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Abstract:

Several models for branching processes are investigated which extend the age-dependent model of
Bellman and Harris (1952). These models are developed primarily to provide reasonable alternatives to
the assumptions that individuals live and reproduce independently and that the death of a parent and the
birth of offspring must occur simultaneously.

A process in which correlations occur among siblings is obtained by assuming the life-spans (as well as
the numbers of offspring) of a group of siblings are exchangeable random variables. Other necessary
probabilistic relations are governed by independence. The generating function of z"(k)(t), the number
of individuals alive at time t descending from k siblings born at time t = 0 , satisfies a system of
integral equations, which, upon differentiation, becomes a simple renewal equation for
E[z"(1)(t)z*(1)(t+1)] which in certain cases leads to the result that Z*(k) (t)/e”a(2t + 1) converges in
mean square to a r.v. W”(k) as t—o0 and, in turn, W”(k) converges in mean square to a nondegenerate
r.v. W as k—oo. In the binary case, the distribution of W”(2) is continuous and, provided 1 - G1(t)
=0(e"et) , € >0, it is also absolutely continuous.

Dependence between generations is introduced by assuming that if ol,...,0j,... is a sequence of
individuals with oj the parent of 0j+1 then the life-spans of these individuals form a Markov chain. An
integral equation satisfied by the generating function of the process is used to study the probability of
extinction and the first moments. A simpler model with dependence between generations is also
described and it is indicated how standard techniques may be employed to study this model.

A rather general birth-and-death process is considered in which an individual may give birth at various
times during its life. The number of offspring N(t) born to an individual with life-span | during the
age-interval [0,t] is defined by N(t) = K(t) if t <1, and N(t) = K(1) if t > 1, where K(t) is an arbitrary
counting process. Individuals are assumed to live and reproduce independently. If E[K(t)]<c for all t
and E[K(0)] < 1, then Z(t), the size of the population at time t, is finite a.s. The probability of extinction
of Z(t) is the smallest nonnegative root of the equation s = E[exp{N(I)(log s)}]. A renewal-type integral
equation is derived for M(t) = E[Z(t)], and this equation is used to investigate the monotonicity and
asymptotic properties of M(t). Again, Z(t)/e*at converges in mean square (a.s. in some instances) to a
r.v. W as t—oo. For the special case where K(t) is a compound Poisson process, the generating function
of Z(t) satisfies a useful integral equation which is utilized in investigating the distribution of W. and in
showing that Markov branching processes form a special case of this process.

In a process where the life-span of an individual depends on the size of his family, the first two
moments satisfy systems of non-linear renewal-type integral equations. Asymptotic expressions for
these moments are obtained using complex variable techniques.
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ABSTRACT

Several models for branching processes are investigated which extend
the age-dependent model of Bellman and Harris (1952). These models are
_developed primarily to provide reasonable alternatives to the assumptions
that individuals live and reproduce independently and that the death of a
parent and the birth of offspring must occur simultaneously.

A process in which correlations oceur among siblings is obtained by
assuming the life-spans (as well as the numbers of offspring) of a group
of siblings are exchangeable random variables. Other necessary probabilis=-
tic relations are governed by independence. The generating function of
Z(k’(t), the number of individuals alive at time t descending from k
siblings born at time t = 0, satisfies a system of integral equations,
whlch upon dlfferentlatlon, becomes a simple renewal equation for

EZ 5(t (t-+T)] which in certain cases leads to the result that
k)(t)/ea(Zt'*T) converges in mean square to a r.v. W k) a5 t = o
and, in turn, W converges in mean square to a nondegenerate r.v. W

as k =% «., In the binary case, the distribution of w(2) is continuous
and, provided 1-G1(t)==0(e'€t), e>0, it is also absolutely continuous.
Dependence between generations is introduced by assuming that if
»305++. 1is a sequence of individuals with oy the parent of oy,
then the life-spans of these individuals form a Markov chain. An integral
equation satisfied by the generating function of the process is used to
study the probability of extinction and the first moments. A simpler
model with dependence between generations is also described and it is
indicated how standard techniques may be employed to study this model.

A rather general birth-and-death process is considered in which an
individual may give birth at various times during its life. The number
of offspring N(t) born to an individual with life-span 4 during the
age-interval [0,t] 1is defined by N(t)=K(t) if . ts4, and N(t)=K)
if t>4%, where K(t) is an arbitrary counting process. Individuals are
assumed to live and reproduce independently. I1f E[K(t)]1<e for all ¢t
and E[K(0)] < 1, then Z(t), the size of the population at time t, is
finite a.s. The probability of extinction of 'Z(t) 1is the smallest non-
negative root .of the equation s = Elexp{N(®)(logs)}]). A renewal-type
integral equation is derived for M(t) = E[2(t)], and this equation is
used to investigate the monotonicity and asymptotic properties of M(t).
Again, Z(t)/e®t converges in mean square (a.s. in some instances) to a
r.v. W as t = o, For the special case where K(t) is a compound
Poisson process, the generating function of Z(t) satisfies a useful
integral equation which is-utilized in investigating the distribution of
W. and in showing that Markov branching processes form a special case of
this process.

In a process where the life-span of an individual depends on the -
size of his family, the first two moments satisfy systems of non-linear
renewal-type integral equations. Asymptotic expressions for these
moments are obtained using complex variable techniques.

01,--




Chapter 1

] . INTRODUCTION

1.1 Statement of Problem

Generally speaking, a branching process is a mathematical model
for the development of a population whose members reproduce and &ie,
subject to laws of chance. For convenience, in this thesis we shall
usually refer to the members of a population as "individuals', although
the mathematical model being discussed may be applicable to bactefia,
plants, atomic particles, or many other things. 'The reader interested in
applications, as well as the basic theor§ of branching pfocesses, may
refer to the monograph by T. E. Harris (1963). Kendall (1966) gives an
interesting account of the history of branchiﬁg processes.,

Most of th; models for branching processes studied previously have
incorporated the assumption that members of thé pepulation must not inter-
fere with one ;nother. .In other words, they must live and reproduce
independently. This assumption seems reasonable for some applications;
e.g.,.when the population is{composed of a;omic'particles, and there is
on the average, a sizable @istance between adjacent particles. However,
for the study of complex biological populations, it would‘be advantageous
to be able to introduce certain types of dependence among individuals,
particularly among related individuals.  Such an.assumftion might, for
e#ample, enable one to incorporate the effects of heredity into the frame-

work of branching processes,

Another often undesirable feature of the more well-known models is
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thgt the death of the parent1 must occur simultaneously with the birth
of offspring.2 Although this feature has a natural application in
populafions of bacteria that reproduce by splitting, a model which allows .
reproduction to occur throughout the life of the parent would certainly
be of interest. | |
| The burpose of this thesis, then, is to formulate matheﬁ;ticai
models for branching'processes which incorporatefsome of tpe,suggestions
in the_foregoing paragraphs, and thén. to inveétigate the properties of
these models, Chapter II concerns a model ‘in which the 1ife;spéns of sib-
lings are correlated; as well as the numbers of offspring produced by
siblings, but otherwise individuals live and.reproduce independently, Nexf,"
two models are discussed in which an individual's life-span is influenced -
by the 1ife-spans.of his ancestors. In Chapter IV a fairly’general process
ié studied wherein it ié possible for an individual to give birth at
various times during his life. Finally, in Chapte}\v a brief description
of two proceéses is éiven. The first process deals with a special type
of dependence between generations and the second process allows for the
possibility of an individual becoming dormant and remaining in the popula-
tion indefinitely but never having offspring.

Before proceeding to these models, however, it seems appropriate’

1 All of the processes discussed in this thesis consider only one sex,
so an individual will have only one parent in the population.

2 In age-independent processes such as Markov branching processes
(Harris (1963)) it actually makes no difference whether we assume an
individual dies at time t and is replaced by n =2 1 offspring or
that he continues to live and has =n = 1 offspring at time ¢t.
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that we pause here to describe two of the most well-known branching processes
and to state some results for these models which we will find convenient to

refer to later, We shall also present some results from renewal theory

which will be useful in the sequel. .

1.2 The Galton-Watson Process
N It was about 100 years agq'that Watson and Galfon (1874) formulated
a model to study the problem of the extinction of family surnames. Becau;e
of the disaépearance‘of the surnames of many families that had once occupie&
conspicuous positisns, it had been conjectured that distinguished families
are morellikely to die 6ut than ordinary ones. 1In order to explore this
hypothesis, Galton recognized that it would be desirable to first know
the probability that an ordinary family becomes extinct.

In the mathematical model developed'by Galton and Watson for this
purpose (called é Galton-Watson process), a man has probabilifies

Py P1> ps *++ of having.- 0,1,2,.«. sons and in turn each of these

offspring has sons of his own with the same probabilities, and so on. The .

number.of sons sired by any man is assumed independent of the number of

male progeny of any other man,

“

An important role in the investigation of this process is played

by the generating function

| ) | |
h(s) = I pys®, |s| =1,
n=0 o :

For instance, the smallest non-negative root of the functional equation
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h(s) = s turns out to be.the probability that the male line originating
from a single man will eventually terminate. if_ h'(l) <1 this root)
is one (assuming p, <1), but if h‘(1) >'1 this root is strictly less
than one.l (Due to an oversight, Watson concluded erréneously that this
_root was always equal to one.) Although the model of Galton?and Watson

was overlooked for many years, numerous papers on this model have

appeared in the past two decades.

1.3 The Bellman-Harris Process - v
Bellman and Harris (1952) studied an extension of the Galtoﬁ-Watson
process in which the life-spans of individ#alé are also taken into consid-
eration. A single.individual born at time t = 0 lives for a random
lepgth of time with distribution fuﬁction th).' At the end of its life
it is replaced by n_‘offspring, n = 0,1,2;;.. , with probability Py o
These progeny, in turn, behave in the same way as the progenitor and so
the process continues for as iong as individuals are present. The life-
span and the number of children of each member of the population have the
same probability distributions as the correspondigg ones for the original
individual. Thé other necessary probabilistic relations are governed by
independence, so that this process is completely determined by the distri-
buti;n G(t) and the generating function h(s) = Ip,s”. Ié is usually

assumed. that these ‘functions satisfy the conditions G(0) = 0, G(=) =1
and m =h’'(l) <®, All distribution functions that appear in this
thesis are taken to be continuous from the right.’

To avoid cbnfusion, we shall call the random function Z(t)
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giving the size of the populétion at time .t a Bellman-Harrig process,
although the term '"age~dependent branching.process" seems to be more in
vogue in the literature. Howgver, the latter expression algo appro-
.priately descfibes several other models discussed in this thesis.,

| The generating function F(s,ts of the random function Z(t)

is defined by

F(s,t) = E[sz(t>] = ; P[Z(t)==k]sk , t =0, |s l <1. (1.3.1)
: k=0 :

Harris (1963) pfoves.that F(s,t) satisfies the integral equationl
. .
F(s,t) = s[1-G(t)] + J h[F(s,t = u)]dG(u) . (1.3.2)
o .

Uppon differentiating‘(l.3.2) with feSpect to s ‘andAputting s = 1,

it follows that M(t5 = E[Z(t)] satisfies the renewal equation

'

. t ' )
M(t) = 1-G(t) + mf M(t - u)dG(u) . (1.3.3)
* . 0 . . .

The following lemma summarizes some other well-kﬁown facts about M(t) .

. b . '
1 In this thesis the symbol Ia will mean f[a b] * To denote I[a b)*
> 3

,I(a,b] » and f(a’b)',.we will use f:-’ IZ+’ and f:;’

respectively.
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Lemma 1.3.1: (i) Equation (1.3.3) has a'unique solution that is bounded

on every finite interval.

(ii) This solution may be written in the form

M) =1+ (m-1) ; mk"le(t) , | (1.3.4)"

k=1

where Gy, is the kth convolution of G with itself,

(iii) If G is not a lattice distribution1 and there exists an o such

- that
mJ e Mag(u) = 1 © (1.3.5)
0 - '
and
o0
I e de(u) < =, , : (1.3.6)
O . .
then

‘ Ie-wfl-G(u)]du
M) % - — L as t e, C(1.3.7)

(e}
nJ‘téade(u)
-0

These results concerning the renewal equation (1.3.3) are all given

1 We say that - G is a lattice-distribution if its only points of
increase are integer multiples of some fixed numbexr.

L1}
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.explicitly in Harris (1963) (with the exception of 1.3.4, which is easily

deducible from ﬁarris’ Lemma 1, page 161); However, we shall préve

- parts (ii) and (iii) at the end of the next section to illustrate the

results from renewal theory presented there.

1.4 Some results from renewal theory

Since the moments of several of the processes to be studied satisfy
renewal~type equations, rather extensive .use will be made of éhe.results_
in this section. The treatment of renewal theor§ given here is patterned
after.Felle; (1966).

Throughout this section we‘shall suppose that F(t) and H(t)
ére finite, nondeéreasing; continuous from the right and equal to zero

when t < 0. Of considerable interest in remewal theory is the function

© : . .
U(t) = Z Fy(t),. (1.4.1)
k=0 :
where F; =F, F, is.the kth convolution of F with itself,
k=2,3,s.0, and
1 for t =2 0.

FO (t) =
0 for t<O0,.

Lemma l.4.1: The function U(t) is finite for all t.
Proof This fact is well known but perhaps the following proof (similar

t6 Mode (1968a)) is of interest. Let 't be fixed._ If F() <1, then
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o] (oo}
U(t) = ZF(t) £ ZF(t) = 7 < =,
If F() =21, thén
t _'ax ’ .
f e TdFr(x) <1,
‘ 0
for some a > 0. If we let
= U oeax
F(u)=je dF (x) O<us<t,

0

it can be shown using Laplace transforms or other techniques that the

kth  convolution of F(u)’ with itself is given by

U . .
Fy (u) = f e” ¥%ar, (x) 0sust,
0

It follows from the case F(t) <1 that

w——
k=0

But

e at o =
Z Fe(t) e I Ty (t)
k=0 . k=0
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and the lemma is therefore proved. The proof of the next re;ult is
similar to that of ‘Lemma 2,5.1 and will be omitted.

Lemma 1.4.2: If- f(t.) is bounded and f(£) A as ¢t b -and

F(®) < o, then
J f(t ~u)dF(u) » AF(®) 'as £t He, - (1.4.2)
0 S .
Parts (i) and (ii) of the folldwing lemma are often called

Blackwell's theorem and the key renewal theorem, respectively.

Lerma 1.4.3: Suppose F is not a lattice distribution and F(®) = 1.

* Then
(1)
U(e) - U(E-h) v B a5 £ oo |
joyd“y’ R (1.4.3)

for every fixed h >0,

(ii) if £(t) is the difference of two bounded nondecreasing functions

which are both integrable on [0,°°] and £() =0 for t <0, then

¢ f £(y)ay ’
‘[ £(t - y)dU(y)- - —2————' as t e, (1.4.4)
0 )

The proof of this lemma may be found in Feller (1966).
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Corollari: If H(®) < o, F(») =1, and V(t) satisfies the equation

£ -

) o
v(E) = H(E) + f0v<t -y,

then

I RS Y A |

V(tt)_? _H(=) as t 4w, (1.4.5)
| v
0

Proof: -Tﬁe proof follows f;om Lemmas 1.4.2 and 1.4.3 (i) by applyirg the
teéhnique set forth in XI.3 of Feller (1966).

A As an application of the results of this section and also to
illustrate techniques that will be used later, we now givé the

Proof of Lemma 1,3.1:

It can be easily verified that M(t) defined by (1l.3.4) satisfies
equation (1.3.3). If we define F(t) = mG(t) , then

M(t) =1 +-(-13‘—;];1—]4;201Fk (t)

and it follows from Lemma l.4.1 that this last expression is finite,

which proves (ii). If we define

. - o
6(c)=mfe°f“dc<u>,g
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T(e) = (1-6(e))e™F,

-t

H(t) = M(e)e O,
and
T(t) = gfk(w ,
=.0

then (1.3.3) becomes S :

| ) o
M) = F(e) + j (e - u)dB(a) . (1.4.6)
0 |

The solution of (1.4.6) is given by

— t-.— — .
mw=f;a-ymww,.

and (iii) of Lemma 1.3.1 now follows from (ii) of Lemma 1.4.3 .

;

The iﬁtereste& reader may consuit-Feller (1941) for the proof of

uniqueness.
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Chapter II

CORRELATION AMONG SIBLINGS

2.1 Introduction

In this chapter we shall study an age-dependent branching process
in which the independence assumptioﬁs'of the Beliman-Harris processl
described in Section 1.3 are.relaxed so that interactions may -occur among
siblings." Individuals that are not siblings continue to live and réproduce
independently; in particular, there is no.interaction between individuals
in differenf generations,

The process begins with k siblings born at time t = 0., The life~
spans, as well as the numbers- of offspring, of ;hese sibiings are correlated.
At tﬁe end of its life én individual is réplaced by its offspring who are

correlated in the same way as the siblings in the first generation., 4s is

" generally true, the relaxation of independence assumptions makes matters

more complicated. In order to have some'hdmogeneity on which to base the
analysis of the process, we shall assume Ehat the life-spans il,...,&n
of any group gf n siblings have the same.joint distribution function
Gy (X15+0+,%,) , and this function is invariant under permutations of the

's. 1In the literature, this property of G,(%;,...,X;,) is expressed by

X
saying that the random variables 4,,...,4, are "excﬁangeablé” or "inter-
changeable'. Likgwise, we shall assume that the numbers of offspriﬁg of

siblings are exchangeable random variables, I.ntui-tiv'e ly, these ass@ptions
say that one would expect all groups of n siblings to behave in the same

way which seems to be a matural first step in relaxing assumptions of

independence.
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Harris (1963) discusses-briefly, for the case of binary reproduction,
how a Bellman-~-Harris process can be modified to include dependence between
sister cells. The model he diséusses is a special case of the process
described above. :

Data of Powell (1955) suggests that in baéterial populations the
life-spans of sister ceils aré correlated while the life~spans of mother

and daughter‘are not., If this is true, the study of bacterial populations

could be‘'an important application of the results obtained in this chapter.

2.2 The probability space

Although we shall be primarily concerned with analytic properties
of the process, we shall base the development of these properties upon an
underlying probabilitf space. ' The construction of this space foliows that
of Harris (1963), Chapter .6, and much of the notation used here is borrowed
from that source.

Let us denote the collection of all finite sequences ij,...,iy ,
where 1,,...,iy and k are positive intege;s, by Jd. For each Ied,
let {(I) represent a distinct individual whose line of descent is given'
by I. For example, (élB) is the third child of (21), who, in.turn,

. is the first child/of (2) . Since wé are assuming that all childreﬁ of an
individual apﬁear simultaneously, éhe ordering "first child", '"second
child", etc., has no real significance. The collection (1), (2), ... -is
called the first generation and we shall not Be conqerned with ancestors

of these individuals. We say naturélly that two ihdividuals of the form

(fy eee-ign) and (i, ... igm) are siblings. By fiat, all members of
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the first ggperation are siblings. Similarly, if I; = iy,...,3; and
Iy = d3,000,1y with '3 2k, we say that (Ig) is a déscendent of
(Il) . We note that according to this definition, every individual is a
descendent of himself.

We shall be interested in only two facts about each individual;
. the lenéth of its life and the number of children it has; For each Ied
let &I and Vi dendte the 1?fe-span and the number of offspring of

(I, respectively. The life-spap %I may be any non-negative real

number and v may be any non~negative integer. .

Definition 2.1,1: B& a family history we mean a sequence
w= €y,v3h1,vi13d2,35.00) - (2.2.1)

where the subscripts range over all elements of J in some arbitrary but
fixed order. The collection of all such family histories shall be denoted
“by Q. |

It should be pointed out that many weQ corresﬁond to the same
realization of the growth of an actual fopulation. This is because each
w gives infofmatioﬁ ab;ut individuals who are ﬁever born. For example
v, = 3 means that (1) has three childreﬁ, but 4,4, represents the

life~span of the fourth child of (1) . It might seem more natural to

| I

define Q so that each we( would contain only the following information:

the life-spans of the k individuals in the first generation and the '
number of offspring of each, the life-spans of these offsbring and the

number of offspring they have, and so on. Everett and Ulam (1948) and
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Otter (1949) have constructed spaces of this type, although they consider

only generation sizes. . '
.In view of these remarks, Definition 2.2.1 may seem rather

artificial, but it certainly does no harm to have "finer'" events in a

probability space than those one is actually concerned with, Moreover,

this definition makes {2 a countably infinite product of spaces that are

either the non-negative real line or the non-negative integers, which is-

a great help in defining the o-algebra .G and probability measure P, -

and also in deriving integral equations as we shall see.

The prbblem.discussed here is. not unlike that of computing
probabilities in a certain dice game. Although one is only interested in
events such as "the.sum of the numbers is seven', it is more convenient to
.define the basic sPacglas a producf space (the_seé of all ordered pairs of
integers from one to six) whose elements correépond to "finer" events. The-
main difference in this simple example and our situation is that our
Yfiner" events afe.nqt actually observable.

