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Abstract:

The fractional calculus has been suggested as an appropriate mathematical tool for the description of a
wide variety of physical, chemical and biological processes, in particular non-Debye relaxation in
dielectrics. While there have been substantial improvements in our understanding of the physical
interpretation of the results of fractional differential equations, there is still much unknown. There is, as
yet, not even complete agreement over the notation to be used, let alone the underlying definition of the
fractional derivative.

This dissertation explores the hypothesis that there must be an intimate relation between the ac and dc
response in any given material represented by a dynamical equation of motion. That at least one of the
forms of the fractional calculus does, in fact, provide a useful and practical tool for describing some of
the dynamics of immediate interest is demonstrated. The process investigated is that of polarization
dynamics in condensed matter dielectric materials. The dielectric material studied in detail is
poly(vinylidine fluoride) (PVDF) which finds use in piezoelectric sensor and actuator applications. A
dynamical model, based on the fractional calculus, is shown to reproduce both the ac and dc responses
to an applied electric field.

Many of the results are directly applicable a wide range of other dynamics including mechanical
relaxation processes.
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ABSTRACT

The fractional calculus has been suggested as an appropriate mathematical tool
for the description of a wide variety of physical, chemical and biological processes,
in particular non-Debye relaxation in dielectrics. While there have been substantial
improvements in our understanding of the physical interpretation of the results of
fractional differential equations, there is still much unknown. There is, as yet, not even -
complete agreement over the notation to be used,-let alone the underlying definition
of the fractional derivative. . ‘ S

This dissertation explores the hypothesis that there must be an intimate relation
between the ac and dc response in any given material represented by a dynamical
equation of motion. That at least one of the forms of the fractional calculus does,
in fact, provide a useful and practical tool for describing some of the dynamics of
immediate interest is.demonstrated. The process investigated is that of polarization
dynamics in condensed matter dielectric materials. The dielectric material studied in
detail is poly(vinylidine fluoride) (PVDF) which finds use in piezoelectric sensor and
actuator applications. A dynamical model, based on the fractional calculus, is shown
to reproduce both the ac and dc responses to an applied electric field. '

Many of the results are directly applicable a wide range of other dynamics includ-
ing mechanical relaxation processes. -




CHAPTER 1
INTRODUCTION

This dissertation focuses on the application of the fractibnal palculus to the prob-
lem of d‘eécribing polarization dynamics in dieleet_ﬁc materials. The use of fractional
calculus for this purpose has been suggested in the literature but not thoroughly
investigated. In particular, the in.vestigation focuses on the requirement that there
must be an intimate relation between the ac and de response in any given matgrial
represented by .a dynamical equa'tion of motion.

In order to appreciate the statistical interpretation of the results, a. discussion of
the problem of anomalous surface diffusion has been included as an appendix. This
will a,lloW comparison and contrast between the 'study of bulk behavior and individual
particle behavior.

Polarization dynamics in fer;oeléctric materials, as in all dielectrics,- pbse a very
c‘omplicated problem. Among the complications is the fact that the fela,xation re-
sponse is rarely, if ever, a s.imple exponential function as described -by Debye. [1]
Instead a fractional power exponential decay (the “‘stretchéd exponential”) of the
form |




with 0 < a < 1, or power law of the form

(1) ~ (%) _a, ‘ | | (1.2)

. at Iong times, again with 0 < o < 1, are far more common, to the point of being

referred to as universal responses.
Additionally, at very “low” frequencies, or “long” times, the relaxation current
flowing after application of an external field, the “charging current,” follows a power

law of the form

it) & <%> _n, | (1.3)

with 0 < n < 1. Although many articles in the literature are ambiguous on this point,

S

it appears to be “universally” true that the “discharging” (:1_1rrent follows a different

power-law relation than the “charging” current. What is common is that there are
power-law relations involved in both cases.

Dielectric materials share these non-Debye relaxation responses with mechdnical
systems that exhibit non-exponential strain relaxation after removal of an external
stress and power-law creep under continuous stress. Fractional power—l‘awh behayior is

the norm in condensed matter dynamics. To quote Ngai:

The relaxation phenomena ... include relaxation, a.c. conductiv-
ity, creep, stress relaxation, internal friction, relaxation observed through
photon correlation spectroscopy, nuclear magnetic resonance relaxation,
spin-echo measurements, transient capacitance (i.e. time resolved) electri-
cal transport, transient optical luminescence, volume and enthalpy relax-
ation and recovery, differential scanning calorimetry, steady flow viscosity,




3

stress-strain relationship and its dependence on strain-rate, ultrasonic at-
tenuation, noise, diffusion, diffusion controlled chemical reactions and elec-
tronic recombination, etc. Materials involved include liquids, supercooled
liquids, inorganic glasses, electrolytes, ionic conductors, dielectrics, gate
insulators of electronic devices, amorphous semiconductors, xerographic
materials, polymer melts and solutions, amorphous polymers, rubbers,
plastics, epoxies, metals, ... ceramics, piezoelectrics, pyroelectricé, fer-
roelectrics, biopolymers, ... etc. The wealth of physics, the number of
interesting physical phenomena are staggering. [2]

By focusing on non—exponent.ial response functions, this work gains a bréad-ap—
plicability.to many problems in condensed matter physics. The intgnt is to improve
our understanding of this universal behavior in order to better understand éomplex
dynamics in a wide variety of condensed matter systems.

Traditionally, the broad relaxation spectra, i.e. relaxation rates encompassing
nine or more de“cad‘es of frequepcy, he_wé been described as resulting from a i‘inéar
combination of exponential responses with an extremely large distribution of time
constants (e.g. see [3]). This “diStributiQn of exponential time constants” description .
has been used extensively‘x as it relies on traditional concepts of weakly interacting
systems with a wide raﬁge of sirﬁplé exponential relaxation mechanisms.

"The debate between the distribution of .relaxation times (DRT) and- power—la%zv.
points of view has abated with the two views now béing virtually complementary, at
least for the frequency regime around the dielectric loss peak. The fact of power-law

- behavior has been incorporated into texts such as Reference [4], Which extensively (.:ites‘
early works on power-law behavior, e.g. References [5, 6, 7, 8; Whiie still using the

DRT description to flesh out physical models when appropriate. The DRT approach
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was incorporated into a simulation modei in Reference [9], and has Ibeeri 'récently been
posea‘ in terms of multifractals in Reference [10], for example.

Hill and Jonscher [11] suggested that the power-law behavior is.a result of the
many-body interactions within bulk condensed matter. Funke [12] offered a reason-
able model for the inter;actior';sl Funke’s model can be generalized to cover a broad
range of behaviors, even those that Funke discarded in his péper. It is someWhat
ironical that an argument based on distributions of relaxation times may provide the
most direct route to power-law behavior. )

-What has beén missing is a coherent dynamical model, even a phenomenological
one, that allows both the steady state ac response and the transient dc response to _
be included in one composite whole over all ‘relevant frequency and time ‘sc‘éles. Such
a model would be a great boon to both the basic characterization of materials and
to’ the problem of developing contfol systems to‘ apply materials to appiicatioﬁs. The
thrust of this dissertation is to examine the hypothesis that‘ the power-law description
is fundamental and covers a broad range of measured phenpmena. The hypothes’is-
“includes the statement t.hat the fractional calculus is éppropriate and tractable fdf
use in describing power-law dynamic\s..

The problem of anomalous diffusion is related to that of relaxation dynamics in a
very deep éense. The motion of individual chafge carriers making up an electrénic or

ionic current is, after all, a diffusive process. There are some substantial differences,

however, in the underlying causes of power-law dynamics in super-diffusive versus
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sub—difquive processes. Sorting out these simiiaritieg and differences is crucial to
understandin‘g dynamics in materials. | |

As.- will be discussed in subsequent chapters, power-law processes are fundamen-
tally non-Markovian and pose a number of very substantial theoretical and'com-
putational difﬁcultiés. Approachesufor‘dealing with s_everal- of these difﬁculties are
presented in the context of solid state dielectric materials, but the results could be
applied to a wide range of problems in mechaﬁi_cal and bioiogical ‘s‘ystems‘ as well. A
computational method for simulating powlzver—l.,aw ‘dynamics thrbugh- the u‘sé of f:;ac—
tional difference equations is presented in detail iﬁ this thesis. |

A major difficulty remains, however. ‘The language of physics is ill—equipped‘ to
deal with non-Markovian processes. The term “initial conditions” is moot; these
conditions incorporate all of history. Also, prdcesses which produce power-law-like
behavior are oft.erll assumed to be nonlinear. The dynamical equations derived in
subsequent chapters are first order in thg dynamical variables and the fractional
derivati%/e is a linear operator. So, in what sense are these systems linear or nonlinear?

Chapter 2 describes the dielectric relaxation probl‘em in more detail and formally

- states the hypothesis that the fractional calculus provides a workable descripﬁon of

the dynamics. Chapter 3 develops the genéralized micro- and macroscopic model of
many-body interactions leading to non-Debye behavior.
Chapter 4 provides an overview of the fractional calculus and its application to the

probiem of non-exponential response. In Chapter 5 time domain fractional differential -
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equations are derived from ac response measurements. Two methods for integfaﬁing
the differential equation are ;ierived in Chapter 6, and verification ‘testing results
are presented. Chapters 5 and 6 represent the major theorétical and computational -
contribution to the field of non-Debye relaxation dynamics.

In Chapter '%, experimental methods for characterizing the polarization response
- under varying exterﬁal field conditions are discussed. ‘Permittivity measurements are
used to predict transient currents. This connection bétween the ac and dc measﬁre;
ments demonstrates the validity of the hypofhesis.

Chapter 8 outlines possible extensions of the research into other areas of interest
as well as discussing several open que.stions‘ related to ﬂhe ur}derstanding of fractional
dynamics. Qhapter 9 provides a summary of the'results and conclusions.

Appendix A provides details of the generalized central li’mit theorem and a brief
discussion of the statistics of anomalous ‘drift and diffusioq.

Appendii B explores the use of the fractional calculus to the dgscription of anoma-
lous diffusion. A simulation model is developed which ref)rodﬁces both “normal” and
| extremely anomalous surface _diﬁ'usioﬁ.' Oné'of the objectives of “i,nclzud‘ing this ap-
pendix is to 'clarify‘the. differences betvs‘reen‘the coarsé grained modelihg used in the
earlier chapters for description of pol'arization‘ dynamics and’ detailed ‘modelin-g of

individual particle behavior.




CHAPTER 2
PROBLEM STATEMENT AND HYPOTHESIS

A direct consequence of the Kramers-Kronig relations is that the ideal d'ielectric; '
i.e. lossless over all frequencies, violates causality and cannot exist. If the ideal
capacitor model with impedance Z = 1/iwC ig not physical, what descril-)tion should
we use? In geﬁeral, we are’looking for constitutive equations of the form D = e¢E. If
the ideal capaéitor model -isn"t physically possible, then e cannot be indépendent of
frequency. A number of models dating back to Debye [1] have been proposed, but we
should evaluate the'mc.)dels on'their ability to reproduce the measﬁred dynamics of
materials and devices. This issue arises in mechanical sySteﬁs aé well, in faét, in any
system ;:ap;ble of storing energy.

This work will be focused on the dynamical respon.se. of solid dielectric materials to
an external electricfield, usin'soT the methods of imr;edance spectroscopy. The problem‘
originates in the need to characterize the dynamié response of ﬁaterials .that*may_
ultimately be used in devices and systgms, as well as in the desire to understand
fundamental properties of cOndeﬁsed ‘ma,t'ter. This chapter provides backgrouh'd on
traditionél attempts to develop permittivity models and -prbpbsesla' hypoth>esis for |

development of future models.
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Example Application '

Of specific interest is the problem of obtaining effective, efficient control of piezo-

electric materials for applications such as actuators and sensors. [13, 14, 15] Piezo-

. electric properties are usually addressed in terms of displacement, or strain, per unit

voltage, or electric field, applied [16]. In the particular application of interest, vi-

* bration isolation in space applications, operating high voltage amplifiers in the linear

mode is unacceptably wasteful of power due to losses in the amplifiers themselves.
Since the poly(v'inylidine fluoride) (PVDF) used as the piezoelectric material has

an exceedingly small rated dc conductivity, as do most popular piezoelectrics, it would |

'be much more efficient to operate the devices with pulsed charge-pump type circuits

and use the PVDF actuator material itself as a capacitor in the charging system.
Here the problem becomes one of refining the linear approximation between charge
and voltage, ) = CV. The direct, linear relation between the electric field, E, and

the electric displacement, D, no longer holds if the capacitanée changes with time

' and freduency. {17

The problem ‘will only become more difficult with the advent of high-strain piezo-
electric materials such as those reported in Reference [18]. These exhibit a definite
nonlinear response in strain versus field. We must expect that the strain and dielec-

tric properties of these materials will show time and fr'equency dependence as well as’

nonlinearity with respect to applied field.
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The Permittivity

Impedance spectroscopy is a method of characterizing many of the electrical prop-
erties of materials and their interfaces with electrically conducting electf_odes. It can
be used to investiga’.ce the dynamics of bound or mobile charges in the-bulk:or in-
terfacial regions of solid or liquid material. Of p’rincipalli-nterest is the complex
permittivity function €*(w) = €'(w) — ie” (a\)), which is the steady state ac response of
the polarization to ;n applied external ﬁeld; We Will.consistently be referring to the

- ( , : .
relative permittivity as the permittivity. In MKSA units, the polarization and electric

‘displacement are related to the electric field through the constitutive equations
P = x.¢FE, : (2.1)
and
D = (14 x.)eE = eeiF, 3 (2.9)

where . is the electric susceptibility. In this notation ey represents the absolute
permittivity.
The permittivity'is related to other response functions, such the impedance, ac-

cording to Table 1 via the current to displacement relation

. d

These functions are also referred to as “spectral” functions.
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Table 1. Relations Between the Four Basic Immitance FunctiOns.

Modulus (M) | Impedance (Z) | Admittance (Y) | Permittivity (e)
M | M uZ wY 1 ¢! '
Z p~IM Z C Y ptel
Y uM z! Y L€
€ M-t u~tz—1 uw Y €

u = 1wCe, where G is the capacitance of the empty cell.

To be precise, the displacement, as defined in Equatic;n 2.3, is :acfually propor-
tional ;co the total integrated cu-;‘rent-through the material, rat-her‘than the chérge
accumulated across the material. Ther.e'is‘ much interest in removing tlr.l‘e dc conduc-

tivity, o, from the permittivity function in ‘01;der to write the static contributiQn to
the current as 7,: oE. This would allow one to determine the charge stored across
the dielectric versus that lost to conductivity. One of the objectives of dielectric spec-
troscopy is to determine the bound cha?ge' density, p;, and the free charge density,
ps. As will be seen, this is not as straightforward a process as oné would desire.
Given that P and D differ by the ratio x/(x+1), With‘.X > 10 for many dielectrics
| of interest, there is a tendency to use the term “polarization” when “displacement”
- would be_'mOre precise. This difference is washed out even more when considering the
fact that materials and measurements can vary by 10% or more. In what follows, we
will follow this convention that the term 'polar_ization ‘refers to the total integrated

current unless specifically noted otherwise. Additionally, in scaling for numerical

' modél_ing, the MKSA scale factor ¢, will be set to unity.
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Permittivity of Dilute Dipolar Liquids

.Debye [1] developed the theory of dielectric relaxation of polar molecuies in a
viscous medium. In the materials he studied, the concéntrations were low enough to
abpropriately approximate the molecules as non-interacting dipoles‘. Equation 2.4
expresses .the relation in terms of ¢,, the l‘OW frequency Iimitihé valué, and €, the
high frequency limiting value, and ‘79, a characteristic reorientation timé for a single

dipole.

€ — €x

= 14w (Debye) (2.4)

€ — €

The real, ¢/, and imaginary, €”, are shown in Figure 1. A plot of €’ versus € is shown.

in Figure 2 and is used as a standard display of the same information.
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Figure 1. A schematic representation of the real, ¢/, and imaginary, €”, parts of the
complex permittivity as predicted by the Debye model.
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Figure 2. A schematic representation of ¢’ versus € as predicted by the Debye model.

Permittivity of Solid Dielectrics

In dielectric solids, the assumption of non-interacting dipoles breaks down and
the simple relaxation function of the Debye model is no longer adequate. Cole and
Cole [3] found that, at least for a range of frequencies around the loss peak, fhe
permittivity data for non-dilute materials looked more like that shown in Figure 3.
When plotted as €” versus €, they noted that the result was a circular arc with the
center below the real axis as depicted in Figure 4.

By appeal to purely geometric arguments they developed the following form for

the permittivity function:

* e = 8 " Co -
€~ €0 =7 T (wr)a (Cole-Cole) (2.5)

where the exponent parameter « is determined from the depression of the center of
the circular arc below the real axis. In fact, ar/2 is the angle of offset of the center
of the arc with respect to the real axis. The meaning of ¢, and e, remain as for the

Debye case, but the time constant 7 and the exponent parameter o need additional
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Figure 3. A schematic representation of the real, ¢, and imaginary, €”, parts of the
complex permittivity as predicted by the Cole-Cole model.
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Figure 4. A schematic representation of ¢’ versus € as predicted by the Cole-Cole
model.

physical interpretation. Since Cole and Cole made the plot of € versus ¢ popular, it
is now often referred to as a “Cole-Cole” plot regardless_ of whether or not the data
fit Equation 2.5.

