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Abstract:
Several models for branching processes are investigated which extend the age-dependent model of
Bellman and Harris (1952). These models are developed primarily to provide reasonable alternatives to
the assumptions that individuals live and reproduce independently and that the death of a parent and the
birth of offspring must occur simultaneously.

A process in which correlations occur among siblings is obtained by assuming the life-spans (as well as
the numbers of offspring) of a group of siblings are exchangeable random variables. Other necessary
probabilistic relations are governed by independence. The generating function of z^(k)(t), the number
of individuals alive at time t descending from k siblings born at time t = 0 , satisfies a system of
integral equations, which, upon differentiation, becomes a simple renewal equation for
E[z^(1)(t)z^(l)(t+τ)] which in certain cases leads to the result that Z^(k) (t)/e^α(2t + τ) converges in
mean square to a r.v. W^(k) as t→∞ and, in turn, W^(k) converges in mean square to a nondegenerate
r.v. W as k→∞. In the binary case, the distribution of W^(2) is continuous and, provided 1 - G1(t)
=0(e^εt) , ε > 0 , it is also absolutely continuous.

Dependence between generations is introduced by assuming that if o1,...,oj,... is a sequence of
individuals with oj the parent of oj+1 then the life-spans of these individuals form a Markov chain. An
integral equation satisfied by the generating function of the process is used to study the probability of
extinction and the first moments. A simpler model with dependence between generations is also
described and it is indicated how standard techniques may be employed to study this model.

A rather general birth-and-death process is considered in which an individual may give birth at various
times during its life. The number of offspring N(t) born to an individual with life-span l during the
age-interval [0,t] is defined by N(t) = K(t) if t ≤ l, and N(t) = K(l) if t > l, where K(t) is an arbitrary
counting process. Individuals are assumed to live and reproduce independently. If E[K(t)]<∞ for all t
and E[K(0)] < 1, then Z(t), the size of the population at time t, is finite a.s. The probability of extinction
of Z(t) is the smallest nonnegative root of the equation s = E[exp{N(l)(log s)}]. A renewal-type integral
equation is derived for M(t) = E[Z(t)], and this equation is used to investigate the monotonicity and
asymptotic properties of M(t). Again, Z(t)/e^αt converges in mean square (a.s. in some instances) to a
r.v. W as t→∞. For the special case where K(t) is a compound Poisson process, the generating function
of Z(t) satisfies a useful integral equation which is utilized in investigating the distribution of W. and in
showing that Markov branching processes form a special case of this process.

In a process where the life-span of an individual depends on the size of his family, the first two
moments satisfy systems of non-linear renewal-type integral equations. Asymptotic expressions for
these moments are obtained using complex variable techniques. 
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ABSTRACT

S e v e ra l  m odels  f o r  b ra n c h in g  p r o c e s s e s  a r e  i n v e s t i g a t e d  w h ich  e x te n d  
th e  a g e -d e p e n d e n t m odel o f  B ellm an  and H a r r i s  (1 9 5 2 ) . T h e se  m odels a r e  
d e v e lo p e d  p r im a r i ly  t o  p ro v id e  r e a s o n a b le  a l t e r n a t i v e s  t o  t h e  a s su m p tio n s  
t h a t  i n d iv i d u a l s  l i v e  and r e p ro d u c e  in d e p e n d e n tly  and t h a t  t h e  d e a th  o f  a  
p a r e n t  and th e  b i r t h  o f  o f f s p r in g  m ust o c c u r  s im u l ta n e o u s ly .

A p r o c e s s  i n  w h ich  c o r r e l a t i o n s  o c c u r  among s i b l i n g s  i s  o b ta in e d  by 
a ssu m in g  th e  l i f e - s p a n s  (a s  w e l l  a s  t h e  num bers o f  o f f s p r in g )  o f  a  g roup  
o f  s i b l i n g s  a r e  e x c h a n g e a b le  random  v a r i a b l e s . O th e r  n e c e s s a r y  p r o b a b i l i s ­
t i c  r e l a t i o n s  a r e  g o v e rn e d  by in d e p e n d e n c e . The g e n e r a t in g  f u n c t io n  o f  
z ( k ) ( t ) ,  t h e  num ber o f  i n d iv i d u a l s  a l i v e  a t  t im e  tt d e s c e n d in g  from  k 
s i b l i n g s  b o rn  a t  t im e  t  = 0 , s a t i s f i e s  a  sy s te m  o f  i n t e g r a l  e q u a t io n s ,  
w h ic h , upon d i f f e r e n t i a t i o n ,  becom es a  s im p le  re n e w a l e q u a t io n  f o r  
E [ z ( ^ / ( t ) z ( l ) ( t + T ) ]  w h ich  i n  c e r t a i n  c a s e s  le a d s  to  th e  r e s u l t  t h a t  
Z (k ) ( t ) / ecy(2t +  t ) c o n v e rg e s  i n  mean s q u a re  to  a  r . v .  w (^ ) a s  t  “  
a n d , i n  t u r n ,  W ^ )  c o n v e rg e s  i n  mean s q u a re  t o  a  n o n d e g e n e ra te  r . v .  W 
a s  k  . I n  th e  b in a r y  c a s e ,  t h e  d i s t r i b u t i o n  o f  w (2 ) i s  c o n tin u o u s  
a n d , p ro v id e d  I  -  G1 ( t )  = 0 ( e “ e t ) , e > 0 , i t  i s  a l s o  a b s o l u t e l y  c o n t in u o u s .

D ependence b e tw een  g e n e r a t io n s  i s  in t r o d u c e d  by a ssu m in g  t h a t  i f  
O1 , .  .t. , o j . . .  i s  a  s e q u e n c e  o f  i n d iv i d u a l s  w i th  Oj t h e  p a r e n t  o f  Oj ^ 1 
th e n  th e  l i f e - s p a n s  o f  t h e s e  i n d iv i d u a l s  form  a  M arkov c h a in .  An i n t e g r a l  
e q u a t io n  s a t i s f i e d  by th e  g e n e r a t in g  f u n c t io n  o f  th e  p r o c e s s  i s  u se d  to  
s tu d y  th e  p r o b a b i l i t y  o f  e x t i n c t i o n  and  t h e  f i r s t  m om ents. A s im p le r  
m odel w i th  d ep en d en c e  b e tw e en  g e n e r a t io n s  i s  a l s o  d e s c r ib e d  and i t  i s  
i n d i c a t e d  how s ta n d a r d  te c h n iq u e s  may b e  em ployed t o  s tu d y  t h i s  m o d el.

A r a t h e r  g e n e r a l  b i r t h - a n d - d e a t h  p r o c e s s  i s  c o n s id e r e d  i n  w hich  an  
i n d iv i d u a l  may g iv e  b i r t h  a t  v a r io u s  t im e s  d u r in g  i t s  l i f e .  The number 
o f  o f f s p r in g  N ( t )  b o rn  t o  a n  i n d iv i d u a l  w i th  l i f e - s p a n  -L d u r in g  th e  
a g e - i n t e r v a l  [ 0 , t ]  i s  d e f in e d  by N ( t )  = K ( t )  i f  ■ t  ^-L, and N ( t)  = K(-L) 
i f  t  > -L, w here  K ( t)  i s  an  a r b i t r a r y  c o u n tin g  p r o c e s s .  I n d iv i d u a l s  a r e  
assum ed "to l i v e  and re p ro d u c e  in d e p e n d e n t ly .  I f  E [K ( t) l< < »  f o r  a l l  t  
and E [K (0 )]  <  I ,  th e n  Z ( t ) ,  t h e  s i z e  o f  t h e  p o p u la t io n  a t  t im e  t ,  i s  
f i n i t e  a . s .  The p r o b a b i l i t y  o f  e x t i n c t i o n  o f  Z ( t )  i s  t h e  s m a l le s t  n o n ­
n e g a t iv e  r o o t  .o f th e  e q u a t io n  s = E[exp{N(-L) ( lo g  s )  }] . A r e n e w a l- ty p e  
i n t e g r a l  e q u a t io n  i s  d e r iv e d  f o r  M (t)  = E [ Z ( t ) ] ,  and t h i s  e q u a t io n  i s  
u se d  t o  i n v e s t i g a t e  t h e  m o n o to n ic i ty  and a s y m p to tic  p r o p e r t i e s  o f  M ( t ) .  
A g a in , Z ( t ) Zeoft c o n v e rg e s  i n  mean s q u a re  ( a . s .  i n  some in s t a n c e s )  t o  a 
r . v .  W a s  t  -» co. F o r  th e  s p e c i a l  c a s e  w h ere  K ( t)  i s  a  compound 
P o is s o n  p r o c e s s , t h e  g e n e r a t i n g  f u n c t io n  o f  Z ( t )  s a t i s f i e s  a  u s e f u l  
i n t e g r a l  e q u a t io n  w h ich  i s  u t i l i z e d  in  i n v e s t i g a t i n g  th e  d i s t r i b u t i o n  o f  
W . and i n  show ing  t h a t  M arkov b ra n c h in g  p r o c e s s e s  form  a  s p e c i a l  c a s e  o f  
t h i s  p r o c e s s .

I n  a  p r o c e s s  w h ere  th e  l i f e - s p a n  o f  an  i n d iv i d u a l  d ep en d s  on th e  
s i z e  o f  h i s  f a m i ly ,  th e  f i r s t  two m oments s a t i s f y  sy s te m s  o f  n o n - l i n e a r  
r e n e w a l - ty p e  i n t e g r a l  e q u a t i o n s . A sy m p to tic  e x p r e s s io n s  f o r  t h e s e  
moments a r e  o b ta in e d  u s in g  com plex  v a r i a b l e  t e c h n iq u e s .



Chapter I

INTRODUCTION

1 .1  S ta te m e n t  o f  P rob lem

G e n e r a l ly  s p e a k in g , a  b ra n c h in g  p r o c e s s  i s  a  m a th e m a tic a l  m odel 

f o r  th e  d ev e lo p m en t o f  a  p o p u la t io n  w hose members r e p ro d u c e  and d i e ,  

s u b j e c t  t o  law s o f  c h a n c e . F o r c o n v e n ie n c e , in  t h i s  t h e s i s  we s h a l l  

u s u a l l y  r e f e r  to  th e  members o f  a  p o p u la t io n  a s  " i n d i v i d u a l s " ,  a lth o u g h  

th e  m a th e m a tic a l  m odel b e in g  d i s c u s s e d  may be a p p l i c a b l e  t o  b a c t e r i a ,  

p l a n t s ,  a to m ic  p a r t i c l e s ,  o r  many o th e r  t h i n g s .  The r e a d e r  i n t e r e s t e d  i n  

a p p l i c a t i o n s ,  a s  w e l l  a s  t h e  b a s ic  th e o r y  o f  b ra n c h in g  p r o c e s s e s ,  may 

r e f e r  to  th e  m onograph by T . E . H a r r i s  (1 9 6 3 ) . K e n d a ll  (1966) g iv e s  an  

i n t e r e s t i n g  a c c o u n t  o f  th e  h i s t o r y  o f  b ra n c h in g  p r o c e s s e s .

M ost o f  t h e  m odels  f o r  b ra n c h in g  p r o c e s s e s  s tu d i e d  p r e v io u s ly  h a v e  

in c o r p o r a te d  th e  a s su m p tio n  t h a t  members o f  th e  p o p u la t io n  m ust n o t  i n t e r ­

f e r e  w i th  one a n o th e r .  I n  o th e r  w o rd s , th e y  m ust l i v e  and  re p ro d u c e  

in d e p e n d e n t ly .  T h is  a s su m p tio n  seem s r e a s o n a b le  f o r  some a p p l i c a t i o n s ;

e . g . , when th e  p o p u la t io n  i s  composed o f  a to m ic  p a r t i c l e s ,  and t h e r e  i s
I

on th e  a v e r a g e , a  s i z a b l e  d i s t a n c e  b e tw e en  a d ja c e n t  p a r t i c l e s .  How ever, 

f o r  th e  s tu d y  o f  com plex  b i o l o g i c a l  p o p u l a t io n s ,  i t  w ou ld  b e  a d v a n ta g e o u s  

t o  be a b le  t o  in t r o d u c e  c e r t a i n  ty p e s  o f  d ep en d en ce  among i n d i v i d u a l s ,  

p a r t i c u l a r l y  among r e l a t e d  i n d i v i d u a l s .  Such an  a s su m p tio n  m ig h t ,  f o r  

e x a m p le , e n a b le  one to ' i n c o r p o r a t e  th e  e f f e c t s  o f  h e r e d i t y  i n t o  th e  f ra m e ­

w ork  o f  b r a n c h in g  p r o c e s s e s .

A n o th e r  o f t e n  u n d e s i r a b le  f e a t u r e  o f  th e  m ore w e ll-k n o w n  m odels  i s
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t h a t  th e  d e a th  o f  th e  p a re n t^ - m ust o c c u r  s im u l ta n e o u s ly  w i th  th e  b i r t h  

o f  o f f s p r i n g . 2 A lth o u g h  t h i s  f e a t u r e  h a s  a  n a t u r a l  a p p l i c a t i o n  in  

p o p u la t io n s  o f  b a c t e r i a  t h a t  re p ro d u c e  by s p l i t t i n g ,  a  m odel w h ich  a llo w s  . 

r e p r o d u c t io n  t o  o c c u r  th ro u g h o u t  th e  l i f e  o f  th e  p a r e n t  w ould  c e r t a i n l y  

be  o f  i n t e r e s t .

The p u rp o se  o f  t h i s  t h e s i s ,  t h e n ,  i s  t o  f o rm u la te  m a th e m a tic a l  

m odels  f o r  b r a n c h in g  p r o c e s s e s  w h ich  i n c o r p o r a t e  some o f  th e  ,s u g g e s t io n s  

i n  t h e  fo re g o in g  p a r a g r a p h s ,  and  th e n  t o  i n v e s t i g a t e  t h e  p r o p e r t i e s  o f  

th e s e  m o d e ls . C h a p te r  I I  c o n c e rn s  a  m odel i n  w h ich  th e  l i f e - s p a n s  o f  s i b ­

l in g s  a r e  c o r r e l a t e d ,  a s  w e l l  a s  t h e  num bers o f . o f f s p r i n g  p ro d u ce d  by 

s i b l i n g s ,  b u t  o th e r w is e  i n d iv i d u a l s  l i v e  and re p ro d u c e  in d e p e n d e n t ly .  N ext 

two m odels  a r e  d i s c u s s e d  i n  w h ich  an  i n d i v i d u a l ’ s l i f e - s p a n  i s  in f lu e n c e d  • 

by th e  l i f e - s p a n s  o f  h i s  a n c e s t o r s .  I n  C h a p te r  IV a  f a i r l y  g e n e r a l  p r o c e s s  

i s  s tu d i e d  w h e re in  i t  i s  p o s s ib l e  f o r  an  i n d iv i d u a l  to  g iv e  b i r t h  a t  

v a r io u s  t im e s  d u r in g  h i s  l i f e .  F i n a l l y ,  i n  C h a p te r  V a  b r i e f  d e s c r i p t i o n  

o f  two p r o c e s s e s  i s  g iv e n .  The f i r s t  p r o c e s s  d e a ls  w i th  a  s p e c i a l  ty p e  

o f  d ep en d en ce  b e tw een  g e n e r a t io n s  and th e  seco n d  p ro c e s s  a l lo w s  f o r  th e  

p o s s i b i l i t y  o f  an  i n d i v i d u a l  becom ing d o rm an t and r e m a in in g  i n  th e  p o p u la ­

t i o n  i n d e f i n i t e l y  b u t  n e v e r  h a v in g  o f f s p r i n g .

B e fo re  p ro c e e d in g  to  t h e s e  m o d e ls , h o w ev er, i t  seem s a p p r o p r i a t e

1 A l l  o f  th e  p r o c e s s e s  d i s c u s s e d  in  t h i s  t h e s i s  c o n s id e r  o n ly  one s e x ,  
so  an  i n d iv i d u a l  w i l l  h a v e  o n ly  one p a r e n t  in  th e  p o p u la t io n .

2 I n  a g e - in d e p e n d e n t  p r o c e s s e s  su ch  a s  M arkov b ra n c h in g  p r o c e s s e s  
( H a r r i s  (1 9 6 3 ))  i t  a c t u a l l y  m akes no d i f f e r e n c e  w h e th e r  we assum e an

■ i n d iv i d u a l  d i e s  a t  t im e  t  and i s  r e p l a c e d  by  n  ^  I  o f f s p r in g  o r  
t h a t  h e  c o n t in u e s  t o  l i v e  and h a s  n  -  I  o f f s p r in g  a t  t im e  t  .



t h a t  we p a u se  h e r e  t o  d e s c r ib e  two o f  t h e  m ost w e ll-k n o w n  b ra n c h in g  p r o c e s s e s  

and t o  s t a t e  some r e s u l t s  f o r  t h e s e  m o d els  w h ich  we w i l l  f in d  c o n v e n ie n t  t o  

r e f e r  t o  l a t e r ,  We s h a l l  a l s o  p r e s e n t  some r e s u l t s  from  re n e w a l th e o ry  

w h ich  w i l l  be  u s e f u l  i n  th e  s e q u e l .  ,

1 .2  The G a lto n -W atso n  P ro c e s s

" I t  was a b o u t 100 y e a r s  ago  t h a t  W atson  and G a lto n  (1874) fo rm u la te d

a  m odel to  s tu d y  th e  p ro b lem  o f  th e  e x t i n c t i o n  o f  f a m ily  s u rn a m e s . B ecau se  

o f  th e  d is a p p e a ra n c e  o f  th e  su rnam es o f  many f a m i l i e s  t h a t  had  once o c c u p ie d  

c o n s p ic u o u s  p o s i t i o n s ,  i t  had  b e e n  c o n je c tu r e d  t h a t  d i s t i n g u i s h e d  f a m i l i e s  

a r e  m ore l i k e l y  t o  d i e  o u t th a n  o r d in a r y  o n e s .  I n  o r d e r  t o  e x p lo r e  t h i s  

h y p o t h e s i s , G a lto n  r e c o g n iz e d  t h a t  i t  w ould  be  d e s i r a b l e  t o  f i r s t  know 

t h e  p r o b a b i l i t y  t h a t  an  o r d in a r y  f a m ily  becom es e x t i n c t .

I n  t h e  m a th e m a tic a l  m odel d e v e lo p e d  by G a lto n  and W atson  f o r  t h i s  

p u rp o se  ( c a b le d  a  G a lto n -W atso n  p r o c e s s ) ,  a  man h a s  p r o b a b i l i t i e s  

Pq » Pi > Ps * * * o f  h a v in g  0 , 1 , 2 , • • •  so n s  and in  t u r n  e a ch  o f  t h e s e  • 

o f f s p r in g  h a s  so n s  o f  h i s  own w i th  t h e  same p r o b a b i l i t i e s ,  and so  o n . The 

num ber o f  so n s  s i r e d  by any man i s  assum ed in d e p e n d e n t o f  th e  num ber o f  

m a le  p ro g en y  o f  any o t h e r  m an.

An im p o r ta n t  r o l e  i n  th e  i n v e s t i g a t i o n  o f  t h i s  p r o c e s s  i s  p la y e d  

by  th e  g e n e r a t i n g  f u n c t io n

h ( s )  = 2 PaSn.,  | s | < 1 .
n=0

F o r  i n s t a n c e ,  th e  s m a l l e s t  n o n - n e g a t iv e  r o o t  o f  th e  f u n c t i o n a l  e q u a t io n

-  3 -

i
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h ( s )  = s t u r n s  o u t  t o  be  th e  p r o b a b i l i t y  t h a t  th e  m ale  l i n e  o r i g i n a t i n g  

from  a  s i n g l e  man w i l l  e v e n tu a l ly  t e r m in a t e .  I f  h ' ( l )  ^  I  t h i s  r o o t  

i s  one (assu m in g  p 1 < l ) ,  b u t  i f  h z( l )  >  I  t h i s . r o o t  i s  s t r i c t l y  l e s s  " 

th a n  o n e . (Due t o  an  o v e r s i g h t ,  W atson c o n c lu d e d  e r r o n e o u s ly  t h a t  t h i s  

r o o t  was a lw ay s e q u a l  to  o n e .)  A lth o u g h  th e  m odel o f  G a lto n  and W atson 

was o v e r lo o k e d  f o r  many y e a r s ,  num erous p a p e rs  on t h i s  m odel hav e  

a p p e a re d  i n  th e  p a s t  two d e c a d e s .

1 .3  The B e llm a n -H a r r is  P ro c e s s

B e llm an  and  H a r r i s  (1952) s tu d i e d  an  e x te n s io n  o f  t h e  G a lto n -W atso n  

p r o c e s s  i n  w h ich  th e  l i f e - s p a n s  o f  i n d i v i d u a l s  a r e  a l s o  ta k e n  i n t o  c o n s id ­

e r a t i o n .  A s i n g l e  i n d iv i d u a l  b o rn  a t  t im e  t  = O l i v e s  f o r  a  random  

le n g th  o f  t im e  w i th  d i s t r i b u t i o n  f u n c t i o n  G ( t ) .  A t th e  end o f  i t s  l i f e  

i t  i s  r e p la c e d  by n . o f f s p r i n g ,  n  = 0 , 1 , 2 , . . .  , w i th  p r o b a b i l i t y  pn . 

T h ese  p ro g e n y , in  t u r n ,  b eh av e  i n  t h e  same way a s  th e  p r o g e n i t o r  and so  

th e  p ro c e s s  c o n t in u e s  f o r  a s  lo n g  a s  i n d iv i d u a l s  a r e  p r e s e n t .  The l i f e ­

sp a n  and th e  num ber o f  c h i l d r e n  o f  e a c h  member o f  th e  p o p u la t io n  hav e  th e  

same p r o b a b i l i t y  d i s t r i b u t i o n s  a s  th e  c o r r e s p o n d in g  on es  f o r  th e  o r i g i n a l  

i n d i v i d u a l .  The o th e r  n e c e s s a r y  p r o b a b i l i s t i c  r e l a t i o n s  a r e  g o v e rn ed  by 

in d e p e n d e n c e , so  t h a t  t h i s  p r o c e s s  i s  c o m p le te ly  d e te rm in e d  by th e  d i s t r i ­

b u t io n  G ( t)  and th e  g e n e r a t in g  f u n c t io n  h ( s )  = S p n Sn . I t  i s  u s u a l l y
I

assum ed, t h a t  t h e s e  f u n c t io n s  s a t i s f y  t h e  c o n d i t io n s  G(O) = 0 , G(“ ) = I  

and m = h ' ( l )  <  °° . A l l  d i s t r i b u t i o n  f u n c t io n s  t h a t  a p p e a r  i n  t h i s  

t h e s i s  a r e  t a k e n  t o  b e  c o n tin u o u s  from  th e  r i g h t .

To a v o id  c o n f u s io n ,  we s h a l l  c a l l  t h e  random  f u n c t i o n  Z ( t )



5

g iv in g  th e  s i z e  o f  th e  p o p u la t io n  a t  t im e  t  a  B e llm a n -H a r r is  p r o c e s s , 

a l th o u g h  th e  te rm  " a g e -d e p e n d e n t  b ra n c h in g  p r o c e s s "  seem s to  b e  more in  

vogue i n  th e  l i t e r a t u r e .  H ow ever, th e  l a t t e r  e x p r e s s io n  a l s o  a p p ro ­

p r i a t e l y  d e s c r ib e s  s e v e r a l  o th e r  m odels  d i s c u s s e d  in  t h i s  t h e s i s .

The g e n e r a t in g  f u n c t i o n  F ( s , t )  o f  th e  random  f u n c t io n  Z ( t )  

i s  d e f in e d  by

F ( s , t ) Z ( t ) = Z P [ z ( t )  = k ] s k , 
k=0

t  S: 0 I s  I ^  I  . ( 1 .3 .1 )

H a r r i s  (1963) p ro v e s  t h a t  F ( s , t ) s a t i s f i e s  th e  i n t e g r a l  e q u a t io n I

F ( s , t ) s [ l  -  G ( t ) ]  +
»t

h [ F ( s , t  -  u ) ]d G (u )  . ( 1 .3 .2 )

Uppon d i f f e r e n t i a t i n g  ( 1 .3 .2 )  w i th  r e s p e c t  t o  s  and p u t t i n g  s = I ,  

i t  f o l lo w s  t h a t  M (t)  = E [ Z ( t ) ]  s a t i s f i e s  t h e  re n e w a l e q u a t io n

M (t)
«t

I  -  G ( t)  +  in M (t -  u )d G (u ) . 
0

( 1 .3 .3 )

The f o l lo w in g  lemma sum m arizes some o t h e r  w e ll-k n o w n  f a c t s  a b o u t M (t)  .

I  I n  t h i s  t h e s i s  th e  sym bol J a  w i l l  m ean J ^ a  • To d e n o te  J ^ a  ^

J f a . b l  > and f f a . b l  '  W W U l u s e  ^  . j t + . L + >

r e s p e c t i v e l y .
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Lemma 1 . 3 . 1 : ( i )  E q u a tio n  ( 1 .3 .3 )  h a s  a  u n iq u e  s o l u t i o n  t h a t  i s  bounded

on e v e ry  f i n i t e  i n t e r v a l .

( i i )  T h is  s o l u t i o n  may b e  w r i t t e n  i n  th e  form

M (t) = I  +  (m -  I )  Z Irik- 1 Gk ( t )  , ( 1 .3 .4 )
k = l

w here  Gk i s  t h e  k*"*1 c o n v o lu t io n  o f  G w i th  i t s e l f .
I

( I i i )  I f  G i s  n o t  a  l a t t i c e  d i s t r i b u t i o n  and t h e r e  e x i s t s  an  of su ch  

. th a t

m e <yudG (u) = I
v O

( 1 .3 .5 )

and

Ue-0^dG (U ) < »  , ( 1 .3 .6 )
0

th e n

M (t) e  a t

e cmCl -  G (u )]d u  
j O ______

m dG (u )

a s  t  . ( 1 .3 .7 )

T h e se  r e s u l t s  c o n c e rn in g  th e  re n e w a l e q u a t io n  ( 1 .3 .3 )  a r e  a l l  g iv e n

I  We sa y  t h a t  G i s  a  l a t t i c e  d i s t r i b u t i o n  i f  i t s  o n ly  p o in t s  o f  
i n c r e a s e  a r e  i n t e g e r  m u l t i p l e s  o f  some f ix e d  num ber.



. e x p l i c i t l y  in  H a r r i s  (1963) (w ith  th e  e x c e p t io n  o f  1 .3 .4 ,  w h ich  i s  e a s i l y  

d e d u c ib le  from  H a r r i s '  Lemma I ,  page  1 6 1 ) . H ow ever, we s h a l l  p ro v e  

p a r t s  ( i i )  and  ( i i i )  a t  t h e  end o f  t h e  n e x t  . s e c t i o n  t o  i l l u s t r a t e  th e  

r e s u l t s  from  re n e w a l th e o r y  p r e s e n te d  t h e r e .

1 .4  Some r e s u l t s  from  re n e w a l th e o r y

S in c e  th e  moments o f  s e v e r a l  o f  th e  p r o c e s s e s  to  be s tu d i e d  s a t i s f y  

r e n e w a l- ty p e  e q u a t io n s ,  r a t h e r  e x te n s iv e - u s e  w i l l  be  made o f  th e  r e s u l t s .

I i n  t h i s  s e c t i o n .  The t r e a tm e n t  o f  re n e w a l th e o r y  g iv e n  h e r e  i s  p a t t e r n e d  

a f t e r  F e l l e r  (1 9 6 6 ) .

T h ro u g h o u t t h i s  s e c t i o n  we s h a l l  su p p o se  t h a t  F ( t )  and H ( t)  

a r e  f i n i t e ,  n o n d e c re a s in g ,  c o n tin u o u s  from  th e  r i g h t  and  e q u a l  to  z e ro  

when t  ^  0 . Of c o n s id e r a b l e  i n t e r e s t  i n  re n e w a l th e o r y  i s  th e  f u n c t io n

( 1 .4 .1 )

w i th  i t s e l f .

Lemma 1 . 4 . 1 : The f u n c t i o n  U ( t)  i s  f i n i t e  f o r  a l l  t  .

P ro o f  T h is  f a c t  i s  w e l l  known b u t  p e rh a p s  th e  f o l lo w in g  p ro o f  ( s i m i l a r  

to  Mode (1 9 6 8 a ))  i s  o f  i n t e r e s t .  L e t t  b e  f i x e d .  I f  F ( t )  <  I  , th e n

~ 7 -

U ( t)  = E Fk ( t )  ,. 
k=0

w h ere  F1 = F , -  Fk i s . t h e  k4-*1 c o n v o lu t io n  o f  F 

k ~ 2 ,3 ,* * *  , and

F0 ( t )
I  f o r  t  s  0.

0 f o r  t  <  0 .
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U (t) E Fk Ct) ^ 2 Fk ( t )  = Y T STA- < 00' 
k=0 .■ k=0

I f  F ( t )  ^  I  , th e n

t e ” aXd F (x ) <  I  , 
J 0

f o r  some a  >  0 . I f  we l e t

F (u ) e  aXdF (x )  0 ^  u  ^  t  ,

i t  c a n  b e  shown u s in g  L a p la c e  t r a n s fo r m s  o r  o th e r  t e c h n iq u e s  t h a t  th e  

k^h c o n v o lu t io n  o f  F (u )  w i th  i t s e l f  i s  g iv e n  by

Fk (u )  = e aXdFk (x )  0 ^  u  ^  t  ,
0

I t  f o l lo w s  from  th e  c a s e  F ( t )  <  I  t h a t

E Fk ( t )  <  »  . 
k=0

B ut

E Fk ( t )  S e a t  E Fk ( t )  
k=0 k=0
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and th e  lemma i s  t h e r e f o r e  p ro v e d . The p r o o f  o f  th e  n e x t  r e s u l t  i s  

s i m i l a r  t o  t h a t  o f  Lemma 2 .5 .1  and w i l l  be  o m it te d .

Lemma 1 . 4 . 2 : I f  ■ f ( t )  i s  bounded and f  ( t )  A a s  t  00 and

F Cco) <  oo ) th e n

f  ( t  -  u )d F (u )  AF(oo) a s  t  -» <» . ( 1 .4 .2 )
J o

P a r t s  ( i )  and ( i i )  o f  t h e  f o l lo w in g  lemma a r e  o f t e n  c a l l e d  

B la c k w e l l 's  th eo re m  and  th e  key  re n e w a l th e o re m , r e s p e c t i v e l y .

Lemma 1 . 4 . 3 : S uppose  F i s  n o t  a  l a t t i c e  d i s t r i b u t i o n  and  FC00) = I  .

Then

CD

ViU ( t )  -  U ( t - h )  -* — ----------- a s  t  -» oo

' . 0ydF<y) ( 1 .4 .3 )

f o r  e v e ry  f ix e d  h  >  0 ,

( i i )  i f  f ( t )  i s  th e  d i f f e r e n c e  o f  two bounded n o n d e c re a s in g  f u n c t io n s  

w h ich  a r e  b o th  i n t e g r a b l e  on [ 0 , ro] and  f ( t )  = 0 f o r  t  <  0 , th e n

.03
f  (y )d y

J f ( t - y ) d U ( y )  -» — ------------ a s  t  ( 1 .4 .4 )

°  y d F (y )
' J 0 •

The p r o o f  o f  t h i s  lemma may b e  fo u n d  i n  F e l l e r  (1 9 6 6 ) .
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C o r o l l a r y ; I f  HC00) <  “  , F(°°) = 'I  , and  V ( t )  s a t i s f i e s  th e  e q u a t io n

V ( t)  = H ( t)  +  V (t -  y )d F (y )  , 
0

th e n

V ( t )  t H(co)
• a s  t  ■> »  . ( 1 .4 .5 )t  ' r*00

y d F (y )
0

P r o o f : The p ro o f  fo l lo w s  from  Lemmas 1 .4 .2  and 1 .4 .3  ( i )  by a p p ly in g  th e

te c h n iq u e  s e t  f o r t h  i n  X I .3 o f  F e l l e r  (1 9 6 6 ) .

As a n  a p p l i c a t i o n  o f  th e  r e s u l t s  o f  t h i s  s e c t i o n  and  a l s o  to  

i l l u s t r a t e  t e c h n iq u e s  t h a t  w i l l  be  u se d  l a t e r ,  we now g iv e  th e  

P ro o f  o f  Lemma 1 . 3 . 1 :

I t  c a n  b e  e a s i l y  v e r i f i e d  t h a t  M(fc) d e f in e d  by ( 1 .3 .4 )  s a t i s f i e s  

e q u a t io n  ( 1 . 3 . 3 ) .  I f  we d e f i n e  F ( t )  = m G (t) , th e n

and  i t  f o l lo w s  from  Lemma 1 .4 .1  t h a t  t h i s  l a s t  e x p r e s s io n  i s  f i n i t e ,  

w h ich  p ro v e s  ( i i ) .  I f  we d e f in e

M (t)  = I  Fk ( t )
k = l

■t

0
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f ( t )  = ( I - G ( C ) ) G  ,

M (t)  = M ( t) e  ,

and

U ( t )  = 2  Fk (C) ,
k=0

th e n  ( 1 .3 .3 )  becom es

M(C) f ( t )  4- M (t -  u )d G (u ) 
J 0

The s o l u t i o n  o f  ( 1 .4 .6 )  i s  g iv e n  by

M (t) f ( t  -  y )d U (y ) ,
J 0

( 1 . 4 . 6 )

and ( i i i )  o f  Lemma 1 .3 .1  now fo l lo w s  from  ( i i )  o f  Lemma 1 .4 .3  .

The i n t e r e s t e d  r e a d e r  may c o n s u l t  F e l l e r  (1941) f o r  th e  p ro o f  o f  

u n iq u e n e s s .



Chapter I I

CORRELATION AMONG SIBLINGS

2 .1  I n t r o d u c t i o n

I n  t h i s  c h a p te r  we s h a l l  s tu d y  an  a g e -d e p e n d e n t b ra n c h in g  p ro c e s s  

i n  w h ich  th e  in d e p e n d e n c e  a s su m p tio n s  o f  th e  B e l lm a n -H a r r is  p ro c e s s  ■. 

d e s c r ib e d  i n  S e c t io n  1 .3  a r e  relA x 'ed  so  t h a t  i n t e r a c t i o n s  may o c c u r  among 

s i b l i n g s ,  i n d i v i d u a l s  t h a t  a r e  n o t  s i b l i n g s  c o n t in u e  to  l i v e  and  r e p ro d u c e  

in d e p e n d e n t ly ;  in  p a r t i c u l a r ,  t h e r e  i s  no i n t e r a c t i o n  b e tw e en  i n d iv i d u a l s  

i n  d i f f e r e n t  g e n e r a t i o n s .

The p r o c e s s  b e g in s  w i th  k s i b l i n g s '  b o rn  a t  t im e  t  = 0 . The l i f e ­

s p a n s ,  a s  w e l l  a s  t h e  num bers- o f  o f f s p r in g , ,  o f  t h e s e  s i b l i n g s  a r e  c o r r e l a t e d .  

A t th e  end o f  i t s  l i f e  an  i n d iv i d u a l  i s  r e p la c e d  by i t s  o f f s p r i n g  who a r e  

c o r r e l a t e d  i n  t h e  same way a s  t h e  s i b l i n g s  i n  th e  f i r s t  g e n e r a t i o n .  As i s  

g e n e r a l l y  t r u e ,  th e  r e l a x a t i o n  o f  in d e p e n d e n c e  a s su m p tio n s  make's m a t te r s  

m ore c o m p l ic a te d .  I n  o r d e r  t o  h av e  some h o m o g en e ity  on w h ic h  to  b a s e  t h e  

a n a l y s i s  o f  t h e  p r o c e s s ,  we s h a l l -  assum e t h a t  th e  l i f e - s p a n s  -L1 , . . .  ,-tn 

o f  any  g ro u p  o f  n  s i b l i n g s  h a v e  th e  same j o i n t  d i s t r i b u t i o n '  f u n c t io n  

Gn ( X 1 , . . . ,x n ) , and t h i s  f u n c t io n  i s  i n v a r i a n t  u n d e r  p e rm u ta t io n s  o f  t h e  

x ' s  . I n  t h e  l i t e r a t u r e ,  t h i s  p r o p e r ty  o f  Gn ( X 1 , . . . ,x n ) i s  e x p re s s e d  by 

s a y in g  t h a t  th e  random  v a r i a b l e s  , . . . ,-Ln a r e  " e x c h a n g e a b le "  o r  " i n t e r ­

c h a n g e a b le " .  L ik e w is e , we s h a l l  assum e t h a t  th e  num bers o f  o f f s p r in g  o f  

s i b l i n g s  a r e  exchangeable random  v a r i a b l e s .  I n t u i t i v e l y ,  t h e s e  a s su m p tio n s  

s a y  t h a t  one w ou ld  e x p e c t  a l l  g ro u p s  o f  n  s i b l i n g s  t o  b e h a v e  i n  t h e  same 

way w h ich  seem s t o  b e  a  n a t u r a l  f i r s t  s t e p  i n  r e l a x in g  a s su m p tio n s  o f  

in d e p e n d e n c e .
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H a r r i s  (1963) d i s c u s s e s  b r i e f l y ,  f o r  t h e  c a s e  o f  b in a r y  r e p r o d u c t io n ,  

how a  B e llm a n -H a r r is  p r o c e s s  ca n  b e  m o d if ie d  t o  in c lu d e  d ep en d en ce  be tw een  

s i s t e r  c e l l s .  The m odel h e  d i s c u s s e s  i s  a  s p e c i a l  c a s e  o f  t h e  p ro c e s s  

d e s c r ib e d  a b o v e .

D a ta  o f  P o w ell (1955) s u g g e s ts  t h a t  i n  b a c t e r i a l  p o p u la t io n s  th e  

l i f e - s p a n s  o f  s i s t e r  c e l l s  a r e  c o r r e l a t e d  w h i le  th e  l i f e - s p a n s  o f  m o th e r  

and  d a u g h te r  a r e  n o t .  I f  t h i s  i s  t r u e ,  t h e  s tu d y  o f  b a c t e r i a l  p o p u la t io n s  

c o u ld  b e 'a n  im p o r ta n t  a p p l i c a t i o n  o f  t h e  r e s u l t s  o b ta in e d  i n  t h i s  c h a p te r .

2 .2  The p r o b a b i l i t y  s p a c e

A lth o u g h  we s h a l l  b e  p r im a r i ly  c o n c e rn e d  w i th  a n a l y t i c  p r o p e r t i e s  

o f  th e  p r o c e s s ,  we s h a l l  base , th e  d e v e lo p m en t o f  t h e s e  p r o p e r t i e s  upon an  

u n d e r ly in g  p r o b a b i l i t y  s p a c e .  ' The c o n s t r u c t i o n  o f  t h i s  s p a c e  fo llo w s  t h a t  

o f  H a r r i s  (1 9 6 3 ) , C h a p te r  6 ,  and much o f  th e  n o t a t i o n  u se d  h e r e  i s  b o rrow ed  

from  t h a t  s o u r c e .

L e t u s  d e n o te  th e  c o l l e c t i o n  o f  a l l  f i n i t e  s e q u e n c e s  I 1 , . . . , i k , 

w h e re  , . . .  , i k and k  a r e  p o s i t i v e  i n t e g e r s ,  by .*9,' F o r  e ach  I  e =9 , 

l e t  ( I )  r e p r e s e n t  a  d i s t i n c t  i n d iv i d u a l  w hose l i n e  o f  d e s c e n t  i s  g iv e n  

by I  . F o r  e x am p le , (213)  i s  th e  t h i r d  c h i l d  o f  (21)  , who, in  t u r n ,  

i s  t h e  f i r s t  c h i l d  o f  (2 )  . S in c e  we a r e  assu m in g  t h a t  a l l  c h i l d r e n  o f  an  

i n d i v i d u a l  a p p e a r  s im u l ta n e o u s ly ,  t h e  o r d e r in g  " f i r s t  c h i l d " ,  "seco n d  

c h i l d ” , e t c . , h a s  no r e a l  s i g n i f i c a n c e .  The c o l l e c t i o n  ( I ) ,  ( 2 ) ,  . . .  i s  

c a l l e d  t h e  f i r s t  g e n e r a t i o n  and  we s h a l l  n o t  b e  c o n c e rn e d  w i th  a n c e s to r s  

o f  t h e s e  i n d i v i d u a l s . . We s a y  n a t u r a l l y  t h a t  two i n d iv i d u a l s  o f  th e  form  

( i ' l  . .  . , i kn )  gnd ( I 1 . . .  i km) a r e  s i b l i n g s .  By f i a t ,  a l l  members o f
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th e  f i r s t  g e n e r a t io n  a r e  s i b l i n g s .  S i m i l a r l y ,  i f  I 1 = I 1 , . . . , i k and 

Ig  = I 1 , . . . , i j  w i th  j  ^  k  , we sa y  t h a t  ( I 2 ) i s  a  d e s c e n d a n t  o f  

( I 1 ) . We n o te  t h a t  a c c o r d in g  to  t h i s  d e f i n i t i o n ,  e v e ry  i n d iv i d u a l  i s  a  

d e s c e n d a n t  o f  h im s e l f .

