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Abstract:
Let g(t) and f(t,y) be known real valued functions.

In this paper we consider functional differential equations of the form x”n(t) + f(t,x(g(t))) = 0.

In Chapter II the problem of existence, uniqueness, and continuability of solutions is examined. If n =2
and f(t,y) = a(t)y, a local solution of an initial value problem is constructed using the method of
successive approximations. The solution, in fact, is unique and can be extended to the infinite interval
(-00,00), With n =2 and f(t,y) = a(t)yy, Y > 1, a local solution, which is unique, is again constructed.

Chapter III is devoted mainly to oscillatory 1 properties of solutions. With n even, [0 t*n-1a(t)dt < oo
1s found to be a necessary condition for x"(n) + a(t)f(x(g(t))) = 0 to have a bounded nonoscillatory
solution. The condition is sufficient if n = 2. Conditions which insure that solutions of the equation
x™M(n)(t) + f(t,x(g(t))) = 0 are oscillatory or tend monitonically to zero are presented. The theorems
given all cover the special case where f(t,y) = a(t)y"y, y > 1, with one result valid for 0 <y <1.Itis
worth noting that if g(t) = t, all theorems given are well known.
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ABSTRACT

Let g(t) and f(t,y) be known real valued functions.

In this paper we consider functional differential equations
of the form x(n)(t) + £(t,x(g(t))) = 0,

In Chapter II the problem of existence, uniqueness,
and continuability of solutions is examined, If n = 2 and
f(t,y) = a(t)y, a local solution of an initial value
problem is constructed usiing the method of successive
approximations, The solution, in fact, is unique and can
be extended to the infinite interval (-w,0), With n = 2
and f(t,y) = a(t)y¥, y > 1, a local solution, which is
uhique, is again constructed,

Chapter III is devoted mainly to 050111atory
properties of solutions. With n even, [ tn 1a(t)dt <o is
found to be a necessary condltlon for )
X(n) + a(t)f(x(g(t))) = 0 to have a bounded nonoscillatory
solution. The condition is sufficient if n = 2, Conditions
which insure that solutions of the equation '

x(n)(t) + f(t,x(g(t))) = 0 are oscillatory or tend moni-
tonically to zero are presented; The theorems given.all
cover the special case where f(t,y) = a(t)yY, y > 1, with
one result valid for 0 < y < 1. It is worth noting that
if g(t) = t, all theorems given are well known.




CHAPTER I
INTRODUCTION

In general, a functional diffe:ential equation is
defined as a differential equation in which the unknown
function appears with various values of the argument [2].
In this paper we will restrict our attention to equations
such as X(n)(t)+f(t,x(g(t)))‘= 0. We will call the equation
linear if it would be linear in the "normal" sense (disre-
garding the functional argument) and nonlinear otherwise.

To be a solution of such an.equation on an interval I, x(t)
must be defined for t €I Ug(I) and must satisfy the differ-
ential equation., If a solutioh,'x(t), valid for large t,

has arbitrarily large zero's x(t) is said to be oscillatory.

Prior to 1950, very little was known about solutions to
functional differential equations although these types of
equations ;éfe encountered in the eighteenth century by Euler
while investigating the nature of curves similar to their
own evolutes [5].

Since the 1950's numerous papers have béen devoted to
these equations in the special case where g(t) is a delay
function of the form t - o(t), where o(t) is defined and non-
negative in some interval [tO,T]. These equations are
commonly referred to as "time delay differential equations",

or "differential equations with retarded arguments". There
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a solution is sought which coincides with a given initial
[

function e(t) on an initial set E, ={f|t - g(t) < ty for
0

t > to} (2], [5]. If g(t) is of the form t - o(t) with
o(t) <0 on [tO;T], then the equation is referred to as a
"differential equation with advanced argument",

Very little is known about solutions to functional
differential equations if g(t) is not a "delay function",
Utz [11] posed the problem of existence and uniqueness of
nontrivial solutions to f(t) = af(g(t)) subject to
f(ty) = £,

Suppose g(t) is a real valued continuous function
defined on some interval Dg including the origin with
corresponding range Rg. If RgCZ Dg and g(t) < k in Dg,
Ryder [8] has shown the existence of a solution for all
t € Dg to £'(t) = A T(g(t)) satisfying f(to) = fO provided
Hax{l < 1. Here A is a constant n x n real matrix with norm
“A“, f an n-vector. In fact the solution is unique on any
subinterval N C Dg'such that g(N) C N, where 0 € N,

Oberg [ 6] has shown the local existence of solutions
of the equation x(t) = f(t,x(t);x(g(t,x(t)))) satisfying
x(tO) = Xy under the assumption that f(t,x,y) and g(t,x)
satisfy uniform Lipschitz conditions with g(to,xo) = tg.

Uniqueness then follows if g(t,x) is contracting at (to.xo),
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i.e. (t,x%) qlpse to (tO,xO) implies Jg(t,x) - tOl g!t - tOf
Chapter II of this paper is concerned with the exist-

ence‘and uniqueness of nontrivial solutions of the equation
%(t) + ACE)X¥(a(t)) = 0, satisfying X(to) = cq, i(to) = cy.
Suppose, however, we replace t by t + tb. Then

x(t) = X(t + to) satisfies

x(t)

glt) = G(t + to) - tO,'a(t) = A(t + to). Thus the initial

a(t) x¥(g(t)) = 0, x(0) = ¢;, %(0) = c,, where

-

value problem can be translated to the origin. A problem
equivalent to showing the existence of solutions to the
initial value problem (at the origin), is showing the

existence of a solution to the integral equétion
. 't . ' 'Y
x(t) = o, * oyt - fo(t-- s)a(s)x’(g(s))ds.

This, of course, is exhibited easily by inteérating the
differential equation twice suecessiveiy from O to t and
interchanging the order of integration.

Several papers have been devoted to oscillation
theorems associated with non-delay functional differential '
equations. Theorems of Bradley [1] and Waltman [12] closely

related to this work appear in Chapter III pf this paper.
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CHAPTER I1I
EXISTENCE AND UNIQUENESS
We first consider the problem qf existence and unique-
ness of solutions to the linear second order functional

differential equation

(1) x(t) + a(t)x(g(t)) = 0
subject to the initial conditions
x(0) = cq
(2) .
X(O) = Cz,

As we have shown in Chapter I, an equivalent problem is

to solve the integral equation

_ : t ‘
(3) x(t) = c; + oot - Io(t - s)a(s)x(g(s))ds. -

To find a solution of (3) we employ the method of
successive approximations and thus define

xo(t) =0y * oyt
(4)

i

t . N
xn(t) xo(t) - fo(t -\s)a(s?xn_l(g(s))QS, n> 1.