As mentioned.before, the set  may be represeﬁted as an infinite

product space
Q=B; XBg X Bz X ¢« (2.2.2)

where each B; 1is either the non-negative real line or the set of non-
negative integers. In the former case, let the o-algebra ‘G; on By
be the Borel sets, and in the latter case, let the o=-algebra G; on B,

be the power set of B, . Then define the o-algebra (G on Q as the
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- minimal o-~algebra over the class of all cylinders of the form -

N w _
TA x I B
k=1 K=N-+1

where ‘N is Any positive integer and A, ¢ ; k=1,2,...,N ;

We must now define a probability measure P on the measurable
space (Q,0) . For each -k =1,2,.,.., let Gk(xl,...,xg)' be a distri--
bution satisfying -

(i) if %y <0 forisome j, 1< j <k, then
G (XyseeerXy) = O (2.2.3)

(ii) the function Gy (Xi,.ss.,Xg) is symmetric in its arguments; i.e.,

Gk(x,(l),...,x, <k>) ‘= Gk(xl,...,xk) = (2.2.4)

~where i( ) is any permutation of 1,...,k, and

1

(iii) the family of distributions is consistent® in the sense that

Geln (Ka s e mes¥pm1) = G (Rps e sBem15%) (242.5)

We shall frequently denote Gy (Xy,..:,Xy) simply by G(Xy,.005%g) -

/

1 Condition (iii) is weaker than the usual definition of comsistency,
but (ii) and (iii) taken together imply consistemncy as it is usually
defined. B S

N Y A 71

i
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Similarly, suppose that for each k and each set of non-negative

integers Jyseeesdx » Pyyseeesik is a non-negative number satisfying

[=<]

(1) Z oeer Bopy ..y =1 | (2.2.6) "
’ _j1=0 Jx=0 . ’
(ii) l pdi(l) co o 31(]() = pjl cee J}g o (2o2.7)

where i( ) is aﬁy permutation of i,..;,k , and’

. o0
(iii) - Z py
Jy =0

= p, . . (2.2.8)

1 e Jk 1.0-. Jk-l

Now let Sl,.;.,S;,... be the partition of J into equivalence
‘classes detexrmined by the equivalence relation "I, is equivalent to 'Ia
if and only if <(I;) and (I,) are siblings'. Then (Q may be written

as

where

and
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v, = T ¥
55 1es, T

each Ly being the non-negative real line, and each VI being the set-of
‘non-negative integers.

The functions Gg(X1,ee.,%) k = 152500 ‘fo;m a family of consistent
distribution fgnctions’which determines a probability on each LS‘1 by
Kolﬁogorov's fundamental theorem (Rolmogorov (1933)). Likewise, the

Piy eee dy determine a probability on each VSJ by the same theorem..
These probébilities then determine a probability P on (Q,G) according
to tﬁe product probability theorem (loeve (1963), p. 91). The following
facts are immediate consequences of the definition of P.

(i) For any k siblings, Gy (X15.+45%;) 1is the joint distribution.

function for their life-spans, and py is the joint probability .
‘ 1

eee 1
function for the numbers of offspring they have. It follows that for
each' Ied, the collections {&Il,...,%lk,...} and {vIl;...,ka,...}
are sequences of exchangeable random variables.

(ii) The 1ife-spans 41 . are independent of the numbers of offspring vI;
.(iii) If none of the individuals (I;),...,(I;),... are siblings of the
individuals (I:),L;.,(Iﬁ),... then the collection of life-spans

{2 tyeeesd fyesseeo) 1is independent of the collection {4 v,.eusdesyessls

“and a corresponding statement is true for the numbers of offspring.

2.3 The branching stochastic process
We shall be pfiméfily interested in the random function Z(k)(t)

giving the number of individuals alive at time ¢t in a process that begins

~
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with k siblings born at time t = 0.

. Definition 2.3.1: For each t 20, weQ, and I =1i,,,..,ix ed, let

1 i ;< T .
f 1z vil,'.Q’lk \)11"""’1‘{-—1’
&11 + cones +L‘l""’i}¢__1 <ty

X (£,0) = - (2.3.1)

I
and ’f/il _-'--...?..-l- {/11’....,1k >t ‘ ~
0 otherwise
and
Z,(t,w) =ZIXI(t,w)' (2.3.2)

where the sum is taken over all descendents of (i), and

k
zE) (e,m) = ' % Z,(t,w) | (2.3.3)
el

~

We shall often, for convenience, suppress the ® in these
functions. Expression (2.3.1) simply says that XI(t) =1 if (1) is
ever born and is alive at time t, and XI(t) = 0, otherwise, Therefore,

Z,(t) is the number of descendents of (j) alive at time t and
. Z(k>(t) is the number of individua@‘alive at time t who descend from

'

(1),..‘._,<k) )

Theorem 2.3.1: The.functions_ XI(t,w) » Zy(t,w) , and Z(k)(t,w) are all

measurable in t for each fixed w and measurable in ® for each fixed

\
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 E.

Proof: The proof follows easily from Definition 2.3.1 and the fact that

éll of the coordinate functions &I and vy

The representation of Z(k)(t) to be given in the following lemma

are measurable,

will be cruciél when we ‘derive an integral equation for the generating'
function of .Zﬁk)(t) . TFor each w =(&¥,v1;&11,v11;£2,\b; ...)' dgfine.
wy = (&11,V11;&111,v111;éig,V%g; ees ) o Let (g be the set of all such
w; and let Qo be the set of al; sequences of the form
(X15vy3425V234a,V33 ... ) . Then the space (1 may be represented in the

form
Q= QO X Q X Q. X eee & _ (2.3.4)

Lerma 2.3.1: If £y St,eeasdy <t, 441> ¢ ,.;.,&§'> t and

v; > 0,.00,v4 >0 for some i, 1 =<1 < k, then

\

2 (,0) = k-i+ T 20 (e-1,,0,) . (2.3.5)

j=1

\
’

Remark: The proof of this lemma is similar to that of Theorem 6.1,
page 129 of Harris (1963) and will be omitted. The content of the lemma
is illustrated by Figure 1 which represents the first stages of the evolu=

tion of a family that begins with three siblings in the first generation.

For this particular family history, we have k =3, i =2, v; =2, vy = 3,
Vg = 3, Z(v1>(t"L1:w1> =2, Z(vz)(t “ds3,w3) = &, and z(&) (e,0) = 7.

The reader may verify that these values are in agreement. with (2.3.5).




ST
i ’e’lll
Llll
4 : €112
£12]
|
| 221
Loaf
I
4 |
L2z :
ok s
|
l
s |
1
|
| ey B S
~——c >l
[
Figure 1
Early stages in the development of a family history
2.4 System of integral equations for the generating functions

Definition 2.4.1: For t 20, |s| =1, k=1,2,..., let

® -, (k)
F(s,t,k) = T P[Z(k)(t)=r]sr=E[sz ®], (2.4.1)
r=0 i

Rather than derive an integral equation for F(s,t,k) for each fixed k
similar to (1.3.2) we shall instead derive a system of integral equations
in which each equation involves all of the functions F(s,t,k) k =1,2,....

It follows from Definition 2.4.1 that
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| (k) (k) "
R(s,t,0) = | s Pap =) [ &2 ©ap (2.4.2)
Q A

where the sum is taken over all sets of the form A = A; XA, X +o¢ XAy ,
and each 4, , 1 i <k, is either C; = [Li < t] or C{ . (The symbol

¢,/ stands for the complement of C, .) If we let

r

B, =CJ;,‘X"°XC1XC1’+15("'XCk" 1<i<k, and Bo=CxlX"'XC1als

then

(k) fo (), : |
2 (Bgp = EI 2 T (®gp (2.4.3)
A

()

By

X
where ¥’ means the sum over all A =1 Ay such that exactly i of the
=1 .

Ay's equal C, and the mst equal C; . Expression (2.4.3) is a condequence °

of the fact that both Gy (%;,...,%X,) and Pi, are symmetric in

s oo 1k

their arguments. As a result of (2.4.2) and (2.4.3) we see that

k (k) -
F(s,t,k) = < (k)j ¢ (Egp O (2.4.4)
’ o i=0"t"Bg L |
and'
(k) : ' .
J £ (Bgp o sKP[Ly > € .0yt >t] - . (2.4.5)

By
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and for 1 =<1 x5k,
(k) © ) (k) . . ' |
f 2 ®gp oy ... % Jsz ®gp ", C (2.4.6)

where, for convenience, we have set D = B,N[v, =nyJNeeeNfv, =n;}. Let
us now focus our attention on just one of these_summands for which

vy >0, 1<3j<i. Applying Lemma 2.3.1 we have

£ 207 (e - by,0y)

fsz(k)(t)dP =‘sk-iJnDsJ

ar. . (2.4.7).

t

We now interrupt the proof briefly to introduce some mew notatiom.

"If Q' x Q" =Q for some Q' and Q° let us denote by PQI the .

probability function on Q’ defined by
P /(4) = (A x ),

for A any measurable subset of Q'.

With this notation, the right side of (2.4.7) becomes

i (nj>
0 .

Q) X see X Oy (2.4.8)
O .

sk'ij,dP
D

by an application of Fubini's theorem’ (Loeve (1963), p; 136).. (The
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spaces {, , i =0,1,..., are .those defined just prior to Lemma 2.3.1.)

Upon noting that

=P Xc'.xP

Poy x vee x 0 TRy o

~

(i.e., the probability PQ X wes X Q is the same as the one determined
1 1 ' .
by P e P by the product probability theorem), another application
1

of Fubini's theorem transforms.(2.4.8) into

L 200 -g,,0,) |
=1js o dPQJ, (2.4.9)

sk-if dPQ
D 0]

and sincé, by the definition of P and PQ » the probability PQ on
J b

Q is identical to the probability P on Q, (2.4.9)-is equal to

. i '
sk + dPQ IF(s,t-4y,ny) . © (2.4.10)
D 0 j=1

Upon applying the definitions of PQ and the set D, (2.4.10) becomes

0

k=i .at t © o i .

s. pnl""’“i-f ows ’ cee I I F(S,t-ud,nJ)dG(ul,...,uk).
49=0  uy=0 u;,j=t up=t j=1

(2.4.11)

.

All of this work is also valid if v, =0 for some j, 1< j s1i,
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F(s,t,0) = 1.

From (2.4.2) through (2.4.11), we have proved

Theorem 2.4.1l: The generating functions F(s,t,k) "satisfy the system of

integral equations

i k- o co
F(s,t,k) = s"P[4, >t; i=1,2,...,k] + T ' Z «o0 T p,- ...,
: - i=l  n,=0 n,;=0 ? :

(2.4.12)
oo} o . )

. Jt vee Jt I coo I ﬁ F(s,t =u;,ny)dG@, ... ux) »

=0 uy=0 uyy =t we=t 71

2.5 First moments
For the remainder of this chapter we shall assume that G;(0) =0
and m =h'(l) <~ where h(s) = Ip;s’.
) J

Definition 2.5.1: Let

M(e, k) = E[2(R) (&) 7 .

For convenience, we shall denote M(t,l) simply by M(t) . Since .

E[Z,(t)] = E[Z,(t)] for all positive integers i and j, it follows that
. .

. -~k , '
M(t,k) = E[.lej(t):l = kE[Z,(t)] = WM(t) . - (2.5.1)
. . J= . d
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Therefore, the properties of the \ﬁean functions M(t,k) may be obtained
by studying only M(t) .

By an argument almost identical to that of Harris (1963), page 139,
the assumptions for G and m made at'; the beginning of this section
imply that‘ M(t) < o for all t. Copsequently, M(‘t,ki < “and

1

Z(k)(t) < o almost surely for each t and k.

Theorem 2.5.1: M(t) satisfies the integral equation

: t
M(t) = 1-G(t) +‘mJ‘ M(t - u)dG(u) . (2.5.2)
! 0

i
Proof: If we let k=1 in equation (2.4.12) we get

. : ) t o ’ ;
F(s,t,1) = s[1-G(t)] +I Z pyF(s,t =u,n)dG(u), 0 <s =<1, (2.5.3)
) 0 n=0

the interchanging of integration and summation being permissible by the

dominated convergence theorem. Since M(t;k) = F'(1,t,k) where
F/(s,t,k) = F(s,t,k)
? ? as ? ?

the proof will follow. by differentiating both sides of (2.5.3) with respect
to s, setting s =1, and applying (2.5.1). Wé note that

/

pnF'(s,t -u,n) < p,M(t -.u,ﬁ) = np,M(t ~u) , 0<s <1 .




- 27 -

Therefore, the differentiated series annF'(s,t-u,n) converges uniformly

0<s <1, and the operati9ns of summation and differentiationm may be
.ihterchanged. The operations of differentiation and integration may be
interchanged by a corollary of the dominated convergence theorem (Loeve
(1963), page 126).
‘ The only other observétion that really needs to.be made about tﬂe.
mean functiong of the process is that equation (2.5.2) is identical to
(1.3.3) given in Chapter 1 for the mean of the Bellman-Harris process
which implies that the particular type of dependence assumed in this cﬁapter
has no effect upon the mean. In particular, Lemma 1.3.1 stated for the
mean of the Bellman-Harris process holds for the function.  M(t) being
studied in this section also. , - o i
For future reference,:we now state a result that follows in a
trivial fashion from the prgceeding remarks, Lemma 1.3.1, and expression

(2.5.1).

Corollary: If m>1, and G is not a lattice distribution, then

M(t,k)e % » bk, k=1,2,..., as t = o, (2.5.4)
where
I e %1 - ¢(u)]du
0
b= —=
mf ue‘dudG(u)
0

and o is defined in Lemma 1,3.1.,

o
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Before concluding our discussion of first moments,'it should be
pointed out that Mode (1967) stu&ied a binary brahching process with
correlatioﬁ among sibliﬁgs and obtained a rate of growth of the form
t"%eo',t . However, he'based his results on an integral equation that is

vastly different from (2.4.12) and it is not clear how his process fits

in with the one being studied here.

2.6 Second moments

Definition 2.6.1: let

My (£, 1,10 = B[z ()2 (e +m)7 . (2.6.1)

At this juncture, we could (most likely) derive an integral equation
for the joint generating function of Z(k)(t) and Z(k)(t-+T) siﬁilar
to (2.4.12) and tﬁen differentiate this expression to obtain an infeérall
equation for M(t,T,k) . This approach is taken by Harris (1963),
Ney (1964b), and Mode (1968b). However, because of the complexity of the
resulting expressions, in the present situation it seems easier to derive
an équation\for M(t,T,k) directly; This procedure also circumvents
delicdte‘arguments concerning interchanging the order of differentiation
and other limiting operations as were needed in the proqf of Theorem'2.5.l;

First of all, we have
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It

. k k
M, (t,T,k) E[ L Z(t) Xz ZJ(t+'r)]
. j=1 j=1

k' o g ,
E[j?lzd(t)zd(t +¢)] + E[ i 2, (£)Z5 (e +7) | (2.6.2)
= : it]

]

KE[Z, (£)Zy (€ +7)] + k(k - 1E[Z,(£)Zy (¢ ;i-.T)]

~

The last equality.is a result of both G(xy,...,%,) and Piy eeer iy being

symmet?ic %n their arguments. If we let
M(t,T) = E[Z2,(t)Z, (£ +7)] (2.6.3)
and
M*{t,'r) = E.[Zl(t)ze(t'+'r)]. R | - (2.6.-4).
eéuation (2.6.2) becomes

Mp(t, T,k)- = RMCE,T) + k(k - DM (E, ) . (2.6.5)

H

In view of (2.6.5), the next step is to derive integral representations
for M(t,T) and M*(t,T) . Most of the ideas involved have already been
applied in deriving (2.4.12)., Therefore, without presenting any of the

details, the end results are




- L () || Ll

- 30 - S

‘ t+T
M(E,T) = 1=~G(t+T) +m M(t +T=-u)dG(u)
. -y
(2.6.6)
) s
+ pnj My (t - u, T,n)dG(u) ,
n=1 0
and
. o © . oEHT
M (t,T) =1+ G(t,t+T) -~ G(t) -~ G(t+1T) +m j M(t + T =v)dG(u,v)
‘ ‘ u=t+ v=0 "’
(2.6.7)
\
t 0 . t. t+T ‘
+ m J. j M(t = u)dG(u,v) -+ m, J M(t = u)M(t +7T-v)dG(u,v)
u=0 v=t-+T+ . =0 '_V=O ’ .
Wheré
My = .z by jkpdk . ) . (2.6.8)
3=0 k=0

The reader should observe that (2.6.7) expresses M*(t,T) in terms of
M(t) and known quantities, but the right side of (2.6.6) contains all of
. ] i .

the functions M,(t,T,k), k = 1,2,.;. . However, if we substitute

(2.6.5) into (2.6.6), we get

: t+T
M(,T) =1« G(t+T) +m M(t + T - u)dG(u)
: t+

(2.6.9)

i t
+-mj M(t = u,T)dG(u) + h”(l)f M*(t - u, T)dG(u) ,
0 %0,
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which is the desired integral equation for M(t,T) . It now appears phat
we may obtain an asymptotic formula for M(t,T,k), by first using (2.6.7)
to get an asymptotic formula for M*(t,T) > then using thiéﬁresult éogether
with (2.6.9) to obtain an asymptotic formula for M(t,T) , and finally

applying these results to (2.6.5). This we shall now do.

Lemmg 2.6.1: If m > 1 and _h”(l) < and G is not a lattice distri-

bufion, then

Mo (e, mye ZEFT) sz f o‘(““"’>d<;(u V<o mstse (. 10)

(g
and this limit is uniform in 7.

Proof: Let us first observe ;ﬁat by. the Schwartz inequality

my £ T §®py T p =h'(l) tm< e, (2.6.11)
§=0 k=0 -

it is fairly evident that when the right side of (2.6.7) is multi-

e-a(2t+¢> and the limit as t approaches infinity is taken,

plied by
all terms except the last approach’ zero uniformly in T . Therefore, the
proof will be complete upon demonstrating that for any given ¢ > 0 there

exists an x such that for any t 2x and any 7T, the expression

£ % ' :
lj j M(t ~u)M(t +T=V)e o-l("Zt'{"i:)dG(‘u,v)--sz J e-a<u+v>dG(u,v)[ (2.6.12)
ol b
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is less than ¢ . Since M(t) is bounded on every finite interval by
Lemma 1.3.1, and M(t)e-at_ approaches a finite constant as t becomes
large, it follows that M(t)e_at' is bounded on the entire positive real
line, say by B. From (2.5.4) there exists an x, such that

Mee)e uce +mye @ ETT L 2| < o3 ' (2.6.13)
for all t > x, . Furthermore, there exists an X, such that

1~ G(t=%;,t~%y) < e/3(B2 +2b%) © (2.6.14)

for t > x, .. On the other hand, for all t and T expression (2.6.12)

>

is less than or equal to

ot pbT ' .
' ’j J [M(t ~u)M(t +T -~ v)e'-cl(t",‘»emo‘,(t +t - v) - sze-d(u +v)dG(u,v_) \
0°0 L
o 0 t pt+T
+ bzlj I e-a(u'+y)dc(u,v) ;‘J J e_a(u'+V)dG(u,v)]
00 0°0 :
t=%y pt+T=x ‘
< J‘ 1f S [M(t-u)é-a(t-u)M(t +T- v)é-a(tﬁ-v) - b® {e-d(uw)dG(u,v)
0 , .
+ IEBQ +2b°]dG(u,v) '
" .

where A = {[0,°) x [0,)} - [0,t-x%,] x [0,t +T-%,]}. The proof is -

now completed by letting x = max(x,,%xp) and applying the estimates
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(2.6.13) and (2.6.14) to this last inequality.

Lemma 2.6.2: If m>1, h”(l) <o, and G is not a lattice distribu-

tion, then .

h’ (1 Jmy be ‘:I:.J«:e-a(;lw) dG(u, Y):‘[f:e- 20"udG (u) ] .

(e, me ¥ - (2.6.15)
' 1l -~ mJn e-zde(u)
0 .
as t =2 o and this limit is uniform in T.
Proof: If we multiply both sides of (2.6.9) by e-a(2§+T) and put
M(t,T) = (e, e ¥FETT)
(o] 2 .
m = m;[ e ““4c(u) , and . )
0
‘Y e 2Cde(u)
0
G(t) = P ’
j e 20"U'dG(u)
O i
then (2.6.9) may be written in the form .
— — t__ ) —
M(t,T) = £(t,T) + m| M(t-u,T)dG(u) .
. 0 .

-

Moreover, using Lemma 2.6.1 and an argument similar to the proof of
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]

Lemma 2.6.1, it can be shown that

oo o (o]
Lim £(t,T) = bzh”(l)mgj J.e-a(u'+v)dG(u,v) 'J e-zaudG(u),
£-hoo _ 00 0

énd this limit is uniform'in T . The proof now follows from Lemma 4,
page:163.of Harris (1963) in the same way as Theorem 18.1 of Harris.

We are now ready to obtain the resﬁlt towards which we have been
working, namely, an asymptotic formula for. M, (t,T,k) . For.the sake of

brevity, let us set

c = f e-zaudG(u) - - (2.6.16)
0 ‘ .
and -
el = I j e-a<u-fv)dG(u,v).. : (2.6.17)
00 . 3

<

Theorem 2.6.1: If m>1, h”(l) <o, and G is not a lattice distribu-

tion, then fpr each k= 1,2,...,

' " § :
M(t,T,k)e-a(2t'+T) - kmgbzc'[hiéigg + k-l] as t o - (2,6,18)

and this limit is uniform in T-.

Proof: . The proof follows immediately upon applying Lemmas 2.6.1 and 2.6.2

to equation (2.6.5) .
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We now get as a special case the corresponding statement for the

Bellman-Harris process in which individuals live and reproduce independently.

Corollarz:- If m, =m® and G(u,v) = Gu)E{H) , and conditions of

_Theorem 2,6.1 hold, then

‘ S, 0 l .
M(e,Tye ¥2E+T) PR (De o, o, (2.6.19)

1~mec

Remark: It should be pointed .out that the only difference in the limiting

ekpression for M(t,T) in Lemma 2.6.2 and the one obtained for the
Bellman-Harris process is the factor mgc" appearing in (2.6.15). As we
shall see in the proof of Theorgm 2.7.1, under the hypothesis of Theorem
2.6.1, mac' 2 1. It follows' that under this hypothesis the limiting
variance is greater for the process with correlation among siblings thani
for the Bellmgn-Ha;ris process, [This obéervation agrees with a remark

made by Harris (1963) in his discussion of correlation among sister cells.