We s h a l l  be  i n t e r e s t e d  i n  o n ly  two f a c t s  a b o u t e a c h  i n d iv i d u a l ;  

th e  l e n g th  o f  i t s  l i f e  and th e  num ber o f  c h i l d r e n  i t  h a s .  F o r  each  I e J  

l e t  and v̂ . d e n o te  th e  l i f e - s p a n  and t h e  num ber o f  o f f s p r in g  o f

( l )  , r e s p e c t i v e l y .  The l i f e - s p a n  ^  may b e  any n o n - n e g a t iv e  r e a l  

num ber and may b e  any n o n - n e g a t iv e  i n t e g e r .  .

D e f i n i t i o n  2 . 1 . 1 : By a  f a m ily  h i s t o r y  we mean a  se q u e n c e

to = > V1 ^ 1 1 , V1 1 J-L2 , V2 ; . . . )  ■ ( 2 . 2 . 1 )

w h ere  t h e  s u b s c r i p t s  r a n g e  o v e r  a l l  e le m e n ts  o f  J  i n  some a r b i t r a r y  b u t  

f ix e d  o r d e r .  The c o l l e c t i o n  o f  a l l  su c h  f a m ily  h i s t o r i e s  s h a l l  be  d e n o te d  

by 0 .

I t  s h o u ld  be  p o in te d  o u t  t h a t  many u> e 0  c o rre s p o n d  to  t h e  same 

r e a l i z a t i o n  o f  t h e  g ro w th  o f  an  a c t u a l  p o p u la t io n .  T h is  i s  b e c a u s e  e a ch  

to g iv e s  in f o r m a t io n  a b o u t  i n d iv i d u a l s  who a r e  n e v e r  b o r n .  F o r  exam ple 

V1 = 3 m eans t h a t  ( l )  h a s  t h r e e  c h i l d r e n ,  b u t  -L14 r e p r e s e n t s  th e  

l i f e - s p a n  o f  th e  f o u r t h  c h i l d  o f  ( l )  . I t  m ig h t seem m ore n a t u r a l  to  

d e f i n e  Q so  t h a t  e a ch  u> e 0  w ould  c o n ta in  o n ly  th e  f o l lo w in g  in f o r m a t io n :  

t h e  l i f e - s p a n s  o f  th e  k  i n d iv i d u a l s  i n  t h e  f i r s t  g e n e r a t i o n  and th e  

num ber o f  o f f s p r i n g  o f  e a c h , t h e  l i f e - s p a n s  o f  t h e s e  o f f s p r i n g  and th e  

num ber o f  o f f s p r i n g  th e y  h a v e , and so  o n . E v e r e t t  and  Ulam (1948) and
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O t t e r  (1949) hav e  c o n s t r u c te d  s p a c e s  o f  t h i s  ty p e ,  a l th o u g h  th e y  c o n s id e r  

o n ly  g e n e r a t i o n  s i z e s .

I n  v iew  o f  t h e s e  r e m a rk s . D e f i n i t i o n  2 .2 .1  may seem  r a t h e r  

a r t i f i c i a l ,  b u t  i t  c e r t a i n l y  d o es  no harm  t o  h av e  " f i n e r "  e v e n ts  i n  a  

p r o b a b i l i t y  s p a c e  th a n  th o s e  one i s  a c t u a l l y  c o n c e rn e d  w i t h .  M o reo v er, 

t h i s  d e f i n i t i o n  m akes Q a  c o u n ta b ly  i n f i n i t e  p ro d u c t  o f  s p a c e s  t h a t  a r e  

e i t h e r  th e  n o n - n e g a t iv e  r e a l  l i n e  o r  th e  n o n - n e g a t iv e  i n t e g e r s ,  w h ich  i s - 

a  g r e a t  h e lp  i n  d e f i n i n g  t h e  c r -a lg e b ra  .G and p r o b a b i l i t y  m easu re  P , 

and a l s o  i n  d e r iv in g  i n t e g r a l  e q u a t io n s  a s  we s h a l l  s e e .
\

The p ro b lem  d i s c u s s e d  h e re  i s .  n o t  u n l ik e  t h a t  o f  com pu ting  

p r o b a b i l i t i e s  i n  a  c e r t a i n  d i c e  gam e. A lth o u g h  one i s  o n ly  i n t e r e s t e d  in  

e v e n ts  su c h  a s  " th e  sum o f  t h e  num bers i s  s e v e n " ,  i t  i s  m ore c o n v e n ie n t  t o  

d e f i n e  th e  b a s ic  s p a c e  a s  a  p ro d u c t  s p a c e  ( th e  s e t  o f  a.11 o rd e re d  p a i r s  o f  

i n t e g e r s  from  one t o  s i x )  w hose e le m e n ts  c o r re s p o n d  t o  " f i n e r "  e v e n ts .  The 

m ain  d i f f e r e n c e  i n  t h i s  s im p le  exam ple and  o u r  s i t u a t i o n  i s  t h a t  o u r  

" f i n e r "  e v e n ts  a r e  n o t  a c t u a l l y  o b s e r v a b le .

As m e n tio n e d  b e f o r e ,  t h e  s e t  Q may be  r e p r e s e n te d  a s  an  i n f i n i t e  

p ro d u c t  s p a c e

fi — B1 X Bg X Bg X . (2 . 2 . 2)

w h ere  e a ch  B1 i s  e i t h e r  th e  n o n - n e g a t iv e  r e a l  l i n e  o r  t h e  s e t  o f  non ­

n e g a t iv e  i n t e g e r s .  I n  t h e  fo rm e r c a s e ,  l e t  th e  a - a l g e b r a  G1 on B1 

be  th e  B o r e l  s e t s ,  and  i n  th e  l a t t e r  c a s e ,  l e t  t h e  c r -a lg e b ra  G1 on B1 

b e  t h e  pow er s e t  o f  B1 . Then d e f i n e  t h e  c r -a lg e b ra  G on Q a s  th e
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■ m in im a l c r -a lg e b ra  o v e r  t h e  c l a s s  o f  a l l  c y l i n d e r s  o f  t h e  form  '

N OO
n Ak X n Bk ' 

k = l k=N+l

t  ' '

w here  N i s  any  p o s i t i v e  i n t e g e r  and  Ak e Gk , k  = 1 , 2 , . . . ,N „

We m u st now d e f in e  a  p r o b a b i l i t y  m ea su re  P on th e  m e a s u ra b le  

s p a c e  (0 ,G ) . F o r  e a ch  ■ k  = 1 , 2 , . . .  , l e t  Gk (X1 , . . . ,x k ) b e  a d i s t r i ­

b u t io n  s a t i s f y i n g

( i )  i f  Xj < 0  for", some j ,  I  ^  j  =S k  , . th e n

Gk (Xi , . . . ,x k ) = O  ( 2 .2 .3 )

( i i )  th e  f u n c t i o n  Gk (X1 , . . . ,x k ) i s  sy m m etric  i n  i t s  a rg u m e n ts ;  i . e . ,

Gk (X1 ^  , . • • ,X1 (it)) = Gk (X1 , • .  • ,x k ) ( 2 .2 .4 )

i (  ) i s  any p e rm u ta t io n  o f  l , . . . , k ,  and-

th e  fa m ily  o f  d i s t r i b u t i o n s  i s  c o n s i s t e n t ^  i n  t h e  s e n s e  t h a t

Gk_ 1 (x 1 , . . . , x k_ 1) = Gk (X1 , . . . ,x k_ 1 j 00) , . ( 2 . 2 . 5 )

We s h a l l  f r e q u e n t l y  d e n o te  Gk (x 1 , . . ; , x k ) s im p ly  by G (x1 , . . . , x k ) .

/

I  C o n d i t io n  ( i i i )  i s  w e a k e r th a n  t h e  u s u a l  d e f i n i t i o n  o f  c o n s i s t e n c y ,  
b u t  ( i i )  and ( i i i )  t a k e n  to g e t h e r  im p ly  c o n s i s t e n c y  a s  i t  i s  u s u a l l y  
d e f in e d .

w here

( i i i )
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S i m i l a r l y ,  su p p o se  t h a t  f o r . e a c h  k and e ach  s e t  o f  n o n - n e g a t iv e  

i n t e g e r s  J 1 , . . . ,  j* , P j , . . . , - J k i s  a  n o n - n e g a t iv e ' num ber s a t i s f y i n g

( i )
J i= 0 Jk= 0

( 2 . 2 . 6 )

( i i ) P j I ( i )  • • • j I (k)  P J i  • • •  Jk
( 2 .2 .7 )

w h ere  i (  ) i s  any  p e rm u ta t io n  o f  l , . . . , k ,  and

( i i i )
CO
^  P J I . . .  Jk P J . . . . . J k . *

Jk= 0 • 1
(2 . 2 . 8)

Now l e t  S i , . . . ,S k , . . .  b e  t h e  p a r t i t i o n  o f  =P i n t o  e q u iv a le n c e  

c l a s s e s  d e te rm in e d  by th e  e q u iv a le n c e  r e l a t i o n  nI i  i s  e q u iv a l e n t  t o  I 3 

i f  and  o n ly  i f  ( I i ) and ( I 3 )  a r e  s i b l i n g s " .  Then fi may b e  w r i t t e n  

a s

'0  = Lc X V0 X Lc X Vq X . . .£>1 E>1 Q3 Q3

w here

L
Sj

= n l .
I  G S, '

and



18 -

n v.
I  e S

e a ch  L-j- b e in g  th e  n o n - n e g a t iv e  r e a l  l i n e ,  and e ach  b e in g  th e  s e t  o f

n o n - n e g a t iv e  i n t e g e r s .

The f u n c t io n s  Gk (X1 , . . . ,Xk ) k  = 1 , 2 , . . .  form  a  f a m ily  o f  c o n s i s t e n t  

d i s t r i b u t i o n  f u n c t io n s  'w hich  d e te rm in e s  a  p r o b a b i l i t y  on e a ch  L„ by 

K o lm o g o ro v 's  fu n d a m e n ta l th eo re m  (K olm ogorov ( 1 9 3 3 ) ) . L ik e w is e , th e  

Pi . . .  i k d e te rm in e  a  p r o b a b i l i t y  on e a c h  Vg by th e  same th e o re m .

T h e se  p r o b a b i l i t i e s  th e n  d e te rm in e  a  p r o b a b i l i t y  P on (Q,G) a c c o rd in g  

t o  t h e  p ro d u c t  p r o b a b i l i t y  th eo re m  (L oeve (1963) ,  p . 91) .  The f o l lo w in g  

f a c t s  a r e  im m ed ia te  c o n se q u e n c e s  o f  th e  d e f i n i t i o n  o f  P .

( i )  F o r  any  k s i b l i n g s ,  Gk (X1 , . . . ,x k ) i s  t h e  j o i n t  d i s t r i b u t i o n

f u n c t io n  f o r  t h e i r  l i f e - s p a n s ,  and  p t . . .  i s  t h e  j o i n t  p r o b a b i l i t y  . 

f u n c t io n  f o r  th e  num bers o f  o f f s p r in g  th e y  h a v e . I t  f o l lo w s  t h a t  f o r  

e a ch  I  e c9 , t h e  c o l l e c t i o n s  > • • • ’^ I k ’ * * *  ̂ an ^  ^vI V  ‘ * * ' vI k 1 * ‘

a r e  s e q u e n c e s  o f  e x c h a n g e a b le  random  v a r i a b l e s .

( i i )  The l i f e - s p a n s  -Lj ( a r e  in d e p e n d e n t  o f  th e  num bers o f  o f f s p r in g  V j.

( i i i )  I f  no n e  o f  th e  i n d iv i d u a l s  ( I 1 ) , . . . ,  ( I k' ) , . . .  a r e  s i b l i n g s  o f  th e

i n d iv i d u a l s  ( I 1 ) , . . . , ( l k ) , . . .  th e n  th e  c o l l e c t i o n  o f  l i f e - s p a n s

{-L , , . . . , - L  / ..............}  i s  in d e p e n d e n t o f  t h e  c o l l e c t i o n  {-L / / , . . .  ,-L „ , . . . } ,
I 1 Ifc 1 I 1It ■

and  a  c o r r e s p o n d in g  s ta te m e n t  i s  t r u e  f o r  t h e  num bers o f  o f f s p r i n g .

2 .3  The b ra n c h in g  s t o c h a s t i c  p r o c e s s

We s h a l l  b e  p r im a r i l y  i n t e r e s t e d  i n  th e  random  f u n c t i o n  Z ^ ( t )  

g iv in g  t h e  num ber o f  i n d iv i d u a l s  a l i v e  a t  t im e  t  i n  a  p r o c e s s  t h a t  b e g in s
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w ith  k s i b l i n g s  b o rn  a t  t im e  t  = 0 .

D e f i n i t i o n  2 . 3 . 1 : F o r  e a ch  t  ^  0 , u) e G , and I  = i j , , . . . , i*  e J - ,  l e t

I  i f  i 2 ^  V1 i k ^  V1 / ,“ 11 > • • •» K * i  >•••>* jc_ 1 ’

X1 C t1O))

+ + -lI1 , . . . ,  l k_ 1 ^ t  ,,

and -L1 + . . . . .  +  -LI 1 . • • .  » lk >  t

( 2 .3 .1 )

and

0 o th e r w is e

Z j ( t ,m )  = S X 1 C tj O)) ( 2 .3 .2 )

w here  t h e  sum i s  t a k e n  o v e r  a l l  d e s c e n d a n ts  o f  ( j )  , and

z ( k ) ( t ,w )  = S Z j ( t,0 ) )
. ■ J= I

( 2 .3 .3 )

We s h a l l  o f t e n ,  f o r  c o n v e n ie n c e , s u p p re s s  t h e  o) i n  t h e s e  

f u n c t i o n s .  E x p re s s io n  ( 2 .3 .1 )  s im p ly  s a y s  t h a t  X ^ ( t)  = I  i f  ( l )  i s  

e v e r  b o rn  and  i s  a l i v e  a t  t im e  t  , and  X̂ . ( t )  = 0 , o th e r w i s e .  T h e r e f o r e ,  

Z j ( t )  i s  t h e  num ber o f  d e s c e n d e n ts  o f  ( j )  a l i v e  a t  t im e  t  and 

Z<k ) ( t )  i s  t h e  num ber o f  in d iv id u a ls , a l i v e  a t  tim e  t  who d e sc e n d  from  

( I ) , . . . , ( k )  .

Theorem  2 . 3 , 1 : T h e . f u n c t io n s  X ^.(t,o)) , Z j ( t ,o ) )  , and  z ( k ) ( t ,o ) )  a r e  a l l  

m e a s u ra b le  i n  t  f o r  e a c h  f ix e d  o) and m e a s u ra b le  i n  o) f o r  e ach  f ix e d
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t  .

P r o o f : The p ro o f  fo l lo w s  e a s i l y  from  D e f i n i t i o n  2 .3 .1  and th e  f a c t  t h a t

a l l  o f  th e  c o o r d in a te  f u n c t io n s  •£,_ and  Vr a r e  m e a s u ra b le .I  I

The r e p r e s e n t a t i o n  o f  Z ^ ^ ( t )  t o  b e  g iv e n  in  t h e  fo l lo w in g  lemma 

w i l l  be  c r u c i a l  when we d e r iv e  an  i n t e g r a l  e q u a t io n  f o r  th e  g e n e r a t in g  

f u n c t io n  o f  ( t )  . F o r  e a ch  w = (-̂ 1 , V1 J-L1 1 , V1 1 J-L2 , ; . . .  ) d e f in e

OJ1 = (-Ll l f V11 J-L111 ,V 111J-L12 ,V 12J . . .  ) . L e t O1 be  t h e  s e t  o f  a l l  su ch  

OJ1 and  l e t  Qq b e  th e  s e t  o f  a l l  s e q u e n c e s  o f  th e  form  

(-L1 , V1 j -L2 , v2 j -L2' , V3 ; . . .  ) . Then th e  s p a c e  Q may b e  r e p r e s e n te d  i n  th e  

form

Q = Qq X Q1 X Q2 ..X . . .  . ( 2 .3 .4 )

Lemma 2 .3 .1 : ,  I f -L1 ^  ■ t , .  • • ,-L1 ^ t ,  -L1^ 1 . > t  , . . .  ,-Lit ' >  t  and

^  0 ) • • • } Vj ^  0 f o r  some i ,  l ^ i ^ k , th e n

z ( k ) ( t ,w )  = k - i +  Z z ( V j > ( t - t j , W j )  . ( 2 .3 .5 )
J= I

Rem ark: The p ro o f  o f  t h i s  lemma i s  s i m i l a r  to  t h a t  o f  Theorem  6 .1 ,

page  129 o f  H a r r i s  (1963 ) and  w i l l  b e  o m i t te d .  The c o n te n t  o f  th e  lemma

i s  i l l u s t r a t e d  by F ig u r e  I  w h ic h  r e p r e s e n t s  th e  f i r s t  s t a g e s  o f  t h e  e v o lu ­

t i o n  o f  a  f a m ily  t h a t  b e g in s  w i th  t h r e e  s i b l i n g s  i n  t h e  f i r s t  g e n e r a t i o n .  

F o r  t h i s  p a r t i c u l a r  f a m ily  h i s t o r y ,  we h a v e  k  = 3 ,  i  = 2 , V1 = 2 ,  V3 = 3 ,

V3 = 3 ,  Z^V l  ̂( t  - -L1 ,UJ1 ) = 2 , Z ^V2  ̂( t  - ,OJ2 ) = 4 ,  and  Z W  ( t ,o j )  = 7 .

The r e a d e r  may v e r i f y  t h a t  t h e s e  v a lu e s  a r e  i n  a g re e m e n t w i th  ( 2 . 3 . 5 ) .

I
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:

-Li

-Ls 3

'Ll 11

"Liis

F ig u re  I

E a r ly  s t a g e s  i n  t h e  d ev e lo p m en t o f  a  f a m ily  h i s t o r y

2 .4  S ystem  o f  i n t e g r a l  e q u a t io n s  f o r  t h e  g e n e r a t in g  f u n c t io n s  

D e f i n i t i o n  2 . 4 . 1 : F o r  t  ^  0 , | s |  ^  I ,  k  = 1 , 2 , . . .  , l e t

F ( s , t , k ) = E P [ z ( k ) ( t )  = r ] s r  = e |"sz (  ) ( t )  
r= 0

( 2 .4 .1 )

R a th e r  th a n  d e r iv e  an  i n t e g r a l  e q u a t io n  f o r  F ( s , t , k )  f o r  e a ch  f ix e d  k 

s i m i l a r  t o  ( 1 .3 .2 )  we s h a l l  i n s t e a d  d e r i v e  a  sy s te m  o f  i n t e g r a l  e q u a t io n s  

i n  w h ich  e a ch  e q u a t io n  in v o lv e s  a l l  o f  t h e  f u n c t io n s  F ( s , t , k )  k  = 1 , 2 , . . .

I t  f o l lo w s  from  D e f i n i t i o n  2 .4 .1  t h a t
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F ( s , t , k )
(k ) ( t ) ,

Z J . ( 2 .4 .2 )

w h ere  th e  sum i s  t a k e n  o v e r  a l l  s e t s  o f  th e  form  A = A1 XA2 X ^ 1 XAk , 

and  each  A1 , I  ^  i  ^  k  , i s  e i t h e r  G1 = C^1 ^  t ]  o r  C /  . (The sym bol 

C1'  s ta n d s  f o r  t h e  com plem ent o f  C1 . )  I f  we l e t

B1 = Cj- X • • •  X C1 X C1^ 1 X • • •  X Cit j I  ^  i  ^  k  , and  Bq = C1 X * * * X C^ , , 

th e n

/k'
<i.

z (k)
s ( tO dp

i
( 2 .4 .3 )

k
w h ere  S '  m eans t h e  sum o v e r  a l l  A = IT A, su ch  t h a t  e x a c t l y  i  o f  t h e

i= i
A j 's  e q u a l  C j and th e  j e s t  e q u a l  C j ' .  E x p re s s io n  ( 2 .4 .3 )  i s  a  c o n se q u e n c e  

o f  th e  f a c t  t h a t  b o th  Gk (X1 , . . . ,x k ) and  Pl l  lk  a r e  sym m etric  in

t h e i r  a rg u m e n ts . As a  r e s u l t  o f  ( 2 .4 .2 )  and  ( 2 .4 .3 )  we s e e  t h a t

F ( s , t , k ) ( 2 .4 .4 )

and

J s Z ( ^ ^ d P  = SkPC^1 > t  .......... -Lk >  t ] ( 2 .4 .5 )



23

and  f o r  I  ^  i  s  k  ,

Szcfc^ t j dP
00 00
E

U1=O
E

»1 0
( 2 .4 .6 )

w h e re , f o r  c o n v e n ie n c e , we hav e  s e t  D = B1HCv1 = ^ 3 0 »  • "PlCvi = n 1 ] . L e t 

u s  now fo c u s  o u r  a t t e n t i o n  on j u s t  one o f  th e s e ,  summands f o r  w h ich  

Vj >  0 , I  ^  j  £  i  . A p p ly in g  Lemma 2 .3 .1  we hav e

fszCfc>(t>dP k - i E Z^n J 
J  = i

£ j  ,COj)
( 2 . 4 . 7 ) .

We now i n t e r r u p t  t h e  p ro o f  b r i e f l y  t o  in t r o d u c e  some new n o t a t i o n .  

I f  Cl' X Cl" = Q  f o r  some Clt and Q" l e t  u s  d e n o te  by P ^ /  th e  . 

p r o b a b i l i t y  f u n c t io n  on Q 7 d e f in e d  by

Pn /(A) o P (A X fi") ,

f o r  A any  m e a s u ra b le  s u b s e t  o f  O 7 .

W ith  t h i s  n o t a t i o n ,  th e  r i g h t  s i d e  o f  ( 2 .4 .7 )  becom es

' s ^ .  dPn j > ( a , ) C t - ^ - - X  X - X Q 1
j D U0J '

( 2 .4 .8 )

by a n  a p p l i c a t i o n  o f  F u b i n i 1s th eo re m  (L oeve (1 9 6 3 ) , p .  1 3 6 ) . (The
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s p a c e s  Q1 , i  = 0 , 1 , . . .  , a r e  .th o se  d e f in e d  j u s t  p r i o r  to  Lemma 2 . 3 . 1 . )  

Upon n o t in g  t h a t  .

pQ1 X . . .  X Q1 = PQi X *'* X pQ1

( i . e . ,  t h e  p r o b a b i l i t y  -pQ x *>«• X Q fĉ ie  same a s  t h e  one d e te rm in e d

by  by th e  p ro d u c t  p r o b a b i l i t y  th e o re m ) , a n o th e r  a p p l i c a t i o n

o f  F u b i n i 's  th eo re m  t r a n s fo r m s  . ( 2 .4 .8 )  i n t o

k - i
dPQ 2  JD uo j = r

r s z<n i> < t
Q. , ( 2 .4 .9 )

and  s i n c e ,  by th e  d e f i n i t i o n  o f  P and  Pq  , t h e  p r o b a b i l i t y  Pq on 

Q i s  i d e n t i c a l  t o  t h e  p r o b a b i l i t y  P on Q , ( 2 .4 .9 )  i s  e q u a l  to

k - i dPn IIF( s , t  -  -f/j ,Xii) . 
D j = l

( 2 .4 .1 0 )

Upon a p p ly in g  th e  d e f i n i t i o n s  o f  Pq and  th e  s e t  D , ( 2 .4 .1 0 )  becom es

Sk- 1P,
,pt r>t p”  i

H F ( s , t - U j , n j ) d G ( u i , . . . , u % )Tt rI J ^ JUi=O U1=O U1+ i = t  uk= t  j = l
( 2 .4 .1 1 )

A l l  o f  t h i s  w ork  i s  a l s o  v a l i d  i f  Vj = 0 f o r  some j  , I  s  j  s  i
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\

p ro v id e d  we s e t

F ( s , t , 0 )  = I  .

From ( 2 .4 .2 )  th ro u g h  ( 2 .4 .1 1 ) ,  we h a v e  p ro v ed

Theorem  2 . 4 . 1 : The g e n e r a t i n g  f u n c t io n s  F ( s , t , k )  s a t i s f y  t h e  sy s te m  o f

i n t e g r a l  e q u a t io n s

F ( s , t , k )  = SkPC^1 > t ;  i  = l , 2 , . . . , k ]  +  S Sk" 1 S . . .  2  pn . . .  n
i = l  n x=0 n i= 0  1 1

( 2 .4 .1 2 )

pt pt p”  p=0

J • • •  J J • • •  J
u i - 0  U1=O u 1+1= t Uk= t

n F ( s , t - U j ,n . j ) d G ( u 1, . . . , u k ) ,
j = l

k 1 ,2 , . . .

2 .5  F i r s t  moments

F o r  t h e  re m a in d e r  o f  t h i s  c h a p te r  we s h a l l  assum e t h a t  G1 (O) = 0 

and m = h / ( l )  <  •» w here  h ( s )  = 2 p jS j .

D e f i n i t i o n  2 . 5 . 1 : L e t

M ( t ,k )  = E [Z ( k ) ( t ) ]  .

F o r  c o n v e n ie n c e , we s h a l l  d e n o te  M ( t , l )  s im p ly  by M (t)  . S in c e

E [z j  ( t ) ] = ECz1( t ) ]  f o r  a l l  p o s i t i v e  i n t e g e r s  i  and  j  , i t  f o llo w s  t h a t

, r  k  i
M ( t ,k )  = E [_ 2  Z j ( t ) kE [Z 1 ( t ) ]  = kM (t) . ( 2 .5 .1 )
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T h e r e f o r e ,  th e  p r o p e r t i e s  o f  th e  \mean f u n c t io n s  M ( t ,k )  may be  o b ta in e d  

by s tu d y in g  o n ly  M (t)  .

By an  a rg u m en t a lm o s t  i d e n t i c a l  to  t h a t  o f  H a r r i s  (1 9 6 3 ) , page 139 , 

t h e  a s su m p tio n s  f o r  G and  m made a t  th e  b e g in n in g  o f  t h i s  s e c t i o n  

im p ly  t h a t  M (t)  <  co f o r  a l l  t  . C o n s e q u e n tly , M ( t ,k )  <  »  and 

Z ^ k ) ( t )  <  co a lm o s t s u r e l y  f o r  e a ch  t  and  k .

Theorem  2 . 5 . 1 : M (t)  s a t i s f i e s  th e  i n t e g r a l  e q u a t io n

M (t)  = I  -  G ( t)  +  ml* M (t -  u )d G (u ) . ( 2 .5 .2 )
1 J 0

I

P r o o f : I f  we l e t  k  = I  i n  e q u a t io n  ( 2 .4 .1 2 )  we g e t
' i

nt co
F ( s , t , l )  = . s [ l - G ( t ) ]  +  Z pnF ( s , t  -  u ,n ) d G ( u ) , O ^ s  ^  I  , ( 2 .5 .3 )

On=O

th e  in te r c h a n g in g  o f  i n t e g r a t i o n  and  sum m ation  b e in g  p e r m i s s i b le  by th e  

d o m in a te d  c o n v e rg e n c e  th e o re m . S in c e  M ( t ,k )  = F ' ( l , t , k )  w h ere

F ' ( s , t , k )  = g ~ F ( s , t , k )

t h e  p ro o f  w i l l  fo llo w .-b y  d i f f e r e n t i a t i n g  b o th  s id e s  o f  ( 2 .5 .3 )  w i th  r e s p e c t  

t o  s  , s e t t i n g  s = I  , and  a p p ly in g  ( 2 . 5 . 1 ) .  We n o te  t h a t

/

PnF / ( s , t - . u , n )  £  pnM (t - u , n )  = n p aM (t -  u ) , 0 £  s £  I  .
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T h erefore, the d if f e r e n t ia t e d  s e r ie s  Znp^F' ( s , t - u , n )  converges uniform ly  

0 ^ s ^ I , and th e  o p era tion s o f  summation and d i f f e r e n t ia t io n  may be

i n t e r c h a n g e d .  The o p e r a t i o n s  o f  d i f f e r e n t i a t i o n  and i n t e g r a t i o n  may be  

i n t e r c h a n g e d  by a  c o r o l l a r y  o f  t h e  d o m in a te d  c o n v e rg e n c e  th e o r e m  (Loeve 

( 1 9 6 3 ) ,  page  126) .

The o n ly  o t h e r  o b s e r v a t i o n  t h a t  r e a l l y  n e e d s  t o  b e  made a b o u t  t h e  

mean f u n c t i o n s  o f  t h e  p r o c e s s  i s  t h a t  e q u a t i o n  ( 2 . 5 . 2 )  i s  i d e n t i c a l  t o

( 1 . 3 . 3 )  g iv e n  i n  C h a p te r  I  f o r  t h e  mean o f  t h e  B e l lm a n - H a r r i s  p r o c e s s  

w h ic h  i m p l i e s  t h a t  t h e  p a r t i c u l a r  t y p e  o f  d ep en d en ce  assum ed  i n  t h i s  c h a p t e r  

h a s  no e f f e c t  upon  t h e  m ean. I n  p a r t i c u l a r .  Lemma 1 . 3 . 1  s t a t e d  f o r  t h e  

me,an o f  t h e  B e l Im a n -H a rr i s  p r o c e s s  h o l d s  f o r  t h e  f u n c t i o n .  M ( t )  b e in g  

s t u d i e d  i n  t h i s  s e c t i o n  a l s o .

F o r  f u t u r e  r e f e r e n c e ,  we now s t a t e  a  r e s u l t  t h a t  f o l l o w s  i n  a 

t r i v i a l  f a s h i o n  from  t h e  p r o c e e d in g  r e m a r k s .  Lemma 1 . 3 . 1 ,  and  e x p r e s s i o n

( 2 . 5 . 1 ) .

C o r o l l a r y : I f  m > I  , and G i s  n o t  a  l a t t i c e  d i s t r i b u t i o n ,  t h e n

M ( t , k ) e  a f t ^ b k ,  k  = 1 ,2 a s  t  co ( 2 . 5 . 4 )

w h e re

b = CO
m f ue  ^ d G  (u )  

j O

and  a  i s  d e f i n e d  i n  Lemma 1 . 3 . 1  .
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B e f o re  c o n c lu d in g  o u r  d i s c u s s i o n  o f  f i r s t  m om ents, i t  s h o u ld  be 

p o i n t e d  o u t  t h a t  Mode (1967) s t u d i e d  a  b i n a r y  b r a n c h in g  p r o c e s s  w i t h  

c o r r e l a t i o n  among s i b l i n g s  and  o b t a i n e d  a  r a t e  o f  g row th  o f  t h e  form 

f ^ e 0^  . How ever, h e  b a s e d  h i s  r e s u l t s  on an  i n t e g r a l  e q u a t i o n  t h a t  i s  

v a s t l y  d i f f e r e n t  from  ( 2 . 4 . 1 2 )  and  i t  i s  n o t  c l e a r  how h i s  p r o c e s s  f i t s  

i n  w i t h  t h e  one b e in g  s t u d i e d  h e r e .

2 .6  Second  moments
\

D e f i n i t i o n  2 . 6 . 1 : L e t

M3 ( t , T , k )  = E [ z ( k ) ( t ) Z ( k ) ( t + T ) ]  . ( 2 . 6 . 1 )

A t t h i s  j u n c t u r e ,  we c o u ld  (m ost l i k e l y )  d e r i v e  a n  i n t e g r a l  e q u a t i o n  

f o r  t h e  j o i n t  g e n e r a t i n g  f u n c t i o n  o f  Z ^ ^ ( t )  and Z ^ ^ ( t + r )  s i m i l a r  

t o  ( 2 . 4 . 1 2 )  and  t h e n  d i f f e r e n t i a t e  t h i s  e x p r e s s i o n  t o  o b t a i n  a n  i n t e g r a l  

e q u a t i o n  f o r  M3 ( t , T , k )  . T h i s  a p p ro a c h  i s  t a k e n  by H a r r i s  ( 1 9 6 3 ) ,

Ney (1 9 6 4 b ) ,  and  Mode ( 1 9 6 8 b ) . H ow ever, b e c a u s e  o f  t h e  c o m p le x i ty  o f  t h e  

r e s u l t i n g  e x p r e s s i o n s ,  i n  t h e  p r e s e n t  s i t u a t i o n  i t  seems e a s i e r  t o  d e r i v e  

a n  e q u a t i o n  f o r  M ( t ,T ,k )  d i r e c t l y .  T h i s  p r o c e d u r e  a l s o  c i r c u m v e n t s  

d e l i c a t e  a rg u m e n ts  c o n c e r n in g  i n t e r c h a n g i n g  t h e  o r d e r  o f  d i f f e r e n t i a t i o n  

and  o t h e r  l i m i t i n g  o p e r a t i o n s  a s  w e re  n e e d e d  i n  t h e  p r o o f  o f  T h e o re m '2 . 5 . 1 .

F i r s t  o f  a l l ,  we h a v e
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r  k k -|
( t , r , k )  = E Z  Z, (C)  Z Zj ( t  +  t) 

3=1 j = l

e[  Z Zj (C)Zj (C-HT)I  +  e [  2  Z1 (C)Zj (C-HT)
j = l  i + j

( 2 . 6 . 2 )

-  kE[Z1 ( t ) Z 1 ( t + T ) ]  +  k ( k -  DEEz 1 ( I ) Z a (C-HT)] *■

The IasC  e q u a l iC y .  i s  a  r e s a l e  o f  boCh G(X1 ) . . . , % * )  and  . . . - I k b e in g  

symmeCric i n  C h e i r  a rgum enCs. I f  we IeC

M(C1T) = EEzl (C)Z1 (C-HT)] ( 2 . 6 . 3 )

and

M*(C,T) = EEZ1 (C)Z3 (C-HT)] , ( 2 . 6 . 4 )

equaC ion  ( 2 . 6 . 2 )  becomes

M3 (C1T ) D  = RM(C1T) -H k ( k  -  l')M (C1T) . ( 2 . 6 . 5 )

I n  v iew  o f  ( 2 . 6 . 5 ) ,  Che nexC sCep i s  Co d e r i v e  i n C e g r a l  r e p re s e n C a C io n s  

f o r  M(C1T) and  M *(C ,t ) . MosC o f  Che i d e a s  in v o lv e d  h a v e  a l r e a d y  b e e n  

a p p l i e d  in. d e r i v i n g  ( 2 . 4 . 1 2 ) .  T h e r e f o r e ,  wiChouC p r e s e n C in g  any  o f  Che 

d e C a i l s ,  Che end r e s a l e s  a r e
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nt+T
M (t ,T )  = I  -  G ( t  +  T) +  m M (t +  T -  u )dG (u)

(2 . 6 . 6 )

+ 2  Pn
n = l

M2 (fc -  u , T ,n )d G (u )  ,

and

r.=0 ■
M * (t ,T )  = I  +  G(fc,fc +  t ) -  G(t.) -  G ( t + r )  4-m

r>t+T
M (t + T -  v ) d G ( u ,v )

u = t+  v=0
( 2 . 6 . 7 )

+  m M (t -  u ) d G ( u ,v )
u=0 v=t+T+

■
+  m2  ̂

u=0

»t+T
M (t -  u)M(fc + T -  v ) d G ( u ,v )

y=0

w h ere

IU3 = .2 2 j  I t p jk .
j=0 k=0

(2 .6 .8 )

The r e a d e r  s h o u ld  o b s e r v e  t h a t  ( 2 . 6 . 7 )  e x p r e s s e s  M *(t»T) i n  te rm s  o f  

M(fc) and  known q u a n t i t i e s ,  b u t  t h e  r i g h t  s i d e  o f  ( 2 . 6 . 6 )  c o n t a i n s  a l l  o f  

t h e  f u n c t i o n s  M3 ( t , T , k )  , k  = 1 , 2 , . . .  . However, i f  we s u b s t i t u t e

( 2 . 6 . 5 )  i n t o  ( 2 . 6 . 6 ) ,  we g e t

pt+T
M ( t , t ) = I  -  G ( t  +  t) +  m M (t  +  T -  u )dG (u)

J t +

+  m
fit.

M (t -  u ,T )d G (u )  + H yz( I )  M *(t -  u ,T )d G (u )  ,
3 . '0 ,

( 2 . 6 . 9 )
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w hich  i s  t h e  d e s i r e d  i n t e g r a l  e q u a t i o n  f o r  M ( t ,T )  . I t  now a p p e a r s  t h a t  

we may o b t a i n  a n  a s y m p to t i c  fo rm u la  f o r  M ( t ,T ,k )  , by f i r s t  u s in g  ( 2 . 6 . 7 )  

t o  g e t  an  a s y m p t o t i c  fo rm u la  f o r  M * ( t ,T )  , t h e n  u s in g  t h i s  r e s u l t  t o g e t h e r  

w i t h  ( 2 . 6 . 9 )  t o  o b t a i n  a n  a s y m p t o t i c  fo rm u la  f o r  M ( t , t ) , and  f i n a l l y  

a p p ly i n g  t h e s e  r e s u l t s  t o  ( 2 . 6 . 5 ) .  T h i s  we s h a l l  now d o .

Lemma 2 . 6 . 1 : I f  m >  I  and h " ( I )  <  00 and  G i s  n o t  a  l a t t i c e  d i s t r i ­

b u t i o n ,  t h e n

M *(t,T )e - 0f(2t+T) -> mgb"
0 0

i- a ( u « ) dG(u>v) <  to a s  t  -> “> ( 2 . 6 . 10)

W
and t h is  l im it  i s  uniform  in  T .

P r o o f : L e t  u s  f i r s t  o b s e r v e  t h a t  by. t h e  S c h w a r tz  i n e q u a l i t y

Hi3 <: S J2P j Z U8 Plc = h " ( l )  +  m <  co . ( 2 . 6 . 1 1 )
j= 0  k=0

I t  i s  f a i r l y  e v i d e n t  t h a t  when t h e  r i g h t  s i d e  o f  ( 2 . 6 . 7 )  i s  m u l t i ­

p l i e d  by e  0^ t d - T )  a n < 2  l i m i t  a s  t  a p p ro a c h e s  i n f i n i t y  i s  t a k e n ,  

a l l  t e rm s  e x c e p t  t h e  l a s t  a p p r o a c h 'z e r o  u n i f o r m l y  i n  t . T h e r e f o r e ,  t h e  

p r o o f  w i l l  b e  c o m p le te  upon  d e m o n s t r a t i n g  t h a t  f o r  any  g i v e n  e >  0 t h e r e  

e x i s t s  a n  x  su c h  t h a t  f o r  any  t  ^  x  and  any  T , t h e  e x p r e s s i o n

r.t f t+T
M (t -  u )M (t  +  T -  v ) e  ĉ t  +  1̂ d G (U j V) -  b2 e ° ^ u+v^ d G ( u ,v )  | ( 2 . 6 . 1 2 )

1V o
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i s  l e s s  t h a n  e . S in c e  M (t)  i s  bounded on e v e ry  f i n i t e  i n t e r v a l  by 

Lemma 1 . 3 . 1 ,  and M ( t ) e  a p p ro a c h e s  a  f i n i t e  c o n s t a n t  a s  t  becomes 

l a r g e ,  i t  f o l l o w s  t h a t  M ( t ) e  i s  bounded on t h e  e n t i r e  p o s i t i v e  r e a l  

l i n e ,  s a y  by B . From ( 2 . 5 . 4 )  t h e r e  e x i s t s  a n  X1 su c h  t h a t

|M ( t ) e " a t M ( t + T )e" a ( t + T )  -  b2 | <  e /3  ; ( 2 . 6 . 1 3 )

f o r  a l l  t  >  X1 . F u r th e r m o r e ,  t h e r e  e x i s t s  a n  x3 su c h  t h a t

I  -  G ( t - x l s t - X 1) <  e /3 (B 2 + 2 b 2 ) ( 2 . 6 . 1 4 )

f o r  t  >  X2 . On t h e  o t h e r  h a n d ,  f o r  a l l  t  and t e x p r e s s i o n  ( 2 .6 .1 2 )  

i s  l e s s  t h a n  o r  e q u a l  t o

ftt (*t+Tp
I M (t -  u )M (t  +  T -  v ) e

0 O0

a ( t - u ) g - # ( t  + t  -  v ) b3 j e -c ,(U + v ) dG(u>v) I

+  bc
r»cof*00

0 0
- “•<u + v >dG(u,v) -

r>t+T
- “ <u + T > d G ( u ,v ) |

i:t - X 1 pt+T-X1
|M ( t - u ) e  U^M(t + T -  v ) e  -  b2 j e rv^dG(U1V)-cy(t+T -v) -C f(U -K z)

+ [B2 + 2 b 2 ]d G ( u ,v )  
A

w h e re  A = [ [ O ,00) X [0,<»)} -  [ O j t - X 1] X [ © , t + T - X i ] } .  The p r o o f  i s  

now c o m p le te d  by l e t t i n g  x  = m ax(x1 ,x 3 ) and  a p p ly i n g  t h e  e s t i m a t e s
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( 2 . 6 . 1 3 )  and ( 2 . 6 . 1 4 )  t o  t h i s  l a s t  i n e q u a l i t y .