The differences between the Debye and Cole-Cole models become more dramatic
when displayed together in a log-log scale as in Figures 5 and 6. The loss peak for

the Cole-Cole model is broader than that predicted by the Debye model.
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Figure 5. A comparison of the real, ¢, parts of the complex permittivity as predicted
g p

by the Debye and Cole-Cole models.
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Figure 6. A comparison of the imaginary, €”, parts of the complex permittivity as
predicted by the Debye and Cole-Cole models.

The distribution of time constants idea, is based on the assumption of a superpo-

sition of many linear relaxation processes contributing to the permittivity. In general:

¢ e = /°° (€s — €x0)G(T)dT

1+ iwr

(2.6)
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where G(7) represents a normalized distribution of relaxation times. For the Cole-

Cole model:

1 "~ sinar 7
277 cosh(l — &) log(7/7) — cos ar

G(r) = (2.7)

The distribution is even with réspect to a central freduency, but other ;iistributions
need not be. A more detailed analysis of distribufcion functions for non—Debye relax- '
ation processes can be found in Refereﬁce [10].

In the time domain, Cole—CoIe'relaxation is best fit with a “stretched exponential”
function at short to intermediate times (compared to T)‘and asymptotically with a
power law at very long tirﬁes. The difficulty in making‘c;)nsistent decay measurements
is that materials generally exhibit memory of past polarization. [19] This effect will '

be addressed in detail in Chapters 6 and 7.

Equivalent Circuits

§

An equivalent circuit for the Debye model is shown in Figure-7a. The circuit
parameters are related to the measured e values as follows:

Coo :,eooCCa Cs = (es - 6oo)Cc; : Rs = Cl (28)

where 7 is the reciprocal of the angular frequency of the loss peak and C, is the
capacitance of the empty test cell.
Cole and Cole proposed the equivalent circuit shown in Figure 7b and introduced

the concept of the “constant phase element” (CPE). This label was given to the new
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- T
(a) o - ®)

Figure 7. Equivalent circuits for (a) the Debye model and (b) the Cole-Cole model.

frequency dependent “lossy” element, Z, becguse it produced a nearly constanf phase
shift, and a nearlyl constant lbss tangent (tand = €"/¢), over a largé frequency range.
The energy lost per cyclé is nearly indeplend’eﬁt'of frequency. The loss tahgént is
not strictly constant. The term o;lrigina.ted from the fact that the variation in ¢” is
dramatically less than that pfedicted by the Debye model as is evidel_lt in"Figure 6.
A corrllparis‘on of the .loss tangents for the two models is shown in Figure 8. Why
. the variation in the loss tangent should be suppressed was l_éft as an openl question.
by Cole and Cole.

The element Zs is related to the measured values by:
(2.9) .

It is evident that, for 0 < a < 1, the element Z is neither a resistor:n'or‘ a capacitor,

but some mixture of the two. Distributed arrays of conventional ideal resistors and




17

e
] %0 —e— Debye
Pl r
w1 000750 —o— Cole-Cole | ]
c ]

E‘S ]
s o

] X J
D ]
S N
S 1 %
higy . ]
2 % '
o W B
— 3 33 E

] »

S— S N -

frequency (log scale)

Figure 8. Comparison of the loss tangent for the Debye and Cole-Cole Models.

capacitors that produce the CPE properties have been proposed, e.g. Reference [4]

and Reference [9].

Other Proposed Symmetric and Asymmetric Permittivity Functions

Not all dielectric loss peaks display the symmetry of the Cole-Cole equation in
the log-log plot of €’ versus ¢/. A number of variations on Equation 2.5 have been
proposed to provide better parametric fit to the data obtained from experiment.

These functions generally include terms of the form ¢* — e, and €s — €0, 1N Which

the assumption is made that there is a polarization response in the material at the

highest frequencies of interest,

€o — 1 =Py /6E. ~ (2.10)

The “infinite” frequency is typically in the microwave region or below.
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In Table 2, taken from Reference [11], Hill and Jonscher redefine the co;n;stitutive

equation ( 2.1) along these lines with
X(w) = €(w) — € : (2.11)

where w, = 1/7 anci x(w) = X('O)F(w/wp).‘ F(w/.wp)(‘ is referred to as a spectral
function and the exponents «, 8, A, v, m and, n as spectral parameters. ’i‘he fuﬁctions,
F(w/w,) are diéplayed in the second column of Table 2. |

G;aliyarova reviewed many of these vari‘ous‘.forr‘ns in Reference [20] but used the
notation e* = (€* — €c0)/ (€5 — €co), 50 that e* = F(w/w,). Using this-convenient form,

the Cole-Cole form, Equation 2.5, can be written
e = (1+ (iwr)=*) ™" o (2.12)

The other spectral functioné in Table 2 follow. This notation avoids the confusion
induced in redefining the constitutive gquation.

The assumptions that both the high and low frequéncy responses are purely ca-
pacitive are difficult, if not impossible, to verify in practi(;é. At the high freqﬁency
end, phonon and othe-r interactions can mask the polarization response and e, be-
comes a, paLraLme’-cel.~ estimated from graphical analysis of the Cole-Cole pl_ot or through
numerical Kramers-Kronig transform calculations. At the low ,éhd €, 18 m(.)re often |

than not mixed with conductivity.




Table 2. Spectral Functions and Their Power-Law Exponents.

Function*

exponent w << wp

exponent w >> wy,

7 wptiw

Model Xw)  x'w)
One parameter b '
Debye (14 iw/wy) 7t -2.0 -1.0
Cole-Cole (1 + {iw/w,}1=)1 a—1 a-1
Fuoss-Kirkwood!  2(w/w,)?(1 + {w/w,}?7)~! — —

" Davidson-Cole (1 +iw/w,)™? -8 -8

Williams-Watts Y207, {65 | 22Giar s —A -A

| Two parameter : )

Ha:vriliak—Neg'ami AL+ (iw/wy) A} —-Bl-0a) —p(1l-a)
 Jonscher {(w/w)™ + (w/wy) "} 1 n—1 n—1 |
Hill w (w23 + ) ~(m+1-m)/2s . n—1 n—1
Dissado-Hill" {wp/(wp + zw)}(l ) o Fy (1 —n,1-m;2—mn - .n -1 n—1

*All the spectral parameters are fractional and p051t1ve

"The Fuoss-Kirkwood relationship gives only the imaginary component x"(w):

Taken from Reference [11]

61
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Low-Frequency, Long-Time Anomalies

Overwhelming experimental evidence indicates that at low enough frequency, or
long enough times, all materials, even the best insulators, appear to be conductive to
some extent. True, linear resistor-like, conductivity would show up on the Cole-Cole
type plots as a vertical line at the lowest frequencies. This represents an ideal limiting
case and is often only approximated in nature. The slope of the low-frequency tail
varies with composition, temperature and other conditions. Some authors suggest
that the low frequency tail could be due to electrode interface effects, although this
is still controversial. [4]

Typical permittivity measurements result in a plot such as shown in Figure 9.

Increasing Low Frequency
. Y = = N Dispersion

Figure 9. A schematic representation of a typical data set from measurements of a
ferroelectric material.

Extensive studies of the very low-frequency, long-time, permittivity behavior of a

wide variety of dielectric materials follows the form

e(w) ~ w1, (2.13)
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where O < 7 < 1. For solid-like materials n > 06 and 7 ~' 0.3 — 0.5 for liquid-like
materials. [2] The cause of this low—frequencf dispersion is still an open question tsee
e.g. [21, 22]).

In the Debye model, the charging and discharging currents are simply opposite
in sign but have the same time dependence. This is controversial. In ‘Refere'nce [23], .
Kumar states that there is a depolarizing current 44(¢) ~ ¢~ after removal of the the
polarizing field. This would imf)ly an infinite polarizability ;)f matter if the relation
held for all ¢. In Reference [19), Westerluﬁd states thaf the current ¢4 ~ ¢ is the
relaxation response current at loné times after the polarizing field is applied. He
models the response as a time vary‘ing' capacitance and attributes long-time dielectric
breakdown to the material exceeding some limiting charge capacity. Many articles
addressing this low frequency respons.e fail to distinguish between the relaxation after
application of the field versus after removal of the ﬁeid.

The diﬁ'erences between the charging and (iischgrging currents upon application
" of a pulse of finite duration Were predicfed by Jonsc,her in Referehcé [8] according -fo
the following argument. Experimer_ltally, for the vast majority of dielectric materials,
the charging current asymptotically follows a power-law of the form i e .i‘”_. If
sup.erposition applies., then a square pulse of duration T' could be considered to be a

field of +A being turned on at time ¢ = —T" and staying on forever with another field

of -A being turned on at ¢t = 0. The asymptotic current should then be the sum of
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the two response currents for ¢ > 0:

i) o (T+8)™"— ¢ (2.14)

and in the limit of short times, t < T
i) ot (2.15)

.since the first term is negligible in comparison with the second in Equation 2.14. In

the limit of ldng times, t > T,
. | e .
i(t) o< t7" (1 + ?> —1p~qgTtm L . . (2.16)

Jonscher was worried that the discharge currents after a pulse of finite duration would
only follow the “genuine” characteristics of the material in question for a very short,
time. He predicted the cross over time for the discharge current to change from —n |

to —1 — 7, which would allow the measurement of 1 from discharge currents.

Polarization versus Conductivity

According to the relations in Table 1, the permittivi’gy function € includes all of
the integrated gurrent through the material, due to conductivity as well as the chérge
stored due to internal polarization. As discussed above it is desirable to “subtract
out” the conductivity in order to modél the ‘;.actual” poléurization, i..e. charge storéd
acfoés the diel‘ectrié. Unfortunately, the con.ducﬁvity‘is not readily aetérmined ffom

the low-frequency tail of the permittivity, so it is not at all certain what should be
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subtracted, especially when different authors réfer to the low—frequency response as a,
time varying conductipn and others as a timé varying capac‘itvan‘ce.

It bears remembéring that the plots shown above are for fixed el‘ectric’él boundary .
conditions. "This leads to a substantia;l" question: with the anomalous .conductivit'y‘
évident in ’ghe typiéal case, how does thé voltage across the device behave in the
open circuit case? In other words, can we discern the internal leakage from the
standard permittivity measurements? This question appliﬁevs‘ equally to‘any‘ of the
- other immitance functions as well.

In line with the thrust of this inveétigation: does the open circuit reléxation beaf
any relation to the parameters in the fixed field case? Does it show power-law decay as
well? Exploring this question will probably require significant finesse in‘experi'mental‘

technique. See chapter 8 for additional discussion.

From Whence the POWer-laW?

Numerous models for the cauges of the memory effect have been postulated. For
example, in IRefeyenqe [24], Ngai and Rajagopal po_sfulated that th.e“ time dependent
transition rates giving rise t"o non-Debye relaxation are due to the interactién with th‘e
heat bath. Iﬁ this theory, the lovs.z-energy level spacings of the heat bath determine the
long-time reléxation process.’ It is difficult to see how the concentr_atidn of a dipolar
liquid would cause variation in the long-time response if the rate were détermined by

interaction with the environment as opposed to internal interactions. Additionally, ‘
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this model prgdicts stretched exponential response, not power-law. Other models,
mostly based on some fixed distribution of defects within the matiafial, predict poiiver—
law béhavior over only a limited frequency range.

Given the universal nature of the powér—law forms of the cibserved relaxation
processes in solids aind hon-dilute liquids, it may be reaéonable to suspect that it is
a natural consequence of a many body problem. The polarization- can be viewed as
‘ beiné due to bound chiirge carriers‘hoppin.g to between siates with different charge
symmetries than their ground states. In addition to the’p(')ssibility that the charged
* particles might undergo rialaxatiori back to the original States, it may be possible for
the local environments to relax around the new staites, redu'cing the likelihqod of the
return to the‘ grdund states. These metastable states may have lifetimes many .‘orders
of magnitude greater‘ fhan that which would occur if the environments had Iiot been
| modified. These metastable _states may again interact with one another and form new

relaxation conditions leading io the observed “distribution of decay times.”
Qne major new possibility comes into play: -the distribution of the traliping times
-may be such that the second moments diverge. In this case, the canonical central
limit theorem .no longer holds. That is, the statistics are not necessarily Gaussiaxi. '
Instead, a Iiévy, or d—Stable, distribution can result. The Lévy distribution is Iioted
for its long power-law tails. These divergent tailed distributions perColateitheir way
- up to the macroscopic.scale as a. long-tirhe power-law memory. A similar argument for

conductive response can be made. These models will be discussed in some detail in
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Chapter 3.' The natural mathematics of power-law relations is the fractional calculus,
which will be discussed in Chapter 4.

If the power-law relations represent frue memory effecté and are not jusf con- .
venient curve fitting parameters, then there must be an intimate relation between
the ac and dc response in any given méteri_al represented 'by a dynamical equation
of motion. It shbuld be possible to associate '\fariafion of parameters in a power-law

model with variation in composition and boundary conditions.

Hypothesis

Hypothesis: Dielectric dynamics can be accufately modeled usz’nﬁ the fractional

calculus.

o Included in the hypothesis is that the Iéﬁ—frequency, long—time tails in the per- _ |
mittivity must also be accountec'l for via a memory function .‘in the fractional
calculus model.v

o The testing of the h'yp.othesis will begin with developmént of numerical tech-
niques for dea;l'ing with non-Markovian differential equations represented in the
fractional calculus. This will then allow for comparison of predictions of time
domain response generated fromxr'nodeling, u;sing data obtained-in the frequency
domain, with measured time domain response for a variety of matéfials under

a variety of conditions.
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o For the hypothesis to be falsified, either the ac measurements shc;uld substan-
tially deviate from power-law beha,viqr or the time domain resp01'15e should
deviate from that predicted by the model developed from the ac response.

o For the ﬁypothesis to be renderéd non—-a,p_plicable, the exponents and‘coefﬁciénts
should show no discernible pa,ft’ern of variation as a result of incremental‘cha;nges

in composition or boundary conditions.
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CHAPTER 3
THE MODEL

The composite model for dielectric relaxation to be discussed in this Chapter is
based on ideas by Hill and Jonscher [11], Funke [12] and Bouchaud and Georges [25].
In each of these cited references, the assumption is made that the bound or mbbile
éharge carriers hop or move about in an environment that,interaqts‘vvith the charge
carrier. That is, the local energy potential landscape is not independent of the mofion
of the chargé carriers.

Stated,: more precisely, these models consistenﬂy dfop the ass:urﬁptio.n that thér’e
~ 1s some defect structure inherent in the ﬁaterial with some fixed distributiori of
trapping times or energies. Rather, the deféct strﬁcture is seen to be é direct result
of the dynamics of the polarization or conduction. The result is an “ahﬁéaled” as

opposed to “quenched” disorder in the material.

Polarization and Corid‘uction as ,Srtat'istic‘al Quantities

Polarization and conduction in bulk materials are statistical quantities represent-
ing the sum of a large number of contributions from the motion of bound or mobile '
charge carriers. Viewing ideal conductivity as a friction limited drift under an external

force (the applied field), the current should depend linearly on the field and therefore
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be constant under coﬁsta,nt field. VieWing polariz‘ation as purely bound charge, the
current should fall to zero exponentially after é,pplication of a field. As pointed out.
in the previous chaptéf, neither of these ideal behaviors are seen. Instead, power-law
relations in time and frequency are the norm. Indeed, Westerlund {17] reported that
after measuring “tens of tho,usénds of capacitors of all types and makes,” evéry unit
exhibited “anomalous” behavior.

As limits of sums of statistical distributions, the bulk quantities of polarization
and cqnductivity should have statistics which obey the law- of large numbers, and
the central limit theorem (CLT), at first glance, should require that the sum of inde-
p.endent random variables converges to a Géussian‘ distribution. Linear systems are
expected to exhibit exponenti‘al re'laxafcion dynamics. Why then ‘are non—Gaussian

: ) :

and non-exponential behaviors so ubiquitous even in the small signal, linear response

regime?

A Statistical D‘ig‘ress‘ion

To édequately address the question raised above, it will be necessary to review
the law of large numbers and the central limit theorem to see when they apply ahd ‘
when they break down. In what follows, we assume that the material is homogeneous
so that ‘a single statistical distribution cén be ﬁsed to describe the béhavior Qf a given
pfocesé throughout the sampTé. One rﬁateriai may exhibit a number of differeht

processes, but, this number of distinctly different processes is assumed to be small.
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The competition among these processes will be discussed later. For novv; We“ discuss
one process at a time.

The law of large numbers‘sta;tgs that average of a set of measurements will con-
verge to the mean of a distribution if the mean exists. This law does not depend on
the exist“epce of a variance or second moment of the distribution. It is the la&v of large‘
numbers that allows us to treat fundamentally statistical pro'cesses such as the flow of
current as deterministic events at the macroscopic scale. The canonical centfal limit
theorem, however, does depend on the existence of a second moment. ' |

As discussed in more det{_ail.' in Ap;l')e\ndix.A, the canonicél ce.ﬁt’ral limit theo‘rem de-
pends on two fﬁndamental assumptions; first that the di.str-ib'u‘tions of the contributing
events have a convergent second momént, anci, second, .that the events contributing

. ‘
to the the sum are adequately i’ndependent. We are most concernéed with the failure’
of the first assumption here. Failure of the second assumption will be discussed in
Appendi); B.

