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Abstract:

Rotation sets have been defined and studied for maps and flows on various spaces, including the circle,
an annulus, and a torus. They have proven useful in the analysis of the dynamics of such maps and
flows.

In this dissertation, we analyze ergodicity and rotation properties of flows on one dimensional
generalized solenoids, which include true solenoids and substitution tiling spaces. First, covering
projections and lifts are constructed for homeomorphisms and flows on solenoids. We argue that only
lifts homotopic to the identity should be considered, and show that a lift homotopic to the identity is
unique.

The concept of a rotation set is then defined for flows on solenoids. It is shown that a fixed-point free
flow is uniquely ergodic, and that its rotation set contains exactly one point. It is also proved that a flow
with fixed points may or may not be uniquely ergodic, and as a consequence, the rotation set of such a
flow is either a point or an interval. We give a criterion for distinguishing between these two cases. We
also construct an example of two fixed-point free flows that have the same rotation set but are not
topologically conjugate.

Finally, all the above results are restated for flows on one-dimensional substitution tiling spaces.
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ABSTRACT

Rotation sets have been defined and studied for maps and flows on various spaces,
including the circle, an annulus, and a torus. They have proven useful in the analysis
of the dynamics of such maps and flows.

In this dissertation, we analyze ergodicity and rotation properties of flows on one-
dimensional generalized solenoids, which include true solenoids and substitution tiling
spaces. First, covering projections and lifts are constructed for homeomorphisms and
flows on solenoids. We argue that only lifts homotopic to the identity should be
considered, and show that a lift homotopic to the identity is unique.

The concept of a rotation set is then defined for flows on solenoids. It is shown
that a fixed-point free flow is uniquely ergodic, and that its rotation set contains
exactly one point. It is also proved that a flow with fixed points may or may not be
uniquely ergodic, and as a consequence, the rotation set of such a flow is either a point
or an interval. We give a criterion for distinguishing between these two cases. We
also construct an example of two fixed-point free flows that have the same rotation
set but are not topologically conjugate.

Finally, all the above results are restated for lows on one-dimensional substitution
tiling spaces.




CHAPTER 1

INTRODUCTION

Historical Overview

Rotation properties of both discrete and continuous dynamical systems have at-
tracted a great deal of interest throughouf last century as well as nowadays. In many
cases, studying such properties allows one to make important conclusions about typ-
ical orbits of a dynamical system, and about long-term behavior of such orbits. -

The idea of a rotation number was first introduced by Poincaré in Chapter 15
of the thifd of his memoirs [58]. The concept was inspired by his study of toral
flows whose return maps are circle homeomorphisms. Rotation number is a mea-
sure of the asymptotic average rotation rate of a point under the homeomorphism.
Poincaré proved that the rotation number of an orientation preserving circle home-
omorphism exists and is independent of the point on the circle. He also gave a
complete description of the possible behavior of orbits of circle homeomorphisms: if
a homeomorphism has a rational rotation number, then it has a periodic orbit, and
if a homeomorphism has an irrational rotation number, then the w-limit set of every
point on the circle is either the entire circle or a Cantor subset of the circle. Poincaré
also posed a question of what conditions a given homeomorphism or diffeomorphism

should satisfy in order to be equivalent to a rotation. This question led him to the
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result commonly known as Poincaré Classification (see, for instance, [38]), in which
the concept of rotation number plays a central role.

Since this concept has proven so useful, many generalizations of the rotation
number have been made. In 1979, Newhouse, Palis, and Takens [56] introduced the
rotation interval for circle maps of degree 1, and Ito [37] proved that the rotation
interval of a degree-one circle map is closed. [3] contains a comprehensive treatment
of rotation intervals and a detailed historical overview on the subject.

The concept of a rotation vector is a generalization of the rotation number for
homeomorphisms (or flows) on higher-dimensional tori. Given a homeomorphism f :

T™ — T™ and alift F: R™ — R™ of f, the rotation set of x € R™ is

d n — w
oz, F)= { limit points of (W) } ,

n=1

and the pointwise rotation set of F is

)= o F).

cER™

An element v € p,(F') is called a rotation vector.

The pointwise rotation set describes the average rotation speed and direction
of individual orbits of F', but it lacks some important properties. It need not be
connected or convex. Also, it is not known if p,(F’) is closed for every homeomor-
phism of T2. Swanson and Walker [67] have constructed an example of an analytic
diffeomorphism on T% whose pointwise rotation set is not closed. Barge and Walker

[9] provided examples of C* diffeomorphisms on T™ (m > 3) that have rotation sets
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with nonempty interior. Further, they showed that a rotation set with interior does
not guarantee the existence of periodic orbits. Dumonceaux [22] obtained results
pertaining to rotation sets on T™, where m > 3. A good survey of the main results
concerning rotation vectors for toral maps and flows is provided in [70].

Rather than defining a rotation set as the union of rotation sets of individual
orbits, Misiurewicz and Ziemian [52] proposed a more general definition. If f: T™ —
"]I‘m is a continuous map of the m-torus, homotopic to the identity, and a lift F' : R™ —

R™ of f, then the rotation set p(F) is the set of all limits of convergent sequences

(F"i (z;) — $i>°°
T g=1 T

where z; € R™ and n; — co. This generalized definition (sometimes referred to as the
MZ rotation set) has been adopted in subsequent works. Misiurewicz and Ziemian
[52] proved that the rotation set is compact and connected. Handel [35] showed
that a periodic-point free homeomorphism of T?, homotopic to the identity, cannot
have a rotation set with interior. Llibre and MacKay [45] analyzed the dynamics of
homeomorphisms of the torus that have rotation sets with nonempty two-dimensional
interior. Their results were subsequently extended in [53]. Franks [28] has shown that
every vector with rational coordinates, that lies in the interior of the rotation set, is
realized by some periodic orbit. Kwapisz [41] demonstrated that every convex polygon
with rational vertices is realized‘ as a rotation set of some homeomorphism éf T2.
Franks and Misiurewicz [29] gave a complete characterization of rotation sets for

the flows on T2. They proved that a rotation set of a toral flow is either a single point,
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a segment of a line through 0 with rational slope, or a line segmeqt with irrational
slope and one end point equal to 0. |

In 1957, Schwartzman [63] introduced the concept of asymptotic cycles, which is
a generalization of the rotation set for C' flows on compact differentiable manifolds.
The rotation vector for a ﬁxed—boint free flow on T? is a coordinate representation
of the asymptotic cycle with respect to the standard basis in the first cohomology
group [38].

Because of the way it is defined, the concept of rotation set is closely related to
ergodic properties of a map or a flow. We extensively use such interdependence in

this dissertation.

At the same time, significant progress has been made in the study of hyperbolic
attractors. While solenoids (also called the Vietoris - van Dantzig solenoids) have been
known to topologists for quite some time, they first appeared in the dynamical systems
setting in 1967, in Smale’s paper [64]. Smale considered two types of diffeomorphisms
of the torus: the DE (Derived from Expanding) diffeomorphisms, which have solenoids
as attractors, and the DA (Derived from Anosov) diffeomorphisms, whose attractors
" were later shown to bé homeomorphic to substitution tiling spaces. Williams in a
series of articles [72, 73, 74] introduced and developed the idea of representing such
attractors as inverse limits. He defined generalized solenoids to be inverse limits of
branched one-dimensional manifolds, with bonding maps that are generalizations of

expanding circle maps. This inverse-limit viewpoint has been dominant in subsequent
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studies. Plykin [57] reformulated Smale’s and Williams’ results using slightly different
initial assumptions. |

Following Williams’ work, there has been steady interest in solenoids during the
last three decades. McCord [50] proved that solenoids are homogeneous. Aarts and
Fokkink [1] obtained necessary and sufficient conditions for two solenoids to be home-
omorphic. Hagopian [34] showed that a continuum is a solenoid if and only if it is
homogeneous and all of its proper subcontinua are arcs. De Man [46] prove(-i that any
two composants of any two solenoids are homeomorphic. Various algebraic properties
of solenoids were studied by Yi in a series of papers [75, 76, 77]. |

Multiple results have been obtained regarding maps and ﬂoﬁs on solenoids. Some
properties of continuous maps on solenoids were disgovered by Ustinov [68]. Keesling.
[39] determined the precise topological structure of the group of homeomorphisms of
a solenoid. Kwapisz [43] obtained an explicit decomposition of orientation preserv-
ing homeomorphisms on solenoids. Clark [17] investigated solenoidal homeomor-
phisms homotopic to the identity, and showed that a certain class of solenoids admits
no expansive homeomorphisms.

As far as flows on solenoids are concerned, Aarts and Martens [2] obtained a
relevant result by showing that a one-dimensional, separable and metrizable space is
an orientable matchbox manifold if and only if it is the phase space of some fixed-point

free flow. Since a solenoid is a matchbox manifold, fixed-point free flows on solenoids
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coincide with the suspensions of homeomorphisms of the underlying zero-dimensional
space C.

Clark investigated flows on solenoids of any finite dimension. In {14] he introduced
linear flows on solenoids and addressed the question of when two linear flows are
equivalent. He then extended his research, giving in [16] a method of constructing
flows on k-dimensional solenoids from a given flow on the torus T*, and showing in

[15] that flows on solenoids are generically not almost periodic.

Many of the aforementioned coﬁtributions deal with generalized solenoids in
Williams’ setting. Substitution tiling spaces, which in fact form a subclass of Williams’
generalized solenoids, have also been studied separately, since they exhibit many pe-
culiar phenomena that are absent in true solenoids. The study of substitution tiling
spaces has é;rown out of certain problems of symbolic dynamics, namely, the analysis
of substitutions on finite alphabets. One of the well-known contributions in this area.
is a paper by Coven and Keane [19], who analyied topological and measure—theoretic
properties of substitutions of constant length on two symbols. Dekking [21] gave a
complete spectral classification for substitutions of constant leng;ch. Gottschalk [30] ;
Martin {49], and others considered the so called substitution minimal flows, which
in essence are actions on a subshift of finitely many symbols by the infinite cyclic
transformation group generated by the left shift homeomorphism. It was a natural
step to replace this transformation group by the reals, which led to the introduction

of substitution tiling spaces.
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Substitution tilings of Euclidean spaces, obtained through the process of infla-
tion and substitution of prototiles, have been studied by many researchers, including
Kenyon [40], Mozes [54], and othe'rs: Radin and Sadun [60] developed an algebraic
invariant, related to a subgroup of rotations, that helps determine when two substitu-
tion tiling systems are dynamically equivalent. Another noteworthy result is that of
Solomyak [65], who looked into the spectral properties of tiling systems arising from
self-affine tilings of R?, and proved that such systems are uniquely ergodic.

One of the first to look at substitution tiling spaces from the inverse limit view-
point, was the paper by Anderson and Putnam [4]. They showed that substitution
tiling spaces are a special case of expanding attractors, thereby providing a rela-
tion between substitution tiling theory and hyperbolic attractors. Using the inverse
limit approach, they also computed cohomology for tiling spaces in one- aﬂd two-
dimensional case. Sadun and Williams [62] later showed that a tiling space forms a
bundle over a manifold whose fiber is a Cantor set. They also demonstrated that
tiling spaces on R? are suspensions of Z¢ subshifts. A related result of local na-
ture was obtained by Gutek [32]. This in turn establishes a connection between the
topology of substitution tiling spaces and homeomorphisms of Cantor sets, which are
studied in [26] and [23]. Such homeomorphisms break into two claéses: the adding
machines, whose suspensions are true solenoids, and subshifts generated by primitive

substitutions, whose suspensions are substitution tiling spaces [7].




8

Among recent contributions, the work of Barge and Diamond [7] is of particu-
lar interest to us. In this article, they investigate the topological structure of one-
dimensional substitution tiling spaces. First, they prove that all one-dimensional
substitution tiling spaces have a finite and nonempty collection of ‘asymptotic com-
posants’, thus providing a geometric insight into the structure of tiling spaces. The
authors then proceed to establish a condition for two tiling spaces to be homeomor-
phic, using the concept of weak equivalence (see also [8]). The consequence of their
results and [72, 73] is the following classification.

Every orientable hyperbolic one-dimensional attractor is either homogeneous, and
hence a true solenoid, or nonhomogeneous, and hence a one-dimensional substitution
tiling sbace.

In the latter case, the inhomogeneity exhibits itself in the asymptotic composants.

Among the results of geometric nature, we also mention Canterini and Siegel
[13]. For Pisot substitution systems, they give an explicit continuous semi-conjugacy
between the shift on the system and a translation on the torus. Queffélec [59], along
with a cofnprehensive review of the theory, offers various new results and poses some
interesting questions, including the one partially answered in [13]. Anothér, more

recent compendium on the subject has been written by Arnoux et al [5].
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Results

The goal of this thesis is to analyze rotation properties of flows on one-dimensional
generalized solenoids, including true solenoids (which we refer to simply as solenoids),
and substitution tiling spaces. Such analysis is carried out by means of investigating
ergodicity and invariant measures of the flows. Fixed-point free flows and flows with
fixed points are treated separately, because they exhibit substantially different ergodic
properties and rotatiqn behavior.

As we show in Chapter 3, a fixed-point free flow on a solenoid is uniquely ergodic,
and its rotation set consists of just one point (which we can call the rotation number).
We also give an explicit formula for computation of the rotation number, using return
times of the flow to some cross-section of the solenoid. This formula proves handy in
constructing an example of a flow that is not topologically conjugate to a linear ﬂow\.

The flows with fixed points, as we discover in Chapter 4, can manifest two types
of behavior. Some of them are uniquely ergodic, and consequently have a trivial
rotation set, WhﬂG others admit more than one ergodic measure, and their rotation
sets are intervals. We develop criteria for distinguishing between these two types of
behavior, using the ‘speed’ of the flow.

We also address -the probleﬁl of describing pointwise rotation sets for flows on
solenoids. After a detailed discussion of Katok’s example in its original setting (on
the torus), we adapt it for the flows on solenoids. Katok’s example provides an

algorithm for the construction of flows whose pointwise rotation set contains points
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other than the extremes of the MZ rotation set. The question remains whether it is
possible to construct a flow with a unique interior point of p(¢$) being contained in
0p(@), that is, with ,(¢) = {0, 7, p}, where p(g) = [0, p], € (0, p).

Finally, we discuss the q}lestion of whether two fixed-point free flows having the
same rotation number are actually topologically conjugate. Our findings show that
this is not always the case. We construct an explicit example of a flow that is not
topologically conjugate to a linear flow with the same rotation number.

The following theorems summarize the main results of this thesis concerning ro-
tation and ergodicity of flows on solenoids.

Let ¢ denote a continuous flow on the solenoid Sp, P = (p1,p2,- .. ), and let é be
the lift of ¢ to RxC, so that hog = ¢oh. Denote by r(z) the return time of the flow to
the cross-section of the identity C,, that is, r(z) is such that ¢"@ (h (0,z)) € C,. Let
also 8 denote the Bernoulli measure on the Cantor set C. €2 denotes the fundamental

domain in R x C, and B(Sp) the o-algebra of Borel sets on Sp.

THEOREM A. Let ¢ be a continuous ﬁxed-pbz’nt free flow on Sp, then it is uniquely

ergodic, with the invariant measure given by

pB)== [ 1@ ds, vBeB(SH)

c

where Fo = / r(z) dB, 7(z) is the ‘time-length’ of the arc component of B with

c
the Cantor-set coordinate equal to x.
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THEOREM B. If ¢ be a continuous ﬁxed—point free flow on Sp, then the rotation

sa#¢wmwé{1}

7o
Now let ¢ be a differentiable flow on Sp with fixed points, such that % ¢ (2) =

® (z), and let & be the lift of ® to the covering space RxC.  denotes thefundamental.

domain in Rx C. By L'(Q) we mean L'() with respect to the Lebesgue measure .

THEOREM C. Let ¢ be a flow on Sp with one fized point po, ® a lift of ®, then:

1. If é is L'(Q), then ¢ is not uniquely ergodic. It has a ¢-invariant ergodic
_Js (1/®)dx
Jo (1/@)dA

almost all z € Sp. Furthermore, such a méasure is unique.

measure [, given by u(B) such that p(z,$) = p > 0 for u-

2. If 3 is mot L*(Q), then ¢ is uniquely ergodic, with the Dirac measure 6,, being

the only ¢-invariant probability measure on Sp.

THEOREM D. Let ¢ be a flow on Sp with fized points, ® a lift of ®, then the

following is satisfied:

1. = NN ODE
1 1f 5 is L}(8), then p(#) =[0,7), where p= T e

2. If% is not L*(Q), then p(¢) = {0}.

Essentially the same results for flows on substitution tiling spaces are stated in

Chapter 5.
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Structure of this Dissertation

This dissertation is organized into five chapters. In Chapter 1, we give an account
of the history of development of the concepts of rotation éets, solenoids, and substi-
tution tilling spaces, which we bring together in the remainder of the thesis. Here we
also state the main results of the thesis.

Chapter 2 opens with basic definitions concerning solenoids, and a summary of
the most important properties of solenoids. We also introduce the universal cover
that can be used for both maps and flows on solenoids, and discuss typical covering
projections associated with this universal cover. Then the focus Qf the discussion
turns to homeomorphisms of solenoids, as well as their lifts. We devote a separate
section to homeomorphisms homotopic to the identity. Such homeomorphisms include
time-one maps of flows, therefore, their properties are extensively used in subsequent
chapters. In the last section of the chapter, a known result ([43]) is stated about the
decorﬁposition of a homeomorphism of a ’solenoid_ into a composition of three maps: a.
homeomorphism homotopic to tHe identity, a group multiplication by a fixed element
of the solenoid, and a shift on the inverse limit space.

In the subsequent chapters, we adopt the following method of presenting the
results. Some proofs are given for the case of a flow on the dyadic solenoid, So,
in order to maximize clarity of presentation. The majority of such proofs remain
essentially the same, with obvious replacements in notation, for general solenoids Sp.

This being the case, the corresponding results for Sp are stated without proof, or
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with comments that indicate the changes that need to be made in the proofs for S,.
Whenever a proof in the general case differs substantially from the dyadic. case, it is
given in its most general form.

In Chapter 3, we analyze fixed-point free flows on solenoids. After a brief discus-
sion of basic characteristics of flows and their lifts, the definitions of rotation sets are
given, and a few propositions are proved, establishing some facts about rotation sets
of solenoidal flows. These facts, although redundant for fixed-point free flows, prove
useful for flows with fixed points, discussed in Chapter 4. The next two sections of
Chapter 3 are intended for the proof of the main results of the chapter, Theorems A
and B. With the unique ergodicity and triviality of the rotation set thus established,
we discuss some desirable geometric properties of fixed-point free flows, and show that
they are not always present. This discussion leads us to an example that illustrates a
breakdown in the link between the equality of rotation sets and topological conjugacy -
of the corresponding flows.

Chapter 4 deals with solenoidal flows with fixed points, and some related material.
The results of this chapter are developed for the case of a flow with one fixed point.
Here, we show that such flows may be either uniquely or non-uniquely ergodic, obtain
criteria for that to happen, and, applying these facts to rotation sets, prove the other
two main results of the thesis, Theorem C and Theorem D. Due to a certain similarity
between solenoidal flows and flows on the torus T? that follow a foliation of the

torus by vectors of irrational slope, we treat corresponding results on the torus first,
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translating them later to the solenoid. Also in Chapter 4, we state a theorem on the
measure-theoretic realization of points in the rotation set, and discuss possibilities for
the pointwise rotation set, illustrating the discussion with a famous Katok’s example,
adabted to the solenoid.

Finally, in Chapter 5 we restate the results of the: p'revious two chapters for flows
on substitution tiling spaces, indicating the changes that need to be made in the
proofs, and giving new proofs whenever necessary. The chapter opens with definitions
and background information on substitution tiling spaces, followed by the discussion
of the universal cover and lifts. Next, we outline tw-o different approaches to defining
a rotation set for ﬂo_vv‘s‘ on substitution tiling spaces, and show their equivalence fdr ‘
primitive substi-tutions;. Then, unique ergodicity of the undeflying subshift is proved
(see [59]), and Theorems A, B, C, and D are reformulated for sﬁbstitution tiliﬁg

spaces.
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CHAPTER 2

HOMEOMORPHISMS OF SOLENOIDS AND THEIR, LIFTS

Solenoids and Their Properties

Definitions and Notation

We shall now deﬁne a solenoid énd state the most important properties of solehoids. |
To begin with, we give an iptuitiVe explanation of these spaces.