Lemma II.1., Let g(t) and a(t) be continuous on

[-0,T], 6 >0, T > 0, such that g([-0,T]) C [-0,T]. Then

x (t), defined by (4), is continuous on [-0,T] and
n 1
(5) x_(t) = xo(t) + kil(—l) g {t), n>1,

where g; (t) is defined by
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t

81(t) = J (¢ - o)a(s)(e; + eya(s))ds

0
. (6) '

- . .
gn(t) = fo(t - S)a(s)gn_l(g(s))ds, n> 2,

PﬁOOF; 81(t) is defined and continuous for all t in
[-0,T] since a(t) and g(t) are continuous on [~¢,T]. We
now assume gk_l(t) is defined and continuous for4a11 t in.
[~¢,T]. Thus g.1(elt)) is defined and continuous for all

t in [-6,T] since g([-¢,T]) ¢ [-6,T]. Therefore, by (6)
g#(t) is defined and continuous on [-¢,T]. Thus gn(t) is
defined and continuous on [-¢,T] for all n by induction.

To prove (5), we have, using (4) and (6),

Xl(t) =‘x0(t) . fo(t - s)a(s)xo(g(s))dsﬁ te [-0,T],

t
= xo(t) ‘ fo(t - s)a(s)[c1 + czg(s)]ds,

or

x1(€) = x5(e) - g ().

| c N . .
‘ x,(t) = xg(t) - fo(t - s)a(s)xl(g(s))ds) t e [-G,T]t

t
= xp(e) - I (£ - s)als)xp(els)) - g;(s(s))]ds.
o o )

~
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. .

xz(t) = xo(t) - Io(t - s)a(s)[c1 + czg(s)]ds

r
+ IO(t - s)a(s)g;(e(s))ds

Thus

Xz(t) = Xo(t) - gl(t) + gz(t)

. 2 Kk
= xp(t) + k§1(-1) g, (t).

Now if

Xm(t) = xo(t) + kgl(—l)kgk(t), then
X1 (8) = %o(t)
' t ' . m K
- fo(t - s)a(s)[xy(g(s)) + kEll(—l) g, (8(s))]ds -
T ‘
= x5(t) - Io(t - s)a(s)lc; + czg(g)]ds
. ,
+ E (DM (e - s)ale)e (a(s))ds
k=1 0

' m
= Xp(t) - gl(t) = Z (-l)k*lg

k=1 k+1(t)
or
m-1 :
Xm+1(t) = xo(t) + kEI(—I)kgk(t‘) , Q.E.D.

Note that if a(t), g(t) and a(t)g(t) are integrable

instead of continuous on [ -6,T] the same result holds.
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We now show-that the sequence of appréximations,
defined by (4), converges to a solution of (1) satisfying
(2) for t € [~-g,T] under suitable restrictions on a(t) and

g(t). |
| Theorem II.1. Let ,a(t)'gz(t) < k for t g [-0,T].

Then under the assumptions of Lemma II.1, thé sequence
{Xn(tg-, defined by (4), converges uniformly on [-0¢,T] to
a solution of (1) satisfying (2) provided k < 2.

PROOF: Since g(t) and a(t) are continuous on [ -¢,T],
ﬁhere'éxists k, such that la(t)”c1 +.czg(t)l <k on L-c,T].

Thus we have from (6),

. S | L
le, () | < IIOIt - slla(s)llc1 + oye(s) | ds]

A

t ,
. O . '
<=5, te [-q71],

kllz "
. £ =3 where I = max {o,Tj}.

Again from (6) we have

t
(0] < 14 1% = sllats) 11y (g(s))] s

k t
< i%lfolt - s]la(s)lngs)d8|.t € [-a,T].




lgz(t)’ < 5k

. .
_1.2.ky2
< 7D
k
_1:2,ky2
Now assume that
. k
le ()] < Le2Hm

k
1.2, kym

Then we have

841 (T) IIOIt - sl]a(é)llgm(g(s))'dsf

£ k
< IIOIt - S|‘a(s)|;}gz(s)(%)mds|, te [-0,T]

k 2
1/ kym t

IA

kymt+l, 2
2) t

IA

1
7 (

k
1.2, kymtl

From (5) we have
' [>+]
lim x (t) = xo(t) + I (-1)7g.(t) and
g (o)) < L% 5 &y
j::l J j::]_

NJ=
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Thus {Xn(t)} coﬁverges uniformly té some function x(t) on
[-6,T] provided % <1 or k <2, and x(t) is continuous on
[~0,T] since each xn(t) is.
To show that x(t) satisfiés (1) and (2) on [-0,T] we
write |

t .
X 41 (£) = xq(t) - Io(t - S)a(s)xn(g(S))ds. -0 <t T,

If we now take the limit as n— and note that

1im x_(g(t)) = x(g(t)) uniformly on [ -¢,T] since
nesoo D . ;

1im xn(t) = x(t)'on [-6,T] and g([-0,T]) C [«g,Tj\we have
n—

T
x(t) = xg(t) - fo(t - s)a(s)x(g(s))ds.

i.e. x(t) satisfies the integral eéuation (3) on [=~0,T]
and therefore is a solution of (1) satisfying (2) on
[-5,T7]. Q.E.D. |

Usiné\bounds established in the proof of Theorem II.1,

we can prove the following corollary.

Corollary II.1.1., Under the assumptions of Theorem II.1,

2 2 . .
Ix(e) - x ()| < (5", t e [-0,T] where the
n 2=k ‘2 1

xn(t) are defined by (4) and x(t) = 1lim xn(t).

n—> oo
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PROOF: From (5) we have that

. n ° . : ) -
x_(t) = xp(t) + jzl(-l)Jgj(t) and thus

x(£) = x,(t) *+ .ZA(-I)jgj(t);

j=1
Thus .
. 00 .
x(t) - x (£) = = (-1)9g.(t) and,
Jj=n+1 J
x(t) - x ()] = = lg.(v)
0 Ki 4 1 .
< I —]—‘tz(%g)J
j=n+l
or ~ ' 2

2k, €
Jx(t) - x ()] < =557 qQ.E.D.

