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Abstract:
Let g(t) and f(t,y) be known real valued functions.

In this paper we consider functional differential equations of the form x^n(t) + f(t,x(g(t))) = 0.

In Chapter II the problem of existence, uniqueness, and continuability of solutions is examined. If n = 2
and f(t,y) = a(t)y, a local solution of an initial value problem is constructed using the method of
successive approximations. The solution, in fact, is unique and can be extended to the infinite interval
(-∞,∞), With n = 2 and f(t,y) = a(t)y^γ, γ > 1, a local solution, which is unique, is again constructed.

Chapter III is devoted mainly to oscillatory 1 properties of solutions. With n even, ∫^∞ t^n-1a(t)dt < ∞
is found to be a necessary condition for x^(n) + a(t)f(x(g(t))) = 0 to have a bounded nonoscillatory
solution. The condition is sufficient if n = 2. Conditions which insure that solutions of the equation
x^(n)(t) + f(t,x(g(t))) = 0 are oscillatory or tend monitonically to zero are presented. The theorems
given all cover the special case where f(t,y) = a(t)y^γ, γ > 1, with one result valid for 0 ≤ γ < 1. It is
worth noting that if g(t) = t, all theorems given are well known. 
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ABSTRACT

Let g(t) and f(t,y) be known real valued functions.
In this paper we consider functional differential equations 
of the form x^n \ t) + f(t,x(g(t))) = 0.

In Chapter II the problem of existence, uniqueness, 
and continuability of solutions is examined. If n = 2 and 
f(t ,y) = a(t)y, a local solution of an initial value 
problem is constructed using the method of successive 
approximations. The solution, in fact, is unique and can 
be extended to the infinite interval (-00,00), With n = 2 
and f(t ,y) = a(t)y^, y > I, a local solution, which is 
unique, is again constructed.

Chapter III is devoted mainly to oscillatory
Ti *-1properties of solutions. With n even, J1 t a(t)dt < 00 is 

found to be a necessary condition for
x^n  ̂ + a(t)f(x(g(t))) = 0 to have a bounded nonoscillatory 
solution. The condition is sufficient if n = 2. Conditions 
which insure that solutions of the equation 
x^n \ t) + f(t,x(g(t))) .= 0 are oscillatory or tend moni- 
tonically to zero are presented. The theorems' given all 
cover the special case where f(t,y) = a’(t)yY, y > I, with 
one result valid for 0 ^ y < I. It is worth noting that 
if g(t) = t , all theorems given are well known.



CHAPTER I
INTRODUCTION

In general, a functional differential equation is 

defined as a differential equation in which the unknown 

function appears with various values of the argument [2],

In this paper we will restrict our attention to equations 

such as x^n \t)+f(t,x(g(t))) = 0. We will call the equation 

linear if it would be linear in the "normal" sense (disre­

garding the functional argument) and nonlinear otherwise.

To be a solution of such an equation on an interval I, x(t) 

must be defined for t 6 I Ug(I) and must satisfy the differ­

ential equation. If a solution, x(t), valid for large t, 

has arbitrarily large zero's x(t) is said to be oscillatory.

Prior to 1950, very little was known about solutions to 

functional differential equations although these types of 

equations were encountered in the eighteenth century by Euler 

while investigating the nature of curves similar to their 

own evolutes [5],

Since the 1950's numerous papers have been devoted to 

these equations in the special case where g(t) is a delay 

function of the form t - c(t), where o(t) is defined and non­

negative in some interval [tQ,T], These equations are 

commonly referred to as "time delay differential equations", 

or "differential equations with retarded arguments". There
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a solution is sought which coincides with a given initial 

function e(t) on an initial set Efc ={t|t - a(t) < tQ for

t > tyj [2], [5]. If g(t) is of the form t - o(t) with 

a(t) < 0 on [t0 ,T], then the equation is referred to as a 

"differential equation with advanced argument",

Very little is known about solutions to functional 

differential equations if g(t) is not a "delay function". 

Utz [11] posed the problem of existence and uniqueness of 

nontrivial solutions to f 0(t) = af(g(t)) subject to 

f(t0 ) = f0.
Suppose g(t) is a real valued continuous function

defined on some interval D including the origin withS
corresponding range R . If R C D and g(t) < k in D ,8 S S  8
Ryder [8] has shown the existence of a solution for all 

t G Dg to f'(t) = A f(g(t)) satisfying fCty) = f^ provided 

IlAkII < I. Here A is a constant n x n real matrix with norm 

Ha II, f an n-vector. In fact the solution is unique on any 

subinterval N C Dg such that g(N) C N, where 0 € N,
Oberg [6] has shown the local existence of solutions 

of the equation x(t) = f(t,x(t),x(g(t,x(t)))) satisfying 

x(tg) = ’Xq under the assumption that f(t,x,y) and g(t,x) 

satisfy uniform Lipschitz conditions with gCtQ.Xg) = ty. 

Uniqueness then follows if g(t,x) is contracting at (Pq iXq )i
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i.e. (t,x) close to (Cq 1Xq) implies 'jg(t,x) - tQ| < |t - tQ|.

Chapter II of this paper is concerned with the exist­

ence and uniqueness of nontrivial solutions of the equation 

X(t) + A(t)XY(p(t)). = 0, satisfying X(tQ) = Cj , X(tQ) = ĉ . 
Suppose, however, we replace t by t + tlQ. Then 

x(t) = X(t + tQ) satisfies

x*(t) + a(t) xY(g(t)) = 0, x(0) = C1, x(0) = c2 , where
g(.t) = G(t + t0) - tQ1 a(t) = A(t + tQ)„ Thus the initial

value problem can be translated to the origin. A problem

equivalent to showing the existence of solutions to the

initial value problem (at the origin), is showing the

existence of a solution to the integral equation
t

x(t) = C1 + c9t - S (t - s)a(s)xy(g(s))ds.
This, of course, is exhibited easily by integrating the 

differential equation twice successively from 0 to t and 

interchanging the order of integration.

Several papers have been devoted to oscillation 

theorems associated with non-delay functional differential 

equations. Theorems of Bradley [l] and Waltman [12] closely 

related to this work appear in Chapter III of this paper.