A solenoid can be visualize;d in the following fashion. Let us imagine that we start
with a rubber doughnut, then stretch it, making it thinner, and fold it, so it wraps
around its original shape twice. The resulting double doughnut is also stretched and
folded in the same way. This process is continued infinitely many times. In the limit,
we obtlain‘a solenoid.

The process described above lies at the core of one of the first definitions of a

solenoid, proposed by van Dantzig [20].

DEFINITION 2.1 (VAN DaNTzZIG). Let T? = D? x $* be a solid torus, and let
P = (p1,p2,-..) be a sequerice of natural numbers, such that p; > 2 Vi. Suppose that

VE>2 F,: T? > F (T2) is a homeomorphism given by

Fr (u,2) = (fk(u,z),zk), uvelD?, ze 8,
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where fi(u, 2) is a contraction in the first argument. Define a solenoid as

“szﬂFpkonk—lo...onl (Tz)' (21)
E>1

Even though this definition is geometric and intuitive, it is not very practical.
Another, moré recent and convenient approach is to define solenoids through inverse

limits.

DEFINITION 2.2 (WILLIAMS). Let S* be a unit circle, P = (p1, pa, . . .) a sequence
of natural numbers, such that p; > 2 Vi, and let f; : S* — S* be given by f;(z) = 2%.

Define the P-adic solenoid as the following inverse limit:
‘ | -
Sp =lim {S%, f;} = {(zl,z2, Lellst o m= fj(zj+1)} : (2.2)
: iy
These two definitions are in fact equivalent, as the following proposition shows.
PROPOSITION 2.3. Sp and %p are homeomorphic.:

ProoOF. Consider the diagram in Figure 1. Here, p(u,2) = z is a pfojection

map, it induces the map $ : lim {12, ij} s $p, given by
p (‘(ul; zl) ,‘(’11,2, Zz) yo - ) = ,(ZI, 29y .. ) .

By a straightforward argument, one shows that my : lim {T2,F,,} — Sp, given by
m ((ug, 21), (Ug, 22) ,...) = (uy,21) (projection onto the first coordinate), is a home-

omorphism. It can also be shown that $ is a bijection. Clearly, $ is continuous,




17

o2 r£2

Figure I. Homeomorphism between Sp and E-p.

since the projections on every coordinate are continuous. Then p-1 is also contin-
uous, and hence pis a homeomorphism. It follows that p o : Sp —=Episa
homeomorphism. O

The second definition is easily generalized to include inverse limits of bouquets
of circles [72, 73], which we treat in Chapter 5, and inverse limits of tori that yield
solenoids of higher dimensions. Clark [14] defines solenoids as inverse limits of maps

OfTn:

E* = Igm{TT,/,}, (2.3)

where M — {Mi, M2, ...} is a sequence of n x n matrices with integer entries and
nonzero determinants, fj : Tn —Tn are automorphisms represented by the matrices
Mj. In this setting, E* C Hjli Tn-

Such solenoids occur as attractors of hyperbolic dynamical systems. Examples of

such dynamical systems are given in [24], [38], and [61].
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The fact that solenoids occur as attractors justifies the importance of studying

them, since properties of an attractor can give an insight into the behavior of the

dynamical system. In this dissertation, we concentrate on one-dimensional solenoids.

NOTATION. Throughout'the rest of this dissertation, we denote a P-adic solenoid
by Sp, and use Definition 2.2. Furthermore, by C,, we denote the cross-section of Sp

through the element w = (wi, ws,...) € Sp:

Cﬂ C’wl = {(Zl,ZQ, .- ) € Sp LR = ’l,Ul},

and by S, we denote the arc component that contains w € Sp. We equip Sp with

[o ]
the subspace topology from the product topology on H St

i=1
PROPOSITION 2.4. Sp is a compact abelian topological group, with the group op-
eration (denoted “’) given by factor-wise multiplication, and the identity element

e=(1,1,...).

Proor. Compactness follows from Sp being a continuum. The fact that Sp is a
topological group follows because f; is a topological group homomorphism for all j,
and the inverse limit of topological group homomorphisms is a topological group. O

In the next subsection and throughout this thesis, we use the concept of an
adding machine, which we now introduce. Roughly, the adding machine is ‘addition
with carry’: add 1 to the first coordinate and carry to the right. Our more precise

definition follows that of [10].
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DEFINITION 2.5. Consider the Cantor set Cp = H (Z mod p;), where P =

i=1

(p1,D2,...). The adding machine operator A: Cp — Cp is defined by

A: (...,O{k,...)l—)(...,")/k,...),

0 : 1<k<r p—1 : 1<k<r
sothat yy =< a,+1 @ k=r , Where o = o : k=r ,
' a, : k>r a : k>r

o <pr—1, 1<r<o0.

Let z = (21,22, .., %,...) € Sp, where P = (p1,ps,...), then

— P1 — P2 — ¢l
=2 =28 ..., =20, .

For every value of z; € S* there are p; points 241 in S with 2}, = 2;. In other
words, if the value of z; is known, we can order the p;-roots of it and use the number
of the root to describe the value of z;,;.

Define a function x : C, — Cp by

x (2) = (s1,52,...,5;,...) ifandonly if z= (1,25, .. ,zﬁf%, ool (2.4)

Yvhere zj(jff is the (s;+1)-st of the p;-th roots of z;, counting counterclockwise, starting

with the root that has the smallest argument. More precisely,

(arg zj41)p; — arg z;
21 '

8j=

We can call x the P-adic representation of C,.
Then the adding machine A on C., induced by A, is given by A= x TAx.

Abusing notation, we shall denote this adding machine also by A.
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In the following discussion, we shall also use the concept of a natural flow on a

solenoid, as defined in [16].

DEFINITION 2.6. The natural flow on a solenoid Sp is defined as follows:
¢ (2) =zx7p (1), | (2:5)

where mp : R — S, is the continuous isomorphism onto the arc component of the

identity S,, given by

| : [ 2mit 2mit\ 2mit g
7p (t) = <exp‘ (2mit) , exp <ﬂ> , €XPp <ﬂ> yeoey €XP (L) ,) . {2.6)
‘ D1 pp2) - DPib2---Pj

REMARK 2.7. In the case of the dyadic solenoid S5, we have

o (£) = (exp (2mit) , exp (wit) , exp (gzt) ye v, €XP <%zt> ,) . (2.7)

REMARK 2.8. The Poincaré map of the natural flow is conjugate to the adding

machine on the cross-section C, = {z € Sp : 2z = 1}
REMARK 2.9. The topology on Sp is induced by the metric
21 )
dzw)=> = d(z,w), \ (2:8)

where d (2;,w;) is a metric on S™.
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Properties of Solenoids

We now list some properties of solenoids.

PROPOSITION 2.10. Sp is a matchbox manifold, i.e. locally a product of a Cantor

set with an arc.

PROOF. Any segment of an arc éomponent can be defined as
S={¢'(2) : 0<t<T, zeSp}.

It immediately follows that S is homeomorphic to an arc [0,7"]. Thus we only need
to show that a cross-section Cy, = {2 € Sp : 21 = w; =: w} of Sp is a Cantor set.

To that end, consider the spaces
Xi={w}, Xo=fi'(X1), Xs=fr'(Xa),

Every X; (Figure 2) is contained in S?, is finite, and the subspace topology on it is
discrete.
Then we represent C,, as an inverse limit, C,, = @{Xi, gi}, where g; = fi |x;.,

for all . Note that g;(2) = 2™ andVz; € X;, k >4,

: k
13 =1 : -1 - O A (e
kli)ncr)lo card (glc 0--:0g; ({331})) = ]}Lﬂcf)lo g Py
> lim 21 =0
k—o0
and apply the well-known Theorem 2.11. O
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v(l."2)

(ni,n2)

Figure 2. Finite approximations of Cw.

Theorem 2.11. Let [Xi,fi} be an inverse sequence, where every Xi is a finite

space with the discrete topology, every fi is onto, andfor each i, if xi E X1, then

Jim card (/nloeee0Z 1({zj)) = 00

(i.e. the number of preimages of any Xi tends to 0o). Then X = Aim(Xi,fi} is a

Cantor set.

A discussion of further properties of solenoids that are consequences of Proposition

2.10 can be found in [25].

Proposition 2.12. Sp is a homogeneous continuum, i.e. for any two points in

Sr, there is a homeomorphism of Sp that swaps these two points.



23

Proor. This statement follows from Proposition 2.4 and the fact that all topo-

logical groups are homogeneous. O
PROPOSITION 2.13. Ewery nondegenerate proper subcontinuum of Sp is an arc.

ProOOF. The proof is easy and well-known. See [55]. O
We note that the last two propositions actually characterize solenoids. Hagopian

[34] proved the following theorem:

THEOREM 2.14 (HAGOPIAN). M is a homogeneous continuum and every proper

subcontinuum of M is an arc if and only if M 1is a solenoid.

Mardesic and Segal [48] showed that a.solenoid is a circle-like continuum. More-

. over, every homogeneous circle-like continuum that contains an arc is a solenoid [11].

NoTATION. By S(z) we denote the arc component of Sp containing z. Set

5 () = {@'(z) : 20},

57 (a) = {#a) : <0},

darc(z,y) denotes the signed distance between z and y along the arc component

of S'pi

dare(z,4) =1 ifand onlyif y=¢'(z). . - (2.9) -
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Universal Cover and Covering Projections

As we mentioned in the previous section, a solenoid Sp is locally a product of an
arc with a Cantor set. So the natural choice for a covering space would be the product
of the real line and a Cantor set, R x C, where C = C,. Let h: R x C — Sp denote

the desired covering projection. We would like / to satisfy the following properties:
1. h maps [0,1) x C one-to-one onto Sp.
2. his a covering map (in particular, it is continuous and a local homeomorphism.)
3. h is orientation preserving.

4. The lift of the natural flow ¢ by h is a linear flow on R x C, that is, a flow with |

a constant speed acroés all arc components of R x C.
REMARK '2.15. A cylinder set of C is a set of the form:
Upgooqp = X_l'{w € H (Zmodp;) : Ty=q,Ta=¢s,...,%k =g ﬁxed} (2.10)
i
We now turn to the construction of the covering projection. Define h as follows:
h(t,z) = ©*(x). ' (2.11)

By definition, h maps [0, 1) xC (or, for that matter, any set [t, t-+1) xC, t € R) one-to-
one onto Sp. Also by definition of A, the lift of ¢* to Rx C is ¢* : (1,2) +> (T + 1, %).

Since ¢ |rx{z} and A |{o}xc are continuous, and since Rx C' has the product topology,
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we know h is continuous. Also, if | 5 —#; |< 1, then h [p, 4,)xc is one-to-one onto its

image, (R | 4,)xc) " is continuous, since ™!,  (h |j03x¢) " are continuous. Thus h

is a local homeomorphism. The following propositions will assist us in showing that

h is a covering map.

The map h defined above possesses another intrinsic property, which we now

describe. For simplicity, we shall denote a point (0,z) € {0} x C by z. Now by

Remark 2.8,

h(1,z) = ©' h(0,z) = h(0, Az).
This implies the following two propositions.
PROPOSITION 2.16. If h is the map defined by (2.11), then

h(t+1,2) = h(t, Az) V(t,z) €eR X C.

PROPOSITION 2.17. If h is the map defined by (2.11), then

h(t+mn,z) = h(t,A"z) V(t,z) eRxC,VneLZ

Conversely, if (t1,21), (t2, T2) € h™1{z}, then
(ta, 22) = (t1 — n, A%z1), for somen € Z.
For convenience, we define a map

T(t,z) = (t+1,A7'x).

(2.12)

(2.13)

(2‘.14)

(2.15)

(2.16)
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If p € Sp, take an open neighborhood U of 2, of diameter less than % Let U =

7Y Jionyxe (U) € [0,1) x C. Then the collection 3 T*(U > evenly covers U.
[o,1) o

Each T™(U) C [t,t 4+ 1) x C for some ¢t € R. Also, h |jss41)xct [6,t+1) x C — Sp
is a homeomorphism, so h maps every Tﬁ(ﬁ' ) homeomorphically onto U. It follows
that h is a covering map.

Note also that A~ (C,) =Z x C.

- Lifts of Solenoidal Maps

DEFINITION 2.18. A homeomorphism f Sp — Sp is called orientation preserv-
ing if whenever y = z * mp(t), t > 0, we have f(y) = f(z) * mp(7), 7 > 0. It is called

orientation reversing, if £ > 0, 7 < 0, respectively.
In other words, Vt >0 Ve e Sp f(¢'(z)) =¢"(f(z), 7> 0.

DEFINITION 2.19. Let f : Sp — Sp be an orientation preserving homeomor-
phism on Sp. A lift of fisamap F': Rx C — R x C, such that F'is continuous

and
hoF = foh, (2.17)
where h: R x C — Sp is the covering projection.

Note that in. gén‘eral, a lift of f is not unique, however, as we show in the next

section, a lift of a homeomorphism homotopic to the identity, that is also homotopic
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" to the identity, is in fact uni(jue. We also note that a lift of a homeomorphism is not

necessarily a homeomorphism, as the following example demonstrates.

ExAMPLE 2.1. Consider the identity homeomorphism f(z) = z of S,. De-
compose C' into a union of two clopen sets, Cy, C7, that permute under the adding

machine. Define a lift F’, so that

[0,1) x Cy & [0,1) x Co, [0,1) x Cy & [1,2) x Cp.

Then F'is a lift of f, but it is not a homeomorphism.

PrOPOSITION 2.20. Let F: RxC >R xC bealift of f: Sp — Sp, then

F(t+n,A7"z) = (s +kn (z), A@y) | ‘ (2.18)

where (s,y) = F(t,z), and k,(z) is an integer that depends on z € C, n € Z. In
particular,
F(t+1,47%) = (s +k(z),A*C)y). (2.19)
PrOOF. By properties of the covering projection h, we have h(t + n, A™"z) =
h(t,z). So f o h(t+mn,A™™z) = f o h(t,z). By Equation ( 2.17),
hoF(t+mn,A™z) = foh(t+n,A™z) = foh(t,z) = ho F(t,z).

Now again by properties of h,“Elk = kn(x), such that

F(t+n,A7"z) = (s+ kn () ,A‘k"(‘”)y) .
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REMARK 2.21. Using the function T, defined in (2.16), Equation (2.19) can be

rewritten as
“ FoT(tz) =TF® o F(t, ). ' (2.20)

PROPOSITION 2.22. A composition of lifts is a lift, i.e. if F' is a lift of f, and G

is a lift of g, then Go F is a lift of go f.

PROOF. hoGoF=gohoF=gofoh. | O
For qur purposes, lifts of homeomorpﬂisms are more 'impoftant thaﬁ lifts of aﬁy
continuous maps, {:herefore, we establish several proberties of such lifts. In the fol-
lowing lemmas, it is assumed that f : Sp — Sp is an orientation preserving homeo-

morphism, and F' a lift of f.

LEMMA 2.23. F' maps arc components to arc components, i.e. ift1,ts € R,z € C,

then F(t1,z) = (s1,y), F(t2,z) = (s2,y) for somey € C.

PROOF. The set [t1,ts] X {z} is arc connected, so its image under a continuous
map F' must also be arc connected. Thus F'(t1,z) and F'(t2, z) belong to the same

arc component. O

LEMMA 2.24. F is ‘strictly’ orientation preserving on the arc components R x

{z},x € C. Thatis, if (s1,y) = F(t1, ), (s2,y) = F(t2,7); and t; < to, then s; <'ss.
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PRrROOF. The homeomorphism f is orientation preserving, and so is h, so F' must
be orientation preserving, i.e. if (s1,y) = F(t1,%), (s2,y) = F(t2,2), and ¢; < 2o,
then s; < s5. To show strict inequality, suppose that F(t1,z) = F(ts, z) and t; < to,
then F is constant on the set [t1, 3] x {2}, so ho FF =y V(t,x) € [t1,12] X {}. But
hoF = foh,so h(t,z) =y V(t,x) € [t1,%2] x {z}, since f is a homeomorphism. This

is impossible, because A is a local homeomorphism. So the lemma, is proved. O

COROLLARY 2.25. The lift of a homeomorphism f: Sp — Sp has the form
F(t,z) = (Fi(t,x), F5(z)), (2.21)
where Fy does not depend on t.

LEMMA 2.26. Suppose that F(t,z) = (s,y), for some t,s € R, z,y € C. Then

F lrx{zy: Rx {2} = R x {y} is surjective.

PROOF. Denote F(t,z) = (F1(t, %), Fa(t,2)). F |gx{s} is continuous and strictly
orientation preserving by Lemma 2.24, so for surjectivity we just need to show that
Fi(t,x) is unbounded in both directions. Suppose it is bounded, i.e. t < Fi(t,z) <
t, ¥Vt € R, for some finite ¢, € R. Then we can take t = inf Fi(t,z), t =
s&p Fi(t, z).

Consider now the set {(k,z) : k € Z, z € C}. On thisset, F} isstrictly monotone
increasing by Lemma 2.24; and F; < ¢. Thus Fi(k,z) — ¢ as k — 0o0. Then

dKVE>K 'E—Fl (k,l’) < g. Take kl, ko > K, ki < kz, then F]_(k]_,l’), Fl(kz,m) €
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[t —e€,%], that is; the images of (k;,z), ¢ = 1,2 under F' are within a distance € of
each other.
| Suppose that £y — k1 = n, and let y = h(k,z) € C.. Then h(ks,z) = h(k; +
- n, A" A"z) = A"y by Proposition 2.17. Now h is an isometry by deﬁn.ition, and

|F1(k1, ) — Fi(ke, z)| < €, 8O
d (h‘o F(k1, ), ho F(ks, z)) = d(f o h(ky, ), f o h(ks, z)) = d(f(y), f(A™y)) <e.

By choosing different &, and thus varying n, we get d (f(v1), f(v2)) <& Vyi,v2 € C’g.
Now ¢ is arbitrary, so f(y) = const on C,. This contradicts the fact that f is a
homeomorphism. Therefore, # = +o00. Similarly it can be shown that ¢ = —co, and
the lemma is proved. ‘ (W

In order to ﬁse lifts of solenoidal maps, it is important to establish their existence.
This is done in the next two theorems, whgre \;ve first prove existence of lifts for
homeomorphisms homotopic to the identity, and then for any continuous map of a

solenoid.

DEFINITION 2.27. A homeomorphism f :. Sp — Sp is called homotopic to the

identity (denoted f» id) provided there exists an H : Sp x [0,1] — Sp such that:
a) H is continuous;
b) H(z,0) = f(z) Vz€ Sp;

¢) H(z,1) =z Vz € Sp.
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(@)
RxC ~ RxC

h [ (G) h

Sp 5
Figure 3. Homotopy lifting for lifts of homeomorphisms of Sp.

Similarly we define a'lift F: R x C' -+ R x C homotopic to the identity.

REMARK 2.28. A homeomorphism f of Sp, homotopic to the identity, fixes arc

components of Sp, in the sense that
VzeSp Ir, eR . f(2) = ™= (2) = 2% mp (7). | (2.22)

THEOREM 2.29. Let f be an orientation preserving homeomorphism of Sp, ho-

motopic to the identity. Then there exists a lift FF: Rx C —+ R x C of f.

PROOF. First, denote by f, the identity map: f.(z) = z Vé € Sp. Then it can
be checked directly that F,(t,z) = (¢,z) is a lift of fo. Let f : Sp — 5'7.; -be a
homeomorphism homotopic to the identity. We‘ will show that it has a lift F.

Denote f' = foh, f} :bfgcg h.Let G: RxCx 0, 1]"—> Sp be the homotopy

between them (see Figure 3):

G(t,2,0) = fi(t,)

G(t,z,1) : f'(t, )
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Note that G(t,2,0) = f;(t,2) = feoh = ho F,. So we are in a position to use
the homotopy lifting property (see [66]). h is a covering projection, so it has the
homotopy lifting property, that is, there is a G : R x C x [0,1] = R x C, such that

G(t,z,0) = F, and ho G = G. Denote F(t,z) := G(¢,x,1), then
ho F(t,z) = ho G(t,z,1) = G(t,z,1) = f'(t,x),
so ho F = f' = f o h, therefore, F'is a lift of f. O

THEOREM 2.30. Let f be a continuous map of Sp. Then it has a lift F': RxC —

RxC.