2.7 Limit random wvariables
In this section we shall investigate the convergence of suitably
normed versions of Z(k)(t) to random wvariables W(k) as t = w,' We

shall also study the convergence of the sequence W(k) as ko,

. Definition 2.7.1: Let

W (e) = 209 (e)/kpe®™ L @2.7.1)

and
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W (£) = 2 (£)/be™ . . (2.7.2)

~ Theorem 2.7.1: If m>1, h”(l) < » and G(t) is not a lattice distri-

bution, then W(k)(t) converges in mean square to a random variable W(k>

as t -, Furthermore,

e®y =1 ' (2.7.3)
and’
Var[w(k)7 = %[%—?— + k- _1] -1>0, (2.7.4)

Proof: Consider the simple expansion
E(WCD (2) - W (¢ +1) P Bl ()P + Elw® (e +1 T - 28w (e)w (R (e4m) 7.
If we let t - o and apply Theorem 2.6.1 we'get

LimE[W () ~w® (e + )P = 0
00 . .
and this limit is uniform for T = 0. Therefore, W(k)(t) is a Cauchy
sequence in mean square and it follows that there 'exists a random variable
w(k)  such that W(k>(t) +W(k) " in mean square as t = by the L,

convergence theorem (Loeve (1963), page 161). The values for the mean and
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variance follow from the facts that

: .
BT = nam 5w ()]
4T

(Loeve (1963), page 161) and -

e[ W))2T = nim B[ (£))?]

oo
(Loeve (1963), page 157). To see that the variance is positive, note_thét

LimVar(W(E] = mc’-12 0
koo .

since’ variances are non-negative., Therefore

‘Var.[W(k)]'z {b{-%?- + k- 1] - 1= l_l;[h”(l)c&mc - 1:, .

1-mec

This last expression is non-negative according to Harris (1963). Moreover,
equality occurs/pnly when G is a étep function with one step, which

cannot ‘be since G 1is not a iattice‘distribution. This completes the proof.
Remark: The mean square convergence éroved in Theorem 2.7.1 can be
strengthened to.almos; suré convergence is‘ong assumes iﬁ addition tﬁat G

has a density g and
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[ enrar <o
0

for some p > 1. The proof of this result is almost identical to the ¢
proof of the corollary on page 147 in Harris (1963).
The following lemma will allow us to prove that w(k) converges

in mean square to a random variable W. It should be noted that the

lemma is applicable to sequences of exchaﬁgeable random variables.
Lemma 2.7.1: If {X,3}, k=1,2,..., is a sequence of random variables

" with common means and variances (finite) and also having the property that

. ' K .

E(X X,) = EX; X3) for i# j, then 1/k Z X; converges in mean square-
. =1 :

to some random variable X and Var(X) = Cov(X;,X3) o

Proof: For k'’ < k we have

[ zxJ - zlxj = kk/[E(Xz) - E(X X3)]

®

< %{—,[E(Xﬁ) - E(X, X3)].

==

It is now obvious that
: §=1

therefore converges to a random variable X by the Lr convergence

theorem. Furthermore,

Z Xy 1is a Cauchy sequence in mean square and °
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x,]

Lim[-];E(Xf ) + E%iZE(xlxz)] = E(X;Xp) .
Koo K K - :

E (3{2)

1 k
~Lim E[E Z
Te-a00 j=

1

Therefore

Var(X) = EQX®) - [E®) P = E(XXe) - EX)E(Xp) = Cov(X,,Xp) &

Corollary: If X, 1is a sequence of random variables satisfying the

conditions of Lemma 2.7.1, then it is impoésible for éov(Xl,Xe) to be.
negative, |

ggggﬁzl From Lemma 2.7.1 we have Cov(X,,X;) = Var(X) and ﬁarianceé are
non-negative.

Remark: The result of this corollary is well-known, but the proof usually

given uses the fact that the matrix of covariances of Xl,---,Xk must be

positive-definite. - - C K

Theorem 2.7.2: Under the ponditions of Theorem 2.7.1 the random variables

w (k) converge in mean square-to a random variable W as k < « and
Var(W) = mzc' - 1.

Proof: As in the proof of Theorem 2.7.1 it can be shown that the random '

- variables Wy (£) converge in mean square to a random variable W, as

t % o and, furthermore .

J i L

~
>
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W(k) =% WJ _ a;S. 0
3

MR

1

Lemma 2.7.1 is applicable to the sequence Wy, and this proves the first

part of the theorem. The formula for the wvariance of W follows from

the fact that

Var(W) = LimVar(@(®)) . x
koo :

» In the remaining sections of ‘this chapter we shall study the

distribution of W<K) .,

2.8 Integral equations for the.characteristic functions

Definition 2,8.1: Let o(s,t,k) . be the characteristic function of

kw(k)(t) and o(s,k) éhe characteristic function of kw<k), i.e., let

o(s,t,k) = E[exp(iskw(k)(ti)] e (2.8.1)
and

©(s,k) = E[exp(iskw(¥))] . - (2.8.2)

From this definition and the definition of ¥F(s,t,k), it follows that

1

¢(s,t,k) = F(eXé(iS/beat),t,k)

and, therefore, we can use equation (2.4.12) to obtain a system of integral
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equations for o(s,t,k) . Making the necessary substitutions, we obtain

. k k ’ .
w(s,t,k) = exp(is/bedt)p‘[&J >t33=1,2,00.0,k] + = (j)exp[is(k-j)/bedt]
. j=1

(=~}

C R e, [ [ ]

n1=0 n3=0 ,u1=0 uj=0 u.1+1=t u;;:t (2.8.3)

j . .
. TT (P(Se aur,t -ur,nr)dG(ul,-oo.,uk) .
=1 : -

Theorem 2.8.1: If m>1, h“(l) <o, and G is not a lattice distri-

bution, then the functions ¢(s,k) , -k = 1,2,..., satisfy the equation

o © d ® I -ou .
©(s,k) = I e I pﬂ1"‘“kf ---J T p(se ~ 3,ny)dG(uy,.0.5u, ). (2.8.4)

Proof: By Theorem 2.7.1 W(k> (t) —>.W(k) in mean square‘as t = «© which
implies @(s,t,k) = ©(s,k) a's' t » ©», The proof will be complete
therefore when it is shown that the right side of (2.8.3) converges to

the right side of (2.8.4) as t o, TFor j# k the j~th term in the |
sum :‘;31 appearing in (2.8.3) is less than or equal to (1:)[1 -G(t)]
which-approaches zero as ¢t aéproaches infinity. Likewise, the first

term on the right side of (2.8.3) approacheé zefo as t =+, The

theorem will be. proved then if we can shoy that -
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o t t k
=-ca .
2 eee z pnl.'.nk‘f .-.j TTCP(Se J’t-uj’n‘1>d_c(u19'..9uk) -5

(2.8.5)
2 . e 2 pnl...ﬂk J‘ J‘ 1T Cp(se ,nj)dG(ul”°‘,uk>

-

]

as t - », . Let us choose an integef q and a number T, such that

/
1-Z P“l"'ﬂk_< 6(8,

q q .
where %' denotes £ «.. £ , and

I dG(uy,«+,u,) < /16
A(t)

for any t 2 Tj, where A(t) = {[0,t] x --- x [0,t]}". (There are k
terms in the cross product.) Since @(s,t,nd) - @(s,nj) uniformly on I
any finite s-interval as t -+ « (Loeve (1963), page 191), for an

arbitrary 6 > 0 - and positive integer ny there exists a number . T(ny)

such that
sup’ {|o(x,t,n,) = o(r,ny) |} <8
t2T
|z }=ls|

A}

for any T = T(nd) . Therefore, it follows that for each set of positive
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integers mn;,++-,n, , there exists a number T(n,,++°,n,) such- that

Sk Dk
sup {] I o(r,t,ny) -~ 1 @(r,na)l} <el2.
€27 =1 j=1 .
= |<]s]

Now let Tz = max{T(my,**+,ny); lS}q <q, i=1,2,++k} and T =max{T,,T5}.
Then for any t = 2T the absolute value of the difference of the two

terms in (2.8.5) is less than or equal to

) t-Tg  pt-Tz %k —ou ' k .
TPy eeey j -oof \ I o(se J,t-ud,na) - I ¢(se J,na)ldG(ul,-o-,uk),
1 k . . .
0 0 j=1 j=1

+ 4Z’Pniooonk‘]~--o‘f dG(ul,-..,uk)_ -+ 2[1 -Z'Pnl...nk]

< ¢/2 + 4(e/16) + 2(e/8) = ¢e.

This completes the proof.

2.9 Distribution of W_.for the binary case

In this section we will consider the special case where
1l =p, =Py ==szé = e++ , which means that each individual has exactly
two offspring. This case is important in its own right since it ié
applicable to a'célony'of bacteria which reproduce by splitting. Bellméq”
and Harris (1952) studied the binary case of the‘Bellman-Harris process

and our goal is to extend their results to the present model. When
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pdgsiblg we shall reduce the problems encountered in tﬂis section to oneé
already dealt’with by Bellman and Harris.
Throughout this section we shall assume that ; >1, h”éi) < o,
and that G- is not a lattice distribution. :
‘ For convenience, let us denote the charactefistic functions~
o(s,t;2) gnd ©(s,2) by simply ¢(s,t) and ¢(s) respectively. For

the binary situation_expression (2.8.3) then beéomes,fdr k=2,
o(s,t) ‘= [exp(is/be®)I[1 +C(t,t) - 26(t)]

t o :
+ 2[exp(is/beat)]J J @(séau,t - u)dG(u,v) : " (2.9.1)
. u=0 v=t o .

t at _ -
C+ f I ©(se Qust“u)@(se av,t-v)dG(u,v),
00 , . :

and Theorem 2.8.1 becomes

Corollary: 'The function w(s) satisfies the integral equation
o(s) = j I @(se-au)w(ée-av)dG(u;v) : ' (2.9.2)
00 ) : :

For this binary case let us denote the limit random variable W(z) by
simply W and let 'K(x) denote its distribution function. The main
result of this section is that if 1-G(t) is of exponential order as

\

t -+ o, then K(x) is absolutely continuous. We shall first prove three '
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lemmas giving information about (s) for large 's.
Lemma 2,9.1: We have ]@(5)1 +0 as' s = £,
Proof: From Loeve (1963), page 199,

p(s) = 1 + 2isW - %;E(4w2) + o(ls|®) ' (2.9.3)

vhere o(|s|?) is a term such that o(ls|2)7lslz 0 as s +0. If we

square both sides and take absolute values, (2.9.3) becomes
le?(s)] = 1 + 4s?[1-E®@®)] + o(|s])? (2.9.4)

Since the variance of W is strictly positive from Theorem 2.7.1, it

follows that l@(s$|A<'1 for |s| small enough (s # 0). We shall now

show that Liﬁsupl@(s)l < 1. Suppose otherwise, LeF sz be a positive
number such Q;:; l@(s)‘ <1l for 0<s <s; and I@(sa)l <1=-d for
some d, 0<d<¥%. By the continuify of |¢(s)l, let 51' and s,
be the first poinfs to the left‘and right;_respectively, of s, such
that lw(sl)l = |m(sz)| =1-d, and let B = (l/a)ng(sé/sl) . Thén!
using\(2;9.2),

B B . :

p(sy) = IO hOcp'(sze—w)cp(sze-w)dG(u,v) ‘ N

(2.9.5)

+ i i @(sze_au)@(sze-av)dc(u,v)
®) ‘
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7 . .
where A(B) = {[0,8]x[0,B]}. Taking absolute values and remembering

that l@(s)! <1, Qe get

-

1-d = |o(sy)] s (1-d)26(B,B) + 1-G(B,B)
and, therefore,
(2-4d)6(B,B) < 1. _ (2.9.6)

Now if d -» 0 'then s; -+ 0 while s, increases and therefore B = o,
so that (2.9.6) cannot continue to hold. ‘Therefore, |@(s)| <1-4d for
all s larger than some g

For an arbitrary e > 0 choose C so large that 1-G(C,C) < ¢

and s so large that se-cC Z 5. Then

€ “otty v
!¢(s)[ S-Jd jZ!w(se do(se )ldG(u,v) + e
2 < (1-&)JC Jclw(se-au)jdG(uav)-+'e
0 0

and, letting .

' CY(s) = suplo(e) ],

t=zs

y(s) = (l-d)w(se-ac)é(c,b) + e,
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or

C4se®) = (1-d)y(s) +e. C(2.9.7)
Usiﬁg (2.9.7) we see by induction that
1(se"Cy < (1-d)k¢(§) +.€/(1-ci.)_
for k=1,2,..., and, theref’o_re, Y(s) 20 as s 2w, A similar
argument shows that lcp(s) l +0 as s -2,

Lemma 2.9.2: If 1-G(x) = 0(e”*) for some c > 0 .(see Lukacs (1960),

page 207), then 'lcp(s)l = 0(|s|"d) for some d >0.
Proof: Since G(x,y) is symmetric in its arguménts,

1-6(x) £ 1-G(x,x) < 2[1;-G(x)]

| . . i .

] and therefore 1-G(x,x) = 0(e”X), also. If we let B = (3a)Log(s) ,
2 " AY

| then ' '

B (B ) cew '
' !cp(s)‘ < J.o Jolcp(se oy [ Icp(se )ldeCu,v) .

/

|
| Again- letting
|
|

4(s) = sup|e(t) |
t=s )
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‘ T A ' -0V, | =0
]cp (S)I < ZIO jomd]cpl('se ) Ie 'VdG(u,v)

T AT .
A -
= zfo fo(1~HSE aT) ale’ (Se ) |e"¥de(u,v) .

Therefore

T
B(T) J‘Olcp'(s)lds

A

ZJ I [Io(l-+se“a7)dl¢ (se” )lds]e-anG<u,v) .

Making the substitution t =-se ov s we get

. TaOV :
s o I el @l
< zj J Uo(l Teaan alo’ (t)ldt]dG(u v)

fo (1 +Dt)d

where D = e N

Integrating this last expression by parts, we get
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24(1 +D1)"9B(T) + 2dADf Tliﬂ:)—d—r

+Dt)d+

< —L~l + 2dADI __;QLEZ___
_ 0(1--I-Dt)d+l

provided T is so largé that 2A(1+I)T)"'d < % . Therefore

)

B(T) < 4dADd+1 f B(t)

If

d 2'999
(1 +0m)% T (1 +p1) 0 1 +Dt)d+H (2.9.9)

T )

v = [ 28,
o(1 +Dt)
it follows from (2,9.9) that
. . LAADV(T

V (T) < (l-H)T)d_*_l (2'9010)

for all T greater than or equal to some constant C ., Dividing both
sides of (2.9.10)by V(t), we get
4dAD .
< I ——dt
~r V(t) c(L+De)d+L”

u©

and therefore
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LA

logV(T) =< logd o+ —
(1 +nc)?

which implies that Lim log[V(T)] < ®. Then from (2.9.8) it follows that
: Lo . .
LimB(T) < » and the proof is complete.
T-o -
We are now ready to prove the principle result of this section.

Theoxem 2.9.1: The distribution function K(x) - of the random variable W

is continuous. If, in addition, 1~G(x) = O(e'ax) for some ¢ > 0, then
K(x) is.absolutely continuous.
Proof: The first part of:the theorem follows directly from the fact Ehaﬁ
I@(s)[ -+ 0 as s?*eo (Lukacs (1960), page 27). The second part follows
from the facts that lo(s)| 0 as s=%= and |9'(s)| is integrable, |
by a fai?ly well~known argument. (See, for example, Ney (1961) and
Stigum (1966).) However, for the sake of completeness, we shall include_
it here as well, | |
Let us define the function
-itx

: T
1
gp(x) = EEJ_T@- -

p(t)dt, x =20, T =1,2,%---,

Integrating gT(x) by parts, we get

560 = g 9D ome T 4 [T I yae ]
) -T

It follows that for T; <T; and 0<x; £x <o,
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ep, @) -gp 0] = M+ loeze) |+ o) | + o ¢-Ta) |

. (2.9;11)
-Tl . T ;
+ \f lo’(E)|at + I 2 lo’(t) ldt:, .
"Tg . Tl

Using the facts about »@(t) and 'w'(tj given in Lemmas 2.9.1 and 2.9.3,
expression (2.9.11) implies that for each x > 0. gT(x) is a Cagchy
sequence in T and therefore converges to some function g(x) . Moreover,
since the right side of (2.9.10)'doés not involve x, the convergence is’
uniform on [ %x;,®). Now Levy's inversion formula fof characteristic

functions states that

-1tx3 e-itxl

K(x) - K(x,) = me
T=ho " =T

Tomic o(t)dt ..

But

I [ sk

r gp(y)dy

Xy

I

ZﬂltJ. (e'ltx-e‘ltxl)¢(t)dt. ‘

Therefore

) JvX wa .
K(x) -’K(xl) = 'If:?o xlgT(y)dy = xlg(y)dy . (2"-9-12)
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the last equality holding because of uniform convergence. For x,
fixed, expression (2.9.12) implies that K(x) 1is differentiable for all

x > x, and the proof is complete;
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Chapter III
CORRELATION BETWEEN GENERATIONS

3.1 Introduction

In this chapter models ar; discussed in which a parent's ;ife-
span has some effect upon the life-span of ifs children. In practice
this would be the case if the life-spans of individuals were
influenced. by ﬁeredity.

"The fifst such model begins with a single individual born at
time t = 0. ~Tﬁis individual has a random 1ife;span and at the end
of its life it is replaced by a random number of offspring, and so the
process continues. As in the modellof Bellman and Harfis, the num-
" bers of‘offspring of individuals in the population form a colle;tion
of independent and identically distributed random variables with
generating function h(s), ;hd'these'fandom variables are also independ-
ent of the life-spans of any members of the population. It is always'
assumed that m.= h'(1) < =,

The ‘dependence is injected into the model by assuming if

£15+405ty are the 1;fe-spans of inaividuals 015.+050;, Where o
is the parent of ok*;, k=1,2,...,3-1, then the random variables
&1,...;z4 form a Markov chain. The transition function of the Mq;kov
.chain is determined by G(t,x), which represénts the conditional dis-
tribution of the life-span of an individual given that the individual's
parent had a life-span of x. The life-spans of a group of siblings

are taken to be conditionally independent given the life-span of the

LIt
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parent.

The analysis of the process ma§ proceed in two different ways.
One may carefully define a probability space an@ then use this spaée
to derive an integral equation satisfied by the generating function
oflfhe process as was done in Chapter 1II, or one may £ake the integral
equation as formally given, prove the existehce and uniqueness of a
-solution, and begin the analysis at this point, It is the latter
route. that will be followed here. First of all, however; a discussion

of G(t,x) must be given.

3.2 The function G(t,x).

We shali assume that for fixed x, G(F,x) is a distribution
function concentrated on the non-negative real line, aﬁd that for
_fixed ;, G(t,§) is ;.Lebesgue measurable function of x.

Definition 3.2.,1: Let

) . 1 if 't =20 and x =20
Go(t,x) = ) (3.2.1)
0 otherwise '

and

t Cos - .
Gy (E5x) = J Gy (£ =u,u)dG(u,x), k=1,2,.... (3.2.2)
O .

It follows from this definition that Gy (t,x) = G(t,x). Although-the
definition of Gy (t,x) resembles the definition of a k~th order
-convolution, one must not assume that Gy (t,x) has all the propérties

of a convolution, For example, in general.




(- ¥ A V— X Al (A L)

LY

- 56 =
. & . '
Gk+1(t,X) # j G(t -u,u)de (U,X) .
0 .
" In the sequel the following regularity conditions for G(t,x)

are assumed.

Conditions for G(t.x):

(i) There exists a distribution function H(t). concentrated on

1 .
the non-ﬁ@gative real line such that G(t,x) < H(t) for all x, andq
LimH (t) < 1/m (where m = h'(l)).
t-*0 :
«(ii) G(Eyx) + 1 as t - « uniformly for x on a bounded interval,
i.e,, for each € > 0 and B > 0, there exists a T such that
G(tyx) > 1=-¢ ‘for all t 2T and all x, 0 <x < B.

Example: If

G(t,x) = 1- e—t((x-+l)

then the above conditions are satisfied. One may take H(t) = l-e-t,

t = 0.

Theorem 3,2.1:. For each fixed x and k, Gy(t,x) 1is a distribution
function in t. Moreovér,-fpr fixed t and x, the sequence G (t,x)
is nonincreasing.

