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Abstract:

The far-off-resonance continuous-wave Raman laser is studied both theoretically and experimentally in
this thesis. A semi-classical theory is developed for the far-off-resonance intracavity Raman proces's.
Pumped by diode lasers in high-pressure H2 gas, our experiments achieve wide tunability and high
conversion efficiency of the vibrational Stokes output. The theory agrees well with the experimental
data in the steady state. In addition to the vibrational Stokes output, the rotational Stokes emission is
also obtained in the experiments.

The cw Raman laser with anti-Stokes emission is theoretically studied. If all the three fields (pump,
Stokes, and anti-Stokes) can be resonant with the cavity, significant cw anti-Stokes output is predicted.

In addition, longitudinal-mode bistability and mode-hop hystersis in the rotational Stokes laser are
experimentally observed. A theory based on a Raman-assisted multi-wave mixing process successfully
explains the observation.
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54. Transmitted pump power (top) and rotational Stokes power (bottom)
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55. Picture showing how the mode-hop hysteresis happens. §(< 0) and
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ABSTRACT

The far-off-resonance continuous-wave Raman laser is studied both theoretically
and experimentally in this thesis. A semi-classical theory is developed for the far-
off—fesonance intracavity Raman proces’?s. Pumped by diode lasers in high-pressure
H, gas, our experiments achieve Wide tunability and high conversion efficiency of
the vibrational Stokes output. The theory agrees well With the experimental data in
the steady state. In addition to the vibrgtional Stokes oﬁtput, the rotational Stokés

emission is also obtained in the experiments.

The cw Raman laser with anti-Stokes emission is theoretically studied. If all
- the three fields (pump, Stokes, and anti-Stokes) can be resonant with the‘cavity,

significant cw anti-Stokes output is predicted.

In addition, longitudinal-mode bistability and mode-hop hystersis in t'hg_a rota-
tional Stokes laser are experimentally observed. A theory based on a Raman-assisted

multi-wave mixing process successfully explains the observation.




" CHAPTER 1
INTRODUCTION

The continuous-wave (cw) Raman laser is aArecentljr developed laser technique
for generating tunable high-quality laser beams in the near-infrared. It is based on

stimulated Raman scattering as illustrated in Fig. 1. -

J

Pump Stokes

a

- Figure 1 Energy levei diagram "of‘ the far-off-resonance Raman process.

Level a in Fig: 1is the_ éroﬁnd state, level b is the mol;ecular vibrational or rota-
tional state, and the levels mafked i ére the excited ellgctro‘nic s;tates. The transition
between levels a and b is electric 'dipolel forbidden. Ramgn sgattering Qccﬁrs when

an incident photon (called the pump) interacts with the molecule and generates a
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red-shifted photon (called the Stokes). When the intensity of the pump laser is high

enough to reach some certain threshold, the Stokes output experien'ces significant

amplification (appearing as exponential growth) and this is called stimulated Raman .

scattering (SRS). Note that for the 792 nm pﬁmp wa\}élength we will bé using in this
thesis, the transitions j <+ a and j < b’afe, far off single-photon electronic resonance
and therefore we call the Raman Scat;tering in Fig. 1 the “far—off—resonance” Raman
process. -
Because of this far-off-resonance condition, the gain of the SRS is very low. The
SRS thr;eshold is.in-\ the rangé of 10>-10* kW of pump power. Therefore traditionally,
| the SRS is usually associated with high power pulsed lasers. For example,-in a review

paper written by Bloembergen in 1967 {12], it was said: “The general background for

the development of the field of stimulated Raman emission contained the fbllowing '

factors: ...the development of high-power pulsed solid-state lasers.”

Y

Because of the lower intensity of cw pump lasers, to realize SRS in the cw regime,

- the low Raman gain has to be enhanced in some way. One technique is called reso-

nance enhancement [13, page 101]: the cw pump laser and the Raman medium are’

chosen so thét the pﬁmp frequency is near a molecular or atdmic,;esoné,nce. The
Raman gain-is usually. large when near resonance but the drawback is that the SRS
is tunable only in the very narrow regions near resonance. Many near-resonance cw
Raman lasers have been developed over the last 2-3 decacies (for eXf;mele, referencés

[14] and [15]), -
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In this thesis, When speaking of a “cw Raman laser”, we refer to a far-off-resonance
¢w Raman laser exclusively. Instead of resonance enhancement, we utilize high-
ﬁnesse—cavity enhancement — performing SRS in a’high finesse cavity.. Cunrently
mirror coating technology is able to manufacture low loss (< 1_5ppm) mirrors nvith
high reflectances (> 99.99[70). With these mirrors, we are able to bnild Fabry-Perot
cavities with finesses of 10* and higher. Furthermore, the mirrors can be doubly

coated and the finesses of > 10* can be realized at both the pump and Stokes wave-

lengths. Through the use of this double-cavity-enhancement, it can be shown that a

* SRS threshold of 200 kW can be effectively lowered to 0.8 mW (see page 68). This is .

an order of 108 enhancement and the result is that cw diode laser pumping is fully
possible.

The first far-off-resonance cw Raman laser was realized by Brasseur et al. in 1998
[16]. Diatomic hydrogen gas (Hg) was used as the Raman gain medium and the pnmp
laser was a frequency-doubled Nd:YAG laser. Roos et al. theén demonstrated the first

diode-pumped cw Raman laser, using a free-running diode laser and a passive optical

locking technique [17]. The Stokes laser threshold was as low as 240 uW. Shortly

after, an external-cavity-diode-laser(ECDL)-pumped cw Raman laser succeeded [18].

The Stokes output of this system was able to be tuned over a wide 40 nm range due

to the tunability of the ECDL. Next, by improving the cavity impedence-matching,

another diode-pumped cw Raman laser was demonstrated to have a high photon-

conversidn;eﬁ"lciency of 66% [19, 20]. The latest achievement on the cw Raman laser
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was the discovery' of the rotgtional Stokes emission in Hy [11], While all the'above

demonstrations were ba,sed ‘on the vibrational Raman transition in H2
.. There are several distinguishing features associated with the cw Raman lase;.
First, the Stokes output is widely tunable because the faf—off—resonaﬁce condition
leads to flat gain over a wide spectral ra,nge: This wide tunability (tens of nanometers)
is usually diécre,te due to the double cavity resonance requirement. But the Raman
_gain linewidth and the relative movement of the pump and ‘Stokes reéonanc_es can
bring us a continuous tuning range of 1-2 GHz for the vibrational transition and éf
‘ ?20 GHz for the rotational transition. Second, the Stokes output has a very narrow
spectral linewidth. A linewidth of le'sshthan 10 kHz has been measured in the Nd: YAG-

pumped system [21]. Third, the Stokes output also has a high spatial purity. The

Stokes beam. is a pure TEMgqg fundamental Gaussian mode because of the output

from the high—ﬁnesse non-confocal cavity.

| In cw Raman lasers, phase matcl}in‘g is automatically satisfied since the dipole (or
molecular coherence) is induced with the proper phase which leads to Stokes growth,
independent of the pha'sg relation be;tween the laser and the Stokes waves. This is
an advantage of the cw Raman laser compared to other techniqﬁes’of laser frequency
down—converéion, such as the (;ptical parametric oscillator.

The cw Raman laser may provide a novel tool for studying Raman scattering

itself. The traditional pulsed-laser-method has its own limitations on studying Raman '

scattering. For example, vibrational as well as 'r(')"cational scatterings alwayé appear
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at the same time under many conditions, making independent studies on each type

impossible. Just as Minck et al. wrote in a 1966 paper [22]: “Because in both Dy

and Hj the vibrational transitions were always stimulated when the laser was plane .

polarized, it was not possible to measure the polarization dependence of fhreshold
power for the rotational .transiti'ons.” Now this difficulty can be easily solved in cw
Raman lasers. As shown in Chapter 4, the double resonance requirement and the
homogeneous gain nature of ’éhe Raman mediﬁm assures single-mode operation —
pure vibrational Stokes or pure rotational Stokes'can be selected just by tuning the

pump laser’s frequency.

The cw Raman laser also serves as a unique system for studying some aspects’

of basic laser physics, such as mode-mode competitioﬁ and the resulting dynamics.
For example, in Chapter 5 we report a que—hop hysteresis and bistabilitj observed’
in a cw rotational Raman laser.A When two adjacent longitudinal laser modes lie
_ symrﬁetrically between the hofnogeneous gain line—Center, the laser output shows a

mode-hop hysteresis. To our knowledge, such a modé—hop hysteresis in a homogeneous

7

laser has not been directly observed before.

Besideé' bging a down-conversion technique, it is also possible to generate Elﬁe—
shifted laser light (up-conversion) in a cw Raman laser system. This up-conversion is
based on Stokes—anti-Stokes couialing., We will show the(?retically that if ’th'e triple-
resonance condij:ion (ie., the cavity is.resonant sifﬁultane;usly at the pu.mp, Stokes,

and anti-Stokes wavelengths) is satisfied, significant anti-Stokes light can be generated




6

with the threshold pump power lower than 10 mW (See Section 2).