PROOF. Let f : Sp — Sp be a map. Denote f' = f o h, and consider f] :

R x C — Sp, given by fi(¢,z) = f'(0, z).
CramM 2.31. fi(t,x) has a lift Fy(t,z) such that ho Fy = f}.

PROOF. In fact, f; = f o h |qo}xc, [ is continuous, so f |¢, is also continuous.
We construct Fy as follows. Consider open sets Uy, Uy C Sp (see Figure 4) defined as

follows:

Then the following is satisfied:

a) Uy UU; = Sp and thus U()ﬂU1 # 0;
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RxC RxC "X

Figure 4. Construction of the lift FO of / g

b) if2 G Ui then GoC U fori = 0,1 (that is, entire cross-sections belong to these

sets).

Without loss of generality, we assume that /0(0,0) G Qg

The collections {_C(ji% , {;_Ci,f:jJ , where U0k — (-0.1 + k, 0.6 + k) x

Z=00 Z=00

C, Clifc= (04 + k, 1.1 + k) x C, are the even covers of Co, C1, respectively. Also,
h |y.t Ciic Ciis a homeomorphism MVc, i = 0,1

Choose FO(0O10 from the even cover of /0(0,0). Then there is a set CO G | CUfcj
such that FO(OjO) G CO. Now take C1 G |ClIG so that coc c1~ 0. That is, if
CO= COz take C1= C1z lor C1;. Thus we have h |[y0: CO->CO, h |*: C1->Cl,

which are homeomorphisms; COU C1= Sp, so in addition, COU C1 D /« [C(], where
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Co = {0} x C. 'Theréfor'e, Vo= ()" (Uo), V1 = (f5)~ (U1) cover Co, and Vo, Vi
are open since f§ is continuous.
The set Cy is compact, so there is a Lebesgue number § for the cover V4, V; of
Co. Let W1, Wy, ..., W, be a cover of C by disjoint relatively clopen (i.e. closed and

open) sets of diameter less than §. Then
Vk=1,2,...,.n Wy CVyor W, CVi.

It follows that f(’) [Wi] C U; for the corresponding i = 0,1. For every (0,z) € Wi,
define

Fy(0,2) = h |3} ofg(o,xj.
For every k, Fy is continuous on Wy, therefore, it is continuous ron Cy by the Pasting

Lemma. Also, Fj is well defined, since V4, j W; N W; = (. Furthermore, on every Wy,

(and therefore V (0, z) € Cy),
hoFy=hohl3! ofy=f,

so Fy is the desired ‘lift’ of f3. ‘ O
Now back to the proof of Theorem 2.30, construct a homotopy G : R x C x
[0,1] — Sp, by taking G(¢,z,s) = f'(st,z). Then G is continuous as a composition

of continuous functions, and
G(t,z,0) = fo(t,z), G(t,z,1)= f'(t,x).

Furthermore,

G(t,z,0) = fi = ho F.
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The covering projection h has the homotopy lifting property, so there exists G :
R x C x[0,1] = R x C, such that é(t,aﬁ, 0) - Fy and ho G = G. Denote F(t,z) =

G(t,x,1). Then
hoF(t,z) = ho G(t,z,1) = G(t, :U,Al) =fl(t,z)=fo h(i, z),

so F'is ay lift of f. o El

We now analyze the relationship between two lifts of the same map of the solenoid.
Let F,G: RxC — R x C be two lifts of f : Sp — S;'p. Denote (s1,y1) =
F(t,z), (s2,%2) = G(t, %), (t,7) € R x C. Then by Proposition 2.17 these two lifts

are related as follows:
(s1+k(t,z),11) = (82, A¥6y) . where k(t, z) € Z.

Since everything is continuous along the arc components of R x C, and the integers

are discrete, k does not depend on ¢. Thus we have
(51 + k(z), 1) = (52, A¥@p) , k(z) € Z, (H,5) eERX C, (2.23)
or, using the function T' defmed in (2.16),
G(t,z) = T*® o F(t, ). | (2.24)

Also, if k : C — Z is continuous and F is a lift then so is G defined by (2.24). That
is, given a lift F', the‘map G is a lift if and only if there exists continuous k¥ : C — Z

such that (2.24) holds.
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RxC

0 1 2 3

Figure 5. The lift of the identity on S2 for Example 2.2.

Example 2.2 illustrates that kn(x) in Equation (2.18) actually does depend on

n, X, and k{x) in Equation (2.23) depends on x.

Example 2.2. Consider the identity homeomorphism on the dyadic solenoid S2,
/(z) = z, and its lift F(t,x) = (t,x). Construct another lift G as follows. Decompose

C into four cylinder sets: Coo, Cqi, Cio, Cu. Define the lift G so that

C {[0,1] x Coo} = [2,3] x Coi, C {[0,1] x CoJ = [1,2] x C~

G {[0,1] x Cio} = [1,7] x C0O, G{[01] x Cn}= [01] x CLL

(see Figure 5). Clearly this map satisfies the definition of a lift, i.e. equation
(2.17). Now if (t,x) G [0,1] x Coo, then T(t,x) = (t+ I, A-1x) E [1,2] x C11 and
FoT(t,x) = T-10F(t, x). Thus Ayz) = —L for X E Co

At the same time, T2(I11X) = (t + 2,A~X%) E [2,3] x CiQand F o T2(I11X) =

T o F(t, x). Thus k2(x) = 1 for x E Coo-
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We also note that G(t,z) = T*® o F(t,z), where

2 : zeCy

_ 3 : zelyn
]{}(117) - 3 : ze€ 010
0 : ze€(Cpny

Thus we see that k,(z) and k(z) depend on (n,z) and z, respectively.

Homeomorphisms of Solenoids Homotopic to the Identity
and Their Lifts

In our discussion of flows on solenoids in Chapters 3, 4, we heavily employ the
concept of homeomorphisms homotopic to the identity, both in the definitions of flows
and in proofs of their properties. In this section, we analyze homeomorphisms of Sp

homotopic to the identity and their lifts.
THEOREM 2.32. Every homeomorphism fP id of Sp has a unique lift F'» id.

PROOF. We construct such a lift. Observe first that Id(¢,z) = (¢,z) is a lift of

id : Sp — Sp. Now V(¢,2) € [0,1) x C let 7(¢t,z) = 7, be as in Equation (2.22),

where z = h(t, z). Define
F(t,z) = ({t+71(t,2),x). (2.25)
Then F'(t,z) is continuous because 7(t, z) is. Also, by properties of A,
ho F(t,z) = zxmp(T) = f(2) = f o h(t, z).

Furthermore, since h is a homeomorphism on [0,1) X C, F = h™! o f o h is a home-

omorphism from [0,1) x C to a fundamental domain in R x C. Extend F' to all of
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- R x C as follows:
if (¢, ) € T ([0,1) x C) then F(t,z)=T"o0 F o T "(t,x),

where T is'th(;: ‘coil translation’ map defined by (2.16). It is easy to see that F'is con-
tinuous on the ‘joints’ (n(z), =) (since A is a homeomorphism on {(n(z) — &, n(z) + €)
«{z}}) and that ho F = f o h. Thus F is a lift of f.

G(t,z,0) = (t+ (1 — o) 7(,z), 7) is a homotopy between F' and Id.

We now prove uniqueness of F'. Let F, G be two lifts of f, both homotopic to the
identity, and let (s1,71) = F(t,z), (s2,72) = G(t,x) By (2.23), (s + k‘(x),yl.) =

(s2, A¥®@)y5), and in particular,
y = AF@y,, | \ (2.26)
By the first part of this ﬁroof and equation (2.25),
(s1,91) = (t+ 71, 3), (52,y2) = (t + 72, 7),
SO | . Y1 = Yo. B (2.27)
It follows from (2.26), (2.27) that A*(® =1, so k(z) = 0, and thus F = G. O
COROLLARY 2.33. If F'b id is the lift of f» id, then FoT =T o F.

PROPOSITION 2.34. 7(t,x) 4s bounded on R x C.
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PROOF. V(t,z) ERx C " (t,2) = T"(to, o), where o € [0,1), z € C. Then

F(t,z) = FoT"(ty,x0) =T" o F(to,z0) .

= (to + 7(to, Zo) + 1, A_”xg) = (¢t + 7(t9, o), ) ,
so 7(t,z) = 7(ty, o). Thus,

rangegyc T = Tangejo 1yxc T = rangeo1jxc 7-

Since [0,1] x C is compact and 7 is continuous, it follows that 7 is bounded. O
We conclude this section by proving a criterion for a homeomorphism homotopic

to the identity to have a fixed point. We will use the following notation.
NOTATION. We write z; < 2, if and only if z, = ¢*(z,) for some ¢ > 0.

PROPOSITION 2.35. Let f be a homeomorphism of Sp homotopic to the identity.
If there are two points z,,z, € Sp such that f(z;) < z; and 25 < f(2,), then f has a

fized point.

ProoF. Let U = {2 : f(z2) < z} and V = {2z : 2z < f(z)}. Note that
YUY = {(t,2): R, x) <t} and A"H(V) = {(t,z) : Fi(¢,z) > t} are open. It
follows that U,V are open. Also, U,V are‘disjoint by constfuction-.

Now if UUV = Sp, then U,V would form a sepa.ration of Sp, which is impossible,

since Sp is connected. 'I"hus the union of U and V is not all of Sp, ie. Jz;, €

Sp \ (U UV), which implies that f(z,) = z,- O
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Decomposition of Homeomorphisms on Solenoids

Main Classes of Homeomorphisms

In this section we state a result of Kwapisz [43] about decomposition of homeo-
morphisms on solenoids into a composition of maps that belong to a few main classes
of homeomorphisms. First, we list these main classes of homeomorphisms.

1. Homeomorphism 7(z) homotopic to the identity has a lift
F(t,2) = (¢ +5(t,), ), (2.28)

where § : R x C — R is a continuous function invariant under the coil map 7.

2. Translation by w € Sp:

tw(2) = z* w. (2.29)

3. Power homeomorphism:
9a/b = 9o © g1/p, Where Qa Dz 2t gijp = (gb)_l- (2.30)

REMARK 2.36. If P = (p,p,...,D,...), we have a special case of a power homeo-

morphism, a right shift homeomorphism:
sr(21, 22, <oy 2Zny . ) = (&, 21,20, ..., 2,...), or sg(z) = 2. (2.31)

Clearly, sg = g,- We note that if the sequence P is not constant, then the shift map

is not a homeomorphism of Sp.
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To determine for what values of a, b the map g,/ is a homeomorphism, we need

the following definition..

DEFINITION 2.37. Let P = (p1,p2,...). An integer [ is called P-recurrent pro-
vided for every prime factor [; of [ and for every n € N 3k > n such that /; is a factor
of pi. In other words, every prime factor /; of [ occurs infinitely many times in the

sequence P.

REMARK 2.38. If P = (P1,D2, -+« s Pny D1, P2y« - P,y - - -) 1S & periodic sequence,‘

then [ is P-recurrent if and only if every factor of | is a factor of P1P2 - * - Pp.

The following proposition is stated and proved by Kwapisz in [43], who in turn

attributes it to Fokkink [25], Keesling [39]; McCord [50], and others.

PROPOSITION 2.39. The map g;(2) = 2' is a homeomorphism if and only if | is

P-recurrent.

REMARK 2.40. If o, b are P-recurrent, then so is ab. Thus if g,, g, are homeomor-

phisms, then g, = g, © gp is also a homeomorphism, and 80 i ga/p = go © g L,

. ExAMPLE 2.3. Consider the dyadic solenoid Ss. The only 2-recurrent integers
are powers of 2, so the only possible power homeomorphisms are g1, gon, g1/2». Note

that gy = s% (the right shift), and g;/o» = s (the left shift).
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Decomposition Theorem

The next theorem is proved in [43]. We first state it for the dyadic solenoid Ss,

since in that case it takes on a simplified form, and then for a general solenoid Sp.
THEOREM 2.41. If f: Sy — S5 is a homeomorphism, then
f=Totyo0s, : (2.32)

where T is a homeomorphism homotopic to the identity, t,, is a translation by w € Ce,

s = sk for some k € Z.

Note that it is sufficient to take w € C, in (2.32), since otherwise w = w; * w,,
where w; € Cq, wy € S(g), 50 ty, = ty, 0ty . But t,, is homotopic to the identity, so

it can be included in 7.
THEOREM 2.42. Every homeomorphism f: Sp — Sp can be represented as

f=T1o '[fg © Ga/b, (2.33)

where T is a homeomorphism homotopic to the identity, t,, s a translation by w € C,,

9a/b 5 @ power homeomorphism, a and b are P-recurrent.
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CHAPTER 3

ERGODICITY AND ROTATION OF FIXED-POINT FREE FLOWS
ON SOLENOIDS

. Flows on Solenoids and Their Lifts

DEFINITION 3.1. A flow ¢ : Sp xR — Sp is a continuous group action of the reals
on Sp, or equivalently, a one-parameter group of homeomorphisms ¢* : Sp — Sp’

that satisfies the group property:
¢t+s(§) = ¢' (¢°(2)) Vt,s€R, Vz€ Sp. (3.1)

DEFINITION 3.2. We say that a flow is positively oriented if its direction coincides
with the direction of the natural flow ¢, that is, if V2 € Sp, t > 0 2z < ¢*(2). A flow

with the opposite direction is called negatively oriented.

Most of the proofs in this dissertation are given for positively oriented flows, unless
stated otherwise. The reason for this is that only. trivial adjustments are necessary

in order to reformulate these proofs for ne’gatiirely oriented flows.

PrROPOSITION 3.3. If ¢ is a flow on Sp, then the arcs are not blown up under ¢,
or, more precisely, 3 M such that for any arc A = {#*(zy) : 0<t<ty} and for all

T € R, ¢T (A) has length not more than M.
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B

RxC)xR * , RxC
hxId A
¢
S'p xR - S7>

Figure 6. Definition of a lift of a flow.
PROOF. Let M = max {darc(4°(2),2) : 2€ Sp}. Then

length ¢" (A) = dar (67 (6°(20)), ¢ (20))

= dasc (6°(6" (20)), ¢" (20)) < M

for any 7' € R. ' ' O

DEFINI'fION 34. Let ¢ : Sp X R — Sp be a flow on the solenoid Sp. A flow
3: (RxC)xR—RxC is called a lift of ¢ to R x C if $oh(z,t) = ho d (z,1),

that is, if the diagram in Figure 6 commutes.

AS'A‘We argue in Remark 3.12, in order to ’obfain meaningful results pertaining
to rotation sets of flows, one has to restrict attention to the lifts homofopic to the
identity. Any flow has a unique lift homotopic to the identity. This follows from the
fact that V£ € R ¢t is a lift of ¢* . Sp — Sp, which is 4 homeomorphism of Sp

homotopic te the identity. By Theorem 2.32 such a lift exists and is unique.
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Rotation Sets of Flows on Solenoids

Pointwise Rotation Set

In this section, we define the pointwise rotation set of a flow and state several
" properties of this rotation set. We start by giving two definitions of a rotation set at

a point of Sp.

DEFINITION 3.5. Let ¢ be a flow on Sp, and 3 its lift to R x C. The rotation set

of ¢ at the point z € Sp is

N N t’l, _
M@@:{mmmmmmﬁﬁ(?@ thERQ%a%, (3.2)

7

where h(T,2) = 2.

Since this does not cause ambiguity, we shall simply write

plz, ¢) = { limit points of ¢ (’7';;.’17) T oast— oo} : : (3.3)

REMARK 3.6. Since da (2, ¢'(2)) = m @ (1, ) ~ 7, we can rewrite ( 5.8) as

p(z,¢) = { limit points of%alarc (2,0%(2)), VL ER, t; — oo} . (34

(]

DEFINITION 3.7. The pointwise rotation set of flow ¢ is

p(8) = | n(z.¢). | (3.5)

zE€Sp

Similarly, the pointwise rotation set of a homeomorphism ean be defined:
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DEFINITION 3.8. Let f be a homeomorphism of Sp, and F' its lift to R x C. The

rotation set of F' at the point z = h(7, z) is

m F% (r,2) — T
k;

p(z, F) = { limit points of V€2, k; — oo} , (3.6)

and the pointwise rotation set of F is
p(F) = ol F). 3.7
z€8p

We now describe several basic properties of the pointwise rotation set.

PRroPOSITION 3.9. If two points 2, z, € Sp lie on the same orbit, then p(z;, ¢) =

P(§27¢)-

PROOF. Let (71,21) and (7, 22) be points from the cover of z; and z,, respec-

tively. By assumption, 3ty such that z, = ¢% (2z;). This implies that 2o = 2, and

(12, 21) = ¢ (71, 21). Thus we have

m ¢T" (7'2,371) - 7‘2}

p(2q,0) = {1imit points of

T;
ATi+to _ _
= {limit points of mé (r1,21) =+ 7 TZ} =p(2,9),
T;
- ITi+to (. _
since 2—2 — 0 as T; — oo and {limit points of ¢ (;1,561) Tl} =
i i

g1 (Z~5Ti+t° (11,21) — 7’1}

limit points of
{ P T; + 1o

COROLLARY 3.10. If the flow ¢ has no fized points on some arc component of

Sp, then p(z, ) is constant on that arc component.
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PROPOSITION 3.11. For every z € Sp, p(z,¢) is a closed interval.

ProOF. First, we note that for evefy 2 € Sp, fhe rotation set p (2, $) is closed.
This follows from the fact that the set of limit points is always closed. We now show
that for every z € Sp, p(2, ¢) is connected, i.e. if a,b € p(z,¢), then Va € [0,1] c=
aag+ (1—a)b e p(z,9).

From the fact that ¢ ié continuous and A is a local homeomorphism, it follows

that ¢ is continuous. In particular, ¢* (, ) is continuous in ¢ for any (r,z) € R x C.

quzt (r,2) — T
t

Then m @' (,z) — 7 is continuous, and so r (t) = is continuous for all

t#0.
Let tgl), t§2) be two sequences, such that r(tgl)) — a, r(tgz)) — b as i — co.
t, &

Without loss of generality, we assume that ¢ < b and that are such that

Vi ) > max £V, ¢} _\ (3.8)

(Otherwise, choose appropriate subsequences.) Take an ¢ < zmin{c—a,b—c}
and N such that Vi > N |r(t™) —a| < € and |r(t?) —b] < &. Then Vi >
N we have r(tz(-l)) <e¢ < r@). r@ is continuous for ¢ # 0, so Vi ) €
(£, 6] such that r(t®) = ¢ Now Vi fgi_)l > £ and £ —> oo by (3.8). In

addition, lim;_,e 7(t>)) = ¢, 50 ¢ € p (2, ), Where z = h(r, z). . O
We note that the pointwise rotation set p(¢) need not be connected, as Katok’s

Example in Chapter 4 demonstrates.
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REMARK 3.12. It is Well-knovv-ﬁ that rotation‘sets of homeomorphisms or flows
on the circle and on the torus do not depend on the choice of the lift, in the sense
that if we choose a different lift, the rotation set would differ by an integer translate.-
However, that is not the case on solenoids. Due to a lack of connectedness in the
Cantor set coordinate on the universal cover, Wé have more freedom 11(1 choosing lifts.
As a consequence, we can conétruct lifts of the same homeomorphism, whose rotation
sets differ by an arbitrary constant, thereby rendering the concept of a rotation set

meéaningless.

EXAMPLE 3.1. In Example 2.2 we éonstructed a lift G of the identify homeomor-
phism, whose rotation set is p,(G) = {4/3}, while the rotation set of the standard

(identity) lift is p,(F) = {0}.

We would like to avoid this phenomenon for flows as well as homeomorphisms,
since many homeomorphisms appear-as time-one maps of continuous flows. - The most
logical way to rectify the situation is to restrict attention to the lifts homotopic to

the identity, and that is what we do in this dissertation.