Proof: We shall first prove by inAuction that condition (ii) for
G(t,x) holds also for Gy(t,x), k=0,1,2,.... Let e and B be
given numbers, B >0 and 0 < e <1, By condition (ii) for G(t,x)
there exists a T, such that G(t,x) = (1- e)25 for all t =T,
and .x, 0 <x <£B, Given T;, by the induction hypothesis there

exists a Tg > T,  such that Gy (t,x) > (1~ e)% for all t = Tz'— Ty
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and x, 0 <x < B. Therefore, for t > 1,
o t , Ty
Gyer (£5%) = J Gy (t = u,u)dG(u,x) = J Gy (Tp = u,u)dG(u,x)
0 .0

> (1-6)% G(Ty,%) > 1-¢

for all x, 0 <x < B,

rThe proof of thé remaining properties of a distribution funct;on
Wiil be omitted. | « |

it follows from the definition of Go(t,x) and the first part of

this theorem that Go(t;x) 2 Gy (t,x). Assuming that Gy (t,x) ZGy,,(t,x),

we see that

t : t .
Gr4q (£,%) = JOGk (t =u)dG(u,x) = J.OGRH (t ~u,u)dG(u,x) =Gy, (t,x) (3.2.4)

which c&mpletes the proof of the theorem,

We now interrupt our discussion of G(t,x) to prove two'lemmas
which will be useful later. The facts in both of these lemmas appear in
various places (see, for example, Loeve (1963) page-167), but the proofs
are often omitted., The technique employed in proving the second lemma
was used by Tukey (1958). This same tehcnique will be used again in
Theorems 3.2.2 and 3.5.2. |
Lemma 3.2;1: Suppose G(é) and TF(t) are distribution functions such
that G(t) < F(t) and U is a random variable with the uniform distribu-
tion on [0,1]. Then there exists functions ZG(u) and ZF(u) defined

on (0,1) such that

1 S S
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(1) the distribution of ZG(U) is G(t5,
(2) the distribution of ZF(U) is F(t), and
(3) ZF(u) < ZG(u) for all ue (0,1).
2iggi: Define ZG(u) = inf {x;'G(x)iEu}. From the fact that ZG(u), is

non-decreasing it follows that
Plusc(t)] =< P[ZG(U) $2,(6())] = P[ZG(U) <t] (3.2.5)

On the other hand, G(ZG(u)) = G(t) for each u such ZG(u) £ t, since
G(t) 1is nondecreasing. But u < G(ZG(u)) from the definition of ZG(u).

Therefore, {u; ZG(u) <t} = fu; u<G(t)} which implies that

P[ZG(U) <t] < Plu=ag(e)]. . (3.2.6)

Expressions (3.2.5) and (3.2.6) together imply that

i

P[zG(U) <st] = Plusg(t)] = G(t) . | (3.2.7)

I1f we define ZF(u) = inf { x; F(x) = u} the proof of the second

assertion is completely analogous to that of the first.

To prove the third assertion, note that G(t) < F(t) implies that

for each ue (0,1), {x; 6&) =u} ¢ {x; F(x) = u} and, therefore,
ZG(u) =inf { x; G(x) 2u} = inf {x; F(x) 2u}=ZF(u) . . ,(3;2;8)

which completes the proof of the lemma,

The following lemma, which will be used in Section 3.4, illustrates
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the utility of Lemma 3.2,.1,.

Lemma 3.2.2: Suppose G(t) and F(t) are distribution functions such
that G(t) = F(t) for all t and f 1is a measurable function suchvthat
If;f(t)dG(t) and If;f(t)dF(t) are finite. If £(t) is nonincreasing
then ff;f(t)dé(t) < Ij;f(t)dF(t) , while if £(t) 1is nondecreasipg; the
inequaiity is reversed. v ‘

Proof: .From Lemma 3.2;1, if Y = ZG(U) s we'h;ve, for £(t) nonincreasing,

1

f £(t)d6(t) = E[£(¥)] = E{f[zGaJ)]} = f £(2,(u) ]Jdu
-0 , 0

(3.2.8)

1 ' o
< J‘Of[_zF(u)]du = I-wf(t)dF(t) .

If £(t) is nondecreasing 'a similar statement holds.

Let Hk*(t) denote the k-th convolution of H(t) with itself.

Theorem.3.2.2: For each” x 220 and t =2 0 we have

G (t,%) < B (E) ' C(3.2.9)
and
OZOmka(t,x) < T afE ) < @ (3.2.10)
k=0 k=0

Proof: The first inequality in (3.2710) follows from (3.2.9) and the
second follows from Lemma 1.4.1. .

To prove the first assertion, let Zx(u) and ZH(u) be the functions -

2
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associated with G(t,x) and H(t), respectively, by Lemma 3.2.1‘; Let U
be the uniformly distributed variable of Lemma 3.2.1 and let Y be defined
by Y = Zx(U>° By the conditions on G(t,xi we know that Gy (&,x) SH(t)

for all x. Assume, for a given positive integer. k, that Gk(t,x):SHk*(t)

‘for all x. It follows that

: t
Gyyq (Lsx) = ‘fOGk (t =u,u)dG(u,x) = E[G, (t ~¥,Y)]

d . (3.2.11)
1 . ' -
= _fo'c;k (t - Zx(u),Zx(u))du .
~ But by Lemma 3.2.1, Zx(u) - ZH(u). Therefore;
1 .
Geor (E,%) < Jocut - 2, ()2, (0)du
1 . .
s Jonkf(t - Z,,(u))du | T (3.2.12)

(" . -
= JTHk*(t-u)dH(u) = H(k'+1)#(t)
0 - ,

which completes the proof of the theorem.

3.3 An dntegral equation.

" For the process described in section 3.1; the law of total probability
suggests that F(s,t,x), the generating functién oﬁ.the number of individ-
uals alive at time t, given the parent of the initial individual had iifg;

span X, satisfies the integral equation
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. : t -
-F(x,t,x)==s[l-G(t,x)J-+j h[F(x,t~u,u)]dG(u,x) . (3.3.1)
0

1

Theorem 3.3.1: Under the conditions given previously for h(s) and

G(t;x), equation (3.3.1) has a uniéue solution bounded in absolute vélue
by one in the region -1 <s <1, t 20, and x = 0.' Moreover, for
fixed t and x, F(s,t,x) 1is a generating functiop in s and for fixed
s, F(s,t,x) 1is a Lebesgue measurable function of t and x. _
Proof: The proof follows fairly closely that of Theorem I of Ney (1964a).-

- %
Let Fo(s,t,x) = 0., Then define inductively

’ £
F 1(s,t,x) = s[1=-G(t,x)] +‘J hlFy (s,t = u,u)}dG(u,x) . (3.3.2)
kel - : 0 . -

By .induction it follows that 'Fk(s,t,x)l <1 for k=1,2,00s

Furthermore,

¢ .
IFB (s,'t,x) -F (s;t,x) l SJ‘ lh[Fl(Sét ""‘usu)] = h[FO(S:t = u,,u)] ldG(u,x)
‘ 0

ot
SnﬁliFl(s,t-u,u) -Fo(s,t-u,u)ldG(u,x)

\

(3.3.3)

s=mG(t,x) ,

where we have used the mean value theorem and the fact that . m=h’(1) 2h’(s)

1. A less general form of Theorem 3.3.1 can be proved using the fixed-
point theorem for contraction mappings on a complete metric space.
See Sevast'yanov (1964). :
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for all s, -1 <s <1, It now follows by induction that

[Fk+1(s’t"x) - Fk (S)t’x).l = mka (t’x).s k = 1)23000 . R (3.3.4)

- Therefore, applying Theorem 3.2.2,

IFn(s,t,x) - Fk(s,t,x)‘ < Fpyq(s,t,x) - Fk(s,t,x)] R

+ ‘Fh(s,t,x) - Fn_l(s,t,x)l’ (3.3.5)

n-1 i ' fo<)
< Twlg(t,x) £ ToB¥(t), n>k.
3=k i=k

The last .term in (3.3.5) can be made as small as we please by choosiné k
large eﬁough. Therefore, Fy (s,t,x) . is a Cauchy sequence for each s,
t, and =x, and converges to a function which we shall denote by F(é,t,x);
Uﬁon noting that the last term in (3.3.5) is independent of s and x,
and that Hk*(p) is}increasing in t, it follows thatyF*(s,t,x)'*F(s,t;x)
as k -+ ® uniformly for all s, x, and t in the region -i <s < 1,
x 20, and- 0 £t =T where T is arbitrary. Since le(s,t,x)l <1
for all k, we have lF(s,t,xSl < 1. Taking the limit of both sides of
(3.3.2) as k = o, we havé, using the bounded convergence theorem, that
F(s,t,x) satisfies equation (3.3.1).

To prove the‘uniqueness of the solution, supﬁose Q(s,t,x) 'is
another solutién of (3.3.1) éatisfying IQ(s,t,x)l <1, and let T be a.

positive number such that mH(T) < 1. _(Such a number exists since

o
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LimH(t) < 1/m.) Then
t-0 , )

t
IF(S,t,X) - Q(S:t:x>[ =< j lh[F(s,t-u,h)] - h[Q(s,t-u,u)]]dG(u,x)
A (3.3.6)

t .
< mf [F(s,t-u,u) - Q(s,t-u,u)ldG(u,x).
0 , )

U

" Taking the symbol "Sup" to mean the sup over the set x = 0 and
0 £t T and assuming F(s,t,x) 1is not identical.to Q(s,t,x) on this
set, it follows that

v

sup{ [F(s,t,x) ~ Q(s,t,x) |} < m[Sup{|F(s,t,%) = Q(s,t,x)]}]

t .
. [Supj dG(u,x) ]
0 (3.3.7)

< m[Sup{ [F(s,£,%) = Qs,¢,x) |}THT) .

< Sup{|F(s,t,x) - Qs,t,x)|} .

This is a contradicgion and, therefore, F(s,t,x) = Q(s,;,x) for all s,
t, and x, -l<s=<1, x=20, and 0<¢t <T.

Now assume, as an indqction hypothesis, that F(s,t,x) = Q(s,t,#)
for all s, t, and x, -1 =s =1, x 20, and O <t <aT . Supposing ..
. now the symbol "Sup'" stands for the gup over all x and t, x 20 and

0t < (n+1)T, we obtain
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SUP{lF(S,t,X) = Q(S,t,X),}

< m[ﬁuP{j;-nﬁF(s,t-u,u) - Q(s,t;u,u)ldG(u,x)}] _(3.338)'

< msup { |F(s,t,x) - Q(s,t,x) |JH(T)

which, 'again, is a contradiction unless F(s,t,x) = Q(s,t,xj,
‘O <t< (m+l)T. This‘completes tﬁe proof of'the uniquenesé of the
solution;

It.is easily g;en'that F(s,t,x) =1 is a solution of k3.3,1)
for s =1, so it fpllows‘from uniqueness that F(l,t,x) = 1.

By induction, for fixed t and x, Fy(s,t,x) is analytié in s,
-1 s < 1; for k = 1,2,..... Since the limit of a unifo?mly convergent
sequence of analytic functions is again analytic, F(s,t,x) is also

analytic in s, so that Fy(s,t,x) and F(s,t,x) can be expressed-as

powexr series expansions in s. Moreover, the coefficients in the power

\

series for F(s,t,x) are non-negative since this is true for F@(s,t,x);
k=1,2,... . Therefore, for'fixea t and x, 'F(s;t,x) "is a generéting
function in s. Since tﬁe limit of a sequence oflmeasurable,functions is
measurable, F(s,t,x) 1is measurable in t and x fér fixed s. This

completes the proof of Theorem 3.3.1.

3.4 Extinction probability
The probability Q(t,x) that the process has terminated by time

t 1is given in terms of the generating function by F(0,t,x) .
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Lemma 3.4.1: Q(t,x) is nondecreasing in ¢t.

Proof:

. et
Q1¢+1(tsx) = joh[Qk (t -

If we define Qg (t,x) = Fy (0,

t,x) then (3.3.2) becomes

u,u)]dG(u,x) . (3.4.1)

It follows immediately by induction that Qu (t,x) 1is nondecreasing

in t, using the fact that h(s) is
Q(t,x) + Q(t,x) as k = ®, Q(t;x)
1t is obvious that Q(t,x) ié
probabilistic viewpoint since if the
it.has certainly terminéted by time
that this be demonstrated using only

The probability of extinction

nondecreasing. Since

is nondecreasing in t, also.
nondecreasing in x from a
process haslﬁerminated by time ¢,

! >¢t.

However, it was necessary
an analytic argument.

is defined as

Q = LimQ(t,x) .

L~

This limit always exists since Q(t,x)

to Lemma 3.4.1.and bounded above by

we shall see, Q 1is independent of

is nondecreasing in t according
1 according to Theorem 3.3.1.  As

X .

The functions h,(s) appearing in the following theorem are the

iterates of h(s) defined by H;(s)

n=2,3e004

= h(s) and .hn+1(s) = h[h, (s)] for

Theorem 3.4.1l: The extinction probability Q is given by

Q = Lim hy (0) .

koo
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Remark: By this theorem Q ;s the probability of extinction of a
Galggn-Watson process with generating function h(s) and, therefore, Q
is the smallest non-negative solution of h(s) . Excluding the trivial
case h(s) =s, Q=1 #f m<1 and Q<1 if m>1.

Proof: If: Q. (t,x) is defined as in Lemma 3.4.1, then .Q,(t,x) = Q(t,x)
as k = o, so the prpof will be complete upon 'demonstrating that

Qe (t,x) - h(0) as t = o, ‘Since from (3.3.2), Q(t,x) = h(O)G(t,x){

it follows that Q(t,x) =+ h,;(0) as t = o uniformly for x in any

L
1

finite interval. Assume that the corresponding property for Gy (t,x)
holds for some integer k. For t > T, > T,, it can easily be shown

using (3.4.1) that

1Qk*1(t,x)'-hk+1(0X|s mjolle(t-u,u);-hk(0)|dG(u,x)-+[1-G(T1,x)]

_ (3.4.2)
< msup { |Q(y,2) =1 (0) |} + [1-6G(Ty,%x)]
Y?Tz‘Tl
O§Z$T1‘

For given ¢ >0 and B >0, T, can be chosen s0 iarge that

1 -6(Ty,x) < e/2 for all x, 0 =<x < B‘. Then for fixed T,, Tz can

be chosen so large that the first term in the last line of (3.4.2) is

Less-than ¢/2 also, which completes the proof.

3.5 First moment

In this section some of the properties of

M(t{x) = g%F(s,t,x)
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will be investigated.

Theorem 3.4.1: M(t,x) satisfies the integral equation

t .
M(t,x) = 1-G(t,x) +m| M(t~u,u)dC(u,x) (3.5.1)
. 0 . ) )

Pl

N

and M(t,x) is gi&en by the infinite series

M(t,x) = I m[Gy(t,x) = Gppq(t,x)] (3.5.2)
k=0 '
or equivalently,
. B '
M(t,x) =1 + (@m-1) Z o716, (t,x) . _ (3.5.3)

k=1

Furthermore, there exists positive constants A; and .@;, both independent

of x, such that

t (3.5.4).

M(t,x) < Alecll
for all x =20 and M(t,x) is the unique solution of (3.5.}) having
this property.

Proof: Let

My (t,x) ='é%Fk(s,t,x). oo _ ©.(3.5.5)
: s =1 .
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One can see by induction using (3.3.2) that M, (t,x) < @y k=1,2,....
Differentiating both sides of (3.3.2) with respect to s ghd letting

s+ 1 yields the relation
- |
My, (E,x) = 1-G(t,x) +—mf M, (t=u,u)dG(u,x). - (3.5.6)
. ' 0 - -

By induction, it follows that

k-1
M (t,x) = I m'lG;(t,x) -~ Gyy(t,x)]. ‘ (3.5.7)
j=0 : -

A

We see from Theorem 3.2.1 that M((t,x) is a nondecreasing sequence,

With the notation L(t,x) = Limh@k(t,x) it follows that
ko

L(t;x) - ] mj[Gd(t,x) - Gyuq (t,x)] (3;5L8)
3=0 .

/
and, upon rearranging terms, we get the alternate expression

L{t,x) =1 + (m~-1) ; mj“le(t,x) . . (3.5.9)
’ j=1 N
Now consi&erna Bellman~-Harris age-dépendent branching~process for
ﬁhich m is the mean number of offspring per individual and H(t) is
the distribution of the life-span of each individual where H(t) is the
bounding function for G(t,x). From Lemma 1.3.1 ﬁ(t), the mean of this

process, is given by
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M(e) = 1 + (m-1) 5 m* THF(e) . (3.5.10)
kel

Moreover, ﬁ(t) is bounded on every finite interval and M(t) m'Alealt

as t = .1 Using (3.3.6), (3.3.7), and Theorem 3.2,2, we see that if
m>1, 0 <L(t,x) <M(t), and if m =1, O < L(t,x) < 1. 1In either

(e of
case, L(t;x) <A el

for some positive constants A; "and Oy .
Since for fixed x and t Fy(s,t,x) is analytic in x
(-1 £s £ 1), and converges to F(s,t,x) as k - o uniformly in s, it

follows that . -

E%Fk(s,t,x) - g%F(s,t,x) as Lk =, _ (3.5.11)
Letting s =2 1 in (3.5.1) yields M(t,x) = L(t,x) .
If k = o on both sides of (3.5.4), using the monotome conver=-
gence theorem, we get equation (3.5.1). '

To prove uniqueness, suppose N(t,x) is another solution of

(3.5.1) with the given properties. Define s
-rt S ‘
B(t,x) = e = |M(t,x) - N(t,x)| (3.5.12)

where r is a constant chosen so large that B(t,x) is bounded above

and
o0

- .8
mj e Thdn(e) < 1.
0

1 See Feller (1957), page 50.
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It can easily be shown using (3.5.1) that .
' e -ru
B(t,x) £ I B(t -u,u)e = dG(u,x). : (3.5.13)
0 .

If T 4is an arbitrary positive number and the symbol "Sup" stands for

the sup over all x =20 and all 't, 0 <t £T, it follows that
E oru
Sup{B(t,x)} anSup{B(t,x)}Sup{J e dG(u,x)} . (3.5.14)
0
Using Lemma 3.2.2 we get
(o] .
Sup{B(t,x)} SrnSup{B(t,x)}J‘e-rudH(u)w
0

which is a contradiction to the choice of ¢ ‘unless Sup{B(t,x)} = 0.
This complétes.the p;oof.

| Several properties:of M(t,x) can be aeduqed immediately from
(3.5.3). For a fixed x

-~ i) 1f m > 1, M(t,x) is nondecreasing in t and 'M(t,x) <+ ®

as t = o,

i) if m = l; then M(é,x) £ 1, and

iii) if m < 1, then M(t,x) is nonincreasing'in t and M(t,x) =+ 0
as t =+ o,

Each of these properties is identical to the corresponding property of

the Bellman-~Harris process. However, in the model presently being

studied, it is not always true, as it is for the Bellman-Harris process,
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that for -m > 1 M(t,x) ~ Aec'lt as t -+ « for some numbers A and .a.
In fact, it may be the case that M(t,x)e-qt -+ 0 as t @ @ for all

o >0. The féllowing example will illustrate this point.

Example: Suppose m-> 1 and the life-span of an individual is twice

that of his parent with probability one. Then

0 if £ <1
G<t’}5) =
) 1 if £t 21,
0 if £<3
Gg(ts%) =

5(c+1-2%) -

and, in general, Gy (t,%)

where
1 if £=20
5(t) =
0 if t <O0.
Thus
o _ N(t) -
M(E,E) =1 4+ (m=-1) S l8(t+1-2%) =1 4+ (m=1) £ m? (3.5.15)

k=1 k=1

.where WN(t) is the greatest integer less than or equal to
Log(t +1)/Log(2) . TFrom (3.5.15) and the fact that m > 1, it follows

that

I
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M(t,%) =1 + (m-1)mELOg(t-+1)/L°g(2)JLog(t-+1)/Log(2).

It can now be easily shown that if r > [Log(m)/Log(2)] + 1 then

LimM(t,%)/t" = 0 : (3.5.16)

£-boo : .

which is a stronger conclusion than the one we set out to illustrate.
By imposing further regularity conditions on G(t,x) , it is

possible (whem m > 1) to have

~

t

M(t,x) = Aye™? (3.5.17)

for some positive constants A; and .ab » 8o that the phenomenon
illustrated by the last example cannot occur. Specifically, 1et us

suppose that G(t,x) » 1 as t'# « uniformly in x. This—implies the
existence of a distribution function k(t) with the property that

CG(t,x) = k(t) for all x = 0.  Let M(t) be the mean of a Bellman~

Harris process for which m is the expected number of offspring per
individual and k(t) is the distribution of the life-~span of each
individual. As in the proof of Theorem 3.5.1, M(t) < M(t,x), and, since

. M(t) is asymptotically exponential as t - =, (3.5.17) followéﬁ' Combining
thié result with Theorem 3.5.1, we see that for m > 1, under the additional

assumption that G(t,x) »* 1 as t - « uniformly in x, there exists

positive constants A;, Ay, oy, o independent of x such that
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t

%2t < M(t,x) < ANt ~ (3.5.18)

Ase

It.would be desirable to prove under certain conditions (other ‘
than compléte independence) that M{t,x) NAea’t as 't = ®, and to be
able to evaluate A and o. At present the author knows of no techniqué
that would enable one to a;complish this. It does seem that if such a
result were proved, then ¢« would have to be the unique positive number
such that M*(k,x) » the Laplace transform of M(t,x), exists for all
X.>.a and fails to exist for all A <.

As a final result for this process, we show that a reasonable
" monotonicity assumption-on G(t,x) implies a similar result for M(t,x) .

Definition 3.5,1l: The distributions G(é,x) will Be called monotone if

_for any x, <x; and any t; G(t,x;) = G(t,x5) .

This assumption says essentiélly that individuals with long life
spans tend to have offspring with the same characteristic and, therefore,
seems to be.a very natural condition to impose on the process.

Theorem 3.5.2: Suppose that the distributions G(t,x) are monotone. Then

if m>1, M(t,x) is a nonincreasing function of x, and if m< 1,
M(E,x) is a néndecreasing function of x.