The structure of this thesis is as follows. Chapter 2 gives the'éomplete semi-

classical theory for the cw Raman laser. Not only the Stokes lasing is desc‘ribed.

mathematically, but the anti-Stokes emission is studied theoretically as well. Both
the analytical steady-state solution and the time-dependent numerical simulation are
given for the Stokes and anti-Stokes equations. Chapter 3 — 5 give experimental

achievements of the diode—pumped\ cw Raman lasers. The vibrational Stokes lasers

are presented in Chapter 3, including general characteristics of the cw Raman laser, .

the ECDL-pumped system, and the broad-area-diode-laser(BADL)-pumped system.

The discovery of the rotational Stokes emission is reported in Chapter 4, including an
introduction to the rotational Raman transition, the experimental observafiéns, and
a practical issue regarding the cavity’s etalon effect. The m:)de-hop hysteresis’eff_ect
in the rotational Raman laser is studied in Chapter 5, in which our theoretic"dl model

successfully explains the hysteresis.




CHAPTER 2

{

SEMI-CLASSICAL THEORY

In this chapter, we deve‘lop a semi-classical theory for the far—off—reson@ﬁce cwW
Rama,n‘ laser. ’In the first Section we derive the cw 'ﬁeld ‘equations in a laser cavity. In
the second Section we study the density matrix equations. Then in the third Section
we discuss the cw Raman lasgr with first-order Stokes generation. Finally, the last
- Section solves the intracavity Stokes—anti-Stokes coupling.

The semi-classical theory for the single-mode Stokes laser was first developed
by Brasseur [23, 21]. We derive his theory in .this thesis more systematicallly' and
also extend it to a more gener.a,l case — arbitrary number of intracavity fields. The
intracavity'Sisokes—anti—S'tokes coﬁpl'ing eqﬁati’ons were derived by the great help from
Roos. He solved the same problem fully qua'ntum mechanically [24] and obtained the

same results.

Intracavity Field Equations -

In this section we derive the laser field equations in a standing-wave Fabry-Perot
cavity. 'We_'ﬁrst apply the slowly varying envelope approximation into the classical
Maxwell’s wave equation.” We then separate the time and spatial dependence by a

method of normal mode expansion. - The references of these derivations are Siegman




[25], Brasseur [23], and Roos [24]. .

L)

Maxwell’s wave equation and the slowly varying envelope approximation

We start from Maxwell’s wave equation® (in scalar form for simplicity):

= o ~ 1 =

B(r,t) + ~B(r1) ~ AV2E(, 1) = LEw, (2.1)

where ¢ is the ohmic conductivity of the laser medium; ¢, and c are the dielectric

permeability and the light velocity of the free space; P is the total macroscopic

polarization of the-medium. The second term in the left-hand-side of the equation is

used to simulate losses in a Fabry-Perot cavity. We suppose that there are multiple

fields'in the cavity:

Z tle ™" +cc.], . | (2.2)

q

L\:)Ir——\

where the integer ¢ will denote the various frequency components inside the cavity
such as the pump and the Stokes fields in our later séctions. It can aiso denote
c'liﬂ:erent‘ longitudinal modes of the pump or the Stokeskde'pending on the problem, as,
for. example, in the analysis of the mode-hop hysteresis in a rotational Raman laser
" in Chapter 5. We .assume that the pdlarization density in the cavity can be written

in the same form:

L\Dll—‘

q

1

Throughout this thesis, we use the tilde to denote a quantity that varies rapidly in time, Whlle
the slowly-varying amplitudes of Fourier components are written without the tilde.

==Y " [Py(r, t)e ™t +cc] .‘ | | (2.3) .
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- There may also be external injected fields in the same form:

E.(r,t) = %Z [Eeq(r, t)e a4 c.c.] 3 | | (24)

and the wave equation (2.1) is expanded to

x 2 1= - - 2 ' ’ .
E(r,t) + 7.E(r,t) — *V2E(r,t) = _—6—P(r,t) + YeFeo(r, 1), (2.5)
0

.

where we introduce the notation ~, to represent the intracavity enérgy decay rate
due to primarily the losses of the mirro?s, while ~y, represents the coupling rate of the
externally injected enérgy.

Substituting these expansions _(2.2)-(2.4) into the wave equation (2.5) and by

making the slowly varying envelope approximation[25, page 945], we have for each

field ¢:

Wy

, 2 2w, 2 2

By )+ |20 — i (02 4+ V)| By, ) =022 P, (r, ) + 2B (1 8). (26)

Here 7y, and <., are associated with cavity mirrors’ reflectance R, transmittance T

and cavity length L by (1f we neglect the scattering loss inside the cavity)

c - .o .
Veq = —ﬁln\/ququ, _ (2.7a)
q

Yeq = _L\/,-ZTQ’ | . N (2.7b) .

where n, is the refractive index for the field g; the subscript “1” represents the front

mirror that couples the external fleld E.; and “2” means the back mirror.
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Spatial-mode expansion

We next assume that each electric fiéld ¢ inside the cavity can be expanded in a

set of normal spatial modes w,(r):

By, t) = 3 By (t)uign(r). @)

These modes are assumed to be solutions of Laplace’s equation
(V2 + kgq,n)uq,n(r) =0 (2.9)

which satisfy the boundary condition of the cavity. kc;,n = Weq,n/C, Where we,, is the
cold cavity resonance frequency of the mode (g,n). We also assume that these modes

are orthogonal for the same frequency component g:

/ / /C L Ugyn (DU (V) ddydz = Vg, (2.10)
o '///C-My o (i (F)drdydz = 0 (n 1), (2.11)

where V,,, is the mode volume occupied by the g-th frequency component in the n-th
spatial mode: In 1-:he; cw Raman laser systems we Will study later, all thé iﬁtracavity
. ﬁellds. (¢ = pump, .Stokes, anti-Stokes...) will be in single.spa,tial modes. Therefore
we can drop the subscript n in the equations (2.8) through (2.10) and Eq.(2.8) can

be Wriften as

Eqy(r,t) = E (t)uy(r). (2.12)
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Next we substitute Eq.(2:12) and the Laplace equation (2.9) into Eq. (2.6), mul-

tiply u(2) and pérform ’q‘hé volume 'intégral (normalized by the volume V;)

1 ‘ 1 L/2 oo o,
— drdydz = —/ dz/ 'rdr/ d¢ (2.13
.Vl.] ///cavity Vq J—-L/2 0 0 ( )

on both sides. By using Eq.(2.10), we obtain for each frequency component g,

2

Byt) + |22 — iwy — weq)| Bylt) = 152 Pyft) + 2Bugt),  (214)

2§0 1

where F,(t) is given by:

F,(t) = %‘///camy d:v_dydqu(?,t)uZ(r). | ' l(2.1’5)

In deriving Eq.(2.14), w2 — w, & 2w,(wy — weg) has been used.
- In order to solve the field equation (2.14), we need to know the relation between

P and E.. So in the next section we develop the density-matrix equations.

Density Matrix Equations

Theoretical model and Schrodinger equation

We consider a far-off-resonance multilevel A-configuration system as shown in

Fig.2. .
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Figure 2 Energy levels and laser fields for the far-off-resonance Raman process. The
lowest level a is the ground staté and the higher level b can be either a vibrational
state or a rotational state. We allow an arbitrary number of higher level 5 and all
possible orders of Stokes and anti-Stokes [labeled by an integér g and here only shows
g = £1 (¢ = 0 is the pump)] generated by the Raman process for the most generality.
The transition between levels a and b is electric dipole forbidden. The transitions
j < aand j < b are far off single-photon resonances and there may be a two-photon
detuning & for the a « b transition (§ < 0 in the configuration shown).

There are multiple upper levels 5 and two lower levels a and b, as well as multiple
laser fields with frequencies w, (¢ = integer). Levels j (with energies w;) are coupled

to the two lower levels (with energies w, and wy) by electric dipole transitions, while

the transition between a and b is electric dipole forbidden. The transitions j «».a and -

j < b are far off single-photon resonances and there may be a two-photon detuning &
for the a <« b-transition. The results of this model have been given by Harris 26, 27]

and Fam Le Kien [28]. In this section, we deriye it in detail.

AL
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The multiple fields are given by Eq. (2.2)%:

: E= % zq:(qu“i“’"t + c.c.), (2.16)
where
wy = wo + g(wp — W, — 8) = Wy + gwm, (2.17)
or
Wy = Wg—1 +-qWn. t2.18)
In the cw Raman 1aser,: we have only two felds: g = 0 for the pump and ¢ = —1

for the first-order Stokes. But we still do our derivation for multiple fields so that

the density matrix equations can be easily extended to other cases, for example, the

anti-Stokes emission.

The system Hamiltonian can be written as this matrix form:

fw, O VaJ
0 hwb %j
H = )
V}a ij m’a
where . '
‘1

Ve = Vi = =ty - 5 3 (Bge ™" 4 c.0),

q
% ‘ 1 —iw
Vog =Vip ==t - 5 Z(qui “+c.c.),
. q

(2.19)

(2.2‘0_a) '

(2.20D)

and 1, and pp; are the dipole moments between levels a « 7 and b« § respectively.

2

because all the fields will be functions of r*and ¢ throughout this section.