Lemma 2 . 6 . 2 : I f  m >  I  , h " ( I )  <  00 , and  G i s  n o t  a  l a t t i c e  d i s t r i b u ­

t i o n ,  t h e n

pCO-CO

M(t,T)e™a (2 t ‘i"T) -»

h  ̂(I)Higb2 '̂ e 0f̂ u"iv )dG(u,v)J|^J e 2cmdG(u)J
Q 0

I -  mf e 2cmdG(u) 
J 0

( 2 . 6 . 1 5 )

as t  00 and t h is  l im it  i s  uniform  in  T .

P r o o f : I f  we m u l t i p l y  b o t h  s i d e s  o f  ( 2 . 6 . 9 )  by e  0^ t + t) an<̂  pUt-

M ( t , t) = M ( t , r ) e -& (2t + t)

■rm = ml e 2aUdG(u) , and

G ( t )

e~2cmdG(u)

e - 2™ dG (u)

th e n  ( 2 . 6 . 9 )  may b e  w r i t t e n  i n  t h e  form

M ( t , t ) = f ( t , t ) +  m M(t -  u , T)dG(u) .

M o re o v e r , u s i n g  Lemma 2 . 6 . 1  and  a n  a rg u m e n t  s i m i l a r  t o  t h e  p r o o f  o f
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Lemma 2 . 6 . 1 ,  i t  c a n  be  shown t h a t

L im f(C 1T) .  + v ) dG(u,v> • r”e - 2tmdG(u) ,
t-*» 0 0 0 O

and  t h i s  l i m i t  i s  u n i fo r m  i n  T . The p r o o f  now f o l lo w s  from  Lemma 4 ,  

paget,163. o f  H a r r i s  (1963) i n  t h e  same way a s  Theorem 1 8 .1  o f  H a r r i s .

We a r e  now r e a d y  t o  o b t a i n  t h e  r e s u l t  to w a rd s  w h ich  we h a v e  been  

w o r k in g , n a m e ly ,  a n  a s y m p t o t i c  fo rm u la  f o r  M3 (t ,T ,k )  . F o r  t h e  sa k e  o f  

b r e v i t y ,  l e t  u s  s e t

c e ^ ^ d G ( u )
J 0

and

o '  -  I r e - ^ d G ( U 1V) . 
0 0

( 2 . 6 . 1 6 )

( 2 .6 .1 7 )

Theorem  2 . 6 . 1 : I f  m >  I  , h " ( I )  <  <» , and  G i s  n o t  a  l a t t i c e  d i s t r i b u ­

t i o n ,  t h e n  f o r  e a c h  k = 1 , 2 , . . . . ,

M (t ,T ,k )e  cŷ t + T ) -» kmgb3c +  k -  IJ as t CO ( 2 . 6 . 1 8 )

and t h is  l im it  i s  uniform  in  T-.

P r o o f : The p r o o f  f o l l o w s  im m e d ia te ly  upon  a p p ly i n g  Lemmas 2 . 6 . 1  and  2 . 6 . 2

t o  e q u a t i o n  ( 2 . 6 . 5 )  .
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We now g e t  a s  a  s p e c i a l  c a s e  t h e  c o r r e s p o n d in g  s t a t e m e n t  f o r  t h e  

B e l lm a n - H a r r i s  p r o c e s s  i n  w h ich  i n d i v i d u a l s  l i v e  and  r e p r o d u c e  i n d e p e n d e n t l y  

C o r o l l a r y : I f  Iti2 = m2 and G (u ,v )  = G (u)G (v) , and c o n d i t i o n s  o f

Theorem 2 . 6 . 1  h o l d ,  t h e n

M(C1T)e - ^ 2 t + T )  - S f f m c
I -m e

t  -> 00 ( 2 .6 .1 9 )

Rem ark: I t  s h o u ld  b e  p o i n t e d  ,ou t t h a t  t h e  o n ly  d i f f e r e n c e  i n  t h e  l i m i t i n g

e x p r e s s i o n  f o r  M ( t , t) i n  Lemma 2 . 6 . 2  and  t h e  one o b t a i n e d  f o r  t h e  

B e l lm a n - H a r r i s  p r o c e s s  i s  t h e  f a c t o r  Hi2C 7 a p p e a r in g  i n  ( 2 . 6 . 1 5 ) .  As we 

s h a l l  s e e  i n  t h e  p r o o f  o f  Theorem 2 . 7 . 1 ,  u n d e r  t h e  h y p o t h e s i s  o f  Theorem 

2 . 6 . 1 ,  Hi3 C 7 ^  I  . I t  f o l l o w s ' t h a t  u n d e r  t h i s  h y p o t h e s i s  t h e  l i m i t i n g  

v a r i a n c e  i s  g r e a t e r  f o r  t h e  p r o c e s s  w i th ,  c o r r e l a t i o n  among s i b l i n g s  t h a n  

f o r  t h e  B e l I m a n -H a r r i s  p r o c e s s .  .This o b s e r v a t i o n  a g r e e s  w i t h  a  rem a rk  

made by  H a r r i s  (1963) i n  h i s  d i s c u s s i o n  o f  c o r r e l a t i o n  among s i s t e r  c e l l s .

2 .7  L im i t  random  v a r i a b l e s

I n  t h i s  s e c t i o n  we s h a l l  i n v e s t i g a t e  t h e  c o n v e rg e n c e  

normed v e r s i o n s  o f  Z ^ ^ ( t )  t o  random  v a r i a b l e s  W ^ )  a s  

s h a l l  a l s o  s tu d y  t h e  c o n v e rg e n c e  o f  t h e  s e q u e n c e  W ^ )  a s  

D e f i n i t i o n  2 . 7 . 1 : L e t

W( k ) ( t )  = Z ( k ^ t ) Z k b e a t  ( 2 . 7 . 1 )

o f  s u i t a b l y  

t  -t °° . We 

k  -* =O .

and



( 2 . 7 . 2 )Wk (fc) = Zk (C)Zbeo t i.

Theorem 2 . 7 . 1 : I f  m >  I  , h " ( I )  <  co and  G ( t )  i s  n o t  a  l a t t i c e  d i s t r i ­

b u t i o n ,  t h e n  W ^k^(t)  c o n v e rg e s  i n  mean s q u a r e  t o  a  random v a r i a b l e  W ^ ^  

a s  t  -+ co. F u r th e r m o r e ,

E ( W ^ )  = I ( 2 . 7 . 3 )

and

V a r[w (k ) ] m̂ c V h tf( I )C  
k L I -me +  k I  >  0 . ( 2 . 7 . 4 )  ..

P r o o f ; C o n s id e r  t h e  s im p le  e x p a n s io n

E [ w ( k ) ( t ) - w ( k ) ( t + T ) f  = E [ w ( k ) ( t ) ] ^  +  E [w (k ) ( t  + t ) ] 2 -  2E[W^k  ̂( t)W ^k  ̂( t + T ) ]

I f  we l e t  t  -» 00 and  a p p ly  Theorem 2 . 6 . 1  we g e t

L im E [w (k ) ( t )  -W ( k ) ( t  -i-T)]2 = 0 
t-*»

and  t h i s  l i m i t  i s  u n i fo r m  f o r  T ^  0 . T h e r e f o r e ,  W^k^ ( t )  i s  a  Cauchy 

s e q u e n c e  i n  mean s q u a r e  and  i t  f o l l o w s  t h a t  t h e r e  e x i s t s  a  random v a r i a b l e  

W0 0  su ch  t h a t  W^k ) ( t )  W^k ) i n  mean s q u a r e  a s  f 00 by  t h e  L^i 

c o n v e rg e n c e  th e o re m  (Loeve ( 1 9 6 3 ) ,  page  1 6 1 ) .  The v a l u e s  f o r  t h e  mean and
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v a r i a n c e  f o l l o w  from  t h e  f a c t s  t h a t

L

■ E[W<k >] = LimE[W^k ) ( t ) ]  
t-t<»

( Loeve ( 1 9 6 3 ) ,  p a g e  /161) and

E [ ( w ( k ) ) 2 ]  = LimE[(W^k^ ( t ) ) 2 ]

( Loeve  ( 1 9 6 3 ) ,  page  1 5 7 ) .  To s e e  t h a t  t h e  v a r i a n c e  i s  p o s i t i v e ,  n o t e  t h a t

L i m V a r C w ^ ]  = m 2 c / “ l  ^  O
k-t”

s i n c e  v a r i a n c e s  a r e  n o n - n e g a t i v e .  T h e r e f o r e

Var.[w(k ) ] I T h lG Q c  
kL I -me +  k - I ( l ) c  4-mc -  

I  -  me

T h is  l a s t  e x p r e s s i o n  i s  n o n - n e g a t i v e  a c c o r d i n g  t o  H a r r i s  ( 1 9 6 3 ) .  M o reo v e r ,  

e q u a l i t y  o c c u r s  o n ly  when G i s  a  s t e p  f u n c t i o n  w i t h  one  s t e p ,  w hich  

c a n n o t  b e  s i n c e  G i s  n o t  a  l a t t i c e  d i s t r i b u t i o n .  T h i s  c o m p le te s  t h e  p r o o f .  

R em ark : The mean s q u a r e  c o n v e rg e n c e  p ro v e d  i n  Theorem 2 . 7 . 1  c a n  be

s t r e n g t h e n e d  t o  a lm o s t  s u r e  c o n v e rg e n c e  i s  one assum es i n  a d d i t i o n  t h a t  G 

h a s  a  d e n s i t y  g and
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Pco'
( g ( t ) ) pde < coo

0

f o r  some p >  I  . The p r o o f  o f  t h i s  r e s u l t  i s  a lm o s t  i d e n t i c a l  t o  t h e  / 

p r o o f  o f  t h e  c o r o l l a r y  on page  147 i n  H a r r i s  ( 1 9 6 3 ) .

The f o l l o w i n g  lemma w i l l  a l l o w  u s  t o  p ro v e  t h a t  w (k )  c o n v e rg e s  

i n  mean s q u a r e  t o  a  random  v a r i a b l e  W . I t  s h o u ld  be  n o t e d  t h a t  t h e  

lemma i s  a p p l i c a b l e  t o  s e q u e n c e s  o f  e x c h a n g e a b le  random v a r i a b l e s .

Lemma 2 . 7 . 1 : I f  [Xk } , k  = 1 , 2 , . . .  , i s  a  s e q u e n c e  o f  random  v a r i a b l e s

w i t h  common means and  v a r i a n c e s  ( f i n i t e )  and  a l s o  h a v in g  t h e  p r o p e r t y  t h a t
k

E(X1X j)  = E(X1 X3 ) f o r  i ^  j ,  t h e n  1 / k  2  Xj c o n v e rg e s  i n  mean s q u a r e
3 =I

t o  some random v a r i a b l e  X and Var(X ) = Cbv(X19X3 ) .

P r o o f :  F o r  k ' < k  we h a v e

f t
I  k  1 E l -  2  Xj - p  2  Xj

3=1 3=1 ■

k - kr [ E ( X | )  -  E(X1 X3 ) ]

i / [ E ( X ? )  -  E(X1 X3 ) ]  .

I  A-
I t  i s  now o b v io u s  t h a t  r  Z X, i s  a  Cauchy s e q u e n c e  i n  mean s q u a r e  and

K J= i
t h e r e f o r e  c o n v e rg e s  t o  a  random  v a r i a b l e  X by t h e  L c o n v e rg e n c e  

th e o re m .  F u r th e r m o r e ,
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E(X2 ) Lim e Ff
k-*»

k
S Xj

j  = l

~3

= L im fe ( X f )  + H ( | - U e (XiX3) I  = E(X1X2 ) . 
k-t=LK k J

T h e r e f o r e

Var(X ) = E(X2 ) -  [E (X )]2 = E(X1X2 ) -  E(X1)E(X2 ) = Cov(X19X2 ) .

C o r o l l a r y : I f  Xlt i s  a  s e q u e n c e  o f  random v a r i a b l e s  s a t i s f y i n g  t h e

c o n d i t i o n s  o f  Lemma 2 . 7 . 1 ,  t h e n  i t  i s  i m p o s s i b l e  f o r  Cov(X19X2 ) t o  b e .  

n e g a t i v e .

P r o o f : From Lemma 2 . 7 . 1  we h a v e  Cov(X19X2 ) = Var(X) and  v a r i a n c e s  a r e

n o n - n e g a t i v e .

Rem ark: The r e s u l t  o f  t h i s  c o r o l l a r y  i s  w e l l -k n o w n ,  b u t  t h e  p r o o f  u s u a l l y

g iv e n  u s e s  t h e  f a c t  t h a t  t h e  m a t r i x  o f  c o v a r i a n c e s  o f  X1 , • • • ,Xk m ust b e  

p o s i t i v e - d e f i n i t e .  ■

Theorem 2 . 7 . 2 : Under t h e  c o n d i t i o n s  o f  Theorem  2 . 7 . 1  t h e  random  v a r i a b l e s

c o n v e rg e  i n  mean s q u a r e  t o  a  random  v a r i a b l e  W a s  k  #  and

Var(W) = Hi2C 7 -  1-.

P r o o f :  As i n  t h e  p r o o f  o f  Theorem 2 . 7 . 1  i t  c a n  b e  shown t h a t  t h e  random

v a r i a b l e s  Wk ( t )  c o n v e rg e  i n  mean s q u a r e  t o  a  random v a r i a b l e  Wk a s  

t  co a n d ,  f u r t h e r m o r e
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w (k)  = — £  Wj a . s .  .
k M

Lemma 2-.7 .1  i s  a p p l i c a b l e  'to  t h e  s e q u e n c e  Wk and t h i s  p r o v e s  t h e  f i r s t  

p a r t  o f  t h e  th e o re m .  The fo rm u la  f o r  t h e  v a r i a n c e  o f  W f o l l o w s  from 

t h e  f a c t  t h a t

Var(W) = LimVar(W^k ) )  .
k-tco

0 I n  t h e  r e m a in in g  s e c t i o n s  o f  t h i s  c h a p t e r  we s h a l l  s t u d y  t h e  

d i s t r i b u t i o n  o f  W^k ) .

2 . 8  I n t e g r a l  e q u a t i o n s  f o r  t h e ■c h a r a c t e r i s t i c  f u n c t i o n s  

D e f i n i t i o n  2 . 8 . 1 : L e t  c p ( s , t , k )  . be  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f

kw(k ) ( t )  and  cp (s ,k )  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  kW^k \  i . e . , l e t

c p ( s , t» k )  = E [ e x p ( i s k w ( k ) ( t ) ) ]  / . ( 2 . 8 . 1 )

and

cp(s ,k )  = E [ e x p ( i s k w ( k ) ) ]  . ( 2 . 8 . 2 )

From t h i s  d e f i n i t i o n  and  t h e  d e f i n i t i o n  of. F ( s , t , k )  , i t  f o l l o w s  t h a t  

c p ( s , t , k )  = F ( S x p ( I s Z b e 0ft) » t , k )

a n d ,  t h e r e f o r e ,  we c a n  u s e  e q u a t i o n  ( 2 . 4 . 1 2 )  t o  o b t a i n  a  s y s te m  o f  i n t e g r a l
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e q u a t i o n s  f o r  c p ( s , t , k )  . Making t h e  n e c e s s a r y  s u b s t i t u t i o n s ,  we o b t a i n

c p ( s , t , k )  = e x p ( I s Z b e cyt) P [ ' t j  >  t ;  j  = 1 , 2 , . . .  , k ]  +  Z (  . ) e x p [ i s  ( k - j ) / b e l
1=1 J

,O ft]

'  ^  . . .  2  P a ^ . . . * ^  t
U1=O n j= 0 r . - r.U1=O Uj=O U j+1= t  u%=t ( 2 . 8 . 3 )

n  cp(se ° ^ r , t - u  ,n  )dG (u1 , . . . , u % )  . 
r = l

Theorem  2 . 8 . 1 : I f  m >  I  ,, h " ( I )  <  «>, and  G i s  n o t  a  l a t t i c e  d i s t r i ­

b u t i o n ,  t h e n  t h e  f u n c t i o n s  cp (s ,k )  , k  = 1 , 2 , , . .  , s a t i s f y  t h e  e q u a t i o n

cp(s ,k )  = Z - . -  2  P0 i . . . ni{i 
Xi1-O _ XXjj —0

,co p00 k
. . .  TT cp(se ° " j , n j ) d G ( u 1 , . . . , u % ) .  ( 2 . 8 . 4 )

0 0 j = l

P r b o f : By Theorem 2 . 7 . 1  W ^ ^ ( t )  -» i n  mean s q u a r e  a s  t  ”  w h ich

i m p l i e s  c p ( s , t , k )  -» cp (s ,k )  a s  t  -> =o „ The p r o o f  w i l l  b e  c o m p le te  

t h e r e f o r e  when i t  i s  shown t h a t  t h e  r i g h t  s i d e  o f  ( 2 . 8 . 3 )  c o n v e rg e s  t o  

t h e  r i g h t  s i d e  o f  ( 2 . 8 . 4 )  a s  t  . F o r  j  4  k  t h e  j - t h  t e r m  i n  t h e  

sum S a p p e a r i n g  i n  ( 2 . 8 . 3 )  i s  l e s s  t h a n  o r  e q u a l  t o  ( ^ [ l  -  G ( t ) ]  

w h ich  a p p ro a c h e s  z e r o  a s  t  a p p ro a c h e s  i n f i n i t y .  L ik e w is e ,  t h e  f i r s t  

t e r m  on t h e  r i g h t  s i d e  o f  ( 2 . 8 . 3 )  a p p ro a c h e s  z e ro  a s  t  -  ̂ <» . The 

th e o re m  w i l l  b e  p ro v e d  t h e n  i f  we c a n  show t h a t  '

i
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CO CO
2  E 1Pn1

Ti-̂ -O nk =0
TT cp(se c u j J t  

j = l
U j , h J )dG (u1 , • • • , « „ )

( 2 . 8 . 5 )

CO
2  .

U1=O

CO ĉo p032 P a v e i Siv : *“ J TT cp(se™0 U j , n J )d G (u 1 , « . - , u k ) 
Tilt = O 1 , * 0 v O j = l

a s  t  . L e t  u s  c h o o se  a n  i n t e g e r  q and  a  number T 1 su c h  t h a t

1 - 2  P a i eeeB1C ^  *

w h e re  2 ' d e n o te s  2  • • • 2  , and
n i =0 n k=0

dG (u1 , " ' « , u % ) < e / 1 6
ljACt)

f o r  any  t  ^  T1 , w he re  A ( t )  = { [ 0 , t ]  X • • •  X [ 0 , t ] } ' .  (T h e re  a r e  . k

te rm s  i n  t h e  c r o s s  p r o d u c t . )  S in c e  Cp(Sjt1Uj ) -» Cp(S1Uj ) u n i f o r m ly  on 

any  f i n i t e  s - i n t e r v a l  a s  t  «  ( Loeve ( 1 9 6 3 ) ,  page  1 9 1 ) ,  f o r  an

a r b i t r a r y  6 >  0 - and p o s i t i v e  i n t e g e r  Uj , t h e r e  e x i s t s  a  number . T(Uj ) 

su c h  t h a t

sup
t a x

I^Ms I

(Icp(Tjtjttj ) -  Cp(TjUj ) |} < 6

f o r  any  T ^  T (U j ) . T h e r e f o r e ,  i t  f o l l o w s  t h a t  f o r  e a c h  s e t  o f  p o s i t i v e

I
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i n t e g e r s  U1 , • • • ,n k , t h e r e  e x i s t s  a  num ber T ( n x , • • • ^nlt) s u c h ■ t h a t

sup { I n  c p ( r , t , n j )  -  n  c p ( r ,n j )  | } <  e /2  . 
t^T  j = l  ' j = l  .

r k l s l

Now l e t  T3 = max [T (n^ , • • • , n k ) ; I ^ n i ^ q 9 i  = 1 ,2 ,  • • «k} an d  T3 = max [T1 ,T3 } . 

Then f o r  any  t  S: 2T3 t h e  a b s o l u t e  v a l u e  o f  t h e  d i f f e r e n c e  o f  t h e  two 

te rm s  i n  ( 2 . 8 . 5 )  i s  l e s s  t h a n  o r  e q u a l  t o

pt-T3' pt-Ts k k2 ' P n  •  * ' n ,  J  • • •  I II cp(se ow^ t - U  ̂ ,n j ) -  H CpCse-a u J9n,) IdG(Ul 9- ^ 9Ujc)
1 * 0 0 j = l  j = l

+  4E Pn. 1UJ • • •  [ dG (u1:
A ( t - T 3 )

,Uk ). +  2 [ l  -  2  Pn 1 <“ a * !

^  e /2  +  4 ( e / 1 6 )  4- 2 ( e / 8 )  = e .

T h i s  c o m p le te s  t h e  p r o o f .

2 .9  D i s t r i b u t i o n  o f  W . f o r  t h e  b i n a r y  c a s e

I n  t h i s  s e c t i o n  we w i l l  c o n s i d e r  t h e  s p e c i a l  c a s e  w h e re  

I  = P 2 = P 22 = P 333 = • • •  > w h ich  means t h a t  each  i n d i v i d u a l  h a s  e x a c t l y  

two o f f s p r i n g .  T h i s  c a s e  i s  i m p o r ta n t  i n  i t s  own r i g h t  s i n c e  i t  i s  

a p p l i c a b l e  t o  a  c o lo n y  o f  b a c t e r i a  w h ic h  r e p r o d u c e  by s p l i t t i n g .  B e llm an  

and  H a r r i s  (1952) s t u d i e d  t h e  b i n a r y  c a s e  o f  t h e  B e l lm a n - H a r r i s  p r o c e s s  

and  o u r  g o a l  i s  t o  e x te n d  t h e i r  r e s u l t s  t o  t h e  p r e s e n t  m o d e l .  When

t,
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p o s s i b l e  we s h a l l  r e d u c e  t h e  p rob lem s e n c o u n te r e d  i n  t h i s  s e c t i o n  t o  ones  

a l r e a d y  d e a l t  w i t h  by B e l lm a n  and  H a r r i s .

T h ro u g h o u t  t h i s  s e c t i o n  we s h a l l  assum e t h a t  m >  I  , h " ( I )  <  “  , 

and  t h a t  G- i s  n o t  a  l a t t i c e  d i s t r i b u t i o n .

F o r  c o n v e n ie n c e ,  l e t  u s  d e n o te  t h e  c h a r a c t e r i s t i c  f u n c t i o n s  

c p ( s , t , ’2) and  cp(s ,2 )  by s im p ly  c p ( s , t )  an d  cp(s) r e s p e c t i v e l y .  F o r  

t h e  b i n a r y  s i t u a t i o n  e x p r e s s i o n  ( 2 .8 .3 )  t h e n  b e c o m e s , f o r  k  = 2 ,

e p ( s , t )  '= [ e x p ( i s / b e aft) ] [ l  + G ( t , t )  -  2 G ( t ) ]

+  2 [ e x p ( i s / b e c CpCseaw, t u ) d G ( u ,v )
u=0 v= t

»t »t
cp(se ^ , t  -  u)cp(se  aw, t - v ) d G ( u , v )

0

( 2 . 9 . 1 )

and  Theorem 2 . 8 . 1  becomes

C o r o l l a r y : The f u n c t i o n  cp(s) s a t i s f i e s  t h e  i n t e g r a l  e q u a t i o n

Pro P03 . . .cp(s) =J J cp(se GU)cp(se 0V) d G (u ,v )  .
0 0

( 2 . 9 . 2 )

F o r  t h i s  b i n a r y  c a s e  l e t  u s  d e n o te  t h e  l i m i t  random v a r i a b l e  by

s im p ly  W and  l e t  K (x) d e n o te  i t s  d i s t r i b u t i o n  f u n c t i o n .  The m ain

r e s u l t  o f  t h i s  s e c t i o n  i s  t h a t  i f  l - G ( t )  i s  o f  e x p o n e n t i a l  o r d e r  a s
\

t  -+ »  , t h e n  K (x) i s  a b s o l u t e l y  c o n t i n u o u s . We s h a l l  f i r s t  p ro v e  t h r e e
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lemmas g i v in g  i n f o r m a t i o n  a b o u t  cp(s) f o r  l a r g e  • s .

Lemma 2 . 9 . 1 : We h a v e  |cp(s)'| -» 0  a s ' s - > ± i » „

P r o o f : From Loeve ( 1 9 6 3 ) ,  page  199,

g
cp(s) = I  +  2isW -  ~ E (4W2 ) +  o ( | s | 2 ) ( 2 . 9 . 3 )

w h e re  o ( | s | 2 ) i s  a  t e r m  su ch  t h a t  o (  | s  |3 ) /  | g |2 -> O a s  s O . I f  we 

s q u a r e  b o th  s i d e s  and  t a k e  a b s o l u t e  v a l u e s , ( 2 . 9 . 3 )  becomes

Icp3 (S ) I  = I +  4 s 2 [ I  -  E(W3 ) I  +  o ( l s | ) 2 ( 2 . 9 . 4 )

S i n c e  t h e  v a r i a n c e  o f  W i s  s t r i c t l y  p o s i t i v e  from Theorem  2 . 7 . 1 ,  i t  

f o l l o w s  t h a t  |cp(s) I <  'I  f o r  | s j  s m a l l  enough ( s  r  0)  . We s h a l l  now 

show t h a t  L im su p |cp(s) j <  I  . Suppose  o t h e r w i s e .  L e t  S 3 be  a  p o s i t i v e  

number such  t h a t  |<p(s) | <  I  f o r  O < s  <; S 3  and |cp(s3 ) j <  I  -  d f o r  

some d , O <  d <  % . By t h e  c o n t i n u i t y  o f  |cp(s) j , l e t  S 1 and s 2 

b e  t h e  f i r s t  p o i n t s  t o  t h e  l e f t  and r i g h t ,  r e s p e c t i v e l y ,  o f  s 3 such  ■ 

t h a t  Icp(S1 ) j = Icp(S8 ) j = I  -  d , and  l e t  B = ( IZ a )L o g (S 8 Z s1) . Then, 

u s i n g  ( 2 . 9 . 2 ) ,

CpCs8 ) ep(s2e  a u )cp(s2e  cw)d G (u ,v )  
O '

( 2 . 9 . 5 )

A(B)
cp(s8 e  CVU)cp(s2e ”*QV)d G (u ,v )
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w h ere  A(B) = { [0 ,B ]  X [ 0 , b ] } . T a k in g  a b s o l u t e  v a l u e s  and  rem em bering  

t h a t  |cp(s) I ^ l . ,  we g e t

r

I  ■ d = |cp(s2 ) |  ^  ( l - d ) 8G(B,B) +  I - G ( B 5B)

a n d ,  t h e r e f o r e .

(2 - d )G (B ,B) ^  I ( 2 . 9 . 6 )

Now i f  d -» 0 t h e n  S 1 0 w h i l e  S 2  i n c r e a s e s ,  and t h e r e f o r e  B -> =° , 

so  t h a t  ( 2 . 9 . 6 )  c a n n o t  c o n t i n u e  t o  h o l d .  T h e r e f o r e ,  |cp(s) | <  1 - d  f o r  

a l l  s  l a r g e r  t h a n  some Sq .

F o r  a n  a r b i t r a r y  e >  0 c h o o se  G s o  l a r g e  t h a t  1 - G ( C ,C )  <  e 

and  s so  l a r g e  t h a t  s e  2: Sq . Then

|cp(s) I ^  |cp(se QU)tp (se  ° ^ ) |d G ( u , v )  +  e
0 v O

^  ( 1 - d ) |cp(se a u ) |d G (u ,v )  ■+ e

a n d ,  l e t t i n g

K s )  = sup  Ic p ( t ) I , 
t ^ s

^i(s) ^  ( l - d ) i l f ( s e  qC)G(G,C) +  e ,



M I

• K s e a c ) 5  ( I  -  d ) | ( s )  +  e . . (2 .9 .7 . )

U sing  ( 2 . 9 . 7 )  we s e e  by i n d u c t i o n  t h a t

| ( s e koC) ^  ( I  - d ) k | ( s )  -K e / ( l - d )
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f o r  k  = 1 , 2 , . . .  , a n d ,  t h e r e f o r e ,  | ( s )  0 a s  s  -» «> . A s i m i l a r

a rg u m en t shows t h a t  |cp(s) j. 0 a s  s .

Lemma 2 . 9 . 2 ; I f  I  -  G(x) = 0 ( e ” c x ) f o r  some c >  0 ( s e e  Lukacs ( 1 9 6 0 ) ,  

page  2 0 7 ) ,  t h e n  |cp(s) | = 0 ( | s | “^ )  f o r  some d >  0 .

P r o o f : S in c e  G (x ,y )  i s  sym m etr ic  i n  i t s  a rg u m e n ts ,

l - G ( x )  <: 1 - G ( x , x )  <: 2 [ l - G ( x ) ]

and  t h e r e f o r e  I  -  G (x ,x )  = 0 ( e “ c x ) , a l s o .  I f  we l e t  B = (%o')Log(s) 

t h e n

Icp(s) I s: |cp(se-GU) I |cp(se 0̂ )  (dG (u ,v )  .

A g a in  l e t t i n g

I ( s ) = sup  I cp(t) I 
tS s

I
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I v 7(S) I ^  2̂
r>T

' A
O( I  -Hsle-owy

I v 7Cs e  / | e  aVd G (u ,v )

r>T
^ 2 A

0 (1 +isle" (%T)' d I v 7Cs e  0^ ) I e  0^dG ( u ,v )

T h e r e f o r e

B(T) =
r-T

v o
I v 7Cs) |d s

^  2
Pt rT -

O _ t 0 ( l+se-QfT) 'd I v 7Cs e  °V) | d s J e  0^dG (U 8V)

Making t h e  s u b s t i t u t i o n  t - s e -OV we g e t

B(T) £  2
Pt *T

J _ *

,-o v

( I  +  s e - « ( T  -  v ) ) d  l<p'(t.) Id tJdG (U 8V)

^  2
0 (1  + t e

^ r - d Icp7Ct) | d t ] d G ( u ,v )

2A ‘T Icp7Ct) I
q ( I  + D t ) dd t  '

w h e re  D
-OfT .. e

I n t e g r a t i n g  t h i s  l a s t  e x p r e s s i o n  by p a r t s ,  we g e t
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2A( I+ D T )  “dB(T) +  2dAD B ( t )  
0 (1  + D t)

^  + 2dADi B ( t )
0 ( 1 + D t ) d+1

d t  ,

p r o v id e d  T i s  so  l a r g e  t h a t  2 A ( l + D T ) - d ^  % . T h e r e f o r e

B(T) 4dAD
( l + D T ) d+1 ( l + D T ) d + 1 J

B ( t ) .
o d + D t m ^ '

( 2 ^ 9 .9 )

V(T) B ( t )
0 ( 1 + D t ) d+1

d t  ,

i t  f o l l o w s  from  ( 2 . 9 . 9 )  t h a t

«

V'(T) 4dADV(T)
( I-HDT ) d^ 1

(2 .9 ,1 0 )

f o r  a l l  T g r e a t e r  t h a n  o r  e q u a l  t o  some c o n s t a n t  C . D i v i d in g  b o th  

s i d e s  o f  ( 2 . 9 . 1 0 ) by V ( t )  , we, g e t

v ' ( t )
,V (C ) ■dt ^ 4dAD

C(1 + D t ) c

and  t h e r e f o r e
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IogV(T) £  IogC '+ 4A
( I  +DC)d

w h ic h  i m p l i e s  t h a t  Lim lo g [ V (T )]  <  00 . Then from  ( 2 . 9 . 8 )  i t  f o l l o w s  t h a t

LimB(T) <  “> and t h e  p r o o f  i s  c o m p le te .
THoo

We a r e  now r e a d y  t o  p r o v e  t h e  p r i n c i p l e  r e s u l t  o f  t h i s  s e c t i o n .  

Theorem 2 . 9 . 1 : The d i s t r i b u t i o n  f u n c t i o n  K(x) ■ o f  t h e  random  v a r i a b l e  W 

i s  c o n t i n u o u s .  I f ,  i n  a d d i t i o n ,  l - G ( x )  = 0 ( e - c x ) f o r  some c >  O , t h e n  

K (x) i s  a b s o l u t e l y  c o n t i n u o u s .

P r o o f : The f i r s t  p a r t  o f . t h e  th eo rem  f o l l o w s  d i r e c t l y  from  t h e  f a c t  t h a t

jcp(s) I H O a s  sH io o .  (Lukacs ( 1 9 6 0 ) ,  p a g e  2 7 ) .  The se c o n d  p a r t  f o l lo w s  

from  t h e  f a c t s  t h a t  |cp(s) | -> 0 a s  sH±co and  Icp7(S) | i s  i n t e g r a b l e ,  

by a  f a i r l y  w e l l -k n o w n  a rg u m e n t .  (S e e ,  f o r  ex am p le ,  Ney (1961 )  and 

S t ig u m  ( 1 9 6 6 ) . )  How ever, f o r  t h e  s a k e  o f  c o m p le te n e s s ,  we s h a l l  i n c l u d e  

i t  h e r e  a s  w e l l .

t-t”

L e t  u s  d e f i n e  t h e  f u n c t i o n

- i t x c p ( t )d t  , x  Si 0 , T = 1 ,2

I n t e g r a t i n g  g ^ (x )  by p a r t s ,  we g e t

I t  f o l l o w s  t h a t  f o r  T1 <  T3 and  0 <  X1 £  x  <  “ 9



11

52

Ist i Cx) -  Sp (x) I Znx1[Icp(T1) I + I e p ( T 3 )  I + IepC-T1) | + |cp(-Ts ) |

( 2 . 9 . 1 1 )

Iep7( t )  | d t ]  .

U s ing  t h e  f a c t s  a b o u t  cp(t) and  e p ' ( t )  g i v e n  i n  Lemmas 2 . 9 . 1  and 2 . 9 . 3

e x p r e s s i o n  ( 2 . 9 . 1 1 )  i m p l i e s  t h a t  f o r  e a c h  x  >  0 g^,(x) i s  a  Cauchy

se q u e n c e  i n  T and  t h e r e f o r e  c o n v e rg e s  t o  some f u n c t i o n  g ( x )  . M o re o v e r ,  

s i n c e  t h e  r i g h t  s i d e  o f  ( 2 . 9 . 1 0 )  d o e s  n o t  i n v o lv e  x ,  t h e  c o n v e rg e n c e  i s  

u n i fo r m  on [ X 1 ,*0 ) .  Now L e v y 's  i n v e r s i o n  fo rm u la  f o r  c h a r a c t e r i s t i c  

f u n c t i o n s  s t a t e s  t h a t

B ut

I ( e"  ̂ t x - e “ ) c p ( t )d t  .Z r r i t » -T

T h e r e f o r e

f»X
K(x) -  K(X1) = Lim gT ( y )d y  = 

T- ôo 1 J x 1 g (y )d y  . ( 2 . 9 . 1 2 )
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t h e  l a s t  e q u a l i t y  h o l d in g  b e c a u s e  o f  u n i fo r m  c o n v e rg e n c e .  F o r  X1 

f i x e d ,  e x p r e s s i o n  ( 2 . 9 . 1 2 )  i m p l i e s  t h a t  K (x) i s  d i f f e r e n t i a b l e  f o r  a l l  

x  >  X1 and  t h e  p r o o f  i s  c o m p le te ;
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C h a p te r  I I I

CORRELATION BETWEEN GENERATIONS

3 .1  I n t r o d u c t i o n

I n  t h i s  c h a p t e r  m odels  a r e  d i s c u s s e d  i n  w h ich  a  p a r e n t ' s  l i f e ­

sp a n  h a s  some e f f e c t  upon t h e  l i f e - s p a n  o f  i t s  c h i l d r e n .  I n  p r a c t i c e  

t h i s  w ould  be t h e  c a s e  i f  t h e  l i f e - s p a n s  o f  i n d i v i d u a l s  w ere  

i n f lu e n c e d r by h e r e d i t y .

The f i r s t  su c h  m odel b e g in s  w i t h  a  s i n g l e  i n d i v i d u a l  b o r n  a t  

t im e  t  = 0 .  T h i s  i n d i v i d u a l  h a s  a  random  l i f e - s p a n  and a t  t h e  end 

o f  i t s  l i f e  i t  i s  r e p l a c e d  by a  random number o f  o f f s p r i n g ,  and so  t h e  

p r o c e s s  c o n t i n u e s .  As i n  t h e  m odel o f  B e llm an  and H a r r i s ,  t h e  num­

b e r s  o f  o f f s p r i n g  o f  i n d i v i d u a l s  i n  t h e  p o p u l a t i o n  form  a  c o l l e c t i o n  

o f  in d e p e n d e n t  and i d e n t i c a l l y  d i s t r i b u t e d  random v a r i a b l e s  w i t h  

g e n e r a t i n g  f u n c t i o n  h ( s ) , and  t h e s e  random v a r i a b l e s  a r e  a l s o  in d e p e n d ­

e n t  o f  t h e  l i f e - s p a n s  o f  any  members o f  t h e  p o p u l a t i o n .  I t  i s  a lw ays 

assum ed t h a t  m..= h ' ( l )  <  00. \

The d e p e n d en c e  i s  i n j e c t e d  i n t o  t h e  m odel by a ssu m in g  i f  

-C1 , . . . , - ^  a r e  t h e  l i f e - s p a n s  o f  i n d i v i d u a l s  O1 , . . . ,  o j , w he re  ok 

i s  t h e  p a r e n t  o f  Ok^ 1 , k  = 1 , 2 , . . . , j  -  I ,  t h e n  t h e  random  v a r i a b l e s  

-L1 , . . .  ,-Lj fo rm  a  Markov c h a i n .  The t r a n s i t i o n  f u n c t i o n  o f  t h e  Markov 

. c h a in  i s  d e te r m in e d  by G ( t , x ) > w h ich  r e p r e s e n t s  t h e  c o n d i t i o n a l  d i s ­

t r i b u t i o n  o f  t h e  l i f e - s p a n  o f  an  i n d i v i d u a l  g iv e n  t h a t  t h e  i n d i v i d u a l ' s  

p a r e n t  h ad  a  l i f e - s p a n  o f  x .  The l i f e - s p a n s  o f  a  g ro u p  o f  s i b l i n g s  

a r e  t a k e n  t o  b e  c o n d i t i o n a l l y  in d e p e n d e n t  g i v e n  t h e  l i f e - s p a n  o f  t h e
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p a r e n t . - ,

The a n a l y s i s  o f  t h e  p r o c e s s  may p ro c e e d  i n  two d i f f e r e n t  w ays. 

One may c a r e f u l l y  d e f i n e  a  p r o b a b i l i t y  s p a c e  and t h e n  u s e  t h i s  s p a ce  

t o  d e r i v e  an  i n t e g r a l  e q u a t i o n  s a t i s f i e d  by t h e  g e n e r a t i n g  f u n c t i o n  

o f  t h e  p r o c e s s  a s  was done i n  C h a p te r  I I ,  o r  one may t a k e  t h e  i n t e g r a l  

e q u a t i o n  as  f o r m a l l y  g i v e n ,  p ro v e  t h e  e x i s t e n c e  and u n iq u e n e s s  o f  a 

s o l u t i o n ,  and b e g in  t h e  a n a l y s i s  a t  t h i s  p o i n t ;  I t  i s  t h e  l a t t e r  

r o u t e  t h a t  w i l l  be  f o l lo w e d  h e r e .  F i r s t  o f  a l l ,  h o w e v e r ,  a  d i s c u s s i o n  

o f  G ( t , x )  m u s t  be  g i v e n .

a  d i s t r i b u t i o n  

and t h a t  f o r  

o f  x .

( 3 . 2 . 1 )

( 3 . 2 . 2 )

I t  f o l l o w s  from  t h i s  d e f i n i t i o n  t h a t  G1 ( t , x )  = G ( t , x ) . A l th o u g h  t h e  

d e f i n i t i o n  o f  Glt ( t , x )  r e s e m b le s  t h e  d e f i n i t i o n ,  o f  a  k - t h  o r d e r  

• c o n v o lu t io n ,  one m ust  n o t  assum e t h a t  Gk ( t , x )  h a s  a l l  t h e  p r o p e r t i e s  

o f  a  c o n v o l u t i o n .  F o r  e x a m p le ,  i n  g e n e r a l

3 .2  The f u n c t i o n  G ( t , x ) .

We s h a l l  assum e t h a t  f o r  f i x e d  x ,  G ( t , x )  i s  

f u n c t i o n  c o n c e n t r a t e d  on t h e  n o n - n e g a t i v e  r e a l  l i n e ,  

f i x e d  t ,  G ( t , x )  i s  a L ebesgue  m e a s u r a b le  f u n c t i o n  

D e f i n i t i o n  3 . 2 . 1 :  L e t

G0 ( t , x )
I  i f  ' t  S: 0 and x  S: 0 

10 o t h e r w i s e

and

gH i  ( fcIx ) = Gk (fc -  u , u ) d G ( u ,x )  , k  = 1 , 2 , . . .
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Gk+i ( t , x ) * G ( t  -  u ,u )d G k ( u ,x )  . 
O

I n  t h e  s e q u e l  t h e  f o l l o w i n g  r e g u l a r i t y  c o n d i t i o n s  f o r  G ( t , x )  

a r e  assum ed .