CHAPTER II
EXISTENCE AND UNIQUENESS

We first consider the problem of existence and unique­

ness of solutions to the linear second order functional 
differential equation

(I) x(t) + a(t)x(g(t)) = 0

subject to the initial conditions

(2) x(0)

x(0)
'I

As we have shown in Chapter I , 

to solve the integral equation
an equivalent problem is

(3)
t

x(t) = C1 + C9t - / (t - s)a(s)x(g(s))ds. 
1 ^ O

To find a solution of (3) we employ the method of 

successive approximations and thus define 

x0(t) = O1 + C2t
(4)

xn(t) = x0(t) - J1 (t - s)a(s)xn_1(g(s))ds, n > I

Lemma II.I. Let g(t) and a(t) be continuous on 

[-cr,T], o > 0, T > 0, such that g([-a,T]) C  [-a,T]. Then 

xn(t), defined by (4), is continuous on [-o,T] and

(5) x (t) = x0(t) + E -C - D kgkCt), n > I,
n k=l K .

where g^Ct) is defined by
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t .

gj(t) = J* (t - s)a(s)(c1 + c2g(s))ds
(6)

t
Sn Ct) ~ Jt (t - s )a( s )gn_ 2 (g( s ) ) ds, n > 2.

PROOF: S1Ct) is defined and continuous for all t in 

[-gt,T] since a(t) and g(t) are continuous on [-cr,T]. We 

now assume gk-1(t) is defined and continuous for all t in 

[-a,T]. Thus Sk^1CgCt)) is defined and continuous for all 

t in [-d,T] since g([-c?,T]) C [-CffT]. Therefore, by (6) 

gk(t) is defined and continuous on [-CfT]. Thus g (t) is 

defined and continuous on [-O.T] for all n by induction.

To prove (5), we have, using (4) and (6),

X1Ct) = x0(t) J* (t - s)a(s)x0(g(s»ds, t e [_o,T],
0

x0(t) - J1 (t - s)a(s)[c1 + c9g(s)]ds, 
0 1 z 5

or

X1Ct) = x0(t) - gjCt).

t
x2(t) = Xq (t) - J" (t - s)a(s)x1(g(s))ds) t £ [-cfT]t

t
= x0(t) - f (t - s)a(s)[x0(g(s)) - g1(g(s))]ds
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x2^t  ̂ xg(t) - / (t - s)a(s)[cj + C2g(s)]ds

Thus

Now if

+ ^Oct ” s)a(s)g;[(g(s))ds 

x2(t) = x0(t) - S1Ct) + g2(t)

2
= XgCt) + Z (-l)kg (t).

k=l

xH1Ct) = xn(t) + Z. (-1) g.(t), then
k=l K

= Xg(t)

A 1U I“ ^ (t - s)a(s)[x0(g(s)) 4 S (-l)kg (g(s))]d£
k=l

XgCt) - J1 (t - s)a(s)Cc| 4 c2g(s)]ds

m , t
+ Z (-1) / (t ~ s)a(s)g, (g(s))ds

k=l 0 K

m41

x0(t) - 6,(0 S- 2 (-i)k+1g (t)
Ic= I A -1

hi+1 .
(t) = x0(t) + 2 (-l)Kg (t) Q.E.D.

k=l

Note that if a(t), g(t) and a(t)g(t) are integrable 

instead of continuous on [-cj,T] the same result holds.
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We now show that the sequence of approximations, 

defined by (4), converges to a solution of (I) satisfying

(2) for t £ [~o,T] under suitable restrictions on a(t) and 
g(t).

Theorem II.I. Let la(t)|g2(t) < k for t £ [-o,T].

Then under the assumptions^ of Lemma II. I, the sequence

{xn(t)J f defined by (4), converges uniformly on [-a,Tj to

a solution of (I) satisfying (2) provided k < 2.

PROOFi Since g(t) and a(t) are continuous on [=o,T],

there exists k^ such that |a(t)||cj +. C2 g(t) | < k^ on [-a,Tj

Thus we have from (6),
t '

Ig1Ct) I < I/ It - sila(s)I Ic1 + C2S(S)IdsI

< k. IJ1 11 - s I ds I
1 O

k.t^
< t e [-a,Tj,

^ i 2
< — 2— ■ where I = max £ a,Tj.

Again from (6) we have

IggCt)! < |J^lt - sI la(s) I Ig1CgCs))Idsl 

Ic "C
< "T"!/ |t - s I |a( s) I g2(s)ds I, t £ [-a,Tj. 

z 0
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I S2(C) I < y r ir

< ^ I 2(I)2.

Now assume that

I Bm(C) I ^  T t2(|)m

< j-I2(|)m.

Then we have
I t8m+1(t) < I/ |t - si|a(s)| |gm(g(s))|dsl

< I / |t - s| |a(s)l “j"g2(s)(v)mds I, t e [

< ^-(|)m+1t2

< -̂ -I2(|)m+1.

From (5) we have
CO

Iim x (t) = xn(t) + S (-l)jg.(t) and
XT.— oo 

oo
^ Is1(C)I 5 -̂ -I2 Z (|)
'I J

J=I 

j=l

-C?,t ]
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Thus [x (t)J converges uniformly to some function x(t) on 

[-o,T] provided ^ < I or k < 2, and x(t) is continuous on 

[-o,T] since each x (t) is.

To show that x(t) satisfies (I) and (2) on [-cr.T] we

write
t

xn+1(t) = x0(t) = / (t - s)a(s)xn(g(s))ds, -o < t < T.
O

If we now take the limit as n->°o and note that 

lira x (g(t)) = x(g(t)) uniformly on [-OfT] sincen-vco n
lira x (t) = x(t) on [~o,T] and g([-o,T]) C  [~o,T]Nwe have
n-w* t

x(t) = xn(t) - J1 (t - s)a(s)x(g(s))ds. 
u O

i.e. 'x(t) satisfies the integral equation (3) on [~o,T] 

and therefore is a solution of (I) satisfying (2) on 

[-o,T]. Q.E.D.

Using bounds established in the proof of Theorem II.I f 

we can prove the following corollary.