Proof: The theorem will follow from (3.5.3) if we can’ establish that
ék(y,x) is monotone'for. k=1,2,.... Since G,(t,x) = G(t,x) it
foliows that Gy, 1is monotone by hypothesis. Suppose th;t Gy (t,x) 1is
‘monotone for some positive integer n, and lét ,ZX(u) be the function

associated with G(t,x) by Lemma 3.2.1. Uéing this lemma .
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' t a1 .
Gryq (Eyx,) = fon(t-u,u)dG(u,xl)_= IOGk(t-le(u)?le(u))du.

But Lemma 3.2.1 implies that Zx(u) is nondecreasing in x and, hence,

if x >x,,

1 .
Genen) = [ Gutenz @,z @a '
1
> foc.;k (e -2, @,z )k

t
= J Gk(t -u,u)dG(u,xg) = Gk+1(t,XQ) .
0 .

3.6 Another model

We now discuss; briefly, a model‘with dependence between genera-
tions for which it is possible to obtain many results analogous to those
obtained for the‘Bellman-Harris process, although the underlying assumﬁ-
tions for the process perhaps seem quite artificial.

Suppose an individual;s life is the sum of a "first life" -€¢D
and a "second life' 1 (2 where é(i) and &(z?aare independént. We
shall make no attempt to relate these two lives to some physical pﬁenom-
enon, If &éé) is the second life of a parent and L§D‘ is the first .

life of its offspring (it is assumed that all offspring of a single

individual have identicai first lives), then géz) and ~L§9' are debendent.'
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. All other necessary relations are gove?ned by indepéndénce. It should be
pointed out that the dependence in this model lasts only through two
generations, i.e.,, the life~span of an‘individual-apd that of his grand-
parent are independent. |

The distribution of the.lengths of the first and second lives of
an individual will be denoted by G,(t) and Gy(t) , respectively, and
the distribution of %éz)ﬁ-{él>, the length of the second life of a
parent plus the leﬁgth of the first life of its offspring, will be denoted
by L(v) .

If one wishes to study a process-in which the life-span of a .
single individual has mean & , wvariance o , and the éorrelation between
the life~spans of a parent and its offspring is p, -3 <p <%, one can
obtain these parameter values with this model. For example, if
'E’O = «&(()1) + &(()2) and &51) + &1(2)_ are the life-spans of a parent and its
child, with of = Var(¢4§)) = \}aru;gl)) , o2 ;Var(&(()z)) = Var(2®),

.and p’ = Cor (,(;63),,(,1(1)) » then one may take E(&él) + E(&ng)) =W,

1 if p=220

-1 if p<oO,

1
LAY
0? = &P 1'+(12 40.) s

and 0% = o¢° = o5 . This follows at once upon noting that

p = ployoa/(cf +0B) . | ' | -
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Let h(s) be the generating function fér the distribution of the
number of‘offspring of each individual, witﬁ h'’(1) =m < ®, and let
F,(s,t) be the generating function for a process that begins with one
individual that at time t = 0 has only its second life remaining.

Using the methods of Chapter II it can be shown that

Fy(s,t) = s(1=Gy(t)) + h(s)[Gy(t) -~ L(t)]

¢ (3.6.1)
+ | nlEy (s, - 0l
0 .
The mean
M, (£) = —a%Fl‘(s,t)
' s=1
satisfies
M, (£) = 1 4 Gy(t) +mlGy(t) = L(t)]
| ' (3.6.2)

t
+'mj M, (t - u)dL(u) .
0
Applying Lemma 1.4.3, if Go(0) =0, L(®) =1, and m > 1, then

My(t) ~ A% as £, (3.6.3)
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where o dis the solution of

o0

mf-e’“tdL(t) =1, . (3.6.4)
0 : )

and

f {1-Ga(t) + mlGy(t) - L(t)]}e_atdt
0 .

A = . (3.6.5)

o

mJ te " %tarn(e)
0

1

Now let F(s,t) be the generating function of a process
beginning with one individual born at time t = 0 (having both.its first
life and second life remaining). It can be shown by the methods used in

Chapter II that

| .
F(s,t) = s(1-Gy(£)) + jopl(s,t-u)dcl(u) : (3.6.6)

The mean

is given by .

M(t) = 1-G,(t) +'IOM1(t -u)dG, (u) . " (3.6.7)

Ll e |




(I —ll | — | I8 T N

- 78 =

Using Lemma 1.4.2, it can be shown that if m > 1, G,(0) =0 and

L(»®) = 1, then
w ' .
M(t) ~ eatA‘[ e O[udG:L (u) as t e, (3.6.8)
. 0 '

Similar techniques may be used to investigate the higher moments.
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Chapter IV

- AN AGE-DEPENDENT BIRTH-AND-DEATH PROCESS

4.1 Introduction

 As pointed out in Chapter I, a feature of the Bellman-Harris
process which linits its range of application is that the birth of a
new individual occurs only at the instant of death of the parent. The
process investigated in this chapter, however, allows births to occur
throughout the life of the parent.

We assume that a single individual is_born at time t =0 ,

lives for a random length of time £ with distribution G(t) . At
random times during its lifetime this individual gives birth to off-
spring tnat behave in a similar mannef, the behaviour of each individual
being independent of all others. The random function N(t) which counts
the number of offspring the initial individual hes in the age-interval
[0,t] is determined by randomly stopping an arbitrary eounting process

RK(t) at 4 ; i.e.,

K(e) if t=< 2

1&(&) if £t>4,

and we assume that K(t) and 4 are independent.

The random function Z(t) giving the size of the population at
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time t is a generalization of the process discussed briefly by Harris
(1963) which he also calls an "age-dependent birth-and-death prdcess". In

fact if
. . r ol
G(t) =1 —expLJ' u(x)dx]
o

and K(t) is a Poisson process with mean function

t
E[R(e)] = I AMp)dt
(o]

we have Harris' process.

If

Gle) =1 -e ME

and K(t) is a coméopnd homogeneous Poisson process, Z(t) becomes a’
Markov branéhing process which is a special case of a Beliman-Harris process.
Howeﬁer,'in general 2Z{t) is neither a épecial case nor a-generalization‘
of the Bellman-Harris process.

It has recently been brought to fhe attention of the author that Ryan
(1967) has studied a more general process in which the probability of an

individual dying in the interval (t9t+dt). depends upon the times in
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[0,£] at which the individual has given birth However, in a private
commun;catlon, Ryan has indicated that his results have been mainly for
the case in which the mean number of offspring per individual is less than
one, so éhe only overlap in his results and those in this chapter seems to
be in Theorems 4.,7.2.and 4.7.4 (iii). Apparently we can obtain the level
of geﬁerality'of Ryan's model by dropping the assumption that X(t) and-
4 are independent. This assumption does not play a major role until
Section 4.8 and, in particuiar, the results in Sections 4.4 - 4.7 are not
dependent upon it. |
It:shOuld also be mentioned that most of the results of Goédman
{1967) on the probability of éxtinction for.sgverai birthfand-death'pro-

" cesses are easily deducible as special cases of -Theorem 4.6.1.

4,2 The probability space

As in Section 2.2, for eachjpositivé integer n and each n-tuple
1= ii;;{ih of positive integers, (i;...1,) denotes a member of the
population and éhe sequence ij...iy denotes its line of de;cent. In
aédition, the'individual (0) coﬁpriSes the O-th generation and
(1), (2%, (3Y,... are his ofégpring. Thus, for example (32) is the
second child of (3) who in turn is the third child of (0% . : .

By & family history we mean a éequence

w = { T &191‘1"&1191‘11""} . : ' (4.2.1)
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where the supscripts run over all elements of 4 in some specified order.
(The set J is defined as in Section 2.2, except it now contains the
additional element O . As before, an arbitrary element of 4 is denoted
by I.) Thé set of all such family histories is denoted by £. Egch
21 is a non-negative real number and represents the life-span of individual

(I) . Each T; is itself a sequence of the form

TI = '(t§1>’ t§2): t'-§3)a~.°°) > ’ -(4?.2.2)

where each t is an extended real number and

(3
I

0

N

e g e < S . G2

and represents the times starting from birth at which the individual {1)

givés birth, For éxample, if t%%% = x , then (1232} is born x time

units after the birth of (123) . The equality tgj) = tI(J+1) means that

(1) gives birth to two, offspring at the common time. If t§3)<m and

t§3+1) = t§j+2> =,..%= © , this simply means that <{I) has no more than

j offspring, no matter how long he lives. As was also true for the family

histories defined in Section 2.2, each, ® contains nonessential dinformation

since we simply ignore "births' that occur after the death of the parent.
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The space ‘Q may also be expressed as the product space

Q& X QT X Q% X QT X oeos . (4.2.4)
o o} 1 1

—

where each Q& is a noﬁ-negative real line and each C& is the subspace

determined ?y the ineggaliﬁies (4.2.3) of a countable’product of extended
regi lines. As in Section 2,2 the: Gealgeﬁra 0 1is the product 70;;1gebra
determined by the representation (4.2.4).

:o define a probability measure - P én the measquble space

Q,. 0, let PLI be the prob?bilify on 6%1 deéermined by a dis?r;bu-
tion G(t), with G(0) =0 , and let PTI ‘be a érobability defined on
(%I N with'gach PTI , Led , having a common law. 'The probability P

is then defined to be tﬁe‘unique probability determined -by the probabilities

1]

on the éoordinate spaces and the product probability theorem (ioevé
(1963),. page 91). This application of the product probability theoren
implies that for amy individual {1y , its life span &I and’the times .
T. at which it gives birth are ih&ependent and these quanties are also

I

" independent of the éorresponding quantities of the other individuals.

4.3 Properties of the counting functions K(t) and N(t) .

Definition 4.3.1: For each Ied , let
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| 0 if t§1)> ¢
®_(eY = ‘ : (4.3.1)
t (1)
sup{i;tI <t} otherwise,

K (t) if > .
NI(t) = (4.3.2)
KI(£I) if &Is £ .
and

Ny =K (2) | © (4.3.3)

" The random function KI(t) simply counts the points téj) i? the. interval
[0,£] . Each realization of KI(t) assumes non-negative integer values .
only(including possibly infinity) and is nondecreasing and continuous from
the right. The function NI(t) represents the number of offspring born

to .{(I) within ¢ units after its birth and N. represents the total

I

number of offspring born to (I) . We may also write

N.. = Lim N_(t) (4.3.4)
I e I _

Frequently, we shall denote Ko(t),No(t),No,tga), and &o

by K(t),N(t),N,t(J), and 4 , respectivly.
Quite a few of the results we shall obtain are expressible in terms

of distribution’ G(t) = P[ZSt] and the mean function
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A(t') = E[R(t) ] . (4.3.5)

For the remainder of this chapter we shall assume the following conditions
are met by these functions.

Conditions for G(t) and A{E):

(i) The function G(t) is nondecreasing, continuous from the right,
G(0-) =0 and G(=) =1 . '
(ii) ihe function A(t) 1is finite; nondecreasing, continuous, equal’to-
zero when ¢ =0 , but not identica11§ ZeTOo.

It should be ' noted that for any function A(t) with the properties’
. given in (ii), thgre is a counting ﬁunction R(t) such that E[R(t)] = A(t) .
For example, one may take K(t) to be a nonhomogeneous Poisson procesé |
with mean A(t) . The requirement that A(t) be continuous ié not essential
and for most résults given in the sequel, a corresponding result may Se
proved for the case A(t) is only continuous from the right. .

Let us denote the generating functions of K(t) , N(t) , and N
by hK(s,t) 5 hN(s,t) , and ﬁ(s) 5 réspectively.

Theorem 4.3.1: (i) The generating functioms hN(s,t) and h(s) are given .

in terms of hK(s,t) by
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£ . ' -
hy(s,e) = jo hy(e,d0) + [1 -6(0) T(e,8)

and

h{s) =_J- hK(s,u)dG(u)
, o T
for t20 and ]slSi .
(ii) The means of N(t) and ﬁ satiéfy
. o
EING)] = [ A@)ae) + M0TL -e(0)]
o - o

T
. =J [1 -G(u) JdAcu)
, _
and .

EQ) = A()de(w) = | [1 -G(w) A
. o. : o .

(4.3.6)

(4.3.7)

(4.3.8)

(4.3.9)

in the sense that if one integral converges then so does the other and they

are equal.

[
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Proof: Using conditional expectations and Definition (4.3.1), we get

-
~

h(s,t) = ELM D] = mrlM ) [¢])
o e
=[ B [23ap, 4 [ ELNE |elap,
o (% y .
£ R(D) e 'K(nt')
s L
L . ‘ .
| =j by (5,u)d6(u) + [1 -G(t) T (s,t)
(o]

- which proves (4.3.6); Expression (4.3.7)‘follows.from (4.3.4) and (4.3.6)
by applying the bounded convergence theorem.

Since .A(t) is finite on évery finite interval, wé can differentiate
(4.3.6) with respect fo s, and interchange operations of.integration én@
differentiation by a corollary of the dominated convergence theorem (Loeve

" % .
(1963), page 126). 1If we perform these operations and put s =1 in the

. resulting expression, we get -

€ \
ENGE)] = | awag@) + a1 -6()] T (4.3.10)
. o .

which is the first equality in (4.3.8). The second equality follows by
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applying the integration by parts theorem for Riemann-Stieltjes integrals
to (4.3.10).
The proof of (4.3.9) is quite similar to that of Lemma 6.1, page 143,

of Feller (1966). First note that by the monotone convergence theorem

E(N) = Lim E[N(t)] .
T

Therefore, letting t- in the two extreme terms of (4.3.8).we.obtain

E() ='f (1 -G(u)laa@) | (4.3.11)
° . “

v

whether or not this infegral is finite. 1If it is finite then
co i . . ) :
j Au)dG(u) : : (4.3.12)
0 ’ . .

is finite also,lsince by (4.3.8), this integral ié no larger than the integral

" in (4.3.11).  On the other hand, if (4.3:12) is finite, then

Lx:m'f A)AG(u) = O
Cgo Vg :

and.since
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M1 -6y Is| ACwyac(w)
. ot

we have

Lim A1 -G(&)] =0
o

~

. also, Therefofe, letting t=* in (4.3.8), we obtain

. j“ | A(u)dE(u) -_-X [1 -G(u) Jda(u)<e
0 o . )

which completes the proof of Theorem 4.3.1.

4.4 An imbedded Galton—Wétson process

© As one might expect, the sizes of the successive generations form
a Galton-Watson process. The k-th generation _Jk ,k=0,1,2,... "~
is def;ned inductively.by I, = {(0)} ; Sy = {{E) ISiSNo} and, assuming

3 is defined, . such that

k k+1 k+1>

(ig¢0.iyded, and ik+1$Ni1...ik . The number of individuals in the

is the set of individuals <{ij...1

family ‘Ik is denoted by B
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Theorem 4.4.1: The random variables gk are a Galton-Watson process

with generating function h(s) .

Proof: The characteristic property of .a Galton-Watson process is
Bls™ g L., G ) =)™, n=1,2,... (b.4.1)

Upon noting that {NI,IGJ} is a collection of independent random
- variables, each with generating function h{s) , the proof reduces to

. that of Theorem 5.1 of Harris (1963), page.127. !

4.5 The branching processes Z(t) , B(t)', and D{t)
In this section; which is analogous to section 2.3, we shall define
random functioﬁs denoting the number of indiwviduals that are alive at
time ¢t , have been bofn by time t , and have died by time (t . We
shall also give a result similar to Lemma 2.4 which will be useful in N

deriving integral equations.

Definition 4.5.1: For each I = i:.,_...ik let

L (i) L (ig) S S
1if to .5&0 9 ti.j_ 5’&11 s°~~'9 til g -1 11 ﬁ}c—l ,
t(il)+tfi2>+ vee + tfi"‘-)...i st , ‘ (4.5.1)
ZI(t,uD = o} LT . 1 -1 .

_t(11)+ oo e +t§1k)cooﬁ. Mg 0"1 >t
o 1 'k“'l 1 k

0 otherwise,
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Ost<e , @ed .
<

(An obvious modification must be made 1f I = 0 ).

<

Then let

Z(t,w) =zzz(t,w) . - (4.5.2)
P Led

The function 2Z(t)  is simply the number of individuals alive at time
t . For a discussion of similar definitions the reader is referred to. -
. 0
section 2.3 of this thesis and to page 125 of Harris (1963).
In an gnalogous fashion, we may define B(t) , the number of
individuals born by time t , and D(t) , the number which héye died by
time t'. The definition_of B(t) essentially amounts to recopying

Definition 4.5.1 and deleting the third line of inequalities in (4.5.1).

" Then D(t) may be defined as
D(E) = B(t) - Z(t) o (4.5.3)

whenever the difference is defined. As we shall see, D(t) is defined

almost surely. Since there are analogous results for the functions

O A/
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Z(t) , B(t) , and D(t) in many instances, we shall often prove a result

for Z(t) and then étgte the corresponding result for. B(t) and D(t) .
Since thé sample functions of B(t) and D(t) are nopdecreasing; there
are certain instances in which these functions are easier to work with
than Z(t) .

For each w = (%' To 5 21 5 Ty 5-..) in the space Q, let

(o] 9
(.01 = (’%1 ® Ti H 4{1.11 9 Til M -oe) . Let Qi 5 i =1 9 2 9 ese g be the
set of allwsuch w; and let C% be the set of all ordered pairs

£

bo » To) . .Then Q may be_represented~in the form

.Q=Q°><le02x---

Let us denote the ﬁrobability indiced on & by P, , i =0, 1 ...
Each space  ; 1 =1, 2, ... , 1is a probabilistic replica of Q
so the symbol 2Z(t,u) , i =1, 2 , ..., has an obvious meaning.

Lemma 4,5.1: The function Z(t,w) satisfies the equation

Z(t,w) “Z Z(t-téi)wj) +1- 8t -1) (4.5.4)
f=] . L

" with the convention that if N(t) = 0 the sum vanishes.. The function

5 is defined by
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, 1 if €20 .
8(t) = (4.5.5)
0 if <0

Remark: The proof of the Iemma will be omitted. The reader may refef to

the discussion at the end of section 2.3 and to page 129 in Harris (1963)

for a proof of a similar result.

4.6 Probability of extinction
The probability q thatsthe population eventually becomes extinct

is defined by
q =P[2(t) =0 for some t] . (4.6.1)

One would expect that q is the same as the extiﬁction probability
of the imbedded Galéon-Watson process {Ek} . Although this does turn
out to be the case, a éroof is required since, in fact, neither of the
sets .[Z(t) =0 for some t] or [gk =0 for some k] is a subsét
of the other. To demonstrate this facf we offer the following two examples.
Example 1: Suppose ® is a point in. 0 such that.evefy generation is
non-empty and each member of the Kk-th gemeration has life-span 1/2k .

Then 2(3,w) =0 , but §k>0 for all k.
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Example 2: Suppose w is a point in (3 such that {b =1,

(1) (2) : (1) . ..
1/2 = o= t = &k =k , and b= k+1 for k=1, 2 ...
It can easily be verified that §,(w) = €a¢w) = ... =0 but
Z(t;w) = o for all t >1/2 .

By the following theorem,::however, the events illustrated in these

examples occur with probability zero. .

Theorem 4.6.1s Let A be the event [gk =0 for some k] and let B

be the event [Z2(t) =0 for some t] . Thenl PQ) =P@E) .

Proof: For a fixed k > 0 and a fixed t , we have
PLg>0 ; 2(t) = o]'=P{'ﬁl U i‘[<il...fk->e:9k 3 2(t) =01}
LAy

<co R oy, . . . ‘ '
i:éﬁ..i‘gﬁP[<11.f.1k>eJk : Z2(t) = 0] _ (4.6.2)
LS *

<§.., Felcl) o t§12) Fouut tflk) . A , st)
i =1 1 = o 1 1"' k—l 1..- k

1 % 1.
The second inequality simply expresses the fact that if an individual

- {3Y is actually born and the .process is extinct by time ¢t , then

(I must have died by this time. If we set
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F,(t) = P[tI(i‘) < t]

and note that t§1) £t 1if and only if Kétké*i » we see that {Feller .

(1957), page 249)
© @ . -
sEF (0 =5 PR = 5] =ElR(£)] = &) . (4.6.3)
" Using this fact, the last line in (4.6.2) becomes -

S . P F, «F F, %G(t)
1,121.5:&;:1 447 iz*-"'w.'iu*

. (o] o0
=GxL F #...% élFi (t)

/

=Ny L ' - o ’

But by Lemma 1.4.1 the last line of (4.6.4) approachesizero for fixed

t as k- , Therefore,

Lim P[£,>0 ; 2(t) =0] =, 0 .
keteo
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it now follows easily that

P(A'B)

il

.P[§k>0 for all k ;;Z(t) =0 for some t]

=P{U NI{g> i z() =0l}
- t=1 k=l :
= Lim Lim P[E >0 ; Z(t) = 0]
t-e Ig oo . _
=0 ¢

and, therefore
P(B) = P(AB)+P(A'B) = P(AB) < P(A) .

‘The proof will be complgte upon demonstrating the reverse inequality:
1f, f;r some k ,'gk =0 and §j<co ,.j =1, 2 ... k-1 , then it is
obvious that Z(t) =0 fér some t . Consequently, if we AB ', then
E..= o for some j , aﬁd ghis, in turn, implies that KI(t)_= © ‘for

some t and I . Therefore,
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Il

?(AB')SP[KI(t) @ for some t and I

=p{ U Ok () = =]}
Ted t=1 ' -

<oy P[KI(t) =] =0,.

. since A{t)<e -fér all t implies P[R(t) =] =0 for all t . As

befo;e, we have
P(A) = P(AB)+P(AB’) = P(AB) < P(B)

-and the proof is complete.
Corollary: The probability of extinction ¢ is the smallest non-

negative root of the equation
s = j hK(s,u)dG(u) .
o

If
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h'(l) = J [1 -G lda@) <1
O

and b(s) #s , then q =1 . Otherwise, q’ is less than one.