If written in full notation, E = E(r,t) and B, = E,(r,t), but here we take the shorter notation
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The wavefunction of the system is

=3 Clemintiny,
n

where n = a,b,j. The amplitude C;, obeys the Schrédinger equation:

GhClL = eTwn YO,
k
where wpr = w, — Wg. By making the transformation
Co=0Cl =~ Cp= be"“”, C; =.G’;-, ‘
Eq. (2.22) becomes

Oa = 2—,&7% Z CJ,U/a.g Z qu—i(Wja+wq)t _|_ Z E;e—.i(wja—wq.)t] )
J q g

Cy = —zaob +ox ZGJ%

. )
C’j = ’Q_ﬁc’a,ufja

Z qui(“’j““"q)t - Z E;ei(wja+wq)t:| |
ZE ez(wgb wq)t + ZE* z(w]b-}-wq)] ,

2th/~Lyb

(2.21)

(2.22)

(2.23)

(2.24a)

ZE 6—7, (Wiptwg)t + ZE* 1(‘*’15_“"1)7{| , (22413;)

(2.24c)

Since wjp & wy + 6 = wijq £ weg1, Egs. (2.24) can be written in terms of w;, only:

¥ Bt T g,
q g "

Co=1op ;Oj/«"aj

Cp =—10Ch + 5 ; Citti

(2.25a)

Z Eq-}-le_i(wja—l-wq‘)t-—l— Z E;_leri(Wja'_wq)t:l ', (225b)
q ‘ o 4 ‘
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Ctj 2h a,/-'l’ja, I:EE ez(wja,—wq)t + ZE* 'L(wja+wq)t}

7
_ +2—hc’blufjb

Adiabatic elimination of C;

Because of the far-off-resonance condition, we assume that for all times the upper

_ levels j are in steady state. Therefore in the Schrodinger equatiOn'(2.25"),‘We perform
adiabatic elimination of C; by first integrating Eq. (2.25¢):

7

G = 95

[Z ez(wja, wq)t! (Ca/J']aE + Ob/“l'Jqu 1):| *

dt'.

[Ze (Wjatwg)t’ a/J,JaE —I— Obluljb q+1)

Compared with e!@ietwdt O~ Cy and E, vary slowly in time so they can be taken
out of the integral:

z(wJa—wq

j - 277,2 W — a,UfJaE +Ob.u'jqu 1)_
ja

1 Z(""Ja'l""q)t . . )
"o Z W(Ca“JaEq + oo B ). o (2.26)

Substituting C; into Eq. (2.25a) and (2.25b) and dropping all the fast oscillating

terms (slowly-varying amplitude approximation), we get

é, m ZZIMMIIEP( )

1 1
ajlbibEg + , 2.27a,
ZZM st FaFign <wjb — Wy Wia +Wq> ( )

(57 Eyogeisent 13 E;"Hei-(‘_"f”‘”")t} , (2.25¢)
q ' g
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1 1
Cy = —16Cy + (% —+5Ca ZZMWME By ( + )

Wjp — Wy Wijg + Wy

O LS bl B (T ) e

Wq wjb + Wy

where we have used

Wig — Wy = Wijp — Wi—1 + ) & Wiy — Wg—1,

Wijg F+ We = Wip + Wey1 + 6 R wip + Wyl - (2.28)

Eqs. (2.27). can be written as a simple form .

d Oa . Qaa Qab’ Ca. .
wla) (8 s ) (%), a)

where we have introduced the Stark shifts -

1 | -
Qoo = §ZGQIEQI2) : : (2303’)
q ’

. ) | | .
be - 5 ;bq|EQ|2? ‘ (2-30b) ’

and the two-photon Rabi frequency

fhap = Zd EqE, q+1 - ' (2.31)
The constants a,, b, and d,, with units of [m? - V—2.571], are related to the dipole

moments and the single-photon detunings:

1 ./ 1 1 '
_ L . . (2.32a
o0 = g7 D i (oo ) (252%)
1 /1 1 o
b, = — 2 - - , 2.32b
17 9p2 ; | s | (wjb vy '|'. Wi —I_‘wq) ( )
1 1 1 |
LN : : . 9.32
dg 272 Z/.L 7 Hgb (ij = w0, +-qu -|-wq> (2.32c)
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Density-matrix eqﬁations

The density-matrix equations can be obtained from Eq. (2.29). The density-

matrix elements are defined by:

ﬁab — Cr(lle—z'wat . O{,*6iwbt — Oactl;keiwmt — pabeiwmt, (233&)
ﬁaa = IOa,|2 = Paa, ' (233b) ‘
P = |Col* = pg- (2.33¢)

Then from Eq. (2.29),

paa = i(Qabea - Qba,pab) + Pbapbb) | . (2343)
pos = —UQabPoa — Qbapab) = Toapfro, (2.34b)
P> = 1(Saa — oy + 6)Pab + 182ab (P — paa) — YabPab, - (2.34c)

where the phenomenological d»ampiné has been included: I‘ba.is a populafcion decdy
rate from 1evei b to a and -y, is a coherence dephaéing rate. Th_ey.both ﬁave the units
l of radians per second?®.

- We note thét if we changé the two-photon Rab.i frequency to a single—photoﬁ Rabi
frequency and ignore the relativé Stark shift Qe — O, then Eqs. (2.34) are si.mply

the density-matrix equations for a two-level atom in the presence of one optical field

[13, page 200], where & becomes the ‘single—photon—detunihg. In other words, the

3

Note that in this chapter, all the quantities associated with frequency or rate are with angular
frequency. For example, these quantities: wjq, Qap, J, and vab, etc., all have the units of rad/sec.
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adiabatic elimination of the upper levels j simplifies our system to an effective two-

level problem.

The polarization

The polarization density P = P(r, 1) in Eq.(2.3) is defined by

P = Ntr(pp) = N Z (HjaBaj + IajPia + IhibPe; + i Bsb) , (2.35)
j .

where IV is the atomic density and the density matrix elements g,; and 5;; are defined |

by, similar to Eq. (2.33a),

H

faj = Che™iet . Gt = 0,0 e et (2.36)

poj = Clhe™st . Cfre™it = CyCre =0k, (2.37)

By substituting Eq. (2.26) into Eq. (2.35) and using Eq. (2.28) we find in the expansion

Eq.(2.3),

Pq (I‘, t) = 2Nh(aqpaaEq + bq,Obqu + dq_lpbaEq_l -+ d;paqu+1). (238)

With Eqs. (2.14), (2.34), and (2.38), we are now ready to solve for the far-off-

resonance intracavity Raman process.

The Stokes Laser

Al

In this section, as illustrated in Fig. 3, we consider only two fields: . =0 for the
pump and ¢ = —1 for the first-order Stokes. We use the subscripts p and s to denote

the “pump” and the “Stokes” respectively.
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Figure 3 Energy levels and laser fields for the Stokes laser. Level a is the ground state;

level b can be either a vibrational state or a rotational state; levels denoted by j are
multiple excited electronic states. The pump field w, (¢ = 0) is red-shifted to the

Stokes field w;s (¢ = —1) and a molecular coherence pgpe™™t is established between:

levels a and b. There can be a two-photon detuning denoted by ¢.

Population and coherence

Because of the far-off-resonance condition, we can neglect. the population on the

upper levels j 4. Therefore we assume

Define D = pp, — paa to be the population difference between levels b and a. By using

4

Specifically, this is due to 2 < A in our system, where Q .~ 109 rad/sec is the single-photon Rabi
frequency of either the pump or the Stokes field and A ~ 10'€ rad/sec is the single-photon detuning.
This can be understood by solving the “two-level atom with one field” problem, which is given in
many quantum optics textbooks. See, for example, Boyd [13], Eq.(5.3.11), when © <« A is satisfied,
almost no population can be excited to the upper level.
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Eq. (2.39), the density matrix equations (2.34) can be written as

D = —2(Qubra — Qapad) — Tsa(D — D), © (2.40a)

Pab = = [Yab — 1(Qaa — Qo + 8)] pap + 100D, (2.40b)
where the Stark shifts ,, and , have been given Ey Eq. (2.30)-

Qua = = (a5 Byl? + 6 Eu?), (2.41a)

I

Q= 5 (bpl Bpl” + bs| B [?), " (2.41b)

N = N =

and the two-photon Rabi frequency [given by Eq. (2.31)]

Qur = LB, (0, ) B (1,1) (2.42) -

2

éontains the pump and Stokes fields which drive the coherence pg;. The dispersion

constants ap(sy and by(s) are defined by Egs. (2.32a) and (2.32b):

1 2 ( 1 1 - ) '
Gy = ——— e + . , 2.43a
P(s) . 2R? ; 2 Wja = Wp(s)  Wia + Wp(s) ( )
b 3= 12 + . . v 2.43b
'p(s) 2h2 ZJ: Ilu’bjl <w]b — wp(s) Wiy + Wp(s)) ( )

The coupling constant d, is defined by Eq. (2.32¢):

1 1 1
.= wilhip | - i 2.44
d 2R2 zj:/‘ 3 b <wjb_ws +Wja+ws> ( )

‘We will take ds to be a real number for simplicity. In Eq. (2.40a), we have included
a population difference in therma,llequilibrium denoted by D [13, Page 196] and we

assume D = —1, i.e., all the population is in the ground state in thermal equilibrium. -
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At steady state, all the time derivatives are set to zero. Egs. (2.40) can then be

solved algebraically:

T3 D% (72, + 62) |
D= a - , 2.45
Toa (72, + 02) -+ 40P er (2452)
QoD
- rab (2.45D)

e (o WA o Wy §

" We can estimate steady-state values of the population difference D and the coherence

amplitude |pgs| in the cw Raman lasers. At room temperature, for the pﬁre vibrational

V= O.—> 1 transition in 10 atm Hy, the population decay réte Ipo =~ 27 x 1 x 10 rad/s
[29] and the Raman gain linewidth (HWHM) Yab = 21 X 250 x 106 rad/s [3] The
constants ap(s), bp(s), and ds have been“calculated by Fam Le Ki‘eﬁ'et al [28]: a, =
a, ~ 2.6 x 16_7, b, = bs ~ 2.8 x 1077, and ds ~ 61 % 1078, in the SI units (i.e.,
I)Il2 - V=271, If we assume that\ the i‘nput pump power is 10-IIIIW and both the
cavity mirrors have a reflectance of 0.9999, then the intraca,vity‘spatial peak pump
power is approximately 28 W. Converting this intracavity power fo field a;mplitude
and assuming the Stokes field has the sate intracavity amplitude, we calculate that

the Stark shifts Q4 =~ 1.0 x 10°rad/s, Qp ~ 1.1 x 10° rad/s, and the two-photon

Rabi frequency Q4 =~ 1.2 x 10*rad/s. Using all these data, we obtain that for the

vibrational Raman laser and at the gain line center (§ = 0),

- D~ 20.99996, . (2.468)-

|oas| = 8 x 1076, - ~ (2.46b)

This calculation shows that, because of Ipvep > Q2,, the population for the cw
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Raman laser can be considered undepleted from the ground state a (or D = D*?) and
therefore we can ignore the population equation (2.40a) for the later theoretical work.

'This calculation also tells us that, because of 7,3 > Qg, the coherence Pab.has a very

small amplitude, far froi the region of electromagnéticall& induced transparencjf [30],

in which the coherence can be built up to its maximum value of 0.5 [26].

Polarization and Raman gain -

In the two-field condition, Eq.(2.38) now becomes

Py(r,t) = 2NA[(apPaq + bppis) Ep (T, ) + dsppa(r, t) Es(r, t)], (2.47a)

Py(r,t) = 2NE[(aspaa + bsp) Bs (T, t) + dspas(F, ) Ep(r, 1)], -~ (2.47b)

where, as given by Eq.(2.12),

B (1, 1) = By (B up(s) (2). | (2.48)

Before we derive the intracavity field equations, let’s first connect p,, to some real

physical quantities. Substituting (2.45b) into (2.47b), we obtain

. Nri2D - ‘
P, = ONB(aspaq + bspw) Es + i : 8. E,|*E,. - 2.49
| (a' P + pbb) + Z’Yab — z(Qaa _ be i 6)' P| ( ?

Since poo =~ 1 and py ~ 0, and Q4 ~ Qp (Le., we ignore the population on level b

and the relative Stark shift Qg — Qp), the Stokes polarization has the form
. o
P, =2Nha B, + z'thsl?
Yab = 10

|E,|*E,. (250
Comparing with the definition [31, Page 471]

P, = eoxME, — cox¥|E,|*E,, - (2.51)
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where x(¥, the linear susceptibility, is associated with the refractive index change

caused by the single-photon-induced dispersion in the medium by the form

we obtain

ns =~ 1+ Nhag/eg. ' (2.53)

The x® in the second term of Eq. (2.51) is the complex Raman nonlinear sus-

ceptibility. It can be si)lit into real and imaginary parts in the form X — X%k where

, _ NhdDs
XR € (721, + 62)7
" NAd2Dygp

_ _ANhasDe | 9.54b
T e+t (2.540)

(2.54a)

To- see the physical roles of x and X%, we note from Eq. (2.14) that the Stokes
field is driven by a term proportional to iF;. Therefore the two-photon (Raman) -
induced dispersion is reflected by the real pért X'r; while the Raman plaﬁe—wave gain

coefficient’ is propoftional to the imaginary part of the Raman susceptibility (32, 33]:

2wsx'h _' 2ws N2 (—D)Yap

= i ) 2.55
nsnpc2ey  Msnpced(v2, + 62) (2:55)

O[g=

5

For the case of SRS in free space, using the classical wave equatlon one should obtain that the
Stokes field experiences spatially exponential growth in the form [32] .

O0Es ws

9 .
9z  2cn, 8

//IE |2E

2

where g, is the Stokes power gain. When the pump beam is a plane waye with uniform transverse
intensity, the Stokes power gain per unit pump intensity gs / I is defined as the plane—wave gain
coeflicient. . ) -
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By substituting Eq.(2.45a), we can write g in the following form:

. 4,\Qab|2>—1( T 52 1 >_1
0 (8) = . (0 (14 Al 1+ 2 , . 2.56
g( ) 9( ) ( ’}’abrba , fYab 1 -|—4,Qa,b, /f)’abl_‘ba ( )

where

2ws N hd? (— D*9)

2
NsTpC2 €5 Yab

a(0) = (2.57)

is the line center value of the unsaturated or small.-sighal plane-wave gain coefficient.

This value is decreased by the factor (1 + 4]|Qg|? /fyabl"ba)-l, a phenomenon called

saturation [13, page 203]. The last term in Eq. (2.56) indicates that the Raman gain

has a Lorentzian lineshape with a FWHM linewidth of 2, - V14 402/ Yab Tsa-

The small-signal linewidth 274 is broadened by the factor \/ 1+ 4|52 /fyabI‘ba, an
effect called power broadenmg [13, page 202].

We can calculate the Raman plane-wave gain coefficient ay(0) using Eq.(2.57).
At a pressure of 10 atm and a temperature of 300 K, the hydrogen ﬁumber density
N = 2432 x10% m™3 [1, page 4-118] ;l for the pure vibrational v =0 — 1 tr‘ansition,
the Raman gain linewidth (HWHM) g = 2m x 250 X 10% rad/s [3]; the coupling
constant ds ~ 6.1 x 1078 m?Hz/V? [28]. By taking n, ~ n, ~ 1, D% ~ -1 and

the Stokes wavelength of 1180 nm, we get a4, (0) = 1.4 X 107! m/W. Experimentally

measured value of the Raman plane-wave gain coefficient for the vibrational tranéition ’

pumped at 792 nm is @, (0) = 1.5 x 10711 m/W [2]. Our theoretical calculation is

AN

very close to this value.
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substituting Eq.(2.45b) to Eqs.(2.47):

Py(r,?) =2Nﬁai,Ep(t)up(r)—zi\: ff_fs|Es(t)us(r)|2Ep(t)@p(r), . (258) .
Py(r,t) =2NhasEs(t)us(r) + Nﬁd D|E (t)up(r) |2 Es (t)us(r), | (2.58b)

where we have ignored the populati(;n on level b (i.é., Paa = 1 and pp = 0, or
D = —1) as well as the relative Stark shift (i.e., Qgq — Qpp = 0). The continuous-wave
Raman laser isI ~a double-resonance laser system; i.e., both the pump and Stokes fields
are resonant with the cavity. Thus both ﬁelds should observe the intracavity field

equation (2.14), or
By() + |52 — ifw, — wap)| Bylt) = 221
%_ ] abispiningin, @
B0) + [ ~ il - i) B.) =iz o [ /Cmydxdy&zp (). (2590)

Substituting Egs.(2.58) into (2.59), we obtain

Nha, V,

By(t) + |22 — i (wp = wip)| Bylt) = iy 0
e g BB + Bl 2608)
B0+ [ i )] B.1) = i, Nﬁ; (0)
- wsN;‘zle w;l_w 7 B () PE(t), (2.60b)

. where the cavity’s single mode volumes Vp and V; and the two-field overlap mode-

* volume Vs are given by

L/2 , 2 :
Vas) = / dz/ rdr clg15|u1p )2 ) (’2.61a)‘

L/2




ST
L/2 oo 2% .
Vs = dz/ 'rd'r/ de|up|*Jus|?. (2.61D)
—L/2 o " Joo _

o In a stable two-mirror laser cavity of length L and in the TEMq, spatial mode,

Uq(r) is of the form [32]

QQ(r) = U’Q(’r7 Z) = 1 _|_ ’LZZ/b
q

where 72 = z? + y2. Here k, and b; are the wave vector and the confocal parameter
(twice the Rayleigh range) of the g-th field respectively. J
With Eq.(2.62); noting that the confocal parameter b is the same for both the

pump and the Stokes since it is only determined by the cavity’s geometric property,

we compute the above integrals to obtain

1

L b

Ve = 2m———, 2.63

'Viou "8 oty (2.63a)
Vo= 9 12 2.63b
Vs 27r16kp+kstan <b> (2.63b)

Then Eqgs.(2.60) become

By(t) + {% g { <% 4 1) ;;p _ wcp] }E;,(t)‘= %Eep‘(m |

€0
1 NAED -1 As  tan™'(L/b)
47 e YaF+ibA+N  L/b

B,(#) + {”7 = KN has | 1) e w] }'Eso:) _

€0
1 NrD 1 ), tan '(L/b)

' | B, () PE.(t). - (2.64b
1 e qa— it Iy OB (2.640)

1 e ha/ba(lHi22/50) gin (k7). - (2.62)

B Ey(t), (264a)
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We can define a gain term

1 NRED g Ay tan~(L/b)

G(8) = —2w, Gl Mab

( ) ‘ 4w -60 ’ng+62)\p+)\s L/b
1 Ao ‘tan~l(L/b)

. \ :-—-2 -
_— SR AU ey S AR |

(2.65)

where ay (5) is the plane-wave gain coefficient given by Eq.(2.55). Eq.(2.65) has the

same form as the gain defined by Brasseur[21, Eq.(3)] if

tan~X(L/b)
=~ (2.66)

"This relation is valid if the laser cavity’s length is well within the confocal parameter -
(or twice the Rayleigh range) of the laser beam, so that the beam inside the cavity

can be considered collimated. This is true for all the cw Raman lasers that have been ,

demonstrated so far.

