h ere  (  F V ^  i s  g iv e n  b y  ( I . I B ) .  So



55

-  S (mk- ( f r s t

= XXj CrTtSkto/1

-  k j C^YaUft)- r f \ t Cffĉ lr4) - V1 ^ / - f f l 'c ^ a - , /
=  (y» -  - f  ̂  \ t \  v  f \ v  ^

= ! ^ j ( Y J t)XW 1 ^j1- - xYfeIitl TjI  V1 ̂

=  ^ l v j Va4 T R iJ  ^ 1I

ux
i

So t h a t

( 2 .3 )



-  .} A rx -  =

{? mi») -  4  rI  \ :? % -s  =  

« . W ' 2  ^ l= S )  - ^ 1I  [ U >  =

O
IoA)

"'W  7) <ve)

snMi  q  =  ( ^ d  i i  2 ^ A ry  - ^ i  .1X  =

)JV -jiirA + y ry  =•

y  n ^ y J V ) -  A -  ^ . V A  J ; " r x 4  =

X0  ^  l ? mt o  - * # f fX ^  +  > 4 ^ 1  -

l a )

Suxnu Tq.uoo

9?



5?

/ I

3 i* i*

( 2 .5 )

=  Vi VlV r n I
Jt

- O T hus

C rn T =  o
F i n a l l y

+ f  W i u S i^ f

=  -  (V.T1) + f ' V  V kl1-V i V i /  f

- f  icr V
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l i f t  o f T  be an alm ost a n a ly tic  v ecto r  f i e ld  in  T(Xn) i s  th a t If*
i

d efin e  an a f f in e  c o ll in e a t io n  in  . ( i .  i . , th a t c£"P. , = O  )

3 . I n t r o d u c t i o n  o f  a  sy m m etric  a f f i n e  c o n n e c t io n

t
(v‘" ‘ @1__________________i n t o  T( Xv ) .

We now in t r o d u c e  a n  a f f i n e  c o n n e c t io n  on  th e  same p r i n c i p l e  

a s  t h a t  u s e d  i n  C h a p te r  I ,  o b t a i n in g  from  ( 5 .1 2 )  th e  f o l lo w in g  com ponen ts 

w i th  r e s p e c t  to  t h e  a d a p te d  f ra m e s :



Wo now f i n d  th e  n e c e s s a r y  and s u f f i c i e n t  c o n d i t io n s  t h a t
A
BC

b e  an  F - c o n n e c t io n ,  t h a t  i s ,  t h a t  —1 C w here

o..) v r (F)i. -  y C  + S rV r C  - f r i ,  

V ( F ) B iU m V



6o

P u t t i n g  t h e s e  t o g e t h e r  ( 3 .2 )  h a s  th e  co m p o n en ts :
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r

Vli^ =  i ^ a  ftv

I o 

(3-3>i sidf = OI

(ft= o V ^ = 0
\

VjCft=O
v / f l t =

Vj t C ff=  0

V r,
Thus X V,A( F )  v ~  0  i f  an d  o n l5 i f  ^ j i a  —  V

we have  th e  f o l lo w in g :

Theorem  3 .1 .  A n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  t h a t

a n d  h en ce

(\\\gc be an

F-connection i s  th a t the base space Xn be f l a t .

Now f o r  t h e  c o v a r i a n t  d e r i v a t i v e  N  ju iV V  o f  t h e  e x te n d e d  l i f t  I

4
i n  T (X n) o f  a  v e c t o r  f i e l d  \  ' i n  Xn we h av e  from  ( 5 .1 6 )  t h a t

( 3 .4 )  <

VlRVlx -  VlTi
J U

^ j t (Tr)1' =  0

Vj C ff=

VjtC f f -  Vj Vt

, TT & &
I  ^

<K
J a. 

ID 11
I

so  t h a t  we hav e  th e  same c o n c lu s io n  h e r e  a s  Theorem  5 * 2 ; nam ely  

Theorem  3 . 2 . A n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t io n  t h a t  t h e  e x te n d e d  

l i f t  V A o f  I  be  a  p a r a l l e l  v e c t o r  f i e l d  i n  T(Xi1) i s  t h a t  I  " be  

a  p a r a l l e l  v e c t o r  f i e l d  i n  Xn and  d e f i n e  t h e r e  an  a f f i n e  c o l l i n e a t i o n .