Proof: The proof follows directi& from Theorems 4.3.1 and 4.4.1 and
remarks made in Section 1.2. . |

Example: (the birth aﬁd death process)

-Suppoée ﬁ(t%' is a Poisson process with A(t) = At and G(t). =1 —eTH,

By Theorem 4.3.1

O e(s-1) -ut |
_ -1) ~pty, _ i
h(s) ud;e e dt TERGED

The fixed point of .h(é) = s can easily be seen to be M/k and
h’(l) = A/u . Therefore, by the corollary, q =1 if A <y and .
‘q =p/A is A >p . This result was obtained in another way by

Kendall (1949).

4.7 First moments

We shall demonstrate, first of all, thét the conditions on A(t)
and G{t) given in gection 4.3 are sufficient to insure the finiteness
of M(t).

Lemma 4.7.1: For each t , E[B(t)] <.
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Proof: For each I = (i;...ig)ed let

1 if t(il)-:-----i- t;(l"). =t
[o] ' 11"'1k‘1

) bI(t) =

0 otherwise

(We assume that bo(t) =1 .) The event "{i,...i,) has been born by

time .t " is a subset of the event [bI(t) = 1] ‘and therefore

B(t) £ % bp(t) .
Ied

Taking expectations and again using (4.6.3) we get

E[B(t)] £ ¢ Elb_(£)]
IGJ,

., -} o ©
=142 T... ZF, %07 (£
k=l izl 4=l 1, L

w k* '
1+2 A (&)
k=1 :

and this last expression is finite by Lemma 1.4.1.

Theorem 4.7.1: The function M(t) is bounded on every finite interval

and P[Z(t) =] =0 .
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Proof: The second assertion follows from the first, and the first
assertion follows from Lemma 4.7.1 since Z(tj £ B(t) for all t and
B(t) 1is nondecreasing.
Remark: The conditions given here which are shfficieﬁt to insure the
finiteness of M(ﬁ) are quite different and, in a sense, less stringent
than corresponding conditions for the Bellman-Harris'process. A necessary
condition for the finiteness of the méén of the Bellman-Harris process
is G(0)h ‘(1) =1 (Sevast'yanov (1967)). The conditions used in
Theorem 4.7.1 to show. M(t) < «» were essentially A{0) = 0 and A(F) < @,
which are completely independent of G and include the possibility that
h'(l) = ».

The standard technique (used by Haréis (1963), Ney (1964a$, and
Mode (1968a) for example) for studying the moments of a branching
process is to first obtain an integral equation for tHe'generating function
of the process and then to differentiate it successively to obgain integral
equations for the moments. ﬁowever; it does not seem possible to derive
a useful integral equation for the generating function in the presenf
case without sacrificing a good deal of generality. (Such an equétipn
is derived in Section 4.10 for a special case.) One's ability to derive
integral equations of this type séems to depend upon the existence of a
"point of }egeneration”_in the process under inveééigation, which in the
words of Hafris (1963), is |
"roughly speaking, . . . an evént in the history of a process with the

following property; if we know that the event has just occured and know
the state of the process just after the occurrence, then knowledge of the
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history of the process prior to the event is of no fucther help in
predicting the future.

in an age-dependent branching process, the death of the ancestor
seems to be a poinﬁ .0of regeneration..."
§
It is fairly clear that the death of the ancestor is not a point of
regeneration for the present procéss an& no other event seems to meet
the requirements. We may, however, derive a useful integral equation

for M(t) , without working with the generating function.

Theorem 4.7.2: The function M(t) satisfies the renewal equation

| . N
M(E) =1 -6(t) + | M(e-w)[1 -G A 4.7.1)
J

and M(t) is the only solution of (4.7.1) that is bounded on every

finite interval. Moreover, if we le;
t ' '
F(e) = | [1 -6(w)]dag) , 4.7.2)
0 _ ‘ .
then M(t) "may be written as

1+F-G+2F k[F G] ‘ 4.7.3)
- k=1

Proof: By appiying Lemma &4.5.1 and using the notation introduced just

before the lemma, we get
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M(t) = fé(t;uﬂdP

o N(E) N '
_ (D v
- jzl 2(e-c P, e +j' Fl 8- ) Jap

s

An application of Fubini's theorem yieids

N(t)
M(t) = dPo{ X

Ii(t-t(j) ; w.)dP Y} + 1 -G(t)
j=1 yo°

N{t) . ‘
= |er { = Me-e 7Y 11 -6
_ j=1 . .o

C
= E{I M(t-u)dN(u)} + 1 -G(&)
. o

The last step follows immediately from the meaning of integration with
.respect to a step function. Lemma 4.7.2 (whiéh appears directly following

this proof) tells us that the ”E“_may be moved inside and we get

. aC '
M(t) =1 -G(t) + | M{e-u)dE (N {u))
< : | . .
=1 -G(t) + ] M(t-u)[1. -G(u) JdA(u)

(o]
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which proves (4.7.1). We already know that M(t) is'boundeé on every
’finite interval and the uniqueﬁess of such a solution follows from a
result in Feller (1941). By Lemma 1.4.1 expression (4.7.3) is also
bounded on every finite iﬁterval and one may vefify that it satisfies
(4.7.1) by direct substitution.

Lemma 4.7.2: If £ is a non-negative Borel function, then
b .
EI £(e)dN(E) = £(e)4E[N(E) ] .
at+ ad

This equation is also true if N(t) is replaced by K(t).
Proof: PFirst suppose that £ 1is an indicator function of the interval

1

(x,y] and a <x<y <b . Then

. - .
Ejb £(r)dN(t) =EI dN(t) = E[N(y)-N(x)) '
a+ x+ '

and
b y
f f(°c)ngN<t:>J=j= dE[N(e)] = EING) J-ElNGx) ] .
a+ b , ‘

By considering the other possible arrangements of x and y , we
conclude that the lemma is true whenever £ 1is an indicator function

of an interval (x,y}'. The proof may obviouély be extended to the
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case where £ is an indicator function of a set in the algebra formed

by the class of all finite disjoint unions of intervals of the type

(x,vy] , along witﬁ complements of sets of this type. Let M be the
class of ail sets for which the lemma is true whenh £ ié an indicator
function of a set from this class. Suppose Ay, j =1, 2 ..., is a
monotone sequence of sets in M and A;9A as jo® . By repeaged use
of the bounded convergence theorem (IA is the.indicator‘function of the

set A),

b ' b
EI I,dN(t) = E[Lim f I, dN(e)]
a+t j Tat Ty '

= Lim[Er I, dan(e) ]
i at Ty -

_ b
= Lim j 1, dE(N(t)]
j atr NS

= Ib I,dE(N(L)) .
a+ A

This proves that M is a monotone class and therefore M contains
the Borel sets (Loeve(l963), page 60). By the usual procedure, the
proof may now.be extended to the case £ 'is any non-negative Borel

measurable function.
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i SeveralvprOPerties of M(t) may be obtained directly from expression
‘(4.7.3). Since F(«) =h’@) , using Lemma 1.4.2, we see that if

h’(1y > 1 , then

(4.7.4)

Lim M(t) = =
-0
and if h’(1) <1 , then
Lim M(t) = 0 (4.7.5)
€00 ‘

We sﬁall see later from renewal theory that if h'¢1) =1 and
the mean life-span is finite, then M(t) _converges to a finite constant
as e | |
| Expression (4.7.3) may also be used to séudy the monotone
properties ofl ML) .

Theorem 4.7.3: If

£ - .
Y(&) = f [1 -GCu)Jda) -G(&) - : (4.7.6)
o]

is nondecreasing (nonincreasing) inm the interval [0,t] , then M(t)
is nondecreasing (ﬁoﬁincreasing) in this interval also.

Proof: Simce Y(t) = F(t) - €(t) , the proof follows directly from

Ll
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(4.7.3).

This condition fpr monotonicity of M{t) seems toc be applicable
in quite-a few situations. For example, if G{t) = i-e & ang
ALY = x , then Y(t) = e-ut(k-u) .and by Theoremlévj.B, A>
implies M(t) is nondecreasing, K'< " implies M(t) 1is nenincreasing,
and \ =y implies M) =1 .

Harris (1963) shows that in the Bellman-Harris process  M(t)
is nondecreasing, equal to omne, or.nonincreasing depending on whether
h’(l) 4is greater than, équal to, or less tham one. In the present .
situation, hbwever, having _h'(l) 21 1is a necessary, bu@ not sufficient,
condition for .M(t) to be nondecreasing. (The corresponding statement
for h’(l) €1 is true, also.) The negessity.is implied by (4.7.5),
since if ‘M{t) goes to zero, it cannot be increasing. The following
eiample will illustrate the fact that this condition ié not sufficient.

t

Example: Let G(t) = 1-e 2% and

0 . 0t <sr
AME) = _
b(e-r) £>r

. : ‘ a - ' :
where a , b, and 1 are positive numbers and b > ae T . 1t follows

that
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() =e 2t .1 0<t <r

and by Theorem 4.7.3 M(t) is’decreasing 0 S.t <r . But
h'(l) =b/ae® >1 .

i We now turn our attention to the asymptotic properties of M(t) .
As in the Bellman-Harris process, the béhaviour of M(t) as g
may be determined iﬁ most cases of -interest from known results in renewal
theory. However, there are exceptions that do not arise in the Bellmahn-

Harris process.

Definition 4.7.1 Let ¢ be the unique solution (provided it exists)

of the equation

fwe“”ttl -G(e)lan(e) =1, (.7.7)
o
Remark: If 1< h’(1) < » there will always be a positive « satisfying
(4.7.7), However, (4.7.7) may or may not have a solution if /() == .
if h'(l) =1 , the solution is obviously o =0 . There may be no «
satisfying (4.7.7) if hiQ) < 1 , but if such an o exists it must be - .
negative,

Theorem 4.7.4: (i) If h’(1) >1 and (4.7.7) has a solution, then
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M(t)e ™ b as  tee  (4.7.8)

where

b = ‘I[_1 -G(_;)]ef“‘*jdt _
B . (4.7.9)

j te %1 -6(e)Jaa(e)
(¢}
(ii) If h'(1) =1 and
¢ ST ‘ '
] tdG(e) <@, , (4.7.10)
o]
then
_Y tdG(t) .
M) = = - as g (4.7.11)
[ en ey Jaae-
0O . .

where this limit is interpreted as 0 if the denominator is infinite.

(iii) If h'(l) <1 and there'exists_an o satisfying (4.7.7) and
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f te 1 -e(e)lan(e) < = - L (6.7.12)
(o) ) .

then the.limit (4.7.8) again holds.

Proof: Part.(ii)is a straight-forward application of Lemma 1.4.3 (iii).
Parts (i) and (iii) follow from the same lemma in the same way as

Lemmé 1.3.1.

Remark i: It should be pointed out that there are cases of interest in
which h’(1) =« , and for these cases tﬁe rate of growth may be either
exponential or super-exponential. By super-exponential we mean that
M(t)e-&tﬂm as t=e» for each o, 0 £ ¢y < e, The following two
examples illustrafé how this may happen. .

Example 1: If 1 - G(t) = 1/t? for £t 21 and A) = XEZ/Z , then
h'kl) = ,-but M{(t) has an exponentiél rate of growth according to
Theorem 4.7.4 (i). |
Example 2: If 1 - G(t) = e-a? and A(t) = et2 -1 then, using

(4.7.3), M(t)e-Ct = as ¢ & @ for all ¢ since in fact

[F(e)-G(e)]e”

¢t e as t= for all c¢ .

Remark 1i: Another possible behéviour of M(t) which has no analogue
in the Bellman-Harris process is that of having a growth rate which is
less than exppnentialf Lf for the case h'(l)'= 1 the numerator in
(4.7.11) is infinite (corresponding fp an'infinite mean life-span) while

the denominator is finite, then M(t)-=>= , but the rate is less than.
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1;near (See Theorem 4.7.5 (iii)).

Following R. A. Fisher (1950) we shall call ¢« the Malthdsiaﬁ
parameter of population growth. Actually, there seemé to be a ver§ close
connectién between ¢ aﬁd~the.Malthuéian paramgter m defined By Fisher
as the golu;ion of

)

j-" ™ pax =1 0 (4.7.13)
o S XX . , .

where %x is the probéﬁility of 1iving £9,ége X and bx is the rate

" "of reproduction at age x . Our 1 - G(x) has the same interpretation as

&x and, provided A(x) is diffefentiable, ~A'(x) = A(x) measures the

Al Cr i

rate of reproduction, so that (4.7.13) and (4.7.7) are completely analogous.

The following version of assertion (i) of Theorem 4.7.4 will be needed

later. L : -

- Lemma 4.7.3: Suppose h’(l) >1 and an 'o exists satisfying (4.7.7).

If A(t) is differentiable with derivative M(t) and
o0 ' ‘
101 -6 ) Pau < =
.o . ' = N .

for some (p > 1 , then

M(t) = beat[1+Q(e-6t)] as t @+« for some ¢ >0.. . (4.7.14)
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‘ Proof: This assertion follows difectly-from Lemma 3 of Hariis (31963),
page 162, |

To close this section on first moments we now state some results
about the mezns of B{(t) and D(t) . The pro;fs are all similar to
others in this section. |

Theorem 4.7.5: (1) The functions MB(t) = E[B(t)] and MD(t) = ED(e)]

satisfy the equations

’ MB(t) =1 +-I MB(t-u)fl -G(u) JdAQ)
o . o -
L x | '
MD(t) = G(t) + J Mb(t-u)[l -C(u) JaA(w) .
' o
(ii) 1If h'(l)'> 1 and there is an « satisfying (5.777) then
MB(t)e'at by as t e,
WO oy as toae,

where

b o= %
o[ %ce™ 1 -a(e) nce)

o ~ : , -
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and

(iii) if h’(l) =1 , then both MB(t)/t and MD(t)/t approach

1

1

= as t-=®,

"I el1 -G(t)]dA(tjf'

(o]

where the limit is interpreted as 0 if-the denominator is infinite.
(iv) Under the hypothesis of Lemma 4.7.3 (4.7.14) again holds with

M(t) replaced by MB(t) (Mh(t)) and b replaced by bB (bD) .

4.8 Second moments

Definition 4.8,1: Let
M, (e, ) =E[2(©)2@+n] , €20, T20. (4.8.1)

Just as for ?he first moment, we shall study Mz(toT) by means of an
integral equation which we shall derive without the aid of generating
functions. ) (

If we apply Theorem 4.5.1 to- Mz(taTY wve get
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Mz(i:‘,'r) =1 - G(t+7)

N(E)

l +-f&9[1 -5(etr-£)] & Z(t-t(i) N wi)
=l :
: : N(t+¢) o 1) .
+ XEP[I -8(e=4)1 ¥ Z(edr-t mi) (4.8.2)
f==1 . .
o N(E) R .
+ |dP = Z(t-t(l) s wi)Z(t-%-T-t(l)', wi>
i= : :
NCEIN () N .
+lee . 2 2Pz, o) .
i=1 j=1 - T
i#3

Qur next task is to simplify this expression. Using the methods employed
in the proof of Theorem 4.7.2 it can easily be shown that the second

term on the right side of (4.8.2) is equal to
. '
I@otl -6(t+T-’?/)J le(t"U)dN(U) ’o (40803)
. ’ " < -

Taking into account the relations among 4 , K(t) , and N(t) , and

applying Lemma 4.7.2, (4.8.3) becomes
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. 2. ¢ : :
IdPo[l -6(t+"r-‘&)]{6(t-&)f M(t-u)dK(u) + [ -6(t-&)]j M{t-u)dR(u) }
o ' o .
£
= deo[l -6(t+¢-»&)]j‘ M(t-u)dK(u)
(o]

= [1 -G(t+7) ]XLM(t;u)dA(u) . ' o " (4.8.4)
o : . ‘ .

1f we use the same types of arguments in simplifying' the third

term on the right side of (4.8.2) we get .

| N(t—é—ﬁ (i :
IdP [1-68(e-2)] % Z{etr-t i) 5 wi) :
i=1

A7

| .
- fdPotl - 8(e-2) 18(t41-2) | MCetr-u)ar(w)
. (o]

T
+ j‘dP (1 = 6(e- &)1[1 -8 (ttr-2) ]| "I(t-n‘-‘i'-u)d&(u)
o .
E--T o
= I [ M(t—}-'r-v)dA(v)]dG(u)
- t+ o
T O (b.8.53)

+ 1 -G(t—:—vr)"] M(L+‘T-u)dA(u)
[o} .




i )

=115~

There are no new methods used in simplifying the fourth term on the right

side of (4.8.2). The final result is
t . . : -
[y (emu, D11 -6 JaaC) (4.8.6)
o , - o

The last term on the right side of (4.8.2) is equal to

N(e)N(e+T) . N(t) oy .y
dp’ [2 L M{r-t (1))M(t+'i'~t(j)) -3 M(t-t(-"_)}M(t-i-T-t(l))]
1—1 j=1 i=]"’ ‘

t+T ot

= E[ M(t-u)M(t+T-V)dN(u)dN(v}] - I M(t~u)M(t+ﬁ-u)(l -G(u)db(u)
v=0 u=0

AN

(4.8.7)

In ‘general, it does not appeér that the last expression can be simplified

further. Putting all of these various pieces together, we have

Theorem 4.8.1: The function M,(t,T) is a.solution of

-

. (o
Mp(e,7) = J‘ Ms(E=u, D1 -G(u) JdA(u)
o

' & Lty
# [ -6(en) L + | M(e-0)dd@) + | Mebmu)dace) )
. o o : :

t+T LT ot
+ [E M(t+'r-v)dA(v) lac(u) + n[f

I M(E~u)M(E+r-v)dN (u)aN (v)] -
t+

{over)
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' . ; '
- [Mewnesen i e T . T es.8)
o o -

" Although this equation appears qﬁite formidable, for fixed T
it is simply a renewal equation for Mg(t;T) and therefore resultsrfrom

renewal theory may be usgd to find am asympéotic formula for Mp(t,Tv) .

Theorem 4.8.2: If 1 <h’(1) and h"'(1) < » then

\

M (e, 'r)e"d(zw'r) - v

— : as £t e (4.8.9)
1 - fe 21 -ete) Jaaw) -

A d "
o

and this limit is uniform in T . The number o« is defined by (4.7.7),

b is defined in Theorem 4.7.4, and
/

A= E(Ime-de(u))z - ‘Ime‘z‘mtl ~G(u) JdACe) . (4.8.10)
0 ° '

Remark: Since h"(l) < o implies h’(l) < », in this case therézwil}

always be an « satisfying k4.7.7)? | |

Proof: The theorem is proved in‘the same way as Theorem 18.1 of Harris

(19@3), page 144, If we multiply both sides of'(4.808)by e-d(2t+q5

and put
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K(‘t,"r) -—- M, (e, ) e-o:(2t+"r)
‘m = f e 20ty -G(é)]da(t)' < 1 .
- T -2 . ' -
&) =1/a | e 21 ~6(u) JanCw) ,
then (4.8.8) takes the form
K(tsm) = B(t 1) + 3] K(emus )dE(w) ; ‘ (4.8.11)
. [ - ' .

where (e, is e-a(2t+7> times everything on the right side of

. (4.8.8) except the first term. Since (4.8.11) is identical to (18.4) .

on page 145 of Harris (1963), the remainder ofvthe proof is the same as

his, provided we can show that
£(t,T) 24 as to

uniformly in 7 .
It is straight-forward to show that none of the terms on the right

side of (4.8.8) make'any contribution to E(t,¢) in the limit except
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the last two, and that the last term times o *(ZEFT approaches

bZI e-Zdu[]_ -G(u)]d_A(u) as t o, ' -
. o )

uniformly in T . Thus we shall only prove that

) T ot e
e oz(2t+'r)E {J' j' M{t-u)M{t+r=-v)dN(u)dN(w) } =
. o o o

. .
' sz[f e ®an ) ]2 as t = ®,
o .

t

uniformly in T . By an argument similar to the proof of Lemma 2.6.1 .

it can be shown that for each weR such that N(w) < o ,

e+
Lim| [(M(t+r-u)e
t= 0

'Ol(t'!‘ﬁ"-'u) ]e-de(u, (!))

)
= bj‘ e-de(u,g;)
(o]

!

and this 1imit is uniform in T . Moreover, 1if C is an upper bound

for M(ﬁ:)e-o"t , then
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£ ot .
[

o~ A2E+T) M (E~u)MEHT-v) dN (u, ) dN (v, @)

!
< cz'[J‘ e MaN(u,w) ]2
o -

< czmz(m) s

and this last term is integrable since, by hypothesis

i

h'/(1) = EQC) - EQ) < = .

Therefore the dominated convergence theorem applies and the proof is
complete.

The follswing stronger assertion will be useful iﬁ the next section.
TLemma 4.8.1: If the bonditionslof Lemma 4.7.3 are met and h'/(l) < o,

then

M (tv.T) ' - A -+ O(e- et)
a(at+7) ®

b2e" ‘2 1-[ e zau[l-G(u)]dA(u)
o. - ) .

for some ¢ >0 independént of 7.

.
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" Proof: Using Lemma 4.7.3, the proof follows from Lemmas 4 and 5 on page

163 of Harris (1963), after tedious but straight-forward calculations.

Theorem 4.8.3: If My(t,m =E[B(t) B(e+n)] and M (£,m) = E[D(E)D(e+n)]

then both Theorem 4.8.2 and Lemma 4.,8.1 are valid when My(t,7) is re-

placed by Mp(t,m) Q@ (e,™) and ‘b is replaced by b, (o) -

4.9  Convergence of Z(t)/beom_

The results of the last section lead immediately to a result

concerning quadratic mean convergence of Z(t)/beat .