There is ‘a generalized central limit ﬁhébrem.which states that if the events are
adequately independent, but have tails to the probability distribution that fall off
slower than t~1=%, where 2 < a < 0, then the limit (sum) distribution will have the
form of a Lévy, or a—stable, distribution with its characteriétic‘ power-law tails. The
implication here is that the power-law tails show up in a macroécopic way in ’p’he‘ sum

distribution. In the case of divergent waiting times to be discussed here, it means that

the polarization and current dynamics will exhibit power-law behavior. Further, we
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expect that the exponents for the response under an applied field and the relaxation

response in the absence of a field will be different.
Polarization

Hill and Jonscrler suggested that the power-law behavior in dieleetrics should be
considered a consequence. of the many—bo'dyh irrteractions making up bulk condensed
matter. A model formalizing this idea and reproducing the Cole—Coie plot .(Figure 4)
over a broad range of frequencies was proposed by Funke [12]. The basic premise is
that the potential energy landscape creating the double- or multi-well potential of a
bound charge is not independent of the motion of the charge.

Figure 10 provides a schematic of the hop. proeeSses proposed by Funke. In
addition to the possibility that an excited particle could relax by returrring to the
ground state directly, there ie the possibility that the local environment could_re‘lz_ix.
Irr Figure 10 this is represented by the energy profile r'ela.xing from curve (a) to curve
(b) and the particle undergoing the “transition;’ ‘indicate“d by process (3) In this
caee, the time to return to‘ the ground state, process ‘(2‘), can bemany orders of -
magnitude greater than that predicted by the Debye theory, which accounts for only
;chis possibility. Furlke’e result is independent of any specific model of relaxation of
the environment and will net be reproduced here. All that is needed is that the
distribution of waiting times for rettirrl to the grorrnd stete, i.e. jump process (2), fall

off slower than t‘f”.
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Figure 10. A schematic representation of the bound charge hopping model. The
initial potential landscape is represented by curve (a). After a hop to the right (1),
the particle can relax back to the initial state (2), or the environment can relax to
curve (b) reducing the energy (3) resulting in reduced likelihood of return to the
ground state.

Funke places several limitations on the theory, which now appear to be unneces-
sary. First, there is the assumption that the Cole-Cole curve must make a vertical
approach to the real axis on the €” vs. ¢ plot at both the highest and lowest frequen-
cies. Second, the low-frequency dispersion is out-of-hand relegated to a surface effect
and unrelated to the bulk response. Neither of these assumptions were justified in

Reference [12].

Conductivity

A model for frequency dependent conductivity, the “universal dielectric response,”
was proposed by Bouchaud and Georges [25]. This model is in many ways an extension
of that of Funke. Mobile charge carriers interact with defects formed by the creation

of carriers in the first place. This is necessarily a dynamic effect. Again, the trapping
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of the mobile charges by these defects is a dynamic process and the local environment
is given the opportunity to relax around the defect and a charge carrier can be trapped
inthe defect. Again there is the posgibility of a divergent waiting tirﬁe for escz;,pe from
the trap. In this model the mobility follows a,.pOWer law m(w) ~ (fw)®. This power law
is the source of the memory. The longer a trapping site lasts, the longer it is likely to
last. In addition, it is more likely to affect sites in the local neighborhood. This results
in what has been referred to as a “self-pinning” effec’p. This cooperative relaxation
may also result in thg observed rerﬁanent domain sfructures seen in ferroele(.:tric-
materials.

There are issues with respect to the dimensionality of the problem, but, for this
work, we consider primarily polarization and conduction along a siﬁgle principal axis
at a time and ignore ’ghe tensor nature of the problem.

It has been shown that the “universal dielectric response” is. gxpected to produce
1/f noise. [26]. It is important to note that the model of dynamic disorder described
- above fits extremely well with other models of 1/f noise production in that very
carefully prei)a,red pure materials generate the léast noise, while the level of noise

grows with increasing “ab initio,” or “quenched,” disorder.

Competition and Mixing

From the experimental data reported in the literature, it is likely that there will

be several competing bound and mobile charge carrying processes going on within any




33

material. If we are lucky, these will have sufficiently different distributions of waiting
times and the 'éffects of each will be distinct. The comi)osite model permittivity Will
then contain terms ‘proportional to the electric field times a stréngth feictor, € arid
fractional frequency dependence (iw)*, where, in general, the exponent «; depends
on whether the process represents é boimd or mobile chaige res-ponse to the field.
In addition, there will be a polarization relaxation term proportional to (iw)?, where-
g=1-— (ii ftom the Funke model'to accoiint for the relaxation upon remotal of the
.external field. anh c;f these, in turn, will be interpreted as a Laplace transform of a
fractional derivative operator of the form (D} to be described in the next chapter.

An open quéstio,n is whether or not the comﬁetition between and among processes .
can lead to mixing of eicponents. One of the models to be derived in Chapter 5 treats
the exponents as separate entities while another allows such mixing.

There is still no detailed microscopic description of polarization that protlucés
the CPE behavioi".. There is still ‘sc')me ambiguity as to whether the low-frequency

dispersion is due to interface effects between the electrodes and the dielectric or

- whether it originates within the bulk of the dielectric or both.

Distributions of Relaxation Times

While this chapter has concentrated on the statistical description of -power-law
dynamics, it should be noted that the theory of distributions. of relaxation times

has made complementary progress as -well. Reference [10] provides a description
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of multifractal functions 'of the distribu.tion for Cole-Cole, Havriiiak—Negami, and
Davidson-Cole. relaxation processes. Analysis of these functions as thermodynamic
entities reveals the competition between processes with different tiﬁe scales. Thé.
discovery of phase transitions in muitifraclta.l‘ analysis is a new developrﬁent and, as
the authors of Reference [10] point out, there are many ﬁnanswered questions. " It
may turn out that further advances on both fronts Wii‘l lead to development of mére
sbeciﬁc models. In both the fractional-time power-law and fractél—tirﬁe distribution
models, the creatic;n of the exponents and the divergence of the distributions are due

to the macroscopic sum of an enormous number of contributing microscopic activities.

A Plethora of_ Models?

Any of the fofms in Table 2 may be qséd as a starting point for developﬁent of a
spectral permittivity function, but the models proposed here abandon the assumption
that the high and loW frequency terms must necessarily be represented by purely real
permittivity ;cerms. The_resulf;lof this is that any proposed equivalent circuit element,
resistor or c;ap‘acitor, shoﬁld‘ be replaced with an app'ropriafé constant. phase element
(CPE) as described in Chapte; 2. This process will hbe undertaken in Cl_laplf;er 5 where

two specific model forms are developed.




. 35
CHAPTER 4
THE FRACTIONAL CALCULUS

The fractional calculus is the natural mathematical language of power-law re-
lations and has been proposed by a number of authors as being applicvable‘ to the
problem of power-law relaxation ’dynamics. While frequency don_iain blo‘ps of dielec-
tric response have been accurately fit with pc%wer—‘Iaw equations, it ha;s yet to be
shown that the. fits truiy represent fractional di-ffefe_ntial equations capable of pre-
dicting time domain transients. This chapte.r'i'ntréduces some .basic' céncepts of the
fractional calculus that Wﬂl be required in lafef chapters.

The fractional calculus dates from very shortly after the classical calculus be-
came known; Leibniz mentioned it in a letfér to L’Hopital in 1695.] Euler and ‘La—“
grange made significant contributions Wifh the more systematic treétment credited
to Liouville, Riemann and Holmgren in the mid-19th céntury. Somewhat different
definitions exist today bﬁt translations are tabul‘ate;d in texts and have to-do mainly _
-With composition rules and treatment of initial cénditio.ns. The two most ﬁseful
texts, References [27] and [28], are unfortunately out of print. Also useful for analytic
manipulation of fractional differential equations is Mathai and Saxena’s text on the
Fox function. [29] More recently Podlubny [30] discussed a nu.mber' of techniqugs for

attacking fractional differential equations including rudimentary numerical methods.
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While the name “differentiation and integration to arbitrary order” may be more
accurate, “fractional calculus” is the term that is generally used. Nonetheless, the

order is arbitrary and not limited to the set of rational numbers.

The Definition of the Fractional Derivative

This section on the definition of the fractional derivative presents excerpts from
Chapter 3 of Reference [27].
The fractional order derivative can be motivated via the standard integer order

derivative, which can be defined via Cauchy’s integral formula:

s B [ f(Qd¢ ST ‘
i’ 2#@?{ ¢ —2™T - ’(4'1?

where C describes a closed contour in the complex plane surrounding the point z and

enclosing a region of analyticity of the functibn f- When the positive intéger nis
replaced be a non-integer g, thén ¢ - 2]797! no longer has a pole at ‘¢ = z but a
branch point. One‘ is no longer free to deform the contour C' surrounding z, ‘since.thé
integral will depend on the location ‘of the point at which C' crosses the branéh ling
for [¢ — 2]77"}. The point, of origin 1s chosen to be 0 and the branqh line to be the
straight line _joining 0 and z and continuing indefinitely in the quadrant Rg €)y<o

Im(¢) < 0. Then one simply defines, for q not an integer,

. dd I'(g+1) ‘
a‘;a ( = 27_” % [g_zq_|_17 . : | (42)

where the contour.C begins and ends at ¢ = 0 enclosing z once in the positive sense.
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The Gamma function, I'(), is the generalized factorial function described in Chapter

6 of Reference [31].

To uniquely specify the denominator of the integrand, one defines
(¢ — 21" = exp (fg + 1] In(¢ - 2)), - (4.3)

“where In(¢ — 2) is real when ¢ — 2z > 0. Equation 4.2 can be simplified as

D(g+1) § A9, _ Hesn 1 — exp(—2milg+ 1) [ .
C

211 ¢ — z]att 21 o [¢— z]ett

| B L (9]

| —. - 4.4)

Mg Jo e 4

~ This definition has been attributed to Nekrassov -(1888).
The Riemann-Liouville definition is
aif N LR
o | = e [, a<o )

which extends the Nekrassov definition to a non-zero startiﬁg poinf. The Riemann-
Liouville definition is of considerable interest in analytical methods but h'a_s notori-
ously bad numerical convergence.

A more useful definition for numerical application was first givgn by Griinwéld
(1867) and later extended by Post (1930). Derivatives (of positive order ¢) or integrals

(of negative order ¢) can be defined. by the formula

d° IS —g) (, [t-a]
d(t—a)qf(t)._J\}l_r)réo{ T(~q) 4 F(j-l—l)f(t .7_[ N :|>}, (4.6)

where ¢ is arbitrary. - Due to the fact that the definition is continuous in g, it is

sometimes given the name “differintegral” to imply that it applies to both derivatives
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and integrals in the classical sense. This definition exhibits excellent numerical con-
vergence for finite NV, thus éllowing use in finite difference methods.- The Griinwald
definition, Equation 4.6, can be shown to be completely equivalent to the Riemann-
Liouville definition, Equation 4.5.

A notable difficulty is that the fractionai derivative is “non-local” as it is deﬁnéd
over a finite inter;/a‘l,‘ between a and z, where z > g. Note that the differentié,l step
size, dt, is defined via (¢t — a)/N just as it is in integer order calculus for integrals.
Evaluation at the point £ = a is specifically excluded. In the limit of ¢ — n, n a
positive integer, all but n + 1 of the terms of the sum in Equation 4.6 go to zero.
In this case, és N — oo, only the most immediaﬁe past is incc;rporated into the
computation and the definition becomes “local.” For non-integer g, the weighting
factoré, I'(G—q)/ (I‘(—q)l"(j + 1)), scale as'v’a power-law in j for ‘large J. This Weights
prior history, back to the beginniné of the interval, with a power law in time. Only
for integer ¢ _does thé derivative have geometric meaning in the sense of slope or
curvature “at a point.” |

A example of the weights involved in the fraétional derivative, for ¢ = 0.5, is
shown in Figures 11 and 12. The fractional derivative is found by taking the sum of
the products of the function value times the Weight times dt 7.

This power—law wéighting of history is how the mathematics reflects the physics

of p.ower—law relaxation procesées. The limit of g approaching an ihteger represents

a process with a finite second moment of the waiting time distribution. ‘When ¢ is
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q=0.5]
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Figure 11. Linear plot of weights associated with the fractional derivative for ¢ = 0.5.
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abs value)

~. 1074
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Figure 12. 'Logarithrhic plot of the absolute value of the weights assoeiated with the

fractional derivative for ¢ = 0.5. The time scale shown here is 15 times longer than

that shown in Figure 11.
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not. an integer, an infinite a_mbunt of informat‘iqn is réqu,i‘red to acéuraﬁely produce
the fractional derivative. The problem then fails to meet the crit'e‘ria‘ for a Markov
process and we are faced with a fundamentally non-Markovian proceés. [32] While
finite difference equations can be used for some puri)oses, as will be developed in
subsequent chapters, we Wiil always be losing iﬁformation.

The notation usea in.fraction‘-al calculus has been adapted for the d’ifferi_nteéral‘
reciuiring specification éf the interval for bo’qh positive and negative orders. ’In the
older notation used by Oldham and Spanier in Reference [27], d4 / [d(t — a)]? indicates |
that the interval ié from a to ¢. The modern notation, used by Miller and Ross [28],
is ,Di. | |

A second notai;le difficulty with the fractional order dveriivativé ié that the deriva-
tive of a nonzero constant is not zero. This is a direct consequehce of the branch cut

- required in the definition. For example, the derivative of unity is:

W) e e ([N TW-g ) f—dt
[d(f — a)]e D[] = I\}T—wo { L - a] I'(1 — g)T'(NV) } (1 —q) (4.7)

The fractional differintegral is a linear operator. The Laplace transform applies
to fractional real and reciprocal space variables continuously in all oi"ders of g. The

-Mellin transform,

a

M{f();s} = / F@yd, L (48)
0o - _ '
finds extensive use in fractional analysis due to its power-law transform kernel. Green’s

function methods have also been developed for use with fractional calculus.
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As With integer order calculus, care must be taken when forming compositions
of opei*atbrs. For example, the integral of a derivative of a function differs from the
derivative of the integral of the function by the value of a;ly terms t_aken to z;ero by the
diﬁ”erentiatior} in the first case. With integér order calculus ’phis problem is addressed
through the addition of constants of integration. In the fractional case, the initial
conditions result in the inclusion bf terms such as Equati}on 4.7 for both derivatives
and integrals. The rules get rather complicated and the reader is referred to texts

such as [27] and [28] for the details.

- Causality and Time Inversion

Since the fractional differintegral operates over the interval (—oo, %), it satisfies
causality by construction. It is this property that guarantees that response.flinctions
bésed on fractional differinte‘grais will satisfy the Kramers-Kronig rel#tiOns. ’I‘hé
fractional differintegral operator is not symmetric with reépect to time inversioﬁ, and

so the dynamics are irreversible and will not generally conserve energy.

Fractiona] Derivative of a Sinusoid ' ' )

Sin‘ce much’of what follows in the next two chapters involves ac responses, we will

need the fractional derivative of a sinusoid, which is

d¢ | | |
af sin(wt) = oDf sin(wt) = w? sin(wt + qg) + transient terms. (4.9) .

That the fractional derivative operatoris linear means that superpositidn holds and no

'
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additional frequency compqnents are generated in a fractional procéss. The fractional
derivative converges to the integef ordgr result as the éxponent approaches an integer
value. Note that the phase angle is independent of frequency, i.e. a “cbnstant phase
element.” The frequency indepen.dent. loss fac’por discussed 1n Chapter 2 is seén as a
direct result of the memory function.

The transient terms are complicated, but can generally be described as a combi-
nation of a power-law decaying bias plus a power-law decaying oscillation. In com-
bination tﬁey can pfoduce an appérent phase drift lvv‘ifh the phése settling té qm/2
asymptotically.. Since the phase accuracy is potentié_mll}; in q'uestion,-both the numer-
ical simulations and experimental meas{lrements will allow for long (in terms of 7)

waiting periods after initiating an ac field.

Fractional Relaxation

The problem of non-exponential relaxation illustrates some of the methods of
- -
fractional calculus. It is often the case that fractional differential equations can be
developed from generalizations of integer order systems.

Following Gléckle and Nonnenmacher [33], simple first order relaxation can be
written

(1+7 th) d(t) = 0. ' (4.10\)
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or:

i =-290), (4.11)

where ¢(t) represents a physical variable such as electrical polarization or mechanical

strain. The solution is
. _ . : ‘
() = ¢o —.; | ewar. (412)

We can generalize the System to allow non- exponentlal response by replacmg the

Riemann integral operator (the anti-derivative) (1/7) ¢D;* Wlth (1/7)9 D7 Y, to obtain
1
() - bo = —= DFI4(1) (4.13)

Applying 79D} from the -ﬂght and using the differential rule: for a constant, oD; %y =
¢ot™9/T'(1 — gq), results in

e _q _
DI oy =~ (4.14)

From here,lwe apply the Laplace transform, leading to
(4.15)
Looking up this form in a reference (e.g. [29]), we find the series expansion
t) : 4.1
40) ¢OZP(1+qk)< ) (4.16)

from which we recover the expon'ential in the limit 'q‘—> 1.
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Time domain plofs of Equation 4.16 with various values of g are shown in Fig-
ure 13. Even for values of the exponent near unjty, thére is still a transition to power
law behavior after some time. Note that the vsolution is, in fact, dominated by the ini-

tial condition at short times and can be fit quite well with a “stretched exponential”

for t ~ 7.
4 | . ) ‘
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Figure 13. Time domain decay of polarization for various values of the exponent g.

