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Abstract:

ABSTRACT Recently (2) T. Okubo has shown that the frame ( or principal, (1)p82) bundle F(Xn) of a
differentiable manifold Xn of class Cr(r>4) admits a tensor field @ of type (1,1), rank nR, satisfying
®3=-E , In this thesis I generalize the notion of a frame bundle and consider a fibre bundle Tm(Xn)
having m (1< m< n) linearly independent tangent vectors as fibre. Following the method of T.Okubo it
is shown that the bundle Tm (Xn) also admits such a tensor field® A symmetric affine connection is
then assigned to Tm(Xn) and the differential geometry of Tm(Xn) is developed on the basis of this
tensor structure and of the extended lift of a vector field in Xn. .

The latter portion of this thesis considers the case m=1; the so-called tangent bundle T(Xn) =T (Xn) ,
It is now well-known that the tangent bundle T(Xn), with Xn a Riemannian manifold, admits a tensor
field F of type (1,1), rank 2n, satisfying F2= -E. It is shown here that T(Xn) also admits such a tensor
field F when the base manifold is only an affinely connected space, A symmetric affine connection is
introduced in T(Xn) on the same principle as before and the geometry of T(Xn) similarly discussed. In
particular it is shown that the natural lift C (7),(3) of a path C in Xn is again a path in T(Xn).

Finally, an interesting aspect of this thesis from a technical point of view is the use made of the
"adapted frames" as originated by K, Yarn and T. Okubo (6) as our reference frames instead of the
usual "natural frames",, This choice of frames results in a number of simplifications in the calculations.
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ABSTRACT

Recently (2) T. Okubo has shown that the frame ( or principal, (1)p82)
bundle F(Xq) of a differentiable manifold Xn of class C! (rz 4) admits a
tensor field ¥ of type (1,1), rank n®, satisfying S —F . In this
thesis I generalize the notion.of a frame bundle and consider a fibre bundle
TlXn) having m (1< m< 1) linearly independent tangent vectors as fibre.
Following the method of T. Okubo it is shown that the bundle Tk Xy) also
admits such a tensor field<® . A symmetric affine commection is then assigned
" to Tu{Xy) and the differential geometry of Ty{X,) is developed on the basis
of this tensor structure and of the extended 1ift of a vector field in Xy .

" The latter portion of this thesis considers the case m~=1; the so-called
tangent bundle T(Xn)==T (X,). It is now well-known that the tangent bundle
T(Xy), with X, a Riemannian manifold, admits a tensor field F of type (1,1),
rank 2n, satisfying FP= ~E. It is shown here that T(X,) also admits such
a tensor field F when the base manifold is only an affinely comnected space.
4 symmetric affine connection 1is introduced in T(X,) on the same principle
as before and the geometry of T(Xy) similarly discussed. In particular
1% is shown that the natural 1ift C (7),(3) of a path C in X, is again a
path in T(Xn) . .

Finally, an interesting aspect of this thesis from a technical point
of view is the use made of the "adapted frames" as originated by K. Yano
and T. Qkubo (6) as our reference frames instead of the usual "natural
frames'., This choice of frames results in a number of simplifications in
the calculations. :

— ™ ~—TTT " TT TT 0 s 1




INTRODUCTION
Until reéently (2) it had been an open problem as to the tensor

structures admitted by the frame bundle F(Xn) of a differentiable manifold

Xy, that is, a kind of tangent bundle whose fibre is composed of n linearly

independent vectors. This thesis has generalized the notion of a frame
bundle and considgfs a fibre bundle Tﬁ(xﬂ) having m (1{ m< n) linearly
indqpendent vectors as fibrg and following the methbd of T. Okubo it is
shown thatingxn) admits a tensor structure H of type (l,.l)9 rank ﬁhp
satisfying ﬁB - H = 0 , or équivalently a structureggisatisfying

75;522 ~ = ; Moreovér, H decorposes the unit £ensor E of rank N4-MWn
into two complementary tensor fields P and Q of type (1,1} and of .ranks

n and mn, respectlvely, and H acts on P as an annihllator and on Q as

an almost product structureo -

In assignment of affine connections to ngxn) we have a pattern due
to K. Yano and E, T. Davies (7) when the base space Xy is Riemannian,
However, since the tensor structures considerailn this 1nvest1gation
are coherent to “the afflne structure of the base manifold X v that is,
independent of the metric structure, the geometry QfT?W‘XV) should be
most profitably discussed in a frdmework frue from metrlc considerations,
The difflculty in the theory of connections of Ty {Xn) lles partially in
the fact that Xy is always reduced to a trivial affine space when the
connection is given sé that Tw(X4) is integrable, and mostly in the fact
that a basic sfmmetric connection is required in our case to satisfy two
oriteria: that the parallel displicement of the norizontal 1ift (2), (7)
of a vector fie}d in Xn coincide ﬁith the parallelism of Levi-CiQita, and

