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Abstract:

The focus of this paper is two-fold. First, the shear wave velocity, Poisson’s ratio, and optical
absorption coefficient of a thin glass plate will be estimated using a Nd: YAG pulsed laser. Second, the
combined influence that an ablative and thermoelastic source has on the elastic wave form generated by
a pulsed laser will be investigated.

Thermoelastic waves are introduced into a sample when a portion of the laser’s energy is optically
absorbed along the depth of the specimen causing a steep thermal gradient. Neglecting the effects of
heat conduction, the thermoelastic displacements are determined by solving the uncoupled
displacement equations of thermoelasticity.

As the laser’s energy is increased, a thin layer of atoms at the sample’s surface is vaporized. The
momentum transferred to the sample from the vaporized atoms constitutes the second generation
mechanism and is termed ablation. The ablative mechanism, which is modeled as a normal force, in
conjunction with the differential equations of isothermal elasticity is used to determine the
displacement due to ablation.

The stress free boundary conditions of both the thermoelastic and ablative problems lead to the
Rayleigh-Lamb frequency equation, the solution of which represents the various modes of propagation
present in an infinite plate. For a given frequency bandwidth there is a plate thickness below which
only the first symmetric (s0) and first asymmetric (a0) modes of propagation will be observed. Thus,
by considering only thin plates, all but the first two modes of propagation are eliminated, resulting in a
waveform with characteristics that are easy to distinguish.

To simplify the problem of determining the elastic constants and the optical absorption coefficient in a
thin glass film, it is desired to generate only thermoelastic waves. This restriction is achieved by simply
decreasing the power of the Nd: YAG laser. By adjusting the size of the laser beam radius, the
Rayleigh velocity and the group velocity of the sO mode at zero wavenumber can be measured
experimentally. Measurement of these two velocities leads to an estimation of the elastic constants. The
estimated elastic constants are refined by comparing experimental and theoretical velocity data for the
a0 mode. Next, the amplitude of the theoretical and experimental velocity data for the a0 mode are
compared, which allows the optical absorption coefficient to be determined.

Ablation occurs when the sample’s surface reaches its melting point; therefore, ablation must be
accompanied by thermoelastic waves. For the a0 mode, this experimental reality is modeled
theoretically by simply combining the thermoelastic and ablative solutions. For specimens with large
optical absorption coefficients, the thermoelastic and ablative solutions add constructively. This
theoretical result, while verified in copper and brass samples, is not witnessed in stainless steel
samples. Stainless steel shows what is thought to be a small time delay between the thermoelastic and
ablative waves. The theoretical solution closely resembles the experimental data if a 160 ns time delay



is included between the thermoelastic and ablative solution. This phenomenon might be attributed to
thermal shielding due to the formation of plasma during ablation.
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ABSTRACT

The focus of this paper is two-fold. First, the shear wave velocity, Poisson’s ratio,
and optical absorption coefficient of a thin glass plate will be estimated using a Nd: YAG
pulsed laser. Second, the combined influence that an ablative and thermoelastic source has
on the elastic wave form generated by a pulsed laser will be investigated.

Thermoelastic waves are introduced into a sample when a portion of the laser’s
energy is optically absorbed along the depth of the specimen causing a steep thermal
gradient. Neglecting the effects of heat conduction, the thermoelastic displacements are
determined by solving the uncoupled displacement equations of thermoelasticity.

As the laser’s energy is increased, a thin layer of atoms at the sample’s surface is
vaporized. The momentum transferred to the sample from the vaporized atoms constitutes
the second generation mechanism and is termed ablation. The ablative mechanism, which
is modeled as a normal force, in conjunction with the differential equations of isothermal
elasticity is used to determine the displacement due to ablation. -

The stress free boundary conditions of both the thermoelastic and ablative problems
lead to the Rayleigh-Lamb frequency equation, the solution of which represents the various
modes of propagation present in an infinite plate. For a given frequency bandwidth there
is a plate thickness below which only the first symmetric (s,) and first asymmetric (a,)
modes of propagation will be observed. Thus, by considering only thin plates, all but the
first two modes of propagation are eliminated, resulting in a waveform with characteristics
that are easy to distinguish. '

To simplify the problem of determining the elastic constants and the optical
absorption coefficient in a thin glass film, it is desired to generate only thermoelastic
waves. This restriction is achieved by simply decreasing the power of the Nd: YAG laser.
By adjusting the size of the laser beam radius, the Rayleigh velocity and the group velocity
of the s, mode at zero wavenumber can be measured experimentally. Measurement of
these two velocities leads to an estimation of the elastic constants. The estimated elastic
constants are refined by comparing experimental and theoretical velocity data for the a,

'mode. Next, the amplitude of the theoretical and experimental velocity data for the a,
mode are compared, which allows the optical absorption coefficient to be determined.

Ablation occurs when the sample’s surface reaches its melting point; therefore,
ablation must be accompanied by thermoelastic waves. For the a, mode, this experimental
reality is modeled theoretically by simply combining the thermoelastic and ablative
solutions. For specimens with large optical absorption coefficients, the thermoelastic and
ablative solutions add constructively. This theoretical result, while verified in copper and
brass samples, is not witnessed in stainless steel samples. Stainless steel shows what is
thought to be a small time delay between the thermoelastic and ablative waves. The
theoretical solution closely resembles the experimental data if a 160 ns time delay is
included between the thermoelastic and ablative solution. This phenomenon might be
attributed to thermal shielding due to the formation of plasma during ablation.