Egs. (2.64) now has the form

By(t) + |22 — ilny, — )| Bp(t) = 2 Eop(t) +
2 6() —z‘%aw} IBOPE®,  (26m)

By() + [ 22 — i(naws — wee) | But) =

a

{G(d) + z‘iG(é)J |E,(8)|PEs(t), - " (2.67hb)

where the refracﬁive indexes np = 1+ Nha,/e and n, = 1+ Nfa, /€0 [see Eq. (2.53)]

have been substituted.
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Next the complex fields can be separated into their amplitudes and phases in the

forms

By(t) = |By()]e™,  Eop(t) = | Bup(t)]e= 4, (2.682)
Ey(t) = | Ey(t)]e=i0. ’ (2.68b)

Here we suppose that the intracavity pump field alwayé has the same phase with

‘the incident.pump field. This is valid for the continuous-wave and *siﬁgle—freqliency '

incident light whose phase change is slower than the cavity’s response time. By
substituting Eqs. (2.68), into (2.67), two sets of equations, one for the field .amplitudes

\

and one for their phases/frequencies, can be obtained.

Field amplitude equation and the steady-state oscillation condition

Substituting Eqs. (2.68) into (2.67), the real parts give the equations of motion

for the pump and Stokes field amplitudes:

50+ 215, 0] = -2 2COEOPIEO + 2IE0)],  (26%)
|B.(0)] + 22 1B (6)] = GO)|By(e) PIBs(2)] | ~ (260)

We first give the steady-state solutions. . At steady state, all the time derivatives
are set to be zero. We solve Eqs.(2.69a) and (2.69b) algebraically to obtain that when

the laser is above threshold,

Y|Ep|ss = " 2g;(35), | - . (2.70)

' ws ks 'Yep|Eep|/|Eplss — Yep ‘
‘ _ i 2.71
[ Balss \/wp ky 2G(6) : - () ' )
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When the numerator in Eq.(2.71) equals zero, the laser’s threshold is found to be
_ "ch '
|Eep|threshold - —IEp|ss- (272)
. T Ve :

In the non-steady-state regime, Eqs.(2.69a)' and (269b) needs to be numerically
solved. The results will be gi'ven in a later section, or can also be found in Ref. [21].
Here we only lgive a simple view of the Stokes transient growth by adopting a trial
solution of the form

| Bs(8)] = lE,s(O)Iegt,‘ | (2.73)
where g répresents an exponential grow’lch rate for S’Eokes. We substitute this form |

into Eq. (2.69b) and find ¢ satisfies

9.=G(O)|B,* - L. - (2.74)

I E,=E, s = \/7es/2G(6) then g =0, and the laser will be.running in the steady- .
state; however once E, > E, ;s the Stokes light will experience exponehtial growth,
which will deplete the pump until E, = ' p,ss 1S again satisfied. In'other words,

s

" Eq. (2.70) can be viewed as the steady-state oscillation condition:

Saturated gain = Cavity loss;

G| B,f* = 2. (2.75)
p 2 .

This understanding will be helpful when we analyzé the Stokes mode-hop hysteresis

in a later chapter.




31

Frequency pulling
\
. Substituting Eqs. (2.68) into (2.67), the imaginary parts give the frequency-

determining equations:

. Wy ky ) -
- Wyt = wep — (Np — Dwp ~ w_pk_pG(‘S)lEs(t)P_—, (2.76a)
, s 'vs Yab, .
: : )
Ws + s = wes — (N5 — Dw,s — G(5)|Ep(t)|27—.' (2.76b)
) ) ab

Since w, & wep, We can rewrite the term wey — (1, — 1)wp in Eq. (2.76a):

wep = (mp = D)y = gL — (1 — 1))

~ pr
I+ (np —1)
vy -
=32 2.77)

Similarly, wes — (s — 1w, & wes/ns ¢ in Eq. (2.76b). By using these approximations
and then substituting Eqs. (2.70) and (2.71), Egs. (2.76) give that at steady-state

and above threshold, the required oscillating frequencies are

Wep , 0%ep 0 Yep | Bl
Ny 2’Yab 2 Yab |Ep|ss

=@+[11_ R((S)]élcﬂ, ~ (2.78a)
14 Yo

Wp"'"gz"p:

4] cs . . )
Ws + G = o2 5%—;, . (2.78b)

where 4/R(0) = r|_Eep| /| Eepltnresnoia (¢) is the field pumping rate which is & function

of the two-photon-detuning. We first note that although the steady-state solution

6 .
When |z| < 1, 1 — 2% & 1, this is equivalent to 1 —z~1/(1+z). Here x =ny) — 1.
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means d/dt = 0 for all amplitude quantities, steady state can still mean d¢/dt =
constant [25, page 948], which ineans a constant frequency. Therefofe, while the
reference frequencies wy() were arbitrarily chosen when we derived the wave equations

using the slowly varying envelope approximation in Section 2, Eqgs. (2.78) reveal that

the required oscillating frequencies wy(s) + ép(s) are different from the “cold” cavity

resonant frequencies wey(;). (We could choose Wp(s) = Wep(s) from the beginning, then
q'Sp(s) will be the required frequéncy shifts or the amount of frequency-pulling).
The first term at the right-hand-side of Eq. (2.78a) or (2.78b) is the frequency-

pulling due to the single-photon-induced dispersion. It simply means that the reso-

" . nances of a vacuum cavity (we,) should be modified if there is any medium inside the

cavity (divided by medium’s refractive index n,).

The second term proportional to the two-photon-detuning § in Eqgs. (2.78) is the

frequency-pulling due to the Raman-induced dispersion. Let us estimate how large

the Raman frequency-pulling is. For typical cw Raman lasers v, /2% ~ 0.01 — 1

MHz and ~y,/27 is around several hundred MHz, the amount of pulling is in the
range (10~° ~'1073) x 8. Usually the two-photon-detuning §/2m is less than +1 GHz,
so the amount of pulling is in the kHz 'range. Using‘ Egs. (2.78), we calculate the

amounts of frequency—puliing in a real vibrational Raman laser and plot the results -

in Fig. 5.
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P

and (2.62) one can see that Ey(¢) répresents the peak ﬁeldj'amplitude‘ of the intra-
cavity standing—wa,;fe in space (i.e., at the center of the TEMgq trans‘verse proﬁle‘arid
at the antinodgs of the standi‘ng-wave along the longitudiﬁa,l dirlection)‘. The intra-
cavity light intensity (optical power per unit area, or power density, on the.plane

perpendicular to the z-axis) is calculated by [34, page 50]

I, = 2| By(t)uy(x) P, - (2.79)

where v, = c¢/n, is the intracavity light speed and 'eq = ngeo is the dielectric per-

meability of the intracavity medium. The intradavity power along the longitudial

direction can be calculated (we use IT to denote the intracavity power and use P to

denote the power outside the cavity):

[} 21
qu(g, t) =/ Td'r/ del, a
0 0

=7rw§qnq g )P sin®(k,z)
1 Ve O Ty |

(2.80)
where woq = +/b,/ kq is'the radius at the beam waist. If the beam inside the cavity is

collimated (z < b,), the peak intracavity power aloﬁg the longitudinal direction (at

the antinode planes of the standing-wave) is given by

r

9 .
TWoeMq [ €0 9
I (t) = —2— | =|E,(¢
o(8) = 4 )
by 9 :
= E (). : 2.81
B (1) e

A standing-wave consists of two counter-propagating equal-amplitude traveling-waves

and the peak-amplitude ratio between the s%andihg and tréveling waves is 2:1. There-

fore the opticél power of the traveling-waves (or so-called cavity circulating power) is
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equal to £II,(¢).
Using the relation Eq. (2.81), one can convert Egs. (2.69) into

Bwp o k

HP (t) + 7CPHP (t) = “?—k_pG(d)Hs (t)Hp (t) + Yep Hp (t)Pep(t):

ITo(8) + eoTLs (£) = S22 G(6)1L, (1)L ().

b
The steady-state solutions are .
Hp 55 = ﬂ-b fYCS
’ 4wp/,bo 2G(38)’
7rb ks 1. -

‘ Pep V
8,88 — 4wp‘,u0 ]{,‘_pQG((S) ’Yep Hp,ss - ’)’cpjl .

The threshold pump power is given by

2 In /Ry Rap)?
Pep,th — (k) Hp,ss _ (n 1p 2p) II

4Ty, Piss

ep

(2.82a)

(2.82b)

(2.83)

(2.84).