. that the natural 1ift of a path i1 X, should be a path in T1(Xy) -

S T————— . T

T
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Thls thesis gives a 2ymmetrlc affine connection to the bundle TM(XH)
fulfilling the above requlrements and discusses the geometry of Tm(XVQ on
the basis of the tensor structure Y and of the extended 1lift of a vector
‘field in X.» 7The notion of the extended 1lift in EM(X“) of a vector field .
in Xq'belng a generalization of what S. Sasaki (3) has called the extension
of a vector field in the case of a bundle with a single tangent vector
" as fibre, that is, the case m = 1 and what K. Yano and E, T. Davies (7)
have called the complete 1ift, agamn for the case m==1,
As for a tangent bundle whose fibre is a single tangent vector it.
is now welleknown thet when the base manifold is Riemannian the bundle
admits a tensor field F of type (1,1). rank 2n, satisfying Fr— -E; (&)
- and F transforms the vertical distribution of T;(X,) onto the horizon;al .
distribution at each point of TT-\CUW)“Q7:§§“. It is shown here that
any tangent.bﬁndle TV(Xm) admits such a tensor field F when the base
manifold is only an affinely connected space. A sjmmetric affine
comnection is introduced in Q(Xh) on the same_principle'as before and
the geometry of T\(Xﬂ) similarly discussed. In partieular, it is ehown‘
that the natural 1ift C of a path C in Xj is again a path in T((X,) |
whicﬁ generalizes results obtained by S. Sasaki (3) aﬁd b& K. Yano and
E. T. Davies (7). |
' Finally,‘it should be remarked that a systematic‘use of the "adapted
frames" as originated by K. Yano and T. Okubo (6) is-gade throughouf this
| thesis; and it is the author'e opinion that the work required to do the
same calculations with respect te'the so-called "naturel frames" would be

prohibitive,

- - - ™ - "7 TT 1




CHAPTER |
THE BUNDLE Tnl(XIl) WITH MULTIPLE TANjENT VECTORS X AS FIBRE
I. The existence of a tenror field H of type (1,1) in T3,(X )
satisfying HS- H-0.

We adopt the following conventions fcr indices:

Glt\Gjd) Ij = Vv » \
13, V,T|«j — \,2, --"M
A,B,C,DE

and let Xn be an n-dimensional differentisble., manifold of class C

with r > 4. If we let X" be the components of m (1< m< n) linearly
independent vectors of Xn with respect to a local coordinate neighborhood
U(u"-), then we can consider the (r.-i- mn)-dimensional differentiable mani-
fold TM(XIl) with local coordinates (rJ14, Xd)~ (u‘, Xn,,..., X(d) in the
neighborhood UX EnX -«X En= UX&'. Let U(u'x and Ul(Un) be two overlapp-
ing coordinate neighborhoods of Xr. Then UXEivia and UlX e'™T'are over-

lapping coordinate neighborhoods in Tm(Xn) and corresponding to the

transform ation i'll" in U Ul we have the transformation
Z
Uv = Uflw t)
(LD < 2
Uriiiil c,
\Y
In the future we shall write Kv = DW\ it so that we can describe the

A N At \ K
n mn coordinates in Tm(Xn) as ~ where and 'r A A

(1.1) is now written
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(1.2 <
K z
A
and for convenience we write (1.2) as "y — vy

Z

(1.3) 3, ] Xe '/x

V
A 5,.
wher. A ; and in particular C — L
4 fr— Qud=C
1 - rm- - -A'
SVL- QWAL il
= AtOo jU vI U djf -
and consequently (1.3 ) becomes . A~ rCnl
[/ 4 VV
a,
TR \Y/
XJvA

U

Now

- ,Ck o

? &I\ il

gt

Now-,



implying that

(1.5) AA-

From which we have the following (5»p. 214)
Theorem 1.1. If mis even, then the bundle Thi(XN has the same orienta-
tion as Xu ; and if mis odd, TwXil) is always orientable.

T. Okubo (2) has told me that the frame bundle F(Xr) of an n-dimen-
sional differentiable manifold of class Cr', r~ 4, admits a tensor field
of type (1,1) whose cube is -E, the identity. Here we intend to show

that Tm(Xw also admits such a tensor field. Following T. Okubo define

a field of quantities in Tv(XJ) at a point by
(m)
. («l uUni Tv  uol
0 omm0G
I N ’
S TiVIm s 0o
°J
(Mt
(1.6) N
4 ""\H > (A
X
mA
Cm
X J

where we now assume that Xkis an affine opace with a symmetric linear

connection whose components with respect to the local coordinates (u'x)
ac /

are PJN| =V y . If UUK and U8(Uﬂ) are two overlapping coor-

dinate neighborhoods, then ' transforms according to the law (cf I,p.?9)

d7) r$ =HatX xUclU Hf +\jilwls _



We denote by N; Ir i the covariant derivative of a vector field v:

v xi
J -J
Theorepy1.2. . "
TFC == T A
N Tvreie=il
(2) II g are the components of a tensor field of type (1,1)

in TvgXa) with respect to the local coordinates (" )