MZ Rotation Set

DEFINITION 3.13. Let ¢ be a flow on Sp, and ¢ its lift to Rx €. The MZ rotation
~set (or simply the rotation set) of ¢ is

m1d% (74, 7;) —
t;

o(¢) = { limit points of %Vt R, t;— oo, (73, %) € R X C}
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Similarly we define rotation sets for homeomorphisms:

DEFINITION 3.14. Let f be a homeomorphism of Sp, and F its lift to R x C.

The MZ rotation set of F' is

m R (15, 25) —
k;

o(F) = { limit points of Ti, Vk; €Z, ki — oo, (1;,7;) € R x C’}

Misiurewicz and Ziemian [52] prove that the rotation set of a toral map or flow
is compact. A nearly identical proof applies to the solenoidal flows. In addition, it

follows directly from the definitions that

po(9) C p(9). ' (3.9)

Because of the nice properties that the MZ rotation set possesses, includiﬁg com-

pactness, it has been ektensively studied in the last decade. In this dissertation, thé

most important results are obtained for the MZ rotation set, but in some cases certain
conclusions about the pointwise rotation set are also derived.

We conclude this section by stating a theorem proved by Misiurewicz and Ziemian

[53]. Although originally this theorem was proved for toral maps and flows, a nearly

identical proof works for solenoids as well.

THEOREM 3.15 (MISIUREWICZ — ZIEMIAN). For every extreme point v of p(4),
there exists an ergodic probability measure p, invariant under flow ¢, such that ¢ has .

rotation number v with respect to p.
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Return Times to a Cross-Section

In this section, we introduce and study the concept of return time to a cross-
section, that will be used later to construct and analyze ergodic measures for solenoidal

flows.

Definition 3.16. Let X C C be a clopen set, and let x E X. The return time

ofz to X is

() =min{r>0 : &0,x) = (I,x), sothat h(l,x) = h(0,y), y E X} (3.10)

or, equivalently (see Figure 7),

r(x) =min{r>0 : @) £ X}. (3.H)

(t0,x)

Figure 7. Return time to X C C

Definition 3.17. The average return time to X is

(3.12)
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where  is the Bernoulli measure on C (see Theorem 3.18 below). For our purposes,

the most important is the average return time to C:

Fo = / r(z) dB. - @)

c

Clearly, for a fixed-point free flow, all r(z) < oco. It is sometimes convenient to
define a fixed-point free flow by specifying r(z), =z € C,, since return times capture

most of the dynamics of such a flow.

Unique Ergodicity and Rotation Number

Using Theorem 3.15 of Misiurewicz and Ziemian, we will prove that the rotation
set of a fixed-point free flow on a solenoid is trivial, by first showing that such a flow
is uniquely ergodic. We start by stating and proving a well-known theorem on unique

ergodicity of the adding machine.

THEOREM 3.18. The adding machine on C- is uniquely ergodic, and the only
invariant measure is the Bernoulli measure:

1

BU) = m, (3.14)

for any cylinder set Uy, q,..q, defined in (2.10).

ProoF. Since cylinder sets form a basis for the Borel o-algebra on C, it is suffi-

cient to restrict attention to such sets. Denote by

Uj = {qul..q; SRS Z mod P, 1=1,2,... ’j} )
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the collection of cylinder sets of the same diameter. Then
C&I‘dﬂl =D, C&I‘d,ug = PiP2, .-. C&I‘dﬂj =p1Pp2...Dj.

By definition, the adding machine A permutes cylinder sets in if; V3, so if u is an

invariant measure for A, then pu(Uy) = u(Us) VU1, Us € ;. So we must have:

w(U) = 1 VU € 8,
D1
w(U) = —— YU € i,
b1p2 (3.15)
)= ——  vUes
# pip2..-Dj : 7

These formulas completely determine the measure 4 on the collection of cylinder

sets, and therefore on the entire o-algebra of Borel sets on C. It follows that such

an A-invariant measure on C is unique. The measure defined by ( 3.15) is called the '

Bernoulli measure and is denoted by S(U). O
Let ¢ be a flow on Sp without fixed points. We shall define an invariant probability

measure for ¢. Q = [0,1] x C denotes the fundamental domain in R x C.

DEFINITION 3.19. Define a measure u as follows:

u(B) = ic / 75(z) 4B, (3.16)
C

where BC Q C Rx C and 75(z) = AM{t e R : §'(z) € B}, ie. the ‘time-length’
of the arc component of B with Cantor-set coordinate equal to z, 7¢ as defined in

(3.13).
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REMARK 3.20. 1. In formula (3.16), since B C , then
(z) < r(z) V.

2. u is a Borel probability measure on Sp. To see that p is a measure, we note
that clearly u(B) > 0, (@) = 0 since 7y(z) =0, and u(Sp) = 1 since 75, (z) = 1. For
countable additivity, we use the fact that if {B;}%2, is a disjoint collection of sets in

Sp, then
@) =) 75().
=1

Countable additivity of u then follows by Fubini’s Theorem.
PROPOSITION 3.21. p is invariant with respect to the flow ¢.

PROOF. Let B € B(Sp), B -:‘qSt(B) for some ¢t € R. For ‘simplicity, suppose B
is connected along arc components, i.e. B = {(t, z): x E X C C, C clopen, ty(z) <
t < ti(z)} for some functions tg,t; i C — R. (otherwise, it is a union of such sets).
Then Vz € X, 75(z) = t1(z) — to(z), also set 75(z) = 0 Vz € C\ X. Since

B = ¢*(B), then
T5(@) = m (§'(t1, 2) — 8 (to, af)) = (ta(z) + 1) — (bo(z) + 1) = 78(2),

.1 1, | *
so u(B) = }_——C:/Tg(x) dg = - /TB(a:) dB = u(B). Thus u is invapiant. O
c c ‘

We now would like to show that measure u defined above is the only probability

measure invariant with respect to the flow ¢, that is,‘ ¢ is uniquely ergodic.
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THEOREM 3.22. A fized-point free flow ¢ on Sp is uniquely ergodic. Moreover,

the unique invariant measure is defined by (8.16).

PRrOOF. The proof will consist of the following steps:

1. Show that every ¢-invariant Borel measure y on € is given by

u(B) = [ r(o)dB,

X

where X is the support of B in C, 8 some measure on C.
2. Show that measure £ is invariant with respect to the adding machine A : C — C.

3. Such measure [ is unique, § = 3, so measure y is also unique.

Step 1: Let B(2) denote the o-algebra of Borel sets in the fundamental domain
2 C R x C, and let p be any ¢-invariant measure on Sp (it exists by Proposition
3.21). It induces an invariant measure for $ on . Abusing notation, we shall denote

this measure also by u:
w(B)=wu(h(B)) VBeBRxC), BC. (3.17)
Consider the clollection of sets £(Q) C B(Q), such that every set B € £(Q) is of
the form
B={(t,z) : =z€X,Xclopen, ¢t€l0,m3"®0,z)]} (3.18)

for some continuous function 7 : C — R,. with supp 7 = X. Then every such function
7 uniquely determines a set B € £(£2). Denote by C,(C) the set of nonnegative

continuous functions on C, and introduce v : C(C) — £(), defined by (1) = B.




55

Since £($2) contains cylinder sets of Rx C, then it, together with its 3*-translates,
generates the o-algebra of Borel sets on €2. As a consequence, if we show uniqueness
of on £(£), it would imply uniqueness on B(£2). So let us consider p|g(q). Construct

amap fi: C.(C)— Ry by

Cramm 3.23. i is a linear functional.

PROOF. a) First, we show that a(m + 72) = f(m1) + f(m2).
Let B; = y(11), By = 7(m). Then y(ry + 1) = By U ™ (By), the union being

disjoinf. So
Mr+m) =R (BLUB™(By)) = i (B1) + (37 (Bz)) = m) + M),

as desired.
b) Now we prove.that Ve >0 fi(cr) = ci(r).
Let € > 0 be arbitrarily small. Choose m,n € N so that

En <c and A(y((c— —@)T)) <e.

. €
c———< o

p(r) 2
We note that v((c— Z)7) is a set in £((2), whose measure is less than & provided the

time-lengths of arc components, (¢ — 5%) 7, are sufficiently small. Then by part (a):

- (zﬁn )+ (- %)‘T) | (3.19)




A (1 1 (1Y {1 Y 1 ..
Now, f(r) = M'(z—nT+-~=~ﬂ--2—7;T> = 2”#(2—nT>, 50 . u(z—n'r) = —2;,111-(7'). ‘

Then since m € N,

By (3.19):
cii(r) — & < 5 i) < ca(r),
80 ‘
pler) > i (gor) = SAlr) > cir) +¢
and pler) < b (2%) te= g—gﬂ(fr) +e < cilr) +e.
Since € > 0'is allbitrary, we have fi(cr) = cﬁ,(T) N - O

We now return to the proof of Theorem 3.22. By the Riesz Representation The-

orem, there exists a measure 8 on C such that

A(r) = / r(z)df = / (z) df, (3.20)
X C
where X = supp 7. It follows that
u(B) = / ra(5)df VBeERx C), (3.21)
XB
and so
u(B) = / 5@ df VB=h(B)C SpBeE®RXC), BCQ  (322)

XB

Step 2: We now show that measure § from ( 3.21) is invariant with respect to the
adding machine A: C — C, that is, B(AX) = f(X) VX € B(C). It is sufficient to

prove this for cylinder sets of C, so let X be a cylinder set.
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As before, let r(z) denote the return time of z to the cross-section of the identity,
then by continuity of r(z) and compéctness of X,0<r<r(z) 7T<o0. (r>0
since ¢ is fixed-point free.) Without loss of generality, assume X is small enough
so that 7 — r <r (if not, represent X as a.union of smaller cylinder séts with the

required property).

Take 7 such that 7—r < 7 < 7, and let B be a Borel set in R x C, built on X by

flowing each {0} x- X by 3":

B={(t,z) : zeX, tel0,mp(0,2)]}.

Clearly, {0} x C > {0} x X C B.
Now take T'> 0 such that T < r, T + 7 >, and consider the set B' = T (B).

Then Vz € X, ,
mdr(0,z) < md~(0;2) < md@(0,z)

< md(0,z) < mad (0, x).

So by connectedness of B along the arc components and by continuity of @,

{"@(0,2)} =3"(B) N ({1} x C),

and consequently, {1} x X = B’ N {1} x C).

Technically, B’ ¢ £(f), so we now prove formula (3.21) for B’. Denote

B, = {(t, ) ireX t= leST(Q,x)} — ‘left boundary’,
Br={(t,z) : € X, t=m@"""(0,2)} - ‘right boundary’.

1

Now B' = E/ U E}, where E!, E} are constructed as follows. Take
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71(z) such that V (¢, aé) e B, 3@ (t,x) = (1,2) € {1} x C,
72(z) such that-V:B cX 7@ (1,z) e B,
then Bi={tz): zeX, md"(0,z)<t<1},
By={(t,z): z€X, 1 <t <ma ™7 (0,2)}.
It foll§§vs that E;‘e £(Q), so p(Ey) = /X . df. Also, 37T (E}) € ER x O), so by
invariance of ji: (&) = /X 71 dB. Therefore,
BB) = A(B) + (BY) = [ (r+ ) aB = [ 75, B

. X X
Set B =h(B), B’ = h(B'), then by properties of the covering projection h:

supp B = h ({0} x X) = X,

supp B'=h ({1} x X) = AX.
Also, B' = ¢T(B), then by (3.22):

WB) =[rdf =rh(X)

u(B) = [ dp

AX

By invariance of u: 7 (X)) = fﬁ(AX ), or B(X) = B(AX), so f is invariant with
respect to A.

Stép 3: By Theorem 3.' 18, A is uniquely ergodic, so B coincides with the Bernoulli
measure B, and thus p is uniquely determined on. &£(Sp) = {B : B=h(B),
Beg (Q)} Since £(Sp) generates the o-algebra B(Sp), it follows that 4 is unique
on B(Sp) (if §ve réquire it o be normalized), and

o i

W(B) = = / 75(z) dB.

()
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We have seen in Proposition 3.21 that such  is indeed a probability measure invariant -
with respect to ¢. , : [
We are now in a position to state a theorem on rotation sets of fixed-point free

flows.

THEOREM 3.24. If ¢ is a fized-point free flow on Sp, then its rotation set is

1 1 ‘ ‘
p(¢) = {‘P},r where p= e Lr@ap (3.23)

PROOF. It is proved in [52] that rotation set p(¢) is compact. If p(¢) contains
more than one point, then it has more than one extreme point, thus by Theorem 3.15
it must have more than one ergodic measure. This contradicts Theorem 3.22. Hence,

. . @tn (Ta 37) -7
p(¢) contains exactly one point p. Then all the averages — converge to
n

the same point for anjru (r,z) € Rx C and for any sequence of times {t,}. So let {¢,}

be the sequence of return times to the cross-section of the identity. Then

Pt (1, ) — ’7'. o n 1
tn ~r(z) +r(Az) + - - + (A1) o

since by unique ergodicity of A

r(z) +1(Az) + - + r(A" 1)

So the formula (3.23) is now proved. | O
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Geometric Properties of Rotation

We are interested in the question of how the rotation number relates to the
dynamics of a fixed-point free solenoidal flow.

It is Well—knowﬁ that for a homeomorphism dn the (;ircle St if p :g € @, then
there exists a periodic point of period at most g. (For flows on S, every point is
periodic.) For toral flows, the existence of a periodic orbit also follows from the
rotation vector being rational. We would like to find out if a similar result holds .
on a solenoid; that is, if p = g € Q, then maybg there is a Cantor subset of small

diameter, such that after ¢ iterates it comes back to itself.

This turns out to be false, as the following example demonstrates.

ExXAMPLE 3.2. We define a flow ¢ by specifyihg return times for all z € C. Here

Cyr, Cqrgny €tc. denote the cylinder sets, as in (2.10). Define r(x) as follows:

( 1
5 T € CO
% HA E‘C]_()
7
— e C’ .

re)=y 3 vE (3.24)
1
1- on 2z €Ch
|1 =(111..)
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1 13 17 2.1 1 2
Ftritest Tyl =5

N[ =

Then / r(z)dp =
c 3 .
3.24, p(¢) = 3 However, it is easy to see that no subset of C' maps to itself under

.

A weaker statement, which claims the existence of a periodic transversal, rather
than a periodic cross-section, if a rotation number is rational, is also false, as the
following discussion illustrates.

Suppose that p(¢) = g Let us assume that such an invariant transversal D

exists. To construct it, we would take a point z € Sp and let ¢?(z) € D for all

n € Z. However, these iterates of z might go around Sp faster and faster (as in
Example 3.3 below), causing D to intersect itself. Thus, we get a contradiction.
To give a quantitative measurement of how fast the iterates of a point move

around Sp under the flow ¢, we define a function

a(t, 2) = daxe (2 * Tp(tp), ¢°(2)) » (3.25)

where p(¢) = p. In other words, a(t, z) is the difference between iterates of the same

point under ¢ and under a linear flow with speed p.

One can easily show that if p(¢) = g and ¢ is such that a(t,z) — 0 as t — oo for

all z € Sp, then every point on the solenoid is uniformly recurrent, that is,

Ve>03IneN suchthat VzeSp, keN d(¢(z2),2) <e.

so by Theorem
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But a(t,z) does not necessarily tend to 0 as ¢ — co. In fact, it may not even
be bounded, as we shall see in Example 3.3. Therefore, we cannot establish any
recurrence properties for flows with a rational rotation number.

To facilitate the discussion, we state a few facts about the function af(t, z).

1. a(t,2) is sublinear in ¢, since otherwise, if a(t, z) is not sublinear in ¢ for some

lét(’r) .’17)

z = h(7,z), then Tt does not converge to 0 as t — oo, S0 p(qb) # p,
which is a contradiction.

2. If ¢ is a differentiable flow, then a(t, z) is differentiable, and its derivative
in ¢, a/(t,z) is almost periodic. To see this, we note that if Iy C S(z) is any interval
on the arc component of z, then there is a sequence of intervals I, C S(z) when the
iterates ¢*(z) come within distance ¢ of I;. By continuity, the change of a(t,2) on I,
is within € of the change of a(t,z) on I. Say, Iy = [to,t’] I = [t1,t], etc. Then
Ty =t —ty, To =ty —ty, ..., Ty = t; — t;—_1, ... are ‘e- almost periods’ (according
to Bohr’s definition of almost periodicity). On each interval [t;—1,%;] (¢, 2z) almost
repeats its behavior on [to, t1].

3. d'(t,z) cannot be bounded away from 0 (otherwise the rotation number is
too small if @' > 0, or too large if @’ < 0.) For the same reason, it also cannot

asymptotically get closer to 0 without equaling it. So o/ must alternate signs.

* 'We now describe an example of a flow for which the function a(%, z) is unbounded.

ExamPLE 3.3. Here we construct a flow on the dyadic solenoid Ss.
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Figure 8. Return times for the flow in Example 3.3.

If0<AR... @ is a binary expansion of e 6 C, that is, if % [{g\c. mm(Z00...) —X,

T
define r(x) — YlIPii where

\ 31 01+R2 31:+P-1--- horH
Pi = P2= -792, Pa=-~-93, ... Pn=-m- A ceeeeee an-  (3.26)

Then extend r(z) continuously on all of C. The graph of r(%) is given in Figure
8. There, along the horizontal axis are the values y e [0,1] whose binary expansion
corresponds to points in C. In other words, the horizontal axis corresponds to the set
C, where all the removed open intervals are collapsed. (In such a ‘coordinate system’,
the Cantor ternary function (the ‘devil’s staircase’) would look like a straight line from

(0,0) to (1,1).)



64

Figure 9. The first four members of the sequence rn(x).

The function r(x) constructed above can also be viewed as a limit of a sequence
of functions rn(x), where TD(2;) is the devil’s staircase, and Vn rn+i is obtained by
replacing every linear piece (fi, r™ —t2,r2) of the graph of rn with two pieces, (ti, ri) —
"% \'-1 2)- (*,r2 (see Figure 9).

Yet another way to view the function r(x) is through the following recursive

formula, which will prove useful later. It can be easily checked using formulas (3.26).

P roposition 3.25. Let Xo E C have a binary expansion O-"g2... Qu, then:
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‘a) if z =0.0q10s . . . G, then r(z) = ir(xo),

b) if t =0.1¢1¢2 . . - G, then r(z) = ! + Zr(xo).

4
Let ¢ be the flow defined by return times r(z) + 1. It can be easily checked that

/7"(33) dg = %, S0 /(7‘(:27) +1)ds = Z, and therefore

c C

M@=§

PROPOSITION 3.26. The function a(t,z) for the flow ¢ constructed above is un- |

bounded.

The graph of a(t, e) is given in Figure 10, where the points on the horizontal axis
are the numbers of consecutivg returns to the cross-section of the identity C. It is
evident from this graph that a(¢,e) evolves in ‘cycles’, where every n-th cycle lasts
from return number 277! to return number 27, and at evéry 9"_th return a(t,e) takes
the value 0.3125. The maximum values of a(%, _e_) in the ﬁrst. 10 cycles, along with the
numbers of returns that yield those maxima, and the points in C* that correspond to
such returns, are listed in Table 1. Figure 10 and Table 1 already suggest that a(z, €)
is unboundea. We shall now give a rigorous proof of Propositi(;n 3.26.

The following notation will be used in the proof. Denote f (x) =1 r(z),

4
y(n) = f(z) if x € C corresponds to the n-th return of e to C under the flow ¢ (we




113 129 145 161 177 193 209 225 241 257

Figure 10. The graph of o(£,e).
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| Cycle | Maximum of a | Return # | Point in [0, 1] l

1 0.3125
3 0.546875 31025
3 0.722656 7 0.375
4 "0.854492 15 | 0.4375
5 1.033936 27 0.34375
6 1.190491 55 | 0.421875
59 | 0.359375

7 1.340866 | 119 |0.429688
8 1.512585 219 | 0.355469
9 1.666436 | 439 | 0.427734

, 475 | 0.357422
10 1.819419 951 | 0.428711

Table 1. Maximum values of a(t,e) in every cycle.

denote this by z(n)). Also denote

fl@)=g(n) =Y _yk), (3.27)
" k=0

the accumulated difference in return times between ¢ and the linear flow. Since

returns occur for some t,, n =1,2,..., then the following is true:

LeMMA 3.27. If the accumulated difference §(n) is unbounded as n — oo, then

a(t, e) is unbounded.