C o n d i t io n s  f o r  G C t ,x ) :

( i )  T h e re  e x i s t s  a  d i s t r i b u t i o n  f u n c t i o n  H ( t ) .  c o n c e n t r a t e d  on

t h e  n o n - n e g a t i v e  r e a l  l i n e  su c h  t h a t  G ( t , x )  ^  H ( t )  f o r  a l l  x ,  a n d ^

LimH ( t )  <  1/m (w here  m = h ' ( l ) ) .  
t ”K)
( i i )  G (£ ,x )  -> I  a s  t  "  u n i f o r m l y  f o r  x  on a  bounded i n t e r v a l ,  

i . e . , f o r  e a ch  e >  0 and B >  0 ,  t h e r e  e x i s t s  a  T su ch  t h a t  

G ( t , x )  >  I  -  e f o r  a l l  t  ^  T and a l l  x ,  0 ^  x  ^  B.

Exam ple: I f

G ( t , x ) - t / (x + I )
1 - 6

t h e n  t h e  above  c o n d i t i o n s  a r e  s a t i s f i e d .  One may t a k e  H ( t )  = I - B t , 

t  & 0 .

Theorem 3 . 2 . 1 : F o r  e a c h  f i x e d  x  and k ,  Gk ( t , x )  i s  a  d i s t r i b u t i o n

f u n c t i o n  i n  t .  M o re o v e r , f o r  f i x e d  t  and x ,  t h e  s e q u e n c e  Gk ( t , x )  

i s  n o n i n c r e a s i n g .

P r o o f : We s h a l l  f i r s t  p ro v e  by i n d u c t i o n  t h a t  c o n d i t i o n  ( i i )  f o r

G ( t , x )  h o l d s  a l s o  f o r  Gk ( t , x ) , k  = 0 , 1 , 2 , . . .  . L e t  e and . B be  

g iv e n  n u m b ers , B >  0 and 0 <  e <  I .  By c o n d i t i o n  ( i i )  f o r  G ( t , x )  

t h e r e  e x i s t s  a  T1 su c h  t h a t  G ( t , x )  ^  ( I -  e ) ^  f o r  a l l  t  S: T1 , 

and x ,  O ^ x S B . .  G iven  T1 , by t h e  i n d u c t i o n  h y p o t h e s i s  t h e r e  

e x i s t s  a  T3 >  T1 ' su c h  t h a t  Gk ( t , x )  >  ( I  -  e ) ^  f o r  a l l  t  ^  T2 -  T1 -
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and x ,  O ^  x  ^  B. T h e r e f o r e ,  f o r

Gk-^i(fcJx ) = Gk ( t  -  u ,u ) d G ( u ,x )  
0

fc >  T a ,

rTi
S: G5c (T2 -  u ,u )d G (u ,x )

0

( I  -  e)^ G(Tl s X) > I -  e

f o r  a l l  x ,  0 ^  x  ^  B.

The p r o o f  o f  t h e  r e m a in in g  p r o p e r t i e s  o f  a  d i s t r i b u t i o n  f u n c t i o n  

w i l l  b e  o m i t t e d .  '«

I t  f o l l o w s  from  t h e  d e f i n i t i o n  o f  G g ( t , x )  and  t h e  f i r s t  p a r t  o f  

t h i s  th e o re m  t h a t  Gq ( ^ x ) S; G1 ( t , x )  . Assum ing t h a t  Gk ( t , x )  ^  Glc>1( t , x )  , 

we s e e  t h a t

G k + i ( fcJx ) ( t  -  u )dG (u ,x) ^
»t .

Gk +1
0

( t  -  u ,u )d G (u ,x ) =Gk + 3 ( t , x ) ( 3 . 2 . 4 )

w h ic h  c o m p le te s  t h e  p r o o f  o f  t h e  th e o re m .

We now i n t e r r u p t  o u r  d i s c u s s i o n  o f  G ( t , x )  t o  p r o v e  two lemmas 

w h ic h  w i l l  be  u s e f u l  l a t e r .  The f a c t s  i n  b o th  o f  t h e s e  lemmas a p p e a r  i n  

v a r i o u s  p l a c e s  ( s e e ,  f o r  e x a m p le ,  Loeve (1963) page  1 6 7 ) ,  b u t  t h e  p r o o f s  

a r e  o f t e n  o m i t t e d .  The t e c h n i q u e  em ployed i n  p r o v in g  t h e  se co n d  lemma 

was u s e d  by Tukey ( 1 9 5 8 ) .  T h i s  same t e h c n i q u e  w i l l  be  u s e d  a g a in  i n  

Theorem s 3 . 2 . 2  and 3 . 5 . 2 .

Lemma 3 . 2 . 1 : Suppose  G ( t )  and F ( t )  a r e  d i s t r i b u t i o n  f u n c t i o n s  su ch

t h a t  G ( t )  s  F ( t )  and U i s  a  random v a r i a b l e  w i t h  t h e  u n i fo r m  d i s t r i b u  

t i o n  on [ 0 , l ] ,  Then t h e r e  e x i s t s  f u n c t i o n s  Z (u) and  Zt (u )  d e f i n e dv r

on ( 0 ,1 )  su c h  t h a t
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(1) t h e  d i s t r i b u t i o n  o f  Z (U) i s  G ( t ) ,Or

(2) t h e  d i s t r i b u t i o n  o f  (U) i s  F ( t ) » and

(3 )  Zp (u ) =S Z g(u )  f o r  a l l  u s  ( 0 , 1 ) .

P r o o f : D e f in e  Z^ (u) = i n f  { x ;  G(x) ^ u ] .  From t h e  f a c t  t h a t  Z^ (u) . i s

n o n - d e c r e a s i n g  i t  f o l l o w s  t h a t

P [ U £ G ( t ) ]  5  P[ZG(U) Z Z g ( G C t) ) ]  = P[ZG(U) Z fc] ( 3 . 2 . 5 )

On t h e  o t h e r  h a n d ,  G (Z_( u ) ) z  G ( t )  f o r  e ach  u su ch  Z _ (u )  ^  t ,  s i n c eOr Or

G ( t )  i s  n o n d e c r e a s i n g .  But u Z G (Z „( u ) )  from  t h e  d e f i n i t i o n  o f  Z ( u ) .' Or Or

T h e r e f o r e ,  {u; ^ g (u )  Z t }  C [u ;  u  z G ( t ) } w h ich  i m p l i e s  t h a t

PCz q (U) Z t ]  5  p [ u z G ( t ) ]  . ( 3 . 2 . 6 )

E x p r e s s io n s  ( 3 . 2 . 5 )  and ( 3 . 2 . 6 )  t o g e t h e r  im p ly  t h a t

I

P[ZQ(U) z t ]  = P[U Z G ( t ) ]  = G ( t )  . ( 3 . 2 . 7 )

I f  we d e f i n e  2y (u )  = i n f  { x ;  F ( x )  ^  u} t h e  p r o o f  o f  t h e  second  

a s s e r t i o n  i s  c o m p le te ly  a n a lo g o u s  t o  t h a t  o f  t h e  f i r s t .

To p ro v £  t h e  t h i r d  a s s e r t i o n ,  n o t e  t h a t  G ( t )  Z F ( t )  im p l i e s  t h a t  

f o r  e a ch  u e ( 0 , 1 ) ,  {x; G(x) & u ]  C {x; F ( x )  ^  u ]  a n d ,  t h e r e f o r e ,

Zq (u )  = i n f  { x ;  G(x) ^ u ]  ^  i n f  { x ;  F ( x )  S= u ]  = Zp (U) . ( 3 . 2 . 8 )

w h ich  c o m p le te s  t h e  p r o o f  o f  t h e  lemma.

The f o l l o w i n g  lemmaj w h ich  w i l l  b e  u s e d  i n  S e c t i o n  3 . 4 ,  i l l u s t r a t e s
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t h e  u t i l i t y  o f  Lemma 3 . 2 . 1  .

Lemma 3 . 2 . 2 : Suppose  G ( t )  and F ( t )  a r e  d i s t r i b u t i o n  f u n c t i o n s  such

t h a t  G ( t )  ^  F ( t )  f o r  a l l  t  and f  i s  a  m e a s u r a b le  f u n c t i o n  such  t h a t  

r f ( t ) d G ( t )  and f f ( t ) d F ( t )  a r e  f i n i t e .  I f  f ( t )  i s  n o n i n c r e a s i n g
^  - C O  U - C OpCO Pco
t h e n  f ( t ) d G ( t )  ^  I f ( t ) d F ( t )  , w h i l e  i f  f ( t )  i s  n o n d e c r e a s in g ,  t h e  

v —co v ■oo

i n e q u a l i t y  i s  r e v e r s e d .

P r o o f :  From Lemma 3 . 2 . 1 ,  i f  Y = Z„(U) , we h a v e ,  f o r  f ( t )  n o n i n c r e a s i n g ,— —  (j

p CO
f ( t ) d G ( t )

V -00
E [ f ( Y ) ] E { f [Z G(U )]} f[Z  ( u ) ] d u  

J 0 G

f [ Z F ( u ) ] d u I
CO

f ( t ) d F ( t )  .
-CO

( 3 . 2 . 8 )

I f  f ( t )  i s  n o n d e c r e a s in g  a  s i m i l a r  s t a t e m e n t  h o l d s .

L e t  H ^ * ( t )  d e n o te  t h e  k - t h  c o n v o l u t i o n  o f  H ( t )  w i t h  i t s e l f .  

Theorem 3 . 2 . 2 : F o r  e ach  x  0 and t  S: 0 we have

Gk ( t , x )  S Hk* ( t )  ( 3 . 2 . 9 )

and

2  mkG, ( t , x )  <: E mkHk* ( t )  <  ~  ( 3 . 2 . 1 0 )
k=0 k=0

P r o o f :  The f i r s t  i n e q u a l i t y  i n  ( 3 . 2 . 1 0 )  f o l l o w s  from ( 3 . 2 . 9 )  and t h e

se co n d  f o l lo w s  from  Lemma 1 . 4 . 1  .

To p ro v e  t h e  f i r s t  a s s e r t i o n ,  l e t  Z (u) and Z (u )  b e  t h e  f u n c t i o n sX ti



a s s o c i a t e d  w i t h  G ( t , x )  and H ( t ) , r e s p e c t i v e l y ,  by Lemma 3 . 2 . 1  i L e t  U 

be t h e  u n i f o r m ly  d i s t r i b u t e d  v a r i a b l e  o f  Lemma 3 . 2 . 1  and l e t  Y be d e f i n e d  

by Y = Zx (U ). By t h e  c o n d i t i o n s  on G ( t , x )  we know t h a t  G1 C tsX) ^ H ( t )  

f o r  a l l  x .  Assume, f o r  a  g iv e n  p o s i t i v e  i n t e g e r  k ,  t h a t  Gk ( t , x )  ^ H .^ * ( t )  

f o r  a l l  x .  I t  f o l l o w s  t h a t

G k + i( t ,% )
pt

Gk ( t  -  u ,u ) d G ( u ,x )  = E[Gk ( t - Y , Y ) ]
0

r1
Gk ( t - Z  ( u ) , Z ( u ) ) d u  . 

j O . X X

( 3 .2 .1 1 )

B ut by Lemma 3 . 2 . 1 ,  Z ^ (u) ^  Z ^ ( u ) . T h e r e f o r e ,

r.1
G

0

I

G]t + i ( t , x )  5 Gk ( t  -  Zr (U ) sZx (u ) d u

Hk* ( t  - Z H( u ) ) d u ( 3 .2 .1 2 )

Hk* ( t  -  u )d H (u )  = R (k  +  l ) * ( t )

w h ic h  c o m p le te s  t h e  p r o o f  o f  t h e  th e o re m .

3 .3  An i n t e g r a l  e q u a t i o n .

F o r  t h e  p r o c e s s  d e s c r i b e d  i n  s e c t i o n  3 . 1 ,  t h e  law o f  t o t a l  p r o b a b i l i t y  

s u g g e s t s  t h a t  F ( s , t , x ) ,  t h e  g e n e r a t i n g  f u n c t i o n  o f  t h e  number o f  i n d i v i d -  . 

u a l s  a l i v e  a t  t im e  t ,  g i v e n  t h e  p a r e n t  o f  t h e  i n i t i a l  i n d i v i d u a l  had  l i f e ­

s p a n  x ,  s a t i s f i e s  t h e  i n t e g r a l  e q u a t i o n
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F ( x , t , x )  = s [ l  -  G ( t , x ) ]  + h [ F ( x st , - u Ju)]dG(u,x )  .
j O

( 3 . 3 . 1 )

Theorem 3 . 3 . 1 : Under t h e  c o n d i t i o n s  g iv e n  p r e v i o u s l y  f o r  h ( s )  and

G ( t , x ) j  e q u a t i o n  ( 3 . 3 . 1 )  h a s  a  u n iq u e  s o l u t i o n  bounded i n  a b s o l u t e  v a lu e  

by one i n  t h e  r e g i o n  - I  ^  s  ^  I ,  t ^ O ,  and x  ^  0 .  M o re o v e r ,  f o r  

f i x e d  t  and  x ,  F ( s , t , x )  i s  a  g e n e r a t i n g  f u n c t i o n  i n  s and f o r  f i x e d  

s , F ( s , t , x )  i s  a  L ebesgue  m e a s u r a b le  f u n c t i o n  o f  t  and x .

P r o o f : The p r o o f  - fo l lo w s  f a i r l y  c l o s e l y  t h a t  o f  Theorem I  o f  Ney ( 1 9 6 4 a ) .
%

L e t  F g ( s , t , x )  = 0 .  Then d e f i n e  i n d u c t i v e l y

pt
F ( s , t , x )  = s [ l  -  G ( t , x ) ]  + '  h [ F k ( s , t  -  u , u ) ] d G ( u , x )  . ( 3 . 3 . 2 )

k-tl 0 O -

By i n d u c t i o n  i t  f o l l o w s  t h a t  |Fk ( s , t , x )  | ^  I  f o r  k  = 1 , 2 , . . ;  . 

F u r th e r m o r e ,

IFg ( s , t , x )  - F 1 ( S j t sX) I ^ IhCF1 ( S j t  --U8U)] - h [ F 0 ( s , t  - u , u ) ] | d G ( u , x )

Jf 1 ( s , t  -  u , u )  -  Fn ( s , t  — u , u ) | d G ( u , x )
/ ' , ( 3 . 3 . 3 )

^m G (tjX )  ,

w here  we h a v e  u s e d  t h e  mean v a l u e  th e o re m  and t h e  f a c t  t h a t  . m —h / ( l )  &h ' ( s )  I.

I .  A l e s s  g e n e r a l  fo rm  o f  Theorem 3 . 3 . 1  c a n  be p ro v ed  u s i n g  t h e  f i x e d -  
p o i n t  th e o re m  f o r  c o n t r a c t i o n  m app ings  on a  c o m p le te  m e t r i c  s p a c e .
See  S e v a s t ' , y anov  (1964) .
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f o r  a l l  s , - I  ^  s  ^  I .  I t  now f o l lo w s  by i n d u c t i o n  t h a t

lFl$ + i  ( s , t . , x )  -  Fk ( s , t , x )  ] ^  mkGk ( t . x X ,  k  = 1 , 2 , . . .  . ( 3 . 3 . 4 )

T h e r e f o r e ,  a p p ly i n g  Theorem 3 . 2 . 2 ,

|Fn ( s , t , x )  -  Fk ( s , t , x )  I ^ F 5541( S j t j X) -  Fk ( s , t , x )  j + ------

+  |Fn ( s , t , x )  -  Fn_ 1 ( s , t , x ) ] '  ( 3 . 3 . 5 )

n -1  co
^  S m J6 4( t , x ) ^  Z mj E j * ( t ) , n  >  k  .

j= k  j= k

The l a s t  . te rm  i n  ( 3 . 3 . 5 )  c a n  b e  made a s  s m a l l  a s  we p l e a s e  by c h o o s in g  k 

l a r g e  en o u g h . T h e r e f o r e ,  Fk ( s , t , x )  . i s  a  Cauchy s e q u e n c e  f o r  e a ch  s ,  

t ,  and x ,  and c o n v e rg e s  t o  a  f u n c t i o n  w h ic h  we s h a l l  d e n o te  by F ( s , t , x ) .

Upon n o t i n g  t h a t  t h e  l a s t  t e r m  i n  ( 3 . 3 . 5 )  i s  in d e p e n d e n t  o f  s and x ,
)

and t h a t  Hk* ( t )  i s  i n c r e a s i n g  i n  t , i t  f o l l o w s  t h a t  Fk ( s , t , x )  - > F ( s , t , x )  

a s  k  c° u n i f o r m l y  f o r  a l l  s ,  x ,  and t  i n  t h e  r e g i o n  - I  ^  s 5  I ,  

x  a  0 ,  and O ^ t S T  w here  T i s  a r b i t r a r y .  S in c e  |F k ( s , t , x ) (  <:_! 

f o r  a l l  k ,  we h a v e  | F ( s , t , x ) |  ^  I .  T a k in g  t h e  l i m i t  o f  b o th  s i d e s  o f

( 3 . 3 . 2 )  a s  k  we h a v e ,  u s i n g  t h e  bounded c o n v e rg e n c e  th e o re m , t h a t

F ( s , t , x )  s a t i s f i e s  e q u a t i o n  ( 3 . 3 . 1 )  . ,

To p ro v e  t h e  u n iq u e n e s s  o f  t h e  s o l u t i o n ,  su p p o se  Q ( s , t , x )  i s  

a n o t h e r  s o l u t i o n  o f  ( 3 . 3 . 1 )  s a t i s f y i n g  | Q ( s , t , x ) |  s: I ,  and l e t  T b e  a. 

p o s i t i v e  num ber su c h  t h a t  mH(T) <  I .  (Such a  number e x i s t s  s i n c e



Lim H ( t )  <  1 / m . )  Then 
t-tO

pt
| F ( s , t , x )  -  Q ( S j t j X)J ^  | h [ F ( s , t - u , u ) ]  -  h [ Q ( s J t - u Ju ) ]  |d G (u ,x )

( 3 . 3 . 6 )
pt

S mj | F ( s , t - u , u )  -  Q ( S j t - U j U ) J d G ( U j X )  .

T a k in g  t h e  symbol "Sup" t o  mean t h e  sup  o v e r  t h e  s e t  x  ^  0 and 

O S t ^ T  and a ssu m in g  F ( s , t , x )  i s  n o t  i d e n t i c a l . t o  Q ( s Jt Jx )  on t h i s  

s e t ,  i t  f o l l o w s  t h a t

T h i s  i s  a  c o n t r a d i c t i o n  a n d ,  t h e r e f o r e , F ( s , t ,x )  = Q ( s , t , x )  f o r  a l l  s ,  

t , and  x ,  - I  ^  s  ^  I ,  x s O ,  and 0 S t  ^  T .

Now assu m e , a s  a n  i n d u c t i o n  h y p o t h e s i s , t h a t  F ( S j L j X )  =  Q ( S j L j X )  

f o r  a l l  s ,  t ,  and x ,  - I  ^  s ^  I ,  x  ^  0 ,  and 0 ^  t  5  nT . S u p p o s in g  

now t h e  symbol "Sup" s t a n d s  f o r  t h e  su p  o v e r  a l l  x  and t ,  x  ^  0 and 

0 t  £  (n  +  l ) T ,  we o b t a i n

S u p { Jf ( S j L j X )  -  Q ( S j L j X ) ] ]  £  m [S u p { Jf ( S j L j X )  -  Q ( S j L j X ) J ] ]

,t

( 3 . 3 . 7 )

m [S u p { Jf ( S j L j X )  -  Q ( S g t j X ) ] ] ]  H(T)

<  S u p { Jf ( S j L j X )  -  Q ( S j L j X )  J ]  .



S u p { | F ( s , t , x )  -  Q ( s , t 3x ) | 3

^  m[ s u p { J o | F ( s , t - u , u )  -  Q ( s , t i - u 3u) |d G (u sx ) j-  ( 3 , 3 , 8 )

^  m sup  { | F ( s , t , x )  -  Q ( s 3t 3x )  |3.H(T)

w h ic h ,  a g a i n ,  i s  a  c o n t r a d i c t i o n  u n l e s s  F ( s , t , x )  = Q ( s , t , x ) ,

0 ^  t  ^  (n  +  l ) T  . T h i s  c o m p le te s  t h e  p r o o f  o f  t h e  u n iq u e n e s s  o f  t h e  

s o l u t i o n .
I

I t  i s  e a s i l y  s e e n  t h a t  F ( s , t , x )  =M  i s  a  s o l u t i o n  o f  ( 3 . 3 . 1 )  

f o r  s  = I ,  so  i t  f o l l o w s  from  u n iq u e n e s s  t h a t  F ( l , t , x )  = I  .

By i n d u c t i o n ,  f o r  f i x e d  t  and  x ,  Fk ( s , t , x )  i s  a n a l y t i c  i n  s ,  

- I  S s ^  I ,  f o r  k  = 1 , 2 , . . .  . S in c e  t h e  l i m i t  o f  a  u n i f o r m l y  c o n v e rg e n t  

s e q u e n c e  o f  a n a l y t i c  f u n c t i o n s  i s  a g a i n  a n a l y t i c ,  F ( s , t , x )  i s  a l s o  

a n a l y t i c  i n  s ,  so  t h a t  Fk ( s , t , x )  and  F ( s , t , x )  c a n  b e  e x p r e s s e d - a s  

power s e r i e s  e x p a n s io n s  i n  s .  M o re o v e r ,  t h e  c o e f f i c i e n t s  i n  t h e  power 

s e r i e s  f o r  F ( s , t , x )  a r e  n o n - n e g a t i v e  s i n c e  t h i s  i s  t r u e  f o r  Fk ( s , t , x ) , 

k  = 1 , 2 , . . .  . T h e r e f o r e ,  f o r  f i x e d  t  and  x ,  F ( s , t , x )  i s  a  g e n e r a t i n g  

f u n c t i o n  i n  s .  S in c e  t h e  l i m i t  o f  a  s e q u e n c e  o f  m e a s u r a b le  f u n c t i o n s  i s  

m e a s u r a b l e ,  F ( s , t , x )  i s  m e a s u r a b le  i n .  t  and x  f o r  f i x e d  s .  T h is  

c o m p le te s  t h e  p r o o f  o f  Theorem 3 . 3 . 1  .

3 . 4  E x t i n c t i o n  p r o b a b i l i t y

The p r o b a b i l i t y  Q ( t , x )  t h a t  t h e  p r o c e s s  h a s  t e r m i n a t e d  by  t im e  

t  i s  g iv e n  i n  te rm s  o f  t h e  g e n e r a t i n g  f u n c t i o n  by F ( 0 , t , x )  .
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Lemma 3 . 4 . 1 : Q ( t , x )

P r o o f :  I f  we d e f i n e

i s  n o n d e c r e a s in g  i n  

Q k ( t , x )  = Fk (OsCjX)

t  .

t h e n  ( 3 . 3 . 2 )  becomes

Q k + i ( t Jx ) u su ) ] d G ( u sx ) ( 3 . 4 . 1 )

I t  f o l l o w s  im m e d ia te ly  by i n d u c t i o n  t h a t  Qk ( t t ,x )  i s  n o n d e c r e a s in g  

i n  t s u s i n g  t h e  f a c t  t h a t  h ( s )  i s  n o n d e c r e a s i n g .  S in c e  

Qk ( t sx )  -> Q ( t , x )  a s  k  -> <»,. Q ( t sx )  i s  n o n d e c r e a s in g  i n  t ,  a l s o .

I t  i s  o b v io u s  t h a t  Q ( t , x )  i s  n o n d e c r e a s in g  i n  x  from  a 

p r o b a b i l i s t i c  v i e w p o in t  s i n c e  i f  t h e  p r o c e s s  h a s  t e r m i n a t e d  by t im e  t ,  

i t  h a s  c e r t a i n l y  t e r m i n a t e d  by t im e  t / >  t  . How ever, i t  was n e c e s s a r y  

t h a t  t h i s  b e  d e m o n s t r a t e d  u s i n g  o n ly  a n  a n a l y t i c  a rg u m e n t ..

The p r o b a b i l i t y  o f  e x t i n c t i o n  i s  d e f i n e d  as

Q = L i m Q ( t jx )  .
C-S1CO

T h is  l i m i t  a lw ay s  e x i s t s  s i n c e  Q ( t sx )  i s  n o n d e c r e a s in g  i n  t  a c c o r d in g  

t o  Lemma 3 . 4 . 1  and bounded above  by I  a c c o r d in g  t o  Theorem  3 . 3 . 1  . '  As 

we s h a l l  s e e ,  Q i s  in d e p e n d e n t  o f  x  .

The f u n c t i o n s  h.n ( s )  a p p e a r in g  i n  t h e  f o l l o w i n g  th eo re m  a r e  t h e  

i t e r a t e s  o f  h ( s )  d e f i n e d  by H1 ( s )  = h ( s )  and h n+1( s )  = h [ h n ( s ) ]  f o r  

n  — 2 , 3 , . . .  .

Theorem  3 . 4 . 1 :  The e x t i n c t i o n  p r o b a b i l i t y  Q i s  g iv e n  by

Q = Lim hk (0 )  . 
k-s<»
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R em ark : By t h i s  th eo rem  Q i s  t h e  p r o b a b i l i t y  .of e x t i n c t i o n  o f  a

G a l to n -W a tso n  p r o c e s s  w i t h  g e n e r a t i n g  f u n c t i o n  h ( s )  a n d ,  t h e r e f o r e ,  Q 

i s  t h e  s m a l l e s t  n o n - n e g a t i v e  s o l u t i o n  o f  h ( s )  . E x c lu d in g  t h e  t r i v i a l  

c a s e  h ( s )  = s ,  Q = I  i f  m £  I  and Q <  I  i f  m >  I  .

P r o o f : I f  Qk ( t , x )  i s  d e f i n e d  a s  i n  Lemma 3 . 4 . 1 ,  t h e n  .Qk ( t , x )  -> Q ( t , x )  

a s  k  -» <», so  t h e  p r o o f  w i l l  be  c o m p le te  upon d e m o n s t r a t in g  t h a t  

Qk ( t , x )  h k (O) a s  t  co . S in c e  from  ( 3 . 3 . 2 ) ,  Q1 C t9X) = h ( 0 ) G ( t , x ) ,  

i t  f o l l o w s  t h a t  Q1 ( t , x )  h 1 (0 )  a s  t  co u n i f o r m ly  f o r  x  i n  any
I '  ‘

f i n i t e  i n t e r v a l .  Assume t h a t  t h e  c o r r e s p o n d i n g  p r o p e r t y  f o r  Gk ( t , x )  

h o l d s  f o r  some i n t e g e r  k .  F o r  t  >  T2 >  T 1 , i t  c a n  e a s i l y  be  shown 

u s in g  ( 3 . 4 . 1 )  t h a t

I Q k t i C t 1X )  - h k  + 1 (O )H IQk ( t  -  u , u )  -  h k (0 )  |d G (u ,x )  + [ l  -  G(T1 j X)]

( 3 . 4 . 2 )

£  m sup  { |Qk ( y , z )  -  h k (0 )  |} +  [ l  -  GCT1 , x ) ]
y ^ T s-T i  . ■
OFz^C1

F o r  g iv e n  e > '0  and B >  0 ,  T1 c a n  b e  c h o se n  so  l a r g e  t h a t  

I  -  G(T1 )X) <  e /2  f o r  a l l  x ,  0 ^  x  ^  B . Then f o r  f i x e d  T1 , T2 can  

b e  c h o s e n  so  l a r g e  t h a t  t h e  f i r s t  te rm  i n  t h e  l a s t  l i n e  o f  ( 3 . 4 . 2 )  i s  

l e s s  t h a n  e /2  a l s o ,  w h ich  c o m p le te s  t h e  p r o o f .

3 .5  F i r s t  moment

I n  t h i s  s e c t i o n  some o f  t h e  p r o p e r t i e s  o f

M ( t ,x )  = ^ F ( s , t , x )
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w i l l  be  i n v e s t i g a t e d .

Theorem 3 . 4 . 1 : M ( t ,x )  s a t i s f i e s  t h e  i n t e g r a l  e q u a t i o n

M ( t ,x )  = I  -  G ( t , x )  + m [  M ( t - u ,u ) d G ( u ,x )
J 0

and M ( t ,x )  i s  g iv e n  by  t h e  i n f i n i t e  s e r i e s

M ( t ,x )  = 2  mk [Gk ( t , x )  -  Gk + 1 ( t sx ) ]
k=0

o r  e q u i v a l e n t l y .

M ( t ,x )  = I  +  (m -  I )  2  mk' '1 G1{ ( t , x )  .
k = l

F u r th e r m o r e ,  t h e r e  e x i s t s  p o s i t i v e  c o n s t a n t s  A1 and  . Of1 

o f  x ,  su ch  t h a t

M ( t , x )  ^  A1C0 l̂ t

f o r  a l l  x  2: 0 and  M ( t ,x )  i s  t h e  u n iq u e  s o l u t i o n  o f  (3 

t h i s  p r o p e r t y .

P r o o f :  L e t

Mk ( t , x ) ( s , t , x )

S • I

( 3 . 5 . 1 )

( 3 . 5 . 2 )

( 3 . 5 . 3 )

b o th  in d e p e n d e n t

( 3 . 5 . 4 )  

. 5 . 1 )  h a v in g

( 3 . 5 . 5 )
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One c a n  s e e  by i n d u c t i o n  u s i n g  ( 3 . 3 . 2 )  t h a t  Mk ( t , x )  <  k = 1 , 2 , . . .  . 

D i f f e r e n t i a t i n g  b o th  s i d e s  o f  ( 3 . 3 . 2 )  w i t h  r e s p e c t  t o  s  and  l e t t i n g  

s.-> I  y i e l d s  t h e  r e l a t i o n

iIt + ! ( t ,x )  = I  -  G ( t , x )  m Mk ( t - u , u ) d G ( u , x ) . ( 3 . 5 . 6 )

By i n d u c t i o n ,  i t  f o l l o w s  t h a t

k - 1  ,
Mk ( t , x )  = 2  mj [ G j ( t , x )  - G j Jr l  ( t , x ) ]  . ( 3 . 5 . 7 )

j= 0

We s e e  from  Theorem  3 . 2 . 1  t h a t  Mk ( t , x )  i s  a  n o n d e c r e a s in g  s e q u e n c e .

W ith  t h e  n o t a t i o n  L ( t , x )  = LimM k ( t , x )  i t  f o l l o w s  t h a t
k-K»

L ( t ; x )  = 2  mj [ G j ( t , x )  -  Gj+ 1 ( t , x ) ]  ( 3 . 5 . 8 )
3*0

/

an d ,  upon  r e a r r a n g i n g  t e r m s ,  we g e t  t h e  a l t e r n a t e  e x p r e s s i o n

L ( t , x )  = I  +  (m -  I )  2  mJ" 1G j ( t , x )  . • ( 3 . 5 . 9 )
j = l

Now c o n s id e r - . a  B e l lm a n - H a r r i s  a g e -d e p e n d e n t  b r a n c h i n g  p r o c e s s  f o r  

w h ich  m i s  t h e  mean number o f  o f f s p r i n g  p e r  i n d i v i d u a l  and  H ( t )  i s  

t h e  d i s t r i b u t i o n  o f  t h e  l i f e - s p a n  o f  e a c h  i n d i v i d u a l  w h e re  H ( t )  i s  t h e  

b o u n d in g  f u n c t i o n  f o r  G ( t , x ) .  From Lemma 1 . 3 . 1  M ( t ) ,  t h e  mean o f  t h i s

p r o c e s s ,  i s  g i v e n  by
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M (t)  ^  I  +  (m -  I )  S Hlk^ 1HkvfCt) . ( 3 . 5 . 1 0 )
k = l

M o re o v e r ,  M (t)  i s  bounded on e v e r y  f i n i t e  i n t e r v a l  and M (t)  ^  A1B0flt 

a s  t  -> « . I  U s in g  ( 3 . 3 . 6 ) ,  ( 3 . 3 . 7 ) ,  and Theorem 3 . 2 . 2 ,  we s e e  t h a t  i f  

m >  I ,  0 5  L ( t , x )  ^  M ( t ) ,  and  i f  m 5 I ,  L ( t , x )  ^  I .  I n  e i t h e r

c a s e ,  L ( t^ x )  ^  A1 e ^ 1 1 f o r  some p o s i t i v e  c o n s t a n t s  A1 and Of1 .,

S i n c e  f o r  f i x e d  x  and t  Fk ( s , t , x )  i s  a n a l y t i c  i n  x  

( - 1  ^  s ^  I ) ,  and c o n v e rg e s  t o  F ( s , t , x )  a s  k  -> <» u n i f o r m l y  i n  s ,  i t  

f o l l o w s  t h a t

g^Fk ( s , t , x )  -> ^ F ( s , t , x )  a s  k  . ( 3 . 5 . 1 1 )

L e t t f n g  s -> I  i n  (3.5. .11) y i e l d s  M ( t , x )  = L ( t , x )  .

I f  k  -> 00 on b o th  s i d e s  o f  ( 3 . 5 . 4 ) ,  u s i n g  t h e  mono tome c o n v e r ­

g e n c e  th e o re m ,  we g e t  e q u a t i o n  ( 3 . 5 . 1 ) .

To p ro v e  u n i q u e n e s s ,  su p p o se  N ( t , x )  i s  a n o t h e r  s o l u t i o n  o f  

( 3 . 5 . 1 )  w i t h  t h e  g i v e n  p r o p e r t i e s .  D e f in e

B ( t , x )  = e r t ]M ( t ,x )  -  N ( t , x ) j  ( 3 . 5 . 1 2 )

w here  r  

and

i s  a  c o n s t a n t  c h o s e n  so  l a r g e  t h a t  B ( t , x )  i s  bounded above

e <iH(t) <  I  .

I  See  F e l l e r  ( 1 9 5 7 ) ,  page  50 .

I
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I t  c a n  e a s i l y  be shown u s i n g  ( 3 . 5 . 1 )  t h a t

r>t
B ( t , x )  £  ^ B ( t  -  u , u ) e  r u d G (u ,x )

0
( 3 . 5 . 1 3 )

I f  T i s  a n  a r b i t r a r y  p o s i t i v e  number and t h e  symbol "Sup" s t a n d s  f o r  

t h e  sup  o v e r  a l l  x  ^  0 and a l l  t ,  0 ^  t  £  T , i t  f o l l o w s  t h a t

S u p { B ( t ,x ) }  ^  m S u p { B ( t ,x ) }  S u p j j  e " rUd G ( u ,x ) }  . ( 3 . 5 . 1 4 )

U s in g  Lemma 3 . 2 . 2  we g e t

S u p { B ( t ,x ) }  s: m S u p { B ( t ,x ) }  | e r u dH(u) .»
J 0

w hich  i s  a  c o n t r a d i c t i o n  t o  t h e  c h o ic e  o f ,  r  u n l e s s  S u p { B ( t , x ) } = 0 . 

T h i s  c o m p le te s  t h e  p r o o f .

S e v e r a l  p r o p e r t i e s  o f  M ( t ,x )  can  b e  d educed  im m e d ia te ly  from

( 3 . 5 . 3 ) .  F o r  a  f i x e d  x

i )  i f  m >  I ,  M ( t ,x )  i s  n o n d e c r e a s in g  i n  t  and M ( t , x )  -> «  

a s  t  -» c°,

i i )  i f  m = I ,  t h e n  M ( t , x )  = I ,  and

i i i )  i f  m <  I ,  t h e n  M ( t ,x )  i s  n o n i n c r e a s i n g  i n  t  and M ( t ,x )  -* 0 

a s  t  co .

Each o f  t h e s e  p r o p e r t i e s  i s  i d e n t i c a l  t o  t h e  c o r r e s p o n d in g  p r o p e r t y  o f  

t h e  B e l lm a n - H a r r i s  p r o c e s s .  H ow ever, i n  t h e  m odel p r e s e n t l y  b e in g  

s t u d i e d ,  i t  i s  n o t  a lw ay s  t r u e ,  a s  i t  i s  f o r  t h e  B e l lm a n - H a r r i s  p r o c e s s .
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t h a t  f o r  m > I  M ( t ,x )  ~  Ae0 t̂  a s  t  03 f o r  some num bers 

I n  f a c t ,  i t  may be  t h e  c a s e  t h a t  M ( t , x ) e  0 as  t  03

o/ >  0 . The f o l l o w i n g  exam ple  w i l l  i l l u s t r a t e  t h i s  p o i n t . 

E xam ple ; S uppose  m- >  I  and t h e  l i f e - s p a n  o f  a n  i n d i v i d u a l  

t h a t  o f  h i s  p a r e n t  w i t h  p r o b a b i l i t y  o n e .  Then

10 i f  t  <  I  
G ( t ,% )  =(■

) I  i f  t  s  I  ,

JO i f  t  <  3 
G3 ( t ,% )  = /

] I  i f  t  ^  3 ,

I

arid, i n  g e n e r a l ,  Gk (£,%) = 6 ( t + l - 2 li) 

w here

J I  i f  t  ^  0
6 ( 0  = (

)0  i f  t  <  0 .

Thus

M (t,% ) = I  +  (m -  I )  S mk-1 6 ( t  +  I  -  2k )
k = l

N ( t )
I  +  (m -  I )  S mk 

k = l

w h ere  N ( t )  i s  t h e  g r e a t e s t  i n t e g e r  l e s s  t h a n  o r  e q u a l  t o  

L og( t  + 1 ) /L o g (2 )  . From ( 3 . 5 . 1 5 )  and t h e  f a c t  t h a t  m >  I  ,

A and a  . 

f o r  a l l

i s  tw ic e

( 3 ,5 .1 5 )

i t  f o l lo w s

t h a t
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M (t,% ) ^  I  +  (m -  l)m ^Log(t: 1V LoS ( 2 ) 3 Log ( t  + 1 ) / Log ( 2 ) .

I t  can  now be e a s i l y  shown t h a t  i f  r  > ’[L o g (m ) /L o g (2 )3  +  I  th e n

■ L im M (t j % ) / t r  = 0 ( 3 .5 .1 6 )
t-%»

w hich  i s  a  s t r o n g e r  c o n c l u s i o n  t h a n  t h e  one we s e t  o u t  t o  i l l u s t r a t e .

By im p o s in g  f u r t h e r  r e g u l a r i t y  c o n d i t i o n s  on G ( t , x )  , i t  i s
'

p o s s i b l e  (when m >  I )  t o  have

M ( t ,x )  ^  A3Ba s t  ' ( 3 . 5 . 1 7 )

f o r  some p o s i t i v e  c o n s t a n t s  A3 and , so  t h a t  t h e  phenomenon 

i l l u s t r a t e d  by t h e  l a s t  exam ple  c a n n o t  o c c u r .  S p e c i f i c a l l y ,  l e t  us  

s u p p o s e  t h a t  G ( t , x )  -> I  a s  ' t '-> »  u n i f o r m l y  i n  x  . T h i s  im p l ie s  t h e  

e x i s t e n c e  o f  a  d i s t r i b u t i o n  f u n c t i o n  k ( t )  w i t h  t h e  p r o p e r t y  t h a t  

G ( t , x )  ^  k ( t )  f o r  a l l  x  S: 0 . , L e t  M ( t )  b e  t h e  mean o f  a  B e llm an -  

H a r r i s  p r o c e s s  f o r  w h ich  m i s  t h e  e x p e c t e d  number o f  o f f s p r i n g  p e r  

i n d i v i d u a l  and k ( t )  i s  t h e  d i s t r i b u t i o n  o f  t h e  l i f e - s p a n  o f  each  

i n d i v i d u a l .  As i n  t h e  p r o o f  o f  Theorem  3 . 5 . 1 ,  M (t)  ^  M ( t , x ) , a nd , s i n c e  

M (t )  i s  a s y m p t o t i c a l l y  e x p o n e n t i a l  a s  t  -t <» , ( 3 . 5 . 1 7 )  f o l l o w s . ' C om bining

t h i s  r e s u l t  w i t h  Theorem 3 . 5 . 1 ,  we s e e  t h a t  f o r  m > I , u n d e r  t h e  a d d i t i o n a l  

a s s u m p t io n  t h a t  G ( t , x )  -> I  a s  t  -> <» u n i f o r m ly  i n  x  , t h e r e  e x i s t s  

p o s i t i v e  c o n s t a n t s  A1 , A2 , Cy1 , Ck12 in d e p e n d e n t  o f  x  s u c h  t h a t
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Ageafat £  M(fc,x) ^  A1Gt t l t , . ( 3 . 5 . 1 8 )

I t  w ould  be  d e s i r a b l e  t o  p ro v e  u n d e r  c e r t a i n  c o n d i t i o n s  ( o t h e r  

t h a n  c o m p le te  in d e p e n d e n c e )  t h a t  M ( t ,x )  ~  Aettt  a s  t  00 , and t o  be 

a b l e  t o  e v a l u a t e  A and a  . A t p r e s e n t  t h e  a u t h o r  knows o f  no t e c h n i q u e  

t h a t  w ou ld  e n a b le  one t o  a c c o m p l i s h  t h i s .  I t  does  seem t h a t  i f  such  a 

r e s u l t  w ere  p r o v e d , t h e n  a  would  h a v e  t o  b e  t h e  u n iq u e  p o s i t i v e  number 

su ch  t h a t  M *(X,x) , t h e  L a p la c e  t r a n s f o r m  o f  M ( t ,x )  , e x i s t s  f o r  a l l  

\  >. <y and f a i l s  t o  e x i s t  f o r  a l l  X < a  .