Proof; For brevity we write (7< for the nX n matrix 11j]j and
E for the n Xn matrix ~ Then
(m)
T (@ ZTT o T TTTn

C O WA

| b = I I E On~n
P o E it

> [mx

Xr’ E JCnvf
ocrGC oc¢
E U

E
|t C - Cv-t V E FH E

o



ILVrcl @ -

r N §
CO-00(Co Qo 'GO Qo
r E | CL Pys E

-1
E m-i E - \ Y- E
E
Jlr, E j n E
v J
- - A
Thus K |_d‘ r - | 'D which proves (1). To prove (2) we
must show :
B tt-A
IV -1p 3BfK B
L _('Lml
Now from (1.4) we see that uo om " EE\
I
XpUvu swu
A I
(1.8) GG™”
XX
X lfliUjv g
\%
J f/
For brevity we write T*. Q m in place of the n%n matrices "Q L
foo Tl E 1
, Il 1 + respectively; and A, Al in place of the nxn matrices
EXQ XVj' J o a
Q ilEj and ! Notts that AAl— AlA = -E. From (1.4) and

(1.8) we now have






o 0"'00

E
44 10 8% — e

I\ Dwi A t- AGw-I

AV A - /G tz.

Now
zO C . .
c' E
X — rlWXZ E
y —

r—I/ p \K'-p V 5 . o
where A is the n™n matrix | K Ul 0 we must show
A = AE K+ AG.

i I ni i A
now AU A -H AP X§ Hie MAN MM '
GaEULXAVYV iIi'"n?
.r n/ a V
where we have written = - A and
a a So it remains to show that
a,)

Now from (1.7) we get
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= _ N

which gives (1.9) since ”g'—[ll\ . Thus A Bt R
and the proof is complete.

If we let 5 =- |- ||_I H-E , then clearly A = - E .

and thus the bundle Tm(Xn) admits a tensor field of type (1,1) whose cube
is -E.
If we define the tensor fields P and Q of type (1,1) by:
(a) P--Im -E
o & — Il
then we see that P and Q are of rank n and nm respectively and satisfy
(c) P-Y Q-E
(dy PP = 2 ANPQ-=GIP = O
showing that P and Q are complementary. 1If we multiply (a) and (b) by

H, we have
€ "E2P= -XIM-2E = -X2+12=0
f 120- B2I2=FER= XL= Q.
respectively.

Thus we have
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Theorem 1.3. The Tensor field H decomposes the unit tensor field E of
rank Hfnm into the two complementary tensor fields P and Q of type
(1,1) whose ranks are respectively n and nm. H acts on P as an annihilator
and on Q as an almost product structure.
Later on we shall show that P and Q are the tensor fields coherent
to the horizontal and vertical distributions of the multiple tangent

bundle Tm(Xn). (6,p205) We also note that P and Q have the components
WA (rot

(0) VW tvyh (W)l GA OCn , I .(ixK
A 0 -O-o0 0 0 om"Q ™
r>i. (<A ap (n)

-CiUu U) PKT.. (w)
" 1em) LIV &%) i)

'Cinwl) 3™ C U v
V X

2. The geometry of Tm(Xy,). Adapted frames. (2), (6), (?).

For future reference we now make the: following definition::
Definition 2.1. Let v be a vector field in Xn whose components with
respect to the coordinate neighborhood (uM) are v\ Then we let

Ta- (TtlhtV) -S (
It is easily verified that ATA are the components of a contravariant
vector field in Tm(Xn) with respect to the coordinate neighborhood
(u\ . We shall call this vector field the extended lift of C V

In the case of a single tangent vector as fibre S. Sasaki (3) has called

V an extension of IT\
f
The fibres at a point (uc) in Xn form a subspace of Tm(Xn) whose



1Z
tangent space is spanned by the mn linearly independent vectors in T”(Xn)

whose components with respect to ( ) are

Moreover, if at each point P in TII(Xvi) we consider the subspace of the
tangent space to Ty(Xu) at P consisting of those displacements (ltz*
satisfying A a0 . then it is clear that this plane
is spanned by the n linearly independent vectors of TII(X1) whose compon-

ents with respect to (un, X\}") are

(2.2) "

» A n A
We call these two distributions spanned by \'nj and \W." respectively,

the horizontal and vertical distributions. (2), (6), (7). Letting

A~ C-~V wese* that apan the tangent space of Tm(Xn) .