Thus we only need to show that §(ny) is unbounded for some sequence of returns

ng — 00.

LEMMA 3.28. For any two consecutive powers 25=1, 2% the following holds:

1 .,
Vn>0 Z+y(2k’_l+n) =y(2% 4+ 2n — 1) + y(2% + 2n). (3.28)
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PROOF. Assume that n < 28! m = k — 1, and let the binary expansion
bin(2*~* + n) = 0.¢1¢2...gn. Then bin(2* + 2n) = 0.0¢1¢2...9m. Let g be the
first ¢; = 1, then

bin(2* 7 +n—~1)=0.111...10g;1 ... qm, SO
-1

bin(2*4+2n—1) = 0.111...10q;1...gm,
l

0.0111...10¢u1 - - - gm.
-1

bin(2F + 2n — 2)
Note that z(n) = bin(n — 1). So we need to show the following:
1
7 H7(0- 1L, -10g1 . gn) = 7(0.10. . 10giss ... gm) +7(0.01L .. L0g141 - Gom).

-1 l -1

Let 7o = 7(0.g141 - - - gm), then by formulas ( 3.26):

7(0.11...10q141-.-gm) = é—l—%(i—l—%(%—l—(%—}-%(%m))));

- l—1§mes
1 371 3/1 1 3/1
T(O.ll.l..loql+1...qm) = ;+Z(Z+Z(Z+(Z+%(ZTO>>)>,
lti‘rrnes
1,1 3/1 1 3,1
r(0.0111..1.10q,+1...qm) - zl-(\TLZ(ZJF (Z+%(Zro))))
B l—1‘t?mes
Therefore,
r(O.ll...quHl...qm)+T(0.011...10ql+1...qm)=1+§(...)+l(...)
=== == 44 4
=1+( )=—1——l—r(011 1,0g @)
1 4 . l_—l 141+ Qm).

-1
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COROLLARY 3.29. Since 7(2) = §(4) = 0.25 and by Lemma 8.28, §(2F) =

0.25 Vk.
CoRrOLLARY 3.30. §(2° +n) =7(2**! +2n) Vk,n.
Since z(n) = bin(n — 1), then Corollary 3.30 states:

F0.0102 ... ¢n) = F(0.10105 . . . g)- (3.29)

Since A(0.0¢1q3...¢n) = 0.1¢1¢2- . . @y, i.e. 0.0¢1¢>...q, is the point of the previous

return of e to C, and by deﬁnition of f, we have the following:

PROPOSITION 3.31. a) f(0.lgiga...q) = f(0.qig2 - .. Gn);

b) f(0.00102...qn) = F(0.0102 - .. qn) — F(0.1q142 . . . Gn)-

Table 1 suggests that the maximum values of a(t,e) in every cycle accumulate at

two points in C*. Further computations show that these points are 0.428571... = %
and 0.357142... = i We show unboundedness of a(t,e) for a sequence of returns

14 I
r, such that z, — = € C that corresponds to 0.428571... € C*. This purpose is

served by a sequence 7, that corresponds to the following z,, € C:

o = ..10000...
z; = .0110000...

zg = .0110110000...
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We shall now compute f(z,), n=0,1,2,....
Flm) = F(0.1)+ f£(0.0) =0.25, ro=0,
F(z1) = F(0.111) — £(0.111) = F(0.1) — 0.25‘+ 7(0.111)
i} /1 3,1 3,1 3
= Fleo)—025+ (3+7(7+7(7+3m)))

37 7
= (xo)—025 + (55 + 54m0);

Flzs) = f(0.111011)—f(0111011) F(0.011) — £(0:111011)

37 27
= J )_025+(64 64" )
1,1 3,1 3 7 9
r = DI =~(=4+—-(=4+=rg}}) = — + —
where 7; = r(0.011) 4<4 + 4(4 + 47‘0)> ) + 1o Continuing this process,
for any n we obtain
- - 37 27 = 21 27,
F(@a) = Fl@n-1) = 0.25 + (o3 + 1) = Floa) + 27 + ot
9 7 9 7 7T 9.7 92.7

7
But 719 = — + —71 = .., 8O

T T m e T ter e
_ _ 91 27,7 9.7 9.7 2.7
fn) = Fon+ g+ ot et om * 0t o)
91 277 (971/6471) 1

= fen)r gt oE TRy -1
therefore,
s 1~ 21 277 1—(9/64)~1
Fan) =7+ (64+ 642 55 ) (3-30)

7,__

The series (3.30) diverges, since its common term does not tend to zero, which means

that f(z,) — co. Se if t, =1, Vn, then a(t,,e) — co.
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Topological Conjugacy and Rotation Number

In this section, we shall discuss what can be said about rotation numbers of
fixed-point free flows on Sp that are topologically conjugate, and conversely, whether
two flows that have the same rotation number are topologically conjugate. First, we

investigate what happens on the dyadic solenoid Ss.

THEOREM 3.32. Let ¢, be two continuous positively oriented flows on Sy, that

are topologically conjugate:
P(z) =godtogt(z) Vz€S8,, teR
. Then

p(¥) = 2° p(¢), (3.31)

for some integer k.

PROOF. Step 1: Suppose first that g : Sy — S5 is a homeomorphism isotopic to
the identity, i.e. g(2) = z * mp(£(2)). Since g is continuous, then sois £ : S; — R.
S, is compact, so ¢ is bounded. Also, if § = g(z), then z = g71(8) = 8 * mp(—£(2)).

For convenience, we shall denote f;(2) = darc (2, ¢°(2)), that is,

H(2) = z* ﬂ?(.ft(é))-
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Thus we -have
Pz) = 997 (2) = g4’ (z*7p({)) (some ()
= g(z*mp({) *mp (filz * 2 (())))

= zxmp(Q) * mp (fulz* 7p(())) + 7p(C)  (some ()
= zemp (C+ flexmp(0) +0).

Now since both p(¢), p(¢) exist and do not depend on z, and both ¢, ¢ are bounded,

o) = Hm Lo ((2),2) = Jim 7 (C+ filzxmp(0)) +0)

tim #EF) = i 29 = b e (002
= p(9)-

Thus if g is homotopic to the identity, then p(¢) = p(¢).

Step 2: Now suppose that g is a shift homeomorphism.

If g = sg (the ﬁght shift by one coordinate), that is, g(21, 22, . ..) = (22, 21, 22, - - .),
then ¢~ = s, (theﬁl‘eft shift by one coordinate), that is, g(z1, za,...) = (22, 23, D

and we have , A
’l/)t(é) = gqbt(ZQ,Zg,...)

_ g (22 627rift(z2,2’3,---), 23 e”i‘ft(”’za""), .. )

= (Retriflann.) | 2 Pmifias) )

. (Zl e4m_ft(z2,z3,...), 25 e27rzf¢(zz,z3,...), . )

= Z*xTp (th(zz, 23y . )) .
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So darc (¥'(2), 2) = 2fi(22, 23, .. ), and

p(¥)

1 '
tll)rglo ‘t' are ('@bt(é); Z)
lim zft(z?; 23y ) =92 lim ft(&)

=00 b t—oo ¢

2p(9),

since the limit does not depend. on 2.

Thus if ¢ = sg, then

o) =20). (3:32)

Clearly, if g = sz, then g7 = sg, and p(¢)) = %p(q&).

Now if g = s¥ is the right shift by % coordinates, then

@[):goqﬁog_l:s%oqﬁo(s#)’k=§Ro---03@o¢os§10---os§ .

Denote

¢(1) '

P @)

P = ¢(}c)

1

Dl v
k times k times

sRogbosEl;

8%2 [¢] ¢ [e] (Sil)z = 8po0 ’(/}(1) (o] 81_21";

o

s’ﬁ oo (51_{1)"’ = SR O YP(k—1) O 31_%1.
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Then by (3.32):

p(Yw) = 2p(¢);

p(bay) = 2p(q) =4p(9);

p(¥) = p(Wwy) = 2p(Wp-1) =---=2"p(¢).

Thus if g = s%, then
p() = 2% p(9). (3.33)

Clearly, if g = s7, then p(¢) = 2* p(), so p()) = 27* p(9).
Step 3: Suppose now that g = 1y is a translation by some w € C,, that is,

1

g(z) = z+w. Then g7! = t,-1, where w™" is defined from w * w™ = ¢, that is,

V) = 9¢'97(2) = 94" (mwit, w3, .. )
= g (le]__l eZﬂft(é"?lQ””j z2,w2—1 em’ft(g*g—l), N )
= (zlwflwl eZﬂ'ift(é*ﬂ_l)’ z2w2_1w2 e‘fl"l:ft(&*ﬂ—l), .. .>‘

= Z*Tp (ft(_g*y)__l)) .

Thus d (4*(2), 2) = fi(z *w™), and we have:
o) = Jim S du(i(2),2) = fim FETET)

t—00
= lim f(2)

t—oo

= p(¢9).
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Step 4: Finally, if g : Sy — S, is any homeomorphism, then by Theorem’2.41
g =Totyo0s,and by Steps 1-3 p(¢)) = 2% p(¢) for some k € Z. O
Let us now consider flows on Sp. If g = g, : 2z > 2%, where a. is ‘P-recurrent,
then similar to Step 2 of Theorem 3.32 we show that p(v) = ap(¢). Also, if
9= g1 = (gs) ™", then p(sh) = %P(ﬁﬁ): and if g = ga/p = g © G175, then p(¥) = %P(¢)-
We note th-:;mt' by Remark 2.40, this formula 1s the most general for power ﬁomeo- :
morphisms. Therefore, using Theorem 2.42, similarly to the above one proves the

following statement:

THEOREM 3.33. Let ¢, be two continuous po.ﬁz’tz’vely oriented ﬂoﬁzs on Sp, amj
let g: Sp — Sp be a topological conjugacy between them, so that 1 = go do g *.

Then
W) =309), (3.34)

where each of a,b is either 1 or a P-recurrent natural number.

REMARK 3.34. The converse of Theorems 3.32, 3.33 is not true. If p(¢) = p(v),
then ¢, are not necessarily topologically conjugate.

' 4
To see that, let ¢ be a linear low on Ss with ‘speed’ 5:
4 4
$) =zxme(zt), £¥=53t Vz (3:35)
and let ¢ be the flow from Example 3.3:

¥i(2) = 2 mp (P (2). (3.36)
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4
We know that p(¢) = p(vp) = s So if these flows are conjugate by g : Sy — So, then
g =Tot,. Then it fbllows from Steps 1,3 of the proof of Theorem 3.32 that

Y (2) = zxmp((+ fP (22w w 7p(0)) + ), (337)

where ¢, ¢ are bounded. We note that ft(¢) (z) = %t Yz, so

Pi2) =zxmp(C+ §t+5)-

Now consider the difference between the iterates of the same point under these two

flows:
e (9(2), #(2)) = oltoz) = (C+ gt +0) — gr=C +C.

It is bounded for every z since { ,¢ are bounded. However, it has been shown in
Proposition 3.26 that a(t, z) is unbounded for some z, which is a contradiction. Hence,

$, 7 are not conjugate.

The question remains whether two flows with the same rotation number, for which
the difference between iterates of the same point.under those two flows is uniformly

bounded, are Iiecessar'ily topologically conjugate.
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CHAPTER 4

ERGODICITY AND ROTATION OF FLOWS WITH
FIXED POINTS

Flows with Fixed Points on Sp versus Irrational Toral Flows

In this chapter, we study differentiable flows on solenoids, that have fixed points.
Throughout the chapter, flow ¢ : R x Sp — Sp is assumed to satisfy an initial-value

problem

d , ) | |
S0 = (@) (4.1)
°(z) =

[

(4.2)

where ® : Sp — R, U {0} is a function that has a lift &.

REMARK 4.1. For such ¢, formula (3.3) can be rewritten as. .
. ' | 1 T
p(z, ¢) = { limit points OfT/ o (8" (r,z)) dr, ast — oo}. (4.3)
0

While proving results about flows on Sp with fixed points, we shall exploit cer-
tain similarity between solenoidal flows and ‘i,r.rational toral flows. Both Sp and an
irrational foliation of T? can be viewed as suspensioné- of some homeoinorphism in the
base space, which is an adding machine on the Cantor set C in the first (;ase, and an

irrational rotation on the circle S! in the second case. As a consequence, the special
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representations of flows (see [18]) on Sp and irrational flows on T? posseés similar
characteristics.

For this reason, some proofs contained in this chapter follow the lines of corre- |
sponding proofs for T? that have aiready appeared in literature. Other statements,
such as criteria for existence of non-unique ergodic measures for flows with one fixed
point, are first proved for irrational flows on T?, and then reformulated for flows on
Sp, with an inciication of the changes that should be made in the proofs.

We believe that this approach highlights the connection between our results and
earlier work on toral flows, and reinforces the similarity of flows on Sp and T2.

On the other hand, there are various differences between solenoidal and toral
flows, such as the uniqueness of the lift on Sp and the lack of topological conjugacy of
flows with the same rotation number. These phenomena have already been considered

in Chapter 3.

Ergodicity and Rotation of FIOWS with One Fixed Point

Irrational Toral Flows

Let ¢: R x Sp — Sp be a flow that satisfies

d [z >
— = X .
where & : T? — R, U {0} is an L' nonnegative function, ® : R? — R? is its Lift to

the universal cover, X = ( Cly ) is a vector field on T? that has irrational slope, i.e.

acR\Q
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Furthermore, we éssume that ® = 0 at the unique point po = ((po)s, (po)y) € T?,
that is, ¢ has only one fixed point, p,. By C,, we denote the cross-section of T2
through the point po: Cp, = h {(x,y) €[0,1*: z = (po)s,y €[0,1]}. Here, as

“before, h : R? — T? denotes the covering projection.

The MZ rotation set of ¢ is then defined as

P (xs) — s

p(@) = { limit points of —, VHER, t;,—o00, ;€ R2}, (45)

where  is a lift of ¢ to R?. Tt is easy to see that p(®) is independent of the lift  and

is compact. Misiurewicz and Ziemian [52] have proved that p(®) is convex. Moreover,

Franks and Misiurewicz obtained the following result:

THEOREM 4.2 (FRANKS, MISIUREWICZ). If ¢ is a continuous flow on T? and

is its lift to R2, then the rotation set p(d) is one of the following:
(a) A single point v € R?,

(b) A segment of a line passing through (0,0) and some point of Q?, not necessarily

containing (0,0),

(c) A line segment from (0,0) to some v € R?, having irrational slope.

Clearly, for a flow that satisfies (4.4), only (a) and (¢) are possible. Our goal in

~ this section is to obtain conditions on the function ®, under which the situation (c)

takes place.
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ProPOSITION 4.3 (FRANKS, MISIUREWICZ). If some v € p(@) has irrational
slope, then there exists at most one ¢-invariant ergodic measure that has nonzero

rotation vector.

With this proposition in mind, the question of what conditions ®(z,y) should
satisfy for ¢ to have a nontrivial rotation set, is equivalent to the question of when ¢
has more than one (in fact, exactly two) ergodic measures.

To that end, suppose that u is an ergodic ¢-invariant measure on T2. For p € T?,

consider the rotation vector of p under ¢:

(4.6)

for p-almost all p € T?, by the Ergodic Theorem. Measure u naturally induces a
measure on the fundamental domain Q = [0, 1]? in R?, which we shall also denote by

w w(B) = u(h(B)), for BC Q, B e B(R).

THEOREM 4.4. If there exists a ¢-invariant ergodic measure u that has a nonzero

rotation vector, then it is absolutely continuous with respect to the Lebesque measure
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A on §). Moreover, u is given by

1/@)dx
uwyﬂéil;Lﬁ (4.7)
Jo (1/@)ax
PrOOF. Let S denote the set of z € R? such that the limits
t _ J —
im P02 g F@ =
t—00 1 t——0c0 i

exist, are equal and nonzero. Franks and Misiurewicz [29] show that flow ¢, restricted
to the set S, has a special representation, i.e. is metrically isomorphic to a special '
flow ¢y on

Y ={(y,s). : yé%ﬂS,OSsSNwL

where 7(y) is the return time to the cross-section Co.

In the base space Cy NS, ¢y amounts to a map with irrational rotation number.
In our g‘ssurﬁptions, since ¢ has a constant irrational slope, the map in the base space
is a rigid rotation.

Denote 17 ={(y,s) : ye€C, 0<s<r(y)}, thespace fora spec.ial flow for
T2. Then Y =Y ng(S), g being the gpecial representation isomorphism (see Figure
11).

Now ¢y is a direct product of dynamical systems on the base space and on the
fibers .(see‘ [18]), so the invariant measure py is a direct product of the invariant
measure on the base and Lebesgue measure on the fibers. Since g is a special repre-

sentation, measure p on T? and uy are related by the following equalitiés:

ur(U) = u(g™ (U)), u(B) = uy(g(B)). | (4.8)
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9(C)

Figure 11. Special representation of an irrational toral flow.

We shall prove formula (4.7), from which the absolute continuity of // with respect
to Awill immediately follow.

The Lebesgue measure on T2 is defined by means of the universal cover: if
B G Sfi2) and B C 2 is its lift, then A(B) := A(B), and also, Aon Q is a
direct product of the Lebesgue measures in the x- and ~-direction. That is, if
B={(xy) : yGACI01, x G/(y) C[0,1]}, then

(4.9)
A

We want to represent Aon S as a direct product of Lebesgue measures in the y-

direction and in the direction of X.

Suppose that

B={(ys) : yGACI[01], SiO)<s< s2()},
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where s;(y) € [0,1] Yy, 1 =1,2. V1+o02is fhel length of the portion of X within

Q. Then s5(y) — 51(y) = VI+ 02 (22(y) — 71(y)), s0
AB) = i [ )~ i)
IRV
In the general case, if (see Figure 11)

B={(y,s) : yeAc]|o,1], seJ(y) c[0,1] Vy},

then 5
' \B) = \B) = ——=; / ) dy, (4.10)
A

setting J(y) = 0 whenever y ¢ A.

Now consider g(B) C V. Every point y € A is mapped one-to-one to some
point § € Cp = [0,1], and J(y) is mapped tc some Aj (y). In thg simple case when
J(y) = [s1(y), sz(y)]? we get J (y) = {81(y), 82(v)], where 1,5, are determined from

the following equations:

0y, 0 = (y,501)),

W (y,0) = (y,5(v)),

and in general, 5 € J(y) if and only if 3*(y,0) = (v, s) for some s € J(y). Since in

this case _
oo
§ = | =—————dt,
) / $(F(w,0)
then
. ) s2(y) ]
85(y) — 51(y) = / Wdt

51(y)
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in the simple case. In the more general case, we obtain

N 1 ’
AF W) - 4 P @
AISO,
prloB) = [ M= [ [ zaray= [ Zax (4.12)
A 0 J() B

where again, J(y) = 0 whenever § ¢ A. Therefore,
(B) _1 / Lar vBe B(Q) a (4.13)
/’[’ - M | é ) ) \ .
B

where M = / %d)\. Thus formula (4.7) is verified for x4 restricted to S, and as a
Q
consequence, i << A.

Now we extend u to all of T? by setting u = 0 on all flow lines in T? \ S, then we

still have p << A. ‘ O

REMARK 4.5. In Theorem 4.4, after we extend u to all of‘ T2, equation (4.13)
might not hold (even though u is still absolutely continuous with respect to A), unless
T%\ S consists of at most countably many X —ﬂovy lines, in which case equation (4.13)
will hold on all of T2. As we shall see, this is the case if ¢ has one fixed point, or at

most countably many fixed points.