CHAPTER 1

INTRODUCTION

The use of ultrasonic techniques as an interrogative probe for characterizing
material properties has been a successful reality for the past 35 years. Ultrasonic testing -
was first used for locating material flaws in plates, forgings, and welds. . Since the early
days, ultrasonic testing 'has lent itself to an ever widening array of applications. These
applications include characterization of porosity distribution in ceramics, evaluati.on of
microstructural properties, such as grain size in metals, and ultrasonic testing to
determine the stress distribution in load bearing structures.

The appeal of ultrasonic testing over other charactérization techniqﬁes, such as
tension tests and hardness tests, is that ultrasound can be used non-destructively.
Another aﬂvantage of fhi§ non-destructive technique is its ability to detect microstructural
flaws. Therefore, with growing emphasis on conservation of exotic materials and safety
of sophisticated structures, ultrasonic testing has become an ideal tool to characterize
material properties.

While there are a large number of ultrasonic techniques, the governing.concept
of all the techniques is the same. This concept consists of generating ultrasonic waves
in a material, and then analyzing this disturbance after it has passed through the material.
Tiny cracks and Yoids, as well as the elastic properties of the material‘ itself, can alter

the form and characteristics of the traveling wave as it passes through the material. With
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the use of a suitable theory, the researcher can analyze this altered ultrasonic disturbance
to determine various material properties. The material property of interest dictates to a

large extent the theory and experimental procedure used.

Generation Mechanism of Laser Generated Ultrasound

Ultrasonic waves may be produced. when a material is subjected to a laser pulse -
of sufficient intensity. There are two basic mechanisms responsible for producing
ultrasound in this manner. The first mechanism that will be discussed can be described
in a thermoelastic regime. As the laser irradiates the material, a portion of the laser’s
energy is. optically absorbed along the depth of the specimen causing a steep thermal
gradient, bqth spatially and temporally. This temperature gradient results in rapid thermal
strains which in turn cause ultrasound to propagate through the material. |

Valuable insight may'be gained by giving a microscopic view of the above
thermoelastic process. The laser pulse is composed of photons (quanta of light) which
all have the same energy. These photons are absorbed by the material causing atoms that
make up the material to rise to a higher energy state. A portion of the excited atoms
release their energy in the form of kinetic energy to surrounding atoms. It is this rise
in kinetic energy to the surrounding atoms that was classically described above by a rapid
increase in temperature.

While a portion of the laser’s energy was optically absorbed into the specimen,
the remaining energy is either reflected from the surface ;r responsible for vaporizing

a thin layer of atoms at the sample’s surface. Vaporization of a thin Iayer of atoms at
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the specimen’s surface 'constitutes the second generation mechanism. Atoms at the
surface that are given a sufficient amount of energy to escape the attractive forces of the
material are said to be vaporized. As the vaporized atoms leave the surface they trénsfer
a portion of their momentum to the surface résulting in the generation and propagation
of ultrasonic waves through the specimen. This generation mechanism is known as
ablation.

The experimental procedure used to generate ultrasonic waves takes advantage of
coherent, monochromatic, and directionality properties of a Nd: YAG pulsed laser. These
distinguishing features enable a narrow beam of high intensity light to be directed over
large distances without diépersing. Upon striking the sample’s surface, this high intensity

beam generates ultrasound in accordance with the generation mechanisms listed above.

The overall objective of this thesis is two-fold. ‘The first objective will be to
estimate the elastic constants and the optical absorption coefficient of a thin glass film
using laser generated ultrasound. Secondly, the combined influence that an ablative and
a thermoelastic source have 6n the elastfc wave form generated by a pulsed laser will be
examined.

The first step in meeting the above objectives is to design an experiment that is
capable of both producing and detecting ultrasound in thin glass and metallic samples.
While the apparatus and experimental setup for s-imilar ex;)eriments were provided by

Idaho National Engineering Laboratory (INEL), the details pertinent to this experiment
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still needed to be furnisﬂed. A thorough discussion of the experimental procedure will
be presented in chapter two of this document. |

The next step involves the development of a reliable theory that predicts the
amplitude and time characteristics of the laser generated elastic waves. This theory ha§
to accurately model the generation source while accounting for the geomietry of the

specimen. Theoretical defails will be discussed in chapter three.

Literature Review

The generation of high frequency ultrasonic pulses by absorption of
electromagnetic radiation was first demonstrated by White[1] in '1963. Later White[2]
used a Q-switched ruby laser to produce Rayleigh surface waves in piezoelectric and
nonpiezoelectric solids. Mechanical comb transducers were employed to detect surface
waves on nonpiezoelectric specimens, while interdigital electrode transducers were used
for piezoelectric substances. In this paper he proposed that the efficiency of generating
surface waves could be increased by periodically distributing heat sources along the
surface of the sample.

In 1980 Aindow er al.[3] reported the effects of ablation on elastic waves
generated by an Nd:YAG laser‘. Their study showed that in the ablation regime the
plasma formed causes a reduction in lateral thermal gradients which in turn serves to
decrease both lateral and normal gradients in the acoustic source. The momentum
transfer due to ablation partially camouflages the thermal sh;el‘ding caused by the plasma,

resulting in an enhancement of the iongitudinal pulse.
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Measurement of thin metallic film thickness using laser generated ultrasound was
first described by Dewhurst et al.[4] in 1987. The method involved using a high power
pulsed laser to generate both symmetric and asymmetric Lamb waves. A Michelson
interferometer in conjunction v;/itﬁ a He-Ne laser was used to detect ‘these waves. By
obtaining time-of-flight measurements and determining the velocity of the ultraéonic
disturbance, the thickness of the material was ascertained.