K. Yano and T. Okubo (6)have nominated /\\ the adapted frames of Tw(Xa)

to distinguish them fromthe natural frames of Tm(Xn) corresponding
to (< ). X o /- A N
Consider the matrix \ Ax | \ Cu \ of rank nf mn and

|k\) = [&\ denote the inverse matrix. Then
I AI 14 A
<

(2.4

from which one has the following five relations:



)

X6 -1-- (1, ¢1; G- sis

BIIBI6 KiLLCX -1*

(2.4)

. . . - p
Using these relations the quantities 13.j , O . , W-

obtained. Thus



CVO>CXi‘i. 59
(2.8) C.>:L 5j St

From (2.5) and (2.6) we have

I\
Na-~lLv O ©
[
(2.9) — 6a

From (2.7) and (2.8) we have

_ ( < is summed)
L /j n

From (2.6), (2.8), (2.9), and (2.10) we have

[b\ =:(4 .0)
(2.11) Z
AA- AIARA A 73
i\ow cons\ider the differentials 'I'l dual to the natural frames =

=
[}

that is, \~» A | ~ S a an<l let = "Xk "pbare T
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Then the differentials A"C are dual to the adapted

frames . Indeed

= qA  )ASA)
— AB{GB* =A "0A

—a™ aV - sx

In general the differentials |1 ) are not exact, the round
brackets indicating this fact. We let

(2.12)
T

_Q "
Then the distributions are holonon-ic (involutive) if and only if i—¢+"uX

vanishes. (7) Recall that X x=AXx*A no that in particular from (2.11)

Xj ~ BvwOA m= dj - 15 SUNVANE™
x J"~ CjlCc A - Ou A 0 Y
Keeping these and (2.11) in mind let us calculate CVvL3,\ ; first noting
i 1
that Cj LZIM\ is skew-symmetric in the lower indices. That is.

O 'evy

(2.13) S 3::4 (I.jEix XiB /)
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(2.14)

= 51, — "X\0)

25 =BaV Ay

= sl (~0 -XuoO)

(216) @ (w= CHifA

CHCXj Ci-1iGk) +t\ (X a6 ~-X :Bj V)
- SISHCTIlB k T IBjM

-"rckiC H IM Iti

oo\
(2.17) tl_(Tt)h_,J Vio_
|

. = cXCTJMC-TMM

= CKCIjTK TIK CCKk(TjfIBIK 1iCM )

T.uBifd = TIC-MIK| m

ri & CS M ni cV
- ( \a dJ! li)l = - ' u 6,



Thus from (2.13) -

I

Uthjl

Av

(2.19X013~7

Thus

(2.18) we get

C)

\

&

ti

0O " &
13 ijp -

| U

o - n 0 "ky
tiaUU - GU u =
ClUL
-itx U , U tiu
“‘AC A_'
IE)Mjb
n W n Wl
\a@ iU jk]



18

(PU TV /))-TijIVirt?, 11 —

Tm ( n1™-
TmRu 'l

where is the curvature affinor:

Rji@ = ~AjRVAVjAra W irl

So (2.19) becomes

c). . & 0 - A o A 0 -A Q 1A
Vlse =W A GV Ut ITALVL ~
"9
(2.20) ) TWilLip  — '— RRINX  A-(Y)
]
..L \
AW~ _ RGT da
is\

\

From which we have
Theorem 1.2. The horizontal distribution j is holonomic if and only
if Xixis the trivial affine space An. ( i.e., | ~ =L )
The Nijenhuis tensor plays art important role in the theory of spaces
of complex and almost complex structure. Indeed, it is known (5) that if
a tensor F of type (1,1) satisfies FA= -E, then F induces a complex structure

if and only if its Nijenhuis tensor vanishes. We shall now show that



Theorem 1.2. can be restated in terns of the Nijenhuis tensor

of "H-P5 . N L:\ is defined by (5,p.227), (6)

22) N = He (T LfeH V Il BQhle

We now compute the components of K qggq first noting that (\|L. :

since |V O we see from (2.21) that

| Now

A = N u -



20

. JEiOApPV 1M

4 W
r-k 0" p k pl- r-(WiM) p I O4 N“wv' a)
- Oj%w_pAAADbDA 4, - 0j Qral}-, A

\V/
P p - ¢p\n

So we have

| \V4
P = P “Ripo

it -kv Vi, -

oA A= ViV

4

0 J
In;;- (P“irrIVPI\I)I;,)

From which we see that 14 cR> 0 if and only if r; = 0 and
so we have the following restatement of Theorem 1.2:

Theorem 1.3. In order that TMCXw be integrable, or that the Nijenhuis
tensor of H vanish, it is necessary and sufficient that Xnbe the trivial
affine space, (i.e., that "=Q )

3. Derivation ofr/ A~ with respect to an arbitrary vector field
(Vh)

=TNX feft aX A BireX
First we compute Gl¢hu = p'j\ IV Ltg, the components of our

ValnjuM

tensor field |-|fg,with respect to the adapted frames. Now



Now
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iE0O0 o 00 ca I0C GG
A\ - n t B Y E I
Pi E Tm E nl\/l
vy
r E.r, E
a ,OLE
\ .
cCc( co EGV o OC G(f
A IX t._ E -E O E
’ Hm, F -E F
0
H E
X J L1 E
x OE
f \
Ofl--0OC
(3>1) (NHIE = S
0
0 & ]
Now let \| () be a vector field in TH(XI) and consider the Infinitesi-
mal transformation C ' > C X <I . With respect to \]j the Lie
derivative 2 of our tensor field is given by (2), (5), (7)
fD
(3.2) == "OM% - E Atiloo
Gh0)
Now let

ey Uit s AKk
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be the components of 06 K- % with respect to the adapted frames,

and since =A\VA|T Eg, “’ have

(3 » "Et-AXxB6AN(E)