The derivation above actually represents an éverly idealized situation and can be
misleading. The initial cbndition ignores the history of how the i'rﬁtial polarization
 or strain was ;zchieved. For the fractional calculus to provide a meaningfui model of
dynamic behavior, the fractional derivative bpérator must include the entire histqry

from the last moment that the field and response were both zero. Since this is not
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feasible with the analytical methods currently available, a major effort of this work
was dedicated to the development of numerical methods to allow exploration of the |

effect of imposing a arbitrary field of finite duration. The results of this effort will be

presented in Chaptér 6.
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CHAPTER 5
DERIVATION OF THE DIFFERENTIAL EQUATION

A major step in constructing a consistent model of polarization dynamics is the
development of a_time domain differential equatibn. _'This will be carried out by
generalizing models of ideal cir’cuit elements, e.g. the Debye behavior, and.adding
low frequency conductivity. As discussed in Chapter'?), any of the forms in Table 2
could be used as a starting point. | Alternatively, an eqli-i:valent circuit could be pro-
posed and selected rtesistors and/ o_r‘capacito_rs, could be repiaced with CPE. One of
each is developed here: one generalizing the Cole-Cole model directly and the other
by. generalizing the impedance function of a circuit que}. Both dyna_mipal models
" incorporate both a .dielectricylo'ss peak ‘a‘md low-frequency dispersion.

Other models can be propbsed, each potentially suffering from the act of attempt-
ing to obtain the gén;,ral case from an ideal equivalent ciréuit model. The thrust of
future experimental work will be to attempt to eliminate incorrect modéls.‘

Much of the 'methédology.used in this chapter was motivatéd. by Refere’nce [34] -
WhiCh. suggests application of the fractional calculus to the problem of relaxation.
in mechani;:al systems.. While the idea of applying the fractior;al calculus to the
description Qf dielectric response is not new, the WOI‘k.' prese.nted here is unique in

| that it incorporates (almost) all of the dynamics of the dielectric response over an
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extended range of frequencies and times. Additionally, .t.he models developed as part
of this research will allow comparison between ac and dc reéponsés, which was an
objective outlined in Chapter 1.

As will be seen, the caveat “almost” above applies to fhe fact that a piezoelectric
resonance Will be seen in the spectral résponvse of PVDF that' is not taken into ‘ac‘cpunt,

as yet, in the models presented.

The Permittivity Equation

We. can construct a form of the constitutive equation relating the polarization to

the applied field, by starting with the electric displacement,
D(t) = eE(t) + o / F()B(t - 7)dr, with f(r) =0forr <0,  (5.1)

where f(t) represents a rﬁemory function associated with the material properties of |
the dielectric. [35] This convolution in the time domain becomes a simple product
of functions in the frequency domain. With D(w) = (1 + Xe(w))€E(w) and P(w) =

Xe(w)eoE(w), we see that
ke(w) = /_°° f(r)e™dr. | ‘ | (5.2) |

In words, X.(w) is just the Fourier transform of the memory function. Since y, is
often on the order of 10 or greater for dielectric materials of interest, it is customary
to equate €(w) and x.(w). With this approximation, €(w) can be interpreted as the

limiting case, s — iw, of the Laplace transfer function P(s)/E(s).
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It is important to note that the expecta;cion éhould- be that the polayization re-
sponse depends on the. entire past history of the the applied ﬁeld.-[36] Power law be-
* havior is the simplesf non—exponénﬁal response that‘incorporates the memory effect.
We caﬁ begin to see how to incorporate mem(')ry‘.by viewing fhe Debye formula,
as the limiting case of a Laplace transfer ;function and inverting it to form a time

domain differential equation:

P(t)M%P(t)=63E(t)+eo<;T%E(t). | L (53)

Applying the Fractional Calculus to Non-exponential Processes

Interpretation of complex permittivity plots using power-law fitting dates back to
Cole.and Cole [3]. In terms of the complex conjugate of the perrhittivity € =¢ —1ie,
simple Debye relaxation would appear as a semicircle on a plot of €” versus €. [1]

Written in traditional form:

€s — €xo
1+ swr

€ — €oo =

(Debye) | -(_5.4)'

The use of the complex conjugate €* places the Cole-Cole plot in the first quadrant.
As stated above, the permittivity, sometimes referred to as the “dielectric con-

stant,”

is the relative permittivity. However, it is often convenient to set the scaling
constant €y between D and E to unity when convenient for computational purposes

as will be done here.
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In general the data for real dielectrics seem to fit an arc of a circle with the
center belqw the real a‘xis‘ over a rahge centered -on the loss peak. The interpretation
mﬁde by Cole and Cole was that the “resistive” part of the equi\.ralent circuit should
be rep‘lacéd with a frequency dependent complex impedance, the CPE, that just
happened té produce a loss factor that was nearly constant over a very wide range of

frequencies.

% _ _ ES - 6OO ) . ! ’ . f )
€ o =T N o)== (Cole Qéle) (5.5)

Using a convenient form e* = (€* — €5,) /(€5 — €00, the Cole-Cole form, Equation 5.5,
can be written

€ = (14 (wr)=*) ", | | (5.6) .

7

From Equation 5.6, other known forms can be developed, such as those listed in
| Table 2. ﬁnfortunately, use of the spéctral functions with their inherent assumptions
about the high and low frequency behavior may limit the interpretation of the com-
plex permittivity. As discussed in Chapter 2, while systems can be approximately
capacitive at high frequencies, they virtually always exhibit some level of conductiﬁty

at low frequencies.

Development of a Differential Equation

Cole and Cole began the practice of describing the power-law in frequency as due

to a distribution of exponential decays, i.e. a distribution of time domain functions,
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rather than as fundamentally power-law in time as well. Unfortunately, the spread of
time constants needed for this model can encorﬁpass seven or more decades. Theée '
time consfants often overiap other processes, requiring mddels to be broken up into
sections with arbitrary frequency and time scales.

Breaking with the tradition of writing the permittivity funétion as € (W) — €cos
the derivationé developed in this work will be in.ternis of e(w), or e* (w.)=, directly.
- This is done for three reasons. First, e(w) can be com.pu‘ged directly from impedance
measurements using Table 1. Second, there is no requirement to .make an accurate
guess at the value of €00, it bécomes 2 minor fitting parameter to which the rest of
the function is quite insensitive. Third, the possibiljty that the high frequency limit
might have some residual loss factor is left open.

By rewriting Equation 5.5 to isolate €*(w), and letting ¢ = 1 —

&+ éoo(z'o_ur)q

) =T 57)

we can identify the effects of the power law behaVior associated with the exponent q.

A Fractional Form of the Constitutive Equation

Using .the notation of fractional calculus, we can take the first step toward in-
corporating memory and power law behavior by likewise. transforming the Cole-Cole

form, Equation 5.7, to the time domain:

v

(1+77Df) P(t) = (€ + oot DY) B(t) T 58
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and noticing that fractional del;ivativés replace the integer order forms in the Debye
version. Here the scaling constant €, = 1 and we are using the more ugefﬁl convention
of calling the integrated currgnt £he polarization, P. |

The fractional units that show up in the ”cimé domain form disappear neétl‘y in
the frequency domain form. .It is possible £o re.sclale in the time domain as well, so
that the resulting eduatio'n contains only dimensionless quantities.

There is no compelling reason to require thﬁt the exponent ¢ app_earin’g on the
right hand side (RHS) and the one on left hand side (LHS) be t’he.:"same._ In fact, as
noted in Chapter 3, for .anoﬁlaloﬁs pfocesses the exponent 'associated with relaxation
under no-field conditions caﬁ differ from that associated with drift 1n the pre’sénce of
-a symmetry breaking field.

It is also eicpgcted thét the material should be cgnduCtive at loﬁv ffequencies / loﬁg
times and that more than one mechanism ﬁay be responsible for the conductivity.
This additional generalization assumes thé,t even the low frequengy conductivitsr is
governed by a power law,: i.e: €s — €s(iwT)’. In order to account of anomalous low -
frequency dispersion,‘“ én additional low frequency" term is propqsed, ie. ec(im—)ﬂ‘.
These terms transform to the time domain as <—:s‘(iw'r)‘é — 6875 oD? and equivalently

~ for the €, term to give

(1477 Df) P(t) = (67" D} + oo oDf +e7? DF ) BEH).  (5.9)
On the LHS, there is a term proportional to P and a term proportional to a

generalized “velocity” of P, a “friction with m'err.lory” term. On the RHS, the e
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term is the high frequency response with p.~ ¢g. The €, term represents a low
frequericy; reSponse to a field with 0 negative and typically small, accounting for
the low frequency dispersion; i.e. Equation 2.13 with § = n — 1 Thé extra term
proportiqnal to €. accounts for an additional, qualitatively different, conciuctivity at
very low frequencies with —1 < 8 < O There is only one time constant, 7, and all
underlying proceéses exhibit merﬁof); effects throﬁgh the various expo'ne‘nts.

In this model, there are three terms on the RHS. Each term- represents a process
.With aﬁ exponent. The derivatiqn follows the general procedure .Qutlined'By Cole and
Cole in Reference [3] of c‘lirec'tA geometric interpretation of the Cole-Cole plot. In this
case there are three distinct regionsj a high frequency region above (in_frequgncy) the
loss peak, one just below the loss peak, and a third diétinguished by the low frequency
anomaly. There is no mixing- of éxponents;_the competition among the proces;c.es is
accounted for only in their relative strengths at any given frequenéy.

‘The form of thé constitutive equation represented by e*(w) is ndt just an academic
issue. It implies that the power law behavior will also show up 1n the time domain
as a long time decay transient response as demanded by the fractional ca‘l‘gulus. In
this interpretation, the time constant 7.is established by the polarization relaxation
and is approximately equal to the reciprocal frequency of the ‘r'na.tin ‘ioss peak. r-I‘he
coefficients, ¢, anci the e?cponents; g, 'p, and ﬂ , ‘represer.l't“‘uhe interaétion of the electric
field with the material. In effect, T represents a scaling of time andufrequency space

rather than a traditional time constant in the exponential decay interpretation.
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Transforming back to the frequency domain, Equation 5.9 becomes

€5 (47W)° + €00 (iTw)* + €, (itw)?
1+ (itw)?

e (w) = (5.10)

Figure 14 shows a typical “textbook” Cole-Cole plot fit using Equation 5.10 and
data extracted from reference [37]. No attempt was made to optimize the parameters
since there were no error bars indicated in the original figure. This example was
chosen due to the fact that a large section of the loss peak and the anomalous tail

were available. Obtaining data this complete is not always possible.

0.02 kHz
2.0
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15 -
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Figure 14. Nb-doped (1 at. %) Remeika (BaTiOj;) single crystal. Fit to Equation 5.10
with parameters: €, = 19.4 x 103, § = —0.11, €., = 6 X 10%, 4 =0.79, e, = 60, 8 =

—0.795, ¢ = 0.977, 7 = 8.8usec. Data point labels are in kHz. Solid lines drawn as
aids to the eye.

It was noted in Chapter 3 that the low-frequency dispersion, the “universal di-
electric response,” should generate a 1 /f-like noise spectrum. This is demonstrated

through the use of a standard technique for predicting noise spectra as shown in
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Figure 15.[38] The technique makes the assumption that the “resistive” part of the

dielectric constant produces thermal noise proportional to €” at each frequency.
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Figure 15. The noise power spectrum predicted from Figure 14. A line with 1/f shape
is drawn to demonstrate how close the predicted noise spectrum is to 1/f behavior in
the anomalous conduction region. Solid line drawn as an aid to the eye.

A Second Fractional Form of the Constitutive Equation

The differential equation described above was obtained by direct generalization
of the ideal non-conductive case by adding a conductivity term. The derivation was
based on direct appeal to the geometry of the Cole-Cole plot. Another candidate
form of the differential equation may be obtained by starting with an ideal equivalent

circuit for a system with dc conductivity as shown in Figure 16.
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R,
G

C,

Figure 16. An ideal element RC circuit incorporating conductivity.

The impedance for the circuit is

1
Z = - 5.11
wCy + R% + ——1—R2+1' r ( )
w 2

which can be transformed using Table 1 to

Ci+Cy (-jrcc +rc t %(in) + %%(in)_l

€= 1+ iwr (5.12)
where 7 = RyC,.
By replacing the resistive elements with constant phase elements (CPE):
R; = Ri(iwr)™, Ry — Ry(iwr)?,
one obtains
¢ (w) = €s + €00 (IWT)? + €. (iwT)P + €, (iwT)¥ (5.13)

1+ (iwT)e ’
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where

T=ReCy € =—2—, €o=7

g=l-0a, f=-1+v, v=7-a

To be true to the spirit of Chapter 3, we should also replace caﬁaéitor C: with a
CPE. However, for simplicity, we will assume that the high: frequency effects are fast
enough to be insignificant for our current purposes.

As in the first model, the parameter T representg a scaling of the time and fre-
quency space and is determined by the relaxation term. To keep the units of the
constant phase elements in ohms, the values of Ry and R, are numericai-iy adjusted
by 77 and 7%, respectively.

It is clear that the element R;(iwT)™ no longer represents a pure conductioﬁ ‘
process. The CPE also includes a p.hase shift prodﬁcing an imaginary contribution
to the impedance and a real part to the permittivity. We can refer to this effect
as “phase shifted condu;:tivity.” Physically, thi_s appears to represent flow of charge -
carriers along a chai.n‘of defects or along the backbone of polymer. A miuch higher |
barrier is encountered at the end of the chain .resulting in a trapping site with the
kind of relaxation discussed in Chapter 3.

In this model, the phyéical model exponents o and v mix to form v in the dy- .
namical equation. This mixing allows the mbdel' to produce ‘asymmet'ries. of the forms

noted in Table 2. This allows an additional venue:of competition among processes
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and no longer links the number of terms on the RHS to the number of competing

processes as in the previous model.
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Figure 17. Nb-doped (1 at. %) Remeika (BaTiO3) single crystal. Fit to Equation 5.13

with parameters: €, = 25.2 X 103, €0 = 1.5 x 10%, ¢, = 1.1 x 103, ¢ = 0.76, 8 =

—0.5, v = 0.26, 7 = 12.06psec. Data point labels are in kHz. Solid lines drawn as

aids to the eye. Note that the values of parameters vary from those in Figure 14.

This model contains two fewer fitting parameters than the preceding version. Just

“as with equivalent circuit models in linear electronics, there may not be a limit to
the possible CPE models. As is seen here, even parameters with equivalent meaning

may not be the same among different models. Some of the difference between the

relaxation exponents ¢ in the two models may stem from the fact that the loss peak

represents a rather broad and not necessarily symmetric distribution. The two models

predict slightly different symmetries in the form of the dispersion peak.
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Fitting six, or eight, parameters with only twenty four data points (twelve complex
values) can be a questionable undertaking and there is as yet no compelling reason to
choose one model over another at this poin-t. Much more comparison with real data.

from many different materials will be required to allow judgement.

An Alternative View of therModels

| There is some ambiguity in the interpretation of 7 and thé coeflicients €. It is
possible to rescale any of ’phe coeﬂicien’cs by 7, % while incorp;)rating the time coﬁstént
in the”(z'wTk)‘Ik‘ term a,ccordinély. | This leads to an alternative Vievv of ;she models
derived above. Since the various pro.cesse's all involve the same sef Qf charge carriers,
one-may think of a single strength coefﬁé.ient with the corﬁpetition being among the
rates éf the various processes. Even in a hydrogen-bonded crystal such as KH,PO,
(KDP), -where the mobile carriers are protons but the bound charge contributing to
polariz’a,tion is primarily the potassium ion, vaéancies in the H-bonds must al%fect the
ability of the associated K*‘ ions to react: tov the field. Thﬁs, the ‘p'rocesses are not
completely independent.

In the second modei, or example, Equation 5.13 becomes -

ey Es(1 4 (iwTeo)? + (iwTg)? + (iwfr,,)”)- . - ‘
(W) = =2 — (.Z,ng’q - (5.14)

In this view, the static coefficient, ¢, .represents the strength factor while 7, 73,
and 7, along with their exponents, represent the time scales and distribut.ions of the -

various processes.




59
The ambiguity raised here may be equivalent to the question of whether the

electrostatic energy is contained in the field or the charge distribution.

~

Assumption Regarding Initial Conditions

A fractional differential equation deduced from the‘steady state ac response ne?:—
essarily assumes that phase and amblitude measurements Wer'e made long after the
polarization and electric field transients had become insignificant, that is ‘the differen-
tial equation has no terms accounting for initial cond,itioﬁs. A time domain equation
(e.g. Equation 5.9) can be used in this form if the polarization and field ar(; ZEero
for ¢ < 0. The superposition property ensures that the fractional deri\./ati,ve of zerois
always zero. In this case, comp'osition rules become simpler and are straightforward
to apply.

From an experimental perspective, this meéﬁs that the samples need to have the
electrode layers aI.:)plied and the electrodes shorted tog;zther for a long time prior to
initiating any measurements. Because fhe exponents are temperatﬁre sensifiVe, the
material needs to held at the temperature of interest for some time, typically 30

minutes, before applying a field.
Disclaimer

The derived equations cover a wide raﬁge of behaviors, but there is no implied or

intended claim that Equations 5.10 or 5.13 are complete descriptions of all possible
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polarization responses. Rather, they represent initial suggestions for development of
a more consistent model exhibiting the observed expérimental response. In fact‘, any
"of the forms of Table 2 may be used as a ‘s',tarting point for a derivation such as has

been done above.
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CHAPTER 6
COMPUTATIONAL METHOD

The objecti.ve of this chapter will be to develop the capabﬂity to make time
domain brediétions based on dynamical models developed in Chapters 3 and 5 ﬁsing
the mathematics of Chapter 4:

| There have been' several references to the possibility that the fractional calculus
should be used to describe polarization response in ferroélectrics, see e.g. [20, 39, 40].
- These workers discuss steady staﬁel ac response. 'To demonstrate that the fractional
calculus is applicable requires that it be used to predict the response to arbitréry ex-
fernal fields. In particular, it should predict t’he transiént responses. A few analytical
solutions of fraction differential equatio‘ﬁs exist, mostly in the form of Fox functions,
but these are limited to steady state copditions or response to a given initial condi-
tion. As discussed in Chapter 4, these fail to fully account forvtl.le prior hiSt‘oi"y of
how the polarization came to be. |

While the interest in the application of the fractional calculus to physical proBlems
is growing, see e.g. [41, 42, -4‘3, 44, 45], only one,‘by Podlubny [46], was found covering
the mechanics of carrying out numerical integration of fractional difference equations.
Podlubny’s technique apparently suffers. from poor convergence and slow operétion.