Theorem 4.9.1: If h’(1) >1 and h''@1) <= ,chen Z.(‘i:)/beozt

converges in mean square to a random variable W as t = « and

EW) =1,
= 2
E(jpe  Man(u))” - 1

1 - j e 20 g (u) Jdacy)
(o]

Var(W) =

Proof: The proof follows from Theorem 4.8.2 along.the same lines as the

proof of Theorem 2.7.1.

Remark: 1In almost all cases of interest the variance of W 1is positive,

A sufficient‘condifidn for this to be true is

n(0) >0
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which says "it is possible for an individual to have zero offspring'.

Theorem 4.9.2: ‘With the hypothesis of Theorem 4.9.1, B(t)/beoﬂ

(D(t)/beat) converges in mean square to a random ¥ariable WB (WD)

and
(4.9.1)

If G6({t) and A(t) satisfy certain additional regé}arity condi-~
tions the convergence to these limit random variables is almost sure.
Although this is a fairly deep result,.Harris (1963) has already done
the work for us. Hére we héve a situation»in ﬁhich we must first prove

the result for B(t) and D(t) in order to obtain if for Z(t) .

Theorem 4.9.3: If h’’(l).< » and the conditions of Lemma 4.7.3 hold,

then

B()/be™ =+ W a.s. as t e
D(E)/be®™ 4 W a.s. as t oo
2(e)/be® + W a.s. as toe .

Proof: By Theorem 4.8.3
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E[B(t) /be™ - wB]?- = 0(e” %%y
and therefore
=) E ) 2
J‘E[B“)/beo{t - W )% < =
o .

Moreover, B(t) is almost surely a finite ﬁondeéreasing step-function(
Since these préperties of B(t) are precisly those used by Harris
(1963) in proéing Theorem 21.1, page 147, the assertion concerning.
B(t) (and, for D(t)) follows frém Harris' argument. The last part
of the theorem now foilowg from (4.9.1).

In the next.séction we shall 6btain‘some resqlts about the di§-

t¥ibution of W for an important special case.

4,10 Multiple births; The Poisson (6,£,G) branching process

" .Recall from Section 4.2 that the definition of (I makes provision -

f§r the possibility:of multiple births. In terms of thé counting process
KI(t) , a juﬁp in a sample function of height j at time ¢t means

(1 givés birth to j offspring at this instant. Frequently however,
it is desirable to separate the epochsjat which births occur from the
number of births occuring at each eppch bf assuming the epochs of birth

are generated by a-counting process whose sample functions are all step
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functions with unit steps, and the number of births occuring at each
epoch is 'independent of this ebunting process. We shall indicate briefly
how these ideas can be incorporated explicitly into the probablllty

Space deflned in ,ectlon 4.2,

For each 1Ied , let WI be a.sequence of the form (w(l), (2),...),
where each w§j> is an extended nop-negative real humber and
w§j) < w§j+1)',-3 =1,2... (unlees wéj) = o and then we permit equality),
and let. VI be a sequence of the form (v(l) §2) ,+s+) where each
véj) is a noe-negative integer. Each pair (WI s V15 determinee
‘uniquely a sequence _TI by the foilowing assignment: Let
J téi) = wél) » 0 <1 g vél)

e

e 2wl o D e oD e v

Moreover, each sequence TI 1s determined in this way by a pair

(WI" VI), except for .those sequences TI for which t§3) §J+l) . < @

for .some integer j . But a sequence of this type corresponds to a

_sample function of K(t) that is infinite at some finite value of t .

Such events have probebility zero since we are assuming A(t) is finite
and therefore a probability measure on the set of ordered (WI’ VI)

will induce a measure on the space ‘QT . Let the probability on the
I .

set of all‘sequences ‘VI be the one determined by assuming the random
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variables véj) s J =1,2... , are independent with a common generating

. function f(s) . Furthermore, let there be an arbitrary probability:

measure defined on the set of all sequences Wi (the same for each I)

and let the measure on the set of ordered pairs (WI R VI) be product

measure. Let the counting function of the sequences W. be denoted ’

. 1 :
by QI(f? (Seg'Definition 4.3.1) and its generating function by

hQ(s,t) . It can be shown that

he(s,8) = ho(£(s),0) - - . (4.10.1)

i

and therefore
M) = £'(1) 8 (£) - (4.10.2)

where 6(t) is the mean of Q(t) . /

Although the brocedure just described is applicable in a wide

'variety of situations, .for the remainder of this'chapter we shall study.

tﬁe folloﬁing important special case.

Definition 4.10.1: If Q(t) 4is a Poisson process with mean 6(t) ,

then the process Z(t) determined by 6(t) , f(s) , and 'G(t) 1is
called‘a Poisson (8,£,G) branching process.
Remarks: (i) In view_of' (4.10.2), in order to have the conditions on

-

A(t) that were given in section 4.},‘we must impose the same coﬁditioné
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on 8(t) éﬁd also assume that £I(1)y € = . _

(ii) Since 8(t) is continuous and since E[Q?t] = 8(t) + Gz(t) ’

it follows that Q(t) is continuous in mean square. Therefore, by B
on page 547 of Loeve (1963),,a1md$t alllsample functions of Q(t) are

step~-functions with unit jumps, so that a Poisson law is permissiblé )

on our sample space.

{iii) The Poisson (8,£,G) process is of interest in its own right
since by the remarks in gection 4.1 it gemeralizes some well-known
processes,

By (4.10.1) the results of Theorem 4.3.1 now become

: ' ' t | g - .
b (s,6) = | X EE Dagy 411 () 18O ESD 0.3
. o ' : o ' . :

)

~ and

!

h@)=fﬁ“mﬂ”4hqm. _ C T (4.10.8)
(o] : .

With the added assumption of the Poisson (6,£,G) process, -
several results in the last two sections may be sharpened. For example,

the last two terms om the right side of (4.8.8) may be replaced by
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lra 12 t -
[£/()] f IHM(t-u)M(t-i-'r-v)[l -G(u) ld6(v)d 6¢u)
(o3} ’ )
, 2 T ' ) :
+ [£'()] f 'rJM(t-i-'r-u)M(t-v)[l ~-G(u) Jdo(v)de(u) (4.10.5)
. ‘ o o . , . ~

+ f”(1)j M(t-u)M(t+r-u) [1- —Gg;u)]de(u) ,
o . :

-3

and the constant A defined by (4.8;10) can be written
A= 2[f'(1)]21. Uf‘l,e""(“""”[:t ~G(u) 1d 6(v)d &(u) | (4.10._6)'
: oo
+ f”(l)j e-2au[1 -G(u)]do) .
o

We shall illustrate the method of proof of these results by deriving
i ]

(4.10.6). By the definition of N , (4.8.10) may be written in the form

NN @, Dy e,
A=glg ze @ T HETDY o200 gy lde) . (4.10.7)
k=1j=1 “o " _

If wé define

Qp =0yt | (4.10.8)
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‘the first term of (4.10.7) may be reyritten as

N M R AR S

k=1j=1

Q PRSI G N &)
P SR CON W, a(w‘+w3>}+E{z y 0 22003

k=1 3-1 , . k=1
i#j

Using Lemma 4.7.2 and straight-forward techniques we can show that .

Q  eyig 20 ® o
B(z [v® 27297y < gv1] e 201 -6 (u) 6w (4.10.10)
k=1 ' o

which combines with the second term on the right side of (4.10.7) to
yield the sécond'term on the right side of (4.10.6). Furthermore, the

first term on the second line of (4.10.9) may be shown to be equal to

5 Q k-1 &), ()
afe/) s ze 2 THVTD)
k=2 j=1 . ‘ A ’ -

=2t/ 5] | e aqwraaw ew) -
o} o 0 | ’ .

By Lemma 4.10.1 which follows this discussion the last expressiom becomes

. (4.10.9)
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2[f{S1>]2I {fyjue'“<“+v)de(v)de(u)}dG(y) .
.0 00

If we interchange the order of integration of y and u in this’
integral, we get the first term on the right side of (4.10.6) which

completes the derivation of this formula.

Lemma 4.10.1l: If £(u) is a non-negative Borel function,.fheﬁ'

[o B o]

t - o - & S
E[I f)£(v)AQu)dQ(v) ] = J fuf(u)f(v>de(v)de(u) . (4.10.11) ~
oo . . .

(We are still assuming, of course, that Q(t) .is a Poisson process.)

Proof: First suppose that £ is an indicator function of an interval

of the form (a,b] and 0<a<b <t . Since each sample function
of Q(t). is almost surely a step function with unit steps and with

only a finite number of steps in each finite interval, we may assume

for a fixed sample path that

o G RSP CE SR . O S L b

Then
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t - .
E{J;JZf(u)f(V)dQ(Y)dQ(u)}

 = E{E+E;qu§)dq(ﬁ)}

b
E{f fQ(u-) --Q(a)laq(u)¥
.ad : .

=Efm+m+1+.+m+k+1} - E{Q)IQ(K) - Qa)]}

FEm+k-D@+k) - (- 1) mi-‘EiQ(a)[Q(b) - Qla)]}

5 EQ%0) - Q) - ¥(a) + @} - Blaa)[Q) - a@1} . .

-1

If we recall that a Poisson process has independent ‘increments and

that the variance :of a Poisson-distributed random variable is equal to

its mean, this last expression becomes
L o2 2
587 (b) + 8°(a)] - 8(a)e(p) .

‘But, on the other hand, '
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ot . .
o J‘Jf(u)f(v)de(u)de(v),
. oo R '

) o
[tocw - a(a)laecw)
] e lees

5 [020) + 2(a)] ~8(a) 6(b) . |

Therefore, the 1eﬁma is true if f dis.an indicator function of a
half-open intervai, and the proof can now be eitended in exactly the .
same way as Lemma 4.7.2.

We shall now demonstrate that for a Poisson‘ (e,f,c) traﬁching
process, it is possible to derive a useful integral equation for fhe
generating function (even without the apparent'existénce of a "point.of,

regeneration"). Let

F(s,t) = E[sz(t)],‘s| £1;6 =20 . (4.10.12)

Theorem 4.10.1: For a Poisson (8,f,G) process, the generating function

.F(s,t) satisfies the ‘integral equation-
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.ot y ‘ ) o :
F(s,t) = f exp[I {£[F(s,t-u)] - 1}de(u) Jde(y) (4.10.13)
[o] (o]

t
+ s[1 -6(e) Jexp ] {£IF(s,t-w)] - 13a0(w)] .
o

T

Proof: Using Theorem 4.5.1, the fact.that

s[l -8(e-4)] _ §(t-1) +-[1.-6(t-{)]; , | (4.16.14)

a

and arguments similar to those used earlier in this section and in
. 07 :

section 2.4 we get

. N{t) .
F(s,t) = j&poa(t-&> T F(s,e-t$3)
' j=1 .

Mo N () |

+ jﬁpostl -5(e=4)] I F(s,t-t17) o (4.10.15)
. " 3=1

From this point we will work only with the first term on the right side

of (4.10.15) since the evaluation of the second is similar. The first

term is equal to
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N(t) .
ap, 1 w(s,e-t’3)
[4=<t] j=1 -

- R(D) .
= [ap, 1 r(s,e-cC?)
[2=t] =1 :

& K@) :
= j E{ Il F(s,t-t(J))}dG(y)
o Jj=l :

t Q(y) (D :
f E{T F . (S»t-w(J))}dG(y)
o j=1

€ Q(y5 ) '
r E{ 1 £[F(s,c-w'1’)1}dG(y)
Yo . j=1 ' .

i

£ ; 3 |
" zrlem) =xIE{ 1 £, e TJa) =Kl
0 k=0 - =  (4:10.16)

But it is a property of non-homogeneous Poisson processes (Parzen (1962),

page 143), that, conditioned on the event Q(y) =k , the times

w(l),..., w(k) are distributed as order statistics corresponding to k.

independent random variables with common distribution function




homogeneous Markov branching process.
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2du) - . -
H(u) = , 0 Susy. 4.10.17
u o) U Sy ( )

\

Using this fact, (4.10.16) becomes

£ ey ke T ek .
g.e e ki [ T2 1 £0r(s,tmu.Jd0Cu. ) - - -a6Cu, ) WG (y)
. j15: k=0 k! LlenE J‘:L j: = ‘u_j ‘1 "k ]d Y

g o :
t £lF(s,t-u) Jd6(u)
=~ 6(y) Jﬁ - ]k

;Itexp[ﬁ{f[F(s,t-u)]de(ujildG(y) .
0 o '

" Upon performing similar operations on the other term ih (4.10.15), the

proof is complete.

As a first application of the  integral equation (4.10.13), we

“shall demonstrate the relationship of Poisson (8,£,G) branching processes

i

"to Markov branching processes.

Theorem 4.10.2: If in a Poisson (6,£,G) process, é(t) = At and ’

G(t) =1 -'e"”‘t , then F(s,t) 1is the generating funcéion of a temporaliy'

Is
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Remark: PréAsumably, not only the genmerating functions, but the processes .

are the same, also.

Proof: 1In this special case, (4.10.13) can be put in the form

o . | | .
Ps,e) = pe "W [ep i elr e,y 1y + x () Jdx (4.10.18)
_ o X . .

+ s exp{)\j‘tf[F(s;Y)]dY - t(,)\'ﬁ-'l)} '
: o

If we différentiate (4.10.18) with respect to t and compare the result o

with the undifferentiated equation, we obtain-

F(s,t) =i+ NE[F(5,8) TF(s,E) - OW)F(s,t) »  (4.10.19)
At o ,

Upon putting b = A+ y and

ht(s) =t + _*_se(s)
A Moo
(4.10.19) i:et;omes ‘ i
F(s,t) = blh*[F(s,t)] - F(S,‘t)]- . (4.10.20)

at
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Moreover, we see from (4.10.13) that F(s,0) =s . Since (4.10.20)
is the equation satisfied by the generating functien of a ;-
temporally homogeneous Markov branching process (Harris (1?63), page

106) and (4.10.21) is the proper initial condition, the tﬁeorem is

proved.

Utilizing techniques ‘similar to those employed in section 2,8;

we may use the integfal equation (4.10.13) for F(s,t) to derive an

integral equation for the characteristic function of W .,

Theorem 4.10.3: If for the Poisson (9,£,G) process, hi(l) >1
and 'h”(l) < =, then the éharacteris#ic function w(s) of- W satisfies

the integrallequation'

o(s) = f expu‘y{f(tp(se'w)) - 1}d6_(u)}1c<y) ' (4.10.22)
(o] . [0 ,

i

‘The proof of this theorem is similar to that of Thgorem 2.8.1
and will be omitted.

We may use this integral equation to study the distribution of
W , as we did with a similar equation in section 2.9, The proof of the‘
next theorem follows the same general pattern as the proof of Lemma 2,9.1.

Theorem 4.10.3: If for a Poisson (8,£,6) process h'(1) >1, h(@) <=,

and f(s)'=vs , then the distribution of W ‘is continuous except for a

jump of height ¢q at the origin.
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Proof: The moment-generating function

s(s) =B

satisfieé the integral equation (4.10.22), also, so by letting s =

in (4.10.22) we get

’ (o] .

( .
Since h is convex the only roots of this equation between zero and ome -

are 1 and q . But since E(W) =1, R[W =0) <1, so therefore
PW =0] =4() =¢q .

It follows (Lukacs- (1960)) ﬁhat the proof will be complete if we can show

that
@e(s) = E[eiswlw > 0]

approaches zero as s =% @ ,

Since
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h(0) = I e iy >0, : .
[o}

it follows from a remark made just after Theoreml4.9.1 that Var(W) > 0.
Therefore, as in the proof of Lemma 2.9.1, . ‘¢(s)! < 1 , provided
]sl is small enough and s #0 .

‘We shall nexf show that

N

Lim sup‘¢(s)l <1l.
S0

If this is not the case, there exists numbers Sq and d > 0 such that

l¢(§3)l <1l-4d
and

lots)| <1, 0<s s, .

Let Sy and S, _be the first points to the left and right, respectively,

of s

3 such that
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; lép<s1>'1. = lots)l =1 -4,
and let
A é:(lla?}og(gzlsl)
Using (4.10.22) ve have
\@(gé)\ < fiexp{JZ;w(szef@“) -'ljde(u)}dc(y) +1 -;(é)

and therefore

1-ds Jje-ée(Y)dG(y) +1 -6e) ,
which can be put in the form

1= (-1/d)[fAe'de(Y)dc(y)-- G(A)] .
o] ’ '
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-d '
Expanding e 8() in a Maclaurin series, we get

A © k . .
12 JAe(y)dG(y) - (1/d)IA“ 5 L4807 4eyy . - (4.10.23)
o o_ k=2 - ki . )

If d 20 cthen Sy - 0 while s, increases so that A - ® , There-

fore if d 2 0 in (4.10.23) the last term approaches zero and we get

. m - .
12 [ e(y)de(y) =h'() .
o .
. ) AN .
This is a contradiction since, by hypotﬁesis,. hi(l) >1-. Since
o(s) =q + (1 -~Q*(s) U (6.10.26)

it follows that

Lim SUPltP*('S)\ <1,
s~ho

also. Therefore there exists an so and a d > 0. such that

lot(s)| <1 = a
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for all s = so . For an arbitrary e , choose A so large that

S 1-e() o .
1-q

and then choose s so large that

Since from (4.10.24) and (4.10.22), w*(s) satisfies the integral

equation

. © - v . : ) N .
t-qer(s) = | U el [ 1-qrpr(se™ a0 hewy) - q
’ O - (o} ‘

. so that

‘ ® - © y ) ’ _ . .
() = /1) | @z [ (1-qygre(se ™ as() Facey) .
[ ' .

k=1"0

If we let

" y(s) = sup |er(e) |
o t=s
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we get .

: y ‘-\, k .
R @ || (1-q) #(se”¥*)de(u) | :
W(s) < (1-d)jA{§§q DM gy fy + = Us - ) Yaem) + o
0. ) k=2 * '

< (1- d)j (g~ 1)9(Y)e(y)dc(y) + Q- d)v(se )j (q 1)e(y>[k2(1 <tk qyﬂ

< dG(y) + ¢ .

If'we let
B = | DD eqac0)
o

it follows that

_ l-q .

or

§(s) < (1-)B + (1-a) (1-BY 4(se” ™) + ¢ . . (4.10.25) -
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The remainder of the proof may be found in Ney (1964b). By itérating

this last inequality, we'obtain

noA. _ (1-d)B + ¢ o _
p(se ) <'I??T§E$?I?§) + [(1-d)(1-B)] ¥(s) n =1,2 ... (4.10.26)
Since
B__ <1,

1-(1-d)(1-B)
we may choose ¢ such that

(1-d)B + ¢ < (31-d) C
1-(1-d) (1-B)

where C <1 . Therefore there exists an Sy suéh‘that for s = Sq
#(s) < ¢c(1-d) . -

If we repeat the eariier argument with 1-d replaced by C(l-d) , we

arrive at (4.10.26) with . 1-d replaced by C(1l-d) .‘ Since.
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B < B
1-C(1-d) (1-B) 1-(1-d) (1-B)

it follows that ¢ may now be chosen such that

(1-d)CB + ¢ < (1-d)c2 .
1-C(1-d) (1-B)

Therefore, there exists an s, such that for s =2 s,
' L2
4(s) = (1-4) ¢” .

We now see by indiaction that

Lim §(s) =0 .
s-he

Likewise, we can show that

!

Lim |o(s)| =0
g - . ) .

and this completes the proof.
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Chapter V

OTHER MODELS

5.1 A model in which family size affects longevity

Several authors (Waugh (1961) and Sevast'yanov (1964), for'example)
havg.consideréﬁ branching processes in which the number of offspring
depends upon the length of life of the parent. 1In this section a process
is studied in which this situation is’reversed, so that the length of
life of an individual depends ;pon the size of his family. We shall

suppose that if an individual is one of k offspring then the distribu-

tion of his lifespan is Gy (t) . In other respects, the process is

assumed to be identical to the Bellman-Harris process.
In order to study the moments of the process we must come to grips

with countably infinite systems of integral equations. Since the renewal

‘theorems in Chapter I are not applicable, other techniques must be used to

6btain'aSYmptotic results for the moments. For the case m > 1, usiné
complex variable techniques we find that the first two momentg are again
asymptotically exponential, aé they are for the Bellman-Harris process;
but the definitions of the constants involved are somewhat more complicated.
( Perhaps this process can be used to study animal populations in
which a child has less chance of surviving if it comés from a large litter.
This seems to be a reasonable situation sincé'in_larger litters each child
receives a proportionately smaller share of the mother's care. Even a
better model for such an application might be obtained by modifying the
birth-and-death process of Chapter IV just as we are mgdifying thé Bellman-

Harris process in this section, The technicalities encountered in such a
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process would differ only in details from the one being studied here.

We will require that each G, (£), k = 1,2,.++, be a distributipn
with its mass concentrated on the non-negative real line and that there
is a distribution function H(t) with H(0) = O such that H(t) 2 Gg(t) ,
k = 1,2,+++ ., The reader is referred to the example preceeding Theorem

3.2.1 for an example of an H and a set of " Gy's that satisfy this

" condition.

An important role will be played by the functions Gy, (t),

j=1,2,¢¢¢, n=1,2,+++, defined by
. ' o
Gjl(t) = Gj(t) s and Gd(ﬂ'{*l)(t) = X kpkckn*GJ(t) :
k=1

where % stands for the operation of convolution and p, is the
probability that an indivi&ual has n_ offspring.