We now turn to the question of the conditions that & should satisfy in order for

¢ to have measure u given by (4.7).
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Let r(y) denote the return time of y € Cy to Cy, R(y) = y + 6 the Poincaré map
on Cp (6 € R\ Q). Let also -y, denote the trajectory of y, for 0 < ¢ < r(y). The time

. ‘1
* to travel one unit of length is =———; then

®(y)"
1 S [1 ,
=/$d3=\/1—l—a O/édx. (4.14)

‘ T —
If y e Con S, then r(R¥(y)) < oo VEk, and Zlim W exists. So to compute -
, 00

p(y), we take a subsequence of return times to Cp:

o(y) = [ n\/1+oz2

lim

oo 7(9) + 1 (R)) + T B) + -+ T(Rn-_l(y»} F g

so by the Ergodic Theorem, since R(y) is uniquel ergodic,

1 1 —
O E: ,; "B W)
1 (4.15)

1—|—a /

0

everywhere and uniformly on S. By (4.14), we obtain

: 11
1 1 1 1
p(y) \/1-!-0520/0/@ Y=t é/@ Vy (4.16)

which holds even if é is not L'(Q).

THEOREM 4.6. Let ¢ be a flow on T? with one fized point po.

1. If % is L'(2), then ¢ has an ergodic ¢-invariant measure p << A, gien by

(4.7), such that p(y) = p > 0 for p-almost all y € T?. Furthermore,

and p(¢) =0, ] X. (4.17)
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1
2. If 3 is not L*(Q), then ¢ is uniquely ergodic with the Dirac measure &, and

p(¢) = {0}.

1 (
Proor. If 6 is L1(£2), then by (4.16) p(y) = p > 0 on S. By Theorem 4.4 there
is an ergodic measure u, given by (4.7). Then, by (4.6),

v(p) = p(p)X ='</<f>du)\/1 +o?X, - (4.18)
for p-almost all p € T2. Also, by construction of u, this p(p) > 0, so the set of points,
for which (4.18) is satisfied, is contained in S. But p(p) = p on S, so p is realized
by the ergodic measure u. Therefore, it is an extreme point of the rotation set (the
other extreme point is 0).

To prove formula (4.17), note that

du 1 1

5—5/ (1/@) )
Jo W/

S0

p = \/1+a2/<1>d,u \/1+a2/ / dA
1 @

L Vita
- m/;z(l/é) d)\':/n(ljé) X
Vel

[T (:78) oty

If % is not L*(€2), then p(p) = 0 for all p € S. We will now show that p(p) = 0 |

on T2\ S as well.
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Technically, by construction of S, Vp € T?\S the pointwise rotation set p(¢,p) =
{0} or p(é,p) =ACR.U {O} If A # {0} for some p, denote py = sup{p :

p € p(é,p), p € T2\ S}. Then it is possible to find a sequence (p,,t,), so that

P (pn) — P

p —mX, ie p(g)=10,p]

But by Theorem 3.15, extreme points of p(¢) are realized by ergodic measures. In
particular, Ip € T? with p(¢,p) = {po}. This is a contradiction. Thus A = {0} for
every ‘p € T? \ S, and hence on all of T?.

It only remains to be shown that ¢ is uniquely ergodic. Suppose that there is

another ergodic ¢-invariant measure p # dp,, then p and J,, are mutually singular.
T

1 .
By the Ergodic Theorem, 2l.im T / ® (9'(p)) dt = p(p, ¢) exists for p-almost all p,
—r00
0
and

/ p(p) dp = / @ dp. (4.19)

T2 . T2

Since ® = 0 only at po and x L &,,, then / &du > 0, and so / p(p)ydp >0, that is,

T2 T2
p(p) > 0 for some p € T?, which is a contradiction. Hence, ¢ is uniquely ergodic. O

REMARK 4.7. Note that

[l (1/ @) dzdy = [r, (1/9)

| | 1
is L'(Q) if and only if 3 L*(T?), and

2 o =

A, so Theorem 4.6 could be formulated using é
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Solenoidal FloWS

Here we perform the same analysis as in the previous subsection, but for flows
on Sp. Throughout this subsection, we assume that ¢ is a flow on Sp that satisfies

(4.1).

PROPOSITION 4.8. There exists at most one ergodic ¢-invariant measure that has

nonzero rotation number.

Proor. We follow the idea of Franks and Misiurewicz [29], who proved the same
result (see Pi"oposition 4.3) for toral flows.

Suppose that such measure p exists. We need tolshow fhat it is unique. As
in Theorem 4.4, denote S = {z€S8p : plz, ¢)> 0} Let § = h~1(S), and
Cs = {:v eC: (0,z) el } The return map T to a cross-section is the adding ma-
chine, with the property that T*(k, z) = (0, A*z). Every (7, a:) € § can be uniquely
represented as Ut(y), where y € Cg, A%y =z for some k such that k < 7 < k+1,
and Ut(y) = @i(T‘k (0,y)), for some 0 < ¢ < r(y). Here, as before, r(y) is the return
time of y to Cs. Since y € Cg, then r(y) < oo, and by continuity of the flow, r(y) # 0.
(Passing to Sp, we would get the following: if z = h(7,z) € S, then z = ¢%(z,), fér
some z, € C, NS, 0<t<r(z).)

Now construc‘t amapg: S =Y ={(yt): yeCs 0<t<r(y)} WhiCh‘ is
a special representation of flow ¢. In other words, ¢ is metrical}y isomorphic to the

special flow ¢y on Y (see Figure 12), so every ¢-invariant probability measure £ on S
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‘= (y.r(y))

y

Figure 12. Special flow for a solenoidal flow with fixed points.

corresponds to a Oy-invariant measure /zy on F, which is defined by equalities (4.8).
But ()Y is a direct product of dynamical systems on the base space Cs and on the
fibers (see [18]), so /zy is a product of a measure v on Cs, and the Lebesgue measure
on the fibers. This gives us a finite measure v on cs, invariant with respect to the
adding machine. Also, /z is determined by v and r(y), through equalities (4.8). So if
iz1 122, then zq ~ Z2. If /2,122 are ergodic, then fCsr(y)diti = /4(ShH = 1, z= 1,2.
Then G(s) z= 1,2 are distinct.

However, if zz is a normalized invariant measure on cs, then it can be extended
to an A-invariant measure P on C by setting zz(C \ cs) = 0. Ifz1 ™ 2, then 1™ Z22.

But an invariant probability measure on ¢ is unique. Thus z is unique, and so /z is

unique. O

Theorem 4.9. If an ergodic (j)-invariant measure /z with nonzero rotation number

exists, then it is absolutely continuous with respect to the Haar measure A Moreover,
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it s given by

Je /8D
RAYOES

wherg Q is the fundamental domain in R x C.

u(B) (4.20)

Proor. The proof is identical to that of Theorem 4.4, exeept that the base
- space of the special flow Cy is the Cantor set Co, thé invariant measure in it is the
Bernoulli measure, and the map in the base space in the adding machine, which is
uniquely ergodic by Theorem 3.18. The measure A in the covering space R x C is
‘the product of the Bernoulli measure 8 in C' and the Lebesgue measure on the arc
componentsR x {z}, z € C. | | 0

By the same ‘argumﬂent as in Theorem 4.6, we obtain the following two theorems,

where by L*() we mean L() with respect to A.

THEOREM 4.10. Let ¢ be a flow with one fized point py, ® a lift of ®, then:

1. If 3 is L1(Q), then ¢ is not uniquely ergodic. It has & ¢-invariant ergodic
measure p, given by (4.20), that has nonzero rotation number. Such a measure

18 unique.

1
2. If 3 is not L*(Q), then ¢ is uniquely ergodic, with the Dirac measure &y, being

the only ¢-invariant ergodic pfobabilz'ty measure on Sp.

THEOREM 4.11. Let ¢ be a flow with fized points, ® a lift of ®, then the following

is satisfied:
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1. If% is L*(2), then

p(¢) =[0,p], where p= (4.21)

1
Jo (1/®)ax

2. [f% is not LY(Q), then

pl9) = {0} - (4.22)

REMARK 4.12. With trivial adjustments, the same results can be obtained for

flows with more than one fixed point.

Measure-Theoretic Realization of Points in the Rotation Set

The following proposition shows that if the rotation set of flow ¢ is nontrivial, that
is, p(¢) = [0, p|, then every point in the rotation set is realized with some ¢-invariant

measure.

PROPOSITION 4.13. Let ¢ be a flow on T? whose rotation set is nontrivial, i.e.
(@) =10, p] for some p > 0. Then for every r € p(¢) there exists a ¢-invariant

measure v, such that

= / are (¢1(§)’§) dv. ) ‘ ' ' (423)
Sp ‘

PROOF. Let u be the ergodic measure with p = / dare (#'(2),2) dp, T =

Sp
ap, a€(0,1). Take

v=oap+(1-a)d,,
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then

r= / dare (6" (2), 2) dv.

Sp

Pointwise Rotation Sets and Katok’s Example

What can.be said about the pointwise rotation set pp(p) if the rotation set
p(¢) = [0,p]? In other words, which points in the rotation set are realized as ro-
tation averages of some flow lines? We give a partial answer to this question by
adapting the construction of Katok’s Examplev for the flows on solenoids.

Katok’s Example, briefly sketched in [35] and [42], is an example of an irrational
toral flow that has flow lines with rotation number equal to any: given number r inside
the rotation set. In other words, if ¢ is a flow on T? that satisfies (4.4), ®(py) = 0 for
a unique point py € T2, and é is L'(T?) (thus p(¢) = [0, p]), then Katok’s Example
describes the process of adjusting return times to the cross-section through the fixed
point, Cp,, so that the resulting flow has flow lines with p(p) = a for any given
0<a<p.

For completeness, we give a detailed description of Katok’s Example for toral flows
(since we could not locate such a detailed treatment of this example in literature). In
our exposition, we follow the outline of the construction given in [71].

Let ¢ be a flow on T? that satisfies (4.4), ®(py) = 0 for a unique point py € T2,

1 3 -3
and 3 is L1(T?). Then by Theorem 4.6, p(¢) = [0, p] X. Furthermore, by Theorem
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4.4, ¢ has an ergodic measure y such that p(p) = p u-almost everywhere on T?, where

p= YT (4.24)

(1/®)dr
T2

and g << A.
Let Cp, denote the cross-section of the torus through the point py, and let r(z)
be the return time of z € Cp, to Cp,. The Poincaré map of ¢ in C,, is a rotation by

a € R\Q: =2+ ko By formulas (4.15), (4.16),

[

n—1 '
1 1 1
im = =—— [ Zd\= A4
Y, 2 (st k) 1+a2[@dA ’
- T

for p-almost all flow lines, and hence for A-almost all s € C,, since p << A. Clearly,

by (4.24),
1
=7

We would like to adjust r(z), x € Cp,, so that

n—1

.1
Jingogkz:;r(mo—l—ka) =B > A,

' 1
for some B € Ry, zp € Cp,. Then p(zo,4) = = < p. (As above, p(z,9) is such

B
that v(z, ¢) = p(=z, qb))? .) This is done by adding a sequence of tent functions to r,
which ‘slow dox.vn’ the flow on the flow line of z,.

Choose zy € Cp,, and denote =, = xp + na, the n-th return of zo to Cp,. Since
o is irrational, the orbit {2,322, is dénse in Cy,, 'so there is a subseqqence Tn; —

Nip1

— 1 (see Figure 13). Now we construct a sequence

an:{ 0 : né¢{n}e,

y¥; : n=n;for somes

Do,

4

)




9%

Figure 13. Adjusting return times by tent functions in Katok’s Example.
such that

(4.25)
k=0

for a given constant c. For each i, define * to be the tent function with height ¥ at

xni and with integral less than where M » |. That is,

o g v : I
SUpp ¢+ = {xni - 8i, Xni + Si), where Si < ) oMil (4-26)

For every i, find Li such that
o . 2
VI>Li - it + ka) < — Vi,
k=o
Note that Li does not depend on t, since the sequence in the above formula converges

uniformly in t by the Ergodic Theorem.
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Replace ¢; by 1;, defined by narrowing the support of ¢;, so that

Thus the effect of adding 1; to r is completely localized to z,,. Let

. o0
F=r4 > o (4.27)
i=1
(see Figure 13). Then #(z) — 0o as  — pg, and it has no other discontinuities. Also,
fim 250 = i (1Y r(a0+ 1305 e
niﬁnk_ormk = ame \ n erk n i~ £ i\ Tk
o0 [o.¢] 1
ax (c+ >/ ¢i<x>dw) carery L (429
i=1 Cro =1
=A—|—c—|—M"_1=:B. |
“Let 1 be the flow on T? generated by return times 7, then by (4.28), p(zo, ) =

1
Z=e<pon the flow line of .

REMARK 4.14. 1. By taking zo = po, we can make p(p, %) = {0, a} on the X-flow
1 n—1

line of pp. 2. By taking a sequence {y;} so that - Z a = 00, we get p(xo, ) = {0}
k=0

on the flow line of zy. 3. By varying ¢ in 4.25 and M in 4.26, we can obtain any

specified B > A, and hence any 0 < a < p.

sider the dyadic solenoid Ss.
Let ¢ is a flow on S, that satisfies (4.1), ®(z,) = 0 for a unique point z, € S,, and

is L'(Sy). For simplicity, suppose that z, € Ce. By Theorem 4.11, p(¢) = [0, p].

Br| =

We now describe the construction of Katok’s Example on a solenoid. First, con-
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Furthermore, by Theorem 4.10, ¢ has an ergodic measure u such that p(p) = p

p-almost everywhere on T2, where

1

p:/s (1/®)dA

, (4.29)

and pu << A
As before, let 7(z) be the return time of z € C, to C,. The Poincaré map of ¢ in

C, is the adding machine A. By an argument similar to (4.15), (4.16),

n—1
lim = > r(Akz) = / éd)\ = A,
n—oo 1 =0 S2

for p-almost all flow lines, and hence for A-almost all z € C,, since u << A. Clearly,

1

As on the torus, we would like to adjust r(z), z € C,, so that

n—1

gingo;kz:;r(A z,) = B > A,

_ : 1
for some B € R, z,€ C.. Then p(zy,9) = B <P

Choose z, € C,, and denote z,, = A"z, the n-th return of z;, to C.. The orbit of

z, under A is dense in Cg, so we can find a subsequence z,, — z,. By the properties

n.
of the solenoid, —+

= 2 Vi. Now we construct a sequence

T

7

an={ 0 : né{m}pE,

Y; : n =n;for somei

such that

3—00

- - 1 n—1 ' ) .
lim¥Y,, =c, where Y,= " kZ% . | (4.30)
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Since ;L—H does not converge to 1, the sequence Y, does not have a limit, but.

rather a set of limit points. So by construetion of y;,

limsup?, = hmY =¢, liminfY,=1mY,, 1= 11
=00 n—00 i—00 o0 2’n, — 1

so the set of limit points of Y}, is [¢/2, .
For each 4, define 6; to be the step function with height y; at z,,, and with integral

less than Z\Z where M >> 1. That is,

otherwise

0;(z) = {yz QeUz(ﬁnz) , | (4.31)

where U;(z,,) is a clopen set containing z,,, with 8 (U;(z,,,)) < . Then for every

; /eidﬂ < 0
Ce

Mz

1 k
aL; Vi> L 7}:a(A ) <

k=0

Mz
for all z € C,. Replace 6; by &;, defined by narrowing the support of 6; to a smaller

clopen set, so that
&ilz,,) =0; &(z,) =0 Vn< L, n # n;.

Thus the effect of adding &; to r is completely localized to z,,,. Define

= f: ‘ (4.32)

=1

Then 7#(z) — oo as £ — z,, and it has no other discontinuities. Also,

1 n—1

T o k | . (4.33)

<
—>A—|—<hmY +Z/§z x)dﬂ) A+limY, + o —

=1 Ce
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n—1

1
So — Z #(z;,) has the set of limit points
™ k=0

1 1 -
FETE PR T S (430

Now let 9 be a flow on S, generated by 7. Then on the arc component of z,,
183 [1 1
(2o, %) = {limit points of 1 / (EZf@k)),} = [5;, E] ; - (4.35)
1 1
< —< =Xy
Whe_reO_b2 < <p

REMARK 4.15. Instead of S, let us consider a flow on Sp, where P = (p1,p2,---)

is a bounded sequence, not necessarily periodic, i.e. p; < p Vi. Let p = sup, p;.

Tiq1

Then in the construction above, we have = p;. As above, by construction of y;,
; ‘
Yo, _ i — 1 ¢
v = —m, 50 Yy, - 1—->E.
n

Y., Zyk — ¢. Also,

Zkl (]

i+1—1

1
by’ 51] where

1 ' 1
bi=A+ T b=A+et g

Thus we obtain a flow line with rotation set [

REMARK 4.16. If P = (p;, Do, . ..) is aperiodic and unbounded, that is, sup p; =

i

0, then there is a subsequence Y,, — 0, and we obtain a flow line with rotation set

1
and — is as close to p as we like.

1 1
{ ] Wherebg~A—I—c—|-‘M__1 b

ba’ by

REMARK 4.17. As on the torus, by varying ¢ in (4.30) and M in (4.31), we can

obtain flow lines with various intervals in [0, p] as pointwise rotation sets.
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CHAPTER 5

ROTATION OF FLOWS ON SUBSTITUTION TILING SPACES

Definitions and Preliminaries

As we ilave mentioned in Chapter 1, every orientable hypérboli'c one-dimensional
attractor is either homogeneous, and hence a true solenoid; or .nonhomogeneous, and
then a one-dimensional substitution tiling space ( [7]). Due to this fact, and because
substitution tiling spaces have attracted a lot of attention recently, we show in this
chapter how to extend the reéults of Chapters 3 and 4 to substitution tiling spaces,
without doing too much extra work. Then, the results of this thesis would apply to
ail orientableyQne—dimensional hyperbolic aftractors.

First, a nuﬁber pf necessary definitions will be stated, following Barge and Dia-

mond [7].

DEFINITION 5.1. Let A = {1,2,...,d} be a finite alphabet. A4* will denote
the collection of finite nonempty words with letters in A. A substitution is a map
o: A— A* it has an associated transition matrix A, = (a;j); jea, in which a;; is the

number of occurrences of i in the word o(j).

- DEFINITION 5.2. A substitution ¢ is called primitive if there is a natural number

k such that A,* has all positive entries, that is, V4,j € A i is contained in o* (7).
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Let X, denote the set of allowable bi-infinite words for o. That is, w € X, if and
only if for each finite subword w’ of w, there are 7 € A and n € N such that w' is a
subword of o™(¢). For the topology on X, we take the subspace topology inherited
from the product topology on ﬁZ, with the discrete topology on every factor in
=1
the product. If ¢ is primitive a;d nonperiodic, then X, has a Cantor set structure.
We identify the 0% coordinate in a bi-infinite word w by either an indexing, as in

W= ...wW_1WoWs..., or by use of a decimal point. The substitution ¢ : 4 — A*

extends to o : X, — X, where
o(...w_qywows . ..) =...o(w-1) . o{wp)o(ws) ....

The word w is o-periodic if for some m € N, 0™(w) = w. A primitive substitution is
nonperiodic if each o-periodic bi-infinite word is not periodic under the natural shift

map.

DEFINITION 5.3. A substitution o is called proper ([23]), if there exists an integer

p > 0 and two letters r,! € A such that:
(i) for every a € A, r is the last letter of o?(a);

(ii) for every a € A, | is the first letter of o?(a).

A proper substitution has exactly one periodic, hence fixed, bi-infinite word.
Durand, Host, and Skau [23] show that every substitution dynamical system is iso-

morphic to the system associated with some proper substitution.
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EXAMPLE 5.1. Let A = {1,2}, and define o(1) = 112, o(2) = 12. Then

A, = (% i ), and the fixed word (generated by 2. 1) is

... 1121121211212 . 112112121121121211212.. ..

The following well-known proposition will be useful to us in the subsequent . ex-

position.

PROPOSITION 5.4. A fized word u of a primitive substitution is uniformly recur-
rent, i.e. every letter a € A recurs with bounded interval, and the bound does not

depend on a. More precisely, AK Va € A a occurs in tnyy ... Unik.