As a  f i n a l  r e s u l t  f o r  t h i s  p r o c e s s , we show t h a t  a  r e a s o n a b l e  

m o n o tp n i c i t y  a s s u m p t io n  on G ( t , x )  i m p l i e s  a  s i m i l a r  r e s u l t  f o r  M ( t ,x )  . 

D e f i n i t i o n  3 . 5 . 1 : The d i s t r i b u t i o n s  G ( t , x )  w i l l  b e  c a l l e d  m onotone i f

f o r  any X2 <  X1 and any  t* G ( t , x 1 ) S: G ( t , x s ) .

T h i s  a s s u m p t io n  s a y s  e s s e n t i a l l y  t h a t  i n d i v i d u a l s  w i t h  long  l i f e  

s p a n s  t e n d  t o  h a v e  o f f s p r i n g  w i t h  t h e  same c h a r a c t e r i s t i c  a n d ,  t h e r e f o r e ,  

seems t o  be  a  v e r y  n a t u r a l  c o n d i t i o n  t o  im pose  on t h e  p r o c e s s .

Theorem 3 . 5 . 2 ; S uppose  t h a t  t h e  d i s t r i b u t i o n s  G ( t , x )  a r e  m ono tone . Then 

i f  m >  I  , M ( t , x )  i s  a  n o n i n c r e a s i n g  f u n c t i o n  o f  x  , and i f  m <  I  , 

M ( t , x )  i s  a  n o n d e c r e a s in g  f u n c t i o n  o f  x  .

P r o o f : The th e o re m  w i l l  f o l l o w  from  ( 3 . 5 . 3 )  i f  we c a n  e s t a b l i s h  t h a t  

Gjc ( t , x )  i s  m onotone f o r  k  = 1 , 2 , . . .  . S in c e  G1 ( t , x )  = G ( t , x )  i t  

f o l l o w s  t h a t  G1 i s  m onotone  by h y p o t h e s i s . Suppose  t h a t  Gn ( t , x )  i s  

m onotone f o r  some p o s i t i v e  i n t e g e r  n  , and  l e t  (u) be  t h e  f u n c t i o n  ■ 

a s s o c i a t e d  w i t h  G ( t , x )  by Lemma 3 . 2 . 1  . U s in g  t h i s  lem m a.
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G k 4 1 >x i ) Gk ( fc -u ,u )d G (u ,x 1 ) 
ljO

pi
Gk ( t - Z  ( u ) , Z ( u ) ) d u .  

u O x i  . x i

But Lemma 3 . 2 . 1  i m p l i e s  t h a t  Cu) i s  n o n d e c r e a s in g  i n  x  a n d ,  h e n c e ,  

i f  x3 >  X1 ,

^ k-H ( £ »x i )
»1

Gk ( t - Z  ( u ) , Z Cu))du

pi
Gk ( t - Z  C u ) ,Z Cu))duVq X3 X3

it
Gk Ct -  u ,u ) d G ( u ,x 3 ) = Gk+ 1 C t ,x 3 ) .

0 )

3 .6  A n o th e r  m odel

We now d i s c u s s i b r i e f l y ,  a  m odel w i t h  d e p e n d en c e  b e tw e e n  g e n e r a -  , 

t i o n s  f o r  w h ic h  i t  i s  p o s s i b l e  t o  o b t a i n  many r e s u l t s  a n a lo g o u s  t o  t h o s e  

o b t a i n e d  f o r  t h e  B e l lm a n - H a r r i s  p r o c e s s ,  a l t h o u g h  t h e  u n d e r l y i n g  assum p­

t i o n s  f o r  t h e  p r o c e s s  p e rh a p s  seem q u i t e  a r t i f i c i a l .

S uppose  an  i n d i v i d u a l ’ s l i f e  i s  t h e  sum o f  a  " f i r s t  l i f e "  

and a  " se c o n d  l i f e "  w here  and a r e  i n d e p e n d e n t .  We

s h a l l  make no a t t e m p t  t o  r e l a t e  t h e s e  two l i v e s  t o  some p h y s i c a l  phehom-

(  )  C)e n o n .  I f  <1̂  i s  t h e  s e c o n d  l i f e  o f  a  p a r e n t  and ^ 1 i s  t h e  f i r s t  .

l i f e  o f  i t s  o f f s p r i n g  Cib i s  assum ed t h a t  a l l  o f f s p r i n g  o f  a  s i n g l e

i n d i v i d u a l  h a v e  i d e n t i c a l  f i r s t  l i v e s ) ,  t h e n  4 ^ 2) and ' ^ 1) a r e  d e p e n d e n t
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A l l  o t h e r  n e c e s s a r y  r e l a t i o n s  a r e  g o v e rn e d  by in d e p e n d e n c e .  I t  s h o u ld  be

p o i n t e d  o u t  t h a t  t h e  d e p e n d en c e  i n  t h i s  m odel l a s t s  o n ly  t h ro u g h  two 

g e n e r a t i o n s ,  i . e . , t h e  l i f e - s p a n  o f  an  i n d i v i d u a l  and t h a t  o f  h i s  g r a n d ­

p a r e n t  a r e  i n d e p e n d e n t .

The d i s t r i b u t i o n  o f  t h e  l e n g t h s  o f  t h e  f i r s t  and se co n d  l i v e s  o f  

an  i n d i v i d u a l  w i l l  b e  d e n o te d  by G1 ( t )  and G3 ( t )  , r e s p e c t i v e l y ,  and 

t h e  d i s t r i b u t i o n  o f  , t h e  l e n g t h  o f  t h e  s e co n d  l i f e  o f  a

p a r e n t  p lu s  t h e  l e n g t h  o f  t h e  f i r s t  l i f e  o f  i t s  o f f s p r i n g ,  w i l l  be  d e n o te d  

by L ( t )  .

I f  one w is h e s  t o  s tu d y  a  p r o c e s s  i n  which ' t h e  l i f e - s p a n  o f  a 

s i n g l e  i n d i v i d u a l  h a s  mean (j, , v a r i a n c e  cr2 , and t h e  c o r r e l a t i o n  b e tw e en  

t h e  l i f e - s p a n s  o f  a  p a r e n t  and  i t s  o f f s p r i n g  i s  p , ^  p ^  , one c a n

o b t a i n  t h e s e  p a r a m e te r  v a l u e s  w i t h  t h i s  m o d e l .  F o r  e x a m p le ,  i f  

-Lq = -L̂ 1) +  - L ^  and - L ^  -f - L ^  a r e  t h e  l i f e - s p a n s  o f  a  p a r e n t  and i t s

c h i l d ,  w i t h  o f  = V a r ( - L ^ )  = Var(-L^1) )  , o f  = Var(-L(2) ) = VarC-L12^) 

and p ' = Cor (-Lq2^,-Lp^) , t h e n  one may t a k e  E ( - L ^  +  E (-L^2) ) = p, ,

- I  i f  p <  O ,

^  I  +  ( I  -  4P2 ) ^  ,

and o3 = d2 -  O1 . T h i s  f o l l o w s  a t  once  upon n o t i n g  t h a t  

P = P yC1C2 /  (o f  + o f )  .
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L e t  h ( s )  b e  t h e  g e n e r a t i n g  f u n c t i o n  f o r  t h e  d i s t r i b u t i o n  o f  t h e  

number o f  o f f s p r i n g  o f  e a c h  i n d i v i d u a l ,  w i t h  h / ( l )  = m <  => , and l e t  

E 1 ( S j t )  be  t h e  g e n e r a t i n g  f u n c t i o n  f o r  a  p r o c e s s  t h a t  b e g in s  w i t h  one 

i n d i v i d u a l  t h a t  a t  t im e  t  = 0 h a s  o n ly  i t s  second  l i f e  r e m a in in g .

U sing  t h e  m ethods  o f  C h a p te r  I I  i t  c a n  b e  shown t h a t

The mean

E 1 ( S j t )  = S (1  - G 2 ( t ) ) +  h ( s ) [ G 3 ( t )  -  L ( t ) ]

( 3 . 6 . 1 )

+ h [E 1 ( s , t - u ) ] d L ( u )  .

Mi(C) = ^ F 1 ( S j t )
s = l

s a t i s f i e s

M1 ( t )  = I  +  G2 ( t )  +  m[G2 ( t )  -  L ( t ) ]

( 3 . 6 . 2 )

+ '  m M1 ( t  - u )d L (u )  .

A p p ly in g  Lemma 1 . 4 . 3 ,  i f  G2 (O) = 0 , L(c°) = I  , and m >  I  , t h e n

zyf-
M1 ( t )  ~  Ae • as t  CO ( 3 . 6 . 3 )
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w here  a  i s  t h e  s o l u t i o n  o f

e " a t d L ( t ) ( 3 . 6 . 4 )

and

A

P00J {1 -  Gs ( t )  +  m[G2 ( t )  -  L ( t ) ] } e  “  d t

m t e  ^ d L ( t )
J 0

( 3 . 6 . 5 )

Now l e t  F ( s , t )  b e  t h e  g e n e r a t i n g  f u n c t i o n  o f  a  p r o c e s s  

b e g in n in g  w i t h  one i n d i v i d u a l  b o r n  a t  t im e  t  = 0 ( h a v in g  b o t h - i t s  f i r s t  

l i f e  and s e co n d  l i f e  r e m a i n i n g ) . I t  c a n  b e  shown by t h e  m ethods  u s e d  i n  

C h a p te r  I I  t h a t

F ( S j t ) s ( l  -  G1 ( t ) )  -f F 1 ( s , t  -  u )dG 1 (u )  .
0

The mean

M (t)

i s  g i v e n  by

M (t)
(%t

I -  G1 (L) + ^ M1 ( t  -  u )dG 1 (u )  
0

( 3 . 6 . 6 )

( 3 . 6 . 7 )
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U sin g  Lemma 1 . 4 . 2 ,  i t  c an  be shown t h a t  i f  m > I  , G2 (O) = 0 and 

L(oo) = I  t t h e n

M (t)  ~  ea  aJ e ^ d G i  (u )  a s  t  -t> = . ( 3 . 6 . 8 )

S i m i l a r  t e c h n i q u e s  may b e  u s e d  t o  i n v e s t i g a t e  t h e  h i g h e r  m om ents .



Chapter IV

■ AN AGE-DEPENDENT BIRTH-AND-DEATH PROCESS

4 .1  I n t r o d u c t i o n

As p o i n t e d  o u t  i n  C h a p te r  I ,  a  f e a t u r e  o f  t h e  B e l lm a n - H a r r i s  

p r o c e s s  w h ich  l i m i t s  i t s  r a n g e  o f  a p p l i c a t i o n  i s  t h a t  t h e  b i r t h  o f  a 

new i n d i v i d u a l  o c c u r s  o n ly  a t  t h e  i n s t a n t  o f  d e a t h  o f  t h e  p a r e n t .  The 

p r o c e s s  i n v e s t i g a t e d  i n  t h i s  C h a p t e r s h o w e v e rs a l l o w s  b i r t h s  t o  o c c u r  

t h r o u g h o u t  t h e  l i f e  o f  t h e  p a r e n t .

We assum e t h a t  a  s i n g l e  i n d i v i d u a l  i s  b o r n  a t  t im e  t  =  0 „ 

l i v e s  f o r  a  random l e n g t h  o f  t im e  -L w i t h  d i s t r i b u t i o n  G ( t )  . At 

random t im e s  d u r in g  i t s  l i f e t i m e  t h i s  i n d i v i d u a l  g i v e s  b i r t h  t o  o f f ­

s p r i n g  t h a t  behave  i n  a s i m i l a r  m an n e r ,  t h e  b e h a v io u r  o f  e a c h  i n d i v i d u a l  

b e in g  in d e p e n d e n t  o f  a l l  o t h e r s . The random  f u n c t i o n  N ( t )  w h ich  c o u n ts  

t h e  number o f  o f f s p r i n g  t h e  i n i t i a l  i n d i v i d u a l  h a s  i n  t h e  a g e - i n t e r v a l  

[ 0 st ]  i s  d e te r m in e d  by random ly  s to p p i n g  an  a r b i t r a r y  c o u n t i n g  p r o c e s s  

K ( t )  a t  -L ; i . e . s

K ( t )  i f  t  £  -L

and  we assum e t h a t  K ( t )  and  -L a r e  in d e p e n d e n t

The random f u n c t i o n  Z ( t )  g i v i n g  t h e  s i z e  o f  t h e  p o p u l a t i o n  a t



-80-

t im e  £ i s  a  g e n e r a l i z a t i o n  o f  t h e  p r o c e s s  d i s c u s s e d  b r i e f l y  by H a r r i s  

(1963) w h ich  he a l s o  c a l l s  a n  " a g e - d e p e n d e n t  b i r t h - a n d - d e a t h  p r o c e s s " .  I n  

f a c t  i f

G ( t )  =F I  - e x p J  p , (x )d x j

and K ( t )  i s  a  P o i s s o n  p r o c e s s  w i t h  mean f u n c t i o n

pt
E [ K ( t ) }  =  J ■ X ( t ) d t  , 

o

we have  H a r r i s ’ p r o c e s s .  

Xf

G ( t )  =  I  - e ' ^

and  K ( t )  i s  a  compound homogeneous P o i s s o n  p r o c e s s ,  Z ( t )  becomes a 

Markov b r a n c h in g  p r o c e s s  w h ich  i s  a  s p e c i a l  c a s e  o f  a  B e l lm a n - H a r r i s  p r o c e s s .  

H ow ever, i n  g e n e r a l  Z ( t )  i s  n e i t h e r  a  s p e c i a l  c a s e  n o r  a  g e n e r a l i z a t i o n  

o f  t h e  B e l lm a n - H a r r i s  p r o c e s s .

Ifc h a s  r e c e n t l y  b e e n  b r o u g h t  t o  t h e  a t t e n t i o n  o f  t h e  a u th o r  t h a t  Ryan 

(1967) h a s  s t u d i e d  a  m ore g e n e r a l  p r o c e s s  i n  w h ic h  t h e  p r o b a b i l i t y  o f  an  

i n d i v i d u a l  d y in g  i n  t h e  i n t e r v a l  ( t , t 4 d t )  depends  upon t h e  t im e s  i n
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[Ost ]  a t  w h ic h  t h e  i n d i v i d u a l  h a s  g iv e n  b i r t h .  H ow ever» i n  a p r i v a t e  

co m m u n ic a t io n ,  Ryan h a s  i n d i c a t e d  t h a t  h i s  r e s u l t s  have  been  m a in ly  f o r  

t h e  c a s e  i n  w h ich  t h e  mean number o f  o f f s p r i n g  p e r  i n d i v i d u a l  i s  l e s s  t h a n  

o n e ,  so  t h e  o n ly  o v e r l a p  i n  h i s  r e s u l t s  and t h o s e  i n  t h i s  c h a p t e r  seems t o  

be  i n  Theorems 4 . 7 . 2 ,.and 4 . 7 . 4  ( i i i ) . A p p a r e n t ly  we c a n  o b t a i n  t h e  l e v e l  

o f  g e n e r a l i t y  o f  R y a n 's  m odel by d ro p p in g  t h e  a s s u m p t io n  t h a t  K ( t )  and 

£  a r e  i n d e p e n d e n t . T h i s  a s s u m p t io n  d o es  n o t  p l a y  a  m a jo r  r o l e  u n t i l  

S e c t i o n  4 . 8  a n d ,  i n  p a r t i c u l a r ,  t h e  r e s u l t s  i n  S e c t i o n s  4 . 4  -  4 .7  a r e  n o t  

d e p e n d e n t  upon  i t .

I t .  s h o u ld  a l s o  be m e n t io n e d  t h a t  m ost  o f  t h e  r e s u l t s  o f  Goodman 

(1967) on t h e  p r o b a b i l i t y  o f  e x t i n c t i o n  f o r  s e v e r a l  b i r t h - . a n d - d e a t h  p r o ­

c e s s e s  a r e  e a s i l y  d e d u c i b l e  a s  s p e c i a l  c a s e s  o f-T h eo rem  4 . 6 . 1 .

4 . 2  The p r o b a b i l i t y  s p a c e

As i n  S e c t i o n  2 . 2 ,  f o r  e a c h  p o s i t i v e  i n t e g e r  n  a!nd e a c h  n - t u p l e  

I  = i x . . . i n o f  p o s i t i v e  i n t e g e r s ,  ( I 1 . . . i n ) d e n o te s  a  member o f  t h e  

p o p u l a t i o n  and  t h e  se q u e n c e  I 1 . . . I le d e n o te s  i t s  l i n e  o f  d e s c e n t .  I n  

a d d i t i o n ,  t h e  i n d i v i d u a l  (0 )  c o m p r i s e s  t h e  0 - t h  g e n e r a t i o n  and 

( I ) , ( 2 ) , ( 3 ) , . . .  a r e  h i s  o f f s p r i n g .  T h u s ,  f o r  exam ple (3 2 )  i s  t h e  

s e co n d  c h i l d  o f  ( 3 )  who i n  t u r n  i s  t h e  t h i r d  c h i l d  o f  (O) .

By a  f a m i ly  h i s t o r y  we mean a  s e q u e n c e

(u =  "̂ t0 , Tq ,T^; ^,T11; . . . ( 4 . 2 . 1 )
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w here  t h e  s u b s c r i p t s  r u n  o v e r  a l l  e le m e n ts  o f  J  i n  some s p e c i f i e d  o r d e r .  

(The s e t  =9 i s  d e f i n e d  a s  i n  S e c t i o n  2 . 2 ,  e x c e p t  i t  now c o n t a i n s  t h e  

a d d i t i o n a l  e le m e n t  0 . As b e f o r e ,  a n  a r b i t r a r y  e le m e n t  o f  =9 i s  d e n o te d  

by  I . )  The s e t  o f  a l l  su c h  f a m i ly  h i s t o r i e s  i s  d e n o te d  by  Q  . Each

i s  a  n o n - n e g a t iv e  r e a l  number and r e p r e s e n t s  t h e  l i f e - s p a n  o f  i n d i v i d u a l  

( l )  . Each T j  i s  i t s e l f  a  s e q u en c e  o f  t h e  form

TI . )

w here  e a ch i s  a n  e x te n d e d  r e a l  number and

( 4 . 2 . 2 )

0 <  t ^ 1) <  t £ 2) <  . . .S L . ( 4 . 2 . 3 )

and  r e p r e s e n t s  t h e  t im e s  s t a r t i n g  f r o m . b i r t h  a t  w hich  t h e  i n d i v i d u a l  ( l )  

g i v e s  b i r t h .  F o r  e x a m p le ,  i f  t ^ g  = x  > t h e n  (1232)  i s  b o r n  x  t im e  

u n i t s  a f t e r  t h e  b i r t h  o f  (1 2 3 )  . The e q u a l i t y  t ^  = means t h a t

( l )  g i v e s  b i r t h  t o  tw% o f f s p r i n g  a t  t h e  common t im e .  I f  t ^ <c° and 

t ^ + ^^ = = . . . =  oo 3 t h i s  s im p ly  means t h a t  ( l )  h a s  no more t h a n

j  o f f s p r i n g ,  no m a t t e r  how lo n g  he  l i v e s .  As was a l s o  t r u e  f o r  t h e  f a m i ly  

h i s t o r i e s  d e f i n e d  i n  S e c t i o n  2 . 2 ,  e a c h ,  to c o n t a i n s  n o n e s s e n t i a l  i n f o r m a t i o n  

s i n c e  we s im p ly  i g n o r e  " b i r t h s '*  t h a t  o c c u r  a f t e r  t h e  d e a t h  o f  t h e  p a r e n t .
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The s p a c e  Q may a l s o  be e x p r e s s e d  a s  th e  p r o d u c t  s p a ce

*o
X X Qri X « « » 

I
( 4 . 2 . 4 )

w here  e a c h  i s  a n o n - n e g a t iv e  r e a l  l i n e  and e a c h  i s  t h e  s u b s p a c e

d e te r m in e d  by t h e  i n e q u a l i t i e s  ( 4 . 2 . 3 )  o f  a  c o u n ta b l e  p r o d u c t  o f  e x te n d e d

r e a l  l i n e s . As i n  S e c t i o n  2 .2  t h e  c - a l g e b r a  (I i s  t h e  p r o d u c t  x y a l g e b r a

d e te r m in e d  by t h e  r e p r e s e n t a t i o n  ( 4 . 2 . 4 ) .

To d e f i n e  a  p r o b a b i l i t y  m easu re  P on t h e  m e a s u r a b le  s p a c e

(Q , . G ), l e t  P ,  be t h e  p r o b a b i l i t y  on Q. d e te r m in e d  by a d i s t r i b u -  
, 1  - I

t i o n  G ( t ) s w i t h  G(O) =  0 , and l e t  P be a  p r o b a b i l i t y  d e f i n e d  on
TI

fL » w i t h  e a c h  Prp $ I e J  , h a v in g  a common law . The p r o b a b i l i t y  P 
I  I

i s  t h e n  d e f i n e d  t o  be t h e  u n iq u e  p r o b a b i l i t y  d e t e r m i n e d 'b y  t h e  p r o b a b i l i t i e s  

on t h e  c o o r d i n a t e  s p a c e s  and t h e  p r o d u c t  p r o b a b i l i t y  th e o re m  (Loeve 

( 1 9 6 3 ) page  9 1 ) .  T h i s  a p p l i c a t i o n  o f  t h e  p r o d u c t  p r o b a b i l i t y  th eo rem  

i m p l i e s  t h a t  f o r  any i n d i v i d u a l  ( l )  , i t s  l i f e  sp a n  and  t h e  t im e s  .

T^ a t  w h ich  i t  g i v e s  b i r t h  a r e  in d e p e n d e n t  and  t h e s e  q u a n t i e s  a r e  a l s o  

i n d e p e n d e n t  o f  t h e  c o r r e s p o n d in g  q u a n t i t i e s  o f  t h e  o t h e r  i n d i v i d u a l s .

4 . 3  P r o p e r t i e s  o f  t h e  c o u n t i n g  f u n c t i o n s  K ( t )  and N ( t )  .

D e f i n i t i o n  4 . 3 . 1 : F o r  e a c h  I s J  „ l e t
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and

K3-Ct) Ba

N3-(C)

j o  i f

yA 
■

Z1S

J s u p { i ; 4 1>s £ ?

K1 (C) i f '  ^ x>  ;t

W i f  I t *  t

NI  =

o t h e r w i s e .

( 4 . 3 . 1 )

( 4 . 3 . 2 )

( 4 . 3 . 3 )

( j )The random f u n c t i o n  ( t )  s im p ly  c o u n t s  t h e  p o i n t s  t | J> i n  t h e . i n t e r v a l  

C o , t ]  . Each r e a l i z a t i o n  o f  ( t )  a ssum es n o n - n e g a t iv e  i n t e g e r  v a l u e s  . 

o n l y ( i n c l u d i n g  p o s s i b l y  i n f i n i t y )  and  i s  n o n d e c r e a s in g  and  c o n t in u o u s  from

t h e  r i g h t .  The f u n c t i o n  ( t )  r e p r e s e n t s  t h e  num ber o f  o f f s p r i n g  b o rn  

t o  . ( I )  w i t h i n  t  u n i t s  a f t e r  i t s  b i r t h  and  N3. r e p r e s e n t s  t h e  t o t a l  

num ber o f  o f f s p r i n g  b o rn  t o  ( I )  '.  We may a l s o  w r i t e

Nv = L i m W ( C )  ' ( 4 . 3 . 4 )
1 t-ka 1

F r e q u e n t l y ,  we s h a l l  d e n o te  Kq (C ) ,N q (C ),N q 9t ^ ^ , and  £q

by K ( t ) j N ( t ) ,N 9C ^ j and  -t , r e s p e c t i v I y .

Q u i t e  a  few  o f  t h e  r e s u l t s  we s h a l l  o b t a i n  a r e  e x p r e s s i b l e  i n  term 's 

o f  d i s t r i b u t i o n  G ( t )  =  P [ - t ^ t ]  and  t h e  mean f u n c t i o n
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A (t)  = E [ K ( t ) ]  . ( 4 . 3 . 5 )

F o r  t h e  r e m a in d e r  o f  t h i s  c h a p t e r  we s h a l l  assum e t h e  f o l l o w i n g  c o n d i t i o n s  

a r e  m et by t h e s e  f u n c t i o n s .

C o n d i t io n s  fo r.  G ( t )  and  A ( t ) :

( i )  The f u n c t i o n  G ( t )  i s  n o n d e c r e a s i n g a c o n t in u o u s  from  t h e  r i g h t ,

G(Or)  =  0 and  G(<=) =  I. .

( i i )  The f u n c t i o n  A ( t)  i s  f i n i t e j  n o n d e c r e a s i n g ,  c o n t i n u o u s , e q u a l  t o  

z e r o  when t  =  0 , b u t  n o t  i d e n t i c a l l y  z e r o .

I t  s h o u ld  be" n o t e d  t h a t  f o r  any f u n c t i o n  A ( t)  w i t h  t h e  p r o p e r t i e s  

g i v e n  i n  ( i i ) , t h e r e  i s  a  c o u n t in g  f u n c t i o n  K ( t )  su ch  t h a t  E [ l i ( t ) ]  =  A ( t )  . 

F o r  e x a m p le ,  one may t a k e  K ( t )  t o  b e  a  nonhomogeneous P o i s s o n  p r o c e s s  

w i t h  mean A ( t)  . The r e q u i r e m e n t  t h a t  A ( t)  be  c o n t in u o u s  i s  n o t  e s s e n t i a l  

and  f o r  m o st  r e s u l t s  g iv e n  i n  t h e  s e q u e l ,  a  c o r r e s p o n d in g  r e s u l t  may be 

p ro v e d  f o r  t h e  c a s e  A ( t)  i s  o n ly  c o n t in u o u s  from t h e  r i g h t .

L e t  u s  d e n o te  t h e  g e n e r a t i n g  f u n c t i o n s  o f  K ( t )  ,  N ( t )  , and N 

by  h ^ ( s , t )  , h ^ ( s , t )  , and  h ( s )  , r e s p e c t i v e l y .

Theorem  4 . 3 . 1 : ( i )  The g e n e r a t i n g  f u n c t i o n s  h ^ ( s , t )  and  h ( s )  a r e  g i v e n  .

i n  t e rm s  o f  h _ . ( s , t )  by
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h j jC s . t )  = J  h g ( s ,u ) d G ( u )  +  [ I  - G ( t ) ] h ^ ( s , t )  ( 4 . 3 . 6 )

and

Pco
h ( s )  =J ■ hK(s» u )d G (u ) ( 4 . 3 . 7 )

tSO and  | s  | < i

( i i )  The means o f  N ( t )  and  N s a t i s f y

and

Pt
E [ N ( t ) ]  =  J A(u)dG(u) +  A ( t ) [ l  - G ( t ) ]  \  ( 4 . 3 . 8 )

o

Pt= J [l -G (u )  IdA (u)

E(N) =J A(u)dG(u) =  J .[I -G (u) ]dA(u) ( 4 . 3 . 9 )

i n  t h e  s e n s e  t h a t  i f  one  i n t e g r a l  c o n v e rg e s  t h e n  so d o e s  t h e  o t h e r  and th e y  

a r e  e q u a l .



P r o o f ;  U s in g  c o n d i t i o n a l  e x p e c t a t i o n s  and  D e f i n i t i o n  ( 4 . 3 . 1 ) »  we g e t

hN( s , t )  = E [ s N ( t ) ]  = E { E [ s N ( t )  1^3}

=J E [ s N ( t )  | t ] d P ^  4- J ^E[sN ( t )  I H d - P l

■ =J h ^ ( s , u ) d G ( u )  +  [ l  -G(t)3hK( s s t )

w hich  p r o v e s  ( 4 . 3 . 6 ) .  E x p r e s s i o n  ( 4 . 3 . 7 )  f o l l o w s  from  ( 4 . 3 . 4 )  and ( 4 . 3 . 6 )  

by a p p ly in g  t h e  bounded c o n v e rg e n c e  th e o re m .

S in c e  A ( t )  i s  f i n i t e  on e v e r y  f i n i t e  i n t e r v a l , we c a n  d i f f e r e n t i a t e

( 4 . 3 . 6 )  w i t h  r e s p e c t  t o  s ,  and i n t e r c h a n g e  o p e r a t i o n s  o f . i n t e g r a t i o n  and  

d i f f e r e n t i a t i o n  by a  c o r o l l a r y  o f  t h e  d o m in a te d  c o n v e rg e n c e  th eo re m  (Loeve 

( 1 9 6 3 ) ,  p a g e  1 2 6 ) .  I f  we p e r fo rm  t h e s e  o p e r a t i o n s  and p u t  s =  I  i n  t h e  

r e s u l t i n g  e x p r e s s i o n ,  we g e t  •

•
E[w (t )3  =  A(u)dG(u) + -A (C )E l -G (t )3  ( 4 . 3 . 1 0 )

o '

w h ic h  i s  t h e  f i r s t  e q u a l i t y  i n  ( 4 . 3 . 8 ) .  The se co n d  e q u a l i t y  f o l l o w s  by



a p p l y i n g  t h e  i n t e g r a t i o n  by p a r t s  th e o r e m  f o r  R i e m a n n - S t i e l t j e s  i n t e g r a l s  

t o  ( 4 . 3 . 1 0 ) .

The p r o o f  o f  ( 4 . 3 . 9 )  i s  q u i t e  s i m i l a r  t o  t h a t  o f  Lemma 6 .1 ,  page  148, 

o f  F e l l e r  ( 1 9 6 6 ) .  F i r s t  n o t e  t h a t  by t h e  m onotone c o n v e rg e n c e  theo rem

E(N) =  Lim E [ N ( t ) ]  .

T h e r e f o r e ,  l e t t i n g  t-t® i n  t h e  two e x tre m e  te rm s  o f  ( 4 . 3 . 8 )  we. o b t a i n

E(N) =  J [ I  -G (u ) ]d A (u )  ( 4 . 3 . 1 1 )
o

w h e th e r  o r  n o t  t h i s  i n t e g r a l  i s  f i n i t e .  I f  i t  i s  f i n i t e  t h e n

J A(u)dG(u) ( 4 . 3 . 1 2 )

i s  f i n i t e  a l s o ,  s i n c e  by ( 4 . 3 . 8 ) ,  t h i s  i n t e g r a l  i s  no l a r g e r  t h a n  th e  i n t e g r a l  

i n  ( 4 . 3 . 1 1 ) .  On t h e  o t h e r  h a n d ,  i f  ( 4 . 3 i 12) i s  f i n i t e ,  t h e n

Lim A(u)dG(u)
t

:= 0

and  s i n c e
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A ( t ) [ l  - G ( f c ) A ( u ) d G ( u )

we have

Lim A ( t ) [ l  - G ( t ) ]  = O  
t-to=

a l s o .  T h e r e f o r e ,  l e t t i n g  t-x» i n  ( 4 . 3 . 8 ) ,  we o b t a i n

J A(u)dG(u) =  J [ l  -G (u )  ]dA(u)<< 
o

w h ic h  c o m p le te s  t h e  p r o o f  o f  Theorem  4 . 3 . 1 .  '

4 . 4  An im bedded G a l to n -W a ts o n  p r o c e s s

■ As one  m ig h t  e x p e c t , t h e  s i z e s  o f  t h e  s u c c e s s i v e  g e n e r a t i o n s  fo rm

a  G a l to n -W a tso n  p r o c e s s .  The k - t h  g e n e r a t i o n  « ^ , k = 0 , l , 2 , . . .  J

i s  d e f i n e d  i n d u c t i v e l y  by =  {.(0)} , =  { ( i )  ; l ^ i ^ I ^ }  a n d ,  a s su m in g

4  i s  d e f i n e d ,  4  , i i s  t h e  s e t  o f  i n d i v i d u a l s  ( I 1 . . . ! ,  . , )  su ch  t h a t  k  ■ k-H 1 k+1

<i1 . . . i , > € 4  and  V i shI 1 . . . ^

f a m i ly  i s  d e n o te d  by ^  .

The num ber o f  i n d i v i d u a l s  i n  t h e
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Theorem 4 . 4 . 1 : The random v a r i a b l e s  a r e  a  G a l to n -W a tso n  p r o c e s s

w i t h  g e n e r a t i n g  f u n c t i o n  h ( s )  »

P r o o f ;  The c h a r a c t e r i s t i c  p r o p e r t y  o f  a  G a lto n -W atso n  p r o c e s s  i s

E C S ^  I >1 j * • • j ^n-aJ'= Ch(S)]^1"1 s n  =  I  , 2 ( 4 . 4 . 1 )

Upon n o t i n g  t h a t  (N^9IerJl) i s  a  c o l l e c t i o n  o f  in d e p e n d e n t  random 

v a r i a b l e s ,  e a c h  w i t h  g e n e r a t i n g  f u n c t i o n  h ( s )  , t h e  p r o o f  r e d u c e s  t o  

t h a t  o f  Theorem 5 .1  o f  H a r r i s  ( 1 9 6 3 ) ,  page  .127 . '

4 . 5  The b r a n c h in g  p r o c e s s e s  Z ( t )  , B ( t )  , and D ( t )

I n  t h i s  s e c t i o n ,  w h ich  i s  a n a lo g o u s  t o  s e c t i o n  2 . 3 ,  we s h a l l  d e f i n e  

random f u n c t i o n s  d e n o t i n g  t h e  number o f  i n d i v i d u a l s  t h a t  a r e  a l i v e  a t  

t im e  t  , have  b e e n  b o r n  by t im e  t  , a n d . have  d i e d  by t im e  t  . We 

s h a l l  a l s o  g iv e  a  r e s u l t  s i m i l a r  t o  Lemma 2 . 4  w hich  w i l l  b e  u s e f u l  i n  

d e r i v i n g  i n t e g r a l  e q u a t i o n s .

D e f i n i t i o n  4 . 5 . 1 ; F o r  e a c h  I  =  I 1 * . . i K l e t

I  i f  t
o o 1 I S-I  >

Z1 ( I 9U)) =
( 4 . 5 . 1 )

o i  s-r i s

O o t h e r w i s e ,
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CKt<<» s o)efi .

c

(An o b v io u s  m o d i f i c a t i o n  m ust be made i f  1 = 0 ) .

Then l e t

Z ( t,u ) )  = ^ Z z C t1 U)) . ( 4 .5 .2 )
1 Iec9

The f u n c t io n  Z ( t )  i s  s im p ly  th e  num ber o f  i n d iv i d u a l s  a l i v e  a t  tim e

t  . F o r a  d i s c u s s io n  o f  s i m i l a r  d e f i n i t i o n s  th e  r e a d e r  i s  r e f e r r e d  t o .
0

s e c t i o n  2 .3  o f  t h i s  t h e s i s  and t o  pag e  125 o f  H a r r i s  (1 9 6 3 ) .

I n  an  a n a lo g o u s  f a s h i o n ,  we may d e f in e  B ( t )  , t h e  num ber o f  

i n d iv i d u a l s  b o rn  by tim e  t  , and D ( t )  , t h e  num ber w h ich  hav e  d ie d  by 

tim e  t  . The d e f i n i t i o n  o f  B ( t )  e s s e n t i a l l y  am ounts t o  re c o p y in g  

D e f i n i t i o n  4 .5 .1  and d e l e t i n g  th e  t h i r d  l i n e  o f  i n e q u a l i t i e s  i n  ( 4 . 5 . 1 ) .  

Then D ( t )  may be d e f in e d  a s

D ( t )  =  B ( t )  -  Z ( t )  ( 4 .5 .3 )

w henever th e  d i f f e r e n c e  i s  d e f in e d .  As we s h a l l  s e e ,  D ( t )  i s  d e f in e d  

a lm o s t s u r e l y .  S in c e  t h e r e  a r e  a n a lo g o u s  r e s u l t s  f o r  th e  f u n c t io n s
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Z ( t )  , B ( t )  , and D ( t)  i n  many i n s t a n c e s ,  we s h a l l  o f t e n  p ro v e  a r e s u l t  

f o r  Z ( t )  and th e n  s t a t e  th e  c o r r e s p o n d in g  r e s u l t  f o r  B ( t )  and D ( t)  . 

S in c e  th e  sam ple f u n c t io n s  o f  B( t )  and  D ( t )  a r e  n o n d e c re a s in g ,  t h e r e  

a r e  c e r t a i n  i n s t a n c e s  i n  w h ich  th e s e  f u n c t io n s  a r e  e a s i e r  t o  w ork w ith  

th a n  Z ( t )  .

F o r  e a c h  to =  (-Lq , Tq ; -L1  , T 1  ; ■ . . i n  th e  s p a c e  Q , l e t  

(O1 —- (-L1 $ T 1 5 -L1 i i  » *»«) ♦ Xje t  O1 , x  — 1 , 2 ,  , be th e

s e t  o f  a l l  su ch  W1 and l e t  Oq be th e  s e t  o f  a l l  o r d e r e d  p a i r s  

(-Lq , Tq ) . _ Then 0  may be r e p r e s e n te d  i n  th e  form

o  —z 0 ^  x  O 1  x  O g  x  • • •

L e t  u s  d e n o te  th e  p r o b a b i l i t y  in d u c e d  on O1 by P 1 , i  =  0 , I  • • •

E ach  s p a c e  O1 j i = l , 2 ,  . . .  , i s  a  p r o b a b i l i s t i c  r e p l i c a  o f  0  

so  th e  sym bol Z ( t ,w 1) , i  =  I  , 2 , . . .  , h a s  an  o b v io u s  m ean in g .

Lemma 4 . 5 . 1 : The f u n c t io n  Z( t , w) s a t i s f i e s  th e  e q u a t io n

N ( t )

Z (t,co ) =  Y j Z ( t - t ^ p u ) j )  +  I  -  6( t  -  -Lq) ( 4 .5 .4 )

j = l  .

w i th  th e  c o n v e n tio n  t h a t  i f  N ( t)  =  0 th e  sum v a n i s h e s . The f u n c t io n

6  i s  d e f in e d  by
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I  i f t&O

6 ( t )  =  /

) 0  i f t < 0

( 4 .5 .5 )

Rem ark: The p r o o f  o f  th e  lemma w i l l  be o m i t te d .  The r e a d e r  may r e f e r  to  

th e  d i s c u s s io n  a t  th e  end o f  s e c t i o n  2 .3  and  t o  page  129 i n  H a r r i s  (1963) 

f o r  a  p r o o f  o f  a  s i m i l a r  r e s u l t .

4 .6  P r o b a b i l i t y  o f  e x t i n c t i o n

The p r o b a b i l i t y  q t h a t  5 th e  p o p u la t io n  e v e n tu a l ly  becom es e x t i n c t  

i s  d e f in e d  by

q — ? [ Z ( t )  =  0 f o r  some t ]  . ( 4 .6 .1 )

One w ould  e x p e c t  t h a t  q i s  th e  same a s  th e  e x t i n c t i o n  p r o b a b i l i t y  . 

o f  th e  im bedded G a lto n -W atso n  p r o c e s s  . A lth o u g h  t h i s  d o es  tu r n

o u t  t o  b e . t h e  c a s e ,  a  p r o o f  i s  r e q u i r e d  s i n c e ,  in  f a c t ,  n e i t h e r  o f  th e  

s e t s  [ z ( t )  =  6 f p r  some t ]  o r  =  O f o r  some . k ]  i s  a  s u b s e t

o f  th e  o t h e r .  To d e m o n s tra te  t h i s  f a c t  we o f f e r  th e  fo l lo w in g  two e x a m p le s . 

Exam ple I : Suppose w i s  a  p o i n t  i n  Q su c h  t h a t  e v e ry  g e n e r a t io n  i s

non -em p ty  and  e a c h  member o f  th e  K -t h  g e n e r a t i o n  h a s  l i f e - s p a n  1 / 2  

Then Z(3,co) = O  , b u t  E^X) f o r  a l l  k  .

I
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Exam ple 2 : Suppose to i s  a p o in t  i n  fi su c h  t h a t  ,̂ =  I  ,

1 / 2  =  t ^ 1  ̂ =  t ^ 2  ̂ =  , =  k  , and =  k  +  I  f o r  k  = I  , 2  . . .

I t  can  e a s i l y  be v e r i f i e d  t h a t  Jg3 ((d) =  (•«)) =  . . .  = 0  b u t

Z(t'jO)) =  <» f o r  a l l  t  >  1 /2  .