Lemma 5.1.1: Gy, (t) < o rEPF(E) for § = 1,2,%e+, and mn = 1,2,e.. .
Proof: The proof isAby induction. For n ;'1 it is obvious., Assuming

the lemma is true for a fixed n 2 i and for all j, we have '

Gg(n+1)(t)

t : -

kakj Gyp (£ = u)dGy(u) < m“'Ikay,f B %(t - u)dG, (u)
0. - 0

= mh~12kka‘GJ (t - u)dﬂn*(u)

m'nH(n-l-l‘)*(t) ’

A

which completes the proof.
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Since the discussion given here deals with only the first two
moments, it is more convenient not to introduce a generating function for
the process. If Z(t) is the number of individuals alive at time ¢t
and v denotes the number §f offspring of the initial individual's
parent, the techmniques found in the proof of Theorem 4.7.2 can be used

to show that M(t,k) = E[Z(t)|v=k] satisfies

o . ot ) ) _
M(t,k) = 1-G,(t) + = npnj M(t = u,n)dGy (u), . (5.1.1)
n=1 0 | :

Theorem 5.1,1: Equation (5.1.1) possesses a unique solution among the

functions satisfying
hce, k)| < ae™® | . (5.1.2)

where A and r are positive constants independent of k, and this

solution is given by

M(E,K) = 14+ (m-1) T Gyy(E) - (5.1.3)
' . j=1 . - o

Proof: One can easily verify that (5.1.3) is a solution of (5.1.1). By

Lemma 5,1.1

M(t,k) €1 + (m-1) T mi tHI%(t),
j=1
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and so the exponential bound follows from Lemma 1.3.1, . The proof of

uniqueness is similar to that given in Theorem 3.5.1 and will be omitted.
As mentioned earlier, the results on renewal theory in section 1.4 p

do not seem to be applicable to equation (5.1.1) and consequently other

methods must be used to obtain asymptotic results for M(t,n) . We shall

follow the method outlined in 7.10 of Bellman and Qooke (1963); (also

used by Harris (1963) in proving Lemma 3, page 162), and employ complex

variable techniques to obtain such a result. Let X\ be a complex number

and set
OO .
MEOLK) = f e My(e, k)at (5.1.4)
Py | | :
and
) | *'fi ® At
Gy (\) = f e "dG, (t) . (5.1.5)
0

In view of (5.1.2) the integrals (5.1.4) converge for all )\ in some

half-plane Re()A) > B, where B is a constant independent of k. Taking -

ordinary Laplace transfofms of (5.1. ) and using the fact that

f e Meo(r)at = lf e Mag) ,
“0 My .

ry

we obtain
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M¥(A,k) = A1 - GF(A)T + Sap (A, n)GE(N) .
: n o

Let us now introduce the functions

HO k) = Lt s DEFQ) = o)

ALL - o) ]
where °

©(A) = Znp,GX(A) .

By substituting M(A,k) for M*(h,t) in (5.1.6) we see that

(5.1.6)

(5.1.7)

(5.1.8) .

M(\, k)

is a solution of (5.1.6) . (In the special case pp =0 for n>3,

(5.1.6) becomes a system of three equations and three unknowns. If one

solves this special case, he is led to predict the general solution

(G.1.7)0) Since the solution of (5.1.7) may not be unique, we do not

know, a priori, that M(\,k) = M¥(\,k) or even that M(A,k) is a Laplace

transform. Before proving these facts, let us first note that the function

©v(c) defined in (5.1.8) is, for o real, a continuous, dedreasing_‘

‘function and that Limp(o) ='0 . If o(0) =

g0

unique ¢ > 0 such that

'(P(cl)=l.

m > 1, there exists a

(5.1.9)

'~ As we shall see, this o« will be the Malthusian parameter of population .
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growth,

‘Lemma 5.1.2: M(A,k) is a Laplace trapnsform, k = 1,2,<+-,

Proof: By a result on page 31 of Ditkin and Prudnikov (1965), it will
suffice to show that M(o+iT) is analytic in some half-plane o =2 og »

and that

. .
sup f lﬁ(c+i’r,k) l'?'d'r < o,
6200 -0

Let us chooée EN > o where « is definmed by (5.1.9) . (If m =1,
set «’=0.) Then for any A = 0 + iT such that o = op,

loO) | = cp(ob) <1, sothat l-¢(oc+iT) has no zeros in the half-plane
o 2 0gy. Since the series Enpné:’(c-'.-i'r) converges uniformly for

o =20, o(oc+iT) is analytic in the half-plane, also., Moreover,

* [ (m-1)G (c+iT) 2

(oc+iT)[1- cp(c+i'r);] dr

sup
0-20-0 -0

which completes the proof, since

-, _ a1, (m-1)G, ()
M(A,k) =270 + NI = o] *

]
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In Theorem 5.1.2 it will be shown that under appropriate'conditioné-
the inverse Laplace transform of M(t,n) (the existence of which is

guaranteed by Lemma 5.1.2) is of exponential order. Since this inverse

' Laplade transform also must satisfy (5.1.1), and since (5.1.1) has a

unique solution of exponential order, it follows that, under the condi-

tions of Theorem 5.1.2,

\

M(t,k) = M*(t,k) . ' (5.1.10)

We are now ready to obtain an asymptotic formula for M(t,k) .

Theorem 5.1.2: Suppose m > 1 and Gy (t) has a density g,(t) and

R (t) 1is dgfined by
) ot ,
M(t,k)e = by + Ry (t) (5.1.11)

where o is determined by (5.1.9) and

‘ . |
by = — B DE () o : (5.1.12)
. aannJ te®tg (t)dt ’ '
. .
(1) 1f o . o
I gy (£) |P¥at < (5.1.13)
0

for some py > 1, k=1,2,--+, then.
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‘ IR (£) | = Age”SE | " (5.1.14)

for some positive numbers A; and e, and e does not depend on k.

(ij.) 1f

| J g () [Pt sB<o - - (5.1.15)
0 . .

for some p > 1, then

et

IR, (£) | < Ae” (5.1.16)

for some positive numbers A and ¢, neither of which depend upon k.

Proof: Clearly o is the only real root of (5.1.9) and if o + iT is a

complex root, then o > @, since’

o0

-<6-F?T)t8n(t)dtl < inpnjoe-ctgn<t>d? N @§°)"

o
1 < Znp, lj e
0

If WN(t,k) denotes the inverse Laplace transform of ﬁ(t,k)_, then by

the inversion formula for Laplace transforms

. T .
N(t,k) = Lim?lﬁ\r et(Xz _E-ILT)M"(X,a +iT)dT (5.1.17)
) T~0 -T o :

for any. Xy > . It is easy to see from (5.1.7) that e)‘tﬁ(}\?k) has

a simple pole at A = ¢ and the residue at this pole is
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ot
bye (5175 18)
Now choose x; such that o is the only root of o(o+iT) = 1 in the

half-plane o© 2 X; and consider the rectangle pictured in Figure 2

formed by the vertical lines o =X, , 0 = X3 , and the horizontal lines

AT

Xy |@ | Xq

Figure 2

Contour of integration
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From (5.1.17), (5.1.18), and the Cauchy integral formula, it follows that

. T .
N(t,k) = bkeo‘t + Lim'{é%J e(xl-+lT)tM(x1-+iT)dT
. Thoo -T .

FY S

'+—1—f(2e(“,+mtﬁ(c+ﬂ>do ) - (5.1.19)

2T
Xy

+ _2—];7 xle(c - %T)tﬁ(c - iT)dcr} .
2

The proof of assertion (i) will be completed by showing that the last

two integrals in (5.1.19) approach zero as T - « and that the first

integral is O(exlt) .

First of all, by the Riemann-.l'.ebesgue .1en.1ma (Bellman and Cooke
(1963)), cp(cr.-{—i'l.‘) <0 as T -+ for x, s.c' < x, so that for Ty
large enough \1 - (o +iT)l >¢ for T > Ty - Therefore, using (5‘.1.'7),

 the second integral in (5.1.17) is in absolute value less than or equal to

Ime*1E

21e

[ 2
[o__{_iTluO'"bo as T =,
X1

Likewise, Ehe third integral in (5.1.19) approaches zero as T = o,

The first integral in (5.1.19) may be written in the form
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1 T (x1+17)t[l+(m 1)GF (x, +1T)]

o1 -7 X, + iT

(5.1.20)

T e(x1-+1T)t *(x1-+1T)

_T(xl+17)[1-¢(x1ﬁ1T)]

dr

The first term in (5.1.20) approaches 1+ (m=-1)G(t) as T = o,

and the second term is in absolute value

xl + 1T|

[_@__LLJH s e ol ] 5.1.20)

since by another application of the Riemann-Lebesgﬁe lemma,

11"@(X1'+iT)I >C, =~o<T< o

for some C > 0. By the Ho&lder inequality, the second term in (5.1.21)

" is

w X -FlT
X1 +iT

Px 1/px
d"r}

{f le(X1-+lT)lqde} /qk{f

(5.1.22)

where q, is chosen such that 1/q, + 1/p, = 1. Since lo(0)|  is
bounded above by m for all A = 0, the second texrm in (5.1.22). is finite. -

Let us denote the Foufi@r transform of e ~1 tgk(t) by f,(1), i.e.,
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(=]
fy(T) = ;gt;f ethe-xltgk(t)dt.

TT 7 o .
"Therefore

%
Gy (X7 +iT
= £, (~-7T).
= = EED

Then by Iheofem 7.41 of Titchmarsh (1937) we get

(zﬁ)'qk/zf l6if (x, +im)[Tkdr = _f | £ (1) [Fear

(5.1.23)

o0 1/p‘ =1

This last term is finite by hypothesis and therefore the first term in

\ .

(5.1.22) is also finite.

This completes the proof of assertion (i) since, by the remarks

" just preceeding this theorem, it follows that N(t,k) = M(t,k) . To prove

(ii) simply replace pg by p and q by q in the proof of (1). It

then follows that the last term in (5.1.23) is

1 If (5.1.10) is true for some py-.> 1, it is also true for some

Pk » 1 <px €2, sowe can assume without loss of generality that
1<‘ka2. ' .

~

Li_Q
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< (21-()1 - Q/ZBl/(P -1)

and the proof of Theorem:S.l.Z.is'complete.

Remarks (i): Conditions (5.1.13) and (5.1.;5) on the functions gk(tj
are met by a wide class of densitieé. For example (5.1.13) is satisfied
by any gamma with ék =2 and (5.1.15) is satisfied by any countable

collection of densities gy (t) taken from the collection of gammas

xee'X/B

. 8620, B=2ze>0
T(e1)% o

- f(X;esB) =

with p = 2.

(ii) It is interesting to note that the exponent'in'the exponential
approximation to M(t,k) given in (5.1.11) is the same for all k. This
says the rate of growth of.the process is independent of where the process
"begins'.

Turning now to the second moment, it can be shown by using

familiar techniques that if h”(l) < o, then M (t,T,k) =E[Z(t)Z(t+T) |v=Kk]

satisfies' the equation
o . .
Mé<t:7:k) = fk (t:T) + ann‘[ My (t-u,'r,n)de(u) “(5.1.24)
0 .

where
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. t '
fy (t,T) = Tn(n - l)pn‘r M(t = u,n)M(t +T = u,n)dG, (u)

(5.1.25)
t+T .
+ Enpnj . M(t+T-u,n)dG (u) + 1-G(t+T).
- t . _
Moreover, (5.1.24) has a unique solution with the ﬁroperty that
Mo (e, 7, k) | < Age™2t | (5.1.26)

for some positive numbers ¥, and A, . independent of t and T.

In order to obtain the mean square convergence of a suitably

normed version of 2Z(t) , we must investigate the asymptotic properties of

M, (t,7,k) . Toward this end the following definitions will be useful. Let

and

W, (t,1,k) = Mo (e,T,k)e 2+

COM(t,k) = M(t,k)e

F (£, , £, (t,mye 2+ (5.1.27)

t
G, (t) = J‘Oe-zwdck (w)

a:k = Ek (oo)

E;j(t)’
1

-ﬁk (t) =

I M8

3
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where Ekl(t) =Ek (t) and
Ty (n41) (E) = Z3p,T,p 4G, (E) .

Lemma 5,1.3: If m >'1, then

(1) Cyalt) = a(Tipyay)™?t  as t oo - (5.1.28)
and

. = ay ‘

(ii) Hy (£) - T=%ip,a; Las t oo (5.1.29)

ggggﬁz By the definition of ¢ in (5.1.9), we know that ITjpja, < 1.
" Therefore (ii) follows from (i), using the formula fo; the sum of a
geometric series., Assertion (i) follows by induction on n using '
Lemma 1.4,.2 , o

Lemma 5.1.4: If h”(l) < o and the conditions of assertion (ii) of
Theorem 5.1.2 hold, then | | |

(i) there exists a constant A such that

£f,(t,7) <A for all k, t, and” T. (5.1.30)
(ii) Lim % (t,T) = ayZn(n - 1)p,b> < o (5.1.31)

Lo .

~

and_this limit is uniform in .1. (We defined b, in (5.1.12).)
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‘ Proof: If we multiply both sides of (5.1.25) by e~a(2t-+¢) we get
—— ' t— — ' R
£y (£,T) = Zn(n-—l)pnf M(t = u,n)M(t+T~u,n)dG, (u) (5.1.32)
0 .
£+ :
+ e-afthan‘ M(t+T-u,n)d'('§,‘ (u) + e-d(Zt +mlL- Gy (t +m].
t

‘Since by assertion (ii) of Theorem (5.1.2) M(t,k) converges uniformly

)

in k as t - ®, and by Theorem 5.1.1 M(t,k) is bounded uniformly in"

k» 6n any finite t-inf:er;\ral , 1t follows that tﬁere exists a D. such that
‘M(t,k) <D for all t and k. (5.1.33)
'Applyling this t? (5.1.30) we get
T (t,7) <h’(L)D® +mwd +1°

and this proves (i).

It can be shown using (5.1.30) that for t > T
|E, (t,T) - asa(n - 1)p, b3 [
T _ .
< yn(n - 1)pn‘[ lM(t ~u,n)M(t+T-u,n) - bﬁ lde (u)
. 0 . .

.+ 302 (L)[Gy (2) = T (T)] + (@D +1)[1 =Gy (t)]

ooy i
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and the second assertion follows easily from this expression. The sum in

(5.1.31) is finite since the sequence of b,'s is bounded above.

We are now ready to prove the principal result for the second moment.

TIHeorem 5.1.3: If b’ (1) < = then ﬁé(t,T,k) is given by
— —— t__ —— - .
My (t,T,k) = £, (t,T) + anﬂj £, (£ = u,T)dH, (u) (5.1.34)
0

If, in addition, the conditions of assertion (ii) of Theorem 5.1,2 hold,

then

Mp(t,T,k)  , ayIn(n = 1)p,bh | (5.1.35)
ea(2t+T) . 1-Tnp,a,

and this limit is uniform in r.

e-a(Zt-FT)

Proof: If we multiply both sides of (5.1.24) by ; We get

¢ .
ﬁg (t,T,k) = ?k"'(ts'r) + ann\[ ﬁz(t =4, 'T,n)dak (u>. (5.1.36)
. : 0 , '

By substituting (5.1.32) into the right side of (5.1.34) we get (In each

case « indicates a convolution with respect to t with T fixed.).

%& + anh[f; + ij3¥dﬁﬁn];6;
- ' (5.1.37)

= T, + Znp, £,%G, + £ip, £ 3% (Top, By 4Gy ) .
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But’

Tnp Hy 4Gy = T Gyy, : ‘ (5.1.38)

:Therefére the :last line in (5.1.35) can be written as

-

—  — — * m—

£, + Dop, [£,#(Gyy + T Gyy) ]
‘ r=2 '

(5.1.39)

= £, + Znp, (f,#H,) .

It follows that (5.1.32) is a solution of (5.1.34) and the first part of
thg theorem is prode.

Let us denote aRZn(ng-l)pnbﬁ. by c¢p . Since by Lemma 5.1.3,
f, (t,T) <A, it follows that cy, <A for all k. For a given ¢ >0

choose an integer =x such that

2a,A

o« < .. .
_1_errarnz npy < F (5.1.40)

=x+1
Then, using Lemma 5.1.3, choose T such that

sup lf;(r,T)-cnl < & for n=1,2,"**,x,  (5.1.41)
r=T/2 4mH () "
r .

Ll
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and
mA[Hy (=) - Hy (T/2)] < Z . (5.1.42)
Then for any t =T and any' T, we have

2y ann Cy
1 - Zrp 8,

t
ann‘[ £, (t =u,m)dH, (u) -
0 - .

(5.1.43)

t _ X t/2 _
< Enpn‘[t/z I f,(t=u,m) I dH, (u) + Zlnph‘[O Ifn (t-u,T) ~-c, [de (u)
. n=

® t/2 . ’ . ! . -

+ 2 nan an(t -u,'l')‘ + lcn l}de (u) + anncn[Hk (=) - H,(t/2)],
n=x+1 0 _ .

If the estimate (5.1.42) is applied to the first and fourth texms of the '

last expression and (5.1.41) and (5.1.40) are appl'ied to the second and

third terms, respectively, we see that

t :
S — a,2np, ¢ ) .

- 3 hil .
ann‘[ofn (t-u, T)dHy (u) - ——-——-——JL-l e as t - o (5.1.44)

and the limit is uniform in T. The proof of the second part of the
theorem may now be completed by applying (5.1.44) and (5.1.31) to (5.1.34)
and reartanging terms.

If 2Z,(t) . denotes the size of the population at ti'mé t in a

process for which v =n a.s. then we have the following
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Corollary: Under the conditions of Theorem 5.1.3, Zn(t)é-°¢~ converges

in mean square to a random variable W, as t + o, and EW,) = b,

a,23i(j - 1)p;b3

Var(Wn)-¥ -
1 ~ Xjp,a,

1.

The variance of W, is positive.

i ' }
Proof: The proof.is similar to that of Theorem 2.7.1 and will be omitted.
Remark: By a deeper analysis one could most likely show that the convergence

indicated in (5,1.35) is of exponential order as in Lemma 4.8.1. This would

imply that Zn(t)e-at +W, a.s.as t o,

5.2 Population with dormant members
Consider a process identical to the Bellman-Harris process described
i

in Chaptef I except that G(t) is defective; that is to say, q==G(w5 ; l?

Which.meansithat an individual has probability 1=~-q of living forever.

Suéh a process might be applicable to a colony of bacteria in wﬁich each & -

organism can possibly go into é AOrmanﬁ state so that it always remains in

the populatioﬂ but—never reproduces. If the process is given this inter-

pretation, l-~q is simpiy the probability of én organism becoming dormant.
As in the Bellman-Harris model the generating function of thié-

process satisfies

. t .
F(s;t) = s[l-—G(tﬂ-+j h[F(s,t=-u)]dG(u) o (5.2.1)
f o ‘




- b A } i) AN | L

-164~

and

1
M(t) = 1-G(t) + mj M(t - u)dG(u) - (5.2.2)
0 . :

where M(t) is again the expected number of organisms alive at time t.

By Lemma 1.3.1, equation (5.2.2) can be solved to yield

M(t) =1+ (m-1) ;mk'lGu(f) . (5.2.3)
k=1 :

The asymptotic behavior of M(t) can be determined by considering
several different cases.

(i) If m <1, by letting t = in (5.2.3), noting that G (t) = q*

as t - «, it follows that
ME) =2 <1 as. t oo,
1-mq

(ii) If m=1, then M(t) =1.

(iii) If m > 1 but mg < 1, then again from. (5.2.3)

M(E) + 2% >1 as t 4.
l-mq

(iv) If mq > 1, there exists a unique « >0 such that
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(o)
mJ e Fag(e) = 1
)

and from Lemma 1.4.3,

M(t)
ot
e

f e (1 -c))du
O ) .

= as t =@,
mr ue-audG(u)
‘?O .

-5

(v) If m>1 and mg =1, then from the corollary to Lemma 1.4.3

M(e) - L-g ©as t 9
t o *

mjoudG(u)

Cases (i), (ii), and (iii) show that: M(t) can be made to converge to

any non-negative number, Case (v) is interesting in that it furnishes an

example of a branching process with a linear rate of growth.

The results for the extinction probability for a Bellman-Harris

process must also be modified in order to fit this situation. If we set

-

Q(t) = F(0,t) , then we see from (5.2.1) that

t

Qe) = foh[cz(t - w)lde(w) . (5.2.4)
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Using techniques similar to those used in section 3.4, it can be shown
that Q, the probability of extinction, is the smallest non-negative

root of
s = qh(s) (5.2.5)

and, since q <1, it follows that Q < 1 also, whatever the value of m.
Another quantity of interest in this model is the probability that

evéntually the population either becomes extinct or contains only dormant

members. Let us call this quantity the "probability of dormancy” and

* denote it by D,

if Z*(t) is the number of non-dormant meﬁberé of the population

at time t and F*(s,t). is the generating function of 2% (t) , it can be

shown that

. t
F*(s,t) =1-q +s(q=-G(t)) + j h[Fw(s,t-u)]dG(u) . (5.2.6)
. 0

Applying the techniques of section 3.4 to this equation it can be shown

that Q* = P[Z*(t) = 0 for some t] is the smallest non-negative root of
s = 1=-q + qh(s) . (5.2.7)

Since the population is dormant at time ¢t if and only if Z*(t) =0,
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' #
it follows that D = Q and therefore D ~is also the smallest non-negative

root of (5.2.7) . From the results for Galton-Watson processes in

Section 1.2, we conclude that if mq <1 then D =1, and if mq > 1

then D <1.
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