Recalling that = /"DYy , (3.2) can be written

ws  Nla= ANV t- AE U WatAd tlv V
" = a0\ 0 kG/ AtOnVi-'A LN

E ABAZANCEVIrX sNO
Now let fv) A o\D be the components of the vector field v
with respect to the adapted frames. Then we can write \ — Aoco (X

so that by (2.3), (3.5) becomes

(36) YYr = i DAuojrflv (™A (EVY)
VoW EAivEA V cvn

E A™ x KAX (Dx Tv( AX(VF)

= CviTto(AX X H) - AXCDrTZAf(Vf)
f As AVAXIDxT f AfCvf)

From (3.3). (3.6), and (2.3) we have
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o7y (/Tfh = A\kIBF\n.J/T V K«
NA RteN. XX(ANMXY)

r

= AVAA AT (Ifr

-A\(Ifr!-/Au.
+ Mo (S)rl rOV(Nr)

We now examine the individual tents in (3.7)e

(3.8) AxAA (\f Tu> (Af MSA-O =
[A\S A VAQcvr XTivr T

| X ASIAGY r (10t 1M Ava
AVXr8X Xxr (IVITIluAvV =

AFXW(Dr +ATfdV VW TiA'Y) top T/

0.9) Axa (X )r Xu (Aw* O I’)"'

'AAC ifD r TtCvE VAV (VTIYTr TX A =
(NhTU(X | AV (VTdVrTx At
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(3.100 AVBTiItfT r (AJINS) -

fT
{t)l 1t GN+ AFCXF (I) fT rfVv

Putting (3.8), (3.9), (3.10) into (3.7) we obtain

0.D(fit = (\fIw(Br*A  ("4X' R
an AVINF(IYrlodA t-m tltv f

- AK(NF CIAMXMA0i + CBYTE (f
A A fffC Iffl rAf

(vl B~ (B T-tff+ (B rw
+ (K\(D-(+ 1-k* - 10 L' kufA
+ [AfC N fdflr Af +IAT N TdTT

Recall that (f_\[H;X '— An( V" jaf> f [ With this in mind we

examine the last four terms of (3.11).
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a1y AV (rfjliLA/-  Ard JXt —

(r()L (ToAtd) = WT(CSitx

Now from (2.3), NJg 1V~ ~ S { so that

AWXMati + a ¢ XWAFB- that

Ar6IL>Ar = ~ ABXA],6.

Thus

013) A rm S r Am'tx f ( S =
aray’ (1)Sr™0" ABAr(DItyAr =
xra)\ AS(XxrAs-ImAILL =C xfm SAr =
- (\f (Dv

Substituting (3.12) and (3.13) into (3.U) we get

G514 >r (NIrXw()Iw' HMX XS | V t Xr (N1

i X

TR - XVIRNS i S .
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4. Necessary and sufficient conditions that Lv Wik Vv
' n

where Ir is the extended lift of a vector field ml In X\ .

Let XI be a vector field in >Wwith components t'Lwith respect to

» -THA
the coordinate neighborhood (u;1). Taking the extended lift u

( Definition 2.1 ) of 17as the generator of an infinitesimal transfor-

mation we now wish to compute

I 6

Let us first compute — AZ/' , the components of the extended

: %_=A :
lift with respect to the adapted frames.

(f )*= I A
= Irj TE ~rj-
= Ti G'N

V) ClaVa
cVj Vj B-C Xiji
HfiLvVhSirtiXaT|j
X xutj+XpaTi
XpivX rpj

So
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(tS
7 C

(W flx-

Now from (3.14) we have

(4.2)
CfAi r

(I~i)y ~ is given by (3.1)

where, of course

v h

<4.3, (3t))

1 1

- (Ti) U

+TtU
0

(s )

(7AL

-LtpUh

i h u

( CBvt'auld

OIXjCBw

“ 0 'D v

(TT)I= -Co | ®cbH (B 1ijJ ff
+(%T(Ef DM (VI (SB cK-17M*

| O-1jBvf

i (vr (BjxO-Cff O-b K"

= - (B~ GdT

£ since )b-ki

1
k@l

s independent of 3C/ ,
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(45 =
V(INulOM ciuui/™ (V £(1)J C&W]
=-0-U(V)H (IDtT j(vf
*Hff. O'O*cov*1—(V f(l)*oLa)j"
= (BE)loij(XLi-Vt)-irto'’ttio ;/"
—(vW* (DfOIL-lijl
= (X )MK cj(VITt)- 1 JilinXv6V(x?D
-V KAxtJ(V )KKr/;}