For this reason, a major effort was expended to develop methods applicable to the
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problem outlined 1n the Chap.te'rs 2 and 5. While the methods presented here are
restricted .to order unity or less in the relaxation expénenﬁ g, this method applies to
a large percentage of cases observed. |

In attempting ‘npmerical integration of fraétional diﬁerential equations, three ma-
jor obstacles afé encountered. First, the_computétion' of derivatives requires (Q(N )
- calculations at the N step. As N gets large, the cumulativé.number of calculations
grows as N?. This requires the use of efficient compuﬁation schemes as outlined in
the next section. The second major obstacle is that due to th.e‘non-Markovian na-
ture of power-law rela.tibns, fractional differential equations cannot be reduced to a
finite set of first order equations. It 1s the ability to deal with non-Markovian history
dependéhce that'makeé fractional calculus potentially so useful. Third, pqwer-l'aw
behévior inherently exhibits dy;lamics on all time scales. This forces the uée of tech-
niques similar to those used to numerically integrafpe “stiff” equations (see e.g. [47]).
The fact. that there will bg dynamic activity on all time scales is Wh&’ﬁ" will end up
costing us loss of information. We Wﬂl. necessarily have to jump over some éhort.'time
dynamical effects.-

Our program will be to predict the value of the polaﬁzation at equally spaced
‘intervals of time, P (¢ = Ndt), from the previous N —‘1 values of P and the assumed
known values of the appliéd electric field E. We will then simulate measurement of
‘the amplitude and phase of the predicfed polarization response to a sinusoidal field |

over a range of frequencies to estimate the dielectric function €*(w). The response




to a short duration squaré'vvave‘puls‘e, or seqliéhée- of pulses, Wiil be vsimul.“ated aé
well to investigate the effect of past hisfory on thé polarization relaxation. The cui-
fents rgsulting ffom -aI.)plicatiion and removal of a polarizing ﬁeld will be investigated

for clarification of the low-frequency dispersion and “universal dielectric response”

~ discussed in Chapter 2.

Development 'of a Numerical Integration Scheme -

Oldham and Spanier [27] presented a number of algorithms for approximating

d?/dt? for arbitrary q when the value of f (¢) is known at N + 1 evenly spaced points
in the range 0 to ¢ of the independent variable. (Not all of the algorithms use exactly
N ++1 values of f. In fact, the G1l-algorithm defined below uses onl:yN points.) They

adopted the nomenclature

_ by
.fN-—-l = f(ﬁ)r
fo=r(e-%),
fo = f(‘t)-‘

Note that an increasing value of the subscript refers to the value at a point further:

in the past.‘
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Griinwald Algorithm

Probably the simplest algorithm is generated from the Griinwald definition of

differintegration (Equation 4.6)

PN (- R < ST A VT N SN
d(t'— a)qf(t)._zx}lfio{ I'(—gq) ZP(jJrl)f(t_] {N D} | (6'1)'

& () - ETEIG-0

d(t)qf(t) ~ <d(t)qf(t)>Gl F(-q) ; F(j + 1)f (t N) (6.2)
| . t7IN19 IF(]—Q) v‘ | |

T T~ & LA (6.3)

This is the approximation formula termed the “G1-algorithm.” Because of the recur-
sion

MG-a) _j-1-qT(i—1-g
INCE) R v () N

(6.4)

the G1l-algorithm may be implemented by the convenient multiplication-addition-

multiplication - - - multiplication-addition scheme,

TR | AL S [
B I G A )

which avoids the explicit use of gamma functions and which lends itself to ease of

programming. Other algorithms with improved convergence have been developed but

suffer from increased complexity due to the need to interpolate between known points.
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In applying Equation 6.5 to a numerical integration scheme, we note that N

increases by one each time step. Using equal size time steps of length dt, t = Ndt

permits the replacement d¢ = t/N. In what follows, we will normally require £[0] = 0

in order to avoid the difficulties imposed by operator composition rules. This require-

ment is also imposed by the physical interpretation of the fractional differintegral as

a memory function.

Translating the Griinwald indexing scheme into that used in a programming lan-

guage such as C/C++, f; = f[n], where n = N — j, and using the modern notation

for the differintegral,

ot = -

o] {7555
+f[;]]-;]{12 } —1]] {Fp+m). (.6'6)

Coding of the fractional derivative is deceptively simple:

double FracDeriv(double f ], int N, double q; double dt)

{

double Numerator = N-q-1;
double Denominator = N;
double PartialSum = {[1];
for(int i=1; i<(N-1); i-++) PartlaISum = fli+1]
+ PartialSum*(Numerator— )/ (Denominator-i);
return pow(ds; (-q)) * PartialSum; S

.It is worth repeating that Equation 6.6 is, in general, not the derivative evaluated

at the point ¢. It is the derivative evaluated over the interval (0,%). This distinction

. is.the primary impetus for the modern notation which explicitly includes the interval.

- For a fractional differential equation to make physical sense, all the derivative terms
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"in the equation need.to be evaluated over the éame interval.

It will be convenient to define another operator.over the interval (0, ?)

(Ster = ﬁ?[ﬂ~*ﬂﬂ”{5§§€3}*fm}{ﬁﬁgiﬁ}

o el e

which just leaves out adding f[N] at the last step. Then |

(DI f)gr = FINT ™0+ (6SEf)n - ~ (6.8)

From here on, the subscript G1 will be dropped. The use ‘of the ‘index notation’ of
brackets, e.g. f[n], versus function nota'tion of parentheses, e.g. f(¢) ; Qill distinguish-
between the function value at’ dis;:rete points and tile function evaluated-at arbitrary
time ¢. The function name alone, e.g. f, will refer to the entire history of the function
~ over the interval (0, ¢), or to the complete s;at of values éf the array {f[0], o FINT}, |

depending on context.

Direct Integration

Starting with Equation 5.9, -
P(t) + 79 ,DIP = (esT‘s oD + €oo (DY + €, 7" 0Df) E, (6.9)

and following the approach outlined in the discussion of fractional relaxation in Chap-

ter 4,

79DIP = —P(t) + (e,srfs oD? + eoom DY + eCT@ODf) E. (6.10)
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Applying the operator 779,D; ? to both sides
P(t) -P(0) = —779,D;P
(€770 DI - o7 1 DI - e D) B (6.11)

Using Equation 6.8 to isolate P[V] in terms of the previoué N — 1 values of P,

dt\?
P[N] = P[0]— <?) P[N] — 79,5, 7P
+ (637"5"‘1 on_q + €01 (DY 94 e 7P 0Df“’> E, (6.12)

or

| dt\ "\ L

P[N] = <1 + <7> ) {P[O] ~T"405’;qP
—+ (637'5‘4 obf_q + eooTh 1 oDE e 7P ODf_q) E} (6.13)
Inclusion of the initial condition P[0] is required for comparison with Equa-
tion 4.16 and is used for testing purposes only. In fact, for thev initial condition
case, .i.e. P[0] # 0 and E = 0, the numerical method of Equation 6.13 produces a
much more stable result over a longer simulated time. Equation 4.16 exhibits serious
numerical stability p.robleI_ns for ¢t 2> 307, and requires stitching together asymptotic
.s-olutions. The stability of the integration scheme up to 10'°7 has been deﬁonstrated.
The mefhod is inherently stable as it uses a genera;fized Euler method of numerical
integration at each step, i.e. it is an end-point method. The alternative algorithn;s
alluded t'o'above represent other generalized integr_atibn methods, analogoﬁs to t‘he
mid-point and trapezoid rules of traditional numerical methods. The algorithm bo-

tentially suffers from loss of accuracy for the same reasons as the Euler method, but
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the results of testing shows that it retains high éccuracy even with time steps several
orders of magnitude greater than the time constant 7. Until it is possible to com-
pare the results of the simpler algorithm to measured results, the extra development

expense does not seem justified.

Example ac Reconstruction

Fiéure 18 shows a typical simulation rﬁn using the parameters of Figure 14, 'th'e
Nb—doped EaTiOg single crystal, with a 10 kHz sinusoidal driving field turned on
at t = 0.- Note the bias. induced at early times. Th'e simulation package allows
measﬁrements of ¢ and ¢” to be estimated after a selected decay time\. The phase

shift over time affects the ratio of ¢ to ¢” as-shown in Table 3.
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Figure 18. A time domain simulation reconstructing the response to a 10.0 kHz field
using the parameters of Figure 14. ¢ :
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Table 3. Simulated measurements of complex pér_mittivity at 10 kHz for varying delay
times. ' " ‘

7 77

Delay Time | ¢ € |
0.0~ [17.25[7.96
0.0001 | 16.26 | 9.09
0.0003 16.20 | 9.10
0.0005 16.19 | 9.10
0.0009 16.19 | 9.10

‘Measurements of € and ¢’ were simulated at the same set of frequencies used in
Figure 14 and the results are shown in Figure 19. From Tablé. -3, the permittivity
measu;ements stabilized‘after about 50 to 60 7, so delay times of 60 T or greéter were
used. At this point, we ‘havev shown that the numerical integration Qf the time domain
equation does indeed reproduce the frequency domain picture olf Equation 5.10 as
required by the Lablace transform. We have not yet shown that the equation truiy

represents the transient dynamics of the dielectric response.

Spectrum of Response and Noise Masking

The power-law decay of transients results in a low frequency anomaly in the
predicted power spectrum, as shown‘i-n .Figure 20. This lo%zv- frequenqy ar'iom'aylyl-is not -
producéd by noise but will add to any 1/f-like noise in the fptal system.

The effect of e\.fen very ‘small. amounts of noise 1n the applied signal is dramatic.
Figure 21 shows thé reéulting spectrum with 0.1% rms white noise applied to the
electric field. The t‘ime domain ‘display showed no difference from ,Figure 18. Iﬁ this

case the low frequency anomaly is almost completely masked. Given the stability and
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Figure 19. Figure 14 with €* values computed from simulation by numerical integra-
tion of Equation 6.13.

50

-50

-100

-150 :
-200 ‘

1 1.5 2 2.5 3 3.5 4 4.5 5

relative power (dB)

log frequency

Figure 20. The computed power spectrum of Figure 18 with no noise.
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accuracy of function generators and measurement devices, it is unlikely that a physical
experiment will reveal the true nature of the low frequency spectrum anomaly. This is

quite disappointing as the spectral response would provide very convincing evidence

of power-law transient behavior.
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Figure 21. The computed power spectrum of Figure 18 with 0.1% rms noise applied
to the electric field.

Example Pulsed dc Reconstruction

In order to look at the long term history effect, it is necessary to use a system
with minimal low frequency conductivity. For the purposes of this section, we will

start with a toy problem simulating a “classical” Cole-Cole permittivity function

. €+ €xo(iwT)?

1+ (iwr)e ’ (6.14)
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.with ¢ = 0.9, 7 = 0.1, ¢, = 10, and €, = 1.0. The external field was turned on at
t = 0 and turned off after a specified time. The simulation recorded the polariZation

response. The decay response after pulses of 40, 120 and 600 T are compared in

Figure 22.
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Figure 22. Polarization decay curves resulting from pulses of varying duration. The
toy system has a time constant 7 = 0.1sec. Curve (1) is decay after pulse of 40 T,
curve (2) after pulse of 120 7, curve (3) after pulse of 600 7. Curve (4) is the fractional
relaxation curve predicted by Equation 4.16. :
The history dependence is quite. apparent. Note that as the duration of the
application of the polarizing field gets longer, the decay curve follows the theoretical
initial condition curve for a longer time. This suggests that the meaning of the “initial
conditions” is not that a measurement was made at ¢ = 0, but that the system was

held in an equilibrium state of polarization for an “infinite” time. The constraint of

knowledge of all paét history remains.




73

No physical coﬁdensed matter system can remain in an equilibrium state of po-
| l;;rization under an applied field for an arbitrary length of time. There is always some
degreé of conductivity 1n dielectrics. The.same can be séid of mechanical systems
under strain; there is always some degree of cfeep. This almost .certvainly voids thé
use of iniﬁal conditions in these calculations except as an ideal approximation.

For a second toy system, we will include the “universal dielectric regponse’; as
suggested by the observation of the residual current a long time after application of @
field. For this system, the permittivity function includes a low frequency dispersion

{

as given in Equation 2.13.

€5 (1wT)° + €50 (iwT)?
1+ (iwT)e

*

(6.15)-

From the literature the relaxation ‘.current in thé presence of an applied field is best
fit with a functional form ig(t) ~ t7". A value of n ~ 0.9, with & - n—1=-0.1,
appears to be typical. For this simulation, the external polarizing field was turned
on for 200 seconds (2000 7) and then turned off. The polarization history is shown in
Figure 23. Note that the net polarization does not return to zero at the same rate as
it responded to the onset of the field. The mé,gnitude of current during the field-on -
condition is compared with the current in the field-off condition in Figure 24. The

long term behavior of the current under the applied field follows a -O.é slope on the
log-log plot, while the relaxation current 'afte_r rémoyal of the field decays much- more

" rapidly than ¢L.
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Figure 23. A time domain simulation reconstructing the response of the second toy .
system to a pulse 200 seconds (2000 7) in duration. The exponent § = —0.1 for this

' case.

This is a major result in this research. The fractional calculus predicts that the

‘polarization and current responses depénd on the electrical field history as well as

the polarizatibn history. As mentioned in the introduction to this cha.p.te.r, the an-
alytical solu‘tions‘ may-have limited physical applicability. - The 'predicted response
due to an external field of finite duration, is neither pure power—iaw nor fractional
power (“stretched”) exponential over all time. The éimula-t_ion exhibits the different
asymptoti'c behaviors of the cha-rging and diséhargiﬁg current as predicted by Jon-
scher, outlined in Chapfer“2, while filling in the details of the cross-over. This will
addressed further in the experimental WOI‘k- describe(_i in Chapter‘ 7 where we will

predicting the transient currents using. the parameters obtained in ac fitting.
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- Figure 24. Comparison of relaxation currents in the second toy system: (1) during

application of an external ﬁeld and (2) after it is removed.

Stepwise Integration '

The direct integra;tion mlode, introduced above reduires that all "of ‘the prior hisfory:
be included at every step, resulting in a growth in the _comput‘atioﬁ load éf O(N?)
uas N gets large. A second method for integrating fractionéd‘ differential’ equations
was produced in ,ordey to inve'stigaté the possibility of ,whe’ther ‘t‘h‘e mé:mor'y‘ cpﬁld
be tl;ﬁncated after somé time, say M steps, or .a fixed length of tir_ne‘,‘ "‘chu’s allowing
simulation over extended times while keeping the computational load ‘-c.o'r.lstant.

-In the program for stiff sets of equations outlined in seétion 16.6 of Reference [47] ,

we try to rewrite ‘the problem in the form

y=t6) @
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and apply implicit differencing to get
Yn41 = Yo+ BE(Yns1), - (817)

where h is the time step. Implicit differencing is required here to achieve absolute
stability when h is larger than the fastest underlying relaxation time of the dynamical
system.

Upon linearizing the equations, we get

of

£(yn) + —

n+l = h

»-(ynﬂ—yn)}  (818),

Yn

where 8f /0y is the Jacobian matrix of the right hand side. Rearr'angin_gl we get
of |

1—-h—

By } £(¥n)- | ' (6.19)

Ynt1 = ¥n +h ‘

Yn
Following operator manipulation similar to.the previous sections, we find the

normal first derivatfve of P

/
dP _ —
& = T DT
+ (eooﬂlf—q OD%_‘“'” + és,l_é—q‘ OD%_‘]‘M + ecTﬁ—q OD%—q+B) E, (6.20)‘

N 7

“RES()
where RHS(t) refers to the time series resdlti;lg from all of the operations o‘n‘vE.. In
this context.R'HS (t) appears as a forcing function. For.this methbd, ‘just as with thé
direct integration method, the initial conditions for the field are explicitly assumed to
be zero. We will again carry along an initial value of Pfor comparison with analytic

results, but it will not have any physical meaning. Because the forcing function
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depends explicitly on time, the method requires that the time variable be evolved

alongside the polarizatior—i, that is

(6.21)

~
——

in the formulae outlined above.
Applying the implicit differencing method described above, we are faced with

interpreting an operation of the form

.J _ 0 (dPY
U= op \dt

in the calculation of the Jacobian matrix. We will take this as the variation in the

(6.22)

P[N]

term —779 ODi[';Vq]P resulting from varying P[N] in the G1 algorithm. This results in
. ) 1 '1—q .
- J%1 = 7 <E> . | (6:23) |

The rest of the process is straightforward and, completing the algebra, we get

: dt T\"? 1-g
P[N+1] = (Tm [P[N] - (E) oDy P
+ RHS[N] + % {RHS[N +1] - RHSIN —1} |.  (6.24)

This form is inherently stable but suffers from accuracy decay as the step size grows.
There is no immediate advantage in using this form over the direct integration ap-
p;oach since the computational loads are equivalgnt if all of the prior history is taken
into account according to the theory of fractional calculus.