Corollary II.I. I. Under the assumptions of Theorem II.I,

, 2k,t2 , n
I x(t) - xn(t) I < ^ [-o,T]^ where the

x (t) are defined by (4) and x(t) = Iim x (t).
n n-4-00 n
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PROOF: From (5) we have that

xn(t) - xn(t) + 2 ( - 1 ) (t) and thus
J=I J

OO
x(t) = xn(t) + 2 (-l)Jg.(t),

Thus
0=1

x(t) - x (t) = 2 (-l)-ig (t) and,
n j=n+l J

|x(t) - xn(t)f < j=2+ i |gj(t)|

5

< TTt2(T)11+1 S (|)Jk u v2' 

22 Ic11
Ix(t) - xn (t)| < jr)n, Q.E.D.

Now suppose that v(t) is any other solution of (I) on 

C-CTfT] satisfying (2). Then we have .

v(t) = Cl + C9t - / (t - s)a(s)v(g(s))ds,
0
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Thus if g([-pr,T] C [-CT1T],

lv(t) - X0(C)I < I/ i t  - s||a(s)| |v(g(s))|ds|

at2 r ,< 2 , t € [-o,T], where a = max fa(t)| I v(g(t))]
and

V t
lv(t) - X1(C)I < Ij10 Ic - s| Ia(S)I |x0(g(s)) - v(g(s))|dsl

r
” 2 It “ sI |a(s)| g2(s)ds I

^ 2I.
Now suppose
Iv(T) ~ xm(t)| < |t2(|)m .

Then

lv(t) - xm+l(t)l ^ U 0 It - s I |a(s)| |xm(g(s)) - v(g(s))|ds|

< fcl)171!/ |t - s| |a(s)| g2(s)dsl
0

< ft2(|)m+I

t.e. Iv(t) - xn(c)| < ^c2(k)11 by induction.
/■■V
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Talcing the limit as n-*00 we have

Iv(t) - x(t)I < O if k < 2

or v(t) = x(t) on [-0 ,-1 ].,
We have thus proved:

Theorem II.2. Under the assumptions of Theorem II.I, 

the solution x(t), of (I) on C-0,t ] satisfying (2) is 
unique.

The results of the previous theorems can be illus­

trated by the following examples.

Example II.I. This example shows that when 

k(t)|g2(t) = 2, there cannot, in general, exist a solution 

to (I) satisfying (2) for arbitrary initial values c^ and 

02' Consider the initial value problem .

(2) x(0) = C1 

x(0) = c2

Here a(t) = -a, a > 0, constant, g(t) = N

|a(t)| g2(t) = 2. Integrating (7) and using (2)
Note that

x(t) = C1 + c2t +
2

w e .have
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Now letting t a we have

^  + %(/§)

Cl + *2 0.

Thus there exists a solution of (7) satisfying (2), valid 

on an interval including 0 and only if C1 and c2 

satisfy the condition

cI + =2 V i  = °-

Example II.2. This example shows that if there is 

a solution to (I) satisfying (2) with the condition 

la(t)| g^(t) = 2, the solution, in general, is not unique.

(8) x(t) - 2e^tx(e"t) = 0

X ( O ) = O
(9)

x(0) = 0,

Here |a(t)l g^(t) = 2.

One can verify that two solutions to this initial value 

problem are:

Xj(t) = 0

x2( t) = t2.and
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Example II.3 . . An example of an initial value problem 

which possesses a locally unique solution is furnished 

by the following.

(10) x(t)

x(0) = 0
(H)

x(0) = I. I- 2
Here a(t) = -I, g(t) = e . Note that on the

_ I
x(e (t+1)2)

interval [a,b], where -I < a < 0, 0 < b < I,

I a(t)Ig^(t) < 2. Therefore one and only one solution 

exists on [a,b], namely x(t) = log (t + I).

The natural question one now asks is that of 

continuability of solutions. The next theorem shows that, 

under suitable restrictions, a unique solution of (I) 

satisfying (2) can be extended to (~°o,<*>)„

Theorem II.3 . Let g(t) and a(t) be continuous for 

all t with Ia(t)Ig^(t) < k. Suppose there exists positive 

monotone nondecreasing. sequences { a a n d  £t .) with

Iim o. Iim T . 
. CO J

H-00 such that
I-̂ oo j-
g([“aj_fTj]) C [-o^,Tj] for all i and j. Then there exists

a unique solution to (.1) satisfying (2), valid on (“00 , 00), 

provided k < 2.
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PROOF: We first fix I and j and then note that

Theorem II.I and Theorem 11,2 guarantee the existence of

a unique solution, x(t), to (I) satisfying (2) on

[-d.,T ]. In fact x(t) = Iim x (t) where the x (t) are 
J n— co n n

defined by (4) on [-d^/T^].

However, now consider the sequence defined by (4) 
on the interval [ = C h ^  «T j ^  3«

i.e. XyCt) = c^ + C2 t

t
x^(t) = x0(t) - J1 (t - s)a(s)xn-1(g(s))ds , t €  [ - d ^ T ^ ] y

We have Iim x (t) = X(t) on [-d. , .,T ... ] and X(t) is the 
%y__>.co ^  -l t J J ” -1-

unique solution of (I) satisfying (2) on

But since [-o^,Tj]C [-cr^ ,T , X(t) = x(t) on [-o\,Tj],

Therefore, x(t) can be extended to and thus

can be extended to ( -COfOo), Q.E.D.

Remark. The condition on g(t), (gCC-d^ ,T .])C [-0^ »T .3) , 

states that g(t) could possibly oscillate about the straight 

line x = t, provided it does not oscillate "too rapidly".
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We now consider the existence and uniqueness of 

solutions to the nonlinear functional differential 
equation,

(12) x(t) + a(t)xY(g(t)) = 0, Y > I, the ratio of

odd integers, satisfying the initial conditions (2).

As before we note that an equivalent problem is to 

find a solution to the integral equation

(13)
Define

x(t) = C1 + c9t - / (t - s)a(s)xY(g(s))ds.
0

X q (t ) = Cj + C2t

(14)

x (t) = xn(t) - I (t - s)a(s)xy (g(s)) ds, n > I. 
n O n-1

Lemma 11,2. Suppose a(t) and g(t) are continuous on 

I 11 < a with-1a(t)I < L on lt| < a.

Let h < min
|c2 |a

such that
L[| C11 + I c2 I a]Y v 

g([-h,h]) C  [-h,h]. Then x (t), defined by (14), is definedIl
and continuous and jx (t) - C1I < b = a|c2 | for |t| < h.

PROOF: Xq (t) = C 1 + c2t is defined and continuous

for all t. Suppose x^(t) is defined and continuous for
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|t I < h, then xm(g(t)) is defined and continuous on 

|t I < h since g([-h,h])(2 [-h,h]. Therefore, by (14) 

xm+i(t) is defined and continuous on jt j < h. 

Furthermore,

lx0(t) ™ cll ” IcZt I ^ lc2lf = | < b  if J t j < h < §

t
U 1Ct) - C1J < I c2t| + L 1/^11 - sj |xQ(g(s)) |ds|

Y t< !'G2If + LC I Cj I + b] |J^|t - S |dsI , for |t| < h,

-  1 2
a
2 + L C I c 1I + b]

Y t2

< I c2I f + L[| C1J ■+ b]
(C2) a

ZLCJc1I + I C2 I a]

Now

< |c2 I a = b, if I t J < h. 

suppose Ixm(t) - C1 I <.b for | t| < h.