PROOF. Let m be such that ¢™ has positive transition matrix, that is, Vi,5 €
A o™(i) contains j. Let u, = a, then a € 6™*(u,) for some k. Denote [ug...u;] =

o™#1) (14), then
a=u, € 0™ (6™* D (ug)) = o™ (ug- ) = o™ (uo) .. . 0™ (ur))-

1) Ifu, =a€o™(u;), j<l,then j+1<1and 0™(uj;1) contains a. Hence, it
recurs after at most |0™(u;)| + |0™(uj41)| < 2L, where L = max le™(5)]-
3
2) If u, = a € o™ (u), then let [ug. .. us] = 0™ (uo) and consider
o™ D () = o™ (™ (ug)) = 0™ (ug)o™ (uy) . .. o™ (u,)

= ™) ...c™w)o™ (1) ...0™(js,),

where [jy .. . js; ] = o™F 1 (uy).
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Now a € ¢™(u;) by assumption, and a € 0™(4;) by positivity of A,m. So a recurs
after at most |0™ (u;)| + 0™ (j1)] < 2L letters. Thus 2L is the uniform bound on ’.che
recurrence of any letter in .A. O

By Perron — Frobenius Theorem, if o is primitive, its transition matrix A, has
a simple, real, positive eigenvalue A,, called the Perron — Frobenius eigenvalue, that
is larger in modulus than its remaining eigenvalues. For )., consider the aséociated‘
positive left eigenvector ¥, with entries (I4,...,lz). The intervals P, = [0,1], i =
1,...,d, are called prototiles.

A tiling T of R by the prototiles is a collection T' = {T;}2_, of tiles T; for which
UZ-wTi =R, each T; is a translate of some Pj, and T; N T} is a singleton for each
i .

The map F,, called ‘inflation and substitution’, takes a tiling T' = {T;}2_
of R by prototiles to a new tiling, F,(T), of R by prototiles defined by inflating,

substituting, and suitably translating each T;. A translation of a tiling is defined as
(T2 +t={T +t}Z . (5.1)

which amounts to translating all tiles by ¢.
There is a natural topology on the collection of tilings of R: two tilings are ‘close’
if one of them and a small translate of the other are identical in a large neighborhood

of zero (see [4]).
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DEFINITION 5.5. The tiling space 7,, associated with o, is the closure of the orbit

(under translation) of the tiling that corresponds to the fixed word of o.

There is a natural flow on ¢*: 7, — 7T, defined by
¢'(T) =T -1, (5.2)

which amounts to shifting the origin to the right, or translating all tiles of T" to the left
by t. Each T € 7, is uniformly recurrent under ¢ and satisfies cl(ord,(T)) = 7, (i.e.
¢ is minimal on 7,). It follows that 7 is a continuum. Furthermore, F, : 7, — 7. is
a homeomorphism.

A composant of a point z in a topological space X is the union of the proper
compact connected subsets of X containing z. In tiling spaces, composants and arc
components are identical. Given a substitution o which is primitive and nonperiodic,
the composants of 7, coincide with the orbits of the natural flow. For o proper, 7,
has a nonzero number of (and finitely many) asymptotic composants, hence 7; is not
homogeneous.

Define a map T : X, — Cp by setting T(...i_; . 49%;...) = T, where T =
T, T T c Co, where each T;, is a translate of the prototile P;, = [0,1;,]. We
shall say that a tiling T' € Cy corresponds to an allowable word w € X, if ¥(w) = T..

Since every substitution tiling space is homeomorphic to a tiling space associated
with a proper substitution, we shall assume that the substitution o under considera-

tion is proper. Thus X, has exactly one fixed word u.
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Denote Tg) the tiling that corresponds to the fixed word u of o. Also define the
cross-section Cp of 7, by setting T € Cj if and only if the origin is aligned with the
edge of a tile in 7. Then there is a natural correspo-ndence between tilings in Cy and
allowable bi-infinite words in X,. Thus we shall identify C, with X.

Suppose that T' = ... T;_, . T;,T;, ... € Cy, where each T, is a translate of the
prototile P;, = [0,1;,], corresponds to ...@_1 . Wowi ... € X,. Then ¢l (T) € Cy,
and it corresponds to ...wpy . wywy... € X,. Sg the natural flow on 7, induces a

homeomorphism on X,, which is the left shift:
S(..w_g . wowy...) = (... wg . wrws. . .). (5.3)

X, is actually the closure of the orbit of the fixed word u under the left shift, and 7
is a suspension of S: X, = X, (see [2]).

If o is proper, then, adopting Williams’ approach ([72], [73]), T, can be viewed
as T, = Lgn f, where f is a map, associated with o, on a wedge of circles of lengths

I, L.

Universal Cover and Lifts

As in the case of solenoids, we take R x C as the covering space for 7,. Here we

set C' = X,. Recall that there is a natural flow on R x C, given by
Pt z) = (T +t,2).

We define a map h: R x C — 7, so that:




RxC)xR — R xC

hx1d B h

T, XR

q

- Figure 14. Covering projection for the tiling space.

(a) h'maps {0} x C one-to-one onto Cy by h(0,w) = (w) (hence h(0,x) = Tp.)

(b) h(@ (7, %)) = ¢'(h(r,2)) V(7,z) € R x C, that is, the diagram in Figure 14

commutes.

The map h that satisfies (a) — (c) is continuous and unique. Similarly to the covering
projection for solenoids, one can show that the map hisa covéring map. The following
property of h, which follows from its definition, is an eqﬁivalent of Proposition 2.16
for solenoidé.

Let I(z) be the smallest positive number such that T' = h(l(z),z) € Co. This
means that the length of the tile Ty of T is equal to I(z), and T corresponds to

sz € X,. Thus we obtain
r(i(z),z) = (0, Sx). ' (5.4)

So a fundamental domain in Rx Cis Q = {(1,2) : z€ X,, 0 <7 <li(z)}.
If T = h(0,z), denote I1(z),lo(x),... to be the lengths of tiles Ty, Ty, ... in T,

and I_;(x),l_2(%), ... to be the lengths of tiles T_1,7_,, . ... In the notation of (5.4),
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l(z) = l1(z). Also, set lo(z) = 0. Then for any z € X,, n € Z

hin(2), 2) = h(ln-1(z), Sx), 4 - (5.5)
or, more generally,
h(la(z), z) = h(0, S™z). _ (5.6)

This also gives us a tiling of the arc component R x {z} of R X C by tiles of lengths
li,lo— 11,13 —1ls, ..., which corresponds to the allowable word x € X,. Thus the tiling

space structure of 7, is ‘pulled back’ to the covering space R x C.
PROPOSITION 5.6. [(z) is continuous on X,.

PROOF. Since range [(z) = {ly,...,l5} is discrete and finite, we need to show
that I(z1) = I(z2) if 21,25 are close enough. Any z € X, can be written as z =
. %1 . ToX1.... By definition of the mgtric on X,, x1,%o are close if and only
if 2V = :1;2(2)? |i| < N for some N. Choose 1,z so that z5’ = z{?, then the
éorrespdnéiing tilings T4, , Ty, both contain [0, lmgl)] as the first tile to the right of 0,

s0 U(z1) = U(2) = L. : | O

REMARK 5.7. By choosing z1, zo so that xgl) = a:z(z), 1=20,1,...,n, we can show

that [, (z) is continuous for any n. Similarly, I_,, is continuous for any n.

PROPOSITION 5.8. 1,(S%) = lpi1(z) — ().
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PROOF. Since S is a left shift, then [;(Sz) = lo(z) — l;(z) (the length of the

second tile to the right of 0 in A(0,z)), so

L(Sz) = (lo(z) — () +1:(Sz) =l3(z) — l1(x)

hW(Sz) = (lny1(x) —n(2)) + 1h1(Sz) = lga(2z) — L1 (). O
COROLLARY 5.9. [,(S%z) = I, 4x(z) — lx(2).
PROPOSITION 5.10. h(t + L(z),2) = h(t, Sz) ViER, z € X,.

PROOF. h(t + l1(z),z) = h(F'(li(z),2)) = ¢’ o h(li(z),2) = ¢’ o h(O, Sz) =

ho @0, Sz) = h(t, Sz). = _ O

COROLLARY 5.11. A(t + l.(z),z) = h(£,S"z) Vi€ R, z € X,, n € Z. Con-

versely, if h(¢,z) = h(s,y), then there is a k = k(z) such that (t+1x(z), z) = (s, S*y).

ProposiTION 5.12. If f : T, — T, is a homeombrphz’sm, then it has a lift

f: RxC —RxC, such that foh="ho f.

PROOF. The proof is similar to that of Theorem 2.29; with the following adjust-

ment. Define the open sets Uy, U; such that for every z € X,

b

Then proceed as in the proof of Theorem 2.29. a

] x {z} c Uy, ‘[@,ll(x)] x {z} c ;.

ll(x)
9
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For the same reason as on solenoids, since rotation sets computéd with different -
lifts differ by any arbitrary constant, we restrict attention to the lifté homotopic to '
the identity, The following can be proved similar to the corresponding results on

solenoids.

PROPOSITION 5.13. A homeomorphism of T, homotopic to the identity has a lift

to R x C homotopic to the identity.
PRrOPOSITION 5.14. A lift homotopic to the identity is unique.

Let f be a lift of f. Denote (s,3) = f(t,z). By Corollary 5.11, f o h(t + I, (z)) =
f o h(t,S"z). Since foh = ho f, then ho f(t +1,(z)) = ho f(t,S"z). Denote

F = (f1, f2), then again by Corollary 5.11, there is a k,(z) such that

FE+i@),n) = At S"s)+ k. (x),

Falt+ta(@),z) = 57 f(t, 5"). | .

Technically, &, depends not on z, but on fg(t, Stz).

We now turn to the flows on substitution tiling spaces. As on solenoids, a flow
on 7, is said to be positively oriented if ifs orientation coincides with the orientation
of the natural flow. Otherwise, it is called negatively oriented.

A flow @ on Rx C is called a lift of ¢, provided

o' (h(r,z)) = h(P*(1,2)) V(r,z)eRxC,teR | _ (5.7) .
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The lift & of ¢ is unique, since for every ¢ € R, 3" is a lift of the homeomorphism ¢,

and @' is homotopic to the identity. Hence, it is unique.

Two Approaches to Defining Rotation Sets

There are two different approaches to defining rotation sets er flows on substitu-
tion tilling spaces. The first approach is the same as the one we adopted for flows on
solenoids, déﬁning the rotation set through the lift of the flow to the covering space,

and measuring the average displacement of a point under the flow.

DEFINITION 5.15. Let ¢ be a ﬂovv on T, and @ its lift to R x C. The rotation

set of ¢ at the point T' € 7T, is

- L
o(T, ¢) = { limit points of mé (’;’ z) 7i, Vt; CR, t; — oo} , (5.8)

)

where h(r,z) =T.
DEFINITION 5.16. The pointwise rotation set of flow ¢ is

p@ = o0 (59)

TeTs
DEFINITION 5.17. Let ¢ be a flow on 7,, and & its lift to Rx C. The MZ rotation

set (or simply the rotation set) of ¢ is

T 3% (T3, ) —

1

p(d) = { limit points of T, Vi, CR, t; = 00, (13, 2;) € R X O’} .

Similarly we define rotation sets for homeomorphisms:
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DEFINITION 5.18. Let f be a homeomorphism of 7,, and F its lift to Rx C. The

MZ rotation set of F'is

m % (15, 2;) —
k;

p(F) = { limit points of Ti, Vki€Z, ki — oo, (1;,%;) € R X C’} .

The rotation set defined in such a‘W‘a‘y possesses all the properties discussed in
Chapter 3.

The second approach to defining a 'rotdtion set is to invol%/e the tiling space
structure of 7,. Suppose that o is a primitive substitution. As above, denote A,
its Perron — Frobenius eigenvalue, and Iy = (I1,...,13) the positive left eigenvector

associated with \,. P, =1[0,[;], 1=1,...,d are prototiles.

" DEFINITION 5.19. For every T € 7T,, define p;(T, ¢,t), i = 1,2,...,d to be the
number of copies of P; passed in moving from T' to ¢*(T"). The rotation vector of o)

at the point T is
— . 1
AT, ¢) = Jim = (oi(T, 6, )iy . (5.10)

Clearly, p(T, ) € R?. If o is primitive, the geometric representation of a flow on

70 is a flow on Rd ‘Zd, in the direction of the T'Zght eigenvector Txs associated with
g
I

Ao. We can write 7, = (Ollll, Olzlg, ceey Ofdld)

Now VT € 75, m'(1,2) — T = daxo(T, 6(T)) = y(®)|IF5]], for some function

v(t), depending on 7. Then

oY) "
o0,8) = Fim "5 =l
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and so
AT, $) = lim = (v(8) ), = (pou, .., p)’
t—oo ¢
Thus, knowing p(T', ¢), we can find (T, ¢), and vise versa. So it is sufficient to analyze
one of them. For consistency reasons, we choose the first approach, i.e. Definitions

9.15 - 5.17. In the following two sections, we reformulate the results for solenoidal

flows, obtained in Chapters 3,4, for flows on substitution tiling spaces.

Unique Ergodicity of the Subshift X,

As we have previously mentioned, a flow on a solenoid is metrically isomorphic
to a special flow, for which the base space is the Cantor set, with the adding machine
as the underlying homeomorphism. The same is true for flows on substitution tiling
spaces. Here, the underlying homeomorphism of the base space is the left shift S.
For irrational toral flows, it is irrational rotation on S, which is the base space in this
case. In all these cases, the results we can obtain regarding ergodicity and rotation
sets of flows, grow out of the fact that the underlying homeomorphism in the base
space of the special flow is uniquely ergodic. In other words, unique ergodicity of
the left shift S on X, lies in the core of the theorems we state in the next section.
Even though it has been known for some time (see [59]), because of its importance
we present a complete proof of the unique ergodicity of the subshift X, following the
ideas of [59],.but with more details and different notation. Throughout this section,

we assume that ¢ is a primitive substitution.
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DEFINITION 5.20. Let w be an allowable bi-infinite word. The frequency of symbol

i in w is defined as follows:

freq (7, w) = hm — Z xz(S’(w | (5.11)
g —
1 woe =1
where x;(w) = { 0 otherwise
Clearly,
freq (1, w) = % (freq™ (4, w) + freq™ (4, w)), (5.12)

where
freqt (i,w) = lim = ZXZ (S7(w
. 1 j
freq” (4,w) = lim — Z xi (S (w)),

provided all limits exist.

Denote L;(w) the number of occurrences of 4 in w. If w = u is a fixed word of o,

then
freq™ (i,w) = nILIEIO ]U”—(lw.T)T (Li(an(woj)) =: freq (%, wo),
freq (i,w) = lim o (Lu(0™(w-1)) = freq (i, w_y).

n—o0 |0™ (w-1)|

PROPOSITION 5.21. For every i € A, freq (4,7) ezists and is the same Vj € A.

PROOF. If A, is thé transition matrix for o, then A7 is the transition matrix

o),

for ™. Denote its elements by a a' will denote the transpose of a vector a.
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Let 7,7 € A. Denote ¢; = (0,...,0,1,0,...,0)" — the i-th standard basis vector,

i=1,...,d. Then elA™ = (ag?) ,a,g‘), .. .,agl)) — the number of occurrences of 3 in
o™(1),0™(2),...,0™(d). So the number of occurrences of i in 6™(5) is e.A";.

The length of the word ¢o™(j), that is, the number of symbols in it, is [o™(5)| =

d
|4l = al?. Now
1 . e;-Anej

} n _ _ e,. Anej .
o) L) = e =@ <||ANeju1) '

Now we take a limit as n — co. By the Perron — Frobenius Theorem,

where 7 is the normalized right eigenvector of the Perron — Frobenius eigenvalue .

Therefore,
freq (1, ) = eira = ()i =: i, (5.13)

and it does not depend on j. - O
COROLLARY 5.22. freq (4,u) =7; Vi€ A

Next we would like to show that the frequency of any finite subword of u exists

and is well-defined.

DEFINITION 5.23. Let £ = z125...%,, be a subword of an allowable bi-infinite’

word w. The frequency of occurrence of z in w is

freq ("an) = lim — Z Xm(Sj(w))r (514)
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where

1 wlzml,....,wmzxm
Xo(w) _{ 0 : otherwise :

Clearly, as for the frequency of a symbol in (5.12), the frequency of a word is a

sum of the forward and backward frequency.
PROPOSITION 5.24. freq (z,u) ezists and is well-defined.

Proor. Following [59], we shall prové the statement for forward frequencies (.au.
proof for backward frequencies is similar.) To that end, we consider one-sided infinite
allowable words. |

Let £ = 27 ... %y, then |z| = m. If m = 1, the statement is ﬁroved in Proposition
5.21. So let m > 2. Denote A, the set of all words in u of length m. We shall

~construct a new substitution & on the alphabet A,,.
Define 6 as follows. If w € A,, and if
olw) =0(wWy...Wn) =Y1.. . Yo@)| Yjolw)+1 - - Ylo(wm)[>
then set
6(w) = (Y1 Ym) W2 - - Ums1) - - - Wlowr)] - - - Ylo(wn)|+m—1)- (5.15)
For & defined b}; (5.15), we have |6(w)| = |o(w1)|, and we extend & to A%, in the

usual way.

LEMMA 5.25. ¢ has a fized point & = (Uy...upm)(Us...Ums1) ..., where u =

Urls . .. 1S a (one-sided) fized word ofo.’
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PROOF. Denote w = uy ... Un. Since o(u) = u, then o(w) = u; ... Y, and so

Gw) = (ur.. . Un)(U2.. Upt1)--- (u,,-,(ul), e 'u’lff(ul)l+m—1) =W......

Similarly,

6"(w) = (ul .. .um)(u2 cen um+1) e ‘(u,lan(ul)l e u|an(u1)|_,_m_1) = 5‘”’*1(&)) ......

*So for every n, 6" (w) starts with 6"~!(w), which we denote by ). Taking, lim , we
) n—ro0

get 6™(w) = 5‘(ﬁ(n))"= U(ny - - .. Bt 6(ny — 4, 80 OA'(’&) = . . ]
LEMMA 5.26. & is primitive if o is primitive.

ProoF. Clearly, we have the following:

() lim [6"(w)| = 00 Vw € Apn, since [6™(w)] > |o™(wo)| — oo.

n—roo
(ii) o € A, such that () starts with o, which follows from the proof of Lemma

5.25.

We need to show that 3% Vv,w € An w C 6%(v). Let v,w € Ap be two'
‘symbols’ of the z;lphabet A By construction of A, v,w C u, so Ja € A such thaﬁ
w C o?(a) for some p E‘N. The substitution o is primitive, so 37 ‘v’n >ny o"(vq)
contains o, where v = vy ... Up. Thus w C o™*P(vy).

By construction of &, 6%(v) contains all words of length m in o*(v;), including
w, if k& > n + p. Note that n > ng, ny does not depend on v, w. However, p depends
on w. Take P = max p, k > n- P, then w C &%(v), and k does not depend on

weAm

v, W. , i
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Now back to the proof of Proposition 5.24, we apply Proposition 5.21 to & to get

n—1
1 o
N o 1 o &IV
freq (z, 4) —Jlm - E Xz (S (1) =1, V€ Ap,

§=0

where S is the left shift for substitution 8. On the other hand, 4 consists of overlapping

words of u, so

n—1 n—1

1 s 1 , <
. ~ g . QJ +
nllm — JEZO Xz(57 (%)) = nhm — jEZO X (57 (u)) = freq™ (z,u)

as a word. Hence freq™ (z,u) = 5, i.e. the frequency exists and is well-defined. [

REMARK 5.27. 1. See [59] for a proof using a different (but equivalent) definition
of frequency.

2. The fixed word u in the proof of Proposition 5.24 could be’replaced by any
allowable word. Lemma 5.25 would not hold in that case, but Lemma 5.26 and

Proposition 5.24 would still hold.
Thus, we have the following result.

PROPOSITION 5.28. For any finite word z € A* and any allowable bi-infinite word

w, freq (z,w) exists and does not depend on w.

In other words, for any z € A*, the sequence of functions

fral) = 13 () > £w) vwe, (516)

for some function f;. For unique ergodicity, we need to verify that the convergence

is uniform.
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PROPOSITION 5.29. For any word x = zy . .. Ty, the time a,bemges of xz converge

uniforrﬁly on the orbit of the fixed word u, that is,
1 n—1 )
szfﬂ (SJ(Sk(Q))) — Tz = fm(@) (5.17)
§=0
uniformly in k € Z.