= (xfe\ XKL (XjJK-DTtXKr/
o KAKT tjx KV Jnr [ A
= (xtX V/(ev/! TXjirl -v rfe\JVv
- Rjiakly/
= (EXJVVVAJVKT LijX v/

(X)V XK ''I"Va) (se<)p9)

=UJU f,



(4.6)

(vM

hi

30
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So from (4.3) through (4.6) we have

©fil)

J<
C\r~ (v”?
(4.7)
( a ) 7 - a t JO. ] A . (VVHIi-AX
(v/<) (V)

-| —_ —_ - “ - -
hs /1 &= AR (VU= C if“dayif
(P) tfv) 1
i r J | I’Q and hence we have:
(viv) ttA
Theorem 4.1. A necessary and sufficient condition that 11y be in-
variant under an infinitesim al transformation generated by the extended

lift of a vector field v in Xwis that v define an affine collineation

(see (?) p.9) in XWw.

Again if we define a tensor field %% BY Yyd =="=[ -0- t zO0- A )
then 'V is of rank n + mn, satisfies Ti - -1 , and the above theorem
also holds good for n

5. Introduction of a symmetidc affine connection into Tt(Xn) .

We now introduce into T~(Xn) (which can always be done, see (I)p.?8)
a symmetric affine connection whose components with respect to the natural
frames are e To find its components 0 ~ with respect to the adapted
frames we writ,, n )=
Then ("~ and Gu® must satisfy (see (l)p.77)

where in this case
nn + Ouc "x -= "~ jx



S= - 1A substituting
[ 4 VB IB<A G - 6™ (AI)
But A — Av (Al) so that .
(1VAX®  ABAIK ~v Al @x (A])
o] Al i/l -X v AxK A8 AXC and hence
(5.1) Qj!, = AWN Axh A @& Ay Av )

32

from which we observe that
A\ N

(5.2)

[

which has been previously derived (2.20).

There would be various ways of introducing A B

S quX,"‘,I

however, we now assume these components in the natural frames should
L =CcnjMtK )  and

liji = ©! = VjA

satisfy*.

A’

(5.3)

® >v'= 0

®V " Cir=Af"Iit

&L =

0
®'--Irn\M i

T a H'\po\TVf&Athhﬁ
W b i ' 10,

Wi RA
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Using (5.1) and (5.3) we now compute the components
(5.4)

-=0 k i~ ®L E[[BB)

| &/ Oj k;
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NA'C'O °= G

(5.8) (4l  — Ct

+ CXfICIjBlii+ fe B6BD
= + X IX uX

N\ N\ 8)II+

X X -Xj(XX;H®ji
+ 6 XUuBI + XX-XBr

AN XL (-, TAYX AL d X (-1A 1

= "t M- X JEAX h C

X nid fis- Xv ™Rt
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(5.10)

(5.H)

Putting (5.4)-(5.H) together we get:

I_,V

, liv ™ 0
Xt.
oy 0 M g H 4
A A
(5.12) = Q =0
Ki-o 1K=
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It is easily seen that ($.12) satisfies the relation ($.2).
We now find a necessary and sufficient condition that

where

(5.13)
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Q LVv<4g 1

m i

c'K'AMNN =0 V w
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from which we see that Q if and only if Ixj\ex X =
and thus we have the following;
Theorem 5.1: A necessary and sufficient condition that the covariant
derivative of H vanish is that be flat.

Next we determine the necessary and sufficient condition that the
complete lift V ~ of a vector field V'in Xmbe a parallel vector field

in Tm(Xh), that is, that N\ 0 whore

A,
r-\\V
(5.15) W/
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Putting these together we get

(5.16)

from which we see that if and only if

and so we hav-i:
Theorem 5.2. A necessary and sufficient condition that the extended
lift V~of Vbe a parallel vector field in Tna(Xh) is that | 1be a parallel

vector field in and define there an affine collineation. (5)



CHAPTER 1|

THE TANGENT BUNDLE T (X ) =  Tj(Xn)
l. The existence of an almost complex structure F. F* - -E
for T(X1).
In this case the letters X ~* of the preceding chapter
are reduced to a single letter X ", and the Greek letters
now run from | to 2n. On writing b\}L- " AT ° A we have

the point transformation of T(XX as

f

. D/
q '-V .
(1.3 = AX ii* wuur K& =
11
which we write more simply as where the capital
Roman letters A1B1C ,... take the values I, ...,n,nfl,...,2n. Also
A*' N .0’ All Dv / i ff DA/ rAKU
foo= X 11Vlau Ahnh -
And /\
so that \
\
0}' v f\
V1 oo
(1.2) 3 i tiv
2y AV Al
\ y

from which

dJ

and thus the tangent bundle T(XIli) is always crientable (5,p214).
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Definition 1.1. (4),(5) A 2n-dimensional differentiable manifold Ml
—A
of class CL, r Z 2, admitting a tensor field I ~ of type (1,1) satisfying

FM-C ——0g is said to be an almost complex space and the tensor
field V is said to assign to the manifold an almost complex structure.
A vector field \ ~ in Mylis said to be almost analytic if ~» = Q
where 'Ir is the operator of Lie derivation. (Vt)

When the base differentiable manifold of class C1, (r'>4), is
Riemannian, S. Tachibana (4) has shown that the tangent bundle T(XII)
admits an almost complex structure F, Fa -E; this structure was also
derived by K, Yano and E. T. Davies (7) by the use of the one form
GBH dIJAItP 1 , We shall seek now an almost complex structure
for an affine tangent bundle.