Later Hutchins and Lundgren[5] demonstrated that the film thickness and the
elastic constants could be estimated by using a wide bandwidth and well-defined source
and receiver locations. For a given frequency bandwidth, there is a plate thickness below
which only two Lamb modes will be detected (first asymmetric and symﬁetﬁc mode).
The first symmetric mode for very thin materials is virtually - dispersionless and has
velocity (C.). By measuring the velocity (C.) and fitting an approximate dispersion
relation for the first asymmetric mode to the dispersion curve obtained experimentally,
an estimation Pf the film thickness and elastic constants is obtained.

| Recently Roy[6] has studied the influence that optical absorption and diffusivity
have on the elastic wave form generated by a pulsed laser. His one dimensional solution
consists of solving the heat conduction equation and then solving the uncoupled
thermoelastic wave equation to obtain an expression for displacement. Thé solution
predicts that for moderate values of absorptivity (10* - 10° cm™) the magnitude and the
time characteristic of the waveform remain relatively unchanged for wide variations in

diffusivity.




CHAPTER 2

EXPERIMENT

The experimental setup that is used to generate and detect 1:11trasound in thin glass
and metallic samples is shown in Fig. 1. The prirriary components of this setup are an
Nd:YAG pulsed laser, an Argon constant wave (cw) laser, a confocal Fabry Perot
interferometer, and signal conditioning equipment. The Nd: YAG laser is responsible for
generating ultrasound, while the detection of ultrasound is achieved by modulation of the
Argon laser beam as it is reflected from the surface of the vibrating sample. | The
interferorﬁeter is employed to demodulate the Argon beam. The demodulated signal
leaving the interferometer is then conditioned as it passes through an aﬁay of signal
conditioning cj,quipment. These components serve to divide the experimental procedure
into four main categories.

The first category involves the generation of ultrasound in thin elastic samples
' (Lam‘b V\'/aves). The generation of Lamb waves is accomplished by irradiating the sample
wifh high intensity light from an Nd:YAG pulsed laser. For this experiment the
Nd: YAG laser has a puise rate of 10 Hz, a pulse duration of 10 ns, and a typical power
of 10 mj/pulse. |

The source/receiver separation, showﬁ in Fig. 2; is fegulated by moving the
generation beam (laser Pulses) while keeping the receiver loéation fixed. An optical

stége and lens apparatus, Fig. 2, is utilized to move the generation beam perpendicular
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passed 'through an assoﬁment of signal conditioning equipment which includes a band-
pass filter and a digitizer (20 ns period).

Due to the response frequency of the interferometer, the upper limit of band-pass
filter is confined to frequencies above 1 Mhz. It is the upper limit of the band-pass filter
in conjunction with the plate thickness (~.1 mm) that allows only the first symmetric
and asymme_tric modes of propagation to be observed. This is gr;phically demonstrated
in Fig. 4. This graph displays the relationship between dimensionless frequency and
dimensionless wavenumber for the first four modes of propagation in a copper plate with
stress free boundary conditions (Rayleigh-Lamb frequency spectrum). Tﬁe dimensionless
frequency is expressed as, wh/c,, where w is the dimensional frequency, h is the half
plate thickness, and c, is the shear wave velocity. Figure 4 illustrates that for
dimensionless frequency less than ~ 1.5, only the first two modes of propagation will be
observed. Thus, for a copper plate with a shear wave velocity of 2.24 mm/ys, the half
plate thicknéss must be less than ~0.53'mm in order to exclude all but the first two
modes.

The elimination of all but the first two modes of propagation results in a
waveform with characteristics that are easy to distinguish. A typical waveform for a thin
copper plate is shown in Fig. 5 The sighniﬁcant features of this waveform are the first

symmetric mode, s,, and asymmetric mode, a,. The s, mode is virtually dispersionless
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CHAPTER 3

]FORMULAT]ION OF THE PROBLEM

In this chapter various assumptions pertinent to the experiment are made, followed
by a presentation of fhe governing differe,ntial equations. The assumptions made
regarding the present problem serve two purposes. First, they enable an analytical
solution to be formally obtained. It is this analyﬁcal portion of the solution that
facilitates a physical understanding of the problem. Second, these simplifying -
assumptions help make the analytical solution more tractable, which in turn aids the
resea;cher in fitting the theory to the experiment. The assumptions appropriate to the

experiment can be categorized into three broad groups.

_General Assumptions

i) The material is both isotropic and homogeneous. These properties reduce the
number of indeﬁendent elastic constants to two. These constants can be expressed a§
Poisson’s ratio, v, and the modulus of elasticity, E.

ii) The intensity of the pulse laser in the radial direction is Gaussian as shown in
Fig. 6. )

iii) The laser pulse is assumed to be axially symmetric. This assumption results

in an axially symmetric solution for the thermoelastic and ablative prdblem.
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iii) The influence of the strain rate is neglected; therefore, the governing equations
are those of uncoupled thermoelasticity.

iv) Temporally, the heat source is represented as a Dirac delta function. The
legitimacy of this as’sumption stems from the following two experimental realities. First,
the laser’s energy is considered to be instantaneously converted into thermal energy at .
the point at which the laser pulse is absorbed into the sample [7]. Second, the laser pulse
duration is 20 ns while the time of interest for this problem is on the order of 40 us.

v) Thermal diffusion is neglected; therefore, sincé the heat source is represented
as a Dirac delta function, the temperature source can be represented temporally as a step
function. This approximation is valid for wave travel times that are small in comparison

with the thermal diffusion time.