Limitipg the computational load becomes crucial in applying the fractional calcu-

lus to practical control systems. The simplest method for achieving this is to truncate
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the memory after some amount of time. [48] This revises the fractional differintegral

operator according to

Di =Dl 6

where L represents the duration of the effective memory. In this case, memory older

than L falls off exponentially. .The result is a non-physical kink in the decay curve. An

interesting effect of this “forgetting” process is that echoes can be produced.. For the

-toy problem, L = 30 seconds was simulated for an applied pulse of ~ 5.5 se(_:ond‘s; ‘The

response curve is shown in Figﬁre 25 with the time around ¢ = 30 seconds expanded
in Figure 26. - |

Macdonald [4] provides a descripti_on of a CPE in terms .9f a distributéd eiément
t‘raﬁsmission line.. it appears that truncation of the memory is analogous to the
truncation of a transmission line. Improperly terminated, open- or shorted, the line
produces echoes. What is needed is a more appropriafce terminafion of the memory.
funct‘ion than just truncation. The issue of termination of the memory effect will be

discussed in more detail in Chapter 8.
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Figure 25. A time domain simulation reconstructing the response of the first toy
system to a pulse of ~ 5.5 sec. . Memory retention limited to 30 seconds.

0.0045

0.004 D e \

ST
A

[=]

s | /
=

R1.0025

=

'E‘ /
& 0.002

d |||\

0.001

0.0005 \\\\\\T*%>\-‘

28 30 . 32 34 36 38 40 42 44

Time

Figure 26. An enlargement of the response around the ¢t = 30 second time-frame
from Figure 25 above showing the pulse echo resulting from truncating the memory.
Duration of memory is 30 seconds in this simulation.




80
CHAPTER 7
EXPERIMENTAL METHODS AND RESULTS

No attempt will be made to reproduce the wealth .of measurements published by
Jonscher, Ngai, Westerlund and many others who have probed the power-law behavior
of dielectric materials. Wh;att is not covered in the literature is a discussion of both
thé frequencsr and ‘time response of a given material. over relévant frequencies and>
time scales. The primary objective of the rﬁeasurements performed as part of tilis
work is to demonstrate whether a complete steady state ac and tranéient dc response
can be fit with a composite model based on the fractional calculus as stated in the
hypothesis.

Since the hypothesis states that the behaviors are universal, any dielectric crystal
of polymer will sufﬁce.for this purpose. Given the supporting laboratory’é interest in
piezoelectric materials, thé polymer PVDF will be investigated. As noted in Chap-
ter1, we would like to find an accurate relation betwéen charge and voltage across

®

the material to allow more efficient use of the material as an actuator.

Material Studied.

- The material being studied was 28 um thick poly(vinylidine fluoride) (PVDF)

film with a silver electrode layer. Square samples with electroded areas of 1 cm, 47 |
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cm, and 9.6 cm bn a side were ayailable from stocks obtained for a vibrétion isolati-on
project. The rated relative permittivity is 12 at 10 kHz, according to Measurement
Specialties, Inc. (formerly known as AMP, Inc.). [49]

PVDF is notoriously ill characterized. In the preparation of Reference [15], we
found that paraméters.such as the Young’s modulus along any given direction could
vary by a factor of three in pubiishe_d (iata. As a result, we had to .;rneasu're. every
significant parameter directly for each batch of material delivered. There were signif-
icant differences between batches, but there was a hiéh degree of congistency within
a given batch.

Thé‘ PV.DF samples had béen poled during ménufacturing to pr.od'u’ce a piezoelec-
tric prop.erfcy. This may be responéible for the thermally enhanced resonancg which

typically shows up in the permittivity above 10 kHz.

Equipment

A Wayne—Kerr 6425 impedance meter was used for the ac measurements. A
Lakeshore temperature controller was used to maintain temperature to'within £0.1 K.
For measurements of transient response at room temperature, a Faraday cage was
devised to hold samples too ‘large to fit in the cryogenic sample holder. A Ke_ithley
642 electrometer was used for transient current measurements. .tThe.larger samples
were required to achieve the current level necessary for detection by the electrometer

in transient response testing.
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Sample Holder for Varying Temperature o

The sample holder and cryogenic chamber used for ac measurements between 20
Hz and 300 kHz are shown in Figure 27. A silicon diode thermistor was-attached
near the sample to obtain accurate measurement of the sample actual sample tem-

perature. A thermocouple attached to the outer wall of the sample chamber provided

_ for temperature control. Due to the nature of the control algorithm in the Lakeshore,

there was a difference between the set temperature and the sample temperature. This
difference could be held constant, however, and the sample temperature could be held -

to within the desired &+ 0.1 K for the duration of the measurements. A funnél and

feed tube routed liquid nitrogen past the éample holder so that refilling the liquid

nitrogen can be done during a measurement run without affecting the temperature
of the sampl;a.

The sample holder also allowed operatioﬁ above room temperature up to approx-
imately 400 K. This was due to the use of Nylon as the primary' material in the dewar

and the extended range of the temperature sénsors.

Faraday Cage for Low Frequency
Measurements

‘For low frequency and long time measurements, a Faraday cage arrangement
was devised to hold various sizes of PVDF film. Care was taken to ensure that the
material was maintained in the zero external stress conditiori to avoid confusion with

piezoelectric induced fields.




Thermistor

LCR Meter

Heater Coil Wire Thermocouple

‘. Nitrogen Gas Flush
e g

‘o 1 Sample

Liquid Nitrogen Level

Figure 27. The sample holder and LN2 cryogenic chamber.

ac Measurements

A schematic of the ac measurement apparatus is shown in Figure 28. The Wayne-
Kerr Impedance Meter opefates over the range of 20 Hz to 300 kHz. In these measure-
ments, the magnitude of the impedance, |Z], and the phase angle, L°\, ‘were measured.

These measured values were then converted to permittivity using Table 1.

Transient Response Measurement

A schematic of the transient response measurement setup is shown in Figure 29.
The bypass switch, Switch 2, 1s required to protect the electrometer from the initial

current pulse occurring immediately after the change in the position of Switch 1.

Although this arrangement can be implemented with electronic switching units, the
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Wayne-Kerr J |
Impedance (LCR) Sample
Meter (6425)
20 Hz - 300 kHz
ac: lmV-5V

dc: 0-20 V (50 V w/ external source)
Measures: IZI and phase angle
GPIB Configured

=l
Lakeshore Silicon diode thermistor
Temperature Controller (next to sample)
DRC-91C =D
Thermocouple

Current out (on inner wall of cyl)

Heater Coil
(on outer wall of cyl)

Figure 28. A schematic of the experimental setup for measuring ac permittivity.

P
1 /. Switch 1
Py

Voltage ) Sample
Source
Switch 2
Electrometer f 3

Figure 29. A schematic of the experimental setup for measuring transient response.



time scalee of the problem. of interest are slow enough that ‘S\'}vitc‘hiﬁg by hand using .
a stop watch are quite adequate.

Bece,use of the ﬂuctuatiné c.urrents due to noise in the high voltage supply (the HV

supply “ripple”), the charging current was estimated using the technique described

.by Jonscher [8]. In this procedure, the voltage is applied for ten times longer than
the desired measurement of relaxation current. Then the volltag'e is syvitéhed off and
the current measured. Thie discharging current is very nearly equal to the negative
of the charging current within the time frame of about one-tenth the on-time of the
applied vpltage. ‘To within the noise limit of the currents measured with the voltage
on, this technique appeared to. be valid.

Duriné initial trials of measuring charging and discharging currents, it Was evident
that the noise level registered by the electrometer was far greeter_ than ‘that which
could be attributed to the electrometer or the Faraday.cage setup. The .noise was

“isolated to the piezoelectric response of the piezo film moving in response to the
: ‘air currents in the room and vibratiens' of the experiment table‘.' The Faraday cage

was placed on several Ia}.rers of cloth and foam for isolation from the table éﬁd then
wrapped in several layers of cloth towels to eliminate air currents across the sample.
" This reduced the current noise to approximateiy +2'x 1071 arhps. This restricted
the range of data coll'ected for the discharge currents but the ‘differences between the

charging and discharging cycles should be evident.
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Data Analysis

Temperature dependence measurements of the pérmittivity of the 1 cm square
sample (sample #1) are shown in Figures 30 through 33. ‘The sequeh'ce started at
room temperature with tixe sample electrodes shorted for i2 hours prior to beginning
the measurements. The Wayne-Kerr LCR meter was set to slow measurement mode
" and the ifnpedance readout delayed for at least one minute after changing frequengies.
Temperatures‘vyere changed slowly and the data collection commenced only after one
hour after the temp.erat-ure had settled to & 0.1 K drift. After the measurements at
325 K, the sample was allowed to cool to 305 K for the fourth set of measurements,
Figure 33. This Waé done to confirm that the resonance was, in fact, thermally
enhanced and reversible. Sinée the depolarizing tran-sit,ion“for PVDF is above 375 K‘, .
the material piezoelectric properties were not compromised.

The slight “glitch” around 50 kHz at 295 K, Figure 30, is seeh to grow into a
resoﬁance lobp at 315 K, which expands at 325 K. Upon return to 305 K, the resonanéé
loop is almost corﬁpletely gone. Since our interest is~ mainly below 1 kHz and room
temperature for the example problem outlined at ;che beginning of Chapter 2, this
resonance has little effect and will be ignored in what fbll‘ows. The resonance problerﬁ
was addressed in terms of the fractional calculus iane_ference [40]. -

The permittivity of the 4.7 cm square sample (sample #2) was obtained using the

Faraday cage. Figure 34 displays the results. Since this sample was obtained from
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Figure 30. Cole-Cole plot for PVDF sample #1 at 295 K. Note the slight offset of
the data point at 50 kHz.
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Figure 31. Cole-Cole plot for PVDF sample #1 at 315 K. The resonance loop at 50
- 60 kHz is well developed.

a different batch than sample #1, it is not surprising that there are differences in

the relative permittivity, i.e. the plot appears shifted along the real axis. Also note
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Figure 32. Cole-Cole plot for PVDF sample#1 at 325 K. The resonance loop is even
more developed.
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Figure 33. Cole-Cole plot for PVDF at 305 K. After cooling from 325 K, the resonance
loop has been suppressed.

that the “glitch” point is now at 20 kHz, indicating that the resonance is probably

offset somewhat from that of sample #1. This resonance is still high enough and

/



89

suppressed enough to be ignored of our purposes. In curve fitting, we will give much

less weight to the 20 kHz data point.
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Figure 34. Cole-Cole plot for PVDF sample #2 (4.7 cm x4.7 ¢cm) at room tempera-
ture.

The data of Figure 34 were fit to the second model of Chapter 5, Equation 5.13.
Equation 5.13 was chosen due to the simpler task of fitting six, rather than eight,
parameters. The time constant is 7 = 173 ns, the exponents g = 0.603 and v = 0.524
and the coefficients €5, = 3.75, ¢, = 9.32, ¢, = 0.465. The underlying exponents of the
model are o = 0.397 and v = 0.921. The results of the fit are shown in Figure 35.
The model predictions extrapolated to much lower frequencies are shown as well. The
available impedance measuring equipment does not have the sensitivity to make these
measurements. However, the effects of the very low frequency end will show up in

the time domain simulation predicting the charging and discharging currents.
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Figure 35. Parameter fit for PVDF sample #2 at room temperature. The time
‘constant is 7 = 173 ns, the exponents ¢ = 0.603 and v = 0.524 and the coefficients
€oo = 3.75, €5 = 9.32, ¢, = 0.465. The underlying exponents of the model are o = 0.397
and v = 0.921. The model has been extrapolated to very low frequency.

The data and parame’per_ﬁt for PVDF match the literature value for the “uhiver—
sal dielectric response” exponent of PVDF as listed 1n Reference [17]. To exhibit this
exponent, one plots €'(w) — ey versus frequency on a log-log scale. This is shown in
Figure 36 with the extracted exponeﬁt 14+ A - 0.9777. Westerlﬁnd reported this ex-
ponent to be 0.9773. The note that accompanieé the listing of exponents for various
dielectric polymers states that the relative permittivity will vary considerably be-
tween production batches of material, but the exponents are highly consistent. The
exponent. per’sists in oﬁr samples, which hc;we been stretched- and poled at elevated
temperature to achieve the bulk piezoelectric response. _Although fhe universal di-

electric response exponent, here called 1+ ), is a favorite of some researchers, it is just -
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frequency (Hz) -

Figure 36. Universal dielectric response display for PVDEF. The exponent derlved
from this plot is 1 + X = 0.9777.

an artifact from the point of view of the models presented here. Isnin and Jonscher
noted the ambiguity ‘in this exﬁopent due to the uncertainty iﬁ t_he value of € that
needs to be'sﬁbtracted out. [21]
Interpreta;cion of the results of the data fitting to the model of Eqﬁa_tion 5.13 |
leads to a somewhat surprising result. The value of the exponent 7 in the CPE
‘replacing Ry in Figure 16 is 0.921, nearly Unit&.'If it were unity, then R; Would have
been replaced by a capacitor. Ex.ponent.s less than 0.5 would be more “resistor-like.”
AS it is, this CPE is primarily a charge~storage elément. The exponent o ié.in the
typical range reported for polymers.
~ The parameter values were then used in a numerical simulation of E_quatioﬁ ‘5:;‘13.

The charging and discharging currents predicted for a 100 second pulse are shown in
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Figure 37. P\redicted charging and discharging currents for PVDF sample #2 at
room temperature using Equation 5.13 and the parameters from Figure 35. The two
asymptotic exponents are also shown. Current in amps is found by multiplying the
displayed value by C.x Voltage.
Figure 37. The model clearly predicts that the discharging current matches the charg-
ing current for a short period, then drops off with an exponent one larger than that of
the charging current. This is consistent with the predictions made in Equations 2.15
and 2.16.

The simulation indicates that virtually all of the charge transferred during the
charging cycle is recovered .during dischargé. A net 0.054% of the “polarization” re-
mained after 4000 seconds. To within the accuracy of the available data, integrating

the current from the 4000 second mark to infinity is exactly that remaining polariza-

tion. With this, we can say that PVDF is a perfect insulator in that all of the charge
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applied across it is recovered (after an infinite ti@e). The extrapolated dc conductiv-
ity is zero. This does not mean that there is no energy loss. In fact, compdred with
polystyrene, PVDF is quite lossy in this regard. The energy loss is due. to the phase
shift in the CPE. ’

Permitt.ivity measurements of several samples from different manufacturing batches
of the electroded PVDF -material were obta:ined. While the values of the coefficients
€, the time constant .7', and the exponent ¢ varied slightly, the exponent most re-
sponsible for the long-time transient response, 3, did not chénge from l;atéh to batch,
nor did it vary by size of the sample tested. The resonance was more pronounced
at room temperature in some of the materia_i, but it was above 5 kHz in all cases.
The resonance for sample #8 is well defined as shown in Figure 38. Sample #8 was
' 'constructed by gluing two layers of electroded PVDF film together to reduce noise.

and enhance the current signal as described below. The l.amination process did not
change the permittivity or resonance charécteristics in any measurable way from that
of single sheets. |
The actual predicted current is obtained by multiplying the scaled current of
‘ Figuie 37 by chVoltage,. where C, - €0 X Area/d is the cell capacitance. We realized
that the available eleqtrometer would probaBly not have the sensitivity to confirm the
predicted roll-off of the discharging current using sample #2. For this reason, a larger
Faraday cage was constructed to hold larger samples of 9.6 cm x 96 cm. After sgverall

attempts, we found that sandwiching two layers of the larger material together with
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Figure 38. Real and imaginary part.s of measured perrﬁittivity of sample #8 at room
temperature showing the resonance between 5 and 12 kHz.

'a thin layer of adhesive would reduce the low freduency piezoelectric response and
.increase the current signal to the level necessary'fé distinguish the separation of
charging histories. With the high voltage sides placed'u to the inside of the séndwich, ‘
the chance for external atmosphere charge contamination was reduced. The predicted
current for this sample is shown in Figure 39;

Figure 40 shows the results of threfe tests. Ineach case, the electrodes were shorted |
together for several hours prior to application gf‘ the voltage to ensure the zero initial
éondition required by the model. In the first, a discharging curve after applying 100
volts for an hour was obtained. The results are plotted aé circles on thhe‘ﬁgurre, 'Iri the -

second test, a pulse of 100 volts for 100 seconds was applied and the discharge current
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Figure 39. Predicted charging and disc'hargi’ng cui”rents for PVDF sample #8, 2 x
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(9.6 cm x 9.6 cm), at room temperature. From Figure 37.
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was then recorded. The squares on the ﬁ‘g:urg show the results of this measurement. .
The third test applied a pulse of intermediate length, 10 minutes. The crosses on the
figure record this test. Note that the longer fhe chargiﬁg time, the longer timé the
discharging current follows the charging curve slope. |

The deviation 0% the measured results from the predicfed \'/a‘lues in Figure 40 are
greaﬂy distorted due to the log-log plot. The currents predicted by the numerical sim-
ulation, and those measured 'experimentally, exhibit tﬁe separqtion of time hisfbr‘ies
predicted by Jonscher [8]. |

To place these result‘s iﬁ perspective, the initial ac measurements were made over
the range of 20 Hz to 300 kHz. All of these measurements represent‘dynamiCS in
the: fract-ion.—of—a—sécond time scale. The permittivity curve was fit to this limfi'ted -
data and theﬁ extrépolated by five decades in frequency. These parameters were
input to a numerical siniulation that ﬁsed a-0.2 second time step. This numerical
time sfep is over one million times larger than the under’lying time constant ’7': In
all this, we iénored t:he effects of the resonance and rﬁade no overt effort to account
for the now sizable piezoelectric res'pons'e from application 6f 100 volts in the current
testing versus 0.5 to 1.0 volts used in the ac "c‘esti‘ng. There was no acéou‘.nt’ing for
any nonlinearity énd'no accéunﬁng of the effects of using hand thrown ‘switc‘hes.
Glearly, automating t%le data collection process would produce more accurate datd
by removipg the potential biases of human observation.