In this case the adapted frames /\'\ are composed of n vectors Eo

and n vectors C

a3) Bp-(p -Fj),P "(Mj)

, having components

_ n e\ nil ri*p”n : AX
where we have written ) - =P 1 1,/ 7 \ i e The dual /A »
J J Pt
will there fore be composed of vectors and P ~ having components

04) Bkk= (p,0) )P a=( ,p

Theorem 1.1. At each point ( F ) of T(Xn) there exists a field of
quantities F " satisfying

(M) = G /

(1) F&F P --P

Proof:
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Now

Thus

Foi 0

NpCb =

(1 —

From condition (1) we must have

r \
FIL] 6Ji
c* | 0
FRe Ty S
(1.5) X o Thus B
* TN
\

So condition (ii) takes the form

implying that
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\r N Ci
Fi F
ptiK ni
| p;
r .
plipi cV pV \
1131 J ]

SRR ErtE

Thus we obtain

Olv

& F:F1+E" = . o

O FIFj-Ffp"=
0 F1-rf o)
SFE MR r o=

From (c) and (d) we get

(,, Ff ,Ff=-P -Pr;



and clearly these satisfy (a) and (b). Combining (1.5) and (1.6) we get

(1.7)

Theorem 1.2. The field of quantities (1.7) described in Theorem 1.1

is a tensor field globally defined on T(Xr).

Proof: For convenience of notation in this rather tedious proof we
write ¢ in place of V . We must show that
d d |
where c. is a coordinate transformation of the form (1.1)
. . A c:f .
Now the inverse transom ation can be written
r V)

@9 [f-hh'f (ukii
So. from (1.2) we have

aV Ol
v AS

y
First consider F N r From (1.7) and (1.10) we have
|

(1.10)
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S0

we

must

we

show

must

show

that

the

%
A

above

is

r X

equal

to



(1.11) rll - + AIAVA
(1.12) 1 = AfAV-A*rU V

a1y A-rforf, = A A ffATAANGA f- A

\Y

-A ffrtA -A &/ A ft

and (1.13) is equivalent to

aan f 1f o e ADTDfy | AV Ayl
-AlificAv- AfFA LY

We first verify (1.11). Since , ; is a connection we have
AZ-V T iff Zs:c Vv
A' Alyi
and since v — r\ 1l ¢ we have

mrMfVIf -AR AT

= ftIA'A'C + AlA tv T’

So
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rit= Alra, + sinee

which proves (1.11). Now

In particular

M t-f: " - Q

which yields

0--1J) [SAlFApA\é: ~A\i/|j Av/

Substituting (1.15) into (1.11) wo obtain
" ; . AN
P = AVItA-XPfp

ri - Apfy-AXTA™

which proves (1.12).

It remains to verify (1.14). From (1.11) we obtain
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das) riy I“}N

We see that the first two terms agree with the first two terms of (1.14).

Now from (1.15) we get

V

Substituting (1.1?) into (1.16) yields (1.14) and completes the proof of

the tensor character of EA)? .
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Let (F) denote the components of F with respect to the adapted

frames, that Is, * Then

(F)8 _ Bj8" aFb = sJWBSIFt= s
=siFi-r}F i1-rn|
Sj 0
(F4 - C bVf~ =Cjk8StFt =Cjs Ft
= Fi =Fi - i-
b.ci Ft = BFIFUAMSttF i

BbU fU s8Ft= Bj6CFtFI»

—"j(FiFUFh-FUriFUFu)
= ntFJ rf- U Fiu +FjFt

rnic=* v
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Thus
Z N
(1.18) (m II.:
-4 O,
y X
As in Chapter I we let — A\ X 1 where (7" ~ A
and the differentials ( AN A AN are dual to “he
Again, the differentials are not in general exact, the condition

of holonomity (involutiveness) being the vanishing of the quantity:
r-> .-X
(1.19) A

-X
From (2.20) in Chapter | we have that the components of cZRJ Yy In

this case are:

Ji luw JM N A
1200 < L x jf - TLt-X Li =

, pd
TLI ji
X

Let \j*be an arbitrary vector field in T(Xw and consider the

infinitesimal deformation fp gtr . With respect to \n

the Lie derivative of our tensor field \"R is given by (6)