Assumptions Regarding Ablative Problem

i) It is assumed that only a thin layer at the material’s surface is vaporized; thus,
the momentum transferred to the material has only one component. This component is
normal to the surface and is responsible for producing ultrasonic waves. This assumption
enables the ablative source to be modeled mechanically by utilizing a normal force
solution [8]. This source is illustrated graphically in Fig. 6.

it) The ablative source is repreéented temporally as a Dirac delta function. This
assumption is valid since the time required for the plasma that is jettisoned from the
sample’s surface to reach its maximum velocity is on the order of 40 ns [7] and the ‘timg

of interest for this problem is on the order of 40 us.
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Qo

- , (3.2)
na’pCh®(1-exp(-2n))

where Q, represents the total heat absorbed by the specimen. The uncouple"d,

dimensionless differential equations of thermoelasticity are [11]

18,80, 8¢ _Cradd  1+v
rar( ar) oz (C) or? (1- yeT

b

3.3)
l._a.(rﬂ.)—l+ﬂ=ﬂ
ror or r?2 gz2 ot

?

where Y and ¢ are the Lamé potentials, o is the linear coefﬁc1ent of thermal expansion,
C; and Cl are the transverse and longitudinal wave speed respectlvely, and T is change
in temperature. The d1mens1on1ess displacement in the z direction, w, is expressed in

terms of the Lamé potentials by

w=w7- i +l_<'?.(np> , - (3.49)

0z

where w’ is the corresponding dimensional displacement.

Boundary/Initial Conditions for the Displacement Equation
The formulation is completed by assuming that the layer is initially at rest, and

the faces of the layer are free fr(\>m traction. These conditions are represented as follows:
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u(rz.0)=w(r.z,0=24(.2,0) =22 (r,2,0)=0 ,
ot ot (3.5)

o (r,t1,0=0_(r,+1,)=0 , -

where u is the radial displacement, and o,, and o, are the normal and shear stress,

respectively.

Ablative formulation

The formulation of the ablative problem will follow an approximate theory for
pfate_ flexural wavés. The problem developed in this manner willunot only make th:e
ablative: solution more tractable, but will provide valuable insight into the more
corr;plicated tﬁermoelastic problem. This theory was first developed by Mindlin[12] and
i-ncorporates three essential features. First, the exact equations of elasticity are integrated
over lth‘e plate thickness. Second, the deformation is restricted to finite degréés of
freedom, thus excluding the thickness modes present in the exact theory. The.last
essential feature is the introduction of adjustment coefficients to bring the shear force
proposed by this’At.heory into agreement with the exact shear force.

The presentation of the above approximation in cylindrical coordinates will follow
Graff’s[13] presentation carried out in cartesian coordinates. The requirement that the
displacement field is axially symmetﬁc will not be implemented untilétﬁe 'formulation is
complete, therefore permitting a general development of Mindlin’s plate theory "in

cylindrical coordinates.
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The five p]ate stresses may be defined in terms of five strain components, €rs €95 Erpy gy

and e,. This is accomplished by first writing the stress-strain equations.in cylindrical |

coordinates as follows:

/
0, =A(€, +€gy+€, ) +21E,

/
Ogo=A(€,, +€gp+€, ) +211€y0

: 3.7
0,=A(€,+€g57€, ) +2pE,, , s
/ / : /
09=21€ , Og,=2|U€y, , O,,=21€,
The stress-strain equation for ¢,, can be rewritten in the form.
|
- +€,0)+ (A +2p) o] | 3.8)
€™ m(en €06 ( ll-). Oz - . _ e

The strain component ¢,, is now eliminated from the first two of Eqs. (3.7), yielding

/ 4p.(l+p) 2pi A /
0‘rr rr+ 00
(A+2p) (A+2p) (& +2P-) (3.9)
I __ 2pA . 4p.(A,+|,|.) A /
T2 (2w 0 (2p)
Using the relations
A v __E (3.10)

G2p) d-v) ' T’




21

the stress-strain equations may be rewritten as

;\

_E A
EET e

' 3.11)

pidd

(c-:ee +ve")+ lv

ol = E
00~
1-v2

/ / /
Or0=211€,q , 0, =2[i€y, , O, =21i€,

The plate stress-strain relations are obtained by substituting the above stress-strain

equations into Egs. (3.6). Using M, as an example we have

M= f—/-zd

- zdz.
GF L pd-vh L r-v)

: 1 /
fE(€"+veee)zd +f VO, | o (3.12)“

Next, the integral contribution of ¢’,, is disregarded. Neglecting the weighted average-
of ¢’,, can be viewed as a generalization of classical plate theory, where o"zz itself is.

neglected.

M= (e, +V€ye)2dz . (3.13)
p(1-v )f ” | .

By a similar procedure we get
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My= f (ve +eee)zdz ,

1- 2
a V) (3.14)

1
M =2 f €,42d7 .
21

It should be noted that Eq. (3.13) and the first of Eqs (3.14) may have been obtained
by setting 0,,=0 at the onset. The present procedure reveals that the welghted average
of o,, has been neglected and not o, itself.

The plate shear forces given by Eq. (3.15) are treated in a §imi1ar manner to the
Timoshenko beam. As a consequence of the kinematic assumptions that will be made
shortly, the shear strains ¢, and ¢,, are independent of z, and represent the shear strains
at the mid-plane. Therefore, ‘the shear forces that are obtained ‘by intégrating the shear
strains (.)ver the thickness of the plate are inexact. This is compensgted for by
introducing an adjustment coefficient, 42, that bring the shear forces predicted by this

- theory into agreement with the exact shear forces:

Q,=2y fe dz ,
(3.15)

1
Qp=2Y> f €g,d2
o1
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Kinematics of Deformation

By making assumptions regarding the kinematics of deformation, the

.displacements may be brought into this formulation. These assumptions are given by

u(r,8,z,0) =2y (r,0,) ,
W02, =204(r0.0) »
w(r,8,2,)=w(r,8,8) ,

(3.16)

where u, v, and w represent physical displacements in the radial, tangential, and z

directions respectively. . and y, represent arbitrary functions in r and 6. It should be

noted that the. thickness-stretch modes, allowed by the exact theory, will not be permitted

by this approximation. This is due to the fact that thickness-stretch modes at zero wave

number are dependent on z, while the displacement component, w, is independent of z.