(2.85)

Note again that IT,(t) and II,(¢) are the peak intracavity powers along the longitudinal

~

direction (at the antinodes of the standing-wave). Because the cavity circulating

power is equal to in(t), the time-averaged powers measured just outside the cavity

mirrors take the following forms [23, 21]:

| 1
Reflected pump: Py = RyPe, + Tlp \/ RipPepr/T1p1L,,
1
Transmitted pump: Py, = ZTQPHP’

1 .
‘Front Stokes : P = ZTISHS,

1
Back Stokes: - Py, = ZT%HS.

(2.86a) |

(2.86b)

(2.86¢)

(.2.86d‘) |
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Here “front” means the side at which the pump laser enters the cavify; then the other

side of the cavity is named “back”. The first equation shows that the total reflected

pump field is an'interference between the first reflection and the cavity leakage field.

Numerical time-dependent solution

For the time—dependentusolution to the cw Stokes laser, we chobse to nﬁmerically
solve the complex field equations (2.67) using MATHEMATICA. [35] (The code is
given in Appendix B). This work was first done by Brasseur [23, 21].

We numerically solve Eqgs (2.67) for the vibrational transition of 792—1180 nm.

A}

Therefore the gain and the linewidth ﬁsed are oy = 1.5 X 1Q‘9cm/W (line—lceﬁ’ger
vaiue for iO atm Hy at 25°C)[2] énd Yabv /2T _ 250 MHz (HWHM; for 10 atm Hy at
25°C)[3].' The following cavity parameters are used: R = 0.9999 (mirror reflectance)
and A = 30 x 1078 (mirrors’ power loss) for both mirrors at both wavelengths;

L = 7.62 cm (cavity length); » = 50 cm (mirrors’ radius of curvature) for both

mirrors. In addition, we choose the reference frequency wy(s) = Wep(s)/Mp(s) t0 simplify

the calculation.
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1

are calculated at three giifférent two-photon-detunings. Similar to Fig. 6, as thé laser
is detuned away from the Raﬁan resonance by 400 MHz, it starts smoothly and slowly
due to the weaker pumping rate (the threshold increases as detuned away); whereas
as the laser is on or near the Raman resonance (now it is pumped harder), there aré
dramatic dynamics before steady state is achieved.

Fig. 6 and Fig. 7 explain our ékperimental experiences. If the pﬁmping rate is
high, it is difficult to stabilize the pump laser to the cavity because of the dramatic
turn—oﬁ dynamics“ of the Stokes generation. The way to m;ke the cw Raman laser

run is to lock the pump laser and the cavity together at the low pumping rate or

even below the threshold. Then the steady-state lasing can be approached at high-

pumping rates by slowly increasing the pump power or tuning to the lineicenfer. '

It is interest‘ing to note that, when we .numer-ically solve the differential field
equations, an initiai condition of nonze;o Stokes péwer must be chosen to make the
Stokes laser oscillate. This can be; vievvgd as the requirement of the stimulated Raman
scattering: some seeding Stokes photons. are necessary for the'Stokes amplification.
In our cw Raman laser, the Stokes oscillation is “self-seeded” from the spontaneous
Raman scattering. In the above numerica_l solutions, we have chosen the circulating

power in a single-photon cavity (~ 0.3nW) as the initial condition.
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correctness of our numerical time-dependent solutions.

The .'Anti—Stokes Emission

We consider three fields in this section: g = 0 (pump), ¢ = —1 (Stokes), and
g = 1 (anti-Stokes), as exactly shown in Fig. 2. In this situation, besides the two-
photon Raman interactions, there also exists a four-wave mixing process, by which

the Stokes and anti-Stokes fields can be strongly coupled. To develop the theory,

we assume a triple-resonance condition (i.e., all the three fields are resonant with,

the cavity), although in reality this condition will be experimentally difficult due to
dispersion effects. At the end of this section we will estimate the dispersiorl and

discuss the methods to compensate it.

Complex field equations
Using the subscripts p, s, and a to represent the pump, Stokes; and anti-Stokes

fields respectively, =flrom Eq. (2.14) we have three field equations:

\
N

By(0)+ [ 22 ity — )] By() = 228t

2
e 2l / / / dmdydzP yDug(r),  (2.87a)
260 cavity -

Es(t)+[%—i(ws—'qu)]E ‘Zz_eov / / /Cawtyda:dydzP Puile) (28T

E'('z(t)—l—[%—i(w;—.wca)'] Bt) = ipe s / / /my dodydzP;(r, thil(r). (2.87c)
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The three polarization terms are given by Eq. (2.38):

/

Fy(r,t) = 2Nh [a, By (t)up(r) + dopea(r, £) Es(t)us(r) + dopay (r, 8) By (t)ug(r)],

(2.88a)
Py(r,1) = 2N [as Bo(t)us (r) + dopas (r, £) By (t)up(r)]  (2:885)
P,(xr,t) =2Nh [aaEd(t)ua(-r) + dopea(r, 1) By (t)uy(r)], ‘ (2.88¢c) |

where we have made the approximation that d, ~ d; ~ dy and both d’s are real. We .

again take the fact that the population is nearly undepleted from the ground state

so that the population equation (2.40a) can be dropped. Thé steady-state coherence

Eq. (2.45b) now has the form

QD
Pab = YVab — i5 . i .
_ i%(—)DES (t)us(r) By (t)u;(’j) + fg(t)up(r)Ei(t)UZ(r), (2.89) -
ab — W ‘ ‘

where the relative Stark shift Qg ~ Qs has been ignored. With Egs. . (2.88) and

(2.89) (again using the adiabatic following approximation), Eqs. (2.87) become

NﬁapT/;,
—FE
€0 ‘/p P

Ep + [% — i (wp — wcp)] E, = %Eep + dwy

Nh2D 1 1 ,
— (Vs Es|° B, + V4 EXEE,

Up e 7ab,+155Vp( ps| s " Ep + Vevm By B )
NERED 1 1

Wp

P 57(%0|E’a|2Ep + VewmEy B, E,), (2.90a)
a D ' .

Nﬁa Vh
€ Vs

(Vos| Bo2Es + Vewm B E,EX),  (2.90Db)

B+ [k — 4 (ws —wcs)] E, = iw,

NhED 1 1
2EO Yab T 0 V:e

_.._ws
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E, + [% — i (Wa -"wca)] E, = iw, N:)a“ ? E,
NEZD 1 '
+ Wy —r—2 (v;,a|E PE, + Vewm Ep Ep B ) (2.90¢)

2€Q Yab + 0 V

where the cavity’s single mode-volumes V,,, V; and V, and the Raman overlap mode-

volumes V,, and V,,, are given by

L/2 ' I b
Vo(s,a) = 27r/ dz/ rdr|ups,q)? = 278 (2.91a) -

Fip(s,a)’

Lf2 oo o B I\
. 27r/ dz/ rdruy|*|us@ |* = == -——— tan™? <—> : 2.91b’
ps(p ) = o I P ( ), 16 kp + ks(a) b ( )

L/2

There is also a four-wave-mixing (FWM) mode-volume Viwy that is given by the

integral

L/2

VFWM =27 / dz. rdruf,u:dz. ' - (2.92)
L/2: .

so-that the phase of the intracavity wavefront has no z-dependence:
L ug(r,2) = e halt sin(k,z). (2.93)

With this approximation we can calculate that
r
1 b sin(AkL/2)

VFWM_2W§Zk A

(2.04)
where Zk‘ = 2k, + ks + ko and Ak = 2k, — ks — k,. We substitute this result along

with Eqgs. (2.91) (applying the approximation Eq.(2.66)) to obtain

. N | :
E, + T =1 |( iy + l)wp —Wep| ¢ Bp= hEep
2 € . 2

NABD 1 1 hy o Ky sn(ARL/2) o
T e ’Yab+z52[/ﬁ = B B S AL B
NRZD 1 1 ook, sin(AkL/2)
. B, + EEE,|, (2
L PR [k; e VAN (2.952)

The integral is difficult to calculate unless we use the collimated—beam—approximation _
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Es+{ks-_7”:(Nha’s+1) 'Cl)cs]}Esz 7
2 60 | |
| NadsD 1 L[ ks ke sin(AkL/2) -
et N E 2E -8 * ‘
@ 260 'Yab_252 l:k +k | | Zk AkL/Z EEE@:’ , (2 95b) '

L
E, + {h -1 [(Nhaa + Dw, — wcaJ } E, =" .