PROOF. Again, we follow [59], adding more detail and using our notation. The

statement in (5.17) is equivalent to the uniform convergence of

N

Proposjtion 5.24 shows that this quantity converges to r, for any k pointwise. We
shall place a uniform lower bound on the rate of convergence.

We try to compare ug . . Ugan 1O a word‘ o™(w) for some w € A* and n > 1. By
properties of the fixed word u, for a given k € Z and large enough N > 0, there exist

4,1 > 0 such that
Uk« - UpeN = bo 0" (Uj . . . Ujtr) b1, (6.18)
where by, by are words in u such that
|bz| = [|bi]]1 < sup lo™(e)| =: I, i=0,1.
Thus we obtain
j+1

N +1 = [bo| + [bs] + > lo™(us)]- (5.19)

=3
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This implies that

3+
Lm(uk .. -'U'Ic+N) — (N + 1)7':5 = L,,;(’u,k c.. 'U'k;+N) — Tz (Ibol + Ibll) — Ty Zla"(uz)l
=3
By Proposition 5.24, Lo(0™(ws)) — freq (z,u) = 7z, that is,
|o™ (us)]
Ve>03N;Vn>N; | L (0™ (us)) — 7olo™(w)]] < elo™(w)]. (5.20)
From this we get
TG
‘ Ly(ug - . - Upen) — Tz Z lo™ (us)|
i=j :
JH J+ J+
S[Lz(uk...uk+N)—ZLm ™ (u;)) |—|—|ZL ™ (u;) —erIJ u;))
=7 =7
JH J+l (5.21)
< |Lo(un - uprw) = Y La(0™(ws))| + D 0™ (w)]
i=j i=j
j+
§|Lm(ukuk+N ZL u, |+€ N—l‘l)
since o™ (u; . .. Uj41) C U ... Upn. On the other hand,
Lm('u,k .. -uk+N) = Lm (bg an(uj ve uj+l) bl)
j+ ‘ J+ (522)
< LX(bO) =+ Lcc(bl) + Z Ly (Un(uz) Z L uzuz+1 ) '

i=j i=j—1

where the last term accounts for the 1\)ossivb111ty of z overl'appmg two consecutive
words. (Note that thié is-sufficient, we do not need to aLccount for overlapping three
consecutive words, by (5.25) below.) The indexing takes into account‘that o™ (uj—1)
intersects by, and 0™ (u;.1i41) intersects by.

Now z may intersect the words o™(u;) and 0™(u;4+1) at most |z| = m times, so

J+H .

i=j—1
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Since |b;| < I, and by (5.19), (5.21), (5.22), it follows that

le(uk cen uk+N) — rz(N + 1)[
. j+i

< | L (u Uk+N)_7"wZ|‘7 UZ)' +7"fc (bo] + [61)
Hj‘” (5.24)
< Ly(bo) + Lx(b) + > Lo (0" (uitia)) + (N +1) + 2%1
i=j—1

< (2rg + 2l +m(l+1) + (N +1).

Since |[0™(¢)| is increasing and tends to oo as n — oo for any o € A, we can find

N > max N; such that
7<i<j+l

Vn>N |z|=m<einf [0™a)| =€l (5.25)
Also, take N >> n so that (5.18) is satisfied. Then
m(l+1) <el, (I+1) <e(N+1).

From (5.24) we obtain

Lw(ukuk+N) _ Py S (2Tm+2)l 19 <

n
N+¥1 | N+1 = N+1

(5.26)

which does not depend on k. Thus the convergence is uniform on the orbit of u under

the shift. O
PROPOSITION 5.30. The convergence in (5.16) is uniform on X,.

PRrooOF. Let w € X,. We need to show that

fN:c ZX&: SJ _>f:c(_w)
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uniformly in w. The orbit of u is dense in X, so for any w and N thére isakeZ
such that wp ... wy = ug ... Ugrn. SO

Lm(wo cen wN) — Lw(uk ce uk—i—N)

N+1 N +1 ’
therefore,
Lm(’wo .o wN) 4l—n
“2\®0---"N) 49
N+1 To|SNy1 T

for a given £ and appropriately chosen n, N (see (5.26)). This estimate does not
depend on k, therefore, it does not depend on N and w € X,. So the convergence is
uniform on X,. ’ 1

Finally, from Propositions 5.28, 5.29, and 5.30 we obtain the main result of the

section.

THEOREM 5.31. The left shift homeomorphism S on the substitutive system X,

is uniquely ergodic.

Ergodicity and Rotation of Flows on Tiling Spaces

DEFINITION 5.32. The return time of x € X, to X, under the flow ¢ is

r(z) =min{r >0 : §"(0,z) = (I(z), z), so that A(l(z),z) = h(0,y), y € X;}.

DEFINITION 5.33. The average return time to X, under ¢ is
!

Py, = / r(z) dB, (5.27)

where £ is the unique S-invariant ergodic measure on X,;.
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We now reformulate the main results of Chapters 3, 4 for flows on substitution

tiling spaces.

THEOREM 5.34. A fized-point free flow ¢ on T, is uniquely ergodic, with the

unique ergodic measure given by

W(B) = i / r5(z)dB, VB =h(B), BeBQ), (5.28)

where 7x, is defined by (5.27), 78(z) = Mt € [0,7(z)) : (t,z) € B} is the ‘time-
length’ of the fiber with Cantor-set coordinate z, B is the S-invariant ergodic measure

on X,.

PROOF. We proceed in the same fashion as in Chapter 3. First, similarly to the

proof of Theorem 3.22, we show that every ¢-invariant measure u on 7, is given by

u(B) = [ (@43,

X

3 some measure on X,. and that ,5’ is invariant with respect to the left shift S on X, .
Then by Theorem 5.31, since such a measure on X, is unique, it follows that
B = B, where § is the unique S-invariant ergodic measure on X,. We conclude that
1 is unique and is given by 5.28. [
A consequence of this result is the following theorem, which is proved in the same

way as Theorem 3.24.
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THEOREM 5.35. If ¢ is a fized-point free flow on T,, then its rotation set is

1 1

p(¢) = {P}, where p= Fx = fX ’T'(LB) d,B

(5.29)

We now turn to the flows on 7, with fixed points. As in Chapter 4, flow ¢ is

assumed to satisfy an initial-value problem

d 1 — £
ST = F D)) | (530

T = T : (5.31)

where ® : 7, — R, U {0} is a function that has a lift ®. Furthermore, A denotes
the measure on R x C, which is the product of the unique S-invariant measure 8 on

C and the Lebesgue measure on the arc components R x {z}, z € C.

PROPOSITION 5.36. There exists at most one ergodic ¢-invariant measure that

has nonzero rotation number.

THEOREM 5.37. If an ergodic ¢-invariant measure u with nonzero rotation num-
ber ezists, then it is absolutely continuous with respect to the measure . Moreover,
it is given by

Jp (1/%)d
Jo (1/®)dN

where S0 is the fundamental domain in R x C.

w(B) = (5.32)

In the following two theorems, again as in Chapter 4, by L!(Q) we mean L'(f)

with respect to A.
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THEOREM 5.38. Let ¢ be a flow with one fized point py, ® a lift of @, then:

1
1. If 3 is L1(Q), then ¢ is not uniquely ergodic. It has a ¢-invariant ergodic
measure p, given by (5.32), that has nonzero rotation number. Such a measure

18 unique.

2. If é is not L*(Q), then ¢ is uniquely ergodic, with the Dirac measure 8, being

the only ¢-invariant ergodic probability measure on T,.

THEOREM 5.39. Let ¢ be a flow with fized points, ® a lift of ®, then each of the

following is satisfied:
1
1. Ifg is L'(Q), then

PO = 10,6 where p= . (5.33)

o (1/@)ax

2. Ifé: is not L*(Q), then

p(#) = {0}. (5.34)




124

REFERENCES CITED

[1] J. M. Aarts and R. J. Fokkink, The classification of solenoids, Proceedings of
the American Mathematical Society 111 (1991), 1161-1163.

[2] J. M. Aarts and M. Martens, Flows on one-dimensional spaces, Fundamenta
Mathematicae 131 (1988), 53-67.

[3] L. Alseda, J. Llibre, and M. Misiurewicz, Combinatorial dynamics and entropy
in dimension one, World Scientific, Singapore, 1993.

[4] J. E. Anderson and I. F. Putnam, Topological invariants for substitution tilings
and their associated C*-algebras, Ergodic Theory and Dynamical Systems 18
(1998), 509-537.

[5] P. Arnoux, V. Berthé, S. Ferenczi, S. Ito, C. Mauduit, M. Mori, J. Peyriere, A.
Siegel, J.-I. Tamura, and Z.-Y. Wen, Substitutions in dynamics, arithmetics
and combinatorics, Springer-Verlag, Berlin, 2002.

[6] M. Barge, The topological entropy of homeomorphisms of Knaster continua,
Houston Journal of Mathematics 13 (1987), 465-485.

[7] M. Barge and B. Diamond, A complete invariant for the topology of one-
~ dimensional substitution tiling spaces, Ergodic Theory and Dynamical Sys-
tems 21 (2001), 1333-1358.

[8] M. Barge, J. Jacklitch, and G. Vago, Homeomorphisms of one-dimensional in-
verse limits with applications to substitution tilings, unstable manifolds, and
tent maps, Contemporary Mathematics 246 (1999), 1-15.

[9] M. Barge and R. Walker, Periodic point free maps of tori which have rotation
sets with interior, Nonlinearity 6 (1993), 481-489.

[10] H. Bell and K. R. Meyer, Limit periodic functions, adding machines and
solenoids, Journal of Dynamics and Differential Equations 7 (1995), 409-422.

[11] R. H. Bing, A simple closed curve is the only homogeneous bounded plane con-
tinuum that contains an arc, Canadian Journal of Mathematics 12 (1960),
209-230.




125

[12] S. Bullett, Ordered orbits of the shift, square roots, and the devil’s staircase,

[13] V.

[14] A.

[15] A.

[16] A.

[17] A.

Mathematical Proceedings of Cambridge Philosophical Society 115 (1994),
451-481.

Canterini and A. Siegel, Geometric representation of substitutions of Pisot
type, Transactions of the American Mathematical Society 353 (2001), 5121-
5144.

Clark, Linear flows on k-solenoids, Topology and its Applications 94 (1999),
2'7-49.

Clark, Flows on solenoids are generically not almost periodic, Geometry and
topology in dynamics, Contemporary Mathematics 246, American Mathe-
matical Society, Providence, RI, 1999, 57-63.

Clark, Solenoidalization and Denjoids, Houston Journal of Mathematics 26
(2000), 661-692.

Clark, The dynamics of maps of solenoids homotopic to the identity, Contin- |
uum Theory, Lecture Notes in Pure and Applied Mathematics 130, Marcel
Dekker, New York, 2002, 127-136.

[18] I. P. Cornfeld, S. V. Fomin, and Ya. G. Sinai, Ergodic theory, Springer-Verlag,

New York, 1982.

[19] E. M. Coven and M. S. Keane, The structure of substitution minimal sets, Trans-

[20] D.

[21] F.

[22] D.

[23] F.

actions of the American Mathematical Society 162 (1971), 89-102.

van Dantzig, Uber topologisch homogene Kontinua, Fundamenta Mathemati-
cae 15 (1930), 102-125.

M. Dekking, The spectrum of dynamical systems arising from substitutions
of constant length, Zeitschrift fiir Wahrscheinlichkeitstheorie und verwandte
Gebiete 41 (1978), 221-239.

N. Dumonceaux, Rotation sets of flows on higher dimensional tori, Thesis,
Montana State University, Bozeman, MT, 2001.

Durand, B. Host, and C. Skau, Substitutional dynamical systems, Bratteli
diagrams and dimensional groups, Ergodic Theory and Dynamical Systems
19 (1999), 953-993.




126

[24] A. G. Fedotov, Solenoidy Wilyamsa i ih realizatsiya v dvumernyh dinamicheskih
sistemah, Doklady Akademii Nauk SSSR 252 (1980), pp. (English transla-
tion: Williams solenoids and their realization in two-dimensional dynamical
systems, Soviet Mathematical Doklady 21 (1980), 835-839.)

[25] R. Fokkink, The structure of trajectories, Thesis, Technische Universiteit, Delft,
1991. :

[26] A. H. Forrest, K-groups associated with substitution minimal systems, Israel
Journal of Mathematics 98 (1997), 101-139.

[27] A. Forrest and J. Hunton, The cohomology and K-theory of commuting home-
omorphisms of the Cantor set, Ergodic Theory and Dynamical Systems 19
(1999), 611-625.

[28] J. Franks, Realizing rotation vectors for torus homeomorphisms, Transactions of
the American Mathematical Society 311 (1989), 107-115.

[29] J. Franks and M. Misiurewicz, Rotation sets of toral flows, Proéeedings of the
American Mathematical Society 109 (1990), 243-249.

[30] W. H. Gottschalk, Substitution minimal sets, Transactions of the American
Mathematical Society 109 (1963), 467-491.

[31] A. Gutek, Solenoids and homeomorphisms on the Cantor set, Annales Societatis
Mathematicae Polonae, Series I: Commentationes Mathematicae 21 (1979),
299-302.

[32] A. Gutek, On compact spaces which are locally Cantor bundles, Fundamenta
Mathematicae 108 (1980), 27-31.

[33] A. Gutek and J. van Mill, Continua that are locally a bundle of arcs, Topology
Proceedings 7 (1982), 63-69.

[34] C. L. Hagopian, A characterization of solenoids, Pacific Journal of Mathematics
68 (1977), 425-435.

[35] M. Handel, Periodic point free homeomorphism of T?, Proceedings of the Amer-
ican Mathematical Society 107 (1989), 511-515.

[36] W. T. Ingram, Inverse limits, Aportaciones Matematicas: Investigacion [Mathe-
matical Contributions: Research], 15. Sociedad Matematica Mexicana, Mex-
ico, 2000.




127

[37] R. Ito, Rotation sets are closed, Mathematical Proceedings of Cambridge Philo-
sophical Society 89 (1981), 107-111.

[38] A. Katok and B. Hasselblatt, Introduction to the modern theory of dynamical
systems, Cambridge University Press, Cambridge, UK, 1995.

[39] J. Keesling, The group of homeomorphisms of a solenoid, Transactions of the
American Mathematical Society 172 (1972), 119-131.

[40] R. Kenyon, Inflationary tilings with a similarity structure, Commentarii Mathe-
matici Helvetici 69 (1994), 169-198.

[41] J. Kwapisz, Every convez polygon with rational vertices is a rotation set, Ergodic
Theory and Dynamical Systems 12 (1992), 333-339.

[42] J. Kwapisz, Poincare rotation number for maps of the real line with almost peri-
odic displacement, Nonlinearity 13 (2000), 1841-1854.

[43] J. Kwapisz, Homotopy and dynamics for homeomorphisms of solenoids and
Knaster continua, Fundamenta Mathematicae 168 (2001), 251-278.

[44] L. Y. Liu, Arcwise connectedness in solenoids, Shu xue yan jiu yu ping lun 8
(1988), 363-366 (in Chinese).

[45] J. Llibre and R. S. MacKay, Rotation vectors and entropy for homeomorphisms
of the torus isotopic to the identity, Ergodic Theory and Dynamical Systems
11 (1991), 115-128.

[46] R. de Man, On composants of solenoids, Fundamenta Mathematicae 147 (1995),
181-188.

[47] R. Maiie, Ergodic theory and differentiable dynamics, Springer-Verlag, Berlin,
1983.

[48] S. Mardesi¢ and J. Segal, e-Mappings onto polyhedra, Transactions of the Amer-
ican Mathematical Society 109 (1963), 146-164.

[49] J. C. Martin, Substitution minimal flows, American Journal of Mathematics 93
(1971), 503-526.

[60] M. C. McCord, Inverse limit sequences with covering maps, Transactions of the
American Mathematical Society 114 (1965), 197-209.




128

[51] J. Mioduszewski, Mappings of inverse limits, Colloquium Mathematicum 10
(1963), 39-44.

[62] M. Misiurewicz and K. Ziemian, Rotation sets for maps of tori, Journal of the
London Mathematical Society 40 (1989), 490-506.

[53] M. Misiurewicz and K. Ziemian, Rotation sets and ergodic measures for torus
homeomorphisms, Fundamenta Mathematicae 137 (1991), 45-52.

[54] S. Mozes, Tilings, substitution systems and dynamical systems generated by them,
Journal d’Analyse Mathématique 53 (1989), 139-186.

[65] S. B. Nadler, Continuum theory: an introduction, Marcel Dekker, NY, 1992.

[56] S. Newhouse, J. Palis, and F. Takens, Bifurcation and stabzlzty of families
of diffeomorphisms, Institut des Hautes Etudes Scientifiques, Publications
Mathématiques 57 (1983), 5-71.

[57] R. V. Plykin, O geometrii giperbolicheskih attraktorov gladkih kaskadov, Uspekhi
Matematicheskih Nauk 39 (1984), 75-113. (English translation: On the ge-
ometry of hyperbolic attractors of smooth cascades, Russian Mathematical
Surveys 39 (1984), 85-131.)

[68] J. H. Poincaré, Mémoire sur les courbes définies par les équations différentiales,
III, Journal de Mathématiques Pures et Appliquées, 4 série, 1 (1885), 167-
244.

[59] M. Queflélec, Substitution dynamical systems — spectral analysis, Springer-Verlag,
Berlin, 1987.

[60] C. Radin and L. Sadun, An algebraic invariant for substztutzon tiling systems,
Geometriae Dedicata 73 (1998), 21-37.

[61] C. Robinson, Dynamical systems: stability, symbolic dynamics, and chaos, 2nd
edition, CRC Press, Boca Raton, FL, 1998.

[62] L. Sadun and R. F. Williams, Tiling spaces are Cantor set fiber bundles, Ergodic
Theory and Dynamical Systems 23 (2003), 307-316.

[63] S. Schwartzman, Asymptotic cycles, Annals of Mathematics 66 (1957), 270-284.

[64] S. Smale, Differentiable dynamical systems, Bulletin of the American Mathemat-
ical Society 73 (1967), 747-817.




129

[65] B. Solomyak, Dynamics of self-similar tilings, Ergodic Theory and Dynamical
Systems 17 (1997), 695-738.

[66] E. H. Spanier, Algebraic topology, McGraw-Hill, New York, 1966.

[67] R. Swanson and R. Walker, Boundaries of rotation sets for homeomorphisms of
the n-torus, Proceedings of the American Mathematical Society 124 (1996),
3247-3255.

[68] Y. 1. Ustinov, Nepreryvnye otobrazheniya odnomernyh solenoidov (Continuous
mappings of one-dimensional solenoids), Uspekhi Matematicheskih Nauk 35
(1980), 233-236 (in Russian).

[69] Y. I. Ustinov, Algebraicheskiye invarianty topologicheskoy sopryazhennosti
solenoidov (Algebraic invariants for topological conjugacy of solenoids),

Matematicheskiye Zametki 42 (1987), 132-144 (in Russian).

[70] J. A. Walsh, Rotation vectors for toral maps and flows: a tutorial, International
Journal of Bifurcation and Chaos 5 (1995), 321-348.

[71] B. Weiss, Private communication between B. Weiss and M. Herman.

[72] R. F. Williams, One-dimensional non-wandering sets, Topology 6 (1967), 473-
487.

[73] R. F. Williams, Classification of one dimensional attractors, Proceedings of the
Symposium in Pure Mathematics, Providence, 1970, 341-361.

[74] R. F. Williams, Ezpanding attractors, Institut des Hautes Etudes Scientifiques,
Publications Mathématiques 43 (1974), 169-203.

[75] 1. Yi, Canonical symbolic dynamics for one-dimensional generalized solenoids,
Transactions of the American Mathematical Society 353 (2001), 3741-3767.

[76] 1. Yi, Bratelli- Vershik systems for one-dimensional generalized solenoids, to ap-
pear in Houston Journal of Mathematics.

[77] 1. Yi, Ordered group invariants for one-dimensional generalized solenoids, Fun-
damenta Mathematicae 170 (2001), 267-286.




ST,

MONTANA STATE UNIVERSITY - BOZEMAN
URRNARATERAAN)
3 1762 10385597 7