Now suppose that v(t) is any other solution of (1) on

[-0,T] satisfying (2). Then we have

' ot
v(t) = c; + oyt - IO(t = s)a(s)v(g(s))ds,
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Thus if g([-¢,T] € [-0,T],

t ;
lv(e) - xy(0)] < 17 1e = sllate)] v(e(s))] as]
atz | , :
< 5, t€ [-0,T], where a = max[a(t)l‘v(g(t)ﬂ

and

- t . '
lv(e) - x ()] < lfoit - sl la(s) Ixy(e(s)) ~ v(g(s))as!

t ' )
< 710 1e - s late)| g% (s)as]

IA
N
ct

Now suppose
lv(t) - Xm(t)[ 2 5t°(5
Then |

. t '
v(e) - x ()] < 71 = sl la(o)] x (e(s)) - v(g(s))] asl

IN

. .
%(%)mljolt - sl lats)] g?(s)as]
%tz (_Zlg)m'!-l

=

‘i.e, {v(t) - xn(t){ < %tz(%)n by ihdﬁcfion.




|

12
Taking the limit as n+®we have.
lv(t) - x(t)] <0 if k < 2
or v(t) = x(t).on [-o,T].
We have thus proved:

Theorem 1I.2, Under the assumptions of Theorem II.1,

the solution x(t), of (1) on [~0,T] satisfying (2) is
unique,
The results 6f the previous theorems can be illus-

trated by thé following examples,

Example II.1, This example shows that when
Ja(t)lgz(t) = 2, there cannot, in general, exist a solution
to (1) éatiéfying (2) for arbitrary initial values ¢, and

Cy. Consider the initial value problem .

) #(r) - ax(fZ) = 0
x(0) = ¢ ' -
(2) .
x(0) =

€2
Here a(t) = -a, a >0, constant, g(t) = vég. Note that
la(t)lgz(t) = 2, Integfating_(7) and using (2) we. have

25,2
x(t) = ey * oyt +‘ax(i E)t

2
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Now letting t = ﬁ/g we have

xg/g) = Cy. + céVAE + XQ/%).
cy *+ czﬂ/g = 0,

Thus there exists a solution of (7) satisfying (2), valid

or

on an interval inciuding 0 and h/g.only if cq and cy

satisfy the condition

Example IT,2, This example shows that if there is

a solution to (1) satisfying (2) with the condition

Ia(t)lgz(t) = 2, the solution, in general, is not unique.

(8) ﬁ(t) - Zeth(e;ﬁ) = Q
x(a) = 0

(9) .
x(Q) = 0.

Here ‘a(t)‘gz(t) = 2,
One can verify that two splutions to this initial value
problem are: - |

| Xl(t) = 0

and Xz(t) = €7,
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Example I1.3. . An example of an initial value problem

which possesses a locally unique solution is furnished

Note that on the

by the following, .1
. =TT ‘
(10) %(e) - x(e (FFD7) =g
x(0) =0
(11) .
x(0) = 1, I

Here a(t) = -1, g(t) = e
iﬁterval [a,ﬁ]; where -i <a<0, 0<bc<i,
Ia(t)]gz(t) < 2. Therefore one and only one solution
exists on [a,b], namely x(t) = log (t + 1).

The'ﬁatufalyqueStionibné ﬁow asks is that of -
continuability of solutions. The next theorem shows that,
under suitable resfrictions} a unique solution of (1)
satisfying (2) can be extended to (=00, ),

Theorem II.3. Let g(t) and a(t) be continuous for

all t with |a(t)|g2(t) < k. Sﬁppose there exists positive
monotone nondecreasingAsequences{bi} and;[Tj} with

lim 6, = 1im T, = +% such that |

i—> o

g([—qi,Tj]) C [-Gi,Tjj for all i and j. Then there exists
a unique solution to (1) satisfying (2), valid on (=,),

provided k. < 2,
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PROOF: We first fix i and j and ﬁhen note that
Theorem II.1 and Theorem II,2 guarantee the existence of
a unique solﬁtion, x(t), to (1) satisfying (2) on

[-6.,T.]. In fact x(t) = 1im x_(t) where the x_(t) are
i3 oo T n

defined by (4) on [-Ui,Tj].
However, now consider the sequence defined by (4)
on the ;nterva} [=Gi+13Tj+1].

. . . .
x (t) = Xo(_t).“ .fO(‘t - s)a(s)x _,(g(s))ds, t € [;Gi+'jTj+1]°'-

We haven}ig xn(t) = X(t) on ["gi+j’Tj+1] and X(t) is the

unique solgFion of (1) satisfying (2) on ['Gi+1'ij1]'
But since [-Gi,Tj]_C [°Gi+1'ij1]’ X(t) = x(t) on [—Gi,Tj].
Therefore, x(t)’cap be extended to [“Gi+1’Tj+1] and thus

can be extended to ( =0, ), Q.E.D,
- Remark. The condition on g(t), (g([-gi,Tj])Cfffai,Tj]),
states that g(t) could possibly oscillate about the straight

line x = t, provided it does not oscillate "too rapidly",
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We now consider the existence and uniqueness of
solutions to the noﬁlinear functiohal differential
equation,
(12) x(t) + a(t)xy(g(t)) =0, vy > 1, the ratio of
odd integers, satisfying the initial conditions (2).
As before we note that an equivalent problem is to

find a solution to the integral equation

(13) x(t) = ¢y t oyt - f;(t - s)a(s)x¥(g(s))ds.
Define

xé(t)'= o * oyt
(14)

. : . »
xn(t) = xo(t) - fo(t - s)a(s)x? (g(s)) ds, n > 1,

n-1
Lemma 11,2, Suppose a(t) and g(t) are continuous on

lt] < o with-la(e)] <L on lel < a.

. o Iczla . A
Let h < min X v | such that
' L['cll + lczla] .

g([-h,n]) C [~h,h]. Then x_(t), defined by (14), is defined

and continuous and‘lxn(t) - cll <b = a,czl for |t] < h.
PROOF': xo(t) = ¢ + c,t is defined and continuous

for all t. Suppose xm(t) is defined and continuous for
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lt ]5 h, then Xm(g(t)) is defined and continuous on
It | < h since g([-h,h]) C [~h,h]. Therefore, by (14)

X1 (€D is defined and continuous on |t | < h,

Furthermore,
Ixo(t) - cy) = leytf < ,02[% = g <bif |[t{<h X< % .
. _ . ;
lxl(t> - CI, < ,‘Cztl k2 LlfOIt - S, lxo(g(S))’dsf
v t

< eyl + Lley] + v] |/ 1t - slds], for || <,
C Y, 2
< eyl§ + Loyl +b] &

eyl a
oy -
21l oy + o o]
< le,|a=1b, if |t| < n. '
2

. i : IY
< lczl% + Ll e;] + b]

Now suppose [Xm(t) - Cllvs-b for [t} < h.
Then, |x ()| < [le, + b)Y if [¢] <n

and the'refore,_[xm(g(t))_lY < [lcll + b]‘Y if rtl < h since
g([-h,h]) C [-h,h]. . »
Thus, |x ,i(t) - c;| < |yt + L]Jolt = sl[[ey| * 07 ds |

< eyl F + |yl = |eyla = b, if lt]<h.  Q.E.D
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Lemma II.3. With the hypdthesis of Lemma II.2,

%1 (8) = x (0)] < He2(KE)ntl

for |t] £ h

‘ ¥=1 :
where M = [Icll + lczla]Y, K=yMY 6 B = malea(t)!gz(t)

and Xn(t> is defined by (14).