Then, IXfflCt)|Y < [ |C1 1 + b]Y if |t| < h
Y Yand therefore,. [ xffl(g(t)) | < [ Jc1I + b] if I t | < h since

g(C-h,h]) C  C-h,h].
t

Thus, |xffl+1(t.) - C1 j < | c2t | + LjJ1 |t - SlCIc1I + b]Yds |

C2] a = b, if I t j < h. Q.E.D
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Lemma II.3. With the hypothesis of Lemma II.2,

lxn+l(t) - xn(t) I - KBt2(T ) n H  for It I

'.Xrl
where M = [Ic1I H- |c2 |a]Y , K = yM Y , B = max, |a(t)|g2(t) 
and xn (t) is defined by (14).

PROOF:
t

IxI (t) - x()(t) | < I S It - s| |a(s) I. Ic1 + c9g(s) J^ds I
0
2

< Lm| , if 11| < h.

Now suppose

ixm(t:) ” xm-l(t)l < for It I < h.

l h e n IxmH-I^t) " xm (t)l

< |/ |t - s| ja(s)| |xY(g(s)) - x^ 1(S(S))Ids]

t ~
< Ij1q It - s| |a(s)| vlxj”1! |xm (g(s)) - xm _1(g(s))| dsl

by the law of the mean. Thus 

|xm+l(t) ' V t

5 yC IcI I + I c2 I cOr"1 ^ ( ^ ) m I/ |t - S I la(s)|g2(s)ds|0

- E t2(T )m+1 if 11 I < h. Q.E.D.
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Lemma II.4 . Under the assumptions of Lemma 11,2, 

the sequence £xn(t)j , defined by (14), converges uniformly 

on I 11 < h to a solution of (12) satisfying (2) provided
KB < 2, i.e. |a(t)|g2(t) < -------- — -----— y .

YilC,I + I Czlaf-I
PROOF: ■ Write

CO
I xn(t) I < I x0(t) I + zjxj(t) - Xj_i(t)|

and S I x .(t) - x
J=I J

LM^2 g  
KB j=i

Thus by the Weierstrass M test^x^(t)] 

to say x(t) on |t| < h if KB < 2.
converges uniformly

By writing x^(t) = Cj + c2t- f^(t - s)a(s)x^1(g(s))ds

and using the uniform convergence of the x^(t) (and the 

xn(g(t))) we see that x(t) is a solution of (12) satisfying 
(2) on ItI < h. Q.E.D.

Lemma 11,5. Suppose the conditions of Lemma II.2

and Lemma II.4 are satisfied. Let x(t) = Iim x (t) where
n-s.c* n

the xn(t) are defined by (14) and let v(t) be any other 

solution Of (12) satisfying (2) valid on | tI < h. Then 

v(t) = x(t) for 111 < hj < h, where h^ is such that 

I v (t) I < Ic1I + I c2 l a on j 11 ^ h j and g([- hj,hj] C [-h^,hj].
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PROOF: Since v(t) is a solution of (12) satisfying

(2) we have v(t) = + Czt : ? ( t  - s)a(s)vY(g(s))ds

Therefore from (14) we have

I v(t) - x0(t)|< | It - s| |a(s)l lvY(g(s))|dsl

< L I J* |t - s| |vY(g(s)) Idsl
0

2
< L[ Jc1I + |c2 |a]Y|

2
< LMj , It I < hj.

|v(t) - X 1(I)I < |t - s| |a(s)| |vY(g(s)) - xY(g(s))|ds|

t
K If It - sI |a(s)I Iv(g(s)) - x0(g(s))| dsl

t
< K ^ | f  It - s I |a(s)| g2(s)ds|

<

Thus by induction,

lv(t) - ^ for all n, |t| < h1
thus Iim Iv(t) - x (t)| = Iv(t) - x(t)[ = 0 if KB < 2n-̂ -oo 11
i.e. v(t) = x(t) for |t| < . Q.E.D.
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Summarizing the results of Lemma's II.2 through II. 5 

we have

Theorem II.4 . Suppose a(t) and g(t) are continuous 

on | t I < a with I a(t)| < L on I t | < a. Let

h < min a
2 ’

! Ic2 I a
l CIc 1 I + I c2 I a] X

such that g([-h,h]) C [-h,h]

Then there exists a solution, x(t), of (12) satisfying (2)

on t < h provided |a(t)|g2(t) < -------- ---- ---.
. YCfc1I Jr I C21 a]

The solution is unique on J 1 1 < hj < h if hj is such that 

I x(t)I < I C11 + I C2 I a on I t | < hj and gCC-hj,hj]) C C-^1 .hj]



CHAPTER III

PROPERTIES OF SOLUTIONS

While the majority of this chapter will be devoted 

to oscillation theory, we first prove a boundedness 

theorem associated with solutions of (I) satisfying (2) 

in the special case where a(t) = a, constant, a > 0, the 

proof given being completely dependent upon the con­

structions used in the existence proofs in Chapter II.

Theorem 111,1. Suppose the conditions of Theorem II.3 

are satisfied. Let a(t) = a > 0, a constant. Let x(t) 

be the unique solution to (I) satisfying (2), valid on 
(»00,00), Then --Ip- is bounded as t-^00.

PROOF: Recall that x(t) = Iim x (t) where
n->°° n

x (t) = c , +  c71 + E (-l)Jg.(t). Using the fact that n 1 Z 4=j J
2ag (t) < k < 2 i one can easily verify (as in the proof of 

Theorem II.I) that

W o i  t - h K T V foj,3
Thus we have

|xn(t)| < Ic1I H c 2I Itl

• I C11 + Jc2 I Vr̂ a 2 2
—< I C1I + Ic2I Itl +
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Thus

Thus

and

i. e.

IxnCt )! Ic1I + Ic2I It I aIc1I + Jc2I /2a ? 
t2 < ?  ■ + ^  —  (^ X

ix(t)l ..l°l'I + Ic2IItl . aIcI I + Ic2I -̂ 25. 2 s
t2 " t2 k (^ X

lx(t)l . a IcI I + Ic2I ^ 2a, 2. , 
t2 ^

—y, is bounded as t-^00. Q.E.D,

We now turn our attention to oscillatory properties 

of solutions of differential equations with functional 

arguments. That solutions of 

x(t) + a(t)x(t) = 0

and x(t) + a(t)x(g(t) = 0

do not behave the same for large t even if g(t)-»™ as

t—5»oo is shown by the following example due to Waltman [12]
Consider the equation

x(t) + ~=k-x(J) = 0.
2r ^ i,

This equation has the nonoscillatory solution x(t) = t 2

although all solutions of

x(t) + — jx(t) = O are oscillatory.
2t4
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The following theorem is also due to WaItman.