In addition, the assumed displacements represent asymmetric displacements with respect

to- the mid-plane of the plate; therefore, only asymmetric modes of propagation will be

possible.

The plate stress-displacement relations are obtained by first writing the strain-

displacement equations in cylindrical coordinates as follows:
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where (2 is the dimensionless frequency, and « is the dimensionless wavenumber.
Equation (3.29) is obtained by investigating the conditions under which straight-crested
harmonic wave may propagate. This procedure, which has been carried out in great
detail by Graff{13], provides a method for determining the adjustment coefficient, .
Thus, by requiring that the phase velocity, ¢ = /k, converges to the Rayleigh velocity,
Cr, as k becomes large, we must have v = (cp/c)®. 7 is only a function of » and can
be obtained by solving Rayleigh’s equation.

Before the boundary and initial conditions are presented, the functional form of
the external loading will be constructed. The temporal profile of the loading function can
be represented by a Dirac-delta function as mentioned earlier. Since the radial
aependence of the laser pulse is assumed to be Guassian, the radial profile of the Ioa-ding
function will also have a Guassian dependence. Combining the radial and temporal

profiles gives
2 .
q(rD=9,exp(—)%(@ , (3.30)
a

where a is the nondimensional Guassian beam radius, and q, is the ablative source

strength.

Boundary/Initial Conditions for Displaéement Equation

The traction free boundary conditions for the exposed faces were implemented

above when the exact equations of motion were integrated across the plates thickness.
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The initial conditions for the ablative problem are given as:

aw(r,

oy (r, 0)
w(r,0)= ™

W0 _y, (r,0)=- 227

Equation (3.26) simply states that the plate is initially at rest.

formulation of the problem.

3.31)

This completes the
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CHAPTER 4

SOLUTION OF THE PROBLEMS

| The differential equations that govefn the displacement of a thin elastic plate that
is subjected to high intensity laser radiation were developed in Chapter 3. Equations
(3.3) were developed in a thermoelastic framework while Eqgs. (3.28) were developed in
an ablative framework. The solution of these equétions will be the focus of this chapter.
The solution techniques for both the thermoelastic and ablative problem will be simi_lar.
The structure of the displacement equations, (3.3) and (3.28) suggests Hankel transforms
fo;' the radial variable, while Laplace transforms will be used to eliminate dependence

on time.

Solution of Thermoelastic Problem
The thermoelastic solution follpws that of Sve and Miklowitz[10], except now |
_ only the first asymmetric mode of propagation is of importance. In Elddition, since the
response of the interferometer is proportional to velocity, only dynamic displacements
will be considered. The solution technique proceéds by applying Hankel and: Laplace -
transforms to the Eqgs. (3.3), and then solving the resulting ordinary differenﬁal equation
in z. The inversion of the Laplaée transform is accomplished by the use of residue
theory. Th.e'_tra.nsform. expression for the displacement contains an infinite number of
simple. poles. As a Tesult of the traction free boundary conditions and radial symmetry ‘

§
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these poles can be identified with the branches of the Rayleigh-Lamb frequency equation.
Since the first asymmetric mode is of interest, only the lowest order pole will be used
to compute the Laplace traqsform inversion. Radial dependence is recovered by
converting the integral given in Eq. (4.1) into a Fourier integral and solving the resulting

Fourier integral numeﬁcally. Formally the vertical displacement is given by

. e,

_ 2 . ,
(1+v)e);1()1(_1:;Tsoa o fe( e, (k2,0 (k) 4.1)

w(r,z,t)=
0

where « is the Hankel transform parameter and

w,(x,2,0)=-2M(Q, x,2)cos(Q, D) , 4.2)

where

[M,,(Q,)+M, (2,)]

. 4.3)
[n-+(Q;,/AYIQLD,

Ma(Q Kb)=

In the above expressions, the subscript, a, indicates the first asymmetric mode of
propagation with respect to the midplane of the plate. The expressions M;, and M,, used

to define M, are defined as follows:
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(x2+pg)zcos(pz)sin(pl)-4£plpzcos(pl)sin(pz)=o, - (478)

Equations (4.4) are the same as the last two of Ecis. (48) of Ref[10] except that the factor
g(x) appearing in the equations of Ref. [10] and defined by Eq. (18) of that paper has
been incorporated explicitly in Eq. (4.1).

Through a change of variables, Eq. (4.1) will be converted into a Fourier
integral. Converting Eq. (4.1) into a Fourier integral greatly facilitates modeling the
frequency response of the photo‘ (iiode and the signal conditioning equipment. Tﬁe

change of variables is accomplished by first writing Eq. (4.1) as

1 -]
w(r,z,)=—— | F(x,z,t)cos(Q, Hdx , (4.9)
,/2,1;'[ .

where

F(x,r,)=-2T2rexp(-K%a 218 (kM (Q, (K),k,2) , .

4.10)
= (I+verp(-mT, % -
2(1-v)
The variable « and it’s derivative can be expressed as
k=k(Q,) , _
ox(Q - 4.11)
dx= ( "")de , , ‘

na
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where « is related to @, by Eq. (4.8). Now Eq. (4.9) can be expressed as
Q,.(=)

1 0g(Q,,)
w(r,z,0)= F(g(Q ),z,t)cos(Q ) e, . 4.12)
y(@2m) n,{;O) o, .