By th e  f o l lo w in g  th e o re m , Iihow ever, th e  e v e n ts  i l l u s t r a t e d  in  t h e s e  

exam ples o c c u r  w i th  p r o b a b i l i t y  z e r o .  .

Theorem  4 . 6 . 1 ; L e t  A be th e  e v e n t  [E k =  0 f o r  some k ]  and l e t  B 

be the* e v e n t  [ Z ( t )  =  0 f o r  some t ]  . T hen P(A) =  P(B )

P r o o f :  F o r  a f ix e d  k  >  0 and a f ix e d  t  , we have

PCEltX) ; Z ( t )  = O l  = P C 1 U  1 [ < i i . . . i k )eJ% ; Z ( t )  =  0 ]}
i"  * :•*

<

S^P.[ ( i  j . . .  i k ) Sc.9k : Z ( t )  — 0 3
" i k

( 4 .6 .2 )

'V'i S1^ c r i +  t f 1 ®̂ + . . . +  t +  -te
J e - I

i ^  t ]
k

The seco n d  i n e q u a l i t y  s im p ly  e x p re s s e s  th e  f a c t  t h a t  i f  an  i n d iv i d u a l  

( l )  i s  a c t u a l l y  b o rn  and  th e  p r o c e s s  i s  e x t i n c t  by tim e  t  , th e n  

( l ) ,  m ust have  d ie d  by t h i s  t im e . . I f  we s e t
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F 1 ( t )  =  3 t ]

( I )and  n o te  t h a t  t ^  ^ t  i f  and o n ly  i f  - S i  , we s e e  t h a t  ( F e l l e r

(1 9 5 7 ) , pag e  249)

j % F j ( t )  -  ^ P C K C t) a ' j ]  = E [ K ( t ) ]  =  A (t)  . ( 4 .6 .3 )

U sin g  t h i s  f a c t ,  th e  l a s t  l i n e  i n  ( 4 .6 .2 )  becom es -

o

=  G*1 F * . 
i a = l  I 1

=  G*Ak* ( t )  .

B u t by Lemma 1 .4 .1  th e  l a s t  l i n e  o f  ( 4 .6 .4 )  a p p ro a c h e s -1 z e ro  f o r  f ix e d  

t  a s  k'->to . T h e r e f o r e ,

Lim P [ ^ > 0  ; Z ( t )  =  0 ]  = , 0 . 
k-ko

I
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I t  n<?w fo l lo w s  e a s i l y  t h a t

CS

P (A ' B) =  P [ | k>0 f o r  a l l  k  ; 'Z ( t )  =  0 f o r  some t ]

CO

p { U
t = i

n [ § .  >0  ;  z ( t )
k = l

= 0 ])

= Lim Lim P [ ^ X )  ; Z ( t )  =  0 ]
t-^05 k  -tCO ■

■ =  0

and, t h e r e f o r e

P(B ) =  P(AB)H-P(A1 B) =  P(AB) S P(A) .

The p r o o f  w i l l  be c o m p le te  upon d e m o n s tra t in g  th e  r e v e r s e  i n e q u a l i t y  

I f ,  f o r  some k  , =  0 and ^ < to , j  =  I  , 2 . . .  k -1  , th e n  i t  i s

o b v io u s  t h a t  Z ( t )  =  0 f o r  some t  . C o n s e q u e n tly , i f  HtXS AB 7 , th e n  

=  co f o r  some j  , and t h i s ,  i n  t u r n ,  im p l ie s  t h a t  K^.( t )  .=  »  f o r  

some t  and I  . T h e r e f o r e ,
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P ( A S ') SP[Kg.( t )  =  <» f o r  some t  and l ]

■ = p { U  C 1 [ k  ( t )  =  “ ] }
I e J t = I

«  E':.S PCK1 Ct) =  oo] =  o

s in c e  A ( t)< ro f o r  a l l  t  ' im p l ie s  ? [ K ( t )  =  =°] =  0 f o r  a l l  t  . As 

b e f o r e ,  we have

P(A) =  P(AB)+P(AB/,> =  P(AB) S P ( B )

and th e  p r o o f  i s  c o m p le te .

C o r o l l a r y ; The p r o b a b i l i t y  o f  e x t i n c t i o n  q i s  th e  s m a l l e s t  non- 

n e g a t iv e  r o o t  o f  th e  e q u a t io n

s J h ^ (s ,u ) d G ( u )  .
o '

I f
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05
h ' ( l )  =  I [ l  -G (u)]dA (u) S I 

j O

and h ( s )  th e n  q =  I  . O th e rw is e , q i s  l e s s  th a n  o n e .

P r o o f : The p r o o f  fo llo w s  d i r e c t l y  from  Theorem s 4 .3 .1  and  4 .4 .1  and

rem ark s  made i n  S e c t io n  1 .2 .

E xam pIe: ( th e  b i r t h  and d e a th  p r o c e s s )

Suppose K (t^  i s  a P o is s o n  p r o c e s s  w i th  A (t)  =  Xt and  G ( t)  =  I  - e  

By Theorem  4 .3 .1

h ( s ) sX t ( s - l ) e - n t d t
H X(S-TL)

The f ix e d  p o i n t  o f  h ( s )  =  s can  e a s i l y  be se e n  to  be jVX and

h / ( l )  =  X/'H • T h e r e f o r e ,  by th e  c o r o l l a r y ,  q =  I  i f  X ^  ti and .
/ -

q =  p,/X i s  X >  |i . T h is  r e s u l t  was o b ta in e d  i n  a n o th e r  way by 

K e n d a ll  (1 9 4 9 ) .

4 .7  F i r s t  moments

We s h a l l  d e m o n s t r a te ,  f i r s t  o f  a l l ,  t h a t  th e  c o n d i t io n s  on A (t)  

and  G ( t)  g iv e n  i n  s e c t i o n  4 .3  a r e  s u f f i c i e n t  to  i n s u r e  th e  f i n i t e n e s s  

o f  M ( t ) .

Lemma 4 . 7 . 1 : F o r  e a c h  t  , E [ B ( t ) ]  <  «> .
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P r o o f :  F o r  e a c h  I  =  ( I 1 . . .  i k)e=9 l e t

bI ( t )

I  i f  t ^ % )  .
o  1 I  • • •  1 I i - I

0  o th e rw is e

(We assum e t h a t  bQ( t )  =  I  . )  The e v e n t  " ( I 1 . . . i b ) h a s  b een  b o rn  by

tim e  t  " i s  a  s u b s e t  o f  th e  e v e n t  [b  ( t )  =  l ]  and t h e r e f o r eX

B (.t) ^  2  b ( t )  .
I W

T a k in g  e x p e c t a t i o n s  and a g a in  u s in g  ( 4 .6 .3 )  we g e t

E [ B ( t ) ]  ^  S E [b  ( t ) ]  
I W

CO CO CO ,  .
= 1 + 2  2 . . .  2  F ( t )

k = l i p  I  ^= I 1  k ■

= 1 + 2  Ak"(t) 
k = l

/

and t h i s  l a s t  e x p r e s s io n  i s  f i n i t e  by Lemma 1 .4 .1 .

Theorem  4 . 7 . 1 : The f u n c t io n  M (t) i s  bounded on e v e ry  f i n i t e  i n t e r v a l

and P [ Z ( t )  =<»3 = O ' .
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P r o o f :  The seco n d  a s s e r t i o n  fo llo w s  from  th e  f i r s t ,  and th e  f i r s t

a s s e r t i o n  fo llo w s  from  Lemma 4 .7 .1  s in c e  Z ( t )  5  B ( t )  f o r  a l l  t  and 

B ( t )  i s  n o n d e c re a s in g .

Rem ark: The c o n d i t io n s  g iv e n  h e re  w h ich  a r e  s u f f i c i e n t  t o  i n s u r e  th e

f i n i t e n e s s  o f  M (t)  a r e  q u i t e  d i f f e r e n t  a n d , i n  a s e n s e ,  l e s s  s t r i n g e n t  

th a n  c o r r e s p o n d in g  c o n d i t io n s  f o r  th e  B e l lm a n -H a r r is  p r o c e s s .  A n e c e s s a ry  

c o n d i t io n  f o r  th e  f i n i t e n e s s  o f  th e  mean o f  th e  B e llm a n -K a r r is  p ro c e s s  

i s  G (0)h  ' ( I )  < I  (S e v a s t 'y a n o v  ( 1 9 6 7 ) ) .  The c o n d i t io n s  u se d  in  

Theorem  4 .7 .1  t o  show M (t)  <  <» w ere e s s e n t i a l l y  A(O) — 0 and A (t) <  »  , 

w h ich  a r e  c o m p le te ly  in d e p e n d e n t  o f  G and in c lu d e  th e  p o s s i b i l i t y  t h a t  

h ' ( I )  =  ro .

The s ta n d a r d  te c h n iq u e  (u se d  by H a r r i s  (1 9 6 3 ) , Ney (1 9 6 4 a ) , and 

Mode (1968a) f o r  exam p le) f o r  s tu d y in g  th e  moments o f  a b ra n c h in g
I

p r o c e s s  i s  t o  f i r s t  o b t a i n  an  i n t e g r a l  e q u a t io n  f o r  th e  g e n e r a t i n g  f u n c t io n  

o f  th e  p r o c e s s  and th e n  t o  d i f f e r e n t i a t e  i t  s u c c e s s iv e ly  t o  o b t a in  i n t e g r a l  

e q u a t io n s  f o r  th e  m om ents. H ow ever, i t  do es  n o t  seem p o s s i b l e  to  d e r iv e  

a u s e f u l  i n t e g r a l  e q u a t io n  f o r  th e  g e n e r a t i n g  f u n c t io n  i n  th e  p r e s e n t  

c a s e  w i th o u t  s a c r i f i c i n g  a  good d e a l  o f  g e n e r a l i t y .  (Such  an  e q u a t io n  

i s  d e r iv e d  i n  S e c t io n  4 .1 0  f o r  a s p e c i a l  c a s e . )  O n e 's  a b i l i t y  to  d e r iv e  

i n t e g r a l  e q u a t io n s  o f  t h i s  ty p e  seem s to  depend  upon th e  e x i s t e n c e  o f  a 

" p o in t  o f  r e g e n e r a t io n "  i n  th e  p r o c e s s  u n d e r  i n v e s t i g a t i o n ,  w h ich  i n  th e  

w ords o f  H a r r i s  (1 9 6 3 ) , i s

" ro u g h ly  s p e a k in g , . . .  an  e v e n t  i n  th e  h i s t o r y  o f  a  p r o c e s s  w i th  th e  
f o l lo w in g  p r o p e r t y ;  i f  we know t h a t  th e  e v e n t  h as  j u s t  o c c u re d  and know 
th e  s t a t e  o f  th e  p r o c e s s  j u s t  a f t e r  th e  o c c u r r e n c e ,  th e n  know ledge o f  th e
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h i s t o r y  o f  th e  p r o c e s s  p r i o r  t o  th e  e v e n t  i s  o f  no f u r t h e r  h e lp  in  
p r e d i c t i n g  th e  f u t u r e .

I n  a n  a g e -d e p e n d e n t  b ra n c h in g  p r o c e s s ,  t h e  d e a th  o f  th e  a n c e s to r  
seem s t o  be a  p o i n t  o f  r e g e n e r a t i o n . . . ' '

s
I t  i s  f a i r l y  c l e a r  t h a t  th e  d e a th  o f  th e  a n c e s to r  i s  n o t  a p o i n t  o f  

r e g e n e r a t io n  f o r  th e  p r e s e n t  p r o c e s s  and no o t h e r  e v e n t  seem s to  m eet 

th e  r e q u i r e m e n ts . We m ay, h o w ev er, d e r i v e  a  u s e f u l  i n t e g r a l  e q u a t io n  

f o r  M (t) , w i th o u t  w o rk in g  w i th  th e  g e n e r a t in g  f u n c t i o n .

Theorem  4 . 7 . 2 ; The f u n c t io n  M (t) s a t i s f i e s  th e  re n e w a l e q u a t io n

Tt
M (t)  =  I  - G ( t )  +  M ( t - u ) [ l  -G (u ) ]d  &(u) ( 4 .7 .1 )

o

an d  M (t)  i s  t h e  o n ly  s o l u t i o n  o f  ( 4 .7 .1 )  t h a t  i s  bounded  on  e v e ry  

f i n i t e  i n t e r v a l .  M o re o v e r, i f  we l e t

F ( t )
pt

[ I  -G (u )]d A (u )  , 
o

( 4 . 7 . 2 )

th e n  M (t)  may be  w r i t t e n  as

M =  I  +  F -  G +  §  Fk* * [F -G ] 
k = l

( 4 .7 .3 )

P r o o f : By a p p ly in g  Lemma 4 .5 .1  and  u s in g  th e  n o t a t i o n  in t r o d u c e d  j u s t

b e f o r e  th e  lemma, we g e t
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M(t) = J z ( t » d P

p N ( t )  , . p
E ZCt-fc'-3'' , a j.)dP  +  [ I  - 6 (fc--t ) ]d P  .

J j = l  J . °

An a p p l i c a t i o n  o f  F u b i n i 8 s th eo re m  y i e l d s

N ( t )A IN Sv U A > .  X (

M (t)  =  dP { E Z ( t - t U ;  , w .)dP  } +  I  - G ( t )  J o . = 1  J j o

N ( t )  , ,x
dP { S +  I  - G ( t )

° j = l

E{J M (t-u )d N (u )}  +  I  - G ( t )

The l a s t  s t e p  fo l lo w s  im m e d ia te ly  from  th e  m ean ing  o f  i n t e g r a t i o n  w ith  

r e s p e c t  t o  a s t e p  f u n c t i o n .  Lemma 4 . 7 . 2  (w h ich  a p p e a rs  d i r e c t l y  f o l lo w in g  

t h i s  p r o o f )  t e l l s  u s  t h a t  t h e  "E" may be  moved i n s i d e  and we g e t

M (t) I  - G ( t )  V
pt

M (t-u )d E (N (u > )
o

=  I  - G ( t )  -J- J M (t-u )  [ I .  -G (u )]d A (u ) 
o
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w h ich  p ro v e s  ( 4 . 7 . 1 ) .  We a l r e a d y  know t h a t  M (t)  i s '  bounded on e v e ry  

f i n i t e  i n t e r v a l  and th e  u n iq u e n e s s  o f  su c h  a  s o lu t i o n  fo l lo w s  from  a 

r e s u l t  i n  F e l l e r  (1 9 4 1 ) . By Lemma 1 .4 .1  e x p r e s s io n  ( 4 .7 .3 )  i s  a l s o  

bounded on  e v e ry  f i n i t e  i n t e r v a l  and one may v e r i f y  t h a t  i t  s a t i s f i e s  

( 4 .7 .1 )  by d i r e c t  s u b s t i t u t i o n .

Lemma 4 . 7 . 2 : I f  f  i s  a  n o n - n e g a t iv e  B o re l  f u n c t i o n » th e n

f i f  f ( t ) d N ( t )  
a *

J b f ( t ) d E [ N ( t ) ]  .

T h is  e q u a t io n  i s  a l s o  t r u e  i f  N ( t)  i s  r e p la c e d  by K ( t ) .

P r o o f : F i r s t  su p p o se  t h a t  f  i s  an  i n d i c a t o r  f u n c t io n  o f  th e  i n t e r v a l
! I

( x ,y ]  and a  5  x  <  y S b  . Then

E l f ( t ) d N ( t )  =  s f  d N (t)  =  E [N (y )-N (x ) ]  
J a-f D

and

r»b fy
f ( t ) d E .[ N ( t ) ] =  d E [N (t) .]  =  E [N ( y )> E [ N ( x ) ]

J a +  'L

By c o n s id e r in g  th e  o t h e r  p o s s ib l e  a r ra n g e m e n ts  o f  x  and y , we 

c o n c lu d e  t h a t  th e  lemma i s  t r u e  w henever f  i s  an  i n d i c a t o r  f u n c t io n  

o f  an  i n t e r v a l  ( x , y ] '«  The p r o o f  may o b v io u s ly  be e x te n d e d  t o  th e
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c a s e  w here  £ i s  an  i n d i c a t o r  f u n c t io n  o f  a s e t  i n  th e  a lg e b r a  form ed 

by th e  c l a s s  o f  a l l  f i n i t e  d i s j o i n t  u n io n s  o f  i n t e r v a l s  o f  th e  ty p e  

( x 3y ]  , a lo n g  w i th  com plem ents o f  s e t s  o f  t h i s  t y p e .  L e t M be th e  

c l a s s  o f  a l l  s e t s  f o r  w h ic h  th e  lemma i s  t r u e  when £ i s  an  i n d i c a t o r  

f u n c t io n  o f  a  s e t  from  t h i s  c l a s s . Suppose A j a J = I  , 2 . „ . ,  i s  a 

m onotone se q u e n c e  o f  s e t s  i n  M and A j->A a s  j-v=0 . By r e p e a te d  u se  

o f  th e  boqnded c o n v e rg e n c e  th eo re m  (X^ i s  th e  i n d i c a t o r  f u n c t io n  o f  th e  

s e t  A ),

pb pu
E X ,d N (t)  =  E [Lira I  d N ( t ) ]  

a +  A j  a+  A j

«b

f=  Lira[E I .  d N ( t ) ]
j  a-f A

PD
Lira j  I  d E [ N ( t) ]  

j  a +  ^

f  I  d E (N ( t) )  . 
J a-{-A

T h is  p ro v e s  t h a t  M i s  a  m onotone c l a s s  and  t h e r e f o r e  M c o n ta in s  

t h e  B o re l  s e t s  (L o e v e (1 9 6 3 ) , p ag e  6 0 ) .  By th e  u s u a l  p r o c e d u r e ,  th e  

p r o o f  may now .be  e x te n d e d  t o  t h e  c a s e  f  i s  any n o n - n e g a t iv e  B o re l

m e a s u ra b le  f u n c t io n
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S e v e ra l  p r o p e r t i e s  o f  M (t)  may be o b ta in e d  d i r e c t l y  from  e x p r e s s io n

( 4 . 7 . 3 ) .  S in c e  F(°°) =  h ' ( I )  , u s in g  Lemma 1 .4 .2 ,  we s e e  t h a t  i f  

h / ( l )  >  I  , th e n

Lim M (t)  =  ® ( 4 .7 .4 )

and  i f  h ' ( I )  <  I  , th e n

Lim M (t) = 0  ( 4 .7 .5 )
£-»co

We s h a l l  s e e  l a t e r  from  re n e w a l th e o r y  t h a t  i f  h / ( l )  =  I  and 

t h e  mean l i f e - s p a n  i s  f i n i t e ,  th e n  M (t)  ..c o n v e rg e s  t o  a f i n i t e  c o n s ta n t  

a s  t**» .

E x p r e s s io n  ( 4 .7 .3 )  may a l s o  be u s e d  t o  s tu d y  th e  m onotone 

p r o p e r t i e s  o f  M (t)  .

Theorem  4 . 7 . 3 :  I f

Y ( t )  a
«t

[ l  -G (u )]d A (u )  - G ( t )  
o

( 4 .7 .6 )

i s  n o n d e c re a s in g  ( n o n in c r e a s in g )  i n  t h e  i n t e r v a l  [ 0 , t ]  , th e n  M (t) 

i s  n o n d e c re a s in g  ( n o n in c r e a s in g )  i n  t h i s  i n t e r v a l  a l s o .

P r o o f ; S in c e  Y ( t )  =  F ( t )  -  G ( t )  , t h e  p r o o f  fo llo w s  d i r e c t l y  from
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( 4 . 7 . 3 ) .

T h is  c o n d i t io n  f o r  m o n o to n ic i ty  o f  M (t)  seem s t o  be  a p p l i c a b l e

i n  q u i t e  a  few  s i t u a t i o n s .  F o r  e x a m p le , i f  G ( t)  =  1 -e  and

M t)  — Xt , th e n  Y ( t )  =  e and by Theorem  4 . 7 . 3 ,  X >  jj,

im p l ie s  M (t)  i s  n o n d e c re a s in g ,  X <  |j, im p l ie s  M (t)  i s  n o n in c r e a s in g ,

and  X =  p im p l ie s  M (t)  = I  .

H a r r i s  (1963) shows t h a t '  i n  th e  B e llm a n -H a r r is  p r o c e s s  M (t)

i s  n o n d e c re a s in g ,  e q u a l  t o  o n e , o r  n o n in c r e a s in g  d e p e n d in g  on  w h e th e r

h ' ( l )  i s  g r e a t e r  t h a n ,  e q u a l  t o ,  o r  l e s s  th a n  o n e . I n  t h e  p r e s e n t

s i t u a t i o n ,  h o w ev er, h a v in g  h ' ( l )  S i  i s  a  n e c e s s a r y ,  b u t  n o t  s u f f i c i e n t ,

c o n d i t io n  f o r  M (t)  t o  be n o n d e c re a s in g .  (The c o r r e s p o n d in g  s ta te m e n t

f o r  h / (1 )  s  I  i s  t r u e ,  a l s o . )  The n e c e s s i t y  i s  im p l ie d  by ( 4 . 7 . 5 ) ,

s in c e  i f  M (t)  go es  t o  z e r o ,  i t  c a n n o t  b e  i n c r e a s i n g .  The fo llo w in g

exam ple  w i l l  i l l u s t r a t e  t h e  f a c t  t h a t  t h i s  c o n d i t io n  i s  n o t  s u f f i c i e n t .

- a tE xam ple ; L e t  G ( t)  =  1 - e  and

I t )  0  5  t  ^  r

Mt) = (
I b ( t - r )  t  >  r

w h ere  a  , b , and  r  a r e  p o s i t i v e  num bers and b >  a e a r  . I t  fo llo w s

t h a t
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, Y ( t )  =  e -  I  O ^ t ^ r

and  by Theorem  4 .7 .3  M (t)  i s  d e c r e a s in g  0 ^  t  S r  . B ut

h ' ( l )  =  b Zaevir >  I  .

We now t u r n  o u r  a t t e n t i o n  to  th e  a s y m p to t ic  p r o p e r t i e s  o f  M (t) . 

As in  th e  B e l lm a n -H a r r is  p r o c e s s ,  th e  b e h a v io u r  o f  M (t)  a s  t- t6” 

may be d e te rm in e d  i n  m ost c a s e s  o f ■i n t e r e s t  from  known r e s u l t s  in  re n e w a l 

t h e o r y .  H ow ever, t h e r e  a r e  e x c e p t io n s  t h a t  do n o t  a r i s e  i n  th e  B e llm ah - 

H a r r i s  p r o c e s s .

D e f i n i t i o n  4 .7 .1  L e t  or be t h e  u n iq u e , s o l u t i o n  ( p ro v id e d  i t  e x i s t s )  

o f  th e  e q u a t io n

R em ark; I f  I C h  " ( I )  <  ®> t h e r e  w i l l  a lw a y s  be a  p o s i t i v e  or s a t i s f y i n g

I f  h  ' ( I )  =  I  , t h e  s o l u t i o n  i s  o b v io u s ly  Gf =  0 . T h e re  may be no ot

( 4 . 7 . 7 )
o

( 4 . 7 . 7 ) ,  H ow ever, ( 4 .7 .7 )  may o r  may n o t  hav e  a  s o l u t i o n  i f  h  ' ( I )  =  »  .

s a t i s f y i n g  ( 4 .7 .7 )  i f  h ' ( l )  <  I , , b u t  i f  su c h  an  Cf e x i s t s  i f  m ust be  ■ 

n e g a t i v e .

Theorem  4 . 7 . 4 ; ( i )  I f  h  z( l )  >  I  and ( 4 .7 .7 )  h a s  a  s o l u t i o n ,  th e n
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M(fc)e -> a s  fc-tto ( 4 .7 .8 )

w here

b =  J [ l  - G ( t ) ] e  ° * d t
o________________________

J £e  .cytCl -G (fc )]d A (t)
o

( 4 .7 .9 )

( i i )  I f  h  / (1 )  =  I  and

Pco •
J td G (£ )  < * ,  ( 4 .7 .1 0 )

th e n

M (t)  ->

J t d G ( t )  .
o___________

TcoJ t [ l  - G ( t ) ] d A ( t ) ■

a s  t-#* ( 4 .7 .1 1 )

w h ere  t h i s  l i m i t  i s  i n t e r p r e t e d  a s  0  i f  t h e  d e n o m in a to r  i s  i n f i n i t e ,

( i i i )  I f  I i z( I )  < 1  and t h e r e  e x i s t s  a n  & s a t i s f y i n g  ( 4 .7 .7 )  and



-109 -

J £e afcCl - G ( t ) ] d A ( t )  <  a> ( 4 .7 .1 2 )
o

I

th e n  th e  . ! l im i t  ( 4 .7 .8 )  a g a in  h o ld s .

P r o o f ; P a r t  ( i i ) i s  a  s t r a i g h t - f o r w a r d  a p p l i c a t i o n  o f  Lemma 1 .4 .3  ( i i i ) .  

P a r t s  ( i )  and  ( i i i )  f o l lo w  from  th e  same lemma i n  th e  same way a s  

Lemma 1 .3 .1 .

Rem ark i : I t  s h o u ld  be p o in te d  o u t  t h a t  t h e r e  a r e  c a s e s  o f  i n t e r e s t  i n

w h ic h  Siz( I )  = . «° s and  f o r  t h e s e  c a s e s  t h e  r a t e  o f  g ro w th  may be e i t h e r  

e x p o n e n t i a l  o r  s u p e r - e x p o n e n t i a l .  By s u p e r - e x p o n e n t ia l  we mean t h a t  

M(fc)e -&» a s  fc-#o f o r  e a c h  a  9 0 ^ o f < c D ,  The f o l lo w in g  two 

ex am p les  i l l u s t r a t e  how t h i s  may h ap p e n .

Exam ple I : I f  I  -  G ( t)  =  l / t 2 f o r  t  & I  and A (t)  — X t^/2  , th e n  

I i z( I )  =  co 3 r b u t  M (t)  h a s  an  e x p o n e n t i a l  r a t e  o f  g ro w th  a c c o r d in g  to  

Theorem  4 . 7 . 4  ( i ) .

t^Exam ple 2 ; I f  I  -  G ( t )  =  e  and A (t)  =  e  -  I  t h e n ,  u s in g

( 4 . 7 . 3 ) ,  M ( t) e  cfc -$co a s  t  O 63 f o r  a l l  c s in c e  i n  f a c t  

[ F ( t ) - G ( t ) ] e  cfc -»oo a s '  t-)oo f o r  a l l  c .

Rem ark I i ; A n o th e r  p o s s i b l e  b e h a v io u r  o f  M (t)  w h ich  h a s  no a n a lo g u e  

i n  th e  B e l lm a n -H a r r is  p r o c e s s  i s  t h a t  o f  h a v in g  a  g ro w th  r a t e  w h ich  i s  

l e s s  th a n  e x p o n e n t i a l .  I f  f o r  t h e  c a s e  h z( l )  =  I  t h e  n u m e ra to r  i n  

( 4 .7 .1 1 )  i s  i n f i n i t e  ( c o r r e s p o n d in g  t o  an  i n f i n i t e  m ean l i f e - s p a n )  w h ile  

th e  d e n o m in a to r  i s  f i n i t e ,  th e n  M(t)-tco s b u t  th e  r a t e  i s  l e s s  th a n
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l i n e a r  (S ee  Theorem  4 .7 .5  ( i i i ) ) .

F o llo w in g  R. A. F i s h e r  (1930) we s h a l l  c a l l  a  th e  M a lth u s ia n  

p a ra m e te r  o f  p o p u la t io n  g ro w th . A c t u a l l y ,  t h e r e  seem s to  be a  v e ry  c lo s e  

c o n n e c t io n  b e tw een  a  and  th e  M a lth u s ia n  p a ra m e te r  m d e f in e d  by F i s h e r  

a s  th e  s o l u t i o n  o f

r ”  ■
e -mx ,̂ b dx  =  I  ( 4 .7 .1 3 )J _ x x .O ,

w here  -t i s  t h e  p r o b a b i l i t y  o f  l i v i n g  t o .a g e  x  and b i s  th e  r a t e
x  ' v  ; x

o f  r e p r o d u c t io n  a t  age  x  . Our I  -  G (x) h a s  th e  same i n t e r p r e t a t i o n  a s

-t a n d , p ro v id e d  A(x) i s  d i f f e r e n t i a b l e ,  Ay(x )  = X ( x )  m e a su re s  th e  
x

r a t e  o f  r e p r o d u c t io n ,  so  t h a t  ( 4 .7 .1 3 )  and  ( 4 .7 .7 )  a r e  c o m p le te ly  a n a lo g o u s .

The fo l lo w in g  v e r s i o n  o f  a s s e r t i o n  ( i )  o f  Theorem  4 . 7 . 4  w i l l  be n e e d ed  

l a t e r .  /

Lemma 4 . 7 . 3 : S uppose h / (1 )  >  I  and an  ' <y e x i s t s  s a t i s f y i n g  ( 4 . 7 . 7 ) .

I f  A (t)  i s  d i f f e r e n t i a b l e  w i th  d e r i v a t i v e  X (t)  and

r {[1 -G (u )]X (u )  }Pdu <  «> 
j O ' .

f o r  some ( p >  I  , th e n

M (t)  =  b e Cyt'[H -0 (e  ei") ] a s  t  -» 66 f o r  some e >  0 ( 4 .7 .1 4 )
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P r o o f ;  T h is  a s s e r t i o n  fo l lo w s  d i r e c t l y -  from  Lemma 3 o f  H a r r i s  (1 9 6 3 ) , 

p ag e  162.

To c lo s e  t h i s  s e c t i o n  on f i r s t  moments we now s t a t e  some r e s u l t s  

a b o u t  th e  m eans o f  B ( t )  and  D ( t)  . The p r o o f s  a r e  a l l  s i m i l a r  to  

o th e r s  i n  t h i s  s e c t i o n .

=  E [ B ( t ) ]  and ( t )  =  E [ D ( t ) ]

s a t i s f y  t h e  e q u a t io n s

Theorem  4 . 7 . 5 : ( i )  The f u n c t io n s  ( t )

M g(t) = I + J M g ( t - u ) [ l  -G (u ) ]dA (u) j

M ^ (t)  =  G ( t)  +  • M j j ( t - u ) [ l  -G (u ) ]d'A(u)
O

( i i )  I f  h ' ( l )  >  I  and t h e r e  i s  an  0! s a t i s f y i n g  ( 4 .7 .7 )  th e n

-OftM g (t)e  “ *■ -» bg a s

w here

'Mp( t ) e  -» b^ a s  t  00 »

b =  — I _____ —B _ ^  -(YtI t e  [ l  - G ( t ) ] d A ( t )
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and

D B b

( i i i )  I f  h z( l )  =  I 9 th e n  b o th  M g ( t ) / t  and M ^ ( t ) / t  a p p ro a c h

__________ I
,0»

t [ l  - G ( t ) ] d A ( t j  
o

a s  t  „

w h ere  th e  l i m i t  i s  i n t e r p r e t e d  a s  0  i f  th e  d e n o m in a to r  i s  i n f i n i t e ,

( i v )  U nder t h e  h y p o th e s i s  o f  Lemma 4 . 7 . 3  ( 4 .7 .1 4 )  a g a in  h o ld s  w i th  

M (t)  r e p la c e d  by Mg(tt) (M^( t ) )  and b r e p la c e d  by b^ (b ^) «

4 .8  Second moments 

D e f i n i t i o n  4 . 8 . 1 :  Lett

M2 C t9 T) =  E [Z (t)Z (tt-M -)] 9 t  a  0 ,  T 5 0 . ( 4 .8 .1 )

J u s t  a s  f o r  t h e  f i r s t  m om ent, we s h a l l  s tu d y  MLCt9 t)  by m eans o f  an 

i n t e g r a l  e q u a t io n  w h ic h  we s h a l l  d e r iv e  w i th o u t  th e  a id  o f  g e n e r a t in g  

f u n c t i o n s .  i

I f  we a p p ly  Theorem  4 .5 .1  t o  M gCt9 T) we g e t
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^ 2 (C s T) =  I  -  G(t-H-)

N(£)
+ |<r.[l - 5 ( £ + t- £ ) ]  S Z .(£ -£ U ;  s CO.)

i —I  ^

> ' N (£+ t) ' ,„v
d P [ l  - 8 ( £ - - t ) ]  S Z (£ + t- £ W  

1=1
» W,) ( 4 .8 .2 )

+
p ■ N ( t )  
dP 2  Z (£ -£  

J 1=1
(I) 0)^)Z (t-fT -£ ( i )

®l)

I* N (C )«(t+T) ( i }  ' (1x ■
dp 2- . 2  Z ( £ - £ ^ ^ ( 0 . ) Z ( t + T - t u '? ,  co.) .

1=1 j = l  ^  3

Our n e x t  t a s k  i s  t o  s im p l i f y  t h i s  e x p r e s s io n ;  U sin g  th e  m eth o d s em ployed 

i n  th e  p r o o f  o f  Theorem  4 .7 .2  i t  c a n  e a s i l y  be shown t h a t  t h e  second  

te rm  on t h e  r i g h t  s id e  o f  ( 4 .8 .2 )  i s  e q u a l  t o

P pt
dP [ I  - 8 (t+T--£>)3 M (t-u )d N (u )  . ( 4 .8 .3 )

°  . ' o

T a k in g  i n t o  a c c o u n t  t h e  r e l a t i o n s  .among & , K ( t )  , and  N ( t )  , arid 

a p p ly in g  Lemma 4 . 7 . 2 ,  ( 4 .8 .3 )  becom es
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I Jl-L »t
dP [ I  -6(t+T-£)]{8(t-£)J M (fc-u)dK(u) -f [ l  -6(fc-t)]J M (t-u )d lC (u ) }

O O

JdPo Cl - 6 (£ + T -- t) ] J  M (t-u )d K (u )

= [ l  -G(t+T)]J M(£-u)dA(u)
o

( 4 .8 .4 )

Xf We u s e  th e  same ty p e s  o f  a rg u m e n ts  i n  s im p l i f y in g  th e  t h i r d  

te rm  on th e  r i g h t  s id e  o f  ( 4 .8 .2 )  we g e t

. N (t-Pr)
dP [ I  - 6 ( t - - t ) ]  2  Z ( t+ T - t u ;  a u). )
p i=l

X
JdPo Cl -  6 ( t - - t )  ] S (t+ T —t )  I  I^ (t+ T -u )dK (u )

+
ot+T

- 5 ( t - t ) ] C l  - 5 ( t + f - < , ) ] |  M (t-5-r-u)dK (u)
o .

„t-f T pU

J CJ M (t-W -v )d A (v )]d G (u )

. pt+T ( 4 .8 .5 )
+ Cl -G ( t-K )  ] J M (t+ T -u )dA (u ) .

, • o '



-1 1 5 -

T h e re  a r e  no new m eth o d s u se d  i n  s im p l i f y in g  th e  f o u r th  te rm  on th e  r i g h t  

s id e  o f  ( 4 . 8 . 2 ) .  The f i n a l  r e s u l t  i s

.t
t M3 C t-U s T) [ I  -G (u ) ]dA (u) . ( 4 .8 .6 )

o

The l a s t  te rm  on th e  r i g h t  s id e  o f  ( 4 .8 .2 )  i s  e q u a l  to

t N ( t)N (t+ T )  
dPn [ 2  2  ' M ( t - t  

i = l  j = l
CiX _

N ( t)
)M (t4 -T -tX J/) -  2  M (t- t ( ^ ) M ( t + r - t ) ]

1=1
( I ) ;

p t + T  rttz flL.

E[j J M (t-u )M (t+ T -v )d N (u )d N (v ) 3 -  J M( t - u ) M( t - H - u ) ( I  -G ( u )d 6 (u ) 

v = 0  °  ( 4 .8 .7 )

\

I n  g e n e r a l s i t  d o es  n o t  a p p e a r  t h a t  th e  l a s t  e x p r e s s io n  c a n  be s i m p l i f i e d  

f u r t h e r .  P u t t i n g  a l l  o f  t h e s e  v a r io u s  p i e c e s  t o g e t h e r ,  we have  

Theorem  4 . 8 . 1 : The f u n c t io n  M8 ( t , r )  i s  a  s o l u t i o n  o f

M5 ( t , t) = J M3 Ct-Us T ) [ l  -G (u )]d A (u )

pi ftt+T
+  [ I  - G ( t + r ) ] [ l  -r J M (t-u )d A (u )  +  M (t+ T -u)dA (u) ]

pt+T «u »U-T I nl.
+  J [ J M (t-W -v)dA (v) IdG (u) +  E [ J J M (t-u )M (t4 -T -v )dN (u)dN (v)]

t+  °  °  °  (over)

f.t-’rT pt

O O



(4 . 8 . 8)M (t-u)M (t+T-u) Cl -G(u) 3<iA(u)

A lth o u g h  t h i s  e q u a t io n  a p p e a r s  q u i t e  fo rm id a b le ,  f o r  f ix e d  t 

i t  i s  s im p ly  a  re n e w a l e q u a t io n  f o r  M g(t 9 r )  and t h e r e f o r e  r e s u l t s  from  

re n e w a l th e o r y  may be u se d  t o  f in d  an  a s y m p to t ic  fo rm u la  f o r  M8  C t8 t) 

Theorem  4 . 8 . 2 ; I f  I  <  h  ' ( I )  and h # ' ( I )  <  »  th e n

M8 Ct,' r)e •0 ,( 2 t+T ) b2A

I  -  f  S-2 o u Cl -G (u ) ]dA (u) 
Jo

t  -4 =O ( 4 .8 .9 )

and t h i s  l i m i t  i s  u n ifo rm  i n  r  . The num ber a  i s  d e f in e d  by ( 4 . 7 . 7 ) ,
1

b i s  d e f in e d  i n  Theorem  4 . 7 . 4 ,  and

A s= E ( [  e  0 ^dN(U ) ) 2  - J e  2 o u Cl -G (u )]d A (u ) ( 4 .8 ,1 0 )

R em ark; S in c e  h / ' ( I )  <  »  im p l ie s  h ' ( l )  <  “  , i n  t h i s  c a s e  th e  r e - .w i l l  

a lw a y s  be an  o' s a t i s f y i n g  ( 4 . 7 . 7 ) .

P r o o f : The th e o re m  i s  p ro v e d  i n  th e  same way a s  Theorem  1 8 .1  o f  H a r r i s

(1 9 6 3 ) , pag e  1 4 4 . I f  we m u l t ip l y  b o th  s i d e s  o f  (4 .8 .8 )  b y  e  ^ ^ t+ T )
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K ( t , r )  =  M8  ( t 9 r ) e "

CO

m =  J e  2 a t [ l  - G ( t ) ] d A ( t )  <  I  » 
o

.  e .

G (t)  =  1/m  I* e  2a v Cl -G (u )]d A (u )  ,
' o ■ .

th e n  ( 4 .8 .8 )  t a k e s  th e  form

_mt
K (t»  r )  =  f  (t>  t) +  m K (t-u »  T)dG (u) » ( 4 .8 .1 1 )

o

w here  f ( t ,  r )  i s  e  t ^mes e v e r y th in g  on th e  r i g h t  s id e  o f

( 4 .8 .8 )  e x c e p t  th e  f i r s t  te rm . S in c e  ( 4 .8 .1 1 )  i s  i d e n t i c a l  t o  (1 8 .4 )  . 

on  pag e  145 o f  H a r r i s  (1 9 6 3 ) ,  t h e  re m a in d e r  o f  th e  p r o o f  i s  th e  same a s  

h i s ,  p r o v id e d  we c a n  show t h a t

f  ( t ,  t) -> A a s  t  -» ■»

u n ifo rm ly  i n  T .

I t  i s  s t r a i g h t - f o r w a r d  t o  show t h a t  none o f  t h e  te rm s  on th e  r i g h t  

s i d e  o f  ( 4 .8 .8 )  make any c o n t r i b u t i o n  t o  f ( t , t)  i n  t h e  l i m i t  e x c e p t
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t h e  l a s t  tw o , and  t h a t  th e  l a s t  te rm  t im e s  e 2t ^ r )  a p p ro a c h e s

b ^ J  e  2 o w C l  -G (u ) ]dA (u) a s  t  , 
o

u n ifo rm ly  i n  T . Thus we s h a l l  o n ly  p ro v e  t h a t

e  J  M (t-u )M (t+ T “v )d N (u )d N (v ) } -»
6  o

OO
b 2 E [ f  e  0^dN(U ) ] 2  a s  t  -» «  ,

P

u n ifo rm ly  i n  T . By an  a rg u m en t s i m i l a r  t o  t h e  p r o o f  o f  Lemma 2 .6 .1  

i t  c an  be shown t h a t  f o r  e a c h  weQ su c h  t h a t  N(m) <  00 ,

L im J [M (t+ T -u )e  0 fC u ) ] e  °^dN (u ,w ) 
t-teo o

=  b j e  ^ d N (u,% ) 
o

and  t h i s  l i m i t  i s  u n ifo rm  i n  T . M o re o v e r, i f  C is-  an  u p p e r  bound 

f o r  M ( t)e

O

9 th e n
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e  ° ^ t + T )  P I* M (t-u)M fc-fT-v)dN (us u))dN(vs cti) 
j O tiO

^ C2 [ J  e  a^dN(u ,(« )]2
o

0

2  2
^  C N  (w) »

and  t h i s  l a s t  te rm  i s  i n t e g r a b l e  s i n c e ,  by h y p o th e s i s

h # ' ( l )  =  E(N2) -  E(N) <  «  .