Theorem 111,2. Let x(t) be a solution of 

x(t) 4- a(t)f(x(t),x(g(t))) = 0 valid for large't. Suppose
(a) a(t) > 0,

(b) lira g(t) = 4 OO1t-̂ -oo
(c) f(x,y) is nondecreasing in x and y ,

(d) when x and y are of one sign, f has that sign.

Then if J>0°a(t)dt = 4 oof x(t) is oscillatory.

We also list for reference the following theorems 

due to Bradley [l] associated with the equation

(15) (r(t)y'(t))' 4 p(t)f(y(t),y(g(t))) = 0 where the - ■

following assumptions are made on f and gs
(i) g(t)—»oo as t-*-oo,

(ii) if y and v are of one sign, then f(y,v) has that sign,

(iii) f(y,v) is bounded away from zero when y and v are. 

Lemma III.I. If p(t) > 0, (p(t) f 0), r(t) > 0,

/ ^--ydt = Oo1 conditions (i) - (iii) hold and y is a 

solution of (15) that is positive, (negative), for large t, 

then y'(t) > 0 (y°(t) < 0), for large t.

Theorem III.3 . If p(t) > 0 ,  r(t) > 0, J>c°p(t)dt = oo,

^rydt = OO1 and conditions (i) - (iii) hold, then any

solution of (15) that exists on a ray (a,«>) has arbitrarily 
large zeros,.
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Bradley also proved the following boundedness and 

nonoscillation theorem.

. Theorem 111,4, If (I) - (ill) hold, p(t) > 0 and y 

is a nonoscillatory solution of (15) on an interval (a,°°), 
then there are nonnegative constants such that

|y(t) I < + ^2J1 p ^ y d s . In particular, if T^p^pjds < «>,
tO

then all solutions existing on (a,60) are oscillatory or 
bounded,

We note that both Theorems III.2 and III.3 imply that

all solutions of. (12) (x(t) *f a(t) x Y(g(t)) = 0), valid

for large t , are oscillatory if a(t) > 0, lira g(t) = °°f
t— 0̂0

Y > 0 is the ratio of odd integers.

Comment. Suppose y(> 0) = m and n integers, if

a(t) does not change sign for t sufficiently large then 

solutions of (12), valid for large t, cannot oscillate.

PROOF: Suppose a(t) > 0 for t > t^, Then from (12) 

x(t) is concave down for t > t^ and x(t) < 0 or x(t) > 0 

for t > t2 > t^. Thus x(t) cannot oscillate. If a(t) < 0 

for t > t^ a similar argument produces the desired con­

clusion. Q.E.D.
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Recently, a number of papers have appeared on 

oscillatory properties of equations of the form 

x (n) + a(t)f(x,x°,x", . . . =  0, (See [4], [7],

C9])• We now generalize some of the results obtained in 

the above papers to the equations

(16) x^n \ t )  + a(t)f(x(g(t))) = 0, and

(17) x(*)(t) + f(t,x(g(t))) = 0

Before stating the theorems, we give the following 

lemmas, which can be found in [9]«

Lemma III, 2 . Suppose f('t) 6 C^[a,#), f(t) > 0 

and f ^ \ t )  is monotone. Then exactly one of the following 
is true $

(i) Iim f^k \t.) = 0, 
t—>00

(ii) Iim f(k \ t )  > 0 and f(t),. . , ,f^k“^(t) tend to =oas t->oo
t-5-<X>

Lemma III.3 . If y(t) 6 Cn[a,oo), y(t) > 0 and 

y^n \ t )  < 0 on [a,00)., then exactly one of the following is 
trues

(I) y' (t),. . ,y^n"*̂ .( t) tend monotonically to zero as t-̂-co,

(II) There is an odd integer k, I < k < n-1, such that 
Iim y(n“j)(t) = 0 for I < j < k-1, lira y(n"k )(t) > o,
t — >  OO — >  (X)
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Iim K 1^ t )  > O and y(t),y,(t),.., ,y^n~k‘*2\t) tendt->-00

to CO as t-̂ oo.

Analogous statements can be made if y(t) < 0 and
y(*)(t) > 0 on [a,°°).

Lemma.III.4. If y(t),y'(t),...Iy(n"1)(t) are 
absolutely continuous and of constant sign on the interval 

and y(n)(t)y(t) < 0, then there exists an integer 

q. 0 < q < n-1, which is even if n is odd and odd if n is 
even, so that

(t - 10 
- Tn-I )T.T

The results of Lemma's III,2 and III.3 will be used 

throughout the remainder of this paper, while Lemma III.4 
is needed to prove Theorem III,9.

Theorem III,5. Suppose that n is even and

(i) a(t) > 0 for t sufficiently large,
(ii) Iim g(t) = “l*oo,

t—>00

(iii) yf(y) > 0 (y ^ 0), f(y) continuous on (-00J00).
Then a necessary condition for equation (16) to have a 

bounded nonoscillatory - solution is S tn""*a( t)dt < <»,

,n-1
|yCn-l)(2n-q-lt)|| t

J
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■ PROOF: Let x(t) be a bounded nonosciIlatory solution

of (16). Suppose x(t) > O for t sufficiently large. Thus, 

since Iim g(t) = ‘1°°, we have that x(g(t)) > O for tP—$>-00
sufficiently large. Hence, pick T large enough so that

a(t) > 0, x(t) > 0 and x(g(t)) > 0 for t > T. We have

(for t > T), using Lemma III. 3, X^n ""*" ̂.(t) > 0,
x(n-2)(t.) ^ 0,,..,x(t) > 0; Iim x ^ \ t )  = 0, i = I,,. . ,n-1.

t-4-oo
Thus, x(t) is a nondecreasing function and since x(t) > 0 

and is bounded we have, Iim x(t) = L > 0 and Iim x(g(t)) =L. 
Also from (16),

(18) x^n‘'1^(s) > / a(u)f(x(g(u)))du.s
An integration of (18) (n-2) times from t to ^ yields 

„ . °o, _yn-2
(19) (-l)nx(t) > J1 a(u)f(x(g(u)))du

and integrating (19) from s to t where T < s < t we have

x(t) - x( s) > J1 )T a(u)f(x(g(u)))du.