2 i €o .
ko, sin(AkL/2)

NRZD 1 1[ &k,
T SE T ARL?

s E. |2
260 Yap +102 k—l—kl IE

a

_EpE,;E;‘} . (2.95¢)

Let us write these equations in simpler forms. First, as discussed in page 32, the
reference frequencies wpy(sq) can be arbitrarily chosen. Thus we can choose them to

make (NAag/ey+ 1)wg —weg = 0 (¢ = p, 8, a). Second, we define a coupling coefficient

k, + ks sin(AkL/2).
Sk ARL/2

C.= (2.96),

and use the gain factor G(6) defined by Eq. (2.65):

lw NRdED  va Ap  tan(L/b)
47° e YR +2XN+A  LJb

1 NE2D vw A

1 g V2462 dp+ A5

G(8) = —

[
~

(2.97)

Egs. (2.95) then become

-~

Yep 'Yep wp kp 2 "
1- 2y 115,128, C.B:E,FE
By 2B =02 By — 22 G(O)( SV BLE+ ]
wp &y i6 [kp+ ks 1 ) ] ‘
“2 % o(5)(1+ 2 EJ’E, + C.E'E.E,|,  (2.98
+ 2 BGE) 1+ 1) | REEIEE, + (2.980)
B+ 17-2—E —G()(1 + T) | B2 B, + C.E,E,E.], (2.98b)
. ab y ’ ' ‘
5 | Yea W kq 0 | [ kp +k orr N
Yoo _ _ Waka _x E E . (2.98¢)
EU«—I_ 2 Ea ws ksG(5)(1 ){k +k | p|‘ Ea_l_c pEpEs ( 980)

Y
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Ve, Ve wp k kyp + ks
Bl + 215 =215, - 2260) BB - 2 s i, IJ
P
- 2—p—pOcG(5)]EpHES||Ea[— sin(Ag), (2.1002) '
Ws ks : Yab : :

f

: Yes ‘ : |
| Es| + 7|E3| ZG(d)lEplzlESI o |

ab

+ C'CG(V5)|EP||EP‘|'|Ea| {cos(Aqﬁ) + fyi Sin(Agb)] : (2.100b)

kp+kq

ﬁﬁ_g((g)

- fYCa
E, E,l=-—
Bl 4+ |y = - 22

~ OO [cos(a0) - - sin(ag)] . (21000

The imaginary parts give equations for the frequency pulling: ‘ |

o wpky o kptks ol O
b == 2260 Im+ ) 2
- 2RO GOBEL cos(Ap), (2.1012)
Ws fvs . ab

) o 0 | Eal |
b= GOIBL ~ CCOBIBIE | osan) ~snap), (aow) |
. wek kp + ks ‘ a |
o = — -—-ai—aG 5 P E 2 - !
¢ ws ks ()kp—!-k' |’Yab ' , J
wq kg | Es] ‘ , ;|
- RCOENBIBHE | oon(Ad) +en(ag)], (21010 \.

~where A¢ = 2¢, — ¢s — ¢, is the phase difference between the three waves.

|E||E| _ ' I
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Analytic steady—state solution for zero two-photon-detuning

When the two- photon—detunmg 9 =0, the Raman—lnduced dlspersmn equals zero

and thus the frequency pulhng gbp gbs = o =0 (later our numerical solution will

confirm this). Under this condition, from Egs. (2.101) it is easy to see
sin(A¢) = sin(2¢, — ¢s — ¢,) = 0. A (2.102)

This still leaves an uncertainty of whether cos(A¢) = 1 or -1. Let us examine
Eq. (2 1000) at steady state. Since the field amphtude | Eo | is non-negative, cos(Agb)

—1(+1) is then required when C, > 0(<0),0 ' o R

(odd integer) x w, if C, > 0; . o !

Ap =28, — ¢y — b = { (2.103)

(even integer) x 7, . if C, < 0.
Therefore under the condition of zero two-photon-detuning, the field amplitude equa-

tions at steady state have the form

2B, ——w— 5 ) <|E| T ik AN ]) 1215, (2.1040)

P
AR O (EACTAR AT T-ATA 3 JNCELTS R
,fYCCL L(.)a ka kp + ks 2 i . ¢ l‘
Tk Ea| — |Cel| Bp|| Bp| [ E] ) - 2.104
o 1Fel wsksG(5)<kp+kalEp|| |~ ICIBABIE ).~ (21040) |

From Egs. (2.104b) and (2.104c), we can eliminate |E,|* to obtain

B \? (Voo akabipths N 1Bl Yoo waka,
& - —— 1 - ———|C,| =0. 2.105
|OCI <lESI VYea Ws ks kp + kg * |Es| * Yea Ws ks| [ ’ ( )
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For the general case when the two—photon—detuhing 1) 74 0, we numerically solve

Egs. (2.98) using MATHEMATICA [35].

We numerically solve Egs. (2.98) for the rotational transition pu-mped by a792nm

laser (Stokes: 830nm, anti-Stokes: 757 nm). We choose the rotational instead of

a vibrational transition because (1) the rotational transition is easier to be phase-

matched (see Fig.' 10); and (2) high-finesse mirror coating at wavelengths of the

pump, the rotational Stokés and .anti-Stokes is easier (seé Chapter 4). Therefore
generating a cw rotational anti-Stokes beam is easier and our numerical calculétion is
more practical. The rotational Raman gain and the linewidth used for the numericali
calculation are'ay, = 0.5x 10™%cm /W (line-center value for 10 atm H, ;El,t 25°C)[4, 5, 6]
and Yapy /27 = 500 MH; (HWHM; for 10 atm Hy at 25°C)[7]. The following cavity
parameters are used: R = 0.9999 (mirror reflectance) and A = 36 X 107 (mirrors’
power loss) for both mirrors at al‘l. three wavelengths; L = 7.62 cm (cavity length);
r =50 cm (mirrors" radius of 'éurvature)‘ for both mirrors. In addition, we choose the
reference freq‘uenpy Wh(s,a) = Wep(s,a)/Tp(s,a) tO simplify the calculation.

The first tiﬁe—'depenaent re"sult is givén in Fig. 13. Assuming the input pump
power is four times the line-cehter thresh(;ld.(z 2.4 mW), the field amplitudes of the
pump, the Stokes, and the, anti—Stokeé waves are caiculated as functions of time. We

convert them into optical powers ﬁsingv Eq (2.81) and then plot in Fig. 13. Three cases

of different Raman detunings (all at 4 times the line-center threshold) are calculated |

and plotted. It can be seen that, as the laser is detuned away.from the Raman
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resonance by 800 MHz, it turns .on smoothly and slc;wly due to the weaker pumping
rate (the threshold increa,sés as detuned away); whereas when the laser is on or near .
the Raman resonance (nQW— it is pumped harder), there are dramatic dynamics before
the steady state for .all three waves.

We are interested in steady-state tuning characteristics — optical pbvvers of the
three fields as functions of the two—.photon~detunin\g. Although it is difficult to do.
the analytic steady-state solutiqns in the éase-of 6 # 0, x.zve can obtain them from
the time-dependent numerical results (i.e., picking the values after the stefady—stat‘e is
reached). Using this method, the steady-state tuning results are plotted in Fig. 14.

Since we directly solve the complex ﬁeld. equations, be\sides field amplitudes we
also obtain the solutions to the phases. Fig. 15 shows that, at steady state, the phases
of the three fields change linearly with time. The slopes of the linear changes give
the amounts of frequency-pulling. Fig. 16 plots the steady-state frequency—pullinés o‘f
the three fields as functions of the two-photon-detuning after we calculate %he_ slopes
in Fig. 15.°

Although Fig. 15 shows that the indiyiaual phases of the three fields change’
linearly with time at steady-state, we find that thé phase difference, A¢ = 2¢, —
$s — P, Will settle down to a constant after the steady state is reached (like the field
émplitudes), see Fig. 17. We see that only when the two-photon-detuning is zero,

A¢ = m; when we detune away from the Raman line-center, A.qﬁ is close to, but not

exactly equal to . Goiﬁg back to Egs. (2.100) and (2.101), this means that only
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with the cavity. Because of the frequency-dependent refractive index in Hy- (ie.,

dispersion), the cavity longitudinal mode-spacing (or free-spectral-range) c/2nL is

also frequency dependent. Specifically, we have c¢/2n,L > ¢/2n,L > c¢/2n,L since

c N < Ny < N I, startiné from the pump frequency v, we move along the frequency
axis to the left, then the actual cavity modes (solid lines) will be seen ahead of the
reference pump modes (dashed lines). When we reach the Stokes frequency range v,

the pump modes have accumulated a distance of Dy:

. .
Do = — : .
0= Ne e B (2.110)

‘where N, is the total number of cavity longitudinal modes in the Raman shifting

fange of Vgp; for our 3inch cavity and the rotational transition vy, = 586.9 cm™!,

N, = 8956 (Fig. 19 only shows 7 modes for illustration). Meantime, the actual cavity

modes have accumulated a distance of D:

e - C c

b= 2(n, — An)L  2(n, — 2An)L | 2(n, — NAn)L

- N
c tc 1 .
2 Sl T
m=1 pA ' :

where An is the refractive index change per free-spectral-range (we assume the' dis-

persion between v, and v, is linear, see Fig. 20).
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Type of transition | H, pressure | Refractive indexes | Dispersion Offset
ns = 1.0012849

Rotational 10 atm np = 1.0012858 . 20.2 MHz
A =7921nm | : ne = 1.0012872 |

As = 830 nm ‘ n, = 1.0001285

Ag = 757 nm 1 atm n, = 1.0001286 2.03 MHz

n, = 1.0001287
ns = 1.0012765

" Vibrational - 10 atm n, = 1.0012858 168 MHz
Ap = 792 nm ng = 1.0012956 -
As = 1180 nm | ‘ng = 1.0001276
Ae = 596 nm . latm n, = 1.0001286 16.8 MHz

n, = 1.0001296

- Table 1 Calculated frequency-offset values of the anti-Stokes ¢avity resonance caused

by the dispersion (all for room temperature). Refractive indexes of Hy are estimated
by curve-fitting the published values given in reference [1], page 6-95.