PROOF; |
t
%, (£) = x5(e)] < IJO It - s|la(s)] le; + eya(s) [Vas]

t2 | -
< LMz ifgltl < h.

< =22

LM 2(
Now suppose ' 7 .
!‘x'm(t)"-' Xm-l(t)[ LM 2(KB)m for |t} < h.
Thenlxm+1(t) - xm(t)l
+ -

IIO]t 3 s(1a<s)ylxg<g<s>> - x§n1<g<s>>ldsl

t o=l ‘
‘folt - SIla(S)IY]XS | Ix_(8(s)) - Xm_l(g(s))ldsl
by the law of the mean. Thus
'Xm+1(t) - Xm<t)!

< Y[lcll + le, hﬂy'l %g(KB)mif lt - s[la(s)[g (s)ds]

+1 .
%tz(%g)@ Looir e < h. Q.E.D..
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Lemma II.4. Under the assumptions of Lemma 11,2,

‘the sequence {Xn(t)}, defined by (14), converges uniformly

on [ tl < h to a solution of (12) satisfying (2) provided
. Ty ,

YLleg] + leylad¥

KB < 2., i.e. Ia(t)lgz(t) ¥

PROOF: . Write

| x () | s'lxo(t)l +_:21|Xj(t) - Xj_l(t)[

J=
o0 o0
- LM 2 % KBy
and jillxj(t) - x40 < g jE1(2 )

Thus by the Weierstrass M test-[kn(t)} converges uniformly

to say x(t) on |t] < h if KB < 2. , | -

‘ By Qritiﬁg Xn(t) =cy * czt-‘fZ(t - s)a(s)xznl(g(s))dS'
and using the uniform convergence of the xn(t) (and the
xn(g(t))) we see that x(t) is a solution of (12) satisfying
(2) on lt| < h. Q.E.D. |

Lemma II.D5, ‘Suppose the conditiohs of Lemma II.2

and-Lemma II.4 are satisfied. Let x(t) = lim x_(t) where
n—-

the Xn(t) are defined by (14) and let v(t) be anj other
solution of (12) satisfying (2) valid on |t} s h, Then
v(t) = x(t) for |t} < hy < h, where h; is such that

lv(e)] < ,c¥, +leylaon [t} < hy and g([- hy,hy] € [-hy,hy 0.
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PROOF: Since v(t) is a solution of (12) satisfying

t
(2) we have v(t) = cy + oyt L\%(t - s)a(s)vy(g(s))ds

Therefore from (14) we have

) |
lv(t) - xy(t)l < lfoit - sl la(s)] Iv¥(g(s))1dsl
t E
< Ll‘%'t - sl Iv¥(g(s))lds]

' 2
<illeg + ley(al's
2
- < LM% ' ftl =< hl'

t

[v(t) - x(e)] < lIOlt - sl la(s)] v¥(g(s)) - x5 (e(s))] ds
. | .

< Klfolt - Slla(S)[fv(g(s)) - xo(g(s))lds[

< kB le It - s la(s)| g2(s)ds|
ML KB+2,2
KB( )t
Thus by induction, |
v(e) - x ()] < B2 for a11 1, (1] < by
thus 1lim lv(t) - (t)[ Iv(t) - x(t)‘ 0 if KB < 2

n—-o

ice. v(t) = x(t) for |t < hy. Q.E.D,
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Summarizing the results of Lemma‘s II.2 through II.5

we have

Theorem II.4. Suppose a(t) and g(t) are continuous

on |t <o with la(t)| < L onlt|< a Let

| o | loy | ' ”
h < min) 7, - 7 [ such that g([-h,h]) € [~-h,h].
L“Cll + lczla] |

Then there exists a solution, x(t), of (12) satisfying (2)
2

, Y-
| le,l +]cyla]
The solution is unique on ’tl < h1 < h if h1 is such that -

'X(t)l < Icll + Iczla ;n ,t' ..<.. hl and g([°h1’hlj) C ['hlj_,_hi:]-

on t < h provided ,a(t),gz(t) < T




CHAPTER III
PROPERTIES OF SOLUTIONS
While the majorify of this chapter will be devoted
to oscillation theory, we first prove a boundedness
theorem associated with solutions of (1) satisfying (2)
in the special case where a(t) = a, constant, a > 0, thé
proof given being completely dependent upon the con-

structions used in the existence proofs in Chapter II,

Theorem ITI.1. Suppose the conditions .of Theorem I11.3
. are satisfied, Let a(t) = a > 0, a constant, Let x(t)

be the unique solution to (1) satisfying (2), valid on

!

(=0,), Then &LEl is bounded as t—>«,
t2 '

PROOF: Recall that x(t) = lim Xn(t) where
. ’ n—>9°0
n . ,
x (t) = ¢, + c,t + E (-1)Jg.(t). Using the fact that
n 1 2 5=1 3
agz(t) < k < 2, one can easily verify (as in the proof of

Theorem II.1) that

ale,| + |cy|V2a 2,k J
K t ('2‘) .

|gj(t)| <

Thus we have

ale | + |c,| ¥2a 5 n :
| % (0] < leyl + leyl le] + =22 222 .zl(l’zi)J
: J=
_ aley| + |e,y| V2a
<legl + eyl el + 1 Tk ? tz(ng)'
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Ix (t)l |c | + Iczl |t| a]c |+ Jeol V22,
Thus 5 (2 k)
t . t , k
" c,| + Jc l,tI alc + les| + 2a
t - t* ‘ , k 2=k
lx(e)l _ 2l * 1ol v2a 5
and ) < \2
£ K : -k
i.e. XL%Z is bounded as t->oo, Q.E.D,
t

We noﬁ turn our attention to oscillatory properties
- of solutlons of differential equations with functlonal
arguments That solutlons of
x(t) + a(t)x(t) =
and x(t) + al(t)x(g(t) =
do not behave the same for large t-even if g(t)—> as
t—>o is shown by the folloWLng example due. to Waltman [127,
Consider the equatlon

() + —=5x(E) = 0.
X thx 7

This equation has the nonoscillatory solution x(t) = t~

)\

although all solﬁtions of

X(r) + ——mx(t) = 0 are oscillatory.
2t :
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The following theorem is also due to Waltman.