Now using the continuity of f we may choose T^ > T such that 

for t > T^ , f(x(g(t))) > ^f(L) = M. Hence for T < T^ < s <t 
we have

(ZO) x(t) - x(s) > (^TfJTvT (vi - s)ri"'Ia(u)du.
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Now letting t-^°o in (20) we have

“ 'if (u “ s)n 1a(u)du < co, 
s

Then for t > 2s we have

X (j)n“^a(u)du < J1 (u ~ s)n"^a(u)du < 
t t

00 Ii.e. f un “J'a(u)du < °o.
. t
If x(t) < 0 for t > T a similar proof yields the 

desired result. - : Q.E.D.

In the following theorem we establish, necessary 

conditions for solutions of equation (16), when n = 2, to 

be oscillatory.

• Theorem 111,6. Under the hypothesis

(i) there exists t^ > 0 such that' g(t) > t^ for all t > tj t

(ii) g(t) is continuous on [0,°°),

(iii) f(y) is continuous on (-00,00) with yf(y) > 0 for y ^ 0,

(iv) I f(yx) I < I f(y2) I if I Y1 I I I Y2 1 .
(v) there exists a positive solution to the inequality 

f(t) < Pt, p > O 9

(vi) a(t) > 0 and locally integrable on [0,co) with a(t) 

not identically zero on any subinterval of [ 0, «>),
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if

CO
(21) / ta(t)dt < O31

there exists a bounded nonoscillatory solution of (16) 
when n = 2,

CO

PROOF: Assuming that S ta(t)dt < we consider the
integral equation

M 00 tL(22) x(t) = % + t/ a(s)f(x(g(s)))ds + / sa(s)f(x(g(s)))ds
t tI

where t^ is chosen to satisfy (i). We now note that (v) 

implies the existence of some number M > 0 such that

(23) ./ sa(s)ds <
tI

Now we define a sequence fx (t)) by
x0(t) - U
(24)

M 0 0 ' t
x%(t) = ^ + tj" a(s)f(x^_i(g(s)))ds + /  sa(s)f(x^ i(g(s)))ds.

C tI
One concludes that x^(t), k = 0, 1 , 2 ....  is defined and

continuous and,, in fact, is positive on [t̂ ,°o).
X^(F) = 2 a(s)f(^)ds *1 J1 sa(s)f(^)ds and thus

t ^ t^ ^

^ £ X1(C) < Y + f(M)tT sa(s)ds < M.
tI

Z ^ Xq(C) < M and % < x1(g(t)) < M.i. e.
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Assuming that j < xk (t) < M (and therefore 
M
2 I xk (g(t:)) < M), we obtain

1 < xk+l(t) < ? +  f sa(s)f(M)ds < M.
tI .

We have thus established 
M

(25) 7 ~ Xk(t) S M  a M
M2 < xk(g(t)) < M, k = 0,1,2,...

It now remains to be shown that

(26) xk(t) > Xk_i(t) and %k(g(t)) > xk_;(g(t)), k = 1,2,... 
From (25), x ^ t )  > Xg(t) and hence X^g(C)) > Xg(g(t)).
Now suppose that x^ft) > xk_i(t) and xk (g(t)) > xk_i(g(t))".
Then „M 00 00xk(t) = Y + a(s)f(xk_i(g(s)))ds + J  sa(s)f(xk_i(g(s)))ds

t tI
M- 00 Co

< 2 + tS a(s)f(x (g(s)))ds + s  sa(s)f(x.(g(s)))ds
t tr K

< x k+1(t).
Hence (26) is established and we have that the sequence 

C xkCt)] converges to some function x(t) for t > t^ and 

indeed ~ < x(t> < Mj | < x(g(t))) < M for t > t..
We now must establish that x(t) is a solution of the 

integral equation (22) and thus a solution (nonoscillatory)



32
of (16), For any £ > 0, choose T large enough so that

J* sa(s)ds < 2f?M) * Then we have
■ T

|x. (t) - y - tj1 a(s)f(x(g(s)))ds - S sa(s)f(x(g(s)))ds I
t tI

< t/ a(s)If(x 1(g(s))) - f(x(g(s)))j ds
t

t
+ S sa(s)|f(x, 1 (g(s))) - f(x(g(s)))| ds 

tI

< / sa(s)lf(xk-1(g(s))) - f(x(g(s)))| ds

+ S sa(s) |f(xk j(g(s))) - f(x(g(s)))| ds 
' tI

CO OO
+ / sa(s)f(xk_1(g(s)))ds + / sa(s)f(x(g(s)))ds

< s sa(s)If(xk_j(g(s))) - f(x(g(s)))|ds + € .  
tI

Letting k-*-00 we obtain

Ix(t) - j - t/ a(s)f(x(g(s)))ds - S sa(s)f(x(g(s)))ds | < £
t . tj

using the continuity of f and the Monotone Convergence 

Theorem. Thus x(t) is a nonoscillatory solution of (16). 

Q.E.D. •
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Restricting our attention now to equation (17), we 

make the following assumptionsi
(27)

(i) g(t) > t - c for t sufficiently large, c > 0, 
constant,

(ii) f(t,y) is continuous in S = [0, -oof oo) t

(iii) a(t)^(y) < f(t,y) if y > 0 and f(t,y) < b(t)Yty) 
if y < 0, (t,x)6S, where

(iv) a(t) and b(t). are nonnegative and locally integrable

y K y )  > 0 on C*-00,=0) for y T6 0,

(vi) there exists positive constants g and 6 such that

Theorem III.7. Let x(t) be a solution of (17), valid

for large t, which is nonoscillatory, If n is odd, assume

Iim x(t) 0. Suppose conditions (i) - (vi) of (27) are 
t->oo
satisfied. Then there exists a positive number k such

on [0,°o) and neither a(t) nor b(t) is identically 

zero on any sub interval of [0., <»),

(v)

j^(iy) - X ̂ ^(y) , f( Xy) - X^^(y) , X constant,
(vii) for some a > 0
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that I)x( t ) / ' — lc %(t) is eventually positive and

^ K x C t ) ] ^  > k if x(t) is eventually negative for t 
sufficiently large,

PROOFt Let x(.t) be a nonoscillatory solution of (17). 

Suppose x(t) is positive for t > T, and pick T large enough 

so that x(t - c) > 0 for t > T, From (17) we have

(28)
x^n \ t )  = -f(t,x(g(t))) < -a(t)^(x(g(t))) < 0 if t > T. 