Equations (4.7) and (4.8) reveal that Q,, = 0 as x -» 0 and Q,. —> oo as k - oo, therefore;
fhe upper and lower integration bounds in Eq. (4.12) can be replaced with o and 0
respectively. Equation (4.12), which is now-a Fourier transform of the displacement,

will be inverted numerically. The numerical results will be presented in the next chapter.

Solution of Ablative Problem
The solution of the ablative problem will be carried out in much the same manner
as the thermoelastic solution, except in greater detail. First, the dependence on time Qill
be eliminated frdm_ Eqgs. (3.28) by taking the Laplace transform of Egs. (3.28), and

applying the initial conditions, Eqs. (3.31), which gives

*Y, L19%, ‘P _3(-v) oy W, _1-v 5
or? r “or 2 2 — & ar) 2 -7t
r r : : 4.13)
1 .
1oW, FW.104y), 2 . pzW(r,p) )
ror g% ror v’u v?

where upper case quantities represent a Laplace transform with transform parameter p.

The expression for the Lapléce transform of the external loading functibn, Q, is _deﬁned

by
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Qrp)=g,exp(-r*fa®) [ 8(t)exp(-pt)dt=q,,exp(1:) BT

where the last term on the right hand side of Eq. (4.14) follows from the definition of

the Dirac-delta function.

Next, the radial dependence will be eliminated by taking the Hankel transform of

Egs. (4.13), which leads to

N 4

3y3(1-v 2(1-v
rI—_TY_'(E——)'(TrI—KWo) =.p_.(_2___).‘1’r1 ’

4.15)

The Hankel transform of order n, denoted by subscript n, used to produce Egs. (4.15)

is defined by

£,09=[rF@J (en)dr | (416
0

where « is the Hankel transform parameter, and J, represents a Bessel function of the
first kind of order n. The Hankel transform of the external loading function is defined

by
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' ) 2 _ 2
o L Ka’y @.17)
0 N

4

It should be noted that in obtaining the Hankel transform of Eq. ‘(4.13) it was assumed
that the expressions rW(r,p), tW’(r,p), r¥(r,p), and r¥(r,p)’ tend to zero as r tends to |
zero or infinity. This assumption greatly incfeases the utility of the Hankel transform
and in this case is not overly restrictive. |

Solving for ¥(k,p) in the first of Eqs. (4.15) gives

¥, p) LAV ey @.18)
2% +3y2(1-v)+p2(1-v) :

Next Eq. (4.18) is substituted into the second of Eqs. (4.15). After simplification this

results in

2Y2K2+ 4,02,2 ;
Z1 " 43y
TS e @1
0 D P H(K ) ’.

YU P

where H,(x,p) is defined by

2 1_ 2.4
H xp)=p*sp 2LV s Ly 3y, 200 (4.20)
) 1 -V 2 'Yz . 1 -V ..
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The next step in the solution procedure is the Laplace inversion of Eq. (4.19).

The formal procedure furnishes

Q"I{Wo(x,p)}=Wo(K,t) =-L. f W (x,p)exp(pt)dp , (4.21)
2xi Br _ _

where Br is the Bromwich contour in the right half p-plane. With use of Cauchy’s

theorem and residue theory, the Laplace inversion, Eq. (4.21), can be rewritten as

LW (xp)=27iY  a; , 4.22)
i=1 .

where a; are the residues of W(k,p)exp(pt). The poles of W exp(pt) are the four simple
poles located at the zeros, d;, of Eq. (4.20). The residues connected with these poles-can

be obtained by

ai=lim(p_‘d i)(p _di) Wo(K’p )exp(pt) i (4.23) )

i=1,2,3,4.

The zeros, d;, are given by

d =t ‘-B(K)+\/B(K)2-4C(K)’
2 ’

~B(x) -y B(x)*~4C(x)
2 b

4.29)
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where B(k) and C(k) are defined by

B(o)-= 2“2"( +Lyaye, |
1-v - v (4.25)
2K4
C(lc)" .

-V

Note that since 0 < v < 1and -1 < » < .5, it follows that B(x) > 0 and C(x) = 0
Thus, by Descartes’ rule of signs, the roots given by Eq. (4.24) cannot be real. The
nature of the roots, d;, of H, is further revealed by examining the quantity B(x)? - 4C(x).

This quantity, in expanded form, is given by

B 40wy~ 112”2 +6y%)+0y* 4.26). -
1-vT 1y

Since the Hankel inversion requires that « be real and positive, the quantity B(«)? - 4 C(x)
is positive which, through Eqs. (4.24), shows that the roots, d;, must be purely

imaginary. Inserting p=i{ into Eq. (4.20) we have

21:27 ( 1-v 2y2x

H(K,IQ) =Q4-QKY )+3 et -

4.27

d1,2.3.4 =iQ 1,2,3,4 °

where @ is given by Eq. (3.29). Since Eq. (4.27), is identical to Eq. (3.29), the’
expressions ), ,;, can be identified as the branches of Mindlin’s frequency equation.