From Table 1, we see that the (single-photon) dispersion results in frequency-

offsets on the anti-Stokes cavity modes that are larger than the usual linewidth of

the high-finesse cavity (~ 10 kHz -1 MHZ) One might think that the frequency-

pullings induced by the two-photon dispersion (see Fig. 16) can compensate these

frequency-offsets by appropriately detuning away from the Raman line-center. Un-

fortunately, the two-photon frequency-pullings are stili too small (< 1 MHz). There-

- fore the anti-Stokes modes are not able to oscillate in the cavity; in other words, the

triple-resonance condition we relied on to derive the theory cannot be reached.
However, we have noted that it is possible to fabricate broadband, higli-reflectivity,
and dispersion-compensating mirrors [36]. These so-called “‘chifped” mirjors allow for

longer wavelengths penetrating deeper into the mirror. Therefore this is a way for us

3
]
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to compensate for the dispersion so that the pump, Stokes and'a_nti—Stokes ﬁelds; can
have the same éffective cavity length, or the same mdde—spgcing‘. If this'is t‘rue, then
in Fig. 19; the Stokes and anti-Stokes modes will be s&mmetricaH)-r poéitioned away
from the pump mode 1n frequency, and the triple-resonant condition can be achieved.

This entire aﬁalysis on the dispersion effect was considered by Roos [24] and is

presented here under his permission.

1
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medium. The vibrational Raman transition in Hy has a frequency shift of 4155 cm;1

from v = 0 to v = 1 level (labeled as Qo1(1)), as shown in Fig. 21. There are other

vibrational transitions as well. But they have less gain than the Qo1(1) and these

Stokes wavelengths are not covered by t'he’cavity’s high-finesse bandwidth so will not
lase in our cw Raman system. -

The vibrational Raman gain linewidth was studied by Bischel and Dyer [3]. They
gave a best-fit formula for the FWHM Raman linewidth in MHz? for temperature

between 77-500 K, densities of 1-50 amagats®:

L(p,T) =— 208

309 l: T :|0.92
P

+ [51.8 + 0.152(T' — 298) + 4.85 x 10™4(T — 208)%, (3.1)

where p is the Hy density in amagats, T' is the temperature in Kelvin. We plot

linewidth vs. pressure at thé temperature of 298 K in Fig. 22.

1

In Qo1(1), Q denotes a pure vibrational Raman transition; the subscript 01 means from v = 0 to

v = 1 level; and the number 1 in the parenthesis tells the initial rotatlonal J level (since this is a

pure vibrational transition, the initial and final J are equal)

2
* In this and the next chapters, the units of all the quantities associated with frequency or rate are
Hz instead of rad/sec we used in the last chapter. Consequently the notations are changed from the
last chapter (in parentheses): v (w) for optical frequency; I' (2v45) for FWHM Raman linewidth; A
(6) for two-photon-detuning, etc.

3

Amagat is a density unit for gas. It is defined as the molar density at 0°C and 1 atm pfessﬁre,
For Hy, 1 amagat = 4.4587 x 10~° mole/cm® = p4. For an actual gas,

P/p=A+Bpa+Cp4+---,

where P is pressure in atm, p is the molar density in amagat, and A, B, and C are constants. -

For Hy at 25°C, A = 1.09086, B = 0.6606 x 1073 and C = 2.521 x 10~%. Thus for converting
between pressure in atm and density in amagat for Hy at 25°C, approximately 1 amagat «1.091
atm, or 1 atm < 0.917 amagat (at O°C approximately 1 amagat < 0.999 atm). Reference: [1, page
4-158,165].
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the Doppler-broadened (inhomogeneous) region and the line-shape is. ;c)lose"po a puré
Gaussian.

The plane—wa,ve Raman gain coefficient was measured by Bischel and Dyer [2] and
a empirical formula to calculate the peak Raman gain as a function o.f wavelength

and density at room-temperature (298 K) was given by

52 Kp
I' 0.658

a, = 9.37 x 108 x (vp — 4155) x (7.19 x 10° — 12) "2, (3.2)

where p is the density in amagats, ' is the Raman linewidth given by Eq. (3.1), Kg -

is the Boltzmann population factor equal to 0.658 at 298 K for the J = 1 level in Ho,
and v, is the pump laser frequenéy in cm™!. We plot this gain coefficient as a function
of H, pressure in Fig. 22 (pump wavelength: 792 nm). Above a high-pressure limit

of 7~8 atm, the peak Raman gain is nearly independent of pressure.

Threshold and steady:state pov&;er'dependenc‘e

The power dependeﬁce equations given in ‘this section were originally developed
by Roos in Ref. [39].

The Stokes lasing threshold has been calculated in Chapter 2. When the inpuf

Py

pump power P, is equal to or larger than

mbe 1 (Iny/ RlpR2p)2 (_ In \/H>

Py = »
U BuplicLG(6) ATy,

_p, (- [RipFa)’ (~n SR o) ' (3.3)

4Ty,

there will be Stokes generation (for notations please see Chapter 2). Here Py is defined
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py=— Jetrs
™ 2a, arctan(L/b)’

(3.4)

which has a unit of power. Since the cavity finesse is related to the mirror reflectance

R (assuming identical front and back mirrors) by

VR . N
F = L (3.5)
the fhreshold can be written in the form
7I'2 Po
Py~ — ;
"L E T, (3:6)

when the approximation R = 1 is used. From this equation, Py is approximately the

threshold pump power if without the cavity enhancement?.

From Chapter 2, the spatial peak intracavity powers (at the antinodes of the -

standing-wave), or four times the cavity circulating powers, are given 'by_
(Infracavity pump:)
Mo {(1_\/4—%;513@,, if Pep < Py | .
(—Inv/RiRas) Po, if Pey > Py
(Intracavity Stokes:)
0, if P, < Poy;

Hs —_ ‘ T o l . .

(3.8)

~—

4

This statement can be justified by reference [33] It can be seen that for a focused Gaussian pump
beain, Po/2 represents the pump power that gives an unity exponential-gain-coeflicient.




GE

1%8& .89 ()
1%& &9 <$

3H - X
M0 B, % & &**& # 1%& .89 )() &% <$$)& &) &<)=%$
& +1. 1$ + 1) YO )=%3 ,$ $ .&* & H# +% , 9 %& & <$

($$ ' :FFE2 16 )0 # KN !(*&$% &% , <$.&9 %$1&. $ !

, "&1*L 1 %3 &9 +1$$ $ &$$(#  BFID22  , V 23NNNN6 &
=&9* 1" $3

1:"3 B=)* ,$ = 1%&&9 )=%$ &S +1. I1$ + , 1) )(

)=0% 'S, FH =1 )%&. &F )&W&( %S , &, &, &, & 23NNNN
&9 +1$$ BFID22 & ,=&9*I",$61 )V )V *$V $VB2@ G
(%% %$H) =% * $B6L K3G .(1 & G3L .(: % ( %% %S$H %&# '$ +.'%9& '% V L2
(BL)V KN (1 $V FFE2!(1 '& F3L@ F2N.(5 *! .! % 9&* +% F2 & (

& L[63 $ +%(;"3B, &. ,&9 % + , = &(& *&$% &+ % ,

S, H $%&, H#, <$)=%B&HS "%==* , )())=% .*&()$3

. %S, *# 1;"3 B$& ' ED2\I=* +=,' , &9 18&. (!

, %%, *# 2a B2<3 ,$$,=%, $"+.&. +, &9 &L (!H$



69

ability to lower the Raman threshold.

From Fig. 23 we see that tens of watts is the typical intra-cavity spatial peak power

(also circulating power) of the cw Raman laser. Due to the mirrors’ absorption, there

is heating of the mirrors’ coating surfaces. A concern is then whether the intré—ca,vity ,

laser power can damage the cavity mirrors. Barnes et al. has achieved ~ 3 MW /cm?

intra—éa,vity intensity without permanent mirror.damage [40]. We use mirrors from the

same manufacturer (Research Electro—optics) and we estimate that 0.5 ~ 1 MW /cm?
is our safety limit given our higher reflectivity (>0.9999 vs. Barnes’ 0.9995) and our
double-wavelength coating. For the cavity parameters used in the calculations for
“Fig. 23, the beam areas on the mirror surfaces are apprd:dma,tely 1. 1 x 1073 cm?

(pump) and 1.7 x 1073 cm? (Stokes). If we take the 01rculat1ng power to be 100

W, then the llght intensities on the mirror surfaces are 91 kW/cm? (pump) and 59 -

kW /cm? (Stokes). Therefore we are well within the mirror-damage safety limit,.
Knowing the intra-cavity power, the optical power measured just outside the
cavity mirrors can be calculated (see Chapter 2) and is giveﬂ b}{ the following forms:

(Reflected pumﬁ:)

2
/ R 3f ] 8 .
{ Rlp \/Rlp;2P] P . ! Pep <P

Plp = 2 (3.9)
[\/%Tlp —In Vv RlsR2s) PO Y RlPPEP] ? lf Pep Pth
(Transmitted pump:)
Ti,T2 ‘ ' i |
#———Pe , if Pep < Pip;
P2p — —a /RlpRzp) P ? (310)

(x
. %T ( In LV RlsRZ.s) Po, if Pep Pth
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