Theorem III.2. Let x(t) be a solution of

x(t) + a(t)f(x(t),x(g(t))) = 0 valid for large t. Suppose
(a) a(t) > 0,
(b) 1im g(t) = 4+ o,
£
(c) f(x,y) is nondecreasing in ¥ and vy,
(d) when x and y are of one sign, f has that sign.
- Then if Sat)de = 4+, x(t) is oscillatory.
We also 1list for reference the following theorems
due to Bradley [1] associated with the equation

(15) (r(t)y“ﬂf))° + p(t)f(y(t),y(g(t))) = 0 where the . -

- following assumptions are made on f and g:

(i) g(t)—» as t—»co,
(i1) if y and v are of one sign, then f(y,v) has that sign,
(iii) f(y,v) is bounded away from zero when y and v are.

Lemma IIT.1., If p(t) > 0, (p(t) # 0), r(t). > 0,

w0 1 _ . . .
J ;?Ejdt = oo, conditions (i) - (iii) hold and y is a
solution of (15) that is positive, (negative), for large t,

then y’(ﬁ) >0 (y'(t) 5‘6), for large t.

Theorem III.3. If p(t) > 0, r(t) > O, I7ple)de = oo,

o 1 N e i Vs
J ;(Ejdt = oo, and conditions (i) - (iii) hold, then any

solution of (15) that exists on a ray (a,®) has arbitrarily
large zeros.
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Bradley also proved the following boundedness and

nonoscillation theoremn,

. Theorem I11.4., If (i) -'(iii) hold, p(t) > 0 and y

is a nonoscillatory solution of (15) on an interval (a,«),

then there are nonnegative constants k1"kz such that
ly(t)l < kg ot szt ~%—7ds. In particular, if megbjds < oo,
tOr S . r(s

then all solutions existing on (a,®) are oscillatory or
bounded,

We note that Both Theorems IIY.2 and III.3 imply that
all solutions of (12) (§(t).+ a(t):r?(g(t)) = (0), valid
for large t, are oscillatory if a(t) > 0, 1lim g(t) = oo,

00
Y > 0 is the ratio of odd integers.

Comment. Suppose ¥(> 0) = 7%%T’ m and n integers, if
a(t) does not change sign for t sufficiently large then
solutions of (12), valid for large t, cannot oscillate,

PROOF: Suppose a(t) > 0 for t > ty. Then from (12)
x(t) is concave down for t > t, and x(t) < 0 or x(t) > 0
for t > t, » t;. Thus x(t) cannot oscillate, If a(t) < O

for t > t1 a similar argument produces the desired con-

clusion. Q.E.D,
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Recently, a number of papers have appeared on
oscillatory properties of equations of the form
x(?) + a(t)f(x,x“,x",...,X(n~1)) = 0. (See [4], [7],
[9]). We now generalize some of the results obtained in
the above papers to the equations
(16) =™ () 4 a(r)f(x(g(£))) = 0, and
a7y _>‘<<n><t> + f(t,x(g(r))) =0

Before stating the théoréms, we give'the following
lemmas, which can be found in [9].

Lemma III.2. Suppose £(t) ¢ Ck[a,w), £f(t) > 0

and f(k)(t) is monotone, Then éxactly one of the following -

is true:

(i)  1im £ () = 0,
T—so00

(i1) 1im £5%9¢e) > 0 and £(0), ..., £% (1) tend to was toe
t—>00 . : -

Lemma IIT.3. If y(t) e c™a,»), y(t) > 0 and
y(n>(t) < 0 on [a,), then exactly one of the following is
true: -
(1) ‘y°(t),,.¢,y(n°1)(t) tend monotonically to zero as t-»oo,
(Ii)t There is an odd integer k, 1 < k < n-1, such that

1im y(n”j)(t) =0 for 1 < j < k-1, 1lim y<n"k>(t) > 0,

T~ 00 1 —~c0
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1im y(n_k'l)(t) > 0 and y(t),y'(f),...,y(n"k*z)(t) tend

t—> o0
to % as t->oo,

Analogous statements can be made if y(t) < 0 and
(™ (£) 2 0 on [a,w).

Lemma III.4., If y(t),y“(t),...,y(n~l>(t) are

absolutely continuous and of constant sign on the interval
[to,m), and y(n)(t)y(t) < 0, then there exists an integer
q,0 giq < n~1, which is even if n is odd and odd if n is

even, so that |

(t - t,)01 .
Iy(t)[ > (n_l)_'?(nuq)‘y(n"1>(2n’q~1t)’, t 2t

The results of Lemma's IIT1.2 and III.3 will be used
throughout the remainder of this paper, while Lemma III.4
is needed to prove Theorem III,9.

Theorem III.5, Suppoée that n is even and

(1) a(t) » 0 for t sufficiently large,
(ii) 1im g(t) = oo,
00

(iii) yf(y) > 0 (y # 0), f(y) continuous on (-«,«),
Then a necessary condition for equation (16) to have a

w -
bounded nonoscillatory solution is [ t° Ia(t)dt < o,
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'PROOF Let x(t) be a bounded nonoscillatory solution
of (16). Suppose x(t) > 0 for t sufficiently large., Thus,

since lim g(t) = +», we have that x(g(t)) > 0 for t
t—c0

sufficiently large. Hence, pick T large enough so that
a(t) = 0, x(£) > 0 and x(g(t)) > 0 for t > T. We have
(for t > T), using Lemma IIT,. 3. X(n°1)(t) > 0'

02D ey < 0,00 k(£) 2 05 lim ey =0, 1 =1,... .01,
=300

Thus, x(t) is a nondecreasing function and since x(t) > 0
and is bounded we have, lim x(t) = L > 0 and 1im x(g(t)) = L.
t—>00 . t—>00

Also from (16), '
(18) L6y 5 £ au)e(x(alu)))du.,
‘ S

An integration of (18) (n-2) times from t to « yields

. o0 n :
(19) (-1D)P%(e) 2 & oo5sr alwEx(g(u)))du
Tt '

and integrating (19) from s to t where T < s < t we have

n— .
x(t) - x(s) > f o~ 1), a(u)f(x(g(u)))du.
Now using the continuity.of f we may choose Tl > T such that
for t > T, , F(x(g(t))) > ~f(L) =M. Hence for T < T; < s <t
we have

| M F \n-1
(20) x(t) -~ x(s) > TE:TTTJS(u - s}?‘ a(u)du.
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Now letting t-s»o in (20) we have
. ) 1
S (u - s)ra(u)du < oo,
s ‘
Then for t > 2s we have

fw(%)nnla(U)du < fukﬁ.~ s)nqla(u)du < oo,
t t

©0 1 o
i.e. S u™la(u)du < o,
c ,
If x(t) < 0 for t > T a similar proof yields the
desired result..: Q.E.D,
In the‘following‘ﬁheorem we establish necessary -
conditions for solutions of equation (16), when n = 2, to

be oscillatory.