The branch associated with €, has a cutoff frequency of ~+/3, while the branch
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associated with @, , has a cutoff frequency of zero. Since our interest lies in modeling

the first asymmetric mode of propagation, the branch associated With {3, will not be

considered. Thus, only the residues located at d, , will be requlred to invert the Laplace

transforri. Inserting Eq. (4.19) into Eq. (4.23) we have

o -tim,_, %% N(x,p)(p-ig)exp(pt))"

@-dy) 2 4 2
B
By p*+B(x)p*+C(x) 4.28)

Q,(x) (N(K,p)(pﬂQ)exp(pt))

,=lim__
CD L pt+Bp O

where N(k,p) is given by

N(K,P)—272K2 +3y*+p2y? . 4.29)

Equations (4.28) must be evaluated using L’Hopital’s rule, which results in

. Q (K)(zN(K,zQ)exp(tQt) zN(K,—zQ)exp(—zﬁt)) (4.30)
SR 4Q%-2QB(x)

Since N(x,p) is an even function of p, the Laplace inversion can be written as

Q,(x) (Zn(QONK,iQ), (4.31)

W (x,0)=
? py?  -4Q%+2QB(x)

The Hankel inversion of Eq. (4.31), is formally given by
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w(r,t) =[x W (x,00J (x,r)dx . | 4.32)
0

The remaining step in this solutic;n procedure is to convert the Hankel transform given
in Eq. (4.32) into a Fourier integral. As with the thermoelastic solution, the impetus for
converting Eq. (4.32) into a Fourier integral is the ease with which the frequency
response of the photodiode and signal conditioning equipment cém be modeled. It should
be noted fhat a Fourier transform could have been used to eliminate time from onset.
The present problem utilizes a Laplace transform because, with the aid of residue theory,

the inversion of the Laplace transform, as compared to the inversion of the Fourier

transform, can be performed with 'relativé ease. With reference to Eq. (4.31), Eq. (4.32)

can be written as

1 7 .
w(r,f)=—— | F(x,))sin(Qo)dx , (4.33)
=
where F(k,t) is defined by
P =202 R INGIQ) 4.34)

Y [-4Q°+2QB(x)]

The Hankel inversion parameter (k) is related to the frequency by the first of Eqgs. (4.24),

which aliows the differential dx in Eq. (4.33) to be defined as follows:
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-2 L s 4 Eon

4/ 8&2‘/3 ok

dx(@)= aK(Q)d

where the expressions S and § are defined by

With the aid of Eq. (4.35), Bq. (4.33) can be written as

Q(=)
wird=—— [ F.H2Din@naa .
2n Q) Q

(4.35)

- (4‘.3T6:)

4.37

Since, by the first of Eq. 4.24), @ > 0as x> 0and Q > o as k > o, the upper and

lower integration limits in Eq. (4.37) can be replaced with o. and O respectively.

Equation (4.37), which now represents a Fourier integral for the displacement, must be

solved numerically. The numerical results will be presented in chapter 6 of this paper.




CHAPTER 5

RESULTS/ANALYSIS OF THE THERMOELASTIC PROBLEM

The focus of the present chapter will be to compare the thermoelastic theory
developed in Chapters 3 and 4 with experimental Lamb waves generated in a thin glass
plate. This comparison will allow the elastic constants and the optical absorpti;)n
coefficient of the glass film to be determined. First the elastic constants of the glass
sample will be estimated by measuring the wave speeds of the first symmetric and
asymmetric waves. Using the approxirr{ate elastic constants, the pfogram
COMBINATION will then be us’ed to generaté theoretical velocity data which will be
compared to the experimental velocity data. This comparison will serve to fine tune the

approximation of the elastic constants and will reveal the absorption coefficient.

Technique for Estimating Elastic Constants of Thin Glass Films

The Rayleigh-Lamb frequency spectrum for the first symmetric mode, s,, and the
first asymmetric mode, a,, of a thin brass plate is shown in Fig 9. For small
dirhensionless wave number, «, the s, mode is linear and has phase velocity, C,, equal
to its group velocity. Therefore, sincé the group velocity is a measurable quantity, C, can

be determined experimentally. C, is obtained by first rewriting Eq.(4.8) as

tan(B,) _4x°p,B,

. (5.1)
tan(B,) (2+p2)>
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C. is a function of v and E; therefore, another relation is required to uniquely
determine both v aﬁd E. This relation may be obtained by considering the a, mode. The
phase velocity for this mode varies frbm zero at zero wave number to the Rayleigh
velocity at very large wave number. In additic'm,‘ for large wave number the a, modé
becomes lineai; therefore, £he high" frequency components of the a, mode are

dispersionless and travel at the Rayleigh velocity. The Rayleigh velocity is expressed as -

C,=y(v)C, . ' | - (5.9

where v is the only root of the Rayléigh equation that satisfies the conditions required

for the existence of surface waves. The Rayleigh eqhation is given by [14]

cicy-scicy«cicyes-9-16a-Ly-0, 5.5
A? A .

where A, defined in Eqs. (4.7), is the ratlo of the longitudinal and shear wave velocmes,

Now Eq.(5. 4) is substituted into Eq.(5.3) resultmg in

C.2 1_‘i ' (5.6)
A A A
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which is only a function of v, allowing v to be uniquely determined. Néxt, C, is obtained
by substituting » and C, into Eq. (5.3). Before this procedure is used, the circumstances
which will produce symmétric waves traveling with constant velocity, C,, and
asymmetﬁc waves traveling at the Rayleigh velocity must be inv;astigated.

As mentioned earlier, the symmetric mode of propagation has a well defined
velocity, C,, only for small wave number. In order to experimentally determine C,, it
would be desirable to manipulate the parameters of the experiment in such a way that
only the low frequency dispersionless components of the s, mode are excited. This goal
is achieved by adjusting the nondimensional Guassian beam radius (GBR) of the Nd: YAG
laser. Figure 10 shows the Fourier spectrum of the velocity for the first symmetric wave
with GBR as a parametef. Figure 10 demonstrates that for large GBR, only the low
frequency components of the s, mode will be excited. Hence, for large GBR the group
velocity of the s, mode will equal its phase Velocity allovﬁng C. to be determined
experimentally.