Thus from Lemmas III.2 and III.3, x(t) satisfies one of 

the following:

(1) x(t) > 0, x(t) < 0  for t sufficiently■large,

Iim x(t) = 0, limx(t) = L > 0.
t-H>-CO P OO

(2) x(t) < 0, x(t) > 0 for t sufficiently large,

(3) x(t) > 0, x(t) < 0 for t sufficiently large, 

with x(t), x(t),...,x^n"k“^^(t) tending to was t->
x(n-k-l increasing to L(0 < L < <x>), x(n “k )(t)

decreasing to M(M > 0) , and x^n"^+^ (  t) ,. . . ,x^n"^'(t), 

tending to zero as t-*-00.

Suppose case (I) applies. Since x(t) is decreasing to 

L > 0, and g(t) > t - c we have that lira x(g(t)) = L and
t-#-°=

thus Iim Therefore for t large enough,t-voo
say t > T 1

x(t)
x(g(t)) > I
x(t) 2*



35

In either case (2) or case (3) we have, since x(t) > 0,
X(g(t)) > x(t - c) and ^

If case (2) applies, let f be the function whose graph 

is the line tangent to the graph of x at (t - c, x(t - c)) 

for some fixed t > T. That is 

f(s) = x(t - c)(s - t + c) + x(t - c).

Since x is concave down,

I d) > x(t^~^c) = f(t - c)

Let z

x(t) - x(t) 
-x(t ~ c) 
x(t - c)

fTtT f(t]
•f t - c, Then f(z) = 0 and because of

similar triangles we have

(29) f(t - c) _ Z - t + 0 x(t - c)
^ t Z t  x( t - c) "i* cx( t - c)

But x(t *• c) is decreasing so the last member of (29) 

increases to a positive limit as t tends to <*. Hence

siS P - ^ kI for t
Now suppose case (3) applies. Consider

Iim which is of the form
t->°o

Using LcHopital9S rule. a sufficient number of times we 
obtain

llm - cl
t->00 x(n k l)(t)
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If L (in case 3)

Iim
t-4-oo

x(t - c) 
x(t)

L
L

is finite we are done since then 

- I • IVhen L - co, then again using

L'Hopital's rule we have

lira x(t - c)
t-» oo x(t) ... - lim ' c)t-^oo x(n (t)

If M (in case 3) is positive again we are done since

lim x(t - c) M _
x(t)t—> 00 

claim that lim

M

X1
= I. However, if M is zero we.then

since(n~k-i:>(t - c) = ,

lim [X(n-k-l)(t) . x(n-k-l)(t. _ c)]
t->- OO

Xn-k),lim x
t—>oo

(5 )c = 0, t - c < J < t.

Thus
tnJk -1V t  - c) . J = Xc^ k-1V t  - c) - X cn- ^ 1VkI
x (n-k-l)(t)

6 x<n-fe-1>(tl)

x (n-k-l)(tj

< E where t^ > T , is such that

x(n k I )(t ) > o, Summarizing, we have lim -.Cf. - cl = ^
t—>-oo xit;

Thus for t large enough, > I_
2 *
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Now letting we have

for t > Tj > T and
J0(x(e(tn) ^ #(kgx(t))
J(MtJ) - /(x(t)) k2 JtxttJJ = k.

Now suppose x(t) is a nonoscillatory solution of (17) 

which is negative for t > T . Again, pick T large enough 

so that x(t - c) < 0 for t > T. Then (28) becomes
(30)

x(n)(t) = -f(t,x(g(t))) > -b(t)^(x(g(t))) > 0 if t > T f 

and we find that x(t) must satisfy one of the following: 

(I) x(t) < 0, x(t) > 0 for t sufficiently large,

Iim x(t) = 0, lira x(t) = L < 0,
t—>co t—

(2) x(t) > 0 ,  x(t) < 0  for t sufficiently large,

(3) x(t) < 0, x(t) < 0 for t sufficiently large, with x(t), 

x(t) ,. . . ,x^n ^"^^(t) tending to -«» as t->co,

x(n k l)(i_) decreasing to L(-oo < L < 0), x^n"k ^(t) 

increasing to M (M < 0), and x^n“k+I \ t )  f. . . ^(t)
tending to zero as t—

If case (I) applies, we have that Iim x(g(t)) = L since
t—>~oo

g(t) > t - c and x(t) is decreasing to L < 0.

Iim
t—>• oo

x(k (t ) )
x T c T

L
L I.

Thus
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In either case (2) or (3), g(t) > t - c implies 

x(g(t)) < x(t - c) and |x(g(t))| > |x(t - c)| with

x(g(t)) > x(t - c)| x(t c) 
x(t)

If we now use arguments similar to those used when x(t) > 0, 

we obtain the desired conclusion. Q 1E 4D.

We are now ready to state our main results.

Theorem 111,8. If g(t) satisfies (i) and f(t,y) 

satisfies (ii) - (vii) of (27) and in addition
CO 03

(31) X tn"a(t )dt = X tn"^b(t)dt = °°r
0 0

then if n is even* each solution of (17), valid for large t , 

is oscillatory, while if n is odd, each solution of (17) 

valid for large t is either oscillatory or it tends 

monotonically to zero together with its first n-1 deriva­

tives.

PROOF $ Suppose x(t) is a nonoscillatory solution of

(17), valid for large t. Assume x(t) is eventually positive,

Thus since Iim g(t) = <*, x(t) > 0 and x(g(t)) > 0 for 
t-**00

t > T. From (17)

(32) x(^)(t) = -f(t,. x(g(t))) < -a(t)i(x(g(t))) < 0.

Thus by Lemma III.2 x^n ^(t) decreases to a nonnegative 

limit, so from (32) we obtain
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(33) x(n_1)-(s) > /“a(u)f(x(g(u)))du.

Suppose case I of Lemma III.3 holds. Then an inte­
gration of (33) n-2 times from t to oo yields

(34) (-l)(n-2)i(t) > / % ^ ')^a(u)#(x(g(u)))du.

If n is even, integrating (34) from T to t > T,

x(t) > / lu^rjra(u)^(x(g(u)))du.