- Theorem III.6, Under the hypothesis

(i) there exists ty > 0 such that g(t) > t; for all t > £y

(ii) g(t) is continuous on [0,),

(iii) £(y) is continuous on (=%,) with yf(y) > 0 for y # O,

(1v) 1] < el if Iy < 1yl

(v) there exists a positive solution to the inequality
£(t) < Bt, B > O,

(vi) a(t) > 0 and 1oca11y'integrab1e on [0,%) with a(t)

not identically zero on any subinterval of [0,),
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if
0

(21) S ta(t)dt < 0,

there exists a bounded nonoscillatory solution of (16)

when n = 2,
o0

PROOF: Assuming that J ta(t)dt < », we consider the

lntegral equatlon
(22) x(c) =Y+ tf a(S)f(x(g(S)))ds + .P sa(s)f(x(g(s)))ds
£ty

where t, is chosen to satisfy (i). We now note that (v)

)

implies the existénce of some number M > 0 such that

o .
M
(23) S sa(s)ds < ey .
£ 2£(M) )
Now we define a sequence {Xk(tB by
- M '
xplt) =3
(24)
M © s t |

xk(t) =5+ tf a(s)f(xk_l(g(s)))ds + sa(s)f(xk_l(g(s)))ds.
One concludes that Xk(t)i k=20,1, 2,,.., is defined and

continuous and, in fact, is p031t1ve on [t ®),

(t) = = 4+ ¢f a(s)f( =)ds +gf sa(s)f( )ds and thus
t T
M M - -
5 < x,(t) <5 + £(M)S sals)ds < M,
2 =71 2 c
1
. M M )
le. 5<x (t) £ M and 7 2 x(e(e)) < M,
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Assuming that % < Xk(t) < M (and therefore

% < Xk(g(t>> < M), we obtain

M M - ~
5 < Xk+1(t) <5+ sa(s)f(M)ds < M,
t
We have thus established

< Xk(t) <M and

(25)

MR NIR

< Xk(g(t)) <M, k=0,1,2,... _

It now remains to be shown that _
(26) Xk(t) 2 X1<_1(t) and Xk(g(t)) 2 Xk_I(g(t))f k = 17294"0
From (25), xl(t) > xo(t) and hence xy(g(t)) = xq(g(t)).

Now suppose‘thatixk(t) > Xk-l(t) and xk(g(?)) > Xk—l(g(t))'.

Then o - .
%k(t) = % + f a(S>f(an1(g(S)))dS.+\f sa(s)f(x,_,(g(s)))ds
t t
1 :
s.%'+ tfm;(s)f(xk(g(s)j)ds +.fw sa(s)f(x (g(s)))ds
t Ty
< e (8),

Hence (26) is established and we have that the sequence .
{Xk(tg- converges to some function x(t) for t > t; and

indéed ¥ < x(t) < My % < x(g(£))) <M for t 2 t,,

N

We now must establish that x{(t) is a solution of the

integral equation (22) and thus a solution (nonoscillatory)
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of (16). For any € > 0, choose T large enough so that
oo e - l
J sa(s)ds < . Then we have
o 2£(M)
' M 00 ) .t '

|xk(t) - 5 - tf a(s)f(x(g(s)))ds - f sa(S)f(X(g(S)))'de :

: t t

1

< tf als)|£(x, 1 (e(s))) - £(x(e(s)))]ds
t .

. -
+J sa(s)lf(xk_l(g(s))) - f‘(X(g(S))')ldS
tl : : ' :

IA

 salo)] £ (a(e0)) - £x(e(e)))]as

t
+0 sa(s) [£(x,_;(a(s))) - £(x((s)))] as
Lt
, |

+J:sa(s)f(xk_1(g(s)))ds + fTsa(s)f(x(g(s)))ds

—

T ) .
</ sa(s)l£(x 1 (8())) - £x(g(s)))]as + €.
tl : o

Letting k—« we obtain

‘ ‘ 00 “ t .
Ix(t) - -5—1 - tf a(s)f(x(g(s)))ds - J sa(s)f(x(g(s)))ds| < ¢
t . t :

1
using the continuity of f and the Monotone Convergence

Theorem, Thus x(t) is a nonoscillatory solution of (16).

Q.E.D.
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Restricting our‘attention now to equation (17), we
make the following assumptions:
(27)
(1) g(t) = t - ¢ for t sufficiently large, c > O,
constant,
(ii) f£(t,y) is continuous in S = {0, o)x(~o,),
(ii1) a(e)f(y) < £(t,y) if y > 0 and £(t,y) < b(t)‘:”(y)
if v < 0, (t,x)€S, where
(iv) a(t) and b(t) are nonnegative and locally integrable
’ on“[O,w) and neiﬁher‘a(t) nor b(t) is identically
Zero on any sublnterval of [0, w) )
(v) @(y) and Y(y) are nondecreasing with y@(y) > 0 and
y¥y) > 0 on (=»,0) for vy # 0, |
(vi) there exists positive constants B'and_ﬁ éuch that
@rﬁ\y) = KB@(YL YOu) = 2%y, A constant,

(vii) for some ¢ > O

" .
du

J < ® and f < o,

(I.E)Z uj Z 5

Theorem IIT,7. Let x(t) be a solution of (17), valid

for large t, which is nonoscillatory. If n is odd, assume

lim x(t) # 0., Suppose conditions (i) - (vi) of (27) are
t—>o0 S

satisfied. Then there exists a positive number k such
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that D(x(p(£)))

T(x(t)) > Kk if x(t) is eventually positive and

Y(x(e(t)))

p(x(t)) 2k lf x(t) is eventually negative for t

sufficiently large.