The question still remains, how can high frequency asymmetric waves be
generated so as to enable measurement of C,? Once again, the answer involves
adjustment of GBR. In Fig. 11 the Fourier spectrum versus; frequency of the first
asymmetric wave with GBR as a parameter has been plotted. From Fig. 11 it can i)een
seen that as GBR is decreased, the higher frequency components of the a, mode become
more important. Owing to the strong dependence of the symmetric and asymmetric
Fourier sﬁectrums on GBR, the velocities C, and C, may be accurately determined by

adjusting GBR and hence the elastic constants may be estimated:
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shape but show a difference in phase. Now the question arises, changing which
parameters will bring the theoretical data into agreement with the experimental data?
The paraineters involved in the thermoelastic solution that have not been well
defined are the Guassian laser beam radius, GBR, the optical absorption coefficient,
ETA, and the shear ;;vave velocity, C,. figure 15 illustrates tha_lt changing GBR has no
effect on the phase of the asymmetric wave. In fact, decreasing GBR only adds high
frequency components to the a, wave, a result that was discovered earlier. Figure 16
shows that as ETA is decreased the amplitude of the a, wave decreases but the phasg
remains the same. This dependence on ETA is expected since the asymmetric wave
should vanish as ETA goes to zero. C, is the only remaining parameter. Figure 17
demonstrates that changing C, does in fact have an effect on the phase of the asymmetric
wave. Since the time is nondimensionalized using C,, an increase in C, will cause the
time scale used in the theoretical model to shrink relative to the experimental data.
Convérsely a decrease in C, will cause the theoretical time scale to expand relative to thev
experimental data. Figure 14 reveals that expanding the theoretical time scale produces
the desired result; thus, C, must be made larger to bring the experiment and theory into
agreement. Flgure 18 establishes that for a given C,, increasing.C, is tantamount to
mcreasmg C. Flgure 13 displays that, for a given Cc, an increase in C, results in a
decrease in v, which places the value of v closer to thg published data. Figure 19
compares both the experiment and the theory after many applications 6f the above
process, and Table 2 shows a cpmparison of the elastic .constants used to produce Fig 19

and the published elastic constaﬁts. While this procedure for determining elastic
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Table 4. Comparison. between estimated and experimental optical absorption
coefficient. ' K ‘ :

Estimated Experimental Percent
values value Difference
ETA 1.45 0.926 56.6%6
Conclusion

In conclusion, this techpique of cdmparing experimental and theoretical wave forms not
only allows the determilnation of the elastic constants of thin glass ‘ﬁlms, but also permits
the optical absorption coefficient to be estimated. Table 4 shows that the estimated value
of ETA has a considerable uncertainty. This uncertainty is very sensitive to the thermal |
constants of the material, the linear coefficient of expansion, o, and the si)eciﬁc heat, C.
Equations (3.2) and (4.1) illustrate that the signal amplitude is proportional to og/C;
.therelfore, uncertainty in the thermal constants would ;esult iﬁ 'uricertainty in the estimated
va}ue of ETA. Since the symmetric and asymmetric velocities héve the same dependence
on the thermal constants, this problem can be circumvented by comparing the ratio .of the

maximum symmetric and asymmetric velocities.
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CHAPTER 6

RESULTS AND ANALYS][S OF THE ABLATIVE PROBLEM

In chapter 5, the elastic constants of a thin glass film were determinéd using'
ultrasound generated in a thermoelastic manner. The focus of the present chapter will
be to examine the combined influence that an ablative and thermoelastjc source'have'on
the waveform generated in thin metallic samples. In orcier to facilitate this investigation,
(_mly the first asymmetric mode of propagation will be studied.

Since ablation takes place once the atoms on the saﬁple’s surface begin to
vaporize, ablative waves must be accompanied by thermoelastic waves.  This
experimental reality is modeled theoretically by simply adding t:he ablative and
thermoelastic solutions. Joiniﬁg the solutions in this fashion is allowed sincé the

differential equations describing both the thermoelastic and ablative pfoblem are linear.

Investigation of the Accuracy of the Ablative Solution

Before combining the thermoelastic and ablative solutions, we must investigate
how closely Mindlin’s approximate plate theory, which was used to model the ablative
problem, agrees with the exaét theory, which was used to mociel the thermoelasfic.
pfoblem. As a result of thé stress free bbundary cc;nditions, the exact frequency
spectrum for both the thermoelastic and ablative problems is governed by the Rayleigh-

frequency equation. This fact allows a cbmparison between the two theories to be
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Combination of Thermoelastic and Ablative Solutions

Owing to the close comparison between the two theories, the thermoelastic and
ablative solution will both utilize Mindlin’s approximate frequency relation.
Consolidating the solution in this manner reciuces computer time since only one
frequency relation must be calculated. |

The top graph.in Figs. 23 and 24 shows the ablative splution superimposed on the
thermoelastic solution, while the bottom graph shows the two solutions added together.
The ablative source strength, q,, given in Eq. (3.25), has not been considefed; therefore,
the signal amplitude of the ablative and thermoelastic waves will remain arbitrary. The
Gaussian laser beam radius (GBR), radial distance from epicenterv (R), and Poissonfs
ratio (PNU) are the same for both solutions in each plot. . The thermoelastic solution
employs a dimensionless optical absorption coefficient of 10,000, which isa typical value
for metals. Figures 23 through 24 illustrate that as the parameters GBR and R are
varied, the two éo‘lutions behave in a coherent fashion. Thus for métals, ablative waves
should constructively interfere with thermoelastic waves causing an increase in signal
amplitude. By calcuiating the ablative source strength, the magnitude of this signal
increase can Ee detérmiﬁed. Conversely, knowledge of the relative éi’gnal increase would

facilitate the calculét_ion of the ablative source strength.
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