One of the reasons we were able to do this at all was that the resonance was
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isolated z_md well above the low frequency dispersion. Undoubtedly there were other
interesting fa,ét dynamics c.)ccurrinig on tile applicatioh and removal of tile _ﬁe’ld._ Thé
simulation was able to skip over these, at some loss of 'accu'racy, to produce a quan-
titative prediction of thé long-time transient response. |
Part of the difference between the predicted curves and the measured may well

be the loss of accufacy_ in the time scale of the ﬁumerical calculation. With a time
step of over a million times the underlying time constant, there is very likely a decay
in the accuracy of the time evoiution. It is anticipated that further comparison with
experiment will provide feedback to the development of improved numerical schemes:.,
Some ideas for such improvements are outlined in Chapter’ 8.

| It is by no means assured that all of the differences between the predicted and
measured currents are the fault of the computational model. There may well be -
some additional ultra-slow process that was not discovered in the ac fesﬁng between -
26 Hz and 300 kI—iz; Such an ultra-slow response is found in KH;P‘O4 (KDP), for
~ example. [50] Nonetheless, any such additional processes must be minirflal in order

to achieve the degree of accuracy demonstrated here.
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CHAPTER 8
OTHER APPLICATIONS AND FUTURE QUESTIONS

The work presented up to this point is just the start of' a potentially vast array
of in\}estigations. In many ways it represents a versf elementary phenofnenological
treatment. There is as yet no way to derive the exponents from first principles. Even
the interpretation of the models' is left open in rﬁaﬁy ways, e.g. should we view the
strength coefficients or the time scales as more fundamental? Nonetheless, fhere is
r.eason to speculate that the models and methods presented here might focus future |
research iﬁto these ‘questions. This chapter outlines éome of thé areas of research
that might shed more light on the subject while extending the range of the tools for

characterizing power-law behavior.

Extending the Dynamic Range

Tests of the time doma@n c?lculations using one-tepﬁh the step size did not appre-
ciably change ‘the predicted response Curves. This is a strong indicatop that the limit
of accuracy with the present scheme ‘has- been reached. Attempting to increase the
number of steps in the time interval, NV, will most likely result in decreased accuracy
due to the number of additions and multiplications required per time steﬁ. Instead,

a revised scheme will have to be developed. In all of the time domain calculations
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included here, we used the G'1 algorithm of Griinwald. Other algorithms are available
that represent mind—point calculatiorl schemes and could improve accuracy somewhat.
A variable time step procedure is more likely to produce a much more dramatic
improvement in dynamic range.- Tlris is not as straightforward a task as in integer
order numerical integration. The relation betweerln the step sire and the weights
discussed in Chapter 4 is fundamental to the definition of the fractional derivative.
" In order to implement a variable time step algorithm, we need to find a way to
maintain the connection between the weights and the tirne index into the past. This
is possible, but could not be considered as a useflrl project until the hypothesis was

validated and a picture such as Figure 40 obtained.

NMR Relaxation Times

If exponential relaxatiorr really is the exception rather than the rule, then the re-
laxation dynamics probed by NMR and NQR. would be expected to violate the Debye
model as well. There is ample evidence that this 1s thra case, see e.g. References [51]
and [2] Reference [52] includes a discussion of how specialized NMR rrleasurement
techniques have been used to verify nonexponentiz_rl relaxation as the result of a hier-
archy of relaxation mechanisms operating ovrar \rarying spatial and temporal ranges,

at least for the materials studied. Our NMR equipmént is being- ﬁpgraded as of this

writing to apply these techniques to materials of interest.
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Domain Wall Relaxation and SelffPihning

A shortcoming of the dynamical model of domain wall motion in KDP, reported
in Reference [53], is that it assumed a fixed set of e'nergy- levels for the configurations
of the protons in the H-bonds of the KDP lattice. .If the-‘ fixed set of exponential -
relaxation times were replaced with a Lévy distribution, would the domain walls
exhibit self-pinning as seen in actual experiments? It may be poésible to incorporate
both intrinsic and extrinsic defects effects. Additional investigation into the dynamicé
of remanént domain wall structures, e.g. with a polarizing microscope, will have to

be conducted in order to guide the development of such a model.

Where is the Charge?

The phase shifted conductivity models all have a common cha,racteristic:- ‘they all
allow motion of charge along a chain of random but low barriers, much longe; than a
single unit cell, ﬁntﬂ reaching a very high barrier. This would imply thiat the charge
distributed on the surface of a dielectric actuauy penetrates into the bulk of the
material but does not “fow” all the way through. What ié the charge distribution;?

A question left over from Chapter 2 is:‘ what hapbens t6 a dielectric, such as. .
PVDF, under open-circuit conditions? If, as we have seen, there is a continuous, but
not constant, current flow under fixed voltage conditions, then, if we open the circuit

after tranéferring a given amount of charge, we should expect the voltage across the
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dielectric to sag. Is this-a relaxation or a current flow? If we later short—circuiﬁ the

" dielectric back through an electfometer, do we recover the charge in the discharge

current? What role does the eiectrode play in all this? The réference manual for
the PVDF we have been using actually suggests ﬁsing 'the actuator as a czipacit‘o‘r
of the driving power supply, so this issue would seem to apply to a wide range of
applications.

As a related issué, we are planning a series of expeﬁments with the PVDF actu- |
ators to measure the mechanical relaxation under open-circuit versus ‘c'losed-circuit
conditions to determine if the piezoelectric response is.due more to the voltage or the.
charge applied, i.e. ‘which is more linear Al(V) or Al(Q), where Al is the change |
in actuator displacement?. This will help guide. further studies into devélépment of

efficient control of actuators.

Application to Mechanical Systems

Nonnenmacher and Glsckle [34] developed a fractional model much like Equa-
tion 5.10 for mechanical stress relaxation. ’I_‘he rheological constitutive equation

they derived is

" _ GO + Ge(iw’l’o)_#
G = )t

(8.1)

where 79 = 7)n/Gr is the relaxation time of Maxwell element with spring constant |
Gm, Tm is the viscosity, G, is the constant of a spring parallel to the Maxwell element,

and Gy = G, + G¢. All of the methods of computation and analysis could be applied
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'dirgctly to analysis of their model, which they haﬁdled with ti;e Fox fuhctioﬁ formal-
ism. We can now use numerical techniques‘to extend the test optiovns to virtually any
time varying excitation.

Since both dielectric and fnechanic;zl probléms can be 'héndled with fractional .
' ‘cons;citutive equations, the obvious ciuéstiori is: can we combine fhe tv.v”o pfoblems‘to
produce a common description of the piezoelectric effect?

In reference [54] the expaﬁsion of actuators constructed of PVDF material is dis-
cussed. Under a constant 200 V applied field, the actuators continued to expand with
a power-law relation at long times (2000 - ‘8000 sec). The exponent of displacement
increase under constant voltagé is close to the exbonent of p‘olaﬂ%aﬁon increase un-
der the same conditions. Given the nature of t.‘he' coupling between mechanical and
electrical responses'in piezoelectric materials, it is_Ver.y unlikely that this simﬂarity
in exponents is a coincidence. In particular, can we confirm the suspicio;l that the
charge creep and displacement créep eprnents are actually related?

Along this line, a first attempt at eliminating the polarization and piezoelectric
‘ creép effects was recently reported iﬁ Refexencé [65]. The authors modified the .appiied ."
voltage curve to 'match.the natural ;roltage .rela,x_a.ﬁio-n 0f the piezoelectric under open-
ciréuit conditions. The result was that the .hysteresié typical of piezoelectric actuators
was femoved. It remains to be confirmed that fhey actually eliminated the decay
currents in the process, i.e. créatilng‘ the open circuit descﬁbed in the breviOus sectiqn.‘

[
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PI*D* Control Systems .

Propo_rtional plus Integral plus D'erivative‘ (PID) control systems are used exten- |
sively in feedback control Ioo;;s to provide stable and linear operation of ‘a device
or S}.rstem that otherw.ise would nét be useful. In these systems, 'having a very ac-
.curate dynamical model of the resﬁonse function is cr‘it.ical to succeésful operation. |
Podlubny [48] has suggested the ﬁse of a fractiénal control model PI /\b” to better
account for the memory in many types of systems. The majdr challenge is the devel-
opment of a scheme to limit the computational load associated with the calculation
of fractional derivatives. What needs to be developed, it appears, is a damage control
proceduré to .avoid_the echo effect of t,rﬁncation as described at the end of Chai)ter 6. |

Since a CPE can be described in terms of a distributed element transmission line
and mat};ematically desc'ribed by én infinite continued fraction, it may be possiblg
to use some of the ideas of Reference [56], which addresses the issue of terminating
the continued fraction after a finite number of steps. If such a terminator could
be deﬁved, then we might have the eQuivélént of the the proper termination of the
transmission line and avoid the echo effect. We would still behfaced with the problem
that the amoﬁ_ﬁt of memory required woﬁld be dicfated by the values of the expéné_nts
and coefficients in each case.‘ Generating rules for use of such c01"1tr01vsy.stem,s may
prove to be challenging. This work will probably have to be carried out incrementally

in conjunction with testing of a variety of mechanical systems as described above. .
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Boundaries and Barriers

The effect of a blocking electrode layer has been discussed, but is it really as
independent an effect as some would suggest%? The electrode interface can produce
substantial nonexponential, CPE—likg behavior and nonlin_ear responses which can be
_ confused with the response.of the bulk material. On the other hand, intérnal barriers
can produce the “phasé shifted conductivity” indicative of a CPE. The role of the
ele'ctrode—electrolyte interface in polarization dynamips is"very much an open question.
Electrode interface affects are of sign'iﬁcant inter'est in the‘bio—medvicalh community as
wellu, see e.g. References [57] and [58].

Tests are being.designed to begin investigating this question by coating a a va-
riety -of dielectrics with different electrodes and using varying ac voltage levels with
dc biases. éome potential electrode materials such as palladium Wﬂl a‘Hov& limited.
transport of hydrogen and so would not be a blockiné layer for protonic conduction
as would some other metals. We are also designing compérisc)n_tests in. which blocking

layers of polymers are deposited prior to applica,tiOn of an electrode layer. -

Many Body Dynamics

.

The idea of a “phase shifted conductivity” is not new. One such model was -
described in Reference [59]. The key point made in that article was that a random

set of barriers can produce an effect very much like that attributed to the CPE. The
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open question is: can we take this to a more precise level? Could we apply many body

dynamics theory, such as that outlined in Reference [56], to develop such a theory?

Relation to Generalized The_rmodynamics

Tsallis and others harve developed a theory of generalized statistical .rnechen'ics,
which accounts for the failure of tne Gibbs-Boltzmann statistics when processes are
not adequately independent. [60]. The theory leads to r)ower-law statisties very simiiar
to thar seen in the fractionallcalculus and deal with both sub- and super—diﬁ'usi\;e
processes. As yet, 'there is no connection bet‘v_veen the fractional calculus and the
generalized startistical mechanics. Is there one?

One of the effects that can result in failure of the G-B statistics is long-range
dipolar interactions. -It would seem that such exist in ferroelectric materials since it -
is the bulk polarrzation energy from interacting dipoles that forces the formation of
domains. Dornains typically have dimensione on the order of microns cemp‘ared to the -
unit cell size on the order of nanometers, which would imply a relatively long-range

interaction. Is the effect just too small to be noticed in this regard?

Fractional versus Fractal

The spatial distribution of charge trapping defects producing the power-law be-
havior has not been discussed in this treet_ment. It would be interesting to investigate

~ this spatial distribution from the point of view of interaction between and among
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trapping siteé. To what extent does one defect affect the relaxation dynamics of a
neighboring defect? Reference [52] suggests that the nonexponential relaxation might
be due to cooperative relaxation over a hierarchy of spatial scales. Would it be possi-
.ble to analyze such a hierarchy of scales in a lattice structure using Density Func¢tional
Theory (DFT) to predict the coupled relaxation dynamics from first principles? What
size of super-cell would be required in DFT to reproduce thé fractal structure implied
in this question? Experimentally, it may be possible to create mesoscopic structures,
such as ultra-thin films to test for the .po_ssibility that a éritical size, or number of -
contributing elements, might be required for the geheralized central limit theorem to
apply.

Is there some cross-over phenomenon that could bé,used to distinguish between
“quepched” disorder effects and dynamic “annealed” disorder, as describ‘ed in Chap-
ter 37 Are the roles of _the-different classes of disordér distinguishable in their éﬁécf ‘
on the dynamics?

Another open question is whether the multifractal.distri‘buti‘on of relaxation times
approach discussed at the .end of Chapter 3 can be applied to the l‘ow-fre_(juencyl

dispersion as well as-the loss ‘peak‘.' There is reason to suspect that the roughness

of the electrode interface may affect the exponents. How does this relate to the
thermodynamic phase transitions discussed in Reference [10]? Is there some “critical

roughness” for the interface to become fractal? .
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Quantum Mechanical Treatment

All of the treatment here has been from a classical perspective. A more complete
treatm(;,nt would include quantﬁm mechanical aspects that must show up when deal-
ing with the fermion nature of non-superconducting charge carriers. It"is particularly .
intriguing that the 1 /f noise phenomenon in dielectrics has been discussed in the liter-
ature as an infrared divérgence in quantum electrodynamics. [61] Which is the cause
and which the effect? Is it the infrared divergence or the memory that_ produces the
1 /f noise and the universal dielectric response? - This question relates to the ability of
theoretical condensed matter methdds suqh as DFT to handle dynamical interactions

among highly perturbed wavefunctions describiﬁg trapping sites and defects.

1/f Noise in Resistors

The relatioﬁship bétweeﬁ the universal dielectric constant in “insulating” di-
electrics and 1/f noise was discussed in Chapter 5. Since the CPE quel also appears
to apply to resistive elements, is there an equivalent connection between 1/f noise
and the lovvlfr‘eq-ﬁency response in conduétors? Since th'e 1/f noise phenomenon is so
universal t;) conductors, it is likely that the result is again due to a statistical limit

as it was with dielectrics.
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CHAPTER 9
SUMMARY AND SIGNIFICANCE

"Subséquent to completion of the bulk of the Wprk reported heje,_ two ne§v texts
have become available. Refereﬁce [30], by I. Podlubny, includeé a discussion of a
method for numerical integration of fractional differential equations although the
method is noted to hzlm've stability aﬁd accuracy problems. The methods developed here
do not exhibit stability problerﬁs, but nday b;eneﬁt from effortg to improve accuracy.

Reference [51] is a compendium of articles covering both the theory and practical
applications of fractional calculus in physics.. In this text, the fractional calculus is
developed as a consequence of the irreversibility of most phenomena seen in nature.
Extensive discussion of anomalous (fractional) diffusion is included, but polarization

dynamics are not.

Lesson Learned

The ndajor lesson learned i‘n this research is that it we need to rélax assumptions
about nature that may séem obvious but may not be supported in observation of
‘physical‘ systems.

The first agsumption is'that & material contains a fixed set'of defects at a given

temperature. It is more reasonable to assume that the defect structure is dynamically
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changing in time. There may be some additional defect structure due to dopants or
other sources, but 'thére must also be a dynamic nature to the defects.

Second, there ‘,is no reason to assume, a priom’,'that the Waiﬁing time distribution
associated with charge carrier trapping at defect sites need have a distribution with
convergent second moment.

. After we abandon these assumptions, there comes _the'possibilitj that the waiting
time distribution violates the can—onical C;ahtral Limit Theorem (CLT), and Lévy
statistics percolate to the macroscopic level producing power-law behavior. The
power-law dynafnics are then gbverned by the fracti'c;nal calculus. We are faced
with non-Markovian processes which are thé‘nemesis of ’theorétical statistical me-
chanics and stochastié anaiysis. The degrée to which fractional models truly negate
the méthod_s of stochastic analy.sis such aé in References [32] and [62], is not knéwln.

Given the ubiquity of power—la\'zv. behavior in dielectrics, it seems we need‘to
improve our description of these materials to include the “anomalous” characterisfics.
After all, with the power-law deca‘y of the current exhibited by PVDF, the trué de
conductivity is, indeéd, zero. This statement is all but meaningless, however, given
the eternity. one mﬂust. wait to get to the zéro current state; and by then the charge
accumulation Woul(;l be infinite. Clearly, we need to augment our langﬁ-age to include

the memory effects in real materials. We need to correct the confusion involved with

terms such as “universal anomaly.”
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" Conclusion

The hypothesis stated in Chapter 2, thet the fractional'-cel‘culus can be used to
describe polarization dyhamies, cannot be rejected. In fac’e, it hes withstood a very
challenging test by allowing model extrapolation b.y ﬁve decades 'in time scale; The
connection between the steady state ac response and the transient response has been

rather dramatically demonstrated via the fractional calculus. There is much more to

“do, but the generatien of new questions is the ﬁltimate, joy of almost any researcher. _
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APPENDIX A

a-STABLE DISTRIBUTIONS
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This appendix provides some additional detail on the nature of Lévy, or a-stable,

{distributions and their relation to Gaussian distributions.