T h e r e f o r e  t h e  d o m in a te d  c o n v e rg e n c e  th e o re m  a p p l i e s  and  t h e  p r o o f  i s  

c o m p le te .

The f o l lo w in g  s t r o n g e r  a s s e r t i o n  w i l l  b e  u s e f u l  i n  t h e  n e x t  s e c t i o n .  

Lemma 4 . 8 . 1 ; I f  t h e  c o n d i t io n s  o f  Lemma 4 . 7 . 3  a r e  m et and  h  1 ' ( I )  <  “  » 

th e n  '

M3  ( t ,  t) 

b 3 e 0 '( 2 t+ T )
=  _____________________

I-J e  2 a u Cl-G (U )IdA (U )
o

+  0 ( e " e t )

f o r  some e >  O in d e p e n d e n t  o f  t  .
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P r o o f :  U sin g  Lemma 4 . 7 . 3 ,  t h e  p r o o f  fo l lo w s  from  Lemmas 4 and  5 on page

163 o f  H a r r i s  (1 9 6 3 ) , a f t e r  t e d io u s  b u t  s t r a i g h t - f o r w a r d  c a l c u l a t i o n s .  

Theorem  4 . 8 . 3 : I f  ( t , t) =  E [ B ( t)  B (t-W )3  and  Mj3 ( t , r )  =  E [D ( t)D ( t+ T ) ]

th e n  b o th  Theorem  4 .8 .2  and Lemma 4 .8 .1  a r e  v a l i d  when M3 ( t , t) i s  r e ­

p la c e d  by M0 ( t ,  r )  ( M ^ ( t ,? ) )  and b i s  r e p la c e d  by b^ (b ^ )  .

4 .9  C o nvergence  o f  Z ( t ) / b e a£

The r e s u l t s  o f  th e  l a s t  s e c t i o n  l e a d  im m e d ia te ly  t o  a  r e s u l t  

c o n c e rn in g  q u a d r a t i c  mean c o n v e rg e n c e  o f  Z ( t ) / b e Gt .

Theorem  4 . 9 . 1 : I f  H 7 ( I )  >  I  and h 7 7(1 )  <  =° , th e n  Z ( t ) Zbea t

c o n v e rg e s  i n  mean s q u a re  t o  a  random  v a r i a b l e  W a s  t  -» == and

E(H) =  I ,

Var(W ) =  E<Joe ' ” d tl<u » 2 ~ 1___________  .

I  -  j e  2cm[ l  -G (u )]d A (u )
0

P r o o f : The p r o o f  f o l lo w s  from  Theorem  4 . 8 . 2  a lo n g  th e  same l i n e s  a s  th e

p r o o f  o f  Theorem  2 . 7 .1 .

R em ark: I n  a lm o s t  a l l  c a s e s  o f  i n t e r e s t  t h e  v a r i a n c e  o f  W i s  p o s i t i v e .

A s u f f i c i e n t  c o n d i t io n  f o r  t h i s  t o  be  t r u e  i s

G h ( 0 )  >  0
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w hich  s a y s  " i t  i s  p o s s ib l e  f o r  an  i n d iv i d u a l  to  have  z e ro  o f f s p r i n g " .  

Theorem  4 . 9 . 2 : W ith  th e  h y p o th e s i s  o f  Theorem  4 . 9 . 1 ,  B ( t ) . /b e ° ^

(D C t)Zbea t ) c o n v e rg e s  i n  m ean s q u a re  t o  a  random  v a r i a b l e  W  ̂ (W^)

and

W =  Wg -  W  ̂ a . s .  ( 4 .9 .1 )

I f  G ( t)  and  A (t)  s a t i s f y  c e r t a i n  a d d i t i o n a l  r e g u l a r i t y  c o n d i­

t i o n s  th e  c o n v e rg e n c e  t o  t h e s e  l i m i t  random  v a r i a b l e s  i s  a lm o s t  s u r e .  

A lth o u g h  t h i s  i s  a  f a i r l y  deep  r e s u l t ,  H a r r i s  (1963) h a s  a l r e a d y  done 

th e  w ork f o r  u s .  H ere  we have a s i t u a t i o n  i n  w h ich  we m u st f i r s t  p ro v e  

th e  r e s u l t  f o r  B ( t )  and  D ( t)  i n  o r d e r  t o  o b t a i n  i f  f o r  Z ( t )  . 

Theorem  4 . 9 . 3 : I f  h / / ( l ) _ <  «> and th e  c o n d i t io n s  o f  Lemma 4 . 7 . 3  h o ld ,  

th e n

B ( t ) Zbea t  -» Wy a . s .  a s  t  00D

sviiD (t)Z b e  -» Wp a . s .  a s  t  -> <»

Z ( t ) Zbea t  -» W a . s .  a s  t  -> »  .

P r o o f :  By Theorem  4 . 8 . 3

O
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E [ B ( t )  Zbecyt - W b ] 2  =  0 ( e " e£)

and t h e r e f o r e

[ E [B ( t )  Zbecyt -  W ] 2d t  <  »

M o re o v e r, B ( t )  i s  a lm o s t s u r e l y  a  f i n i t e  n o n d e c re a s in g  s t e p - f u n c t i o n .  

S in c e  t h e s e  p r o p e r t i e s  o f  B ( t )  a r e  p r e c i s l y  th o s e  u se d  by H a r r i s  

(1963) i n  p ro v in g  Theorem  2 1 .1 ,  pag e  1 4 7 , th e  a s s e r t i o n  c o n c e rn in g  

B ( t )  (a n d , f o r  D ( t ) )  fo l lo w s  from  H a r r i s '  a rg u m e n t. The l a s t  p a r t  

o f  t h e  th e o re m  now fo l lo w s  from  ( 4 . 9 . 1 ) .

I n  th e  n e x t  s e c t i o n  we s h a l l  o b t a i n  some r e s u l t s  a b o u t  th e  d i s ­

t r i b u t i o n  o f  W f o r  an  im p o r ta n t  s p e c i a l  c a s e .

4 .1 0  M u l t ip le  b i r t h s ;  The P o is s o n  ( 8 , f ,G )  b ra n c h in g  p r o c e s s

R e c a l l  from  S e c t io n  4 .2  t h a t  t h e  d e f i n i t i o n  o f  0  m akes p r o v is io n  

f o r  th e  p o s s i b i l i t y ;  o f  m u l t i p l e  b i r t h s .  I n  te rm s  o f  th e  c o u n tin g  p r o c e s s  

K ^.(t) , a  jump i n  a  sam p le  f u n c t io n  o f  h e ig h t  j  a t  t im e  t  means 

( l )  g iv e s  b i r t h  t o  j  o f f s p r i n g  a t  t h i s  i n s t a n t .  F r e q u e n t ly  how ever, 

i t  i s  d e s i r a b l e  t o  s e p a r a t e  th e  e p o c h s . a t  w h ic h  b i r t h s  o c c u r  from  th e  

num ber o f  b i r t h s  o c c u r in g  a t  e a c h  epo ch  by a ssu m in g  t h e  e p o c h s  o f  b i r t h  

a r e  g e n e r a te d  by a c o u n tin g  p r o c e s s  w hose sam ple  f u n c t io n s  a r e  a l l  s te p
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f u n c t io n s  w i th  u n i t  s t e p s ,  and th e  num ber o f  b i r t h s  o c c u r in g  a t  each  

epoch  i s  in d e p e n d e n t o f  t h i s  c o u n tin g  p r o c e s s .  We s h a l l  i n d i c a t e  b r i e f l y  

how th e s e  id e a s  can  be i n c o r p o r a te d  e x p l i c i t l y  i n t o  th e  p r o b a b i l i t y  

s p a c e  d e f in e d  i n  s e c t io n  4 .2 .

F o r  e a c h  Ie=9 , l e t  Ŵ. be a . se q u e n c e  o f  th e  form  ( w ^ \ w ^ \ . . . ) ,

w here  e a c h  w ^ ^  i s  an  e x te n d e d  n o n - n e g a t iv e  r e a l  num ber and 
I  ,

W j^  <  , • j  =  1 , 2 . . .  ( u n le s s  w ^ ^  =  »  and th e n  we p e rm it  e q u a l i t y ) ,

( I )  (2)and  l e t  be  a  s e q u e n c e  o f  th e  form  (v ^  , z , . . . )  w here  e ach

( i ) i s  a  n o n - n e g a t iv e  i n t e g e r .  Each p a i r  (W  ̂ , ) d e te rm in e s

u n iq u e ly  a  se q u en c e  by th e  fo l lo w in g  a s s ig n m e n t:  L e t

j 0  <  i  5 v (I )
I

+ •  • • +  v
(k-1) <  i  ^  v . . . +  v .

M o re o v e r, e a c h  se q u e n c e  T j  i s  d e te rm in e d  i n  t h i s  way by a  p a i r

( i )  ( i - i - l )
(Wj , V j ) , e x c e p t  f o r  th o s e  se q u e n c e s  T j  f o r  w h ich  t j  =  t j  = . . .  <  »  

f o r  some i n t e g e r  j  . B u t a  se q u en c e  o f  t h i s  ty p e  c o r re s p o n d s  t o  a 

sam p le  f u n c t io n  o f  K ( t )  t h a t  i s  i n f i n i t e  a t  some f i n i t e  v a lu e  o f  t  .

Such e v e n ts  h av e  p r o b a b i l i t y  z e ro  s in c e  we a r e  a ssu m in g  A (t)  i s  f i n i t e  

and  t h e r e f o r e  a p r o b a b i l i t y  m easu re  on th e  s e t  o f  o r d e r e d  (W j, V j) 

w i l l  in d u c e  a  m easu re  on th e  s p a c e  'CL, . L e t  th e  p r o b a b i l i t y  on th e
I  .

s e t  o f  a l l  s e q u e n c e s  V j be th e  one d e te rm in e d  by a ssu m in g  th e  random



v a r i a b l e s  , j  =  1 , 2 . . .  , a r e  in d e p e n d e n t  w i th  a  common g e n e r a t in g

f u n c t io n  f ( s )  . F u r th e rm o re ,  l e t  t h e r e  be an  a r b i t r a r y  p r o b a b i l i t y  

m easu re  d e f in e d  on th e  s e t  o f  a l l  s e q u e n c e s  W- ( th e  same f o r  e ach  I )  

and l e t  th e  m easu re  on th e  s e t  o f  o rd e re d  p a i r s  (Wj  , V^) be p ro d u c t  

m e a s u re . L e t  th e  c o u n tin g  f u n c t io n  o f  th e  se q u e n c e s  W b e  d e n o te d  

by Q j ( t ’) (S ee  D e f i n i t i o n  4 .3 .1 )  and i t s  g e n e r a t i n g  f u n c t io n  by 

h q ( s , t )  . I t  c a n  be  shown t h a t

hK( s , t )  =  hQ( f ( s ) , t ) ( 4 .1 0 .1 )

and t h e r e f o r e

A (t)  =  f  ' ( I )  6  ( t ) ( 4 .1 0 .2 )

w here  9 ( t )  i s  th e  mean o f  Q ( t )  . >

A lth o u g h  th e  p r o c e d u re  j u s t  d e s c r ib e d  i s  a p p l i c a b l e  i n  a  w ide 

v a r i e t y  o f  s i t u a t i o n s ,  f o r  th e  re m a in d e r  o f  t h i s  c h a p te r  we s h a l l  s tu d y ,  

t h e  f o l lo w in g  im p o r ta n t  s p e c i a l  c a s e .

D e f i n i t i o n  4 .1 0 . 1 : I f  Q ( t )  i s  a  P o is s o n  p r o c e s s  w i th  m ean 9 ( t )  , 

th e n  th e  p r o c e s s  Z ( t )  d e te rm in e d  by 9 ( t )  , f ( s )  , and  G ( t)  i s  

c a l l e d  a  P o is s o n  (G ,f ,G )  b ra n c h in g  p r o c e s s .

R em arks: ( i )  I n  v ie w  o f  ( 4 . 1 0 .2 ) ,  i n  o r d e r  t o  have  th e  c o n d i t io n s  on 

A (t)  t h a t  w ere  g iv e n  i n  s e c t i o n  4 . 3 ,  we m u st im pose t h e  same c o n d i t io n s
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on 9 ( t )  and a l s o  assum e t h a t  f  ' ( I )  <  03 .

( i i )  S in c e  8 ( t )  i s  c o n tin u o u s  and s in c e  E [Q ^ t]  =  8 ( t )  +  8 ^ ( t )  ,

i t  f o llo w s  t h a t  Q ( t )  i s  c o n tin u o u s  i n  mean s q u a re .  T h e r e f o r e ,  by B 

on page  547 o f  Loeve (1963)., a lm o s t a l l  sam p le  f u n c t io n s  o f  Q ( t)  a re  

s t e p - f u n c t i o n s  w i th  u n i t  jum ps, so  t h a t  a P o is s o n  law  i s  p e r m is s ib le  . 

on  o u r  sam ple  s p a c e .

( i i i )  The P o is s o n  ( 6 , f ,G )  p r o c e s s  i s  o f  i n t e r e s t  i n  i t s  own r i g h t  

s in c e  by th e  rem a rk s  in  s e c t i o n  4 .1  i t  g e n e r a l i z e s  some w e ll-k n o w n  

p r o c e s s e s .

By ( 4 .1 0 .1 )  th e  r e s u l t s  o f  Theorem  4 .3 .1  now become 

h ( s , t )  =  [  B 6 w t f t s ^ 1 1 IiG(U) +  [ I  - G ( t ) > 6 < t ) ( £ ^s ) " 1) , ( 4 .1 0 .3 )
K -O

and

CO

■ h (s )  = T e e(u^ f ( s ) - 1 > d<J(u) • (4 .1 0 .4 )
J o

W ith  th e  added  a s su m p tio n  o f  th e  P o is s o n  ( 6 , f ,G )  p r o c e s s ,
i

s e v e r a l  r e s u l t s  i n  th e  l a s t  two s e c t i o n s  may be s h a rp e n e d . F o r  exam p le , 

th e  l a s t  two te rm s  on th e  r i g h t  s id e  o f  ( 4 .8 .8 )  may be  r e p la c e d  by
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[ f  ' ( I ) ] 2 J M (t-u)M (t+T-v) [ I  -G(u) ]d 6(v )d 8(u )
O O

-pt+TpU  .
+  [ f  ( I ) ]  J M (t+T-u)M (t-v) [ l  -G (u ) ] d 0 (v ) d e (u )  ( 4 .1 0 .5 )

o o

+  f " ( l )  M (t-u )M (t4-T -u) [ l  - G ( * ) ] d 8 (u )

and th e  c o n s ta n t  A d e f in e d  by ( 4 .8 .1 0 )  ca n  be w r i t t e n

A =  2 [ f ' ( I ) I 2 T f  .e - a <u+v> [ l  -G (u ) ] d 9 ( v ) d 6 (u )  ( 4 .1 0 .6 )
tjOyO

+ f#(l)J e'2aU[l -G (u )]d 0 (u ) .

We s h a l l  i l l u s t r a t e  t h e  m ethod o f  p r o o f  o f  t h e s e  r e s u l t s  by d e r i v i n g
I  !

( 4 . 1 0 .6 ) .  By th e  d e f i n i t i o n  o f  N , ( 4 .8 .1 0 )  may be w r i t t e n  i n  th e  form

A =  E [2  2  e"® (t<X >+ t ( j ) ) ]  -m f e~ 2 a a [ l  - G ( u ) ] d 6 (u )  . ( 4 .1 0 .7 )
k = l j = l  o

I f  we d e f in e

Q1 =  Q1 (^1 ) (4 .1 0 .8 )
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t h e  f i r s t ,  te rm  o f  ( 4 .1 0 .7 )  may be r e w r i t t e n  a s

k = l j = l

EfS S v (1>v < j)e - C,<" ( l ) +  + E t S  [ v ( k ) ]2e"2” <k)3
k = l j = l  k = l

( 4 .1 0 .9 )

U sin g  Lemma 4 .7 .2  and s t r a i g h t - f o r w a r d  te c h n iq u e s  we ca n  show t h a t

E{S [ v ( k ) ] 2 e " 2ait,( ^  =E[v2]f e " 2o;u[ l  -G (u ) ]d 0 (u )  ( 4 .1 0 .1 0 )
k = l  o

w h ic h  com bines w i th  th e  se co n d  te rm  on th e  r i g h t  s id e  o f  ( 4 .1 0 .7 )  to  

y i e l d  th e  seco n d  te rm  on th e  r i g h t  s id e  o f  ( 4 . 1 0 .6 ) .  F u r th e r m o r e , th e  

f i r s t  te rm  on th e  se co n d  l i n e  o f  ( 4 .1 0 .9 )  may be shown t o  be  e q u a l  to

2 [ £ ' ( l ) ] 2 E S k s V 2 < "< k ) + » ( 3 ) >
k = 2  j = l

2 [ f / ( l ) I 2 J  E l J y J u e - 0 '(u‘W )dQ (v )dQ (u)}dG (y) .
O O O

By Lemma 4 .1 0 .1  w h ich  fo l lo w s  t h i s  d i s c u s s io n  th e  l a s t  e x p r e s s io n  becom es



-128 -

2  T r f*1 -Of(u-Kr)zcf'mrj {j j e
O O

d 6 (v )d  6 (u )}d G (y ) .

I f  we in te r c h a n g e  th e  o r d e r  o f  i n t e g r a t i o n  o f  y and u i n  t h i s  

i n t e g r a l ,  we g e t  t h e  f i r s t  te rm  on th e  r i g h t  s id e  o f  ( 4 .1 0 .6 )  w hich  

c o m p le te s  t h e  d e r i v a t i o n  o f  t h i s  fo rm u la .

Lemma 4 .1 0 .1 ; I f  f ( u )  i s  a  n o n - n e g a t iv e  B o re l  f u n c t i o n ,  th e n

E f ( u ) f (v )d Q (u )d Q (v )]
o o

f  ( u ) f  (v )d 6 (v )d 9 (u ) ( 4 .1 0 .1 1 )

(We a r e  s t i l l  a s su m in g , o f  c o u r s e ,  t h a t  Q ( t )  , i s  a  P o is s o n  p r o c e s s . )  

P r o o f : F i r s t  su p p o se  t h a t  f  i s  an  i n d i c a t o r  f u n c t io n  o f  an  i n t e r v a l

o f  t h e  form  ( a , b ]  and  Q - S a C b  S t  . S in c e  e a c h  sam p le  f u n c t io n  

o f  Q ( t )  i s  a lm o s t s u r e l y  a  s t e p  f u n c t io n  w i th  u n i t  s t e p s  and w ith  

o n ly  a  f i n i t e  num ber o f  s t e p s  i n  e a c h  f i n i t e  i n t e r v a l ,  we may assum e 

f o r  a  f ix e d  sam ple  p a th  t h a t

Ww  S a  <  w(m H ) <  • • • <  w(m+k) £  b <  .

Then



I
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E { J  I ” f (u ) f ( v ) d Q ( v )d Q (u ) }
O O

pb' pu-
e Cj  J dQ (v)dQ (u)}

a +  a+

E { [  iQ ( u - )  -  Q (a )]d Q (u )} ' 
J.a+

E {m +  m +  I  +• • •+  .tn +  k  +  l } - E { Q ( a ) [ Q ( b )  -  Q( a ) 3}

. ;E{m +  k  -  I )  (m 4- k )  -  (m -  I )  m] -  E { Q (a )[Q (b ) -  Q ? a )]}

k  E{Q2 (b )  -  Q (b) -  Q2 ( a )  +  Q( a ) }  -  E { Q (a )[Q (b ) -  Q (a ) ]}

I f  we r e c a l l  t h a t  a  P o is s o n  p r o c e s s  h a s  in d e p e n d e n t  'in c re m e n ts  and 

t h a t  th e  v a r i a n c e  o f  a  P o i s s o n - d i s t r i b u t e d  random  v a r i a b l e  i s  e q u a l  to  

i t s  m ean, t h i s  l a s t  e x p r e s s io n  becom es

. %-'[e2 (b )  +  e2  ( a )  3  -  9 (a )  0 (b ) .

B u t ,  on th e  o t h e r  h a n d .
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\

»t M
f ( u ) f ( v ) d 0 ( u ) d 8 (v )

o o

rb
C 9(u) -  6 ( a ) ] d 6 (u )

= Q2 (b )  .+ Q2 ( a ) ]  - 6 ( a )  6 (b ) :

T h e r e f o r e ,  th e  lemma i s  t r u e  i f  f  i s  an  i n d i c a t o r  f u n c t i o n  o f  a 

h a l f - o p e n  i n t e r v a l ,  and  th e  p r o o f  c a n  now be e x te n d e d  i n  e x a c t ly  th e  

same way a s  Lemma 4 . 7 . 2 .

We s h a l l  now d e m o n s tra te  t h a t  f o r  a P o is s o n  ( 6 , f ,G )  b ra n c h in g  

p r o c e s s ,  i t  i s  p o s s i b l e  to  d e r iv e  a  u s e f u l  i n t e g r a l  e q u a t io n  f o r  th e  

g e n e r a t in g  f u n c t io n  (ev en  w i th o u t  th e  a p p a re n t  e x i s t e n c e  o f  a  " p o in t  o f  . 

r e g e n e r a t i o n " ) . L e t

F ( s , t ) E [ s Z ( t ) ] ,  | s |  £  l , t  Sr 0  . ( 4 .1 0 .1 2 )

Theorem  4 . 1 0 . 1 ; F o r  a  P o is s o n  ( 9 , f ,G )  p r o c e s s ,  th e  g e n e r a t i n g  f u n c t io n  

F ( s , t )  s a t i s f i e s  th e  i n t e g r a l  e q u a t i o n '



F ( s , t ) ( 4 .1 0 .1 3 )
Pt  Py
J e x p [ j  { f [ F ( s , t - u ) ]  -  l } d 6 (u )]d G (y )  

o ‘ o

+  sC l - G ( t ) ] e x p [ j  { f [ F ( s , t - u ) ']  -  l} d '8 ( u ) ] .

P r o o f ; U sin g  Theorem  4 . 5 . 1 ,  th e  f a c t  t h a t

[ I  - 6 (fc--0 ]  =  5( t _^) +  [ i . - 6 ( t - ^ ) ] s  , ( 4 .1 0 .1 4 )

and  a rg u m e n ts  s i m i l a r  t o  th o s e  u se d  e a r l i e r  i n  t h i s  s e c t i o n  and in  

s e c t i o n  2 .4  we g e t

F ( s , t )  =
r . N ( t )
dP 5 ( t - - t )  n F ( s , t - t  

° J=I
( j ) )

+
, N ( t )
dP s [ l  - 6 ( t - 4 ) ]  n F ( s , t - t  

°  ' J = I

( j )
) ' ( 4 .1 0 .1 5 )

From t h i s  p o i n t  we w i l l  w ork o n ly  w i th  th e  f i r s t  te rm  on  th e  r i g h t  s id e  

o f  ( 4 .1 0 .1 5 )  s in c e  th e  e v a lu a t i o n  o f  th e  se co n d  i s  s i m i l a r ,  

te rm  i s  e q u a l  to

The f i r s t
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r n x
J = I  ■

, K(t)
dPQ TI F ( s , £ - t  

[ ^ t 3  j = i
( j ) )

pt K (y) , .
E{ Il F ( s , t - t < lj;)}d G (y ) 

o .j= l

pt  Q ( y )  ( j )  n x 
E { IT F . ( s s£ -w '‘J ‘' )  }dG(y) 

o j = l

pt  Q ( y )  z . x
I E { TI f [ F ( s ,£ - w U ; )]} d G (y )  
u.o j = l

p£ “
E P [Q (y ) 

o k = 0

= k ]E {  TI £ [ F ( s , £ - w ^ ) ]  |Q (y) 
j = l

k}dG (y)

( 4 .1 0 .1 6 )

Bu£ i £  i s  a p r o p e r ty  o f  non-hom ogeneous P o is s o n  p r o c e s s e s  (P a rz e n  (1 9 6 2 ) , 

p ag e  1 4 3 ) , £ h a £ , c o n d i£ io n e d  on £he e v e n t  Q (y) — k  , £he £ im es

a r e  d i s £ r ib u £ e d  a s  o r d e r  s £ a £ i s £ i c s  c o r r e s p o n d in g  £o k  

ind@ penden£ random  v a r i a b l e s  w i th  common d i s £ r ib u £ io n  fu n c £ io n
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I

H(u) =  — , O ^ u S y  
6 (y )

( 4 .1 0 .1 7 )

U sin g  t h i s  f a c t ,  ( 4 .1 0 .1 6 )  becom es

" t  e - 6 < y > t6 (y )3 kIo': k = 0  k !

f  Z e""G (y)r_:
o'. k = 0  L '

-H  . .V ....  f j  k *“  f 2  n  f [ F ( s , t - u  ] d 8 (u  ) . . . d 6 (u  ) 1 dG (y)
■ k e ( y ) ] k  V o  o j = i  . . j  1  k  - T '

ry
J f [ F ( s , t - u ) ] d 6 (u )

k ” dG (y)

pb r  C*̂ "iJ exp J { f [ F ( s , t - u ) ] d 6 (u ) jd G (y )  .

Upon p e rfo rm in g  s i m i l a r  o p e r a t io n s  on  th e  o t h e r  te rm  i n  ( 4 .1 0 .1 5 ) ,  th e  

p r o o f  i s  c o m p le te .

As a  f i r s t  a p p l i c a t i o n  o f  th e  i n t e g r a l  e q u a t io n  ( 4 .1 0 .1 3 ) ,  we

s h a l l  d e m o n s tra te  th e  r e l a t i o n s h i p  o f  P o is s o n  ( 0 , f ,G )  b ra n c h in g  p r o c e s s e s
\

t o  M arkov b r a n c h in g  p r o c e s s e s .

Theorem  4 . 1 0 . 2 :: I f  i n  a  P o is s o n  ( 8 , f ,G )  p r o c e s s ,  0 ( t )  =  Xt and

'G ( t)  =  I  -  e  , th e n  F ( s , t )  i s  th e  g e n e r a t i n g  f u n c t i o n  o f  a te m p o r a l ly  

hom ogeneous M arkov b ra n c h in g  p r o c e s s .
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R em ark: P re su m a b ly , n o t  o n ly  th e  g e n e r a t i n g  f u n c t i o n s ,  b u t  th e  p r o c e s s e s

a r e  th e  sam e, a l s o .

P r o o f : I n  t h i s  s p e c i a l  c a s e ,  ( 4 .1 0 .1 3 )  ca n  be p u t  i n  th e  form

t  "t
F ( s , t )  =  | ie 12( J  ex p -[\J  f [ F ( s ,y ) ] d y .  +  xCX+jj,) jd i ( 4 .1 0 .1 8 )

+  s e x p ^ x J  f [ F ( s , y ) ] d y  -  t(X 'fp ) j

I f  we d i f f e r e n t i a t e  ( 4 .1 0 .1 8 )  w i th  r e s p e c t  t o  t  and  com pare th e  r e s u l t  

w i th  th e  u n d i f f e r e n t i a t e d  e q u a t io n ,  we o b t a i n

3 F ( s , t )  =. :U, 4- X f [ F ( s , t ) ] F ( s , t )  -  (X + p ,)F (s ,t)  . ( 4 .1 0 .1 9 )
Bt "  - '

Upon p u t t i n g  b =  X +  |j, and

h * ( s )  =  — —  -f _ A _ s f ( s )  , 
X-fp, X-fji,

( 4 .1 0 .1 9 )  becom es

3 F ( s , t )  =  b [ h * [ F ( s , t ) ]  -  F ( s , t ) ]  .
a t

( 4 .1 0 .2 0 )
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Mo r e o v e r ,  we s e e  from  ( 4 .1 0 .1 3 )  t ha t  F ( s ,Q )  =  s . S in c e  ( 4 .1 0 .2 0 )  

i s  th e  e q u a t io n  s a t i s f i e d  by th e  g e n e r a t in g  f u n c t i o n .o f  a .
i

t e m p o r a l ly  hom ogeneous M arkov b ra n c h in g  p r o c e s s  ( H a r r i s  (1,963) $ page

106) and ( 4 .1 0 .2 1 )  i s  th e  p r o p e r  i n i t i a l  c o n d i t io n ,  th e  th e o re m  i s
!

p ro v e d .

U t i l i z i n g  te c h n iq u e s  s i m i l a r  to  th o s e  em ployed i n  s e c t i o n  2 .8 ,  

we may u s e  th e  i n t e g r a l  e q u a t io n  ( 4 .1 0 .1 3 )  f o r  F ( s , t )  t o  d e r iv e  an 

i n t e g r a l  e q u a t io n  f o r  th e  c h a r a c t e r i s t i c  f u n c t io n  o f  W .

Theorem  4 . 1 0 . 3 : I f  f o r  th e  P o is s o n  ( 9 , f ,G )  p r o c e s s ,  h / (1 )  > 1

and  Iivv( I )  <  =O , th e n  th e  c h a r a c t e r i s t i c  f u n c t io n  <p(s) o f  W s a t i s f i e s

t h e  i n t e g r a l  e q u a t io n  •

tp (s) =  I* B xp^Jyr{ f(cp (se  0 û ) )  -  l } d 6 (u )Jd G (y )  ' ( 4 .1 0 .2 2 )
' o o

The p r o o f  o f  t h i s  th eo re m  i s  s i m i l a r  t o  t h a t  o f  Theorem  2 .8 .1  

and  w i l l  be  o m it te d .

We may u s e  t h i s  i n t e g r a l  e q u a t io n  t o  s tu d y  th e  d i s t r i b u t i o n  o f  

W , a s  we d id  w i th  a  s i m i l a r  e q u a t io n  i n  s e c t i o n  2 .9 .  The p r o o f  o f  th e  

n e x t  th eo re m  fo l lo w s  th e  same g e n e r a l  p a t t e r n  a s  th e  p r o o f  o f  Lemma 2 . 9 . 1 .  

Theorem  4 . 1 0 . 3 ; I f  f o r  a  P o is s o n  ( 0 , f ,G )  p r o c e s s  h z( l )  >  I  , Iizz( I )  <  «  

an d  f  ( s )  ==- s , th e n  th e  d i s t r i b u t i o n  o f  W i s  c o n tin u o u s  e x c e p t  f o r  a

jump o f  h e ig h t  q a t  th e  o r i g i n
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P r o o f :  The m o m e n t-g e n e ra tin g  f u n c t io n

<5 ( s )  =  E (e  sW)

s a t i s f i e s  t h e  i n t e g r a l  e q u a t io n  ( 4 .1 0 .2 2 ) ,  a l s o ,  so  by l e t t i n g  s -> «> 

i n  ( 4 .1 0 .2 2 )  we g e t

#(«) = .
o '

S in c e  h i s  convex  th e  o n ly  r o o t s  o f  t h i s  e q u a t io n  b e tw e en  z e ro  and one 

a r e  I  and  q . B u t s in c e  E(W) =  I  , g[W =  0 ]  <  I  , so  t h e r e f o r e

P[W =  0 ]  =   ̂(oo) =  q .

I t  f o l lo w s  CiLukacs ( I9 6 0 ) )  t h a t  t h e  p r o o f  w i l l  be c o m p le te  i f  we can  show 

t h a t

cf**(s) =  E [e ^ sl^ |w  >  0 ] 

a p p ro a c h e s  z e ro  a s  s  -> dfc »  .

S in c e
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h ( 0 ) =  [ e ®̂ u ^dG (u) >  O , 
o

i t  f o llo w s  from  a  rem a rk  made j u s t  a f t e r  Theorem  4 .9 .1  

T h e r e f o r e ,  a s  i n  t h e  p r o o f  o f  Lemma 2 . 9 . 1 ,  . Jcp(s) j < I  

|s  I i s  s m a ll  enough  and s ^  0  . .

We s h a l l  n e x t  show t h a t

X ■

Lim sup  jcp(s) j < I  .
S-Xo

I f  t h i s  i s  n o t  t h e  c a s e ,  t h e r e  e x i s t s  num bers s^  and

I cp(s3 ) j <  I -  d

and

|cp(s) j <  I , O <  s S S3

L e t  and  S3  b e  t h e  f i r s t  p o i n t s  t o  t h e  l e f t  and

o f  s_  su c h  t h a t  
j -

t h a t  Var(W) >  0 . 

, p ro v id e d

d >  0  su c h  t h a t

r i g h t ,  r e s p e c t i v e l y
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Itp(S1) I =  |cp(s2) I =  I  -d  ,

and  le ,t

A =  (IZoz)Log(S2 Zs1)

U sin g  ( 4 .1 0 .2 2 )  we hav e  \

|cp(£ ) I £  J ^ e x p [cp(s2e  0 û) -  l ] d 8 (u )  jd G (y ) -J-

and  t h e r e f o r e

I  -  d ^ A -
d 6 (y ) dG (y) +  I  -G(A)

w h ich  c a n  be p u t  i n  th e  form

I S: (-IZd) | Ae "d e ( y ) dG (y) -  G (A )] .

I  -G(A)
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-d  BCy)E xpand ing  e i n  a  M a c la u r in  s e r i e s ,  we g e t

I  S 6 (y )d G (y ) -  ( 1 /d )  f -  S [_-.d-e ^ ! k  dG(y) 
• ljO k = 2  k !

( 4 .1 0 .2 3 )

I f  d -> 0 th e n  s^  -» 0 w h i le  s^  i n c r e a s e s  so  t h a t  A -> <» . T h e re ­

f o r e  i f  d -> 0 i n  ( 4 .1 0 .2 3 )  th e  l a s t  te rm  a p p ro a c h e s  z e ro  and  we g e t

I  % 9(y )dG (y ) =  h ' ( I )  . 
o

T h is  i s  a  c o n t r a d i c t i o n  s i n c e ,  by h y p o t h e s i s ,  h / ( l )  >  I  . S in c e

cp(s) =  q +  ( I  -q )cp * (s) . ( 4 .1 0 .2 4 )

i t  f o l lo w s  t h a t

Lim sup  |cp*(s) | <  I  
s-k*

a l s o .  T h e r e f o r e  t h e r e  e x i s t s  an  s and  a  d >  0 su c h  t h a to

|d * ( s )  | <  I  -  d
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f o r  a l l  s  S: Sq . F o r  an  a r b i t r a r y  e , ch o o se  A so  l a r g e  t h a t

I  'G W , <  ,
I  -  q

and  th e n  ch o o se  s so  l a r g e  t h a t

s e  >  s • o

S in c e  from  ( 4 .1 0 .2 4 )  and  ( 4 .1 0 .2 2 ) ,  c£f*(s) s a t i s f i e s  th e  i n t e g r a l

e q u a t io n

( l-q )c j5* ( s )  =  J e ^ q J ( l-q )c p * (s e  ffu) d 0 (vir) JdG (y) -  q

so  t h a t

<{*(8) = ( l / l - q ) J  e (q”1 )e (y )S [J7 (l-q )c fJfc(se'oru)d e (u )] lcdG(y)
Ic=I O

I f  we l e t

K s ) = sup |cp*(b) I
t ^ s
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we g e t  .

J c - I

H s )  <  ( 1 - d )  J { e (q ~1) 9(y) 9 ( y ) { l  +  S
k=2

(l-q )ilf(se  auJdG(U)I  
!----------- --------------- —  JdG (y ) +  e

<  ( 1 -d ) e ( q - l )  0 (y )  e ( y ) d G ( y )  +  ( 1 -d )  Ijf(Se-0 ^ ) J  e ( q -1 ) 6 (y )  
O O

” ( l - q ) k ~1 6^  ( y ?| 

k! ' "*

dG (y) +  e .

I f  we l e t

B r  ( q - l ) 8 (y ) Q (y)dG (y)

i t  f o l lo w s  t h a t

4 (g )  <  ( l - d ) B ' 4- (1 ~d ).^ .se----- L _ f  e ( q - l )  6(y) 6 <y ) - l - ( l - q )  6 (y ) ]dG (y) +
i - q  o

o r

w ZyA
^ ( s )  <  ( l - d ) B  +  ( 1 -d )  ( I -B )  ilf(se )  +  e . ( 4 .1 0 .2 5 )
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The re m a in d e r  o f  t h e 'p r o o f  may be found  i n  Ney (1 9 6 4 b ). By i t e r a t i n g  

t h i s  l a s t  i n e q u a l i t y ,  we o b t a i n

+ C ( 1 -d )  ( I - B )  ] 4 ( s )  n  =  1 ,2  . . .  ( 4 .1 0 .2 6 )
I - ( I r d ) ( I - B )

S in c e

B <  I  ,
l - ( l - d ) ( I -B )

we may ch o o se  e su c h  t h a t

( l - d ) B  +  e <  (1 -d )  C 
I - ( 1 - d ) ( I -B )

w here  C <  I  . T h e r e f o r e  t h e r e  e x i s t s  an  s ^  su ch  t h a t  f o r  s ^  ,

ijr(s) <  C ( l - d )  . •

I f  we r e p e a t  th e  e a r l i e r  a rg u m en t w i th  1 -d  r e p la c e d  by C ( l - d )  

a r r i v e  a t  ( 4 .1 0 .2 6 )  w i th  . 1 -d  r e p la c e d  by C ( l - d )  . S in c e

S we
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B . <
l - C ( l - d ) ( I -B )

____ B________
I - ( l - d ) ( I -B )

i t  f o l lo w s  t h a t  s may now be c h o sen  su c h  t h a t

( l-d )C B  4- e <  ( l - d ) C 2  . 
l - G ( l - d ) ( I -B )

T h e r e f o r e ,  t h e r e  e x i s t s  an  S^ su c h  t h a t  f o r  s  ^  Sg

* ( s )  S ( l - d )  C2  .

We now s e e  by in d u c t io n  t h a t

Lim ijr(s) =  0 . 
s-fc=0

L ik e w is e ,  we can  show t h a t

Lim |<p(s) I =  0 
s-o -«>

and  t h i s  c o m p le te s  th e  p r o o f .



C h a p te r  V

OTHER MODELS

5 .1  A m odel i n  w h ich  f a m ily  s i z e  a f f e c t s  lo n g e v i ty

S e v e r a l  a u th o r s  (Waugh (1961) and  S e v a s t "yanov (1 9 6 4 ) , f o r  exam ple) 

h a v e  c o n s id e r e d  b ra n c h in g  p r o c e s s e s  i n  w h ich  th e  num ber o f  o f f s p r in g  

d ep en d s  upon  th e  l e n g th  o f  l i f e  o f  th e  p a r e n t .  I n  t h i s  s e c t i o n  a  p ro c e s s  

i s  s tu d ie d  i n  w h ich  t h i s  s i t u a t i o n  i s  r e v e r s e d ,  so  t h a t  th e  le n g th  o f  

l i f e  o f  an  i n d iv i d u a l  dep en d s upon th e  s i z e  o f  h i s  f a m i ly .  We s h a l l  

su p p o se  t h a t  i f  a n  i n d i v i d u a l  i s  one o f  k  o f f s p r in g  th e n  th e  d i s t r i b u ­

t i o n  o f  h i s  l i f e s p a n  i s  Gj5 ( t )  . I n  o th e r  r e s p e c t s ,  t h e  p r o c e s s  i s  

assum ed  t o  be  i d e n t i c a l  t o  t h e  B e l lm a n -H a r r is  p r o c e s s .

I n  o r d e r  t o  s tu d y  th e  moments o f  t h e  p r o c e s s  we m u st come to  g r ip s  

w i th  c o u n ta b ly  i n f i n i t e  sy s te m s  o f  i n t e g r a l  e q u a t io n s .  S in c e  t h e  re n e w a l 

th e o re m s  i n  C h a p te r  I  a r e  n o t  a p p l i c a b l e ,  o th e r  te c h n iq u e s  m ust b e  u se d  t o  

o b t a i n  a s y m p to t ic  r e s u l t s  f o r  t h e  m om ents. F o r  th e  c a s e  m >  I  , u s in g  

com plex  v a r i a b l e  te c h n iq u e s  we f in d  t h a t  t h e  f i r s t  two m oments a r e  a g a in  

a s y m p to t i c a l l y  e x p o n e n t i a l ,  a s  th e y  a r e  f o r  th e  B e l lm a n -H a r r is  p r o c e s s ,  

b u t  t h e  d e f i n i t i o n s  o f  t h e  c o n s ta n t s  in v o lv e d  a r e  somewhat m ore c o m p l ic a te d .

' P e rh a p s  t h i s  p r o c e s s  c a n  be  u se d  t o  s tu d y  a n im a l p o p u la t io n s  i n  

w h ich  a  c h i l d  h a s  l e s s  c h a n c e  o f  s u r v iv in g  i f  i t  comes from  a  l a r g e  l i t t e r .  