4 .  P a th s  i n  T (X o).
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We b e g in  t h i s  s e c t i o n  w ith  t h s  f o l lo w in g  d e f i n i t i o n ;  ( 3 ) ,  (7 )  

D e f i n i t i o n  4 . 1 . S uppose  t h a t  C: 1V — lV‘ i s  a  c u rv e  i n  Xn  an d  I

a  v e c t o r  f i e l d  d e f in e d  a lo n g  C. Then i n  t h e  t a n g e n t  b u n d le  T(X n) we 

c a n  d e f in e  a  c u rv e  Cs c a l l e d  t h e  l i f t  o f  C by  ^ ( i ]

. When i s  t a k e n  a s  t h e  t a n g e n t  v e c t o r  f i e l d

t o  C, t h a t  i s  , ft) -  , th e n  C i s  c a l l e d  t h e  n a t u r a l  l i f t  o f  C.

L e t  u s  now c o n s id e r  t h e  d i f f e r e n t i a l  e q u a t io n s  o f  a  p a th  ^ f t ' )

i n  T(Xa) ; w h ic h  h av e  th e  u s u a l  f o r a

<*■“  f t ’ -

R e f e r r in g  ( 4 .1 )  t o  th e  a d a p te d  f ra m e s  t h e y  a r e  e x p re s s e d  i n  t h e  fo rm
A

(A
A

(4-2> i V S  ^  V h A  - c
w h ere  we h av e  p u t  ( ? )

f  V  -  V '  =  c k  "-

( 4 .3 )  < c.

I
\F o r  A  =  ( 4 .2 )  becom es

UJj t  to 1'

'J1-I i t  d t

A ^  Udj f r O lllt

+ V  T i h i 0
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w h ich  i n  v i r t u e  o f  ( 3 .1 )  a n d  ( 4 .3 )  becom es

A: f  k k) , cW hi> _ Z\
d l  I I t T  J l  d l  r  . T h a t i s .

0

T ak in g i n  ( 4 .2 )  we hav e

i .
c t t

0)
c l t

+ ©J l  d t  d t jl* j l  Clt uJ*' it  At

J*'* i t  i t

S u b s t i t u t i n g  ( 3 .1 )  an d  ( 4 .3 )  we g e t

it($y fec+vJiS S -0
R ,

A
B u t lx-jUX i s  sk ew -sy m m etric  i n  t h e  f i r s t  two lo w e r  i n d i c e s .

Q  (l g .  t
K u rv  =  -  K |  I f.t h a t  i s ,  ICv "  '  i x I J d so  t h a t

Ixi {(x AlL KkS T=> Q ( I n  p a r t i c u l a r ,  K \ i Cl —  (j ,
J Ctt Cl"C

OiK 4- n ■ 8iJ4l‘ =O
aF = i l l  i t ) 1 Jl it dt

i  n o t  summed)

T hus t h e  d i f f e r e n t i a l  e q u a t io n s  ( K 2 )  becom e



X

( 4 .5 )

( a )

(b )

-OW  =  I  ( 'A ii'
d i 1 Vd-L

s , - ^ v _ 0

d l 3
(

i k t  '  A t

S in c e  a  c u rv e  C:

Sjd'_ H tl
d Li At̂ -

dl =  IA^ ("L^ i s  a  p a t h  ir . Xn i f  an d  o n ly  i f

f o rwe ta k e t h a t  i s .Ti: d l  ~  V we vtit̂ c Tt-
i f  we c o n s id e r  th e  n a t u r a l  l i f t  C o f  a  p a th  C we h av e  f o r  (b )  th e  e q u a t io n s

jb  ^  xV-AV A ■.=. Q an d  c o n s e q u e n t ly  t h e  f o l lo w in g  th e o re m  h o l d s .

Theorem  4 . 1 . The n a t u r a l  l i f t  o f  a  p a t h  i n  t h e  b a s e  s p a c e  Xn  i s

a lw a y s  a  p a th  i n  T(Xn ) .
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