The Law of Large Numbers and the
Central Limit Theorem

Consider a set of random variables {Xi, X, ..., X,,} where the X; are mutuail_y
independent with an arbitrary but common distribution. We want to investigate the
properties of the sum S, = Xj + -+ + X,,. The law of large numbers states that if

the expectation u = E(X;) exists, then for every € > 0 as n — oo

Prob {

That is, the probability that the average S, /n will differ from the expectation by less

Xi+--+ X,
n

- u‘ > e} — 0. | (A.1)

than an arbitrary prescribed ¢ tends to unity. It is not necessary that the variance
Var(X;) also be finite for the law of lérge numbers to hold.
Now suppose that 4 = E(X;) and 0® = Var(X;) exist and, as before, S, =

X1+ --++ X, then the central limit theorem states that for every fixed f

Prob {M < ,3} — (), . (A.2)

onz

where ®(f) is the normal, or Gaussian, distribution function,

N 1, o
®(z) = / exp(—=y*)dy. A3
() ey p(—5¥°)dy | ! ( )
See Reference [63] for proofs and further details.

Note that the CLT is built on the assumption that at least the first two moments

of the underlying random variable distribution converge, i.e. the distribution of X; is
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not too broad. There is extensive evidence that these statistical moments often dé not
converge. Additionally, the CLT fails if the individual random variables shc;W “long- |
range correlations,” i.e they are not independent. In the discussion of anomalous
dielectric résp;)nses, the model calls fol* only the first of these failﬁre ér;iteria to be in

effect, e.g. broad waiting time distributions.

Lévy Distributions

T_he central limit theorem discussed above is only a sp‘ecial case of a much more
géneral theorem which applies whether or not".che- second moment, or Variance, ex-
ists. For “adeduately” independent distributions, i.e. no long-range _cbrrelat‘ions, the
generalized CLT s;tates that the sum of random variabl’es Wi,il converge to a'Lév‘y, or a-
stable, distribution. Proofs and additional discussion may be found in .References [64]
and [65] |

There is, unfortungtely, ﬁo closed analytical form for the a-stable distributions.
They contain a Gaussian C(‘)re‘ plliS‘ power-law tails. The parameter o denotes the
exponent of the decay of the tails of the d"istr‘ibution. Thé tails have the ‘férm a:‘i“",.
with 0 < & < 2. For individual distributions with tails decaying like o > 2, the
second moment of tﬁe‘ distrjbution will exist and the canonical CLT will apply. It
must be noted thé;c the distribution of contributing variables, the X;, need not be
power law. For non-Gaussian statistics; .‘kuxhe distribution need only fall off slower that

z3. Tt is the sum distribution that converges to power law.
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Tﬁe Gaussian core may confuse matters since the power-law tails may be treated
as statistical “outliérs” by those c.onv.inced that the Gaussian distribution must be
the tl'“ue represe,ntation of the underlying statistics. Texts on lhandling 'randqm d-é,ta
oft.en i'nclude data rejectipn techniques basea on this Gaussian assumption.

While there is currently no general ciosed form for representing the probability
density function (pdf), p(z), for a-stable distributions, the characteristic, function

does have a closed form. The characteristic function is defined by

‘¢(9) = / dz p(z) exp(i63). ~ (A.4)

so that, by Fouier inversion

1

p(e) = o / d9 $(0) exp(—ifz). R (A.5)

The characteristic function for the a~-stable distribution is given by

log $(8) = —0®|0]% {1 — iBsgn(8)tan(an /2)} + inb, - (A6)
where o is the indek of stability, 8 € [—1,1] is the skewnéss parameter, o is the scale
parameter and W is the shift. The“parameter o is referred to as the “scale parameter”
since the variance does not exist éx'cept for the limiting case a = 2.0. For s.ome
combinations of oz and B, even the mean does not exist; theréfore the term “shift”
is given to the parameter u. When u = B = 0, the distribution is réferred to as
symmetric a-stable.

Estimates of the p(z) curve can be generated through numerical integration of the

Fourier transform of Equation A.6. Additionally, pseudo-random number generators -
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* Figure 41. Comparison of an a-stable distribution of @ = 1.8 with a Gaussian. Both
have o = 1.0. Note the slightly greater emphasis at the center of the distribution.
‘The X marks on the graph indicate the relative number of events outside 45 ¢ for
the o = 1.8 case.

for a-stable distributions exist. [66] It is possible to estimate the pdf by sampling and
creating a histogram display. This is shown in Figure 41 w;vith'107 trials recorded. The
figure prpﬁdes a comparison of a Gaussian distribution with an c-stable distribution
with o = 1.8. In perspective, the Gaussian is an a-stable distribution with o = 2.0.
The X marks on the figure represent the relative number of events that fell outside
the +5 o range. For comparison, out of iO7 trials for each of the Gaussian and the
o = 1.8 cases, 12 events fell outside the &5 o range for the Gaussian, Whﬂé 28,768
felli outside for the o = 1.8 case. As a gets smaller, the distribution becomes more

peaked at the origin and greater weight is given to the tails of the distribution.
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Although events at large values .‘(compared to o) are possible in Ga.ussian distri-
butio_ns, they become vanishingly rére. In a-stable statistics, those “‘possible” évents
become more proBable. In many physical systems there is some limit, such as a
limiting velocity, that requires the distribution to be truncated. For distribﬁtions of
spatial jumps, there is a need to avoid very long jumps by particles th_ait‘ WOIﬂd imply‘
travel faster than the speed of lighf, for example. In the case of divergent waiting
time dis;cributions, however, there is no such limit; the charge carrier can “sit forever”
in a trapping site. In this case, the motion of thé charge c'a‘rlfiers gets s_lowedr to the
point of being sub-diffusive.

Ip the language of random walks, if the distribution of jump distances diverges
one gets a super-diffusive response, <(:c(t))2> o 9, where § > 1. If the distribution
of waiting time between jumps divergés one gets a sub-diffusive response, ¢ <1l It
NOW appears fﬂhat super-diffusion results from long-range interactions, or correlatib_ns,
. while sub-diffusion results from local dynamic relaxation, althougil there is still some
l' contention over how broadly this sta{:ement can be applied. The relation beflween

diffusion and drift will be discussed in the next section.

It has been noted that the a—stable'diséribui:ions represent limit distributjéns.
There is the possibility that individual distributions involved in 'the sum are not
exéctly the same as the limit distribution. Tsallis has derived a set of individual

“jump” distributions, based on the “g-calculus” of generalized entropy. [60] Sums
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of these distributions converge to either Gaussian or a-stable depending on the pa-
rameter ¢. What role these distributions might play in the study of waiting time
distributions is not known. In general, the interpretation of sub-diffusive dynamics

within the generalized thermodynamics is an open question.

Diffusion and Drift

We now look at the randpm variable X; as a sample from the evolving dynémics
of the motio.n' of a particle z(t). The sum S,(t) will become time depéndent. This
section summarizes Reference ‘[67].

For unbiased process, the mean and mean square displacement (assuming these

1

exist) of a particle interacting with a thermal bath can behave like
‘ , ‘

(@), ~# and  (z(t), =0. @
The subscript zero denotes the case when fchere is no external driving force. When
6 # 1 the diffusion is anomalous. The case § < 1 is referred to as slow diffusion or
sub-diffusion and the case § > 1 is referred to as enhanced diffusion or super-diffusion.

When a force F is applied the symmetry is broken and then
(z(t)) g ~ F . (A.8)

A process in which § = § = 1 is referred to as a normal process. Normal processes
are usually Gaussian while anomalous processes are typically rion—Gaussian.
~ If the system is close to thermal equilibrium at a temperature T, the generalized

Einstein equation relates the fluctuations of the particle position in the absence of an
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external field to its behavior under the influence of a constant force field F', according’

to

<($n())> —2kB_T<$H >F’_ - R (A-9)

where x| is the component of z along F. Equation A.9 is only valid in the linear
response regime where F — 0. For anomalous diffusion the generalized Ei‘nsfe_in
equation is not expected to hold. In particular, if 6z depends weakly on the field,

then 0p # 6. In the anomalous process case, we would expect the response to the

field to differ from the relaxation in the absence of the field. | | : | -

The subject of anomalous diffusion has been extensively studied, see for e_xa'.mple‘
References [25, 68, 69]. What can be taken away frém these, and many other studies,
is that anomalous processes, both slow and enhanced, . occur 'quite often in nature.‘
For our cﬁrrent purposés, we note that the relaxation curfeﬁts measured after ab—

plication and removal of an external field represent subdiffusive pro‘cesses. This will

. provide some insight into the nature of the anomalous processes involved in dielectric

dynamics.
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APPENDIX B

 ANOMALOUS DIFFUSION
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This appendix inves.tigates a different but related use of the-fractional calculus. As’
noted in the main text, models involving polarization or conduction deal with coarse-
grained models. These represent statistical sunds of individual responses, so .caLlle‘d
“limit distributi‘ons.;’ At the other extreme is the reconstruction of individual ‘sar‘r‘lple
trajectories of particles through some kin;i of phase space. ‘This latter program is the
domain of the stochastic calculus. In tiliS éase, we investigate the random actions of
the sample partiéles and look-at ensembles of these b@rticlesto make estimateé of the

statistical properties of the ensemble. .

Properties of Normal and  Anomalous
Diffusion

]

- Normal, or Fickian, diffusion follows a statistical evolution of ‘the form

dp(z, t)
- dt

— _DV%(n,t) (B.1)

where p(z,t) is the local particle density and D is the diffus'ion coeflicient, 'W}'liCh'
depend on the mass of the particles, the viscosity, and temiqerature. The common
geometric interpretation is-that the greatest time rate of change of the dens‘ity is in
r;agions of high Spatiél curvature of the density function. The iﬁdi\}_idual particles

follow a stochastic equation of the form
dX; = a(X;) + b(Xy)dW; (B.2)

where a(X;) represents a drift, b(X;) represents a diffusion, and W, represents a

Wiener process. [70] Note that a(Xt) and b(Xt) may also be functions of an applied
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field, but the field is considered to be held constant for this model. A Wiener pr;)cess is
‘a mathematical construction of the physical Brownian motion.‘ In practice, a Wiener
process is prodpced from a Gaussian random variable. The' result of the combination
of essentiauy‘independent random trajectories of the ensemble of X;’s, is the Gaussian
distribution spreading out over time. The fact of random cOlli;ion interactioﬁs is
imbedded in the random. jump simulated by the Wiener process. The Gaussian, nature
of the process is a result of the short‘; range of the interactions.‘
| If there are “long-range”. interactions, then there are spatial correlations Which‘
destroy the independence of the indi\./idual randoin processes. In this c‘as;a, the gener;
alized .cent'ral limit theorem demands convergence to a Lévy, or a-stable distribution,
but the result is super-diffusive motion. That is, ((X;)?) ~ t* with « > 1. The.
'm‘otionv is sometimes refer—red to as a “Lévy flight.” o
Initially, the intent of the ;ci‘me—of—ﬂight secondary ipn mass spectrometer (Tof-
SIMS) imaging study of cocaing was to determine if it could be detected in the
presence of contaminants such as polydimethylsiloxane (PDMS), even with the two
materials diffusing across the same substrate. The answer was affirmative, but the
results were much more profound than that. It was discovered that by taking images

repetitively over time TofSIMS could register diffusion quite nicely and that cocaine

showed significantly enhanced surface diffusion.
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Surface Diffusion of PDMS

In this gxperimént, a TofSIMS imaging system was use_& i:o monitor the diffusion
of PDMS over a gold-coated silicon substrate. The surface of the substrate was
thorougiily cleaned and a drop of PDMS was placed at thei_edg,e of the scanned airea '
With an extremely sharp steel needle. 'I,‘hle 'fir,st column of Figure 42 showé the images
taken after 12, 27, and 88 minutes. The second column displays the detection counts
for a range of 'distanqe from the edge of the scanned area. Nofe the smoothing of the
edges of the distribution of the PDMS over time as the curve takes on the.normal
“bell” shape.

In the third and fourth columns are the results of a two-dimensional simulation of
Equation‘B.2 in which 10,000 simulated particles are distributed 'random'ly across an -
initial depositioii -area according to a uniform distribution. ‘They are then allowed to
jump according to the following rules: (1) the length of the :_jump is obtained frpm a
Gaussian pseudo-random number generator and (2) the direction of the jump is taken
from a uniform digtrib_ution o, 27r] If the jump causes the particle to fall outside the
“scanned substrate area,” it is placed back in the lay-down aiea according to the
uniform distribution. This creates a conservation of particles and simulates a thick .
initial lay down of material. The simulation results Weré recorded after 6, 48, and

234 jumps per peirticle. Again, the smoothing of the curvature is evident.
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Figure 42. Measured and simulated diffusion of PDMS. In (a), from top, the images were recorded at 12, 27 and 88
minutes. In (b), from top, the simulation results were recorded after 6, 48, and 234 jumps.
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Surface Diffusion of Cocaine

In this experiment, a nylon fiber contaminated with cocaine was pressed against
a cleaned substrate of gold-.coated silicon. The .image area was oriented so that the
cocaine _-deposition Wés_on the edge of the image. TofSIM'S‘ imaées were then obtained
at 2, 28, and 52’minutes. These are displayed in the ﬁrsﬁ colurfm of Figure 43. The_
corresponding density graphs are displayéd in the secéhd 'coiumn.. Note that the shafp
curvature does not soften. There is dispersion of cocaine across the surface, but fhé
density curve follows.almost a .straight line.

To model this dynamic, the Wiener process in Equation B.2 was replaced with
an a-stable procéss and a corresponding Lévy, or a-stable bseuao—random number

generator was used. [66] This simulation is based on a diffusion model of the form

dp(z,t)

= —DV“p(m, 1) | | | (B.3)
where 0 < a < 2, with o = 2 representing Brownian motion. The diffusion coefficient
D now has fractional dimension ﬁnits. |
Typical super-diffusion is modeled with .= 1.6 ~ 1.8. A gzalue of & = 1 represernts
ballistic difft_lsion with a broad dis’.cri‘bution of velocities. In the cocaine diffusion case,
_the best fit is o = 0.0'1.‘ This is hyper-diffusive behavior, indicative c;f accelerated
‘motion. Model results at 4, 12, and 64 jumps per particle are shéwn in the thi'rd"an_d
. fourth columns of Figure 43. It is most amazing ‘tflét the fractal clustering typical of

both Gaussian and most “typical” a-stable distributions is absent in this case. It is

as if there were a “condensed” phase and a gas-like phase.
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Since the To.fSIMS‘ can de;cect only the surface layer, it is likely tha£ the actual
material density is more like that shown in the “counts” column of Figufe 43b than in
the “counts” column of 43a. The bulk of the material stays in the “condensed pﬁase,”
while the particles that do break lque fly off to form what appears.to be a very low
density two-dimensional gas. The:density compa’risdn shows that there is an almost -
irﬂnperceptib‘le amount of- ﬁéterial ‘distributed‘ into the open area. of the substrate.

The statistical inferpretétion for ﬂliS apparent phase séparaf,‘ion c‘a;n be seen in
Figure 44. The tails of the Gaussian distribution go to zéro very strongly outside of
. thre‘e to four sigma. The a-stable distribution with o = 0.01 has approximately half
its distribution contained in a Dirac delta-distribution like spike at the origin and
very long, flat tails. In thé a-stable case, the particle either stays where it is (the
'condensgd phase) or executes a jump of arbitrary distance.

This interpretation should not be viewed as a \'riolatior_l of special relativity. In
the time it takes to complete a scan using the TofSIMS, the particles could get to
any location in the ultra-high vacuum chamber at the speed of s.ou_nd‘.on the various
chamber surfaces. The évidence indicates that this.is exactly what happens. The
cocaine contaminates the entire inner surfa.ce of the TofSIMS chamber Within the
course of any given experiment and’ the entire chamber needs to be thoroughly cleaned
prior to any subsequent measurements or the cocaine returﬁs to contaminate the new
samples. Several additionai experiments were run to confirm tha_t the diffusion is only

on the surfaces, not via flight through the vacuum, even at elevated temperatures.-




(a) Measured (b) Simulated

Figure 43. Measured and simulated diffusion of cocaine. Note that the sharp edges remain in both the measurements and
simulation. Due to the ability of the TofSIMS to detect the surface layer only, the actual density differences between the
lay down region and the open surface are more likely to be that shown in the fourth column. The density in the open
substrate area is almost imperceptible compared to the amount retained in the original deposition region.

LT
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Figure 44. Comparison of the Lévy, or a~stable, (o = 0.01) and Gaussian distributions
in the cross-over regime.

Statistical Implications

The physical manifestations of the two potential violations of the canonical central
limit theorem appear to be quite distinct. In the case of divergent waiting time distri-
butioﬁs, the'resul.t was a sub-diffusive response. In the case of long-range correlatiQns
the result is a super-diffusive response. The implication is that long-range spat‘ial‘
corrglations are not important in the case of the dielectric permittivity function. The
-trapping sites may interact with nearest ‘neig'hbors, but it now éeems unlikely that
long-range interactions play a significant role in the ;lyn-amica‘l properfies discussed

in this dissertation.
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This statemeﬁt is still quite speculaﬁi've, as there are many unanswered questiéﬁs
concerning super—diffusi\;e pfocesses in general. But, if long-range dipolar intefactions
were significant, then a logarithmic divergence would exist that would result in a vio-

lation of Gibbs-Boltzmann statistical mechanics. [60] The fact_that G-B statistics do

so well for describing the thermodynamical properties of dielectrics mitigates against

this being the case.
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