(t.2z1y  LF's N dFX-FECNH FoXL

(NJb)
As before we let = A\VNNA (< £f:&)ho the components of 56
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with respect to the adapted frames. Then the same calculation performed

in Chapter I goes over and we have

(1.22)

N1  -Kvfj(F)VBquC-(VIu(FX

2. Necessary and sufficient conditions that the extended lift of
a vector field in X\ be almost analytic.
v oA
For the case of a single tangent vector C — X as fibre, the

A I A
entended lift U of a vector field D' in Xwbecomes (Chapter I, Definition 2.1)

@) F = OS fW )

and from Chapter I (4.1) the components | ~ —IK AS of I with

respect to the adapted frames are

(2.2) A

— C
Taking now the extended lift T * c-f If as the generator of an infinite-

simal transformation we compute

U fO =1 JutO iufr 1ufO )
(vO
Now by (1.22)

where ( FV A~ is given by (1.1B). So
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- S (mk- (frst

= XX CrTtSkto/1

- kj CAYAR)- r f\tCRArd)- VI /-ffl'cha- )
= w - -fA \Vtly fiv A
= 1Aj(Y I )XW 1N - it TjI VP

ANlv jVad TRIJ M 1

ux

So that

(2.3)



miv)- 4 i © % -s

«.W '2 AM=S) - N~ i [u >

IoA)
o "W7) <

oMi g = (Md T 2MAy M X
W -jiitA +yry =

y nArylJVv)- A-"VAIJ " x4 =

X0 A 1?2 mto -* # ffX ~ + >471

SuxnuTg.uoo

9?



5?

/1

3 i

1 I us
= VIW rn, o ™

== CrnT=0

Finally

+f W 1uSiNf
(V.T)+F'V  VKIL-ViV il f

-ficrV
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lift of T be an almost analytic vector field in T(Xn is that If*

define an affine collineation in . (i. 1., that c£"P., =0 )

i
3. Introduction of a symmetric affine connecti(M @1into T(XV).

We now introduce an affine connection '[ on the same principle

as that used in Chapter I, obtaining from (5.12) the following components

with respect to the adapted frames:



A

Wo now find the necessary and sufficient conditions that BC

be an F-connection, that is, that —1C where
0.) Vvr(Fi.-y C +SNIC-  fri,

V (F)BiUmV
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Putting these together (3.2) has the components:



ol
Vin = ira JCft=0
| 0 V/flt:

(335 sidf=0 VjtCff= 0

ft=0 V ~=0
V 1,
Thus  X/A(F)v ~ 0 if and onl5 if Ajia — V and hence
we have the following:
Theorem 3.1. A necessary and sufficient condition that (\\gc be an
F-connection is that the base space Xn be flat.
Now for the covariant derivative N juivV of the extended lift |

in T(Xn) of a vector field \ ' in Xn we have from (5.16) that
VIRK- VITi

Ajt(Tnl= 0 A
(3.4) < «

\] C ff= ja |
VtC ff- W

so that we have the same conclusion here as Theorem 5*2; namely
Theorem 3.2. A necessary and sufficient condition that the extended
lift VA of | be a parallel vector field in T(Xil) is that I " be
a parallel vector field in Xn and define there an affine collineation.

4. Paths in T(Xo).
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We begin this section with ths following definition; (3), (7)
Definition 4.1. Suppose that C: AV \VA is a curve in Xn and |

a vector field defined along C. Then in the tangent bundle T(Xn) we

can define a curve Cs called the lift of C by ~ (i]
When is taken as the tangent vector field

to C, that is ft) - , then C is called the natural lift of C.
Let us now consider the differential equations of a path Nt

in T(Xa); which have the usual fora

<*m“ ft -

Referring (4.1) to the adapted frames they are expressed in the form
A

A
42 Vs » VhA - ¢

where we have put (?)

For &\ = (4.2) becomes

UJjt to?

JH it dt

A Udjfrolit

A
+ V Tihi 0
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which in virtue of (3.1) and (4.3) becomes

AfkKk , SWVhi>_ A

dli 11tT JI d | r . That is.
0
Taking in (4.2) we have
(i:t-t col)t +©JI dt dt jIrjlrac ul it A
J* 0t it

Cit(Sy feRdS S-0

But R-juX is skew-symmetric in the first two lower indices.

I .
that is, %Uﬁtfi\s = v P&hjé- so that

|)<\I]{(X % %GCT:> Q (In particular, K\i@— (_l , 1 not summed)

aF = i1 YO

Thus the differential equations (K2) become



X

(a) W = | ('AllI _O

di 1 Vd-L
(4.5) o s .- A v 0

dl3 ikt ( At
Since a curve C: dl :lAA("LA is a path ir. Xn if and Only if
S d' H tl . for that is.
dli — A Ti: dl ~ V We Wte Tt-
if we consider the natural lift C of a path C we have for (b) the equations

jb » W-AV A == Q and consequently the following theorem holds.
Theorem 4.1. The natural lift of a path in the base space Xn is

always a path in T(Xn).
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