PROCF: Let x(t) be a nonoscillatory solution of (17).
Suppose x(t) is positive for t>T, énd pick T large enough
so that x(t - ¢) > 0 for t » T. From (17) we have
(28) | | |

(M (e) = J£(r,x(s())) < ~a()f(x(g(t))) < 0 if t > T,
Thus from Lemmas IIX.2 and III.3, x(t) satisfies one of
the following:

(1) %(t) » 0, %(t) < 0 for ¢ sﬁfficiently-large,

it

1im %x(t) = 0, 1im x(t) =L > 0,

t—o00 ‘ £ o0
(2) %(t) £ 0, x(t) > 0 for t sufficiently large,

(3) %(t) > 0, %(t) < O for t sufficiently 1arge,

(n-

with x(t), X(t),,..,x K- 2)(L) tending to ®as > oo,

X(n"k"l)(t) increasing to L{(0 < L < o), X(n“&>(t)

decreasing to M(M > 0), and x(n"k+1)(t) (ndl)ﬁﬂ,

yonn,x
tending to zero as t—oo,
Suppose case (1) applies., Since x(t) is decreasing to

L.> 0, and g(t) 2 t - ¢ we have that 1lim x(g(t)) = L and
t—o00

thus 1lim wi%ijll =L 1. Therefore for t large enough,
o X(E L S

t->

say t > T, X&%%%ll >

N




R L

35 .
In either case (2) or case (3) we have, since x(t) > 0,

x(g(t)) > x(t - o) ana Eale)) . x(t - ?)

x(t) =  x(t)

1f case (2) applies, let f be the function whose graph
is the line tangent to the graph of x at (¢t - ¢, x(t - g))
for some fixed t > T, That is
£(s) = x(t - c)(s - t + c) + x(t - c).
Since x is concave down, '

x(p(t)) o ¥t =) x(t - ¢) _ £(t - ¢)

x(t) = x(t) f(t) £(t) ‘
Let z = :¥%§—3~9% + t - c. Then f(z) = 0 and because of
xX(t - ¢ '

similar triangles we have ' -

20) £lte) _z-tre. - x(t-c) -
( £(t) z -t x(t = ¢) + cx(t - ¢)

But x(t -~ c¢) is decreasing so the last member of (29)
increases to a positive limit k'1 as t tends to «, Hence
._.Z>k

X(t 1 forL>T'

Now suppose case (3) applies, Consider
. Xt - © . . y 00
lim —L§?E7~l Whlch is of the form .
=00
Using L"Hopitalas rule. a sufficient number of times we

*Lp - o) _ e x(n"k“l)(t - c)
1i e =1
tigw = xQn”k“I)(t)

obtain

>0
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If L (in case 3) is finite we are done since then

lim zg%(%jgl = % =1, When L = o, then again using
o .

T

L'Hopital®s rule we have

(n-k)
1'1“1004‘“7“ Ry = eee = lin X n(n"S(;)c)

t—

If M (in case 3) is positive again we are done since

1im Kiirgjgl = % = 1., However, if M is zero ﬁe,then
T .
(n=k-1)
claim that lim % (t - ) . 1 since
> 00 X(n-k-l)(t)

lim [x(n—k'l)(t) - x‘n“kvl)(t - c)]

£ 00
= lim X(n"k>(§)c =0, t - c<§ <t,
T—>o00
Thus ‘ , : -
kDo o) 1| I P R I W G i €5
X(n~k-—1)(t) X(n“k"]-)(t)

c x(n~k~1)(t1)
x(n-k"l)(tl)

< < € where t; 2 T, is such that

S €l = 1,

x(n-k"l)(tl) > 0, Summarizing.we have lim
0

(g(x)) (t - 1
Xi(b > = }E(t)gl> 2 ¢

t -
X t

Thus for t large enough,

————
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Now letting k .= min_{l k\% -we have & t) > k
2 2'71) : - 2

for t > T1 > T and

Fix(e(r))) | FUpx(e)) o g )
B 2 Ty = M Sy = K - k.

Now suppose x(t) is a nonoscillatory solution of (17)

which is negative for t > T. Again, pick T large enough
so that x(t - ¢) < 0 for t > T. Then (28) becomes
(30)
=) = e, x(8(6))) 2 b(EW(x(a(£))) 2 0 if € 5 T,
and wé find that x(t) must satisfy one of the fo11owinge
(1) %(t) <0, x(t) > 0 for t sufficiently 1arge;

lim x(t) = 0, 1lim x(t) =L < 0O,
t—c T—3-00

(2) %(t) >0, x(t) < 0 for t sufficiently large,

(3) %(t) <0, x(t) < 0 for t sufficiently large, with x(t),
k(tj,...,x(n;knz)(t) tending to -« as t—soo,
x(n"kwl)(t) decreasing to L(-« < L < 0), x(n"g>(t)
increasing to M (M < 0), and x(n“k+1)(t),,..£h:1)(t)
tending to zero as t—s-0,

If case (1) applies, we have that lim x(g(t)) = L since
T—>00 -

g(t) > t - ¢ and x(t) is decreasing to L < 0, Thus

. X t = L _
1lim "iﬁ%E%l =7 1.

Tt o0
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In either case (2) or (3), g(t) >t - ¢ implies

x(g(t)) < x(t - e) and [x(g(£))| 2 Ix(t = ¢)| with

Mgt - 2 = [

If we now use arguments similar to those used when x(t) > 0,

x(t - ¢)
x(t) :

we obtain the desired conclusion. Q.E,D,
We are now ready to state our main results.

Theorem IIX,8. If g(t) satisfies (i) and f(t,y)

satisfies (ii) - (vii) of (27) and in addition

(o]

(31) Iotn"la(t)dt = fotn-lb(t)dt = oo,

then if n is even,véach solution of (17),;valid for large t,
is oscillatory, while if n is odd, eéch solution of (17)
valid for large t is either oscillatory or it tends
monotonically to éero together with its firét n-1 deriva-
ti-ves .

PROOF: Supposéyx(t) is a nonoscillatory solution of
(17), valid for large t. Assume x(t) is eventually positive,
Thus since 1lim g(t) = o, x(é) >0 and x(g(t)) > 0 for
t > T, Fro;+?37) .

32) = (e) = -£(5, x(5(6))) 2 -al£)d(x(g(£))) < 0.
Thus b& Lemma III.Z x(n"l)(t) decreases to a nonnegative

limit, so from (32) .we obtain
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(33) x(n- 1)(s> > a<u>@<x<g<u>>>du

Suppose case I of Lemma III,3 holds. Then an inte-

gration of (33) n-2 times from t to o yields

34) (D Diey » i(ﬁ~%77—a<u>@<x<g<u)>>du

If n is even, integrating (34) from T to t > T,

. o
x(t) > f;%a(u)gb(ﬂg(u)))du.