T h is  seem s t o  be  a  r e a s o n a b le  s i t u a t i o n  s in c e  i n  l a r g e r  l i t t e r s  e ach  c h i l d  

r e c e iv e s  a  p r o p o r t i o n a t e l y  s m a l le r  s h a r e  o f  t h e  m o th e r 's  c a r e .  Even a  

b e t t e r  m odel f o r  su ch  a n  a p p l i c a t i o n  m ig h t b e  o b ta in e d  by  m o d ify in g  th e  

b i r t h - a n d - d e a t h  p r o c e s s  o f  C h a p te r  IV j u s t  a s  we a r e  m o d ify in g  th e  B e llm a n - 

H a r r i s  p r o c e s s  i n  t h i s  s e c t i o n .  The t e c h n i c a l i t i e s  e n c o u n te re d  i n  su c h  a



-1 4 5 -

p r o c e s s  w o u l d .d i f f e r  o n ly  i n  d e t a i l s  from  th e  one b e in g  s tu d i e d  h e r e .

We w i l l  r e q u i r e  t h a t  each  Gk (tt) , k  = 1 ,2 ,« * "  , b e  a  d i s t r i b u t i o n  

w ith  i t s  m ass c o n c e n t r a te d  on t h e  n o n - n e g a t iv e  r e a l  l i n e  and  t h a t  t h e r e  

i s  a  d i s t r i b u t i o n  f u n c t io n  H ( t)  w i th  H(O) = 0 su ch  t h a t  H ( t )  ^ Gk ( t )  , 

k  = 1 ,2 ,« « «  . The r e a d e r  i s  r e f e r r e d  to  t h e  exam ple p r e c e e d in g  Theorem  

3 .2 .1  f o r  a n  exam ple  o f  an  H and a  s e t  o f  Gk ' s  t h a t  s a t i s f y  t h i s  

c o n d i t i o n .

An im p o r ta n t  r o l e  w i l l  b e  p la y e d  by th e  f u n c t io n s  Gj n ( t )  , 

j  = 1 , 2 ,««« , n  = 1 , 2 ,««« , d e f in e d  by

CO

G j i ( t )  = G j ( t )  , and  G j ( % ^ i ) ( t )  = 2  kpkGkn* G j( t )
k = l

w h ere  *  s ta n d s  f o r  t h e  o p e r a t io n  o f  c o n v o lu t io n  and  pn i s  t h e  

p r o b a b i l i t y  t h a t  an  i n d iv i d u a l  h a s  n  o f f s p r i n g .

Lemma 5 . 1 . 1 : Gj n ( t )  ^  mn~ 1 Hn^ C t)  f o r  j  = 1 ,2 ,« « «  , and  n  = 1 ,2 ,« « «  . 

P r o o f : The p r o o f  i s  by  in d u c t io n .  F o r  n  = I  i t  i s  o b v io u s .  A ssum ing 

th e  lemma i s  t r u e  f o r  a  f ix e d  n ^  I  and  f o r  a l l  j  , we h a v e

Gj(Si-H)Ct ) -  2 kpkJ^G ; ( t  -  u )dG j (u )  ^  XCin' 1

„h -l
2 kP kJ1Gj ( t u)dH n* (u )

^  mnH<n+1 ) * ( t )  ,

w h ich  c o m p le te s  t h e  p r o o f .
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S in c e  t h e  d i s c u s s io n  g iv e n  h e r e  d e a l s  w i th  o n ly  t h e  f i r s t  two 

m om ents, i t  i s  m ore c o n v e n ie n t  n o t  t o  i n t r o d u c e  a  g e n e r a t i n g  f u n c t io n  f o r  

t h e  p r o c e s s . I f  Z ( t )  i s  t h e  num ber o f  i n d iv i d u a l s  a l i v e  a t  t im e  t  

and  v  d e n o te s  t h e  num ber o f  o f f s p r i n g  o f  th e  i n i t i a l  i n d i v i d u a l 's

p a r e n t , t h e  te c h n iq u e s  fo und  i n  t h e  p r o o f  o f  Theorem  4 .7 .2  c a n  b e  u se d
/

t o  show t h a t  M ( t ,k )  = E [ Z ( t ) j v  = k ] s a t i s f i e s

M ( t ,k )  = I  -  Gk ( t )  +  S n p n M (t -  u ,n )d G )t (u ) .
n = l  0

( 5 .1 .1 )

Theorem  5 . 1 . 1 : E q u a tio n  ( 5 .1 .1 )  p o s s e s s e s  a  u n iq u e  s o l u t i o n  among th e

f u n c t io n s  s a t i s f y i n g

|M ( t ,k ) |  ^  Ae1 ( 5 .1 .2 )

w h e re  A and  r  a r e  p o s i t i v e  c o n s ta n t s  in d e p e n d e n t o f  k  , and  t h i s  

s o l u t i o n  i s  g iv e n  by

M ( t ,k )  = I  +  (m -  I )  S G % j(t) .
j = l

( 5 .1 .3 )

P r o o f : One c a n  e a s i l y  v e r i f y  t h a t  ( 5 .1 .3 )  i s  a  s o l u t i o n  o f  ( 5 . 1 . 1 ) .  By

Lemma 5 .1 .1

M ( t ,k )  <: I  +  (m -  I )  E mj " 1 Hj * ( t )  ,
j = l
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and  so  th e  e x p o n e n t i a l  bound fo llo w s  from  Lemma 1 .3 .1  . . The p ro o f  o f  

u n iq u e n e s s  i s  s i m i l a r  t o  t h a t  g iv e n  i n  Theorem  3 .5 .1  and  w i l l  be  o m it te d .

As m e n tio n e d  e a r l i e r ,  t h e  r e s u l t s  on re n e w a l th e o r y  i n  s e c t i o n  1 .4  

do n o t  seem t o  b e  a p p l i c a b l e  to  e q u a t io n  ( 5 .1 .1 )  and  c o n s e q u e n t ly  o th e r  

m eth o d s m ust be  u s e d  t o  o b t a in  a s y m p to t ic  r e s u l t s  f o r  M ( t ,n )  . We s h a l l  

f o l lo w  th e  m ethod o u t l i n e d  i n  7 .1 0  o f  B e llm an  and  Cooke (1 9 6 3 ) , ( a l s o  

u s e d  by  H a r r i s  (1963) i n  p ro v in g  Lemma 3 ,  p a g e .1 6 2 ) , and em ploy com plex 

v a r i a b l e  te c h n iq u e s  t o  o b t a i n  such  a  r e s u l t .  L e t  X b e  a  com plex num ber 

and  s e t

and

V.

M * a ,k )
pCO

e "̂t M ( t ,k ) d t

G^(X) O- ^ d G k ( t )  .
0

( 5 .1 .4 )

( 5 .1 .5 )

I n  v iew  o f  ( 5 .1 .2 )  th e  i n t e g r a l s  ( 5 .1 .4 )  c o n v e rg e  f o r  a l l  X i n  some 

h a l f - p l a n e  Re(X) >  P , w h e re  P i s  a  c o n s ta n t  in d e p e n d e n t  o f  k  . T a k in g  

o r d in a r y  L a p la c e  t r a n s f o r m s  o f  ( 5 .1 .  ) and  u s in g  th e  f a c t  t h a t

G ( t ) d t

itv

we o b ta in
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M *(X ,k) = X- 1 C l- G ^ ( X ) ]  +  i:npnM *(X,n)G^(X) . J ( 5 .1 .6 )
n

L e t u s  now in t r o d u c e  th e  f u n c t io n s

ran k') -  I +  (m -  1)G*(X) -  Cp(X) 
H(X,k)  -  X [ l - c p ( X ) ] ( 5 .1 .7 )

w h ere

cp(X) = Enpn G*(X) . ( 5 . 1 . 8 ) ,

By s u b s t i t u t i n g  M (X ,k) f o r  M * (X ,t) i n  ( 5 .1 .6 )  we s e e  t h a t  K (X ,k) 

i s  a  s o l u t i o n  o f  ( 5 .1 .6 )  . ( I n  th e  s p e c i a l  c a s e  pa = 0 f o r  n  >  3 ,

( 5 .1 .6 )  becom es a  sy s te m  o f  t h r e e  e q u a t io n s  and t h r e e  unknow ns. I f  one  

s o lv e s  t h i s  s p e c i a l  c a s e ,  h e  i s  le d  t o  p r e d i c t  th e  g e n e r a l  s o l u t i o n

( 5 . 1 . 7 )  . )  S in c e  t h e  s o l u t i o n  o f  ( 5 .1 .7 )  may n o t  b e  u n iq u e ,  we do n o t  

know, a  p r i o r i ,  t h a t  H (X ,k ) = M *(X ,k) o r  ev en  t h a t  M (X ,k) i s  a  L a p la c e  

t r a n s f o r m .  B e fo re  p ro v in g  t h e s e  f a c t s ,  l e t  u s  f i r s t  n o te  t h a t  th e  f u n c t i o n  

cp(cr) d e f in e d  i n  ( 5 .1 .8 )  i s ,  f o r  a  r e a l ,  a  c o n t in u o u s ,  d e c r e a s in g ,  

f u n c t io n  and  t h a t  Limcp(cr) = 0 . I f  cp(0) = m >  I  , t h e r e  e x i s t s  a
CT-4CO

u n iq u e  cv >  0  su c h  t h a t

cp(a) = I  . ( 5 .1 .9 )

As we s h a l l  s e e ,  t h i s  or w i l l  b e  t h e  M a lth u s ia n  p a ra m e te r  o f  p o p u la t io n
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g row th  .

■Lemma 5 . 1 . 2 : M (X ,k) i s  a  L a p la c e  t r a n s f o r m ,  k  = 1 , 2 , • •  • .

P r o o f : By a  r e s u l t  on page  31 o f  D i tk in  and  P ru d n ik o v  (1 9 6 5 ) , i t  w i l l

s u f f i c e  t o  show t h a t  M (a +  iT ) i s  a n a l y t i c  i n  some h a l f - p l a n e  a Oq , 

and  t h a t

sup |m(ct + i r , k )  |3dr

L e t u s  c h o o se  Ctq >  a  w h e re  o' i s  d e f in e d  by ( 5 .1 .9 )  . ( I f  m ^  I  ,

s e t  a ’= O . )  Then f o r  any X = ct +  iT  su c h  t h a t  ct s  Oq ,

jcp(X) I ^  C p(O 0 )  <  I  , so  t h a t  l - c p ( c r + iT )  h a s  no z e ro s  i n  t h e  h a l f - p l a n e

cr S O0  . S in c e  t h e  s e r i e s  EnpnG*(or-b iT ) c o n v e rg e s  u n ifo rm ly  f o r

CT S: O , c p (c + iT )  i s  a n a l y t i c  i n  th e  h a l f - p l a n e ,  a l s o .  M o reo v e r,

»p J
CT̂CT0  - c

(m -  I %  (CT f i T )
(ct f i r )  [ I  - cp (o f iT) ]

f  m -  I  l a F I  T  
Ll-Cp(CT0)J J _ J c 0 +iTj dT < «> ,

w h ich  c o m p le te s  t h e  p r o o f ,  s in c e

M (X ,k) = X" 1
,  C m - D G tt(X)

x [ i  - cp(x)] *
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I n  Theorem  5 .1 .2  i t  w i l l  be  shown t h a t  u n d e r  a p p r o p r i a t e  c o n d i t io n s  

t h e  i n v e r s e  L a p la c e  t r a n s fo r m  o f  M ( t ,n )  ( th e  e x i s t e n c e  o f  w h ich  i s  

g u a ra n te e d  by Lemma 5 .1 .2 )  i s  o f  e x p o n e n t ia l  o r d e r .  S in c e  t h i s  i n v e r s e  

L a p la c e  t r a n s f o r m  a l s o  m ust s a t i s f y  ( 5 . 1 . 1 ) ,  and s in c e  ( 5 .1 .1 )  h a s  a  

u n iq u e  s o l u t i o n  o f  e x p o n e n t i a l  o r d e r ,  i t  f o l lo w s  t h a t ,  u n d e r  th e  c o n d i­

t i o n s  o f  Theorem  5 .1 .2  ,

M ( t ,k )  = M * ( t ,k )  , ( 5 .1 .1 0 )

We a r e  now re a d y  t o  o b t a in  a n  a s y m p to t ic  fo rm u la  f o r  M ( t ,k )  . 

Theorem  5 . 1 . 2 : S uppose  m > I  and  Gk ( t )  h a s  a  d e n s i t y  gk ( t )  and 

Rk ( t )  i s  d e f in e d  by

M ( t ,k ) e  = bk +  Rk ( t ) ( 5 .1 .1 1 )

w here i s  d e te rm in e d  by ( 5 .1 .9 )  and

(m -  l)G v ( a )

OfSnpn [ " t e -0^  ( t ) d t

( i )  I f

|g fc ( t)  | Pkd t  <  =O

( 5 .1 .1 2 )

( 5 .1 .1 3 )

f o r  some pk >  I ,  k  = 1 , 2 , • • • , th e n  ■
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' K ( t )  I * Ak e ~ e t  ( 5 .1 .1 4 )

f o r  some p o s i t i v e  num bers Ak and  e , and  e d o es  n o t  depend  on k . 

( i i )  I f

p«
|g k ( t ) ' | pd t  ^  B <  C0 - ( 5 .1 .1 5 )

' j Q .

f o r  some p >  I  , th e n

|Rk ( t )  I ^ A e “ e t  ( 5 .1 .1 6 )

f o r  some p o s i t i v e  num bers A and  e , n e i t h e r  o f  w h ich  depend  upon k  . 

P r o o f : C l e a r l y  of i s  t h e  o n ly  r e a l  r o o t  o f  ( 5 .1 .9 )  and  i f  cr +  i r  i s  a  

com plex  r o o t ,  th e n  a  >  of , s in c e

I  3  Enpn - (ct +  i r ) t

J oe
( t ) d t I <  Enpn

„C0
e crtEn ( t ) d t  = cp(a) 

v O

I f  N ( t ,k )  d e n o te s  t h e  i n v e r s e  L a p la c e  t r a n s f o r m  o f  M ( t ,k )  , th e n  by 

t h e  i n v e r s io n  fo rm u la  f o r  L a p la c e  t r a n s fo r m s

T
N ( t ,k )  = L i m ^ r  e 4" ^ 2 + i T ^M(x2  +  i r ) d T  ( 5 .1 .1 7 )

T-X= -T 1

f o r  any  X3 >  cv . I t  i s  e a sy  to  s e e  from  ( 5 .1 .7 )  t h a t  e ^ t M (X ,k) h a s  

a  s im p le  p o le  a t  X = or and  th e  r e s i d u e  a t  t h i s  p o le  i s
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H e 0*

Now c h o o se  X1 su ch  t h a t  <v i s  th e  

h a l f - p l a n e  ct ^  X1  and c o n s id e r  th e  

form ed by th e  v e r t i c a l  l i n e s  ct = X1 

T = T ,  T = - T .

( 5 .1 .1 8 )

o n ly  r o o t  o f  cp(a +  i T )  = I  in  th e  

r e c t a n g l e  p i c t u r e d  in  F ig u re  2 

, a  = x 2  , and th e  h o r i z o n t a l  l i n e s

-T  - -

F ig u r e  2

C o n to u r  o f  i n t e g r a t i o n

5
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From ( 5 .1 .1 7 ) ,  ( 5 . 1 . 1 8 ) ,  and  th e  C auchy i n t e g r a l  fo rm u la , i t  f o llo w s  t h a t

N ( t ,k )  = b ue a t  +  L i m ^ ~ J  e^Xl + ^'T^t H (x 1 + i r ) d r2  TfcJT->oo ^ 11-T

2 e (cr+ i T ) t M(cr +  i T ) d CT ( 5 .1 .1 9 )

+  ^ J x i S (CT “ lT )£ M (a -  iT )d a }  .

The proof o f  a s s e r t io n  ( i )  w i l l  be com pleted by showing th a t th e  la s t  

two in te g r a ls  in  ( 5 .1 .1 9 )  approach zero as T -> 00 and th a t th e  f i r s t  

in te g r a l  i s  0 (e X lt ) .

F ir s t  o f  a l l ,  by th e Riemann-Lebesgpe lemma (Bellman and Cooke 

( 1 9 6 3 ) ) , Cp(O--MT) -+O as T 00 fo r  X1 S c t ^  x2 so th a t fo r  Tq 

la r g e  enough | l - cp(CT+iT) |  > e fo r  T > Tq . T h erefore , u sin g  ( 5 . 1 . 7 ) ,  

th e  second in te g r a l in  ( 5 .1 .1 7 )  i s  in  a b so lu te  v a lu e  l e s s  than or equal to

2 mex I t
2rre -MT Id c r  -+ 0 a s  T -» c° '.

L ik e w is e ,  th e  t h i r d  i n t e g r a l  i n  ( 5 .1 .1 9 )  a p p ro a c h e s  z e ro  a s  T . 

The f i r s t  i n t e g r a l  i n  ( 5 .1 .1 9 )  may b e  w r i t t e n  i n  t h e  form
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_1 _
2 tt

'T e (Xl *  l T ) t C l - H m -  l)G ^ (x i + I T ) ]

-T • X1 +  i T  ;

( 5 .1 .2 0 )

+ m -  I rl  + i T )

(X1 + iT )  [ I-CpCx1 + iT )  ] d r  .

The f i r s t  te rm  i n  ( 5 .1 .2 0 )  a p p ro a c h e s  1 4 -  (m -  l)G k ( t )  a s  T co 

and  th e  se co n d  te rm  i s  i n  a b s o lu t e  v a lu e

-  l ) e X l t "] -
IG * (x n + i T )  I IciPCx1 +  i T )  I

2tiG J I x I  +  i T dT ( 5 .1 .2 1 )

s in c e  by a n o th e r  a p p l i c a t i o n  o f  t h e  R iem ann-L ebesgue  lemma,

11 -  CpCx1 +  i r )  I >  C , -co ■< T <  c°

f o r  some C >  0 . By t h e  H o e ld e r  i n e q u a l i t y , t h e  se co n d  te rm  i n  ( 5 .1 .2 1 )  

i s

{f Isflx1+1r)|M1/qT Pk "I I / Pk
d r j  ( 5 .1 .2 2 )

w h ere  q1{ i s  c h o se n  su c h  t h a t  IZqlt + I Z p k =  I  . S in c e  |cp (\)  | i s  

bounded  ab o v e  by  m f o r  a l l  X ^  0 , t h e  se co n d  te rm  i n  ( 5 .1 .2 2 ) .  i s  f i n i t e .

L e t u s  d e n o te  t h e  F o u r ie r  t r a n s f o r m  o f  e  Xl t g l5 ( t )  by f J5-(T) , i . e .9
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T h e r e f o r e

f I t ( T )
/ZTTl j -CO

^ T t e -Xl t g k  ( t ) d t  ^

Gt, (X1 + I t) 
/ Z n f k ( -  T) .

Then by  Theorem  7 . 4 1 o f  T i tc h m a r s h  (1937) we g e t

(Zrr) qie^ 2J  [Gk(X1 - H T ) I ^ d T  =  ̂ | f k ( T) [qi{dT
— CO —CO

^  (Zrr)1 qi</,2[ J  e  P k X l t (gk ( t ) ) p,td t j

( 5 .1 .Z 3 )

1 / P k ^ 1

T h i s  l a s t  te rm  i s  f i n i t e  by h y p o t h e s i s  and  t h e r e f o r e  t h e  f i r s t  t e r m  i n
x

( 5 .1 .Z Z )  i s  a l s o  f i n i t e .

T h i s  c o m p le te s  t h e  p r o o f  o f  a s s e r t i o n  ( i )  s i n c e ,  by  t h e .rem arks  

j u s t  p r o c e e d in g  t h i s  th e o re m ,  i t  f o l l o w s  t h a t  N ( t , k )  = M ( t , k )  . To p r o v e  

( i i )  s im p ly  r e p l a c e  pk by  p and  qk by  q i n  t h e  p r o o f  o f  ( I ) .  I t  

t h e n  f o l lo w s  t h a t  t h e  l a s t  t e r m  i n  ( 5 .1 .Z 3 )  i s

I  I f  ( 5 . 1 . 1 0 )  i s  t r u e  f o r  some pk : >  I  , i t  i s  a l s o  t r u e  f o r  some 
pk , I  <  pk ^  Z , so  we c a n  assum e w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  
I  C p k Z 2 .
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C (Z n ) I  -  q / 2 , l / < p -  I )

and  t h e  p r o o f  o f  T h e o rem . 5 . I . 2 i s  c o m p le te .

Remarks ( i ) : C o n d i t i o n s  ( 5 . 1 . 1 3 )  and  ( 5 . 1 . 1 5 )  on t h e  f u n c t i o n s  g k ( t )

by  any  gamma w i t h  pk = 2 and  ( 5 . 1 . 1 5 )  i s  s a t i s f i e d  by any  c o u n ta b l e  

c o l l e c t i o n  o f  d e n s i t i e s  gk ( t )  t a k e n  from  t h e  c o l l e c t i o n  o f  gammas

w i t h  p = 2 .

( i i )  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  e x p o n e n t  i n  t h e  e x p o n e n t i a l  

a p p r o x im a t io n  t o  M ( t ,k )  g iv e n  i n  ( 5 . 1 . 1 1 )  i s  t h e  same f o r  a l l  k .  T h i s  

s a y s  t h e  r a t e  o f  g ro w th  o f  t h e  p r o c e s s  i s  in d e p e n d e n t  o f  w h e re  t h e  p r o c e s s  

" b e g i n s " .

T u rn in g  now t o  t h e  seco n d  moment, i t  c a n  be  shown by u s in g  

f a m i l i a r  t e c h n i q u e s  t h a t  i f  h //( l )  <  co , t h e n  M2 ( t , T , k )  = E [ Z ( t ) Z ( t + r )  |v  = k ]  

s a t i s f i e s  t h e  e q u a t i o n

a r e  m et by a  w id e  c l a s s  o f  d e n s i t i e s .  F o r  exam ple  ( 5 .1 .1 3 )  i s  s a t i s f i e d

f ( x ; 6 , 3 ) 6 5: 0 , 3 2: 6 > 0

M a ( t ,T ,k )  = f k ( t , r )  +  Snpn  ̂ Mk ( t  -  u ,T ,n ) d G k (u ) ' ( 5 . 1 . 2 4 )

w h e re
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ffc ( £ , t) = En(n  -  l ) p n M (t -  u ,n ) M ( t  +  t  -  Ui,n)dGk (u )
O

‘ Pt +  T
+  Znpa M(£ +  T -  u ,n ) d G k (u )  +  I  -  Gk ( t  +  T)

( 5 . 1 . 2 5 )

M o re o v e r ,  ( 5 . 1 . 2 4 )  h a s  a  u n iq u e  s o l u t i o n  w i t h  t h e  p r o p e r t y  t h a t

r » t|M g ( t , T , k ) |  ^  A2e  8 ( 5 .1 .2 6 )

f o r  some p o s i t i v e  num bers r 2 and  A3 . in d e p e n d e n t  o f  t  and  t .

I n  o r d e r  t o  o b t a i n  t h e  mean s q u a r e  c o n v e rg e n c e  o f  a  s u i t a b l y  

normed v e r s i o n  o f  Z ( t )  , we m ust i n v e s t i g a t e  t h e  a s y m p t o t i c  p r o p e r t i e s  o f  

Ms ( t , T , k )  . Toward t h i s  end t h e  f o l l o w i n g  d e f i n i t i o n s  w i l l  b e  u s e f u l .  L e t

. M2 ( t , T ,k )  = M2 ( t , T , k ) e - a ( 2 t  + > )

and

M ( t , k )  = M ( t , k ) e -Oft

e ' 2aUdGk (u )

f k ( t , T )  = f k ( t , T ) e

_  'f t
Gk ( t )  = ^

= Gk ( ? )

Hk ( t )  -  Z Gk j ( t )  ,
j = l

- a ( 2 t  +  t) ( 5 . 1 . 2 7 )
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w here  Gjf l Ct) = GlfCt) and

GkCn + l ) ( t )  -  ^ j p j G jnVrGlf Ct) .

Lemma 5 . 1 . 3 : I f  m >  I  , t h e n

( i )

and

^ k n  ( f c )  ^  a k  ( S j P j a j ) 11" 1 a s  t  -> CO CS.1 .2 8 )

( i f ) H k ( t )  ^  I - S j p jj
a s  t  00 CS.1 .2 9 )

P r o o f : By t h e  d e f i n i t i o n  o f  Cf i n  C S .1 .9 ) ,  we know t h a t  E j p j Bj <  I  .

T h e r e f o r e  C i i )  f o l l o w s  from  C f ) ,  u s i n g  t h e  fo rm u la  f o r  t h e  sum o f  a 

g e o m e t r ic  s e r i e s .  A s s e r t i o n  Cl) f o l l o w s  by i n d u c t i o n  on n  u s in g

Lemma 1 . 4 . 2  .

Lemma 5 . 1 . 4 : I f  h " C l )  <  “  and  t h e  c o n d i t i o n s  o f  a s s e r t i o n  Ci f )  o f

Theorem 5 . 1 . 2  h o l d ,  t h e n

Ci) t h e r e  e x i s t s  a  c o n s t a n t  A su ch  t h a t

f k C t , t) £  A f o r  a l l  k ,  t ,  a n d "  T . CS.1 .3 0 )

C i i )  L im f k C t ,T )  » akS n C n - l ) p nb® <  »  CS.1 .3 1 )
t-*»

a n d .  t h i s  l i m i t  i s  u n i fo r m  i n  ..T . CWe d e f i n e d  b a i n  C 5 .1 .1 2 ) . )
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P r o o f :  I f  we m u l t i p l y  b o th  s i d e s  o f  ( 5 . 1 . 2 5 )  by e or^ t + t ) we ge t

f k ( t , T )  = E n ( n - l ) p n M (t -  u ,n )M ( t+ T -u ,n )d G k (u)
0

( 5 . 1 . 3 2 )

+  e  a t Enpn
r.t +  T

M ( t + T - u , n ) d G k ( u )  +  e ~ a ( 2 t  - i - T ) [ l  -  Gk ( t  + t ) ]

S in c e  by a s s e r t i o n  ( i i )  o f  Theorem ( 5 . 1 . 2 )  M (t-,k) c o n v e rg e s  u n i fo r m ly
. • I

i n  k  a s  t  -> «> , and  by Theorem 5 . 1 . 1  M ( t ,k )  i s  bounded u n i f o r m ly  i n '  

k  on any  f i n i t e  t - i n t e r v a l  , i t  f o l l o w s  t h a t  t h e r e  e x i s t s  a  D such  t h a t

M ( t ,k )  f o r  a l l  t  and k . ( 5 . 1 . 3 3 )

A p p ly in g  t h i s  t o  ( 5 . 1 . 3 0 )  we g e t

f k ( t , T )  £ h " ( I )D 2 + mD + I  '

and  t h i s  p r o v e s  ( i ) .

I t  c a n  b e  shown u s i n g  ( 5 .1 .3 0 )  t h a t  f o r  t  >  T

| f k ( t , T )  -  a kS n (n  -  l ) p nb® I

5 E n(n  -  l ) p n |M (t -  u , a ) M ( t  +  T -  u , n )  -  b 2 |dGk (u )
0

.. +  3D2h //( I ) [Gk (co) -  3 k ( T ) ]  +  ( m D + l ) [ l - G k ( t ) 3
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and t h e  second  a s s e r t i o n  f o l lo w s  e a s i l y  from  t h i s  e x p r e s s i o n .  The sum i n  

( 5 .1 .3 1 )  i s  f i n i t e  s i n c e  t h e  s e q u e n c e  o f  bn , s i s  bounded a b o v e .

We a r e  now r e a d y  t o  p ro v e  t h e  p r i n c i p a l  r e s u l t  f o r  t h e  second  moment 

Theorem 5 . 1 . 3 : I f  h"  ( I )  <  =° t h e n  M3 ( t , T , k )  i s  g iv e n  by

M2 ( t , T , k )  = fjt ( t , r )  + Snpn f n ( t  -  u ,T )dH k (u) ( 5 . 1 . 3 4 )

I f ,  i n  a d d i t i o n ,  t h e  c o n d i t i o n s  o f  a s s e r t i o n  ( i i )  o f  Theorem  5 . 1 . 2  h o l d ,  

t h e n

Mp ( t , T , k )  
e a (2 t+ T )

^  a kS n (n  -  l ) p Bb^ 

■ 1 " 2npna n
( 5 .1 .3 5 )

a n d  t h i s  l i m i t  i s  u n i f o r m  i n  T .

P r o o f ; I f  we m u l t i p l y  b o t h  s i d e s  o f  ( 5 . 1 . 2 4 )  by e -o?(2t  + t ) we g e t

M3 ( t , r , k ) f kX b i lf) + ^ n p n M3 ( t  -  u,T,n)dG1<(u).  
0

( 5 . 1 . 3 6 )

By s u b s t i t u t i n g  ( 5 . 1 . 3 2 )  i n t o  t h e  r i g h t  s i d e  o f  ( 5 . 1 . 3 4 )  we g e t  ( I n  e a ch  

c a s e  * i n d i c a t e s  a  c o n v o l u t i o n  w i t h  r e s p e c t  t o  t  w i t h  T f i x e d . ).

£k + S n p J f n +  Z jP jT j*H n ]*G% '

= 4  +  Snpn f n*gk + Z j p J  j* (Z n p nHn*Gk )

( 5 . 1 . 3 7 )



IL

B u t '

-1 6 1 -

^nPnHn*Gk -  ^ Gkr«
r = 2

( 5 . 1 . 3 8 )

.T h e r e f o r e  t h e  =Iast l i n e  i n  ( 5 . 1 . 3 5 )  c a n  b e  w r i t t e n  a s

fit +  2nPfl[ f a * ( Gi<i +  S Gu r ) ]
r = 2

=  f u +  E n p n ( ^ A - H l t )  .

( 5 . 1 . 3 9 )

I t  f o l l o w s  t h a t  ( 5 . 1 . 3 2 )  i s  a  s o l u t i o n  o f  ( 5 . 1 . 3 4 )  and t h e  f i r s t  p a r t  o f  

t h e  th eo re m  i s  p ro v e d .
I

L e t  u s  d e n o te  a kE n(n  -  l ) p nb n by  c k . S in c e  by Lemma 5 . 1 . 3 ,  

f k ( t , t )  ^ A ,  i t  f o l l o w s  t h a t  c k ^  A f o r  a l l  k  . F o r  a  g iv e n  e >  0 

c h o o se  a n  i n t e g e r  x  such  t h a t

2akA
I  -  E rp r a r  ns:x+1n Pn

_s
4 ( 5 . 1 . 4 0 )

T hen , u s i n g  Lemma 5 . 1 . 3 ,  c h o o s e  T su c h  t h a t

sup  J fn ( r , t) -  c n I ^ -----------  f o r  n  = l , 2 , * * * , x  , ( 5 . 1 . 4 1 )
r ^ T / 2  4mH(co)

T
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and

mA[Hk (~)  - H k ( T / 2 ) ]  <  f  . ( 5 . 1 . 4 2 )

Then f o r  any t  k  T and any  T , we have

a - p j
r  r

p t  _  x  p t / 2  _  _
^ 2 n Pn | £ n ( t - u , T )  |dHk (u )  +  S n p 11 I f n ( C - U 1T) - c n |dHk (u) 

t / 2  , n = l  0

( 5 . 1 . 4 3 )

r . t / 2
+ 2  npn

n=x+l
(Ifn(C-U1T) I +  Icn I }dHk ( u )  +  S n p nCa [Hk (=°) -  Hk ( t / 2 ) ] ,

I f  t h e  e s t i m a t e  ( 5 . 1 . 4 2 )  i s  a p p l i e d  t o  t h e  f i r s t  and f o u r t h  te rm s  o f  t h e  

l a s t  e x p r e s s i o n  and  ( 5 . 1 . 4 1 )  and  ( 5 . 1 . 4 0 )  a r e  a p p l i e d  t o  t h e  second  and  

t h i r d  t e r m s ,  r e s p e c t i v e l y ,  we s e e  t h a t

Z n p J / .  (C-U1TXHk (U) -» Y ^ S r p i t  CO ( 5 . 1 . 4 4 )
r r

and  t h e  l i m i t  i s  u n i fo r m  i n  T . The p r o o f  o f  t h e  s eco n d  p a r t  o f  t h e  

th eo re m  may now b e  c o m p le te d  by a p p ly i n g  ( 5 . 1 . 4 4 )  and  ( 5 . 1 . 3 1 )  t o  ( 5 . 1 . 3 4 )  

and  r e a r r a n g i n g  t e r m s .

I f  Zn (C) \ d e n o t e s  t h e  s i z e  o f  t h e  p o p u l a t i o n  a t  t im e  t  i n  a  

p r o c e s s  f o r  w h ich  v  = n  a . s .  t h e n  we h a v e  t h e  f o l l o w i n g
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C o r o l l a r y t Under t h e  c o n d i t i o n s  o f  Theorem 5 . 1 . 3 ,  Zn ( t ) e  CYi:- c o n v e rg e s  

i n  mean s q u a r e  t o  a  random v a r i a b l e  Wn a s  t  , and E(Wn) = bn

Var(Wn ) = a . Z j ( j  -  DPjb=
1 -  ^ j P j a j

I  .

The v a r i a n c e  o f  Wn i s  p o s i t i v e .
I

P r o o f ,: The p r o o f  - i s  s i m i l a r  t o  t h a t  o f  Theorem  2 . 7 . 1  and  w i l l  be  o m i t t e d .  

Rem ark: By a  d e e p e r  a n a l y s i s  one c o u ld  m ost  l i k e l y  show t h a t  t h e  c o n v e rg e n c e  

i n d i c a t e d  i n  ( 5 .1 .3 5 ) i s  o f  e x p o n e n t i a l  o r d e r  a s  i n  Lemma 4 . 8 . 1  . T h is  w ould  

im p ly  t h a t  Zn ( t ) e  0^ - I -W n a . s .  a s  t  -» <*> . ,

5 .2  P o p u l a t i o n  w i t h  do rm an t  members

C o n s id e r  a  p r o c e s s  i d e n t i c a l  t o  t h e  B e l lm a n - H a r r i s  p r o c e s s  d e s c r i b e d  

i n  C h a p te r  I  e x c e p t  t h a t  G ( t )  i s  d e f e c t i v e ;  t h a t  i s  t o  s a y ,  q = G(=°) <  I  , 

which, means .t h a t  a n  i n d i v i d u a l  h a s  p r o b a b i l i t y  I  -  q o f  l i v i n g  f o r e v e r .

Such a  p r o c e s s  m ig h t  b e  a p p l i c a b l e  t o  a  c o lo n y  o f  b a c t e r i a  i n  w h ich  e ach  

o rg a n is m  c a n  p o s s i b l y  go i n t o  a, dorm ant s t a t e  so  t h a t  i t  a lw a y s  re m a in s  i n  

t h e  p o p u l a t i o n  b u t  n e v e r  r e p r o d u c e s .  I f  t h e  p r o c e s s  i s  g i v e n  t h i s  i n t e r ­

p r e t a t i o n ,  I  -  q i s  s im p ly  t h e  p r o b a b i l i t y  o f  a n  o rg a n is m  becom ing d o rm a n t .

As i n  t h e  B e l lm a n - H a r r i s  m odel t h e  g e n e r a t i n g  f u n c t i o n  o f  t h i s  ■ 

p r o c e s s  s a t i s f i e s

F ( s , - t )  = s [ l - G ( t S + J  h [ F ( s , t - u ) ] d G ( u ) ( 5 . 2 . 1 )
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and

M (t) I  -  G(fc) +  m M (t -  u )dG (u )  
O

( 5 .2 .2 ) ,

w here  M (t)  i s  a g a i n  t h e  e x p e c te d  number o f  o rg an ism s  a l i v e  a t  t im e  t  . 

By Lemma 1 . 3 . 1 ,  e q u a t i o n  ( 5 . 2 . 2 )  c a n  b e  s o lv e d  t o  y i e l d

M (t)  = I  +  (m -  I )  2  mk“1 G]4( t )  . ( 5 . 2 . 3 )
k = l

The a s y m p to t i c  b e h a v io r  o f  M (t)  c a n  b e  d e te r m in e d  by c o n s i d e r i n g  

s e v e r a l  d i f f e r e n t  c a s e s .

( i )  I f  m <  I  by l e t t i n g  t  =° i n  ( 5 . 2 . 3 ) ,  n o t i n g  t h a t  Ĝ  ( t )  -> qk 

a s  t  -> co , i t  f o l l o w s  t h a t

i - ,M ( t )  -* q— < 1  a s  , t  -> oo .1-mq

( i i )  I f  m = I  , t h e n  M (t )  = I  .

( i i i )  I f  m >  I  b u t  mq < I ,  t h e n  a g a i n  from  ( 5 . 2 . 3 )

M (t)  -» v  — > 1  a s  t  -> co .1-mq

( i v )  I f  mq >  I ,  t h e r e  e x i s t s  a  u n iq u e  o' >  0 such  t h a t
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■*w
m e ■dG(fc) = I 

J 0

and  from Lemma 1 . 4 . 3  ,

( I  -  G ( u ) ) d u
m i a s  fc -> =° .CVte

.CO

(v )  I f  m >  I  and  mq = ’ I  , t h e n  from  t h e  c o r o l l a r y  t o  Lemma 1 .4 .3

any  n o n - n e g a t i v e  num ber. C ase  (v )  i s  i n t e r e s t i n g  i n  t h a t  i t  f u r n i s h e s  a n  

exam ple  o f  a  b r a n c h in g  p r o c e s s  w i t h  a  l i n e a r  r a t e  o f  g ro w th .

The r e s u l t s  f o r  t h e  e x t i n c t i o n  p r o b a b i l i t y  f o r  a  B e l Im a n -H a rr i s  

p r o c e s s  m ust  a l s o  b e  m o d i f i e d  i n  o r d e r  t o  f i t  t h i s  s i t u a t i o n .  I f  we s e t  

Q ( t )  = F ( 0 , t )  , t h e n  we s e e  from ( 5 . 2 . 1 )  t h a t  .

M(t) I -  q a s  t  =O .t
m udG(u)

C a se s  ( i ) ,  ( i i ) , and  ( i i i )  show t h a t ■ M (t)  c a n  b e  made t o  c o n v e rg e  t o

( 5 . 2 . 4 )
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U sing  t e c h n i q u e s  s i m i l a r  t o  t h o s e  u se d  i n  s e c t i o n  3 . 4 ,  i t  c a n  be  shown 

t h a t  Q , t h e  p r o b a b i l i t y  o f  e x t i n c t i o n ,  i s  t h e  s m a l l e s t  n o n - n e g a t iv e  

r o o t  o f

I

s = q h ( s ) ( 5 . 2 . 5 )

a n d ,  s i n c e  q <  I  , i t  f o l l o w s  t h a t  Q < I  a l s o ,  w h a te v e r  t h e  v a l u e  o f  m 

A n o th e r  q u a n t i t y  o f  i n t e r e s t  i n  t h i s  m odel i s  t h e  p r o b a b i l i t y  t h a t  

e v e n t u a l l y  t h e  p o p u l a t i o n  e i t h e r  becomes e x t i n c t  o r  c o n t a i n s  o n ly  dorm ant 

m em bers. L e t  u s  c a l l  t h i s  q u a n t i t y  t h e  " p r o b a b i l i t y  o f  dorm ancy" and 

d e n o te  i t  by D .

I f  2 ( t )  i s  t h e  number o f  n o n -d o rm a n t  members o f  t h e  p o p u l a t i o n  

a t  t im e  t  and  F * ( s , t )  i s  t h e  g e n e r a t i n g  f u n c t i o n  o f  Z * ( t )  , i t  c a n  b e  

shown t h a t

F * ( s , t ) I  -  q +  s ( q  -  G ( t ) ) + h [ F ^ ( s , t  -  u ) ]d G (u )
J 0

( 5 . 2 . 6 )

A p p ly in g  t h e  t e c h n i q u e s  o f  s e c t i o n  3 . 4  t o  t h i s  e q u a t i o n  i t  c a n  b e  shown 

t h a t  Q* = P [ Z * ( t )  = 0 f o r  some t ]  i s  t h e  s m a l l e s t  n o n - n e g a t i v e  r o o t  o f

s = I  -  q +  q h ( s ) ( 5 . 2 . 7 )

S in c e  t h e  p o p u l a t i o n  i s  do rm an t  a t  t im e t  i f  and  o n ly  i f  Z * ( t ) 0 ,
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ifc f o l l o w s  t h a t  D = Q* and  t h e r e f o r e  D i s  a l s o  t h e  s m a l l e s t  n o n - n e g a t iv e  

r o o t  o f  ( 5 . 2 . 7 )  . From t h e  r e s u l t s  f o r  G a l to n -W atso n  p r o c e s s e s  in  

S e c t i o n  1 .2  , we c o n c lu d e  t h a t  i f  mq <: I  t h e n  D = I  , and  i f  mq >  I

t h e n  D < I .
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