Since ^ is nondecreasing

(35) ^(x(t))/^[A^ y--1-a(U)|(x(g(u)))du] > I.
If we now multiply (35) by

and integrate from r to s we get, after a change of

variable on the left
(36)

> / ^ | y ; 1a(t)fex̂ (t•ft)R 1 
where

and

§(x(t> p i d t  > k/ p i p i a(t)dt

R = a(u)|(x(g(u)))du

S = / p p y y l  a(u)^(x(g(u)) )du.
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Now if by an appropriate choice of r, we can make R > a, 

then the left hand side of (36) is bounded above for all
CO

s > r, hence J* tn a(t)dt < <», If this is not possible 
0

then for all r > T

a > a(u)#(x(g(u)))du > x(g(T )))Jt ^ ^ a(u )du

and the result again follows.

If n is odd, then (34) becomes

(37) -x(t) > S Lf^fyr a(u)f(x(&(u)))du > 0.

So x(t) decreases to a limit L > 0.

Suppose L > 0. Then integrating (37) from T to
OOj X **• I

X(T) > X(T) - L x -TJfffi); a(u)^(x(g(u)))du

CO J r x M ̂

- #(L)r^(ffi),a(u)du,

using the monotonicity of ̂ . But this implies

00 iS tn ”1a(t)dt < oo,
0

Now suppose that case II of Lemma III.3 holds. Inte­

grating (32) a sufficient number of times we have

(38) x(n-k)(t) > A f f f ^ a ( u ) £ ( x ( g ( u )))du.
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( i)Since x VJ/(t) increases to j < n-lc-1, there exists 

tj > T such that x ^ \ t )  > 0 for t > t^, j = 0,, . . ,n -k~l, 

■Integrating (38) from t^ to t > t^,

So

(39)

x(n j 1^Ct) >s X a(u)^(x(g(u)))du
tI s

> S
«)(u-t^ ) - - (u-t)

-a(u)^"(x(g(u)))du.

;(n-j-D(t) > J-0I ^ z h )k _
— a(u)^(x(g(u)))du.

Integrating (39) successively n-j-2 times from t^ to t we
obtain 0

. o0(t--t1 )n’'2 ..
(40) x(t) > / — ( ^ 2yr-a(u)/(x(g(u)))du

and integrating (40) from t^to t gives

t (u-t, )n "̂  _
x(t) > X — ^%Yyr-a(u)jf(x(g(u )))du, 

tI
Now the proof proceeds as in case I,

If x(t) is a solution of (17), valid for large t, such 

that x(t) < 0 for t > I, the proof is the same except a(t) 

and K u )  are replaced respectively by b(t) and K u ) , and 

the sense of appropriate inequalities are changed. Q,E 0D
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In the next theorem, condition (vi) of (27) is 

changed so that equation (17) includes the special case 

x(n) + a(t) xa(g(t)) =0, 0 < a < I, 
a the ratio of odd integers,

Theorem III,9. Let g(t) satisfy (i) and f(t,y) 

satisfy (ii) - (v) of (27). In addition suppose f(t,y) 

satisfies

(vii) there exists positive constants XQ, M ,N and 
constants P.y, where 0 < p < I, 0 < y < I, such that 

.̂ 1(Xy) > Mx^#(y), y > 0,

P(Xy) < N x M y ) ,  y < O', x > Xq > 0.

Then if

(41) tft(-n "1-)Pa(t)dt = ^ b ( t)dt = +oo, each

solution of (17), valid for large t, is oscillatory when 

n is even and is either oscillatory or tends to zero with 

its first n-1 derivative if n is odd.

PROOF; We first consider the case when n is even.
Let x(t) be a nonoscdilatory solution of (17) such that 

x(t) and x(t - c) are positive for t > T, By Lemma 111,3, 

x(t) > 0, so x(t) is nondecreasing. Also x^n \t) < 0 so 

x(n-l)(t) is nonincreasing and positive on [T,oo). Thus
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by Lemma III.4 we have

(42) x(t) ^ xCZ1 -*nt) > At11-1X^n"1 ̂ (t)

for t > ZnT = , where A '=

Because of condition (iii), x.(t) satisfies

(43) x (n)(t) + a(t)f(x(g(t))) < 0.

Since x(t) is nondecreasing, kx(t - c) > Xq for

k >- x(t^ - c) t > t^ and

|(x(g(t))) > |(x(t - c)) > k&%P(t 

tonicity of | and x, and (yiii).

B = k^|(^-)M > 0, we have

x(n)(t) + Ba(t)xP(t - c)

- c)^(^-)M by the 

Now letting

< 0 for t > t^

mono-

and from (42)

x(")(t) + APBa(t)(t - c)(*-l)9[x(*-l)(t - c)]P < 0, t > t^c.
Dividing by

we obtain 
v(n-l)

S
(t)

Xn-I )

(t)]p and integrating from t^ + c to t

S  + ApBZt (s-c)(n-1)Pa ( s ) [ S ^ ^ £ l . ] d s <  0.
(tI+c)X >l+c

(t) is nonincreasing, —

^(n-T)(g)

( n I)
But since x^n ’’̂ (t) is nonincreasing, — — —

(s)
> I.
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Thus we have
(44)

X(n-I)/ x
J1 (H-I). . 3 * ^  ^ (s - c)(n-I)Pa(s)ds < 0.Xvi1 w Ct1+c)x tj+C

t. S
However s ~ c > ^ — qr~^y for s > + c, and we obtain
(45) 1

xCn-Dft) t (n~I )P r

+ APB(- V ^ )/t1,cs(n"I)ea(s)dS s °-

x^-^(t) , 0-
But since 0 > J1 / - x “F > J1 “F. 0 < b < <x> and the

x u "i;(tj+o)xP bx

latter integral is finite for p < I , we have a contradiction 

of (45) as t->oo if tfs^n~'*' ̂ a(s)ds = +«>. Thus x(t) is 

oscillatory.

The case where x(t) and x(t - c) are negative for 

t > T can be handled in the same way and yields a contra­

diction to the fact that /t^"*^ ̂ b(t)dt = +oo. The 

inequalities (42) and (43) are reversed with a(t)/(x(g(t))) 

replaced by b(t)^(x(g(t))), arid inequalities'(44) and (45) 

being in the same direction with x being replaced by ~x.
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Now suppose n is odd and x(t) does not approach zero, 

Then Ix^ \t)| is still nonincreasing and

Ix(t)| x(t)
x(2I"nt)

X(Ziunt)

> inf 
t > T

x(t)
X(Z1-nIi)

x^n-1)(t) .n-1
’ r  -  t I •

So that I x(t)j > B^tn 1Ixcn 1^t)! for constant and the 

proceeding proof again yields a contradiction to the 

existence of a nonoscillatory solution of (17), Q.E.D.
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