Since $ is nondecreasing ,
(35) ¢<x<t>xf¢[u"ﬁrg—%yr—a(u>@<x(g(u>>>du] > 1.
If we now multlply (35) by QZ——%57~a(t)QL"£§%E%%Z

and integrate from r to s we get, after a ohange of

variable on the left

(3_6) -
- . . S¢p-mynel
@ W = LfnT%;l' a(t)%f}(%c%sg))dt = kfrg'fil ralt)de
where r nel |
R = fTi%ig%jT—a(u)@(X(g(U)))du.
ahd

s~fﬂﬁ%7amm%aw»m-
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Now if by an appropriate choice of r, we can make R > a,

then the left hand side of (36) is bounded above for all

o0 .
s > r, hence fotnﬁla(t)dt < o, If this is not possibile

then for all r > T

1
o> J £(~l)7——a(U)@(X(g(U)))du @(X(g(T)))I igralija(U)du

and the result again follows.

If n is odd, then (34) becomes

(37) “X(t) > J L%E“%ST—a(u)é(x(g(u)))du > 0,

So x(t) decreases to a limit L > O,

Suppose L > 0. Then integrating (37) from T to &,

K1) > (1) - L2 § Qe a(Bxgta)))an
> () D rata,
(n 1

using the monotonicity of@. 'But this implies

(<]

J ™ la(e)ae < «,
0
Now suppose that case II of Lemma III.3 holds. Inte-

grating (32) a sufficient number of times we have

K=
38) (e L(E“%j——a(u)@(x(g(u)))du

-~
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Since x(j)(t) increases to ®, j < n-k-1, there exists

-Integratlng (38) from t, to t > tys

L(n=3- 1)(t) >‘r f L%E§%7~—a(u)@kx(g(U)))du

w(u-tl)k-~ (u-t)"
> T a(u)@(X(g(u)))du.

t

So
(39) x(0=3-1) ey S

Kk
a(u)¢(X(g(u)))du

ot~ tl)

Integrating (39) succeSSLVely.nwjnz times from t; to t we
obtain '
oo t t )1’1-2

(40) x(t) > J -—(ijjT—a(u)@(x(g(u)))du

and integrating (40) from tyto t gives
t (u-t, yn-1 |
X(t) > ——(§~T7-a(u)Q(X(g(u)))du.
Now the proof proceeds as in case I,
If x(t) is a solution of (17), valid for large t, such
that x(t) < 0 for t > T, the proof is the same except a(t)
and §(u) are replaced respectively by b(t) and ¥(u), and

the sense of appropriate inequalities are changed. Q,E,D
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In the next theorem, condition (vi) of (27) is
changed so that equation (17) includes the spe01a1 case
(n) + a(t) xX(g(t)) = 0, 0<acxt,
a the ratio of odd integers.

Theorem III.9. Let g(t) satisfy (i) and f(t,y)

satisfy (ii) - (v)'of (27). 1In addition suppose f(t,y)
satisfies —

(vii) there'eéists positive constants XO,DT,N and
constants B,y, where O <Bp<l1l, 0<vy<1, such that

FOy) 2wy, y>0,

v(ay) < M¥¢(y), v < 0, A > rg > O.
Then if
(41) 'f (n J)Ba(t)dt = ft(n 1)'}(b(t)dt +o00, each
solutlon of (17) valid for 1arge t, is oscillatory when
n is even and is either oscillatory or tends to zero with
its first n-1 derivative if n is odd,

PROOF: We first consider the case when n is even.
Let x(t) 5e a‘nonbscillatéry soiufion of (17) such that
x(t) and x(t - ¢) are positive for t > T. By Iemﬁa 111,3,.
x(t) > 0, so x(t) is nondecrca31ng, Also x(n)(t) < 0 so

(n 1>(t) is nonincreasing and positive on [T ®), Thus

~
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by Leﬁma IIT1.4 we have
(42) x(t) > X(Zl-nt) > Atnnlx(nul)(t)

o . 2
for t > 20T = tys where A R C DI
Because of condition (iii), x(t) satisfies

(43)  x(e) + a(e)f(x(e(t))) < O.

Since x(t) is nondecreasing, kx(t = c) > Ay for

k > ;(EI—:—ET s € > tlAand |

Fx(e(£))) 2 §(x(t - &) 2 kBxP(t - 0)d(}M by the mono-

toﬁicity of § and x, and (viii). NOW letting | | Lo
B = kB@(%)M > 0, we have | |

| x(n)(t) + Ba(t)xP(t - c) <0 for t > 2

and from (42)

™M (e) + aPBa(e) (e - )P DD L 1P L0, € 5 £, 4o

1
Dividing by [X(n U(t)]B and integrating from t; + c to t

we obtain

L(n=1)
(t) (n 1) B
(11" 1)(t +c );E Eite I e [. (n- T7(s) Jass
(n-1)
But since x(n 1)(t) is nonincreasing, (s = o) > 1
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Thus we haveu

(44)
(n-1) .
X () t .
dx B ‘ (n-1)B
S (n- + A"BS (s - c) a(s)ds < 0,
X(n 1)(t1+c);3 t1+c
. tys
However s - ¢ > t1'+'c for s > tl + cf and we pbtalq

(45)

(n-1) ‘ (n-1)8 .
X (t) 4 8., 1 t (n-1)B
+ AP (e d 0.
fx(n"l)(t1+c);g ( g *e )It1+cs aledas <
x(n'l)(t) 0

. dx dx :
But since 0 > f ‘ > J , 0 < b < » and the
X(n—l)(ti+0);3 b;H

latter integral is finite for B < 1, weé have a contradiction
of (45) as t—® if f:tn'l)sé(s)ds = +4o0, Thus x(t) is
oscillatory. .

The césé where x(t) and x(t -~ ¢) are negative for
t > T can be handled in the same way and yields a contra-
didtion to the fact that ff(n"l)yb(t)dt = 40, The
inequalities (42) and (43) are reversed with a(t)f(x(g(t)))
replaced by b(t)¥(x(g(t))), and iﬁequalities'(44) and (45)

being in the same direction with x being replaced by -x,
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Now suppose n is odd and x(t) does not approach zero,

Then ‘x(n"l)(t)[ is still nonincreasing and

ol «| =0 |
_ x(27 M) *

> inf __ZLEl__ A x(n"l)(t) tn“l, t > ty.

t > T x(2} ") 1

So that ,x(t)l > Bltn'llx(n"l)(t), for constant B, and the
preceeding proof again yields a contradiction to the

existence of a nonoscillatory solution of (17). Q.E.D.
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